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Trigonometry Pretest

Directions: Questions 1 through 75.

Where it appears, the symbol £ stands for “angle”; Zs is its plural. You will need either a scien-
tific calculator or the table of trigonometric functions on page 297 to answer certain questions.
Where appropriate, approximate the value of & as 3.14.

Circle the letter of the appropriate answer.

1. In which quadrant does a 75° angle in standard position have its terminal side?

Al

B. 1
C. I
D. IV

2. In which quadrant does a 175° angle in standard position have its terminal side?
Al
B. I
c.
D. IV

3. In which quadrant does a 375° angle in standard position have its terminal side?

Al

B. 1
C. I
D. IV

4. Which angle is coterminal with a 45° angle in standard position?
A. 225°
B. 295°
C. 425°
D. 765°
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Which angle is coterminal with a 125° angle in standard position?
205°
375°
485°
665°

Which of the following ratios gives the sine of an angle in standard position?

opposite
adjacent

hypotenuse
opposite

opposite
hypotenuse

adjacent
hypotenuse

Which of the following ratios gives the tangent of an angle in standard position?

opposite
adjacent

hypotenuse
opposite

opposite
hypotenuse

adjacent
hypotenuse

Which of the following ratios gives the cosecant of an angle in standard position?

opposite
adjacent

hypotenuse
opposite

opposite
hypotenuse

adjacent
hypotenuse

In which quadrants is sine function negative?

[and Il
[ and III
Il and IV
Il and IV
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In which quadrants is tangent function negative?

Iand Il
[ and Il
Il and IV
Il and IV

Given tan 28.40° = 0.5407 and tan 28.50 = 0.5430, what is tan 28.43?

0.5414
0.5417
0.5420
0.5424

Cos 70° = 0.3420 and cos 71° = 0.3256. What is the cosine of 70.6°?

0.3387
0.3355
0.3322
0.3289

What is the degree measure of a circle’s central angle that subtends an arc that is % the
length of the circumference?

90°

120°
150°
180°

What is the radian equivalent of the angle measure of a 90° angle?

4 NE A

N
a

What is the degree equivalent of the angle measure of ZTTE radians?

100°
110°
120°
130°
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Given a unit circle with a right triangle drawn in standard position, the angle at the origin
named 6, and the hypotenuse being the radius of the circle, which of the following names
the coordinates of the terminal side of the central angle?

(cos0, tan0)
(sinB, cosH)
(tan®, sinf)
(cos0, sinf)

What is the domain of the sine function?

the set of real numbers

the set of positive numbers

the set of negative numbers

all numbers from negative one to positive one

What is the range of the cosine function?

the set of real numbers

the set of positive numbers

the set of negative numbers

all numbers from negative one to positive one

What is the period of an 850° angle?
90°
110°
130°
150°

What is the period of an angle of 7x radians?
T
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21. Which trigonometric function does the graph illustrate?
A. y=sinx
B. y=cosx
C. y=tanx
D. y=secx

22. Which trigonometric function does the graph illustrate?
A. y=sinx
B. y=cosx
C. y=tanx
D. y=secx
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21

Which trigonometric function does the graph illustrate?

y=sinx
Y = COoSs X
y=tanx
y=secx

For the following two problems, picture a right triangle, ABC, with sides a, b, and c opposite

LA, ZB, and ZC, respectively. ZC is the right angle.

If side c is 24 mm long and ZA = 30°, what is the length of side a?

12 mm
14 mm
16 mm
18 mm

If side c is 18 mm long and ZB = 30°, what is the length of side a?

9.2 mm

11.4 mm
13.5 mm
15.6 mm
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Bill is 12 feet away from the foot of a tree. Lying on his belly and sighting up from the
ground along a protractor, Bill finds the treetop to form a 50° angle of elevation with
the ground. To the nearest foot, how tall is the tree?

12 ft
14 ft
16 ft
18 ft

An airplane’s radar shows its target to be 30 miles away. The angle of depression of the
target is 21°. To the nearest tenth of a mile, what is the airplane’s altitude?

8.8 miles
9.8 miles
10.8 miles
11.8 miles

In ZQRS, ZQ = 35°, while ZR = 65°. Side g is 12 cm. To the nearest cm, find the length
of side s.

15 cm
18 cm
21 cm
24 cm

If the angles of a triangle are ¢, B, and ¥, and a, b, and c are the respective sides opposite
those angles, then ifa = 6, b = 7, and ¢ = 12, find the measure of 3 to the nearest degree.

20°
25°
30°
35°

If all three sides of a triangle are known, how do we find the measure of the first angle?

The Law of Sines

The Law of Cosines
Heron’s Formula
Pythagorean Identities
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If two sides of a triangle and their included angle are known, how do we find the measure
of the third side?

The Law of Cosines
The Law of Sines
Heron’s Formula
Pythagorean Identities

If two angles of a triangle and their included side are known, we can subtract from 180° to
find the third angle. Then how do we find the measures of the other two sides?

The Law of Cosines
The Law of Sines
Heron’s Formula
Pythagorean Identities

If two angles of a triangle and a nonincluded side are known, we can subtract from 180°
to find the third angle. Then how do we find the measures of the other two sides?

The Law of Sines

The Law of Cosines
Heron’s Formula
Pythagorean Identities

If two sides of a triangle and a nonincluded angle are known, it is known as “The
Ambiguous Case.” Why is that so?

There are two possible solutions.
There are three possible solutions.
There are four possible solutions.
There are six possible solutions.

One of the following formulas may be used to find the area of a triangle. Which one?
1

K= > absinB
K== besinB
K= %acsinB
K =1 absinA

Which of the following names describes the formula K = /s (s—a)(s=Db)(s—c)?
The Law of Sines
The Law of Cosines
Heron’s Formula
A Pythagorean Identity
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What is the area of a triangle whose sides measure 10, 14, and 20 inches (to the nearest
inch)?

55 in”

65 in’

75 in®

85 in’

Which of the following represents the reciprocal identity for sine?
1

sin® = cos6
sin@ = selcO
sin@ = %
sin@ = ﬁ

Which of the following represents the reciprocal identity for cosine?

c059=ﬁ
cos= se1c:9
cosezﬁ
cosezﬁ

Which of the following ratio identities is true?

ang = o8
cosp= g
sing = o8
N9 = oo

Which of the following ratio identities is true?
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Which of the following cofunction identities is true?
siny = cos (45° — 7)
siny = cos (90° - 7)
siny = cos (180° — )
siny = cos (360° — ¥)

Which of the following Pythagorean identities is true?
tan’ + 1= cos’
cos’a + 1=sec’a
tan’ o + 1= sec’ a
cot’a + 1= sec*a

Which of the following identities for negatives is true?

sin(—0) = —sin@
sin(—60) = —cosO
sin(—0) = —secO
sin(—0) = —cscH

What is the trigonometric identity for cos(a + ﬁ)?
cos(o + ) = cosa cosf + sina sinf3
cos(a + B) = cosax cosP — sina sinf3
cos(a + B) = sina cosf3 + cosa cosf3
cos(a + ) = sina cosf — sina sinf3

What is the trigonometric identity for cos(a — 3)?
sin(a — B) = sina cosP + cosa sinf
sin(a — B) = sina sinf8 — cosa sinf3
sin(a — ) = sina cosf — cosa sinf3
sin(o — B) = sina cosf — cosa cosf3

Which of the following is not true of sin2¢?
sin2¢ = 2sing + cos¢
sin2¢ = sing cos¢ + cos¢ sing
sin2¢ = sin(¢ + @)
sin2¢ = 2sing cos¢

CliffsStudySolver Trigonometry
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Which of the choices is correct for the identity of cos26?
I. cos26 = cos’0 — sin’@
II. cos20 = 2cos’9 — 1
lll. cos26 = 1- 2sin’0

I and Il only
Il only

I and III only
I, II, and 11

Which of these choices is not a correct half angle identity?
0 sin@

tany = 1—cosO

Which is the trigonometric identity for tan(o + f3)?
_ tana —tanf

tan(a+ )= 1 +tanatanf
_ tana +tanf
tan(a+f)= 1 —tanatanf
_ tana +tanf
tan(a+ )= 1 +tanatanf
_ tana —tanf
tan(a+f)= 1 —tanatanf
Which of the choices is correct for the identity of %?
A __ sind
L tan g = 1 cos
A _1—cosA
II. tan 27 sind
A [1-cosA
L4 [ U7
Ill. tan 2 1T cosh
[ and Il only
Il only
I and III only

I, I, and 1l
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Which of the following is not a product-sum identity?

sinctcos 3= 5{sin(+ B) +sin(c - B)
sinacos 3 = %:cos(a - B)+cos(a-B)]
sinctcos 3 = %isin(a—ﬂ) +sin(a +/3):
sinotcos B8 = %:sin(a—ﬂ) +sin(a +ﬁ):

What is the name given to a speed or force that also has direction?

scalar
magnitude
vector
norm

Two vectors are arranged tip to tail so as to form an obtuse angle. The other ends of the
two are connected so as to form an obtuse triangle. What is the sum of the vectors?

the sum of the magnitudes of the two original vectors
the side of the triangle opposite the obtuse angle

the sum of the two short sides of the triangle

none of the above

Questions 55—57 refer to the same airplane.

An airplane is traveling due west at an airspeed of 500 mph. A 75 mph tailwind is blowing
from the northeast. What figure can best be used to determine the plane’s final course and
groundspeed?

triangle

rectangle

parallelogram

trapezoid

In question 55 the bearing of the wind is 210°. What is the plane’s true course (0° is true
north) to the nearest degree?

260°
263°
266°
269°
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What is the plane’s groundspeed to the nearest mph?
541 mph
551 mph
561 mph
571 mph

Vector AB has coordinates of A (=3, -5) and B (5, 8). What are the coordinates of point P
such that OP is a standard vector and OP=AB?

2,7)
(4, 9)
6, 11)
(8, 13)

What is the magnitude of vector v = (3, —5)?
/-8
22
4,3
/34

If vector v = (5, 7) and vector u = (6, —5), what is the sum of v + u?
(0, 13)
(11, 2)
(12, 1)
(13, 0)

Ifv=(6,—-3) and u = (5, 8) then what is 5v — 3u?
(=15, =39)
(15, =39)
(45, 39)
(45, -39)

Wirite v = (6, —3) in terms of the unit vectors i and j.
6i — 3j
3(j — 2i)
3(i-)
6§ — 3i
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Find 5u + 6v if u = 6i — 4j and v = -3i + 7j.
6i+ 11j
2(6i + 11)j
12i - 22j
-12i — 22j

What are the polar coordinates for the point P (5, 8)?

(/5.5
(/37,56
(/59,55
(/51,60

What are the rectangular coordinates for the point P (8, 30°)?
(3.6, 2)
(4.7, 2.5)
(5.8, 3)
(6.9, 4)

Transform the equation x* + y* + 7x = O into polar coordinates form.

r+ 7cos6 =0

r+7sin@=0
r+7tan6=0
r+7csc0=0

On the complex plane, in which quadrant would the graph of -5 — 3j appear?
I
I
1
v

By which pair of equations can complex numbers be converted to polar coordinates?
X = rsinf, y = rcos@
X = rcos6, y = rsinf
r = xcos0, y = rsecO
X =rsinf, y = rcscO
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According to DeMoivre’s Theorem, which equation represents a true statement?
7' = r*(cos2¢ + i sin2¢)
2> =r (cos3¢ + i sin3¢)
Zz' = r*(cos4¢ + i sind¢)
all of the above

What are the restrictions on the range of the inverse sine function?
-2n<y<0
-n<y<0
O<y<m
O0<y<2n

To define the inverse tangent, what are the restrictions on the range?

Find the exact solution(s) for the following equation: cos2¢ = cosc.

o = 30° 120°
o = 60°, 150°
o =0° 120°

o = 30° 210°

If the earth has a radius of 4050 miles and makes one rotation every 24 hours, what is the
linear velocity of an object situated on the equator?

880 mph
940 mph
1000 mph
1060 mph

Point Q revolves clockwise around a point, making 9 complete rotations in 5 seconds.
If Qis 12 cm away from its center of rotation, what is P’s angular velocity?

11.3 radians/sec
22.6 radians/sec
135.8 radians/sec
271.6 radians/sec
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The horizontal displacement (d) of the end of a pendulum is given by the equation
d = Ksin2nt. What is K if d = 16 cm and ¢ = 4 seconds?

-1260
-260
260
1260

Answers

A
B
A
If you missed 1, 2, or 3, go to “Angles and Quadrants,” page 21.

D
C
If you missed 4 or 5, go to “Coterminal Angles,” page 25.

C
A
B

If you missed 6, 7, or 8, go to “Trigonometric Functions of Acute Angles,” page 28.

D
C

If you missed 9 or 10, go to “Functions of General Angles,” page 38.

A
C
If you missed 11 or 12, go to “Interpolation,” page 45.

B
If you missed 13, go to “Understanding Degree Measure,” page 59.

B
If you missed 14, go to “Understanding Radians,” page 59.

C

If you missed 15, go to “Relationships between Degrees and Radians,” page 60.

D

If you missed 16, go to “The Unit Circle and Circular Functions,” page 62.
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A
D

If you missed 17 or 18, go to “Domain versus Range,” page 63.

C
B

If you missed 19 or 20, go to “Periodic Functions,” page 66.

B
If you missed 21, go to “Graphing Sine and Cosine,” page 67.

C
If you missed 22, go to “Graphing Tangents,” page 77.

D
If you missed 23, go to “Graphing the Reciprocal Functions,” page 78.

A
D

If you missed 24 or 25, go to “Finding Missing Parts of Right Triangles,” page 93.

B
C
If you missed 26 or 27, go to “Angles of Elevation and Depression,” page 95.

C
If you missed 28, go to “The Law of Sines,” page 100.

B
If you missed 29, go to “The Law of Cosines,” page 105.

B
If you missed 30, go to “SSS,” page 109.

A
If you missed 31, go to “SAS,” page 109.

B
If you missed 32, go to “ASA,” page 111.

A
If you missed 33, go to “SAA,” page 111.

17
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D
If you missed 34, go to “SSA, The Ambiguous Case,” page 111.

C
If you missed 35, go to “Areas of Triangles,” page 116.

C
B
If you missed 36 or 37, go to “Heron’s Formula (SSS),” page 119.

C
B
If you missed 38 or 39, go to “Reciprocal Identities,” page 137.

D
A
If you missed 40 or 41, go to “Ratio Identities,” page 138.

B
If you missed 42, go to “Cofunction Identities,” page 139.

C
If you missed 43, go to “Pythagorean Identities,” page 140.

A
If you missed 44, go to “Identities for Negatives,” page 139.

B
C
If you missed 45 or 46, go to “Addition and Subtraction Identities,” page 143.

A
D
If you missed 47 or 48, go to “Double Angle Identities,” page 144.

A
If you missed 49, go to “Half Angle Identities,” page 146.

B
D
If you missed 50 or 51, go to “Tangent Identities,” page 150.
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B
If you missed 52, go to “Product-Sum and Sum-Product Identities,” page 152.

C

If you missed 53, go to “Vector versus Scalars,” page 167.

B
If you missed 54, go to “Vector Addition Triangle/The Tip-Tail Rule,” page 169.

C
C
A
If you missed 55, 56, or 57, go to “Parallelogram of Forces,” page 172.

D

D
If you missed 58 or 59, go to “Vectors in the Rectangular Coordinate System,” page 178.

B
If you missed 60, go to “Algebraic Addition of Vectors,” page 183.

B
If you missed 61, go to “Scalar Multiplication,” page 185.

A
If you missed 62, go to “Algebraic Addition of Vectors,” page 183.

B
If you missed 63, go to “Algebraic Addition of Vectors,” page 183.

C

D

A
If you missed 64, 65, or 66, go to “Converting Between Polar and Rectangular Coordinates,”
page 206.

C

B
If you missed 67, go to “Plotting Complex Numbers on Rectangular Axes,” page 217.
If you missed 68, go to “Plotting Complex Numbers on the Polar Axis,” page 219.

D
If you missed 69, go to “Finding Powers of Complex Numbers,” page 225.
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C

If you missed 70, go to “Inverse Sine and Cosine,” page 244.

B
If you missed 71, go to “Inverse Tangent,” page 249.

C

If you missed 72, go to “Trigonometric Equations,” page 257.

D
A
If you missed 73 or 74, go to “Uniform Circular Motion,” page 261.

A
If you missed 75, go to”Simple Harmonic Motion,” page 263.



Chapter 1

Trigonometric Ideas

metria, meaning measurement. This is the branch of mathematics that deals with the ratios

between the sides of right triangles with reference to either of its acute angles and enables
you to use this information to find unknown sides or angles of any triangle. Trigonometry is not
just an intellectual exercise, but has uses in the fields of engineering, surveying, navigation,
architecture, and yes, even rocket science.

T he word trigonometry comes from two Greek words, trigonon, meaning triangle, and

Angles and Quadrants

An angle is a measure of rotation and is expressed in degrees or radians. For now, we’ll stick
with degrees, and we’ll examine working with radians in the next chapter. Consider any angle
in standard position to have its vertex at the origin (the place where the x- and y-axes cross),
labeled O in the diagrams. Angle measure is the amount of rotation between the two rays form-
ing the angle.

45:\

] v

A first quadrant angle in standard position.

Figure the initial side of the angle above beginning on the x-axis to the right of the origin.
Consider the terminal side of the angle to be hinged at O. The terminal side of the angle, OP,
was rotated counterclockwise from the x-axis through an angle of less than 90° to form the first
quadrant angle shown above. Notice the Roman numerals. They mark the quadrants I, or first; II,
or second; IlI, or third; and IV, or fourth. Notice that the quadrant numbers rotate counterclock-
wise around the origin. Because the angle in the above figure has its initial side on the x-axis, it
is said to be in standard position. Had the terminal side made a full turn and come back to the
Xx-axis, it would have rotated 360°.

21
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135°

] v

A second quadrant angle in standard position.
The above figure is called a second quadrant angle because its terminal side is in the second

quadrant. When the magnitude of an angle is measured in a counterclockwise direction, the
angle’s measure is positive. The above figure shows an angle of 135° measure.

R y

N

-225°

] v

A second quadrant angle measured clockwise.

The angle in the above figure is identical to the figure that precedes it in every way except how
the angle was measured. Since it was measured clockwise rather than counterclockwise, it has
a measure of —225°. Notice that the absolute value of that angle is obtained by subtracting 135°
from 360°. The negative sigh marks the direction in which it was measured.



Chapter 1: Trigonometric Ideas 23

1] v

A fourth quadrant negative angle.

Notice that the fourth quadrant angle in the above figure, if measured counterclockwise, would

have measured 330°. Can you see why? Moving counterclockwise, it would have been 30° shy
of a full 360° rotation.

270°

A quadrantal angle.

When an angle is in standard position, and its terminal side coincides with one of the axes, it is
referred to as a quadrantal angle. Angles of 90°, 180°, and 270° are three examples of quad-

rantal angles. They are by no means all the quadrantal angles that are possible, but we’ll get to
that in the next lesson.
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240°
\ *

1] v

A third quadrant angle.

The one angle remaining to be shown is a Q-lll angle (see above). A third quadrant (or Q-Ill) angle
is any angle with its terminal side being in the third quadrant. Because this angle was formed by a
counterclockwise rotation, it is positive.

Example Problems
These problems show the answers and solutions.

In which quadrant is the terminal side of a 95° angle in standard position?

answer: Il This also breaks with the style from CliffsStudySolver Geometry and
CliffsStudySolver Algebra.

Since the angle is in standard position, its initial side is on the x-axis to the right of the
origin. The y-axis forms a right (90°) angle with the initial side, so a 95° angle’s terminal
side must sweep past the vertical y-axis and into quadrant II.

In which quadrant is the terminal side of a —320° angle?

answer: |

Since the angle is in standard position, its initial side is on the x-axis to the right of the
origin. Since its sign is negative, its terminal side rotates clockwise past the y-axis at —90°,

on past the x-axis at —180°, past the y-axis again at —270°, and continues on another 50°
to terminate in the first quadrant. See the figure that follows.
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-300°

] v

A —320° angle.

What is the special name given to a right angle in standard position?
answer: quadrantal angle

A right angle in standard position will have its terminal side on the y-axis. That makes it a
quadrantal angle.

Coterminal Angles

Two angles that are in standard position and share a common terminal side are said to be coter-
minal angles. All of the angles in the following figure are coterminal with an angle of degree
measure of 45°. The arrow shows the direction and the number of rotations through which the
terminal side goes.

405°
45°

{ L
S N

Gﬁ
1N

Angles coterminal with 45°.
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All angles that are coterminal with an angle measuring d° may be represented by the following
equation:

d° +n - 360°

Example Problems
These problems show the answers and solutions.

Name four angles that are coterminal with 80°.
answer: -640°, -280°, 440°, 800°, . ..

Any angle coterminal with 80° must have a multiple of 360° added to it; according to the
formula d° + n - 360°, the following are some angles coterminal with 80°:

d° +n - 360° = 80° + (1)(360°) = 80° + 360° = 440°
d° +n - 360° = 80° + (2)(360°) = 80° + 720° = 800°
d° +n - 360° = 80° + (3)(360°) = 80° + 1080° = 1160°
d° +n - 360° = 80° + (4)(360°) = 80° + 1440° = 1520°

Of course, any number could have been substituted for n, and that means negative as well
as positive values, for example:

d® +n - 360° = 80° + (—1)(360°) = 80° — 360° = —280°
d® +n - 360° = 80° + (—2)(360°) = 80° — 720° = —640°
d® +n - 360° = 80° + (—3)(360°) = 80° — 1080° = —1000°
d® +n - 360° = 80° + (—4)(360°) = 80° — 1440° = —1360°
So, the answer is really the following:
Four angles coterminal with 80° are . . ., —640°, —280°, 80°, 440°, 800°, . ..

The angle 80° itself was included in the series so as not to break the pattern. Notice that
as you move from left to right, each angle measure is 360° greater than the one to its left.

Is an angle measuring 220° coterminal with an angle measuring 960°?
answer: No

If angles measuring 220° and 960° were coterminal, then

960° = 220° + n - 360°
740° = n - 360°

But 740° is not a multiple of 360°, so the angles cannot be coterminal.
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Work Problems

Use these problems to give yourself additional practice.

In which quadrant does the terminal side of an angle of degree measure 1200° fall?

In order for an angle to be a quadrantal angle, by what number must it be capable of
being divided?

What is the lowest possible positive degree measure for an angle that is coterminal with
an angle of —1770°?

In which quadrant does the terminal side of an angle of 990° degree measure fall?

Name two positive and two negative angles that are coterminal with an angle of degree
measure 135°.

Worked Solutions

Il First see how many times 360° can be subtracted or divided out of the total.
3 - 360° = 1080°
1200° - 1080° = 120°

A 120° angle is larger than 90° and less than 180°, and so its terminal side falls in the
second quadrant.

90 Quadrantal angles’ terminal sides fall on the axes. Therefore, no matter what the size
of the coterminal angle, it must be capable of being in the positions of 90°, 180°, 270°, or
0°. All are divisible by 90.

30° Just keep adding 360° until the sum goes from a negative to a positive value:
5-360° = 1800°

—1770° + 1800° = 30°

None It is quadrantal. 990° is two full revolutions from the starting position, and then an
additional 270°:

2 - 360° = 720°
990° — 720° = 270°
That places the terminal side on the y-axis, south of the origin (negative).

-585°, —225°, 495°, 855° Needless to say, there are an infinite number of other
solutions, each of which is determined by substituting into the expression: d° + n - 360°.



28 CliffsStudySolver Trigonometry

Trigonometric Functions of Acute Angles

The building blocks of trigonometry are based on the characteristics of similar triangles that were
first formulated by Euclid. He discovered that if two triangles have two angles of equal measure,
then the triangles are similar. In similar triangles, the ratios of the corresponding sides of one to
the other are all equal. Since all right triangles contain a 90° angle, proving two of them similar
only requires having one acute angle of one triangle equal in measure to one acute angle of the
second. Having established that, we easily find that in two similar right triangles, the ratio of
each side to another in one triangle is equal to the ratio between the two corresponding sides
of the other triangle. It is no long stretch from there to realize that this must be true of all similar
triangles. Those relationships led to the trigonometric ratios. It is customary to use lowercase
Greek letters to designate the angle measure of specific angles. It doesn’t matter which Greek
letter is used, but the most common are « (alpha), 8 (beta), ¢ (phi), and 6 (theta).

The trigonometric ratios that follow are based upon the following reference triangle, which is
drawn in two different ways.

3
C7 T
Cc o\e‘\\) 8.
a P z
©\,
[« %
(1)
0 LI : : L]
b adjacent side
@ (b)
Figures (a) and (b).

Both figures show the same triangle with sides a, b, and ¢, and with angle 6 at the left end of the
base. The difference is that in figure (b), the two legs are labeled with respect to £6. That is to
say, side a is marked as opposite to £, and side b is adjacent to £6. You might correctly argue
that side c is also adjacent to £6, but that side already has a name (you learned about this in
plane geometry). Being the side opposite the right angle, it’s the hypotenuse, hence it is the
nonhypotenuse adjacent side to £ that is assigned the name “adjacent.”

That leads us to the first three trigonometric functions:

. ... n_a_lengthof side opposite 6
The sine of fis: sinf=¢ = length of hypotenuse

length of side adjacent 8
length of hypotenuse

The cosine of @is: cosO = % =

a _ length of side opposite 6
b length of side adjacent

The tangent of @ is: tan0 =

In the early days of American history, way before the days of political correctness, some ambi-
tious trigonometry student in search of a mnemonic device by which to remember his or her
trigonometric ratios dreamed up the SOHCAHTOA Indian tribe, which today would be the
SOHCAHTOA tribe of Native Americans. SOHCAHTOA is an acronym for the basic trig ratios
and their components; that is:

Sin-Opposite/Hypotenuse-Cos-Adjacent/Hypotenuse-Tan-Opposite/Adjacent
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Keep in mind that as long as the angles remain the same, the ratios of their pairs of sides will
remain the same, regardless of how big or small they are in length. The trigonometric ratios
in right triangles depend exclusively on the angle measurements of the triangles and have no
dependence on the lengths of their sides.

Example Problems
These problems show the answers and solutions. All refer to the following figure.

B
«©
° 3cm
.

¢ 3vV3 cm v
Find the sine of o.
answer: 0.5

. . . opposite . . .

The sin ratio is hypotenuse 3 am is the length of the side opposite £, and the

hypotenuse is 6 cm.

=31
So, sin = 6=2 =0.5.

Find cosp.

answer: 0.5

adjacent
hypotenuse’
hypotenuse is 6 cm.
1

So, cosf3 = % =>=05.

The cos ratio is 3 am is the length of the side adjacent £f3, and the

Find tanp.

answer: /§

opposite

adjacent” 3 1/3 cm is the length of the side opposite £, and its

3.5

The tan ratio is

adjacent side is 3 cm. So, tanf3 =

Reciprocal Trigonometric Functions

The three remaining trigonometric ratios are the reciprocals of the first three. You may think of
them as the first three turned upside down, or what you must multiply the first three by in order to
get a product of 1. The reciprocal of the sine is cosecant, abbreviated csc. Secant is the reciprocal
of cosine and is abbreviated sec. Finally, cotangent, abbreviated cot, is the reciprocal of tangent.
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apis aysoddo

b adjacent side

(@ (b)

Models for reciprocal trigonometric ratios.

. _c _ _ length of hypotenuse
The cosecant of fis: csc0=3 = length of side opposite 0

length of hypotenuse
length of side adjacent 0

The secant of @ is: secO = % =

. _ b _ length of side adjacent 6
The cotangent of fis: cot@ =3 = length of side opposite

There is no SOHCAHTOA tribe here to help out, but you shouldn’t need one. Just
remember the pairings, find the right combination for its reciprocal (that is for secant;
remember it pairs with cosine), and flip it over.

Example Problems

These problems show the answers and solutions. All problems refer to the following figure.

0 .
6in.

8in.

Model for example problems.

Find csc¢.

answer: 1.25

= length of hypotenuse 10 _

~ length of side opposite¢p 8 1.25

Find secé.

answer: 1.25

_ _length of hypotenuse 10 _
sec= length of side adjacent® 8 1.25
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Find cot®.

answer: 1.33

_ length of side adjacentf _ 8 _
cotf = length of side opposite® 6 1.33

Work Problems

Use these problems to give yourself additional practice.

An angle has a sine of 0.3.
What other function’s value can you determine?

What is that value?

An angle has a cosine of 0.6.
What other function’s value can you determine?

What is that value?

An angle has a tangent of 2.5.
What other function’s value can you determine?

What is that value?

An angle has a secant of 1.8.
What other function’s value can you determine?

What is that value?

An angle has a cosecant of 5.3.
What other function’s value can you determine?
What is that value?

Worked Solutions

cosecant, 3.33 Sine’s reciprocal function is cosecant. It is the reciprocal of sine; that is,

cscO= L but you know that the value of sin is 0.3, therefore cscO = L.
sin@ 0.3

Divide 1 by 0.3, and you get 3.33 (rounding to the hundredths).

secant, 1.67 Cosine’s reciprocal function is secant. Since it’s the reciprocal of cosine,

__1 : _ 1
secO = “os@’ butyou were given the cos as 0.6, therefore secO = 0.6

Divide 1 by 0.6 to find a rounded value of 1.67.

cotangent, 0.4 Tangent's reciprocal function is cotangent. It is the reciprocal of tangent,
1

__1 ; - - L
so cotf = tan@’ DUt you were given tan = 2.5, so cotf = 55

Divide 1 by 2.5 and get 0.4.
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cosine, 0.56 Since secant’s reciprocal function is cosine, cosf = ﬁ, but you know
that the value of sec is 1.8; therefore cos6 = % Divide 1 by 1.8, and you get 0.56
(rounding to the hundredths). )

sine, 0.19 Since cosecant’s reciprocal function is sine, sin0 = ﬁ but you know that
the value of csc is 5.3; therefore sin0 = %

Divide 1 by 5.3, and you'll get 0.188, which you’ll round to 0.19.

Introducing Trigonometric Identities

When trigonometric functions of an angle¢ are related in an equation, and that equation is true
for all values of ¢, then the equation is known as a trigonometric identity. The following trigono-
metric identities can be constructed from the trigonometric ratios that you just reviewed.

-
0 b

Triangle referenced by identities below.

Referring to the above figure, since sing =2, cos¢ = % and tan¢ = % it follows that

sing &

= -C
tamp_cosgb_g'
C
The second part of which you can simplify like this: % . % = % . % = %
. . . _ sing
Which serves to prove the identity: tan¢ = cos ¢
cos¢

You could also prove the identity: cot¢ = sing
These two identities are extremely useful and should be memorized. There’s a third very handy
identity, but first, you must become familiar with some conventional notation. The symbol (sinf)*
and sin’6 mean the same thing and may be used interchangeably. With that in mind, the third
identity referred to is sin’¢ + cos’¢ = 1. If you would like to see that proven, refer to the previ-
ous figure and the Pythagorean theorem, stated as a” + b* = .
2 b 2 2 bz
sinz¢+cosz¢:<%> +(E> :% +o

. a’+b’
You can add the two fractions to get =———.
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But you already know that a* + b* = ¢?, so you substitute in the numerator and simplify:

Therefore, sin’¢ + cos’¢ = 1.

The importance of these three identities cannot be over-stressed. You will deal much more
extensively with identities in the fourth chapter, but for now, try to learn these three.

Example Problems

These problems show the answers and solutions. Where applicable, round each answer to the
nearest thousandth.

Find the sin and tangent of ZA if A is an acute angle (0° < A < 90°) and cosA = cos A = %

answer: 0.980, 4.9
Since sin’¢ + cos’¢ =1, then sin’A + cos’A =1.
2

Substitute: sin A + (%) =1
Square and subtract from both sides: sinA=1- %

. in? = 24
Subtract: sin®A = 25
Take the square root of both sides: sind = % =0.980
Next, find the tangent using what you just found: cosA = tanA = % and

_1_
cosA = 5=0.2.

Substituting, you find that tan/A = % =49.

Find the cos and tangent of Z¢ if ¢ is an acute angle (O < ¢ < 90°) and sing = 0.867.
answer: 0.498, 1.741

First, use the identity sin’¢ + cos’¢ = 1 to find cos¢.

Substitute: (0.867)*+ cos’¢ =1

Subtract (0.867)” from both sides: ~ cos’¢ = 1 — (0.867)*

Square the quantity in parentheses: cos’¢ = 1 — 0.752

Subtract 0.752 from 1: cos’¢ = 0.248

Take the square root of both sides: cos¢ = 0.498

Now, solve for the tangent.
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First write the relevant identity: tan¢g =

Substitute for sin and cos: tan¢ =

And divide: tan¢ =

CliffsStudySolver Trigonometry

sing
cos¢

0.867
0.498

0.741

Find the sin of Z@if @ is an acute angle (0 < 6 < 90°), tanf = 1.192, and cos¢ = 0.643.

answer: 0.766
This time, you only need:

Substitute what you know:

Now multiply both sides by 0.643: (0.

Reversing the results, you get:

Trigonometric Cofunctions

_ sinf
tan 6 = cos@
sin@
1.192 = 5613
sin@
643)(1.192) = (o.s 43>(0.643)
sin = 0.766.

Trigonometric functions are often considered in pairs, known as cofunctions. Sine and cosine are
cofunctions. So are secant and cosecant. The final pair of cofunctions are tangent and cotangent.
From the right triangle ABC, the following identities can be seen:

sinA = % =cosB
secA = % =cscB

a

sinB= % = CcosA
_C _
secB= 7 =cscA

b

tanA = b= cotB tanB = 7 = cotA
B
C
a
ctl N

b

Reference triangle for cofunctions.

To refresh your memory, all three angles of a triangle are supplementary (sum to 180°), and angles
that sum to 90° are known as complementary. Since one of the three angles in a right triangle
measures 90°, the sum of the remaining acute angles must be complementary. Refer to the above
reference triangle to confirm the following relationships:

sin@ = cos (90° —0)
secB = csc (90°—-6)
tan6 = cot (90°-0)

cosO = sin (90°—-0)
csc 0 = sec (90°—-0)
cot 0 = tan (90°-6)
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Two Special Triangles

The figure below shows an isosceles right triangle with each leg having a length of 1. Can you
figure out the measure of angle X?

z

An isosceles right triangle.

That last question was intended as a joke, since in any isosceles triangle, the angles opposite the
equal legs are always equal in measure. What is different, however, is that in an isosceles right
triangle, the acute angles always measure 45°. That’s because they must be both complemen-
tary and equal. What is also different in an isosceles right triangle is that the hypotenuse always
has the same relationship to the legs. That relationship, of course, may be found using the
Pythagorean theorem.

In this case: Z=x+y*
Substituting: Z=1"+17
Squaring and adding: z°=2
Therefore: z= ﬁ

All right, you already knew that, because it shows that in the above figure, but what if instead of 1,
x and y had been 2?

Substituting: Z=2+2"
Squaring and adding: z°=8

Therefore: z= ‘/§=,/4-2 :Zﬁ

Do you see the pattern yet? Try one more, just to make sure. This time, let x and y be 5.

Substituting: zZ'=54+5"
Squaring and adding: z°= 50

Therefore: z= 1/% =/25-2=5 ﬁ

To sum it all up, when dealing with an isosceles right triangle, the hypotenuse is always the
length of the leg times the square root of 2.
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The 30-60-90 right triangle.

Students and teachers of trigonometry are quite fond of a second special right triangle. That’s
the one with acute angles of 30° and 60°, or as it’s often referred to, the 30-60-90 right triangle.
The relationship among the sides are spelled out in the above figure. Notice that the side oppo-

site the 30° angle is half the length of the hypotenuse, and the length of the side opposite the
60° angle is half the hypotenuse times the square root of three.

From the two special triangles, you can compile a table of frequently used trigonometric functions.

Table of Trigonometric Ratios for 30°, 45°, and 60° Angles

0 sin6 cos6 secO csco tan6 coto
30° /3 243 gg 2 @ /3

2
2 5

45°

60°

N[ N‘h =

Py
w‘}, -

/2
23
3

Example Problems
These problems show the answers and solutions.

One leg of an isosceles right triangle is 4 cm long.
How long is the other leg?

How long is the hypotenuse?

answer: 4 cm, 4 ﬁ

For part a, both legs of an isosceles right triangle are the same length. As for part b, you

have seen that the hypotenuse of an isosceles right triangle is equal in length to a side
times the square root of two.

The shortest leg of a 30-60-90 triangle is 5 inches long.
How long is the other leg?

How long is the hypotenuse?

answer: 5/5, 10 in.
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It might be simpler to find the answer to part b first. In a 30-60-90 triangle, the shortest
side is the one opposite the smallest angle, that is, the one opposite 30°. That side is half
the length of the hypotenuse, so the hypotenuse must be twice the length of that side, or
10 in. Finally, the side opposite the 60° angle (the other leg) is half the hypotenuse times
the square root of three.

In triangle ABC, with right angle at B, the cosine of ZA is % What is the sine ZC?

answer: 11—1

The cofunction identities tell us that in a given right triangle, the sine of one acute angle is
the cosine of the other.

Work Problems

Use these problems to give yourself additional practice.

In triangle ABC, with right angle at B, the cosine of ZA is % What are the sine of ZA and
the tangent of ZA?

One leg of an isosceles right triangle is 8 cm long. What is the length of the hypotenuse?

The hypotenuse of a 30-60-90 triangle is 10 inches long. The shorter leg of the triangle is
a, and the longer b. Find the lengths of a and b.

In triangle PQR, with right angle at P, the sine of ZQ is 0.235. What is the tangent of ZR?

Worked Solutions
4 4
5’3
Remember: sin” A+cos’ A= 1
2
Therefore: sin® A+ (%) =1
Square and subtract from both sides: sinA=1- %
Make 1 an equivalent fraction: sinfA=22 -2
4 ' 25725
: in2 A =16
Subtract: sin“A= 25
Now get the square root of both sides: sinA = %
. . _ sinA
As for tangent, use the ratio identity: tanA = COSA
4
Substitute: tanA = %
5
. . T _4.5
Rewrite as a reciprocal multiplication: tanA = 5 X3
The 5s cancel, so you get: tanA = % X % = %
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8 ﬁ cm  You learned in the “Two Special Triangles” section that the hypotenuse of an
isosceles right triangle is equal to the length of a side times the square root of two. If you
did not recall that, then use the Pythagorean theorem, which in the case of an isosceles
right triangle may be written

c’= a*+ a’ (Remember, both legs are equal.)

Substitute: c*= 8+ &

Square and add: = 64+ 64 = 128

Solve forc: ¢=8 ﬁ

5 inches, 5,/3 inches In a 30-60-90 triangle, the shorter leg is opposite the 30° angle
and is half the length of the hypotenuse. Half of 10 inches is 5 inches. The longer leg is
opposite the 60° angle and is equal to half the hypotenuse times the square root of 3.
That’s 5/5 inches.

17.67 The sine of £Q is 0.235, but you want the tangent of ZR, so you’ll use sine’s
cofunction, cosZR= 0.235. Next, you need to find sinZR so that you may relate sin and
cos with the tangent identity.

First write the equation: sin’R + cos’R = 1

Next, substitute: sin’R + (0.235)* = 1

Clear the parentheses:  sin’R + 0.055 = 1

Collect the constants: sin’R = 1 — 0.055
Subtract: sin’R = 0.945
Solve for sinR: sinR = 0.972
Now for the tangent identity: tanR = cscl)r;ll?a
Substitute: tanR = %
And divide: tanR=17.67

Functions of General Angles

When an acute angle is written in standard position, it is always in the first quadrant, and there,

all trigonometric functions exist and are positive. This is not true, however, of angles in general.
Some of the six trigonometric functions are undefined for quadrantal angles, and some have
negative values in certain quadrants. In standard position, an angle is considered to have its

starting position in quadrant | on the x-axis and its terminal side in or between one of the four
quadrants.

Consider the angle, ¢ in the following figure. Point P is on the terminal side of the angle, r, and

has coordinates (x, y). The radius of the circle is 1.
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A unit circle (r=1).

<

Look it over carefully, and you’ll see that sing = y, cos¢ = x, and tan¢ = 5.

sing

This is a tangible proof of the tan¢ = cos ratio identity.

Alas, not all standard angles terminate in the first quadrant. Look at these three angles:

P(-x,y)
r

<o by

(@ (b) ()

Angles terminating in quadrants other than I: (a) Angle terminating in II;
(b) Angle terminating in lll; (c) Angle terminating in IV

In all four quadrants, the value of r is positive. In quadrant Il, only sine is positive (% , while

cosine (%) and tangent (%) are negative. Cosecant, secant, and tangent will always have the

same signs as their inverses. We leave it to you to figure out what functions are positive or nega-
tive in quadrants Il and IV, and why.

To help in the future, there’s a little mnemonic scheme you might want to remember, and it’s
represented in the following figure.
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Clockwise ACTS, or counter CAST.

You may remember this as being the word “CAST” reading counterclockwise and beginning in
quadrant IV, or “ACTS” reading clockwise from quadrant I. The letters tell you which ratio (and
its inverse) is positive in that quadrant: “C” for cosine in IV, “T” for tangent in Ill, “S” for sine in Il,
and “A” for all in .

Should Z¢ be a quadrantal angle, then either x or y may be equal to 0. If that O is in the numer-
ator, then the trigonometric ratio will have a value of O, but if it’s in the denominator, the ratio is
undefined. Yet other times, the ratio equals 1. That’s shown in the following table.

Trigonometric Ratios for Quadrantal Angles

0° 0 1 0 1 - -
90° 1 0 — — 1 0
180° 0 -1 0 -1 — —
270° -1 0 - - -1 o

Example Problems
These problems show the answers and solutions.

What is the sign of tan 230°?

answer: positive

Refer to the previous figure. 230° falls in quadrant Ill, where tangent is positive.
What is the sign of sin 300°?

answer: negative

Refer to the previous figure. 300° falls in quadrant IV, where sine is negative.
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What is the sign of sec 320°?
answer: positive

Secant is the reciprocal of cosine. 320° falls in quadrant IV, where cosine is positive, so
secant must also be positive in that quadrant.

Reference Angles

The trigonometric functions of nonacute angles may be converted so that they correspond to the
functions of acute angles. See the following figure.

P(-x,y)
r

P

180° — o = reference £ .
o is a second quadrant angle in standard position. By subtracting Zo from 180°, you get the
acute reference angle, Z3. You can now find the trigonometric ratios using the reference angle,

but bear in mind that since the original angle terminated in the second quadrant, all of the ratios
will be negative except for sine and cosecant.

sinﬁ:% cosf="% tanﬁz%

To find cosecant, secant, and cotangent, just flip over the three preceding ratios.

R

\‘B 0 x
.

P(-x,-y)

o— 180° = reference£.
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In the third quadrant, reference Zf is found by subtracting 180° from ¢, as shown in the previ-
ous figure.

sinﬁz% cosfB="% tanﬁ:%

T
N

P(x,-y)

360° — o = reference Z.

In quadrant IV, Zf is found by subtracting o from 360°.

sinf3 = % cosfB=% tanf3 = %

Notice that the reference angle always sits above or below the x-axis.

Example Problems
These problems show the answers and solutions.

What is the cosine of 150°?

/3

answer: —0.867 or — 2

To find the reference angle, subtract 150° from 180°. That's a 30° angle. In a 30-60-90
triangle of hypotenuse 2, the side opposite the 30° angle is 1, and the side opposite the

/3

60° angle is /5 That makes cos30° = 5 but cosine is negative in the second quadrant.
/3 ~ 1.732, hence the two possible answers.

What is the sine of 225°?

J2

answer: -0.707 or — 2

To find a quadrant Il reference angle, subtract 180°. 225° — 180° = 45°. When you studied

an isosceles right triangle, you found both sin and cos45° = ﬁ which you rationalize by



Chapter 1: Trigonometric Ideas 43

/2 /2

multiplying it by ﬁ thus getting 5 It’s considered poor form to leave a radical in the

denominator. ;/2 ~ 1.414, so half of it is 0.707, but since sine is negative in the third
quadrant, the solution is negative.

Find the tangent of 300°.
answer: —1.732 or —/3

The angle is in quadrant IV, so subtract it from 360°. 360° — 300" = 60°. Refer back to

solution 1, to find that the tan60° = T3 = ‘/3 In quadrant IV, tan is negative, hence the
answers shown.

Squiggly versus Straight

We presume that you noticed the squiggly equal signs used in the explanations of example
problems 1 and 2. Mathematicians use that symbol to indicate that one quantity is a close ap-
proximation of another.

For example, /5 is easily shown on a calculator to equal 1.732050808, and then some, so
mathematicians would much prefer to write /3 ~ 1.732 than /3 =1.732.

On the other hand, a mathematician would never write 5 + 7 = 12. In fact, 5 + 7 = 12, with no
approximating or rounding involved. The squiggly equal sign is also likely to be used when the
numbers are readings from scientific instruments, which only approximate true conditions.

Work Problems

Use these problems to give yourself additional practice.

A 135° angle is angle in standard position. What is its cosecant?
Find the cotangent of a 240° angle in standard position.

What is the sine of a 675° angle in standard position?

Find the secant of a 330° angle in standard position.

Angle y is in standard position, and its terminal side passes through the point with
coordinates (—12,5). Find all six of its trigonometric functions.

If sin@ = % and cos@ is negative, what are the values of the five remaining trigonometric
functions?
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Worked Solutions
/2 or 1.414  The reference angle for 135° is 45°. If necessary, refer back to the figure on

p- 35 (“An isosceles right triangle”), where you'll find that csc 45° is TZ which, of course,
is simply ﬁ .

Since sine is positive in the second quadrant, so is cosecant.

é or 0.577 To find the reference angle, subtract 180°. That makes 60°. Next,

if necessary, look back at the figure on p. 36 (“The 30-60-90 right triangle”).

cot60’ = ﬁ which you rationalize: ﬁ . % = é

Finally, consider that the angle originally terminated in Q-III (third quadrant), where
tangent, and therefore, cotangent, is positive.

—4 or —.707 G675° goes one full 360° turn, and then 45° less than another one. That
makes it a 45° angle in Q-1V, just below the x-axis. sin 45°, as you may recall from the
figure on p. 35 (“An isosceles right triangle”) or the table on p. 36 (Table of Trigonometric
Ratios for 30°, 45°, and 60° Angles), 2@. Sine is not positive in Q-1V, so the answer will
be negative.

2,/3

—— or 1.155 Subtract from 360°, and you find that this is a 30° angle in Q-IV.

3
2/3

Secant 30° is 3 Since cosine is positive in Q-1V, so is secant.

Since the angle’s terminal side passes through (—=12, 5), build a right triangle about that
point in Q-II, with the angle to be dealt with at the origin. The side opposite that angle
is the y-coordinate, 5. The adjacent side of the triangle is the absolute value of the
x-coordinate, |- 12|=12. To find the hypotenuse of the triangle, you can either use the
Pythagorean theorem, or remember the Pythagorean triple, 5-12-13. Either way, the
hypotenuse has a length of 13. So, take care to remember that the terminal side of the
angle is in Q-II, where only sine and its reciprocal, cosecant, are positive. With that in
mind, you find:

sinx=%, cosy = —%, tany = —%, csc)(=%3, secy = —}—%, and coty = —%2

Since sin6 = iand cos0 is negative, the angle must be in the second quadrant; since
in Q-1, cosine would have been positive, and sine is positive in Q-IIl and Q-IV. The
hypotenuse of the triangle must be 5, and the opposite side 4 (from the sine), which
makes the adjacent side 3, either by the Pythagorean theorem, or by remembering the

Pythagorean triple, 3-4-5. So, cos0 = —% and tanf = —%, cscO = % secO = —%, and
cotf = —%.

Trig Tables versus Calculators

We’'ve already taken note of the fact that the trigonometric ratios depend only on the value of
the angle measure and are independent of the size of the triangle’s sides. You would think that
somebody would write down those values for each degree of measure. It should come as no
surprise then, that somebody has. You'll find a table of trigonometric ratios in the back of this
book, beginning on p. 297. In order to read the value of a trigonometric ratio for a certain angle,
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you move one finger down the column that says the name of the ratio you're looking for at the
top, while moving your eyes down the angle values on the left until you find the one for which
you're looking. Then move them across to the proper column. Where your eyes and finger meet
should be the value you want. The tables show values for all six trigonometric functions in incre-
ments of 1°.

Now all of the angles we’ve spoken about so far have been in degrees, but the degree is not the
smallest unit of angle measure. Just like that other round thing we’re used to seeing on a wall,
degrees can be broken down into minutes. There are, in fact, 60 minutes in one degree, and, in
turn, 60 seconds in one minute. What that means is that it is possible to break the degree mea-
surement of a circle into 360 x 60 X 60 = 1,296,000 parts. All of those parts are not especially
useful or accurate when dealing with the small circles in this book or on your graph paper, but
consider how handy they can be when describing the location on a three-dimensional circular
object, like the earth.

In addition to the traditional subdivisions mentioned in the last paragraph, degrees are also capa-
ble of being subdivided into decimal parts, like 33.5°, 40.75°, or even 27.625°. There is really no
limit to the number of decimal places to which an angle’s size may be carried out, although after
the sixth, one might start to become a bit suspicious about how accurately that quantity was mea-
sured. It is also true, however, that scientific measuring techniques are continually being refined.

