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Preface

Over the past several years, I have taught a one-semester graduate
course on gravitation at the University of Rochester. The principles
of general relativity were developed systematically in a traditional
manner, and this book comprises my lectures of this course. The
class was attended by both graduate as well as several undergrad-
uate students. Correspondingly, the subject matter was developed
in detail using tensor analysis (rather than the compact differential
geometric concepts). The concepts and ideas of the material were
supplemented by a lot of worked out examples dispersed through
out the lectures, which the students found extremely useful.

Although it is the normal convention in a course on gravity to
use a metric of signature (−,+,+,+), I have used through out the
lectures the conventional Bjorken-Drell metric signature (+,−,−,−)
for consistency with my other books. Since the book consists of my
actual lectures in the course, it is informal with step by step deriva-
tion of every result which is quite helpful to students, particularly to
undergraduate students.

There are many references to the material covered in this course
and it is impractical to give all the references. Instead, let me note
only the few following books on the subject which can be used as
references and which contain further references on the subject.

1. Gravitation and Cosmology, S. Weinberg, John Wiley (1972),
New York.

2. Gravitation, C. W. Misner, K. S. Thorne and J. A. Wheeler,
W. H. Freeman (1973), San Francisco.

3. Introduction to General Relativity, R. Adler, M. Bazin and M.
Schiffer, McGraw-Hill (1975), New York.

The figures in this book were drawn using Jaxodraw as well as
PSTricks. I am grateful to the people who developed these extremely

vii
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useful software. Finally, I would like to thank Fernando Méndez for
his help with some of the figures and Dave Munson for sorting out
various computer related problems.

Ashok Das

Rochester
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Chapter 1

Basics of geometry and relativity

1.1 Two dimensional geometry

We have all heard of the statement that “Gravitation is the study of
geometry”. Let us see what this exactly means. We are, of course,
familiar with Euclidean geometry. For simplicity we will restrict here
only to two dimensions so that the study of geometry of the man-
ifold corresponds to the study of surfaces and Euclidean geometry
corresponds simply to the all familiar plane geometry.

A geometry, of course, has built in assumptions. For example,
one has to define the basic elements (concepts) of geometry such as
points. Furthermore, we know that given any two points we can draw
many curves joining them. However, the straight line, as we know,
defines the shortest path between two points in Euclidean geometry.
Euclid’s axioms, among other things, state that a straight line is
determined by two points, it may have indefinite length, that any
two right angles are equal, that only one line parallel to a given line
can pass through a point outside the line in the same plane, that
when equals (equal line segments) are added to equals, the sums are
always equal and that the whole is greater than any of its parts.
From these axioms Euclid deduced hundreds of theorems which tell
us a lot about Euclidean geometry.

For example, let us consider a triangle ABC in plane geometry
shown in Fig. 1.1. Through the vertex A let us draw a straight line
DAE parallel to BC. From the properties of the parallel lines we
immediately conclude that (D̂AB = Angle DAB)

Angle DAB = Angle ABC, or, D̂AB = ÂBC, (1.1)

and

1



2 1 Basics of geometry and relativity

D A E

B C

Figure 1.1: A triangle in plane geometry.

Angle EAC = Angle ACB, or, ÊAC = ÂCB. (1.2)

On the other hand, we also know that

D̂AB + B̂AC + ÊAC = 180◦. (1.3)

Thus, we conclude that

D̂AB + B̂AC + ÊAC = ÂBC + B̂AC + ÂCB = 180◦. (1.4)

This, of course, proves the familiar result that the sum of the angles
of a triangle on a plane equals 180◦. Similarly many more interesting
results can be obtained by using Euclid’s axioms.

However, it is Euclid’s axiom on the parallel lines that generated
much interest. It says, “If a straight line falling on two straight lines
makes the interior angles on the same side less than two right angles,
the two straight lines produced indefinitely meet on that side on
which the angles are less than two right angles”, which is shown in
Fig. 1.2. Since this axiom involves extending straight lines to the
inexplorable region of spatial infinity, people tried hard to prove that
this follows from the other axioms of Euclid and that this is not truly
an independent axiom.
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Figure 1.2: Two straight lines in plane geometry which are not par-
allel according to Euclid’s axiom.

The study of this question, on the other hand, led to the birth
of other, non-Euclidean geometries which satisfy all the axioms of
Euclid except the one on parallel lines. These are geometries of
curved surfaces where the definition of a straight line carries over
to what we know as geodesics. (As we will see later, geodesics are
paths along which the length is extremal.) One such geometry is
the geometry of the surface of a sphere. On a sphere the geodesics
(“straight lines”) are parts of great circles joining the opposite pole
points. It is clear that since any two great circles must intersect (at
the poles), on a sphere we cannot draw any line parallel to a given
line through a point outside of the line.

Another geometry which was developed independently by Gauss,
Bolyai and Lobachevski is opposite in its properties to the previous
one (namely, the geometry of a sphere). Therefore, it is also known
as the geometry of the surface of a pseudosphere. It is rather hard
to visualize. But a crude example of this geometry is the surface
of a horse saddle. On such a surface, many geodesics can be drawn
through a given point not intersecting a given line outside of this
point and hence in this geometry, it is possible to draw many lines
parallel to a given line through a point outside of the line. These are
the three possible distinct geometries we can have.

In a geometry described by curved surfaces it is no longer true
that the sum of all angles in a triangle equals 180◦. In fact, one
can simply show that for a triangle on a sphere the sum of angles
is greater than 180◦ whereas for the geometry of Gauss, Bolyai and
Lobachevski, it is less than 180◦. Construction of these geometries
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showed that the fifth postulate of Euclid is indeed independent.
A question we can ask at this point is what is the geometry of

the space we live in. Is it flat, or is it like a sphere or is it like a
pseudosphere? If we were two dimensional creatures living in a two
dimensional space, we can simply study the properties of geometrical
figures and deduce the nature of the geometry ourselves. But this
does not seem right. There ought to exist a general quantity which
distinguishes one geometry from the others. It must be an inner
property of the surface (or the manifold) and let us determine this.

First of all let us note that although a straight line is defined
as the shortest path between two points, we still have not defined
the concept of a distance. In plane geometry if two points have
coordinates (x1, x2) and (y1, y2), then we know that the shortest
distance between the two is given by

d(x, y) =
[
(x1 − y1)

2 + (x2 − y2)
2
] 1

2
. (1.5)

Furthermore, it was shown that for the geometry of Gauss, Bolyai
and Lobachevski, a point with coordinates (x1, x2) satisfies (suitably
scaled so that the coordinates are dimensionless)

x21 + x22 < 1, (1.6)

and the shortest distance between two points (x1, x2) and (y1, y2) is
given by

cosh
d(x, y)

a
=

1− x1y1 − x2y2
(
1− x21 − x22

) 1
2
(
1− y21 − y22

) 1
2

. (1.7)

Here “a” is a length scale set by the problem under study.
Gauss realized that the distance d(x, y) which gives the short-

est path between two points determines the inner properties of a
space. Thus for example, a cylinder or a cone has the same inner
properties as a plane since a plane can be rolled into a cylinder or
a cone without stretching or tearing. (The formula for the distance
on a cylinder or a cone is the same as on a plane.) However, as we
all know, a sphere cannot be unrolled into a plane without tearing
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it and correspondingly the formula for the distance on a sphere is
different.

Gauss also recognized that any space can be locally identified
with a Euclidean space. Hence locally we can set up a Euclidean co-
ordinate system ξi, i = 1, 2, to describe the space so that the infinites-
imal distance between the points (ξ1, ξ2) and (ξ1 + dξ1, ξ2 + dξ2) can
be written as

ds2 = dξ21 + dξ22 . (1.8)

Of course, if the surface is curved, this coordinate system cannot
cover any finite space still satisfying the laws of plane geometry. Let
us suppose that there exists a coordinate system (x1, x2) which covers
the entire surface. Then we can write the distance between two points
with the coordinates (x1, x2) and (x1 + dx1, x2 + dx2) (which locally
coincides with (ξ1, ξ2) and (ξ1 + dξ1, ξ2 + dξ2)) as

ds2 = dξ21 + dξ22

=

(
∂ξ1
∂x1

dx1 +
∂ξ1
∂x2

dx2

)2

+

(
∂ξ2
∂x1

dx1 +
∂ξ2
∂x2

dx2

)2

=

[(
∂ξ1
∂x1

)2

+

(
∂ξ2
∂x1

)2
]
dx21

+2

[
∂ξ1
∂x1

∂ξ1
∂x2

+
∂ξ2
∂x1

∂ξ2
∂x2

]
dx1dx2

+

[(
∂ξ1
∂x2

)2

+

(
∂ξ2
∂x2

)2
]
dx22

= g11(x)dx
2
1 + 2g12(x)dx1dx2 + g22(x)dx

2
2

= gijdxidxj, (1.9)

where we have identified
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g11(x) =

(
∂ξ1
∂x1

)2

+

(
∂ξ2
∂x1

)2

,

g12(x) =
∂ξ1
∂x1

∂ξ1
∂x2

+
∂ξ2
∂x1

∂ξ2
∂x2

= g21(x),

g22(x) =

(
∂ξ1
∂x2

)2

+

(
∂ξ2
∂x2

)2

. (1.10)

The form of ds2 in (1.9) is the sign of a metric space and
gij , i, j = 1, 2 represents the metric tensor of the two dimensional
space. Thus, for example, the metric for a plane where

ds2 = dx21 + dx22, (1.11)

is given by

g11 = g22 = 1, g12 = 0. (1.12)

For a sphere of fixed radius r, on the other hand,

ds2 = r2
(
dθ2 + sin2 θdφ2

)
. (1.13)

Thus, in this case, the metric takes the form

gθθ = r2, gθφ = 0, gφφ = r2 sin2 θ. (1.14)

It is this dependence of the metric on the coordinate θ that gives the
sphere different inner properties from that of a plane. We can also
show that for the geometry of Gauss, Bolyai and Lobachevski, the
metric is given by

g11(x) =
a2
(
1− x22

)
(
1− x21 − x22

)2 ,

g12(x) =
a2x1x2(

1− x21 − x22
)2 ,

g22(x) =
a2
(
1− x21

)
(
1− x21 − x22

)2 . (1.15)
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Once we know the metric functions, the length of a path can be
obtained by integrating ds along that path. Thus the metric func-
tions determine all the inner properties of a space. Unfortunately,
however, they are also coordinate dependent. Note that if we pa-
rameterize a plane with Cartesian coordinates as in (1.12), then we
have

g11 = g22 = 1, and g12 = 0. (1.16)

However, if we parameterize the same surface with polar coordinates,
then we can write

ds2 = dr2 + r2dθ2, (1.17)

so that

grr = 1, gθθ = r2, and grθ = 0. (1.18)

This does not look like an Euclidean space (the metric component
gθθ is a function of coordinates), but it really is the same space. This
example shows that although the metric functions determine all the
inner properties of a space, since their forms depend on the particular
coordinate system used, they are not very useful in classifying spaces.
We should look for an object constructed from gij that does not
depend on the choice of coordinate system.

In fact, Gauss had found a unique function (in two dimensions)
that does this. It is called the Gaussian curvature and is defined (for
two dimensional spaces) as

K (x1, x2) =
1

2g

[
2

∂2g12
∂x1∂x2

− ∂2g11
∂x22

− ∂2g22
∂x21

]

− g11
4g2

[(
∂g22
∂x2

)(
2
∂g12
∂x1

− ∂g11
∂x2

)
−
(
∂g22
∂x1

)2
]

− g22
4g2

[(
∂g11
∂x1

)(
2
∂g12
∂x2

− ∂g22
∂x1

)
−
(
∂g11
∂x2

)2
]
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+
g12
4g2

[(
∂g11
∂x1

)(
∂g22
∂x2

)
− 2

(
∂g11
∂x2

)(
∂g22
∂x1

)

+

(
2
∂g12
∂x1

− ∂g11
∂x2

)(
2
∂g12
∂x2

− ∂g22
∂x1

)]
.

(1.19)

Here g represents the determinant of the two dimensional metric gij ,
namely,

g = det gij = g11g22 − g212. (1.20)

It is clear from the expressions in (1.19) as well as (1.16) that
the Gaussian curvature vanishes for a plane surface (geometry),

K = 0. (1.21)

For a sphere, on the other hand, we note from (1.14) that (we can
identify x1 = θ, x2 = φ, g11 = gθθ, g22 = gφφ, g12 = gθφ)

g = r4 sin2 θ,

∂gθθ
∂θ

=
∂gθθ
∂φ

=
∂gφφ
∂φ

= 0,

∂gφφ
∂θ

= 2r2 sin θ cos θ = r2 sin 2θ,

∂2gφφ
∂θ2

= 2r2 cos 2θ. (1.22)

Thus, for a sphere we obtain

K =
1

2g

(
−∂

2gφφ
∂θ2

)
− gθθ

4g2

(
−
(
∂gφφ
∂θ

)2
)

=
1

2r4 sin2 θ

(
−2r2 cos 2θ

)
− r2

4r8 sin4 θ

(
−r4 sin2 2θ

)

= − 1

r2 sin2 θ

(
1− 2 sin2 θ

)
+

1

4r2 sin4 θ

(
4 sin2 θ cos2 θ

)
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= − 1

r2 sin2 θ

(
1− 2 sin2 θ − cos2 θ

)

= − 1

r2 sin2 θ

(
− sin2 θ

)
=

1

r2
> 0. (1.23)

That is, the surface of a sphere is a space of constant (since r is a
fixed constant) positive curvature. Similarly, one can show that the
surface of a pseudosphere has a constant negative curvature,

K = − 1

a2
< 0. (1.24)

We can check that the Gaussian curvature is independent of
the coordinate system used by simply calculating the curvature of a
plane in polar coordinates. Let us note from (1.18) that, in this case,
(we can identify x1 = r, x2 = θ, g11 = grr, g22 = gθθ, g12 = grθ)

g = r2,

∂grr
∂r

=
∂grr
∂θ

=
∂gθθ
∂θ

= 0,

∂gθθ
∂r

= 2r,

∂2gθθ
∂r2

= 2. (1.25)

Thus, in these coordinates

K(r, θ) =
1

2g

[
−∂

2gθθ
∂r2

]
− grr

4g2

[
−
(
∂gθθ
∂r

)2
]

=
1

2r2
[−2]− 1

4r4

[
− (2r)2

]

= − 1

r2
+

1

r2
= 0. (1.26)

Thus we see that if we can calculate the Gaussian curvature of a
surface, we can distinguish between the three geometries independent
of the choice of coordinate system.
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So far we have been dealing with only two dimensions and hence
there is only one quantity independent of the coordinate system used.
This can be intuitively seen from the fact that since the metric is
symmetric, in two dimensions, there can only be three independent
metric components. There are, however, two coordinates to represent
any system. Hence the number of quantities that can be formed
which are independent of the coordinates used is exactly one (namely,
3 − 2 = 1). In higher dimensions, say D dimensions, the number of
independent metric components is

1

2
D(D + 1). (1.27)

However, since there are D coordinates to specify a system, the num-
ber of independent quantities that can be constructed which are in-
dependent of the coordinate system used is

1

2
D(D + 1)−D =

1

2
D(D − 1). (1.28)

As a result, the study of geometry becomes more complicated when
D > 2. This general problem was solved by Riemann and was ex-
tended to physics by Einstein.

I Example (Pseudosphere in two dimensions). For the pseudosphere in two di-
mensions we have (see (1.7))

cosh
d(x, y)

a
=

1− x1y1 − x2y2

(1− x2
1 − x2

2)
1

2 (1− y21 − y22)
1

2

, (1.29)

where d(x, y) denotes the distance between the points (x1, x2) and (y1, y2). We
would like to determine the metric as well as the Gaussian curvature for this
space.

For any two vectors A,B in two dimensions, let us introduce the compact
notation

A ·B = AiBi = A1B1 + A2B2, A2 = AiAi = A1A1 + A2A2, (1.30)

where i = 1, 2 and we use the summation convention over repeated indices. Then
we can write (1.29) as

cosh
d(x, y)

a
=

1− x · y√
1− x2

√

1− y2
. (1.31)
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To determine the metric tensor for this space, we need to consider only in-
finitesimal distances (see discussion following (1.7)) so that let us assume yi =
xi + dxi, i = 1, 2 and we can identify the infinitesimal distance with the proper
length d(x, y) = ds. Expanding both sides of the equation (1.31) and keeping
terms to quadratic order in the infinitesimal changes, we obtain

cosh
ds

a
= 1 +

ds2

2a2
+ · · ·

=
(1− x2 − x · dx)

1− x2

[

1 +
1

2

2x · dx+ dx2

1− x2
+

3

8

(

2x · dx+ dx2

1− x2

)2

+ · · ·
]

=

(

1− x · dx
1− x2

)

[

1 +
1

2

2x · dx+ dx2

1− x2
+

3

8

(

2x · dx+ dx2

1− x2

)2

+ · · ·
]

= 1 +
1

2

dx2

1− x2
+

1

2

(x · dx)2
(1− x2)2

, (1.32)

where dx2 = dx ·dx. Note that the linear terms (in the differentials) on the right
hand side of (1.32) in the expansion for the distance cancel and the quadratic
terms lead to

ds2

2a2
=

1

2

dx2

1− x2
+

1

2

(x · dx)2
(1− x2)2

=
1

2(1− x2)

(

δij +
xixj

(1− x2)

)

dxidxj, (1.33)

where i, j = 1, 2 and summation over repeated indices is understood. This is
known as the line element for the space and determines the metric components
for the pseudosphere to be

g11 =
a2(1− x2

2)

(1− x2)2
, g12 = g21 =

x1x2a
2

(1− x2)2
, g22 =

a2(1− x2
1)

(1− x2)2
. (1.34)

Starting with the components of the metric tensor in (1.34), we obtain the
determinant of the metric to be (see (1.20))

g = g11g22 − g212

=
a4

(1− x2)4
[(1− x2

1)(1− x2
2)− x2

1x
2
2]

=
a4

(1− x2)3
. (1.35)

Next let us evaluate the three expressions involved in the calculation of the
Gaussian curvature (see (1.19)). For simplicity, let us define A, B12, and C as
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A = 2
∂2g12
∂x1∂x2

− ∂2g11
∂x2

2

− ∂2g22
∂x2

1

=
2a2

(1− x2)2
+

8a2x2

(1− x2)3
+

48a2x2
1x

2
2

(1− x2)4

+
2a2

(1− x2)2
− 4a2(1− 5x2

2)

(1− x2)3
− 24a2x2

2(1− x2
2)

(1− x2)4

+
2a2

(1− x2)2
− 4a2(1− 5x2

1)

(1− x2)3
− 24a2x2

1(1− x2
1)

(1− x2)4

=
2a2

(1− x2)2
− 4a2

(1− x2)3
= −2a2(1 + x2)

(1− x2)3
, (1.36)

B12 =
∂g22
∂x2

(

2
∂g12
∂x1

− ∂g11
∂x2

)

−
(

∂g22
∂x1

)2

=
4a2x2(1− x2

1)

(1− x2)3

[

2a2x2

(1− x2)2
+

8a2x2
1x2

(1− x2)3
+

2a2x2

(1− x2)2

−4a2x2(1− x2
2)

(1− x2)3

]

−
[

− 2a2x1

(1− x2)2
+

4a2x1(1− x2
1)

(1− x2)3

]2

= − 4a4x2
1

(1− x2)4
, (1.37)

C =
∂g11
∂x1

∂g22
∂x2

− 2
∂g11
∂x2

∂g22
∂x1

+

(

2
∂g12
∂x1

− ∂g11
∂x2

)(

2
∂g12
∂x2

− ∂g22
∂x1

)

=
4a2x1(1− x2

2)

(1− x2)3
4a2x2(1− x2

1)

(1− x2)3

− 2

[

− 2a2x2

(1− x2)2
+

4a2x2(1− x2
2)

(1− x2)3

]

× (1 ↔ 2)

+

[

2a2x2

(1− x2)2
+

8a2x2
2x

2
1

(1− x2)3
+

2a2x2

(1− x2)2
− 4a2x2(1− x2

2)

(1− x2)3

]

× (1 ↔ 2)

=
8a4x1x2

(1− x2)4
. (1.38)

Substituting (1.36)-(1.38) into (1.19), we obtain the Gaussian curvature K
to be

K =
1

2g
A− g11

4g2
B12 − g22

4g2
B21 +

g12
4g2

C

=
1

2 a4

(1−x2)3

[

−2a2(1 + x2)

(1− x2)3

]



1.2 Inertial and gravitational masses 13

− 1

4
(

a4

(1−x2)3

)2

[

−4a6x2
1(1− x2

2)

(1− x2)6
− (1 ↔ 2)

]

+

x1x2a
2

(1−x2)2

4
(

a4

(1−x2)3

)2

8a4x1x2

(1− x2)4

= − 1

a2
(

1 + x2 − x2
1(1− x2

2)− x2
2(1− x2

1)− 2x2
1x

2
2

)

= − 1

a2
(

1 + x2 − x2) = − 1

a2
, (1.39)

which coincides with (1.24).
J

1.2 Inertial and gravitational masses

Newton’s second law of motion says that any force applied on a
particle is proportional to the acceleration it produces. Hence we
can write

F = mIa. (1.40)

This refers to the inertial properties of the system since the force can
be any force in general. However, when a particle is subjected to a
gravitational pull, it experiences a force given by

F = mgg, (1.41)

where g represents the acceleration due to gravity. Here mI and mg

are constants of proportionality known respectively as the inertial
and the gravitational mass of the particle and can, in principle, be
different. However, if we combine both the equations (1.40) and
(1.41), we deduce that the acceleration produced by a gravitational
force has the form

a =

(
mg

mI

)
g. (1.42)

If the inertial mass does not coincide with the gravitational
mass (mI 6= mg) and

mg

mI
is not the same for different particles, then
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clearly different objects can fall with different accelerations under
the influence of gravity, the pendula of the same length but made
of different material can have different time periods. On the other
hand, if

mg

mI
is the same for all materials, they would fall with the

same acceleration. Newton tried to measure this ratio with pendula
of different material and Fresnel improved on it. It has been checked
by now that (in fact, it holds even up to 10−13)

∣∣∣∣
mg

mI

− 1

∣∣∣∣ < 10−11, (1.43)

for different materials.
Let us examine the experimental set up which measures this ra-

tio. The experiment was designed by Eötvös of Hungary and consists
of suspending two weights of different material from a finely balanced
beam as shown in Fig. 1.3. Here g′ and g′s represent the vertical and
the horizontal components of the centrifugal acceleration due to the
rotation of earth as shown in Fig. 1.4 (g′s is along the surface).

`B`A

mgBg

mIBg′

mIBg′
s

mgAg

mIAg′

mIAg′
s

Figure 1.3: Experimental setup for measuring
mg

mI
.

The beam is in equilibrium so that we have

`A
(
mgA g −mIA g

′
)
= `B

(
mgB g −mIBg

′
)
. (1.44)

Therefore, we can solve for `B from (1.44) to obtain

`B = `A
(mgA g −mIA g

′)

(mgB g −mIB g′)
. (1.45)
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g′
s

g′

Figure 1.4: Vertical and horizontal components of the centrifugal
acceleration.

On the other hand, the horizontal component of the centrifugal ac-
celeration would lead to a torque

T = `AmIA g
′
s − `BmIBg

′
s

= g′s

(
`AmIA − `A

(mgA g −mIA g
′)

mgB g −mIB g′
mIB

)

= `Ag
′
s

(
mIAmgB −mIBmgA

mgB g −mIB g′

)
g, (1.46)

where we have used (1.45). Furthermore, if we assume that the
vertical component of the centrifugal acceleration is much smaller
than the acceleration due to gravity (g′ � g), we can write

T = `Ag
′
s

(
mIA − mIBmgA

mgB

)

= mgA`Ag
′
s

(
mIA

mgA

− mIB

mgB

)
. (1.47)

Any inequality in the ratio mI
mg

for the two weights would lead to
a twist in the wire from which the beam is suspended. No twist
was observed and Eötvös concluded from this that the difference of
mI
mg

(or conversely
mg

mI
) from unity can be at most one part in 109.

Dicke and his coworkers later improved the experiment and the limit
we presently have is one part in 1011 (or even 1013). This is, of
course, an impressive result because a priori we do not know why
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the gravitational mass and the inertial mass should be equal to such
a high precision. (We note that if

mg

mI
is a constant for all materials,

then this constant can be absorbed into the definition of Newton’s
constant and we can identify

mg

mI
= 1.)

1.3 Relativity

The Aristotelian view, the Galilean view and the modern view of
relativity have one point in common. Each assumes that space-time
is a collection of events and that each event is labelled by three spatial
coordinates and one time coordinate. That is to say, the space-time
manifold is a four dimensional continuum. However, beyond this the
different views differ drastically from one another.

For example, in the Aristotelian view, events take place at ab-
solute space and time coordinates and three different kinds of events
can take place in such a manifold. An Aristotelian observer would
observe an event A to precede event B or follow event B or happen
simultaneously with event B. All events that happen simultaneously
can happen anywhere in space and hence define a three dimensional
hypersurface. Therefore, the causal structure of space-time is de-
scribed as in Fig. 1.5.

past

future

simultaneous events

Figure 1.5: Causal structure of space-time in Aristotelian and
Galilean relativity.

On the other hand, if we look at Newton’s law of motion for a
particle under the influence of gravitational forces, the equation has
the form
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m
d2x

dt2
=
∑

N

mmN (xN − x)

|xN − x|3 , (1.48)

where we are assuming that the gravitational force is due to a dis-
tribution of point masses in space with xN representing the location
of the mass mN . We see that Newton’s law selects out a family of
inertial frames of reference. For example, let us consider the trans-
formation

x → Rx+ vt+ a, detR = 1,

t → t+ T, (1.49)

where R is a rotation matrix (constant, independent of x, t), v, a

and T are constants. Clearly, then, under such a transformation,

d2x

dt2
→ R

d2x

dt2
,

(xN − x)

|xN − x|3 → R (xN − x)

|xN − x|3 . (1.50)

Therefore, Newton’s equation (1.48) remains invariant under the
transformation (1.49) which is known as the Galilean transforma-
tion. It is a ten parameter family (group) of transformations (three
parameters of rotation, three velocity parameters v, three param-
eters of translation a for the coordinates and one time translation
parameter T ) and Newton’s equations are invariant under Galilean
transformations. We note that Newton’s equation would not be in-
variant if we go to a rotating or linearly accelerating frame, i.e., if R
and v are time dependent.

Galilean transformations select out a family of inertial frames
in which Newton’s equations (laws) are valid. An observer in such a
frame would observe an event A to precede an event B or follow B or
happen simultaneously withB. In this sense it is the same as the view
of the Aristotelian observer and the causal structure of space-time
still remains the same as in Fig. 1.5. However, unlike the Aristotelian
observer, no two Galilean observers in two different inertial frames
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would agree on the exact position or the time of an event. The only
thing that they can agree on is the time interval between two events
and the space interval between them. Furthermore, we note that in
the Galilean view neither the concept of a constant absolute speed
nor the concept of a limiting speed exists (namely, frames can move
with any arbitrary velocity v).

According to Newton the view of space-time was the following.
He believed that there is an absolute fixed space-time and the inertial
forces are due to the frames of reference accelerating with respect to
the absolute space-time. He tried to justify his view through the
example of a rotating bucket of water. A great number of arguments
followed and the one that stands out in particular is known as Mach’s
principle. This says that the acceleration experienced by a particle is
influenced by the distribution of matter in space-time. That is, the
presence of big stars would change the acceleration experienced by a
particle. We can contrast this with the Newtonian view which would
say that the presence of big stars does not matter to the acceleration
of a particle. We will see later during the course of these lectures
how Einstein’s theory reconciles both these ideas.

The Newtonian theory along with Galilean relativity, namely
that the relative separation of events in space and time are meaning-
ful, met with a large number of success. The place where theoretical
prediction disagreed with observation was in the precession of the
perihelion of mercury. The theoretical calculations using Newton’s
equations yielded a value of 8”/century for the value of the preces-
sion in contrast to the observed value of 43”/century. (We will do
this calculation later using Einstein’s general relativity.)

We note here only two other phenomena that would not conform
to the views of Galilean relativity (the first was observed much later).
We experimentally observe that µ mesons decay at rest in the labo-
ratory with a lifetime τµ = 10−6 sec. On the other hand, µ mesons
are also produced in cosmic ray showers. And it was measured that
the cosmic ray muons have a lifetime about ten times longer than
the measured lifetime in the laboratory. Various explanations were
put forward to explain this, one of which is that the muon lifetime
changes with the speed of the particle. This was indeed verified in
the laboratory by producing muons at various speeds. However, this
poses a serious problem to Galilean relativity since we assume that
observers in different inertial frames have clocks which read the same
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time intervals and hence can be compared. The µ meson example,
on the other hand, shows that if we regard the muon to be a clock
(in the sense that it defines a time interval of 10−6 sec) then the time
reading depends on whether the muon is at rest or is in motion.

The second problem comes from Maxwell’s equations which, in
vacuum (without sources), take the form

∇ ·E = 0,

∇ ·B = 0,

∇×E = −1

c

∂B

∂t
,

∇×B =
1

c

∂E

∂t
. (1.51)

First of all it is straightforward to check that these equations are no
longer invariant under the Galilean transformations (1.49). Secondly,
equations (1.51) lead to

∇× (∇×E) = −1

c

∂

∂t
(∇×B) ,

or, ∇ (∇ ·E)−∇
2E = −1

c

∂

∂t

(
1

c

∂E

∂t

)
,

or, ∇
2E =

1

c2
∂2E

∂t2
. (1.52)

This predicts that electromagnetic waves propagate with the con-
stant speed of light c. A constant absolute speed is, of course, against
the spirit of Galilean relativity and hence Maxwell postulated that
electromagnetic waves propagate through a medium called ether.
That is, one selects out a unique frame of reference to define the
speed of light. However, experiments failed to detect ether and the
Michelson-Morley experiment was decisive in establishing that there
was no ether and that the speed of light nonetheless is an absolute
constant.

These conflicts, among other issues, led people to reevaluate the
Galilean view and Einstein proposed to replace the requirement of
invariance of physical laws under Galilean transformations by that
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under Lorentz transformations. This goes under the name of special
theory of relativity. The first step in this direction and a great one
is to realize that space and time should be treated on equal footing.
Thus one defines a four dimensional space-time manifold as well as
a coordinate four vector (four dimensional vector) on this manifold
of the form

xµ = (ct,x) , µ = 0, 1, 2, 3. (1.53)

The length of a vector on this manifold is defined as

x2 = ηµνx
µxν , (1.54)

where ηµν is the metric of the four dimensional space known as the
Minkowski space. The metric is symmetric and diagonal with com-
ponents

ηµν = 0, if µ 6= ν,

η00 = −ηii = 1, i = 1, 2, 3 , i not summed. (1.55)

We can define the inverse metric ηµν from the relation

ηµνηνγ = δµγ . (1.56)

It is easy to see that the inverse metric also has the form

ηµν = 0, if µ 6= ν,

η00 = −ηii = 1, i not summed. (1.57)

Note that we can raise and lower the index of a given four vector
with the help of the metric as

xµ = ηµνx
ν ,

xµ = ηµνxν , (1.58)
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where repeated indices are summed and this leads to

xµ = (ct,−x) . (1.59)

The two four vectors xµ, xµ are known respectively as contravariant
and covariant four vectors and the length of the coordinate vector
(1.54) takes the form

x2 = ηµνxµxν = ηµνx
µxν = xµxµ = c2t2 − x 2. (1.60)

Clearly x2 must be a four dimensional scalar since it does not
carry any index. (We note that unlike the length of a vector in the
Euclidean space, here the length need not be positive since it involves
a difference of two terms.)

We can ask for the form of the four dimensional transformation
which leaves this length invariant. It is clear that if

xµ → x′µ = Λµ
ν x

ν , (1.61)

then the length remains invariant under this transformation only if

x′ 2 = ηµνx
′µx′ ν = x2 = ηµνx

µxν ,

or, ηµνΛ
µ
ρx

ρΛν
σx

σ = ηµνx
µxν ,

or, ηµνΛ
µ
ρΛ

ν
σ = ηρσ. (1.62)

This has the same form as ΛTηΛ = η in matrix notation (the su-
perscript T denotes matrix transposition) which defines rotations
in this manifold. Therefore, we conclude that rotations in the four
dimensional space-time manifold which leave the length invariant
also leave the metric invariant. These are known as homogeneous
Lorentz transformations (they consist of three dimensional rotations
and boosts).

However, in addition to four dimensional rotations if we also
translate the coordinate axes by a constant amount, we obtain the in-
homogeneous Lorentz transformations (also known as Poincaré trans-
formations) under which
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xµ → x′µ = Λµ
ν x

ν + aµ. (1.63)

The infinitesimal length interval between two points (as well as the
finite length interval) remains invariant under this transformation,
namely,

ds2 = ηµνdx
µdxν → ds′ 2 = ηµνdx

′µdx′ν

= ηµνΛ
µ
ρdx

ρΛν
σdx

σ

= ηµνΛ
µ
ρΛ

ν
σdx

ρdxσ

= ηρσdx
ρdxσ = ds2 = c2dt2 − dx 2. (1.64)

Here ds is known as the “proper length” of the interval. As
we know, Lorentz transformations mix up space and time coordi-
nates and hence neither a space interval nor a time interval remains
invariant under these transformations. However, it is the particular
combination of the space and time interval given by the proper length
in (1.64) which is invariant under an inhomogeneous Lorentz trans-
formation (Poincaré transformation). (We can contrast this with the
Galilean view according to which different observers will agree on
both space and time intervals.)

