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Preface

The electrical properties of molecules and molecular complexes are the subject of a
close attention up today. While the multipole electric moments have studied good
enough, any information about the polarizabilities, especially higher polarizabili-
ties, is quite scarce. At the same time, these interaction-induced properties play
often the key role to understand many physical and chemical properties of inter-
acting molecules or atoms. The knowledge of such interactions is important for lot
of applications in science and engineering. This small book summarizes mainly the
researches carried out last decade by group of Tomsk State University and devoted
to interaction-induced electrical properties (multipole moments, (higher)polariz-
abilities) of van der Waals complexes. We hope that this short survey gives useful
contribution to the theory of molecular interactions to be applied for modeling of
different physical chemical properties of interacting species, for describing the
long-range potential energy surfaces and the surfaces of some electrical properties
of van der Waals complexes.

We want to express our appreciation to one of the authors of the book, to Dr.
Mikhail Buldakov, who being the talented experimentalist was also often as a
mover for many of theoretical researches discussed in the book. Unfortunately, he
passed away when the book was still far to be finished. But the main ideas of the
book were agreed with him. Moreover, we did not consider it possible to do large
changes in the texts of original papers which were used to be included to the book
because the results underlying these articles have been suffered in the heated
arguments with him and bear his spirit.

Also, we thank Dr. Natalia Zvereva-Loëte and Dr. Vincent Boudon for joint
efficient researches of the interaction energies, dipole moments, and polarizabilities
of the van der Waals complexes CH4–N2 and C2H4–C2H4, the results of which were
also used in the book.

Tomsk, Russia Victor N. Cherepanov
Yulia N. Kalugina
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Chapter 1
Introduction

Van der Waals complexes. Well-known, that all atoms and molecules can interact
together to form either a new molecule or a molecular cluster [1–10]. Sometimes
say that such molecular clusters are defined by noncovalent interactions or by van
der Waals (vdW) interactions. In this book the term Van der Waals complexes (or
clusters) will be used both to a transient collisional complex and to a weakly bound
van der Waals molecule. Note that their electric and mechanical properties are not
the simple sum of similar properties of components forming them. Other charac-
teristic feature of the van der Waals complexes is their nonrigid structure [1, 2]. As
dissociation energy of the van der Waals complexes is much lower of the disso-
ciation energy for usual molecules, such complexes are easily broken up. For this
reason, the quantity of the van der Waals complexes in a gas under normal con-
ditions is rather insignificant. However, being present in all gases, the complexes
appreciably influence on their properties and take part in all physical and chemical
processes of gas media (atmospheres of Earth and other planets, interstellar medium
and so on). Furthermore, weakly bound molecular complexes are of great impor-
tance for studying the nature of nonbonding interactions that play an important role
in many fields of chemistry and solid state physics. Nonbonding interactions of
p-systems control structures and properties of organic molecules in condensed
phase form molecular associates in fluids and play a key role in biomolecules such
as nucleic acids, proteins, DNA and RNA [4–6]. As a result, the van der Waals
complexes are intensively studied in the last decades. And in the book some aspects
of electrical properties of van der Waals complexes, which are not delighted enough
in scientific literature, are discussed.

Classification of intermolecular interactions. In this small book the two-body
interactions, which are the strongest, are only considered for study the electrical
properties of van der Waals complexes. Particularities of many-body interactions
may be found, for example, in [11, 12]. Usually, the intermolecular interactions,
the physical nature of which is electromagnetic one, are classified according to the
distance R between interacting molecules (or atoms). They are the long-range
interactions when the interaction energy has a form U� 1=Rn and the short-range

© The Author(s) 2017
V.N. Cherepanov et al., Interaction-induced Electric Properties of van der Waals Complexes,
SpringerBriefs in Electrical and Magnetic Properties of Atoms, Molecules, and Clusters,
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interactions U� expð�aRÞð Þ. The main long-range contributions to the energy and
electric properties of interacting molecules are as follows: electrostatic
(multipole-multipole), polarization (induction and dispersion), resonance, rela-
tivistic, magnetic and retardation. The short-range interactions include the direct
electrostatic, exchange, repulsion, change transfer effects. Note that the long-range
interactions can be well described in an analytical form using classical electrody-
namics for some approximation of the perturbation theory. In turn, for short
distances the methods of quantum chemistry are only effective. In part of analytical
theory for large R this book will only focus on interaction-induced theory.

References
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Chapter 2
Theoretical Backgrounds
of Interaction-induced Theory

At present, a lot of fine manuals and books may be recommended to study the
theoretical backgrounds of interaction of atoms and molecules [1–11]. However, in
the main, the research and educational works are devoted to description of the
energy of interacting molecules. At the same time, it is obvious that the knowledge
of the electric and magnetic properties of interacting molecules [3–9] are also of
interest. In accordance with the title of the book we focus on electric interactions as
the strongest ones. Of course, the weak magnetic interactions are of interest for
some specific problems of interacting molecules [2, 3], however, that is a special
topic. In the short book it is not possible to describe in details the modern
interaction-induced theory of molecules. Nevertheless, the general backgrounds of
this theory are needed to be given to facilitate the reading of the book. In the next
sections of this chapter some main definitions and formulas used in the book are
given.

2.1 Multipole Electrical Moments

2.1.1 Coordinate System

In the book we will use for all molecular van der Waals complexes the Cartesian
coordinate system (X, Y, Z) related to the complex (Fig. 2.1). The origin of this
coordinate system (OA) is usually placed on the molecule A. The vector R is directed
from the point OA of the molecule A to any point OB of the molecule B. The relative
orientation of molecules in a complex is determined by local coordinate systems (xA,
yA, zA) and (xB, yB, zB) placed, accordingly, on the separate molecules A and B of the
complex. The rotations of the molecules A and B are described by Euler angles,
which determine the positions of the local coordinate systems (xA, yA, zA) and
(xB, yB, zB) with respect to the complex coordinate system (X, Y, Z).

© The Author(s) 2017
V.N. Cherepanov et al., Interaction-induced Electric Properties of van der Waals Complexes,
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2.1.2 Cartesian Definition

In this case the multipole electrical moments of the rank n for any molecule B can
be defined in the form (see, for example, [1–6])

MðnÞðBÞ
ab...m ¼ ð�1Þn

n!

X
j

eðBÞj r2nþ 1
j

@

@rja

@

@rjb
� � � @

@rjm

1
rj

� �
; ð2:1:1Þ

where the Greek indexes a; b; . . .; m take the values X, Y, Z (the number of Greek
indexes equals to n), eBj is any charge of the molecule B and rj is the radius-vector
of the charge relatively to the origin of local coordinate system OB. The multipole
electrical moments in the form (2.1.1) appear when the interaction Hamiltonian is
expanded in the Taylor series about the point OB (see Sect. 2.2). It is clear, that the
well known simple moments of the lowest rank n such as the charge q, the electrical
dipole and quadrupole moments (la and Qab) of the molecule B may be obtained
from Eq. (2.1.1) if we put in it n = 0, 1 and 2 (analogously, for larger values of
n the highest multipole moments can be written in the explicit form):

qðBÞ ¼ Mð0ÞðBÞ ¼
X
j

eðBÞj ; ð2:1:2Þ

lðBÞa ¼ Mð1ÞðBÞ
a ¼

X
j

eðBÞj rja; ; ð2:1:3Þ

HðBÞ
ab ¼ Mð2ÞðBÞ

ab ¼ 1
2

X
j

eðBÞj 3rjarjb � r2j dab
� �

: ð2:1:4Þ

Fig. 2.1 Coordinate system of a molecular complex
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The multipole tensors (2.1.1) have some important properties. One of them

follows immediately from the Laplace equation D2 1=rð Þ ¼ 0, MðnÞ
aa...m ¼ 0 for any

pair of equal suffixes (henceforth, we mean, as usually, the summation over the

repeated indexes). From the definition of MðnÞ
ab...m the permutation symmetry with

respect to its suffixes occurs. Note that the total number of independent components
of the multipole electrical moments of the rank n equals to 2n + 1 for systems of C1

symmetry. For the case of highly symmetric species the number of independent
components is reduced.

2.1.3 Irreducible Spherical Tensor Definition

Sometimes it is useful to represent the multipole electrical moments in a spherical
form. The spherical form of these moments allows us to apply effectively the theory
of irreducible spherical tensor formalism. For this aim these 2l-pole moments may
be written in terms of the regular spherical harmonics using their both complex
RlmðrÞ and real (RlmcðrÞ and RlmsðrÞ) forms defined, for m[ 0, as

RlmðrÞ ¼
ffiffiffiffiffiffiffiffi
4p

2lþ 1

q
rlYlmðh;uÞ;

RlmcðrÞ ¼
ffiffi
1
2

q
�1ð ÞmRlmðrÞþRl;�mðrÞ

� �
;

RlmsðrÞ ¼ �i
ffiffi
1
2

q
�1ð ÞmRlmðrÞ � Rl;�mðrÞ

� �
;

ð2:1:5Þ

where r, h and u are the spherical coordinates of the vector argument r.
Finally, the components of the spherical 2l-pole electrical moments are written in

the complex form as [1, 2]

Qlm ¼
X
j

ejRlmðrjÞ

or in the real form

Qlj ¼
X
j

ejRljðrjÞ;

where the labels j ¼ mc;ms and take the values 0, 1c, 1s, 2c, 2s, …, lc, ls.
The linear relations between the Qlm and Qlj 2l-pole electrical moments can be

easily obtained from Eq. (2.1.5). It is clear from Eqs. (2.1.1) and (2.1.5) that the

Cartesian components MðnÞ
ab...m and the spherical components Qlm are also in some

linear relations.

2.1 Multipole Electrical Moments 5



2.1.4 Dependence on the Origin of the Coordinate System

In general case the multipole moments depend on the origin of the coordinate
system (except for the charge q of a molecule). It follows from the definition (2.1.1)
if the vector r is shifted on any vector a. For uncharged molecules the origin
dependence appears only for the multipole moments of the rank n� 2. As a result,
because in the book only the uncharged molecules and complexes are considered,
their dipole moments and connected with them polarizabilities and first hyperpo-
larizabilities do not depend on the origin of the coordinate system.

2.2 Interaction Hamiltonian

2.2.1 Large Separations

Let us consider briefly, following the works [1–6], how the Hamiltonian of two
interacting molecules, which are far from each other, may be written to apply
afterwards to the van der Waals complexes. It can be expected that for the far
intermolecular distances the interaction energy of molecules is weak relative to the
interaction energy within a molecule. As a result, the perturbation theory can be
effectively used to describe the energy and other values of interacting molecules.
So, the Hamiltonian of the molecular system becomes the sum of the Hamiltonian
of the free molecules A and B H0 ¼ HA

0 þHB
0

	 

and the interaction Hamiltonian H0:

H ¼ H0 þH0; ð2:2:1Þ

where the interaction Hamiltonian H0 restricted by the most strong Coulomb
interactions has the form

H0 ¼
X
ij

eAi e
B
j Rij
	 
�1 ¼

X
j

eBj u
B
j ; ð2:2:2Þ

where uB
j ¼ P

i e
A
i Rij
	 
�1 is the potential, caused by all charges of the molecule A,

which effects on the jth charge of the molecule B. Then, if the potential uB
j is

expanded in the Taylor series at the point OB of the molecule B and the definition
(2.1.1) is used, the following expression for the interaction Hamiltonian can be
written in Coulomb form

H0 ¼ �
X
n

1
ð2n� 1Þ!!M

ðnÞB
ab...mF

B
ab...m: ð2:2:3Þ

6 2 Theoretical Backgrounds of Interaction-induced Theory



Here, the functions FB
ab...m ¼ � rarb. . .rmuB

	 

0 are determined at the point OB

(hereafter, the Greek subscripts denote Cartesian components and the repeated
subscripts imply summation over x, y, and z). In particular, FB

a ¼ � rauBð Þ0 is the
electric field at the point OB, FB

ab ¼ � rarbuB
	 


0 is the gradient of the electric
field and so on. The potential

uB ¼
X
i

eAi Rið Þ�1

can also be expanded as

uB ¼
X
i

eAi R�1 � riaraR
�1 þ 1

2
riaribrarbR

�1 � � � �
� �

¼
X
n

ð�1Þn 1
ð2n� 1Þ!!M

ðnÞA
ab...mT

ðnÞ
ab...m: ð2:2:4Þ

Here the tensors TðnÞ
ab...m ¼ rarb. . .rmR�1 are proportional to Rðnþ 1Þ (here n, as

before, specifies the number of subscripts and is usually omitted hereinafter) and
symmetric relative to the permutation for any pair of indexes. Also, as in the case of

MðnÞ
aa...m ¼ 0, there is TðnÞ

aa...m ¼ 0. Note that the sign of the tensor T ðnÞ
ab...m depends on the

definition of the direction of the vector R (from the atom A to the atom B or
backward). As a result, TA!B

ab...m ¼ ð�1ÞnTB!A
ab...m.

Then, the use of Eq. (2.2.4) leads to the expression for FðBÞ
ab...m in the form

FB
ab...m ¼

X
n0

ð�1Þn0 þ 1 1
ð2n0 � 1Þ!!M

ðn0ÞA
a0b0...m0T

ðnþ n0Þ
ab...ma0b0...m0 : ð2:2:5Þ

In the particular case of the electric field

FB
a ¼ �Taq

A þ Tabl
A
b �

1
3
TabcQ

A
bc þ � � � ð2:2:6Þ

and for the gradient of the electric field

FB
ab ¼ raF

B
b ¼ �Tabq

A þ Tabcl
A
c �

1
3
TabcdQ

A
cd þ � � � : ð2:2:7Þ

Finally, the expression for the interaction Hamiltonian (2.2.3) can be written as

H0 ¼
X
nn0

ð�1Þn0
ð2n� 1Þ!!ð2n0 � 1Þ!!M

ðnÞB
ab...mM

ðn0ÞA
a0b0...m0T

ðnþ n0Þ
ab...ma0b0...m0 ð2:2:8Þ

2.2 Interaction Hamiltonian 7



or in the expanded form

H0 ¼ TqAqB þ TaðqAlBa � qBlAa Þþ Tabð1=3qAQB
bc þ 1=3qBQA

bc � lAal
B
bÞ

þ Tabcð1=15qAXB
abc � 1=15qBXA

abc � 1=3lAaQ
B
bc þ 1=3lBaQ

A
bcÞ

þ Tabcdð1=9QA
abQ

B
cd þ � � �Þþ � � � : ð2:2:9Þ

It should be noted that in the presence of external electric field F0
a and its

gradients F0
ab, F

0
abc, …, F0

ab...m (in general case the external field may have some
nonzero gradients) the total field is

Fab...m ¼ F0
ab...m þFðBÞ

ab...m: ð2:2:10Þ

As a consequence, the multipole moments of a molecule are also changed (see
details in the Chaps. 3–5).Similarly, the expansion of R�1

ij in Eq. (2.2.2) in terms of
spherical harmonics allows us to define the interaction Hamiltonian H0 through the
spherical 2l-pole electrical moments of interacting molecules A and B (see details,
for instants, in [1, 2]):

H0 ¼
X
l1l2

Xl\
m¼�l\

Fðl1; l2;mÞ
Rl1 þ l2 þ 1 QðAÞ

l1m
QðBÞ

l2;�m; ð2:2:11Þ

where

Fðl1; l2;mÞ ¼ ð�1Þl2 ðl1 þ l2Þ!
ðl1 þmÞ!ðl1 � mÞ!ðl2 þmÞ!ðl2 � mÞ!½ �1=2

ð2:2:12Þ

and l\ ¼ minfl1; l2g.

2.2.2 Small Separations

It should be noted that for small intermolecular distances, when the electronic shells
of interacting molecules begin to overlap, the effects of exchange interactions
appear and the theoretical treatment discussed above can no more be applied for
description of properties of interacting molecules. In this case, for small R, the
interaction Hamiltonian H0 in (2.2.2) can not be expanded in the Taylor series and
the computational methods of quantum chemistry should be preferred. At present,
due to the big progress in development of new methods and increasing of com-
putational resources, computational chemistry is widely used. Among others, one
should mark out ab inito methods of calculation. In general, ab initio methods give
good qualitative and quantitative results and can provide better accuracy of cal-
culations with decreasing of the size of system under investigation. The advantage
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of ab initio methods is that they do not use any empirical parameters. We can
schematic distinguish the following law of increasing accuracy using a middle size
basis set for single reference methods:

HF\MP2 ffi CCSD\SAPT �CCSDðTÞ � CCSDðTÞ � F12\CCSDT. . .;

where the conventional denotes are used for methods: HF—Hartree-Fock (or
Self-Consistent Field (SCF)); MP2—second-order Møller-Plesset Perturbation
theory; SAPT—Symmetry-Adapted Perturbation Theory; CCSD and CCSDT—
Coupled Cluster theory with a full use of single (S), double (D) and triple
(T) electron excitations; CCSD(T)—Coupled Cluster theory with a full use of
single (S), double (D) and perturbative treatment of triple excitations. In 2007 a new
explicitly correlated CCSD(T)-F12 approximation was presented and tested in Ref.
[12]. This method proved to be more accurate and faster than conventional CCSD
(T) method with the same basis set [12]. The considered methods (except HF) take
into account the electron correlations which play an important role in van der Waals
interactions, thus these methods could be successfully applied for solving problems
of weakly-bound complexes. For example, CCSD(T) method allows to account for
99 % of correlation energy and at present it is one of the most popular methods
applied to small molecules. However, it is difficult to apply this method for systems
with a large number of particles due to big computational time and limited com-
putational resources. For large molecular complexes the different variations of the
density functional theory (DFT) or time dependent density functional theory
(TDDFT) can be applied. The accuracy of these methods depends on the fortunate
choose of exchange-correlation functionals. Recently, Wu et al. [13] have carried
out the assessment of density functional methods in calculating the electric polar-
izability of 145 medium-size (3–14 atomic) organic molecules. They have found
that at least three functionals among 34 considered should be used. They are
devided into three groups: 1) one of M11 and M06-2X; 2) one of ωB97 and
LC-τHTCH; 3) one of HISS and LC-ωPBE.

At last, it should be noted that a lot of semiempirical model potentials applied for
both short and long separations are widely used now to solve different problems of
physics and chemistry. A rather complete review of those one can find in the book
of I. Kaplan [2].

2.3 Interaction Energy

2.3.1 Long-Range Distances

For the long-range intermolecular separations the perturbation theory can be
applied. Within the perturbation theory using the interaction operator (2.2.3) one
can obtain the energy of the pair of uncharged molecules A and B perturbed by a
weak general static electric field as [5, 14]:
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EAB ¼ E0
A þE0

B þDEAB; ð2:3:1Þ

where E0
A and E0

B are the unperturbed energies of interacting molecules and the
interaction energy of the pair of molecules

DEAB ¼ EAB
electr þEAB

ind þEAB
disp: ð2:3:2Þ

Here the first-order perturbed energy is called the electrostatic energy EAB
electr:

EAB
electr ¼ �lAaF

A
a � 1

3
HA

abF
A
ab �

1
15

XA
abcF

A
abc �

1
105

UA
abcdF

A
abcd � � � � : ð2:3:3Þ

The second-order perturbed energy is usually considered as two parts: induction
(when only one interacting molecule changes its states) and dispersion (when both
molecules change their states together).

