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Foreword

Mechanics is an ancient discipline that has been through major changes in
recent decades with the advent of the finite element method. The possibility
of calculating the spatial distribution of variables such as displacements,
strains, and stresses, using adapted models for geometries and complex
loading conditions, had initially led to the purely experimental aspects
related to characterization of the mechanical behavior of materials and
structures to be pushed into the background. Even though the final validation
tests have always remained necessary to validate geometries or choice of
materials, the number of preliminary tests carried out on the structural
elements has naturally decreased the calculations which enable us at least to
significantly “refine” the designing of systems and structures, if not to
propose near-optimal solutions. Material characterization tests, though still
indispensable for providing the calculation codes with finer laws, have for a
long time remained somewhat rigid in well-established procedures, along
with the measurement methods which have also changed very little over a
long period of time — since the release of “classic” sensors such as point
displacement sensors or strain gauges.

In recent years, however, there has been an increased interest in
experimental mechanics. The emergence and rapid dissemination of new
investigative methods, such as kinematic measurement systems, have
enabled access to spatially continuous information, at least on the surface of
tested specimens. Several heterogeneities were thus brought to light in the
fields of displacements and deformations which were only partially seen
using classical instrumentation based on point measurements. However, with
the numeric sizing calculations improving over time, it has become
necessary to provide experimental information also in line with the improved
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calculation results. Though the above-mentioned full field measurement
methods are effective, the proliferation of conventional sensors distributed
over large structures requires optimal management of the information
collected. Finally, the increasing overlap between numerical models
and elaborately instrumented test results has led to the emergence of
identification strategies for material and structural properties in contrast with
conventional procedures which are well-established, but unsuitable for
mining of data available in large volumes.

It is in this context that this book written by Jérome Molimard is
presented to us. Its content covers many of the issues mentioned above in a
language particularly adapted for technicians or engineers. First, the author
briefly reviews the principles of “classic” standardized tests. He then
addresses the performance of the usual force, displacement, and deformation
sensors, with particular attention drawn to the metrological performance that
users can expect. The author then continues with the main techniques,
whether purely geometric or interferometric, for measuring kinematic fields;
and finally, discusses the consideration of wuncertainties related to
measurement procedures. The book includes the description of experimental
designs to provide the reader with a rigorous framework to address the
optimal management of a large volume of data and unknowns.

In terms of the form, the author shares his knowledge from extensive
experience in mechanical testing through many short exercises that appear
throughout the book, and a final chapter dedicated entirely to case studies.

In conclusion, the work of Jérdme Molimard is well-timed to respond, in
a clear and concise manner, to the queries raised by traditional tools and
methods of experimental mechanics, but also related to recent changes
within this discipline. Amply illustrated, the book will certainly help the
reader to find examples of application close to their own interests,
complemented with insightful background information on the experimental
mechanical techniques and methodologies found in the book.

Michel GREDIAC

Professor at Blaise Pascal University
Clermont-Ferrand

February 2016



Introduction

I.1. Experiments for solid and structural mechanics

The modern mechanics of solids and structures relies heavily on the
numerical solution of a mechanical problem. Since the early 1970s, the
Finite Element Method was widely used for very complex cases. In the
present day, a Computer-Aided Design software which generally integrates a
small calculation module predicts the behavior of complete mechanical
systems, something impossible as few as twenty years ago. The training of a
mechanical technician or engineer today largely incorporates this tool,
sometimes abandoning the practical work altogether. However, the
numerical calculation only responds, in a more or less accurate manner, to an
inevitably idealised mathematical problem. It is therefore necessary to
validate the simplifying assumptions introduced in the modeling.
Furthermore, the values used in the calculation should be well-known
(structural damping, binding strength, or boundary conditions). This all
requires experimental work which is sometimes difficult, even in the case of
a relatively simple behavior that can be easily modelled. Firstly, numerical
codes have to be fed with experimental data. For example, the current
development of elaborate composite parts requires characterization of the
anisotropic stiffness tensor (9 parameters), whereas the contemporary
practice reflects only the properties of the plate (4 to 6 parameters) where
one dimension is negligible in the face of others. Furthermore, the boundary
conditions, either restraint or contact, are often subject to strong assumptions
that an experimental approach can improve, by defining a recessed stiffness,
for example.
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But mechanical design is based on various functioning patterns of the
proposed device. There is of course normal functioning, very often under
static loading, but also a dynamic functioning linked to possible shocks,
abrupt load changes (e.g. emergency stop), or a challenging external
environment with variations in temperature or humidity. Moreover, any
mechanical device must guarantee a certain lifetime. In a conventional
design approach, it is possible to size the apparatus by numerical method for
some cases and then experimentally test the prototype with the objective of
validation, whereas other cases will only be studied experimentally.

Finally, even though Mechanics is an ancient discipline, the formalism is
sometimes lacking. It is then necessary to return to the basic approach of
experimental science and conduct experiments for understanding. These
situations beyond the mathematical formalism are very common in everyday
life: in the study of interaction between two solids in contact — tribology —
friction and wear are beyond the scope of intrinsic material properties and
modeling of infinitesimal elements, as is usually done in mechanical
modeling. More recently, mechanicians were interested in the mechanics of
powders, where the material studied is neither a liquid nor a solid. The recent
interest in biomechanics also raises the question of the nature of the medium
studied; the skin, for example, could be considered as a linear elastic
material, or hyper-elastic, anisotropic, viscoelastic, poro-elastic... Therefore,
presently, a well-conducted experimental study is the only reasonable
approach to this category of problems.

These different types of experiments rely on common concepts such as
data processing, choice of sensors, or experimental modelling. However, the
strategies are quite different, depending on whether we can or cannot rely on
a reliable formalism. The three following examples will illustrate the
experimental approaches for different purposes, directly related to the degree
of knowledge of a system.

1.1.1. Study of a bicycle wheel; an example of a complete
structural validation

This work was conducted as part of a technology transfer from a
university lab to an SME, in the form of a doctoral thesis [MOU 98]. The
objective was to provide the company with a software to assist the designing
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of bicycle wheels. In particular, the software should be able, via a Finite
Element analysis, to recognize and analyze the natural modes of a wheel.

The program was written in MATLAB® using a graphical interface and
numerical analysis facilities. This solution enables the SME not to invest
human and financial resources in a generic finite element software; the
developed application can be used by the technicians of the research
department without any special knowledge of the calculation method.

From the mechanical point of view, the numerical modelling is as
follows:

— the spoke beams are highly slender structures with negligible flexural
rigidity and compression. Their behavior has a geometric nonlinearity. So
we have:

Jdu 1 (8uj2 (8\/)2 (8wjz
e =y |[&] 4] Z] 4| [L1]
ox 2|\ ox ox ox

— given the number of spokes and considering the thickness of the rim
relative to its diameter, it is approximated as a simple beam element (not a
curve). The section of the rim is complex, such that the beam element is a
strong approximation required to maintain a reasonable calculation time;

— the hub is considered infinitely rigid;

—the connections are assumed to be perfect; the point of application of
stress of the spokes is shifted with respect to the torsion center of the rim.

The main elements of the research method of eigenvalues and
eigenvectors are:

—a search for solutions to the dynamic equation in a pseudo-modal base
which enables a reduced calculation time;

— numerical method of resolution of the nonlinear behavior of the wheel
is the incremental Newton—Raphson method. The change of state is divided
into n steps, for which the stiffness matrix is updated at each step; the total
change is the sum of individual changes.

The software developed is used to find the static behavior, frequency
response, and the time response of a bicycle wheel with defined assembly.
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This software has been validated by an experimental approach, particularly
for the frequency response. The assembly is reproduced in Figure I.1.

Accelerometer\ Soft Suspension ,

Spectrum analyzer

Figure 1.1. Assembly for frequency analysis of a
bicycle wheel (according to [MOU 98])

The wheel is mounted on flexible supports simulating free-free boundary
conditions. An accelerometer is placed on the upper side of the hub. The
excitation takes place on one side of the rim. This excitation requires
movement off the periodic plan.

Just as the digital model is questionable due to various assumptions and
required approximations, a test like this is only an approximation of the real
situation. This is an experimental model, simplifying the structure, the
boundary conditions and the load. The experimental model also offers only a
few measuring points, based on a priori judgment of the designers of this
model, which gives a limited view of the examined physical reality. Finally,
the modifications of the experimental model in relation to the physical
reality it explores leads to distortion of the obtained solution.

In this specific case, an accelerometer weight sensor is generally
likely to alter the natural modes of the wheel. Likewise, the positioning of
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the accelerometer may also affect the observation of certain occurrences.
Therefore, an accelerometer placed at the node of a mode does not allow its
identification.

It may be noted, according to these rules, that the choice of positioning is
especially important: in an infinitely rigid zone, the accelerometer does not
change the stiffness matrix. With regard to assumed or calculated modes, it
can be predicted that the accelerometer will be sensitive to different degrees.
For example, Figure I.2 shows the “2®—plan” mode which is barely visible
and the “umbrella” mode that should be easily identifiable.

2@—plan mode

naaA Ry

Umbrella Mode

Figure 1.2. Examples of vibration modes of a
bicycle wheel (according to [MOU 98])
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Figure 1.3. Numerical and experimental response
of a bicycle wheel (according to [MOU 98])

Comparison of numerical and experimental approaches gives the results
shown in Figure 1.3. The first resonance, which corresponds to the “2® off-
plan” mode shows a very good theory/experiment correlation. In contrast,
the frequencies corresponding to other modes differ more and more, until the
error reaches 15%. Even if the prediction model works well, this variance is
a representative of many modal analyses: the approximations are manifested
especially when the frequency is high.

On the other hand, the theoretical and experimental values of the
transmittances are somewhat similar. But these values, which are directly
related to damping (structural damping, spoke connections), show the
acuteness of the natural frequency to be taken into account: with zero
damping, the structure will break; with a critical damping (c =2/km), the

natural frequency will be in noise.
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This example shows that a mechanical analysis cannot be conducted
without the three traditional pillars of science: a well-established mechanical
model, a predictive tool using numerical analysis, and experimental tool for
validation. From this point of view, the numerical model and the
experimental model are both based on a set of assumptions that are generally
not the same. A discussion between the numerical and experimental
approach of both these sets of assumptions is required to ensure proper
understanding of what is being studied.

1.1.2. Mechanical effect of Ilumbar belts: an example of
phenomenological analysis

Biomechanics presents many examples illustrating another use of the
experimental approach in the design process or product optimization.
Biomechanics is concerned with subjects that are lesser-known and difficult
to describe. Soft tissues (muscles, liver, skin, etc.) are nonlinear elastic,
viscous, porous, anisotropic, and are subject to pre-tension. In some cases,
their properties also vary spatially. Simplifications in their behavior allow
modelling, but corroboration with experiments is essential. However, the
context presents even more specifics: the work on model geometries
allowing simplifications is usually impossible and load types are often
limited because the studies involve live subjects. This requires
unconventional experimental methods often based on imaging. Furthermore,
there is great variability in geometry and mechanical properties within
subjects, with significant temporal variations (circadian cycles, external
factors such as stress, pollution) and between subjects. The development of
medical devices must, therefore, rely largely on an experimental approach in
a high variability context. Tests on patients or healthy individuals are also
limited by ethical and medical considerations. The probability of an
occurrence of a medical complication increases with the number of cases but
if this number is too low, the power of the tests will not always be sufficient
to achieve a significant result'.

For illustration, a recent study was conducted on lumbar belts, frequently
used in the treatment of lumbago [BON 15]. Though the feedback from
doctors and patients is very positive and clinically proven, there are very few

1 The power of a statistical test measures its ability to separate two groups of results. Refer to
section 5.4.
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scientific studies objectifying the mechanical effect of these belts. A belt, by
applying external compression around the abdomen, is assumed to cause a
change in the posture and thus exert pressure on the intervertebral discs
which are the site of pain in the lower back. However, this mechanism is
little-documented in the scientific literature. The adopted method consists of
a pairing of both numerical and experimental approaches.

The pressure and the deformation of the belt is measured. Thus, a clear
link between the level of stress on the belts and transmission to the torso can
be established. As distributions of pressure and deformation are not a priori
known, and as the peak pressure values can be of major interest in the
analysis of the comfort of the belts, a full field measurement is the chosen
method. Finally, a measurement of the shape of the torso, with and without
belt, allows monitoring of the changes in posture, which is then compared
using a subjective pain rating scale from 0 to 10.

Then, as in any mechanical design, the nature of representative load must
be addressed. This issue should be dealt with in the context of the possible
interpretation of the results and prior knowledge level. So, the choice was
made to compare, in static, a situation where the brace has no apparent
mechanical effect (in place, but not tight) and a situation where the effect
was felt (close brace). To avoid the temporary effects related to the fitting of
the belt, each patient is asked to make a few movements, in a particular order
at pre-set amplitude.

Finally, the elements that were more likely to change the posture were
selected using a very simplified numerical model: the torso is assumed to be
linear elastic; the geometry is reduced to sets of ellipses; the role of the belt
is stated as pressure output given by Laplace’s law. This law describes in
first approximation the pressure P generated by a taut band with a force 7" on
an object with radius of curvature R:

P== [1.2]

The parameters of the belt (height and rigidity), the shape of the patient’s
torso (radius of curvature, size) and the applied tension (deformation and
rigidity of the belt) are selected. In practice, three belt models (hence, three
rigidities) are available for two different heights. Fifteen subjects were
called; their sizes were measured. Six subjects were measured to be of
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normal build, six were overweight, two were moderately obese and one was
severely obese. The tension is set according to the manufacturer’s
recommendations, which prescribes a belt deformation of 20%. It is not
possible for each subject to test six belts, owing to the length of time of each
experiment and due respect to the patient. Therefore, to obtain the maximum
information, each patient is to test two belts as per the experimental design
in incomplete blocks.

Pressure layers

‘(—Video projector

Figure 1.4. Study of mechanical effects of a lumbar belt (according to [BON 15])

This study involves a very large amount of data with 67 field
measurements generated for each patient. Statistical tools had to be used to
discriminate the descriptive parameters of the mechanical brace (Principal
Component Analysis): the pressure on the torso and the circumferential
strain of the belt are sufficient discriminating factors to explain the different
belts tested. The transverse and shear deformations, therefore, are not
measured. Given the variability of the results, a difference related to a
parameter (e.g. sex of the patient) is analyzed using a hypothesis testing
approach to determine its significance. For example, in all cases, the load on
each of the iliac crests is significantly different, showing an unbalanced
mode of action between the right and left sides.

The study indicated that the lumbar support belts reduce pain and seem to
change the posture. The belts are identical in their mode of action for even
tightening. However, they differ in terms of pain relief, their tolerance by the
subject and different possibilities of their tightening. Moreover, Laplace’s
law (Equation [L.2]) is valid on an average but does not apply locally:
additional efforts to fully understand the transmission of mechanical effect to
the torso are still required.
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This type of study is common in biomechanics, but also in many other
fields of application where mechanics or modelling is not sufficiently
effective: tribology and powder mechanics, for example. The experimental
approach must rely on tools from the statistics (experimental designs,
hypothesis testing in particular). A numerical approach can be used to
support the experimental approach, either before selecting the priority study
parameters or after building or validating a mechanism. The result of the
experimental study is primarily a set of trends to determine optimum
functioning. This result is sufficient for many applications in engineering,
but in the context of research and development, further understanding of
what is being studied is also necessary. It often requires further study where
the learning process becomes iterative.

1.1.3. Coefficient of rolling friction: identification of parameters

Rolling is a method widely used for manufacturing semi-finished flat
products (steel or aluminium sheets) or rods as well as finished products (rail
tracks). This method involves thinning out a metal by way of friction
between two rollers. The diagram in Figure 1.5 shows the two-dimensional
structural analysis of the rolling process. This means that any possible
enlargement is considered negligible.

The objective of rolling is to reduce the thickness e; of a metal sheet to a
value e, under the action of a compressive force F and a driving torque C.
The reduction rate (1-ey/e;) is an essential element in the process, as an
increased rate means a shorter and less expensive dimensioning range. As
the material flow rate is constant, the reduction in the thickness of the sheet
means that its speed increases during the rolling.

The area where the reduction of thickness takes place is called the roll-
gap. It can be broken down into different parts (from left to right as in Figure
L.5): first, the strip and the rolls deform elastically. Then the plastic
deformation of the strip occurs before elastic recovery and the contact
output. The speed of the rolls is constant while the speed of the strip
increases from V; at the input of the contact to V, at the output according to
the deformation, and thus from the position in the roll-gap. This means an
area exists where the strip is slower than the cylinders (at the input of the
roll-gap) and an area where it is faster (at the exit of the roll-gap). In
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between these two areas, a particular point can be defined as the only pure
rolling contact point: it is called the neutral point.

TI 2
[ — c,(1) 6, | —/——
v, T T V,>V,
—> —>

Figure 1.5. Mechanical description of rolling (according to [MOL 99])

From the perspective of forces, the friction opposes the local movement.
The friction before the neutral point is a propelling friction for the strip,
whereas the friction occurring after the neutral point opposes the
advancement of the strip. The position of the neutral point is an essential
element for the rolling operation. It is controlled by traction 73 and counter-
traction 7. We can observe that this is the friction which drives the strip
between the rolls and causes the rolling process. The friction appears as a
fundamental component of the process. Finally, during the rolling process,
the metallurgical structure of the strip changes; it hardens and its flow limit
varies between Go(1) and G¢(2).

The example discussed here involves the evaluation of friction. All rolling
calculation codes assume the friction coefficient. When cold, the friction
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model used is the Coulomb’s model. If N is the normal force to the surface
and T is the tangential force, the friction p is given by:

T
p= H [13]

The oldest method for determining the coefficient is to position the
system in a particular configuration of rolling, when the neutral point is at
the exit of the contact. Friction is then exerted in one direction and it can be
calculated using the following equation:

RF Y
=l 1.4
H=1"75 [1.4]

The situation used for the evaluation of friction is undesirable in an
industrial rolling configuration owing to slip limits. But for several years,
tribologists have known that the friction coefficient is highly dependent on
the operating conditions: it is thus necessary to verify the relevance of the
values obtained, by decoupling the various parameters of rolling: load,
speed, temperature, and shear rate; these conditions are given in Table I.1.

Normal pressure < 1GPa
Increase in temperature = 20t0 200 °C
Slip rate = 0to15%
Rolling speed = 5to30m/s
Roughness oy, of the band = 0.1to5pm
Transit time of the lubricant in the roll-gap = 0.2to3 ms
Reduction rate of the strip = 1to 40%

Table 1.1. Contact conditions for rolling

Additionally, in order to predict the thermal effects occurring locally
(heat waves) a local description of the gap, geometric (see Figure 1.6) as well
as tribological, must be available.
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N&x&x& \

Figure 1.6. Representation of joint contact; the hatched
areas correspond to direct metal-metal contacts (in [MOL 99])

A series of tests on the same materials were developed using:

—a roller machine: allows the measurement of an overall friction coefficient
by adapting each of the operating conditions present during the rolling process;

—a UHV tribometer, which is one of the very few tools to provide a local
measurement on the scale of a few pm?;

—a pilot rolling mill: this is the conventional method described above.
This test is the accepted reference in the field.

Figures 1.7, 1.8 and 1.9 compare the results obtained by various methods:
the coefficients of friction are expressed with respect to different quantities,
indicating that an understanding of the physical processes is essential for the
interpretation of results. In addition, the friction coefficient values are very
different: physically, comparable values could be 6%, 3.8%, and 60%
respectively.

--a—IRb 40
--4—JRa 40
o - <o~ IRb 80
-+ IRa 80
74 e —o—CRb 40

E —+—CRa 40

@--CRb 80
--®-CRb 80

Friction coefficient (%)
'S
L]

. A
R
4 RN
VY e
3 o
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Figure I.7. Synthetic result of the “rolling machine” test;
Coulomb friction coefficient (in %) with respect to the ratio of
average oil height and average height of roughness (in [MOL 99])
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friction coefficient (gross data) with respect to the pressure
from chemical species (i.e. their amount) (in [BOE 98])
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Figure 1.9. Synthetic result of “pilot rolling mill” test, Coulomb friction
coefficient (in %) with respect to rolling speed (in [MON 94])

The explanation for these variances cannot be pinned to any single
parameter; we will, therefore, try to list some differences between devices
that could cause them:

— The rolling machine, unlike the rolling mill, does not generate large
quantities of “fresh surfaces”, bare metal surfaces that are highly reactive.
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Therefore, the adhesion of the lubricant is certainly worse. In contrast, solid—
solid interfaces, if they are present, are probably less reactive.

— The UHV tribometer simulates the presence of lubricant by injecting
a gas consisting of active elements of the lubricant. The effects of
hydrodynamic lift are, therefore, non-existent. Similarly, interactions
between molecules cannot take place and the dimensional effects of the
molecular chains are impossible to characterize.

Thus, the validity of each experiment cannot be contested, but the
circumstances of each of these experiments are different, even if the measured
quantity is the same. Despite its widespread use and practical importance, the
friction coefficient is the result of complex microscopic interactions, for which
no overall modelling exists. The identification of the friction coefficient is
particularly difficult because this parameter is theoretically ill-founded. To
obtain a usable figure, all the assumptions and operating conditions must be
strictly reproduced experimentally.

NOTE.— Aside these comparisons, it is particularly difficult to identify the
friction coefficient using a pilot rolling mill: no device records the friction and
the basic data available is the applied load and torque. To isolate the friction, it is
necessary to use a rolling model. Montmitonnet [MON 94] identified the friction
values from the same experimental data set using different models from the
literature (Figure 1.10) where not only the values, but even the patterns
themselves were different. This shows the crucial importance of understanding
and correctly modeling a physical phenomenon before quantifying it.
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l.2. Construction of an experimental model
1.2.1. Addressing experimental difficulties

In an experimental procedure, difficulty often arises from physical
complexity: a successful experiment can reproduce a physical model only if
all other variables present could be discounted (which include, in most cases,
effects of temperature and history of materials). This is the first condition for
an identification or inter-comparison process.

The elimination of interfering conditions is a rigorous process. For
example:

—1in a tensile test, bending effects are eliminated by a specific alignment
of the jaws;

—in order to eliminate effects related to the history of a material, test
pieces were taken from the same batch and stored in the same conditions.

In addition, the quality of measurements made is also related to the
measurement system. An experimental result, such as a numerical result, is
only valid if accompanied by a confidence interval. Finally, to compare the
measured quantities, the experimental protocols must be written and
validated.

1.2.2. Experimental model

Very often, mechanical testing is viewed as a purely technical field of
work. The above examples indicate, however, that to develop and operate
mechanical tests requires us to make choices leading to an experimental
model. It is based on simple assumptions with regard to load borne by the
system under study and its boundary conditions, under a controlled
environment. This includes a controllable loading device and an array of
instrumentation. Finally, effective controlling of an experimental model
requires writing a protocol to ensure the reproducibility of the measurement.
The experimental model must preempt an interpretation by an analytical or
numerical model; and it must be properly validated before use.
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1.2.3. Overview of an experimental process

Figure 1.11 shows the various elements in a typical experimental process
in a simplified manner.

Firstly, the physical world forms the center of the study. This involves
designing an experimental model which is basically a physical idealization
of the real problem. Then, the experimental model must be utilised and an
experimental plan i.e. a coherent set of tests to obtain the desired
information with the greatest possible clarity, must be defined.

