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V 

PREFACE 

This book i s devoted to the i n v e s t i g a t i o n of algebraic structures 

whispered by the concept of automaton. The emphasis i s made on algebraic 

framework of r e a l automata and databases. Thus, these notions appear as 

many-sorted algebraic s t r u c t u r e s , allowing developed algebraic theory. 

Since t r e a t i n g of algebraic s t r u c t u r e paves way to the s t r u c t u r e and 

behavior of r e a l automata and databases, we hope that the constructed 

theory w i l l f i n d i t s a p p l i c a t i o n s . On the other hand, we have pursued 

q u i t e a l o t of algebraic purposes, searching f o r ways of enriching 

algebra i t s e l f . 

This book consists of f i v e chapters. F i r s t four of them are 

r e l a t e d d i r e c t l y to the algebraic theory of automata while the l a s t one, 

describing an algebraic model of database, takes a special p a r t . 

Nevertheless, t h i s chapter i s closely connected w i t h previous ones and 

we t h i n k that t h i s book owns a c e r t a i n u n i t y . I n both cases of automata 

and databases, we concentrate on mathematical models of the 

corresponding systems. 

This book i s addressed p r i m a r i l y f o r mathematicians graduates, 

postgraduates and conceivably f o r programmers, engineers and s c i e n t i s t s 

who wish to apply algebraic methods i n t h e i r research. We have t r i e d to 

minimize the algebraic background of the p o t e n t i a l reader, therefore the 

d e f i n i t i o n s i n the "Preliminary notions" and i n the sequel attempt to 

make the book self-contained. However, touching the advanced t o p i c s , we 

assume a c e r t a i n f a m i l i a r i t y w i t h universal algebra, theory of groups 

and semigroups. Chapter 5 w i l l be much easier f o r those who are 

acquainted w i t h s e t - t h e o r e t i c a l and l o g i c a l methods. 

The concept of automaton arises i n various problems associated 

w i t h computer science, network systems, c o n t r o l theory etc. I t s 

mathematical s t r u c t u r e i s based on i n t u i t i v e arguments, r e f l e c t i n g the 

e n t i t y of r e a l (not necessarily physical) automata. Now, automata theory 

i s a developed mathematical f i e l d . On our opinion, two aspects could be 

pointed out i n automata research. They are the combinatorial approach 
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and algebraic theory. The f i r s t one ( [ 3 8 ] , [ 5 4 ] , [99] etc.) i s i n a 

greater extent connected w i t h behavior, analysis and synthesis of 

automata. C e r t a i n l y , both these d i r e c t i o n s are not mutually independent: 

algebraic methods are used i n combinatorial problems. For example, 

algebraic automata theory plays a s i g n i f i c a n t r o l e i n the theory of 

algorithms and languages ( [ 3 7 ] , [ 3 8 ] ) . However, speaking on algebraic 

aspect of automata theory, f i r s t of a l l we bear i n mind an automaton as 

an algebraic structure ( t h i s point of view has been r e f l e c t e d i n [ 2 9 ] , 

[3 4 ] , [2] e t c . ) . A consequent analysis of t h i s algebraic s t r u c t u r e i s 

one of the main goals of t h i s book. Moreover, the algebraic s t r u c t u r e of 

automaton provides an important information about the s t r u c t u r e of r e a l 

automata. Krohn-Rhodes decomposition Theorem turns out to be the most 

impressive witness of t h i s . Another important d i r e c t i o n i s presented by 

a p p l i c a t i o n of algebraic methods f o r the c l a s s i f i c a t i o n of automata, 

descri p t i o n of i t s behavior by i d e n t i t i e s , study of v a r i e t i e s of 

automata. That i s why the standard algebraic notions: automorphisms, 

i d e n t i t i e s and v a r i e t i e s are widely used i n t h i s book. F i n a l l y , we have 

t r i e d to f o l l o w the categorical point of view on automaton as on 

algebraic systems. 

As i t was mentioned, chapter 5 i s meant f o r the construction of 

adequate algebraic model of databases. This theme i s studied i n d e t a i l 

i n the book of B. P l o t k i n ( [ 8 6 ] ) and we f r e q u e n t l y r e f e r to i t . I n t h i s 

chapter, we describe the sketch of the theory. A number of problems i n 

the theory of r e l a t i o n a l databases can be reformulated i n terms of an 

algebraic model. Among them are the problems of informational 

equivalence and isomorphism of databases, i t s composition and 

decomposition, c l a s s i f i c a t i o n on the base of symmetries and so on. 

An automaton s£=(A,X,B) i s an algebraic system w i t h three basic 

sets, A, X, B c a l l e d the sets of s t a t e s , input signals and output 

signals respectively, and two binary operations: 

o : AxX —> A, 

* : AxX —> B. 

The operation ° i s a f u n c t i o n of two variables asA, xeX, whose values 

l i e i n the set of states A: a°x = a' € A. I t i s o f t e n c a l l e d a 
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transition function and shows how the input signal x transforms each 

s t a t e a i n t o the new a' . The operation * assigns to a p a i r aeA, xeX the 

element beB and i s c a l l e d input function of the automaton 4. 

I n chapter 1 we consider pure automata, i . e . automata w i t h the 

sets of states and outputs being a r b i t r a r y sets, without a d d i t i o n a l 

s t r u c t u r e . Let the automaton (A,X,B) be transformed by the element x^X 

from the state a i n t o the stat e a =a ° x Considering an element x as 1 2 1 1 s 2 
a new input s i g n a l , we get a new state a

2
«x

2
=(a

]
ox

i
)«x

2
 Simultaneously, 

the element a
a
*x

a
=(a o x

j
)*X

2
 arises as an output s i g n a l . This means 

that we can consider a new input signal x
j
x

2
, which takes the state 

a i n t o a new one (a «x )»x and gives the signal (a ox )*x i n output. I t 

X 2 X 2 X X 2 
i s n a t u r a l to consider x

t
><

2
 as a product of input elements and x

z > 

and the m u l t i p l i c a t i o n thus defined has to be associative. I t i s assumed 

that the set of input signals i s a semigroup. Denote i t by I " . An 

automaton (A.T.B) i s c a l l e d a semigroup automaton i f the set of inputs 

i s a semigroup, and the axioms 

a o y

i y 2
= ( a o 3 r

i ) < > r 2 ' 

a*7 y =(aojr ) * r . aeA, a^e T 

are s a t i s f i e d . I n t h i s book we deal mainly w i t h semigroup automata. 

In the f i r s t chapter we study also Moore automata, i . e . automata 

determined by the operation » and the d e f i n i n g mapping u:A—> B. There 

are various c r i t e r i a f o r an a r b i t r a r y automaton to be a Moore one. One 

of them points out the class of semigroups being the semigroup of input 

signals of Moore automata. 

Automata can have extra inputs, outputs and states. The 

construction of three types of universal automata i s connected, i n 

p a r t i c u l a r , w i t h t h i s problem. 

More o f t e n , the problem of constructing more complicated automata 

from the simple ones leads us to search f o r s u i t a b l e constructions. The 

most important of them i s cascade connection and i t s universal v a r i a n t , 

the wreath product of automata. The inverse task of how to decompose an 

a r b i t r a r y pure automaton has a decision. I t i s the cl a s s i c Krohn-Rhodes 

decomposition theorem. These and the re l a t e d questions are treated i n 
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chapter 2. 

There are various generalizations of the notion of pure 

automaton. We can consider automata i n v a r i e t i e s and i n a r b i t r a r y 

categories. A p a r t i c u l a r case of l a t t e r ones present a f f i n e automata, 

stochastic and fuzzy automata. 

Chapter 3 deals w i t h w e l l organized generalizations of pure 

automata: l i n e a r automata and biautomata. I n l i n e a r automata, sets i f 

states and output signals are l i n e a r spaces over f i e l d or modules over a 

commutative r i n g . A l l corresponding mappings are also l i n e a r . 

Biautomata appear when not only st a t e s , but also output signals 

are subjected to transformation. I n t h i s case, r e l a t i o n between 

m u l t i p l y i n g i n semigroup and the rest operations c a r r i e s character of 

d i f f e r e n t i a t i o n . This concept i s qui t e warranted p h y s i c a l l y and implies 

meaningful algebraic theory. 

Several problems considered i n chapter 1 f o r pure automata obtain 

new features i n the l i n e a r case. Defining an important construction of 

t r i a n g u l a r product, we e s t a b l i s h Krohn-Rhodes type decomposition theorem 

f o r l i n e a r automata. We also study symmetries of pure and l i n e a r 

automata, that i s , we t r e a t t h e i r automorphisms. 

I d e n t i t i e s and v a r i e t i e s of automata and biautomata are examined 

i n chapter 4. The main r e s u l t here i s the theorem that the semigroup of 

proper v a r i e t i e s of biautomata over a f i e l d i s a f r e e semigroup. This 

means that each proper v a r i e t y of biautomata admits unique decomposition 

i n product of indecomposable m u l t i p l e s . Moreover, there i s a canonical 

homomorphism of t h i s semigroup onto the semigroup of v a r i e t i e s of 

automata, which i s already not f r e e . This theorem i s close by i t s nature 

to the theorem of Newmann-Shmelkin r e l a t i n g to group v a r i e t i e s theory 

and the theorem of P l o t k i n f o r v a r i e t i e s of representations of groups. 

In t h i s chapter, the q u a s i i d e n t i t i e s and q u a s i v a r i e t i e s of automata are 

considered too. 

As i t was mentioned, chapter 5 deals w i t h algebraic model of 

database. In the f i r s t instance, a database i s a t r i p l e t (•-automaton) 

of the form s4=(F,Q,R), where F i s the set of states and Q,R are the 

algebras of queries and r e p l i e s respectively. We denote by f * q the r e p l y 

to a query q i n the given state f. An automaton (F.Q.R) has to be 
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associated w i t h data algebra D; algebra Q and R should be chosen i n some 

v a r i e t y of algebras. Already these arguments show that the construction 

of algebraic model needs s i g n i f i c a n t e f f o r t s . I t i s accomplished i n the 

f i r s t part of the chapter. The remainder i s devoted to various problems: 

homomorphisms of databases, c o n s t r u c t i v l z a t i o n of databases, d e f i n i n g of 

the constructions. 

We have t r i e d to make not only the d i r e c t references but also 

include i n bibliography the papers close i n some aspects to the theme of 

the book. However, we would l i k e to p a i n f u l l y put forward f o r not being 

able to provide the complete reference l i s t . 

The book i s based on a series of lecture courses on algebraic 

systems delivered by B.Plotkin at Latvian U n i v e r s i t y and on various 

t a l k s given at some u n i v e r s i t i e s i n the former USSR, former Yugoslavia, 

Hungary, I s r a e l and Bulgaria. The book r e f l e c t s not a l l the aspects of 

algebraic theory of automata but only those close to the r e s u l t s 

obtained by the authors and the other p a r t i c i p a n t s of Riga Algebraic 

Seminar during i t s past long years. 

We wish to thank our colleagues f o r t h e i r s t i m u l a t i n g i n t e r e s t 

and encouragement. We are p a r t i c u l a r l y g r a t e f u l to Ja. C i r u l i s , 

U. K a l j u l a i d , I . Korjakov, A. Mikhalev, E. P l o t k i n , T. P l o t k i n a , 

L. Shevrin, and M. Volkov. The f i r s t of the authors was p a r t i a l l y 

supported by Latvian S c i e n t i f i c Council i n 1992. F i n a l l y , we express our 

sincere thanks to Ramakrishnan P. f o r h i s kind assistance i n preparing 

the English version of the parts of the manuscript. 
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PRELIMINARIES 

1. Sets 

As usual, aeA means that a i s an element of a set A and AcB means 

that A i s a subset of B. AnB and AuB are the i n t e r s e c t i o n an the union 

of the sets A and B. F i n a l l y , A\B i s the complement of B i n A. A mapping 
f 

of sets i s denoted by f:A —> B or A —> B. For each aeA the corresponding 

beB i s denoted by b=af or b=f(a) or b=a
f

. A mapping f Is ca l l e d surjec

t i v e i f f o r each beB there e x i s t s aeA such that b=af; f i s injective i f 
a

1
*

a

2
 implies a f*a f . I f the mapping f i s s u r j e c t i v e and i n j e c t i v e then 

i t i s c a l l e d b i j e c t i v e one. 

The product of mappings f:A —* B and <p: B —> C i s defined by the 

eq u a l i t y a(f<p) = (a.f)<p. I d e n t i t y mapping i s a mapping of the form t : A
 —

* 

A 
A, defined by the r u l e e (a)=a f o r each aeA. Mapping f :B —* A i s c a l -

A 
led an inverse one w i t h respect t o f:A —* B i f ff =e and f f=c . 

A B 
Fun(A.B) or B denotes the set of a l l mappings from A to B. 

Any mapping A — • A i s ca l l e d a transformation of the set A. A l l 

these mappings are denoted by S . B i j e c t i v e transformation of A i s c a l -

A 
led substitution on A. 

Cartesian product Ax...xA consists of the sequences (n-tuples) 
1 n 

of the form (a ,a ,...,a ) , a eA , i = l n. I f J i s an a r b i t r a r y set 
1 2 n i 1 

and A corresponds to each oteJ, then the Cartesian product A=J] A i s a 
a

 aej 
set of a l l functions a defined on J, such that f o r any aeJ holds 
a(a)=a eA . I n p a r t i c u l a r , i f a l l A are copies of A then n A =A

J

. 
a a a ^ a 
Binary r e l a t i o n p on a set A can be treated as a subset i n the 

Cartesian product AxA. This subset consists of a l l pairs (a , a ) such 
that elements a ,a are i n the r e l a t i o n p. Henceforth we w i l l use nota-

l 2 
t i o n s a n a or (a ,a )ep. Since binary r e l a t i o n i s a set, one can consi-

V 2 1 2 
der i n t e r s e c t i o n , union and i n c l u s i o n of binary r e l a t i o n s . Relation p i s 
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called reflexive i f apa holds f o r each a€A. Relation p i s c a l l e d transi

tive i f apb and bpc implies ape. F i n a l l y , p i s the r e l a t i o n of symmetry 

i f apb implies bpa. An equivalence i s a r e l a t i o n s a t i s f y i n g these three 

properties. I f p i s an equivalence on the set A then the set of a l l a'eA 

such that apa' i s c a l l e d a coset by p w i t h the representative a. I t i s 

denoted by ta] or [ a ] ^ . An equivalence uniquely defines the decomposi

t i o n of a set i n t o cosets. The set of a l l cosets [a] , aeA, i s c a l l e d 
P 

quotient set of A by p and i s denoted by A/p. Let the mapping f:A —* B 

be given. Consider r e l a t i o n p=p(f) on A defined by the ru l e : apa' i f 

f (a)=f (a' ) . I t i s evident that p i s an equivalence, c a l l e d the kernel 

equivalence of f or simply the kernel of f, and denoted by Kerf. Let 

p ,p ,...p be binary r e l a t i o n s on A. There e x i s t s at least one equiva

lence containing a l l p^, i = l , 2 n. Denote by p the i n t e r s e c t i o n of 

a l l such equivalences. Then p i s also an equivalence and i t i s the mini

mal equivalence containing a l l these In t h i s case p i s said to be 

generated by binary r e l a t i o n s p ,p ,...p . 

1 ?. n 
One can define a r e l a t i o n of p a r t i a l order on the set of a l l 

equivalences on the set A, namely P
J

<

P
2
 i f f o r each aeA the i n c l u s i o n 

[a] c[a] takes place. In minimal equivalence each class consists of 
P P 

one element while i n a maximal one there i s only one class, coinciding 

w i t h A. 

Let M be a nonempty set, and p a subset of Cartesian product MxM, 

i.e. binary r e l a t i o n on M. A pair (M,p) i s c a l l e d an oriented graph w i t h 

the set of vertexes M and the set p of oriented edges. I t can be presen

ted by the diagram, where vertexes are displayed by c i r c l e s and edges by 

arrows. 

2. fi-algebras 

n-ary algebraic operation on the set A i s a f u n c t i o n of the form 

u:Ax...xA -* A. The r e s u l t of operation u on the element (a , ...,a ) of 

1 n 
the Cartesian product i s denoted by a ^ . ..aw. I f n=2 then the opera

t i o n i s called binary. In various s p e c i f i c cases we use i n f i x n o t a t i o n 

a+b, ab, etc. JJ-algebra i s a set w i t h the c e r t a i n system of operations 

fi. Let A be R-algebra; equivalence p on the set A i s c a l l e d a congruence 
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of n-algebra A i f apa' i = l , 2 n implies (a . . . a u>)p (a' . . . a' u) f o r 
1 1 1 n 1 n 

a l l uefi. For a congruence p of A a l l the operations from Q can be natu

r a l l y t r a n s f e r r e d to quotient set A/p by the rul e : i f u> i s n-ary opera

t i o n , then [a ] . . . [ a ] 0=[a . . . a u ] . This d e f i n i t i o n does not depend on 

1 n 1 n 

the choice of representatives i n the cosets. Thus we obtain n-algebra 

A/p which i s c a l l e d the quotient algebra of the algebra A by the congru

ence p. Let A and B be two n-algebras w i t h the same set of symbols of 

operations Q. A mapping u: A —» B i s cal l e d the homomorphism of 

n-algebras i f f o r a l l wen, aeA, the e q u a l i t y ( a ^ . . a u j ^ a ^ . . . a^u takes 

place. This means that p. preserves a l l operations from £J. The set of a l l 

homomorphisms from A to B i s denoted by Hom(A.B). Endomorphism of 

n-algebra A i s a homomorphism of A i n t o i t s e l f . The set of a l l endomor-

phisms of n-algebra A i s denoted by EndA. I n j e c t i v e homomorphism Is c a l 

led monomorphism; b i j e c t i v e one i s isomorphism and b l j e c t i v e endomor

phism i s automorphism. 

Let n be a f i x e d set of operations and A , ael some set of 

n-algebras. Consider A= rj A A l l operations from n can be defined on 

ael 

the set A: i f a
1

, a
2

,..., a" belong to A then a
X

a
2

. . . a
n

w i s such a func

t i o n that (a
1

. . . a
n

u)(a)=a
1

(a)...a
n

(a)u. This n-algebra A i s a Cartesian 

product of n-algebras A^. I f A i s some n-algebra and BcA I s a closed 

subset w i t h respect to operations from n ( i . e . i f wen, then f o r a l l b^B 
holds b ...bueB), then B i s Sl-subalgebra i n A. I f X i s some subset i n 

l n 

n-algebra A then i n t e r s e c t i o n of a l l subalgebras containing the set X i s 

ca l l e d Q-subalgebra generated by the set X. 

Let X be a set and n a set of symbols of operations. Define 

n-word over X. A l l elements of X and a l l symbols of n u l l - a r y operations 

are considered to be words. I f w w are n-words and u i s a symbol 

1 n 
of n-ary operation then the formal expression w^. ..ŵ w i s also a word. 

I n d u c t i v e l y we get a set of such words denoted by F=F(X,n). This set i s 

an n-algebra, which i s c a l l e d f r e e algebra w i t h the set of generators X. 

n-algebra F(X,«) s a t i s f i e s the f o l l o w i n g universal property: f o r any 

n-algebra A each mapping X —* A i s uniquely extended up to the homomor
phism F(X,n) -* A. 

Each n-word w=w(x ,...,x ) defines a set of elements 
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w(a ,...,a ) , aeA, i n A. I d e n t i t y w =w i s said to be s a t i s f i e d i n 
l n l 1 2 

t2-algebra A i f f o r a l l a a of A holds 
1 n 

w (a , a , . . . ,a )=w (a , a a ) . 
1 1 2 n 2 1 2 n 

A class of £2-algebras i s called a v a r i e t y of n-algebras i f i t con

s i s t s of a l l n-algebras s a t i s f y i n g a f i x e d set of i d e n t i t i e s . 

B i r k h o f f ' s theorem [ 1 3 ] . A class of n-algebras is a variety if 

and only if it is closed with respect to subalgebras, homomorphic images 

and Cartesian products. 

n-algebra i s defined on one basic set and i t i s so-called one-

sorted algebraic system. One can consider algebraic systems w i t h several 

basic sets, automata f o r example. The above stated theorem i s true i n 

t h i s case too [86]. We move now to the d e f i n i t i o n of main algebraic 

structures: semigroups, groups, l i n e a r spaces, modules, etc. Each of 

them i s an n-algebra w i t h the given set of operations n. Therefore, a l l 

general d e f i n i t i o n s (of homomorphism, congruence, Cartesian product, 

etc) hold true. 

3. Main structures 

Semigroup i s a set S w i t h one binary operation (often c a l l e d mul

t i p l i c a t i o n ) which s a t i s f i e s the associative identity: (xy)z=x(yz). The 

above set S of a l l transformations of A i s a semigroup. A semigroup 

A 
w i t h u n i t (.monoid), i s a semigroup w i t h designated element eeS, c a l l e d 

u n i t element, s a t i s f y i n g the i d e n t i t y xe=ex=x. Consider the construction 

of semigroup w i t h external u n i t . Take a semigroup S w i t h u n i t or without 

i t . Let e be a symbol not belonging to S and S
1

 a union of two sets: S 

and { e } . One can introduce a m u l t i p l i c a t i o n i n S
1

 by the rul e : I f a,b 

l i e i n S then t h e i r product i s already defined i n S; i f aeS
1

, b=e, then 

assume ae=ea=a. Evidently S
1

 i s a semigroup and S i s a subsemigroup i n 

S
1

. 

Right (left) unit of S i s an element t of S such that f o r a l l aeS 

the e q u a l i t y at=a (ta=a) holds. Right (left) zero of S i s such element 

t , that f o r a l l aeS the q u a l i t y at=t ( t a = t ) takes place. A semigroup S 

i s said to be a semigroup with two sided cancellation i f f o r every 
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x.y.zeS each of the e q u a l i t i e s xz=yz and zx=zy imply x=y. I f f o r any 

x.yeS there e x i s t s z=z(x,y) such that zx=y then S i s ca l l e d a semigroup 

with l e f t division. A subset TcS i s ca l l e d l e f t (right) ideal i f f o r a l l 

teT and seS the i n c l u s i o n tseT (steT) holds. I f both inclusions hold i n 

T, then T i s c a l l e d an ideal of S. A semigroup i s monogenic ( c y c l i c ) , i f 

i t i s generated by one element. Along w i t h congruence one can consider 

l e f t (right) congruence i n S, i . e . an equivalence which preserves l e f t 

( r i g h t ) m u l t i p l i c a t i o n : i f s,s , s eS and s ps then ss pss (s sps s ) . 

1 2 1 K 2 1 K 2 1 K 2 
Element a of the semigroup S w i t h u n i t e i s called invertible, i f 

there e x i s t s beS such that ab=ba=e. Given i n v e r t i b l e a, there i s only 

one such b, denoted by a
 1

. I n the semigroup only b i j e c t i o n s are 

i n v e r t i b l e . A group i s a semigroup G w i t h u n i t such that a l l geG are 

i n v e r t i b l e . A subgroup H of G i s ca l l e d Invariant (normal) subgroup (or 

divisor) i f any heH and aeG s a t i s f y a
 1

haeH. I f p i s a congruence of a 

group G, and H=[e]^, where e i s a u n i t , then H i s an in v a r i a n t subgroup. 

Cosets on t h i s congruence have the form [a] =aH=-{ah|heH}. Quotient group 

G/p i s denoted by G/H. A group G i s ca l l e d simple i f i t does not contain 

i n v a r i a n t subgroups except {e} and G. A group G i s c a l l e d commutative 

(Abelian) i f f o r a l l elements a.beG holds ab=ba. 
A series (chain) of subgroups 

1=G cG c ... cG =G 

0 1 n 
of a group G i s a normal series, i f G

(
 i s normal subgroup i n G ^ , f o r 

each i=0,...,n-1. 

A ring i s a set K w i t h two binary operations, a d d i t i o n ( + ) and 

m u l t i p l i c a t i o n ( • ) , s a t i s f y i n g the conditions: 

1. K i s an Abelian group w i t h respect to a d d i t i o n , 

2. K i s a semigroup w i t h respect to m u l t i p l i c a t i o n , 

3. A d i s t r i b u t i v e law connects the above operations: 

x(y+z)=xy+xz; (x+y)z=xz+yz. 

Thus, a r i n g j o i n s the s t r u c t u r e of Abelian group and the structure of 

semigroup. I f the m u l t i p l i c a t i o n i s commutative then a r i n g i s c a l l e d 

commutative. For example the set of integers 1 i s a commutative r i n g . 

A f i e l d i s a commutative r i n g i n which a l l nonzero elements form 
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a group on m u l t i p l i c a t i o n . The set of r a t i o n a l numbers 0 and r e a l ones K 

are the examples of f i e l d s . 

A linear space A over f i e l d K i s an Abelian group on a d d i t i o n i n 

which the m u l t i p l i c a t i o n of elements aeA by scalars aeK i s defined. The 

fo l l o w i n g axioms have to be s a t i s f i e d : 

1. a(x+y)=otx+ay 

2. lx=x 

3. (a+/3)x=ax+Bx 

4. (a|3)x=a(6x) 

Replacing a f i e l d K by a r i n g i n the d e f i n i t i o n of l i n e a r space 

we obtain the notion of a module over ring (or K-module). Homomorphisms 

of modules are also c a l l e d linear mappings and endomorphisms - linear 

operators. Every l i n e a r space i s f r e e l y generated by i t s basis. However, 

not a l l modules over rings are f r e e . A f r e e module over ring K w i t h the 

basis X consists of a l l formal sums 

a x +a x + ... +a x , a eK, x eX. 1 1 2 2 n n 1 1 
I t i s assumed i n t h i s case that K has a u n i t and l x i s i d e n t i f i e d w i t h 

x. Operations are defined componentwise. The K-module thus defined i s 

cal l e d l e f t K-module, since we consider left-hand m u l t i p l i c a t i o n . Right 

K-module i s defined i n a s i m i l a r way. Let K, L be commutative r i n g s . I f A 

i s a r i g h t K-module and l e f t L-module and a condition (aa)8=a(ap) takes 

place then A i s ca l l e d a bimodule. 

Linear space (module) A i s a d i r e c t sum of i t s subspaces (submo-

dules) A ,A , i f A nA =0 and A ,A generate A. In t h i s case A i s a 

1 2 1 2 1 2 ° 2 
d i r e c t complement of A

j
 i n A. 

Define a tensor product of modules A, B over a commutative r i n g K. 

Consider a Cartesian product AxB and generate a free K-module M over 

AxB. Denote by N i t s submodule generated by elements of the form 
(a +a ,b)-(a ,b)-(a ,b); (a,b +b )-(a,b )-(a,b ) ; 

1 2 1 2 1 2 1 2 
(oca, b)-oc(a, b); (a, ab)-a(a, b); a,a,aeA; b.b.beB, aeK. 

1 2 1 2 
Quotient module M/N i s ca l l e d a tensor product of modules A and B over 

r i n g K. I t i s denoted by A®B or simply A®B. Tensor product s a t i s f i e s the 

universal property: f o r each K-module C and b i l i n e a r mapping p: AxB —* C 
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there e x i s t s the uniquely defined homomorphism (i»:A®B —> C such that the 

f o l l o w i n g diagram i s commutative 

v 
AxB >A®B 

C 

[v i s a canonic homomorphism). 

Let H be a K-module over a commutative r i n g K and, moreover, H 

has a s t r u c t u r e of semigroup r e l a t i v e to m u l t i p l i c a t i o n . H i s an asso

ciative algebra i f 

1. H i s a r i n g , 

2. A(xy)=Xx«y=x«Ay; AeK, x,y,eH. 

The f o l l o w i n g examples are of special i n t e r e s t . Let A be a K-module. One 

can consider EndA as an associative algebra over K d e f i n i n g operations 

by the r u l e : i f y>,|/ieEndA, aeA, aeK, then (.<p+i/i) (a)=v>(a)+^(a); 

[ipip) (a)=cp(\(/(a)); (a<p) (a)=a(p(a). Let now K be a commutative r i n g w i t h 

u n i t and S be a semigroup. Construct a semigroup algebra KS. I t s el e 

ments are formal sums of the kind a s +. . . +a s , a eK, s eS, i = l , . . . ,n. 
1 1 n n 1 1 

A d d i t i o n and m u l t i p l i c a t i o n by scalars of K are defined componentwise, 
and m u l t i p l i c a t i o n i n KS i n h e r i t s one i n S: 

(Va s ) (TB s )= V «. 8 s s . a

 l i J j
 u

 i j i j 
l j i , j 

Replacing semigroup S from the d e f i n i t i o n by group G we come to group 

algebra KG. 

4. Representations 

A semigroup S of transformations and a group G of s u b s t i t u t i o n s 
A A 

can be associated w i t h each set A. I f S i s an abstract group then any 

homomorphism i>:S —* S defines a representation of S by transformations 

of A. S i m i l a r l y , a representation of G by substitutions of A are defined 

by homomorphism w.G ~* Ĝ . A representation can be also treated as an 

operation «:AxS —* A. Taking t h i s i n t o account we speak about action of 

S on A and denote i t by (A,S, «) or simply (A,S). I f S i s a semigroup, 

then the d e f i n i t i o n of representation implies the condition: a«y y = 
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(a°y )oy , aeA, y . y^sS; f o r groups we must add a°e=a, where e i s a u n i t 

of S. I f a semigroup S acts on A then every element of S can be conside

red as an unary operation on A and thus A i s S-algebra. Such algebra i s 

also called S-polygon. A representation (A,S) of semigroup S can be 

extended to representation (A.S
1

) of the semigroup S
1

 w i t h a d j o i n t u n i t 

E , assuming a»e=a f o r a l l aeA. 

Thus defined representation (A,S) of the semigroup S i s also c a l 

led a right representation. Along w i t h i t , sometimes i t i s n a t u r a l to 

consider l e f t representation of semigroup S by the transformations of 

the set A, defined by antihomomorphism v.S —* Ŝ . Here a«s
i
s

2
=(a«'S

2
)»S

]
, 

aeA, s ,s eS. I t i s more convenient i n t h i s case to use l e f t n o t a t i o n of 1 2 
the action: s s «a=s o(s »a) and w r i t e (S,A) instead of (A,S). 

1 2 1 2 
Let S be a semigroup. To each element seS corresponds a t r a n s f o r 

mation X
s
 of t h i s very semigroup: x -> sx f o r a l l xeS. A mapping s -* 

A
s
 defines an antihomomorphism of the semigroup S i n t o semigroup of a l l 

transformations of S. So i t defines l e f t representation (S,S). In t h i s 

case, i f seS, then s<>x=sx, xeS. This representation i s c a l l e d l e f t regu

lar one. The right regular representation i s defined i n a s i m i l a r way. 

Let (A, S) be a representation. A subset BcA i s c a l l e d i n v a r i a n t 

w i t h respect to S (S-lnvariant) i f the set BoS=<bos|beB, seS} l i e s i n B. 

A representation (A,S) i s c a l l e d irreducible i f there are no proper S-

invariant subsets i n A. For each subset BcA one can consider i t s norma-

l i z e r i n S, i.e. the set of a l l elements seS such that B°scB. A kernel 

of representation (A,S) i s the kernel congruence of the homomorphism 

v.S —* S . A representation i s c a l l e d exact one i f t h i s kernel i s t r i -

A 
v i a l , i.e. a l l i t s classes consist of one element. Along w i t h S-
invariant subset i n A we consider S-invariant equivalence p i n A such 
that apa implies (a os)p(a <>s), f o r a l l seS, a eA, 1=1,2. 1 2 1 ^ 2 l 

Let A,B be two semigroups, (C,B) r i g h t representation, A a Car

tesian power of A. Right representation (C,B) induces l e f t representa

t i o n (B,A
C

): i f aeA
C

, beB, then boa i s such element of A
C

 that 

(boa)(c)=a(cob); ceC. Take the Cartesian product A
C

xB and define m u l t i p 

l i c a t i o n on i t by the rule: (a ,b )(a ,b ) = (a (b °a ),bb ) . Given semi-

1 1 2 2 1 1 2 1 2 
group i s called wreath product (right wreath product) of semigroups A 
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and B over the set C and i s denoted by A^rB. Left representation (B,C) 

of semigroup B induces r i g h t representation (A
C

,B): i f aeA
C

, beB, ceC, 

then (a°b) (c)=a(b°c), i n a dual way. Defining m u l t i p l i c a t i o n on BxA
C

 by 

(b
i >
 a) (b

2 >
 a

z
) = (b

i
b

2
, (a

i
ob

z
)a

2
 we come to semigroup BxA

c

, which i s l e f t 

wreath product of A and B over the set C. 

5. Categories 

A category R consists of objects and morphisms. A class of a l l 

objects of the given R i s denoted by ObR and a class of a l l morphisms by 

MorR. A set of morphisms Mor(A,B) corresponds to each pair A, B. Elements 

of t h i s set are denoted by f:A —> B. The class MorR i s a union of p a i r -

wise nonintersected sets Mor(A,B). For each t r i p l e t of objects A,B,C 

there i s a mapping 

Mor(A,B)xMor(B,C) —>Mor(A,C), 

which allows to speak of composition or product of morphisms. I t i s 

assumed that t h i s product has the f o l l o w i n g properties: 

a) the product of morphisms i s associative 

b) f o r each object A there e x i s t s such u n i t morphism e eMor(A.A), 

A 
that f o r any feMor(A,B) and (peMor(C.A) holds e f = f , <pe =<p. 

A A 
The concept of category i s one of the most Important j o i n i n g 

notions of mathematics. The category of sets gives the example of cate

gory. I f A and B are two sets then Mor(A.B) i s the set of a l l mappings 

from A to B, where i s an i d e n t i c a l mapping of the set A i n t o i t s e l f . 

The category of £2-algebras i s considered f o r f i x e d set of operations SI. 

I f A and B are two n-algebras then Mor(A,B) i s Hom(A.B). In p a r t i c u l a r 

we have a category of l i n e a r spaces w i t h l i n e a r mappings as morphisms, a 

category of semigroups w i t h homomorphisms as morphisms, etc. 

An object A of category R i s called i n i t i a l object of R i f f o r 

any object B of R there i s a unique morphism f:A —» B. Dually, A i s a 

terminal object i f f o r any object B of R there i s a unique morphism 

f: B —* A. 

Functors are homomorphisms of categories. Let R
t>
R

2
 be two cate

gories. Covariant functor g: —> R
g
 i s a mapping assigning to each 

AeObRj some 3(A) of 0bR
2>
 and to each feMorR

i
 some g ( f )eMor (R

2
>. The 
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f o l l o w i n g conditions have to be s a t i s f i e d : 

a) i f feMor(A,B) then g(f)eMor(g(A),g(B)), 

b) g(c )=e~,.. f o r each AeObR , 

A g t A J l 
c) g(f*>)=g(f )g((p) f o r each pair of morphisms of Mori^. 

The notion of contravariant functor arises by replacing of the condi

t i o n s a) and c) by the f o l l o w i n g ones: 

a) i f feMor(A,B) then g(/)eMor(g(B),g(A)), 

c) g(f*>)=8U>)g(f). 

Contravariant functor i s an antihomomorphism of categories: the order of 

m u l t i p l i c a t i o n changes to contrary one. 
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CHAPTER 1 

PURE AUTOMATA 

1.1. Basic concepts 

1.1.1. Definitions and examples 

D e f i n i t i o n s of an automaton and of a semigroup automaton were 

given i n the preface. Recall (see Preface), that we consider automaton 

3=(A,X,B) as an algebraic system w i t h three basic sets A,X,B cal l e d the 

sets of states, input signals and output signals respectively, and two 

binary operations: 

»:AxX —» A, 

*: AxX -» B. 

An automaton (A,r,B) i s c a l l e d a semigroup automaton i f the set of 

inputs i s a semigroup, and the axioms 

a°y y =(a°y )°y , 

(1.1) 
a*y y =(a»y )»y aeA, y ^ r . 

are s a t i s f i e d . 

An automaton 3=(A,X,B) i s cal l e d f i n i t e , i f the sets A,X,B are 

f i n i t e . In a number of cases the sets A,B have to be provided w i t h some 

algebraic s t r u c t u r e s , f o r example those of li n e a r space. However, i n 

t h i s chapter we study only pure automata, i.e. automata whose sets of 

states and outputs do not have algebraic s t r u c t u r e . Unlike the case of a 

semigroup automaton, an automaton (A,X,B) w i l l be ca l l e d an absolutely 

pure one i f the set of inputs also does not have any algebraic struc

t u r e . 

I n order to define an automaton, the basic sets and operations o 

and * should be defined. 
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Example. An RS f l i p - f l o p i s used i n e l e c t r i c a l and radio enginee

r i n g . I t i s a device with two input l i n e s , on each of them 0 or 1 

signals can be fed; the device could be i n one of two states 0 or 1, 

whose values coincide w i t h the values of the output s i g n a l . Inputs are 

two-dimensional vectors w i t h coordinates taken from the set {0,1}. 

Though four various input vectors are possible, i n a RS f l i p - f l o p three 

d i f f e r e n t vectors x = ( 0 , 0 ) , x = ( 0 , l ) , x = ( l , 0 ) can be fed i n t o i t s 

1 2 3 
input. These input vectors act on the states of the device i n the f o l l o 

wing way: i f RS f l i p - f l o p was i n the 0 s t a t e , then w i t h x^ and x^ 

inputs, the state does not change, while w i t h x^ input i t changes i t s 

state to 1; i f the RS f l i p - f l o p i s i n the state 1, the state does not 

change with inputs x
j
 and x^ , and changes to 0 w i t h input x

z 

Thus, a RS f l i p - f l o p i s an automaton (A,X,B) wi t h the set of 

inputs X={x ,x ,x }, the set of states A={a , a ; a =0,a =1} and w i t h 

1 2 3 0 1 0 1 
outputs which are i d e n t i c a l to the states. The functions of t r a n s i t i o n s 

and outputs of the automaton coincide and are defined by the f o l l o w i n g 

rule: 
a ox =a , a ox =a , a ox =a 

0 1 0 0 2 0 0 3 1 
a ox =a , a ox =a , a ox =a 

1 1 1 1 2 0 1 3 1 
The example i s of i n t e r e s t since the automaton thus defined i s 

one of blocks w i t h which other automata can be constructed, (see Chapter 

2) . 

Example. Let 9=(A,X,B) be an automaton w i t h two states A={0,1}, 

wi t h two inputs, X={0,1}, and with two outputs B={0,1}. The o and * ope

rations are defined according to the r u l e : 

aox=a+x(mod2) 

a»x=a-x(mod2) 

There e x i s t d i f f e r e n t ways of s e t t i n g of automata: the a n a l y t i c a l 

one, d e f i n i n g w i t h tables , w i t h p l o t s etc. In the l a t t e r example, the 

operations o and * are defined i n an a n a l y t i c a l way. The corresponding 

tables are as follows: 
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Table of t r a n s i t i o n s 
to new s t a t e s 

I nput 

I n i t i a l 

s t a t e 0 1 

0 0 1 

1 1 0 

Table of outputs 

Input 

I n i t i a l 

s t a t e 0 1 

0 0 0 

1 0 1 

I n the case of d e s c r i p t i o n w i t h a p l o t , the automaton i s defined 

by an oriented graph, w i t h v e r t i c e s being states of the automaton, while 

the edge connecting the vertex a w i t h the vertex a' i s denoted by the 

p a i r of symbols ( x , y ) , where x i s the input signal e f f e c t i n g t r a n s i t i o n 

of the automaton from the state a i n t o the state a', and y i s the output 

signal of the automaton which i s equal to a*x. For instance, the graph 

of the automaton of l a s t example i s of the form: 

(1,0) 

J 
( 0 , 0 ) Q-

I 
( i , D 

Example. Let A and B be a r b i t r a r y sets, the semigroup of a l l 

transformations of the set A, Fun(A,B) the set of a l l mappings on A to 

B. Consider the Cartesian product S(A,B)=S xFun(A, B) and define the mul¬

t i p l i c a t i o n operation on the set S(A,B), assuming 

<<p, i/i ) {<pz, ^ ) = (̂ SP,,, * > ^
2
) , <P,eS

A
, ̂ eFunU, B), i = l , 2 

A d i r e c t check shows the a s s o c i a t i v i t y of t h i s operation; hence 

•0 (0,0) 

] 
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S(A,B) Is a semigroup. Define the automaton (A,S(A,B),B); the operations 

o and » are defined by: 

a°(o-,v)=a , 

a»(o-,y)=a
<p

, 

where aeA, (cr, ̂ o)eS(A, B), ceS , v>eFun(A,B). 

A 
This i s a semigroup automaton. Indeed, 

o- <r c c 1 2 1 2 
a°((o- ,(p ) (<r ,(p ))=ao(o- <r ,<r <p )=a =(a ) = 1 1 2 2 1 2 1 2 

= ( (a« O ,<p )) o (cr
2
,^

2
 ); 

1 2 
a*((o- ,a> ) (<r ,«> )=a»(<r o- ,<r <p ) = (a ) = 1 1 2 2 1 2 1 2 

= (a° (<r , ip ) ) * (tr , cp ) . 
1 2 2 2 

So the axioms (1.1) of a semigroup automaton are f u l f i l l e d . This 

automaton i s denoted by Atm'(A, B) and plays an important part i n the 

seque1. 

Along w i t h the introduced automata i n real s i t u a t i o n s one can 

often f i n d the so-called p a r t i a l l y defined automata, whose operations o 

and * are defined not f o r a l l elements. Automata f o r which only sets A,X 

are essential and only the operation ° i s given, are c a l l e d semi automat a 

or the automata of the input-state type. In f a c t such automata are rep

resentations 3=(A,X). There are also automata (A,X,B), i n which only the 

• operations i s defined. Such automata w i l l be c a l l e d automata of the 

input-output type, or '-automata. I t i s qu i t e natural to ask, whether 

a r b i t r a r y semiautomaton and "-automaton could be joined to form an 

automaton? How i t could be done?, and whether such an union would be 

unique. The answer to t h i s question w i l l be given i n Section 1.1.2. 

1.1.2. The automaton representation of a set and a semigroup 

Let A be a set and S be the semigroup of a l l i t s transforma-
A 

t i o n s . I f X i s some other set, then each mapping f:X —> produces a 

representation of elements from X by transformations of A. We have 

simultaneously a binary operation °:AxX —* A defined by the e q u a l i t y 
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a°x=af(x). On the other hand, given the operation «, each x can be con

sidered as a transformation of A, and so the representation f:X —* 

ar i s e s . This i s one-to-one correspondence. In the case when X=r i s a 

semigroup, i t can be d i r e c t l y shown that the r e l a t i o n a«y y = { a o y ) o y ^ 

y
(
er holds i f and only I f the representation f-.r —> i s a homomor

phism. Basing on these w e l l known arguments, we define the notion of a 

automaton representation. 

Take an automaton a=(A,X,B) and a semigroup S(A,B). The input 

elements xeX act, on the one hand, as transformations on the set A, i.e. 

as elements of S , and on the other hand, as elements of Fun(A,B). Thus, 

A 
we define two mappings: a: X —> S and 8:X —> Fun(A.B). For each xeX we 

A 0 
define the transformation x

a

 of S and the mapping x^ of Fun(A.B) i n the 
A _ 

f o l l o w i n g way: i f aeA, then ax
K

=a»x, ax =a*x. 

Define the representation f:X —* S(A,B), s e t t i n g x
f

= ( x
a

, x ^ ) . This 

representation i s associated w i t h the automaton 3. I f X=r i s a semi

group, i t can be e a s i l y seen that f:X —> S(A,B) i s a homomorphism of the 

semigroup T to S(A,B). 
On the other hand, l e t us consider a mapping f:X —> S(A,B), and 

f 
the element x =(f,^)eS(A,B)=S xFun(A,B) being the image of the element 

A , 

x. The automaton 3=(A, X, B, », *) w i t h a°x=a*\ a*x=a corresponds to t h i s 

mapping. I f X=r i s a semigroup, the homomorphism f:T -> S(A,B) defines 

the semigroup automaton (A,r,B) (to prove t h i s , i t s u f f i c e s to v e r i f y 

f u l f i l l m e n t of the semigroup automaton axioms.) 

Thus, d e f i n i n g of the automaton (A,X,B) i s equivalent to that of 

the representation f:X
 —

* S(A,B), while d e f i n i n g of the semigroup auto

maton (A,r,B) i s equivalent to that of the homomorphism f:T S(A,B). 

We w i l l c a l l t h i s homomorphism the automaton representation of the semi

group r. 

An absolutely pure automaton (A,X,B) i s called an exact automaton 

i f the associated mapping X —* S(A,B) i s i n j e c t i v e . Respectively, a 

semigroup automaton (A.T.B) i s an exact one, i f the homomorphism f:T ~* 

S(A,B) i s a monomorphism of semigroups, i.e. d i f f e r e n t elements of T 

correspond to d i f f e r e n t elements of S(A,B). The kernel congruence p=Kerf 

of the semigroup T i s c a l l e d the kernel of the automaton representation, 
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or the kernel of the automaton 9. An exact automaton (A,r /p,B) can be 

assigned to each automaton 9=(A,r,B). 

Together w i t h the kernel p=Kerf consider the kernels of the map
pings a:T —* Sa ,8:T —> Fun (A, B), which w i l l be denoted by p

a
=Kera, 

Pp=Ker8 respectively. Since a i s a homomorphism, p ^ i s the congruence of 
the semigroup T. The equivalence p ^ could be not a congruence, but i t 

endures the l e f t m u l t i p l i c a t i o n : i f y p„y then yy p_yy ( i t follows 

from the equ a l i t y (y y )^=y
a

y^, y ,y eD. Besides, p = p np„. 
1 2 1 2 1 2 a 8 

Using the automaton representation, an absolutely pure automaton 

9=(A,X,B) can be extended to a semigroup automaton y(S) = (A,F, B), where 

F=F(X) i s a free semigroup generated by the set X. Indeed, as i t was 

mentioned above, de f i n i n g of the automaton 3 i s equivalent to d e f i n i n g 

of the representation f:X —> S(A,B). By the universal property of a fr e e 

semigroup, the mapping f:X
 —

* S(A,B) i s uniquely extended up to the 

homomorphism f:F(X) —* S(A,B), while d e f i n i n g of l a t t e r i s equivalent to 

defining of the semigroup automaton (A,F(X),B). 

Example. 9=(A, X,B) i s an automaton w i t h the set of states 

A={a ,a a }, the set of input signals X consisting of one element 

0 1 n - l 
x, and the set of output signals B={0,1}. The operations ° and * are 

defined by the e q u a l i t i e s : 
a °x=a where k=i+l(modn); 
i k 

a *x= 
l 

0, i=0(mod2), 

1, l=l(mod2). 

Recall t h a t , i f t,m, and n are integer numbers then t=m(modn) 

means that t i s the remainder of d i v i s i o n of m by n, and t=m(modn) that 

t and m have the same remainder of d i v i s i o n by n. 

In the corresponding semigroup automaton ?(3)=(A,F(X),B) the 

semigroup of input sequences F(X) i s the i n f i n i t e c y c l i c semigroup w i t h 

generator x. The elements of the semigroup are of the form x
m

, 

m=l,2,..., and act i n the f o l l o w i n g way: 
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a *x 
l 

•a , where k=i+m(modn): 
k 

' 0, i+m-l=0(mod2); 

1, i+m-l=l(mod2). 

1.1.3. Homomorphisms of automata 

Functioning of an automaton can be described by the functioning 

of another one. Homomorphism i s a mathematical notion which r e f l e c t s the 

physical concept of modeling. A t r i p l e t of mappings u=(ft , u^, , u^A—* 

A', u
g
:X —> X', P

3
:B —> B' i s defined to be the homomorphism u: 3 —» 9' 

of the automaton 9=(A,X,B) to the automaton 3'=(A',X',B'), i f the f o l l o 

wing conditions are s a t i s f i e d : 

ia»x) =a »x , 

^ 3
 M

i M 2 
(a*x) =a *x ; aeA, xeX 

(1.2) 

In order to define a homomorphism of semigroup automata 

u:(A,r,B) —» (A'.r'.B') we should add the condition: 

u
2
 i s a homomorphism of the semigroup r to semigroup V (1.3) 

I f the mappings fi , u^, of the l a t t e r d e f i n i t i o n are one-to-

one, u i s c a l l e d an isomorphism of automata. A homomorphism (isomor

phism) of an automaton 3 i n t o i t s e l f i s c a l l e d an endomorphism (automor

phism) of an automaton. 

Absolutely pure automata w i t h t h e i r homomorphisms form a cate

gory. Semigroup automata together w i t h t h e i r homomorphisms also form a 

category. Consider the mapping 9
s

 which assigns to each pure automaton 3 

a semigroup automaton ^ ( 3 ) . Further, we take an a r b i t r a r y homomorphism 

of absolutely pure automata u=(u
i
, p

2 >
 p

3
) : 3=(A,X,B) —» 3'=(A', X', B') and 

define the corresponding homomorphism of semigroup automata 

(fx ,p ,p ) = ? ( u } : ^ ( 3 ) -* f (9' ) by: j l =u , p. =u As p we take the unique 

1 2 3 1 1 3 3 2 ^ 
extension of the mapping X —* X'cF(X') to the homomorphism u

2
:F(X) —> 

F(X'). I t i s easy to understand that ?(u) i s a homomorphism of semigroup 

automata and that ^ i s a functor on the category of absolutely pure 

automata i n t o the category of semigroup automata. 
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Consider some special homomorphisms. Let automata 3=(A, X,B) and 

S'=(A',X,B) have i d e n t i c a l sets of input and output signals. A 

homomorphism 3
 —

» 3' of the form u =(u ,c ,e ) , where e and e are 
l l x B x B 

i d e n t i t y mappings of sets X and B respectively i s ca l l e d a homomorphism 

in states. I f the mapping p, i s s u r j e c t i v e ( i n j e c t i v e ) , i s c a l l e d an 

epimorphism (monomorphism) i n states. In t h i s case the work of the 

automaton 3 i s modeled by fun c t i o n i n g of the automaton 3' w i t h the same 

sets of input and output signals, but d i f f e r e n t set of states. I t i s 

natural to r e s t r i c t the number of states of an automaton without 

l i m i t i n g the number of i t s options. For f i n i t e automata, given automaton 

3, there e x i s t s an algorithm of constructing of i t s epimorphic i n states 

image 3' wi t h the the smallest number of states (see e.g. [ 6 2 ] ) . A 

homomorphism i n input signals and a homomorphism i n output signals are 

defined i n a s i m i l a r way as the homomorphism i n states. For example, a 

homomorphism i n input signals of an automaton 3=(A,X, B) i n t o automaton 

3'=(A,X',B) i s a homomorphism of the type p =(e ,u ,e ) w i t h e and e 

2 A 2 B A B 

being i d e n t i t y mappings of sets A and B respectively. The condi t i o n 
c e u u u 

A A 2 2 2 
(1.2) implies a»x=(a°x) =a °x =a°x , aeA, xeX; s i m i l a r l y , a*x=a»x . 

The homomorphism i n input signals means making an automaton more exact; 

i f 3 i s an exact automaton, the automaton 3' i s again exact and the 

homomorphism p^: 3
 —

* 3' i s an isomorphism. 

One can consider also homomorphisms of automata which are i d e n t i 

cal only on one of the sets A,X,B. Note that homomorphisms i n states 

define the category of automata having a var i a b l e set A and f i x e d X and 

B, homomorphisms i n output signals define the category of automata w i t h 

f i x e d representation (A,X), and f i n a l l y , homomorphisms i n input signals 

y i e l d the category of automata w i t h given A and B. 

I f p i s a homomorphism of an automaton 3 i n t o 3' , and v a homo

morphism 3' i n t o 3", the m u l t i p l i c a t i o n of mappings pv= 

(fY? , p. V , (Jt i» ) : 3 —» 3" i s defined i n a natural way. F u l f i l l m e n t of 

(1.2) f o r t h i s mapping i s obvious: 

p v p v p p v p v u v 

, , 1 1 , , , 1 , 1 , 1 2 . 1 ' l 1 ^ 2 2 

(a<>x) =((a°x) ) =(a °x ) =a ox 

The second condition of (1.2) i s v e r i f i e d i n the s i m i l a r way. Hence, the 
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mapping ui>:9 —* 9" i s a homomorphism of automata. 

Proposition 1.1. Any homomorphism u=(u ,p ,p ) of an automaton 

can be represented as a product f i ^ j i j i ^ of homomorphisms in outputs p
3
, 

in states p^ and in inputs ft . 

Proof. Let p=(p^, p^, p^) be a homomorphism of the semigroup auto

mata, u: 9=(A,r,B, », *) -» 9'=(A',r',B', o', ) . Consider the automaton 

9=(A,r,B') w i t h the operations ° and • , defined according to the rule: 
M
3

 1 

a o ^ a o y , a*
i
K={a*y) , aeA, yer. This automaton i s a semigroup one: 

"
3
= ( e

A
, e

r >
) i

3
) i s a homomorphism of (A, T, B) i n t o (A, T, B' ) . Now, by the 

homomorphism p^-.T —> f and the automaton ( A ' . F ,B') define the automa

ton a = ( A ' , r , B ' ) w i t h the operations ° and * : i f aeA',yer, then 

P p 

, 2 2 

a»
2
y=ao'y , a*

2
y=a*'y . I t i s also a semigroup automaton and 

u =(e , , u , e , ) i s a homomorphism of (A',T, B' ) i n t o (A' , I " , B' ) . F i n a l l y , 

2 A 2 B 

i t i s Immediately v e r i f i e d , that fi =(|i ,ep,e , ) i s a homomorphism of 

(A , r , B ' ) i n t o ( A ' , r , B ' ) . We derived the sequence of homomorphisms 

^ 3 »l K 
( A , r , B ) — > (A,r, B ' ) — * (A',r',B') — * ( A ' . r ' . B ' ) . 

I t i s clear that p=p p p 

Note, that the given order of multiples i s important. Such repre

sentation of the automaton homomorphism i s cal l e d a canonical decomposi

tion of a homomorphism. The proof i s given f o r the case of the homomor

phism of the semigroup automaton. I f we consider a homomorphism of an 

absolutely pure automaton, the arguments w i l l be even simpler. 

I t i s i n t e r e s t i n g to remark, that i f u ^ u ^ u ^ i ^ ) i s an endomor-

phism of the automaton 9 i n t o i t s e l f , and u ^ u ^ i s i t s canonical 

decomposition, then p^.p^.p^ are homomorphisms and not endomorphisms. 

For example, p
3
 maps the automaton (A,T,B) i n t o the automaton 

(A,r,B, " These automata have common basic sets, but d i f f e r e n t ope

r a t i o n s . 
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An important r o l e i n the theory of automata can play the no t i o n 

of a homomorphism with substitution. A homomorphism of the automaton 

9=(A,X,B) i n t o the automaton 9'=(A',X',B') w i t h the substitution of out

put signals i s a t r i p l e t of mappings u^A —> A', "
2
:X -* X', B'

 —

* B, 

p=(u , P
2>
 pj, which agrees w i t h the basic operations ° and * 

P p p * 1 ^ 2 , , 1 
a ox =(a«xj 

" " P 1 2 3 
(a »x ) =a*x ; aeA, xeX. 

(1.4) 

( I n the given example the mapping acts i n the opposite d i r e c t i o n i n 

comparison w i t h p. and p^j. The homomorphism w i t h the s u b s t i t u t i o n of 

the output signal can be n a t u r a l l y explained: input signals of the auto

maton 9 are coded by the signals of the automaton 9' and operation of 

the second automaton imitates the operation of the f i r s t one and deco

ding i s performed i n the output. 

Homomorphism of the automaton 9=(A,X,B) i n t o the automaton 

9'=(A',X',B') w i t h the substitution of input signals i s a t r i p l e t of 

mappings u
j
:A —» A', p^.X' —» X, u^B -> B', u=(n

i
, p^, P

3
), s a t i s f y i n g 

the conditions 

a ox =(a°x ) 

^1 ^ 2 M 3 
a •x'=(a*x' ) , aeA, x'eX'. 

The homomorphism w i t h the s u b s t i t u t i o n of input and output s i g 

nals c o n s t i t u t e a t r i p l e t of mappings u : A —> A', u : X' —> X, u :B* —> B 

1 2 3 
M=(^

t
.M

2
 "

3
) . w i t h 

a ox =(aox ) 

14, M
2 

a»x' , aeA, x'eX'. 
, 1 , , ' 3 
(a »x 

Consider the d e f i n i t i o n s of subautomata and quotient automata. 

Let 9=(A,X,B) be a c e r t a i n automaton, A cA, X cX, B cB and f o r any aeA 
1 1 1 1 f 

xeX^ hold aoxeA^ a'xeBj. Then the sets A , X , B define the automaton 

(A
i >
X^B^)=9

i
 w i t h respect to the same operations o and *. I t i s c a l l e d 

a subautomaton of the given automaton 9. The subautomaton (A^X , B ) i s 
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c a l l e d a subautomaton in states, i f X =X and B =B. S i m i l a r l y , we can 

1 1 " 
define subautomata in Inputs and subautomata in outputs. I f (A.T.B) i s a 

semigroup automaton, then a subautomaton of the form (A , r,B ) i s ca l l e d 

a r-subautomaton. 

Congruence of an automaton 9=(A,X,B) i s a t r i p l e t of equivalences 

p=(p
i >
P

2 >
P

3
): p i on the set A , P

2
 on the set X, p 3 on the set B, which 

s a t i s f i e s the f o l l o w i n g condition: 

a p
i
a ' A x p 2 X * # (a» x ) p i(a'o x ' ) A(a* x ) p

3
(a'» x ' ) (1.5) 

Let p={p ,p ,p ) be a congruence of the automaton 3. An automaton 

w i t h basic sets A / p i > X / p 2 > B / p 3 and operations o and *, defined according 

to the r u l e 

(a] o [ x ] = [ a o x ] ; [a] «[x] =[a»x] 
p

i P2 pi pi P2 P3 
where [a] , [ x ] , [b] are classes by corresponding equivalences 

P

i P2 P3 
p , p ,P

3>
 i s c a l l e d a quotient automaton of the automaton 3 by congru

ence p and denoted as 9 / p . According to (1.5) operations o and * i n the 
automaton are c o r r e c t l y defined. 

I f (A,r,B) i s a semigroup automaton, then the d e f i n i t i o n of cong

ruence p has to be complemented by the requirement: p 2 i s a congruence 

of the semigroup T. In t h i s case the quotient automaton 9 / p = 
( A / p i > T / p 2 > B / p 3 ) also be a semigroup automaton. 

Example. Let 9=(A, r,B) be a semigroup automaton, (A
o
,r,B

Q
) 

T-subautomaton i n 3, p ^ an equivalence on the set A, classes of which 
are the set A and i n d i v i d u a l elements not belonging to A ; p i s a 

o 0 3 
s i m i l a r equivalence on the set B. Let P

2
=P

E
 be a t r i v i a l equivalence on 

the set T, i . e . the equivalence, whose classes coincide w i t h the ele

ments of T. I t i s obvious, that p = ( p i , p 2 > p 3 ) i s a congruence of the 

automaton 9. I n t h i s case quotient sets A / p } and B / p 3 are denoted by 

A/A and B/B respectively. Factor automaton 9 / p =(A/A , T,B/B ) corres-
o o o o 

ponds to the congruence p . Take i n T a set J of a l l cr, such that aoo-6AQ, 
a*<reB f o r every aeA. J i s a two-sided ideal i n T, associated w i t h Rees 

congruence T of the semigroup T. The ideal J and the elements not belon

ging to J are the classes of t h i s congruence. Factor-semigroup T / T i n 
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the theory of semigroups i s denoted by r / J . I t i s easy to v e r i f y that 

(p I > T,P
3
) i s a congruence of the automaton 3. I f I i s an a r b i t r a r y two 

sided ideal of the semigroup T, belonging to J , then the corresponding 

Rees congruence p
z
 belongs to x and tPj'P

2
>P

3
'

 i s

 also a. congruence of 

the automaton 3. 

Now we can introduce a notion of the kernel of homomorphism. Let 

fi=(fi ,H ,H ) i s a homomorphism of the semigroup automata 3=(A,r,B) —* 

3'=(A',f,B'). Denote by x , T^, kernels of mappings p , p^, p
3 >
 res-

u u l l 
pectively. Recall that a T a f o r a =a w i t h a ,a eA; x and x are 
K 7 1 1 2 1 2 1 2 2 3 
defined s i m i l a r l y . In t h i s case i s a congruence of T. For the t r i p l e t 

( T , T , X ) conditions of (1.5) are s a t i s f i e d . Hence, T = ( T , T , T ) i s a 
1 2 3 1 2 3 

congruence of the automaton 9. This congruence i s c a l l e d a kernel of the 

homomorphism p and i s denoted by x=Keru. The homomorphism x of the auto

maton 3 on 9/Keru i s ca l l e d n a t u r a l . 

Theorem of homomorphisms 1.2. Let <p be a homomorphism of the 

automaton 3 on the automaton 3' and p a natural homomorphism of 3 on 

a/Kerip. Then the automaton 3' is isomorphic to the automaton fH/Kerip, and 

there e x i s t s a unique isomorphism \p such that pi/>=*>. 

3 >3' 

S/Kerp 

Denote by x^, the kernel congruence of the automaton representa

t i o n of the semigroup T: H^yl^ when f o r a l l aeA hold a o y ^ a o ^ and 

a»y =a»y . Let x be the equivalence on the set A defined by: a x a , 

1 2 A * 1 A 2 
when a *y=a *y f o r a l l yer. Thus, input elements y and y are 

1 2 1 2 
X p-equivalent, i f they act i d e n t i c a l l y as operators on the set of states 

A and from A to B; states a and a are x -equivalent, i f a and a act 
l ? A 1 2 

i d e n t i c a l l y as functions from the input set T to the output signal set 

B. 

The automaton (A,r,B) i s exact, i f classes of the congruence x 

consist of the separate elements, i.e. aoy^aoy^
 a

*y
i
=a*y

2
 f o r a l l aeA 
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imply r

1
=r

2
; rj.y-.er. 

Let us c a l l an automaton 3 left-reduced, i f classes of the cong

ruence x consist of separate elements, i.e. i f d i f f e r e n t elements from 
A 

the set A act as d i f f e r e n t operators from T to B, and right-reduced, i f 

B coincides w i t h the set A*r={a*y laeA.yer}. We w i l l c a l l l e f t reduced 

automaton simply a reduced automaton. 

Consider the f o l l o w i n g congruences of the automaton 3=(A,r,B): 
x =(e .x_,e ) and x = (T ,e ,e ) . The automaton 3 /T * i s exact, 3/T* i s a 
r A r B A A A B r A 

left-reduced automaton. As i t has been mentioned, i n f i n i t e case there 

i s an algorithm r e s t r i c t i n g the number of essential states of 3 or, i n 

other words, r e a l i z i n g 3 / T . The problem of construction of the exact 

automaton 3 / X p also has p r a c t i c a l argumentation and f o r f i n i t e automata 

there e x i s t s the corresponding simple algorithm. The automaton (A,r,B) 

and automaton (A',r,B) are c a l l e d equivalent i n states, i f reduced auto

mata are isomorphic i n states. The automata (A.r.B) and (A, r",B) are 

ca l l e d equivalent in inputs, i f the corresponding exact automata are 

isomorphic i n inputs. 

Proposition 1.3. If there e x i s t s an epimorphism in states 

tp=(<p ,e_,e ):3=(A,r,B) —> 3'=(A',r,B), then the automata 3 and 3' are 

A 1 B 

equivalent in states. 
V A 

Indeed, since i n the given case a*y=a *y, then the equ a l i t y 

a «y=a *y i s equivalent to a *y=a *y; a ,a eA, yer. I t means that 

1 2 1 2 1 2 f , 
a T a i s equivalent to a^x a^ and that the automata 3/x and 3'/x are 

1 A 2 ^ 1 A 2 A A ' 

isomorphic i n states. 
A s i m i l a r property holds f o r the equivalence i n inputs. 
1.1.4. Cyclic automata 

We s h a l l consider subautomata 3^, a e l , i n the f i x e d semigroup 

automaton 3=(A,r,B) under the r e l a t i o n of inclusion: 3 c3 , i f i s a 

subautomaton i n 3 ^ For any set of subautomata 3^, a e l , i t i s possible 

to consider the least upper bound and the greatest lower bound of t h i s 

set. The greatest lower bound 3 i s an i n t e r s e c t i o n of the subautomata 

3 =(A ,T ,B ) , 3=f|3 = (fr*. ,ff
a
'CP

a
^ >

 a e

*
- J t i s

 assumed that the corres-

http://rj.y-.er
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ponding intersections are not empty. 

The least upper bound or union of the automata i s defined i n the 

fol l o w i n g way: t h i s i s the subautomaton U3
a

=

 (A,Z,B), a e l , where £ i s a 

subsemigroup from T generated by a l l T^; A i s the least i n v a r i a n t w i t h 

respect to Z subset from A containing a l l Â ; B i s a union of the set of 

a l l elements from B of the form a«cr, where aeA, <reZ, and of a l l sets B
a
, 

ael. 

Let the automaton 3=(A,r,B) and t r i p l e t of sets (Z.X.Y), ZcA, 

XcT, YcB be given. The least subautomaton 3' =(A' ,1" , B' ) from 3 w i t h the 

property ZcA', XcT" , YcB' w i l l be ca l l e d the subautomaton generated by 

t h i s t r i p l e t I n i t s t u r n , the t r i p l e t of sets (Z, X, Y) i s c a l l e d a 

generator system of the automaton 3' I t i s clear, that 3' i s equal to 

the i n t e r s e c t i o n of a l l such subautomata 3 =(A , T ,B ) from 3, that 
a a a a 

ZcA , Xcr , YcB . 
a a a 

The fo l l o w i n g proposition describes an automata induced by the 

system (Z,X,Y). 

Proposition 1.4. If the subautomaton 3'=(A',T',B') from (A.T.B) 

is induced by the generator system (Z,X,Y), then T" is a subsemigroup 

from T generated by the set X; the set A' is a union of the set Z with 

the set Z»V of a l l a°y, aeZ, yer'; the set B' is a union of the set Y 

and the set of all elements a*y, aeA' y e f . 

The proof i s evident. 

Remark. We regard mainly semigroup automata. Consider the automa

ton a=(A,X,B) wi t h an a r b i t r a r y set of input signals X. Take i n 3 a 

t r i p l e t of sets (Z,X',Y) and generate by i t a subautomaton i n 3. This 

can be done i n the fo l l o w i n g way. F i r s t generate the semigroup subauto

maton (A',Z',B') i n 3K3) by the given t r i p l e t and then take i t s part 

(A'.X'.B') " f o r g e t t i n g " about the semigroup Z. I n p a r t i c u l a r , the given 

system (Z,X',Y) generates the automaton 3 i f and only i f X'=X and the 

same t r i p l e t generates ^ ( 3 ) . 

Together w i t h stated i n 1.1.1 these simple arguments c o n s t i t u t e 

one of the reasons why we suggest to associate the semigroup automaton 

?(9) w i t h every 3. Further we, as a r u l e , consider semigroup automata. 
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As p a r t i c u l a r cases of the generator systems (Z,X,Y) i t i s 

possible to consider the systems w i t h an empty set Y; w i t h X=r; and 

f i n a l l y , w i t h an empty Y and X=r. I f i n the l a t t e r case Z consists of 

one element we come to the concept of c y c l i c automaton. In view of pro

p o s i t i o n 1.4 the d e f i n i t i o n of the c y c l i c automaton can be formulated i n 

the f o l l o w i n g way. 

An automaton a=(A,r,B) i s said to be a cyclic automaton w i t h a 

generator element a, i f A={a>ua»r, where a°r=<a°y,yer} and B={a«y,yer}= 

A»r. (Henceforth we s h a l l denote {a}ua°r by a o r
1

) . 

Now we describe a l l the c y c l i c automata w i t h the given semigroup 

r. 

Consider the automaton Atm(D = ( r
1

, r , r ) with operations » and • 

defined by the rules: xoy=xy, x*y=xy, xeT , yer. The axioms of the semi

group automaton are evident. 

This automaton i s c y c l i c w i t h the u n i t of the semigroup T
1

 as a 

generator element. Atm(D i s ca l l e d a regular cyclic automaton of the 

semigroup T. I t i s clear, that a homomorphic image of the c y c l i c automa

ton i s also c y c l i c and therefore a l l quotient automata of the automaton 

Atm(D are c y c l i c . 

Proposition 1.5. Every cyclic automaton with the semigroup T is 

isomorphic to a certain quotient automaton of the automaton Atm(D. 

Proof. Let 9=(A,r,B) be a c y c l i c automaton w i t h the generating 

element a. Define mappings u :T —> A and p^-.r ~* B by: 

u p 
1 1 3 

y =a«y, a»l=a, yer ; y =a"y, yer. 

Then the t r i p l e t of mappings , e p t i
3
) i s a homomorphism of the automa

ton Atm(r) i n t o 3. Really, 
M

i *S *S
 c

r 
(x°y) =(xy) =aoxy=(a°x)°y=x °y j 
(x»y)

 3

=(xy)
 3

=a»xy=(a»x)*y=x '*y ; xer , yer. 

Image T
1

 under the mapping u
j
 i s the set of a l l elements of the 

form y =aoy, yer . Since the automaton 9 i s c y c l i c w i t h the generating 

element a, then t h i s set coincides w i t h the set A; s i m i l a r l y , image T 
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under the mapping p

3
 i s B. Hence, (/i . E p j i ) i s an epimorphism of Atm(r) 

onto 3, which by the Theorem 1.2 proves the Proposition. 

Let the mapping 1/1 of the semigroup T to the set B be given. A 

natural automaton r e a l i z i n g such mapping i s the automaton (r
1

,r,B) w i t h 

the operations ° and * introduced as follows: x«y=xy; x*y=(xy) ; XeT , 

yer. Denote t h i s automaton by Atm*(i/):r —* B). I f the mapping ip-.T —* B i s 
* 

s u r j e c t i v e , i.e. i s a mapping onto a l l B, then Atm (I/J-.T ~* B) i s a 

cy c l i c automaton w i t h generator element 1 ( u n i t element) from I * . I n 

t h i s case we obtain the reduced automaton Atm(i//:T -* B) = ( r
1

/ p , T, B) where 

p i s the kernel of the corresponding mapping Tr:!"1 —* Fun(T,B). 

Remark. r
j
pr

2
 means that y

i
*x=y

2
»x f o r a l l xel". I t i s equivalent 

(by the d e f i n i t i o n of the operation •) to that f o r every xel
-

 holds 

(y x)^=(y x ) ^ . Thus defined equivalence p i s cal l e d Nerode equivalence. 

Proposition 1.6. Every reduced cyclic automaton a(A,r,B) is iso

morphic to a certain automaton Atm(^:T —* B). 

Proof. By Proposition 1.5 the c y c l i c automaton 9=(A,r,B) i s an 

epimorphic image of the regular automaton Atm(D. Let (i=((i , Ep,(x ) be a 
corresponding epimorphism and p.=p._ji p. i t s canonical decomposition (see 

1.3. ): 

p p 

Atm(r)=(r\r,r) —> (r\r,B) —> (A.T.B) 

where p.,is an epimorphism i n outputs, u„is an i d e n t i t y mapping and p i s 

an epimorphism i n states. Show that (T ,r,B) i s the automaton Atm (̂ r: r—> 

B) f o r the mapping 0:1" -* B defined by the rule : y^=l*y, l e i *
1

, yer. 

Really, i f xei
- 1

, yer, then x o y = x y . (As CI" ,r,B) i s epimorphic i n outputs 

image of the automaton Atm(D). Thus x*y=(l°x)*y=l*xy=(xy)
1

''. So we have 

x°y=xy, x*y=(xy)^. Hence, ( r \ T , B)=Atm*(0: T -> B). Therefore, i f (A.T.B) 

is a reduced automaton, then i t i s isomorphic to the reduced automaton 

Atm*(0:r -» BV K e r p ^ A t i n t ^ r -» B). 

An automaton 9=(A,r,B) i s cal l e d T - i r r e d u c i b l e , i f i t does not 

contain T-subautomata. I t i s clear that 9 i s r - i r r e d u c i b l e i f and only 
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I f t h i s automaton i s c y c l i c and every element of A i s i t s generator. An 

automaton 9=(A,r,B) i s c a l l e d completely reducible, i f i t i s generated 

by i t s r - i r r e d u c i b l e subautomata. 

Proposition 1.7. An automaton a=(A,r,B) is completely reducible 

if and only if A=UA , a e l , where A nA =0, a*|3, A «r=A , and B=A»r={a»y, 
a a S ' a a 

aeA, y e r } . The irreducible subautomata in 9 have the form 9 =(A ,r,B ) 
a a a 

where B =A »r={a»y, aeA , yer}. 
a a a 

The proof of t h i s Proposition i s rather simple and i s omitted. 

1.2. Universal automata 

1.2.1.Universal automata definition. Universal property 

The automaton Atm
1

(A,B) discussed i n section 1.1 has the univer

sal property, namely: 

Proposition 2.1. For any semigroup automaton 9=(A,r,B) there 

e x i s t s a unique homomorphism in input signals p:9 —> Atm
1

(A,B). 

Proof. Let f:T —> S(A,B) be an automaton representation of the 

semigroup T. Homomorphism of semigroups f defines the homomorphism i n 

inputs u=(c ,f,e ) of the automaton 9 i n t o Atm(A, B). Indeed, i f aeA, 

A B 
yer, y

f

=(cr,*>)eS(A,B)=S xFun(A.B), then 

A 
E e , , . A <r , , A i 

(a°y) =a«y=a = a o(o - , ( p)=a °y 
E E , , B <p , , A_ f 

(a * y ) =a»y=a^=a* (c, <p)=a »y 

Show the uniqueness of the mapping p. Let (e ,<p,e ) be another 

/ A B 
homomorphism 9 i n t o Atm

1

 (A, B) and l e t y ̂ =(<r ' , < p ' ) . By axioms (1.2), f o r 
E E . , E E -

a l l aeA we have a°y=(aoy) =a o y v = a ; a»y=(a , y ) =a »y =a . There
f o r e , a? =3?, and <r'=tr. S i m i l a r l y , a* =a

P

 and <p'=<e. 

Proposition 2.1 means that the automaton Atm
1

 (A, B) i s a terminal 

object i n the category of automata w i t h f i x e d sets A and B. 

The kernel of homomorphism u:9 —> Atm
1

 (A,B) coincides w i t h the 

congruence (see 1.1.3) and corresponding exact automaton 9 / T ^ i s 

monomorphically embedded i n t o Atm
1

(A,B). Because of uniqueness of t h i s 
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embedding we can say that any exact automaton w i t h the set of states A 

and the set of outputs B l i e s i n Atm
1

(A,B). 

Each input signal x transforms the state a of the automaton i n t o 

the output signal b: a»x=b. On the other hand, i t i s possible to say 

that the state a transforms the input signal x i n t o the output s i g n a l , 

i.e. each f i x e d state a acts as mapping from X i n t o B, that i s , as an 

element from Fun(X,B). The f o l l o w i n g construction corresponds to t h i s 

point of view. 

Let the semigroup T and the set B be given. Define the automaton 

(A,r,B) where A=Fun(r,B) i s a set of a l l mappings from T i n t o B. Opera

tions ° and • are introduced i n the f o l l o w i n g way: i f aeA=Fun(T,B), yer, 

then a°y i s such function from FuntT.B) that (a°y)(x)=a(yx) f o r a l l xer; 

a»y=a(y). This automaton i s a semigroup one: 

( a o y
j
y

2
) (x)=a(y

i
r

2
x)=a ( 3 r i (y

a
x) )=(a ° y t ) (y

2
x)=( ( a o y ^ °y

a
) (x) 

a*y y =a(y y J^a"^)(y
z
)=(a°y

i
)»y

2 

2 
Denote i t by Atm (T,B). The r o l e of t h i s automaton i s shown by 

the f o l l o w i n g property: 

Proposition 2.2. For any automaton 9=(A,r,B) there e x i s t s an 

unique homomorphism in states u:9 —> Atm (T,B). 

Proof. Define the mapping i>:A —¥ Fun(T,B) s e t t i n g a (x)= a'xeB 

for each aeA, xer. Then p={v, e^, ts ) i s a homomorphism ( i n states) of the 

automaton 9 i n t o Atm (T,B): (a«y) (x)=(a°y )*x=a»yx=a
1

' (yx) = ( a l ; o y ) ( x ) , 

that i s , (a°y) =a »y ; a»y=(a*y) =a (y)=a *y=a *y 

This homomorphism i s unique. Indeed, f o r another homomorphism 

(h,c
r
,e

B
):9 -» Atm(A.B) holds a

h

»y=a
h

(y) = (a*y)
 B

=a"(y) and as i t i s true 

f o r a l l aeA, yer, then h=v. 

Proposition 2 . 2 implies that the automaton Atm (T,B) i s an t e r 

minal object i n the category of the pure automata w i t h f i x e d sets of 

inputs and outputs. 

The kernel of the homomorphism u = ( i > , E _ , e
—

* Atm
2

(r,B) coin

cides w i t h the congruence T (see 1.1 . 3 ) . This means that the automaton 
A 

9 i s reduced ( l e f t ) i f the corresponding w:A ~* Fun(r.B) i s a monomor-
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phism, that i s , d i f f e r e n t functions i n Fun(r,B) correspond to d i f f e r e n t 

states i n A. I t also means that the l e f t reduced automaton 3/T* i s mono-
2 * 

morphically embedded i n t o Atm (r,B). In other words, each l e f t reduced 

automaton " l i e s " i n Atm
2

(r,B). 

Observe the f o l l o w i n g f a c t : l e t two representations (A, D and 

(A',D, an automaton a'=(A',r,B) and mapping v. A —* A' which preserves 

the a c t i o n of T i n A and i n A' (that i s (a°y)"=a"»y) be given. Setting 

a«y=a
l

'»y we define the automaton a=(A,r,B) and (i>,e_e ) i s a homomor-
r B 

phism i n states of a i n t o 3' . 

In p a r t i c u l a r , to the given (A,D, (Fun(r,B),D and v: A -* 

Fun(r.B) corresponds the automaton (A,T,B) w i t h the homomorphism 

(w,e
r
,€

B
): (A,r,B) —> Atm

2

(r,B). On the other hand i t follows that any 

automaton (A,T,B) may be defined i n t h i s way. 

The automata Atm
1

(A, B) and Atm
2

(r,B) are associated w i t h the 

exact and l e f t reduced automata respectively. Next we are going to i n t ¬

roduce a universal automaton Atm (A,T) associated w i t h r i g h t reduction, 

that i s w i t h the e l i m i n a t i o n of extraneous output signals. 

Let f o r a set A and a semigroup T an action a o y of the elements 

yer on the elements aeA be defined. That i s , the representation (A,D be 

given. Take a Cartesian product Axr and generate the equivalence p on i t 

by the binary r e l a t i o n (a, y ^ y^p ( a o y ^ , y ^ ) . Let A®r denotes the quotient 

set Axr/p and the bar denotes the mapping :Axr —> A®r. Consider the 

automaton (A,r,A®r). The operations « and » i n i t are defined by the 

representation (A,D and the r e l a t i o n a * y = ( a , y ) , respectively. Thus 

3 
defined semigroup automaton i s denoted by Atm (A,r). 

Proposition 2.3. For any automaton 3=(A,r,B) there e x i s t s an 

unique homomorphism in output signals from Atm
3

(A,D into 3 ( i . e . 

Atm
3

(A,D is an i n i t i a l object in the category of the automata with 

fixed representation (A,D). 

Proof. Let us define the mapping f:A®r -* B according to the 

ru l e : (a , y)
l

'=a * y . Then (e ,e , v ) i s a homomorphism i n output signals of 

A i 
the corresponding semigroup automata. I t s u n i c i t y i s v e r i f i e d immedia

t e l y i n a s i m i l a r way, as i t was done i n the previous propositions. 
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The given proposition implies that the operation of any automaton 

(A, T, B) can be modeled by the operation of Atm
3

(A, D , the automaton 

without extraneous output signals. 

I f the automaton (A,T,B) i s r i g h t reduced then the homomorphism 

(e , c , i>): Atm
3

(A, D —> 3 i s an epimorphism. 

A 1 
Remark. From the uniqueness of the homomorphisms given by the 

Propositions 2.1-2.3 follows the uniqueness (up to isomorphism) of the 

corresponding universal objects i.e automata having the given universal 

properties. For example, i f the automaton B=(A,r,C) i s such that f o r any 

automaton 9=(A,r,B) w i t h the same as i n B operation ° there e x i s t s the 

unique homomorphism from B i n t o 9, then B i s isomorphic to Atm
3

(A,D. 

1.2.2. Exactness of the universal automata; l e f t and right 

reducibility 

I t i s clear that Atm
1

 (A, B) and Atm
2

(r,B) are exact and l e f t and 

r i g h t reduced, and Atm
3

(A,D i s r i g h t reduced. I f (A, D i s an exact rep¬

resentation, then i t i s obvious that the automaton Atm (A,D i s also 

exact. The fo l l o w i n g statements are ea s i l y v e r i f i e d : 

3 
Proposition 2.4. a) The automaton Atm (A,D is exact if and only 

if for given (A,D there e x i s t s at least one exact automaton (A,T,B). 

b) The automaton Atm (A,D is left reduced if and only if for given 

(A,D there e x i s t s at least one left reduced automaton (A,T,B). 

I t i s clear that only s u f f i c i e n c y conditions have to be proved. 

Let there e x i s t s an exact automaton 3=(A,r,B) and l e t u=(e ,c ,v) be the 
A 1 

3 
unique homomorphism from Atm (A,D to 9 (see Proposition 2.3). Let us 

— 3 

denote by <> and * operations of the automaton Atm (A,T) and by » and • , 

as we usually do, operations of 9. Then (a*f)
V

=(&,if) =a*y, I f i n the 
3 — — 

automaton Atm (A,D f o r a l l aeA the e q u a l i t i e s a°y =a°y , a*ar =a»y , 1 2 1 2 
a^.y^er are s a t i s f i e d , then s i m i l a r e q u a l i t i e s aoy^aoy^ and a*y

i
=a»y 

hold f o r 9 (as (a*y) =a*y). Since the automaton 9 i s exact i t implies 

that ŷ =3- and consequently the automaton Atm
3

(A,D i s exact. 

The second statement i s v e r i f i e d i n a s i m i l a r way. 

I t i s a natural question, whether there e x i s t s a representation 

(A,D such that e i t h e r 
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a) the automaton Atm (A,D (and thus, any automaton (A.T.B)) i s not 

exact, or 

b) the automaton Atm
3

(A,D and also any automaton (A.T.B) i s not 

l e f t reduced. 

A p o s i t i v e answer to these questions i s given i n the f o l l o w i n g 

examples. 