The contribution to the induction energy EAB
ind from two molecules can be written

as EAB
ind ¼ ð1þPABÞEA

ind , where PAB permutes labels A and B and

EA
ind ¼ � 1

2
aAabF

A
aF

A
b � 1

3
AA
a;bcF

A
aF

A
bc �

1
6
CA
ab;cdF

A
abF

A
cd �

1
15

EA
a;bcdF

A
aF

A
bcd

� 1
105

DA
a;bcdeF

A
aF

A
bcde �

1
945

HA
a;bcde/F

A
aF

A
bcde/ � KA

ab;cdeF
A
abF

A
cde � � � �

� 1
6
bAabcF

A
aF

A
bF

A
c � 1

6
BA
ab;cdF

A
aF

A
bF

A
cd �

1
30

MA
ab;cdeF

A
aF

A
bF

A
cde � � � �

� 1
24

cAabcdF
A
aF

A
bF

A
c F

A
d � NA

abc;deF
A
aF

A
bF

A
c F

A
de � � � � : ð2:3:4Þ

The dispersion energy EAB
disp can be expressed in terms of the polarizabilities at

imaginary frequency iω [5, 11]:

EAB
disp ¼ � 1

2p
TabTcd

Z1

0

aAacðixÞaBbdðixÞdx

� 1
3p

TabTcde

Z1

0

½aAacðixÞAB
b;deðixÞ � aBacðixÞAA

b;deðixÞ�dx

� 1
6p

TabcTde/

Z1

0

½aAadðixÞCB
bc;e/ðixÞþ aBadðixÞCA

bc;e/ðixÞ

� 2
3
AB
b;e/ðixÞAB

d;bcðixÞ�dx� 1
9p

TabTcde/

Z1

0

AB
b;cdðixÞAB

b;e/ðixÞ�dxþ . . .:

ð2:3:5Þ
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It is evident from (2.3.3)–(2.3.5) taking into account (2.2.5) and (2.2.10) that in
the presence of an external field the multipole electric moments and polarizabilities
of a molecule can be determined as the correspondent derivatives of the energy
EðFa;Fab;Fabc; . . .Þ with respect to an external field F0

a or field gradients
F0
ab;F

0
abc;F

0
abcd,…. In particular, these derivatives at F0

a ¼ 0;F0
ab ¼ 0;F0

abc ¼ 0; . . .
give the values of multipole electric moments and polarizabilities of any molecule
or van der Waals complex. For example,

la ¼ � @E
@F0

a






F0
a¼0;F0

ab¼0;...
;Hab ¼ �3

@E
@F0

ab







F0
a¼0;F0

ab¼0;...

;

Xabc ¼ �15
@E

@F0
abc







F0
a¼0;F0

ab¼0;...

ð2:3:6Þ

2.3.2 Small Distances

As mentioned in previous section for small distances between interacting molecules
the methods of computational chemistry must be applied for calculation of any
property of a supermolecule. It should be pointed the main sources of errors in
ab initio calculations:

1. Basis set superposition error (it can be removed using the counterpoise
(CP) correction scheme).

2. Error due to the incompleteness of the basis set (this error can be removed using
the Complete Basis Set limit (CBS) extrapolation schemes).

3. Not full correlation.

It should be pointed out that ab initio methods are of high computational cost.
They require a large amount of CPU time, disk storage and physical memory.

Basis Set Superposition Error (BSSE). The term BSSE was introduced by Liu
and McLean in 1973 [15]. BSSE arises when two chemical fragments, A and B,
approach each to another to form the AB supermolecule (or dimer) and the calculated
interaction energy is unphysically overestimated. Note that A and B fragments can be
both atoms and polyatomic species and present in every chemical bond. The con-
ventional way to correct for BSSE is based on the Boys-Bernardi [16] counterpoise
(CP) correction scheme. Using the CP correction one has to calculate the energy of a
complex and energies of monomers in the basis of the whole complex for every
geometrical arrangement. So, the CP-corrected interaction energy can be defined as

DECP ¼ EABðABÞ � EAðABÞ � EBðABÞ ð2:3:7Þ
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or the CP-corrected total potential energy of a complex

ECP ¼ EABðABÞþEAðAÞ � EAðABÞþEBðBÞ � EBðABÞ: ð2:3:8Þ

Here we use subscripts to denote the molecular species and the letters in paren-
theses refer to the (composite) basis used in the calculation. For example, EA(AB) is
the energy of monomer A calculated using the basis set of the dimer AB. Of course,
Eq. 2.3.8 can be generalized to the case of an arbitrary number of subsystems.

Basis Set Incompleteness Error (BSIE). It is known that in electronic structure
calculations the basis sets are not complete. As a result, it is of interest to calculate
the interaction energy in the Complete Basis Set (CBS) limit to eliminate BSIE.

Extrapolation schemes

If to use the CBS extrapolation for the BSSE-uncorrected energies, there is
generally no monotonic convergence as is observed for BSSE-corrected ones [17].
But when we consider the energy values obtained successively, the convergence is
rather systematic. Therefore, for the good convergence of energies to the CBS limit
they have to use also rather large basis sets. For this purpose, the augmented
correlation consistent aug-cc-pVXZ (X = 2 (D), 3 (T), 4 (Q), 5, etc., where X is a
cardinal number of a basis set) basis sets (or, shortly, aVXZ) of Dunning [18] can
be employed. At present, there are several CBS extrapolation schemes. The most
known from them are the following schemes of Feller [19]

EHF
X ¼ EHF

CBS þB expð�aXÞ; ð2:3:9Þ

of Truhlar [20]

EHF
X ¼ EHF

CBS þAX�a;

Ecorr
X ¼ Ecorr

CBS þBX�b;

Etot
CBS ¼ EHF

CBS þEcorr
CBS;

ð2:3:10Þ

of Martin [21]

Etot
CBS ¼ ðXþ 3=2Þ4=½ðX þ 3=2Þ4 � ðXþ 1=2Þ4�Etot

X þ 1

� ðXþ 1=2Þ4=½ðX þ 3=2Þ4 � ðXþ 1=2Þ4�Etot
X

ð2:3:11Þ

and of Helgaker [22]

EHF
X ¼ EHF

CBS þB expð�aXÞ;
Ecorr
X ¼ Ecorr

CBS þAX�3;

Etot
CBS ¼ EHF

CBS þEcorr
CBS:

ð2:3:12Þ
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Here EHF
X , Ecorr

X and Etot
X are the Hartree-Fock, correlation and total energy,

accordingly; B, A and α are the parameters to be optimized. The subscripts “X” and
“CBS” correspond to the energy calculated using aug-cc-pVXZ basis set and the
energy obtained in the complete basis set limit. It should be noted that Helgaker’s
extrapolation scheme is a three-point one for the Hartree-Fock energy and a
two-point for the correlation energy.

It should be pointed out that such extrapolation schemes to the CBS limit can be
also applied for the accurate calculations of bond lengths and angles [17].

Bond functions

There is an other way to get results closer to those obtained in the CBS limit:
placing additional bond functions between molecules on a ghost atom. It will speed
up the convergence of calculations to the CBS limit. There are two ways of placing
the functions: first one, and more often used, at mid distance on the vector
R connecting two molecules/atoms; the second one, at the distance on vector R that
corresponds to the center of mass of the complex.

2.4 (Hyper)Polarizabilities

When any molecule is in the external electric field F0
a the new electric property of it,

connected with the polarization of the molecule, appears. The polarization leads to
the dependence of the electrical dipole moment on the field F0

a . This dependence
may be formally represented by the Taylor series (see 2.3.1 and 2.3.2)

la ¼ l0a þ aabF
0
b þ

1
2!
babcF

0
bF

0
c þ

1
3!
cabcdF

0
bF

0
cF

0
d þ � � � ; ð2:4:1Þ

where the tensors aab, babc and cabcd are the polarizability, first hyperpolarizability
and second hyperpolarizability tensors of a system, respectively. It is seen from
Eq. (2.4.1) that the (hyper)polarizability tensors of a system can be defined as

aab ¼ @la
@F0

b







F0¼0

; babc ¼
@la

@F0
bF

0
c







F0¼0

; cabcd ¼
@la

@F0
bF

0
cF

0
d







F0¼0

; ð2:4:2Þ

or as the corresponding derivatives of the energy (see 2.3.3–2.3.5). It is also clear
how other higher hyperpolarizabilities of a system can be determined. Such pro-
cedure is usually used in the computational codes.

When the external field is not strong and changes over time, the time-dependent
perturbation theory can be applied to obtain the analytical expression for the (hyper)
polarizabilities. For this, it is sufficient to consider the dipole approximation when
the interaction operator H0ðtÞ ¼ �laF

0
aðtÞ where F0

aðtÞ ¼ F0
a expð�ixtÞ is any

harmonic field. Then the average dipole moment of a volume V is determined as
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�laðtÞ ¼ TrðqðtÞ; laÞ ¼ Trð~qðtÞ; ~laÞ ð2:4:3Þ

where qðtÞ and ~qðtÞ are the density matrices (the tilde sign over the operators
denotes, as usual, that these operators are written in the interaction representation:
~A ¼ exp i

�h H0t
	 


A exp � i
�h H0t

	 

) and the following equation for ~qðtÞ is fulfilled

i�h
@~q
@t

¼ ½ ~H0ðtÞ; ~q�: ð2:4:4Þ

Assuming that ~qðtÞ can be expanded in a series in powers of the perturbation

~qðtÞ ¼
X
k

~qðkÞðtÞ; ð2:4:5Þ

the Eq. (2.4.3) gives the iterative equation

i�h
@~qðkÞ

@t
¼ ~H0ðtÞ; ~qðk�1Þ

h i
; ð2:4:6Þ

where in the first approximation

~qð1ÞðtÞ ¼ 1
i�h

Z t

�1

~H0ðt0Þ; q0
� �

dt0 ð2:4:7Þ

and q0 is the equilibrium density matrix in energetic representation when external
fields are absencet (usually, it is the Gibbs canonical distribution).

In this way, for the equilibrium density matrix q0 the susceptibility tensors vðkÞabc...

can be determined for any kth approximation. These tensors are determined through
the aab, babc, cabcd polarizabilities and so on for k = 1, 2, 3,… respectively as:

vðkÞabc... ¼
1
V

X
n

e
F�En
kT n v̂ðkÞabc...




 


nD E
; ð2:4:8Þ

where F is the Helmholtz free energy and nh jv̂ð1Þab nj i 	 aðnÞab , nh jv̂ð2Þabc nj i 	 bðnÞabc,

nh jv̂ð3Þabcd nj i 	 cðnÞabcd and so on are, respectively, the polarizability, first hyperpolar-
izability, second hyperpolarizability and higher hyperpolarizability tensors of a
molecule being at the state n (thereafter, for the ground state the index n for
polarizabilities will be omitted). It is clear also from Eqs. (2.4.2) and (2.4.3) that
any (hyper)polarizability tensor depends on the frequencies of external fields (see
the details in [1, 3–5, 11]).
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Chapter 3
Interaction-induced Dipole Moment

3.1 General Backgrounds

3.1.1 Computational Features

In order to evaluate the dipole moment, the finite-field method [see Eq. (2.3.2)]
described by Cohen and Roothaan [1] is often employed. This approach is now
implemented practically in all computational codes (Gaussian [2], Molpro [3] and
others). One can propose several techniques to obtain the dipole moment in this
way. The first technique is evident following the definition (2.3.2). In this case the
dipole moment components can be determined easily as the first derivatives of the
energy EðF0

aÞ with respect to the external field F0
a using the most simple 2-point

expression [with errors of order F0
a

� �2
]:

la ¼ �EðF0
aÞ � Eð�F0

aÞ
2F0

a

ð3:1:1Þ

or using the more correct 5-point stencil formula (with errors of order F0
a

� �4
).

However, in this way, the higher polarizabilities give some contributions to μα. And
to decrease these contributions the values of fields used have to be chosen very
accurately. To remove the contributions of higher polarizabilities it is enough to
write the system of equations for EðF0

aÞ in Eq. (2.3.1)–(2.3.4) at the values of
�F0

a ;�2F0
a ;�4F0

a ; . . . for the case of homogeneous field. Then, solving this system
with respect to μα, the dependence of the dipole moment on arbitrary higher
polarizabilities can be removed. This procedure can be also applied to the case of
(hyper)polarizabilities. The generalization for the nonhomogeneous external electric
field can be applied for the multipole moments and high-order polarizabilities of
any molecule. In this way, Maroulis [4] has proposed the more accurate formula
restricted by the term in (2.3.4) including the second hyperpolarizability:
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la ¼
256DaðF0

aÞ�40Dað2F0
aÞþDað4F0

aÞ
180F0

a
; ð3:1:2Þ

where DaðF0
aÞ ¼ � Eð�F0

a Þ�EðF0
a Þ

2 �

3.1.2 Long-Range Analytical Formalism. Induction
and Dispersion Contributions

To obtain the induced dipole moment of the molecule A being in the weak electric
field of the molecule B one should calculate the first derivative of the energy EAB

with respect to the external field F0
a . The electrostatic interactions (Eq. 2.3.3) give

the permanent dipole moment l 0ð ÞAB
a ¼ l 0ð ÞA

a þ l 0ð ÞB
a , the induction interactions

(Eq. 2.3.4) give the contribution to the induction dipole moment lABind and the dis-
persion interactions (Eq. 2.3.5) give the contribution to the dispersion dipole
moment lABdisp. Therefore, the total dipole moment lABa is the sum of the permanent,
induction and dispersion dipole moments:

lABa ¼ lAa þ lBa ¼ ð1þPABÞlAa ; ð3:1:3Þ

where lAa ¼ lð0ÞAa þ lind;Aa þ ldisp;Aa . The induction part of the dipole moment of the
molecule A has the form (see Eq. 2.3.6)

lind;Aa ¼ � @EA
ind

@F0
a
¼ aAabF

A
b þ

1
3
AA
a;bcF

A
bc þ

1
15

EA
a;bcdF

A
bcd þ

1
105

DA
a;bcdeF

A
bcde

þ 1
945

HA
a;bcdeuF

A
bcdeu þ � � � þ 1

2
bAabcF

A
bF

A
c þ

1
3
BA
ab;cdF

A
bF

A
cd þ

1
15

MA
ab;cdeF

A
bF

A
cde þ � � �

þ 1
6
cAabcdF

A
bF

A
c F

A
d þ 3NA

abc;deF
A
bF

A
c F

A
de. . .:

ð3:1:4Þ

For further consideration of the dipole moment, polarizability and hyperpolar-
izability of a complex we need also some expressions for multipole moments
(see 2.3.1–2.3.6):
22-pole (quadrupole) moment

HA
ab ¼ Hð0ÞA

ab þAA
c;deF

A
c þ

1
2
BA
c;d;abF

A
c F

A
d þCA

ab;cdF
A
cd þ � � � ; ð3:1:5Þ

23-pole (octupole) moment
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XA
abc ¼ Xð0ÞA

abc þEA
d;abcF

A
d þ � � � ; ð3:1:6Þ

24-pole (hexadecapole) moment

UA
abcd ¼ Uð0ÞA

abcd þDA
e;abcdF

A
e þ � � � ; ð3:1:7Þ

and 25-pole moment

NA
abcde ¼ Nð0ÞA

abcde þHA
u;abcdeF

A
u þ � � � : ð3:1:8Þ

If the other highest multipole moments are needed the procedure to obtain their
expressions is evident. So, in order to obtain the induced dipole moment of the
molecule A, we expand lind;Aa in (3.1.4) using equations for the field and field
gradients (Eq. 2.2.5). Then Eqs. (3.1.4)–(3.1.18) for the dipole, quadrupole and
other moments should be also employed. And assuming F0

a ¼ 0 for the expressions
obtained, the induction dipole moment of the molecule A can be written in the
general case for neutral systems as (see also [5])

lind;Aa ¼ aAabl
B
cTbc þ

1
3
aAabH

B
cdTbcd �

1
3
AA
a;bcl

B
dTbcd �

1
9
AA
a;bcH

B
deTbcde

þ 1
15

aAabX
B
cdeTbcde þ

1
15

EA
a;bcdl

B
e Tbcde þ

1
105

aAabU
B
cdeuTbcdeu � 1

105
DA

a;bcdel
B
uTbcdeu

� 1
45

AA
a;bcX

B
deuTbcdeu þ

1
45

EA
a;bcdH

B
euTbcdeu þ

1
945

aAabN
B
cdeumTbcdeum �

1
315

AA
a;bcU

B
deumTbcdeum

� 1
315

DA
a;bcdeH

B
umTbcdeum þ

1
225

EA
a;bcdX

B
eumTbcdeum þ

1
945

HA
a;bcdeul

B
mTbcdeum þ

1
2
bAabdl

B
c l

B
e TbcTde

þ aAabl
A
c a

B
deTbdTce þ

2
3
aAabl

A
cA

B
d;euTbuTcde �

1
3
aAabH

A
cda

B
euTbeTucd �

1
3
AA
a;bcl

A
c a

B
euTceTubd

þ 1
3
bAabdl

B
dH

B
euTbdTceu � 1

3
BA
a;b;cdl

B
e l

B
uTbeTcdu þ � � � :

ð3:1:9Þ
For simplicity, hereinafter for final formulas the upper index (0) for all operators

is omitted. Accordingly, using Eq. (2.3.5) the accurate dispersion contribution
through the order R−7 to the dipole moment is written as:

ldisp;ABa ¼ �@EAB
disp

@F0
a

�����
F0
a¼0

¼ ldisp;Aa þ ldisp;Ba ;

where

ldisp;Aa ¼ 1
2p

TbdTce

Z1

0

dxbAabcð0; ix;�ixÞaBdeðixÞ

þ 1
3p

TbeTcdu

Z1

0

dxBA
a;e;duð0; ix;�ixÞaBbcðixÞ �

1
3p

TbeTcdu

Z1

0

dxbAabcð0; ix;�ixÞAB
e;duðixÞ:

ð3:1:10Þ
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It should be noted that it is not always easy to calculate the dynamic highest
(hyper)polarizabilities at imaginary frequency ix. However, some good approxi-
mations can be used to estimate their values [6–9]. These approximations are based
on the “constant ratio” approximations (CRA) that allows us to express the dis-
persion contribution to the dipole moment in terms of static (hyper)polarizabilities.
Let us consider, for example, the more correct approximation CRA2 from them
proposed in the original paper [9]. This approximation gives the simple relations for
the integrals appeared in Eq. (3.1.10). Consider for illustration, in detail, first of
them:

Z1

0

dxbA;Babcð0; ix;�ixÞaB;Ade ðixÞ ¼ p
3

IA;Bba

Iaa
C6 ð3:1:11Þ

where the following notations are used

C6 ¼ 3
p

Z1

0

dxaAðixÞaBðixÞ ð3:1:12Þ

and the “constant ratio”

IA;Bba

Iaa
¼

R1
0
dxbA;Babcð0; ix;�ixÞaB;Ade ðixÞ

R1
0
dxaAðixÞaBðixÞ

� ð3:1:13Þ

Here, the aA;B is the mean polarizability of a molecule A(or B):

aA;B ¼ 1
3
ðaA;Bxx þ aA;Byy þ aA;Bzz Þ� ð3:1:14Þ

The last integral can be estimated rather well using Unsöld approximation [10]
that gives the following expressions for the (hyper)polarizabilities:

aabðixÞ ¼ aab 0ð Þ X2

X2 þx2
;

babcð0; ix;�ixÞ ¼ babc 0; 0; 0ð ÞX
2

3
3X2 þx2

ðX2 þx2Þ2 �
ð3:1:15Þ

Here Ω is any average excitation frequency for the molecule. Therefore, after
taking the integrals over ω the following estimation of (3.1.13) can be obtained
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IA;Bba

Iaa
ffi bA;Babc 0; 0; 0ð ÞaB;Ade 0ð Þ

aA 0ð ÞaB 0ð Þ
1þ 2

3D1;2

1þD1;2

� �
; ð3:1:16Þ

where

D1 ¼ XB

XA
;D2 ¼ XA

XB
�

Analogously, one can get the expressions for other integrals in Eq. (3.1.10). As a
result, assuming that XA ffi XB, the expression for ldisp;Aa takes the form

ldisp;ABa ¼ bAabca
B
de þ bBabca

A
de

h i 5TbdTceC6

36aAaB

þ BA
a;b;dua

B
bc � BB

a;b;dua
A
bc � bAabcA

B
e;du þ bBabcA

B
e;du

h i 5TbeTcduC6

54aAaB
:

ð3:1:17Þ

Thus, having necessary properties of free molecules, it is not difficult to calculate
the interaction-induced dipole moment using suggested formulas. As the compo-
nents of the properties (polarizabilities, multipole moments, etc.) are dependent, in
general case, on the orientation of molecules (Appendix A) we have a multidi-
mensional surface of the dipole moment for a complex.