In mechanics, the studied structure must be loaded, irrespective of
whether it refers to dynamics, frequency, or static studies. The loading
requires an actuator that converts a signal, which is often electrical, to a
mechanical signal. Given the underlying physics in the excitation process,
the load to be applied must be properly conditioned to ensure that the required
control is effectively carried out. Usually, the control system is the subject of
an active control, a PID (proportional—integral-derivative) loop.

Acquisition

Loading

Device for
mechanical

Command

Transducer

Conditioner

Calibration

Measurin

)

‘ Signal processing ‘

Identification

Digital Vi
model

‘ Presentation of result

Minimization
method

Figure 1.11. Block diagram of an experimental process
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The acquisition is done through a transducer such as a strain gauge, for
example. The mechanical signal (elongation) is converted into an electrical
signal (a change in resistance). The transducer is conditioned so as to allow
the reading of the information it contains. In the case of the gauge, a
Wheatstone bridge and an acquisition card are used. All elements included in
the acquisition process are part of the measurement chain.

Then, calibration enables us to convert the potential difference into the
desired mechanical quantity (the measurand). This involves using a model
corresponding to the measurement system, or an experimental calibration if
no effective model exists, to convert the measurement to measurand. The
change in the electrical variable with the measurement (derived from the
calibration curve) defines the sensitivity of a sensor. If the sensor is linear,
the sensitivity is independent of the measured value. By definition, a
measurement system is never perfect; it is essential to know the extent of
confidence to assign to the value determined for measurand, and for that, to
qualify the measurement chain (uncertainty, linearity, measurement range,
influence quantities, durability, response time, bandwidth, etc.).?

Finally, the signal processing may include, for example, filtering, Fourier
or wavelet transforms.

Sometimes, an active link exists between the stress and data acquisition.
For example, in the case of large deformations, tensile testing is carried out
at constant deformation rate and not at constant displacement speed. In this
case, the closed-loop automaticity principles must sometimes be
implemented in a difficult context; for example, fracture mechanics.

The objective of the study, which is to compare stress with its effect, can
be reflected in two forms: the presentation of results followed by discussion,
or identification. The latter is always based on a mathematically expressible
physical model as a digital model. Minimizing the variance between results
of numerical and experimental models requires specifying a distance
function between the two (the remainder) and using specific numerical
methods, the most well-known of them being zero order methods (Nelder—

2 Note that the above description corresponds to a passive sensor. In this case, an external
source of energy is required; if the sensor is active, this means it converts the mechanical
energy into an electrical energy signal, and thus no external source is used. In general, in the
field of mechanics, passive sensors are used.
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Mead), gradient methods (Levenberg—Marquardt), and global research
methods (genetic algorithm). The most important advantage of identification
is that it leads to knowing the value of one or more parameters of the
observed phenomenon; however, a downside of this advantage is the
significant amount of time taken for the development and implementation of
digital and experimental tools. Furthermore, the main risk involves trying to
identify an observed phenomenon even before it is understood or modeled
the phenomenon.

Mechanical testing is based on multidisciplinary expertise, which is the
basis of its numerous advantages but also its challenges, including solid and
structural mechanics, material science and engineering, physics, automation,
and signal processing. This book could not have possibly addressed all the
essential insights; however, it describes, from the experimental approach, the
key points of mechanical testing: the concept of the experimental model is
detailed through presentation of some conventional testing devices and their
instrumentation (Chapters 1 and 2), and also through synthetic presentation
of some of the most promising measurement devices (Chapter 3).
Furthermore, the establishment of an experimental campaign in an uncertain
environment is also discussed; the organizing of tests through experimental
design in a space yet to be explored is weighted against the uncertainty of
measurement in order to determine the quality of information gathered
during the study (Chapter 4).

IN SUMMARY.— An experimental protocol helps to understand a
phenomenon, to quantify magnitude (modulus of elasticity, viscosity, etc.) or
to validate a calculation. The installation of an experimental device is a
process involving various scientific disciplines (mechanical, electronics,
signal processing, etc.) ... and above all a lot of diligence and perseverance!

WARNING.— The measurement always changes the measured object (mass
accelerometers, etc.). Therefore, a result without uncertainty has no value.






Mechanical Tests

1.1. Introduction

The mechanical tests performed in solid and structural mechanics have
different objectives, depending on the level of knowledge sought through
these tests:

— primarily, the characterization tests allow understanding of undefined
mechanisms. They are particularly useful when the level of knowledge of a
problem is low, such as in biomechanics and tribology. They are, therefore,
essential elements of modeling and enable the development of analytical,
numerical, and experimental models;

— reference tests can quantify intrinsic values (Young’s modulus) and
classify technical solutions according to extrinsic parameters (e.g. coefficient
of friction). These tests should be finely described and reproduced by the
scientific community in order to enable valid comparisons. This description,
which increases the reliability of a test, is the standard. Various tests
performed under sufficiently near operating conditions can be compared and
stored in databases;

—the result of reference tests cannot be considered “as is” without
verification. In particular, the actual geometry, size, or production conditions
require validation tests scaled to a structure.

The diversity of the available standardized tests as well as tests related to
a product (for example, the maximum deflection of a ski, the elasticity of a
support stocking, etc.) render a comprehensive approach quite impossible.
Moreover, it is more interesting to draw from certain examples how to

Experimental Mechanics of Solids and Structures, First Edition. Jérome Molimard.
© ISTE Ltd 2016. Published by ISTE Ltd and John Wiley & Sons, Inc.
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design a mechanical testing device and how to establish the test-calculation
dialogue. The examples selected below are conventional tests of solid
mechanics, allowing analysis using a mechanical model of beams. The
approach developed for these simple cases is absolutely transposable to more
complex cases, where calculation-test dialogue involves high-level tools
(optical full field methods, finite element modeling).

The selected tests correspond to the simple loading of a beam: traction,
bending, and shear. Fields of stress and strain in the area of analysis must be
higher than in other areas so the desired phenomena (e.g. occurrence of
cracking or plasticity) appear in this area. For a quantitative analysis, the
fields must be described by few parameters, and they must ideally be
uniform.

NOTE.— Why use all these test categories? A numerical model, however
powerful, cannot describe the complexity of a real object; as it is limited by
the computing capacity, imagination of designers, and especially the various
assumptions. The most debatable points in any modeling are often the
boundary conditions: the rigid (welding, bonding, etc.) or mobile links.

1.2. Measurable quantities

A designer may require various mechanical quantities to design a test,
depending on the material and the loading mode. Here are a few examples.

Most materials are linear, elastic, and isotropic. Two parameters are
required for their characterization: Young’s modulus, which represents the
proportionality of stress to strain (oc=£FE€) and Poisson’s ratio, which

describes the cross-sectional reduction during unidirectional loading

(v= —e—'). Other representations commonly used include Lamé coefficients.
E2

In the case of an anisotropic material, the modules are dependent on the

direction considered, which considerably increases the experimental

protocol. Sometimes, the linear elastic model is set to default; the material

may be elastic and nonlinear. In this case, the law of behavior is described

by a higher number of parameters.

In most cases, elasticity is a convenient approximation of a material
behavior. However, we must remember that more often, even for metals or
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glasses, the materials are viscoelastic, which results in a deferred
deformation over time, which can be illustrated during a relaxation or creep
test. The first step is to observe the variation of force over time to a fixed
deformation level, and the second is to observe the variation of deformation
for fixed force. In both cases, the elastic behavior is coupled with viscous
behavior, characterized by a viscosity p reflecting the proportionality

between shear stress and shear rate (7 = 1 Y).

In order to ensure the behavior of a mechanical part over the short time,
the designer uses the elastic limit of the material under traction and/or
compression, or sometimes resistance to traction. Over the long term,
however, there was fracture for light loads, due of the repetition of load. An
endurance test is performed to determine the endurance limit.

Further, during the shaping of metal parts, permanent deformation is
obtained by subjecting the material to plastic deformation. The perfect
elasto-plastic model is often too limited. In particular, the more the material
is deformed, the greater is the yield strength. The strain hardening rate
characterising this phenomenon can be described by the power law or
Hollomon law o = K€", where n is the strain hardening coefficient.

These quantities are probably the most important however there are many
others that could be added to the list. Similarly, different types of tests may
sometimes lead to identical values. Thus, a static tensile or bending test, a
dynamic ultrasonic test or an indentation test all enable us to determine
Young’s modulus. Therefore, it is more important to outline the logic
leading to the selection of a test and the validity of the test selected than to
review all possible tests.

1.3. Tensile test

A tensile testing machine consists of two jaws, one on a fixed cross-
member, and the other on a movable crosshead. The test specimen is fixed
between the two jaws. Then, two measurement systems are used, one to
measure the applied force (a load cell) while the other to measure the relative
displacement of the jaws (displacement sensor) or the deformation of the
specimen (knife extensometer, strain gauge, etc.).



4  Experimental Mechanics of Solids and Structures

Basically, a tensile testing machine is used to apply a controlled
displacement of one of the jaws while the other remains generally fixed to
the frame. The process is controlled by controlling displacement and speed
of displacement. It is possible on most systems to impose a force ramp via
a Proportional-Integral-Derivative (PID) control loop. This feature is
advantageous but presents practical difficulties due to the behavior law of
the tested material: plastic deformation of the material may lead to never
reaching a force set point, as the maximum force is low; fracture may result
on returning of force to zero, which induces an infinite displacement set
point on PID. Further, the forced displacement speed control does not mean
a constant strain rate. Very specific devices have been developed for some
polymer materials. They have controlled deformation speed due to optical
measurement following markers placed in the area of interest of the
specimen.

Ball screw — |
Load cell
~—
Jaw support
Control box

Column drive system

Gear motor
set

Figure 1.1. Screw tensile testing machine

A tensile test does not measure Young’s modulus, but measures force
(section 2.4) and distance or deformation. While implementing the test, the
introduction of an analytical or numerical model enables to deduce the
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desired value. This model is based on assumptions that we are trying to
prove realistic in the test.

In the case of tensile test, model is provided by the beam mechanics
which involves establishing of a uniform stress field through pure traction
over the volume under consideration.

1.3.1. Optimal testing conditions

In order to obtain a uniform stress in the measurement area, a certain
number of precautions must be taken. The shape of the test piece must allow
for a well-founded mechanical modeling: its slenderness must be compatible
with the rules of the beam mechanics. The ends must be shaped in such a
manner that the maximum stress and therefore, the breakage appear in the
useful area of the test piece — where the beam mechanics allow correct
estimation of the stress.

\4
I 4 A )
< Lo .
| >dw02d | L, | >dto2d
< L; o

Figure 1.2. Example of test specimen shape (according to [GOE 92])

The shape criteria of the test specimens and the selection of anchorages
are given by the standards, but an engineer must understand the provenance
of these selections. For example, Figure 1.2 shows a test specimen used for
determining the elastoplastic characteristics of a metal. The length L. is the
length of the specimen between the jaws; the useful area L, corresponds to
the area where approximation of stress field by beam mechanics is
acceptable. When the test specimen is held between the jaws, the length
measurement taken varies from d to 2d, according to the case. Its cylindrical
shape and the presence of large corner radii near the edges provide a break in
the relevant area with such consistency that this rupture can occur anywhere
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in the area. The heads are in a “dog bone” shape to prevent slippage of the
specimen into the jaws during the tensile test. And, the ratio of diameter and
length allows establishing a uniform stress field in the useful zone.

However, the anchoring and the length of the test specimen may differ
depending on the material and the desired target. For example, in the case of
composite materials, the specimen is flat, as the material consists of stacked
plies. Therefore, the edge effect is reduced through sealing of wedges whose
rigidity is controlled rather than using a dog bone shape, which is difficult to
achieve and is less effective. Further, because of anisotropy, the shape of the
test specimen can move from one composite to another. The length — width
ratio of the specimen depends on the anisotropy of the material, but the
width — thickness ratio determines “membrane” or “plate” behavior, as the
thickness is not an adjustable parameter; a product is defined specifically by
the number of folds it comprises and therefore its thickness: depending on
the case, the interpretation model to be used will be different.

For the test to be a tensile test, the movable crosshead displacement
vector must be along the axis of the specimen, otherwise the stress field is
modified by bending or twisting which disturb the determination of the
stiffness of the material and its final properties. However, guidance cannot
be linear over a wide range: therefore, it is necessary to take into account the
defects in the machine. To minimize these problems, it is a common practice
to work along the axis of symmetry, in a known displacement zone. A
control and validation protocol is required before running a test campaign:
the settings of the jaw position exist on most traction devices. The protocol
includes purely geometrical controls, with comparators to check the
kinematics of the assembly. It concludes with a test on a test specimen which
must be instrumented in order to measure the undesired effects of bending or
twisting (for details refer to section 2.2). The test specimen itself must be
properly inserted in the tensile testing machine along the axis of traction of
the machine. It must not slip into the jaws, especially if the only estimate of
the deformation is based on the movable crosshead displacement, a method
which is often not recommended for this reason.

Furthermore, in order to approach the conditions set by the test operating
model, it may be important to take a number of precautions to prevent the
occurrence of undesired phenomena. For certain classes of materials, such as
polymeric materials or biological materials, controlling temperature or
humidity conditions is a necessity imposed by the high sensitivity of
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mechanical properties to these parameters. Similarly, the choice of the speed
of displacement of the mobile jaw may change the apparent elastic modulus
of the viscoelastic materials: depending on the purpose of the experimental
study, tests will be carried out at different speeds so as to explore this
behavior, or deliberately placed in a specific location corresponding to the
instantaneous or long-term behavior.

All these precautions are intended to have the healthiest possible picture
of the intrinsic properties of the material to be studied by freeing
approximations related to analytical model used in testing.

EXERCISE 1.1.— Approximate the criteria given in Figure 1.2 using Bernoulli
conditions.

1.3.2. Result of a standard tensile test

The typical stress—strain curve of a metallic material is given in
Figure 1.3. While carrying out a tensile test on a specimen, the stresses are
reduced to the axial component and they are assumed to be constant over a

F
section. Hence, O'ZE. On the other hand, if the deformation is small

: : . F . . :
compared to other dimensions, we can approximate o =—. Similarly, if the
0

deformation is low if compared with the other dimensions over a length AL,

AL . . .
then ¢, =L—. However, at the beginning of loading, it is common that
0

parasitic phenomena such as slack recovery may occur. This results in a
nonlinear area in the stress-strain curve at the beginning of loading. This
area, which is commonly called “toe of the curve” is not representative of
the material and must therefore be rejected. Finally, the estimate of the
modulus is made in an area defined by the toe of the curve and by early
onset of plasticity. Thus, we obtain the equation:

A(Fj
SO
E=—"2 [1.1]
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b

Figure 1.3. Typical traction curve of a metallic material

The tensile curve provides other essential information for dimensioning
of structures. It is noted that the apparent elasticity limit R, corresponding to
the end of the reversibility area of the force/displacement curve, in general,
1s also the end of the linear area. As this limit is difficult to estimate, we use
the residual elongation limit R, corresponding to an elongation of 0.2%.
The tensile strength limit R, is also a determining quantity in mechanics as it
characterizes the maximum stress that can be tolerated by the material — and
therefore the ultimate limit before failure — whereas the yield point
determines its use limit. It must be remembered that the mechanical engineer
systematically uses a safety coefficient to take into account the
approximations and uncertainties related to operation and production
procedures. Lastly, the percentage elongation after fracture A corresponds to
the variation of ultimate length of the specimen. The interpretation of
this data as longitudinal strain would be very hazardous, due to strain
localization in the area of striction.

The above curve is that of a hardenable metal; for others, the plastic area
can be totally absent. This is the case of brittle materials, the failure limit is
then guided by the probability of existence of a defect of sufficient size for a
given level of force.
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1.3.3. Stiffness of a tensile testing machine

The support structures of the machine are not infinitely rigid; they give
way to deformation under load, thus changing the movement of the movable
jaw. If u is considered as the total displacement, u,,4chine the displacement due
to deformation of the tensile testing machine and upecimen 15 the displacement
due to deformation of the test specimen, then

U = Umachine + Uspecimen [1.2]

or, if F is the force measured by the load cell, K is the rigidity of the tensile
testing machine, then S and L, respectively are the section and initial length
of the sample and ¢ is the deformation, then

u=§+gLo [1.3]

The strain rate is an important factor in the study of visco-elastic-plastic
materials and must be controlled; many tests are ideally performed at
constant strain rate. By deriving the expression [1.3] with respect to time, the
relationship between transverse displacement rate and strain rate is given by:

|, S do, [1.4]
L KL, de

0
where u is the movable crosshead displacement rate and # is the strain rate
of the material.

There is a difference between apparent strain rate, u/L,which is a

constant for controlling a conventional tensile testing machine and the
average strain rate €. The condition u/L, = & is fulfilled only if K i.e. the

rigidity of the frame is sufficiently large. In addition, the value do/de
represents the hardening of the material. In many cases, the material has
several consolidation stages; therefore, hardening is not a constant with
respect to deformation level and consequently with respect to the strain rate.

In the elastic range, the stiffness of the test device has no influence;
however, in the plastic range, the stiffness disturbs the strain rate of the
specimen, thus complicating the interpretation of the test results. It is
therefore necessary to have an estimate and make the necessary corrections.
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1.4. Bending test
1.4.1. Test principle

In the case of particularly soft materials, the degradation of the surfaces
in the jaw leads to another test, the bending test. The application presented
here is a three-point bending test for the characterization of unidirectional
composites'. The bending test involves placing a rectangular bar on two
supports and applying “punctual force” in the center, as shown in Figure 1.4.

The load and the resultant deflection are recorded until the occurrence of
damage on one side of the specimen. During the operation, the flexural
modulus and admissible maximum load are the two main results considered.

(]

I N |

A O

Figure 1.4. Three-point bending

1.4.2. Optimal realization conditions

The main parameters to be adjusted are summarised in Figure 1.4. This
primarily involves ensuring the conditions of a typical beam pattern, by
creating conditions of small disturbances. The load should be as close as
possible to pure bending. However, for a three-point bending, the bending
moment increases linearly from zero to its maximum value between the first
and second point, and then decreases from the maximum value to zero
between the second and the third point. However, the shear force is equal to
and opposite to the bending moment gradient. In a three-point bending test,
bending is always combined with shear. In order to approach the pure
bending condition, it is necessary that the bending gradient is negligible. For
this, the sample must be sufficiently slender. In other words, the ratio L, /h

must be greater than a limit value, usually set at 8. A test with close edges

1 NF EN 2562 standard.
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will induce shear stresses and inter-laminar shear failure. This possibility is
also used in the “short beam shear test™”. In this case, L, /A <2.5.

In this test, the support structure plays an important role. On the one
hand, it must not generate too much local pressure, and thus damage the
surface; secondly, the contact must remain “punctual”, i.e. must be of
the smallest possible width. A “punctual” contact in the model becomes in
reality a contact area on a given depth, called a “linear” contact. It is
therefore necessary that both lower and upper supports are parallel. It is also
necessary to ensure sample faces are parallel to each other. Finally, the force
applied in the form of a translational movement of the upper cylinder, must
be normal to the plane formed by the lower contacts. In practice, these
conditions are guaranteed by some design precautions: one of the two lower
supports is mounted on a pivot connection, so that it can tilt back and forth;
and similarly for the upper supports.

As previously stated for a tensile test, the test specimen shall be placed in
the machine’s plane of symmetry to avoid any undesirable effect.

1.4.3. Determination of flexural modulus

In order to determine the flexural modulus, we must find a mathematical
model representing the mechanical phenomenon reproduced experimentally
during the test. Here, the test conditions are selected such that the

assumptions of the beam mechanics are valid. If (76, 2) is the reference of

the beam, where X is the longitudinal axis, M, the bending moment, E the
Young’s modulus of the beam and /; the bending inertia, the transverse
displacement }¥ along the beam axis is given by the equation:

W () __M,(x) s

2
ox El,

For each section at position x, the strain o(x,y) is given by:

zM . (x
o (xz)= J, where y is the distance to the neutral axis. The bending

S

2 NF EN ISO 14130 standard.
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after

F(L —x)
2

(F is the applied force). The maximum stress is, therefore, given by x = L,
and z = h/2.

FL
O-max :O'X Ll’ﬁ = lh [16]
2)" 4,

F:
moment is M, =7x before the central cylinder and M, =

Similarly, the deflection can be calculated using the tools for beam
mechanics. Thus, by integrating equation [1.5], and considering that at
x = L,, slope is zero, as the fixed jaws are on the exterior,

3 3
W(x)= LT EVE R forx <L, [1.7]
REL\C L\

The maximum deflection corresponding to x = L, given by:

R

* el

[1.8]

From the measurement of deflection and the force applied, it is easy to
estimate a flexural modulus of elasticity. Note that the standard recommends
the use of the central part of force/deflection curves. This means that larger
values must be discarded to eliminate the loosening due to the onset of
defects (“pseudo-plasticity” of composites). The toe of the curve must also
be ruled out.

Furthermore, the model described above assumes that a section normal to
the neutral axis remains normal during loading, which neglects the shear
(Euler—Bernoulli hypothesis). For some anisotropic materials, whose shear
stiffness is significantly lower than other rigidities, this assumption is no
longer valid and the deflection is due both to bending and shear. A beam
model must be used to turn the right sections during the deformation which
leads to the expression of a constant shear in the section (Timoshenko
hypothesis).
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1.4.4. Damage to the structure

In this bending test, three types of damage may be encountered (Figure 1.5),
of which only two are admissible: tensile damage and compressive damage.
They are related to the effect of bending and therefore enable to quantify the
maximum stress with the above-stated assumptions. If shear damage is
observed, then this quantification is not possible, and it is observed that the
test assumptions are not met.

N ——

Traction
x — —
Shear
« — —

Compression

Figure 1.5. Types of damage during a 3 point bending test.
Damage due to traction and compression are consistent;
inter-laminar shear damage is non-consistent

From the force, the maximum stress is known, which allows estimation
of the bending resistance of the material. However, it is notable that the
resistance values for bending are always higher than those for traction. The
reason is the cause of failure, which is always related to the presence of a
defect. In tensile test, the entire volume is subjected to maximum stress,
whereas in bending only the skin is at maximum stress. The probability of
finding a fault in a volume increases therewith. It is described using Weibull

B
distribution law: F(x)=1-exp —(ﬂj
n

NOTE.— We often speak of “flexural modulus” or “tensile modulus” or
“compression modulus”. These modules are unique and often confused with
the elastic modulus or Young’s modulus. If this practice exists, it is reflected
as a reality difficult to circumvent: in most cases, the result depends on the
test methods. A designer therefore must adapt the test carried out to the load
type experienced by the actual structure.



14  Experimental Mechanics of Solids and Structures
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Figure 1.6. 17 Variation of ultimate strain with volume (according to [WIS 97])

EXERCISE 1.2.— A four-point bending test also exists (refer to Figure 1.7).

Prepare the model for the test. What are its advantages? What are the
specific precautions required for this testing? In particular, how to measure
the deflection using this method?

D

O

Figure 1.7. Four-point bending
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A Few Sensors Used in Mechanics

2.1. Introduction

The conventional sensors used in solid and structural mechanics
essentially allow the measurement of displacement, strain, force, and
acceleration. Though other measurements such as speed, temperature, and
humidity are also possible, these are not discussed in this chapter. Again
there is no possible way to measure stress: it can only be accessed using a
model or previously-acquired data.

The measurements of displacement, strain, force, and acceleration can be
obtained using various different technologies. However, only a few that are
described below. These technologies are very commonly used and also allow
discussion on the metrological quality of the sensors and the criteria for the
most common choice.