Examples.a) Let the set A and semigroup T be given. Suppose that 

the semigroup T i s not a semigroup of the r i g h t zeros. Define the repre

sentation (A,D by the rul e : a°y=a f o r a l l aeA, yer. Let t h i s represen

t a t i o n be a r b i t r a r i l y extended to the automaton (A,T,B). This automaton 

cannot be exact. Indeed, l e t f:T —> S(A,B) be the mapping of T to S(A, B) 

defined by t h i s automaton, and y^=(i>,tp). As aoy=a, then y* = (e,(p), where 

e i s an i d e n t i c a l transformation of the set A. Since (e, ip) (e, 0) = (e, iji), 
then the image of the semigroup T i n S(A,B) i s a semigroup of the 

r i g h t zeros. But by the condition T i s not a semigroup of the r i g h t 

zeros. Hence, f cannot be a monomorphism and the automaton (A,r,B) i s 

not an exact one. I n p a r t i c u l a r , the automaton Atm (A,D i s also not 

exact. 

b) Let T be a semigroup w i t h a u n i t and (A,D be such a represen

t a t i o n that the u n i t does not act i n A i d e n t i c a l l y . Then any automaton 

(A, T, B) extending t h i s representation cannot be l e f t reduced. Indeed, 

take the element aeA f o r which a»l*a. For a l l yer, a»y=a»l-y=(aol)»y. 

This means that d i f f e r e n t elements a and aol from A act on T i n the same 

way, that i s that the automaton (A, T,B) i s not l e f t reduced. Consequent

l y , Atm
3

(A,r) i s not l e f t reduced also. 

Define the automaton (A, S(A, B), AxB) assuming a«(T,(p)=aT, a*(x,y>) = 

(ax,a?) f o r a l l aeA, (x,#>)eS(A,B). 

Proposition 2.5. The automaton Atm
3

(A, S(A, B)) is isomorphic to 

the automaton (A,S(A,B),AxB). 

Proof. I n v i r t u e of the remark to the propositions 2.1-2.3 i t 

s u f f i c e s to show that f o r any automaton 3=(A, S(A,B),C) there e x i s t s 

unique homomorphism i n output signals from (A,S(A,B),AxB) to 9. 

Let us define the mapping u: AxB -» C f o r an a r b i t r a r y automaton 
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(A,S(A,B), C). Each element (a.b)eAxB can be represented i n the form 

(a,b) = (ao-,a?>), where aeA, (c, ip)eS(A, B). Suppose that (a, b r =(acr, aip) = 
a.*(<r,ip). This d e f i n i t i o n i s correct, i.e. i t does not depend on the 

manner of the representation of the element (a,b) i n the form (a<r,a<p). 
Indeed, l e t (a,b) = (a <r ,a ip ) = (a tr ,a ip ) be such two d i f f e r e n t 

1 1 1 1 2 2 2 2 
representations. Hence,

 u

i
( r

i : = a 2 < r 2 ' (2.1) 

(2.2) 

I t i s necessary to show that (a <r ,a <p )^=(a <r ,a ip )**. Denote by 

' 1 1 1*1 2 2 2 * 2 
c the transformation of the set A which sends each element of A to aeA, 
a 
and by d„ the mapping of A to B which carri e s each element of A to the 

P 

element 8 of B. The fol l o w i n g e q u a l i t i e s are immediate: 

a°(c ,ffi)=ac =a , aeA , aeA 

(2.3) 
c o-=c , i f ceS 

c ip=d , i f ̂>eFun(A, B) (2.4) 
a aip r 

The f i r s t of these e q u a l i t i e s , i n p a r t i c u l a r , means that 

a =a o (c , ip ) . So, 1 1 a r i 
l 

a

i *
( < r

r
, p

i
) = ( a

r
( c

a • ' ' ' i
) )

*
( o

'
1
' *

>

1

) =

 V
t t c

a •*
>

1
)

- ( o

"
1
>*'

1
)) = 

l l 

a «(c o- , c ip )=a *(c ,d ) . 
l a l a * i l ao- am 1 1 I I r i 

S i m i l a r l y , 

a *(o-,,ffl )=a *(c ,d ) . (2.5) 
2 2 2 2 a a* a a 

2 2 2 * 2 
Since according to (2.3) a =a <>(c , <p ) , then a *(<r ,ip ) = 

l 2 a l l 1**1 
l 

a »(c ,d ) = (a °(c ,ip ))»(c ,d )=a «((c ,ip ) • 
l a <r a <p 2 a 1 a q

-

 am 2 a * i 1 1 1 1 1 1 1 1*1 1 

_ »<L „• )•) =
 a

 »tc c ,c .d )= a »(c ,d )= (according to 
acr a ip 2 a a <r a a a> 2 a<r aa>

 5 

1 1 1 1 1 1 1 1 1 1 1 1 r i 

(2.1) and (2.2))=a«(c ,d ) = (according to (2. 5) )=a »{<r ,ip ) . 2 a <r a a> 2 2 2 2 2 2*2 
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Thus, a

i
»(o-

i>
(p

i
)=a

2
«(o-

2
,(P

2
) or C« ̂ , 4 ^ )***6ls <r ,a <p )

p

, that i s 

u i s c o r r e c t l y defined. The homomorphism i n output signals of the auto

maton (A,S(A,B),AxB) i n t o automaton (A,S(A,B),C) corresponds to t h i s 

u:AxB —» C. Simple arguments show that such homomorphism i s unique. 

1.2.3. Universal connection of the semiautomaton and input-output 

type automaton 

Let 9 =(A,X ) be a semiautomaton w i t h an a r b i t r a r y set of input 

signals X^ and 3
2
=(A,X

2
,B) the input-output type automaton (•¬

automaton). Consider the t r i p l e t (X,a,B) w i t h X being a c e r t a i n set with 

the power not less than the powers of the sets X^ and X
2
 and a,8 are the 

mappings of X on the sets X
i
 and X

2>
 respectively. 

The automaton (A,X,B) w i t h the operations ° and * 
a

 . £ a°x=a°x , a"x=a"x , 

i s said to be the connection of the semiautomaton 9 =(A,X ) and input-

output type automaton S
2
 by the t r i p l e t (X,ot,8). 

This automaton i s denoted by 3(X,a,8). To each t r i p l e t (X,ot,8) 

corresponds i t s connection 3(X,u.,8). 

Let us f i x the semiautomaton 3 and the "-automaton 3 . Consider 

l 2 
the category 7 whose objects are the given t r i p l e t s (X,a,|3) and mor

phisms are the mappings u:X -* X' such that f o r t r i p l e t s (X,a,8) and 

(X|a|8') the f o l l o w i n g diagrams are commutative 

This u we s h a l l c a l l a homomorphism of t r i p l e t s p: (X,a,8) —> (X',a',8'). 

Now consider the category I? whose objects are a l l possible con

nections S(X,<x,8) of the semiautomaton 3 and the "-automaton 3
2
 and 

whose morphisms are homomorphisms of the automata. The mapping which 

assigns to each t r i p l e t (X,a,6) the automaton 3(X,a,8) i s a functor from 
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the category of t r i p l e t s to the category 6 of connections of the auto

mata 9 and a . Consider the t r i p l e t (X,n , n ) where X=X xX i s a Car-

1 2 1 2 1 2 
tesian product of the sets X and X ; n and it are projections of the K 1 2 1 2 r J 

set X on X̂  and X̂ , respectively. I t i s a terminal object of the cate

gory of t r i p l e t s , and the automaton 9 (X^xX^, tt^, n^) i s a terminal object 

i n the category of the given connections of the automata 3^ and a^. 

Proposition 2.6. For each connect ion a(X,a , 8 ) of the semiautoma

ton (A,X
i
) and input-output type automaton (A.X^B) there e x i s t s an 

unique homomorphism in input signals of t h i s automaton into the automa

ton 3(X xX ,?t ,it ). 

1 2 1 2 
Proof. I t i s necessary to define the homomorphism {if , if , if ) of 

the automaton a(X,a,6) = (A, X, B) to the automaton a(X xX , n ,n ) = 

1 2 1 2 
A, X xX ,B). As if and f we take i d e n t i t y mappings of the sets A and B. 

*a a 8 

The mapping <f
z
'.X

 —

*
 X

!
x X

2

 i s

 defined as follows: x =(x ,x ) • The t r i p 

l e t of mappings ((P ,<p ,(P ) i s a homomorphism of automata. Indeed, i f 

aeA, xeX, then 
if

 n
 n ip if n if if , , 1 a , a 8 , 1 l , 2 , 1 1 2 

(a°x) =a»x=a»x =a°(x , x ) =a »(x J =a ox ; 
if _ „ n if if n if if 

i » a 8 , a 8 , 2 * 1 , * 2 , 2 * 1 * 2 
(a»x) =a«x=a»x =a»(x ,x ) =a «(x ) =a »x 

From these equations also follows the uniqueness of the given homomor

phism. 

A s i m i l a r problem of connection can be considered f o r semigroup 

automata as w e l l . In t h i s case a^tA.X^) i s a semigroup automaton and 

a =(A,X ,B) i s an a r b i t r a r y '-automaton. We have to assume that the 

2 2 
semigroup X̂  acts left-hand on the set X̂ , i.e. X̂  i s the l e f t 

X^polygon. Such s i t u a t i o n , f o r example, occurs i f X̂  i s a subsemigroup 

from S and X i s a subset from Fun(A,B) closed under the natural l e f t -

A 2 
hand action ( m u l t i p l i c a t i o n ) of the elements from X^. In t h i s case the 

t r i p l e t (X,ot,8) where X i s a semigroup, a i s a homomorphism from X to 

X^ 8 i s a mapping from X to X̂ , defines ( s i m i l a r l y to the case of abso

l u t e l y pure automata) the automaton 9(X,a,8)=(A,X,B) s a t i s f y i n g the 

conditions (1.1) of a semigroup automaton. Let's c a l l i t a semigroup 
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connection of the semiautomaton 9 j with the input-output type automaton 

&
2
- For the f i x e d 3

j
 and 9

2
 a class of the semigroup connection form a 

category w i t h homomorphisms of the semigroup automata as morphisms. Let 

us construct a terminal object i n t h i s category. Define a m u l t i p l i c a t i o n 

on the set X= X x X „ by the ru l e : (x ,x ) (x', x') = (x x', x x ' ) . Then, X i s a 

1 2 1 2 1 2 1 l ' 1 2 
semigroup w i t h respect to t h i s m u l t i p l i c a t i o n . As before, denote the 

pro j e c t i o n s of the set X on X
i>
X

2
 by k. respectively. The semigroup 

automaton 9(X
t
xX

2
,7^,71^) which i s a terminal object i n the category of 

the semigroup connections of the automata 9
t
 and 9

2
 corresponds to the 

t r i p l e t (X xX ,7t ,it ). 
V 1 2 ' l" 2 

Proceed to the case when (A.X^ i s a semigroup semiautomaton, but 

the a c t i o n of X on X i s not defined, or X i n not closed under the 

1 2 2 
a c t i o n of X . I n t h i s s i t u a t i o n the above d e f i n i t i o n of the connection 

does not lead to the semigroup automaton. Consider an example: l e t 

X cS , X cFun(A.B) and an action of the elements of S on the elements 

1 A' 2 A 
from Fun(A.B) i s defined by the rule : i f x eS , x e Fun(A,B), then x x 

1 A 2 1 2 
i s such element from Fun(A.B) that ax x =(ax )x , aeA. Let X be not 

1 2 1 2 2 
closed under a c t i o n of the elements from X and x ,x are such elements 

1 1 2 
from X ,X re s p e c t i v e l y , that x x tfX . Let now X be a semigroup, a: X —> 1 2 r J 1 2 2 
X be a homomorphism of the semigroups, 6:X —> X be a mapping and 

1 2 
(A,X,B) be a union of the semiautomaton (A,X ) and "-automaton (A,X

2>
B). 

Take such elements x and x' from X, that x'
X

=x
i
 and (x' )^=X

2
- The automa

ton (A,X,B) i s not a semigroup one; indeed, i f f o r a l l aeA the condition 

of the semigroup automaton a*xx'=(a»x)«x' i s s a t i s f i e d , then a*xx'= 

a(xx' )
S

=(aox)»x
,

=ax
< x

(x' f, (xx' )
P

= x
a

( x ' f. Since x
a

( x ' f=xx^X.
z
 and 

(xx')^eX , the l a t t e r e q u a l i t y contradicts the choice of x and x' . 

2 
I n order the considered connection to be a semigroup automaton we 

must extend the "-automaton (A,X
2>
B) to an automaton (A,X

2>
B) whose set 

X i s a closure of X under the action of X . Note that X i s 

2 2 1 M 2 

X -polygon w i t h the set of generators X
2
 and i f aeA, x ^ e X ^ then 

a
»

x
 x =(a°x )"x I n t h i s way we come to the f o l l o w i n g d e f i n i t i o n : the 

1 2 1 2 ' 
automaton 9 i s c a l l e d a semigroup connection of the semiautomaton 9 =(A X ) and '-automaton 9 =(A,X ,B) i f i t i s a connection of the semi-1 ' 1 2 2 automaton (A.X^ and some "-automaton (A,Z,B) whose Z i s a X

j
-polygon 
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w i t h the set of generators X^, and the actions * i n (A.X^ and * i n 

(A,Z,B) s a t i s f y the condition: a*x x = (a°x )*x f o r a l l aeA, x eX , 

1 2 1 2 1 1 
x eX , z=x x eZ. 

2 2 1 2 
According to t h i s d e f i n i t i o n the semigroup connection i s defined 

not only by the t r i p l e t (X,a,|3) but also by the choice of the »-

automaton (A,Z,B). I f the automaton (A,Z,B) i s f i x e d , then, as i t has 

been already mentioned, the automaton 9 (X^Z, i r ^ , i r ^ ) appears to be a t e r 

minal object i n the category of a l l connections of (A.X^ and (A,Z,B). 

Let us c a l l the automaton 9(X X Z . T I , it ) a p-universal connect ion of 

1 1 2 r 

(A,X ) and (A, X ,B). I f we deduce from a l l possible (A,Z,B) then we 

1 2 ' 
obtain the category of p-universal connections of the semiautomaton 9^ 

wi t h the '-automaton 9^. I t i s natural to define morphisms i n t h i s cate

gory as such homomorphisms i n states (e ,qp , e ) i n which mapping ^X^xZ 

X^xZ' i s i d e n t i c a l on the component X
i
 of the Cartesian product. Con

st r u c t a i n i t i a l object i n t h i s category. Let Y be a free X^polygon 
over X . I t i s a set of a l l possible formal expressions x x , x eX

1

, 2 r 1 2 1 1 
x

2

e X

?
 (Here X

j
 i s the semigroup X

i
 w i t h the adjoined external u n i t ) . 

Action of X i n Y i s defined by the rul e : x' (x x ) = (x'x )x . Further-

1 1 1 2 1 1 2 
more, consider the automaton (A,Y,B) w i t h the f o l l o w i n g operation •: 
a*xx=(a«x )*x ; aeA, x eX , x eX . The semigroup connection 1 2 1 2 1 1 2 2 e r 

a(X
i
xY,7t

i
,ir

2
) of the semiautomaton (A.X^) and the '-automaton (A,Y,B) i s 

an i n i t i a l object i n the given category, i.e, f o r any p-universal con

nection 9(X
i
xZ, rt , i t ^ ) there e x i s t s a homomorphism i n inputs 

(e
i
,^

2
,e

3
):9(X

i
xY,7t

i
,7t

2
) —> 9 {X^Z, rt^, it,,) whose mapping v^.X^Y —> X^Z 

i s i d e n t i c a l on X The proof of t h i s statement i s easy. I t i s based on 

the f a c t that the free X^polygon Y over X
2
 i s an i n i t i a l object i n the 

category of X^polygons. 

1.3. Moore automata 

1.3.1. D e f i n i t i o n and some properties 

The automaton defined i n the item 1.1.1 i s c a l l e d a Mealy automa

ton. An automaton (A, X,B) i s ca l l e d a Moore automaton i f there e x i s t s 

the mapping I/J-.A —> B, such that a»x=(a«x)
1

'' The mapping \ji i s c a l l e d a 

determining mapping of the Moore automaton. The condition a*x=(a»x)''' 
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means that i n the Moore automaton operation • i s modeled by the opera

t i o n o and the mapping t/i. Therefore, Moore automata are simpler f o r 

i n v e s t i g a t i o n . 

Proposition 3.1. The automaton 9=(A,X,B) is a Moore automaton if 

and only if the equality a °x =a °x implies a »x =a »x . 

1 1 2 2 ^ 1 1 2 2 
Proof. The necessity of t h i s condition i s obvious. Let 

a o
X
 =a ox implies a »x =a *x . Consider the subset AoX= {aox, aeA, 

i 1 <i t-* 1 1 <C £, 

xeX} i n the set of states A. Define the mapping 0:A —> B i n the f o l l o 

wing way: i f aeAoX, i.e. a=a
j
ox f o r some a

j
eA and xeX, then sP=a*x; i f 

aeAoX, define the mapping I/I a r b i t r a r i l y . Since
 a

1
"

1 (

1

= a

2

<

'
x

2
 implies 

a »x =a »x , t h i s d e f i n i t i o n i s correct - i t does not depend on the rep

resentation of the element a i n the form a=a ox. By the d e f i n i t i o n of I/I, 

a»x=(aox)^. Hence, 9 i s a Moore automaton. 

Let us denote by T the semigroup, which i s a r e s u l t of adjoining 

the external u n i t to the semigroup T. 

Proposition 3.2. The semigroup automaton 9=(A,r,B) is a Moore 

automaton if and only if it can be extended to the automaton (A.r'.B). 

Proof. Since the semigroup I "
1

 contains a u n i t , the automaton 

(A.r'.B) i s a Moore automaton. Indeed, denote by I/I the mapping a**=a*l. 

Then a*y=a*yl = (aoy)»l=(ao3r)
T

', that i s (A.r^.B) i s a Moore automaton. So, 

(A,r,B) i s also a Moore automaton as a subautomaton of (A.r^.B). On the 

other hand, l e t 9=(A,r,B) be a Moore automaton w i t h the determining map

ping 0. Then the automaton 9 can be extended to the automaton 

9
1

=(A,r
1

,B) assuming aol=a, a*l=a^. Axioms (1.1) of the semigroup auto

maton f o r 9 are immediately v e r i f i e d . 

Note that from the d e f i n i t i o n s of the Moore automaton and the 

automaton ^ ( 9 ) i t follows: i f 9=(A,X,B) i s a Moore automaton, then 

3
!

(9) = (A,?(X),B) i s also a Moore automaton w i t h the same determining map

ping. 

Remarks. 1) On the exactness of the Moore automaton. Recall that 

the automaton 9=(A,r,B) i s exact, i f the kernel of the automaton repre

sentation f-.r —> S(A,B) i s t r i v i a l . Generally speaking, the exactness of 

the automaton 9 does not mean the exactness of the associated represen-
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t a t i o n a-.T —> Ŝ . Really, Kerf=KeranKer/3 where 6 i s a mapping of T i n t o 

Fun(A, B) corresponding to the given automaton. However, i f KeracKerB, 

then Kerf=Kera and the exactness of the automaton 3 i s equivalent to the 

exactness of the representation (A,D. By the d e f i n i t i o n of Moore auto

mata the inclusio n KeracKerB holds. Therefore, the exactness of the 

Moore automaton (A,r,B) i s equivalent to the exactness of the represen

t a t i o n (A, T). 

2) On the uniqueness of the determining mapping. 

I f 3=(A,r,B) i s a Moore automaton, then on the elements of the 

form a°y the determining mapping I/I i s uniquely defined by the condition 

(a°y)^=a*y. Beyond the set A°r the mapping I/J can be taken a r b i t r a r i l y . 

Hence, i f A°r*A, then the Moore automaton may have many determining map

pings but they d i f f e r only on the set A\A°r. 

1.3.2. Moore automata and universal automata 

Proposition 3.3. If the set B is not one-element, then for any A 

the automaton Atm'fA.B) is not a Moore automaton. 

Proof. For a semigroup automaton 3=(A,r,B) and an a r b i t r a r y map

ping ip: A —> B, denote by A=A(I/I) the set of a l l elements Ser f o r which 

a»d"=(a°S J*
7

, aeA i s s a t i s f i e d . A i s a l e f t ideal i n r , i.e ySeA f o r any 

yer and 6eA. Indeed, a*y5= (a°y )«S=((a°y)°8)*^=(a°yS) . The subautomaton 

(A,A,B) i s a Moore part of the i n i t i a l automaton under the given ip: A~*B. 

Consider the Moore part of the automaton Atm
1

(A, B) = (A, S(A, B), B). For any 

aeA holds a»y=a*'=(aoy )^=a°^
>

, where I/I:A —* B, y=(o-,^>)eS(A, B) and yeA(i//). 

I t means that <p=<nli and the semigroup A(^) consists of a l l elements 

yeS(A.B) of the form y=(<r,<r>/() where o-eS From t h i s follows that A(.ip) i s 
A 

less than S(A,B) and that the automaton Atm (A,B) i s not a Moore automa

ton f o r any I/I . Moreover, i t i s possible to pick the elements of S(A,B) 

not belonging to any A(i//). 

The second universal automaton Atm
2

(r,B) may be a Moore automaton 

(f o r example, i f T contains a u n i t ) or may be not. 

Let us consider an example of the automaton Atm (T,B) which i s 

not a Moore automaton. Let T be a semigroup containing two d i f f e r e n t 

elements y and y , such that y x=y x f o r a l l xer. (This con d i t i o n means 
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that the regular left-hand action of r on i t s e l f i s not exact). Such 

semigroups e x i s t . Show that i f the set B contains more than one element, 

then f o r the given semigroup T the automaton Atm
2

(r,B) i s not a Moore 

one. Take the f u n c t i o n aeFun(r.B) w i t h the condition a ( y
j
) * a ( y

2
) . Then 

a»y =a(y )*a(y )=a»y . At the same time a°y =a°y , since (aoy )(x)= 1 1 2 2 1 2 l 
a ^ x ^ a C y x) = (a«y ) (x) i s f u l f i l l e d under any xer. By the Proposition 

2 
3.1. i t f o l l o w s that the given automaton Atm (T,B) i s not a Moore one. 

An unexpected at f i r s t s i g h t f a c t follows from the existence of 

2 2 
the non-Moore automaton Atm (T,B): the automaton Atm (T,B) may not be 

2 1 2 
embedded i n t o the automaton Atm (T ,B). Indeed, i f Atm (T,B) i s not a 

Moore automaton, then i t cannot be a subautomaton of the Moore automa

ton. 

The f o l l o w i n g Lemma gives a construction suitable to produce of 

the examples. 

Lemma 3.4. Given set Z and semigroup T, let H=Zxr
1

. Define the 

representation (H,D: if h=(z,<r)eH, zeZ, trer
1

 and yer, then h»y=(z,o-y). 

Then 

a) The representation (H,D is freely generated by the set Z, 

i.e. for any representation (A,D and the mapping v:Z A there is an 

unique extension to the mapping v.H —> A which commutates with the 

action of T i n H and A; 

b) If the representation (H,D is extended to the automaton 

(H,r,B), then this automaton is a Moore one. 

Proof, a) Define the mapping v.H —> A by the rule : i f h=(z,y)eH, 
then h

y

=(z,y )
y

=z
l

'oyeA. Then f o r any element y ^ r holds (hoy
i
)"= 

(z,yy ) =z »yy =(z °y)°y =h °y . 
l l i i 

We can assume that ZcH, i d e n t i f y i n g elements zeZ w i t h the ele

ments (z,l)eH. Since the ac t i o n of r i n H and A commutes w i t h the map

ping v, the extended mapping v i s unique. Indeed, i f (z.yJeZxr
1

, then 

( z , y ) " = ( ( z , l ) o y ) " = ( z , l)
v

oif=-z
V

°r 

b) Define the mapping 0:H —> B i n the f o l l o w i n g way: i f h=(z,y), 

yer , then h^=(z,l)»y ; i f h=(z,l) then h^ i s supposed to be a r b i t r a r y . 

I n t h i s case f o r h=(z,y)eH, and f o r y ^ r holds (hoy
j
 ̂ ( z , fg ^ V= 

( z , l ) * y y . On the other hand, h*y ={?., y )1 ={z, l y )*r =( (z, 1) »y )*y
j
-
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( z , l ) * r r Hence, (hoy ) =h*r and therefore (H, I " , B) i s a Moore automa

ton. 

1.3.3. Homomorphisms of Moore automata 

Proposition 3.5. Each automaton is a homomorphic (in states) 

image of the Moore automaton. 

Proof. Let us construct a new automaton 9=(AxB,X,B) by the auto

maton 9=(A,X,B) s e t t i n g : (a, b) <>x=(a°x, a»x); (a,b)*x= a*x. Define the 

mapping 0: AxB —» B as (a,b)^=b. Then ((a, b) ' x l ^ t a o x , a*x)^=a*x=(a, b)»x. 

Hence, 9 i s a Moore automaton. The t r i p l e t of mappings ( U , G X , G
b
) w i t h 

the mapping p: AxB
 —

> A defined by the ru l e ( a . b j ^ a , i s a homomorphism 

of the automaton 9 on 9: 

E 

((a,b)ox)'
U

=(aox, a*x)'
1

=a»x=(a, bj^ox
 x 

e E 

(a,b)*x)
 B

=(a,b)*x=a»x=(a,b)
M

»x
 x 

Proposition 3.5 means that each automaton i s equivalent i n states 

to a Moore automaton and therefore, any automaton can be modeled by a 

Moore automaton. I t i s essential that i n t h i s case the number of states 

of the automaton increases. 

Since not every automaton i s a Moore automaton (Proposition 3.3), 

then from Proposition 3.5 follows: 

Corollary. A homomorphic image of the Moore automaton may not be 

a Moore automaton. 

In view of the Corollary the question arises, when a homomorphic 

image of the Moore automaton i s again a Moore automaton. 

Proposition 3.6. Let Si be a Moore automaton with the determining 

mapping \p and p=(p
i >
p

2
,p

3
) be a congruence of 9, such that p^Ker^. Then 

the quotient automaton 9/p is also a Moore automaton. 

Proof. Let u^u^.u^p^) be a natural homomorphism of the automa

ton 9 on 9/p. Since p^cKen/i, then the mapping ip:A —» B induces a mapping 

i/)':A/p^ B and ili=p^/i' Take the mapping f=<ji' p^: A/p^ -> B/p
3 
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A * B 

>B/P
3 

(3.1) 

and show that 9/p=(A/p
t
, r/p

2 >
 B/p

3
) i s a Moore automaton w i t h the deter

mining mapping <p. 

Indeed, 

=[a.y]
 3

=[a»y]*
)

=([a]o[y])*', 
I/I'U 

where [aleA/p^ [y]er/p
2
, aeA, yer. 

We have shown that 3/p i s a Moore automaton and that the determi

ning mapping \ji of 9/p can be "passed" through B. 

Corollary. If there e x i s t s a homomorphism p=(c
A >
p

2 >
p

3
) of the 

Moore automaton 9=(A,r,B) on the automaton 9'=(A,r',B') such that e is 

an identity mapping, in p a r t i c u l a r , if p is an epimorphism in inputs or 

outputs, then 9' is a Moore automaton. 

Let p=(p
t
,p

2
,p

3
) be a congruence of the Moore automaton 9 and l e t 

p=(p
i
,P

2>
u

3
) be a na t u r a l homomorphism of 9 on 9/p. The congruence p i s 

c a l l e d a Moore congruence (corresponding to i t homomorphism u i s ca l l e d 

a Moore homomorphism) i f f o r a c e r t a i n determining mapping \p holds 

P
t
cKer^p

3
. 

Proposition 3.7. If p is a Moore congruence of the Moore automa

ton 9, then 9/p i s also a Moore automaton. 

Proof. According to Proposition 1. 1 the homomorphism p. of the 

automaton 9 on 9' =(A' , V , B' )=9/p admits the decomposition of the form 

The automaton (A,T,B') i s an image of the Moore automaton under the e p i -
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morphism i n outputs p^. Hence, by the Corollary of Proposition 3.6 i t i s 

also a Moore automaton w i t h the determining mapping ip^=ipp
3
: 

u
3
 <p=m

3 
( 3 . 2 ) 

The automaton a=(A',r,B' 
2 

= (A/p
i
,r,B/p^) i s a homomorphic image of the 

automaton S^fA.T.B'). Since p^Ker^iu^Ker^, by Proposition 3.6 3
2
 i s a 

Moore automaton 

A'=A/p 

-> B' 

-» B' 

\p=a^' 

B ' r 

( 3 . 3 ) 

w i t h the determining mapping \p^ 

F i n a l l y , the automaton 3'=a/p i s an epimorphic i n inputs image of 

the Moore automaton 3
2
 and consequently i t i s Moore automaton. 

Proposition 3.8. The homomorphism p of the Moore automaton 

3=(A,r,B) with the determining mapping ip on the automaton 3' = (A' , r" , B' ) 

is a Moore homomorphism, if and only if there e x i s t s a mapping ip: A' —> 

B' with the commutative diagram 

lljl)=\pu
3 

( 3 . 4 ) 

Proof. Let p be a Moore homomorphism, i.e. p
i
=Kerp

j
 s a t i s f i e s the 

condition p^cKer^p . Arguing as above, we represent p i n the form of 

p p p . By the e q u a l i t i e s (3.2) and (3.3) we have p \p =p ip'=*p =$p . 
3 1 2 1 2 1 1 3 

Thus 

u ip ""V'Rji that i s , taking the mapping \p^ as ip, we get the required equa

l i t y P
i
«/(=i/(p

3
. 
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Conversely, i f f o r some mapping ip:A' —> B' the e q u a l i t y ipp^p^ip 

holds, then p^KerPjCKerp^^er^p^ that i s p i s a Moore homomorphism. 

Corollary. If the homomorphism p of the Moore automaton 9 on 9' 

s a t i s f i e s conditions (3.4), then 9' is a Moore automaton with the deter

mining mapping 

The inverse statement i s not true: from the f a c t that p:9—> 9' i s 

a homomorphism of the Moore automata does not f o l l o w that p i s a Moore 

homomorphism. 

Consider the case when the homomorphism u: 9 —> 9' of the Moore 

automata i s a Moore homomorphism. 

1) I f the automaton 9=(A,r,B) s a t i s f i e s the condition A<>r=A and 

p=(p
i
,P

a>
P

3
): 9 —> 9' i s a homomorphism of the Moore automata, then p i s 

a Moore homomorphism. 

Indeed, l e t 9' =(A' , P , B' ) , ip and ip' be the determining mappings 

of the automata 9 and 9' , respectively. Take an a r b i t r a r y element a^eA. 

Since A<>r=A, then f o r some a€A, yer, a =a»y. Then 

<I>V
3
 0M

3
 H

3
 " j H

2
 M-̂ ' H^' 

a
j
 =(aoy) =(a»y) =a »y ; on the other hand, a^ =(a°y) = 

^ 1 *Z lb' M l ^ 2 
(a °y ) =a *y . Hence, ipp^p^ip' and p i s a Moore homomorphism. 

2) Assume that A°r i s less than A. Take aeA\A»r and suppose that 

a belongs to the image of the set B under the mapping p
3
 ( i n p a r t i 

c u lar, i t takes place when p i s the homomorphism of the automaton 9 on 

the automaton 9' ) . Let us denote by b an a r b i t r a r y f i x e d element from B 
jx p \p' 

f o r which b
 3

=a
 1

 . Since the determining mapping ip: A —> B beyond the 

set Aor can be defined a r b i t r a r i l y , l e t a
v

=b Thus, a =a 

ft 

I f a eA' °r' , then by the a r b i t r a r i n e s s of the determining map¬

ping ip' beyond the set A' °T' one can assume that a eB . I f 

p p p M
2
 M^' H

2 

a *eA ~°r
 2

, then f o r some a^A, y ^ r , a =a^ °?
 i
 and a =a^ •y

j
 = 

p p 

(a *y )
 3

eB
 3

. I t i s l e f t to consider the occasion, when f o r some ele¬

ment aeA\A<>r i t s image a l i e s i n A'»r'\A or In t h i s case i t i s 
poss i b l e to construct an example of the homomorphism of the Moore auto-
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mata which i s not a Moore homomorphism. 

Example. Let A'^a^a^ a } , n>l. Consider the representation 

(A',r") where T' i s a semigroup S of a l l transformations of the set A'. 

A 
Take the set B'='b ,b b } and extend the representation ( A ' . f ) to 

l 2 n 

the automaton 3'=(A', T',B') by s e t t i n g a ^ y
-

" ^ , i f a^j=a^. The axioms 

of the semigroup automata are evident. 3' i s a Moore automaton w i t h the 

determining mapping ib'• a^ =b
(
 Take the subautomaton (A , r,B)c3' as the 

automaton 3. In t h i s subautomaton A=A' , T i s a subsemigroup of I " con

s i s t i n g of a l l mappings of A to the set {a^ a^}; B={b , . . . , b
n
} . 3 i s 

also a Moore automaton w i t h the f o l l o w i n g determining mapping: a ^ b ^ i f 

i > l ; a^ can be defined a r b i t r a r i l y . The i d e n t i t y mapping of the automa

ton 9 on i t s e l f i s a homomorphism 3 —> 3' , but i t i s not a Moore homo-
morphism, since the element a =b^ does not belong to the set B and, 

therefore, i t cannot be equal to a 

1.3.4. Moore semigroups 

The example of the automaton Atm (T,B) shows that the property of 

being a Moore automaton depends on the properties of the semigroup T. 
The next theorem 3.10 gives the necessary and s u f f i c i e n t conditions f o r 

the semigroup r under which the automaton (A ,r,B) i s a Moore automaton. 
Let T be an a r b i t r a r y semigroup, yer. Consider the mapping y : T —> 

T, defined by the rule: f o r every xer, y(x)=yx. Let p=p(y)=Kery. By the 

d e f i n i t i o n of y , x p ( y ) y , x.yel", i s equivalent to yx=yy. For each p a i r of 

elements y ,.IT *T denote by p ( y ,y ) the equivalence generated by the 

equivalences p t y ^ and p ( y
?
) . Let us c a l l the semigroup T a Moore semi

group, i f each pair of i t s elements y and y ^ has the right-hand u n i t s x 

and y ( i . e . y
i
x = y

i >
 H

z
y=7

z
) which are equivalent by p f y ^ y ) . For 

example, each semigroup w i t h a u n i t i s a Moore semigroup. Given the 

automaton Atm 2 (r , B) = (Fun (r , B),T,B), the element geFun(r.B) i s c a l l e d 

d i v i s i b l e by yer, i f there i s such element ^eFun(r,B), that g=v>°y. 

Lemma 3.9. The element geFun(r.B) is d i v i s i b l e by yer if and only 

if x p ( y ) y implies g(x)=g(y). 

Indeed, l e t g=*>°y and x p ( y ) y . Then g(x) = (i p o y ) (x)=v>(yx) = (^>oy) (y) = 
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g ( y ) . Inversely, l e t f u n c t i o n g s a t i s f i e s the assertion of the Lemma. 

Let us f i n d <p. For each element zer of the form z=yx ( f o r some x) take 

#>(z)=g(x). Here, ip(z) does not depend on the choice of x. Beyond the set 

of a l l yx define ip a r b i t r a r i l y . Then (<p°y) (x)=p(yx)=g(x), that i s p«y=g. 

Theorem 3.10. [89] 

a) If in the semigroup automaton 3=(A,r,B) the semigroup T is a 

Moore semigroup, then Si is a Moore automaton. 

b) If Atm
2

(r,B) is a Moore automaton, then the semigroup T is a 

Moore semigroup. 

Proof, a) I t s u f f i c e s to show that the equ a l i t y a oy =a oy 
n ' 1 1 2 2 

implies a *y =a *y . Let a » j =a »y =a. We associate w i t h t h i s a the 

mapping a: T > B defined by a(x)=a»x, and l e t x=Kera. Then xxy i s equi

valent to that a*x=a*y. Show that f o r the given y
j
 and y

2 >
 pir^ and 

p ( y
a
) belong to T. Let xpCy^y, x.yeT ( i . e . y

i
x = y

i
y ) . Then 

a»x= (a
t
oy )»x=a

i
*y

j
x=a

i
«y

j
y= (a «r )*y=a»y. 

Hence, xxy and p t y ^ c x . S i m i l a r l y , p ( y
2
) c x . Thus, p t y ^ y ^ c x . 

Now l e t x and y be right-hand u n i t s f o r y
i
 and y

2
 respectively, 

which are equivalent by p ( y ,y ) (they e x i s t , as T i s a Moore semi

group). Since p ( y
i >
y

2
) C T , then xxy, i.e. a*x=a*y. Then 

a,*r, = a » y x= (a oy )»x=a»y= (a »
y
 )»y=a *y y=a »y 

1 1 1 1 1 1 2 2 2 2 2 2 
So, a »y =a »y and 3 i s a Moore automaton. 

1 1 2 2 
b) Let Atm (r,B) be a Moore automaton and the semigroup T be a 

non-Moore semigroup. Then there are elements y and y
2
 of T, such that 

the corresponding property i s not s a t i s f i e d . This means that e i t h e r f o r 

one of the elements, say f o r y , there i s no right-hand u n i t , or any 

pa i r x,y of the right-hand u n i t s f o r y and y
2
 respectively, i s not 

equivalent by p(y , y
2
) . 

At f i r s t assume that y does not have a right-hand u n i t . Take an 

a r b i t r a r y f u n c t i o n geFun(r.B), d i v i s i b l e by both y^ and y . I t i s 

obvious that these functions e x i s t . Let g^vr^ and g= ^ o y
2
 The fun c t i o n 

ip may be chosen i n such a way that y ( y
j
) * ^ ( r

2
) • Indeed, (see Lemma 3.9) 

i t s value beyond the set of the elements of the form y x was defined 
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a r b i t r a r i l y . Since y does not have the r i g h t u n i t , that i s , f o r a l l xer 

holds y *y x, the value of <p(y^) can be chosen a r b i t r a r i l y . I n p a r t i c u 

l a r , we can take y>(y ) * 0 ( y ). Then ip*y =v>(y )*i/<(y )=0*y . Since g ^ o y ^ 

0 o y ^ , the Ine q u a l i t y <p*TI *ty*H^ contradicts that Atm (T,B) i s a Moore 

automaton. 

Now l e t x,y be the r i g h t u n i t s f o r y and y
a
 respectively, and x 

and y are not equivalent by p = p ( y
i >
y

2
) . Then the classes [ x ] ^ and Wp 

are d i f f e r e n t . Take the fu n c t i o n geFun(r.B) s a t i s f y i n g the f o l l o w i n g 

conditions: 

1) i f u.ver and upv, then g{u)=g(v), 

2) g ( x ) * g ( y ) . 

Such function e x i s t s , since [x] #[y] and i t i s d i v i s i b l e by y and by 
P P

 1 

y . Indeed, i f up
j
v (or up

2
v), then upv and g(u)=g(v). By Lemma 3.9 t h i s 

implies, that g i s d i v i s i b l e by y (and by y ) . Let g=qpoy and g=0°y
2
. 

Then 

y«y =<p(y )=¥>(y x) = (p°y ) (x)=g(x); 

(**r
2
=0(y

2
)=0(r

2
y)= (̂ °y ) ( y ) = g ( y ) . 

2 
We get <p*D^**ii*Tf , c o n t r a d i c t i n g to the f a c t that Atm (T,B) i s a 

Moore automaton. The theorem i s proved. 

Corollary. All semigroup automata a=(A,r,B) are Moore automata if 

and only if r is a Moore semigroup. 

1.3.5. Cyclic Moore automata 

Let us observe the case when the c y c l i c automaton i s a Moore 

automaton. I t i s clear that Atm(D = (r', T, T) i s a Moore automaton w i t h 

the determining mapping li-.T —> V i d e n t i c a l on r and a r b i t r a r y on the 

external u n i t . Not every c y c l i c automaton i s a Moore automaton. For 

example, the universal automaton Atm'tA.B) i s c y c l i c , but i t i s not a 

Moore automaton. Each c y c l i c automaton i s a homomorphic image of the 

automaton Atm(D. Hence, not every quotient automaton Atm(D/p i s a 

Moore automaton. 

Proposition 3.11. Let p=(p ,p ,p ) be a congruence of the automa

ton Atm(r). The cyclic automaton Atm(D/p is a Moore automaton if and 
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only if p Is a Moore congruence. 

Proof. Atm(r) i s a Moore automaton. By Proposition 3.7, i f p i s a 

Moore congruence, then Atm(D/p i s also a Moore automaton. 

On the other hand, l e t Atm(D/p be a Moore automaton w i t h the 

determining mapping 0 ' ; ^(p^.p. ,p. ) be a natural homomorphism corres

ponding to the congruence p. 

i "a 

Since ( r ) cr/p
3
=r , then the homomorphism p i s a Moore homo

morphism (and p i s a Moore congruence). 

Proposition 3. 11 gives necessary and s u f f i c i e n t conditions f o r an 

a r b i t r a r y c y c l i c automaton to be a Moore automaton. The f o l l o w i n g Propo

s i t i o n gives such conditions f o r a reduced c y c l i c automaton. 

Proposition 3.12. Atm(0:r —* B) i s a Moore automaton, if and only 

if for y ,y el" the equality (y x)^=(y x ) ^ f o r a l l xer implies the equa-

... i t V
2 1 2 

nty r=r
z
 • 

Proof. Let Atm(0:T —> B) = (T
1

/p, T, B) be a Moore automaton w i t h the 

determining mapping ip-.^/p —* B. Denote by T = ( T , t j , , t
B
) the homomorphism 

of the automaton Atm*(0:r —> B) = ( r \ r , B ) on Atm(0:r —* B) and consider 

the mapping Tip-.r1 —* r V p -* B. Then, 

y**>= ( y
T

 ) » „ ( ( 1 oy )
T

 )">= ( 1
T

 o /
1

" ) * = ( 1
T

 oy f ^ ^ ^ ^ (
 W
 J ^ ^ C l . , ) * - , * 

So, y
T

*=y
TT

' f o r any yer. 

Now l e t xV=lr2xr ( i . e . y
i
»x=y

2
*x) f o r a l l xer. Since Atm(0: 

T T 0 T<p 
T —> B) i s a reduced automaton then 71 =m 2- From the e q u a l i t i e s y

r

=y 
T T ill 0 „ 0 T(D , T.CC , T,«P Tqp 0 

and y =y fo l l o w s that y,=r?,. Really, y*;=y - t r r = (r r = r
2
 =rTj. 1 2 1 <s ib lit 

Conversely, l e t f o r any y ,y er from the eq u a l i t y ( y ^ ) =(y
a
x) , 

xer (and hence, from y^r.,) follows the e q u a l i t y I t i s necessary 

to show that Atm(0:T —> B) i s a Moore automaton. 

F i r s t l e t us consider the automaton Atm (0:T —> B). I t i s a Moore 

automaton. As a determining mapping of t h i s automaton one can take any 

extension of the mapping 0:T -> B to the mapping r
1

 - * B. Denote i t also 

by 0 . The automaton Atm(0:r -> B)=Atm'"(0:r -> B)/p i s a homomorphic 
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image of the Moore automaton Atm (0:T —> B); here p = ( p
i >
p

2
, p

3
) = K e r T . By 

the Proposition 3.6 i t s u f f i c e s to show that p^cKen/i. 

As i t was mentioned i n the Remark before Proposition 1.6 (Section 

1) the condition i p » and the e q u a l i t y (y x)*^=(y x)
1

^ f o r a l l xer are 1 1 2 . . 1 2 
equivalent. This implies that y,=y

2
 f o r y ,y el"". But i f one of the ele 

ments, say i s equal to 1 and the class [ U p contains elements from T, 

then using the a r b i t r a r i n e s s of the extension of the mapping \fi-.r —* B to 
I/J-.T1 —> B, set i * n r * , where y e [ l ]

p
 This d e f i n i t i o n of j * does not 

depend on the choice of yer, since, i f y^, y^s [ 11 , then 3
r

1
P3

r

2

 a n d

 thus 

y ^=y*^ Now the condition y py implies the e q u a l i t y y
T

*=y
T

* f o r a l l y , y 

1 2 1 . 2 1 2 1 2 
from T

1

 This means that pcICen/i, and Atm(0:r —» B) i s a Moore automaton. 

I f the semigroup r has a u n i t , then Atm(0:T —* B) i s a Moore 

automaton (see Proposition 3.2). Using Proposition 3.12 construct an 

example of non-Moore automaton Atm(0:T
 —

> B). 

Example. Let the semigroup r = { y , y , y ,y^} has the Cayley table 

N. 2 
1 N . * 1 * 2 * 4 

»I ^ 1 * 2 * 3 * 4 

* 2 * 4 * 3 * 2 * 1 

^ 3 
y

, * 2 * 3 * 4 

* 4 * 4 * 3 * 2 y i 

with the natural order of m u l t i p l i c a t i o n ( i t i s a semigroup of inputs of 

the semigroup automaton ^ ( 9 ) generated by the automaton 9 from the 

example i n 1.1.1). Take the set B=<b ,b ,b ,b } and assume y^=b : 

1 2 3 4 1 1 
i=l,2,3,4. For T,B and I/I thus defined consider the automaton Atmt^iT

-

* 

B). From the Cayley table we can see that y x=y x f o r a l l xef, then of 

file:///fi-.r
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course (y^V^iy^xV. At the same time b^y^xy^b^. By Proposition 3. 12 

t h i s means that Atm(0:T —* B) i s not a Moore automaton. 

1.4. Free pure automata 

1.4.1. Definition. Implementation 

Let us consider the category of pure T-automata, whose objects 

are pure automata w i t h the f i x e d semigroup of inputs r and morphisms are 

the homomorphisms of the form ( 1 ^ , 1 ^ , 1 ^ ) , where e
r
 i s an i d e n t i t y map

ping of the semigroup T. An automaton (A, T,B) i s cal l e d a free 

T-automaton w i t h a f r e e system of generators (Z,Y), ZcA,YcB i f f o r any 

T-automaton 9' =(A' , P* , B' ) and every mappings u ;2 -* A', u^Y—» B' there 

e x i s t s a unique extension of these mappings to the homomorphism u= 

(U,e_,ijt ):S —> 9'. From the uniqueness of the extension follows the 

uniqueness (up to the isomorphism) of the free T-automaton 9 wi t h the 

system of fre e generators (Z,Y). 

For each semigroup r and each pair of sets (Z,Y) i t i s possible 

to construct a fr e e over (Z,Y) automaton w i t h the semigroup of input 

signals T. For t h i s purpose take a Cartesian product H=Zxr
1

 and define 

(as i n Lemma 3.4) the a c t i o n of the elements of T i n H by the rule: i f 

h=(z,cr)eH,y€r, then h»y=(z, <ry). By Lemma 3.4 the representation (H,D i s 

f r e e l y generated by the set Z, that i s , f o r any representation (A,D and 

mapping v.Z ~> A there i s a unique extension to the mapping »:H~* A per-

mutable w i t h the a c t i o n of r i n H and A. Let us assume that the set Z i s 

included i n t o H by i d e n t i f i c a t i o n of the elements zeZ w i t h the elements 

(z.l)eH. Then elements (z,y)=(z,1)°y are i d e n t i f i e d w i t h z°y. Correspon

di n g l y , the set H=Zxr
1

 can be i d e n t i f i e d w i t h the set Z«T . Take Yu(ZxD 

as the set * of output signals and define the operation * according to 

the r u l e : i f h=(z,<r)€H, yer, then h*y={z, <ry )e$. Then i t i s possible to 

i d e n t i f y elements of the form (z,y)e* w i t h the elements z'y. Denote the 

set ZxTc* by Z»r. We obtain the automaton (H,r,*). 

Let us v e r i f y that t h i s automaton i s free and has the f r e e system 

of r-generators (Z,Y). Take an a r b i t r a r y automaton (A,T,B) and mappings 

u z —> A, u :Y -> B. The representation (H,D i s f r e e l y generated by 
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the set Z, therefore the mapping V-^-Z ~* A i s uniquely extended to the 

mapping u^-.K —* A i n such a way that f o r a l l hsH and yer holds 

(hoy) =h <>y. For the element (z.y)eZxr set (z,y) =z *y. Together 

wi t h u : Y -* B t h i s gives the mapping p : * -> B; and i f h=(z,cr)eH, yer, 

^ 3 ^ 3 M l 3 M l ' ' I 
then (h*y) =(z,o-y) =z *<ry=(z o<r)oy=(z,o-) *y=h *y. Thus, the pair 

of mappings (u^u^) i s extended to the homomorphism of the automata 

(H,r,*) —> (A,r,B). The uniqueness of t h i s extension follows from the 

freeness of the representation (H,D and from the axioms of the homomor

phism of automata. So the automaton (H,r,$) i s f r e e l y generated by the 

pair of sets (Z,Y). Denote t h i s automaton by AtniptZ.Y). 

Our next aim i s to consider the category of the automata w i t h a 

variable semigroup of input signals. Objects of t h i s category are a r b i t 

rary pure semigroup automata while morphisms are the homomorphisms of 

these automata. In the given case the system of fr e e generators of a 

free automaton consists of the three sets Z,X, and Y. The automaton 9 i s 

free w i t h the system of generators (Z,X, Y), i f f o r any automaton 

9'=(A',T', B') of the given category and f o r any t r i p l e t of the mappings 

p^.Z —* A', p^: X -> T', u^: Y
 —

> B' there e x i s t s a unique extension of 

these mappings to the homomorphism u: 9 —* 9'. Such automaton i s denoted 

by Atm(Z,X,Y). To construct such automaton i t i s necessary to take the 

free semigroup F=F(X) wi t h the free system of generators X and then the 

automaton Atm^tZ.Y). I t i s easy to see that the constructed automaton i s 

act u a l l y free. 

1.4.2. C r i t e r i o n of freeness 

The f o l l o w i n g proposition gives the c r i t e r i o n of freeness of an 

a r b i t r a r y automaton. Let us consider the automaton 9=(A,r,B). The ele

ment aeA i s called the divisor of the element beA i f f o r a c e r t a i n ele

ment yer holds b=aoy. 

Theorem 4.1. The automaton 9=(A,r,B) is free, that i s , 

9=Atm(Z,X,Y), if and only if the following conditions are satisfied: 

1) f o r any yer and aeA the element aoy is not a divisor of a; 

2) for any a,beA, y ,y ,yer the equality aoy=b»y implies a=b and the 
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equality a°z ̂ a'z
 z

 Implies 3
r

1

=

3
r

2
; 

3) from the equality aoy
i
=b»y i t follows that either a=b or a i s a 

d i v i s o r of b; or b i s a d i v i s o r of a; 

4) each element aeA may have only a f i n i t e number of divisors; 

5) the equality a'y^b'f^ implies aoy^boy^ 

Proof. Recall f i r s t the well-known theorem on the str u c t u r e of a 

fr e e semigroup (see, f o r example, [ 5 3 ] , chapter IX ) . The semigroup F i s 

fr e e i f and only i f the f o l l o w i n g conditions are s a t i s f i e d : 

(a) F does not have a u n i t , 

(8) F i s a semigroup w i t h two-sided canc e l l a t i o n , 

(y) the e q u a l i t y f f =f f , where f , f , f , f eF implies that e i t h e r 

1 2 3 4 1 2 3 4 ^ 
f =f or f i s l e f t - d i v i d e d by f , or f i s l e f t divided by f , 

1 3 1 J 3 3 ' 1 
(6) each element of the semigroup F may have only a f i n i t e number of 

d i f f e r e n t l e f t d i v i s o r s . 

Now l e t a=Atm(Z,X,Y)=(H,F,*). Show that conditions 1-5 are s a t i s 

f i e d . 

1) Let a=(z, f )eH=ZxF
1

 and y^F. Assume that a<>y
i
=(z, f ) »y

i
=(z, f y

i
) 

i s a d i v i s o r of a. This means that a=(a»y
i
)oy

2
 f o r a c e r t a i n r

2
<=F, that 

i s , (z, f ) = (z, f y ^ ) . Therefore, f = f y
i
y

2 >
 which contradicts the condition 

that the semigroup F i s f r e e . 

2) Let a=(z , f ) and b=(z , f ) belong to H, y ,y , yeF and a°y= 

1 1 2 2 1 2 
boy. Then (z , f y)=(z , f y ) . This means that z =z and f y=f y. Since 

1 1 2 2 1 2 1 2 
the f r e e semigroup i s a semigroup w i t h the cancellation, then ^,

=

^
2 

Thus, ( z
i
, f

i
) = ( z

2 >
f

2
) , that i s , a ^ a ^ 

I f a°y =a»y , then (z , f y ) = (z , f y ) . Therefore, f y =f y 
1 2 1 1 1 1 1 2 1 1 1 2 

Cancelling by f we get 3
r

1
='J'

2
-

3) Let aoy
i
=b»y

2 >
 that i s , ( z ^ f

 j
y

j
 ) = (z

2 >
 f

 2
y_,) • Then z^z.,, 

f y =f y . Since the semigroup F i s f r e e , then from the l a t t e r e q u a l i t y 

i t f o l l o w s that e i t h e r f =>f or f ^ ^ x , or f ^ f ^ y f o r c e r t a i n x.yeF. I f 

f =f , then a=b; i f f =f x, then a=(z , f ) = (z , f x) = (z , f x) = (z , f ) »x= 

1 2 1 2 1 1 1 2 
box, that i s , b i s a d i v i s o r of a; i f f " ^ y . then b=aoy, i . e . , a i s a 

d i v i s o r of b. 
4) I f b=(z , f ) i s a d i v i s o r of a=(z , f ) , that i s , a=box f o r a 

2 2 1 1 
c e r t a i n xeF, then z^z., and f ^ ^ x ; f., i s a l e f t d i v i s o r of f ^ Since i n 
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the free semigroup each element may have only a f i n i t e number of d i f f e 

rent l e f t d i v i s o r s , then f o r the given f there e x i s t only a f i n i t e num

ber of d i f f e r e n t f such that f =f x and therefore, only a f i n i t e number 

2 1 2 1 
of the elements b=(z , f ) which are d i v i s o r s of the element a. 

2 2 
5) S a t i s f a c t i o n of the given condition immediately f o l l o w s from 

the d e f i n i t i o n of the operations <> and • f o r the automaton Atm(Z,X,Y). 

Conversely, l e t the automaton 9=(A,r,B) s a t i s f i e s conditions 1-5. 

F i r s t v e r i f y that T i s a free semigroup. I t s u f f i c e s to check the condi

tions ( a ) - ( 5 ) . 

(a) From condition 1 i t f o l l o w s , i n p a r t i c u l a r , that f o r a l l aeA 

and y , y er, ( a o y ) o y * a o y , that i s a o y y * a o y . Therefore y y * y and 

1 2 1 2 1 1 2 1 1 2 l 
there i s no u n i t i n T. 

(B) Let y j y = y 2 y . Take an a r b i t r a r y aeA. Then ( a o y ^ ) o y = ( a o y ^ ) o y . 
By the condition 2 i t follows that a o y ^ a o y ^ and y j = y ^ . I f y y i = y y 2 > then 

( a o y ) o y ^ = ( a o y ) o y ^ and again 3'
1

=

3
r

2
- Thus, T s a t i s f i e s c a n c e l l a t i o n law. 

( y ) Let y y = y y i s s a t i s f i e d i n T. For aeA holds 

1 2 3 4 
( a o y ^ ) oy ^ = ( a o y ^ ) o y ^ . By the condition 3 e i t h e r a o y ^ a o y ^ or a o y ^ i s a 
d i v i s o r of a o y or a o y i s a d i v i s o r of a o y . I f a o y = a o y , then y = y ; 

3 ' 3 1 1 3 l 3 
i f a o y ^ i s a d i v i s o r of a o y ^ , then a o y ^ t a o y ^ ) o x = a o y^x and T^V^' i.e. 

y i s a d i v i s o r of y ; i f a o y i s a d i v i s o r of a o y , then y i s a d i v i -

1 3 3 1 3 
sor of y . 

(5) V e r i f y that each yer has only a f i n i t e number of l e f t d i v i 

sors i n T. Let •g=mb\ <r,0er. Then a o y = ( a o<r)o0 and a»o- i s a d i v i s o r of 

a o y . By the condition 4 there i s a f i n i t e number of d i f f e r e n t ao<r. Howe
ver, i n v i r t u e of the condition 2, cr *cr implies ao<r *a.«<r . Therefore 

1 2 1 2 
there i s also a f i n i t e number of d i f f e r e n t cr. 

Show now that the representation (A,T) i s f r e e l y generated by a 

cer t a i n set Z, that i s , A=Zxr* and the operation o i s defined by the 
rule: i f a=(z , y)eA and xeT, then aox=(z,yx). An element aeA i s defined 

to be prime i f i t does not have proper d i v i s o r s . Denote the set of a l l 

prime elements of A by Z. This set i s not void i n v i r t u e of the condi

t i o n 4. Let z be a f i x e d element of Z and zor=<zoy,yer} be a set of a l l 
zoy, yer. By the condition 2 a l l zoy are d i f f e r e n t . Besides, show that 
i f z and z are d i f f e r e n t elements of Z, then the sets z or and z or 

1 2 1 2 
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are d i s j o i n t . Indeed, l e t z °y =z o y . Since z *z , by the condition 3 
1 1 2 2 1 2 

e i t h e r z ^ o x or =z ey f o r c e r t a i n x.yei". This contradicts the f a c t 

that the elements z and z are prime. Thus, i f z o y #z oy , z ,z er, 
1 2 1 1 2 2 ' 1 2 

then z
i
=z

2
 and 3 ^ = ? • Moreover, A i s a union of the set Z and sets z«r, 

zeZ. Hence, A=Zxr
1

. So we can w r i t e now z o y also i n the form (z,y) as 

fo r Cartesian products. Then (z,y) o x = ( z o y ) o x=zoyx=(z,yx). 
Denote the set of "a c t u a l l y observed" output signals by *

q
 (*

q 

being the set of such output signals b, that b=a»y under c e r t a i n aeA and 

yeD, and the set of a l l the remaining output signals of B by Y. To com

plete the proof i t i s necessary to show that $
Q
=Zxr holds and that the 

operation • i s defined by the rule: i f a=(z,y)eA=Zxr* and xer, then 

a*x=(z,yx). Let z T={z*y, yeD, zeZ. By the condition 5 and inasmuch as 
a l l z o y d i f f e r , i t follows that a l l z*y are also d i f f e r e n t . Arguing as 

above, we conclude that z IT and z * r , z *z , are d i s j o i n t and * i s a 

1 2 1 2 o 

union of the sets z*r on a l l zer. I t means that <J =Zxr. So, along w i t h 
o 

z*y we can w r i t e ( z , y ) , and f o r any a=(z , y)eA and xer we have 

a*x=(z,y )»x = ( z o y )»x=z*yx=(z,yx). 
Thus, i t i s shown that i f the automaton 9=(A,r,B) s a t i s f i e s con

d i t i o n s 1 - 5 , then the semigroup T i s f r e e , the representation (A,D i s 

f r e e l y generated by c e r t a i n set Z, B=(Zxr)uY f o r a c e r t a i n set Y and the 

operations o and * are defined according to the given rules, i.e. the 

automaton 3 i s an automaton of the Atm(Z,X,Y) type. 

I f the set Z consists of one element and the set Y i s empty, then 

AtnytZ.Y) i s a free c y c l i c automaton and i t can be i d e n t i f i e d w i t h the 

automaton Atm(D = (r , r , D . 

1.4 . 3 . Some properties 

By Lemma 3.4 each free automaton i s a Moore one. I t i s clear that 

each free automaton Atmj,(Z,Y) i s an exact automaton. However, the next 

Proposition 4.2 shows that not every free automaton Atmj.(Z,Y) i s l e f t -

reduced. 

Consider l e f t regular action of the semigroup T l on the semigroup 

T given by the r u l e : i f yer
1

,xer, then y o x=yx. Denote i t s kernel by p, 

i.e . y py , y ,y er
1

 means that y x=y x f o r a l l xer. A semigroup T i s 
1 2 1 2 1 2 
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called exact i f the kernel p i s t r i v i a l . Exactness of the semigroup T 

implies that f o r any elements y , y er
1

, y *y there e x i s t s such xer that 

1 2 1 2 
y x*y x. 

1 2 
Proposition 4.2. Let T be the kernel of reduction of the automa

ton AtrrutZ, Y) = (H,r,») and h =(z ,y ) , h =(z ,y ) be the elements of H. 

T 1 1 1 2 2 2 
Then h r h if and only if z =z and y py 1 2 J 1 2 1 2 

Proof, h xh implies that (z ,y )*x=(z ,y )*x i s s a t i s f i e d f o r 1 2 r 1 1 2 2 
a l l xer, that i s (z , y x)=(z

g l
 y

2
x ) . The l a t t e r i s possible only i f '

z

^
7

-
2 

and y x=y x, i.e. , i f z =z and y py . The inverse statement i s v e r i f i e d 

1 2 1 2 1 2 
i n a s i m i l a r way. 

Corollary. The automaton Atiy(Z,Y) is (left) reduced if and only 

if the semigroup T is exact. In particular, Atm(Z,X,Y) is a reduced 

automaton. 

We have considered free semigroup automata. I t i s possible to 

define the automaton, which i s free i n the class of the automata w i t h 

the a r b i t r a r y set X of the input signals. In order to construct such 

free automaton i t i s necessary to take Atm(Z,X,Y) = (H, F, *) and reduce i t 

to the automaton (H,X,$). 

Proposition 4.3. If the automaton (H,X,$) is free in the class of 

automata with an arbitrary set of input signals, then each subautomaton 

in (H,X,$) is also free. 

Proof. Let (H ,X ,* ) be a subautomaton i n (H,X,*) and (Z,X,Y) be 

a free generator system f o r (H,X,*). Consider the automata 

3=(H ,F(X ) , * ) and (H, F(X), *)=Atm(Z, X, Y). Since (H ,X ,* ) i s a r e s t -1 1 1 i l l 

r i c t i o n of the automaton a then i t s u f f i c e s to show that the semigroup 

automaton a i s f r e e . Conditions 1,2,4,5 of the Theorem 4.1 are s a t i s f i e d 

i n 3 since they are s a t i s f i e d i n Atm(Z,X,Y). I t i s l e f t to v e r i f y the 

f u l f i l l m e n t of the condition 3 i n a. Let a°y
i
=b°y

2
 be given i n a and l e t 

a be a d i v i s o r of b i n Atm(Z,X, Y), that i s b=a°y f o r a c e r t a i n yeF(X). 

I t i s necessary to show that yeF(X^). From a°y
i
=b°y

2
 and b=a»y follows 

aoy
i
=a»yy

2
. By the condition 2 we have y

j
=yy

2
. Since y^y^FCX ) , then 

yeF(X ) . Therefore, condition 3 i s s a t i s f i e d and a turns to be a f r e e 
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semigroup automaton. 

Appendix. Since a subsemigroup of a free semigroup i s not neces

s a r i l y f r e e , the statement s i m i l a r to statement 4.3 i s not true f o r the 

semigroup automata. 

In the appendix l e t us consider automata of the type (H,r,B) 

which are p a r t i a l l y free: i t i s assumed that the action of the semigroup 

T i n H (the representation (H,D) i s f r e e l y generated by a c e r t a i n set Z 

and the operation • i s an a r b i t r a r y one. Show that such automata can be 

defined by the system of mappings of the type ip :T —* B by a l l zeZ. At 

the beginning of Section 1 i t was noted that i f the representation (H,D 

i s f r e e l y generated by the set Z, then H can be w r i t t e n i n the form Zxl*
1 

and the a c t i o n ° i s defined by the rul e : i f h=(z , T)eZxr
1

, yer, then 

h ° y=(z , T y ) . 
By Lemma 3.4 (H,r,B) i s a Moore automaton and the determining 

mapping ip:H —> B i s uniquely defined on the set ZxJf: (z , y)
T <

=
;

z * y . In i t s 

t u r n , given the free representation (H,D and the mapping ip:E —> B, the 

operation • i n the automaton (H,r,B) i s uniquely defined. Let us f i x a 

mapping ip:H —* B. To each zeZ corresponds the mapping ip defined by the 

<P 

r u l e : y = ( z , y ) =z»y. Using a l l these ip i t i s possible to reconstruct 

z 

ip. Therefore the automaton of the type (H,r,B) can be defined by the 

sets of the mappings ip : T —> B f o r a l l zeZ. The notation Atm(0 :V -» B, 
Z 7 

zeZ) i s accepted f o r such automaton a=(H,r,B). 

Each automaton (A,r,B) i s a homomorphic i n states image of the 

automaton of the type Atm(0 :T -» B,zeZ)=(H,T,B). 
z 

1.5. Generalizations 

1.5.1. Automata in an arbitrary variety 

I n the previous Sections pure automata, i . e. automata whose sets 

of states and outputs do not have an a d d i t i o n a l s t r u c t u r e , have been 

considered. Now, l e t us define automata w i t h sets of states and outputs 

being the elements of a c e r t a i n v a r i e t y e of n-algebras. We s h a l l study 

an important p a r t i c u l a r case of such automata, namely, l i n e a r automata. 

Let 6 be a c e r t a i n v a r i e t y of n-algebras. A t r i p l e t (A,X,B) w i t h 

the operations <>:AxX —> A and *:AxX —> B i s said to be an automaton in 
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the variety 9 i f A, B are algebras of 8 and f o r each xeX the mappings 

a -* a°x and a -> a»x, aeA are homomorphism of algebras of 6. 

Semigroup automata i n the v a r i e t y 9 i s obtained i n a s i m i l a r way. 

I f /i=(p. , fi , n ) i s a homomorphism of the automata i n the v a r i e t y 6, then 

/
J

1
>

ll

3
 are supposed to be homomorphisms of the corresponding algebras of 

9. As i n Section 1, we can introduce special kinds of homomorphisms of 

automata ( i n inputs, i n outputs, i n s t a t e s ) , e s t a b l i s h f o r them a cano

n i c a l decomposition, and construct the corresponding universal automata. 

To the pair A, B of the fi-algebras corresponds the automaton Atm
1

 (A, B) = 

(A,End(A,B),B) which d i f f e r s from the s i m i l a r pure one by End(A,B)= 

EndAxHomtA, B), where EndA i s a set of a l l endomorphisms of the algebra A 

and Hom(A, B) i s a set of a l l homomorphisms of A i n t o B. M u l t i p l i c a t i o n 

i n End(A.B) i s defined as i n S(A,B) (see 1.1.2). The operations ° and * 

are defined as i n the automaton Atm
1

(A,B) f o r the pure case. For each 

automaton 9=(A,r,B) i n the v a r i e t y 8 there i s only one homomorphism i n 

input signals 3 -> Atm (A,B), that i s Atm (A,B) i s a terminal object i n 

the category of automata i n 6 w i t h given A and B and w i t h homomorphisms 

i n input signals as morphisms. 

Define now the universal automata Atm
2

(r,B) and Atm
3

(A,D. Let 

the semigroup T and fi-algebra Be9 be given. The set Fun(T,B) of a l l map-
r 

pings from T i n t o B i s a Cartesian power B ; since 9 i s a v a r i e t y of 
r 

algebras, then B e9. I f u i s an n-ary operation of fi, then t h i s opera

t i o n i n Fun(r.B) i s defined as follows: i f 0 ,0 . . . , 0 eFun(T, B), xer, 

1 2 n 
then 

( 0 , 0 .. . , 0u>) ( x ) = 0 ( x ) . . .0 (x)o). 

1 2 n 1 n 
Take the algebra Fun(T,B)e9 as an algebra of states of the automaton 

Atm (r,B) = (Fun(r,B),r,B) i n which operations ° and * are defined by the 

fol l o w i n g way: i f 0eFun(T,B), y.xer, then (0<>y) ( x ) = 0 ( y x ) ; 0 * y = 0 ( y ) . I t 

i s easy to v e r i f y that 
( 0 . . .iji w)°y=(0 °y). . . (ip °y)w, (ib • • -ib o>)*7=bb * y ) . . . ( 0 »y)u. 

I n 1 n I n 1 n 
that i s , the mappings 0 — > 0°y, 0 — > 0»y are homomorphisms of algebras, 

and that axioms of the semigroup automata are s a t i s f i e d : 



57 

0°y.y =(0°r, )°y,; 0»y,y = ( 0°?, )*y„-
1 2 1 2 1 2 1 2 

The automaton Atm (r,B) i s a terminal object i n the category of 

automata ( i n the v a r i e t y e) w i t h f i x e d r and B and wi t h homomorphisms i n 

states as morphisms. 

I f the homomorphism of the automaton (A,r,B) to Atm
2

(r,B) i s an 

isomorphism, then (A.T.B) i s c a l l e d a reduced automaton. 

The homomorphism of an a r b i t r a r y automaton (A,T,B) to Atm'tA.B) 

means a t r a n s i t i o n t o the corresponding exact automaton while i t s homo-

2 

morphism to Atm (r,B) means a t r a n s i t i o n to the corresponding reduced 

automaton. 

Both these t r a n s i t i o n s provide a compression of the information 

about input signals or states without loss of the information i n output. 

Let us introduce the universal automaton Atm (A,D related to the 

e l i m i n a t i o n of the "extra" output signals. Let £2-algebra A€6, the semi

group T and the representation T —> EndA, d e f i n i n g the action of T i n A, 

be given. Denote by H a 9-free algebra w i t h a set of generators Axl"*. 

Consider the binary r e l a t i o n p on the set H: (a, y y )p(aoy , y ) on a l l 

aeA and y ,y er, and ((a ,y)...(a ,y))up(a ,...,a u,y) on a l l sets of 

1 2 1 n I n 
the elements a ,a a of A, (n=0, 1, . . . ) and on the n-ary operations 

1 2 n 

uefi; yer. By t h i s r e l a t i o n generate the congruence p of the algebra H. 

Denote the quotient algebra H/p by A®r. I f heH, then the corresponding 

3 
element of A®r denote by [ h ] . Now define Atm (A,D as the automaton 

(A,r,A®D w i t h the operation ° defined by the given representation (A,D 

and the operation * defined by the r u l e : a*y=[(a,y)]. These conditions 

provide that (A,r,A®D i s r e a l l y an automaton i n the given v a r i e t y of 

algebras. I t i s easy to see that the automaton Atm
3

(A,r) i s an i n i t i a l 

object i n the category of automata ( i n the v a r i e t y 9) w i t h the given 

representation (A,D and w i t h homomorphisms i n output signals as mor

phisms. 
1.5.2. Automata i n categories 

I n the previous item we have discussed the automata i n a r b i t r a r y 

v a r i e t i e s . Generalizing f u r t h e r , i t i s possible to consider automata 
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whose sets of states and outputs are replaced by the objects of an 

a r b i t r a r y category X. For a f i x e d p a i r of the objects A, B of X consider 

the set End(A,B)= EndAxHom(A,B) where EndA i s a set of a l l the morphisms 

from A i n t o A and Hom(A.B) i s a set of a l l the morphisms from A to B. 

M u l t i p l i c a t i o n i n End(A.B) i s defined i n a usual way: i f ((P , "Ẑ ) and 

(<p ,ib ) are the elements of End(A.B), then (<p ,di ) (a> ,t|f ) = («> <p ,<pib ) . 
r 2 * 2 1 1 r 2 r 2 1 2 1 2 

End(A.B) i s a semigroup w i t h respect to t h i s m u l t i p l i c a t i o n . The automa

ton over X i s defined as a t r i p l e t (A,X,B) i n which A,B are the objects 

of X and X i s a set w i t h the mapping f:X
 —

> End(A,B). I f X=r i s a semi

group and the mapping f:T —*> End(A,B) i s a homomorphism of semigroups, 

then (A,r,B) i s a semigroup automaton i n the category X. The homomor

phism f i s cal l e d an automaton representation of the semigroup T. The 

mapping f:X -3* End(A, B) defines two mappings a: X —> EndA and 8:X -> 
f oi 8 

Hom(A.B); i f xeX and x =(<p,<p), then x =<p, x =0. For the semigroup auto-
o 

maton (A,r,B), a i s homomorphism and 8 s a t i s f i e s the condition: (y y ) = 
a 8

 1 2 

y y ; y y sr. 
1 2 1 2 

The operations •> and * i n t h i s general case are not defined. 

However, e.g. i n the case i f the category X i s a v a r i e t y of fi-algebras, 

these operations can be defined by the r u l e a»x=acp, a*x=ai/i. 

Let 3=(A,X,B) and 3'=(A', X', B') be automata over X. A t r i p l e t 

u=(u
i
,u

2 >
u

3
) where u

j
:A —> A', u^-.B — I B' are morphisms i n the category 

X and "
2
:X —> X' i s a mapping of sets, such that f o r automata represen

tat i o n s 

f:X -> End(A.B) and f ' : X' -> End(A' ,B') 

holds 

2 ,a' 

2.8' (5. 1) 

is called a homomorphism of the automata 3 -> 3' . Here xeX, and the 

pairs (a,8) and (a',8') are defined by the representations f and f . 

Conditions (5.1) imply the commutativity of the f o l l o w i n g diagrams 



59 

I ( x
 2

)
a 

-> A 

-» A' 

This generalizes the conditions (1.2) defined before. 

1.5.3. Linear automata 

We have already introduced automata i n the a r b i t r a r y v a r i e t y 9. 

Taking a v a r i e t y of the l i n e a r spaces over a c e r t a i n f i e l d K or a v a r i e 

ty of modules over a c e r t a i n commutative r i n g as 8, we get a l i n e a r 

automaton. I n other words, an automaton (A,X,B) i s a li n e a r one i f A and 

B are l i n e a r spaces over the f i e l d K (or modules over some ri n g ) and the 

mappings A i n t o A and A i n t o B defined by the operations ° and * are 

li n e a r mappings. As a r u l e , we s h a l l consider the automata i n the cate

gory of the l i n e a r spaces. 

An automaton i s c a l l e d finite-dimensional i f the spaces A and B 

are f i n i t e - d i m e n s i o n a l . I f , moreover, the f i e l d K i s f i n i t e , then the 

sets A and B are also f i n i t e and the automaton i s ca l l e d f i n i t e . 

Examples. 1. Let A and B be the spaces of n-dimensional and m-

dimensional rows over a c e r t a i n f i e l d K, X be a set whose elements are 

pairs of matrices x=(M , N ) , w i t h M being nxn matrix and N being nxm 
X X X X 

matrix. The operations » and * are defined i n the f o l l o w i n g way: i f 

aeA,xeX, then a*x=aM , a*x=aN . The l i n e a r automaton (A,X,B) obtained i n 
X X 

such a way i s c a l l e d a matrix automaton. I t i s clear, that each exact 

l i n e a r f i n i t e - d i m e n s i o n a l automaton i s isomorphic to a c e r t a i n matrix 

automaton. 

I f a=(A,X,B) i s an exact l i n e a r automaton, then the elements of X 

(
 01

 f ) 

can be represented as generalized matrices of the form I g o r
 w n e r e 

oteEnd A, *>eHom(A,B); i n t h i s case a»y=aa, a*r=a<p. 

2. Let L=K[x] be the r i n g of polynomials of one var i a b l e x over 
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the f i e l d K, U and V ideals i n L, such that UcV. The quotient rings L/U 

and L/V one can consider as vector spaces over K; denote these spaces by 

A and B. Let, f u r t h e r , X be a c e r t a i n set of the polynomials of L. 

Define the operations ° and *: i f <peL, a=[((>] = (p+U)eA and geX, then 

assume that a°g=tpg+U, a*g=tpg+V. The condition UcV provides the indepen

dence of the operation » from the choice of the representative ip f o r the 

given a. The obtained l i n e a r automaton (A,X,B) i s ca l l e d a polynomial 

automaton. 

Let 9=(A,T,B) be a l i n e a r semigroup automaton. I t s congruence i s 

a t r i p l e t p=(p
i
,p

z
,p

3
) i n which P

1
-P

3

 a r e

 congruences of the l i n e a r spa

ces A, B respectively and p
2
 i s a congruence of the semigroup T. The con

d i t i o n s (1.5) should be s a t i s f i e d : i f a p a
2>
 K

2
< a^A, y ^ r , then 

( a

i°
y

i
) p

i ( a 2 ° y 2 ) and (a
i
*y

i
)p

3
(a

2
»y

2
). 

Since the congruence of the l i n e a r space i s determined by i t s 

subspace containing zero, the congruence of the linear automaton 3 can 

be defined as the t r i p l e t p=(A ,p ,B ) , where A ,B are the subspaces i n r r 0 * 2 o o o 

A and B respectively, p
2
 i s a congruence of the semigroup T such that: 

A orcA , A «rcB and i f aeA, y p y , y er, then aoy -aoy eA , 

0 0 0 0 1*2 2 1 1 2 0 
a*y -a»y eB . 

l 2 o 
As f o r pure automata, the quotient automaton 9/p= 

(A/p ,T/p ,B/p ) = (A/A ,r/p ,B/B ) can be constructed. r

l ' r 2 * 3 o r 2 o 

1.5.4. A f f i n e automata 

In practice one has to consider automata, which are more general 

than l i n e a r ones. These are the automata whose input signals act on the 

states as compositions of the l i n e a r transformations and transformations 

of the special form, which are ca l l e d t r a n s l a t i o n s . In order to consider 

t h i s case define the a f f i n e automata. 

Let A be a vector space, aeA. A mapping a: A -=* A defined by the 

rule: i f xeA, then xa=x+a, i s called a translation a of the space A cor

responding to the element a. The r e l a t i o n a
i
a

2
=a

i
+a

2
 i s obvious; thus 

the t r a n s l a t i o n s c o n s t i t u t e a group isomorphic to the a d d i t i v e group of 

the space A. Denote t h i s group by A. I t i s easy to see that the t r a n s l a 

t i o n i s not a l i n e a r transformation. 
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Consider vector spaces A and B. A mapping of the form <rb, where <r 

i s a l i n e a r mapping from A i n t o B and b i s a t r a n s l a t i o n of the space B 

corresponding to a c e r t a i n element beB i s c a l l e d an affine mapping from 

A i n t o B. The set of a l l a f f i n e mappings from A i n t o B i s denoted by 

Aff(A.B). Elements of Aff(A,A) are ca l l e d a f f i n e transformations of the 

space A. I f <rb i s an a f f i n e mapping from A i n t o B and <pc from B i n t o 

C, then t h e i r product i s also an a f f i n e mapping from A i n t o C, and holds 

(trb) (<pc)=o-y(txp+c). (5.2) 

A s s o c i a t i v i t y of t h i s m u l t i p l i c a t i o n i s e a s i l y v e r i f i e d . 

Linear spaces w i t h a f f i n e mappings as morphisms form a category. 

Automata i n t h i s category are ca l l e d affine automata. I n other words, an 

a f f i n e automaton i s a system (A,X,B,f) where A,B are vector spaces, X i s 

a set, f i s a representation: X —* Af f (A, A)xAf f (A, B). As before, d e f i 

ning of f i s equivalent to that of two representations a: X
-

>Aff(A, A) and 

6:X -> Aff(A.B). These representations define the corresponding opera

tions o and *. From now on we s h a l l omit the symbol f i n the automaton 

no t a t i o n . The semigroup a f f i n e automaton a=(A,r,B) i s defined i n a simi

l a r way, but the representations a:T —> Aff (A, A) and 8:T —> Aff(A.B) 

have to s a t i s f y the f o l l o w i n g a d d i t i o n a l conditions 

1) a i s a homomorphism of the semigroups; 

2) i f y ^ y ^ r , then ( y ^ . , ) ^ " r f i (5.3) 

In contrast to l i n e a r automata, a f f i n e ones cannot be considered 

as the automata i n a c e r t a i n v a r i e t y , since a f f i n e mappings are not 

homomorphisms of the l i n e a r spaces. 

A l i n e a r automaton can be associated w i t h each a f f i n e automaton. 

Consider t h i s correspondence. Let the semigroup a f f i n e automaton 

3=(A,r,B) be defined by the representations a: T -> Aff(A,A), 

8:T -> Aff(A.B). A f f (A, A) i s a semidirect product (see [60]) of the 

semigroups EndA and A; Aff(A,B) i s Cartesian product of HomtA,B) and B. 

In accordance w i t h t h i s the f o l l o w i n g four mappings
 a

1
>

a

a
><

s

1
>P

2
 corres¬

pond to the mappings a and 8: i f yer, y =<ra, y =<pb, o-eEndA, aeA, 

0>eHom(A,B), beB, then <St ;KT ~* EndA and OL^.T -* A are defined by 
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a a 
y =ar, y =a, (5.4a) 

and 0 :T —* Hom(A,B) and fi^-.T -» B are defined by 

8 0 

y
 l

=
?
,

1
 y

 2

=
b
. (5.4b) 

By the d e f i n i t i o n of these mappings we have: 

a a a 0 a 0 

( y ^ ) ; (y
t
y

2
) X V ' (5.5) 

a a a a 0 a 0 0 , , 2 2 1 2 , , 2 2 1 , 2 f c , , 

( y ^ ) =y
t
 y

2
+ r

2
 ; irjj =*! *2 +*2 • (5-6) 

Indeed, 

a a a a a a^a a „a a a a a a 
, , , , 1 , , 2 , 1 2 , , 1 2 , 1 1 , 2 . 1 , 2 , 
'V,

1

 ^ i V ^ l V ^ i V
 = ( y

i ^ 1 H r 2 * 2
 ) = y

i y 2
 ( y

i ^ 2 + r 2 5 -
(The l a t t e r e q u a l i t y follows from the eq u a l i t y ( 5 . 2 ) ) . S i m i l a r l y f o r 8 

too. 

Equalities (5.5) mean that the mappings a : T -* EndA and 8 : T
 —

*" 
£ 1 1 

Hom(A.B) define the l i n e a r automaton a=(A,r,B) w i t h the same basic sets 

as i n the automaton 9 and w i t h new operations o" and *' . Using these 

notations we can w r i t e 

a 8 

2 2 
aoy=a<>'y+y ; a*y=a*'y+y ; 

Conversely, a l i n e a r automaton and two mappings of the form (5.4) w i t h 

conditions (5.6) define the a f f i n e automaton. 

I f u=(u
i
,u

2
,u

3
) i s a homomorphism of a f f i n e automata: (A ,T ,B ) 

- * ( A
2 >
r

2
, B

2
) , then the same t r i p l e t of mappings ( f i ^ . i i , i i ) i s a homo

morphism of the corresponding l i n e a r automata. Indeed, l e t aeA, yel". 

Then 
u a u u a u 

(a»y) =(ao'y+y ) =(ao'y) +(y ) 
u u u u u u a 1 1 2 1 2 2 2 

On the other hand, (aoy) =a oy =a °'y +(y ) . Thus, 

u a u u u u a , , , 1 , 2 , 1 " 1 , 2 , 2 , 2 (ao'y) +(y ) =a o y +(y ) . 
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Assuming i n t h i s e q u a l i t y that a=0, we get (y
 2

) *=(y
 2

)
 2

. Therefore, 
u u u u u u 

(ao'y) '=a 'o'y
 2

. S i m i l a r l y , (a»'y)
 l

=a V y
 2

. 