3.1.3 Exchange Interaction Contributions

When the valence shells of interacting species are weakly overlapped, the analytical
formalism can be applied to describe their electrical properties taking into account
exchange interactions. In this case, to take into account the exchange effects, the
asymptotic methods [11, 12] could be used. These methods may only be applied in
a range of R where a weak overlapping of the valence electron shells of interacting
systems takes places. Such situation is typical for the ranges of R corresponding to
potential wells of van der Waals complexes. Let us consider a case of two inter-
acting atoms with the valence s-electrons. In this case, the exchange interaction of
atoms can be approximately considered as an exchange interaction of two valence
electrons (by one from each atom). Then the two-electron (one electron from atom
A and one from atom B) molecular wave function of the state n can be written in the
form:

Wnðr1; r2;RÞ ¼ cð1Þn wð1Þ
n ðr1; r2;RÞþ cð2Þn wð2Þ

n ðr1; r2;RÞ; ð3:1:18Þ
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where

wð1Þ
n ðr1; r2;RÞ ¼ uðAÞðr1;RÞuðBÞðr2;RÞvIðr1; r2;RÞ

h i
n
;

wð2Þ
n ðr1; r2;RÞ ¼ uðAÞðr2;RÞuðBÞðr1;RÞvIIðr1; r2;RÞ

h i
n
:

ð3:1:19Þ

Here uðAÞðr1;RÞ;uðBÞ ðr1;RÞ and uðAÞðr2;RÞ;uðBÞðr2;RÞ, are asymptotic wave
functions of the first and of the second electrons located near corresponding atom
cores. Equations (3.1.18) and (3.1.19) are written in the molecular coordinate system
in which the interacting atoms are located on the axis z, and the center of the
interatomic separation is taken as the origin of coordinates. In this coordinate system
r1 and r2 are the coordinates of the first and of the second electrons. The functions
vIðr1; r2;RÞ and vIIðr1; r2;RÞ accounting the interaction of electrons with each other
and with extraneous nuclei have complicated forms and are given in [12].

The function uðr;RÞ can be obtained from the asymptotic radial wave function
of a valence electron of a neutral atom. This radial wave in the coordinate system
with the origin in the atom nuclear has the form [11]:

uðrÞ ¼ A0r
1=b�1 expð�rbÞ; ð3:1:20Þ

where b2
�
2 is the atom ionization potential and the value of the asymptotic coef-

ficient A0 depends on the electron distribution in the internal zone of the atom. The
function uðr;RÞ is obtained from the function uðrÞ by transition from the atomic
coordinate system to the coordinate system of the complex.

Then the exchange interaction contribution into α-component of the dipole
moment for two interacting atoms may be represented as [13]

lexcha ¼ wð1Þ
n ðr1; r2;RÞ

D ���la wð2Þ
n ðr1; r2;RÞ

��� Eexch

¼ BaðvA; hA;ua; vB; hB;uBÞRd expð�gRÞ ð3:1:21Þ

where the parameters δ and η are determined by the ionization potentials of the atoms
A and B. at the electronic state n. For small molecules we can conserve the form of
R-dependence of the exchange dipole moment components like the form for inter-
acting atoms in Eq. (3.1.21). This form is supposed to be the same for all compo-
nents and doesn’t depend on the mutual orientation of molecules in the complex. The
orientational dependence of lexcha (through the Euler angles vA; hA;ua; vB; hB;uB) is
introduced by Ba parameter which is weakly depended on R for the region of small
overlapping of electron shells. It should be noted, that the size of interacting
molecules is accounted only by the Ba parameter.

The results obtained for atoms with the valence s-electrons can also be applied,
after minimal changes, to interacting atoms having the valence electrons of nonzero
orbital moment l. Indeed, the exchange interaction occurs in the range of electron
coordinates near the axis z where the angular wave functions of the electrons vary
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slightly and so may be substituted by their values on the z axis. Therefore, for this
case taking into account the exchange interaction is reduced to the problem con-
sidered above with the only difference that for the case of electrons with nonzero
orbital momentum the coefficient A0 in Eq. (3.1.20) should be multiplied byffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
[12].

3.2 Dipole Moment of van der Waals Complexes

For ab initio calculations of all properties of van der Waals complexes like inter-
action energies, dipole moments, polarizabilities, etc. one should use the basis set
augmented with diffuse function, because they allow to describe better the inter-
actions of molecules that are far from each other (distances are larger than those of
covalent bonds within molecules). Moreover, the use of a method accounting for
the electron correlation (post HF) should be employed.

In case if we consider systems that have single reference character, at least the
MP2 level of theory should be used, and the gold standard is the CCSD(T) level of
theory. For multireference systems one could use the methods like CASPT2 or
CASPT3 (but be sure there is a convergence of the perturbation theory), or MRCI.
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Fig. 3.1 Dipole moment components for the quintet state of O2 dimer calculated at the UCCSD
(T)/aug-cc-pVTZ level of theory with (solid line + symbol) and without (solid line) BSSE
correction. The bond length rOO was taken to be 2.29 a0 for the first molecule and 2.38 a0 for the
second one
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Electric properties of van der Waals complex when using ab initio calculations
should be, if possible, corrected for the BSSE and BSIE similar to the interaction
energy. The BSSE could reach up to 10 % for the dipole moments in the range of
the van der Waals wells for the case of a medium sized basis set, like aug-cc-pVTZ
(see Fig. 3.1, for example). However, for the systems with multireference character
the BSSE correction is not used when a size-inconsistent method is employed.

3.2.1 Dipole Moments of Small Complexes

Dipole moments of atom-atomic complexes are now studied very well. These
complexes are the simplest van der Waals complexes and, as a result, they have
been studied first of all and fully enough (see, for instance [14–21]). Particular
analytical forms of dipole moments for atom-atomic complexes can be easily
obtained from the general expressions of Sect. 3.1 with a given accuracy using the
symmetry properties (Appendix B) of interacting atoms. In particular, Eq. (3.1.9)
gives for two interacted atoms (when at least one of them has nonzero quadruple
moment) the asymptotic behavior as R−4. And when these atoms are in the state
s (spherical symmetry) the leading term (*R−7) is caused only by the second
dispersion term in (3.1.10). It should be noted that these dependences can be
effectively used to construct the dipole moment function of diatomic molecules for
large interatomic distances [22, 23].

The dipole moments of the atom-diatomic complexes X2-Y, in contrast to the
atom-atomic ones, depend also on the angle θ between the axis of diatomic
molecule and the axis passing through the atom Y and the molecule X2 (Fig. 3.2a).
Note that if the nonrigidity of the diatomic molecule X2 is taken into account, then
the additional dependence of dipole moment of the complex on r appears. So, in
general we have a surface of the dipole moment for such complex. Nevertheless,
these van der Waals complexes are relatively simple yet and they are studied
intensively up to now because of their importance (see, for instance, [24–30]).

X2-Y complex. The r dependence can be easily obtained for X2-Y complexes
(where Y is an atom of noble gas in the ground state) in (3.1.9) if only the leading
quadrupole-induced dipole interaction is taken into account. In this case, the
equilibrium distances (Re) of the complexes are comparable with the size of X2

molecules. As a result, the modelling of a molecule in the form of a point, for which
the interacting molecules are considered as not having the size, can not be applied
and should be modified to take the size of a molecule into account. For this purpose,
each molecule of a complex is considered as two effective point atoms without any
interactions between them. The position of these atoms coincides with those of the
nuclei of the molecule. The tensor of the total quadrupole moment of the effective
atoms is the same as that of the molecule. For the diatomic homonuclear molecule
the quadrupole moments of the effective atoms are equal to each other. Thus, the
dipole moment of the complex is a function of intra- and intermolecular separations
and relative orientation of the complex components. As a result, in the framework
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of the modified model the components of the dipole moment of the complex may be
written in the form

la ¼
X
p\q

lpqa ð3:2:1Þ

where the indexes p and q are the numbers of atoms in a complex and the values lpqa
are the dipole moment components of pq-bond. In this way the following expres-
sions for dipole moment components can be obtained

lx ¼ ly ¼
aHzz

R4 P1
2 cos hð Þþ 3

2
aHzzr2

R6 P1
4 cos hð Þþ � � � ; ð3:2:2Þ

lz ¼ �3
aHzz

R4 P0
2 cos hð Þ � 15

2
aHzzr2

R6 P0
4 cos hð Þþ � � � : ð3:2:3Þ

Fig. 3.2 a Atom-diatomic molecular complex X2-Y. 1, 2—the atoms of X2 molecule; 3—the
atom Y; r is the distance between atoms of X2; R is the distance between Y and X2. b Components
of the dipole moment of N2–Ar complex calculated in the framework of the modified induction
model (R, lx and ly are in a.u., h in rad)
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where α is the polarizability of the inert atom Y, Hjj—quadrupole moment of X2,
Pm
n cos hð Þ—associated Legendre polynomials. The first terms in Eqs. (3.2.2) and

(3.2.3) correspond to the point model and the second terms give contribution into
dipole moment of complex caused by size effect of the molecule X2. In Fig. 3.2b
the R and θ dependences of the dipole moment components for N2-Ar complex are
shown.

X2-Y2 complex. Analogous approach can also be applied to the X2-X2 and X2-Y2

complexes. In the modified model the tensors of polarizability and quadrupole
moment of effective atoms X(Y) are equal each to other and their total polarizability
and quadrupole moment are the same as that of the molecule. So, retaining the
leading term, the dipole moment of the complex X2-X2 may be written as

la ¼
X
p\q

ðlpqa �lqpa Þ ð3:2:4Þ

where

lpql ¼ 1
R7
pq

X
ijk

apilH
q
jk 5Rpq;iRpq;jRpq;k � R2

pqRpq;idjk � R2
pqRpq;kdij � R2

pqRpq;jdik
n o

�

ð3:2:5Þ

In Eq. (3.2.5) apil and Hq
jk are the polarizability and quadrupole moment tensors

of pth and qth atoms respectively; Rpq is the separation between pth and qth atoms,

Rpq;i is the projection of the vector ~Rpq on the axis i and dij is the Kronecker delta.
The dipole moment surface in this case depends on R, r1, r2, θ1, θ2 and φ (see
Fig. 3.3). Some calculations illustrate the dipole moment of the N2–N2 dimer in
Table 3.1 and Fig. 3.4.

In order to demonstrate the performance of the long-range approximation (3.1.9)
for the description of the dipole moment and the range of applicability of this model
let us consider several complexes, such as CO2–H2, CO2–CO2 and N2–H2. The

Fig. 3.3 Coordinate system of N2–N2 complex
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bond lengths of monomers were kept frozen in their ground state geometry. We
have limited the expansion of induction part (3.1.9) and dispersion part 3.1.17 of
dipole moment to the terms *R−4 through the terms *R−7. The results of ana-
lytical representation and ab initio calculations for selected angular orientations are

Table 3.1 Dipole moment of N2–N2 dimer (in D)

Configuration Re, Å
[115]

μ[115]
r1 = r2 = 2.08
a0

μa μb μc μd μe

θ1 θ2 Φ

Gear-45
(C2h)

45 45 0 4.09 0.000 0.000 0.000 0.000 0.000 0.000

Gear-30
(Cs)

60 30 0 4.10 0.017 0.019 0.023 0.023 0.023 0.022

Gear-15
(Cs)

75 15 0 4.13 0.030 0.032 0.039 0.038 0.038 0.037

T (C2V) 90 0 0 4.15 0.034 0.036 0.044 0.043 0.043 0.042

X30 (C1) 90 30 90 4.03 0.025 0.028 0.034 0.034 0.034 0.033

X60 (C1) 90 60 90 3.78 0.001 0.011 0.014 0.014 0.014 0.014

X (D2d) 90 90 90 3.63 0.000 0.000 0.000 0.000 0.000 0.000

Parallel
(D2h)

90 90 0 3.70 0.000 0.000 0.000 0.000 0.000 0.000

Linear
(D∞h)

0 0 0 5.22 0.000 0.000 0.000 0.000 0.000 0.000

Author’s calculations for r1 = r2 = 2.07 a0:
aHF method with aug-cc-pVTZ basis set plus midbond

functions (BSSE corrected); bMP2 method with aug-cc-pVTZ basis set plus midbond functions
(BSSE corrected); cMP2 method with aug-cc-pVQZ basis set plus midbond functions (BSSE
corrected); dCCSD(T) method with aug-cc-pVTZ basis set plus midbond functions (BSSE
corrected); eModified model

Fig. 3.4 Components of the dipole moment (ea0) of N2–N2 complex calculated in the framework
of the modified induction model (the angles are in rad). R = 7.14 a0, r1 = r2 = 2.07 a0, φ = π/2
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presented at Fig. 3.5. The ab initio calculations were carried at for all cases using
the finite-field method with the BSSE correction at the CCSD(T) level of theory in
aug-cc-pVTZ basis set. The properties used for analytical calculations are reported
in Tables 5.4 and 5.5. It is notable from the Fig. 3.5 that the long-range approxi-
mation for considered complexes reproduces well the dipole moment for R > 7 a0.
It should be noted from the figure that the z-component of the dipole moment is the
largest because the z-axis is the axis along which the molecules interact here.

3.2.2 Dipole Moment Surface of the van der Waals
Complex CH4–Ar

In this paragraph we will concentrate on ab initio calculations of the dipole moment
of methane-argon complex relevant to the atmospheres of Titan and Earth. Also, the
analytical form of the dipole moment components is presented for the case of rigid
methane molecule.
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Fig. 3.5 Dipole moment of CO2–H2 (a), N2–H2 (b) and CO2–CO2 (c) complexes calculated in the
framework long-range approximation (dotted lines) and at the CCSD(T) level of theory (solid lines
+symbols). Black color μx; red color μy; blue color μz
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The ab initio calculations were carried out at the CCSD(T) level of theory with
aug-cc-pVTZ basis set augmented by midbond functions (for more details, see Ref.
[31]). Then, the full 3D surface of each dipole moment component was represented
as a sum of spherical harmonics multiplied by corresponding expansion coefficients
and a cosine/sine function.

lx;z ¼
X
l;m

ð�1ÞmalmðRÞPlmðcosðhÞÞ cosðmuÞ;

ly ¼
X
l;m

ð�1ÞmalmðRÞPlmðcosðhÞÞ sinðmuÞ:

The possible values of l and m for the complex under consideration are reported
in Table 3.2. The expansion coefficients almðRÞ were found by a least square fit at
each point of R to ab initio results. Then, the coefficients were interpolated by cubic
splines for the range of R: 4.5–30 a0 covering both repulsive region and the region
of van der Waals attraction. The relative errors of the fitted surfaces do not exceed
5 % for the range of short separations and 0.5 % for long-range separations.

Table 3.2 Basis functions
used for representation of
dipole moment of the CH4–Ar
complex

lx;ly lz
l m L m

1 1 1 0

2 1 2 2

3 1 3 0

3 3 3 2

4 1 4 2

4 3 4 4

5 1 5 0

5 3 5 2

5 5 5 4

6 1 6 2

6 3 6 4

6 5 6 6

7 1 7 0

7 3 7 2

7 5 7 4

7 7 7 6

8 1 8 2

8 3 8 4

8 5 8 6

8 7 8 8
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3.2.3 Dipole Moment Surface of the van der Waals
Complex CH4–N2

The description of dipole moments of molecular complexes is significantly
sophisticated as the number of atoms in the interacting molecules increases. The
electrical properties of molecular van der Waals complexes are now studied not
fully enough. Below, we concentrate our attention only on two relatively large
molecular complexes CH4–N2 and C2H2–C2H2 (Sect. 3.2.4) which have, on the one
hand, the astrophysical interest and on the other hand, they illustrate effectively the
theory discussed above.

It is well known that any gas media consisting of nonpolar molecules absorb in
IR and far IR spectra [32, 33]. The nature of absorption is in the presence of both
transient dipole moment of colliding molecules, and of the dipole moment of stable
van der Waals complexes. For this reason, the dipole moment of interacting
molecules is the object of numerous theoretical and experimental studies [24,
34–44]. One of the reasons arising an interest to the CH4–N2 complex is related to
the study of the nitrogen-methane atmosphere of Titan [45–60] (the satellite of
Saturn). Due to low temperatures (70–100 °C [51]) of its atmosphere and relatively
high pressure (1.5 bar), the formation of stable van der Waals complexes
CH4–CH4, N2–N2 and CH4–N2 is very probable. These complexes play an
important role in all physical-chemical processes of Titan atmosphere [45, 46]. In
particular, van der Waals complex CH4–N2 will manifest itself as spectral pecu-
liarities on the background of non-resolved diffuse contours of absorption spectra of
colliding molecules CH4 and N2 [33].

At present, the CH4–N2 complex is relatively well studied. There are several
works [61–63], where the theoretical investigation of the potential energy surface
was carried out. It was found that there is a family of the most stable configurations
of the CH4–N2 complex with the energy difference of less then 0.04 cm−1 [63].
Electric properties of the complex were studied in Refs. [7, 64]. In Ref. [7] the
analytical investigation of the long-range collision-induced dipole moment surface
taking into account the induction (up to R−6) and dispersion (up to R−7) contri-
butions was carried out. The dipole moment surface suggested in Ref. [7], was
employed for the description of collisional spectra of molecules CH4 and N2 in
works [65, 66]. In these works, it was shown that calculated absorption spectra for
frequencies from 30 to 250 cm−1 agrees well with existing measurements [67, 68]
but at the high frequencies >250 cm−1 it shows substantial intensity defect. In the
work [64] (and Sect. 3.2.3) the long-range model of the dipole moment surface [64]
was improved by fully including the induction terms up to R−7 and by accounting
for the contributions from the effects of electron shells overlap of the interacting
molecules.

A. Ab initio and analytical calculations

The calculation results of dipole moment surface of the van der Waals complex
CH4–N2 are performed in this Section following to the theoretical treatment
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considered in previous Sect. 3.1. The symmetry properties of CH4 and N2 mole-
cules (see Appendix B) allow us to simplify significantly general formulae obtained
above.

In this book the Cartesian coordinate system shown in Fig. 3.6a is used for
description of the complex. The origin of the coordinate system is placed on the
carbon atom of the methane molecule. The vector R connects the carbon atom with
the center of N2 bond. It has the components (R, 0, 0). The rotation of the methane
(A) and the nitrogen (B) molecules in this coordinate system is determined by Euler
angles vA; hA;uA; hB anduB, accordingly. The initial position of the molecules in
the CH4–N2 complex presented in Fig. 3.6a corresponds to the Euler angles vA ¼
hA ¼ uA ¼ hB¼uB ¼ 0 . In this figure the coordinates of nitrogen atoms are (R,
0, ± rNN=2) and the CH4 molecule has the standard orientation: the carbon atom is
at the origin (0, 0, 0) and hydrogen atoms have the coordinates (c, c, c), (c, −c, −c),
(−c, −c, c) and (−c, c, −c), where c = rCH=

ffiffiffi
3

p
. In the present study the geometries

of the monomers CH4 and N2 were optimized at the CCSD(T)/aug-cc-pVTZ level
of theory. The equilibrium bond lengths for the CH4 and N2 molecules were found
to be rCH = 2.0596 a0 and rNN = 2.0864 a0, accordingly. During the calculations
the monomers were kept rigid with geometric parameters mentioned above.

Ab initio calculations of the dipole moment components were carried out at the
CCSD(T) level with the BSSE correction.

The mostly discussed in works [7, 61–64] configurations of the CH4–N2 com-
plex, including the most stable configuration, are presented at Fig. 3.6b. The
geometric parameters (Euler angles vA; hA;uA; hB and uB) for these configurations
along with equilibrium distance Re and interaction energy DEðReÞ are given in
Table 3.2. The ab initio calculations of the dipole moment components μα for these
configurations at the MP2 and CCSD(T) levels of theory are presented at Fig. 3.7.

(a)

(b)

Fig. 3.6 a Coordinate system for the initial geometry; b General geometries of the CH4–N2

complex (Reprinted with permission from Ref. [64]. Copyright 2010 American Institute of
Physics)
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Due to symmetry properties of the complex, the μx component exists for all con-
figurations of the complex, μy component appears only for the configurations
possesing CS symmetry, and there is no μz component at all for the chosen six
geometries. Figure 3.7a shows that with the R decreasing the μx component for the
configurations 1, 3 and 6 (the N2 molecule lies along the x-axis) monotonically goes
up and for the configuration 4 monotonically goes down. The functions μx (R) for
the configurations 2 and 5 have more complicated behaviour. The values of μy
components are significantly smaller (by *102) then the values of μx components
because the molecules are arranged along the x-axis. The Fig. 3.7b shows that for
the configuration 4 the function μy monotonically goes down and for the configu-
ration 5 monotonically goes up when the molecules get closer. It should be noted
that the MP2 and CCSD(T) calculations agree quite well .