2.2. Strain measurement
2.2.1. Principle

The most common method used to measure strain is the strain gauges.
The physical principle is as follows: the resistance of a conductor R is a
function of the length of the wire L, its cross-section A and resistivity p:

r=PL [2.1]

Experimental Mechanics of Solids and Structures, First Edition. Jéréme Molimard.
© ISTE Ltd 2016. Published by ISTE Ltd and John Wiley & Sons, Inc.
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by applying the differential logarithm, we get:

dR_dL dp_dd

[2.2]
R L p 4

Under conditions of simple traction, there is a relation between section
change and length change. By introducing the Poisson ratio of the metal used

%A = —2vd—LL [2.3]
therefore:

AR _dL (14 2y)4 9P [2.4]

R L o)

The sensitivity of the gauge is the ratio of relative change in resistance
and relative change in length. By introducing the modulus of elasticity E, the
equation is given as:

IRTR _ (14 2v)+ [ L4P1P [2.5]
dL/ L E dL/L
ldp/p . . . o
The term /71 =— is sometimes referred to as piezoresistivity

EdL/L
coefficient. Note that this ratio is pertinent only in the linear elastic region of
the wire gauge.

2.2.2. Gauge factor

The sensitivity of the gauge dR/R is referred to as the gauge factor

(GF). It is given by the manufacturers, and is highly dependent on Poisson’s
ratio of the material used. For the most common gauges v=0.3 and

dRTR = 20 the resistivity is virtually unchanged with strain (M = Oj.

dL/ L
Various gauge factors are given for illustrative purposes in Table 2.1.
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Material Gauge factor

Steel 2
Tungsten platinum alloy 4.1
Nickel, steel alloy (Elinvar) 2.5
Chromium, nickel alloy (Nichrome) 2.5
Nickel copper alloy (Constantan) 2.1

Iron copper chromium nickel alloy (Karma) 2.1
Nickel manganese copper alloy (Manganin) 0.5
Semi-conducters 100 to 200

Table 2.1. Gauge factor for various materials

The sensitivity of a gauge (the gauge factor) is established for specific
conditions. Its use can be complicated and corrections may be necessary at
times [AVR 74]. These corrections are required due to interactions between
the gauge and its environment. For example, if the structure on which the
gauge is placed is not in a situation locally similar to a simple traction, or the
Poisson ratio of the structure is different from that of the gauge, undesirable
cross effects may occur. They induce an error which can be expressed as:

K (& /€, +v,
e, = (2. r )*100 [2.6]
l1-v, K,

Where v, is Poisson’s ratio of the support material, K, is the coefficient
of transverse sensitivity of the gauge, ¢, is axial strain and g, is transverse
strain &,.

2.2.3. Description of a gauge

The typical architecture of a gauge is reproduced Figure 2.1. In order to
increase the resolution of the acquisition system linked to the gauge, the
latter comprises of a frame and two lugs for connection to the conditioning
system. The metal frame is placed on a resin film for electrical protection
and isolation. The glue and resin play an important role in transmitting
strain. Both these elements should be treated with caution: defective gluing
may cause an incorrect response on the gauge. On the other hand, the
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application range of the gauge and the glue is limited in terms of
temperature. It ranges between -270°C and 290°C, depending on the
materials used.

Frame on a resin film

4 \

ANARNANNRE

.

Length of the gauge

Length of the support

» < v

Solder tabs

Figure 2.1. Representation of the main elements of a strain gauge

The shape of the gauges can be varied depending on the required
application type: bending, torsion, tension, concrete, etc.
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During the practical application of a gauge, various points must be taken
care with precision:

—the gauge is sensitive in the direction of its conducting wires. The
orientation of the gauge with respect to the studied strain must be achieved
with precision;

—the size of a gauge provides the spatial resolution of the sensor. This
point must sometimes be treated with caution. At maximum strain, the size
of the sensor will limit the apparent maximum, depending on the strain
gradient;

— on the other hand, in the case of a heterogencous material, the size of
the gauge must be relevant to the size of heterogeneities.

QUESTION.— Since the gauges are often made of Constantan (55% Copper
and 45% Nickel), whose resistivity is p = 1.7 X 10® Qm, what is the length
required to obtain a resistance of 120 €, given that the minimum diameter is
0.025 mm?

2.2.4. Conditioning

The conditioning of a strain gauge is effected by means of a Wheatstone
bridge. Figure 2.2 shows the simplest installation, a “quarter bridge” circuit.
If the resistance R, varies by OR, then the potential difference V) is related
to the variation of resistance and the power supply voltage V,, given by the
following equation:

v+ SE =V (R +J0R)R,—R;R, 271
(R +J0R+R,)(R,+R,)

If the wvarious resistances are equal (R;=R,=R;=R;=R), the voltmeter
indicates a difference of zero potential (¥ = 0). Insofar as the variation in
resistance is very small compared with the resistance itself (SR/R<< 1),
equation [2.7] is given as:

5V, SR/R SR/R
= ~ [2.8]
V, 4+2(6R/R) 4
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The Wheatstone bridge balancing hypothesis is fulfilled in practice by
using a variable resistor either on one of the branches of the bridge, or
simultaneously on both the branches. This technique remains valid only if
the resistance variations are low.

Figure 2.2. Quarter bridge assembly

2.2.5. Multi-gauge assemblies

Mounting gauges on the different branches of a Wheatstone bridge can
lead to more interesting results than the simple quarter-bridge assembly,
especially in the case of load cells. The electrical analysis of resistance
changes on each of the branches of the Wheatstone bridge indicates:

In general,

_ R, Ry

0" {R1+R2_R3+RJ

[2.9]
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the sensitivity ¥, related to the change in each resistor is given by:

Y
P L 2.10
0 ;aRi l [2.10]
or dV zValRZde_Rldsz +R3dR4_R4(ZRS} (2.11]
(R +R,) (R, +R,)

assuming dR;<<R; and introducing the deformation associated with each
strain gauge by the corresponding gauge factor or dR; = GF&;, we obtain:

[2.12]

a

5V0 _ Rle (glGFl _ngFz) + R3R4 (84GE1 _€3GF;)
4 (R+R,) (R+R,)

If the gauges are identical (and therefore, R; = R, and GF; = GF, for all i
in [2.12]), we obtain:

oV, GF
7027(81_82"'84_‘93) [2.13]

This is the basic equation for bridges with several gauges. It is observed
that the gauges on opposite arms are summed whereas the gauges on
adjacent arms are subtracted. This property will be used below to perform
thermal compensation or to remove unwanted deformations.

2.2.6. Compensation of bending effects

In tensile testing, adverse effects due to sample bending may occur. In
order to remove these effects, two identical gauges are bonded to either side
of the specimen in the direction of traction. When the gauges are connected
to opposite arms of the bridge (1 and 4 positions), the potential variation is
given as:

5, _GF
|4 4

a

(e, +¢,) [2.14]
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A beam of Young’s modulus E, cross-section S and bending inertia I
simultaneously subject to traction F and to parasitic bending M, undergoes a
distressed axial deformation. According to the conventional notation used,
the deformation on each side is:

| F

g =E><[+be/1_/. +Ej [2.15]
1 F

€4=EX(ibe/1f+§) [216]

b is half the thickness of the specimen. Combining [2.14] with [2.15] and
[2.16], leaves behind only the membrane effects. The reading value is not
disturbed by bending effects:

SE, GF F,

= [2.17]
E, 4 Ebh

QUESTION.— What would we do to remove the membrane effects and record
the effects of bending?

2.2.7. Effect of temperature

Temperature is a factor that strongly influences the response of a gauge.
It is sometimes necessary to remove its effect (in sifu monitoring, aging
cycles, etc.). An appropriate assembly enables to retain the mechanical stress
component while supressing thermal expansion. A gauge is placed on the
structure to be tested while another one with similar characteristics is placed
on a mechanically non-loaded sample of the same material. The gauges are
placed at adjacent positions, for examples 1 and 2. In this case,

5, _GF GF _GF,

E(l 4 ( 1~ ©2 ) = 4 (gmechanical + gthermal - gthermal ) 4 mechanical [218]

Similarly, any identical gauge torque shall compensate the temperature
effects if they are mounted on adjacent arms. More generally, Figure 2.3
reproduces the various standard configurations for compensation.
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I, 5,
I, 1,

S|

Figure 2.3. Various assemblies and compensations

2.2.8. Measurement of a surface-strain tensor of an object

A Rosette Mounting is a mount with three gauges that helps in assessing
the state of strain of a plate. The gauges can be arranged at 45°, 60°, or 120°.
In this section, however, we shall consider only the last case. We shall
consider the classical assumption of planar stresses.

81 1 81 2

The strain in the plane is given by: { } . €33 exists but it is not
R

12 822
operated in planar stresses; moreover, it would not be accessible
experimentally. The questions to be addressed by the mechanic are:
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— What are the main directions?

— What is the value of the principal strain?

The problem with the Rosette Mount is that it has three unknowns:
orientation of the main frame ®p and two principal strains €, and €, based on
three available pieces of information €4, €5 and €c. To put it correctly,
consider the rotation in the plane of the strain tensor; each of the gauges
constituting the Rosette has a known rotation to a constant with respect to
the main frame. The strain in the direction of each of the gauges can be
easily expressed in terms of ®p, €, and €,. Therefore:

. cos’ @, sin® @,
4 £
g, b=|sin’| @, +2% |cos?| @, +2Z | |17 [2.19]
3 3)e, |
gc princ.

sin’ (@P + 4%}0052 ((DP + 4%}

Figure 2.4. Rosetfte mounting at 120°
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This system is nonlinear and the values of ®p, €, and €, are significant.
By carefully recombining the deformations, we obtain:

E, +E,+E
£,, =Sk (e, -e,) 4 (e o) +(e, -] [220)
and
3(e, — ¢
if £,>2""C then ® =—tan' (& —c)
' (gA_gB)+(€A_€C)
if &, =575 then o, =% [2.21]

_ + 1 (& —&c I
if @<%then CI)pzztan‘l (&~ &) -—

(gA_gB)+(gA_gC) 2

If £, —&, — €., all directions of the plane are the main directions and the
angle ®p cannot be determined.

2.2.9. “Measurement” considerations

— The theory developed above assumes a linear response of the gauge.
Unfortunately, this is not always the case, and here, the quality of the gauge-
structure transmission is essential. There may be a drift and hysteresis during
the first loading. Generally, the nonlinearity error must be of 0.1%.

— The dynamic response of a gauge poses no problem in general because
of its very low inertia. A limitation with respect to the size of the gauge
appears for large loading rates in case of periodic stresses: if the size of
the gauge is three times smaller than the mechanical wavelength, it cannot
give any indication in accordance with the Shannon theorem. For a standard
gauge (10 mm) glued onto a steel structure, the minimum accessible period
is 6 us.

— Because of their low inertia, gauges are capable of following dynamic
strain, even at very high frequencies. However, since the strains are
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phenomena which occur in the speed of the wave, a smaller frontal wave
or the one with the same dimension of the gauge will not provide
any indication. In general, the gauge should have 1/10 the size of the
wavelength.

— The resistance of a strain gauge causes a local heating due to Joule’s
effect. This heating is dissipated by the tested specimen. For polymeric
materials, whose thermal conductivity is low and the dependence of the
mechanical properties to the temperature is pronounced, the resistance is
limited to 120 Q. For metallic materials which are less sensitive to
temperature and top conductors, the resistance of the gauges is 250 Q.

— The gauge allows values only on the surface of a sample thus volume
strain remain inaccessible through the experiment.

— When we know a priori the shape of the deformation field undergone
by the specimen, a single gauge can be sufficient, but in the general case,
three gauges are required to record the status of full biaxial deformation. In
this case, the presented-previously Rosette Mountings are used.

Note that the deformation measurements can also be made using other
methods, though they are very rarely employed:

—these include strain gauges made of semiconductor materials (silicon
crystals) whose resistivity changes with deformation. They are the basis
of force or pressure sensors, but do not have direct application as strain
Sensors;

— optical methods are also used (interferometry, image correlation, optical
fibers, photoelasticimetry, etc.). Some of these are discussed in detail in
Chapter 3.

IN SUMMARY.— Gauges are sensitive to strain and temperature. Size and
position of a gauge must always be considered with respect to the set
objective. And there are no methods available for measuring stress.

Furthermore, the semiconductor gauges are made of a semiconducting
material, usually single silicon crystal (N-type) doped with P-type
impurities. Under the effect of stress, the density of the charge carriers and
their mobility varies anisotropically. The resistivity is given by the equation:

p=—o [2.22]



A Few Sensors Used in Mechanics 27

where e is the charge of an electron, n is the number of charge carriers per
unit volume and u is the average carrier mobility. The current gauge factors
are much higher than for conventional piezoresistive gauges (n = 160-180).

2.3. Displacement measurement

There are various possible displacement measurement methods. By
derivation, or more precisely by comparing the variation length to the length,
it is possible to have a rough image of the strain. However, this method is
not recommended because the spatial resolution is very bad. The LVDT
(Linear Variable Differential Transformer) sensor is currently one of the
most popular displacement measurement methods available.

2.3.1. Principle

This sensor works on the principle of induction variation in a conductor
coil linked to magnetic field variations. The diagram of the principle is
represented in Figure 2.5. A primary coil is surrounded by two secondary
coils. The primary coil is subjected to alternating current; the two secondary
coils are connected in series and receive only the current induced by the
first coil. The movement of the magnet disturbs the induced field.

If the displacement is sufficiently small, that is to say, if the magnet is not
pulled from the coil space, then the amplitude of the voltage reading at the
terminals of the secondary coils varies linearly with the displacement. By
symmetry, this amplitude is zero when the magnet is centered with respect to
the coils (x = 0). The direction of movement is given by 180° phase change
atx=0.

2.3.2. Key characteristics

As the information recorded is the amplitude of the induced current, the
frequency of the signal sent to the primary circuit should be at least 10 times
greater than the highest frequency of the phenomenon to be measured. The
maximum permissible signal is commonly less than 2.5 kHz. The LVDT
sensors show measurement error less than 0.05% and a repeatability of
0.0001 mm.
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Figure 2.5. Schematic diagram of a LVDT sensor (according to [FIG 00])

QUESTION.— There are other measurement methods based on optical or
mechanical principles. Imagine a mechanical system based on the strain
gauge technology for measuring a displacement of a few tenths to a few tens
of millimeters.

2.4. Force measurement
2.4.1. Strain gauge load cell

A first set of force sensors is based on the deformation of a test body.
This deformation is measured by a set of strain gauges. The relationship
between the voltage reading at the terminals of the Wheatstone bridge and
the force varies with respect to the geometry of the test body. Various types
of sensors are shown in Figure 2.6. It shows the locations of strain gauges
required to estimate the force for each sensor. Because of the bending of
these two sensors, strain gauges placed on either side of the blades are
subjected to most of the deformation.
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It is very common to use a bending test body. Insofar as the maximum
strain does not exceed the elastic limit, the deformation ¢ is proportional to
the applied force F, according to the standard material resistance formula:

=2t p [2.23]
El

!

where x is the distance between the measuring point and the point
of application of force and b is the distance of the sensor at the neutral axis,
E is Young’s modulus of the material and /; the inertia of bending of test
body.

The selection of geometry of test body depends on the desired sensitivity,
force type, or desired stiffness. Another selection criterion is the robustness
of the sensor: some are equipped with stops for limiting their deformation
and thus ensure that the test body remains in the elastic domain.

The nature of the material used to make the test body has an important
influence on the measurement. In order to obtain a linear response of the
sensor, it is necessary to use a linear elastic material. The measurement
range is limited by the yield strength of the sensor. The sensitivity, in turn, is
related to the value of Young’s modulus: a soft material amplifies the
deformations and allows the measurement of small forces. However, it must
be noted that sometimes the deformation of a sensor inserted in a mechanical
system is detrimental to its operation. This is the case for any mechanical
system controlled in position (tribometers, rolling mills, etc.).

2.4.2. Piezoelectric gauge load cell

Certain materials are polarized with respect to the force applied to them —
this is the principle of quartz watch oscillator. The intensity of the load is
proportional to the force produced, and it follows the sign of the force.

Two metal plates are placed on either side of the sensor to accumulate the
charge; the resulting assembly constitutes a capacitor which, however, is
unfortunately flawed so that only dynamic phenomena can be measured
easily.



30 Experimental Mechanics of Solids and Structures
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Figure 2.6. Example of strain-gauge force sensor; a) Force
washer with low load, b) S sensor
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Figure 2.7. Assembly of a voltage amplifier
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Figure 2.8. Assembly of a load amplifier

The charge emitted by a crystal is low, such that it is necessary to amplify
the signal. Two possible arrangements are shown Figures 2.7 and 2.8. The
capacity C, corresponds to the capacitance of the coaxial cable whereas C, is
the capacitance of the sensor. In addition, the sensor delivers a charge Q(?).
The output voltage s(?) is given respectively in each case, by the following
equations:

s(t)=[1+£J& [2.24]

s(t)=—-2 [2.25]

While in the first case (voltage amplifier), the output voltage depends on
the capacitance of the coaxial cable (and therefore on its linear capacitance
and length), the voltage of the second circuit (charge amplifier) does not
depend on the length of the cable, even though its resistance is negligible.
The first assembly which is easier to install, requires a major precaution: it
must be calibrated with the cable in place. In the second case, it must be
ensured that no charge can be created in the cable, especially the original
triboelectric charges related to friction from various parts of the cable.
Furthermore, the cable insulation and connection must be done correctly to
ensure proper load transfer in the circuit.
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So there is a choice between a robust assembly, whose sensitivity
depends on the cable length, and a sensitive assembly, where each element
must be installed carefully to ensure the quality of the measurement.

From a mechanical point of view, the piezoelectric sensor must be
considered dynamic, and therefore, as a mass-spring-damper system. Due to
its high stiffness (as compared to previous assemblies), its natural frequency
is very high so that this assembly is intended for very high frequency
applications (up to tens of kilohertz). In practice, the crystal is pre-stressed
between two plates whose function is to distribute the force over its entire
surface. The pre-stress enables measuring the tensile and compressive forces.
Increasingly, however, several systems based on of piezoelectric sensors
adapted for static measurements are available in the market nowadays.

From the measurement point of view, this type of sensor has several
advantages:

— great adaptation to dynamic phenomena (to be compared with the mass
of the sensor and the necessary connecting parts!);

— maximum temperature of 200°C;

— good linearity (less than 1%);

— good sensitivity (0.05 to 10 mV/N);

— large rigidity (Equar, = 75 MPa);

— resolution ranging up to 10 of the measurement scale;

— permissible overload up to 300% of rated capacity.

However, the sensor has a disadvantage of a higher transverse

susceptibility, related to poor distribution of the mechanical load on the
crystal surface:

QUESTION.— This section concentrates exclusively on the problem related to
force measurement. However, there is also another very important
mechanical problem: torque measurement. With the insights obtained
through this chapter, imagine how to construct a torque-meter, and what will
its performance be? It is your turn!
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2.5. Acceleration measurement

2.5.1. Principle

The acceleration measurement is based on the principle of a “seismic
mass” acting on a spring, either in tension or bending or shear. In the case
illustrated in Figure 2.9, the displacement x of the mass is proportional to
acceleration.

Seismic mass

V E Displacement
M = [ of mass X
Spring IJl-_|< Damper
SN i

Displacement a of the
base

Figure 2.9. Basic principle of an accelerometer (according to [FIG 00])

If the base position, i.e. the structure to be analysed, is denoted by «a, the
behavioral equation of a damped seismic-based system can be written as:

2= — 2
m%+c%+kf=—m% [2.26]

C

2km

permanent response to a periodic oscillation a = Asin(a)t) is given as:

if the natural frequency @, = \/Z and the damping rate &= , then the
m

(cz)/a)c)2 Acos(awt —¢)

xpel‘m (t): 21\2 2
(/@) +(25(0/ )

[2.27]
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Like any dynamic system, the natural frequency of the assembly
represents a large nonlinear area. If the Q factor (xmax / A) is represented as

perm
a function of the relative angular frequency(a)/ a)c) , it is observed that the

sensor works well for frequencies “sufficiently lower” to the natural
frequency. In addition, the system must be “properly damped”.

A

o ! A

o/®
c

Figure 2.10. Dynamic response of an accelerometer
for different damping coefficients

From the perspective of the dynamics of systems, the accelerometers with
inertia, stiffness, and damping are systems of second order. Their response to
an interval is as follows:

= sin({i-&%)

x(t) = KA— Kde o [ N1=¢7 if 0<&<1 [2.28]

reos(I= &)

x(t) = KA—Kde™ [1+ ] if £=1 [2.29]
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GHNE 1 [renlEifas
x(t)= KA - Kde™* e if 1<& [2.30]

E—\J&E -1 e(—é—\/sT—l)a{.t

+—
2,/&% ~1

The term KA corresponds to the steady state response where the other
data is previously defined. Here the damping rate is of utmost importance: if
the damping rate is less than 1, the system is under-damped, and the transient
oscillations appear. If it is greater than 1, the system is over-damped; it
becomes aperiodic and the time taken to establish a steady rate may increase.
The optimum for structural damping is & =1. Figure 2.11 shows the response
of an underdamped system. The key variables characterizing this system are
indicated in the figure: the response time is set to 90% of time taken for
steady state response, the settling time corresponding to oscillations lower
than 10% of the nominal KA value and finally the period T.

Permanent response

O
E"D [ \_/?
g Damped oscillations
=
o
> Response time (90%)

Establishment time (+ 10%)

Time

Figure 2.11. Sample response of a sensor
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Recording the displacement of the Seismic mass is a standard problem,
that can be addressed either using a gauge system (bending blade,
Figure 2.12(a)) or a piezoresistive sensor (moveable under compression,
Figure 2.12(b)). This involves the systems already mentioned above; as well
as other rare accelerometers functioning according to capacitive, inductive,
or optical principles.
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Figure 2.12. a) Piezoresistive accelerometer (according
to [MOR 92]) b) Piezoelectric accelerometer
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2.5.2. Selection criteria

In this particular installation, the selection of engineer is done based on
the following criteria:

— cost, much higher for a piezoelectric sensor;

— frequency range: a piezoelectric sensor has a very high cut-off
frequency (up to 10 kHz) but does not work for a continuous acceleration
due to leakage currents. In contrast, a piezoresistive sensor does not allow
accelerations greater than 100 Hz;

— temperature range: 300°C for the piezoelectric sensor with regard to
100°C for the piezoresistive sensor. Further, piezoelectric sensor drifts with
temperature whereas piezoresistive sensor is self-compensating;

— size: the piezoelectric sensor is smaller. Therefore, it is less likely to
change the frequency measurement than the piezoresistive sensor. In order to
fix the orders of magnitude, the mass of a piezoresistive sensor must range
between 0.5 and 50 g;

— measuring performance: the piezoresistive accelerometer enables to
achieve accelerations ranging from 50 m.s to 50,000 m.s™. Sensitivity of
the sensor is 0.1% of full scale, which leads to an accuracy of 0.5%; whereas
the piezoelectric accelerometer has a measurement range of 10 m.s* a 10*
m.s~ with a lower accuracy ranging from 1 to 2%.