1.5.5. Stochastic and fuzzy automata 

We s h a l l define such automata using the category approach out

l i n e d i n the second item of the current Section. 

Let us s t a r t w i t h the stochastic automata and consider the cate

gory of sets w i t h random mappings. Objects of t h i s category are the sets 

A,B,C,... and f o r the s i m p l i c i t y confine ourselves to the f i n i t e sets. 

The morphisms u: A —* B are random mappings. They can be int e r p r e t e d as 

stochastic matrices. Rows of the matrix u are enumerated by the elements 

of the set A while columns by the elements of the set B. Each element 

u(a,b) of the matrix u i s a re a l number from the segment I = ( 0 , 1 ] . This 

number i s i n t e r p r e t e d as a p r o b a b i l i t y of taking aeA to beB by the map

ping fx. C learly, f o r each aeA the natural condition 

Zu(a,b)=l 

b 

has to be s a t i s f i e d . I t means that a i s transformed to a c e r t a i n b. 

A simple v e r i f i c a t i o n shows that i f f i : A -* B and v.B —* C are two 

stochastic matrices, then t h e i r ordinary matrix product ui> i s again a 

stochastic matrix corresponding to the random mapping uv. Thus we a r r i v e 

at the category. Units c : A -* A i n t h i s category are u n i t matrices. 

A 
Correspondingly, we have the sets of morphisms Hom(A.B) and the semi

groups of random transformations EndA. 

I f , f u r t h e r , T i s a semigroup, then the automaton 9=(A,r,B) i s 

defined by the representation 
fsT -* EndAxHom(A, B)=End(A, B). 

Here f i s a p a i r (a,6), a:T —> EndA and p:T —» Hom(A.B). In t h i s 

case the representation a re a l i z e s each element y from T as random t r a n 

sformation of the set A and the assignment 8 implements each y as the 

random representation from A i n t o B. 

Note now, that stochastic automaton defined here i s only a 

special type of the stochastic automata. I t would be possible to proceed 
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from the s i t u a t i o n when the representation f i s also random i n some 

sense; there are some other p o s s i b i l i t i e s too (see, f o r example, [ 2 0 ] ) . 

One more approach to stochastic automata i s presented below. 

Now l e t us proceed to fuzzy automata and consider the category of 

fuzzy sets. 

Fuzzy sets are usually considered as the subsets of ordinary 

sets. I f M i s an ordinary set and A i t s subset, then we have a characte

r i s t i c f u n c t i o n p : M —> {0,1}, which determines A as an ordinary subset 

"A 

i n M. On the other hand, i t i s possible to consider the f u n c t i o n of the 

form p :M —> [0,1] and i n t h i s case such p i s i d e n t i f i e d w i t h the fuzzy 
A A 

subset A i n M. For each xeM the value p (x) i s a measure of membership 
A 

of the element x i n the fuzzy subset A. 

For example, i f M i s a set of components of a c e r t a i n device, 

then we can speak of the fuzzy subset A of serviceable components. Each 

xeM belongs to A to a c e r t a i n degree, which i s somehow estimated. 

Along w i t h fuzzy subsets of ordinary sets i t i s quit e natural to 

consider fuzzy quotient sets. I f M i s a set and p i s a usual equivalence 

on M, then i n the quotient set M/p elements of M are considered up to 

the equivalence p , i.e the equivalence goes i n t o e q u a l i t y . I t i s also 

possible to consider a fuzzy equivalence. The fuzzy equivalence p on the 

set M i s the mapping of the type p:MxM -* I=[0,1] s a t i s f y i n g the f o l l o 

wing conditions: 

1) p ( x , y ) ^ p ( y , x ) and 2) p(x, y ) A p ( y , z ) ^ p ( x , z ) . 

Here we w r i t e A instead of min and p(x,y) i s a measure of the 

equivalence of the elements x and y. We say that fuzzy quotient set M/p 

i s a pair (M , p ) , M i s a common set, p i s a fuzzy equivalence on i t . The 

elements of the fuzzy quotient set M/p are i d e n t i f i e d by the measure p . 
Let, f o r example, M be a set of the decimal f r a c t i o n s of the form 

0, a a ... a , where n i s f i x e d . Given x=0, a a ... a and y=0,8 B ... 8 , 

1 2 n 1 2 n 1^2 p 

assume p(x,y)=k/n, i f x and y coincide on the f i r s t k d i g i t s and d i f f e r 

f u r t h e r . I t i s clear that 1) and 2) are s a t i s f i e d and we can pass to the 

fuzzy quotient set M/p. In t h i s example we have p ( x , x ) = l and p(x,y)=0, 
i f x and y d i f f e r already i n the f i r s t d i g i t . 

Fuzzy e q u a l i t i e s i n the fuzzy quotient sets allow us to consider 
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fuzzy mappings of the l a t t e r . Therefore i t i s expedient to proceed from 

the idea of the fuzzy quotient set. Fuzzy subsets i n t h i s case are natu

r a l l y r e a l i z e d as subobjects of the corresponding objects. (The concept 

of the subobject of an object of category see, f o r example, i n [ 4 2 ] ) . 

Henceforth, speaking about fuzzy sets, we s h a l l mean fuzzy quotient sets 

of the ordinary sets. 

Now we consider the category w i t h fuzzy sets as i t s objects and 

fuzzy mappings as i t s morphisms. 

Let ft=A/p
i
 and B=B/p

z
 be fuzzy sets. The morphism f: ft -> B i s a 

mapping f:AxB —* I (a fuzzy subset i n the Cartesian product) s a t i s f y i n g 

the f o l l o w i n g conditions: 

1) p^x.x' )Af ( x , y ) s f (x' ,y) 

2) f (x,y)Ap
2
(y,y')sf (x.y

1

 ) 

3) f (x.y)Af (x,y')sp
2
(y,y' ) 

4) p
i
 (x, x ) = u { f (x, y ) ; yeB); x.x'eA; y, y'eB. 

The f i r s t two conditions mean c o m p a t i b i l i t y of the mapping w i t h 

the e q u a l i t y of the elements and the t h i r d imitates the property of 

single-valuedness of the mapping. I n the f o u r t h condition the sign u 

denotes the least upper bound of the set of elements i n I and t h i s con

d i t i o n s u b s t i t u t e s the requirement that each x should have a c e r t a i n 

f-image y. The nota t i o n f ( x , y ) = p
z
( f ( x ) , y) i s also used and by t h i s the 

degree of e q u a l i t y between the p o t e n t i a l f ( x ) and y i s shown. 

Assume that the two morphisms f: ft -> B and g: ft —> B coincide i f 

t h e i r fuzzy p l o t s f:AxB ~> I and g:AxB
 —

> I also coincide. 

I t i s easy to understand that i f ft and B are ordinary sets w i t h 

t r i v i a l and p^, then t h e i r fuzzy mappings a c t u a l l y turn to be 

ordinary mappings. 

Let now f: ft -> B and g: B —> C be morphisms. The morphism gf:ft —> 

C i s defined as the f u n c t i o n gf:AxC -> I specified by the f o l l o w i n g 

e q u a l i t y : 

g f ( x , z)=u (f( x , y ) A g ( y , z ) ) xeA, zeC. 

y€B 

This e q u a l i t y , as i t i s easy to see, substitutes the condition: there 

e x i s t s such y, that f ( x ) = y and g(y)=z. 
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A s s o c i a t i v i t y of the m u l t i p l i c a t i o n i s e a s i l y v e r i f i e d . 

From the d e f i n i t i o n of the fuzzy mapping immediately f o l l o w s that 

the assignment (x,y) -=• p(x,y) using the fuzzy e q u a l i t y p i n A i s at the 

same time a fuzzy mapping A A which we denote by e
fl
. I t can be v e r i 

f i e d that e^: A -*> A plays the r o l e of a u n i t : i f f : A -> IB i s a morphism, 

then we have: fc=f and e„f=f. 
A B 

In t h i s way we come to the category of fuzzy sets. I t i s proved 

that fuzzy subsets of the ordinary sets are implemented i n the given 

category as subobjects of the suitable objects. 

The category of fuzzy sets constructed here enables us to consi

der fuzzy automata. As before, f o r any fuzzy sets A and IB and the semi

group T the corresponding automaton i s defined by the representation: 

f=(a,6):r -> EndAxHom(A,B) 

The representation a:T
 —

=* EndA associates the elements of T w i t h 

fuzzy transformations of the fuzzy set A and B implementing each yer as 

the fuzzy mapping from A i n t o B. 

General arguments of the item 1.5.2 allow us to consider the 

categories of fuzzy and stochastic automata and one can speak of c e r t a i n 

constructions i n these categories. In p a r t i c u l a r , i t i s natural to brin g 

f o r t h a problem of the universal fuzzy automata and stochastic automata, 

to consider problems of decomposition, etc. 

1.5.6. Another view on stochastic and fuzzy automata 

Now we abandon consideration of the semigroup automata and consi

der the automata i n which a l l three domains belong to the defined cate

gory. In t h i s case we deal again w i t h the operations o and * , which 

were not present i n the above consideration. 

Define the notion of the product of two objects of the category. 

Let A and B be the objects of the category K. Their product AxB i s an 

object of the category K considered together w i t h the p r o j e c t i o n s IT : AXB 

—> A and 7^: AxB —» B. The fo l l o w i n g conditions have to be s a t i s f i e d : i f 

«:C -> A and 6: C —> B are defined, then there e x i s t s an unique morphism 

y:C —> AxB such that the diagrams 
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t t 
C >AxB C >AxB 

are commutative. 

I t i s possible to define a r b i t r a r y f i n i t e and n o n - f i n i t e products 

of the objects of the category. Cartesian product i n any v a r i e t y of 

algebras i s a product i n t h i s sense. Not every category allows a const

r u c t i o n of the objects product and we can d i s t i n g u i s h , f o r example, 

categories w i t h f i n i t e products. The category of sets and the category 

of fuzzy sets are such categories, but the category of sets with random 

mappings does not possess the necessary property. 

Now, i f X i s a category w i t h f i n i t e products, then an automaton 

in X can be understood as a t r i p l e t of objects a=(A,B,C) wi t h two mor

phisms °:AxB -* A and *: AxB
 —

> C. This generalizes the i n i t i a l d e f i n i 

t i o n of the pure automaton. Let us generalize also the notion of homo

morphism of an automaton. 

F i r s t , l e t us make a remark. Let a: A —> A' and B:B —* B' be two 

arrows. There are also projections 7̂ : AxB ~* A and n^: AxB ~* B. Further 

take compositions <x'=7̂ 01: AxB —* A' and S'=n
2
6:AxB —> B'. These a' and 6' 

uniquely define y:AxB —> A'xB'. This y i s denoted by axS. 

Given two automata a=(A,B,C) and 9' =(A' , B' , C ) , a t r i p l e t of mor
phisms u=(u ,u ,u ) , where u : A —> A', u =B -* B' and u :C —> C , i s a 

1 2 3 1 2 J 
homomorphism u=(u .u^uJ-.Si ~> 3' i f the f o l l o w i n g two diagrams are com

mutative 

AxB 

V 2 

A' xB' 

-» A 

-> A' 

AxB 

• V
W

2 

A' xB' 

-> C 

-» C 
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I t i s easy to understand that t h i s d e f i n i t i o n of the homomorphism 

ac t u a l l y generalizes the d e f i n i t i o n c i t e d before. 

In view of concept of fuzzy automata l e t us t r e a t the category of 

fuzzy sets. Together w i t h f i n i t e products there are also other construc

tions which make t h i s category s i m i l a r to the common category of sets. 

This likeness has an exact sense, meaning that the category of fuzzy 

sets i s a topos (the d e f i n i t i o n of the topos see i n [ 4 2 ] ) . We do not 

c i t e here t h i s d e f i n i t i o n but note that i n each topos there e x i s t f i n i t e 

products and the operation of exponentiation. 

A 
Let A and B be the objects of the category. The exponent B i s a 

A 
new object considered together with the arrow ev: B xA ~* B. I t i s 

assumed that f o r any morphism g: CxA —* B, where C i s an object of the 

category X there i s an unique morphism g: C
 —

* B wi t h the commutative 

diagram 

ev 
B

A

xA > B 
A 
gxc 3 A 

CxA 

In the category of sets the object B* i s , as usual, Fun(A,B) and 

i f (f,a)eB*xA, then e v ( f , a ) = f ( a ) . 

A 
I f i n the category X the exponent B e x i s t s f o r any pa i r of 

objects A and B, then i t i s said that X allows exponentiation. Each 

topos, i n p a r t i c u l a r , the topos of fuzzy sets, allows exponentiation. 

Consider f u r t h e r "-automata, i . e . the automata w i t h the only 

operation •. Let X be a topos, B and C be i t s objects. Define the 

•-automaton Atm
2

(B, C) = (C
B

, B, C), where morphism »:C
B

xB —* C coincides 

with the corresponding mapping ev. I t can e a s i l y be seen that i f 

a=(A,B,C) i s also an '-automaton, then by the d e f i n i t i o n we have the 

unique morphism A —> C
B

 d e f i n i n g the homomorphism 3 —* Atm
2

(B,C) 

i d e n t i c a l on B and C. This means that Atm
2

(B,C) i s a universal object i n 

the corresponding category. 

Given A and B, we have Atm
3

(A, B) = (A, B, AxB) defined by the u n i t 
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morphism e . I f a=(A,B,C) i s another '-automaton defined by «:AxB—> C, 

AXB 
then the l a t t e r morphism n a t u r a l l y produces the unique homomorphism 

3 3 
Atm (A,B) —> a. Thus, Atm (A,B) has the required universal property. 

Well-known d u a l i t y [42] f o r exponentiation and m u l t i p l i c a t i o n defines 

the d u a l i t y of the automata Atm
2

(B,C) and Atm
3

(A,B). 

Let us make remarks on the category of sets w i t h random mappings 

keeping i n mind stochastic automata. 

I t i s q u i t e n a t u r a l to construct a product i n t h i s category as a 

usual Cartesian product. Let A and B be two sets and AxB be t h e i r Carte

sian product w i t h the p r o j e c t i o n s it : AXB —> A and n : AxB —> B. 7t and n 

' r J 1 2 1 2 

are represented by stochastic matrices by the rule: 

Tt ((a,b),a) = l and Tt ((a,b),a')=0 i f a*a', 

it ( ( a , b ) , b ) = l and Tt ((a,b),b')=0 i f b*b' . 

2 2 
Given stochastic matrices a:C —> A and 6:C -> B, l e t us construct 

y:C
 —

* AxB i n such a way, that y i t ^ a and yn
 =

P are s a t i s f i e d . 

We get: 

yrc (c,a) = Z y(c, (a' ,b))n ( (a' , b ) , a)=Zy(c,(a,b)), 

( a ' , b ) b 
yn (c,b)= Z y(c, (a,b' ))n ((a,b' ),b)=Zy(c, (a , b ) ) . 

( a , b ' ) a 
Take y(c,(a,b))=a(c,a)B(c,b), then 

yn (c,a)=Za(c,a)6(c,b)=a(c,a)ZB(c,b)=a(c, a), 
1 b b 

J-TI (c,b)=Z<x(c,a)S(c,b)=6(c,b)Z<x(c, a)=S(c,b). 
a a 

(We use that Za(c,a)=l, ZS(c,b)=l). 

a b 
Thus, the constructed y s a t i s f i e s the required condition. But, as 

we s h a l l see, t h i s y i s not unique. 

Let the sets A, B and C consist of two elements: A={a , a }, 

B=<b b } and C={c ,c }. The corresponding random mappings a: C -* A, 

1 2 1 2 
6:C -* B and y:C -* AxB are given by 
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a 
I 

a 
2 

b 
l 

b 
2 

c 
1 

a 
I I 

a 

1 2 (3= 
c 

1 *u e , 2 

c 
2 

a 

21 
a 

2 2 
c 

2 0 2 2 

U
2
, b 1 (a ,b ) 

2 2 
C 

1 
* 1 1 *« *>* 

c 
2 

* 2 t y 2 2 * 2 3 * 2 4 
y= 

In t h i s case, as before, we get: 

yn-

y
 +

y y +y 
11 12 13 14 

y +y y +y 
21 22 23 24 

y^ 

y +y y +y 
11 13 12 14 

y +y y +y 
21 23 22 24 

Take f u r t h e r 

y =a 6 +e 
l i l i l i y =a 8 +E 

21 21 21 
y =a 6 -e 

22 21 22 
y =a 8 -c y =a 6 -e 

13 12 11 23 22 21 
y =a 8 +E 

14 12 12 
y =a S +e 

24 22 22 
Choose a,8 and the number e so that a l l y belong to the segment [ 0 , 1 ] . 

I t i s immediately v e r i f i e d that y s a t i s f i e s the conditions of the sto

chastic matrix and that the conditions yrc^a and y i ^ P are s a t i s f i e d . 

Changing E we obtain various suitable y, and the condi t i o n of the 

uniqueness of y i s not s a t i s f i e d . 

This negative r e s u l t implies that the d e f i n i t i o n of the stochas-
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t i c automata i s not subject to the common category scheme and one can 

act only by analogy. 

Using t h i s analogy define the stochastic automaton as a t r i p l e t 

of sets a=(A,B,C) wi t h the two random operations o
:
AxB

_

>A and *: AxB-> C. 

Here AxB i s an usual Cartesian product of sets. 

Let stochastic matrices a: A -> A' and S:B -> B' be given. Define 

ax6:AxB —> A'xB', assuming (axS)((a,b),(a',b'))=a(a,a')B(b,b'). The t r i 

p l e t of random mappings fi(ji ,n ,ji ): (A,B,C) —> (A'.B'.C) i s a homomor

phism of stochastic automata, i f the f o l l o w i n g diagrams are commutative 

AxB > A AxB -> C 

A'xB' > A' A'xB' 

I t i s easy to understand that t h i s d e f i n i t i o n agrees w i t h the 

d e f i n i t i o n i n the d e t e r m i n i s t i c case. However, t h i s algebraic approach 

to stochastic automata doesn't comprise the general s i t u a t i o n , consi

dered i n [ 2 0 ] . 
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CHAPTER 2 

CONSTRUCTIONS AND DECOMPOSITION OF PURE AUTOMATA 

For the given automaton 3 the problem of decomposition can be 

formulated as the problem of i t s representation by means of the automata 

( d i v i s o r s ) , i n some way simpler than 3. 

There are various types of decomposition, which d i f f e r by the 

choice of d i v i s o r s , as wel l as by the used constructions. Decomposition 

theory f o r pure automata i s based on the construction of cascade connec

t i o n of automata and on i t s universal variant wreath product of auto

mata. 

This construction, i n p a r t i c u l a r , has the property that informa

t i o n at the input of the decomposition component does not depend on the 

r e s u l t , obtained at the output of t h i s component at the previous step. 

In other words, i t i s a construction without feedback (without loops). 

I t i s known (see, f o r example, [ 5 ] ) that i f we allow a r b i t r a r y construc

ti o n s w i t h the feedback, then each automaton can be constructed only by 

modules - the automata w i t h one stat e . 

There are various types of r e l a t i o n s between the components of 

decomposition and the i n i t i a l automaton: 

1. Each component i s a homomorphic image of the subautomaton of the i n i 

t i a l automaton (divides the i n i t i a l automaton). 

2. The semigroup of inputs of each component divides the semigroup of 

inputs of the i n i t i a l automaton ( i . e . i s a homomorphic image of i t s 

subsemigroup). 

F i n a l l y , we can consider the f o l l o w i n g case: 

3. No conditions of connection w i t h the i n i t i a l automaton are imposed on 

the components. 

The more fr e e choice of the components implies i n some sense more 

r a t i o n a l decomposition of the automaton (say from the point of view of 
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the automaton complexity, i t s r e l i a b i l i t y e t c . ) . On the other hand, 

decomposition being used f o r automaton analysis frequently requires more 

close connection of the components wi t h the i n i t i a l automaton. I n the 

algebraic theory of automata the basic r e s u l t on the decomposition of 

the automata without loops i s well-known theorem of Krohn-Rhodes. 

In t h i s Chapter we introduce various automata constructions, con

sider the decomposition problem f o r automata ( i n p a r t i c u l a r , theorem of 

Krohn-Rhodes i s proved) and t r e a t indecomposable group automata. 

2.1. Constructions 

Some automata constructions have been already discussed i n the 

previous Chapter. For example, i n the Section 1.2 the constructions of 

the connection of semiautomaton and automaton of the input-output type 

have been discussed. In the given Section the main emphasis should be 

given to the constructions of the cascade connection and the wreath pro

duct of the automata as w e l l as to the construction of the wreath pro

duct of the automaton and the semigroup. 

2.1.1. Cascade connections of the absolutely pure automata 

F i r s t define the Cartesian product of the automata. Let 

9 =(A ,X ,B ) be an automata system, where a belongs to a c e r t a i n set I . 
a a a a 

The automaton 3=(A,X,B) i s ca l l e d a Cartesian product of the automata 

a , a e l , i f A,B,X are Cartesian products of a l l A ,B ,X respectively, 
a
 r

 a a a 

while the operations ° and * are defined componentwise: i f aeA, xeX, 

ae l , then 

(aox)(a)=a(a)°x(a), (a»x)(a)=a(a)»x(a). 

I t i s clear that i f a l l a^ are semigroup automata, then t h e i r 

Cartesian product i s also a semigroup automaton. 

In p a r t i c u l a r , the Cartesian product of two automata i s an auto

maton a x3 =(A xA ,X xX ,B xB ) w i t h the operations ° and • 

1 2 1 2 1 2 1 2 r 

(a ,a )°(x ,x )=(a o x ,a o X ) , 
1 2 1 2 1 1 2 2 

(a ,a )«(x ,x )=(a *x ,a «x ) , 

1 2 1 2 1 1 2 2 
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where (a a JeA.xA , (x ,x )eX xX . 
1 2 1 2 ' 1 2 1 2 

The Cartesian product of the automata realizes t h e i r parallel 

connection 

The automaton (A xA , X , B xB ) w i t h actions defined i n the f o l l o -1 2 2 1 2 
wing way: 

(a ,a )°x =(a °(a »x ) , a °x ) , 1 2 2 1 2 2 2 2 
(a ,a )»x =(a »(a *x )^,a *x ), 1 2 2 1 2 2 * 2 2 ' 

i s c a l l e d a serial connection of the automata 3 and 3 w i t h the connec-
1 ? 

t i o n mapping >i: B^ —> X . 

X 
2 i 

B , X 2 \b 1 > ' -> > 

I n the given construction an output signal of the automaton i s 

transformed i n t o an input signal of the automaton 3^ by means of the 

mapping 0. The p a r a l l e l (Cartesian product) and s e r i a l connections can 

be defined i n t h i s way also f o r the case of the semigroup automata. 
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S e r i a l and p a r a l l e l connections of the automata are p a r t i c u l a r 

cases of the important construction of the cascade connection of the 

automata. Define t h i s construction. 

Let 9 =(A , X ,B ) and 9 =(A , X ,B ) be absolutely pure automata. 

1 1 1 1 2 2 2 2 
Assume that a set X and two mappings a: XxA —> X and S:X -* X are de

ft
 2 1 

f i n e d . The automaton 9 x^9 =(A xA , X, B xB ) w i t h operations ° and • de-

1 0 C 2 1 2 1 2 
f i n e d by the rul e : 

(a ,a )°x=(a °<x(x,a ),a °8(x)), 
1 2 1 2 2 

(a ,a )*x=(a *a(x,a ),a »8(x)), 
1 2 1 2 2 

(1.1) 

where (a .a )eA xA , xeX, 8(x)eX , oe(x,a )eX i s c a l l e d a cascade con-
1 2 1 2 2 2 1 

nection of the automata 9 and 9 by the t r i p l e t (X,oc,8). 
l 2 

I t i s possible to present a cascade connection of automata by the 

fol l o w i n g design 

D i f f e r e n t cascade connections of the automata 9^ and 9^ correspond to 

d i f f e r e n t t r i p l e t s (X,a,8). For example, i f we take a Cartesian product 

X
j
xX

z
 as X and define the mappings a and 8 as corresponding p r o j e c t i o n s 

ot(x,a)=a((x ,x ),a )=x , 8(x)=8(x ,x )=x where x=(x ,x )€X, then the 

2 1 2 2 1 1 2 2 1 2 
cascade connection corresponding to such a t r i p l e t i s a p a r a l l e l connec

t i o n of the automata. 

Let a mapping 0:13̂  —> X
j
 be defined. Setting X=X

2
 and d e f i n i n g 
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mappings <x: XxA
g
 —» X

t
 and 8:X —> X

2
 by the ru l e a(x,a

2
)=0(a»x), 8(x)=x; 

a

2

6

A
2 >
 xeX=X

2>
 we get that the corresponding cascade connection i s a 

s e r i a l connection of the automata 3 and 3 . 

1 2 
Remark. I f the automaton 3=(A,X, B) i s presented as the cascade 

Q 
connection 3 x 3 , then i t i s possible to say that the states and out-

l a 2 J 
puts of the automaton 3 have two coordinates: a=(a , a ) , b=(b , b ) . The 

1 2 1 2 
second coordinate of the new state (output) depends on the second (but 

not on both) coordinate of the previous st a t e . The s i m i l a r s i t u a t i o n i s 

i n the case when an automaton i s represented by cascade connection of 

several automata. This property can be called a weakened dependence. 

Presence of such dependence has a c e r t a i n importance at the automata 

implementation (see [ 3 3 ] ) . 

Let X
i>
X

2
,A

2
 be the sets. Consider some special category 

K=K(X
i
, X

2>
 A

2
). Objects of t h i s category are t r i p l e t s (X,a,6), where X i s 

a set, a and 6 are mappings, a:XxA
2
 —> X , 8:X —> X

2
. Morphisms of such 

t r i p l e t s u:(X,a,8) —> (X',a',8') are mappings of the sets u:X —*• X' f o r 

which the f o l l o w i n g two diagrams are commutative: 

The mapping u:XxA
2
 —> X'xA

2
 i n the f i r s t of these diagrams i s 

defined by the r u l e : (x, a)'
u

=(x
,u

, a ) , xeX, aeA.,. 

As i t was mentioned above, a cascade connection of the automata 

3 =(A ,X ,B ) and 3 =(A ,X ,B ) corresponds to each t r i p l e t (X,oc,B). 

1 1 1 1 2 2 2 2 
Moreover, to each morphism of the t r i p l e t s u: (X,a,6) —* 

(X',a',B') corresponds a homomorphism i n input signals of the respective 

cascade connections of the automata and S
2
. Really, i f ( a ^ a^eA^A^ 

xeX then 
((a ,a l ^ x l ^ t a ,a ) <>x=(a °<x(x, a J , a °8(x) ) = (a <.«' (x*

1

 ,a ),a °8' ( x
M

) ) = 

1 2 1 2 1 2 2 i d. & 
(a ,a )«ic

U

. 

1 2 



78 

The same f o r the operation *. 

Consequently, the cascade connection i s a functor on the category 

of t r i p l e t s of the form (X,a,6) to the category of automata. 

A 
Further, consider a special t r i p l e t . Take a set X =X xX f o r X. 

r 0 1 2 
Let us define mappings a

Q
 and 8

q
 by the rules: 

a (x ,x , a)=x ( a ) , 0 1 2 l A — — 2 
6 (x ,x )=x ; x eX , x sX , aeA . 

0 1 2 2 1 1 2 2 2 . 
Proposition 1.1. (X^.a^.B^) is a terminal object in the category 

of triplets X(X ,X ,A ) . 

Proof. I t i s necessary to show that f o r an a r b i t r a r y t r i p l e t 

(X,<x,8) there e x i s t s a unique morphism u:(X,<x,8)
 —

* (X ,ot . 8
Q
) . Define 

A 
u:X —» X =X

 2

xX by s e t t i n g x (a )=a(x,a ) , x =8(x) f o r xeX, x*
1

 =(x ,x )e 

X̂  xX^. The diagrams 

XxA 

X xA 

0 2 

are commutative. Really, 

a (x,a )^)=a (x^,a )=a (x ,x ,a )=x (a )=a(x,a ) ; 

0 2 0 2 0 1 2 2 1 2 2 
8

o
(X

M

)=8
q
(X,X

2
)=X

2
=8(X). 

Automaton corresponding to the universal t r i p l e t (X
o >
a

o >
8

o
) we 

s h a l l c a l l a wreath product of the automata 9
j
 and 3

2
 and denote i t by 

3 wr3 . I n accordance w i t h the d e f i n i t i o n of the cascade connection by 1 2 J 
the t r i p l e t (X

o
,a

o >
8

o
), the wreath product of 3

t
 and 3

2
 i s an automaton 

A 
3 wr3 =(A xA ,X

 2

xX ,B xB ) 

1 2 1 2 1 2 1 2 

w i t h the f o l l o w i n g operations ° and *: i f (a ,a )eA xA , (x ,x )eX xX . 

1 2 1 2 1 2 1 2 
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then 

( a
i
. a

a
) . ( x

i
. x

a
) - ( a

l
. x

l
( a

2
) , a

a
. x

a
) . 

(a ,a )«(x ,x ) = (a «x (a ),a »x ) . 
1 2 1 2 1 1 2 2 2 

(1.2) 

Since a cascade connection i s a functor on the category of t r i p 

l e t s i n t o the category of automata, from Proposition 1.1 i t follows 

Proposition 1.2. For each cascade connection M x"a of the 
l 8 2 

automata 3^ and S
a
 there e x i s t s the homomorphism in input signals 3 —> 

9 wr3 
l 2 

Since f o r exact automata (see Section 1.1) homomorphism i n input 

signals i s a monomorphism, then: 

Corollary. Each exact cascade connect ion of the automata 3^ and 

3
a
 is isomorphic to a certain subautomaton of the wreath product S ^ r S ^ 

2.1.2. Cascade connections and wreath products of pure semigroup 

automata 

Consider two semigroup automata 3 =(A ,T ,B ) and 3 =(A ,T ,B ) , e r 1 1 1 1 2 2 2 2 
a semigroup T and the mappings <x:rxA

a
 —* and 8:T —> T^, s a t i s f y i n g 

supplementary conditions: 

1. fi-.r ~* r i s a semigroup homomorphism. 

2. a(y y , a)=oc(y , a) •a(y
2
, aopffrj)); a^.^er, aeA

a
 (1.3) 

A cascade connection of the semigroup automata by the given t r i p 

l e t (r,a,8) i s defined i n the same way as f o r absolute pure automata. 

Proposition 1.3. If the t r i p l e t (r,a,S) s a t i s f i e s the conditions 

(1.3), then a cascade connection of the semigroup automata 3=3
j
x^3

a
 is a 

semigroup automata. 

Given semigroup automata 3
}
 and 3

a >
 consider the category of 

t r i p l e t s (r,a,8), s a t i s f y i n g the conditions (1.3). Morphisms i n t h i s 

category are defined as e a r l i e r but there i s an a d d i t i o n a l requirement 

that the mapping p:T —* V must be a homomorphism of semigroups. 

Construct the universal object (r
o >
a

o
,8

o
) i n t h i s category. For 

A A 

r take the wreath product T wrr =r xT of the semigroups T and r by 
O 1 2 1 2 1 2 
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the set A^. Mappings <X

q
 and 6

q
 are defined i n the same way as i n the 

previous item. V e r i f y that t h i s t r i p l e t s a t i s f i e s the conditions (1.3). 

I t i s evident that
 B

Q
' ^

0
 ~*

 r

2

 i s

 the homomorphism of the semigroups. 

Let y.y'ei^, r=(y ,r ) , 2r* = (r'»r
2
). aeA

2
 Then 

a
Q
( y r ' ,a)=a ( C r

i (
y

2
) " (r j , 7'

2
). a)=a

Q
(y

i
 - (y^y j ) , t a) = (y

j
 • (y

2
°y ̂ ) ) (a) = 

^ ( a ) • t y . ,
0

^ ) (a)=3-
j
(a) - r ' (aoy

2
)=a

o
(r

i>
r

2
,a)'a

o
(y'

i
,3r

2
,a<»6(3r

i>
y

2
)). 

Proposition 1.4. The t r i p l e t (r ,a ,6 ) i s a terminal object in 
O 0 0 

the category of t r i p l e t s satisfying the conditions (1.3). 

A cascade connection of the automata 9^ and 9
2
 corresponding to 

the universal t r i p l e t i s denoted by 9
i
wr9

2
 and i s c a l l e d a wreath pro

duct of the semigroup automata 9^ and 9 ^ 

A 
9 wr9 =(A xA ,T

 2

x r ,B xB ) . 

1 2 1 2 1 2 1 2 
The operations <> and * i n 9 ^ r 9

2
 are defined by the formulas (1.2). Sta

tements, s i m i l a r to Proposition 1.2 and i t s Corollary hold also f o r 

wreath product. 

2.1.3. Properties of cascade connections 

Proposition 1.5. Let 

<p-.n =(A ,r ,B ) —> B =(A ,Z ,B ) 

1 i l l i i l l 
0:9 =(A ,T ,B ) —> B =(A ,S ,B ) 

2 2 2 2 2 2 2 2 
be homomorphisms in input signals of the semigroup automata. Then, there 

is a corresponding homomorphism in input signals 

u:9 wr9 -> 8 wrB 
1 2 1 2 

Proof. Dealing w i t h homomorphisms i n input signals, we denote 

homomorphisms of the input semigroups by the same l e t t e r s as the homo

morphisms of the corresponding automata. I t i s necessary to construct 

the f o l l o w i n g mapping 
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A A 

u: r
 2

xT -> Z
 2

xZ . ^ 1 2 1 2 

This mapping must be a homomorphism of the semigroups, which defines the 

homomorphism of the wreath product of the automata. 
A A -

F i r s t , define the mapping p:T ̂  -> Z
 2

, assuming r
 M

( a ) = ( y (a!))*' 

- A 2 - 1 A 1 

f o r | eT and aeA . I f (y ,y ) i s a r b i t r a r y element of r
 2

xr , then 

1 1 2 1 2 J 1 2 ' 
2 

define the required mapping p:T
i
 x l ^ —* S

j

2

xZ
2
 i n the f o l l o w i n g way: 

(9
l
if

s
'ft-

m

tt^>1 ) • Show that u i s a semigroup homomorphism. Let 
A 

( 3 '
1
. r

2
) , ( l ^ . r ^ J be elements i n r i i * , Then 

(C^.yJCr'.y* y y ' ^ C y *
1

, ( y , y ' ( 1 . 4 ) 

1 2 1 2 2 2 2 2 
where y=y

t
(y

2
°y' ) , 

f
f I

( a ) = (y (a) J * * ^ (a) - f ' (aoy
2
) )*

,

= (^
j
 (a) J*

1

- ( y j ( a . r
a
) ) * \ 

On the other hand, 

( y
1
, y

2
)

, 1

- ( y ; , y
,

2
) ^ = ( ^ , y J ) - ( ? ; '

i

>
y

,

2

, /

' ) = ( 5 , ( y / ; ) ^ ) , 5eZ*
2

 (1.5) 

where 6 ( a ) = y ^ ( a ) - y ^ U o y ^ t y ^ a ) )
v

-Cy" (aoy^) ) * \ aeA^ 

As 0 i s a homomorphism of the automata i n input signals, then 

a°y
2
=aoy

2>
 aeA

2>
 f2e^2-

 S o

-
 t n e

 e q u a l i t i e s (1.4) and (1.5) imply that 

((y ,y ) (y' , y' J ^ t y ,y J^ty' , y' ) . Therefore, u i s a homomorphism of the 
1 2 1 2 1 2 1 2 

corresponding semigroups. 
A 

Besides, i f (a ,a )eA xA , (y ,yJeT xr then 

1 2 1 2 1 2 1 2 

( ^ • a 2 ) o ( ^ • y 2 ) M = ( ^ ' a 2 ) o ( ^ l • y ^ = ( ^ o ^ l ( a 2 ) ' V 3 f t ) = ( a l o ^ ( a 2 ) ) , ' ' V y ^ = 

( a i ^ l ( a 2 ) ' V 3 r 2 ) = ( a i ' a 2 ) 0 ( ? l ' 3 r 2 ) ' 
S i m i l a r l y , (a ,a )*(y ,y j'Ma , a )*(y ,y ) . Hence, u i s a homomorphism 

1 2 1 2 1 2 1 2 
i n input signals of the automaton 9 wr9 to 8 w

r
B . 

Co r o l l a r y . Let the exact automata 9^, 9
2
 correspond to the auto

mata and 9
2
 Then S^wrS^ is an exact automaton for S ^ r S ^ 
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Really, i f u : 3 —* 3' and u : 3 —» 3' are homomorphisms i n input 
1 1 1 2 2 2 

signals mapping the automata 3^ and 3^ i n t o corresponding exact automa

ta, then by Proposition 1.5 there i s homomorphism i n input signals 

u:3 wrS —> 3'wrS'. Since the wreath product of the exact automata i s 

^ 1 2 1 2 
again an exact automaton ( t h i s immediately follows from the d e f i n i 

t i o n s ) , then S^wrS^ i s an exact automaton corresponding to the automaton 

3 wr9 . 

l 2 
I t i s qui t e natural to ask whether a r b i t r a r y cascade connection 

of the exact automata (and, respectively, of reduced ones) be exact (or 

reduced). The answer i s given by the f o l l o w i n g statements. 

Proposition 1.6. In order that the cascade connect ion of the 

exact automata 3 =(A ,T ,B ) and 3 =(A ,T ,B ) by the t r i p l e t (r,a,6) be 

1 1 1 1 2 2 2 2 
an exact automaton it is necessary and sufficient that the homomorphism A2 8 u:T

 —

* r xi"
2
 corresponding to the mapping of the automaton S^xHS^ into 

the wreath product 9 wr3 (see Proposition 1.1) be a monomorphism. 
A 

2 
Proof. I f the homomorphism p:T I " xT^ given by the condition 

i s a monomorphism, then the automaton S^x^S^ i s isomorphic to the sub-

automaton of the wreath product S^wrS^ and, consequently, i t i s exact. 

On the other hand, i f the homomorphism u i s not a monomorphism, the ele-

A 
2 

ments y and y from T having the same image i n T xT , act equally as 1 2 _ 1 2 
input elements of the automaton 3 x 3 . Therefore t h i s automaton i s not 

l a 2 
exact. 

Proposition 1.7. If the automata 3 =(A , r ,B ) and 3 =(A ,T ,B ) 
1 1 1 1 2 2 2 2 

are reduced automata and the t r i p l e t (r,a,6) is such that for each aeA 

the mapping a: TxA
2
 -* is a mapping onto and B:T —* is a mapping 

onto r , then the cascade connection S^A^xA^, r, B^xB^) by (r,a,8) is 

also a reduced automaton. 

Proof. Recall that the automaton (A,r,B) i s c a l l e d a reduced 

automaton i f the eq u a l i t y a»y=a'»y f o r a l l yer implies the e q u a l i t y 

a=a'. Let now (a^, a
2
)*y=(a^, a", )*y be f u l f i l l e d under any yer By the 

d e f i n i t i o n of the cascade connection (a
i
, a

2
)*y=(a

i
*a(y,a^), a * 6 ( y ) ) . 

Therefore, 
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(a
i
»a(r,a

2
),a

2
»S(y)) = (a

,

(
»a(y,a

2
)

>
a

2
»S(y)) and 

a
i
»a(y,a

2
)=a'

i
»a(y, a^); a^SCy )=a

2
*B(y). 

Since 6(y) runs through the whole semigroup and the second automaton 

i s reduced, then a =a'. Similar arguments f o r a(y,a ) and V imply 2 2 2 1 
a =a' Thus (a ,a )=(a' a'), that i s the automaton 3 x^S i s reduced. 

1 1 1 2 1 2 1 a 2 
F i n a l l y we would l i k e to point out two rather simple but impor

tant f a c t s : 
1. Wreath product of the automata has the associative property: 

a wrta wra )=ta wra )wra . 

1 2 3 1 2 3 

2. Cascade connection of Moore automata i s again a Moore automaton. 

2.1.4. Cascade connection and transition to semigroup automata 

We have seen (Section 1.1), that each automaton a=(A,X,B) has an 

associate semigroup automaton ^ ( 3 ) = (A,F(X), B), where F(X) i s a free se

migroup over the set X. Now we s h a l l discuss the r e l a t i o n of t h i s cor

respondence w i t h the constructions of Cartesian product and cascade con

nection of automata. 

Proposition 1.8. Let the automaton a be a Cartesian product of 

the automata 3^, a e l . Then there exists an isomorphic embedding of the 

automata ^ ( 3 ) into Cartesian product ]fp ( 3 ) , a e l . Besides, ? ( 3 ) is not 
a 

isomorphic to [j? ( 3 ) , a e l . 
a 

Proof. Our aim i s to construct a monomorphism of !F(3) i n t o 

j ] ? ( 3 ) , ael and to show that t h i s monomorphism i s not an isomorphism, 
a 
Let 3=(A,X,B), 3 =(A ,X ,B ) , 3=nS , a e l . Denote F=F(X), F =F(X ) . Let 

a a a a
 11

 a a a 
a 

n 
Tt

 :
 X —* X be a p r o j e c t i o n : x =x(a)eX f o r each xeX. As X cF(X ) , then 

a a a a a 
Tt i s a mapping of X i n t o ?(X ) . Since F=F(X) i s a free semigroup gene-
a a 

rated by the set X, t h i s mapping i s uniquely extended to the homomor-
u it Tt 
a a a 

phism p :F —> F : i f u=x . . . x eF(X), then u =x ...x =x (a). . . x ( a ) . 
~ *a a I n 1 n 1 n 
Homomorphisms u define the homomorphism of the semigroup F i n t o r [ ^ ( 3 ) , 

a

 a 
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u 

11 cc 
ael: i f ueF, then u (ot)=u . Show that p i s a monomorphism. I t s u f f i c e s 

to check that the kernel p of the homomorphism p i s the minimal congru

ence of the semigroup F. Denote p =Kerp I t i s clear that p=ff> • Let 
a 

u.veF, u=x ...x , v=y ...y ; x ,y eX and upv. Since p=rp , then up v f o r l n l m i i
 1 f

 a tt 
ot 

" H 
ot ot 

a l l a e l . This implies that u =v Taking i n t o account the d e f i n i t i o n 
of p and the notation u, v we get: x (a)...x (a)=y (a)...y ( a ) . Both 

a l n l m 
parts of t h i s e q u a l i t y are elements of the free semigroup F^ Therefore 
m=n and x (a)=y (a), i = l n. This holds f o r any a e l , therefore, x

)
=y

i 

and u=v. Hence, p i s a t r i v i a l congruence and p:F —* J]F , a e l , i s a mo
ot 

nomorphism. 

I t i s obvious that «>=(e ,u,e ) , where e ,c are i d e n t i t y mappings 
A B A B 

of the sets A and B, i s a monomorphism of F(S) i n t o f[F(a ) , a e l . Let us 
a 

check that if i s not an isomorphism. Let u=x . . .x eF, x eX. Number n i s 

I n 1 
called the length of the element u. By the d e f i n i t i o n of mappings p :F 

P
 u 

a ot 
-> F , u =x (a)...x (a)eF . Hence, the length of the element u i n the 

a l n a 

free semigroup F
a
 i s also equal to n. This implies that the image of the 

semigroup F under the mapping p (denote i t by F^) i n the Cartesian pro

duct t]F , ael consists of the functions w i t h values having the same 

ot 
length f o r a l l ot. I t i s clear that t h i s image i s less than rjF , ael and, 

a 
moreover, i t i s not isomorphic to jjF , a e l . Therefore, the automaton 

a 
F(3) i s not isomorphic to [fFta ) , a e l . 

a 
From t h i s Proposition i t follows: 

Proposition 1.9. If 8=(A,r,B) is an exact automaton corresponding 

to the automaton ^ ( 9 ) , a=rra , ael and B=(A , T ,B ) are exact automata 
" a a a ot a 
a 

corresponding to ? ( 8 M , then 33 is isomorphical ly embedded into Cartesian 

product TJ8 , a e l . 
ot 

Proof. Let V = (
e

A
.

C

B
)
 D e a

 homomorphism taking the automaton 

^(9)=(A,F,B) i n t o the corresponding exact automaton (A,r,B). Denote by 
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e an i d e n t i t y transformation of the sets X, and by p. the kernel of 
X * rtf/ 

the homomorphism ib. Further, l e t f =(e , f
2

, e ) be a homomorphism, t a -
a a 

king the automaton (A^.F^.B^) Into the corresponding exact automaton 
(A ,r ,B ) . The homomorphism 

a a a 

f=(e , f ,e J : ( n A ,nF ,riB ) -* (nA ,UT ,T7
B

 ) = (A,nT ,B), ael A a B
 11

 a
 11

 a
 11

 a
 11

 a
 11

 a
 11

 a
 11

 a 

n a t u r a l l y corresponds to the homomorphisms f , a e l . As i n Proposition 

1.8, (p=(e ,u,e ) i s a monomorphism of the automaton (A,F,B) i n t o the 
A B 

automaton (A,rjF ,B), a e l . 
a 

Consider the homomorphism (pf:(A,F,B) -* (A.rfT ,B) and denote i t s 
a 

kernel by p Show that p =p,. From t h i s follows the assertion of the iff iff yi 
Proposition. 

Indeed, 8=*F(3)/p while the image of 5 ( 3 ) i n f]S i s 

Iff Iff 
( ( 5 ( 3 ) ) =5(3)/p I f p =p,, then 8<*(5(3)) cn8 , that i s 8 i s isomor-ipf iff \b >' a 
p h i c a l l y embedded i n t o Cartesian product of the automata I t i s l e f t 

to show that p^
f
=p

0
. Let P^

f
=(p^,pJ

f
 P^i and

 P
^ = ( p J

(
p j _ p j ) . Here 

1 1 3 3 
p =p, i s a t r i v i a l equivalence of the set A, and p ,=p, - of the set B. 

<pf 0 2 2 * f * 
I t i s necessary to show that P^

=

P^
 o n

 F. 
pf p f 2 2 2 

Let u, veF and up^v, that i s u =v . This e q u a l i t y implies 

that u*
1

 and v^ act equally i n the automaton (A,J|F ,B), a e l . Since 
a 

cp=(e ,p,e ) i s a monomorphism of the automaton (A,F,B) i n t o (A,r(F ,B) A B a a 
which acts i d e n t i c a l l y on A and B, then u^

1

 also acts as u and v*
1

 acts as 

v. Therefore, "P^v
 i s

 equivalent to the f a c t that u and v act equally 

2 2 2 
i n the automaton 5 ( 3 ) . The l a t t e r implies that up^v. Therefore, 9^=9^ 

and thus, 9^=9^-
Let 3=3 x

S

3 be a cascade connection of the automata 
l a 2 

3 =(A ,X ,B ) and 3 =(A ,X ,B ) by the t r i p l e t (X,a,8): 
1 1 1 1 2 2 2 2 

3=(A xA ,X,B xB ); a: XxA -> X , (3:X -> X . 1 2 1 2 2 1 2 
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By Proposition 1.2 9 i s homomorphically embedded i n t o the wreath 
A 

product of the automata H ^ r S ^ A ^ A ^ X ̂ X^B^B ) by the homomorphism 

ip=(c ,ip ,e ) , A=A xA , B=B xB , w i t h the mapping ip defined as follows: 

A 2 B 1 2 1 2 2 
* 2 

i f xeX, then x = ( f " , X
2
) , where X

2
=8(x) while f i s such a f u n c t i o n f : A^ 

-> X , that f ( a )=a(x,a ) f o r a l l a eA . 

1 2 2 2 2 
Let us proceed from t h i s mapping <p . Since i t i s possible to con-
A A

2 

sider X
 2

xX as a subset i n F(X
j
) xF(X

2
), then <p

z
 i s a mapping ip^. X -*• 

A 

F(X )
 2

xF(X ) . This mapping can be extended to the homomorphism ip:F(X) 
A

 2

 A
Z 

—* F(X
i
)
 2

xF(X
2
). Homomorphism ip defines two mappings ip^.FiX) —> F(X

i
) 

A ip 
and ip :F(X) -» F(X ): i f veF(X) and u^ = ( f , v)eF(X )

 2

xF(X
2
), then u =f, 

* 2 
u =v. 

Proposition 1.10. I f 9=9 x 9 i s a. cascade connection of the 

1 Ot 2 
automata by the t r i p l e t (X, a,8), then 5 ( 9 ) is a cascade connection of 

the automata 5 ( 9
j
) and 5 ( 9

2
) by the t r i p l e t (F(X),a,p), where the homo

morphism £:F(X) —> F(X ) is induced by the mapping 8:X —> X
2>
 and the 

mapping <x:F(X)xA —* FIX ) is defined by the rule: if ueF(X), a eA , 
then a(u,u )=u (a ) . 

2 2 
Proof. F i r s t note that the mappings a,8 s a t i s f y the conditions 

(1.3) and therefore, the cascade connection of the automata 5 ( 9 ^ ) and 

5 ( 9
2
) corresponding to the t r i p l e t (F(X),a,0) i s a semigroup automaton. 

Clearly, we have to check only the second condition. Since ip i s a homo

morphism of the semigroups and 
* j *l * <l>2 

8=V.
2
:a(u

i
u

2
,u

2
) = (u

i
u

2
) ( a ^ ( a ^ ( a ^ ) = 

u (a )u (a °8(u ))=a(u ,a )a(u ,a °8(u ) ) , 

1 2 2 2 1 1 2 2 2 1 
the second condition i s immediate. 

The automaton 5 ( 9 ) and corresponding cascade connection 
8 

a 

v e r i f y that the corresponding actions ° and * coincide. Moreover, i t 

5( 9 )x 5(9 ) are defined on the same set (AxA ,F(X),BxB ) . We must 

1 - 2 1 2 1 2 
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s u f f i c e s t o v e r i f y i t only f o r elements xeX. Since operations » and • i n 

cascade connections are defined by the corresponding mappings a and R: 

(a ,a )o
X
=(a oa(x,a ),a o f i ( x ) ) , (a ,a J*x=(a * a(x,a ),a»S(x)), the 

* M 1 _I c 1 2 1 2 2 
coincidence of the actions o and • i n both automata follows from the 

e q u a l i t i e s ot(x,a)=ot(x, a); 8(x)=j§(x). These e q u a l i t i e s are e i t h e r given 

by the d e f i n i t i o n (8(x)=0(x)), or they immediately f o l l o w from them: 

* i 
a(x,a )=x (a )=a(x,a ) . 

2 2 2 
The p r o p o s i t i o n means that the automaton 5 ( 9 wr9 ) i s a cascade 

1 2 
connection of the automata 5 ( 9 ) and 5 ( 9 J. Therefore, there i s a u n i -

1 2 

quely defined homomorphism i n input signals 5 ( 9 ^ 9 ^ —» 5 ( 9 )wr?(S ) . 

2.1.5. Wreath product of automata and representations 

Let us consider two constructions of wreath product of automaton 

and representation. Their p a r t i c u l a r cases w i l l be constructions of the 

wreath product of automaton and semigroup. 

Let (A,Z,B) be a semigroup automaton and l e t (C,*) be a r i g h t 

representation of the semigroup * by transformations of the set C. The 

automaton (C,*,C) one-to-one corresponds to the representation (C,$). In 

t h i s automaton the operation * coincides w i t h the operation ° The 

wreath product of the automata (A,Z,B)wr(C,*,C)=(AxC,Z x*,BxC) i s deno

ted by (A,Z,B)wr(C,*) and c a l l e d a right wreath product of the automaton 

and representation. I f , i n p a r t i c u l a r , (*,*) i s a r i g h t regular repre

sentation of the semigroup $, then the wreath product (A,Z,B)wr(*,*)= 

(Ax*, Z*x*,Bx$) i s c a l l e d a right wreath product of the automaton (A,Z,B) 

with the semigroup *. I t i s denoted by (A, Z,B)wr*. 

Now, l e t (*,C) be a l e f t representation of the semigroup * by 

transformations of the set C. I t induces the r i g h t representation 
c — c — c 

(A , * ) : i f aeA , pe*, then a°tp i s such fu n c t i o n from A that 

(a»^i) (c)=a(cp°c). Define the left wreath product of the representation 

(*,C) and the automaton (A,Z,B) as the automaton (*, C)wn,(A, Z, B) = 

(A
c

, $wr^Z, B
c

), where *wr^Z=*xZ
c

 i s the l e f t wreath product of the cor

responding semigroups and the operations ° and * are defined i n the f o l -
_ p — Q — _ _ _ _ _ _ _ 

lowing way: i f aeA , (cp,x)e*xZ , then a« (<p, x) = (a»cp) °x, a*(qp,T) = (a°y>)*T. 
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— c — — c — — c 
Recall that a°<peA , aoxeA , a*xeB are the f o l l o w i n g functions: 

(a° >̂) (c)=a(<pc), (aox) (c)=a(c) °x(c); (a»x) (c)=a(c)»x(c), ceC. From the 

d e f i n i t i o n of a°<p and a°x follows the equ a l i t y (aox) »te=(a°<p)»(x°<p). 
Indeed, i f ceC, then 

((a°x) o(p) (c) = (a«x) (cpoc)=a((poc) °x (ip»c) = ( (a»(p) ( c ) ) o ( T o ^ ) ) ( ( c ) ) = 

( ( a o ( p ) o ( x o ( p ) ) ( c ) . 
Now, d i r e c t calculations show that the introduced automaton s a t i 

s f i e s the axioms of semigroup automaton: 

(ao(cp ,x ) ) o ( m x ) = (((a»ip ) °x )°w ) o x = (((aocp ) o p ) o ( x o p ) ) ot = 

1 1 2 2 1 1 2 2 1 2 1 2 2 

( a « ^ 2 ) ' tT1°«>2)T2=a° ( ( P 1 , P 2 ' ( T l S , , 2 ) T 2 1 = a t ( ^ l ' 7 7 ! 5 ( * > 2 , T 2 ) } ' 
The l a t t e r e q u a l i t y follows from the d e f i n i t i o n of the m u l t i p l i 

cation i n the l e f t wreath product of the semigroups. Therefore, 

a o ( ( a > ,x ) [w ,x ) ) = ( a o ( a > ,x ) ) o ( m ,x ) . V a l i d i t y of the second axiom i s 

1 1 2 2 1 1 2 2 
v e r i f i e d i n a sim i l a r way: a*((u> , x ) iip , x ))=(a«(» ,x ))*(cp ,x ) . 

1 1 2 2 1 1 2 2 
I f ($,$) i s a l e f t regular representation of the semigroup $, 

then the wreath product (*,$)wr^(A, S, B) = (A*,*xE*,B*) denoted *wr^(A,S,B) 

is called a left wreath product of the semigroup $ with the automaton 

(A,Z,B). 
2.1.6. Induced automata 

In the Section 1.2, and i n item 2.1.1 automata construction 

having universal properties were discussed. Now we s h a l l introduce a 

construction of induced automaton which also has a c e r t a i n universal 

property. 

Let 3=(A,Z,B) be an automaton and Z be a subsemigroup i n T. The 

r ~ ~ 
automaton 3 =(A,r,B) i s called induced by 3, i f 3 i s isomorphic to a 

r 

subautomaton from 3 ; t h i s isomorphism x i s i d e n t i c a l on Z, and f o r any 
automaton 8=(A',r,B') and monomorphism i>:3 —> B i d e n t i c a l on Z, there 

F 

exi s t s a unique homomorphism u: 3 -> 8 i d e n t i c a l on r , such that the 

diagram 



i s commutative. I t fo l l o w s from the d e f i n i t i o n that the induced automa

ton i s unique. 

Construct such an automaton. As usual, denote by T
1

 the semigroup 

obtained from T by adjoining of external u n i t element. F i r s t consider 

the automaton B=(AxT
1

,r, Bu(AxI")), whose actions of o and • are defined 

i n the f o l l o w i n g way: 

(a,y)°y' = (a,yy'); (a,y)«y'=(a,yy' ); (a.yJeAxr
1

, y'sT. 

Generate an equivalence on the set Axr
1

 and an equivalence <*
3 

on the set Bu(AxD by the r e l a t i o n s <r and c : (a,x)<r (a»T,l); 

1 3 1 
(a , T)o-

3
(a * T ) , aeA, xeZ. Denote by a.^ the t r i v i a l congruence on T. I t i s 

clear that the t r i p l e t a=(a
i
,a

z
,a

3
) i s a congruence of the automaton D. 

Quotient automaton 9=3/<x=(A, T, B) i s a desired automaton. 

2.2 Decomposition of f i n i t e pure automata 

2.2.1. Krohn-Rhodes Decomposition Theorem 

I n t h i s Section we confine ourselves to the discussion of the 

decomposition of the input-state type f i n i t e automata (semiautomata). To 

do t h i s , we f i r s t develop the necessary d e f i n i t i o n s . Since i n a Moore 

automaton the operation * i s expressed by the operation ° and a determi

ning mapping, the decomposition of Moore automata i s reduced to the de

composition of the input-state type automata. 

The semigroup i s ca l l e d a d i v i s o r of the semigroup r , i f r 

i s a homomorphic image of a c e r t a i n subsemigroup from r . S i m i l a r l y , the 

automaton 9 =(A ,T ) i s c a l l e d a divisor of the automaton 3 =(A ,T ) , i f 

1 1 1 2 2 2 
9

t
 i s a homomorphic image of the subautomaton from 9^ I f i n t h i s case 

the automaton 9
t
 i s not isomorphic to 9

2
, i t i s called a proper d i v i s o r 

of the automaton 9 . We s h a l l use the notations: T |T ; 9 |9 . Represen-

2 1 2 1 2 
t a t i o n of the automaton 9 as the d i v i s o r of the cascade connection 
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(wreath product) of other automata i s ca l l e d decomposition of the auto

maton a. 

Let a be a state. An input element (denote i t by ip^) acting by 

the r u l e : xo<p>
a
=a f o r any state x of the given automaton, i s c a l l e d an 

input constant corresponding to the state a. 

The automaton £=(C,P) i s ca l l e d a f l i p - f l o p i f the set of i t s 

states contains two elements: C={CQ, C^}, and the semigroup of inputs P 

consists of the i d e n t i c a l l y acting element and input constants <p ,<p 

o l 
Denote a f l i p - f l o p by G. The automaton (A,D i s c a l l e d a group automaton 

i f T i s a group. 

Theorem 2.1. (Krohn-Rhodes, [ 5 5 ] , see also [56] [ 2 9 ] ) . £ach 

f i n i t e exact automaton 3=(A,S) admits decomposition of the form 

31 S^wrS^wr. . . wr3 , whose components 3^ satisfy the conditions: 
1. Each 3

(
 is either f l i p - f l o p or group automata. 

2. If the automaton 3 =(A , S ) i s a group one, then S IS. 

i l l
 6

 • l 

Krohn-Rhodes Theorem also describes indecomposable i n a c e r t a i n sense 

automata. We s h a l l discuss t h i s problem i n the next item. 

To prove the theorem we need a number of statements. Consider an 

automaton a=(A,S). Denote by $^ the set of a l l i t s input constants: 
* ={ip ,aeA}. I t i s a semigroup w i t h respect to the m u l t i p l i c a t i o n 
A a 

^a ^a ^ a
 D e f i n e

 m u l t i p l i c a t i o n of elements from S by elements from * 
1 2 2 A 

by the rule: s<p =<p ; ip s=ip , aeA, seS. Then the set S=Su* acquires a. a. a. a. ° s A 

the structure of a semigroup. Now the automaton 3=(A,S) i s defined i n a 

natural way and called a constant extension of the automaton 3. 

Lemma 2.2. Let a=(A,S), A°S*A be an exact automaton and x be such 

an element from A that AoScA\{x}=A
j
. Then a|YwrC

Q
, where Y=(A

i>
S

i
) is an 

exact automaton corresponding to (A^S) and E
o
=(C, {tpj) is a subautoma

ton of the f l i p - f l o p (T. 

Proof. I t i s necessary to show that the automaton 3=(A, S) i s a 

homomorphic image of a c e r t a i n subautomaton 35 from Ywrll^tA^C, S
C

x{<p } ) . 

To each element seS we associate the element (f,<p ) from S
C

x{p }. The 
«̂ i c 
0 0 
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component feS
j
 i s defined by the r u l e f ( C

Q
) = S ' , where s' i s the image of 

the element s under the natural homomorphism of S onto S , f (c )=v> 

1 1 x°s 

The set of such elements forms a subsemigroup i n S
c

x{<p }. Really, i f 
o 

( f . V ) and ( f , tp ) correspond to the elements s and s respectively, 
1

 o
 2

 o 1 2 
then If ,<p )•(/_,» ) = (/• (» »f ),» ) = ( f , p ) where 

1 C 2 C 1 C 2 C C 
0 0 0 0 0 

f ( c
o
) = f

i (
( c

o
) - f

2
( c

o
o

¥ c ) = f i ( C o
) .

f 2 ( C o ) = s ; s
.

= ( S i S 2 )
. 

(2.1) 
f ( c )=f (c ) - f (c o

V
 )=f (c )»f (c )=*> s'=#> 1 1 1 2 1 C 1 1 2 0 x « s 2 % • ! s 0 1 1 2 

Consequently, ^
1
><P

C
 ̂

f

2
>*'

c
 ^~^

f

<<f )
 i s a n

 element from S
C

x{p } cor-
o o o o 

responding to the element s s from S. Denote the obtained semigroup by 

V and the subautomaton (AxC.V) from Ywr(T by 33. Define the mapping 

1 o 

|i=(|i ,fi ):8 -* 3 by the ru l e : 

u ( a, 1=0 
(a, c ) =4 (a,c )sA xC. 

1 1 
i f (f,<p ) i s an element from S x{a> } associated w i t h seS, then 

c l c 
o o 

^ 2 
l e t (f,<p ) =s. 

0 
F i r s t of a l l , i t i s necessary to v e r i f y that the mappings t

i

1
<t

i

2 

are c o r r e c t l y defined. I t i s clear f o r fi Let the element 

(f,<p )eS
C

x{a> } corresponds to s , s eS. Then, on the one hand, f ( c )=s' 
c 1 c 1 2 0 1 

0 o 

and f ( c )=<p ; on the other hand, f ( c )=s' and f ( c )=<p I t implies 
1 x » s 0 2 1 x « s 1 2 

t h a t , f i r s t , s'=s', i . e . that elements s and s act equally on A , and 1 2 ' 1 2 * ' 1 
that a> =to ( i . e . that x°s =x°s ) . Thus, s and s act i d e n t i c a l l y 

x°s x°s 1 2 1 2 1 2 
on the whole A. Since the automaton (A,S) i s exact, then s =s . V e r i f i e d 

1 2 
feature of and e q u a l i t i e s (2.1) imply that i s a semigroup homomor

phism. I t remains to show that i f (a.u^eA^C, (
f

><P
c
 '

eV

> then 

^1 ^1 ^ 2 
((a,c ) o ( f , t p )) =(a,c ) oU.ip ) , i = l , 2 . The v a l i d i t y of t h i s equa-

1 C

o o 
l i t y means that 3 i s a homomorphic image of the automaton 33. 
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Let (A, S) be an exact automaton and C be a subsemigroup i n S. 

* 
Denote by C the semigroup coinciding w i t h C i f C contains 1 - i d e n t i -

A 
cal transformation of the set A, and equal to C

1=

Cul otherwise. 

A 
Lemma 2.3. If the semigroup S of the exact automaton 3=(A,S) con

tains such l e f t ideal L and subsemigroup T, that LuT=S, then the automa

ton 3 admits the following decomposition 3|3
i
wr3

z >
 where 3

i
=(A,L ) , 

3 = (T*,T). 

2 

Proof. By the d e f i n i t i o n , 3 wr3 =(A,L*)wr(T*,T)=(AxT*.(L*)
T

 xT). 

1 2 
I t i s required to f i n d such subautomaton B=(Q,V) of t h i s wreath product 

and such homomorphism p=[p. .p^-.B —> 3, that 3=B . Assume Q=AxT . As V 

# x — 
take a union of the set of a l l the elements ( 0 , t ) from (L ) xT such 
that teT and I/I(X)=1 f o r a l l xeT , w i t h the set of a l l the elements of A

 • 
* T — 

the form ( f , ip )e(L ) xT, s€L, t€T f o r which f (x)=xs. E q u a l i t i e s 
s t s 

( 0 , t ) ( 0 , t ) = ( 0 , t t ) ; ( 0 , t ) ( f ,<p ) = ( f ,<p ) , 
1 1 9

 S
 t s

 S (2.2) 
( f ,» ) ( 0 , t ) = ( f ,<p ); ( f ,« ) ( f ,

V
 ) = ( f ,« ) , s t 1 s t t s t s , t s t s . t 1 1 1 1 1 

# 

* T — 

f o l l o w i n g from the d e f i n i t i o n of the wreath product (L ) xT, imply that 

V i s a semigroup. 

The homomorphism u=(u
i >
U

2
):B —* 3 can be defined as follows: 

/Y AxT* -> A; ^ ( a , t)=a»t, aeA, teT*, 

u
2
: V -> S; u

2
( i / ( , t ) = t , teT; P

z
 ( f _, <p )=st, seL, teT*. 

From the d e f i n i t i o n of p^ and e q u a l i t i e s (2.2) i t follows that p^ 

i s a homomorphism of the semigroups. I t i s clear that u
2
 i s a s u r j e c t i v e 

homomorphism of V onto S. Thus, i t i s l e f t to v e r i f y that the conditions 

(1.2) (Chapter 1) are v a l i d . Let (a,t*)eAxT* Then ((a,t*)°(0,t))
 1

= 

( a « 0 ( t ) , t t ) =(a,t t ) =aot t . On the other hand, (a, t ) » ( 0 , t ) = 

(a«t )ot=a»t t . Therefore, ( ( a , t ) o ( 0 , t ) ) =(a,t ) °(0 , t ) . S i m i l a r l y , 
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• **! , « . u, . 
(a,t )o(f ,

v
 )) ' = (

a
. f ( t ) , t op )

 l

= ( a * t s , t ) =a°t s t , 
s t s t 

U U 
(a , t * )

 1

o{f ,p )
 2

=(a°t*)°st=a°t*st. 
S t 

Therefore i n t h i s case ( ( a , t ) o ( f ,p ) ) =(a,t ) o(f m ) * too. F i n a l 
ly t s t 

l y , note that from the d e f i n i t i o n of the homomorphism u=(u
i>
u ) i t f o l 

lows immediately that u i s an epimorphism of 8 on 9. 

The f o l l o w i n g lemma i s proved s i m i l a r l y to Lemma 2.3. 

Lemma 2.4. Let (A,S) be an exact automaton with a monoid S, T be 

a subgroup of inverse elements of S; L=S\T be an ideal in S. Then 

(A,S)| (A,L*)wr(T,T). 

Corollary. For the group automaton 9=(A,S) holds 

91 (A, 1 )wr(S,S). (2.3) 
A 

Really, 9=(A,Su* ) , where * i s a set of a l l input constants of 
A A 

the automaton 9; S i s subgroup of inverse elements of the monoid Su* . 
A 

Applying Lemma 2.4 we get (2.3). 
Lemma 2.5. If 9|9 wr9 , then 9|9 wr9 . 

1 2 1 2 
Proof. Let 9=(A,S), 9 =(A ,S ) , 1=1,2. Then 9

j
wr9

2
= 

A 
2 

(A
i
xA

2
,S

i
 xS

2
>. Consider an epimorphism u=("

l
,u

2
):(Q,V) —> 9, where 

(Q,V) i s a subautomaton from 9 wr9 . Let a be an a r b i t r a r y element from 
A and (a ,a ) i t s c e r t a i n inverse image from Qc(A ,A ): (a ,a ) =a; l e t 

1 2 1 2 1 2 
f u r t h e r <p be an input constant from S. Take the element 

a 
- * 2 - ~ > \ 

u =(f,« )eS xS w i t h f ( x ) = p f o r a l l x€A . Let V=Vu{u ,a eQ}. The 
a a 1 2 a 2 a 

2 1 
homomorphism U

2
-V —* S is determined by the homomorphism "

2
:V -> S and 

_ 

by the mappings ( u j =v>
?
. In t h i s case the pair p={p

i
, P

z
): (Q, V) -» 9 

s a t i s f i e s the conditions of the homomorphism of automata. 

Lemma 2.6. (A,1 )IGwr...wrd. 
A 

Lemma 2.7. If (A,S) is an exact semigroup automaton, then 

(S*,S) | (A,S)x. . .x(A,S). 
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The proofs of Lemmas 2.6 and 2.7 are rather simple. I t i s sug

gested to the reader as an exercise (see also [ 2 ] ) . 

Proof of Theorem 2.1. To given automaton 3=(A,S) we assign a pa i r 

of integers (m,n) where m=|A| and n=|S|. This pair i s c a l l e d a power of 

the automaton 3=(A,S). The set of a l l pairs i s ordered by the ru l e : 

(m ,n )<(m ,n ) i f m <m or m =m , and n <n . 

1 1 2 2 1 2 1 2 1 2 
By induction on the introduced ordering show f i r s t that each 

exact automaton S admits decomposition of the form 
a i a wra wr. . .wr3 (2.4) 

1 2 k 
where are eit h e r f l i p - f l o p s or group automata d i v i d i n g the automaton 

a. 

Let the automaton a=(A,S) has the power (m,n) and each automaton 

wi t h the power less than (m,n) admits decomposition (2.4). I t i s known 

(see, f o r example, [53]) that f o r every f i n i t e semigroup S one of the 

three f o l l o w i n g conditions has to be s a t i s f i e d : 

1) the semigroup S i s monogenic ( c y c l i c ) ; 

2) the semigroup S does not contain proper l e f t ideals; 

3) i n the semigroup S there are such proper l e f t ideal L 

and subsemigroup T, that LuT=S. 

Consider each case separately. 

1) Let the semigroup S be monogenic wi t h the generator element y. 

Then ei t h e r A°y=-{a°r | aeA} i s contained i n A (we denote A°y<A) or A°y=A. 
I 

Let f i r s t A»y<A. Then f o r any natural I holds A°y <A and thus A°S<A. 

Then Lemma 2.2 yiel d s the decomposition 9|Ywr(T i n which the power of the 

automaton Y i s less than the power of the automaton 3 and the automaton 

G i s a f l i p - f l o p . By assumption of the induction, Y|Y wr...wrY , where 

1 n 
Y are e i t h e r f l i p - f l o p s or group automata d i v i d i n g Y. Since Y i s a d i 

visor of a, then these group components also divide 3. I t i s necessary 

to note that i n t h i s case the automaton Y i s exact. Let now Aoy=A. Then 

y i s a permutation on the set A, and since S i s a c y c l i c semigroup w i t h 

the generator y, i t follows that S i s a group. 

2) Consider the case when the semigroup S does not have proper 

l e f t ideals. I f A»S={a°s | aeA, seS}<A, then as i n the f i r s t case, we can 
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apply Lemma 2.2 and the induction. 

Let A«S=A. Denote by A , A ,A a l l such Aos ={a<>s laeA}, 
' 1 2 k I i 1 " 

SjeS, i = l . . . k , that A«s
j
 does not belong to A°t f o r any teS ( t * s ) . I f 

k=l ( I . e . e x i s t s unique A
t
 w i t h t h i s p r o p e r t y ) , then Aos^A. Indeed, i f 

A«s =A <A, then there would be AoS<A (otherwise A w i t h the given pro-

1 1 2 
perty would e x i s t ) , but t h i s contradicts the assumption AoS=A. Therefore 

A»s
i
=A, where s

t
 i s a permutation on the set A. Then there e x i s t s a na

t u r a l number n, such that s" acts i d e n t i c a l l y on the elements of A. The 

element ŝ ' i s a. u n i t i n S. I t i s known that semigroup without l e f t 

ideals containing a l e f t u n i t i s a group [53]. 

I f k > l , then L
(
={SIseS,A»scA} i s a n o n - t r i v i a l l e f t ideal i n S. 

This co n t r a d i c t s the assumption that the semigroup S does not have pro

per l e f t i d e a ls. 

3) Let now the semigroup S contain a n o n - t r i v i a l l e f t ideal L and 

semigroup T s a t i s f y i n g the condition LuT=S. Then i n v i r t u e of Lemma 2.3 

- • 
the automaton 9=(A,S) admits the decomposition: 9|JwrZ where I=(A,L ) , 

Z=(T*,T). 

By Lemma 2.7 the automaton (T ,T) divides the automaton 

(A,T)x. . .x(A,T) embedded i n t o (A,T)wr...wr(A, T). Powers of automata 

(A, L) and (A,T) are less than the power of the automaton 9. We can again 

use the assumption of induction. (Here one should bear i n mind that i f 

(A, L) IJ wr. . . w r l and the semigroup of inputs i n a l l I i s a monoid, 

1

 .
 n 1 

then (A, L )|3f wr...wrJ ) . Thus, decomposition (2.4) i s proved. I f 9 are 
l n i 

f l i p - f l o p s , then 2^=9^ Let 53=(B,Q) be a group automaton. Then by the 
c o r o l l a r y of Lemma 2.4 81(B,1 )wr(Q,Q). In i t s turn by Lemma 2.6 holds 

(B, 1) lEwr. . .wrE, where <t i s a f l i p - f l o p , and by Lemma 2.7 holds 

(Q,Q) I (B.QJwr. . .wr(B,Q). Using the decomposition (2.3), from the above 

i t f o l l o w s that 
9| £ wr...wrf 

l n 

where X are e i t h e r f l i p - f l o p s or group automata d i v i d i n g the i n i t i a l 

automaton. 

In f a c t , the r e s u l t which has been proved can be formulated i n 
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the f o l l o w i n g way: 

Theorem 2.1'. £ach f i n i t e exact automaton 9 admits decomposition 

of the form S l ^ w r . . . wrZl . I t s components 2^ are either f l i p - f l o p s or 

group automata dividing the i n i t i a l automaton 9. 

2.2.2. Indecomposable automata 

Performing decomposition of the f i n i t e automaton several times we 

come to the automata which are, i n a c e r t a i n sense, indecomposable ones. 

Note that we deal only w i t h indecomposable group automata. I n the work 

by Krohn, Rhodes and Tilson [56] the decomposition theorem has been pro

ved i n semigroup terms w i t h indecomposable automata being defined cor

respondingly. I n accordance w i t h t h i s work, indecomposable automata are 

the automata w i t h a simple acting group. In the present book we empha

size consideration of the automaton as many-sorted algebraic system; re

formulation of theorem 2.1 i n the form of theorem 2.1' as we l l as the 

fol l o w i n g d e f i n i t i o n of indecomposable automata, correspond to t h i s 

point of view. 

Let us c a l l the automaton (A,D non-trivial i f the set A i s not a 

one-element set. 

An automaton 9 i s ca l l e d indecomposable i f decomposition 

9|9 wr. . ,wr9 wi t h 9 being n o n - t r i v i a l automata and 9 |9, i = l , . . . n , 

1 n i 1 
implies that 9 divides c e r t a i n "3.^ 

An automaton 9 i s ca l l e d s-indecomposable or simple i f 9|9
i
wr9

2 

implies, that 9 divides 9
j
 or 9^. These two d e f i n i t i o n s correspond to 

d i f f e r e n t approaches pointed above, namely, whether components of decom

p o s i t i o n are d i v i s o r s of the i n i t i a l automaton or not. Simple or s-

indecomposable automata are considered i n the book [60]. I t has been 

proved that the automaton 9 i s simple i f and only i f i t i s a regular 

automaton of the form 9=(Z ,Z ) where Z i s a c y c l i c group of the simple 

p p p
 K 

order p. In the present item indecomposable group automata w i l l be con

sidered. 

Recall that f o r the input-state automaton (A,S) ( i . e . f o r semi-

automaton), congruence i s a pair of equivalences (p^pj (p^ i s an equi

valence on the set A and p^ i s a congruence of the semigroup S), s a t i s 

f y i n g the condition: i f ap^' , sp
2
s' then (a»s)p (a'°s*). Congruence 
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P=(P

l F
P

2
) of the automaton (A , S ) i s ca l l e d t r i v i a l i n one of the f o l l o 

wing cases: 

1) i f classes of the equivalences by p̂  and p^ consist of i n d i v i d u a l 

elements of the sets A and S correspondingly ( i . e . p
i
 and p are minimal 

congruences on A and S ) ; 
2) i f there i s the unique class of equivalence by p , equal to A, 

and the unique class of equivalence by p̂  equal to S ( i . e . p^ and p are 

maximal congruences on A and S ) ; 
3) i f p

t
 i s a maximal congruence on A and i s a minimal congruence 

on S . 
The automaton 3=(A,S) i s ca l l e d transitive i f f o r any elements a , a eA 

J 1 2 
there e x i s t s seS such that a =a °s, i n other words, i f f o r any aeA holds 

2 1 3 

aoS=A. 
Proposition 2.8. The group automaton (A, D does not have non-

t r i v i a l congruences if and only if it is isomorphic to the automaton of 

the form (r / Z,D with T being a simple group, Z a maximal subgroup in Y, 

T / S a set of the right cosets by Z and with the action defined as fol

lows: Z y o j r ' = Z j r 3 r ' ; y . y ' e r . 
Proof. I f the automaton a=(A,D i s not t r a n s i t i v e and A =a «r are 

T - t r a j e c t o r i e s i n A, then the equivalence p=(p ,p ) , f o r which A
(
 are 

classes of the equivalence by p^ and p̂  i s the minimal equivalence of 

the group T, i s a n o n - t r i v i a l congruence of the automaton 9. Therefore, 

the automaton without n o n - t r i v i a l congruences i s a t r a n s i t i v e one. Any 

t r a n s i t i v e automaton (A,D i s isomorphic to the automaton (r / Z,D where 

T / Z i s a set of the r i g h t cosets of the group T by a c e r t a i n subgroup Z 
and the action o i s defined i n a way stated i n the condition. Indeed, 

having f i x e d an a r b i t r a r y element aeA we have aor=A, that i s , f o r any 

element a'eA under c e r t a i n jre!", holds a°y=a' . 

Let Z={o-er|a°<r=a} be a c e n t r a l i z e r of the element a; t h i s i s a 

subgroup of the group T. Assigning the r i g h t coset Z y of T / Z to the ele
ment a'eA we get the isomorphism of the automata (r / Z.D and (A,D iden

t i c a l on the group r. Each subgroup H of the group V defines the non-

t r i v i a l congruence T = ( T ,T
2
) of the regular automaton (r,D where T

j
 i s 

an equivalence of the group f , classes of which are r i g h t cosets corres-
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ponding to the subsemigroup H, and i s the minimal equivalence of 1". 

Then, i f £cB, the congruence of the automaton (r,D defined by H con

tains the congruence defined by the subgroup Z. This implies that i f the 

subgroup Z i s not a maximal one, then the automaton (r/Z,D has a non-

t r i v i a l congruence. 

I t i s easy to prove t h a t , conversely, the automaton (r/Z,D has 

no n o n t r i v i a l congruences. 

Proposition 2.9. If the f i n i t e simple group T divides the wreath 

product of the groups I" w r l ^ , then it divides one of the components of 

the wreath product T or V. 

Proof. Let us denote T wrr by f . Let T be a homomorphic image of 
r
 1 2 

~ 2 — 
the subgroup AcT. Since I" i s an i n v a r i a n t subgroup i n r , then i t i s 

possible to construct i n T a normal series 
1=2: cZ c ... cZ =f (2. 5) 0 1 n 

with factors Z /Z isomorphic e i t h e r to I" or to I" . Let Z'=AnZ . Then 
1 1 - 1 1 2 1 1 

the series 

l=Z'cZ'c . . . cZ'=A (2.6) 

0 1 n 
i s a normal series i n A. From Zassenhaus's lemma ( [ 5 8 ] ) follows that the 

quotient group (Z^rA)/(Z^
 j

nA) i s isomorphic to the subgroup of the quo

t i e n t group EJ/EJ • Therefore, each f a c t o r of the series (2.6) i s iso

morphic to a c e r t a i n subgroup of one of the groups r or I" , 

Let P be a kernel of the homomorphism of the group A on T, that 

i s A/P i s isomorphic to T. Consider one more normal series i n A 

lcPcA. (2.7) 

By Schreier's theorem ( [ 5 8 ] ) normal series (2.6) and (2.7) have isomor

phic refinements. Factors of the ref i n e d series are d i v i s o r s of the fac

tors of i n i t i a l series. Since the f a c t o r A/P i s isomorphic to the simple 

group T, i t i s not r e f i n a b l e . Hence, i t i s isomorphic to a c e r t a i n fac

t o r of the refinement of series (2.6), which i n i t s t u r n i s a d i v i s o r of 

the corresponding f a c t o r of series (2.5). Thus, T i s a d i v i s o r e i t h e r of 

T or of r 
l 2 
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Recall that there i s one-to-one correspondence between the cong

ruences of groups and t h e i r i n v a r i a n t subgroups. Therefore each congru

ence (Pj.P_) of the group automaton (A,D can be w r i t t e n i n the form of 

(p
i
,P

H
) where H i s an in v a r i a n t subgroup associate to the congruence p^. 

Proposition 2.10. (Kaluzhnin-Krasner's theorem). Let (A,T) be a 

group automaton and (pj.P,,' °e such a congruence of t h i s automaton that 

the quotient automaton (A/p,r/H) i s transitive. Denote by B an arbitrary 

coset of the congruence p and by Z the normalizer of the set B in T. 

Then the automaton (A,D divides the wreath product (B, Z)wr(A/p, IYH). 

Proof. Denote the quotient group T/H by T. The t r a n s i t i v e automa

ton (A/p,r/H) = (A/p,D i s isomorphic to the automaton (r/Z,D. In i t s 

t u r n , t h i s automaton i s isomorphic to the automaton (T/Z.r/H) w i t h the 

operation x°y=xy, xeT/Z, yeT/H, xer,yer. Therefore the statement of the 

theorem i s equivalent to the fo l l o w i n g : (A,D|(B,Z)wr(r/Z,T/H). I t i s 

necessary to f i n d the subautomaton (Q,V) of the wreath product 

r/z
 — 

(Bxr/Z,Z x D , whose homomorphic image i s (A,D. 
Fix a c e r t a i n complete system T={t , . . . , t } of the representa-

1 n 
t i v e s of the r i g h t cosets T by Z. Denote by 0 a mapping which takes each 
coset to i t s representative i n T. Since (A/p,D i s t r a n s i t i v e we get 

A=u B=y=u B»Zt=u B»t. So each element aeA can be uniquely represented i n 
yer teT t6T 

the f o l l o w i n g form: a=b°t, beB, teT. I f now we s h a l l take Bxr/Z as Q, 

then the mapping p: Bxr/Z —* A defined by the r u l e (b,x) =b«x , beB, 

xer/Z i s a mapping of Bxr/Z on the set A. 

r/z
 — — 

Take as V the set of elements of Z xr having the form ( f
y
, y ) , 

yer such that y i s an image of the element y under the natural homomor-

— r/z 
phism of T on T, while the f u n c t i o n f of Z i s defined i n the f o l l o 
wing way: i f x l i e s i n T/Z, then 

f ( x ) = x ^ ( ( x . y ) ' V
1

e Z . 
y 

From the d e f i n i t i o n i t f o l l o w s that 
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\̂ )CV-MVa,V»}" (2'8) 
This, i n p a r t i c u l a r , implies that V i s a semigroup. Define u : V

 —

* T by 
- A _ 2 

the r u l e (.f^ . y ) = y . This d e f i n i t i o n i s correct: i f ( f ^ ' ^ i '
 =

 '^y '
y

2 ' 

then y = y . Indeed, i f ( f , y ) = ( f , y ) then f o r the a r b i t r a r y xer/£ 

the e q uality 

X ^ C C x ^ ^ J - ^ y ^ C ^ ^ ) -
1

) 

i s s a t i s f i e d . Since y = y , then x o y ^ x o y ^ and x ^ y j = x ^ y 2 - Therefore 

y ^ = y 2 . From the eq u a l i t y (2.8) i t follows that p^ i s a homomorphism of 

the semigroup V. I t remains to v e r i f y that u=(u
i >
 u^i: (Q, V) —* (A,D sa

t i s f i e s the condition (1.2) from Chapter 1 of the homomorphisms of auto

mata. 

