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Aims and Scope

The fundamental questions arising in mechanics are: Why?, How?, and Howmuch?
The aim of this series is to provide lucid accounts written by authoritative
researchers giving vision and insight in answering these questions on the subject of
mechanics as it relates to solids.

The scope of the series covers the entire spectrum of solid mechanics. Thus it
includes the foundation of mechanics; variational formulations; computational
mechanics; statics, kinematics and dynamics of rigid and elastic bodies: vibrations
of solids and structures; dynamical systems and chaos; the theories of elasticity,
plasticity and viscoelasticity; composite materials; rods, beams, shells and mem-
branes; structural control and stability; soils, rocks and geomechanics; fracture;
tribology; experimental mechanics; biomechanics and machine design.

The median level of presentation is the first year graduate student. Some texts
are monographs defining the current state of the field; others are accessible to final
year undergraduates; but essentially the emphasis is on readability and clarity.
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Preface

The aim of the book is to reveal the potential of the Boundary Integral Equation
Method as an efficient computational tool for treating wave propagation problems
in homogeneous and smoothly inhomogeneous piezoelectric solids with defects
like cracks and holes.

The interdisciplinary character of the study is based on continuum and fracture
mechanics, theory of wave propagation, non-destructive evaluation, computational
mechanics and mathematical physics in their pure theoretical and applied sense.

The main results and contributions are the coupled electro-mechanical models,
the computational method, its validation and simulations revealing different effects
useful for the engineering design and practice.

The main ideas, mechanical models, computational tools and simulation results
are designed for master degree students, Ph.D. students and researches who like to
specialize in the field of dynamic computational fracture mechanics and its con-
nections with wave propagation theory and continuum mechanics.

The authors are indebted to all who have contributed to this book. Special
thanks go to Tatiana Parkhomenko, MSc, who helped to prepare the final figures.

Petia Dineva
Dietmar Gross

Ralf Müller
Tsviatko Rangelov
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Chapter 1
Introduction

The subject of investigation is an infinite or finite piezoelectric solid with defects.
Generalizing the proposed BIEM, new results for different classes of inhomogeneous
piezoelectric solids are presented and discussed.

The book can be regarded as a continuation of the book by Zhang and Gross [20]
which treats cracks in elastic isotropic homogeneous domains by non-hypersingular
BIEM using constant boundary elements and fundamental solutions obtained by
Fourier transform and expressed by Bessel functions. We extend and continue this
study for cracks and holes in isotropic, anisotropic and piezoelectric domains, using
non-hypersingular BIEM. The proposed numerical scheme is based on discretization
by quadratic boundary elements and standard collocation method. The BIEM for-
mulations are derived using fundamental solutions obtained by Fourier or by Radon
transform. The results in the book have been obtained during the last 10 years working
on different scientific projects.

Having in mind the big amount of books and papers on computational fracture
mechanics and BIEM we would like to mention some of them that have strong
influence on the present study: [18, 20] for the approach to solve wave propaga-
tion problems in cracked media by non-hypersingular traction BIEM; [2, 8] for
asymptotic behavior of solutions of elliptic boundary value problems in domains
with singularities at corners and irregular angular points; [1] with the description
of quadratic boundary elements; [7, 9, 15] with the explanation of fracture para-
meters of piezoelectric materials and stress intensity factor; [6, 10, 16, 17] with
the derivation of the fundamental solutions with Fourier and with Radon transform;
[3–5, 11–14, 19] where test and benchmark examples for isotropic, anisotropic and
piezoelectric domains with cracks and holes helped to test the accuracy of the pre-
sented BIEM solutions.

The present book is subdivided into three parts. In Part I the theoretical basics
for the numerical studies (Chap. 4) are presented. This includes the mechanic–
mathematic theoretical basis concerning the piezoelectric materials, constitutive
equations and equations of motion (Chap. 2), fundamental solutions (Chap. 3) and
equivalent to the formulated boundary-value problems the corresponding integro–
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2 1 Introduction

differential equations (Chap. 4). In Part II results for homogeneous cracked piezo-
electric solids are presented. Several test example are solved for the uncoupled case,
i.e., anisotropic materials (Chap. 5) and for piezoelectric ones in unbounded domain
(Chap. 6) and in bounded domains (Chap. 7). Furthermore, different special issues are
investigated with BIEM when considering curved cracks, multiple cracks and crack
interaction (Chap. 8), or cracks with different electric boundary conditions (Chap. 9).
For a restricted class of inhomogeneous piezoelectric materials the BIEM is applied
in Part III. The in-plane case is discussed first (Chap. 10), followed by the results
for the anti-plane cracked case (Chaps. 11, 12, 13), holes and hole-crack interaction
(Chaps. 14, 15).
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Part I
Theoretical Basics

Part I introduces 3D and 2D field equations of piezoelectric materials subjected to
dynamic time-harmonic electromechanical loads, followed by formulation of
boundary value problems for dynamic behavior of ant-plane and in-plane cracked
unbounded and bounded piezoelectric solids in Chap. 2. Formulations of the
defined anti-plane and in-plane boundary value problems by non-hypersingular
traction boundary integral equations based on the frequency-dependent funda-
mental solutions derived in a closed form by Radon transform are presented in
Chap. 3. Numerical scheme using discretization and collocation method is
discussed in Chap. 4.
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Chapter 2
Piezoelectric Materials

Abstract After some historical remarks the field equations for piezoelectric mate-
rials are presented for the 3D and the 2D case. Furthermore, the boundary value
problems in bounded and unbounded cracked domains are formulated.

2.1 Short Historical Overview

In the middle of eighteenth century Carolus Linnaeus and Franz Aepinus first
observed that certain materials, such as crystals and some ceramics, generate electric
charges in case of a temperature change. Both René Just Haüy and Antoine César
Becquerel subsequently attempted to investigate the phenomena further but were
unsuccessful. Piezoelectricity as a research field in crystal physics was initiated by
the brothers Jacques Curie (1856–1941) and Pierre Curie (1859–1906) with their
studies, [4, 5]. They discovered an unusual characteristic of certain crystalline min-
erals as tourmaline, quartz, topaz, cane sugar and Rochelle salt. It was found that
tension and compression generated voltages of opposite polarity and proportional
to the applied load. This was called by Hankel [13] the piezoelectric effect. The
at first discovered direct piezoelectric effect is shown schematically in Fig. 2.1a, b.
The word piezoelectricity comes from Greek and means electricity resulting from
pressure (Piezo means pressure in Greek). In the year following the discovery of the
direct effect, Lippman [22] predicted the existence of the converse effect basing on
fundamental thermodynamic principles. Before the end of 1881 the brothers Curies
confirmed experimentally the existence of the converse effect. They showed that if
one of the voltage-generating crystals was exposed to an electric field it lengthened
or shortened according to the polarity of the field, and in proportion to its strength,
see Fig. 2.2.

The study of piezoelectricity remained something of a laboratory curiosity for the
years until the World War I. In this period it is worth to mention the textbook on
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(a) (b)

Fig. 2.1 Direct piezo-effect: a at applied compressive stress, b at applied tension

(a) (b)

Fig. 2.2 Inverse piezo-effect at applied electric field

crystal physics of Voigt [39] where are described 20 natural crystal classes capable
of piezoelectricity with their piezoelectric constants using tensor analysis.

Piezoelectric materials did not come into widespread use until the World War I,
when quartz was used as resonators for ultrasound sources in SONAR to detect
submarines through echolocation.

A very important stage in the research of piezoelectric materials and especially
in their applications in modern engineering practice was the discovery of the phe-
nomenon ferroelectricity by Valasek [38]. Ferroelectric materials exhibit one or more
phases and have domain structure in which the individual polarization can be changed
by an applied electric field. The first known ferroelectric material was Rochelle salt.
Unfortunately, Rochelle salt loses its ferroelectric properties if the composition is
slightly changed, which made it rather unattractive for industrial applications. Fer-
roelectricity was mainly regarded as an interesting physical effect.

During World War II, in the United States, Japan and the Soviet Union, isolated
research groups working on improved capacitor materials discovered that certain
ceramic materials (prepared by sintering metallic oxide powders) exhibited dielectric
constants up to 100 times higher than common cut crystals. Furthermore, the same
classes of materials (called ferroelectric) were made to exhibit similar improvements
in piezoelectric properties. This led to the manufacturing of synthetic materials whose
piezoelectric and dielectric properties are about 100 times higher than the ones of the
natural piezoelectric. The discovery of easily manufactured piezoelectric ceramics
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with astonishing performance characteristics naturally touched off a revival of intense
research and development of piezoelectric devices.

In 1945, piezoelectricity started on the market when it was realized that the mixed
oxide compound barium titanate BaT i O3 was a ferroelectric which can easily fab-
ricated and shaped at low price and can made piezoelectric with constants many
times higher than natural materials by an electrical poling process. This material is
of stable perovskite type, which is one of the fundamental crystal lattice structures.
This discovery brought the perovskite type materials into the focus of investigations.
Soon other perovskites with ferroelectric properties were discovered, thus opening
the path to industrial application. This time could be called the beginning of the era
of the piezoelectric ceramic and modern history of piezoelectricity. The following
successful results were obtained in the time period 1940–1965:

• Development of the barium titanate family of piezoceramic and the lead zirconate
titanate family, see Jaffe et al. [17];

• Development of an understanding of the correspondence of the perovskite crystal
structure with electro-mechanical activity;

• Development of a rationale for doping both of these families with metallic impu-
rities in order to achieve desired properties such as dielectric constants, stiffness,
piezoelectric coupling coefficients, ease of poling, etc.

Piezoelectricity as one of the branches of crystal physics is now the base of the
modern engineering practice in the following technologies:

• Frequency control and signal processing e.g. mechanical frequency filters, surface
acoustic wave devices, bulk acoustic wave devices, etc.;

• Sound and ultrasound microphones and speakers, ultrasonic imaging, hydrophones,
etc.;

• Actuators and motors based on the converse effect, i.e. when an electric field is
applied to a material it will deform in a predictable way. For example, in manufac-
turing of piezoelectric ceramics it is possible to create rods that deform along the
long axis and act like a piston. The amount of deformation can be controlled by the
amount of electric field applied to the material. Since the deformations are small,
usually within micrometers precision, they are excellent in application that require
very small amounts of movement. They have been used as tools for micro preci-
sion placement and for micro adjustments in lens for microscopes. The converse
effect is used in printers (needle drivers and ink jet), miniaturized motors, bimorph
actuators (pneumatics, micropumps, Braille for the blind), multilayered actuators
for fine positioning and optics, injection systems in automotive fuel valves, etc.

• Detection of pressure variations in the form of sound is the most common sensor
application, e.g. piezoelectric microphones (sound waves bend the piezoelectric
material, creating a changing voltage) and piezoelectric pickups for electric guitars.
A piezo sensor attached to the body of an instrument or structure is known as
a contact microphone giving information of deformation. This is the base of all
sensors for strain, mass, flow, pressure online control. By continuously monitoring
deformation, the sensors can record operational loads, compute material fatigue,
and estimate remaining component life.
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• Generator with application in gas and fuel ignition. Piezoelectricity can gener-
ate very high voltages but the current is very small. The amount of pressure
needed to distort a piezoelectric ceramic element by 0.05 mm can generate nearly
100,000 volts. This amount of voltage is enough to create an electric spark to ignite
gas in an oven, grill or pocket lighter.

• Smart structures that use discrete piezoelectric patches to control the response of
a structure have been of considerable interest in recent years. The development of
modern software makes it possible to fully model coupled thermo–mechanical–
electrical systems and obtain reciprocal relations between piezoelectric actuator
voltages and system response. By integrating such models into a closed-loop con-
trol system, very effective active control on the vibration, noise, shape, deforma-
tion, pressure, etc. can be achieved. Structural panels embedded with a series of
sensors and actuators can be used in civil, industrial and aerospace structures. These
panels can actively monitor the structural integrity and detect faults at early stages,
thereby providing precise information on structural failure and life expectancy.

• The concept Crowd Farm with the basic idea that large amounts of people moving
in dense areas would step on tiles embedded in the floor and these tiles would
use piezoelectric materials to generate electricity that could be collected and used.
A prototype of the crowd farm has already been tested in a selected number of
Japanese train stations.

• Experimental science for investigation of atomistic structure of materials based on
the micro-coupling of mechanical and electrical fields.

2.2 Types of Piezoelectric Materials

Piezoelectric materials can be natural or man-made. The natural PEM are crystal
materials like quartz (Si O2), Rochelle salt, Topaz, Tourmaline-group minerals and
some organic substances as silk, wood, enamel, dentin, bone, hair, rubber. Figure 2.3
shows the unit cell of quartz which has specific atomic structure of the lattice which
is a tetrahedron built of oxygen atoms around a silicon atom. Each oxygen atom has
the same distance to the silicon atom, and the distances between the oxygen atoms
are all the same. The change in the position of the atoms due to applied stress leads
to the formation of net dipole moments that causes polarization and an electric field,
respectively.

Man-made piezoelectric materials are crystals that are quartz analogs, ceramics,
polymers and composites.

There are 32 crystal classes which are divided into the following seven groups:
triclinic, monoclinic, orthorhombic, tetragonal, trigonal, hexagonal and cubic. These
groups are also associated with the elastic nature of the material where triclinic rep-
resents an anisotropic material, orthorhombic represents an orthotropic material and
cubic are in most cases isotropic materials. Only 20 of the 32 classes alow piezoelec-
tric properties. Ten of these classes are polar, i.e. show a spontaneous polarization
without mechanical stress due to a non-vanishing electric dipole moment associated
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Fig. 2.3 Unit cell of quartz

with their unit cell. The remaining 10 classes are not polar, i.e. polarization appears
only after applying a mechanical load.

There are the following families of man-made ceramics with crystal structure
as perovskite: Barium titanate (BaT i O3; Lead titanate (PbT i O3); Lead zirconate
titanate (Pb[Zrx T i1−x ]O3, 0 < x < 1)—more commonly known as PZT; Potas-
sium niobate (K NbO3) ; Lithium niobate (Li NbO3); Lithium tantalate (LiT aO3),
etc. and other lead-free piezoceramics. The general chemical formulae of perovskite
crystal structure is AB O3 , where A is a larger metal ions, usually lead Pb or barium
Ba, B is a smaller metal ion, usually titanium T i or zirconium Zr , see Fig. 2.4, which
shows the crystal structure of a piezoelectric ceramic (BaT i O3) at temperature above
and below Curie point.

To prepare a piezoelectric ceramic, fine powders of the component metal oxides
are mixed in specific proportions, then heated to form a uniform powder. The pow-
der is mixed with an organic binder and formed into structural elements having the
desired shape (discs, rods, plates, etc.). The elements are subsequently fired accord-
ing to a specific time and temperature program, during which the powder particles
sinter and the material attains a dense crystalline structure. The elements are cooled,
then shaped or trimmed to specifications, and electrodes are applied to the appropri-
ate surfaces. Above a critical temperature, the Curie point, each perovskite crystal in
the fired ceramic element exhibits a simple cubic symmetry with no dipole moment,
it is in the so-called paraelastic phase (Fig. 2.4a). At temperatures below the Curie
point, however, each crystal exhibits a tetragonal or rhombohedral symmetry leading
to a dipole moment; this phase of the material is called ferroelectric phase (Fig. 2.4b).
When electric field of about 106 V/m is applied to the ferroelectric polycrystal as it
passes through its Curie temperature, so that its spontaneous polarizations develop,
all polarization vectors are aligned in a more or less uniform direction. This process
leading to a macroscopic net polarization is called poling. Initially there exists a uni-
form distribution of all direction, i.e. no macroscopic net polarization. After poling:
a distribution around the poling direction leads to a macroscopic net polarization.
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(a) (b)

Fig. 2.4 Crystal structure of a traditional piezoelectric ceramic (BaT i O3) at temperature above
(a) and below (b) Curie point

Now, at this stage, when a mechanical stress is applied, the polarization will
increase or decrease and the ceramic will have typical piezoelectric behavior. The
mechanism of this process will be explained in Sect. 2.3.

The piezoelectricity of polyvinylidene fluoride was discovered by Kawai [18].
PVDF is a ferroelectric polymer, exhibiting piezoelectric and pyroelectric properties.
These characteristics make it useful in sensor and battery applications. Thin films
of PVDF are used in some newer thermal camera sensors. Piezocomposite materials
are an important update of existing piezoceramic, see Newnham [26]. They can be
of two types: piezo-polymer in which the piezoelectric material is immersed in an
electrically passive matrix (for instance PZT in epoxy matrix) and piezo-composites
that are composite materials made by two different ceramics (for example BaT i O3
fibers reinforcing a PZT matrix).

2.3 Physical Peculiarities

Piezoelectric materials are anisotropic dielectrics of special type, where both fields
the electrical and the elastic are coupled. Some of them (for instance ceramic) have
ferroelectric properties, but the rest of them (as quartz) display no ferroelectric
behaviour. In the following a brief explanation is given of the physical properties
of dielectrics, ferroelectric, piezoelectric materials and the similarity and difference
between them.

A dielectric material is any material that supports charge without conducting it to a
significant degree. The main property is that they have no free electrical charges, but
when an external electrical field is applied the electric dipoles are being created due to
the interaction of the electrical field with the dielectric structure. The electric dipole,
see Fig. 2.5 is an electro–neutral unit volume in which the centers of the positive +q
and negative −q electric charges (poles) do not coincide and are at distance r , so that
the dipole moment μ = qr arises. The dipole moment is a vector with direction from



2.3 Physical Peculiarities 13

(a)

(b)

Fig. 2.5 The dipole moment

the negative to the positive pole. Because of dielectric polarization, positive charges
are displaced toward the external field and negative charges shift in the opposite
direction.

If the center of positive charge within a given region and the center of negative
charge within the same region are not in the same position, a dipole moment μ arises.
For example, in the Fig. 2.5, the center of positive charge from the eight cations shown
is at X, while the center of negative charge is located some distance away on the anion.
The second view of dipole moment is more useful, since it can be applied over a large
area containing many charges in order to find the net dipole moment of the material.

The polarization of a material is simply the total dipole moment for a unit volume

P = 1

V

∑

i

μi , where V is the overall volume of the sample. Because
∑

i

μi is

a vector sum, a material may contain dipoles without having any net polarization,
because dipole moments can cancel out. If a material contains polar molecules,
they will generally be in randomly orientated when no electric field is applied, see
Fig. 2.6. An applied electric field E[N/C] will polarize the material by orienting
the dipole moments of polar molecules in opposite direction—mainly to the applied
electrical field Ea . Or, when a dielectric is placed between charged electrode plates,
the polarization of the medium produces an electric field E p opposite to the field
of the charges on the plate and then the effective electrical field is: Ee = Ea −
E p. The dielectric constant ε[C/N M2], which is also called permittivity, is the
main characteristic of the dielectric. It reflects the amount of reduction of effective
electric field as shown in Fig. 2.6. The dielectric constant depends on the polarization
properties of the dielectric material, but also on its elastic, thermal, etc. properties.

The relative dielectric constant εγ = ε

ε0
shows how many times the effective electric

field decreases in a given dielectric material in comparison with the electric field
between the plates when they are in vacuum with a dielectric constant ε0 = 8.85 ×
10−12 C/Nm2.

Permittivity is directly related to the dimensionless characteristic electric sus-
ceptibility χ , which is a measure of how easily a dielectric polarizes in response
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Fig. 2.6 Reduction of an effective electric field due to the polarization

to an electric field. They are related to each other through the scalar relation
ε = εγ ε0 = (1+χ)ε0 for the isotropic case and the tensor relation εi j = (δi j +χi j )ε0
for an anisotropic dielectric materials. An important property of dielectrics is that
they posses naturally polarization and in the absence of applied electrical field they
have no electric dipoles.

The polarization of piezoelectric material has its specific peculiarities in com-
parison with polarization of ordinary dielectrics. First we will consider polarization
of piezoelectric materials that are not ferroelectric and will discuss the polarization
process of quartz as classical representative of this class of materials.

When a piezoelectric is placed under a mechanical stress, the geometry of the
atomic structure of the crystal changes, such that ions in the structure separate, and
a dipole moment is formed. For a net polarization to develop, the dipole formed
must not be canceled out by other dipoles in the unit cell. Therefore the piezoelec-
tric atomic structure must be non-centrosymmetric. When a piezoelectric material is
loaded electrically then the electrical dipoles appear, dipole moment is formed and
this results in deformation. The polarization is linear as those shown in Fig. 2.7 and
electrical dipoles nucleate only after electrical or mechanical load. The other types
of piezoelectric materials are with ferroelectric properties, i.e. spontaneous polariza-
tion and electric dipoles exist in their structure even in the absence of electrical field.
The piezoelectric effect in ferroelectric is strongly dependent on its atomic structure.
Depending on the type of a crystal, a compressive stress can increase or decrease the
polarization, or sometimes, have no effect at all. For example, let us consider again
the two crystal structures of a traditional piezoelectric ceramic at temperature above
and below Curie point, presented in Fig. 2.4. The ceramic phase above Curie point
is cubic and has no spontaneous polarization. The ceramic phase below the Curie
point is a crystal of tetragonal or rhombohedral symmetry and develops spontaneous
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Fig. 2.7 Dielectric
polarization

polarization. Piezoelectric properties can be found in the ceramic phase below the
Curie point. Materials are polarized along a unique crystallographic direction, in
that certain atoms are displaced along this axis, leading to a dipole moment along
it. Depending on the crystal system, there may be few or many possible axes. In
a crystal, it is likely that dipole moments of the unit cells in one region lie along
one of the six directions. Each of these regions is called a domain. A domain is a
homogenous region of a ferroelectric, in which all of the dipole moments have the
same orientation. In a newly-grown single crystal, there will be many domains, with
individual polarizations such that there is no overall polarization. If a mechanical
stress is applied to the ferroelectric, then there are domains which will experience
an increase in dipole moment and some which will experience a decrease in dipole
moment. Overall, there is no net increase in polarization, see Fig. 2.8. This makes
BaTiO3 useless as a piezoelectric unless it is put through some additional process-
ing. This process is called poling. An electric field is applied to the ferroelectric as
it passes through its Curie temperature, so that its spontaneous polarization devel-
ops and it is aligned in a single direction. All of the domains in the piezoelectric
have a dipole moment pointing in that direction, so there is a net with approximately
the same polarization, see Fig. 2.8. When the electric field is removed most of the
dipoles are locked in a configuration of near alignment (Fig. 2.8). The full alignment
is only possible in a single crystal and in a polycrystalline material there exists still
a polarization distribution. The material now has a remanent polarization. The max-
imum possible value of the remanent polarization is called saturation polarization,
i.e. this is the horizontal part of the hysteresis curve in Fig. 2.9. The distinguishing
feature of PEM with ferroelectric properties is that the direction of the spontaneous
polarization can be reversed by an applied electric field, yielding a hysteresis loop,
see Fig. 2.9. The non- linear behavior of the polarization with respect to the applied
electrical field consists of three stages which are characterized by:

• reversible domain motion;
• growth of new domains;
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Fig. 2.8 Domain structure
of ferroelectric materials and
their behavior during poling
process

Fig. 2.9 Hysteresis curve for
polarization of piezoelectric
material

• new domains reaching the limit of their growth and reaching the saturation polar-
ization.

Figure 2.9 shows a typical hysteresis curve created by applying an electric field to
a piezoelectric ceramic element until the maximum (saturation) polarization Psat is
reached, reducing the field to zero determines the remanent polarization Pr reversing
the field attains a negative maximum (saturation) polarization and negative remanent
polarization, and re-reversing the field restores the positive remanent polarization.
When the electric field is the coercive field Ec there is no net polarization due to the
mutual compensation of the polarization of different domains.

Summarizing the information of the physical properties of piezoelectric materials
presented above, some conclusions can be made:

• PEM is a special type of anisotropic dielectrics where electrical and mechanical
fields are coupled due to both the existence of the specific asymmetric atomic struc-
ture of the lattice and the existence of spontaneous polarization at the microstruc-
ture level;

• The effective usage of both the ferroelectric properties of the piezoelectric ceramics
together with the poling process during their manufacture make these materials a
basic element in the modern industrial applications.
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2.4 Field Equations in 3D

The macroscopic phenomenological theory of piezoelectricity, based on thermody-
namic principles, can be traced back to Thompson [36]. However, significant con-
tribution to the theory, as we know it today, was made by Voigt and Duhem. The
thermodynamic approach reveals the reversibility and the equivalence of the piezo-
electric constants of the direct and converse piezoelectric effects. It is noted that the
full thermodynamic derivation should link mechanical, electrical and thermal effects,
where the thermo-electric coupling gives rise only to the pyroelectric effect. How-
ever, since we will not focus on pyroelectricity and as coupling effects are assumed
to be linear, the thermal influence can be safely neglected.

2.4.1 Constitutive Equations

For a general piezoelectric material, the total internal energy density U is given by
the sum of the mechanical and electrical work done, i.e. in differential form it is

dU = σi j dsi j + Emd Dm . (2.1)

Here the mechanical stress σi j and strain si j are second rank tensors, Em is the vector
of electric field, Dm is the vector of electrical displacement. All indices run from 1 to
3 and the summation convention over repeated indexes is implied. The polarization
vector Pi is introduced to quantify the degree of polarization of the material and
it is connected with the vectors of electric field and electrical displacement by the
relation, see Parton and Kudryavtsev [29]:

Di = ε0 Ei + Pi , Pi = χi j E j . (2.2)

In order to derive the constitutive equations of a piezoelectric material dif-
ferent types of thermodynamic potentials can be used as e.g. internal energy
U = U (si j , Di ), the electric Gibbs energy (electric enthalpy) Ge = Ge(si j , Ei ),
the Helmholtz free energy F = F(σi j , Di ), the elastic Gibbs energy G1(σi j , Pi )

and the Gibbs free energy G = G(σi j , Ei ). The different thermodynamic potentials
will facilitate different sets of piezoelectric constitutive formulations, see [10, 15,
20, 29, 37]. Here the constitutive equation derived by using the Gibbs electrical
function (electric enthalpy) Ge(si j , Ei ) is presented, assuming it is a quadratic form
of si j , Ei . The Gibbs electrical function is a thermodynamic potential in which the
independent variables are the strain deformation si j and the electrical field Ei , and
the dependent flux variables are the stress σi j and electric displacement (electric flux
density) Di , i.e.
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dGe =
(

∂Ge

∂si j

)

E

dsi j +
(

∂Ge

∂ Em

)

s
d Em . (2.3)

The differential form of Ge = U − EiDi , see Ikeda [15], is:

dGe = σi j dsi j − Dmd Em . (2.4)

Comparing Eqs. (2.3) and (2.4) yields

σi j =
(

∂Ge

∂si j

)

E

, Dm = −
(

∂Ge

∂ Em

)

s
. (2.5)

Having in mind that σi j = σi j (si j , Em) and Di = Di (si j , Em), the differentials
of stress and electric displacement have the form:

dσi j =
(

∂σi j

∂skl

)

E
dskl +

(
∂σi j

∂ Em

)

s
d Em, (2.6)

d Dm =
(

∂ Dm

∂skl

)

E
dskl +

(
∂ Dm

∂ Ek

)

s
d Ek . (2.7)

The physical meaning of the partial derivatives is as follows:

•
(

∂σi j

∂skl

)

E
= Ci jkl is the fourth rank tensor of the elastic stiffness constants at

E = const with Ci jkl = Ci jlk = C jikl = Ckli j ;

•
(

∂σi j

∂ Em

)

s
= −

(
∂ Dm

∂si j

)

E

= −ei jm is the third rank tensor of the piezoelectric

constants at si j = const with eki j = ek ji ;

•
(

∂ Dm

∂ Ek

)

s
= εmk is the second rank tensor of the dielectric permittivity constants

at si j = const with εik = εki .

In the case of general anisotropy Ci jkl , ei jm, εmk admit 21, 18 and 6 independent
components, respectively.

After integration of Eqs. (2.6) and (2.7) at constant partial derivatives the following
constitutive equations are obtained:

σi j = Ci jkl skl − ei jm Em, (2.8)

Dm = emi j si j + εmk Ek . (2.9)

The constitutive equations for PEM show coupling between electrical and mechan-
ical quantities. The direct piezoelectric effect or the sensorial effect is described by
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Eq. (2.9). This equation shows that an electric polarization and electric field is gener-
ated by mechanical stress. The converse effect, or the actuator effect is described by
Eq. (2.8) which shows that a PEM undergoes a deformation under an electric field.

The strain-displacement and the electric field-potential relations are given by

si j = 1

2
(ui, j + u j,i ), Ei = −Φ,i , (2.10)

where ui is the mechanical displacement and Φ is the electrical potential.
The symmetry of the stress tensor enables nine stress components to be reduced

to six independent stress components. This also enables the tensor notation to be
transformed into a pseudo-tensor form. Using this so-called contracted Voigt sub-
script notation: (11) → 1, (22) → 2, (33) → 3, (23) = (32) → 4, (13) = (31) →
5, (12) = (21) → 6, the fourth order tensor Ci jkl reduces to the matrix represen-
tation Cαβ with (i j) → α, (kl) → β. In the same way the third order tensor eki j

reduces to the matrix representation ekα with (i j) → α. For the analysis of piezo-
electric problems it is advantageous to use the notation introduced by Barnett and
Lothe [3] and later by [6, 40]. With this notation, the elastic displacement and electric
potential, the elastic strain and electric field, the stress and electric displacement, and
the elastic and electric coefficients can be grouped as:

• Generalized displacements

uI =
{

ui , I = 1, 2, 3,

Φ, I = 4
(2.11)

• Generalized strain, for j = 1, 2, 3,

sI j =
{

si j , I = 1, 2, 3,

−E j , I = 4.
(2.12)

• Generalized stresses, for i = 1, 2, 3,

σi J =
{

σi j , J = 1, 2, 3,

Di , J = 4.
(2.13)

• Generalized stiffness matrix for i, j, k, l = 1, 2, 3,

Ci J Kl =

⎧
⎪⎪⎨

⎪⎪⎩

Ci jkl , J, K = 1, 2, 3,

eli j , J = 1, 2, 3; , K = 4,

eikl , J = 4; K = 1, 2, 3,

−εil , J = K = 4.

(2.14)

The symmetry properties of elastic, piezoelectric and dielectric tensors
Ci jkl , eki j , εi j imply the following symmetry property for the extended stiffness
tensor:
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Ci J Kl = Cl K Ji . (2.15)

In this definition, the lowercase and uppercase subscripts take the values of 1, 2, 3
and 1, 2, 3, 4, respectively. In terms of this shorthand notation, the constitutive rela-
tions Eqs. (2.8), (2.9) can be unified into the one single equation

σi J = Ci J KlsKl , (2.16)

or in matrix notation
⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

σ11
σ22
σ33
σ23
σ31
σ12
σ14
σ24
σ34

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= C

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

s11
s22
s33
2s23
2s31
2s12
−E1
−E2
−E3

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (2.17)

where

C =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c11 c12 c13 c14 c15 c16 e11 e21 e31
c12 c22 c23 c24 c25 c26 e12 e22 e32
c13 c23 c33 c34 c35 c36 e13 e23 e33
c14 c24 c34 c44 c45 c46 e14 e24 e34
c15 c25 c35 c45 c55 c56 e15 e25 e35
c16 c26 c36 c46 c56 c66 e16 e26 e36
e11 e12 e13 e14 e15 e16 −ε11 −ε12 −ε13
e21 e22 e23 e24 e25 e26 −ε12 −ε22 −ε23
e31 e32 e33 e34 e35 e36 −ε31 −ε32 −ε33

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (2.18)

As discussed in Sect. 2.3, piezoelectric materials show in most cases a crystal
structure with a symmetry of hexagonal 6 mm class. In the case that the poling axis
coincides with one of the material symmetry axes these materials become transversely
isotropic. Transversely isotropic elastic materials are those with an axis of symmetry
such that all directions perpendicular to this axis are equivalent. In other words, any
plane perpendicular to the axis is a plane of isotropy. In the case of a transversely
isotropic solid, the number of the independent elastic, piezoelectric and dielectric
constants is 5, 3 and 2 respectively. In this case matrix C in Eq. (2.18) takes the form
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C =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c11 c12 c13 0 0 0 0 0 e31
c12 c11 c13 0 0 0 0 0 e31
c13 c13 c33 0 0 0 0 0 e33
0 0 0 c44 0 0 0 e15 0
0 0 0 0 c44 0 e15 0 0
0 0 0 0 0 c66 0 0 0
0 0 0 0 e15 0 −ε11 0 0
0 0 0 e15 0 0 0 −ε11 0
e31 e31 e33 0 0 0 0 0 −ε33

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (2.19)

where c66 = 1

2
(c11 − c12)

The elasticity coefficients Ci jkl and the dielectric constants εi j are said to be
positive-definite if

ci jklqi j qkl > 0, εilai al > 0 (2.20)

for any non-zero tensor qi j and any non-zero vector ai and the following reciprocal
symmetries hold due to Eq. (2.16)

ci jkl = c jikl = ckli j , ei jk = eik j ε jk = εk j . (2.21)

Essentially, these constraints are thermodynamic constraints expressing that the
internal energy density must remain positive since this energy must be minimal in
a state of equilibrium, see Dieulesaint and Royer [7]. Specializing for the case of
transversely isotropic solids, one obtains, see Alshits and Chadwick [2]:

c11 > |c12|, (c11 + c12)c33 > 2c2
13, c44 > 0, ε11 > 0, ε33 > 0. (2.22)

2.4.2 Equations of Motion

The governing equations are given by the equations of motion for the mechanical
displacement and by the equations of electrostatic. The electric field that develops in
piezoelectrics can assumed to be quasi-static because the velocity of the elastic waves
is much smaller than the velocity of electromagnetic waves. Therefore, the magnetic
field due to the elastic waves is negligible. This fact implies that the time derivative of

the magnetic field B is close to zero, i.e.
∂ B

∂t
≈ 0. Thus one of Maxwell’s equations

of electrodynamics becomes rotE = ∂ B

∂t
≈ 0, hence E = −gradΦ. Consequently,

a piezoelectric continuum is based on the governing equations of elastodynamics in
the case of small deformations and quasi-electrostatic fields. Restricting to the case
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of time-harmonic motion with frequency ω and suppressing the common factor eiωt

in all terms, the equation of motion read

σi j, j + ρω2ui = −bi , Di,i = −q. (2.23)

Here bi is the body force, ρ is the mass density and q is free electric volume
charge. In generalized notation Eq. (2.23) is written as

σi J,i + ρJ K ω2uK = −FJ , (2.24)

where FJ = (bi , q) and ρJ K =
{

ρ, J, K = 1, 2, 3
0, J or K = 4

The field equations are represented by Eqs. (2.10), (2.16) and (2.24). These group
of equations in generalized notation lead to the following equation of motion in the
absence of body forces (bi = 0) and free volume charges (q = 0)

Ci J KluK ,li + ρJ K ω2uK = 0, i, l = 1, 2, 3; J, K = 1, . . . , 4. (2.25)

or in coordinate notation:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

c11u1,11 + c44u1,33 + (c13 + c44)u3,13 + c66u1,22 + 1

2
(c11 + c12)u2,12

+(e31 + e15)u4,13 + ρω2u1 = 0,
1

2
(c11 + c12)u1,12 + c66u2,11 + c11u2,22 + c44u2,33 + (c13 + c44)u3,23

+(e31 + e15)u4,33 + ρω2u2 = 0,

(c13 + c44)u1,13 + c44(u3,11 + u3,22) + c33u3,33 + (c13 + c44)u2,23

+e15(u4,11 + u4,22) + e33u4,33 + ρω2u3 = 0,

(e15 + e31)u1,13 + e15(u3,11 + u3,22) + e33u3,33 + (e31 + e15)u3,23
−ε11u4,11 − ε11u4,22 − ε33u4,33 = 0.

(2.26)

Note that there is no time rate in the last equation due to the quasi-electrostatic
approximation, i.e. the absence of magnetization. This means that frequency depen-
dence is induced only by the mechanical displacement ui .

The reason to show simultaneously the equations in generalized notation (2.25)
and in coordinate notation (2.26) is that for the derivation of the fundamental solutions
in Chap. 3, it is better to use a coordinate notation, while for the derivation of the
integro–differential equations and for explaining the numerical solution by BIEM in
Chap. 4, it is better to use the generalized notation.

http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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Fig. 2.10 Location of the
defect in a Cartesian coor-
dinate system Ox1x2x3:
a anti-plane deformation
state, b in-plane deformation
state

(a) (b)

x x
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2.5 Field Equations in 2D

The equations of motion simplify considerably when “in-plane” or “anti-plane” prob-
lems are considered. For this purpose a Cartesian coordinate system Ox1x2x3, see
Fig. 2.10 is used. Assume that PEM shows hexagonal symmetry with respect to the
Ox3 axis and the poling axis is collinear with the Ox3 axis. The plane Ox1x2 then
is the isotropic plane. In what follows we will consider two coupled plane problems
that are obtained from the 3D stress–strain state described in Sect. 2.4. The uncou-
pling of equations that would allow us to study the in-plane and anti-plane problems
separately is only possible if the material is monoclinic. Fortunately the piezoelectric
materials belong to this group of materials.

2.5.1 In-plane Piezoelectric Equations

Assumed is an electromechanical load as follows:

• the electric field is applied in the plane Ox1x3, i.e. E1 �= 0, E3 �= 0, E2 = 0 and
also corresponding electrical displacements are D1 �= 0, D3 �= 0, D2 = 0, see
Fig. 2.10a;

• the mechanical load is also in the plane Ox1x3 and the mechanical displacements
are u1 �= 0, u3 �= 0, u2 = 0. The nonzero stress and strain components are
σ11, σ33, σ13 and s11, s33, s13.

2.5.1.1 Constitutive Equations

The constitutive equations are obtained from Eqs. (2.16):

σi J = Ci J KlsKl , i, j, l = 1, 3; J, K = 1, 3, 4. (2.27)

or in matrix notation
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⎛

⎜⎜⎜⎜⎝

σ11
σ33
σ31
σ14
σ34

⎞

⎟⎟⎟⎟⎠
= C

⎛

⎜⎜⎜⎜⎝

s11
s33
2s31
−E1
−E3

⎞

⎟⎟⎟⎟⎠
, (2.28)

where

C =

⎛

⎜⎜⎜⎜⎝

c11 c13 0 0 e31
c13 c33 0 0 e33
0 0 c44 e15 0
0 0 e15 −ε11 0
e31 e33 0 0 −ε33

⎞

⎟⎟⎟⎟⎠
, (2.29)

and in coordinate notation

σ11 = c11u1,1 + c13u3,3 − e31 E3,

σ33 = c13u1,1 + c33u3,3 − e33 E3,

σ13 = c44u1,3 + c44u3,1 − e15 E1, (2.30)

D1 = e15u1,3 + e15u3,1 + ε11 E1,

D3 = e31u1,1 + e33u3,3 + ε33 E3.

The strain-displacement and the electric field-potential relations are

si j = 1

2
(ui, j + u j,i ), Ei = −Φ,i , i, j = 1, 3. (2.31)

and the generalized displacement is uK = (u1, u3, Φ).

2.5.1.2 Equation of Motion

The equations of in-plane coupled motion in the Ox1x3 plane is obtained from
Eq. (2.25)

Ci J KluK ,li + ρJ K ω2uK = 0, i, l = 1, 3; J, K = 1, 3, 4. (2.32)

and in coordinate notation

⎧
⎨

⎩

c11u1,11 + c44u1,33 + (c13 + c44)u3,13 + (e31 + e15)u4,13 + ρω2u1 = 0,

(c13 + c44)u1,13 + c44u3,11 + c33u3,33 + e15u4,11 + e33u4,33 + ρω2u3 = 0,

(e15 + e31)u1,13 + e15u3,11 + e33u3,33 − ε11u4,11 − ε33u4,33 = 0.

(2.33)
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Equations of motion (2.32) and (2.33) govern the solution of the 2D coupled in-plane
electro-elastic problem, when the displacement and electric field are both in-plane.

2.5.2 Anti-plane Piezoelectric Equations

The electromechanical load is prescribed as follows:

• mechanical load is out of plane Ox1x2 and the mechanical displacements are
u1 = 0, u2 = 0, u3 �= 0. The nonzero stress and strain components are σ13, σ23
and s13, s23, see Fig. 2.10b.

• electric field is applied in plane Ox1x2, i.e. E1 �= 0, E2 �= 0, E3 = 0 and also the
corresponding electrical displacements are D1 �= 0, D2 �= 0, D3 = 0.

2.5.2.1 Constitutive Equations

The constitutive equations are obtained from Eq. (2.16):

σi J = Ci J KlsKl , i, j, l = 1, 2; J, K = 3, 4. (2.34)

or in coordinate notation

σ13 = c44u3,1 − e15 E1

σ23 = c44u3,2 − e15 E2, (2.35)

D1 = e15u3,1 + ε11 E1,

D2 = e15u3,2 + ε11 E2,

where
⎛

⎜⎜⎝

σ13
σ23
σ14
σ24

⎞

⎟⎟⎠ = C

⎛

⎜⎜⎝

s13
s23
−E1
−E2

⎞

⎟⎟⎠ , C =
(

c44 e15
e15 −ε11

)
. (2.36)

2.5.2.2 Equation of Motion

The equation of anti-plane coupled motion in Ox1x2 plane is obtained by Eq. (2.25)

Ci J KluK ,li + ρJ K ω2uK = 0, i, l = 1, 2; J, K = 3, 4. (2.37)
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where the generalized displacement is uK = (u3, Φ). In coordinate notations
Eq. (2.37) is

{
c44�u3 + e15�u4 + ρω2u3 = 0,

e15�u3 − ε11�u4 = 0
. (2.38)

where � = ∂2
x1

+ ∂2
x2

is Laplace operator.
Equations of motion (2.37) and (2.38) govern the solution of the 2D coupled

in-plane piezoelectric problem, when the displacement field is out of plane and the
electric field is in-plane.

2.6 2D Domains with Cracks

2.6.1 Wave Propagation

Wave propagation in a media with defects, if there are no other sources of dissipation,
is accompanied by wave phenomena as:

• diffraction, revealing the wave deviation from original wave path due to the super-
position of incident and scattered wave;

• scattering refers to the wave radiation from defects acting as secondary sources
of radiation due to the excitation of the incident wave;

• attenuation, i.e. the amplitude of the incident wave diminishes because during the
diffraction and scattering process, a part of the incident wave energy is converted
into the energy of diffracted and scattered waves;

• dispersion, that is energy (wave shape) distortion due to the frequency dependence
of the effective wave phase velocity.

Interaction mechanism between waves and defects depend on the relation between
the size c of the defect and the wavelength λ, i.e. the wave is not sensitive to the
defect if c � λ/2. Wave scattering and diffraction is dominant at c ≈ λ and wave
reflection and refraction is being realized at c � λ. The defects as cracks or holes
are not only wave refractors and scatterers but they acts also as stress concentrators.

The evaluation of wave field distortion produced by a defect is a process studied
in nondestructive testing of materials and structures, wave propagation theory with
its application in seismology, modern engineering and medicine. The obstacle can be
an inclusion, a hole, a crack or any existing boundary. Also, the fracture mechanics
approach can be applied to the continua with existing defects like cracks and holes
for assessing the initiation, growth, stability of the crack state and respectively to
evaluate the resistance of the studied material or engineering structure.

In the following sections the basic 2D mechanical models describing time-
harmonic wave propagation in homogeneous piezoelectric solid with cracks and
holes are formulated. We are considering finite internal cracks with a straight or an
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arc shape in a simply connected domain (unbounded or bounded) or in a domain
with holes.

2.6.2 Fracture Mechanics Approach

Fracture mechanics provides a theoretical background for materials and structures
containing cracks and faults. Stress intensity factors are key parameters in crack
analysis. The classical work of Irwin [16] showed that the coefficients of the dominant
singular term in the near-field solution for the stresses at the crack tip are directly
related to the energy release rate (the energy released per unit of crack extension).
These coefficients are referred to as the stress intensity factors. Generalized SIFs, play
a dominate role because they characterize the intensity of the singular piezoelectric
crack field (generalized stress and strain). The knowledge of SIFs is based on the
near-field solutions and it is useful because it gives information for the strength and
life time prediction of the studied solids and structures.

As can be seen from the field equations discussed in Sects. 2.4 and 2.5 we restrict
our attention to the sufficiently small loading range which in a good approximation
can be characterized by a linear material model with a constant polarization field.
In this case we can apply the concepts of linear fracture mechanics generalized to
treat the piezoelectric materials. The aim is to evaluate the influence of the electro-
mechanical loads on the fracture behaviour of cracked piezoelectric solids. Following
[12, 19, 27, 28, 32, 33, 35] the near-field solutions for typical crack opening mode,
(see Fig. 2.11) can be expressed in polar coordinates with the origin at the crack-tip
(see Fig. 2.12), as

σi J (r, θ, ω) = 1√
r

K H (ω) f H
i J (θ),

u J (r, θ, ω) = √
r K H (ω)gH

i J (θ),

(2.39)

where H = I, . . . , I V , and the generalized stresses behave singular as O(1/
√

r),
whereas the generalized displacements behaves as O(

√
r) for r → 0. The angu-

lar functions f H
i J (θ), gH

i J (θ) depend only on the material constants. The coefficients
K I , K I I and K I I I are the mechanical stress intensity factors, which are comple-
mented by the new forth “electric” intensity factor K I V , that characterizes the elec-
tric field singularity. In the general case the stresses and displacements are the sum
of the four terms and they can only be separated in specific loading cases. Note that
the behaviour of the stresses and displacements near the crack-tip is fully prescribed
by the theoretical study of the asymptotic behaviour of solutions of elliptic boundary
value problems in the domain with singularities, like angular points, see Kondratiev
[19]. Correspondingly the K-factors K H are coefficients of the representation of the
solution near the crack-tip. From Eq. (2.39) the following conclusions can be drawn:
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Fig. 2.11 Crack opening modes

Fig. 2.12 Stress components
and reference system in the
neighborhood of the crack
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• The mutual interdependence between mechanical and electrical crack tip parame-
ters;

• Angular functions f H
i J , gH

J do not depend on the applied load and the domain
geometry;

• The generalized SIFs K H depend strongly on the applied load.

The numerical calculation of the SIFs is based on then well-known displacement
or traction formulae, see [1, 12, 35, 43]. The traction formulae will be explained and
used here.

Consider an in-plane crack along the segment AB with local coordinate of points
A(−c, 0), B(c, 0) in the plane Ox1x3 and subjected to an electro-mechanical load in
the crack plane. The following expressions for the generalized K-factors are obtained
in this case, see [1, 41]:

K I = limx1→±c t3
√

2π(x1 ∓ c),
K I I = limx1→±c t1

√
2π(x1 ∓ c),

K I V = limx1→±c t4
√

2π(x1 ∓ c),
(2.40)

where tJ is the traction at a point close to the crack-tips.



2.6 2D Domains with Cracks 29

For an anti-plane crack subjected to mechanical load out of plane x3 = 0 and
electrical load in the plane x3 = 0 the corresponding formulae are:

K I I I = limx1→±c t3
√

2π(x1 ∓ c),
K I V = limx1→±c t4

√
2π(x1 ∓ c).

(2.41)

2.6.3 Boundary Value Problems

Selection of the adequate boundary condition on the crack faces in piezoelectric
fracture mechanics has been discussed over the past 2 decades. It is a well-known
fact that there are discrepancies between the experimental measurements and the
theoretical predictions based on linear piezoelectric crack models. The character of
the electrical boundary conditions is discussed in a number of papers, see [8, 9, 11,
14, 21, 23–25, 30, 32, 34, 42], etc.

Different types of crack surface boundary conditions belonging to the linear mod-
els are addressed:

• impermeable crack with mechanical traction-free surface;
• permeable crack with mechanical traction-free surface;
• limited permeable crack or deformation dependent electrical PKHS

(PartonKudryavtsevHaoShen) boundary condition with mechanical traction-free
surface;

• energetically consistent cracks with mechanical non-traction-free surface.

The BIEM that we apply for the numerical study of crack problems in 2D piezo-
electric domains is a linear method—i.e. it presumes a linear boundary value prob-
lem. Therefore, we will deal in most cases with impermeable or permeable electrical
boundary conditions along the crack line. Under some additional restrictions, the
limited permeable cracks can also be considered. The detailed description of the
electric boundary conditions together with comparative numerical studies is pro-
vided in Chap. 9. In the following we formulate the basic boundary-value problems
for the in-plane and anti-plane problems of Sect. 2.5 that will be solved numerically
with BIEM.

With respect to the domain we consider two types of BVP for cracks—(i) in
bounded domains, and (ii) in infinite domains. The problem (i) aims to estimate
the global behaviour of the solution in the presence of cracks in the domain and
to evaluate the dependance of the SIFs on the geometry parameters of the external
boundary. Such a problem is related to the eigenvalue problem and correspondingly
to inverse problems. The solution of the problem (ii) gives an information about the
local behaviour of the wave field near the cracks and the evaluation of the SIFs.

Denote by G a bounded domain with smooth boundary S = ∂G in the plane R2 =
Ox1x3 for the in-plane case and R2 = Ox1x2 for the anti-plane case and by Scr =
S+

cr ∪ S−
cr an internal crack—an open arc. Suppose that S = Su ∪ St , Su ∩ St = ∅ and

that there are prescribed displacements, ū J on Su and prescribed tractions t̄ J on St .

http://dx.doi.org/10.1007/978-3-319-03961-9_9
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The BVP in G with impermeable boundary conditions on Scr is defined as
∣∣∣∣∣∣

σi J,i + ρJ K ω2uK = 0 in G\Scr ,

u J |Su = ū J , tJ |St = t̄ J ,

tJ |Scr = 0.

(2.42)

Solution of Eq. (2.42) is a vector-valued function with components u J ∈ C2(G\Scr )

that satisfies the equation and boundary conditions. We will transform the problem
(2.42) in Chap. 4 into an integro–differential equation on S ∪ Scr with the unknowns
u J on St ; tJ on Su and the jump of displacement across the crack line, i.e. the crack
opening displacement Δu J = u J |S+

cr
− u J |S−

cr
.

The BVP in G with permeable boundary conditions on Scr is defined as
∣∣∣∣∣∣

σi J,i + ρJ K ω2uK = 0 in G\Scr ,

u J |Su = ū J , tJ |St = t̄ J ,

ti |Scr = 0, u4|S+
cr

= u4|S−
cr
.

(2.43)

Solution of Eq. (2.43) is a vector-valued function with components u J ∈ C2(G\Scr )

that satisfies the equation and boundary conditions. In Chap. 4 after the transformation
of the problem (2.43) into an integro–differential equation on S ∪ Scr , the unknowns
are: u J on St ; tJ on Su , the crack opening displacement Δui and t4 on Scr .

The BVP in the plane R2 = Ox1x3 for the in-plane case and R2 = Ox1x2 for
the anti-plane case with impermeable boundary conditions on Scr is defined as

∣∣∣∣
σi J,i + ρJ K ω2uK = 0 in R2\Scr ,

tJ |Scr = 0.
(2.44)

In addition the unknown u J must satisfies the Sommerfeld’s type condition at
infinity, see Sommerfeld [31]. Solution of Eq. (2.44) is a vector-valued function with
components u J ∈ C2(R2\Scr ) that satisfies the equation and boundary condition.
In Chap. 4 after the transformation of the problem (2.44) into an integro–differential
equation on Scr , the unknown is the crack opening displacement Δu J = u J |S+

cr
−

u J |S−
cr

.

The BVP in the plane R2 = Ox1x3 for the in-plane case and R2 = Ox1x2 for
the anti-plane case with permeable boundary conditions on Scr is defined as

∣∣∣∣
σi J,i + ρJ K ω2uK = 0 in R2\Scr ,

ti |Scr = 0, u4|S+
cr

= u4|S−
cr

(2.45)

In addition the unknown u J must satisfies the Somerfield type condition at infinity.
Solution of Eq. (2.45) is a vector-valued function with components u J ∈ C2(R2\Scr )

that satisfies the equation and boundary condition. In Chap. 4 after the transformation
of the problem (2.45) into an integro–differential equation on Scr , the unknown is
the crack opening displacement Δui and t4.

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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Note that the field equations for the in-plane case, are prescribed in Sect. 2.5.1
for i = 1, 3, J, K = 1, 3, 4, while field equations for the anti-plane case are in
Sect. 2.5.2 for i = 1, 2, J, K = 3, 4.

The non-hypersingular traction BIEM and its numerical solution are discussed
in Chap. 4. Different illustrative numerical examples are presented in Chaps. 5–
15, where we consider uncoupled problems, multiple cracks and dynamic crack
interaction phenomena, unbounded and bounded domains, inhomogeneous domains,
domains with hole or crack and hole. For every particular case the BVP will be stated
together with the corresponding boundary integral equation formulation.
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Chapter 3
Fundamental Solutions

Abstract Fundamental solutions for time-harmonic 2D dynamic problems of piezo-
electric materials are derived in a closed form by Radon transform. In addition the
state of the art in the field is discussed.