For the interacting CH4 (Td symmetry) and N2 (D1h symmetry) molecules, the
induction dipole moment linda through the order R−7 takes the form [5]
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Fig. 3.7 Ab initio calculation of the dipole moment (a—lx, b—ly) for six configurations of the
CH4–N2 complex (Fig. 3.6b). Solid line MP2 calculations; circles CCSD(T) calculations. The
numbers indicate the configurations (see Table 3.3). (Reprinted with permission from Ref. [64].
Copyright 2010 American Institute of Physics)

Table 3.3 Symmetry, geometrical parameters, equilibrium distance Re and interaction energy
DEðReÞ for general configurations (Fig. 3.6b) of the CH4–N2 complex

Configuration Symmetry vA hA uA hB uB Re (a0)
[63]

DEðReÞ (l Eh)
[63]

1 C3V 90 45 t 90 0 8.81 −412.251

2 C2V 0 45 90 0 0 7.26 −566.445

3 C3V 0 45 t 90 0 8.01 −369.226

4 CS 0 45 t 0 0 6.84 −675.375

5 CS 90 45 t 0 0 8.11 −291.741

6 C2V 0 45 90 90 0 8.43 −319.591

The angles are in degrees
t = (180/π) arcsin(1=

ffiffiffi
3

p
)
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The dispersion contribution to the dipole moment through the order R−7is
defined by the following expression within the CRA2 approximation:

ldispa ¼ 5bAabca
B
de

36aAaB
TbdTceC6 � BA

ab;cda
B
eu � BB

ab;cda
A
eu

	 
 5TbeTucdC6

54aAaB
: ð3:2:7Þ

The analytical expression for exchange dipole moment lexcha is defined here by
Eq. (3.1.21), where [13]

d ¼ 1
bA

þ 1
bB

þ 1
2 bA þ bBð Þ þ 1; ð3:2:8Þ

g ¼ 3
4
bA þ

3
4
bB� ð3:2:9Þ

Here and thereafter, the parameters βA and βB are determined using the ionization
potentials UA ¼ b2A=2 and UB ¼ b2B=2 of the interacting molecules A and B
respectively. The applicability of analytical description of the dipole moment of the
CH4–N2 complex in the framework of suggested model is illustrated in Fig. 3.8. In
this figure the long-range analytical calculations, analytical calculations with taking
into account the exchange contribution and the CCSD(T) calculations of the dipole
moment components for configurations 3, 4 and 5 are given. The dispersion
coefficient C6 = 96.94 Eha�6

0 for interacting methane and dinitrogen molecules is
taken from Ref. [69]. The parameters used for analytical calculations are given in
[70–73] (see also Table 5.2). The exchange contribution to the dipole moment for
considered configurations was found by fitting lexcha to the difference between
ab initio and long-range calculations in the range of potential well for each con-
figuration. The obtained parameters Bα for six configurations (Fig. 3.6b) are pre-
sented in Table 3.4. The analysis of Fig. 3.8 shows that this approach describes
well the dipole moment for the whole range of potential well of considered con-
figurations, while the long-range approximation provides good results for R > 10
borhs. A noticeable divergence of analytical and ab initio dipole moment appears in
the range of R outside of the well (R < 7.4 a0 for configuration 3, R < 6.3 a0 for
configuration 4 and R < 7.5 a0 for configuration 5 [63]). The Fig. 3.8 shows also
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that analytical dipole moment without the exchange contribution leads to incorrect
(in some cases to dramatic) behaviour of dipole moment in the range R\Re. One
should note, that there is also a very good agreement between ab initio and
analytical calculations (with lexcha ) for configurations 1, 2 and 6 in the range of
potential well.

The complete analytical description of the dipole moment in the framework
of considered model requires the knowledge of the angular dependence of
Ba vA; hA;uA; hB;uBð Þ in Eq. (3.1.21). The possibility of the analytical description
of μα can be illustrated using the particular examples (rotation of CH4 by angle φA,
and rotation of N2 by angle θB). The numerical values of coefficients Bα for 42
complex configurations appeared in this way (13 configurations obtained by rota-
tion of angle θB by 15° from 0° to 180° with fixed coordinates of CH4; 29 con-
figuration obtained by rotation of angle φA from 0° to 360° with fixed coordinates of
N2) were obtained as described above and are presented in Fig. 3.9.

Figure 3.9 illustrates the dependence of coefficients Bα on the angle θB for fixed
Euler angles χA = 0°, θA = 45°, φA = (180/π) arcsin 1=

ffiffiffi
3

p� �
and φB = 0°. It is
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Fig. 3.8 Dipole moment (a lx, b ly) as a function of R for configurations 3, 4 and 5 of the
complex CH4–N2 [13]. The numbers indicate the configurations. Solid lines analytical calculations
with the exchange contribution; dash lines analytical calculations without the exchange
contribution; CCSD(T) calculations: triangles configuration 3; squares configuration 4; rounds
configuration 5. (Reprinted with permission from Ref. [64]. Copyright 2010 American Institute of
Physics)

Table 3.4 Coefficients Bα (in
a.u.) for the CH4–N2 dipole
momenta [13]

Conf. Bx By

1 5.4669 –

2 0.4041 –

3 0.3720 –

4 0.1240 0.00746

5 1.5859 0.02739

6 0.2521 –

alexcha ¼ BaR3:20238e�1:53525R
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noticable, that the numerical values of Bα form the smooth functions depending on
the angle θB, which can be expanded in series in terms of Legendre polynomials of
low order. The analytical expressions for the coefficients Bα, obtained by fitting to
the numerical values deduced from the ab initio calculation, have the forms (in a.u.):

Bx hBð Þ ¼ 0:2732� 0:1601P0
2ðcos hBÞþ 0:0333P0

4ðcos hBÞ�0:0227P0
6ðcos hBÞ;

ð3:2:10Þ

By hBð Þ ¼ 0:00696þ 0:01060P0
2ðcos hBÞ � 0:00718P0

4ðcos hBÞ
� 0:00330P0

6ðcos hBÞ; ð3:2:11Þ

Bz hBð Þ ¼ �0:1076P1
2ðcos hBÞ � 0:0307P1

4ðcos hBÞ � 0:0011P1
6ðcos hBÞ� ð3:2:12Þ

Here Pm
l ðcos hBÞ are the associated Legendre polynomials. It should be pointed

out, that at θB = 0° the complex CH4–N2 is in configuration 4 and at θB = 90° in
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Fig. 3.9 Dependence of the coefficients Bα on the angle θB for the configurations of the CH4–N2

complex with fixed χA = 0°, θA = 45°, φA = (180/π) arcsin 1=
ffiffiffi
3

p� �
and φB = 0° [13]. Points—

values of Bα deduced from the ab initio calculation (see text); lines—analytical calculation by
Eqs. (3.2.10) and (3.2.11) (Reprinted with permission from Ref. [64]. Copyright 2010 American
Institute of Physics.)
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configuration 3, and the Bα values in Eqs. (3.2.10) and (3.2.11) for these config-
urations (Bxð0�Þ = 0.1237 a.u., Bxð90�Þ = 0.3728 a.u. and Byð0�Þ = 0.00708 a.u.)
are in a good agreement with the values in Table 3.4. It is obvious, that the
functions Bα in Eqs. (3.2.10) and (3.2.11) are periodic ones with the period of 180°
due to the homonuclearity of the N2 molecule.

The dependence of the coefficients Bα on the angle u0
A u0

A ¼ uA � 90�
� �

for
fixed χA = 0°, θA = 45°, θB = 0° and φB = 0° is shown at Fig. 3.10.

The angle u0
A is introduced to show the symmetry properties of the complex (and

the coefficients Bα, respectively) more cleary when the the molecule CH4 is rotated
by the angle φA. For the considered configurations of the CH4–N2 complex the
coefficient Bα has only x and y components and has the properties: Bxð180� �
u0
AÞ ¼ Bxð180� þu0

AÞ, Byð180� � u0
AÞ ¼ �Byð180� þu0

AÞ. The analytical expres-
sions for these coefficients have the following form (in a.u.)

Bx u0
A

� � ¼ 0:6508� 0:6558P0
1ðcosu0

AÞ � 0:0515P0
2ðcosu0

AÞþ 0:6386P0
3ðcosu0

AÞ
� 0:1913P0

4ðcosu0
AÞ � �0:0655P0

5ðcosu0
AÞ � 0:0778P0

6ðcosu0
AÞ
ð3:2:13Þ

By u0
A
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1ðcosu0

AÞ � 0:03098P1
2ðcosu0
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3ðcosu0

AÞ
� 0:02633P1

4ðcosu0
AÞ � 0:00127P1

5ðcosu0
AÞ � 0:00485P1

6ðcosu0
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þ 0:00185P1
7ðcosu0

AÞ
:

ð3:2:14Þ

The coefficients Bα in Eqs. (3.2.13) and (3.2.14) are the periodic functions of φA
with the period of 360°. The coefficients Ba u0

A

� �
(and Ba uAð Þ, correspondently) are

also the smooth functions. So, the considered particular cases of molecular rotations
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Fig. 3.10 Dependence of the coefficients Ba on the angle u0
A for fixed vA = 0°, hA = 45°, hB = 0°

and uB = 0° for the methane—dinitrogen complex [13]. (Reprinted with permission from Ref.
[64]. Copyright 2010 American Institute of Physics)
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in the complex show that the exchange contributions into the dipole moment of the
complex CH4–N2 may be obtained in the analytical form.

B. Dipole moment of the most stable configuration of CH4–N2 complex

It is also interesting to consider the dipole moment of the most stable configu-
ration of CH4–N2 complex. In Ref. [63] it was found that the CH4–N2 complex has
a family of such configurations with practically equal interaction energies (the
difference is less than 0.04 cm−1). These configurations can be obtained from the
configuration 4 by rotation of the N2 molecule by angle τ over the x axis at fixed
equilibrium intermolecular separation Re = 6.8 a0. The rotation of nitrogen mole-
cule by angle τ corresponds to its rotation by angle θB at fixed angle φB = 90°.

The dipole moment of the complex was obtained for angle τ from 0° to 180° by
15° (13 configurations). For the calculations we have employed Eq. (3.1.2), that
provides enough accuracy for the correct description of small changing in laðR; sÞ.
The resulting analytical form for laðR; sÞ was found to be as follows (in a.u.)

lxðR; sÞ ¼ � 27:67779
R4 � 78:76850

R5 þ 379:8549
R6 þ 687:0685

R7 þBxðsÞf ðRÞ;
ð3:2:15Þ

lyðR; sÞ ¼ � 8:282
R5 þ 39:795

R6

� �
2 cos2 s� 1
� �

þ 57:053 cos4 sþ 610:461 cos2 s� 326:625
R7 þBy sð Þf ðRÞ;

ð3:2:16Þ

lzðR; sÞ ¼ � 16:564
R5 þ 79:590

R6 þ 57:053 cos2 s� 696:041
R7

� �
sin s cos sþBz sð Þf ðRÞ;

ð3:2:17Þ

where

f ðRÞ ¼ R3:20238 expð�1:53525RÞ� ð3:2:18Þ

The fitting parameters BaðsÞ were obtained from ab initio values of dipole
moments at Re = 6.8 a0 and can be written as

BxðsÞ ¼ 0:112522þ 0:000154 cos2 s 4 cos2 s� 3
� �2

; ð3:2:19Þ

ByðsÞ ¼ �0:005913þ 0:000111 cos2 sþ 0:022825 cos4 s� 0:008514 cos6 s;

ð3:2:20Þ

BzðsÞ ¼ 0:019364� 0:007734 cos2 s
� �

sin s cos s� ð3:2:21Þ
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The results of ab initio and analytical calculations of dipole moment at Re are
presented in Fig. 3.11. It should be noted, that the major contribution (*96 %) to μ
is the induction one, the dispersion (*16 %) and exchange (*12 %) contributions
have opposite signs and partially cancell out each other. The dipole moment
components ly sð Þ and lz sð Þ are significantly smaller then lx sð Þ. The Fig. 3.11

shows, that the modulus of the dipole moment lðsÞj j ¼ P
a
l2aðsÞ of the CH4–N2

complex being in the most stable configurations is weakly dependent on angle τ
( l sð Þj j = 0.011961± D l sð Þj j ea0 where the variations D l sð Þj j < 0.000003 ea0). The
behaviour of the modulus l sð Þj j is similar to the behaviour of lx sð Þ component. It is
interesting to note, that a very weak dependence on angle τ is also observed for the
polarizability invariants of the complex CH4–N2 (see next chapter and Ref. [64]).

In this Section, the dipole moment of the CH4–N2 complex was obtained using
both ab initio and analytical methods. The analysis of the ab initio and analytical
results has shown that the long-range model describes well the dipole moment for
R > 10 a0. For smaller R, when electron shells of interacting molecules begin to
overlap, the dipole moment of complex can’t be described correctly using the
long-range approximation (even including the higher order terms of perturbation
theory). However, for small overlap of electron shells when the exchange inter-
actions are still small and the long-range approximation is weakly broken (that’s the
range of potential well of the van der Waals complex) there is a chance to describe
the dipole moment of the complex in the analytical form. For even smaller R, when
overlapping of the valence electrons of interacting molecules becomes significant,
the numeric quantum mechanical calculations are only possible.
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Fig. 3.11 Angular dependence sð Þ of the dipole moment modulus for the most stable
configurations of the CH4–N2 complex. (Reprinted with permission from Ref. [64]. Copyright
2010 American Institute of Physics.)
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It should be noted that the suggested model allowing to take into account the
effects related to the overlap of shells of valence electrons is based on the point
model of interacting molecules and can be applied only to small molecules. Such
limitation is due to the fact, that the parameters of exchange interaction βA and βB
are defined only by the ionization potentials of molecules and take into account
neither the form nor the size of interacting molecules.

3.2.4 Dipole Moment Surface of the Ethylene Dimer

Ethylene dimer in contrast to the CH4–N2 complex is studied significantly wider.
The history of quantum-mechanical calculations of the interaction energy of two
ethylene molecules begins with the work of Hashimoto and Isobe in 1973 [74].
Since then a number of theoretical works [75–94] have been devoted to the ab initio
calculations of the potential energy of the dimer. The other approach to the
investigation of the potential energy surface of the C2H4–C2H4 complex was
applied in Refs. [95–99] in the framework of analytical description of long-range
interactions between two ethylene molecules. This approach gives a physically
correct analytical description of the potential energy surface for interacting C2H4

molecules at large intermolecular separations, R. However, in the framework of this
approach, the well depths of different configurations of the C2H4–C2H4 dimer can
not be described correctly, because at these intermolecular separations the electron
shells of interacting ethylene molecules begin to overlap and the exchange inter-
actions start to play an important role.

In contrast to the potential energy, the dipole moment of the ethylene dimer has
been investigated not sufficiently. It is known that the dipole moment of ethylene
dimer being in the most stable configuration (possessing symmetry D2d) equals to
zero. The theoretical calculations of the dipole moment surface of ethylene dimer
have been carried out in the work [100]. There are also experimental works devoted
to the collision-induced absorption in ethylene in the infrared region [101–104] that
contain the information on the dipole moment surface of the interacting ethylene
molecules. These collision-induced absorption spectra were used only for the
evaluation of the quadrupole moment of single ethylene molecule.

In this section, following to the work [100] the results of the analytical and
high-level ab initio calculations of the dipole moment for selected configurations of
the ethylene dimer are discussed. For the analytical calculations of the dipole
moment the monomer properties calculated in Ref. [100] are used (see Table 3.5).

A. Results of the PES and DMS calculations

For the accurate ab initio study of potential energy and dipole moment of the
C2H4–C2H4 complex the methods considering the electron correlation should be
used. For this reason, the following quantum-mechanical methods were employed:
CCSD(T), CCSD(T)-F12, and MP2. All ab initio calculations in this Section were
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carried out with the correlation-consistent aug-cc-pVTZ basis set. For the evalua-
tion of binding energy in the CBS limit, the aug-cc-pVQZ basis set was also used.
In order to correct the energy for the basis set incompleteness error (BSIE), the
energy was extrapolated to the CBS limit using the schemes of Martin (2.3.11) and
Helgaker (2.3.12). The dipole moment of the ethylene dimer was calculated by the
finite-field method described by Cohen and Roothaan [1] using Eq. (3.1.1) which
provides enough accuracy for the system under consideration (the errors do not
exceed 2 × 10−5 ea0). The experimental ground state geometry (averaged over
zero-point vibrations) of ethylene molecule was used for all calculations: the bond
lengths and angles of ethylene molecule rCC = 2.5303 a0, rCH = 2.0504 a0,
∠HCC = 121.085° and ∠HCH = 117.83° were taken from Ref. [108]. The coor-
dinate system of C2H4–C2H4 complex is shown in Fig. 3.12.

The long-range analytical approximation used for the description of dipole
moment of the ethylene dimer, following the Sect. 3.1.2, gives the induction and
dispersion contributions through the order R−7 as (here, the exchange interactions
are not considered)

Table 3.5 Molecular properties for C2H4 molecule

Property [100]a Lit. Property [100]a Lit.

Θxx −2.47 −2.42b Cxx,xx 72.19 51.93d

Θyy 1.25 1.23b Cxx,yy −19.88 −10.65d

Θzz 1.22 1.19b Cxx,zz −52.31 −41.27d

Φxxxx 18.90 18.42b Cxy,xy 45.35 29.24d

Φyyyy −17.02 −16.27b Cxz,xz 75.40 58.71d

Φzzzz −15.89 −15.51b Cyy,yy 75.82 51.47d

αxx 22.05 22.41c Cyy,zz −55.95 −40.82d

αyy 24.96 25.21c Cyz,yz 118.68 101.00d

αzz 34.24 34.24c Czz,zz 108.26 82.09d

Ex,xxx −65.27 −80.67d Bxx,xx −733.70 –

Ey,yyy −92.39 −81.01d Bxx,yy 314.70 –

Ez,zzz 71.29 88.90d Bxx,zz 419.00 –

Ex,xyy −8.81 −8.11d Bxy,xy −399.39 –

Ex,xzz 74.08 88.78d Bxz,xz −574.40 –

Ez,zxx −78.43 −62.24d Byy,yy −394.06 –

Ez,zyy 7.14 −26.63d Byy,zz 188.14 –

Ey,yxx −75.09 −88.80d Byz,yz −591.64 –

Ey,yzz 167.48 169.82d Bzz,zz −579.30 –
aCalculated at the CCSD(T)/aug-cc-pVTZ level of theory using approach described in Ref. [105]
bReference [106]; cReference [107]; dReference [96]
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Fig. 3.12 Coordinate system of the C2H4–C2H4 complex (Reprinted with permission from Ref.
[100]. Copyright 2011 Wiley Periodicals, Inc.)

Fig. 3.13 Selected configurations of the C2H4–C2H4 complex (Reprinted with permission from
Ref. [100]. Copyright 2011 Wiley Periodicals, Inc.)
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The calculation results are shown in Fig. 3.14 for 6 configurations of the
complex with C2v symmetry (configurations 5, 6, 7, 9, 10, and 11, see Fig. 3.13 and
Table 3.6) with nonzero dipole moment (there is only lz component). It should be
noted, that the MP2 level of theory gives slightly worse results compared to the
“gold standard” CCSD(T) ones. Figure 3.14 shows also that the analytical
description of the dipole moment provides a good agreement with the ab initio
calculations at the CCSD(T)/aug-cc-pVTZ level of theory for R > 9 a0.