Let (b,x)eQ=Bxr/£, ( f , y)eV. Then 

y 
p - p I I _ _ p 

( ( b , x ) . ( f y ) ) ^ ( b o f (x),x«y)
 1

=(b°xV'y ((x°y r ) " \ x°y) 

b o x ^ y ( ( x o y ) ^ ) ~ 1 (x o y ) ̂ =box^ y . 

~ ^ 1 - ^ 2 ^ ~(A ~ - M l 
On the other hand, (b,x) °(f , y ) =(b°xv)°y=box y . Thus (b,x)°(f , y ) = - A - " a ^ T 
(b,x) °(f^,y) , as required. 

Corollary. I f £ i s an invariant subgroup of the group r , then 

(r,r)|(£,£)wr(r/£,r/£). 

Indeed, £ defines the congruence p and one of the cosets by p i s 

£ i t s e l f . £ also coincides w i t h i t s normallzer i n the representation 

(r/£,r). 

The key statement i n t h i s item i s 

Theorem 2.11. In order the exact f i n i t e group automaton 9=(A,r) 

to be indecomposable it is necessary and sufficient that it would not 

have non-trivial congruences. 

Proof. Show f i r s t that i f the automaton 9 has a n o n - t r i v i a l cong-
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ruence, then i t I s decomposable. This i s equivalent to the f a c t that an 

indecomposable automaton does not have n o n - t r i v i a l congruences. Let 

(p.P2)=(p
1>
P

H
) be n o n - t r i v i a l congruence of the automaton 3. Assume 

f i r s t that t h i s automaton i s not t r a n s i t i v e and that A ,A A are 

1 2 k 

T - t r a j e c t o r i e s i n A, A ^ a ^ r , i = l k, a^A. The automaton (A,D d i v i 

des the Cartesian product (A, 1 ) x ( r , D = (Axr, l x D . The homomorphism 

pKf^.flg). M^Axr -* A, n
i
(a,y)=aoy; p^ l x r -» T, 1^(1,y)=y maps the 

automaton (A, l ) x ( r , D on (A,D. 

Let f u r t h e r ^ be a kernel of (A ,D, i = l k. By Lemma 2.7. 
[T /J . r / j j M t t j . r / j j h f r ... wr(A , r / j ) (2.9) 
k 

Since rj * =1, then by Remak's theorem the group T i s isomorphi-
l =1 

k 
c a l l y embedded i n t o the d i r e c t product nTY? and the automaton ( T . r ) 

1 = 1 
k k k 

i n t o the automaton ( yj r / } , rj r/^ )= f] (r/f ,r/? ) . Taking i n t o account 
1=1 1=1 1=1 

decomposition (2.9) t h i s implies that the automaton 3 divides the wreath 

product of c e r t a i n automata 3f , 1=1,2 1, such that each St̂  divides 9 

and i s not isomorphic to i t . 

I f the automaton 3 i s a t r a n s i t i v e one and (Pj.P
H
)
 i s

 such i t s 

congruence that p^ i s a n o n - t r i v i a l equivalence of the set A, then by 

Kaluzhnin-Krasner's theorem (A,D|(B,Z) wr(A/p ,r/H), where B i s a cer

t a i n class of the equivalence p j and Z i s a normalizer of t h i s class i n 

T. I t i s evident, that both components are proper d i v i s o r s of (A,D, 

thus the automaton 3 i s decomposable. 

Consider the f o l l o w i n g s i t u a t i o n : the automaton (A,D i s t r a n s i 

t i v e and allows only such n o n - t r i v i a l congruences (p^.p^ that p
j
 i s a 

t r i v i a l equivalence on the set A. From the d e f i n i t i o n of the automaton 

congruence fo l l o w s that H acts i d e n t i c a l l y on the set A/p^ I f the co-

sets by p consist of the separate elements of the set A, t h i s would 

imply that H belongs to the kernel of the representation (A,D, which 

co n t r a d i c t s the exactness of the automaton 3. Note that H*l, otherwise 

the congruence (p ,p ) would be t r i v i a l . Thus, p i s a maximal equiva-

1 H 1 
lence w i t h the unique class equal to A, and H a n o n - t r i v i a l i n v a r i a n t 
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subgroup of the group T. Show that i n the given case the automaton 9 i s 

also decomposable. 

Denote by Z the c e n t r a l i z e r of the a r b i t r a r y element a
Q
eA; 

Z={Ser|a o5=
a
 }. Since the automaton (A,D i s t r a n s i t i v e , then 

o o 

(A,De(r/S:,r), where r/Z i s a set of the r i g h t cosets by the subgroup Z. 

Subsets i n A of the form a^ofAy), yer define a n o n - t r i v i a l T-congruence 

on A f o r the a r b i t r a r y subgroup A containing Z. This contradicts the 

assumption on n o n - t r i v i a l congruences of the automaton (A,D. Therefore, 

Z i s a maximal subgroup i n T. 

I f the invariant subgroup H belongs to Z, then H l i e s i n the ker

nel of the automaton (r/Z,D. However, (X/Z, Ds(A, D and (A,D i s an 

exact automaton. Therefore, H does not belong to Z and i n v i r t u e of ma-

x i m a l i t y of the subgroup Z the equ a l i t y HZ=r takes place. Consequently, 

r/H=HZ/HsZ/HnZ. 

The automaton (r/Z,D i s a d i v i s o r of the automaton (r,D. There

for e , (A,D|(r,D. In i t s t u r n , by the c o r o l l a r y of the statement 2.10 

(r,D | (H,H)wr(r/H,r/H)*(H, H)wr(Z/HnZ,Z/HnZ). 

The l a t t e r automaton i s a homomorphic image of the automaton (Z,Z). Thus 

(A,D I (H, H)wr (Z, Z). Since H,Z are subgroups i n T, then by Lemma 2.7 

(H,H)|(A,H)wr. . .wr(A,H). F i n a l l y we get 

(A,D | (A.H)wr. . .wr(A,H)wr(A,Z)wr. . .wr(A,Z). 

This implies that the automaton (A,T) i s decomposable. 

Prove the converse statement. Let 9=(A,D be the automaton w i t h 

out n o n - t r i v i a l congruences. In accordance w i t h p r o p o s i t i o n 2.8 i t i s 

isomorphic to the automaton (r/Z,D, where the group T i s simple and Z 

i s a maximal subgroup i n T. Assume that t h i s automaton divides the 

wreath product of the automata (A ,T )wr...wr(A ,T ) , where each (A ,T ) 

1 1 n n 1 1 
i s exact and divides the i n i t i a l automaton 9. Then the group T divides 
the wreath product of the groups r wr. . .wrl By pro p o s i t i o n 2.9 the 

1 n 
simple group T divides c e r t a i n component T

(
 of t h i s wreath product. By 

the condition the automaton ( A ^ T ^ divides the i n i t i a l automaton 9. 

Therefore, the group T i s isomorphic to the group f . So, the automaton 



103 

(
A

j '
r

, 5 defines the isomorphic automaton (A ,D. The i n i t i a l automaton 

(A,D i s t r a n s i t i v e . The automaton (A ,D, d i v i d i n g i t and having the 

same group of inputs T, i s also t r a n s i t i v e . The automaton (A ,D i s a 

homomorphic image of a c e r t a i n subautomaton of (A,D. Since these auto

mata are t r a n s i t i v e and have one group of inputs, then a c t u a l l y (A ,D 

i s a homomorphic image of the automaton (A,D. Since the l a t t e r does not 

have n o n - t r i v i a l congruences, t h i s means that the automata (A,D and 

(AjiD. and consequently the automata (A,D and tA^T ) are also isomor

phic. Thus, the automaton (A,D i s indecomposable. 

Joining the r e s u l t s of Theorem 2.11 and Proposition 2.8 we comp

l e t e the d e s c r i p t i o n of the indecomposable group automata. 

Co r o l l a r y . The f i n i t e group automaton (A,D is indecomposable if 

and only if it is isomorphic to the automaton of the form (r/Z,D where 

r is a simple group, r/Z is a set of the right cosets by the maximal 

subgroup Z and with the action defined by: Zy°r' =Zy3r' < jr.y'eT. 

2.2.3. Decomposition of Mealy automata 

From Krohn-Rhodes theorem f o r Moore automata i t follows that each 

Mealy automaton 3=(A,S,B) also allows decomposition of the form 

9 1 S ^ r . . .
 w r

9
K
> where 3

[
 are e i t h e r f l i p - f l o p s or simple group automata 

whose groups of inputs d i v i d e the semigroup of inputs of the i n i t i a l 

automaton. 

Indeed, the automaton a=(A,S,B) i s homomorphic i n states image 

of Moore automaton 3'=(AxB,S,B). 

By Krohn-Rhodes theorem the Moore automaton 3' admits a required 

decomposition and besides, the automata 3 and 3' have the same semigroup 

of inputs. 

Consider one more reduction to a Moore automaton which may prove 

to be more e f f i c i e n t f o r decomposition of the automata w i t h great number 

of the output signals and small number of the input ones. Lemmas 2. 11¬

2. 14 are s i m i l a r to the corresponding ones f o r Moore automata. 

The automaton w i t h two states A ={a
Q
, a ^ , w i t h three outputs 

A u{b}=<a ,a ,b}, and the semigroup of inputs consisting of the input 
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constants $ and the element e acting In the f o l l o w i n g way: a °e=a , 
l ' 

a i * E=a
[
, i s cal l e d a f l i p - f l o p (Mealy). The f l i p - f l o p w i l l be denoted by 

(S=(A ,* ue, A u { b } ) . 1 A 1 1 
Recall that a semigroup automaton (S,S,S) i s ca l l e d regular i f 

the operations ° and * are defined by the rules: s °s=s s: s *s=s s; r * 1 1 1 1 
s eS, seS. 

I 

Lemma 2.12. If the automaton 3=(A,S,B) s a t i s f i e s the condition 

AoS=A, then 3|3 wr9 , where 3 = (A,c,AuB) is an automaton with the opera-

1 2 1 
tions a°e=a, a*e=a, aeA, and 3^ is a regular automaton (S,S,S). 

Lemma 2.13. Let the automaton (A,S,B) be given and x be such an 

element of A that AoScA =A\x*0. Then 3|3wrE, where 3 is an exact automa-
l 

ton corresponding to (A^S.B) and I! i s a f l i p - f l o p . 

Lemma 2.14. The automaton (A.e.AuB) of Lemma 2.12 divides the 

direct product of f l i p - f l o p s . 

Applying Lemma 2.13 several times we obtain that 3 | ̂ wrGwr. . . wrG, 

where the automaton 3f=(A',T,D) i s a d i v i s o r of 3 and s a t i s f i e s A' «T=A' . 

By Lemma 2.12 I ^ w r ^ , where 3f̂ = (A' , e, A' uD) and 3t"
2
=(T,T,T) and T d i v i 

des S. By Lemma 2.14 3^ divides the product of the f l i p - f l o p s and besi

des, t i s a Moore automaton. Thus, we came to the decomposition of the 

Moore automaton. 

Having a consistent approach to the automaton as to the three-

sorted algebraic system i t i s quit e natural to study a decomposition of 

Mealy automata, components of which divide the i n i t i a l automaton and to 

describe automata indecomposable i n t h i s sense. 
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CHAPTER 3 

LINEAR AUTOMATA 

3.1. Basic concepts 

I n t h i s Chapter we consider the general theory of li n e a r automa

ta , introduce various constructions ( i n p a r t i c u l a r , the construction of 

the t r i a n g u l a r product), and apply them to decomposition of such automa

ta. 

3.1.1. Linear automata, linearization, universal linear automata 

Linear automata (A,X,B,), i.e. automata whose state and output 

sets are l i n e a r spaces (or modules over commutative rings) w i t h actions 

° and * being l i n e a r operations, were introduced i n 1.5.3. Linear semi

group automata were defined i n the same item. In the s i m i l a r way, as i n 

the case of pure automata, to each l i n e a r automaton (A,X,B) can be as

signed a semigroup l i n e a r automaton (A,F(X),B), where F(X) i s a free 

semigroup over i t s set of generators X. The assigning i s a functor on 

the category of a l l l i n e a r automata to the category of semigroup l i n e a r 

automata. 

A l i n e a r automaton can be associated w i t h to each pure one. Let 

(Z,X,Y) be an absolutely pure automaton. Fix a f i e l d K and consider vec

t o r spaces A and B defined over sets Z and Y respectively. Operations °: 

ZxX —* X and *:ZxX -* Y are extended by l i n e a r i t y to the corresponding 

operations AxX
 —

9 A, AxX —> B. The r e s u l t i s the l i n e a r automaton 

(A,X,B). Since homomorphisms of l i n e a r automata correspond to homomor

phisms of pure ones, the l i n e a r i z a t i o n i s a functor on the category of 

pure automata to the category of li n e a r automata (over the given f i e l d 

K). 

I f (Z,X,Y) i s an exact f i n i t e automaton, then l i n e a r i z i n g i t , we 

get an automaton, which i s isomorphic to a matrix one. I t turns to be 
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convenient that matrices can be transtormed to d i f f e r e n t canonical 

forms. We show how matrix forms of an automaton can be changed. 

Let a=(A,X,B) be an exact l i n e a r automaton, XcEndCA, B), x=(er,(p)eX. 

Take a p a i r of automorphisms: p^ of the space A, of the space B, and 

define a mapping of the set X i n the f o l l o w i n g way: 

u 

2 —1 — 1 
i f x=(cr,p)eX, then set x

 =

( f
1

1

 tr

'
J

1

,

'
J

1
 T

3
) • 

The image of X under p^ i s denoted by X
j
, X^EndfA.B). The mapping p^ i s 

one-to-one, and the t r i p l e t p.= {p ,p. .p^) s a t i s f i e s the conditions (1.2), 

Ch. 1. This means that u i s an isomorphic mapping of the automaton 

(A,X, B) onto the automaton (A.X^B). By su i t a b l e choice of "j.Mg one can 

change the matrix form of the i n i t i a l automaton. 

Along w i t h l i n e a r semigroup automata, i t i s advisable to consider 

also r i n g automata. I n the case of l i n e a r automata, the set End(A,B) = 

EndAxHomtA,B) i s a r i n g , the m u l t i p l i c a t i o n i n which i s defined I n the 

same way, as i n the general case (see Section 1.5), while the a d d i t i o n 

i s defined componentwise, i.e. i f l<p ,\b ) and (t?
2>
|/<

2
) are the elements 

of End(A.B), then 

( *
,

1
. 0

1
) ( * '

2
. l / '

2
) = (*'

1
»

,

2
.*'

1
0

2
). ((P

1
.'/'

1
)
 +

 (*'
2
.0

2
) = ( *

>

1

+

# '
2
. l / '

1

+

0
2
) -

The l i n e a r automaton (A,R,B), such that R i s a r i n g and opera

tions o and * are determined by the r i n g homomorphism of R i n t o 

End(A,B), i s called a r i n g automaton. 

I f (r,r,D i s a regular pure semigroup automaton, then as the 

r e s u l t of the l i n e a r i z a t i o n , we get a regular l i n e a r semigroup automaton 

(KT.r.KT). The operations » and * i n t h i s automaton are defined as f o l 

lows: 

n 
i f yer, u= V a y eKT, a eK, y er, then 

l i l i 1=1 
n 

u°y=u<>y=uy=E a y y. 
1=1 

For the l i n e a r automaton (A,T,B) the operations o and • defined 

f o r elements of T can be extended by l i n e a r i t y to corresponding opera-
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t i o n s on elements of KT: 
n 

i f u= I a 7 eKT, a eK, 7 er
;
 aeA then 

1=1 
n n 

a»u= £ a (a»r ) , a»u= £ a (a»7 ) . 
l=l 1=1 1 1 

In t h i s way the automaton (A,KT,B) whose set of inputs i s a semi

group algebra i s defined. This automaton i s a p a r t i c u l a r case of the 

r i n g automaton defined above. 

A l i n e a r automaton (A.T.B) i s c a l l e d a cyclic one, i f there 

e x i s t s an element aeA, such that A= a o K T , B=a*KT. In t h i s case a i s c a l 

led a generating element. 

Any c y c l i c automaton (A,T,B) i s the homomorphic image of a regu

l a r one (KT, T, K T ). Indeed, l e t ueKT be a s t a t e , and veKT be an output 

signal of a regular automaton. Let a be a generating element of a c y c l i c 

automaton. Define l i n e a r mappings u : KT —> A and u : KT —> B according to 

" 1
 M

i 

the r u l e : u =a»u, v =a*u, and l e t u^-.V —> r be the i d e n t i t y mapping. 

Then u=(u ,(*_t|4- ) i s a homomorphism of the regular automaton onto a cyc

l i c one. 

1 2 
Three types of the universal automata Atm (A,B), Atm (r,B), 

3 
Atm (A,D were defined f o r automata i n a r b i t r a r y v a r i e t i e s i n Section 

1.5. We preserve t h i s n o t a t i o n i n the case of l i n e a r automata. Let 

(A,r,B) be a l i n e a r automaton. Each element aeA defines a mapping f of 

the set of inputs i n t o the set of outputs, r^:!" —> B, according to the 
ru l e f (7)=a»y,yer. Assignment of the mapping f to each element aeA 

a a 

defines a homomorphism i n states of the automaton (A,r,B) i n t o 

Atm
2

(r,B). The automaton i s a reduced one, i f the homomorphism i s a mo

nomorphism, i . e . i f the e q u a l i t y f =f implies In the case of 

1 2 
l i n e a r automata reduction i s equivalent to the f a c t that the subspace 

A
i
={aeA|a»7=0,7er} of elements of A, mapped by each element of T to zero 

of the space B, equals zero. 

3 
Return to the d e f i n i t i o n of the universal automaton Atm (A,I"). By 

the d e f i n i t i o n of Atm
3

(A,D i n a r b i t r a r y v a r i e t y , i t follows that i n the 

case of l i n e a r automata, H i s a l i n e a r space w i t h the free set of gene-
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rators Axi". Congruence p of t h i s space i s determined by the subspace H
Q 

generated by a l l elements of the form 

(a,y y J-faoy^y^) and a(a^, y )+6(a
2 >
 y J-faa^Ba^ y ) , 

where a ,a .a eA: ot.BeK; yer. F i n a l l y A®r=H/H . The quotient space H/H. 
l ' 2 3 o

 n

 o 

can be regarded as the tensor product of the l i n e a r spaces A and KT over 

the r i n g KT. 

3.1.2. Linear Moore automata 

A l i n e a r automaton (A.T.B) i s c a l l e d a Moore automaton i f there 

ex i s t s a l i n e a r mapping 0:A —> B such that f o r any elements aeA, and yer 

the e q u a l i t y a»y=(aoy)^ holds. 

In t h i s case I/I i s ca l l e d the determining mapping. A number of 

statements formulated and proved i n Section 1.3 f o r pure Moore automata, 

holds also f o r line a r automata. For instance: a l i n e a r automaton (A.T.B) 

i s a Moore automaton, i f and only i f i t can be extended to the automaton 

( A . T V B ) . The same, as i n the case of pure automata (statement 3.7, 

Chapter 1 ) , i s the proof of the f o l l o w i n g 

Proposition 1.1. If p=(p ,p ,p ) is a congruence of a linear 

Moore automaton 9=(A,r,B), with iji being the determining mapping for 

which the condition p cKer^ is true then the quotient automaton 9/p is 

also a Moore automaton. 

Theorem 1.2. In order that a linear automaton 9=(A,r,B) over the 

f i e l d K be a Moore automaton, it is necessary and sufficient that the 

n n 
equality V A (a °y )=0, a eA, y er, A eK, implies Y A (a *y )=0. 

1=1 1=1 
Proof. Let 9 be a line a r Moore automaton w i t h the determining 

n 
mapping \b: k ~* B and l e t J A (a °y )=0. Then 

1 = 1 

I V v * /
 =

 £ V
a

i V
= 0

-1=1 1=1 

In order to prove the inverse statement, denote by A»r the l i n e a r 

h u l l of a l l the elements of the form a°y, aeA, yeT, and by A
q
 the d i r e c t 

complement of A°f i n A. Then A=A eA»r. Each element h of A<>r can be 
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n 
w r i t t e n i n the form h=£ \ (a °y ) (Clearly, t h i s form i s not unique). 

1 = 1 
n 

Define the mapping 0.- A —> B by the rule : i f a^eA^ and h=£ a (a °y )eA°r, 

we set 

a^=0 and h^=(]T a (a °y ) )**=£ a (a »y ) . 

1=1 1 1=1 1 1 1 

By v i r t u e of the con d i t i o n , the d e f i n i t i o n does not depend on the form 

of presentation of the element h. Obviously, the mapping \b i s a li n e a r 

one, and (a«y)^=a»y holds f o r each a€A, yer. Thus, (A, T, B) i s a Moore 

automaton. 

Theorem 1.3. If K is a f i e l d and semigroup T is f i n i t e then the 

following conditions are equivalent: 

1. Semigroup algebra KT has a right unit e. 

2. Every linear automaton (A,r,B) is a Moore automaton 

3. If IBI>1 then Atm 2(r,B) i s a Moore automaton. 

Proof. 1 =» 2. Extending any automaton (A,r,B) to automaton 

(A,KT,B) one can define the determining mapping by the ru l e a^=a*e, aeA. 

Clea r l y , 2 implies 3. 

2 r 
3 =» 1. Let Atm (r,B) = (B ,T,B) be a Moore automaton. We can consi-

r 

der the case of one-dimensional space B. One can i d e n t i f y B w i t h the 

l i n e a r space Hom(KT,B). Let \b: Hom(KT,B) —* B be the determining mapping 

of automaton Atm (T,B). With each element ueKT we associate an element 

ueHom(Hom(KT, B), B) by the ru l e u(p)=v>(u) f o r any tpeHomtKT, B). The map

ping u
 —

» u i s an i n j e c t i v e one. Since B i s one-dimensional line a r spa

ce, dim(Kr)=dim(Hom(Hom(KT,B),B)). I t follows that mapping u —> u i s an 

isomorphism. Take an element veKT such that i//=v. Then 

p ( y )=p*y=v((poy ) = (<poy ) (v)=fp(yv), f o r a l l cpeHomtKT, B), yer. 

I f yv*y then there i s <peHom(KT, B) that p ( y v ) * p ( y ) . I t follows that yv=y, 

hence v i s a r i g h t u n i t i n KT. 

Similar to the case of pure automata one can show that f o r l i n e a r 

Moore automaton (A.T.B) the kernel of automaton representation of the 

semigroup f coincides w i t h the kernel of the representation (A,D. 
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Linear group automata, i.e. the automata w i t h t h e i r input sets 

being groups, are a p a r t i c u l a r case of l i n e a r Moore automata. 

Let a=(A,r,B) be <* group automaton, and the mapping 8:T —* 

Hom(A,B) be determined by the automaton representation of the group T. 

We denote by $ the set of a l l the elements yer such that a*y=a»e f o r 

each aeA. Show that * i s a subgroup of T, and that i t does not have to 

be a normal subgroup of the group T. 

Denote by A
q
 the kernel of a l i n e a r mapping of A to B, defined by 

the u n i t e of the group T: A
o
={aeA|a»e=0}, and by Z the normalizer of 

the subspace A i n the representation (A,D: Z={crer|A °cr=A }. 
o o o 

Let pe$. Then f o r each aeA i t i s true that a*(p=a*e and a»(p-a»e=0. 

Since a*p=a*tpe=(a°p)*e, then i t follows from the above that 

(a°cp)*e-a*e=0 and (a°(p-a)*e=0. I t means that 
a°cp-aeA (1.1) 

o 

Now, i f IB and w are two elements of $, then 
r

l * 2 
(a»(p

i
cp

2
-a)*G=(aop

i
P

2
-aop

i
 ) + (a»<p

i
-a) )*e= 

= (a°«p ip -a°a> ) * c + ( a o a i -a)»e=(a°<p -a)*e+(a°«p -a)*e. 1 2 1 l 2 l 

The f i r s t summand of the sum equals zero, since aeA and (P
2
e*. In 

i t s t u r n , i t follows from the inc l u s i o n IB e* that the second summand 
r i 

equals zero. Thus (ao(p
i
P

2
-a)»c=0 and ip^ip^eb. In a s i m i l a r way, i f ipei 

then also ip e$. So, $ i s a subgroup i n T. 

I f p=Ker6, then, by the d e f i n i t i o n of *, i t i s a coset of t h i s 

r e l a t i o n containing e: * = [ e ] ^ . Inclusion (1.1) means, i n p a r t i c u l a r , 

that * belongs to I , and that * i s the kernel of the representation 

(A/A
Q
,Z). Thus, * i s a normal subgroup i n S. However, * can be non-

inva r i a n t i n T. Consider a corresponding 

Example. Let A be an n-dimensional vector space over the f i e l d of 

real numbers, T i s the group of a l l the automorphisms of the space, A
q
 a 

subspace i n A, and B = A/A
q
 i s the quotient space of A by A

q
. I f aeA,yer 

then aoy i s defined as the image of the automorphism y. Further, assume 

a*e=a, where a i s the image of a under the natural homomorphism A onto 

B=A/A
Q
. F i n a l l y , a»y i s defined according to the ru l e a*y=(a°y)»e. We 

get a group automaton (A.T.B). I t i s easy to show that i n t h i s automaton 
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* i s not an i n v a r i a n t subgroup i n T. To do t h a t , i t s u f f i c e s to choose a 

basis of the space A passing through A
Q
, to consider the matrix forms of 

elements of 4 and to select elements yer and <pe* such that ycp*y'y f o r no 

one <f>' from *. The subspace A
q
 can be taken one-dimensional. 

3.1.3. Biautomata 

The concept of biautomaton i s another generalization of the con

cept of a semigroup l i n e a r automaton. We speak about the s i t u a t i o n when 

input signals act not only on states of an automaton, but also on i t s 

outputs. 

A biautomaton i s a system consisting of three basic sets A, T,B 

where A,B are vector spaces over f i e l d K (modules over a r i n g ) , T i s a 

semigroup, and of three representations ot^.r —* EndA, 8:T —* Hom(A.B), 

a
2
:T -* EndB. Operations defined by the representations and B w i l l be 

denoted by the symbols ° and ». We denote by • the operation defined by 

the representation Upon t h i s , the f o l l o w i n g conditions should be 

f u l f i l l e d : i f aeA, beB, y ,y er, then 

1 2 
a°y

i
y

2
=(aoy

i
 )oy

2
; b - y ^ ^ t b - y ^ -y^ 

a*y
i
y

2
=(a°y

i
)«y

2
+(a*y

i
) -y

2 

(1.2) 

An automaton i s a p a r t i c u l a r case of biautomaton: i t i s s u f f i c i e n t to 

suppose that elements of T act i n B as zeros, i.e. f o r each beB, yer, 

holds b»y=0. 

A coautomaton i s another special case of biautomata: elements of 

T act i n a zero way i n A. 

As w e l l as an automaton, a biautomaton (A,r,B) Is c a l l e d f i n i t e -

dimensional, i f A and B are fi n i t e - d i m e n s i o n a l l i n e a r spaces. 

A homomorphism of biautomata 

u:9=(A,r,B) -> a'=(A' ,V ,B' ) 

i s a C o l l e c t i o n of three mappings p :A ~~* k' , "
2
:T —> F', "

3
:B —> B', 

where p ,p are l i n e a r mappings, p i s a homomorphism of semigroups. The 

1 3 2 
f o l l o w i n g consistency conditions 
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u u u u u u u u u 
, , 1 * 2 /• » 3 1 2 , 3 , / 3 " 2 
( a o y ) =a oy , (a*y) =a *y , ( b - y ) =b >y 

must be s a t i s f i e d . One can consider separately homomorphisms i n states, 

i n input and output signals. As i n the case of automata, here the cano

n i c a l decomposition also takes place. 

Consider the universal biautomaton Atm
1

(A,B). Let us take the 

Cartesian product 
End

b

(A, B)=EndAxHom(A,B)xEndB 

and define m u l t i p l i c a t i o n according to the r u l e 

(<r' , ID' , cr' ) (cr", ip", cr" ) = (<r' cr", cr' ip" +w' cr" , cr' cr" ) (1.3) A B A B A A A r B B B 

w i t h cr'.cr" from EndA; <p' ,<p" from Hom(A.B) and cr',(r" from EndB. Assosia-

A A B B 
t i v i t y of the m u l t i p l i c a t i o n i s e a s i l y v e r i f i e d , hence End (A,B) i s a 

semigroup. I f , f u r t h e r , y=(o"
A
, cp, cr

B
)sEnd

b

(A, B), aeA, beB, we set aoy=ao-
A> 

a«y=ap, b-y=b<r
B
. I t follows from the d e f i n i t i o n s of the operations that 

conditions (1.2) are s a t i s f i e d . In t h i s way, we get the biautomaton 
Atm

1

 (A,B) = (A,End
b

(A, B), B). 

I t i s a terminal object in the category of biautomata, with fixed A,B 

and homomorphisms in inputs as morphisms. 

I t i s easy to understand that to define an a r b i t r a r y biautomaton 

(A,r,B), i t i s s u f f i c i e n t to point out a homomorphism T:T ~-* End
b

(A,B) 

determining a l l the actions of the semigroup T. This homomorphism i s 

called the biautomaton represent at ion of the semigroup r . I t i s i n t e r e s 

t i n g to notice that while the semigroup End(A.B) has no u n i t , the semi

group End
b

(A,B) has one, (e^.O.e^, and there are many inverse elements 

i n i t . I t i s precisely the set of elements of the form y = ( T t ,<p,n ) w i t h 

A B 
the inverse Tt and n 

A B 
I f i n End (A,B) the a d d i t i o n and m u l t i p l i c a t i o n by a scalar of 

the f i e l d K are defined componentwise, then End
b

(A,B) becomes a l i n e a r 

associative algebra over K. The homomorphism T:T —* End
b

(A,B) can be 

extended up to the homomorphism x:KT
 —

> End
b

(A,B), and t h i s extends the 

biautomaton (A,f,B) to the biautomaton (A,KT,B) wi t h the semigroup alge-
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bra of the input signals. 

The universal biautomaton Atm (T,B) i s being constructed on the 
r 

same sets B ,r,B, as the corresponding l i n e a r automaton (see item 

3.1.1), but i t i s supposed that the representation (B,D i s defined. 
r r 

This f a c t changes the d e f i n i t i o n of the operation T i n B . For any <peB ; 

If, xeT , we set: 
(y°y) (x)=4o(yx)-y>(y)-x (1.4) 

r 

In t h i s way, a representation (B ,D i s defined. The operation * i s de

f i n e d as follows: tf>*y=<p(y). We get the biautomaton Atm (r,B) which i s 

the terminal object i n the category biautomata having the representation 

(B,T) and homomorphisms with respect to states as morphisms. 

3 
O r i g i n a l l y , the universal biautomaton Atm (A,D w i t h the given 

representation (A,D i s constructed s i m i l a r l y to an universal l i n e a r 

automaton of the t h i r d form (see 3.1.1). Take a free object over the 

Cartesian product Axr, i . e . the vector space H w i t h the basis Axr (when 

we deal w i t h modules over a commutative r i n g , we take a free module over 

the r i n g , which i s generated by the set AxD, then take a subspace (sub-

module) H
Q
, generated by a l l the elements of the form 
a(a

i >
3-)+e(a

2
,r)-(aa

i
+pa

2
,y), <x,6eK, a^a^A, yer. (1.5) 

I t can be proved that the corresponding quotient space H / H
q
 i s 

isomorphic to the tensor product of l i n e a r K-spaces A and KT. Indeed, 

assign to each f r e e generator (a,y) the element a®y i n A®KT. This gives 

the canonical epimorphism u:H —> A®KT. Let H be the kernel of u. Show, 

that H =H . I t i s clear, that H cH . Let h =T> (a ,y )eH . This element 

1 0 0 1 I I 1 1 1 
can be r e w r i t t e n i n the form h

i
=J(a

i
, y

i
 )+h

Q
, where h

Q
eH

o
 and a l l y. are 

d i f f e r e n t . Then, h ^ Ja^y^O. Since the elements y
[
 form a basis of KT, 

i t f o l l o w s that always a =0. Hence, h eH and H =H . Denote H/H =A®KT. 
i X 0 1 0 O K 

I t s elements can be w r i t t e n as Ja
j
®u

i
, a^A, u^KT. Define the operation • 

: a*y=a®y. F i n a l l y , define the operation of T i n A®KT: i f a^A, u^KT, 
yer, Ja ®

u

 eA®KT then 
l 

(a®u)•y=a®uy-(a»u)®y. (1.6) 

Conditions (1.2) are e a s i l y v e r i f i e d : we obtain the biautomaton 
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Atm (A, r ) = (A,T,A®KT), which i s an i n i t i a l object in the category of bi

automata with the given representation (A,D and homomorphisms in out

puts as morphisms. I f , while constructing A®KT, the subspace H
q
 i s gene

rated not only by the elements of form (1.5), but by a l l the elements of 

the form (a,y y )(a°y ,y ) , as i t was done i n 3.1.1, then we get A® KT 
1 2 1 2 KT 

instead of A®KT. The operation • i n i t becomes the zero one, and the 
K 3 

universal biautomaton Atm (A,D w i l l be transformed i n t o a corresponding 

universal l i n e a r automaton. 

The d e f i n i t i o n of the congruence of the biautomaton 3=(A,r,B) i s 

obtained from the corresponding d e f i n i t i o n of the l i n e a r automaton. Add 

the condition: 

i f y p y , b p b , b eB, y er, 1=1,2 then (b -y ) p ( b »y ) . 

1 2 2 1 3 2 1 1 1 1 3 2 2 

A quotient automaton i s being constructed on the basis of the congruence 

o=(o ,p ,p ) = (A ,p ,B ) . We use here the term "quotient automaton", not 
~ l ' ~ 2 * 3 0 2 0 

the "quotient biautomaton". The l a t t e r i s less convenient. Just i n the 

same way, we w i l l speak about a subautomaton of a biautomaton, not about 

a subbiautomaton. 

3.1.4. Automata, biautomata and representations 

Each automaton 3=(A,r,B) comprises a representation (A,I"). Here 

we mean to consider another, one-to-one r e l a t i o n . Let the i n i t i a l cate

gory X be the v a r i e t y of n-algebras, and 3 an automaton over X. The Car

tesian product AxB i s an algebra i n X. For each yer and (a,b)eAxB, we 

set: (a, b) °'y=(a°y, a*y). I t i s easy to v e r i f y that i t defines a represen

t a t i o n (AxB.D. Let, on the other hand, (AxB.D be such a representa

t i o n , that i f (a, b) o'y=(a', b') then a' and b' depend only on a and y. 

Denote a'=a°y and b'=a»y. This defines the automaton (A,r,B). In t h i s 

way we come to one-to-one correspondence between automata over X and 

representations of a special form. 

Let X be the category of vector spaces (modules) and 3=(A,T,B) a 

biautomaton over X. Define the action of T i n the d i r e c t sum A®B : 

i f a+beA©B,yer then (a+b)o'y=a°y+a*y+b-y. 
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This defines a representation (A®B,T) and obviously, B i s in v a r i a n t w i t h 

respect to ac t i o n of T. Inversely, i f the action • ' of the semigroup T 

i n A®B i s s p e c i f i e d , and the subspace B i s inv a r i a n t i n t h i s representa

t i o n , we get the biautomaton (A,T,B). The operations i n i t are defined 

i n a f o l l o w i n g way: i f ao'y=a'+b', a, a' eA, b' eB, yer then a«y=a' , a*z=b', 

b-y=b°'y, beB. 

For the universal biautomaton Atm
1

 (A, B) the corresponding repre

sentation (A®B,End
1

(A, B)) can be i l l u s t r a t e d by the f o l l o w i n g matrix 

p i c t u r e : 

' EndA Hom(A.B)' 

0 End B 

3.1.5. Moore biautomata 

Let (A,r,«) and (B,r,•) be two representations and 0:A -* B be a 

li n e a r mapping. For a r b i t r a r y aeA and yer we set: 

a*y=(a°y r-a^-y 

I t can be shown d i r e c t l y that i n such a way we always get a biautomaton 

, c a l l e d Moore biautomaton. I t i s clear, that i f iji commutates w i t h the 

action of T, the corresponding operation * becomes a zero one. 

Let a=(A,r,B) be an a r b i t r a r y biautomaton and t/i:A —* B be a li n e a r 

mapping. By M^ we denote the set of a l l yer f o r which a*y=(a°y)^-a^*y, 

aeA i s s a t i s f i e d . A str a i g h t f o r w a r d c a l c u l a t i o n shows that M̂  i s a sub-

semigroup; by t h i s , the Moore part (A,M ,B) wi t h the given >ji i s selec-
l 

ted. We apply t h i s to Atm (A,B). For given ib the element V=(<r ̂, ip, <r J 

belongs to M̂ , i f a t^acr^ - a i / K r ^ ; <p=or^b-\li<r^ Thus, neither 0:A -* B does 

make Atm
1

(A,B) a Moore biautomaton. 

Proposition 1.4. i4ny biautomaton 3=(A,r,B) is a homomorphic in 

states image of a Moore biautomaton. 

Proof. Take the corresponding t r i a n g u l a r representation (A®B,D. 

Together w i t h (B,D and the p r o j e c t i o n <ji: AeB B compose the Moore b i -
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automaton (AeB.T.B). Take f u r t h e r the p r o j e c t i o n i>:A©B —> A. We have: 

((a+b) o y )"=(ao7+a»y+b'y)
l

'=aoy=(a+b ) l 'oy; 

((a+b)*y) = ( (a+b)oy)*
,

-(a+b)^'y=a*y+b'y-b-y=a*y=(a+b)"*y. 

Corollary. Homomorphisms in states do not preserve the Hoore pro

perty of biautomata. 

However, i t i s easy to v e r i f y that homomorphisms i n output s i g 

nals do preserve the property. Indeed, i f 9=(A,r,B) i s a Moore biautoma

ton w i t h the mapping 0:A —* B, and L>:B
 —

> B' defines a homomorphism i n 

output signals: 9=(A,r,B) —> 9'=(A,r,B'), then the mapping ipv: A —» B' 

makes the second biautomaton a Moore one: 

- , _ ,i> ,, ,0 ip ,i> , *ipv ipv 
a*y=(a*y) =((aoy) -a *y) =(a»y) -a -y. 

Here * i s the operation i n 9' 

Proposition 1.5. If 9=(A,r,B) is a biautomaton with free over the 

set Z represent at ion (A, I" ) , then 3 is a Moore biautomaton. 

Proof. Take an a r b i t r a r y mapping ip:Z B. For each z°u, ueKT
1 

set: (zou)^=z»u+z^'U. Here, i f u=l then assume z*u=0, b-u=b, and the 

given ip extends the i n i t i a l mapping ip. We got a l i n e a r mapping of each 

zKT
1

 i n t o B, which i s extended up to the l i n e a r mapping ip: A —> B. The 

d e f i n i t i o n of the Moore condition can be r e w r i t t e n i n the form 

(a»y)**=a*y+a^»y. Take now a=z«u; then 

, -.0 / -.IP IP r i r \ IP 
(aoyr =(zouyr =z«uy+z^'uy=(zou)*y+(z*u)•y+z^-uy= 

,, .ip ip . ip ip 
=a«y+((zou) -z "Uj'y+z •uy=a*y+a

T

^y, as required. 

Now we w i l l generalize t h i s statement i n the form of the f o l l o 

wing sign of a Moore biautomaton. 

Proposition 1.6. The biautomaton 9=(A,T,B) is a Moore one if and 

only if there e x i s t s a system Z of KT-generators of A and the mapping 

ip-.Z —> B, such that 

Tz o U =0 =* £(z *u +z^-u )=0 
i l 

f o r any z eZ and u eKT
1

. 
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Proof. The i f d i r e c t i o n w i l l be obtained, i f we take Z=A and the 

corresponding 0 d e f i n i n g a Moore automaton. One should keep i n mind that 

not only a KT, but also a KT
l

-biautomaton corresponds to the biautomaton 

w i t h the semigroup T. I f (A,T,B) i s a Moore biautomaton w i t h the mapping 

0:A —> B, then (A,KT
1

, B) i s a Moore biautomaton: f o r each aeA and ueKT
1

, 

a*u=(aou)^-a"'''U holds. 

Let us v e r i f y the s u f f i c i e n c y . Let Z and I/J-.Z —> B be given. Each 

aeA can be w r i t t e n i n the form a=Fz °u , u eKT
1

 Set a^=V(z m +z^-u ) . 
l l l ** t * l 1 

l l 

I t f o llows from the conditions that mapping \b i s c o r r e c t l y defined, and 

that i t i s a l i n e a r one. A d i r e c t c a l c u l a t i o n y i e l d s 

(aoy r = F ( z o
U
 y)^=T(z *u y+z^»u r)=T(z o

U
 )«y+V(z *u )»y* 

I 1 i i i l i i l l 
l i l i 

+Tz?-u y=a*y+(£(z *u +z^-u ) J^a'y+a^-y. 
l l 

Note the f o l l o w i n g problem. 

Is i t possible to f i n d , i n terms of semigroups or semigroup alge

bras, a class of semigroup T, f o r which a l l the biautomata over the g i 

ven f i e l d K are the Moore biautomata? 

A s i m i l a r problem f o r automata i s solved i n Section 1.3 and i n 

item 2 of the current Section. 

Proposition 1.7. Each biautomaton (A,r,B) can be isomorphlcally 

embedded as a subautomaton in output signals into Moore biautomaton. 

Proof. F i r s t of a l l , note that f o r each biautomaton (A,r,B) there 

e x i s t s the representation (A©B,D defined by the formula 

(a+b)oy=aoy-a*y+b-y. 

Now take a copy A' of the space A w i t h the isomorphism 0: A —* A' and 

consider also a biautomaton (A'.T.B) copying the i n i t i a l one, (A,T,B). 

Here a ^ o y = ( a o y a n d a^T=a«r. Using the biautomaton (A',r,B) construct 

the representation (A'ffiB.D according to the rule j u s t mentioned. We 

combine the two representations (A,D and (A'©B,D i n t o a biautomaton 

(A,r,A'©B), d e f i n i n g the operation * as i n the case of the given 

(A,r,B). (A,r,B) i s a subautomaton i n (A,r,A'®B). We show now that the 
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l a t t e r s a t i s f i e s the Moore condition, w i t h the mapping ip:A
 —

* A'cA'sB. 

Indeed, 

ip ib ip . .0 
a^-y=a'

r

oy-a^*y=(aoyJ -a*y; 

/ sip ip a»y=(a°y) -a^-y. 

Corollary. i4 subautomaton in output signals of a Moore biautoma

ton is not necessary a Moore one. 

On the other hand, i t i s obvious that a subautomaton i n states 

keeps the Moore property. 

3.1.6. Free linear automata and biautomata 

The d e f i n i t i o n s of a free l i n e a r r-automaton and a free 

r-biautomaton w i t h the system of generators (Z,Y) are submitted to the 

general d e f i n i t i o n of free algebra i n a v a r i e t y of many-sorted algebras 

(see, f o r instance, the corresponding d e f i n i t i o n s i n the pure case). We 
I 

w i l l denote the free l i n e a r r-automaton and r-biautomaton by AtnytZ.Y) 

and Atny(Z,Y), respectively. In the places where i t i s clear what i s the 

matter, indices I and b can be omitted. 

Construct a free l i n e a r r-automaton w i t h the system of free gene

rato r s (Z,Y). Denote by H the l i n e a r space over the f i e l d K generated by 

the Cartesian product ZxT
1

, by $ the l i n e a r space generated by the set 

(ZxDuY. The automaton (H,r,$) w i t h operations ° and * , defined accor

ding to the rules 

(Y,ai ( z
i
, y

 l
) ) °y=E<*

1
 ( z

t
, y r) 

l i 

(E
a

1
(

z

1
.3

r

1
)'*y=Ea

i
(z

i
.r

i
y); o^eK, z eZ, y eT

1

, yeT, 

l i 

i s a free l i n e a r r-automaton w i t h the system of f r e e generators (Z,Y). 

Indeed, l e t 9=(A,r,B) be an a r b i t r a r y l i n e a r r-automaton and P^ Z —» A, 

p :Y —> B an a r b i t r a r y pair of mappings. Extensions of these mappings u 

and p^ to l i n e a r ones u^H A and Uy* B i s defined as follows: i f 

h =

5>.(
z

.>7
1
). ^EoijCz^y^+JjB y then we set 
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p p u p . u 

h '-Er* (z '.jr ) , f ^ ( z . ^ y J + E e . y .
3

-
i i i

 J J 

The t r i p l e t ( u ^ C p i ^ ) where e
r
 i s the i d e n t i t y mapping of the semigroup 

T, i s homomorphism of the automaton (H,r,*) i n t o the automaton a. The 

uniqueness of the homomorphism i s obvious. 

The l i n e a r space H can be regarded as a KT
1

-module wi t h the basis 

Z, i.e H=ZKT
1

; the l i n e a r space * as the d i r e c t sum of a KT-module over 

the set of generators Z and of the li n e a r space w i t h the basis Y, 

*=ZKT©KY. I n the l a t t e r case, the element heH can be w r i t t e n i n the form 

h ^ z u , z eZ, u eKT
1

, while the element ipei i n the form 
l 

<p=(.Tz v +a y )=Yz v +Ya y , z eZ, v eKT, a eK, y eY. 

l i I 

Then the operations « and * have the form 

(£z U ^ o y ^ z ^ ^ y ) 
l l 

(£z u )»jr=Ez (u y ) , u^KT
1

, z^Z, yeT. 
l l 

Now we construct a r e a l i z a t i o n of a free r-biautomaton w i t h the 

system of fre e generators (Z,Y). As i n the previous case, we take f i r s t 

the l i n e a r space H=K(Zxr')=ZKT
1

. Then, consider the tensor product 

*
o
=H®KT of l i n e a r spaces H and KT, and the li n e a r space KlYxT

1

 )=YKT
1

=*
i
. 

By * we denote the d i r e c t sum 

*=* ©* =(H®Kr)®YKT
1

. 

0 l 

In the t r i p l e t (H.T,*) we introduce the f o l l o w i n g operations » , * , • : 

o : ( £ z u )»y=£z
1
{u

1
y), 

1 I 
• : (£z u )»y=(Ez u^ay, 

l l 

• : ( £ y . u , W = E y
i
 (u,y): ( E h ^ J - y ^ t h ^ y - h ^ s y ) , 

l i l i 

where u^KT , z^Z, yer, y^Y. 
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(H,r,$) i s a biautomaton, w i t h respect to the introduced opera

t i o n s , and t h i s biautomaton i s f r e e , with the fr e e system of generators 

(Z,Y). I f the set Y i s empty, the constructed biautomaton, (H,r,*), i s 

3 
an universal biautomaton of the t h i r d type Atm (H, D . A free l i n e a r au

tomaton w i t h variable semigroup of input signals and the system of free 

generators (Z,X, Y) i s constructed i n the f o l l o w i n g way: f i r s t we take a 
free semigroup F=F(X) w i t h the system of fr e e generators X, and then the 

I 
automaton Atm (Z,Y). The required free automaton i s thus obtained and i t 

F

 I 

i s denoted by Atm (Z,X,Y). Correspondingly, a free biautomaton w i t h the 

system of free generators (Z,X,Y) i s the biautomaton Atm^(Z,Y), where 

F=F(X). This biautomaton i s denoted by Atm
b

(Z,X,Y). 

3.2. Constructions. Decomposition of automata 

3.2.1. Constructions. Triangular product 
We consider the basic construction, c a l l e d the t r i a n g u l a r product 

of automata, playing the r o l e i n the theory of l i n e a r automata, which i s 

si m i l a r to that of wreath product i n the theory of pure automata. 

F i r s t define the t r i a n g u l a r product of exact l i n e a r semiautomata 

(representations). Let (A ,T ) 
l i 

and (A , T ) be two such semiautomata. 

2 2 Denote by $=Hom(A
2>
A

i
) the set of a l l l i n e a r mappings from k^ to k^ 

which i s considered as an additive Abelian group, and by T the semigroup 

of generalized matrices of the form 

r eT ,y er , <peHom(A ,A ) 1 1 2 2 r 2 1 (2. 1) 

wit h the usual matrix product : 

•r9 * * [»; 0 y, 0 y' 
I i 

Then the semiautomaton (A ©A ,D i s defined by the natural actions of 
1 2 elements of T on elements of A ©A 

1 2 
i f (a , a )e A ©A , 

1 2 1 2 
and yer i s an 

r ) . The semi-

2 
automaton thus obtained i s ca l l e d the triangular product of the semiau-

element of the form (2.1), then (a ,a )°y=(a °y +a<p,a oy ) . The semi-
1 2 1 1 2 2 2 
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tomata (A ,r ) and (A , r ) . I t i s denoted as 

1 1 2 2 
(A , r ) V ( A , r ). 

1 1 2 2 
The semigroup T can be presented i n the form of a Cartesian pro

duct T xHom(A ,A )xr , w i t h the m u l t i p l i c a t i o n : 
1 2 1 2 c 

y

i '
y

i
6 r

i
; i=1

>
2

;*'>*
,

'
e

*
=Hom

(
A

2
. A ) . 

Correspondingly, the operation <> i n the t r i a n g u l a r product (A »A , r ) = 

(A ©A ,T x4xr ) can be w r i t t e n as 

1 2 1 2 
{ a

i , a 2
)

°
( y

r i p , y 2
) = (

v
y

i + a z ( p ' a 2 o y 2 ) - (2-
2

> 

We defined the t r i a n g u l a r product of exact semiautomata. In order 

to define the t r i a n g u l a r product of a r b i t r a r y semiautomata, one should 

indicate how the "products" H
 2
°f>

 a r K

* <P°y should be understood; 

H €1" ,1=1,2, toe*. Define actions of T on * from the r i g h t and T on 4 
1 1 7 1 e

 2 

from the l e f t according to the rul e : i f (pe4, y^el^, Tf
z

e

^
z
-
 a 6 A

2
' then !P°yj 

i s an element of 4 such that 

a(<poy )=(a(p)oy
iP
 (2.3) 

and y
2
°<P i s an element of 4 such that 

a(y
2
°<p) = (a°y

2
)<c. (2.4) 

Now the triangular product of arbitrary semiautomata i s defined i n a 

manner s i m i l a r to that i n the case of exact automata 

(A ,r ) V ( A ,r M A ©A ,r x4xr )=(A ©A , r ) , 
1 1 2 2 1 2 1 2 1 2 

where 4=Hom(A
2>
A^). r=r

i
x4xr'

2
 i s a semigroup w i t h the m u l t i p l i c a t i o n : 

(yj.(p.y
2
)(yj.ip' >r

2
)=(y

1
yj.y

2

o

<p' +<p'r'
1
,ir

z
7
z
) 

and the ac t i o n of I" on A ®A
2
 i s defined by (2.2). 

Let us define t r i a n g u l a r products of automata and biautomata. Con

sider l i n e a r automata a = ( A , r , B ) and 8 = (A , f , B ); l e t 4=Hom(A ,A ) 
1 1 1 1 2 2 2 2 2 1 

and *=Hom(A ,B ). Action of semigroups r and I" on 4 i s defined by 
2 1 1 2 
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(2.3) and (2.4), as i n the case of semiautomata. Besides, define the 

action of T on * from the l e f t : 

2 
a

2
(

V
0 ) = ( a

2
o

y 2
) 0 

and the action of r on * to *: i f </>€*, yeT , then ip*n i s an element of if 

such that 

a (<p»y) = (a ip)*y f o r each a eA . 

2 r 2 2 2 
The Cartesian product r x*x¥xr =r i s a semigroup w i t h respect to the 

m u l t i p l i c a t i o n operation: 

(r ,¥>.0.r Hrj.ip' ,*!>' . r 2 ) = ( 7 1 7 j , 7 2 ° * > ' +<p°7'
1
,<p*Tr'

1
+7

2
°<li' 

where <P are elements of r i 7/' 2>t'2 °f V^i ID,ID' of *; 0 , i/f' of *. 

An automaton 3 V9 =(A ®A , T,B ®B ) i n which the operations ° and 

1 2 1 2 1 2 
* are defined i n the fo l l o w i n g way 

(a ,a )°y=(a °y +a cp,a 07 ) , 1 2 1 1 2 2 2 

( a
i
, a 2 ) . 7 = ( a i . 7

1
+ a

2
0 , a 2 . 7 2 ) , 

where (a ,a )eA ®A ,y=(r ,<p,0,y )er=r x$x*xr , i s cal l e d the tr i a n g u l a r 1 2 1 2 1 T 2 1 2 
product of automata 8.^ and S

2
. 

I f 3 =(A , T ,B ) and 3 =(A , T ,B ) are the exact l i n e a r automata, 1 1 1 1 2 2 2 2 
the t r i a n g u l a r product 3 V3 i s the automaton (A ®A ,T,B ®B ) f o r which s r 1 ? 1 2 1 2 
T can be considered as the semigroup of generalized matrices of the 

form: 

a. ip a ip 22 2 2 21 * 2 1 
0 0 0 

0 a ip 11 11 
0 0 0 

where t« *?>
 1
3 i s the image of an element of f under the automaton 

representation, (a ,</> ) i s the image of an element of r under the 22 22 2 
automaton representation, and f are any elements of Hom(A

2>
 A ) and 

Hom(A
2
,B ) respectively, and the operations » and * are defined as f o l -
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lows: 

( a . a )°y=(aa +a a , a a ) , 
1 2 1 11 2 21 2 22 

(a ,a )*y=(a <p +a <p ,a <p ). 
1 2 l r 11 2*21 2 * 2 2 

As i t was pointed out, the r o l e of t r i a n g u l a r products of l i n e a r 

automata i s s i m i l a r to that of wreath products i n the category of pure 

automata. A wreath product S
j
wrS

2
 of pure automata i s a terminal object 

i n the category of cascade connections of the automata and 3
2
 (see 

Section 2.1.). Let us define a cascade connection of li n e a r automata 3 

l 
and 3

2
. Suppose that a semigroup T and the homomorphisms a it —> r

 :l  
a

2

: 1

" -> T
2
 are given. Let there be mappings B:T —> Hom(A

2
, A j ) , 

S :T -1 Hom(A
2>
B

i
) s a t i s f y i n g the r e l a t i o n s : f o r y.y'er holds 

ft ft
 a

i
 a, 1*3 ft 

( y y ' )
p

= y
p

( y ' ) + (y ) y'
p

, (2.5) 

5 8 " i " i tt2 ^ 2 6 
(yy') =y (y' ) + (y ) y' ; 

here ( u ^ i ^ ) : ! ^
-

* EndAxHomtA^, B
t
) i s the automaton representation of the 

semigroup r , and d*,*"^) i s the automaton representation of the semi

group I" . 

An automaton 3=(A
j
®A

2 >
T,B

i
©B

2
) w i t h the f o l l o w i n g operations » 

and * : 

a B a 
(a

i
,a

2
)oy=(a

i
»y +a

g
y , a

2
«y ); 

a d a 
(a

i
,a

2
)*y=(a

i
*y +a

g
y , a

2
*y

 2

) ; a^A^ a
z
eA

2 

i s c a l l e d a cascade connection of linear automata 3
j
 and 3

2
 correspon

ding to a given semigroup T and to a set of mappings u, , a
a >
 B, y. 

From the d e f i n i t i o n of the t r i a n g u l a r product and of the cascade 

connection of automata and 3
2
 i t follows that the t r i a n g u l a r product 

of 3 and 3 i s the terminal object i n the category of cascade connec-

1 2 
t i o n s of these automata. I n other words, f o r any cascade connection of 

the automata 3 and 3 there e x i s t s the unique homomorphism of t h i s con-
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nection to the t r i a n g u l a r product a^va . 

F i n a l l y , l e t 9 =(A ,T ,B ) , 9 =(A ,T ,B ) be biautomata; 
1 1 1 1 2 2 2 2 

$ =Hom(A ,A ) , * =Hom(B ,B ) , *=Hom(A ,B ) are considered as ad d i t i v e 
1 2 1 2 2 1 2 1 

Abelian groups. Let y el" ip e* , i = l, 2 , 0e*. As above, one can define 

actions of V and T on $ : <p oy y ; action of r from $ to *: 

1 2 1 1 1 2 1 1 l 
tp^'y^e*. S i m i l a r l y , we define the elements *>2°3r1. *,2°^2' 
acting according to the rules: i f a^eA^,

 D

2

S

&
2
 then V V V ^ W ' V b 2 ( V V 2 ) = ( b 2 , y 2 ) V 2 ; 

a
2
(0*y

j
 ) = (a

2
0) •y

j
 ; a

2
(y

2
»<p

2
) = (a

2
*y

2
)<p

2
. 

(2.6) 

A l l these actions are compatible w i t h the l i n e a r operations i n $
i
,$

2
,4'. 

I t i s easy to v e r i f y that 

= (»> °y ) * y j + (<p *y W^. 

V a " ^ =3r20(r2*V2)+3r2*(3f2°,P2)-

The Cartesian product r=r
i
x<$

j
x*x$

2
xr

2
 turns out to be a semigroup T with 

respect to the m u l t i p l i c a t i o n 

(r
1
.<p

1
.0.¥>

2
.r

2
) (yj.*>j.0' .*'

2
.y

2
)=(y

1
y^*

,

1
'

:

''3
r

j
+

r
2

<>

«'j.v'
1
*yj

+

y
2
**'

2

+

r
2
<'0

,

+ 

The biautomaton 9 V9 =(A ©A ,r,B©B ) , w i t h the operations defined as 1 2 1 2 1 2 K 
follows: i f (a ,a )eA ©A , (b ,b )eB ©B , y=(y ,<p , 0,<p ,y )er then 

1 2 1 2 1 2 1 2 1 1 2 2 

( a
i
, a

2
) o y = ( a

i
o y

i +
a

/ i
, a

2
o y

2
) ; 

(a
i
,a

2
)*y=(a

i
*y

i
+a

2
i/(,a

2
»y

2
); (2.7' ) 

(b , b )«y=(b »y +b <p ,b -y ) , 

1 2 1 1 2 * 2 2 2 
i s c alled the triangular product of biautomata 9

j
 and 9

2
. (The f u l f i l l 

ment of the biautomaton axioms i s e a s i l y v e r i f i e d ) . 

The comparatively voluminous d e f i n i t i o n of the t r i a n g u l a r product 

of biautomata becomes more clear and v i s i b l e , i f one uses the matrix 

terms. Let 9
t
=(A ,T ,B ) and

 a

2
= (

A

2
.
 r

2
.
 B

2
>
 b e

 exact biautomata. Their 
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t r i a n g u l a r product i s the biautomaton 3 V3 =(A ©A , T, B ©B ) , i n which T 
1 2 1 2 1 2 

i s the semigroup of the generalized matrices of the form 

a 
22 r22 a 

21 r 2 1 

0 
P 2 2 

0 
P 2 1 

0 0 a 
11 

P« 
0 0 0 611 _ 

(2.7) 

where 
a <p 

l i ti 

0 P.. 

are images of elements of r , 1=1,2 under the biautomaton 

representat ion, 

a e* =Hom(A , A ) , 6 €* =Hom(B , B ) , <p s*=Hom(A , B ) . 
21 1 2 1 21 2 2 1 * 2 1 2 1 

The operations •>, and are defined i n the fo l l o w i n g way: i f 

(a ,a )eA ©A , (b ,b )eB ©B then 
1 2 1 2 1 2 1 2 

(a ,a )»r=(a a +a a , a a ); 
1 2 1 11 2 21 2 22 

(a ,a )*y=(a m +a <p , a u> ); 
l ' 2 T i l 2*21 2^22 

(2.8) 

(b ,b )-y=(b S +b 6 , b B ). 
1 2 l ' 11 2 21 2 22 

This biautomaton i s isomorphic to the biautomaton (A ©A ,T,B ©B ) wi t h T 
c 1 2 1 2 

being the semigroup of generalized matrices of the form: 

a 
22 

a 
21 

* 2 2 V 
21 

0 a 
n 

0 % 
0 0 

S 2 2 

0 0 0 811 

(2.8' ) 

while the operations * and • are defined by the formula of (2.8). 

As i t was mentioned i n the previous Section, the li n e a r automaton 

(A,r,B) can be considered as biautomaton s a t i s f y i n g the condition: f o r 
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any elements beB and yer the e q u a l i t y b-y=0 i s v a l i d . The t r i a n g u l a r 

product of such biautomata no longer s a t i s f i e s the con d i t i o n mentioned 

(since 8 i s an a r b i t r a r y element of 4>
a
 i n the matrix of ( 2 . 7 ) ) . This 

f a c t means that the t r i a n g u l a r product of automata cannot be considered 

as a p a r t i c u l a r case of the t r i a n g u l a r product of biautomata. On the 

other hand, i t i s obvious that the t r i a n g u l a r product of biautomata w i t h 

zero outputs, i.e. semiautomata, i s again a semiautomaton, hence the 

tr i a n g u l a r product of semiautomata i s a p a r t i c u l a r case of t r i a n g u l a r 

m u l t i p l i c a t i o n of biautomata. 

Without proof, note that 

1) The t r i a n g u l a r m u l t i p l i c a t i o n of automata (biautomata) i s asso

c i a t i v e : 

a vta va )=ta va )va . 
1 2 3 1 2 3 

2) I f a aS', 3=3', then 3 V3 s3'V3' . 
1 1 2 2 1 2 1 2 

Note also that the representation corresponding to the universal biauto

maton Atm
1

 (A, B) i s the t r i a n g u l a r product of semigroup representations, 

namely (B,EndB)V(A,EndA) = (AeB,End
b

(A, B)) 

Consider two constructions which are close to the t r i a n g u l a r pro

duct. 

Let 3=(A,r,B) be a biautomaton and C=(X,Z) the right representa

t i o n of the semigroup Z by transformations of the set X. The-t>iautomaton 

x 
(A®KX,rwr Z,B®KX)=(A' , I " ,B' ) 

r 
where KX i s the l i n e a r space over K w i t h the basis X, A®KX, B®KX are 

x 
tensor products of corresponding l i n e a r spaces, and Twr Z i s the r i g h t 

r 
(corresponding to the r i g h t representation (X,Z)) wreath product of se

migroups T and Z over the set X, i s c a l l e d the tensor wreath product of 

the biautomaton 3 with the right representation G. To define o, « and • 

operations of the semigroup P on spaces A' and B' i t i s s u f f i c i e n t to 

define these operations on generating elements of the spaces, i . e . , on 
x 

elements of the form a®x, bsx, aeA, beB, xeX: i f (y,o-)erwrZ, we set: 
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(a8>x)o(y,o-) = (aoy(x) )®xtr; 

(a®x)*(y,<r) = (a*y (x) )i»x<r; 

(bax)' (y,o-) = (b-y (x) )®xtr. 

The operations thus introduced s a t i s f y axioms (1.2), i.e. 
x 

(AaKX.rwr^Z.BsKX) i s indeed a biautomaton. Denote the tensor wreath pro

duct of the biautomaton a with the right representation (T by 8wr (?. The-

r 
re i s the f o l l o w i n g associative property: 

3wr (G wr £ ) = (3wr G)wr G 

r 1 r 2 r r 2 
Define another construction of wreath product of biautomata w i t h 

representations. Let a=(A,r,B), as before, be a biautomaton, and G=(Z,X) 

be the l e f t representation of the semigroup Z by transformations of the 

set X. The f u l l wreath product of the biautomaton A and the left repre

sentation G i s the biautomaton 

x 
(Hom(KX, AJ.rwr^S.HomCKX.B)), 

x 
where rwr^Z i

s
 the l e f t wreath product of the semigroups T and Z, ( i . e . 

corresponding to the l e f t representation (Z,X)). 

The operations », * and • are defined as follows: i f (pe.Hom(KX, A), 
_ x 

0eHom(KX,B), (tr, y Jerwr^Z, then 

<p°{<r, y) i s an element of HomCKX, A) such that f o r each xeX 

(<pO (<r, y) (X ) =<p (<rx) oy ( x ) ; 

^ • ( t r , y ) i s an element of Hom(KX.B) such that f o r each xeX 

(</<• (<r, y ) ) (x) =1/1 (trx) «y (x); 

cp*(tr,y) i s an element of HomtKX, X) such that f o r each xeX 

(i/>*(c,y)) (x)=tp(<rx)*y ( x ) . 

Define, f i n a l l y , Cartesian and dis c r e t e d i r e c t product of automa-
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ta. Let jjA^, aeJ, be a Cartesian product of li n e a r spaces A
a
 (see Carte

sian product of u-algebras). A subspace i n J]A , consisting of a l l func

tions taking nonzero values only on the f i n i t e sets of elements from J, 

i s c a l l e d a discrete d i r e c t product of l i n e a r spaces. 

Let 3 =(A ,T ,B ) , aeJ be a set of biautomata. Their Cartesian 
a a a a 

product 3=rr3
a
=(A

a >
 r , B^), aeJ, i s defined componentwise. I f instead of 

Cartesian product of l i n e a r spaces we take t h e i r discrete d i r e c t pro

duct, we obtain a biautomaton, c a l l e d a discrete d i r e c t product of b i 

automata 3 . I f the set J i s f i n i t e , the obtained biautomaton i s called 

a 
a f i n i t e d i r e c t product of biautomata 3 

a 
3.2.2. Decomposition of biautomata 

A biautomaton 3=(A,r,B) i s ca l l e d a simple biautomaton, i f i t 

s a t i s f i e s one of the f o l l o w i n g conditions: 

1) A=0, while (B,D i s an i r r e d u c i b l e representation. 

2) B=0, while (A,D i s an i r r e d u c i b l e representation. 

A biautomaton 3 i s called a divisor of the biautomaton 33, i f the 

corresponding exact automaton 3 i s a homomorphic image of a subautomaton 

of 53. A d i v i s o r 3 i s called a prime divisor of the automaton 53 i f 3 i s a 

simple biautomaton. The biautomaton decomposition i s understood to be a 

representation of i t i n the form of a d i v i s o r of a construction made of 

other biautomata, which are called the components of a decomposition. In 

the given case, the t r i a n g u l a r product i s being taken as a construction 

and i t i s demanded that the components of the decomposition be d i v i s o r s 

of the i n i t i a l biautomaton. Now we s h a l l prove a theorem that each 

biautomaton can be embedded i n t o a t r i a n g u l a r product of i t s 

subautomaton and the quotient automaton by i t . I t e r a t i n g the embedding 

process, we w i l l get a decomposition whose components are simple 

biautomata. 

Theorem 2.1. [80] (on embedding). Let 3=(A,r,B) be an exact auto

maton, a^=(A
1
,r,B

1
!) i t s subautomaton, %

z
= (A/A^ T, B/B

i
) the correspon

ding quotient automaton. Let 3 = (A , T ,B ) , 3 =(A/A ,T , B/B ) be the 

1 1 1 1 2 1 2 1 
exact automata associated with 3^ and B'^ respectively. Then the biauto

maton 3 is isomorphically embedded into triangular product 3 73 
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The sketch of the proof i s as f o l l o w s . Denote by A a complement 

of A i n A, by B the complement of B i n B: A=A ©A , B=B ©B . F i r s t the 

1 » 2 c 1 1 2 1 2 
biautomaton 9 =(A , T , B ) which i s isomorphic to 9 i s constructed, and 

^ E- 2 2 2 2 

9 ^ 9 s<a V9 =(A,f,B). A f t e r t h a t , the biautomaton (A, Z, B)as(A, f , B), such 

that (A,r,B)c (A,Z,B), i s constructed. Then 
(A,r,B)c(A,Z,B) = (A,f,B)=9 V9*^9 V9 , 

1 2 1 2 
as i s required. 

» 
I n order to construct the biautomaton 9 ^ one should s u i t a b l y 

define operations »,*.- i n the t r i p l e t of sets (A ,T ,B ) . Denote the 

2 2 2 
natural homomorphism of the l i n e a r space A=A

j
®A

2
 onto A/A by v, and by 

v i t s r e s t r i c t i o n to A
2
; v-.A^ —> A/A^, which i s the isomorphism of l i 

near spaces. Let v
 1

:A/A^ -* A^ be an inverse to v mapping. I t i s clear 

that vv
 1

 i s a p r o j e c t i o n of A onto A
2
. Basing on actions of elements of 

T i n A/A , we define actions of elements of T i n A , by the rule: 

2 1 2 2 
— l 

i f a eA , y er then a oy =(a oy ) 
2 2 2 2 2 2 2 2 

S i m i l a r l y , l e t u be a natural homomorphism B=B
i
©B

2
 onto B/Bj, u be i t s 

r e s t r i c t i o n to B
2
: u

 1

:B/B
j
 -* B

2
 be the inverse to u mapping. Define 

a 2 % = ( a 2 * y 2 ) f I 

— 1 
b -y =(b^-y ; a eA , b eB , y er 

2 2 2 2 2 2 2 2 ' °2 2 
* 

The biautomaton thus constructed, 9 =(A ,T ,B ) , i s isomorphic to b i -
2 2 2 2 

automaton 9 ̂ (A/A^ B/B
i
) and the t r i a n g u l a r product 9

i
V9

2
 i s isomor

phic to 
9 V9*=(A ©A ,T xHom(A ,A )xHom(A ,B )xHom(B ,B )xr ,B ©B ) = {A,f,B). 

1 2 1 2 1 2 1 2 1 2 1 2 1 2 
I t remains to construct the group Z and the biautomaton (A,Z,B) contai

ning (A,r,B) such that (A,Z,B) i s isomorphic to (A,f, B). 

Since (A ,1* ,B ) and ' A 2 ' ^ 2 ' ^ 2 '
 a r e e x a c

^ biautomata, one can 

assume that 
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r cEnd
b

(A ,B )=EndA xHom(A ,B JxEndB , 

1 1 1 l l i l 

T cEnd
b

(A ,B )=EndA xHom(A ,B JxEndB 

2 2 2 2 2 2 2 
The semigroups and are embedded i n End

b

(A,B) i n a natural way, 

according to the rule: 

to any element y =((r ,<p , x ) of T cEnd
b

(A ,B ) i s assigned the element 
_ _ i i

r

i i l 1 1 _ 
y ,<p •,-T .) of End

b

(A,B), w i t h components acting i n A
t
 and B

t 

as (r , «> , x respectively. The element tr acts as the i d e n t i t y i n A , the 
l'M' i

 r

 l _ 2 
element f maps A

2
 to the zero of the space B

2
, the element x^ acts as 

the i d e n t i t y i n B . The set of such elements y , corresponding to ele¬

ments y
i
 of forms a semigroup T

j
 included i n End (A,B) and isomorphic 

to r . 

The semigroup I"' i s embedded i n t o End (A, B) i n a s i m i l a r way: to 

any element y =(<r ,<p ,T ) of T i s assigned the element y =(<r , <p ,T ) , 

* 2 2 2 2 2 2 2 2 2 
with components

 (r

2
'f

2
'

T

2
 acting i n A

2
 and B

2
 as

 Q r

2
'

, £

2
<

T

2
 respectively. 

Besides, <r i n A and x i n B act as the i d e n t i t i e s , and the element w 2 1 2 2 _ 2 
maps A^ i n t o zero of the space B . The elements y

g
 corresponding to ele

ments Tf
2
^~

2
 form a semigroup f included i n t o End

b

(A, B) and isomorphic 

to r . 

2 
Further, to each element <b of HomtA^A^ i s assigned the element 

\b of EndA acting by the rule: i f a=(a ,a )eA=A ®A then ai=(a iA,0); to 

1 2 1 2 2 
each element 5 of HomCB^B^) i s assigned the element 5 of EndB such that 

i f b=(b ,b )eB=B ®B , then b<5=(b6\0) and, f i n a l l y , to each n of 

1 2 1 2 2 
Hom(A ,B ) the element i) of Hom(A,B) such that ai)=(a T/,0). Consider the 2 1

 b
 2 

set Z of elements of End (A,B) of the form 

(<r tr +0, <p +n+<p , x x +S), (2. 9) 

1 2 1 2 1 2 
where (tr ,<p ,x )er , (tr , ip , x )sf , and 0,6,T) are elements corresponding 1 1 1 1 2 r 2 2 2 •* ' 
under the specified r u l e to the elements 0€Hom(A

2
, A^), S€Hom(B

2
, B

j
) and 

T)eHom(A
2
, B^) respectively. I t i s easy to v e r i f y that Z i s a semigroup, 

and, since i t l i e s i n End
b

(A,B), (A,Z,B) i s a subautomaton i n 

(A, End
b

(A, B), B). I f y=(y ,0,T|,S,y ) i s an element of 

f=r
i
xHom(A

2
,A

i
)xHom(A

2
,B

i
)xHom(B

2
,B

i
)xr

2
; 3'

i

 =

 (
( r

1
'*

>

1
>

T

1
); 1=1,2 



131 

then the mapping assigning to i t the element (2.9) of Z i s an isomor

phism of semigroups f —> Z, which, i n i t s t u r n , defines an isomorphism 
* ~ 

i n inputs of the biautomata 3 V9 =(A, T, B)=KA, X, B). 
1 2 

I t remains only to prove that TcZ. In order to do so, i t i s suf

f i c i e n t to show that any element of the semigroup r can be represented 

i n the form (2.9). 

Let y=(er,tp,x) be an element of the semigroup Tj 3
r

1

=

^
( r

j ' '
>

1
'

T

1
' ' 

r
2
=(<r

2
,<p

2
,T

2
) be images of the element y i n r and T

2
 under mappings of 

T i n t o r and I* , o r i g i n a t e d upon respective t r a n s i t i o n s from the b i 

automata (A , r.B ) and (A/A ,r,B/B ) to exact biautomata (A , I" , B ) and 

l l _ 1_ _ 1 _ i l l 
(A/A ,r ,B/B ) . Let y = (tr ,<p ,x ) and y =(<r ,<p ,x ) be elements of 

^1 2 1 1 1 1 1 2 2 2 2 
End (A,B) corresponding to y^ and y

2
 under the embedding of r and 

i n t o End
b

(A, B). Consider the difference er-er er I t i s an element of EndA 
l 2 

a c t i n g as follows: i f a eA , a eA then s 1 1 2 2 
a (<r-tr <r )=a <r-a er cr =a <r-a <r =a cr-a er =0; 

1 1 2 1 1 1 2 1 1 1 1 1 1 
a (tr-tr <r )=a <r-a <r tr =a cr-a tr =a er-a cr 

2 1 2 2 2 1 2 2 2 2 2 2 2 
Consider the l a s t d i f f e r e n c e . Let acr=(a',a'), a'eA , a'eA Then, by the 

2 1 2 1 1 2 2 
d e f i n i t i o n of the automaton (A ,T ,B ) holds a cr =a' . F i n a l l y , 

2 2 2 2 2 2 
a (cr-cr cr )=a cr-a cr =(a' , a' -a' ) = (a' , 0) and 

2 1 2 2 2 2 1 2 2 1 
(a ,a ) (cr-cr cr ) = (a',0). 1 2 1 2 l 

Thus, er-<r tr i s an element of the form i/i, corresponding to some <ji of 
l 2 

Hom(A
2>
A

i
), and <r=er

j
cr. I n a s i m i l a r manner the p o s s i b i l i t y of repre

senting of <p i n the form C ^ + T I + C ^ , and x i n the form t^
2

+

& i
s

 proved. By 

t h i s , i t i s shown that TcE and (A,r,B)c(A,Z,B)=3
i
V9

2 

Theorem 2.2. [80] (on decomposition of biautomata). An exact fi

nite dimensional biautomaton a=(A,r,B) is isomorphically embedded into 

the triangular product of biautomata whose components are prime divi

sors of a. 

Proof. F i r s t we prove that % can be embedded i n t o the t r i a n g u l a r 

product of biautomata w i t h components (A ,r ,B
j
) such that the represen

t a t i o n s (A ,r
j
) and ( B ^ T ^ are i r r e d u c i b l e ones. Denote by I the length 
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of r-compositional series i n A, i.e. a series OcA^c.-.A^A w i t h each 

A j ^ being the maximal T-invariant subspace i n A , i e { l , 2 £}; by m 

the length of r-compositional series i n B. The compositional length of 

the biautomaton 3 i s k=£+m and we s h a l l use the induction by i t . I f k=0 

or k = l , the v a l i d i t y of the statement i s obvious. Assume that the st a t e 

ment i s proved f o r k=n-l and l e t k=n. Denote by A' the maximal 

T-invariant subspace i n A, and by B' the maximal T-invariant subspace i n 

B containing A' *r={a*y | aeA' , r e D . Then (A'.T.B') i s a subautomaton i n 

(A,r,B), i t s compositional length i s less than n, and the quotient b i 

automaton (A/A',T,B/B') s a t i s f i e s the condition of i r r e d u c i b i l i t y of 

representations (A/A',D and (B/B',D. The automaton (A,r,B) i s embedded 

into the t r i a n g u l a r product (A',r , B')V(A/A',T ,B/B' ) , where CA'.r.B') 

1 2 1 
and (A/A',T , B/B') are exact biautomata corresponding respectively to 

biautomata (A',r,B') and (A/A' , T, B/B' ) . Since the compositional length 

of (A',r ,B') i s less than n, the induction assumption i s v a l i d f o r i t . 

Hence, the statement i s v a l i d also f o r k=n. Now the theorem follows from 

the proved f a c t and from the simple remark that any biautomaton 

(A,r,B) i s embedded i n t o the t r i a n g u l a r product (0,r,B)V(A,T, 0 ) . 

In view of the proved theorem i t i s natural to ask whether the 

decomposition above i s i n some sence unique. We say that the biautomaton 

3 uncancellably l i e s w i t h i n the t r i a n g u l a r product of simple biautomata 

HV. . . VS^, i f i t does not l i e i n the t r i a n g u l a r product of these biauto

mata i n the same order, i n which at least one f a c t o r i s absent. I t can 

be proved ( [ 8 0 ] ) that i f a biautomaton a incancellably l i e s w i t h i n the 

t r i a n g u l a r products of i t s prime d i v i s o r s 9 V. . .73 and a'V. . .V3', then 
l n l m 

m=n and t r i a n g u l a r products d i f f e r only i n orders. 
3.2.3. Decomposition of the l i n e a r automata 

In t h i s item we consider decomposition of l i n e a r automata by 

means of the t r i a n g u l a r product and i t s f u r t h e r reduction using the ope

r a t i o n of the wreath product of l i n e a r automaton and pure one (see 

[ 9 1 ] ) . 
Let i d e n t i f y the automaton (0,0,B) w i t h the l i n e a r space B and 

automaton (A,r,0) w i t h the representation (A,D. Consider the t r i a n g u l a r 
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product (0,0,B)V(A,r,0) and i n t h i s way define the m u l t i p l i c a t i o n of the 

space B by the automaton (A,D. We have the automaton 

BV(A,D = (A,Hom(A,B)xr,B) w i t h 

(0 , 7 ) d/»' ,y' )=(y°0' ,yy'), 

where y.y'er, 0,0' eHom(A, B); a<> (0, y )=a°y, a*(0,y)=a0, y°0' eHom(A, B) such 

that f o r aeA holds a(y°0')=(a°y)0' 

Lemma 2.3. Any linear automaton 3=(A,r,B) is embedded into the 

triangular product BV(A,D. 

Proof. The embedding i s defined by the i d e n t i t y mappings on spa

ces A, B and by mapping u:T —* Hom(A,B)xr, u:y —* (0,y), where aeA, yer, 

0eHom(A,B) and 0 i s spe c i f i e d by the ru l e a0=a*y. This mapping i s the 

monomorphism of semigroups: 

I t i s easy to see that we have also the automata homomorphism. 

Lemma 2.4. Let the automata 9 ,9,9', 8' be given and 9 19', 

1 2 1 2 ° l 1 1 
9 19'. Then 9 V9 |9'V9' . 

2 1 2 1 2 1 1 2 
Proof. Let 9 ° , 9° be subautomata i n 9', 9' respectively, such that 

l 2 1 2 K 1 

there are epimorphisms l
JL

1
'-^

l
 ~* 3 , p^.H^ —> 9^. Then there i s an ep i 

morphism u:9°V9' — * 9 V3' Besides that there e x i s t s subautomaton 

^ 1 2 1 2 
Bc3 V3' such that there i s an epimorphism i>:53 —* 3 V9 ( [ 8 2 ] , proposi-

1 2 r ~ 1 2 
t i o n 7 . 1 . 3 ) . The coimage of the automaton i n respect to u gives the ne

cessary subautomaton i n Si^VB^. 

I t f o l l o w s from the theorem of biautomata decomposition that a. 

s i m i l a r statement f o r l i n e a r automata i s v a l i d . Indeed, any l i n e a r auto

maton (A,r,B) i s embedded i n t o t r i a n g u l a r product BV(A,D = 

(0,0,B)V(A,r,0). Now, we can apply the theorem 2.2 to automaton (biauto

maton) (A,r,0). Hence, the biautomaton (A,r,0) i s embedded int o triangu

l a r product (A ,T ,0)7. .. V(A ,V ,0), whose components (A ,T ,0), 

1 1 k k 1 1 
i = l , 2 k are i r r e d u c i b l e representations. Thus every l i n e a r automaton 
can be embedded i n t o the t r i a n g u l a r product 
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(0,0,B )V...V(0,0,B )V(A ,T ,0)V...V(A ,r ,0) 1 rn ) ' l ' k' k 

where the spaces B are one-dimensional, B ®.. . ©B =B, and the represen-
1 1 m 

tat i o n s tA .T 3 are i r r e d u c i b l e . Therefore, taking i n t o account the 

i d e n t i f i c a t i o n s of (0,0,B) and (A^r^O) w i t h B and (A ,r ) respective

l y , we get 
(A,r,B) IB V. . . VB V(A ,r )V...7(A ,T ) (2. 10) 

1 1 m i l k k 

or 
m k 

(A.T.B) | ( V B )V( V (A ,T ) . (2.10') 
1=1

 1

 j = l
 J J 

Let introduce now the operation of wreath product of linear auto

maton with pure one and consider the f u r t h e r reduction of the decomposi

t i o n 2.10 i n the case of f i n i t e completely 0-simple acting semigroup T. 