QUESTION.— A dampened seismic system is used as an accelerometer. Find
the spring/damper torque required to obtain an amplitude measurement
accurate to 95% where the signal has the following characteristics:
amplitude of 1.3 mm and a frequency of 15 Hz. What is the phase difference
between the transmitted signal and its measurement, given the mass of the
Seismic system is 5 g?
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Optical Full-Field Methods

3.1. Overview

All the sensors described in the previous chapters are electrical sensors;
these are the sensors in contact with the mechanical systems and are called
point sensors. However, it is sometimes necessary to have either non-contact
sensors or sensors insensitive to electromagnetic fields, or sensors that are
capable of determining a quantity over an entire field. There are solutions for
all these three types of applications. Inductive or capacitive displacement
sensors, or those using laser triangulation, allow for contactless point
measurement. The sensors on the optical fibres (Fibre Bragg gratings, Fabry-
Perot cavities) are insensitive to the most common electromagnetic
environments. Lastly, mechanical methods (nano-indentation, AFM, etc.),
electronic methods (pressure sensors layers, SEM, etc.) or optical methods
(X-rays, visible light, infrared, etc.) allow for full-field measurements. The
latter family of methods is discussed in detail in this chapter.

Optical full-field methods enable non-contact measurements insensitive
to electromagnetic radiation as well as full-field measurements. These
methods combine an imaging principle, sometimes a very simple one
(camera), sometimes more elaborate (interferometer-based laser light), with
signal processing strategies for extracting information useful to an engineer
(such as displacement, strain, etc.). They have led to a renewed approach to
mechanical testing, with an abundance of information available in order to
overcome the usual limitations as described in Chapter 1. In a test-
calculation dialogue, the result of a test using optical full-field method
is naturally set against a result from a finite element model. Optical
full-field methods have led to the development of an original practice of

Experimental Mechanics of Solids and Structures, First Edition. Jérome Molimard.
© ISTE Ltd 2016. Published by ISTE Ltd and John Wiley & Sons, Inc.
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experimentation in solid and structural mechanics known as
photomechanics.

Four of the most common methods are described here and illustrated by
some examples. Then, key processing tools of maps obtained are analyzed from
a metrological angle. This main objective of this chapter is to enable the reader
to imagine the original and wide-range of mechanical tests and to provide
necessary insights to make an informed choice of the most appropriate method.

3.2. Selection of a field optical method
3.2.1. Factors governing selection

The methods in the research phase are often very diverse, and sometimes
commercialized. When the measured quantity is definite, the measurement
range, accuracy and ease of implementation will guide the selection.

The measured quantity can be one of the following:

— temperature, current microbolometers allow for the study of
increasingly complete fields (currently 256 x 256);

— in-plane displacement (in the plane tangent to the observed surface);
— out-of-plane displacement (normal to the observed surface);
— three-dimensional displacement of surface (“2'2D”);

—volume displacement (3D) based on tomographic images;

— shape;
— deformation in the plane (g_Z’ g_;’%(g_; +%) :
ow dw
_ sl o
slope (E)x 3 )

This measured quantity sometimes requires more thought than it would
seem initially as it is often illusory to consider using a method which
provides many different outcomes. For example, for the effective control of
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shape defects, the measurement of shape has been less efficient than the
measurement of slope and its derivation of a curvature [SUR 06].

The ease of use is related to the marking of surfaces and the working
environment. For measuring displacement, the markers used to analyze the
surface or the volume must be strictly adhered to. These markers may be spaced
points, high density dots or line networks, derived from geometric or
interferometric markings. Furthermore, the difficulty of marking is often an
important practical limitation and explains the frequent use of image correlation
and diffuse light interferometry methods. The working environment itself may,
in turn, limit or exclude certain methods: for example, interferometric methods
do not function well in a vibration environment.

Further still, the measuring range and accuracy favor the selection of
either a geometric or an interferometric method. As a matter of fact,
accuracy is a fraction of coverage for a geometrical method whereas it is a
fraction of wavelength for interferometric methods. Therefore, in case of
measurement of very low amplitude (10 nm ~ 10 um) over a wide field
(10 mm ~ 100 mm), interferometric methods are the most effective.
However, if the covered field decreases, both methods are equally effective
and, moreover, if the amplitude increases, geometric methods become more
efficient. Typically, an analysis of vibration modes is conducted using the
interferometric method and a study of the metal forming is carried out using
the geometrical method. Each of these methods must be considered in detail
and their performance must be explained.

3.2.2. Fringe projection

3.2.2.1. Geometric model

Fringe projection is used in the measurement of “out-of-plane”
displacement. This method works on one of the simplest methods. A
periodic pattern is projected onto a diffuse surface (matte white) and is
observed in another incidence (Figure 3.1). Due to the angle 6, the pitch p of
the grid seen by an observer depends on the variation with respect to a
reference plane, denoted by z:

Z = tan0 [3.1]
p
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Figure 3.1. Principle of fringe projection

The method involves periodically recording signals (fringes) in a slightly
disturbed manner, such that it can be described as a carrier with information.

Thus, the light intensity / at any point is described as follows:
[3.2]

I=1,x|1+3fig(9)|
Iy is the average intensity, o is the contrast, often referred to as fringe

visibility and @ is the periodic signal containing the carrier and the
disturbance containing information, the phase term ®. The periodic function
frg is often equated to a sinus.

The phase term is given by:
[3.3]

p=2n [y +tan(0)z]
p
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NOTE.— In equation [3.3], the angle 6 and the pitch p are only constants if the
beams are collimated to infinity. If not, the set-up must be calibrated either
empirically or based on a modeling of beam divergence.

3.2.2.2. Phase extraction principle

A camera only allows to measure light intensity and not phase. This
information must, therefore, be extracted, i.e. determine I, 6 and ¢ in
equation [3.2]. For this, at least three different light intensities are required.
They can be selected in two ways:

— by observing the variation in intensity for points closer to the point
under observation; this is known as spatial phase shift;

—by changing the nature of the projected grid, for example by
successively introducing an arbitrary and known phase shift over the entire
field; this refers to femporal phase shift. This is the method elaborated for
fringe projection.

Phase extraction ¢ can be performed in various ways, for example by
Discrete Fourier Transform (DFT). If N images of the same object are
acquired for N phases spread over 21/N, then:

N-1
D Isin 2k / N)
¢ = —arctan - [3.4]

N-1
I,cos 2k / N)

k=0

Formula [3.4] states the “N-pass” algorithm.

However, the DFT method assumes the periodicity and continuity of the
signal to be processed. Therefore, the terminals of the function must have the
same value. To ensure this condition, which is rarely met, an additional
function, called the window function, is introduced. Its simplest form is a
triangle function, as shown in Figure 3.2. This case is better adapted if there
is no adequate control over the carrier. The introduction of a window
function naturally imposes a large number of points.
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The phase obtained using the “2N-1" algorithm is given by the equation:

N-1
> k(1 ~1,,.,) sin (2kz/N)
¢ = —arctan L [3.5]
NIy, +Y k(I =1,y )cos (2km/N)
k=0

Equation [3.4] and equation [3.5] correspond to the extraction of the first
and second arguments of the Fourier series respectively, representing the
periodic function.

0 s 2n 3n 4n

Figure 3.2. Discrete Fourier Transform and window function

3.2.2.3. Mechanical applications

The fringe projection method is very robust and well-suited to a
mechanical environment. The sample size as well as the measuring range in
this method is widely adaptable.

A fringe projection assembly can be used for dimensional control, for
example, teeth correction. It assumes a comprehensive modeling of the
various interference phenomena, or accurate calibration and use of a
reference surface [BRE 04]. Currently, a few systems allow for a complete
reconstruction of an object (reverse engineering'). Analysis of deformations

1 For example, the manufacturer 3D-Shape (http://www.3d-shape.com).
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could also be performed using fringe projection in the study of
thermomechanical stresses in the manufacturing composites [GIG 09].

There are several applications of fringe projection in biomechanics and in
the domains of physiotherapy (postural study [GOM 10], study of certain
medical devices [PIE 15]), anatomy (anatomical volumes of body parts
[LEA 10]), dentistry (imprints of prostheses [KUH 07]) or dermatology
(wrinkles, scabs [LAG 01]). Figure 3.3 shows the result of a skin texture
measuring device, with fringe image and reconstruction of the topology of a
forearm. The advantage of the temporal phase shift is apparent in this case:
each pixel contains information independent of the adjoining pixels, which
allows an accurate description of wrinkles and fine lines.

-50

Figure 3.3. Texture of human skin obtained by fringe projection (forearm)

However, interpreting the data requires close attention: though there is
development in the shape, it is, generally, difficult to distinguish the out-of-
plane displacement vectors, due to planar displacement which cannot be
detected using this method.

3.2.3. Grid method

3.2.3.1. Geometrical optics

The grid method allows for the measurement of displacements along the
plane of the object. A periodic pattern is transferred onto the surface of the
object under study. When the object is deformed, the grid follows
the deformation, as does an electric gauge. The pitch p,,s of a grid, whose
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characteristics depend on the y-axis, vary if the displacement u, of the grid
varies along orthogonal x-axis according to:

0
P=Dy (1+ ai:j [3.6]

However, this property is used very rarely. The estimate of pitch variation
at the local level involves large strain, often incompatible with mechanical
applications. By contrast, the grid phase, at the local level, varies with
displacement.

3.2.3.2. Signal processing

The signal received by the camera is analyzed using equations [2.29] to
[3.5]. But the phase term is changed as follows, in the case of smaller
displacements:

p=-27= 3.7]
p

In a problem related to structural mechanics, displacements are generally
small. The spatial phase extraction is, therefore, well adapted for this
problem. The influence, if any, of an out-of-plane displacement is
noticeable. The usual lenses have a finite focal length, which means that the
image is formed on a spherical portion, and not on a plane, which would be
the case for a telecentric lens. The further the object moves, the more its
apparent size (the size in the image plane) decreases. Therefore, the apparent
pitch p varies with a displacement along the optical axis: it decreases if the
object moves away and increases if the object approaches, resulting from a
contraction (negative homogeneous deformation) or expansion (positive
homogeneous deformation), of the object respectively. Figure 3.7 illustrates
this effect.

If the coding is vertical, then the horizontal displacement can be easily
known. Similarly, if a horizontal coding is performed, the vertical
displacement is measured. But in the case of a cross grid, some lines (e.g. axis
lines) have no contrast (see Figure 3.4). One way to address this problem is to
average the information over a period along the direction of fringes. The
spatial resolution is thus uniform in both directions and the information is
dispersed in a reliable and reproducible manner across the image.
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Finally, the transferred network is not very regular. The 2N-1 algorithm is
best suited to this situation as it tolerates a linear phase drift.
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Figure 3.4. Cross grids for a measurement along x and y (no 30 um grid)

3.2.3.3. Mechanical applications

There are several mechanical applications of this device. They involve
studies to increase general understanding and validation of hypotheses
(embedding conditions in an off-axis tensile test [PIE 98]) and studies to
monitor damages (repair of a cracked beam [AVR 04], damage around a
bore of composite plates [PIE 12]). The identification of properties of
composite materials has been conducted based on measurements using the
grid method (losipescu shear test [GRE 94], T specimen [GRE 99] and
perforated plate [VAU 09]). The identification, which is a broad and
complex process, is not discussed here. However, the reader may refer to
[GRE 11] for more information. The most intuitive method is to compare an
experimental map with a map obtained from an analytical or numerical
model (Finite Element model, in particular) associated with a minimization
process, for example Levenberg-Marquardt or Simplex, leading to optimal
parameter values [MOL 05, SIL 07] (Figure 3.5). Other micromechanical
studies describe the behavior of metallic materials (single or poly aluminium
crystals [BER 11] — Figure 3.6) or bitumen [BAD 09].
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a)
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Figure 3.5. /dentification of mechanical properties of a composite material. a) Fields
of displacement measured in the direction of traction (EXP U) and transversely (EXP
V) (in mm). Asymmetry is visible: it has been analyzed during identification. b)
Function of variation between numerical and experimental expansions: illustration of
a defect and identification of effective properties of the damaged area in [VAU 09].
For a color version of the figure, see www.iste.co.uk/molimard/mechanics.zip

o

Figure 3.6. Monitoring the planar compression of aluminum single crystal along
Gauss orientation. a) Grids after a deformation of 15% and of 30%. b) Main shear for
step 0—-15% and for step 15%—30 %. Location of the deformation at mesoscopic
scale is clearly identified (in [MOL 09]). For a color version of the figure, see
www.iste.co.uk/molimard/mechanics.zip
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3.2.4. Digital image correlation

Since the first publication of Sutton [SUT 83] in 1983, Digital Image
Correlation (DIC) has become the most popular photomechanic method. It
has been applied to all types of materials (wood, metal, composites, bone,
etc.), of varying scales: from SEM [ALL 94] tests to monitoring of
geophysical structures [DEB 11]. The first planar implementations have
evolved to non-planar surfaces [SUT 98] and, following the development of
laboratory tomographic systems, to volumes [GER 07]. DIC is described in
great detail by Scheier ef al. [SCH 09]; only basic principles of this method
are described in this chapter.

3.2.4.1. Principle of Digital Images Correlation

Consider an object whose reference image imy is described by the
function f{x, y) and an actual image im; described by g(x, y) obtained after
the disruption of the object. Assuming the optical signature of the object did
not change between the two situations, then:

g(xy)=f(x=8.y=6,)+b(x.y) [3.8]

where ox and &y are displacement components of im,; relative to imy and
b(x, y) the measurement noise.

It is possible to determine dx and Oy by maximizing the function 4
defined by:

+o0 400

h(xp)=(g* f) (%)= [ [ &(&m)f (§=rn—s)dédn [3.9]

The sign * represents the cross-correlation product, and the values » and s
are the maximum probability values for the displacement (the notation
represents the optimal value obtained for a given methodology). This method
can be used in Fourier space. If FFT2D is the fast Fourier transform, then the
equation [3.9] becomes:

g*f=FFT2D"(FFT2D(g)F FT2D(f) [3.10]
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This represents the complex conjugate and f (x,y)=f (Lx -x,L, - y),

where L, and L, are the dimension of the domain.

Insofar as there is high spatial density information (a speckle), equations
[3.9] and [3.10] may be used on a local scale, typically for 32 x 32
thumbnail images. By repeating the operation on the whole image, a
complete displacement field is reconstructed.

The approach presented here assumes that (i) the images imy and im;
have similar light characteristics and (ii) the local transformation of the
object can be equated locally to a translation. The first point can be
solved by reducing the light intensity to contrast or medium intensity,
either upstream, or by changing the expression of the inter-correlation
product. The second point based on the deformation of the im, thumbnail
according to a certain hypothesis of processing and comparing it with the
corresponding im; thumbnail. The processing may be a rigid body mode
(2 translations + 1 rotation), which can be associated with a constant strain
(2 translations + 1 rotation + 2 dilations + 1 shear). This approach requires
a quick search method of six variables, but also a sub-pixel interpolation
method of the image. A more recent method has been proposed to write the
overall processing of the work piece based on a mechanical approach
(analytical solution and finite element mesh) [BES 06]. All this leads to
several sources of errors that could be analyzed in [AMI 13] and
[BOR 09]. In the end, in proper conditions, an image correlation method
allows for movements with a resolution close to 1/100™ of a pixel and in
the same order of magnitude. As in the case of the grid method, the bias
increases in areas of high gradient with selection of thumbnails acting as a
low pass filter.

3.2.4.2. Determination of sub-pixel displacement using phase analysis

A sub-pixel displacement is conventionally achieved through
interpolation of the cross-correlation peak or interpolation of the grey levels
of the images. Here, however, a different approach is described: achieving
displacement through generalized phase analysis. This accentuates that
optical methods presented are not isolated from one another, but are all
based on common concepts of signal processing.
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The speckles of image correlation is a random two-dimensional signal
across a thumbnail. Considering its decomposition into a Fourier series, it is
the superposition of a large number of periodic signals (grids) which may be
horizontal, vertical or oblique. As before, their phase will encode
displacements of the object in the direction normal to the grid. If the contrast
associated with a particular periodic signal is not zero, all the phase changes
between the reference state and the current state can be associated with
displacement by the following equation:

g P o
{A%}{z_’fcose’ iisinQ'H } [3.11]
: LPe ° Pe 5)

A

To the extent that the matrix 4 is invertible, i.e. there are at least
noncollinear frequencies containing phase information, it is possible to
estimate the displacement using following formula:

s, | ]
{5 }z(A’A) A' {Aq;} [3.12]

y

A phase in case of a random signal can be extracted under the same
conditions as for a periodic signal: as the frequency at the edges is not
ensured, each thumbnail is multiplied by a bi-triangular windowing function
(pyramidal, 2D), then the phase is extracted from the whole Fourier
transform.

Usually, a sub-pixel algorithm is used in addition to the classic
correlation pixel; equation [3.11] is, therefore, still valid, as no phase jump is
possible for sub-pixel displacements.

3.2.4.3. 2DYs correlation

The correlation given here is used to obtain the apparent displacement along
the camera object plane. If the necessary precautions are taken, this information
is sufficient for testing a flat specimen (tensile, bending and shear). In this case,
however, a displacement of the out-of-plane test object typically results in a
variation in the apparent size of the object, where the current objectives are not
telecentric. This influence is characterized by the camera’s angle of view. In the
absence of information on out-of-plane displacement, the variation in apparent
size is equivalent to a dilatation of the object.
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Furthermore, a flat specimen biased in a plane is significant but too
specific; most structures have non-planar surfaces and their displacements
are three-dimensional.

The measurement of displacements u, (x, y, z), u,(x, y, z), u-(x, y, z) on a
surface S (x, y, z) by image correlation combines the 2D correlation technique
and the shape measurement technique, either by sterecovision
[SUT 06] or by fringe projection [MOL 10]. From the shape of the part before
and after the biasing and project displacement on the object plane, it is easy to
reconstruct the three-dimensional displacement by ray tracing (Figure 3.7).

N T

CCD
Camera

Object

Video-projector

Figure 3.7. Reconstruction of three-dimensional displacement fields
on the surface of a non-planar object by projecting coupling fringes
and image correlation [MOL 10]. For a color version of the
figure, see www.iste.co.uk/molimard/mechanics.zip

Figure 3.8 shows an example of results from the study of knee braces
[PIE 15]. The study showed that these braces do not slide on the thigh for
short periods of time and that the strain of the skin close to the brace during
a bending motion was 5.9% in men and 15% in women.
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Figure 3.8. Three-dimensional displacement fields on the
surface of a leg covered with textile brace [PIE 15]. For a color
version of the figure, see www.iste.co.uk/molimard/mechanics.zip

3.2.5. Speckle interferometry (ESPI)

3.2.5.1. Interferometric assembly

Speckle or diffused light interferometry is an interferometric method
requiring the usual conditions for formation of interference: spatial and
temporal coherence of the light beams. A surface is illuminated by a laser
sheet obtained by a spatial filter with or without a lens for collimating the
beam to infinity. The surface diffusing the light can be observed by an
optical system (naked eye, photographic plate or more usually a digital
camera). Part of the laser beam is intercepted by a beam splitter and directly
illuminates the optical system via a set of mirrors: thus an interferometer is
formed; and when one of its arm is scattered by the surface, it contains
information on the surface. Various types of arrangements are possible using
this basic principle. The two main assemblies are those used in measuring
out-of-plane and in-plane displacements of the surface. In the first case, the
illumination of the surface is normal to its plane (see Figure 3.9(a)), whereas
in the second the surface is illuminated simultaneously in two opposite
directions (see Figure 3.9(b)).
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Figure 3.9. Main speckle interferometry assemblies:
a) out-of-plane assembly; b) in-plane assembly
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The interpretation of the interferogram obtained is directly derived from
the optical path variation induced by an infinitesimal displacement.
Therefore, in speckle interferometry, the useful information is the variation
between two states of the optical path, as measured by a phase shift:

A(p(x,y):%”(a &) [3.13]

where ¢, and e, are the unit vectors defining the direction of illumination
and observation and A is the wavelength of light.

Equation [3.13] using a phase variation is therefore necessary to use a
phase extraction system. Usually, it is based on a temporal shift and applying
equation [3.5]. In practice, the temporal variation of the phase is obtained by
changing the optical path of one of the arms of the interferometer. A
piezoelectric actuator placed on one of the mirrors ensures a sufficiently
small micro-displacement to obtain a phase variation by a fraction of 2.

3.2.5.2. Correlation of speckle patterns

The phase field obtained is a random field: each grain of material from
the surface of the object studied is randomly diffused in all directions of
space and the light beams thus formed locally interfere with each other to
give light and darker areas called objective speckle. The opening of the
imaging optical system transforms this target speckle into subjective
speckle®. This randomness is specific to the speckle interferometry; this is a
significant difference when compared with other interferometric systems
used in photo-mechanics (Moir¢ interferometry, holographic interferometry).

In most mechanical applications, the speckle signature of a surface does
not change over time. Insofar as the measured displacements are largely
smaller than the size of the subjective speckle, equation [3.13] is valid. It
ceases to be so if the speckle signatures of the reference state and the current
state are not completely superimposed, at which point a random term
representing speckle noise should be added.

2 This transformation is the convolution of objective speckle (white noise) by a door function
characterizing the opening of the imaging system.
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Various strategies of re-correlation of speckle signatures have been
proposed; however the most interesting ones are used over small areas. They
can be based on the correlation of intensity images [BRU 00], on
maximization of signal to noise ratio of phase differences [MOL 08] or on a
correlation of complex image intensity and phase [SVA 06]. Figure 3.10
shows a simple tensile test on a composite based on carbon fabric as observed
using speckle interferometry. Without the use of a re-correlation algorithm of
speckle grains locally, the information contained in the phase difference
is very noisy and unreadable. However it appears clearly if each area
(here 32 x 32 pixels) is adjusted so that the signal to noise ratio is maximized.

Figure 3.10. Result of a tensile test on a carbon composite cloth,
with or without principle of local re-correlation of speckle pattern [MOL 08].
For a color version of the figure, see www.iste.co.uk/molimard/mechanics.zip
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3.2.5.3. 2Dz speckle interferometry

The installations illustrated in Figure 3.9 provide access only to a part of
information on surface displacement (in a direction of the plane, out-of-
plane). However, they are limited to flat surfaces; despite this, they have the
advantage of simplicity and speed. A natural application field of this kind of
installation is the vibration mechanics, for examples see [NIS 15].

When the displacements are more complex, provided that the situation is
quasi-static, it is possible to combine three interferometers to obtain all
displacements u,, u,, and u. at any point M of the visible surface in a pixel
(i, j) of the camera. In the Figure 3.11, the reference beam (1) may be
combined successively with a set of plates with each of the illumination
beams (2), (3) or (4). All beams are obtained from the same source, using
semi-reflecting beam splitters. The phase shifter is positioned on one of the
mirrors of the reference beam. A green laser (A = 532 nm) is used on a
18 mm x 18 mm illuminated surface.

Considering equation [3.13], the vector observation reference is given as
¢,=(0,0,—1). Two interferometer arms are placed symmetrically in a

horizontal plane; then the illumination vectors & =(sin },0,cos ;) and
é, =(sin ,,0,cos 7, ) respectively, where p, =—p. The last arm of the
interferometer is in the vertical plane. The corresponding illumination vector
is thus written as & =(0,sin 7;,0,cos 7;). Considering these conditions in

equation [3.13], we obtain:

g ()] Tsing 0 (treosy)]fue (i)
Ag™ (i, )) =7ﬂ sin, 0 (I+cosy,)|yu, (iJ) [3.14]
A¢3DSPI (i,j) 0 Sin}/3 (1+COS73) u, (i,j)

Equation [3.14] is reversible, provided that the angles are selected
carefully; this is sufficient if the angles are constant, i.e. if the beams are
collimated to infinity. Otherwise, the divergence of the beams must be taken
into account [MOL 09]. In this case, the shape of the object has an impact on
local sensitivity and must also be measured: this is the role of video projector
in Figure 3.11.
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Figure 3.11. ESPI 2D; interferometric assembly (according to [MOL 09]). For a
color version of the figure, see www.iste.co.uk/molimard/mechanics.zip

The previous installation was used to study the dimensional stability of
thick composite plates (9 mm) subjected to a variation in temperature. Such
a situation induces small variations in shape, which can be dangerous in
aeronautics where the composite parts may be subjected to temperature
variations of about 100°C. Figure 3.12 shows the displacement field
obtained in the direction normal to the surface for a temperature change of
12.4°C in a curved area, which can be easily produced. The stacking
sequence is [0 90]4y and the inner and outer curvatures are 9 mm and 21 mm
respectively. The nominal thickness is 9.5 mm. The ESPI assembly has a
spatial resolution on displacement of 20 nm; after derivation, the resolution
on strain is 2 pum/m.