3.1 State of the Art

The formulation of a boundary-value problem in terms of BIE requires two basic
ingredients: a reciprocal relation and a fundamental solution or Green’s function. The
reciprocal relation for elastodynamics, as established by Graffi [22] and extended by
Wheeler and Sternberg [50], is independent on the fact that the body is isotropic,
anisotropic or piezoelectric, see Khutoryansky and Sosa [29, 30] and Pan and Amadei
[35]. The main difficulty is, therefore, to obtain a fundamental solution which can be
efficiently evaluated and implemented easily in a corresponding numerical scheme.
Fundamental solutions for piezoelectricity are studied mainly in order to use them in
BIEM. Since the system of partial differential equations describing PEM has constant
coefficients, the fundamental solution exists according to the theorem of Ehrenprise–
Malgrange, see Iosida [27]. There are also many works in which the fundamental
solution is derived in order to find out an analytical solution for specific initial and
boundary conditions.

In the mathematical literature the term “fundamental solution” is used only for the
solution of a differential equation with Dirac—function on the right-hand side and the
term “Green’s function” means the fundamental solution which additionally satisfies
the corresponding boundary conditions. The Green’s function, if it exists, is unique.
The fundamental solution which is usually very complicated, is not unique and it is
determined up to a function which solve the correspondingly homogeneous system.
The aim of this chapter is to derive a fundamental solution suitable for numerical
usage in dynamic 2D BIEM. With regard to the state of the art we will keep the
original terms (Green’s function or fundamental solution) used by the authors in the
mechanical literature.

P. Dineva et al., Dynamic Fracture of Piezoelectric Materials, 33
Solid Mechanics and Its Applications 212, DOI: 10.1007/978-3-319-03961-9_3,
© Springer International Publishing Switzerland 2014
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3.1.1 Static Fundamental Solutions

The amount of papers on static fundamental solutions for piezoelectric materials is
big and we will pay more attention to some of the recent works. As a rule the static
fundamental solutions are obtained in a closed form. The most common techniques
used for derivation of fundamental solutions are based on Stroh’s complex vari-
able formalism, extended Lekhnitski’s formalism and integral transforms methods
applying mostly Fourier or Radon transform.

One of the first results was that of Deeg [10], where the transformation technique
was used to obtain a fundamental solution in a non-closed form due to the general
anisotropy consideration. Chen [4] and Chen and Lin [5] expressed the piezoelectric
fundamental solution and its derivatives in terms of a contour integral over a unit
circle using Fourier transform.

Dunn [16] obtained a fundamental solution for PEM of general anisotropy by
using Radon transform with Fourier transformation and residual calculation. In the
case of transversely isotropic PEM Dunn [16] presented an explicit fundamental
solution. A 2D fundamental solution in a closed form was obtained in Lee and Jiang
[32] by using integral transform method. Ding et al. [13] obtained a general 3D
PEM fundamental solution in closed form via the theory of volume potential func-
tion. A 2D fundamental solution was derived in Lee [31] by Fourier transforms for
transversely isotropic PEM. The boundary element formulation was then numeri-
cally implemented by spline interpolations. As a numerical example, stress analysis
was performed for an infinite piezoceramic medium (PZT-4) containing a cylindri-
cal defect under several mechanical and electrical boundary conditions. A general
solution in terms of harmonic functions and fundamental solutions were obtained
in Ding et al. [14] for plane PEM problems. Numerical calculations by BIEM were
performed for the stress concentration coefficient of an infinite piezoelectric plane
with a circular hole as well as for the stress and electric intensity factors of a central
crack located in an infinite plate.

Dunn and Wienecke [17] derived explicit expressions for a fundamental solution
by developing a general solution procedure in terms of piezoelectric potentials. It was
shown that when the piezoelectric system is decoupled the corresponding fundamen-
tal solutions reduce to the ones for the elastic transversely isotropic and electrostatic
cases obtained by Pan and Chou [36].

The fundamental solutions for the point force/charge and the displacement/electric
potential discontinuity was derived in closed form in Denda and Lua [11] using
Stroh’s complex variable formalism for piezoelectricity. By them the integral rep-
resentation of Somigliana’s identity was developed as the foundation of the direct
BEM formulation for piezoelectricity.

The fundamental solution and Green’s function for piezoelectric 2D solids in an
infinite plane, a half plane and two joined dissimilar half-planes were derived using
the complex variable function method in Pan and Amadei [35].

Piezoelectric fundamental solutions based on the extended Lekhnitski’s formalism
and distributed dislocation modeling were presented in Rajapakse and Xu [37].
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Special solutions were obtained for a conducting or impermeable crack in an infinite
medium. The BIEM was applied for studying branched cracks, forked cracks and
microcrack clusters.

3.1.2 Dynamic Fundamental Solutions

There is a very limited number of papers which consider for PEM the dynamic fun-
damental solutions suitable for BIEM implementation. The basic work of Norris [34]
described a procedure for the derivation of fundamental solutions for different time-
harmonic 3D problems with extra field variables. The method has been applied for the
piezoelectricity, thermoelectricity and poroelasticity. The time-harmonic anisotropic
and elliptic coupled system for the additional variable (electric potential or tempera-
ture) was transformed with a plane wave representation and the fundamental solution
was expressed as an integral over the unit sphere in 3D. The space dimension three is
essential for the simple plane wave representation of the Dirac delta function. Once
the time-harmonic fundamental solution was found, the transient time dependent
fundamental solution could be obtained by applying inverse Fourier transform. The
work of Norris [34] is purely theoretical and it is not suitable for the direct BIEM
implementation.

Other interesting papers on this topic are the works of Khutoryansky and Sosa
[29, 30] and later Sosa and Khutoryansky [41, 42]. These works concern the deriva-
tion of the 3D time-domain fundamental solution for PEM and its numerical imple-
mentation in a BIEM. The transient fundamental solutions in Khutoryansky and
Sosa [29, 30] were obtained through the plane wave transform method, see Gel’fand
and Shilov [18]. The method generalized the Burridge [3] results and the obtained
fundamental solution was presented as an integral over the unit sphere in 3D. The
representation formulas of the governing transient PEM equations were obtained
and their numerical BIEM implementations were discussed. In the sequel works of
Sosa and Khutoryansky [41] three alternatives for 3D fundamental solutions were
presented. They discussed in detail a representation of the fundamental solution via
slowness surfaces. Numerical examples were provided for a class of piezoceramics
in order to illustrate this representation. The work of Sosa and Khutoryansky [42]
was build upon the results discussed above. Essentially they reformulated the rep-
resentations of the fundamental solution and its derivatives in a more convenient
mathematical form.

A dynamic fundamental solution for 3-D transversely isotropic PEM was derived
by Daros and Antes [8]. In this work the potentialities of the Hergloz-Petrowski
formulas for the case of transversely isotropic materials were studied in detail. These
formulas presented the integral formulation of the fundamental solution over the
slowness surface. The idea of this representation was given in the books of John
[28], Gel’fand and Shilov [18] and a possible simplification leading to line integral
representations was discussed in Duff [15]. In the paper of Daros and Antes [9]
numerical results were presented concerning both convex and non-convex slowness
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surfaces and interesting physical phenomena as cusps and conical points on the wave
surface resulting in different types of wave front singularities. In the paper of Daros
[6] the dynamic fundamental solution for the displacement fields along the symmetry
axis of the piezoelectric crystal of classes 6 mm and 622 were obtained applying
an integration technique of Burridge [2]. Also the Herglotz-Petrowsky formulae
were given and numerical results were shown for some PEMs. One of the important
results in this work is that only when specific conditions regarding the piezoelectric
constants are satisfied, the differential operator after reducing the electric potential
is hyperbolic, which guarantees the well-posedness and solvability of the Cauchy
problem. In Daros [7] a fundamental solution for transient 2D and 3D piezoelectric
solids of crystal class 6 mm was derived. The hyperbolicity of the equations was
recovered assuming an average dielectric tensor and making use of the Lorentz gauge
condition. The derived solution is unique as a consequence of the hyperbolicity of
the differential equations.

In Wang and Meguid [49] a fundamental solution was derived for the 2D anti-
plane PEM problem. It was used to study the dynamic PEM behavior, without harking
back to the BIEM. They also studied the interaction between two arbitrary located
and oriented cracks. The fundamental solution was derived using Fourier transform
and the appropriate singular integral equations. Numerical examples were presented
to show the significant effect of electromechanical coupling upon the stress intensity
factors.

The fundamental solutions for both the transversely isotropic piezoelectric solid
and the transversely isotropic elastic solid have similarities and common parts. There-
fore, it is worth to describe shortly the recent works on the fundamental solutions for
transversely isotropic elastic solids and their BIEM implementation.

Wang and Achenbach [44, 45] and Wang et al. [47] derived in the series of
works fundamental solutions for general anisotropic materials and illustrated them
by examples of transversely isotropic solids. In Wang and Achenbach [44, 45] 2D
and 3D time-domain and time-harmonic elastodynamic solutions for linearly elastic
anisotropic materials were obtained. The main tool in this work is the Radon trans-
formation, see Ludwig [33], Gel’fand et al. [20] and Helgason [26]. The solutions are
represented in the form of a surface integral over a unit sphere in the 3D case and a
contour integral over a unite circle in the 2D case. The solutions are separated into the
singular part that corresponds to the elastostatic fundamental solution and the regular
part. A novel BIEM approach using this integral expression of the fundamental solu-
tion was presented in Wang et al. [47]. Furthermore, the numerical BIEM solution
was compared with the analytical solutions for isotropic solids. Saez and Dominguez
[39] developed a BIE approach for wave propagation problems in 3D transversely
isotropic solids. They transformed the fundamental solution obtained by Wang and
Achenbach [45] in order to obtain expressions which are simpler with respect to
numerical computations. Applying this method solutions of different wave scatter-
ing problems in the frequency domain were discussed. A general 3D BIE analysis
of dynamic fracture mechanics problems for transversely isotropic media was pre-
sented in Saez and Dominguez [40] where the authors used the frequency dependent
formulation. An original way for computation of the fundamental solutions and their
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derivatives was proposed in Saez and Dominguez [39] . The numerical technique was
based on a simplified way of the fundamental solution calculation, the multidomain
approach and the usage of special crack-tip elements.

Applying Radon transformation, see Ludwig [33], and using the theory of gen-
eralized functions, see Gel’fand and Shilov [18, 19], transient and time-harmonic
fundamental solutions for 2D piezoelectric solids were presented in Gross et al. [23–
25]. Dynamic fundamental solutions in the time and frequency domain were also
derived by Wang et al. [48] and Wang and Zhang [46] by using Radon transforms
technique. Denda et al. [12] applied the obtained fundamental solutions to study 2D
eigenvalue problems.

Fundamental solutions for homogeneous isotropic/anisotropic elastic solids were
obtained in Rangelov et al. [38] and for piezoelectric solids in Gross et al. [23–25]
and in the next sections we will follow these works.

3.2 Preliminaries

Fundamental solutions are generalized functions and the method to derive them is
based on integral transformation technique. Following Vladimirov [43], Gel’fand
et al. [20], Gel’fand and Shilov [18], Ludwig [33] and Gel’fand et al. [26] let us
recall some definitions and properties of Fourier and Radon transforms in R2. Some
fundamental solutions of second order ordinary differential equations with constant
coefficients will be considered too.

Denote by →(R2) the set of all C≈(R2) functions ε that decreases together with
all their derivatives faster than any power of |x |−1 for |x | → ≈. By →′(R2) the set of
generalized functions γ of slow growth is denoted, i.e. the set of linear functionals
on → and

(ε, γ) =
∫

R2
ε(x)γ(x)dx, for every ε ∈ →, γ ∈ →′. (3.1)

For example the Dirac’s function χ is a generalized function χ ∈ →′ with compact
support, defined as

(χ, ε) =
∫

χ(x)ε(x)dx = ε(0), for every ε ∈ →. (3.2)

3.2.1 Fourier Transform in R2

Functions g ∈ →(R2) are integrable and the Fourier transform is defined as

F(g)(δ) = 1

2σ

∫

R2
g(x)e−i〈x,δ√dx (3.3)
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where 〈., .√ is a scalar product in R2. The Fourier transform for generalized functions
f ∈ →′ is defined as

(F( f ), g) = ( f, F(g)), for every g ∈ → (3.4)

We usually use the short notation F( f ) also for f ∈ →′ having in mind the definition
(3.4).

Denote by D∂ = Φ
∂1
x1 Φ

∂2
x2 , (i x)∂ = (i x1)

∂1(i x2)
∂2 , ∂̄ = ∂1 + ∂2 with ∂1, ∂2

positive integers. The Fourier transform has the following properties for generalized
functions f, g ∈ →′

• F(a f + bg) = aF( f ) + bF(g), with a, b complex numbers;
• D∂ F( f ) = F((i x)∂ f );
• F(D∂ f ) = (−iδ)∂ F( f );
• F( f (x − x0)) = e−i〈x0,δ√F( f );
• F( f )(δ + δ0) = F(e−i〈x0,δ√ f )(α).

Applying F to the χ-function and using the properties of the Fourier transform
we get the formulas

F(χ(x)) = 1

2σ
, χ(x) = F−1

(
1

2σ

)
= 1

2σ
F(1),

F(D∂χ) = (−iδ)∂ F(χ) = (−iδ)∂
1

2σ
,

F(x∂) = (−1)∂̄ D∂ F(1) = 2σ(−1)|∂| D∂χ(δ).

(3.5)

For g ∈ →′ with compact support and f ∈ →′, a convolution is defined as f β g =∫

R2
f (x − s)g(s)ds with the Fourier transform of convolution and of product being

F( f β g) = 2σ F( f )F(g), F( f )F(g) = 2σ F( f ) β F(g). (3.6)

The inverse Fourier transform F−1 is defined as

F−1( f ) = F( f (−x)), f ∈ →′, (3.7)

then F and F−1 are one-to-one on →′ i.e.

F−1(F( f )) = f, F(F−1( f )) = f, f ∈ →′. (3.8)

Using the properties of Fourier transform and calculus with generalized functions,
see Gel’fand and Shilov [18], Vladimirov [43] the following formulas are obtained
that we need to use in the next sections
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F−1
(

1

|δ|2 − k2

)
= − 1

2σ
K0(ik|x |),

F−1
(

1

|δ|2
)

= − ln |x |,

F−1
(

1

|δ|2 + k2

)
= − 1

2σ
K0(k|x |),

(3.9)

where k > 0 and Kω(z) is the Kelvin function of order ω, see [1, 21].

3.2.2 Radon Transform in R2

The Radon transform is defined on f ∈ → as

R( f )(s, m) =
∫

〈x,m√=s
f (x)d S =

∫
f (x)χ(s − 〈x, m√)dx, s ∈ R1, m ∈ S1.

(3.10)
where S1 = {m = (m1, m2) ∈ R2, |m| = 1} is the unit circle in R2.

There is a relation between Fourier and Radon transforms. From Eq. (3.10) with
δ = rm, r ∈ R1, m ∈ S1 we obtain for the Fourier transform of f at point rm

F( f )(rm) = 1

2σ

∫

R2
e−i〈x,m√r f (x)dx . (3.11)

So, for x in the plane 〈x, m√ = s the equality (3.11) becomes

F( f )(rm) = 1

2σ

∫

R1
e−isr R( f )(s, m)ds. (3.12)

Hence, R( f ) can be obtained applying the inverse Fourier transform to Eq. (3.12)
from which we get a relation between Radon and Fourier transform in the form

R( f )(s, m) =
∫

R1
eism F( f )(rm)dr. (3.13)

By this relation, Radon transform can be defined on the set of generalized functions
→′.

Radon transforms have the following properties

• R(a f + bg) = a R( f ) + bR(g), with a, b complex numbers;
• R(D∂ f (x)) = m∂Φ∂̄

s R( f )(s, m);
• R( f )(ρ s, ρ m) = |ρ |−1 R( f )(s, m), with ρ non zero number;
• R(χ(x, α)) = χ(s − 〈m, α √).
The inverse Radon transform in 2D is defined as
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R−1(g(s, m)) = f (x), R−1 = R∓K , (3.14)

where

h(s, m) = K (g)(s, m) =
∫

R1

Φλ g(λ, m)

s − λ
dλ,

f (x) = R∓(h)(x) = 1

4σ2

∫

|m|=1
K (g)(s, m)|s=<x,m>dm.

(3.15)

The transformation K is the Hilbert transform in R2.
We will use the Radon transform for deriving fundamental solutions of a system of

partial differential equations with constant coefficients. The direct Radon transform
R is done by using properties listed above and leads to an ODE with coefficients,
dependent on parameters on the unit circle. After deriving a fundamental solution of
this ODE, which is shown on the model example in the next subsection, we have to
apply the Hilbert transform K as a first step of the inverse Radon transform. In the
cases that are considered later, we need to find K of three types of functions:

eik|s−θ |, |s − θ |, ek|s−θ | (3.16)

where k > 0, θ = 〈α, m√, x0 ∈ R2, m ∈ S1, s ∈ R1. Using the calculus with
generalized functions, see Gel’fand and Shilov [18] we obtain

K (eik|s−θ |) = −ik{iσeikπ − 2[ci(kπ) cos(kπ) + si(kπ) sin(kπ)]}|π=|s−θ |,
K (|s − θ |) = 2 ln |s − θ |.
K (ek|s−θ |) = k{cosh kπ + 2[chi(kπ) cosh(kπ) − shi(kπ) sinh(kπ)]}|π=|s−θ |

(3.17)
where

ci(p) = −
∫ ≈

p

cos t

t
dt, si(p) = −

∫ ≈

p

sin t

t
dt,

are the cosine integral and sine integral functions and

chi(p) = −
∫ p

0

cosh t − 1

t
dt + ln p + C, shi(p) = −

∫ p

0

sinh t

t
dt,

are the hyperbolic cosine and sine integral functions with Euler’s constant C , see
Bateman and Erdelyi [1].

3.2.3 Fundamental Solution of ODE

We consider second order ODEs with constant coefficients of the form
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Φ2
s Z(s, θ ) + ∂Z(s, θ ) = ρ χ(s − θ) (3.18)

where ∂, ρ, θ are constants. Following Vladimirov [43] the solution of Eq. (3.18) is
a generalized function Z(s, θ ) = Δ(s − θ)Y (s, θ ), where Δ is the Heaviside function
or unit step function and Y (s, θ ) is the solution of the initial-value problem

{
Φ2

s Y (s, θ ) + ∂Y (s, θ ) = 0,

Y (0, θ ) = 0, Y ′(0, θ ) = ρ.
(3.19)

With respect to ∂ there are three cases for the solutions of Eq. (3.19):

• If ∂ > 0, then Y (s, θ ) = ρ∪
∂

sin
∪

∂(s − θ);

• If ∂ = 0, then Y (s, θ ) = (s − θ);

• If ∂ < 0, then Y (s, θ ) = ρ∪|∂| sinh
⎧|∂|(s − θ).

Multiplying Y (s, θ ) by Δ(s − θ) we obtain in a more compact form solutions of
Eq. (3.19)

Z(s, θ ) = − iρ

2k
eik|s−θ | for ∂ > 0 and

∪
∂ = k,

Z(s, θ ) = ρ

2
|s − θ | for ∂ = 0,

Z(s, θ ) = ρ

2k
ek|s−θ | for ∂ < 0 and

∪−∂ = k.

(3.20)

Here we use the fact that solutions of Eq. (3.19) are invariant with respect to replacing
s with −s.

3.3 Anti-plane Piezoelectric Case

We first show the derivation of the fundamental solution for the simple case when
the Eq. (2.38) is decoupled to elastic isotropic anti-plane case. Subsequently, the
fundamental solution for the coupled system is derived, and finally fundamental
solutions for some restricted classes of inhomogeneous piezoelectric materials are
presented in Part III. In the piezoelectric anti-plane case fundamental solutions can
be obtained in a closed form by Fourier or Radon transforms. For the numerical
realization of the traction BIEM we prefer to work with the Radon form. Reason is
it’s better suitability for numerical calculations as the singular part of the fundamental
solution’s derivatives coincide with the static one. This advantage of the fundamental
solution obtained by Radon transform will be commented in details at the end of the
section.

http://dx.doi.org/10.1007/978-3-319-03961-9_2
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3.3.1 Uncoupled Anti-plane Case

In the uncoupled case e15 = 0 and Eq. (2.38) takes the form

{
c44∩u3 + ρω2u3 = 0,

−ε11∩u4 = 0.
(3.21)

Fundamental solution is a matrix valued generalized function

u∓ =
⎪

u∓
33 u∓

34

u∓
43 u∓

44

⎨
,

which is the solution of the system of equations

⎩
c44∩u∓

3J + ρω2u∓
3J = −χ(x − α)χ3J ,

−ε11∩u∓
4J = −χ(x − α)χ4J , J = 3, 4.

(3.22)

where χK J is Kroneker symbol. Since the fundamental solution is not unique and is
defined with respect to the solution of Eq. (3.21) we can assume that u∓

34 = u∓
43 = 0.

From Eq. (3.22) we then have the equations for u∓
33, u∓

44

{
c44∩u∓

33 + ρω2u∓
33 = −χ(x − α),

ε11∩u∓
44 = χ(x − α).

(3.23)

The solutions of Eq. (3.23) are well known, see Vladimirov [43]—the first is the
fundamental solution of Helmholtz’ equation, the second is fundamental solution of
the Laplace equation. Nevertheless, let us show the derivation of the fundamental
solutions using both Fourier and Radon transforms, because we have to use simi-
lar methods later for the derivation of fundamental solutions for more complicated
equations.

3.3.1.1 Fourier Transform for Fundamental Solution Derivation

Applying Fourier transform to both sides of Eq. (3.23) and considering for simplicity
α = 0, we obtain

(−|δ|2 + k2)F(u∓
33) = − 1

c44
,

|δ|2 F(u∓
44) = 1

ε11
,

(3.24)

where k = ω

⎛
ρ

c44
and

http://dx.doi.org/10.1007/978-3-319-03961-9_2
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F(u∓
33) = − 1

c44

1

k2 − |δ|2 ,

F(u∓
44) = 1

ε11

1

|δ|2 .

(3.25)

Replacing x by x − α , so that r = |x − α | = ⎧
(x1 − α1)2 + (x2 − α2)2 and using

Eq. (3.9) we get the solutions

u∓
33 = 1

2σc44
K0(−ikr),

u∓
44 = 1

2σε11
ln r,

(3.26)

The derivatives of the fundamental solution are

u∓
33, j = − ik

2σc44
K1(−ikr)r, j

u∓
44, j = 1

2σε11

1

r
r, j .

(3.27)

The asymptotic behaviour of u∓
33, u∓

44 for small arguments does not depend on k, i.
e. on the frequency ω and for r → 0 it is as follows

u∓
33 ∅ − 1

2σc44
ln r, u∓

33, j ∅ − 1

2σc44

1

r
r, j ,

u∓
44 ∅ 1

2σε11
ln r, u∓

44, j ∅ 1

2σε11

1

r
r, j .

(3.28)

3.3.1.2 Radon Transform for Fundamental Solution Derivation

Applying the Radon transform to both sides of Eq. (3.23) and having in mind
m = (m1, m2), |m| = 1 and θ = 〈α, m√, we obtain

⎜
⎝⎞

⎝⎟

(Φ2
s + k2)R(u∓

33) = − 1

c44
χ(s − θ),

Φ2
s R(u∓

44) = 1

ε11
χ(s − θ).

(3.29)

where k = ω

⎛
ρ

c44
. Solutions of Eq. (3.29) are obtained using expressions (3.20)
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R(u∓
33)(s, m) = i

2kc44
eik|s−θ |,

R(u∓
44)(s, m) = 1

ε11
|s − θ |.

(3.30)

Now, we apply the inverse Radon transform to Eq. (3.30) and in a first step from
Eq. (3.17) we get

K (R(u∓
33))(s, m) = 1

2c44
{iσeikπ − 2[ci(kπ) cos(kπ) + si(kπ) sin(kπ)]}|π=|s−θ |,

K (R(u∓
44))(s, m) = 1

ε11
ln |s − θ |.

(3.31)
The second step in the inverse Radon transform consists in the representation as an
integral over the unit circle

u∓
J J (x, α) = 1

4σ2

∫

|m|=1
K (R(u∓

J J ))(s, m)dm. (3.32)

From Eqs. (3.31) and (3.32) the fundamental solutions yield as

u∓
33(x, α) = 1

8σ2c44

∫

|m|=1
{iσeikπ − 2[ci(kπ) cos(kπ)

+ si(kπ) sin(kπ)]}|π=|〈x−α,m√|dm.

u∓
44(x, α) = 1

4σ2ε11

∫

|m|=1
ln | < x − α, m > |dm.

(3.33)

The derivatives of the fundamental solution are

u∓
J J,k(x, α) = 1

4σ2

∫

|m|=1
Φs K (R(u∓

J J ))(s, m)mkdm, (3.34)

where

Φs K (R(u∓
33))(s, m) = 1

2c44
{−kσeikπ − 2

π
+ 2k[ci(kπ) sin(kπ)

− si(kπ) cos(kπ)]}|π=|s−θ |sgn(s − θ).

(3.35)

The asymptotic behaviour of u∓
33 and u∓

44 for small arguments is again given by the
expressions (3.28) due to the behaviour of ci(z) = O(ln z), si(z) = O(z) for z → 0,
see Bateman and Erdelyi [1], the form of u∓

33 in Eq. (3.33) and of u∓
33,k in Eq. (3.34).
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3.3.1.3 Comparison of Both Solutions

In order to compare the fundamental solutions obtained with the Fourier transform
(3.26), (3.27) and with the Radon transform (3.33), (3.34) we denote the solution
(3.26) with uF

J J and the solution (3.33) with u R
J J .

First we note that u∓F
44 ∈ u∓R

44 = u∓
44 what follows from the following representa-

tions given in John [28]

∫

|m|=1
ln |〈x − α, m√|dm = 2σ ln r,

∫

|m|=1

mk

〈x − α, m√dm = 2σ
1

r
r,k .

(3.36)

Let us denote by g(r) = u∓F
33 (r) − u∓R

33 (r), then g(r) is a smooth function satisfying
the first equation in (3.21). This means that the singular parts of u∓F

33 , u∓R
33 like O(ln r)

and u∓F
33,k, u∓R

33,k like O(1/r) coincide. These singular parts do not depend on k, i.e.
on ω and with respect to the multiplicity by constants they are the same as for the
static case, i.e. like u∓

44 and u∓
44,k . Moreover the singular part of u∓R

33,k(r) is equal

to its asymptotic − 1

2σc44

1

r
r, j what follows by Eqs. (3.34) and (3.35) and formulas

(3.36), but for u∓F
33,k(r) this is not the case.

From the above we can conclude that if we deal with displacement BIE it is better
to use u∓F , but if we deal with integro-differential equations as in traction BIEM,
then it is better to use u∓R , because its singular part for any arguments is as in the
static case. For u∓F the singular part has a simple form only for small arguments. This
is one of the reasons to use u∓R , instead u∓F in traction BIEM even for anti-plane
problems.

3.3.2 Coupled Anti-plane Case

In the coupled case e15 �= 0 and we have to find a fundamental solution of Eq. (2.38).
It is a matrix valued function

u∓ =
(

u∓
33 u∓

34
u∓

43 u∓
44

)
,

which is the solution of the systems of equations

⎜
⎞

⎟
c44∩u∓

3J + e15∩u∓
4J + ρω2u∓

3J = −χ(x − α)χ3J ,

e15∩u∓
3J − ε11∩u∓

4J = −χ(x − α)χ4J , J = 3, 4.
(3.37)

http://dx.doi.org/10.1007/978-3-319-03961-9_2
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Applying Radon transform to Eq. (3.37) we obtain the differential equation in matrix
form

(MΦ2
s + ρω2 J2)û

∓ = −χ(s − θ)I2, (3.38)

where R(u∓) = û∓, θ = 〈α, m√, m = (m1, m2), |m| = 1 and

M =
(

c44 e15
e15 −ε11

)
; J2 =

(
1 0
0 0

)
; I2 =

(
1 0
0 1

)
.

Multiplying the second row of Eq. (3.38) by
e15

ε11
and after adding it to the first row,

the system decouples for the unknowns û∓
3K , K = 3, 4 to the equations

⎜
⎝⎞

⎝⎟

Φ2
s û∓

33 + k2û∓
33 = − 1

a0
χ(s − θ),

Φ2
s û∓

34 + k2û∓
34 = − e15

ε11a0
χ(s − θ),

(3.39)

where a0 = c44 + e2
15

ε11
, k = ω

⎛
ρ

a0
. From Eq. (3.20) we obtain the solutions

û∓
33 = i

2a0k
eik|s−θ |,

û∓
34 = ie15

2ε11a0k
eik|s−θ | = e15

ε11
û∓

33.

(3.40)

From the second row in Eq. (3.38) and from Eq. (3.40) it is obvious that û∓
43 = û∓

34.
It remains to solve the equation for û∓

44. From Eq. (3.38) we have

e15Φ
2
s û∓

34 − ε11Φ
2
s û∓

44 = −χ(s − θ),

and using Eq. (3.40) we get the equation

Φ2
s û∓

44 = − ie2
15k

2ε2
11a0

eik|s−θ | +
⎪

1

ε11
− e2

15

ε2
11a0

⎨
χ(s − θ). (3.41)

Solving Eq. (3.41) by applying the formulas in (3.40), we finally obtain

û∓
44 = e2

15

ε2
11

û∓
33 + 1

2ε11
|s − θ |. (3.42)

Applying the inverse Radon transform to û∓
J K , using the formulas (3.17) we get
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u∓
33(x, α) = 1

8σ2a0

∫

|m|=1
{iσeikπ − 2[ci(kπ) cos(kπ)

+ si(kπ) sin(kπ)]}|π=|〈x−α,m√|dm,

u∓
34(x, α) = u∓

43(x, α) = e2
15

ε11
u∓

33(x, α),

u∓
44(x, α) = e2

15

ε2
11

u∓
33(x, α) + 1

2σε11
ln |x − α |.

(3.43)

The derivatives û∓
J K ,p are

u∓
33,p(x, α) = 1

8σ2a0

∫

|m|=1
{−kσeikπ − 2

π
+ 2k[ci(kπ) sin(kπ)

− si(kπ) cos(kπ)]}|π=|〈x−α,m√| sgn〈x − α, m√m pdm,

u∓
34,p(x, α) = u∓

43,p(x, α) = e2
15

ε11
u∓

33,p(x, α),

u∓
44,p(x, α) = e2

15

ε2
11

u∓
33,p(x, α) + 1

2σε11|x − α |
x p − αp

|x − α | .

(3.44)

The asymptotic behaviour of u∓
J K for small arguments r → 0, is obtained as in the

uncoupled case

u∓
33 ∅ − 1

2σa0
ln r, u∓

33,p ∅ − 1

2σa0

1

r
r,p,

u∓
34 = u∓

43 ∅ −e15

ε11

1

2σa0
ln r, u∓

34,p = u∓
43,p ∅ −e15

ε11

1

2σa0

1

r
r,p,

u∓
44 ∅ 1

2σε11

⎪
−e2

15

ε11
+ 1

⎨
ln r, u∓

44,p ∅ 1

2σε11

⎪
−e2

15

ε11
+ 1

⎨
1

r
r,p.

(3.45)

3.4 In-plane Piezoelectric Case

As in the previous section we start with the simple case of a decoupled in-plane
system that corresponds to the elastic anisotropic/isotropic case.

3.4.1 Uncoupled In-plane Case

In this case e15 = e31 = e33 = 0 and Eq. (2.33) reduces to

http://dx.doi.org/10.1007/978-3-319-03961-9_2
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⎜
⎞

⎟

c11u1,11 + c44u1,33 + (c13 + c44)u3,13 + ρω2u1 = 0,

(c13 + c44)u1,13 + c44u3,11 + c33u3,33 + ρω2u3 = 0,

−ε11u4,11 − ε33u4,33 = 0.

(3.46)

The fundamental solution is a matrix valued generalized function

u∓ =
⎠


u∓

11 u∓
13 u∓

14
u∓

31 u∓
33 u∓

34
u∓

41 u∓
43 u∓

44



 ,

which solves the following system of equations

⎜
⎞

⎟

c11u∓
1J,11 + c44u∓

1J,33 + (c13 + c44)u∓
3J,13 + ρω2u∓

1J = −χ(x − α)χ1J ,

(c13 + c44)u∓
1J,13 + c44u∓

3J,11 + c33u∓
3J,33 + ρω2u∓

3J = −χ(x − α)χ3J ,

−ε11u∓
4J,11 − ε33u∓

4J,33 = −χ(x − α)χ4J , J = 1, 3, 4.

(3.47)
Since the fundamental solution is defined with respect to solution of Eq. (3.46) we can
set u∓

14 = u∓
34 = u∓

41 = u∓
43 = 0. The unknowns in Eq. (3.47) are u∓

11, u∓
13 = u∓

31, u∓
33,

which are solutions of the first two systems of anisotropic equations and u∓
44 which

is a solution of the last electrostatic equation. For the solution of Eq. (3.47) we will
use the Radon transform. Applying it to (3.47) we obtain

{ [C(m)Φ2
s + ρω2]Û∓ = −χ(s − θ)I2,

−(ε11m2
1 + ε33m2

3)Φ
2
s Û∓

44 = −χ(s − θ),
(3.48)

where m = (m1, m3), |m| = 1, θ = 〈x − α, mrangle, x = (x1, x3), α = (α1, α3)

and

Û∓ =
(

R(u∓
11) R(u∓

13)

R(u∓
31) R(u∓

33)

)
,

C(m) =
(

c11m2
1 + c44m2

3 (c13 + c44)m1m3

(c13 + c44)m1m3 c44m2
1 + c33m2

3

)
. (3.49)

Due to conditions (2.20) and since |m| = 1, the matrix C(m) = {Ci j (m)} is symmet-
ric and positive definite, i.e. C(m) > 0, and has two different positive eigenvalues

a j (m) = 1

2

(
TrC + (−1) j+1

⎧
(TrC)2 − 4 det C

)
, (3.50)

where TrC = C11 + C22 is the trace of the matrix C . The unit eigenvectors g j (m)

corresponding to the eigenvalues a j (m) are orthogonal and can be chosen as

http://dx.doi.org/10.1007/978-3-319-03961-9_2
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g1 = 1√
(C11 − a1)2 + C2

12

(−C12, C11 − a1),

g2 = 1√
(C22 − a2)2 + C2

12

(−C22 + a2, C12),
(3.51)

where at the points m at which the denominators vanish, the components are defined
by their limit values. Denoting by

T =
⎠


g1

1 g1
2

g2
1 g2

2



 ,

the orthogonal matrix and with the replacement Û∓(s, m) = T V̂ (s, m), Eq. (3.48)
becomes:

[CT Φ2
s + ρω2T ]V̂ = −χ(s − θ)I2. (3.52)

[CT Φ2
s + ρω2T ]V̂ = −χ(s − θ)I2. (3.53)

Multiplying Eq. (3.53) from the left with T −1 and since

T −1CT = A =
(

a1 0
0 a2

)
,

the following equation is obtained

[AΦ2
s + ρω2]V̂ = −χ(s − θ)T −1. (3.54)

Equation (3.54) consists of four ordinary differential equations of the type

[aΦ2
s + ρω2]v̂ = −χ(s − θ)ρ. (3.55)

Using Eq. (3.20), the solution of Eq. (3.55) is v̂ = ∂ρ eik|s−θ |, k = ω

⎛
ρ

a
, ∂ = i

2ak
.

Then

Û∓ = T V̂ =
(

g1
1 g1

2
g2

1 g2
2

) (
V̂11 V̂12

V̂21 V̂22

)
(3.56)

where V̂ jl = ∂ j g
j
l eik j |s−θ | with k j =

⎛
ρ

a j
ω and ∂ j = i

2a j k j
. Using Eq. (3.17) it

holds
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Ṽ jl(s, m) = K (V̂ jl) = −ik j∂ j g
j
l {iσeik j π

− 2[ci(k jπ) cos(k jπ) + si(k jπ) sin(k jπ)]}|π=|s−θ |.
(3.57)

After applying inverse Radon transform to Û∓ = T Ṽ , the fundamental solution and
its derivatives are

u∓(x, α) = 1

4σ2

∫

|m|=1

(
g1

1 g1
2

g2
1 g2

2

)(
g1

1 ũ1 g2
1 ũ1

g1
2 ũ2 g2

2 ũ2

) ∣∣s=|〈x−α,m√|dm (3.58)

u∓
,p(x, α) = 1

4σ2

∫

|m|=1

(
g1

1 g1
2

g2
1 g2

2

)

×
(

g1
1Φs ũ1 g2

1Φs ũ1

g1
2Φs ũ2 g2

2Φs ũ2

) ∣∣s=|〈x−α,m√|m psign〈m, x − α √dm.

(3.59)

where from Eq. (3.17)

ũ j (s, m) = 1

2a j
{iσeik j s

−2[ci(k j s) cos(k j s) + si(k j s) sin(k j s)]},
(3.60)

and

Φs ũ j (s, m) = 1

2a j
{−σk j e

ik j s − 2

s
+2k j [ci(k j s) sin(k j s) − si(k j s) cos(k j s)]}.

(3.61)

The near field asymptotics of u∓
il and u∓

il,p are

u∓
il ∅ bil ln r and u∓

il,p ∅ dilp
1

r
r,p as r → 0, (3.62)

where due to the orthogonality of matrix T , the coefficients bil and dilp depend only
on the elastic constants and on the density, but not on the frequency.

The asymptotic behaviour of the fundamental solution u∓
il as r → 0 is represented

by integrals of linear combinations of ũ j (s, m) over the unit circle and its leading term
is evaluated from ci(k j s) → O(ln r). The asymptotic behaviour of the derivatives
u∓

il,p as r → 0 is represented by integrals of linear combinations of Φs ũ p(s, m) over
the unit circle and their leading term is O(1/r).

We obtain the solution u∓
44 of the last equation in (3.46) by proceeding as in

Sect. 3.3. The direct Radon transform gives for Û44 = R(u∓
44) with C44(m) =

ε11m2
1 + ε33m2

3

Φ2
s Û44 = 1

C44(m)
χ(s − θ) (3.63)
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This equation is as Eq. (3.18) with ∂ = 0, ρ = 1

C44(m)
. Its solution is as in Eq. (3.20)

Û44 = 1

2C44(m)
|s − θ |. (3.64)

Applying the inverse Radon transform to Eq. (3.64) we obtain

u∓
44 = 1

4σ2

∫

|m|=1

ln |〈x − α, m√|
C44(m)

dm. (3.65)

Note that only if ε11 = ε33, then C44(m) = ε11 and the solution of Eq. (3.65) is the
same as the solution of Eq. (3.33).

As an example we will write down the fundamental solution and its derivatives
for the time-harmonic elastic-isotropic plane derived by the Radon transform. The
independent material constants are: c11 = c33 = λ + 2μ and c13 = c44 = μ, where
λ,μ are the Lamé constants with λ + μ > 0.

The matrix C(m) in Eq. 3.49 has the form

C(m) =
(

(λ + 2μ)m2
1 + μm2

2 (λ + μ)m1m2

(λ + μ)m1m2 μm2
1 + (λ + 2μ)m2

2

)
. (3.66)

In this case the eigenvalues ai of matrix C(m) defined in Eq. (3.50) do not depend
on m, a1 = λ + 2μ, a2 = μ, the eigenvectors are g1 = (m1,−m2), g2 = (m2, m1)

and k1 = ω

⎛
ρ

λ + 2μ
, k2 = ω

⎛
ρ

μ
. The matrices T , A are

T =
(

m1 m2
−m2 m1

)
, A =

(
λ + 2μ 0
0 μ

)
, (3.67)

and for the fundamental solution and its derivatives we obtain

u∓(x, α) = 1

4σ2

∫

|m|=1

(
m1 m2
−m2 m1

)

×
(

m1ũ1 −m2ũ1
m2ũ2 m1ũ2

) ∣∣s=|〈x−α,m√|dm,

(3.68)

u∓
,p(x, α) = 1

4σ2

∫

|m|=1

(
m1 m2
−m2 m1

)

×
(

m1Φs ũ1 −m2Φs ũ1
m2Φs ũ2 m1Φs ũ2

) ∣∣s=|〈x−α,m√|m psign〈x − α, m√dm.

(3.69)

Correspondingly, the asymptotics is given by

u∓
il ∅ bil ln r and u∓

il,p ∅ dilp
1

r
r,p as r → 0. (3.70)
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3.4.2 Coupled In-plane Case

In the coupled case at least one of the piezoelectric constants e15, e31, e33 is not zero
and the fundamental solution is a matrix valued generalized function

u∓ =
⎠


u∓

11 u∓
13 u∓

14
u∓

31 u∓
33 u∓

34
u∓

41 u∓
43 u∓

44



,

which is the solution of the system of equations

⎜
⎝⎝⎝⎝⎝⎝⎞

⎝⎝⎝⎝⎝⎝⎟

c11u∓
1J,11 + c44u∓

1J,33 + (c13 + c44)u∓
3J,13 + (e31 + e15)u∓

4J,13
+ρω2u∓

1J = −χ(x − α)χ1J ,

(c13 + c44)u∓
1J,13 + c44u∓

3J,11 + c33u∓
3J,33 + e15u∓

4J,11 + e33u∓
4J,33

+ρω2u∓
3J = −χ(x − α)χ3J ,

(e15 + e31)u∓
1J,13 + e15u∓

3J,11 + e33u∓
3J,33

−ε11u∓
4J,11 − ε33u∓

4J,33 = −χ(x − α)χ4J , J = 1, 3, 4.

(3.71)

Applying the Radon transform to the system (3.71), and using its properties, we
obtain the following matrix equation

[C(m)Φ2
s + ρω2 J3]Û∓(s, m) = −χ(s − θ)I3, (3.72)

where Û∓ = R(u∓), θ = 〈α, m√,

I3 =
⎠


1 0 0
0 1 0
0 0 1



 , J3 =
⎠


1 0 0
0 1 0
0 0 0



 ,

and the matrix C(m) = {CJ K (m)} is given by

C(m) =
⎠


c11m2

1 + c44m2
3 (c13 + c44)m1m3 (e31 + e15)m1m3

(c13 + c44)m1m3 c44m2
1 + c33m2

3 e15m2
1 + e33m2

3
e15m2

1 + e33m2
3 (e31 + e15)m1m3 −ε11m2

1 − ε33m2
3



 . (3.73)

The matrix Eq. (3.72) consists of three systems with three linear ODEs. After express-
ing the functions Φ2

s Û∓
4J by

Φ2
s Û∓

4J = C−1
44 (Ck4Φ

2
s Û∓

k J + χ4J χ(s − θ)), (3.74)

the Eq. (3.72) is reduced to the matrix equation

[D(m)Φ2
s + ρω2 I2]V̂ ∓(s, m) = −F(m)χ(s − θ), (3.75)



3.4 In-plane Piezoelectric Case 53

consisting of three systems with two ODEs where V̂ ∓ is a 2 × 3 matrix (the first two
rows of Û∓). The so-called ‘stiffened matrix’ D(m), see Daros [6], is a 2 × 2 matrix
with components

di j (m) = Ci j (m) − C−1
44 (m)Ci4C j4(m),

and F(m) is a 2 × 3 matrix with components

f j K (m) = χ j K − C−1
44 (m)χ4J (χ j1 + χ j3).

The matrix Eq. (3.75) In order to solve the matrix Eq. (3.75), we transform it
into canonical form. On account of the properties of the material constants Ci J Kl ,
see Eq. (2.20), the matrix D(m) is symmetric and positive definite. So, as in the
uncoupled case in Sect. 3.4.1, the matrix D(m) for m = (m1, m3), |m| = 1 has two
different positive eigenvalues a1(m) > a2(m) > 0 defined as

a j (m) = 1

2

(
TrD + (−1) j+1

⎧
(TrD)2 − 4 det D

)
. (3.76)

The unit eigenvectors g j (m) corresponding to a j (m) are orthogonal and can be
defined as

g1 = 1√
(d11 − a1)2 + d2

12

(−d12, d11 − a1),

g2 = 1√
(d22 − a2)2 + d2

12

(−d22 + a2, d12),
(3.77)

where at the points m at which the denominators vanish the components are defined
by their limit values.

The orthogonal matrix

T (m) =
(

g1
1 g1

2
g2

1 g2
2

)
,

changes the basis to the basis of the eigenvectors. With the substitution

V̂ ∓(s, m) = T (m)V (s, m), H(m) = T (m)F(m), (3.78)

into Eq. (3.75), multiplying from the left side with T −1(m) and having in mind that

T −1(m)D(m)T (m) = A(m) =
(

a1(m) 0
0 a2(m)

)
,

the system of Eq. (3.75) decouples:

[A(m)Φ2
s + ρω2 I2]V (s, m) = −H(m)χ(s − θ). (3.79)

http://dx.doi.org/10.1007/978-3-319-03961-9_2
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Equations in (3.79) form six ODEs of the type

[b(m)Φ2
s + ρω2]v(s, m) = −h(m)χ(s − θ), (3.80)

with the solutions, see Eq. (3.20),

v(s, m) = ∂heik|s−θ |, k = ω
⎧

ρ/a(m), ∂ = i(2a(m)k(m))−1. (3.81)

Therefore we have

V̂ ∓ = T (m)V (s, m), Vpq(s, m) = ∂pg p
q eikp |s−θ |,

kp = ω
⎧

ρ/ap(m), ∂p = i(2ap(m)kp(m))−1.
(3.82)

The components Û∓
k j of Û∓

K J are determined by Û∓
k j = V̂ ∓

k j , while Û∓
4J is obtained

by Eq. (3.74). From the 2 × 2 matrix Û∓ the fundamental solution u∓ is constructed
through inverse Radon transform.

Applying the above described procedure, the functions u∓
i j , i, j = 1, 3 can be

written as

u∓
i j (x, α) = 1

4σ2

∫

|m|=1

(
g1

1 g1
2

g2
1 g2

2

) (
g1

1 W1 g2
1 W1

g1
2 W2 g2

2 W2

)
|s=|〈x−α,m√|dm (3.83)

where, from Eq. (3.17) can be seen that

W j (s) = A j [σeik j s − 2(ci(k j s) cos(k j s) + si(k j s) sin(k j s))],
A j = (8σ2a j )

−1.
(3.84)

The functions u∓
i4 for i = 1, 3 take the form

u∓
i4(x, α) = 1

4σ2

∫

|m|=1

(
g1

1 g1
2

g2
1 g2

2

)(
g1

4 W1

g2
4 W2

)
|s=|<x−α,m>|dm, (3.85)

where gk
4 = −d−1

44 (d14g1
k + d34g2

k ), k = 1, 2 and finally

u∓
44(x, α) = h1(x, α) + h2(x, α), (3.86)

where

h1(x, α) =
〈∫

|m|=1

(
g1

1 g1
2

g2
1 g2

2

)
(−d−1

44 )

(
d14g1

4 W1

d34g2
4 W2

)
|s=|〈x−α,m√|dm, (1, 1)

〉
,

h2(x, α) = 1

4σ2

∫

|m|=1
d−1

44 ln |s||s=|〈x−α,m√|dm.

(3.87)
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The derivatives of the fundamental solution u∓ and its corresponding stress λ ∓ can
be found using the function

Φs W j (s) = A j [−σk j e
ik j s − 2

s
+2k j (ci(k j s) sin(k j s)− si(k j s) cos(k j s))]. (3.88)

Furthermore, the near-field asymptotic expressions are

u∓
I J ∅ bI J ln |x − x0|, u∓

k I,J ∅ dk I J
1

|x − x0| , for x → x0, (3.89)

where bI J and dk I J depend on the elastic, dielectric and piezoelectric constants and
the density, but not on the frequency ω. This can be shown as it was done in the
uncoupled case, see Sect. 3.4.1.

References

1. Bateman H, Erdelyi A (1953) Higher transcendental functions. McGraw-Hill, New York
2. Burridge R (1966) Lacunas in two-dimensional wave propagation. Proc Camb Phil Soc 63:819–

825
3. Burridge R (1967) The singularity on the plane lids of the wave surface of elastic media with

cubic symmetry. Quart J Mech Appl Math 20:41–56
4. Chen T (1993) Green’s function and the non-uniform transformation problem in a piezoelectric

medium. Mech Res Commun 20(3):271–281
5. Chen ZT, Lin FZ (1993) Numerical evaluation of derivatives of the anisotropic piezoelectric

Green’s functions. Mech Res Commun 20(6):501–517
6. Daros CH (1999) Wave propagation in unbounded piezoelectric media of transversely isotropic

symmetry. Ph.D. thesis, Series on Mechanics, No. 39, Technical University of Braunschweig,
Braunschweig

7. Daros CH (2002) A fundamental solutions for transversely isotropic, piezoelectric solids under
electrically irrotational approximation. Mech Res Commun 29:61–71

8. Daros CH, Antes H (2000a) Dynamic fundamental solutions for transversely isotropic piezo-
electric materials of crystal class 6mm. Int J Solids Struct 37:1639–1658

9. Daros CH, Antes H (2000b) On strong ellipticity conditions for PEM of the crystal classes
6mm and 622. Wave Motion 31:237–253

10. Deeg WF (1980) The analysis of dislocation, cracks and inclusion problems in piezoelectric
solids. Ph.D. thesis, Stanford University, Stanford, California

11. Denda M, Lua J (1999) Development of the boundary element method for 2D piezoelectricity.
Compos Part B 30:699–707

12. Denda M, Araki Y, Yong YK (2004) Time-harmonic BEM for 2-D piezoelectricity applied to
eigenvalue problems. Int J Solids Struct 41:7241–7265

13. Ding SH, Liang J, Chen B (1996) Fundamental solutions for transversely isotropic piezoelectric
media. Sci China Ser A 39(7):766–775

14. Ding SH, Wang G, Chen W (1998) A boundary integral formulation and 2D fundamental
solutions for piezoelectric media. Comput Meth Appl Mech Eng 158:65–80

15. Duff GFD (1977) Hyperbolic differential equations and waves. In: Garnir HG (ed) Boundary
value problems for linear evaluation of partial differential equations. pp 27–155

16. Dunn ML (1994) Electroelastic Green’s functions for transversely isotropic piezoelectric media
and their application to the solution of inclusion and ingomogeneity problems. Int J Eng Sci
32(1):119–131



56 3 Fundamental Solutions

17. Dunn ML, Wienecke HA (1996) Green’s functions for transversely isotropic piezoelectric
solids. Int J Solids Struct 33:4571–4581

18. Gel’fand IM, Shilov GE (1964a) Generalized functions, properties and operations, vol 1. Aca-
demic Press, New York

19. Gel’fand IM, Shilov GE (1964b) Generalized functions, spaces of fundamental and generalized
functions, vol 2. Academic Press, New York

20. Gel’fand IM, Graev MI, Vilenkin NY (1966) Generalized functions, integral geometry and
representation theory, vol 5. Academic Press, New York

21. Gradshteyn IS, Ryzhik IM (1965) Tables of integrals, series, and products. Academic Press,
New York

22. Graffi D (1946) Sul teorema di reciprocita nella dinamica dei corpi elastici. Mem Accad Sci
Bologna Ser 104:103–111

23. Gross D, Dineva P, Rangelov T (2002) Dynamic fracture behaviour of a multilayered piezo-
electric solid, Part 1. Technical report. DFG grant 436 BUL 113/118-1, TU Darmstadt

24. Gross D, Dineva P, Rangelov T (2004) Dynamic fracture behaviour of a multilayered piezo-
electric solid, Part 2. Technical report. DFG grant 436 BUL 113/118-1, TU Darmstadt

25. Gross D, Rangelov T, Dineva P (2005) 2D Wave scattering by a crack in a piezoelectric plane
using traction BIEM. Struct Integr Dur 1(1):35–47

26. Helgason S (1980) Radon transform. Birkäuser, Boston
27. Iosida K (1965) Functional analysis. Springer, Berlin
28. John F (1955) Plane waves and spherical means applied to partial differential equations. Wiley

International Science, New York
29. Khutoryansky NM, Sosa H (1995a) Dynamic representation formulas and fundamental solu-

tions for piezoelectricity. Int J Solids Struct 32:3307–3325
30. Khutoryansky NM, Sosa H (1995b) Construction of dynamic fundamental solutions for piezo-

electric solids. Appl Mech Rev 48(11):222–229
31. Lee JS (1995) Boundary element method for electroelastic interaction in piezoceramics. Eng

Anal Bound Elem 15:321–328
32. Lee JS, Jiang L (1994) A boundary integral formulation and 2D fundamental solution for

piezoelectric media. Mech Res Commun 21(1):47–54
33. Ludwig D (1966) The radon transform on euclidean space. Comm Pure Appl Math 29:49–81
34. Norris AN (1994) Dynamic Greens functions in anisotropic piezoelectric, thermoelastic and

poroelastic solids. Proc Royal Soc Lond A447:175–188
35. Pan E, Amadei B (1999) Boundary element analysis of fracture mechanics in anisotropic

bimaterials. Eng Anal Bound Elem 23:683–691
36. Pan YC, Chou TW (1976) Point force solution for an infinite transversely isotropic solid.