Take linea r automaton 3=^,1^,B) and pure automaton A=(X,r
2
,Y). 

The l i n e a r automaton 

awrA=(A®KX,r\r
2
,B®KY), w i t h 

(a®x)°(y ,y )=(a°y (x))®(x°y ) , (a®x)*(y ,y )=(a*y (x))®(x*y ) , 

1 2 1 2 1 2 1 2 
— \r where aeA, xeX, y el" , y el" , KX i s the l i n e a r space over X, i s called 1 1 2 2 i- > 

the wreath product of 9 and A. Thus defined actions o and * are the 11-
x 

near actions of the semigroup r . Indeed, since X i s the basis of the 

linea r space KX then A®KX= ®£(A®x) and l i n e a r actions defined on the 
xex 

summands of the d i r e c t sum are extended to the l i n e a r actions on A®KX. 

For the wreath product of the l i n e a r automaton and pure one the 

fol l o w i n g associative condition 

(3 wrA )wrA =a wr(A wrA ) 

1 2 3 1 2 3 
i s s a t i s f i e d . 

In order to v e r i f y t h i s property, take a l i n e a r automaton 

3 =(A ,r ,B ) and pure automata A =(X ,T ,Y ) , A =(X ,T ,Y ) . Then, 
1 1 1 1 2 2 2 2 3 3 3 3 

X X 
0 wrA )wrA =(A ®KX ®KX , (r

 2

xT )
 3

xT , B ®KY ®KY ) , 

1 2 3 1 2 3 1 2 3 1 2 3 
X XX X 

(8 wr(A wrA )) = (A ®K(X xX ),T
 2 3

x(T
 3

X
r ),B ®K(Y xY ) . 

1 2 3 1 2 3 1 2 3 1 2 3 
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For l i n e a r spaces there i s a canonical isomorphism 

A ®KX ®KX j*A ®K(X x X ) , defined by the mapping: a ®(x ,x ) —> a ®x ®x 
1 2 3 1 2 3 1 2 3 1 2 3 

(the same f o r B). Acting semigroups are also isomorphic. Really, s e t t i n g 
X XX X X X 

<U= (Tj.i-g.yg) -> (o
L

.y
3
). where y ^

2 3

, y ^
3

, y ^ , tretT
 2

x r )
 3

 and 

t r ( x J i s a p a i r (<r ,y ( x J ) , such that tr er
 2

 and tr (x )=y (x ,x ) , we 

J 1 2 3 1 1 1 2 1 2 3 
have the necessary isomorphism. S t a r t i n g from these mappings we get the 

automata isomorphism: 

(ai® ( X 2 ' X 3 ) ° 1 V ( y 2 ' y 3 5 ) > 1 = ( ( a i ° y i ( X 2 ' V '®( ( X 2 ' V ° (*a' r 3 } 3 ) M = 

(a «y (x , x J ) ® ( x »y (x ))e(x oy ) , 
1 1 2 3 2 2 3 3 3 

(a ®(x , x J )**« (y , (y y ) )
M

= ( a ®x ®x
o
) » y ) = ( (a ®x^) o^(x

o
) )®(x,«y,) = 

l e J 1 d J 1 2 3 3 1 2 3 3 3 
((a ®X )o(tr y (x )))®(x oy ) = (

a
 oo- (x )®(x oy (x ))®(x oy } = 1 2 1 2 3 3 3 1 1 3 2 2 3 3 3 

t a i 0 y i ( X 2 ' X 3 ) ) ® ( V y 2 ( X 3 ) ) S ( X 3 < > 3 f 3 ) -
The proved associative means, i n other words, that the semigroup of pure 

automata acts on the class of l i n e a r automata. 

Note without proving connection between t r i a n g u l a r products and 

wreath products. The f o l l o w i n g inclusions take place 

3 V(3 wrA)c(3 va )wrA, 
1 2 1 2 

(3 va )wrAcO wrA)VO wrA). 
1 2 1 2 

Besides t h a t , i f 3 18 and A |A , then 3 wrA 13 wrA . 
l ' 2 l ' 2 l l ' 2 2 

F i n a l l y , one more remark. Wreath product of the representation 

(A,D = (A,T,0) and c e r t a i n A i s again the representation. Wreath product 

of the space and pure automaton i s not a space. 

Semigroup T i s c a l l e d 0-simple i f i t has a zero element, which i s 

2 
the unique proper two-sided ideal and besides, T *0. I f the set of idem-

potents of 0-simple semigroup contains a p r i m i t i v e element then the se

migroup i s said to be completely 0-simple semigroup. (The set of idempo-

tents i s ordered according to the r u l e :
 e

1

S e

2

 i f a n d

 only i f 

e e
 =e e =e ) . For f i n i t e semigroups both these notions coincide. 

1 2 2 1 l 
According t o Rees theorem each completely 0-simple semigroup T i s 

isomorphic to Rees matrix semigroup r=(X, G, Y,[X,Y]), where X, Y are the 
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sets, G i s the group w i t h zero, and P=[X,Y] i s the sandwich matrix w i t h 

elements from G and without zero rows. P defines the m u l t i p l i c a t i o n i n 

T. Elements from T are represented as t r i p l e t s (x,g,y), xeX, geG, yeY, 

wi t h the m u l t i p l i c a t i o n : 

( X , ' g l ' y 1 ) ( X 2 ' g 2 ' y 2 , = ( X l ' g . I y 1 ' X 2 l g 2 ' y 2 ) ' 

where x ,x eX, g ,g sG, y ,y eY, [y ,x ]sG. 1 2 6 1 B 2 Ji J2 J1 2 
Let M be a set. Define an associative operation on the set M 

assuming ir^m^m , m^ir^eM. The obtained semigroup i s c a l l e d the semi

group of left zeros on the set M and i s denoted by vf". S i m i l a r , i f 

m m =m , m , m eM, we get the semigroup of right zeros on the set M which 

i s denoted by M
a

 Sometimes we s h a l l i d e n t i f y elements of the set M and 
t n. 

of the semigroups M or M 

For Rees semigroup T there i s an i n c l u s i o n 

p-.r -> X
£

x(GwrY
/l

)=X
£

x(GxY
a

), 

_ n 
where G=G

Y

 (see [ 2 9 ] ) . Recall i t . 

Lemma 2.5. The mapping u:(x,g,y) —> (x,g,y), where xeX^, ysY
a

, 
_ _ a 
geG=G and g is defined by the formula g ( y ' ) = [ y ' , x ] g , is a monomorphism 

I n . 
of semigroups T —* X x(GwrY ) . 

Proof. We have 

[ ( v g j , y , ) (*
2
,g

2
,y

2
) r^u

i
,g

i
 [

y j
, x

2
] g

2
, y

a
) j 

( ^ ' M ' M ) M ( X 2 ' g 2 ' y 2
) M = ( X

l ' M '
y

i ) ( X 2 ' i 2 ' y 2 )
 = ( X

l ' 8
a

( y

i ° i 2 ) > y 2 : i ; 
But 

(g
1
(y

1
»g

2
)) (y)=gj(y) Cy^ig) ( y ) = g

1
( y ) g

2
( y

1
) = [ y . x

1
] g

1
[ y

1
. x

2
] g

2
= 

g j [ y
t
. x ]g ( y ) . So, u i s a homomorphism. 

Let (x ,g ,y ) = (x ,g ,y ) . Then, evidently, x =x , y =y and 
1 1 1 2 2 2 1 2 1 2 

gj(y)=[y,x ]g , g
2
( y ) = [ y > x

2
l g

2
 Since sandwich matrix has no zero rows, 

there e x i s t s y such that [y,x]*0. Taking i n t o account that G i s a group, 

we get g
1
=g

2
-

Let us consider the inclus i o n G ~* T defined by the r u l e 

g —* ( l , g , l ) (with the u n i t s of sets X,Y r e s p e c t i v e l y ) . Construct now an 

induced automaton from the automaton (A,G) i n respect to i n c l u s i o n 
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G —

*
 r

- Given automaton (A,D, one can define the automaton a=(A«KY
a

,D 

by the r u l e : (a®y)»(x,g,y )= (a« [y, x l g j a y ^ 

Lemma 2.6. The automaton a=(A®KY, T) is the induced automaton for 

the automaton a^CA.G). 

Proof. Let us introduce an automaton 9=(A,D. Consider formal 

expressions of the form A
y
=A° ( 1 , e, y ) , yeY, where e i s the u n i t of group 

G. The automaton 9=(A,D i s defined as follows: 

(A ,r) = («EA , r ) , ( a . ( l , e , y ) ) . ( x , g , y
i
) = (a<.[y

I
x]g)o(l,e,y

i
). 

y 

This automaton i s a semigroup one. Indeed: 

( a o(l,e,y ) ) o(x,g
i
,y

i
)(x

i
,g

2
,y

2
) = (ao(l,e,y)J<»(x

i
,g

i
[y

i
,x

2
]g

2
,y

2
) = 

(a°([y, x l g j y ^ x ^ g ) ) o ( l , e , y ) ; 

( ( a o ( l , e , y ) ) o ( x , g ,y ) ) o ( x ,g ,y ) = ( ( a o [ y , x ] g ) o ( l , e , y ) ) o ( x g , y ) = 
1 1 ± i^, 1 X 1 2 2 

((a«[y,x]g
i
)»([y

i
,x

i
]g 2 ) ) o(l,e,y

2
)= (a« [y, x ] g

j
 [ y ^ x j g ^ ( 1 , e, y

2
) . 

(A,G) i s n a t u r a l l y embedded i n t o (A ,r) by the mapping p=(p ,p ):a 

-* a°(l,e,1), g —* ( l , g , l ) . This mapping i s the monomorphism of automa

ta: 

P 9 9 
(a»g) = ( a o g ) o ( l ,

e
, 1 ) ; a »g =(a»(1,e,1 ) ) o (1,g,1) = (a»g)»(1, e, 1). 

Show, that 9=(A , r ) i s the induced automaton f o r a^CA.G), that i s 

fo r any automaton (A , D and homomorphism v there i s homomorphism p, 

such that the f o l l o w i n g diagram i s commutative: 

P 
(A,G) >(A,D 

Define p by the r u l e : (a°(1,e,y)r =a «(1,e,y). I t i s clear that p 

i s the automata homomorphism. I t remains to observe that automata 

a=(A,r) and a=(A®KY'\r) are isomorphic. The isomorphism i s defined by 

the i d e n t i t y mapping on G and by e:A —> A®KY acting as follows: 
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(a<> ( 1 , e, y ) ) =a®y. 

Lemma 2.7. Let (A^.D be irreducible automaton [representation) 

with the Rees semigroup T and (A,G) be its irreducible subautomaton. 

Then 

(A
i>
 D | (A, G)wr (Y, Y

a

) 

Proof. Let consider the f o l l o w i n g mapping u=(u
i>
u

2
) of the indu

ced automaton 9=(A®KY, D onto B=(A,G)wr(Y, Y
a

) = (A®KY,GwrY^): p
}
 i s the 

i d e n t i t y mapping on A®KY; p^-.T —> GwrY
a

 i s the product of the mapping u 

of Lemma 2.5 and of the p r o j e c t i o n v. X^x(GwrY
a

) —* GwrY'
a

. This p i s the 

automata homomorphism: 

((a®y)°(x,g,y
i
))

,1

=( (a° [y, x]g)®y
j
 )

M

=(ao [y, x l g j s y ^ 

(asy)*
1

" (x, g, y )
fl

=(a®y) ° (g, y
j
 ) = (a®g(y) J a y y ^ t a o [y, x]g)®y

i 

Denote the image of the automaton it by (A®KY,D. Let p=Kerp
2
-

Then, obviously, (A®KY,T/p)=(A®KY,D. I t i s easy to v e r i f y that p coin

cides w i t h the kernel of the automaton (A®KY,D. Therefore, (A®KY,r/p) 

belongs to (A,G)wr(Y, Y
a

) . 

Automaton (A®KY,D i s the induced one f o r (A, G)c(A ,D. So, there 

i s a homomorphism p:(A®KY,D —» (A ,D. Since (A ,D i s i r r e d u c i b l e au

tomaton, p i s the epimorphism. This implies that the kernel of the auto

maton (A®KY,D l i e s i n the kernel of the automaton (A ,D. Therefore p 

defines epimorphism p' : (A®KY,T/p)
 —

» (A ,T/p). Thus, the automaton 

(A ,T/p) and every i t s homomorphic image i s a homomorphic image of the 

automaton (A®KY,r/p). The l a t t e r l i e s i n the wreath product and f i n a l l y 

(A ,D i s a d i v i s o r of wreath product. 

From the proof of the l a s t Lemma i t follows that i f a semigroup T 

admits an exact i r r e d u c i b l e representation then the inc l u s i o n 

(A®KY, Dc(A, G)wr (Y, Y ) takes place. In p a r t i c u l a r , Rees semigroup T i s 

embedded i n t o GwrY
a 

Let us move to the main r e s u l t . 

Theorem 2.8. Let a=(A,r,B) be a linear semigroup automaton, I" be 
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a completely 0-simple semigroup. Then 

a|BW(a wr(Y , Y
a

) ) , 
i 

where each fl»CA ,0- J is an irreducible group automaton being a divisor 

of the automaton a=(A ,r,B), are the semigroups of right zeros. 

Proof. Each l i n e a r automaton admits decomposition 2.10. Compo

nents (A , r ) of the decomposition are i r r e d u c i b l e d i v i s o r s of (A , r ) . 

A l l semigroups r are also completely 0-simple semigroups (as homomor

phic images of D. 

Let us consider mult i p l e s a =(A , r ) . We have (Lemma 2.7), that 

( A ^ T ^ I (A'
i
,G

i
)wr(Y

i
,Y^), 

where (A',G ) i s an i r r e d u c i b l e group automaton. Therefore, by Lemma 2.3 

i t f o llows 

(A, T, B) | BW( (A' , G )wr(Y , Y
a

) ) . 
l 

A l l the automata (A^.Gj) are subautomata i n (A ,1* ) and, consequently, 

d i v i s o r s of the i n i t i a l a=(A ,r,B). 

Theorem 2.8 reduces any semigroup automaton w i t h completely 0-

simple semigroup to group automata and pure automata. We show that there 

i s f u r t h e r reduction to i r r e d u c i b l e automata w i t h simple acting group. 

Lemma 2.9. Let (A,G) be an i r r e d u c i b l e group automaton and the 

space A is f i n i t e dimensional. Then 

(A,D | (V(A ,H)wr(X,<f), 
l 

where (A^H) is irreducible simple group automaton, (X,*) is pure group 

automaton. 

Proof. Take i n G a composition series 

G3HD...3H 3H =1 1 n-l n 

Given H , we have [90]: 
l 

(A,G)| (A.H^wrfX .G^, 

where G =G/H i s a simple group and X i s a group G/H , considered as a 
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set. The same arguments f o r H y e i l d (A, H )|(A,H )wr(X ,G ) , etc. As a 
1 1 1 2 2 2 

r e s u l t we obtain the decomposition 

(A,G)|(A,H )wr(X ,G )wr. . . wr (X , G ) = (A, H )wr(X',G') 1 n-1 n-1 n-1 1 1 n-1 
I t i s known that i f a group i s completely reducible then i t s normal sub

group i s also completely reducible [81]. Therefore, (A,H ) i s comple-

n—1 
t e l y reducible. Then (A, H )cV(A ,H ) , where components (A ,H ) are J n-1 1 n-1 1 n-1 1 
i r r e d u c i b l e . Denote H=H This i s a simple group. F i n a l l y , n-1 

(A, G) | (V(A ,H)wr(X' ,G' ) . 
l 

Recall, that f o r pure automaton CX'.G') there e x i s t s a decomposi

t i o n i n t o wreath product of simple group components: 

(X' ,G' ) = (X ,G )wr. . .wr(X ,G ) 

n-1 n-1 1 1 
where a l l G

(
 are simple groups. 

Now, we can generalize the Theorem 2.8. 

Theorem 2.10. Let 3=(A,r,B) be a linear semigroup automaton, T be 

a. completely 0-simple semigroup. Then 

3|BW(((vS )wrA JwrA'), 
1 11 i s 1 

1 J 
where 3 - linear irreducible semigroup automata, - pure group au

tomata with simple acting group, A'̂  pure semigroup automata in which 

acting semigroups are the semigroups of right zeros. Besides, a l l linear 
automata 3 are divisors of the i n i t i a l automaton 3. 

U 

At l a s t , i n order to f i n d out the stru c t u r e of decomposition i t 

remains to describe the form of indecomposable automata. 

3.2.4. Indecomposable l i n e a r automata 

Lemma 2.11. An automaton 3=(A,r,B) is indecomposable into trian

gular product, if and only if 3 is an irreducible representation or 

one-dimensional linear space. 

Proof. Since (A, T, B) | (0, 0, B)V( A, T, 0 ) , then i n order 3 to be inde

composable, ei t h e r (A,T,B)|(0,0,B) or (A,T,B)|(A,T,0). I n the f i r s t case 

(A,r,B) i s obviously equal to (0,0,B ) , dimB =1; i n the second one imme-
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d i a t e l y B=0 and i t follows from Theorem 2.1 that (A,D has to be an i r 

reducible representation. 

Conversely. I t i s obvious that one-dimensional space B i s inde

composable. Let i r r e d u c i b l e representation (A,D divide the t r i a n g u l a r 

product of automata 3 =(A ,T ) and 3 =(A , T ). This means that a=(A,D 

1 1 1 2 2 2 
i s a homomorphic image of subautomaton a' = (A',r" ) of 

a
i
7a

2
=(A

i
©A

2
,r

i
xHom(A

2 >
 A

i
) x r

2
) = ( A , f ) . Denoting by (A\p) the kernel of 

t h i s homomorphism we get (A' /A
Q
, I " /p)=?(A, D. Take i n A=A

j
©A

2
 two series 

OcA^cA, OCAQCA'cA i n v a r i a n t w i t h respect to P . According to Jordan-

Holder theorem [ 5 8 ] , t h i s series can be extended to P - i n v a r i a n t compo

s i t i o n a l ones w i t h isomorphic f a c t o r s . Since the representation 
(A'/A ,r'/p)=(A,D i s i r r e d u c i b l e then r* - f a c t o r A'/A i s a d i v i s o r of 

o o 

one of the f a c t o r s of OcAjCA. I f i t divides P - f a c t o r A^ then (A,D i s 

a d i v i s o r of (A ,1^). I f i t divides the second f a c t o r then (A,D i s a 

d i v i s o r of (A ,T ) . This means that (A,I") i s indecomposable. 

2 2 
Linear automaton (A,D i s ca l l e d decomposable in wreath product 

i f i t can be represented i n the form 

(A . r ) | (B,Z)wr(X,H), 

where (A,D i s not a d i v i s o r of (B,S), and I " i s not a d i v i s o r of H. 

Otherwise an automaton i s c a l l e d indecomposable in wreath product. The 

d e f i n i t i o n of automaton Indecomposable i n t r i a n g u l a r product has been 

given e a r l i e r . Joining these two notions we speak of indecomposable li

near automaton. 

Proposition 2.12. Linear automaton (A,D where r is a completely 

0-simple semigroup is indecomposable if and only if (A,D is an irredu

cible simple group automaton. 

Proof. Let (A,D be an indecomposable automaton. Then by Lemma 

2.11 (A,D i s an i r r e d u c i b l e representation. According to Lemma 2.7 T i s 

a group. I f the group i s not a simple one, then by Lemma 2.9 the automa

ton (A,D i s decomposable. So, r i s a simple group. 

Conversely, l e t (A,D be an i r r e d u c i b l e simple group automaton. 

Since (A,T) i s an i r r e d u c i b l e representation then by Lemma 2.11 (A,D i s 

indecomposable i n t r i a n g u l a r product. 
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Let now (A,D i s decomposable i n wreath product, i . e . 

(A,D| (B,Z)wr(X,H), 

and (A,T) i s not a d i v i s o r of (B,Z), T i s not a d i v i s o r of H. Since 

(A,r) | (B,Z)wr(X,H) then i n (B®KX,Z
X

xr) there e x i s t s a subautomaton (C,*) 

and an epimorphism u such that (C,$) =(A,D. Consider * =*nZ Since Z 
x 

i s an i n v a r i a n t subgroup i n (Z xH), then * i s i n v a r i a n t subgroup i n *. 

Take *^ I t i s in v a r i a n t i n *̂ =r subgroup and since T i s a simple group 

then e i t h e r d ^ I " or $^=1. 
1 1 

1. Let c f ^ r . Then (C,* J^CA.D or i n other words (A, D I (B®KX, Z ) . 
l l

 1 

Show, that i n t h i s case (A,D|(B,Z). Let X be a f i n i t e set ( t h i s assump

t i o n i s quite natural f o r automata, but i t i s not necessary). Then 
(B®KX,Z

X

)=(® £(B®x),nZ), i = l k; k=|X|. 
x€X i 

The group rtZ acts componentwise. Consider more general s i t u a t i o n . Let 
l 

(D,G)=r((B ,E ) = (©£B ,JTZ ) , i = l k; k=|X| 

l l l 

and (A,D|(D,G). Then i f (A,D i s exact i r r e d u c i b l e automaton then (A, D 

divides one of the summands. Setting B^B, S^Z we get that (A,D|(B,Z). 

C ,*/* ) 
o o 

Take (C, <f )c(D, G) such that (C,4>)
M

=(A,D. Then (A,r)=(C/C ,*/* ) , 

where ( C ,* ) i s the kernel of epimorphism u. Denote 
o o 

D =B , D =B ©B , . . . ,D =(B ©B ©. . . ©B )=D. 1 1 2 1 2 n 1 2 n 
We have a series of ^-modules OcD cD c...cD =D w i t h the f a c t o r s isomor-

1 2 n 
phic to B 

l 

Let us consider some other series of (^-invariant subspaces, con

t a i n i n g C Q C C . Since $ acts i r r e d u c i b l y i n C / C
q
 then according to Jordan-

Holder theorem, C / C i s isomorphic to a f a c t o r of c e r t a i n B (as 

o l 

4>-module). Let G
Q
= j]Z . Since G acts componentwise, i t l i e s i n the ker-

J * i
J 

nel (B , G) and, therefore, G n$ l i e s i n kernels (B,*) and ( C / C , » ) . 
t o 1 0 

Furthermore, (B ,G/G )s(B ,Z ) . But 
1 0 1 1 
(B ,Z )as(B ,G/G )a(B ,$G /G )s(B ,<J/*nG ) . 

1 1 1 0 1 0 0 r o 
Since (A,D = ( C / C , */4> ) i s an exact automaton, the kernel ( C / C , * ) i s 

o o o 
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equal t o *
q
. Thus G

Q
n*c*

o
. Therefore, there e x i s t s a homomorphism 

(C,*/*nG ) —> (C/C ,$/* ) 3 ( A , D . 

0 0 0 
We get (A,r)|(B,Z) that contradicts indecomposability of the automaton 

(A,D. 
2. *

M

= 1 . Then 
l 

H=;HZ
X

/Z
X

D#Z
X

/Z
x

; (*Z
X

/Z
X

)
M

= (*/Z
X

n* )
M

= ( 4 / ^ j ^ r , 

i . e . r|H, that also contradicts indecomposability of the automaton 

(A,D. 

Thus, a l l l i n e a r components of the decomposition 2. 10 are inde

composable automata. 

3.2.5. Triangular products and homomorphisms of biautomata 

The r e s u l t s described i n t h i s item ( [ 4 1 ] ) w i l l be used i n Chapter 

4 i n the proof of the Theorem of freeness of semigroup of biautomata 

v a r i e t i e s . 

Proposition 2.13. Let (A, V, B)=(A , Z^ B
i
 )V(A

2 >
Z

z
, be triangular 

product of biautomata and (A',r,B') be subautomata in (A,r,B), A
j
cA', 

B^B' . Then there is an epimorphism in input signals: 

(A' , T, B' ) —> (A^Z^B^VU./iA' ,Z
2
,B

2
nB' ) . 

Proof. By the d e f i n i t i o n of t r i a n g u l a r product, r=Z
i
x*

i
x*x*

2
xZ

2 > 

* =Hom(A ,A ) , *=Hom(A ,B ) , *=Hom(B.B). Denote AnA'=A' BnB'=B* 

1 2 1 2 1 2 2 1 2 2 2 2 
Consider biautomaton (A .Z .BJVCA^.Z^B^CA',1" ,B'), where 

r = Z x<t'x*'x*'xZ , *'=Hom(A', A ) , *' =Hom(A' , B ) , *'=Hom(B' B ) . 

1 1 2 2 1 2 1 2 1 2 2 1 
Take the mapping ~* *j> assigning to the element 

<peHom(A ,A ) the element of Hom(A',A ) which i s the r e s t r i c t i o n of <p on 

2 1 2 1 
A' The mappings u :* —> *' and p :<t —> *' are defined s i m i l a r l y . Iden-

2 2 3 2 2 
t i t y mappings of Z

t
 and Z

2
 together w i t h mentioned mappings p^p^.u^ 

define epimorphism T on f . The l a t t e r i n i t s t u r n defines the epimor

phism i n input signals. 

Proposition 2.14. Let 

U = ( U
I
, U

2
, U

3
) : ( A

I
, Z

I
, B

I
) - * (A;,Z;,B;) 

be an automata homomorphism and (A ,Z ,B ) be an arbitrary automaton. 
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Then there e x i s t s identical on (A^.Z^.B^ homomorphism 

p: (A ,Z ,B )V(A ,Z ,B ) (A' , Z' , B' )V(A ,Z ,B ) . I l l 2 2 2 1 l ' 1 Z 2 2 
I f p i s monomorphism (epimorphism) then p is also monomorphism 

(epimorphism). 

Proof. Denote 

(A,r,B) = (A ,Z ,B )V(A ,Z ,B ) = (A +A ,Z x$ x*x* xZ ,B +B ) , 1 1 1 2 2 2 1 2 1 1 2 2 1 2 
(A' ,r" ,B' ) = (A' ,Z' ,B' )V(A ,Z ,B ) = (A'+A , Z' x*' x*' x*' xZ ,B'+B ) . 

I l l 2 2 2 1 2 1 1 2 2 1 2 

Define the homomorphism p=(p , p. , p
3
) by the rule : i f a^+a^A, where 

a eA , 1=1,2, then (a +a ) =a +a . The same f o r p . 

1 1 1 2 1 2 3 
Now define the mapping u :* =Hom(A ,A )

 —

> *'=Hom(A , A ) by the ^ K s ^21 1 2 1 1 2 1 u u 

21 1 
rule: i f <pe$ , a eA , then a <p =(a w) ; the mapping p : $ =Hom(B ,B ) 1 2 2 2 2 22 2 2 1 

u p 
22 3 

—> $'=Hom(B ,B' ) by the rule: i f <p&S> , b eB , then b ip =(b to) and 
2 2 ' 1 2 2 2 2 2 

the mapping p^: *=Hom(A
2>
 B

t
) —> *'=Hom(A

2
, B^) by the rule : i f 0e*, u

 M 23 1 
a eA , then a ib = ( a i i ) 2 2 2 2 

The l a s t three mappings together w i t h the mapping p Z^ and 

i d e n t i t y mapping E:Z
2

 —

* Z
2
 define homomorphism M-

2

:L

" ~~* I " ' . I t i s easy 

to v e r i f y that p=(p , p , p ) i s the desired homomorphism of biautomata. 

The kernel of t h i s homomorphism p ^ p ^ p ,p ) has the form: 

P
i
=Kerp

i>
 p

2
=Kerp

2
xHom(A

2
,Kerp

i
)xHom(B

2>
Kerp

3
)xHom(A

2>
 Kerp^, p

3
=Kerp

3
. 

Therefore, i f p i s a monomorphism (epimorphism) then p i s also monomor

phism (epimorphism). 
Proposition 2.15. Let (A,r,B)=n(A ,T ,B ) , ael and let (G.T'.H) 

" a a a 
a 

be an arbitrary biautomaton. Then there e x i s t s an embedding 

p: (A,r,B)7(G,r' ,H) -* rtA ,1" ,B )V(G,r',H)). 11

 a a a 
a 

Proof. Let 

(A,r,B)\7(G,r',H)=(T;A +G,nr x$ x*x$ xr'.rB +H) 
u

 a
 11

 a l 2
 u

 a 

^
( (

\•
^

a•\
) v ( G

•
^

'•
H ) ) = (

2 ( V
G )

•^^
a
><^^

l a
><^*

a
><I^ * 2 a > < ^ ^ ^ E(B

a +
H)) where 

a a a a a a a a 
* =Hom(G,yA ) , *=Hom(G,rB ) , $=Hom(H,TB ) , * =Hom(G,A ) , *=Hom(G,B ) , 
l
 u

 a
 u

 a 2
 u

 a la a a a 
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* =Hom(H,B ) . 
2a a 

Mapping p=(p. ,p ,p ) i s defined i n the f o l l o w i n g way: i f ae£A , 

*»i -
 u a

 " 
geG, then (a+g) (a)=a(a)+g; i f beB

a
, heH, then (b+h)

 3

(a)=b(a)+h. Besi
des that l e t 

M

22 
^22 ®! ~* n*

l c t

:

 i f <P
i
e*

i
, geG, then g(<p (a) ) = (g» ) (a); 

a 

P
23
:* -» n*

a
: i f t i e * , geG, then g (0 (a) ) = (g0) (a); 

a 
p 

u
 :

$ —» n*
 :

 i f <p e* , heH, then h(</> (a)) = (h<p Ma): 
24 2 "2a 2 2 2 *2 

a 

P
2S
:r*-> nT": i f yer", then y (a)=y; a e l . 

a 

These mappings together w i t h i d e n t i t y mapping nT —> nT define a homo-
a a 

morphism of the acting semigroups. I t remains to v e r i f y that the cons

tr u c t e d p=(p. , p , p ) i s a homomorphism of biautomata. 

Corollary. Given biautomata (A , r ,B ) , (
A

2
>

r

2
-

B

2
'
 a n d t n e s e

* 

there e x i s t s an embedding: 

p: (A ,T , B )*V(A ,T ,B ) -> ((A ,T ,B )V(A ,T ,B J
1

. r

 * *.'Tt 2 2 2 1 1 1 2 2 2 

The f o l l o w i n g propositions can be established. 

Proposition 2.16. Given biautomata (A ,T ,B ) , (A ,T ,B ) and the r

 1 1 1 2 2 2 
set I , there e x i s t s an embedding: 

p:(A
i
,r

i
,B

i
)v(A

2
,r

2
,B

2
)

1

 -> ((A^r,,B
t
)v(A

a
.r

a
,B

a
)J

1 

Proposition 2.17. Let (A, T, B) = (A , Z^ B
j
 )vCA

2
, Z.,, B

2
) and l e t 

[A'Z ,B') be a subautomaton in (A ,1 ,B ) . Then there e x i s t s an epimor-

2 2 2 2 2 2 
phism in input signals: 

(A +A' ,r,B +B' ) -» (A , Z , B )V(A' ,Z ,B' ) 
1 2 1 2 1 1 1 2 2 2 

Proposition 2.18. Let (A,r,B)=(A ,Z , B )V(A , Z , B ) and let A' B' 
1 1 1 2 2 2 1 2 

be subspaces in A ,B respectively, such that A' °Z cA' , B' >Z cB'. Then 
1 2 1 1 1 2 2 2 

there e x i s t s an epimorphism in input signals: 
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(A' r.B +B') -> (A'.S ,B )V(0,I , B') 
1 1 2 I 1 1 2 2 

Note, f i n a l l y , that i n [80] i s introduced the construction of 

tr i a n g u l a r product of a f f i n e automata and the problem of t h e i r decompo

s i t i o n i s considered. I n [32] the same problem f o r r i n g automata i s re

garded. 

3.3. Automorphisms of linear automata and biautomata 

Automorphisms of a mathematical structure determine i t i n many 

aspects. I t i s by t h i s , i n p a r t i c u l a r , that the constant i n t e r e s t i n the 

groups of automorphisms i s explained. Our aim i n t h i s section i s to 

consider automorphism of l i n e a r automata and biautomata, and to describe 

then f o r the corresponding universal objects and constructions (see 

[16], [ 1 7 ] ) . 

3.3.1. Definitions and basic lemmas 

An automorphism of a linear representation (A,D i s a pa i r of 

mappings (<r ,<x), where cr i s an automorphism of the space A, a i s an 

A A 
automorphism of the semigroup T and the condition 

(a°y)cr =acr °ya , aeA , yer (3.1) 
A A 

i s s a t i s f i e d . An automorphism of the linear automaton 9=(A,r,B) i s a 

t r i p l e t of mappings (er^.ot.o^) s a t i s f y i n g the f o l l o w i n g conditions: 

1) (er^oc) i s an automorphism of the l i n e a r representation (A,D, ir 

i s an automorphism of the space B ; 
(3.2) 

2) (a*y)er =aer *ya , aeA, yer. 

B A 
In d e f i n i t i o n of an automorphism of a biautomaton, the t h i r d con

d i t i o n i s added to the above ones: 

3) (er^ex) i s an automorphism of the li n e a r representation 

(B,D.
 ( 3 3 ) 

Since a li n e a r automaton can be considered as a p a r t i c u l a r case 

of a biautomaton w i t h b'y=0, beB, yer, the d e f i n i t i o n of an automorphism 

of a li n e a r automaton can be considered as a p a r t i c u l a r case of d e f i n i 

t i o n of an automorphism of a biautomaton. Due to t h i s , we s h a l l consider 

mainly the automorphi sms of biautomata, i f necessary, making correc
-
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t i o n s . 

I f 9=(A,r,B) i s an exact biautomaton, the representation 
u : r

 ~* r'cEnd
b

(A, B) defines an isomorphism of the automata a=(A,r,B) and 

9'=(A, I " ,BJcAtm
1

(A, B). Since the symmetries of the isomorphic objects 

are i d e n t i c a l , the automorphisms of one of the objects can be described 

by the automorphisms of the other. Thus, not v i o l a t i n g the g e n e r a l i t y of 

considerations, one can assume, i f necessary, that rcEnd
b

(A, B). 

Now we s h a l l prove that i n order to define automorphisms of an 

exact biautomaton, i t i s s u f f i c i e n t to point out automorphisms of the 

li n e a r spaces A and B, s a t i s f y i n g an ad d i t i o n a l condition. 

Lemma 3.1. 1) If (tr ,ot,<r ) is an automorphism of an exact linear 
A B „ 

automaton a=(A,r,B), y=(cp ,</<) is an element of TcEnd (A, B)=End 
A 

AxHom(A,B), then 

jra=((r 1cp tr , cr
 1

0er ) . 
A /A A' A

 V

 B 

2) If (er ,a,tr ) is an automorphism of an exact biautomaton a=(A,r,B), 
* B 

y=(cp ,|/r,ep ) is an element of TcEnd (A, B) =EndAxHom(A, B)xEndB, then 
A B 

701= (er cp er , er wcr ,<r cp er J. 
A *A A A B B B B 

Proof. 1) Let yex=(ep' ,<ji' )er and aeA. Then, by the d e f i n i t i o n of an 
A 

automorphism of an automaton (aoy)er =aer °ya. Since aoy=aep , then 
A A A 

(aoy)<r =acp cr , and since ya=(ep' ,0' ) then aer oya=atr cp' . Hence, 
A A A A A A A 

acp cr =acr ep' , cp er =tr cp' , and f i n a l l y cp'=er ep er . S i m i l a r l y , from the con-
A A A A A A A A A A A A 

d i t i o n (a*y)er =aer »ya i t f o llows c/('=cr
 1

i/«r 
A A A B 

The v a l i d i t y of the second statement of the lemma i s proved i n 

the same way. 
Denote by S ,2 the groups of a l l the automorphisms of the l i n e a r 

A B 

spaces A and B respectively. Let consider the Cartesian product Z=Z
A
XE

B 

and define the action of Z on End
b

(A,B): i f (cp . 0, ep )eEnd
b

(A, B), 
A B 

(cr ,er )eZ, then 
A B 

(tp ,iA,tp ) o (er ,er } = (er
 l

tp er ,er Sto" ,<r V er ) . 
A B A B A A A A B B B B 

Lemma 3.2. Let a=(A,r,B) be an exact biautomaton, rcEnd(A,B), and 

(cr ,er ) be an element of Z xZ such that for all elements y=(tp ,0,ep )ef 
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the inclusion (ep̂ , I/I,ip^)°(cr^,<r JeT i s valid. Then the mapping a:T - * f 

defined according to the rule: (<p , ill,® )a=(<p , i/i, a> ) o (tr , cr ) , is an auto-
r

A
 r

 '*B A B A B 

morphism of the semigroup r , and the triplet (er^ot.cr^) i s an automor

phism of the biautomaton 3. 

This simple lemma means that the element (cr ,tr ) of S determines 
A B 

an automorphism of the biautomaton, i f (er , cr ) s a t i s f i e s the conditions 
A B 

of Lemma 3.2. 

3.3.2. Automorphisms of universal biautomata 

Let Atm
1

(A, B) = (A, End^tA, B), B) be an universal biautomaton. I t 

follows from the obvious i n c l u s i o n (ep ,<li,<p )°(er , er )sEnd
b

(A,B) and from 
A B A B 

Lemma 3.2 that the f o l l o w i n g i s true: 

Proposition 3.3. The group of automorphisms of an universal bi

automaton Atm
1

(A,B) i s isomorphic to the Cartesian product X xZ of the 
A B 

groups of automorphisms of linear spaces A and B. 

2 
Consider automorphisms of the universal biautomaton Atm (T,B). 

Proposition 3.4. The group of automorphisms of an universal bi-

automaton Atm (r,B) i s isomorphic to the group of automorphisms of the 

representation (B,D. 

Proof. Let (cr^a) be an automorphism of the representation (B,D 

and (er^.a.er^) be an automorphism of the universal biautomaton 

2
 r 

Atm (r,B) = (B ,r,B) having the same a and er . By the d e f i n i t i o n of an 
r
 B 

automorphism of a biautomaton, i f <peB , yer, beB, then 
(cp°y)er =(po- °yot , 

A A 

(cp*y)er =eper *yex , 
B A 

(b-y)er =ber -yet . 
B B 

We w r i t e the second of e q u a l i t i e s i n a more involved form 

(cp'y )er =ip(n )er ; cper »ya=tper (ya), 
B B A A 

Hence 

<p(y )er =<per ( y a ) . 
B A 

Denote rex=x, then y=xa ; thus, 
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ep<r
A
(x)=<p(xa Ho* . (3.4) 

The l a s t of e q u a l i t i e s determines the automorphism cr of the l i n e a r spa¬
r
 A 

ce A=B . Thus i f (o^.a.o- ) i s an automorphism of the biautomaton 

Atm (r,B), then cr should be defined by the e q u a l i t y (3.4). V e r i f y that 

a t r i p l e t (<r ,a,<r ) , w i t h cr thus defined, i s indeed an automorphism of 
A B A 

the biautomaton. The f a c t of <r being a l i n e a r transformation of the 
r
 A 

space A=B i s clear.The condition (3.3) follows from the I n i t i a l condi

t i o n . Equality (3.2) i s f u l f i l l e d , since cr was chosen i n an appropriate 

A 
way. I t remains to check the condition (3.1), namely one should show 

that (<p°y)o- =cpcr oya: 

A A 
—1 —1 —1 

((cpoyjo-^) (x) = ( (epoy) (xa ) )o-
B
=(<p(y (xa ))-<p(y)-xa )CT

B
= 

— I — l — l — l 
= (cp(y(xa ) )o-

B
-(*>(r)-xa )o"

B
=*> ly (xa ) )o-g-<p (y )CT

b
' (xa )a= 

=<p(y(xa ) )o-
B
-cp(y)<rB'X. 

On the other hand, 

(<pcr oya) (x) )=<pcr (yax)-iper (ya)-x=<p ((yax)a 1)<r -<p(yaa Her -x= 

A A A B B 
=<p(y(xa H )cr

B
-cp(y )cr B ' X . 

Hence 
(cpoy)cr =(pcr oya. 

A A 
F i n a l l y , i t i s easy to v e r i f y that the correspondence, uniquely assig

ning to each automorphism (cr ,a) of the representation (B,D an automor-
2 

phism (<r ,a,<r ) of the automaton Atm (r,B), preserves the m u l t i p l i c a -A B 
t i o n , and hence defines an isomorphism of the groups of automorphisms 

mentioned i n the conditions of the Proposition. 

Proposition 3.5. The group of automorphisms of an universal biau

tomaton Atm
3

(A,D is isomorphic to the group of automorphisms of the 

representation (A,D. 
Proof. Let (cr ,a) be an automorphism of the representation (A,D A

 3 
and (cr ,a,<r ) be an automorphism of the biautomaton Atm (A, D = 

A B 
(A.r.AtsKT). We remind that the operations * and • i n the automaton are 

defined as follows: i f aeA, yef, then a»y=a®y; i f a®ueA|KT, yef, then 
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(a®u) •y=a®uy-(a°u)®y. 

Since (cr ,<x,<r ) i s an automorphism of a biautomaton, the e q u a l i t y 

A B 
(a»y)cr =atr *yot should be held, from which 

B A 
(a®y )er =a<r ®ya. (3.5) 

B A 
The l a t t e r e q u a l i t y defines the action of <r on generating elements of 

the space A|KT, which by l i n e a r i t y i s extended to the whole of the spa

ce A®KT. We v e r i f y that the t r i p l e t (o^.a.o^) w i t h the given o^, a and 

or , defined by the e q u a l i t y (3.5), i s indeed an automorphism of the b i 

automaton Atm
3

(A,D. By the condition, (tr ,<x) i s an automorphism of the 

A 
representation (A,D and the v a l i d i t y of the condition (3.2) i s determi

ned by the construction of «r . I t remains to show the v a l i d i t y of the 

condition (3.3): (b-y)cr =bcr ")a, where b=a®ueAaKr. 

B B K 
(b-y)cr =( (a®u) 'Tf)cr = (a®uy-(a°u)®y )cr = (a®uy)cr -((a<>u)®y )cr = 

B B B B B 
=acr ®(uy)a-(aou)(r ®y<x=a<r ®ua-ya-(a<r °ua)®y<x. 

A A A A 
On the other hand, 

txr •ya=(a®u)<r •ya=(a<r ®ua) •ya=ao- ®u<x-ya-(acr <>ua)®ya. 
B B A A A 

Thus, (b"y)cr =bcr -ya. 
B B 

The one-to-one correspondence, assigning i n such a way to each 

automorphism (cr ,a) of the representation (A,D an automorphism 

A 
3 

(cr^.a.cr^) of the universal biautomaton Atm (A,D i s an isomorphism of 

the groups of automorphisms of the representation (A,D and of the b i -

3 
automaton Atm (A,D. 

Note that the groups of automorphisms of universal pure automata 

and universal l i n e a r automata are described i n a s i m i l a r way [ 1 7 ] , and 

that groups of automorphisms of the universal biautomaton Atm'fA.B) and 

the corresponding universal l i n e a r automaton of the f i r s t type are iso

morphic. The groups of automorphisms of an universal biautomaton 

Atm (A,D and the universal l i n e a r automaton of the t h i r d type are also 

isomorphic. 

3.3.3. Automorphisms of the triangular product of biautomata Lemma 3.6. If (cr ,a,<r ) is an automorphism of the triangular pro-
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duct of biautomata 9 79 =(A ©A , r , B ©B ) = (A , r,B), then the elements cr 
and cr allow the matrix form: 

cc 
22 

a
 1 

2 1 cr = 
f 3 

2 2 
P 2 l ' 

0 a 
l i

 ; A 0 P

l l • 

a sHom(A ,A ) , 8 €Hom(B ,B ) , i , 1=1,2. 
l j l J l J l J 

Proof. I t follows from the d e f i n i t i o n of the t r i a n g u l a r product 

t h a t , i f A' i s T-invariant subspace of A s then e i t h e r A'DA 

A'eA 

ar cr (r or 
Consider ( A ^ . r , B i B ) = ( A

i
\ r , B ^ ), the image of the biautomaton 

(A , r ,B )c9 under the automorphism (cr ,a.,tr ) of the biautomaton 9. Since 1 1 A B 
<r <r cr A A A 
A i s a T-invariant subspace, e i t h e r A cA , or A 3A I t follows that I 1 1 1 1 
A =A (since <r i s automorphism of space A, and A i s a f i n i t e -

I I A 
dimensional space). The proved f a c t means that the element cr has the 

A 
required matrix form. S i m i l a r l y the statement of the lemma f o r cr^ i s proved. 

venient to use the f o l l o w i n g notations: 

Along w i t h the matrix form of the elements cr and cr , i t i s con-6 A B 

cr =(a , a , a ) , 
A 22 21 11 

a- =(8 ,8 ,8 ) . 

B 22 21 11 

(cr ,cr ) = (a ,a , 
A B 22 21 

;8 ,B ,8 )eS xZ 
11 22 21 11 A B 

Let 9 =(A , r ,B ) and 9 =(A , r ,B ) be the exact biautomata. Not 

1 1 1 1 2 2 2 2 
r e s t r i c t i n g g e n e r a l i t y , one can assume that r cEnd(A , ) , i = l , 2 . A des

c r i p t i o n of automorphisms of the t r i a n g u l a r product i s given by f o l l o 

wing: 

Theorem 3.7. An element 

defines an automorphism of the triangular product of exact biautomata 

9 V9 , if and only if the element (a ,8 ) of Z xZ defines an auto-

1 2 * 22 ^ 2 2 A2 Bg 
morphism of the biautomaton 9 =(A ,T ,B ) , while the element (a ,8 ) 

~ 2 2 2 2 11 11 
of Z xZ defines an automorphism of the biautomaton 9 =(A ,T ,B ). A

l
 B

l i i i i 

Proof. The semigroup T of inputs of the t r i a n g u l a r product of 

biautomata can be considered (item 3.2.1) as a semigroup of matrices of 

the form 



152 

V 
22 

* 2 2 V 
21 

f 
21 0 5 

22 
0 s 

21 0 0 V 
11 

<P 
11 

0 0 0 s 
11 

(3.6) 

H sHom(A , A ) : 
1 J 1 J 

o <=Hom(A ,B ); 8 eHom(B ,B ); 
U i J i J i J 

s a t i s f y i n g the condition 

[v ,ip ,8 )er , (u ,<p ,8 )er 
2 2 22 22 2 11 11 11 1 

(3.7) 

End(A ©A ,B ©B ) . The 
1 2 1 2 

Consider the biautomaton representation u:T 

image of T under t h i s representation u w i l l be denoted by f . I f 

x=( v , m ,8 ) e r ' , then 

v v 
22 21 0 v 

= (l> , V ,v ) 22 21 11 
If If 2 2 21 
0 If 

-i<f ,<f> ,f ) r 2 2 * 2 1 r l l 

5 8 2 2 21 
0 5 

= (5 ,5 ,8 ) 2 2 21 11 

Thus, the elements of the semigroup P can be regarded as matrices of 

the form 

V 
22 

V 
21 

f 
^ 2 2 

<f 
* 2 1 

0 V 
11 

0 f 
11 

0 0 5 
22 

8 
21 

0 0 0 s 
11 

(3.8) 

A matrix of form (3.8) belongs to P i f and only i f the corres

ponding matrix of the form (3.6) belongs to T, i.e . when the conditions 

(3.7) are f u l f i l l e d . 



153 

I f x=(i>,<p,3) = (i> ,i> u ;ip ,<c ,<p ;8 ,S ,S ) i s an a r b i t -
22 21 11 ' 2 2 21 11 22 21 11 rary element of F' and 

<r=(<r , 0 - ) = (a . a .« ;8 ,8 ,8 ) of Z xZ then, 

A B 22 21 11 22 21 " l l A B 
according to the d e f i n i t i o n , xo<r=(o-

 1

i»cr ,<x
 1

ip<r ,<r
 1

6o- ) . Simple calcula-
A A A B B B 

t i o n shows that 
(tr v<r ,<r if<r ,tr S<r ) = (i>' , i> ' ,«>' ,a>' ,<p' ,S' ,8' ,8' ) A A A B B B 2 2 21 11 2 2 21 l l 2 2 21 11 

where, i n p a r t i c u l a r , 

, - l v =a v a 
2 2 2 2 2 2 2 2 

v =a v a 11 11 11 11 

o' =a if 8 
2 2 2 2 2 2 2 2 

If' =0L If B 1 1 11 11 11 (3.9) 

5' =8 6 8 
2 2 2 2 2 2 2 2 

8' =B 8 B 11 11 n i l 

In order the element x<><r belongs to T' , i t i s necessary and suf

f i c i e n t that the condition (3.7) be f u l f i l l e d , i.e. that 

(v' ,if' ,o-' )er and (v' ,if' ,8' )e.r . With accounting f o r the equali-

2 2 2 2 2 2 2 11 11 11 1 
t i e s (3.9), we have 

lv' ,if' ,8' ) =(a 1v a ,a
 l

a> 8 ,B~
1

S B ) = 

2 2 2 2 2 2 22 22 22 22 22 22 22 22 22 
f a "

1

 0 1 
22 

V If 22 22 ' a 0 
22 

0 B-
1 

1 22 J 
0 8 >• 22 0 8 

*• 22 ' 

= (a ,8 ) (v ,<P ,S )(a ,B ) = (v ,if ,8 )°(a ,8 ) . 
22 22 22 ^ 2 2 22 22 22 22 ^ 2 2 22 22 22 

S i m i l a r l y . (»" ,8' ) = (v ,if ,8 )»(a ,8 ) . Thus, i n order that J

 n n n l l l i n l l n 

the element x«o- l i e i n V' , i t i s necessary and s u f f i c i e n t that 

(v .if ,8 )°(a ,8 )er and (v ,w ,8 )<>(a ,B )t=T . 

22 *^22 22 22 22 2 11 M l 11 11 11 1 
The l a t t e r inclusions mean that (

a

2 2
>P

2 2
' determines an automorphism of 

the biautomaton 3 and (
a

1 1
- f

s

l l
)
 a n

 automorphism of the biautomaton 9^, 

as required. 

Note that there are papers on groups of automorphisms of other 
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automata constructions. In p a r t i c u l a r , automorphisms of wreath products 

of pure automata are being studied i n [16]. Some d e s c r i p t i o n of such 

wreath products has been given, while the problem of t h e i r complete des

c r i p t i o n remains. 



155 

CHAPTER 4 

VARIETIES OF AUTOMATA 

I d e n t i t i e s of automata give the important i n v a r i a n t , which des

cribes automaton f u n c t i o n i n g . Using the language of v a r i e t i e s and iden

t i t i e s we can c l a s s i f y various automata. Automata, free i n c e r t a i n 

v a r i e t y , are of special i n t e r e s t from t h i s point of view. We study the 

corresponding theory f o r pure automata, as well as f o r l i n e a r automata 

and biautomata. 

4.1. I d e n t i t i e s of pure automata 

4.1.1. Defining and i d e n t i c a l r e l a t i o n s 

Let us consider the automaton 9=(A,r,B) w i t h a c e r t a i n system of 

generators Z,X,Y. The given automaton i s a homomorphic image of the free 

automaton Atm(Z,X,Y): natural embeddings Z —> A, X —> T and Y —> B are 

uniquely extended to the epimorphism p:Atm(X,Y,Z) -* 9. Let p=(p ,p ,p ) 

be a kernel of t h i s epimorphism. Then 9=Atm(Z,X, Y)/p. 

The congruence p i s ca l l e d the complete system of defining rela

tions of the automaton 9 Three sets Z,X,Y of generators together w i t h 

d e f i n i n g r e l a t i o n s p=(p ,p ,p
3
) completely determine the automaton 9. 

However, i t i s not necessary to proceed from the complete system of de

f i n i n g r e l a t i o n s i n order to define 9. One may confine to a c e r t a i n ge

nerating t r i p l e t of r e l a t i o n s . Let 9=(A,r,B) be an automaton and 

T=(T , x , T
3
) be three binary r e l a t i o n s on A,T,B respectively. This t r i p 

l e t i s c a l l e d the relation on the automaton 9. 

Given the r e l a t i o n T = ( T ,T ,T ) on the automaton 9=(A,r,B), des-

1 2 3 
c r i b e the congruence p=(.p

i
,p

z
,p

3
) generated by T. AS p^ take the congru

ence of the semigroup T generated by the r e l a t i o n x, , Define the r e l a 

t i o n x' on A by the r u l e : i f aeA; y ^ y ^ r , then (a»y
j
 Jr* (a°y

z
) i f and 
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only i f 3'
1
P
2
3'

2
 Let us c a l l the equivalence 6 i n A in v a r i a n t w i t h res

pect to T, i f a 5a implies (a °y)5(a o y ) . Now, f o r p , take equivalence 
1 2 1 2 K i 

on A containing t v f ' , which i s minimal invariant w i t h respect to T. 

Let, f u r t h e r , the r e l a t i o n T'^ on the set B be defined i n the f o l l o w i n g 

way: (a «y )x'(a »y ) , i f a p a and y p y where a ,a eA; y y er. As 

1 1 3 2 2 1 1 2 1 2 2 1 2 1 2 
p^ take the equivalence generated by the r e l a t i o n

 T

3

U T

3
 Then 

p=(p ,p ,p ) i s a congruence. Indeed, l e t a ^ a ^ and 3
f

1
P
2
3
r

2
- Hence 

(a °y )p (a °y ) , since p 3T' and y p y . In i t s t u r n , (a °y )p (a °y ) , 

1 1 1 1 2 1 1 1 2 2 1 2 1 2 2 
since a p a , and p i s invariant w i t h respect to T. F i n a l l y , n 2 i 
(a oy )p (a oy ) . Since p =T', then ((a *y )p (a *y ) . I t i s clear that 

1 1 1 2 2 3 3 1 1 3 2 2 
p i s the minimal congruence containing T. 

I f the automaton 9=(A,T,B) i s isomorphic to Atm(Z,X,Y)/p and the 

congruence p=(p^,p^,p^, ) on Atm(Z,X,Y) i s generated by a c e r t a i n r e l a 

t i o n T=(T ,T ,T ) , then 9 i s said to be defined by the system of genera-

1 2 3 
tors (Z,X,Y) and by the system of defining relations T = ( T > T . T ) . 

Now consider the I d e n t i c a l r e l a t i o n s of automata. Along w i t h de

f i n i n g r e l a t i o n s , they describe each given automaton by means of free 

automaton. 

Let Atm(Z,X, Y) = (H,F,*) be a free automaton and 9=(A,r,B) be a 

ce r t a i n automaton. Take a p a i r of elements h , h eH. We say that the 

identical relation, or b r i e f l y , the identity in the states h =h , i s 

' 3 1 2 
f u l f i l l e d i n the automaton 9, i f f o r any homomorphism p=(p ,p ,p ): 

u p 

Atm(Z,X,Y) -» 9, the eq u a l i t y B holds. (Recall that d e f i n i n g r e l a 

tions are associated w i t h a d e f i n i t e homomorphism). I d e n t i c a l r e l a t i o n s 

i n input signals (they have the form f s f ^ , f .f^teFJ and i n output s i g 

nals (<fi=ifiz, qp ,(p e*) are defined i n a s i m i l a r way. The system of a l l 

i d e n t i c a l r e l a t i o n s of the automaton can be understood as a union of 

i d e n t i t i e s i n states, i n inputs and i n outputs. 

Let us consider the i d e n t i c a l r e l a t i o n s of the given automaton 9. 

Define r e l a t i o n s P
l
<P

2
<P

2

 o n

 the sets H,F and $ of the free automaton 

Atm(Z,X,Y)=(H,F,*) by the rules: h p h i f the i d e n t i t y i n states h =h 

1 1 2 1 2 
i s f u l f i l l e d i n 9; f p f i f there i s the i d e n t i t y i n inputs f s f i n 9: 1 2 2 1 2 
<P

l
P
3
'P

z
 i f the i d e n t i t y i n outputs f^=f

2

 i s

 s a t i s f i e d . 
I t i s natural to c a l l p=(p

i
,p

2 >
P

3
) the system of identical rela-
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tions of the given automaton. The congruence e=(e ,9 ,8 ) of the automa-1 2 3 
v v 

ton 9 i s c a l l e d completely characteristic i f a 9 a implies a *9 a *: 

v
 v

 v v
1 1 2 1 1 2 

y

i e 2 y 2
 i m

P
l i e s

 *i
 e

2
T •

 b

1

e

3

b

2
 implies b^B b

 3

, f o r any endomorphism 

' ^ " l ' V a ^ 9 —> 9. I n other words the congruence i s said to be comple

t e l y c h a r a c t e r i s t i c i f i t preserves a l l endomorphisms of the automaton 

9. 

Proposition 1.1. The system of all identical relations 
P =

'
P

l P 2 ' P 3 ^ °
f the

 &
iven

 automaton 9 is a completely characteristic con

gruence of the free automaton Atm(Z,X,Y). 

Proof. Let u" be a c e r t a i n homomorphism of Atm(Z,X, Y) to 9 and 

p
a

=Keru
a

. Then, evidently, p i s the i n t e r s e c t i o n of a l l p
a

 on a l l pos

s i b l e u
a

. Therefore, p i s a congruence. I t i s l e f t to v e r i f y that t h i s 

congruence i s completely c h a r a c t e r i s t i c . Take an a r b i t r a r y endomorphism 

i>=(i> , v , v ) of the free automaton Atm(Z,X,Y) and l e t the i d e n t i t i e s 

h "fa » *\
Sl

V #
l

m

P
i

 b e

 f u l f i l l e d i n 9. We must check that the i d e n t i t i e s 

v v v v v v 1 1 2 2 3 3 
h =h , f =f , <p =«p hold. Let p=(p ,p ,p ) be an a r b i t r a r y homo-1 2 1 2 1 1 2 3 

v p v p v p v p 
morphism Atm(Z,X,Y) -> 9. Then (h

 1

)
 1

=h
 1

 *= h
 1

 ^ ( h
 1

) . S i m i l a r l y , 

1 1 2 2 
v p v p vv p v p 

( f ) =U ) and (<p ) ={<p ) . The Proposit ion i s proved. 

On the other hand, i t i s clear that each completely characteris

t i c congruence p i s the system of a l l i d e n t i c a l r e l a t i o n s of the automa

ton Atm(Z,X,Y)/p. Together w i t h the Proposition 1.1 i t implies that the 

problem of d e s c r i p t i o n of i d e n t i c a l r e l a t i o n s of automata i s equivalent 

to that of completely c h a r a c t e r i s t i c congruences of the automaton 

Atm(Z,X,Y). 

I t i s necessary to remark, that speaking about a l l the i d e n t i t i e s 

of the automaton 9, we consider them i n the given free automaton 

Atm(Z,X,Y). This f r e e automaton changes whenever the sets Z,X,Y change. 

In order to avoid t h i s uncertainty proceed to the free automaton 

Atm(Z,X,Y) whose a l l three sets are countable. One can consider the 

i d e n t i t i e s of any automaton i n t h i s one. Indeed, every separate i d e n t i t y 

contains only a f i n i t e set of variables, while t h e i r number may inc-
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rease. 

I d e n t i t i e s of the automaton 3=(A,r,B), considered here, are the 

i d e n t i t i e s from the point of view of the free automaton Atm(Z,X,Y). Ke

eping i n view the category of the automata w i t h f i x e d semigroup of i n 

puts T, l e t us introduce the concept of T - i d e n t i t y . T-identity in states 

h^=h
2
 i s defined i n a way s i m i l a r to the i d e n t i t y i n states, but i n t h i s 

case h and h are the elements of the set of states of the automaton 
l 2 

Atny(Z,Y), and u=(n
i
, u^, ) i s an a r b i t r a r y homomorphism of AtiryCZ.X) to 

3, i d e n t i c a l on T. The d e f i n i t i o n of r * - i d e n t i t i e s i n outputs i s analo

gous to that of r - i d e n t i t i e s i n states. The system of a l l r - i d e n t i t i e s 

of the automaton 3 i s the union of r - i d e n t i t i e s i n states and of 

r - i d e n t i t i e s i n outputs. In order to emphasize the difference between 

i d e n t i t i e s and r - i d e n t i t i e s the f i r s t ones are sometimes c a l l e d the 

absolute identities. 

r-congruence of the automaton 3=(A,r,B) i s a congruence of the 

form (p
i
,Sj,,p

2
), where 8^, i s a t r i v i a l (minimal) congruence of the semi

group T. The next statement i s s i m i l a r to Proposition 1.1. 

Proposition 1.2. The system of a l l r-identities of the 

r-automaton Si is a completely characteristic r-congruence of the automa

ton Atm^Z.Y). 

4.1.2. Compatible tuples and identities of r-automata 

Our aim i n t h i s item i s to examine completely c h a r a c t e r i s t i c 

T-congruences of the free automata of the type Atny(Z,X) and to provide 

the d e s c r i p t i o n of r - i d e n t i t i e s . 

Let us assign to each automaton 3=(A,r,B) the f o l l o w i n g four i n 

variants. Denote by T) the kernel of action of the semigroup T
1

 i n A: 

r Uy , i f f o r any aeA holds a°y = a o y • y r er I t i s a congruence of 

i t . 1 2 1 2 
the semigroup T . Denote by T the kernel of the external action (exter

nal kernel) of the semigroup T: y ^ y ^ i f f o r any aeA holds a»y =a»y ; 

y .y er. * i s the l e f t congruence of the semigroup T. I t i s clear that 

the i n t e r s e c t i o n ijnx i s a kernel of the corresponding automaton repre

sentation of the given T. Denote by U the set of a l l elements of yer
1 

such that f o r any a and a from A holds a »y=a o y . U i s a two-sided 
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ideal of the semigroup T
1

 c a l l e d the annihilator of the action T I n A. 

Denote by V the set of a l l elements yer such that f o r any a and a from 

3 1 2 
A, a

i
»y=a

2
»y takes place. V i s the l e f t i deal of the semigroup r c a l l e d 

the annihilator of the external action of t h i s semigroup. The sequence 

( T I . U . T . V ) thus defined i s c a l l e d a tuple of kernels and annihilators 

corresponding to the automaton 9. 

Let T be a semigroup, TJ a c e r t a i n congruence i n r
1

, T a l e f t con

gruence i n T, U an ideal i n r
1

, V a l e f t ideal i n r. The sequence 

(tuple) (n,U,x,V) i s c a l l e d a compatible tuple of the semigroup r i f i t 

s a t i s f i e s the f o l l o w i n g conditions: 

1) U i s a union of c e r t a i n cosets of the congruence 7). 

2) Each coset of the congruence rj belonging to U i s a l e f t 

i d eal i n r*. 

3) V i s a union of c e r t a i n cosets of the equivalence x. 

4) Each coset of the equivalence x belonging to V i s a 

l e f t i d e a l i n r. 

5) I f y
i
W

2
» T j . y ^ r , then f o r each yer holds (y y)x(y y ) . 

6) I f o-eU, then cryeV f o r any yer. 

Proposition 1.3. The tuple ( T | , U , T , V ) consisting of kernels and 

annihilators, corresponding to the automaton 9, is a compatible tuple. 

Proof. 1) Let a^ and a
z
 be a r b i t r a r y elements i n A, Sell and S'T\S. 

Then a <>5'=a oS=a od"=aoS' Therefore, 5' belongs to U and the whole co-

1 1 2 
set [S] of the congruence T) containing S, belongs to U 

2) Let S be a coset of the congruence 7) l y i n g i n U; SeS, yer. 

Then f o r each element aeA the e q u a l i t y (aoy)o5=a»S takes place. Hence 

a°yS=(a°y)»S=a<>S, i . e . (yS)r)S and ySeS. Thus, S i s the l e f t ideal i n P
1

, 

3) Now assume that SeV, S'xS and
 a

j'
a

2
 from A. Then 

a »S'=a *S=a »S=a *d" . Hence, d" eV and the whole coset IS] of the equi-

1 1 2 2 
valence x belongs to V. 

4) I f S i s a coset of the equivalence x l y i n g i n V, SeS and yer, 

then f o r any aeA holds a*yS=(aoy)»S=a»S. Hence, (yS)xS and ySeS. There

f o r e , S i s the l e f t i deal i n T. 

5) Let T j W ^ yer. Then f o r any aeA, a«y
i
y=(a»y

i
 )*y=(a«y

2
)*y 

=a*y
a
y, i.e. ( y ^ M y ^ ) . 
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6) Take Sell, yer Then f o r any a ,a from A, a »6y=(a °S)*y= 
1 2 1 i 

(a
2
°S )*y=a

2
*5y. 

This implies that 5yeV. 

Note f u r t h e r that since i n a Moore automaton from a o y ^ a o y ^ and 

a i°y=a2°y follows a»y
i
=a*y2 and a i * y

=

a a * y respectively, then tuples of 

kernels and a n n i h i l a t o r s corresponding to the Moore automata a d d i t i o n a l 

l y s a t i s f y the conditions: T J C T , U C V . 

The importance of compatible tuples i s based on the f a c t that 

completely c h a r a c t e r i s t i c r-congruence of the free automaton 

AtnytZ,Y)=(H,T,$) corresponds to each of them. Moreover, there i s one-

to-one correspondence between these congruences which s a t i s f y a c e r t a i n 

a d d i t i o n a l condition of n o n - t r i v i a l i t y (the condition w i l l be formulated 

below) and compatible tuples. Let us construct t h i s correspondence. 

Given a compatible tuple ( T ) , U , T , V ) of the semigroup T, define 

binary r e l a t i o n s p i n H and p i n $. Let h =(z ,y ^~Z1'V i 
h=(z , y )=z »y be the elements from H=ZxT Set h p h . i f z =z and 

2 2 2 2 1 1 2 1 2 
y Tiy , or z *z , but y , y from U and y Tjy . Remind that the set $ i s a 

1 2 1 2 1 2 1 2 
free union of the sets Y and ZxT. I f now tp =(z , y )=z *y , 

l l i l i 
ID =(z , y )=z *y , then assume worn, i f z =z and y ry , or z *z , but 
r

2 2 2 2 2 ' l^3^2 1 2 1 2 1 2 

y i > y 2 from V and y• xy• . A l l elements from Y are considered as indepen

dent cosets by p^. 
Theorem 1.4. The system p=(p ,S_,p ) where p ,p are constructed 

r - j i f->r- 3
 r l 3 

r e l a t i o n s i n H and $ respectively, and 8^, is the minimal congruence of 

the semigroup T, i s completely characteristic r-congruence of the auto

maton AtnyCZ, Y). 

Let us c a l l the completely c h a r a c t e r i s t i c r-congruence 

p=(p
j
, 6̂ ,, P

3
) of the automaton AtnytZ.Y) t r i v i a l by p^ i f f o r c e r t a i n 

elements yeY and <p*y (cpe$), yp^ip i s f u l f i l l e d . This means that a l l ele

ments from 4> form one coset by the equivalence p^ Really, f o r each ele

ment <p^ from $ one can take such endomorphism (p^e^.p^) of the aut oma-
M- P 
3 3 ton AtnytZ.Y), that y =<p , ip =<p. As the congruence p i s completely 

3 ^3 
c h a r a c t e r i s t i c , then VP3<P implies y p ^ , from which (p^p^tp. Since <p 
i s an a r b i t r a r y element from *, t h i s means that the whole 4> forms one 
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coset by the equivalence p^. 

Theorem 1.5. If the set Z contains more than one element, then 

a l l non-trivial completely characterist ic T'-congruences of the free 

automaton AtnytZ.Y) are in one-to-one correspondence with the compatible 

tuples of the semigroup T. 

Not proving the Theorem, show the required correspondence. Let 

( T ) , U , T , V ) be a compatible tuple of the semigroup T and p=(p ,Sp,p
3
) be 

the constructed above corresponding completely c h a r a c t e r i s t i c 

r-congruence of the automaton AtnytZ.Y). This congruence i s n o n - t r i v i a l . 

On the other hand, i f p=(p
i>
 8^,, p^j i s a n o n - t r i v i a l completely characte

r i s t i c congruence of the automaton AtnytZ.Y), then the tuple of the se

migroup T composed of the kernels and a n n i h i l a t o r s of the automaton 

AtnyCZ, Y)/p=(H/p,T,*/p
3
> corresponds to i t . To prove the Theorem one 

must check that t h i s assignment i s one-to-one. 

Now l e t us pass to r - i d e n t i t i e s of the automata. 

Theorem 1.6. Let 9=(A , r , B ) be an automaton with the set B contai

ning more than one element and let ( I ) , U , T , V ) be the corresponding tuple 

of kernels and annihilators in T. Then a l l r-identities of the automaton 

3 have the form 

1. zoy
i
=z»y

2
 f o r elements y ^ j ^ e r

1

, such that TtT)1f
2
-

2. z
i
°y=z

2
<>y f o r a l l yeU. 

3. z*y
i
=z»J

2
 f o r elements y . y ^ r , such that KXTTI2-

4. z
i
*y=z

2
*3r f o r a l l ye.V. 

Proof. A l l r - i d e n t i t i e s of the given automaton c o n s t i t u t e a com

p l e t e l y c h a r a c t e r i s t i c congruence p=(p
i
,6

r >
p

2
) i n Atny (Z,Y) = (H,T,*). 

This congruence i s n o n - t r i v i a l . Really, l e t p be a complete system of 

the d e f i n i n g r e l a t i o n s of the automaton 3, i.e. a^AtiyCZ, Y)/p. I t i s 

clear that pep. Therefore a=(A,r,B) i s a homomorphic image of the auto

maton AtnyCZ, Y)/p=(H/p
i
,r,*/p

3
). I f the congruence p were t r i v i a l , then 

the set */p
3
 and together w i t h i t the set B would consist of one ele

ment, but t h i s contradicts the condition of the Theorem. From the Theo

rem 1.5 f o l l o w s that i f (TJ' , U ' ,x' , V } i s a tuple of kernels and annihi

l a t o r s corresponding to the automaton (H/p ,T,9/p^), and p'=(pJ.
3

r
.P

3
) 
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i s a congruence of the automaton Atny(Z,Y) corresponding to t h i s t u p l e , 

then p=p'. In accordance w i t h the d e f i n i t i o n : 

( z o y j p ^ z ^ ) i f 

1) z, «z =z and 3
r

1

7

)'3
r

2

 o r 

2) Zj*z
2
. out f

1
>V

2
 belong to U ' and TT^'t^ 

3) z =z =z and y T'y or 
1 2 1 2 

4) z
t
*z

2
 but y j . y g belong to V and 3

r

1

T

'3'
2
-

Since p=p', then the i d e n t i t i e s of the automaton 9 have 

the form: 

1) z o y
i
=z»y

z
; where r ^ j a ^ . <T ilMef , 

2) z
i
<=y=z

2
»y; where yeU', (1.1) 

3) z*y
i
=z*y

2
; where yx'y

?
, y ^ y ^ r , 

4) z
i
»y=Z

2
"

,

y; where yeV . 

To complete the proof of the theorem i t i s necessary to show that 

the tuples (T)' ,U' , T ' , V ) and ( T J , U , T , V ) coincide. I f y^ T j y, then f o r any 

yer, yy i T)yy
?
 I t means that f o r a l l aeA aoyy^aoyy^ Thus the i d e n t i t y 

z°yy
i
=z°yy

2
 i s f u l f i l l e d i n A, which i s equivalent to (zoyy^)p^(zoyy^. 

Since z°yy =(zoy)°y = h»y , then f o r a r b i t r a r y heH holds (hoy )p (hoy ) . 

I l l 1 1 2 
Therefore, y\T\'y' and TJCT)' On the other hand, l e t jr n'jr i Then 

(zoy^)p(z°y
2
): the i d e n t i t y z°y

i
=z°y

2
 i s f u l f i l l e d i n 9. Hence, 

a<>y =a°y f o r a l l aeA, that implies y i)y . From t h i s follows the inverse 
1 2 r 1 2 

inclusion T J 'CT) and the e q u a l i t y T ) = T J ' . 

Show that U=U' I f yeU, then f o r a r b i t r a r y y ,y s r , y ^ and y
z
y 

belong to U and (y^y ^ ) . Then f o r a r b i t r a r y elements a , a eA, 
a

i°
7

i
y = a

i ° y 2 y
 a n d a

i° y 2 y = a 2°^2 3 r '
 F r o m

 t h i s follows a ^ o y^ysa^y^. Thus, 

f o r a r b i t r a r y f i x e d y and i n 9 holds the i d e n t i t y z o y y»z o y y, 
which i s equivalent to (z °y y )p (z °y y ) . Since z oy =h and z °y =h , 

l l ~ l 2 2 1 1 1 2 °2 2 
then f o r a r b i t r a r y

 n

i
, h

2
 from H holds (h

j
oy ( h

2
o y ) . This means that 

yeU' and, consequently UcU' . Conversely, i f yeU', then ( z ^ y ) p (z °y). 

Hence the i d e n t i t y z o y =
z
 oy i

s
 f u l f i l l e d i n 9. Therefore f o r a l l 

1 2 
a , a^eA, a °y=a °y holds. So yeU and U'cU. Thus, U=U' The e q u a l i t i e s 

T=T' and V = V are v e r i f i e d i n a s i m i l a r way. The Theorem i s proved. 
Remark. Automaton operations are not e x p l i c i t l y included i n t o the 
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d e f i n i t i o n of the r - i d e n t i t y given at the beginning of t h i s item. I t i s 

proved then that the i d e n t i t i e s of the automaton can be represented i n 

the form (1.1). Here the i d e n t i t i e s of the automaton are the i d e n t i t i e s 

of the a c t i o n . 

I t must be noted that to make a not a t i o n of the i d e n t i t i e s of an 

a r b i t r a r y r-automaton, i t i s s u f f i c i e n t that the set Z contains two ele

ments. 

4.1.3. I d e n t i t i e s of a r b i t r a r y automata 

Now, we consider completely c h a r a c t e r i s t i c congruences of absolu

t e l y f r e e automata Atm(Z, X, Y) = (H,F,*). 

Let 9=(A,r,B) be an automaton and l e t ( T ) , U , T , V ) be the correspon

ding tuple of kernels and a n n i h i l a t o r s i n T. Let F=F(X) be a free semi

group over the set X. Define i n F corresponding to the automaton 9 tuple 

(TJ , U , T , V ) : 
V F F F F 

i) i s the f o l l o w i n g binary r e l a t i o n i n F : f it f ( f , f eF ) , i f 
F
 &

 * l ' F 2 l 2 
f o r any homomorphism u:F —* T , t r a n s f e r r i n g a u n i t i n t o a u n i t , 

i s f u l f i l l e d . I t i s easy to understand that TJ i s a completely 

c h a r a c t e r i s t i c congruence of the semigroup F , namely a congruence of 

a l l i d e n t i t i e s of the semigroup r V i ) ; 

fjp i s a completely c h a r a c t e r i s t i c congruence of a l l i d e n t i t i e s of 

the semigroup T i n F. 

T i s a binary r e l a t i o n i n F defined by the ru l e : f t f i f f o r 
F I F 2 

any homomorphism u: F -> T, f ^ T f " i S f u l f i l l e d , T i s a completely cha

r a c t e r i s t i c l e f t congruence i n F: f o r each endomorphism v of the semi

group F from f T f follows fVT f
V

 I t can be shown that x may not be a 
a c 1 F 2 1 F 2 F 

two-sided congruence. 
U i s a set of a l l feF f o r which f o r any homomorphism 

F 

u:F -> T; 
V i s a set of a l l feF f o r which f o r any homomorphism 

F 

u:F -> T. 

U i s a two-sided completely c h a r a c t e r i s t i c ideal i n F
1

 and V i s 
F F 

a l e f t completely c h a r a c t e r i s t i c ideal i n F. I t i s obvious from the de

f i n i t i o n that (TJ , U , T , V ) i s a compatible ( i n the sense defined ear-
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l i e r ) tuple i n F and that the inclusi o n £ en nx holds. The constructed 

F F F 
tuple (TJ ,U .6 ,x .V ) i s cal l e d an external tuple of the automaton 3. 

F F F F F K 

Remark. Show that the l e f t completely c h a r a c t e r i s t i c congruence 

is not necessary a two-sided one. As an example take a fr e e semigroup 

F=F(X) and denote by L the l e f t ideal generated by the squares of a l l 

elements from F. This ideal i s completely c h a r a c t e r i s t i c but not two-

2 
sided: f o r example, i t does not contain the element x x where x ,x ^ 1 2 1 2 
from X. Now take Rees congruence by the ideal L. This w i l l be a l e f t 

completely c h a r a c t e r i s t i c but not two-sided congruence. 

Let us consider the tuple (i), U, £, x, V) i n which 7) and £ are com

p l e t e l y c h a r a c t e r i s t i c (two-sided) congruences of the semigroup F=F(X), 

x i s a l e f t completely c h a r a c t e r i s t i c congruence of t h i s semigroup, U i s 

a two-sided and V i s a l e f t completely c h a r a c t e r i s t i c ideal i n F. Let us 

c a l l i t a completely character 1stic tuple i n F i f (ij,U,x,V) i s a compa

t i b l e tuple and £jci)nx. 

Theorem 1.7. All non-trivial completely characteristic congruen

ces of the free automaton Atm(Z,X,Y) = (H, F, 4) are in one-to-one corres

pondence with the completely character i s t i c tuples (i),U,£,T,V) in F. 

Theorem 1.8. Let 3=(A,r,B) be an automaton with the set B contai

ning more than one element and l e t (i> ,U ,£ ,x ,V ) be i t s external 

tuple. Then a l l identities {absolute) of the automaton 3 have the form: 

1) z°f =z»f f o r the elements f ,f eF
1

 such that f ri f : 

1 2 1 2 l F 2 
2) z °/=z °f f o r a l l feU ; 

1 2 F 
3) z*f =z»f f o r the elements f , f eF such that f x f : 

1 2 1 2 1 F 2 
4) z *f=z »f f o r a l l feV ; 

1 2 F 
5) 9 f o r a l l 8e£ . 

F 
4.1.4. I d e n t i t i e s of universal automata 

a) Take f i r s t the universal automaton Atm
1

(A, B) = (A, S(A, B), B), 

where S(A,B)=S(A)xFun(A,B). In order to describe i d e n t i t i e s of the auto

maton i t i s necessary to know i t s external tuple (n , U , £ ,x , V ) . I t i s 

clear that the congruence TJ^ coincides w i t h the i d e n t i t i e s of the semi

group Ŝ  The congruence x^ Is the following: fx <p (f,<c from F=F(X)) i f 

and only i f f=f x, <p=<p x and f T) <p . Indeed, l e t f x ip, i.e. f o r any ho-
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momorphism u: F — S(A,B) holds a^f^a'ar" • Assume that f = f x , <p=<p x , 
1 1 1 2 

x xeX. Then a»fM=(aof
,1

)*x
,1

=a«^=(ao^
,x

)*x'
1

. Since x^.x*
1

 can be any ele-

1 2 1 1 1 2 1 2 
ments from Fun(A.B), the l a t t e r e q u a l i t y holds only under the condition 

a°f^
l

=a<>(P^, x
j
=x

2
=x. For the same reason, i f f or ic i s equal to xeX, then 

f=f. Thus, f = f
i
x , ( p ^ x and OfJP. The inverse statement i s evident. 

From t h i s follows that x i s a congruence (since 17 i s a congruence) 
F F 

defined by T )
f
 and i t i s less than T J ^ . I t i s clear that the sets U and 

are empty. I t remains to consider £^ There i s the f o l l o w i n g f a c t : i f 

the automaton (A, F, B) i s exact, then £ =TJ nx Really, i f f £ f , then 

^ F F F * l ^ F 2 
f ' W f o r any homomorphism u: F — T; therefore a°f*

X

=a.of*
1

 and a*f
fl

=a*f
tl 

1 2 1 2 1 2 
f o r a l l aeA, that i s f TJ f and f x f On the other hand, i f 

1 F 2 1 F 2 
{ (i) nx ) f , then f o r a l l aeA and f o r any homomorphism u:F — T hold 

1 F F 2 * r~ r-
a o / ^ a o f * 1 and a»f^=a»r

+l

 Since the automaton (A,r,B) i s exact, then 1 2 1 2 
therefore, f £ f . The automaton Atm (A,B) i s exact, then as f o l -1 2 I ^ F 2 

lows £ =T) nx =x . Thus, a l l the i d e n t i t i e s of the automaton Atm (A,B) 
F F F F 

are defined by the i d e n t i t i e s of the semigroup S . 
* 2 r 

b) I d e n t i t i e s of the universal automaton Atm (r,B)=(B ,r,B). Show 

that i n t h i s case r\ coincides w i t h the i d e n t i t i e s of the l e f t regular 
F 

action of the semigroup T i n T. Let ^'V'V
 a n (

*
 b e a n

 a r b i t r a r y homo

morphism of F to T. Then f o r any element aer the e q u a l i t y a° f ^ a o f " 
2 

holds. By the d e f i n i t i o n of the action ° i n Atm (T,B) t h i s means that 

a t / ^ V ^ a f f ^ y ) f o r a l l yer. Since t h i s i s f u l f i l l e d f o r a l l functions 

aeB^, then f ^ y = f ^ y . Therefore,
 {

t
= ^

2

 l s a n

 i d e n t i t y of the l e f t regular 

representation (r,D. Inverse statement i s proved i n a s i m i l a r way. 

The congruence T coincides w i t h f ^ , i.e. i d e n t i t i e s of T. Let 
f x f Then a»f'

I

=a»r
+l

 By the d e f i n i t i o n of the action • i n Atm
2

(r,B) 1 F 2 1 2 
hold a ' f ^ a t r " * * ) , a ' f ^ a t f ^ ) . Thus, a(f

>1

)=a(f^) f o r any aeB
r

. Therefore, 1 1 2 2 1 2 
fP=f

>x

 that i s f =f i s the i d e n t i t y of T. Inverse statement i s proved 
1 2 1 2 

i n a s i m i l a r way. The sets U and V are empty. 
3 

c) I d e n t i t i e s of the universal automaton Atm (A,D. In t h i s case 

the representation (A,D i s given and we can proceed from the d e f i n i t e 

ri U and £ . We must f i n d x ,V . Show that x en. and V cU . Construct 
p ' F F F F F F F F 

the f o l l o w i n g Moore automaton (A, T, H) by the representation (A,D. Take 



166 

the set Aor={aoy I aeA, jrer} and repeat i t by a c e r t a i n set H. Denote by 0 

one-to-one correspondence between A°r and H. Extend t h i s ifi a r b i t r a r i l y 

up to the mapping 0' : A ~> H and by t h i s define the Moore automaton 

(A,r,H) w i t h the determining mapping 0'. Consider i t s external tuple 

(TJ ,U , T ' , V ) . 