The measurement of the displacement variation enables the in situ
estimation of the coefficient of thermal expansion in the reinforcement plane
(11.3 x 10° m/m/K) and the thickness (58.0 x 10° m/m/K). Figure 3.12
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highlights the differential expansion of the layers. From this information, the
authors have determined the size of each composite layer (183 um instead of
the nominal value of 152 pm), in a completely non-destructive manner. This
information is very dependent on the manufacturing method used and is
involved in the failure mode of the work piece.
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Figure 3.12. Out-of-plane displacement and displacement gradient
on a composite part subject to temperature variation. For a color
version of the figure, see www.iste.co.uk/molimard/mechanics.zip

QUESTION.— Fringe visibility and maximum displacement are accessible.

According to equation [3.14], if y, = —y,, the difference of phase
variations A¢, and A¢, depend only on u,. From this, state the sensitivity

defined as displacement variation u, corresponding to a phase variation of
2m. (AN. y; ==y, =45° A =532 nm).
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In a uniform tensile test, given that the observation area of the specimen
is 20 x 20 mm and is imaged by a camera of 512 x 512 pixels, what is the
maximum acceptable deformation considering the limits of the Shannon
theorem?

In this case, what is the maximum displacement due only to this
deformation? Knowing that ESPI systems are set such that the size of a
speckle grain corresponding to a pixel, is it possible to measure displacement
without using a re-correlation system?

3.3. Main processing methods of photomechanical results
3.3.1. Metrological aspects

The photomechanical methods can be analyzed as any other measurement
method; however, the detailed insights provided by these methods require
the defining of the additional quantities. In particular, optical methods are
characterized by their resolution and spatial resolution.

The resolution refers to the threshold below which the distinction
between two successive random measurements has no significance. For a
two-dimensional measure such as fringe projection, simply calculate the
difference between two successive measurements for 10 statistically
independent results. Therefore, the resolution can be quantified by a
repeatability test.

The spatial resolution refers to the distance beyond which a local
phenomenon has negligible effect on the adjacent points. The definition of
the spatial resolution is therefore related to a degree of interaction. If one
chooses to limit the degree of interaction to 50%, this corresponds to a
Gaussian distribution (diffraction spot, high frequency filter, etc.) in defining
the resolution of an optical system as used by opticians’. The limitations of

3 Be careful: note the semantic difficulty — in a general assumption, the resolution of an
instrument is related to the noise level. In the optics domain, resolution of an optical system is
linked to image sharpness. Here, the optical system is used as a measurement instrument, thus
leading to “resolution” and “spatial resolution”. The spatial resolution is nothing but the
resolution in the opticians’ assumption.
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spatial resolution are related to optical elements (diffraction spot),
discretization of the CCD cameras (pixel size), phase extraction method and,
more generally, to information extraction method.

Table 3.1 shows the orders of magnitude of the resolution and spatial
resolution for the different methods discussed above. Some implementations
have been published with better claims, in particular for the Grid method
[BAD 09] and the digital image correlation method [BES 06]; therefore, it is
perfectly possible to obtain a better performance, but at a significantly higher
development costs. It must be noted that specific metrology work on the method
of the Grid method [BAD 13] or the digital image correlation [BOR 09].
Furthermore, the resolution is only an uncertainty component. Very few
uncertainty analysis studies are published for fringe projection [MOL 13],
image correlation [REU 12a, REU 12b] and speckle interferometry [MOL 09].

Fundamentally, spatial resolution is related to the discretization of the
camera and the information extraction kernel, which can either be a segment
or a thumbnail. For a metric spatial resolution, it is necessary to know the
magnification of the optical system and the resolution of the CCD or CMOS
sensor’. The resolution in turn is limited by the fringes in carrier methods:
the smaller the fringes, the better the resolution. Specific limitations,
however, prevent maximizing this parameter; the measurement range is also
related to the size of the fringes. For fringe projection, equation [3.3] shows
that the sensitivity of the method also depends on the projection angle.

Finally, it should be noted that for geometrical methods, the reference
length is always the pixel size in object space; this is obvious to the image
correlation, though maybe a little less so for grid and fringe projection
methods. For speckle interferometry on the other hand, the reference length
is the wavelength of light; therefore, the sensitivity does not vary in this case
with the size of the field covered. When preferring high sensitivity to larger
sizes, interferometric methods are much more efficient. However, for small
areas (a few mm?), the resolution of geometric methods can be as good as for
interferometric methods [TRI 07].

4 The words used can be ambiguous. For CCD or CMOS frame manufacturers, the resolution
refers to the amount of sensors in each direction.
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Fri Digital I kl
nnee Grid Method |gital mages Speckle
Projection Correlation Interferometry
Measured Planar In plane or out- | In plane or out-of-
uantit Shape displacement of-plane plane
d Y P displacement displacement
0.5/100"
_ 0.2/100™ A o 10/100™ fringe
Resolution & fringe 2/100™ pixel (~5 nm)
ringe (2/100" pixel)
1 Th il
Spatial 1 pixel 1 or 2 fringes i;;nbenal | pixel
Resolution P (5 to 10 pixels) 32 pifels) P

Table 3.1. Commonly accepted performances of a few field optical methods

3.3.2. Correction of target distorsions

The optical camera consists of lens instruments through which the
resulting image may not be focused on a focal plane but on a curved surface.
Due to the spherical geometry of the lenses, the paraxial rays near the optical
axis and those located close to the edges of the lenses do not converge at the
same focal point. Consequently, the magnification is not constant over the
entire image and this causes distortion.

The various optical methods presented here have different sensitivities to
the distortion. The image correlation refers to comparing the length of a part
segment in two different states; this segment is imaged in different places of
the image space, hence at different magnifications; therefore, distortion must
necessarily be corrected [FOR 84, SCH 09].

Camera distortion is corrected by calibrating with the known geometry of
targets, such as grids. The principle of correction refers to transition of
apparent coordinates of a point Mp,(Xapp, Vapp) measured on the CCD sensor
to the coordinates of the corrected point Mo (Xcorr, Veorr)-

Figure 3.13 shows the result of a tensile test followed by image
correlation obtained under an Optem Zoom 125 at 6.0 magnification. The
gross displacement does not give a clear image of traction, while the
corrected displacement is acceptable.
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Figure 3.13. Optical principle of camera distortion. For a color
version of the figure, see www.iste.co.uk/molimard/mechanics.zip

3.3.3. Denoising in mapping

3.3.3.1. Convolution kernel with low-pass filtering

The most intuitive noise removal method consists of replacing a value
using the average of the adjacent elements in the neighborhood. In
mathematical terms, this refers to convolution that may be written
continuously as:

+oo

(frg)=] flx—t)g(r)dt [3.15]

—co

This requires consideration of the size of the adjacent elements in the
neighborhood: naturally, the larger the neighborhood, the more the mapping
will be denoised, but at least the details in the image will be less visible. Next,
the calculation of an average is not unique: several different weightings are
possible. An analysis in the frequency space of different convolution kernels
among the conventional ones (rectangular, triangular, Gaussian) favors the
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Gaussian kernel. The equation for a two-dimensional discretized Gaussian
filter is:

k=120 1=+20

Z ugrosx (l_k’J_l)g(k’l)
U e (i: ]) = (” * g) = k:_zal:_mk:nal:ua [3.16]
2. g(k1)

k=-201=-20

1 e(k2+12 )/(20%)

where g(k,l)=
270”

Linear smoothing has two very important effects: it increases the spatial
resolution, which leads to fewer independent points in the image, and
reduces the resolution, which increases the ability to detect even a small
variation of the measurand. In a first approximation, we consider, for a
Gaussian smoothing characterized by its standard deviation ¢ in pixels, that
the spatial resolution is degraded ¢ and that the resolution is improved by

1/20~7 as 4nc” points are involved in averaging. Note that this value is

not strictly accurate; the respective weight of the various points involved in
calculating the average must also be considered.

3.3.3.2. Nonlinear noise removal

Very often, some isolated points on a map raise concerns. In such cases,
the displacement calculation can reasonably overlooked, and the point can be
eliminated. This type of noise is known as salt-and-pepper noise. A low-pass
filter such as the Gaussian convolution responds poorly to this concern. The
most common strategy is to replace all the points of the mapping with the
average of the neighboring points; in this case, the scope of the
neighborhood is the only parameter to be adjusted. The major drawback of
this filter is that it acts indiscriminately on all mapping points, e.g. a
maximum displacement which can be quite relevant.

The preferred approach is an extension of 2D stochastic signals of a filter
based on the probability of a given point to be very different from its
neighboring points. The criterion is given as:

u(i, ) is admissable if |u(i, j)| Su(7./) 1, pSy o (u(ij))  [3.17]
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Equation [3.17] is derived from equation [3.3]; Sa; a; is the estimated
standard deviation over a certain surface Ai x Aj around the point (i, j). The
two approaches are compared in Table 3.2: a well-controlled noise is added
to a mapping; and, the result is denoised with one or the other filter. It is
clear that the stochastic filter is more selective than the median filter: only
0.5% of salt-and-pepper noise is not removed and fewer points that
supposedly do not create noise are not affected by the filter.

Noise removed | Points changed
without noise

Median filter 89 % 607.5 %

Stochastic filter 99.5 % 41.6 %

Table 3.2. Comparison of non-linear filters

3.3.4. Phase unwrapping

Fringe projection, the grid method or Speckle interferometry work with
the information on a phase, necessarily determined in a space [-7t, + ©]. The
continuity of the phase field must be restored before using the gross result,
such as displacement or shape. Various strategies can be adopted for this

purpose:

— temporal phase unwrapping: the final phase is obtained by cumulating
the intermediate states such that each phase difference remains within the
interval. This strategy is very effective in the case of the grid method, where
recording videos is easier than photographs at specific moments [BER 11];

— fringe coding: a pixelwise identification of each fringe gives an
assignment of fringe order at each point. The phase is rewritten as the sum of
the phases extracted in the interval [-xt, + ] plus 2x times the fringe order.
Identification of the fringe order for each pixel is obtained in fringe
projection by the successive projection of binary images together
constituting an identification code [LEA 11];

— spatial phase unwrapping: the spatial unwrapping would be trivial in
the absence of noise. Just browse through each line or each column of the
image and add or subtract 2m whenever there exists a phase variation
between two successive pixels of = (2n — €). The presence of noise makes
the procedure difficult and sometimes dependent on the method followed. In
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fact, a few robust comprehensive methods for minimizing the phase gradient
have been proposed and they most often provide satisfactory results [VIO 06].

3.3.5. Derivation of a displacement map

3.3.5.1. Introduction

More often than not, the strain is of greater importance than the
displacement. Therefore, the calculated field must be derived
experimentally. However, the derivation always substantially increases the
noise. Point by point derivation is ineffective. For example, an image
correlation method has a resolution of 2/100™ of a pixel on displacement;
considering that the measurements are made on thumbnails of 32 x 32
pixels, the point-by-point derivation leads to a resolution on the deformation

of 2/100%~/2/32=0.910" m/m.

The strategies to reduce noise and to approach an acceptable resolution for
solid or structural mechanics have only recently piqued the interest of
researchers. One class of methods is to combine a low-pass filtering with a
derivation obtained from a least-squares formulation. Avril and Feissel
[AVR 08] compared a derivation by diffuse approximation to a derivation
based on of finite elements. Similarly, Berge-Gras [BER 09] used a low pass
filter coupled to a derivation by least squares and discussed the outcome for
resolution as well as for spatial resolution. The second type of methods consist
of using images to directly extract the displacement gradient. A variant of the
speckle interferometry allows one to obtain deformations directly and slopes
with a resolution of 0.05 10° m/m and a spatial resolution of a few pixels
[MOL 99]. The grid method may also be modified to obtain a phase directly
susceptible to strain [BAD 09]. This method has recently been adapted to
digital image correlation [MOL 11]. However, only two of these derivation
methods are described in detail in this book.

3.3.5.2. Obtaining deformation through filtering/derivation

In the filtering/derivation approach, each displacement function u, or u, is
approximated locally to the field by its mean plane in the least squares sense.
This requires us to define an area on which the approximation can be made,
usually a square of n by n points. The spatial resolution is naturally changed
by this derivation and becomes 7 pixels in each direction.
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The mean plane is represented by:

u, :a3+aix+a;,y for ie {x,y}

. St . .
The vector values {a’} = {a(’),a;a;} are given by the equation:

. -1
fa}=((aa)" 4 fu, (5} [3.18]
I x
where matrix A is defined as o
L x,
) . oL L ou_ Ou,
As the deformations are linear combinations of derivatives =, 5 L
X Y
ou ou ..
~ and =, the values of the first derivatives correspond to the

oy ox
parameters a; and a‘j. for each direction of derivation and each
displacement.

In general, under the assumptions of statistical independence and
homoscedasticity of the experimental variable u;, the covariance matrix is

used to find the dependency of parameters aj. with the variance of the

experimental variable u;.

t

7], =V, ((aa) a)((aa)" a) [3.19]

Finally, the resolution on the derivative term is given by:

[ N

(-2 )

o, =0, - for i,je{x,y} [3.20]

where N is the total number of points used for the least squares formulation.
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3.3.5.3. Direct extraction of the displacement gradient by derivative
kernel

Rather than having to extract a phase and then derive it, it is possible to
directly extract the gradient [BAD 09, MOL 11]. This procedure avoids the
propagation of noise during the process of derivation. Consider the Fourier
transform index o of a signal s(x,y). This term corresponds to the
wavelength Py and direction 4. With the grid method, the wavelength is
given as the grid pitch and the direction 0 takes the values 0 or 90°; using
sub-pixel correlation method described in section 3.2.4, Py and 0 correspond
to all contrast non-zero situations. The mathematical expression is:

Wo(x,9)=(Ry +iJ,)=

e 3.21
jIs(§,77)><g(§—x,77—y)xexp(—if,g(fcos6’+7ysin9))d§d77 B-21]

—00 —co

where s (, ) is the signal, g (x-{, n-y) is a Gaussian windowing function. Ry
and Jy are the real and imaginary part of the Fourier transform respectively.
The phase displacement according to 8 is defined as:

@, (x,y)=arg(R, +iJ,)=atan,, (%) [3.22]
4
5
U, =— <2 (Ag, +2k 1) [3.23]
2

where £ is the fringe order.

The equation of the displacement derivative Uy according to X,

ox 27 ox
o, oR
Mo R 0T
a¢.9 — ax % ¢ ax % ? [325]

ox Jy+R;



Optical Full-Field Methods 69

Finally, the derivation of J, or Ry according to x is summarized according
to the derivation of g ({, n). By selecting the Gaussian function, we obtain:

=

270!

s(f,n)g(f—x,n—y)cos(%”(

[

aai _ £cosO+7 sin 9)]d§dn [3.26]
X

%= I (;[‘j) s(€.)g(€-x.n—y)sin [%’(gcosem sin Q)dedn [3.27]

—o00 —o0

Equations [3.26] and [3.27] highlight a convolution kernel modified by
the term (x— &)/ (27{0‘4) . This linear term is a derivative kernel.

Figure 3.14 shows an example of a result using the derivative kernel on a
random signature. Each thumbnail is of 64 x 64 pixels. The deformation
maps were filtered with a salt-and-pepper stochastic filter and a low-pass
Gaussian filter, c = 9 pixels. Finally, the resulting spatial resolution is of
13 pixels, which is very low compared to other methods such as strain
extraction by filtering/derivation. The result is obtained on a composite
consisting of a woven carbon single-ply of 8 x 8 mm® subject to traction of
200 N. The deformation maps in Figure 3.14 show periodic variations due to
local bending effects in the microstructure as described in [LEE 04].

x1073
+1

-1

Figure 3.14. Deformation maps of a composite comprising
a woven carbon fold subjected to traction. For a color version
of the figure, see www.iste.co.uk/molimard/mechanics.zip
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QUESTION.— Resolution of a map contains spatially correlated points.

The resolution following filtering or a derivation is given in the case of
statistically independent data. What is it in the case of coupled data?
Consider the reasoning leading to equations [3.18] and [3.19], incorporating
the additional parameter of a noise reduction using Gaussian convolution
kernel (i) expressing the variance on the result of a low-pass Gaussian
filtering based on statistically independent data and (ii) expressing the
variance on the combined result from the low-pass filtering and derivation in
the least squares sense. Does the order of operations have an influence on the
result?



4

Basic Tools for Measurement Methods

4.1. Introduction

It is common for mechanical training to include notions of signal
processing. However, proper data extraction is only one topic on which
mechanics should reflect when devising tests. Despite all the efforts that can
be made to increase measurement quality — and incidentally the associated
signal processing — the measurement result is inevitably tainted with error; it
is an imperfect representation of reality. It is necessary to be able to estimate
this error to produce an experimental result and no result should be given
without its uncertainty range and the level of probability accorded to it. This
vision is even more necessary when focusing on differences between one
situation and another. Tools for processing information statistically provide
the appropriate methodology and, in particular, enable the likelihood of
variation occurring to be confirmed.

EXAMPLE 4.1.— A cosmetics laboratory suggests an anti-aging cream with a
“proven effect” on skin. To prove this effect, an indentation test is carried
out. A panel of subjects is chosen and tests are carried out for different levels
of treatment. The results obtained are very broad, due to the great variability
between individuals, which is due in part to their very different lifestyles,
among which can be cited exposure to sunlight, pollution, cigarettes and, of
course, age. However, variation has been demonstrated according to the
level of treatment. Is this significant?

Experimental Mechanics of Solids and Structures, First Edition. Jérome Molimard.
© ISTE Ltd 2016. Published by ISTE Ltd and John Wiley & Sons, Inc.
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Figure 4.1. Results from cosmetic tests with a markedly
dispersed character [BOY 10]

To go further, as seen above in the introductory examples, it is sometimes
difficult to place different parameters’ influence on a response variable. In
many laboratories or design offices, it is usual to alter each parameter
independently and to deduce its sensitivity. However, this method is not very
effective: it provides little data when a large number of tests are considered.
The remainder of this chapter will provide a method that will enable a
minimum number of tests to obtain a maximum amount of information. The
quality of the information obtained will be discussed, depending on the
quality of the descriptive model and also by comparing the results with an
experimental dispersion. These two approaches are generally known as
“design experiments”, or “ANOVA”.

4.2. Measurement and precision
4.2.1. Calibration

Calibration aims to provide a correspondence table or a function between
the value read (in general, a potential difference) and the measurand (for
example, a distortion). Here, we are interested in experiment calibrations,
which are often necessary due to the complexity of modeling a complete
acquisition chain and the number of variables that must be known if the
modeling is to be carried out. For example, a load cell can very often be
modeled using a mechanical beam model, such as the bending blade
described in section 2.4.1. However, there are many reasons to move away
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from the analytical model. These can relate to the model’s limits (the
installation quality, small transformation hypotheses) or to the test
conditions (uncertainties in positioning the gauges in the blade section).

This calibration can be made at the sensor level or along the entire
measuring chain. Before calibration, it is important to identify influence
quantities and to take them into account in the context of a multi-variable
calibration. A calibration will be valid within a known range of influence and
measurand variables. More simply, the calibration can be carried out in the
conditions in which the sensor is used. The temperature and degree of
hygrometry are the environment parameters to follow, especially, for example,
for a pressure mapping system, which is built from polymeric elements and
foam. Similarly, time is a critical parameter, as a sensor’s sensitivity is often
linked to its excitation frequency. Above a critical frequency (the cut-off
frequency) the sensor will not be capable of returning information.

Figure 4.2 shows a typical calibration. On the graph we can see several
important elements. First of all, the measurement points appear “reasonably
dispersed”. To quantify this dispersion, it is necessary to provide a reference
curve (calibration curve), obtained by smoothing the previous values. This
operation is carried out correctly if the form of the smoothing function
chosen is correct. Is it necessary to take a straight line? Must it pass through
zero or not? On what theoretical or practical consideration can we rely? A
form defect in the smoothing function automatically leads to a systematic
error on the subsequently measured values. The average difference between
the points and the curve therefore becomes a dispersion in the direction of
the measurement. Finally, the slope K(x) at any point on the calibration
curve corresponds to the measurement system’s sensitivity.

The International Bureau of Weights and Measures provides definitions
for the concepts described below. As precision in the wording is particularly
important in metrology, the definitions below follow the reference document
from the International Bureau of Weights and Measures as closely as
possible [BIP 12]:

— measurement error is the difference between the measured value of a
quantity and a reference value;

— measurement accuracy is the closeness of the agreement between the
average of an infinite number of repeated values measured and a reference
value. Accuracy in itself cannot be expressed numerically. It varies in an
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inverse direction to the systematic error, a component of the measuring error
which, in repeated measurements, remains constant or varies predictably.
Systematic error is estimated by a bias;

—random error is a component of the measuring error which, in repeated
measurements, varies unpredictably. Measurement precision takes account of
random error, depending on the method chosen, the conditions of repeatability,
conditions of intermediary precision or conditions of reproducibility. Precision
is usually expressed by a standard deviation, a variance or a variation
coefficient.

10
g fx)=0,09x"2 +0,07x + 0,05
R2= 0,99
8
7
R
g
g 4
g 3
2
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0o 1 2 3 4 5 6 7 8 9 10

Input value [units]

Figure 4.2. Typical calibration curve

Accuracy and precision can be illustrated using the arrows on Figure 4.3
as an example.

In the first instance, the launcher is extremely precise (the arrow tips meet),
but there is an error in accuracy (they are not centered). In the second instance,
the precision is middling, although the arrows are generally well-centered.
Both these cases give a measuring error in the same order of size, but the
reality is very different in a statistical sense, and of course in an underlying,
physical sense. Evidently the third situation is best, however, this case is not
always desirable, as it can make the cost of instruments too high.

These definitions should not be confused with the definition of
uncertainty. Uncertainty quantifies, using the errors defined above, the
reasonable range of variability in a specific measurement. Finally, the
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definitions of errors given above classify them as mathematical modeling,
but another more physical classification is necessary to comprehend errors
in measurement. This classification is envisaged below in the form of
either sequential or random metrological tests, depending on whether a
characterization of accuracy or precision is required. All these tests help to
establish the instrument’s total error, estimated as the quadratic mean of all
the errors identified.

Figure 4.3. lllustration of repeatability and systematic error

4.2.2. Tests

4.2.2.1. Sequential tests

Sequential tests are tests that aim to reveal historical phenomena in
measurement; this effect can be linked directly to time, or to the load level at
the previous level.

A measuring system’s drift is quantified by maintaining a load level over
time and by observing the slow variation in the indicator. It is necessary, if we
need to observe an instrument’s drift, to confirm that no other element could
account for the drift measured, and more specifically for the load mode.