ASME J Appl Mech 43:608–612
37. Rajapakse RKND, Xu XL (2001) Boundary element modelling of cracks in piezoelectric solids.

Eng Anal Bound Elem 25:771–782
38. Rangelov T, Manolis G, Dineva P (2005) Elastodynamic fundamental solutions for 2D inho-

mogeneous anisotropic domains: basic derivations. Eur J Mech A Solids 24:820–836
39. Saez A, Dominguez J (1999) BEM analysis of wave scattering in transversely isotropic solids.

Int J Numer Meth Eng 44(9):1283–1300
40. Saez A, Dominguez J (2001) Dynamic crack problems in three-dimensional transversely

isotropic solids. Eng Anal Bound Elem 25:203–210
41. Sosa H, Khutoryansky N (1999) Transient dynamic response of piezoelectric bodies subjected

to internal electric impulses. Int J Solids Struct 36:5467–5484
42. Sosa H, Khutoryansky N (2001) Further analysis of the transient dynamic response of piezo-

electric bodies subjected to electric impulses. Int J Solids Struct 38:2101–2114
43. Vladimirov V (1971) Equations of mathematical physics. Marcel Dekker Inc, New York
44. Wang CY, Achenbach JD (1994) Elastodynamic fundamental solutions for anisotropic solids.

Geophys Int J 118:384–392
45. Wang CY, Achenbach JD (1995) Three-dimensional time-harmonic elastodynamic Green’s

functions for anisotropic solids. Proc R Soc Lond A 449:441–458



References 57

46. Wang CY, Zhang Ch (2005) 2D and 3D dynamic Green’s functions and time-domain BIE
formulations for piezoelectric solids. Eng Anal Bound Elem 29:454–465

47. Wang CY, Achenbach JD, Hirose S (1996) Two-dimensional time domain BEM for scattering
of elastic waves in solids of general anisotropy. Int J Solids Struct 33:3843–3864

48. Wang CY, Zhang C, Hirose S (2003) Dynamic fundamental solutions and time domain BIE
formulations for piezoelectric solids. In: Gallego R, Aliabadi MH (eds) Advances in boundary
element techniques IV. pp 215–225

49. Wang XD, Meguid SA (2000b) Modelling and analysis of the dynamic behaviour of piezo-
electric materials containing interfacing cracks. Mech Mater 32:723–737

50. Wheeler LT, Sternberg E (1968) Some theorems in classical elastodynamics. Arch Rat Mech
Appl 31:51–90



Chapter 4
Numerical Realization by BIEM

Abstract Non-hypersingular traction integro-differential equations are derived for
the solution of the BVPs formulated in Chap. 2 for bounded and unbounded solids.
The numerical realization by the BIEM is presented and a description of the pro-
gramm codes is given.

4.1 Introduction Remarks

The BIEM is an attractive candidate for modelling wave propagation in media with
coupled properties because of certain advantages, namely:

(a) the integral equation formulation used is equivalent to the original governing
equations and boundary conditions. This fact, coupled with the use of fundamen-
tal solutions for these governing equations, guarantees a high level of accuracy;

(b) the fundamental solutions obey the Sommerfeld’s radiation condition and thus
infinitely extended boundaries are automatically accounted for without resorting
to special types of viscous boundaries;

(c) since only surfaces need to modelled, there is reduction of the problem dimen-
sionality, with a corresponding reduction in the size of the system matrices as
compared with domain-type numerical methods;

(d) selective solution at internal points in the domain of interest is possible once the
BVP has been solved, which obviates the large scale volume discretization;

(e) flexibility in modelling arbitrary geometry;
(f) concurrent recovery of both displacements and tractions at a comparable accu-

racy level;
(g) high computational accuracy at solution of problems with stress gradient as are

problems in fracture mechanics.

However, it is well known that the conventional displacement BIE formulation
degenerates for crack problems and it cannot be directly applied to them, see Cruse
[9] and Sladek and Sladek [23]. Generally there are five methods to overcome this
difficulty:

P. Dineva et al., Dynamic Fracture of Piezoelectric Materials, 59
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• The multi-domain technique with fictitious boundaries was used in Sladek and
Sladek [24] and Chirino et al. [6]. In this case the usual displacement BIEM can
be applied, but it requires more processor time.

• The usage of the Green’s function for crack problems. In case that Green’s func-
tion is available, the usual displacement BIEM can be applied without crack dis-
cretization, but usually these functions are not available for the elasto-dynamic
crack problems, see Snyder and Cruse [25].

• The traction BIE, which can be obtained by differentiating the displacement repre-
sentation formula, then substituting it into the Hooke’s law and applying an usual
limiting process. This conventional derivation of the traction BIE is based on the
Betti-Rayleigh elasto-dynamic reciprocal theorem. The traction BIEs are hyper-
singular and do not converge even in the sense of Cauchy principal values due to
the additional differentiation of the stress Green’s function, see Balas et al. [1].
There are two methods for the solution of these hypersingular equations:

– The hypersingular integrals are regarded as Hadamard finite-part integrals and
will be directly integrated analytically [3, 14].

– By applications of a regularization procedure, the hypersingular integrals are
regularized to CPV integrals and after that the modified BIEs are solved numeri-
cally. Most regularization techniques use partial integration to shift the derivative
of the stress Green’s function to the unknown crack opening displacements, see
[11, 24].

• Non-hypersingular traction BIE is derived by using a two-state conservation inte-
gral of elasto-dynamic, see [28, 30].

• A combination of displacement and hyper-singular traction BIE, see Chen and
Hong [5], mixed BIEM proposed by Chirino and Abascal [7], dual BIEM dis-
cussed by Fidelinski et al. [12], displacement and traction BIDE by Sladek and
Sladek [24]. The cited authors use quadratic and semi-continuous BEs to satisfy
the smoothness requirements in the hypersingular traction BIE.

It is obvious that the use of the displacement BIE analysis technology is limited.
The complex dynamic non-symmetric crack problems for finite bodies demands the
usage of the traction BIE. In the past this method was restricted to static problems,
see Portela and Aliabadi [20] or dynamic problems for crack embedded in an infinite
space, see Zhang [29].

Together with the description of the numerical realization in terms of the
non-hypersingular traction BIEM, this chapter deals with the investigation of the
accuracy and the convergence of the non-hypersingular traction BIEM solution for
time-harmonic SIFs computation of cracks in finite and infinite domains.

In contrast to the above mentioned methods we use continuous parabolic approxi-
mation. Here some new numerical methods are proposed, as a.g. the average method
and the shifted point method, to approximate the tangential derivatives of displace-
ments that appear in the traction BIDE. This is done in order to satisfy the smoothness
requirements of the BIEM solution.
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4.2 Traction BIEM

The non-hypersingular traction based BIE is derived following the procedure given
in Zhang and Achenbach [28], Zhang [29] and Zhang and Gross [30] for the homo-
geneous elastic isotropic case and in Gross et al. [13] and Wang and Zhang [27] for
the piezoelectric one.

Let us assume that G is a 2D piezoelectric domain. There are several cases, defined
in Sect. 2.6, for which we can derive an integro-differential equation equivalent to
the corresponding boundary-value problems:

(a) With respect to the domain: if G = R2; if G = R2\K , where K is bounded
domain (open arc—crack, or convex domain—hole); if G → R2 we consider the
case of bounded domain with internal cracks or holes.

(b) With respect to the type of deformation state and wave polarization: in-plane or
anti-plane strain state.

(c) With respect to the number of cracks: single or multiple.
(d) With respect to the material: homogeneous or graded one belonging to restricted

classes of inhomogeneous materials.
(e) With respect to the electrical boundary condition along the crack: impermeable,

permeable, limited permeable crack models.

The idea is in all cases listed above, to transform the corresponding BVP to IDE
along the exterior and interior boundary (if any) and along the crack line such that
the singularities in the kernels of the IDE are only of CPV type.

Here we will show shortly the transformation of the BVP to the equivalent IDE,
following Wang and Zhang [27]. We will use the formulation by IDE for the solution
of different BVPs in Parts II and III. For any of such problems (inhomogeneous,
multiple cracks, holes, crack-hole interaction etc.) the IDE is obtained by the method
described below.

The derivation is done here for the in-plane case (small indexes for the x-
coordinates i, j, . . . = 1, 3; capital indexes J, K , . . . = 1, 3, 4, see Sect. 2.5.1), and
as to the anti-plane case (small indexes for the x-coordinates i, j, . . . = 1, 2; capital
indexes J, K , . . . = 3, 4, see Sect. 2.5.2) the derivation follows the same scheme.

4.2.1 Bounded Domain

Let G → R2 be a bounded domain with a smooth boundary S = ∂G and an internal
crack Scr = S+

cr ≈ S−
cr , see Fig. 4.1. Denote by Gε a domain with smooth boundary

Sε = ∂Gε, such that Scr → Gε, Sε ∩ Scr = ∅ and Sε → Scr for ε → 0. Consider
the BVP (2.42) with Su = ∅ and St = S in ε\Scr

http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
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Fig. 4.1 Finite cracked
piezoelectric solid

∣∣∣∣∣∣∣∣∣∣

σi J,i + ρJ K ω2uK = 0 in G\Scr ,

u J |Su = ū J , tJ |St = t̄ J ,

tJ |Scr = 0.

(4.1)

Note that the domain G can be simple connected or multiply connected if it contains
holes.

The first step in deriving the IDE is the use of the conservation integral of linear
dynamic piezoelectricity, see Wang and Zhang [27] in the domain H ε = G\Gε with
boundary ∂H ε = S ≈ Sε for the equation

σi J,i + ρJ K ω2uK = −FJ in G\Gε, (4.2)

where FJ is the generalized force vector. The conservation integral of Eq. (4.2) is

Jp(u) =
∫

∂Hε

[
1

2
(σi J u J,i − ρJ K ω2u J uK )δqp

− σq J u J,p
]

nqdγ −
∫

Hε
FJ u J,pd H = 0,

(4.3)

where n = (n1, n3) is the unit outward normal vector on ∂Gε. Equation (4.3) is
obtained as in the isotropic case, see Zhang and Gross [30] using the divergence
form of equation of motion (4.2) and the Gauss-Ostrogradsky theorem for smooth
functions in regular domains.

The second step is to obtain for two independent states

{uk
J (x),σk

i J (x), Fk
J (x)}, k = 1, 2

the following formula:
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∫

∂Gε

[
1

2
(σ1

i J u2
J,i + σ2

i J u1
J,i − ρJ K ω2(u1

J u2
K + u2

J u1
K )δqp

− (σ1
q J u2

J,p + σ2
q J u1

J,p)
⎧

nqdγ −
∫

Gε
(F2

J u1
J,p + F1

J u2
J,p)dG = 0.

(4.4)

The third step is to consider two special states:

{u∗
J M (x, ξ),σ∗

i J M (x, ξ), δ(x − ξ)},

one is for the fundamental solution, see Sect. 3.4.2 and the other is the solution of the
BVP (4.1). We fix x √ H ε and get a circle Bη(x) with small radius η and center x ,
so that both states are smooth in H ε\Bη(x). Letting η → 0 and using the properties
of δ-function from Eq. (4.4) we obtain

α(x)uM,p(x) =
∫

∂Hε

⎪
(σ∗

i J M (x, ξ)u J,i (ξ) − ρJ K ω2u J (ξ)u∗
K M (x, ξ))δqp

− (σq J (ξ)u∗
J M,p(x, ξ) + σ∗

q J M (x, ξ)u J,p(ξ))
⎧

nq(ξ)dγ,

(4.5)

where

α(x) =
⎨

1, x0 √ H ε

1/2, x0 √ ∂H ε .

Since tJ = Ci J MpuM,pni we get

α(x)tJ (x) = Ci J Mpni (x)

∫

∂Hε

⎩
(σ∗

i J M (x, ξ)u J,i (ξ) − ρJ K ω2u J (ξ)u∗
K M (x, ξ))δqp

− (σq J (ξ)u∗
J M,p(x, ξ) + σ∗

q J M (x, ξ)u J,p(ξ))
⎧

nq(ξ)dγ.

(4.6)
Now with the limit ε → 0, i.e. Sε → Scr we obtain

β(x)tJ (x) = Ci J Mpni (x)

∫

S

⎩
(σ∗

i J M (x, ξ)u J,i (ξ)

− ρJ K ω2u J (ξ)u∗
K M (x, ξ))δqp − σ∗

q J M (x, x0)u J,p(x))
⎧

nq (x)

− t̄ J (ξ)u∗
J M,p(x, ξ)d S

+ Ci J Mpni (x)

∫

Scr

⎪
(σ∗

i J M (x, ξ)χu J,i (ξ) − ρJ K ω2χu J (ξ)u∗
K M (x, ξ))δqp

− σ∗
q J M (x, ξ)χu J,p(ξ)

⎧
nq (ξ)d Scr ,

(4.7)
where

β(x) =
⎨

1, x √ Scr ,

1/2, x √ S.
.

http://dx.doi.org/10.1007/978-3-319-03961-9_3
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Fig. 4.2 Infinite cracked
piezoelectric solid

Equation (4.7) is IDE with respect to the unknowns χu J √ C1+γ(Scr ), u J √
C1+γ(S) , γ √ (0, 1). Having the solution of Eq. (4.7) we can find the solution
u J (x) of the BVP (4.1) and the stress σi J (x) in any point x √ G\Scr :

u J (x) = −
∫

S
σ∗

i J M (x, ξ)u J,i (ξ)ni (ξ) + u∗
K M (x, ξ)tJ (ξ)d S

−
∫

Scr

σ∗
i J M (x, ξ)χu J (ξ)ni (ξ)d Scr ,

(4.8)

σi J (x) =
∫

S

⎪
(σ∗

i J M (x, ξ)u J,i (ξ) − ρJ K ω2u J (ξ)u∗
K M (x, ξ))δqp

− σ∗
q J M (x, ξ)u J,p(ξ))

⎧
nq(ξ) − t̄ J (ξ)u∗

J M,p(x, ξ)d S

+
∫

Scr

⎪
(σ∗

i J M (x, ξ)χu J,i (ξ) − ρJ K ω2χu J (ξ)u∗
K M (x, ξ))δqp

− +σ∗
q J M (x, ξ)χu J,p(ξ)

⎧
nq(ξ)d Scr .

(4.9)

Note that the same procedure is applied for obtaining the IDE for the BVP in the
case of anti-plane strain, considered in Sect. 2.6.3. Here we restrict us to the model
example but in the next chapters for every particular case the IDE will be derived
separately.

4.2.2 Unbounded Domain

Let us consider an infinite domain G = R2, where Scr is a finite arc crack in this
domain and let us focus on Eq. (2.4.4), governing the time-harmonic wave propa-
gation in piezoelectric material, see Fig. 4.2. We are studying the wave scattering
induced by the interaction of an incident plane wave with the crack. The total wave
field is the sum of the incident and the scattered wave field

u J (x) = uin
J (x) + usc

J (x), σi J (x) = σin
i J (x) + σsc

i J (x) (4.10)

http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
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where x = (x1, x3), uin
J (x),σin

i J (x) are the generalized displacement and generalized
stress components of the incident wave, while usc

J (x),σsc
i J (x) are the components of

the scattering wave. Recalling that all functions depend on the frequency, we can
omit the respective term for simplicity. The scattered wave should satisfy the BVP
(2.44) and Sommerfeld’s radiation condition at infinity, see Sommerfeld [26]. From
the traction free boundary condition in Eq. (2.44) it follows that

t sc
J (x) = −t in

J (x) on Scr . (4.11)

Thus, to solve the BVP (2.44) we must know the incident wave field for any direction
of propagation in R2 and then use Eq. (4.11) to transform the BVP to the equivalent
IDE on Scr .

4.2.2.1 Plane Wave Solution

The incident wave displacement uin
J is obtained as solution of Eq. (2.32) using the

plane wave decomposition method, see Courant and Hilbert [8]. At a fixed frequency
ω we seek a solution in form of a plane wave

Ū (x, η) = p exp{−i k̄∓x, η∪} (4.12)

where η = (η1, η3), η1 = cos θ, η3 = sin θ, with θ being the direction of wave
propagation with respect to Ox1 axis. Vector p = (p1, p3, p4) is the polarization
vector and k̄ is the real wave number which has to be determined from the condition
that the vector function Ū satisfies Eq. (2.32)

(C(∂) + ρω2 J3)Ū (x, η) = 0. (4.13)

Here C(∂) and J3 are matrices defined in Sect. 3.4, in Eq. (3.73) (we formally replace
m = (m1, m3) by ∂ = (∂1, ∂3)) i.e. matrix C(∂) has elements CJ K (∂) = Ci J Kl∂i∂l .
From Eq. (4.13), simplifying the common factor exp{−i k̄∓x, η∪}, we obtain a homo-
geneous system of 3 linear equation for k̄ and p

(−k̄2C(η) + ρω2 J3)p = 0. (4.14)

Reducing the last equation by replacing p4 = −C−1
44 (η)Ci4 pi , we obtain a homoge-

neous system of 2 linear equations for k̄ and p̄ = (p1, p3):

(−k̄2 D(η) + ρω2 I2) p̄ = 0. (4.15)

The matrix of the system D(η) = {di j (η)}, i, j = 1, 2, |η| = 1 is the stiffness
matrix, defined in Sect. 3.4.2. It is positively definite since and has two different
positive eigenvalues

http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_3
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a j (η) = 1

2

⎛
TrD + (−1) j+1

⎜
(TrD)2 − 4 det D

⎝
, j = 1, 2. (4.16)

and two unit orthogonal eigenvectors p̄l , l = 1, 2, for example

p2 = 1⎞
(d11 − a1)2 + d2

12

(d12,−d11 + a1),

p2 = 1⎞
(d22 − a2)2 + d2

12

(d22 − a2,−d12),
(4.17)

where at the points η, where the denominators are zero, the components are defined
by their limit values.

With the wave numbers k̄ j = ω
⎜

ρ/a j (η), j = 1, 2 and using the expression for

p j
4 , the generalized plane wave solution is found as a superposition of the two types

of incident plane waves

Ū j (x, η) = p j exp{−i k̄ j < x, η >}, j = 1, 2. (4.18)

The linear combination Ū = α1Ū 1 + α2Ū 2 represents the set of all plane wave
solutions of Eq. (2.32) where α1 = 1,α2 = 0 corresponds to L-waves, while α1 =
0,α2 = 1 corresponds to SV-waves. Note, that in contrast to isotropic elasticity,
in anisotropic and piezoelectric cases the eigenvalues a1, a2 depend on the wave
propagation direction η. Using the constitutive Eq. (2.27), the generalized incident
stress tensor and corresponding traction vector on the crack S+

cr that appears on the
left hand side of Eq. (4.11), can be determined.

4.2.2.2 BIDE Along the Crack

Denote by G R ∩ Scr a disk with a sufficiently large radius R where SR is the circle
SR = ∂G R . Applying the BIDE (4.7) to the domain G R , we obtain the following
BIDE for x √ Scr

tJ (x) = Ci J Mpni (x)

∫

SR

⎩
(σ∗

i J M (x, ξ)u J,i (ξ) − ρJ K ω2u J (ξ)u∗
K M (x, ξ))δqp

− σ∗
q J M (x, ξ)u J,p(ξ))

⎧
nq(ξ) − t̄J (ξ)u∗

J M,p(x, ξ)d S

+ Ci J Mpni (x)

∫

Scr

⎩
(σ∗

i J M (x, ξ)χu J,i (ξ) − ρJ K ω2χu J (ξ)u∗
K M (x, ξ))δqp

− σ∗
q J M (x, ξ)χu J,p(ξ)

⎧
nq(ξ)d Scr .

(4.19)
Letting R → ∅ and using Sommerfeld’s condition, the integrals over SR tend to 0
and only the integral over Scr remains in Eq. (4.19), i.e.

http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
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tJ (x) = Ci J Mpni (x)

∫

Scr

⎪
(σ∗

i J M (x, ξ)χu J,i (ξ) − ρJ K ω2χu J (ξ)u∗
K M (x, ξ))δqp

− σ∗
q J M (x, ξ)χu J,p(ξ)

⎧
nq(ξ)d Scr . (4.20)

Having obtained χu J we can find the scattered displacement usc
J (x) and stress σsc

i J (x)

in any point x √ R2\Scr by the integral representations

usc
J (x) = −

∫

Scr

σ∗
i J M (x, ξ)χu J (ξ)ni (ξ)d Scr , (4.21)

σsc
i J (x) =

∫

Scr

⎪
(σ∗

i J M (x, ξ)χu J,i (ξ) − ρJ K ω2χu J (ξ)u∗
K M (x, ξ))δqp

− σ∗
q J M (x, ξ)χu J,p(ξ)

⎧
nq(ξ)d Scr ,

(4.22)

and thus the total wave field is given by

u J (x) = uin
J (x) + usc

J (x), σi J (x) = σin
i J (x) + σsc

i J (x).

4.3 Numerical Realization

The numerical solution of the problem follows the usual procedures of the BIEM
based on discretization and collocation technique. The boundary is discretized into
elements using parabolic approximations. Quadratic boundary elements are used for
both the displacement and the traction quantities.

4.3.1 Discretization

Let us denote the boundary for the discretization by Sw = S ≈ Scr , where S = ∂G
is the exterior boundary of the domain G and S = ∅ for the problems in the whole
plane; Scr is the crack line and Scr = ∅ for the problems in the domain without
cracks. A discretization of the boundary Sw = ≈M

1 γs is used and us
i , t s

i denote the
components of displacement and traction along the s-th boundary element (BE),
then: us

i = uiχs , t s
i = tiχs where χs is the characteristic function on γs , i.e.

χs =
⎨

1, x √ γs,

0, x√̄γs .
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The following principles are used to approximate the displacements ui , derivatives
ui, j and tractions ti :

(Hö) Hölder continuity
Functions ui √ C1+γ(S), χui √ C1+γ(Scr ), ti √ Cγ(S), 0 < γ < 1. These
conditions have to be satisfied at least in the collocation points.

(Cr) Behavior at the crack-tips
The asymptotic expressions for the displacement and traction near the crack-tip
in the two-dimensional case are well known [15, 22]. The asymptotic behavior
of the displacements is ui ∈ O(

√
r) and of the tractions is ti ∈ O(1/

√
r),

r → 0.
(Irr) Irregular points

An irregular point is a point at which the boundary is not smooth, i. e. the normal
vector does not exist (can not be uniquely defined) or the (Hö) conditions fails.
The crack-tip and corners of a domain are particular examples of irregular
points. Since the traction BIE exists only at points where the interpolation
functions are Hölder continuously differentiable, the boundary must be smooth
and the irregular points (tips and corners) should not be used as collocation
points.

4.3.1.1 Quadratic Boundary Elements

In the following the necessary transformations are describe for passing from the
global coordinate system to intrinsic coordinates.

Let us denote the coordinates of the nodes of the q-th boundary element with a
length l by: (x jq

1 , x jq
3 ), j = 1, 2, 3 and the coordinates of the field point by (x p

1 , x p
3 ).

Then the distances between the field point and the odd boundary nodes are given by

rx1
k

= x1q
k − x p

k , rx3
k

= x3q
k − x p

k ,

k = 1, 3. The transformation to the intrinsic coordinates ξ, and the expressions for
the Jacobian and the normal vectors are as follows:

• For ordinary (O) BE:

rxk = rx1
k

+ 1 + ξ

2
(rx3

k
− rx1

k
); rxm

k
= xmq

k − x p
k ; nxk = 2

l

d

dξ
rxk

d

dξ
rxk = 1

2
(rx3

k
− rx1

k
); J =

⎟⎠
d

dξ
rx1

)2

+
⎠

d

dξ
rx3

)2
]1/2

= l

2
;

.
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• For left quarter-point (LQP) BE:

rxk = rx1
k

+
⎠

1 + ξ

2

)2

(rx3
k

− rx1
k
); rxm

k
= xmq

k − x p
k ; nxk = 2

l(1 + ξ)

d

dξ
rxk ;

d

dξ
rxk = 1 + ξ

2
(rx3

k
− rx1

k
); J =

⎟⎠
d

dξ
rx1

)2

+
⎠

d

dξ
rx3

)2
]1/2

= (1 + ξ)
l

2
;

.
• For right quarter-point (RQP) BE:

rxk = rx1
k

+
⎠

1 − ξ

2

)2

(rx3
k

− rx1
k
); rxm

k
= xmq

k − x p
k ; nxk = 2

l(1 − ξ)

d

dξ
rxk ;

d

dξ
rxk = ξ − 1

2
(rx3

k
− rx1

k
); J =

⎟⎠
d

dξ
rx1

)2

+
⎠

d

dξ
rx3

)2
]1/2

= (1 − ξ)
l

2
;

.

The quadratic shape functions and their derivatives are:

N1 = ξ(ξ − 1)

2
; N2 = 1 − ξ2; N3 = ξ(ξ + 1)

2
;

N ′
1 = ξ − 1

2
; N ′

2 = −2ξ; N ′
3 = ξ + 1

2
.

The special singular quarter point (SQP) shape functions are:

• Right SQP-BE defined on [−1, 1) and

N∗r
i = 2

N2 + 2N1
Ni , N∗r

3 ≈ O(1/(1 − ξ)) for ξ → 1;

• Left SQP-BE defined on (−1, 1] and

N∗l
i = 2

N2 + 2N3
Ni , N∗l

1 ≈ O(1/(1 + ξ)) for ξ → −1.

To form a linear algebraic system of equations from the integro-differential
Eq. (4.7) or (4.10) we use the shifted point method, see Rangelov et al. [21], described
in details in Sect. 4.3.2.2. The essence is that after discretization of the boundary S
with continuous quadratic BEs and having in mind the parabolic approximation of
the unknowns, we form for any BE and for any component of the unknowns two
linear equations: (a) one using as a field point the second nodal point along the BE
(x2q

1 x2q
3 ); (b) the second using a point close to the odd nodal point along the BE—
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named shifted point. In this way all integrals with such a field point are at least CPV
integrals and the smoothness requirements of the approximation hold. Remind that
the unknowns are the values of displacement, traction or COD at the nodal points,
and the quadratic BEs are continuous.

4.3.1.2 Quadratic Approximation

If γs is an ordinary BE the approximation of us
J , t s

J is:

us
J (ξ) =

3∑

1

usk
J Nk(ξ), t s

J (ξ) =
3∑

1

t sk
J Nk(ξ). (4.23)

Here usk
J denotes the J -th displacement component in the k-th local node of the s-th

boundary element.
Let us now verify how the standard quadratic approximation satisfies the principles

(Cr), (Hö) and (Irr).
In order to satisfy the principle (Cr), following Blandford et al. [2] two special

crack-tip boundary elements are used: (a) quarter-point boundary elements (QP-BE)
LQP and RQP, for modeling the asymptotic behavior of displacement; (b) traction
singular QP-BE (SQP-BE) for modeling the asymptotic behavior of traction. The
special shape functions N∗

k for the traction SQP-BE are used for the case of a crack
along the external boundary. The approximation for us

J , t s
J in the case of traction

SQP-BE is

us
J (ξ) =

3∑

1

usk
J Nk(ξ), t s

J (ξ) =
3∑

1

t sk
J N∗

k (ξ). (4.24)

The approximations (4.23) and (4.24) are continuous at the collocation points. The
tangential derivatives of the displacements at the nodal points are expressed as deriv-
atives of the approximated displacements

∂

∂rxi

(us
J ) = ∂us

J

∂ξ

∂ξ

∂rxi

=
3∑

1

usk
J

∂Nk(ξ)

∂ξ

∂ξ

∂rxi

=
3∑

1

usk
J N ′

k(ξ)ξ,i , (4.25)

where k = 1, 2, 3.
When the collocation point does not coincide with the initial or the final point of

the boundary element, then the principle (Hö) is satisfied. In what follows we will
call the initial or the final node of the BE also as odd node or odd point, since when
numbering all nodes in a subsequent order, the initial or the final node appear with
an odd number.

It is evident from Eq. (4.25) that the approximation of the tangential derivatives
of the displacement does not satisfy (Hö) condition at the odd points of the BE,
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since N ′
3(1) �= N ′

1(−1). However, it is common practice to have the collocation
points on the nodes of the element, where the solution is continuous, but does not
satisfy the smoothness requirement. To circumvent this problem, one could choose
nonconforming elements, where the collocation points are away from the nodes.
If the collocation points are located at the nodes of the element, spurious results
would be obtained, see Krishnasamy et al. [16]. Respective results seem to change
dramatically with changes in the discretization mesh.

At the corners the boundary is not smooth and the normal vector does not exist.
At the crack-tips the (Hö) condition fails. Therefore, irregular points should not be
used as collocation points Balas et al. [1].

At the end of this section we would like to summarize that the standard continuous
quadratic approximation can be used only after overcoming the following disadvan-
tage. The irregular points of a finite cracked body such as crack-tips, corners and
the odd discretization nodes should not be used as collocation points in the traction
BIEM. The traction BIDE is not well defined in these points and this will lead to
computational errors. In order to use the standard parabolic approximation avoiding
the above-mentioned obstacles, we need to apply the parabolic approximation for
u J , tJ ,χu J near the irregular point and near the odd collocation points such that the
principle (Hö) is fulfilled. We propose below two different ways for this purpose.

4.3.2 Numerical Schemes

4.3.2.1 Numerical Scheme AM

This approximation method helps in overcoming the disadvantage of the parabolic
approximation at the odd discretization nodes.

The following approximation is proposed for the derivatives of the displacement
on the BE γs with three local nodes zs

k , k = 1, 2, 3

us
J,i (ξ) =

3∑

1

vs,k
J Nkξ,i , (4.26)

where vs,k
J is the average value of the tangential derivatives of us

J over elements

γ s−1, γ s, γ s+1 at zs
k , k = 1 or 3. Note that in this case the equality vs−1,3

J = vs,1
J

holds and the condition (Hö) is fulfilled. This scheme gives a global approximation of
tangential derivative of the displacement. Thus, along any odd collocation point we
get the average value of displacement’s derivative over the elements γ s−1, γ s, γ s+1

at zs
k .
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Consider the matrix

L ′ =





1
2l ′s−1

− 2
l ′s−1

⎛
3

2l ′s−1
− 3

2l ′s

⎝
2
l ′s

− 2
l ′s

0 0

0 0 − 1
l ′s

0 1
l ′s

0 0

0 0 1
2l ′s

− 2
l ′s

⎛
3

2l ′s
− 3

2l ′s+1

⎝
2

l ′s+1
− 1

2l ′s+1



 .

where the l ′, depending on the BEs, are defined as follows. If γ s−1, γ s, γ s+1 are
ordinary BE, then l ′m = lm which is the length of the BE γ m . If γ s is RQP-BE just
before the crack-tip, γ s+1 is a left SQP-BE and γ s−1 is not a crack-tip BE, then
l ′s = 2ls . If γ s is a left SQP-BE next to the crack-tip, γ s−1 is a RQP-BE and γ s+1

is not a crack-tip BE, then l ′s = 2ls . In all other cases l ′s = ls . Note that the principle
(Hö) is satisfied for the odd collocation points, i.e. us−1,3

J = us,1
J , us,3

J = us+1,1
J . The

value of vs,k
J is defined by




vs,1

J
vs,2

J
vs,3

J



 = L ′





us−1,1
J

us−1,2
J

us,1
J

us,2
J

us+1,1
J

us+1,2
J

us+1,3
J





. (4.27)

As can be seen from the traction BIDE, in general the unknowns are traction, dis-
placements and their tangential derivatives, i.e., the values vs,k

J become unknowns
too. However, adding the relation (4.26), the traction and the displacements become
the only unknowns in the traction BIDE.

4.3.2.2 Numerical Scheme SPM

This approximation method is used to overcome the disadvantage of the parabolic
approximation at the odd discretization nodes, corners and crack-tips.

A further possibility to use the standard global parabolic approximation for
us

J , t s
J , us

J,i is to use all even nodal points as collocation points, but instead of the
odd nodal points to use points close to them - called shifted points. We use this
possibility to express the unknowns us

J , t s
J at the collocation points (they are now

internal points of the BE) by the unknowns at the nodes of the boundary element
using their parabolic approximation over the element. This allows to form a global
algebraic system for the unknowns at the boundary nodal points.

For example, let us denote the s-th BE as γ s , the s + 1-th BE as γ s+1 and their
nodal points as zs

1, zs
2, zs

3 and zs+1
1 , zs+1

2 , zs+1
3 correspondingly, where zs

3 = zs+1
1 .

Instead of the point zs+1
1 , we use as a collocation point , the point which is close to
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it i.e. zs+1
11 √ (zs+1

1 , zs+1
2 ). Suppose for example that the unknown on the BE γ s and

γ s+1 is pJ . Applying Eq. (4.24) it can be represented on γ s+1 as

pJ (z) =
3∑

1

ps+1,k
J Nk(ξ), ξ = 2

|z − zs+1
1 |

|zs+1
3 − zs+1

1 | − 1, (4.28)

where z = (x1, x3), |z| =
⎞

x2
1 + x2

3 .

For the unknown ps,3
J = ps+1,1

J at the node zs
3 = zs+1

1 we have to form one
linear equation following the standard procedure of BIEM. Using the traction BIEs
we form an equation with a field point zs+1

11 and obtain an expression for pJ (zs+1
11 )

through all unknowns at the nodal points, which is written in the form

pJ (zs+1
11 ) = As ps,3

J + As+1 ps+1,1
J + δ, (4.29)

where δ contains all the other unknowns. Coefficient As is calculated solving a
regular integral over γ s , while As+1 is calculated solving a CPV integral over γ s+1.

On the other hand, over the BE γ s+1 due to the parabolic approximation (4.27)
pJ (zs+1

11 ) is represented as

pJ (zs+1
11 ) =

3∑

1

ps+1,k
J Nk(ξ

s+1
11 ), ξs+1

11 = 2
|zs+1

11 − zs+1
1 |

|zs+1
3 − zs+1

1 | − 1. (4.30)

Replacing p j (z
s+1
11 ) from Eq. (4.30) into Eq. (4.29) we obtain the equation

[N1(ξ
s+1
11 ) − As − As+1]ps+1,1

J = δ, (4.31)

Note that for almost every zs+1
11 the coefficient of ps+1,1

j is not equal to zero because

N1(ξ
s+1
11 ) is real and Im(As + As+1) �= 0 due to the form of the time-harmonic

fundamental solution and its traction.
For the unknowns at any odd nodal point, at any corner nodal point and at the crack-

tip, in the case that the crack-tip is a part of the boundary, we form equations using
the shifted points as collocation points by repeating the above described procedure.
In such a way at all collocations points the principles (Hö), (Cr) and (Irr) are fulfilled.

It is a well known truth that the satisfaction of smoothness requirements for the
field variables’ approximations prescribed by the theory of elliptic partial differential
equations and satisfaction of asymptotic behaviour near the crack-tip leads to a
stable and accurate numerical solution. The advantages of the proposed AM and
SPM schemes are that they help to solve the traction BIE in the case, when the
continuous quadratic BEs are used, i.e. the approximation of the functions u J and
tJ is continuous. This is contrary to the application of the nonconforming BE where
in order to solve properly the singular integral, the approximation of u J and tJ is
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discontinuous. So, the preferences should be given to these numerical schemes where
the traction BIE is solved and a-priori conditions (Hö), (Cr) are satisfied.

4.3.3 Solution of the Integrals

To form a linear algebraic system of equations from the integro-differential Eqs. (4.7)
or (4.20), we use the SPM, described above. The essence is that after discretization of
the boundary S and of the crack lines Scr with continuous quadratic BEs, all integrals
are at least CPV integrals and the smoothness requirements of the approximation
hold. Recall that the unknowns are the values of displacement, traction or COD at
the nodal points and that the quadratic BEs are continuous.

The following types of double integrals with respect to the intrinsic variable z √
[−1, 1] and ϕ √ [0, 2π], where m1 = cos ϕ, m2 = sin ϕ appears after discretization
of Eqs. (4.7) or (4.20):

(U ) Integrals with a kernel u∗
J K ;

(δ) Integrals with a kernel u∗
J K ,l .

4.3.3.1 Solution of the Integrals of Type (U)

If the field point and the running point do not belong to the same BE, the double
integral is solved using the Quasi Monte Carlo Method. If the field point and the
running point belong to the same BE then the integral is divided into a sum of two
integrals - a regular one (U )reg and a singular one (U )sing . The integrals (U )reg are
solved numerically using the QMCM. The integrals (U )sing have a weak singularity
of logarithmic type due to the asymptotic behavior in the fundamental solution of the
cosine integral function for small arguments. Using the asymptotic representation,
for example Eq. (3.89) for a small neighborhood of the field point the integral (U )sing

is solved as a CPV integral, while on the rest of the interval it is solved numerically
using the QMCM.

4.3.3.2 Solution of the Integrals of Type (�)

Let us divide those integrals into the sum of two integrals - the singular (δ)sing with

a kernel coming from
1

s
in Eq. (3.88) and the regular (δ)reg . The integrals (δ)reg are

solved numerically by the QMCM. The singular integrals (δ)sing are solved using
Fubini’s theorem analytically with respect to the intrinsic variable z √ [0, 1] and then
numerically on ϕ √ [0, 2π] with Gauss’s integration scheme. The corresponding
formulae are as follows.

http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_3
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• Integrals over O-BE.
Let’s denote γ = mkrxk = A + Bz. Over the boundary S and over the crack Scr

the integrals contain the shape functions Nk , which we denote by

∫ 2π

0

∫ 1

−1
fl J K N j

1

γ

L

2
dzdϕ =

∫ 2π

0
fl J K W ord

j dϕ.

Additionally over S there exist integrals with N ′
k , which are denoted as

∫ 2π

0

∫ 1

−1
g1

l J K N ′
j
1

γ
dzdϕ =

∫ 2π

0
g1

l J K V ord
j dϕ,

where

W ord
1 = 1

B

[
−2

⎠
A

B
+ 1

)
+

⎠
A2

B2 + A

B

)
ln

∣∣∣∣
A + B

A − B

∣∣∣∣

]
L ,

W ord
2 = 1

B

[
4

A

B
− 2

⎠
A2

B2 − 1

)
ln

∣∣∣∣
A + B

A − B

∣∣∣∣

]
L ,

W ord
3 = 1

B

[
−2

⎠
A

B
− 1

)
+

⎠
A2

B2 − A

B

)
ln

∣∣∣∣
A + B

A − B

∣∣∣∣

]
L ,

(4.32)

V ord
1 = 1

B

[
2 − 2A + B

2B
ln

∣∣∣∣
A + B

A − B

∣∣∣∣

]
,

V ord
2 = 1

B

[
−4 + 2

A

B
ln

∣∣∣∣
A + B

A − B

∣∣∣∣

]
,

V ord
3 = 1

B

[
2 − 2A − B

2B
ln

∣∣∣∣
A + B

A − B

∣∣∣∣

]
.

(4.33)

• Integrals over LQP-BE.
Let’s denote

γ = mkrxk = C + D(
z + 1

2
)2.

Over the crack Scr integrals with shape functions N ′
k , occur, denoted by

∫ 2π

0

∫ 1

−1
g2

l J K N ′
j
1

γ
dzdϕ =

∫ 2π

0
g2

l J K V lqp
j dϕ,
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where

V lqp
1 = 2

D
ln

∣∣∣∣
D + C

C

∣∣∣∣ − 3√
C D

arctan

√
D

C
,

V lqp
2 = − 4

D
ln

∣∣∣∣
D + C

C

∣∣∣∣ + 4√
C D

arctan

√
D

C
,

V lqp
3 = 2

D
ln

∣∣∣∣
D + C

C

∣∣∣∣ − 1√
C D

arctan

√
D

C
.

(4.34)

• Integrals over RQP-BE.
Let’s denote

γ = mkrxk = F + H(
z − 1

2
)2.

Over the crack Scr integrals with shape functions N ′
k occur, denoted by

∫ 2π

0

∫ 1

−1
g3

l J K N ′
j
1

γ
dzdϕ =

∫ 2π

0
g3

l J K V rqp
j dϕ,

where

V rqp
1 = − 2

H
ln

∣∣∣∣
F + H

F

∣∣∣∣ + 1√
F H

arctan

√
H

F
,

V rqp
2 = 2

H
ln

∣∣∣∣
F + H

F

∣∣∣∣ − 4√
F H

arctan

√
H

F
,

V rqp
3 = − 2

H
ln

∣∣∣∣
F + H

F

∣∣∣∣ + 3√
F H

arctan

√
H

F
.

(4.35)

4.4 Programme Code, Material Constants

4.4.1 Programme Code

For the numerical solution by the BIEM, programme codes with both FORTRAN, see
[19] and Mathematica, see [18] have been created. The programme scheme consists
of the following parts:

(1) Definition of the material parameters, the domain and the crack geometry;
(2) Creating of the BIEM mesh, i.e., boundary elements and quadratic approxima-

tion;
(3) Definition of the fundamental solution, its derivatives and the asymptotic behav-

iour for small arguments;
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Table 4.1 Material constants

Material Elastic Piezoelectric Dielectric Density
stiffness coefficient constants (103kg/m3)

(1010N/m2) (C/m2) (10−10C/Vm)

c11 c13 c33 c44 e31 e33 e15 ε11 ε33 ρ

PZT-4 13.9 7.43 11.3 2.56 −6.98 13.84 13.44 60 54.7 7.5
PZT-5H 12.6 8.41 11.7 2.30 −6.50 23.30 17.44 150.3 130 7.6
PZT-6B 16.8 6.0 16.3 2.71 −0.9 7.1 4.6 36 34 7.55
PZT-7A 14.8 7.42 13.1 2.54 −2.1 9.5 9.7 81.1 73.5 7.5
BaTiO3 16.6 7.75 16.2 4.29 −4.40 18.60 11.60 14.34 16.823 5.8
GaN 39.0 10.6 39.8 10.6 −0.3 0.65 −0.3 0.8407 0.9204 6.5

(4) Definition of the functions under the integrals of the integro-differential equa-
tions and definition of the type and characteristics of the applied load;

(5) Solution of the integrals and forming the system of linear equations for the
unknowns;

(6) Solution of the linear system;
(7) Formulae for the solution at any point of the domain following the integral

representative expressions;
(8) Computation of the stress intensity factors—the leading coefficients in the

asymptotic of the solution near the crack edges.
(9) Computation of the stress concentration factor in the case of holes.

The most important points in the solution procedure are (4) and (5). In (4) the integrals
over the BEs are two-dimensional (in the intrinsic coordinates in the domain (z,ϕ) √
[−1, 1]×[0, 2π]) with regular and singular kernels: with weak singularity as O(ln r)

and with strong singularity as O(1/r). The regular integrals are solved using the
QMCM with an appropriate number of points. The singular integrals are solved
analytically with respect to r and numerically with respect to ϕ, as it is shown in
Sect. 4.3. The difficulties in (6) are due to the fact that the material constants vary
in the range of 1010 for elastic stiffness, in the range of 10 for the piezoelectric
coefficients and in the range of 10−10 for the dielectric constants.

4.4.2 Material Constants

In the numerical calculations we will use data for different piezoelectric materials as
shown in Table 4.1. The first five data sets are taken from Dieulesaint and Royer [10]
and the GaN constants are taken from Bykhovski et al. [4] and Levinshtein et al. [17].
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Part II
Homogeneous PEM

Part II focuses on the implementation of the proposed in Part I numerical scheme
for BIEM solution of time-harmonic anti-plane and in-plane wave propagation
problems. Homogeneous anisotropic ( Chap. 5) and piezoelectric (Chaps. 6, 7)
infinite and finite cracked solids are considered. Effects of the dynamic crack
interaction (Chap. 8) plus different crack models for impermeable, permeable, and
limited permeable crack (Chap. 9) are studied.
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Chapter 5
Steady-State Problems in a Cracked Anisotropic
Domain

Abstract We start with the uncoupled homogeneous case, which actually is for
a homogeneous elastic anisotropic material. The accuracy and convergence of the
numerical BIEM solution for evaluation of the SIFs is studied by comparison with
existing solutions for elastic isotropic and orthotropic materials. In addition a para-
metric study for the wave field sensitivity regarding frequency, crack geometry and
material anisotropy is presented.

5.1 Introduction

Studies on crack problems in anisotropic materials have been done since many years.
The initial groundwork was laid by Sih et al. [30, 31]. In [15, 16, 29] systematic
formulations were presented as a foundation of the anisotropic elasticity. The methods
used for the solution of anisotropic crack problems are: (a) semi-analytical, see [7,
8, 12–14, 19, 20, 28]; (b) numerical as finite-difference schemes in Hua et al. [11];
finite-element method in [4, 21, 22]; BIEM in [1–3, 5, 6, 23–27, 32, 36–41] and
(c) hybrid methods, see Song and Wolf [34].

In most of the semi-analytical papers, various types of integral equation tech-
niques are used. Fourier or Laplace transforms reduce the boundary-value problem
to dual integral equations that are expressed in terms of Fredholm integral equa-
tions. Using this approach Ohyoshi [19, 20] solved the anti-plane and the in-plane
diffraction problems of waves in a cracked orthotropic plane. Dhawan [7, 8] treated
the same problem, but for the transversely-isotropic case. Karim and Kundu [12,
13] considered the dynamic response of a layered anisotropic half-plane with anti-
plane interface-cracks and an orthotropic half-plane with a subsurface in-plane crack.
Kundu and Bostrom [14] studied wave scattering by a circular crack in a transversely-
isotropic solid and the dynamic response of three coplanar cracks in an infinite
orthotropic medium has been treated in Sarkar et al. [28].

P. Dineva et al., Dynamic Fracture of Piezoelectric Materials, 81
Solid Mechanics and Its Applications 212, DOI: 10.1007/978-3-319-03961-9_5,
© Springer International Publishing Switzerland 2014
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Although BIEM is a very well suited approach for the type of problems considered
here, only a few works can be found for dynamic anisotropic crack problems. The
main difficulty is the availability of a fundamental solution that can be efficiently
evaluated and implemented in a BIEM code.

This chapter is based on the papers by Dineva et al. [9, 10]. The main aim is to
solve 2D steady-state elastic in-plane wave scattering problems in plane anisotropic
solids by usage of the BIEM discussed in Chap. 4.

The importance of the presented chapter lies in the generality of the proposed
methodology and in the parametric study results revealing how the anisotropy of the
material, the existence of cracks, the wave parameters as frequency, crack geometry
and wave propagation direction influence the dynamic stress concentration fields.

The advantages of the proposed method basing on BIEM include all its important
features as the reduction of the dimension of the problem, implicit satisfaction of
the radiation condition at infinite, the semi-analytical character of the method, high
accuracy of solution of problems with stress gradients. In addition:

• The method is valid for general type of anisotropy. It allows considering the cases,
when the coordinate axes do not coincide with the axis of material symmetry.

• The numerical procedure works for arbitrary incident wave angle, while in most
cases other methods used for this purpose, as the singular integral method, have
been applied only for the normal incident wave.

5.2 Statement of the Problem

We consider an uncoupled problem (2.44), i.e. an infinite, homogeneous, orthotropic
and elastic solid containing a finite crack Scr = S−

cr → S+
cr , see Fig. 5.1. The solid is

subjected to an incident or time-harmonic plane L- or SV- wave, and the deformation
of the solid is as in a state of plane strain. The non-zero quantities are the displacement
components ui and the stress components σi j , i, j = 1, 3. The electric field is zero,
so u4 = 0. Recall that the BVP is with traction free boundary conditions:

{
σi j, j + ρω2ui = 0, in R2\Scr ,

t j = 0 on Scr .
(5.1)

Here ρ is the mass density, ω is the frequency, the stress-strain low is govern by
σi j = Ci jkluk,l and ti = σi j n j is the traction, ni are the components of the unit
normal vector on S+

cr and Ci jkl are the elastic constants that satisfy the conditions
(2.20) and (2.21)

Ci jkl = C jikl = Ckli j , and
Ci jkl gi j gkl > 0 for every non-zero real symmetric tensor gi j .

(5.2)

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
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Fig. 5.1 Orthotropic plane
with a crack

nScr

x1

x3
L, SV

tj = 0

0

When the considered case is orthotropic and using the Voigt subscript notations the
independent material constants reduce to four: c11, c13, c33, c44, see Su and Sun [35],
because the coordinate axes and the material axes of symmetry coincide.

The interaction of an incident wave with the crack induces scattered waves. It is
assumed in addition that the wave field satisfies the Sommerfeld’s radiation condition
at infinity, see Sommerfeld [33]. The total wave field is presented as a sum of the
incident wave field and the scattered wave field:

ui (x, ω) = uin
i (x, ω) + usc

i (x, ω), σi j (x, ω) = σ in
i j (x, ω) + σ sc

i j (x, ω), (5.3)

where x = (x1, x3) and ω is the frequency. The functions uin
i , σ in

i j are the displace-
ment and stress components of the incident wave field in the absence of the crack,
while the functions usc

i , σ sc
i j are the corresponding displacement and stress of the scat-

tered field due to the interaction of the incident wave with the crack. The incident
wave is known, while the scattered wave field is unknown and has to be determined.
The scattered wave must satisfy the equation of motion and the boundary condition
in Eq. (5.1), which can be rewritten as

t sc
i = −t in

i on Scr . (5.4)

The BIDE equation with respect to COD Δui = ui |S+
cr

− ui |S−
cr

for the orthotropic
case consists of the first two equations in Eq. (4.20) and has the form

t in
i (x, ω) = Ci jkln j (x)

∫

S+
cr

σ ≈
pηk(x, ξ, ω)Δu p,η(ξ, ω)δλlnλd S

−ρω2Ci jkln j (x)

∫

S+
cr

u≈
dk(x, ξ, ω)Δud(ξ, ω)δλlnλd S

−Ci jkln j (x)

∫

S+
cr

σ ≈
mλk(x, ξ, ω)Δum,l(ξ, ω)nλd S, x ∈ S+

cr ,

(5.5)

where u≈
i j (x, ξ, ω) is the fundamental solution, see Eq. (3.58), and σ ≈

i jk(x, ξ, ω) is
its correspondingly stress, see Eq. (3.59).

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_3
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After solution of BIE (5.5), we have found the scattered displacement usc
i (x, ω),

and solution of the BVP (5.1) at any point of the considered domain can be found
by the boundary integral representation, see Sect. 4.2.2.2

usc
i (x, ω) = −

∫

S+
cr

σ ≈
ki j (x, ξ, ω)Δuk(ξ, ω)ni d S, x �∈ S+

cr . (5.6)

The stress is obtained by using the Hooke’s law and derivatives of Eq. (5.6)

σ sc
pq(x, ω) = −

∫

S+
cr

σ ≈
i jk,l(x, ξ, ω)Δui (ξ, ω)n j d S, x �∈ S+

cr . (5.7)

5.3 Numerical Solution

The numerical procedure for solution of the Eq. (5.5) by BIEM is described in
Sect. 4.3. After the discretization of the non-hypersingular traction BIEs, overcoming
of the weak and strong singularities in the integrals and satisfaction of the bound-
ary conditions, an algebraic complex system of equations with respect to the crack
opening displacement is obtained and solved.

The numerical results are obtained with the program codes based on Mathematica
and FORTRAN, see [17, 18].

The above presented formulation is general and it allows to solve dynamic fracture
problems for general orthotropic materials. In order to validate the present approach,
three test examples for a line crack in an isotropic and orthotropic plane under
incident longitudinal time-harmonic waves are analyzed. The results are compared
with those obtained by other authors. It should be mentioned that the existing results
in the literature, in Ohyoshi [20] and in Dhawan [8] are only for an incidence angle
θ = π/2.

SIFs computation is obtained directly from the traction values ahead the crack-tip,
see Eq. (2.40)

K I = lim
r→0

t3
√

2πr , and K I I = lim
r→0

t1
√

2πr , (5.8)

where ti is the i th component of the traction at the point along the crack at the distance
r from the crack-tip. The SIF is normalized by its static value.