For a light wave, the wave velocity is given by
∣∣dx
dt

∣∣ = c and
hence the proper length for the path of a light wave (photon) follows
from (1.64) to vanish

ds = 0. (1.65)

If we go to a different inertial frame the proper length does not change
so that for a light wave we still have

ds′ = 0. (1.66)

Hence in a different Lorentz frame the speed of light would still be
equal to c. That is, Lorentz transformations can accommodate a
constant absolute speed and the speed of light can be the same ir-
respective of the inertial frame of reference we choose. This is, of
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course, the content of the Michelson-Morley experiment. Clearly
since this represents a departure from the Galilean view, the causal
structure of space-time must be different. Indeed, in this framework,
we see that space-time can be divided into four disconnected regions,
as shown in Fig. 1.6, of the following three distinct types:

(x− y)2 = (x− y)µ(x− y)µ > 0, time-like,

(x− y)2 = 0, light-like,

(x− y)2 < 0, space-like.

(1.67)

t

x

space-likespace-like ti
m
e-
li
ke

ti
m
e-
li
ke

lig
ht
-li
ke

light-like

Figure 1.6: Different invariant regions of Minkowski space.

In the time-like regions, the propagation of any signal occurs
with a speed less than the speed of light and hence such regions rep-
resent causal regions. The light-like regions correspond to regions
where signals travel at the speed of light. Finally, in the space-like
regions the speed of propagation of any signal exceeds the speed of
light and hence, in such regions, no two points can be causally con-
nected. These three types of regions cannot be mapped into one
another through a Lorentz transformation. The Einstein view of
space-time, therefore, is that at every point in the manifold there
exists a cone which corresponds to a causal future cone where the
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time evolution of dynamical systems takes place. Furthermore, as
is evident from the transformations themselves, the notion of simul-
taneity does not exist in this manifold. Namely, simultaneity is not
a Lorentz invariant concept.

Note that the inhomogeneous Lorentz transformations (Poincaré
transformations) also constitute a family (group) of ten parameter
transformations (three rotations, three boosts and four space-time
translations) – exactly like the Galilean transformations. Therefore,
they do not represent a larger symmetry group. However, the nature
of the transformations is different. In addition to three dimensional
rotations Lorentz transformations also involve boosts. If we consider
only the homogeneous Lorentz group we can further restrict ourselves
to the proper Lorentz transformations by demanding that

Λ0
0 ≥ 1, detΛµ

ν = 1, (1.68)

representing orthochronous transformations.

Let us examine how, with these ideas, we can explain the decay
of the µ mesons. Let us assume that an observer at rest observes the
ticks between his clock to be with intervals dt = ∆t. Therefore, he
will calculate the proper length to be

ds =
(
c2dt2 − dx 2

) 1
2 = cdt

(
1− v2

c2

) 1
2

= cdt = c∆t, (1.69)

where we have used v = 0 for an observer at rest. However, if
another observer traveling with a velocity v observes the ticks to be
of interval dt′ = ∆t′, then he will calculate the proper length to be

ds′ =
(
c2dt′ 2 − dx ′ 2

) 1
2 = cdt′

(
1− v 2

c2

) 1
2

= c∆t′
(
1− v 2

c2

) 1
2

. (1.70)

However, since the proper length is an invariant quantity we have
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ds′ = ds,

or, ∆t′ = ∆t

(
1− v 2

c2

)− 1
2

= γ∆t, (1.71)

where we have defined

γ =

(
1− v 2

c2

)− 1
2

. (1.72)

This shows that the faster an observer is moving, the longer would
be the time interval between the ticks of his clock. (The time in-
terval in a clock depends on the speed with which it is moving.)
This explains why the µ mesons in cosmic rays have a longer life-
time. The constant γ is conventionally known as the Lorentz
factor.

We show next that Maxwell’s equations in vacuum without
sources are covariant under Lorentz transformations (they are not
invariant under Galilean transformations). But before doing that let
us introduce the compact notation for four dimensional derivative
four vectors (we are going to assume c = 1 from now on). The four
dimensional covariant derivative is defined as

∂µ =
∂

∂xµ
=

(
∂

∂t
, ∇

)
, (1.73)

which leads to the contravariant derivative

∂µ =
∂

∂xµ
= ηµν∂ν =

(
∂

∂t
, −∇

)
. (1.74)

Furthermore, we note that

∂µ∂
µ = ηµν∂µ∂ν =

∂2

∂t2
−∇

2 = �, (1.75)

which is known as the D’Alembertian, is invariant under Lorentz
transformations.
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To show that Maxwell’s equations are Lorentz covariant, let us
combine the electric and the magnetic fields into a Lorentz tensor in
the following manner. Let us define a second rank anti-symmetric
tensor Fµν = −Fνµ (it has six independent components in four di-
mensions) with

F0i = Ei ≡ (E)i, (1.76)

and

Fij = −εijkBk ≡ −εijk(B)k,

or, Bi ≡ (B)i = −1

2
εijkFjk, (1.77)

where εijk denotes the three dimensional Levi-Civita tensor. With
this identification, two of Maxwell’s equations in vacuum without
sources (see (1.51)) can be written as

∂µFµν = 0. (1.78)

To see this let us note that this actually reduces to two sets of equa-
tions. Namely, for ν = 0, we have (F00 = 0 by anti-symmetry)

∂µFµ0 = 0,

or, ∂iFi0 = 0,

or, (−∇) · (−E) = ∇ ·E = 0. (1.79)

Similarly, for ν = j, we obtain

∂µFµj = 0,

or, ∂0F0j + ∂iFij = 0,

or,
∂Ej

∂t
+ ∂i (−εijkBk) = 0,

or,
∂E

∂t
−∇×B = 0,

or, ∇×B =
∂E

∂t
. (1.80)
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These only represent two of the four equations of Maxwell in
(1.51). To obtain the other two, we note that given the field strength
tensor Fµν , we can define the dual field strength tensor as

F̃µν =
1

2
εµνλρF

λρ =
1

2
ε λρ
µν Fλρ. (1.81)

Here εµνλρ (or εµνλρ) defines the four dimensional Levi-Civita tensor
with ε0123 = 1. The dual field strength interchanges the roles of the
electric and the magnetic fields and we have F̃0i = −1

2εijkFjk = Bi

and F̃ij = εijkEk (where we have used the fact that ε0ijk coincides
with the three dimensional Levi-Civita tensor εijk). The other two
equations of Maxwell in (1.51) can now be written as

∂µF̃µν = 0. (1.82)

Equation (1.82) can, in fact, be explicitly solved to determine

Fµν = ∂µAν − ∂νAµ, (1.83)

where Aµ is known as the (four) vector potential. (It contains the
three dimensional scalar and vector potentials as Aµ = (φ,A).)
Thus, the set of four Maxwell’s equations in (1.51) can be written
either as

∂µFµν = 0 = ∂µF̃µν , (1.84)

or equivalently as

∂µFµν = 0, Fµν = ∂µAν − ∂νAµ. (1.85)

Before we examine the Lorentz covariance of Maxwell’s equa-
tions, let us discuss how various tensors transform under a Lorentz
transformation. We already know how a (contravariant) four vector
transforms (see (1.61)), namely,

xµ → Λµ
νx

ν . (1.86)
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This immediately tells us that under a Lorentz transformation, a
second rank contravariant tensor Uµν would transform as

Uµν → Λµ
λΛ

ν
ρU

λρ. (1.87)

Similarly any higher rank contravariant tensor would transform as

Uµνλρ... → Λµ
µ′Λ

ν
ν′Λ

λ
λ′Λ

ρ
ρ′ · · ·Uµ′ν′λ′ρ′···. (1.88)

This is interesting because we can now ask what information can
be derived from the transformation property of the invariant (con-
travariant) metric tensor, namely,

ηµν → Λµ
λΛ

ν
ρη

λρ. (1.89)

Since the metric is an invariant tensor, it does not change under a
Lorentz transformation. (Transformations which leave the metric of
a manifold invariant are also known as isometries of the manifold and
Lorentz transformations define isometries of the Minkowski space-
time.) This implies

ηµν → Λµ
λΛ

ν
ρη

λρ = ηµν , (1.90)

which is what we had seen earlier in (1.62). Alternatively, we can
write this as

Λµ
λΛ

νλ = ηµν , or, equivalently Λ µ
λ Λλν = ηµν . (1.91)

Similarly, the inverse (covariant) metric ηµν is also an invariant tensor
and one can show that this leads to (this also follows from (1.91) by
lowering the indices with the metric tensor)

ΛµλΛ
λ
ν = ηµν , or, equivalently ΛλµΛ

λ
ν = ηµν . (1.92)

Once we know the transformation properties of contravariant
tensors as well as the fact that the metric tensor is invariant, then
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we can calculate how the lower index (covariant) objects transform
under a Lorentz transformation. For example,

xµ = ηµνx
ν → ηµνΛ

ν
λx

λ

= Λµλx
λ = Λ ν

µ xν . (1.93)

Remembering the relationship (see (1.91))

Λµ
λΛ

νλ = ηµν ,

or, Λµ
λΛ

λ
ν = δµν or, equivalently Λ µ

λ Λλ
ν = δµν , (1.94)

we see that, under a Lorentz transformation, the lower index (covari-
ant) vectors transform in an inverse way compared to the upper index
(contravariant) vectors. Therefore, we distinguish between them by
saying that

xµ → contravariant vector,

xµ → covariant vector,

Uµνλρ... → contravariant tensor,

Uµνλρ... → covariant tensor. (1.95)

We are now in a position to calculate how a covariant tensor
transforms under a Lorentz transformation

Uµν → Λ λ
µ Λ ρ

ν Uλρ,

Uµνλρ... → Λ µ′

µ Λ ν′

ν Λ λ′

λ Λ ρ′

ρ · · ·Uµ′ν′λ′ρ′···. (1.96)

In addition, we see that we can have tensors of mixed nature. A ten-
sor with m contravariant indices and n covariant ones would trans-
form under a Lorentz transformation as

Uµ1···µm
ν1···νn → Λµ1

µ′
1
· · ·Λµm

µ′
m
Λ

ν′1
ν1 · · ·Λ ν′n

νn U
µ′
1···µ

′
m

ν′1···ν
′
n
. (1.97)
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We also see now that the length of a vector transforms as

x2 = xµx
µ → Λ ν

µ xνΛ
µ
λx

λ

= Λ ν
µ Λµ

λxνx
λ

= δνλxνx
λ = xνx

ν = x2, (1.98)

where we have used (1.94). Namely, the length of a four vector is a
Lorentz scalar as we have observed earlier.

Furthermore, let us note that since

xµ → x′µ = Λµ
νx

ν , (1.99)

we can write

xµ = Λ µ
ν x

′ ν , (1.100)

which follows from (1.94), namely,

x′µ = Λµ
νx

ν ,

or, Λ λ
µ x

′µ = Λ λ
µ Λµ

νx
ν = δλνx

ν = xλ,

or, xλ = Λ λ
µ x

′µ,

or, xµ = Λ µ
ν x

′ ν . (1.101)

Similarly, since

xµ → x′µ = Λ ν
µ xν , (1.102)

using (1.94), it follows that

xµ = Λν
µx

′
ν . (1.103)

We are now in a position to calculate how the four derivatives
transform under a Lorentz transformation. For example,
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∂µ =
∂

∂xµ
→ ∂

∂x′µ
=

∂xν
∂x′µ

∂

∂xν

= Λµ
ν

∂

∂xν
= Λµ

ν∂
ν , (1.104)

where we have used (1.103). Similarly, using (1.100) we obtain

∂µ =
∂

∂xµ
→ ∂

∂x′µ
=

∂xν

∂x′µ
∂

∂xν

= Λ ν
µ

∂

∂xν
= Λ ν

µ ∂ν . (1.105)

Thus we see that contragradient and the cogradient vectors transform
like contravariant and covariant vectors respectively. From these,
it now follows that the D’Alembertian (1.75) is invariant under a
Lorentz transformation.

We are now in a position to discuss the Lorentz covariance of
Maxwell’s equations. First of all we note that since the field strengths
are tensors of second rank, under a Lorentz transformation, they
transform as (see (1.96))

Fµν → Λ λ
µ Λ ρ

ν Fλρ,

F̃µν → Λ λ
µ Λ ρ

ν F̃λρ. (1.106)

Thus,

∂µFµν → ∂′ µF ′
µν = Λµ

µ′∂
µ′

Λ λ
µ Λ ρ

ν Fλρ

= Λµ
µ′Λ

λ
µ Λ ρ

ν ∂µ
′

Fλρ

= δλµ′Λ ρ
ν ∂µ

′

Fλρ = Λ ρ
ν ∂λFλρ. (1.107)

This shows that if

∂µFµν = 0, (1.108)
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in one inertial frame of reference, the form of the equation does not
change in a Lorentz transformed frame of reference. Similarly, we
can also show that the equation for the dual (1.82)

∂µF̃µν = 0, (1.109)

also maintains its form in any inertial Lorentz frame so that Maxwell’s
equations are Lorentz covariant. We should note here that since

Fµν → Λ λ
µ Λ ρ

ν Fλρ, (1.110)

and the transformation matrices Λ λ
µ are not necessarily diagonal,

Lorentz transformations (boosts) mix up different field components.
This is another way of saying that under a Lorentz transformation,
the electric and the magnetic fields mix with each other which we
are all familiar with.

I Example (Null basis vectors). As we have seen in (1.67), in Minkowski space
vectors can be time-like, space-like or light-like (null). Let us ask if it is possi-
ble to find four linearly independent null (light-like) vectors in four dimensional
Minkowski space which are also orthogonal.

It is quite easy to find four linearly independent null four vectors. For
example, we can have

eµ1 = (1, 1, 0, 0), eµ2 = (1, 0, 1, 0),

eµ3 = (1, 0, 0, 1), eµ4 = (1,−1, 0, 0). (1.111)

This set is obviously linearly independent and each vector is easily checked to be
light-like (null), namely, ηµνe

µ
i e
ν
i = 0, i (not summed) = 1, 2, 3, 4. Such a set

defines a basis for the Minkowski space. In fact, this is the light-cone basis for a
photon. Note, however, that these basis vectors are not orthogonal.

It is not possible to find a set which is in addition orthogonal and null for
the following reason. We will attempt to build an orthogonal basis out of a set
of null vectors via the Graham-Schmidt procedure. To that end, take any of the
null vector and label it vµ1 . vµ1 necessarily has a time component and a space
component (it is the only way it can be null but non-zero) so we can write

vµ1 = (1,v1), v1 · v1 = 1. (1.112)

To get the second vector vµ2 we know it, too, must have a time and space compo-
nent so up to a multiplicative constant we can write
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vµ2 = (1,v2), v2 · v2 = 1. (1.113)

If we now impose orthogonality between the two vectors (1.112) and (1.113), we
obtain

v1 · v2 = 1− v1 · v2 = 0, (1.114)

which implies

v1 · v2 = 1. (1.115)

But, v1, v2 are (three dimensional) unit vectors so that (1.115) implies that
v1 = v2 which would amount to their not being linearly independent. This
proves that it is impossible to find a set of four linearly independent light-like
(null) vectors in Minkowski space which are also orthogonal.

J
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Chapter 2

Relativistic dynamics

2.1 Relativistic point particle

It is clear that Newton’s equation which is covariant (form invari-
ant) under Galilean transformations, is not covariant under Lorentz
transformations. So if we require Lorentz invariance to be the invari-
ance group of the physical world, we must modify Newton’s laws. Let
us note, however, that since Newton’s laws have been tested again
and again in the laboratory for slowly moving particles, it is only
for highly relativistic particles (|v| ' c = 1) that the equation may
require any modification.

We have already seen that in Minkowski space we can write the
line element as

ds2 = dτ2 = ηµνdx
µdxν = dt2 − dx2, (2.1)

where dτ is known as the “proper time” of the particle and is related
to the proper length through the speed of light (ds = cdτ) which
we have set to unity. The proper time, like the proper length, is an
invariant quantity (since the speed of light is an invariant) and hence
can be used to characterize the trajectory of a particle. To describe a
Lorentz covariant generalization of Newton’s equation, let us define
a force four vector fµ such that

m
d2xµ

dτ2
= fµ, (2.2)

where m represents the rest mass of the particle. Clearly since the
proper time does not change under a Lorentz transformation, equa-
tion (2.2) takes the same form in all Lorentz frames. Furthermore, if

35
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we know the form of fµ, we can calculate the trajectory of the parti-
cle. To understand the nature of this force four vector, we note that
the form of the relativistic force four vector can be obtained from
the observation that since (2.2) holds in all Lorentz frames, it must
be valid in the rest frame as well. In the rest frame of the particle
(dxdt = 0)

dτ = dt, (2.3)

and hence (2.2) takes the form

m
d2xi

dt2
= f i(rest),

f0(rest) = 0. (2.4)

Furthermore, if we define the relativistic four velocity of a par-
ticle as

uµ =
dxµ

dτ
= (

dt

dτ
,
dx

dτ
) =

dt

dτ
(1,

dx

dt
) = γ(1,v), (2.5)

then in the rest frame of the particle we have uµ(rest) = (1, 0, 0, 0).
Therefore, in the rest frame we obtain

fµ
(rest)

uν(rest)ηµν = fµ
(rest)

u(rest)µ = 0. (2.6)

On the other hand, this is a (Lorentz invariant) scalar equation and
hence must be true in any inertial reference frame. Secondly, we see
explicitly that

uµ(rest)u
ν
(rest)ηµν = uµ(rest)u

(rest)
µ = 1. (2.7)

This must also remain true in all inertial reference frames as can be
seen from (2.5) using the definition of the Lorentz factor in (1.72).
That these two equations are compatible can be seen in the following
way. If
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uµuνηµν = 1, (2.8)

it follows that

d

dτ
(uµuνηµν) = 0,

or,
duµ

dτ
uνηµν = 0,

or,
1

m
fµuνηµν = 0,

or, fµuνηµν = fµuµ = 0. (2.9)

Here we have used the fact that

fµ = m
d2xµ

dτ2
= m

duµ

dτ
. (2.10)

Equation (2.9) shows that the relativistic force (acceleration) has to
be orthogonal to the four velocity and, as a result, not all components
of the force four vector are independent.

In analogy with the non-relativistic case, we can define the four
momentum of a particle as

pµ = muµ, (2.11)

so that the dynamical equation (2.2) (or (2.10)) can also be written
in the familiar form (the rest mass m is a constant)

dpµ

dτ
= fµ. (2.12)

We note that the space components of the four velocity are given by
(see (2.5))

u =
dx

dτ
= γv, (2.13)
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where γ =
(
1− v2

)− 1
2 is the Lorentz factor introduced in (1.72)

(remember c = 1). It follows now that for slowly moving particles
(v = |v| � 1)

u = v + 0
(
v3
)
. (2.14)

Furthermore,

u0 =
dt

dτ
= γ =

(
1− v2

)− 1
2 = 1 +

1

2
v2 + 0

(
v4
)
. (2.15)

Thus, for slowly moving particles, we obtain from (2.11)

p = mu ' mv,

p0 = mu0 ' m+
1

2
mv2. (2.16)

It is clear that p0 is nothing other than the (non-relativistic) energy
of the particle (including the rest energy) and (2.11) reduces to the
familiar energy and momentum relations of non-relativistic physics
(in the proper limit). Thus we see that the energy and momentum
are unified in this picture into a single four vector pµ such that

pµ = (E,p) . (2.17)

It follows from this that

p2 = pµpνηµν = (muµ) (muν) ηµν

= m2uµuνηµν = m2, (2.18)

where we have used (2.8). Therefore, the energy and momentum of
a relativistic particle satisfy the condition

p2 = pµpµ = E2 − p2 = m2, (2.19)

which we recognize to be the Einstein relation.
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Once we know the components of the force in the rest frame, we
can calculate them in any other frame. Thus, for example, denoting
the rest frame components of the force by (see (2.6))

f0(rest) = F 0 = 0,

f i(rest) = F i, (2.20)

in an arbitrary frame the components of the force take the form

f0 = γv · F,

f = F+ (γ − 1)v
(v · F)
v2

, (2.21)

where v represents the instantaneous velocity of the particle (frame)
and v = |v|. Here we have used the fact that an arbitrary four vector
Aµ transforms under a general Lorentz boost as

A′ 0 = γ
(
A0 + v ·A

)
,

A′ = A+ (γ − 1)
v(v ·A)

v2
+ γvA0, (2.22)

Recalling that uµ = (γ, γv) in an arbitrary frame (see (2.5)), we note
that

fµuµ = f0u0 − f · u
= γ2v · F− {γv · F+ γ(γ − 1)v · F}

= 0, (2.23)

as we would expect (see (2.9)).

I Example (Transformation of force). From the Lorentz transformation matrix
(1.61), we would like to derive that under an arbitrary Lorentz transformation
(boost) a contravariant vector transforms as (see (2.22))

A′ 0 = γ
(

A0 + v ·A
)

,

A
′ = A+ (γ − 1)

v(v ·A)

v2
+ γvA0, (2.24)
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where v denotes the boost velocity, v = |v| and the Lorentz factor is given by
(see (1.72) in units c = 1)

γ =
(

1− v2
)−

1

2 . (2.25)

Furthermore, using this as well as assuming that in the rest frame the force four
vector has the form

f0
(rest) = 0, f i(rest) = F i, (2.26)

we would like to show that in a frame where the instantaneous velocity of the
particle is v = dx

dt
,

f0 = γv · F = γv · f(rest),

f = F+ (γ − 1) v
v · F
v2

. (2.27)

We recall (see (2.5)) that the proper velocity of a particle (in any frame) is
defined as

uµ =
dxµ

dτ
, (2.28)

leading to the components

u0 =
dx0

dτ
=

dt

dτ
= γ,

u =
dx

dτ
=

dt

dτ

dx

dt
= γv, (2.29)

where v = dx
dt

represents the instantaneous velocity of the particle and γ =

(1 − v
2)−1/2 denotes the Lorentz factor. It follows from (2.29) that in the rest

frame of the particle where v = 0, we have

uµ(rest) = (1, 0, 0, 0). (2.30)

Since the proper velocity is a four vector, we can relate its components in
any frame to the rest frame through the Lorentz transformation (1.61)

uµ = Λµ νu
ν
(rest), (2.31)

and comparing (2.29) and (2.31) (with the use of (2.30)) it follows that

Λ0
0 = γ, Λi 0 = γvi. (2.32)
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Furthermore, from the orthogonality relation satisfied by the Lorentz transfor-
mation (1.62) (or (1.92))

Λµ λΛ
νλ = ηµν , (2.33)

we conclude that

Λ0
λΛ

0λ = 1,

or, Λ0
0Λ

00 +Λ0
iΛ

0i = 1,

or, (Λ0
i)

2 = (Λ0
0)

2 − 1 = γ2 − 1 =
v
2

1− v2
= γ2

v
2,

or, Λ0
i = γvi, (2.34)

where we have chosen the positive square root for simplicity (v can take positive
as well as negative values). The other components of the transformation matrix
can also be determined similarly. However, this is all we need to transform the
force four vector.

We know that

f0
(rest) = 0, f i(rest) = F i. (2.35)

From the form of the transformation matrix, we can now determine that in any
frame

f0 = Λ0
νf

ν
(rest) = Λ0

0f
0
(rest) + Λ0

if
i
(rest)

= 0 + γv · F = γv · F. (2.36)

The spatial component of the force can be easily determined from the orthogo-
nality relation

ηµνu
µfν = u0f0 − u · f = 0,

or, γ2
v · F− γv · f = 0,

or, v · (γF− f) = 0. (2.37)

This determines

f = γF+ f⊥, (2.38)

where f⊥ denotes a component perpendicular to the velocity v. The unique
orthogonal vector that one can construct from two vectors F and v is given by
(up to an overall multiplicative factor)



42 2 Relativistic dynamics

F− v(v · F)
v2

. (2.39)

As a result, we determine the unique spatial component of the force in an arbitrary
frame, which also has the correct rest frame limit, to be

f = γF+ f⊥ = γF+ (1− γ)

(

F− v(v · F)
v2

)

= F+ (γ − 1)
v(v · F)

v2
. (2.40)

We can write (2.36) and (2.40) together as

f0 = γv · F = γv · f(rest),

f = F+ (γ − 1) v
v · F
v2

, (2.41)

as discussed in (2.21).
J

I Example (Combination of velocities). Observer OA moves with velocity vB

with respect to OB who moves with a velocity vC with respect to OC. The
coordinate systems are related by the Lorentz transformations

xµA = Λµν(vB)x
ν
B,

xµB = Λµν(vC)x
ν
C, (2.42)

where Λµν(v)’s represent the respective Lorentz transformations (boosts). We
would like to determine the velocity of OA with respect to OC, namely, the ad-
dition formula if all the velocities are in the same direction, say along the x
direction.

We note from (2.42) that we can write

xµA = Λµν(vB)Λ
µ
ν(vC)x

ν
C, (2.43)

and without loss of generality we can assume that the particle is at rest in frame
C so that

xµC = (tC, 0, 0, 0). (2.44)

From (2.34) we know that the Lorentz transformation matrix between any
two frames moving with velocity v has the form (Λij(v) can also be determined
in a similar manner)



2.1 Relativistic point particle 43

Λ0
0(v) = γ(v) = 1/

√

1− v2,

Λ0
i(v) = Λi0 = γ(v)vi,

Λij(v) = δij − (γ(v)− 1)
vivj
v2

. (2.45)

Denoting the instantaneous velocity in the frame A to be vA, it follows now from
(2.42) as well as (2.45) that

dtA
dtC

= Λ0
µ(vB)Λ

µ
ν(vC)

dxνC
dtC

= Λ0
µ(vB)Λ

µ
0(vC)

= Λ0
0(vB)Λ

0
0(vC) + Λ0

i(vB)Λ
i
0(vC)

= γ(vB)γ(vC)(1 + vB · vC),

viA =
dxiA
dtA

= Λiµ(vB)Λ
µ
ν(vC)

dxνC
dtA

= Λiµ(vB)Λ
µ
0(vC)

dtC
dtA

= (Λi0(vB)Λ
0
0(vC) + Λij(vB)Λ

j
0(vC))

dtC
dtA

=

[

γ(vB)γ(vC)v
i
B +

(

δij − (γ(vB)− 1)
viBvBj
v2B

)

γ(vC)v
j
C

]

dtC
dtA

=

[

γ(vB)v
i
B + viC + (γ(vB)− 1)

vB · vC

v2B
viB

]

γ(vC)

γ(vB)γ(vC)(1 + vB · vC)
(2.46)

In vector notation the velocity vA can be written in terms of vB and vC as

vA =

[(

1 +
vB · vC

v2B

)

vB +
1

γ(vB)

(

vC − vB · vC

v2B
vB

)]

1

1 + vB · vC

. (2.47)

If the velocities are all in the same direction (say along the x-axis) then the
second term in (2.47), which represents vC⊥ (with respect to vB), will drop out,
leaving the familiar expression for the addition of velocities

vA =
vB + vC
1 + vBvC

, (2.48)

where the vector notation is no longer relevant since the problem is now one
dimensional. We can recognize the transformation in (2.48) as being identical to
the relation for the sum of hyperbolic tangent of angles,

tanh(a+ b) =
tanh a+ tanh b

1 + tanh a tanh b
. (2.49)

In fact, if we parameterize the velocities in terms of angular parameters (known
as rapidities) as
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vA = tanh θA, vB = tanh θB, vC = tanh θC, (2.50)

then it follows from (2.48) and (2.49) that

tanh θA =
tanh θB + tanh θC
1 + tanh θB tanh θC

= tanh (θB + θC) , (2.51)

which leads to

θA = θB + θC. (2.52)

In other words, while the addition of velocities (see (2.50)) have a nonstandard
form, rapidities or angles representing velocities have a standard composition.
This is analogous to the fact that while the slopes in Euclidean space have a
nonstandard composition, the angles representing the slopes simply add.

J

I Example (Proper acceleration). Let us consider the relativistic motion of a
particle along the x-direction where the particle undergoes a uniform (constant)
linear acceleration. We would like to show that the motion in this case leads to a
hyperbolic trajectory (hyperbolic motion) and compare this with the correspond-
ing motion in the non-relativistic case.

Since we have motion along just one spatial direction (x-axis), we can write
the proper velocity as (see (2.5))

uµ =
dxµ

dτ
= γ(1, v) = (γ, γv), µ = 0, 1, (2.53)

where v denotes the instantaneous velocity of the particle

v =
dx

dt
. (2.54)

Since the Lorentz factor (1.72) has the form

γ =
(

1− v2
)−

1

2 , (2.55)

it follows that

1 + γ2v2 = γ2. (2.56)

Furthermore, since we have

dγ

dt
= γ3v

dv

dt
, (2.57)

we obtain the proper acceleration to be
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aµ =
duµ

dτ
= γ

d

dt
(γ, γv) = γ

(dγ

dt
,
dγv

dt

)

=
(

γ4v
dv

dt
, γ2(1 + γ2v2)

dv

dt

)

= (v, 1)γ4 dv

dt
, (2.58)

where we have used (2.56). It follows from (2.58) that

a2 = ηµνa
µaν = (v2 − 1)γ8

(

dv

dt

)2

= −γ6

(

dv

dt

)2

< 0. (2.59)

In the instantaneous rest frame of the particle where γ = 1, we can write
this as

a2 = −
(

dv

dt

)2

= −α2, (2.60)

where the instantaneous acceleration is defined as

d(γv)

dt
= α. (2.61)

So far our discussion has been quite general. We will now consider the case
of constant acceleration (α =constant). In this case, (2.61) leads to

d(γv)

dt
= α = constant,

or, γv = αt,

or, α2t2 = γ2v2,

or, 1 + α2t2 = 1 + γ2v2 = γ2 = (1− v2)−1,

or, v2 = 1− 1

1 + α2t2
=

α2t2

1 + α2t2
,

or, v =
αt

(1 + α2t2)1/2
. (2.62)

Here we have used (2.56), set the constant of integration to zero as well as taken
the positive square root for simplicity. This choice of the integration constant
corresponds to choosing the initial velocity to vanish, namely, v = 0 when t = 0.

On the other hand, the instantaneous velocity is defined as (see (2.54))

v =
dx

dt
, (2.63)

which together with (2.62) leads to
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dx

dt
=

αt

(1 + α2t2)1/2
,

or, αdx =
1

2

d(α2t2)

(1 + α2t2)1/2
. (2.64)

Equation (2.64) can be integrated to give (we assume x = 0 when t = 0)

αx = (1 + α2t2)1/2 − 1,

or, (αx+ 1)2 = α2x2 + 2αx+ 1 = 1 + α2t2,

or, αx2 + 2x− αt2 = 0, (2.65)

which describes a hyperbola with asymptotes

x+
1

α
= ±t. (2.66)

Equation (2.65) should be contrasted with the nonrelativistic parabolic motion
of the form (with the same initial condition x = 0 = v when t = 0)

x =
1

2
αt2. (2.67)

Finally, we note that we can carry out the complete analysis in terms of the
proper time as well and write all the variables as functions of the proper time as

v = tanhατ, γ = (1− v2)−1/2 = coshατ,

t =
sinhατ

α
, x =

(coshατ − 1)

α
. (2.68)

J

2.2 Current and charge densities

Let us consider the motion of n charged particles with charge qn at
the coordinate xn. In this case, the current density associated with
the system is given by

J(x) =
∑

n

qn
dxn(t)

dt
δ3 (x− xn(t)) . (2.69)

Similarly, the charge density of the system is given by
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ρ(x) =
∑

n

qnδ
3 (x− xn(t)) . (2.70)

If we identify x0n(t) = t, then we note that we can write the charge
density also as

ρ(x) =
∑

n

qnδ
3(x− xn(t))

=
∑

n

qn

∫
dt′ δ3(x− xn(t

′)) δ(t − t′)

=
∑

n

qn

∫
dt′ δ4

(
x− xn(t

′)
)

=
∑

n

qn

∫
dτ

dt′

dτ
δ4(x− xn(τ))

=

∫
dτ
∑

n

qn
dx0n(τ)

dτ
δ4 (x− xn(τ)) , (2.71)

where in the intermediate step we have changed the integration over
t′ to that over the proper time τ . Similarly, the current density can
be rewritten as

J(x) =
∑

n

qn
dxn(t)

dt
δ3 (x− xn(t))

=

∫
dτ
∑

n

qn
dxn(τ)

dτ
δ4 (x− xn(τ)) . (2.72)

It is suggestive, therefore, to combine both the current and the charge
densities into a four vector of the form

Jµ(x) = (ρ(x),J(x))

=

∫
dτ
∑

n

qn
dxµn(τ)

dτ
δ4 (x− xn(τ)) , (2.73)



48 2 Relativistic dynamics

where the time component of the current density four vector in (2.73)
is the charge density of the system while the space components yield
the (three dimensional) current density. The four vector nature of
the current density is obvious from the fact that the proper time does
not change under a Lorentz transformation and

δ4(x) → δ4(Λx) =
1

|det Λ| δ
4(x) = δ4(x), (2.74)

where in the last step we have used the fact that we are consider-
ing only proper Lorentz transformations with detΛ = 1 (see (1.68)).
Therefore, we see that Jµ has the same Lorentz transformation prop-
erties as xµ which is a four vector.

Furthermore, we note that

∂µJ
µ(x) =

∂

∂xµ
Jµ(x)

=
∂

∂xµ

∫
dτ
∑

n

qn
dxµn(τ)

dτ
δ4 (x− xn(τ))

=

∫
dτ
∑

n

qn
dxµn(τ)

dτ

∂

∂xµ
δ4 (x− xn(τ))

=

∫
dτ
∑

n

qn
dxµn(τ)

dτ

(
− ∂

∂xµn(τ)
δ4 (x− xn(τ))

)

=

∫
dτ
∑

n

qn

(
− d

dτ
δ4 (x− xn(τ))

)

=

∫
dτ
∑

n

(
dqn
dτ

)
δ4 (x− xn(τ)) = 0. (2.75)

Thus we see that the current is conserved (qn is a constant) and,
written out explicitly, equation (2.75) has the form of the familiar
continuity equation, namely,
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∂µJ
µ = 0,

or, ∂0J
0 + ∂iJ

i = 0,

or,
∂ρ

∂t
+∇ · J = 0. (2.76)

This shows that the continuity equation (2.75) or (2.76) is Lorentz
invariant (holds in any Lorentz frame).