That brings us to scientific calculators. Scientific calculators have the capacity to calculate at least
the three fundamental trigonometric functions: sine, cosine, and tangent. The method in which
the data is entered varies from brand to brand, but for the most part, you press the button that
names the ratio you want to find, enter the number of degrees and any decimal portion that may
follow, and press <Enter> to display the ratio. Most calculators do not provide cosecant, secant,
or cotangent keys, however. In order to find the cosecant of, say 30°, you would first press the
<SIN> button, type 30, and press <Enter>. The screen now displays 0.5. Next, clear the screen
or add the answer to memory and clear the screen. Next type 1+, or 1/ depending upon how
your calculator is labeled; they mean the same thing. Then either press your <RECALL> key or
key in .5. Finally, press <Enter>. The screen will show 2, the cosecant of 30°. That’s because, as
you’ll hopefully recall, cosecant and sine are inverse functions:

[<t-g)

When using a table of trigonometric functions, it’s possible to look at the function and see what
the angle is. Go ahead. Look at the sines in the table on p. 297 (Trig Functions Table) and find
the angle whose sine is 0.423. Go ahead, really do it. We'll wait. Well, if you actually went and
looked under the sin column and found the value 0.423, you would have found that it belongs
to the angle, 25°. You can’t do the same thing with a calculator. Instead, you have to use the
functions arcsin, arccos, and arctan, which are also written sin™', cos™', and tan™'. That means,
the expression sinf = 0.5 may be written as sin"'0 = 0.5 or arcsinf = 0.5. Sometimes, it is
referred to as “the inverse sine of 0.5.” In any of those cases, the expression is used if the
trigonometric ratio is known, and the angle that it belongs to is being sought. In the last case,
when sin”'6 = 0.5, then 6 = 30°.

Calculators handle arcsine in different ways. On some, you push an <arc> button and then press
the appropriate trig ratio. On others, you must press the <2nd function> button and then press
the appropriate trig ratio button.

Interpolation

Most trigonometric functions, whether listed in tables or found on calculators, are approxima-
tions. Nevertheless, every effort possible is made to get the numbers as close as possible to the
actual value. Bearing that in mind, if you're using tables that give values to the nearest degree,
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and you need the cosine of a fractional angle, say 30.6°, you're going to need a way to find a
value that is more accurate than 0.8660, the cosine for 30°. The method for approximating the
closer value is known as interpolation. It works like this:
c0s30° > c0s30.6° > cos31° (which means cos30.6° is between cos30° and cos31°)
cos 30° = 0.8660, cos 31° = 0.8572.
The difference between them is 0.8660 — 0.8572 = 0.0088.

30.6°is 0.6, or % of the way between the two angles, so cos 30.6° should be 0.6 of the difference
between the two cosines less than cos 30°: 0.0088 x 0.6 = 0.0053.

Since cos 31° is lower than cos 30°, subtract from cos 30°:

0.8660 — 0.0053 = 0.8607

.. cos 30.6° = 0.8607 (The symbol ... means “therefore.”)

Let’s try one more of those, so that you have a chance to see both possible scenarios. This time,
find the sine of 42.3°.

42° < 42.3° < 43°
sin 42° = 0.6691, sin 43° = 0.6820.
The difference between them is 0. 6820 — 0.6691 = 0.0129.

42.3°is 0.3, or % of the way between the two angles, so sin 42.3° should be 0.3 of the difference
between the two sines greater than sin 42°: 0.0129 x 0.3 = 0.0039.

Since sin 42° is lower than sin 43° add to sin 42°:

0.6691 + .0039 = 0.6730
.. sin 42.3° = 0.6730

Interpolation may also be used to approximate the size of an angle to the nearest tenth of a
degree. Suppose that you have sinf = 0.9690, and you know that sin 75° = 0.9659 and
sin 76° = 0.9702.

sin75° = 0.9659 0.0031
1.0 singy =0.9690(
sin76° =0.9702

0.0043( x = the difference)

Now, we’ll use the variable x to set up a proportion:

_x__0.0031
1.0 0.0043
0.0043x = 0.0031
= 0.0031
0.0043

x=0.7

s ¢=75°+0.7° = 75.7°



Chapter 1: Trigonometric Ideas 47

Example Problems

These problems show the answers and solutions. Use the tables that begin on p. 297. Do not
use a calculator.

How many seconds are there in a 5° angle?

answer: 18,000

There are 60 minutes in one degree, and 60 seconds in each of those minutes.
That’s for one degree: 60 x 60 = 3600

For 5 degrees, multiply it by 5: 5 x 3600 = 18,000

Find tan 46.8° to the nearest ten thousandth (four decimal places).

answer: 1.0650

46° < 46.8° < 47°

tan 46° = 1.0355, tan 47° = 1.0724

The difference between them is 1.0724 — 1.0355 = 0.0369

46.8°is 0.8, or % of the way between the two angles, so tan 46.8° should be 0.8 of the

difference between the two tans greater than tan 46°: 0.0369 x 0.8 = 0.0295.

Since tan 46° is lower than tan 47° add to tan 46°:
1.0355 + .0295 = 1.0650
.. tan 46.8° = 1.0650

For what acute angle does cosine have a value of 0.7826 if cos 38° = 0.7880 and
cos 39° =0.7771?

answer: 38.5°

cos75°=0.7880 0.0051
1.0%] cos¢p=0.7826[""
cos76°=0.7771

0.0109( x = the difference)

Now, we’ll use the variable x to set up a proportion:

x =05
o ¢ =38°+0.5° = 38.5°
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Work Problems

Use these problems to give yourself additional practice.

How many seconds are there in a 30° angle?

Find sin 35.7° to the nearest ten thousandth (four decimal places).
Find tan 61.3° to the nearest ten thousandth (four decimal places).
What is the secant of a 765° angle in standard position?

For what acute angle does sine have a value of 0.4602 if sin 27° = 0.4540 and
sin 28° = 0.4695?

Worked Solutions

108,000 60 seconds per minute X 60 minutes per hour x 30 degrees gives

60 x 60 x 30 = 108,000

0.5835 35° < 35.7° < 36°

sin 35° = 0.5736, sin 36° = 0.5878.

The difference between them is 0.5878 — 0.5736 = 0.0142.
7

35.7°is 0.7, or 10 of the way between the two angles, so sin 35.7° should be 0.7 of the

difference between the two sines greater than sin 35°: 0.0142 x 0.7 = 0.0099.

Since sin 35° is lower than sin 36° add to sin 35°:

0.5736 + .0099 = 0.5835
.. sin 35.7° = 0.5835

1.8270 61° <61.3° <62°
tan 61° = 1.8040, tan 62° = 1.8807.
The difference between them is 1.8807 — 1.8040 = 0.0767.

61.3°is 0.3, or % of the way between the two angles, so sin 61.3° should be 0.3 of the
difference between the two tans greater than tan 61°: 0.0767 x 0.3 = 0.0230.

Since tan 61° is lower than tan 62° add to tan 61°:

1.8040 + .0230 = 1.827
s tan 61.3° =1.827
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1.4142 First of all, a 765° angle is a 45° angle after the two full rotations are removed.
Secant is the inverse of cosine, so find cos 45° = .7071

Then make the fraction 0. 71071 and divide 1 + 0.7071 = 1.4142.

/2

Alternately, you could have recalled that cos45° = “5 50 sec45’ =

s

You can rationalize the denominator by multiplying to get /— ? Z ‘/_ ﬁ or 1.4142

sin27° =0.4540 o
274° 10)°] sin6=0.4602
sin28° = 0.4695

2
0.0155( x = the difference)

Now, you’ll use the variable x to set up a proportion:

x__0.0062

1.0 0.0155
0.0155x = 0.0062

_ 0.0062
0.0155

x=04

5.0=27°+0.4°=274°

Chapter Problems and Solutions

Problems

Solve these problems for more practice applying the skills from this chapter. Worked out solu-
tions follow the problems.

In which quadrant is the terminal side of a 105° angle in standard position?
What is the special name given to a straight angle in standard position?
Is an angle measuring 245° coterminal with an angle measuring 975°?

In order for an angle to be a quadrantal angle, by what number must it be capable of
being divided?

In which quadrant does the terminal side of an angle of 1260° degree measure fall?
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B
o))
© 5am
.
“ 5V3 cm !
Problems 6-7 refer to the above figure.
Find the sin of ¢.
Find tanp.
0
0.
8in. &
-
6in. ¢

Problem 8 refers to the above figure.

Find secé.

An angle has a sine of 0.4. What is the value of its cosecant?

An angle has a tangent of 2.5. What is the value of its cotangent?

An angle has a cosecant of 3.8. What is the value of its sine?

Find the cos and tangent of £¢ if ¢ is an acute angle (0 < ¢ < 90°), and sin¢ = 0.7660.

One leg of an isosceles right triangle is 8 cm long.
How long is the other leg?

How long is the hypotenuse?

In triangle ABC, with right angle at B, the cosine of ZA is % What is the sin ZC?
One leg of an isosceles right triangle is 12 in. long. What is the length of the hypotenuse?

In triangle PQR, with right angle at P, the sine of ZQ is 0.235. What is the tangent of ZR?
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What is the sign (positive or negative) of sin 290°?
What is the cosine of 240°?

Find the tangent of 330°.

Find the cotangent of a 240° angle in standard position.
Find the secant of a 300° angle in standard position.

If0= % and cos@ is negative, what are the values of the five remaining trigonometric
functions?

Use the tables that begin on p. 297. Do not use a calculator.
Find tan 40.3° to the nearest ten thousandth (four decimal places).
Find sin 71.8° to the nearest ten thousandth (four decimal places).

For what acute angle does sine have a value of 0.5793 if sin 35° = 0.5736 and
sin 36° = 0.5878?

Answers and Solutions

Answer: Il Since the angle is in standard position, its initial side is on the x-axis to the
right of the origin. the y-axis forms a right (90°) angle with the initial side, so a 105°
angle’s terminal side must sweep past the vertical and into quadrant II.

Answer: quadrantal A straight angle in standard position will have its terminal side on
the x-axis. That makes it a quadrantal angle.

Answer: no If angles measuring 245° and 975° were coterminal, then

975° = 245° + n - 360°

730° = n - 360°

But 730° is not a multiple of 360°, so the angles cannot be coterminal.

Answer: 90 A quadrantal angles’ terminal side falls on an axis. Therefore, no matter
what the size of the coterminal angle, it must be capable of being in the positions of 90°,

180°, 270°, or 0°. All are divisible by 90.

Answer: None It is quadrantal. 1260° is three full revolutions from the starting position,
and then an additional 180°:

3 - 360° = 1080°
1260° — 1080° = 180°

That places the terminal side on the x-axis, left of the origin (negative).



52

CliffsStudySolver Trigonometry

opposite

Answer: 0.5 The sin ratio is Wenuse'

5 cm is the length of the side opposite L,

and the hypotenuse is 10 cm. So, sino = % = % =0.5.

opposite

Answer: /3 The tan ratio is adjacent’

5 /3 cm is the length of the side opposite /f, and its adjacent side is 5 cm. So,
tanf = # = /3.

_ _length of hypotenuse _ 10 _
sect) = length of side adjacent® 8 1.25

Answer: 1.25

Answer: 2.5 Cosecant is the reciprocal of sine; that is, csc6 = ﬁ but you know that

the value of sin is 0.4; therefore cscO = ﬁ

Divide 1 by 0.4, and you get 2.5.

1
tan@’

Answer: 0.4 Cotangent is the reciprocal function of tangent, so cot =

were given tan = 2.5, so cotf = %

but you

Divide 1 by 2.5 and get 0.4.
Answer: 0.2632 Sine is cosecant’s reciprocal function, sinf = ﬁ but you know that

the value of csc is 3.8; therefore, sinf = %

Divide 1 by 3.8, and you'll get 0.263157895, which you’ll round to 0.2632.
Answer: 0.6307, 1.2304 First, use the identity sin’¢ + cos’¢ = 1 to find cos ¢.

Substitute: (0.776)* + cos’¢ = 1

Subtract (0.776)* from both sides:
Square the quantity in parentheses:
Subtract 0.6022 from 1:

Take the square root of both sides:

Now, for the tangent.

cos’¢=1-(0.776)*
cos’¢=1—-0.6022
cos’¢ = 0.3978

cos’¢ = 0.6307

i i . . _ sing
First, write the relevant identity: ~ tan¢ = osd
Substitute for sin and cos: tan¢ = 82289
And divide: tan¢ = 1.2304

Answer: 8 cm, 8 \/E cm

For part a, both legs of an isosceles right triangle are the same length. As for part b, you
have seen that the hypotenuse of an isosceles right triangle is equal in length to a side times
the square root of two, but if you forgot that there’s always the Pythagorean theorem.
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A
Answer: 8

The cofunction identities tell us that in a given right triangle, the sine of one acute angle is
the cosine of the other.

Answer: IZﬁ in.

In the section “Two Special Triangles,” the hypotenuse of an isosceles right triangle is
equal to the length of a side times the square root of 2. If you did not recall that, then use
the Pythagorean theorem, which—in the case of an isosceles right triangle—may be
written ¢’ = a*+a” (remember, both legs are equal).

Substitute: F=122+12°

Square and add: ¢* = 144 + 144 = 288

Solve for c: c=12 ﬁ

Answer: 2.4029 The sine of ZQ is 0.3842, but you want the tangent of ZR, so you'll
use sine’s cofunction, cosZR = 0.3842. Next, you need to find sin ZR so that you may
relate sin and cos with the tangent identity.

First write the equation:  sin’R + cos’R = 1

Next, substitute: sin’R + (0.3842)* = 1

Clear the parentheses: sin’R + 0.1476 = 1

Collect the constants: sin’R=1-0.1476
Subtract: sin’R = 0.8524
Solve for sinR sinR = 0.9232
Now for the tangent identity: tanR= sg;l;{
Substitute: tanR= ggéi%

And divide: tanR=2.4029

Answer: negative 290° falls in quadrant IV, where sine is negative. You may want to
refer to the figure on p. 40 (Clockwise ACTS, or counter CAST).

1
Answer: -

To find the reference angle, subtract 180° from 240°. That’s a 60° angle. In a 30-60-90
triangle of hypotenuse 2, the side opposite the 30° angle is 1, and the side opposite the
60° angle is /3. That makes cos 60° = % but cosine is negative in the third quadrant, so

the answer is —%.
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/3

Answer: — 3

The angle is in quadrant IV, so subtract it from 360°.

360° — 330° = 30°. Refer back to the 30-60-90 triangle to find the tan 30° = ﬁ = @

In Q-IV, tan is negative; hence the answer is —TB.

/3

Answer: 3 or 0.577 To find the reference angle, subtract 180°. That makes 60°. Next,
if necessary, look back at the figure on p. 36 (“The 30-60-90 right triangle”).

1 /3_/3

o 1 . . .
cot 60° = —=, which you can rationalize: —— - ~—~==
/3 ey 3 /33

Finally, consider that the angle originally terminated in Q-IlI (third quadrant), where
tangent, and therefore cotangent, is positive.

Answer: 2 Subtract 300° from 360°, and you find that this is a 60° angle in Q-IV.

Secant 60° is % = 2. Since cosine is positive in Q-1V, so is secant.

Answer: cos0 = —%, tan0 = —%, cscH = % secO = —%, and cotO = —%.

Since sin0 = % and cos 0 is negative, the angle must be in the second quadrant. Since in

the first quadrant, the cosine would have been positive, and sine is positive in Q-IIl and

Q-1V, the hypotenuse of the triangle must be 5, and the opposite side is 4 (from the sine),

which makes the adjacent side 3, either by the Pythagorean theorem, or by remembering
5

the Pythagorean triple, 3-4-5. So, cos0 = —%, tanf = —%, csch= % secO = -3
and cot6 = —%.
Answer: 0.8482 40° < 40.3° < 41°
tan 40° = 0.8391, tan 41° = 0.8693.
The difference between them is 1.0724 — 1.0355 = 0.0302.
3

40.3°is 0.3, or 10 of the way between the two angles, so tan 40.3° should be 0.3 of the

difference between the two tans: 0.0302 x 0.3 = 0.0091. Since tan 40° is lower than tan 41°
add to tan 40°:

0.8391 + 0.0091 = 0.8482

. tan 40.3° = 0.8482
Answer: 0.9499 71°<71.8°<72°
sin 71° = 0.9455, sin 72° = 0.9510.

The difference between them is 0.9510 — 0.9455 = 0.0055.
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71.8°is 0.8, or % of the way between the two angles, so sin 71.8° should be 0.8 of the

difference between the two sins: 0.0055 x 0.8 = 0.0044. Since sin 71° is lower than sin
72°, add to sin 71°:

0.9455 + 0.0044 = 0.9499

.. sin 71.8° = 0.9499

N sin35° =0.5736 0.0057
Answer: 35.4° 1.0 sin6=0.5793( ™
sin36° = 0.5878

0.0142 ( x = the difference)

Now, we’ll use the variable x to set up a proportion:

_x__0.0057
1.0 0.0142
0.0142x = 0.0057
= 0.0057
0.0142

X =

.0 =35°+0.4°-35.4°

Supplemental Chapter Problems

Solve these problems for even more practice applying the skills from this chapter. The answer
section will direct you to where you need to review.

Problems

In which quadrant is the terminal side of a —350° angle?
Name four angles that are coterminal with 70°.
In which quadrant does the terminal side of an angle of degree measure 1400° fall?

What is the lowest possible positive degree measure for an angle that is coterminal with
one of —1950°?

Name two positive and two negative angles that are coterminal with an angle of degree
measure 125°.
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Problems 6-7 refer to the following figure.

B
L¢)
5
.

¢ 12 v
Find cosp.
Find csco.
Find cotf.

An angle has a cosine of 0.7. What is its secant?

An angle has a cosecant of 1.8. Name its inverse function and find its value.

Find the sin and tangent of Z\ if A is an acute angle (0 < A < 90°) and cos A = %

Find the sin of £0if 8 is an acute angle (0 < 0 < 90°), tan0 = 2.1445 and cosf = 0.4226.

The shortest leg of a 30-60-90 triangle is 10 inches long.
How long is the other leg?

How long is the hypotenuse?

The hypotenuse of a 30-60-90 triangle is 20 cm long. The shorter leg of the triangle is a,
and the longer b. Find the lengths of a and b.

In triangle ABC, with right angle at B, the cosine of ZA is 12 What are the sine of ZA

and the tangent of ZA? 13
What is the sign of tan 225°?

What is the sign of csc 310°?

What is the cosine of 225°?

A 315° angle is in standard position. What is its secant?
What is the sine of an 855° angle in standard position?

Angle y is in standard position, and its terminal side passes through the point with
coordinates (—18, 12). Find all six of its trigonometric functions.
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How many seconds are there in an 18° angle?

For what acute angle does cosine have a value of 0.7615 if cos 40° = 0.7660 and
cos 41° = 0.7547?

Find sin 28.7° to the nearest ten thousandth (four decimal places).
For what acute angle does sine have a value of 0.8261 if sin 55° = 0.8191 and

sin 56° = 0.8290?

Answers

I (Angles and Quadrants, p. 21)

430°, 790°, 1150°, 1510°, and so on.  (Coterminal Angles, p. 25)
IV (Coterminal Angles, p. 25)

150° (Coterminal Angles, p. 25)

—595°, —235°, 485°, 845°, and so on.  (Coterminal Angles, p. 25)
13 (Trigonometric Functions of Acute Angles, p. 28)

%3 (Trigonometric Functions of Acute Angles, p. 28)

% (Reciprocal Trigonometric Functions, p. 29)

1.4286 (Reciprocal Trigonometric Functions, p. 29)

sine, 0.5556 (Reciprocal Trigonometric Functions, p. 29)

%, % (Trigonometric Cofunctions, p. 34)

0.9063 (Trigonometric Cofunctions, p. 34)

10/3 in., 20in.  (Two Special Triangles, p. 35)

10 cm, 10/5 cn  (Two Special Triangles, p. 35)

%, % (Functions of General Angles, p. 38)

positive  (Functions of General Angles, p. 38)

negative (Functions of General Angles, p. 38)

—0.707 or 4 (Reference Angles, p. 41)

1.4142 or ﬁ (Reference Angles, p. 41)

0.707 or +@ (Reference Angles, p. 41)
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sin=

2/13 __-3,/13

2
, COS = , tan= —%, csc=
13 /3 3

/i3
2

(Reference Angles, p. 41)

64,800
40.4°
0.4802

55.7°

(Trig Tables versus Calculators, p. 44)
(Interpolation, p. 45)
(Interpolation, p. 45)

(Interpolation, p. 45)

, S€C=
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J13

-_3
-3 and cot= 2



Chapter 2

Graphs of Trigonometric
Functions

but we had to name it something. Eventually, we’ll get to what it says in the title, but

T his chapter actually deals with a lot more than the graphs of the trigonometric functions,
there’s a lot of ground to cover on the way there.

Understanding Degree Measure

We have already discussed measuring angles by degree of rotation, but we need to point out
here that that’s only one way to measure angles. For rough estimates of the degree measure of
angles, you can use an instrument called a protractor. No doubt you have seen a protractor

of one type or another at some time in your school career, but one type is pictured here.

A protractor used to find degree measure of angles.

A protractor is also useful for drawing angles, as long as you’re dealing with whole degrees. For
fractional angles, or minutes and seconds, a protractor is useless. But, degrees are not the only
way that angles may be measured. Not as common in the nonmathematical world, but quite
popular with trigonometry teachers and students, are radians. In trigonometry, not only are
radians equally as important as degrees, but it is essential that you know how to convert from
one unit to the other.

Understanding Radians

If a central angle of a circle subtends (cuts off) an arc whose length is ﬁ of the circle’s cir-

cumference, then that angle has an angle measure of 1°. If a central angle subtends an arc that
is equal in length to the circle’s radius, then the measure of that angle is 1 radian. Look at the
following figure to see what an angle of 1 radian looks like.

59
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An angle of measure 1 radian.

If angle¢ subtends an arc of s centimeters, then we can define its angle measure as ¢ = f (C:m .

scm

W

A central angle with arc length s cm.

. . . . S €m . .
Since both numbers are in the same unit, the units cancel ¢ = 75 = % So radian measure is

expressed with no units. For that reason if we see an angle’s measure stated with no units writ-
ten after it, we can assume that the measure is being expressed in radians.

Relationships between
Degrees and Radians

What do you suppose is the radian measure of an angle that subtends an arc of 360°?

An arc of 360° is the length of the circumference of the circle, nd or 2nr. How convenient that is!
That means that an arc of half a circle, 180° = & radians, and the arc subtended by a right angle,

90° = % The following table shows some common degree/radian relationships:

Some Common Degree/Radian Values
degrees 0° 30° 45° 60° 90° 120° 130° 150° 180°

|3 5|,
3 | 4 | 6

radians 0

aa
NP
wla
N

Example Problems
These problems show the answers and solutions.

What is the radian measure of a 50° angle?

answer: 0.873
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Set up a proportion based upon the fact that 180° = &t radians:

50 _x
180 ™
180x = 501
_50r _ 51 _
x=7g0=71g = 0873

What is the degree measure of an angle of %?

answer: 22.5°

You are looking to express % radians, but, remember that 180° = &t radians, so

T _180° _ o
8-"8 - 225
n
You also could have solved the proportion: % = ﬁ

X = % =22.5n
x=22.5°

What is the radian measure of a 270" angle?

, 3T
answer: >
First the long way: 12;8 = %
2793 _0
1802 ™
20=3rn
_3n
0= 2
Now the short way: You know that 270° = 180° + 90°, and you know from the previous
table that
180°=m and 90° = 7.
Add them:
nT_2n Tm_3n
Tt2=2 72772

What is the length of an arc subtended by an angle of 1.5 radians in a circle with a
diameter of 10 inches?

answer: 1.5 inches

An arc length of one radian is equal to the radius of the circle. This circle’s radius is half
the diameter, or 5 inches. 1.5 X 5 = 7.5 inches.
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The Unit Circle and Circular Functions

The graph of the equation x>+ y* = 1, when graphed on the Cartesian (or rectangular) coordinate
system is a circle. This graph has its center at the origin and has a radius of 1 unit.

D@© 1

C(1,0

B (6, -1)
The unit circle () + y* = 1).

A function has a dependent variable y corresponding to each value for the independent variable,
x. For a relationship to be a true function, each value of x must have one and only one y associ-
ated with it. A quick glance at the above figure reveals whether or not a circle is a function. Look
at points B and D. Both have an abcissa (x-value) of O, but D’s ordinate (y-value) is 1, while B’s
ordinate is —1. Is a circle a function? Obviously not.

Trigonometric functions, like circles, are relationships rather than functions, but traditionally,
mathematicians have winked and referred to these relationships as functions. Circular functions
are a new and different way of confirming the trigonometric functions. They don’t need to refer
to any angle, although the central angle, 6, is obviously there. Circular functions use radians and
refer to the arc, in the case of the preceding figure, arc q.

Since the radius of the circle is 1, we can readily find the value of sin g in the above figure:

sing= % =y
If you're not sure how we got that, it's okay to refer back to the trigonometric reference to

opposite

hypotenuse’ or to remember SOHCAHTOA.

Now let’s find the value of cos q in the above figure: cosq= f =X.

Sine and cosine are considered the two basic circular functions, and they serve to find the values

of all the other functions. Tangent is %, so tang= S(TSC(I] = %; x#0.

As for the inverse functions,

1 1

y#0

Notice that with all functions where the denominator might be a zero, it is specified that the
denominator may not be zero, since if it were, the function would be undefined.
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Domain versus Range

Referring to the preceding figure, the coordinates of point P (cos g, sin q) correspond to an arc
with a length of ‘q‘ Since this length can be positive (counterclockwise) or negative (clockwise)
the domain (x-values) of each of these functions is the set of real numbers. The range (y-values),
however, is considerably more limited. The sine and cosine are the abcissa and ordinate of a
point moving around the circumference of a unit circle, and they can be anywhere between

—1 and 1, so the range of these two functions are such that —1 <r <1 (be sure to look at the
preceding figure).

Example Problems
These problems show the answers and solutions.

What values of x in the domain of the sine function between —rt and & have a range equal
to an absolute value of 1?

T 3%
answer: -3,

Rather than trying to think in radian terms, think in the unit you're more accustomed to—
degrees. The sine function reaches |1| twice between —r and T, positive 1 at 90°, and —1

at 270°.
Those points have x-coordinates —% and 3% Check out the following figure.
2L
1L
| | | | | |
I I I I I I
-T . i T
2 2
-1 4
2L

Sine from —rx to .

What values of x in the domain of the cosine function between —r and © have a range
equal to an absolute value of 1?

answer: -T, 0, T
Again, rather than trying to think in radian terms, think in the more familiar degrees. The

cosine function reaches |1| three times between —r and 7: positive 1 at 0° and —1 at —180°
and 180°. Those points have x-coordinates —m, O, and 1. Check out the following figure.
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2 L
| | /nl | | |
T T T T T T
-TC T i T
2 2
1L
2L

Cosine from —x to m.

What values of x in the domain of the sine function between —r to © have a range equal
to 0?

answer: -1, 0, T©

Look back at the figure previous to this one (“Sine from —x to 1”). Sine hits the x-axis at
0°, 180°, and 270°. Those are x-coordinates —m, O, and .

What values of x in the domain of the cosine function between —r and © have a range
equal to 0?

Y L 1
answer: -5, >
Look back at the latest figure (“Cosine from —= to 1t”). Cosine hits the x-axis at 90° and 270°.

Those are x-coordinates —% and %

From the problems, it should be clear to you that sine and cosine have exactly the same graphs,
only 90° out of phase.

Work Problems

Use these problems to give yourself additional practice.

What is the radian measure of a 75° angle?

What is the degree measure of an angle of %?
What is the radian equivalent of a 225° angle?

What is the length of an arc subtended by an angle of 1.25 radians in a circle with a
diameter of 24 cm?

What values in the domain of the sine function between —2n and 2 radians have a range
of 1?
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Worked Solutions
1.309 Set up a proportion based upon the fact that 180° = & radians:
15 _x
180 T
180x = 751

_75m _5m _ 1.300

X=180 " 12 ~

45° We are looking to express % radians, but, remember that 180° = &t radians, so:

n _180° _ ;o
473 °®

5t

4 irst the long way:

Make a proportion: 12§8 = %

Divide 15 out of both terms % - % :%

40 =57

_ 3N
0= 4

Or you could have used the short way. You know that 225° = 180° + 45°, and you know
(looking back to the table on page 60) that 180° = and 45° = % radians.
Add them:

n_A4n , m_5n
L e R S|
15 cm An arc length of one radian is equal to the radius of the circle. This circle’s radius
is half the diameter, or 12 cm.
1.25%x12=15acm
—37", % It would be most helpful if you had a graph of the sine curve from —27 to 2,
like in the following figure.

Sine from —2x to 2m.
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As you can see, the leftmost peak of 1 is at x-coordinate halfway between —r and —27

_3n
or 2 -

The second one occurs halfway between O and T, or at %

Periodic Functions

Remember the unit circle? It is drawn again in the following figure.

D©, 1

C(1,0

B (6, -1)

A unit circle.

Since the circumference of a circle is 27tr, and r in the unit circle is 1, the circumference of a unit
circle is 2m. Point P is the terminating point of central angle 6, which is equal to g radians.
Furthermore, if a length of 27 is added to g radians, its terminating point would also be P; so
would an angle 4n bigger, 67 bigger, 8n bigger, and so forth. In other words, point P is the termi-
nating point for an infinite number of angles, both positive and negative, each of which is a multi-
ple of two times 7 greater or smaller than angle 6. You may think of point P as being a bicycler
riding around a circular track. Beginning at P, every time he completes a 21 distance around the
track, he will return to point P. The same is true of every other point on the circle as well. Each is
a terminal point for an infinite number of angles.

Functions that have this property are called periodic functions. A function f is periodic if there is
a positive real number, k, such that f(x + k) = f(x) for all x values in f’s domain. The smallest
value of k for which this is true is known as f’s period. A function’s period may also be described
as the distance between repetitions. The periods of the sine and cosine functions are each 360°,
or 21 radians.

The following are true of periodic functions:

sin(@ + 2m) = sinO
cos(6 + 2m) = cosO
sin(6 + 360°) = sinf
cos (0 + 360°) = cosf
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If n is an integer, then:

sin(6 + 2nm) = sinf
cos(0 + 2nm) = cos6
sin(0@ + 360n°) = sin@
cos(6 + 360n°) = cos6

All of the preceding would also be true if the + signs were changed to — signs. From studying
the periodic properties of circular functions, the solutions to many real-world problems may be
found. Planetary motion, sound waves, earthquake waves, tidal motion, and electric current
generation all involve periodic motion

Example Problems
These problems show the answers and solutions.

If sin y = @ what is sin (y + 8n), and sin (y + 4m)?

/2 /2
5

answer: “g-,

Sin is a periodic function, whose period is 2. Adding any multiple of 2 to it will not
change its value, since it returns you to the same point on the circle.

/3

If sin y = VR what is sin (y — 6m), and sin (y — 2n)?

/3 /3
7

answer: A

Sin is a periodic function, whose period is 2xt. Subtracting any multiple of 2w from it will
not change its value, since it returns you to the same point on the circle.

If cosy = % what is cos (y + 67), and cos (y — 10m)?

.3 3
answer: 8’8

Cosine is a periodic function, whose period is 2. Adding or subtracting any multiple of 27t
will not change its value, since it returns you to the same point on the circle.

Graphing Sine and Cosine

We’'ve already looked at the graphs of sine and cosine, but let’s look at a single period of each
from O to 2r radians (360°). First let’s find some sine and cosine values for different points in
one period. Flip the page and rotate your book clockwise.



CliffsStudySolver Trigonometry

68

1 19980 £0L0 S0 0 G'0— | £0£0— | 9980- I— | 9980— | £0L£0— S0- 0 G0 | £0£0 | 9980 | 1 6503

0| S0 |Z0L0— | 9980~ l— 19980— | £0£0~ S0 0 S0 £0£°0 | 9980 119980 | £0£0 S0, O ouis

09¢ | J0€€ oSIE o00€ | ,04¢ 0v¢ 0S¢ 0lC | 08l 208l oSl 0l | 06 09 oSV 0€ | <0 s93.63p
9 14 € < € 14 9 9 14 € < € 14 9

" Wy w | ws  ug | w ws | u Y ug wg | ¥z u| u | uw | x O] S

SJUI0 JURIDYI [RISAS Je SUOoIPUNS SUISOY) PuUe JUIS JO SANJeA




Chapter 2: Graphs of Trigonometric Functions 69

Now, plot those values on a graph to get the following graph for one period of sine and cosine:

21
| /\
I I | I | I 5
0 1 2 3 4 5 T
1+
2t
One period of the sine function.
2 —+

One period of the cosine function.

Since both sine and cosine are periodic functions with a period of 2r, the graph would repeat it-
self to the left and the right of the shown portion infinitely. We noted earlier that cosine and sine

are 90° (% radians) out of phase with each other. This is easily shown by drawing both on the
same pair of axes, as has been done in the following figure.

2
. (% 1) Q2r,1)
L —y : N %/. 2
. 3 (Fo)
N (3 0)
(r.-1) (%)

One period of both sine and cosine functions.

Notice the marked points on this figure. When sine is at (0,0), cosine is at (0,1). 90° later, at (%, 0),
sine is up to 1, and cosine is down to 0. Check the full pattern over the course of the whole period,
and you'’ll see that if cosine’s graph were slid % to the right, it would coincide with the sine’s graph.
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Vertical Displacement and Amplitude

The appearance of the sine and cosine functions can be altered by adding terms to the basic
equation, y = sin x or y = cos x, which are represented in the preceding graphs. Adding a con-
stant, a, to the equation of sine causes the curve to move vertically, as in the following figure.

SN

y=-1+sinx

\

N
\

-

N

Some vertical shifts of the sine function.

The same applies to the graph of the cosine function, as you can see in the figure that follows.

>
|

i
:
)

y=2+cosx
-7 3n m ST y =1 + cos x
y =cos x

_2-\/\/\ y=-1+ cos x
N y=-2+cosx
Some vertical shifts of the cosine function.

Notice what the magnitude of the shift is that’s brought about by each number added to the sine
or cosine.

The distance a periodic function travels from the x-axis is known as its amplitude. The functions
y =sin x and y = cos x travel to a maximum height of 1 and a minimum height of —1. That means
that the amplitude of y = sin x or y = cos x is 1. You can arrive at this conclusion by adding to-
gether the absolute values of the highest and lowest points and dividing by 2. Multiplying sine
or cosine by a constant, b, will change the amplitude of the graphs.
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_y=3sinx
_y=2sinx
_y=sinx

—y=+sinx

Some amplitude shifts of the sine function.

The same applies to the graph of the cosine function, as you can see in the following figure.

y=3coxx
y=2coxx

y =coxx

1
y =-Lcos x
2n 2

Some amplitude shifts of the cosine function.

Notice the magnitude of the difference in amplitude that results from a multiplier of each speci-
fied size.
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Now let’s see some graphs of equations with both vertical shifts and multipliers, of the form
y = a + bx. Note the effect of each addition and multiplier as shown on the graph.

y=54+3sinx
litude 3

y= 3+2sinx

y=-2+5sinx

Some vertical and amplitude shifts of the sine function.

Examine each sine curve in this figure. Look at the lowest graph. Its amplitude is 5, and its verti-
cal center is shifted —2 below the x-axis. See whether the other two curves are similarly affected.
The function y = a + bx has a maximum and a minimum value. The maximum of the function is
found by the formula M= a+|b|. This value always occurs when sin x =1 or cos x =1. When
those functions = —1, we get the minimum value, found by the formula m=a—|b|.

Example Problems
These problems show the answers and solutions.

Write the equation of a sine curve that is shifted 4 below the x-axis and has an amplitude
of 9.

answer: y=-4+9sinxory=9sinx-4
In the equation y = a + b sin x, a tells the number that the curve has been vertically

displaced from the axis, and b is the amplitude of the curve. This curve has shifted down
four, so a = —4, and its amplitude is 9, so b = 9.
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Write the equation of a cosine curve that is shifted 5 above the x-axis and has an
amplitude of 4. What are its maximum and minimum values?

answer: y=5+4cosx,M =9, m =1

In the equation y = a + b sin X, a tells the number that the curve has been vertically
displaced from the axis, and b is the amplitude of the curve. This curve has shifted up five,
so a =5, and its amplitude is 4;sob =4, M=5+4=9,m=5-4=1.

Write the equation of a sine curve that is shifted % space below the x-axis and has a high

point of 3% and a low point of —4 %

answer: y = -% +4sinx or y =4sinx—%

In the equation y = a + b sin X, a tells the number that the curve has been vertically
displaced from the axis, and b is the amplitude of the curve. This curve has shifted down

Ll -
—47‘_8,5019_4.

one half, so a= —%, and its amplitude is half the sum of ‘3%‘ +

Work Problems

Use these problems to give yourself additional practice.
If sinw= é what is sin (w + 12m)?
If cosy = % what is cos (y — 8m)?

Write the equation of a cosine curve that is shifted 3 units down and has an amplitude of
6. What are its maximum and minimum values?

Write the equation of a sine curve that is shifted 2 units down and has a high point of 5
and a low point of —7.

Write the equation of a cosine curve that is shifted % units up and has a high point of

1 . 1
57 and a low point of —4 2

Worked Solutions
/3

5 Sin is a periodic function, whose period is 2. Adding any multiple of 2x to it will

not change its value, since it returns you to the same point on the circle.

% Cosine is a periodic function, whose period is 21t. Adding or subtracting any multiple
of 21t will not change its value, since it returns you to the same point on the circle.

y=-3+6cosxory=6¢cosx-3,M=3;m=-9
In the equation y = a + b sin x, a tells the number that the curve has been vertically displaced

from the axis, and b is the amplitude of the curve. This curve has shifted down three, so
a = —3, and its amplitude is 6, so b = 6. That makes M = (-3) +6=3and m=-3 -6 =-9.
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y=-2+6sinxory=06sinx - 2

In the equation y = a + b sin X, a tells the number that the curve has been vertically
displaced from the axis, and b is the amplitude of the curve. This curve has shifted
down 2, so a = -2, and its amplitude is half the sum of |5|+|-7|=12,so0b =6

y= % +5cosx Inthe equation y = a + b cos x, a tells the number that the curve has
been vertically displaced from the axis, and b is the amplitude of the curve.

This curve has shifted up one half, soa = a= % and its amplitude is half the sum of

‘5%‘+‘—4%‘= 10, sob = 5.

Frequency and Phase Shift

Two other variations are possible in graphing the sine and cosine functions. The first deals with
the addition of c in the position shown here: y = sin cx. This multiplier affects the frequency of
the curve—the number of times the curve appears in 360°, or 2x radians.

Some different frequencies of the sine function.

Notice in this figure that the number of times the entire sine curve repeats is determined by the
coefficient of x. That is, where ¢ = 2, there are 2 whole sine curves, where ¢ = 3, there are 3
whole sine curves, and so on. The same is true of the cosine curve, as you can see in the follow-
ing figure.
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y= cos X ———-
Y= COS 2X————
y= €0Ss 3X------
y = cos 4x

Some different frequencies of the cosine function.

We’'ve commented before on the cosine’s graph’s being the same as the sine’s but with a 90°
phase shift. Now we’ll show you how a phase shift is accomplished. Look at the equation

y = sin (x + d). The added d inside the parentheses serves to move the graph to the left if posi-
tive, or to the right if negative.

y= sin x + 2)—

I
y=sink+1)

The sine function and two phase shifts.
Note in the above figure that the graph of y = sin x crosses the x-axis at 0; y = sin (x + 1) crosses

at —1; and y = sin (x + 2) crosses it at —2. The following figure shows two phase shifts the other
way for cosine.
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Y= Cos x—

y= cos (x-1)

-0.
y= cos (x-2)—

-1

The cosine function and two phase shifts in the other direction.

To turn a sine curve into a cosine or vice versa, just do this:

sinx = cos(x— %) Or COosx= sin<x+ %)

Example Problems
These problems show the answers and solutions.

Find the frequency and phase shift of each.
y= 3+%sin(2x+ 1)
answer: 2, 1
In the equation y = a + b sin (cx + d), a tells the number that the curve has been vertically
displaced from the axis, and b is the amplitude of the curve; c is the frequency, and d is
the phase shift. Here,c =2 and d = 1.
y=sin (3x — 4)
answer: 3, -4
In the equation y = a + b sin (cx + d), a tells the number that the curve has been vertically

displaced from the axis, and b is the amplitude of the curve; c is the frequency, and d is
the phase shift. Here, c = 3 and d = —4.
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y=4-3cos (2x—17)
answer: 2, -7

In the equation y = a + b cos (cx + d), a tells the number that the curve has been vertically
displaced from the axis, and b is the amplitude of the curve; c is the frequency, and d is
the phase shift. Here, c = 2 and d = 7.

Graphing Tangents

Remember that tan6 = sg;% Whenever cosine = 0, tangent is undefined. This occurs every nTn

where n is an odd integer. At these points, tangent’s value approaches infinity.

(%,
[T R N T T N N B |

The graph of the tangent function.

Asymptotes
3

You can see the tangent curve approach infinity at % and at =5

Notice the dotted lines. It is customary to draw these lines when graphing the tangent function.
They are called asymptotes (pronounced ASS-im TOTES) and are values that the tangent graph
approaches very closely as it gets very large, but never actually reaches. You should also notice
that one period of the tangent function is © radians, or 180°.

From the graph, you should observe that as the tangent moves in a positive direction, the graph
is always climbing. Beginning at zero, it climbs to e« and approaches its asymptote until it has
no value—the asymptote is never reached. Disappearing, it comes back on the other side of the
asymptote at —o, climbs through zero to -, disappears again, and then reappears at —oo, climb-
ing to zero. That was two full periods in 360°. The figure that follows shows several cycles of the
tangent function.
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Several cycles of the graph of the tangent function.

Graphing the Reciprocal Functions

With the possible graph of the cotangent relationship, it is very likely that the graphs of the reci-
procal functions are not going to look like what you may be expecting.

Cotangent’s Graph

Let’s look at the graph of cotangent while that of tangent is still fresh in our minds (and just above),
for easy reference.

Several cycles of the graph of the cotangent function.
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It has almost every characteristic of tangent, including asymptotes, except that it, everywhere,
is running from higher to lower. Since both tangent and cotangent are boundless in the vertical
direction, they have no defined amplitudes. The general forms of the tangent and cotangent
functions are y =a + b tan (cx + d) and y = a + b cot (cx + d).

The variables c and d, as in the case of the sine and cosine functions, determine the period and
phase shift of the functions. The period is % and the phase shift is % If the value of % is greater

than O, the shift is to the left. A negative value for % shifts the graph to the right. The variable a

represents a vertical shift, and since there is no amplitude, b represents how much the graph
may be stretched out in a vertical direction.

We can find the asymptotes by solving cx+d= 7 and cx+d=—% for X.

Example Problems
These problems show the answers and solutions.

All of the problems in this section refer to the function, y= tan( lz)

O\I?—I

Find the function’s graph’s asymptotes.
-1 31
answer: 5, 7 or 3 2

To find the asymptotes, solve these for x:

cx+d=% and cx+d=—%
T T _T n n__ T
6Xtiz72 and gx+{;=-3

12 x everything clears denominators:

n T, m_ T
1z<6x+ﬁ 2) 12( 1= 2)

6%

Multiply: 21x + T = 61 2nx + T = —67
Collect terms: X =06 — T X =—6n — T

Now add: X = 57 2nx = -7

. and divide: x=5 x=-1

Find the function’s graph’s phase shift.

1
answer: »

Phase shift is % which may be rewritten as d =+ c.

. ___E
To solve: d-+c 12

That becomes reciprocal multiplication: I

_
12 ° 6

m ., 6_6n _1
12" 7T 12 2
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Find the function’s graph’s amplitude.
answer: not defined

The tangent graph has infinite height, and so has no defined amplitude.

Graphs of Secant and Cosecant
Cosecant and sine are drawn on the same set of axes, from —21 to 2.

Sine and cosecant functions drawn on the same axes.

Notice that although sine is a continuous function, cosecant is not. There are asymptotes with
cosecant’s domain, and the curve’s range goes everywhere sine does not, except at 1 and —1.

Now look at the graphs of secant and cosine.

Cosine and secant functions drawn on the same axes.
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We should not be surprised that secant’s and cosecant’s graphs are identical, but out of phase
by % Everything said about cosecant applies to secant. Both have the same period as sine and

cosine, 2n. The phase shift of each is found by solving the equation cx — d = O for x, while the

period is found by solving cx = 2x for x. For asymptotes, solve cx + d = 0, cx + d = &, and
cx + d = 27 for x.

The following four principles are true of reciprocal functions, and, for that matter of reciprocals in
general.

O A real number and its reciprocal move in opposite directions. That is to say, as sin x
increases, csc x is decreasing. This is also true of cos x and sec x, and of tan x and cot x.

O As a function approaches a value of O, its reciprocal approaches positive or negative infinity—
that is, it increases or decreases without limit. The converse is also true.

0 The reciprocal of 1 is 1, and the reciprocal of —1 is —1. You can see this in the case of the
functions sin 90° and csc 90°, both of which are equal to 1, or the cos and secant of 0°,
both of which equal 1. Similarly, sin and csc 270° and cos and sec 180° all equal —1.

0O A real number and its reciprocal always have the same sign, so whatever quadrant the tan-
gent is positive in, the cotangent will also be positive in, and so forth.

Example Problems
These problems show the answers and solutions.

All of the problems in this section refer to the function, y=2csc (% X+ %)

Determine where the function’s asymptotes are located.

answer: -1, -3, -5

cx+d=0 cx+d=T7 cx+d=2r
%X'F%:O %X+%:TC %x+%=2ﬂ:
T,__T T,__3n T,__5n
2%X=72 2%~ 772 2X= 72
x=-1 x=-3 x=-5

Find the function’s phase shift.

answer: 1
cx—d=0
n,_T_
2%X=270
n, _T
2%72
¥

2

x=1
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Find the function’s period.

answer: 4

Work Problems

Use these problems to give yourself additional practice.

Which trigonometric function’s graphs are shown in this figure?

As a function approaches infinity, where is its reciprocal?
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15

10

Which trigonometric function’s graph is shown in this figure?

Find the phase shift of the function y = a + b csc (cx — d).

Worked Solutions

cosine, secant Notice that the periodic function varies between 1 and —1 and is
sinusoidal (that means “sine like”). That makes it either sine or cosine. Since its y-value at
x = 0is 1, it must be cosine. The discontinuous curve is either secant or cosecant. Since it
coincides with the cosine curve only at its turning points, it must be cosine’s reciprocal
curve, secant.

approaching zero As a function approaches zero, its reciprocal is approaching positive
or negative infinity. The converse, then, must also be true.

cotangent It’s discontinuity and asymptotes, as well as its shape should tell you that this
is either tangent or cotangent, but how do we know which one? Moving from left to right
on the graph, tangent is always rising. Cotangent falls from left to right. This graph falls
from left to right, so it must be cotangent.

# Phase shift is always found by solving cx — d = O for x, or simply by dividing the d

term by the ¢ term. Since the d term is —d, the phase shift is %
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Chapter Problems and Solutions

Problems

Solve these problems for more practice applying the skills from this chapter. Worked out solutions
follow problems.

What is the radian measure of a 75° angle?
What is the degree measure of an angle of %?
What is the radian measure of a 210° angle?

What is the length of an arc subtended by an angle of 1.3 radians in a circle with a
diameter of 12 cm?

Which are the two basic circular functions?
In a unit circle, which circular function is equal to the y-coordinate?

What values of x in the domain of the sine function between —21 and 2r have a range
equal to an absolute value of 1?

What values of x in the domain of the sine function between —21 and 2r have a range
equal to 0?

If siny = é what is sin (y — 10m) and sin (y — 12m)?

If cosy = % what is cos (y + 4n) and cos (y — 20m)?

Write the equation of a sine curve that is shifted 6 units down and has an amplitude of 11.
Write the equation of a cosine curve that is shifted 7 units up and has an amplitude of 9.

Write the equation of a sine curve that has an amplitude of 4 and is shifted 9 units up.

Write the equation of a cosine curve that has an amplitude of 6 and is shifted 10 units
down.

Find the frequency and phase shift of y=3 + % sin(5x+4).
Find the frequency and phase shift of y = cos (6x — 3).

Find the asymptotes of the function y = tan(% X+ %)
Find the asymptotes of the function y= tan( % X+ %)

Find the phase shift and amplitude of the function y = tan( X+ %)

1

a2

As a function approaches infinity, where is its reciprocal?

What is always true of the sign of a function and its reciprocal?
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Questions 22-24 refer to the function y=4csc (% x+ %)

Find the function’s period.
Find the function’s phase shift.
Determine the function’s asymptotes.

Describe the main difference between the graphs of tangent and cotangent.

Answers and Solutions

Answer: 1.309 Set up a proportion based upon the fact that 180° = & radians:

75 _x
180 T
180x = 751
_75n _5m _
x=130 =17 = 1309

Answer: 30° You are looking to express % radians, but remember that 180° =&t

radians, so
n_180° _ 5~o
6- 6 30
n
You also could have solved the proportion: % = ﬁ
nx =180 _ 307
x=30°
. In 7 . . 210°0_96
Answer: G O g™ First the long way: 80° - T
2407 _o
1806 T
60 =T7n
_In .7
0= G °rgT

Now the short way: You know that 210° = 180° + 30°, and you know from the first table in
this chapter that 180° =t and 30° = T Add them:
_6n

on T _
_6+6_

n
6

ala o

T+
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Answer: 7.8 cm  An arc length of one radian is equal to the radius of the circle. This
circle’s radius is half the diameter, or 6 cm.