5.3.1 Incident Wave

In order to obtain the incident wave displacement uin
j (x, ω) and then to find the

incident wave traction along the crack line we use the plane wave decomposition
method, see Sect. 4.2.2. In the decoupled purely elastic case, the plane wave solution

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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(4.12) has only 2 components, i.e. p4 = 0 and p = (p1, p3, 0). For fixed propagation
direction η = (η1, η3), η1 = cosθ , η3 = sin θ , where θ is the incidence angle with
respect to Ox1 axis in the plane Ox1, x3, the matrix D(η) is

D(η) =
(

c11η
2
1 + c44η

2
3 (c13 + c44)η1η3

(c13 + c44)η1η3 c44η
2
1 + c33η

2
3

)
. (5.9)

The positive eigenvalues a j (η)of D(η) are shown in Eq. (4.16) and the corresponding
unit eigenvectors p1(η), p2(η) are presented in Eq. (4.17), furthermore the wave
numbers are k j (η) = ω

√
ρ/a j (η). Then the displacement components of the incident

wave are

• For L-wave

u1,in
1 (x, ω) = p1

1e−ik1(η)<x,η>, u1,in
3 (x, ω) = p1

3e−ik1(η)<x,η>. (5.10)

• For SV-wave

u2,in
1 (x, ω) = p2

1e−ik2(η)<x,η>, u2,in
3 (x, ω) = p2

3e−ik2(η)<x,η>. (5.11)

The incident wave traction along the crack line is obtained using the expressions

tk,in
j (x, ω) = σ

k,in
i j (x, ω)n j (x), σ

k,in
i j (x, ω) = Ci jmlu

k,in
m,l (x, ω).

For example if the crack Scr lies along the Ox1 axis, then:

• For an incidence L-wave with θ = π/2, i.e. η = (0, 1), k1 = ω
√

ρ/c33, the
incident wave fields for displacements and tractions are

u1,in
1 (x, ω) = 0, u1,in

3 (x, ω) = e−ik1x2 ,

t1,in
1 (x, ω) = 0, t1,in

3 (x, ω) = −iω
√

ρc33 on Scr .
(5.12)

• For an incident L-wave with θ = 0, i.e. η = (1, 0), k1 = ω
√

ρ/c11, the incident
wave fields are

u1,in
1 (x, ω) = 0, u1,in

3 (x, ω) = e−ik1x1 ,

t1,in
1 (x, ω) = −iωc44

√
ρ/c33e−ik1x1, t1,in

3 (x, ω) = 0 on Scr .
(5.13)

5.3.2 Numerical Results

In the numerical results following Ohyoshi [20] we characterize the anisotropy of the
material by normalizing the stiffness by the coefficient c11. Let us define ci j = si j c,
where c = 6.6495 GPa and ρ = 2.4 × 103 kg/m3. The following cases with respect
to the ratio si j are considered

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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x1

x3

0

a a

Scr

(a) (b)

(c)

Fig. 5.2 Crack geometry: a straight; b concave; c convex

Case 1: s11 = 1, s13 = s31 = 1/3, s33 = 1, s44 = 1/3;
Case 4: s11 = 1, s13 = s31 = 1/3, s33 = 1, s44 = 1/30;
Case 6: s11 = 1, s13 = s31 = 1/3, s33 = 1, s44 = 1/6;
Case 7: s11 = 1, s13 = s31 = 1/30, s33 = 1, s44 = 1/3.

The material in Case 1 is isotropic, the orthotropic materials in Case 4 and Case 6 have
different coefficients only for c44. The material in Case 7 is similar to the material in
Case 1, but with different coefficient c13. The dynamic SIFs K I , K I I are normalized
by σ

√
πa, where σ = c33k1 = ω

√
ρc33, i.e. K ≈

I = K I /σ , K ≈
I I = K I I /σ . The

normalized frequency is Ω = k1a = ω
√

ρ/c33a.
For the numerical results in Figs. 5.3, 5.4, 5.5 and 5.6 the crack has a length 2a and

it lies along Ox1 axis in the interval (−a, a), see Fig. 5.2a. The number of boundary
elements along the crack line is five. The first boundary element is a left QP-BE, the
second, the third and the fourth elements are ordinary quadratic boundary elements
and the fifth BE is a right QP-BE, see Sect. 4.3.1.1. The corresponding boundary
elements lengths are 0.15a, 0.56a, 0.58a, 0.56a, 0.15a. The SPM numerical scheme
is used, see Sect. 4.3 with shifting of the odd nodes ξ = 0.05 on the first and on the
second BE, ξ = −0.05 on the fourth and fifth BE.

The obtained BIEM results are plotted for normalized SIFs K ≈
I , K ≈

I I versus nor-
malized frequency Ω . Figures 5.3 and 5.4 shows the results for normal incident wave,
while Figs. 5.5 and 5.6 shows the results for incidence angles θ = π/4 and θ = 0 and
for different orthotropic elastic constants used in the cases considered by Ohyoshi
[20]. In Fig. 5.3 comparison is done for the Cases 6 and 7 with the results of Ohyoshi
[20], who solved the problem by Fredholm integral equations of second kind. The
Case 1 curve in Fig. 5.4 is for an isotropic solid. The effect of orthotropy at incident
angle π/2 is that with decreasing ratio c44/c11, the point of maximum is shifted to
lower frequency region, see Case 4 and Case 6 curves in Fig. 5.4. The effect of c13
is small, see Case 1 and Case 7 curves. Figures 5.5 and 5.6 shows new results as the

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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Fig. 5.3 Normalized SIF-I versus normalized frequency for a line crack in an infinite orthotropic
plane under normal L-wave. Comparison with Ohyoshi [20]
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Fig. 5.4 Normalized SIF-I versus normalized frequency for a line crack in an infinite orthotropic
plane subjected to L-wave at incidence angle π/2

method used in Ohyoshi [20] solves only the case of incident angle θ = π/2. The
conclusion made in Ohyoshi [20] that the ratio s13 does not influence the diffraction
is no longer valid for an incidence angle different from π/2, see Figs. 5.5 and 5.6. It
is observed that with decreasing incidence angle, the influence of the ratio c13/c11
increases. Figure 5.5b presents the normalized SIF K ≈

I I and it can be seen that Case
4 and 6 curves with smaller value of the ratio c44/c11 have smaller values of K ≈

I I in
comparison with Cases 1 and 7 curves.
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Fig. 5.5 Normalized SIFs versus normalized frequency for a line crack in an infinite orthotropic
plane subjected to L-wave with incidence angle π/4: a SIF-I; b SIF-II
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Fig. 5.6 Normalized SIF-I versus normalized frequency for a line crack in an infinite orthotropic
plane subjected to L-wave at incidence angle 0

In Fig. 5.7a, b results for the orthotropic material for Case 3 and for convex
and concave cracks (see Fig. 5.2b, c) are depicted. The shape of the crack strongly
influences the peaks of the SIFs curves, but it does not change substantially the
character of the frequency dependence of the curves. Recall that the length of the
curved crack is 2a. This crack geometry is represented by a broken line with vertices
along the arc with an opening angle π/3 and the radius R = 3a/π , respectively.

Dynamic normalized SIFs K ≈
I and K ≈

I I versus normalized frequency for the
isotropic Case 1 and for convex and concave cracks are displayed in Fig. 5.8. At
Ω = 0.5 the difference between convex and concave cracks is 17.7 % for SIF K ≈

I
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(a) (b)

Fig. 5.7 Normalized SIFs versus normalized frequency Ω for an orthotropic cracked plane under
normal incident L-wave for different crack shapes: a SIF-I; b SIF-II

(a) (b)

Fig. 5.8 Normalized SIFs versus normalized frequency Ω for an infinite isotropic cracked plane
under normal incident L-wave for different crack shapes: a SIF-I; b SIF-II

and 170 % for SIF K ≈
I I . As in the forgoing examples the SIFs for convex cracks are

smaller that those for concave cracks.
All Figs. 5.4, 5.5, 5.6, 5.7 and 5.8 demonstrate the combined effect of the

anisotropy, crack geometry and of the incident wave direction on the intensity factors.

5.4 Conclusion

2D elastodynamic analysis of in-plane finite crack in an anisotropic plane is presented
by non-hypersingular traction BIEM in the frequency domain. The proposed numer-
ical scheme for SIFs calculation is validated by comparison with results achieved by
other authors with different methods.

A parametric study for the scattering and diffraction of waves under different
incidence angles and for materials with different type of orthotropy is presented.
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The numerical results show that the wave-crack interaction in anisotropic continua
depends on the combined influence of the incidence wave direction and frequency,
crack geometry, the ratio of the wave length to the crack length and type of material
anisotropy. The presented numerical scheme and the developed program codes can
be used as a base for a solution of dynamic anisotropic problems with more complex
geometrical and mechanical properties.
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Chapter 6
2D Wave Scattering by Cracks
in a Piezoelectric Plane

Abstract Scattering and diffraction of time-harmonic plane waves by a finite crack
in a homogeneous piezoelectric plane under plane strain conditions is studied. The
BIEM procedure is applied to straight cracks, as well as to curved cracks under inci-
dent longitudinal waves and under vertically polarized shear waves. The SIFs results
are compared with those available in the literature. Furthermore, their dependence
on parameters like frequency, angle of incidence, wave type, crack geometry and
material properties is discussed.

6.1 Introduction

During the past decades, many papers on crack problems for piezoelectric materials
have been published. They may be divided into the following groups.

• Analytical solutions for simple crack geometry and loading conditions, see e.g.
[16, 18, 26, 30].

• Green’s function approach and fundamental solution for static and dynamic prob-
lems, commented in details in Chap. 3.

• Development of approximate semi-analytical solution methods, see [15, 22, 23,
28, 27].

• Development of numerical methods as the FEM, see [1, 11, 12, 14, 21] and the
BIEM, see [2, 4, 5, 9, 10, 13, 17].

Restricting the focus on time-harmonic solutions a few more investigations have
to be mentioned. An analytical solution for a simply supported composite plate under
harmonic electrical load was given by Ray et al. [20]. A closed form solution for the
anti-plane problem of a single crack in an infinite region based on the dual singular
integral equations method was presented by [3, 19]. Shindo and Ozawa [22] first
investigated the dynamic response of a cracked domain under normal incident lon-
gitudinal waves by using Fredholm integral equations. The diffraction of anti-plane
shear waves with arbitrary angle of incidence by a crack in an infinite orthotropic

P. Dineva et al., Dynamic Fracture of Piezoelectric Materials, 93
Solid Mechanics and Its Applications 212, DOI: 10.1007/978-3-319-03961-9_6,
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piezoelectric ceramic has been investigated by Narita and Shindo [15]. The equivalent
two-crack diffraction problem was solved by [28, 29]. Zhao and Meguid [32] investi-
gated the dynamic behavior of a piezoelectric laminate containing multiple interfacial
collinear cracks subjected to electro-mechanical loads. Curved and branched cracks
in an unbounded piezoelectric solid were studied in Garcia-Sanchez et al. [7] and
in Xu and Rajapakse [31] for static problems where the crack is loaded by uniform
remote stress or electric displacement.

From this short review can be concluded that the number of papers and results
regarding wave diffraction by cracks in piezoelectric continua is still restricted. This
fact may be explained by the complexity of the governing equations, the use of dif-
ferent electrical boundary conditions and the mathematical difficulties of developing
appropriate solution methods. A well developed solution method for wave diffrac-
tion problems is the method of dual singular integral equations and most of the cited
results have been obtained by its usage. Because of its relative simplicity there exist
more results for the anti-plane case and only a few for the in-plane case which is of
higher practical interest.

The aim of this chapter is to show the applicability of the non-hypersingular
traction BIEM developed in Chap. 4 for solution of 2D in-plane wave propagation
problem in infinite cracked piezoelectric media. The Chapter follows Gross et al. and
Dineva et al. [6, 8].

6.2 Problem Statement

We consider an infinite homogeneous piezoelectric plane containing an arbitrary
shaped crack Scr and subjected to incident time-harmonic L- or SV- wave, see Fig. 6.1.
Using the coordinates x1, x3 and assuming plane strain conditions, the non-zero field
quantities are the displacement ui , the stresses εi j , the electric displacement Di and
the electric field intensity Ei , where i, j = 1, 3. Assuming a time-harmonic motion
with angular frequency γ the BVP is stated in Sect. 2.6.3. Recall the Eq. (2.44)

{
εi J,i + χJ K γ2uK = 0 in R2\Scr ,

tJ |Scr = 0,
(6.1)

where uK = (u1, u3, δ), J, K = 1, 3, 4 is the generalized displacement, εi J is the
generalized stress, εi J = Ci J KluK ,l = Ci J KlsKl , see Sect. 2.5.1. The generalized
traction vector is tJ = εi J ni , where ni is the unit normal vector on S+

cr . The kinemati-
cal strain–displacement and electric field–potential relations are si j = 1

2 (ui, j +u j,i ),
Ei = −δ,i where si j , δ are the strain tensor and electric potential, χ is the mass

density and χJ K =
{

χ, J, K = 1, 3
0, J = 4 or K = 4

.

Note that the boundary condition in (6.1) implies that the crack surfaces are free
of both mechanical traction and surface charges, i.e. the crack is assumed to be
electrically impermeable, see Sect. 2.6. In this case the electric field inside the crack

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
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Fig. 6.1 Piezoelectric plane
with an arbitrary shaped crack

is ignored and the crack may be thought as a low-capacitance medium with a potential
jump σu4 = σδ = δ+ − δ−.

The interaction of an incident time-harmonic wave with the crack induces scat-
tered waves. Due to the linearity of the problem the total wave field can be written
as a sum of the incident and the scattered wave field:

u J (x, γ) = uin
J (x, γ) + usc

J (x, γ), εi J (x, γ) = ε in
i J (x, γ) + ε sc

i J (x, γ). (6.2)

The incident wave is known, while the scattered wave field is unknown. It has to sat-
isfy the BVP (6.1) and Sommerfeld’s radiation condition at infinity, see Sommerfeld
[25]. The boundary condition in Eq. (6.1), can be re-written as

t sc
J = −t in

J on Scr . (6.3)

As shown in Chap. 4, the BVP (6.1) is transformed to an equivalent BIDE on Scr and
Eq. (4.19) now takes the form

t in
J (x) = − Ci J Klnl(x)

∫

S+
cr

[
(ε →

∂P K (x, Φ)σu P,∂(Φ)

− χQK γ2u→
QK (x, Φ)σu P (Φ))αβl (6.4)

− ε →
βP K (x, Φ)σu P,l(Φ)

]
nβ(Φ)d Scr , x ≈ S+

cr .

Where u→
QK is the fundamental solution, shown in Sect. 3.4.2, Eqs. (3.83)–(3.87)

and ε →
i J Q = Ci J KlU→

K Q,l is the corresponding stress. Furthermore, σu J = u J |S+
cr

−
u J |S−

cr
is the unknown generalized COD. Once the solution of Eq. (6.4), i.e. σu J ,

is known for a given frequency, the displacements and stress of the scattered field
and by this the total field at any point in the whole region can be determined by the
integral representation formulae, see Eqs. (4.21) and (4.22):

usc
J = −

∫

S+
cr

ε →
i M J (x, y)σuM (y)ni (y)d Scr , x �≈ S+

cr , (6.5)

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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ε in
l J (x) = −

∫

S+
cr

[
(ε →

∂P K (x, Φ)σu P,∂(Φ) − χQK γ2u→
QK (x, Φ)σu P (Φ))αβl

− ε →
βP K (x, Φ)σu P,l(Φ)

]
nβ(Φ)d Scr , x �≈ S+

cr . (6.6)

6.3 Numerical Solution

The numerical solution scheme follows that developed in Sect. 4.3.2. In all numerical
examples the crack is divided into seven boundary elements and the shifted points
numerical scheme is used. The crack geometry is given by the straight line Ox1 in
the interval (−a, a), and by a convex or concave circular arc with an opening angle
ω = ρ/3 and the radius R = 3a/ρ , respectively. The generalized dynamic SIFs are
calculated by using the formulae in Eq. (2.40)

K I = limr→r0 t3
√

2ρ |r − r0|,
K I I = limr→r0 t1

√
2ρ |r − r0| (6.7)

K D = limr→r0 t4
√

2ρ |r − r0|

where tJ is the generalized traction at the point r close to the crack-tip r0. For
convenience SIFs are normalized by an appropriate static value. The normalization
coefficient for the mechanical SIFs is

k = γ[(c33 + e2
33λ

−1
33 )χ]1/2√ρa

and K →
I = |K I k−1|, K →

I I = |K I I k−1|. The normalized electric intensity factor is
K →

D = |c33e−1
33 K Dk−1|. The generalized displacement uin

J and generalized stress ε in
i J

for an incidence angle θ and correspondingly the traction t in
J at the points on Scr are

obtained from Eq. (4.12).
The material constants of different piezoelectric materials which are considered

in the following are listed in Table 4.1.

6.3.1 Validation Example

In order to validate the described approach, a straight crack in a transversely-isotropic
piezoelectric plane under normal incident L-waves is investigated. The results for
the stress intensity factors are compared with those of Shindo and Ozawa [22], who
reduced this problem by Fourier transforms to a pair of dual integral equations and
finally expressed its solution in terms of a Fredholm integral equation of second kind.
For the validation test the material PZT-6B is used.

The normal incident L-wave, according to Eq. (4.12) is

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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Fig. 6.2 Normalized SIFs versus normalized frequency π of normal incident L-wave: a mechanical
SIF-I; b electrical SIF-E

uin
1 = 0, uin

3 = e−i k̄1x3 , uin
4 = e33λ

−1
33 e−ik1x3 , k1 = γ

√
(c33 + e2

33λ
−1
33 )−1χ

t in
1 = 0, t in

3 = −iγ
√

(c33 + e2
33λ

−1
33 )χ, t in

4 = 0.

In this case E1 = 0 and u1 = 0 holds and E3 can be obtained at any point along x1
out of the crack from the constitutive equation (2.16), i.e.

∣∣∣∣
t3 = c33u3,3 − e33 E3
t4 = e33u3,3 + λ33 E3

(6.8)

from which
E3 = (t4c33 − t3e33)(e33c33 + e2

33)
−1 (6.9)

Then KE = limx1→a± E3
√

2ρ(x1 ∓ a), where the electric field E3 is calculated from
Eq. (6.9) at the point close to the crack-tip. Figure 6.2a, b present the variation of the
normalized mechanical SIF K →

I and the normalized electrical field stress intensity

factor K →
E = |e33 KE k−1| versus the normalized frequency Δ = aγ

√
χc−1

44 .
Figure 6.2a, b show a very good agreement between the results of Shindo and

Ozawa [22] and the used BIEM technique. The maximum differences within the
considered frequency domain are 7–8 %. This demonstrates the accuracy and applica-
bility of the non-hypersingular traction based BIEM for solution of 2D in-plane wave
problems in piezoelectric materials with cracks.

6.3.2 Parametric Study

In the following, a set of numerical results for a wave loaded straight and curved
cracks is presented highlighting the dependence of the stress intensity factors on the
frequency, the wave type, the incidence angle and the material constants. Note that

http://dx.doi.org/10.1007/978-3-319-03961-9_2
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Fig. 6.3 Normalized SIFs versus normalized frequency π of L-wave with different incidence
angles: a mechanical SIF-I; b mechanical SIF-II; c electrical SIF-D

in Figs. 6.2 and 6.5 (for the incidence angle θ = ρ/2 ) the normalized mechanical
K →

I and electric field intensity factor K →
E are displayed, while in Figs. 6.3, 6.4, 6.5,

6.6, 6.7 and 6.8 the normalized mechanical K →
I and electric displacement intensity

factor K →
D are depicted. Figures 6.3 and 6.4 display the dynamic normalized SIFs

versus normalized frequency π for different angles of incident L- and SV-waves.
The first maximum of the SIF-I for an incident L-wave, see Fig. 6.3a , appears

approximately at π = 1 for all considered angles of incidence. Its amplitude, com-
monly called dynamic amplification, decreases from 1.289 for θ = 90√ and 1.173
for θ = 60√ to 0.429 for θ = 0√ (grazing incidence). The second peak occurs at dif-
ferent frequencies depending on the incidence angle. The SIF-II curves in Fig. 6.3b
indicate close results for L-wave incidence angles 30√, 45√ and 60√, except where
SIF-II is zero. The electrical displacement SIF-D in Fig. 6.3c has its maximal values
for an incidence angle θ = 0√ and minimal ones for θ = 60√. The dependence on
the frequency is weak.

The first maximum of SIF-I in case of an incident SV-wave, see Fig. 6.4a, appears
approximately at π = 0.8 for all considered angles of incidence. The dynamic
amplification varies here from 0.6592 for θ = 30√, 0.589 for θ = 45√ to 0.383 for
θ = 60√. The second peak again occurs at different frequencies depending on the
wave incidence angle. The SIF-II curves in Fig. 6.4b show maximal values for SV-
waves at an incidence angle θ = 0√, while at θ = 45√ SIF-II is zero. The electrical
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Fig. 6.4 Normalized SIFs versus normalized frequency π of SV-wave with different incidence
angles: a mechanical SIF-I; b mechanical SIF-II; c electrical SIF-D

(a) (b)

(c)

Fig. 6.5 Normalized SIFs versus normalized frequency π of normal incident L-waves and three
different materials: a mechanical SIF-I; b mechanical SIF-II; c electrical SIF-E
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(a) (b)

(c)

Fig. 6.6 Normalized SIF versus incidence angle of L-wave at fixed normalized frequency π = 0.8
for three different materials: a mechanical SIF-I; b mechanical SIF-II; c electrical SIF-D

(a) (b)

(c)

Fig. 6.7 Normalized SIF versus incidence angle of SV-wave loading at fixed normalized frequency
π = 0.8 for three different materials: a mechanical SIF-I; b mechanical SIF-II; c electrical SIF-D
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Fig. 6.8 Normalized SIFs versus normalized frequency π for a piezoelectric cracked plane under
normal incident L-wave for different crack shapes: a mechanical SIF-I; b mechanical SIF-II;
c electrical SIF-E

displacement SIF-D in Fig. 6.4c again is weakly dependent on the frequency and
displays close results for incidence angles 30√, 45√ and 60√; at θ = 0√ SIF-D is zero.

The sensitivity of the stress intensity factors to the material parameters can be seen
in Fig. 6.5. It shows the normalized SIF’s versus normalized frequency for normal
incident L and SV-waves and three different piezoelectric materials. For L-wave
loading it can be seen from Fig. 6.5a, b that PZT-5H delivers the highest SIF values
followed by PZT-6B. The SIF curves for PZT-7A is in between the SIF curves for
PZT-5H and PZT-6B. While the dependence of SIF-I on the material is relatively
weak this cannot be said for SIF-E. For SV-wave loading a strong dependence of SIF-
II on the material constants can be observed from Fig. 6.5c. PZT-5H again delivers
the maximum dynamic amplification followed by PZT-7A.

The influence of the wave type, the incidence angle and the material constants on
the amplification effect is depicted in Figs. 6.6 and 6.7, where the normalized SIFs
versus incidence angle at fixed frequency π = 0.8 are displayed for L and SV-waves
and three different piezoelectric ceramics. The SIF-I and SIF-II dependence on the
angle of incidence and on the type of the incident wave are qualitatively similar to
corresponding curves presented in Sih [24] for a crack in an elastic isotropic medium.
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The electrical displacement intensity factors for both wave types are depicted in
Fig. 6.6c and 6.7c.

In Fig. 6.8a, b, c the dynamic normalized SIFs for the same situation under normal
incident L-wave and material PZT-6B, but now for a crack with convex and concave
shape are displayed. The strong geometry effect clearly can be observed. For example,
at a fixed frequency π = 1.0, the difference between convex and concave cracks is
17.8 % for the SIF-I, 243 % for the SIF-II and 30.8 % for the SIF-E.

Generally, the study reveals that the dynamic mechanical and electrical SIF’s are
quite sensitive to the type of the wave, its frequency and its angle of incidence, the
crack geometry and also to the piezoelectric material properties.

6.4 Conclusion

A 2D analysis of an arbitrarily shaped crack in an infinite transversely isotropic piezo-
electric material is presented by non-hypersingular traction BIEM in the frequency
domain. A numerical scheme for the solution and determination of generalized SIF’s
is validated by comparison with results from the literature.

Parametric studies for the scattering and diffraction of longitudinal and shear
waves under different angles of incidence, at different frequencies, for different
piezoelectric materials and for different crack shapes are presented. The results show
that the stress intensity factors strongly depend on the combined influence of the
aforementioned parameters.

The presented numerical scheme and the program codes developed are used in
the next chapters for the solution of time-harmonic piezoelectric problems with
a more complex geometry (e.g. finite cracked solids) and mechanics (e.g. general
anisotropy, crack-interaction, existence of material gradient with arbitrary magnitude
and direction), and different type of the electrical boundary conditions (impermeable,
permeable, limited permeable cracks).
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Chapter 7
Piezoelectric Cracked Finite Solids Under
Time-Harmonic Loading

Abstract The time-harmonic behavior of cracked finite piezoelectric 2D solids is
studied. Plane strain and generalized traction free boundary conditions along the
crack are assumed. The system may be loaded at the external boundary by arbitrary
mechanical and/or electrical loads. As numerical example a center cracked rectan-
gular piezoelectric plate under uniform axial time-harmonic tension and electrical
displacement is investigated. The accuracy of the proposed numerical algorithm is
checked by comparison with available results obtained by other methods. Parametric
studies revealing the sensitivity of the SIFs to the frequency of the applied mechanical
and electrical load, to its coupled and uncoupled character and to the piezoelectric
properties of the material are presented.

7.1 Introduction

The aim of the chapter is to study the steady-state behavior of a 2D finite cracked
piezoelectric solid under in-plane electromechanical load by using BIEM developed
in Chap. 4. The accuracy, the efficiency and the convergence of the proposed BIEM
are validated by test examples. It is shown that the dynamic stress intensity factors
depend on the characteristics of the applied electromechanical load and on the piezo-
electric coupling parameters of the material. A parametric study demonstrates these
effects. The chapter is based on [3].

7.2 Problem Statement

Consider a finite, homogeneous, transversely-isotropic piezoelectric solid G → R2

with boundary S, containing an internal single crack Scr of arbitrary shape, see
Fig. 7.1. Let us introduce a rectangular Cartesian coordinate system Ox1x2x3 such

P. Dineva et al., Dynamic Fracture of Piezoelectric Materials, 105
Solid Mechanics and Its Applications 212, DOI: 10.1007/978-3-319-03961-9_7,
© Springer International Publishing Switzerland 2014
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Fig. 7.1 2D cracked
piezoelectric solid

that the material symmetry axis, i.e. the poling direction of the material, coincides
with the Ox3 axis and that plane strain deformation is assumed in the plane Ox1x3.
In this case the non-zero fields are the displacement components ui , the stresses σij,
the electric displacements Di and the electric field components Ei , where i, j =
1 or 3. Suppose that S = Su ≈ St , Su ∩ St = ∅ and that there are given prescribed
displacements ū J on Su and prescribed tractions t̄ J on St . The following BVP is
considered, see Chap. 2, Eq. (2.42).

∣∣∣∣∣∣

σiJ,i + ρJKω2uK = 0 in G\Scr ,

u J |Su = ū J , tJ |St = t̄ J ,

tJ |Scr = 0,

(7.1)

where uK = (u1, u3,φ) is the generalized displacement, J, K = 1, 3, 4, σi J is the
generalized stress, σi J = CiJKluK ,l = CiJKlsKl , see Sect. 2.5.1. The generalized trac-
tion vector is tJ = σiJni , where ni is the unit normal vector on S+

cr. The kinematical
strain–displacement and electric field-potential relations are si j = 1

2 (ui, j + u j,i ),
Ei = −φ,i where si j , φ are the strain tensor and electric potential, ρ is the mass

density and ρJK =
{

ρ, J, K = 1, 3
0, J = 4 or K = 4

.

The boundary condition on the crack means that the crack line is assumed to be
free of both mechanical traction and surface charges, i.e. the crack is electrically
impermeable.

As special cases the equations of motion for the electrically uncoupled anisotropic
and isotropic cases can be obtained from (7.1) by setting the piezoelectric constants
to zero:

• If eij = 0 we obtain the orthotropic case;
• If eij = 0 and c11 = c33, c11 = c13 + 2c44 we obtain the isotropic case and use the

notations λ = c13, μ = c44, correspondingly Cijkl = λδijδkl + μ(δikδjl + δilδ jk).

The BVP (7.1) is transformed as in Sect. 4.2 to the BIDE (4.7) that can be solved
with the BIEM.

Here we will proceed in slightly different way and first consider the following
two BVPs:

http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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∣∣∣∣∣∣

L(u0) = 0 in G
t0
J = t̄ J on St

u0
J = ū J on Su

(7.2)

∣∣∣∣∣∣

L(uc) = 0 in G
tc
J = −t0

J on Scr

uc
J = 0 on Su, tc

J = 0 on St

(7.3)

Since the BVP (7.1) is linear, its solution is a superposition of the solutions of Eqs.
(7.2) and (7.3), i.e. u J = u0

J + uc
J , tJ = t0

J + tc
J . The fields: u0

J , t0
J are produced by

the dynamic load on S in the crack free body, while uc
J , tc

J are produced by the load
tc
J = −t0

J on Scr and zero boundary conditions on S. As in Sect. 4.2 we derive BIDE
for any of the above BVP.

For the problem (7.2) is obtained:

1

2
t0
J (x) = CiJKlni (x)

∫

S

[(
σ∗

ηPK(x, ξ)u0
P,η(ξ)

− ρQPω2u∗
QK(x, ξ)u0

P

)
δλl − σ∗

λPK(x, ξ)u0
P,l(ξ)

]
nλ(ξ)dS

− CiJKlni (x)

∫

S
u∗

PK,l(x, ξ)t0
P dS, x ∈ S. (7.4)

Here x = (x1, x3) denotes the field point and ξ = (ξ1, ξ3) is the source point.
The function u∗

IK is the fundamental solution, see Eqs. (3.83)–(3.87), σ∗
iJQ are the

corresponding stresses, which are given by σ∗
i J Q = CiJKlu∗

KQ,l .

Solving Eq. (7.4) for the displacement u0
I and for the traction t0

I on S, using Eqs.
(4.8) and (4.9) we can find u0

K and σ0
jI on any point inside G. In particular, we can

find t0
I on the crack line Scr. Proceeding again as in Sect. 4.2 we obtain the equations

tc
J (x) = −t0

J (x) = CiJKlni (x)

∫

S+
cr

[(
σ∗

ηPK(x, ξ)εuc
P,η(ξ)

− ρQ Pω2u∗
QK (x, ξ)εuc

P

)
δλl − σ∗

λPK(x, ξ)εuc
P,l(ξ)

]
nλ(ξ)d Scr

+ Ci J Klni (x)

∫

S

[(
σ∗

ηPK(x, ξ)uc
P,η(ξ)

− ρQ Pω2u∗
QK(x, ξ)uc

P

)
δλl − σ∗

λPK(x, ξ)uc
P,l(ξ)

]
nλ(ξ)dS

− CiJKlni (x)

∫

S
u∗

PK,l(x, ξ)tc
P dS, x ∈ Scr. (7.5)

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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1

2
tc
J (x) = CiJKlni (x)

∫

S+
cr

[(
σ∗

ηPK(x, ξ)εuc
P,η(ξ)

− ρQPω2u∗
QK(x, ξ)εuc

P

)
δλl − σ∗

λPK(x, ξ)εuc
P,l(ξ)

]
nλ(ξ)dScr

+ Ci J Klni (x)

∫

S

[(
σ∗

ηP K (x, ξ)uc
P,η(ξ)

− ρQPω2u∗
QK(x, ξ)uc

P

)
δλl − σ∗

λPK(x, ξ)uc
P,l(ξ)

]
nλ(ξ)dS

− CiJKlni (x)

∫

S
u∗

PK,l(x, ξ)tc
P dS, x ∈ S. (7.6)

The unknowns here are the generalized crack opening displacement uc
J = εuc

J |S+
cr

−
εuc

J |S−
cr

on Scr, the generalized displacement uc
J and the generalized traction tc

J on
S.

Equations (7.4)–(7.6) are integro-differential equations for the unknowns u0
J , t0

J
and εuc

J , uc
J , tc

J , respectively.

7.3 Numerical Solution

The numerical scheme for the solution of the considered problem is described in
Sect. 4.3.

In all examples the crack has length 2a and lies symmetrically on Ox1-axis, see
Fig. 7.2. Seven boundary elements have been used for the crack in most cases. The
first and last elements are QP-BE of length lQP = 0.15a, while all other elements
are ordinary quadratic BEs.The SIFs are computed directly from the traction nodal
values ahead of the crack-tip with the formulae (2.40)

K I = limx1√a± t3
∓

2π(x1 ∪ a),

KII = limx1√a± t1
∓

2π(x1 ∪ a)

KIV = limx1√a± t4
∓

2π(x1 ∪ a)

(7.7)

where tJ is the generalized traction at the point (x1, 0) close to the crack-tip.

7.3.1 Validation Study

In order to test the proposed BIE solution for finite piezoelectric solids and in order
to show that the method can be used for both finite elasto-isotropic and elasto-
anisotropic solids, that correspond to the uncoupled case, see Sect. 2.6, several test
examples are solved. For a single crack in an infinite plane there exist a number of
solutions in the literature. A comparison of our results is done with those of: Chen

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
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(a) (b)

Fig. 7.2 A center cracked piezoelectric plate under uniform uni-axial time-harmonic generalized
traction: a Plate with boundary conditions; b BIEM mesh

and Sih [1] for the isotropic cracked plane; Ohyoshi [4] for the orthotropic cracked
plane; Shindo and Ozawa [6] for the piezoelectric cracked plane.

We test our procedure in these cases by representing the infinite domain as a
truncated square with a size b ∩ 10a. For cracked isotropic finite solids there exists
an example solved by Chirino and Dominguez [2], which is used for comparison.

7.3.1.1 Cracked Isotropic Plate

Considered is a rectangular plate with the dimensions 20×40 mm and a center
crack of length 2a = 5 mm under time-harmonic tension with an amplitude σ =
400 N/mm2, see Fig. 7.2. The elastic properties and the density are λ = 0.115385×
106 N/mm2, μ = 0.76923 × 105 N/mm2, ρ = 0.5 × 105 kg/mm3. A total number
of 20 BEs on the external boundary have been used. The normalized by σ

∓
πa

dynamic mode I SIF K ∗
I is computed by the traction nodal value ahead the crack-tip,

see Eq. (7.7).
The solution of [2] is based on a multi-domain displacement BIEM for a quarter of

the rectangular plate and on the fundamental solution expressed by Bessel functions.
In contrast, our solution results from single domain traction BIEM and from the
Radon transform fundamental solution. The comparison of both solutions methods is
depicted in Fig. 7.3 for two different crack discretizations. A good agreement between
all these solutions can be observed especially in the low frequency regime. For higher
frequency the rough discretization with 5 elements still shows the characteristic
features of amplification, but the differences between the other results are higher.
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Fig. 7.3 Normalized SIF K ∗
I versus normalized frequency γ for an isotropic plate under uniform

uni-axial time-harmonic tension

The solution with 7 boundary elements shows a maximal computational difference
with the reference solution of only 7.6 %.

7.3.1.2 A Crack in an Infinite Isotropic Plate Under Incident L-Wave

In what follows two problems are studied: (i) wave scattering by a single crack in
an infinite plane and (ii) dynamic behavior of a center cracked plate subjected to
an incident L-wave. The infinite domain is represented by a truncated rectangular
region with the sizes much bigger than 10a. The results are compared with those of
[2].

The following material data have been chosen: λ = μ = 2.216 × 1010 N/mm2,
ρ = 2.4 × 103 kg/mm3. The dynamic SIF is normalized by its static value
k0 = ρω2∓πa. The same problem in the past has been solved by three methods:
(a) analytically by Chen and Sih [1]; (b) with multi-domain displacement BIEM
by Chirino and Dominguez [2] and (c) with non-hypersingulat traction BIEM by
Rangelov et al. [5], where it was shown that all three methods give very close results.
Therefore, a comparison with Chirino and Dominguez [2] is sufficient. Figure 7.4
shows the normalized dynamic SIF versus normalized frequency γ = aω

√
ρ(3μ)−1

for a normal incident L-wave.
In order to check the numerical algorithm this test example is solved by using trun-

cation approach and solve the problem for a cracked plate with sizes 400×400 mm.
In Fig. 7.4 this solution is compared with the solution for a crack in infinite plane
obtained by the authors and by Chirino and Dominguez [2].
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Fig. 7.4 Normalized SIF K ∗
I

versus normalized frequency
γ for a crack in infinite
elasto-isotropic plane under
normal incident L-wave
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Fig. 7.5 Normalized SIF K ∗
I

versus normalized frequency
γ for a crack in infinite
elasto-anisotropic plane under
normal incident L-wave
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7.3.1.3 A Crack in an Infinite Orthotropic Plane Under Incident L-Wave

We compare our results for a crack in infinite orthotropic plane and in truncated
orthotropic quadratic plate of size b ∩ 10a with those of Ohyoshi [4] for an
orthotropic plane with a crack under normal incident L-wave. The material constants
are chosen as: c11 = c33 = 6.649 × 1010 N/mm2, c13 = 2.216 × 1010 N/mm2,
c44 = 1.108 × 1010 N/mm2 ρ = 2.4 × 103 kg/mm3. The dynamic SIF normalized
by ω

∓
c33ρ

∓
πa versus normalized frequency is depicted in Fig. 7.5. As can be seen,

the solutions are very close what shows that the BIEM algorithm works with a good
accuracy.

7.3.1.4 A Crack in an Infinite Piezoelectric Plane Under Incident L-Wave

Now our results for an infinite plane and a truncated domain of a size b ∩ 10a, will
be compared with those of Shindo and Ozawa [6] for a crack in infinite piezoelec-
tric plane subjected to normal L-wave. The example is solved for the piezoelectric
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Fig. 7.6 Normalized SIFs versus normalized frequency γ for a crack in infinite piezoelectric plane
under normal incident L-wave: a Mechanical SIF K ∗

I ; b Electrical SIF K ∗
E

ceramic PZT-6B, see Table 4.1. The incident displacement field is given by

uin
J = (0, 1, e33ε

−1
33 )e−ik1x3 , k1 = ω

√
(c33 + e2

33ε
−1
33 )ρ, (7.8)

from which the incident traction on the crack follows as

t in
J = (0,−iω

√
(c33 + e2

33ε
−1
33 )ρ, 0). (7.9)

Figure 7.6a shows the K I factor normalized by its static value k = k1
∓

πa, i.e.
K ∗

I , versus normalized frequency, while in Fig. 7.6b the normalized dynamic electric
field intensity factor |e33 K I V /k|, i.e., K ∗

E versus normalized frequency γ is plotted.
An excellent coincidence between the results obtained by different computational
techniques is observed. This demonstrates the good accuracy of the proposed traction
based BIEM for the solution of 2D time-harmonic problems in cracked finite and
infinite solids.

7.3.2 Parametric Study

Considered is the finite rectangular piezoelectric solid with a center crack as shown
in Fig. 7.2. The size of the plate is 40×20 mm, the crack length is 2a = 5 mm
and the material constants are given in Table 4.1. A time-harmonic uniform tension
and/or electric displacement is applied along the Ox3 direction with the amplitudes
t3 = σ = 400 × 106 N/m2 and t4 = D0 = 0.1 C/m2. The mechanical SIF K I is
normalized by σ

∓
πa, while the electrical SIF K I V is normalized by σ

∓
πae33/c33.

The parametric study reveals the following effects:

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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Fig. 7.7 Normalized SIFs versus normalized frequency γ for different PEM: PZT-6B, PZT-4 and
PZT-5H: a Mechanical SIF K ∗

I ; b Electrical SIF K ∗
E
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Fig. 7.8 Normalized SIFs versus normalized frequency γ for PZT-6B at two cases 1 and 2
of dynamical load. Case 3: PZT-6B considered as anisotropic material: a Mechanical SIF K ∗

I ;
b Electrical SIF K ∗

E .

7.3.2.1 Frequency Dependence

Figures 7.7, 7.8, 7.9 and 7.10 show the frequency dependent SIFs curves in the inter-

val γ ∈ [0.2, 1], where γ = aω
√

ρc−1
33 is the normalized frequency. The frequency

of the applied load influences strongly the dynamic response of the cracked solid.
The maximum SIFs occur in the frequency interval γ ∈ [0.4, 0.55] for the consid-
ered three types of piezoelectric materials. Nevertheless, the resonance frequencies
are different for different piezoelectric materials. Figure 7.8a shows that when the
material PZT-6B is considered as a pure anisotropic material (without taking the
electromechanical coupling into account) subjected to uniform tension, the reso-
nance peak is shifted to the left, i.e. to lower frequencies.
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Fig. 7.9 Normalized SIFs versus normalized frequency γ for PZT-4 at two cases 1 and 2 of
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Fig. 7.10 Normalized SIFs versus normalized frequency γ for PZT-5H at two cases 1 and 2 of
dynamical load: a Mechanical SIF K ∗

I ; b Electrical SIF K ∗
E

7.3.2.2 Effect of the Piezoelectric Material Properties

Figure 7.7a, b present the normalized SIFs for three different piezoelectric materials—
PZT-6B, PZT-4 and PZT-5H, see Table 4.1. It clearly can be seen that the mechanical
constants strongly influence the character of the SIFs curve. The piezoelectric mater-
ial PZT-6B has only one resonance peak in the interval, while the other two materials
have more than one peak. The resonance peak of the SIFs occurs for PZT-5H at lower
and for PZT-4 at higher frequencies. A comparison between SIF-I for PZT-6B and
PZT-4 materials shows that the difference in their maximum values is about 106 %.
The difference in the peaks of SIF-IV for PZT-4 and PZT-5H is about 460 %.

http://dx.doi.org/10.1007/978-3-319-03961-9_4
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7.3.2.3 Effect of the Electromechanical Coupling

Figures 7.8, 7.9 and 7.10 demonstrate the influence of the coupling properties on the
generalized SIFs. The figures show the SIFs curves for two different cases of the
applied loads.

case 1: a combined electro-mechanical load is applied, i.e. t3 = 400 × 106 M/m2

and t4 = D3 = 0.1C/m2;
case 2: the load is pure mechanical tension, i.e. t3 = 400 × 106 M/m2 and t4 =

D3 = 0.

One can see that the dynamic response is strongly electro-mechanical even when
solely a mechanical tension is applied, see Figs. 7.8b and 7.10b, case 2. The profiles
of the SIFs curves are similar in the both cases, but the SIFs in case 1 is rather higher
than that in case 2. For example, the differences between the peak values in cases 1
and 2 for the different materials are as follows:

• For PZT-6B:39 % for SIF-I and 57 % for SIF-IV;
• For PZT-4: 172 % for SIF-I and 174 % for SIF-IV;
• For PZT-5H: 55 % for SIF-I and 52 % for SIF-IV.

As a resume, the parametric study convincingly demonstrates the sensitivity of the
K-factor to the frequency of the applied electro-mechanical load, to the coupled
character of the electromechanical field and to the specific properties of the different
piezoelectric materials.

7.4 Concluding Remarks

The 2D dynamic in-plane problem of a cracked finite piezoelectric solid is solved
in the frequency domain by means of non-hypersingular traction BIEM. Numeri-
cal examples for a center crack in a finite rectangular plate under uniform electro-
mechanical load are solved. Parametric studies show the dependence of the dynamic
response on the excitation frequency, on the coupled/uncoupled character of the
electro-mechanical field and on the properties of different piezoelectric materials.
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Chapter 8
Dynamic Crack Interaction in Piezoelectric
and Anisotropic Solids

Abstract Multiple in-plane cracks in a piezoelectric or anisotropic plane loaded by
time-harmonic waves is treated. Simulations for different crack configurations such
as coplanar, collinear or cracks in arbitrary position to each other are presented and
discussed. They demonstrate among others the strong effect of electromechanical
coupling, show the frequency dependent shielding and amplification resulting from
crack interaction and reveal the sensitivity of the K-factors to the complex influence
of both the wave–crack and crack–crack interaction.

8.1 Introduction

While in the past mostly single cracks in piezoelectric materials were in the focus
of interest, the behaviour of multiple cracks, i.e. crack interaction, recently attracted
increasing attention. One reason for that is the observation that a precursor of fi-
nal failure often is the formation of interacting micro cracks, which subsequently
coalesce to a macro crack.

Crack systems under static loading have been studied by several authors. Without
claiming completeness we mention Sun, Zhou and Wang, and Zhou et al. [18, 25, 26]
who studied a symmetric system of parallel permeable cracks under anti-plane shear
loading by pairs of triple integral equations. Closed-form solutions for the in-plane
problem of collinear permeable cracks have been presented by Gao and Fan [4] who
used the complex potential method, while Han and Chen [7] considered parallel
impermeable cracks.

There is a limited number of papers for crack systems under dynamic load, tran-
sient or time-harmonic. This refers to piezoelectric as well as to uncoupled, i.e.
anisotropic solids. It was Itou, Itou and Haliding [9, 10] who first computed SIFs for
collinear and coplanar in-plane cracks in an infinite orthotropic plane subjected to
time-harmonic plane wave by the method of dual integral equations.

P. Dineva et al., Dynamic Fracture of Piezoelectric Materials, 117
Solid Mechanics and Its Applications 212, DOI: 10.1007/978-3-319-03961-9_8,
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A comprehensive treatment of the interaction between two cracks in a piezoelectric
plane under steady state in-plane electrical and anti-plane mechanical loads was pro-
vided in Wang and Meguid [21, 22]. Their analysis was based on singular integral
equations coupled with a so-called pseudo-incident wave method, see Wang and
Meguid [20]. With the same method Wang [23] solved the wave scattering of mul-
tiple permeable cracks in the interface between two infinite piezoelectric media.
A similar problem was solved by Zhao and Meguid [24]. Meguid and Chen [12]
studied the transient response of a finite piezoelectric strip with coplanar imper-
meable anti-plane cracks under electro-mechanical impact. Hankel [8] analyzed the
dynamic interaction between permeable multiple cracks in a strip under anti-plane
shear waves. The transient response of two coplanar cracks in a piezoelectric region
under anti-plane mechanical and in-plane electric impact loads was investigated in
Chen, Chen and Worswick [1, 2]. As further works shall be mentioned those of Sun
et al. [19] on unequal parallel permeable interface cracks in a layer bonded to two
piezoelectric half planes, Li and Lee [11] on two surface cracks and Su et al. [17]
on coplanar interface cracks between two dissimilar piezoelectric strips. All these
papers use the singular integral equation method and they are restricted to anti-plane
problems and relatively simple crack and loading geometries.

Garcia-Sanchez, Garcia-Sanchez et al. and Saez et al. [5, 6, 15] presented results
for more involved in-plane problems of cracks in a piezoelectric or uncoupled
anisotropic plane subjected to incident plane waves. In these works the hypersin-
gular mixed (dual) BIEM formulation is developed, validated and applied, where
the displacement BIE is used over one of the crack surfaces, while the hypersingular
traction BIE is applied over the other crack surface. The treatment of the hypersingu-
lar integrals is carried out by means of variable change that transforms the boundary
to the complex plane in conjunction with the singularity subtraction method.

The present chapter follows Dineva et al. [3] and its aim is threefold. First, as
an alternative to the just mentioned hypersingular mixed BIEM formulation the
use of non-hypersingular traction BIEM for the treatment of crack systems shall
be discussed. Thus the chapter is a continuation of Chap. 6. Secondly, the flexibility,
efficiency and accuracy of the method shall be demonstrated. These properties rely on
the fundamental solution, which is obtained by Radon transform and evaluated semi-
analytically in Chap. 3. By this means an anisotropic material may be considered as
a simplified case of a piezoelectric material, which needs no specific treatment, see
Chap. 5. Finally, as examples of crack systems, various configurations of interacting
in-plane cracks loaded by plane waves of different incident angles are considered.
Parametric studies for the SIFs reveal the influence of the crack geometry, the incident
wave’s frequency and angle.

8.2 Problem Statement

Consider an infinite, transversely isotropic piezoelectric domain containing N
straight cracks Γk = Γ +

k → Γ −
k , k = 1, . . . , N of prescribed length 2ak , subjected

to incident time-harmonic L- or SV- waves with angular frequency ω and incident

http://dx.doi.org/10.1007/978-3-319-03961-9_6
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_5
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Fig. 8.1 Crack system under harmonic wave loading

angle θ with respect to x1, see Fig. 8.1. The material symmetry axis, i.e. the poling
direction coincides with the Ox3 -axis and plane strain deformation is assumed in the
Ox1x3-plane. The non-zero field quantities then are the displacement ui , the stress
σi j , the dielectric displacement Di and the electric field Ei , where i, j = 1, 2.

The location of the kth crack with respect to the global Ox1x3 coordinate system
can be described by the position vector xk

0 = (xk
01, xk

03) of the crack center and
the crack angle ϕk . With the local coordinates (ξ k

1 , ξ k
3 ) and the accompanying unit

vectors nk , ek the points along the cracks are given by the position vector

xk
i = xk

0i + ξ k
i ek

i ; |ξ k
i | ≈ ak . (8.1)

The scattering problem in absence of volume forces and charges is described
by the BVP (2.44) and for the considered multiple crack’s system with a notation
Scr = →N

1 Γk it is ∣∣∣∣
σi J,i + ρJ K ω2uK = 0 in R2\Scr ,

tJ |Scr = 0,
(8.2)

where uK = (u1, u3, φ) is the generalized displacement , J, K = 1, 3, 4, σi J is the
generalized stress, σi J = Ci J KluK ,l = Ci J KlsKl , see Sect. 2.5.1. The generalized
traction vector is tJ = σi J ni , where ni is the unit normal vector on S+

cr . The strain-
displacement and electric field-potential relations are si j = 1

2 (ui, j +u j,i ), Ei = −φ,i

where si j , φ are the strain tensor and electric potential, ρ is the mass density and

ρJ K =
{

ρ, J, K = 1, 3
0, J = 4 or K = 4.

All cracks, for simplicity, are assumed to be free of mechanical traction and
surface charges, i.e. in the BVP (8.2) impermeable cracks are assumed. In addition
Sommerfeld’s radiation condition at infinity holds. It is further assumed that the
cracks are separated, i.e. the direction of incident waves is such that a proper scattering
occurs.

http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
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As mentioned in Sect. 6.2, in the special case when the piezoelectric constants
vanish, i.e. ei j = 0, the BVP described by the Eq. (8.2) degenerate to the uncoupled
anisotropic case. As further specialization the mechanical isotropic case will be
described when the stiffness are chosen as Ci jkl = λδi jδkl + μ(δikδ jl + δilδ jk),
where μ = c44, λ = c13 and c11 = c33 = λ + 2μ.

The total wave field is again written as a sum of the incident and the scattered
wave field

u J (x, ω) = uin
J (x, ω) + usc

J (x, ω) σi J (x, ω) = σ in
i J (x, ω) + σ sc

i J (x, ω), (8.3)

where uin
J , t in

J and usc
J , t sc

J are the incident and scattered generalized displacements
and tractions, respectively, while x = (x1, x3). The incident wave is prescribed as a
plane time-harmonic L- or SV- wave. Its generalized displacement uin

J and stress σ in
i J

are given in Sect. 4.2. The scattered wave field is unknown and has to be determined.
It has to satisfy the BVP (8.2) and Sommerfeld’s radiation condition at infinity. The
boundary conditions in (8.2) can be rewritten as

t sc
J = −t in

J , on Γk, k = 1, . . . , N . (8.4)

The representation formula for the scattered wave field can be expressed by the
superposition principle and Eq. (4.21) as

usc
J (x, ω) = −

N∑

k=1

∫

Γ +
k

σ ∗
i M J (x, ξ, ω)Δuk

M (ξ, ω)nk
i (ξ)dξ, x �∈ Scr , (8.5)

where x = (x1, x3) is the source point, ξ = (ξ1, ξ3) is the observation point, σ ∗
i J Q =

Ci J KlU∗
K Q,l is the stress derived from the fundamental solution u∗

QK , see Eqs. (3.83)–

(3.87). Furthermore, Δuk
J = uk

J |Γ +
k

− uk
J |Γ −

k
is the unknown generalized COD on

the crack Γk and nk
i is the outward normal vector at the observation point along the

kth-crack Γ +
k . The non-hypersingular traction boundary integral equation is obtained

by Eq. (4.20):

t in
J (x, ω) = − Ci J Kl ni (x)

×
N∑

k=1

∫

Γk

[(
σ ∗

ηP K (x, ξ, ω)Δuk
P,η(ξ, ω) − ρQK ω2U∗

QK (x, ξ, ω)Δuk
P (ξ, ω)

)
δλl

− σ ∗
λP K (x, ξ, ω)Δuk

P,l (ξ, ω)
]

nλ(ξ)dξ, x ∈ Scr .

(8.6)
Equation (8.6) forms, strictly speaking, a system of integro–differential equations

with respect to the unknowns Δuk
J along the cracks.