F F T F F 
By the construction of t h i s automaton T ) = T ' , and U =V . Really, 

P F F F 
f o r any Moore automaton T) C T ' and U cV . Let, on the other hand, -g x'y , 

1 F F F F 1 F 2 
and u: F

 —

> T be an a r b i t r a r y homomorphism of F i n t o V conversing the 

u n i t of the semigroup F
1

 i n t o the u n i t of the semigroup C . Then T^y^ 

and f o r any aeA holds a ' y ^ a * ^ From t h i s by the construction of the 

automata follows aoy^aoy^. Hence, n i) y , T ' C T J and T ' = T ) . The equality 

1 2 1 F 2 F F F F " 
U =V i s v e r i f i e d i n a s i m i l a r way. Since (A,r,H) i s an epimorhic i n 

F F 
outputs image of the automaton Atm (A,D, then

 T

F

C T

F

 a n d

 V^cAT. Thus, we 

have inclusions T CTI , V cU f o r the automaton Atm
3

(A,D. I n p a r t i c u l a r , 

F F F F 
i f T i s a Moore semigroup, then x =ri , V cU . 

o f F F F F 

4.2. V a r i e t i e s of pure automata 

A.2.1. D e f i n i t i o n s . Basic properties 

A class of a l l the automata s a t i s f y i n g a c e r t a i n set of i d e n t i 

t i e s i s called a v a r i e t y of the automata. Such v a r i e t i e s are sometimes 

called the v a r i e t i e s w i t h variable semigroup of input signals i n cont

rast to the v a r i e t y of F-automata, which i s a class of T-automata s a t i s 

f y i n g a given set of r - i d e n t i t i e s . 

In the automata theory v a r i e t i e s can be applied f o r t y p i c a l i n 

algebra purposes. F i r s t of a l l , i t i s a c l a s s i f i c a t i o n of the automata 

by t h e i r i d e n t i c a l r e l a t i o n s . Each automaton i s a homomorphic image of 

the suitable free automaton i n the v a r i e t y generated by the given auto

maton. Therefore free automata of d i f f e r e n t v a r i e t i e s are the matter of 

special i n t e r e s t . 

To each v a r i e t y correspond a special congruence i n i n d i v i d u a l 

automaton, ca l l e d a verbal congruence. Such congruences may be of 

important significance i n the s t r u c t u r a l theorems, i n the problem of 

automata decomposition, i n p a r t i c u l a r . Perhaps a l l t h i s may become 

useful also i n the various technical a p p l i c a t i o n s . Let's consider 
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several simple examples of the automata v a r i e t i e s . 

Examples 

1) The i d e n t i t y z*y y
z
=z*r

2
? ,

 3

V
y

2

e r d e f i n e s

 the v a r i e t y of 

T-automata i n which the external action of the two given elements rt and 

1 i s permutable. 

2) The I d e n t i t y z ^ x ^ z ^ x . x
i >
x

2
eF=F(X) defines the v a r i e t y 

of the automata w i t h the va r i a b l e T i n which the external action of any 

two input elements i s permutable. 

3) The i d e n t i t y z *x=z *x defines the v a r i e t y of automata i n 

1 2 * 
which the r e s u l t i n output does not depend on the state of the automaton 

but depends only on the input s i g n a l . 

4) Two i d e n t i t i e s z*x =z»x and z *x=z *x define the v a r i e t y of 

1 2 1 2 ' 
automata, i n which output signals do not depend neither on the state of 

the automaton nor on the signal on i t s input. 

5) The i d e n t i t y Y j
=

y
2
 assigns the automata w i t h the unique output 

s i g n a l . 

The f o l l o w i n g Theorem i s a p a r t i c u l a r case of the classic theorem 

of B i r k h o f f which i s true f o r the a r b i t r a r y many-sorted (heterogeneous) 

algebras and gives a d e s c r i p t i o n of v a r i e t i e s as closed classes of auto

mata. 

Theorem 2.1. A class 8 of automata is a variety if and only if it 

is closed under taking subautomata, homomorphic images and Cartesian 

products of automata. 

Observe that Cartesian products can be n a t u r a l l y defined i n the 

category of automata w i t h the f i x e d semigroup T and f o r the v a r i e t i e s of 

T-automata there e x i s t s the theorem s i m i l a r to Theorem 2.1. 

As i t has already been mentioned i t i s convenient to define the 

i d e n t i t i e s of the automata i n the free automaton Atm(Z,X,Y) w i t h coun

table sets Z, X and Y. Therefore i n d e f i n i n g of the v a r i e t i e s of automa

ta one proceeds from the automaton Atm(Z,X,Y) w i t h countable sets Z,X,Y. 

I f now e i s a c e r t a i n class of automata, then to each automaton 9^ from 

6 corresponds the completely c h a r a c t e r i s t i c congruence p
a
 i n the given 

automaton Atm(Z,X,Y), namely, the congruence of a l l i d e n t i t i e s of the 
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given 9 i n Atm(Z,X, Y). The i n t e r s e c t i o n p=np on a l l 3 from 8 i s also 

a completely c h a r a c t e r i s t i c congruence, and i t gives a l l i d e n t i t i e s of 

the class 9. In p a r t i c u l a r , to each v a r i e t y of automata 9 corresponds 

the completely c h a r a c t e r i s t i c congruence p of the i d e n t i t i e s which are 

f u l f i l l e d f o r a l l automata from 8. On the other hand, each completely 

c h a r a c t e r i s t i c congruence i n Atm(Z,X,Y) can be regarded as the set of 

i d e n t i t i e s which defines the v a r i e t y of automata. I f we consider only 

completely c h a r a c t e r i s t i c congruences i n Atm(Z,X,Y) then t h i s correspon

dence between the v a r i e t i e s of automata and such congruences i s a one-

to-one correspondence, i.e.; 

Theorem 2.2. There is one-to-one correspondence between varieties 

of automata and completely characteristic congruences of a free automa

ton. 

Bearing i n mind Theorem 1.7 i t follows that the correspondence 

between v a r i e t i e s of automata and completely c h a r a c t e r i s t i c tuples of 

the free semigroup F i s one-to-one. 

Let 9 be a c e r t a i n class of automata, p be a completely characte

r i s t i c congruence of a l l i d e n t i t i e s of t h i s class, 9^ be a v a r i e t y cor

responding to t h i s congruence. Then 9c9 and i t i s clear that 9 i s the 
P P 

minimal v a r i e t y containing 8. This v a r i e t y i s denoted by Var9. 

Introduce the fo l l o w i n g operators on the classes of the automata: 

C i s a Cartesian product operator: i f 9 i s a class of automata, 

then C9 i s a class of a l l Cartesian products of the automata from 9; 

S i s an operator of the t r a n s i t i o n to subautomata: S9 i s a class 

of a l l subautomata of the automata from 9; 

Q i s a homomorphic image operator: QS i s a class of a l l homomor

phic images of the automata from 8; 

V i s a saturation operator: (A,r,B)eV8 i f there e x i s t a homomor

phism i n input signals \b such that (A, r , B)e8. 

Theorem 2.3. Var8=QSC8. 

This theorem i s proved i n a s i m i l a r way to those f o r v a r i e t i e s of 

groups and of representations of groups ( [ 7 8 ] , [ 9 0 ] ) . I n t h i s case theo

rem 2.1 and well known r e l a t i o n s between introduced operators are used. 
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The v a r i e t y of the automata X i s ca l l e d saturated i f i t i s closed 

under the s a t u r a t i o n operator, that i s , i f Vi=f. 

The saturated v a r i e t y generated by the class 9 coincides w i t h 

VQSC9. There are the automata w i t h a r b i t r a r y T i n the saturated v a r i e 

t i e s : considering such v a r i e t i e s we pay a t t e n t i o n not so much on the 

construction of the semigroup of the input signals T but on I t s action. 

The i d e n t i t i e s of the semigroup T are not present i n the set of i d e n t i 

t i e s of the saturated v a r i e t i e s . 

Let I be a v a r i e t y of the automata, and (ri ,U , £ , T ,V ) be the 

F F F F F 
corresponding external tuple. Associate w i t h the given v a r i e t y 3f the 

saturated v a r i e t y of the automata D=V3f, and the v a r i e t y of the semi

groups 9 s a t i s f y i n g the i d e n t i t i e s from In t h i s case the f o l l o w i n g 

c o n d i t i o n i s s a t i s f i e d : 

i f (A,r,B) i s an exact automaton from JJ, then Tee. (*) 

On the other hand, assign to each pair (2),6) w i t h J) and 8 being 

the saturated v a r i e t y of automata and v a r i e t y of semigroups respective

l y , s a t i s f y i n g the condition (•), the v a r i e t y of the automata 

I={(A,r,B) I (A,r,B)eS, re9>. 

I t i s easy to show that t h i s correspondence i s a one-to-one. 

Thus, consideration of v a r i e t i e s of automata i s reduced to that of satu

rated v a r i e t i e s of automata and of v a r i e t i e s of the semigroups. 

Let us introduce the notion of a free union of the automata. Gi

ven the set of the automata 9 =(A ,T ,B ) , a e l , an automaton 9=(A,r,B) 
a a a a 

i s c a l l e d a free union of these 9 i f A i s a free union of the sets A , 
a a 

B i s a f r e e union of the sets B , the semigroup T i s a Cartesian product 
of the semigroups T and the operations » and • are defined by the r u -

a

 n Tt 
les: i f aeA

a
, then aoy=aoy

 ;
 a*y=a*y , where 7r

a
 denotes p r o j e c t i o n of 

T on T I t i s clear, that 9 i s an automaton, 
a 

Remark. I f 9=(A,r,B) i s a free union of c e r t a i n automata 9^ and 

9 . then f o r such automaton 9 a n n i h i l a t o r s U and V defined i n 1.3 are 

2 F F 
empty. Really, i f the element yer belongs to U then a »y=a oy takes 

place f o r any elements a , a from A. However, f o r a
j
eA

i
 and a

2
€A

2
 hold 

it 

a
 oy=a o y 'eA , a^yeA^ This contradicts the f a c t that the sets Â  and 

A are d i s j o i n t . I t i s also easy to see that the set V i s empty. 
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Variety of automata i s cal l e d special i f i t i s closed w i t h res

pect to free unions. 

Proposition 2.4. The variety 8 is special if and only if among 

i t s determining identities there are no identities of the types 

z °f=z o f and z *f=z *f { i . e . annihilator kind identities). 
1 2 1 2 

Proof. Let 9 be a special v a r i e t y and 3 a fr e e union of the auto

mata 3
i >
3

2
 from 9. Then 3e9. By the above Remark, U and V are empty sets 

f o r 3. I t means that among the i d e n t i t i e s of t h i s automaton and conse

quently, also among the i d e n t i t i e s of the v a r i e t y 9 there are no i d e n t i 

t i e s of the type z of=z o f f e l l ; z *f=z * f , feV . On the other hand, i f 

1 2 F 1 2 F 
there are no i d e n t i t i e s of the given type among the i d e n t i t i e s of the 

v a r i e t y 9, then i t i s closed w i t h respect to free unions. Indeed, i t i s 

clear that i f the i d e n t i t i e s of the type zof =zof and z*f =z»f are 
1 2 1 2 

f u l f i l l e d f o r the automata 3 , a e l , then they are also f u l f i l l e d f o r the 

a 
free union of these automata. Besides, i t i s known that i f a c e r t a i n 

i d e n t i t y i s f u l f i l l e d f o r the semigroups T^, a e l , then i t i s f u l f i l l e d 

f o r a Cartesian product of these semigroups. 

Remark. Proposition 2.4 means that i f (T J, U, £ , T , V) i s a completely 

c h a r a c t e r i s t i c tuple of the free semigroup F corresponding to the spe

c i a l v a r i e t y 9, then the ideals U,V are empty. 

The f o l l o w i n g theorem i s a version of the theorem of Remak f o r 

automata. 

Theorem 2.5. Let p^, ael be a certain set of the congruences of 

the automaton 3=(A,r,B) and let P=Tf
a
- Then the quotient automaton 3/p 

is isomorphically embedded into the Cartesian product J]3/p of the auto-

a 
mata 3/p . r

a 
Proof. Denote by p^ a natural homomorphism of the automata 

" a
: 9 —

*
 a /

P
a
-
 T h e

 homomorphism p=(p ,p ,p ):3 —> j]3/p defined by the 

a 
P- p

a 

rule: i f p
a
= (p

a

,p
a

,p
a

) and aeA, yer, beB, then a
 1

 (a)=a H a ) ; 

a a 
M 2 M 2 ^ 3 ''s 

7 (a)=y " ( a ) ; b
 J

(a)=b " ( a ) , uniquely corresponds to the set of a l l 
these p^ From the d e f i n i t i o n of p i t follows that Kerp=p|Kerp =pp =p. I t 

a a a 
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means th a t the automaton 9/p i s isomorphically embedded Into the automa

ton \ f l / p
a
. 

a 

A congruence p equal to the I n t e r s e c t i o n of a l l such congruences 

P
a>
 that a/p

a
e6, i s c a l l e d a verbal congruence of the automaton 9 by the 

v a r i e t y 6. Denote the verbal congruence by 9* ( 9 ) . This congruence I s a 

completely c h a r a c t e r i s t i c one. 
* 

Proposition 2.6. 9 (9) i s minimal among the congruences with the 

property 3/p^ee. 

* 

Proof. By the d e f i n i t i o n , 8 (9)=pp where p are a l l congruences 
a 

w i t h the property 9/p e9. Therefore the statement i s equivalent to 
• - * 

9/8 (9)e8. By Remak's theorem 9/8 (9) i s isomorphically embedded i n t o 
p(9/p . Since a l l 9/p e9, then by B i r k h o f f ' s theorem, f[9/p i s also con-
a a 
tained i n 8. By the same theorem each subautomaton of the given product 

i s also contained i n 8. Therefore, 9/8*(9)e8. 

Corollary. If p is a congruence of the automaton 9, then 9/pe8 is 

equivalent to po8 ( 9 ) . 

Along w i t h the automaton which i s free i n the v a r i e t y of a l l au

tomata (or simply w i t h a f r e e automaton) consider the automaton which i s 

fr e e i n the v a r i e t y of the automata 8. I t i s such automaton 9e8, that 

f o r a c e r t a i n system of i t s generators (Z,X,Y) any mapping of t h i s sys

tem i n t o an a r b i t r a r y automaton 9' from 8 i s uniquely extended up to the 

homomorphism of 9 to 9' . 

Denote such automaton by Atm (Z,X, Y). By contrast to i t the auto-
9 

maton Atm(Z,X,Y) i s an absolutely free one, i . e . a free automaton i n the 

v a r i e t y of a l l automata. 

Proposition 2.7. If p i s a verbal congruence of the absolutely 

free automaton Atm(Z,X,Y) by a v a r i e t y 9, then Atm(Z,X,Y)/p is the auto

maton, free i n t h i s variety 9. 

Proof. Let 9=(A,r,B) be an a r b i t r a r y automaton i n 9 and l e t the 

mappings p : Z —> A, p :X —* T, p : Y —> B be given. I t i s necessary to 

1 2 3 
v e r i f y that these mappings are uniquely extended up to the homomorphism 
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p: AtmtZ,X,Y)/p —> 3. F i r s t take the extension of the mappings p

j
,p

2
,p

3 

up to the homomorphism i>: AtmtZ, X, Y) —> St. Since 3e6, then also 

AtmtZ, X, Y)/Ken>e8. By the Corollary of the previous p r o p o s i t i o n pcKeri>. 

Therefore, there e x i s t s the homomorphism p:AtmtZ,X, Y)/p —> 3, extending 

the given mappings. 

Proposition 2.8. Let 9 be a class of automata, Var8 be a variety 

generated by i t . Consider the homomorphisms p^: AtmtZ,X,Y) —> 3 f o r a l l 

3 from 9. Let p =Kerp , p=pp Then Atm(Z, X, Y)/p=Atm tZ,X,Y). 
a a

 1 r

a V a r 9 

Indeed, from the theorems of Remak and Bi r k h o f f follows that 

AtmtZ,X,Y)/peVar9. From the d e f i n i t i o n of p i t i s clear that p i s a com

p l e t e l y c h a r a c t e r i s t i c congruence of a l l the i d e n t i t i e s of the class 9 

which, i n i t s t u r n , coincides w i t h the congruence of a l l the i d e n t i t i e s 

of the v a r i e t y Var8. This exactly means that AtmtZ,X,Y)/p= 

Atm (Z,X,Y). 
Var8 

Recall that the automaton (A,r,B) i s cal l e d a f i n i t e one, i f A, T, 

B are f i n i t e sets. 
Theorem 2.9. If the class 9 contains a f i n i t e number of f i n i t e 

automata and sets Z,X,Y are f i n i t e , then the free automaton 

Atm (Z,X,Y) is also f i n i t e . 
VarQ 

Proof. Let 3 =(A ,r ,B ) , 1=1,2 n be a l l the automata of the 
l i l l 

class 9. Take a homomorphism p :AtmtZ,X,Y) —> 3, 3e9 and l e t p =Kerp
a

. 

Then AtmtZ,X,Y)/p
a

 i s a f i n i t e automaton. By v i r t u e of f i n i t e n e s s of the 

sets Z, X, Y there i s only a f i n i t e number of d i f f e r e n t mappings of the 

type Z —> A X —> r Y -> B , and therefore, a f i n i t e number of d i f f e 

rent p
a

 and p
a

 I f p=pp
a>
 then by Proposition 2.8 the automaton 

A t m

Var9'
Z

'
X

"Y' i s equal to AtmtZ,X,Y)/p. By Remak's Theorem the l a t t e r 

i s isomorphic to the subautomaton of the Cartesian product 
JjAtmtZ, X, Y)/p , which i s a f i n i t e one. 
a 

4.2.2. V a r i e t i e s of group automata 

Let (A,r,B) be a group automaton, that i s , an automaton w i t h se

migroup T being a group. By Proposition 3.1 from Chapter 1, a group au

tomaton i s always a Moore automaton. As i t was noted, the kernel (the 



173 

kernel congruence) of the Moore automaton (A, T,B) coincides w i t h the 

kernel of the representation (A,D. Any congruence of the group r i s 

uniquely defined by the coset containing u n i t element e. This coset i s 

an i n v a r i a n t subgroup of the group T. Let us denote i t by X and c a l l a 

kernel of the automaton. The automaton i s exact i f i t s kernel i s t r i 

v i a l , that i s , i f £={e}. Together w i t h the kernel of the automaton 

(A, T, B) the external kernel x of (A, T, B) i s defined: V ̂ 1
 &
, r .7 er, i f 

and only i f a«y =a«y f o r each element aeA. Denote by 2 the class [e] 
1 2 i x 

of the equivalence x which contains the u n i t e of the group T; i n other 

words, T-
i
 i s a set of a l l yeT s a t i s f y i n g the condition a»y=a*e f o r a l l 

aeA. 2 i s a subgroup i n T. Indeed, i f <r ,<r are the elements from 2 , 
i 1 2 % 

then a*cr cr =(ao<r )«<r =(a°<r )*e=a*<r =a*e: i f <re2 , then a»e=a*cr"
1

(r= 
1 2 1 2 1 1 l 

— l — l — l 
(aoo- )»o-=(ao<r )*e=a*<r . I t i s evident that EcZ^. Consider the set 

*=rpr T, yer. This set i s a maximal in v a r i a n t subgroup from T contai

ned i n £ » The external kernel T uniquely defines t h i s i n v a r i a n t sub

group. Therefore, l e t us c a l l $ also an external kernel of the automaton 

(A,r,B). I t i s clear that 2c*. The automaton i s c a l l e d absolutely exact, 

i f *={e}. 

The f o l l o w i n g propositions [ 7 9 ] set the connection between the 

v a r i e t i e s of group automata and the t r i p l e t s of the v a r i e t i e s of groups 

9 , 8 , 9 , s a t i s f y i n g the condition e 39 39 . 
1 2 3 1 2 3 

Theorem 2.10. Let X be a v a r i e t y of group automata, 9^ a class of 

groups which are the groups of input signals of the automata from X 

(.allowing a representation in I ) , 6^ a class of groups allowing an exact 

representation in X, 0^ a class of groups allowing an absolutely exact 

representation in X. Then 9 9^, 9 ^ are v a r i e t i e s of groups and 

9 39 39 . 

1 2 3 

Proof. By B i r k h o f f ' s theorem, the class of groups i s a v a r i e t y of 

groups i f i t i s closed w i t h respect to taking of subgroups, homomorphic 

images and Cartesian products, i.e. i t i s closed under the operators S, 

Q and C. 

Let us take the group T from 9
j
 and the subgroup A from T. Since 

Te9 then there e x i s t s the automaton (A,r,B)eI. (A,A,B) i s a subautoma-
l ' 

ton i n (A,r,B) and therefore i t also belongs to X. Hence, Ae9^ and the 
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class 6 j i s closed w i t h respect to the operator S. Consider an a r b i t r a r y 

homomorphism of the groups v.T
v

 A, Tee^ (A , r,B)eI. Take the elements 

a ,b and define the automaton (A ,A,B ) w i t h A ={a } , B ={b } and 
o o o o o o o o 
a o,5=a , a *S=b f o r each SeA. I t i s easy to see that (A ,A,B ) i s a 
o o o o o o 

homomorphic image of the automaton (A , r,B). Therefore, (A
o
,A,B

Q
) also 

belongs to i , AeS^ and the class 9
j
 i s closed w i t h respect to the opera

to r Q. Let now be a set of groups from 8
j
 (a runs through a c e r t a i n 

set I ) and l e t 9 =(A , r ,B ) e l be a set of the automata. The Cartesian 
a a a a 

product of these automata j|9
a
=(A, pT^, B), a e l , also belongs to I , and 

therefore, the Cartesian product of the groups T^ belongs to 6 ; t h i s 

means that the class 6
j
 i s closed w i t h respect to the operator C. Thus, 

the class 6^ i s a v a r i e t y of groups. 

Let Te6 . I t means that there e x i s t s an exact automaton 

2 
(A , r,B)eI. Since the automaton (A,r,B) i s a group one, then i t s exact

ness i s equivalent to the exactness of the representation (A,D. From 

t h i s immediately follows that the class 6^ i s closed under the operators 

S and C. Show that the class 6^ i s closed w i t h respect to the operator 

Q. Take an a r b i t r a r y element b and consider the automaton (A,r,B ) i n 
o o 

which B ={b }, the operation ° i s defined as i n the automaton (A,r,B) 
o o 

and a*y=b
Q
 f o r any elements aeA and yer. This automaton i s a homomorphic 

image of the automaton (A.T.B) and therefore i t belongs to 3f. I t s subau

tomaton (a°r , r,B
o
) also l i e s i n I (here, as e a r l i e r , a°r={a»y, y e r } ) . The 

representation (a»r,r) i s isomorphic to the quotient representation 

(T/p ,D of the regular representation ( r,D. In t h i s case y p y means 
a

 1 a 2 
that a o y ^ = a o y 2 , and the automaton (a<>r,r,B

o
) i s isomorphic to the auto

maton ( r/p a , r,B
o
) w i t h the f o l l o w i n g operation *: y*x=b

Q
, yeT/p , xeT. 

Since the representation (A,D i s exact, the i n t e r s e c t i o n of a l l p , aeA 

i s a congruence, classes of which are i n d i v i d u a l elements of the group 
T. By Remak's theorem the automaton (T,T,B )e(r/np ,r,B ) , aeA, i s a 

o
 1 r

 a o 
subautomaton of the Cartesian product of the automata (T/p ,r,B ) e l . 

a 0 

Therefore, (r,r,B
o
)e3E. I f now A i s a homomorphic image of the group T, 

then (A,A,B
o
) i s a homomorphic image of the automaton ( r , r , B

o
) and the

refore i t also belongs to 3E. Besides, the automaton (A,A,B ) i s exact. 
o 

Hence, Ae9 . 
2 
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I n order to prove that the class 9 i s a v a r i e t y of groups l e t us 

introduce a class 9 ={T| ( r ,I",Del} and show that 9 i s a v a r i e t y of 

3 3 
groups which coincides w i t h the class 9 . We leave to the reader the 

3 
v e r i f i c a t i o n of the f i r s t statement, i.e. that the class 9 i s closed 

3 
under the operators S, Q, C, and check the second one. Let Te9 . Hence, 

3 
an absolutely exact automaton ( r , r,D l i e s i n i and Fee . Thus, 8 c9 . 

3 3 3 
Conversely, l e t Fse^. Then there e x i s t s the absolutely exact automaton 

3=(A,r,B)eJ. Take an a r b i t r a r y element aeA; (a<>r,r,a*r) i s a subautoma
ton i n (A , r,B) and therefore i t also belongs to f . Let us introduce the 

equivalences p and x on T: )• p r i f and only i f a o y = a o y ; y x y i f 

a a 1 a 2 1 2 1 a 2 
and only i f a * y

i
=a * y a . Denote by the t r i v i a l equivalence on F, clas

ses of which are i n d i v i d u a l elements. Then ( p , S p X ) i s a congruence of 
the regular automaton ( T . r . D and (aor.T, a*Ds(r/p , r , r/x ) e l . The i n ¬? a 
t e r s e c t i o n np , aeA i s a kernel of the automaton (A,f\B). The intersec

t i o n nx , aeA i s an external kernel of t h i s automaton. Since the automa-

a 
ton (A , r,B) i s an absolutely exact one, these intersections are equal to 
6^. By Remak's theorem the automaton ( r , r , r ) = ( r/pp , r , r/px ) i s isomor
p h i c a l l y embedded i n t o the Cartesian product of the automata 
(T/p , r , r/x ) and therefore i t also l i e s i n 2; i t means that Te9 , and a a 3 
8^=8^, that proves the Proposition. 

On the other hand, note the fo l l o w i n g statement without being 

proved. Denote by B*(D a verbal subgroup of the group T, i.e. a minimal 

i n v a r i a n t subgroup of T, such that T/9 ( D l i e s i n 9. 

Theorem 2.11. Let B^B^B^ be varieties of groups. Define the 

class of the automata 3f by the rule: the automaton 3=(A , r,B) belongs to 

I if the following three conditions are satisfied 
1) Teg^ 

2) 9 * ( r)cZ, where Z is the kernel of the automaton 3; 

2 
3) 9*(Dc*, where * is the external kernel of the automaton 3. 

Then J is a variety of automata. 
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Theorem 2. 10 assigns to each v a r i e t y of group automata three em

bedded i n t o each other v a r i e t i e s of groups. Theorem 2.11 to each such 

t r i p l e t of the v a r i e t i e s of groups assigns a v a r i e t y of group automata. 

The f o l l o w i n g statement shows that t h i s assignment has the properties of 

closeness. 

Theorem 2.12. Let 9 r>9 38 be varieties of groups, X be a corres-
1 2 3 

ponding to them (by Theorem 2.11) variety of group automata, 9^39^39^ be 

varieties of groups corresponding to the variety of the automata X by 

Theorem 2.10. Then 9'=9 . 8'=8 , 8'=8 . 

1 1 2 2 3 3 
* * 

Proof. Let Tee Denote A =8 ( D and A =8 ( D and consider the 
1 2 2 3 3 

automaton (T/A^, T, T/A
3
) w i t h the f o l l o w i n g operations ° and * • i f xer, 

W
2
. t y ]

3
 are cosets containing y i n T/A

2
 and r/A

3
 respectively, then 

[y]
2
°x=[yx]

2>
 [ y ]

2
* x = [ y x ]

3
. Clearly, the operation ° i s correct. The 

operation * i s c o r r e c t l y defined due to the condition ^
z
^

3

 a n

d i t s con

sequence 9*(D38* ( r ) . The kernel of t h i s automaton contains A =8 ( D and 

3 2 2 2 
the external kernel contains 8 (r)=A . Hence, t h i s automaton belongs to 

3 3 
the v a r i e t y X. From the d e f i n i t i o n of 9^ i t follows that Te9\ Therefo
re, 9 c9'. On the other hand, l e t res'. I t means that there e x i s t s the 

1 1 l 
automaton (A,r,B) w i t h the given group of inputs T, belonging to I . Then 
by the d e f i n i t i o n of I the group T belongs to 0^ Hence,

 9

j
c 9

1

 a n

d 
8'=8 . 

l l 
Take Tee'. Then there e x i s t s an exact automaton (A,r,B) from X. 

2 

By the d e f i n i t i o n of X, 8 (F) belongs to Z - the kernel of t h i s automa-2

 » 
ton, but since the automaton i s exact, then 8 (r)={e>. Hence, Tee . On 

2 , 2 
the other hand, l e t Tee . Denote, as before, A =9 ( D and define the 

2 3 3 
automaton 9=(r,r,r/A

3
) w i t h the operation ° being a m u l t i p l i c a t i o n i n T 

and the operation »: y*x=[yx] , y,xer. This automaton belongs to I , 
*
 3

 » 
since Te9 c9 , 9 (D={e)cZ and 9 ( D c J . (Recall that Z, $ are respec-

2 1 2 3 
t i v e l y the kernel and the external kernel of the automaton). Besides, 

the automaton 9 i s exact, hence, Te9' and 9'=9 

2 2 2 
Show that 9 =8'. I t has been proved (Theorem 2.10) that 9'=9 3 3 r 3 3 

where 9 ={T | (T, T, D e l } . Demonstrate that 8 =9 . Let Teg , then (r.T.De 
3 3 3 3 

X. By the d e f i n i t i o n of I , 6
3
( D belongs to * - an external kernel of 
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t h i s automaton, equal to a u n i t . Hence, 9*(r)={e} and Tee . On the other 
3 3 

hand, l e t TeB^^ce^ Then 9*(D=1 and 8*(D=1. Therefore, the automaton 

(r,r,D l i e s i n 3f. Thus, Tee^, as required. 

I f the v a r i e t y of automata 3E i s generated by one automaton, then 

each group v a r i e t y of the corresponding t r i p l e t 9 ^ 9^.^ i s generated by 

one group. The f o l l o w i n g theorem sp e c i f i e s the generating groups of the 

v a r i e t i e s 9 . 
i 

Theorem 2.13. Let 3£=Var3 be a v a r i e t y generated by the automaton 

3=(A,r,B); 9^39^8^ be varieties of groups corresponding to X according 

to Theorem 2. 10. Then 8 =Varr, 9 =Varr/X, 9 =VarT/*, where 2 and * are a 

1 2 3 
kernel and an external kernel of the automaton 3, respectively. 

Proof, a) By the d e f i n i t i o n Te0 , therefore Varrc9 On the other 
1 1 

hand, l e t the group G belong to the v a r i e t y 9
i
 I t implies that G admits 

a representation i n 3E, that i s , there e x i s t s the automaton (A',G,B') 

belonging to 3C=QSC3. Therefore, there i s such an automaton (A, G,B) l y i n g 

In a c e r t a i n Cartesian power 3
a

 of the automaton 3=(A,r,B), that the 

automaton (A',G,B') i s a homomorphic image of t h i s automaton: (A',G,B')= 

(A,&,§)". Hence, Gcr
a

sVarr, and G=G*' also belongs to Varr. Thus, 9 cVarT 

and, f i n a l l y , 9 =Varr. 

l 
b) Since (A,r/Z,B) i s an exact automaton of J, then r/£e9 , and 

2 
Varr/Zc9 . On the other hand, l e t <c(z z ) be a c e r t a i n i d e n t i t y of 

2 I n 
the group r/Z. Then x°qp(z ,...,z )=x i s an i d e n t i t y of the automaton 

I n 
(A,r/£,B) and therefore, of the automaton CA,T,B), and since 

J=Var (A, T, B), of the v a r i e t y I . I f Ge.9̂ , then there e x i s t s the exact 

automaton (A,G,B)eI. Hence, the automaton (A,G,B) and the representation 

(A, G) s a t i s f y the i d e n t i t y x°qp(z ,...,z )=x. The representation (A,G) i s 

1 n 
exact, hence, the i d e n t i t y ip(z z ) i s also s a t i s f i e d i n the group 

1 n 
G. Thus, any i d e n t i t y of the v a r i e t y Varr/Z i s s a t i s f i e d i n the v a r i e t y 

9 . Therefore, 9 cVarr/S. Taking i n t o consideration the inverse i n c l u -

2 2 
sion, we get 9 =Varr/Z. 2 

c) F i r s t show that the group T/*, and therefore the v a r i e t y 

Varr/*, belongs to 9 . To do t h i s i t s u f f i c e s to construct an absolutely 
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exact automaton w i t h the acting group r/$ from X. Denote by p a s p l i t 

t i n g of the set A i n t o * - o r b i t s , that i s , i n t o the sets of the form 

a o 4 | = { a o ^ | ^ > e * } , aeA. Since * i s an in v a r i a n t subgroup i n T, the equiva

lence p i s invariant w i t h respect to r. Really, a p a ' means that f o r a 

ce r t a i n element qpe$, a'=a<xp. Then a' °y=ao(py=a°yqp' , ( p ' e * (since * i s a 

invariant subgroup i n D. The equ a l i t y (a' °y ) = ( a o y ) °tp' means that 

(a'o y )p ( a o y ) , i.e. p i s i n v a r i a n t w i t h respect to T. By v i r t u e of t h i s 

property i t i s possible to consider the representation (A/p,D i n which 

the action • i s defined by the ru l e : a°y=aoy, where a i s a coset of the 
equivalence p containing the element a. * belongs to the kernel of th i s 

representation. Now consider the automaton (A/p,r,B) i n which the action 

o i s defined by the representation (A/p,T) while the operation * i s de

fin e d by the equality: a*y=a»y- This d e f i n i t i o n i s correct: i f a = a , 
then a^a <pe$, and 

a i*y=a i*y=(a2o^)»y=a2»^y=a2*y^>' =(a 2 o y )*ip' = (
a
^o-y )»

e
=a2*y=a

2
*3'. 

The group $ belongs to the kernel of the constructed automata, since 

t h i s kernel coincides w i t h the kernel of the representation (A/p,P. 

Therefore, i t i s possible to consider the automaton (A/p,T/$,B)=9. Show 

that i t i s a required automaton. I t l i e s i n I as a homomorphic image of 

the automaton (A,r,B) from X. I t remains to check that the automaton 

(A/p,r/*,B) i s absolutely exact, that i s , i t s external kernel i s equal 

to a u n i t . This i s equivalent to the f a c t that the external kernel of 

the automaton (A/p,r,B) coincides w i t h *. The l a t t e r i s q u i t e evident, 

since by the d e f i n i t i o n a*y=a*y- Thus, T/i allows an absolutely exact 

representation i n X, that i s r/*e9 , and Varr/*c9 . 

3 ' 3 
Conversely, l e t ip(z z ) be an i d e n t i t y of the group TV*. 

I n 
Since $ i s an external kernel of the automaton (A,r,B), the 

x*q>Xz , . . . , z }=x*e i s an i d e n t i t y of t h i s automaton and consequently, i s 

an i d e n t i t y of the v a r i e t y X. Let now Ge9
3
, and (A,G,B) be an absolutely 

exact automaton from X. Since t h i s automaton l i e s i n X, i t s a t i s f i e s 

the i d e n t i t y x*a>(z ,...,z )=X*e; and since i t i s absolutely exact, 

I n J 

<p(z z ) i s an i d e n t i t y of the group G. Thus, we have the inverse 
1 n 

i n c l u s i o n 9 cVarf/* and therefore the e q u a l i t y 9 =Varr/$. 
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4.3. Identities of linear automata and biautomata 

4.3.1. Identities of biautomata 

Let T
1

, as before, be a r e s u l t of the external adjoining of the 

u n i t element to the semigroup r , K be a f i e l d . Consider the tensor pro

duct *=KT
1

8KT and define the str u c t u r e of KT-bimodule on i t : i f 

uaveKT^aKT, u'eKT, then set u'(u®v)= u'u®v, (u®v)-u'=u®vu'-uv®u'. 

The a c t i o n , thus defined, (from the l e f t and from the r i g h t ) of 

the element u'eKT on the elements of the form usveKT^KT are extended by 

l i n e a r i t y to the action of the element u' on the a r b i t r a r y elements w of 

Kr'sKT. A l l the axioms of bimodule are s a t i s f i e d ; i n p a r t i c u l a r , i f 

u,u'eKT, weKT^KT, then 

u' (uw)=uu' w, 

u ( w u ' )=uwu' 

An a r b i t r a r y biautomaton a=(A,T, B) i s uniquely extended up to 

the biautomaton (A, KT, B). Proceeding from the operations «, * of t h i s 

biautomaton i t i s possible to define one more operation the action of 

the elements w of KT
l

®KT on the elements aeA. Namely, i f 
n n n 

w=TVx Tt ®y eKT^KT, then by the d e f i n i t i o n : aw=a£a y m =YpL (a»y )*t , 

l l i 

i , j = l , . . . , n . This operation has a number of useful properties, i n p a r t i 

cular: 

1) a —* aw i s a l i n e a r mapping; 

2) a(w
i
+w

2
)=aw

i
+aw

a
; 

3) aaw=aaw; 

l " 
4) i f w=£u ®v , u eKT , v eKT, then aw=£(aou

i
 )*v

(
; 

1 = 1 1=1 

5) t h i s operation agrees w i t h the structure of the bimodule 

a(uw) = (a°u)w; a(wu) = (aw)-u. 

Now, define the regular biautomaton (KT
1

, T, KT^KT) i n the f o l l o w i n g way: 

o:xoy=xy, 
«:x*3r=x®y, xeKT

1

, yef. 
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The action • i s determined by def i n i n g of KT^KT as a r i g h t KT-module. 

I t i s easy to v e r i f y that i t i s r e a l l y a biautomaton. 

In the Section 3.1, the fr e e r-biautomaton 

AtnytZ, Y) = (H,r,G) = (ZKT
1

>
r

>
 (ZKT^KDsYKr

1

) was introduced. I t i s conve

nient to consider tensor product ZKT^KT^ as a K-module of the formal 

n n n 
sums of the form £ z w , z eZ, w eKT ®KT ( i n t h i s case Y E

 z

i

v

\ 
1=1 1 1 1 1 = 1 1 = 1 

n , 
i s defined as Y z (w +w' )) and denote i t by Z(KT ®KT). Then operations 

1=1 
i n the free r-biautomaton (H, T, G) are w r i t t e n i n the f o l l o w i n g way: i f 

n n n 
h= E z °u eH, g = E z^eZCKT BKT), g = £ y ^ u ^ Y K T , yer, then 

1=1 1 1 1=1 1 = 1 
n n 

h°y=( E Z °U ) o y = Y. z ^ t ^ y ) , 
1=1 1 = 1 

n n 
h * y = ( E z °u ) * y = Y. z ^ u ^ y ) , 

1=1 1 = 1 
n n 

g j - y = ( E z
j
w i ) - y = Y Z j t W j ' y ) , 

g 0 * y = ( E y
1
*ui)«y= E y , * ^ , * ) -

1=1 1=1 

Let AtrriptZ, Y) = (H, T, G) be a free r-biautomaton. As i n the pure 

case, we say that i n the a r b i t r a r y biautomaton S=(A,r,B) T - i d e n t i t y i n 

states h =h , h^sH, i s f u l f i l l e d i f f o r each T-homomorphism n:Atmj,(Z,Y) 

-* 3 the equality h^=
n

2
 holds. T - i d e n t i t y i n outputs i s defined i n a 

si m i l a r way. A completely c h a r a c t e r i s t i c r-congruence ( i . e . t r i v i a l on 

D p=(p
i>
6

r
,,p

3
) of the free biautomaton AtnytZ.Y) i s i n one-to-one cor

respondence w i t h the system of a l l r - i d e n t i t i e s of the biautomaton. This 

congruence can be defined by the subspaces M=[0] cH and T=[0] cG which 
P i P 3 

are the classes of the congruences p , p^ respectively, containing zeros 

of the spaces H, G. Proceeding from t h i s , an element h of H i s called 

T - i d e n t i t y i n states of the biautomaton 9=(A,r,B) i f f o r any 

r-homomorphism piAtnytZ, Y) —> 9, bf
1

 i s the zero of the space A. In t h i s 
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case we say that the i d e n t i t y i n states h=0 i s s a t i s f i e d i n 9. A s i m i l a r 

remark can be made w i t h respect to the i d e n t i t i e s i n outputs. 

n 
The element heH of the form h= V z °u , z eZ, u eKT

1

, i s an iden-
^ l i i i 
1 =n 

t i t y i n states i f and only i f each z °u , 1=1.....n i s an i d e n t i t y i n 
n 

states. Indeed, l e t h= [ z ou be an i d e n t i t y i n states of the biautoma-
1 = 1 

ton 9 and u=(u
i>

 Ej., n^) be an a r b i t r a r y homomorphism from AtrrytZ.Y) to 9. 

Let us f i x i and consider the homomorphism u=(u
i
, e^, u^): AtnytZ, Y) —» 9 

f o r which 

P. ( 0 , j " i 
" j (3.1) z — J 

The f a c t that p
i
 i s r e a l l y a homomorphism i s evident. Since h i s 

an i d e n t i t y i n states, then 

A - ^ ^ "2 ^ . a
 n 

h = y Z ou =Z OU =Z ou =(z ou ) =0. 
^ 1 1 1 1 1 1 1 1 
1=1 

1*1 
Thus f o r any homomorphism p, (z »u ) =0, that i s , f o r each 

i e ( l , 2 n}, z o u i s the i d e n t i t y of the automaton 9. S i m i l a r l y , the 
n n 

element g= £ z w + £ y -u from G i s an i d e n t i t y i n outputs i f t h i s also 
1=1 1=1 

true f o r each z w of ZtKr^sKr) and f o r each y -w eYKT , i = l k. Sta-
1 1 l i 

ted above implies that f o r the des c r i p t i o n of r - i d e n t i t i e s of the biau

tomata i t i s s u f f i c i e n t to take a free c y c l i c r-biautomaton ( i n the 

sense that the sets Z and Y contain one element: Z={z>, Y={y>), and the 

i d e n t i t i e s of r-biautomata i n states and i n outputs are reduced to the 

i d e n t i t i e s of the form 
zou=0, ueKT

1 

zw=0, weKrHFCT (3.2) 

yu=0, ueKT
1 

These i d e n t i t i e s are defined by the operations », *, • of the automaton 

9. The current item i s aimed to de s c r i p t i o n of r - i d e n t i t i e s of the b i 

automaton 9 i n terms of the semigroup algebra KT. 

Let (p ,6
r
,,p

3
) be the system of a l l r - i d e n t i t i e s of the biautoma-
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ton 9, U = 0 cH, T= 0 cG. Then U ,r,T) i s a completely charactens-

t i c subautomaton of the fr e e biautomaton (H,r,G) holding a l l the endo-

morphisms of AtnytZ.Y) i d e n t i c a l on V (Such subautomata we s h a l l c a l l 

r-completely characteristic). On the other hand, each biautomaton of 

that type defines the system (p ,8^.,p ) of r - i d e n t i t i e s of action of the 
automaton (H/U^,T, G/T). Thus, there i s a one-to-one correspondence bet

ween r - i d e n t i t i e s of biautomata and r-completely c h a r a c t e r i s t i c subauto

mata of the type (O^.r.T) of the free biautomaton. In t h i s case and T 

can be w r i t t e n i n the form O^zl^, U ^ K T
1

, T=zW©yU
2
, WcKT^KT^, U^cKT

1

, 

so that (0 , r,T)=(zU ,T,zW©yU ) . 
1 1 2 

In the given case U i s a set of a l l elements u of KT f o r which s

 l l 
the i d e n t i t y z<>u =0 i s s a t i s f i e d i n 9: W i s a set of a l l elements u®v of 

l 
Ki^sKr f o r which the i d e n t i t y zw=(z<>u)*v=0 i s s a t i s f i e d i n 9 and U i s 

2 
the set of a l l elements u

g
 of KT f o r which the i d e n t i t y y u

2
=0 i s sa

t i s f i e d i n 9. Thus, the tuple (U ,W,U ) of i t s r - i d e n t i t i e s i s associa-

1 2 
ted w i t h the biautomaton 9. The tuple f o r the class of biautomata i s 

defined i n a same way. I t i s easy to v e r i f y that t h i s tuple s a t i s f i e s 

the conditions: 
1) U ,U are two-sided ideals i n KT

1

; 
1 2 

2) W i s a submodule of the bimodule ^ K T
1

® ^ ; (3.3) 
3) U ®KTcW; 

l 
4) *-U cW. 

2 
An a r b i t r a r y tuple (U , W,U ) s a t i s f y i n g the given conditions 

( 3 . 3 ) i s called a compatible r-tuple. 
The tuple of the biautomaton r - i d e n t i t i e s (or of the class of the 

biautomata r - i d e n t i t i e s ) , i n p a r t i c u l a r , i s a compatible one. 

Theorem 3.1. The subautomaton 8=(zU , T, zVtoylM of the free cyclic 

r-biautomaton (H,r,G) is a r-completely characteristic one if and only 

if the tuple (U
i >
W,U 2 ) i s compatible. 

Proof. Let IB be a r-completely c h a r a c t e r i s t i c subautomaton. An 

a r b i t r a r y endomorphism of the free r-biautomaton i s induced by the map

pings v :Z -> H, v :Y —> G. Show that U i s a two-sided ideal i n KT
1

. 
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Really, i f ueU and yer, then u yeU , since (z«u )°y=zouyezU . In or-1 1 1 1 i l l 
der to show that T ^ e l ^ l e t us take such endomorphism i/=(v , e

r
, f ) of 

If v v 

the f r e e r-biautomaton, that z =zoy. Then (z»u )
 1 =

z '«u =zyu ez U and 
l i l l 

yu
i
eU

i
. Thus, U i s a two-sided completely c h a r a c t e r i s t i c ideal i n KT

1

. 

A s i m i l a r statement f o r U also can be v e r i f i e d . 

2 
Show that W i s a submodule i n *, that i s , that uweW and wueW f o r 

a l l weW, ueKT
1

, ueKT
1

. Take such endomorphism v=(v ,c
r
,v ) of the free 

v I r 3 
biautomaton that z =z»u

j
 and v i s induced by the i d e n t i t y mapping of 

the set Y onto i t s e l f . Since the subautomaton B i s a completely charac-
v v v 3 3 1 ~ ~ 

t e r i s t i c one, then (zw) =((z»u)*v) =(z «u)*v=(zu
i
°u)*v=z(u

i
w)ezW and 

u weW. 
l 

Inclusions wueW and U ®KTcW f o l l o w from the f a c t that B i s sub-
l 

automaton. 

F i n a l l y , show that *'U cW. Let u®ve*, u eU . Take such endomor-
2 2 2 

3 
phism i>=(i>

2>
Cp,v^) of the f r e e automaton that y =zu®v and i; i s defined 

by the I d e n t i t y mapping of the set Z onto i t s e l f . Since the subautomaton 

B i s r-completely c h a r a c t e r i s t i c , then 
v v 3 3 

( y u ) =y *u =(zu®v)-u ezW, and (u®v)»u eW as required. 2 2 2 2 
Let now (U^W.IM be a compatible tuple. I t i s easy to v e r i f y 

that (zU ,r,zW®yU ) i s a subautomaton i n (H,r,G). Show that t h i s subau-
l 2 

tomaton i s a completely c h a r a c t e r i s t i c one. Take the endomorphism 

v=tu ,E„,V ) of the fre e biautomaton (H,r,G) defined by the mappings 
1 r 3

 v v 

1 1 3 
» { $ } —> H, i>

3
: {y} —> G, and l e t z =zu, ueKT , y =zip' +yv, <p' e*, 

veKT
1

. I t i s necessary to show that B^cB. I f zu^el^, then 

v v 
(zu )

 1 =

z ou =zuou =zouu . Since U i s an i d e a l , then uu eU , therefo-1 1 1 1 l i i 
v 

re, (zu
j
)
 1

ezU
i
. Let w=uaveW. Then 

V V V V V _ 

(zw)
 3

=((zou)»v)
 3

=(z
 1

ou)»v=z (u®v)=z (u®v)=zu(u®v)=(zuou)*v= 

(zouu)»v=z(uu®v)=z(u(u®v)). 

V 

Since W i s a subbimodule, then u(u®v)eW and (zw) =z(u(u®v) )ezW. Take 

now yu
a
eyU

2
. Then 
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V V 
(yu

2
) =y •u

2
=(z<p' +yv) •u^tz^p' ) ' U ^ y v u ^ z l f ' -u^+yvu . Since (U^.W.IJ^) 

is a compatible tuple, then ip' 'U^V (statement 4 of the d e f i n i t i o n ) and 
v 

vu eU (statement 1 of the d e f i n i t i o n ) . Hence, (yu ) szW©yU . The theo-

2 2 2 2 
rem i s proved. 

Thus, r - i d e n t i t i e s of action of the automaton 9=(A,r,B) are the 

i d e n t i t i e s of the form (3.2) and tuples of the i d e n t i t i e s of action are 

compatible tuples of the form (U , W,U
2
). 

We have considered T-identities of biautomata. Now consider the 

identities of arbitrary biautomata. 

Let ?
b

=(H,F,$) be a free biautomaton (automaton). As e a r l i e r , the 

identity in states h =h , h eH, i s said to be s a t i s f i e d i n the biautoma-

1 2 1 
ton (automaton) 3=(A,r,B) i f f o r any homomorphism p: W -* 9 the equa1i ty 

h^=h
2
 holds. Identities in inputs and outputs are defined i n a similar 

way. I d e n t i t i e s i n states and i n outputs are i d e n t i t i e s of the action; 

i d e n t i t i e s i n inputs are i d e n t i t i e s of the semigroup T. In the sequel 

under the i d e n t i t i e s of the biautomaton (automaton) we s h a l l understand 

only the i d e n t i t i e s of the acti o n , i.e. i d e n t i t i e s i n states and i n out

puts. T - i d e n t i t y i n states of the biautomaton a=(A,r,B) i s an element of 

the free KT
1

-module, while an i d e n t i t y i n states of the same biautomaton 

i s an element from ZKF
1

 which i s transformed i n t o zero under any homo

morphism u:Atm(Z,X,Y) —* 3 ( r e c a l l , that F i s a free semigroup w i t h the 

set of free generators X). A s i m i l a r remark i s true f o r the i d e n t i t y i n 

outputs of the biautomaton 3. The same arguments as f o r T - i d e n t i t i e s 

y i e l d : 

f o r the descri p t i o n of the biautomata i d e n t i t i e s i t i s s u f f i c i e n t 

to proceed from the free biautomata c y c l i c i n inputs and outputs; 

i d e n t i t i e s of biautomata (of the class of biautomata) are reduced 

to the i d e n t i t i e s of the form 
z°u=0, zwsO, yu=0, ueKF

1

, weKF
1

®KF; 

a completely c h a r a c t e r i s t i c subautomaton i n Atm({z},X, (y>) of 

the type (z otP, F, zW+y• U ) , where U , U cKF
1

 and WcKF'sKF, corresponds to 

the set of a l l biautomaton i d e n t i t i e s ; 

a biautomaton of the type (z°U , F, zW+yU ) from &
b

 i s a comple-
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t e l y c h a r a c t e r i s t i c one i f and only i f the tuple (U , W, U ) s a t i s f i e s the 
1 2 

conditions: 

1) U . U
2
 are completely c h a r a c t e r i s t i c ideals i n KF

1

, 

2) W i s a completely c h a r a c t e r i s t i c submodule of 

bimodule KF
1

®KF, 

3) U^KFcW, (3.4) 

4) (KF^KFJ-U cW. 

2 
The tuple (U ,W,U ) s a t i s f y i n g these conditions i s c a l l e d compatible. 

Let a=(A,r,B) be a biautomaton and l e t U ={ucKF| z«usO}, 

W={weKF
1

®KF|zwsO}, U
2
={usKF|yu=0}. Denote by V the set of elements 

veKF, such that f o r any element aeA and f o r any homomorphism 

u:Atm(Z,X,Y) —* 9 the e q u a l i t y a»v^=0 takes place. Elements of U are 

i d e n t i t i e s of the operation ° , elements of V are i d e n t i t i e s of the ope

r a t i o n » , elements of are i d e n t i t i e s of the operation • . The tuple 
(U ,W,U ) of a l l i d e n t i t i e s of a biautomaton (class of biautomata) i s a 

l 2 
compatible one. By the d e f i n i t i o n of the compatible tuple WbÛ aKF and 

W3(KF
1

®KF) -U . I t i s also v e r i f i e d that WaKF'aV and W3(KF
1

®V) *KF. Denote 

2 
W=U sKF+KF^V+fKF^VJ-KF+tKF^KFJ'U . The tuple (U,W,U) i s also compa-

1 2 1 2 
t i b l e . I t i s constructed according to the i d e n t i t i e s of the form z°u=0, 

z*u=0, Z 'U=0. Show that t h i s tuple may not describe a l l the i d e n t i t i e s 

of the o r i g i n a l biautomaton (the class of biautomata). For t h i s purpose 

l e t us construct an example of the biautomaton 9 f o r which W<W. 

Example. Let F=F(X) be a free semigroup over countable set X. The 

regular biautomaton (KF^F,KF
1

®KF) i s extended n a t u r a l l y up to the biau

tomaton (KF
1

,KF,KF
1

®KF). Let U be equal to KF
2

 where F
2

=FF ( i t i s a com

p l e t e l y c h a r a c t e r i s t i c ideal of the semigroup algebra KF), and 

1 2 1 
C=(U®U) + (KF ®U ) be a subspace i n KF ®KF. This subspace i s inv a r i a n t 

w i t h respect t o the action • of the elements of U, i.e. i f ceC, ueU, 

then cueC. Denote by B the quotient space 

(KF
1

 ®KF)/C= (KF
1

 ®KF)/ ((U®U) + ( K F W ) ) 

and define the a c t i o n • of the elements ueU on the elements beB by the 

ru l e : i f b=(v®w)eB (v®w i s an a r b i t r a r y representative of the coset 
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(v®w)), ueU, then b'u=(v®w)*u=(v®w)-u. Since C i s i n v a r i a n t w i t h respect 

to U, the action b«u i s defined c o r r e c t l y . Denote now KF
1=

A and consider 

the biautomaton 9=(A,U,B) wi t h the f o l l o w i n g operations » , » , « i f 

aeKF
1=

A, ueU, b=(v®w)eB then a°u=au, a*u=a®u, b ' U=(vaw ) ' U = (v®w)*u. We 

consider U i n t h i s biautomaton as a semigroup of inputs and i t i s easy 

to see that 9=(A,U,B) i s r e a l l y a semigroup biautomaton. Before we pro

ceed to computation of the modules W and W l e t us make one remark. 

Let U be an associative algebra over a commutative r i n g . Consider 

U only as a semigroup and l e t KU be the semigroup algebra of t h i s semi

group. Denote by a the homomorphism of the algebra KU i n t o the algebra 

U, induced by the i d e n t i t y mapping of U i n t o U. I n t h i s case 

(F°a u )
a

=Ya u : here Y"a u i s the sum i n the algebra KU and Ya u i s *^ 1 i I i ^ l l . I 1 l l l 1=1 
the sum i n the algebra U. 

I f (A,U) i s a representation of the algebra U (which i s conside

red as a semigroup) and (A,KU) i s a corresponding extension, then f o r 

aeA, xeKU holds aox=a°x
a 

The line a r mapping u:KF®KF —> KU®KU corresponds to the l i n e a r 

n n n 
mapping u:KF -» KU. I f Yu ®v eKF®KF then ( Yu av )*

l

= J \ i
M

®v ? 
1=1 1=1 1=1 

Denote by u an a r b i t r a r y homomorphism of the free c y c l i c biauto

maton i n 9. 
n 

By the d e f i n i t i o n W={weKF ®KF| zw=Oh I f w= Yu ®v i s an a r b i t r a r y 
1 = 1 

element of KF®KF and xsA=KF
1

, then 

xvr"= £(x°u
fl

)*v
M

= J C x u ^ i s ^ e U s U . 
1=1 1 = 1 

Therefore, WaKFaKF. Let us proceed now to the c a l c u l a t i o n of W. 

U ={ueKF|z°u=0}, that i s the ideal U consists of such elements l 1 l 
ueKF that f o r any xeA=KF

1

, x o u ^ x o u ^ x u ^ O . I f we take, i n p a r t i c u l a r , 

x = l , we get that u
M<X

=0, and U^
a

=0. 

We have V={ueKF| z*v=0}. I f ueV, then f o r a l l xeA=KF\ 

x
»u

fl

=x*u
tla

=x®u'
1<x

eC=U®U+KF
1

aU
z

. Since t h i s i n c l u s i o n i s true f o r any ele-
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ment xeKF
1

, choosing x = l , we get u^eU
2

. Hence, V^cU
2

. 

U
2
={ueKF|yusO}. I t i s clear that U ^ U 2 . Really, i f xeU

2

, then 

x^eU
2

 and b-x'
la

=v®wx'
io

'=v®wx'
la

-vw®x
,xa

=0, that i s xeU 

2 
I f ueU

2
, then b.u'

io

'=v^.u'
ia

=v^;
jla

-
;

v
^

flo

'=0, that i s v«wu
f l a

-

vwsu^eUsU+KF^U
2

. I f , i n p a r t i c u l a r , v = l , then l ® w u ^ - w ® u ^ e U « U + K F I ® U 2 

and lswu^eKF'sU^.This means that KFU^cU . 

2 2 
By the d e f i n i t i o n 

W=U
i
®KF+KF

1

®V+ (KF'aV) -KF+ ( K F W F ) • U 2 = U I ® K F + K F ® V + 1 ® V + (KF®V) -KF+ (1®V) »KF+ 

+(KF®KF)-U + ( 1 ® K F ) ' U . 
2 2 

In i t s t u r n , (1®KF) • U
2
d ® U

2
+ K F ® U 2 and (1 ®V) • KFc 1 ®KF+V®KF. Then 

Wn(KF®KF)cU ®KF+KF®V+(KF®V)>KF+KF®U +V®KF. 

1 2 
I f i t i s possible to f i n d such homomorphism u that (Wn(KF®KF) 

w i l l be less than (Wn(KF®KF) )
, i a

=(KF®KF)
M a

, t h i s w i l l imply that 

Wn(KF®KF) < Wn (KF®KF) and W<W. 

We have 
(Wn(KF®KF) )

M

W % K F ^ K F ^ % V ^
+
( K F *

l

% V
, l a

) •K F ^ K F ^ % U ^
£

+
V

, 1 < X

® K F '
l a 

l 2 
Since U

Ma

=0 and V^cU
2

, then 
l 

( W n ( K F ® K F ) )
f l a

c K F F L A ® U 2
+ U 2 ® K F

M a

+
K F

, i a

® l /
i a

. 2 
It 2 

Now denote by u the mapping X={x
(
} - * U defined by x^=x , as we l l as 

corresponding homomorphisms u:F — > U and u:KF —> KU. Then KF^ i s the 

2 
algebra of a l l the polynomials w i t h the generators x , 1=1,2,... Since, 

2 
according to the construction, U=KF i s an algebra of a l l polynomials 

2 
over X w i t h powers greater or equal to two, then U i s an algebra of a l l 

polynomials over X w i t h powers greater or equal to four. I t has been 

proved that KFU^
a

cU
2

, therefore U^" l i e s i n the algebra P
3
 of a l l poly

nomials w i t h powers greater or equal to three. Thus 

CWn(KF®KF) )
fla

cKF
,10t

®P +P ®KF^
a

. 

3 3 
I t i s clear that the elements of the form x ®x from KF ® KF^

a

, 

i J 
i , j = l , 2 , . . . do not l i e i n KF

M

%P +P ®KF
F L A

3 (Wn(KF®KF) )
m

. Thus, 

3 3 
(WnCKF®KF))

M a

<(Wn(KF®KF))
, l a

 and W<W. 
Ce r t a i n l y , i t i s possible to c i t e a number of examples when W=W. 
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Example. Let Z,X,Y be three sets. Denote, as usual, a f r e e semi

group w i t h the set of generators X by F=F(X) and a l i n e a r space KZ by A. 

Take the biautomaton £=(A,F,(A®KF)aYKF
1

) w i t h the f o l l o w i n g operations: 

i f aeA, ueKF
1

, yeY, veKF, feF, then a<>f=0 ( i . e . H i s a coautomaton), 

a»f=a®f, yu-f=yuf, (aav)-f=a®vf. (Biautomaton axioms are e a s i l y v e r i 

f i e d ) . Given biautomaton (T, define sets U ,V,U ,W,W. 

l 2 

Since aof=0 f o r any elements aeA and feF, then U =KF. I f ueKF , 

veKF, then a(uav)=(a°u)*v=0 i f and only i f ueKF. Therefore, W=KF®KF. 

I f now a»f=a®f=0 holds f o r any element aeA, then f= 0 . I t means 

that V=0. I t i s also clear that U =0. Then 
2 

W=U aKF+KF^V+CKF^VJ-KF+tKF^KFJ'U =KF®KF. 1 2 

Thus, W=w. 

I t i s useful to mention that any coautomaton (A,r,B) w i t h the 

generator system (Z,X,Y) i s a homomorphic image of the coautomaton G 

considered i n the given example. 

4.3.2. I d e n t i t i e s of l i n e a r automata 

Let f
f

=(H,F,*) = (ZKF
1

,F,ZKF®KY) be a free l i n e a r automaton. By the 

d e f i n i t i o n , the i d e n t i t y i n states of a l i n e a r automaton 9 i s an element 
I 

from H transformed i n t o zero under any homomorphism ^ -* 9; the i d e n t i 

ty i n outputs i s a corresponding element from Arguing as i n the pre

vious item one can see that: 

- f o r the d e s c r i p t i o n of the i d e n t i t i e s of a l i n e a r automaton i t 

i s s u f f i c i e n t to proceed from the free l i n e a r automaton, c y c l i c i n sta

tes and i n outputs; 

- i d e n t i t i e s of a l i n e a r automaton are reduced to the i d e n t i t i e s 

of the form zou^O, z«v=i0, ueKF
1

, veKF; 

a completely c h a r a c t e r i s t i c subautomaton of the type 
t I 

(z°U,F,z*V) of ? where U={ueKF |zou=0}, V={veKF|z*v=0} corresponds to 

the set of a l l i d e n t i t i e s (of action) of the l i n e a r automaton; 

t 

- an a r b i t r a r y subautomaton of the type (z°U,F, z*V) of $• i s 

completely c h a r a c t e r i s t i c i f and only i f the tuple (U,V) s a t i s f i e s the 

conditions: 

1) U i s a completely c h a r a c t e r i s t i c two-sided ideal i n KF
1

; 
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2) V I s a completely c h a r a c t e r i s t i c l e f t i deal i n KF; 

3) UKFcV. 

Such tuple i s also c a l l e d compatible. The f o l l o w i n g theorems describe 

the i d e n t i t i e s of the universal l i n e a r automata. 

Theorem 3.2. [79] If (U,V) is a tuple of the identities of the 

universal linear automaton Atm
1

(A,B), then V=UKF. 

Proof. The i n c l u s i o n UKFcV i s evident. Show that VcUKF. Since 

VeKF, F=F(X), then the a r b i t r a r y element veV can be w r i t t e n i n the form 

v=£A
i
x

i
 x

&
 . . . x

(
 , A

(
eK, x

(
 eX. Let us group the summands by the l a s t 

1 1 2 fc, I l 
m u l t i p l e and w r i t e v i n the form v=£u x . Using the d e f i n i t i o n s of the 

l 
ideals U, V show that u^U, which implies the required i n c l u s i o n VcUKT. 

Show f i r s t that each u i s not empty. Take such element 

tpeHom(A,B) that aip*0 under a c e r t a i n aeA and consider the f o l l o w i n g map

ping <x:X —> End(A.B) 

'(0, 0), i f j * l a 
x = 
J 

(0, <p), i f j = i , j = l , 2 xeX 

Since the semigroup F i s f r e e , t h i s mapping can be extended up to the 

homomorphism a: F —> End(A,B) and f u r t h e r to the homomorphism of the 

algebras oc:KF —> End(A, B). I f u were empty, then under an appropriate 

aeA, a*v
CL

=a*x
C

^=a<p*Q would be s a t i s f i e d . This contradicts the d e f i n i t i o n 

of V. Hence, each u
£
 i s not empty. 

Now show that u x sV f o r each i . I t i s necessary to show that f o r 

the extension of any homomorphism u:F —> End(A.B) to the homomorphism of 

the algebras jut: KF -» End(A, B) holds the eq u a l i t y a»(u x J^O f o r any 

element aeA. Assign the mappings p. :X —> End(A.B) to the given p by the 

rul e : i f x eX and x
fl

=(5 ,<p ) then 
J J J J 

x — 
J 

f(3 ,0) , i f j * i 

(3 v ) , i f j = i , j = l , 2 , 

These mappings are extended up to the homomorphism u > KF —> End(A.B). 

By the d e f i n i t i o n of the mapping u
j r
 f o r each aeA, a*x^ =0 i f j * i , 
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u u 1 U 1 u a*x( =a*xY and f o r any ueKF aou =a°u Subject to t h i s we have: 

~ ~ ~ ~ ~ p p p p 
a « ( u i x

i
)

M

= a » u ^ = ( a = u ^ ) ^ = ( a » u i 1 ) * x i 1 =J](
a
.u l ) * x j = 

u u u 
J a ' l U j X j ) ^ a ' t ^ U j X j ) '=a*v 

Since veV, then a«v '=0. Thus, a*(u x, )
M

=0, that i s , u x eV. 1 1 
As the f i n a l step show that u ^ U . Suppose that u^U, that i s the

re e x i s t s such homomorphism v:F —> End(A, B) and such element aeA, that 

a°u^#0. Denote a«u" by a'; a'*0; take such mapping »':X —> End(A.B) that 

f o r each x holds a°x
V

 =a°x" and that a' *x^ *0. Then f o r the homomorphism 

y':KF —> End(A.B) which i s an extension of the given mapping v' holds: 

a*(u x )
V

=a*u
V

 x" =(a»u" )*x
y

 =(a«u" )*x
V

 =a*x
V

 *0. This contradicts the 
l i l i l l l l l 

fa c t that u x eV. Hence, u eU and VcUKF. Thus, V=UKF. 
l i l 

Theorem 3.3. [79] If ( U,V) is a tuple of the identities of the 
2 

universal linear over the field K automaton Atm (r,B), then U coincides 

with the ideal U Q of the identities of the l e f t regular representation 

(KT.KT), and V coincides with the set of KF-identities of the semigroup 

algebra KT. (An element veKF is assumed to be a KF-identity if for any 

homomorphism u:F
 —

*• T and its extension u:KF
 —

> KT holds the equality 

Ao) . 
Proof. By the d e f i n i t i o n Atm

2

(r, B) = (A, T, B) = (Hom(KT,B),F,B); i f 

aeHom(KT,B), yer, then (a«y)(x)=a(yx), xeKT, a*y=a(y). Take an a r b i t r a r y 

homomorphism u:F -*• T. I t can be extended up to the homomorphism of the 

semigroup algebras u:KF —* KT. Then a°u^=0 f o r any aeA, ueU. This imp

l i e s that f o r any xeKT ( a » / ) (x)=a(u'
I

x)=0. Since a i s an a r b i t r a r y func

t i o n of Hom(KT,B), then u^x^. I t follows that i f we consider the l e f t 

regular representation (KT.KT), then f o r any element xeKT and f o r the 

extension p of an a r b i t r a r y homomorphism u:F —> T holds x ^ u ^ u ^ x ^ , that 
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i s u i s an i d e n t i t y of the l e f t regular representation of the semigroup 

algebra KT, and hence, UclK The inverse i n c l u s i o n i s v e r i f i e d i n a s i 

milar way. 

Let, as before, u be an a r b i t r a r y homomorphism F —> r , p i t s ex

tension to the homomorphism KF -> KT. Take the element veV. Then f o r any 

aeA=Hom(KT, B) holds a'v^a(v M ) = 0 . Hence, ^ = 0 and v i s an i d e n t i t y of 

the semigroup algebra KT. On the other hand, i f v i s such i d e n t i t y , then 

f o r each p of the given form, holds vr"=0 and a(v^) = £ ^ = 0 , that i s veV. 

In conclusion of the Section we s h a l l make the fo l l o w i n g remark. 

Let (A,r,B) be a biautomaton. As e a r l i e r , assign to i t the representa

t i o n (AffiB.D w i t h the action defined by the rule: i f a+beA®B, yer, then 

(a+b)y=a°y+a»y+b*y. 

Proposition 3.4. Let Uj-V.^ be the sets of identities of the 

biautomaton (A,r,B). Then U=U oVnU is the set of a l l identities of the 

1 2 
representation (A®B,D. 

Proof. Denote by U' a l l the i d e n t i t i e s of the given representa

t i o n . I t i s clear that UeU'. On the other hand, l e t ueU'. Then under any 

homomorphism p: F —> T the eq u a l i t y (a+biu^O takes place f o r any aeA and 

beB. By the d e f i n i t i o n (a+blu^aou^+am^+b-u'
1

. I f b=0, then aou^+a'u^O. 

Since i t i s a d i r e c t sum, then a»u^=0 and a*u^=0, that i s , ueli^ and 

ueV. I f a=0, then b-uM=0, i.e. ueU Thus, ueU nVnU =U. Therefore U'cU, 

2 1 2 
and U'=U. 

4.4. V a r i e t i e s of biautomata 

4.4.1. D e f i n i t i o n s and examples 

Class I of a l l the biautomata s a t i s f y i n g the given set of i d e n t i 

t i e s i s c a l l e d a v a r i e t y of biautomata. Each v a r i e t y i s closed under 

Cartesian products, homomorphic images, and subautomata. As well as f o r 

the other algebraic systems, theorem of Bi r k h o f f i s v a l i d , that i s the 

class closed w i t h respect to the given operations i s a v a r i e t y of biau

tomata. Moreover, i t i s possible to prove that i f 9 i s a c e r t a i n class 

of biautomata, then the v a r i e t y generated by t h i s class (denoted, as 
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usual, by Var8) i s determined by the formula Vare=QSC8 where Q,S,C are 

the operators of taking of homomorphic images, subautomata and Cartesian 

products respectively. 

I f the set of i d e n t i t i e s d e f i n i n g the v a r i e t y of biautomata does 

not contain the i d e n t i t i e s of acting semigroup, then the v a r i e t y of b i 

automata i s called a saturated one. Saturation of the v a r i e t y i s equiva

lent to the f a c t that i f the v a r i e t y contains a biautomaton a=(A,r,B), 

i t contains also any biautomaton 35 such that there i s a homomorphism i n 

inputs u:B —> 3. We w i l l consider only the saturated v a r i e t i e s . Therefo

re, a saturated v a r i e t y generated by the class of biautomata 9 we s h a l l 

also denote by VarG. Denote by V the saturation operator: i f 9 i s a 

class of biautomata, then V9 i s a class of biautomata whose homomorphic 

i n inputs images l i e i n 9. Then f o r an a r b i t r a r y class 9 of biautomata 

holds 

Var9=VQSC9 

We do not present proofs of numerous f a c t s since they are very 

close to analogous proofs f o r group representations (see the book [ 9 0 ] ) . 

A class of biautomata closed under the operators V,Q,S,D (D i s 

the operator of discrete d i r e c t products) i s c a l l e d a radical class of 

biautomata. 

To each v a r i e t y of biautomata X can be assigned the f o l l o w i n g 

function on I : i f 3 i s an a r b i t r a r y biautomaton, then I * ( 3 ) i s the i n 

tersection of a l l the biautomata S5c9, such that 3/BeJ. I t i s clear that 

3/1 ( a ) e l . This f u n c t i o n i s called verbal function or simply verbal. To 

each ra d i c a l class X corresponds a f u n c t i o n X' : if 3 i s an a r b i t r a r y 

biautomaton, then X' (3) i s a subautomaton i n 3 generated by a l l the b i 

automata 33ca, such that Bel. This f u n c t i o n i s c a l l e d radical function or 

simply radical. By the d e f i n i t i o n of r a d i c a l class, X' (3)e£. 

As usually, biautomaton ^ i s c a l l e d f r e e in the variety X i f 

there e x i s t s a system of generators Z, X, Y of t h i s biautomaton such 

that f o r any a=(A,r,B)eI a t r i p l e t of mappings Z -> A, X —> T, Y -» B 

can be uniquely extended to the biautomata homomorphism 3g —> 3. I f 

X={x}, Y={y> then i s c a l l e d a free c y c l i c biautomaton. 
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Theorem 4.1. Let ?=(H,F,G) be an (absolutely) free biautomaton 

with the free system of generators (Z,X,Y), X an arbitrary variety of 

biautomata, (U^.W.U^) - a tuple of identities corresponding to X. Then 

the biautomaton 

(H/ZU ,F,G/ZW®YU ) 
1 2 

is free in the variety X. 

Consider examples of biautomata v a r i e t i e s . 

Each l i n e a r automaton (A, T,B) can be considered as a biautomaton 

wi t h the f o l l o w i n g operation • : i f beB, yer, then b«y=0. The class of 

a l l l i n e a r automata considered as biautomata forms a v a r i e t y of biauto

mata. I f (U ,W,U ) i s a tuple of i d e n t i t i e s of t h i s v a r i e t y , then U = 0 , 
1 2 1 

U
2
=KF. Since WaW, then, i n p a r t i c u l a r , W3(KF

1

®KF) •U
2
=(KF

1

«iKF) -KF. By 

Theorem 4 . 1 a free biautomaton w i t h generators (Z,X,Y) of the given va

r i e t y has the form (H/ZU^, F, G/(ZWsYU^)), where H=ZKF \ G=(ZKF
1

®KF)©YKF
1

. 

Then, 
(H/ZU ,F,G/(ZW©YU ) ) S ( Z K F \ F , ( Z K F W F V Z W S Y K F V Y K F J S 1 2 
(ZKF

1

, F, ( Z K F
1

® K F ) / Z W e K Y ) . 

where ^ i s a free biautomaton of the v a r i e t y of a l l line a r automata. 

Since (KF'aKFJ'KF i s a l i n e a r space generated by a l l elements of the 

form u®vw-uv®w, ueKF
1

, v.weKF and since W3(KF
1

®KF)*KF, then the quotient 

space (ZKF
1

®KF)/ZW i s a homomorphic image of the space ZKF, and the b i 

automaton W-n i s a homomorphic image of the biautomaton (ZKF
1

, F , ZKFeKY) 

wi t h the f o l l o w i n g operations: zu°f=zuf, zu*f=zuf, z v f = 0 , b - f = 0 , where 

ueKF
1

, feF, veKF, beKY; that i s i s a homomorphic image of the auto

maton. Since a free object w i t h the given system of generators i s uni

quely determined up to isomorphism, then (ZKF
1

, F, ZKFsKY) i s a free auto

maton i n the v a r i e t y of l i n e a r automata. Stated above implies t h a t , i n 

p a r t i c u l a r , W=W=(ZKF
1

®KF)•KF. 

The class of a l l coautomata considered as biautomata, i s also a 

v a r i e t y of biautomata. The biautomaton (KZ,Y,A®KF® YKF
1

) considered i n 

the example at the end of the item 3 . 1 i s a free biautomaton of t h i s 

v a r i e t y . The tuple of the i d e n t i t i e s of the v a r i e t y coincides w i t h the 
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tuple of i t s free biautomaton. The tuple of the i d e n t i t i e s of the l a t t e r 

(as shows the mentioned example) i s the following: 

U =KF, W=KF®KF, U =0. 

1 2 
4.4.2. V a r i e t i e s and compatible tuples 

To each compatible tuple corresponds the v a r i e t y of biautomata 

f o r which the given tuple i s a tuple of i d e n t i t i e s and each v a r i e t y of 

biautomata defines the compatible tuple of i d e n t i t i e s of t h i s v a r i e t y . 

I t can be proved that the given correspondence between the v a r i e t i e s of 

biautomata and the compatible tuples i s one-to-one. A c t u a l l y , the 

connection between the v a r i e t i e s and the compatible tuples i s even more 

close. Now we s h a l l introduce the concepts of the product of v a r i e t i e s 

and the product of compatible tuples. These products s a t i s f y the asso

c i a t i v e law and the r e s u l t i n g semigroups of v a r i e t i e s and compatible 

tuples are antiisomorphic. 

Let X and X be v a r i e t i e s of biautomata; t h e i r product XX i s 

1 2 ^ 1 2 
defined i n the fo l l o w i n g way: a biautomaton 9=(A,r,B) belongs to X &

2
 i f 

and only i f there ex i s t s a subautomaton 9 =(A ,r,B )c9 such that 9 e l J i l l l l 
and 9/9 =(A/A ,r,B/B ) e l . Thus defined product of v a r i e t i e s i s associa-1 1 1 2 r 

t i v e . 

Let us introduce the concept of the product of compatible tuples. 

Let T ' = ( U ' ,W ,W ) and T ' * = ( U " ,W" ,JU ' ' ) be compatible tuples. Define 

the product of tuples T = T ' T ' ' by the ru l e : 

T = T ' T " = ( U ,W,U ) = (U'U" ,U'W '+¥' -U" , U ' U " ) 

1 2 1 1 1 2 2 2 
V e r i f y that the tuple T = T ' T ' ' i s also compatible, that i s the conditions 

(3.4) are s a t i s f i e d . Since U',U'',U',U'' are completely c h a r a c t e r i s t i c 

J l 2 2 v ' 
ideals, the same property i s v a l i d f o r the products 

U =U'U' ' , U =U'U' ' 

1 1 1 2 2 2 
Show that W=U*W*'+W* •U*' i s a submodule of the bimodule KF^KF. 

Let heKF , W9w=w +w , where w =u'w' ' , w =w' *u'', u'eU , w'sW . w' ' eW ' , 

1 2 1 1 2 2 1 1 
u''eU''. Since U' i s an i d e a l , hw =h(u'w'')=(hu')w''eU'W'. Further, 

2 2 1 1 1 1 1 
hw =h(w'-u'')=(hw')-u''. Since W i s a bimodule, then hw'eW. Thus, 

2 2 2 
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hw =(hw' ) -u'' eW -U' ' . 

2 2 2 
Therefore, 

hw=hw +hw eU' W ' +W -IT ' =W. 

1 2 1 2 
This means that W i s a l e f t KF-module. 

Let now £eKF, and w=w +w =u' w' ' +w' «u' ' €W. Then w £ = w -£+w •£: 

1 2 1 2 1 2 
w

i
>£=(ujw" )'l=u'

i
 (w" •£). Since W" i s a r i g h t KF-module, then 

w " ' £ e W " . Therefore, w - £ e U ' W " . S i m i l a r l y , w -£=(w'«u " )-£=w'"u"£e 

1 1 2 2 2 
W'U'\ Thus, w £ e U ' W " + W - U " . Hence, W i s a r i g h t KF-module. Since 

1 1 2 
KF ®KF i s a bimodule and since i t has been proved that W i s a l e f t 

KF'-module and a r i g h t KF-module, then W i s also bimodule. U', W , U'' , 

1 2 
W" are completely c h a r a c t e r i s t i c , therefore the bimodule W=U'W''+W''U'' 

1 2 
i s also completely c h a r a c t e r i s t i c . 

I f u =u'u''eU'U''=U , veKF, then u ®v=u' u' ' ®v=u' (u'' ev). Since 1 1 1 1 1 1 l 1 1 1 1 
u''®veU''®KFcW', then u ®v=u'(u''®v)eU'W'cW, that i s , the t h i r d condi-1 1 1 1 1 1 
t i o n of (3.4) i s s a t i s f i e d . 

F i n a l l y , i f weKF
1

®KF, u=u'u' ' eU , then w u = w u ' u ' ' =(wu' ) »u' ' 6 
2 2 2 2 2 2 2 2 2 

W'-lT'cW. Thus, the tuple T = T ' T ' ' i s compatible. 

The defined product of the compatible tuples i s associative. 

Really, l e t x
 m

 = ( U
n 1

, W
U)

, U
C 1 >

), 1=1,2,3 be compatible tuples. Then 

T
U > T < 2 ,

 = (u
d»u(2) <1) (2) (i) (a> 

I l l 2 2 2 
( ( ! ) ( 2 ) ( 3 ) = (1) (2) (3) (1) (« (3 ) (1) (2) <3) (1) (2) (3) 

1 1 1 1 1 1 2 2 2 
U

( 1 )

U
< 2 )

U
< 3 )

). On the other hand, 
2 2 2 
( 2 , ( 3 , = ( u ( 2 ) u ( 3 , «) (3) «) (3) 

1 1 1 2 2 2 
(1) (2) (3) (1) (2) (3) (1) (2)w(3» ( l . w < 2 ) > u ( 3 ) + w ( l ) . u ( 2 ) u ( 3 ) 

1 1 1 1 1 1 1 2 2 2 
u ( l ) u ( 2 ) u ( 3 ) 

2 2 2 
Thus, ( T ( 1 ) T ( 2 , ) T < 3 , = T ( 1 ) ( T (

2

V
3 )

) , as was to be shown. 

Theorem 4.2. [ 4 1 ] . The semigroup of varieties of biautomata is 

antiisomorphic to the semigroup of the compatible tuples. 

Proof. One-to-one correspondence of the biautomata v a r i e t i e s and 

compatible tuples was stated before. I t i s necessary to show that i f 
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3E
(1>

 are v a r i e t i e s of automata, T < U = ( U " ' , W
(U

, u "
1

) , i = l , 2 are the 

corresponding tuples of i d e n t i t i e s , I = £ ( 1 > I < 2 ) , T = T ( 2 , T
< 1 )

 and X i s a 

va r i e t y of biautomata defined by the compatible tuple T , then 

X =X X By the d e f i n i t i o n T = ( U U , U W +W *U ,U U j, 

T * 1 1 1 2 2 2 
Denote U

(2,

w
(1)

+w
<2)

 •U
<1)

=W and consider a free c y c l i c biautomaton of 
1 2 

the v a r i e t y X : 
a = ( K F 1 / U < 2 ) U U ) , F, (KF^KFSKF

1

 )/(W©U
( 2 >

U
( 1 )

)) 1 1 2 2 
and the subautomaton 

( 1 ) « ) «> (!> ( w + w < 2 ) e u < 2 ) ) / ( W E U
( 2 ) U ( 1 ) ) ) 

1 1 1 2 2 2 

i n i t . I f u^eU^', w
(U

ew
(l>

, i , j = l , 2 then u ^ u ^ e U ^ V
1

' and 

(2) (1) , , ( 2 ) , , ( 1 ) , , „ 
u w eU W cW. Furthermore, 

l l . (2) ( 2 ) . (l) <l> (2) d) (2) (D . . . . ( 2 ) . . ( l ) 
(w+w +u )»u =wu +w «u +u u eW©U U 

2 2 2 2 2 2 2 2 
* d> i i") ID , , ( 1 ) (1) . , ( 1 ) . , 

These inclusions mean that i f u eU , w ew , u eU , then 
1 1 2 2 

i d e n t i t i e s 
(D_n (D-r, d)_n 

z»u =0, zw =0, y u =0 
1 ' 2. 

are s a t i s f i e d i n the biautomaton S9
(1)

 Therefore, a
( 1 )

e l
( 1 ) 

Take a quotient automaton 

a/a
( 1

'=(KF
1

/a
< 2 )

,F, ( ( K F ^ K F J S K F 1 ) / ( W + W < 2 ) © U ( 2 ) ) ) . 