1.3x6=7.8cm

Answer: sine, cosine Tangent is a ratio of sine to cosine. The three reciprocal functions
are constructed by inverting these three.

Answer: sine  Sine is opposite over hypotenuse, but in the unit circle, hypotenuse is the
radius of the circle whose value is 1. That makes sine the height of the side opposite it, or y.

Answer: —3775, —%% 37 Rather than trying to think in radian terms, think in the unit

you're more accustomed to, degrees. The sine function reaches |1| four times between
—27 and 27; is positive 1 at 90° and 360° to the left of that at —270°; and is —1 at 270°,
and 360° left of that, at —90°.

Those points have x-coordinates —3775, —%, % and 37”: Check out the following figure:

3n
| iy o E

3T
2

(1=}

1
&
L}
n-
A
A
U
-
\ —
N
o
-
N
w
IS
wn

Sine from =27 to 2m.

Answer: 21, -7, 0, T, 2t Look at the figure directly preceding this answer. Sine hits the
x-axis at —360°, —180°, 0°, 180°, and 270°. Those are x-coordinates: —2x, —m, O, 7, and 27.

/5 /5

Answer: 88 Sine is a periodic function, whose period is 2.

Subtracting any multiple of 2x from it will not change its value, since it returns you to the
same point on the circle.

Answer: %% Cosine is a periodic function, whose period is 2.

Adding or subtracting any multiple of 2rt will not change its value, since it returns you to
the same point on the circle.

Answer: y =—6 + 11 sinxor y = 11 sinx — 6  The first form of the answer is the preferred
one, since it keeps a and b in their proper places. In the equation y = a + b sin x, a tells
the number that the curve has been vertically displaced from the axis, and b is the
amplitude of the curve. This curve has shifted down 6, so a = -6, and its amplitude is 11,
sob=11.

Answer: y =7 +9 cos x In the equation y = a + b cos x, a tells the number that the
curve has been vertically displaced from the axis, and b is the amplitude of the curve.
This curve has shifted up 7, so a = +7, and its amplitude is 9, so b = 9.
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Answer: y =9 + 4 sin x In the equation y = a + b sin x, a tells the number that the curve
has been vertically displaced from the axis, and b is the amplitude of the curve. Don’t let
the equation’s statement of those values in reverse order fool you. This curve has shifted
up 9, so a = +9, and its amplitude is 4, so b = 4.

Answer: y = —10 + 6 cos x In the equation y = a + b cos x, a tells the number that the
curve has been vertically displaced from the axis, and b is the amplitude of the curve.
Don’t let the equation’s statement of those values in reverse order fool you. This curve
has shifted down 10, so a = =10, and its amplitude is 6, so b = 6.

Answer: 5, 4 In the equation y = a + b sin (cx + d), a tells the number that the curve
has been vertically displaced from the axis, and b is the amplitude of the curve; c is the
frequency, and d is the phase shift. Here, c = 5 and d = 4.

Answer: 6, -3 In the equation y = a + b sin (cx + d), a tells the number that the curve
has been vertically displaced from the axis, and b is the amplitude of the curve; c is the
frequency, and d is the phase shift. Here, c = 6 and d = -3.

Answer: % —% To find asymptotes, solve these for x:
- -_T
ox+d= 2 and cox+d 2 for x.
T s T__T
2 and 2 X+ 4- "2

4 x everything clears denominators:

T T_T p1d n__T1
4<_X+Z_7> 4( X+4— 2)

2 2
Multiply: 2nx+m=2n 2nx + U= —27
Collect terms: 2mx = 21 —= 21X = —2n -7
Now add: 2nx =T 2nx = -3
... and divide: x=% x= —%

Answer: % or 1%, —% or —2% To find asymptotes, solve these for x:

_T __T
cx+d—2 and cx+d= 2forx.

8 x everything clears denominators:

T T_T n,,n__=
8<ZX+§‘2> 8<4X+8_ z)
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Multiply: 21X + T =47 2nx + T = —47n
Collect terms: 2nix =4n — T 2nx = -4n -1
Now add: 2nx = 37 2nx = 571
_ 23 41 _ 5 1
. .. and divide: xX=3 orl2 x=—3 or 22
Answer: % none Phase shift is % ord +c.
. = LT
To solve: d+c 1272
. lication. L of_T . A4_4n _ 1
That becomes reciprocal multiplication: 254 12T~ 121"-3

Tangent functions have no amplitude.

Answer: approaching zero It has been stated that as a function approaches zero, its
reciprocal is approaching positive or negative infinity. The converse, then, must also
be true.

Answer: same The sign of a function is always the same as the sign of its reciprocal
function. Cosine is positive in quadrant IV, so secant must also be positive in that
quadrant.

Answer: 4 cX =21
T
2x—27c
=2 =22
2
x=4
.3 1
Answer: 5 or 12
cx—d=0
T T _
ix—g—o
T,_T
2%73
7 3
_2 _T
X=mp—=X=2*%
3
_3 1
x=3 or 12
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Answer: —%% or 1%,—1?0 or —3%
cx+d=0 cx+d=m cx+d=2n
%x+%: %x+%=n %x+%:2n
x:—% x:% or 1% x:—% or —3%

Answer: They are inverses Tangent rises as it moves from left to right, disappearing as it
approaches its asymptotes, coming back in at negative infinity and then rising again.
Cotangent falls as it moves from left to right, disappearing at negative infinity as it
approaches its asymptotes, coming back in at infinity and continuing to fall.

Supplemental Chapter Problems

Solve these problems for even more practice applying the skills from this chapter. The Answer
section will direct you to where you need to review.

Problems

What is the length of an arc subtended by an angle of 2.0 radians in a circle with a
diameter of 15 inches?

What is the radian measure of a 135° angle?
What is the degree measure of an angle of %?
What is the radian measure of a 75° angle?

How is cotangent determined in circular functions?

What circular function = the x-coordinate of any point on the unit circle?
-3 -t i 31
2T N2 | T, | / | 2, T % 21
1 1 |

Use the above figure to answer questions 7 and 8.

What values of x in the domain of the cosine function between —2n and 2n have a range
equal to an absolute value of 1?

What values of x in the domain of the cosine function between —2n and 2n have a range
equal to 0?
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J2

If cosy= "9 what is cos (y + 14m)?
If siny = # what is cos (y + 14m)?

Write the equation of a cosine curve that is shifted 9 units down and has an amplitude of 6.
Write the equation of a sine curve that has an amplitude of 12 and is shifted 7 units up.
Write the equation of a cosine curve that is shifted 14 units up and has an amplitude of 3.
Write the equation of a sine curve that has an amplitude of 5 and is shifted 8 units down.
Find the frequency and phase shift of y=4+ %cos (3x—9).

Find the phase shift and frequency and of y = sin (4x +7).

Find the asymptotes of the function y = tan(3x + 4).

Find the asymptotes of the function y= tan(% x+ %)

Find the phase shift and amplitude of the function y = tan(5x — 20).

The graph of a function begins at infinity, moves to the left through zero, and disappears
toward infinity as it approaches an asymptote. Then it repeats the pattern again and again.
Of what function is the graph?

What is the sign of the cotangent function in quadrant IV?

What is the sign of the cosecant function in quadrant III?

Questions 23-25 refer to the function y=3sec ( % X+ %)

Determine where the function’s asymptotes are located.
Find the function’s phase shift.

Find the function’s period.

Answers

15in.  (Understanding Radians, p. 59)

%Tn (Understanding Radians, p. 59)

20° (Relationships between Degrees and Radians, p. 60)

15—§ (Relationships between Degrees and Radians, p. 60)

% (The Unit Circle and Circular Functions, p. 62)

cosine (The Unit Circle and Circular Functions, p. 62)
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-2n, -n, 0, w, 2t (Domain versus Range, p. 63)

—3775, —%%3775 (Domain versus Range, p. 63)

g (Periodic Functions, p. 66)

# (Periodic Functions, p. 66)

y=-9+6cosx (Vertical Displacement and Amplitude, p. 70)
y =7+ 12sinx (Vertical Displacement and Amplitude, p. 70)
y=14+3 cos x (Vertical Displacement and Amplitude, p. 70)
y=-8+5sinx (Vertical Displacement and Amplitude, p. 70)
3, -9 (Frequency and Phase Shift, p. 74)

7,4 (Frequency and Phase Shift, p. 74)

%, % (Asymptotes, p. 77)

%, _% (Asymptotes, p. 77)

—4, undefined (Graphing Tangents, p. 77)
cotangent (Cotangent’s Graph, p. 77)

negative (Graphing the Reciprocal Functions, p. 78)
negative (Graphing the Reciprocal Functions, p. 78)
—1,5, 11 (Graphing the Reciprocal Functions, p. 78)
1 (Graphing the Reciprocal Functions, p. 78)

12 (Graphing the Reciprocal Functions, p. 78)






Chapter 3

Trigonometry of Triangles

sides of every triangle are related in size to the angles opposite them. In the case of right

triangles, a right angle can be included between the shorter two of those sides. If you
know two of the sides of a right triangle, you can find the length of the third side by using the
Pythagorean theorem. In this chapter, we’ll examine how you can find all parts of a triangle if
you know at least one side. If you're dealing with a right triangle, you can use the trigonometric
ratios to find the missing parts. For a general triangle (non-right) you need different techniques,
which we’ll discuss later in the chapter.

E very triangle is made up of three line segments, which meet to form three angles. The

Finding Missing Parts of Right Triangles

Finding all the missing parts of a triangle using three known parts is called solving the triangle.
Look at the way in which the angles and sides of the right triangle ZABC are labeled in the fol-
lowing figure. Each angle is named by an uppercase letter, and each side is named by a lower-
case letter of the angle it is opposite.

A ,_B

C

Labeling sides according to angles opposite.

Since the right triangle already has a known angle of 90°, you could solve it if you were given the
measures of two of the sides or if you were given the measure of one side and one other angle.

93
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Let’s say ZA=30° and a = 12. You know immediately, since the sum of the angles is 180", £C
must be 60°(30° +90° +60° = 180°). You can use sin and tan functions to find the remaining
two sides of ZABC, like this:

sinA = % tanA = %
sin30° = % tan30° = ITZ
bsin30°=12 ctan30°=12
_ 12 _ 12
b=Sn30° €= an30°
12 _ 12
b=025 C=0577
b=24 c=20.80

The sides given previously might also have been found using the relations cosecant and cotangent,
since:

CcsCcA = g and cotA= %

You might even have found this solution in an easier way, since no division is involved.

Solve the triangle in the preceding figure, this time using 16 for a and 26 for c.

. _16 _8 _
First, tanA = 26-13° 0.615.

Using a scientific calculator or the tables on p. 297, mZA=31.6".
That means mZC=90° - 31.6° =58.4°. Finally, you need to find b:

_b
CSCA = 16
b=16(cscA)
b=16(1.908=30.53)

Example Problems
These problems show the answers and solutions.

In right triangle APQR, m/P = 40° and hypotenuse q = 12. Solve the triangle.
answer: mZQ =90°, mZR =50°, p = 71.72, r = 9.19
You know that the right angle is ZQ since q is the hypotenuse. 90° +40° = 130°, so

180° — 130° = 50°. You can find the sides by means of sine, and/or cosine, and/or secant,
and/or cosecant. The easiest way is probably as follows:

inR=L inp=P2

sinR= g sinP = g
r=qgsinR p=qgsinP
r=12sin50° p=12sin40°
r=12(0.766) p=12(0.643)

r=9.19 p=7.72
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In right triangle ZDEF, m/D = 60° and hypotenuse e = 12. Solve the triangle.

answer: mZE = 90°, mZF = 30°, d=6 ‘/3, and f=6

You know that the right angle is ZE since e is the hypotenuse. 90° + 60° = 150°, so
mZ/F=180°"—-150° = 30°. You can find the sides by means of sine, and/or cosine, and/or
secant, and/or cosecant. The easiest, however, is to remember from geometry that in a
30-60-90 right triangle, the side opposite the 30° angle is half the hypotenuse, and the
side opposite the 60° angle is half the hypotenuse times /3

In right triangle ZABC mZ A =125° and C is the right angle. b = 10. Solve the triang]le.
answer: m4B = 65°, a = 4.66, c = 11.04

90° +25°=115°, so mZB=180°—- 115" =65°. You can solve this in many ways, such as

this one:
tanA = % sinB = %
a=btanA b=csinB
a=10tan25° c= b
~ sinB
a=10(0.4606) 10
a=4.66 €~ sin65°
__10
€~ 0.906
c=11.04

Angles of Elevation and Depression

Certain angles have special names depending on the application that is being performed. When
looking up at the top of a tree, the angle formed by your line of sight and the ground is known
as an angle of elevation. The following figure shows such an angle. For purposes of computa-
tion, unless otherwise noted, it is presumed that the person’s eye is at ground level.

An angle of elevation.
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When a pilot looks down from an airplane’s cockpit, the angle formed between his line of sight
and the ground is known as an angle of depression. Such an angle is shown in the following

figure.
A

An angle of depression.

Angles of elevation and depression are useful in solving many different types of practical, real-
life problems through the use of trigonometry. The Example Problems that follow will give you a
few such instances.

Example Problems
These problems show the answers and solutions.

The foot of a ladder is 6 feet away from the bottom of a wall. The ladder forms a 40°angle
of elevation with the ground. How long is the ladder?

answer: 71.83 ft.

The first thing you should do is to draw a picture like the one that follows.
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Since the sides involved are the adjacent and the hypotenuse, solve by using cosine.

cos40° = 6

(cos40°)(x) :g

6

X~ cosd0°

_ 6
X=0.766
x=7.83 ft.

The pilot of an airplane flying at 26,000 feet spots another plane flying at 24,000 feet. The
angle of depression to the second plane is 45°. What is the length of the pilot’s line of
sight to the second plane?

answer: 2,828.85 ft.

Here again, drawing a picture like the one that follows will help. Note the line of sight

(hypotenuse) is what you're looking for. The side of the relevant triangle is 2,000 ft
(26,000 — 24,000 = 2,000).

— — 26,000 ft.

2,000 ft.

_________ 9 — — 24,000 ft.

sin45° = w

(sin45°)(x) = 2000
_ 2000
X= 5ind5°
_ 2000
X=0.707
x =2828.85 ft.

An observer is standing 16 m from the bottom of a tree. Assume that her eye is at ground

level. The angle of elevation from the observer to the top of a tree is 60°. How tall is the
tree?

answer: 27.71 m
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First, picture the problem as in the following image.

>

Here, you know the adjacent side of the triangle (with respect to the angle of elevation)
and want to find the opposite side, so use tangent:

ol X
tan60° = 16
x=16(tan60")
x=16(1.732)
x=2771m
Work Problems

Use these problems to give yourself additional practice.

In right triangle APQR, mZP =26° and hypotenuse q = 16. Solve the triangle.
In right triangle AABC mZ A =40° and C is the right angle. b = 20. Solve the triangle.

The top of a ladder is leaning against a lamppost. Its bottom is 4 feet away from the base
of the pole. The ladder forms a 75° angle of elevation with the ground.

How long is the ladder?
How far up the pole is the top of the ladder?

Richard stood on top of a mountain on a cloudless day. He looked out toward the valley
below at an angle of depression of 50° through an optical rangefinder. The rangefinder
showed the distance to the valley floor as being 8,000 meters. How high above the valley
floor was Richard standing? The rangefinder he was looking through was 5 feet above the
ground.

Hailee is standing 14 feet from the bottom of a tree. Assume her eye is 4.5 feet above
ground level. The angle of elevation from her eye to the top of a tree is 75°. How tall is
the tree?
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Worked Solutions

mZQ =90°, mZR = 64°, p = 7.01, r = 14.38 Drawing a right triangle would help to
visualize the problem. First, figure out which angle is the right angle. You know that the
right angle is £Q since q is the hypotenuse. 90° +26° = 116°, so mZR=180"- 116" =64".
You can find the sides by means of sine, and/or cosine, and/or secant, and/or cosecant. The
simplest way is probably as follows:

sinR= é sinP = g
r=qgsinR p=qgsinP
r=16sin64’ p=16sin26°
r=16(0.899) p=16(0.438)
r=14.384 p=17.008

m4£B = 50° a = 16.78, c = 26.11 Drawing a diagram will make it easier. 90° +40° = 130°,
so m/£B=180" - 130" = 50°. You can solve this triangle in many ways, and the following
method is just one of them:

tanA = % sinB= %
a=btanA b=csinB
a=20tan40 c= Sill—'l’B
a=16.78 €~ sin50°
c= 20
0.766
c=26.11

a. 15.44 ft.; b. 14.92 ft. The first thing you should do is to draw a picture like the
following one. It’s not a very complicated diagram, since you'll end up with a right
triangle.

Since the sides involved are the adjacent and the hypotenuse, solve by using cosine.

cos75° = %
(cos75°)(x)=4 sin75°=15ﬁ
oA y=15.44(sin75°)
C°Z75 y=15.44(0.966)
X=0.259 b)y=14.92 ft.



100 CliffsStudySolver Trigonometry

6126.4 m If you can do this one without a diagram, you're better than the author! Note
Richard’s line of sight is the hypotenuse. His height above the valley is the side opposite
the angle of depression.

. o X
sin50° = 8000
x =(8000)(sin50°)
x =(8000)(0.766)
x=6128 m

But his eye (on the range finder) is 5 feet above the ground. That’s about 1.6 m, so he is
actually standing about 6126.4 m above the valley’s floor.

56.75 ft. First, picture the problem. Here, you know the adjacent side of the triangle
(with respect to the angle of elevation) and want to find the opposite side, so use tangent:

tan75° = X

14
x=14(tan75°%)
x=14(3.732)
x=52.25 ft.

But wait. That’s the distance from Hailee’s eye to the tree top. To find the height, you
must add the distance from her eye to the ground. 52.25 + 4.5 = 56.75 ft.

The Law of Sines

The preceding two sections deal with solving right triangles, but formulas have been developed
for solving all triangles, whether the triangles are right or not. The first formula you'll look at is
known as the Law of Sines. It says that if you know the measures of any two angles of a triangle
and the length of the side opposite one of those angles, you can find the side opposite the sec-
ond angle. Alternately, if you know the lengths of any two sides of a triangle and the measure of
an angle opposite one of those sides, you can find the measure of the angle opposite the second
side. It looks like this:

SinA _sinB_sinC ;. a _ b _ ¢
a b ¢ sinA ~ sinB ~ sinC

These relationships may be stated as follows: In any triangle, the ratio of the sine of an angle to
the length of that angle’s opposite side is constant, or the ratio of the length of any side to the
sine of the angle opposite that side is constant. Since the sine function is positive in both the first
and second quadrants, the Law of Sines is valid for obtuse triangles as well as acute ones.
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Example Problems
These problems show the answers and solutions.

B

b

Solve the triangle in the preceding figure if mZA =50°, mZC=60°, and b = 16.
answer: mZB = 70°, a = 13.04, c = 14.74

Since the total sum of the angles =180°, and 50° +60° = 110°, mZB= 180" - 110" =70°

a _ b _ c
sinA =~ sinB ~ sinC

From the Law of Sines you get:

_ 16 _ ¢
That means sin50° ~ sin70° = sin60°

To solve, make two proportions:

a _ 16 16 _ ¢
sin50° = sin70° and sin70° = sin60°

a __16 16 __ ¢
0.766 0.940 0.940 0.866
0.940a=16(0.7606) 0.940c=16(0.8606)
Solve each:
0.940a=12.256 0.940c=13.856
a=13.04 c=14.74
E
f d
D F

e

Referring to the triangle in the preceding figure, if mZ/D=75", mZE=65", and d = 12 cm,
find f.

answer: 7.99 cm

, S d _ f
You'll use the Law of Sines: sinD ~ SinF

Of course, you'll need m£F. m/F=180" - (65° + 75°)
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180° — 140° = 40°
12 f

sin75° _ sin40°
12 f

0.966 ~ 0.643
0.966f= (0.643)(12)

0.966f=7.716
=799

Utt---- 7
R 5in.

Using the Law of Sines and ARST in the above figure, find mZ SRT.

answer: 124.9°

i ion: L -t
First, set up the equation: SINSRT ~ sinT

Use ZSRT because it’s the angle you are looking for and ZT because it’s the only angle
whose measure you know. Of course, you know all three sides.

10 __ 7
sinSRT ~ sin35
Cross multiply: 7 (sin SRT) = 10sin 35°
Find sin35°: 7 (sin SRT) = 10(0.574)
Multiply: 7 (sin SRT) = 5.74

Divide both sides by 7: sin SRT = 0.82
Find arcsin (or Sin™') 0.82: /SRT = 55.1°

There you have it: mZSRT=55.1°. What's that? ZSRT is an obtuse angle? Well, looking at
the figure, it’s apparent that you're right. But arcsin and sin, for that matter, only exist for
angles up to 90°. So what did you actually find? You found the measure of ZSRU, the
quadrant Il reference angle for ZSRT. To get m£SRT, subtract ZSRU from 180°. (You did
this in Chapter 1.) 180° — 55.1° = 124.9°, which is the answer.
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Work Problems

Use these problems to give yourself additional practice.

D F
e

Problems 1 and 2 refer to ZDEF in the preceding figure.

If mZ/D =55, m/ZE=45", and d = 15 cm, find the length of f.

IfmZE=75°,e =15cm, and f = 12 cm, find mZF.

Problems 3 and 4 refer to AGHI in the preceding figure.

Using the Law of Sines and AGHI find m£3 if m£G=35°, g=10in.,and h = 16 in.

Using the information found in Problem 3, find the length of i.

Worked Solutions

. d _ f
18.04 cm Use the Law of Sines: sinD - SinF

Of course you’ll need mZF: m/F=180°—(55° +45°)

180° - 100° = 80°
15 f

sin55° _ sin80°
15 _ f
0.819 ~ 0.985

0.819f=(0.985)(15)
0.819f= 14.775
f=18.04
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50.6°

First, state the Law of Sines as ﬁ = #
Substitute: Sil'1l ;50 = %
Cross multiply: 15sinF=12sin75°
Look up sin sin75°: 15sinF = 12(0.966)
Multiply: 15sinF=11.592
Divide both sides by 15: sinF=0.773

Find arcsin (or sin”') of 0.773:  F=50.6°

113.3°

. I h __ 8
First, set up the equation: sinZ3 - sinG

We used £3 because there are two angles at H, and we used ZG because it’s the only
angle whose measure we were given.

_16___10

sinZ3  sin35°
Cross multiply: 10(sin£3) = 16sin35°
Find sin35°: 10(sin£3)=16(0.574)
Multiply: 10(sin£3)=9.184

Divide both sides by 10: sin/3=0.9184
Find arcsin 0.9184: /3=066.7°

There you have it: mZ3=66.7°. But £3 is an obtuse angle and arcsin and sin only exist
for angles up to 90°. So what did you actually find? You found the measure of ZIHJ, what
would have been the quadrant Il reference angle for /3, had that angle been drawn in
standard position. To get m£3, subtract ZIHJ from 180°. (You saw this in Chapter 1.)
180" — 66.7° = 113.3°, which is the answer.

. . i _ 8
9.15in. Use the Law of Sines, Sn/Z - snGC

Use £2 because there are two angles at I and £G because it's the angle whose measure
you were given at the start.

Of course you’ll need mZF. m/F=180"—-(35"+113.3°)
180" - 1483°=31.7°

If you have a scientific calculator, you can enter that value. If you're using the table on
p. 297, you'll have to interpolate.
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. . i __10
Substitute known values: Sin31.7° ~ sin35°
Look up the sines: g =10

P : 0525 0.574
Cross multiply: 0.574i=(0.525)(10)
Clear parentheses: 0.574i=5.25
Divide both sides by 0.574: i=9.15

The Law of Cosines

It was fortunate that the Law of Sines was an easy formula to memorize. Every bit as useful as
the Law of Sines is the Law of Cosines, but, unfortunately, it is much less easy to memorize.
Like the Law of Sines, the Law of Cosines is true for any triangle: acute, right, or obtuse. Since
the cosine function is negative in quadrant I, a cosine < O indicates that an angle is obtuse.

That is, were the angle drawn in standard position, it would terminate in quadrant Il. The Law of
Cosines is derived from the distance formula, which, you may recall, was derived from the
Pythagorean theorem. It may be written in any one of three ways, all of which are shown here.
The statements of the law presume AABC with sides a, b, and c in the usual places, and it goes
like this:

a’ = b* + & — 2bccosA
b* = a* + ¢* — 2accosB
c* = a* + b* — 2abcosC

Look at the last equation. Interestingly, if the angle in question happens to be a 90° angle,
cosine of 90° =0, and the entire formula turns into the Pythagorean theorem.

Notice that each statement of the Law of Cosines starts with the side opposite the cosine of the
angle that ends that equation. On the other side of the equal sign is the sum of the squares of
the other two sides, minus 2 times the sides times the cosine previously mentioned.

If you had an angle to work with, the Law of Sines is much easier to use than the Law of Cosines.
The Law of Sines requires the measure of at least one angle to be known. When no angle is
known, but all sides are, it’s time to reach for the Law of Cosines. Since it is almost always used
for finding an angle, the three forms of the Law of Cosines shown previously may be rewritten
as follows:

2 2 2
_a+c —-b
COSB_—Zac

2

_b*+c*-a
cosA—isz

_a*+b*-c’?
COSC_—Zab

Next, you’ll see how the Law of Cosines is used.
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Example Problems
These problems show the answers and solutions.

In AABC, b = 10, c = 8, and cosA = . ind a.
answer: 12

Use the cosA = form: COSA = %
Substitute: % - %
Multiply: % - %
Combine like terms: % = %
Cross multiply: 8(164 — a%) = 160

Divde both sides by 8: 164 — a’= 20

Collect terms: -a*=20-164
Add and multiply by —1: a’= 144
J/ both sides: a=12

In AABC,a=10,b = 14, and c = 12. Find ZB.

answer: 18.5°

, _ . _a+c’-b’
Let’s use the cosB = form: cosB = 2
. . _10%+12*-14*
Substitute: cosB = ~— 21012
. _ 100+ 144-196
Multiply: cosB = 2.120
Combine like terms: cosB = % = % =0.200

Find arccos (or cos') 0.200: /B=785°

CliffsStudySolver Trigonometry

In APQR, p =8, g=10,and r = 13. Find Zs P, Q, and R.

answer: £ZP = 38°, ZQ = 50.4°, and ZR = 91.6°

2 2 2

Let’s use the cosP = form: cosP= %
Substitute: cosP= W
Multiply: cosP= W
Combine like terms: cosP= % = g—g =0.788

Find arccos (or cos') 0.788: /P=38°
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While £P did not exactly make 38°, it was very very close. Next, you can find either ZQ
or ZR.

Opt for £Q because 10 is an easier number to deal with than 13. Switch to the Law of
Sines, since you now have an angle.

P __49
sinP  sinQ
itute: ~ 8 __10
Substitute: Sin38 - sinQ
Cross multiply: 8sinQ = 10 sin38°
Find sin 52°: 8sinQ = 10 - 0.616
Multiply: 8sinQ = 6.16

Divide both sides by 8  sinQ = 0.77
Find arcsin (or sin'") 0.77: £Q =50.4°

So ZR=180-(38°+50.4°)=180"-88.4° =91.6°

Work Problems

Use these problems to give yourself additional practice.

In AABC,a =10, b = 18, and cosC = % Find c.
In AABC,a=8,b =13, and c = 15. Find ZB.
In AABC,a=7,b =8, and c = 5. Find ZC.

In AABC,a=17,b =5, and c = 3. Find ZA.

Worked Solutions
16 Use the cosC = form: cosC= %
Substitute: % = %
Multiply: % -100+324-c 00; -3128%_ c
Combine like terms: % = %_OCZ
Cross multiply: 15 (424 - %) = 360 (7)

Divde both sides by 15: (424 — ) =24 (7) = 168
Collect terms: —c*= 168 — 424
Add and multiply by —1: *= 256

4/ both sides: c=16
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88.5°

Use the cosB = form: cosB= %
Substitute: cosB= %2—1155Z
Multiply: cosB= %956225
Combine like terms: cosB= % = %5 =0.267
Find arccos 0.027: /B=885"

38.2°

Use the cosC = form: cosC= %
Substitute: cosC = %2_852
Multiply: cosC= %@%‘25

cosC=38 _11_4 756

Combine like terms: 117~ 1

Find arccos 0.786: /£C=382°

120°

Use the cosA = form: cosA = %
Substitute: COsA = %
Multiply: COsA = %1;49

-15_ _1

Combine like terms: cosA = 30 - 2° -5

Find arccos —0.500

Did you find it? If you tried on a calculator, you probably got a “syntax error,” and if you
tried looking it up in the table, your luck was even worse. You need to look up arccos
0.500, which gives you ZC=60°, but you're not done. That negative value for cosine tells
you that this angle is in quadrant II, so it’s an obtuse angle obtained by subtracting the
angle you found from 180°: 180" — 60° = 120°.

Solving General Triangles

The procedure for solving oblique (nonright) triangles can be broken down into several strate-
gies depending upon what is known about the triangle to be solved. In general, the types of tri-
angles are broken down into the same groups that you use to categorize methods for proving
triangles congruent. It is assumed here that all parts of the triangle need to be found. If only
some of the parts need to be found, the strategy might need to be modified.
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SSS

If three sides of a triangle are known, first use the Law of Cosines to find the largest angle (the
one opposite the longest side). This is the best way to tell whether the triangle is obtuse, since
cosine is negative in the second quadrant. If the cosine is negative, subtract its arcsine from 180°
to find the obtuse angle. If the cosine is O, then the angle is a right angle. When the largest angle
is known, the two remaining angles must be acute; although the second angle could be found by
using the Law of Cosines, using the Law of Sines is less complicated. When you have two angles,
add them together and subtract their sum from 180° to get the third angle.

SAS

When two sides and the angle formed by those two sides are known, use the Law of Cosines

to find the third side of the triangle. When that side has been found, find the smaller of the two
remaining angles, using the Law of Sines and the shortest of the three sides. If two sides are the
same length, you may skip this step, since the two remaining angles may be found using the
rule for isosceles triangles, which says sides of equal length are opposite angles of equal mea-
sure. If the included angle is not opposite one of the equal sides, subtract it from 180° and
divide by 2. If the included angle is opposite one of the equal sides, the angle opposite the
other is the same. Finally, add the two angles and subtract from 180° to find the measure of

the third angle.

Example Problems
These problems show the answers and solutions.

In ARST, r = 86, s = 41, and t = 62. Find the angles to the nearest whole degree.

answer: mZR = 112°, m4S = 26°, m4LT = 42°

2 2 2
The largest angle is ZR: cosR= %

2 2 2
Substitute: cosR=A1+62"—86"

2(41)(62)
o _ 1681+ 3844 —-17396
Multiply: CosR= 2(2542)
. . ) _—1871_
Combine like terms: COSR= 5084 0.371

Find arccos —0.371

Did you notice that the cosine is negative? You need to look up arccos 0.371, which
gives you ZR=68.22°. That negative value for cosine tells you that this angle is in
quadrant II, so it’s an obtuse angle obtained by subtracting the angle you found from
180°. 180° -68.22°=111.78° = 112°.

S r _ s

On to the Law of Sines: SinR ~ sinS
. . 86 _ 41

Substitute: Snll1Z —sinS

8 _ 41 86 _ 41

Use 68° for 112" Sin68° _ sinS ~ 0.927 _ sinS
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Cross multiply: 86sinS = 41(0.927)
Multiply: 86sinS = 38.007
Divide both sides by 86: sinS = 0.442
Find arcsin 0.442: 26.23°, so m/S = 26°
m/T= 180" - (112°+26°) =~ 42°

In ADEF, e =15, f= 20, and ZD = 70°. Solve the triangle rounding all lengths and angles
to the nearest whole unit.

answer: d = 20, mZE = 45°, mZF = 65°

You need to find d first: cosD = ez%;f_dz
Substitute: 0342 _15°+20'~ "
Multiply: 0.3142 _ 2252+(Z3l(())8)— d’
Combine like terms: 0'3142 = 6220_0612

Cross multiply: (625 — d?) = (0.342)(600)
Combine like terms: —d*=205.2 - 625 =—419.8

Take the square root of both sides: d = 20

. . e _ d
Now use the Law of Sines to find e: SinE ~ sinD

s 15 _ 20
Substitute: SinE ~ Sin70°
. . e, 15 _ 20
Find sin70°: SinE ~ 094
Cross multiply: 20sin E = 15(0.94)
Multiply: 20sin E = 14.1
Divide both sides by 20: 20sin E = 0.705

Find arcsin 0.705: 44.8°, so m/ZE =~ 45°
m/F =~ 180° — (70° + 45°) =~ 65°

In AABC, a =9, b =9, and C=70°. Solve the triangle rounding all lengths and angles to
the nearest whole units.

answer: mZA = 55°, mZB = 55°, c = 10

Since legs a and b are equal in length, AABC is an isosceles triangle, so both angles A and
B are equal to half the difference of 180° — 70°. 180° — 70° = 110°, and half that is 55°.
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To find side c, use the Law of Sines, ﬁ = ﬁ
Substitute: sinC7O° = sin955°
Cross multiply: csin55° =9sin70°
Look up the sines: c(0.819) = 9(0.94)
Multiply: c(0.819) = 8.46
Divide both sides by .819: c=1032=10

ASA

If you know the degree measures of two of the angles of a triangle and the length of the side
between them (also known as the included side), add those angles together and subtract from
180° to get the size of the third angle, if needed. Either the Law of Cosines or the Law of Sines
may be used to find the lengths of the other two sides, but why use a sledgehammer to open a
walnut? The Law of Sines will do the job just fine, and with a lot less mess.

SAA

Side-Angle-Angle (or as some refer to it, Angle-Angle-Side) is a condition in which two angles
of a triangle are known, as well as the length of a side other than the one included between the
two angles. Adding those angles and subtracting the sum from 180" will give you the degree
measure of the missing angle. The side you were given is opposite one of the two given angles,
so pair them up and use the Law of Sines to find the remaining sides of the triangle.

SSA, The Ambiguous Case

If two sides of a triangle are known, as well as an angle not between the two sides, it is not pos-
sible to be sure of what the triangle looks like, or whether there even is a triangle. There are six
possible solutions as to what the figure looks like. That’s why SSA is known as the ambiguous
case. Suppose that you are given ZA and sides b and a. See the following figure.

h

Two SSA possibilities.

Suppose that side a is shorter than the length of h. If so, there is no triangle at all. On the other
hand, if a is exactly equal to h, there is one right triangle possible.
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Three more SSA possibilities.

Now suppose that a is longer than h as in the preceding figure. Two triangles are now possible,
one acute and one obtuse. If a = b, then there is an isosceles triangle formed, and if a > b, there
is only one triangle possible. These all assume ZA to be an acute angle. Suppose that ZA is a
right angle or an obtuse angle. Then,

Q a > b; there is one triangle.
Q a = b; there is one triangle.

Q a < b; there is one triangle.

Draw your own diagrams to show that these are the case. Remember that a careful drawing of
the circumstances can be used to solve or at least demonstrate most trigonometry problems.

Example Problems
These problems show the answers and solutions.

Find the number of triangles that can be formed if ZA=120°, b = 16, and a = 12.

answer: None

120°
A

Solution for Example Problem 1.

Notice the representation in the preceding figure. Since a is shorter than b, there can be
no triangle.

Find the number of triangles that can be formed if ZA=90°, b = 25, and a = 40.

answer: One
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Since ZA =90° and the side opposite it is longer than the side adjacent to it, exactly one
triangle can be formed, as shown in the following figure.

C

Y0

25

]
Q

o

Solution for Example Problem 2.

A microwave tower stands atop a hill, which is sloped 26° from the horizontal. An
observer, lying on the ground 95 feet down the hill sights the top of that tower at an
angle of elevation of 38°. Assuming that observation to be at eye level, how tall—to
the nearest foot—is the tower?

answer: 134 ft.

Drawing the diagram that follows will help you to see that this is an ASA problem, with
the angle formed between the base of the tower and the observer 106°(90° +26° = 116°).
That makes /Z =180 - (116" +38°) = 180" — 154° = 26°.

90 + 26 = 116°

X
Solution for Example Problem 3.
Find the pole’s height by The Law of Sines: &Lnx = sn%

i . x __95
Substitute: Sin38° ~ Sin26°
Cross multiply: xsin26° =95sin38°
Look up the sines: x(0.438) = 95(0.616)
Multiply: x(0.438) = 58.52

Divide both sides by 0.438: x=133.6=134ft.
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Work Problems

Use these problems to give yourself additional practice.
In APQR, ZP is 65°, ZQ is 75°, and r = 16 cm. Find p and g to the nearest centimeter.
In ADEF, /D is 60°, ZE is 70°, and e = 12 in. Find d and f to the nearest inch.
n=12, m =8, and ZN=50°. Can MNO be one, two, or no triangle(s)?

If MNO in Problem 3 is one or more triangles, find all possible Os to the nearest integer.

Worked Solutions
p=23cm,q=23 cm

First, find ZR:
180° - (65° +75°) = 180° — 140° = 40°

This is an ASA-type problem, so you can use The Law of Sines:

P __r

sinP  sinR
Substitute: L= 1o
Cross multiply: psin40° = 16sin65°
Look up the sines: p(0.643) = 16(0.906)
Multiply: p(0.643) = 14.496
Divide both sides by 0.643: p=2254=23cm.
Now use The Law of Sines to find g: sng = sirr1 R
Substitute: sinqlS" = sir11£610°
Cross multiply: gsin40° = 16sin75°
Look up the sines: q(0.643) = 16(0.966)
Multiply: q(0.643) = 15.456
Divide both sides by 0.643: q=24.03 =24 cm.

d =11 in., f=10in. Thisis an SAA-type problem, so you can use The Law of Sines:

_d __e_
sinD ~ sinE
d 12

Substitute: SiNGO° ~ Sin70°
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Cross multiply: dsin70° = 12sin60°
Look up the sines: d(0.94) = 12(0.867)
Multiply: d(0.94) = 10.404
Divide both sides by 0.94: d=11.07 =11 in.
Next you need ZF: ZF = 180" - (60° +70°) = 180° - 130° = 50°
Now you use The Law of Sines to find f: 51% = #
Substitute: SinfSOO = siri'210°

Cross multiply: fsin70° = 12sin50°
Look up the sines: £(0.94) = 12(0.7606)
Multiply: £(0.94) =9.192

Divide both sides by 0.94: f=9.78=10in.

one Since side n is larger than side m, there is only one possible triangle. You may draw
the diagram to convince yourself, or you can look back at the preceding four figures.

o = 15 Find o by the Law of Sines, but first you need to find £s M and O.

Find ZM by The Law of Sines: L m

sinN ~ sinM
Substitute: si;§0° = sir?M
Cross multiply: 12sinM = 8sin50°
Look up the sin50°: 12sinM = 8(0.766)
Multiply: 12sinM = 6.128
Divide both sides by 12: sinM = 0.511

Find the angle whose sine is 0.511: M=30.73 = 31°

Z0 =~ 180° - (50° + 31°) = 99°. That makes the reference angle for ZO about 81°.

. S n _ o
Now you can find side o by The Law of Sines: SinN — sinO

Substitute: si;§0° = sin081°
Cross multiply: 0sin50° = 12sin81°
Look up sin50° and sin81°: 0(0.766) = 12(0.988)
Multiply: 0(0.766) = 11.856

Divide both sides by 0.766: o=1548=15
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Areas of Triangles

The area of any figure is the region within the perimeter of that figure, K, expressed in square
units of measure, such as in.” or cm”. See the following figure. Note that “K” is used for area to
avoid confusion with vertex A in AABC.

A b C

Area is the region inside.

Area for SAS

The most familiar formula for finding the area of a triangle is K = % bh, but that is by no means

the only one. In the preceding figure, if any two sides and the included angle were known
(SAS), then area can be found by one of these three formulas:

I R N R _d
K—zbcsmA, K—zacsmB, or l(—zabsmC

In other words, area equals half the product of two sides times the sine of the included angle.
These formulas are derived from the area formula and a triangle drawn at the origin on a set of
axes, but its proof is beyond the scope of this book.

Note: When we use the word “side” in area problems, we're referring to the measure of that
side. Also when referring to angles, we’re referring to the degree measure of the angles.

Example Problems

These problems show the answers and solutions. Each problem lists certain dimensions of a
triangle. Find that triangle’s area to the nearest square unit.

a=16cm,b =22 cm, and ZC=30°
answer: 88 cm’

= %absinC

116.22sin30°

K
k=3

Substitute:

Find sin30":  K=116-22(0.5)
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Cancel: K:%}G&ZZMII
Multiply: K=88
b=6yd,c=8yd, ZA=45°
answer: 17 yd.”

K= % bcsinA

Substitute: K= % 6 - 8sin45°

Find sin 45°  K=16-8(0.707)

Cancel: K= %¢3 -8(0.707)
Multiply: K=1697 =~ 17
a=12in.,,c=12in., and ZB=50°
answer: 55 in.”

K= %acsinB

Substitute: K= % 12 12sin50°

Find sin50": K ==12-12(0.766)

Cancel: K= %126 -12(0.766)

Multiply: K=552 =55

Area for ASA or SAA

Using the Law of Sines and substituting into the SAS area formulas leads to the development of
area formulas for situations in which two angles and a side, included or not, are known. Those
formulas are

_ 1 _2sinBsinC
k= 29 sinA

_1,.2sinAsinC
K= 2 b sinB

_ 1 .sinAsinB
k= 2¢  sinC

All three formulas really state the same thing, depending upon which side you know. Area =
half the square of the known side times the sines of the angles opposite the two other sides
divided by the sine of the angle opposite the known side.
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Example Problems

These problems show the answers and solutions. Each problem lists certain dimensions of a tri-
angle. Find that triangle’s area to the nearest square unit.

LA=120°, Z/C=30°,a=17in.
answer: 7 in.2

/B=180"-(120°+30°) = 180" - 150° = 30°

This is an SAA problem using a: K= %az%

Substitute: K= %72W
S5

Evaluate: K= 7(49) (O %(66)

. -2 6.12
Multiply: K=(245 )(0 23(66) e
Finally, divide by 0.866: k=8128-7072~7
/A=55", /B=065°, c =10 ft.
answer: 43ft.

/C=180°— (65 +55°) = 180° — 120° = 60°
This is an ASA problem using b: K= %czw

Substitute: 1025iN55°sin65°

7 sin60°
Evaluate: %(100) (0'8109. 6)3(606906)
il o120/ Q800007
Finally, divide by 0.866: Kk=3L21007 _ 484~ 43

LA=40°, Z/B=50°,b=12cm
answer: 60 cm’
This looks like an SAA problem, but there’s more. This is a right triangle with the right

angle at C. If you use b for the base, (AC) then BC is the height. You can find h by using
cos/B. Look at the following figure.
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B
50°
h

A b C
Use the tan ratio: tanB= %
Substitute: tan50° = %
Cross multiply: htan50° =12
Find the value of tan50°: h(1.192) =12
Divide both sides by 1.192: h =10.067. Call it 10.

Now use the standard area formula: K= % bh

Substitute: K= % 12-10

Solve: K =60

Heron’s Formula (SSS)

The ancient Greek philosopher and mathematician Heron (also known as Hero) developed a
formula for figuring out the area of triangles given only the lengths of the three sides. If a, b,
and c are the three sides of a triangle, and s is the semiperimeter (meaning half the perimeter)

a+b+c
s then

K=/s(s—a)(s—b)(s—c)

There are many different proofs of Heron’s Formula, but again, that is beyond the scope of this
volume. There is a very interesting one in CliffsQuickReview: Trigonometry.

Example Problems

These problems show the answers and solutions. Use Heron’s Formula to find the areas of the
three triangles. The answers may be left in radical form.

a=10cm,b =24 cm, c = 26 cm.

answer: 120 cm’

First, state Heron’s Formula: K= /5 (s—a)(s—=b)(s—c)

s=1(10+24+26)=30
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Substitute: K=/30(30- 10)(30- 24)(30-26)
Subtract: K= /W

Multiply: K = /14,400

Simplify: K=,/144-100=12-10=120

a=9in.,b=121in.,,c=15in.

answer: 54 in.”

First, state Heron’s Formula: K= /s(s —a)(s=b)(s-c)

1
s=5(9+12+15)=18

Substitute: K=/18(18-9)(18-12)(18-15)
Subtract: K= /W

Multiply: K=,/2916

Simplify: K=54

a=30m,b=16m,c=34m.

answer: 240 m”

First, state Heron’s Formula: K= /s(s —a)(s—=Db)(s—c)

s=1(30+16+34)=40

Substitute: K= /40(40-30)(40- 16)(40-34)
Subtract: K=/40(10)(24)(6)
Multiply: K =,/57,600
Simplify: K =240
Work Problems

Use these problems to give yourself additional practice. Each problem lists certain dimensions of
a triangle. First, recognize what formula must be used to find that triangle’s area and then find
the triangle’s area.

b=12m,c=18 m, and ZA=40°
LA=75°, /B=35°, and c= 12 cm
a=30cm,b=15cm, and c = 25 cm

LA=060°, LC=70",and b =9
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Worked Solutions
69 m” This is an SAS problem, so K = % bcsinA

Substitute: K= % 12 18sin40°

Find sin 40°:  K=112-18(0.643)

Cancel: K= % 1726-18(0.643)

Multiply: K = 69.444 ~ 69

42 cm® /C=180"—(75°+35°)=180"-110°=70°

K= 1 2sinAsinB

This is an ASA problem using b: c

2 sinC
Substitute: K= % 1 ZZW
Evaluate: k=L(1a 4)(0.968?52.574)
Multiply: K= (72)(0.96(6).)52.574) _ 36)932
Finally, divide by 0.866: K= % =42.47 ~ 42

50.,/14 cm’? This is an SSS situation, so use Heron’s Formula:

l(z/s(s—a)(s—b)(s—c)
Find the semiperimeter: s= %(30+ 15+25)=35

Substitute: K= /35(35-30)(35- 15)(35- 25)
Subtract: K=/35(5)(20)(10)
Multiply: K = /35,000
Simpilify: K=,/2500-14=50,14
43 units” This is an SAA problem using K = 1 bzw
2 sinB
/B=180"—- (60" +70° = 180° - 130° = 50°)
Substitute: K =1 o560 SIN70'
0.866)(0.94

Evaluate: K= %(81)%

. B (0.866)(0.94) 32969
Multiply: K=(40.5) 0.766 =0.766

32.969

Finally, divide by 0.766: K = =43.04~ 43

0.766
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Chapter Problems and Solutions

Problems

Solve these problems for more practice applying the skills from this chapter. Worked out solu-
tions follow problems.

In right triangle APQR, mZP=50° and hypotenuse q = 15. Solve the triangle.
In right triangle AABC, mZ A =38’ and C is the right angle. b = 20. Solve the triangle.

Kira sat on top of a mountain on a cloudless day. She looked out toward the road below
at an angle of depression of 65° through an optical rangefinder. The rangefinder showed
the distance to the road as being 6,000 feet. How high above the road was Kira sitting?
The rangefinder she was looking through was 3 feet above the ground.

lan’s kite is on the end of a 100-foot string flying at an angle of elevation of 55°. The hand
in which lan is holding the string is 4 feet above the ground. How high is the kite?

]

\
)
\

|
|
|
| X
|
|

b

Solve the triangle in the preceding figure if m£ZA =45°, mZC=65°, and b = 12.

U R 6 cm T
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Using the Law of Sines and triangle RST in the preceding figure, find mZSRT.

In AABC, a =8, b =9, and c = 6. To the nearest degree, find ZC.

In AABC, a = 14, b = 10, and ¢ = 6. Find ZA.

In ARST, r=13,s =10, and t = 11. Find the angles to the nearest whole degree.
In AEFG, e =5, f= 11, and g = 12. Find the angles to the nearest whole degree.

In ADEF, e =8, f= 10, and ZD =60°. Solve the triangle, rounding all lengths and angles
to the nearest whole unit.

In AABC,a=12,b =12, and ZC=50°. Solve the triangle, rounding all lengths and angles
to the nearest whole units.

A radio tower stands atop a hill that is sloped 20° from the horizontal. An observer, lying
on the ground 120 feet down the hill sights the top of that tower at an angle of elevation
of 25°. Assuming that observation to be at eye level, how tall to the nearest foot is the
tower?

In APQR, ZP is 35°, ZQ is 65°, r= 16 cm. Find p and g to the nearest centimeter.

In ADEF, /D is 60°, ZE is 70°, e = 12 in. Find d and f to the nearest inch.

Two observers on level ground spot a balloon in the air at exactly the same moment. One
observer sees the angle of elevation as 67°, and the other observer, who is 5,280 feet
away from the first, sees the elevation as 70°. Find the height of the balloon.

Find the number of triangles that can be formed if ZD=115", e = 16, and d = 15.

Find the number of triangles that can be formed if ZD=90°, f = 30, and d = 35.

In AABC, b =8m, c=9m, and ZA =45". Find the triangle’s area to the nearest square
unit.

In AABC, a = 10 cm, ¢ = 14 cm, and ZB=50°. Find the triangle’s area to the nearest
square unit.