The numerical treatment of Eq. (8.6) follows the procedure developed in Chap. 4
and is realized within a FORTRAN code, see [13].

http://dx.doi.org/10.1007/978-3-319-03961-9_6
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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Knowing the traction, the generalized dynamic SIFs at the tips of the kth crack
are calculated by using the formulae, see Eq. (2.40)

K k
I = limrk→0 tk

3

√
2πrk,

K k
I I = limrk→0 tk

1

√
2πrk,

K k
I V = limrk→0 tk

4

√
2πrk,

(8.7)

where tk
J , J = 1, 3, 4 is the generalized traction ahead of the crack-tips of the kth

crack, rk is the corresponding distance to the crack-tip. Regarding the electrical SIFs,
the electric field SIF K k

E with

K k
E = lim

rk→0
Ek

3

√
2πrk and Ek

3 = (c33tk
4 − e33tk

3 )(e33c33 + e2
33)

−1

or the electric displacement SIF K k
D with K k

D = K k
I V can be determined. In all

calculations an appropriate normalization has been used. For the mechanical SIFs it
is given by

K ∗,k
I,I I = K k

I,I I /m, with m = |t̄ in
3

√
πa| = ω

√
(c33 + e2

33ε
−1
33 )ρ

√
πa,

where t̄ in
3 is the mechanical traction of the normal incident wave. The normalized

electrical SIFs are defined as

K ∗,k
E = e33m−1|K k

E | and K ∗,k
D = c33e33m−1|K k

D|,

while the normalized frequency is introduced through Ω = aω

√
ρc−1

44 .

8.3 Numerical Results

In the following, SIFs results are presented for a single crack and for different two-
crack configurations, see Fig. 8.2. For simplicity all cracks are of length 2a = 5 mm.
Numerical studies showed that seven boundary elements for each crack are sufficient
to achieve a satisfying accuracy within the considered frequency range. The first and
the last element are QP-BE, while the remaining elements are ordinary quadratic
elements. Their lengths have been chosen as l1 = l7 = 0.375 mm, l2 = l6 = 0.5 mm,
l3 = l5 = 1.0 mm, l4 = 1.25 mm.

http://dx.doi.org/10.1007/978-3-319-03961-9_2
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Fig. 8.2 Three-crack systems: a stacked cracks; b collinear cracks; c inclined cracks

8.3.1 Piezoelectric Solids

Two different piezoelectric materials have been considered to make comparisons
with available in the literature results. The first one is PZT-6B, the second material
is PZT-5H, see Table 4.1.

Figure 8.3 shows the authors’ SIFs results, here denoted as BIEM, for a single
crack under normal incident L-waves, which have already been presented in Chap. 6.
A comparison with those of Garcia-Sanchez, Shindo and Ozawa [5, 16] leads to
computational differences less than 8 %. This indicates that the numerical scheme
works satisfactory albeit the low number of chosen elements. The results are addi-
tionally compared with those of collinear and stacked cracks, respectively, which are
far away from each of other. For this case SIFs as for a single crack can be expected
since the interaction between the two cracks is negligible on account of their large
distance. This fact is properly reflected by the results, which verify again the applica-
bility of the numerical scheme. Finally, by comparison of Fig. 8.3a and c, it can be
observed that the shape of the SIF versus frequency curves is slightly different, i.e.
the specific material properties have a noticeable influence.

In Fig. 8.4 dynamic SIFs K ∗+
I and K ∗+

E for the inner crack tips of two collinear
cracks under a normal incident L-wave are depicted. First, a comparison of our K ∗+

I
-results with those of Garcia-Sanchez [5] for the crack-tip distance e = a in Fig. 8.4a
shows again an excellent agreement. Secondly, a significant influence of the material
properties and the crack distance is noticeable. For e = a the so-called dynamic
overshoot, i.e. the maximum of K ∗+

I and its location, is different for PZT-5H and
PZT-6B (Fig. 8.4a, b). Unexpectedly, for PZT-6B this maximum is below that for
a single crack, which also appears for the electric SIF K ∗+

E . When the crack-tips

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_6


8.3 Numerical Results 123

KI
*

0
0.5

1

1 1.50

0.4

0.8

1.2

2 2.5 3

1.4

0.2

0.6

BIEM

PZT-6B

K*

0 0.5 1 1.5 2 2.5 3

0.12

0.8

0.4

0

BIEM

E

PZT-6B

KI
*

BIEM
Garcia-Sanchez,(2005)

1.2

0.8

0.4

0

1.6

0 1 2 3

PZT-5H

(a)

(c)

(b)

Fig. 8.3 K-factors versus frequency of normal incident L wave for a single crack in a piezoelectric
plane—comparison with results in Garcia-Sanchez, Shindo and Ozawa [5, 16] and with the authors’
results for two-crack systems: a normalized SIF-I for PZT-6B; b normalized SIF-E for PZT-6B;
c normalized SIF-I for PZT-5H

approach each other the maximum SIFs in general increase. This clearly can be seen
in Fig. 8.4b, c for e = a/4.

Stress intensity factors versus frequency for the lower crack of two stacked
cracks under normal incident L-waves are plotted in Fig. 8.5. Because this prob-
lem is non-symmetric with respect to the wave-cracks-configuration, a mode-II SIF
K ∗+

I I appears. The dynamic overshoot for all SIFs of this configuration increases
significantly with decreasing crack distance e. For the small crack distance e = 2a/3
a sharp resonance peak at Ω = 1.1 can be observed, but in general the strength of the
crack interaction depends on the frequency. Comparing the peak values with those
for collinear cracks in Fig. 8.4, it can be concluded that the crack interaction effect
is much stronger for stacked cracks than for collinear cracks.
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Fig. 8.4 K-factors versus frequency of normal incident L- wave for two collinear cracks (Fig. 8.2b)
with separate distance e in a piezoelectric plane—comparison with results of Garcia-Sanchez [5]:
a normalized SIF-I at internal crack-tip for PZT-5H; b normalized SIF-I at internal crack-tip for
PZT-6B; c normalized SIF-E at internal crack-tip for PZT-6B

The influence of an oblique wave incidence is shown for collinear cracks in
Fig. 8.6. Considered are SIFs at the inner crack tip of the left crack for L- and SV-
waves with an incidence angle θ = π/4. By comparison of Figs. 8.6a and 8.4b for a
L-wave it can be seen that the mode-I SIFs for all crack distances are significantly
smaller than for a normal incident angle. But now in addition a mode-II SIF appears,
see Fig. 8.6b, which is not present for normal incidence. The mode-I SIFs for the
SV-wave in Fig. 8.6c are smaller than for the L-wave. However, the influence of
the inclined second crack on the SIFs of the first crack loaded by normal incident
L-waves is shown in Fig. 8.7 for two different inclination angles and the crack tip
distance e = a/24. For the higher inclination angle ϕ2 = π/3, the interaction leads
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Fig. 8.5 K-factors at crack Γ1 versus frequency of normal incident L-wave for two stacked cracks
(Fig. 8.2a) at a separate distance e in a piezoelectric plane: a normalized SIF-I; b normalized SIF-II;
c normalized SIF-E

to higher peak values of both the mode-I and the electric SIF compared with the
results of a single crack. For the smaller inclination angle ϕ2 = π/20 the opposite is
visible, i.e. through interaction with the second crack, the first crack is shielded in the
frequency region of the peak. On account of the non-symmetry of the configuration,
again a mode-II SIF is present which is not shown here.

8.3.2 Anisotropic Solids

The illustrative numerical examples presented in this section are restricted to cracks
in orthotropic materials with a symmetry axis parallel to Ox3 axis, i.e. the effect of
material alignment is not considered. The numerical scheme follows exactly those
described in Chap. 5. A detailed validation study for a single crack in an isotropic,
orthotropic and transversely-isotropic material subjected to normal incident L-waves
has already been presented in Chap. 5, comparing the BIEM results with those of

http://dx.doi.org/10.1007/978-3-319-03961-9_5
http://dx.doi.org/10.1007/978-3-319-03961-9_5
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Fig. 8.6 K-factors versus normalized frequency at the internal crack-tip of two collinear cracks
(Fig. 8.2b) in a piezoelectric plane under oblique L- and SV-wave at incident angle θ = π/4:
a normalized SIF-I for incident L-wave; b normalized SIF-II for incident L-wave; c normalized
SIF-I for incident SV-wave

Ohyoshi [14]. Regarding two-crack systems, the SIFs results for large distances
between two interacting cracks recover the solutions of a single crack.

In Figs. 8.8 and 8.9 the results for SIFs are compared with those of Itou and
Haliding [10] for stacked cracks and of Itou [9] for collinear cracks under normal
incident L-wave. The orthotropic material in Figs. 8.8a and 8.9a, b is a Boron-Epoxy
composite with the properties E1 = 224.06 GPa; E3 = 12.69 GPa; μ13 = 4.43 GPa;
ν13 = 0.256. Graphite-Epoxy composite is considered in Fig. 8.8b with following
properties E1 = 158.06 GPa; E3 = 15.3 GPa; μ13 = 5.52 GPa; ν13 = 0.34. The
dynamic SIFs are normalized by σ0

√
a in Itou and Haliding [10] and by σ0

√
πa in

Itou [9], where σ0 = iωc33/cT and cT = √
c44/ρ is the shear wave velocity. Plotted

are the normalized SIFs K ∗ for both cracks of the stacked crack configuration in
Fig. 8.8 and for the inner (+) and outer (−) tips of the collinear crack configuration

in Fig. 8.9 versus normalized frequency Ω = aω/cT = aω

√
ρc−1

44 . Figures 8.8 and
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Fig. 8.7 K-factors versus normalized frequency at internal crack-tip of two inclined cracks
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Fig. 8.8 Normalized SIF-I versus normalized frequency for stacked cracks (Fig. 8.2a) in an or-
thotropic plane under normal L-wave: a Boron-Epoxy, b Graphite-Epoxy

8.9 demonstrate that the results obtained by the different computation techniques are
very close.

In the following we consider anisotropic materials with properties defined in
Ohyoshi [14], where ci j = si j C with C = 6.6495 GPa and ρ = 2.4 × 103 kg/m3.
Following the notation in Chap. 5, the so-called case 6 material is given by s11 = 1,

s13 = s31 = 1/3, s33 = 1, s44 = 1/6, while the case 7 material has the properties
s11 = 1, s13 = s31 = 1/30, s33 = 1, s44 = 1/3. The dynamic SIFs are now
normalized by ωd−1/2

33
√

πa, where d33 = c33/ρ and plotted versus the normalized

http://dx.doi.org/10.1007/978-3-319-03961-9_5
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Fig. 8.10 K-factors at crack Γ1 of two stacked cracks (Fig. 8.2a) in an orthotropic material of “case
6” under normal L-wave: a normalized SIF-I; b normalized SIF-II

frequency Ω = aω/cL = aω

√
ρc−1

33 , which is different from that used in Figs. 8.8
and 8.9.

Results for stacked cracks in a case 6 material subjected to normal incident
L-waves are depicted in Fig. 8.10. The peak values of both the mode-I and mode-II
SIFs increase with decreasing crack distance. This tendency and the formation of
sharp resonance peaks are similar as in the piezoelectric case, see Fig. 8.5. Further-
more, it can be observed that compared with the single crack, the peaks are shifted
slightly to higher frequencies. It also should be noted that in case of a single crack
no mode-II SIF is present. All these effects are clearly induced by crack interaction.
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Fig. 8.11 K-factors at two collinear cracks (Fig. 8.2b) under normal L-wave loading: comparison
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The dynamic mode-I SIFs versus frequency are plotted for the inner crack tips
of collinear cracks under normal incident L-wave loading in Fig. 8.11. Compared
are results for two different crack distances and the two different materials: material
type “case 6” in Fig. 8.11a and material type “case 7” in Fig. 8.11b. As expected, the
peak value increases with decreasing distance for both materials, but the influence of
different material parameters is significant. Mentioned in this context shall only be the
differences in the shapes of the SIF-curves, in the location of the peaks and their shift
to lower frequencies for decreasing distance e. Similar phenomena can be observed
in Fig. 8.12, where again results for collinear cracks in two different materials are
shown, but now for an oblique L-wave loading under θ = π/4. Here the mode-I SIFs
for the case-6 material are generally higher than for case-7, while the opposite is true
for the mode-II SIFs. Figure 8.12c clearly reveals the frequency character of both the
shielding and amplification phenomena. In the frequency interval Ω ∈ [0.1, 1] an
amplification effect for the shortest crack distance e = a/2 is visible, while in the
higher frequency interval Ω ∈ [1.2, 2] a shielding effect is present.

8.4 Conclusion

2D wave scattering by in-plane impermeable cracks in piezoelectric plane is con-
sidered. The solution procedure is based on non-hypersingular traction BIEM. Both
the SIFs and the scattered wave field can be evaluated and used for application in
dynamic fracture mechanics and non-destructive testing correspondingly. The elastic
anisotropic problem is considered as a special uncoupled case of the piezoelectric
case. Numerical simulations reveal typical crack interaction phenomena such like
amplification and shielding effects. Parametric studies for wave scattering by differ-
ent crack systems show that the local crack tip fields, expressed by the SIFs, are a
complex result of many interacting factors as the crack configuration, material prop-
erties, wave type and its characteristics, coupled character of the dynamic load and
the crack–crack and wave–crack interaction phenomena.
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Chapter 9
Different Electric Boundary Conditions

Abstract Dynamic SIFs for a straight crack in a piezoelectric material under time-
harmonic L- or SV- and SH- wave are determined for different electric boundary
conditions. Compared are impermeable, permeable and limited permeable cracks.
A parametric study in the frequency domain shows the dependence of the SIFs on
the choice of the electrical boundary conditions at the crack faces.

9.1 Introduction

Among other open problems in piezoelectric fracture mechanics, the issue of how
to impose the electric boundary conditions along the crack faces is a controversial
one. The difficulty arises from the fact that there are not yet sufficient experimental
data available, which clarify the detailed conditions at the crack faces and within the
open crack. Therefore, in many cases idealized electrical boundary conditions along
the crack faces are employed.

Special interest has been devoted in the last decade to a realistic modeling of
the dielectric medium inside the crack because its properties influence the electro-
mechanical fields around the crack tip. Depending on the ratio between the dielectric
permittivities of the medium inside the open crack εcr and of the piezoelectric solid ε,
two extreme cases can be distinguished. The impermeable crack is obtained for the
limiting case εcr/ε = 0, which leads to zero surface charges or mechanically and
electrically to traction free boundary conditions, respectively. In contrast, completely
permeable crack conditions are attained for εcr/ε → ≈. In this case the crack is
not “visible” for the electric field, i.e. the crack faces are mechanically traction free,
while the electrical displacement has no jump across the crack.

Impermeable boundary conditions along the crack faces are given by D+
n =

D−
n = 0 with the consequence �γ = γ+ − γ− �= 0 on Scr . Here D±, γ± and

Scr = S+
cr ∪S−

cr are the normal component of the electrical displacement, the electrical
potential and the crack boundary, respectively. The impermeable assumption is based
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© Springer International Publishing Switzerland 2014
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on the fact that the permittivity of piezoceramics is three orders higher than that of air
or vacuum inside the crack. This type of ideal electrical condition is extensively used
in the literature. Deeg [2] first introduced the impermeable crack model. It became
popular in the early 1990s, see Pak [14, 15], Park [16], Park and Sun [17], Sosa
[24], Suo et al. [25], Wang [26], Zhu [33]. They found that solutions based on the
impermeable crack assumption can be applied with a reasonable degree of confidence
to the fracture prediction of PEM, see Wang and Mai [27]. Based on the impermeable
crack assumption Fulton and Gao [4], Wang and Mai [28], Wang et al. [29], predicted
qualitatively the failure strength of a piezoelectric material under combined electric-
mechanical load. However, it is clear that the impermeable condition physically is
not fully correct because a non-zero value of the electric displacement is present even
if the dielectric constant of the crack’s interior is much smaller than the dielectric
constant around it.

The permeable crack model assumes that the crack does not perturb the electrical
fields directly, i.e. there is no potential jump γ+ = γ− on Scr with the consequence
D+

n = D−
n �= 0. This implies that the crack electrically is treated as if it remains

closed in its undeformed configuration. This model was used by Parton [18] and later
by McMeeking [10, 12], Ou and Chen [13], Shindo and Ozawa [21], Shindo et al.
[22]. They concluded that physically the permeable crack model is more adequate
than the impermeable one, since the crack opening in piezoelectric materials is always
very small and the electric field could generally permeate the interior without sub-
stantial change. On the other hand Wan et al. [29], Wang and Meguid [31] pointed out
some disadvantages of the permeable crack model. Their numerical results showed
that for the permeable crack model, the applied electric loads would contribute noth-
ing to the fracture load what contradicts available experimental observations.

McMeeking [11] compared both the impermeable and permeable models by cal-
culating the static electroelastic field in a 2D isotropic dielectric body with dielectric
constant εm , containing a flat elliptic flaw with a dielectric constant εcr and a semi-
axes ratio b/a � 1. He concluded that the impermeable crack solution is good as
long as (εcr/εm) < 0.1(b/a), while for (b/a) √ (εcr/εm) the permeable crack solu-
tion is better. Thus the question of whether the impermeable or permeable model
should be applied would be decided on a case-by-case basis.

Since both idealized models have their drawbacks, the real situation is better
described by taking into account the electric field inside the crack and the electric
jump across the crack faces. When the crack is deformed, the thickness of the dielec-
tric medium filling the crack changes will influence the overall dielectric property of
the crack. As a result, the electric boundary conditions along the crack surfaces will
be deformation-dependent. Among others, Hao and shen [7], Wang and Mai [28],
Wang and Jiang [30] proposed simplified deformation dependent electrical boundary
condition. Kuna [8] used this approximation for the solution of 2D and 3D static and
dynamic crack problems by the finite element method. The model which first has been
introduced by Parton and Kudryavtsev [19] can be formulated as D+

n = D−
n = Dcr

and Dcr (u+
n −u−

n ) = εcr (γ
+−γ−) on Scr . These relations are based on the analogy

with a slit capacitor filled by a medium with a prescribed permittivity. As limiting
cases for εcr → 0 and εcr → ≈ they include the impermeable and permeable
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crack, respectively. The limited permeable condition is deformation dependent and,
therefore leads to solution of nonlinear problem.

Calculating the jump of the normal displacements �un and electric potential �γ

for a given external load, the electrical displacement Dcr is determined according to
the condition for limited permeable crack. Since �un and �γ themselves depend on
Dcr , an equilibrium of the three fields must be sought iteratively. Wippler et al. [32]
described the correct implementation of the “capacitor analogy” and found by finite
element calculations that this approach reflects the real situation very well. Recently
Landis [9] formulated energetically consistent boundary conditions, in which also
the mechanical traction at the crack faces are directly coupled with the electrical
field. This consequently leads to the solution of a nonlinear problem. Although the
physically correct boundary conditions are still an issue of debate, the capacitor
analogy qualitatively seems to reflect the most essential properties along the crack
faces.

Almost all available solutions of crack problems with different type of bound-
ary condition are for static problems. Here a BIEM solution for crack problems is
presented using the permeable or limited permeable electrical boundary conditions.
Time-harmonic problems of anti-plane cracks have been solved in the past only for
impermeable and permeable cracks. For in–plane permeable cracks there are papers
concerning transient dynamic problems, see Shindo et al. [23] and for permeable
and limited permeable cracks, see Enderlein et al. [3]. But there are no results for
time–harmonic wave scattering by permeable or limited permeable in-plane cracks.

The chapter follows Rangelov et al. [20] and its main aim is to discuss, based
on an BIEM formulation, the influence of the impermeable, permeable and limited
permeable assumptions on the SIFs of in-plane and anti-plane cracks loaded by
time-harmonic plane waves.

9.2 Formulation of the Problem

Poled synthetic piezoelectric materials as e.g. barium titanate BaT i O3 or lead zir-
conate titanate P Z T are transversely-isotropic with the material symmetry axis in
poling direction. Consider a rectangular Cartesian coordinate system Ox1x2x3 and
assume that the poling direction is along the Ox3 -axis and the plane Ox1x2 is the
isotropic plane. The electromechanical interaction depends strongly on the orienta-
tion of the crack Scr = S+

cr
⋃

S−
cr and the type of the wave loading, see Fig. 9.1.

Let us consider the in–plane crack subjected to a plane time-harmonic incident
L- or SV- wave and the anti–plane crack under SH-wave. The wave incident angle
with respect to the Ox1 -axis is denoted by χ . Furthermore, it is assumed that all field
quantities are harmonic with frequency δ, which allows to omit the common time
function eiδt . This is correct in the limiting cases of a permeable or an impermeable
crack, when the boundary value problem is linear. In the case of a limited permeable
crack, when the boundary value problem becomes nonlinear, this is an approximation.
Since the problem in any case remains time-periodic with a periodicity given by
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Fig. 9.1 Crack under incident plane wave: a in-plane; b anti-plane

frequency δ, the approximation by a time-harmonic function is acceptable as it
simplifies the problem considerably.

According to Fig. 9.1 the analysis is carried out for two plane problems. In the
in-plane case the non-zero field quantities are the displacements u1, u3, stresses σ11,
σ33, σ13, electrical displacements D1, D3, electrical field components E1, E3 and
electric potential γ which depend on x1, x3. In contrast, the non-zero quantities in
the anti-plane case are the displacement u3, stresses σ13, σ23, electrical displacements
D1, D2, electrical field components E1, E2 and electrical potential γ which now
depend on x1, x2. The field equations and boundary conditions for both cases will
be formulated separately following Sect. 2.6, where BVPs are formulated only for
impermeable and for permeable boundary conditions.

9.2.1 In-plane Crack Problem

The mechanical and electrical balance equation for time-harmonic processes in
absence of body forces and electric charges can be written in the compact form,
see Chap. 2.

σi J,i + ∂J K δ2uK = 0, ∂J K =
{

∂, J, K = 1, 3
0, J = 4 or K = 4

(9.1)

where uK = (u1, u3, Φ) is the generalized displacement, J, K = 1, 3, 4, σi J is the
generalized stress, σi J = Ci J KluK ,l = Ci J KlsKl , see Sect. 2.5.1. The generalized
traction vector is tJ = σi J ni , where ni is the unit normal vector on S+

cr . The strain–
displacement and electric field–potential relations are si j = 1

2 (ui, j +u j,i ), Ei = −Φ,i

where si j , Φ are the strain tensor and electric potential and ∂ is the mass density.
The interaction of an incident wave with the crack induces scattered waves. The

total wave field at a given field point x = (x1, x3) can be written as a sum of
the incident (in) and the scattered (sc) wave field, which both must fulfill the field
Eq. (9.1). The decomposition

u J (x, δ) = uin
J (x, δ) + usc

J (x, δ) (9.2)

http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
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for the generalized displacement holds analogously for all field quantities. The
incident wave is known, while the scattered wave field has to be determined such
that Sommerfeld’s radiation condition at infinity and the boundary conditions along
the crack are fulfilled. The latter are discussed in what follows.

9.2.1.1 Impermeable Crack

In this case the crack is free of mechanical tractions and surface charges, i.e.

tJ = t in
J + t sc

J = 0 or t sc
J = −t in

J on Scr , (9.3)

where tJ = σJ i ni = (t1, t3, Dn) is the generalized traction vector and ni is the unit
normal vector on α . Furthermore, t in

J , t sc
J , tcr

J are the traction of the incident wave
field, the scattered wave field and the traction field inside the crack, respectively.

9.2.1.2 Permeable Crack

The permeable crack is free of mechanical traction, but continuity of the electrical
potential and the normal component of the electrical displacement are assumed:

t1 = t3 = 0, �γ = 0, D+
n = D−

n = Dcr
n on Scr . (9.4)

Here Dcr
n is the normal component of the electrical displacement inside the crack

and Dsc
n = Dcr

n − Din
n since Din

n + Dsc
n = Dcr

n on Scr . Therefore, the boundary
condition on Scr can be written as

t sc
J = −t in

J , J = 1, 3, t sc
4 = Dcr − t in

4 . (9.5)

9.2.1.3 Limited Permeable Crack

The crack faces again are free of mechanical traction and for the electrical part
the “capacitor analogy” is applied, see Wippler et al. [32]. In this model, using
the potential jump βγ = γ+ − γ− and the crack opening in normal direction
βun = u+

n −u−
n , the electric field inside the crack is expressed by En = −βγ/βun .

For the electric displacement this leads to

Dcr
n = εcr En = −εcr (�γ/�un) on Scr , (9.6)

where εcr is the dielectric constant of the medium inside the crack. As the normal
component of the scattered electrical displacement is Dsc

n = −Din
n + Dcr

n = −Din
n −

εcr (�γ/�un) because of Din
n + Dsc

n = Dcr
n on Scr , the boundary condition takes

the form
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t sc
J = −t in

J , J = 1, 3, t sc
4 = −t in

4 − εcr (�γ/�un). (9.7)

Because it contains the initially unknown potential and displacement jumps, the
problem in this case becomes nonlinear and the solution has to be sought iteratively.

9.2.2 Anti-plane Crack Problem

In this case the balance equations in absence of body forces and electric charges are
given by

σi J,i + ∂J K δ2uK = 0, ∂J K =
{

∂, J = K = 3
0, J = 4 or K = 4

(9.8)

where uK = (u3, Φ) is the generalized displacement, J, K = 3, 4, σi J is the
generalized stress, σi J = Ci J KluK ,l = Ci J KlsKl , see Sect. 2.5.1. The general-
ized traction vector is tJ = σi J ni , where ni is the unit normal vector on S+

cr . The
strain–displacement and electric field–potential relations are si j = 1

2 (ui, j + u j,i ),
Ei = −Φ,i where si j , Φ are the strain tensor and electric potential and ∂ is the mass
density.

The boundary conditions for the anti-plane crack are formulated in analogy to the
in-plane case. In this context it shall be noted that the anti-plane case shall only be
considered as a model case, whose physical relevance is doubtful.

9.2.2.1 Impermeable Crack

t sc
J = −t in

J , J = 3, 4. (9.9)

9.2.2.2 Permeable Crack

t sc
3 = −t in

3 , t sc
4 = Dcr − t in

4 . (9.10)

9.2.2.3 Limited Permeable Crack

t sc
3 = −t in

3 , t sc
4 = −t in

4 − εcr (�γ/�un). (9.11)

http://dx.doi.org/10.1007/978-3-319-03961-9_2
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9.3 Numerical Realization

For the numerical solution of the formulated BVPs we will use the non-hypersingular
traction BIE, see Sect. 4.2

t sc
J (x) = −Ci J Klni (x)

∫

S+
cr

[
(σ ∓

ωP K (x, ρ)βu P,ω(ρ)

− ∂Q Pδ2u∓
QK (x, ρ)βu P (ρ))λθl

− σ ∓
θP K (x, ρ)βu P,l(ρ)

]
nθ(ρ)d S, x ∪ Scr .

(9.12)

Here βu J = u J |S+
cr

− u J |S−
cr

is the generalized COD along the crack Scr , ni (x)

and nθ(ρ) are the outward normal vectors on S+
cr at the observation point x and the

collocation point ρ , respectively. The quantity u∓
K Q is the fundamental solutions,

see Eqs. (3.83)–(3.87) for the in-plane case and Eq. (3.43) for the anti-plane case,
respectively, and σ ∓

i J Q = Ci J Klu∓
K Q,l is the associated stresses. Finally, the left

hand side of Eq. (9.12) is prescribed by the boundary conditions.
The solution of the integro-differential Eq. (9.12) is described in Sect. 4.3 for

impermeable and permeable boundary conditions, see also Chaps. 6, 7, 8 for numer-
ical results. The limited permeable case needs more explanations. In this case the
electric field inside the crack is affected by the crack profile. Thus, a nonlinear analysis
is required to determine the fields associated with the deformed crack. Following the
lines of Balke et al. [1], Govorukhla and Kamlah [5], Gruebner [6] an iteration scheme
is used for this purpose. The iteration scheme (Dcr

n )(k+1) = −εcr (�γ/�un)(k) starts
with an impermeable crack, i.e. (Dcr

n )(0) = 0 and determines in the zero step a solu-
tion for the crack opening displacement. Using this COD the electrical displacement
for the first iteration step is calculated next: (Dcr

n )(1) = −εcr (�γ/�un)(0). The
scheme continues with the usage of (Dcr

n )(1) in order to find the solution for the gen-
eralized COD (�u J )(1) and so forth. The iteration process stops when a prescribed
accuracy is achieved. Here, for the in-plane case, the condition

max

[
N∑

l=1

|β(ul
n)(k) − β(ul

n)(k+1)|
|β(ul

n)(k)| ,

N∑

l=1

|β(γl)(k) − β(γl)(k+1)|
|β(γl)(k)|

]
∩ 0.01,

(9.13)
has been chosen where N is the number of the boundary nodes and k the number
of iterations. The analogous procedure is applied for anti-plane crack problem. It is
obvious that the number of necessary iterations depends on the permittivity of the
medium inside the crack.

9.4 Numerical Results

We consider a straight crack of length 2a = 10 mm, which lies on the x1-axis in
the interval (−a, a) under normally incident wave loading. The crack is discretized
into seven boundary elements, where the first and the last element are QP-crack tip

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_6
http://dx.doi.org/10.1007/978-3-319-03961-9_7
http://dx.doi.org/10.1007/978-3-319-03961-9_8
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elements of length lQ P = 0.15a. The properties of the piezoelectric materials are
given in Table 4.1.

The SIFs are obtained directly from the traction nodal values ahead of the crack-
tip according to Eq. (2.40) for the in-plane case and Eq. (2.41) for the anti-plane case.
For a straight crack of length 2a the relations read for in-plane case

K I = lim
x1→±a

t3
√

2π(x1 ∅ a), K I I = lim
x1→±a

t1
√

2π(x1 ∅ a),

K D = lim
x1→±a

t4
√

2π(x1 ∅ a), KE = lim
x1→±a

E3

√
2π(x1 ∅ a),

(9.14)

and for anti-plane case

K I I I = lim
x1→±a

t3
√

2π(x1 ∅ a), K D = lim
x1→±a

t4
√

2π(x1 ∅ a), (9.15)

where tJ is the traction at the point (x1, 0) close to the crack-tip.
As usual it is useful to normalize the stress intensity factors and the frequency. This

is done in the in-plane case for the mechanical SIFs in Eq. (9.14) K I and K I I through
the normalization coefficient k = t in

3
∈

πa = δ[(c33 + e2
33/ε33)∂]1/2∈πa and are

denoted by K ∓
I and K ∓

I I respectively. The associated normalized electrical stress

intensity factors are given by K ∓
E = |e33k

−1
KE | and K ∓

D = |(e33/ε33)k
−1

K D|,
while the normalized frequency is defined as Δ = aδ

√
∂c−1

44 . In the anti–plane
case the dynamic SIFs K I I I and K D in Eq. (9.15) are normalized by the terms
τ
∈

πa and τ(ε11/e15
∈

πa) and denoted by K ∓
I I I and K ∓

D respectively. The wave
number and the shear stress amplitude of the incident SH-wave are given by k =
δ[(c44 + e2

15/ε11)
−1∂]1/2 and τ = (c44 + e2

15/ε11)k, respectively.
First, the in–plane case is considered, where the crack is subjected to normal

incident L-wave and/or an additional electrical load. The mechanical part is given
by t3 = t in

3 with t3 = σ0 = 5 MPa, while the electrical part is prescribed by
t4 = D3 = s t in

3 (ε33/e33) with D3 = D0 = 0.01C/m2. The parameter s is a loading
parameter, which in case of a combined loading is chosen as s = 0.5, 1.0, 2.0. For
a pure mechanical load s is zero and a pure electrical load is characterized by s = 1
and t3 = 0. For limited permeable cracks relative permittivities of εr = 10, 30, 50
have been chosen.

Figure 9.2 shows the normalized K ∓
I factor versus normalized frequency Δ for

different electrical boundary conditions, different materials and different loading.
For a pure mechanical load (s = 0) K ∓

I starts at Δ = 0 with K ∓
I = 1 (the statical

value), increases slightly with increasing frequency and shows a maximum in some
cases (dynamic overshoot). It is interesting to note that for all three materials the
limited permeable crack shows a somewhat higher response than the other electrical
boundary conditions. For the pure electrical load K ∓

I staring from zero increases
considerably with frequency Δ .

The dependence of the K ∓
I versus frequency Δ curves on the load factor s, for

combined electromechanical loading is displayed in Fig. 9.3. For the impermeable

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
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Fig. 9.2 Normalized SIF-I for different type of load and different electrical boundary conditions:
a PZT 5H; b PZT 4; c BaT i O3

and the limited permeable crack K ∓
I increases with s, where the limited permeable

crack shows higher effects. Only for the permeable crack the response is independent
of s because the crack is not visible for the electric field. That the normalized electric
SIF K ∓

D for a permeable and an impermeable crack is independent on the frequency
can be seen from Fig. 9.4. Since the electric field does not see a permeable crack,
K ∓

D = 0 for a pure electrical loading. For a mixed electromechanical load such a
crack sees only the mechanical part, so that K ∓

D is independent on the load factor s.
For the impermeable crack K ∓

D increases with the load factor s, but is still independent
on Δ .

The influence of the relative permittivity of the medium inside the crack on the
frequency dependent curves of K ∓

I and K ∓
E is shown in Fig. 9.5. For frequencies

Δ < 0.8, the permeable and impermeable boundary conditions form a lower and
upper bound. In between, K ∓

I increases with decreasing εr . The opposite tendency
in the entire frequency range can be observed for K ∓

E .
Results for the anti-plane case are depicted in Figs. 9.6 and 9.7. Figure 9.6 shows

the dependence of K ∓
I I I on the boundary conditions for a pure mechanical and a pure
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Fig. 9.3 Normalized SIF-I for different types of electromechanical loads and different electrical
boundary conditions: a PZT 5H; b PZT 4; c BaT i O3

Fig. 9.4 Normalized
SIF-D for different types of
electromechanical loading and
different electrical boundary
conditions
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Fig. 9.5 The influence of the permeability of the crack on K ∓
I and K ∓

E

Fig. 9.6 K ∓
I I I versus Δ for
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electrical load. It is interesting to note that for the pure electrical load the limited
permeable case delivers practically the same results as the impermeable case. For
such a load, a permeable crack again is invisible.

The frequency dependent curve of the stress intensity factor K ∓
I I I is sensitive also

to the load factor s of the electromechanical loading and the type of the boundary
conditions, see Fig. 9.7. As can be expected, except for the permeable case, K ∓

I I I
increases with increasing load factor.

In summary the following conclusions can be drawn from the results:

• SIFs obtained for the permeable crack do not depend on the amplitude of the
applied electrical load, while SIFs obtained for impermeable and limited permeable
crack are sensitive to the amplitude of the applied electrical load, see Figs. 9.3
and 9.7.
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Fig. 9.7 K ∓
I I I versus Δ

in dependence of s and the
electrical boundary conditions

• The applied electrical displacement results in additional deformation, which may
significantly affect the stress concentration near the crack-tip. This effect appears
only at impermeable and limited permeable cracks.

• The results obtained for the limited permeable crack are more close to the solutions
for an impermeable crack. It is worth to note that the differences between both
models increase with increasing of the applied electrical load, see Fig. 9.3. This
figure also shows that the SIFs for impermeable and limited permeable cracks
depend on the applied electrical load in a different way.

• There is an influence of the crack permeability on SIFs K ∓
I and K ∓

E , see Fig. 9.5.
It shows that higher values of crack permittivity lead to an increase of the elec-
trical SIF K ∓

E , approaching the results of the permeable crack. Consequently, the
dielectric properties of the media inside the crack have an influence on the SIF
solutions. Numerical results prove the physical picture that the impermeable and
permeable assumptions are two extreme cases of the real situation represented by
the limited permeable crack model.

• In the case of pure mechanical load the impermeable crack shows zero electri-
cal displacement SIF K ∓

D , while permeable and limited‘permeable cracks have
nonzero SIFs K ∓

I and K ∓
D . In the case of pure electrical load impermeable and

limited permeable cracks have nonzero SIFs, while a permeable crack shows
zero SIFs.

• The material properties of different PEM have a considerable influence on the
SIFs, independent on the used boundary conditions.

• The frequency and the amplitude of the applied electromechanical load have a
significant influence on the SIFs. The electrical SIF K ∓

D is independent of the
frequency and of the applied stress amplitude. It depends only on the applied
electrical displacement.
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9.5 Concluding Remarks

The present chapter focuses on the influence of the boundary conditions on the
dynamic stress intensity factors for in-plane and anti-plane cracks under time-
harmonic loading. Compared are the ideal impermeable and permeable electrical
boundary conditions with the more realistic deformation dependent electrical bound-
ary condition. The parametric study illustrates that significant differences can occur,
when using different boundary conditions.
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Part III
Functionally Graded PEM

Part III addresses the dynamic behavior of 2D functionally graded piezoelectric
infinite and finite solids with cracks (Chaps. 10–13) and/or holes (Chaps. 14, 15)
subjected to time-harmonic horizontally polarized shear waves, longitudinal
waves, and vertically polarized shear waves. The computational tool is a non-
hypersingular traction BIEM based on fundamental solutions derived in a closed
form by Radon transform for a restricted class of inhomogeneous materials. All
stages of work, presented by the BIEM modeling, the numerical solution scheme
as well its validation, and a considerable number of simulations are discussed.
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Chapter 10
In-plane Crack Problems in Functionally
Graded Piezoelectric Solids

Abstract In-plane crack analysis of functionally graded piezoelectric solids under
time-harmonic loading is performed by using a non-hypersingular traction BIEM.
The material parameters are assumed to vary quadratically with both spatial variables.
Numerical results for the SIFs are discussed for different examples. Investigated are
the effects of the inhomogeneity parameters, the frequency of the applied electro-
mechanical load and the geometry of the crack scenario on the K-factors.

10.1 Introduction

Piezoelectric functionally graded materials are composites with continuously vary-
ing properties that have significant advantages over discretely layered materials. The
most used piezoelectric devices as bimorphs and monomorphs usually consist of
two long and thin piezoelectric elements, which are bonded along their long faces by
adhesive epoxy resin, and suitable covered with electrodes. The well-known draw-
back is that the bonding agent may crack during the fabrication process or in-service
loading conditions. The advantage of using devices made of FGMs or its usage as a
transit layer instead of the bonding agent is that failure from internal debonding or
from stress peaks in conventional bimorphs can be avoided. The gradual variation
of material properties in piezoelectric is quite effective to decrease the thermal and
residual stresses and to increase the bonding strength and toughness. In principle,
by controlling the material gradation during the manufacturing process, the desired
electromechanical response may be attained. The special feature of graded spatial
compositions provides some freedom in the design of novel smart structures.

On the other hand, FGMs are challenging regarding modeling and numerical sim-
ulation of their inhomogeneous structure. The mathematical background of models
describing the mechanical behavior of these materials involves the solution of par-
tial differential equations with spatially varying coefficients. The number of works
devoted to dynamically loaded cracks in inhomogeneous piezoelectric materials is
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rather small. Most of them are focused on the anti-plane case, see Chen et al. [4],
Chue and Ou [7], Ding and Li [10], Keqiang et al. [13], Li and Weng [15], Ma et al.
[17, 18], Rangelov et al. [22], Wang and Zhang [32]. The method used therein is
mainly the singular integral equation method. There are only a few papers dealing
with the respective in-plane case. The dynamic piezoelectric Mode-I problem was
treated in Chen et al. [5] where the material properties were assumed to vary continu-
ously only along one coordinate axis. Using the singular integral equation method the
influence of the inhomogeneity on the K-factors for an impact loading was studied. In
Chen and Liu [3] crack interaction was investigated based on the same method. The
dynamic response of an exponentially graded piezoelectric finite plate containing a
crack perpendicular to the free boundaries under the action of normal impact was
considered in Ueda [29]. The same author in Ueda [28, 30] studied the problem of
a finite crack in a graded piezoelectric strip by using the singular integral equation
method after applying integral transform technique. As an alternative numerical tool
the meshless formulation in recent years has been successfully applied to homoge-
neous and inhomogeneous piezoelectric problems, see Sladek et al. [24, 26, 27]. In
Sladek et al. [26] this method was used for the solution of central and edge crack
problems in strips subjected to pure static mechanical and/or electrical loads. The
same configurations under Heaviside impact loadings were considered in Sladek et
al. [27] for impermeable and permeable cracks.

The application of the BIEM to dynamic problems in inhomogeneous piezoelec-
tric solids meets serious difficulties because the method requires the fundamental
solution for the corresponding FGM. In general, partial differential equations with
variable coefficients do not possess explicit fundamental solutions that can easily be
implemented in the existed BIEM software. This prevents the reduction of a BVP to
a system of IDE which can be treated by standard numerical quadrature techniques.
The key role of the fundamental solution in a BIEM formulation is to reduce a given
BVP into a system of BIEs by using the reciprocal theorem. For this reason the
representation of the fundamental solutions in analytical form is so important.

In elastodynamics, the following ways have been proposed to obtain BIEM solu-
tions for inhomogeneous elastic continua:

(i) Use of available fundamental solutions for homogeneous material see Manolis
and Shaw [19]. Here, by applying suitable algebraic transformations the partial
differential equation with variable coefficients is reduced to one with constant
coefficients;

(ii) Use of the dual-reciprocity BIEM based on the fundamental solution for the ho-
mogeneous case, see Park and Ang [20] and Ang et al. [1]. Fundamental solutions
for restricted cases of quadratic and exponential inhomogeneous piezoelectric
material have been derived in Rangelov and Dineva [21] by using an appropriate
algebraic transformation and the properties of the Radon transform.

The literature review shows that there exist only a few results for dynamic in-plane
crack problems in inhomogeneous piezoelectric solids.

The chapter follows Dineva et al. [9], Rangelov and Dineva [21] and the aim is to
develop a non-hypersingular traction BIEM for SIFs computation of in-plane cracked
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Fig. 10.1 Cracked inhomo-
geneous finite piezoelectric
solid
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functionally graded piezoelectric materials based on the frequency dependent fun-
damental solution. The applicability of the method is demonstrated by numerical
examples for the GaN (Gallium Nitride) piezoelectric material. The chapter is con-
nected with the Chap. 11 where anti-plane cracked piezoelectric solids are consid-
ered. It is shown in both chapters that stress concentration fields near the crack–tips
in piezoelectric solids depend not only on different factors discussed separately, but
also depend on the polarization phenomenon which is extremely significant in the
areas of the smart structures and multifunctional materials.

10.2 Formulation of the BVP

Consider the 2D problem of a finite inhomogeneous piezoelectric solid G with a
smooth boundary S and an internal crack—an open arc Scr , subjected to time-
harmonic electromechanical loading with a prescribed frequency ε, see Fig. 10.1. Let
the poling direction coincide with the x3-axis of the coordinate system and assume
plane-strain conditions in the x1, x3-plane. The mechanical and electrical loading is
assumed to be such that the only non-zero field quantities are the displacement ui , the
stress γi j , the electric field Ei and the electric displacement Di , where i, j = 1, 3.
In this case the governing equations in the absence of volume forces consist of the
mechanical and electrical balance equations in the frequency domain and are as
follows:

γi J,i + χJ K ε2uK = 0, (10.1)

where uK = (u1, u3, δ) is the generalized displacement, J, K = 1, 3, 4 andγi J is the
generalized stress, γi J = Ci J KluK ,l = Ci J KlsKl , see Sect. 2.5.1. The generalized
traction vector is tJ = γi J ni , where ni is the unit normal vector on S+

cr . The strain–
displacement and electric field–potential relations are si j = 1

2 (ui, j +u j,i ), Ei = −δ,i

where si j , δ are the strain tensor and electric potential, χ is the mass density and

χJ K =
{

χ, J, K = 1, 3
0, J = 4 or K = 4

.

http://dx.doi.org/10.1007/978-3-319-03961-9_11
http://dx.doi.org/10.1007/978-3-319-03961-9_2
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In difference with the homogeneous case considered in Chaps. 6–9, we assume
that the mass density and the material parameters vary in the same manner with
x = (x1, x3), i.e. there exists a function

h(x) = (a1x1 + a3x3 + 1)2, h(x) > 0 in G,

such that Ci J Kl(x) = C0
i J Kl h(x) and χJ K (x) = χ0

J K h(x). The constant vector
a = (a1, a3) is such that

G ∩ {(x1, x3) : a1x1 + a3x3 + 1 = 0} = ∅.

The main inhomogeneity parameter, the vector a, can be written in polar coordinates

as a = (r cos σ, r sin σ), where σ ∈ [0, ∂ ] and r =
√

a2
1 + a2

3 are the direction and
the magnitude of the inhomogeneity gradient respectively. Furthermore, regarding
the reference material tensor, the following restrictions are assumed:

c0
13 = c0

44 and e0
31 = e0

15 (10.2)

These equalities are approximately fulfilled for example for the piezoelectric material
GaN, see Bykhovski et al. [2], Levinshtein et al. [14] and Table 4.1.

The problem statement is completed by the boundary conditions. They are given
on the outer boundary S by a prescribed displacement u J on the part of the boundary
Su and a prescribed traction t J on the complementary part St , S = Su∪St , Su∩St = ∅.
The finite crack Scr here is assumed to be impermeable and mechanical traction free:

u J |Su = u J , tJ |St = t J , tJ |Scr = 0, (10.3)

but also other electrical boundary conditions could have been used.
Our aim is to solve the BVP (10.1), (10.3), which is the same as formulated in

Chap. 4, but now for the inhomogeneous solid. For this purpose, using an appropri-
ate fundamental solution, the BVP must be formulated as an equivalent boundary
integro–differential equation along the crack line Scr and the solid’s boundary S and
solved numerically by BIEM.

10.3 Numerical Procedure

10.3.1 Fundamental Solution

The fundamental solution of Eq. (10.1) is defined as solution of the equation

γ ∗
i J M,i + χJ K ε2u∗

K M = −ΦJ MΦ(x − α) (10.4)

http://dx.doi.org/10.1007/978-3-319-03961-9_6
http://dx.doi.org/10.1007/978-3-319-03961-9_9
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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where γ ∗
i J M = Ci J Klu∗

K M,l , x = (x1, x3), α = (α1, α3), Φ is Dirac’s distribution and
ΦJ M the Kronecker symbol. The fundamental solution is derived in Rangelov and
Dineva [21] transforming Eq. (10.4) into an equation with constant coefficients and
then proceeding as in Sect. 3.4 with Radon transform.

Applying the smooth transformation of u∗
K M in G as

u∗
K M = h−1/2U∗

K M , (10.5)

Eq. (10.4) becomes an equation for U∗
K M with constant coefficients. Indeed,

γ ∗
i J M,i + χJ K ε2u∗

K M

= h1/2{C0
i J Kl [U∗

K M,il + h−1/2(h1/2
,i U∗

K M,l − h1/2
,l U∗

K M,i − h1/2
,il U∗

K M )]
+χ0

J K ε2U∗
K M }

= h1/2[C0
i J KlU

∗
K M,il + χ0

J K ε2U∗
K M ],

since h1/2
,il = 0 and due to restriction (10.2),

C0
i J Kl(h

1/2
,i U∗

K M,l − h1/2
,l U∗

K M,i ) = 0

is satisfied. Dividing Eq. (10.4) by h1/2 and having in mind that h−1/2(x)Φ(x, α) =
h−1/2(α)Φ(x, α) we obtain

[MJ K (β) + ωJ K ]U∗
K M = −h−1/2(α)ΦJ MΦ(x − α), (x, α) ∈ G × G (10.6)

where MJ K (β) = C0
i J Klβiβl , ωJ K = χ0

J K ε2. Equation (10.6) represents three sys-
tems of linear partial differential equations of second order with constant coefficients.
The solution U∗0

J K is found with Radon transform as is shown in Sect. 3.4, so from
(10.5) we obtain

u∗
J K (x, α) = h−1/2(α)h−1/2(x)U∗

J K (x, α) (10.7)

The stress, associated to the fundamental solution, is

γ ∗
i J M = Ci J Kl [h−1/2

,l (α)h−1/2(x)U∗0
K M + h−1/2(x)h−1/2(α)U∗0

K M,l ] (10.8)

Equations (10.7) and (10.8) for the fundamental solution and for the associated stress
show their dependence on the mechanical properties of the reference material, on the
location and distance between the source and observation point, on the frequency of
the applied load and on the inhomogeneity function and it’s derivatives. Using the
asymptotic behavior of U∗

J K (x, α) for x → α , see Eq. (3.89) we obtain

u∗as
J K = h−1(α)bJ K ln |x − α |,

γ ∗as
i J M = h−1/2(α)h,l(α)pi J Ml ln |x − α | + qi J M

1

|x − α | ,
(10.9)

http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_3
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where bJ K , pi J Ml and qi J M depend on the elastic, dielectric, piezoelectric constants
and the density, but not on the frequency. Though, the term with 1/|x −α | dominated
in γ ∗as

i J M , for the numerical approximation it is better for the accuracy to use both
terms.

10.3.2 Non-hypersingular Traction BIEM

Following the method in Chap. 4 for homogeneous piezoelectric materials, the non-
hypersingular BIE formulation on the boundaries S ∪ Scr is derived. For the consid-
ered linear BVP (10.1), (10.3), the superposition principle is valid, see Wang et al.
[31], Zhang et al. [35]. As in Sect. 7.2, Eqs. 7.2 and 7.3, the displacement and traction
are written as u J = u0

J +uc
J , tJ = t0

J +tc
J . Here u0

J , t0
J are the fields due to the external

load on the boundary S of the crack free body, while the fields uc
J , tc

J are induced by
the load tc

J = −t0
J on the crack Scr with zero boundary conditions on the boundary

S. Using the representation formula for the generalized displacement gradients uK ,l

and taking the limit x → S ∪ Scr , the following system of non-hypersingular traction
BIEs for the posed problem is obtained:

1

2
t0
J (x) = Ci J Kl(x)ni (x)

∫

S
[(γ ∗

ρP K (x, α)u0
P,ρ(α)

− χQ Pε2u∗
QK (x, α)u0

P (α))Φλl − γ ∗
λP K (x, α)u0

P,l(α)]nλ(α)d S

− Ci J Kl(x)ni (x)

∫

S
u∗

P K ,l(x, α)t0
P (α)d S, x ∈ S,

(10.10)

tJ (x) = Ci J Kl(x)ni (x)

∫

S+
cr

[(γ ∗
ρP K (x, α)θuc

P,ρ(α)

− χQ Pε2u∗
QK (x, α)θuc

P (α))Φλl − γ ∗
λP K (x, α)θuc

P,l(α)]nλ(α)d Scr

+ Ci J Kl(x)ni (x)

∫

S
[(γ ∗

ρP K (x, α)uc
P,ρ(α) − χQ Pε2u∗

QK (x, α)uc
P (α))Φλ

− γ ∗
λP K (x, α)uc

P,l(α)]nλ(α)d S

− Ci J Kl(x)ni (x)

∫

S
u∗

P K ,l(x, α)tc
P (α)d S, x ∈ S ∪ Scr

(10.11)
where

tJ =
{

tc
J /2 on S,

−t0
J on Scr ,

and θuc
J = uc

J |S+
cr

− uc
J |S−

cr
is the generalized crack opening displacement. Further-

more, x = (x1, x3) and y = (y1, y3) denote the position vector of the observation
point and source point, respectively. Equations (10.10) and (10.11) constitute a sys-

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_7
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tem of integro-differential equations for the unknowns θuc
J on Scr and u0

J , t0
J , uc

J ,
tc
J on S. From its solution the generalized displacement u J and traction tJ at each

internal point can be determined by using the corresponding representation formulae,
see Sect. 4.2.1, Eqs. 4.8 and 4.9.

10.4 Numerical Results

The solution procedure follows the numerical algorithm developed and validated
in Chap. 4. The only difference is that in the Eqs. (10.10) and (10.11) there appear
as multipliers smooth functions on S coming from the inhomogeneity. For their
numerical solution with BIEM, a FORTRAN code has been developed.

The displacement and stress at the crack-tip in the inhomogeneous material have
the same asymptotic behavior as those in the homogeneous one, see Sladek et al. [25]
and Zhang et al. [33, 34]. Although the structure of the asymptotic crack–tip fields
is not influenced by the material gradient, the SIFs are dependent on inhomogeneity
type and properties through the solution of the BVP.

Knowing the traction, the generalized dynamic SIFs at the crack–tips are cal-
culated, see Eq. (2.40). For example, in case of a straight crack along the interval
(−c, c) on the x1-axis, the respective formulae are given by

K I = limx1→±c t3
√

2∂(x1 ∓ c),
K I I = limx1→±c t1

√
2∂(x1 ∓ c),

K I V = limx1→±c t4
√

2∂(x1 ∓ c),
(10.12)

where tJ is the generalized traction at the point (x1, 0) close to the crack-tip. Re-
garding the electrical SIFs, the electric field SIF KE is given by

KE = lim
x1→±c

E3

√
2∂(x1 ∓ c), E3 = (c33t4 − e33t3)(e33c33 + e2

33)
−1 (10.13)

and the electric displacement SIF K D = K I V can also be determined. Equations
(10.12) and (10.13) are based on the fact known in the literature, see Li and Weng
[16], that stresses and electric displacements at the crack-tip in functionally graded
materials still posses the inverse square root singularity in terms of a local coordinate
at the crack-tip and that the angular distribution functions are the same as in the cases
of a homogeneous piezoelectric solid.

The numerical study aims to illustrate the sensitivity of the mechanical and electri-
cal SIFs to the frequency of the applied electro-mechanical load, to the direction and
magnitude of the material gradient and to the geometry of the crack configuration.