1 2 
Arguing as above, we can check that 3 / 3

( 1 )

e £
< 2 )

 Therefore, Sel'
1

*!
1 2

' , _ -.(1)„(2) 
and X cX X 

T 

Let us v e r i f y the inverse i n c l u s i o n . Take a biautomaton a=(A,r,B) 
from l '

1

* !
1 2

' Hence, there i s such subautomaton 3
< 1 > =

 (A ,r,B )e3E i n S 
i l l 

that a/3 =(A/A ,r,B/B )e£ , I t i s necessary to show that the i d e n t i 

t i e s of the tuple x are s a t i s f i e d i n 3, that i s , that Sei^.. 

Let u be an a r b i t r a r y homomorphism of the free c y c l i c biautomaton 

i n t o 3, aeA, beB. Since (A/A ,r,B/B ) e l
< 2 >

, then a. ( u
< 2 )

 )
M

=a eA , 

2 1 1 1 1 1 
a(w

 2

 )^=b'eB and b*(u
 2

 )^=b eB . In i t s t u r n , since the biautomaton 
1 1 2 1 1 

(A ,r,B ) belongs to J
( 1

\ then a «(u
( 1 )

 )
M

=0, a(w
( 1

')
M

=0, b - ( u
U )

) '
1

= 0 
1 1 1 1 1 1 2 

and b^-tu^
1

 )^=0. Consequently, 
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a» (u
 2 )

u
 ( 1 >

 )"=(a. ( u
( 2 )

) " ) o (
U

( 1 )

 )"=a . ( u
( 1 >

 )"=0; 
1 1 1 1 1 1 

a(u
( 2

V
1 ,

+
w

< 2

V
1 )

 ) ^ ( a . ( u
( 2 )

 J") ( w
a )

 A ( a ( w
< 2 )

 f) • ( u
( 1 )

 )"= 
1 2 1 2 

a t w
1 1

? * - ! ^
1

' ) ^ and, f i n a l l y , b - (u
( 2 )

u
( 1 )

 ^ ( b - ( u
< 2 )

 )") • ( u
( 1 )

 )"= 
(1) U. 2 2 2 2 

1 2 
Thus, the biautomaton 3 s a t i s f i e s the i d e n t i t i e s of the tuple T , 

that i s , i t belongs to 3f^ 
This proves the inverse i n c l u s i o n as w e l l as the e q u a l i t y 

x =xmx'z) 

T 

4.4.3. Theorem of freeness of semigroup of biautomata varieties 

I n t h i s item we prove two theorems [13] which play a s i g n i f i c a n t 

r o l e i n biautomata v a r i e t i e s research. 

Let 9,9 be biautomata classes. Denote by 9 V9 the class of 
1 2 1 2 

biautomata consisting of a l l t r i a n g u l a r products of biautomata from 9
j 

by biautomata from Q^. Then 
Theorem 4.3. The product of varieties of biautomata generated by 

the classes Q
x
<®

2
 respectively, is equal to variety generated by the 

class 9 \79 , i.e. 
l 2 

Var9 -Var9 =Var(0 V9 ) . 
1 2 1 2 

Biautomata v a r i e t y X i s c a l l e d left unproper i f the class of a l l 

representations (A,D such that there e x i s t s a biautomaton (A, r,B)e3E, 

coincides w i t h the class of a l l representations. Right unproper biauto

mata v a r i e t y i s defined i n a s i m i l a r way. A biautomata v a r i e t y 3f i s c a l 

led unproper i f i t i s l e f t or r i g h t unproper. F i n a l l y , biautomata v a r i e 

t y 3E i s c a l l e d t r i v i a l i f i t consists only of biautomata of the form 

(o,r,o). 
The theorem 4.3 l i e s i n the base of the proof of the biautomata 

v a r i e t i e s semigroup freeness. 

Theorem 4.4. The semigroup of non-trivial proper varieties of 

biautomata is free. 

To prove the theorem we need several lemmas. 
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Lemma 4.5. Let 1,1 be the varieties of biautomata, 3 eJ , 

1 2 l l 
3 eX Then 

2 2 

a va e i i . 
1 2 1 2 

Proof. Let 3 =(A ,T ,B ) 1=1,2 and 3=3 VS = (A ffiA , r,B 4B ) . The 

I 1 1 1 1 2 1 2 1 2 

automaton 3 ^ 1 ^ i s a homomorphic on inputs image of the subautomaton 
3'=(A ,T,B ) from 3. Since the v a r i e t y X i s saturated then 3' also be-

l i l l i 

longs to 3^. 

Consider the quotient automaton 3/3^=(A/A
i
,T,B/B^). I t suffices 

to v e r i f y that i t belongs to I . This implies that S=S
i
V3

2
 belongs to 

X X . Take f i r s t an automaton (A/A , T , B/B )c(A/A ,r,B/B ) . One-to-one 
1 2 1 2 1 1 1 

correspondence a =a +A —> a and b =b +B —> b defines the isomorphism 
R 2 2 1 2 2 2 1 2 

of automaton (A/A ,T , B/B ) on (A , T , B ) . Therefore i t belongs to X. 
1 2 1 2 2 2 2 

In i t s turn the automaton (A/A^ V , B/B^) i s an epimorphic i n inputs ima

ge of the automaton (A/A , T.B/B ) . Since the v a r i e t y X^ i s saturated, 

t h i s means that the l a t t e r automaton also belongs to X^. 

Lemma 4.6. Let 0 be a class of biautomata, I=Var8. Then all free 

biautomata from X belong to VSCQ. 

Proof. Let 3=(A,r,B) be an a r b i t r a r y biautomaton from 8, and 

?=(H,F,G) be an absolutely free biautomaton w i t h the system of free ge

nerators (Z,X,Y). Mappings v :Z —* A, v : X —> T, i ^ Y —* B are uniquely 

extended to homomorphism i>=(i> , v ,v —> 3. Let p.„=Keri>, and p=np_, 
1 2 3 o £1 

3e8. Then ?/p=(Hyp
i>
 F/p

a>
 G/p

3
) i s a fre e biautomaton i n X. Therefore 

(H/p ,F,G/p ) i s free i n X. By Remak's theorem l?/p i s embedded i n t o pro

duct n^/Pg-
 9 e e

-
 T h u s

 ^/peSCe and biautomaton (H/p^ F, G/p
3
)eVSC8. 

Lemma 4.7. Let X , 1=1,2 be v a r i e t i e s of biautomata, f be a free 
I l 

in X^ biautomaton with the countable set of generators, 3
2
 - f r e e cyclic 

biautomaton of the variety X . Then 
J 2 

Var(3> V3 )=X X . 
1 2 1 2 

Proof. Let T =(U
l i )

, W
<U

, U
U )

) be the tuples of i d e n t i t i e s of 
1 1 2 R 

v a r i e t i e s X , 1=1,2. By the theorem 4.2 
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T r =(u
( 2 )

u
< 1 >

>
u

( 2 ,

w
( 1 )

+
w

( 2 ,

u
( 1 )

,u
( 2 ,

u
( 1 )

) 

2 1 1 1 1 2 2 2 
i s the tuple of the v a r i e t y £ £ . Denote U

< 2 )

W
( 1 )

+W
( 2 )

U
A )

 by W. Varie-

1 2 1 2 
t i e s £

(
 are generated by the biautomata 

a = ( K F
1

/ U
< I ,

, F , ( K F
1

® K F © K F
1

) / ( W
(

" ® U
<

" ) ) , 1=1,2 

1 1 2 
and the v a r i e t y by the biautomaton 

a=(KF
1

/U
< 2 ,

U
( 1 )

, F, ( K F W S K F
1

 ) / ( W © U
( 2 )

U
( 1 )

) ) . 

1 1 2 2 
Consider a subautomaton 8' i n 9 

a- = ( u
( 2 ,

/ u
( 2 ,

u
( 1 )

, F , ( w
( 2

W
2 )

 ) / (
W
® u

( 2 )

u
( 1 >

) ) . 

I l l 2 2 2 
Quotient automaton 3/a' i s isomorphic to the automaton 3 ^ Denote by 

3^,3,3' the exact biautomata corresponding to 3^3,3' respectively. The 

automaton 3 i s isomorphically embedded i n t o t r i a n g u l a r product 3*V3/3' 

belonging to X^X^ (by the theorem of embedding). Since Var9=I I , then 

Var(3'73/3')=J
l
J

2
. By v i r t u e of isomorphism 3/3' s=3

2
 we get 

Var(3'V3 )=X X . I t i s clear that Var(3'V3 )=£ X also. 

2 1 2 2 1 2 
Since ? i s a fre e i n £ biautomaton w i t h the countable set of l l 

generators then there i s an epimorphism u: SP —* 3
2
_ By the proposition 

2. 14 of the previous chapter t h i s epimorphism induces an epimorphism 

9 V3 -> 3'va . Therefore VarO
1

 V3 )=£ X . 

1 2 2 1 2 1 2 
Lemma 4.8. Given biautomaton 8, l e t £ =VarB and 3 be a fre e cyc-

1 2 J 

l i e biautomaton of the variety X . Then 
J 2 
VartBVS )=£ £ 

2 1 2 
Proof. Let ̂ be a free i n £ biautomaton w i t h the countable set 

i l 
of generators and ̂  be the corresponding exact biautomaton. By Lemma 

4.7. § V3 (and also ? V3 ) generates the v a r i e t y £ £ . Since § eQSCB 

' 1 2 1 2 s ^ . ^ 1 2 1 
then f o r some set I there i s a biautomaton 8'c8 which i s epimorphically 

mapped onto f. Let I=Var(8va ) . By the proposition 2.15 (Chapter 3) the

re i s the embedding 8
I

v'3
2
 —> (8V3,,)

1

. Therefore B'VU e l , Since 8'cB
1 

then 8'V3
2
e£. By the pro p o s i t i o n 2.14 (Chapter 3) there i s the epimor

phism B'V3
2
 —* fV3

2
- Thus §VS,^X. So J ^ c J f . On the other hand, 

873 e£ £ by Lemma 4.5. Thus £c£ £ and £=£ £ . 

2 1 2 ' 1 2 1 2 
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Lemma 4.9. Let 8 be a class of biautomata, J=Var9 and ?j=(A,F,B) 

be a free biautomaton in I . Let a a and b b be systems of 

I n I n 
linear independent elements of A and B respectively. Then there e x i s t s 
such biautomaton a=(C,r,T)eD 9 and homomorphism v.&r —* 3 that a a" 

o X i n 
and b b are the systems of linear independent elements also. 

1 n 
Proof. Let I be a set and vector space H be a d i r e c t sum of spa

ces H , i.e. H= £ H . Take Mcl and consider projections if : H — • £ H . I f 
OC _tt M Ot 

as I aeM 
h ,...,h are li n e a r independent elements i n H then f o r some f i n i t e M 

M M 

the system of elements h^ , . . . ,h^ i s also l i n e a r independent. Indeed, 

l e t HQCH be a subspace generated by h
i
 h^ I t i s fi n i t e - d i m e n s i o n a l , 

so there e x i s t s Mcl such that H n K e ™ =0. Thus r e s t r i c t i o n <p on H i s a 0 M M O if if 
M M 

monomorphism f o r every such M and the elements h^ are linea r 

independent. 

^,cVSC9 by Lemma 4.6. Let a =(A ,T ,B ) be such biautomata from 9 
£ a a a a 

that fj=(A,F,B) the exact biautomaton, isomorphically embedded int o 

[ja^. Let u be an epimorphism i n inputs, u: 9-j — • §̂c r|3 . Consider f i n i -
a el a e l

a 

te subsets M ,M c l such that elements 

1 2 
ip ip w w 
M *M R M * M 1 1 , , 2 , 2 

a a and b , . . . , b 1 n I n 
are l i n e a r independent i n TA , £B respectively. Take M=M uM and 

aeM aeM
 1 2 

l 2 
a=(C,r,T)= pja I t i s clear that under projections if : r[3 —> a= j|9 

aeM
a M

 a e l " aeM*" 

f„ *>
M
 <P

K
 % 

elements a a and b ,...,b are l i n e a r independent i n C and T 
1 k 1 k 

respectively. Since the set M i s f i n i t e then SeE 9, and v=pif -> 3 i s 

o J 

a desired homomorphism. 

Before the next lemma l e t us make some ca l c u l a t i o n s . Let 

(A,r,B) = (A ,2 ,B )V(H,I ,G) where r=Z x* x*x$ x£ , * =Hom(H.A ) . 

I l l 2 1 1 2 2 1 1 
*=Hom(H,B ) , $ =Hom(G,B ) . Consider an a r b i t r a r y element u=u(x ,...,x ) 

1 3 1 j i n 
from the semigroup algebra KF over free semigroup F=F(X). I t may be 
w r i t t e n i n the form 
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u =

 Z « x x , a eK, 

s i k ' i * k l i \ s \ 

We need to calcu l a t e elements of the form u(y , ...,y where 
r

i
 = ( < r

ii'*'ii-*4'^.'
r

«
) e r

' Consider projections ot-.T -> Z , d :T -> * , 

1 1 1 1 1 1 2 1 2 1 1 1 1 
5:T -> *, d :T — I * B-.F -» Z . I t i s clear that <x(y...y) = 

* 2 2 I n 
«(y ) . . .«(y )=<r ..a- , and S(y . . . y )=fi(y ) . . . p(y )=o- . . . <r . Induc-1 p 11 In 1 p 1 n 21 2n 
t i v e l y one can v e r i f y the f o l l o w i n g formulas: 

d ( y . . . y )=E8(y .y )d, (y,)a(y_ ...y )=£<r . . . <r ^ cr . . . cr , 1 1 i 1 - 1 1 1 1+1 n ^ 21 21*11 11+1 In 

d (y . ..y )=E6(y . ..y, )d (y )a(y ...y )=£cr ...or <p or 2 1 n " 1 1 - 1 2 1 1+1 n u 21 21 21 1 1 
Further, 

. ..or 

21 11+1 In 

y
4
 ...y

i
 =(«r

n
 . . . ^ ,d (r, ...r, ).*(», ...r, ).d Cr . . . 7 ),«• ...,r ) , 

l k l k l k l k l k l k 

u ( y i V = C u C < r u £ a , , V i >• 1 1 1 k 1 k 1 k 

2 a . f . A ^ ' - » i i ' £ a . 1 d 2 t 7 i 3 -
1 , . . . , 1 1 k 1 k l , . . . , l 1 k 1 k l k l k 
u(cr . . .tr ) ) . 21 2n 

Lemma 4.10. Let a = (A ,Z ,B ) be a biautomaton and 9 be a class l i l l 
of biautomata, such that 9=2) 9. Let J =Var3 and J =Var9. Then 

0 1 1 2 
VarO V9)=J 3E 

1 1 2 
Proof. Let ? =(H,F,G) be a c y c l i c free biautomaton i n J . By Lem-2 2 

ma 4.8 the t r i a n g u l a r product 8 V?
2
 generates 2 1 , Then, any i d e n t i t y 

z«u=0, zw=0, y u = 0 which holds i n 3 V9- , holds also f o r biautomaton ' J 1 2 
a va , f o r each a e9 . 

1 2 2 
Conversely, l e t the i d e n t i t y z°u=0 i s not hold i n 

8 7? =(A fflH.T.B ® G ) . This means that there e x i s t the elements a +heA +H 

1 2 1 1 1 1 
and y ,..,y from r , such that (a +h)ou(y ,..,y )*0. One can assume that 

I n 1 1 n 
ueU

(1)

nU
<2)

, where (U
(I,

,W
<l

\u ) i s the tuple of i d e n t i t i e s of the 
1 1 1 2 

v a r i e t i e s 3E , 1=1,2. l 
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We have 

(a +h)°u(y y )=a »u(ir , . . . , cr )+hd (y , . . . , y )+hou(cr , . . . ,tr ) , 
1 1 n i l n i l n 21 2n 

or eF. 
21 

Since ueU^'nU*
2

' then aoutcr , . . . , cr )=0 and h°u(cr cr )=0. 
1 1 11 In 21 2n 

Thus 
(a +h)°u(y ,...,y )=hd,(y. y ) = 

1 1 n i l n V Ya ((h»cr . . . cr )cp ) °cr . . . cr 
™ *• 1 ..... 1 21 21 11 11 11 

1 1 J 1 k 1 J - l j J+l k 1 k 

Denote by V the linea r space i n H generated by a l l the elements 

h°cr ...o- . Since the set of such elements i s f i n i t e and (H,F, G) i s 
21 21 i J - i 

a free biautomaton i n the v a r i e t y 3t"
2
=Var9 then by Lemma 4.9 there are 

such biautomaton 3 =(A , £ , B )e9=E 9 and such homomorphism 
2 2 2 2 0 

u:S. —> (A ,£ ,B ) that the linea r spaces V and have one and the same 

^ 2 2 2 2 

dimension. Consider a homomorphism v-.A^ —> H, inverse to u on the space 

V and a r b i t r a r y beyond i t , and the homomorphism ip^
 =v

f
ll
 from A

g
 to 

J J 
A Then l 

(ho<r . . .or ) w =(h°cr . . . cr ) <P =(h»cr . . . or )<p 
21 21 11 21 21 11 21 21 11 I j - l J 1 j - l j 1 j - l J 

Take the tr i a n g u l a r product a^va^tA^A^ f , , an a r b i t r a r y 

element a eA , element a =h^eA and elements y =(cr ,<p' ,0,0,A ) such 

I I 2 1 2 1 n M l 21 

that A = 0 ^ e£ . Then 
21 21 2 

(a +a )»u(y , . . . ,y )=h<>u(y y )*0. 
1 2 1 n l n 

The i d e n t i t y z»u=0 i s not held i n 3 va , where 3 e9 by the construction. 
1 2 2 ' ' 

Thus the biautomaton 3 V? and the class of biautomata 3 V9 s a t i s f y one 
1 2 1

 7 

and the same i d e n t i t i e s of the form z°u=0. In a s i m i l a r way one can ve

r i f y that i t i s also true f o r i d e n t i t i e s of the form zw=0 and yu=0. So, 

a^Vlf^ and 3^9 generate the same v a r i e t y . 

The f o l l o w i n g lemma asserts that the condition 8=D
q
9 i n Lemma 

4.10 i s not esse n t i a l . 
Lemma 4.11. Let 3 =(A ,Z ,B ) be an a r b i t r a r y biautomaton and 9 

1 1 1 1 
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be a c l a s s of biautomata. L e t X =Var8 , X =Var9. Then 
l 1 2 

X X =Var(3 79). 
1 2 1 

Proof. Let 9'=D9. Denote I=V a r ( 3 V 9 ) . Since Var9' =Var9=I then 
0 1 2 

according t o the previous Lemma ^ 1 =Var(3 79' ) . I t i s clear that 

XeX X . 
1 2 

V e r i f y the inverse i n c l u s i o n . Let S=(A,T, B)=3 73 where 
1 2 

3 =(A ,S ,B ) i s a biautomaton from 9'. Since 9'=Z>0 then there e x i s t s 
2 2 2 2 0 

such f i n i t e set of biautomata 3 =(A ,X ,B )e9, i e l , that 3 = nS . 
21 21 21 21 2

 11

 21 
i e l 

I t i s easy to check that a t r i p l e t (A +A ,r,B +B ) i s biautomaton. 
1 21 1 21 

Construct the epimorphism i n input signals 

u : (A +A ,r,B +B ) -» 3 73 =(A +A ,T ,B +B ) 
1 1 21 1 21 1 21 1 2 l ' l ' 1 21 

where T =Z x* x* x* xZ , * =Hom(A , A ) , * =Hom(A ,B ) , * = 
1 1 11 1 21 21 11 21 1 1 21* t 21 

Hom(B ,B ) . 
21 1 

Let t r
i
 =<r i f "

r

1

6 £

l
;
 f o r

 p e* ,0e*, aeA l e t t? (a)=cp ( a ) , 
u u 

0 '(a)=0(a); f o r tp e* , beB l e t cp '(b)=cp (b); f i n a l l y l e t u :Z -» S 
2 2 21 2

 r

2
 J

 ^ 1 2 21 

be the pr o j e c t i o n s . By t h i s the epimorphism r
 —

> r i s defined. This 

epimorphism together w i t h the i d e n t i t y mappings on A^+A^ and B^+B^ 

defines i n i t s t u r n the epimorphism of biautomata i n input signals. The

re f o r e , since 3 73 e l , the biautomata (A +A ,T,B +B ) belong to X, 
1 21 1 21 1 21 

i e l . The biautomaton (A,T,B)=3
i
73

2
 i s generated by the biautomata 

(A +A ,r,B +B ) . Since the v a r i e t y X i s simultaneously a ra d i c a l class 
1 21 1 21 

then (A,r,B)eI. Therefore X X cX and X X =1. 
1 2 1 2 

Proof of the theorem 4.3. Take some exact biautomaton 3 genera
t i n g v a r i e t y 3f . By Lemma 4.10 Var(3 79 )=X X . Since X =Var9 then 

6

 ' l
 J

 1 2 1 2 1 1 
3 eQSCG . This means that there e x i s t a set of biautomata 3 e9 , i e l , 
1 1 l i l 

and subautomaton 3'c f]3 , such that 3 i s an epimorphic image of 3'. 
l e i 

Denote Var(9 79 ) by X and l e t 3 e9 . Then there e x i s t s an I n c l u -
1 2 2 2 

sion ( rrS )73 -> f j ( 3 7 8 J e t . Therefore (rrS^)78
2
e3t. Since 3 ' c y ^ 

l e i
1 1 2

 i e l
 1 1

 l e i l e i 
then 8'78

2
eJ. According to the Proposition 2.14 from Chapter 3 there 

e x i s t s an epimorphism 8'73 onto 8
j
73

2
 So, UV^eX. Thus X^^X. 
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On the other hand, by Lemma 4 . 5 6 V8 cX X and XeX X This pro-
1 2 1 2 1 2 

ves the Theorem. 

The s i m i l a r Theorem f o r v a r i e t i e s of automata i s not tr u e . Let us 

show the corresponding example. 

Take the automaton (0,r , B). The tuple of i t s i d e n t i t i e s has the 

form (KF'.KF). Therefore e=Var (0, r , B) i s the u n i t of the semigroup of 

automata v a r i e t i e s . Take t h i s e as 3f
j
. As X we take v a r i e t y generated 

by the automaton (A,T , A) w i t h the i d e n t i t i e s z«x=z and z'x=z, X€X. The 
2 

tuple of i d e n t i t i e s of t h i s automaton has the form ( U , U ) , where U=A
f
 i s 

the augmentation ideal i n KF
1

 The product * ! *
2

= e

*
2

=

*
2

 i s

 associated 

with the tuple (U,U). 

On the other hand, (0,r ,B)V(A,r ,A) = (A,r xHom(A,B)xr ,A+B) 
1 2 1 2 

=(A,r,A+B). I t i s clear, that f o r each aeA and some yer holds 

a»y=a+a0*a. Thus the tuple of i d e n t i t i e s of the v a r i e t y Var(A,r,A+B) 

d i f f e r s from (U,U) and 

3f J *Var((0,r ,B)V(A,r ,A)). 
1 2 1 2 

Proceed to the proof of the Theorem 4. 4. At the beginning we pro
ve some propositions which are also i n t e r e s t i n g by themselves. 

Lemma 4.12. Let (A',r,B') be a subautomaton of the triangular 

product of biautomata (A,r,B) = (A ,Z ,B )V(A ,Z ,B ) . Then either A cA' 
1 1 1 2 2 2 l 

and B cB', or A'eA and B'cB or A'eA and B cB'. 
l l l l i 

Proof. Let A' does not belong to Â  Take a r b i t r a r y elements 

a eA and a eA'\A . Write a i n the form a'+a'' where a'eA , a'' eA . 
1 1 2 1 2 2 2 2 1 2 2 

Denote by y ^ c r ^ , ^ , 0,^,00 such element from T that <p s a t i s f i e s the 

condition a' ' ip =a . Then a °y=a' °<r +a' ' IO +a' ' °<r =a' °<r +a +a' ' °cr . Since 
2 1 1 2 2 1 2 1 2 2 2 1 1 2 2 

A' i s T-invariant subspace then a
2
°yeA' Consider an element 

y =(o- ,0,0,(p ,cr ) . I t i s clear that y er, and a °y =
a
' »ir +a' ' °<r l i e s i n 

0 1
 r r

2 2 0 2 0 2 1 2 2 
A' Then a^y-a^^a^A' Since a

i
 i s an a r b i t r a r y element from Â  then 

A cA' 
l 

Let now A cA'. Then A'=A+A', where A'eA Take an a r b i t r a r y 
1 1 2 2 2

 1 

a eA' For any b eB there e x i s t s 0eHom(A ,B ) such that a ib=b . Consi-
2 2 1 1 2 1 2

r

 l 
der y=(cr ,<p ,ij/,w ,<r )er wi t h a r b i t r a r y components cr eZ , w eHom(A ,A ) , 

1 1 2 2 •
 r

 i 1
 r

l a l 
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cp eHomCB ,B ) . Then a *y=b +a »o- . Consider also y =(cr , <p , 0,cp , cr )er. 
43 «s 1 2 1 2 2 0 1 1 2 2 

Elements a*y and a*y
0
=a*cr belong to B' Therefore b =a»y-a*y eB' , and 

B cB' . 
l 

The rest inclusions can be v e r i f i e d i n a s i m i l a r way. 

Lemma 4.13. Let (A,r,B) = (A , Z ,B )V(A , Z ,B ) be a triangular 
1 1 1 2 2 2 ° 

product of biautomata and X be a variety. Let 

X*U,X,B ) = (H , Z ,H ) * ( 0 , Z ,0) and 
2 2 2 1 2 2 2 

X'(A ,£ ,B )=(G , Z ,G )*(A , Z ,B ) 1 1 1 1 1 2 1 l ' 1 
Then 

X (A,r,B) = 
'(A +H ,r,B +H ) , if H *0 1 1 1 2 1 
(A',r,B +H ) , where A'cA , i f H =0, H *0 

1 2 1 1 2 

x' (A,r,B)=-
(G ,r,G ) , i f G *B 

1 2 2 1 
(G ,r,G +B' ) , where B' cB , if G =B , G *A 

1 2 2 2 2 2 1 1 1 
Proof. 1) Let X (A, T ,B) = (A',V, B' ) . Consider epimorphism of pro

j e c t i o n p:(A,r,B) -> (A^.Z^.B^). Since verbal i s permutable w i t h epimor

phism, we get 

(A
1

 ,r,B' )
fX

=(J*(A,r,B))
M

=f*(A,r,B)'
J

=3e''
,

(A , Z ,B ) = ( H , Z , H ) . 
2 2 2 1 2 2 

According to previous Lemma only the f o l l o w i n g cases are possible 

a) A'eA , B'cB , 
l l 

b) A cA' , B cB' , 
l i 

c) A' cA , B cB'. 
l l 

a) Let A'eA , B'cB Then (A' , T , B' )
M

= ( 0 , Z , 0 ) . Therefore 
i i 2 

X (A , Z ,B )= ( 0 , Z ,0), which contradics the assertion of the Lemma. 
2 2 2 2 

b) Let A^A' , B^B' . Then (A'.T.B') i s the inverse image of 

( H , Z , H ) w i t h respect to p. Therefore A'=A + H B'=B + H . 
1 2 2 c 1 1 1 2 

c) Let A'eA , B cB'. Then (A' , T , B' )
M

=(0, Z , H ) and B' i s the i n -
1 1 2 2 

verse image of w i t h respect to p. Therefore B'=B I+H 2 and the f i r s t 

statement i s proved. 
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2) Let ( A
j
, T , ) c ( A , T, B). I t i s clear that i f 

F (A ,E ,B ) = (G ,Z ,G ) then X' (A T,B ) = (G ,r,G ) . 
I l l 1 1 2 1, 1 1 2 

Let 3E'(A,r,B) = (A',r,B'). By Lemma 4.12 three cases are possible. Let 

consider them separately. 

a) Let A'cA, B'cB Then 3T (A , £ ,B ) = (A',Z ,B') = (G , £ ,G ) and 

1 1 1 1 1 1 1 1 2 
r (A,r,B)=(G ,r,G ) . 

1 2 
b) Let A^A', B^B'. Then I'(A ,r,B M A ^ r . B ^ and f [A .S^BJ^ 

(A ,£ ,B ) , that contradicts the assumption. 

c) Let A'cA
i
, B^B'. Then (A ' , r , B ) € l as subautomaton of 

(A',r,B'). Therefore f (A , V, B ) = (A' , T, B ) = (G , T, G ) . Since B' z>B then 

1 1 1 1 2 1 
B'=B +B'=G +B', where B'cB Thus V (A,T,B) = (G ,T,G +B' ) . 

1 2 2 2 2 2 1 2 2 
Lemma 4.14. Let I , I , J) , J) be non-trivial varieties of bi-

1 2 1 2 
automata such that *l^2~^J\"^2 a n c * * 2 does not belong to ty^. Then there 

exist non-trivial varieties f and f ' c l such that 

3 1 1 

1 3^2 1^2 1 2 

Proof. Take free biautomata (A ,F,B ) i n J , 1=1,2. By the as-

1 1 1 
sumption, (A ,F,B )ej) . Let (A,r,B) = (A ,F,B )V(A ,F,B ) . Consider 

m 2 2 2 1 1 2 2 
J) (A ,F,B ) = (H,F,L). From the condition (A ,F,B )ej) i t follows that 

2 2 2 2 2 2 
(H,F,L)*(0,F,0). According to Lemma 4.13 

2J
2
(A,r,B)=-

(Aj+H.T.B +L), i f H*0 

(A'.T.B +L), where A'cA , i f H=0, L*0 1 1 

Assume that H*0. Then IĴ CA, r, B) = (A +H, r, B +L). Since the triangu

l a r product (A, T, B) belongs to ̂ 1=^^^ then J)*(A, T, B)e1) . 

By Proposition 2. 17 (Chapter 3) there e x i s t s an epimorphism i n 

input signals: 

(A^+H, T, B
i
+L) -» (A ,F,B )7(H,F,L). 

Let I =Var(H,F,L). By the Theorem 4.3, 3 
Var ((A

5
, F, B^ )V(H, F, L) )=£ 3f . 
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Hence, Var(A +H, T, B +L)=I J . Since (A +H ,T, B +L)eJ) then I 3f cJJ . So, 
1 1 1 3 1 1 1 1 1 3 1 

1 3 ^ 2 J 1 J 2 
On the other hand, since JJ*(A,T,B) = (A +H,r,B +L)€l X , then 

2 1 1 1 3 ' 
CA ,r,B)eI

i
JyJ

2
, and Var(A,r,B)=3f

i
3f

2
=»

i
1)

2
cI

i
i

3
D

2
. Thus we get X X J) = 

W A -
Let now H=0 and L*0. Then JJ*(A, r, B) = (A' .r.B^+L), where A'cA . Let 

F=Var(A',r,B J and 3t*
3
=Var (0,F,L). By Proposition 2.18 (Chapter 3) there 

e x i s t s an epimorphism i n input signals 

(A \ r,B +L) -> (A'.F.B )V(0,F,L). 

The product of v a r i e t i e s X'X i s generated by t h i s t r i a n g u l a r product. 

Therefore X' X =Var(A' ,T, B +L). Since (A' , T, B +L)e2J , then X'X c<Q and 

1 3 1 1 1 1 3 1 
*l*AC"A' °

n t h S o t h e r h a n d

' (A»r.B)eS*2
3
2)

z
 and consequently 

J) cX'X J) . F i n a l l y we have 

" l " 2 1 3°2 7 

^'A-o ,^ -
Lemma 4.15. Let X , X , X be varieties of biautomata and X dif-l 2 

f e r s from the variety of a l l biautomata. Then 
1) If XX =XX then X =X ; 

1 2 1 2 
2) If X X=X X then X =X . 

1 2 1 2 
Proof. Consider the f i r s t case: I I =XX . Assume that I does not 

l 2 l 
l i e i n 3f . Take fr e e automata (A, F,B) from X and (A ,F,B ) from £ . 

2 1 1 1 
Their t r i a n g u l a r product (A, T,B) = (A,F,BjVtA^, F, B

j
) generates . 

Let J*(A ,F,B ) = (A',F,B'). I f A'=0 and B'=0, then (A,F,B)e* and 2 1 1 1 1 1 1 1 1 2 
X cX , that c o n t r a d i c t s the assumption. Thus e i t h e r A'*0 or B'*0. By 1 2 1 1 
Lemma 4.13 

X (A ,r,B) = 
2 

(A+A' ,r,B+B' ) , i f A'*0 l l l 
(A',r,B+B'), A'cA, i f A'=0, B'*0 l l i 

a) Let A'*0. Then X (A, T, B) = (A+A', T, B+B'). Since (A,T,B)eXX 
1 2 1 1 2 

then X (A ,r ,B)€£ . 
2 By Proposition 2. 17 (Chapter 3) there e x i s t s an epimorphism i n 
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inputs: (A+A',T,B+B' ) -> (A, F, B)V(A',F.B' ) . Thus, 1 1 1 1 
(A,F,B)V(A' ,F,B' ) e l . 

l i 

Let £ =Var(A',F,B'), A'*0. Then Var((A, F, B)V(A', F, B ' ) ) = I I . Thus 
0 1 1 1 1 1 0 

IS c l and I I =1. Denote the tuples associated w i t h v a r i e t i e s I and I by 
o o

 K

 o
 1 

(U ,W,U ) and (Û .W ,\SJ respectively. The product I I
q
 i s defined by the 

product of tuples (U°, W ° , U°) (U , W, Uj. Hence l A l ^ U ^ , that i s impos

s i b l e . So we have the inc l u s i o n I c l . In a s i m i l a r way one can show 

l 2 
that I c l , and thus I =1 . 

2 1 1 2 m 
b) Let now A'=0, B'*0. Then I (A, r , B) = (A', T, B+B') where A'cA. I t 

1 1 2 1 
i s clear that I * ( A , T, B ) e l . Since (A,r,B)eI and (A',T,B+B')el, then 

2 1 
(A+A',r,B+B^)=(A,r,B+B^)el. By the Proposition 2.18 from the Chapter 3 
there i s an epimorphism on inputs: (A,T,B+B')

 —

> (A,F,B)?(Q,F,B*). Hence 
(A,F,B)v(0,F,B' ) e l . Denote by I v a r i e t y Var(0,F,B'). Then I I c l and 

l o l o 

I I =£. Considering tuples corresponding to the given v a r i e t i e s we get 

the equality ^
1

=

^
2
 as i n the case a). 

The proof of the second statement of the Lemma i s s i m i l a r to this 

one and uses the de s c r i p t i o n of the r a d i c a l of biautomaton given i n Lem

ma 4. 13. 

A v a r i e t y of automata i s ca l l e d indecomposable i f i t cannot be 

represented as a product of n o n - t r i v i a l biautomata. 

Lemma 4.16. Let varieties I , J ) be indecomposable ones and va

r i e t i e s I 2 > J) are different from the variety of all biautomata. Then 
I I =9 J implies I = J ) , I =2) 

I I i J 2
 r

 i i a 2 
Proof. Suppose that I 2 does not belong to 2)

2
- By Lemma 4. 14 there 

e x i s t n o n - t r i v i a l v a r i e t i e s I and I ' d , such that I ' l 2) =D B • This 
3 l r 1 3 J 2 J 1 J 2 

implies
 f

j ^
3

=

8
l

 t h a t

 contradicts the indecomposability of J) . Thus 

* c2) By s i m i l a r arguments J ) c l and I =2) . So, I = J ) 
2 2 2 2 2 2 1 1 

Proof of the theorem 4.4. The l a t t e r r e s u l t implies that indecom

posable n o n - t r i v i a l proper v a r i e t i e s generate a free semigroup. To com

plete the proof of the Theorem i t remains to v e r i f y that each non-

t r i v i a l v a r i e t y of biautomata I can be represented as a f i n i t e product 

of indecomposable ones. 
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Let us introduce the notion of the weight of an i d e a l . I t i s 
00 

known [66] that p (KF)
n

=0. Hence, f o r any nonzero ideal U of KF there 
n = l 

e x i s t s such integer n that Uc(KF)
n

, while U does not belong to (KF)
n + 1

. 

This n i s c a l l e d the weight of the ideal U. I f L^KF
1

 then the weight of 

U i s assumed to be zero. A sum of weights of ideals U and U i s called 

1 2 
a weight of a tuple (U ,W,U ) and of the corresponding v a r i e t y X. Let X 

be a n o n - t r i v i a l proper v a r i e t y of biautomata, T = ( U , W,U ) be a tuple of 

1 2 
i d e n t i t i e s of the v a r i e t y 3f. Let the weight of X be equal to m. Since 
U

i " ° ' U2*°
 a n d

 °
n e o f t h e m d i f f e r s f r o m K f l

>
 t n e n m > 0

-
 I f 1

 cannot be 

represented as a product of f i n i t e number of indecomposable v a r i e t i e s 

then i t can be represented i n the form 
X=X X .. .X 

1 2 m+1 
where I

[
 are n o n - t r i v i a l proper v a r i e t i e s . Since the weight of the pro

duct i s greater or equal to the sum of the weights of the f a c t o r s , the 

weight of the given product i s greater than m, that contradicts the 

assumption. 

I t must be mentioned that the semigroup of v a r i e t i e s of automata 

i s not a f r e e semigroup. Define the product of compatible tuples asso

ciated w i t h l i n e a r automata by the r u l e 
(U ,V K U , V ) = (U U ,U V ) . 

1 1 2 2 1 2 1 ? 
I t i s easy to show that the compatible tuples form a semigroup w i t h res

pect to t h i s m u l t i p l i c a t i o n . This semigroup i s antiisomorphic to the 

semigroup of v a r i e t i e s of l i n e a r automata. I t i s not a free one because, 

f o r example, holds the e q u a l i t y 
(U ,V ) ( U ,V ) = (U ,V ) ( U ,V ) 

1 1 2 2 1 1 2 2 
which i s not true i n f r e e semigroup. 

The f r e e semigroup of v a r i e t i e s of biautomata can be n a t u r a l l y 

homomorphically mapped onto the semigroup of v a r i e t i e s of l i n e a r automa

ta . I n p a r t i c u l a r , we can construct the canonical homomorphism, which 

associates a class of l i n e a r automata X° to each v a r i e t y of biautomata X 

by the r u l e : (A,r,B)eI° i f (A,r,B)€l and (A,T,B) i s a l i n e a r automaton, 
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that i s i f i n (A, T, B) f o r each ueKF
1

 holds the i d e n t i t y yu=0. I t can be 

v e r i f i e d that 1° i s the v a r i e t y of automata and ( I I
2
)

0

=I°3*°. This means 

that the above mapping i s homomorphism. I t i s clear that t h i s homomor

phism i s a c t u a l l y epimorphism. 

4.4.4. Indecomposable v a r i e t i e s 

Since the semigroup of the biautomata v a r i e t i e s i s f r e e , the 

study of indecomposable v a r i e t i e s of biautomata i s s p e c i a l l y interes

t i n g . Now we s h a l l consider several series of such v a r i e t i e s [ 1 4 ] . I t is 

easy to prove the f o l l o w i n g 

Proposition 4.17. If X° is an indecomposable variety of represen

tations, then the variety X generated by a l l the biautomata of the type 

(A,r,0) where (A,DsI° is also indecomposable. The variety generated by 

all the biautomata of the type (O.T.B) where (B,r)el° is indecomposable 

in a similar way. 

From t h i s Proposition and statement 19.2.1 of [ 9 0 ] , i n p a r t i c u 

l a r , follows, 

Proposition 4.18 1) If the class 9 consists of the biautomata of 

the type (A,r,0) where (A,D is an irreducible representation, then Var9 

is an indecomposable variety of biautomata. 

2) if 9 consist of the biautomata (0,1*,B) with the irreducible represen

tation (B,D, then Var9 is also indecomposable. 

The v a r i e t i e s discussed i n these Propositions i n a c e r t a i n sense 

are degenerate v a r i e t i e s . There are also non-degenerate indecomposable 

v a r i e t i e s of biautomata. 

Theorem 4.19. Let 9=(A,r,B) be a Moore biautomaton with irredu

cible representations (A,D and (B,D and non-degenerate operation '. 

Then the variety Var(A,r,B) is indecomposable. (Non-degeneracy of the 

operation * means that the identity z»x=0 is not satisfied in the auto

maton (A, T,B)). 

Proof. Assume that the v a r i e t y I=Var(A,r,B) i s decomposable, that 

i s X=X X where the v a r i e t i e s X , X are n o n - t r i v i a l . Then i n the 
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biautomaton a=(A,r,B) there e x i s t s the subautomaton a from I , such 
1 l 

that 3/a
j
 l i e s i n £ Since the representations (A,D and (B,D are 

i r r e d u c i b l e , the biautomaton coincides w i t h one of the f o l l o w i n g 

automata: (O.T.O), (0,r,B), (A,r,0), (A, T, B). The cases a=(0,r,0) or 

3 =(A,r,B) f a i l away, since the v a r i e t i e s £ and £ must be n o n t r i v i a l . 

l 1 2 

I f a^CA.r.O), then 3/3^(0,T, B). In the t r i a n g u l a r product 

(A,r,0)V(0,r,B) the operation • i s a degenerate one. Since the biautoma

ton (A,T,B) i s embedded i n t o t h i s product, then the operation • i s dege

nerate also i n (A, T,B), that contradicts the assumption. 

Let, f i n a l l y , 3 ^ ( 0 , r . B ) . Then a/3 =KA,r,0). Consider the t r i a n 

gular product (0,r,B}v(A,r,O)=(A,S,B)e£ £ . I f the element ueKF
1

 l i e s i n 
1 2 

the i n t e r s e c t i o n of the ideals of i d e n t i t i e s of the representations 

(A,D and (B,D, then the i d e n t i t y z*u=0 i s s a t i s f i e d i n the biautomaton 

(A,r,B) (since (A.T.B) i s a Moore biautomaton w i t h a c e r t a i n determining 

mapping I/I and by the d e f i n i t i o n of such automaton a*ar=(a°y)i/i-ai/i*y). 

Hence, t h i s i d e n t i t y i s also s a t i s f i e d i n the v a r i e t y £=Var(A,T,B). On 

the other hand, i t i s clear that i t i s not s a t i s f i e d i n the automaton 

(A,Z,B) ( i t s u f f i c e s to consider the matrix representation of the t r i a n 

gular product). The obtained c o n t r a d i c t i o n implies that £ i s indecompo

sable. 

Proposition 4.20. If 3=(A,r,B.) is a biautomaton with (A,D or 

(B,D being an exact representation of the f i n i t e group of exponent n 

over the f i e l d of the characteristic zero, then the variety Var3 is 

indecomposable. 
Proof. To prove the theorem we f i r s t develop one general idea. 
Let f =f be an i d e n t i t y of the semigroup T, (A,D a c e r t a i n 

l 2 

exact representation and 3=(A,r,B) a biautomaton w i t h operation » de

f i n e d by the representation (A,D; n a t u r a l l y , i t i s also exact. Let the 

v a r i e t y £ generated by t h i s biautomaton be decomposable: S^X^X^ Then 

there i s such subautomaton 3 ^ 3 , 3^3:, that 3/3
i
 l i e s i n Denote by 

(A .T ,B ) and (A ,T ,B ) exact biautomata, corresponding to 3 and 3/3 
i l l 2 2 2 1 l 

res p e c t i v e l y . ( I t i s clear that i n t h i s case A^A^A, B^B^B). Consi

der, f i n a l l y , the t r i a n g u l a r product (A , T^, B^ )v(A
2 >
 r ^ , B

2
)=(A, Z, B)***^ 
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where Z=r xHomtA ,A )x Horn (A ,B )xHom(B , B )xr . 
1 2 1 2 1 2 1 2 

I f (C,*,D) i s an exact biautomaton from Var(A,r,B), then the 

semigroup * should also s a t i s f y the i d e n t i t y f ^ s f ^ ; t h i s , i n p a r t i c u l a r , 

relates to the considered biautomaton (A,E,B) and semigroup Z. On the 

other hand, i f the i d e n t i t y f =f i s s a t i s f i e d i n Z, then, since the 
J 1 2 

biautomaton (A,r,B) i s embedded as a subautomaton i n (A,Z,B) (Theorem 

2.1, Chapter 3), i t must be s a t i s f i e d also i n T, that i s , T and Z gene

rate the same semigroup v a r i e t y . 

I t f o llows that i f T and Z generate d i f f e r e n t v a r i e t i e s of the 

semigroups, then the v a r i e t y of biautomata £ i s indecomposable. 

Return to the statement of the Proposition taking i n t o account 

the above considerations. 

The group T has the exponent n, hence, the i d e n t i t y x
n

= l i s s a t i 

s f i e d i n i t . On the other hand, t h i s i d e n t i t y i s not s a t i s f i e d i n the 

group Z, since Z contains a subgroup consisting of a l l elements of the 
form {l,to ,ili,q> ,1}, where <p €Hom(A ,A ) , <p eHom(B ,B ) , dieHomCA ,B ) . 

" l ^ " 2 1 2 1 2 2 1 2 1 
This subgroup i s isomorphic to a c e r t a i n subgroup of the group of t r i a n 

gular matrices w i t h the u n i t s on the main diagonal (over the f i e l d of 

c h a r a c t e r i s t i c zero). The l a t t e r i s a n i l p o t e n t group without t o r s i o n . 

Thus, the i d e n t i t y x"=l, s a t i s f i e d i n the group T, i s not s a t i s 

f i e d i n Z, hence, they generate d i f f e r e n t v a r i e t i e s . In accordance with 

the remark made above t h i s implies that the v a r i e t y I i s indecomposable. 

From the l a s t Proposition f o l l o w s , i n p a r t i c u l a r , that i f (A,D 

and (B,D are the representations given i n t h i s Proposition, then 3 2 
VartAtm (A,D) and VartAtm (r,B)) are indecomposable. 

For comparison i t i s useful to note that since the f i r s t univer

sal biautomaton Atm
1

(A, B) = (A, End(A, B), B) can be represented i n the form 

of the t r i a n g u l a r product 

Atm
1

(A,B) = (0,EndB,B)V(A,EndA,0), 

the v a r i e t y Var[Atm
1

(A, B)] i s always decomposable: 

VartAtm^A.B^VartO.EndB.BJVarU.EndA.O). 
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4.4.5. Example 

Let us apply r e s u l t s of t h i s item f o r the des c r i p t i o n of the 

tuple of i d e n t i t i e s of the universal biautomaton Atm'CA.B). Repeat once 

more that the biautomaton Atm
1

(A, B) = (A, EndA®Hom(A,B)©EndB,B) i s a t r i a n 

gular product a
2
V3

t
 of the biautomata 3

i
=(A, EndA, 0) and 3 ^ ( 0 , EndB, B). 

I t i s evident that the tuple of i d e n t i t i e s of a biautomaton coin

cides w i t h the tuple of i d e n t i t i e s of a biautomata v a r i e t y generated by 

i t . By Theorem 4.3 the v a r i e t y of biautomata generated by the t r i a n g u l a r 

product of a r b i t r a r y biautomata BIB^ i s equal to the product of the 

v a r i e t i e s I S generated by the biautomata B
j
 and 8^, respectively. By 

Theorem 4.2 i f (U
( 1 >

, W
U)

, U
U )

) and (U
( 2

', W
(2)

, U
<2)

) are tuples of iden-
1 2 1 2 

t i t i e s of the biautomata and 8
2
 (or, what i s equivalent, are the tup

les of i d e n t i t i e s of the v a r i e t i e s X and i j , then the tuple of i d e n t i 

t i e s of the v a r i e t y £ £ , and, hence, of the biautomaton 8 V8 has the 

• ' 2 1 ' ' 2 1 

form 

CU ,w,u )=(u
(1,

u
<2,

,u
(1>

w
(2

^w
<1,

.u
<2,

,u
(1,

u
(2,

). 
1 2 1 1 1 2 2 2 

Now denote by U ,U the ideals of i d e n t i t i e s of the representations J

 1 2 
(A,EndA), (B.EndB) respectively. Then the tuples of i d e n t i t i e s of the 

biautomata 3 and 3 w i l l have the form 
1 2 

(U'^.W^'.U
11

' ) = (U , KF
1

aKF, KF
1

), 
1 2 1 

(U
<2)

,W
(2)

,U
<1)

) = (KF
1

,KF
1

aKF,U ) . 
1 2 2 

Taking i n t o account the previous passage we get that the tuple of iden

t i t i e s of the biautomaton Atm
1

(A, B)=3
2
V3

i
 has the form 

(U
i>
 U

i
®KF©(KF

1

®KF) 'U
2>
 • 

In p a r t i c u l a r , f o r the biautomaton Atm
1

(A,B) the set W of the elements t 

f o r which there i s an i d e n t i t y of the form zt=0, i s equal to 

W=(U
i
®KF)®(KF

1

®KF)-U
2
. (4.1) 

Let £ be a v a r i e t y of biautomata. A completely c h a r a c t e r i s t i c 
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subautomaton (U .F.W+l^) of the free c y c l i c biautomaton corresponds to 

the tuple (U ,W,U ) of i d e n t i t i e s of t h i s v a r i e t y . Denote, as e a r l i e r , 
1 2 

by V the set of the elements ueKF, f o r which the i d e n t i t y z«u=0 i s s a t i 

s f i e d , and by W the f o l l o w i n g subspace of the tensor product KF^KF 

W=U ®RF+KF
1

®V+(KF
1

®V)'F+(KF
1

®KF)'U . (4.2) 
1 2 

I t i s clear, that WeW. The least completely c h a r a c t e r i s t i c F-

subautomaton i n the free c y c l i c biautomaton generated by the sets U^cH, 

leVcKF^KF and U cG, i s a biautomaton (U ,F,W©U ) . Since t h i s automaton 

2 1 ~ 2 

i s a completely c h a r a c t e r i s t i c one, then (U , W,U
2
) i s a tuple of i d e n t i 

t i e s f o r a c e r t a i n v a r i e t y X. As we know (see Section 4.3), W can be 

less than W. The e q u a l i t i e s (4.1) and (4.2) show that f o r the biautoma

ton Atm
1

 (A, B) the e q u a l i t y W=W takes place. I t means, i n p a r t i c u l a r , 

that (U ,1®V,U ) i s the basis of i d e n t i t i e s of the given biautomaton, 
1 2 

that i s , the set of i d e n t i t i e s d e f i n i n g the given v a r i e t y . Consider i n 

more d e t a i l the construction of V and prove that i n the given case 

V=U U 
1 2 

Since VeKF, F=F(X), then a r b i t r a r y element veV has the form 
v=T> x x ...x ,AeK, x eX (4.3) 

*" l i i l l l 1 1 2 n k 1 
Grouping the summands by the l a s t f a c t o r i t i s possible to w r i t e v i n 

the form v=Yu x . At f i r s t show that each u i s not empty. For t h i s u 
^ 1 1 l

 v 3

 l 
l 

take such element ID of Hom(A,B), that acp*0 under a c e r t a i n aeA, and con

sider the mapping a:X
 —

> End(A.B) 

a 
x — 
J 

(0,0,0), i f j * i 

(0,cp,0), i f j = i , xeX 

Since the semigroup F i s f r e e , t h i s mapping can be extended up to 

the homomorphism F —> End(A.B) and f u r t h e r to homomorphism of algebras 

<x:KF —> End(A.B). I f U ( were empty then under the appropriate aeA, 

a*v
a

=a*x"=a<p*0, but i t contradicts the d e f i n i t i o n of V. Hence, each U ( 

i s not empty. Now show that f o r any homomorphism u:F —> End(A.B) and any 
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aeA the e q u a l i t y (a<>u^)»x^=0 takes place. Let x^=(cp ,5 ,ip ) . By u and 

f i x e d i construct the mapping u : X -> End(A.B): 

M
j
 Jt^.O.O) , i f j * l 

J \(<p ,,8.0) , i f j = i 
J J 

Then 

a»v =a*(£u x ) =£a«(u x ) =J]((a.u > x ' + (a»u ')-x > ( a . u ')»x ' = 

J J J 5: J ^ ^ 
u u u 

Ca'UjI'Xj. Since veV, then a»v '=(aou^)»x^=0. 
F i n a l l y , show that u eU . Suppose that u eU and that aou'S'O 

i i l i l 

under c e r t a i n a and u. Denote a»u^=a' . Let again x^=(cp^,6
j
,0

j
). Take 

p:X -> End (A, B), such that x ^ t c ^ , 8 , 0 ) , where a'S*0. Then (a=u^)»x^= 

(a»u^)»x^=a''x^a'S^O that contradicts to what has been proved i n the 

previous passage. Thus, each u ^ l ^ , and since U i s a two-sided i d e a l , 
then also veil . 

l 
I n order to prove the in c l u s i o n veU

a
 group the summands of the 

element v i n the n o t a t i o n (4.3) by the f i r s t f actor: v=£x v . The same 
l 

arguments as above imply that a l l v are not empty; using constructions 

dual r e l a t i v e l y to the previous ones i t i s possible to show that f o r any 

homomorphism u:F -> End(A.B) and f o r any aeA the eq u a l i t y (a.*yc^) • v^=0 i s 
v a l i d . Since a»x^ can be a r b i t r a r y element of B, the l a t t e r e quality 

implies that v eU . Therefore, veU . I t has been proved that VcU nU . By 
r 1 2 2 1 2 ' 

Lemma 3.4 i t means that the set of i d e n t i t i e s of the representation 

(A©B,End(A,B)) i s equal to V. Using t h i s f a c t , show that V=U U . 

The representation (A©B,EndtA,B)) i s a t r i a n g u l a r product 3
2
VS

j 

of the representations 3 =(A,EndA) and 3 =(B,EndB); U ,U are ideals of 

1 2 1 2 
i d e n t i t i e s of the representations 3

j
 and 3

2
 respectively. I f and 3^ 

are representations of semigroups, then Var(3 VS )=VarS
2
Var3

i
. Since 

U ,U are ideals of i d e n t i t i e s of the representations 3 , 3 , and hence, 
l ' 2 ^ 1 2 

of the v a r i e t i e s VarS , Var3 , then ( [ 9 0 ] ) U U i s an ideal of i d e n t i -
1 2 1 2 

t i e s of the v a r i e t y VarS VarS =Var(3 VS ) , and therefore, also of the 
J 2 1 2 1 

representation S^S^UeB, End(A, B) ) . Thus, V=U 1) . 
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F i n a l l y , we have that the basis of i d e n t i t i e s of the universal 

biautomaton Atm
1

(A, B) has the form (U ,1®U U ,U ) . 

1 1 2 2 

4.5. Quasivarieties of automata 

4.5.1. Quasi ident i t i e s and qua s i v a r i e t i e s 

Along w i t h v a r i e t i e s a great a t t e n t i o n i n algebra i s paid to the 

quasiva r i e t i e s . In p a r t i c u l a r , together w i t h v a r i e t i e s of automata the 

quasivarieties of automata can be considered. For instance, such impor

tant class of automata as a class of Moore automata i s a quasivariety of 

automata. 

Let ^=(H, F,*) be a free pure or l i n e a r automaton. Elements u, v 

are called the elements of the same sort i f they both l i e i n one and the 

same set of H, F or 1 Let u , v be the elements of the same sort f o r 

l l 
each i = l n+1. We say that a q u a s i i d e n t i t y U —V AU =V A. . . AU =v => u =v (5.1) 1 1 2 2 n n n+1 n+1 
i s s a t i s f i e d i n the a r b i t r a r y automaton a=(A,r,B), i f f o r any homomor

phism u:F -?• 9 the simultaneous f u l f i l l m e n t of the e q u a l i t i e s u^^v^
 f o r 

a l l i = l n, implies the equ a l i t y =v^ This d e f i n i t i o n relates 

'
 r M 3

 n+1 n+1 
both to pure and li n e a r automata. A class of automata s a t i s f y i n g a cer

t a i n set of q u a s i i d e n t i t i e s i s cal l e d quasivariety of automata. 

Examples: 1) The q u a s i i d e n t i t y z ox =z °x => z *x =z *x defines 
r n 1 1 2 2 1 1 2 2 

the quasivariety of Moore pure automata. 
n n 

2) Quasiidentities of the form Va z °x =0 => Va z *x =0 define the 
l l i l i l 

l l 

quasivariety of Moore l i n e a r automata. I t i s clear that the number of 

such q u a s i i d e n t i t i e s i s i n f i n i t e l y great. The question of i n t e r e s t i s 

whether the quasivariety of Moore l i n e a r automata i s defined by a f i n i t e 

set of q u a s i i d e n t i t i e s . 

Note that Moore biautomata do not c o n s t i t u t e a quasivariety. 

Similar to v a r i e t i e s of automata, qu a s i v a r i e t i e s of automata 

allow the d e f i n i t i o n not connected w i t h free objects. F i r s t c i t e the 

necessary notions. Let X be a c e r t a i n category of automata. I t s terminal 

object, that i s , such automaton SeK, that f o r any automaton BeX there 
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e x i s t s a unique homomorphism from 3 i n t o t? i s c a l l e d a u n i t element of 

t h i s category. I t i s evident that f o r X being a category of l i n e a r semi

group automata, <?=(0, { 1 } , 0 ) . 

Let J be an a r b i t r a r y set, E be a set of non-empty subsets of J 

s a t i s f y i n g the conditions: 

1) the i n t e r s e c t i o n of two elements of X> i s again an element of C, 

2) i f A i s a subset of J, AaB, and B belongs to D, then A also 

belongs to V. 

This D i s c a l l e d a f i l t e r on J. Let a =(A ,T ,B ) , ieJ be a set of auto-
l i l l 

mata. Define the f i l t e r e d product of these automata by the f i l t e r D. 

Take a Cartesian product of the automata 3=(A,r,B)=r| 3 = 
l =J 

'Ft
 A

t
> f l T i ' TT

 B

!!' associate to the f i l t e r V the congruence 
!=J 1€J i € J 

p=(p ,p ,p ) of the automata 3: i f a eA, y er, b eB, k=l,2 then 
1 2 3 k k k 

a p a » { i l a ( i ) = a ( i ) } e l > , 
1 1 2 1 1 2 

r j P
2
y

2
 * { i | y

1
( i ) = y

2
( i ) } e D , (5.2) 

b p b » <i|b ( i ) = b ( i ) } e D . 

l r 3 3 1 1 2 
The quotient automaton 3/p=(A/p

i
, r/p

2 >
 B/p

3
) i s ca l l e d a f i l t e r e d 

product of the automata 3 ^ ieJ by the f i l t e r D; i t i s denoted by 

n V 2 3 -
i e j 

Recall that the class f of automata i s ca l l e d hereditary i f each 

subautomaton of the automaton of I also l i e s i n I . The f o l l o w i n g theorem 

presents an i n v a r i a n t c h a r a c t e r i s t i c of a quasivariety of automata. 

Theorem 5.1. A class of automata is a quasivariety if and only if 

it is closed with respect to f i l t e r e d products, is a hereditary one and 

contains a unit automaton. 

The f u r t h e r considerations of t h i s Section are devoted to quasi

v a r i e t i e s of the automata saturated i n input and output signals, as well 

as to some r e l a t i o n s between q u a s i v a r i e t i e s of automata and quasivarie

t i e s of semigroups. Under the term "automaton" i n t h i s Section we s h a l l 

understand a l i n e a r semigroup automaton, but i t i s necessary to note 
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that most of the f a c t s remain true also f o r pure automata. 

4.5.2. Quasivarieties of automata saturated in input signals 

The class X of automata i s ca l l e d saturated i n input signals i f 

fo r each epimorphism i n inputs (A.T^B) —> (A.T^B) the inclusi o n 

(A.r^.BJeJ: i s equivalent to the in c l u s i o n (A.T^BJel. 

Consider at f i r s t the category of T-automata. A u n i t automaton i n 

t h i s category i s the automaton (0,1",0), and a free automaton w i t h the 

generators Z,Y has the form ?j,= (Z»KT
1

, T, Z*KT®KY). Modifying the expres

sion (5.1), we can say, that r-quasiidentity of the l i n e a r r-automaton 3 

i s a formula 

u =0AU =0A. . . A U =0 =» v=0 (5. 3) 

1 2 n 
where u ,v belong e i t h e r to ZoKT

1

 or to Z'KTsKY, and f o r any homomor

phism u:?
r
 -> 3 i d e n t i c a l on T ( i . e . T-homomorphism) the simultaneous 

f u l f i l l m e n t of u^=0 implies v*
1

=0. Quasivariety of T automata i s a class 

of T-automata s a t i s f y i n g a c e r t a i n set of r - q u a s i i d e n t i t i e s . A f i l t e r e d 

product of T-automata i s defined s i m i l a r to that of automata; as p i n 

p=(p (Pgtpj) we must take a t r i v i a l (minimal) congruence of the semi

group T. The theorem analogous to Theorem 5.1 holds f o r quasiv a r i e t i e s 

of T-automata: a class of T-automata i s a quasivariety i f and only I f i t 

is closed w i t h respect to the f i l t e r e d products, contains a u n i t 

r-automaton and i s hereditary on T-subautomata. 

For an a r b i t r a r y class of automata X and a r b i t r a r y semigroup T 

denote by X^ the class of a l l the T-automata from X. 

Theorem 5.2. If I is a quasivariety of automata saturated in 

inputs, then for any semigroup T the class X^, is a quasivariety of 

V-automata. Conversely, if each class X^. of hereditary and saturated in 

inputs class of automata I is a quasivariety, then X is a quasivariety 

of automata. 

Proof. Let I be a quasivariety of automata saturated i n inputs. 

By Theorem 5.1 i t contains a u n i t automaton (0,1,0). For an a r b i t r a r y 

group T the mapping (0,T,0) —> (0,1,0) i s an epimorphism i n inputs. 

Hence, (0,T,0) belongs to X, and therefore, to X Thus, X contains a 
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u n i t r-automaton. Closeness of the class 3t"
r
 i n respect to r-automata 

immediately f o l l o w s from the heredity of the class X. I t remains to 

v e r i f y the closeness of 3t"
r
 w i t h respect to f i l t e r e d products of 

T-automata. Let J be a set, D a f i l t e r on J, a =(A , r ,B ) , i e J , auto

mata of I L . The f i l t e r e d product of the automata (j] A /p ,f/p , j | B /p ) 
ieJ

 1 2

 ieJ
 1 3 

belongs to X since the quasivariety i s closed w i t h respect to f i l t e r e d 

products. Here f = j ] r ; T =r. By v i r t u e of the sa t u r a t i o n of the quasi-
leJ 

v a r i e t y X i n inputs, the automaton ( JJ A /p , r , j | B /p ) also belongs to 
ieJ I 1

 ieJ
 1 3 

X. For each yer consider the f u n c t i o n yef such that y ( i ) = y f o r any i e J . 

Thus, the semigroup T i s embedded i n t o f as a semigroup of the constant 

functions. As a r e s u l t the f i l t e r e d product of T-automata 

( [] Aj/p , r , f] B /p ) belongs to £ as a subautomaton of the automaton 
ieJ leJ 

( f[ A /p ,T, n B/p ) from X and, therefore, i t also belongs to X . 
ieJ

 1 1

 ieJ
 3 1 

Thus, the class 3fj, i s closed w i t h respect to the f i l t e r e d products of 

T-automata. Hence, X^, i s a quasivariety of r-automata. 

Conversely. Since f o r each T the class X^, i s a quasivariety of 

r-automata, then X^, contains the automaton ( 0 , r , 0 ) , and by v i r t u e of 

sat u r a t i o n of X, i t contains i t s epimorphic image (0,1,0), that i s , a 

u n i t automaton. Heredity of the class 3f i s given by the condition of the 

theorem. I t remains to v e r i f y the closeness of X w i t h respect to f i l 

tered products. Let ( j ] A /p , j ] r /p , j | B / p j , i € J , be a f i l t e r e d 
ieJ i€J ieJ 

product of automata a =(A ,T ,B ) by a f i l t e r D and l e t j - r =r. For 
1 1 1 1 _ 1€J 

each IeJ the p r o j e c t i o n r —> r defines the automaton (A^F.B^ wi t h the 

epimorphism i n inputs (A ,f,B ) —> ( A ^ T ^ B ^ . By v i r t u e of sa t u r a t i o n 

we get (A ,f,B )eX. Consider the class X-. Since X_ i s a quasivariety of 
1 1 1

 _ r 
f-automata, then the f i l t e r e d product of f-automata ( j ] A /p , f , 

leJ 
j] B /p ) belongs to X- and thus also to X. The f i l t e r e d product of the 

ieJ
 1 3 

automata J] % /D=( f[ A ^ p ^ f / p ^ J] B
(
/p

3
) i s an epimorphic i n inputs 

ieJ ieJ i€J 

image of the l a s t automaton and due to s a t u r a t i o n of the class X, be

longs to i t . The Theorem i s proved. 
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Let us say that the q u a s i i d e n t i t y of the form (5.1) does not con

t a i n a semigroup part i f f o r each ie-(l,2 n+1} elements
 u

, -
v

1
 do

 n

°t 

belong to F. I t w i l l be shown now that q u a s i v a r i e t i e s saturated i n i n 

puts are defined by the q u a s i i d e n t i t i e s without the semigroup p a r t . 

Theorem 5.3. A quasivariety of automata i can be defined by the 

quasiidentities without the semigroup part if and only if it is satura

ted in inputs. 

Proof. Sufficiency. Let 1 be a quasivariety of automata saturated 

i n inputs and F=F(X) be a free semigroup over a countable set X. By 

Theorem 5.2 the class I i s F-quasivariety. I t s q u a s i i d e n t i t i e s are F-

F 
q u a s i i d e n t i t i e s ; they are associated w i t h the free F-automaton 

^(ZoKF'.F.Z'KFeKY): each of them has the form 
(u =0)A(u =0)A. . ,A(

U
 =0) => v=0 (5.4) 

1 2 n 
where u ,v are elements of Z°KF or Z*KF®KY. Recall that the F-

l l 

qu a s i i d e n t i t y (5.4) i s s a t i s f i e d on the F-automaton i f f o r any F-

homomorphism u: ? —> 3 from the e q u a l i t i e s u^=0, i = l n follows the 

equa l i t y v^=0. Show that i f we consider (5.4) as q u a s i i d e n t i t i e s (not as 

F-quasiidentities) then the same set defines the quasivariety I . P r e l i 

minary make one remark. 

Let the automaton (A,r,B) and a r b i t r a r y mappings p. : Z ~> A, p^. X 

-> T, u^Y
-

* B be given. Extend them to the homomorphism u: ̂
 —

i * (A,r,B). 

M 2 
Denote F =T . Then we get the subautomaton (A.T ,B) i n (A.T.B). By u 

o o 2 
V- u 

2 2 
define the automaton (A,F,B): a°f=aof ; a*f=a*f The mapping (A, F,B) 

-* (A.T^B) i s an epimorphism i n inputs. The mapping u'^u^e.p^) of 

F-automaton f i n (A,F,B) i s a homomorphism. In t h i s case the equ a l i t y 

u'
I

=u
fl

 i s s a t i s f i e d f o r each element u of Z°KF' or of Z'KF'eKY. 

Let us return to the proof of s u f f i c i e n c y . Let (A,T,B)6l. V e r i f y 

that each q u a s i i d e n t i t y of the form (5.4) i s s a t i s f i e d i n t h i s automa

ton. We use the notations from the given remark. The subautomaton 

(A,T
o
,B) i s contained i n the class J together w i t h (A,T,B). By v i r t u e of 

saturation the corresponding F-automaton (A, F, B) belongs to 3E, to be 
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more precise, to the class X^ and, therefore, the F-q u a s i i d e n t i t l e s of 

the form (5.4) are s a t i s f i e d i n t h i s automaton. Let, as before, u be an 

a r b i t r a r y homomorphism y—> (A,r,B) and u' be a homomorphism ? —> (A,F,B) 

corresponding to i t . Assume that there are the e q u a l i t i e s 

(u^=0)A(
u
^=0)A. ..A(û =o). Then by v i r t u e of the remark we have the equa

l i t i e s (u^=0)A(
u
^ =0)A . . . A f u ^ O ) . Since the F-automaton (A, F, B) be-

1 2 n 

longs to the F-quasivariety X^, then from the l a t t e r e q u a l i t i e s follows 

v*
1

 =0. But then v ^ v " =0. Thus, f o r an a r b i t r a r y homomorphism u the 

e q u a l i t i e s u^=0, i € l n imply the equ a l i t y -^=0, that i s , quasiiden

t i t i e s of the form (5.4) are s a t i s f i e d i n the class I . Conversely, l e t 

q u a s i i d e n t i t i e s of the form (5.4) be s a t i s f i e d i n (A,r,B). Show that 

(A , r,B)eI. Take an epimorphism v.F —> r. Then as e a r l i e r , i t can be 

shown that F - q u a s i i d e n t i t i e s of the form (5.4) are s a t i s f i e d i n (A,F,B) 

and, therefore, (A,F,B)eIpCl. 

The mapping (e ,i/,e ): (A, F, B) —5> (A,r,B) i s an epimorphism i n 

inputs and by v i r t u e of the satu r a t i o n of 3E we have (A . r.BJsI. 

Necessity. Let the quasivariety X be defined by the q u a s i i d e n t i 

t i e s of the form (5.4) without the semigroup par t . Prove i t s saturation 

i n inputs. Define an a r b i t r a r y epimorphism i n inputs 

v=ic ,v,c ):(A ,r,B) -> (A.Z.B). 

A B 

Let (A,r,B)€l. By the homomorphism u=("
1
, u^, uj: 9 —> (A,Z,B) construct 

the homomorphism u' : F ~> r w i t h the property u^u'^v. For a r b i t r a r y xeX 

u u' 

2 V 2 
choose such element yer, that x =y . Denote x =y. Thus we define the 

mapping "
2
:X —> T which can be uniquely extended up to the necessary 

homomorphism u': F —» V. From the d e f i n i t i o n of u' follows that u' = 

2 2 
(u ,u',u —5* (A, T, B) i s a homomorphism and that the f o l l o w i n g diagram 

1 2 3 
i s commutative 

9 > ( A , Z , B ) 
( A , r , B ) 



2 2 2 

I t i s clear that f o r any element u from Z»KF or Z*KFs>KY, the 

equ a l i t y u^=u^ takes place. 

I f now the assumptions of the implications (5.4) hold i n (A,Z,B): 

(u^=0 ) A(u
M

=0 ) A . . . A(U^=0) 
1 2 n 

then i n (A.T.B) the e q u a l i t i e s 

( U ^ O I M U ^ I A . . . A t u ^ O ) 
1 2 n 

are s a t i s f i e d . From these e q u a l i t i e s follows v ^ O (since (A, T, B)e.I). 

Then ^ = ^ = 0 i n (A, E, B); therefore, (A,S,B)eI. 

Let now (A, E,B)e3f. Defining the homomorphism p ' — > (A,T,B) by 

the r u l e p' =pv we get the eq u a l i t y u ^ u ^ f o r any u from ZoKF
1

 or 

Z*KFeKY. Arguing as above, we obtain (A,r,B)e3f. The Theorem i s proved. 
4.5.3. Quasivarieties of automata saturated in output signals 

The class of automata X i s c a l l e d saturated in output signals i f 

i t s a t i s f i e s the condition: f o r the a r b i t r a r y automaton (A,T,B) and i t s 

subautomaton of the form (A,T,B
o
) the i n c l u s i o n (A,T,B)€3E i s equivalent 

to the in c l u s i o n (A.T.B )e3£. 
o 

The condition of satu r a t i o n i n output signals i s connected with 

the exclusion of variables of the set Y from the q u a s i i d e n t i t i e s ( r e c a l l 

that (Z,X,Y) i s a system of free generators of the fr e e automaton 3-). 

Proposition 5.4. If in quasiidentities defining the quasivariety 

of automata X variables of Y are absent, then this quasivariety is satu

rated in output signals. 

Proof. Let I be defined by the q u a s i i d e n t i t i e s without variables 

of Y, (A,T,B) be a c e r t a i n automaton i n which there i s a subautomaton 

(A,T,B
o
) belonging to X. Show that (A,r,B)sI. For t h i s , i t i s necessary 

to v e r i f y that each q u a s i i d e n t i t y 

U =V AU =V A. . . AU =V => U =V 1 1 2 2 n n n+1 n+1 
without variables of Y, de f i n i n g the class X, i s s a t i s f i e d also i n 

(A, T, B). Define the homomorphism u: ̂  —> (A, T, B) and l e t i n (A, T, B) the 

eq u a l i t i e s u^v*
1

, u^=w^ , . . . , n**=v^ take place. Since variables of Y are 
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not present i n n , v , then the l a t t e r e q u a l i t i e s are v a l i d already i n 

the subautomaton (A, T, B ) , and since the l a t t e r l i e s i n I then we also 
" H ° get u =v _. The Proposition i s proved. n+1 n+1 r 

Theorem 5.5. If a quasivariety of automata I contains such auto

maton (A,r.B) that |B|>1 ( i n particular, if I is saturated in output 

signals), then t h i s quasivariety can be defined by quasiidentities 

without variables of Y. 

Proof. I n order to prove the theorem we consider the cases of 

quas i v a r i e t i e s of pure and of l i n e a r automata separately. Clearly, i t 

su f f i c e s to consider only i r r e d u c i b l e q u a s i i d e n t i t i e s that i s quasiiden

t i t i e s without i t e r a t i o n t r a n s i t i v e e q u a l i t i e s . 

Proof f o r the case of pure automata. Recall that the free object 

w i t h generators Z,X,Y i n the category of pure automata has the form 

3
;

=(ZoF
1

, F, (Z»F)uY). Show that each q u a s i i d e n t i t y s a t i s f i e d i n the va r i e 

t y 3f i s equivalent to the q u a s i i d e n t i t y without variables of Y. Consider 

the q u a s i i d e n t i t y (5.1): 

U =V AU = V A. . . AU =V => U=V 1 1 2 2 n n 
Denote the antecedent of t h i s q u a s i i d e n t i t y by A and divide i t on three 

groups: 

A i s a conjunction of the e q u a l i t i e s
 u

j

= v

l

 n o t

 containing variables 

of Y; 

A^ i s a conjunction of the e q u a l i t i e s of the form u^y^; 

A^ i s a conjunction of the e q u a l i t i e s of the form Y^Yj-

Then q u a s i i d e n t i t y (5.1) can be represented i n the form (5.1'): 

A AA AA => u=v 

1 2 3 
The c o r o l l a r y u=v can also belong to one of these three groups. Consider 

the given cases separately. 

1. The e q u a l i t y u=v does not contain variables of Y. Show that 

under t h i s c o n d i t i o n q u a s i i d e n t i t y (5.1) i s equivalent to the quasiiden

t i t y 
B => u=v (5. 5) 
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where the antecedent SB i s a conjunction of A and of a l l the e q u a l i t i e s 

u
i
=v

[
 not containing yeY and s a t i s f y i n g the condition: 

e i t h e r the e q u a l i t i e s u^Yj and V =y are involved i n the group A^, 

or the e q u a l i t i e s u
i
=y

[
 and

 v

j
=

y
k

 a r e

 involved i n A^ while the 

equa l i t y Y
1

=

Y
k
 i s involved i n A^ 

Take an automaton S=(A,r,B) s a t i s f y i n g the q u a s i i d e n t i t y (5.5), 

an a r b i t r a r y homomorphism u: S? —> 3 and assume that the conjunction 

A^^A^AA^AA*
1

 i s true. Then SB̂
1

 i s also true. Really, A^ i s common f o r J 1 

1 2 3 l 

and SB*
1

 Further, i f « =v i s involved i n SB, " ^ Y j and v
j
=y

j
 are involved 

i n A , then \J
X

=y
>1

 and v*
1

 =y\ from which vf
i

=^. F i n a l l y , i f u =v i s i n -

2 l ' 1 1 1 1 1 1 1 
volved i n SB, u =y and v =y are involved i n A , and y =y are involved 

l * I i k 2 l k 
i n *4 , then u^v*

1

, v
M

=y
M

 and y
M

=y
M

 whence u^v**. Thus, the t r u t h of A^ 

3 1 1 1
 J

k M 'k 1 1 
i n (A,r,B) implies the t r u t h of JŜ

1

 and therefore, u ^ v " i s also true. 

Conversely, l e t q u a s i i d e n t i t y (5.1) be s a t i s f i e d i n (A,r,B). I t i s 

necessary to show that q u a s i i d e n t i t y (5.5) i s v a l i d . Let the antecedent 

SB̂  be true i n (A, T, B). Denote by y ,y y a l l the variables of Y 

1 2 n 
involved i n the antecedent A. Since variables of Y are not involved i n 
(5.5), then the values of y*

1

 can be taken a r b i t r a r i l y . Choose y*
1

, . ...y*
1 

1 1 n 
such that the antecedent of q u a s i i d e n t i t y (5.1) i s s a t i s f i e d . 

I t i s clear, that y ,y y are involved i n A and A . I f f o r 

1 2 n 2 3 
a c e r t a i n y , i e { l , 2 , . . . , n } there e x i s t s v, such that v=y i s involved i n 

t' l 

A^, then assume y^=v^. I f i n A^ there i s also the eq u a l i t y y ^ v ' then 

the equality v=v' i s involved i n the antecedent SB of q u a s i i d e n t i t y (5.5) 

and since the antecedent SB i s tru e , then v^=v . This implies that the 

d e f i n i t i o n of y^ does not depend on the choice of v. 

I f there i s no such v, that v=y^, but can be found y^ s a t i s f y i n g 

the conditions (y =y )eA , (v=y )t=A , then assume y^=\r
11

. By the same 

1 J 3 | 2 j *• 
reasons as above the d e f i n i t i o n of y^ i n t h i s case also does not depend 

on the choice of y^ and v. For a l l the rest y
(
 we assume that y^ are 

a r b i t r a r y and coincide between themselves. Under such d e f i n i t i o n of the 

mapping u on the set Y, antecedent (5.1) w i l l be evident l y s a t i s f i e d 

and, therefore, also the c o r o l l a r y u^v** i s also v a l i d . Thus, quasliden-
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t i t y (5.5) i s s a t i s f i e d i n (A,r,B);, hence, q u a s i i d e n t i t i e s (5.1) and 

(5.5) are equivalent. 

2. The e q u a l i t y u=v belongs to the second group, that i s , i t has 

the form u=y, ueZ»F, y€Y. In t h i s case (5.1) takes the form 

4=4 A4 A4 => u=y (5.6) 

1 2 3 J v<»-»' 
Consider a l l possible subcases. 

2.1) a&
2
 contains the e q u a l i t y w=y. 

Replacing of the c o r o l l a r y (5.6) by u=w we obtain the q u a s i i d e n t i t y 
4 => u=w (5. 7) 

which i s equivalent to (5.6). 

Really, l e t (A,r,B)e£, u be an a r b i t r a r y homomorphism 

-* (A, T, B) and the antecedent J 1 be v a l i d . Then, (5.6) implies u
f

"=y
M

, 

and since 4 contains the e q u a l i t y w=y, we get which means that 

q u a s i i d e n t i t y (5.7) i s s a t i s f i e d . 

Conversely, i f i n (A, T,B) i s s a t i s f i e d (5.7), then u^w**, and 

that i s , (5.6) i s true. Replacing q u a s i i d e n t i t y (5.6) by equiva

lent q u a s i i d e n t i t y (5.7), we obtain the case 1. 

2.2) 4^ contains the eq u a l i t y y=y
j
 while 4^ contains w=y

(
. As 

above, we can see that i n t h i s case (5.1) i s equivalent to the quasi

i d e n t i t y 4 => u=w without variables of Y. 

2.3) 4 contains y=y while y does not belong to 4 . Since (5.6) 

3 l 1 2 
i s i r r e d u c i b l e i n 4^, there are no e q u a l i t i e s y=y^ f o r j * i . Delete the 

eq u a l i t y y=y
i
 from 4 and show that thus obtained q u a s i i d e n t i t y 

4' => u=y (5.8) 

i s equivalent to (5.6). 

Let q u a s i i d e n t i t y (5.6) be s a t i s f i e d i n (A,T,B) and under a cer

t a i n homomorphism fa9 ~* (A,T,B) the antecedent 4' of q u a s i i d e n t i t y 

(5.8) i s v a l i d . The var i a b l e y i s not involved i n 4' and, therefore, 

the value of y^ can be chosen a r b i t r a r i l y . Let y^=y , Then the antece

dent (5.6) w i l l be s a t i s f i e d and, therefore, also the c o r o l l a r y 

common w i t h (5.8) i s v a l i d . The converse case i s evident. 
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Thus, we come to the case when d => u=y, and d does not contain y. 

Show that t h i s i s impossible. Take the automaton (A.T.B), |B|>1 and the 

homomorphism u:3
 —

> (A,r,B) under which the antecedent d i s true. Then 

the equality =y
li

 has to be s a t i s f i e d . Let b be an a r b i t r a r y element of 

B. Along w i t h u define the homomorphism u' coinciding w i t h u on a l l the 

elements except y; i.e. y*
1

 =b*y. Since d does not contain y, then the 

v a l i d i t y of d1 i s equivalent to the v a l i d i t y of J 1 ; by the same reason 

u^u*
1

 Since the q u a s i i d e n t i t y d => u=y i s s a t i s f i e d i n (A,r,B), then 

from the v a l i d i t y of 4^ the e q u a l i t i e s u*
1

 =y
fl

 =u^=b f o l l o w . So, u*
1

 can 

be equal to any element of B. But i t i s impossible since B contains more 

than one element. 

3. The equ a l i t y u=v belongs to the t h i r d group, that i s , i t has 

the form y^y . Then q u a s i i d e n t i t y (5.1) takes the form 

d 4 y=y
}
 (5.9) 

The f o l l o w i n g subcases are possible: 

3.1) At least one of the variables y , y i s contained i n d , 

say, the equ a l i t y v=y^ i s contained i n d^. 

Then (5.9) i s equivalent to the q u a s i i d e n t i t y d => v=y^ and we 

have the case 2. 

3.2) y ,y are not involved i n d , while the e q u a l i t y y =y i s 

1 J 2 1 k 
contained i n d 

3 
I f y

k
=yj. then (5.9) i s s a t i s f i e d t r i v i a l l y : the c o r o l l a r y i s 

contained i n the antecedents. Therefore, i t i s necessary to consider the 
case y *y when y =v i s not involved i n 4 , otherwise we have the sub-

J k k 2 
case 3. 1. Then y may be also involved i n d^, say, i n the equ a l i t y 

(yj=y|)e»*
3
. Assume that t h i s i s true. Then by removing the equ a l i t y 

y^=y^ from d we get the q u a s i i d e n t i t y 

d' ' <* y=y
)
 (5. 10) 

where d'' already does not contain the variable y Show that (5.10) i s 

equivalent to (5.9). 

Let q u a s i i d e n t i t y (5.9) be s a t i s f i e d i n the automaton (A,r,B)€l 

and under the homomorphism u the antecedent d' ' of q u a s i i d e n t i t y (5.10) 

i s v a l i d . Assuming y
fl

=y'
1

 we make true the antecedent J 1 f o r (5.9). Thus 
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i t s c o r o l l a r y y^=y^, which i s also a c o r o l l a r y f o r (5.10), i s true. The 

converse case i s evident. 