There is often a gap between the ascending and descending curves, called
a hysteresis. This indicates that the current value depends on the previous
value. This is particularly the case in measuring systems that rely on mobile
items (dry friction, backlash) or viscoelastic materials; electrical phenomena
can also produce hysteresis, in the case of electrostatic charges for example.
The surface of the zone thus delimited corresponds to the energy dissipated
during the cycle. The test for hysteresis consists of successively running
through the entire range of measurements recording the measurand’s value as
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a function of the output value, from the smallest to the greatest, then from
the greatest to the smallest. Figure 4.4 shows a hysteresis test for foam-based
pressure sensors. Since this foam has a relaxation time, the return route is not
the same as the initial route.

From a measurement perspective, a hysteresis error is defined as the
maximal gap Ay between the values found in each direction over the
maximal value y,,.:

e, (%)=-—2-x100 [4.1]
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Figure 4.4. Hysteresis effect: the case of a pressure sensor

4.2.2.2. Random tests

Other tests should be carried out on measurements for points taken at
random, which randomizes the historic effects and renders them
undetectable. The defects characterized in this way are defects in linearity,
sensitivity or the zero and the measuring instrument’s precision.

The defect in /inearity is only relevant if we assume an affine relationship
linking the signal measured and the measurand. In this case, it is usually
defined by:

_max(y—J,,)

elineartiy -
YVinax

X100 [4.2]
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As seen previously, this definition reveals the maximal error reported on
the equipment’s range. One notable difficulty lies in defining the line
passing ideally through all the points, represented in [4.2] by p,. .

Figure 4.5 shows the force/strain relationship in the case of a force cell
with strain gauges. The calibration curve shown does indeed seem linear, but
has shifted slightly in relation to zero, whereas theoretically it should pass
through zero. Depending on the case (noise level, instrument design) this
phenomenon can be analyzed in two ways:

— if we consider a curve passing through zero and trace the different lines
passing through the point cloud. A sensitivity error is therefore detected;

— it may be that the zero is not fixed, but the sensitivity is known. The
different lines passing through the point cloud constitute an error on the zero,
which is most often taken into account by frequently adjusting the sensor.

Linear regression and the associated uncertainty will be expanded upon in
section 4.3.2.

Precision can be defined by different conditions, corresponding to
different experimental concerns, using a repeatability or reproducibility test.
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Figure 4.5. Zero and sensitivity error. The case of a force cell

In the first instance, repeatability is defined in the measuring conditions
as “the same measurement procedure, same operators, same measuring
system, same performance conditions and same location, and replicate
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measurements on the same or similar objects over a short period of time”
[BIP 12]. We thus obtain a standard deviation characterizing the
measurements’ dispersion. Repeatability is defined in a standard fashion as:

e 220 100 [4.3]

repeatability
max

This size does not take account of all the measurement parameters and,
notably, the proper procedures for each laboratory, or long time periods.
A notion synthesizing the different repeatabilities is introduced:
reproducibility. The measuring conditions “include different locations,
operators, measuring systems, and replicate measurements on the same or
similar objects”.

4.2.2.3. Resolution and discrimination threshold

A measuring system has a detectable minimum, linked to a graduation for
the oldest systems or a digital sampler for the most recent. This detectable
minimum 1is the discrimination threshold. However, all researchers have
experienced a numerical display whose last figures vary at random and to
which they attach no importance. The last significant figure is defined by the
resolution. This is the smallest value between two measurements that can be
perceived significantly. The resolution can be characterized by a
repeatability test. It must be noted that the discrimination threshold
corresponds to a monotone variation in the measured data, whereas the
resolution corresponds to a random variation. The discrimination threshold
can therefore be, depending on the choices made by the apparatus’s
designers, greater or smaller than the resolution, without there being any
systematic rule.

4.2.3. Evaluating uncertainties

4.2.3.1. Introduction

Statistical analysis for measurements is an essential tool for describing
uncertainties but is not sufficient on its own. In fact, to establish uncertainty,
all the sources of uncertainty should be taken into account. The uncertainty
budget includes, in the first place, estimations of uncertainties in the
quantities involved in the measurements; links between the quantities are
included since they change the overall balance (in the form of covariance);
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the type of probability density functions used should be mentioned:
generally speaking, Student law (or Normal law, for large amounts) can be
applied to continuous data. For discretized data, a uniform law is preferable.

The current objective of uncertainty analysis consists of “characterizing
the dispersion of values that could, reasonably, be attributed to the measurand”.
Sources of uncertainty, such as those mentioned in Guide to the Expression of
Uncertainty in Measurement, published by the International Bureau of Weights
and Measures (GUM) [BIP 12] can be linked to:

— the measurand, either because it is not completely defined or because
the practical test is itself incomplete. For example, this is the case for
problems with friction;

—the choice of measurement sample. Typically, this is what occurs in
biomechanics, during clinical studies;

—the test conditions (temperature, hygrometry). There are numerous
examples, once again, from biomechanics (tests on soft tissue), but also from
any test on polymeric materials;

— the measuring instrument and how it is used: the user can introduce bias
or the system can be imperfectly calibrated. Both these possibilities are
common in optical systems. The measuring system, as we saw in detail
previously, has a finite resolution and the measurand’s repeated observations
give different results in apparently identical conditions.

—the data handling algorithm: the calculation approximations and
hypotheses create uncertainties, as may the retiming values (correspondence
tables for example) used or the signal’s pre-processing condition (filtering).
Measuring temperature by thermal camera illustrates these difficulties very
well.

Uncertainty analysis can only be developed profitably when the
objectives of the tests carried out are well-defined, when the experiment
procedure is written and validated, when the data are established for
pertinent experimental values (see section 4.3) and when the
experimentalists have some experience with the system components.

The uncertainty evaluation can result from repeated tests (type-A
evaluation), but this methodology is not always possible. In other cases, we
speak of type-B uncertainty evaluation.
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EXAMPLE 4.2.— We wish to check the mean diameter of a shaft using classic
calipers. The shaft is measured; its diameter is ideally constant. How does
one identify the possible sources of error at work in the uncertainty of the
measurement for the diameter?

APPLICATION.— The mounting on Figure 4.6 is of a micro-indentation
system. The impedance head is made of a force sensor and a piezoelectric
accelerometer; this impedance head enables a movement cycle with
controlled amplitude to be applied and the resulting effects to be recorded.
The turntable and the frame enable the measuring system to be placed at the
site to be analyzed. Finally, the micro-metric platinum, used with the
camera, enables it to be placed precisely:

— what are the measurands here?

—what are the dependent parameters in this test? What external
parameters could influence the measurement?

— what are the possible sources of uncertainty?

Micrometer\a Arm \

Micrometric
,/\ Rotating
Impedance head - . plate

plate
Indenter " — Camera
\J‘".

Figure 4.6. Micro-indentation mounting

Piezoelectric
material

4.2.3.2. Evaluating type-A uncertainty

Different types of errors have been described above, notably system
errors (biases) and random errors. If these errors can be characterized
experimentally, depending on the suggested tests, then the systematic error
can be compensated, for example by using a calibration table. However,
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random error is sustained. In the case of a measurement where the systematic
error is null, the value measured can be described as:

x=xtu_(p%) [4.4]

where x is the average value, u, is the confidence interval and P the
probability level. This presentation of the result is recommended. The whole
question is one of giving a correct value to the confidence interval and the
associated probability value, using some tests that characterize accuracy. The
result of these tests is a group of measurement results for which it is easy to
estimate a variance, then a standard deviation. To obtain an uncertainty
range at a given confidence level (in general 95%), the statistical distribution
of the measurements is required. The relationship [4.4] can be rewritten in
the form:

x=x*E S (P%) [4.5]
where E, p is a function of the number of statistical degrees of freedom for
the accuracy tests (v = N—1, with N the total number of tests) and the
confidence level P. E, pis called the coverage predictor.

If the number of measurements is infinite, using normal law, the
confidence interval and probability level would indeed be known. They
correspond to the reciprocal of the distribution function taken between two
geometric terminals z;:

5 B

p(zl):ﬁ [erap [4.6]

A spreadsheet or programming software such as Scilab, R or MATLAB®
enables the desired values to be obtained easily; some are given in Table 4.1.

P E.p
90 % 1.64
95 % 1.96
99 % 2.58

Table 4.1. Coverage predictors for normal law
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QUESTION.— The mean value for an electrical signal is 8.5 V. The variance
(the square of the standard deviation) of the measurement is
2.25 V2. What is the probability of having a signal between 10 and 11.5 V?

Normal law is most often inapplicable, the number of tests enabling
accuracy to be characterized being limited. For a finite number of tests N, the

expression of the sample’s mean value x remains unchanged:
X=—>x [4.7]

The variance S,? should take account of the fact that a statistical degree of
freedom is used in calculating the mean. It is therefore:
_ 1 ¢ ’
=y eT) [4.8]

It is always possible to define a random variable’s standard deviation
using a finite number of embodiments of the variable, independently of the
statistical law considered. However, its use differs depending on the case.
For a finite number of runs, the statistical distribution is no longer entirely a
normal law but a Student law, whose coverage predictor, usually written ¢, p,
depends on the number of tests and the confidence level sought. If the
number of tests tends towards infinity, Student law tends towards normal
law.

Some values of the student coverage predictor are given in Table 4.2 and
the probability density function in Figure 4.7. It will be noted, in particular,
that when three tests have been carried out, as many norms recommend for
mechanical tests, the standard deviation measured should be multiplied by
4.3 to have an uncertainty of 95%. Here, using normal law would lead to the
uncertainty range being under-estimated by a predictor of 2. The evolution
of predictor ¢, ¢s9, with the number of degrees of freedom is not linear: from
13 tests, the variation of predictor #, ¢s0, is less than one percent. There is
therefore only a very limited advantage in carrying out a large number of
tests to reduce the coverage predictor.
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L4 t90% toso; t99o; 4 t90% toso; t999;

1 6314 | 12.706 | 63.657 8 1.860 | 2.306 | 3.355

2 2.920 4.303 9.925 9 1.833 | 2.262 | 3.250

3 2.353 3.182 5.841 10 1.812 | 2.228 | 3.169

4 2.132 2.770 4.604 11 1.796 | 2.201 3.106

5 2.015 2.571 4.032 12 1.782 | 2.179 | 3.055

6 1.943 2.447 3.707 13 1.771 2.160 | 3.012

7 1.895 2.365 3.499 14 1.761 2.145 | 2.977

Table 4.2. Student distribution -t

o

b
N
)
%

Normal
z=::::::Student, N=3 I3
— . — . -Student, N=5
— = =Student, N=13 i3

[0
i

Figure 4.7. Probability density function for normal law and Student law. For
a color version of the figure, see www.iste.co.uk/molimard/mechanics.zip

A large number of measurement points, however, enable averages to be
calculated and an average’s standard deviation is naturally less than the
standard deviation for each test.

The sample’s mean value u, should be disassociated from the expected
value of the random variable x’. When the sample size tends towards
infinity, ¥ — x', the standard deviation on the average of the sample u,
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evolves depending on the number of experiments carried out, N according to
the relationship:

S =S, /N" [4.9]

Taking account of the discussion above on the representiveness of the
chosen range, we obtain an estimate of the true mean, obtained from a finite
data set:

(P%) [4.10]

NOTE.— Just as it is possible to determine the uncertainty of the mean value
determined using a finite data set, a similar analysis can be carried out on the
standard deviation.

NOTE.— The statistical tool has other applications in mechanics, especially
for analyzing life span, or describing roughness.

QUESTION.— Let us consider 20 data samples. The sample’s standard
deviation is 0.16 and the average value is 1.02. What is the confidence range
corresponding to the mean value for a probability of 95%?

4.2.3.3. Evaluating type-B uncertainty

A type-B uncertainty evaluation should only be used when the first
method is impossible. This approach is based on scientific judgement using
available data: the makers’ specifications for equipment, the calibration
certificate, the designer’s experience or knowledge gleaned from literature.
When it is only possible to estimate a random variable’s lower limit ¢ ~and
upper limit a *, a statistical law must be given to obtain standard uncertainty,
that is to say the uncertainty for a standard deviation. The most robust
approach consists of assuming that the value can take absolutely any of the
values in this range (uniform law). To go a little further, the external values
are less probable; a statistical law showing a central zone of equiprobability
and lateral zones heading linearly towards zero at their boundaries could be
the most pertinent. This law is a trapezoidal law parametered by the
proportion of the equiprobable zone f. If parameter f tends towards zero, the
law becomes triangular. Table 4.3 gives the uncertainty types associated
with each of the statistical laws.
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Statistical law Uncertainty-type

Uniform law u= (a*_a’)/IZ

Trapezoidal law | , _ \/(1 N ﬂz)(f _ a’) /24

Triangular law U= (a* _ a') /24

Table 4.3. Standard uncertainty for different
statistical laws

QUESTION.— A watch with a resolution of 0.01s and a drift of 1 min/month is
used as a chronometer for phenomena whose duration ranges from a few
seconds to a few minutes. What is the predictable uncertainty for a
probability level of 95%? What phenomena could come into account in a
more complete analysis of the measurement?

4.2.3.4. Expanded uncertainty

Standard uncertainty is the uncertainty expressed for a standard deviation.
In the case of normal law, the standard uncertainty + 1 X u. corresponds to a
probability level of 68%. This probability level is most often unsatisfying. A
level of 95% is often retained; it is therefore necessary to multiply the
standard uncertainty by a coefficient called a coverage predictor to move
from a confidence range of 68% to a confidence range of 95%. In the case of
normal law, this coefficient is 1.96. This coverage predictor has already been
used previously in the description of Student. It must be noted that it
depends on the statistical law considered.

4.2.3.5. Combining uncertainties

The different quantities influencing the measurement chain can be shown
in a mathematical model, represented by a function /. By using a Taylor series
for the function f and ignoring the higher order terms, equation [4.14] is
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made linear, and it becomes possible to separate the average value and the
random component. It becomes:

)7=f()_c) [4.11]

ady 2
u= | 50] < [4.12]

In general cases, where the function f depends on the different random
variables, the uncertainty is written as the square root of the variance:

2
R of

— | u 4.13
u, 2:1: ox U [4.13]

When the model representing the measurement chain cannot be specified,
sensitivity values are often estimated by the perturbation method, each one
of the random values is altered slightly at the nominal position, which gives
an idea of the average value of the local partial derivative. A more
instructive method requiring fewer tests consists of an experimental test
plan.

NOTE.— When the input data are correlated, it is necessary to take account of
their interactions, which is what the extra-diagonal terms of the covariance
matrix describe:

- ‘Zﬁaaf] 123 Y L () .14

i=1 S i=1 j=i+l ax X

QUESTION.— Re-demonstrate relationship [4.9] using the law of uncertainty
composition.

QUESTION.— An oven’s average temperature is measured using a sensor
whose designer gives a precision of 0.6°C. A reading is taken on a reader
whose resolution is 0.1°C. The method for characterizing the temperature in
the oven is well-established: it assumes there are eight measurement points
in specific places. For each point, ten measurements are made, and the
results are presented in Table 4.4. What is the average value and its
associated uncertainty?
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Location Average Standard Location Average Standard
temp. deviation temp. deviation

1 342.1 1.1 5 3452 0.9

2 344.2 0.8 6 344.8 1.2

3 343.5 1.3 7 345.6 1.2

4 343.7 1 8 3459 1.1

Table 4.4. Temperature measurements at different points in an oven (°C)

4.2.3.6. Monte-Carlo method approach

When the Taylor series development used in equation [4.14] is not
possible, a digital simulation of the uncertainty propagation remains the only
approach. In particular, the Taylor series development is impossible if the
signal to noise ratio is weak or if the parameters’ dependence is very non-
linear.

The function describing the measurement chain f* defined in equation
[4.11] should be explained in analytic or numerical form. It would have to
include the sources of uncertainty, such as the model’s parameters. In other
words, the simplifying assumptions often used are no longer relevant. Each
source of uncertainty should be characterized, with a representative
statistical law and its parameters. If there are dependencies between the input
parameters, they should be described.

The Monte Carlo approach consists of launching a large number of
random draws of input parameters and thus writing the probability density
function of the quantity to be measured. This type of analysis leads to the
most probable value — the expected value — and the range of variation for a
given level of probability — the expanded uncertainty. The critical sources of
uncertainty, those which most impact the measurement’s uncertainty, are
also very important results of this analysis. Depending on this result, a new
design for the experiment equipment or the experiment protocol will enable
the variability range to be improved at the lowest cost by working only on
critical points.
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4.3. Experimental test plans

From a scientific point of view, the previous sections (calibration,
statistical analysis of measurement, uncertainty analysis, etc.) focused on a
point that is very important in mechanics: knowing the value and the
accuracy accorded to it. There are, however, a number of studies that lack
models. It is therefore necessary to return to scientific basics: the
phenomenological approach. Within this framework, experimental test plans
can be very important aids.

On the other hand, from the point of view of engineering, a design office
must respond in the least time at the least cost, but give an “acceptable” level
of quality. If the level of quality required is overestimated, it leads to
unnecessary cost. If it is under-estimated, the client is not satisfied.
Optimizing the number of tests to be carried out to obtain a correct result is
one step to integrate. Well-known examples include process optimization
(plasturgy) or even aeronautical tests.

The principles behind design plan methods consist of analyzing a
phenomenon, which produces an outcome, y depending on i predictors x;.
Predictors can generally be expressed in a digital form, with a given
maximal value conventionally set to +1 and a minimum value to —1. In
defining experimental test plans, it is sometimes possible to reduce the
dimension using a-dimensional sizes such as, for example, Reynolds
numbers (fluid mechanics) or Péclet (thermal) mechanics.

Unfortunately, it is sometimes very difficult to define a digital size, such
as for example in sensory approaches, to define surface quality. For
example, how can we reliably and reasonably sensitively characterize the
surface quality of a pen cap? Is it by addressing sides with dimensional
tolerances (cylindricality), the surface state at microscopic level, or
the diffusion coefficient, or the light reflection on the sides? Similarly, the
outcome, like the predictors, can be discreet or continuous, for example, the
colors are “red” ,”green” or “blue”, etc.

While Figure 1.11 focused on experimental tasks, Figure 4.8 shows the
process of acquiring knowledge from a broader perspective, as the
“experiments” are “‘experimental” or “digital”, which occurs when analyzing
phenomena that demand vast resources in terms of calculating power (for
example, car accidents or surgery).
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First of all, it is necessary to pose the problem we wish to study correctly.
Then, and above all, it is necessary to ensure that the solution does not already
exist elsewhere (bibliography, internal notes, theory, consulting experts, etc.).
Once this phase of analysis and documentation is carried out, it is necessary to
define an experimental model and a design plan to be used.

The experimental model is the testing equipment, the associated
instruments and the experimental protocol. The testing equipment is broadly
intuitive; however, we should not neglect the secondary conditions
(environmental or vibratory). The instruments should be adapted in each
case; positioning distortion gauges for example, depends on the test piece’s
geometry and the type of load envisaged. Finally, the experiment protocol is
essential since it enables the dispersion linked to the operator to be limited. It
can rely on the good practice described in the norms.

Expertise,
previous studies, general
scientific and technical Operational
knoledge conditions
—
"
g Designing an Designing an
g experimental model experimental plan
E
Z
g
=
=
2
g Tests
g
]
—— Comprehension Technological solution

Figure 4.8. Process for acquiring knowledge
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The theory of experimental test plans focuses more specifically on the
quantity and the spatial distribution of predictors in the experimental case
frame of reference. Figure 4.8 shows an iterative learning process. Even if an
initial series of tests can result in a modification of the experiment model,
ideally only experimental test plans can be changed in order to improve the
model’s relevance in describing the object studied. The corollary question is
evidently that of the test enabling the model’s exactitude to be checked and
for data acquisition to be stopped.

4.3.1. Preparation

The test campaign addresses the following questions:

— what results will be recorded in each test?

— what predictors influence the process studied?

— to what field of study does each of these predictors belong?

— what systematic errors could be revealed and how can they be ruled out?
— what are the possible experiment constraints?

— can we envisage complementary tests to evaluate the experimental error
committed?

This reflection should be carried out with care. It is important to take the
time necessary to clarify the predictors and quantities that are of interest. It is
also advantageous to involve many people (especially technicians) at this
stage of the process. This culminates in choosing the design of the
experiment, taking account of potential experimental errors. This
experimental test plan should be made after determining the order of the
tests at random, which has the effect of quietening phenomenon linked to
time (an instrument’s systematic drift, a material’s relaxation, etc.). These
still have effects, but these are randomized and appear in the analysis as
additional noise. But be careful: the methodology described hereafter relies
on the fact that the uncertainties are constant, especially over time. The
randomization suggested does not allow this limitation to be ruled out.

Results analysis begins with a critical look at the run’s quality:
— does a result seem aberrant?

— have the levels postulated at the start really been reached?
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— does the supposed mathematical model represent the results correctly?

—have the risks of ambiguity been correctly avoided (coupling
phenomenon)?

When the quality of the results has been validated, we can move
on to calculations and interpretations. Depending on the conclusions,
complementary tests will be envisaged. They can call the mathematical
model into question (a first or second degree mathematical model), or
eliminate ambiguity. It will be attempted, when designing later experiments,
to, at best, include existing results so as to minimize the time required and
maximize the wealth of information.

4.3.2. Approach

In the absence of scientific arguments relevant to the tests envisaged,
methodology consists of turning from the simplest model to more detailed
models. At each stage, the model is tested using analysis of variance
(ANOVA). The necessary tests are therefore those that aim to establish the
model, but also those enabling its robustness to be analyzed at a well-chosen
additional measuring point, repeated a number of times in order to quantify
the tests’ dispersion. The analysis method will be described in more detail in
section 4.3.6. The models that can be envisaged are linear models without
interaction, then with second order of interaction and finally quadratic with
interaction.

The respective formulas for the different models are:
f(x)=B8+2. Bx [4.15]
VxeE, f(x):ﬂo+Z::1,Bixi+zzi<jﬂ:jxl.xj [4.16]

VxeE, f(x)zﬁﬁz,'iﬁxf+Zl~:ﬁfxf2+zzi<jﬂﬂix/ [4.17]

The advantage of this approach lies in the gradual increase in the number
of unknowns and therefore in the minimum number of experiments to be
carried out, as Table 4.5 shows. We will see the efficiency of the approach
suggested here if we consider that the classic approach for design plans gives
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a number of unknowns of 2™ (complete factorial design). However, as will
be described below, the number of tests is sometimes greater than the
number of unknowns in order to conserve the predictors’ space symmetry.
This approach, shown briefly here, is analyzed in more detail in Tinsson’s
work [TIN 10].

In the first instance, the experimental test plan makes it possible to class
the most important predictors and reject those that do not influence the
outcome (screening). The predictor’s lack of dimension in the form of high
(+1) and low values (—1) on a given range enables their sensitivities f; to be
compared directly with one another. But in order to do this it is necessary to
ensure that the models are relevant, that is to say that they do not lead to
systematic errors greater than the tests’ random variability: this is the aim of
ANOVA, developed in section 4.3.6.

Secondly, the experimental test plan model can be used to optimize
parameters (response surface analysis). This therefore involves comprehending
the model using the relationships [4.15], [4.16] or [4.17], finding an optimal
value for the outcome in the experimental space, whether it is a maximum or a
minimum. As in any data adjustment method, the experimental model has no
value except for the limits that serve to establish it, but not more.