Each problem (21-25) lists certain dimensions of a triangle. Find that triangle’s area to the near-
est square unit.

ZA=110°, ZC=35",and a = 8in.
/D=64°, /ZE=72°, and f = 20 ft.
/G=67°, ZI=74°,and h = 12 cm.
a=12cm,b =14 cm, and c = 16 cm.

a=18in., b =24 in., and c = 30 in.
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Answers and Solutions

Answer: m/Q=90°, mZR=40°, p=11.5,r=9.65. You know that the right angle is
ZQ since q is the hypotenuse. 90° + 50° = 140°, so mZR= 180" — 140° = 40°. You can find
the sides by means of sin, and/or cosine, and/or secant, and/or cosecant. The easiest is
probably as follows:

SinR= & sinp= 1
r=qgsinR p=qgsinP
r=15sin40° p=15sin50°
r=15(0.643) p=15(0.766)
r=9.65 p=115

Answer: m/B=52°,a=4.66,c=11.04. 90°+38 =128,so m/B=180"—- 128" =52".
There are many ways to solve these, and the following is just one:

tanA = % sinB= %
a=btanA b=csinB
a=20tan38° c=_b
sinB
&:20(0781) c= 20
a=15.6 sin52°
c= 20
0.788
c=254

Answer: 5,433 ft. Draw your own diagram. Note Kira’s line of sight is the hypotenuse.
Her height above the road is the side oposite the angle of depression.
s ocpe_ X
sin65° = G000
x =(6000)(sin65°)
x =(6000)(0.906)
x=54306 ft.

But she is holding the range finder 3 feet above the ground, so subtract that from the total
to get 5,433 ft.

Answer: 85.9 ft. First, picture the problem as in the following figure.

Go fly a kite!
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Here, you know the adjacent side of the triangle (with respect to the angle of elevation)
and want to find the opposite side, so use tangent:

; o_ X

sin55° = 100
x=100(sin55°%)
x=100(0.819)

x=819 ft.
Add 4 feet for the height of lan’s hand and get 85.9 ft.

Answer: m/B=70°, a = 13.04, c = 14.74. Since the total sum of the angles = 180",
and 45°+65°=110°, mZB =180-110=70".

. a __ b __c
From the Law of Sines, you get SinA ~ sinB — sinC
a 12 C

That means sin45° ~ sin70° _ sin65°

To solve, make two proportions:

a _ 12 12 _ ¢
sin45° = sin70° and sin70° ~ sin65°
Solve each.

12 __ ¢
0.940 0.906

0.940a = 12(0.707) 0.940c = 12(0.900)

0.940a = 8.484 0.940c = 10.872
a=9.03 c=11.57
- 105°. Fi ion. L -_t_
Answer: 105°. First, set up the equation, Sinx — sinT~

Use x (£SRT) because it’s the angle for which you are looking and /T because it’s the only
angle whose measure you know. Of course, you know all three sides.

1 8

sinx ~ sin40

Cross multiply: 8 (sin x) = 12 sin40°
Find sin40°: 8 (sin x) = 12(0.643)
Multiply: 8 (sinx) =7.716

Divide both sides by 8: sin x = 0.965
Find arcsin 0.965: /SRT=74.8" =~ 75°

But £SRT is an obtuse angle! Arcsin and sin, for that matter, only exist for angles up to 90°.
So what did you actually find? You found the measure of ZSRU, the quadrant Il reference
angle for ZSRT. To get m£SRT, subtract ZSRU from 180°. 180" — 75° = 105°, which is the
answer.
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Answer: 41°

2 2 2
cosC=a tb —c”

Use the cosC = form: 23b
. . _8+9'-6"
Substitute: cosC= ~2.890
I _64+81-36
Multiply: cosC= 5 .77
o _109 _
Combine like terms: cosC= =0.757
144
Find arccos 0.757: /C=408" =~ 41°

Answer: 120°

Use the cosA = form: cosA= %
Substitute: COSA = 102%(2)_6”{2
Multiply: COSA = W
Combine like terms: COsA = IT6(()) = —% =-5

Find arccos: —0.500

You need to look up arccos 0.500, which finds ZC =60°, but you're not done. That
negative value for cosine tells you that this angle is in quadrant II, so it’s an obtuse angle
obtained by subtracting the angle you found from 180°: 180° — 60° = 120°.

Answer: m/R=76°, m/ZS =~ 48°, m/T = 56°

2 2 2
R=S_tt —r

The largest angle is ZR:  cos 75t
. ) _10°+11°-137
Substitute: COSR= S ao0dn (10)(1 1
o _100+121-169
Multiply: CosR= 2(110)
Combine like terms: COSR= =7 0.236
: 220
Find arccos 0.236: R=7634=~76°
. r __s
On to the Law of Sines: SinR =~ sinS
. ) 13 _ 10
Substitute: Sin7& -~ sinS
Cross multiply: 13sinS = 10(0.97)
Multiply: 13sinS = 9.7

Divide both sides by 13: sinS = 0.746
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Find arcsin 0.746:

48.24°, so m/S = 48°

m/T =~ 180° — (76° + 48°) = 56°

Answer: m/G =~ 89°, mZE =~ 25°, mZF =~ 66°.

The largest angle is ZG:

_e'+fi-g?
COSG—T
T _5'+11°-12*
Substitute: cosG =757
. _25+121-144
Multiply: cosG= 2.55
2 _1

Combine like terms:

cosG=11025—20.018

Find arccos 0.018: G=88.9° =~ 89

On to the Law of Sines:
Substitute:

Look up sin89°:
Cross multiply:

Multiply:

Divide both sides by 12:

Find arcsin 0.416:

g __e
sinG sinE

12 _ 5
sin89 = sinE

12 __5

0.999 " sinE
12sin E = 5(.0999)

12sin E = 4.995

sin E =0.416

24.58°, so m/E =~ 25°

m/F =~ 180° — (89° +25°) ~ 66°

Answer: d =9, m/E ~50°, m/F=70".

Substitute:

Multiply:

Combine like terms:
Cross multiply:

Combine like terms:

Take the square root of both sides:

You need to find d first.

_e’+f*-d?
COSD—izef

05 _87+10*—d*
1~ 2(8)(10)

05 _ 64+100—-d*

1 2(80)
0.5
1

_164-d*
160

164 — d*=0.5 - 160
-d*=0.5-160 - 164 =80 — 164 = -84

d=,/84=2,/21~9.165~9

127
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Now use the Law of Sines to find e: si% = 51%
Substitute: sifri - sin960°
Find sin 60°: % = ﬁ
Cross multiply: Osin E = 8(0.8606)
Multiply: Osin E = 6.928
Divide both sides by 9: sin E = 0.77

Find arcsin 0.77: E=50.35°, so m/ZE =~ 50°
m/F =~ 180° - (60° +50°) =~ 70°
Answer: m/A=65" m/B=65°,c= 10

Since legs a and b are equal in length, AABC is an isosceles triangle, so both angles A and
B are equal to half the difference of 180" — 50°. 180° — 50° = 130°, and half that is 65°.

To find side c, use the Law of Sines: sirC1C = sigA
Substitute: sinc50° = 5111250

Cross multiply: csin65° = 12sin50°
Look up the sines: c(0.906) = 12(0.766)
Multiply: c(0.906) = 9.192
Divide both sides by .906: c=10.146= 10

Answer: 72 ft.  Drawing the diagram shown in the following figure will help you see
that this is an ASA problem, with the angle formed between the base of the tower and
the observer at 110°(90° + 20° = 110°). That makes £Z=180" - (110° + 25°) =

180° — 135° =45°.

] , . . X _ Zz
Find the tower’s height by The Law of Sines: SinX ~ sinZ
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s x __120
Substitute: SinZ5° -~ sind5°
Cross multiply: xsin45° = 120sin25°

Look up the sines: x(0.707) = 120(0.423)
Multiply: x(0.707) = 50.76

Divide both sides by 0.707: x =71.79 =72 ft.
Answer: p=9cm, g= 15cam. First, find ZR.

180° - (35° +65°) = 180° — 100" = 80°

s ines: —P_-_TI_

This is an ASA-type problem, so you can use The Law of Sines: SinP — SinR
. . P _ 16

Substitute: Sin35° - sin&0°

Cross multiply: psin80° = 16sin35°

Look up the sines: p(0.985) = 16(0.574)
Multiply: p(0.985) = 9.184

Divide both sides by 0.985: p =9.32=9 cm

q __r
sinQ sinR

Now you use The Law of Sines to find q:

q 16

Substitute: SinG5° ~ Sin&0°

Cross multiply: gsin80° = 16sin65°

Look up the sines: q(0.985) = 16(0.900).
Multiply: q(0.985) = 14.496.

Divide both sides by 0.985: g = 14.71 = 15 cm.

Answer: d = 11 in., f= 10in. This is an SAA-type problem, so you can use The Law of

Sines:
d __e
sinD ~ sinE
. . d _ 12
Substitute: SiNGO° — Sin70°
Cross multiply: dsin70° = 12sin60°

Look up the sines: d(0.94) = 12(0.867)
Multiply: d(0.94) = 10.404

Divide both sides by 0.94: d = 11.07 = 11 in.
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Next you need. ZF= 180" - (60° + 70°) = 180° — 130° = 50°

Now use The Law of Sines to find f: ﬁ = #
Substitute: sinf50° = sir11%O°

Cross multiply: fsin70° = 12sin50°
Look up the sines: £(0.94) = 12(0.766)
Multiply: f(0.94) =9.192
Divide both sides by 0.94: f=9.78 = 10 in.
Answer: 6,876 ft.

Find the third angle: 180° - (71° +67°) = 42°

. . . a _ ¢
Use the Law of Sines to find side a: SinA = SinC
i . a _ 5280
Substitute: Sn71° -~ sind2’
Cross multiply: a(sin42°)=5280(sin71°)
Collect terms: = M
sin42
Lool . ~5280(0.946)
OOK up sines: a= W
Compute: a=746606 ft.
It’s no accident that a is the hypotenuse of right ABCD. To find the height of the balloon,
use sin67°.
. o __ h
Set up: sin67° =z
. . o_ h
Substitute: sin67° = 7466

Collect terms: h=7466sin67°
Look up sin67°: h = 7466 - 0.921

Compute: h = 6876 ft.
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Answer: None

F
N}
6/ e=16
ey,
E f D

Notice the representation in the preceding figure. Since d is shorter than e, there can be
no triangle.

Answer: 1. Since /D =90°, and the side opposite it is longer than the side adjacent to
it, exactly one triangle can be formed. See the following figure.

E
e/q") f=30

F - 90% p,
Answer: 25 m”
Use the SAS form withband c: K= %bcsinA
Substitute: K=189sin4s’
Find sin45°: K=8:9(0.707)
Cancel: K= %8 4-9(0.707)
Multiply: K = 25.452 = 25
Answer: 54 cm”
Use SAS form withaand c: K= %acsinB
Substitute: K=210- 14sin50°
Find sin50°: K=210-14(0.766)
Cancel: K= %}6 5-14(0.766)

Multiply: K =53.62 ~54
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Answer: 11in* /B=180"-(110°+35°)=180° — 145° = 35°

This is an SAA problem using a: K= %azisinsiBnSX‘C

Substitute: K= % 82%

Evaluate (Use 70° for 110°): K= %(64)(0'573?9(2'574)
it (- QTG 103
Finally, divide by 0.0.94: k=10543 _ 1122~ 11

Answer: 246 ft> /F=180"—(64°+72°)=180"— 136" = 44°

This is an ASA problem using f: K= % fzgsinsl.i)nsfi_nE

Substitute: K= % ZOZW

Evaluate: K= %( 400)%

i - (200) OG0 170588
Finally, divide by 0.695: K= % =246.03 ~ 246

Answer: 101 cm® /H=180"—(67°+74°)=180° — 141° = 39°

This is an SAA problem using h: K= % hzisir;g;_}nl

. _1,,25in67"sin74"
Substitute: K= 2 12 sin39°

| B (0.921)(0.961)

Evaluate: K= 7(144)—0.629

. 0.921)(0.961) ¢3.726
Multiply: K= (72)( 0,2,(29 ) 0.629
Finally, divide by 0.629: K= 603'672296 =101.313= 101

Answer: 21,/15 cm?

It's SSS, so use Heron’s Formula: K= /s (s—a)(s—Db)(s-c)

Find the semiperimeter: s= %(1 2+14+16)=21

Substitute: K= ,/21(21-12)(21-14)(21-16)
Subtract: K=/21(9)(7)(5)
Multiply: K=,/6615

Simplify:  K=,/6615=,9-49-15=21,/15
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Answer: 216 in.”

It's SSS, so use Heron’s Formula: K= /s(s —a)(s=b)(s—c)

Find the semiperimeter: s= %(18+ 24+30)=36

Substitute: K= ,/36(36- 18)(36—24)(36-30)

Subtract: K=/36(18)(12)(6)
Multiply: K =,/46,656

Simplify: K=216

Supplemental Chapter Problems

Solve these problems for even more practice applying the skills from this chapter. The Answer
section will direct you to where you need to review.

Problems
In right triangle APQR, mZP =30’ and hypotenuse g = 12. Solve the triangle.

In right triangle AABC, mZA = 36’ and C is the right angle. b = 16. Solve the triangle.

The top of a ladder is leaning against a building. Its bottom is 5 feet away from the base
of the building. The ladder forms a 78° angle of elevation with the ground. To the nearest
foot, how long is the ladder?

Willis stood on top of a dliff on a cloudless day. He looked out toward the lake below at
an angle of depression of 60° through an optical rangefinder held 5 feet above the ground
on which he was standing. The rangefinder showed the distance to the valley floor to be
7,500 feet away. How high above the lake’s surface was Willis standing?

D F
e

Use the preceding figure as the model for Problems 5 and 6.
If mZD=75°, m/ZE=55", and d = 18 cm, find the length of f to the nearest integer.
If m/ZE=80°, e = 16 cm, and f = 12 cm, find mZF to the nearest degree.

In AABC, b = 10, c = 8, and cosA = % Find a to the nearest integer.
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In AABC, a =12, b = 14, and c = 16. Find ZB to the nearest degree.
In ARST, r=23,s =21, and t = 32. Find the angles to the nearest whole degree.
In AMNO, m = 18, n = 12, and o = 14. Find the angles to the nearest whole degree.

In ADEF, e = 10, f= 12, and £ZD = 75"°. Solve the triangle rounding all lengths and angles
to the nearest half unit.

In APQR, p =17, q =6, and ZR=85". Solve the triangle rounding all lengths and angles to
the nearest half unit.

In AHIJ, ZH is 50°, /] is 70°, and i = 10 in. Find h and j to the nearest inch.

In APQR, /P is 55°, ZQ is 65°, and r = 20 cm. Find p and ¢ to the nearest centimeter.
In ADEF, m/D is 110°, mZE is 40°, and e = 14 in. Find d and f to the nearest inch.

In AABC, ZA is 74°, /B is 63°, and b = 24 cm. Find a and c to the nearest cm.

Find the number of triangles that can be formed if ZA=120°, b = 16, and a = 12.

Find the number of triangles that can be formed if ZA=90°, b = 25, and a = 40.

In AMNO, m = 10yd., n = 12 yd., ZO=60°. Find the triangle’s area to the nearest
square unit.

In ARST, s = 20 in., t = 24 in., and ZR=37". Find the triangle’s area to the nearest
square unit.

Each problem (21-25) lists certain dimensions of a triangle. Find that triangle’s area to the near-
est square unit.

/A=80°, ZC=40°, and a = 10in.
/D=69°, ZE=65°, and f = 16 ft.
G=44°, /I=64°,and h = 12 cm.
a=12in.,,b =13 in.,and c = 15 in.

a=18cm,b =16cm, and c = 24 cm

Answers
m/ZQ=90°, mZR=60°, p =6, r=10.4 (Finding Missing Parts of Right Triangles, p. 93)

m/B=54°,a=11.6,c=19.8 (Finding Missing Parts of Right Triangles, p. 93)
24 ft.  (Angles of Elevation and Depression, p. 95)

6,490 ft.  (Angles of Elevation and Depression, p. 95)
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14 (The Law of Sines, p. 100)

48° (The Law of Sines, p. 100)

10 (The Law of Cosines, p. 105)

58° (The Law of Cosines, p. 105)

R=52°, S~ 41°, T~ 87° (Solving General Triangles—SSS, p. 109)
M=87", N~ 42°, O=51° (Solving General Triangles—SSS, p. 109)
d=13.5 m/ZE =~ 455°, m/F =~ 59.5° (Solving General Triangles—SAS, p. 109)
r=9, mZP=51°, mZ/Q =44’ (Solving General Triangles—SAS, p. 109)
h=9,j=11 (Solving General Triangles—ASA, p. 111)

p=19,g=21 (Solving General Triangles—ASA, p. 111)

d=20,f=11 (Solving General Triangles—SAA, p. 111)

a=26,c=18 (Solving General Triangles—SAA, p. 111)

None (Solving General Triangles—SSA, The Ambiguous Case, p. 111)
One (Solving General Triangles—SSA, The Ambiguous Case, p. 111)

52 yd.> (Area for SAS, p. 116)

144 in.> (Area for SAS, p. 116)

28in.”> (Area for ASA or SAA, p. 117)

151 ft.> (Area for ASA or SAA, p. 117)

47 cm®  (Area for ASA or SAA, p. 117)

75in.> (Heron’s Formula [SSS], p. 119)

144 cm®  (Heron’s Formula [SSS], p. 119)






Chapter 4

Trigonometric Identities

as conditional equations, and they may be true for one replacement of the variable, no

replacements of the variable, or many replacements of the variable, but they are never true
for all replacements of the variable. For example, 2x = 6 is a conditional equation. It is only true
for x = 3.

S ome equations are valid for only a single value of the variable. Such equations are known

Fundamental Identities

There are also equations that are valid for all values of the variable within the defined solution
set. That type of equation is known as an identity. For example, 5x = 3x + 2x is always true.

tan6 = % is an identity for all real values except cosf = O.

Identities are useful for solving more complex trigonometric equations by distilling them down
into more recognizable forms. If an equation can be shown to be false for any single value of
its variable, then that is enough to prove that it is not an identity. Such a value is known as a
counterexample.

The fundamental identities can be separated into several groups.

Reciprocal Identities

You are already familiar with the reciprocal identities. They are

1

sin@ ~ csc
colse =secO
ﬁ = cot0
# = tan6
% =cos6
ﬁ =sin6

The most important thing you need to remember about the reciprocal identities is which is the
reciprocal of which. Remembering that secant and cosine go together is usually enough to be
able to sort the list correctly.

137
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Ratio Identities

The ratio identities are also sometimes referred to as the quotient identities. They are

tan@ = Sin®
cos6
cotf = 058
sin@

Until you have used them to simplify complex trigonometric equations, you cannot appreciate
how useful these two identities can be.

Example Problems
These problems show the solutions.

Prove that tan0 = ﬂ.
cosO

answer: By definition, in right AABC, with the right angle at C and 0 at A,
sin@ = % cos0 = % and tanf = %

sin®
cosO’

That would mean that tan0 = % - %

Now try the hypothesis that tan6 =

(e[

L . _a
Invert the divisor and multiply: tan@ =& x

S Ma.

(w2lg
!
l
Il
AN
X

How about that??!

Prove that cotO = C(.)—SG.

sinf
answer: By definition, in right AABC, with the right angle at C and 0 at A,
sinf = % cosO = % and cotf = g

Now try the hypothesis that cotf = CSlol‘?g .

That would mean that cot6 = % = %

n
Q|G

e

Invert the divisor and multiply: cotf = % X % - =

Al

And there you have it!

Given the same right AABC as in Problems 1 and 2, name and define the reciprocal
identities for sin@ and cos0, in that order.

answer: cscO = = % secO = = %
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Cofunction Identities

The cofunction identities may be stated two different ways. The first way is as ratios that
demonstrate that the sine of one acute angle in a triangle is the cosine of the other acute angle,
and so forth:

sinA = % =cosB sinB= % =CcosA
secA = % =cscB secB= % =cscA
tanA = % = cotB tanB = g = cotA

The cofunction identities can also be stated in complementary form, since the two acute angles
of a right triangle must add up to 90°:

sin@ = cos(90° — 0) cosB = sin(90° — 0)
secO = csc(90° — 6) cscO = sec(90° — 0)
tanf = cot(90° — 0) cotf = tan(90° — 0)

There is really no point in proving the cofunction identities, since you should be able to see
them for yourself by just inspecting the following figure.

Identities for Negatives

If there is anything simpler than identities for negatives, we don’t know what it is; nevertheless,
they need to be stated:

sin(—0) = —sinO
cos(—0) = —cosH
tan(—0) = —tanf
sec(—0) = —secH
csc(—0) = —cschH
cot(—0) = —cotd

Example Problems here would be too silly. Just keep these in the back of your mind, because
you never know when this information might come in handy.
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Pythagorean Identities

The last group of fundamental identities are the Pythagorean identities. Note that each line con-
tains the same identity written in three different forms. If you learn the first formula on each line,
you will have access to all of them; however, it pays to recognize the fact that each Pythagorean
identity can appear in (at least) three different forms:

sin“0 + cos®0 = 1 sin“@ = 1 — cos’@ cos’0 = 1 — sin’0
csc’0 — cot’0 = 1 1 + cot’0 = csc’0 cot’0 = csc’0 — 1
sec’0 — tan’0 = 1 1 + tan’0 = sec’0 tan’0 = sec’0 — 1

Example Problems

These problems show the solutions. All problems refer to the same right triangle as in the previ-
ous figure.

Prove sin’0 + cos’0 = 1.
answer: In right AABC, a* + b* = ¢*.
a* b*_c’
=

+5 =5

Divide by c*: c

c
Rename and simplify: (%
But sin@ = % and cosO = %
You substitute (%>Z+ (%)zz 1 and get (sinf)” + (cosO)” = 1.
But, (sinf)* = sin’0 and (cosO)” = cos6.

Therefore, sin°0 + cos’0 = 1.

Prove 1 + tan’0 = sec’6.
answer: In right AABC, a* + b* = ¢*.
Divide by b%: % + R
Rename and simplify: (%) +1= (%)

But tan0 = % and secO = % SO...
2 2
You substitute (%) +1= %) and get (tan0)” + 1 = (sech).

But, (tan 0)* = tan’0 and (secB)” = sec’0.

Therefore, tan’0 + 1 = sec’0, or 1 + tan’0 = sec’0.
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Prove 1 + cot?0 = csc?0.

answer: In right AABC, a* + b* = .

2 2 2

. a b C
Divide by a*: S+ 2% =%
y aZ aZ aZ

Rename and simplify: 1+ (g) = (%)

But cotO = g and cscO = % SO...

C

2 2
You substitute 1+ (%) = <5> and get 1 + (cotf)” = (cscH)>.

But, (cot)? = cot’0 and (cscO)? = csc?6.

Therefore, 1 + cot’@ = csc?6.

Work Problems

Use these problems to give yourself additional practice.

For problems 1 and 2, sin¢ = % and cos¢ < 0.

Find cos¢.

Find tan¢.

tan@ + secO
1 +sin6

What is the value of 7sin’0 + 7cos’0?

Express in simplest form.

Worked Solutions
J11

"6 We need to use an identity that relates sine to cosine and does not require

knowledge of an angle.

sin’g + cos’¢ = 1
2

Substitute: (%) +cos’P=1
2
Collect like terms: cos’Pp=1- (%)
; 2 p 25
Square the fraction: cos’Pp=1- 36
: tgh-1-25_11
Subtract: cos’ ¢ = 5= 36

Find square root of each side: cos¢ = @

cos¢ = —@

But cos¢) < 0, so

141



142 CliffsStudySolver Trigonometry

5/11

11
Since you know the sine and cosine, use the ratio identity:
_ sing
tan¢g = cos
>
i 6
Substitute: tan@ =——
P
6

Multiply by the divisor’s reciprocal (also known as invert and multiply):

tang = % X [—%]

1
. . 5 @
First cancel the sixes: tan¢ -5 |2
2|
Then multiply: tang = —51\1/ﬁ

Never leave a radical in the denominator: tan¢ = — : = -
J11 /11 11

Finish up: tan¢ = -1
secO You start out with M
1+sin@
sin@ 41
. . . cosO " cosB

Change everything to sin and cos: [ Tsin0

sinf + 1

. . cos6
Combine numerators: T+sin0
sinf+1 1

Invert to make a multiplication problem: 0s0 11sind

sin6+1 1

i 1 1
Cancel and multiply: : A=
cos® 1tsin® cosb

Recognize the secant’s reciprocal: ﬁ =secO

7 Does the expression 7sin’0 + 7cos’0 look familiar?
You know that sin’0 + cos’ = 1.

Multiply the equation by 7:  7(sin’@ + cos’@ = 1).
That will give you 7sin’0 + 7cos’0 = 7.

And there’s your answer; the expression equals 7.
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Addition and Subtraction Identities

The fundamental identities discussed previously all involved working with a single variable. The
following identities utilize two variables and are known as addition and subtraction identities,
sum and difference identities, or simply trigonometric addition identities for sine and cosine.

sin(r + B) = sinacosf + cosasin B The sum identity for sine.

sin(a — f3) = sincicosf3 — cosasin B The difference identity for sine.
cos(a + B) = cosacosf — sinasin The sum identity for cosine.
cos(a — B) = cosacosf + sinasin 3 The difference identity for cosine.

Example Problems
These problems show the answers and solutions.

Change sin70°cos120° + cos70°sin120° into a trigonometric function in a single variable
and evaluate it.

answer: -.174
This is one side of the sum identity for sines (1, above): sin(a + f3) = sinctcosf + cosasin

Complete the sum identity

for sine: sin70°cos120° + cos70°sin120° = sin(70° + 120°)
Add inside the parentheses: = sin(190°)
This is a third quadrant angle, [180° < 190° < 270°],
so sin is negative: = —sin190°
To get the reference angle in quadrant Ill, subtract 180°: = —sin(190° — 180°
Subtract: = —sin10°

=-.174

Change cos130°cos70° + sin130°sin70° into a trigonometric function in a single variable
and evaluate it.

answer: 0.5 or %

This is part of the difference identity for cosines (4, above):
cos(a — ) = cosacosf3 + sinasinf

Complete the difference
identity for cosine: cos130°cos70° + sin130°sin70° = cos(130° — 70°)

Subtract inside the parentheses: = cos60°

All functions are positive in the first quadrant, so evaluate: cos60° = 0.5
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Change cos130°cos70° — sin130°sin70° into a trigonometric function in a single variable
and evaluate it.

answer: -0.94
This is part of the sum identity for cosines (3, above): cos(a + f3) = costcosf — sinasinf3

Complete the sum identity for

cosine: cos130°cos70° — sin130°sin70° = cos(130° + 70°)
Add inside the parentheses: = cos(200°)

This is a third quadrant angle, [180° < 200° < 270°],

SO cos is negative: = —c0s200°

To get the reference angle in quadrant lll, subtract 180°: = —cos(200° — 180°)
Subtract: = —c0s20°

Evaluate: cos20° = -0.94

Double Angle Identities

The double angle identities for sine and cosine, as well as the half angle identities, are derived
from the sum and difference identities given previously. They are shown here:

sin26 = 2sinBcosO
co0s20 = cos’9 —sin’0
co0s26 = 2cos’0 -1
cos20 = 1 — 2sin’0

These identities are used to express the sine or cosine of an angle that’s double the size of the one
you know, in terms of the sine and cosine of that known angle. You'll notice that there are three
times as many forms with cosine to the left of the equal sign as there are for sine in that location.

Example Problems
These problems show the answers and solutions.

If cos¢ = % find the value of sin2¢.

28

answer:
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2
Start out with the Pythagorean theorem: r’= ( m> —-5°
Solving that, you first square the numerics: r* = 41 — 25
Subtract: =16

Take the square root of both sides: r=4

. . opposite 4
Since sin = hypotenuse sing = a1

Now start with the identity: sin2¢ = 2sin¢ cos ¢

Substitute what you know:  sin2¢ =2 Ta1 ﬁ
Next group to multiply: sin2¢ /2— /5_
Finally, multiply: sin2¢ = i—

If P is in the second quadrant and sinP = % find sin2P.

24
answer: 5=

If sinP = % then cosP= % (Remember the 3-4-5 right triangle? Otherwise, use the

Pythagorean theorem to find the adjacent side.)
Now start with the identity: sin2P=2sinPcosP

Substitute what you know: sin2P=2 <§><£>

5/\5
Next group to multiply: sin2p=2 '53 '54
Finally, multiply: sin2P = %g

Remember that sine is positive in the second quadrant, so you need to do nothing further.

If A is a second quadrant angle, and sinA = % what is cos 2A?

,_119
answer: 169

For openers, you might use either the Pythagorean theorem or your knowledge of

Pythagorean triples to find the third side of the triangle, 12. Therefore, cosA = %

Of course, you don’t need that information if you use the identity:
cos20=1-2sin’0

2

Substitute: cos20=1-2 (%)

. _q1_2 25
Clear the parentheses: cos20=1- 1 1 60
Multiply: cos20=1-

169
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. _169 50 _119
Subtract: c0s20=165" 169 ~ 169
And since cosine is negative in quadrant Il:  cos260 = —}178

Half Angle Identities

If the double angle identities seemed strange to you, the half angle identities should seem
even more so. These identities are used to express the sine or cosine of an angle that’s half the
size of the one you know, in terms of the sine and cosine of that known angle. (By the way,
don’t think there are no double or half angle identities for tangent. We're just putting them off
for a while.) The sine and cosine half angle identities are as follows:

.0 _ ., /1—cos@
smz—i —
6 _ . [/1+cos6
cosz—v_L —

Notice that each radical sign is preceded by a + (which means plus or minus). That’s because the
sign of the answer will depend upon which quadrant the half angle falls in. If 6 = 280°, then g =

140°. Since 140° is a quadrant Il angle, sin@ would be preceded by a positive sign, and cos@
would be preceded by a negative.

Example Problems
These problems show the answers and solutions.

If cosO = —% and 0 is in quadrant III, find cos%@.

/2

answer: -
8

If 0 is in quadrant III, then 0 is between 270° and 360°. That means %9 is greater than
135° and less than 180°. That’s in quadrant Il. In quadrant Il, cosine is also negative.

Now write the relevant equation: cos + [ —— 1+ COSG

1 +< i
16
Substitiute and adjust the sign: cos
0 }76 + _%
Express both numbers to be added in like fractions: Cos> =— >
11
Combine fractions: cosQ -_J16
2 2
Divide: cosQ:—/ﬂ;;_—/uxl:_ 11
: 2 16 " 1 1 2 32
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J11

Work out what’s under the radical sign: cos> o__vI11

I
N

Rationalize the denominator: cos = 0 ‘/ﬁ X ﬁ - {22
2 4 ﬁ ﬁ 8

If ¢ is a positive acute angle and cos¢ = 9, find sin ?

answer: %

: : C ¢ 1—cos¢
First write the formula for the half angle sine identity: siny =4 /——>——
Since ¢ is a positive acute angle, sine is positive: sin% = | — czos¢

_1
L ¢ |19
Next, substitute: sin>

I
\O)\o

N | N
\O|—
I

~N|\0|00

Subtract: sin %

Divide by 2: sinf:/§;;:/§xl:/§
Y& Z {971 7{9%27 Y9

Work out what’s under the radical sign: sin% = %

If sin %9 = % and 0 is an acute angle, find cos6.
7
answer: g

The only identity you have that relates the two functions is: sing == /%

Substitute and make radical positive, since angle is acute: % = /%
2
. . (1 _ [1-=cosB 1 _1-cos6
Square both sides of the equation: ( i 2 ) -~ 16" 2
Next, cross multiply: 16 — 16cosb = 2
Subtract 16 from both sides: —16cosO0 =2 - 16=-14

Divide both sides by —16; simplify: cos6 = =

7
8

1
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Work Problems

Use these problems to give yourself additional practice.

Change sin50°cos100° + cos50°sin100° into a trigonometric function in a single variable
and evaluate it.

Change cos140°cos60° + sin140°sin60° into a trigonometric function in a single variable
and evaluate it.

If cos¢p = 0.8, find the value of sin2¢.

o

If A is a second quadrant angle, and sinA = 5 what is cos 2A?

_ U

If cosO = —% and 6 is in quadrant IIl, find cos = 6.

N

Worked Solutions

0.5 or % This is one side of the sum identity for sines: sin(o + f3) = sinccosf3 + cosasinf3

Complete the sum identity for sine: sin50°cos100° + cos50°sin100° = sin(50° + 100°)

Add inside the parentheses: = sin(150°)
This is a second quadrant angle, [90° < 150° < 180°],
so sin is positive: = sin150°
To get the reference angle in quadrant Il, subtract from 180°: = sin(180° — 150°)
Subtract: = sin30°
=0.5

0.174 This is part of the difference identity for cosines: cos(a — 8) = costcosf3 + sinasinf.
Complete the difference identity for cosine:

c0s140°cos60° + sin140°sin60° = cos(140° — 60°)
Subtract inside the parentheses: = cos80°

All functions are positive in the first quadrant, so evaluate: cos80° =0.174
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0.96 0.8 may also be written as % which gives us two sides of the triangle.

To get the third, use the Pythagorean theorem: r* = 10” — &’

Solving that, you first square the numerics: " =100 - 64
Subtract: =36

Take the square root of both sides: r=06

Since sin = 2PPOSIte_ o= %

hypotenuse’

Now start with the identity: sin2¢ = 2sin¢pcos¢
Substitute what you know: sin2¢ = 2(0.8)(0.6).
Finally, multiply: sin2¢ = 0.96

—% For openers, you might use either the Pythagorean Theorem or your knowledge

of Pythagorean triples to find the third side of the triangle, 12. Therefore, the cosA = %

Of course, you don’t need that information if you use the identity:

cos20=1-2sin*0

2

Substitute: cos20=1-2 (%)
Clear the parentheses: cos20=1- 2 81
P ' 1 225
i5lv: _q_162
Multiply: c0s20=1- 5%
_225 162 _ 63
Subtract: 0s20 =535 ~ 225 = 225
And since cosine is negative in quadrant Il:  cos26 = —%

/5

-z If@isin quadrant Ill, then € is between 270° and 360°. That means %6 is greater
than 135° and less than 180°. That’s in quadrant Il. In quadrant II, cosine is also negative.

Now write the relevant equation: cosg =+ /%
o [1*(-3)
Substitiute and adjust the sign: COS» =~ ——>5
o |8+(-3)
Express both numbers to be added in like fractions: COS» =~ ———
5
Combine fractions: cosg = - %
Divide: COSQ:—/E;;:—/EXLZ— i
: 2 8 1 82 16
Work out what’s under the radical sign: cosg = —é
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Tangent Identities
The tangent identities are together near the end of this chapter, because they’re all derived from
the sine and cosine identities using the ratio identitiy tan 0 = % with the several formulas

you’ve studied in this chapter. The tangent sum and difference identities look like this:

_ tana +tanf
tan(a+f)= 1 - tanatanf3
_ tana —tanf
tan(o - f)= 1 +tanatanf

The double angle identity for tangent is derived using the tangent sum identity, and if you
really want to see how it’s done, you can check Cliffs Quick Review Trigonometry. The formula
looks like this:

_ 2tanf
tan20 = T—tan’®

The tangent half angle identity has three different forms. In the last of those forms, its sign is
determined by the quadrant in which the angle terminates.

6 _1-cosb
tany = sin@

0 sinf
tany = 1+ cos6

6 _ 1—cosf
tang =0 iv 1+ cosH
Example Problems

These problems show the answers and solutions.

If tan @ = 3 and tan 3 = % what is the tangent of their sum?

answer: -1

_ tana +tanfi
tan<a+ﬁ>_1—tanatanﬂ
1
3+~
Substitute: tan(a + ﬂ) = 721
6.1 7
Combine terms: tan(a+/3): 2 3%:%
R
2 2

Divide: tan(a+ﬂ)=%+—%:%x—
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Iftan & = 2 and tan 3 = % what is the tangent of their difference (o — )?
.3
answer: 3

First, state the formula: tan(O{ - ﬁ) = %

Substitute: tan(O( - /3) = 771

1+<2><—>

2
4 1 3 3

Combine terms: tan(O(—,B): 24 21 = 24 :%

1 + 7 X 7) 1 + Z T
And divide: tan(a-p)=3+2=3x1-3
If © = arcsin % find tan 20.
answer: 274 or 3% or 3.429

0 = arcsin % means that 0 is the main value of the angle whose sin = % From the

Pythagorean triple, you know that the adjacent side to £60 must be 4, so tan 0 = %

Write the formula: tan20 = Ln?
1-tan*0
2(3)
Substitute: tan20 = L
1-(3)
6 6
Simplify numerator and denominator: tan26 = ﬁ = %
16 16 16
4
. Side: _6.7_6 .6 24
Finally, divide: tan20 = 47164 Xeg—=5

If the cosine of a third quadrant angle is —%, find the tangent of an angle half that size.

answer: /§

e 0_ /@
Select the half angle tangent formula that applies: tan 5= * 1+ cosO

Realize that the cosine was negative because it was a quadrant Ill angle. Tangent in that
quadrant is positive.

Substitute and make positive: tang =
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0

Simplify numerator and denominator: tan 7=

[
w|—=|w|un

, vide: 6_[.1_[5 2_
Finally, divide: tan> = 373° 5><1—‘/§

Product-Sum and Sum-Product Identities

Sometimes the difference between finding an easy solution to a trigonometric problem and no
solution at all is the ability to convert a multiplication to an addition problem or an addition to a
multiplication problem. Two sets of identities were developed for doing just this.

Product-Sum Identities

This group of identities is known as product-sum identities. They get that name because multi-
plication, which produces a product, comes on the left, and addition, which produces a sum, is
on the right.

sinacosﬁ=% sm(a+ﬁ>+sm(a—ﬁ)]
cosasinf = 3[sin(o+ B) - sin(cr - B)|
sinarsinB =+ cos(a—B)—cos(a+B)|
cosacosﬁ:% cos(oc+ﬂ)+cos(oc—ﬁ)]

Example Problems
These problems show the answers and solutions.

Write cos3c cos2c as a sum.

answer: 7"0;5(: + _COZS ¢

Pick the appropriate formula: coso cosf3 = %[cos ((x + ,B) + cos (O( - ﬁ)]

Substitute: cos3ccos2c= %[cos (3c+2c) +cos(3c— Zc)]
Clear parentheses: cos3ccos2c= %[cos 5c+ cosc|
Clear the brackets: cos 3ccos2c= % + &ZSC

Express sin5d cos3d as a sum.

answer: sindd + sind
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Pick the appropriate formula:
Substitute:

Combine terms in parentheses:

Clear the brackets:

Simplify:

Sum-Product Identities

sinorcos 3 = %[sin(a +ﬂ) + sin(a - ,B)]
sinacos B = %[sin(5d+ 3d) +sin(5d - 3d)]
sinarcos B = %[sin8d+ sin2d |

sin8d " sin2d
2 2

sinor cos 3 = sindd + sind.

sinacosfB =

153

This group of identities is known as sum-product identities because sums are on the left and

products are on the right.

+ j—

sina +sinf = 2sin< Zﬁ cos & Zﬁ
+ -—

sina —sinf3 = 2cos YTP sin< p
2 2
o+ o -

cosQ + cos B =2 cos Zﬂcos Zﬁ

cosa — cos 3= —2sin >

Example Problems
These problems show the answers and solutions.

Write the sum sindw + sin 6w as a product.

answer: 2sin5Swcos - w, or -2 sinSwcosw.

oa+p

Select the appropriate formula:
Substitute:

Combine terms:

Divide:

sina +sinf3 = 2sin 7 Cos a;ﬁ

4w — 6w

4w+ 6w
cos 7

sin4w + sin6bw = 2 sin 2

sindw + sin6bw = 2 sin IOTW cos _%W

sindw + sinbw = 2sin5wcos — w or —2sin5cosw

Write the difference cos75° — cos45° as a product.

answer: -2sin60°sin15°

Select the appropriate formula:
Substitute:

Combine terms:

Divide:

cosat —cosf3=~2sin—

cos75° — cos45° = —2sin

o+pf ﬂ

sin
2

75" +45 sin 75" —-45

cos75° — cos45° = —2sin 2 >

1 220° sin 3§)°

cos75° —cos45° = —2sin60°sin15°
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Work Problems

Use these problems to give yourself additional practice.
If tana = 4 and tanf = % what is the tangent of their sum?

If tanr = 3 and tanf3 = % what is the tangent of their difference (¢ — 3)?
Express cos7a sin3a as a sum.

Express sin6b sin8b as a sum.

Write the sum cos5u + cos9u as a product.

Write the difference sin75° — sin45° as a product.

Worked Solutions
-9 ; ) tana + tan3
3 Wiite the formula: tan(a + ) - tanatanp
4+
Substitute: tan(a + ﬁ ( 1 )
9 9
Combine terms: tan(a + ﬁ) ] _2(2) _L]
Divide: tan(or+ ) = %
1 First state the formula: tan((x -pB ) = M
7 ’ 1 +tanortanf
3- 1
Substitute: tan(a - /3) = 4 1
1+3><Z
11
Combine terms: tan(o( - ﬂ) = %
4
1
And divide: tan(a—ﬁ):%+%:1—llxﬂ7:%

sin5a -sin2x

Pick the appropriate formula: cosasinf = %[sin ((x + ﬁ) —sin (a - ﬁ)]
Substitute: cos7asin3a= %[sin (7a+3a)—sin(7a- 3a)]
Combine terms in parentheses: cos7asin3a= %[sin 10a—sin4a]

Clear the brackets: cos7asin3a= % - %

Simplify: cos 7asin3a=sin5a — sin2a
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-cosb -cos7b

Pick the appropriate formula:
Substitute:

Combine terms in parentheses:

Clear the brackets:

Simplify:

155

sinarsin3 = %[cos(a -B)- cos(OH',B)]

sin6bsin8b = 1 [ cos (6b — 8b) ~ cos (6b+8b)]

sin6bsin8b = %[cos —2b—cos 14b]

cos—2b cos14b
2 2

sin6bbsin8b = —cosb — cos 7b

sin6bsin8b =

2cos7ucos - 2u or -2 cos7ucos 2u

Select the appropriate formula:
Substitute:

Combine terms:

Divide:

2¢c0s60°sin15°

Select the appropriate formula:

Substitute:

Combine terms:

Divide:

a+ a-
cosQ + cosf3=2cos Z'Bcos 2’3

cos5u+ cos9u=2cos 2u 42_ u cos Su E Su

cos5u+ cos9u=2cos % cos —T4u

cosbu+ cosQu=2cos7ucos—2u or —2cos7cos2u

B a-p

. . a .
sina —sinf3 = 2 cos 7 sin—5

75° J2r45° sin 75° E 45°

sin75° —sin45° = 2 cos 12200 sin 320

sin75° —sin45° = 2 cos

sin75° —sin45° = 2cos60°sin15°

Chapter Problems and Solutions

Problems

Solve these problems for more practice applying the skills from this chapter. Worked out

solutions follow problems.

Write the reciprocal identity for cosecant.

Write the ratio identity for cotangent.

Write the cofunction identity for secant in both ratio and complementary form.

Write an expression that is always equivalent to csc(—0).

What is the value of 11sin’0 + 11cos’0?

Rewrite the expression in simplest form: cot@(sing — sec¢).
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tan’ 0

Rewrite the expression in simplest form: an’6+1

Change cos120°cos40° + sin120°sin40° into a trigonometric function in a single variable
and evaluate it.

Change sin70°cos100° + cos70°sin100° into a trigonometric function in a single variable
and evaluate it.

If cos¢p = %‘/ﬁ find the value of sin2¢.

If P is in the second quadrant and sinP = % find sin2P.

If A is a second quadrant angle, and sinA = % what is cos 2A?

¢

If ¢ is a positive acute angle and cos¢ = % find sin >

If sin% o= % and ¢ is an acute angle, find cos¢.

If cos@ = —% and 6 is in quadrant III, find cos% 6.

If tana = 4 and tanf = % what is the tangent of their sum?
If tanr = 2 and tanf3 = % what is the tangent of their difference (¢t — 3)?

If 6 = arcsin % find tan 26.

If the cosine of a third quadrant angle is —%, find the tangent of an angle half that size.
Write cos4w cos5w as a sum.

Express sin6d cos2d as a sum.

Express cos5a sinda as a sum.

Write the difference cos60° — cos50° as a product.

Write the sum sin8u + sin 5u as a product.

Write the difference sin55° — sin45° as a product.

Answers and Solutions

1 1. . . - . . .
Answer: ey csch = prevells the reciprocal identity in question. You studied reciprocal
identities in Chapter 1.

cos@

Answer: cotO = Y] The ratio identities express tangent and cotangent in terms of

sine and cosine.
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Answer: sec A =% = csc B, secO = csc(90° — 0) sec A = % = csc B is the ratio form of
the cofunction identity for secant; sec = csc(90° — 0) is the complementary form.
Answer: —cscO  csc(—0) = —cscf is the negative identity for csc(—0).

Answer: 11 Does the expression 11sin’0 + 11cos’8 look familiar?

You have learned the Pythagorean identity, sin’0 + cos’0 = 1.

So, multiply the equation by 11:  11(sin’0 + cos’0 = 1)

That yields: 11sin’0 + 11cos’@ = 11

So, the expression equals 11

. . cos( .
Answer: cos¢ - csc¢ Rewrite in terms of sin and cos: 4 (sm¢ -

sing
cos¢sing  cos¢

Clear parentheses: sing cosPsing

. 1 1
So, a bit of cancelling: Cosf’ss P _ cosggl) s;' —=cos¢ - sir11¢
1 1

And there you have it: cos¢ — csc¢

=

Answer: sin20

. tan’ 0
State the expression: tan’ 0+ 1
sin’ 0
cos’0
(sec’®0—1)+1

Substitute for tan” in both terms:

sin” 0
cos’ 6

Add 1 and —1 and sub sec’s identification:

cos’0

1
Divide, SN0 .1 _sin’0 <086 _ .,
: et = =
cos’0 " cos’0  cos’B 1

Answer: 0.174

c0s120°cos40° + sin120°sin40° is part of the difference identity for cosines:
cos(a — B) = cosa cosf3 + sina sinf.

Complete the difference identity for cosine:
cos120°cos40° + sin120°sin40° = cos(120° — 40°)

Subtract inside the parentheses: = cos80°

All functions are positive in the first quadrant, so evaluate: cos80° = 0.174
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Answer: 0.174
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sin70°cos100° + cos70°sin100° is one

side of the sum identity for sines:

Complete the sum identity
for sine:

Add inside the parentheses:

sin(ct + B) = sinacosP + cosasinf.

sin70°cos100° + cos70°sin100° = sin(70° + 100°)

= sin(170°)

This is a second quadrant angle, [90° < 170° < 180°],

so sin is positive:

To get the reference angle in quadrant I, subtract from 180°:

Subtract:

12
Answer: 3

Start out with the Pythagorean theorem:

Solving that, you first square the numerics:

Subtract:

Take the square root of both sides:

opposite

Since hypotenuse’

Now start with the identity:

Substitute, note3,/13=,/9-13=/117:

Next group to multiply:

Finally, multiply:

24
Answer: 75

= sin170°
= sin(180° — 170°)
= sin10°

=0.174

r'=(3,/13) -9’

r=9-13-81=117-81

r =36
r=6
sin¢=L

3,/13

sin2¢ = 2sin¢ cos ¢

sin2¢ = z[%][%]

. 2:6-9
sin2Q) = ———F—
¢ J117- /117
. 2-6- 12
sin2¢ = mgzﬁ

If sinP = % then cosP = % (Remember the 3-4-5 right triangle? 6-8-10

is the same thing. Otherwise, use the Pythagorean theorem to find the adjacent side.)

Now start with the identity:

Substitute what you know:

Next group to multiply and cancel:

Finally, multiply:

sin2P = 2sinPcosP

sin2P=2( )%

10/\10

1 3

. 2-86_Z 88

sin2P=35"10 = 1610,
. _1-8-3_24
sin2P = 5.5 - 75

Remember that sine is positive in the second quadrant, so nothing further need be done.
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. 119
Answer: 169
For openers, you might use either the Pythagorean theorem or your knowledge of
Pythagorean triples to find the third side of the triangle, 12. Therefore, cosA = %

159

Of course, you don’t need that information if you use the identity: cos26 = 1 — 2sin’0

2
Substituting: cos20=1-2 (%)
. _(_2. 144
Clear the parentheses: cos20=1 T 169
inlv- _ ¢ _ 288
Multiply: cos20=1-1c5
Subtract: cos20 = 169 288 _ 119

169 169 169

Since cosine is negative in quadrant I, that worked out for the best.

J14

Answer: -

1 —
First write the formula for the half angle sine identity: sin% =+ %sgb
1 —
Since ¢ is a positive acute angle, sine is positive: sin% = %S(’b
Next, substitute: sinﬂ = ﬁ
’ ' 2 2

¢ 7_3 |4
. _J1 7_1|71
Subtract: sin = =4
ivi P 4.2_/4 1_
Divide by 2: 51n7—/7TT— 7 X5 =
Work out what’s under the radical sign: sin% = ﬂ =2
J14 /14
Rationalize the denominator: sin% __2 /14 _, .1]4
J14 /14

17
Answer: 725

1 - cos
The only identity you have that relates the two functions is: sin% == J

2
. . i . . 2 [/1—cos¢
Substitute and make the radical positive, since the angle is acute: 5=/—>

2
. |2 /1 —cos¢ 4 1-cos¢
Square both sides of the equation: [§ = T] =253

Next, cross multiply: 25 — 25cos¢) = 8



CliffsStudySolver Trigonometry

-25cosp=8-25=-17

Divide both sides by —25 and then simplify: cos¢ = :—g = 12—57.)