Once we have a conservation law (conserved current density),
we can define a conserved charge as

Q =

∫
d3x J0(x, t) = Q(t). (2.77)

That this is a constant in time (conserved) can be seen as follows,

dQ

dt
=

∫
d3x

∂J0(x, t)

∂t

=

∫
d3x

∂ρ (x, t)

∂t
=

∫
d3x (−∇ · J(x, t)) = 0, (2.78)

where we have used the continuity equation (2.76) and the right
hand side vanishes because of Gauss’ theorem if the currents vanish
at large separations. Thus, we obtain

dQ

dt
= 0. (2.79)

We can further show that the conserved charge Q is not only
constant but is also a Lorentz scalar in the following way. Since

Q =

∫
d3x J0(x, t), (2.80)

and since J0 behaves like the time component of a four vector under
a Lorentz transformation, the charge must transform as

Q ∼
∫

d4x = Lorentz invariant. (2.81)
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A more rigorous way of seeing this is as follows. Let us consider the
integral

I =

∫
d4x ∂µ (J

µ(x, t)θ(n · x)) , (2.82)

where nµ is a time-like unit vector and

θ(z) =

{
1 if z > 0,

0 if z < 0,
(2.83)

represents the step function. Therefore, writing out explicitly we
have

I =

∫
d4x

[
∂0
(
J0(x, t)θ(n · x)

)
+ ∂i

(
J i(x, t)θ(n · x)

)]
. (2.84)

The spatial divergence, of course, vanishes because of Gauss’ theorem
so that we can write

I =

∫
d4x ∂0

(
J0(x, t)θ(n · x)

)
. (2.85)

If we now identify nµ = (1, 0, 0, 0) and do the time integral then we
have

I =

∫
dt d3x ∂0

(
J0(x, t)θ (t)

)

=

∫
d3x J0(x, t)θ (t)

∣∣∣∣
t=∞

t=−∞

=

∫
d3x J0(x, t = ∞) = Q(∞) = Q, (2.86)

since Q is a constant. Thus we conclude that we can write
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Q =

∫
d4x ∂µ (J

µ(x, t)θ (n · x))

=

∫
d4x (∂µJ

µθ(n · x) + Jµ∂µθ(n · x))

=

∫
d4x Jµ(x)∂µθ(n · x). (2.87)

The Lorentz scalar nature of Q is now manifest since both d4x and
θ(n · x) are Lorentz invariant quantities.

2.3 Maxwell’s equations in the presence of sources

If there are charges and currents present, then we know that Maxwell’s
equations take the form (c = 1)

∇ ·E = ρ,

∇ ·B = 0,

∇×E = −∂B
∂t
,

∇×B =
∂E

∂t
+ J, (2.88)

where ρ and J denote the charge density and the current density
respectively (produced by the charged matter). We have already
seen in (2.73) that ρ and J can be combined into a four vector

Jµ = (ρ,J) . (2.89)

Furthermore, we have also seen in (1.76) and (1.77) that the electric
field E and the magnetic field B can be combined into the field
strength tensor Fµν such that

F0i = Ei,

Fij = −εijkBk. (2.90)
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The dual field strength tensor in (1.81) leads to the components

F̃0i = Bi,

F̃ij = εijkEk. (2.91)

As a result, in the presence of sources we can write Maxwell’s
equations (2.88) as

∂µFµν = Jν , ∂µF̃µν = 0. (2.92)

That these give the correct Maxwell’s equations can be seen as fol-
lows. Let ν = 0 in the first of the two equations in (2.92) which leads
to

∂µFµ0 = J0,

or, ∂iFi0 = ρ,

or, (−∇) · (−E) = ∇ ·E = ρ. (2.93)

Similarly, choosing ν = j, we obtain

∂µFµj = Jj ,

or, ∂0F0j + ∂iFij = Jj ,

or,
∂Ej

∂t
+ ∂i (−εijkBk) = Jj ,

or,
∂E

∂t
+ (−∇)×B = −J,

or, ∇×B =
∂E

∂t
+ J. (2.94)

These give two of Maxwell’s equations with sources in (2.88). The
other two equations which are unaltered in the presence of charges
and currents (compare with (1.51)) are still given by the equation
involving the dual field strength tensor (as in (1.82))
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∂µF̃µν = 0, (2.95)

which can also be written as the Bianchi identity

∂µFνλ + ∂νFλµ + ∂λFµν = 0. (2.96)

(The Bianchi identity can be explicitly checked to be true from the
definition of the field strength tensor in (1.83).)

The Lorentz covariance of the equations can be seen from the
fact that

∂µFµν → ∂′ µF ′
µν =

(
Λµ

µ′∂
µ′
)(

Λ λ
µ Λ ρ

ν

)
Fλρ

= Λµ
µ′Λ

λ
µ Λ ρ

ν ∂µ
′

Fλρ

= δ λ
µ′ Λ ρ

ν ∂µ
′

Fλρ

= Λ ρ
ν ∂λFλρ = Λ ρ

ν ∂µFµρ. (2.97)

Similarly,

Jν → J ′
ν = Λ ρ

ν Jρ. (2.98)

Therefore, it is clear that the equation

∂µFµν = Jν , (2.99)

maintains its form in all Lorentz frames. In other words, if the above
equation is true in one frame, then in a different Lorentz frame the
equation has the same form, namely,

∂′ µF ′
µν = J ′

ν . (2.100)
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2.4 Motion of a charged particle in EM field

If a charged particle with charge q is moving with a non-relativistic
velocity v in an electromagnetic field, then we know that it experi-
ences a force (Lorentz force) given by (c = 1)

F(NR) = q (E+ v ×B) . (2.101)

If the particle is at rest then, of course, the force is purely electrostatic
and is given by

F(rest) = qE. (2.102)

We note that we can generalize this to the relativistic electro-
magnetic force experienced by a particle in the four vector notation
as

fµ = qFµ
ν

dxν

dτ
= qFµ

νu
ν . (2.103)

For example, this force is by construction orthogonal to the four
velocity (as we would expect, see (2.9))

fµuµ = qFµ
νu

νuµ = qFµνu
µuν = 0, (2.104)

which follows from the anti-symmetry of the field strength tensor.
Furthermore, in the rest frame of the particle (dxdt = 0), it is clear
that

f0(rest) = qF 0
ν

dxν

dτ
= qF 0

i

dxi

dτ
= 0,

f i(rest) = qF i
ν

dxν

dτ

= q

(
F i

0

dx0

dτ
+ F i

j

dxj

dτ

)

= qF i
0

dx0

dτ
= qF i

0 = −qFi0 = qF0i = qEi,

or, f(rest) = qE, (2.105)
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as we would expect. Here we have used the fact that in the rest frame
of the particle x0 = t = τ . For a non-relativistic particle (v � 1), on
the other hand, we note from (2.103) that

f i(NR) = qF i
ν

dxν

dτ

= q

(
F i

0

dx0

dτ
+ F i

j

dxj

dτ

)

= q

(
F0i

dx0

dt

dt

dτ
− Fij

dxj

dt

dt

dτ

)

= q
dt

dτ

(
F0i + εijkBkv

j
)
,

or, f(NR) = q
dt

dτ
(E+ v ×B) = qγ(E+ v ×B)

= q(E+ v ×B) + 0
(
v3
)
. (2.106)

Furthermore, the time component of the force has the form

f0(NR) = qF 0
ν

dxν

dτ

= qF 0
i

dxi

dτ

= qF0i
dxi

dt

dt

dτ

= q v · E γ

= v · f(NR) = v · f(rest) + 0
(
v3
)
, (2.107)

which we can also identify with γv · f(rest). This, of course, also
gives the time rate of change of the energy of the particle in an
electromagnetic field. Thus, we see that the force four vector (2.103)
reduces to the appropriate limits and, therefore, we conclude that
the correct relativistic form of the equation of motion for a charged
particle in an electromagnetic field is given by

m
d2xµ

dτ2
= m

duµ

dτ
=

dpµ

dτ
= fµ = qFµ

ν

dxν

dτ
= qFµ

νu
ν . (2.108)



56 2 Relativistic dynamics

The non-relativistic form of the equation can be obtained in the
appropriate limit by using the components of the forces derived in
(2.106) and (2.107).

2.5 Energy-momentum tensor

Just as for a distribution of charged particles we can define a charge
density and a current density and combine them into a four vector,
similarly for a system of particles with nonzero momentum we can
define the following densities,

T µ0
(matter) =

∑

n

pµnδ
3 (x− xn(t))

=

∫
dτ
∑

n

pµn
dx0n(τ)

dτ
δ3 (x− xn(τ)) δ

(
t− x0n(τ)

)

=

∫
dτ
∑

n

pµn
dx0n(τ)

dτ
δ4 (x− xn(τ)) , (2.109)

T µi
(matter) =

∑

n

pµn
dxin(t)

dt
δ3 (x− xn(t))

=

∫
dτ
∑

n

pµn
dxin(τ)

dτ
δ3 (x− xn(τ)) δ

(
t− x0n(τ)

)

=

∫
dτ
∑

n

pµn
dxin(τ)

dτ
δ4 (x− xn(τ)) . (2.110)

Therefore, we see that we can combine the two expressions in (2.109)
and (2.110) to form a second rank tensor density

T µν

(matter) =

∫
dτ
∑

n

pµn
dxνn
dτ

δ4 (x− xn(τ)) . (2.111)

Furthermore, if we use the definition of the momentum for a rela-
tivistic particle (see (2.11))

pµn = m
dxµn
dτ

, (2.112)
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we see that the tensor T µν in (2.111) is a symmetric second rank
tensor density and can be written as

T µν
(matter) = m

∫
dτ
∑

n

dxµn
dτ

dxνn
dτ

δ4 (x− xn(τ))

= T νµ
(matter). (2.113)

This is known as the stress tensor density or the energy momentum
tensor density of the system of particles.

Let us next note that

∂µT
µν
(matter) =

∂

∂xµ
T µν
(matter)

=
∂

∂xµ
m

∫
dτ
∑

n

dxµn
dτ

dxνn
dτ

δ4 (x− xn(τ))

= m

∫
dτ
∑

n

dxµn
dτ

dxνn
dτ

∂

∂xµ
δ4 (x− xn(τ))

= m

∫
dτ
∑

n

dxµn
dτ

dxνn
dτ

(
− ∂

∂xµn(τ)
δ4 (x− xn(τ))

)

= m

∫
dτ
∑

n

dxνn
dτ

(
− d

dτ
δ4 (x− xn(τ))

)

=
∑

n

∫
dτ pνn

(
− d

dτ
δ4 (x− xn(τ))

)

=
∑

n

∫
dτ

dpνn
dτ

δ4 (x− xn(τ))

=

∫
dτ

∑

n

f νnδ
4 (x− xn(τ)) . (2.114)

We note that, unlike the current density in (2.73) where the coef-
ficients qn are time independent (see also (2.75)), here pµn’s are, in
general, time dependent. Therefore, only if the total force acting on
the individual particles of the system is zero, then we have
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∂µT
µν
(matter) = 0. (2.115)

Namely, the energy momentum tensor for matter in (2.111) or (2.113)
is conserved only in the absence of external forces and in this case
we can define the charge associated with this tensor density as

Pµ

(matter)(t) =

∫
d3x T 0µ

(matter) =

∫
d3x T µ0

(matter), (2.116)

which is easily seen to be conserved (see (2.78)), namely,

dPµ

(matter)

dt
= 0. (2.117)

We note from (2.111) or (2.113) that

Pµ
(matter) =

∫
d3x T 0µ

(matter) =

∫
d3x T µ0

(matter)

=

∫
d3x

∫
dτ
∑

n

pµn
dx0n
dτ

δ4 (x− xn(τ))

=
∑

n

∫
d4x pµn δ

4 (x− xn(τ))

=
∑

n

pµn. (2.118)

In other words, the conserved charge in this case is the sum of the
momenta of individual particles (total momentum of the system) and
it is clear that under a Lorentz transformation it transforms like a
contravariant four vector.

On the other hand, if there are external forces acting on the
system, we have seen in (2.114) that the divergence of the energy
momentum tensor density (stress tensor density) of the system of
particles is not zero and is given by

∂µT
µν
(matter) =

∫
dτ
∑

n

f νnδ
4 (x− xn(τ)) . (2.119)



2.5 Energy-momentum tensor 59

Let us assume, for example, that the particles carry individual charges
qn and that the force they experience is due to the presence of an
external electromagnetic field. In this case, we can write (see (2.103))

∂µT
µν

(matter) =

∫
dτ
∑

n

f ν
n δ4 (x− xn(τ))

=

∫
dτ
∑

n

qnF
ν
λ

dx λ
n

dτ
δ4 (x− xn(τ))

= F ν
λ

∫
dτ
∑

n

qn
dx λ

n

dτ
δ4 (x− xn(τ)) , (2.120)

where we have used the fact that the external field depends only on
x and, therefore, can be taken outside the sum and the integral. The
rest of the expression together with the integral sign is simply the
current density which we have defined earlier in (2.73) and hence we
obtain

∂µT
µν
(matter) = F ν

λJ
λ. (2.121)

To understand better what this means, let us define a second
rank symmetric tensor from the electromagnetic field strength tensor
(so that it is gauge invariant) in the following way

T µν
(em) = T νµ

(em) = −Fµ
λF

νλ +
1

4
ηµνFλδF

λδ. (2.122)

We can work out the explicit forms of the components of this tensor
density associated with the electromagnetic field from its definition
in (2.122)

T 00
(em) = −F 0µF 0

µ +
1

4
η00FµνF

µν

= −F 0iF 0
i +

1

4

(
F0iF

0i + Fi0F
i0 + FijF

ij
)

= F0iF0i +
1

4
(−2F0iF0i + (−εijkBk) (−εij`B`))
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= EiEi −
1

2
EiEi +

1

2
BiBi

=
1

2

(
E2 +B2

)
,

T 0i
(em) = −F 0µF i

µ +
1

4
η0iFµνF

µν

= −F 0jF i
j

= − (−F0j) (−Fij) = −F0jFij

= −Ej (−εijkBk) = εijkEjBk = (E×B)i. (2.123)

This shows that the expressions for T 00
(em) and T

0i
(em) lead respectively

to the correct energy and momentum (recall the Poynting vector)
densities for the electromagnetic field as we know from electrody-
namics. Therefore, we can identify T µν

(em) in (2.122) with the stress
tensor density of the electromagnetic field.

It follows now from its definition in (2.122) that

∂µT
µν
(em) = −(∂µF

µ
λ)F

νλ − Fµ
λ∂µF

νλ +
1

2
ηµν(∂µF

λρ)Fλρ

= −(∂µF
µ
λ)F

νλ − Fµλ∂
µF νλ +

1

2
(∂νF λρ)Fλρ

= −(∂µF
µ
λ)F

νλ +
1

2
Fλρ

(
∂ρF νλ + ∂λF ρν

)
+

1

2
(∂νF λρ)Fλρ

= −(∂µF
µ
λ)F

νλ +
1

2
Fλρ

(
∂νF λρ + ∂λF ρν + ∂ρF νλ

)

= −(∂µF
µ
λ)F

νλ = −JλF νλ = −F ν
λJ

λ. (2.124)

Here, in the intermediate steps we have used the Bianchi identity
(see the discussion following (2.95))

∂µFνλ + ∂νFλµ + ∂λFµν = 0, (2.125)

as well as Maxwell’s equations (2.92) in the presence of sources

∂µF
µν = Jν . (2.126)

Thus, we see from (2.121) and (2.124) that
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∂µT
µν
(matter) = F ν

λJ
λ = −∂µT µν

(em), (2.127)

which shows that if we define the total energy momentum tensor den-
sity of the system of particles as well as the electromagnetic radiation
field as

T µν
(total) = T µν

(matter) + T µν
(em)

=

∫
dτ
∑

n

p µ
n

dx ν
n

dτ
δ4 (x− xn(τ))

−FµλF ν
λ +

1

4
ηµνF λρFλρ, (2.128)

then we have

∂µT
µν
(total) = 0. (2.129)

Namely, the total stress tensor density associated with the system
including matter and radiation is conserved. (The energy momentum
tensor density of an isolated system is divergence free because of
Poincaré invariance.)

2.6 Angular momentum

Once we know that the energy momentum tensor density of an iso-
lated system is conserved, we can construct other tensor densities
from this, which would also be conserved. For example, given

∂µT
µν = 0 = ∂νT

µν , T µν = T νµ, (2.130)

let us define

Mλµν ≡ xµT νλ − xνT µλ. (2.131)

We note that by construction this tensor density is anti-symmetric
in the last two indices, namely,
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Mλµν = −Mλνµ. (2.132)

We also recognize that it is divergence free in the first index, namely,

∂λM
λµν =

∂

∂xλ

(
xµT νλ − xνT µλ

)

=
(
δµλT

νλ + xµ∂λT
νλ − δνλT

µλ − xν∂λT
µλ
)

= T νµ − T µν = 0, (2.133)

where we have used the fact that the stress tensor is symmetric and
conserved (see (2.130)). Furthermore, since Mλµν is conserved in its
first index, we can construct the charge associated with this tensor
density as

Jµν =

∫
d3x M0µν = −Jνµ. (2.134)

We can show (in the standard manner, see (2.78)) that this tensor is
constant in time (conserved) and transforms like an anti-symmetric
second rank tensor under a Lorentz transformation. To see what
such a conserved charge corresponds to, let us look at a system of
free particles for which

M0ij = xiT j0 − xjT i0

= xi
∑

n

pjnδ
3(x− xn(t))− xj

∑

n

pinδ
3(x− xn(t))

=
∑

n

(
xinp

j
n − xjnp

i
n

)
δ3(x− xn(t))

=
∑

n

εijkL
k
nδ

3(x− xn(t)). (2.135)

In other words, the space components of the tensor density M0µν

correspond to the angular momentum density of the system of parti-
cles. Hence we can identify Jµν = −Jνµ as the generalized relativistic
angular momentum of the system.
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The angular momentum of a particle, of course, consists of two
parts, the orbital angular momentum and the internal angular mo-
mentum. The internal angular momentum is isolated by defining the
Pauli-Lubanski spin four vector as

sµ =
1

2
εµνλρJ

νλuρ, (2.136)

where Jνλ, uρ denote the generalized angular momentum (2.134) and
the four velocity (2.5) respectively. sµ is a constant (time indepen-
dent) four vector for a free particle which can be seen from

dsµ
dt

=
1

2
εµνλρJ

νλ duρ

dt
= 0, (2.137)

where we have used the fact that Jµν is time independent and that
in the absence of forces, the four velocity does not depend on time
either. We note that in the rest frame of the particle

uµ = (1, 0, 0, 0), (2.138)

the components of sµ take the forms (in the rest frame, there is no
orbital angular momentum)

s
(rest)
i =

1

2
εijkJ

jk = spin angular momentum, (2.139)

s
(rest)
0 = 0. (2.140)

Furthermore, although sµ may appear to have four independent com-
ponents, it actually has three since it has to satisfy the constraint

uµsµ = 0, (2.141)

in any frame of reference which follows from its definition in (2.136).
(This is like the constraint on the relativistic force four vector derived
in (2.9).)
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Chapter 3

Principle of general covariance

3.1 Principle of equivalence

Let us consider a particle moving in a static, uniform gravitational
field as well as under the influence of other (translation invariant)
inertial forces. The equation of motion according to Newton, in this
case, would be given by

m
d2x

dt2
= mg +

∑

n

Fn(x− xn), (3.1)

where the acceleration due to gravity g is assumed to be a space and
time independent constant and the Fn(x − xn)’s represent inertial
forces. As a consequence of the fact that the inertial and the gravita-
tional masses are the same (see (1.43)), we conclude from (3.1) that
we can transform away the gravitational force, in the present case,
by a simple coordinate redefinition, namely, if we let

x → x− 1

2
gt2, (3.2)

we can write the equation of motion (3.1) as

m
d2x

dt2
=
∑

n

Fn(x− xn). (3.3)

In other words, in this case we can always find a coordinate system
where the effects of a static uniform gravitational field would dis-
appear. (In this case, the new frame of reference would correspond
to a uniformly accelerated frame.) In this sense, we can think of

65
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a static uniform gravitational force as being an apparent force or a
pseudoforce.

Let us see physically what this example implies. Consider a
person (observer) in an elevator (laboratory) in space (say, in a space
ship) who performs the following experiment. He releases various
masses and finds that they all fall down with the same acceleration.
He wishes to find out the cause of the acceleration except that he
is not allowed to look outside the elevator. Clearly from all the
experiments that he can perform inside the elevator, he can conclude
that there exist only two possibilities for the source of acceleration:

1. There is a large gravitational mass attached to the bottom of
the elevator which pulls all particles downwards.

2. The other possibility is, of course, that the elevator is being
accelerated upwards uniformly so that all particles appear to
be falling downwards.

However, he cannot differentiate between the two possibilities. This
shows that the acceleration due to a static uniform gravitational force
is equivalent to the uniform acceleration due to an inertial force.
Therefore, by a suitable change of the coordinate system we can
transform away the effects of gravitation and the equations of motion
would take the same form as in an inertial reference frame without
gravitation.

There are two interesting issues that arise at this point. If the
above analogy is correct we can do the following experiment. Let
one side of the elevator be fitted with a source that emits a pulse
of light. Let the opposite side of the elevator be fixed with a de-
tector which receives the pulse. If the elevator is being accelerated
upwards we can calculate and show that the light ray would define
a parabolic trajectory as shown in Fig. 3.1. That is, its trajectory
would bend. However, if this is equivalent to the presence of a grav-
itational mass, then we would conclude that a light ray would bend
in the presence of a large gravitational mass. This was, of course,
a phenomenon unheard of in classical physics. However, Einstein
was so strongly convinced of the equivalence principle that he made
the daring prediction that light rays would bend in the presence of
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large gravitational masses. This was later verified experimentally by
Eddington. (We would do this calculation later in the course of the
lectures.)

Figure 3.1: Bending of light in a space ship.

The second question we need to ask is what happens to this
equivalence in the presence of a non-static and nonuniform gravita-
tional field. Pulsars and other astrophysical objects provide physical
examples of non-static gravitational sources. Our own earth provides
an example of a nonuniform gravitational field since all particles are
attracted radially towards the center of the earth. It is not possible
to balance such nonuniform accelerations by any linear inertial ac-
celeration as shown in Fig. 3.2. Therefore, in such a case the two
situations would be distinguishable. In the background of a non-
static and nonuniform gravitational force particles would feel tidal
forces which would lead their trajectories to deviate from the vertical
straight line motion. These geodesic deviations, of course, would al-
low one to detect the presence of gravitation. However, if we restrict
ourselves to very small regions of space (and time) then the gravita-
tional field would be uniform and in such regions it would again be
impossible to detect the presence of gravitation.

These observations led to the formulation of the principle of
equivalence. It says that at every space-time point in an arbitrary
gravitational field, it is always possible to choose a locally inertial
frame such that within a sufficiently small region around the point
in question, the laws of nature take the same form as in inertial
Cartesian coordinate systems in the absence of gravitation.

Some comments are in order here. First of all, note that this is
what is usually referred to as the strong principle of equivalence. If



68 3 Principle of general covariance

Figure 3.2: The effect of gravitation is represented on the left diagram
while the right denotes linear acceleration.

the phrase “laws of nature” is replaced by “laws of motion of freely
falling (moving) particles”, then it is referred to as the weak principle
of equivalence. Furthermore, we are yet to specify what we mean by
the form of the laws of nature. If we choose the laws of nature as those
invariant under Lorentz transformations then we are led to what is
known as the Einstein’s theory of gravity or the general theory of
relativity. However, if we choose the laws of nature in the Cartesian
frame to satisfy Galilean invariance, we obtain the Newton-Cartan
theory of gravity. We note that these theories have essentially very
different characters. In the case of Lorentz invariance we can define
a four dimensional invariant length (c = 1)

ds2 = dτ2 = dt2 − dx2, (3.4)

so that such theories admit a nontrivial metric and lead to met-
ric (Riemannian) theories of gravitation. However, in the case of
Galilean invariance we cannot define a four dimensional invariant
length. Theories with Galilean invariance, therefore, do not admit
a metric and hence lead to non-metric (non-Riemannian) theories
of gravitation. We will concern ourselves only with laws of nature
that remain invariant under a Lorentz transformation of the inertial
frames.

The principle of equivalence further emphasizes that gravita-
tion is a kinematic effect. One of the interpretations of this is that a
gravitational field would not produce any new phenomenon that we
cannot observe in a Lorentz frame. However, the physical interpre-
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tations of the equivalence principle are still open to discussions.

Furthermore, let us also note the similarity between the equiv-
alence principle and the observations of Gauss. As we have already
discussed, Gauss had observed that even in a curved manifold we can
establish a locally Euclidean coordinate system (see the discussion
around (1.8)). Principle of equivalence, on the other hand, tells us
that even in the presence of a gravitational field we can find a locally
inertial Cartesian coordinate system. Correspondingly, we can think
of a gravitational field as producing curvature in the space-time man-
ifold and the effect of gravitation on a particle can then be simply
thought of as being equivalent to a particle moving in a curved geom-
etry. That this is plausible can be seen with the following examples.

Let us consider a sheet of rubber attached to some boundary so
that it is flat. If we now roll a steel ball on to the sheet, it is clear
that it would create some dip thereby producing a curvature in the
manifold of the rubber sheet. If we roll another steel ball onto the
rubber sheet it would again make a dip in the rubber sheet and it
would move towards the other steel ball giving the impression that
the two balls are attracted towards each other as indicated in Fig.
3.3. This shows that it is plausible to think of the effect of grav-
itation entirely as producing curvature in the space-time manifold.
Gravitational attraction between masses can then be thought of as
the motion of a particle in the curved manifold which is produced by
the distribution of all other masses.

Figure 3.3: Masses giving rise to curvature in a rubber sheet.

A second example is the movement of bugs on the surface of
a spherical apple. Let us allow two bugs at the equator to crawl
towards the north pole along straight paths as shown in Figure. 3.4.
Over a very small region (locally), they would, of course, appear
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to be moving parallel to each other. However, over a larger region
the paths would appear converging. This is what is known as the
geodesic deviation and we have noted this in connection with the
experiment in the elevator in Fig. 3.2. Furthermore, note that if
the apple has a stem, then the shape of the apple is not completely
spherical. Therefore, when the bugs crawl near the dimple caused
by the stem, there would be a large deflection in their paths. This
is similar to the deflection caused in the path of a comet by the sun.
It would appear as if the bugs are attracted by the stem and that is
the cause of the deflection in their paths.

Figure 3.4: Motion on the surface of an apple.

These examples illustrate that in Einstein’s view space-time is
curved due to a distribution of matter (masses) in the universe and
on this curved manifold freely moving particles follow the straightest
possible paths also known as geodesics. Locally the paths look like
the paths in a flat manifold. However, over a finite region it is the
geodesic deviation which exhibits the curved nature of the manifold.
The way in which the dimple around the stem gives the impression
of attraction corresponds to the fact that massive bodies modify the
space-time curvature in their vicinity and this modification affects
the geodesics in such a way as to give the impression that the free
particles are being acted on by a force whereas in reality they are
simply following the straightest paths in the curved space-time.

3.2 Principle of general covariance

In the case of Lorentz transformations we have observed that the
length interval (c = 1)
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ds2 = dτ2 = ηµνdx
µdxν , (3.5)

remains invariant under a Lorentz transformation. We also know
that a Lorentz frame is a special Cartesian coordinate system. In
general for a curved manifold with a metric, the length interval is
defined as (recall (1.9))

ds2 = dτ2 = gµν(x)dx
µdxν . (3.6)

Furthermore, we can use different coordinate systems to describe
events but the essential point is that the length interval between any
two infinitesimally close events remains invariant under a general
coordinate transformation (change of coordinates). The principle
of general covariance further says that all physical equations are be
covariant under a general coordinate transformation. That is, they
retain their form under a general change of coordinates.

Let us examine the consequences of a general coordinate trans-
formation on tensors in some detail. Let us define an arbitrary coor-
dinate transformation of the form

xµ → x′µ = x′µ(x), (3.7)

so that

dxµ → dx′µ =
∂x′µ

∂xν
dxν . (3.8)

Any quantity V µ(x) which transforms like the coordinate differential
dxµ is called a contravariant vector. We note that in a curved man-
ifold, coordinates xµ are merely labels (and are not vectors unlike
the flat Minkowski space) and, therefore, their transformation sim-
ply defines four functions. It is worth emphasizing here that, unlike
flat space-time, here there is no concept of a coordinate xµ (since
xµ is not a vector, we cannot lower its index). It is the coordinate
differentials that behave like vectors. That is, under an arbitrary
coordinate transformation

xµ → x′µ = x′µ(x), (3.9)
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a contravariant vector V µ(x) transforms as

V µ(x) → V ′µ(x′) =
∂x′µ

∂xν
V ν(x). (3.10)

Furthermore, under such a coordinate transformation

∂µ =
∂

∂xµ
→ ∂′µ =

∂

∂x′µ
=

∂xν

∂x′µ
∂ν . (3.11)

The transformation matrix in (3.11) is, in fact, the inverse of the
transformation matrix in (3.10) and a vector Aµ(x) which transforms
like the gradient in (3.11) is called a covariant vector. Namely, under
a general coordinate transformation, a covariant vector transforms
as

Aµ(x) → A′
µ(x

′) =
∂xν

∂x′µ
Aν(x). (3.12)

The transformation

xµ → x′µ = x′µ(x), (3.13)

implies an inverse relation of the form (the coordinate transformation
is assumed to be invertible)

xµ = xµ(x′), (3.14)

from which we can calculate the transformation matrix ∂xν

∂x′µ in (3.12).
Note that unlike Lorentz transformations, these coordinate transfor-
mations do not have to be linear.

Once we know how covariant and contravariant vectors trans-
form under a coordinate change we can look for many other inter-
esting consequences. First of all, we note that under a general coor-
dinate change the scalar product of a covariant and a contravariant
vector would transform as
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Aµ(x)B
µ(x) → A′

µ(x
′)B′µ(x′)

=
∂xν

∂x′µ
Aν(x)

∂x′µ

∂xλ
Bλ(x)

=
∂xν

∂x′µ
∂x′µ

∂xλ
Aν(x)B

λ(x)

= δνλAν(x)B
λ(x) = Aλ(x)B

λ(x). (3.15)

In other words, the scalar product of two vectors and, therefore, the
length of a vector behaves like a scalar (invariant) under an arbitrary
change of coordinates. Furthermore, since the scalar product of two
vectors can also be written in terms of the metric tensor, we conclude
that

Aµ(x)B
µ(x) = gµν(x)A

µ(x)Bν(x)

→ g′µν(x
′)A′ µ(x′)B′ ν(x′)

= g′µν(x
′)
∂x′µ

∂xλ
Aλ(x)

∂x′ ν

∂xρ
Bρ(x)

= g′µν(x
′)
∂x′µ

∂xλ
∂x′ ν

∂xρ
Aλ(x)Bρ(x)

= gλρ(x)A
λ(x)Bρ(x). (3.16)

Therefore, this determines

g′µν(x
′)
∂x′µ

∂xλ
∂x′ ν

∂xρ
= gλρ(x),

or, g′µν(x
′) =

∂xλ

∂x′µ
∂xρ

∂x′ν
gλρ(x). (3.17)

Note that we can write the scalar product of two vectors also as
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Aµ(x)B
µ(x) = gµν(x)Aµ(x)Bν(x)

→ g′µν(x′)A′
µ(x

′)B′
ν(x

′)

= g′µν(x′)
∂xλ

∂x′µ
Aλ(x)

∂xρ

∂x′ ν
Bρ(x)

= g′µν(x′)
∂xλ

∂x′µ
∂xρ

∂x′ ν
Aλ(x)Bρ(x)

= gλρ(x)Aλ(x)Bρ(x). (3.18)

Therefore, we obtain

g′µν(x′)
∂xλ

∂x′µ
∂xρ

∂x′ ν
= gλρ(x),

or, g′µν(x′) =
∂x′µ

∂xλ
∂x′ ν

∂xρ
gλρ(x), (3.19)

so that the covariant and the contravariant metric tensors trans-
form as second rank covariant and contravariant tensors respectively.
They maintain their symmetry properties under a coordinate trans-
formation. However, note that unlike the case of Lorentz transfor-
mations, here the metric tensors change under a coordinate transfor-
mation (they are not invariant tensors).

Note also that the Kronecker delta defined as the product of
the contravariant and the covariant metric tensor transforms as

δµν = gµλ(x)gλν(x)

→ g′µλ(x′)g′λν(x
′)

=
∂x′µ

∂xρ
∂x′λ

∂xσ
gρσ(x)

∂xτ

∂x′λ
∂xδ

∂x′ ν
gτδ(x)

=
∂x′µ

∂xρ
∂x′λ

∂xσ
∂xτ

∂x′λ
∂xδ

∂x′ ν
gρσ(x)gτδ(x)

=
∂x′µ

∂xρ
δτσ

∂xδ

∂x′ν
gρσ(x)gτδ
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=
∂x′µ

∂xρ
∂xδ

∂x′ ν
gρσ(x)gσδ(x)

=
∂x′µ

∂xρ
∂xδ

∂x′ ν
δρδ =

∂x′µ

∂xρ
∂xρ

∂x′ ν
= δµν . (3.20)

This shows that the Kronecker delta which is a mixed second rank
tensor is really an invariant tensor under an arbitrary change of the
coordinate system.