Model type Number of unknowns p
Linear without interaction m+1
Linear with order 2 interactions (m?+m +2)/2
Quadratic with order 2 interactions (m+2)(m+1)/2

Table 4.5. Number of unknowns for different models

4.3.3. Adjusting polynomial models by least squares

Generally, experiments have n responses available (so n equations) to
identify the values of m + 1 coefficients. Insofar as there are more experiments
than there are variables, the problem is one of minimization. Each of the »
runs can be written, especially in the form of an experimental model, as shown
in relationships [4.15], [4.16] and [4.17]. The group of relationships
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corresponding to » runs can be synthesized in a standard fashion in the form
of a matrix relationship:

Y=X B+¢ [4.18]

In this relationship, Y is the run’s vector, X is the experimental model’s
matrix, containing all the experiment conditions and P is the vector for the
model’s parameters. The term € covers the errors (experimental uncertainty,
errors in the model’s fitting) that need to be minimized, through writing in
the function:

J(,B)=%||X,B—Y||2= (X B-Y)(X B-Y) [4.19]

1.
2

An extremum J(P) is sought by deriving the function with respect to
different variables B;, i€ N. If the approximate solution minimizing the

differences in the least squares-sense is written pB, the mathematical
expression is:

V,J(B)=0e' X(XB-Y)=0 [4.20]

By developing equation [4.20], if the matrix (‘X X) is invertible, that is to
say if the number of independent experiments is greater than the number of
unknowns; and if the conditioning for this matrix is correct the approximate
solution in the least-squares sense is:

-1

p=("xXx) 'XxY [4.21]

Consequently, it is possible to establish an estimate of the outcome
written Y using the relationship [4.18].

~ -1
Y=x('Xx) 'Xy [4.22]
The covariance matrix of [3 is given by the relationship:

Var () = [( X x) ’X}Var(Y)t [( X x) ’X} [4.23]
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Under the hypothesis of a constant variance for ¥ (homoscedasticity), the
variances on 3 and Y are simplified to:

-1

Var(/S’) =0, ("X X) [4.24]

-1

Var(?) =’ [X(’XX) ’X] [4.25]

The optimality criteria for choosing experiment points are based on study
of the matrix ("X X). Different criteria exist. They seek to:

—minimize the global prediction error, that is to say, to minimize the
determinant of the (‘X X) matrix (D-Optimality criterion);

— minimize the matrix trace (A-Optimality);
— minimize disproportionately high sensitivity (G-Optimality);

—ensure an identical error for a constant distance from the center of the
domain explored (rotability).

4.3.4. Linear factorial design without interaction

4.3.4.1. Linear model

Independent of the choice of experimental points, if we consider n
different runs, in the sense of the model, the j-th run is expressed by the
expression:

Yo =1 (x(.f) ) =B+, By [4.26]

If we aggregate all the tests, it becomes the matrix expression:

Lo X Xoms Xom |(B) (Yo
L

1 Xon @) Xom-1 X2)m :B1 _ Y(2) [4.27]
L

1 x(n)l x(n)2 v x(n)m—l x(n)m ﬁm ),(")



Basic Tools for Measurement Methods 95

or, in the contracted form:
[1,|D, {8} ={r} [4.28]

in this writing 7, is a unit vector, corresponding to the calculation of the mean
po and D, the matrix of the experimental test plan containing all the states of
all the predictors. X is the matrix representing the model.

X is a rectangular matrix; estimating the vector of the unknowns f
is therefore impossible using simple inversion and instead requires
a minimization process (see equation [4.21] and more generally section
4.3.2).

4.3.4.2. Usual experimental test plans

Until now, the problem of choosing experiment points has not been raised
and this result remains general. The first rule we will give ourselves for
constructing an experimental test plan is to meet the design’s orthogonality
condition. This is expressed by the matrix’s diagonality (‘XX), which
guarantees its reversibility. However, this condition is not enough, as some
quantities of influence potentially have more weight in estimating the
response than others. It is therefore necessary to add an equality condition to
the diagonal terms. An experiment plan is called “usual” if all the diagonal
terms of (‘XX) are equal to the number of tests n. In these conditions, the

propagation of uncertainty is the same for all the B , estimators. By applying

the relationships [4.21] and [4.22], the estimators of BO, B ,» and I}L are then
summarized in Table 4.6. The variable s, is given by Vi=l,...m

S, =Zzzle It can be seen that the variance on ﬁo is different to the

u)i*
variance on ﬁ ;- This difference appears if the points are added to the center

of the experiment domain. It can also be noted that with such a construction,
the variance for estimating Y in a point x of the experiment space is the same
whatever the direction for a given distance at the center of the experimental
test plan (rotability criteria for the experimental test plan).
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A=Y var(ﬁo):%z
B, :iIDY Vi=1,..,m Var(,BAi)zo-—2
s, s,

}}(x)=x(tXX)7l Xy Var(f(x))=0'2(}11+1x2]

2

Table 4.6. Estimators and variance for a usual linear
experiment design without interaction

4.3.4.3. Factorial experimental test plans

A factorial design plan is a design on two levels: a high level, noted as +1
and a low level noted as -1. The factorial design is complete if it includes all
the combinations of all the predictors; it therefore uses all the vertices of the
experimental space’s hypercube. A supplementary test should be made to
check the validity of the experimental test plan model and the experimental
model’s dispersion. It is carried out in the middle of the experiment space
(0, 0). One possible name is FD, for Full Design, followed by the number of
levels (2) of power, the number of predictors (m), then the number of central
replications. Two examples of a design are given in Table 4.7. One easy
construction method consists of alternating the +1 and -1 levels for the 4-th
column every 2* terms.

2 predictors, 3 predictors,
3 central replications 0 central replication
Name FD(2% 3) FD(23, 0)
(-1 -1 -1]
-1 -1
1 -1 -1
1 -1
-1 1 -1
-1 1
1 1 -1
Shape of the design matrix Dy=|1 1 D, = 1 -1 1
0 0
1 -1 1
0 0
-1 1 1
0 0
- - |11 1]

Table 4.7. Examples of complete factorial designs
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QUESTION.— Express the constants n and s, in the two cases described in
Table 4.7. What is the standard uncertainty linked to B, and 3, for a given
dispersion constant 6?

QUESTION.— Show that an experimental test plan with three uncentered
repetitions is not a usual design.

11
1 -1
-1 1
Thedesign p, =| 1 1 | will be written wither, y # 0.
a7
a7y
L& 7]

4.3.4.4. Regular fraction of a complete factorial design

For a complete factorial design, the number of tests to be carried out is
therefore 2™, a series that grows remarkably fast. For example, for six predictors
tested, the number of tests is 64; for two predictors more (8), the number of tests
is 256. This situation enables all the interactions in a linear design to be
determined, but in many cases, these interactions are not useful for
comprehension and linear or rank-2 interaction model is enough. Determination
of a regular fraction for a complete factorial design aims to adjust the number of
tests to the number of parameters to be determined more closely. The most
relevant points of the complete factorial design are selected depending on the
model behavior kept, in this case the linear model without interaction.

In order to see the approximations produced by down sampling points, it
is useful to introduce the complete model, with all the measurable
interactions. This is an FD (2°, 0) experimental test plan (the central
replications do not change the reasoning; they are removed to avoid
overburdening the equations). The complete model for this design is:

VxeE, f(X) =B, + Bx, + B,x, + Bx,

+ BLxx, + ﬂ13x1x3 + ﬂzsxzxs [4.29]

+18123x1x2x3
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For all the points in the factorial design, it therefore generates the
relationship:

[,

with the interaction matrix Dy

DL|D,—‘{,B}={Y} [4.30]

Finally, the experimental model’s matrix is:

+1 -1 -1 -1 +1 +1 +1 -1
+1 +1 -1 -1 -1 -1 +1 +I
+1 -1 +1 -1 -1 +1 -1 +I
Yo +1 +1 +1 -1 +1 -1 -1 -1 (432]
+1 -1 -1 +1 +1 -1 -1 +1
+1 +1 -1 +1 -1 +1 -1 -1
+1 -1 +1 +1 -1 -1 +1 -1
+1 +1 +1 +1 +1 +1 +1 +1

The last column, which corresponds to the interaction between predictor
1, predictor 2 and predictor 3, is the multiplication, term by term, of the
columns corresponding to the effect of predictors 1, 2 and 3. Of the 2° = 8
tests of the complete factorial design, 4 have the interaction value (x1x,x3 =
1) and 4 have the interaction value (x1x,x; = -1). By selecting the 4 points
such as (x;x,x; = 1), it is always possible to determine the 4 variables in the
linear model without interaction. As this choice has been made for a constant
level of the product x;x,x;, the design does not permit the level of this
interaction to be determined.

Retaining only the points (x;x,x; = 1), the equalities of the columns’ terms
must also be noted (x;x; = x3), as well as (x;x; = x) and (xx3 = x;). This means

that by construction [37 Zﬁ;a B; Zﬁ;, and finally ﬁ; = [§T2 Bf, or [A%Z refer

to estimations of the predictors‘s effects, obtained using the information
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available in this reduced space in contrast to [Aii and ﬁly, which refer to

the estimation of the predictors’ effects obtained from information from the
complete factorial design. A slightly deeper analysis enables us to
establish that:

IBAl* = ﬂ/\l + ﬂ;
ﬂA; = :BAz"' ﬂAls
ﬂA; = :BAz + ﬂAlz
Insofar as the interactions are negligible, ﬂAl = ﬂAl, ,BAz =~ ﬂAz, ,Bl =~ ﬂl.

All these relationships flow from x;x,x; = 1. This relationship is written
symbolically in the notation to Box I = 1.2.3, where each term represents a
column of the experimental test plan. If it is observed that each product of a
column by I is equal to the column itself and that the product of a column by
itself is the neutral element I, the previous relationships can be written
according to the same algebra:

[=1231=232=133=12

I=123 is called an alias generator. 23 is the alias of 1, and respectively
13 that of 2 and 12 that of 3. Here, 1 has a single alias, but in most cases,
there are as many aliases as there are possible combinations of the alias
generator giving 1.

The regular fraction of the factorial design written FD (2*", 0, I = 123)
therefore enables an estimation of the predictors’ effects in the case of a
linear model without interaction. Adding an alias generator enables the
number of tests to be divided by 2. The matrix of the experimental model of
FD (2*, 0, I =123) is written:

+1 +1 -1 -1
+1 -1 +1 -1

X = [4.33]
+1 -1 -1 +1

+1 +1 +1 +1
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It must be noted that the regular fraction FD (2*", 0, I =-123) would give
another, equally valid estimation.

The reasoning here is acceptable, but not all the divisions of the complete
design give useful results. For example, selecting a regular fraction on the
basis of the interaction (x;x,=1) would give, in the algebraic notations
already defined, the following rules: I = 12, but also, 1=2. This means that it
is not possible to distinguish the effect of predictor 1 and the effect of
predictor 2 with such a choice. This example enables the notion of the
resolution of the regular fraction to be introduced. I = 12 is called resolution
2; I =123 is resolution 3. To conveniently separate the predictors’ linear
effects the resolution for the regular fraction should be at least 3.

Table 4.8 shows the regular fractions of a complete factorial design for a
linear model without interactions. As soon as the number of predictors
increases, several alias generators should be wused simultaneously.
Comparing column FD (the number of tests to be carried out for the
complete factorial design) and column Frac (the number of tests to be carried
out for the regular fraction) shows how effective this approach is. Some
situations are noted in italics: they correspond to saturated designs, that is to
say designs for which the number of tests is equal to the number of
unknowns in the model. Other types of design are systematically saturated.
Simplex designs, which are very flexible, exist for all possible predictor
numbers, but the values of the levels of each predictor are no longer -1, 0 or
1, which sometimes makes them difficult to use. The Plackett and Burman
designs guarantee levels of -1, 0 or 1, but can only be adapted to a certain
number of predictors. Additional information can be obtained in works that
focus on experimental test plans for example [GOU 97] or [TIN 10].

QUESTION.— Express the 7 aliases of predictor 1 for the design with 7
predictors.
4.3.5. Linear factorial design with interactions

The most reasonable linear design with interaction is a design with order
2 interactions. The higher orders often have a negligible influence on the
result. The model for this design is:

Vxe E, [f(x)=4 +Zilﬂf’“i +Zzi<1ﬁy‘xixj [4.34]
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P FD Frac Generators
2 predictors 3 4 - -
3 predictors 4 8 4 123
4 predictors 5 16 8 1234
5 predictors 6 32 8 124,135
6 predictors 7 64 8 124, 135, 236
7 predictors 8 128 8 124, 135, 236, 1237
8 predictors 9 256 16 125, 126, 147, 238
9 predictors 10 512 16 125, 126, 147, 238, 249
10 predictors 11 1024 16 125, 126, 147, 238, 249, 3410
11 predictors 12 | 2048 16 1235, 137, 1248, 12349, 1210,1311, 2346
12 predictors 13 | 4096 16 145,179, 1310, 1611, 256, 2411, 2712, 367

Table 4.8. Regular fractions for a complete factorial design
for a linear model without interactions (according to [TIN 10])

The corresponding matrix expression is:
[1,|D,|D, [{BY={r} [4.35]

The matrix for interaction D; and the vector B are expressed by:

D, = XX o XaoXor - XomarXim [4.36]
B=| B\B BB Biaym [4.37]
(m=1)
T S N ——

linear int eraction

This model therefore adds C. unknowns to the former. The usual design
in this case is one in which the matrix' (XX) is diagonal, with the same
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sensitivities for linear terms, and the same sensitivities for the interaction
terms. The estimators of Y. , [3L, are the same as in the previous case (linear
without interactions); the estimation of ﬁ , 1s given in Table 4.9. The variable
sp is given by Vi=l,..,m s,=>" x( x, . In the case of factorial
designs, it will be noted that s, = s,,, the levels being +1 or -1. The variance
over Var ()= o, ('X X)"' shows a term in x*. The rotability condition is

therefore no longer met, as Figure 4.9 illustrates.

R _y . 2
B=Y var(ﬂo):o-—
n
1’ . 2
p,=— DY Vi=l..m Var(ﬂl.):
S, S2
1’ A 2
B, =— DY Vi=1l..m Var(ﬂ{./.):
Sy, 52
};(x):x(’XX)ilIXY ? — 42 l E 2 1 4 1 & 4
Var( (x)) o . + . x| + 2 [l 2, ;xi

Table 4.9. Estimators and variance
for a usual linear design plan with interactions

As seen previously, the complete factorial design enables a linear model
with interactions to be adjusted. This design is not optimal if the number of
predictors exceeds 5. A regular fraction of the complete design can be used
to reduce the number of tests. However, the alias generator should separate
interactions, therefore PQ = KL type situations (in Box notation), which is
KLPQ =1. The alias generator should therefore be order 5, that is to say the
form KLPQR =I. Table 4.10 summarizes the number of tests for a complete
factorial design, for the best fractional design and gives the corresponding
alias generators. Even if the optimal number of tests remains useful, the
addition of interactions triggers a dramatic increase. For example, for 8
predictors, the optimal number of tests is 8 for a design without interaction
and 64 for the design with order 2 interactions. This type of design should
therefore be justified by the previous design’s inadequacies.
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Figure 4.9. Variance of the estimator Var (B) = aZ(*X X)"
for a factorial linear design with 2 predictor interactions

"

Variable

P FD Frac Generators
2 predictors 4 4 - -
3 predictors - -
4 predictors 11 16 - -
5 predictors 16 32 16 12345
6 predictors 22 64 32 123456
7 predictors 29 128 64 1234567
8 predictors 37 256 64 12345, 45678
9 predictors 46 512 128 12345, 56789
10 predictors 56 | 1024 128 12378, 23459, 134610

Table 4.10. Regular fractions for a complete factorial
design for a linear model with interactions (after [TIN 10])
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4.3.6. Quadratic design with interactions

In the process of continuously acquiring experimental test plans,
quadratic designs are implemented after linear designs, without, and then
with, interactions. They thus naturally exploit the points that are already
known. The transition from one design to another is made on the basis of
statistical tests aiming to determine the model’s accuracy (see sections 4.3.6
and 4.4.5). The quadratic design can also be justified by physical
considerations, if an optimum is expected within the domain studied.

Quadratic design with order 2 interaction has the following as a model:

Vxe E, f(x)=p5, +Zm:ﬂl.x,. +Y B+ Bxx, [4.38]

i<j

The corresponding matrix expression is:
| 1,|D.|D, | [{8}={r} [4.39]

with the supplementary matrix Dy and the vector  expressed as:

DQ x(zl_)l...x(zi)[...x(zi)m [4.40]
B="| Bo|BL BB B |Bia By [4.41]
linear quadratic W

The quadratic model therefore adds m unknowns to the former. It is not
possible to obtain the (‘XX) matrix’s orthogonality. The usual design in this
case is as:

n 0 syl 0
0 s,1, 0 0

("xx)= [4.42]
syl 0 (S4 _Szz)lm +55J, 0

0 0 0 S221m(m—l)/2
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with 7, a vector of m terms equal to 1, J,, a size m x m matrix of which all
the terms are equal to 1. s, and s, are given by the previous expressions and

. . _ n 4
sy by: Vi=1,..,m S4_Zu:1x(u)i‘

As the (‘XX) matrix is not diagonal, the expressions of the estimators and
the variances are more complex (Tables 4.11 and 4.12), the other terms
remaining unchanged in relation to the linear designs with interaction
(Table 4.9).

Y]

. 1! 1 — ns,—s2L 2
B, = DY—[ns Y+—2—2%|z, J
¢ ¢ 4 ? Sy 7Sy u=l

Sy = 8x

ZM

B = Y+S(;(ms2Y—Z;

with @=ns, +n(m—1)s,, —ms}

Table 4.11. Estimators for a usual quadratic experimental plan with interactions

2 2 _
var(Y)=c72 [1+ms2]+[1_2s2]r2+ L 527mn |
n ng S 4 25, @(s,—5)
2 2 _ m
var<f)=02 (1+ms2]+(1_2s2jr2+[ L 2T Jr“{ L— JZx?
n. ng 5 4 25, @(s,=5p) $,=8y 28y )'A

Table 4.12. Variances for a usual quadratic experimental
plan with interactions (after [TIN 10])

The hypothesis for positioning experimental points relies on the fact that
a factorial design has already been made. It is therefore necessary to add
supplementary measuring points. For a composite, centered design, pairs of
points are added to the axes of the variables, at a distance a from the center
of the experimental test plan, as illustrated in Figure 4.10. This distribution
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of points enables the curvature effects in the quadratic model to be rendered
while retaining the design’s symmetry.

In the framework of this design,

5, =2"" 420"
§,, =2"71 [4.43]

5, =2"""+20"

Y
h 4

@ @
X

Figure 4.10. Position of experimental points in a
quadratic design (two dimensional case)

To define parameter o, it is necessary to provide a constraint on the
experimental test plan. A reasonable constraint involves conserving the

isovariance in rotation with the estimator ¥ (x). The quality of the estimation
of Y(x) is therefore the same whatever the direction for a given distance at
the center of the design plan. It results necessarily from Table 4.12 that s, =
3 sy, which implies, using equation [4.43], that o= (2" )% . In the most

common situations, a varies from 1.4 to 2.8. In practice, this means, that the
user of a design plan should take care and give conservative limits to the
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problem they are handling, as a quadratic design leads to an enlargement of
the experimental domain. If, however, this enlargement was not possible and
had been poorly anticipated, other choices are possible for a, for example
o = 1, which comes to be placed on the sides of the hypercube. The
isovariance condition can evidently no longer be met.

4.3.7. Variance analysis

Variance analysis is a very complete domain and, here, we will only
tackle its most general principles. This type of analysis aims to validate the
model of an experimental test plan by comparing variation sizes obtained
experimentally and in the model. We thus define the sum of the squares of
variances (SST) and the sum of squares linked to regression (SSR) as:

n

SST=3(1,~¥) [4.44]

SSR="(Y,-¥ )2 [4.45]

Y; is the experimental response, Y is this response’s mean value and Y, is

the response calculated with the experimental test plan model. The
difference between SST and SSR demonstrates the gap between the model
and the experiment. The sum of squared deviations is given by:

SSE=SST-SSR=Y(¥,-7) [4.46]
i=1

But this error can originate in a bias resulting from the model not being
adjusted or a dispersion resulting from the experiment’s variability. By
making the hypothesis that the dispersion of measures is constant in time and
for different operational conditions, and by defining n* as the number of
different experimental conditions, it is possible to determine the indicators
for a lack of adjustment (SSLOF) and pure error (SSPE):

SSLOF = Z(Y -7y [4.47]

i=1
2

ssPE=3 3 (1 -7) [4.48]

i=l u=1
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By these definitions, )A’, is the estimation of ¥, Y is the average of the

experiment’s results and ¥’ is the u-th run, this for the i-th experimental
condition.

However, the sums of squares SST, SSR, SSLOF and SSPE
automatically increase with the number of measurement points. To enable
comparison between models of different complexities, obtained by a number
of different points, these indicators should be averaged, by dividing them by
the number of statistical degrees of freedom associated with them. It
therefore follows that (with n: the number of tests, #n: the number of
experimental conditions, p: the number of parameters):

msg =8 [4.49]
p—1

MSE = SSE [4.50]
n—p

MSLOF = SSLOF [4.51]

n-—p
MSPE = SSPZZ [4.52]
n—n

Relationship [4.50] shows clearly that an estimation of error has no
meaning if the number of tests is equal to the number of parameters.
Similarly, it is not possible to estimate the lack of adjustment if the number
of experimental conditions corresponds to the number of parameters [4.51]
nor to estimate the pure error if at least one experimental condition is not
repeated [4.52].

These quantities can be used to calculate the coefficient of determination
R’. However, R” has a tendency to increase mechanically with the number of
variables in a model. It is therefore not adapted to comparing models
containing a different number of variables. In this case it is better to use the
adjusted determination coefficient, corrected for degrees of freedom.

w2 _SSR__SSE

—1- [4.53]
SST ~~ SST
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2 _
R:=1- [4.54]

(1-R*)(n-1)

1

n—

4.4. Hypothesis tests
4.4.1. General principle

How do we conclude that an alloying element has an effect — positive or
negative — on a metal’s mechanical properties? Or that a cosmetic product
has a mechanical effect on skin? In practice, in comes down to comparing
the averages of the two groups tested, for groups of results for size and
dispersion that usually differ. If the difference between the two groups of
tests is close to the uncertainty, it is necessary to use a hypothesis test in
order to ascertain whether or not this difference is significant.

To carry out a hypothesis test, a hypothesis Hy and its alternative H; must
be defined. Then this hypothesis (for example, “the alloying element has no
effect on the elasticity module £”) should be formalized in a mathematical
test (following the previous example, 7 = AE/0 (AE)). A statistic should be

linked to the mathematical indicator 7. A criterion for accepting or rejecting
the test should be established before carrying the test out. Finally, the test is
carried out and conclusions are drawn from it.

The way the hypothesis is formulated may appear strange, but it is justified
quite easily: testing for a negative response to the hypothesis “the alloying
element has no effect on the mechanical properties” requires a simple
mathematical expression. Its alternative “the alloying element has an effect on
the mechanical properties” would require all possible levels of effect to be
tested, which is obviously too much to formulate. This type of test, therefore,
enables predictors that may have an effect to be distinguished from predictors
whose effect is not shown. However the effect’s intensity is not indicated.