/5

Answer: — a

If 0 is in quadrant Ill, then 0 is between 270° and 360°. That means %9 is greater than
135° and less than 180°. That’s in quadrant II. In quadrant I, cosine is also negative.

Subtract 25 from both sides:

Now write the relevant equation: cos% =4/ @
o [1*(-3)
Substitute and adjust the sign: COs> = = 5
£
Express both numbers to be added in like fractions: COsy=—(——
5
Combine fractions: cos% = - %
Divide: cos%:—/%+%:_/%x%:_ %
Work out what’s under the radical sign: cosg = —% = —@
Answer: —13
. _ tana +tanf
Write the formula: tan(a + ﬂ) 1 tanatanB
4+
Substitute: tan(a + ﬂ) = 3
1- (4 X l)
3
12,1 13
i . __3 3 _ 3
Combine terms: tan(a+ )= 3 74\" 1
3 3 3
Vide: _13. _1_13, 3__13__
Divide: tan(or+f) =3+ chi e T 13
7
Answer: 3
tana — tanf3

First state the formula: tan(oc - ﬂ) = m
1

Substitute: tan(a - [3) = _711
1+ (2 X Z)
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8_1 7 7
Combine terms: tan(a—ﬁ): 424 = 41:%
1+ %xi I+7 2
1
3 Z

P 7 7 7

And divide: tan(a-B)=5+5="x2=L

(@-p)-53- x5

Answer: —% or —3.428

0 = arcsin % means that 0 is the main value of the angle whose sin = % From the

Pythagoreqan triple, you know that the adjacent side to £60 must be 3, so tanf = %

Write the formula: tan20 = Lﬂ?

1-tan“0

2(3)

Substitute: tan20 = 4V

1-(3)

8 8

Simplify numerator and denominator:  tan26 = 5 316 = i—]

979 9

. - 8 (_1V\_8(_2\-_72__24

Finally, divide: tan20 = 3" ( 9>— 3 ><< 7)— 21- 7

Answer: ﬁ

. 0 /1—cos6
. Z =4 |20V
Select the half angle tangent formula that applies: tan 2 =% /1 0

Realize that the cosine was negative because it was a quadrant Ill angle. Tangent in that
quadrant is positive.

Substitute and make positive:

7
Simplify numerator and denominator: %
4
0 A
. L 7.1 _ 7 7~
Finally, divide: tany = /o +g= % X —ﬁ

Answer: c0529w - co;w

Pick the appropriate formula: coso cosf3 = %[cos (a+pB)+cos(a- ﬁ)]

Substitute: cos4w cos5w = %[cos (4w +5w) + cos (4w — 5W)]
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Clear parentheses: cos4wcos5w = %[cos 9w + cos (— w)]
Clear the brackets: cosz9w - co;w

Answer: sindd + sin2d

Pick the appropriate formula:
Substitute:
Combine terms in parentheses:

Clear brackets:

Simplify:

sin9a _ sina

Answer: 7
Pick the appropriate formula:

Substitute:

Combine terms in parentheses:

Clear the brackets:

Simplify if you like:

Answer: —2sin55°sin5°

Select the appropriate formula:

Substitute:

Combine terms:

Divide:

Answer: 2cos6.5u cos1.5u
Select the appropriate formula:

Substitute:

Combine terms:

Divide:

= or sin4.5a —

sinacos B = %[sin(a +ﬂ) +sin (o —ﬁ)]
sin6dcos 2d = %[sin(6d+ 2d) +sin(6d - Zd)]

sin6dcos 2d = %[sin8d+ sin4d |

sin8d " sindd
2 2

sin6dcos 2d = sindd + sin2d

sin6bdcos 2d =

sina
2

cosasinf = %[sin(a + ) —sin(a - ﬁ)]
cos5asinda = %[sin(Sa +4a) —sin(5a— 4&)]
cos5asinda= %[sin% —sina]

. _sin9a _ sina
cosb5asinda= = 2

cos5asinda = sin4.5a — %

+p

4
cosa —cosf3 = —2sin—

a-p

in
sin—3

60° +50° sin 60° - 50°

cos60° — cos50° = —2sin 2 7}
cos60° — cos50° = —2sin 110 sin 10°
2 2
cos60° — cos50° = —2sin55°sin5°
o+ o-
cosQ + cosf3=2cos zﬂcos Zﬂ
cos8u+ cos5u=2cos 8u ; 5u cos 8”5 Su

cos8u+ cos5u=2cos 1% cos %

cos8u+ cosbu=2cos6.5u cos 1.5u
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Answer: 2cos50°sin5°

Select the appropriate formula:
Substitute:

Combine terms:

Divide:

sin55° — sin45° = 2 cos

163

a+p ﬂ

sina —sinf3 = 2cos > —sin—

55° 12L45° sin 55° 245"

100° .. 10°

sin55° — sin45° = 2 cos - sinT

sin55° — 45° = 2cos50° sin5°

Supplemental Chapter Problems

Solve these problems for even more practice applying the skills from this chapter. The Answer

section will direct you to where you need to review.

Problems

Write the reciprocal identity for secant.

Write the ratio identity for tangent.

Write the cofunction identity for sine in both ratio and complementary form.
Write an expression that is always equivalent to cos(—0).

What is the value of 13sin’A + 13cos’A?

Rewrite the expression, tang(cos¢ — csc¢), in simplest form.

Evaluate the expression 9csc’@ — 9cot?0.

Change cos100°cos60° + sin100°sin60° into a trigonometric function in a single variable
and evaluate it.

Change sin35°cos85° + cos35°sin85° into a trigonometric function in a single variable and
evaluate it.

If cos¢ = % find the value of sin2¢.

If A is a second quadrant angle, and sinA = % what is cos 2A?
If P is in the second quadrant and sinP = % find sin2P.

If cos6 = —% and 0 is in quadrant III, find cos%@.

¢

If ¢ is a positive acute angle and cos¢ = % find sin5-.

If sin% 0= % and 0 is an acute angle, find cos6.
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If tana = 6 and tanf3 = % what is the tangent of their sum?

If tanct = 4 and tanf = % what is the tangent of their difference (¢ — 3)?

If 6 = arcsin % find tan 2.

If the cosine of a second quadrant angle is % find the tangent of an angle half that size.
Express cos6bm sindm as a sum.

Express sin9b sin7b as a sum.

Express sinGx cos4x as a sum.

Wirite the sum sin3n + sin7n as a product.

Write the difference sin65° — sin35° as a product.

Write the sum sin6w + sin8w as a product.

Answers

secO = (Reciprocal Identities, p. 137)

tanO = sin® (Ratio Identities, p. 138)

sinA = % = cosB, sin@ = cos(90° — 0) (Cofunction Identities, p. 139)
—cosO (Identities for Negatives, p. 139)

13 (Pythagorean Identities, p. 140)

sing — sec¢p (Pythagorean Identities, p. 140)

9 (Pythagorean Identities, p. 140)

0.766 (Addition and Subtraction Identities, p. 143)

0.866 (Addition and Subtraction Identities, p. 143)

60

61 (Double Angle Identities, p. 144)

~=  (Double Angle Identities, p. 144)

g

53— (Double Angle Identities, p. 144)

N

# (Half Angle Identities, p. 146)
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(Half Angle Identities, p. 1406)

(Half Angle Identities, p. 1406)

@l w‘ﬁ
S

—% or —3.25 (Tangent Identities, p. 150)

1§5 or 1.875 (Tangent Identities, p. 150)

—

120 or 1.008 (Tangent Identities, p. 150)

19

—

m‘i‘
o

(Tangent Identities, p. 150)

sin5m — sinm  (Product-Sum Identities, p. 152)
cosb — cos8b  (Product-Sum Identities, p. 152)
sin5x + sinx  (Product-Sum Identities, p. 152)
2cos5n cos(—4n)  (Sum-Product Identities, p. 153)
2c0s50°sin15°  (Sum-Product Identities, p. 153)

2sin7wcos(-w)  (Sum-Product Identities, p. 153)






Chapter 5

Vectors

Vectors versus Scalars

n real life, many measures such as length, mass, age, time, volume, and value have magni-

tude (a fancy word for size) alone. Such measures are known as scalars, a word that you

could easily go through life without ever encountering. Other measures, such as force and
velocity have both magnitude and direction. Measures with both force and direction are known
as vectors, and they are typically represented by arrows. One common use of vectors is finding
the actual direction and speed at which one would have to row a boat in order to get across a
river to a certain point when the river is flowing downstream at a certain velocity. For example,

in the following figure, to get from A to B, you would row along AC.

To get from A to B, row along AC.

Notice that the vector AC is written the same way as you would represent a ray in geometry.
You need to know whether you are dealing with rays or vectors. In vector notation, the directed

line segment AC has an initial point A and a terminal point, C.

Although you are no doubt accustomed to seeing speed limit signs on highways, speed is a
scalar, not a vector. Velocity, a vector, has both speed and direction. From now on, we’ll use a
boldface letter to represent vectors, such as v and u. Two vectors have the same direction if they
are parallel and point the same way. The magnitude of a vector is indicated by the length of the
directed line segment.

167
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Four equivalent vectors and one opposite vector.

In the preceding figure, vectors a, b, ¢, and e are equivalent vectors. That is they are all of the
same magnitude and direction. Vector d, however, is an opposite vector of the same magni-
tude, parallel to the four others, but pointing in the opposite direction.

The following problems make reference to directions with respect to the points on a compass.
Conventionally, the points of the compass show north as up, south as down, west as left, and
east as right.

Example Problems
These problems show the answers and solutions.

Draw a vector w to represent a wind blowing west at 20 miles per hour for one hour, and
a vector ¢ representing a car travelling east that has gone 30 miles.

answer:

Note that since a starting point was not specified for either vector, it may begin anywhere
as long as it moves in the specified direction and is of the specified magnitude.
Which of the following may be represented by vectors?

your height

your weight

the velocity of a meteor

the time school begins

a line segment on a map connecting New York City and Chicago

your pulse

the wind

a thrown football
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answer: b, c, g, h

A tape measure can find your height whether you're standing or lying down. It
has no direction.

Try putting a scale on the wall and weighing yourself. Weight is a function of
gravity with a magnitude and a direction—down.

Velocity has already been mentioned as having speed and direction.

d, e, and f all have magnitude but no direction. The line segment was not
pointing to either end.

g and h both have magnitude and direction.

Vector Addition Triangle/The Tip-Tail Rule

Vector addition may be shown in two different ways. The following figure shows a triangle
of vectors representing two fo forces acting on a body at O. OB represents a force pulling up
and slightly to the right, v. OA is a force pulling on the same body due right, u.

The tip-tail rule illustrated.

The tip—tail rule says: To add two vectors, place the tip of one to the tail of an equivalent of the
other as is represented by AC. Note that AC is the same size and goes in the same direction as
OB. It is equrvalent to OB but has been moved to place its tail at the tip of OA. The result of this
vector addition is OC known as tl the resultant, which connects the initial point of OA to the
terminal point of AC. OA and OB are referred to as components.

To better understand vector addition, consider a city block with a single large building on it. You
want to travel from O to C, but the building is in the way, so you must go around it by way of A.
Your trip from O to C via A results in your ending up where you would have been if the building
hadn’t been in the way. Also, remember that the rule that says two sides of a triangle must add
up to a sum greater than the third side is still in effect. When adding two vectors, you are not
adding the lengths of the two sides, but rather two directional sides. The directions play a part in
the vector addition and in the direction of the resultant.
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Example Problems
These problems show the answers and solutions.

Draw the resultant of vectors AB and CD as shown in the following figure.

/A

B

C

D

Vectors for problem 1.

answer:

E

One solution to problem 1.

First draw CD. Then, at the tip of cD place Ei the equivalent vector of AB. Finally,
connect the initial point of CD to the terminal point of DE to get resultant CE.
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E

Another solution to problem 1.

By the way, you could also have started with AB and then placed BE (the equivalent
vector of CD), as in the previous figure. The resultant would have been AE.

u
_— >

Vectors for problem 2.

Draw the resultant of vectors v and u as shown in the previous figure.

answer:

Two solutions to problem 2.

Bring the tip of vector v to the tail of u or the other way around. In either case, connect
the initial point of the first vector to the terminal point of the second to draw the resultant.
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Draw the resultant of vectors v and u as shown in the following figure.

/Y

Vectors for problem 3.

v+u
v+u

Two solutions to problem 3.

answer:

Bring the tip of vector v to the tail of u or the other way around. In either case, connect
the initial point of the first vector to the terminal point of the second to draw the resultant.

Parallelogram of Forces

Much more popular with physicists who deal with analyzing forces everyday than the vector
triangle is the vector parallelogram, or as it is more popularly known, the parallelogram of
forces. Consider a situation in which two forces are acting on an object, O; one component is
25 Ibs.; the other component is 15 Ibs.; and there is a 60° angle between the two forces. See

the following figure.

75/6

25 |b.

Two forces acting at a 60° angle.

By drawing AC// OB and BC// OA, you form a parallelogram. The diagonal of that parallelogram,
OC, is the resultant of the two components, as in the following figure.
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o
25

The diagonal from the initial points of the vectors is the resultant.
Remember the Law of Cosines?

2 2 2
a* = b* + ¢* — 2bccosA or cosA = %

You can use it to determine the magnitude of resultant OC.

Example Problems
These problems show the answers and solutions.

Solve the parallelogram of forces in the preceding figure.
answer: 35 Ibs. at =~ 21.8°

Remember that the Law of Cosines can be used with any general triangle. The 60° angle
between the vectors is not usable, since it is not contained wholly within either triangle.
However, consecutive angles of a parallelogram are supplementary, so that means mZA =
120°. 180° — 120° gives you a reference angle of 60°, and cosine is negative in quadrant II.

State the formula: COSA = %
Substitute: _% - %
Multiply: _% _ %2255—#
Combine like terms: —% = %
Cross multiply: 2(850 — a%) = —1 - 750

Divde both sides by 2: 850 — a* = —375
Collect terms: -a* = -375 - 850
Add; multiply by —1: a’=1225

v/ both sides: a = 35 Ibs.
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So the resultant is 35 Ibs. in magnitude. Still to be settled is the angle ZCOA. To find it,
use the Law of Sines.

. a _ side opposite ZCOA
State the formula: SnA - <in/COA

. 3 15
Substitute: sin120° ~ sin/COA

Cross multiply: 35sinZCOA = 15sin120°
The quadrant Il reference angle for 120° is 60°, and sine is positive in quadrant II, so,
35sinZCOA = 15sin 60°.

Substitute and divide both sides by 35: sinZCOA = 15-0.867 _ 13.005

35 35
Divide by 35: sinZCOA = 0372
Find arcsin or sin”' 0.372: Z/COA = 21.8°

A force of 12 kg and a force of 16 kg are acting on a body at an angle of 90°. What are
the magnitude and angle of the resultant with respect to the 16 kg force?

answer: 20 kg, = 36.9°

12 Kg 12 Kg

-
o 16 Kg B

Forces acting at right angles.

Always start by drawing a diagram. It just so happens you have one in the preceding
figure. OB represents the 16 kg force, and OA represents the 12 kg force. O is the object
upon which the forces are acting, and OC is the resultant force. Notice the corners of this
parallelogram are right angles, soﬂthe parallelogram of forces is, in fact, a rectangle of

forces. That means you can find OC through the magic of the Pythagorean theorem. This is
by way of the old maxim: Never use an elephant gun when a pea-shooter will do the trick.*

State the equation: d=a+b’
Substitute: =12+ 16"

Square the appropriate numbers: ¢” = 144 + 256

*For those who don't know what a pea shooter is, it’s a plastic straw used to blow dried peas at fellow students when the teacher isn't looking—
not that you or | would ever do such a thing.
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Add: ¢’ = 400
Take the square root of both sides: ¢ =20
So the resultant is 20 kg in magnitude. To find its angle with respect to the 16 kg force,

you must find ZCOB.

You know that the tangent of ZCOB = }—é = % =0.75

Look that up in the table or on your calculator, and you'll find sin™' 0.75 = 36.9°.

An airplane is trying to fly due west at 500 mph. Because of a wind from the south, the
plane’s actual path is 15° north of west. Assuming the wind to be blowing at a steady
pace, what is its magnitude, to the nearest whole mph?

answer: 134 mph

I
I
I

w 500 (0]

Plane is blown north of west.

First, start with the diagram, as in the preceding figure where x is the equivalent vector of
the wind, ON. With respect to the angle at O, the relevant relationship is tangent.

State the equation: tan6 = %
Substitute: tan15° = ﬁ

Cross multiply: x = 500tan15°
Find tan15°: x = 500(0.268)
Multiply: x = 134 mph.

Work Problems

Use these problems to give yourself additional practice.

Use the tip-tail rule to draw the two solutions for the resultant for the vectors in the
following figure.
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Use the tip-tail rule to draw the two solutions for the resultant for the vectors in the
following figure.

Solve the following figure using the parallelogram of forces.

B

O
,.90

45°

o A

50 kg

Two forces acting on an object.

A force of 9 Ibs. and a force of 12 Ibs. are acting on a body at an angle of 90°. What are
the magnitude and angle of the resultant with respect to the 12-pound force?

Worked Solutions

The two possible solutions are shown in the following figure.

Two possible solutions for problem 1.

The two possible solutions are shown in the following figure.

Two possible solutions for problem 2.
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About 66.8 kg at = 18.5° First, you need to complete the diagram, as in the following
figure.

o 50 kg A

Completing the parallelogram of forces.

Remember that the Law of Cosines can be used with any general triangle. The 45° angle
between the vectors is not usable, since it is not contained wholly within either triangle.
However, consecutive angles of a parallelogram are supplementary, so that means mZA =
135°. 180° — 135° gives us a reference angle of 45°, and cosine is negative in quadrant II.

If you remember that cos 45° = 4 use it; otherwise, 0.707 can be found with your
calculator or trig tables.

_b*+c*-a’
State the formula: COSA = T 2be

/2 _30°+50°-a’
30502

_ 900+ 2500 a’

Substitute: 5
/2

2 30-100
/2

2

Multiply:

3400-a’
3000

Combine like terms: -

Cross multiply: ~2(3400-a*) = 3000,/2

Divide both sides by —2: 3400—-a’=- 1500,/2

The /2 has to go: 3400 — a*= —1500 - 0.707 = — 1060.5
Collect terms: -a* = —1060.5 - 3400
Add; multiply by —1: a’ = 1225 - a* = 4460.5

4 both sides: a=066.8 kg.

So the resultant is about 67 kg in magnitude. Still to be settled is the angle ZCOA. To find
it, use the Law of Sines.

a _ side opposite ZCOA
sinA sinZCOA
67 30

Substitute: sin135° ~ sin/COA

State the formula:

Cross multiply: 67sinZCOA =30sin135°
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The quadrant Il reference angle for 135° is 45°, and sine is positive in quadrant Il, so,
Substitute: 67sin/COA = 30sin45° = 30-0.707

Divide both sides by 67: sinZCOA = 2121

Divide: sinZCOA = 0.317

Find arcsin or sin™' 0.317: COA =~ 185°

15 Ibs., = 37°

9 Ib.

o 12 Ib. A

Always start by drawing a diagram like the preceding . OB represents the 9 Ib. force, and

OA represents the 12 Ib. force. O is the object upon which the forces are acting, and oC
is the resultant force. Notice the corners of this parallelogram are right angles, so the

parallelogram of forces is, in fact, a rectangle of forces. That means you can find OC
through the magic of the Pythagorean theorem.

State the equation: F=a+b°
Substitute: =97+ 127
Square the appropriate numbers: ¢ =81 + 144
Add: ¢’ =225

Take the square root of both sides: ¢ =15

So the resultant is 15 Ibs. in magnitude. To find its angle with respect to the 12 Ib. force,
you must find ZCOB.

You know that the tangent of ZCOB = % = % = 0.75. Look that up in the table or on your

calculator, and you’ll find tan™' 0.75 = 37°.

Vectors in the Rectangular
Coordinate System

If a vector is drawn so that its initial point is at the origin of the Cartesian coordinate plane, it is
said to be in standard position.
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y
C
o) B X
AL

Equivalent vectors with OC in standard position.

In the preceding figure, vector ABis equivalent to vector OC. Since OC has its initial point at the

origin, it is said to be the standard vector for AB. Position vector, radius vector, and centered
vector are three other names sometimes used to refer to the standard vector. Any vector in the
coordinate plane that does not have its starting point at the origin is known as a free vector.

Vector OC is the standard vector for all vectors in the plane that have the same direction and
maghnitude. In order to identify a standard vector in the coordinate plane, only the coordinates of
the terminal point need to be named, since the original point is at the origin. If the coordinates

of point A are (x,,y.) and the coordinates of point B are (x,,y,), then the coordinates of point C are
(X» — X4,Y» — ¥a) - In the case of the preceding figure, that would be (4 — -5, =2 — —4), which com-
putes to (9, 2).

Example Problems
These problems show the answers and solutions.

If the endpoints of vector AB are A (=3, =5) and B (4, 7), what are the coordinates of
standard vector OP if OP= AB?

answer: (71, 12)

Remember, if the coordinates of point A are (x,,y.) and the coordinates of point B are
(x5,Y5), then the coordinates of point P are (x, — X.,V, — V) -

Substitute: (4 — -3, 7 — -5)
Add: (7, 12)
That, of course, is the terminal point of a’ its initial point being at the origin.

If the endpoints of vector E) are C (-8, —6) and D (-1, 3), what are the coordinates of
standard vector OM if OM = CD?

answer: (7, 9)

Since the coordinates of point C are (x,,y.) and the coordinates of point D are (x,,y,), then
the coordinates of point M are (x, — X,,V, — V.).

Substitute: (-1— -8, 3 — —6)

Add: (7,9)
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If the endpoints of vector XE are A (3, -5) and B (11, —9), what are the coordinates of
standard vector OP if OP=AB?

answer: (8, -4)

Remember, if the coordinates of point A are (x,,y.) and the coordinates of point B are
(X5,Y»), then the coordinates of point P are (x, — X,, Y, — V.)-

Substitute: (11 -3, -9 — -5)

Add: (8, -4)

Resolution of Vectors

Resolution of vectors is better known in the science of physics as resolution of forces. The
typical problem presents an oblique vector in the Cartesian plane (one neither horizontal nor
vertical) and resolves it into its rectangular, that is to say its horizontal and vertical components.
It is common for electrical engineers to denote a vector of magnitude s and an angle with the
horizontal 6 as sZ6. That notation is used in the problems that follow.

Example Problems

I
|
|
I
|
|
|
0) x O

X
Model for resolution of vectors problems.
These problems show the answers and solutions. Refer to the preceding figure for the model.
Find the rectangular components of the vector 12£30° to the nearest integer.

answer: x = 10,y = 6

e . o _ _Opposite
Start with sine: sin30° = hypotenuse
Hute: 1_y
Substitute: 2=12
Cross multiply: 2y =12

Divide both sidesby 2: y=06
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. . o adjacent
Next, use either tangent or cosine: cos30° = hypotenuse

Substitute, remembering that cos30°ﬁ: é =X

2 2 12
Cross multiply: 2x = 12/3
Divide both sides by 2: x=6,/3 or 10

The rate and angle with the bank of a boat crossing a stream in miles per hour is 25.240°.
What are the cross-stream and current components of the boat’s velocity?

answer: Current is 19 mph; cross-stream rate is 16 mph.
Since the angle with the bank is 25°, you can safely assume from referencing the

preceding figure that that the x component is the downstream one, that is, the current,
and that the cross-stream rate is the y component.

e sindQe - _OPPosite
Start with sine:  sin40° = hypotenuse
. ) 0643 _ vy
Substitute: 1 -75
Cross multiply: y=25-0.643

Multiply and round: y=16.075= 16

Next, use cosine, since the y-value is not exact: co0s40° = %

Substitute, remembering that: % = ZLS

Cross multiply: x=25-0.766

Multiply and round: x=25-0.766 = 19.15= 19

The magnitude of the horizontal component of a force is twice the magnitude of the
vertical component. Find the angle the resultant force makes with the larger component.

answer: = 27°

Let the angle be ¢, the vertical component be x, and the horizontal component be 2x.

Use the tangent function, since: tan¢ = %ﬁ:ﬁ

Substitute: tang = %
X1

But the xs cancel each other, so: tan¢ = 202

Now find the angle whose tangent is 0.5: tan¢ = 26.57 = 27° (26.57)
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Work Problems

Use these problems to give yourself additional practice.

If the endpoints of vector TB are A (-5, —8) and B (4, 7), what are the coordinates of
standard vector OP if OP=AB?

If the endpoints of vector CD are C (=12, —8) and D (-2, 4), what are the coordinates of
standard vector OM if OM=CD?

Find the rectangular components of the vector 16£30° to the nearest integer.
The magnitude of the vertical component of a force is three times the magnitude of the

horizontal component. Find the angle the resultant force makes with the smaller
component.

Worked Solutions

(9, 15) Follow the formula that says if the coordinates of point A are (x,, y.) and the
coordinates of point B are (x,, y,), then the coordinates of point P are (x, — X, Y, — V.).

Substitute: (4 — -5,7 — —-8)
Add: (9, 15)
That, of course, is the terminal point of a’; its initial point being at the origin.

(10, 12) Since the coordinates of point C are (x,, y.) and the coordinates of point D are
(Xp» ¥»), then the coordinates of point M are (x, — X., ¥, — V.).

Substitute: (—-2— -12,4 — —-8)

Add: (10, 12)

x =14,y =8 Start with sine: sin30° = %
Substitute: 1=%

Cross multiply: 2y =16

Divide both sides by 2: y=28

Next, use either tangent or cosine: cos30° = %

/3. /3

. . o_¥2, ¥2_ X
Substitute remembering that cos30° = 2 2 -16
Cross multiply: 2x=16 /§

Divide both sides by 2: x=8,/3 or 14
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~72° Let the angle be ¢, the horizontal component be x, and the vertical component be 3x.

opposite

Use the tangent function, since: tan¢ = adjacent

Substitute: tan¢ = ==

¥

But the xs cancel each other, so: tan¢ = )(

Now find the angle whose tangent is 3: tan¢ = 71.57 = 72°

Algebraic Addition of Vectors

An algebraic vector is an ordered pair of numbers. One corresponding to vector a in the follow-
ing figure is represented by the ordered pair, (a, b); a and b are known as the components of
the vector, a being the horizontal component and b being the vertical one.

22, 26)
Py.q
s 1 /
e 1 /
- /
1T /
LT /
N i
@: AR
0 /
x5 z
a=<a,b> 5 //
7, /
x> /
? /
(14, 8)
%
7.
“/

Algebraic vector addition.

Here are a few basic facts that will help when working with algebraic vectors.

0 Two vectors with the same components are known as equal vectors.
O If both components of a vector are equal to zero, the vector is called the zero vector.

2 The magnitude of a vector, v = (a, b) is found by doing |v|= Ja’+b?. This should come as
no surprise, since a and b are the horizontal and vertical components of the vector. Think of
the rectangular parallelogram of forces in standard position with the diagonal being the hy-
potenuse of the right triangle on the right. If you're having trouble visualizing that, go back
and look at the figure on page 178.

O Vector addition can be algebraically defined as adding corresponding components of vec-
tors. Look at the preceding figure. Note how the horizontal components of a and b have been
added to get the horizontal component of the resultant, a + b. Then the vertical components
were added to get the vertical component of a + b. Prove it to yourself by using the numeri-
cal coordinates of the two vectors and the resultant.
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Example Problems
These problems show the answers and solutions.

Find the magnitude of vector h = (-5, 12)
answer: 13

Remember that a vector has a horizontal and a vertical component that are -5 and 12,
respectively. The resultant may be represented as the hypotenuse of a right triangle.

You can use the Pythagorean theorem or the version of the distance formula shown
previously.

Write the formula: |h|=/a’+b*

Substitute: |h|=/(~5) +12?

Square: |h|=/25+ 144

Combine terms: |h|= /169

Remove the radical sign: |h|=13

Vector f = (5, 7); vector g = (¢, d). f = g. Find the value of d.

answer: 7

And the value of c is 5. The statement f = g means they have the same (or identical)
components. They are equal vectors. That means they have the same horizontal and
vertical components.

Find the magnitude of vector m = (—15, —-20).

answer: 25

Remember that a vector has a horizontal and a vertical component that are —15 and —20,
respectively. The resultant may be represented as the hypotenuse of a right triangle.

You can use the Pythagorean theorem or the version of the distance formula used
previously.

Write the formula: Im|=/a’+b*

Substitute: |m|= /(=15) +(-20)
Square: |m|=,225+400
Combine terms: |m|=,625

Remove the radical sign: |m|=25
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Scalar Multiplication

To multiply a vector by a scalar (an ordinary number), both components of the vector are multi-
plied by the scalar.

For instance, using the constant, k:  k(a) = k(x,, y,).
In turn:  k(x,, y.) = (kx,, ky,).

Multiplication by a scalar is commutative. That means it doesn’t matter in which order the factors
appear.

Vector x Scalar = Scalar x Vector.
In notation:  k(a) = a(k) = (kx,, ky,)

Another way to state this is k(a, b) = (ak, bk) = (ka, kb) with the last form being preferred, since
it is customary for constant to precede variable.

Example Problems
These problems show the answers and solutions.

Multiply v (=3, 7) by 8.
answer: 8v = (—24, 56)

That didn’t require a whole lot of thought. You simply multiply both components by the
scalar, 8.

Ife = (c, d) and f = (g, h), find the product of 9 and e + f.
answer: 9(e + f) = (9¢, 9d) + (9g, Sh)

Just remember to multiply each component by 9.

Ifm = (7, -8) and n = (=7, 12), find the product of =7 and m - n.
answer: —7 (m - n) = (—49, 56) — (49, —84)

Just remember to multiply each component by —7, paying careful attention to the signs.

Dot Products

The dot product is also known as scalar multiplication, not to be confused with multiplication
by a scalar. It is named for the multiplication dot placed between two vectors when multiplying
them: v - u is the dot product of v and u. If the components of v are (x,, y,) and the components
of u are (x,, y,), then the dot product v - u = x,x, + y,¥, — the sum of the product of the horizon-
tal components and the product of the vertical components. You may have noticed that the or-
der of the subscripts was reversed in the product. That’s because it is customary to list variables
in alphabetical order. To make a long story short, since vector multiplication, like all real number
multiplication, is commutative, v-u = u - v.
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Example Problems
These problems show the answers and solutions.

Multiply v (=3, 7) by u (-6, 4).

answer: v - u = 46

By formula: v -u=x.Xx, + YV,

Substitute: v-u=-3--6+7-4

Multiply: v-u=18+ 28

And add: v-u=46

If n = (¢, d) and o = (g, h), find the product n - o.
answer: n - o =cg +dh

By formula: n -0 = Xx.x, + V.V,

Substitute: mn-o0=cg+dh

And that’s as far as you can go.

Ifm= (7, -8) and n = (-7, 12), find the dot product of m and n.
answer: m - n = —145

By formula: m - n = Xx..x, + Y.V»

Substitute: m -n = (7)(-7) + (-8)(12)

Multiply: m -n =-49 + -96

Andadd: m-n=-145

Work Problems

Use these problems to give yourself additional practice.
Find the magnitude of vector p = (—10, 24).
Find the magnitude of vector w = (7, 8).
If e = (c, d) and f = (g, h), find the product of -8 and e + f.
Ifr=(6,9)ands = (8, —10), find the product of -4 and r — s.
Multiply q (6, 5) by r (-5, 6).

If m = (4, —6) and n = (5, —7), find the dot product of m and n.
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Worked Solutions

26 Remember that a vector has a horizontal and a vertical component, which are —10
and 24, respectively. The resultant may be represented as the hypotenuse of a right
triangle.

You can use the Pythagorean theorem or the distance formula.

Write the formula: ‘p‘ =Ja’+b’?

Substitute: \p|= ‘/(—10)2+ 24°

Square: ‘p‘ = /m

Combine terms: ‘p‘ = /%

Remove the radical sign: ‘ p‘ =26

/ﬁ or 10.63 Remember that a vector has a horizontal and a vertical component,
which are 7 and 8, respectively. The resultant may be represented as the hypotenuse of a
right triangle.

You can use the Pythagorean theorem or the distance formula.

Write the formula:  |w]|=/a’+b>

Substitute: lw|=/7*+8?

Square: lw|=/49+ 64

Combine terms: lw|=/113

That’s as far as it can be simplified, so leave it in radical form, or calculate J113 = 10.63.
—8(e + f) = (=8¢, —8d) + (-8g, —8h)

Just remember to multiply each component by —8.

-A(r - s) = (—24, —36) + (=32, 40)

Just remember to multiply each component by —4, paying careful attention to the signs.
q-r=0

By formula: q - r=Xx,x,+y,Vy.

Substitute: q - r = (6)(=5) + (5)(6)

Multiply: -r=-30+30

=

And add: q-r=0.
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m-n=062

By formula:

Substitute:
Multiply:

And add:

CliffsStudySolver Trigonometry

‘N =Xp X, T YV
-n = (4)(5) + (=6)(=7)
‘n=20+42

‘nm =062

Chapter Problems and Solutions

Problems

Solve these problems for more practice applying the skills from this chapter. Worked out solutions

follow problems.

Draw a vector n to represent a wind blowing north at 35 miles per hour for one hour and
a vector m representing a motorist traveling west who has gone 35 miles.

Draw a vector representing a weight of 42 ounces.

Draw the resultant of vectors AB and CD as shown in the following figure.

A B
/D
C

Vectors for problem 3.

Draw the resultant of vectors m and n as shown in the following figure.

/
\

Vectors for problem 4.

Draw the resultant of vectors v and u as shown in the following figure.

\7"—

Vectors for problem 5.



Chapter 5: Vectors 189

Solve the parallelogram of forces in the following figure.

0 30 Ibs. A
Diagram for problem 6.

A force of 24 kg and a force of 32 kg are acting on a body at an angle of 90°. What are
the magnitude and angle of the resultant with respect to the 32 kg force?

An airplane is trying to fly due east at 400 mph. Because of a wind from the south, the
plane’s actual path is 25° north of east. Assuming the wind to be blowing at a steady
pace, what is its magnitude, to the nearest whole mph?

A force of 10 Ibs. and a force of 24 Ibs. are acting on a body at an angle of 90°. What are
the magnitude and angle of the resultant with respect to the 24-Ib. force?

If the endpoints of vector TB are A (-4, —6) and B (4, 6), what are the coordinates of
standard vector OP if OP=AB?

If the endpoints of vector CD are C (=5, =7) and D (4, 4), what are the coordinates of
standard vector OM if OM=CD?

If the endpoints of vector TB are A (2, -5) and B (12, 7), what are the coordinates of
standard vector OP if OP=AB?

yLooX __
|
I
|
|
y Ky :y
|
|
|
0 |
X ' X

Model for problems 13 through 16.

Refer to the preceding figure as the model for problems 13—16.
Find the rectangular components of the vector 16£30° to the nearest integer.

The rate and angle with the bank of a boat crossing a stream in miles per hour is 15270°.
What are the cross-stream and current components of the boat’s velocity?
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The vertical component of a force is three times the magnitude of the horizontal
component. Find the angle the resultant force makes with the smaller component.

Find the rectangular components of the vector 20/36° to the nearest integer.
Find the magnitude of vector h = (-6, 10).

Vector f = (8, —3); vector g = ([, m). f = g. Find the value of m.

Find the magnitude of vector m = (—15, —306).

Multiply v (=5, 8) by 7.

Ifr=(c,d)and s = (g, h), find the product of 11 and r + s.

If m = (6, —9) and n = (8, -7), find the product of -8 and m — n.

Multiply v (=3, 6) by u (-5, 7).

If n = (a, b) and o = (f, g), find the product n - o.

If m = (5, -7) and n = (-6, 9), find the dot product of m and n.

Answers and Solutions

Answer:

n (35 mi.

m
35 mi.

It is conventional to draw north as pointing upward and west to the left of north. It is also
conventional to draw them as connected at their origins, although that was not necessary.
It is, however, necessary to show them of equal size.

Answer:

W | 42 oz

Weight always acts downward. Remember that. It’s the pull of the force of gravity on
a mass.
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Answer:

@) E

Two solutions to problem 3.

First, draw cD. Then, at the tlp of CD place DE the equ1valent vector of AB. Fmally,
connect the initial pomt of CD to the termlnal point of DE to get resultant CE. You could
also have started with AB and then placed BE, as in the figure. The resultant would have

been TE

Answer:
r o« (9]
r
Two solutions to problem 4.

Bring the tip of vector m to the tail of n (a) or the other way around (b). In either case,
connect the initial point of the first vector to the terminal point of the second to draw the

resultant, r.

Answer:

Two solutions to problem 5.

Bring the tip of vector v to the tail of u or the other way around. In either case, connect the
initial point of the first vector to the terminal point of the second to draw the resultant, r.
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Answer: 42 Ibs. at = 21.8°.

Remember that the Law of Cosines can be used with any general triangle. The 60° angle
between the vectors is not usable, since it is not contained wholly within either triangle.
However, consecutive angles of a parallelogram are supplementary, so that means mZA =
120°. 180° — 120° gives you a reference angle of 60°, and cosine is negative in quadrant II.

A-b’tc’-a’

State the formula: cos 2be
Substitute: —% = %
Multiply: -1 3244 900-a"
Combine like terms: —% = 12%8_062
Cross multiply: 2(1224 - a*) = -1 - 1080

Divde both sides by 2: 1224 — a* = —540

Collect terms: —a* = —540 - 1224
Add; multiply by —1: a’ = 1764

J/both sides: a =42 Ibs.

The resultant is 42 Ibs. in magnitude. Next, you need the ZCOA. To find it, use the Law of

Sines.

. a _ side oppositeZCOA
State the formula: SnA -~ <in/COA
Substitute: 42 _ 18

sin120°  sinZCOA
Cross multiply: 42sinZCOA= 18sin120°

The quadrant Il reference angle for 120° is 60°, and sine is positive in quadrant II, so:

42 sin/COA = 18sin60°

Substitute and divide both sides by 42: sinZCOA 18 '22867 = 1546206

Divide by 42: sinZCOA = 0.372

Find arcsin or sin”' 0.372: ZCOA =~ 21.8°
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Answer: 40 kg = 36.9°

L4+ .C
24 kg ;
A
o 32 kg

Parallelogram of forces for problem 7.

Always start by drawing a diagram as shown in the preceding figure. OB represents the
32 kg force, and OA represents the 24 kg force. O is the object upon which the forces are

acting, and OC is the resultant force. Notice the corners of this parallelogram are right
angles, so the parallelogram of forces is, in fact, a rectangle of forces. That means you can

find OC by using the Pythagorean theorem.

State the equation: cc=a"+b’
Substitute: =24 +32°
Square the appropriate numbers: ¢ = 576 + 1024
Add: ¢’ = 1600

Take the square root of both sides: ¢ =40

So the resultant is 40 kg in magnitude. To find its angle with respect to the 32 kg force,
you must find ZCOB.

You know that the tangent of <COB= % = % =0.75.

Look that up in the table or on your calculator and you'll find tan™' 0.75 = 36.9°.

Answer: 186.4 mph

N R
wind w
250\ 2

O 400 mph

Plane is blown north of east.
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Start with the diagram in which w is the equivalent vector of the wind, E’\/ With respect
to the angle at O, the relevant relationship is tangent.

State the equation: tanf = %ﬁj}tﬁ
Substitute: tan25° = tan25° = 4L00
Cross multiply: w = 400tan25°

Find tan15°: w = 400(0.466).
Multiply: w = 186.4 mphmph.

Answer: 26 Ibs., = 23°

Diagram for solving problem 9.

Start by drawing a diagram as in the preceding figure. OB represents the 10 Ibs. force,
and OA represents the 24 Ibs. force. O is the object upon which the forces are acting, and

OC is the resultant force. Notice the corners of this parallelogram are right angles, so the
parallelogram of forces is, in fact, a rectangle of forces. That means you can find OC through
the magic of the Pythagorean theorem.

State the equation: d=a+b’
Substitute: =107+ 24°
Square the appropriate numbers:  ¢* = 100 + 576
Add: ¢’ =676

Take the square root of both sides: ¢ =26

The resultant is 26 Ibs. in magnitude. To find its angle with respect to the 24 Ib. force, you
must find ZCOB.

You know that the tangent of ZCOB = 39 =2 = 0.417.

Look that up in the table or on your calculator, and you'll find tan™ 0.417 = 23°.
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Answer: (8, 12) Remember, if the coordinates of point A are (x,,y.) and the coordinates
of point B are (x,,Y,), then the coordinates of point P are (x, — X.,y, — V.).

Substitute: (4 — —4,6 — —6)
Add: (8, 12)
That, of course, is the terminal point of 07’ its initial point being at the origin.

Answer: (9, 11) Since the coordinates of point A are (x,,y.) and the coordinates of point
B are (x,,Y,), then the coordinates of point M are (x, — X.,V, — V.).

Substitute: (4— -5,4 — -7)
Add: (9, 11)

Answer: (10, 12) Remember, if the coordinates of point A are (x,,y,) and the
coordinates of point B are (x,,y,), then the coordinates of point P are (x, — X.,V, — V.)-

Substitute: (12-2, 7 — —-5)
Add: (10, 12)

Answer: x = 14,y =8

ith sine: in30° = _OPposite_
Start with sine: sin30° = hypotenuse
s 1y
Substitute: 2 -16
Cross multiply: 2y =16
Divide both sides by 2: y=8
. S o _ Opposite
Next, use either tangent or cosine: tan30° = adjacent
Substitute remembering that tan30° = ﬁ: % = %
Cross multiply: x=8 /3
Leave in radical form or multiply: X = 8\/3 or 14

Answer: Current is about 5 mph, cross-stream rate is about 14 mph. Since the angle
with the bank is 70°, you can safely conclude from reference to the figure on page 189
that the x component is the downstream one, that is, the current, and that the cross
stream rate is the y component.

opposite
hypotenuse
094 _ Yy

Substitute: 1 =15

Start with sine: sin70° =

Cross multiply: y=15-0.94
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Multiply and round: y=15.094= 14
. . . 5 adjacent
Next, use cosine, since the y-value is not exact: cos70 = hypotenuse
itute: 0342 _ x
Substitute: T -15
Cross multiply: 15-0.342
Multiply and round: x=513=5

Answer: = 72° Let the angle be ¢, the horizontal component be h and the vertical
component be 3h.

it
Use the tangent function, since: tang = opposite

ad]acent
Substitute: tan¢ = 2=
But the hs cancel each other, so: tan¢ = ,’l;f

Now find the angle whose tangent is 3:  tan¢ = 71.57 = 72°

Answer: x = 16,y = 12

i . o _ _Opposite
Start with sine: sin36° = ypotenuse
. ) 0588 _ Y
Substitute: T -70
Cross multiply: y =20(0.588) = 11.76 = 12
. . - o adjacent
Next, use cosine, since y is inexact: cos36° = Typotenuse
. ) 0809 _ x
Substitute: T -70
Cross multiply: x = 20(0.809)
Multiply: x=16.18= 16

Answer: 2 ./34 Remember that a vector has a horizontal and a vertical component,
which are —6 and 10, respectively. The resultant may be represented as the hypotenuse
of a right triangle.

You can use the Pythagorean theorem or the distance formula to solve.

Write the formula: |h|=/a*+b*

Substitute: |h|=/(-6) +10?
Square: |h|=,/36+ 100
Combine terms: |h|= /136

Simplify the radical by dividing by 4: |h|=2,/34
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Answer: —3 And the value of [ is 8. The statement f = g means they have the same (or
identical) components. They are equal vectors. That means they have the same horizontal
and vertical components.

Answer: 39 Remember that a vector has both a horizontal and a vertical component,
which are —15 and —36, respectively. The resultant may be represented as the hypotenuse
of a right triangle. You can use the Pythagorean theorem or the distance formula to solve.

Write the formula: |m|=y/a’+b*

Substitute: Im|= ‘/(—15)Z+ (-36)

Square: |m|=,/225+ 1296

Combine terms: |m|=/1521

Solve the radical: ~ |m|=39

Answer: 7v = (—35, 56) Simply multiply both components by the scalar, 7.

Answer: 11(r+s)=(11c, 11d) + (11g, 11h) Just remember to multiply each component
by 11.

Answer: —8(m — n) = (48, 72) — (—64, 56) Just remember to multiply each component
by —7, paying careful attention to the signs.

Answer: v - u = 57

By formula: v -u=Xx,x, +V,V..
Substitute: v-u=-3--5+6-7
Multiply: v-u= 15+42

And add: v-u=57

Answer: n -o = af + bg

By formula: n:o0=Xx,x,+Y,V,
Substitute: n-o =af+bg

And that’s as far as you can go.
Answer: m - n = -93

By formula: m - n = Xx,X, + Y.V,
Substitute:  m - n = (5)(—6) +(=7)(9)
Multiply: m-n=-30+-63

And add: m-n=-93
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Supplemental Chapter Problems

Solve these problems for even more practice applying the skills from this chapter. The Answer
section will direct you to where you need to review.

Problems

Draw a vector s to represent a wind blowing south at 100 miles per hour for one hour and
a vector p representing a plane traveling east that has gone 300 miles.

Draw a vector representing a weight of 230 pounds.

Draw the resultant of vectors AB and CD as shown in the following figure.

B
A \
D
Vectors for problem 3.

Draw the resultant of vectors v and u as shown in the following figure.

Vectors for problem 4.
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Draw the resultant of vectors u and v as shown in the following figure.

Vectors for problem 5.

Solve the parallelogram of forces in the following figure.

Diagram for problem 6.

A force of 14 Ibs. and a force of 12 Ibs. are acting on a body at an angle of 90°. What are
the magnitude and angle of the resultant with respect to the 14 Ib. force?

An airplane is trying to fly due west at 600 mph. Because of a wind from the north, the
plane’s actual path is 10° south of west. Assuming the wind to be blowing at a steady
pace, what is its magnitude to the nearest whole mph?

What is the magnitude of the speed of the plane in Problem 8?

If the endpoints of vector ﬁi are A (-3, =7) and B (2, 5), what are the coordinates of
standard vector OP if OP=AB?

If the endpoints of vector CD are C (=6, —9) and D (2, 4), what are the coordinates of
standard vector OM if OM=CD?

If the endpoints of vector ﬁi are A (3, 6) and B (13, 14), what are the coordinates of
standard vector OP if OP=AB?
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|
|
|
|
y s :y
|
|
|
0 |
x ' X

Model for problems 13 through 16.

Refer to the preceding figure as the model for Problems 13—16.

Find the rectangular components of the vector 30£30° to the nearest integer.

The rate and angle with the river bank of a boat crossing a stream in miles per hour is
20£70°. What are the cross stream and current components of the boat’s velocity?

The vertical component of a force is four times the magnitude of the horizontal
component. Find the angle the resultant force makes with the smaller component.

Find the rectangular components of the vector 30£45° (answer may be left in radical
form).

Find the magnitude of vector h = (-5, 9)

Vector b = (6, —9); vector ¢ = (p, q); b = ¢. Find the value of p.
Find the magnitude of vector m = (=12, —106)

Multiply v (=8, 9) by 10.

Ifr=(m, n) and s = (p, q), find the product of 9 and r + s.

Ifm = (7, —=8) and n = (6, —9), find the product of -7 and m — n.
Multiply v (5, —4) by u (=8, 7).

Ifr=(c,d)ands = (a, b), find the productr - s.

Ifp =(5,-8) and q = (-7, 9), find the dot product of p and q.
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Answers

s | 100 mph

(Vectors versus Scalars, p. 167)

w | 230 Ibs.

(Vectors versus Scalars, p. 167)

B
r
E
A r
c
D

(Vector Addition Triangle/The Tip-Tail Rule, p. 169)

v
u
r r
u
v

(Vector Addition Triangle/The Tip-Tail Rule, p. 169)
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(Vector Addition Triangle/The Tip-Tail Rule, p. 169)

12.3 Ibs. at = 15.14°  (Parallelogram of Forces, p. 172)

18.44 Ibs. = 40.6° (Parallelogram of Forces, p. 172)

105.6 mph  (Parallelogram of Forces, p. 172)

609 mph (Parallelogram of Forces, p. 172)

(5, 12) (Vectors in the Rectangular Coordinate System, p. 178)

(8, 13) (Vectors in the Rectangular Coordinate System, p. 178)
(10, 8) (Vectors in the Rectangular Coordinate System, p. 178)
x=26,y=15 (Resolution of Vectors, p. 180)

Current is about 7 mph, cross-stream rate is about 19 mph (Resolution of Vectors, p. 180)
=~ 76° (Resolution of Vectors, p. 180)

(15ﬁ, 15ﬁ> or (21.213, 21.213) (Resolution of Vectors, p. 180)
‘/@ or 10.3 (Algebraic Addition of Vectors, p. 183)

6 (Algebraic Addition of Vectors, p. 183)

20 (Algebraic Addition of Vectors, p. 183)

10v = (=80, 90)  (Scalar Multiplication, p. 185)

O(r +s) =(9m, 9n) + (9p, 9q) (Scalar Multiplication, p. 185)

—7(m — n) = (-49, 56) — (42, 63) (Scalar Multiplication, p. 185)
v-u=-68 (Dot Products, p. 185)

r-s=ac+bd (Dot Products, p. 185)

p-q=-107 (Dot Products, p. 185)
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Polar Coordinates and
Complex Numbers

any different forms of measure are common today, as are many different coordinate

systems. When working on a flat surface, it is common to use rectangular (a.k.a.,

Cartesian) coordinates. When measuring a spherical surface like that of the earth, it is
common to use degrees, minutes, and seconds of latitude and longitude. Under certain condi-
tions, especially those involving periodic functions, polar coordinates work best. The polar coordi-
nate system is second only to Cartesian coordinates in the universality of its usage.