The analytical calculations of the dipole moment surface were carried out using
the multipole moments and polarizabilities given in Table 3.5 (Ref. [100]) and the
coefficient C6 = 300.2 Eha�6

0 taken from Ref. [109]. It should be noted, that the
calculated multipole moments and polarizabilities of single ethylene molecule
(Table 3.5) are in a good agreement with those from Refs. [96, 107, 109]. The
analytical approach allows to evaluate different long-range contributions to the total
dipole moment of the ethylene dimer. For example, the dipole moment contribu-
tions for configurations 5 and 9 of the complex with large and small interaction-
induced dipole moments have been calculated. The results of calculations are
shown in Fig. 3.15. As expected [see Eqs. (3.2.6) and (3.2.7)], the induction
contribution to the dipole moment of the complex is significantly larger than the
dispersion contribution. Moreover, the dipole polarizability-quadrupole induction
terms aAHB þ aBHA� �

give the major contribution to the dipole moment for all
configurations where the long-range approximation is fulfilled.
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Fig. 3.14 Interaction-induced dipole moment component lz of the C2H4–C2H4 complex [100].
Solid lines calculations at the CCSD(T)/aug-cc-pVTZ level of theory with the BSSE correction;
dash lines analytical calculations; black circles calculation at the MP2/aug-cc-pVTZ level of
theory with the BSSE correction (Reprinted with permission from Ref. [100]. Copyright 2011
Wiley Periodicals, Inc.)
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Analytical description of the DMS of the ethylene dimer allows us to understand
some features this surface. In Fig. 3.14 we can see a similar behaviour of the dipole
moment for configurations 5 and 7 and for configurations 9 and 10. It should be
noted that the absolute values of the dipole moment functions for configurations 6
and 11 are also very close (there is only deference in the signs). Such behaviour of
the dipole moment functions can be explained by the fact that the induction con-
tributions aAHB þ aBHA; aAUB þ aBUA and aAHAaB þ aBHBaA have the same
values for configurations 5 and 7, for configurations 9 and 10 and differ only in sign
for configurations 6 and 11. The small differences observed for these pairs of the
dipole moment functions for large R are due to the difference in the induction
EAHB þEBHA� �

and dispersion BAaB þBBaAð Þ contributions.
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Chapter 4
Interaction-induced Polarizability

The methods for computation of molecular polarizability are implemented now in
many well-known modern quantum chemical codes. Some of their features will be
discussed in the next Section. And here, we point out the experimental methods
used usually to determine the polarizabilities of atoms, molecules or their com-
plexes. For this purpose, some measured macroscopic properties are used. As a rule,
these properties are some functions of the electromagnetic field which are changing
during the interaction of molecules or atoms with a field. Herewith, the accuracy of
determination of the polarizability depends on the observation methods and the
aggregate state of an environment. The most accurate results are obtained for
incompact gas media.

The most known method to evaluate the polarizability is based on measurements
of the molecular refractivity of any gas. This method allows determining with high
accuracy the average polarizability of molecules [1]. So, for nitrogen and oxygen
molecules the average polarizabilities were measured with the accuracy up to 0.01–
0.03 % [2–6].

Another widespread experimental method uses the changes of parameters for
Rayleigh light scattering. In this way, both invariants of the polarizability tensor
(the average polarizability and the polarizability anisotropy) from the light scat-
tering intensity can be found. However, in practice, the anisotropy polarizability is
preferred for determination by this method. This is because of the fact that for this
case the average polarizability is determined less accurate in comparison with the
refraction method [7, 8]. At the same time, the real accuracy of the polarizability
anisotropy obtained by the use the polarization characteristics of the light scattering
doesn’t exceed of 3–5 %.

The Kerr effect is also often used to determine the polarizabilities of molecules
[1, 9, 10]. In the general case, the Kerr constant has a complicated relation with the
polarizability anisotropy, dipole moment and hyperpolarizability of a molecule. As
a result, the problem of a separation of the contributions to the Kerr constant from
these values is appeared. The separation difficulties lead to the increase of errors of
the method (10–20 %). Only for the gas media composed of non-polar molecules
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the dependence of the Kerr constant on electric properties of a molecule is sig-
nificantly simplified and the polarizability anisotropy can be directly determined
from the Kerr constant.

The experimental methods for polarizability determination based on the Stark
effect use the displacements and splitting of rotational energy levels of small
molecules under the influence of an external electric field [11–14]. The usual
accuracy of these methods is in the range of 3–10 %.

Finally, let us mention the experimental methods that use other physical effects
to measure molecular polarizability. These methods use the birefringence effects
[15] in any magnetic field (Cotton–Mouton effect) and flow (dynamic optical effect
of Maxwell), the acoustic birefringence effect, absorption spectra induced by the
electric field [16] and so on. It should be noted that last group of methods have the
greater errors compared to the methods discussed above.

The feature of the all considered experimental methods is that they allow us to
define the values of the molecular polarizability only at the equilibrium position of
molecular nuclei. To obtain the dependencies of molecular polarizabilities on the
mutual location of nuclei in a molecule, the Raman effect can be used The line
intensities of Raman spectra depend on the values of polarizability derivatives with
respect to the nuclei displacements. The first works to define the polarizability
derivatives of molecules have appeared immediately after the creation of the theory
of Raman light scattering (Placzek theory of polarizability) [17]. However, the
experimental technique of “pre-laser” period could not obtain the high-quality
results. Some experimental results of this period are summarized in [18]. Currently,
these data have only a historical interest. Now, laser technologies allow to increase
the measurement accuracy and, as a result, significantly improve and revise the
“pre-laser” data. Nevertheless, up to day the experimental data on the polarizability
derivatives of molecules are fragmentary and do not give the impression of sys-
tematic studies of the polarizability of molecules as a function of the nuclei coor-
dinates, even for diatomic molecules [19–39].

Note also, that U. Hohm has recently compiled the static mean dipole-dipole
polarizability evaluated from gas phase measurements for 174 molecules [40].

4.1 Interaction-induced Polarizability Theory

4.1.1 Ab Initio Calculation Features

The polarizability is the second derivative of the interaction energy by the external
field F0

a . The calculation formulas can be also obtained using the finite-difference
method like for the dipole moment. As a result, for example, the 3-point finite
difference approximation (with errors of order ðF0

aÞ2) gives
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aaa ¼ �EðF0
a ;F

0
aÞ � 2Eð0; 0ÞþEð�F0

a ;�FaÞ
2ðF0

aÞ2
;

aab ¼ �EðF0
a ;F

0
bÞ � EðF0

a ;�F0
bÞ � Eð�F0

a ;F
0
bÞþEð�F0

a ;�F0
bÞ

4F0
aF

0
b

; a 6¼ b:

ð4:1:1Þ

Also, the more accurate formula proposed by Maroulis [41] allows to eliminate
the contribution of higher-order terms to the polarizability:

aaa ¼ 1024SaðF0
aÞ � 80Sað2F0

aÞþ Sað4F0
aÞ

360ðF0
aÞ2

; ð4:1:2Þ

where

SaðF0
aÞ ¼

Eð�F0
aÞþEðF0

aÞ � 2Eð0Þ
2

:

It should be pointed out that both for the dipole moment and polarizability of
interacting molecules (complexes), one should account for the BSSE correction.
This means that the single point energy calculations with different external fields
should be carried out with the BSSE correction. The BSSE correction depends on
the basis set employed and the system under consideration. For some cases the
BSSE correction has negligible effect on electric properties, and in this case it could
be neglected. However, the more correct way is to take into account the BSSE
correction. The choice of the applied homogeneous field should be done very
carefully. For this purpose one should carry out a series of calculations with dif-
ferent amplitudes of the external field F0

a . From these calculations the range of the
amplitudes of the field can be found where the property under the investigation
doesn’t change significantly with the change of the amplitude F0

a . The field only
from this range can be used for the further calculation. Sometimes for different
properties the different amplitudes of the external field should be applied.

4.1.2 Long-Range Approximation

It should be pointed out that the methods of classical electrodynamics accounting
for the induction and dispersion effects give a physically correct analytical
description of the polarizability surface for interacting atomic-molecular systems at
large intermolecular separations [42–54]. In this way, in the framework of the
long-range approximation [1, 55], when the interacting species are considered as
point objects with their anisotropic electric properties, the electric polarizability aABab
of two interacting systems may be written in the form

4.1 Interaction-induced Polarizability Theory 53



aABab ¼ aAab þ aBab þDaABab ; ð4:1:3Þ

where aAab and aBab are the dipole polarizabilities of the atomic (or molecular)

systems A and B, and DaABab is the interaction polarizability. Here, the interaction

polarizability DaABab can be written as follows

DaABab ¼ aindab þ adispab þ aexchab ; ð4:1:4Þ

where aindab ¼ aind;Aab þ aind;Bab , adispab ¼ adisp;Aab þ adisp;Bab and aexchab are the induction,
dispersion and exchange contributions to the polarizability of interacting systems
A and B. Evidently, when the interacting systems are well separated, the interaction
polarizability DaABab is determined entirely by a well-known induction and dispersion

contributions aindab and adispab [43–45, 48, 56–58]. At shorter range, when the charge
distributions of interacting systems overlap, the exchange effects appear and the
additional contribution aexchab begins to be important [59].

The induction contribution to the polarizability aind;Aab of the A molecule is

determined in accordance with (2.4.2) at F0
a ¼ 0. Then, using analogous scheme

like for calculations of the induction dipole moment, the following expression can
be obtained for the induction polarizability of the molecule A:

aind;Aab ¼ aAacTcda
B
db þ bAabcTcdl

B
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1
3
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ð4:1:5Þ

Here T � TAB.
The dispersion contribution to the polarizability of the interacting molecules can

be found by calculation of the second derivative of the interaction energy

adispab ¼ �@EAB
disp

@F0
aF

0
b

�����
F0¼0

¼ adisp;Aab þ adisp;Bab ð4:1:6Þ

where, restricting ourselves to the leading term *R−6, the expression for the dis-
persion contribution takes the form (see (2.3.5), [58])
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adisp;Aab ¼ 1
2p

Z1

0

dx Tcdc
A
deabðix; 0; 0ÞTegaBgcðixÞ

h i
: ð4:1:7Þ

The contributions *R−(>6) to adisp;ABab can be obtained from the next terms of
(2.3.5), when the polarizabilities in them, considered as a function of the external
electric field F0

a , are expanded in a Taylor series on F0
a .

Unfortunately, direct calculation of the dispersion contribution adisp;ABab using

Eq. (4.1.7) is often difficult due to the absence of the cAdeabðix; 0; 0Þ values as
functions of iω. However, as for the case of the dipole moment, this dispersion
contribution may be estimated using a “constant ratio” approximation (see, for
example, [44]). As a result, the following estimation may be obtained

adispab ¼ TcdcBdeabð0; 0; 0ÞTegCgc

2aBð0Þ þ TcdcAdeabð0; 0; 0ÞTegDgc

2aAð0Þ ð4:1:8Þ

where

Cgc ¼ 1
2p

Z1

0

aBðixÞaAgcðixÞdx;

Dgc ¼ 1
2p

Z1

0

aAðixÞaBgcðixÞdx

and the relation has been used

cA;Bdeabðix; 0; 0Þ ¼
cA;Bdeabð0; 0; 0Þ
2aA;Bð0Þ aA;BðixÞ:

Here aA;BðixÞ is the mean polarizability of the A (or B) molecule at the imagi-
nary frequency iω.

Since the imaginary frequency-dependent polarizability for molecules as a rule is
known (or can be calculated) the further calculation of the adispab is not difficult. The

coefficients Cgc and Dgc may be also related to the dispersion constants C0
6 � C6

and C2
6 determined experimentally.

4.1.3 Exchange Contributions. Analytical Form

To calculate the exchange contributions to the static polarizability of a pair of
interacting atoms a well-known form for tensor components of the electron
polarizability may be used:
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aABab ðRÞ ¼ 2
X
m6¼n

nh jla mj i mh jlb nj i
Em � En

ð4:1:9Þ

where the dipole matrix elements nh jlc mj i and the electronic energy levels Ek are
the functions of the intermolecular distance R. Then, the idea proposed in Sect. 3.1.
3 to take into account the exchange interaction contributions to nh jlc mj i for small
R can be used again. In this case the exchange interaction contribution into
z-component of the dipole moment is represented by (3.1.21) where

d ¼ 1
bA

þ 1
bB

þ 1
bm

þ 3
2 bA þ bBð Þ �

1
bA þ bB þ 2bm

þ 1; ð4:1:10Þ

g ¼ 3
4
bA þ

3
4
bB þ

1
2
bm: ð4:1:11Þ

The use of the effective excited electron state �m allows us to exclude the pro-
cedure of summation over the excited electron states m of atoms in the expression
for polarizability. Then, replacing bm by some effective value �b for the effective
electron state �m, the expression for the exchange contributions to the polarizability
of interacting atoms takes the form [59]

aexchzz ðRÞ ¼ B1ðbA; bB; �b;RÞRd expð�gRÞþB2ðbA; bB; �b;RÞR2d expð�2gRÞ;
ð4:1:12Þ

where the fitting parameters B1 and B2 are the functions weakly dependent on R and
the values of the parameter �b may be estimated taking into account probabilities of
radiation transitions of the atoms A and B, and the energy levels structure of these
atoms. Note that the first term in Eq. (4.1.12) gives the similar asymptotic behavior
for aexchzz ðRÞ at R ! 1 as for the pair of hydrogen atoms [60]. The exchange
contributions aexchxx and aexchyy as well equal zero for considered approximation.
However, in a stricter approximation these contributions are to be appeared.

The results obtained for interacting atoms may be also used for interacting
molecules bearing in mind that bA, bB and �b are the molecular parameters and the
configurations of interacting molecules have to be taken into account.

4.2 Polarizabilities of van der Waals Complexes

4.2.1 Polarizabilities of Atom-Atomic Complexes

For atomic complexes the general expressions (4.1.5) and (4.1.8) are essentially
simplified and take, up to terms *R−6 inclusively, the well-known forms [1, 44]
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(here, as usually, the atoms are positioned on the z-axis of the Cartesian coordinate
system)

aindzz ðRÞ ¼
4aAaB

R3 þ 4aAaBðaA þ aBÞ
R6 ; ð4:2:1Þ

aindxx ðRÞ ¼ aindyy ðRÞ ¼ � 2aAaB

R3 þ aAaBðaA þ aBÞ
R6 ; ð4:2:2Þ

and

adispzz ðRÞ ¼ 7
18

cA

aA
þ cB

aB

� �
C0
6

R6 ; ð4:2:3Þ

adispxx ðRÞ ¼ adispyy ðRÞ ¼ 2
9

cA

aA
þ cB

aB

� �
C0
6

R6 ; ð4:2:4Þ

where aA; aB are the polarizabilities and cA; cB are the second hyperpolarizabilities
of the interacting atoms A and B ðc ¼ czzzzÞ.

As shown in the work [59] for the atomic complexes He–He, Ar–Ar, Kr–Xe, and
Xe–Xe, taking into account the exchange polarizability aexchzz ðRÞ in the form (3.1.12)
allows us to reach a very good agreement with ab initio results [61, 62] for a wide
range of R. Herewith, the exchange polarizability aexchzz ðRÞ is mainly determined by
the first term in Eq. (4.1.12) for the range R[Re and by the second term for the
range R\Re.

The exchange contribution aexchzz ðRÞ to the interaction mean polarizability

DaðRÞ ¼ 1
3

DazzðRÞþ 2DaxxðRÞð Þ

¼ 2aAaBðaA þ aBÞ
R6 þ 5

18
cA

aA
þ cB

aB

� �
C6

R6 þ 1
3
aexchzz ðRÞ ð4:2:5Þ

and the interaction polarizability anisotropy

DcðRÞ ¼ DazzðRÞ � DaxxðRÞ
¼ 6aAaB

R3 þ 3aAaBðaA þ aBÞ
R6 þ 1

6
cA

aA
þ cB

aB

� �
C6

R6 þ aexchzz ðRÞ ð4:2:6Þ

also plays an important role, especially for DaðRÞ because of the term *R�3

(Fig. 4.1 illustrates this effect).

4.2 Polarizabilities of van der Waals Complexes 57

http://dx.doi.org/10.1007/978-3-319-49032-8_3


4.2.2 Polarizabilities of X2–Y Complexes

Consider in this Section the complexes X2–Y when the atom Y has the spherical
symmetry. For another case the calculations are carried out the same way. The
Cartesian coordinate system is introduced following to Fig. 3.1. Then, for con-
sidered complex the induction contributions to DaABab ðRÞ up to terms*R−6 inclusive
take the form [45]

aindab ¼ aAacTcda
B
db þ aBacTcda

A
db þ

1
15

aAacTcdeuE
B
b;deu þ

1
15

EB
a;cdeTcdeua

A
ub

� 1
9
BA
ab;cdTcdeuH

B
eu þ aAacTcda

B
deTeua

A
ub þ aBacTcda

A
deTeua

B
ub: ð4:2:7Þ

Dispersion contribution into DaABab ðRÞ following the results of Sect. 4.1.2 with
accuracy up to the leading term *R−6 comes on (4.1.8). For this case the tensors
Cgc ¼ 1

6C
0
6dgc; Dxx ¼ Dyy ¼ 1

6 C0
6 � C2

6

� �
and Dzz ¼ 1

6 C0
6 þ 2C2

6

� �
are related to the

isotropic dispersion coefficient C0
6 and the anisotropic dispersion coefficients C2

6.
The exchange contributions to the interaction polarizabilities are described by

Eq. (4.1.12) where the parameters B1 and B2 are the functions of the angle h and
can be written as [59]

Bi ¼ Bð0Þ
i þBð2Þ

i P2ðcos hÞþBð4Þ
i P4ðcos hÞ ð4:2:8Þ

where Pkðcos hÞ is the Legendre polynomial and BðkÞ
i are the fitting parameters. The

full analytical expressions for the interaction polarizability of the complex X–Y2 is
quite cumbersome and can be found in the work [59].

Fig. 4.1 The interaction polarizability invariants DaðRÞ of the complexes Xe–Xe (a) and He–He
(b) (firstly printed in our work [59]). Solid lines—analytical calculations taking into account the
exchange polarizability; dashed lines—analytical calculations without considering the exchange
polarizability; circles—ab initio calculation [112]; squares—ab initio calculation [62]. All values
are in a.u
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As there was noted in our work [59] the exchange contribution into the com-
ponents of the complex X–Y2 can be appreciable for the interaction polarizability
DaABzz ðR; hÞ. Figure 4.2 illustrates this fact for the case of Ar–H2 complex.

Modified DID model. As seen from Eq. (4.1.5) for some cases the simple
dipole-induced-dipole (DID) model formulated by Silberstein for a system of
n interacting atoms [63], being a little modified [50] for the molecular complexes,
can be effective applied. In the modified model, like for the dipole moment,
every molecule in a complex is represented as a set of effective atoms whose
polarizability depends on the internuclear separations in the molecule. The
polarizabilities of the effective atoms are chosen so that their total polarizability
equals to the polarizability of the molecule formed by these atoms, and the
interaction between the effective atoms is absent. The concept of effective atoms
allows one to take into account the dependence of the polarizability of a complex
on the intramolecular separation r and, because the small interatomic separations
are excluded from calculation procedure, the use of usual DID model is
appeared.

It is interesting that in the framework of modified DID model for some stable
configurations of X–Y2 complexes the strongest dipole-induced-dipole contribu-
tions can be fully summarized. Consider, for example, the complexes N2–Y and
O2–Y (Y = He, Ne, Ar, Kr, Xe). The calculations of the potential energy surfaces
for these complexes show that the complexes N2–Y exist in one stable configuration
(T-configuration) [64–77], while the complexes O2…Y exist in two stable con-
figurations (L- and T-configurations) [78–82], and the T-configuration is the most
stable among them. The stable configurations of these complexes are shown in
Fig. 4.3, in which atoms 1 and 2 belong to the molecule X2, and atom 3 is the
atom Y.