It is clear now that, under a general coordinate transformation,
a contravariant tensor of rank n would transform as

T µ1µ2...µn(x) → T ′µ1µ2...µn(x′)

=
∂x′µ1

∂xν1
∂x′ µ2

∂xν2
· · · ∂x

′µn

∂xνn
T ν1ν2···νn(x). (3.21)

Similarly a covariant tensor of rank n would transform as

Tµ1µ2...µn(x) → T ′
µ1µ2...µn

(x′)

=
∂xν1

∂x′µ1

∂xν2

∂x′µ2
· · · ∂xνn

∂x′µn
Tν1ν2···νn(x), (3.22)

while for a mixed tensor, we have

T µ1...µm
ν1...νn

(x) → T ′µ1...µm
ν1...νn

(x′)

=
∂x′µ1

∂xλ1

∂x′µ2

∂xλ2
· · · ∂x

′µm

∂xλm
∂xρ1

∂x′ ν1
· · · ∂xρn

∂x′ νn
T λ1...λm

ρ1...ρn
(x).

(3.23)

We note that a tensor retains its symmetry properties under a general
coordinate transformation. Furthermore, it is worth recognizing here
that the transformation properties in (3.21)-(3.23) have the same
forms as we have seen in Minkowski space, (1.88), (1.96), (1.97), if
we identify

Λµ
ν(x) =

∂x′µ

∂xν
, Λ ν

µ (x) =
∂xν

∂x′µ
, (3.24)
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and allow the transformation matrices to be coordinate dependent.
Furthermore, it is important to recognize that the transformation
matrices in (3.24) should not be thought of as tensors in a curved
manifold.

3.3 Tensor densities

In addition to tensors, in a curved manifold we also come across ten-
sor densities. The most familiar example of a density is, of course,
the volume element (of the manifold). We note that in flat space,
the volume element remains invariant under a proper Lorentz trans-
formation, namely,

d4x→ d4x′ =

∣∣∣∣∣
∂x

′ µ

∂xν

∣∣∣∣∣ d
4x = (det Λµ

ν) d
4x = d4x, (3.25)

where
∣∣∣∂x′

∂x

∣∣∣ is the Jacobian of the transformation and we have used

the fact that, for a proper Lorentz transformation, (see (1.68))

det Λµ
ν = 1. (3.26)

(In fact, we have already used the invariance of the volume element in
(2.87) to show that the conserved charge is a Lorentz scalar.) How-
ever, under a general coordinate transformation in a curved manifold

d4x→ d4x′ =

∣∣∣∣
∂x′

∂x

∣∣∣∣ d4x =

(
det

∂x′µ

∂xν

)
d4x, (3.27)

where the Jacobian is no longer unity and we see that the volume
element in a curved manifold behaves like a scalar except for this
determinant factor. We call such a quantity a scalar density of weight
+1 where the weight is determined from the power of the determinant

of the transformation matrix ∂x
′µ

∂xν
that arises under a coordinate

transformation. It is, of course, important to know that the four
volume is a scalar density because to form a scalar action (which is
invariant under a general coordinate transformation) for a dynamical
system
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S =

∫
d4x L, (3.28)

we then need to choose a Lagrangian density L for the dynamical
system such that it transforms like a scalar density of weight −1
under a general coordinate transformation.

Another scalar density that frequently arises in the study of
gravitation (metric spaces) is the determinant of the covariant metric
tensor

g = det gµν . (3.29)

Since under a coordinate transformation (see (3.17))

gµν(x) → g′µν(x
′) =

∂xλ

∂x′µ
∂xρ

∂x′ ν
gλρ(x), (3.30)

it follows that

g → g′ = det g′µν(x
′)

= det
∂xλ

∂x′µ
det

∂xρ

∂x′ ν
det gλρ

=

∣∣∣∣
∂x

∂x′

∣∣∣∣
2

g

=

∣∣∣∣
∂x′

∂x

∣∣∣∣
−2

g. (3.31)

Therefore, the determinant of the covariant metric gµν transforms as
a scalar density of weight −2. The last step in (3.31) follows from
the observation (through the use of chain rule) that

∂x′ λ

∂xµ
∂xµ

∂x′ ν
=
∂x′λ

∂x′ ν
= δλν , (3.32)

and, therefore,
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∣∣∣∣
∂x′

∂x

∣∣∣∣
∣∣∣∣
∂x

∂x′

∣∣∣∣ = 1,

or,

∣∣∣∣
∂x

∂x′

∣∣∣∣ =
∣∣∣∣
∂x′

∂x

∣∣∣∣
−1

. (3.33)

Since gµν and gµν transform inversely under a general coordinate
transformation, we have (see (3.19))

det gµν(x) → det g′ µν(x′)

= det
∂x′µ

∂xλ
det

∂x′ ν

∂xρ
det gλρ(x)

=

∣∣∣∣
∂x′

∂x

∣∣∣∣
2

det gλρ(x), (3.34)

so that det gµν(x) transforms like a scalar density of weight +2. This
tells us that we can obtain a scalar action from a scalar Lagrangian
density (with weight zero) as

S =

∫
d4x

√−g L. (3.35)

In other words
√−g d4x defines the invariant volume element in a

curved manifold ((−g) is positive in any even dimension with our
choice of signatures for the metric (1.55)).

These are, of course, all scalar densities. But there is also a
tensor density that is quite useful in curved manifolds. It is the Levi-
Civita tensor density εµνλρ (in four dimensions), which is completely
anti-symmetric and has constant components in any reference frame
(this is what we normally know as the Levi-Civita tensor in flat
space-time)

εµνλρ =





+1 if µνλρ are even permutations of 0,1,2,3,

−1 if µνλρ are odd permutations,

0 if any two indices are the same.

(3.36)
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We note that if it were a true tensor, under a change of coordinates,
it would transform as

εµνλρ → ε′µνλρ =
∂x′µ

∂xκ
∂x′ ν

∂xσ
∂x′λ

∂xη
∂x′ ρ

∂xξ
εκσηξ. (3.37)

But by definition of a determinant the right hand side is nothing
other than εµνλρ multiplied by the Jacobian of the transformation.
Namely,

εµνλρ → ∂x′µ

∂xκ
∂x′ ν

∂xσ
∂x′λ

∂xη
∂x′ ρ

∂xξ
εκσηξ

=

(
det

∂x
′ κ

∂xσ

)
εµνλρ =

∣∣∣∣
∂x′

∂x

∣∣∣∣ ε
µνλρ. (3.38)

Consequently, we see that if εµνλρ were a true tensor then it would
transform as in (3.38) and, in such a case, it cannot be constant
in any arbitrary frame (it will have different coordinate dependent
values for its components in different frames). In other words, we
can no longer say that in the new frame

εµνλρ =





+1 for even permutations,

−1 for odd permutations,

0 if any two indices are the same.

For this to be true, εµνλρ must transform under a coordinate change
as

εµνλρ →
∣∣∣∣
∂x

∂x′

∣∣∣∣
∂x′µ

∂xκ
∂x′ ν

∂xσ
∂x′ λ

∂xη
∂x′ ρ

∂xξ
εµνλρ

=

∣∣∣∣
∂x

∂x′

∣∣∣∣
∣∣∣∣
∂x′

∂x

∣∣∣∣ ε
µνλρ = εµνλρ. (3.39)

In other words the Levi-Civita tensor density must transform as a
tensor density of weight −1. Similarly the covariant Levi-Civita ten-
sor density must transform as a tensor density of weight +1, namely,
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εµνλρ →
∣∣∣∣
∂x′

∂x

∣∣∣∣
∂xκ

∂x′µ
∂xσ

∂x′ ν
∂xη

∂x′ λ
∂xξ

∂x′ ρ
εκσηξ

=

∣∣∣∣
∂x′

∂x

∣∣∣∣
∣∣∣∣
∂x

∂x′

∣∣∣∣ εµνλρ = εµνλρ. (3.40)

It is clear now that given any tensor density one can form a true
tensor in the following way. Let tµ1...µn be a tensor density of rank
n and weight w so that under a coordinate transformation

tµ1...µn →
∣∣∣∣
∂x′

∂x

∣∣∣∣
w ∂x′µ1

∂xν1
. . .

∂x′µn

∂xνn
tν1...νn . (3.41)

Let us now define the quantity

T µ1...µn =
(√−g

)w
tµ1...µn . (3.42)

Then clearly under a coordinate change

T µ1...µn →
(∣∣∣∣
∂x′

∂x

∣∣∣∣
−1√−g

)w ∣∣∣∣
∂x′

∂x

∣∣∣∣
w ∂x′µ1

∂xν1
· · · ∂x

′µn

∂xνn
tν1...νn

=
∂x′µ1

∂xν1
· · · ∂x

′µn

∂xνn

(√−g
)w

tν1...νn

=
∂x′µ1

∂xν1
· · · ∂x

′µn

∂xνn
T ν1...νn . (3.43)

In other words, T µ1...µn defined in (3.42) would behave like a true
tensor of rank n under a change of coordinates.

We now see that we can define the following tensors from the
Levi-Civita tensor densities

εµνλρ =
(√−g

)−1
εµνλρ,

εµνλρ =
√−g εµνλρ, (3.44)

which will transform as true fourth rank anti-symmetric tensors un-
der a general coordinate transformation, namely,
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εµνλρ → ∂x′µ

∂xκ
∂x′ ν

∂xσ
∂x′λ

∂xη
∂x′ ρ

∂xξ
εκσηξ ,

εµνλρ → ∂xκ

∂x′µ
∂xσ

∂x′ ν
∂xη

∂x′λ
∂xξ

∂x′ ρ
εκσηξ . (3.45)

However, it is clear that, unlike the Levi-Civita tensor densities, the
tensors in (3.44) would not have the form (3.36) in arbitrary coordi-
nate frames. Let us note from the transformation properties of the
Levi-Civita tensor densities, (3.39) and (3.40), that they can also be
used to form a scalar action out of a Lagrangian density involving
the anti-symmetric contravariant Levi-Civita tensor density (such as
in the case of spin 3

2 fields). Namely, this provides an alternative to
forming a scalar Lagrangian density with

√−g as in (3.35).
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Chapter 4

Affine connection and covariant

derivative

4.1 Parallel transport of a vector

In a curved manifold various geometric concepts are inherently more
involved than in a flat manifold. For example, let us discuss the
idea of parallel transport of vectors in a curved manifold. We need
to parallel transport a vector in order to define the derivative (of
the vector) which transforms covariantly under a general coordinate
transformation. We note that the derivative of a vector is conven-
tionally defined as

∂νA
µ(x) = lim

ε→0

Aµ(x+ εn)−Aµ(x)

ε
, (4.1)

where ε represents an infinitesimal (scalar) parameter while nµ de-
notes a unit vector along the fixed direction xν (along which the
derivative is taken). We see from this definition that the derivative
in (4.1) involves comparing the vector at two different (neighboring)
coordinates and, consequently, the difference is not a vector in gen-
eral. To compare the vector at two coordinates and thereby define
a derivative with covariant properties, we have to parallel transport
Aµ(x) to the point x+ εn such that the difference of the two will be
a vector.

Let us define the problem of parallel transport with a simple
example. Let us consider the surface of a sphere and take a vector at
the north pole pointing south along a given longitude. Let us move
it parallel to itself along the longitude. The naive idea of parallel
transport is, of course, to take the vector and put its tip on the
arrow so that its direction is always along the south and length the
same. When we reach the equator we move along the equator by an

83
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angle θ keeping the vector pointing south all along and then move
back up to the north pole along a different longitude. In this entire
operation we keep the vector pointing south throughout. However,
we note that when we reach the starting point, the transported vector
makes an angle θ with the starting vector. That is, we note that if
we follow our naive idea of parallel transport, then when we move
around a closed curve the initial and the final vectors are no longer
parallel. This is because the surface of a sphere is a curved manifold
and the parallel transport of a vector leads to new features.

θ

Figure 4.1: Parallel transport of a vector on the surface of a sphere.

Of course, the naive notion of parallel transport has to be mod-
ified even in the absence of curvature if we are using curvilinear
coordinates. We illustrate this with a simple example using polar
coordinates in the flat two dimensional space. First, let us look at
two vectors A and B at equidistant points from the origin in two
dimensions as shown in Fig. 4.2. If we use Cartesian coordinates,
then we can write

A = (A1, A2) , B = (B1, B2) . (4.2)

We say that B is the parallel transport of the vector A if the com-
ponents are equal, namely, if

A1 = B1, A2 = B2, (4.3)
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A

B

Figure 4.2: Parallel transport of a vector on the plane to an equidis-
tant point from the origin in Cartesian coordinates.

B represents the parallel transport of the vector A and it follows from
(4.3) that |A| = |B| (under parallel transport the length remains
invariant).

Let us now look at the same system in the polar coordinates
shown in Fig. 4.3. Then, clearly the components of the vector and
its parallel transport in polar coordinates are given by

A = (Ar, Aθ) = (A cos ξ,
A

r
sin ξ),

B = (Br, Bθ) = (B cos(ξ − dθ),
B

r
sin(ξ − dθ))

' (B(cos ξ + dθ sin ξ),
B

r
(sin ξ − dθ cos ξ)), (4.4)

where r denotes the radial coordinate of the two vectors (they are
equidistant from the origin). Here we have used the fact that in
polar coordinates, the angular component is divided by the radial
coordinate (recall that the angular component of the metric in polar
coordinates is r2) and have identified A = |A|, B = |B|. We see that
the components of the two vectors A and B are no longer identical
in polar coordinates (even if we assume A = B) even though B is the
parallel transport of A. That is, a vector being the parallel transport
of another does not necessarily imply that the components of the two
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A

B

dθ

ξ

Figure 4.3: Parallel transport of a vector on the plane to an equidis-
tant point in polar coordinates.

vectors have to be equal in a general curvilinear coordinate system.
In fact, even the coordinate axes change as we move from point to
point on the manifold.

That having equal components does not lead to parallel trans-
port in a curved manifold (or in curvilinear coordinates) can also be
seen in the following way. Let Aµ(x) be a vector at the point xµ and
let us assume that Aµ(x′) defines the vector at x′µ such that

Aµ(x) = Aµ(x′). (4.5)

Namely, let us assume that the components of the vectors are equal
at the two points so that we may naively conclude that Aµ(x′) is
the vector Aµ(x) parallel transported to the point x′µ. However, if
under parallel transport the lengths of the two vectors are the same,
namely,

gµν(x)A
µ(x)Aν(x) = gµν(x

′)Aµ(x′)Aν(x′), (4.6)

we conclude that this relation can be true only if

gµν(x) = gµν(x
′). (4.7)
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Namely, only if the manifold is flat or only if the metric does not
change with the coordinates of the manifold will the equality of com-
ponents of two vectors imply the lengths of the two vectors to be the
same. In general, on a curved manifold (or in curvilinear coordinates)

gµν(x) 6= gµν(x
′), (4.8)

and, therefore, parallel transport of vectors would imply

Aµ(x) 6= Aµ(x′). (4.9)

A constant vector is also against the spirit of general covariance.
For example, let us assume that in a coordinate system xµ the vector
A

µ
(x) has constant components. Then in a new coordinate system

xµ we have

Aµ(x) =
∂xµ

∂xλ
A

λ
(x), (4.10)

and clearly this cannot have constant components in all coordinate
systems since the transformation matrix is in general coordinate de-
pendent. (This is like the example of the vector in polar coordinates
that we have discussed in (4.4).) Let us, therefore, find out how a
constant vector in one coordinate system xµ changes in a different
coordinate system xµ as we move from one point to a neighboring
point on a curve parameterized by an invariant parameter τ (proper
time). In this case, we can represent the vector along the trajectory
xµ(τ) as

Aµ(x) = Aµ(x(τ)), (4.11)

from which it follows that
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dAµ(x(τ))

dτ
=

d

dτ

(
∂xµ

∂xλ
A

λ
(x)

)

=
∂2xµ

∂xλ∂xρ
dxρ

dτ
A

λ
(x)

=
∂2xµ

∂xλ∂xρ
∂xρ

∂xσ
dxσ

dτ

∂xλ

∂xν
Aν(x(τ))

=

(
∂2xµ

∂xλ∂xρ
∂xρ

∂xσ
∂xλ

∂xν

)
dxσ

dτ
Aν(x(τ))

= Γµ
σν

dxσ

dτ
Aν(x(τ)), (4.12)

where we have used (4.10) and have defined

Γµ
σν =

(
∂2xµ

∂xλ∂xρ
∂xρ

∂xσ
∂xλ

∂xν

)
. (4.13)

Although Γµ
σν is by definition symmetric in σ and ν, let us ignore

its actual form derived above and write the differential increment
of the vector Aµ(x(τ)) as we move along a curve to a neighboring
point as

dAµ = Γµ
σνdx

σAν , (4.14)

where we assume that Γµ
σν is a matrix of arbitrary form to be deter-

mined. This is known as the affine connection of the manifold and
is clearly needed to compare vectors at neighboring points along a
curve if we are in a curved manifold or if we are using curvilinear
coordinates.

What the above relation tells us is that if we have a vector
Aµ(x) at the point x, then its value when parallel transported to a
neighboring point x+ dx is given by

A∗ µ(x+ dx) = Aµ(x) + dAµ(x)

= Aµ(x) + Γµ
σν(x)dx

σAν(x). (4.15)
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Furthermore, if we want this to be a tensor relation valid in all co-
ordinate frames then we expect

A∗ ′µ(x′ + dx′) = A′µ(x′) + Γ′µ
σν(x

′)dx′σA′ ν(x′). (4.16)

If the parallel displacement (transport) does not change the vector
nature of Aµ, then we have

A′ µ(x′) =
∂x′µ

∂xλ
Aλ(x),

A∗′µ(x′ + dx′) =
∂x′µ

∂xλ

∣∣∣∣
x+dx

A∗λ(x+ dx). (4.17)

Using these, eq, (4.16) leads to

∂x′ µ

∂xλ

∣∣∣∣
x+dx

A∗λ(x+ dx) =
∂x′ µ

∂xλ
Aλ(x) + Γ′µ

σν(x
′)dx′σA′ ν(x′),

(4.18)

which can be written out explicitly as (see (4.15))

∂x′ µ

∂xλ

∣∣∣∣
x+dx

(
Aλ(x) + Γλ

κη(x)dx
κAη(x)

)

=
∂x′µ

∂xλ
Aλ(x) + Γ′µ

σν(x
′)dx′σA′ ν(x′). (4.19)

Furthermore, we can expand

∂x′ µ

∂xλ

∣∣∣∣
x+dx

=
∂x′µ

∂xλ
+

∂2x′µ

∂xη∂xλ
dxη + · · · , (4.20)

and keeping up to terms only linear in the increment dx we obtain
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∂x′ µ

∂xλ

(
Aλ(x) + Γλ

κη(x)dx
κAη(x)

)
+

∂2x′µ

∂xη∂xλ
dxηAλ(x)

=
∂x′µ

∂xλ
Aλ(x) + Γ′µ

σν(x
′)dx′σA′ ν(x′),

or, Γ′µ
σν(x

′)dx′σA′ ν(x′) =
∂x′ µ

∂xλ
Γλ
κηdx

κAη(x) +
∂2x′µ

∂xη∂xλ
dxηAλ(x)

=
∂x′µ

∂xλ
Γλ
κη(x)

∂xκ

∂x′σ
dx′σ

∂xη

∂x′ ν
A′ ν(x′)

+
∂2x′µ

∂xη∂xλ
∂xη

∂x′σ
dx′σ

∂xλ

∂x′ ν
A′ ν(x′),

or, Γ′µ
σν(x

′)dx′σA′ ν(x′)

=

(
∂x′µ

∂xλ
∂xκ

∂x′σ
∂xη

∂x′ ν
Γλ
κη(x) +

∂2x′µ

∂xη∂xλ
∂xη

∂x′σ
∂xλ

∂x′ ν

)
dx′σA′ ν(x′).

(4.21)

This determines

Γ′µ
σν(x

′) =
∂x′µ

∂xλ
∂xκ

∂x′σ
∂xη

∂x′ ν
Γλ
κη(x) +

∂2x′µ

∂xη∂xλ
∂xη

∂x′σ
∂xλ

∂x′ ν
. (4.22)

Thus, we see that even if we may not know the exact form of the
affine connection, the requirement of general covariance determines
the transformation properties of the connection under a coordinate
transformation. Furthermore, we note that the affine connection does
not behave like a true tensor. It is the second (inhomogeneous) term
in (4.22) which spoils the tensor nature of the connection.

With these conditions, we see that parallel transport of a vector
is defined through the relation (namely, how the components of a
vector change under an infinitesimal parallel transport)

dAµ = Γµ
σνdx

σAν , (4.23)

where the affine connection has the transformation property under a
coordinate transformation as derived in (4.22). The transformation
(4.23) (namely, the change under a parallel transport) is also known
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as an affine transformation. We note here that affine transformations
are quite common in physics although we may not always recognize
them. For example, we note that in the case of the two dimensional
example involving polar coordinates in (4.4), we can write (|B| =
|A| = A)

Ar = A cos ξ, Aθ =
A

r
sin ξ,

dAr = Adθ sin ξ = dθA sin ξ = rdθAθ,

dAθ = −A
r
dθ cos ξ = −1

r
dθA cos ξ = −1

r
dθAr. (4.24)

Consequently, we conclude that this corresponds to an affine trans-
formation with the identification (the components of the connection
can actually be calculated explicitly once we know its definition in
terms of the metric which we will discuss in the next section)

Γr
rr = Γr

θr = Γr
rθ = 0,

Γr
θθ = r,

Γθ
rr = Γθ

θθ,

Γθ
θr = Γθ

rθ = −1

r
, (4.25)

so that we can express (4.24) as

dAi = Γi
jkdx

jAk, (4.26)

where i, j, k = r, θ and dxr = dr = 0 (the vectors are equidistant),
while dxθ = dθ.

Some comments are in order here. First of all we note that
manifolds where parallel transport of vectors is defined are called
affine spaces. We simply need the notion of a connection to define
parallel transport. A metric is not necessary for this in general. A
space where a metric is also defined is called a metric space. Fur-
thermore, although the connection does not transform like a tensor,
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we note that under a coordinate redefinition, the difference between
two affine connections transforms like a genuine tensor (since the
inhomogeneous term in (4.22) cancels). Namely,

Γµ
σν(x)− Γ

µ
σν(x) → Γ′µ

σν(x
′)− Γ

′µ
σν(x

′)

=
∂x′µ

∂xλ
∂xκ

∂x′σ
∂xη

∂x′ ν
Γλ
κη +

∂2x′µ

∂xκ∂xη
∂xκ

∂x′ σ
∂xη

∂x′ ν

−∂x
′µ

∂xλ
∂xκ

∂x′σ
∂xη

∂x′ ν
Γ
λ
κη −

∂2x′µ

∂xκ∂xη
∂xκ

∂x′σ
∂xη

∂x′ ν

=
∂x′µ

∂xλ
∂xκ

∂x′σ
∂xη

∂x′ ν

(
Γλ
κη(x)− Γ

λ
κη(x)

)
. (4.27)

Although initially within the context in which the connection was
introduced, it was symmetric in its lower indices (i.e., in the study of
gauge symmetries etc.) both Weyl and Einstein pointed out that for
the purposes of defining parallel transport of a vector, no symmetry
property of the affine connection is necessary. In other words, one
should allow for the fact that the affine connection can be asymmet-
ric, namely,

Γµ
σν =

1

2
(Γµ

σν + Γµ
νσ) +

1

2
(Γµ

σν − Γµ
νσ) , (4.28)

where the anti-symmetric part is not necessarily zero. In this case
the anti-symmetric part of the connection leads to what is known
as the torsion tensor. However, for the purpose of discussions in
classical gravity, we will assume that the connection is symmetric in
its lower indices. Let us, however, point out the following two useful
general theorems.

If there exists a coordinate system in which the connection is

asymmetric, i.e., Γµ
σν 6= Γµ

νσ,

1. then the connection remains asymmetric in any other coordi-

nate frame.

2. then it is impossible to find a coordinate system in which all

components of the connection vanish at a given point.
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The proof of the first theorem can be given in the following way.
Let us assume that there exists a coordinate system in which the
connection is symmetric so that

Γµ
σν(x) = Γµ

νσ(x). (4.29)

We know that under a coordinate change the connection transforms
as (see (4.22))

Γ′µ
σν(x

′) =
∂x′µ

∂xλ
∂xκ

∂x′σ
∂xη

∂x′ ν
Γλ
κη(x) +

∂2x′µ

∂xκ∂xη
∂xκ

∂x′σ
∂xη

∂x′ ν
, (4.30)

so that the transformed connection would again be symmetric and
this symmetry property would be true in all coordinate frames. In
other words, the connection cannot develop an anti-symmetric part
through a coordinate change. Conversely, it follows that if the con-
nection is asymmetric (has an anti-symmetric part) in one coordinate
frame it must be asymmetric in all frames. (We cannot get rid off the
anti-symmetric part of the connection through a coordinate transfor-
mation.)

The proof of the second theorem follows from the fact that if
all the components of the connection are zero at a gven point in one
coordinate frame, then under a coordinate transformation it would
have the form (see (4.22))

Γ′µ
σν(x

′) =
∂2x′µ

∂xκ∂xη
∂xκ

∂x′σ
∂xη

∂x′ ν
= Γ′µ

νσ(x
′). (4.31)

Namely, the connection would have a symmetric form in all coor-
dinates. (It cannot have an anti-symmetric part in any coordinate
frame.) Conversely, if the connection is asymmetric (has an anti-
symmetric part), all of its components cannot vanish at a given point
in any coordinate frame since the anti-symmetric part cannot be set
to zero through a coordinate transformation. Let us recall that the
principle of equivalence says that locally we can always find a flat
Cartesian coordinate system. This requires that all the coefficients
of the connection must vanish in that frame at that point which,
therefore, restricts the form of the connection to be symmetric in an
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arbitrary frame in light of these theorems. This fact is expressed as
the following theorem.

The necessary and sufficient condition for the existence of a local

coordinate system in which the components of a vector are not altered

by an infinitesimal affine transformation is that the components of

the affine connection be symmetric in the lower indices.

To prove the necessary condition, let us assume that there exists
a coordinate system where the vector components are unaltered by
parallel transport, namely,

dAµ = Γµ
σνdx

σAν = 0. (4.32)

Since both dxσ and Aν are arbitrary, this implies that in this coor-
dinate system

Γµ
σν(x) = 0. (4.33)

In any other coordinate system, therefore, the connection would be

Γ′µ
σν(x

′) =
∂2x′µ

∂xκ∂xη
∂xκ

∂x′σ
∂xη

∂x′ ν
= Γ′µ

νσ(x
′). (4.34)

which is symmetric in the lower indices.
To prove the sufficient condition we assume that the components

of the connection are symmetric in the lower indices, namely,

Γµ
σν(x) = Γµ

νσ(x). (4.35)

Let us consider a point at the origin of the coordinate system xµ.
Furthermore, let us consider the following coordinate transformation

x′µ = xµ +
1

2
Aµ

σνx
σxν , (4.36)

where Aµ
σν is an arbitrary constant matrix (only the symmetric part

in the lower indices participates in this coordinate definition by sym-
metry). This gives
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∂x′ µ

∂xλ

∣∣∣∣
x=0

= δµλ ,

∂2x′µ

∂xσ∂xν

∣∣∣∣
x=0

=
1

2
(Aµ

σν +Aµ
νσ) . (4.37)

Therefore, under this coordinate transformation (see (4.22))

Γ′µ
σν(x

′)
∣∣
x′=0

=

(
∂x′µ

∂xλ
∂xκ

∂x′σ
∂xη

∂x′ ν
Γλ
κη +

∂2x′µ

∂xκ∂xη
∂xκ

∂x′ σ
∂xη

∂x′ ν

)

x=0

= δµλδ
κ
σδ

η
ν Γ

λ
κη(0) +

1

2

(
Aµ

κη +Aµ
ηκ

)
δκσδ

η
ν

= Γµ
σν(0) +

1

2
(Aµ

σν +Aµ
νσ) . (4.38)

In other words, under this coordinate change the connection retains
its symmetric form as it should. Furthermore, if we choose the trans-
formation matrix such that

1

2
(Aµ

σν +Aµ
νσ) = −Γµ

σν(0), (4.39)

then, in the new coordinate frame we will have

Γ′µ
σν(0) = 0. (4.40)

Hence in this coordinate system we have

dA′µ = Γ′µ
σνdx

′σA′ ν = 0. (4.41)

We note that if Γµ
σν(0) has an anti-symmetric part, (4.39) cannot be

satisfied and it would not be possible to find a (locally flat) coor-
dinate system with Γ′µ

σν(0) = 0. Therefore, in the study of classical
gravitation, where we frequently make contact with a (locally) flat
Minkowski frame, we assume that the affine connection is symmetric
in its lower indices.
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4.2 Christoffel symbol

We have seen so far that a vector can be transported parallel to
itself in an affine space if we know the components of the connection.
We do not need the metric at all for this purpose. However, if in
addition we also require the length of a vector to remain constant in
the process, then the notion of the metric also has to be brought in
(in defining length). As we will see this determines the connection
uniquely in terms of the metric tensor.