In all examples a straight crack of length 2c = 5 mm is considered which is dis-
cretized by seven boundary elements, see Fig. 10.2b. The numerical studies showed
that this number is sufficient to achieve a satisfying accuracy within the considered
frequency range. The first and the last element are quarter point quadratic BEs while

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_2
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Fig. 10.2 Inhomogeneous rectangular plate (a), discretization (b)

the remaining elements are ordinary quadratic BEs. Their lengths have been chosen
as l1 = l7 = 0.375 mm, l2 = l6 = 0.5 mm l3 = l5 = 1.0 mm, l4 = 1.25 mm. As
reference piezoelectric material GaN is taken with properties shown in Table 4.1.
The crack is centered in a rectangular plate with the dimensions 20 × 40 mm which
is loaded by an uniform time-harmonic electromechanical tension along the x3-axis
at the opposite sides with amplitudes γ0 = 400 × 106 N/m2 and D0 = 0.1 C/m2,

see Fig. 10.2a, b. A normalized frequency is introduced through π = c ε

√
χ0/c0

44,
where ε[1/s] is the angular frequency. The mechanical SIFs K I and K I I are nor-
malized by γ0

√
∂c, denoted by K ∗

I and K ∗
I I , respectively. The electrical SIF K D is

normalized by D0
√

∂c, and the electric field SIF KE is normalized by |γ0|√∂c/e33,
denoted by K ∗

D and K ∗
E , respectively. A total number of 20 quadratic BEs on the

external boundary S have been used, see Fig. 10.2b.
A detailed validation study of the proposed numerical scheme for the homoge-

neous crack problem in an infinite region is presented in Sect. 6.3 and therefore is
omitted here.

For cracks in finite homogeneous piezoelectric regions under time-harmonic load-
ing the results are presented in Chap. 6 . However, a solution for a cracked anisotropic
rectangular plate under time-harmonic load has been published by Garcia-Sanchez
et al. [12]. Figure 10.3 shows a comparison of the authors BIEM results: (a) with
results of Chirino and Dominguez [6] for a homogeneous elastic isotropic mate-
rial and (b) with results of Garcia-Sanchez et al. [12] for a homogeneous elastic
anisotropic Boron-epoxy (type I) composite with the following properties: Young’s
moduli E1 = 224.06 GPa, E3 = 12.69 GPa, shear modulus G13 = 4.43 GPa and
Poisson’s ratio Δ13 = 0.256. It is a peak observed for the normalized frequency

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_6
http://dx.doi.org/10.1007/978-3-319-03961-9_6
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Fig. 10.3 Normalized SIF-
I versus normalized fre-
quency π for a center cracked
isotropic/anisotropic homoge-
neous plate

KI
*

0 0.1 0.2 0.3 0.4 0.5
0

10

20

30

40

Fig. 10.4 Normalized SIF-
I versus normalized fre-
quency π for a center cracked
anisotropic homogeneous
Boron-epoxy I composite at
different orthotropy ratios
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= 1.5

around 0.3 which is considered as a resonance value of the SIF. The existence of this
resonance effect is described and discussed by several authors as for the isotropic
cracked domains, see Chirino and Dominguez [6], so for the anisotropic cracked
domains, see Garcia-Sanchez et al. [12]. As can be seen, the results are in excellent
agreement, although very different computational techniques are used in Chirino
and Dominguez [6], Garcia-Sanchez et al. [12] and in the present investigation. To
the author’s knowledge there are no available results for SIF computation for fi-
nite cracked piezoelectric solids with quadratic inhomogeneity subjected to in-plane
time-harmonic mechanical and electrical load. Due to this reason the validation is
based on the comparison of the author’s BIEM results with the results of other authors
for the homogeneous case. Using the developed program code for inhomogeneous
case and replacing the inhomogeneity function h(x) with 1 we show the validation.

For the same homogeneous material, Fig. 10.4 shows BIEM results revealing the
influence of the orthotropy ratio ϕ = E1/E3 on the SIFs. Here, the shear modulus has
been defined as G13 = E1/(ϕ+2Δ13+1), see Garcia-Sanchez et al. [11]. Figure 10.4
shows that with increasing ϕ the resonance peak is shifted to lower frequencies and
this effect is the same as that shown in Garcia-Sanchez et al. [12].
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Fig. 10.5 Normalized SIF-I versus normalized frequency π for a center cracked inhomogeneous
anisotropic plate. Material gradient direction σ = ∂/2

KI
*

d
d

d
d

0.05 0.15 0.25 0.35 0.45
0

10

20

30

40

KD
*

d
d

d
d

0.05 0.15 0.25 0.35 0.45
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

(a) (b)

Fig. 10.6 Normalized SIFs versus normalized frequency π for a center cracked inhomogeneous
piezoelectric plate. Material gradient direction σ = ∂/2. a K ∗

I ; b K ∗
D

Following Zhang et al. [35, 36] the dimensionless magnitude d = r.c and the
direction σ of the inhomogeneity gradient are defined, where the magnitude of
the inhomogeneity gradient r is defined in Sect. 10.2 and c is the half-length of
the crack. In Figs. 10.5–10.10 the inhomogeneity effects are evaluated with respect
to d and σ. First, by setting the piezoelectric constants of GaN to zero, the purely
elastic anisotropic case is studied. For an inhomogeneity direction perpendicular to
the crack, Fig. 10.5 shows the normalized K I versus frequency π for different in-
homogeneity magnitude d. With increasing d the resonance peak is shifted to lower
frequencies. All further results are devoted to inhomogeneous piezoelectric materials.

In Fig. 10.6a, b the SIFs at the right crack tip for different inhomogeneity mag-
nitudes d and inhomogeneity direction σ = ∂/2 are plotted. The following obser-
vations can be made: (a) Generally, the inhomogeneity effect is clearly visible; (b)
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(a)

(c)

(b)

Fig. 10.7 Normalized SIFs versus normalized frequency π of normal incident L-wave at the right
crack-tip for a piezoelectric inhomogeneous plane: a K ∗

I ; b K ∗
I I ; c K ∗

E

The inhomogeneity effect is more pronounced for the electrical SIFs; (c) The FGM
with d = 0.15 reduces the resonance amplitude, see Fig. 10.6a due to the material
inhomogeneity; (d) A mode K I I factor appears under periodic uniaxial tension on
account of the non-symmetry if the inhomogeneity direction is not perpendicular
to the crack plane. This effect has been investigated for general FGMs recently by
Dineva et al. [8] and Zhang et al. [35, 36]. It will also be shown in the following
examples where the external boundary has a minor influence on the complex wave
field inside the solid so that the inhomogeneity effects can be demonstrated more
clear.

In the following examples, in order to decrease the disturbing wave reflection
at the external boundary and to compare the present results with those for a finite
crack in an infinite plane, the edge-length W of the square plate with the crack is
taken sufficiently large, say W = 7c, as in Sladek et al. [23]. For the case of normal
incident L-wave Fig. 10.7 demonstrates the influence of the magnitude of the material
gradient d on K ∗

I , K ∗
I I and K ∗

E in the case the material properties vary normal to the
crack line, i.e. the direction of the material gradient is σ = ∂/2. Figures 10.8 and
10.9 show the same quantities but now for the inhomogeneity directions σ = ∂/4
and σ = ∂/9, respectively. In Fig. 10.10, for the inhomogeneity direction σ = ∂/6
and two different d, the K -factors at the right and the left crack-tips are compared. It
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Fig. 10.8 Normalized SIFs versus normalized frequency π of normal incident L-wave at the right
crack-tip of a crack in piezoelectric inhomogeneous plane: a K ∗

I ; b K ∗
I I ; c K ∗

E . Inhomogeneity
direction is σ = ∂/4

can be seen, as could be expected, that the difference between K factors at left and
right crack-tips increase with increasing inhomogeneity magnitude d.

The numerical study clearly shows that the inhomogeneity has a strong influ-
ence on the SIFs, i.e. the dynamic stress concentration at the crack-tips. Because
the dynamic crack-tip field is a complex result of the influence of the different pa-
rameters like geometry, loading, electromechanical coupling, anisotropy strength,
inhomogeneity strength and direction, the picture is not as clear as in the simple un-
coupled static case. The results demonstrate that the SIFs are sensitive to the direction
and magnitude of the material inhomogeneity and they depend on the frequency of
the applied load and on the relation between the magnitude of the gradient para-
meter and the crack size. The comparison of the results in Fig. 10.6 with those in
Figs. 10.8–10.10 reveals the role of the reflected waves from the external boundaries
of the finite piezoelectric solid and the influence of the geometry of the crack sce-
nario on the obtained dynamic stress concentration field. It is important to note that
the K ∗

I I factor is not zero in the inhomogeneous case under pure tension which is in
contrast to the homogeneous case.
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(a)

(c)

(b)

Fig. 10.9 Normalized SIFs versus normalized frequency π of normal incident L wave at the right
crack-tip of a crack in piezoelectric inhomogeneous plane under normal time-harmonic uniform
tension: a K ∗

I ; b K ∗
I I ; c K ∗

E . Inhomogeneity direction is σ = ∂/9

(a) (b)

Fig. 10.10 Normalized SIFs versus normalized frequency π of normal incident L-wave at the
right and at the left crack-tips of a crack in a piezoelectric inhomogeneous plane under normal
time-harmonic uniform tension: a K ∗

I ; b K ∗
E . Inhomogeneity direction is σ = ∂/6

10.5 Conclusion

Presented is an analytical methodology that derives the fundamental solutions for
wave equations of a specific class of inhomogeneous piezoelectric materials with
quadratic variation of the material characteristics. The non-hypersingular traction
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based BIE formulation of the dynamic problem for a cracked finite inhomogeneous
solid subjected to in-plane mechanical and/or in-plane electrical load is presented.
Using the derived fundamental solutions and accurate numerical procedure, an ef-
ficient BIEM software is developed and validated. Numerical examples for SIFs
computation in cracked piezoelectric functionally graded GaN materials and solids
are presented. Conclusion from the simulations is that the coupled crack-tip field
is sensitive to the magnitude and direction of the material inhomogeneity gradient,
to the frequency of the applied dynamic load, to the crack geometry and to the
electro-mechanical coupling.
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Chapter 11
Functionally Graded Piezoelectric Media
with a Single Anti-plane Crack

Abstract Treated is an arbitrarily shaped anti-plane shear crack in a finite inhomo-
geneous piezoelectric domain under time-harmonic loading. Within a unified scheme
different types of inhomogeneity are considered for which the material parameters
may vary in arbitrary directions. The problem is solved by using a numerically effi-
cient non-hypersingular traction BIEM. The fundamental solutions for the different
inhomogeneity types are derived in closed form. Numerical results for the SIFs are
discussed. They show the effect of the material inhomogeneity type and character-
istics and the efficiency of the computational method.

11.1 Introduction

Elastodynamic problems in inhomogeneous media are usually treated mainly by two
models. The multilayer model considers the solid as composed by piecewise homo-
geneous layers where scattering arises from sequences of reflections and refractions.
In contrast, in the smooth model where the material properties are assumed to be
continuous functions of the spatial coordinates.

The second approach, describing the material properties as continuous functions,
has been often used for purely elastic materials in the last years. Applying analytical
methods, cracked inhomogeneous materials under static conditions have been studied
e.g. by Delale and Erdogan [7], Oztruk and Erdogan [21], Erdogan [9]. Finite element
methods were applied by Kim and Paulino [14], Gu et al. [10], and BIEM has been
used by Pan and Amadei [22] and Yu and Xiao [28]. Equivalent dynamic problems
have been treated by Zhang et al. [29–31]. In all mentioned papers the spatial variation
of the material parameters is described by an exponential law, where a symmetrical
material graduation with respect to the crack-plane is assumed.

The number of works devoted to cracks in inhomogeneous piezoelectric materials
is rather small. The static problem of an anti-plane crack located in a functionally
gradient piezoelectric interlayer between two dissimilar homogeneous piezoelectric
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half-planes was solved in Hu et al. [11]. A mode III crack in a functionally graded
piezoelectric material was considered in Wang [26], where the mechanical and the
electrical properties of the medium were assumed to take a specific functional form
for which the dynamic equation had an analytic solution. The relevant problem
subsequently was solved by means of the singular integral equation technique. The
anti-plane problem of an exponentially functionally gradient piezoelectric strip with
a finite crack parallel to the edges has been analyzed in Keqiang et al. [13] by using
the Fourier transform and formulating by this two pairs of dual integral equations.
The same method of singular integral equations has been used by Chen et al. [3]
for the problem for an anti-plane crack in a functionally graded piezoelectric layer
bonded between two elastic layers under combined anti-plane mechanical shear and
in-plane electric impacts. Scattering of harmonic anti-plane shear waves by cracks
in functionally graded piezoelectric materials was investigated by Ma et al. [17, 18]
who assumed the exponential variation of the material properties. An anti-plane
loaded crack located within one of two bonded functionally graded piezoelectric
materials has been studied by Chue and Ou [5]. Chen et al. [2] discussed results for
the dynamic anti-plane problem of an inhomogeneous piezoelectric strip containing
a periodic array of parallel cracks arranged perpendicular to the strip boundary.
Although there are some specific solutions available, the number of investigations of
dynamic crack problems in inhomogeneous piezoelectric materials is very limited.
In particular there is a lack of an efficient numerical BIEM tool for the solution of
such problems.

The aim of the present chapter is to derive fundamental solutions for different
types of inhomogeneous piezoelectric materials and to implement them into efficient
BIEM software for the solution of the anti-plane time-harmonic problem in a cracked
finite solid. The chapter follows [23, 25].

11.2 Formulation of the BVP

We consider a piezoelectric domain G with an arbitrary shaped internal crack Scr

and a smooth boundary S, poled in x3 - direction and subjected to time-harmonic
loading, see Fig. 11.1. The mechanical and electrical loading is assumed to be such
that the only nonvanishing displacements are the anti-plane mechanical displacement
u3(x1, x2) and the in-plane electrical displacements Di = Di (x1, x2), i = 1, 2.
For such a case, assuming quasi-static approximation of piezoelectricity, the field
equations in absence of body forces are given by the balance equation

σi J,i + ρJ K ω2uK = 0, J, K = 3, 4, (11.1)

where uK = (u3, φ) is the generalized displacement J, K = 3, 4 and σi J is the
generalized stress, σi J = Ci J KluK ,l = Ci J KlsKl , see Sect. 2.5.2, where

http://dx.doi.org/10.1007/978-3-319-03961-9_2
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Fig. 11.1 2D cracked
piezoelectric solid

Ci33l =
{

c44, i = l
0, i →= l

; Ci34l =
{

e15, i = l
0 i →= l

; Ci44l =
{−ε11, i = l

0, i →= l
.

The strain-displacement and electric field-potential relations are si3 = u3,i , Ei =
−φ,i where si j , φ are the strain tensor and electric potential, si J = (u3,i , Ei ) and ρ

is the mass density, ρJ K =
{

ρ, J = K = 3
0, J = 4 or K = 4

.

The boundary conditions on the outer boundary S are given by a prescribed dis-
placement ū J on the part of the boundary Su and prescribed traction t̄ J on the com-
plementary part St , S = Su ≈ St , Su ∩ St = ∅ i.e.

u J (x) = ū J (x) on Su, tJ (x) = t̄ J (x) on St . (11.2)

The boundary condition along the crack is given by

tJ = 0 on Scr , (11.3)

where the generalized traction vector is tJ = σi J ni and ni is the unit normal vector
on S+

cr . Condition (11.3) means that the crack faces are free of mechanical traction
as well as of surface charges, i.e. the crack is electrically impermeable. It is well
known that this assumption is only a rough approximation since real cracks are
partially permeable. But because the boundary conditions have no influence on the
fundamental solution and subsequent implementation into the BIEM, (11.3) has been
chosen for simplicity.

We further assume that the mass density and material parameters vary in the same
manner with x , i.e. there exists a function h(x) ∈ C2(G), h(x) > h0 > 0, such that

c44(x) = c0
44h(x), e15(x) = e0

15h(x), ε11(x) = ε0
11h(x), ρ(x) = ρ0h(x).

(11.4)

Following Akamatsu and Nakamura [1] it can be proved that the BVP (11.1)–
(11.3) admits a continuous differentiable solution, if the usual smoothness and com-
patibility requirements for the boundary data are satisfied.
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We will solve the BVP (11.1)–(11.3) numerically transforming it into the equiva-
lent integro-differential equation along the boundaries S≈Scr as in the homogeneous
case, see Chap. 4. This can be done if we are able to use an appropriate fundamental
solution for the wave Eq. (11.1). Our aim is to specify classes of nonhomogeneity
functions h(x) for which the fundamental solution can be derived in closed form and
subsequently be used to solve the boundary value problem within the framework of
a non-hypersingular traction BIEM.

11.3 Inhomogeneity and Fundamental Solution

The fundamental solution of Eq. (11.1) is defined as solution of the equation

σ ∗
i J M,i + ρJ K ω2u∗

K M = −δJ Mδ(x, ξ), (11.5)

where σ ∗
i J M = Ci J Mlu∗

K M,l , J, K , M = 3, 4, i, l = 1, 2, x = (x1, x2) and ξ =
(ξ1, ξ2). It is well known, see John [12], that if h(x) is an analytical function in G
the solution of Eq. (11.5) exists. In order to derive it we first transform Eq. (11.5) by
a suitable change of functions to an equation with constant coefficients. This can be
done if certain restrictions on function h(x) are supposed. In a second step we apply
Radon transform, as in Chap. 3, which allows the construction of a set of fundamental
solutions depending on the roots of the characteristic equation of the obtained ODE-
system. Finally, using both the inverse Radon transform and the inverse change of
functions, the fundamental solutions of Eq. (11.1) is obtained for specific types of
piezoelectric materials. In the first step we use a method which successfully was
applied by Manolis and Shaw [19] for elastic continua. The smooth transformation

uK = h−1/2(x)UK , (11.6)

leads to a wave equation with constant coefficients, having in mind that

uK ,l = − 1
2 h−3/2h,lUK + h−1/2UK ,l ,

σi J = C0
i J Kl huK ,l = C0

i J Kl [−(h1/2),lUK + h1/2UK ,l ], and
σi J,q = C0

i J Kl [−(h1/2),lqUK − (h1/2),lUK ,q + (h1/2),qUK ,l + h1/2UK ,lq ],

where Ci J Kl = h(x)C0
i J Kl . Since for q = i = l the terms with the first derivatives

of UK vanish, Eq. (11.1) after dividing it by h1/2 takes the form

C0
i J K iUK ,i i + [ρ0

J K ω2 − C0
i J K i h

−1/2(h1/2),i i ]UK = 0, (11.7)

Correspondingly, using the property h−1/2(x)δ(x, ξ) = h−1/2(ξ)δ(x, ξ) of the Dirac
function, Eq. (11.5) with the transformation

u∗
K M = h−1/2(x)U∗

K M (11.8)

http://dx.doi.org/10.1007/978-3-319-03961-9_4
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yields

C0
i J K iU

∗
K M,i i + [ρ0

J K ω2 − C0
i J K i h

−1/2(h1/2),i i ]U∗
K M = h−1/2(ξ)δJ Mδ(x, ξ).

(11.9)

Equations (11.7) and (11.9) are equations with constant coefficients, if the condi-
tion

C0
i J K i h

−1/2(h1/2),i i = pJ K = const, x ∈ G, (11.10)

is fulfilled, what constitutes certain restrictions for the inhomogeneity function h(x).
Following the presented method in Sect. 3.3, we can solve the system of equations

with constant coefficients (11.9) for U∗
K M and consequently obtain the fundamental

solution of Eq. (11.5) with inverse Radon transform and transformation (11.8)
Before continuing with the derivation of the fundamental solution let us consider

three types of inhomogeneous piezoelectric materials for which condition (11.10) is
fulfilled. Note that the notations a = (a1, a2) and |a| = √∓a, a∪ are used below.

Type A: For pJ K = 0 the inhomogeneity function h(x) is of the type h(x) =
(dx1x2 +∓a, x∪+b)2 in the domain G ∩ R2 and G ∩{x : dx1x2 +∓a, x∪+
b ∅ 0} = ∅.

Type B: For pJ K = C0
i J K i a

2
i the inhomogeneity function h(x) is of the type h(x) =

e2(∓a,x∪+b) or h(x) = cosh2(∓a, x∪+ b) in the domain G ∈ R2 and h(x) =
sinh2(∓a, x∪ + b) in the domain G ∩ R2 ∩ {x : ∓a, x∪ + b →= 0}.

Type C: For pJ K = −C0
i J K i a

2
i the inhomogeneity function h(x) is of the type

h(x) = sin2(∓a, x∪ + b) in the domain G ∩ R2, G ∩ {x : 0 < ∓a, x∪ +
b < π} , h(x) = cos2(∓a, x∪ + b) in the domain G ∩ R2, G ∩ {x :
−π

2 < ∓a, x∪ + b < π
2 } and h(x) = [sin(a1x1) sin(a2x2)]2 in the domain

G ∩ (0, π/a1) × (0, π/a2), a1 > 0, a2 > 0.

Exponential inhomogeneity functions h(x) of type B were studied in Ma et al.
[2, 17], Cheng et al. [18] and Wang [26], while in Li and weng [16] functions h(x) of
type A were used. Fundamental solutions for inhomogeneous purely elastic materials
of type A–C have been derived by Rangelov et al. [24]. Several BVPs with BIEM for
isotropic and anisotropic inhomogeneous materials of types A and B, respectively
were solved in Manolis et al. [8] and Dineva et al. [20].

It shall be noted that beside the above mentioned inhomogeneity types, for which
the fundamental solution can be derived in a closed form, there exists another class
of functions h(x) fulfilling the condition (11.10). Let’s assume the solid G is a
bounded simple connected domain and let G ∩ int(G1), where the simple connected
domain G1 has a smooth boundary ∂G1. There exists a function g(x) that is the first
eigenfunction of the Dirichlet problem for the Laplacian in G1:

{−�g = λgg, x ∈ G1,

g = 0 on ∂G1.
(11.11)

http://dx.doi.org/10.1007/978-3-319-03961-9_3
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Moreover, g(x) > 0 in int (G1) and the function g(x) is convex and unique with
respect to a positive constant multiplier, see Courant and Hilbert [6]. It is obvious that
h1/2(x) = g(x) satisfies the condition (11.10). Since in the derivation of the funda-
mental solution only these conditions are used, it follows that if the inhomogeneity is
defined by the function h(x) = g2(x), the fundamental solution of Eq. (11.1) exists
in a closed form.

In the numerical examples we consider and compare the homogeneous case (0):
h = 1 and the following three types of inhomogeneous material behaviour: (q)
quadratic, type A: hq(x) = (a1x1 + a2x2 + 1)2; (e) exponential, type B: he(x) =
e2(a1x1+a2x2); (s) sinusoidal, type C: hs(x) = sin2(a1x1 + a2x2 + 1).

Let us shortly show the difference between the three inhomogeneous types on the
level of fundamental solutions.

To derive the fundamental solution we apply the Radon transform to both sides
of Eq. (11.9), and with |m| = 1 we obtain

[C0
i J K i m

2
i ∂

2
s + (ρ0

J K ω2 − pJ K )]Û∗
K M = −h−1/2(ξ)δJ Mδ(s − ∓ξ, m∪). (11.12)

Let us denote pJ K = C0
i J K i p, then p = 0 for hq , p = |a|2 for he and p = −|a|2

for hs and the Eq. (11.12) in compact matrix form can be written

(M∂2
s + Γ )Û∗ = F, (11.13)

where Û∗ = {Û∗
J K }, F = { f J M } = −{h−1/2(ξ)δJ Mδ(s − ∓ξ, m∪)},

M = {C0
i J K i m

2
i } =

(
c0

44 e0
15

e0
15 −ε0

11

)
,

Γ = {ρ0
J K ω2 − C0

i J K i p} =
(

ρ0ω2 − c0
44 p −e0

15 p
−e0

15 p ε0
11 p

)
.

The difference between the three inhomogeneity types A–C consists in the sign
of pJ K and in the domain G where h(x) is defined.

The matrix Eq. (11.13) represents two systems of second order ODEs. Multiplying

the second equation in Eq. (11.13) by
e0

15

ε0
11

and adding it to the first one we obtain a

new equivalent system of equations. Its first equation contains now only the functions
Û∗

3J and can be written as

(∂2
s + γ )w = gδ(s − τ), (11.14)

where γ = (ρ0ω2 − a0 p)a−1
0 , a0 = c0

44 + e02
15

ε0
11

, and w = Û∗
33, g = −h−1/2(ξ)a−1

0

for J = 3 and w = Û∗
34, g = −h−1/2(ξ)

e0
15

ε0
11

a−1
0 for J = 4. The second equation

remains unchanged. The solutions of (11.14) are shown in Sect. 3.2 and their type

http://dx.doi.org/10.1007/978-3-319-03961-9_3
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can be exponential, trigonometric or polynomial depending on the value of the key
parameter γ which can be positive, zero or negative. In the examples we have

For hq : γ = ρ0ω2a−1
0 and the solution is given by trigonometric functions;

For he: γ = (ρ0ω2 − a0|a|)a−1
0 and with notation ω0 = |a|√a0/ρ0 the solution

isgiven by exponential functions for ω < ω0, by first order polynomial
function for ω = ω0 and by trigonometric functions for ω > ω0;

For hs : γ = (ρ0ω2 + a0|a|)a−1
0 and the solution is given by exponential functions.

After solving also the second equation in (11.13) we obtain that Û∗
J K is a linear

combination of functions of the types eiβ|s−τ |, |s − τ |, eiα|s−τ |. More precisely, for
considered inhomogeneity functions h we have:

For hq : With k = ω
√

ρ0/a0 functions Û∗
J K are already given in the homogeneous

case, Eqs. (3.40), (3.42), where constants are with subscribes 0.
For he: With respect to the frequency ω there are the following three cases:

For

ω < ω0,i.e.γ < 0 with the notation k = √|γ | :
Û∗

33 = −h−1/2(ξ)
1

2ka0
ek|s−τ |,

Û∗
34 = Û∗

43 = −h−1/2(ξ)
1

2ka0

e0
15

ε0
11

ek|s−τ |,

Û∗
44 = −h−1/2(ξ)

⎧

⎪ 1

2ka0

⎨
e0

15

ε0
11

⎩2

ek|s−τ | − 1

ε0
11

1

2|a|e|a||s−τ |
⎛

⎜ . (11.15)

For ω = ω0, i.e. γ = 0 :

Û∗
33 = −h−1/2(ξ)

1

2a0
|s − τ |,

Û∗
34 = Û∗

43 = −h−1/2(ξ)
1

2a0

e0
15

ε0
11

|s − τ |,

Û∗
44 = h−1/2(ξ)

2|a|

⎨
1

ε0
11

− e0
15

a0ε
0
11

+ e02
15

a0ε
0
11

⎩
e|a||s−τ | − h−1/2(ξ)

2a0

⎨
e0

15

ε0
11

⎩2

|s − τ |.
(11.16)

For ω > ω0, i.e. γ > 0 with the notation k = √
γ :

Û∗
33 = h−1/2(ξ)

i

2ka0
eik|s−τ |,

Û∗
34 = Û∗

43 = h−1/2(ξ)
i

2ka0

e0
15

ε0
11

eik|s−τ |

Û∗
44 = h−1/2(ξ)

⎧

⎪ i

2ka0

⎨
e0

15

ε0
11

⎩2

eik|s−τ | + 1

ε0
11

1

2|a|e|a||s−τ |
⎛

⎜ ;

(11.17)

http://dx.doi.org/10.1007/978-3-319-03961-9_3
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For hs : With notation k = √
γ :

Û∗
33 = h−1/2(ξ)

i

2ka0
eik|s−τ |,

Û∗
34 = Û∗

43 = h−1/2(ξ)
i

2ka0

e0
15

ε0
11

eik|s−τ |

Û∗
44 = h−1/2(ξ)

⎧

⎪ i

2ka0

⎨
e0

15

ε0
11

⎩2

eik|s−τ |
⎛

⎜ − i

2|a|ε0
11

⎝
1 − e0

15

ε0
11

+ ke02
15

a0

⎞
ei |a||s−τ |];

(11.18)

Regarding the inverse Radon transform we use the corresponding formulae (3.20)
for K and (3.15) for R∗.

11.4 Numerical Realization

Following the method presented in Chap. 4 for homogeneous piezoelectric materials,
the non-hypersingular BIE formulation on the considered boundaries S ≈ Scr is
derived. For this purpose the displacements and the tractions are written as u J =
u0

J + uc
J , tJ = t0

J + tc
J , where u0

J , t0
J are the fields due to the external load on the

boundary S of the crack free body, while the fields uc
J , tc

J are induced by the load
tc
J = −t0

J on the crack boundary Scr with zero boundary conditions on the boundary
S. The following system of non-hypersingular traction BIE for the problem (11.1)–
(11.3) is obtained

tJ (x) = Ci J Klni (x)

⎟

S+
cr

[(σ ∗
ηP K (x, ξ)Δuc

P,η(ξ) − ρQ Pω2u∗
QK (x, ξ)Δuc

P (ξ))δλl

− σ ∗
λP K (x, ξ)Δuc

P,l(ξ)]nλ(ξ)d Scr + Ci J Klni (x)

⎟

S
[(σ ∗

ηP K (x, ξ)uc
P,η(ξ)

− ρQ Pω2u∗
QK (x, ξ)uc

P (ξ))δλl − σ ∗
λP K (x, ξ)uc

P,l(ξ)]nλ(ξ)d S

− Ci J Klni (x)

⎟

S
u∗

P K ,l(x, ξ)tc
P (ξ)d S, x ∈ S ≈ Scr . (11.19)

Here u∗
K Q is the fundamental solution of (11.5), σ ∗

i J Q = Ci J Klu∗
K Q,l is the corre-

sponding stress, tJ =
{ 1

2 tc
J on S

−t0
J on Scr

and Δuc
J = uc

J |S+
cr

− uc
J |S−

cr
is the generalized

crack opening displacement. Furthermore, x = (x1, x2) and ξ = (ξ1, ξ2) denote the
position vector of the observation point and source point, respectively.

Equation (11.19) constitute an integro-differential equation system for the
unknowns Δuc

J on Scr and uc
J , tc

J on S. From its solution the generalized displacement
uc

J and traction tc
J at each internal point can be determined by using the corresponding

representation formulae, see Sect. 4.2.1.

http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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Fig. 11.2 Finite crack in an
inhomogeneous plane under
time-harmonic load t0
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The numerical solution scheme of Eq. (11.19) follows the procedure developed
in Sect. 4.2.1 for homogeneous cracked piezoelectric solids, subjected to anti-plane
electromechanical loading. The program code based on Mathematica and FORTRAN
has been created following the above described procedure.

The mechanical dynamic stress intensity factor K σ
I I I and the electrical displace-

ment intensity factor K D
I I I are obtained directly from the traction nodal values ahead

of the crack-tip, see Eq. (2.41) e.g. for a straight crack of length 2c, see Fig. 11.2 the
relations read:

K σ
I I I = lim

x1→±c
t3

√
2π(x1 ∓ c), K D

I I I = lim
x1→±c

t4
√

2π(x1 ∓ c), (11.20)

where tJ is the generalized traction at the point (x1, 0) close to the crack-tip, see
Sect. 2.6.2.

The BIEM formulation of the boundary value problem is valid for a finite cracked
piezoelectric domain. However, in order to show more clearly the influence of the
material inhomogeneity on the dynamic SIFs, the numerical study is done for a
straight finite crack in an infinite domain. In this case disturbing wave reflections at
the external boundary S do not occur.

11.4.1 Incident SH-Waves

Let us assume that the crack Scr is described by the segment (−c, c) on the axis Ox1,
see Fig. 11.2. Considered are normal incident time harmonic SH-waves leading along
the crack Scr to an anti-plane mechanical traction and in-plane electric displacement.
The incoming wave for the different inhomogeneity types is given by

For hq : u0
J = (a1x1 + a2x2 + 1)−1

⎠


1
e0

15

ε0
11



 eik0x2 , k0 =
√

ρ0
a0

ω,

t0
J |x2=0 = a0[−a2 + ik0(a1x1 + 1)]

(
1
0

)
;

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
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For he: u0
J = e−(a1x1+a2x2)

⎨
1
e0

15
ε0

11

⎩
eike x2 , ke =

√
ρ0ω2

a0
− |a|2;

t0
J |x2=0 = a0[−a2 + ike]

(
1
0

)
;

For hs : u0
J = sin−1(a1x1 + a2x2 + 1)

⎨
1
e0

15
ε0

11

⎩
eiks x2 , ks =

√
ρ0ω2

a0
+ |a|2,

t0
J |x2=0 = a0[−a2 + iks sin(a1x1 + 1) + iks cos(a1x1 + 1)]

(
1
0

)
.

The main inhomogeneity parameter, the vector a = (a1, a2), can be written in
polar coordinates as (a1, a2) = r(cos α, sin α), where α and r are the direction
and the magnitude of the inhomogeneity gradient. The cases α = 0 and α = π/2
correspond to the scenarios, where the material gradient is parallel or normal to the
crack. At arbitrary angle α the direction of the material gradient is arbitrarily oriented
to the crack, i.e. the material properties vary in both the vertical and lateral directions.

11.4.2 Validation Example

In order to validate the proposed solution method, the obtained BIEM results are
compared with those of Wang and Meguid [27], who studied the homogeneous case,
i.e. r = 0 by using the singular integral equation method. The respective material
data of PZT-4 are given in Table 4.1. The absolute values of the normalized DSIF

K ∗
I I I = K σ

I I I

τ
√

πc
, τ = t0

3 versus normalized frequency Ω = ck0 ∈ [0.1, 1.4], are

presented in Fig. 11.3. The following cases are considered : pure mechanical load:

t0
3 = τ , t0

4 = 0; electromechanicl load: t0
3 = τ , t0

4 = sd, d = ε0
11

e0
15

τ , for s = 0.5, 1.0.

The comparison shows that the maximum difference between the results is about
8–10 %. This figure shows also the effect of the frequency and the magnitude of the
applied electromechanical load upon the normalized DSIF. The applied electrical
displacement results in additional deformation, which may significantly affect the
stress concentration at the crack-tip.

Regarding the difference it is worth mentioning that the used BIEM mesh in both
the validation and parametric study is given by only five quadratic boundary elements
along Scr , where two of them are quarter point elements. Their lengths have been
chosen as, l1 = l5 = 0.15c, l2 = l4 = 0.56c and l3 = 0.58c.

http://dx.doi.org/10.1007/978-3-319-03961-9_4
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Fig. 11.3 Normalized DSIF
K ∗

I I I of a finite crack in a
piezoelectric homogeneous
plane
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11.4.3 Parametric Study

The parametric study aims showing the sensitivity of the SIFs to the type (A, B
or C) and characteristics (α, r) of the material inhomogeneity. The material used
in the simulation study is PZT-6B whose data for the homogeneous case are given
in Table 4.1. Note that for the considered cases (A)–(C) the fundamental solutions
derived in Sect. 11.3 are composed by different types of special functions. In all
figures curve (0) refers to the homogeneous material, while curves (q), (e) and (s)
present solutions for material inhomogeneity of type A, B and C correspondingly. In
addition, the sensitivity of the SIFs to the normalized frequency Ω = ck is evaluated
where k = k0 for (0) and (q) curves, k = ke for (e) curve and k = ks for (s)curve.
The half-crack length is c = 5 mm and calculated is in most cases the normalized

DSIF K ∗
I I I and the normalized EDIF K ∗

D , where K ∗
D = K D

I I I

d
√

πc
, d = ε0

11

e0
15

τ , versus

normalized frequency Ω in the interval [0.1, 1.4].
Figures 11.4, 11.5, 11.6, 11.7 and 11.8 show results for pure anti-plane mechan-

ical loading, while Figs. 11.9 and 11.10 present solutions for combined electro-
mechanical loading consisting of anti-plane time-harmonic mechanical and in-plane
electrical load. Figure 11.11 concerns the case of pure electrical load.

Figure 11.4a, b displays K ∗
I I I versus Ω at the left crack-tip (Fig. 11.4a) and the

right crack-tip (Fig. 11.4b) for the different inhomogeneity types and the parameters
rc = 0.2 and α = 0, i.e. the material parameters vary continuously parallel to the
crack. It can be seen that K ∗

I I I is strongly dependent on the type of inhomogeneity.
The homogeneous material (0) at both tips shows high stress intensity factors, but
they are slightly exceeded at the left tip by the material types A and B. Material type
C at both tips leads to relatively low K ∗

I I I -values. Generally, the K ∗
I I I -factors at the

left crack-tip are higher than at the right tip.
In Fig. 11.5 K ∗

I I I is again depicted for the same data, except the gradient direction,
which is now α = π/2 , i.e. the material parameters vary continuously normal to
the crack. Due to the symmetry the stress intensity factors are equal at both tips:
K ∗,L

I I I = K ∗,R
I I I . The results for the homogeneous material and the types A and B

http://dx.doi.org/10.1007/978-3-319-03961-9_4
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Fig. 11.4 Normalized DSIF K ∗
I I I versus normalized frequency Ω for a material gradient parallel

to the crack-plane (α = 0 ) and the gradient parameter rc = 0.2: a left crack-tip; b right crack-tip

Fig. 11.5 Normalized DSIF K ∗
I I I versus normalized frequency Ω for a material gradient normal

to the crack plane (α = π/2 ) and the gradient parameter rc = 0.2

show only slight differences while material type C again leads to considerable lower
K ∗

I I I -values.
Results for the gradient direction α = π/4 are shown in Fig. 11.6a, b. The

behaviour in this case is very similar to that for α = 0. The dependence of K ∗
I I I and

K ∗
D at both tips on the gradient direction α ∈ [0, π ], α = m

π

12
, m = 0, 1, 2, ..., 12

can be seen in Figs. 11.7, 11.9 and 11.10 for the fixed frequency Ω = 1.2 and at rc =
1.0. Figure 11.8 compares K ∗

I I I —values for the homogeneous case (rc = 0) and
exponential type B of inhomogeneity at rc = 0.2 and α = 0. The results show very
clear the influence of the inhomogeneity on the dynamic stress concentration field.

Normalized DSIF K ∗
I I I and normalized EDIF K ∗

D at both crack-tips are displayed
in Fig. 11.9 for different gradient directions, when the crack is loaded by a normal
incident shear wave with t0

3 = τ and in-plane electrical displacement t0
4 = d at

rc = 1.0 and Ω = 1.2. The material inhomogeneity is of quadratic type A. It is
interesting to note that for the homogeneous material the EDIF K ∗

D does not depend
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(a) (b)

Fig. 11.6 Normalized DSIF K ∗
I I I versus normalized frequency Ω for a gradient direction α = π/4

and the gradient parameter rc = 0.2: a left crack-tip; b right crack-tip
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Fig. 11.7 Normalized DSIF K ∗
I I I versus the angle of the material gradient at normalized frequency

Ω = 1.2 , gradient parameter rc = 1.0: a left crack-tip; b right crack-tip

Fig. 11.8 Comparison of the DSIF K ∗
I I I for α = 0 and rc = 0.0, rc = 0.2, material inhomogeneity

type B

on both the mechanical load and the frequency, see Wang and Meguid [27]. In the
inhomogeneous case K ∗

D depends strongly on the direction of the material gradient.
Figure 11.10a, b shows normalized SIFs vs. material gradient direction for

quadratic type of inhomogeneity at fixed rc = 1.0 and Ω = 1.2 for the electro-
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(a) (b)

Fig. 11.9 Normalized DSIF K ∗
I I I and EDIF K ∗

D versus angle of material gradient for (q) case at
normalized frequency Ω = 1.2 of electromechanical load t0

3 = τ and t0
4 = d at gradient parameter

rc = 1.0: a K ∗
I I I ; b K ∗

D

(a) (b)

Fig. 11.10 Normalized DSIF K ∗
I I I and EDIF K ∗

D versus angle of material gradient for (q) inho-
mogeneity at normalized frequency Ω = 1.2 and rc = 1.0 and combined electromechanical load
t0
3 = τ and t0

4 = sd: a K ∗
I I I ; b K D

mechanical loads t0
3 = τ , t0

4 = sd at s = 0.5, 1.0, 1.5. These figures demonstrate
that the dynamic singular stress field around the crack-tip is governed not only by the
applied stress and the applied electrical displacement, but also by the gradient of the
piezoelectric material properties. The case of pure electrical load t0

3 = 0, t0
4 = sd at

s = 0.5, 1.0, 1.5 is presented in Fig. 11.11a, b. DSIF K ∗
I I I , normalized by

e0
15

ε0
11

d
√

πc

is plotted in Fig. 11.11a, where it is shown that K ∗
I I I →= 0. The normalized EDIF

K ∗
D in Fig. 11.11b shows identical behaviour as in Fig. 11.10b. This is because, as

in the homogeneous case (see [4, 15]) the dynamic singular electrical displacement
field around the impermeable crack is independent of the applied mechanical stress
but depends on the inhomogeneity of the piezoelectric materials and on the applied
electrical load.
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Fig. 11.11 Normalized DSIF K ∗
I I I and EDIF K ∗

D versus angle of material gradient for (q) inho-
mogenity at normalized frequency Ω = 1.2 and rc = 1.0 and pure electrical load t0

3 = 0 and
t0
4 = sd: a K ∗

I I I ; b K ∗
D

The general conclusion from the results in Figs. 11.4, 11.5, 11.6, 11.7, 11.8,
11.9, 11.10 and 11.11 is that the dynamic crack-tip field is a complex result of
the interaction between the dynamic electro-mechanical load and the piezoelectric
material with its specific peculiarities like anisotropy, inhomogeneity and internal
connectivity between mechanical and electrical fields. The numerical simulations
demonstrate that the normalized SIF is sensitive to:

(i) the type of the material inhomogeneity;
(ii) the direction of the material gradient with respect to the crack;

(iii) the frequency of the applied dynamic load;
(iv) the magnitude of both mechanical and electrical dynamic load;
(v) the magnitude of the gradient parameter rc and its relation with the crack size.

11.5 Conclusions

The BIE formulation of the dynamic problem for a single-cracked finite inhomo-
geneous solid subjected to anti-plane mechanical and in-plane electrical loads is
derived. Presented is an analytical methodology that derives the fundamental solu-
tions for wave equations of certain classes of inhomogeneous piezoelectric materials.
Using the obtained fundamental solutions an accurate numerical procedure and effi-
cient BIEM software is developed for solving the problem in the frequency domain.
The parametric study reveals the sensitivity of the coupled crack-tip fields to the type
and magnitude of the material inhomogeneity, on the frequency and magnitude of
the applied dynamic load and on the coupled electro-mechanical field.
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Chapter 12
Multiple Anti-plane Cracks in Quadratically
Inhomogeneous Piezoelectric Finite Solids

Abstract Anti-plane cracks in finite functionally graded piezoelectric solids under
time-harmonic loading are studied. The formulation allows for a quadratic variation
of the material properties in arbitrary direction. The numerical solution provides the
displacements and traction on the external boundary as well as the crack opening
displacements from which the mechanical SIF and the EDIF are determined. Several
examples for single and multiple straight and curved cracks show the influence of
the different system parameters.

12.1 Introduction

The work is an extension of previous Chaps. 8, 10 and 11. In Chap. 11 fundamental
solutions have been derived analytically for the anti-plane dynamic case concern-
ing certain classes of FGPM including variable material characteristics of quadratic,
exponential and sinusoidal type. A BIE formulation was presented for a cracked inho-
mogeneous solid subjected to anti-plane mechanical and in-plane electrical loads. In
Chap. 11 crack interaction and the influence of external boundaries was not taken into
consideration. This was done in Chap. 8 were multiple in-plane crack interaction in
infinite domains has been studied, but it did not account for the material inhomogene-
ity and did not consider finite piezoelectric anti-plane cracked solids. In-plane crack
analysis of functionally graded piezoelectric solids under time-harmonic loads was
considered in Chap. 10, where an investigation of the combined effect of the material
inhomogeneity, the frequency and the geometry of the crack scenario was presented
and discussed. Based on the results in Chaps. 8, 10 and 11 and following Dineva et
al. [5], the present chapter aims to evaluate the dynamic stress concentration field in
a finite functionally graded piezoelectric solid with anti-plane cracks as a complex
result from the mutual influence of the key factors like:

• the type and characteristics of the dynamic electromechanical load,
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Fig. 12.1 2D inhomogeneous
finite anti-plane cracked
piezoelectric solid

• the piezoelectric material with its specific peculiarities as electro-mechanical cou-
pling, anisotropy and quadratically varying inhomogeneity in arbitrary direction,

• the geometry of the crack scenario including multiple cracks interaction and the
influence of the the external boundary.

For this aim a numerical scheme based on the non-hypersingular traction based BIEM
is developed, validated and applied.

12.2 Statement of the Problem

Although some parts of the problem statement can be found in Chap. 11 they are
repeated here in order to make the text to be self-contained. In a Cartesian coordinate
system Ox1x2x3 in R3 consider a finite transversely isotropic functionally graded
piezoelectric solid G with a smooth boundary S, poled in Ox3 direction containing
N internal finite arbitrary shaped cracks Sk

cr = Sk+
cr →Sk−

cr , k = 1, · · · N , of arc length
2ck , see Fig. 12.1. Let G be subjected to a time-harmonic anti-plane mechanical and
in-plane electrical load with a frequency ω. The only non-vanishing displacements
are the anti-plane mechanical displacement u3(x1, x2) and the in-plane electrical
displacements Di (x1, x2). Since all fields are time-harmonic with the frequency ω,
the common multiplier eiωt is suppressed here and in the following. For such a
case, assuming quasi-static approximation of piezoelectricity, the field equations in
absence of body forces are given by the balance equations

σi3,i + ρω2u3 = 0, Di,i = 0, (12.1)

the strain-displacement and electric field-potential relations

si3 = u3,i , Ei = −φ,i (12.2)

and the constitutive relations, see Sect. 2.5.2

http://dx.doi.org/10.1007/978-3-319-03961-9_11
http://dx.doi.org/10.1007/978-3-319-03961-9_2
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σi3 = c44si3 − e15 Ei ,

Di = e15si3 + ε11 Ei .
(12.3)

Here σi3, si3, Ei , φ are the stress tensor, strain tensor, electric field vector and the
electric potential, respectively, i = 1, 2, subscript commas denote partial differen-
tiation and the summation convention for repeated indices is applied. Furthermore,
ρ, c44, e15, ε11 are the mass density, the shear stiffness, the piezoelectric and the
dielectric permittivity.

Suppose that the mass density and the material parameters vary in the same manner
with x = (x1, x2) through the function h(x) = (a1x1 + a2x2 + 1)2, i.e.

c44 = c0
44h(x), e15 = e0

15h(x), ε11 = ε0
11h(x), ρ = ρ0h(x). (12.4)

Restrictions on the inhomogeneity function h(x) are due to the nondegeneracy of
the Eq. (12.1), i.e.

G ≈ {(x1, x2) : a1x1 + a2x2 + 1 = 0} = ∅. (12.5)

The Poisson’s ratio can be assumed to be constant, see Delale and Erdogan [3, 4]
owing to the fact that its variation within a practical range has a rather insignificant
influence on the magnitude of the crack-tip driving force. So, in our case of the anti-
plane crack the only elastic module—the shear modulus (resp. Young’s modulus)
will vary, but the Poisson ratio is a constant. The same approach for anti-plane crack
problem is used by Li and Weng [6, 7], Wang [12], Chen and Liu [1], Singh et al.
[10, 11], Collet et al. [2]. The assumption that the elastic, piezoelectric and dielectric
properties vary in one and the same manner is a necessary idealization to avoid the
mathematical complexity of the considered problem. However, even in this case it is
worth to do such a research as far as it reveals the complex character of the dynamic
stress and electric field concentrations around cracks. Also the obtained results can
be used as benchmark problem solutions.

The inhomogeneity parameter, the vector a = (a1, a2), can be written in polar
coordinates as a = r(cos α, sin α), where α and r are the direction and the magnitude
of the inhomogeneity gradient.

The basic Eqs. (12.2) and (12.3) can be written in a more compact form if the
notation of the generalized displacement u J = (u3, φ) is introduced. The constitutive
Eq. (12.3) then takes the form

σi J = Ci J KluK ,l i, l = 1, 2, J, K = 3, 4, (12.6)

where Ci J Kl = h(x)C0
i J Kl ,

C0
i33l =

{
c0

44, i = l
0, i �= l

, C0
i43l = C0

i34l =
{

e0
15, i = l

0, i �= l
, C0

i44l =
{−ε0

11, i = l
0, i �= l

and Eq. (12.1) reduces to
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σi J,i + ρJ K ω2uK = 0, J, K = 3, 4, (12.7)

with the generalized mass density ρJ K =
{

ρ, J = K = 3
0, J = 4 or K = 4

.

Note that Eq. (12.7) in conjunction with Eq. (12.6) must be regarded as a system
with non-constant coefficients since the material parameters depend on x .

The boundary condition on the outer boundary S are given by a prescribed dis-
placement u J on the part of the boundary Su and prescribed traction t J on the
complementary part St , S = Su → St , Su ≈ St = ∅ i.e.

u J (x) = ū J (x) on Su, tJ (x) = t̄ J (x) on St . (12.8)

The boundary condition along each crack is

tJ = 0 on Scr = →N
1 Sk

cr . (12.9)

This means that the cracks are assumed to be free of mechanical traction as well as
of surface charges, i.e. all cracks are electrically impermeable.

12.3 Numerical Procedure

One way to solve the boundary value problem presented by the Eqs. (12.7–12.9)
numerically is to transform it into equivalent integro-differential equation along the
boundaries S → Scr . Our aim is to solve the BVP within the framework of a non-
hypersingular traction BIEM and to determine the stress intensity factors occurring
in the cracked solid.

The non-hypersingular traction based BIE is derived in Chap. 4 following the pro-
cedure given by Wang and Zhang [13] and Rangelov et al. [9] for the homogeneous
case and shown in Chap. 11 for the considered inhomogeneous case. Using superpo-
sition principle the displacements and the stresses are represented as u J = u0

J + uc
J ,

σi J = σ 0
i J +σ c

i J , where u0
J , σ 0

i J are the fields due to the load on the external boundary
S of the crack free body, while the fields uc

J , σ c
i J are induced by the load tc

J = −t0
J

on the k-th crack line Sk
cr with zero boundary conditions on the external boundary

S. Here tJ = σi J ni , ni is the outward normal vector on Sk+
cr . The following system

of BIE describes the posed boundary value problem

1

2
t0
J (x) = Ci J Klni (x)

∫

S
[(σ ∗

ηP K (x, ξ)u0
P,η(ξ) − ρQ Pω2u∗

QK (x, ξ)u0
P (ξ))δλl

− σ ∗
λP K (x, ξ)u0

P,l(ξ)]nλ(ξ)d S − Ci J Klni (x)

∫

S
u∗

P K ,l(x, ξ)t0
P (ξ)d S, x ∈ S,

(12.10)

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_11
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tJ (x) = Ci J Klni (x)

N∑

k=1

∫

Sk+
cr

[(σ ∗
ηP K (x, ξ)Δuc,k

P,η(ξ)

− ρQ Pω2u∗
QK (x, ξ)Δuc,k

P (ξ))δλl − σ ∗
λP K (x, ξ)Δuc,k

P,l (ξ)]nλ(ξ)d Sk
cr

+ Ci J Klni (x)

∫

S
[(σ ∗

ηP K (x, ξ)uc
P,η(ξ) − ρQ Pω2u∗

QK (x, ξ)Δuc
P (ξ))δλl

− σ ∗
λP K (x, ξ)uc

P,l(ξ)]nλ(ξ)d S − Ci J Klni (x)

∫

S
u∗

P K ,l(x, ξ)tc
P (ξ)d S, x ∈ S → S+

cr .

(12.11)

Here, u∗
J K is the fundamental solution of Eq. (12.7), σ ∗

i J Q = Ci J Klu∗
K Q,l is the

corresponding stress, tJ =
{

tc
J on S

−t0,k
J on Sk

cr
and Δuc,k

J = uc,k
J |S+k

cr
− uc,k

J |S−k
cr

is the

generalized COD on the k-th crack Sk
cr . Furthermore, x = (x1, x2) and ξ = (ξ1, ξ2)

denote the position vector of the observation and source point, respectively. The
functions u J , tJ , u∗

J K , σ ∗
i J Q additionally depend on the frequencyω, which is omitted

in the list of arguments for simplicity. Equations (12.10) and (12.11) constitute a
system of integro-differential equations for the unknowns Δuc,k

J on the line Sk
cr of

each crack and uc
J , tc

J on the external boundary S of the piezoelectric solid. From
its solution the generalized displacement u J at every internal point of G can be
determined by using the corresponding representation formulae, see Sect. 4.2.1.