Fig. 4.2 The interaction
polarizabilities DaABzz ðR; hÞ of
the complex Ar–H2 with
(lower surface) and without
(upper surface) taking into
account the exchange
polarizability (firstly printed
in our work [59]). The values
of DaABzz and R are in a.u., the
angle h is in rad
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L-configuration. In this case, the complex-fixed coordinate system (X, Y, Z; see
Fig. 4.3) is the main one for the polarizability tensor of the complex, and therefore
in this coordinate system it has the diagonal form abb(r, R). A feature of the
L-configuration of the complex X2–Y is that the chosen coordinate system coin-
cides with the molecular coordinate system (x, y, z) of the molecule X2, and for this
molecule aXXðrÞ ¼ aYYðrÞ ¼ axxðrÞ ¼ ayyðrÞ and aZZðrÞ ¼ azzðrÞ. And the follow-
ing analytical explicit forms for the components of the polarizability tensor for the
complex X2–Y in the L-configuration can be found [51]:

aXX r;Rð Þ ¼ aYY r;Rð Þ ¼
axxðrÞþ a� aaxxðrÞ 1

R3
13
þ 1

R3
23

� �
� 1

4 a axx rð Þ½ �2 1
R3
13
� 1

R3
23

� �2

1� 1
2 aaxxðrÞ 1

R6
13
þ 1

R6
23

� � ;

ð4:2:9Þ

aZZ r;Rð Þ ¼
azzðrÞþ aþ 2aazzðrÞ 1

R3
13
þ 1

R3
23

� �
� a azzðrÞ½ �2 1

R3
13
� 1

R3
23

� �2

1� 2aazzðrÞ 1
R6
13
þ 1

R6
23

� � ; ð4:2:10Þ

where R13 ¼ Rþ r
2 ; R23 ¼ R� r

2 ; a is isotropic polarizability tensor of atom Y. As
a result, the expressions (4.2.9) and (4.2.10) allow us to take into account the
r-dependence of the polarizability components of the complex.

T-configuration. In this case, the chosen coordinate system (Fig. 4.3) is also the
main one for the polarizability tensor of the complex, but it does not coincide with
the molecular coordinate system of the molecule X2. However, for these coordinate
systems there is a unique correspondence between the components of the polariz-
ability tensor of the molecule X2: aXXðrÞ = azzðrÞ и aYYðrÞ = aZZðrÞ = axxðrÞ. And
the calculation of the components of the polarizability tensor of the complex X2–Y
in the T-configuration yields the following analytical expressions [51]:

Fig. 4.3 T- and L-configurations of X2–Y complexes
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aXX r;Rð Þ ¼
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Thus, the polarizability of the stable configurations of the complex X2–Y is
determined by the polarizability tensor aaaðrÞ of the molecule X2, dependent on its
internuclear separation r, the polarizability of the noble gas atom a, and the distance
R. Note that at r = 0 Eqs. (4.2.9)–(4.2.13) coincide with the corresponding equa-
tions for the components of the polarizability tensor of two interacting anisotropic
atoms in the classical Silberstein theory. Figure 4.4 shows the typical forms of
surfaces for the components of the polarizability of the complexes N2–Y and O2–Y
(Y = He, Ne, Ar, Kr, Xe) calculated in the framework this model by the use of the
polarizability functions axxðrÞ and azzðrÞ for the molecules N2 and O2 taken from
[83]. Figures 4.5 and 4.6 show also the frequency dependences of the polariz-
abilities for these complexes. In order to calculate the dynamic polarizabilities of
the complexes, the dynamic polarizability functions axxðre;xÞ ¼ axxðre;xÞ and
azzðre;xÞ of the molecules N2 and O2 are taken from [84, 85] and the dynamic
polarizabilities of noble gas atoms aðxÞ are taken from [86–88].

The dependence of the polarizability tensor invariants of the van der Waals X2–Y
complexes on the frequency of the electromagnetic field and on the complex

Fig. 4.4 Components aaaðr;RÞ of the polarizability tensor for the N2–Ar complex in the T-
configuration (in Å3) [51]. Here the distances r and R are given in Å: a—aXX r;Rð Þ, b—aYY r;Rð Þ,
c—aZZ r;Rð Þ
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Fig. 4.5 Components of the dynamic polarizability tensor (in Å3) of the complexes N2–Y (solid
curves) and O2–Y (dashed curves) (Y = He, Ne, Ar, Kr, Xe) [53]: a L-configuration (θ = 0°);
b T-configuration (θ = 90°); the frequency ω is given in cm−1
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configuration can be represented more clearly by the polarizability surfaces. As an
example, Fig. 4.7 shows such surfaces for the complex O2–Ar. The polarizability
surfaces for other complexes under consideration have analogous shape. It is
obvious, that at θ = 0 and 90° these surfaces are degenerated into the dynamic
polarizability functions shown in Fig. 4.6.

4.2.3 Polarizabilities of X2–Y2 Complexes

The polarizabilities of two interacting diatomic molecules are also of interest up to
day, however, there are only few works on this subject. Mainly, these works were
devoted to some atmospheric complexes like O2–O2, N2–N2, H2–H2, H2–N2

Fig. 4.6 Invariants of the dynamic polarizability tensor α(re, Re, θ, ω) and γ(re, Re, θ, ω) (in Å3)
of the complexes N2–Y (solid curves) and O2–Y (dashed curves) (Y = He, Ne, Ar, Kr, Xe) [53]:
a L-configuration (θ = 0°), b T-configuration (θ = 90°); the frequency ω is given in cm−1
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systems [48, 50, 54, 89–94] or NO dimer [95]. Consider below the less-studied
problem of influence of nuclear vibrations on the polarizability of such dimers.

A. Influence of nuclear vibrations on the (N2)2 and (O2)2 dimer polarizability

We are restricted here by the terms in (4.2.7) related to the modified DID model
discussed above. In the framework of this model for (N2)2 and (O2)2 complexes the
effective polarizability of the atoms N and O is determined as a half of the polar-
izability for the N2 and O2 molecules respectively. It’s evident, that the effective
polarizability of atoms N and O determined by such a way is anisotropic and
depends on the internuclear distance of the molecules, and, as a result, the polar-
izability of the complex is the function of the internuclear distances of the mole-
cules forming it, which allows one to calculate the tensor of the polarizability
derivatives of the complex for different configurations.

The polarizability tensor of these free oriented interacting molecules depends on
the Euler angles h1; h2;u ¼ u1 � u2 for both molecules, the intermolecular dis-
tance R, and the internuclear distances in the molecules r1 and r2. For considered
model the total induced dipole moment of atomic system is written as

la ¼
X
m

lma ¼ aab E
0
b; ð4:2:14Þ

where lma is the induced dipole moment of the atom m and the polarizability of the
complex included N atoms is

aab ¼
XN
m¼1

amab þ
XN
m;n¼1

amadT
mn
dc a

n
cb þ

XN
m;n;k¼1

amadT
mn
dc a

n
ceT

nk
eq a

k
qb þ � � � : ð4:2:15Þ

The Euler angles determine the orientation of the first and the second molecules
relative to the coordinate system related to the molecular complex. In the case of
diatomic molecules each component of the polarizability tensor of two interacting

Fig. 4.7 Invariants of the dynamic polarizability tensor α(re, Re, θ, ω) and γ(re, Re, θ, ω) (in Å
3) of

the complex O2–Ar [53]; the angle θ is given in rad; the frequency ω is given in cm−1
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diatomic molecules is a surface in the space of the variables h1; h2;u; r1; r2 (Z-axis
is directed through the centers of mass of interacting molecules). The analytical
description of this surface is cumbersome in the general case. For the specific
configurations of the interacting molecules the components of the polarizability
tensor depend on R only and may be represented as

aijðr1; r2;RÞ ¼ cð0Þij ðr1; r2Þþ
cð3Þij ðr1; r2Þ

R3 þ cð5Þij ðr1; r2Þ
R5 þ cð6Þij ðr1; r2Þ

R6

þ cð7Þij ðr1; r2Þ
R7 þ cð8Þij ðr1; r2Þ

R8 þ � � � ; ð4:2:16Þ

where the coefficients cðkÞij ðr1; r2Þ depend on the relative orientation of the inter-
acting molecules and their intramolecular distances r1 and r2. Expanding the
function aijðr1; r2;RÞ into the Taylor series at the equilibrium points r01 and r02 of the
first and the second molecules, the following expression for the tensor of the first
derivatives of polarizability a0ijðRÞ ¼ @aijðr1; r2;RÞ=@n

	 

r1¼r01 ;r2¼r02

for the complex

may be written as

a0ijðRÞ ¼ dð0Þij þ dð3Þij

R3 þ dð5Þij

R5 þ dð6Þij

R6 þ dð7Þij

R7 þ dð8Þij

R8 þ � � � ; ð4:2:17Þ

where dðkÞij ¼ @cðkÞij ðr1; r2Þ=@n
h i

r1¼r01 ;r2¼r02
and n ¼ r � r0ð Þ=r0.

The results of calculations of the tensor components for the first derivatives of
the polarizability for the N2 and O2 molecules, being on the left side in configu-
rations H, X, T, T* and L of considered dimers (Fig. 4.8), are given in Fig. 4.9.

Fig. 4.8 Some
configurations of dimers for
diatomic molecules
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Fig. 4.9 The first derivative of the polarizability for the molecules N2 (1) and O2 (2) in dimers: a
—L configuration, solid lines—a0zz, dotted lines—a0xx ¼ a0yy; b—H configuration, solid lines—a0zz,
dotted lines—a0xx, dashed lines—a0yy; c—X configuration, solid lines—a0zz, dotted lines—a0xx,
dashed lines—a0yy; d—T configuration, solid lines—a0zz, dotted lines—a0xx, dashed lines—a0yy; e—
T* configuration, dashed lines—a0zz, dotted lines—a0xx, solid lines—a0yy
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The tensor components of the effective polarizability and its first derivatives for
the atoms N and O are the half of the respective tensor components of the polar-
izability tensors and their first derivatives [96] for the molecules N2 and O2:

aðNÞxx ¼ aðNÞyy = 0.767 Å3, aðNÞzz = 1.122 Å3, aðOÞxx ¼ aðOÞyy = 0.625 Å3, aðOÞzz = 1.165 Å3

and a0ðNÞxx ¼ a0ðNÞyy = 0.558 Å3, a0ðNÞzz = 1.673 Å3, a0ðOÞxx ¼ a0ðOÞyy = 0.348 Å3, a0ðOÞzz =
1.943 Å3 (the small subscripts x, y, z are the Cartesian coordinates related to the
molecule N2 or O2 respectively, the axis z is directed along the molecule axis). As
it’s seen from the Fig. 4.9 the tensor components a0xx and a0yy differ from each other
with decreasing of the intermolecular distance (except the configuration L).
Herewith, the difference between the components a0xx and a0yy is increased with
decreasing of R. The components a0zz have strongest changes for the configurations
L and T*, moreover, their values are increasing with decreasing of R.

Note that the relative changes of tensor components for the first derivatives of
the polarizability da0iiðReÞ ¼ a0iiðReÞ � a0iiðR ¼ 1Þ	 


=a0iiðR ¼ 1Þ for the molecules
N2 and O2 in the dimers (N2)2 and (O2)2, where a0iiðR ¼ 1Þ are the values for the
free molecule, are great enough and vary in the range of 3–15 %.

The approach considered here to calculate the tensor components for the first
derivatives of the polarizability for the interacting diatomic molecules can be
applied to larger molecular complexes. Also, it may be useful to calculate the tensor
components of higher derivatives of the polarizability. The values of the tensor
components of the first derivatives of the polarizability for molecules N2 and O2

may be used to estimate the parameters of the light Raman scattering in the dimers.

4.2.4 Polarizability of CH4–N2 Complex

As mentioned above in Sect. 3.2.3 the molecular complex CH4–N2 is of particular
interest for planetary applications. However, there is now very scanty information
about the polarizability surface of CH4–N2 complex especially for a wide range of
intermolecular separations and mutual orientations of the interacting molecules
[97].

A. Polarizability surface

In the work [97] (see the parameters of configurations and the molecular
parameters used for calculations in Sects. 3.2.3 and 5.3: Fig. 3.6, Table 5.2)
ab initio calculations for the CH4–N2 complex were carried out by means of the
finite-field method based on the finite differences [98] using Gaussian 03 package
[113] at the MP2 and CCSD(T) levels of theory with a correlation-consistent
aug-cc-pVTZ basis set and taking into account the BSSE correction. We have to
note that the use of the MP2 level of theory gives a good description of the
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polarizability at low computational costs compared to the CCSD(T) level of theory.
Indeed, the polarizability components, for example, for the most stable configura-
tion of the CH4–N2 complex calculated at the MP2 and CCSD(T) levels of theory
with the aug-cc-pVTZ basis set differ of less than *1 %.

Results of ab initio calculations for the polarizability tensor components of the
CH4–N2 complex are shown at Fig. 4.10. As expected, the dependence of the
polarizability tensor components of this complex on intermolecular distance R has
the usual form. However, it is also seen that the polarizability of the complex is
affected by the orientation of the N2 molecule due to its big anisotropy of the
polarizability. The orientation of highly symmetric molecule CH4 in the complex
affects significantly smaller on the complex polarizability and becomes noticeable
only at small intermolecular separations. It should be pointed out that for config-
urations 4 and 5 (symmetry Cs) the small nondiagonal component axy (axy * 0.005
a.u. at R = 3.5 Å) is appeared in the coordinate system used (Fig. 3.6a).

The analytical calculations in the framework of the long-range approximation
can be carried out following the Sect. 4.1.2. Then, for the CH4–N2 complex, using
the symmetry properties of the molecules CH4 (A) and N2 (B), the induction term in
Eq. (4.2.15) takes the form

Fig. 4.10 Polarizability components αii of the CH4–N2 complex calculated at the CCSD(T) and
MP2 levels of theory with aug-cc-pVTZ basis set with the BSSE correction [97]. All values are in
a.u. Black color—conf. 1, red color—conf. 2, blue color—conf. 3, orange color—conf. 4, olive
color—conf. 5, magenta color—conf. 6; solid lines—αxx (MP2), dash lines—αyy (MP2), dot lines
—αzz (MP2); circles—αxx (CCSD(T)), triangles—αyy (CCSD(T)), squares—αzz (CCSD(T)).
(Reprinted with permission from Ref. [97]. Copyright 2010 American Institute of Physics.)
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In Eq. (4.2.18) the long-range multipolar induction contributions up to
terms *R−5 inclusively and terms *R−6 caused by back induction effect due to
dipole-induced-dipole interaction have been fully accounted. The contribution of
dispersion interactions to the polarizability of the interacting molecules can also be
calculated in the manner described in Sect. 4.1.2.

For comparison of the results of ab initio and analytical calculations, it is con-
venient to use the interaction polarizabilities Daab defined as

Daab ¼ aABab � aAab � aBab � aABab ðRÞ � aABab ð1Þ: ð4:2:19Þ

The calculation results of Daab obtained using both methods for two typical
configurations 3 and 4 of the complex CH4–N2 are given in Fig. 4.11 (Fig. 4.11a:
aABxx 6¼ aAByy ¼ aABzz and Fig. 4.11b: aABxx 6¼ aAByy 6¼ aABzz ). Note that the exchange con-
tribution to the analytical form (4.1.12) in the calculations was not taken into
account. It is seen that the values of Dayy and Dazz are in a good agreement for all
range of considered distances R, while the values of Daxx agree well only for R > 10
a.u. The same result is also obtained for other configurations of the complex
CH4–N2.

Fig. 4.11 Interaction polarizabilities Daii of CH4–N2 complex (a—the configuration 3, b—the
configuration 4) [97]. All units are in a.u. Solid lines—analytical calculations, crosses—CCSD(T)
calculations, and boxes—MP2 calculations. (Reprinted with permission from Ref. [97]. Copyright
2010 American Institute of Physics.)
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Analytical calculations allow us also to estimate easily the contributions of the
different induction and dispersion interactions to Daii of the complex CH4–N2.

Their analysis shows (see details in [97]) that the leading contributions to the
polarizability for any complex configuration from Fig. 3.6 are due to
dipole-induced-dipole interactions or to terms with aAaB * R−3 in (4.2.18). The
other induction terms (*R−4 ðAAaBÞ and *R−5 (EAaB, aAEB and BAhB), and also
the terms *R−6 caused by the dipole-induced-dipole interaction (aAaBaA þ
aBaAaB)) and dispersion terms (*R−6) are significantly smaller and are of com-
parable values. It should be noticed that the induction term with bAhB (*R−4) is
very small for all considered configurations.

The calculations of the mean ðDaÞ and the anisotropy ðDcÞ of the interaction
polarizability

Da ¼ aAB � aCH4 � aN2 ð4:2:20Þ

and

Dc ¼ cAB � cN2 ; ð4:2:21Þ

which describe the contribution of intermolecular interactions to the mean polar-
izability aAB and the anisotropy of the polarizability tensor cAB, are presented in
Figs. 4.12 and 4.13. Here, aCH4 , aN2 and cN2 are the mean polarizabilities and the
anisotropy of the molecules CH4 and N2. It can be seen that for R ≥ 10 a0 there is a
very good agreement between analytical and ab initio calculations. Herewith, the

Fig. 4.12 Interaction anisotropy Dc for CH4–N2 complex (a—configurations 1, 3 and 6; b—
configurations 2, 4 and 5). All values are in a.u. [97]. (Reprinted with permission from Ref. [97].
Copyright 2010 American Institute of Physics.) The configurations 1 and 2: solid lines—analytical
calculations, solid boxes—CCSD (T) calculations. The configurations 3 and 4: dash lines—
analytical calculations, boxes—CCSD (T) calculations. The configurations 5 and 6: dot lines—
analytical calculations, solid circles—CCSD (T) calculations
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induction terms aAaB (*R−3) gives the leading contribution to the interaction
anisotropy of the complex for R ≥ 10 a0 while for R ≤ 10 a0 the substantial con-
tribution to Dc is caused by dispersion and induction terms of higher orders. As to
the mean interaction polarizability Da, the analytical calculations do not allow to
describe correctly the function DaðRÞ for R\10 a0 even qualitatively.

B. Polarizability of the most stable configuration

As it was mentioned in Sect. 3.2.2 (B) the complex CH4–N2 has a family of the
most stable configurations. It is obvious that the polarizability tensor components
aABab ðReÞ are different for configurations of the family. However, the ab initio cal-

culations of the polarizability tensor invariants aABðReÞ and cABðReÞ for Re = 6.84 a0
for this family of configurations have shown that the values of the invariants are
practically equal to aABðReÞ = 28.13 a.u. and cABðReÞ = 3.82 a.u. These values are
less than the values of the invariants aABð1Þ = 28.34 a.u. and cABð1Þ = 4.61 a.u.
for the non-interacting molecules CH4 and N2. Such reduction of polarizability
invariants under formation of the more stable configurations leads to the decrease of

Fig. 4.13 The mean interaction polarizability Da for the CH4–N2 complex for configurations 1–6
(Reprinted with permission from Ref. [97]. Copyright 2010 American Institute of Physics.). All
values are in a. u. The numbers in the figure correspond to those of the configurations. Solid lines—
analytical calculations, diamonds—CCSD (T) calculations for the configuration 1, solid circles—
CCSD(T) calculations for the configuration 2, solid boxes—CCSD(T) calculations for the
configuration 3, boxes—CCSD(T) calculations for the configuration 4, circles—CCSD(T)
calculations for the configuration 5, solid diamonds—CCSD(T) calculations for the configuration 6
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the efficiency of light scattering (index of the refraction n * α) including rotational
Raman scattering. Note, that the calculated values aABð1Þ and cABð1Þ are in a good
agreement with the values aCH4 þ aN2 = 28.16 a.u. and cN2 = 4.61 a.u. obtained by
G. Maroulis [99, 100].

It should be noted that at the formation of the complex the monomers CH4 and
N2 are deformed. As a result, the complex polarizability is changed due to the
nonrigidity of the monomers. However, these changes are not large. Indeed, the
calculations for the most stable configurations of the CH4–N2 complex at full
optimization of their geometries have shown that accounting for the monomers
nonrigidity practically does not affect the mean polarizability aABðReÞ and changes
slightly (several percent) the polarizability anisotropy cABðReÞ.