Let us take two vectors Aµ and V µ defined on a curve xµ(τ) pa-
rameterized by the proper time τ . The scalar product of the vectors
along the curve is defined to be

gµν(x(τ))A
µ(x(τ))V ν(x(τ)). (4.42)

If we require that the scalar product of the two vectors remains
invariant as we parallel transport them to neighboring points (if Aµ =
V µ this defines the length of the vector), then we conclude

d

dτ
(gµνA

µV ν) = 0,

or,
dgµν
dτ

AµV ν + gµν
dAµ

dτ
V ν + gµνA

µ dV ν

dτ
= 0. (4.43)

If we now use (4.13) for the parallel transport of the two vectors (as
well as the chain rule of differentiation) we obtain

∂λgµν
dxλ

dτ
AµV ν + gµνΓ

µ
λρ

dxλ

dτ
AρV ν + gµνA

µΓν
λρ

dxλ

dτ
V ρ = 0,

or, ∂λgµν
dxλ

dτ
AµV ν +

(
gσνΓ

σ
λµ + gµσΓ

σ
λν

) dxλ
dτ

AµV ν = 0,

or,
(
∂λgµν + gσνΓ

σ
λµ + gσµΓ

σ
νλ

) dxλ
dτ

AµV ν = 0,

or, ∂λgµν + gσνΓ
σ
λµ + gσµΓ

σ
νλ = 0, (4.44)

where we have used the symmetry of the metric tensor as well as the
affine connection in the intermediate steps, namely,
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gµν = gνµ, Γµ
σν = Γµ

νσ. (4.45)

Furthermore, if we cyclically permute the indices λ, µ, ν, we
obtain

∂µgνλ + gσλΓ
σ
µν + gσνΓ

σ
λµ = 0, (4.46)

∂νgλµ + gσµΓ
σ
νλ + gσλΓ

σ
µν = 0. (4.47)

Let us add (4.46) and (4.47) which leads to

∂µgνλ + ∂νgλµ + 2gσλΓ
σ
µν + gσνΓ

σ
λµ + gσµΓ

σ
νλ = 0. (4.48)

If we subtract (4.44) from the sum in (4.48), we obtain

∂µgνλ + ∂νgλµ − ∂λgµν + 2gσλΓ
σ
µν + gσνΓ

σ
λµ + gσµΓ

σ
νλ

−gσνΓσ
λµ − gσµΓ

σ
νλ = 0,

or, ∂µgνλ + ∂νgλµ − ∂λgµν + 2gσλΓ
σ
µν = 0,

or, Γσ
µν = −1

2
gσλ (∂µgνλ + ∂νgλµ − ∂λgµν) . (4.49)

This is known as the Christoffel symbol and defines the con-
nection as the unique function of the metric in (4.49). First of all
we note from this definition that the connection or the Christoffel
symbol is explicitly symmetric in the lower indices

Γσ
µν = Γσ

νµ. (4.50)

Secondly we had noted earlier that the connection can be thought
of as describing the effect of curvature of the manifold which is due
to gravitational forces. Hence the connection can be thought of as
the potential for gravitation. But we now see that the connection is
uniquely expressible in terms of the metric and hence we can think of
the metric tensor as the true potential of gravitation. Furthermore,
if we can find a (locally) flat Cartesian coordinate system, then the
connection would vanish at that point since the metric tensor at that
point has constant value.
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I Example (Parallel transport in polar coordinates). Let us consider the line el-
ement on the plane in polar coordinates given by

dτ 2 = dr2 + r2dθ2. (4.51)

The covariant and the contravariant metric components for the space follow from
(4.51) to be

grr = 1, gθθ = r2, grr = 1, gθθ =
1

r2
. (4.52)

We note that the metric components in (4.52) depend at the most on the radial
coordinate r which leads to

∂µgνλ = 2rδµ0δνλδλ1, µ, ν, λ = r, θ. (4.53)

Using this, we can now determine the nontrivial components of the connection
from the definition (4.49)

Γσµν = −1

2
gσλ(∂µgνλ + ∂νgµλ − ∂λgµν), (4.54)

which have the forms

Γθrθ = Γθθr = −1

r
, Γrθθ = r. (4.55)

These can, in fact, be compared with (4.25).
The general formula for parallel transport (4.14)

dAµ = Γµνσdx
νAσ, (4.56)

in this case, leads to

dAr = ΓrθθdθA
θ = rAθdθ,

dAθ = ΓθrθdrA
θ + ΓθθrdθA

r = −1

r
(Aθdr + Ardθ). (4.57)

Setting dr = 0 we recover the result in (4.24).
J

I Example (Parallel transport in spherical coordinates). Let us consider the three
dimensional space parameterized in spherical coordinates so that the line element
is given by

dτ 2 = dr2 + r2(dθ2 + sin2 θdφ2). (4.58)
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It follows from (4.58) that the nontrivial components of the covariant metric
tensor have the forms

grr = 1, gθθ = r2, gφφ = r2 sin2 θ. (4.59)

Since this is a diagonal matrix the contravariant metric tensor is trivially deter-
mined from the inverse to be

grr = 1, gθθ =
1

r2
, gφφ =

1

r2 sin2 θ
. (4.60)

Let us note from (4.59) that only r and θ derivatives of the metric tensor
can be nonzero and we can write (µ, ν, λ = r, θ, φ)

∂µgνλ = 2r δµrδνθδλθ + 2(r sin2 θ + r2 sin θ cos θ)δµθδνφδλφ. (4.61)

Using this as well as (4.60) we can now determine the components of the connec-
tion from the definition (4.49) which take the forms

Γrµν = r(δµθδνθ + sin2 θ δµφδνφ),

Γθµν = −1

r
(δµrδνθ + δµθδνr) + sin θ cos θδµφδνφ,

Γφµν = −1

r
(δµrδνφ + δµφδνr)− cot θ(δµθδνφ + δµφδνθ). (4.62)

The parallel transport of any vector Aµ can now be obtained from (4.14)
to be

dAr = r(dθ Aθ + sin2 θ dφAφ),

dAθ = −1

r

(

dr Aθ + dθ Ar
)

+ sin θ cos θ dφAφ,

dAφ = −1

r

(

dr Aφ + dφAr
)

− cot θ
(

dθ Aφ + dφAθ
)

. (4.63)

J

I Example (Parallel transport in cylindrical coordinates). Let us consider the three
dimensional space parameterized in cylindrical coordinates so that the line ele-
ment is given by

dτ 2 = dr2 + r2dθ2 + dz2. (4.64)

It follows now that the nontrivial covariant and contravariant metric components
of the space are given respectively by
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grr = 1, gθθ = r2, gzz = 1,

grr = 1, gθθ =
1

r2
, gzz = 1. (4.65)

Comparing with (4.51) and (4.52), we recognize that this problem is quite
similar to the analysis carried out in the polar coordinates. Although the prob-
lem involves an extra dimension, since the metric gzz = 1 and the other metric
components are independent of the coordinate z, the nontrivial components of
the connection remain the same as in (4.55), namely,

Γθrθ = Γθθr = −1

r
, Γrθθ = r, (4.66)

The parallel transport of a vector is now determined to be

dAr = ΓrθθdθA
θ = rAθdθ,

dAθ = ΓθrθdrA
θ + ΓθθrdθA

r = −1

r
(Aθdr + Ardθ),

dAz = 0. (4.67)

We note that the z-component of the vector does not change under a parallel
transport because the connection vanishes along the direction z, namely,

Γzµν = 0, µ, ν = r, θ, z. (4.68)

J

Let us next show that the Christoffel symbol transforms cor-
rectly (see (4.22)) under a coordinate change. We note from (4.49)
that under a coordinate change

Γσ
µν → Γ′σ

µν = −1

2
g′σλ

(
∂′µg

′
νλ + ∂′νg

′
λµ − ∂′λg

′
µν

)
. (4.69)

Let us simplify the expression inside the parenthesis in (4.69)
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∂′µg
′
νλ + ∂′νg

′
λµ − ∂′λg

′
µν

= ∂′µ

(
∂xν1

∂x′ν
∂xλ1

∂x′λ
gν1λ1

)
+ ∂′ν

(
∂xλ1

∂x′λ
∂xµ1

∂x′µ
gλ1µ1

)

−∂′λ
(
∂xµ1

∂x′µ
∂xν1

∂x′ν
gµ1ν1

)

=
∂xν1

∂x′ν
∂xλ1

∂x′λ
∂′µgν1λ1 +

∂xλ1

∂x′λ
∂xµ1

∂x′µ
∂′νgλ1µ1

−∂x
µ1

∂x′µ
∂xν1

∂x′ν
∂′λgµ1ν1

+

(
∂2xν1

∂x′µ∂x′ν
∂xλ1

∂x′λ
+
∂xν1

∂x′ν
∂2xλ1

∂x′µ∂x′λ

)
gν1λ1

+

(
∂2xλ1

∂x′ν∂x′λ
∂xµ1

∂x′µ
+
∂xλ1

∂x′λ
∂2xµ1

∂x′ν∂x′µ

)
gλ1µ1

−
(

∂2xµ1

∂x′λ∂x′µ
∂xν1

∂x′ν
+
∂xµ1

∂x′µ
∂2xν1

∂x′λ∂x′ν

)
gµ1ν1

=
∂xν1

∂x′ν
∂xλ1

∂x′λ
∂xµ1

∂x′µ
∂µ1gν1λ1 +

∂xλ1

∂x′λ
∂xµ1

∂x′µ
∂xν1

∂x′ν
∂ν1gλ1µ1

−∂x
µ1

∂x′µ
∂xν1

∂x′ν
∂xλ1

∂x′λ
∂λ1gµ1ν1

+
∂xλ1

∂x′λ

(
gν1λ1

∂2xν1

∂x′µ∂x′ν
+ gλ1µ1

∂2xµ1

∂x′ν∂x′µ

)

+
∂xν1

∂x′ν

(
gν1λ1

∂2xλ1

∂x′µ∂x′λ
− gµ1ν1

∂2xµ1

∂x′λ∂x′µ

)

+
∂xµ1

∂x′µ

(
gλ1µ1

∂2xλ1

∂x′ν∂x′λ
− gµ1ν1

∂2xν1

∂x′λ∂x′ν

)

=
∂xµ1

∂x′µ
∂xν1

∂x′ν
∂xλ1

∂x′λ
(∂µ1gν1λ1 + ∂ν1gλ1µ1 − ∂λ1gµ1ν1)
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+2gν1λ1

∂xλ1

∂x′λ
∂2xν1

∂x′µ∂x′ν

=
∂xλ1

∂x′λ

[
∂xµ1

∂x′µ
∂xν1

∂x′ν
(∂µ1gν1λ1 + ∂ν1gλ1µ1 − ∂λ1gµ1ν1)

+2gν1λ1

∂2xν1

∂x′µ∂x′ν

]
, (4.70)

where, in the intermediate steps we have simplified the parenthesis
using relations such as

gν1λ1

∂2xλ1

∂x′µ∂x′λ
− gµ1ν1

∂2xµ1

∂x′λ∂x′µ

= gν1λ1

∂2xλ1

∂x′µ∂x′λ
− gλ1ν1

∂2xλ1

∂x′µ∂x′λ
= 0. (4.71)

Using (4.70) in (4.69) we obtain

Γ′σ
µν = −1

2
g′σλ

(
∂′µg

′
νλ + ∂′νg

′
λµ − ∂′λg

′
µν

)

= −1

2

∂x′σ

∂xσ1

∂x′λ

∂xλ2
gσ1λ2

∂xλ1

∂x′λ

×
[
∂xµ1

∂x′µ
∂xν1

∂x′ν
(∂µ1gν1λ1 + ∂ν1gλ1µ1 − ∂λ1gµ1ν1)

+2gν1λ1

∂2xν1

∂x′µ∂x′ν

]

= −1

2
δλ1
λ2

∂x′σ

∂xσ1
gσ1λ2

×
[
∂xµ1

∂x′µ
∂xν1

∂x′ν
(∂µ1gν1λ1 + ∂ν1gλ1µ1 − ∂λ1gµ1ν1)

+2gν1λ1

∂2xν1

∂x′µ∂x′ν

]

= −1

2
gσ1λ1

[
∂x′σ

∂xσ1

∂xµ1

∂x′µ
∂xν1

∂x′ν
(∂µ1gν1λ1 + ∂ν1gλ1µ1 − ∂λ1gµ1ν1)
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+ 2gν1λ1

∂x′σ

∂xσ1

∂2xν1

∂x′µ∂x′ν

]

=
∂x′σ

∂xσ1

∂xµ1

∂x′µ
∂xν1

∂x′ν
Γσ1
µ1ν1

− ∂x′σ

∂xλ
∂2xλ

∂x′µ∂x′ν
. (4.72)

This shows that the Christoffel symbol does not transform like a true
tensor. However, the inhomogeneous term in (4.72) looks different
from the one we have derived earlier in (4.22). The fact that they
are the same can be seen as follows,

−∂x
′σ

∂xλ
∂2xλ

∂x′µ∂x′ν
= − ∂

∂x′µ

(
∂x′σ

∂xλ
∂xλ

∂x′ν

)
+

∂

∂x′µ

(
∂x′σ

∂xλ

)
∂xλ

∂x′ν

= − ∂

∂x′µ
(δσν ) +

∂xρ

∂x′µ
∂

∂xρ

(
∂x′σ

∂xλ

)
∂xλ

∂x′ν

=
∂2x′σ

∂xρ∂xλ
∂xρ

∂x′µ
∂xλ

∂x′ν
=

∂2x′σ

∂xλ∂xρ
∂xλ

∂x′µ
∂xρ

∂x′ν
. (4.73)

Therefore, the Christoffel symbol (4.49) transforms like the affine
connection in (4.22) and we conclude, through the principle of equiv-
alence, that once we know the metric tensor, the parallel transport
of a vector is simply given by the relation

dAσ = Γσ
µνdx

µAν , (4.74)

where we can identify

Γσ
µν = −1

2
gσλ (∂µgνλ + ∂νgλµ − ∂λgµν) . (4.75)

Let us end this discussion by discussing an example from me-
chanics to show that the Christoffel symbol occurs very frequently
in the study of equations of motion, although we may not recognize
them. For example, if xi(t) and ẋi(t) denote the generalized coor-
dinates and velocities of a classical, non-relativistic system, then we
can write down the Lagrangian of the system as (a dot denotes a
derivative with respect to t)
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L =
1

2
gij(x)ẋ

iẋj − V (xi) , (4.76)

where we have set the mass of the particle to unity for simplicity and
V (xi) represents the potential in which the particle is moving. This
is a very general form of the Lagrangian. For example, for a particle
moving in a given potential in two dimensional Euclidean space, the
Lagrangian has the form

L =
1

2

(
ẋ2 + ẏ2

)
− V (x, y), (4.77)

which in polar coordinates becomes

L =
1

2

(
ṙ2 + r2θ̇2

)
− V (r, θ)

=
1

2
gij ẋ

iẋj − V (xi) , (4.78)

with the identifications

x1 = r, x2 = θ,

g11 = 1, g22 = r2, g12 = g21 = 0. (4.79)

The equation of motion (Euler-Lagrange equation) for this general
system is given by

d

dt

∂L

∂ẋi
− ∂L

∂xi
= 0,

or,
d

dt

(
gij ẋ

j
)
− 1

2

∂gjk
∂xi

ẋjẋk +
∂V

∂xi
= 0,

or, gij ẍ
j +

∂gij
∂xk

ẋkẋj − 1

2

∂gjk
∂xi

ẋjẋk = −∂V
∂xi

= Fi,

or, gij ẍ
j +

(
∂kgji −

1

2
∂igjk

)
ẋjẋk = Fi,
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or, gij ẍ
j +

1

2
(∂kgji + ∂jgik − ∂igjk) ẋ

jẋk = Fi,

or, ẍi +
1

2
gi` (∂kgj` + ∂jg`k − ∂`gjk) ẋ

j ẋk = F i,

or, ẍi − Γi
jkẋ

jẋk = F i. (4.80)

We note that if we write the generalized (non-relativistic) velocity as

ui =
dxi

dt
= ẋi, (4.81)

then in the force free case, i.e., when F i = 0, the equation of motion
(4.80) takes the form

dui

dt
− Γi

jk

dxj

dt
uk = 0, (4.82)

which is nothing other than the equation for the parallel transport of
the velocity vector ui (see (4.13)). Namely, the equation of motion
in this (force free) case simply implies that the velocity vector is
transported parallel to itself along the trajectory xi(t).

4.3 Covariant derivative of contravariant tensors

We have seen how scalars, vectors and tensors transform under a
coordinate change. We have also seen that the gradients themselves
transform like covariant vectors under a change of coordinates (in
fact, their transformation defines covariant vectors, see discussion
following (3.11)). Let us now see how the gradients acting on various
tensors transform under a general coordinate transformation. For
example, for a scalar function (tensor of rank 0) we have

φ(x) → φ′(x′) = φ(x),

∂µφ(x) → ∂′µφ
′(x′) =

∂xµ1

∂x′µ
∂µ1φ(x),

∂µφ(x) → ∂′µφ′(x′) =
∂x′µ

∂xµ1
∂µ1φ(x). (4.83)
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Therefore, we see that the cogradient and the contragradient of scalar
functions transform like covariant and contravariant vectors respec-
tively.

Let us next look at the transformation of the derivative acting
on a contravariant vector (contravariant tensor of rank 1),

Aµ(x) → A′µ(x′) =
∂x′µ

∂xµ1
Aµ1(x),

∂σA
µ(x) → ∂′σA

′µ(x′) =
∂xσ1

∂x′σ
∂σ1

(
∂x′µ

∂xµ1
Aµ1(x)

)

=
∂xσ1

∂x′σ
∂2x′µ

∂xσ1∂xµ1
Aµ1 +

∂xσ1

∂x′σ
∂x′µ

∂xµ1
∂σ1A

µ1(x).(4.84)

Thus we see that the cogradient of a contravariant vector does not
transform like a pure tensor. (This is what we had pointed out earlier
in motivating the concept of parallel transport of a vector.) The first
term which spoils the tensor nature is, however, reminiscent of the
transformation property of the affine connection or the Christoffel
symbol. Namely, we know that under a general coordinate transfor-
mation (see (4.22))

Γµ
σλ(x) → Γ′µ

σλ(x
′)

=
∂x′µ

∂xµ1

∂xσ1

∂x′σ
∂xλ1

∂x′λ
Γµ1

σ1λ1
+

∂2x′µ

∂xσ1∂xλ1

∂xσ1

∂x′σ
∂xλ1

∂x′λ
. (4.85)

As a result, we see that under a general coordinate transformation,

Γµ
σλA

λ(x) → Γ′µ
σλA

′λ(x′)

=

(
∂x′µ

∂xµ1

∂xσ1

∂x′σ
∂xλ1

∂x′λ
Γµ1

σ1λ1
+

∂2x′µ

∂xσ1∂xλ1

∂xσ1

∂x′σ
∂xλ1

∂x′λ

)

× ∂x′λ

∂xλ2
Aλ2(x)

= δλ1
λ2

(
∂x′µ

∂xµ1

∂xσ1

∂x′σ
Γµ1

σ1λ1
+

∂2x′µ

∂xσ1∂xλ1

∂xσ1

∂x′σ

)
Aλ2
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=
∂x′µ

∂xµ1

∂xσ1

∂x′σ
Γµ1

σ1λ1
Aλ1 +

∂2x′µ

∂xσ1∂xλ1

∂xσ1

∂x′σ
Aλ1 . (4.86)

Consequently, we note from (4.84) and (4.86) that if we define a
generalized derivative of a contravariant vector as

DσA
µ(x) = ∂σA

µ(x)− Γµ
σλ(x)A

λ(x), (4.87)

it would transform under a general coordinate transformation as

DσA
µ(x) → D′

σA
′µ(x′) = ∂′σA

′µ(x′)− Γ′µ
σλ(x

′)A′λ(x′)

=
∂xσ1

∂x′σ
∂2x′µ

∂xσ1∂xλ1
Aλ1(x) +

∂xσ1

∂x′σ
∂x′µ

∂xµ1
∂σ1A

µ1(x)

− ∂x′µ

∂xµ1

∂xσ1

∂x′σ
Γµ1

σ1λ
Aλ(x)− ∂2x′µ

∂xσ1∂xλ1

∂xσ1

∂x′σ
Aλ1(x)

=
∂xσ1

∂x′σ
∂x′µ

∂xµ1

(
∂σ1A

µ1(x)− Γµ1

σ1λ
(x)Aλ(x)

)

=
∂xσ1

∂x′σ
∂x′µ

∂xµ1
Dσ1A

µ1(x). (4.88)

In other words, the generalized derivative of a contravariant vector
defined in (4.87) transforms like a pure tensor under a change of
coordinates. Such a derivative which has covariance properties under
a transformation of the coordinates is called the covariant derivative
of a contravariant vector.

To understand the physical meaning of a covariant derivative,
let us recall what it means to take the derivative of a vector in the
Euclidean space. In Cartesian coordinates we have

Ai(x+ dx)−Ai(x) = dxj
dAi

dxj
+O(dx2). (4.89)

Namely, we parallel transport the vector Ai(x) at the point x to the
point x+ dx and the difference between Ai(x+ dx) and the parallel
transported vector in the limit of vanishing separation defines the
derivative. (As we have already seen, in the Euclidean space, parallel
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x x + dx

Aµ(x)

Aµ(x + dx)

A∗µ(x + dx)

Figure 4.4: Parallel transport of a vector and the covariant derivative.

transport of a vector in Cartesian coordinates is trivial in the sense
that A∗i(x + dx) = Ai(x). The reason why parallel transport is
necessary is because Aµ(x+dx)−Aµ(x) is not a vector in general in
a curved space since the coefficient matrices for the transformation
of the two vectors at the two points will be different. On the other
hand, Aµ(x+ dx)− A∗µ(x+ dx) where A∗µ(x + dx) represents the
parallel transport of Aµ(x) to the point x + dx is a genuine vector
and hence can be used to define a derivative.)

If we now extend the above definition to a curved manifold as
shown in Fig. 4.4, we see that the definition of the parallel transport
leads to the definition of the derivative as (see (4.15))

Aµ(x+ dx)−A∗µ(x+ dx)

= Aµ(x) + dxν
∂Aµ

∂xν
−Aµ(x)− Γµ

νλdx
νAλ +O(dx2)

= dxν
(
∂Aµ

∂xν
− Γµ

νλA
λ

)
+O(dx2)

= dxν
(
∂νA

µ − Γµ
νλA

λ
)
+O(dx2)

= dxνDνA
µ +O(dx2). (4.90)

In other words, the covariant derivative is the natural extension of the
derivative to a curved manifold. Furthermore, note that if gravitation
is absent, the covariant derivative reduces to the normal derivative
in Cartesian coordinates. This also gives a method for introducing
gravity into a Lorentz invariant theory. Namely, we take a Lorentz
invariant theory and replace the Minkowski metric by the metric of
the curved manifold and the ordinary derivatives by the covariant
derivatives.
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Let us next look at the contragradient derivative acting on a
contravariant vector which would transform as

∂σAµ → ∂′σA′µ(x′)

=
∂x′σ

∂xσ1
∂σ1

(
∂x′µ

∂xµ1
Aµ1(x)

)

=
∂x′σ

∂xσ1
gσ1σ2

∂2x′µ

∂xσ2∂xµ1
Aµ1(x) +

∂x′σ

∂xσ1

∂x′µ

∂xµ1
∂σ1Aµ1 . (4.91)

Again we see that this does not transform like a pure tensor. But
we have also noted in (4.86) that under a general coordinate trans-
formation

Γµ
ρλA

λ → Γ′µ
ρλA

′λ

=
∂x′µ

∂xµ1

∂xρ1

∂x′ρ
Γµ1

ρ1λ
Aλ +

∂2x′µ

∂xρ1∂xλ
∂xρ1

∂x′ρ
Aλ, (4.92)

which leads to

gσρΓµ
ρλA

λ → g′σρΓ′µ
ρλA

′λ

=
∂x′σ

∂xσ1

∂x′ρ

∂xρ2
gσ1ρ2

(
∂x′µ

∂xµ1

∂xρ1

∂x′ρ
Γµ1

ρ1λ
Aλ +

∂2x′µ

∂xρ1∂xλ
∂xρ1

∂x′ρ
Aλ

)

=
∂x′σ

∂xσ1
δρ1ρ2g

σ1ρ2

(
∂x′µ

∂xµ1
Γµ1

ρ1λ
Aλ +

∂2x′µ

∂xρ1∂xλ
Aλ

)

=
∂x′µ

∂xµ1

∂x′σ

∂xσ1

(
gσ1ρ1Γµ1

ρ1λ
Aλ
)
+ gσ1ρ1

∂x′σ

∂xσ1

∂2x′µ

∂xρ1∂xλ
Aλ

=
∂x′µ

∂xµ1

∂x′σ

∂xσ1

(
gσ1ρ1Γµ1

ρ1λ
Aλ
)
+
∂x′σ

∂xσ1
gσ1σ2

∂2x′µ

∂xσ2∂xλ
Aλ. (4.93)

It is clear now that the generalized derivative

DσAµ =
(
∂σAµ − gσρΓµ

ρλA
λ
)
, (4.94)
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would transform under a general coordinate transformation as

DσAµ(x) → D′σA′µ(x′)

=
∂x′σ

∂xσ1
gσ1σ2

∂2x′µ

∂xσ2∂xλ
Aλ +

∂x′σ

∂xσ1

∂x′µ

∂xµ1
∂σ1Aµ1

− ∂x′σ

∂xσ1

∂x′µ

∂xµ1

(
gσ1ρ1Γµ1

ρ1λ
Aλ
)
− ∂x′σ

∂xσ1
gσ1σ2

∂2x′µ

∂xσ2∂xλ
Aλ

=
∂x′σ

∂xσ1

∂x′µ

∂xµ1

(
∂σ1Aµ1 − gσ1ρ1Γµ1

ρ1
Aλ
)

=
∂x′σ

∂xσ1

∂x′µ

∂xµ1
Dσ1Aµ1(x). (4.95)

This generalized derivative, therefore, transforms covariantly under a
general transformation of coordinates and is known as the contravari-
ant derivative of a contravariant vector. Furthermore, we note that

DσAµ = ∂σAµ − gσρΓµ
ρλA

λ

= gσρ∂ρA
µ − gσρΓµ

ρλA
λ = gσρ

(
∂ρA

µ − Γµ
ρλA

λ
)

= gσρDρA
µ, (4.96)

as we would expect. (In fact, the contravariant derivative can be
simply introduced through the metric tensor as in (4.96) since each
factor, gσρ and (DρA

µ), transforms individually like a tensor.)
This shows that in the case of curved manifolds one has to re-

place the ordinary derivatives by covariant and contravariant deriva-
tives. However, the exact form of these derivatives depends on the
objects they act on. For example, for a scalar function (see (4.83))

Dµφ(x) = ∂µφ(x),

Dµφ(x) = ∂µφ(x), (4.97)

since ordinary derivatives acting on scalar functions have covariant
properties. However, for contravariant tensors, the covariant and
contravariant derivatives are defined as,
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DσT
µ1...µn = ∂σT

µ1...µn − Γµ1

σλT
λµ2...µn

−Γµ2

σλT
µ1λ...µn · · · − Γµn

σλT
µ1...µn−1λ, (4.98)

and

DσT µ1...µn = gσρDρT
µ1...µn . (4.99)

That these have covariant transformation properties under a general
coordinate transformation can be easily checked.

I Example (Leibniz rule). Let us recall that if we have a product of vectors
(AµBν), this behaves like a second rank tensor under a general coordinate trans-
formation. Therefore, the covariant derivative acts on such a product as in (4.98)

Dσ(A
µBν) = ∂σ(A

µBν)− Γµσρ(A
ρBν)− Γνσρ(A

µBρ)

= (∂σA
µ)Bν + Aµ(∂σB

ν)− (ΓµσρA
ρ)Bν −Aµ(ΓνσρB

ρ)

=
(

∂σA
µ − ΓµσρA

ρ
)

Bν + Aµ
(

∂σB
ν − ΓνσρB

ρ
)

= (DσA
µ)Bν + Aµ (DσB

ν) . (4.100)

Namely, the covariant derivative satisfies the Leibniz rule for a product of vectors
(tensors).

J

4.4 Metric compatibility

As a particular application of the results of the last section, let us an-
alyze how the covariant derivatives would act on the metric tensors.
From (4.98) we see that

Dλg
µρ = ∂λg

µρ − Γµ
λσg

σρ − Γρ
λσg

µσ . (4.101)

Furthermore, if we use the expression for the Christoffel symbol de-
fined in (4.49), namely,

Γµ
λσ = −1

2
gµν (∂λgσν + ∂σgνλ − ∂νgλσ) . (4.102)
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we see from (4.101) that

Dλg
µρ = ∂λg

µρ +
1

2
gµν (∂λgσν + ∂σgνλ − ∂νgλσ) g

σρ

+
1

2
gρν (∂λgσν + ∂σgνλ − ∂νgλσ) g

µσ

= ∂λg
µρ +

1

2
gµν (∂λgσν + ∂σgνλ − ∂νgλσ) g

σρ

+
1

2
gµν (∂λgνσ + ∂νgσλ − ∂σgλν) g

σρ

= ∂λg
µρ + gµν (∂λgσν) g

σρ

= ∂λg
µρ + gµν

(
∂λ (gσνg

σρ)− gσν∂λg
σρ
)

= ∂λg
µρ − δµσ∂λg

σρ = ∂λg
µρ − ∂λg

µρ = 0, (4.103)

where we have used the symmetry properties of the metric tensor.
This shows that the covariant derivative of the contravariant metric
tensor vanishes. Furthermore, since

gµρgρν = δµν , (4.104)

it follows that (the covariant derivative, like the ordinary derivative,
satisfies the Leibniz rule, see previous example)

Dσ (g
µρgρν) = 0,

or, (Dσg
µρ) gρν + gµρDσgρν = 0,

or, gµρDσgρν = 0. (4.105)

Since this is true for an arbitrary metric we conclude that

Dσgρν = 0. (4.106)

In a similar manner we can show
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Dσgµν = 0, Dσgµν = 0. (4.107)

In other words, the covariant derivatives of the metric tensor iden-
tically vanish. (Metric tensor is covariantly flat.) It is a constant
tensor in the absolute sense in a curved manifold. Of course, this
can be seen intuitively in the following way. In a locally flat Carte-
sian coordinate system the metric tensor reduces to the constant
Minkowski metric. In such a frame the Christoffel symbol vanishes
since the metric tensor is constant. (The other way of seeing this is
that the effect of gravitation is zero in this frame.) In this frame,
therefore,

Dσg
µν = ∂ση

µν = 0. (4.108)

Since this is a tensor equation, it must be true in all coordinate
frames which leads to (4.103).

Of course, we could have reversed this argument and could have
demanded

Dσg
µν = 0, (4.109)

and this would have led to the unique choice for the Christoffel sym-
bol determined in (4.49). It is for this reason that this condition
(covariant constancy of the metric) is also known as the metric com-
patibility condition. This simply means that the parallel transported
metric tensor has the same value at x+dx as the metric at that point,
namely,

g∗µν(x+ dx) = gµν(x+ dx). (4.110)

Of all possible spaces, metric compatibility selects out a special class
of spaces that is relevant in the study of gravitation. Furthermore,
let us note that the metric compatibility condition rests on the fact
that we can find a locally flat Cartesian coordinate system free of
gravitation. This in turn requires the connections to be symmetric.
In spaces with torsion, i.e., in spaces where the connection is not
symmetric, metric compatibility raises special questions which we
will not go into here.
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I Example (Christoffel symbol from metric compatibilty). Let us consider the
metric compatibility condition (4.105)

Dσgµν = 0, (4.111)

which when written out explicitly has the form

∂σgµν + Γρσµgρν + Γρσνgµρ = 0. (4.112)

This is exactly the same relation as in (4.44) (with σ ↔ λ). Therefore, following
exactly the same steps as in (4.44)-(4.49), we can determine the Christoffel symbol
to be

Γσµν = −1

2
gσλ (∂µgνλ + ∂νgλµ − ∂λgµν) , (4.113)

which is equivalent to saying that the Christoffel symbol can be determined from
the metric compatibility condition.

J

I Example (Covariant derivative of a scalar density). Let us consider the deter-
minant of a second rank covariant tensor

A = detAµν , (4.114)

which appears to be a scalar. However, under a general transformation A in
(4.114) transforms as

A→ A′ = detA′

µν = det
∂xα

∂x′µ

∂xβ

∂x′ν
Aαβ

=

(

det
∂x

∂x′

)2

det Aµν =

∣

∣

∣

∣

∂x′

∂x

∣

∣

∣

∣

−2

A 6= A. (4.115)

Thus we see that A = detAµν is not a scalar, rather it is a scalar density of
weight w = −2 (see (3.31)).

We can construct a scalar quantity from this determinant by multiplying
(appropriate power of) the determinant of the metric tensor of the manifold, in
this case as

Ā = (−g)−1A, (4.116)

where g = det gµν and Ā would transform like a scalar under a general coordinate
transformation. Since Ā is a genuine scalar, it follows from (4.83) that

∂µĀ = DµĀ = Dµ
(

(−g)−1A
)

= −g−1DµA,

or, − g−1DµA = ∂µĀ = ∂µ
(

(−g)−1A
)

,

or, DµA = g∂µ
(

g−1A
)

. (4.117)
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Here we have used the metric compatibility condition (4.105) in the intermediate
steps. This shows how we can define the covariant derivative of the determinant of
any second rank covariant tensor (or for that matter any tensor density) through
the use of powers of g. In particular, we note that when Aµν = gµν , (4.117) leads
to

Dµg = g∂µ
(

g−1g
)

= 0, (4.118)

consistent with metric compatibility (4.105).

J

4.5 Covariant derivative of covariant and mixed tensors

For the present, however, we note that since the metric is covariantly
flat, raising and lowering of tensor indices commute with covariant
differentiation. That is, for a covariant tensor of rank n, we have

DσTµ1µ2...µn = Dσ (gµ1ν1gµ2ν2 · · · gµnνnT ν1ν2...νn)

= gµ1ν1gµ2ν2 · · · gµnνnDσT
ν1ν2...νn . (4.119)

This rule is of particular interest since we can now write down the
covariant derivative of a covariant vector in the following way

DσAµ = Dσ (gµνA
ν) = gµνDσA

ν

= gµν

(
∂σA

ν − Γν
σλA

λ
)

= ∂σ (gµνA
ν)− (∂σgµν)A

ν − gµνΓ
ν
σλA

λ

= ∂σAµ − (∂σgµλ)A
λ − gµνΓ

ν
σλA

λ. (4.120)

To simplify this let us use the form of the Christoffel symbol in (4.49)
which leads to
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(∂σgµλ + gµνΓ
ν
σλ)A

λ

=

[
∂σgµλ − gµν ×

1

2
gνρ (∂σgλρ + ∂λgρσ − ∂ρgσλ)

]
Aλ

=

[
∂σgµλ − 1

2
δρµ (∂σgλρ + ∂λgρσ − ∂ρgσλ)

]
Aλ

=

[
∂σgµλ − 1

2
(∂σgλµ + ∂λgµσ − ∂µgσλ)

]
Aλ

=
1

2
(∂σgµλ + ∂µgλσ − ∂λgσµ)A

λ

=
1

2
(∂σgµλ + ∂µgλσ − ∂λgσµ) g

λρAρ

= −Γρ
σµAρ = −Γλ

σµAλ. (4.121)

As a result, we can write the covariant derivative in (4.120) as

DσAµ = ∂σAµ + Γλ
σµAλ. (4.122)

We can derive this also from the fact that for the scalar product
of two vectors (which is a scalar) we have

Dσ (AµB
µ) = ∂σ (AµB

µ) , (4.123)

which leads to (using the Leibniz rule (4.100))

(DσAµ)B
µ +Aµ (DσB

µ) = ∂σ (AµB
µ) ,

or, (DσAµ)B
µ +Aµ (∂σB

µ − Γµ
σνB

ν) = ∂σ (AµB
µ) ,

or, (DσAµ)B
µ =

(
∂σAµ + Γλ

σµAλ

)
Bµ,

or, DσAµ = ∂σAµ + Γλ
σµAλ. (4.124)

That this behaves covariantly under a coordinate transforma-
tion can be seen as follows.
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DσAµ(x) → D′
σA

′
µ(x

′) = ∂′σA
′
µ + Γ′λ

σµA
′
λ

=
∂xσ1

∂x′σ
∂σ1

(
∂xµ1

∂x′µ
Aµ1

)

+

(
∂x′λ

∂xλ1

∂xσ1

∂x′σ
∂xµ1

∂x′µ
Γλ1
σ1µ1

+
∂2x′λ

∂xσ1∂xµ1

∂xσ1

∂x′σ
∂xµ1

∂x′µ

)
∂xλ2

∂x′λ
Aλ2

=
∂xσ1

∂x′σ
∂xµ1

∂x′µ
∂σ1Aµ1 +

∂xσ1

∂x′σ
∂σ1

(
∂xµ1

∂x′µ

)
Aµ1

+δλ2
λ1

∂xσ1

∂x′σ
∂xµ1

∂x′µ
Γλ1
σ1µ1

Aλ2 +
∂2x′λ

∂xσ1∂xµ1

∂xλ2

∂x′λ
∂xµ1

∂x′µ
∂xσ1

∂x′σ
Aλ2 .