Since y^ i s not contained i n A' ' and does not coincide w i t h y
(
, 

then y can be any element of B. Since |B|>1, we get a c o n t r a d i c t i o n 

w i t h the e q u a l i t y y^=y^- By t h i s the proof of the theorem f o r the case 

of pure automata i s completed. 

Proof for the case of linear automata. As i n the previous case we 

show that each q u a s i i d e n t i t y v a l i d i n I i s equivalent to a q u a s i i d e n t i t y 

without variables of Y. Each q u a s i i d e n t i t y can be w r i t t e n i n the form 

A hA^ => u=v (5. 11) 

where A does not contain variables of Y, while A contains such 

1 2 
variables. 

Recall that J=(Z«KF", F, Z*KF®KY) i s a free l i n e a r automaton and 

consider the f o l l o w i n g cases: 

1. The e q u a l i t y u=v does not contain elements of Y. Write out a l l 

the components of the conjunction of A^: 

n 
Y A y =v 
U H I l 

i = i 

E * ,y.
= v 

S 1 1 E 

1 = 1 
V A y =v u

 l l
J

1 m 1 = 1 

where v =Vz *v , k=l m, z eZ, v eKF, A eK, y eY. Denote 
k r 1 kl 1 kl Jk i n 1 

YK y =y'. j = l m. Let the elements y',...,y' among the elements 
JI i J *

 1 s 

l 
y' y' , • • • . y' of the vector space KY set up the maximal system of 
I s m 

l i n e a r l y independent vectors. 
Thus we get a c e r t a i n l i n e a r system 
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y =a y +. . . +a y 
s + l 11 1 I s s 

y =a y +...+* y m m - s l 1 m - s s s 

Transforming t h i s system on the elements v , . 

=a v f. . . +a v 
1 + 1 1 1 1 l s s 

v =a v +. . . +a v 
m m - s l 1 m - s s s 

,v we obtain 

(5.12) 

Conjunction of a l l the e q u a l i t i e s of the system (5.12) denote by A' and 

show that the q u a s i i d e n t i t y 

A AA' 

1 2 
[5.13) 

i s equivalent to (5.11). Take an a r b i t r a r y automaton (A,r,B) f o r which 

the q u a s i i d e n t i t y (5.13) i s s a t i s f i e d , and a homomorphism u: ? —> (A , r ,B) 
f o r which the antecedent of the q u a s i i d e n t i t y (5.11) i s t r u e , that i s 

A^AA^ i s v a l i d . By v i r t u e of the v a l i d i t y of ̂  the f o l l o w i n g system of 

e q u a l i t i e s i s s a t i s f i e d 

1 U 1 i ' 1 1 1 = 1 

F S 1 1 S 
1 = 1 

m m i l m 

(5.14) 

Besides, the e q u a l i t i e s 

y =a y . . +a s 
s + l 11 1 I s p 

y =a y ..+a 
1" m - S l 1 m 

(5.15) 

and, due to (5.14), the e q u a l i t i e s 
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LL U. LL 
v =a v +. . . +a v s + l 11 1 I s s 

m m - s l l m - s s s 

(5. 16) 

are also s a t i s f i e d . But i n t h i s case i n (A.r.B) a l l the e q u a l i t i e s i n 

volved i n d' and the whole antecedent d Ad' of the formula (5. 13) are 
1 2 

true, hence the e q u a l i t y u**=V̂  which i s a c o r o l l a r y f o r (5.11) i s also 

true. Thus since q u a s i i d e n t i t y (5.11) holds on (A,T,B) then (5.13) i s 

s a t i s f i e d . 

Conversely, l e t (5.11) be s a t i s f i e d i n (A, T,B). The system of 

vectors y' y' can be complemented a r b i t r a r i l y to the basis Y' of the 

I s 
l i n e a r space KY. Take the a r b i t r a r y homomorphism u: —> (A,r,B) f o r 

which antecedent (5.13) i s true. Since i n (5.13) variables of Y are not 

contained, then only the values of the homomorphism u on the variables 

of X and Z are e s s e n t i a l , while on the variables of Y i t can be defined 

a r b i t r a r i l y . Define the mapping i>:Y -** B by the r u l e : y' = 

v^
1

 y'
V

=v^. Define v on the remaining basic elements of Y' i n an 

a r b i t r a r y way. Now l e t us proceed from the new homomorphism 

u' : ?
 —

* (A,r,B) which d i f f e r s from u only on the variables of Y accor

ding to the given r u l e . Prove that i n t h i s case d^AJ
1

 i s t r u e , that i s , 

the antecedent (5.11) i s true. Really, i s common f o r antecedents 

(5.11) and (5.13). Further, take from d^ an a r b i t r a r y component of the 
conjunction 

n 
v = T A y =y' , j = l , 

1 = 1 

and show that the e q u a l i t y 

J ^ J i
y

i 

takes place. Consider two cases. 

1.1) j s s . By the d e f i n i t i o n of u', i n t h i s case y j *
1

 coincides 
, , n , 

w i t h v*
1

 . Since u' i s a homomorphism, then y'*
1

 =v** =VJ A y^ . 
J
 J

 1 = 1 

1.2) s<jsm. Let j=s+k. Then we have the e q u a l i t y 
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y' =a y' +. . . +a y' . 
J

j k l 1 ks s 
At the same time the component of the conjunction v =a v +...+a v i s 

r J k l 1 ks s 
involved i n the antecedent A' and therefore, the e q u a l i t y 

2 
v^=ot v^+. . . +a v*

1 

J k l 1 ks s 
i s s a t i s f i e d . The l a t t e r e q u a l i t y does not contain variables of Y, the

refore, u can be replaced by u' i n i t : 
v^=a v*

1

 +. . . +a v*
1

 =a y' **+... +a y' . J k l 1 ks s k l 1 ks s 
n 

Since y' = Y A y =a y'+. . .+a y', then using u' at the l e f t and at the 
*]
 u

 l y i k l ' l k s ' s ^ 
1=1 

r i g h t we get the required e q u a l i t y . 

Thus, i n dt a l l the e q u a l i t i e s are true and the antecedent 

A^AJ
1

 i s s a t i s f i e d . Therefore, u^v*
1

, and u^v*
1

, since u, v does not 
l 2 

contain variables of Y. Thus, (5.13) i s s a t i s f i e d i n (A,r,B). 

2. The equ a l i t y u=v contains variables of Y. I n t h i s case (5.11) 

can be w r i t t e n i n the form 

n 
A=A AA => u= Y \ y =y' (5. 17) 

1 2
 L

 r i ' 
i = i 

Consider the fo l l o w i n g two p o s s i b i l i t i e s : 

2.1) y' i s involved i n the li n e a r h u l l of the vectors y' y'. 
1 s 

Then y'=a y'+...+a y'. As i n the case of pure automata, i t can be proved 
1 1 s s 

that the q u a s i i d e n t i t y A =*• u=a v +. . .+a v i s equivalent to (5.17) and 
1 1 s s 

we come to the case 1. 

2.2) y' i s not involved i n the l i n e a r h u l l of the vectors 

y' y'. Let (A, T, B), IB I >1 be an automaton and l e t u: 3 —> (A,r.B) be 

1 s 
an a r b i t r a r y homomorphism f o r which the antecedent (5.17) i s s a t i s f i e d . 

Then, the e q u a l i t i e s 

A y ^ (5.18) 

take place. The c o r o l l a r y u
fl

=y'
J1

 also has to be s a t i s f i e d . Since y' i s 
not contained i n the l i n e a r h u l l of the vectors y',...,y' then i t i s 

I s" 
possible to define the homomorphism u' coinciding w i t h u on the variab-



231 

les of XuZu<y' ...,y'] and d i f f e r e n t from u on the variable y'. ( I t can 
1 ID , p 

be done, since |B|>1). Then J 1 coincides w i t h J 1 and J 1 w i t h J 1 , since 
1 1 1 1 2 2* 

(5.18) i s s a t i s f i e d under replacement of u by u'. Hence, under the homo

morphism u' the antecedent (5.17) and the c o r o l l a r y u*
1

 =y'" are s a t i s 

f i e d . Besides, u
M

 =u
M

 and u
M

=y'^. On the other hand, by the construc

t i o n , y'^*y
, f l

 . The obtained c o n t r a d i c t i o n implies that case 2.2 cannot 

take place. The theorem i s proved. 

From the proof of the theorem follows that i f the quasivariety I 

considered i n the theorem i s defined by the f i n i t e set of q u a s i i d e n t i 

t i e s , then i t can be also defined by the f i n i t e set of 

q u a s i i d e n t i t i e s , which do not contain variables of Y. 

4.5.4. Quasivarieties of automata and quasivarieties of 

semigroups 

F i r s t introduce the f o l l o w i n g operators on the classes of automa

ta: i f 9 i s a c e r t a i n class of automata, then 
- 8^ denotes the r e s u l t of the anointment to 8 of a u n i t automaton; 
- S8, as usual, i s the class of a l l the subautomata of automata of 8; 

to 

C 8 denotes the class of a l l the f i l t e r e d products of automata of 8. 

I t i s possible to prove ( [ 4 7 ] ) that the least quasivariety gene-
m 

rated by the class of automata 8 i s SC 8^. Along w i t h mentioned above 

introduce the s a t u r a t i o n operators V, V: 

V8 i s the class consisting of a l l the automata being the epimorphic 

i n inputs images and coimages of the automata of 8; 

V'8 i s the class consisting of a l l the automata (A.r.B) containing 

c e r t a i n subautomaton (A.T.B ) from 8. 

o 

I t i s immediately v e r i f i e d that i f 8 i s a quasivariety of automa

ta, then V8 i s a quasivariety saturated i n inputs and V'8 i s saturated 

i n outputs. Thus, the class VSC^e^ i s a quasivariety saturated i n inputs 

generated by the class 8, and the class V'SC*^ i s a quasivariety satu

rated i n outputs generated by the class 8. 

S i m i l a r l y , as i t was done f o r the l i n e a r representations ( [ 9 0 ] ) , 

define the r e l a t i o n between the q u a s i v a r i e t i e s of automata and of semi-
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groups. I f J i s a class of semigroup automata, then denote by 3E a class 

of semigroups T f o r which there e x i s t s an exact automaton (A,r,B) from 

X. 

Theorem 5.6. If X is a quasivariety of automata, then X is a qua
sivariety of semigroups. 

Proof. A u n i t automaton (0,1,0) belongs to X. Therefore, a one-

element semigroup belongs to the class X. 
» 

Let reX, and Z be a subsemigroup i n T. Then there e x i s t s an exact 

automaton (A,r,B)eI. The automaton (A,Z,B) belongs to I as a subautoma

ton of the automaton from the quasivariety I . I t i s also exact, there¬

f o r e , Z c l , hence, the class X i s hereditary. 
Prove the closeness of X by f i l t e r e d products. Take a system of 

the semigroups P e l , i e l , the f i l t e r D over I and set up the f i l t e r e d 

product j] T /D. By the condition, f o r each i e l there e x i s t s the exact 
i e l 

automaton 3 =(A ,T ,B )e3f. Then, 3= n 9 /D=( n A /p , n V /p , n B /p ) = 
1 1 1 1

 11

 1
 11

 1
 r

l
 11

 1 r2
 11

 1 3 
161 161 l e i 161 

(A,r,B) belongs to X since X i s a quasivariety. The semigroup TJ r /p 
161 

coincides w i t h Jj T^/V and i t i s a semigroup of the input signals f o r the 
161 

automaton 3 of X. V e r i f y that the automaton 3 i s exact. 

Together w i t h the automaton 3 consider the automaton 

3'=( J] A
i
/p

i >
r, J] B

i
/p

3
) where T= j] r and the operations » and * are 

161 161 161
 1 

defined by the rule: i f ae f[ A /p , y i s an element of r, y i s i t s image 
l e i 

i n rVp^, then 

a°y=a°y, a»y=a»y. (5.19) 

Introduce the congruence T on T: 
y

i
T r

2
 *

 I

(3'
1
.3

r

2
'6f. (5.20) 

where I ( y , y )={iel|(a » y ( i ) = a o y ( i ) ) A ( a * y (i)=a»y ( i ) ) f o r a l l aeA}. 

A » l 1 2 1 

Ve r i f y that T s a t i s f i e s the f o l l o w i n g two conditions: 

1) x coincides w i t h the kernel of the automaton 3'; 
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2) p a ; i f a l l the automata 3 , i e l are exact, then x=p . 
2 1 K 2 

This means that the automaton 3 i s an exact one. 

1) Denote the kernel of the automaton 3' by p' and f i r s t show 

that rep' . Let 7^7^ I t i s necessary to show that H^P't^ that i s , f o r 

any element a ej]A
(
/p

i
=A the e q u a l i t i e s a°y

i
=aoy and a*y =a*r hold. By 

the d e f i n i t i o n of the automaton 3' , aoy=a°y=a°y and a*y=a*y. Thus, we 

must check that the e q u a l i t i e s aoy
i
=aoy

a
 and a*y

i
=a

,

y
a
 hold f o r any aeA. 

By the d e f i n i t i o n of p^ the equ a l i t y a»y =a«y implies that the 

set ^ of the elements i , f o r which (a°y
j
) ( i )=(a°r

2
) ( i ) , belongs to E. 

S i m i l a r l y , the e q u a l i t y a ' y ^ a ^ implies that the set J
2
 of the ele

ments i , f o r which (a»y ) ( i ) = ( a * y ) ( i ) , belongs to E. Thus, i t i s neces-

1 2 
sary to show that f o r each a both J

j
 and J

2
 belong to E. The condition 

y^K
2
 implies, by (5.20), that the set I ( y ,y ) belongs to E. I t i s 

clear that I (y ,y )=J rtJ Hence, I (y ,y )cJ and I ( y ,y )cJ and since 

1 2 1 2 1 2 1 1 2 2 
D i s a f i l t e r , then J eE and J eE what was required. 

1 2 M 

Conversely, show that i f y^ and y
2
 are not i n the r e l a t i o n x, 

then they are not i n the r e l a t i o n p'. Let I ( y ,y )«4SD and l e l \ l (y , y
g
) . 

Then i n A
(
 can be found the element a

(
 f o r which a.^ °y

i
 ( i )*a

j
 °y

2
( i ) or 

a *y ( i ) * a *f ( i ) . Take such element ae ]"[A that a ( i ) = a f o r a l l 

l e i 

i e l \ l (y , y
2
) . For t h i s element e i t h e r a°y

i
*a°y

2
 or a*y

i
*a*y

2
 (a i s an 

image of the element a i n [jA /p ). Indeed, by the construction of a a l l 
l e i 

i f o r which the e q u a l i t i e s 
(a°y )(i)=(a°y ) ( i ) = a ( i ) o y ( i ) = a ( i ) o y ( i ) 

1 2 1 2

 (5.21) 
(a»y

i
)(i)=(a»y

2
)(i)=a(i)*y

i
(i)=a(i)«y

2
(i) 

hold, l i e i n I ( y
i >

y
2
) . I f a T y ^ a ^ and a ^ y ^ a ^ , then the set of a l l 

i , f o r which the e q u a l i t i e s (5.21) are s a t i s f i e d , belongs to E. Then 

i f f ' ,y ) also belongs to E that contradicts the assertion. Thus, ei t h e r 

a»y *a»y or a»y *a*y , that i s , y and y are not i n the r e l a t i o n p' . 

1 2 1 2 1 2 
2) Show that p e r . Let y.py , that i s J ={ i |y ( i ) = y ( i ) >eE. I t 

2 1 2 2 P _ 1 (S 
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i s evident that J c i t y ,y ) . Since D i s a f i l t e r , then I ( y ,y ) also 
p 1 2 1 2 2 

belongs to D. Therefore, ?
1

T

3
r

2
-

Let now a l l the automata 3 be exact and y ry The l a t t e r imp-
1 1 2 

l i e s that I ( y ,y ) belongs to D. I f i e K y ^ y ^ , then f o r any element a 

of A
(
 the e q u a l i t i e s aoy^(i)=a°y

z
(i) and a»y

i
 ( i )=a«?

2
( i ) are s a t i s f i e d . 

Since the automaton 3^ i s exact, then ( i ) = y
2
( i ) • Hence, 

I ;>I(y ,y )eZ). Therefore, J also belongs to D, that i s y p y . Thus, 
p 1 2 p 1 2 2 K 2 K 2 

xcp
2
 and T = P

2
. This proves that the automaton 3 i s exact and that £ i s 

closed w i t h respect to the f i l t e r e d products. The theorem i s proved. 

Theorem 5.6 assigns to each quasivariety of automata a quasivari

ety of semigroups. The f o l l o w i n g statement solves the converse problem. 

Theorem 5.7. Let J) be a quasi variety of semigroups, E be a class 

of such exact automata (A,r,B) that TeJ), and let X be a quasivariety of 

automata generated by the class X . Then 

I =». 
Proof. Let TeJ). Then we have the exact regular automaton 

(KT^.r.Kr). This automaton belongs to the class £ and hence, to the 
-* -» 

quasivariety £. By v i r t u e of i t s exactness, !"€£. Thus, J)c£. 

Conversely, l e t Te£, and (A,r,B) be an exact automaton belonging 

to the class X=SC
<f

X ; i t i s a subautomaton of c e r t a i n automaton 
o 

(A ,T ,B ) i n the class C*̂  By the d e f i n i t i o n of the operator we 1 1 1 o
 r 

have that (A ,T ,B ) i s a f i l t e r e d product of the automata of £ : 1 1 1
 F

 o 
(A , T , B )= n(A ,T ,B )/C, where C i s a f i l t e r over I . Since T €*) 

i l l
 11

 la la la la 
as i 

f o r a l l a e l , then the f i l t e r e d product r = j] V /D also belongs to the 
as I 

quasivariety 2). The subsemigroup T of the semigroup r also belongs to J) 

and, therefore, £cj). The theorem i s proved. 

Note t h a t , f o r example, f o r l i n e a r automata there may not e x i s t 

such a v a r i e t y £ f o r which £ coincides w i t h the defined quasivariety of 

semigroups J). 

The system of quas i v a r i e t i e s of automata forms a semigroup w i t h 
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respect t o the m u l t i p l i c a t i o n of the classes of automata. This semigroup 

has not been studied yet. The theory of quasi v a r i e t i e s of biautomata has 

not been considered too. 



This page is intentionally left blank 



237 

CHAPTER 5 

AUTOMATA MODEL OF DATABASE 

The present chapter i s i n great extend of expository, survey 

character and some of the problems are only o u t l i n e d . For det a i l e d 

information we r e f e r to the book [86]. 

5.1. «-automata 

5.1.1. *-automata and databases 

Our aim i n t h i s Chapter i s to introduce a class of algebraic 

structures which may serve as adequate algebraic models of real data

bases. This w i l l be done i n several successive steps. 

In the f i r s t instance, a database i s treated as a '-automaton of 

the form 

A=(F,Q,R), 

where F i s a set of states, Q,R are algebras of queries and re p l i e s res

p e c t i v e l y , both of the same s i m i l a r i t y type. Moreover, Q and R are sup

posed to be algebras of c e r t a i n v a r i e t y t. This v a r i e t y which a p r i o r i 

i s a r b i t r a r y , i s associated w i t h the f i x e d l o g i c a l t o o l s , allowing to 

determine a query and the reply to i t . We s h a l l specify the choice of St 

l a t e r , but at the moment i t i s assumed to be a r b i t r a r y . Let us denote by 

f'q the reply to the query q i n a given state f . I t i s supposed that the 

mapping f : Q —* R defined by the formula f ( q ) = f * q i s a homomorphism of 

algebras. This n a t u r a l assumption means merely that the structure of 

every reply r e f l e c t s that of the corresponding query. 

Since the concept of '-automaton i s a framework of database 

model, the enriching of l a t t e r i s withheld momentary i n order to consi

der '-automata i n more d e t a i l . 

In each such automaton (F,Q,R) algebra of queries Q and and alge

bra of r e p l i e s R l i e i n one and the same v a r i e t y £. In the '-automata 
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considered e a r l i e r (Chapter 1} algebra of states and algebra of input 

signals belonged to one v a r i e t y of algebras. We could combine both the 

approaches swapping the roles of F and Q. However, taking i n t o account 

database semantics, i t w i l l be more convenient to use the approach, con

sidered i n the current Section. Let us consider some generalizations of 

i t . 

Let £ be a category, "-automaton i n £ i s a t r i p l e t (F,Q,R) where 

Q,R are objects of £, and F i s a set w i t h the representation 

:F -> Hom(Q,R). 

F i s treated as a set of states, Q and R as objects of queries and rep

l i e s to queries. Morphism f: Q -> R corresponds to each feF. We speak 

about '-automaton, although there may be no operation *.. The operation * 

appears i f if i s a v a r i e t y of one-sorted algebras £. I t i s defined by the 

rul e : 

f'q=f (q),feF, qeQ. 

Further l e t R be an a r b i t r a r y algebra of £, and F an a r b i t r a r y 

set. Construct the s p e c i f i c '-automaton Atm(F,R). Take as Q the Carte-

F 
sian power R , which i s the algebra of £ and define the representation 

": F —> Hom(Q.R) by the ru l e : f o r each feF and qeQ=R
F

 homomorphism 

f:Q
 —

* R i s defined by f ( q ) = q ( f ) . V e r i f y that f o r each feF element 

f:Q
 —

> R i s a c t u a l l y the homomorphism of algebras. 

Let u be n-ary operation i n the v a r i e t y £ and q q be the 

a a a 1 n 
elements of Q. The e q u a l i t y f ( q . . . q u ) = f ( q ) . . . f ( q )o> follows d i r e c t l y 

1 n 1 n 
from d e f i n i t i o n s . Indeed, 

f ( q . . . q » ) = ( q . . . q u ) ( f ) = q ( f ) . . . q ( f ) u = f ( q ) . . . f ( q )u. l n l n 1 n 1 n 
Show that any '-automaton (F,Q,R) can be n a t u r a l l y defined by the const

ructed Atm(F.R). 

Proposition 1.1. Let S=(F,Q,R) be a "-automaton. Define a mapping 

p: Q —> R
F

 assuming: 
q ^ ( f ) = f ' q , feF, qeQ. 
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Then u is a homomorphism in £ and there is one-to-one correspondence 

between the operations of the kind • and homomorphisms of the kind p. 

Proof. V e r i f y f i r s t that u i s a homomorphism i n J£. In notations 

above we must check that (q . . . q n l V . - . q
1 1

" . Really, f o r each feF 

I n I n 
holds 

(q . . .q w)
M

(f)=f»q . .q u=f (q . . .q u ) = f(q ) . . . f (q )u, 
i n i n l n 1 n 

q^. . . q * V f ) = q ^ ( f ) . . .q^(f)w=(f»q ) . . . f'q )w=f(q ) . . . f ( q )w. i n l n I n l n 
Conversely, given homomorphism u:Q —» R

F

 define operation 

•:FxQ —> R assuming f*q=q**(f). Show that f o r each feF the mapping 

f: Q
 —

* R i s a homomorphism i n £. We have: 

f (q . . .q o)=f*q . .q u=(q . . ,q u )
M

( f ) = q *
1

. . . q ' V f ) = i n i n l n I n 
q ^ ( f ) . . .q^(.f)u=(.fq J . . . f *q )u=ftq ) . . . f ( q )u. I n 1 n 1 p 

The considered assignment i s obviously b i j e c t i v e . 

Thus, d e f i n i n g of '-automaton (F,Q,R) i s equivalent to defining 

of the homomorphism u:Q —> R
F

. This remark as w e l l as the next one i n 

fa c t was mentioned e a r l i e r : the set of states F can be treated as the 

set of input signals and the algebra Q can be regarded as the algebra of 

states. 

Let 9=(F,Q,R) be a '-automaton. For every feF the kernel of the 

homomorphism f:Q —* R i s denoted by Kerf. This i s the kernel equivalence 

on Q. The kernel of '-automaton 9 i s the i n t e r s e c t i o n of a l l Kerf and i t 

i s denoted by Ker9. I f Ker9 i s t r i v i a l then 9 i s c a l l e d an exact •¬

automaton. Therefore, '-automaton 9 i s exact i f and only i f f o r any pair 

of d i s t i n c t queries , of Q there e x i s t s some state feF such that 

f'q * f ' q 
n l ^ 2 

The f o l l o w i n g remark i s e a s i l y v e r i f i e d . Let 9=(F,Q,R) be a »-

automaton and v:Q —> Q' an epimorphism of algebras i n £, such that 

Keri>cKer9. Then there i s '-automaton 9' = (F,Q',R) wi t h the operation: 

f q ^ f q , where feF, q^q^eQ' , qeQ. This d e f i n i t i o n of operation * i n 9' 

i s correct and 9' i s r e a l l y '-automaton. I n p a r t i c u l a r , i f Q'=Q/Ker9 and 

i>:Q —* Q' i s the na t u r a l homomorphism then 9'=(F,Q',R) i s the exact *-
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automaton defined by 9. 

F 
Proposition 1.2. Let 9=(F,Q,R) be a "-automaton and u:Q —» R the 

corresponding homomorphism. Then Keru=Ker9. 
Proof. I f q Keruq , then q^=q

fl

 and f o r each feF holds 
n l ^ 2 1 2 

f q = q ' V ) = q
t X

( f ) = f q . 1 1 2 2 
Thus q

i
Ker9q

2
. Conversely, i f q

j
 and q

z
 act i n 9 i n the same way then 

f o r each feF holds 

q^f)=f.q
i
=f.q

2
=cr

2

;

(f); 

5.1.2. Dynamic *-automata 

A '-automaton 9=(F,Q,R) i s ca l l e d a dynamic "-automaton i f there 

i s a semigroup Z acting on the set of states F and on the algebra of 

queries Q. We assume that the action i s right-hand on F and left-hand on 

Q. The elements of £ act on Q as endomorphisms and the e q u a l i t y 

f*<rq=(f°o-)*q, qeQ, creZ 

has to be s a t i s f i e d . 

The l a t t e r e q u a l i t y means that the query crq i n the state f produ

ces the same reply as the query q i n the state f °cr. In t h i s case queries 

are of dynamic character, i.e. various changes of states can be r e f l e c 

ted i n queries. We s h a l l see l a t e r that the concept of dynamic •¬

automaton i s associated w i t h the d e f i n i t i o n of dynamic database. 

Consider the example of dynamic "-automaton. Take Atm(F,R)= 
P 

(F,Q ,R). Assume that Z i s an a r b i t r a r y semigroup w i t h the given repre

sentation as a semigroup of transformations of F. Define the action of Z 

F F 
on Q=R For any <reZ, £eR set 

(<rf;)(f)=<;(f°cr). 
Then Z acts i n R

F

 as a semigroup of endomorphisms. Indeed, f o r feF and 

£ £ eR
F

 holds: 
1 

0 - ( £ . . » H f J-(€ • K>)(f°0-)=fj ( f o o O . . (fo<r)u= I n I n 1 n 
(O"? ) ( f ) . . . (cr? )(f)w=0-t; ...<r£, u>(f). 
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I t ' s l e f t to note that f*o-£=(f<>o-)"£;. Really, 

f<r^=o^{f )=S(foo-) = (fo(r)»*-. 

Let 9=(F,Q,R) be a dynamic '-automaton w i t h semigroup Z. Then the 

•-automaton Atm(F.R) has the f o l l o w i n g universal property: 

Proposition 1.3. Homomorphism u:Q —> R
F

 is coordinated with the 

action of Z i n Q and R
F

. Each dynamic "-automaton is defined in such a 

way. 

Proof. We must check that (crqj ' W a / ' For any feF holds 

(o-q)
M

 ( f ) =f «o*p ( f o cr) *q=q
fl

 ( f ° <r) =crq
M

 ( f ) . 

Let now semiautomaton (F,Z), algebras Q and R of 1 and homomor-

F 
phism u:Q —* R be given. Let Z acts on Q as a semigroup of automor

phisms and u i s coordinated w i t h the action of Z. Assume f " q = q ^ ( f ) . I t 

is easy to v e r i f y that t h i s defines dynamic "-automaton (F.Q.R). 

Note f i n a l l y that c e r t a i n semigroup automaton corresponds to dy

namic "-automaton (F,Q,R) w i t h the semigroup Z. Define the m u l t i p l i c a 

t i o n on S=ZxQ by the r u l e (cr, q) (o-', q')= (crcr' , crq' ) . Then i t follows that 

S i s a semigroup. For s=(cr, q) and feF l e t 
f°s=f°<r; f"s=f"cr. 

These operations define on the t r i p l e t (F,S,R) the structure of semi

group automaton. 

5.2. Database scheme, Halmos algebras 

5.2.1. Database scheme 

In the previous Section we had considered the f i r s t step of data

base model d e f i n i t i o n , having discussed i t s "-automaton framework. 

Henceforth, we should accomplish the f o l l o w i n g program. Actually, a 

database must be founded on some data algebra E that i s many-sorted i n 

general: E=(D , i e D , where T i s the set of sort s , and D
i
 are the 

domains of V. Moreover, E i s connected w i t h c e r t a i n v a r i e t y e which rea

l i z e s the idea of data type. This leads to concept of database scheme, 

the emphasis of t h i s item. Then one has to make the choice of a v a r i e t y 
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£ of algebras of replies and queries. F i n a l l y , with each Dee w i l l be 

associated d e f i n i t e universal "-automaton AtrnZM?^,U,V<p) and database 

model Is defined v i a the representation of "-automata. 

A database scheme consists of: 

a) a set T of sorts (interpreted also as names of domains), 

b) a set Q of symbols of basic operations on data (the signature). 

Every uell has a d e f i n i t e type T " ( l , ...,1 ; j ) , i ^ j e r , 

c) a v a r i e t y 6 of fi-algebras D=(D , l e D (data algebras). Each to of 

the type r = ( i i ; j ) defines an operation 

1 n 
to:D x. . . xD —> D . 

1 n 
d) a set X of variables (or names of variables) together with a 

function n:X —> T. The s p l i t t i n g n gives r i s e to a family of sets, 

or complex, X=(X
)
,ier). We assume that no X

(
 i s void, 

e) a set * of symbols of r e l a t i o n s , which are realized i n algebras 

of 6. Every toe* has a d e f i n i t e type r = ( i i ) , i er. 

1 n k 
Realization ( i n t e r p r e t a t i o n ) i s made by some function f defined 

on the set *, which f o r each (pe* of the type x = ( i ) chooses some 

1 n 
subset i n D x...xD . The function f w i l l be also treated as a state of 

l l 
l n 

database. Any r e a l i z a t i o n f allows to speak about a model (D,*,f) i n the 

sense as t h i s notion i s used i n mathematical log i c . 

The items a)-d) make up the main part of the scheme. In what f o l 

lows, l e t y=(r, SI, 6, X, n, *, A) be a f i x e d database scheme. 
5.2.2. Halmos algebras 

In t h i s item we specify the choice of the va r i e t y £. The algebras 

Q and R are connected w i t h a c e r t a i n query language. In r e l a t i o n a l data

bases queries are usually w r i t t e n by means of language of f i r s t order 

logic and any query i s represented as a class of equivalent formulas. 

Therefore, one must choose the appropriate algebraization of f i r s t order 

calculus. I f we proceed from the pure f i r s t order calculus, both P and Q 

may be chosen to be Halmos algebras (they are usually called polyadic), 

though i t i s possible to s t a r t also from c y l i n d r i c algebras or some 
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other algebraic equivalent of f i r s t order l o g i c . These algebras are I n 

the same r e l a t i o n to f i r s t order logic as Boolean algebras to proposi-

t i o n a l calculus. However, i t i s very s i g n i f i c a n t f o r applications to 

develop the extended notion of a specialized Halmos algebra, which i s 

connected w i t h an a r b i t r a r y but f i x e d v a r i e t y of algebras e, where e 

plays the r o l e of an abstract data type i n programming. Hence, we w i l l 

take the algebraic counterpart of that version of f i r s t order logic 

which i s oriented to 8 ( i . e . enriched by 9-terms). 

Specialized Halmos algebras are defined r e l a t i v e l y to the main 

part of the scheme. Let W-iW , ieT) be a free algebra i n e generated by 

the complex X. 

Consider Boolean algebra H. A mapping 3: H —> H i s called an exis

t e n t i a l quantifier of the Boolean algebra H i f the fo l l o w i n g three con

d i t i o n s are f u l f i l l e d : 

1) 30=0, 

2) h<3h, 

3) 3(h A3h )=3h A3h . 

1 2 1 2 
Here 0 denotes zero element i n H, and h ,h ,heH. 

l 2 
Let H be a Boolean algebra and YcX. H i s cal l e d a quantifier 

algebra over X, i f an e x i s t e n t i a l q u a n t i f i e r 3(Y) corresponds to each 

subset YcX and holds 

1) 3(0)h=h, 

2) 3(Y uY )h=3(Y )3(Y )h, h€H. 

1 2 1 2 
Suppose f u r t h e r , that the semigroup S=EndW acts on q u a n t i f i e r 

algebra H as a semigroup of Boolean endomorphisms. There are two more 

axioms c o n t r o l l i n g the i n t e r a c t i o n of q u a n t i f i e r s with these endomor

phisms (here, heH, tr, seEndW): 

a) <r3(Y)=s3(Y)h, 

i f cr and s are two elements of S, which act i n the same way on those 

variables of X, which do not belong to the subset Y. 

8) 3(Y)<rh=o-3(o-
-1

Y)h, 

i f <r i s one-to-one on o-
_ 1

(Y), and, f o r a l l xeX wi t h <r(x)eY, no variable 

occurring i n o-(x) belongs to Y. 
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A q u a n t i f i e r algebra H over X w i t h acting semigroup EndW i s 

call e d Halmos (polyadic) algebra In the given scheme i f the conditions 

<x) and 8) are f u l f i l l e d . 

Halmos algebras i n the given scheme are also c a l l e d specialized 

Halmos algebras. Since a l l the enumerated axioms are the i d e n t i t i e s , 

these algebras form a v a r i e t y . 

Consider the algebras of queries and r e p l i e s as the examples of 

specialized Halmos algebras. Remember that we are working i n the f i x e d 

scheme f. I t was already noted that queries i n r e l a t i o n a l databases are 

w r i t t e n i n terms of such version of f i r s t order calculus, which takes 

i n t o account the v a r i e t y 9. Define elementary formulas of f i r s t order 

language as ones of the form cp(w ,...,w ) , where <pe* has the type 

I n 
T = ( i , . . . , i ) and w €W . I n k 1 k 

A r b i t r a r y formulas are constructed from elementary ones i n a 

standard way, using Boolean operations v , A , and q u a n t i f i e r s of the form 

3x, xeX. Denote by * the set of a l l formulas. * can be regarded as a 

free algebra over the set of elementary formulas, i n respect to Boolean 

operations and e x i s t e n t i a l q u a n t i f i e r s of the form 3x, xeX. We should 

define i n t e r p r e t a t i o n s of the formulas of $. 

To every algebra Dee there corresponds a c e r t a i n Halmos algebra 

that i s a derived structure of D. I t i s defined as fo l l o w s . 

The semigroup EndW n a t u r a l l y acts i n Hom(W,D) - the set of homo

morphisms of W i n t o D. I t s power set OT^ i s a Boolean algebra w i t h res

pect to the set-theoretic operations. Let, f u r t h e r , A be a subset i n 

Hom(W,D). Setting ue3(Y)A, i f there e x i s t s vek such that u(x)=i>(x) f o r 

a l l xgY, we get the mapping StYhJJl^ —> DJL̂ . I t i s easy to understand that 

these 3(Y) are the e x i s t e n t i a l q u a n t i f i e r s i n the sense of the d e f i n i 

t i o n above. In p a r t i c u l a r , i n the Boolean algebra act e x i s t e n t i a l 

q u a n t i f i e r s of the form 3x (and du a l l y , universal q u a n t i f i e r s Vx). 

For any AeJll^, seEndlf assume that ussA i f useA. Then the semigroup 

S=EndJf acts i n OJIJJ as a semigroup of endomorphisms of Boolean algebra 011^. 

Moreover, one can v e r i f y that DD̂  w i t h S turns out to be a Halmos 

algebra. 
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Now, we might go back to i n t e r p r e t a t i o n of formulas of *. I f f i s 

a sta t e of symbols of r e l a t i o n s of * i n V then the i n t e r p r e t a t i o n , i.e. 

mapping 

- » J n
E
, 

i s defined as f o l l o w s . 

Let u=<p(w w ) be an elementary formula. Suppose that uef(u) 
1 n 

i f a sequence w*\ . . . , w*
1

 belongs to the set f(»)c D x. . . xD The map-1 n 1 1 v 

1 n 
ping f i s defined f o r elementary formulas and since * i s a free algebra 

over the set of elementary formulas, i t i s extended up to the homomor

phism of algebras. 

I n t h i s case, i f formula u i s treated as a notation of a query 

then f ( u ) i s considered as the reply to the query u. One and the same 

reply can correspond to d i f f e r e n t notations of a query. Therefore, two 

formulas u and v are defined to be equivalent i n * i f f o r any state f 

holds f ( u ) = f ( v ) . Denote the given equivalence on * by p. 

We say that by the d e f i n i t i o n a query i s a class of i t s equiva

lent notations and thus the universal set of queries i s the set U=*/p. 

I t was shown that the algebra of r e p l i e s JR^ have the structure of 

Halmos algebra. Our next goal i s to provide U by the same structure. 

Boolean operations and e x i s t e n t i a l q u a n t i f i e r s of the form 3x 

are defined on the set of formulas * i n the usual way. We ought to 

define a c t i o n on $ of the q u a n t i f i e r s of the form 3(Y) and of the ele

ments seEndW. We define these actions as many-valued operations on *, 

transformed to one-valued ones i n */p. 

F i r s t , introduce the notion of a support of a formula ue*. 

Roughly speaking, one can determine a f i n i t e subset of variables Y
Q
CX to 

be a support of the formula ue*, i f u=u(x ,..,x ) , x eY . In other 
r r 1 n 1 0 

words, i t i s the set of variables, which are included i n the notation of 

the formula u. One can v e r i f y , that i f Y
q
 i s a support of an element u 

and f i s a sta t e of the model ( E , * , f ) then i n 311̂  the e q u a l i t y 3 ( Y
Q
) f ( u ) = 

?(u) i s f u l f i l l e d . 
For a r b i t r a r y YcX the set 3(Y)u i s defined as follows. Let an 
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element v belong to 3(Y)u i f there e x i s t s a support Y
q
 of u such that 

v=3x . . . 3x u, where x x are the elements of YnY taken i n the 

I n l n o 
d e f i n i t e order. 

Define i n d u c t i v e l y a set su, seEndJC. Take u ^ f t w ^ . . , w^). Then set 

su=<p (sw , . . , sw ) . l n 
Let su and sv be defined f o r u, v and a l l seS. Assume: 

s(uvv)=<u I u=u'vv', u'esu, v'esv}, 
o

 1

 o 

s(u)={u' | u'=u", u"esu}, 

S ( U A V ) = { U I U = U ' A V ' , u'esu, v'esv}. 
o

 1

 o 

I t remains to define s3xu. Let Y
q
 be a support of u. According to s, 

consider a set Z of elements o-eEndlf such that <ry=sy, f o r y*x, yeY
o
; trxeX 

and does not belong to supports of the elements try, y*x, y€Y
Q
- Let 

ves3xu i f there e x i s t s some <reZ and v=3o-xu', u' eeru. Thus, a l l su f o r ue* 

and seEndlf are defined. 

Proposition 2.1. [81] Let upv, u'esu, v'esv hold f o r equivalence 

p of *. Then u'pv'. Similarly, if u'e3(Y)u and v'e3(Y)v then upv implies 

u' pv' . 

Hence, a l l the operations 3(Y) and s are c o r r e c t l y defined and 

one-valued on the quotient set U=*/p. Moreover, every f induces a homo

morphism f:U —> JH<p , so i t follows that U turns out to be a Halmos 

algebra. 

The support of an element can be defined also f o r an a r b i t r a r y 

Halmos algebra H. Namely, we say that YcX i s a support of heH i f 3(Y)h=h 

holds. The l o c a l l y f i n i t e part of H i s a subalgebra consisting of a l l 

the elements heH w i t h the f i n i t e support. U i s always l o c a l l y f i n i t e 

Halmos algebra while 911̂  i s not. The l o c a l l y f i n i t e part of % ^ i s denoted 

by VJ J . The r e s t r i c t i o n of the homomorphism f:U —* 5)1^ gives r i s e to a 

homomorphism f: U
 —

> V^. 

Remark. A few words on kernels of homomorphisms of Halmos algeb

ras. I f f:H —> H' i s a homomorphism of Halmos algebras then i t s kernel 

can be considered as inverse image of u n i t or inverse image of zero. In 
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the f i r s t case we get a f i l t e r and i n the second one an i d e a l . 

A subset T of a Halmos algebra H i s called a f i l t e r i f i t i s 

closed w i t h respect to products of elements, action of a universal quan

t i f i e r s and f o r aeT, beH holds avbeT. Dually, a subset R of H i s called 

an ideal i f i t i s closed w i t h respect to sums of elements, action of an 

e x i s t e n t i a l q u a n t i f i e r s and f o r aeR, beH holds aAbeR. 

I t i s easy to show that the f i l t e r associated as a kernel w i t h 

the homomorphism f:U —> i s the elementary theory (see (23]) of the 

model ( D , * , f ) . 

5.2.3. Equality in Halmos algebras 

Equality i n a Halmos algebra H i n a given scheme i s a function 

which assigns to each pair of elements w and w' of one and the same 

i e r , an element d(w,w') of H. This f u n c t i o n has to s a t i s f y some condi

t i o n s , which i m i t a t e the axioms of usual e q u a l i t y . Namely, 

1) sd(w, w' )=d(sw, sw' ) , seEndlf; 

2) d(w,w)=l f o r each weW
(
; 

3) d(w , w' )A. . . Ad(w , w' )sd(w . . . w (J, w". . . w'u>), u i s the operation 

1 1 n n I n l n 
from 0 of the corresponding type; 

4) s
x

 hAd(w ,w )ss
x

 h, where xeX, heH, w ,w eW , i f n ( x ) = i and s" i s w 1 2 w 1 2 1 H 1 2 
the endomorphism of W which takes x i n t o w and does not change 

y*x. 

I t i s shown [ 8 6 ] , [48] that the e q u a l i t y on H can be defined i n 

the unique way. Moreover, i t can be proved that each Halmos algebra i n 

the given scheme i s embedded i n t o the Halmos algebra w i t h the e q u a l i t y . 

In the Halmos algebras of the kind JJl^ the e q u a l i t y d i s defined 

by the r u l e : an element ueHomdC", E) belongs to d(w , w
g
) i f Vfj=vr I t i s 

obvious that a l l such elements d(w , w
g
) l i e i n the subalgebra V^. 

5.3. Database model 

5.3.1. Universal database 

At the next step of the d e f i n i t i o n of an abstract database we 

s h a l l associate a universal "-automation 
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Atm23=(y
D
,U, V-j) 

with every Ee9. 

We have already constructed the algebras U and W^. The set of 

states of AtmE might be defined i n an i n v a r i a n t way to be the set of 

homomorphisms Hom(U, V<p). However, we prefer to consider the set 9-^ as 

the set of states f - i n t e r p r e t a t i o n s of 4> i n E i.e. functions which 

r e a l i z e every ipsi of type T = ( i i ) as a subset of D *. . . xD . 

i n 
Boolean operations on such f are defined componentwise that makes 3^ to 

be a Boolean algebra. To complete the construction of AtmE, we define 

the operation * by the rule 

f * u = f ( u ) . 

The t r i p l e t AtmE=(3j
)
, U, V^) i s obviously a "-automaton, which 

plays the r o l e of universal database i n the given scheme. 

Consider a functor property of AtmE=(3'j
)
, U, V^). Every homomorphism 

5:E -> E' induces a mapping 

8: Hom(W, E) -> Homdf.E' ) 

8 ~ 
defined by the rule: i f ueHom(W,E) then u =p8. In i t s t u r n 8 implies a 

homomorphism of Boolean algebras 

5 . : 3 V - * m c -
Proposition 3.1. [81] If 8:D —> E' is a surjective homomorphism 

then 8 is also a surjection and S
f
 : Dfl^, —> JJI^ is a monomorphism of Halmos 

algebras. 

The homomorphism 8 induces also a monomorphism of Boolean algeb

ras S.:^, -> ? I t i s easy to v e r i f y that 

8
f 

( f m ) *=(6.f)*u, f e f j j , ueU. 

Thus, the s u r j e c t i o n S:E —> E' induces an automata monomorphism: 

8.: AtmE' -> AtmE, 

i d e n t i c a l on U. 
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5.3.2. Automata model of database 

Let 9=(F,Q,R) be an abstract "-automaton i n the given scheme if 

and AtmD=(y^, U, VJ J) be an universal automaton i n the given scheme. 

The f i n a l step i n the algebraic d e f i n i t i o n of a database presents 

the l a t t e r as a representation 

p: (F, Q, R) —> AtmE 

of an abstract "-automaton i n t o the universal one. More s p e c i f i c a l l y , a 

database over the scheme V is a t r i p l e t p=(a,8,y), where 

a i s a mapping F —> 3^ which transforms the abstract states i n t o r e a l 

ones from tF^ , 

8 i s a homomorphism U —> Q which connects the abstract queries w i t h 

formulas, 

y i s a homomorphism R —* which associates a r e l a t i o n from w i t h 

any abstract reply, 

and the f o l l o w i n g axiom holds: 

Consider the p a r t i c u l a r case of the d e f i n i t i o n . In the automaton 

AtmE^^.U, VJ J ) take a subautomaton (F,U,R) where F i s a subset of 3^ and 

R i s a subalgebra of V^. Define a congruence T on U by the rule:
 U

1

T U

2 

i f f o r every feF holds f"u = f»u . So we obtain a database (F, Q, R) where 

1 2 
Q=U/T, 8 i s the na t u r a l homomorphism U —* U /T , and a,y are the i n c l u 

sions. Such databases w i t h compressed set of queries w i l l be c a l l e d spe

c i f i c databases. 

One more point f ) i s usually added to the database scheme a)-e): 

f ) a set of axioms A which are s a t i s f i e d f o r a l l admittable states. 

Then each state feF has to s a t i s f y the axioms of A, i.e. f " u = l , 

feF, ueA hold true. 

Henceforth, 
9=(F,Q,R;U,E,p) 

w i l l denote database i n the scheme if, associated w i t h automaton 

9=(F,Q,R), algebra E and representation p. Algebra U presents the scheme 
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f i n the notation of U. 

We have a precise d e f i n i t i o n of a database as an algebraic struc

ture. Consequently, we may n a t u r a l l y define homomorphisms, isomorphisms 

and automorphisms of databases. This allows us to define accurately the 

important concept of informational equivalence of two databases. More

over, various constructions f o r databases (a wreath product, f o r 

example) can be defined, and the problem of decomposition of a database 

may be considered. We provide also a c l a s s i f i c a t i o n of databases w i t h a 

f i x e d data algebra on the ground of Galois theory of databases [85], 

[86]. Here a group G i s considered to be the group of automorphisms of 

data algebra D. 

5.3.3 Dynamic databases 

Dynamic databases are associated w i t h dynamic "-automata. A semi

group Z which regulates updating of states must be added to the *-

automaton c o n s t i t u t i n g the database. V a r i a t i o n of states i s taken into 

account also i n the notation of queries. 

In order to pass from dynamic "-automaton to dynamic database the 

universal dynamic "-automaton has to be defjined. So we must define a 

dynamic Halmos algebra i n the given scheme. 

Let a semigroup Z act on the set $ of symbols of r e l a t i o n s pre

serving the type of a r e l a t i o n , i.e. T (arip}=r (<p), <reZ, ipei. I t i s proved 

that the action of Z on $ i s uniquely extended to the representation of 

the semigroup Z as the semigroup of endomorphisms of the algebra U. This 

means that U becomes a dynamic Halmos algebra w i t h respect to Z. 

In a general case i t i s not assumed that Z acts on * and we 

expand the set of r e l a t i o n s . Suppose that Z i s the semigroup w i t h the 

un i t and consider a set Z* of the formal expressions of the kind <rip, 
crsZ, ipe$. I d e n t i f y i n g ip w i t h lip, we get $cZ$. The set Z* i s considered 

as a new set of symbols of r e l a t i o n s where x (o-<p)=rbp). Setting 

Co (.cr' ip)=o-<r' ip we have the free l e f t a c t i o n of the semigroup Z on the set 

Z$. The t r a n s i t i o n from $ to Z4> changes the database scheme. Therefore, 

the universal algebra of queries i s also transformed i n t o a new one (de

noted by IT*") which i s a Z-dynamic Halmos algebra, as w e l l as arises the 
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new set of states 9<p. However, the algebra of r e p l i e s i s not changed. 

An a c t i o n of the semigroup Z i n 3^ i s defined by the rul e : 

f oc(cr' <p)=f (o-<r' w). So we come to "-automaton 

but i t i s not yet qui t e what we are looking f o r . The desired universal 

dynamic "-automaton AtmE arises i f we replace the semigroup I by a free 

semigroup 6 over a set of generators Y and adjoin the u n i t element. 

The representation p :9 —> AtmE of an abstract dynamic Z-automaton 

a=(F,Q,R) i n the dynamic 6-automaton AtmE=(3^,U , V^) i s the tuple 

p=(a ,8,y ,T)) where the f i r s t three components are defined as above and 

i):G
 —

> Z i s a homomorphism of monoids subject to f o l l o w i n g conditions: 

(fo«r")
a

=f
a

o<r; (cru)'
3

=o-V3 , feF, o-e6, ueU. 

A dynamic database i s a dynamic "-automaton together w i t h i t s 

representation i n the universal dynamic "-automaton AtmE, Ee8. 

The t r a n s i t i o n to the free semigroup 6 allows to specify the 

not a t i o n of a dynamic query. 

Henceforth we confine the subject only by s t a t i c databases. 

5.4. Homomorphisms of databases 

5.4.1. Homomorphisms in the fixed scheme 

F i r s t of a l l r e c a l l that each homomorphism of algebras S:E' —> E 

generates two homomorphisms of Boolean algebras °V —> V^, and 

S
f
:f^ -> . I f the i n i t i a l 6 i s a s u r j e c t i o n , then 6.: -> W^, i s the 

i n j e c t i o n of Halmos algebras. Both 8
t
 induce i n j e c t i o n of automata: 

8
f
 : AtmE -* AtmE' , 

which does not change queries. 

Let a=(F,Q,R;U,E,p) and 3 ' = (F' , Q' , R' ; U, E' , p' ) be two databases 

w i t h p=(a,S,2f) and p'=(a',S',y'). 

A homomorphism of databases u: 9 —> 3 ' i s a pair of homomorphisms 

p=(v,8), where v i s a homomorphism of "-automata v=[v , u^, vj: 

(F,Q,R)
 —

* (F'.Q'.R') and 8 i s a homomorphism of data algebras 
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5:2)' —* 2), subject to two conditions: 

1) the natural diagram 

U 

i s commutative, 

2) second condition i s described by the diagram 

wi t h weakened commutativity: f f o r any feF. 
v a l 

The second condition means merely that t r a n s i t i o n f 

together w i t h 6:2)' -> 1 i s a homomorphism of the corresponding models, 

i.e. of algebras 2)' and 2) wi t h r e l a t i o n s of * re a l i z e d there. 

I t can be checked, that i f u=(f,5):3 —* 3' i s an isomorphism of 

databases, then the second diagram becomes commutative diagram i n the 

v a l 
usual sense, that i s f =f Moreover, i n t h i s case i t i s possible 

to add the t h i r d commutative diagram to the d e f i n i t i o n : 

y' 2)' 

Thus, i n the d e f i n i t i o n of isomorphism we can obtain a na t u r a l symmetry, 

which i s absent i n the d e f i n i t i o n of an a r b i t r a r y database homomorphism. 

We now examine connections between homomorphisms of models and 

homomorphisms of databases. For f i x e d e and * we consider models 
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( E , * , f ) , De6. A database a=(F,Q,R) where F consists of a unique state f , 

R i s the image of the homomorphism f: U —> , i.e. R=Imf, i s a subbase 

i n AtmE and i t can be assigned to every such model. Denote Kerf by T. I t 

i s a f i l t e r i n U, which coincides w i t h elementary theory of the model f . 

Then an algebra Q of 9 i s determined by Q=U/T. The operation i n AtmE 

gives r i s e to the operation • i n 3. The question i s to what extent t h i s 

t r a n s i t i o n ( E , * , f ) —» (F,Q,R) from models to databases enjoys the func-

t o r i a l properties. 

Let ( E ' , * ' , f ) be another model and 9'=(F',Q',R') be i t s data

base. I t follows d i r e c t l y from d e f i n i t i o n s , that every database homomor

phism u=(i>,8):9 —> 9' induces a model homomorphism. On the other hand, 

assume, that the t r a n s i t i o n f -> f defines the homomorphism of models 

8: (E* ) ~> ( E , * , f ) so as we could reconstruct the homomorphism of 

databases u=(v,8)=(iv^,v^,),8). In f a c t 8 i s already determined by u 

and i s defined by the t r a n s i t i o n f —* f . I t i s natural to define 

v^: R —> R' by a homomorphism, induced by the i n j e c t i o n 8^:"/^ -* V<p, . 

i s determined according to the condition of commutativity of the corres

ponding f i r s t diagram. 

However, we have not obtained a database homomorphism yet. The 

f a c t i s that the homomorphism S t does not always i n j e c t algebra R i n t o 

algebra R', there i s no c o r r e l a t i o n w i t h the operation, the second diag

ram i s f u l f i l l e d t r i v i a l l y , but the commutativity of the f i r s t diagram 

does not hold because there i s no connection between the elementary 

theories f o r f and f • The s i t u a t i o n s i g n i f i c a n t l y changes i f we take 

f as f . Elementary theories f o r f and f coincide, thus Q=Q , and v 

i s a t r i v i a l homomorphism. Besides, we have 

(Imf) =Imf 

As a r e s u l t we get a homomorphism of databases, which i s simultaneously 

an isomorphism of corresponding '-automata 9 and 9' . This i s true, i n 

p a r t i c u l a r , i n the case, when 8:E' -> E i s an isomorphism of models. 

Thus isomorphisms of databases imply isomorphisms of models. 



254 

5.4.2 Homomorphisms with the modification of the scheme 

Now we consider homomorphisms of databases w i t h v a r i a b l e set of 

symbols of r e l a t i o n s *. To the two given sets of symbols of r e l a t i o n s * 

and $' correspond d i f f e r e n t Halmos algebras U and U' . We assume that 

there i s the homomorphism £:U' -* U which determines the scheme m o d i f i 

cation. Now, f o r every 8: V —> £ we s h a l l give the new d e f i n i t i o n of the 

mapping 5,: 3^ 3^, which i s associated w i t h t h i s £,. 

Let us note f i r s t that the mapping ":3-
V 

HomfU.V^) which con

nects states and homomorphisms, i s a b i j e c t i o n [ 8 1 ] . We consider the 

composition of homomorphisms f:U —> and 8f. —> V^, . For a f i x e d * 

we have 

f = f 5 . : U ^
V ; D

, 

For variable scheme and given £:U' -* U we define 

D' 

Now we can define homomorphisms of databases i n the case of v a r i a b l e set 

*. Let a=(F,Q,R;U,E,p) and 9'={F' ,Q' ,R' ;U' ,T>' , p' ) be two databases. 

Homomorphism u:3 -+ 9' of databases w i t h m o d i f i c a t i o n of the 

scheme i s a t r i p l e t u=(i>,£,5) where v=[v^,v ,v ) i s a homomorphism of 

automata, £:U' —> U i s a homomorphism of algebras of queries, 8 . V —* D 
i s a homomorphism of data algebras. For symmetry, i t i s convenient to 

d i r e c t the mapping opposite to the mappings i ; and v , that i s 

v2-0.' —* Q. The mapping u={v,%,8) should s a t i s f y the f o l l o w i n g diagrams: 

1) Commutative diagram 

U' 

6' (3 

2 
2) Weakened commutative diagram 



2 5 5 

F

' — * t > < 

The second diagram guarantees that the correspondence of the 

states i s a homomorphism of models w i t h the variable scheme. 

Now we deal w i t h s p e c i f i c databases, i.e. the case when the map

pings a and y i n the representation p=(rx,B,y) are t r i v i a l . 

A homomorphism u=(i>,€,5) i s cal l e d a replacement of the scheme i f 

data algebras and r e p l i e s algebras i n databases 3 and 3' coincide, and 

the mappings and S are t r i v i a l . 

Theorem 4.1. Every homomorphism u=(i>, £;, 5 ): 3 —> 3' where 

v : Q' ~* Q is a surjection, admits a canonical decomposition in to a 

product of two homomorphisms u
j
 and p^ The f i r s t of them does not 

change the scheme, and the second one is connected only with the rep

lacement of the scheme. 

This p r o p o s i t i o n i s used i n the problem of reconstruction of 

databases, i.e. replacement of a database by an equivalent one which i s 

more convenient to use. 

5.5. Constructive databases 

5.5.1. General notes 

Real database model has to be connected w i t h the programming 

means. The intermediate step i n t h i s d i r e c t i o n i s the database construc-

t i v i z a t i o n i . e . study of existence of algorithms Databases w i t h the 

f i n i t e E always admit c o n s t r u c t i v i z a t i o n , thus we face a problem of 

e f f e c t i v e algorithms and programs. The s i t u a t i o n i s e s s e n t i a l l y d i f f e 

rent i n the case of i n f i n i t e tt. 

The well-known d e f i n i t i o n of a constructive algebraic structure 

[ 3 0 ] , [69] may be applied to models of databases as w e l l . However, there 

ar i s e some fundamental d i f f i c u l t i e s because of which the co n s t r u c t i v i z a -
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t i o n never can be carried out completely. 

According to A.I.Malcev, algebraic system i s constructive, i f a l l 

i t s domains consist of constructive elements and are c o n s t r u c t i v e l y de

fined as sets, and a l l main operations and r e l a t i o n s are also construc

t i v e , i.e. the required algorithms do e x i s t . This general d e f i n i t i o n i s 

applied to the various components of databases, f o r example to data 

algebra V or "-automaton (F,Q,R). However, i t s a p p l i c a t i o n to a whole 

database faces conceptual d i f f i c u l t i e s and leads to very strong and 

r a r e l y f u l f i l l e d conditions. Therefore, as f a r as t h i s i s possible under 

given conditions, we must s t r i v e f o r a reasonable c o n s t r u c t i v i z a t i o n , 

taking i n t o account the main problem: how to calculate a re p l y to a 

given query. 

Each reply to a query q i n the state f looks l i k e f»q and one 

needs an algorithm which checks i f uef*q f o r a r b i t r a r y ueHom(W, D). There 

are a number of approaches here. For example, we can speak of algorithms 

f o r various f i x e d f and q or we can f i x f and search f o r an algorithm, 

enclosing a l l q from a c e r t a i n class. However we apply the strongest 

form of c o n s t r u c t i v i z a t i o n f o r s p e c i f i c databases. 

Let a=(F, Q, R; U, V,p) be such database. Database 9 i s constructive 

i f there e x i s t s an algorithm, which checks up the i n c l u s i o n ue/»q f o r 

a l l ueHomOtM)), feF, qeQ. 

The existence of such algorithm leads to the r e s t r i c t i o n s on 

database and we w i l l discuss some of them. 

We consider Halmos algebras w i t h the e q u a l i t y . Hence, there arise 

the queries of a type x^...xo>=y, where uefi have the type 

T = ( l i ; j ) and x x ,y are the variables of corresponding 

sorts. The reply to such a query i s independent from the state f. I t i s 

easy to understand that the existence of required algorithm implies that 

a l l operations of E are constructive. Thus, i t makes sense to include 

the constructiveness of data algebra E i n t o every d e f i n i t i o n of const

r u c t i v e database. 

Let now, o?e* be a r e l a t i o n of type x = ( i , . . . , i ) . Let q be de¬
i n 

f i n e d by the elementary formula ip(x x ) . Given f , the existence of 
1 n 
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algorithm f o r c a l c u l a t i o n of reply to such query means that the state f 

defines the constructive r e a l i z a t i o n of a l l r e l a t i o n s , i.e. (Z),*,f) i s a 

constructive s t r u c t u r e . Moreover, i f algebra E i s constructive, then f o r 

constructive f one can calculate the r e p l i e s to the queries of the type 

(p(v»
i
 vO, where w

j
eW

i
 are the 9-terms of corresponding sorts. So, i t 

Is q u i t e reasonable to claim that a l l states feF should be constructive. 

A query q i s c a l l e d an opened query i f i t can be w r i t t e n without 

q u a n t i f i e r s . Hence, we can assert, that i f the algebra E and the state f 

are constructive then there i s an algorithm f o r c a l c u l a t i n g r e p l i e s to 

any opened query i n the state f . 

Constructiveness of database, as defined above, a c t u a l l y implies 

the uniform constructiveness f o r a l l states feF. Moreover, the required 

p o s s i b i l i t y to get reply to any query means that every state feF i s not 

only constructive, but also has a decidable elementary theory. 

Now, we consider one more natural d e f i n i t i o n of constructive spe

c i f i c database. 

Database 3=(F,Q,R;U, E, p) i s constructive, i f 

1) Data algebra E i s constructive. 

2) The automaton (F,Q,R) i s a constructive one, i n p a r t i c u l a r , 

Halmos algebras Q and R are constructive. 

3) Every state feF i s constructive and every reR i s a constructive 

r e l a t i o n . 

Some connections between these two d e f i n i t i o n s have been discus

sed, but i t would be of great i n t e r e s t to study them i n d e t a i l . In par

t i c u l a r , the i n v e s t i g a t i o n of constructive Halmos algebras becomes very 

important, while constructive Boolean algebras have been studied before 

[43]. 

Let us note the f o l l o w i n g question: how should a model (E,$,f) 

look so that Halmos algebra Imf=R i s constructive. I t i s also interes

t i n g to study f i l t e r s T i n U, f o r which quotient algebra U/T allows con

s t r u c t i v i z a t i o n . 

5.5.2. I n t r o d u c t i o n of data i n t o language 

We would l i k e to point out that i t i s often convenient to i n t r o -
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duce the data algebras D=(D , i e D i n t o the language and algebra of que

r i e s f o r the c o n s t r u c t i v i z a t i o n of databases. Description of K by gene

rato r s and de f i n i n g r e l a t i o n s may be used here. 

Let M=(M , i e D be the set of generators of E, and l e t T be the 

set of de f i n i n g r e l a t i o n s of £>. We associate a var i a b l e y
&
 w i t h each 

aeM . Therefore, a set of variables Y corresponds to every set M , and 
1 l

 1 

we obtain a complex y=:("¥ , i e D . Furthermore, l e t be an algebra over Y 

free i n 9. The t r a n s i t i o n y
&
 —> a f o r a l l a gives r i s e to an epimorphism 

v:Wjj —> D. I t s kernel p i s generated by the set T , and we have an iso

morphism ^<p/p
 —

* ^ • 

We also associate a symbol of m i l i a r y operation u>a w i t h every 

aeM , i e r , and denote by £2' the union of the set of a l l these symbols 
1 

w i t h £2. Let 9' be the v a r i e t y of Q' -algebras defined by the i d e n t i t i e s 

of 9 together w i t h the d e f i n i n g r e l a t i o n s of T>. Now, i f 

w ( y

a
y

a
 ) = W

'
 ( y

a
y

a ' 
I n l n 

i s one of such r e l a t i o n s , i t must be r e w r i t t e n as 

w(u us )=w* {a> 10 ) . 
a a a a I n l n 

There are no variables i n the l a t t e r e q u a l i t y , therefore i t may be con

sidered as an i d e n t i t y . 

Let W be the free algebra over the complex X i n 9, and W be such 

an algebra i n 9' A l l are elements of W and generate a subalgebra i n 

i t . We denote i t by V . 

Proposition 5.1. The algebra V is isomorphic to T>. Let 

A=(A
i >
ieD be any algebra from 9', and B=(B , I e D be the subalgebra of A 

generated by the miliary operations. Then B is a homomorphic image of V. 

The i n i t i a l scheme if together w i t h the algebra T> determine the 

universal database 

AtmZMfjj.U, VJJ). 

Let y be the scheme corresponding to 9' D may be considered as an 

algebra from 9' , too. So, the set of a l l states f o r the same set of 
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symbols of r e l a t i o n s * i s not changed. Obviously, we may i d e n t i f y the 

set of homomorphisms HomtJT , E) w i t h Hom(lf,D); hence the algebra also 

i s not changed. Only the algebra U must be replaced by a new algebra of 

queries U'. There e x i s t s a canonical mapping U —> U' , which allows us to 

consider elements from U as elements from U' . Therefore, we have 

obtained an automaton 

Atm'3D=ff
JJ
,tj'

r
V

I)
). 

Now, we s h a l l consider an a p p l i c a t i o n of such t r a n s i t i o n . 

Let ueU, ueHomt W, £ ) , and l e t Y=(y y ) be the support of u. 
I n 

We denote y^=a y^=a Let us extend the homomorphism u: W —* V up 
l i n n 

to the homomorphism u:W —* D and then consider a r e s t r i c t i o n u: D' —> D. 

The mapping u i s an isomorphism, and by 0
(
 we denote the image of y^ i n 

V , i = l , . . . , n . F i n a l l y , l e t v=v be the element of U determined by the 
u 

formula 
((y =0 ) A . . . A ( y =0 ) =» u)=v. 

1 1 n n 
Proposition 5.2. Let f be a state. Then U€f*u if and only if the 

equality f»v^=l holds true. 

Let (D,*,f) be a model w i t h decidable elementary theory i n the 

expanded algebra of queries U', and R=ImU under the homomorphism 

f:U —> Vjp. Then we have the c o r o l l a r y : 

Proposition 5.3. Each element from Halmos algebra R is a const

ructive subset in HomOf\D). 

Proposition 5.3 shows that the v e r i f i c a t i o n of the i n c l u s i o n 

uefm i s reduced, i n the extended scheme, to the v e r i f i c a t i o n whether 

the d e f i n i t e p r o p o s i t i o n v i s true i n the model ( E , * , f ) . In model 

theory, such questions of e f f e c t i v e v e r i f i c a t i o n were considered long 

ago [721. 

I t i s supposed that there i s a good f i n i t e d e s c r i p t i o n of the 

e n t i t y domain, i. e . of the model ( D , * , f ) , allowing us to reduce the 

problem of v a l i d i t y of sentences to a s u i t a b l e problem of d e r i v a b i l i t y 

of formulas i n pure f i r s t order language. Namely, i f a set of elements 
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u ,u u i n U' serves as a de s c r i p t i o n of t h i s model , and v i s a 
1 2 n 

sentence the t r u t h of which i s v e r i f i e d on t h i s model, then we construct 

a new proposition 

u A . . . A U => v 

1 n 
and v e r i f y i t s absolute t r u t h i n U', i. e . whether i t i s equal to 1 i n 

U' Furthermore, i f the v a r i e t y 9 has a f i n i t e d e s c r i p t i o n , then one can 

pass to the f i r s t order calculus. Thus, there arises a p o s s i b i l i t y to 

apply methods of proof theory and mechanical theorem proving. 

Generally speaking, a computer should act l i k e a human. I f there 

i s some hypothesis, one has to act i n two p a r a l l e l d i r e c t i o n s : to search 

f o r i t s possible proofs on the one hand, and the possible counter

examples on the other hand. Both these p a r a l l e l l i n e s ought to be well 

formalized f o r the computer. Of p a r t i c u l a r importance i s the case when 

one construct counter-examples i n f i n i t e models. The ideas of McKinsey's 

well-known work [72] are based on these remarks. 

In applications to databases a l l t h i s i s connected w i t h the ideas 

of l o g i c a l programming and the PROLOG language. This language i s desig

ned f o r the special type propositions, the so-called Horn clauses. There 

is some optimal strategy of proofs searching f o r them but there does not 

exi s t methods which would lead us to counter i t . 

The main idea of l o g i c a l programming i s that the possible c o r o l 

l a r i e s are derived from the given d e s c r i p t i o n of e n t i t y domain. As to 

queries, t h e i r d e r i v a b i l i t y from the d e s c r i p t i o n i s v e r i f i e d . As a r u l e , 

the e n t i t y domain i s f i n i t e and there i s no problem of algorithm exis

tence, the main e f f o r t s should be directed to the looking f o r e f f e c t i v e 

algorithms. 

There i s no set of symbols of operations £2 i n PROLOG. Such set i s 

associated w i t h f u n c t i o n a l programming and LISP language. The explora

t i o n of combination of l o g i c a l and f u n c t i o n a l programming based on 

A-calculus, do hold. 

Now we consider the s i t u a t i o n , when data algebras are approxima

ted by f i n i t e algebras. 
As i t was mentioned, the computer can construct counter-examples. 
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i f they may be picked out among f i n i t e models. This remark inspires the 

f o l l o w i n g d e f i n i t i o n [72]: a closed element ueU i s called finite-reduced 

i n respect to class of models K, i f falsehood of u on some model from K 

implies i t s falsehood on a f i n i t e model from K. 

This d e f i n i t i o n can be applied also to open elements, using i t s 

enclosing on universal q u a n t i f i e r s . In p a r t i c u l a r , i t may be applied to 

the formulas of the kind v=v^ from proposition 5.2. 

We consider below a s i m i l a r notion, which can be applied to a r b i 

t r a r y queries u. 

Given E, l e t 5^: E —* , oc€l be a system of homomorphisms . The 

set I i s assumed to be ordered, and every a and 8 of I are covered by 
some y. Suppose that i f 8>a, then there i s a s u r j e c t i v e homomorphism 

E w i t h commutative diagram 
a 

E 

E 
0 

-» E 

Such a diagram defines the commutative diagram f o r automata 

AtmE 4 

5 

AtmE 
a 

S 
fi» \ f "a/3* 

AtmEp 

In p a r t i c u l a r , the f o l l o w i n g diagrams hold: 

S E <- a< 

8' 

E 

a/3« 

0 

where a l l the homomorphisms are i n j e c t i o n s . 

Denote by R the image of
 5

a
.

: v

<n " 

a 
form a l o c a l system i n , and therefore R=uR

a
 i s a subalgebra i n . 

V«. A l l the subalgebras R 
E a. 
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Proposition 5.4. If algebra B is countable, a l l B^ are f i n i t e and 

homomorphisms S^-.V —* B^ are computable, then a l l elements from algebra 

R are constructive subsets in Hom(W.B). 

In database theory i t i s important to consider subalgebras RCVJJ 

containing e q u a l i t i e s . Unlike the proposition 5.4, i n the pro p o s i t i o n 

5.5 the algebra R i s , as a r u l e , without e q u a l i t y . In accordance w i t h 

general theory of Halmos algebras the diagonal , cHom(W, B) corres

ponds to the equ a l i t y w=w' i n V^. I t consists of a l l p:W —> E f o r which 

ŵ
1

 =w' holds. 

The next proposition describes the str u c t u r e of diagonal i n V^. 

Let the set of homomorphisms S^-.T) E^, ael be complete, i.e . i f a and 

b are two d i f f e r e n t elements of the same sort i n E, then there e x i s t s 

ael such that S (a)*8 ( b ) . 
a a 

Proposition 5.5. The following equality takes place 

D ,=nCD« J * " * 
w, w w,w 

a 

We generalize i t i n proposition 5.6. 

Along w i t h i n j e c t i o n s
 s

a,'-^x> ^E
 w e

 consider mappings 
a 

-* which are defined as follows: i f ( E , * , f ) i s a model, then 
a 

» 

S 
(B ,$,f ) i s a model defined by the natural t r a n s i t i o n to the corres-

a * 
S 5* 

ponding quotient model. For s i m p l i c i t y we w r i t e f
 a

 instead of f °\ 

Let f e ? _ and ueHom(lf,B). The query u i n state f i s said t o be 

compatible with the given system of homomorphisms, i f f o r any 
6 

ueHom(W,B), uef»u implies that u5 ef *u f o r some a e l . The query u i s 

called co-compatible w i t h the given system of homomorphisms i f from 
S 

uef'u i t follows that uSa^f *u, f o r some a e l . 

I t i s easy to v e r i f y , that i f u i s compatible, then i t s negation 

u i s co-compatible, and vice versa. Coordination of equations w i t h the 

given set of homomorphisms means the completeness of t h i s set. 
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Proposition 5.6. If u i s a positive query, compatible with the 
8 8 

set of homomorphisms in state f, then f*u= n ( f
 a

»u)
 a

 . If u i s negative 

and co-compatible query, then /•u=u(f
 a

»u)
 a

*. 

a 

Here p o s i t i v e query i s a query which i s constructed from p r i m i 

t i v e ones without negations. Negative query i s a negation of the posi

t i v e query. 

This p r o p o s i t i o n may be useful f o r the c a l c u l a t i o n of reply to 

the query i f the set of homomorphisms 8^: D —> D^, ael defines the f i n i t e 

approximation of algebra E. 

F i n a l l y , we formulate the proposition, devoted to the conditions 

of c o m p a t i b i l i t y . Fix a state f and consider elements of algebra u, com

p a t i b l e w i t h the given set of homomorphisms of algebra D. 

Proposition 5.7. 

1) If u and v are compatible, then U A V is compatible too. 

2) If u i s compatible, then V(Y)u is compatible for any YeX. 

3) If u is compatible, then su is compatible for any seEndJf. 

4) If u and v are positive and compatible, then uvv is also compa

t i b l e . 

5) If u i s a positive element and v i s compatible, then u =* v is 

compatible. 

The e x i s t e n t i a l q u a n t i f i e r s can break the coordination property. 

5.6. Constructions in database theory 

We w i l l consider only s p e c i f i c databases. In t h i s case the algeb

ra of r e p l i e s i s always a simple Halmos algebra, and therefore, a l l 

homomorphisms of the kind y:R -> R' t u r n out to be monomorphisms. 

Let D=D xD be a Cartesian product of algebras and n : V —* V , 

1 2 1 1 
71̂ :50 —> Tl^ the na t u r a l p r o j e c t i o n s . Take the corresponding i n j e c t i o n s of Halmos algebras w,»'-

v

j)
 —

*
 v

j )
 a n d I I

2
»

: V

J J
 —

*
 v

j ) -
 T n e

 algebra, generated 
1 2 

by Halmos algebras tjCV^ ) and ^ ( V ^ ) i s denoted by aV^ . We desc-
1 2 1 2 
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ribe the structure of 
l 2 

F i r s t of a l l , the set HomfJf, B) may be canonically represented as 

a Cartesian product Horn C If , E )xHom(Jf,B ) . For AcHomtW, B ) , BcHomOf, B ) 
w 1 2 1 2 

t h e i r Cartesian product AxB may be represented as AxB=7i
i>(
(A)nir

2Ji
(B). I f 

the supports of A and B are f i n i t e , then AxB also has a f i n i t e support. 
Proposition 6.1. The subalgebra aV^ in consists of the 

1 2 
f i n i t e unions of elements AxB, AeV^ , BeV^ If and are f i n i t e , 

1 2 
then eV^ ^ 

1 2 
1 2 

I t i s easy to v e r i f y that i f D, D and D are the diagonals i n B, 

and ©
2
 respectively, then f o r any w,w' holds 

D ,=D
1

 ,xD
2

 , 
w,w w,w w,w 

and t h i s means, that the algebra nV^ contains a l l e q u a l i t i e s . This 
l 2 

i s also true f o r R a R cV_ ®V_, where R i s a subalgebra i n V_ 
l 2 B B l

 &

 E 
l 2 l 

Our next goal i s to define the product of databases. Let the 

scheme of database !f be f i x e d . This defines the universal algebra of 

queries U. Consider algebras E , E and E=E xE of 8 . The automata 
H e 1 2 1 2 
AtmE=(?

I)
,U, VJJ), AtmE .U.V^ ) and AtmE = ( ?

B
 '

U

'
V

j ) ~> correspond to 
1 1 2 2 

them. Projections it : E
 —

> E and n ; E -> E give r i s e to the i n j e c t i o n s 
J 1 1 2 2 & J 

of automata 7t : AtmE
 —

> AtmE; it : AtmE -> AtmE. I n p a r t i c u l a r , we have 
1 1 2 2 r 

the homomorphisms of Boolean algebras 

1 2 

Let 9 ^ be a subalgebra of the Boolean algebra generated 
1 2 

by the algebras it .(S^ ) and n ). 

1* A/ 2* JJ 
1 2 

Take f e f _ , f s f and l e t (E ,* , f ) , (E , oj , f ) be the r e l a -1 V 2 JJ 1 1 1 2 2 2 
1 2 

t i v e models. We can define the product f j X f i n accordance w i t h the 

d e f i n i t i o n of Cartesian product of the models: (E xE , * , f x f ) . I t can 
1 2 1 2 

be checked that i f u i s an element of U, defined by elementary formula, 

then 
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if xf )»u=(f xu)«(f xu) 
1 2 1 2 

Hence,
 f

l
*X

a

I

*K
l(l
lf

i
lnK if ) and i t i s proved that the Boolean algebra 

consists of a l l sums of elements f x f , w i t h f eŜ  . f e9= . As 
•
Ll

1
 *L 1 2 l B 2 B 1 2

 1 2 
a r e s u l t , we have a subautomaton AtmB^AtmD i n AtmE generated by the 

copies of automata AtmE and AtmE : 
l 2 

( 9 ^ .U.VJJ <t>V_ )=AtmE ®AtmB 

1 2 1 2 

Let now a^CF^U, R
j;
 U, 2^) and ^=i^

z
, U, R.,; U, VJ be two data bases w i t h 

one and the same algebra of queries U . Construct the product 

F i r s t , l e t us take the product of automata 

AtmE^AtmB^C^ , U , V
D
 sV^ ) 

1 2 1 2 

and then consider the subset F xF i n consisting of a l l f x f , 
1 2 E E

 e

 1 2 
1 2 

f e F , f eF . 
1 1 2 2 

Let RjSf^ be a subalgebra i n V<p aV^ . Then, f o r any ueU holds 
1 2 

( f x f )»u=(f xu)«(f xu)eR ®R 
1 2 1 2 1 2 

So, we obtain an automaton (F xF ,U,R ®R ) . The associated w i t h t h i s 
1 2 1 2 

automaton database 

3=3 ®a = ( F X F , U , R ® R
 ;
u, E xB ) 

1 2 1 2 1 2 1 2 

i s c a l l e d the product of databases 3^ and 

Thus defined product of databases i s coordinated w i t h the product 

of models. 

A union of databases i s defined i n a s i m i l a r way, as a database 

(F,Q,R ®R ; U , E xE ) , 
1 2 1 2 

associated w i t h the subautomaton (F,U,R »R )cAtmB eAtmE , where F i s the 
1 2 1 2 

union of the copies of the sets F and F . r

 1 2 

Both these operations, m u l t i p l i c a t i o n and union of databases, can 

be defined also f o r va r i a b l e set *. In t h i s case we must take i n t o 

account that i n 3 and 3 algebras of queries U and U are d i f f e r e n t . 
1 2 1 2 

The d e f i n i t i o n s of cascade connections and wreath products i n the 
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database theory are complicated. These constructions are based on the 

cascade connections and wreath products of the models, which, i n t h e i r 

t u r n , generalize s i m i l a r notions of the automata theory (see Chapter 2 ) . 

We re f e r to [86] f o r the general d e f i n i t i o n s and consider here only some 

remarks. 

Let M=M xM be Cartesian product of sets, and TO, OT , OT be the 
1 2 v 1 2 

corresponding power sets. Consider an a r b i t r a r y mapping X-^
2
 ~~* OT and a 

set BcM
2
. Then the set (*,B) i s defined by the rule: (a,b)e(%,B) i f and 

only i f beB and ae%(b). 

Take a set A of M and define %=A:M —> OT by the rule : ae%(b), i f 
71 

~ 2 
(a,b)eA, where beM , aeM . Then A=(A,A ) , where Tt : M

 —

* M i s the pro-
2 1 2 2 

j e c t l o n . 

Consider two applications of t h i s simple remark. Let 25 , be 

the algebras of 9 , B=B xB and R ,R be subalgebras i n and V_ . Evi-
' 1 2 1 2

 s

 B B l 2 

dently, HomtJr', B)=Hom(W, D )xHom(»f,B ) . In accordance w i t h the d e f i n i t i o n 

above, l e t %; HomtJv', B ) —> R The subset (*,B), BeR^ i s an element of 
V

B xB '
 T h e n

 l -
l =

( l V | l l 2 ) e H o m t ' r ' ' D ) belongs to (*,B) i f u eB and u <=x(u ). 
1 2 

The wreath product of R
j
 and R̂  i s the subalgebra i n ^ , generated 

l 2 

by a l l these (%,B) . I t i s denoted by R=R
i
wrR

2
. 

This wreath product i s used i n an a r b i t r a r y cascade connection of 

databases as an algebra of r e p l i e s . 

We study now the decomposition of symbols of r e l a t i o n s . Let 

D=(D , i e D be an algebra, and ip a symbol of r e l a t i o n of the type 

x=(x x ) = ( i , . . . i , J j ) . Then M =D « . . xD ; M =D x...D ; 
1 2 1 p t m 1 1 1 2 J I 

1 n J l Jm 
M=M xM . 

1 2 
Let ip be a symbol of type x = ( j ) and f o r each beM , <pb be 

2 2 1 m 2 
a set of symbols of r e l a t i o n s of the type x = ( i , . . . i ) . Thus, we have 

b 1 1 n 
three sets $={<p}, i^={<p ,beM

2
>, 1>2={ipJ. Take the states f , f , I connec

ted w i t h these symbols of r e l a t i o n s . 

Let f(ip)=AcM and %=A:M
2
 —* OT be the corresponding mapping. Set 

b ~ n 2 1 
f j t i p )=A(b), f

2
(p

2
)=A . The equ a l i t y A=(A,f {ip )) means that 
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(a,b)ef(»>) i f and only i f bef^ip^ )Aa€f ^ (<pb), 

and t h i s decomposition of f(ip) i s associated w i t h the general idea of 

cascade connections of data algebras. 

As we have seen, constructions i n databases are associated w i t h 

the respective constructions f o r the corresponding models, i.e. data

bases states. The same f o r the problem of decomposition. In i t s t u r n , 

decomposition of models supposes, that there i s some decomposition of 

data algebra D. We founded on decomposition V i n Cartesian product, but 

i t i s also possible to s t a r t from the approximation of Z> by some E^, 

ael. Then the above notion i s use f u l . I t can be proposed, that f o r some 

special 9 there e x i s t another "good" constructions. On the other hand, 

probably the main a t t e n t i o n must be paid to the decomposition of r e l a 

t i o n s (may be under the f i x e d data algebra E). 

Perhaps, instead of searching f o r a good universal theory of 

decomposition of databases, i t i s more useful to obtain the s u f f i c i e n t 

amount of constructions and i n each s p e c i f i c case to apply the suitable 

construction. 
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