In order to solve the system of Eqs. (12.10) and (12.11), it is necessary to know
the fundamental solution u∗

J K and its stress σ ∗
l QK in a closed form. The fundamental

solution of Eq. (12.7) is defined as solution of the equation

σ ∗
i J M,i + ρJ K ω2u∗

K M = −δJ Mδ(x, ξ), (12.12)

where δ is the Dirac distribution and δJ M is the Kronecker symbol. The fundamen-
tal solution for the inhomogeneous solid under anti-plane mechanical and in-plane
electrical loading is derived in Sect. 11.3 and we shortly present it here for the aim
of completeness.

First, with a suitable change of functions, see Manolis and Shaw [8], Eq. (12.12) is
transformed into an equation with constant coefficients. The smooth transformation
u∗

J K = h−1/2(x)U∗
J K in G leads to an equation with constant coefficients for U∗

J K .
The second step is to apply the Radon transform, see Zayed [15], and to obtain
a system of ordinary differential equations. This system is decoupled via linear
algebra tools. The third step is to apply the inverse Radon transform and to find
the fundamental solution in the form

u∗
J K = h−1/2(x)U∗

J K (x, ξ)h−1/2(ξ). (12.13)

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_11
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Here the generalized function U∗
J K (x, ξ) is the fundamental solution for the homoge-

neous anti-plane case, see Sect. 3.2 with the reference material constants C0
i J Kl . This

fundamental solution and its associated stress are implemented in the FORTRAN
program code for the numerical solution of the boundary-value problem.

The numerical procedure for the solution of the BVP follows the numerical algo-
rithm developed in Chap. 4 and validated in Chap. 11.

The mechanical dynamic SIF K I I I and the electrical displacement intensity factor
K D are obtained directly from the traction nodal values ahead of the crack-tip, (2.41).
For example, in case of a straight crack, the interval (−c, c) on the Ox1 axis, the
expressions are

K I I I = lim
x1√±c

t3
√

2π(x1 ∓ c), K D = lim
x1√±c

t4
√

2π(x1 ∓ c), (12.14)

where tJ is the generalized traction at the point (x1, 0) close to the crack-tip. Note
that the asymptotic behaviour of stresses and electric displacements at the crack-tip
is the same as for the homogeneous material, see Li and Weng [6] and Sect. 10.4.

12.4 Numerical Results

In all examples cracks are of length 2c = 5 mm and they are discretisized by 7 BEs,
while a total number of 20 ordinary quadratic BEs on the external boundary are
used. Numerical studies showed that this number of BEs is sufficient to achieve an
satisfactorily accuracy within the considered frequency range. The first and the last
BEs on the cracks are quarter point BEs, while the remaining elements are ordinary
quadratic BEs. Their lengths l j are chosen as follows: l1 = l7 = 0.375 mm, l2 = l6 =
0.5 mm, l3 = l5 = 1.0 mm, l4 = 1.25 mm. Considered is a piezoelectric cracked
rectangular plate with dimensions 20 × 40 mm loaded by uniform time-harmonic
electromechanical tension in x2 direction with amplitudes σ0 = 400×106 N/m2 and
D0 = 0.1 C/m2, see Fig. 12.2. The electro-mechanical properties of the reference
piezoelectric ceramic PZT 4 are shown in Table 4.1.

Since there are no SIF results available for finite cracked piezoelectric solids
with quadratically varying material properties subjected to time-harmonic anti-plane
mechanical and in-plane electrical loading, the validation of the numerical scheme
is possible only by comparing the BIEM results with results of other authors for
the homogeneous case. For this purpose the inhomogeneity function h(x) in the
developed program code for the inhomogeneous case must simply be set to one.

In the following the BIEM results are compared with the results of Wang and
Meguid [14], who used the singular integral equation method. They studied a single
crack in an infinite homogeneous plane subjected to a mechanical load t0

3 = τ = a0k,

a0 = c0
44 + e02

15

ε0
11

, k = √
ρ0/a0 of a normal incident SH-wave and an additional

http://dx.doi.org/10.1007/978-3-319-03961-9_3
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_11
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_10
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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Fig. 12.2 Cracked
rectangular inhomogeneous
finite plate

t3 0 0= , t D4 =

t3 0 0= –, t D4 =

tJ = 0 tJ =0

x2

x1
2c 2c

e

a
α

electrical load t0
4 = sd, d = ε0

11

e0
15

τ . A detailed discussion of a similar comparison

is given in Chap. 11, which is restricted to infinite domains. In order to test the new
BIE solution for finite piezoelectric solids, the results of Wang and Meguid [14] are
now compared with the BIEM results for a center cracked square domain of size
w > 10c with 2w being the side length of the square. Figure 12.3a shows the nor-
malized dynamic SIF K ∗

I I I = K I I I /τ
∪

πc versus normalized frequency Ω = kc of
the applied electro-mechanical load. An excellent coincidence between the results
obtained by the different computational techniques can be observed. This underlines
the good accuracy of the proposed traction based BIEM approach for the solution of
2D time-harmonic problems. This example also shows that remote external bound-
aries do not influence the results significantly in the considered frequency range.
In Fig. 12.3b the results of Wang and Meguid [14] for s = 0.5 are compared with
those of two collinear cracks with distance e = 10c in an infinite plane. Because
of the big distance the SIF K ∗

I I I are expected to take nearly the same values as for
as single crack since crack interaction is weak. The case of a cracked square plate
of size w > 10c (referred below as an infinite plate), with two cracks at distance
e = 7c subjected by the same time-harmonic load as in the previous example with
s = 0 is also validated. As can be seen from Fig. 12.3b that the solution recovers
again the results of Wang and Meguid [14]. The difference is not bigger than 8 %
what indicates that the proposed method works for multiple cracks in a finite solid
with high accuracy.

We now will discuss numerical results, which provide some insight in the effect
of various system parameters on the SIFs as they are:

(a) the frequency of the applied load,
(b) the direction and magnitude of the material inhomogeneity,
(c) the electro-mechanical coupling,

http://dx.doi.org/10.1007/978-3-319-03961-9_11
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(a) (b)

Fig. 12.3 Normalized SIF versus normalized frequency for a homogeneous infinite plate under
electro-mechanical load: a single crack; b two collinear cracks

(d) the wave-crack, wave-material, crack-crack and crack-external boundary inter-
action,

(e) the geometry of the crack scenario.

The first series of numerical results concern a finite rectangular center cracked plate
of PZT 4 having quadratically varying material properties with a prescribed magni-
tude and direction. The straight crack has the half-length c and the plate is loaded by a
mechanical time-harmonic load with the amplitude σ0 = 400 ×106 N/m2 and/or an
in-plane electrical displacement with the amplitude D0 = 0.1 C/m2. Figure 12.4a, b,
c show for a pure mechanical load how the normalized mechanical SIF K ∗

I I I values
depend on the frequency and on the direction and magnitude of the material inhomo-
geneity. For α = 90∩ the magnitude of the first peak at Ω ∅ 0.15 is highest for the
homogeneous case (rc = 0) and lowest for the strongest inhomogeneity (rc = 0.1),
see Fig. 12.4a. This tendency changes significantly with Ω and α. For example, at
α = 20∩ the second peak at Ω ∅ 0.45 is highest for the strongest inhomogeneity
(rc = 0.1) and lowest for the homogeneous case (rc = 0). In Fig. 12.5a, b, c for three
different combinations of electromechanical loading, K ∗

I I I curves for different inho-
mogeneity strengths rc at a fixed inhomogeneity direction α = 90∩ are compared.
Figure 12.5b, c shows the results for pure mechanical and pure electrical loading,
respectively. The necessary additional normalization in the latter figure is done by
D0(e0

15/ε
0
11). As can be seen from the figures, for all three loading conditions the

first peak is highest for the homogeneous case and lowest for the strongest inhomo-
geneity. The reversed tendency can be observed at the second peak. The height of
the peaks strongly depends on the loading.

Figures 12.4 and 12.5 reveal that the stress field is a result of different physical
phenomena and their mutual internal interaction. These physical phenomena are:

• wave-crack-external solid’s boundary interaction that leads to more complex char-
acter of the SIFs curve;
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Fig. 12.4 Normalized SIF versus normalized frequency at the right crack-tip for an inhomogeneous
finite plate under mechanical load for different inhomogeneity directions: a α = 90∩; b α = 45∩;
c α = 20∩

• wave-material with its anisotropic, inhomogeneous coupled properties interaction
that leads to the appearance and shifting of the resonance frequencies;

• type and characteristics of the applied electromechanical load (pure mechanical,
pure electrical and hybrid electro-mechanical).

The second series of simulations concern two collinear cracks in a rectangular
inhomogeneous plate. In Fig. 12.6a, b the normalized mechanical SIF K ∗

I I I at the
right crack-tip of the crack S1

cr left from the origin of the coordinate system (see
Fig. 12.2) is plotted versus normalized frequency Ω of the applied electro-mechanical
load for two different crack distances and α = 90∩. For comparison the result for a
single crack in a homogeneous plate is also displayed. As expected, the interaction
effect of the collinear cracks increase with decreasing crack distance. Remarkable is
also the frequency shift of the first peak between the collinear cracks and the single
crack system. For the same loading conditions K ∗

I I I curves for the right crack-tip
of the crack S1

cr are presented in Fig. 12.6a, b for the fixed crack distance e = c/4
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(a) (b)

(c)

Fig. 12.5 Normalized SIF versus normalized frequency for an inhomogeneous finite plate under
different mechanical and/or electrical loads for inhomogeneity direction α = 90∩: a σ0 = 400 ×
106 N/m2, D0 = 0.1 C/m2; b σ0 = 400 × 106 N/m2, D0 = 0.0 C/m2; c σ0 = 0.0 N/m2, D0 =
0.1 C/m2

but for different inhomogeneity directions. Again, for comparison, the results for the
homogeneous single crack and collinear crack configuration are displayed. It can
be seen that the inhomogeneity direction as well as its strength influence the results
significantly.

Figure 12.6 demonstrates convincingly that to the mutual internal play of the
physical mechanisms of the wave-crack, the wave-material, the wave-solid’s bound-
aries and the electro-mechanical interaction we must add the dynamic crack-crack
interaction and as a whole the crack scenario with all its peculiarities.

The third group of examples concentrates on the results in an infinite plane, when
there is no effect of the external boundary. For this purpose two collinear cracks
under pure mechanical loading in an infinite domain with different inhomogeneity
strength and direction are considered, see Figs. 12.7 and 12.8. Shown are K ∗

I I I curves
for the right crack-tip of the left crack S1

cr for two different crack distances e = 2c
and e = c/4, respectively. A comparison with the results in Fig. 12.4 reveals the role
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(a) (b)

Fig. 12.6 Normalized SIF versus normalized frequency for an inhomogeneous finite plate with two
collinear cracks under mechanical load σ0 = 400 × 106 N/m2 and electrical load D0 = 0.1 C/m2

for the inhomogeneity direction α = 90∩: a e = c/2; b e = c/4

(a) (b)

Fig. 12.7 Normalized SIF versus normalized frequency at the inner tip of the left crack of two
collinear cracks at distance e = 2c in an inhomogeneous infinite plane under mechanical load:
a α = 90∩; b α = 20∩

of the reflected waves from the external boundary of the finite piezoelectric solid.
Their interaction with the waves scattered by the crack shows the influence of the
geometry of the crack scenario.

The fourth group of simulations covers results obtained for curvilinear cracks
under pure mechanical loading in an infinite domain. Considered are convex and
concave circular arcs with an opening angle β = π/2 and the radius R = c

∪
2.
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(a) (b)

Fig. 12.8 Normalized SIF versus normalized frequency at the inner tip of the left crack of two
collinear cracks at distance e = c/4 in an inhomogeneous infinite plane under mechanical load:
a α = 90∩; b α = 20∩
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Fig. 12.9 Normalized SIF versus normalized frequency for an infinite inhomogeneous plane under
mechanical load: a convex crack; b concave crack

Figure 12.9a, b shows for single arc cracks normalized K ∗
I I I factors versus nor-

malized frequency Ω for the inhomogeneity direction α = 90∩ and different
inhomogeneity strengths rc. For comparison also the result for a straight crack
in a homogeneous material is shown. For the convex crack K ∗

I I I decreases with
increasing inhomogeneity strength while the opposite tendency is observed for the
concave crack. This simply can be explained by the local stiffness increase or
decrease, respectively, at the crack-tip. The effect coming solely from the crack type
can be seen more clearly in Fig. 12.10a, where K-factors for the convex and con-
cave crack in a homogeneous material are compared. The deviation of both results
increases with increasing frequency. The effect coming solely from the material inho-
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Fig. 12.10 Comparison of normalized SIF curves for the right crack-tip of a curvilinear crack in an
inhomogeneous infinite plane under mechanical load (inhomogeneity direction α = 90∩): a convex
and concave crack, rc = 0.0; b concave crack, rc = 0.05 and rc = 0.5; c convex and concave
crack, rc = 0.5

mogeneity is shown in Fig 12.10b, where K ∗
I I I curves for a concave crack for two

different inhomogeneity strengths are depicted. Since the local stiffness is higher at
the crack-tips for rc = 0.5 the K factors are higher than for rc = 0.05. The same
explanation holds for Fig. 12.10c, where for a fixed inhomogeneity strength K curves
for a convex and a concave crack are compared.

The wave-material interaction and the associated s resonance phenomena can
be seen in Figs. 12.4, 12.5 and 12.6. It is clear that the value of the resonance is
sensitive to the excitation frequency, to the properties of the material, like anisotropy,
inhomogeneity and to the electro-mechanical coupling. The obtained simulation
results reveal that the direction and the magnitude of material gradient have strong
influence on the place of the resonance frequencies. The frequency dependence of
the SIFs is more complex in the cases of two cracks in a finite plate, see Fig. 12.6.
But even in the case of a single crack in an infinite inhomogeneous plane the wave-
inhomogeneous material interaction is observed through the shift of the frequencies
where the maximal values of the SIFs occur, see Fig. 12.10b.

All the curves in Figs. 12.8 and 12.9 reach a peak and then oscillate about the
static value. It can be seen that the peak values are less than that for the homogeneous
material. So, the conclusion is that the crack driving force can be reduced by using
the concept for the FGPM and the idea to replace the homogeneous materials by
smoothly inhomogeneous ones in the new smart structure technologies may work
successfully. Taking all results together, the simulations show that:
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(i) the inhomogeneity direction and strength may induce strong differences
between the local fields at the left and right crack-tips;

(ii) the mechanical SIF and EDIF are frequency dependent and resonance phe-
nomena occur;

(iii) the wave-crack, wave-material and crack-crack interaction effects play an
important role;

(iv) the external boundary plays an equally important role since it is a source of
reflected waves making the dynamic stress field more complex;

(v) the electro-mechanical coupling is essential for effects in piezoelectric mate-
rials;

(vi) the applied electrical loads affect the local stress field at the crack-tips;
(vii) the crack geometry is an important factor;

(viii) the material inhomogeneity-crack-tip interaction depends on the location of
the crack-tip (left or right) and on its disposition in the overall cracks-solid
configuration and geometry.

The proposed mechanical model combined with the validated numerical scheme has
the potential to reveal and to study all these phenomena.

12.5 Conclusion

The two dimensional dynamic anti-plane crack problem of a functionally graded
piezoelectric solid is solved in the frequency domain by means of non-hypersingular
traction BIEM. The material properties vary quadratically in an arbitrary direction.
Numerical examples for straight and curved center cracks and two collinear cracks in
a rectangular plate under uniform electromechanical load are solved. The general con-
clusion from the simulations is that the dynamic stress field is a complex result of the
dynamic electromechanical load (its type and characteristics), the piezoelectric mate-
rial with its specific peculiarities like anisotropy, inhomogeneity, electro-mechanical
coupling and the geometry of the crack scenario (multiple cracks, external boundary,
crack-tip position, relation between crack length and sizes of the cracked solid, etc.).
Numerical results demonstrate that the mechanical SIF and EDIF are sensitive to the
direction and magnitude of the material inhomogeneity, dependent on the frequency
of the applied load and on the relation between the magnitude of the gradient para-
meter and the crack size and that they are influenced strongly by the crack interaction
and geometry of the crack system.
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Chapter 13
Anti-plane Cracks in Exponentially
Inhomogeneous Finite Piezoelectric Solid

Abstract Anti-plane cracked functionally graded finite piezoelectric solids under
time-harmonic elecro-mechanical load are studied by a non-hypersingular traction
boundary integral equation method. Exponentially varying material properties are
considered. Numerical solutions are obtained by using Mathematica. The dependence
of the mechanical stress intensity factor and electrical field intensity factor on the
inhomogeneous material parameters, on the type and frequency of the dynamic load
and on the crack position are numerically analyzed by illustrative examples.

13.1 Introduction

Mathematical modeling of finite cracked solids of FGPM leads to a boundary value
problem for a coupled electro-mechanical system of partial differential equations
with non-constant coefficients.

The solution of problems for inhomogeneous piezoelectric solids requires
advanced numerical methods because of the high mathematical complexity. The
dual integral equations approach used in the most of the papers is restricted to the
problems with simple geometry and boundary conditions. This method is devel-
oped in [4, 5, 16, 17, 22] for investigating anti-plane cracks in a plane or in a strip
with varying exponentially properties in a direction parallel or perpendicular to the
crack line. Transforming the BVP to dual integral equations along the crack, the SIF
is evaluated solving Fredholm integral equation. Modern computational techniques
like finite element method and BIEM are applied for more general fracture analysis of
piezoelectric solids. So far, most commercial software is available mainly for a static
piezoelectric analysis and mostly it is based on FEM. FEM results for a solution of
crack problems of piezoelectric solids are shown in [1, 12, 13, 25]. The application of
FEM for the solution of dynamic fracture problems of PEM is discussed in [8–10]. A
survey of FEM results for cracks in piezoelectric structures is presented in Kuna [14].
Most of the results concern cracks in infinite homogeneous piezoelectric solids and
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only a few papers consider finite bounded solids. A numerical example for a finite
rectangular in-plane cracked plate under transient loading conditions is solved by
FEM in Enderlein et al. [10]. However, numerical techniques for 2D and 3D cracked
finite piezoelectric solids are still under development, as it is concluded by Kuna
[14]. This is even more true for inhomogeneous bounded cracked solids subjected
to dynamic electro-mechanical loading. Here the BIEM is an efficient alternative
method. The main difficulty in application of the BIEM to this type of materials
is the derivation of the fundamental solution of the governing equation describing
wave propagation in piezoelectric inhomogeneous media. The difficulty steams from
the combination of the material anisotropy, the coupled character of the field vari-
ables, the quasi-static approximation of the electric field and the dependence of the
material properties on the space variables. Additionally, when cracks are considered,
the conventional displacement BIEM degenerates. Therefore, alternative techniques
proposed for the elastic case as sub-region technique, established by Blandford et al.
[3], dual BIEM [23], hypersingular [29] and non-hypersingular traction BIEM [28]
should be applied. The elastodynamic fundamental solution for the general inhomo-
geneous transversely-isotropic piezoelectric solid is still not available. In Rangelov
et al. [21], see Chap. 11, elastodynamic fundamental solutions for certain classes
of FGPM, of quadratic, exponential and sinusoidal type, have been derived by the
Radon transform. The results are mainly for cracks in infinite inhomogeneous solids.
The dynamic behaviour of a cracked finite solid for the quadratic type of material
gradient is studied in Dineva et al. [7], see Chap. 12. When the BIEM formulation is
applied, the BVP is transformed to an equivalent integro-differential equation along
the crack line and along the external boundary of the considered solid. After obtain-
ing the numerical solution at every point of the domain, the SIF can be evaluated,
i.e., the leading coefficient in the asymptotic of the generalized displacement and
stress solutions near the crack tips.

To our knowledge, there are no results for a finite cracked transversely isotropic
piezoelectric exponentially inhomogeneous solid subjected to anti-plane mechanical
and/or in-plane electrical dynamic time-harmonic loading. This is the motivation to
propose an efficient non-hypersingular traction BIEM for the solution of anti-plane
dynamic fracture problems concerning piezoelectric transversely isotropic exponen-
tially inhomogeneous finite solid. The chapter follows Marinov and Rangelov [18,
19] and Dineva et al. [7].

The essential items in the current chapter are:

(i) an efficient numerical BIEM scheme is proposed for solving the anti-plane
dynamic problem of a finite cracked exponentially inhomogeneous transversely
isotropic piezoelectric solid;

(ii) the material gradient has an arbitrary direction with respect to the crack line,
while in the most published cases the material properties vary along or perpen-
dicular to the crack line;

(iii) the dynamic behaviour of the cracked solid depends on the frequency of the
applied load, on the reference material properties and on the magnitude of
the material gradient. Two types of solutions are considered, namely the first
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Fig. 13.1 Cracked
inhomogeneous finite solid

for frequencies higher than the defined critical frequency, where the dynamic
behaviour is described by a wave propagation process, and the second for fre-
quencies lower than the defined critical frequency, where only simple vibrations
occurs.

13.2 Statement of the Problem

In a Cartesian coordinate system Ox in R3 consider a finite transversally isotropic
piezoelectric solid G → R2, with boundary S and poled in Ox3 direction. Let Scr =
S+

cr ≈ S−
cr , Scr ⊂ Ω is an internal straight crack—an open segment, see Fig. 13.1.

Assume that G is subjected to anti-plane mechanical and in-plane electrical time-
harmonic load. The only non-vanishing displacements are the anti-plane mechanical
displacement u3(x, t) and the in-plane electrical displacement Di (x, t), i = 1, 2,
x = (x1, x2). Since all fields are time-harmonic with frequency ω, the common
multiplier eiωt is suppressed here and in the following. Assuming the quasi-static
approximation of piezoelectricity, the field equation in absence of a body force and
an electric charge is presented by the balance equations

σi3,i + ρω2u3 = 0, Di,i = 0, (13.1)

where the summation convention over repeated indices is applied. The strain—
displacement and electric field—potential relations are

si3 = u3,i , Ei = −Φ,i , (13.2)

and the constitutive relations, see Landau and Lifshitz [15] are

σi3 = c44si3 − e15 Ei ,

Di = e15si3 + ε11 Ei .
(13.3)

where i = 1, 2 and a comma denotes partial differentiation. Here σi3, si3, Ei , Φ are
the stress tensor, strain tensor, electric field vector and electric potential, respectively.
Furthermore, ρ(x) > 0, c44(x) > 0, e15(x), ε11(x) > 0 are the inhomogeneous mass
density, the shear stiffness, piezoelectric and dielectric permittivity characteristics.
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We assume that the mass density and material parameters vary in the same manner
with x , through the function h(x) = e2〈a,x〉, where 〈., .〉 means the scalar product in
R2, and a = (a1, a2), such that

c44(x) = c0
44h(x), e15(x) = e0

15h(x), ε11(x) = ε0
11h(x), ρ(x) = ρ0h(x).

(13.4)
Introducing Eqs. (13.2) and (13.3) into Eq. (13.1) leads to the coupled system

(c44u3,i ),i + (e15Φ,i ),i + ρω2u3 = 0,

(e15u3,i ),i − (ε11Φ,i ),i = 0.
(13.5)

The basic equations can be written in a more compact form if the notation u J =
(u3, Φ), J = 3, 4 is introduced. Then the constitutive Eq. (13.3) take the form

σi J = Ci J KluK ,l , i, l = 1, 2, (13.6)

where Ci J Kl = C0
i J Kl h(x) and C0

i33l =
{

c0
44, i = l

0, i �= l
, C0

i34l = C0
i43l

{
e0

15, i = l
0, i �= l

,

C0
i44l =

{−ε0
11, i = l

0, i �= l
and Eq. (13.5) is reduced to

L(u) √ σi J,i + ρJ K ω2uK = 0, J, K = 3, 4, (13.7)

where ρJ K =
{

ρ, J = K = 3
0, J = 4 or K = 4

.

The boundary conditions on the outer boundary S shall be given by a prescribed
traction t̄J

tJ = t̄ J on S, (13.8)

where tJ = σi J ni and n = (n1, n2) is the outer normal vector. The boundary
condition along the crack reads

tJ = 0 on S+
cr . (13.9)

It means that the crack is free of mechanical traction as well as of surface charge,
i.e. the crack is electrically impermeable.

Following Akamatsu and Nakamura [2] can be proved that the BVP (13.7)–(13.9)
admits a continuously differentiable solution if the usual smoothness and compati-
bility requirements for the boundary data are satisfied. Consider the following BVPs

∣∣∣∣
L(u1) = 0 in G,

t1
J = t̄ J on S,

(13.10)
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∣∣∣∣∣∣

L(u2) = 0 in G\Scr ,

t2
J = −t1

J on S+
cr

t2
J = 0 on S.

(13.11)

Since the BVP (13.7)–(13.9) is linear its solution is a superposition of the BVPs
(13.10) and (13.11), so that u J = u1

J + u2
J and tJ = t1

J + t2
J . The fields u1

J , t1
J are

obtained by the dynamic load on S in the crack free domain G, while u2
J , t2

J are
produced by the load t2 = −t1

J on S+
cr and zero boundary conditions on S.

13.3 Non-hypersingular BIEM

Following [21, 27] the system of BVPs (13.10) and (13.11) is transformed into an
equivalent system of integro-differential equations on S ≈ Scr , see Chap. 4.

1

2
t1
J (x) = Ci J Klni (x)

∫

S
[(σ ∓

ηP K (x, y)u1
P,η(y) − ρQ Pω2u∓

QK (x, y)u1
P (y))δλl

− σ ∓
λP K (x, y)u1

P,l(y)]nλ(y)d S − Ci J Klni (x)

∫

S
u∓

P K ,l(x, y)t1
P (y)d S, x → S,

(13.12)

tc
J (x) = Ci J Klni (x)

∫

S+
cr

[(σ ∓
ηP K (x, y)Δu2

P,η(y)

− ρQ Pω2u∓
QK (x, y)Δu2

P (y))δλl − σ ∓
λP K (x, y)Δu2

P,l(y)]nλ(y)d Scr

+ Ci J Klni (x)

∫

S
[(σ ∓

ηP K (x, y)u2
P,η(y) − ρQ Pω2u∓

QK (x, y)u2
P (y))δλl

− σ ∓
λP K (x, y)u2

P,l(y)]nλ(y)d S, x → S ≈ Scr . (13.13)

Here tc
J (x) =

{−t1
J (x), x → S+

cr
0, x → S

, u∓
J K is the fundamental solution of Eq. (13.7),

σ ∓
iJQ = CiJKlu∓

KQ,l is the corresponding stress, and Δu2
J = u2

J |S+
cr

− u2
J |S−

cr
is the

generalized COD on the crack Scr . Finally, x = (x1, x2) and y = (y1, y2) denote
the position vector of the observation and source point, respectively. The functions
u J , tJ , u∓

J K , σ ∓
i J Q additionally depend on the frequency ω, which is omitted in the

list of arguments for simplicity. Equations (13.12) and (13.13) constitute a system
of integro-differential equations for the unknown Δu2

J on the line Scr, t1
J on S+

cr and
u1

J , u2
J on the external boundary S of the piezoelectric solid G. From its solution the

generalized displacement u J at every internal point of G can be determined by using
the corresponding representation formulae, see [11, 27].

http://dx.doi.org/10.1007/978-3-319-03961-9_4
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For the solution of the system of Eqs. (13.12) and (13.13) we will use the fun-
damental solution u∓

J K and the corresponding stress σ ∓
l QK presented in Sect. 11.3,

Eqs. (11.15)–(11.17).
These fundamental solutions show clearly that the dynamic behaviour of an expo-

nentially inhomogeneous piezoelectric material are governed by the frequency of

the dynamic load. More precisely, denote ω0 =
√

a0

ρ0 |a|, where a0 = c0
44 + e02

15

ε0
11

and |a| =
√

a2
1 + a2

2 then: (a) at frequency ω > ω0, the fundamental solution is
expressed by oscillating functions presenting a wave propagation process; (b) at fre-
quency ω < ω0, the fundamental solution loses its wave nature and shows simple
vibration with decreasing amplitudes; (c) at frequency ω = ω0, the fundamental
solution corresponds to that of the static case.

13.4 Numerical Solution and Results

13.4.1 Numerical Solution

The numerical procedure for the solution of the defined BVP follows the numerical
algorithm developed and validated in Chaps. 11 and 12.

The program code based on Mathematica, see MAT [20] has been created follow-
ing the above outlined procedure. The mechanical dynamic SIF KIII, the electrical
displacement intensity factor K D and the electric intensity factor KE are obtained
directly from the traction nodal values ahead of the crack-tip, see Suo et al. [24]. In
a local polar coordinate system (r, ϕ) with the origin at the crack-tip the formulae
read correspondingly

KIII = lim
r∪±0

t3
∩

2πr , K D = lim
r∪±0

t4
∩

2πr ,

KE = lim
r∪±0

E3
∩

2πr , E3 = 1

e2
15 + c44ε11

(−e15t3 + c44t4), (13.14)

where tJ is the generalized traction at the point (r, ϕ) close to the crack-tip, see
Sect. 2.6.2. Note that, although the structure of the asymptotic crack-tip fields is not
influenced by the material gradient, see Li and Weng [16] and Sect. 10.4, the SIFs
depend on the material gradient through the solution of the BVP.

13.4.2 Numerical Results

The material used in the numerical examples is PZT-4, see Table 4.1. The crack Scr is
a segment with a length 2c = 5 mm and its position is determined by the center point
(x1, x2) and inclination angle ψ with respect to Ox1 axis. The rectangular domain

http://dx.doi.org/10.1007/978-3-319-03961-9_11
http://dx.doi.org/10.1007/978-3-319-03961-9_11
http://dx.doi.org/10.1007/978-3-319-03961-9_12
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_10
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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Fig. 13.2 Rectangular
inhomogeneous finite solid
with a central crack

G has the dimension 20 × 40 mm. The crack is discretized by 7 BE with lengths l j :
l1 = l7 = 0.375, l2 = l6 = 0.5, l3 = l5 = 1.0, l4 = 1.25 mm. The boundary S is
discretized by 20 BE. Time-harmonic load is uniform uniaxial electro-mechanical
tension in Ox2 direction with amplitudes σ0 in N/m2 and D0 in C/m2, see Fig. 13.2.

Concerning the frequency interval used for simulations the proposed method has
no computational limitations. However the size of the discretization mesh should
satisfy the well known accuracy condition λ > 10l where λ is the wave length and
l is the maximal size of the boundary elements. The aim of the simulations is to
consider scattering and diffraction processes in finite exponentially inhomogeneous
piezoelectric solids with internal cracks around the critical frequencyω0, that depends
on the variable material properties.

Denote a1 = |a| cos α, a2 = |a| sin α, where α is the direction and |a| is the
magnitude of the material inhomogeneity. As mentioned in Daros [6] and Marinov
and Rangelov [18] for the whole FGPM plane, the behaviour of SIF for exponential
inhomogeneity depends strongly on the critical frequency ω0, defined in Sect. 13.3.
For ω < ω0 the dynamic behaviour is simple vibration; for ω = ω0 it is static and
for ω > ω0 it is wave propagation. These effects are shown by the results of the
numerical examples in Figs. 13.4, 13.5, 13.6, 13.7 and 13.8.

In the presented examples the normalized frequency is Ω = c
√

ρ0/a0ω. Denote
the amplitude of the mechanical load by σ = 400 × 106 N/m2. We consider the
following types of loads: mechanical with σ0 = σ , D0 = 10−5 C/m2; electro-

mechanical with σ0 = σ , D0 = 0.1
ε0

11

e0
15

σ ; electrical with σ0 = 10−3 N/m2, D0 =

0.1
ε0

11

e0
15

σ .
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Fig. 13.3 Comparison of SIF K ∓
I I I versus frequency Ω between: a the authors’ results and Marinov

and Rangelov [19] result; b the authors’ results based on truncation approach and Wang and Meguid
[26] result; c the authors’ results based on truncation approach, for β = 0.4 and with Daros [6] for
β = 0.4

In the figure is plotted the absolute value of the normalized SIF K ∓
III = KIII

σ
∩

πc

and normalized EFIF K ∓
E = KE

σ
∩

πc
versus nondimensional frequency Ω for differ-

ent values of the normalized inhomogeneity amplitude β = 2|a|c, the direction of
the material inhomogeneity α and the crack location expressed by the crack center
(x1, x2) and the crack inclination angle ψ .

The validation is based on the comparison of the BIEM results with the avail-
able ones from the literature for the homogeneous case. The reason is that there
are no available results for mechanical SIF and EFIF of finite anti-plane cracked
piezoelectric solids with exponentially varying properties in both frequency inter-
vals before and after the critical frequency ω0, where the cracked solid changes its
dynamic behaviour. It is used the developed software for the inhomogeneous case
where the inhomogeneity amplitude is set to β = 0.001. In this homogeneous case
a comparison is made with the results obtained in Dineva et al. [7] and Marinov and
Rangelov [19] for a finite rectangular anti-plane cracked solid under uniform uniaxial
time-harmonic traction. The maximum difference is smaller than 7 %, see Fig. 13.3a.
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KIII
* KIII

*

(a) (b)

Fig. 13.4 SIF K ∓
I I I versus frequency Ω for different types of applied load: a Ω → (0, 0.1); b

Ω → (0.1, 1.0)

(a) (b)

Fig. 13.5 EFIF K ∓
E versus frequency Ω for different types of load: a Ω → (0, 0.1); b Ω → (0.1, 1.0)

Additionally, in order to test the here proposed new BIEM for a finite piezoelectric
solid, the results are also compared with those of Wang and Meguid [26] for an anti-
plane crack in a homogeneous plane using the truncation approach where the size of
the square plate is 10 times greater than the half-length of the crack, see Fig. 13.3b.
The same truncation technique is used here in order to compare the BIEM results
with the results obtained by Daros [6], see Fig. 13.3c where an anti-plane crack
in an elastic anisotropic exponentially inhomogeneous plane under time-harmonic
load is considered. In both cases the difference between BIEM results and the results
obtained in Wang and Meguid [26] and in Daros [6] is not more than 7 %. Note that
Wang and Meguid [26] used the dual integral equation method, while Daros [6] used
the non-hypersingular traction BIEM based on the frequency dependent fundamental
solution, obtained by Fourier transform.

In the first group of figures (Figs. 13.4 and 13.5) the mechanical SIF K ∓
I I I and EFIF

K ∓
E versus frequency Ω for three types of loads: mechanical, electro-mechanical

and electrical are plotted. The inhomogeneity has the magnitude β = 0.2, so the
normalized critical frequency is Ω = 0.1. The direction of material inhomogeneity
is α = π/2 and the crack is a segment (−c, c) on Ox1 axis, i.e. (x1, x2) = (0, 0)



208 13 Anti-plane Cracks in Exponentially Inhomogeneous Finite Piezoelectric Solid

(a) (b)

(c) (d)

Fig. 13.6 SIF K ∓
I I I and EFIF K ∓

E versus Ω for β = 0.2, α = 0: a K ∓
I I I , Ω → (0.0, 0.1); b K ∓

E ,
Ω → (0.0, 0.1); c K ∓

I I I , Ω → (0.1, 1.0); d K ∓
E , Ω → (0.1, 1.0)

and ψ = 0. Figures 13.4a, b and 13.5a, b demonstrate clearly the sensitivity of the
stress and electric field concentrations to the type of the applied load and to the
coupled character of the electro-mechanical continuum. As could be expected the
behavior of both SIFs strongly differs in two considered frequency intervals before
and after the critical frequency ω0. The oscillating character and the appearance of
the resonance frequencies when ω > ω0 is visible when Figs. 13.4a and 13.5a with
Figs. 13.4b and 13.5b are compared. The normalized mechanical SIF K ∓

I I I in the
frequency interval ω < ω0 shows a different behavior with respect to the frequency
when an electro-mechanical load is applied. At very low frequencies this behavior
approaches the corresponding one for the case of pure mechanical load, while for
frequencies near the critical frequency the values of K ∓

III are close to those obtained in
the case of pure electrical load, see Fig. 13.4a. Figure 13.4b reveals that the frequency
dependent curves of K ∓

I I I almost repeat the places of the resonance frequencies,
but the maximal values are obtained for an electro-mechanical loads. Figures 13.4
and 13.5 confirm that the coupled character of the exponentially inhomogeneous
piezoelectric material leads to a quite different dynamic stress and electric field
concentrations with respect to the prescribed frequency, i.e. there exists different
near-field behavior if the frequency is lower or higher than the critical one.

The second group of figures (Figs. 13.6, 13.7 and 13.8) aims to show the depen-
dence of the mechanical SIF and the EFIF on the magnitude of the inhomogeneity for
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(a) (b)

(c) (d)

Fig. 13.7 SIF K ∓
III and EFIF K ∓

E versus Ω for β = 0.4, α = 0: a K ∓
III, Ω → (0.0, 0.1); b K ∓

E ,
Ω → (0.0, 0.1); c K ∓

III, Ω → (0.1, 1.0); d K ∓
E , Ω → (0.1, 1.0)

a fixed inhomogeneity direction α = 0. Three cases for β are considered: β = 0.2
in Fig. 13.6; β = 0.4 in Fig. 13.7 and β = 0.8 in Fig. 13.8. The crack is situated as
in the first group of examples and both intensity factors (SIF and EFIF) at the left
and at the right crack-tip are shown in the figures.

Figures 13.6, 13.7 and 13.8 visualize the following effects: (a) near the critical
frequency ω0, where the character of the dynamic behavior is changed the value
of the SIF and EFIF have a jump; (b) there is a different stress and electric field
concentration behavior at a fixed magnitude at the left and at the right crack tips; (c)
with increasing the inhomogeneity magnitude the difference in the near stress fields
at left and right crack-tips increases and while in Fig. 13.6a the higher values are for
the left crack-tip, in Figs. 13.7a and 13.8a the right crack-tip values are higher; (d)
with increasing inhomogeneity magnitude, K ∓

I I I and K ∓
E decrease, see and compare

Fig. 13.6c, d and Fig. 13.8c, d. This is only true for the frequencies ω > ω0, while
the opposite behavior is observed for the frequencies ω < ω0 ; (e) with changing the
magnitude of the material gradient the places of the resonance phenomena are also
changed and these changes are different for both crack-tips.



210 13 Anti-plane Cracks in Exponentially Inhomogeneous Finite Piezoelectric Solid

(a) (b)

(d)(d)

Fig. 13.8 SIF K ∓
III and EFIF K ∓

E versus Ω for β = 0.8, α = 0: a K ∓
III, Ω → (0.0, 0.1); b K ∓

E ,
Ω → (0.0, 0.1); c K ∓

III, Ω → (0.1, 1.0); d K ∓
E , Ω → (0.1, 1.0)

The effect of the crack location presented by the inclination angle ψ and the
coordinates of the crack center on the SIF K ∓

III is presented in Fig. 13.9 for a fixed
inhomogeneity magnitude β = 0.2 and inhomogeneity direction α = 0. Three
positions of the crack are considered: a) ψ1 = π/3, (x1

1 , x1
2) = (0, 0); b) ψ2 = π/4,

(x2
1 , x2

2 ) = (5.17·10−4,−3.97·10−4); c) ψ3 = π/6, (x3
1 , x3

2) = (9.15·10−4,−9.15·
10−4).

Figure 13.9 shows that with decreasing angle of the crack inclination the values
of the SIF increase. There is also not big difference between the behavior at both
crack-tips excluding the resonance values at higher frequencies.

The last group of figures (Figs. 13.10 and 13.11) presents the combined effect
of both load types: mechanical (Fig. 13.10) or electrical (Fig. 13.11) and the crack
position on the non-uniform stress and the electric field distribution in a finite solid.
The magnitude of the material inhomogeneity is β = 0.4, the fixed frequency Ω =
0.6 and dynamic stress concentration field for different directions of the material

gradient α = m
π

10
, m = 0, . . . , 9 is shown. The crack has the fixed angle ψ = π/3

with respect to Ox1 axis and two cases for the crack center: (x1
1 , x1

2) = (0, 0) and
(x4

1 , x4
2 ) = (−7.75 · 10−3,−1.583 · 10−2) are considered.
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(a) (b)

(c)

Fig. 13.9 SIF K ∓
III versus frequency Ω → (0.1, 1.0) for β = 0.2, α = 0, and inclined crack: a ψ1,

(x1
1 , x1

2 ); b ψ2, (x2
1 , x2

2 ); c ψ3, (x3
1 , x3

2 )

(a) (b)

Fig. 13.10 SIF K ∓
III for fixed frequency Ω = 0.6, β = 0.4 versus α = m π

10 , m = 0, . . . , 9 under
mechanical load for crack angel ψ = π/3 and crack center: a (x1

1 , x1
2 ); b (x4

1 , x4
2 )

The following effects are visible comparing Figs. 13.10 and 13.11: (a) the coupled
material properties provoke the coupled reaction in the obtained stress concentration
fields, when mechanical or electrical load are applied. These fields are different
at both crack-tips due to the material inhomogeneity; (b) the crack location is an



212 13 Anti-plane Cracks in Exponentially Inhomogeneous Finite Piezoelectric Solid

(a) (b)

Fig. 13.11 SIF K ∓
III for fixed frequency Ω = 0.6, β = 0.4 versus α = m π

10 , m = 0, . . . , 9 under
electrical load for crack angel ψ = π/3 and crack center: a (x1

1 , x1
2 ); b (x4

1 , x4
2 )

important key factor and it can change the amplitude of the SIF as can be seen in
Figs. 13.10b and 13.11b, where higher values are obtained due to the interaction
between the crack and the external boundary of the finite solid; (c) the direction of
the material gradient is also key factor and its influence is different for the stress
fields at the left and the right crack tip.

The following conclusions can be made: (i) In most obtained results the IFs for
the inhomogeneity case is lower than for the homogeneous one but this effect is
frequency dependent; (ii) For the inhomogeneity direction α = π/2, the SIF is equal
at both crack-tips; (iii) For the inhomogeneity direction α = 0, the magnitude of the
SIF at the left crack-tip is greater than at the right crack-tip for frequencies below
the critical frequency and vice-versa for frequencies above the critical one. Note
that in the case of the infinite exponentially inhomogeneous piezoelectric plane, see
Marinov and Rangelov [18] the order of the magnitudes of the SIF at the left and
at the right crack-tips with increasing inhomogeneity magnitude is opposite to those
obtained for the case of finite solids. The reason of changing the order in the case
of finite domain can be explained by the influence of the external boundary of the
considered finite solid, where additional scattering and reflections of the propagating
wave occur and where the scattered waves from both the external boundary and the
existing crack interact. The numerical results show that the influence of the external
boundary strongly decreases for d > 10c.

13.5 Conclusion

The time-harmonic crack problem for an anti-plane cracked finite solid of FGPM is
solved numerically by means of a non-hypersingular traction BIEM which is devel-
oped and validated by Mathematica code. The BIEM computational tool is based on
the fundamental solution derived in a closed form by Radon transform. Presented and
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discussed are illustrative examples for mechanical SIF and EFIF computation. The
simulations reveal that the dynamic non-uniform stress and the electric field distrib-
ution in a finite inhomogeneous piezoelectric cracked solid is a complex result of the
mutual play of different key factors as: the type and the characteristics of the applied
load; the type of material gradient and its magnitude and direction; the crack loca-
tion and its interaction with the external boundary of the finite solid. The proposed
methodology can be applied further for the solution of dynamic crack problems in
finite FGPM solids with multiple cracks. The proposed approach has the potential to
be used as a foundation for formulation and solution of inverse problems for identifi-
cation of cracks shape, sizes and locations as well as for the evaluation of the fracture
state of different structural elements with a different type of defects as cracks, holes
and inclusions.
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Chapter 14
Exponentially Inhomogeneous Piezoelectric
Solid with a Circular Anti-plane Hole

Abstract This chapter addresses the evaluation of the stress and electric field
concentrations around a circular hole in a functionally graded piezoelectric plane
subjected to anti-plane elastic SH-wave and in-plane time-harmonic electric load.
All material parameters vary exponentially along a line of arbitrary orientation in
the plane of the piezoelectric material under consideration. Numerical solutions with
non-hypersingular traction BIEM for the stress and electric field concentration fac-
tors (SCF and EFCF, respectively) around the perimeter of the hole are obtained.
Presented are results showing the dependence on various system parameters as e.g.
the electro-mechanical coupling, the type of the dynamic load and its characteristics,
the wave-hole and wave-material interaction and the magnitude and direction of the
material inhomogeneity.

14.1 Introduction

Analytical solutions for static problems of piezoelectric solids with defects have been
presented in [2, 4, 18, 19, 24, 25]. The problem of piezoelectric solid with an elliptic
cavity was considered in Sosa and Khutoryansky [25]. A circular and elliptic piezo-
electric inclusion embedded in an infinite piezoelectric matrix was analyzed in Pak
[18, 19], where a closed form solution was obtained for the anti-plane case. Various
authors have solved the static anti-plane piezoelectric elliptic inclusion problem, see
[2, 12, 17]. A general static solution was provided in Sosa [24] in terms of complex
potentials, with emphasis on stress concentrations in the vicinity of circular and ellip-
tical holes. The interactions of electro-elastic fields with voids and cracks contained
in a piezoelectric solid under static load were addressed both in closed form and
numerically in Perez-Aparicio et al. [21]. In the work by Wang [26] a solution was
developed for an infinite, piezoelectric medium containing a piezoelectric ellipsoidal
inclusion. In Shindo et al. [22] the dynamic theory of linear anti-plane piezoelec-
tricity was applied to investigate the scattering of horizontally polarized shear waves

P. Dineva et al., Dynamic Fracture of Piezoelectric Materials, 215
Solid Mechanics and Its Applications 212, DOI: 10.1007/978-3-319-03961-9_14,
© Springer International Publishing Switzerland 2014



216 14 Exponentially Inhomogeneous Piezoelectric Solid

by a circular piezoelectric inclusion in an infinite piezoelectric matrix subjected to
an in-plane electric load. More recently, Fang et al. [8, 9] and Fang [7] studied the
dynamic stresses induced by a circular cavity in a semi-infinite functionally graded
material. In specific, in Fang [7] the electro-elastic field and dynamic stress around
a cavity embedded in a graded piezoelectric layer bonded to a homogeneous piezo-
electric substrate were investigated by analytical methods. Generally, the most used
analytical and semi-analytical methods for stress concentration factor calculations
are the wave function expansion, matched asymptotic expansion, integral transforms
and singular integral equation methods. However, the application of analytical meth-
ods for the analysis of piezoelectric solids with defects suffers from a number of
drawbacks. The most important is the inflexibility since by analytical methods only
a very restricted class of problems can be treated (e.g. an elliptic void/inclusion with
an axis parallel to the polarization, infinite domains, single void/inclusion, homoge-
neous materials, etc.).

It is well known that among numerical methods the BIEM has many advantages
for problems which are discussed here. However, due to the lack of fundamental
solutions for anisotropic, coupled and inhomogeneous solids, the BIEM results in
the field are very scarce. Lee [13], Xu and Rajapakse [28] and Liu and Fan [14] applied
the BIEM to treat the static problem for a homogeneous piezoelectric solid with a
hole. The paper of Xu and Rajapakse [28] considered coupled elastic and electric
fields in piezoelectric solids with different types of defects. The stress concentration
induced by the existence of multiple holes, cracks and inclusions and their mutual
interactions was studied by Hwu and Liao [11].

Most of the references discussed above are for the static problems and for homo-
geneous piezoelectrics, see [2, 14, 19, 21, 25, 28]. There is still a lack of results for
dynamic problems, see [15, 23, 24] and Fang [7] and more specifically for dynamic
problems of functionally graded piezoelectric solids with holes.

The present chapter aims to study numerically the stress and electric field distri-
bution around a hole in an inhomogeneous piezoelectric plane under incident SH-
wave and in-plane time-harmonic electrical loading. The analysis is an extension of
Chaps. 10 and 11 , where the in-plane and anti-plane crack problem in functionally
graded piezoelectric solids have been analyzed by using the BIEM. This chapter
follows the work in Dineva et al. [6].

14.2 Statement of the Problem

Consider an infinite transversely isotropic functionally graded piezoelectric material
with its axis of symmetry and poling axis both along the x3 axis of an Cartesian
coordinate system Ox1x2x3. A single circular hole H of radius c and center (0, 0)

is embedded in the plane x3 = 0. The mechanical load is given by (shear) SH-
waves with a circular frequency ω, polarized in Ox3 direction and propagating in
the plane x3 = 0 under the incident angle θ with respect to the x1 axis, see Fig. 14.1.
Additionally, an in-plane electric load with the same frequency ω may be applied.

http://dx.doi.org/10.1007/978-3-319-03961-9_10
http://dx.doi.org/10.1007/978-3-319-03961-9_11
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Fig. 14.1 A hole with radius
c in a piezoelectric plane
with direction of material
inhomogeneity α subjected to
incident plane SH-wave with
incident angle θ . The location
of the observation point is
defined by angle γ

The only non-vanishing displacements are the anti-plane mechanical displacement
u3(x, t) and the in-plane electrical displacements D j (x, t), j = 1, 2, x = (x1, x2).
In this case the field equations in absence of body forces consist of the following
constitutive equations, see Sect. 2.5.2

σi3 = c44si3 − e15 Ei ,

Di = e15si3 + ε11 Ei ,
(14.1)

i = 1, 2, the strain-displacement and electric field-potential relations

si3 = u3,i , Ei = −Φ,i , (14.2)

and the balance equations

σi3,i = ρu3,t t , Di,i = 0. (14.3)

Here σi3, si3, Ei , φ are the stress tensor, strain tensor, electric field vector and
electric potential, respectively, where i = 1, 2. Subscript commas denote partial
differentiation and the summation convention over repeated indices is invoked. Since
we assume that the mass density ρ, the shear stiffness c44, the piezoelectric e15 and
the dielectric permittivity ε11 vary in arbitrary direction α in the plane x3 = 0, the
field equations must be regarded as a system with non-constant coefficients.

By introducing the notation of the generalized displacement u J = (u3, Φ), J =
3, 4, the field equations may be written in the compact form

σi J,i = ρJ K uK ,t t , J, K = 3, 4, (14.4)

where

http://dx.doi.org/10.1007/978-3-319-03961-9_2
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ρJ K =
{

ρ, J = K = 3,

0, J = 4 or K = 4,
σi J =

{
σi j , J = 3,

Di , J = 4,
σi J = Ci J KluK ,l ,

Ci33l =
{

c44, i = l,
0, i →= l,

Ci34l =
{

e15, i = l,
0, i →= l,

Ci44l =
{−ε11, i = l,

0, i →= l.
(14.5)

The interaction of an incident wave with the hole induces scattered waves. The
total wave field at a given field point can be written as the sum of the incident and
the scattered wave field which both must fulfill the wave Eq. (14.4): u J = uin

J + usc
J ,

σi J = σ in
i J + σ sc

i J . The boundary condition along the boundary S of the hole reads

tJ |S = 0 (14.6)

where the total generalized traction is expressed by tJ = σi J ni , with n = (n1, n2)

being the outward normal to S. The condition (14.6) implies that the boundary of
the hole is free of mechanical traction as well as of surface charges, i.e. the hole is
electrically impermeable. In the case of a circular hole in a piezoelectric material
this assumption is reasonable, see Pak [18].

14.3 Exponential Material Inhomogeneity

In the following we assume that the mass density ρ and material parameters Ci J Kl

vary in the same manner exponentially with vector position x . Thus, introducing
the function h(x) = e2≈a,x〉, where ≈a, x〉 = (a1x1 + a2x2), the parameters can be
written as

c44(x) = c0
44h(x), e15(x) = e0

15h(x), ε11(x) = ε0
11h(x), ρ(x) = ρ0h(x),

(14.7)
and correspondingly Ci J Kl(x) = C0

i J Kl h(x). Here the material constants c0
44, e0

15,
ε0

11 and ρ0 are the reference constants, i.e. the material characteristics in the homo-
geneous case. The inhomogeneity parameter, the vector a, can be written in polar

coordinates as a = r(cos α, sin α), where α and r =
√

a2
1 + a2

2 are the direction and
the magnitude of the inhomogeneity gradient. Note that for a = 0, i.e. h = 1, the
material is homogeneous.