(4.125)

To simplify this expression we use the relation

∂x′λ

∂xµ1

∂xλ2

∂x′λ
= δλ2

µ1
, (4.126)

which leads to

∂σ1

(
∂x′λ

∂xµ1

∂xλ2

∂x′λ

)
= 0,

or,
∂2x′λ

∂xσ1∂xµ1

∂xλ2

∂x′λ
+
∂x′λ

∂xµ1
∂σ1

(
∂xλ2

∂x′λ

)
= 0,

or,
∂2x′λ

∂xσ1∂xµ1

∂xλ2

∂x′λ
= −∂σ1

(
∂xλ2

∂x′λ

)
∂x′λ

∂xµ1
. (4.127)

Using this relation in (4.125) we obtain

DσAµ(x) → D′
σA

′
µ(x

′)

=
∂xσ1

∂x′σ
∂xµ1

∂x′µ
∂σ1Aµ1 +

∂xσ1

∂x′σ
∂σ1

(
∂xµ1

∂x′µ

)
Aµ1

+
∂xσ1

∂x′σ
∂xµ1

∂x′µ
Γλ1
σ1µ1

Aλ1 − ∂σ1

(
∂xλ2

∂x′λ

)
∂x′λ

∂xµ1

∂xµ1

∂x′µ
∂xσ1

∂x′σ
Aλ2
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=
∂xσ1

∂x′σ
∂xµ1

∂x′µ

(
∂σ1Aµ1 + Γλ1

σ1µ1
Aλ1

)

+
∂xσ1

∂x′σ
∂σ1

(
∂xµ1

∂x′µ

)
Aµ1 −

∂xσ1

∂x′σ
∂σ1

(
∂xλ2

∂x′λ

)
δλµAλ2

=
∂xσ1

∂x′σ
∂xµ1

∂x′µ
Dσ1Aµ1 . (4.128)

Similarly, we can show that

DσAµ = gσρDρAµ = gσρ
(
∂ρAµ + Γλ

ρµAλ

)

= ∂σAµ + gσρΓλ
ρµAλ, (4.129)

also transforms covariantly under a general coordinate transforma-
tion. We can now write down the covariant derivative of a covariant
tensor of rank n as

DσTµ1µ2...µn = ∂σTµ1...µn + Γλ
σµ1

Tλµ2...µn + Γλ
σµ2

Tµ1λ...µn

+ · · · + Γλ
σµnTµ1...µn−1λ. (4.130)

The covariant derivative for a mixed tensor can likewise be shown to
correspond to

DσT
µ1...µm

ν1...νn

= ∂σT
µ1...µm

ν1...νn
− Γµ1

σλT
λ...µm

ν1...νn
− · · · − Γµm

σλ T
µ1...λ

ν1...νn

+Γλ
σν1
T µ1...µm

λ...νn
+ · · · + Γλ

σνnT
µ1...µm

ν1...λ
. (4.131)

4.6 Electromagnetic analogy

We have seen that in dealing with gravitation and hence with curved
manifolds, we have to introduce the notion of a connection in order
to define the covariant derivative (of tensors). This is deeply con-
nected with the fact that there is a local gauge symmetry associated
with gravitation which we recognize as general covariance (invariance
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under a general coordinate transformation). A similar situation also
arises in flat space-time in the study of gauge theories. For exam-
ple, if ψ(x) represents the quantum mechanical wave function of a
charged particle, then we know that under a local Abelian gauge
transformation, the wave function transforms as

ψ(x) → ψ′(x) = e−ieα(x)ψ(x). (4.132)

Under this gauge transformation we find that

∂µψ(x) → ∂µψ
′(x) = ∂µ

(
e−ieα(x)ψ(x)

)

= −ie(∂µα(x))e−ieα(x)ψ(x) + e−ieα(x)∂µψ(x), (4.133)

so that the expectation value of the momentum operator is no longer
invariant under this transformation (the derivative of the wave func-
tion does not transform covariantly under the gauge transformation).
On the other hand, if we require physical results to be invariant under
such a gauge transformation, we find that invariance can be restored
if we assume that there exists a connection Aµ(x) (vector potential)
which transforms under the gauge transformation as

Aµ(x) → A′
µ(x) = Aµ + ∂µα(x), (4.134)

and if we generalize the ordinary derivative to a covariant derivative
of the form (recall minimal coupling)

Dµψ(x) = (∂µ + ieAµ(x))ψ(x). (4.135)

In this case, under the gauge transformations (4.132) and (4.134)
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Dµψ(x) → D′
µψ

′(x) =
(
∂µ + ieA′

µ(x)
)
ψ′(x)

= ∂µψ
′(x) + ieA′

µ(x)ψ
′(x)

= −ie(∂µα(x))e−ieα(x)ψ(x) + e−ieα(x)∂µψ(x)

+ie(Aµ(x) + ∂µα(x))e
−ieα(x)ψ(x)

= e−ieα(x) (∂µ + ieAµ(x))ψ(x)

= e−ieα(x)Dµψ(x). (4.136)

Namely, the covariant derivative of the wave function transforms
covariantly under the Abelian gauge transformation. We note here
that the connection Aµ(x), in this case, is nothing other than the
electromagnetic potential (1.83) or the Maxwell gauge field and the
presence of the gauge field or the connection is intimately connected
with the local gauge symmetry associated with electromagnetism.
Let us also note from (4.134) that the connection (gauge field) does
not transform covariantly under the gauge transformation because of
the inhomogeneous term much like the transformation of the affine
connection in (4.22).

Similarly in the case of gravitation (curved manifold) we note
that the presence of the connection signals the presence of a local
gauge symmetry in the theory which corresponds to the general co-
ordinate invariance of the system. Furthermore, this also suggests
that Einstein theory, which describes gravitational forces, must have
the nature of a gauge theory and we will study this later in the
course.

4.7 Gradient, divergence and curl

Although the derivatives in the case of a curved manifold have to
be generalized to covariant derivatives, there are special cases where
they take simple forms. We have already seen in (4.97) that for a
scalar function

Dµφ(x) = ∂µφ(x), (4.137)
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so that the gradient of a scalar function remains unchanged in a
curved manifold. Furthermore, we note that the covariant derivative
of a contravariant vector is defined as (see (4.87))

DµA
ν = ∂µA

ν − Γν
µσA

σ. (4.138)

Therefore, we can define the (covariant) divergence of a contravariant
vector as

DµA
µ = Aµ

;µ = ∂µA
µ − Γµ

µσA
σ, (4.139)

where a semi-colon conventionally denotes covariant differentiation.
To simplify this expression let us recall that

Γµ
µσ = −1

2
gµρ (∂µgσρ + ∂σgρµ − ∂ρgµσ)

= −1

2
(∂ρgσρ + gµρ∂σgρµ − ∂µgµσ)

= −1

2
gµρ∂σgρµ. (4.140)

Let us now use the following simplifying relation. If A denotes
any (square) matrix, then we note that we can represent its deter-
minant as

detA = eTr lnA. (4.141)

This is obvious if the matrix A is diagonal, for in this case

detA =
∏

i

λ i, (4.142)

where the diagonal elements λi represent the eigenvalues of the ma-
trix and we have

eTr lnA = e

∑

i
lnλ i

=
∏

i

λ i = detA, (4.143)
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which establishes the equivalence in (4.141). If A is not diagonal, on
the other hand, we can write

A = SADS
−1, (4.144)

where AD is the diagonalized form of A and S is the similarity trans-
formation that takes A to its diagonal form. In this case, we have

eTr lnA = eTr ln(SADS−1) = eTr(lnS+lnAD−lnS)

= eTr lnAD = detAD = detSADS
−1 = detA. (4.145)

This proves the formula (4.141) in general. If we further assume
that the matrix A depends on space-time coordinates we can take
the derivative of the determinant of the matrix with respect to coor-
dinates to obtain

∂σ(detA) = ∂σe
Tr lnA = ∂σ(Tr lnA)e

Tr lnA

= Tr(∂σ lnA) detA

= Tr
(
A−1∂σA

)
detA. (4.146)

Let us apply the relation in (4.146) to the determinant of the
metric tensor (metric tensor can be thought of as a 4 × 4 matrix in
four dimensions), which leads to

∂σg = ∂σ det gµν = (gµν∂σgνµ) g, (4.147)

where we have identified g = det gµν . Therefore, we have

∂σ
√−g =

1

2
√−g (−∂σg) =

(−g)
2
√−g g

µν∂σgνµ

=

√−g
2

gµν∂σgνµ, (4.148)

so that comparing with (4.140) we can write
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Γµ
µσ = −1

2
gµρ∂σgρµ = − 1√−g ∂σ

√−g. (4.149)

The divergence of a contravariant vector now follows to be (see
(4.139))

DµA
µ = ∂µA

µ − Γµ
µσA

σ

= ∂µA
µ +

1√−g (∂σ
√−g)Aσ

=
1√−g ∂µ(

√−g Aµ). (4.150)

This leads to an invariant formulation of Gauss’ theorem in
a curved manifold. Namely, if the vector field Aµ(x) vanishes at
infinity, then

∫ √−g d4x DµA
µ =

∫
d4x

√−g 1√−g ∂µ(
√−gAµ)

=

∫
d4x ∂µ(

√−g Aµ) = 0. (4.151)

A particularly simple application of the expression for the covariant
divergence in (4.150) arises when the vector field itself corresponds
to the gradient of a scalar function. In other words,

DµD
µφ(x) = Dµ(∂

µφ(x)),

or, �φ(x) =
1√−g ∂µ(

√−g∂µφ(x)), (4.152)

where� stands for the invariant D’Alembertian in a curved manifold.
We note here that much like the covariant derivative, the exact form
of the D’Alembertian depends on the space of functions on which
it acts. However, from (4.152) we see that acting on the space of
scalar functions, the invariant D’Alembertian can be identified with
the operator
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� =
1√−g ∂µ

√−g ∂µ =
1√−g ∂µ

√−g gµν∂ν . (4.153)

Let us apply this result to the simple case of three dimensional
Euclidean space in spherical coordinates with the line element given
by

ds2 = dr2 + r2(dθ2 + sin2 θdφ2). (4.154)

In this case, we can read out the nontrivial components of the co-
variant metric tensor to be

grr = 1, gθθ = r2, gφφ = r2 sin2 θ, (4.155)

and the inverse (contravariant) metric tensor is given by

grr = 1, gθθ =
1

r2
, gφφ =

1

r2 sin2 θ
, (4.156)

which leads to

g = det gij = grrgθθgφφ = r4 sin2 θ. (4.157)

Thus using (4.152) we see that, in spherical coordinates, the Lapla-
cian (analog of the D’Alembertian in three dimensions) acting on
scalar functions becomes

∇
2Φ =

1√
g
∂i
(√
ggij∂jΦ

)
=

1

r2 sin θ
∂i
(
r2 sin θgij∂jΦ

)

=
1

r2 sin θ

[
∂r
(
r2 sin θgrr∂r

)
+ ∂θ

(
r2 sin θgθθ∂θ

)

+∂φ

(
r2 sin θgφφ∂φ

)]
Φ

=
1

r2 sin θ

[
∂r(r

2 sin θ∂r) + ∂θ

(
r2 sin θ

1

r2
∂θ

)
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+ ∂φ

(
r2 sin θ

1

r2 sin2 θ
∂φ

)]
Φ

=
1

r2

[
∂

∂r
r2

∂

∂r
+

1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

∂2

∂φ2

]
Φ,

(4.158)

so that, in this case, the form of the Laplacian (acting on scalar
functions) in spherical coordinates has the familiar form

∇
2 =

1

r2

[
∂

∂r
r2
∂

∂r
+

1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

∂2

∂φ2

]
. (4.159)

It is worth noting that the divergence of some of the tensors
also takes a particularly simpler form. For example, we note that for
a second rank tensor

DµT
µν = ∂µT

µν − Γµ
µσT

σν − Γν
µσT

µσ

= ∂µT
µν +

1√−g (∂σ
√−g) T σν − Γν

µσT
µσ

=
1√−g ∂µ(

√−g T µν)− Γν
µσT

µσ. (4.160)

In particular, if the tensor is anti-symmetric, namely,

T µν = −T νµ, (4.161)

then the second term in (4.160) vanishes (because of the symmetry
of the Christoffel symbol in the lower indices) and we can write (for
T µν = −T νµ)

DµT
µν =

1√−g ∂µ(
√−gT µν). (4.162)

This result generalizes to any tensor that is completely anti-symmetric
in all its indices.

The covariant curl of a covariant vector takes a particularly
simple form. For example, we know that (see (4.122))
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DµAν = ∂µAν + Γλ
µνAλ, (4.163)

from which it follows that

DµAν −DνAµ = Aν;µ −Aµ;ν

= ∂µAν + Γλ
µνAλ − ∂νAµ − Γλ

νµAλ

= ∂µAν − ∂νAµ, (4.164)

where we have used the symmetry of the Christoffel symbol (4.50).
This shows that the curl of a covariant vector remains unchanged
in the presence of gravitation (or in a curved manifold). However,
it is worth emphasizing here that this follows only because we have
assumed the connection to be torsion free (the connection is symmet-
ric). In the presence of torsion, this relation would modify since the
connection will have an anti-symmetric part as well. In the present
case we note that the curl of a covariant vector is a second rank
anti-symmetric tensor,

Aµν = DµAν −DνAµ = ∂µAν − ∂νAµ = −Aνµ, (4.165)

which does not involve the Christoffel symbol at all.
Let us next note that for a covariant second rank tensor which

is anti-symmetric Aµν = −Aνµ (see (4.130)),

Aµν;λ = DλAµν = ∂λAµν + Γσ
λµAσν + Γσ

λνAµσ

= ∂λAµν − Γσ
λµAνσ + Γσ

νλAµσ, (4.166)

where we have used the symmetry property of the Christoffel symbol
as well as the anti-symmetry of Aµν and have introduced the conven-
tional notation of representing a covariant derivative by a semi-colon.
Taking cyclic permutations of this relation we obtain

DµAνλ = ∂µAνλ − Γσ
µνAλσ + Γσ

λµAνσ ,

DνAλµ = ∂νAλµ − Γσ
νλAµσ + Γσ

µνAλσ . (4.167)
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Taking the sum these three relations we obtain

DλAµν +DµAνλ +DνAλµ

= ∂λAµν − Γσ
λµAνσ + Γσ

νλAµσ + ∂µAνλ − Γσ
µνAλσ + Γσ

λµAνσ

+∂νAλµ − Γσ
νλAµσ + Γσ

µνAλσ

= ∂λAµν + ∂µAνλ + ∂νAλµ. (4.168)

That is, in this case all of the effects of gravitation drop out. This
is particularly interesting since it implies that a relation such as the
Bianchi identity in the case of electromagnetic theory remains un-
changed in the presence of gravitation (or in a curved manifold).
Namely,

DλFµν +DµFνλ +DνFλµ = ∂λFµν + ∂µFνλ + ∂νFλµ = 0, (4.169)

which is the Bianchi identity in flat space.

I Example (Nijenhuis torsion tensor). As we understand now, the ordinary deriva-
tive acting on tensors in a curved manifold does not transform, in general, like a
tensor under a general coordinate transformation. We need to use the covariant
derivative for this purpose. However, we have also seen in (4.164) and (4.168) that
under special circumstances, the connection (Christoffel symbol) in the covariant
derivative drops out and the combination of ordinary derivatives indeed leads to
a true tensor. Nijenhuis torsion tensor is one such tensor in a curved manifold.

Let Sµν be a mixed tensor of rank 2 with one covariant and one contravariant
index. Using the covariant derivative (4.131), we can now define

Nλ
µν = SσµDσS

λ
ν − SσνDσS

λ
µ − Sλσ (DµS

σ
ν −DνS

σ
µ) = −Nλ

νµ, (4.170)

which by construction is a mixed tensor of rank 3 with one contravariant and two
covariant indices.

If we write out the tensor (4.170) in detail, we obtain

Nλ
µν = Sσµ(∂σS

λ
ν + ΓρσνS

λ
ρ − ΓλσρS

ρ
ν )− Sσν (∂σS

λ
µ + ΓρσµS

λ
ρ − ΓλσρS

ρ
µ)

− Sλσ (∂µS
σ
ν + ΓρµνS

σ
ρ − ΓσµρS

ρ
ν ) + Sλσ (∂νS

σ
µ + ΓρνµS

σ
ρ − ΓσνρS

ρ
µ). (4.171)

We note that if we use the symmetry property of the Christoffel symbol (4.50),
all the terms involving the connection cancel pairwise and we have

Nλ
µν = −Nλ

νµ = Sσµ∂σS
λ
ν − Sσν ∂σS

λ
µ − Sλσ (∂µS

σ
ν − ∂νS

σ
µ). (4.172)
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Even though the tensor (4.172) involves only ordinary derivatives, it is a
true tensor. This is known as the Nijenhuis torsion tensor associated with the
mixed tensor Sµν and plays an important role in the study of complex manifolds
(as well as in integrable systems).

J

Therefore, we see that if Aµν is a covariant anti-symmetric ten-
sor of second rank, namely,

Aµν = −Aνµ, (4.173)

then we can construct an anti-symmetric tensor of third rank from
Aµν independent of the Christoffel symbol (this would correspond to
taking the curl of the second rank tensor), as

Aµνλ = DλAµν +DµAνλ +DνAλµ

= ∂λAµν + ∂µAνλ + ∂νAλµ. (4.174)

These results suggest the following general fact. Given a covariant
rank n anti-symmetric tensor, we can form a unique covariant rank
n + 1 anti-symmetric tensor which does not involve the Christoffel
symbol (by taking its curl). The general result can be quickly proved
with p-forms which we will not get into. Here let us study this only
for a third rank tensor. If Aµνλ is a completely anti-symmetric tensor,
then

DρAµνλ = ∂ρAµνλ + Γσ
ρµAσνλ + Γσ

ρνAµσλ + Γσ
ρλAµνσ

= ∂ρAµνλ + Γσ
ρµAνλσ + Γσ

ρνAλµσ + Γσ
ρλAµνσ . (4.175)

Taking the cyclic permutations of this relation we obtain

DµAνλρ = ∂µAνλρ + Γσ
µνAλρσ + Γσ

µλAρνσ + Γσ
µρAνλσ,

DνAλρµ = ∂νAλρµ + Γσ
νλAρµσ + Γσ

νρAµλσ + Γσ
νµAλρσ,

DλAρµν = ∂λAρµν + Γσ
λρAµνσ + Γσ

λµAνρσ + Γσ
λνAρµσ . (4.176)

It follows now that the totally anti-symmetric combination
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Aµνλρ = DρAµνλ −DµAνλρ +DνAλρµ −DλAρµν

= ∂ρAµνλ − ∂µAνλρ + ∂νAλρµ − ∂λAρµν , (4.177)

which is, of course, a covariant anti-symmetric tensor of rank 4 in-
dependent of the Christoffel symbol.

Some comments are in order here. First of all we note that we
can increase the rank of a covariant anti-symmetric tensor by one
simply by taking its curl. If we try to apply this procedure twice,
then it yields a tensor which vanishes identically. For example, we
note that given a scalar function, we can construct a covariant vector
by applying the covariant derivative (curl)

Aµ = Dµφ = ∂µφ. (4.178)

If we try to construct an anti-symmetric second rank tensor from
this by taking its curl, then we find

DµAν −DνAµ = ∂µAν − ∂νAµ

= ∂µ∂νφ− ∂ν∂µφ = 0. (4.179)

Let us next consider a covariant vector Aµ and construct the second
rank anti-symmetric tensor by taking its curl as (see (4.164))

Aµν = DµAν −DνAµ = ∂µAν − ∂νAµ. (4.180)

If we now try to construct an anti-symmetric tensor of rank 3 by
taking curl once more, we have (the square bracket represents anti-
symmetrization)

A[µνλ] = DλAµν +DµAνλ +DνAλµ

= ∂λAµν + ∂µAνλ + ∂νAλµ

= ∂λ(∂µAν − ∂νAµ) + ∂µ(∂νAλ − ∂λAν) + ∂ν(∂λAµ − ∂µAλ)

= 0, (4.181)
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where we have used (4.168). We can show that this result is true in
general and the general result follows in a simple manner with the
use of p-forms that we will not go into. Furthermore, let us note that
in n dimensions, the highest rank nontrivial anti-symmetric tensor
would have rank n. This is easy to see because if there exists an
anti-symmetric tensor of rank n + 1, then two of its indices have to
be the same in which case it will vanish identically. The same is true
for any higher rank tensor as well.

Let us also note that in n dimensions any anti-symmetric tensor
of rank n must be proportional to the generalization of the Levi-
Civita tensor to this space. This can also be seen simply because
if

T[µ1...µn], (4.182)

is the anti-symmetric tensor (anti-symmetrization is denoted by the
square bracket), then the combination

εµ1...µnT[µ1...µn], (4.183)

is a scalar function (density). Therefore, we can always write

T[µ1...µn] = εµ1...µn φ(x), (4.184)

where φ(x) denotes a scalar density.

Let us define the following terminology. An anti-symmetric ten-
sor with the property

D[λAµν... ] = 0, (4.185)

is called closed. (Namely, the covariant curl of the tensor vanishes.)
Furthermore, an anti-symmetric tensor A[µν... ] is called exact if it
can be written in terms of a lower rank (anti-symmetric) tensor as

A[µν... ] = D[µT[ν... ]] = ∂[µT[ν... ]]. (4.186)
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Thus for example, in the case of three dimensional electrostatic in
Euclidean space, as we know, one of Maxwell’s equations takes the
form

∇×E = 0. (4.187)

Therefore, the electric field can be thought of as a closed vector and
since we know that it can be written as the gradient of a scalar
potential

E = −∇φ, (4.188)

it is also exact.

Another example follows from the definition of the electromag-
netic field strength tensor itself (see (1.83) and (4.164))

Fµν = DµAν −DνAµ = ∂µAν − ∂νAµ, (4.189)

where Aµ denotes the vector potential. Thus we see that one can
think of the electromagnetic field strength as an exact tensor. Fur-
thermore, we know that the field strength tensor satisfies Bianchi
identity (see (4.168))

DλFµν +DµFνλ +DνFλµ = ∂λFµν + ∂µFνλ + ∂νFλµ

= ∂λ(∂µAν − ∂νAµ) + ∂µ(∂νAλ − ∂λAν) + ∂ν(∂λAµ − ∂µAλ)

= 0, (4.190)

so that it is also closed. These observations lead to the following two
theorems.

Theorem 1: Every exact tensor is closed.

It follows from the definition of an exact tensor in (4.186) that

T[µ1...µn] = ∂[µ1
T̃[µ2...µn]]. (4.191)
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Therefore, since derivatives commute (their product is symmetric)
we have

D[µn+1
T[µ1...µn]] = ∂[µn+1

T[µ1...µn]] = ∂[µn+1
∂[µ1

T̃[µ2...µn]]] = 0,

(4.192)

which proves the theorem. (This is the same result as we had dis-
cussed earlier, namely, that taking the curl twice gives zero.)

Theorem 2: Every closed tensor is at least locally exact, i.e., it

admits a tensor potential locally.

We will not prove this theorem here but simply study its con-
sequences in four dimensions.

Theorem: In four dimensions a second rank anti-symmetric tensor

being closed is equivalent to its dual having zero divergence.

Let Fµν be a second rank anti-symmetric tensor in four dimen-
sions. Then it is closed if (see (4.185))

DλFµν +DµFνλ +DνFλµ = ∂λFµν + ∂µFνλ + ∂νFλµ = 0. (4.193)

Furthermore, the divergence free nature of the dual tensor (see (1.81))
is defined as (any factor of

√−g commutes with the covariant deriva-
tive and, therefore, can only be a multiplicative factor)

DµF̃
µν = Dµ

(
1

2
εµνλρFλρ

)
=

1

2
εµνλρDµFλρ

=
1

2
× 1

3
εµνλρ (DµFλρ +DλFρµ +DρFµλ) = 0. (4.194)

This is known as the Bianchi identity and as we had noted earlier in
chapter 1, the two relations (4.193) and (4.194) are equivalent.



Chapter 5

Geodesic equation

5.1 Covariant differentiation along a curve

Sometimes a vector field or a tensor field is defined only on a certain
trajectory rather than on the entire space-time manifold. Thus for
example, the four momentum or the stress tensor or the spin vector
of a particle can be defined only along the trajectory of the particle.
In this case we have to develop the notion of covariant differentiation
along the curve.

From what we have seen already in the last chapter, the co-
variant derivative measures the change in a vector or a tensor in an
absolute sense. Let us apply this notion to a vector ξµ defined along
a curve xµ(τ) so that we can write

ξµ(x(τ)) = ξµ(τ), (5.1)

and at an infinitesimally separated point on the curve we have

ξµ(τ + dτ) = ξµ(τ) + dτ
dξµ(τ)

dτ
+O(dτ2). (5.2)

On the other hand, we have defined the parallel transport of a vector
ξµ(τ) to the point τ + dτ as given by (see (4.15))

ξ∗µ(τ + dτ) = ξµ(τ) + Γµ
νλ

dxν

dτ
ξλ(τ)dτ. (5.3)

From (5.2) and (5.3) we obtain

133
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ξµ(τ + dτ)− ξ∗µ(τ + dτ)

= ξµ(τ) + dτ
dξµ(τ)

dτ
− ξµ(τ)− Γµ

νλ

dxν

dτ
ξλ(τ)dτ +O(dτ2)

= dτ
dξµ(τ)

dτ
− Γµ

νλ

dxν

dτ
ξλ(τ)dτ +O(dτ2)

= dτ

(
dξµ(τ)

dτ
− Γµ

νλ

dxν

dτ
ξλ(τ)

)
+O(dτ2)

= dτ
Dξµ(τ)

Dτ
+O(dτ2), (5.4)

which defines the covariant derivative of the vector ξµ along a curve
to be (see also the discussion around (4.90))

Dξµ

Dτ
=

dξµ

dτ
− Γµ

νλ

dxν

dτ
ξλ

=
dxν

dτ

∂ξµ

∂xν
− Γµ

νλ

dxν

dτ
ξλ

=
dxν

dτ

(
∂νξ

µ − Γµ
νλξ

λ
)

=
dxν

dτ
Dνξ

µ. (5.5)

Comparing with (4.12) we recognize that the parallel transport of a
vector along a curve can also be written as

Dξµ

Dτ
=

dxν

dτ
Dνξ

µ = 0. (5.6)

Similarly, the covariant derivative of a contravariant tensor field
along a curve can be expressed as

DT µ1...µn

Dτ
=

dxν

dτ
DνT

µ1...µn . (5.7)

We note from (5.7) that
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Dgµν

Dτ
=

dxλ

dτ
Dλg

µν = 0, (5.8)

which follows from the fact that the metric is flat under covariant
differentiation (see (4.103)). Since gµν denotes the inverse of the
contravariant metric tensor gµν , it follows that

Dgµν
Dτ

=
dxλ

dτ
Dλgµν = 0. (5.9)

Using these, we can now derive

Dξµ
Dτ

=
D

Dτ
(gµνξ

ν) = gµν
Dξν

Dτ
, (5.10)

Similarly, for an arbitrary covariant tensor we have

D

Dτ
(Tµ1...µn) =

D

Dτ
(gµ1ν1 · · · gµnνnT ν1...νn)

= gµ1ν1 . . . gµnνn
D

Dτ
(T ν1...νn), (5.11)

and so on.

5.2 Curvature from derivatives

So far we have talked about the metric and the connection as rep-
resenting the effects of gravitation. However, we have also said on
several occasions that gravitation produces curvature in the space-
time manifold. But, we are yet to define and identify the curvature.
We will do so now in two different ways before studying its properties
in detail in chapter 7.

First, let us go back to the example of electromagnetism in sec-
tion 4.6. We have noted earlier that invariance under the U(1) gauge
transformation requires that the ordinary derivative be replaced by
the covariant derivative defined as (see (4.135))

Dµψ = (∂µ + ieAµ)ψ. (5.12)
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On the other hand, the first property that we notice from the defi-
nition of the covariant derivative is that unlike ordinary derivatives,
the covariant derivatives do not commute. Namely,

[Dµ,Dν ]ψ = (DµDν −DνDµ)ψ

= [(∂µ + ieAµ)(∂ν + ieAν)− (∂ν + ieAν)(∂µ + ieAµ)]ψ

= ie∂µ(Aνψ) + ieAµ∂νψ − ie∂ν(Aµψ)− ieAν∂µψ

= ie(∂µAν)ψ + ieAν∂µψ + ieAµ∂νψ − ie(∂νAµ)ψ

−ieAµ∂νψ − ieAν∂µψ

= ie(∂µAν − ∂νAµ)ψ = ieFµνψ, (5.13)

where Fµν represents the electromagnetic field strength tensor. The
non-commutativity of the covariant derivatives arisesbecause of cur-
vature in the space (in this case the Hilbert space) and we identify
the observable curvature of the space with the field strength tensor
Fµν .

Similarly, we can derive the curvature in the case of a gravita-
tional field (or a curved manifold) by taking the commutator of two
covariant derivatives. We have defined the covariant derivative of a
contravariant vector as (see (4.87))

DµA
ρ = ∂µA

ρ − Γρ
µσA

σ. (5.14)

It follows from this as well as from the definition of the covariant
derivative for mixed tensors that (see (4.131))

DνDµA
ρ = ∂ν (DµA

ρ) + Γλ
νµDλA

ρ − Γρ
νλDµA

λ

= ∂ν
(
∂µA

ρ − Γρ
µσA

σ
)
+ Γλ

νµ

(
∂λA

ρ − Γρ
λσA

σ
)

−Γρ
νλ(∂µA

λ − Γλ
µσA

σ)

= ∂ν∂µA
ρ − (∂νΓ

ρ
µσ)A

σ − Γρ
µσ∂νA

σ

+ Γλ
νµ(∂λA

ρ − Γρ
λσA

σ)− Γρ
νλ(∂µA

λ − Γλ
µσA

σ). (5.15)

Interchanging µ ↔ ν, we obtain from this
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DµDνA
ρ = ∂µ∂νA

ρ − (∂µΓ
ρ
νσ)A

σ − Γρ
νσ∂µA

σ

+ Γλ
µν(∂λA

ρ − Γρ
λσA

σ)− Γρ
µλ(∂νA

λ − Γλ
νσA

σ), (5.16)

and these results lead to the commutator of the covariant derivatives
acting on a contravariant vector as

[Dµ,Dν ]A
ρ = (DµDνA

ρ −DνDµA
ρ)

= (∂νΓ
ρ
µσ − ∂µΓ

ρ
νσ)A

σ + (Γρ
µλΓ

λ
νσ − Γρ

νλΓ
λ
µσ)A

σ

= (∂νΓ
ρ
µσ − ∂µΓ

ρ
νσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ)A

σ

= Rρ
σµνA

σ, (5.17)

where we have identified

Rρ
σµν = ∂νΓ

ρ
µσ − ∂µΓ

ρ
νσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ. (5.18)

This is known as the Riemann-Christoffel curvature tensor of the
manifold. Similarly, for a covariant vector we can show that

[Dµ,Dν ]Aρ = Dµ(DνAρ)−Dν(DµAρ)

= ∂µ(DνAρ) + Γλ
µνDλAρ + Γλ

µρDνAλ

−∂ν(DµAρ)− Γλ
νµDλAρ− Γλ

νρDµAλ

= ∂µ
(
∂νAρ + Γσ

νρAσ

)
+ Γλ

µρ (∂νAλ + Γσ
νλAσ)

−∂ν
(
∂µAρ + Γσ

µρAσ

)
− Γλ

νρ

(
∂µAλ + Γσ

µλAσ

)

= −
[
∂νΓ

σ
µρ − ∂µΓ

σ
νρ + Γλ

νρΓ
σ
µλ − Γλ

µρΓ
σ
νλ

]
Aσ

= −Rσ
ρµνAσ. (5.19)

Furthermore, note that since the curvature tensor is a function of
the connection and its derivative, if the space were flat the curvature
tensor would vanish and then the covariant derivatives would reduce
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to ordinary derivatives and they would commute. (Since curvature
is a tensor, if it vanishes in one coordinate system, say the Cartesian
coordinate system, then it will vanish in any curvilinear coordinate
system.)

I Example (Commutator of covariant derivatives on a tensor). Let us study how
the commutator of two covariant derivatives acts on tensors, in particular on a
second rank tensor T µν . From the definition of the covariant derivatives in (4.98)
and (4.131) we have

DλDρT
µν = ∂λ(DρT

µν) + ΓσλρDσT
µν − ΓµλσDρT

σν − ΓµλσDρT
σν,

DρDλT
µν = ∂ρ(DλT

µν) + ΓσρλDσT
µν − ΓµρσDλT

σν − ΓµρσDλT
σν. (5.20)

Therefore, we obtain

[Dλ, Dρ]T
µν = ∂λ(DρT

µν) + ΓσλρDσT
µν − ΓµλσDρT

σν − ΓµλσDρT
σν

− ∂ρ(DλT
µν) + ΓσρλDσT

µν − ΓµρσDλT
σν − ΓµρσDλT

σν

= ∂λ(∂ρT
µν − ΓµρσT

σν − ΓνρσT
µσ)

− Γµλσ(∂ρT
σν − ΓσρηT

ην − ΓνρηT
ησ)

− Γνλσ(∂ρT
µσ − ΓµλσT

σν − ΓνλσT
µσ)− (ρ↔ λ)

= (∂ρΓ
µ
λσ − ∂λΓ

µ
ρσ + ΓµληΓ

η
ρσ − ΓµρηΓ

η
λσ)T

σν

+ (∂ρΓ
ν
λσ − ∂λΓ

ν
ρσ + ΓνληΓ

η
ρσ − ΓνρηΓ

η
λσ)T

µσ

= RµσλρT
σν +RνσλρT

µσ. (5.21)

We see that when the commutator of two covariant derivatives acts on a tensor,
it leads to a sum of terms involving the Riemann-Christoffel curvature tensor.