The result for a statistical test is “I can certainly reject hypothesis Hy”.
“Certain” here is meant in the statistical sense, that is to say, with some level
of risk, generally 5%. Hypothesis tests are, therefore, to be used in contexts
that are uncertain due to the measurement dispersion or because of the small
amount of information available. The hypothesis test is a very useful
addition to experimental test plans and so deserves to be expanded upon in
this chapter.
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4.4.2. 1st and 2nd order error: a test’s power

As explained in the previous section, statistical certainty is a delicate
notion. It is possible for the test to suggest rejection and for this result to be
false, for example, because the sample contains statistical elements that are
barely present. This error is called error a. Similarly, it is possible for the test
to suggest acceptance when the hypothesis should be rejected. This
alternative error is called error f. Table 4.13 and Figure 4.11 show different
possible situations. Even if it is more difficult to manipulate, error S is of
great practical importance. In fact, failing to reject a hypothesis that should
be rejected means that the test carried out does not discriminate effectively.
(1-p) is called the power of the test as it quantifies the test’s capacity to give
the usable information sought (rejection).

A test is even more powerful when the dispersion is reduced. Increasing
the power of the test therefore comes down to:

— working on the measuring tools, to reduce measuring error;

—altering testing conditions to limit dispersion, for example by
eliminating inter-lot variability, or controlling environmental conditions
(temperature, humidity) better;

— increasing the number of tests so that dispersion over the average is
reduced and the statistical law is better controlled. It must however be noted
that dispersion over the average only varies in 1/VN, which involves a great
deal of effort for a limited result.

Hypothesis Hy Acceptance Rejection
TRUE Good decision Ist order error (o)
FALSE 2nd order error () | Good decision (1- f5)

Table 4.13. 1st and 2nd order error in statistical tests

Despite is practical importance, it is impossible by definition to know the
real value of test T and it is strictly speaking impossible to describe £ and
(1-p). An estimation is possible in spite of everything, if we assume there is
a minimal desirable distance between two series of measurements. By giving
the number of tests and a standard deviation for each case, it is entirely
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possible to know the upper value T,,.« for the confidence interval attached to
the hypothesis Hy, then the probability level attached to the true distribution,
for value Ty (see Figure 4.11). Finally, as the essential parameter is the
number of tests in each case, it is possible to establish the minimal number
of tests necessary to distinguish between the two averages. This approach is
a predictive one based on numerous hypotheses, but carries the advantage of
examining a study’s feasibility a priori. Traditionally, the test’s power is
adjusted to 80%.

Estimated distribution True distribution
Zone leading to Zone leading to the Zone leading to
the test's rejection test's acceptance (o = 0.05) the test's rejection
< o
2 2

Figure 4.11. lllustration of 1st and 2nd order risks

NOTE.— Numerous considerations besides this technical aspect are involved
in defining the number of tests. For example, for biomechanics, patient
safety limits the number of tests. In fact, the higher the number of patients,
the greater is the probability of there being an undesired secondary effect.

NOTE.— Increasing a test’s power, to make its result statistically significant
enables the smallest differences to be distinguished. We should not lose sight
of the physical sense behind the experimental methodology. This difference
could very well be so small that its practical importance is null.



112 Experimental Mechanics of Solids and Structures

4.4.3. Choosing a statistical law

The central limit theorem states that the statistical law following a sum of
random events of any statistical law tends towards normal law. This very
important result is evidently applicable to the average. If the number of
random events is not high enough, the deviations from normal law can
become significant, which is the case in most experiments.

At this stage, two cases can be identified: in the first case, the random
events follow a normal law; for small numbers of points, it is enough to
substitute normal law with Student law (see Table 4.2). But if there is no
argument to justify a normal law, or if the law is manifestly different, non-
parametric tests should be used. Many tests exist and the reader will
eventually be able to refer to specialist works (see for example [PIE 04]).
Here, only the Mann-Whitney-Wilcoxon test is introduced.

The Mann-Whitney-Wilcoxon test enables two averages that do not
follow normal law to be compared, as the tests for each group are
independent. The principle is the following: independently of the statistical
law for the two groups, the probability that a term taken at random from the
first group is greater to a term taken at random from the second is 0.5, if
their averages are equal. It is therefore a question of examining all the
possible comparisons between the elements of each of the groups and
establishing two scores, by comparing the first group with the second (U,,),
then by comparing the second with the first group (U,,). In the first case,
each time an element from the 1*' group is higher than an element of the 2™,
the U,, score increases by 1. If an element from the 1* group has an identical
value to an element in the 2“d, the U,, score increases by 0.5. This is the
same in the second case for U,,. The sum of the two scores is equal to the
number of possible combinations, that is to say the product of the number of
tests for each group n; x n,. It is then enough to check that the value of the
smaller of the two scores is less than a tabulated value (see for example
Table 4.14).

If the number of tests n; and n, is greater than 10, the variable of U
approximately follows the normal law, of variance:

oy, =nxXnmX(m +n,)/12 [4.55]
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It is therefore enough to center and reduce the statistical U to return to a
parametric test following normal law.

a= 005 n
Um | 314|516 | 7] 81| 910

3 001 1 1 2 | 2|3

4 0|1 | 2|3 1| 4] 415

5 o123 |5 |61 7]|S8

e 6 1 {2]3] 5 6 8 | 10 | 11

7 13 ]5] 6 | 8 [10] 12| 14

8 214161 8 | 10|13 ] 15| 17

9 |24 710 ] 12| 15|17 | 20

10 | 3|58 |11 | 1417|2023

Table 4.14. Critical value of the Mann-Whitney-Wilcoxon
test (two-directional case)

4.4.4. Examples
EXAMPLE 1.— Manufacturing composites

Two composite materials are manufactured according to two different
methods (pre-preg and resin infusion). The stacking, choice of fibers and
resin are the same. Two traction tests are carried out: in the first case, the
modulus (in the x direction) is m; = 72 GPa (s,> = 25, n; = 9). In the second
case, the modulus is m, = 69 GPa (Sz2 =20.25, n,=11).

The number of cases tested is not high enough for normal law to be
established. However, the hypothesis for dispersion according to Gaussian
law is reasonable. In this case, a Student test is appropriate.

In the hypothesis where the two series of tests are identical (hypothesis
Hp), the best estimation of the variance is a weighted sum of variances
estimated in each of the two cases.

S2:S12X(n1 —1)+S§x(7’l2—1) [456]
n +n,—2
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The Student test compares the difference of the averages at the square
root of the variance. The variance over the difference of the averages is the
sum of the variances over each of the averages. The test is written:

(= (’”12_ ’"22) [4.57]
s s
n n

Finally, the number of degrees of freedom of Student law from the
difference is the total number of tests minus two, since two averages have
been calculated (n; + n, — 2 = 18). In this example, t = 2.43 > 2.1: taking
account of the information available, the hypothesis of equality between the
two cases should be rejected. The elasticity modulus with the second process
(resin infusion) is therefore significantly weaker than with the first (pre-preg).

EXAMPLE 2.— Applying pressure using compression stockings

Different methodologies for applying compression stockings are used in
treating venous insufficiency. According to the first, written as methodology
A, the average stretch for the band is m; = 1.28 (512 =25 10'3, n; = 15).
According to the second, written methodology B, the stretch is m, = 1.27
(s22 =25 107 n = 15). However, in this case, the Jarque—Bera test
invalidates the normality hypothesis. It is therefore necessary to use a non-
parametric test. The values obtained are summarized in Table 4.15. In this
case, Upa > 8, which means that the hypothesis cannot be rejected with the
information at our disposal, it is impossible to conclude that the hypothesis
for the stretch equality is to be rejected.

4.4.5. Test for model adjustment: a return to ANOVA analysis

The quantities defined in section 4.3.6 can now be used in the context of
the hypothesis test. The different usual tests are summarized in Table 4.16.
The model’s validity and its adjustment rely on tests that combine two
random Student variables. In this situation — the relationship of two Student
laws — the test follows a Fisher law. These two tests are essential to the
continuous acquisition process: if they are positive, it is not necessary to
refine the model. The significance of the sensitivity parameters f; is used if
the model is suitably adjusted. It enables the predictors’ effects to be classed
by intensity and only those that are statistically significant to be retained. Be
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careful, however: a parameter can be statistically significant, without its
sensitivity being great enough to influence the result. It is enough that its

uncertainty is sufficiently low.

Methodology Stretch Uap Uga
B 1.282 6 0
A 1.288 0 5
B 1.288 5 0
B 1.29 5 0
A 1.294 0 3
B 1.294 4 0
A 1.298 0 2
B 1.308 3 0
A 1.312 0 1
B 1.313 2 0
A 1.321 0 0
A 1.325 0 0

Upg =25 | Uga=11

Table 4.15. Mann-Whitney-Wilcoxon test for venous compression. The
table shows results after they have been classed in decreasing order

Question Statistical test Statistical law

Model’s validity [ MSR Fisher law
MSE

Significance of each parameter f3; B Student law

t=——

Var ( ,B )

Model Adjustment 7= MSLOF Fisher law
MSPE

Table 4.16. Statistical tests for a regression model’s quality
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Exercises

5.1. Multiple-choice questions

1) A normalized mechanical test is used to:
a) validate a model;
b) quantify parameters;
c¢) develop understanding of a physical reality;
d) check properties defined in specifications.

2) To estimate the final traction/compression values for a slender
structure, the following type of test is used:

a) a 3 point bending test;
b) a 4 point bending test.
3) An optimal 2" plan is constructed by varying the input parameters:
a) successively;
b) simultaneously.
4) A piezoelectric sensor is optimal for the following types of test:
a) static;
b) dynamic.
5) An accelerometer’s cut-off frequency increases with:
a) its mass;

b) its rigidity.
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5.2. Problem: designing a torque meter

An industrial laboratory has developed a torque meter internally. The
assembly produced, shown in Figure 5.1, should be studied. It is made up of
two disks, one mounted on the machine frame, the other supporting the items
to be tested. Four flexible steel blades provide the link between the two
disks. They are made of rectangular sections, the largest side, of size b, being
in the radial direction of the cylinders. These blades are equipped with strain
gauges on the two opposite sides of each blade.

Figure 5.1. Torque

5.2.1. Mechanical analysis
QUESTION 5.1.—

What is the nature of the load applied on each blade?
QUESTION 5.2.—

Give the resultant force F depending on the moment of torsion M,
undergone by each of the blades when operated. It will be assumed that they
all work in the same way.

AN.:
Maximal moment M;"™ =100 Nm.

Distance from the center of torsion to the axis of each blade » = 30 mm.
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QUESTION 5.3.—
The gauges are placed at the site of maximal strain. The expressions for
min _ —Flh

. . Finh
these maximal strains are: &7 =——and &]" =——.
4E1 4E1

3
Knowing that the bending inertia is given by 7 :%, express the

thickness / according to the other parameters so that the stress remains less
than the maximal stress o max. For simplicity, the value found will hereafter
be rounded up to the millimeter above.

AN.:
Maximal admissible constraint ¢ .. = 1250 N/mm?2.
Blade length / = 60 mm.
Blade width b = 14 mm.

Young’s modulus £ = 210 000 N/mm?.

5.2.2. Electrical installation
QUESTION 5.4.—

Give the half-bridge assembly enabling bending strain to be measured.
QUESTION 5.5.—

Find an assembly using all the strain gauges as described in Figure 5.2.
Then give the relationship between the tension read and the strain of each

gauge.
QUESTION 5.6.—

Establish the relationship between the torque applied and the tension read
at the output of the Wheatstone bridge.
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AN.
Supply voltage Uy =5 V.

Gauge factor GF = 2.

Figure 5.2. Diagram for implanting gauges

5.2.3. Analyzing uncertainty
QUESTION 5.7.—

The thickness of the blades /4 is measured using a caliper; the smallest
scale on this instrument is 0.1 mm. Give an uncertainty for the measurement
for thickness.

QUESTION 5.8.—

Evaluate the uncertainty caused by not knowing the thickness on the
torque.

A.N.: Using this, make a numerical application for the maximal torque.
QUESTION 5.9.—

An operator decides to make 5 thickness measurements per blade. They
then establish an average and use it to calculate the torque. What is the
uncertainty on the average calculated in this way?
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QUESTION 5.10.—

Quantify the impact of such a choice on the uncertainty on the torque
linked to the thickness.

5.3. Problem: traction test on a composite

The subject of interest is a composite beam subject to a traction force.
The beam is assumed to be isotropic with the properties E = 120 GPa,
v = 0.3. Its dimensions are a section of 2 x 26 mm” and a length between bits
of 220 mm.

5.3.1. Sizing a traction test

1) A strain gauge is used to track the strain caused by the traction.

2) What is the appropriate conditioning in this case? Give the
corresponding basic equation.

3) It is necessary to measure the variation in tension with an acquisition
card that samples on 1024 levels. The input tension at the card terminals
should range from 0 to 10 volts. The conditioner’s input tension is 5 volts.
Determine the amplification level required to obtain a discrimination
threshold of 3 p.

4) What is the maximal recordable strain?

5) Work out the maximal force corresponding to the composite plate.

5.3.2. Measuring

In the previous test, the force cell is a 100 kN cell. The maker gives an
overall uncertainty of 0.1% for the measuring range. The traction test is
equipped with two strain gauges either side of the plate; this is built as a
half-bridge assembly. Finally, the caliper for measuring the section has a
minimal scale, from two centimeters to a millimeter.

1) The experimenter makes several strain measurements at no load at
close intervals. What is this type of test called? What does it show?
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2) Give the relationship linking the Young’s modulus to the traction test’s
other parameters.

3) Using the relationship above, express the relationship giving the
uncertainty on the Young’s modulus and the different sources of uncertainty.

4) The specimen is thermally regulated to =2°C. Knowing that the
thermal dilatation coefficient of the material used is 2 pm/m/°C, what is the
uncertainty linked to this variation? Knowing that the resolution on the strain
measuring system is 3 um/m (95%), find the uncertainty linked to the strain
measurement.

5) Calculate the uncertainty on the Young’s modulus for a force of 10 kN.
Taking account of the value given in exercise 1, does this value seem correct
to you?

5.3.3. Photomechanics

We wish to make a measurement using the grid method. The grid is
attached to the center of the specimen, whose length is 220 mm between the
jaws.

1) What is the maximal movement between jaws for the 10 kN force?
Find the optimal choice of grid (from 100, 200, 300 or 400 um). Explain
your choice.

2) It is supposed a priori that the movement has a standard uncertainty
within the range of 1/100°. Give an estimation for the uncertainty on the
movement.

3) We wish to estimate strains with an uncertainty of less than 10™* m/m
(95%). What should the minimal distance between two measuring points be
to make the derivation?

4) If a hole is made in the plate, what would be the maximal reasonable
force required to remain in the elastic domain, taking account of a
concentration factor of 3.

5.4. Problem: optic fiber Bragg gratings

An optic fiber Bragg grating is a silica optic fiber in which weak periodic
variation of the refractive index has been photo-inscribed (the Bragg
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grating). The diameter of the fiber’s core it 50 um, so that infra-red light
(1450-1550 nm) can only pass through it in a single mode. This type of fiber,
which is very thin (the core plus the coating is 100 um in diameter), is used
in particular to monitor the making of composite materials. If a light coming
from a broadband source is injected into the fiber, all the wavelengths
present are transmitted, except one wavelength, called the Bragg
wavelength, which is expressed in the following way:

A = 2nA [5.1]

where 7 is the medium’s effective index and the photo-inscription period.

hg=2nA A, Bragg wavelength
n: effective refractive index
) A grid period
Incident light Transmitted light
|::>
Reflected light A
(=
Incident spectrum Transmitted spectrum Reflected spectrum
P . P - P
i i S ) )
s s P8 k

0 0

Figure 5.3. Diagram showing the principle of optic fiber Bragg networks

What happens when the temperature varies?

Give the expression for the wavelength varying according to the variation
in temperature, for the environment’s thermal dilatation coefficient, and the

initial wavelength.

5.4.1. What happens when there is traction on the fiber?

Give the expression for the variation in wavelength depending on the
strain.
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5.4.2. What will the effective index become depending on the
temperature and strain parameters?

Find the overall sensitivity relationship at these two loads; this is limited
to a model with small linear disturbances; the index’s sensitivity to strain is
called the opto-elastic coefficient, and the temperature the opto-thermal
coefficient.

5.4.3. Separating temperature and mechanics

Using a manufacturing trick, it is possible to regulate sensitivity to
temperature and strain. If two Bragg gratings are inscribed with different
wavelengths and sensitivities at the same geographical place, it becomes
possible to separate axial and temperature strain. However, the sensitivities
remain close. Express the strains of mechanical origin and the temperatures
according to variations in wavelength depending on relationships [5.2]
and [5.3]:

M e 41267 [5.2]

%:1.16 +136T [5.3]
A

5.4.4. Analyzing uncertainty

The Bragg wavelengths for each of the sensors (A; = 1532 nm,
A, = 1632 nm) and the uncertainty measurement for the variation in
wavelength (10 pm) are given. Estimate the uncertainty on the strain, then on
the temperature.

5.5. Problem: bending a MEMS micro-sensor

MEMS structures have largely unknown mechanical properties. In
particular, it is difficult to determine their elastic properties. Here, we wish
to study an ion sensor, a photo of which is given in Figure 5.4. Due to the
presence of two different materials, each of the sensors’ faces has a different
sensitivity to different loads, and in particular the adsorption of
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electromagnetic charges, which causes the ensemble to bend according to the
bimetallic strip principle.

- Cantilever used
(7O0pm*20pm*0.84pm) # S/V = 2380 mm™

Figure 5.4. Charge micro-sensor [GAR 06]

5.5.1. Suggesting a mechanical model for this problem

5.5.1.1. Choosing instrumentation

If the maximal beam flexion is 1.5 um, what physical principle (and what
mounting) could be used to measure this deflexion?

5.5.1.2. Metrology

A metrological test is carried out to evaluate the measurement quality.
The result is shown in Figure 5.5. What does this test quantify? Comment on
the first part of the curve (in dotted lines). How can this behavior be
explained? The second (horizontal) part is more unexpected. What does it
show? What phenomena may give rise to it?
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Figure 5.5. First metrological tests [GAR 06]
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5.6. Problem: studying a 4-point bending system

It is suggested that we study the mechanical device shown in Figure 5.6.
It is a 4-point beam bending device in a single piece. The bending beam is in
the central part. The links are flexible and made of steel. We observe a beam
(lower part) and a crosshead (upper, part). Between the two parts, a very
small amount of play (W/9) allows vertical movements.

The whole of this apparatus is suggested as calibration tool for optical
full field methods. It has already been used for inter-comparisons between
laboratories.

ﬁﬂﬂ

Figure 5.6. Apparatus for testing reference suggested
by the European project SPOTS

5.6.1. Analyzing the device

1) How is it loaded? Why has a play of 2 gaps, as well as the half-moon,
been anticipated above?

2) In your opinion, why are the links chosen flexible links?

3) The width of the specimen is written W; the distance between each of
the exterior supports and the nearest interior support is 3 W. The distance
between the two interior supports is 2 W. What can be said about the
conditions in light of beam theory?
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4) Why is the region of interest (ROI) between the two interior supports?

5) What might be the use of the two retaining walls circled?

5.6.2. Mechanical analysis

The whole thing is modeled as a 4-point bending beam. Its Young’s modulus
is written £, and its thickness /. The beam is subject to a vertical load F.

1) In classic beam hypotheses, give the bending moment for each point
on the beam.

2) What, in this case, is the strain field for the beam?

3) Give the expression for the Young’s modulus E depending on the local
strains.

5.6.3. Analyzing uncertainties

1) We now suppose that # = W = 10 mm. The dimensional tolerances are
given at 0.05 mm. Express the uncertainty on the Young’s modulus E
depending on the uncertainty on the sides of the specimens.

2) The force cell used is a 150 kN cell. The uncertainty on the force cell
is 0.1% of the whole scale. What is the uncertainty induced on the module?

3) What other sources of uncertainty have not been taken into account?
Combine them with the previous uncertainties and give the total uncertainty
on determining E.

4) Taking account of the previous analysis, where do we place a strain
gauge?

5) Numerical application: knowing that the gauge’s uncertainty is
10 pm/m, that its nominal value is 860 pum/m, and that the charge is 100 kN,
give the uncertainty value on E.

5.6.4. Optical full field methods

Consider an optical full field method enabling 300 x 600 strain
measuring points to be obtained. These are also distributed in the region of
interest, that is to say between the two upper supports. The resolution for
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measuring strain is 50 pm/m (95%). Each measuring point enables E to be
determined. The average is then calculated. Give the uncertainty on the
average of all these values.

5.7. Digital pressure tester: statistical tests

The aim of this PT is to describe a program that can predict the number of
tests necessary to distinguish a certain level of effect; the input values are
assumed to follow a normal law to infinity. The PT can be carried out using
Matlab or Scilab.

5.7.1. Discovering the statistical functions library
What statistical law should really be implemented in the code?

In the code’s help section, see implementation of the following functions:
probability density, cumulative function, inverse cumulative function and
random number generator.

5.7.2. Estimating a confidence interval

Write a function enabling (for a given number of runs ny) the confidence
interval of a statistical variable centered on m, and standard deviation o, for
an arbitrary level o to be known. Beware; this focuses on distance from a
mean: this distance is therefore symmetrical.

Draw a graphic showing the distribution of the statistical variable and its
two limits. What happens if the number of points becomes very large?

5.7.3. Calculating a test’s power

Establish the value of the probability density function of the Student law
for a given point, the law being known by its average value, its standard
deviation and a number of runs. Give the cumulative value. In this case, the
law is taken unilaterally.

Write the function enabling the test’s power to be calculated. The
standard deviation of the distribution and the average value as well as the
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minimal measurable distance are known. Suppose further that each of the
two tests will be performed an equal number of times. Finally, make a loop
enabling the power to be shown graphically according to the number of tests.






Conclusion

Designing and optimizing objects requires an approach that is both
numerical and experimental. These two approaches co-exist more or less
happily in the world of industry. In too many cases, the mechanical test is
exclusively the responsibility of a technician, the design engineer only
becoming involved as a client. Yet, as this book attempts to illustrate, a
mechanical test involves hypotheses, implementation techniques and
instrumentations that have their own limits and can be very elaborate.
Interpreting the result and comparing it with the numerical model is only
possible by remaining aware that this mechanical test is itself a model, an
experimental model of which it is sensible to master the complexities.

One of the reasons for this lack of curiosity in experimental mechanics,
especially structural mechanics, lies in its neglect in engineering schools. A
rapid exploration of the French bibliography certainly reveals specialist
works, such as for example [AVR 74] and [GRE 11], but no general work
for the use of engineers in solid and structural mechanics, to our knowledge,
since Charles Rabut’s exploration [RAB 06] from 1906. Despite this,
experimental techniques have not stopped developing and being renewed. In
the field of experimental mechanics of course very high quality works on
particular techniques will be retained, for example, photomechanics
[SCH 09], but in experimental domains in other disciplines as well,
particularly in medicine where biostatistics, which appeared in the 1930s,
have revolutionized clinical approaches since the middle of the 1980s, and
also in metrology where a statistical approach has replaced the determinist
approach, which was still being taught only 15 years ago.
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This book therefore presents both a coherent body of technical expertise
enabling an experimental model to be put in place, instrumentalized with
classic devices such as strain gauges or more modern ones such as optical
full-field methods. It also aims to take a decisive step towards the most up-
to-date experimental practices by introducing uncertainty analysis and the
development of experimental designs and their interpretation on a clear basis
of probability.

The contents of this work reflect the knowledge acquired and put into
practice by the author in the course of his 20 years’ practice in research and
teaching experimental mechanics. It is not therefore exhaustive, could it be
otherwise? In particular, signal processing methods are not tackled except in
the framework of field methods. Readers interested in this domain will be
able to consult one of the many works published on this subject, for example
[BLA 14]. Similarly, the identification of properties is only mentioned in
passing although the methodologies are fascinating [GRE 11, PIE 12]. A
further edition will perhaps enable these subjects to be addressed.
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