Polarizability tensor invariants aABðRÞ and cABðRÞ for the family of the most
stable configurations of the CH4–N2 complex can be also presented in the form of
Taylor series in the vicinity of Re = 6.84 a0:

aABðRÞ ¼ 27:940þ 0:172ðR� 6:84Þ � 0:075ðR� 6:84Þ2 þ 0:015ðR� 6:84Þ3;
ð4:2:22Þ

cABðRÞ ¼ 3:421� 0:018ðR� 6:84Þþ 0:091ðR� 6:84Þ2 � 0:020ðR� 6:84Þ3:
ð4:2:23Þ

These expressions allow estimating the derivatives of the polarizability tensor
invariants of the complex for the analysis of scattering processes in
methane-nitrogen gas media. Particularly, it is seen that the first derivatives
@aABðRÞ=@R ¼ 0:172 a.u. and @cABðRÞ=@R ¼ �0:018 a.u. are of different sign at Re

and considerably differ in their absolute value.

C. Polarizability of free orientated interacting molecules

The polarizability of the free oriented interacting molecules CH4 and N2 can be
easily calculated if the analytical expressions for polarizabilities aABab are averaged
over Euler angles vA, hA, /A, hB and /B. In this case, the polarizability tensor has
only two independent components:

�aABxx ¼ aA þ aB þ 4
R3 a

AaB þ 4
R6 a

AaB aA þ aB
� �þ 22aA

45R6 aBzz � aBxx
� �2 þ 7CAB

6

18R6

�cA

aA
þ �cB

aB

� �

ð4:2:24Þ

�aAByy ¼ �aABzz ¼ aA þ aB � 2
R3 a

AaB þ 1
R6 a

AaB aA þ aB
� �

þ 19aA

45R6 aBzz � aBxx
� �2 þ 2CAB

6

9R6

�cA

aA
þ �cB

aB

� �
;

ð4:2:25Þ
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where �cA and �cB are the mean hyperpolarizabilities of the methane and nitrogen
molecules that have the form

�cA ¼ 3
5

cAzzzz þ 2cAzxzx
� �

; ð4:2:26Þ

�cB ¼ 1
15

3cBzzzz þ 12cBzxzx þ 8cBxxxx
� �

: ð4:2:27Þ

Note that when aBxx ¼ aBzz, Eqs. (4.2.24) and (4.2.25) become the well-known
expressions for the polarizabilities of two interacting spherically symmetric atoms
A and B [43, 44].

It is also seen from (4.2.24) and (4.2.25) that the dependence of �aABii and the
anisotropy of the polarizability tensor �aABxx � �aAByy on R is defined mainly by the

terms *R−3, while the leading terms of the mean polarizability �aAB ¼
�aABxx þ 2�aAByy

� �
=3 are proportional to R−6:

�aAB � aA � aB ¼ 2
R6 a

AaB aA þ aB
� �þ 4aA

9R6 aBzz � aBxx
� �2 þ 5CAB

6

18R6

�cA

aA
þ �cB

aB

� �
:

ð4:2:28Þ

The results of calculations carried out in work [97] have also shown that the
induction and dispersion terms (*R−6) of Eq. (4.2.28) give the leading contribution
(*99 %). The last part of contribution caused by the anisotropy of the polariz-
ability tensor of the N2 molecule is very small (*1 %).

D. Vibrational Raman spectrum

Some features of vibrational Raman spectrum for the most stable configuration 4
(see Fig. 3.6) of the CH4–N2 complex are discussed in this section following to
[101]. This spectrum was obtained using the Gaussian 03 package at the
MP2/aug-cc-pVTZ level of theory. The automatic methods in Gaussian were used
to compute the Raman activities (RA) for 90° scattering

RA ¼ ð45ða0Þ2k þ 7ðc0Þ2kÞ=45 ð4:2:29Þ

where ða0Þ2k is a square magnitude of derivative of the isotropic part of the polar-

izability tensor with respect to the k-th normal mode, and ðc0Þ2k is a square mag-
nitude of derivative of the anisotropic part of the polarizability tensor with respect
to the k-th normal mode and the derivatives are evaluated at zero displacement. It
should be noted that RA is proportional to the Raman intensity I. The calculations of
RA [101] show that for all vibrational modes of the CH4–N2 complex the values of
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RA are decreased by factors 0.7–0.98 in comparison with RA for the vibrational
modes of the monomers CH4 and N2.

As to the depolarization ratio ρ, which describes the polarization properties of
Raman scattering, the calculations of ρ [101] have shown that the polarization
properties of Raman scattering are retained in the complex for vibrational fre-
quencies corresponding to the frequencies of monomers CH4 and N2 (anisotropic
Raman scattering: ν2, ν3 and ν4 of CH4 molecule and isotropic Raman scattering: ν1
and ν of CH4 and N2). The calculations have also shown that the Raman scattering
for intermolecular vibrations (the harmonic modes 19.6, 23.3, 65.7 and 71.8 cm−1)
has purely anisotropic nature (ρ ≈ 3/4 and ρ ≈ 6/7 for linearly polarized and
unpolarized incident light, respectively). However, for the vibrational mode of
48.2 cm−1 the Raman scattering is the mixture of the anisotropic and isotropic
scattering. It should be noted that for collisional Raman scattering the Raman line
intensities of the CH4–N2 complex could be larger than predicted ones for his
configuration 4.

4.2.5 Polarizabilities of C2H4–C2H4 Complex

As was mention in Sect. 3.2.4, ethylene, in spite of its chemical simplicity, is of
much interest because takes place in many diverse processes. Even in biology it is
of great interest, for example, ethylene is like a hormone that regulates a number
of physiological processes in the plants [102]. Nonbonding interactions of
π-electron systems have been intensively studied, since π-π interactions control
several phenomena such as crystal packing of unsaturated hydrocarbon molecules,
conformational preference of nucleic acids, and host-guest interactions of aromatic
molecules. Moreover, ethylene dimer as long as the methane-nitrogen complex is
of particular interest for astrophysical applications. These complexes exist in the
atmospheres of giant planets (Jupiter [103, 104], Saturn [105], Neptune and
Uranus [106]) and Saturn’s satellite Titan [107–111]. The ethylene dimer is the
simplest π-π organic complex that can serve as a test object for nonbonding
interaction theories.

In this Section the results of polarizability calculations for the 12 configurations
of the C2H4–C2H4 complex are given (Table 4.1). The input parameters of the
configurations for calculations are the same as described in Sect. 3.2.4. The value of
applied electric homogeneous field used in the finite-field procedure was chosen to
be 0.001 a.u.

In this way the following values of the polarizability components of the separate
C2H4 molecule were also obtained (in a.u.): axx = 22.05, ayy = 24.96, azz = 34.24
which agree with the experimental ones axx = 22.94, ayy = 26.04, azz = 36.44 [20].
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Table 4.1 Calculated polarizabilities (in a.u.) of C2H4–C2H4 complex at the CCSD(T)/
aug-cc-pVTZ level of theory with the BSSE correction

R, Å Config. αxx αyy αzz Config. αxx αyy αzz
3.5 1 40.12 43.43 90.02 7 46.25 52.18 62.13

4 41.32 45.62 80.91 47.25 53.23 61.35

4.5 42.32 47.24 77.41 47.97 54.04 60.56

5 42.91 48.16 75.23 48.47 54.61 59.78

5.5 43.25 48.67 73.56 48.82 55.01 59.23

6 43.49 49.02 72.35 49.06 55.29 58.62

7 43.80 49.45 70.89 49.38 55.65 57.63

8 43.96 49.68 70.11 49.56 55.86 57.18

9 44.06 49.81 69.66 49.66 55.99 56.91

10 44.12 49.89 69.38 49.73 56.07 56.75

3.5 2 52.31 52.31 54.84 8 42.68 42.68 87.36

4 53.38 53.38 54.18 43.85 43.85 80.15

4.5 54.12 54.12 53.33 44.74 44.74 76.90

5 54.65 54.65 52.57 45.37 45.37 74.85

5.5 55.02 55.02 51.97 45.80 45.80 73.30

6 55.30 55.30 51.52 46.10 46.10 72.15

7 55.65 55.65 50.95 46.46 46.46 70.71

8 55.86 55.86 50.62 46.65 46.65 69.93

9 55.98 55.98 50.41 46.76 46.76 69.48

10 56.07 56.07 50.28 46.83 46.83 69.20

3.5 3 47.23 63.34 46.88 9 51.79 43.12 67.98

4 47.94 64.67 46.79 52.99 44.28 66.08

4.5 48.43 65.61 46.45 53.85 45.05 64.56

5 48.78 66.28 46.02 54.47 45.58 63.30

5.5 49.03 66.76 45.62 54.90 45.93 62.33

6 49.21 67.11 45.30 55.21 46.18 61.61

7 49.45 67.58 44.87 55.61 46.49 60.70

8 49.60 67.86 44.62 55.84 46.67 60.20

9 49.69 68.04 44.47 55.97 46.77 59.90

10 49.75 68.15 44.37 56.06 46.84 59.72

3.5 4 55.52 55.52 46.90 10 53.34 40.72 69.88

4 56.47 56.47 46.78 55.02 41.66 66.97

4.5 57.14 57.14 46.44 56.21 42.35 64.9

5 57.62 57.62 46.01 57.00 42.83 63.49

5.5 57.96 57.96 45.61 57.55 43.15 62.39

6 58.21 58.21 45.30 57.92 43.38 61.62

7 58.55 58.55 44.87 58.40 43.65 60.69

8 58.75 58.75 44.62 58.67 43.80 60.20

9 58.88 58.88 44.47 58.83 43.89 59.90
(continued)
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Chapter 5
Interaction-induced Hyperpolarizability

At present, in spite of the well-known fact that the interaction of atoms and
molecules leads to the changing of their multipole moments and (hyper)polariz-
abilities [1–3], only the simple moments and polarizabilities of interacting mole-
cules such as interaction-induced dipole moments and dipole polarizabilities have
widely studied. Nevertheless, the induced dipole moments and polarizabilities play
the important role in understanding the collision-induced absorption, collision-
induced Rayleigh scattering or collision-induced Raman light scattering [4–9].

Modern calculations of the hyperpolarizabilities of interacting atom-molecular
systems are based on the ab initio methods and analytical models of long-range
multipole-induced multipole interactions. These methods have both advantages and
disadvantages. Analytical models are only effective for interacting systems at large
intermolecular separations, the exchange and other overlap effects can be ignored.
For these separations the hyperpolarizability surfaces can be calculated fully and
correctly if multipole moments, polarizabilities and higher polarizabilities of the
interacting molecules (or atoms) are known. Now, the analytical models are
applied, as a rule, for binary complexes, which are composed of atoms and simple
molecules [10–15].

Ab initio methods, in their turn, allow calculating the hyperpolarizabilities of
interacting systems both for small and large separations. However, when a lot of
points on the (hyper)polarizability surfaces (greed with a small step) are needed the
use of high level ab initio methods becomes often not effective in comparison with
analytical calculations. Such problems can appear, for example, in description of
collision processes. Now, computer methods are widely and effectively used for
calculation of the hyperpolarizabilities both for small atom-molecular systems and
for more complicated atom-molecular systems [16–35] and can be applied to study
nonlinear scattering effects. For instant, there is a lot of publications devoted to the
study of collision-induced hyper-Rayleigh spectra for binary mixtures of noble
gases [36–40], H2–Ar and H2–He gas mixtures [41, 42], and gaseous SF6 [43].

© The Author(s) 2017
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SpringerBriefs in Electrical and Magnetic Properties of Atoms, Molecules, and Clusters,
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5.1 Theoretical Treatment

5.1.1 Computational Details

The components of the first hyperpolarizability tensor of the complex are usually
calculated employing the finite-field method described above for the dipole moment
and polarizability. Using this method, the first hyperpolarizability is determined
using Eq. (2.4.2) or the third derivative of the energy over the external electric field:

babc ¼ � @3E
@F0

a@F
0
b@F

0
c

 !
F0¼0

: ð5:1:1Þ

As described above, in the framework of this method one can derive the for-
mulae for calculation of the first hyperpolarizability as follows:

baaa ¼ �Eð2FaÞ � Eð�2FaÞ � 2EðFaÞþ 2Eð�FaÞ
2F3

a

; ð5:1:2Þ

baab ¼ �EðFa;FbÞ � EðFa;�FbÞþEð�Fa;FbÞ � Eð�Fa;�FbÞ � 2EðFbÞþ 2Eð�FbÞ
2F2

aFb

;

ð5:1:3Þ

babc ¼ �Eð�Fa;�Fb;FcÞ � Eð�Fa;�Fb;�FcÞþEðFa;Fb;FcÞ � EðFa;Fb;�FcÞ � EðFa;�Fb;FcÞ
8FaFbFc

� EðFa;�Fb;�FcÞ � Eð�Fa;Fb;FcÞþEð�Fa;Fb;�FcÞ
8FaFbFc

:

ð5:1:4Þ

In this way, the higher polarizabilities give some contributions to babc. However,
the use of the procedure described in Sect. 3.1.1 helps to remove these contribu-
tions. Thus, G. Maroulis [44] has obtained the following expressions for babc:

bzzz ¼ ð�64DzðFÞþ 34Dzð2FÞ � Dzð4FÞÞ=ð24F3Þ; ð5:1:5Þ

bzxx ¼ ð32DxzðFÞ � 34Dxzð2FÞÞ=ð12F3Þ ð5:1:6Þ

where

DzðFÞ ¼ ðEð�FzÞ � EðFzÞÞ=2;
DxzðFÞ ¼ ð�EðFx;FzÞþEðFx;�FzÞþEðFzÞ � Eð�FzÞÞ=2:

In Eqs. (5.1.2)–(5.1.6) the energies EðFaÞ are usually calculated accounting for
the BSSE correction using the CP scheme of Boys and Bernardi [45]. Therefore, the
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CP-corrected induced first hyperpolarizability of a complex AB in approximation of
rigid interacting monomers takes the form:

Dbabc ¼ bABabcðABÞ � bAabcðABÞ � bBabcðABÞ: ð5:1:7Þ

Here bABabcðABÞ is the first hyperpolarizability of the complex AB calculated using

thee dimer basis set AB. And respectively bAabcðABÞ and bBabcðABÞ are the first
hyperpolarizabilities of the molecules A and B.

5.1.2 Analytical Representation

In the manner described above for dipole moments and polarizabilities of two
interacting molecules A and B the first dipole hyperpolarizability for this system can
be written in the form

babc � bABabc ¼ bAabc þ bBabc þ bindabc þ bdispabc ; ð5:1:8Þ

where bAabc and bBabc are the dipole hyperpolarizabilities of free molecules A and B;

and bindabc and bdispabc are the induction and dispersion contributions to the first
hyperpolarizability of interacting molecules. In (5.1.8) the contribution to the first
hyperpolarizability, caused by interaction of two molecules, is expressed as

Dbabc ¼ bindabc þ bdispabc : ð5:1:9Þ

Then, the use of (5.1.2), (2.3.4) and (2.3.5) allows us to obtain the analytical
expressions for induction and dispersion contributions to the first hyperpolariz-
ability. As a result, the induction part bA;indabc for uncharged molecule A restricted, for
instance, by the terms through *R−4 takes the form

bA;indabc ¼ aBadTdeb
B
ebcþbAabdTdea

B
ecþbAacdTdea

B
ebþcAabcdTdel

B
e

þ 1
3
aAaqTqreB

B
bc;re�

1
3
BA
ab;deTdeua

B
uc�

1
3
BA
ac;deTdeua

B
ub

þ 1
3
bAabqTqreA

B
c;reþ

1
3
bAacqTqreA

B
b;reþ

1
3
cAabcqTqreH

B
reþ6NA

a;b;c;qrTqrel
B
e þ �� � :
ð5:1:10Þ

The full induction part of babc is determined as

bindabc ¼ ð1þPABÞbA;indabc : ð5:1:11Þ
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The dispersion part of hyperpolarizability bdispabc of two interacting molecules,
following the works [46–48], may be written in the form (restricted by the leading
term *R−6)

bdispabc ¼ 1
12p

Sða; b; cÞ TqrTeg

Z1
0

dxaBreðixÞdAgqabcðix; 0; 0; 0Þ
2
4

þ 3TqrTeg

Z1
0

dxcBreabðix; 0; 0ÞbAgqcðix; 0Þ
3
5: ð5:1:12Þ

Here, aðixÞ, bðix; 0Þ, cðix; 0; 0Þ, and dðix; 0; 0; 0Þ are the imaginary
frequency-dependent dipole polarizability, first, second, and third dipole hyperpo-
larizabilities of the molecules.

It should be noted that the integrals in (5.1.12) may be easily eastimated using
the constant ratio approximation CRA2 [46]. This approximation allows estimating
the values of bdispabc with accuracy *25 % and avoid laborious calculations which
may be often impossible due to absence of the accurate bðix; 0Þ, cðix; 0; 0Þ, and
dðix; 0; 0; 0Þ values as functions of ix for free molecules. As a result, the integrals
may be written in the following forms [49] (see some definitions used here in
Sect. 3.1.2):

Z1
0

dxaBreðixÞdAgqabcðix; 0; 0; 0Þ ffi
p
30

C6
aBreð0ÞdAgqabcð0; 0; 0; 0Þ

aAaB
4þ 15D2 þ 20D2

2 þ 10D3
2

ð1þD2Þ3
" #

;

ð5:1:13Þ

and

Z1
0

dxcBreabðix; 0; 0ÞbAgqcðix; 0Þ ffi
p
54

C6
cBreabð0; 0; 0ÞbAgqcð0; 0Þ

aAaB
9þ 32D1 þ 38D2

1 þ 12D3
1

ð1þD1Þ3
" #

:

ð5:1:14Þ

Then, assuming that D1 ffi D2, the expression for the first hyperpolarizability
bdispabc can be expressed as:

bdispabc ¼ Sða; b; cÞC6
TqrTeg
aAaB

49
2880

aBred
A
gqabc þ

91
1728

cBreabb
A
gqc

� �
; ð5:1:15Þ

where the following notations are used: aab � aabð0Þ, babc � babcð0; 0Þ,
cabce � cabceð0; 0; 0Þ, and dabceu � dabceuð0; 0; 0; 0Þ. Here Sða; b; cÞ implies sum-
mation of all the terms appeared by permuting indices a, b, and c.
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It should be emphasized again, that the multipole polarizabilities and moments in
Eqs. (5.1.10) and (5.1.15) are written there in the laboratory system of coordinates
and depend on the mutual orientation of the interacting molecules. As a result, the
first dipole hyperpolarizability of two interacting molecules is a function (surface)
of several variables: Euler angles (rotation of the first and the second molecule), the
intermolecular separation R and the internal coordinates when the molecules are
considered as nonrigid ones.

5.2 First Hyperpolarizabilitiy of the CH4–N2 van der
Waals Complex

The references given in the preamble of this chapter give exhaustive enough rep-
resentation of hyperplarizabilities for small van der Waals complexes including the
atom-atomic and atom-diatomic ones. Here, we dwell in more detail on the CH4–N2

van der Waals complex which help us to illustrate the calculation technique to be
applied to the first hyperpolarizability of a molecule or any molecular complex. The
CH4–N2 complex is very important and interesting complex that exists in
methane-nitrogen atmosphere of Titan.

The induction term bindabc in Eq. (5.1.11) for the interacting molecules CH4 and
N2, if the terms up to *R−6 are taken into account, is written as [49]

bindabc ¼ Sða;b;cÞ 1
2
bAabqTqr

�
aBrcþ

1
6
aAaqTqreB

B
b;c;re�

1
6
aBaqTqreB

A
b;c;reþ

1
18

cAabcqTqreH
B
re

þ 1
30

bAabqTqregE
B
c;reg�

1
18

AA
a;qrTqregB

B
b;c;egþ

1
90

cBabcqTqregX
A
reg

þ 1
30

MA
a;b;qreTqrega

B
gc�

1
54

NA
a;b;c;qrTqregH

B
egþ

1
210

aAaqTqreguG
B
b;c;regu

� 1
210

aBaqTqreguG
A
b;c;reguþ

1
90

EA
a;qreTqreguB

B
b;c;gu�

1
90

EB
a;qreTqreguB

A
b;c;gu

þ 1
630

cAabcqTqreguU
B
regu�

1
630

cBabcqTqreguU
A
reguþ

1
270

PA
a;b;c;qreTqreguH

B
gu

þ 1
2
aBaqTqrb

A
rbeTeua

B
ucþ

1
2
aAaqTqra

B
rgTgub

A
ubc

�
ð5:2:1Þ

where again in accordance with Sect. 2.2.1

Tab. . .m|fflfflffl{zfflfflffl}
n

¼ TA!B
ab...m ¼ ð�1ÞnTB!A

ab...m: ð5:2:2Þ

As mentioned earlier, the superscripts A and B denote the molecules CH4 and
N2, respectively. The dispersion contribution to the first hyperpolarizability for this
complex is calculated using Eq. (5.1.15).
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5.2.1 First Hyperpolarizability Surface

The results of ab initio calculations of the induced first hyperpolarizability tensor
Dbabc as functions of R are given in this section in the same way as before. The six
configurations of the CH4–N2 complex, which are the most discussed ones by
researchers (see [50–55]), are considered here. The configurations of the complex
and their parameters are also the same as used in Chap. 3 (Figs. 3.6 and 3.7, and
Table 3.3). The ab initio and long-range analytical functions of the independent
tensor components of Dbabc are given in Fig. 5.1. The multipole moments and
higher polarizabilities of the CH4 and N2 molecules calculated at the CCSD(T)/
aug-cc-pVTZ level of theory [49] were used to calculate the values of Dbabc by
means of Eqs. (5.1.15) and (5.2.1). These molecular parameters are given in
Table 5.2 to be compared with known ones (Table 5.1).