J

I Example (Curvature for a two dimensional manifold). Let us consider the two
dimensional space defined by the line element

dτ 2 =
1

t2
(dt2 − dx2). (5.22)

The nonzero components of the metric tensor follow from (5.22) to have the forms

gtt =
1

t2
, gxx = − 1

t2
, gtt = t2, gxx = −t2. (5.23)

The metric tensors depend only on the coordinate t and, therefore, the nontrivial
components of the connection (4.49)
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Γσµν = −1

2
gσλ (∂µgνλ + ∂νgλµ − ∂λgµν) , µ, ν, σ = t, x, (5.24)

can be determined to have the forms

Γttt =
1

t
, Γtxx =

1

t
, Γxtx = Γxxt =

1

t
, (5.25)

so that the geodesic equations are given by

ẗ− Γtttṫ
2 − Γtxxẋ

2 = 0,

or, ẗ− 1

t
ṫ2 − 1

t
ẋ2 = 0,

ẍ− Γttx ṫẋ− Γxxtẋṫ = 0,

or, ẍ− 2

t
ṫẋ = 0. (5.26)

In two dimensions there is only one nontrivial, independent component of
the Riemann-Christoffel curvature tensor (5.18) which we denote as Rtxtx and it
has the form

Rtxtx = ∂xΓ
t
xt − ∂tΓ

t
xx + ΓttσΓ

σ
xx − ΓtσxΓ

σ
tx

= −∂tΓtxx + ΓtttΓ
t
xx − ΓtxxΓ

x
tx

=
1

t2
+

1

t

1

t
− 1

t

1

t
=

1

t2
. (5.27)

It follows now that

Rtxtx = gttR
t
xtx =

1

t4
. (5.28)

J

5.3 Parallel transport along a closed curve

Let us next discuss the notion of curvature from a second point of
view. To differentiate between flat space and a curved space, let us
study the example of parallel transport of a vector along a closed
path. First, let us consider a closed curve in flat space as shown in
Fig. 5.1. If we take any vector and parallel transport it along the
curve keeping it always parallel to itself, then when we come back
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Figure 5.1: Parallel transport of a vector along a closed path in flat
space.

to the starting point the final vector would coincide with the initial
vector. This is the characteristic of a flat space.

Let us next consider the surface of a sphere. If we move a
vector from the north pole Q along the closed curve QPRQ always
maintaining the vector locally parallel (always facing the south pole)
as shown in Fig. 5.2, then when we reach the starting point (the
north pole), the final vector would be pointing in a different direction
from the initial direction. This is a characteristic of curved spaces,
namely, when a vector is parallel transported along a closed curve
it does not come back to itself. The angle between the initial and
the final vector depends on the closed path. Therefore, the change
in the vector must be related to the curvature as well as the closed
path along which it is transported.

θ

Q

R P

Figure 5.2: Parallel transport along a closed path on the surface of
a sphere.

From the definition of parallel transport in (4.14) we know that
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when a vector is parallel transported infinitesimally in a curved space
the change in its components is given by

dξµ(x) = Γµ
νλ(x)dx

νξλ(x). (5.29)

However, since the value of the connection is different at different
points in a curved space-time manifold, the change in a vector parallel
transported from point A to point B along path 1 would be different
from the change along path 2 (see Fig. 5.3). The other way of
saying this is that a vector parallel transported along a closed curve
would not come back to itself. Therefore, the change in a vector
around a closed path would be a measure of the curvature of the
manifold.

A

B

1

2

Figure 5.3: Parallel transporting of a vector from A to B along two
paths.

I Example (Parallel transport on the surface of the unit sphere). Let us consider
a vector Aα = (Aθ, Aφ) on the surface of the unit sphere with components (1, 0)
at the coordinates (θ = θ0, φ = 0), namely,

Aα(θ = θ0, φ = 0) = (Aθ(θ0, 0), A
φ(θ0, 0)) = (1, 0). (5.30)

We would like to calculate the components of this vector when it is parallel trans-
ported along a circle at θ = θ0 and, in particular, when it is parallel transported
back to the starting point.

The line element on the surface of the unit sphere is given by

dτ 2 = dθ2 + sin2 θdφ2, (5.31)

This is the same as the line element studied in (4.58) with r = 1,dr = 0 and,
therefore, we have
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gθθ = 1, gφφ = sin2 θ, (5.32)

and we can carry over the nontrivial components of the connection from (4.62)
(Γrµν vanishes in this case since grr = 0)

Γθφφ = sin θ cos θ, Γφθφ = Γφφθ = − cot θ. (5.33)

At this point there are several ways to solve the problem. Let us indicate only
two methods.

Method 1: The equation for the parallel transport of the vector Aα has the
form (see (5.6))

dxβ

dτ

(

∂βA
α − ΓαβγA

γ
)

= 0, α, β, γ = θ, φ. (5.34)

Furthermore, since we are parallel transporting along a circle where φ is changing
but θ = θ0 is fixed, the relevant equation to study is

∂φA
α − Γαφγ(θ = θ0)A

γ = 0, (5.35)

which in components (with the use of (5.33)) becomes

∂φA
θ − Γθφφ(θ = θ0)A

φ = 0,

or, ∂φA
θ = sin θ0 cos θ0A

φ, (5.36)

∂φA
φ − Γφφθ(θ = θ0)A

θ = 0,

or, ∂φA
φ = − cot θ0A

θ. (5.37)

The two coupled equations (5.36) and (5.37) lead to

∂2
φA

φ = − cot θ0∂φA
θ = − cot θ0

(

sin θ0 cos θ0A
φ
)

= − cos2 θ0A
φ, (5.38)

whose general solution has the form

Aφ(θ0, φ) = C sin(φ cos θ0) +D cos(φ cos θ0). (5.39)

On the other hand, the “initial” condition (5.30)

Aφ(θ0, 0) = 0, (5.40)
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determines D = 0 so that we can write

Aφ(θ0, φ) = C sin(φ cos θ0). (5.41)

Substituting (5.41) into (5.36) we obtain

∂φA
θ(θ0, φ) = sin θ0 cos θ0A

φ(θ0, φ) = C sin θ0 cos θ0 sin(φ cos θ0),

or, Aθ(θ0, φ) = −C sin θ0 cos(φ cos θ0). (5.42)

Imposing the “initial” condition (5.30)

Aθ(θ0, 0) = 1, (5.43)

determines

C = − csc θ0, (5.44)

so that we can write the solutions to be

Aθ(θ0, φ) = cos(φ cos θ0), Aφ(θ0, φ) = − csc θ0 sin(φ cos θ0). (5.45)

We note that the length of the “initial” vector is given by

gθθA
θ(θ0, 0)A

θ(θ0, 0) + gφφA
φ(θ0, 0)A

φ(θ0, 0) = 1. (5.46)

The length of the parallel transported vector at any subsequent point on the circle
is given by

gθθA
θ(θ0, φ)A

θ(θ0, φ) + gφφA
φ(θ0, φ)A

φ(θ0, φ)

= cos2(φ cos θ0) + sin2 θ0 csc
2 θ0 sin2(φ cos θ0) = 1, (5.47)

which shows that the length of the vector remains invariant under parallel trans-
port. However, the vector gets rotated (the components change) as we move
along the circle. In particular when we return to the starting point, namely,
when φ = 2π, the vector has the components

Aα = (cos(2π cos θ0),− csc θ0 sin(2π cos θ0)) , (5.48)

which is different from the “initial” vector (5.30) unless θ0 = 0, or π
2
, namely, at

the pole or at the equator .

Method 2: We have already determined the formula for parallel transport by an
infinitesimal amount in spherical coordinates in (4.63). In the present problem,
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however, we have dr = dθ = 0, r = 1, Ar = 0 so that the change in the vector
under an infinitesimal parallel transport along the circle θ = θ0 is given by

dAθ = Γθφφ(θ0)dφA
φ = sin θ0 cos θ0A

φdφ,

dAφ = Γφθφ(θ0)dφA
θ = − cot θ0A

θdφ. (5.49)

Let us take the total angle traversed along the circle at θ = θ0 to be φ and
divide it into N equal infinitesimal parts so that

Ndφ = φ, (5.50)

where N is assumed to be large and we will take the limit N → ∞,dφ → 0
such that (5.50) holds. Namely, we have divided the parallel transport by a
finite amount into a series of successive infinitesimal parallel transports of equal
amount. From (5.50) we recognize that at every order of the parallel transport,
the components of the transported vector will be related as (n < N)

(

Aθn+1

Aφn+1

)

=

[

1 +

(

0 sin θ0 cos θ0dφ
− cot θ0dφ 0

)](

Aθn
Aφn

)

. (5.51)

We can write the components of the vector after N successive infinitesimal parallel
transports compactly as

Aα
N

=

N
∏

n=1

(1 +∆n)A
α
0 , (5.52)

where Aα0 denotes the “initial” vector (5.30) (in column form) and we have iden-
tified

∆n =

(

0 sin θ0 cos θ0dφ
− cot θ0dφ 0

)

=
φ cos θ0
N

(

0 sin θ0
− csc θ0 0

)

=
∆

N
, (5.53)

where we have defined, for later use,

∆ = φ cos θ0

(

0 sin θ0
− csc θ0 0

)

. (5.54)

Let us recall here the important identity that

lim
N→∞

N
∏

n=1

(1 +
∆

N
) = e∆, (5.55)

so that in the limit N → ∞ the transformation (5.52) takes the form
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Aα(φ) = e∆Aα0 . (5.56)

Since the matrix in (5.54) squares to ∆2 = −(φ cos θ0)
21 we have the general

identities

∆2n = (−1)n(φ cos θ0)
2n1, ∆2n+1 = (−1)n(φ cos θ0)

2n∆, (5.57)

which can be used to simplify the exponent in (5.56)

e∆ = cos(φ cos θ0)1+
1

φ cos θ0
sin(φ cos θ0)∆. (5.58)

Using (5.54) as well as (5.58) in (5.56), we finally have

(

Aθ(θ0, φ)

Aφ(θ0, φ)

)

=

(

cos(φ cos θ0) sin θ0 sin(φ cos θ0)
[6pt]− csc θ0 sin(φ cos θ0) cos(φ cos θ0)

)(

1
0

)

=

(

cos(φ cos θ0)
[6pt]− csc θ0 sin(φ cos θ0)

)

, (5.59)

which coincides with (5.45).
J

To calculate the change in a vector (in general) when paral-
lel transported around a closed curve, we note that any finite path
can be decomposed into many infinitesimal closed loops. And hence
the problem of studying the change in a vector parallel transported
around a finite loop is equivalent to studying the change in going
around an infinitesimal loop as shown in Fig. 5.4. If we use the rule
for parallel displacement (see (4.12))

dξµ = Γµ
νλdx

νξλ,

or,
dξµ

dτ
= Γµ

νλ

dxν

dτ
ξλ, (5.60)

then, the change in the vector in going around a closed infinitesimal
loop can be written as

∆ξµ =

∮
dξµ =

∮
dτ

dξµ

dτ
=

∮
dτ Γµ

νλ(x)
dxν

dτ
ξλ(x). (5.61)
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x(τ0)

x(τ)

Figure 5.4: Parallel transport of a vector along an infinitesimal closed
path.

Here we are assuming that the curve is parameterized by the proper
time τ . Furthermore, the evaluation of the integral can be simplified
by expanding quantities inside the integral around a fixed point on
the curve, say, x(τ0) = x0. Since the loop is infinitesimal, we have

Γµ
νλ(x) = Γµ

νλ(x0) + (x− x0)
ρ∂ρΓ

µ
νλ(x0) +O

(
(x− x0)

2
)
, (5.62)

and similarly,

ξµ(x) ' ξµ(x0) + δξµ(x0)

= ξµ(x0) + Γµ
νλ(x0)(x− x0)

νξλ(x0). (5.63)

Using these relations and keeping terms only up to linear power in
(x−x0), the expression for the change in the vector in (5.61) becomes

∆ξµ =

∮
dτ
[
Γµ
νλ(x0) + (x− x0)

γ∂γΓ
µ
νλ(x0) + · · ·

]

×
[
ξλ(x0) + Γλ

ρσ(x− x0)
ρξσ(x0)

] dxν

dτ

=

∮
dτ

[
Γµ
νλ(x0)ξ

λ(x0)
dxν

dτ
+ (x− x0)

ρξσ(x0)
{
∂ρΓ

µ
νσ(x0)

+ Γµ
νλ(x0)Γ

λ
ρσ(x0)

} dxν

dτ

]
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= Γµ
νλ(x0)ξ

λ(x0)

∮
dτ

dxν

dτ

+ξσ(x0)
{
∂ρΓ

µ
νσ(x0) + Γµ

νλ(x0)Γ
λ
ρσ(x0)

}

×
∮

dτ(x− x0)
ρdx

ν

dτ
.

(5.64)

Let us note that for a closed curve

∮
dτ

dxν

dτ
=

∮
dxν = 0, (5.65)

since the coordinate comes back to the same point. The expression
for the change in the vector in (5.64), therefore, simplifies to

∆ξµ = ξσ(x0)
{
∂ρΓ

µ
νσ(x0) + Γµ

νλ(x0)Γ
λ
ρσ(x0)

}∮
dτ xρ

dxν

dτ
.

(5.66)

Furthermore, let us note that

∮
dτ xρ

dxν

dτ
=

∮
dτ

[
d

dτ
(xρxν)− dxρ

dτ
xν
]

= −
∮

dτ xν
dxρ

dτ
. (5.67)

Namely, the integral is anti-symmetric in the indices ρ and ν so that
we can manifestly antisymmetrize the coefficient of the integral in
the indices ρ, ν and write

∆ξµ =
1

2
ξσ(x0)

{
∂ρΓ

µ
νσ(x0)− ∂νΓ

µ
ρσ(x0)

+Γµ
νλ(x0)Γ

λ
ρσ(x0)− Γµ

ρλ(x0)Γ
λ
νσ(x0)

}∮
dτ xρ

dxν

dτ

=
1

2
ξσ(x0)R

µ
σνρ(x0)

∮
dτ xρ

dxν

dτ
, (5.68)
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where Rµ
σνρ is the Riemann-Christoffel curvature tensor defined ear-

lier in (5.18).
The remaining integral is easily recognized as the area of the

infinitesimal loop. This can be seen simply by recalling that in three
dimensional Euclidean space the area enclosed by a curve is given by

A = −1

2

∮
dr× r,

or, Ai = −1

2

∮
εijkdxjxk. (5.69)

Thus, we note from (5.68) that the change in a vector parallel trans-
ported along a closed infinitesimal curve at any point is proportional
to the curvature tensor at that point as well as the area enclosed by
the curve. Thus we see that the vector would not change when par-
allel transported along an infinitesimal closed curve around a point
only if the curvature tensor vanishes at that point. Furthermore since
a finite closed curve can be thought of as a sum of many infinitesimal
closed curves, when parallel transported along a finite closed curve,
a vector would not change only if the curvature tensor vanishes iden-
tically at every point in that region.

If the curvature vanishes identically in any finite region of space-
time, then, of course, any vector can be parallel transported along
any closed curve in that region without any change. This simply
means that in that region parallel transporting a vector from point
A to B (see Fig. 5.3) is independent of the path along which the
vector is parallel transported. Thus in such a case, given a vector at
a point, namely, ξµ(x0), we can obtain its value at any other point
ξµ(x) in the region uniquely simply because parallel transport does
not depend on the path. Furthermore, in such a case if we choose a
curve xµ(τ), then along this curve

dξµ

dτ
=

dxν

dτ

∂ξµ

∂xν
. (5.70)

On the other hand, the law of parallel transport gives

dξµ

dτ
= Γµ

νλ

dxν

dτ
ξλ, (5.71)
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so that combining the two relations we obtain

dxν

dτ
∂νξ

µ = Γµ
νλ

dxν

dτ
ξλ,

or,
dxν

dτ

(
∂νξ

µ − Γµ
νλξ

λ
)
=

dxν

dτ
Dνξ

µ = 0. (5.72)

Since this is true for any xµ(τ) we conclude that for this to be true
the covariant derivative of the vector must vanish in that region,
namely,

Dνξ
µ = 0. (5.73)

Conversely, if we can find a vector field whose covariant deriva-
tive vanishes in some region of space-time, the curvature must also
vanish in that region. This follows because if

Dνξ
µ = 0, (5.74)

then the vector can be parallel transported along an arbitrary closed
curve without any change. This implies

∆ξµ =
1

2
Rµ

σνρξ
σ

∮
dτ xρ

dxν

dτ
= 0,

or, Rµ
σνρξ

σ = 0,

or, Rµ
σνρ = 0. (5.75)

This can also be obtained from the fact that if the covariant derivative
of a vector vanishes, then so will the commutator of two covariant
derivatives and, therefore, the curvature.

5.4 Geodesic equation

There are several ways to derive the geodesic equations in a curved
manifold. Let us first derive it from the requirement of general co-
variance.
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Let us ask how we can generalize the equations of motion for a
particle in flat space to a curved manifold (in the presence of gravi-
tation). The simplest equation to consider is, of course, the equation
of motion of a free particle. In the locally flat Cartesian coordinate
system we know that the equation is given by

d2xµ

dτ2
= 0, (5.76)

where dτ2 = ηµνdx
µdxν is the proper time. If we now go to a general

coordinate frame defined by

xµ(τ) → x′µ(x(τ)), (5.77)

then

dxµ

dτ
→ dx′µ

dτ
=
∂x′µ

∂xν
dxν

dτ
, (5.78)

where it is understood that ∂x′µ

∂xν
is evaluated at x(τ). It now follows

that

d2xµ

dτ2
→ d

dτ

(
dx′µ

dτ

)

=
d

dτ

(
∂x′µ

∂xν
dxν

dτ

)

=
∂x′µ

∂xν
d2xν

dτ2
+

∂2x′µ

∂xλ∂xν
dxλ

dτ

dxν

dτ
. (5.79)

In other words, the naive generalization of the free particle equa-
tion (5.76) to a curved space does not transform covariantly under a
general coordinate transformation and, consequently, it cannot rep-
resent the true equation of motion if general covariance is to hold.
On the other hand, we know that the affine connection changes under
a general coordinate transformation as (see (4.22))
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Γµ
νλ → Γ′µ

νλ

=
∂x′µ

∂xµ1

∂xν1

∂x′ν
∂xλ1

∂x′λ
Γµ1

ν1λ1
+

∂2x′µ

∂xν1∂xλ1

∂xν1

∂x′ν
∂xλ1

∂x′λ
, (5.80)

so that

Γµ
νλ

dxν

dτ

dxλ

dτ
→ Γ′µ

νλ

dx′ν

dτ

dx′λ

dτ

=

[
∂x′µ

∂xµ1

∂xν1

∂x′ν
∂xλ1

∂x′λ
Γµ1

ν1λ1
+

∂2x′µ

∂xν1∂xλ1

∂xν1

∂x′ν
∂xλ1

∂x′λ

]

× ∂x′ν

∂xν2
dxν2

dτ

∂x′λ

∂xλ2

dxλ2

dτ

= δν1ν2δ
λ1
λ2

[
∂x′µ

∂xµ1
Γµ1

ν1λ1
+

∂2x′µ

∂xν1∂xλ1

]
dxν2

dτ

dxλ2

dτ

=

[
∂x′µ

∂xµ1
Γµ1

ν1λ1
+

∂2x′µ

∂xν1∂xλ1

]
dxν1

dτ

dxλ1

dτ
. (5.81)

As a result, we see that the combination

d2xµ

dτ2
− Γµ

νλ

dxν

dτ

dxλ

dτ
→ d2x′µ

dτ2
− Γ′µ

νλ

dx′ν

dτ

dx′λ

dτ

=
∂x′µ

∂xσ

[
d2xσ

dτ2
− Γσ

νλ

dxν

dτ

dxλ

dτ

]
, (5.82)

transforms like a contravariant vector under a general coordinate
transformation. In a locally flat Cartesian coordinate system, the
connection vanishes and hence this simply reduces to d2xµ

dτ2
. There-

fore, from considerations of general covariance alone we conclude
that the equation of motion for a free particle in a gravitational field
(curved manifold) is given by

d2xµ

dτ2
− Γµ

νλ

dxν

dτ

dxλ

dτ
= 0. (5.83)
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This equation is known as the geodesic equation and determines
the trajectory of a free particle in a curved manifold. We recall here
that the four velocity of a particle is defined as (see (2.5))

uµ =
dxµ

dτ
, (5.84)

and behaves like a contravariant vector under a general coordinate
transformation (see (5.78)). The free particle equation (5.76) can be
written in flat space in terms of the proper velocity uµ as

duµ

dτ
= 0. (5.85)

As we have seen in (5.79), this is not covariant in a curved space and
we recall that covariantizing this equation simply would correspond
to replacing d

dτ by the appropriate covariant derivative (see (5.5)).
Thus the covariant equation for a free particle in a curved manifold
is given by

Duµ

Dτ
= 0,

or,
duµ

dτ
− Γµ

νλ

dxν

dτ
uλ = 0. (5.86)

If we now substitute the form of uµ in (5.84) into (5.86), we obtain
the geodesic equation (5.83) or the equation for the free particle as

d2xµ

dτ2
− Γµ

νλ

dxν

dτ

dxλ

dτ
= 0. (5.87)

I Example (Affine parameter). We note that the geodesic equation (5.83) de-
scribes the equation of motion for a free particle in a curved manifold

d2xµ

dτ 2
− Γµνλ

dxν

dτ

dxλ

dτ
= 0, (5.88)

where τ is any parameter labeling the trajectory which we can choose to be the
proper time as well.

Let us choose a new parameter
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s = s(τ ), (5.89)

to parameterize the trajectory. The geodesic equation (5.88), in this new variable,
takes the form

d

dτ

(

ds

dτ

dxµ

ds

)

− Γµνλ

(

ds

dτ

dxν

ds

)(

ds

dτ

dxλ

ds

)

= 0,

or,
ds2

dτ 2
dxµ

ds
+

(

ds

dτ

)2
d2xµ

ds2
−
(

ds

dτ

)2

Γµνλ
dxν

ds

dxλ

ds
= 0,

or,
d2xµ

ds2
− Γµνλ

dxν

ds

dxλ

ds
= −

d2s
dτ2
(

ds
dτ

)2

dxµ

ds
. (5.90)

Thus, the form of the geodesic equation (5.88) will remain invariant in the new
parameterization if

d2s

dτ 2
= 0,

or, s(τ ) = ατ + β, (5.91)

where α and β are constants. This is a linear transformation relating the two
parameters – also known as an affine transformation. Parameters which leave the
form of the geodesic equation (5.83) or (5.88) invariant are also known as affine
parameters (related through affine transformations).

J

The geodesic equation can alternatively be derived as the straight-
est path in a curved manifold as follows. From the study of parallel
transport we have seen that under parallel transport the change in
a vector is given by (see (4.12))

dξµ

dτ
= Γµ

νλ

dxν

dτ
ξλ. (5.92)

Thus any vector field which satisfies the differential equation

dξµ

dτ
= Γµ

νλ

dxν

dτ
ξλ,

or,
dξµ

dτ
− Γµ

νλ

dxν

dτ
ξλ = 0, (5.93)
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is parallel to itself along a curve xµ(τ). We recall from the study
of Euclidean geometry that a straight line carries the tangent along
itself. So we can generalize this definition to a curved manifold by
defining a “straight line” in a curved manifold as one which carries
its tangent vector parallel to itself along the curve. Defining ξµ to be
the tangent vector to the curve we have (this is the proper velocity)

ξµ =
dxµ

dτ
. (5.94)

Thus the tangent vector would be carried parallel to itself only if

dξµ

dτ
− Γµ

νλ

dxν

dτ
ξλ = 0,

or,
d2xµ

dτ2
− Γµ

νλ

dxν

dτ

dxλ

dτ
= 0. (5.95)

This is precisely the geodesic equation (5.83) and we conclude that
the geodesic curve carries its tangent parallel to itself and hence is
the straightest curve in a curved manifold.

A

B

Figure 5.5: Motion from A to B along a given trajectory.

I Example (Solution of the geodesic equation). Let us consider the geodesic equa-
tion in the plane in polar coordinates where the line element is given by

dτ 2 = dr2 + r2dθ2. (5.96)

This is the same space as in (4.51) and, therefore, we can carry over the metric
and the nontrivial components of the connection from (4.52) and (4.55) which
have the forms

grr = 1, gθθ = r2, grr = 1, gθθ =
1

r2
,

Γrθθ = r, Γθrθ = Γθθr = −1

r
. (5.97)
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The geodesic equations (5.83) are given by

d2xµ

dτ 2
− Γµνλ

dxν

dτ

dxλ

dτ
= 0, µ.ν, λ = r, θ. (5.98)

In the present case, there are two equations. For µ = r, we have

d2r

dτ 2
− Γrθθ

dθ

dτ

dθ

dτ
= 0,

or,
d2r

dτ 2
− r

(

dθ

dτ

)2

= 0, (5.99)

while for µ = θ, eq. (5.98) leads to

d2θ

dτ 2
− 2Γθθr

dθ

dτ

dr

dτ
= 0,

or,
d2θ

dτ 2
+

2

r

dθ

dτ

dr

dτ
= 0. (5.100)

Equation (5.100) can be integrated as follows

d2θ

dτ 2
+

2

r

dθ

dτ

dr

dτ
= 0,

or,
1
dθ
dτ

d2θ

dτ 2
+

2

r

dr

dτ
= 0,

or,
d

dτ
ln

(

r2
dθ

dτ

)

= 0,

or, r2
dθ

dτ
= ` = constant, (5.101)

where we recognize ` to correspond to the orbital angular momentum of the
particle. Note that (5.100) and (5.101) lead to

d

dτ

(

r2
(

dθ

dτ

)2
)

= 2r2
dθ

dτ

d2θ

dτ 2
+ 2r

dr

dτ

(

dθ

dτ

)2

= −4r
dr

dτ

(

dθ

dτ

)2

+ 2r
dr

dτ

(

dθ

dτ

)2

= −2r
dr

dτ

(

dθ

dτ

)2

. (5.102)

Using (5.102) in (5.99) we obtain



156 5 Geodesic equation

d2r

dτ 2
− r

(

dθ

dτ

)2

= 0,

or, 2
dr

dτ

d2r

dτ 2
− 2r

dr

dτ

(

dθ

dτ

)2

= 0,

or,
d

dτ

(

dr

dτ

)2

+
d

dτ

(

r2
(

dθ

dτ

)2
)

= 0,

or,

(

dr

dτ

)2

+ r2
(

dθ

dτ

)2

= 1. (5.103)

Here the constant of integration is chosen to be compatible with the line element
(5.96).

Since r = r(τ ), θ = θ(τ ), we can also write r in the parametric form

r = r(θ),
dr

dτ
=

dr

dθ

dθ

dτ
,

d2r

dτ 2
=

(

d2r

dθ2
− 2

r

(

dr

dθ

)2
)

(

dθ

dτ

)2

, (5.104)

where we have used (5.100). Using this in (5.99) we obtain

(

d2r

dθ2
− 2

r

(

dr

dθ

)2

− r

)

(

dθ

dτ

)2

= 0,

or,
d2r

dθ2
− 2

r

(

dr

dθ

)2

− r = 0. (5.105)

The geodesic equation (5.105) describes a free particle motion and, there-
fore, in Euclidean coordinates we expect the general solution to be of the form

y = ax+ b, (5.106)

where a, b are constants depending on the initial conditions. In polar coordinates,
(5.106) can be expressed as

r(θ) =
b

sin θ − a cos θ
, (5.107)

where we have used x = r cos θ, y = r sin θ. Indeed it can be checked easily that
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dr

dθ
= − b(cos θ + a sin θ)

(sin θ − a cos θ)2
,

d2r

dθ2
=

b

sin θ − a cos θ
+

2b(cos θ + a sin θ)2

(sin θ − a cos θ)3

= r +
2

r

(

dr

dθ

)2

, (5.108)

so that (5.108) gives the general solution of the geodesic equation (5.105). This
shows that the geodesic describes the straightest path in the manifold.

J

The geodesic equation can also be derived as the equation for
the shortest (extremal) path between two points in a curved manifold
as follows. Let τAB be the (proper) time taken by a particle in going
from point A to B in a gravitational field (see Fig. 5.5), namely,

τAB =

B∫

A

dτ, (5.109)

where (c = 1)

ds2 = dτ2 = gµνdx
µdxν . (5.110)

Let us assume that the curve xµ along which the particle moves is
parameterized by an invariant parameter λ. Thus we can write

dτ =

(
gµν

dxµ

dλ

dxν

dλ

) 1
2

dλ, (5.111)

so that

τAB =

B∫

A

dτ =

B∫

A

dλ

(
gµν

dxµ

dλ

dxν

dλ

) 1
2

. (5.112)

This is like an action and hence we can derive the equation of
for the shortest (extremal) path simply by extremizing the action.
Let us change the path infinitesimally,
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xµ(λ) → xµ(λ) + δxµ(λ), (5.113)

subject to the condition

δxµ(A) = δxµ(B) = 0, (5.114)

so that the end points are held fixed during the variation. Further-
more, let us note that the present action (5.112) has a one parameter
group of gauge invariance. Namely, under the reparameterization

λ→ t = t(λ), (5.115)

we note that

dxµ

dλ
→ dxµ

dt
=

dxµ

dλ

dλ

dt
, (5.116)

so that we have

τAB =

B∫

A

dλ

(
gµν

dxµ

dλ

dxν

dλ

) 1
2

→
B∫

A

dt

(
gµν

dxµ

dt

dxν

dt

) 1
2

=

B∫

A

dt

(
gµν

dxµ

dλ

dλ

dt

dxν

dλ

dλ

dt

) 1
2

=

B∫

A

dt
dλ

dt

(
gµν

dxµ

dλ

dxν

dλ

) 1
2

=

B∫

A

dλ

(
gµν

dxµ

dλ

dxν

dλ

) 1
2

= τAB. (5.117)
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Namely, the action does not change under the reparameterization
(5.115) of the curve. This is reminiscent of the gauge invariance of
Maxwell’s theory. Thus we can choose a gauge condition and we
choose

λ = τ. (5.118)

With this choice of the gauge condition as well as the condition of
fixed end points in (5.114) we obtain from (5.112)

δτAB =

B∫

A

dλ
1

2
(
gµν

dxµ

dλ
dxν

dλ

) 1
2

×
(
δgµν

dxµ

dλ

dxν

dλ
+ 2gµν

dxµ

dλ

dδxν

dλ

)

=

B∫

A

dλ
1
dτ
dλ

(
gµν

dxµ

dλ

dδxν

dλ
+

1

2
∂σgµνδx

σ dxµ

dλ

dxν

dλ

)

=

B∫

A

dτ

(
gµν

dxµ

dτ

dδxν

dτ
+

1

2
∂σgµν

dxµ

dτ

dxν

dτ
δxσ
)
, (5.119)

where we have used (5.111) and (5.118). Integrating the first term
by parts and remembering that the end points do not change under
the variation (5.114), we obtain

δτAB = gµν
dxµ

dτ
δxν
∣∣∣∣
B

A

+

B∫

A

dτ

[
−δxν d

dτ

(
gµν

dxµ

dτ

)

+
1

2
∂σgµν

dxµ

dτ

dxν

dτ
δxσ
]

=

B∫

A

dτ

[
−δxν

(
∂σgµν

dxσ

dτ

dxµ

dτ
+ gµν

d2xµ

dτ2

)

+
1

2
∂σgµν

dxµ

dτ

dxν

dτ
δxσ
]
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= −
B∫

A

dτ δxσ
[
∂νgµσ

dxν

dτ

dxµ

dτ
+ gµσ

d2xµ

dτ2

− 1

2
∂σgµν

dxµ

dτ

dxν

dτ

]

= −
B∫

A

dτ δxσ
[
gµσ

d2xµ

dτ2

+
1

2
(∂νgµσ + ∂µgνσ − ∂σgµν)

dxµ

dτ

dxν

dτ

]
. (5.120)

If the action has to be stationary along the actual path (geodesic) of
the particle then, we must have

δτAB = 0, (5.121)

and since the variation δxσ is arbitrary this is possible only if the
integrand in (5.120) vanishes identically. Namely, the action will be
stationary only along the trajectory given by the equation

gµσ
d2xµ

dτ2
+

1

2
(∂µgνσ + ∂νgσµ − ∂σgµν)

dxµ

dτ

dxν

dτ
= 0,

or,
d2xλ

dτ2
+

1

2
gλσ(∂µgνσ + ∂νgσµ − ∂σgµν)

dxµ

dτ

dxν

dτ
= 0,

or,
d2xλ

dτ2
− Γλ

µν

dxµ

dτ

dxν

dτ
= 0. (5.122)

This is, of course, the geodesic equation (5.83) which shows that the
trajectory of a freely falling particle (under the influence of gravi-
tation) is given by its geodesic which is the shortest (longest) path
between two points. Furthermore, note that although the equation
seems to be a vector equation, the particle in reality has only three
independent degrees of freedom. The other degree of freedom is
expressed in terms of the independent degrees through the gauge
condition (5.118)

λ = τ, (5.123)
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which leads to (see (5.111))

dτ

dλ
=

(
gµν

dxµ

dλ

dxν

dλ

)1
2

= 1,

or, gµνu
µuν = 1. (5.124)

We have already seen such a condition in the case of the Lorentz
covariant description of particle motion (see (2.8)) and we conclude
that the particle truly has only three independent degrees of freedom
as it should.

5.5 Derivation of geodesic equation from a Lagrangian

The discussion of the last section suggests that the motion of a free
particle in a curved manifold can be given a Lagrangian description
much like in flat space. As we have seen in (5.112), the action for
the free particle can be written as

τAB =

B∫

A

dλ

(
gµν

dxµ

dλ

dxν

dλ

) 1
2

, (5.125)

where (see also (5.111))

dτ

dλ
=

(
gµν

dxµ

dλ

dxν

dλ

) 1
2

= (gµν(x)ẋ
µẋν)

1
2 , (5.126)

where a dot denotes a derivative with respect to the parameter λ.
Thus we can think of the Lagrangian for the system to be

L =

(
gµν(x)

dxµ

dλ

dxν

dλ

) 1
2

= (gµν(x)ẋ
µẋν)

1
2 , (5.127)

which is a function of the coordinate xµ(λ) and the velocity ẋµ(λ)
with
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∂L

∂ẋµ
=

1

2 (gαβ ẋαẋβ)
1
2

2gµν ẋ
ν =

1

(gαβ ẋαẋβ)
1
2

gµν ẋ
ν ,

or,
∂L

∂ẋµ
=

dλ

dτ
gµν

dxν

dλ
= gµν

dxν

dτ
, (5.128)

where we have used (5.111).