Polar Coordinates

The polar coordinate system consists of a fixed point, usually designated O and known as the
pole, or origin. Extending to the right of the pole and horizontal is a ray known as the polar
axis. We can locate any point, P, by specifying an angle, 0, with respect to the polar axis and a
distance from the origin, r, as in the following figure. The ordered pair, (r, 6), names the polar
coordinates of point P.

r
0

0 Polar Axis

Polar axis, pole, angle6, and point P.

If £0is measured counterclockwise from the polar axis, then it is a positive angle. If it were
measured clockwise, it would be a negative angle. The angle in the preceding figure would
normally be interpreted to be positive angle 6, but it could also be expressed as — (360° — 6),
not that it would make a a lot of sense to do so. For r to be positive, P must be on the north side
of the polar axis. On the south side of the pole, the value of r is negative (see the following figure).

203
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y
\ P (4,30°)
30° x
(F)]
y
-
X
{
P (-4, 210°)
(b)
y

-150° X
P (-4, -150°) <

(0]

Polar forms of three coterminal angles.

Note that (a) has a positive r and a positive 0. (b) has a negative r and a positive 6. In (c), both r
and 0 are negative.
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Example Problems
These problems show the answers and solutions.

Write the polar coordinates of each of the following points, P. Express each as an ordered pair.

\

P, 8

Diagram for Problem 1.

answer: (-8, 220°)

P is below the axis, so r is negative. 0 is rotated counterclockwise, and so it is positive.

40°)

Diagram for Problem 2.

answer: (9, 40°)

P is above the axis, so r is positive. 0 is rotated counterclockwise, and so it is positive.
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W
P N

Diagram for Problem 3.

answer: (-7, -140°)

P is below the axis, so r is negative. 8 is rotated clockwise, and so it is negative.

Converting between Polar
and Rectangular Coordinates

It will help to convert from polar to rectangular coordinates if you remember that the distance from
the pole of a point on a polar graph may be resolved into horizontal and vertical coordinates, just
as you did with vectors. In fact, polar notation is useful for vector representation as well.

Converting from Polar to Rectangular Coordinates

Converting polar coordinates to rectangular ones relies on remembering ratios from the unit circle.
To get x, use cosine: % = cosf

Cross multiplying gets: x =r cosf

Similarly for y: % = sin@

Cross multiply to get: y =r cos

Converting from Rectangular to Polar Coordinates

To convert from rectangualr to polar coordinates, the procedure is similar. Starting with the
Pythagorean theorem, you get the Distance Formula: r=/x*+y”.

Then use cosine 6 or sine 8 or tangent 0 to find the angle. Having done that, you’ll have the
polar coordinates, (r, 6).
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Example Problems

Convert P(6, 8) to polar coordinates.

answer: (10, 53°)

First, use the formula: r’=x*+y?
Solve that for r: r=/x*+y?
Substitute: r= \/m
Square terms indicated: r=,/36+64
Add and take the square root: r= \/ﬁ) =10
Next, pick a trigonometric ratio:  sin@ = %
Substitute: sin@ = % =08
Use sin™'6 to find the angle: sin'0 = 0.8; 6= 53°

The polar coordinates for P(6,8): (r, 6) = (10, 53°)
Convert P(12, 30°) to rectangular coordinates:

answer: P(10.4, 6)

First, find x using cosine: % = cos6

Cross multiplying gets: X = rcosf

Substitute: X = 12cos30°

Solve: x = 12(0.866) = 10.4
Similarly for y: % = sin@

Cross multiply to get: y =rsin@

Substitute: y = 12sin30°

Solve: y=12(0.5)=6

Therefore, P(12, 30°) has rectangular coordinates P(10.4, 6).
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Convert P(5, 9) to polar coordinates.
answer: (,/106, 61°)
First, use the formula: r=x+y"

Solve that for r: r=/x"+y

Substitute: r=/5*+9?%

Square terms indicated: r=4/25+81
Add and take the square root: r= \/ﬁ

Next, pick a trigonometric ratio:  tanf = %
Substitute: tanO = % =18

Use tan™' @ to find the angle: tan'0=1.8; 0=61°

The polar coordinates for P(5, 9): (r, 8) = (4106, 61°)

Convert P(8, 60°) to rectangular coordinates.

answer: P4, 7)

First, find x using cosine: % = cos6

Cross multiplying gets: X = rcosf

Substitute: X = 8cos60°

Solve: x=8(0.5) =4

Similarly for y: % = sin@

Cross multiply to get: y =rsin@

Substitute: y = 8sin60°

Solve: y =8(0.866) = 6.928 = 7

CliffsStudySolver Trigonometry

Therefore, P(8, 60°) has rectangular coordinates P(4, 7).
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Work Problems

Use these problems to give yourself additional practice.

Write the polar coordinates of P.

65:\

Diagram for Problem 1.

Convert P(10, 40°) to rectangular coordinates.
Convert P(12, 60°) to rectangular coordinates.
Convert P(9, 12) to polar coordinates.

Convert P(6, 10) to polar coordinates.

Worked Solutions

(8, 65°) Pis above the axis, so r is positive. 8 is rotated counterclockwise, and so is
positive.

P(1.1, 6.4)
First, find x using cosine:

Cross multiplying gets:  x = rcos0

Substitute: x = 10cos40°
Solve: x = 10(0.766) = 7.7
Similarly for y: % = sinf

Cross multiply to get: y =rsin@
Substitute: y = 10sin40°
Solve: y=10(0.643) = 6.4

Therefore, P(10, 40°) has rectangular coordinates P(7.7, 6.4).
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P(6, 10.4)

First, find x using cosine: % = cosf

Cross multiplying gets: X = rcosf

Substitute: X = 12cos60°

Solve: x=12(0.5)=6

Similarly for y: % = sin@

Cross multiply to get: y =rsin@

Substitute: y = 12sin60°

Solve: y =12(0.866) = 10.392 = 10.4

Therefore, P(12, 60°) has rectangular coordinates P(6, 10.4)

(15, 53°)

First, use the formula: r=x"+y

Substitute: r= m
r=4/8

J/81+ 144

Solve that for r:

Square terms indicated:

Add and take the square root: r= \/TZS =15
Next, pick a trigonometric ratio:  sin@ = %
Substitute: sin@ = }—g‘ =08
Use sin"'6 to find the angle: sin'60 = 0.8; 6= 53°

The polar coordinates for P(9,12): (r, 6) = (15, 53°)
(2,/34, 59°)

First, use the formula: r=x+y

Solve that for r: r= ‘/XZT_VZ
Substitute: r= m
Square terms indicated: r= m

Add and take the square root: r= ‘/ﬁ =2 /371

Next, pick a trigonometric ratio:  tan6 = %
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Substitute: tanf = IFO = 1.667

Use tan '@ to find the angle: tan™'0 = 1.667; 6 = 59°

The polar coordinates for P(6, 10): (r, 6) = (2 /371 59°)

Some Showy Polar Graphs

Some polar graphs are very distinctive and are presented here for your attention and enjoyment.
Don’t worry; you won’t be expected to memorize (most of) them or draw them, unless you go
on to an engineering course of study in college. In all the equations, a is a constant that deter-
mines the scale of the curve, that is, its size.

| | | | | |
I I I I I I
/4 2 3 456 7

Circle:r = a.
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| |
4321 NA 23 34
14
21
34

Circle: r = acosé.

N
w -
H

|
4 -3 2 -1 1
1L
21
31

Circle: r = asiné.

21

I
4 -3 -2 -1 1
1L
21
31

N
w -+
»

Horizontal line: r= =2
sin@
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Vertical line: r=—2—.
cosf

Line: 6 = a.

I

4 3 2 -1 1 2 3 4
1
21
3L

Cardoid: r = a + asiné.
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1Y
-2
-3

Cardoid: r = a + acosé.

CliffsStudySolver Trigonometry

Lemniscate: r* = a’cos26.
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-15 -1 1 15
141
Lemniscate: I = a’sin26.
11
051
-15 -1 05 0.5 15
-0.51
14l

Three-leaved rose: r = acos36.
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Four-leaved rose: r = acos26.
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Four-leaved rose: r = asin26.

Now is that cool or what?!! By the way, cardoid means heartlike.

Plotting Complex Numbers
on Rectangular Axes

Complex numbers are plottable on both rectangular coordinates and polar ones. Every complex
number can be written in the form a + bi in which a and b are real numbers, and i is the square
root of negative 1 (i* = —1). Complex numbers are graphed on the complex plane, with real
numbers figured in the horizontal direction and imaginary numbers in the vertical direction; that
is to say, the x-axis is the real axis, and the y-axis is the imaginary one. Each point on the com-
plex plane may be designated by an ordered pair, designated (a, b). Since the vertical axis is the
imaginary one, the i in a + bi need not be written. It is understood. It is customary in some cir-
cles to designate the axes in the complex plane by uppercase X and Y to distinguish them from
the Cartesian plane axes, x and y.
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Axis of Reals

Axis of Imaginaries

The complex plane.

Example Problems

These problems show the answers and solutions. Use the preceding diagram as a model for
plotting the following complex numbers:

4+ 3

answer: See the following figure

Both signs are positive, so it goes in quadrant 1.
-3+ 5i

answer: See the following figure

A negative a coordinate and a positive b coordinate put the number in the second
quadrant.

—4 -3j
answer: See the following figure

—4 -3j could have been written as —4 + —3i. In either case there are two negative
coordinates, so it falls in the third quadrant.
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3,5
‘4,3

(0,00

-4,-3)

Answers to example problems.

Notice the coordinates of the origin are (O, Oi).

Plotting Complex Numbers
on the Polar Axis

A glance back at the figure used as a model for the preceding set of example problems will
show you that the polar representation of complex numbers was anticipated in that diagram,
since rectangular axes, the angle theta, and the vector r were included. If you remember the
trigonometric ratios, then you should recall that given a point, P, with rectangular coordinates
(x, y), x could be represented as r cos, and y could be represented as r sinf (see the following
figure).

------------ P (x,y) and (;0)

Point P and pertinent rectangular and polar information.

If the complex number is x + yi, then, based upon the representations above, x + yi in polar
form could be shown by the following equations:

X + yi = rcos0 + irsin@
Factor out an r and get : X + yi = r(cos@ + isin6)

The expression r(cos6 + isin) is called the polar form or trigonometric form of the complex
number, x + yi. The number r is known as the modulus or absolute value of the complex number,
and the angle 8 (between the polar axis and the line drawn from the pole) is called the amplitude
or argument of the complex number. By using c to stand for cosine and s to stand for sine, the
expression cos6 + isind can be abbreviated cisf. You can then write, x + yi = rcisé.
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This is a testimonial to the general laziness of mathematicians, who are always looking for a
short way to write an otherwise lengthy expression.

To summarize this section, remember that a complex number may be represented by a point on
the polar plane represented by (r, 0), r(cos@ + isin6), or rcisé.

Example Problems
These problems show the answers and solutions.

Convert the complex number 6 + 3i to polar coordinates.
answer: (3 /E, = 27°)

The 6 is the horizontal coordinate, and 3i is the vertical coordinate. To find r, use the
Distance Formula version of the Pythagorean theorem.

Formula: r= ‘/XZT_VZ
Substitute: r= ‘/m
Square: r= m
Simplify: ~ r=,/45=/9-5=,/9-/5=3,5

Use tangent or cosine to find the angle: tanf= %= =0.5

QW

Find the angle with table or calculator: tan™'6 = 0.5; 8 = 26.57°

The angle is about 27°.

Express the polar coordinates (12, 30°) as a complex number in the form a + bi.
answer: 10.4 + G6i

Draw the picture first if you need to, or refer back to the last figure. Since the first of the

ordered pair is equivalent to the hypotenuse of a right triangle, you can find the imaginary
coordinate from the sine ratio:

ing — _OPPosite_
sing = hypotenuse
Substitute: sin 30° = %
12
Cross multiply: y = 12sin 30°

Substitute and multiply: y=12-05=6

So you can conclude the imaginary part of the solution is 6i.

adjacent
Now for the real part, use cos or tan: cosf = hypotenuse
Substitute: cosf = %

Cross multiply: X = 12cos30°
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Substitute and multiply: x=12-0.866 = 10.392 = 10.4
So the complex number is 10.4 + 6i.
Express the complex number 4 + 4i as expressions in the forms r(cos@ + isin6) and rcis®6.

answer: 4ﬁ (cos45° + isin45°), 4 ﬁ (cis45°)

Model of Problem 3.

It should be obvious from the complex number with both rectangular coordinates of
magnitude 4 that you are dealing with a parallelogram that is, in fact, a square. You may
recall that in any square (or rhombus) the diagonal bisects the vertex angles. That makes

0 = 45° (half of a right angle). Next, you need to find r, but you know r= ‘/xZTyZ
Substitute: r= m

Square and combine: r= m = ‘/ﬁ

Simplify: r=/§=/ﬁ~ﬁ:4ﬁ

Therefore: 4+ 4i=4 ﬁ (cos45° + isin45°), or 4 ﬁ (cis45°)

Work Problems

Use these problems to give yourself additional practice.

Axis of Reals

Axis of Imaginaries

The complex plane.
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Use the diagram as a model for plotting the following complex numbers:
7 + 5i
-6 + 3i
-7 =5i
Express the polar coordinates (8, 30°) as a complex number in the form a + bi.

Express the complex number 6 + 6i as expressions in the forms r(cos@ + isin6) and cis6.

Worked Solutions

‘A (7,5
°B (-6,3)

‘C7-5

See A on the preceding figure Both signs are positive, so it goes in quadrant I.

See B on the preceding figure A negative a coordinate and a positive b coordinate put
the number in the second quadrant.

See C on the preceding figure A negative a coordinate and a negative b coordinate
put the number in the third quadrant.

69 +4i,or 4 /5 + 4i Draw the picture first if you need to, or refer back to the figure
at the beginning of this Work Problems section. Since the first of the ordered pair is
equivalent to the hypotenuse of a right triangle, you can find the imaginary coordinate
from the sine ratio:

ing = _Opposite
sinf = hypotenuse
Substitute: sin30° = %
Cross multiply: y = 8sin30°

Substitute and multiply: y=8-0.5=4

So you can conclude the imaginary part of the solution is 4i.
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Now for the real part, use cos or tan: cos0 = %ﬁg{se

Substitute: cosf = %

Cross multiply: X = 8cos30°

Substitute and multiply: x=8-0.866 =6.928=6.9
Or use the exact cos 30°: x=8- @ =4 /5

So the complex number is 6.9 + 4i, or 4 /§ + 4i

6 ﬁ » 6 ﬁ You should recognize from the complex number with both rectangular
coordinates of magnitude 6 that you are dealing with a square. You may recall that in any
square (or rhombus) the diagonal bisects the vertex angles. That makes 8 = 45° (half of a
right angle. Next, you need to find r, but you know:

Substitute: r= /m
Square and combine: r= /m = /ﬁ
Simplify: rz/iz/%'ﬁza/i

Therefore: 6+ 6i =6 ﬁ (cos45° + jsin 45°), or 6 /E (cis45°).

Conjugates of Complex Numbers

Two complex numbers are equal if and only if their real parts are equal and their imaginary
parts are equal. That means that if a + bi = x + yi then a must equal x and b must equal y. To
further illustrate the principle, 3 + bi = x + 8i if and only if x = 3 and b = 8.

Every complex number, a + bi, has a conjugate, a — bi. In fact, a + bi and a — bi are conjugates of
each other. The conjugate of 3 + 4i is 3 — 4i; the conjugate of 7 — Gi is 7 + 6i. You may assume
that complex numbers follow the same rules for arithmetic properties as real numbers do. Using
the conjugates a + bi and a — bi you get the following general rules for addition, subtraction, and
multiplication of conjugates:

Sum: (@+Dbi)+(@—Dbi)=(a+a)+ (bi—bi)=2a+0=2a
Difference: (a + bi) — (a — bi) = (a — a) + (bi + bi) = Oa + 2bi = 2bi
Product: (a + bi)(a — bi) = a* + abi — abi — abi — (bi)*

The abi terms add to 0, and i* = —1, so the above becomes a* + —b*(—1) = a* + b%.

Notice that the sum of two complex conjugates is a real number, but the difference is an imagi-
nary one. The product will always be a positive real number, unless both a and b are O.
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Example Problems
These problems show the answers and solutions.

Find the sum of 5 + 6i and its conjugate.

answer: 10

5 + 6i’s conjugate is 5 — 6i. (5 + 6i) + (5 - 6i) = (5 +5) + (6i — 6i) = 10+ 0 = 10.
Find the difference of 5 + 6i and its conjugate.

answer: 12i

5 + 6i’s conjugate is 5 — 6i. (5+6i) = (5-6i) =(5+6i) =5+ 6i =0+ 12i = 12i.
Find the product of 5 — 6i and its conjugate.

answer: 61

5 — G6i’s conjugate is 5 + 6i.

Multiply by the “FOIL” method: (5 + 6i)(5 — 6i) = 25 + 30i — 30i —36i°.

Remember that i* = —1, so 25 + 30i — 30i — 36i*= 25 — 36(—1) = 25 + 36 = 61.

Multiplying and Dividing Complex Numbers

Consider that s and t represent two complex numbers.

s = a(cosa + isino)
t = b(cosf + isinp)

To multiply s and ¢, multiply their moduli (plural of modulus) and add their amplitudes.

st = ab[cos(a + P) + isin(a + B)]

To find the quotient of two complex numbers, say s + t, divide their moduli and subtract their
amplitudes:

s
t

[cos(a+,3) —isin(a—ﬂ)]

(walfY

Example Problems

These problems show the answers and solutions. Leave all answers in modulus and amplitude
form.

If g = 5 (cos40° + isin40°), and r = 7(cos60° + isin60°), then find qr.
answer: qr = 35(cos100° + isin100°)

The moduli, 5 and 7, are multiplied together to get 35. The amplitudes (inside the
parentheses) are added together, with like terms being added to like terms.



Chapter 6: Polar Coordinates and Complex Numbers 225

If v = 15(cos80° + isin80°), w = 5(cos120° + jsin120°). Find v + w.
answer: 3(cos320° + isin320°)

First, set up the moduli and amplitudes: = 1§5[cos(80O — 120°) + isin(80° — 120°)]

Next, perform computations: 3(cos —40° + isin—40°)

Sk 3k g

Rather than leaving negative angles, add 360°: 3(cos320° + isin320°)
If [ = 4(cos60° + isin60°), and m = 6(cos75° +isin75°), then find Im.
answer: Im = 24(cos135° + isin135°)

The moduli are multiplied, and the amplitudes added:

Im =4 - 6 [cos(60° + 75°) + isin(60° + 75°)]

Finally, perform the computations: Im = 24(cos135° + jsin135°)

If p = 12(cos120° + isin120°), g = 3(cos50° +isin50°). Find p + q.
answer: 4(cos70° + isin70°)

First, set up the moduli and amplitudes: = %Z[c.osuzoo —50°) + isin (120° =50°)]

Qo Qo

Next, perform computations: sz(cos70° + isin70°)

Finding Powers of Complex Numbers

The formula for finding powers of complex numbers is attributed to a seventeenth century
French mathematician named Abraham DeMoivre. Although proving DeMoivre’s theorem is
way beyond the scope of this book, it can be shown to be true for all real-number values of n,
and not only the integral values. The formula he developed goes like this:

If a complex number z = r(cos¢ + ising), then z* = r*(cos2¢ + isin2¢), and 2> = r’(cos3¢ +

isin3¢), and so on. The theorem goes on to generalize that for n equal to any positive
integer, z" = r"(cosn¢ + isinng).

Example Problems
These problems show the answers and solutions.

Use DeMoivre’s theorem to solve each of the following.

[ﬁ (cos40° + isin40°)]’ Express the result in polar notation.
answer: (4 2,200°)
5 5
Apply DeMoivre’s theorem: [ﬁ(cos40° +isin40°)] = /2 (cos40° -5 +isin40" - 5)
5
Multiply: = /2 (cos200° + isin200°)

Workoutﬁsz ﬁ-ﬁ-ﬁ'ﬁ-ﬁzz-ZﬁZZLﬁ
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So: = 4,/2(cos200° +isin200°)

You now know r=4 /2 and the angle is in quadrant lll. Polar coordinates are (4 /2, 2000).
Raise 1 + i to the eighth power. Start with a graph.

answer: 16

If you graphed the complex number, you would have noticed that it is an isosceles right
triangle, so ¢ = 45°.

That makes r= m = ﬁ

Apply DeMoivre’s theorem:  [/2 (cos45° +isind5°)]° = (,/2)%(cos8 - 45° + isin8 - 45°)
Multiply: = 16(cos360° + isin360°)

360° is the same as 0°, so find ratios: = 16(1) + i(16)(0).

Add to get 16 + Oi, or 16.

Square 2+ 2i /5 . Express the answer in both rectangular and polar coordinates.

answer: (-14, 8i); (16, 120°)

--------- P (2,2\3)

2V3| T

First, find r: r= 22+<2/§>2

r=/4+(4-3)=/4+12=/16=4

-1_
= =0.5.

BN

Now that you’ve found r = 4, use cosine: cos¢ =

Find the angle by arccos: cos™'¢ = 0.5; ¢ = 60°.

Apply DeMoivre’s theorem:  [4(cos60° + isin60°)]* = 4*(cos2 - 60° + isin2 - 60°)

Multiply: = 16(cos120° + isin120°)
The reference angle is 30°, and cos is negative in quadrant II: = 16(—cos30° + isin30°)
Look up the values and substitute: = 16(—.866 + 0.5/).

Multiply: - -13.856 + 8i~—14 + 8i.
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Work Problems

Use these problems to give yourself additional practice.
Find the sum of 9 + 5/ and its conjugate.
Find the difference of 8 + 4i and its conjugate.
If] = 5 (cos80° + isin80°), and m = 8(cos70° + isin70°), then find Im.
If v =14 (cos75° + isin75°), and w = 7(cos45° + isin45°), find v + w.

Cube 2 + 2i \/g Express the answer in both rectangular and polar coordinates.

Worked Solutions

18 9 + 5/i’s conjugate is 9 — 5i.
(9+5i)+(9-5)=©9+9)+(5i-5))=18+0=18
8i 8+ 4i’s conjugate is 8 — 4i.
8+4i)—(8—-4i)=(8+4i)—8+4i=0+8i=8i
Im = 40(cos150° + isin 150°) The moduli are multiplied, and the amplitudes added:
Im =5 - 8[cos(80° + 70°) + isin(80° + 70°)]
Finally, perform the computations: Im = 40(cos150° + isin 150°)
2(cos30° + isin30°) or 2cis30° First, set up the moduli and amplitudes:
=1 [cos(75° ~45°) + isin(75° ~ 45°)]
Next, perform computations: % = 2(cos30° + isin 30°)

(-64, 0); (64, 180°)

--------- P 2,2\3)

V3| r

Graph of Problem 5 at beginning.

Firstfindr:  r= /2°+ (2 ,/3)2

r=/4+(4-3)=/4+12=/16=4
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Now that you’ve found r = 4, use cosine: cos¢ = % =5 = 0.5

Find the angle by arccos: cos™'¢ = 0.5; ¢ = 60°

Apply DeMoivre’s theorem: [4(cos60° + isin60°]® = 4> (cos3 - 60° + isin3 - 60°)
Multiply: = 64(cos180° + isin180°)
The reference angle is 0°, and cos is — in quadrant Il: = 64(—cos0° + jsin0°)

Look up the values and substitute: = 64(—1 + 0i)

Multiply: = —64 + Oi.

In rectangular coordinates, that’s (—64, 0); polar is (64, 180°).

Chapter Problems and Solutions

Problems

Solve these problems for more practice applying the skills from this chapter. Worked out solu-
tions follow problems.

B 5+ A
202
40°
| | | | | | | | | | | | | |
I I I I I I I I I I I I I I
- 60° 40° 3
C S D

Refer to the preceding figure to answer problems 1 through 4.

What are the polar coordinates of point A?
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What are the polar coordinates of point B?
What are the polar coordinates of point C?
What are the polar coordinates of point D?
Convert P(12, 150°) to rectangular coordinates.
Convert P(6, 45°) to rectangular coordinates.
Convert P(10, 120°) to rectangular coordinates.
Convert P(12, 300°) to rectangular coordinates.
Convert P(8, 8) to polar coordinates.

Convert P(—8, —5) to polar coordinates.

Express P(6, —10) in polar coordinates.

Axis of Reals

Axis of Imaginaries

Use the diagram in the preceding figure as a model for plotting the complex numbers in 12-15.

Plot 6 + 4i on the complex plane.

Plot =5 + 4i on the complex plane.

Plot —6 — 2i on the polar plane.

Plot 7 — 5i on the polar plane.

Find the sum of 8 + 9i and its conjugate.

Find the difference of 8 + 7i and its conjugate.

Find the product of 6 — 7i and its conjugate.
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For problems 19-22, leave all answers in polar modulus and amplitude form.

If s = 5(cos75° + isin75°) and t = 3(cos45° + isin 45°), then find st.

If g = 5(cos105° + isin105°) and h = 7(cos80° + isin 80°), then find gh.

If g = 18(cos50° + isin50°) and r = 6(cos70° + isin 70°), then find q +r.

If m = 15(cos150° + isin150°) and n = 3(cos60° + isin 60°), then find m + n.
Use DeMoivre’s theorem to solve each of the following.

[/5 (cos50° + isin50°)]°. Express the result in polar notation.

Raise 3+ 3i to the fourth power. Write the answer as a complex number.

Cube 5 + 7i. Express the answer in both complex and polar coordinates.

T P (5,7)

Answers and Solutions

Answer: (M, 40°) Polar coordinates take the form (r,0), where r is the distance from
the pole to the point and 6 is the angle formed with the polar axis.

Find the distance from the pole to A by the Distance Formula: r= /)(ZTyZ

Read values from axes and substitute: r= m
Compute: r= /m = /a
0 is read from the graph as 40° counterclockwise, which is positive.

Answer: (,/29, 110°) Polar coordinates take the form (r,8), where r is the distance from
the pole to the point and 6 is the angle formed with the polar axis.

Find the distance from the pole to B by the Distance Formula: r=,/x*+y”
Read values from axes and substitute: r= (—2)2 +57
Compute: r=44+25=,/29

0is read from the graph as 40° + 50° to the vertical, + another 20° for a total 6 of 110°
counterclockwise, which is positive.
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Answer: (,/34, 240°) Polar coordinates take the form (r,0), where r is the distance from
the pole to the point and 0 is the angle formed with the polar axis.

Find the distance from the pole to C by the Distance Formula: r=/x*+y?
Read values from axes and substitute: r= (—3)2 + (—5)2
Compute: r=,/9+25=,/34

0 is computed from the graph as 240° counterclockwise 60° beyond 180°, which is
positive.

Answer: (/a , —40°) Polar coordinates take the form (r,8), where r is the distance from
the pole to the point and 0 is the angle formed with the polar axis.

Find the distance from the pole to D by the Distance Formula: r= ‘/XZT_VZ

Read values from axes and substitute: r=/6"+ (—5)Z
Compute: r= \/m = /a
0is read from the graph as 40° clockwise, which is negative.

Answer: (-10.4, 6)

First, find x using cosine: % = cosf
Cross multiply: X = rcosf
Substitute (refZ = 30°): X = 12cos6’

Solve (cos negative in quadrant II): x = 12(—0.866) = —10.4

Similarly for y: % = sin@
Cross multiply to get: y =rsin0
Substitute: y = 12sin30°

Solve (sin is + in quadrant II): y = 12(0.5) = 6.
Therefore, P(12, 150°) has rectangular coordinates P(—10.4, 6).

Answer: (4.2, 4.2)

First, find x using cosine: % = cosf

Cross multiply: X = rcosf

Substitute: X = 6cos45°

Solve: X =6(0.707) =4.24=4.2

You don’t need to go any further, since it’s a 45° angle. A 45° right triangle is an isosceles
one, so y must also be 4.2.
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Answer: (-5, 8.7)

First, find x using cosine: % = cosf
Cross multiply: X = rcosf
Substitute (ref. angle = 60°): x = 10cos60°

Solve (remembering cos is negative in Qll: x = 10(-0.5) = -5
Similarly for y: % = sinf

Cross multiply to get: y = rsin0

Substitute: y = 10sin60°

Solve: y = 10(0.866) = 8.66 = 8.7

Therefore, P(10, 120°) has rectangular coordinates P(-5, 8.7).

Answer: (6, -10.4)

First, find x using cosine: % = cosf
Cross multiply: X = rcosf
Substitute (refZ= 60°): X = 12cos60°

Solve (cos positive in quadrant IV): x = 12(0.5)=6

Similarly for y: % = sin@
Cross multiply to get: y =rsin@
Substitute: y = 12sin60°

Solve (sin is negative in quadrant lll): y = 12(-0.866) = -10.392 = -10.4
Therefore, P(12, 300°) has rectangular coordinates P(6, —10.4).

Answer: (8 ﬁ 45°)

First, use the Pythagorean theorem: r* = x"+ y*

Substitute: r= \/m

Add and take the square root: r=4/128=8 ﬁ

Solve that for r:

Square terms indicated:
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Don’t bother with a trigonometric ratio, since the x and y coordinates were the same. The
angle is 45°. Think about it: isosceles right triangle; legs equal.

The polar coordinates for P(8,8): (r, 6) = (8 ﬁ 45°)
Answer: (,/89, 212°)

Start with the formula: r* = x* +y*

Solve that for r: r= \/XZTyZ
Substitute: r=,/(-8) +(=5)
Square terms indicated: r= m
Add and try to simplify: r= \/@

Next, use the tangent ratio: tan6 = %

Substitute: tan6 = :—g = 0.625

Use tan™' @ to find the angle: tan™'0 = 0.625; = 32°

But the coordinates placed the angle in quadrant IlI, so add 180° to the angle you just
found.

180° + 32° = 212° so P(—8, —5) in polar coordinates: (r, ) = (/89, 212°)
Answer: (2.,/34, 301°)

First, use the formula: ¥ = x* + )/

Solve that for r: r=,/x ‘t+y?
Substitute: r=/6*+(-10)

Square terms indicated: r=,/36+ 100

Add and simplify: r=4/136=2,/34
Next, pick the tangent ratio: tan6 = %
Substitute: tan6 = —TIO = —1.667

Use tan™' @ to find the first quadrant | angle: tan™'0 = 1.667; 6 = 59°

But P(6, —10) is in quadrant IV, which is why tan is negative. Reference angle is —59°, or
301°.

The polar coordinates for P(6, —10) are: (r, ) = (2 /34, 301°)
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Answer: A See the following figure.
Both signs are positive, so it goes in quadrant I.
Answer: B See the following figure.

A negative a coordinate and a positive b coordinate put the number in the second
quadrant.

*B(-5,4) T *A(6,4)

C (2710, 198°)

T D (74, 324°)

Answer: C See the preceding figure. The —6 is the horizontal coordinate and —2i is
in the vertical coordinate. To find r, you'll use the Distance Formula version of the
Pythagorean theorem.

Formula: r= ‘/XZTy2
Substitute: r= (—6)2 + (—2)2
Square: r= /3;6—+4
Simplify: r=/4—02/4-—1()=ﬁ-m=2/ﬁ

Use tangent to find the angle: tan@ = % =0.333

Find the angle with table or calculator: tan™'6 = 0.333; 6 = 18.42°

The angle is about 18°, but, if you look back at the rectangular coordinates, it is in the
third quadrant. That means you must add another 180° to the 18 to get 198°.
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Answer: D See the preceding figure. The 7 is the horizontal coordinate, and —5i is
the vertical coordinate. To find r, use the Distance Formula version of the Pythagorean
theorem.

Formula: r=/x*+y?
Substitute: r= /7%+(=5)
Square: r=,/49+25

Simplify: r=y74
Use tangent to find the angle: tan@ = _75 =-0.714

Use tan’s absolute value to find the angle: tan'6=0.714; 6 = 35.53°

The angle is about 36°, but, if you look back at the rectangular coordinates, it is in the
fourth quadrant. That means you must subtract it from 360°. 360° — 36° = 324°.

Answer: 16 8 + 9i’s conjugate is 8 — 9i.
B8+9)+88-9)=8+8)+Oi—9)=16+0= 16
Answer: 14i 8 + 7i’s conjugate is 8 — 7i.
8+7N—-8-7)=8+7i)—8+7i= 0+ 14i = 14i
Answer: 85 6 — 7i’s conjugate is 6 + 7i.
Multiply by the “FOIL” method: (6 + 7i)(6 — 7i) = 36 + 42i — 42i — A9
Remember that i* = —1 i*= —1,so: 36 + 42i — 42i — 49(-1) =36+ 0 + 49 = 85
Answer: st = 15(cos120° + isin120°).
The moduli are multiplied, and the amplitudes added:

st =5 "3 [(cos75° + 45°) + isin(75° + 45°)]
Finally, perform the computations: st = 15(cos120° + isin120°)
Answer: gh = 35(cos185° + isin185°).
The moduli are multiplied, and the amplitudes added:

gh =5 -7 [(cos105° + 80°) + isin(105° + 80°)]
Finally, perform the computations: gh = 35(cos185° + isin185°)

Answer: 3(cos340° + jsin 340°).

First, set up the moduli and amplitudes: IFS[COS(SOO — 70°) + isin(50° — 70°)]

Next, perform computations: 3(cos—20° + isin—20°)

Rather than leaving negative angles, add 360°: = 3(cos340° + isin340°)

S~ ~Q =lQ
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Answer: 5(cos90° + jsin 90°).

First, set up the moduli and amplitudes: = 1?F’[cos(l 50° — 60°) + isin(150° — 60°)]

%
Next, perform computations: % =5(cos90° + isin 90°)
Answer: (27, 300°).
Apply DeMoivre’s theorem: [\/g(c0550° + isin 50°)] ¢ = (V3)° (cos6 - 50° + isin6 - 50°)
Multiply: (/§ )¢ (cos300° + isin300°)
Work out (/3)%  /3-/3-/3-/3-/3-/3=3-3-3=27
The result is: = 27(cos300° + isin300°)
You now know r = 27 and the angle is in quadrant IV. Polar coordinates are (27, 300°)

Answer: —324 or —324 + Oi

If you graphed the complex number, you would have noticed that it is an isosceles right
triangle, so ¢ = 45°. That makes r=,/3*+3* = /18=3/2.

Apply DeMoivre’s theorem:  [3,/2(cos45° + isin 45°)]* = (3/2)* (cos4 - 45° + isind - 45°)

Multiply: = (34/2)* (cos180° + isin 180°)
Work out (3,/2)* (3/2)'=3%(/2)=81-4=324

The result is: = 324(cos180° + isin180°)
Reference angle for 180° is 0°, with cos negative: = 324(-1) +i(324)(0)

Add to get —324 + Oi, or —324.
Answer: (—610 + 181i); (636, 163.5°).
First, find r: r= m

r= \/m = /ﬁ ~ 8.6

Since risn’t exact, use tan to find ¢: tan¢ = % =1.4

Find the angle by arctan: tan”'¢ = 1.4; ¢ =~ 54.5°
Apply DeMoivre’s theorem:

[8.6(cos54.5° + isin 54.5°)]° = 8.6% (cos3 - 54.5° + isin3 - 54.5°)
Multiply: = 636(cos163.5° + jsin163.5°)
The reference angle is 16.5°, and cos is negative in quadrant II:

= 636(—cos16.5° + isin16.5°)

Look up the values and substitute: = 636(—0.959 + 0.284i)
Multiply: ~—610 + 181i.
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Supplemental Chapter Problems

Solve these problems for even more practice applying the skills from this chapter. The Answer
section will direct you to where you need to review.

Problems

Refer to the preceding figure to answer problems 1 through 4.

What are the polar coordinates of point A?
What are the polar coordinates of point B?
What are the polar coordinates of point C?
What are the polar coordinates of point D?

Convert P(18, 60°) to rectangular coordinates.
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Convert P(12, 45°) to rectangular coordinates.
Convert P(8, 120°) to rectangular coordinates.
Convert P(16, 210°) to rectangular coordinates.
Convert P(12, 12) to polar coordinates.
Convert P(—8, —6) to polar coordinates.

Express P(12, —10) in polar coordinates.

Axis of Reals

Axis of Imaginaries

The complex plane.

Use the diagram in the preceding figure as a model for plotting the complex numbers in 12-15.

Plot 7 + 5i on the complex plane.
Plot —6 + 9i on the complex plane.
Plot —8 —3i on the polar plane.
Plot 6 —10i on the polar plane.
Find the sum of 5 + 6i and its conjugate.
Find the difference of 9 + 8i and its conjugate.
Find the product of 5 — 4i and its conjugate.
For problems 19-22, write all answers in cis form.
If s = 7(cos55° + isin55) and t = 4(cos65° + isin 65°), then find st.
If g = 3(cos95° + isin95) and h = 5(cos65° + isin 65°), then find gh.

If g = 16(cos50° + isin50) and r = 4(cos100° + isin 100°), then find q +r.
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If m = 40(cos120° + isin120) and n = 8(cos70° + isin 70°), then find m + n.
Use DeMoivre’s theorem to solve each of the following.

[3(cos70° + isin70)]*. Express the result in polar notation.

Raise 3 /3 + 3i to the third power. Write the answer as a complex number.

Raise 3 + 5i to the 5th power. Express the answer in both rectangular and polar
coordinates.

Answers
(4208, 56°) (Polar Coordinates, p. 203)

(Z/ﬁ, 120°) (Polar Coordinates, p. 203)

(6 /g 207°) (Polar Coordinates, p. 203)

(4 /B 326°) (Polar Coordinates, p. 203)

(9, 15.6) (Converting from Polar to Rectangular Coordinates, p. 206)

(8.5, 8.5) (Converting from Polar to Rectangular Coordinates, p. 2006)

(-4, 6.9) (Converting from Polar to Rectangular Coordinates, p. 206)
(=13.9, -8) (Converting from Polar to Rectangular Coordinates, p. 206)

(12 /2 45°) (Converting from Rectangular to Polar Coordinates, p. 206)
(10, 216.9°)  (Converting from Rectangular to Polar Coordinates, p. 2006)

(2 /a 320.2°) (Converting from Rectangular to Polar Coordinates, p. 206)

Y

*B(-6,9)

*A(7,5)

Answers for Problems 12 and 13.
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See the preceding figure.

See the preceding figure.
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(Plotting Complex Numbers on Rectangular Axes, p. 217)

(Plotting Complex Numbers on Rectangular Axes, p. 217)

A(8,-3)

(2V34, 301°)
(73, 200.6°)

B (6,-10)

Answers for Problems 14 and 15.

A (See the preceding figure). (Plotting Complex Numbers on the Polar Axis, p. 219)

B (See the preceding figure)

. (Plotting Complex Numbers on the Polar Axis, p. 219)

10 (Conjugates of Complex Numbers, p. 223)

16i (Conjugates of Complex Numbers, p. 223)

41 (Conjugates of Complex Numbers, p. 223)

28cis120° (Multiplying and Dividing Complex Numbers, p. 224)

15cis160° (Multiplying and Dividing Complex Numbers, p. 224)

4cis310°  (Multiplying and

Dividing Complex Numbers, p. 224)

5cis50° (Multiplying and Dividing Complex Numbers, p. 224)

(81, 280°) (Finding Powers of Complex Numbers, p. 225)

O+ 216i or 216i (Finding Powers of Complex Numbers, p. 225)

(2849, —6109); (6741, 295°)

(Finding Powers of Complex Numbers, p. 225)
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Inverse Functions and
Equations

for a mathematic relation to be a function, there cannot be more than one y-value for

any x-value. Consider the graph of the function f{x) = x*. You should remember it from
Algebra I. It’s an upward opening parabola with its vertex at the origin, as shown in the follow-
ing figure.

W e discussed much earlier in this book the six basic trigonometric functions. In order

y=xX Atypical Algebra | parabola.
Its equation is usually written y = x”. It is a true function since it passes the “vertical line test”. In

other words, any vertical line drawn to intersect the graph will encounter one and only one point
on the graph.

241
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Restricting Functions
The notation f'(x) is used to designate the inverse of a function. Don’t confuse the —1 with

the exponent —1. If f(x) = x*, f'(x) is not iz Rather, f ' (x) is the inverse, x = y*, as seen in the
figure that follows. X

x =y The inverse of y = X.

But now, you see what the problem is, don’t you? Try the vertical line test on any positive value
of x, and you're going to find there are two values of y that match up. That’s not allowed. How
can we make the inverse function of f(x) a legitimate function? The solution is to restrict it by re-
moving half the values. We can restrict the inverse function to all values of y that are equal to or
greater than zero. By removing the lower part of the curve shown in this figure, we’ll create an
inverse that is a true function. That is, there is no more than one ordinate for each abcissa (that
means no more than one y coordinate for each x coordinate). The alternative is to restrict the in-
verse function to all values of y < O (values less than or equal to zero). That would remove the
upper half of the curve, thereby creating the same result of pairing only one ordinate with one
abcissa.

Inverses of trigonometric functions are relations that are not functions at all, because there is
more than one distinct value of y for each value of x. Consider the inverses of the sine and the
cosine in the following figure.
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ax=siny
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All the trigonometric functions are continuous for the domain of all real numbers. That works out
fine for y = (trigonometric) fix), but to graph the inverse and the one value of x produces many
values of y. That is not acceptable in a function. We need a way around this, and that way is to
restrict the function.

Inverse Sine and Cosine

In order to define an inverse function, a one-to-one correspondence must exist between the
original function and the inverse. That means that each x-value must correspond to one and only
one y-value, and that each y-value must correspond to one and only one x-value. As we have
already seen, the first condition is filled by all of the trigonometric ratios, but the second is not.
In order to define the inverse functions for sine and cosine we’ll restrict the values of their domains.

In the case of sine, we’ll restrict its domain to those values where—% <x=< %

-1 -15 -1.0 -0.5 0.5 1.0 15

N|a—+

Restricted sine y = Sin x.

Notice the domain: —% <x= % and the range is —1 < y < 1. The name of this restricted function

is Sine (as shown in the current figure). Note the upper case “S” to distinguish it from the unre-

stricted sine. This graph has endpoints with coordinates (—% —1) and (% 1).
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The inverse sine function can now be defined in terms of the inverse of the restricted Sine
function, y = Sin x (see the following figure).

Graph of Inverse of Restricted Sine: y = Sin™ x.

Note that for inverse sine, the domain is restricted to —1 < x < 1 and the range is —% <y=<
Compare those to the domain and range of y = Sin x, above.

N3

The identities for the sine and inverse sine are:

IA

sin(Sin"'x) = x -1<x

IA
N3

Sin”'(sin x) = x —% <x

Now let’s look at restricted cosine. Check out the figure that follows.
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Restricted Cosine from 0 to 7t; Domain 0 < x < m; range -1 < y < 1.

The restrictions on cosine are a domain of 0 < x < &, and arange of -1 <y < 1.

The inverse cosine function is, naturally, defined as the inverse of the restricted Cosine function
Cos ™' (cos x) = x where 0 < x < T. It follows then that:

y=Cos'x,when-1<x<1land0<y<m,

as shown in the following figure. Once again, notice that the x and y values are exchanged in
the inverse from what they were in the original function.
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/

Restricted inverse cosine.

The domain is —1 < x < 1, and the range is O < y < &, as already noted.

The identities for the cosine and inverse cosine are:

p—

<x<

—

cos(Cos 'x) = x -

Cos '(cos x) = x —% <x<

NIE]

If we were to graph y = Sinx and y = Sin”'x on a single set of axes, we’d find the two curves are
symmetric over the line x = y. The same is true for y = Cosx and y = Cos™'x, as you can see in
the figure that follows.
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I
2 y=sin"x X=y
1+ y = sinx
| |
1 I
-1 1
14
i
2
y= cos 'x
T xX=y
21
14
| |
T l T T
-1 1 2
1L y = cosx

Symmetry of inverses.

An inverse trig function behaves like the inverse of any other type of function, which is to undo
what the original function did. Sin"'x may also be written Arcsinx, and Cos 'x may be written
Arccosx.
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Example Problems
These problems show the answers and solutions.

/2

Find the exact value of Cos (_T)

answer: 135° or %

The rationale one uses to solve trigonometric inverses is not the same as one would use
on an algebraic equation.
J2

J2

Suppose y = Cos(—T). That means that cos y = — 5 where O <y < T.
2 . N - 42
We should recognize “5— to be the cosine of 45°, or a radians. Since the cosine is — 5

2
it must be in the second quadrant. Subtract 180° — 45° = 135°. In radians, 7t — % = ??Tn

Find the exact value of Sin"(%)

answer: 30° or %

Suppose y = Sin_1<%>. That means that siny = y= % where -1 <y <1. % is the sin of

o ¥
30°, or G
Find the exact value of cos(Cos ™' 0.73).
answer: 0.73

Use the cosine-inverse cosine identity: cos(Cos'x)=x -1<x<1

Therefore: cos(Cos ' 0.73) = 0.73

Inverse Tangent

Before we can define the inverse tangent function, we must first restrict the tangent’s domain
to those values greater than —90° and less than 90°. That’s —% <x< % Take note of the fact that
neither opening nor closing values are included in the domain. If you recall the asymptotes that

are part of the graph of tangent you’ll understand why. This new, restricted tangent is known as
Tangent, or, simply, Tan (see the figure that follows).
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- R
2 Y 2
6
41
y =tanx
21
! ! X
i,
4L
6

Restricted tangent function.

The inverse tangent function is derived from the restricted Tangent function, y = Tan x.

Y
A
6
4.1
o 21
2 1
1 y=tan x
f f f f f f f f f f f f f f f f f f f X
-10 -8 -6 -4 -2 2 4 6 8 10
_1 )
2
41
-6
4

The inverse tangent function.
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Since y = Tanx had the restriction —% <x< % y = Tan"'x, has restriction —% <y< %
The domain of Arctan is the realm of real numbers, —ec < x < o, while the range is —% <y< %

with the two end values omitted. Remember, tangent is not defined for 90° or —90°.
The identities for inverse tangent are as follow:

tan(Tan™' x) = x —c0 < X < 00

-1 _ N, <X
Tan " (tanx) = x 7 SX<5

Example Problems
These problems show the answers and solutions.

Find the exact value of tan [Tanlﬁ].

answer: 30° or %

No matter whether it’s sine, cosine, or tangent, an inverse undoes a function. Regardless
of the fact that they appear here in standard form, there is still a function and its inverse,

so the answer is whatever ﬁ is the tangent of. If you recall the 30-60-90 triangle, the

side opposite the 30° angle is half the hypotenuse, and the side opposite the 60° angle is
half the hypotenuse times /3 See the following figure.

Y

h h
2
30° O
X
h
S5 \3
The 30-60-90 triangle.
h
That makes the tangent of 30° hi = L, hence the answer is 30°, or, in radians, %
23 B

Find the exact value of Tan' (1).

answer: 45° or %

The only way to get a tan = 1 is to have both the opposite and adjacent sides of the right
triangle the same size. That makes it an isosceles right triangle. In turn, by definition, both
non-right angles of an isosceles right triangle have degree measures of 45°.
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Find the exact value of Tan™' (—/3)

answer: 300° or %

To solve this one, refer back to the figure, but imagine that the acute angles have been
switched, so that the 60° angle is where the 30° one is in that figure. The side opposite the

2/3
60° angle is still half the hypotenuse times/g, but this time it’s on top: SH = /5 so the
2
angle is 60°. But wait. The tangent was ~/3.The range of Tan™', you'll recall, is —% <y< %

That means the first and fourth quadrants. Tangent is negative in Q-IV, so 60° is the
reference angle, but we will not leave it as —60°, but will add one rotation and make it
—60° + 360° = 300°.

Work Problems

Use these problems to give yourself additional practice.

Why is it necessary to restrict a trigonometric function in order to find its inverse function?
What is the effect of an inverse function on the original function?

Evaluate tan(arcsin%) without using a calculator or table of functions.

Write the first six angles to satisfy the condition, cos™' <%>

Find the value of Tan™' (0.5) to the nearest tenth of a degree.

Worked Solutions

A function is defined as having only a single y value for every x value. Since trigono-
metric functions repeat as we go around and around the unit circle, they produce many x
values for each y value. That is permissible. But once the function is turned around to get
the inverse, many y values would be produced for each x value — a situation that is not
allowed.

It undoes the original function.

% If you draw a right triangle, you'll find that it is a triangle whose sine is % That means

its opposite side is 3 and its hypotenuse is 5. You might recognize that as the basic 3-4-5
right triangle.
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60-, 300-, 420-, 660-, 780-, 1020- Cosine is positive in Q-1 and Q-IV. So the primary
values of cos(%) (those encountered in the first rotation) are 60° and 300°. Then add 360°
to each of those for values 3 and 4 (420° and 660°), and another 360° for values 5 and 6
(780° and 1020°).