We will study the time-harmonic solutions u J (x, ω) of the BVP (14.4), (14.6).
Therefore, suppressing in the following the common multiplier eiωt , Eq. (14.4) takes
the form

σi J,i + ρJ K ω2uK = 0, J, K = 3, 4. (14.8)

This equation constitutes a system of partial differential equations with variable coef-
ficients that govern the wave propagation in a smoothly inhomogeneous piezoelectric
plane. Let us introduce the smooth change of functions
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u J (x, ω) = e−≈a,x〉UJ (x, ω). (14.9)

and suppose that UJ (x, ω) satisfies the Sommerfeld-type condition at infinity, i.e.,
more specifically

U3 = o(|x |−1), U4 = o(e−|a||x |) for |x | → ∞. (14.10)

Condition (14.10) ensures uniqueness of the scattering field usc
J for a given incident

field uin
J . Following Akamatsu and Nakamura [1] it can be proved that the boundary

value problem (14.4), (14.6) admits continuous differentiable solutions.
Following the approach developed in Dineva and Rangelov [5], Manolis [16] and

Chap. 11 for the solution of mechanical problems of functionally graded materials
and applying the smooth transform (14.9) to Eq. (14.8), we obtain the following
system with constant coefficients for UJ (x, ω):

C0
i J KlUK ,il + (ρ0

J K ω2 − C0
i J K i |a|2)UK = 0. (14.11)

Eliminating U4 by inserting the second equation of (14.11) into the first one, the
reduced wave equation

ΔU3 + k2U3 = 0 (14.12)

for U3 is obtained, where k2 = ω2ρ0/a0 − |a|2, a0 = c0
44 + (e0

15)
2/ε0

11. Introducing
a critical frequency by ω2

0 = |a|2a0/ρ
0, the following three cases with respect to the

frequency ω of the applied load must be distinguished, see Chap. 11:

1. ω > ω0, in this case k2 > 0,
2. ω = ω0, in this case k2 = 0,
3. ω < ω0, in this case k2 < 0.

From the mechanical point of view the 3rd case characterizes a simple vibration,
while in case 2 the system behaves statically, i.e. stationary wave propagation does
not occur in these cases. Only case 1 characterizes wave propagation phenomena, see
Daros [3]. Thus, the type of the dynamic behavior of exponentially inhomogeneous
materials is governed by the frequency of the applied dynamic load and the inertial
and electro-elastic properties of the piezoelectric material. The present study focuses
on case 1 and in what follows, for fixed inhomogeneity magnitude r = |a|, the
frequency ω of the applied load is assumed to be greater than the critical frequency
ω0.

14.3.1 Electro-Mechanical Load

As already mentioned, the mechanical load is given by time harmonic SH-wave
propagating in the plane x3 = 0 under incident angle θ with respect to the x1 axis.
The generalized displacement field um

J due to this load satisfies the wave Eq. (14.8).

http://dx.doi.org/10.1007/978-3-319-03961-9_11
http://dx.doi.org/10.1007/978-3-319-03961-9_11
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Denoting η = (η1, η2) with η1 = cos θ , η2 = sin θ , applying the smooth transforma-
tion to the displacement vector and using the solution of Eq. (14.11), the following
expressions for the incident wave are obtained

um
3 = e−≈x,a+ikη〉, um

4 = e0
15

ε0
11

e−≈x,a+ikη〉. (14.13)

Here the superscript m indicates the mechanical load. The induced traction tm
J along

the boundary S of the hole is

tm
3 = −a0≈a + ikη, n〉e≈x,a−ikη〉, tm

4 = 0. (14.14)

Additionally an incident time-harmonic pure electric in-plane load along S is applied
which is described by

ue
3 = 0, φ = −E0≈x, η〉. (14.15)

The corresponding traction te
J along the boundary S of the hole is

te
3 = −e0

15 E0≈n, η〉, te
4 = ε0

11 E0≈n, η〉. (14.16)

In the case of a homogeneous solid, i.e. |a| = 0 and a wave with an incidence
angle θ = 0, formulae (14.13)–(14.16) are the same as in Shindo et al. [22]. It
also should be mentioned that although the wave propagation direction η and the
inhomogeneity direction α in our case are two independent parameters, only the
relative direction η − α is finally of importance. This is due to the specific type of
wave loading (plane SH-wave) and anisotropy (transversely isotropic). Thus, without
loss of generality, the inhomogeneity direction has been chosen as fixed in an arbitrary
direction, e.g. α = 0, leaving η as the only free parameter. This has not been done
in this investigation in view of generalizations of the method for any loading cases
and types of anisotropy.

The total incident generalized displacement and traction fields along S are

uin
J = um

J + ue
J , t in

J = tm
J + te

J . (14.17)

We will solve numerically the BVP (14.6), (14.8) by transforming it into the equiva-
lent integro-differential equation along the boundary of the hole S. This will be done
by the use of the fundamental solution of the wave Eq. (14.8) within the framework
of the non-hypersingular traction BIEM.

14.3.2 BIEM Formulation

As can be seen from the governing Eq. (14.8), the solution of wave motion problems
in inhomogeneous media involves the solution of partial differential equations with
variable coefficients. The key role played by the fundamental solution in a BIEM
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is to reduce a given BVP into a system of BIE through the usage of reciprocal
theorem or conservation integrals of linear dynamic piezoelectricity as it is done for
the homogeneous case in Chap. 4. The BVP formulated in Sect. 14.2 is described by
a system of non-hypersingular traction based BIEs on the boundary S of the hole.
This formulation was proposed for the first time by Zhang and Gross [29] for cracked
homogeneous isotropic, purely elastic infinite anti-plane solids. In Part II this method
was developed further and applied for the solution of dynamic in-plane and anti-plane
crack problems for homogeneous piezoelectric infinite and finite solids. The same
approach was used successfully to study plane fracture problems of inhomogeneous
piezoelectric solids, see Chaps. 10–12.

For u J , u∗
J K , where u∗

J K is the fundamental solution of Eq. (14.4), we apply the
Green’s formula in the domain ΩR \ Ωε, where ΩR is a circular domain with large
radius R and Ωε is a small neighborhood of the hole. Applying the representation
formulae for the generalized displacement gradient uK ,l , see Wang and Zhang [27]
as in Chap. 4, an integro-differential equation on ∂ΩR √ ∂Ωε is obtained. Using
the condition (14.10), integrals over ∂ΩR tend to 0 for R → ∞. Taking the limit
ε → 0, i.e. x → S and using the boundary condition (14.6), i.e. t sc

J = −t in
J on S, the

following system of non-hypersingular traction BIE describes the posed problem:

− 1
2 t in

J (x) = Ci J Kl(x)ni (x)

∫

S
[(σ ∗

ηP K (x, ξ)u P,η(ξ)

−ρQ Pω2u∗
QK (x, ξ)u P (ξ))δλl − σ ∗

λP K (x, ξ)u P,l(ξ)]nλ(ξ)d S

−Ci J Kl(x)ni (x)

∫

S
u∗

P K ,l(x, ξ)t in
P (ξ)d S, x ∓ S.

(14.18)
Here, u∗

QK is the fundamental solution of (14.8) and σ ∗
i J Q = Ci J Klu∗

K Q,l is the cor-
responding stress, see Sect. 11.3. Furthermore, x and ξ denote the position vector of
the observation point and source point, respectively. Equation (14.18) constitutes a
system of integro-differential equations for the unknown generalized displacements
u J on the boundary S of the hole. From this solution, the generalized displacement u J

and traction tJ of the scattered wave field at each point in the inhomogeneous piezo-
electric domain R2\H can be determined by using the corresponding representation
formulae, see Chap. 4.

To make the BIEM analysis tractable, the focus is limited on a special class of
smoothly inhomogeneous materials in which material properties vary in the same
proportion. This idealization results in ratios (such as wave speeds) that are macro-
scopically constant. The mechanical, the electrical and piezoelectric properties of
the electromechanical continuum are considered for a class of functional forms for
which the fundamental solution of the considered wave equation can be derived in an
efficient analytical form. In our opinion it is worth to use such an idealization because
the obtained solutions reveal some new effects of the material inhomogeneity and
its influence on the stress and electric field concentration. Additionally these results
are useful for benchmarks of more complex mechanical models and more effective
computational tools.

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_10
http://dx.doi.org/10.1007/978-3-319-03961-9_12
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_11
http://dx.doi.org/10.1007/978-3-319-03961-9_4
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14.4 Numerical Results

14.4.1 Numerical Solution Procedure

Analogous as for the case of crack problems, see Chap. 4, the numerical treatment
of the boundary-value problem consists of the following steps:

(a) Evaluation of the singular behavior of the fundamental solutions, their derivatives
and their near and far-field asymptotics;

(b) Preparation of the discretization mesh: the displacement and traction are approx-
imated by parabolic shape functions;

(c) Evaluation of the singularities of the kernels of the integrals obtained after dis-
cretization: they are at least Cauchy principal value integrals;

(d) Solution of all obtained regular and singular integrals and their validation:
the regular integrals are computed employing the Gaussian quadrature scheme
for one-dimensional integrals and Monte Carlo integration scheme for two-
dimensional integrals, where integration is done over the boundary element and
over the unit circumference, which is involved in the 2D fundamental solution,
see Gross et al. [10] and Chap. 6. All singular integrals and integrals with loga-
rithmic singularity are solved analytically for a small neighborhood of the source
point, using the approximation of the fundamental solution for a small argument,
and numerically for the remaining part of the boundary element;

(e) Assembly of the system of equations and formation of the matrix of the complex
algebraic system;

(f) Solution of the algebraic system of equations;
(g) Post processing, i.e. back substitution of the boundary solutions in order to

obtain additional results: the displacement and traction of the scattered wave
field, and by this the total field, can be determined in the whole domain by the
corresponding representation formula.

Knowing the total stress field, the generalized SCF is computed. As a result of
the physical phenomena like wave diffraction and scattering, the stresses near the
hole are different, i.e., in some regions essentially higher than the stresses at the
same point produced by undisturbed waves. This phenomenon is known as dynamic
stress concentration. Following Pao and Mow [20] for the pure elastic case and Fang
[7], and Shindo [22] for the piezoelectric case, the dynamic SCF and electric field
concentration factor along the perimeter of a circular hole is defined as the ratio
of the stress and electric field amplitude along the circumference to the maximum
amplitude of the incident stress at the same point in the homogeneous material without
any defects.

The normalized dynamic SCF |σγ θ/τ0| and the normalized dynamic EFCF
|e15 Eγ θ /τ0| are calculated by using the following formulae:

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_6
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σθγ = −σ1 sin(θ − γ ) + σ2 cos(θ − γ ), σi = σi3 + σ in
i3 ,

Eθγ = −E1 sin(θ − γ ) + E2 cos(θ − γ ),

Ei = e0
15

e02
15 + c0

44ε
0
11

(−e0
15σi + c0

44 Di ), Di = σi4 + σ in
i4 .

(14.19)

Here τ0 is the amplitude of the maximal shear stress of the incident plane SH-wave,
i.e. τ0 = iω

√
a0ρ0 and a0 is defined in Sect. 14.3, see also Fig. 14.1, γ is the angle

of the observation point and θ is the angle of the incident wave.
For the calculations, presented in the following, meshes of 10 quadratic boundary

elements have been used. In general, BIEM mesh discretization issues such as mesh
density and the element size are controlled by the well-known accuracy condition
λ/ l ∪ 10, where l is the length of a boundary element and λ is the shear wavelength.

14.4.2 Validation Study

The present non-hypersingular, traction BIEM and its numerical realization are vali-
dated by comparison with results from the literature for homogeneous materials. This
easily can be done by setting the inhomogeneity function h in the developed program
code to h(x) = 1. Two examples from the literature are chosen, which have been
solved by using the analytical wave function expansion method. The first refers to a
circular hole embedded in a homogeneous piezoelectric plane, which is loaded by
a mechanical SH-wave, propagating in positive Ox1 direction in conjunction with
a time-harmonic electrical in-plane load E1 = E0e−iωt and E2 = 0, see Shindo
et al. [22]. The respective reference material data of PZT-4 piezoceramic are given

in Table 4.1. A dimensionless frequency is introduced, defined as Ω = c

√
ρ0

c0
44

ω.

Furthermore, a parameter E∗ = E0
e0

15

τ0
is used, where E0 is the amplitude of the

applied electrical load, to normalize appropriately the amplitude of the applied elec-
trical field by the amplitude of the maximal shear stress of the incident SH-wave.
The value of E∗ is chosen to be 0.0,±0.5 and 1.0. Figures 14.2 and 14.3 show a
comparison of the results for the normalized generalized concentration field—SCF
and EFCF versus normalized frequency Ω at the observation point A(0, c) for all
four values of E∗. As can be seen, the BIEM results agree very well with those of
Shindo et al. [22]. The difference of both results is below 7 %, indicating a high
accuracy of the obtained solution.

As second test example serves the solution for a circular hole in a homogeneous
isotropic purely elastic plane, loaded by an incident SH-wave, propagating in Ox1
direction, see Pao and Mow [20]. The results in Fig. 14.4a are obtained by using the
same numerical scheme and the same program code. They show the SCF at point
A(0, c) on account of an incident plane SH-wave with incident angle θ = 00. It can

http://dx.doi.org/10.1007/978-3-319-03961-9_4


224 14 Exponentially Inhomogeneous Piezoelectric Solid

Fig. 14.2 Dynamic SCF at
observer point A(0, c) versus
normalized frequency Ω of
the incident plane SH-wave
with incident angle θ = 0 for
different electromechanical
loads E∗

0

1

2

3

4

0 0.4 0.8 1.2 1.6 2 2.4 2.8 3.2 3.6 4

E

E

E

E

E E –
E

E –

(2002)
(2002)

(2002)

(2002)

|
0

Fig. 14.3 Dynamic EFCF at
observer point A(0, c) versus
normalized frequency Ω of
the incident plane SH-wave
with incident angle θ = 0 for
different electromechanical
loads E∗
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be seen that the BIEM solutions are very close to those obtained by Pao and Mow
[20]. The same results are shown in Fig. 14.4b, where the angular distribution of
the SCF along the hole is drawn for three fixed normalized frequencies Ω = 0.1,
Ω = 1.0 and Ω = 2.0.
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Fig. 14.4 Dynamic SCF in the case of incident plane SH-wave with incident angle θ = 0: a at
observer point γ = π/2, i.e. A(0, c) versus normalized frequency Ω; b for angular distribution γ

at fixed frequencies Ω

14.4.3 Simulation Results

The aim of the parametric study conducted here is to show how the stress and electrical
field concentration factors are influenced by some key parameters discussed below.

Note that in all figures the condition Ω > Ω0 is satisfied where Ω0 = rc is the
critical dimensionless frequency, see Sect. 14.3.

The FGPM under consideration is the piezoceramic PZT-4 with the reference
material properties given in Table 4.1. For chosen inhomogeneity directions α = π/2
or α = 3π/2 and a hole radius c = 5 mm, the variation of the material properties
along the vertical x2 axis is shown in Fig. 14.5 for the dimensionless inhomogeneity
parameters rc = 0.2 and rc = 0.3. We consider the following specific cases: material
stiffening along the Ox1-axis when α = 0, i.e. a1 > 0, a2 = 0, material softening
along the Ox1-axis in the case of α = π , i.e. a1 < 0, a2 = 0; material stiffening
along the Ox2-axis when α = π/2, i.e. a1 = 0, a2 > 0 and material softens along
the Ox2-axis when α = 3π/2, i.e. a1 = 0, a2 < 0.

Figure 14.6a, b present SCF and EFCF at observer points A(0, c) and C(c, 0)

versus normalized frequency of the incident wave with incidence angle θ = 0,
inhomogeneity direction α = π/2 or α = 3π/2 (i.e. along the Ox2-axis) and
inhomogeneity parameter rc = 0.0, 0.1 and 0.2. This is the case of pure mechanical
load, i.e. E∗ = 0. The stiffening and softening models are considered. It is first
observed that the basic shape of SCF and EFCF curve in homogeneous case is
preserved in the presence of inhomogeneity. Next, we see that the exponentially
softening and stiffening inhomogeneous models yield different numerical values for
dynamic stress and electric field concentrations. There is a shift of the maximum to
higher frequencies with increasing value rc. The SCFs and the EFCFs at observation
point A(0, c) are much greater than at C(c, 0). The electro-mechanical coupling and
dynamic overshooting phenomena are visible from these figures.

http://dx.doi.org/10.1007/978-3-319-03961-9_4
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Fig. 14.5 Material properties variation along vertical direction in the case of inhomogeneity mag-
nitude rc = 0.2; 0.3 and inhomogeneity direction α = π/2 (stiffening model) or α = 3π/2
(softening model): a elastic; b piezoelectric; c dielectric

Figure 14.7a, b describes analogous scenarios like those in Fig. 14.6a, b but with
the inhomogeneity direction α = 0 or α = π , i.e. along the Ox1-axis. A comparison
between results in Figs. 14.6 and 14.7 show that the inhomogeneity effect is stronger,
when the inhomogeneity is along the Ox2 axis, although even in the Fig. 14.7a, b the
sensitivity of the stress and electric field concentrations to different stiffening and
softening models can be seen. At Ω = 0.53 the maximum of the curves show the
dynamic overshoot. This frequency is not shifted, when the material inhomogeneity
is involved, in contrast to the case when inhomogeneity direction is along Ox2-axis,
see Fig. 14.6a, b.

As far as the proposed methodology can take into consideration the lateral inho-
mogeneity, the sensitivity of the stress and electric field concentrations to the inho-
mogeneity direction can be seen in Fig. 14.8a, b. Here the wave with a fixed fre-
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(a) (b)

Fig. 14.6 Dynamic GCF at observer points A(0, c) and C(c, 0) versus normalized frequency Ω

of the incident SH-wave with incident angle θ = 0 at different inhomogeneity parameters rc and
α = π/2, 3π/2 for E∗ = 0, i.e. pure mechanical load: a SCF; b EFCF

(a) (b)

Fig. 14.7 Dynamic GCF at observer points A(0, c) and C(c, 0) versus normalized frequency Ω

of the incident plane SH-wave with incident angle θ = 0 for different inhomogeneity parameters
rc and α = 0, π at E∗ = 0, i.e. pure mechanical load: a SCF; b EFCF

quency Ω = 1.1 propagates along the Ox1-axis and the inhomogeneity parameter
is rc = 0.1, 0.2 and 0.3. Figure 14.9a, b is analogous but for the propagating wave
along the Ox2-axis. A comparison of the results in Figs. 14.8 and 14.9 reveals that
more sensitive to the direction of the material inhomogeneity are the cases, when the
wave propagates along the vertical axis and when the inhomogeneous parameter rc
is higher. Also, SCFs and EFCFs at point A(0, c) are much bigger than those at point
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(a) (b)

Fig. 14.8 Dynamic GCF at observer points A(0, c) and C(c, 0) versus inhomogeneity direction
α = m π

6 in the case of incident SH-wave with incident angle θ = 0 for different inhomogeneity
parameters rc, at for the normalized frequency Ω = 1.1 and at E∗ = 0, i.e. pure mechanical load:
a SCF; b EFCF

(a) (b)

Fig. 14.9 Dynamic GCF at observer points A(0, c) and C(c, 0) versus inhomogeneity direction
α = m π

6 in the case of incident plane SH-wave with incident angle θ = π/2 for different inho-
mogeneity parameters rc, at normalized frequency Ω and at E∗ = 0, i.e. pure mechanical load: a
SCF; b EFCF

C(c, 0) in Fig. 14.8a, b. Conversely, the stress concentration is stronger at C(c, 0)

than in A(0, c) in Fig. 14.9a, b. The maximal values of SCFs and EFCFs are obtained
for inhomogeneity direction in the interval α ∓ [π/3, 2π/3].

In order to evaluate the influence of the electric load on the generalized field
of stress concentration near the hole, the results obtained for E∗ = 0.5 are
shown in Figs. 14.10 and 14.11 at different values of the inhomogeneity parame-
ter rc = 0.05, 0.1 and 0.2. In Figs. 14.10 and 14.11 the wave propagation direction
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Fig. 14.10 Dynamic SCF versus normalized frequency Ω of incident plane SH-wave with incident
angle θ = 0 for inhomogeneity direction α = 0 (stiffening model) or α = π (softening model) at
E∗ = 0.5 and at observer points: a A(0, c); b B(0,−c); c C(c, 0); d D(−c, 0)

and inhomogeneity direction are along Ox1 axis. Figures. 14.10 and 14.11 demon-
strate convincingly that the dynamic stress and electric field concentrations can be
considered as a complex result of different physical phenomena and their mutual
internal interaction. These physical phenomena are: (a) wave-hole interaction; (b)
wave-material interaction taking into consideration its anisotropy, inhomogeneity
and electro-mechanical coupling that leads to the appearance and shifting of the
resonance frequencies; (c) type and characteristics of the applied electromechanical
load (pure mechanical, pure electrical and hybrid electro-mechanical); (d) coupled
essence of the electro-mechanical nature of the piezoceramics. Due to the com-
plex wave field around the hole, the place of the observer, where we determine the
stress and electric field concentration is very important, see comparison between
Fig. 14.10a-d and between Fig. 14.11a-d. It can be seen that the material inhomo-
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(a) (b)

(c) (d)

Fig. 14.11 Dynamic EFCF versus normalized frequencyΩ of incident plane SH-wave with incident
angle θ = 0 for inhomogeneity direction α = 0 (stiffening model) or α = π (softening model) at
E∗ = 0.5 and at observer points: a A(0, c); b B(0,−c); c C(c, 0); d D(−c, 0)

geneity effect change the character of the SCF and EFCF curves for the cases of
softening and stiffening material, see Fig. 14.10c and 14.11d. Note that this observer
points are on the Ox1-axis that in this case coincides with the material inhomogeneity
direction.

It can be seen that the peak values of the dynamic stress and electric field con-
centration factor for functionally graded materials are different from that for the
homogeneous material. Thus, the conclusion is that the defect driving force can be
reduced by using the concept for the FGM and the idea to replace the homogeneous
materials by a smoothly inhomogeneous one in the new smart structure technologies.
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The simulation results show conclusively that stress and electric field concentra-
tion near the hole in a functionally graded piezoelectric material is a complex result
of the interplay of many key factors as:

• the type of the material inhomogeneity and its magnitude and direction;
• the type and properties of the electromechanical load;
• the coupled nature of the electro-mechanical continuum;
• the mutual disposition of the axis of material symmetry, the axis of material inho-

mogeneity, the poling axis, the wave polarization axis and the direction of the wave
propagation;

• the location of the observer where the stress concentration factor is evaluated;
• the relation between the inhomogeneity magnitude and the size of the hole.

14.5 Conclusion

Two-dimensional dynamic anti-plane problem of a piezoelectric plane weakened
by a circular hole is described by a system of non-hypersingular traction BIEM.
The material properties vary exponentially with two spatial variables. The validated
numerical scheme and the implemented software provides the electro-mechanical
displacements along the hole boundary, the stress concentration factors near the
hole and the scattered generalized displacement and traction in any point of the
inhomogeneous piezoelectric plane.

The proposed methodology can easily be extended to the problem of inclusions
in a piezoelectric matrix with direct application to mechanics of composite materials
and estimation of effective electromechanical properties in the case of randomly
distributed inclusions.

References

1. Akamatsu M, Nakamura G (2002) Well-posedness of initial-boundary value problems for
piezoelectric equations. Appl Anal 81:129–141

2. Chung MY, Ting TCT (1996) Bleustein–Gulyaev waves in some functionally graded materials.
Int J Solids Struct 33:3343–3361

3. Daros CH (2010) On modelling SH-waves in a class of inhomogeneous anisotropic media via
the boundary element method. ZAMM-Z Angew Math Mech 90:113–121

4. Deeg W F (1980) The analysis of dislocation, cracks and inclusion problems in piezoelectric
solids. Ph.D. thesis, Stanford University, Stanford, California

5. Dineva P, Rangelov T (2009) Time-harmonic behavior of a cracked inhomogeneous piezoelec-
tric solid by BIEM. J Theor Appl Mech 39(4):93–100

6. Dineva P, Gross D, Müller R, Rangelov T (2011) Dynamic stress and electric field concen-
tration in a functionally graded piezoelectric solid with a hole. ZAMM-Z Angew Math Mech
91(2):110–124

7. Fang XQ (2008) Multiple scattering of electro-elastic waves from a buried cavity in a func-
tionally graded piezoelectric material layer. Int J Solids Struct 45:5716–5729



232 14 Exponentially Inhomogeneous Piezoelectric Solid

8. Fang XQ, Hu C, Du SY (2006) Strain energy density of a circular cavity buried in a semi-infinite
functionally graded materials subjected to shear waves. Theor Appl Fract Mech 46:166–174

9. Fang XQ, Hu C, Huang WH (2007) Dynamic stress of a circular cavity buried in a semi-
infinite functionally graded piezoelectric material subjected to shear waves. Eur J Mech A
Solids 26:1016–1028

10. Gross D, Rangelov T, Dineva P (2005) 2D Wave scattering by a crack in a piezoelectric plane
using traction BIEM. Struct Integr Dur 1(1):35–47

11. Hwu C, Liao CY (1994) Special boundary element for the problems of multi-holes, cracks and
inclusions. Comput Struct 51(1):23–31

12. Jiang CP, Tong ZH, Cheung YK (2001) A generalized self-consistent method for piezoelectric
fiber reinforced composites under antiplane shear. Mech Mater 33:295–308

13. Lee JS (1995) Boundary element method for electroelastic interaction in piezoceramics. Eng
Anal Bound Elem 15:321–328

14. Liu Y, Fan H (2001) On the conventional boundary integral formulation for piezoelectric
solidwith defects or thin shapes. Eng Anal Bound Elem 25:77–91

15. Lu JF, Hanyga A (2004) Dynamic interaction between multiple cracks and a circular hole swept
by SH waves. Int J Solids Struct 41:6725–6744

16. Manolis G (2003) Elastic wave scattering around cavities in inhomogeneous continua by the
BEM. J Sound Vibr 226(2):281–305

17. Meguid SA, Zhong Z (1998) On the elliptical inhomogeneity problem in piezoelectric materials
under antiplane sjear and inplane electric field. Int J Eng Sci 36(3):329–344

18. Pak YE (1992a) Circular inclusion problem in antiplane piezoelectricity. Int J Solids Struct
29:2403–2419

19. Pak YE (2010) Elliptical inclusion problem in antiplane piezoelectricity: implications for frac-
ture mechanics. Int J Eng Sci 48:209–222

20. Pao YH, Mow CC (1971) Diffraction of elastic waves and dynamic stress concentration. Crane
Russak, New York

21. Perez-Aparicio JL, Sosa H, Palma R (2007) Numerical investigations of field-defect interactions
in piezoelectric ceramics. Int J Solids Struct 44:4892–4908

22. Shindo Y, Moribayashi H, Narita F (2002) Scattering of antiplane shear waves by a circu-
lar piezoelectric inclusion embedded in a piezoelectric medium subjected to a steady-state
electrical load. ZAMM-Z Angew Math Mech 82:43–49

23. Song T, Li H, Dong J (2006) Dynamic anti-plane behaviour of the interaction between a crack
and a circular cavity in a piezoelectric medium. Key Eng Mater 324(325):29–32

24. Sosa H (1991) Plane problems in piezoelectric media with defects. Int J Solids Strut 28:491–505
25. Sosa H, Khutoryansky N (1996) New developments concerning piezoelectric materials with

defects. Int J Solids Struct 33:3399–3414
26. Wang BL (1992) Three-dimensional analysis on an ellipsoidal inclusion in a piezoelectric

material. Int J Solids Struct 29:293–308
27. Wang CY, Zhang Ch (2005) 2D and 3D dynamic Green’s functions and time-domain BIE

formulations for piezoelectric solids. Eng Anal Bound Elem 29:454–465
28. Xu LY, Rajapakse RKND (1998) Boundary element analysis of piezoelectric solids with

defects. Eng Fract Mech 29B:655–669
29. Zhang C, Gross D (1998) On wave propagation in elastic solids with cracks. Computational

Mechanics Publications, Southampton



Chapter 15
Anti-plane Dynamic Crack–Hole Interaction
in a Functionally Graded Piezoelectric Medium

Abstract The anti-plane dynamic problem of a functionally graded piezoelectric
plane containing a hole–crack system is treated. The material parameters vary expo-
nentially in the same manner in an arbitrary direction. The system is loaded by
an incident SH-type wave and impermeable boundary conditions are assumed. The
numerical solution yields the dynamic SIFs and SCFs. A parametric study reveals
their dependence on the hole–crack scenario and its geometry, characteristics of the
dynamic load and magnitude and direction of the material gradient.

15.1 Introduction

The stress and electric field analysis of piezoelectric solids, weakened by different
type of defects such as inclusions, holes, cracks, voids or second phase particles, is
of fundamental importance for their structural integrity and reliable service perfor-
mance. Piezoelectric materials are brittle, posses low fracture resistance and both
the mechanical and electric loads are responsible for eventual catastrophic failure.
Physically, the stress concentration around a hole boundary may generate cracks and
the interaction between holes and cracks may produce dielectric breakdown, dam-
age and fracture. Accurate prediction of the fracture response requires an accurate
assessment of the interaction between the defects during service and manufacture.
As a result, the interaction between holes and cracks has been a very popular topic
in the field of fracture mechanics.

One of the first solutions considering the static interaction of two circular electri-
cally permeable holes in a piezoelectric homogeneous plane under the assumption
of plane strain was presented by BIEM in [15]. The accuracy of the BIEM code was
verified by comparison with analytical solutions for a single circular hole in a piezo-
electric plane by Sosa [12] and with the solution of [5] for the pure elastic anisotropic
case. A BIEM analysis of the crack–hole in-plane static problem in a piezoelectric
plate under external heat-flux disturbance was presented in [9]. The solution was
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based on the termoelectroelastic Green’s function for a piezoelectric solid with a
hole. The same methodology was applied for inclusion–crack interaction problems
of plane thermopiezoelectric solids by Qin and Lu [8]. In [16] the Green’s function
for a piezoelectric plane with an elliptic hole was derived and further the hole–crack
static interaction was studied by the method of singular integral equations. Numerical
results showed that the distribution of stress and the electric field concentration near
the elliptic hole depends on the location and orientation of the crack. The dynamic
interaction between a crack and a circular hole in a piezoelectric plane was inves-
tigated in [11] by the method of complex variables and the Green’s function for an
infinite piezoelectric plane with a single hole subjected to a time-harmonic anti-plane
line force.

Most of the available results are for static problems and for isotropic homogeneous
pure elastic solids. In Chap. 12 a dynamic anti-plane crack problem for a functionally
graded material is solved, while in Chap. 14 similar problem was solved for a single
hole. The present chapter is based on the results obtained in Chaps. 12 and 14 and
investigates the dynamic interaction between a hole and a crack following [6]. The
main objective is to evaluate the stresses and electric field distribution of a hole–
crack system in an inhomogeneous piezoelectric plane with exponentially varying
properties in an arbitrary direction.

15.2 Problem Statement

In a Cartesian coordinate system Ox1x2x3 consider an infinite, transversely isotropic
functionally graded piezoelectric medium with the axis of symmetry and the poling
axis along Ox3. The anti-plane deformation state is considered in the plane perpen-
dicular to the poling axis. The plane x3 = 0 contains a crack Scr with a half length
c and a circular hole H of radius R, center C and boundary Sh = ∂ H , such that
Scr → Sh = ≈, see Fig. 15.1. The direction of the incident time-harmonic shear wave
with a circular frequency ω is given by the angle θ with respect to the x1 axis. Because
of the time-harmonic behavior of all field quantities, the common multiplier eiωt is
suppressed here and in the following. The only non-vanishing displacements are the
anti-plane mechanical displacement u3(x, ω) and the in-plane electrical displace-
ments Di (x, ω), while the non-vanishing stress components are σi3(x, ω), i = 1, 2,
x = (x1, x2). The incident wave interacts with the crack–hole system and produces
a scattered wave, so that the total wave field is a superposition of the incident and
scattered waves. The decomposition u3(x, ω) = uin

3 (x, ω) + usc
3 (x, ω) for the dis-

placement holds analogously for all field quantities. The boundary-value problem
for the scattered wave field is formulated as follows:

The strain–displacement and electric field–potential relations are

si3 = u3,i , Ei = −φ,i (15.1)

and the constitutive equations read, see Sect. 2.5.2

http://dx.doi.org/10.1007/978-3-319-03961-9_12
http://dx.doi.org/10.1007/978-3-319-03961-9_14
http://dx.doi.org/10.1007/978-3-319-03961-9_12
http://dx.doi.org/10.1007/978-3-319-03961-9_14
http://dx.doi.org/10.1007/978-3-319-03961-9_2
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Fig. 15.1 A hole–crack
system in a functionally
graded piezoelectric plane
under SH-type wave

σi3 = c44si3 − e15 Ei ,

Di = e15si3 + ε11 Ei ,
(15.2)

Here si3, Ei , φ are the strain tensor, the electric field vector and the electric potential,
respectively, i = 1, 2.

We assume that all material parameters, i.e. the mass density ρ, the shear stiffness
c44, the piezoelectric e15 and the dielectric permittivity ε11, vary in the same manner
exponentially with x :

c44 = c0
44e2〈a,x〉, e15 = e0

15e2〈a,x〉, ε44 = ε0
44e2〈a,x〉, ρ = ρ0e2〈a,x〉. (15.3)

Here, c0
44, e0

15, ε
0
11, ρ0 are reference material constants, e.g. the material characteris-

tics in the homogeneous case.

We use the notation of [3] where u J = (u3, φ), J = 3, 4; siJ =
{

si3, J = 3
Ei , J = 4

,

σiJ =
{

σi3, J = 3
Di , J = 4

are the generalized displacement, strain and stress respectively.

In absence of volume forces and electric charges the balance equations are given by

σiJ,i + ρJKω2uK = 0, J, K = 3, 4. (15.4)

where ρJK =
{

ρ, J = K = 3,

0, J = 4 or K = 4.
Using the generalized stiffness tensor

C0
i33l =

{
c0

44, i = l
0, i �= l

, C0
i43l = C0

i34l =
{

e0
15, i = l

0, i �= l
, C0

i44l =
{−ε0

11, i = l
0, i �= l

the generalized stress is σiJ = CiJKluK ,l , where CiJKl = C0
iJKle

2〈a,x〉.
The crack’s line Scr and the hole’s boundary Sh are assumed to be free of both

mechanical traction and surface charges, i.e. an impermeable crack and hole are
considered. Thus the boundary condition for the total traction on the crack or on the
boundary of the hole are
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tJ (x, ω) = 0 on S = Scr ∪ Sh . (15.5)

where tJ = σiJni is the generalized traction, ni are the components of the outward
normal vector in every point of S.

The wave scattering by the hole–crack system in a functionally graded piezo-
electric plane is governed by partial differential Eq. (15.4) with variable coefficients.
Following the approach proposed in Chap. 14, see also Sect. 11.3 the smooth trans-
form is applied to the displacement vector u J (x, ω)

u J (x, ω) = e−〈a,x〉UJ (x, ω). (15.6)

By this, the following system of partial differential equations with constant coeffi-
cients for the displacement vector UJ (x, ω) is obtained

C0
iJKlUK ,il + (ρ0

J K ω2 − C0
iJKi|a|2)UK = 0. (15.7)

Replacing the displacement component U4 by introdusing the second equation of
the system of Eq. (15.7) into the first one, the following equation for the mechanical
displacement U3 is obtained

U3,ii + k2U3 = 0. (15.8)

where k2 = ρ0

a0
ω2 − |a|2, a0 = c0

44 + e02
15

ε0
11

. Denote by ω0 =
√

a0

ρ0 |a| and consider

the following cases with respect to the frequency ω, see Chap. 14:
(a) the case ω > ω0, where we have k2 > 0, which corresponds to the case of a

wave propagation process;
(b) the case that ω = ω0, where we have k2 = 0 and no wave propagation occurs;

the behavior of the solution is as in the static case;
(c) the case ω < ω0, where we have k2 < 0, which is the case of simple vibration.
The type of the dynamic behavior of the crack–hole system is governed by the

frequency of the incident wave and the material properties of the inhomogeneous
piezoelectric material. In this chapter we assume that the frequency of the incident
wave fulfills the case (a).

Furthermore, suppose that UJ (x, ω) in Eq. (15.6) satisfies Sommerfeld-type con-
dition at infinity, more specifically

U3 = o(|x |−1), U4 = o(e−|a||x |) for |x | √ ∓. (15.9)

Condition (15.9) ensures uniqueness of the scattering wave field usc
J for a given

incident wave uin
J . Following [1] it can be proved that the boundary value problem

given by Eqs. (15.4), (15.5) in conjunction with condition (15.9) admits a continuous
differentiable solution.

The displacement and the traction field of the incident SH-wave is a solution of
Eq. (15.4). This solution is obtained by the use of the smooth functional transform

http://dx.doi.org/10.1007/978-3-319-03961-9_14
http://dx.doi.org/10.1007/978-3-319-03961-9_11
http://dx.doi.org/10.1007/978-3-319-03961-9_14
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(15.6) and solution of Eq. (15.7) obtained by plane wave decomposition technique.
For a plane SH-wave with an incident direction ξ = (ξ1, ξ2), the displacement field
at a given frequency and at an observer point x is as follows:

uin
3 (x, ω) = e−〈x,a+ikξ〉, uin

4 (x, ω) = e0
15

ε0
11

u3(x, ω). (15.10)

The corresponding traction field on S is

t in
3 (x, ω) = −a0〈n, a + ikξ 〉e<x,a−ikξ>

t in
4 = 0.

(15.11)

15.3 BIEM Formulation

The boundary value problem posed in Sect. 15.2 and consisting of Eqs. (15.4), (15.5)
and (15.9) can be formulated by a system of traction boundary integral equations on
S. For the considered problem it is a combination of the BIEM given in Chaps. 12
and 14:

cJ (x)t in
J (x) = CiJKl(x)ni (x)

∫

Sh

[(σ ∪
ηPK(x, y, ω)u P,η(y, ω)

− ρQPω2u∪
QK(x, y, ω)u P(y, ω))δλl − σ ∪

λPK(x, y, ω)u P,l(y, ω)]nλ(y)dSh

− CiJKl(x)ni (x)

∫

Sh

u∪
PK,l(x, y, ω)t in

P (y, ω)dSh

+ CiJKl(x)ni (x)

∫

Scr

[(σ ∪
ηPK(x, y, ω)Δu P,η(y, ω) − ρQPω2u∪

QK(x, y, ω)u P(y, ω))δλl

− σ ∪
λPK(x, y, ω)Δu P,l(y, ω)]nλ(y)dScr , x ∩ S.

(15.12)

where cJ (x) =
{− 1

2 , x ∩ Sh

−1, x ∩ Scr
, u∪

QK is the fundamental solution of (15.4), σ ∪
iJQ =

CiJKlu∪
KQ,l is the corresponding stress and Δu J = u J |S+

cr
− u J |S−

cr
is the generalized

crack opening displacement of the crack Scr . Furthermore, x and y denote the position
vectors of the field and source point, respectively.

Recall that for u J , u∪
JK, we apply Green’s formula in the domain ΩR \(Ωcr

ε ∪Ωh
ε ),

where ΩR is a circular domain with large radius R, Ωcr
ε is a small neighborhood of the

crack and Ωh
ε is a small neighborhood of the hole. Applying the representation for-

mulae for the generalized displacement gradient uK ,l , see [13], an integro-differential
equation on ∂ΩR ∪∂Ωcr

ε ∪∂Ωh
ε is obtained. Using the condition (15.9), the integrals

over ∂ΩR go to 0 for R √ ∓. Taking the limit ε √ 0, i.e. x √ S and using the
boundary condition (15.4), i.e. t sc

J = −t in
J on S, the system of non-hypersingular trac-

tion BIE (15.12) is obtained and it is equivalent to the BVP defined by the Eqs. (15.4)
and (15.5).

http://dx.doi.org/10.1007/978-3-319-03961-9_12
http://dx.doi.org/10.1007/978-3-319-03961-9_14
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Equation (15.12) forms a system of integro-differential equations with respect to
the unknown displacement u J along the boundary Sh of the hole and to the crack
opening displacement Δu J along the crack line Scr . The generalized displacement
and traction of the scattered wave field at any point in the smoothly inhomogeneous
piezoelectric plane can be determined by using the corresponding representation
formulae, see Chaps. 4, 14, and the solutions of Eq. (15.12).

In order to solve Eq. (15.12) it is necessary to know the fundamental solutions for
displacement and traction and their derivatives. The fundamental solution of (15.4)
is defined as solution of the equation

σ ∪
iJM,i + ρJKω2u∪

KM = −δJMδ(x, ξ), (15.13)

where x = (x1, x2) and ξ = (ξ1, ξ2). The derivation of the fundamental solution
was presented and discussed in Sect. 11.3.

15.4 Numerical Procedure

The numerical procedure for the solution of the posed BVP follows the numerical
algorithm developed and validated in Chaps. 11 and 14. The hole boundary Sh and
the crack line Scr are discretized by quadratic boundary elements away from the
crack-tips and special crack-tip quarter-point BE near the crack-tips to model the
asymptotic behavior of the displacement and traction.

After the discretization procedure of the BIE, the solution of all types of inte-
grals (see Chap. 4) and satisfying the boundary conditions, an algebraic system of
equations for the crack opening displacement Δu J along the crack Scr and displace-
ment u J along the hole boundary Sh is obtained and solved. The displacement and
traction wave field can subsequently be calculated in any point of the plane using
the corresponding representation formulae, see Chap. 11. Following this procedure,
a program code based on Mathematica and FORTRAN has been created.

The most essential quantities that characterize the mechanical and electric field
concentrations are SIFs and SCFs. Following [7] for the pure elastic case, and [4, 10]
for the piezoelectric case, the dynamic SCF and electric field concentration factor
along the perimeter of a circular hole is defined as the ratio of the stress and electric
field along the circumference to the maximum amplitude of the incident stress at the
same point in the material without any defects, see Chap. 14. The normalized dynamic
SCF |σγ θ/τ0| and the normalized dynamic EFCF |e15 Eγ θ /τ0| are calculated by using
the formulae (14.19)

KIII = lim
x1√±c

t3
√

2π(x1 ∅ c), K D = lim
x1√±c

t4
√

2π(x1 ∅ c), (15.14)

where tJ is the generalized traction at the point (x1, 0) close to the crack-tip.

http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_14
http://dx.doi.org/10.1007/978-3-319-03961-9_11
http://dx.doi.org/10.1007/978-3-319-03961-9_11
http://dx.doi.org/10.1007/978-3-319-03961-9_14
http://dx.doi.org/10.1007/978-3-319-03961-9_4
http://dx.doi.org/10.1007/978-3-319-03961-9_11
http://dx.doi.org/10.1007/978-3-319-03961-9_14
http://dx.doi.org/10.1007/978-3-319-03961-9_14
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The dynamic mechanical SIF KIII and the electrical displacement intensity factor
K D are obtained directly from the nodal traction values ahead of the crack-tip, see
Chap. 2, Eq. (2.41). In case of a straight crack along the interval (−c, c) on the Ox1
axis, they are defined by formulae (12.14).

15.5 Numerical Results

In all examples the crack length is 2c = 5 mm and the crack is discretisized by 7
BE. The first and the last BE are quarter point BE, while the remaining elements are
ordinary quadratic BEs. Their lengths l j are chosen as follows: l1 = l7 = 0.375 mm,
l2 = l6 = 0.5 mm, l3 = l5 = 1.0 mm, l4 = 1.25 mm. The hole has the radius
R = 5 mm and its boundary is discretisized by 14 ordinary quadratic BEs.

There are in general two cases for mutual dispositions of the circular hole and
finite straight line crack system in the homogeneous domain: (a) The crack ligament
intersects the hole; (b) The crack line doesn’t intersect the hole. For the simulation
studies we will use, just for simplicity, the particular cases shortly quoted as: hole-
horizontal crack configuration, i.e. the hole–crack system as shown in Fig. 15.2a and
the ligament of the crack pass through the center C of the hole; hole-vertical crack
configuration, i.e. the hole–crack system as shown in Fig. 15.2b and the line through
the center of the hole and the center of the crack is perpendicular to the crack.

The inhomogeneity parameter a = (a1, a2) in the inhomogeneity function e2〈a,x〉
is written in polar coordinates as a = r(cos α, sin α) where α and r are the direction
and the magnitude of the material gradient. Since there are no SIF and SCF results
available for a hole–crack system in a piezoelectric plane with exponentially varying
material properties subjected to time-harmonic SH-type wave, the validation of the
numerical scheme is possible only by comparing the BIEM results with results of
other authors for the homogeneous case. For this purpose the magnitude of the
inhomogeneity gradient r in the developed program code is simply set to 0.

15.5.1 Validation Study

The proposed numerical procedure is validated by solution of two benchmark prob-
lems. The first test example considers an infinite homogeneous plane containing a
circular hole with radius R and center C(−e − R, 0) and a crack along the segment
(e, e+2c) on the Ox1 axis subjected to SH-wave directed at an incident angle θ with
respect to Ox1 axis, see Fig. 15.2a. Results for this problem are published in [11],
where the solution is obtained by the complex variable method based on Green’s
function for a single hole in a piezoelectric plane. The second benchmark example
considers the first one but in the case the distance d = 2e between the hole and the
crack is 10 times the half-length of the crack c. In this case the computed SIFs coincide
with the results obtained by: (a) Wang and Meguid [14] who studied a homogeneous

http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_2
http://dx.doi.org/10.1007/978-3-319-03961-9_12
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(a) (b)

Fig. 15.2 The configurations of the hole–crack systems in numerical examples

(a) (b)

Fig. 15.3 SCF and SIF for a hole-horizontal crack system versus normalized frequency Ω of
normal incident SH-wave propagating in a homogeneous piezoelectric plane: a SCF at observation
point γ = 0; b K ∪L

III

piezoelectric plane with a single crack; (b) Daros [2] who used a non-hypersingular
traction BIEM to solve the same problem in the case of exponential inhomogeneous
anisotropic plane. In the second test example the SCFs along the boundary of the
hole coincide with the results obtained by Shindo et al. [10] for a single circular hole
in a homogeneous piezoelectric plane under an incident SH-wave.

Figure 15.3a shows a comparison of the results for the SCF versus the normalized

frequency Ω = c
√

ρ0/c0
44ω at the observation point A(−e, 0), i.e. γ = 0, obtained

by the proposed method and by the complex variable method proposed in [11].
For this case the following data are used: R = c = e, C = (−2e, 0), and d =
2e. Piezoelectric materials with different values of the coefficient λ = e02

15

c0
44ε

0
11

are

considered: λ = 0.5, λ = 1.0 and λ = 0 for the case of isotropic material. The
reference constants c0

44, ε
0
11 are given in Table 4.1 and the prescribed values of λ are

http://dx.doi.org/10.1007/978-3-319-03961-9_4
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(a) (b)

Fig. 15.4 SCF at observation point γ = 0 versus normalized frequency Ω of normal incident SH-
wave propagating in a homogeneous piezoelectric plane: a Hole; b Hole-horizontal crack system
at distance d = 10c

obtained by variation of e0
15. The incident wave angle is θ = π/2. Figure 15.3b shows

the normalized dynamic SIF K ∪
III = KIII/τ

0∈πc at the left crack-tip for λ = 0.5,
λ = 0.0. As can be seen, the BIEM results agree very well with those in [11].

Fig. 15.5 K ∪L
III for a system

hole-horizontal crack at
d = 10c versus normalized
frequency of normal incident
SH-type wave propagating in
an exponentially inhomoge-
neous piezoelectric plane

Figure 15.4 presents results for mechanical SCF and electrical field concentration
factor EFCF versus normalized frequency Ω for the same hole-crack scenario as
those in Fig. 15.2a but for the case that the distance between the hole and the crack is
d = 10c. At this distance the hole–crack interaction is very weak and the solution for
the hole–crack system recovers the solutions for the single hole and the single crack.
In Fig. 15.4a, b the solutions are compared to the ones obtained by the proposed
method for two different boundary-value problems in a piezoelectric PZT-4 homo-
geneous plane subjected to normal SH-wave: (a) a single anti-plane crack and (b) a
system of hole–crack. Both solutions are almost identical. An additional comparison
is done with solution obtained by Shindo et al. [10] for a single circular hole. The
difference between three results is very small, namely less than 8 %. This indicates a
high accuracy and convergence of the proposed numerical scheme in the considered
frequency interval. Figure 15.5 shows SIF K ∪

III at the left crack-tip of a crack from a
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(a) (b)

(c) (d)

Fig. 15.6 Dynamic SCF and dynamic SIF versus normalized frequency Ω of normal incident plane
SH-wave propagating in homogeneous piezoelectric plane with a hole-horizontal crack system as
in Fig. 15.2a for different half-distances between hole and crack: a and b mechanical and electric
field SCF at observer point γ = 0; c K ∪L

III ; d K ∪R
III

hole–crack configuration given in Fig. 15.2a. The distance between the hole and the
crack is d = 10c. The BIEM solutions for both: a single anti-plane crack and a hole–
crack system in a homogeneous piezoelectric plane are very close. This is true also
for inhomogeneous piezoelectric plane with normalized magnitude r = 0.2/c and
inhomogeneity direction α = 0 where the results obtained by the non-hypersingular
traction BIEM are very close to the solution obtained by Daros [2]. For the homoge-
neous case all three solutions are very close. For the inhomogeneous case the BIEM
results are slightly higher by 7–9 % than the solutions in [2].

15.5.2 Simulation Results

The aim of the simulation study is to provide some insight in the effect of various
system parameters on the stress and electric field concentrations. These parameters
are: (a) the frequency and incident angle of the applied load, (b) the direction α and
magnitude r of the material inhomogeneity, (c) the electro-mechanical coupling, (d)
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(a)

(c) (d)

(b)

Fig. 15.7 Dynamic SCF and SIF versus normalized frequency Ω of normal incident plane SH-
wave propagating in homogeneous piezoelectric plane with a hole–vertical crack system for different
half-distances between hole and crack: a and b mechanical and electric field SCF at observer point
γ = 0; c K ∪L

III ; d K ∪R
III

the wave–hole–crack and wave–material interaction and (e) the geometry and type
of the hole–crack scenario.

Figure 15.6 shows dynamic stress concentration fields in a system hole-horizontal
crack subjected to normal incident SH-wave propagating in a homogeneous piezo-
electric plane with normalized frequency Ω in the interval [0.3, 1.3]. In the hole-
horizontal crack configuration (see Fig. 15.2a), the following cases for the half-
distance between the hole and the crack are considered: e = 2c, e = 0.5c, and
e = 0.25c. Figure 15.6a, b for the mechanical stress and electric field concentration
factors at observer point A(−e, 0), i.e. γ = 0, clearly demonstrates that the stress
concentration field along the hole boundary is higher when the crack is closer. As
an illustration, for example at the normalized frequency Ω = 0.9, the difference
between mechanical and electrical stress concentration factors at hole-horizontal
crack configuration with e = 2c and e = 0.25c is 74.8 and 62.6 %, correspondingly.
Figure 15.6c, d reveal the effect of the hole–crack geometry on the stress intensity
factors K ∪L

III at the left crack-tip and K ∪R
III at the right crack-tip. This effect is stronger
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for the left crack-tip which is closer to the hole, while at the right crack-tip the effect
of hole–crack interaction is weaker.

The numerical results in Fig. 15.7 concern the hole–vertical crack configuration
(see Fig. 15.2b) for two values of the half-distance between the hole and the crack:
e = 0.5c and e = 0.25c. The incident angle of the SH-wave is θ = π/2 and the
piezoelectric plane is homogeneous. The results for the hole–vertical crack config-
uration are compared with results for the hole–horizontal crack configuration. The
following conclusions can be made: (a) The dynamic stress concentration field near
the defects expressed by the stress concentration factors along the hole’s boundary
and stress intensity factors at the crack–tips are reduced significantly when the crack
is vertical. As an illustration, for example at the normalized frequency Ω = 0.7 the
SCF is decreased by 32.6 and 26.8 % in the case of vertical crack with half-distance
between hole and crack of e = 0.5c and e = 0.25c, respectively. Figure 15.7c, d
show that SIFs are reduced strongly in the case of vertical crack. The configuration
hole–vertical crack leads to a reduced stress concentration field in comparison with
the case of a horizontal crack. (b) The sensitivity of the stress field to the half-distance
e is greater in the case of horizontal crack, see Fig. 15.7a, b.

The key parameters responsible for the integrity and durability of the engineering
structures made by graded PEM are the factors considered here, such as charac-
teristics of the applied dynamic load, elastic, electric and piezoelectric properties
of the material, the anisotropy and the nature of material inhomogeneity, existence
of defects of different type, geometry of the defect and their mutual position and
interaction.

15.6 Conclusion

A two-dimensional, dynamic time–harmonic anti-plane analysis of functionally
graded piezoelectric plane with an exponential spatial variation of its material prop-
erties and weakened by a system of a crack and a hole is presented. The analysis
is carried out using a non-hypersingular, traction BIEM that numerically is treated
by discretizing the crack and the hole boundary with quadratic boundary elements
and using standard collocation schemes. The basic problem comprising of a hole–
crack system in an infinite sheet of FGPM is solved for the case of propagating
SH waves. The results of these numerical simulations show that the stress con-
centration field at the crack tips and near the hole are strongly influenced by the
presence of material inhomogeneity. The simulations clearly show that the dynamic
stress and electric field concentrations are sensitive to different key parameters like
geometry of the defects, type and characteristics of the loading, electromechanical
coupling, anisotropy, material gradient and its direction, the relation between the
inhomogeneity magnitude and the defect size, the mutual hole–crack configuration,
the wave-defect and wave-material interactions, etc.
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