The analysis of Fig. (5.1) shows that the analytical description of Dbabc may be
effectively used for R > 11 a.u. Naturally, for shorter R the analytical values of
Dbabc are noticeably differ from ab initio values due to exchange interactions
appeared in this range. It is also noticeable that the exchange interaction is the most
important for the Dbxxx component. Such behavior of Dbxxx is consistent with results
of the asymptotic model of exchange interactions for van der Waals complexes [54,
60]. The strong anisotropy of the exchange effects was also observed for the case of
collision-induced dipole moments and dipole polarizabilities in ion-atom pairs [61].

5.2.2 First Hyperpolarizability of the Most Stable
Configuration

As it was noted in Chaps. 3 and 4 the dipole moment modulus and the polarizability
tensor invariants practically do not change for the family of the most stable con-
figurations [52]. We can expect, that the first-hyperpolarizability tensor invariants
which are important for description of interaction-induced hyper-Rayleigh scat-
tering, also change weakly for all most stable configurations.

The hyper-Rayleigh scattering when the incident light has linear polarization
may be described by the two tensor invariants of the quadratic hyperpolarizability
[3, 62, 63] (in the general case there are six rotation invariants of b [63])

A2 ¼
X
i

b2iii þ
X
i 6¼j

b2iij þ 2
X
i6¼j

biiibijj þ
X
i6¼j 6¼k

bijjbikk ð5:2:3Þ

and

B2 ¼
X
i

b2iii þ
11
3

X
i 6¼j

b2iij �
2
3

X
i6¼j

biiibijj �
1
3

X
i 6¼j6¼k

bijjbikk þ
4
3

X
i6¼j 6¼k

b2ijk: ð5:2:4Þ
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Indeed, the results of ab initio calculations have shown that these invariants for
different most stable configurations of the CH4–N2 complex change by less than
0.1 % [49]. The calculated values of the invariants A2 and B2 of the complex are
presented in Table 5.3. Note, that at R ¼ 1 the invariants A2 and B2 are fully
determined by babc of the CH4 molecule because for N2 the hyperpolarizability babc
is equal to zero.
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Fig. 5.1 Induced first hyperpolarizability tensor components for six configurations of the CH4–N2

complex
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Then, for the hyper-Rayleigh scattering directed at 90° to the propagation of
incident light the intensity (I) of the scattered light and its degree of depolarization
(ρ) take the form [62]

I� 7A2 þ 5B2; ð5:2:5Þ

q ¼ 2B2

7A2 þ 3B2 : ð5:2:6Þ

Calculated values of I and ρ are also given in Table 5.3. These values show that
under complex formation both the intensity and degree of depolarization are
decreased by *11 % and *13 %, respectively.

5.2.3 First Hyperpolarizability of Free Oriented Interacting
CH4 and N2 Molecules

To get the hyperpolarizability of free oriented interacting molecules CH4 and N2

(the case of large intermolecular distances) the hyperpolarizability babc should be
averaged over Euler angles using Eqs. (5.1.15) and (5.2.1). In this way, taking into
account the Kleinman symmetry rules [64] the following nonzero components are
kept [49]:

�bxxx ¼
9
R4

�BA�aB � �BB�aA
� �

; ð5:2:7Þ

�bxyy ¼ �bxzz ¼ � 9
2R4

�BA�aB � �BB�aA
� �

: ð5:2:8Þ

Table 5.1 The number of nonzero and independent components of babc for general configurations
(Fig. 3.6) of the CH4-N2 complex

Configurations:
symmetry

Number of
nonzero
components

Number of
independent
components

babc [3]

1, 3: C3v 11 3 bxxx,
byyy ¼ �byzz ¼ �bzyz ¼ �bzzy,
bxzz ¼ bzxz ¼ bxxz ¼ bxyy ¼ byxy ¼ byyx

2, 6: C2v 7 3 bxxx,
bxzz ¼ bzxz ¼ bxxz,

4, 5: Cs 14 6 bxxx, byyy,
bxyy ¼ byxy ¼ byyx, bxxy ¼ bxyx ¼ byxx,
bxzz ¼ bzxz ¼ bzzx, byzz ¼ bzyz ¼ bzzy

90 5 Interaction-induced Hyperpolarizability
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Table 5.2 Multipole
moments and high-order
polarizabilities of CH4 and N2

(in a.u.)

Property CH4 N2

[49] Lit. [49] Lit.

Θzz 0 2.4095b −1.11 −1.1258a

Ωxyz 2.57 −7.69b 0 −6.75a

Φzzzz −7.75 −6.84

αxx 16.51 16.39b 10.24 10.2351a

αzz 16.51 16.39b 14.97 14.8425a

βxyz −9.24 −8.31b 0

γxxxx 2096 2254b 539 807a

γxxzz 771 800b 319 322a

γzzzz 2096 2254b 1102 1194a

δxyzzz −7707 0

Ax,yz 9.25 9.01c 0

Ex,xxx −18.84 −18.9c −23.19 −23.42a

Ez,zzz −18.84 −18.9c 27.12 39.59a

Bxx,xx −282.75 −256b −101.6 −126a

Bxx,zz 141.37 128b 54.68 65a

Bxz,xz −234.39 −219b −121.76 −124a

Bzz,zz −282.75 −256b −200.28 −216a

Mxx,xyz −219.18 0

Mxy,xxz −156.29 0

Dx;yzzz −59.42e -52.64d 0 0

Gxx,xxxx 927.78 412.60

Gxx,xxzz −463.89 −461.54

Gxx,zzzz 321.88 386.67

Gzz,zzzz 927.78 −876.96

Gzz,xxxx 321.87 −328.91

Gxy,xyzz −205.75 −269.84

Gxz,xxxz 102.87 440.50

Gxz,xzzz 102.87 −590.50

Nxxx,yz 947.66 0

Nxxy,xz 1205.17 0

Pxxy,xxy 13816 0

Pxxy,yzz −3272 0

Pxyz,xyz 11558 0

Pzzzzzz 14412 0
aReference [56], bReference [57], cReference [58], dReference
[59], eCalculated at the CCSD(T)/aug-cc-pVTZ level of theory
(not presented in Ref. [49])
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In Eqs. (5.2.7) and (5.2.8) the mean dipole2-quadrupole polarizabilities �B and
the mean polarizabilities �a are written as

�BA ¼ 2
5

�BA
zzzz þ 2�BA

xzxz

� �
; ð5:2:9Þ

�BB ¼ 2
15

�BB
zzzz þ �BB

xxzz þ 4�BB
xzxz þ 4�BB

xxxx

� �
; ð5:2:10Þ

�aB ¼ 1
3

2aBxx þ aBzz
� �

; and �aA ¼ aAzz: ð5:2:11Þ

Equations (5.2.7) and (5.2.8) show, that after averaging, only Ba interactions
(*R−4) give contributions to �bxxx and �bxyy ¼ �bxzz. As expected, the Eqs. (5.2.7) and
(5.2.8) lead immediately to the expressions of the first polarizabilities for two
different interacting spherically symmetric atoms A and B [13].

As a result, for free oriented interacting molecules CH4 and N2 the invariants A
2

and B2 (see Eqs. (5.2.3) and (5.2.4)) can be rewritten as a function of R (with
accuracy up to the terms *R−6) [49]

�A2ðRÞ ¼
8 90 �aBð Þ2 þ 7 D�aBð Þ2
h i

bAxyz

� �2
25R6 ð5:2:12Þ

and

�B2ðRÞ ¼ 8 bAxyz

� �2
þ

8 720 �aBð Þ2 þ 191 D�aBð Þ2
h i

bAxyz

� �2
75R6

þ
288�aA�aB bAxyz

� �2
R6 þ 49C6dxyzzzb

A
xyz

5�aAR6 þ
91C6�cB bAxyz

� �2
135�aA�aBR6

ð5:2:13Þ

Here, the anisotropy polarizability D�aB and the mean second hyperpolarizability
�cB are written in the form

Table 5.3 Tensor invariants of the quadratic hyperpolarizability and the parameters of
hyper-Rayleigh scattering for CH4–N2 complex (at Re = 6.8 a0) and for pair of free molecules
CH4 and N2 (at R ¼ 1) [49] (all values are in a. u.)

CH4–N2 complex Free molecules CH4 and N2

A2
e = 36.97 A2

1 = 0

B2
e = 557.25 B2

1 = 683.02

Ie * 3045 I1 * 3415

qe = 0.5773 q1 = 2/3

92 5 Interaction-induced Hyperpolarizability



D�aB ¼ aBzz � aBxx; ð5:2:14Þ

�cB ¼ 1
15

3cBzzzz þ 12cBxxzz þ 8cBxxxx
� �

: ð5:2:15Þ

The invariants �A2ðRÞ and �B2ðRÞ are used to describe the collision-induced
hyper-Rayleigh scattering.

It should be also noted that for the systems having the center of symmetry the
dependence like R−8 occurs [36–43] for the invariants �A2ðRÞ and �B2ðRÞ. Moreover,
for systems of lower symmetry these invariants can go as R−3.

5.3 Multipole Moments and High-Order Polarizabilities
of Some Atmospheric and Interstellar Molecules

Despite the fact that recently there are remarkable publications [65–68] that sum-
marize the results of a study of the electrical properties of molecules we should
recognize that these studies have been insufficiently represented in the literature.

In this Section the values of multipole moments and high-order polarizabilities
of some atmospheric and interstellar molecules [88] are represented.

To calculate the multipole moments and higher polarizabilities of any molecule
the finite-field method is effective as it was shown above. However, it should be
also noted that there is another approach, based on calculations of the values of the
matrix element for the multipole moments, for example, for the dipole moment
lz ¼ Wh jl̂z Wj i	 W j Wh i. Such method has currently implemented in the program
CFOUR [89] for HF, MPn methods up to the third order, as well as for Coupled
Cluster methods. In Molpro 2012 [90], this approach is implemented for arbitrary
order of multipole moments for variational methods as well as for MP2, MP3,
QCISD and QCISD(T) methods.

The Tables 5.4, 5.5, 5.6 show the calculation results of some electrical charac-
teristics for H2, O2, N2, CO2, CO, CN, HCl, HCN, NaCl, OH, N2H

+, CH4, and H2O
molecules, which are important for astrophysical and atmospheric problems. In the
work [88] the calculations were carried out using the finite-field method at the (R)
CCSD(T) level of theory with different aVXZ basis sets (X = Q, 5). For these cases,
the amplitudes of the applied fields have been chosen as follows: Fa = 0.0025 a.u.,
Fab = 0.0001 a.u., Fabc = 0.00,001 a.u. and Fabcd = 0.000001 a.u. Multipole
moments up to 4th order are presented in Table 5.4. For comparison, in Table 5.4
the other literature data are also given. Table 5.5 presents the calculated and
measured values (we have chosen the more reliable ones) of multipole
polarizabilities.

Table 5.6 shows the electrical characteristics of low symmetrical molecule H2O
that is the most important atmospheric absorber of the infrared radiation. In the
work [88] the calculation for the H2O molecule was carried out for the r0 geometry:
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rOH = 0.9716 a0 and \HOH = 104.68°. For NaCl molecule the electron correlation
of the core and valence-core electrons has also been taken into account using the
specially designed awCVQZ basis set. The Tables 5.4, 5.5, 5.6 show a good
agreement between experimental (highlighted as a bold type in all tables) and
calculated (highlighted as an Italic type in all tables) parameters obtained by dif-
ferent researchers.
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Chapter 6
Conclusion

The comparison of ab initio calculations with results obtained in the long-range
approximation shows that the analytical calculations may be effectively used for
description of the interacting energy, dipole moment, polarizability and first
hyperpolarizability of the considered interacting molecules for R > *10 a.u. So,
we can conclude that analytical calculations for large R are a good support to
ab initio calculations for full description of interaction energy surface and electrical
properties of any pair of interacting molecules. For the range of smaller R, within
the potential well, the exchange-interaction contributions are become to be
significant due to overlapping of electron shells of interacting molecules. The
exchange effects are strong anisotropic and give especially large contributions to the
component of any electrical property determined only by the component of dipole
moment directed along the intermolecular axis. The same situation occurs for
induced dipole moments, dipole polarizabilities, first hyperpolarizability of any
complex and, as we assume, has also to be fulfilled for other higher polarizabilities.
As a result, the following receipt of calculations of electric properties (and energy
surfaces) for molecular complexes is seen. For the values of intermolecular
distances R within the potential well the accurate methods of quantum chemistry
must be used. And for large R, which are usually more then van der Waals radius of
interacting molecules, the analytical methods based on the long-range approxima-
tion can be effectively used to change the resource-consuming ab initio calculations.
The use the analytical calculations allows to solve the computational problem
appeared when a fine grid of calculated points for surfaces of any properties is
needed. And the necessity to have a lot of the points (for periphery of a surface the
number of these points tends to infinity) disappears.
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Appendix A
Transformation Rules of the Tensor
Components Under Coordinate System
Rotation

The relation between the tensor components in the coordinate system of the
complex Mabc...d and the tensor components in the monomer coordinate systems
Ma0b0c0...d0 are expressed by the use the rotation matrix

kab ¼
cos/ cos h cos v� sin/ sin v � cos/ cos h sin v� sin/ cos v sin h cos/
sin/ cos h cos vþ cos/ sin v � sin/ cos h sin vþ cos/ cos v sin h sin/

� sin h cos/ sin h sin v cos h

0
@

1
A

Here, the Euler angles /, h and v describe the rotations of any monomer
coordinate system relative the complex coordinate system.

As a result,

Mabc...d ¼ kaa0kbb0kc _c � � � kdd0Ma0b0c0...d0
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Appendix B
Nonzero Independent Electric Multipole
Moments and (Hyper)polarizabilities
for Molecules of Different Symmetry
Groupa

Group Multipole moments (Hyper)polarizabilities

la Hab Xabc Uabcd Nabcde aab babc cabcd Aa;bc Ea;bcd Ba;b;cd Cab;cd

C1 3 5 7 9 11 6 10 15 15 21 30 15

Ci 0 5 0 9 0 6 0 15 0 21 30 15

Cs 2 3 4 5 6 4 6 9 8 11 16 9

C2 1 3 3 5 5 4 4 9 7 11 16 9

C2h 0 3 0 5 0 4 0 9 0 11 16 9

C2v 1 2 2 3 3 3 3 6 4 6 9 6

D2 0 2 1 3 2 3 1 6 3 6 9 6

D2h 0 2 0 3 0 3 0 6 0 6 9 6

C4 1 1 1 3 3 2 2 5 3 5 8 5

S4 0 1 2 3 2 2 2 5 4 5 8 5

C4h 0 1 0 3 0 2 0 5 0 5 8 5

C4v 1 1 1 2 2 2 2 4 2 3 5 4

D2d 0 1 1 2 1 2 1 4 2 3 5 4

D4 0 1 0 2 1 2 0 4 1 3 5 4

D4h 0 1 0 2 0 2 0 4 0 3 5 4

C3 1 1 3 3 3 2 4 5 5 7 10 5

S6 0 1 0 3 0 2 0 5 0 7 10 5

C3v 1 1 2 2 2 2 3 4 3 4 6 4

D3 0 1 1 2 1 2 1 4 2 4 6 4

D3d 0 1 0 2 0 2 0 4 0 4 6 4

C3h 0 1 2 1 2 2 2 3 2 3 6 3

C6 1 1 1 1 1 2 2 3 3 3 6 3

C6h 0 1 0 1 0 2 0 3 0 3 6 3

D3h 0 1 1 1 1 2 1 3 1 2 4 3

C6v 1 1 1 1 1 2 2 3 2 2 4 3

D6 0 1 0 1 0 2 0 3 1 2 4 3

D6h 0 1 0 1 0 2 0 3 0 2 4 3

T 0 0 1 1 0 1 1 2 1 2 3 2

Th 0 0 0 1 0 1 0 2 0 2 3 2

Td 0 0 1 1 0 1 1 2 1 1 2 2

O 0 0 0 1 0 1 0 2 0 1 2 2

Oh 0 0 0 1 0 1 0 2 0 1 2 2

C∞v 1 1 1 1 1 2 2 3 2 2 4 3

D∞h 0 1 0 1 0 2 0 3 0 2 4 3

Kh 0 0 0 0 0 1 0 1 0 0 1 1
aA.D. Buckingham, in Intermolecular Interaction: From Diatomic to Biopolymers, edited by B. Pullman (Wiley, New
York, 1978), pp. 1–68

© The Author(s) 2017
V.N. Cherepanov et al., Interaction-induced Electric Properties of van der Waals Complexes,
SpringerBriefs in Electrical and Magnetic Properties of Atoms, Molecules, and Clusters,
DOI 10.1007/978-3-319-49032-8

107



Glossary

e Charge of electron (1e = 1.60217733 × 10−19 C)

a0 Bohr radius (1a0 = 5.29177249 × 10−11 m)

Eh Energy unit hartreea

la Dipole momenta, ea0
Hab Quadrupole moment, ea20
Xabc Octopole moment, ea30
Uabcd Hexadecapole moment, ea40
Nabcde 25-pole moment, ea50
aab Dipole polarizabilitya, e2a20E

�1
h

babc First hyperpolarizabilitya, e3a30E
�2
h

cabcd Second hyperpolarizabilitya, e4a40E
�3
h

Aa;bc Dipole-quadrupole polarizability

Ea;bcd Dipole-octopole polarizability, e2a40E
�1
h

Bab;cd Dipole-dipole-quadrupole polarizability, e3a40E
�2
h

Cab;cd Quadrupole-quadrupole polarizability, e2a40E
�1
h

Mab;cde Dipole-dipole-octupole polarizability, e3a50E
�2
h

Gab;cde/ Dipole-dipole-hexadecapole polarizability, e3a60E
�2
h

Da;bcde Dipole-hexadecapole polarizability, e2a50E
�1
h

Nabc;de Dipole-dipole-dipole-quadrupole polarizability, e4a50E
�3
h

Pabc;de/ Dipole-dipole-dipole-octupole polarizability, e4a60E
�3
h

aUnit conversions used in the book for some quantities (see also, for example, David P. Shelton,
Julia E. Rice, Measurements and Calculations of the Hyperpolarkabilities of Atoms and Small
Molecules in the Gas Phase, Chem. Rev., 1994, 94, No. 1, 3–29):
for energy—1 Eh (or 1 a.u.) = 4.35974434 × 10−18 J = 627.509181 kcal mol−1 = 219
474.6307 cm−1;
for dipole moment—1. a.u. = 2.541 75 Debye (D) (1 D = 10−18 esu cm) = 8.478 358 ×
10−30 C m ;
for polarizability—1 a.u. = 0.148 19 × 10−24 cm3 (or 0.148 19 Å3) = 1.648 778 ×
10−41 C2 m2 J−1;
for first hyperpolarizability—1 a. u. = 3.206 361 × 10−53 C3 m3 J−2;
for second hyperpolarizability—1 a. u. = 0.623 537 7 × 10−64 C4 m4 J−3.
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