26.6° The question asks for the angle whose tangent is 0.5. Using a calculator or the
table (the latter of which requires some interpolation), we find it is 26.6°.

Inverses of Reciprocal Functions

The inverse cosecant, inverse secant, and inverse tangent functions are found by utilizing the
restricted Sine, Cosine, and Tangent functions.

N|?—I

A
The inverse cosecant function.

The inverse cosecant function is derived from Sine, and has a domain restricted to x-values

equal to or less than —1, or greater than or equal to 1. The range is from y= —% to % with

y # 0, since that’s its asymptote. Its graph is drawn in the preceding figure on page 251 (The
30-60-90 Triangle).

Its identity is as follows:

Csc"szin"% whenx < -1orx>1andy=#0
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The inverse secant function.

The inverse secant function is derived from Cosine, and has a domain restricted to x-values
equal to or less than —1, or greater than or equal to 1, the same as is the case with Csc™'. The

range is from O < y < w with y# % being its asymptote. Its graph is shown in the above figure
and its identity is as follows:

Sec"x:Cos"% when x < -1 orx > 1
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Finally, we get to the inverse cotangent:

N|?~|

The inverse cotangent function.

The inverse cotangent function is derived from Tangent, and has a domain (x-values) equal to all
real numbers. The range is from O < y < t with y # ® and y # O, those horizontal lines being its
two vertical asymptotes. Its graph is shown in the above figure.

Two identities apply, as follows:

Cot"x:Tan"% when x >0

1

Cot 'x=m+Tan" % when x <0
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Example Problems
These problems show the answers and solutions.

Without using a calculator or table of trigonometric functions, determine the precise value
of sin Sec !(-6).

/35

answer: ~—c=
Suppose we set the bracketed expression equal to the angle, ¢.
Then: ¢ = Sec’'(-6)

That means: Sec¢ = -6, where 0< ¢ <, ¢ 75%

In this range, secant and cosine are both negative in Q-II. It’s time to draw this; see the
following figure.

~<

-1, a

What we know so far in Problem 1.

From the reference triangle in the figure, we can use the Pythagorean Theorem to find the

third side:

State the theorem: a’+b*=c
Substitute: a‘+ (-1)y=6°
Square: a+1=36
Collect terms: a’=36-1

Subtract and take the root: a = /%
Therefore: sin [Sec™'(—6)] = sin ¢
And: sin [Sec (-6)]

_J/35

Finally: e

- a
6

And, as a footnote, sine is positive in the second quadrant.
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Without using a calculator or table of trigonometric functions, determine the precise value
of cos(Tan'8).

/65

answer: -~ -
Suppose we set the parenthesized expression equal to the angle ¢.

Then: ¢ =Tan'8

That means: Tan¢ = 8, where —% <p< %

In this range, tangent and cotangent are both positive in Q-I. It’s time to draw this; see

the figure that follows.

1,8

What we know so far in Problem 2.

From the reference triangle in this figure, we can use the Pythagorean Theorem to find the

third side:

State the theorem: d=a*+b’
Substitute: F=8+12
Square: =64+ 1

Add and take the root: c=,/65

Therefore: cos(Tan '8) = cos¢

And: cos(Tan'8) = 1
/65

1 /65 /65

Rationalize the denominator: = . =
J65 J65 05

Trigonometric Equations

Trigonometric equations are strange ducks. Trigonometric identities are true for any angle in the
domain of the function or replacement value for the variable involved. Trigonometric equations,
also known as conditional trigonometric equations are true for only some angles or replace-
ment values, if they are true for any at all. The solutions in a specific interval, usually 0° to 360°,
are called the primary solutions. A formula that names all possible solutions is called the gen-
eral solution.
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There’s no clear-cut sequence of steps for solving a trigonometric equation, unlike the ones nor-
mally followed for an algebraic one. In an algebraic equation we try to group variables on one
side of the equal sign and constants on the other (known as collecting terms). Then we perform
any operations in parentheses, add, subtract, and finally multiply or divide to solve for the vari-
able, or in the case of a quadratic equation, factor or use the quadratic formula. Some of those
might work sometimes in a trigonometric equation, but—even more often—they will not. There
are some general guidelines we might follow, that often may help lead to a solution. Successfully
solving most trig equations involves plugging in some trigonometric identities at the proper time.
Some factoring may also come in handy.

If more than one trigonometric function is involved in an equation, try using identities and alge-
braic manipulation to get the equation in terms of a single trig function. Look for expressions
that can be arranged in quadratic form and then factored. Keep in mind that not all equations
have solutions. Try to recognize patterns, and remember that the more experience you have,
the easier it will become.

Example Problems
These problems show the answers and solutions.

Find the exact values of 8 in the equation sin’0 — cos® = cos’8 for 0 < 0 < 2.
o o o T 5m . N
answer: 0 = 60°, 180°, 300°, or 3: % 3 In radians

First, use the Pythagorean Identity sin’0 = 1 — cos0 to substitute for sin’6.

Substituting makes: 1 — cos® cosO = cos’®
Collect terms: 1 — cos®~ cos’8— cosd = 0
Combine like terms: 1 — 2cos’— cos® = 0
Rearrange terms and multiply by —1: 2cos’@ +cosO—1=0

Now factor the quadratic equation: (2cos6 — 1)(cos6 + 1) =0
Set each side equal to O: cos0 = > 06 = 180°, 6 = 60°, 300°
Therefore, 6 = 60°, 180°, 300°, or % T, 2T in radians.

3
+
y iy Yy is an identity or a conditional equation.

Determine whether the equation
answer: identity

By cross-multiplying, we find that: y*+ 4y = y(y + 4)
Factor the left side to get: y(y+4) =y(y +4)

Or multiply through the right side: y*+ 4y = y*+ 4y

Ladies and gentlemen, we have ourselves an identity. Substitute whatever value you like
for y, and the two sides will still be equal.
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Solve 2sinx — cscx = 1 for all possible values of x.
answer: 90° + (360° - n), 210° + (360° - n), 330° + (360° - n)
This takes some staring at to come up with a method for solving:  2sinx — cscx = 1

The presence of sin and csc suggests multiplying by sin:  (2sinx)(sinx) — (cscx)(sinx) =

1 - sinx
1| g%

Replace csc with its equivalent and cancel: (2 sinx)(sinx) - [ﬁ](T) = sinx
Multiply and simplify: 2sin’x — 1 = sinx

Rewrite as a quadratic equation: ~ 2sin’x — sinx — 1 = 0

Factor: (2sinx +1)(sinx — 1) =0

Split into two possible solutions:  2sinx +1 =0 or sinx—1=0

Collect terms: 2sinx = —1 sinx = 1

Finish by dividing: sinx = -+

Find the arcsins for both values of sin: For sinx = 1, x = 90°, but that’s only the first time
around. Since the problem asks for all possible values, x = 90° + (360° - n), where n is any

real number.

Now, where sin x = —%, sin is negative in Q-IIl and Q-IV. Our reference angle is 30°,
which in Q-1ll is 210° and in Q-IV is 330°, so

x =210° £ (360° - n) and 330° £ (360° - n)

Work Problems

Use these problems to give yourself additional practice.
Without using a table or calculator find the value of tan(arcsec—4).
What are the restrictions on the inverse cosecant function?
Solve for x’s primary values: sin’x secx + 2sin’x — secx — 2 = 0.

Solve for all x’s values: cosx — ﬁ sinx = 1.

Worked Solutions

-/15 The angle must be in Q-II for restricted secant (and cosine) to be negative. The
figure that follows shows the triangle and its reflection across the x-axis.



260 CliffsStudySolver Trigonometry

Figure for Work Problem 1.

The hypotenuse must be 4 times the adjacent side, as marked. Next, we use the
Pythagorean Theorem to find the opposite side.

State the theorem: F=a"+b’
Substitute: 4 =1"+Db
Square and rearrange: b*= 16— 1
Add and take the root: b = \/E

Since b:‘/ﬁ tan=_£15= —/E

x<-1,x=21, y= —% to % withy #0 The inverse cosecant function is derived from
Sine, and has a domain restricted to x-values equal to or less than —1, or greater than

or equal to 1. The range is from y= —% with y # O, since that’s its asymptote. To see its

graph, look back to the figure on page 253 (“The inverse cosecant function™).

90°, 120°, 240°, 270° sin’x secx + 2sin’x —secx —2 =0

Factor sin’x out of the first two terms:  sin’x (secx + 2) — secx — 2 = 0

Factor —1 out of the last two terms:  sin’x (secx + 2) — 1(secx +2) =0

Now factor secx + 2 out of both terms: (sin®x— 1)(secx + 2) =0
sinx=1 secx=-2

Split up and solve: sinx = *1 X = sec '(=2) = 120°, 240°

x = sin"'+1 = 90°, 270°
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0° + (360° - n), 109.5° + (360° - n), 250.5 + (360° - n)

The strategy is to isolate the root on one side: cosx— /2 sinx=1

Rearrange the terms to do so: cosx—1= ﬁ sinx
Next square both sides: (cosx — 1)? = (/2 sinx)?
Actually square them: cos’x — 2cosx + 1 = 2sin’x

Use the Pythagorean Identity sin’0 = 1 — cos’0: cos’x — 2cosx + 1 = 2(1 — cos’x)
Clear parentheses: cos’x — 2cosx + 1 = 2 — 2cos’x
Move everything to the left and combine: 3cos’x — 2cosx -1 =0

Factor: (3cosx + 1)(cosx — 1) =0

Set each portion equal to O:

3cosx+1=0 cosx—1=0
3cos x = —1 cosx = 1
COSX = —% x = cos (1) = 0° + (360°n)

X= cos“(—%) = 109.5° + (360°n), 250.5 + (360°n)

Uniform Circular Motion

Have you ever noticed that some objects seem to move with very repetitive or even rhythmic
motions? The pistons in a car engine would be an example, or the drive wheels and shafts on a
steam locomotive, which unfortunately is something you’ve probably only seen in a movie or a
museum. A playground swing, a bouncing ball, and a pendulum all move with motions related
to the graph of the sine curve. Understanding simple harmonic motion and circular motion can
help to explain how many of these commonplace movements are related to each other.

When dealing with circular motion, we need to think in terms of radians. Consider a central angle
of measure . The length of its intercepted arc (s) may be found by multiplying the radius of the
circle (r) by the size of that central angle:

s=ra
Remember, o must be measured in radians. So, if a circle has a radius of 10 cm, a central angle

of 2 radians intercepts an arc of:

S =ra
s =(10)(2)
s=20cm
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The linear velocity (v) of a point traveling along an arc of a circle at constant speed is found by
dividing the length of the arc by the time it takes to travel that arc, or:

_ra
V=T

At any given point on a circle’s circumference, the linear velocity is considered as being directed
along the tangent at that point, and is, therefore, perpendicular to the radius to that point.

Differing from linear velocity but easily as important in studying uniform circular motion is angular
velocity. Angular velocity is represented by the Greek lower case omega (w), and is the velocity
of a point traveling at constant speed along the arc of a circle. The formula for angular velocity is
given below:

the angle of rotation
©=9 or theang

time

Both linear and angular velocity are considered to be positive if the rotation is counterclockwise,
and negative if rotation is clockwise. Remember, the angle must be expressed in radians.

Example Problems
These problems show the answers and solutions.

Find the length of an arc intercepted by a central angle of 120° in a circle with radius
12 in. long.

answer: 25.12 in.

Remember, the angle must be in radians. 120° = 2—; radians

S=1r

s=(12)( &)
s=8m or 8-3.14=25.12

The earth has a diameter at the equator of 17,820 km and rotates one complete revolution
in 24 hours. What is the linear velocity of a person standing still on the equator?

answer: 2331.45 km/hr.

Bear in mind that the earth’s radius is half the diameter, so r= 17’28 20, or 8,910 km, and
one full revolution is 2m.
Now wrrite the equation: v= %
. ~ (8910)(2m)
Substitute: Ve
, _(8910)(6.28) _55,954.8
Multiply: V= 74 = 4
And divide: v=2331.45 km per hour

Remember, that’s standing still!
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A point on a paddle wheel with an 8 foot radius makes 3 complete counterclockwise
revolutions every 10 seconds. Find that point’s linear and angular velocities.

answer: 15.072 ft./sec., 1.884 ft./sec.

First, write the equation: v= %
Substitute: v= M
10

; _(48)(3.14) _150.72
Multiply: v= 10 =10
And divide: v=15.072 ft. per second
Now for the angular velocity: = %

itute: _on

Substitute: ®=75

o _6-3.14 _1884
Multiply: ®="95_ ="10
Divide: w = 1.884 ft. per second

Notice the considerable difference between angular and linear velocities.

Simple Harmonic Motion

Back and forth motion such as that of a swinging pendulum or a spring that alternately com-
presses and expands are examples of simple harmonic motion. In some cases simple harmonic
motion is the result of circular motion, and sometimes circular motion is the result of simple har-
monic motion. A carousel horse’s up and down motion is the result of a circular motion of a rod
it’s attached to. A car’s circularly moving wheels are the result of the back and forth motion of
the engine’s pistons. In general, simple harmonic motion satisfies the equations:

d = asinBt and/or d = AcosBt
d is the amount of displacement or movement of the objects, A and B are constants related to

the specific motion, and t is an interval of time. The involvement of sine and/or cosine functions
validate the relationship of simple harmonic motion to circular motion.

Example Problems
These problems show the answers and solutions.

The end of a pendulum swings 24 inches in 6.5 seconds. If the formula for calculating a
pendulum’s swing is d=Ksin2 % t, find the value of K.

answer: 27.84
We’ve been given the displacement as 24 inches and 6.5 seconds, the time, so:

Write the equation: d=K (sinz % t)
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Substitute: 24 = Ksin(Z . % . 6.5)
Multiply: 24 = Ksin(13.6006)
24
Isolate K: = 5in13.606
24

Find sin13.325 (remember radians mode): K = 0.862

Divide and round: K=27.84

The displacement of a spring is given by the formula d = Acosct, where the initial
displacement A, and d are expressed in centimeters, t in seconds, and & = 6. Find d
whent=mand A = 12 cm.

answer:d = 12 cm

Write the equation: d = Acosot

Substitute: d = 12cos(6m)
Multiply: d=12cos(6 - 3.14) = 12cos(18.84)
Find the cosine: d=12 (1)

And multiply again: d= 12 cm

The driving end of a piston on a steam engine traverses d inches in 6 seconds. If the
formula for calculating a piston’s period is d=K sin% t, and K is 8, find the value of d.

answer: 8 inches
We’ve been given the constant as 8 and 6 seconds, the time, so:

Write the equation: d= Ksin% t

Substitute: d = 8sin

3.14
Zﬂ /6

Multiply: d = 8sin(4.71)
Find sin9.42 (remember radians mode): d = 8(—1)
Multiply: d=8in.

The negative indicates that the displacement was in a clockwise direction, but we drop it
since distances aren’t negative.
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Work Problems

Use these problems to give yourself additional practice.

The moon always keeps the same face toward the earth. It is roughly 250,000 miles from
the earth and makes one complete orbit in about 30 days. What is the linear velocity of a
mountain on the moon in miles per hour?

An automobile’s crankshaft traverses 88 feet in 1 second. If the formula for calculating a
crankshaft’s displacement is d=Ksin % t, find the value of K.

A seat on a Ferris wheel with a 30 foot radius makes 2 complete counterclockwise
revolutions every 90 seconds. Find that seat’s linear and angular velocities.

The displacement of a spring is given by the formula d = Acosct, where the initial

displacement A, and d are expressed in inches, t in seconds, and o = 12. Find d when
t=3ntand A = 10 in.

Worked Solutions

2,181 mph Bear in mind that one full revolution is 2r. 250,000 miles is roughly the
radius of the orbit.

Now write the equation: v= %
250, 2
Substitute: v= w
30
: _ (250,000)(6.28) _ 1,570,000
Multiply: V= 30 = 30
And divide: v=52,333.333 miles per day
But we want miles per hour: v= % =2180.56

Let’s call it 2,181 mph. Talk about moving mountains!
4,888.9

We’ve been given the displacement as 88 feet and 1 second as the time, so:

Write the equation: d=K sin% t
Substitute: 88 =K sin<¥‘ 1)
Multiply: 88 = Ksin(1.05)
Isolate K: K = ﬁs('ﬁ)
Find sin1.05 (remember radians mode): K = %

Divide: K = 4888.9 in.
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4.2 ft./sec., 0.14 ft./sec.

First, write the equation: v= %

, _(30)(4r)
Substitute: V=""90

. _(30)(4)(3.14) _ 37658
Multiply: v= 90 =590
And divide: V= % =4.2 per second
Now for the angular velocity: @ = %
Substitute and simplify: w= % = i—g

. _2-3-14 _6.28
Multiply: W=="75" =75
Divide: @ =0.14 ft. per second
d =998 in
Write the equation:  d = Acosot
Substitute: d = 10cos(12 - 3m)
Multiply: d = 10cos(12 - 3 - 3.14) = 10cos(113.04)
Find the cosine: d = 10(0.998)

And multiply again: d =9.98 in.

Chapter Problems and Solutions

Problems

Solve these problems for more practice applying the skills from this chapter. Worked out solu-
tions follow problems.

What restriction is placed upon the domain of the restricted sine function?

Find the exact value of Cos(—%).

Find the exact value of Sin(—@).

Find the exact value of cos(Cos'0.27).
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Evaluate tan(arcsinzls) without using a calculator or table of functions.
Find the value of Tan"'(1.6) to the nearest tenth of a degree.
Find the exact value of Tan'(—1).

Without using a calculator or table of trigonometric functions, determine the precise value

. -1 40
ofsm_Sec <ﬁ>

Without using a calculator or table of trigonometric functions, determine the precise value

-1 85
ofcos-Sec <%> .

Without using a table or calculator find the value of tan(arcsec—7).

Find the exact values of 8 in the equation cos’0 —sin® = sin’ for 0 < 6 < 2.
In 12-15, prove that each is an identity.

(cos¢ + sing)’ = 2cos¢ sing + 1

csc’y — sin’y — cos’y = cot’y

(secx + 1)(secx — 1) = tan’x

1 — sin2x = (sinx — cosx) 2

The end of a pendulum swings 6 inches. If the formula for calculating a pendulum’s swing
isd=K sin%t, and the value of K is 12, find t to the nearest second.

The displacement of a spring is given by the formula d = Acosct, where the initial

displacement A, and d are expressed in centimeters, t in seconds, and & = 37“ Find d

whent=8and A =16 cm.

Find the length of an arc intercepted by a central angle of 300° in a circle with radius
24 mm long.

A point on a water wheel with a 12-foot diameter makes 5 complete counterclockwise
revolutions every 2 minutes. Find that point’s linear and angular velocities.
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Answers and Solutions

Answer: —% <x< % (See the following figure.)

Restricted Sine: y = Sin x.
Answer: 120° or ZTR Following the rationale one uses to solve trigonometric inverses is
not the same as one would use on an algebraic equation.

Suppose y = Cos(—%). That means that cos y = y= —% where O < y < .

We should recognize % to be the cosine of 60°, or % radians. Since the cosine is negative,

it must be in the second quadrant. Subtract 180° — 60° = 120°. In radians,  — % = Z?R

/2

Answer: 315°, or 74—1': Suppose y = Sin(%). That means that sin y = — 5 where

J2

-1<y=<1. 5 is the sin of 45°, or % But the given figure was negative. Restricted sine

is negative in Q-1V, so the solution is 360° — 45° = 315°, or %C

Answer: 0.27 Use the cosine-inverse cosine identity: cos(Cos 'x)=x -1<x<1

Therefore: cos(Cos'0.27) = 0.27
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Answer: % If you draw a right triangle in standard position, you’ll find that it is a

triangle whose sine is 215 That means its opposite side is 7 and its hypotenuse is 25.

Apply the Pythagorean Theorem to get the adjacent side: a* = c” — b’

Substitute: a*=25"-7"
Square: a’ =625 - 49
Subtract: a’ =576
Take the square root: a=24
. . Sy _ opposite _ 7 , .
So, if the adjacent side is 24, tan = adjacent ~ 24" There’s a new Pythagorean Triple for

you, 7-24-25.

Answer: 58° The question asks for the angle whose tangent is 1.6. Using a calculator or
the table (the latter of which requires some interpolation), we find it is 57.9964°. To the
nearest tenth, that’s 58°.

Answer: 315° A tangent of 1 suggests an isosceles right triangle, hence 45° angles. But
wait. The tangent was —1. The range of Tan', you'll recall, is —% <y< % That means the

first and fourth quadrants. Tangent is negative in Q-1V, so 45° is the reference angle, but
we will not leave it as —45°, but will add one rotation and make it —45° + 360° = 315°.

Answer: % Suppose we set the bracketed expression equal to the angle, ¢.
Then: ¢ = Sec( 40 )
That means: Sec ¢ = 24,whereOS ¢ <m, ¢¢%

If you draw a diagram showing a triangle in standard position in Q-I, you should have the
adjacent side and hypotenuse. We can use the Pythagorean Theorem to find the opposite

side:

State the theorem: a+b’=c
Substitute: a’ + 24* = 407

Square: a’+576 = 1600
Collect terms: a’ = 1600 — 576

Subtract and take the root: a=,1024=32
1 40 .
Sec I(ﬂ) =sing

4
Sec” (—4

Therefore: sin

And: sin

v

- a4
20

And finally: =3%=

u1|4>
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Answer: % The cosine is the inverse of the secant, so the angle whose secant is %
must have a cosine of E.

85
Answer: 4 /5 if in Q-III or —4/3 if in Q-I The angle must be in Q-1l or Q-III for secant
(and cosine) to be negative. The hypotenuse must be 7 times the adjacent side, for the
arcsecant to have an absolute value of 7. Next, use the Pythagorean Theorem to find the
opposite side.
State the theorem: d=a+b’
Substitute: 7" =1+ b*

Square and rearrange: b= 49 — 1

Add and take the root: b = \/4_82\/16-3 =4/§

Since b=4/§, tan = 4—‘1/3 =4 /3 ifin Q-lll or —4 /3if in Q-II.

Answer: 0 = 30°, 150°, 270° or %, 5?”, % in radians.

First, use the Pythagorean Identity cos’@ = 1 — sin’ to substitute for cos’0.

Substituting makes: 1 — sin’0 — sin@ = sin’0
Collect terms: 1 — sin’@ — sin’6— sind = 0
Combine like terms: 1 — 2sin*~sin@ = 0
Rearrange terms and multiply by —1: 2sin*+sin@—1=0

Now factor the quadratic equation: (2sin@ — 1)(sin@ + 1) =0

Set each side equal to O: sinG% 0 = 270°

Therefore, 6 = 30°, 150°, 270° or % % % in radians.
Answer: 1 =1
First, we’ll rewrite the equation: (cos¢ + sing) > = 2cos¢ sing + 1

Clear the parentheses, using FOIL:  cos’( + 2cos¢ sing + sin’¢ = 2cos¢ sing + 1
These two terms cancel: cos’ @ + 2cos¢sing +sin’ ¢ = 2cos¢sing + 1

That leaves a possibly recognizable: cos’@ + sin’g = 1

That's the Pythagorean Identity: sin’® + cos’® = 1, therefore: 1 =1
Answer: 1 =1

Write the equation:  csc’y — sin’y — cos’y = cot’y
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Well for openers, 1 + cot’0 = csc’@, so: 1 + cot’y — sin’y — cos’y = cot’y

Next, subtract cot’y from both sides: 1- sin’y — cos’y = 0
Next add sin’y + cos’y to both sides: 1 = sin’y + cos’y
And that’s a Pythagorean identity: sin’0 + cos’0 =1,s0 1 = 1

Answer: 1 =1

Write the equation: (secx + 1)(secx — 1) = tan® x
Clear parentheses: sec’ x — 1 = tan”* x
That’s the identity: tan’0 = sec’0 — 1,s0 1 = 1

Answer: 1 =1

First, we’ll rewrite the equation: 1 — sin2x = (sinx — cosx)*
Clear the parentheses, using FOIL: 1- sin2x = sin*x —2sin x cos x + cos” x
Rearrange terms: 1- sin2x = sin®x = sin’x + cos’x— 2sinxcosx

Recognizing that cos’@ + sin’¢ = 1,
replace them: 1 — sin2x = 1— 2sinxcosx

Finally, since sin26 = 2sinfcos0: 1-sin2x = 1-sin2x,so 1 = 1
Answer: 1 sec. t=1
We've been given the displacement as 6 inches and K = 12. To find the time:

Write the equation: d = KsinZ¢

6

Substitute: 6= 125in<%>(t)

L 1. 1 . n
Divide by v 7 =singt

o -1 . -1 l Qi . E

Take Sin™: Sin (2) = Sin (sm 6 t)

i ify n_n
Simplify: G = 6t
Divide by %; 1=t

Answer: 16 in. d = 16 in.
Write the equation: d = A cos ot
Substitute: d= 16cos<37n>(8): 16cos(3m)(4)

Multiply: d = 16cos(12 - 3.14) = 12cos(37.68)
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Find the cosine: d=16(1)
And multiply again: d = 16in.

Answer: 125.6 mm
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Remember, the angle must be in radians: 300° = 5% radians
Write the equation: s=ra

Substitute and simplify: s = (24)(%‘) = (Z4>(%) =(8)(5m)
Multiply: s=40wor40- 3.14 = 125.6 mm

Answer: 1.57 ft./sec., 0.26 ft./sec.

First, write the equation: V= %
1
Substitute using radius and seconds: v= %

- _(60)(3.14) _ 1884
Multiply: V= 120 =120
And divide: v=1.57 ft. per second
Now for the angular velocity: @ = %

itute: _10n
Substitute: ® =120

inlv: _10-3.14 _314
Multiply: ®O="175_ =120
Divide: w =0.26 ft. per second

Supplemental Chapter Problems

Solve these problems for even more practice applying the skills from this chapter. The Answer

section will direct you to where you need to review.

Problems

What restriction is placed upon the domain of the restricted cosine function?

/3

Find the exact value of Cos ' (_T)

Find the exact value of Sin”(—%).

Find the exact value of cos(Cos '0.62).

Evaluate tan(arcsinzls) without using a calculator or table of functions.
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Find the value of Tan '(3) to the nearest tenth of a degree.

Find the exact value of tan (Tan 3 ).
3/3
Without using a calculator or table of trigonometric functions, determine the precise value
(17
Sec ( 8 )
Without using a calculator or table of trigonometric functions, determine the precise value
ﬂ)

of sin

of tan

Sec’(16

Without using a table or calculator find the value of tan(arcsec—9).

For problems 11-13, prove that each trigonometric equation is an identity.

tana+tanb _ sin(a+Db)
tana—tanb ~ sin(a-b)"

sinz  _ . 1
T+cosz _@nz 2
secy—1_ .,y
2secy -siny

For problems 14-15, find all positive values of the angle less than or equal to 360° to the near-
est degree.

Stanx + 14 = tan’x.
7sin6O + 3cos’0 = 5.

Find the length of an arc intercepted by a central angle of 210° in a circle with diameter
8 feet long.

A point on the equator of a rolling ball with a 16 cm radius makes 3 complete
counterclockwise revolutions every 8 seconds. Find that point’s linear and angular
velocities.

The end of a pendulum swings 30 inches in 5.4 seconds. If the formula for calculating a
pendulum’s swing is d= Ksin%t, find the value of K.

The driving end of a piston on a steam engine traverses d inches in 6.9 seconds. If the
formula for calculating a piston’s period is d= Ksin%t, and K is 48, find the value of d.

Answers

0=x=m (Restricting Functions, p. 242)
150° or 5?75 (Inverse Sine and Cosine, p. 244)

330° or 1% (Inverse Sine and Cosine, p. 244)
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0.62 (Inverse Sine and Cosine, p. 244)
% (Inverse Tangent, p. 249)
71.6° (Inverse Tangent, p. 249)

30° or % (Inverse Tangent, p. 249)

% (Inverses of Reciprocal Functions, p. 253)
30 f Reciprocal Functi 253
16 (Inverses of Reciprocal Functions, p. 253)
-4 /g (Inverses of Reciprocal Functions, p. 253)

1 =1 (Trigonometric Equations, p. 257)

1 =1 (Trigonometric Equations, p. 257)

1 =1 (Trigonometric Equations, p. 257)

82°, 117°, 262° and 297° (Trigonometric Equations, p. 257)
19°,161° (Trigonometric Equations, p. 257)

14.67 ft. (Uniform Circular Motion, p. 261)

37.7 cam/sec, 2.4 cm/sec  (Uniform Circular Motion, p. 261)
-50.68 (Simple Harmonic Motion, p. 263)

234.2 in. (Simple Harmonic Motion, p. 263)



Customized Full-Length
Exam

Problems

1. In which quadrant is the terminal side of a 105° angle in standard position?
Answer: Second

If you answered correctly, go to problem 3.
If you answered incorrectly, go to problem 2.

2. In which angle is the terminal side of a —315° angle?
Answer: Fourth

If you answered correctly, go to problem 3.
If you answered incorrectly, review “Angles and Quadrants” on page 21.

3. Is an angle measuring 210° coterminal with an angle measuring 950°?
Answer: No

If you answered correctly, go to problem 5.
If you answered incorrectly, go to problem 4.

4. What is the lowest possible positive degree measure for an angle that is coterminal with
one of —1760°?

Answer: 40°

If you answered correctly, go to problem 5.
If you answered incorrectly, review “Coterminal Angles” on page 25.

5. Arright triangle has side a opposite acute angle A of length 5 cm and side b opposite
acute angle B of 12 cm. What is Angle A’s cosecant?

13
Answer: 5

If you answered correctly, go to problem 7.
If you answered incorrectly, go to problem 6.

275
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A right triangle has side a opposite acute angle A of length 5 cm and side b opposite
acute angle B of 12 cm. What is Angle B’s cotangent?

. D
Answer: 17

If you answered correctly, go to problem 7.
If you answered incorrectly, review “Trigonometric Functions of Acute Angles” on page 28.

What is the reciprocal of the function secant?
Answer: cosine

If you answered correctly, go to problem 9.
If you answered incorrectly, go to problem 8.

Which function may be written as .L?
sin@
Answer: cscO

If you answered correctly, go to problem 9.
If you answered incorrectly, review “Reciprocal Trigonometric Functions” on page 29.

Express tang in terms of sing and cos¢.

sin
Answer:
cos¢

If you answered correctly, go to problem 11.
If you answered incorrectly, go to problem 10.

Express sin“0 in terms of cos0.
Answer: 1 — cos’0

If you answered correctly, go to problem 11.
If you answered incorrectly, review “Introducing Trigonometric Identities” on page 32.

Which of the following is the trigonometric cofunction of sinA = %?

sinB= %

COsA = %

cosB= %
Answer: c

If you answered correctly, go to problem 13.
If you answered incorrectly, go to problem 12.
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Which of the following is the trigonometric cofunction of secA = %?

_C
secB=3
_C
cscB= b
_b
cosB=¢
Answer: b

If you answered correctly, go to problem 13.
If you answered incorrectly, review “Trigonometric Cofunctions” on page 34.

One leg of an isosceles right triangle is 8 cm long. How long is the hypotenuse?
Answer: Sﬁ cm

If you answered correctly, go to problem 15.
If you answered incorrectly, go to problem 14.

The shortest leg of a 30-60-90 triangle is 9 inches long. How long is the hypotenuse?
Answer: 18 in.

If you answered correctly, go to problem 15.
If you answered incorrectly, review “Two Special Triangles” on page 35.

What is the sign of tan 250°?
Answer: positive

If you answered correctly, go to problem 17.
If you answered incorrectly, go to problem 16.

What is the sign of sec 300°?
Answer: positive

If you answered correctly, go to problem 17.
If you answered incorrectly, review “Functions of General Angles” on page 38.

Without using a table or a calculator, find the cosine of 150°?

/3

Answer: — 5

If you answered correctly, go to problem 19.
If you answered incorrectly, go to problem 18.



278 CliffsStudySolver Trigonometry

Without using a table or a calculator, find the sine of 330°?
—_—
Answer: 2

If you answered correctly, go to problem 19.
If you answered incorrectly, review “Reference Angles” on page 41.

Using a table of trigonometric functions, find tan46.8° to the nearest thousandth.
Answer: 1.065

If you answered correctly, go to problem 21.
If you answered incorrectly, go to problem 20.

Using a table of trigonometric functions, find cos38.5° to the nearest thousandth.
Answer: 0.783

If you answered correctly, go to problem 21.
If you answered incorrectly, review “Interpolation” on page 45.

What instrument is used to find degree measure of angles?
Answer: a protractor

If you answered correctly, go to problem 23.
If you answered incorrectly, go to problem 22.

How useful is a protractor for finding minute divisions of an angle?
Answer: Useless

If you answered correctly, go to problem 23.
If you answered incorrectly, review “Understanding Degree Measure” on page 59.

What is the measure of an arc of 1 radian on the circumference of a circle?
Answer: The length of a radius or Z%t

If you answered correctly, go to problem 25.
If you answered incorrectly, go to problem 24.

How many radians long is the circumference of a circle?
Answer: 21

If you answered correctly, go to problem 25.
If you answered incorrectly, review “Understanding Radians “ on page 59.

How many degrees is % radians?
Answer: 30°

If you answered correctly, go to problem 27.
If you answered incorrectly, go to problem 26.
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Express 120° in radians.

. 2n
Answer: 3

If you answered correctly, go to problem 27.
If you answered incorrectly, review “Relationships Between Degrees and Radians” on page 60.

In a unit circle, what is the value of the sine of the central angle?
Answer: y

If you answered correctly, go to problem 29.
If you answered incorrectly, go to problem 28.

In a unit circle, what is the value of the tangent of a central angle?
Answer: %

If you answered correctly, go to problem 29.
If you answered incorrectly, review “The Unit Circle and Circular Functions” on page 62.

What values of x in the domain of the sine function between O and 7t have a value equal to
an absolute value of 1?

. U
Answer: 7

If you answered correctly, go to problem 31.
If you answered incorrectly, go to problem 30.

What values of x in the domain of the cosine function between O and 1 have a range
equal to 0?

Answer: %

If you answered correctly, go to problem 31.
If you answered incorrectly, review “Domain vs. Range” on page 63.

What is the simplest expression for sin(0 + 2nm)?
Answer: sinf

If you answered correctly, go to problem 33.
If you answered incorrectly, go to problem 32.

What is the simplest expression for cos(6 + 2nm)
Answer: cosO

If you answered correctly, go to problem 33.
If you answered incorrectly, review “Periodic Functions” on page 66.
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When the graph of sine is at (0,0), where is the graph of cosine?
Answer: (0,1)

If you answered correctly, go to problem 35.
If you answered incorrectly, go to problem 34.

How much out of phase are the sine and cosine graphs?
Answer: 90° or % radians

If you answered correctly, go to problem 35.
If you answered incorrectly, review “Graphing Sine and Cosine” on page 67.

What is the amplitude of the cosine function?
Answer: 1

If you answered correctly, go to problem 37.
If you answered incorrectly, go to problem 36.

What is the amplitude of the tangent function?
Answer: o

If you answered correctly, go to problem 37.
If you answered incorrectly, review “Vertical Displacement and Amplitude” on page 70.

Find the frequency and phase shift of y = sin (4x — 5)
Answer: 4, -5

If you answered correctly, go to problem 39.
If you answered incorrectly, go to problem 38.

Find the frequency and phase shift of y = 4 — 3cos (3x — 8).
Answer: 3, -8

If you answered correctly, go to problem 39.
If you answered incorrectly, review “Frequency and Phase Shift “ on page 74.

When is tangent undefined?
Answer: when cosine = 0

If you answered correctly, go to problem 41.
If you answered incorrectly, go to problem 40.

What value does tangent approach when it’s undefined?
Answer: o

If you answered correctly, go to problem 41.
If you answered incorrectly, review “Graphing Tangent” on page 77.
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What do we call a line that a graph can approach but never actually reach?
Answer: an asymptote

If you answered correctly, go to problem 43.
If you answered incorrectly, go to problem 42.

When the tangent curve comes back from being undefined where does it seem to
come from?

Answer: —

If you answered correctly, go to problem 43.
If you answered incorrectly, review “Asymptotes” on page 77.

How is the cotangent’s graph different from the tangent’s?
Answer: Tangent runs from —eco to oo; cotangent runs from oo to —eo, moving from left to right.

If you answered correctly, go to problem 45.
If you answered incorrectly, go to problem 44.

Name two differences between the sine and cosecant functions’ graphs.

Answer: Cosecant is discontinuous while sine is not; cosecant goes everywhere where sine
does not.

If you answered correctly, go to problem 45.
If you answered incorrectly, review “Graphing the Reciprocal Functions” on page 78.

In right triangle PQR, mZP= 60° and hypotenuse g = 12. Solve the triangle.
Answer: mZQ = 90°, mZR = 30°, p = 6/3, r=6

If you answered correctly, go to problem 47.
If you answered incorrectly, go to problem 46.

In right triangle STU, m£S= 25° and U is the right angle. t = 10. Solve the triangle.
Answer: m/T =65°, s =5 u=11.

If you answered correctly, go to problem 47.
If you answered incorrectly, review “Finding Missing Parts of Right Triangles” on page 93.

The foot of a ladder is 8 feet away from the bottom of a wall. The ladder forms a 60° angle
of elevation with the ground. How long is the ladder?

Answer: 16 ft.

If you answered correctly, go to problem 49.
If you answered incorrectly, go to problem 48.
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The pilot of an airplane flying at 52,000 feet spots another plane flying at 48,000 feet. The
angle of depression to the second plane is 45°. What is the length of the pilot’s line of
sight to the second plane?

Answer: 5658 ft.

If you answered correctly, go to problem 49.
If you answered incorrectly, review “Angles of Elevation and Depression” on page 95.

Solve triangle ABC if mZA = 60°, mZC = 50° and b = 16. Express the solution to the
nearest integer.

Answer: m/Z/B =70°,a=15,c=13

If you answered correctly, go to problem 51.
If you answered incorrectly, go to problem 50.

Given triangle GHI find mZH if m£G =35°, g = 10 in. and h = 16 in. Express the solution
to the nearest degree.
Answer: 67°

If you answered correctly, go to problem 51.
If you answered incorrectly, review “The Law of Sines” on page 100.

In AABC, a =10 b = 14, c = 12. Find ZB. Express the solution to the nearest degree.
Answer: 79°

If you answered correctly, go to problem 53.
If you answered incorrectly, go to problem 52.

In ACDE, c=8,d =10, e = 13. Find Zs C, D, and E to the nearest degree.
Answer: /C = 38°, /D = 50°, ZE =92°

If you answered correctly, go to problem 53.
If you answered incorrectly, review “The Law of Cosines” on page 105.

In AMNO, m = 86, n = 62, and o = 41. Find the measure of the angles to the nearest
whole degree.

Answer: mZM = 112°, m«sN = 42°, mZO = 26°

If you answered correctly, go to problem 55.
If you answered incorrectly, go to problem 54.

In AABC, c=12,b =12, and A = 70°. Solve the triangle rounding all lengths and angles
to the nearest whole units.

Answer: mZC = 55°, mZB = 55°, c= 14

If you answered correctly, go to problem 55.
If you answered incorrectly, review “Solving General Triangles (SSS and SAS)” on page 108.
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Find the number of triangles that can be formed if ZC = 90°, ¢ = 45, and b = 38.
Answer: One

If you answered correctly, go to problem 57.
If you answered incorrectly, go to problem 56.

Ifs=12,r=8, £S = 50°, can ARST be one, two, or no triangle(s)?
Answer: One

If you answered correctly, go to problem 57.
If you answered incorrectly, review “SSA, The Ambiguous Case” on page 111.

Specific dimensions of triangle MNO are ZN = 45°, m = 8 m, o = 6 m. Find its area to the
nearest square unit.

Answer: 17 m?

If you answered correctly, go to problem 59.
If you answered incorrectly, go to problem 58.

Some dimensions of triangle EFG are e = 16 cm, f = 22 cm, ZG = 30°. Find its area to the
nearest square unit.

Answer: 88 cm’

If you answered correctly, go to problem 59.
If you answered incorrectly, review “Area for SAS” on page 116.

Certain dimensions of triangle ABC are b = 12 cm, LA = 50°, ZC = 70°. Find its area to
the nearest square cm.

Answer: 60 cm?

If you answered correctly, go to problem 61.
If you answered incorrectly, go to problem 60.

Certain dimensions of triangle RST are Z/R = 55°, /S = 65°, t = 10 in. Find its area to the
nearest square inch.

Answer: 43 in.”

If you answered correctly, go to problem 61.
If you answered incorrectly, review “Area for ASA or SAA “ on page 117.

Use Heron’s Formula to find the areas of the triangle with sides c = 10 cm, d = 24 cm,
e=26am.

Answer: 120 cm?®

If you answered correctly, go to problem 63.
If you answered incorrectly, go to problem 62.
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Use Heron’s Formula to find the areas of the triangle with sidesa=9in.,b =12 in.,
c=15in.

Answer: 54 in.?

If you answered correctly, go to problem 63.
If you answered incorrectly, review “Heron’s Formula (SSS)” on page 119.

Write the reciprocal identity for sec6.

Answer: secO =
cosO

If you answered correctly, go to problem 65.
If you answered incorrectly, go to problem 64.

. . . . 1
Write the reciprocal identity for secO"

Answer: 1 =cos6
secO

If you answered correctly, go to problem 65.
If you answered incorrectly, review “Reciprocal Identities” on page 137.

Write the ratio identity for tangent 6.

sin@

Answer: tan0 =="—=
cos6

If you answered correctly, go to problem 67.
If you answered incorrectly, go to problem 66.

Write the ratio identity for cotangent 0.

cosO
sin@

Answer: cotO =

If you answered correctly, go to problem 67.
If you answered incorrectly, review “Ratio Identities” on page 138.

State the cofunction identity for sinA as a ratio in a triangle with a right angle at C.
Answer: sinA = % =cosB

If you answered correctly, go to problem 69.
If you answered incorrectly, go to problem 68.

State the cofunction identity for secant 6 as a complement.
Answer: sec = csc(90° — 0)

If you answered correctly, go to problem 69.
If you answered incorrectly, review “Cofunction Identities” on page 139.

Write the identity for sin(— 6).
Answer: sin(—0) = —sin@

If you answered correctly, go to problem 71.
If you answered incorrectly, go to problem 70.
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Write the identity for —csch.
Answer: csc(—0) = —cscH

If you answered correctly, go to problem 71.
If you answered incorrectly, review “Identities for Negatives” on page 139.

State one of the Pythagorean identities that relates sine and cosine.
Answer: sin’0 + cos’0 = 1 or sin’0 = 1 — cos’0 or cos’0 = 1 — sin’0

If you answered correctly, go to problem 73.
If you answered incorrectly, go to problem 72.

State one of the Pythagorean identities relating tangent and secant.
Answer: sec’0 — tan’0 = 1 or 1 + tan’0 = sec’ or tan’0 = sec’0 — 1

If you answered correctly, go to problem 73.
If you answered incorrectly, review “Pythagorean Identities” on page 140.

State the difference identity for sine.
Answer: sin(a — 3) = sin @ cos 8 — cos  sin 3

If you answered correctly, go to problem 75.
If you answered incorrectly, go to problem 74.

State the sum identity for cosine.
Answer: cos(0 + ) = cos & cos B — sin a sin B
If you answered correctly, go to problem 75.
If you answered incorrectly, review “Addition and Subtraction Identities” on page 143.
If M is in the second quadrant and sinM = % find sin2ZM.
24
Answer: 75
If you answered correctly, go to problem 77.

If you answered incorrectly, go to problem 76.

If Vis a second quadrant angle, and sinV = % what is cos 2V?
119
Answer: 169
If you answered correctly, go to problem 77.
If you answered incorrectly, review “Double Angle Identities” on page 144.

If sin%gb = % and ¢ is an acute angle, find cos¢.

7
Answer: )

If you answered correctly, go to problem 79.
If you answered incorrectly, go to problem 78.
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If cos¢p = —% and ¢ is in Quadrant III, find cos%qﬁ.

/5

Answer: — T

If you answered correctly, go to problem 79.
If you answered incorrectly, review “Half Angle Identities” on page 146.

If tana = 8 and tanf3 = % what is the tangent of their sum?

7
Answer: — )

If you answered correctly, go to problem 81.
If you answered incorrectly, go to problem 80.

If 0 = arcsin 3 find tan 20.

5 ’
. 24 3
Answer: 7 or 3 7

If you answered correctly, go to problem 81.
If you answered incorrectly, review “Tangent Identities” on page 150.

Write cos3wcos2w as a sum.

Answer: COSZSW + COSW

If you answered correctly, go to problem 83.
If you answered incorrectly, go to problem 82.

Express sin5ycos3y as a sum.
Answer: sindy + siny

If you answered correctly, go to problem 83.
If you answered incorrectly, review “Product-Sum Identities” on page 152.

Write the difference cos75° — cos45° as a product.
Answer: —2 sin60° sin15°

If you answered correctly, go to problem 85.
If you answered incorrectly, go to problem 84.

Wirite the sum sin5p + sin 9p as a product.
Answer: 2cos7p cos — 2p

If you answered correctly, go to problem 85.
If you answered incorrectly, review “Sum-Product Identities” on page 153.

Give two examples of vectors.
Answer: Answers will vary. They must be examples that have magnitude and direction.

If you answered correctly, go to problem 87.
If you answered incorrectly, go to problem 86.
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Tell whether and why speed is a vector or scalar.
Answer: scalar; It has magnitude but no direction.

If you answered correctly, go to problem 87.
If you answered incorrectly, review “Vectors versus Scalars” on page 167.

What is the Tip-Tail Rule?

Answer: The tip of one component vector is placed next to the tail of the other to form a
triangle.

If you answered correctly, go to problem 89.
If you answered incorrectly, go to problem 88.

What name is given to the side formed by connecting the tail of one component vector to
the tip of the second one?

Answer: the resultant

If you answered correctly, go to problem 89.
If you answered incorrectly, review “Vector Addition Triangle/The Tip-Tail Rule” on page 169.

What method of resolving vectors is more popular with scientists than the vector triangle?
Answer: the vector parallelogram or parallelogram of forces

If you answered correctly, go to problem 91.
If you answered incorrectly, go to problem 90.

An object is being acted upon by two forces, one of which is 15 Ibs and the other 20 Ibs.
They act with an angle between them of 60°. Find the resultant force and angle to the
nearest integer and degree.

Answer: 30 Ibs at 43°

If you answered correctly, go to problem 91.
If you answered incorrectly, review “Parallelogram of Forces” on page 172.

If the endpoints (iyectgi @)are A (-4, —6) and B (5, 8), what are the coordinates of
standard vector OP if OP=AB?

Answer: (9, 14)

If you answered correctly, go to problem 93.
If you answered incorrectly, go to problem 92.

If the endpoints of vector @are A (3, -5) and B (11, -9), what are the coordinates of
standard vector OP if OP= AB?
Answer: (8, —4)

If you answered correctly, go to problem 93.
If you answered incorrectly, review “Vectors in the Rectangular Coordinate System” on
page 178.
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The magnitude of the horizontal component of a force is twice the magnitude of the
vertical component. Find the angle the resultant force makes with the larger component.

Answer: = 27°

If you answered correctly, go to problem 95.
If you answered incorrectly, go to problem 94.

Find the rectangular components of the vector 16 Z30° to the nearest integer.
Answer: x = 14,y =8

If you answered correctly, go to problem 95.
If you answered incorrectly, review “Resolution of Vectors” on page 180.

Vector f = (5,9); vector g = (a,b), f = g. Find the value of b.
Answer: 9

If you answered correctly, go to problem 97.
If you answered incorrectly, go to problem 96.

Find the magnitude of vector q = (—18,-24)
Answer: 30

If you answered correctly, go to problem 97.
If you answered incorrectly, review “Algebraic Addition of Vectors” on page 183.

If r = (c,d) and s = (g,h), find the product of 11 and r + s.
Answer: (11c, 11d) + (11g, 11h)

If you answered correctly, go to problem 99.
If you answered incorrectly, go to problem 98.

Ife =(7,-8) and f = (-7,12), find the product of 6 and e — f.
Answer: (42, -84) — (-42, 72)

If you answered correctly, go to problem 99.
If you answered incorrectly, review “Scalar Multiplication” on page 185.

Multiply v (-4, 6) by u (=8, 5).
Answer: 62

If you answered correctly, go to problem 101.
If you answered incorrectly, go to problem 100.

If m = (7, —=8) and n = (-6, 9), find the dot product of m and n.
Answer: —114

If you answered correctly, go to problem 101.
If you answered incorrectly, review “Dot Products” on page 185.
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What are the polar coordinates of a point with the rectangular coordinates (10, —24)?
Answer: (26, 292.6°)

If you answered correctly, go to problem 103.
If you answered incorrectly, go to problem 102.

What are the polar coordinates of a point with the rectangular coordinates (-16, —12)?
Answer: ( 20, 216.9°)

If you answered correctly, go to problem 103.
If you answered incorrectly, review “Polar Coordinates” on page 203.

Convert P(8, 60°) to rectangular coordinates.
Answer: P(4, 7)

If you answered correctly, go to problem 105.
If you answered incorrectly, go to problem 104.

Convert P(10, 40°) to rectangular coordinates.
Answer: P(7.7, 6.4)

If you answered correctly, go to problem 105.
If you answered incorrectly, review “Converting from Polar to Rectangular Coordinates” on
page 206.

In which quadrant would you plot -5 + 6i?
Answer: I

If you answered correctly, go to problem 107.
If you answered incorrectly, go to problem 106.

In which quadrant would you plot -4 + —3/?
Answer: Il

If you answered correctly, go to problem 107.
If you answered incorrectly, review “Plotting Complex Numbers on Rectangular Axes” on
page 217.

Express the complex number 4 + 4i as expressions in the form cisf.
Answer: 4 ,/2 (cis45°)

If you answered correctly, go to problem 109.
If you answered incorrectly, go to problem 108.

Express the complex number 4 + 4i as expressions in the form r(cos + isinf).
Answer: 4ﬁ (cos45° + isin 45°)

If you answered correctly, go to problem 109.
If you answered incorrectly, review “Plotting Complex Numbers on the Polar Axis” on
page 219.
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Find the difference of 6 + 9i and its conjugate.
Answer: 18i

If you answered correctly, go to problem 110.
If you answered incorrectly, go to problem 111.

Find the sum of 12 + 7i and its conjugate.
Answer: 24

If you answered correctly, go to problem 112.
If you answered incorrectly, review “Conjugates of Complex Numbers” on page 223.

If g = 8(cos40° + isin40°), and r = 9(cos60° + isin60°), then find gr.
Answer: gr = 72(cos100° +isin100°)

If you answered correctly, go to problem 113.
If you answered incorrectly, go to problem 112.

If v = 30(cos80° +isin80°), w = 6(cos120° + jsin120°). Find v + w.
Answer: 5(cos320° + isin320°)

If you answered correctly, go to problem 113.
If you answered incorrectly, review “Multiplying and Dividing Complex Numbers” on
page 224.

Square 2+ 2i /5 Express the answer in polar coordinates.
Answer: (16, 120°)

If you answered correctly, go to problem 115.
If you answered incorrectly, go to problem 114.

5
Use De Moivre’s Theorem to solve the following: [ﬁ (cos40° + isin40°)] . Express the
result in polar notation.

Answer: (4 ﬁ ZOO°)

If you answered correctly, go to problem 115.
If you answered incorrectly, review “Finding Powers of Complex Numbers” on page 225.

Find the exact value of Sin(—%)

Answer: 30° and %11 and 330° or %
If you answered correctly, go to problem 117.

If you answered incorrectly, go to problem 116.
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N|§,
\._/

Find the exact value of Cos(

Answer: 45° or %

If you answered correctly, go to problem 117.
If you answered incorrectly, review “Inverse Sine and Cosine” on page 244.

Find the exact value of Tan'l[—%].

Answer: 330° or “Tn

If you answered correctly, go to problem 119.
If you answered incorrectly, go to problem 118.

Find the exact value of Tan'(,/3).

Answer: 60° or % and 240° or %

If you answered correctly, go to problem 119.
If you answered incorrectly, review “Inverse Tangent” on page 249.

Without using a calculator or table of trigonometric functions, determine the precise value
of cos(tan™ —8).

+,/65

Answer: G5

If you answered correctly, go to problem 121.
If you answered incorrectly, go to problem 120.

Without using a calculator or table of trigonometric functions, determine the precise value
of sin[sec ' (6)].

+/35

Answer: 3

If you answered correctly, go to problem 121.
If you answered incorrectly, review “Inverses of Reciprocal Functions” on page 253.

Solve for x’s primary values:  sin’x secx + 2sin’x —secx —2 =0
Answer: 90°, 120°, 240°, 270°

If you answered correctly, go to problem 123.
If you answered incorrectly, go to problem 122.

Solve for all x’s values: cosx— ‘/2 sinx = 1.

Answer: 0° + (360°n), 109.5° + (360°n), 250.5 + (360°n)

If you answered correctly, go to problem 123.
If you answered incorrectly, review “Trigonometric Equations” on page 257.
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Find the length of the arc intercepted by a central angle of 150° in a circle of radius 8 cm
to the nearest cm. Use 3.14 for the value of .

Answer: 21 cm

If you answered correctly, go to problem 125.
If you answered incorrectly, go to problem 124.

If a point revolves around a circle of radius 16 at a constant rate of 6 revolutions every
2 minutes, what is its angular velocity?

Answer: 18.84 radians per minute

If you answered correctly, go to problem 125.
If you answered incorrectly, review “Uniform Circular Motion” on page 261.

The displacement of a spring is given by the equation d = cosat where A, the initial
displacement is 10 inches, t = 27, and ¢ = 8.

Answer: 10 inches

If you answered correctly, go to problem 126.
If you answered incorrectly, go to problem 126.

The displacement of the end of a pendulum is given by the equation d = ksin2nt. Find the
displacement to the nearest centimeter if t = 5 seconds and k = —9.

Answer: 7.8 cm

If you answered correctly, you are finished. Congratulations!
If you answered incorrectly, review “Simple Harmonic Motion” on page 263.



Appendix A

Summary of Formulas

Basic Trigonometric Functions

. __opposite
sin a.= hypotenuse
__adjacent
cos o= hypotenuse
_ opposite
tan o = adjacent
hypotenuse
€SC O = ~5pposite
hypotenuse
S€C O = ~adjacent
to = adjacent
cota = opposite

Reciprocal Identities
ﬁ=csc9

1

=secO
cosO

1

tand - cotf

1

ot =tan0

1
ec

=cos6

»n
D

—csch =sinf
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sin@
cos@

tan0 =

cosf

cotf = W

=cosB

Al

sinA =

I
Q
0
o

secA =

SEEY T}

tanA = - =cotB

sin@ = cos(90° — 0)
secB = csc(90° — 6)
tanO = cot(90° — 6)

sin(—60) = —sinO

cos(—0) = —cosf
tan(—6) = —tan@
sec(—0) = —secO
csc(—6) = —cscO
cot(—6) = —cotO

sin“0 + cos’6 = 1
sin0 = 1 — cos”0

cos’0 = 1 — sin*0

csc’@ — cot’0 = 1
1 + cot’0 = csc*0

cot’0 = csc’0 — 1

sec’ — tan’6 = 1

1 + tan’0 = sec’6

tan’0 = sec’6 — 1

Ratio Identities

sinB=

secB=

tanB =

cos0 = sin(90° — 0)
cscO = sec(90° — 6)
cotf = tan(90° — 6)

2T an O

Trigonometric Cofunctions

=CcosA

I
Q
0O
B

cotA

Identities for Negatives

Pythagorean Identities
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Opposite Angle Identities

sin(—0) = —sin@
cos(—60) = —cos0

tan(—6) = —tan@

Double Angle Identities

sin260 = 2sinBcosB
05260 = cos’6 — sin“0
0520 = 2cos’6 — 1

cos260 = 1 — 2sin”6

_ 2tanf
tan20 = T-tan’®

Half Angle Identities

sm% =+ /1 —c2:059
cosg:i 1+3059
tang = sicr:10956

tan%z i/@

Sum and Difference Identities

sin(a + fB) = sinocosf + cosasinf
sin(a — fB) = sinocosf — cosasinf3
cos(a + P) = cosocosf — sinasinf

cos(a. — ) = cosacosP + sinasinB

_ tano +tanf
tan(a+ )= 1 - tanotan3
tan(oc—ﬁ): tana — tan 8

1 +tanatanf
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Product-Sum Identities
sinctcos B = %[sin((x+ﬂ) +sin(a- )]
cosasinB= %[sin(a +B)-sin(a-B)|
sinasin3 = %[cos((x ~B)-cos(a+p)]

cosacosfB = %[cos(a+,3) + COS(OC —ﬁ>]

Sum-Product Identities
a+B  a-p
2

sino +sinf = 2sin 7 Cos

a+B  a-p
2 COs 2

sina —sinf8 =2 cos

a+ a
cosQ + cosf3=2cos R )

cosa —cos 3= —2sin > sin—5

Inverse Identities

sin(Sin™' x)=x -1<x<1
e = n n
Sin”'(sinx) =x > =X=35

cos(Cos™'x)=x —-1=<x=<1
-1 — _ n
Cos ™ '(cosx)=x 7 =Xx=5
tan(Tan™'x)=x —c0=x=o0
-1 _ _ n
Tan '(tanx ) =x 5> =X=35

'%whenxﬁ—l orx =1

Csc™'x=Sin"
Sec"x:Cos’l% whenx < -1 orx=> 1

Cot”szan”% when x > 0

Cot 'x= n+Tan"% when x <0
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Trigonometric Functions
Table

In order to read the value of a trigonometric ratio for a certain angle, you move one finger down
the column that reflects the name of the ratio you're looking for at its top, while moving your
eyes down the angle values on the left until you find the one for which you're looking. Then
move them across to the proper column. Where your eyes and finger meet you’ll find the value
you want. The tables show values for all six trigonometric functions in increments of 1°.

0 sin 0 cos 0 tan 0 cot 0 sec O csc O

0° .000 1.000 .000 Undefined 1.000 Undefined

1° 017 1.000 017 57290 1.000 57299

2° .035 999 .035 28.636 1.001 28.654

3° .052 999 .052 19.081 1.001 19.107

4° .070 .998 .070 14.301 1.002 14.336

5° .087 996 .087 11.430 1.004 11.474

6° 105 .995 105 9.514 1.006 9.567

7° 122 993 123 8.144 1.008 8.206

8° 139 .990 141 7115 1.010 7185

9° 156 .988 158 6.314 1.012 6.392
10° 174 985 176 5.671 1.015 5.759
11° 191 .982 194 5.145 1.019 5.241
12° .208 .978 213 4.705 1.022 4.810
13° 225 974 231 4.331 1.026 4.445
14° 242 970 249 4.011 1.031 4134
15° 259 966 268 3.732 1.035 3.864
16° 276 961 .287 3.487 1.040 3.628
17° 292 956 306 3.271 1.046 3.420

(continued)

297



298 CliffsStudySolver Trigonometry

0 sin 6 cos 0 tan 0 cot 0 sec O csc O
18° 309 951 325 3.078 1.051 3.236
19° 326 946 344 2.904 1.058 3.072
20° 342 .940 364 2.747 1.064 2.924
21° 358 934 384 2.605 1.071 2.790
22° 375 927 404 2475 1.079 2.669
23° 391 .921 424 2.356 1.086 2.559
24° 407 914 445 2.246 1.095 2.459
25° 423 906 466 2145 1103 2.366
26° 438 .899 488 2.050 1113 2.281
27° 454 .891 .510 1.963 1122 2.203
28° 469 .883 532 1.881 1133 2130
29° 485 .875 554 1.804 1143 2.063
30° .500 .866 577 1.732 1155 2.000
31° 515 .857 .601 1.664 1167 1.972
32° .530 .848 .625 1.600 1179 1.887
33° .545 .839 .649 1.540 1192 1.836
34° 559 .829 675 1.483 1.206 1.788
35° 574 .819 .700 1428 1.221 1.743
36° .588 .809 727 1376 1.236 1.701
37° .602 799 754 1327 1.252 1.662
38° .616 .788 .781 1.280 1.269 1.624
39° .629 777 .810 1.235 1.287 1.589
40° .643 766 .839 1192 1.305 1.556
41° .656 .755 .869 1150 1.325 1.524
42° .669 .743 .900 1111 1.346 1.494
43° .682 731 933 1.072 1367 1466
44° .695 .719 966 1.036 1.390 1.440
45° .707 .707 1.000 1.000 1.414 1.414
46° 719 .695 1.036 966 1.440 1.390
47° 731 .682 1.072 933 1466 1.367
48° .743 .669 1111 .900 1.494 1.346
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0 sin 0 cos 0 tan 0 cot 0 secO csc O
49° 755 .656 1150 .869 1.524 1.325
50° .766 .643 1192 .839 1556 1.305
51° g77 .629 1.235 .810 1.589 1.287
52° .788 .616 1.280 .781 1.624 1.269
53° 799 .602 1327 754 1.662 1.252
54° .809 .588 1.376 727 1.701 1.236
55° .819 574 1428 .700 1.743 1.221

56° 829 559 1.483 .675 1.788 1.206
57° .839 .545 1.540 .649 1.836 1192
58° .848 .530 1.600 .625 1.887 1179

59° 857 515 1.664 .601 1.972 1167
60° .866 .500 1.732 577 2.000 1155
61° 875 485 1.804 554 2.063 1143

62° .883 469 1.881 532 2130 1133

63° .891 A54 1.963 510 2.203 1122
64° .899 438 2.050 488 2.281 1113

65° 906 423 2145 466 2366 1103

66° 914 407 2.246 445 2.459 1.095
67° 921 391 2.356 424 2.559 1.086
68° 927 375 2.475 404 2.669 1.079
69° 934 358 2.605 384 2.790 1.071

70° .940 342 2.747 364 2924 1.064
71° 946 326 2.904 344 3.072 1.058
72° 951 309 3.078 325 3.236 1.051
73° 956 292 3.271 306 3.420 1.046
74° 961 276 3.487 .287 3.628 1.040
75° 966 259 3.732 268 3.864 1.035
76° .970 242 4.011 249 4134 1.031
77° 974 225 4.331 231 4.445 1.026
78° 978 .208 4.705 213 4.810 1.022

(continued)
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0 sin 6 cos O tan 0 cot 0 secO csc O
79° .982 191 5.145 194 5.241 1.019
80° .985 174 5.671 176 5.759 1.015
81° .988 156 6.314 158 6.392 1.012
82° .990 139 7115 141 7185 1.010
83° 993 122 8.144 123 8.206 1.008
84° 995 105 9.514 105 9.567 1.006
85° .996 .087 11430 .087 11.474 1.004
86° .998 .070 14.301 .070 14336 1.002
87° 999 .052 19.081 .052 19.107 1.001
88° .999 .035 28.636 .035 28.654 1.001
89° 1.000 .017 57290 .017 57299 1.000
90° 1.000 .000 Undefined .000 Undefined 1.000




Glossary

The number(s) in parentheses indicate the chapter(s) where the term is important.

AAS (3) A way of referring to a triangle about which you know two angles and a side not in-
cluded between those angles. Also referred to as SAA.

abscissa (2) The x-coordinate.

absolute value of a complex number (6) The square root of the sum of the squares of its real
and imaginary parts.

algebraic vector (5) An ordered pair naming the terminal point of a vector.
amplitude (2) Vertical displacement of a wave or curve above the x-axis.

angle of depression (3) The downward angle formed below a horizontal line of sight with that
line of sight.

angle of elevation (3) The upward angle formed above a horizontal line of sight with that line
of sight.

angular velocity (7) Velocity defined in terms of central angle of rotation and time.
area (3) The region inside a plane figure.

ASA (3) A way of referring to a triangle about which you know angles and a side included be-
tween those angles.

asymptote (2) A value that a function may approach but never reach; a value that is undefined
for a function.

cardoid (6) A heart-shaped graph created by using polar coordinates.

Cartesian coordinates (5) Rectilinear coordinate system, invented by French philosopher/
mathematician Rene Descartes, which permits location of all points in a plane by assigning them
x and y coordinates.

circular functions (2) Alternative definition of trigonometric functions based upon a unit circle.

complex plane (6) A plane for graphing complex numbers with the horizontal coordinates
being the real part and the vertical being the imaginary.

component vector (5) One of two or more vectors acting on a single object, point, and so on.
conditional equation (4) An equation that is true for only certain replacement values.

conjugate of a complex number (6) The same as the original complex number with a differ-
ent sign.

coterminal angles (1) All angles 360° apart that share a common terminal side.

DeMoivre’s theorem (6) A theorem for computing the values of complex numbers raised to
any specific exponent.

domain (2) The horizontal coordinates or inputs.
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dot product (5) The process of combining two vectors, which yields a single number.

degree (2) One of the 360 equal divisions of the central angle of a circle; each degree may be
subdivided into 60 minutes; and each minute may be further subdivided into 60 seconds.

equivalent vectors (5) Two or more vectors having the same magnitude and direction.
frequency (2) The occurrence of a complete period per unit of time.
general triangle (3) Any triangle that is not a right triangle; also oblique triangle.

Heron’s formula (3) A formula for determining the area of any triangle, knowing only its
perimeter or the length of its sides.

identity (4, 6) See trigonometric identity.
imaginary axis (6) The vertical axis in the complex plane.

interpolate (1) To work out intermediate values for a trigonometric function from known val-
ues on either side of an angle in question.

Law of Cosines (3) A relationship between all three sides of a triangle and the cosine of one.

Law of Sines (3) A relationship between any two sides of a triangle with the sines of the angle
opposite them.

linear velocity (7) Velocity defined in terms of arc length and time.
negative angle (1, 6) Any angle resulting from a clockwise rotation of the terminal side.
ordinate (2) The y-coordinate.

parallelogram of vectors (also parallelogram of forces) (5) A figure made of vectors and used
to resolve the action of two vectors on a single object.

period (2) The smallest occurrence of a complete function, graph, or wave.
periodic functions (2, 6) Trigonometric functions whose values repeat over regular intervals.

phase shift (2) The horizontal displacement of a function to the left or right; the cosine graph
is 90° out of phase with the sine function.

polar axis (6) A horizontal ray extending from the pole to the right, which marks the reference
ray from which angle measures begin in the polar coordinate system.

polar coordinates (6) An ordered pair consisting of a distance from the pole and an angle.

polar coordinate system (6) A coordinate system that relies upon distance and angle from
the pole to determine position.

pole (6) The origin in polar coordinates.

Pythagorean identities (4) Fundamental identities relating to sine and cosine functions and the
Pythagorean theorem.

Pythagorean theorem (4) The relationship that the square on the hypotenuse of a right triangle
is equal to the sum of the squares on the legs.

quadrant (1, 2, 3,4, 5,6, 7) One of the four partitions formed by the crossing of the x and y
axes and designated by Roman numerals I-IV.
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quadrantal angle (1) An angle that in standard position has its terminal side fall on one of the
axes.

radian (2) A measure of angle size relating a central angle of a circle to an arc equal in length
to a radius of the circle; 2w radians are equivalent to 360°.

range (2) The vertical coordinates or outputs.
ratio identity (4) The identities relating tangent and cotangent to the sine and cosine functions.
real axis (6) The horizontal axis in the complex plane.

reciprocal identities (4) Identities formed by placing a one over each of the basic trigonomet-
ric functions.

reference angle (1) The acute angle in nonstandard position that is used to find the trigono-
metric function for angles greater than 90°.

resultant (5) The product of a vector multiplication.

SAA (3) A way of referring to a triangle about which you know two angles and a side not
included between those angles. Also referred to as AAS.

SSA (3) A way of referring to a triangle about which you know two sides and an angle not
included between those sides. This is also known as the ambiguous case.

SAS (3) A way of referring to a triangle about which you know two sides and an angle included
between those sides.

scalar (5) A quantity with magnitude only (as distinguished from vector).

simple harmonic motion (7) A component of uniform circular motion and characteristic of
springs, pendulums, and pistons.

SOHCAHTOA (1) A mnemonic device for remembering the three basic trigonometric functions.
SSS (3) A way of referring to a triangle about which you know all three sides, but no angle.
standard position angle (1) An angle with its initial side on the horizontal axis right of the origin.
tip-tail rule (5) A method for performing vector addition.

trigonometric function (1, 7) Any of the six relationships possible between two sides of a
right triangle.

trigonometric identity (1, 4, 7) An equation relating trigonometric functions that is true for all
input values.

uniform circular motion (7) Motion at a fixed distance about a single point at a uniform linear
and angular velocity.

unit circle (2) A circle with radius 1.

vector (5) A quantity with both magnitude and direction.

vector resolution (5) Resolving an oblique vector into its horizontal and vertical components.
wavelength (2) The distance between crests on a periodic graph or wave.

zero vector (5) A vector with zero magnitude that points in any direction.
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Symbols and Numerics

a (alpha), angle measure designated by, 28
= (approximately equals sign), 43
B (beta), angle measure designated by, 28
first quadrant angle, 21
four-leaved rose polar graphs, 216-217
fourth quadrant angle, 23
one
reciprocals and function value of, 81
square root of negative (i), 217
@ (phi), angle measure designated by, 28
T (pi)
periodic functions and, 66-67
radian measurement and, 60
second quadrant angle, 22
0 (theta), angle measure designated by, 28
third quadrant angle, 24
30-60-90 right triangle ratios (table), 36
three-leaved rose polar graphs, 215-216
zero
reciprocals and function value
approaching, 81
zero vector, 183, 303

A

AAS (Angle-Angle-Side) triangles

defined, 301, 303

finding the area, 117

solving the triangle, 111
abscissa (x-value)

defined, 62, 301

domain and, 63

function definition and, 62, 241
absolute value

of angles, 22

of complex numbers, 219, 301
ACTS mnemonic for positive ratios, 40
acute reference angles, 41-42, 303
addition identities

for cosine, 143, 295

for sine, 143, 295

for tangent, 150, 295

addition of vectors
algebraic, 183
components, 169, 183
parallelogram of forces for, 172-173
resultant, 169, 173
tip-tail rule, 169, 303
triangle representing, 169
adjacent side
defined, 28
in reciprocal functions, 30
in trigonometric function definitions,
28, 293
algebraic addition of vectors, 183
algebraic vectors, defined, 183, 301
alpha (@), angle measure designated by, 28
ambiguous case, 111-112
amplitude
of complex numbers, 219
cosine function amplitude shifts, 71
cotangent function and, 79
defined, 71, 301
sine function amplitude shifts, 71
tangent function and, 79
angle measure, 21
angle of depression, 96, 301
angle of elevation, 95, 301
Angle-Angle-Side (AAS) triangles
defined, 301, 303
finding the area, 117
solving the triangle, 111
angles
absolute value, 22
coterminal, 25-26, 301
defined, 21
of depression, 96, 301
double angle identities, 144, 150, 295
of elevation, 95, 301
half angle identities, 146, 150, 295
initial side, 21
negative, 302
quadrantal, 23, 40, 303
reference, 41-42, 303
standard position, 21, 303
terminal side, 21
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Angle-Side-Angle (ASA) triangles
defined, 301
finding the area, 117
solving the triangle, 111
angular velocity, 262, 301
approximately equals sign (=), 43
arccos function on scientific calculators, 45
Archimedes Spiral, 211
arcsin function on scientific calculators, 45
arctan function on scientific calculators, 45
area, defined, 301
area of triangles
common formula for, 116
formulas for ASA or SAA triangles, 117
formulas for SAS triangles, 116
Heron’s formula for SSS triangles, 119,
302
argument of complex number, 219
arrows, vectors represented by, 167
ASA (Angle-Side-Angle) triangles
defined, 301
finding the area, 117
solving the triangle, 111
asymptotes
cosecant function, 81
cotangent function, 79
defined, 77, 301
secant function, 81
solving for, 79
tangent function, 77

beta (), angle measure designated by, 28
boldface for vectors, 167

C

calculators, scientific, 45
cardoid
defined, 301
polar graphs, 213-214
Cartesian coordinate plane. See also
quadrants
complex plane versus, 217-218
converting from polar to rectangular
coordinates, 206
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converting from rectangular to polar
coordinates, 206
defined, 301
resolution of forces, 180
vectors in, 178-179
CAST mnemonic for positive ratios, 40
centered vector, 179
circle
arc subtended by 1 degree, 59
arc subtended by 1 radian, 59-60
polar graphs of, 211-212
radian measurement and, 60
unit circle and circular functions, 62-63
unit circle and periodic functions, 66-67
unit circle, defined, 303
circular functions
defined, 62, 301
domain versus range of, 63
periodic properties of, 66-67
circular motion, uniform
angular velocity, 262
central angle, 261
defined, 303
linear velocity, 262
negative velocities, 262
simple harmonic motion and, 261, 263
cofunction identities, 139, 294
cofunctions, defined, 34, 294. See also
specific cofunctions
collecting terms, 258
commutative property of multiplication, 185
complex numbers
absolute value, 219, 301
amplitude, 219
argument, 219
conjugates of, 223, 301
DeMoivre’s theorem, 225, 301
difference of two conjugates, 223
dividing, 224
equal, defined, 223
finding powers of, 225
modulus, 219
multiplying, 224
plotting on polar axis, 219-220
plotting on rectangular axes, 217-218
polar form, 219
sum of two conjugates, 223
trigonometric form, 219
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complex plane, 217-218, 301
component vector, 301
components of vector addition, 169, 183
conditional equations
collecting terms, 258
defined, 137, 257, 301
general solution, 257
primary solutions, 257
solving, 258
conjugates of complex numbers, 223, 301
converting. See also phase shift
from polar to rectangular coordinates,
206
from rectangular to polar coordinates,
206
sine curve to and from cosine curve, 76
coordinate systems. See polar coordinate
system; rectangular coordinate system
cosecant (csc)
asymptotes, 81
circular function, 62
cofunction, 34, 294
cofunction identities, 139
defined, 29-30, 293
finding with scientific calculators, 45
graphing sine on same axes, 80
identity for inverse cosecant, 253, 296
identity for negatives, 139, 294
inverse function, 253
period, 81
phase shift between secant and, 81
Pythagorean identities, 140, 294
for quadrantal angles (table), 40
reciprocal identity, 137, 293
sine as reciprocal function, 29-30
for special triangles (table), 36
values in increments of one degree (table),
297-300
cosine (cos)
as basic circular function, 62
cofunction, 34, 294
cofunction identities, 139
defined, 28, 293
difference identity, 143, 295
double angle identities, 144, 295
finding with scientific calculators, 45
graphing amplitude shifts, 71
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graphing one period, 69
graphing phase shifts, 76
graphing sine on same axes, 69
graphing various frequencies, 75
graphing vertical shifts, 70
half angle identity, 146, 295
identities for inverse cosine, 247, 296
identity for negatives, 139, 294
inverse function, 245-247
Law of Cosines, 105, 302
opposite angle identity, 295
as periodic function, 66-67
phase shift between sine and, 69, 75
product-sum identities, 152, 296
Pythagorean identities, 140, 294
for quadrantal angles (table), 40
ratio identities, 138, 294
reciprocal identity, 137, 293
restricted function, 246-247
restricted inverse function, 246-247
secant as reciprocal function, 29-30
for special triangles (table), 36
sum identity, 143, 295
sum-product identities, 153, 296
trigonometric identities, 32-33
turning into a sine, 76
values for points in one period (table), 68
values in increments of one degree (table),
297-300

cotangent (cot)
asymptotes, 79
circular function, 62
cofunction, 34, 294
cofunction identities, 139
defined, 29-30, 293
graphing, 78-79
identities for inverse cotangent, 255, 296
identity for negatives, 139, 294
inverse function, 255
period, 79
phase shift, 79
Pythagorean identities, 140, 294
for quadrantal angles (table), 40
ratio identity, 138, 294
reciprocal identity, 137, 293
for special triangles (table), 36
tangent as reciprocal function, 29-30
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cotangent (cot) (continued)
trigonometric identity, 32
values in increments of one degree (table),
297-300
coterminal angles
defined, 25, 301
equation for, 26
counterexamples, 137
csc (cosecant)
asymptotes, 81
circular function, 62
cofunction, 34, 294
cofunction identities, 139
defined, 29-30, 293
finding with scientific calculators, 45
graphing sine on same axes, 80
identity for inverse cosecant, 253, 296
identity for negatives, 139, 294
inverse function, 253
period, 81
phase shift between secant and, 81
Pythagorean identities, 140, 294
for quadrantal angles (table), 40
reciprocal identity, 137, 293
sine as reciprocal function, 29-30
for special triangles (table), 36
values in increments of one degree (table),
297-300
customized full-length exam, 275-292

D

degrees. See also radians

arcs subtended by, 59

common values (table), 60

decimal parts of, 45

defined, 59, 302

traditional subdivisions (minutes and

seconds), 45

DeMoivre, Abraham (mathematician), 225
DeMoivre’s theorem, 225, 301
Descartes, Rene (mathematician), 301
difference identities

for cosine, 143, 295

for sine, 143, 295

for tangent, 150, 295
difference of two complex conjugates, 223
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direction
of measure, negative angles and, 22, 23,
203
as property of vectors, 168
of rotation, negative velocity and, 262
dividing complex numbers, 224
domain
defined, 301
of functions, 63
range and, 63
dot product, 185, 302
double angle identities
for cosine, 144, 295
for sine, 144, 295
for tangent, 150, 295

E

electrical engineering notation for vectors,
180
equality of complex numbers, 223
equals sign, squiggly (=), 43
equations, trigonometric. See also formulas,
trigonometric
collecting terms, 258
conditional, 137, 257-258, 301
solving, 258
trigonometric identities, 32
equivalent vectors, 168, 302
exams
full-length exam, 275-292
pretest, 1-20

F

first quadrant angle, 21
formulas, trigonometric. See also equations,
trigonometric

basic trigonometric functions, 28, 30, 293
cofunction identities, 139, 294
cofunctions, 34, 294
cosecant, 30, 293
cosine, 28, 293
cotangent, 30, 293
difference identities, 143, 150, 295
double angle identities, 144, 150, 295
half angle identities, 146, 150, 295
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Heron’s formula, 119, 302
identities for negatives, 139, 294
inverse cosecant, 253, 296
inverse cosine, 247, 296
inverse cotangent, 255, 296
inverse secant, 254, 296
inverse sine, 245, 296
inverse tangent, 251, 296
opposite angle identities, 295
product-sum identities, 152, 296
Pythagorean identities, 140, 294
ratio identities, 138, 294
reciprocal identities, 137, 293
secant, 30, 293
sine, 28, 293
sum identities, 143, 150, 295
sum-product identities, 153, 296
tangent, 28, 293
tangent identities, 150
four-leaved rose polar graphs, 216-217
fourth quadrant angle, 23
free vector, 179
frequency
cosine function with various frequencies, 75
defined, 74, 302
sine function with various frequencies, 74
full-length exam, 275-292
functions. See also inverse functions; specific
functions
basic functions, 293
circular functions, 62-63, 66-67, 301
cofunction identities, 139, 294
cofunctions, 34, 294
defined, 62, 241, 303
for isosceles right triangle, 35, 36
overview, 28-29
parabola, 241
periodic functions, 66-67, 70, 302
quadrants and, 38-40
reciprocal functions, 29-30, 34, 81, 137
SOHCAHTOA acronym for, 28, 303
table of values, 297-300
for 30-60-90 right triangle, 36
vertical line test for, 241, 242
fundamental identities. See also trigonometric
identities
cofunction identities, 139, 294
for negatives, 139, 294
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Pythagorean identities, 140, 294, 302
ratio identities, 138, 294, 303
reciprocal identities, 137, 293, 303

G

general solution of conditional equations,
257
general triangles
areas of, 116, 117, 119
defined, 302
solving ASA triangles, 111
solving SAA or AAS triangles, 111
solving SAS triangles, 109
solving SSA triangles (ambiguous case),
111-112
solving SSS triangles, 109
strategies for solving, 108
glossary, 301-303
graphs. See also graphs (cosine function);
graphs (sine function)
asymptotes in, 77
circular functions, 62
cosecant function, 80-81
cotangent function, 78-79
parabola, 241
periodic functions, 66
polar graphs, 211-217
principles of reciprocal functions, 81
secant function, 80-81
tangent function, 77-78
unit circle, 62, 66
wavelength, 303
graphs (cosine function)
amplitude shifts, 71
cosine and inverse cosine function,
247-248
frequencies, 75
one period, 69
phase shifts, 76
with secant on same axes, 80
with sine on same axes, 69
vertical shifts, 70
graphs (sine function)
amplitude shifts, 71
circular motion and sine curve, 261
with cosecant on same axes, 80
with cosine on same axes, 69
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graphs (sine function) (continued)
frequencies, 74
one period, 69
phase shifts, 75
sine and inverse sine function, 247-248
vertical and amplitude shifts, 72
vertical shifts, 70

Greek letters, angle measure designated

by, 28

H

half angle identities

for cosine, 146, 295

for sine, 146, 295

for tangent, 150, 295
harmonic motion, simple

defined, 303

overview, 263

uniform circular motion and, 261, 263
Heron’s formula, 119, 302
horizontal line, polar graph of, 212
hypotenuse

defined, 28

of isosceles right triangle, 35

in reciprocal functions, 30

in trigonometric function definitions,

28, 293

i (square root of negative one), 217. See also
complex numbers

identities
cofunction identities, 139
counterexamples, 137
defined, 32, 137, 303
difference identities, 143, 150, 295
double angle identities, 144, 150, 295
fundamental identities, 137-140
half angle identities, 146, 150, 295
for inverse cosecant, 253, 296
for inverse cosine, 247, 296
for inverse cotangent, 255, 296
for inverse secant, 254, 296
for inverse sine, 245, 296
for inverse tangent, 251, 296
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for negatives, 139, 294
opposite angle identities, 295
product-sum identities, 152, 296
Pythagorean identities, 140, 294, 302
ratio identities, 138, 294, 303
reciprocal identities, 137, 293, 303
sum identities, 143, 150, 295
sum-product identities, 153, 296
tangent identities, 150
imaginary axis, 217, 218, 302
infinity. See also asymptotes
approached by reciprocals as function value
approaches zero, 81
approached in tangent graph, 77
initial side of an angle, 21
interpolation, 45-46, 302
inverse functions
circular functions, 62
of cosecant function, 253
of cosine function, 245-247
of cotangent function, 255
defined, 242
of reciprocal functions, 253-255
restricting, 242-244
of secant function, 254
of sine function, 244-245
symmetry of, 247-248
of tangent function, 249-251
vertical line test and, 242
inverse identities
for cosecant, 253, 296
for cosine, 247, 296
for cotangent, 255, 296
for secant, 254, 296
for sine, 245, 296
for tangent, 251, 296
isosceles right triangle
formula for hypotenuse, 35
trigonometric ratios (table), 36

L

Law of Cosines
defined, 105, 302
Law of Sines versus, 105
overview, 105
parallelogram of forces and, 173
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solving ASA triangles, 111
solving SAS triangles, 109
solving SSS triangles, 109
Law of Sines
defined, 100, 302
Law of Cosines versus, 105
overview, 100
solving ASA triangles, 111
solving SAA or AAS triangles, 111
solving SAS triangles, 109
solving SSS triangles, 109
lemniscate polar graphs, 214-215
line of sight
angle of depression and, 96
angle of elevation and, 95
linear velocity, 262, 302
lines
polar graphs of, 212-213
vertical line test for functions, 241, 242

M

magnitude

of scalars, 167

of vectors, 167, 180, 183

of zero vector, 183, 303
minutes, defined, 45
modulus of complex number, 219
motion

simple harmonic, 261, 263, 303

uniform circular, 261-262, 263, 303
multiplying

complex numbers, 224

dot product, 185, 302

vectors by scalars, 185

N

negatives

angles, defined, 302

angles, direction of measure and, 22, 23,
203

cosine value in quadrant Il, 39, 105, 109,
146

domain values, 63

function values in certain quadrants, 39

identities of, 139, 294
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reciprocal functions and, 81

reference angles and, 41

square root of negative one (i), 217
velocity, direction of rotation and, 262

O

oblique triangles
areas of, 116, 117, 119
defined, 302
solving ASA triangles, 111
solving SAA or AAS triangles, 111
solving SAS triangles, 109
solving SSA triangles (ambiguous case),
111-112
solving SSS triangles, 109
strategies for solving, 108
oblique vector, 180
obtuse triangles, Law of Sines and, 100
one
reciprocals and function value of, 81
square root of negative (i), 217
opposite angle identities, 295
opposite side
in reciprocal functions, 30
in trigonometric function definitions,
28, 293
opposite vectors, 168
ordinate (y-value)
defined, 62, 302
function definition and, 62, 241
range and, 63
origin in polar coordinate system, 203, 302

P

parabola, 241
parallelogram of forces, 172-173, 302
period

of cosecant function, 81

of cotangent function, 79

defined, 66, 302

of secant function, 81

of tangent function, 77
periodic functions

amplitude, 70

defined, 66, 302
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periodic functions (continued)
overview, 66-67
period defined, 66, 302
real-world applications, 67
wavelength, 303
phase shift
converting sine curve to and from cosine
curve, 76
of cotangent function, 79
defined, 302
graphing cosine with two phase shifts, 76
graphing sine with two phase shifts, 75
between secant and cosecant, 81
between sine and cosine, 69, 75
of tangent function, 79
phi (¢), angle measure designated by, 28
pi (m)
periodic functions and, 66-67
radian measurement and, 60
polar axis, 203, 302
polar coordinate system
converting from polar to rectangular
coordinates, 206
converting from rectangular to polar
coordinates, 206
defined, 203, 302
plotting complex numbers on, 219-220
polar axis, 203, 302
polar coordinates, 203, 302
polar graphs, 211-217
pole or origin, 203, 302
positive versus negative angles in,
203-204
polar coordinates, 203, 302
polar form of complex numbers, 219
pole, 203, 302
position vector, 179
powers of complex numbers, finding, 225
pretest, 1-20
primary solutions of conditional equations,
257
product-sum identities, 152, 296
protractor, 59
Pythagorean identities, 140, 294, 302
Pythagorean theorem
defined, 302
Law of Cosines and, 105
solving the triangle using, 93
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Q

quadrantal angles

defined, 23, 303

trigonometric ratios (table), 40
quadrants

defined, 21, 302

first quadrant angle, 21

fourth quadrant negative angle, 23

quadrantal angles, 23

reference angles, 41-42

second quadrant angle, 22

second quadrant negative angle, 22

standard position, 21

third quadrant angle, 24

trigonometric functions and, 38-40
quotient (ratio) identities, 138, 294, 303

R

radians. See also degrees
circular functions and, 62
circular motion and, 261-262
common values (table), 60
defined, 60, 303
pi and, 60
radius vector, 179
range, defined, 303
range of functions, 63
ratio identities, 138, 294, 303
rays, vectors versus, 167
real axis, 217, 218, 303
reciprocal functions. See also specific
functions
circular functions, 34
inverses of, 253-255
overview, 29-30
principles true of, 81
reciprocal identities and, 137
reciprocal identities, 137, 293, 303
rectangular coordinate system. See also
quadrants
complex plane versus, 217-218
converting from polar to rectangular
coordinates, 206
converting from rectangular to polar
coordinates, 206
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plotting complex numbers on rectangular
axes, 217-218

resolution of forces, 180

vectors in, 178-179
reference angles, 41-42, 303
resolution of vectors, 180, 303
restricting functions

cosine function, 246

inverse cosine function, 246-247

inverse functions, 242-244

inverse sine function, 245

inverse tangent function, 251

sine function, 244

tangent function, 249-250
resultant

for parallelogram of forces, 173

of vector addition, 169

of vector multiplication, 303

S

SAA (Side-Angle-Angle) triangles
defined, 301, 303
finding the area, 117
solving the triangle, 111
SAS (Side-Angle-Side) triangles
defined, 303
finding the area, 116
solving the triangle, 109
scalar multiplication
as commutative, 185
dot product, 185, 302
multiplication by a scalar versus, 185
scalars
defined, 167, 303
multiplying vectors by, 185
speed as, 167
scientific calculators, 45
secant (sec)
asymptotes, 81
circular function, 62
cofunction, 34, 294
cofunction identities, 139
cosine as reciprocal function, 29-30
defined, 29-30, 293
graphing cosine on same axes, 80
identity for inverse secant, 254, 296
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identity for negatives, 139, 294
inverse function, 254
period, 81
phase shift between cosecant and, 81
Pythagorean identities, 140, 294
for quadrantal angles (table), 40
reciprocal identity, 137, 293
for special triangles (table), 36
values in increments of one degree (table),
297-300
second quadrant angle, 22
seconds, defined, 45
Side-Angle-Angle (SAA) triangles
defined, 301, 303
finding the area, 117
solving the triangle, 111
Side-Angle-Side (SAS) triangles
defined, 303
finding the area, 116
solving the triangle, 109
Side-Side-Angle (SSA) triangles
defined, 303
solving the triangle, 111-112
Side-Side-Side (SSS) triangles
defined, 303
finding the area (Heron’s formula), 119,
302
solving the triangle, 109
sign
cosine value negative in quadrant II,
39, 105, 109, 146
of function values in certain quadrants, 39
identities of negatives, 139, 294
negative angles and direction of measure,
22,23, 203
negative angles defined, 302
negative domain values, 63
negative velocity and direction of rotation,
262
reciprocal functions and, 81
reference angles and, 41
square root of negative one (i), 217
similar triangles, 28
simple harmonic motion
defined, 303
overview, 263
uniform circular motion and, 261, 263
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sine (sin)
as basic circular function, 62
circular motion and sine curve, 261
cofunction, 34, 294
cofunction identities, 139
cosecant reciprocal function, 29-30
defined, 28, 293
difference identity, 143, 295
double angle identity, 144, 295
finding with scientific calculators, 45
graphing amplitude shifts, 71
graphing cosine on same axes, 69
graphing one period, 69
graphing phase shifts, 75
graphing various frequencies, 74
graphing vertical and amplitude shifts, 72
graphing vertical shifts, 70
half angle identity, 146, 295
identities for inverse sine, 245, 296
identity for negatives, 139, 294
inverse function, 244-245
for isosceles right triangle, 36
Law of Sines, 100, 302
opposite angle identity, 295
as periodic function, 66-67
phase shift between cosine and, 69, 75
product-sum identities, 152, 296
Pythagorean identities, 140, 294
for quadrantal angles (table), 40
ratio identities, 138, 294
reciprocal identity, 137, 293
restricted function, 244
restricted inverse function, 245
for special triangles (table), 36
sum identity, 143, 295
sum-product identities, 153, 296
trigonometric identities, 32-33
turning into a cosine, 76
values for points in one period (table), 68
values in increments of one degree (table),
297-300
SOHCAHTOA acronym, 28, 303
solving triangles
ambiguous case, 111-112
Law of Cosines, 105, 109
Law of Sines, 100, 109
oblique triangles, 108-109, 111-112
right triangles, 93-94
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three sides known (SSS), 109
two angles and side known (ASA), 111
two angles and side known (SAA or AAS),
111
two sides and angle known (SAS), 109
two sides and angle known (SSA),
111-112
square root of negative one (i), 217. See also
complex numbers
squiggly equals sign (=), 43
SSA (Side-Side-Angle) triangles
defined, 303
solving the triangle, 111-112
SSS (Side-Side-Side) triangles
defined, 303
finding the area (Heron’s formula),
119, 302
solving the triangle, 109
standard position of a vector, 178-179
standard position of an angle
defined, 21, 303
first quadrant angle in, 21
second quadrant angle in, 22
standard vector, 179
subtending
defined, 59
degree definition and, 59
radian definition and, 60
subtraction identities
for cosine, 143, 295
for sine, 143, 295
for tangent, 150, 295
sum identities
for cosine, 143, 295
for sine, 143, 295
for tangent, 150, 295
sum of two complex conjugates, 223
sum-product identities, 153, 296
symmetry of inverse functions, 247-248

T

table of degree/radian values, 60

tables of trigonometric ratios
for 30°, 45°, and 60° angles, 36
calculators versus, 45
in increments of one degree, 297-300
interpolation with, 45-46
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for quadrantal angles, 40

sine and cosine for points in one period, 68

using, 44-45
tangent (tan)
asymptotes, 77
circular function, 62
cofunction, 34, 294
cofunction identities, 139
cotangent as reciprocal function, 29-30
defined, 28, 293
difference identity, 150, 295
double angle identity, 150, 295
finding with scientific calculators, 45
graphing, infinity approached in, 77
graphing several cycles, 78
half angle identity, 150, 295
identities for inverse tangent, 251, 296
identity for negatives, 139, 294
inverse function, 249-251
opposite angle identity, 295
period, 77
phase shift, 79
Pythagorean identities, 140, 294
for quadrantal angles (table), 40
ratio identity, 138, 294
reciprocal identity, 137, 293
restricted function, 249-250
restricted inverse function, 251
for special triangles (table), 36
sum identity, 150, 295
trigonometric identity, 32
values in increments of one degree (table),
297-300
terminal side of an angle, 21
terms, collecting, 258
tests
full-length exam, 275-292
pretest, 1-20
theta (0), angle measure designated by, 28
third quadrant angle, 24
30-60-90 right triangle ratios (table), 36
three-leaved rose polar graphs, 215-216
tip-tail rule, 169, 303
triangle representing vector addition, 169
triangles, finding the area
common formula for, 116
formulas for ASA or SAA triangles, 117
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formulas for SAS triangles, 116
Heron’s formula for SSS triangles, 119, 302

triangles, solving

ambiguous case, 111-112

Law of Cosines, 105, 109

Law of Sines, 100, 109

oblique triangles, 108-109, 111-112

right triangles, 93-94

three sides known (SSS), 109

two angles and side known (ASA), 111

two angles and side known (SAA or AAS),
111

two sides and angle known (SAS), 109

two sides and angle known (SSA), 111-112

trig tables

for 30°, 45°, and 60° angles, 36

calculators versus, 45

degree/radian values, 60

in increments of one degree, 297-300
interpolation with, 45-46

for quadrantal angles, 40

sine and cosine for points in one period, 68
using, 44-45

trigonometric addition identities

for cosine, 143, 295
for sine, 143, 295
for tangent, 150, 295

trigonometric equations. See also

trigonometric formulas
collecting terms, 258
conditional, 137, 257-258, 301
solving, 258
trigonometric identities, 32

trigonometric form of complex numbers, 219
trigonometric formulas. See also

trigonometric equations
basic trigonometric functions, 28, 30, 293
cofunction identities, 139, 294
cofunctions, 34, 294
cosecant, 30, 293
cosine, 28, 293
cotangent, 30, 293
difference identities, 143, 150, 295
double angle identities, 144, 150, 295
half angle identities, 146, 150, 295
Heron’s formula, 119, 302
identities for negatives, 139, 294
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trigonometric formulas (continued) for inverse tangent, 251, 296
inverse cosecant, 253, 296 for negatives, 139, 294
inverse cosine, 247, 296 opposite angle identities, 295
inverse cotangent, 255, 296 product-sum identities, 152, 296
inverse secant, 254, 296 Pythagorean identities, 140, 294, 302
inverse sine, 245, 296 ratio identities, 138, 294, 303
inverse tangent, 251, 296 reciprocal identities, 137, 293, 303
opposite angle identities, 295 sum identities, 143, 150, 295
product-sum identities, 152, 296 sum-product identities, 153, 296
Pythagorean identities, 140, 294 tangent identities, 150
ratio identities, 138, 294 trigonometric tables
reciprocal identities, 137, 293 for 30°, 45°, and 60° angles, 36
secant, 30, 293 calculators versus, 45
sine, 28, 293 degree/radian values, 60
sum identities, 143, 150, 295 in increments of one degree, 297-300
sum-product identities, 153, 296 interpolation with, 45-46
tangent, 28, 293 for quadrantal angles, 40
tangent identities, 150 sine and cosine for points in one period, 68

trigonometric functions. See also inverse using, 44-45

functions; specific functions trigonometry, defined, 21

basic functions, 293

circular functions, 62-63, 301

cofunction identities, 139 U

cofunctions, 34, 294

defined, 62, 303

function, defined, 241

for isosceles right triangle, 35, 36

overview, 28-29

periodic functions, 66-67

quadrants and, 38-40

reciprocal functions, 29-30, 34, 81, 137

SOHCAHTOA acronym for, 28, 303

table of values, 297-300

for 30-60-90 right triangle, 36

vertical line test for, 241, 242
trigonometric identities

uniform circular motion
angular velocity, 262
central angle, 261
defined, 303
linear velocity, 262
negative velocities, 262
simple harmonic motion and, 261, 263
unit circle
circular functions and, 62-63
circumference of, 66
defined, 62, 303
periodic functions and, 66-67

cofunction identities, 139 radius of, 62
counterexamples, 137

defined, 32, 137, 303 V

difference identities, 143, 150, 295

double angle identities, 144, 150, 295 vector resolution, 180, 303
fundamental identities, 137-140 vectors

half angle identities, 146, 150, 295 addition triangle, 169

for inverse cosecant, 253, 296 algebraic addition of, 183
for inverse cosine, 247, 296 algebraic, defined, 183, 301
for inverse cotangent, 255, 296 arrows representing, 167
for inverse secant, 254, 296 boldface for, 167

for inverse sine, 245, 296 component vector, defined, 301
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components, 169, 183

defined, 167, 303

direction as property of, 168

dot product, 185, 302

electrical engineering notation for, 180

equivalent vectors, 168, 302

free vector, 179

magnitude, 167, 180, 183

multiplying by a scalar, 185

oblique vector, 180

opposite vector, 168

parallelogram of forces, 172-173, 302

rays versus, 167

in rectangular coordinate system, 178-179

resolution, 180, 303

resultant, 169, 303

scalar multiplication, 185

standard position, 178-179

standard vector (position, radius, or
centered vector), 179

tip-tail rule, 169, 303

velocity as, 167

zero vector, 183, 303

velocity

angular, 262, 301

circular motion and, 262

linear, 262, 302

negative, direction of rotation and, 262

as a vector, 167

vertical line
polar graph of, 213
test for functions, 241, 242
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vertical shifts
amplitude shifts and, for sine function, 72
of cosine function, 70
cotangent and, 79
of sine function, 70

W

wavelength, 303

X

x-value (abscissa)
defined, 62, 301
domain and, 63
function definition and, 62, 241

Y

y-value (ordinate)
defined, 62, 302
function definition and, 62, 241
range and, 63

y 4

zero
reciprocals and function value
approaching, 81
zero vector, 183, 303
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