Similarly, we also have

∂L

∂xµ
=

1

2 (gαβ ẋαẋβ)
1
2

∂µgσν ẋ
σẋν =

1

2

dλ

dτ
∂µgσν

dxσ

dλ

dxν

dλ

=
1

2

dτ

dλ
∂µgσν

dxσ

dτ

dxν

dτ
. (5.129)

The Euler-Lagrange equation for the system can be written as

d

dλ

∂L

∂ẋµ
− ∂L

∂xµ
= 0,

or,
dτ

dλ

d

dτ

∂L

∂ẋµ
− ∂L

∂xµ
= 0,

or,
dτ

dλ

d

dτ

(
gµν

dxν

dτ

)
− 1

2

dτ

dλ
∂µgσν

dxσ

dτ

dxν

dτ
= 0,

or,
dτ

dλ

[
gµν

d2xν

dτ2
+ ∂σgµν

dxσ

dτ

dxν

dτ
− 1

2
∂µgσν

dxσ

dτ

dxν

dτ

]
= 0,

or, gµν
d2xν

dτ2
+

1

2
(∂σgµν + ∂νgµσ − ∂µgσν)

dxσ

dτ

dxν

dτ
= 0, (5.130)

Multiplying with the inverse metric, this can be written as

d2xλ

dτ2
+

1

2
gλµ(∂σgµν + ∂νgµσ − ∂µgσν)

dxσ

dτ

dxν

dτ
= 0,

or,
d2xλ

dτ2
− Γλ

σν

dxσ

dτ

dxν

dτ
= 0, (5.131)
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where we have used the identification (4.49) for the Christoffel sym-
bol. This is, of course, the geodesic equation (5.83) that we have
derived earlier from various points of view. As we will see in the
next chapter, the Lagrangian description gives a simpler method for
determining the components of the connection.

I Example (Alternative action for the geodesic). For a massive particle, the ac-
tion that leads to the geodesic equations can be written as

S = m

τ2
∫

τ1

dτ

(

gµν
dxµ

dτ

dxν

dτ

) 1

2

, (5.132)

which coincides with (5.112) except for the multiplicative factor m (mass of the
particle) which makes the action dimensionless. The Euler-Lagrange equation
following from this gives

d2xµ

dτ 2
− Γµνλ

dxν

dτ

dxλ

dτ
= 0, (5.133)

which coincides with the geodesic equation. There are several things to note here.
First of all the parameter τ can be any affine parameter labelling the trajectory
and not necessarily the proper time unless a specific gauge choice is used (see
(5.118)). Furthermore, the geodesic equation is the same for any massive particle
(the mass drops out in the equation) reflecting the fact that gravitation acts the
same way on all particles.

However, there are certain disadvantages in using the action in the form
(5.132). For example, the action is meaningful only for time-like trajectories
(because of the square root) for which we have

gµν
dxµ

dτ

dxν

dτ
> 0. (5.134)

Furthermore, since mass is an overall multiplicative parameter in the action
(5.132), it is not a good action for massless particles for which it identically
vanishes. For these reasons we look for an alternative action which would lead
to the geodesic equations as Euler-Lagrange equations and would also overcome
the disadvantages in (5.132). Normally this is done through the introduction of
auxiliary (non-dynamical) variables (fields).

Let us consider the action

S̃ =

τ2
∫

τ1

dτ L =
1

2

τ2
∫

τ1

dτ

(

1√
F
gµν

dxµ

dτ

dxν

dτ
+

√
Fm2

)

, (5.135)

where F is an auxiliary (non-dynamical) variable. We note that the action (5.135)
is defined for arbitrary m including m = 0. Similarly, since there is no square
root, the action is defined as well for



164 5 Geodesic equation

gµν
dxµ

dτ

dxν

dτ
≤ 0, (5.136)

in addition to time like trajectories.

Since F is an auxiliary variable (there is no dF
dτ

term in the Lagrangian),
the Euler-Lagrange equation for F is quite simple and has the form

∂L

∂F
= 0,

or, − 1

2F 3/2
gµν

dxµ

dτ

dxν

dτ
+

1

2F 1/2
m2 = 0,

or, F =
1

m2
gµν

dxµ

dτ

dxν

dτ
. (5.137)

This is a constraint equation (not a dynamical equation) and if this is used to
eliminate F in the action (5.136) we recover the action (5.132)

S̃ =
1

2

τ2
∫

τ1

dτ





m
√

gλρ
dxλ

dτ
dxρ

dτ

gµν
dxµ

dτ

dxν

dτ
+

√

gµν
dxµ

dτ

dxν

dτ
m





= m

τ2
∫

τ1

dτ

√

gµν
dxµ

dτ

dxν

dτ
= S. (5.138)

Therefore, we see that the alternative action (5.135) is equivalent to the action
(5.132) if the constraint involving the auxiliary variable F is used. Therefore, the
action (5.136) would also lead to the geodesic equation which can be explicitly
verified from the Euler-Lagrange equation for xµ together with (5.138). However,
as we have emphasized this alternative action does not suffer from the criticisms
which apply to (5.132).

The variable F can be identified with the induced one-dimensional metric,
gττ , on the trajectory. This alternative formulation of the action is particularly
useful in theories like string theory.

J

I Example (Geodesic equation in polar coordinates). The action for a particle
moving on a plane in polar coordinates is given by

S =

∫

dt L =
m

2

∫

dt (ṙ2 + r2θ̇2), (5.139)

where dots denote derivatives with respect to t. The Euler-Lagrange equations
lead to the dynamical equations
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r̈ − rθ̇2 = 0,

r2θ̈ + 2rṙθ̇ = 0,

or, θ̈ +
2

r
ṙθ̇ = 0. (5.140)

Let us note that the geodesic equation (5.83) describing the motion of the particle
for the present problem can be written as (µ, ν, λ = r, θ)

d2xµ

dτ 2
− Γµνλ

dxν

dτ

dxλ

dτ
= 0,

or,

(

dτ

dt

)2(
d2xµ

dτ 2
− Γµνλ

dxν

dτ

dxλ

dτ

)

= 0,

or, ẍµ − Γµνλẋ
ν ẋλ = 0. (5.141)

Comparing (5.140) with (5.141) leads immediately to the nontrivial components
of the connection

Γrθθ = r,

Γθrθ = Γθθr = −1

r
. (5.142)

These coincide with our earlier results derived in (4.55).
J
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Chapter 6

Applications of the geodesic equation

6.1 Geodesic as representing gravitational effect

We have seen that the geodesic equation leads to the extremal path
in a curved manifold. However, it is not clear if it incorporates the
true effect of gravitational force on a particle. More specifically, we
may ask how we can choose the equation

d2xµ

dτ2
− Γµ

νλ

dxν

dτ

dxλ

dτ
= 0, (6.1)

over, say, the equation

d2xµ

dτ2
− Γµ

νλ

dxν

dτ

dxλ

dτ
+ αRµ

νλρS
ρ dxν

dτ

dxλ

dτ
= 0, (6.2)

as representing the motion of a free particle in a curved manifold.
Here α is a constant, Rµ

νλρ denotes the Riemann-Christoffel curva-
ture tensor defined in (5.18) and Sρ is the spin vector of the parti-
cle. General covariance arguments cannot distinguish between the
two since both the equations transform covariantly like contravari-
ant vectors under a general coordinate transformation. Furthermore,
the principle of equivalence cannot distinguish between the two either
since in a locally flat Cartesian coordinate system

Γµ
νλ = 0, Rµ

νλσ = 0. (6.3)

Therefore, both the equations (6.1) and (6.2) reduce to the free par-
ticle equation in a Lorentz (inertial) frame,

d2xµ

dτ2
= 0. (6.4)

167
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The answer to this interesting question comes from the observa-
tion that whichever equation represents the true equation of motion
must reduce to Newton’s equation of motion in the nonrelativistic
limit. Let us consider a particle falling freely under the influence
of a weak, stationary gravitational field produced by a point mass
M . Classically we know that the gravitational potential at a point
x (with the mass M at the origin) can be written as

φ(x) = −GNM

|x| , (6.5)

where GN denotes Newton’s constant. Newton’s equation of motion
for a particle in this potential has the form

d2x

dt2
= −∇φ(x). (6.6)

If we assume that the geodesic equation represents the true equation
of motion incorporating the effects of gravitation, then we have

d2xµ

dτ2
− Γµ

νλ

dxν

dτ

dxλ

dτ
= 0, (6.7)

and it should reduce to (6.6) in the appropriate limit. Furthermore, if
we assume the gravitational field to be weak, the metric would change
only slightly from the Minkowski metric and we can decompose the
metric as

gµν(x) = ηµν + hµν(x), (6.8)

where hµν(x) is assumed to be small in magnitude. Consequently we
can write the inverse metric as

gµν(x) ' ηµν − hµν , (6.9)

so that
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gµν(x)gνλ(x) ' (ηµν − hµν)(ηνλ + hνλ)

' ηµνηνλ − ηνλh
µν + ηµνhνλ

= δµλ − hµλ + hµλ

= δµλ . (6.10)

We note that the indices of hµν , h
µν can be effectively raised (or

lowered) with the Minkowski metric (since hµν is assumed to be a
weak field).

Since the gravitational field is stationary, the metric must be
independent of time and we have

∂0gµν = ∂0hµν = 0. (6.11)

Furthermore, if the gravitational field is weak and the particle is
nonrelativistic, then we note that we can neglect terms of the type dxi

dτ

in (6.7) in comparison to dx0

dτ = dt
dτ . (This is equivalent to assuming

|v| � 1 with c = 1.) With these assumptions the geodesic equation
(6.7) in this limit reduces to

d2xµ

dτ2
− Γµ

00

dt

dτ

dt

dτ
= 0. (6.12)

Let us also recall the definition of the connections (see (4.49))

Γµ
νλ = −1

2
gµρ(∂νgλρ + ∂λgρν − ∂ρgνλ), (6.13)

from which it follows that

Γµ
00 = −1

2
gµρ(∂0g0ρ + ∂0gρ0 − ∂ρg00) =

1

2
gµρ∂ρg00, (6.14)

where we have used the static nature of the metric tensor (6.11).
Keeping only terms linear in the field hµν , we have

Γµ
00 =

1

2
ηµρ∂ρh00, (6.15)
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so that

Γ0
00 = 0, Γi

00 =
1

2
∂ih00. (6.16)

Substituting these into (6.12), we see that the geodesic equation
now reduces to

d2t

dτ2
= 0,

d2x

dτ2
+

1

2
∇h00(x)

(
dt

dτ

)2

= 0. (6.17)

The first equation simply says that dt
dτ is a constant. Therefore, we

can divide the second equation by
(
dt
dτ

)2
to obtain

d2x

dt2
= −1

2
∇h00(x). (6.18)

This has the right form as the classical Newtonian equation (6.6) and
hence we conclude that the geodesic equation (5.83) represents the
true gravitational effects. Furthermore comparing with the classical
equation (6.6) we see that in the weakfield limit we can identify

h00(x) = 2φ(x) + constant = −2GNM

|x| + constant. (6.19)

The constant can be determined by imposing the asymptotic condi-
tion that infinitely far away from the gravitational source (the mass
M) the metric must be Lorentzian (Minkowski) and hence

lim
|x|→∞

hµν(x) −→ 0, (6.20)

which determines the value of the constant to be zero. Consequently,
we determine the metric to be diagonal with
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h00(x) = 2φ(x) = −2GNM

|x| ,

or, g00(x) = η00 + h00(x) = 1 + 2φ(x) = 1− 2GNM

|x| ,

gij(x) = ηij , g0i(x) = 0. (6.21)

In this case, far away from the source the invariant line element
reduces to

dτ2 = gµνdx
µdxν ,

or,

(
dτ

dt

)2

= gµν
dxµ

dt

dxν

dt

= g00 + ηij
dxi

dt

dxj

dt

= g00 − (ẋ)2 =

(
1− 2GM

|x|

)
− (ẋ)2 ,

or,
dτ

dt
=

(
1− (ẋ)2 − 2GM

|x|

) 1
2

' 1− 1

2
(ẋ)2 − GM

|x|

= 1−
(
1

2
(ẋ)2 − φ(x)

)

= 1− (T − V ), (6.22)

where we have used |ẋ| � 1 and |x| � 1. (T and V denote respec-
tively the non-relativistic kinetic energy and the potential energy of
the particle scaled by the mass of the particle.) Therefore, the action
for the system can be written as (see (5.112))
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τ =

τ2∫

τ1

dτ =

∫
dt

dτ

dt

=

∫
dt [1− (T − V )]

= const −
∫

dt (T − V )

= const −
∫

dt L, (6.23)

which is familiar from classical mechanics. This leads to the dynam-
ical equation from

−δτ = δ

∫
dt L = 0, (6.24)

which we recognize as the minimum action principle.

6.2 Rotating coordinate system and the Coriolis force

The geodesic equation holds not only in a gravitational field but
also in any curvilinear coordinate system. Therefore, we can again
test the validity of the geodesic equation by expressing it in a uni-
formly rotating coordinate system in flat space and comparing with
the classical expressions for the Coriolis and the centrifugal forces.

Let us recall that the earth provides an example of a uniformly
rotating coordinate system. If we assume that the earth is rotating
around the z-axis with a constant angular frequency ω, then this
system has cylindrical symmetry as shown in Fig. 6.1. Therefore,
we can write the invariant length in the inertial frame or the space
fixed frame in cylindrical coordinates as

dτ2 = dt2 − (dr2 + r2dφ2 + dz2). (6.25)

We can go to the uniformly rotating coordinate system from this
through the transformation
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z

Figure 6.1: Rotating earth as a natural coordinate system with cylin-
drical symmetry.

t → t, r → r,

z → z, φ→ φ+ ωt. (6.26)

In the rotating coordinate frame the invariant length (6.25) takes the
form

dτ2 = dt2 − (dr2 + r2(d(φ+ ωt))2 + dz2)

= dt2 − (dr2 + r2dφ2 + r2ω2dt2 + 2r2ωdtdφ+ dz2)

= (1− r2ω2)dt2 − 2r2ωdtdφ− (dr2 + r2dφ2 + dz2). (6.27)

Therefore, we can simply read off the components of the metric tensor
in this frame as

gtt = (1− r2ω2), grr = −1,

gφφ = −r2, gzz = −1,

gtφ = gφt = −r2ω. (6.28)

It is worth noting here that the components of the metric tensor
depend at best on the radial coordinate r. This also shows that if
we restrict ourselves to time-like motion
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gtt = (1− r2ω2) > 0, (6.29)

we must have rω < 1 and accordingly we assume that the frequency
of rotation is small.

We note that we can invert the metric tensor in (6.28) and
calculate all the components of the connection. However, (as we have
already mentioned) a simpler way of determining the connection is
to look at the dynamical equation from the Lagrangian (see (5.130))
and identify the coefficients of the double derivative terms, namely,
terms of the kind dxµ

dτ
dxν

dτ with the components of the connection (see
(5.83)). To do this we write the geodesic equation in the alternate
form (5.130) (by multiplying with the metric tensor) as

gµν
d2xν

dτ2
+

1

2
(∂σgµν + ∂νgµσ − ∂µgνσ)

dxσ

dτ

dxν

dτ
= 0. (6.30)

The r equation (µ = r) has the form (a dot here denotes a derivative
with respect to the proper time τ)

grr
d2r

dτ2
+

1

2
(∂σgrν + ∂νgrσ − ∂rgνσ)

dxσ

dτ

dxν

dτ
= 0,

or, −r̈ − 1

2
∂rgνσẋ

σẋν = 0,

or, r̈ +
1

2

(
∂rgttṫṫ+ ∂rgφφφ̇φ̇+ 2∂rgtφ ṫφ̇

)
= 0,

or, r̈ +
1

2

(
−2rω2ṫ2 − 2rφ̇2 − 4rωṫφ̇

)
= 0,

or, r̈ − rω2ṫ2 − rφ̇2 − 2rωṫφ̇ = 0. (6.31)

Therefore, comparing with the form of the geodesic equation (5.83)
for µ = r, we conclude that

Γr
tt = rω2, Γr

φφ = r, Γr
tφ = Γr

φt = rω. (6.32)

Similarly, the z-equation (µ = z) is given by
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gzz
d2z

dτ2
+

1

2
(∂σgzν + ∂νgzσ − ∂zgνσ)

dxσ

dτ

dxν

dτ
= 0,

or, − z̈ = 0,

or, z̈ = 0, (6.33)

so that we have

Γz
µν = 0. (6.34)

The φ equation (µ = φ) is similarly given by

gφφ
d2φ

dτ2
+ gφt

d2t

dτ2
+

1

2
(∂σgφν + ∂νgφσ − ∂φgνσ)

dxσ

dτ

dxν

dτ
= 0,

or, −r2φ̈− r2ωẗ+ ∂σgφν ẋ
σẋν = 0,

or, r2φ̈+ r2ωẗ− ∂rgφφṙφ̇− ∂rgφtṙṫ = 0,

or, r2φ̈+ r2ωẗ+ 2rṙφ̇+ 2rωṙṫ = 0. (6.35)

Equation (6.35) can also be written as

d

dτ
(r2φ̇+ r2ωṫ) = 0, (6.36)

which shows that r2(φ̇+ωṫ) is a constant of motion for the problem
under study. Finally, the t-equation (µ = t) has the form

gtt
d2t

dτ2
+ gtφ

d2φ

dτ2
+

1

2
(∂σgtν + ∂νgtσ − ∂tgνσ)

dxσ

dτ

dxν

dτ
= 0,

or, (1− r2ω2)ẗ− r2ωφ̈+ ∂σgtν ẋ
σẋν = 0,

or, (1− r2ω2)ẗ− r2ωφ̈+ ∂rgttṙṫ+ ∂rgtφṙφ̇ = 0,

or, (1− r2ω2)ẗ− r2ωφ̈− 2rω2ṙṫ− 2rωṙφ̇ = 0. (6.37)

Equation (6.37) can also be written as
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d

dτ
(ṫ− r2ω(φ̇+ ωṫ)) = 0, (6.38)

which shows that ṫ − r2ω(φ̇ + ωṫ) is a conserved quantity. In fact,
from these two conserved quantities, we conclude that ṫ must be
conserved.

That ṫ is conserved can also be seen directly as follows. Multi-
plying (6.35) by ω and adding to (6.37) we obtain

(1− r2ω2)ẗ− r2ωφ̈− 2rω2ṙṫ− 2rωṙφ̇+ r2ωφ̈+ r2ω2ẗ

+2rωṙφ̇+ 2rω2ṙṫ = 0, (6.39)

which simplifies to give

ẗ = 0, or, ṫ = constant. (6.40)

This determines

Γt
µν = 0. (6.41)

Similarly substituting (6.40) into (6.35), we obtain

r2φ̈+ 2rṙφ̇+ 2rωṙṫ = 0,

or, φ̈+
2

r
ṙφ̇+

2

r
ωṙṫ = 0, (6.42)

which determines

Γφ
rφ = Γφ

φr = −1

r
, Γφ

rt = Γφ
tr = −ω

r
. (6.43)

This completes the determination of all the components of the con-
nection. Namely, the nontrivial components are given by
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Γr
tt = rω2, Γr

φφ = r, Γr
tφ = Γr

φt = rω,

Γφ
rφ = Γφ

φr = −1

r
, Γφ

rt = Γφ
tr = −ω

r
. (6.44)

To see the centrifugal and the Coriolis forces, let us note from
(6.40) that

ṫ =
dt

dτ
= constant. (6.45)

If we choose the scale of time suitably then the constant can be taken
to be unity in which case we can identify

t = τ. (6.46)

(Another way to say this is to note that we can divide the dynamical
equations by factors of dt

dτ .) Furthermore, in the rotating frame,

φ̇ = 0, (6.47)

so that the r-equation (6.31) becomes (remember ṫ = 1)

r̈ − rω2ṫ2 = 0,

or,
d2r

dt2
= rω2, (6.48)

which gives the familiar centrifugal force.
Using (6.47), the Coriolis force is obtained from the φ-equation

(6.42) and reads as (recall ṫ = 1)

r2φ̈+ 2rṙφ̇+ 2rωṙṫ = 0,

or, r2
d2φ

dt2
+ 2rω

dr

dt
= 0,

or, r
d2φ

dt2
+ 2ω

dr

dt
= 0. (6.49)
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We recognize the second term as the classical Coriolis force. (We note
here that in a non-uniformly rotating frame, the force generalizes to
what is known as the Euler force.) These examples give us further
confidence that the geodesic equation is the true equation of motion
for a free particle in a curved manifold as well as in a curvilinear
system of coordinates.

I Example (Calculation of connection from action). The calculation of the com-
ponents of the connection from the definition (4.49) is, in general, quite tedious
and as we have mentioned earlier, the calculation can be simplified enormously
by considering the action for the geodesic equation. The action for the geodesic
equation has already been described in (5.112) (see also (5.132)) and an alterna-
tive form is given in (5.135). For purposes of calculation, however, there is still
a simpler form of the action for a massive particle (we do not write the overall
multiplicative mass term) given by

S =

τB
∫

τA

dτ
1

2
gµν ẋ

µẋν =

τB
∫

τA

dτ L, (6.50)

where a dot denotes a derivative with respect to τ . The Euler-Lagrange equation
for this action leads to

d

dτ

∂L

∂ẋµ
− ∂L

∂xµ
= 0,

or,
d

dτ
(gµν ẋ

ν)− 1

2
(∂µgσν)ẋ

σẋν = 0,

or, gµν ẍ
ν + (∂σgµν)ẋ

σẋν − 1

2
(∂µgσν)ẋ

σẋν = 0,

or, gµν ẍ
ν +

1

2
(∂σgµν + ∂νgµσ − ∂µgσν) ẋ

σẋν = 0,

or, ẍµ +
1

2
gµλ (∂σgλν + ∂νgσλ − ∂λgσν) ẋ

σẋν = 0,

or, ẍµ − Γµσν ẋ
σẋν = 0, (6.51)

which we recognize to be the geodesic equation (5.83). The action (6.50), there-
fore, also leads to the Euler-Lagrange equation and is much simpler to manipulate.

Let us next consider a space described by the line element

dτ 2 = e2ψ(r) dt2 − e2λ(r) dr2 − r2
(

dθ2 + sin2 θdφ2
)

. (6.52)

The nonzero components of the metric tensor are obtained from (6.52) to be

gtt = e2ψ(r), grr = −e2λ(r), gθθ = −r2, gφφ = −r2 sin2 θ. (6.53)
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Consequently, the action for the geodesic (6.50) can be written as

S =

τB
∫

τA

dτ L =

τB
∫

τA

dτ
1

2

(

e2ψ(r)ṫ2 − e2λ(r)ṙ2 − r2θ̇2 − r2 sin2 θφ̇2
)

, (6.54)

where a dot denotes a derivative with respect to τ . The Euler-Lagrange equations

d

dτ

∂L

∂ẋµ
− ∂L

∂xµ
= 0, (6.55)

following from (6.54) (for µ = t, r, θ, φ, respectively) are given by

e2ψ(r)ẗ+ 2e2ψ(r)ψ′(r)ṙṫ = 0,

− e2λ(r)r̈ − e2ψ(r)ψ′(r)ṫ2 − e2λ(r)λ′(r)ṙ2 + rθ̇2 + r sin2 θφ̇2 = 0,

− r2θ̈ − 2rṙθ̇ + r2 sin θ cos θφ̇2 = 0,

− r2 sin2 θφ̈− 2r sin2 θṙφ̇− 2r2 sin θ cos θθ̇φ̇ = 0, (6.56)

where a prime denotes a derivative with respect to the radial coordinate r.
We can simplify and rewrite the equations in (6.56) also as

ẗ+ 2ψ′(r)ṙṫ = 0,

r̈ + e2ψ(r)−2λ(r)ψ′(r)ṫ2 + λ′(r)ṙ2 − re−2λ(r)θ̇2 − re−2λ(r) sin2 θφ̇2 = 0,

θ̈ + 2
ṙ

r
θ̇ − sin θ cos θφ̇2 = 0,

φ̈+ 2
ṙ

r
φ̇+ 2 cot θθ̇φ̇ = 0. (6.57)

Comparing these with the geodesic equations (5.83) or (6.51), we obtain the
nonzero components of the connection to be

Γtrt = Γttr = −ψ′(r), Γrtt = −e2ψ(r)−2λ(r)ψ′(r),

Γrrr = λ′(r), Γrθθ = re−2λ(r),

Γrφφ = r sin2 θe−2λ(r), Γθrθ = Γθθr = Γφrφ = Γφφr = −1

r
,

Γθφφ =
1

2
sin 2θ, Γφθφ = Γφφθ = − cot θ. (6.58)

This shows that it is a lot easier to derive the components of the connection from
the action for the geodesic.

J
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6.3 Gravitational red shift

In flat space we are all familiar with the phenomenon of Doppler
shift. Let us briefly recapitulate here the principle behind this before
discussing the phenomenon of gravitational red shift. Let us consider
the following one dimensional problem. A source S which emits a
light wave of frequency νS moves with a velocity v with respect to
an observer O. (For v > 0, the source moves away from the observer
while for v < 0, it moves towards the observer.) If we denote by dtS
and dtO the time intervals (between two events) as seen in the source
and the observer frames respectively, then they are related as (c = 1)

dtO = γ(v)dtS, (6.59)

where (basically if the observer is at rest and the source is moving
with a velocity v, then dτ = dtO = γ(v)dtS)

γ(v) = (1− v2)−
1
2 . (6.60)

If ∆tS denotes the time interval between two successive pulses
in the frame of the source, then during this interval the source would
have moved a distance

∆tS v. (6.61)

Consequently, the time interval (distance) between successive crests
of a light wave in the source frame is given by

∆t̃S = ∆tS +∆tS v = (1 + v)∆tS. (6.62)

Using (6.59), we conclude that the time interval seen in the frame of
the observer is given by

∆tO = γ(v)∆t̃S = γ(v)(1 + v)∆tS,

or,
∆tO
∆tS

= γ(v)(1 + v). (6.63)
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Consequently, if νS and νO denote respectively the frequencies of the
photon as observed in the source and the observer frames, then from
(6.63) we obtain

νS
νO

= γ(v)(1 + v) =
1 + v

(1− v2)
1
2

=

(
1 + v

1− v

) 1
2

. (6.64)

For small v, this can be approximated by

νS
νO

' 1 + v,
λO
λS

' 1 + v, (6.65)

which shows (see also (6.64)) that if v > 0,

νS > νO, λS < λO. (6.66)

Namely, if the source is moving away from the observer, then the
frequency of the light wave measured by the observer will be red
shifted.

On the other hand, if v < 0, namely, if the source is moving
towards the observer, then it follows from (6.64) or (6.65) that

νS < νO, λS > λS. (6.67)

Namely, in this case, the frequency of the light wave measured by the
observer will be blue shifted. This phenomenon is known as Doppler
shift. A similar phenomenon is also observed in the presence of a
gravitational field resulting in a red shift in the light wave (spectral
lines) emitted by stars.

Let us assume that the gravitational field we are interested in is
produced by a static stellar body (star) of mass M and is weak. For
such a field we have already determined the metric to be diagonal
with (see (6.21))

g00(x) = 1 + 2φ(x) = 1− 2GM

|x| , gij = ηij. (6.68)
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Let us suppose that a photon (light wave) is emitted by the star and
is moving away in this gravitational field as shown in Fig. 6.2. Let
us assume that at point A, the light wave (photon) has a frequency
νA and that when it falls to the point B the frequency has changed
to νB. At point A, the total energy of the photon is

EA = hνA, (6.69)

star

A

B

Figure 6.2: Light emitted by a distant star passing through two
points A and B.

where we are assuming that the gravitational potential is zero at this
point (reference point). Furthermore, we know that for purposes of
gravitational interactions, a photon of frequency ν can be thought
of as a particle of mass m = hν (recall c = 1). Thus like any other
particle, when the photon falls in the gravitational field it would gain
a potential energy equivalent to m|∆φ|. Therefore, we conclude that
the total energy of the photon when it reaches the point B would be

EB = hνB +m|∆φ|. (6.70)

Energy conservation leads to



6.3 Gravitational red shift 183

EA = EB,

or, hνA = hνB +m|∆φ| = hνB + hνB|∆φ|,

or,
νB
νA

=
1

1 + |∆φ| =
1

1 + GNM
r2

∆r
' 1− GNM

r2
∆r. (6.71)

Here ∆r is the radial separation between the two points and r is
the radial distance of point B from the star. This shows that the
frequency of the photon decreases as it falls in a gravitational field.
We can calculate the ratio of the wavelengths from the relation (re-
member c = 1)

λν = 1, (6.72)

so that we have

λB
λA

=
νA
νB

' 1 +
GNM

r2
∆r. (6.73)

In other words, the wavelength of the light wave received at B would
be longer than that at A. That is, there would be a red shift in the
photon frequency and wavelength. Let us emphasize here that in our
calculation we have kept only linear changes. The photon mass also
keeps on changing as it falls in the gravitational field. We have not
taken such effects into consideration since they only induce higher
order corrections.

We can also derive the red shift (6.71) or (6.73) purely from the
principle of equivalence. According to the principle of equivalence
the effect of gravitation can be completely rotated away locally by
simply changing coordinate frames. Equivalently we can think of the
observer at B as accelerating downwards with a constant acceleration
g with respect to the observer at A (we note that the observer at A
is attracted more strongly to the star than the observer at B). If
at t = 0 both the observers are moving with the same velocity, then
observer B would move away from A with time. Let observer A send
a light signal at t = 0 towards the observer B as shown in Fig. 6.3.
If the signal reaches B at time t, then (c = 1)



184 6 Applications of the geodesic equation

A

B

h

|∆v|

Figure 6.3: Gravitational red shift from the principle of equivalence.

t = h, (6.74)

the radial separation between the two observers. Here again we
are neglecting higher order terms like retardation due to motion of
the observers. Clearly, in this time interval, observer B would have
gained a velocity with respect to A which is given by

|∆v| = gt = gh. (6.75)

Thus the light wave reaching B would be Doppler shifted and the
wavelength would be given by (see (6.65))

λB = λA(1 + |∆v|),

or,
λB
λA

= 1 + gh. (6.76)

That is, the light wave would be red shifted. Furthermore, this is
the same result as in (6.73) if we identify

g =
GNM

r2
, h = ∆r. (6.77)

It is useful to keep the limitations of this method in mind. Principle
of equivalence applies only locally and hence this method is not ap-
plicable when we are talking about widely separated points in space
time.
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We would next derive the gravitational red shift through yet
another method, namely through the dilation of time. But to do
that we have to discuss how measurements are done in a curved
manifold or in a gravitational frame of reference. First of all we note
that the invariant proper time interval in the presence of gravitation
(in a curved manifold) is given by

dτ = (gµν(x)dx
µdxν)

1
2 . (6.78)

Unlike the Minkowski space, it is only the infinitesimal proper inter-
val that makes any sense in a curved manifold. There is no global
proper time. This can be seen from the fact that the time interval
between two events A and B

(∆τ)AB =

τB∫

τA

dτ, (6.79)

is path dependent. Therefore, although it is invariant under a co-
ordinate change it is not very useful. (By the way, this kind of an
approach gives a simple solution to the twin paradox which we will
discuss shortly. Since the two persons have two different world lines,
there is no reason why the associated time intervals would be equal.)
In contrast, however, the coordinate system used by any observer
gives a unique time interval between two events although it is not
coordinate invariant, namely,

(∆t)AB =

τB∫

τA

dt = tB − tA, (6.80)

is unique but not invariant. The proper time of a clock is, of course,
related to the coordinate time by the relation

dτ = (g00)
1
2dt, (6.81)

when the clock is at rest.
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Let us now extend these ideas to the case of a star which sends
out N light waves of frequency νstar. If the interval between pulses
as measured by an observer on earth is dt, then the proper time
interval between pulses at the star is given by (i.e., the time interval
measured by a clock on the star)

dτstar = (g00(xstar))
1
2 dt. (6.82)

Similarly on earth, the proper time interval between pulses is

dτearth = (g00(xearth))
1
2 dt. (6.83)

Let us assume that the N waves are emitted in a proper time
interval ∆τstar. On earth N waves are received but in an interval
∆τearth. Thus, we have

N = νstar∆τstar, N = νearth∆τearth. (6.84)

Clearly then

νstar
νearth

=
∆τearth
∆τstar

=
(g00(xearth))

1
2

(g00(xstar))
1
2

=

(
1 + 2φearth
1 + 2φstar

) 1
2

= 1 + (φearth − φstar)

= 1 + |∆φ|, (6.85)

where we have used (6.68) as well as the fact that the gravitational
potential φ is negative and inversely proportional to distance (see
(6.5)). This again shows that the frequency received on earth would
be lower or correspondingly the wavelength on earth

λearth
λstar

= 1 + |∆φ| > 1, (6.86)
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would be longer. Consequently we say that a light wave moving away
from a gravitational source must be red shifted.

The phenomenon of gravitational red shift has been experi-
mentally verified. If we assume that light waves emitted by a star
(MS , RS) are received on earth (ME , RE), then (6.85) gives

∆λ

λ
= |∆φ| = GN

(
MS

RS
− ME

RE

)
. (6.87)

The red shift of hydrogen spectrum of the white dwarf star 40 Eridani
B is measured and the value

(
∆λ

λ

)

EXPT

= 7× 10−5, (6.88)

is obtained. Theoretically we can calculate the value to be

(
∆λ

λ

)

TH

= 5.6 × 10−5, (6.89)

where MS , RS are used as inputs. This is in quite good agreement.
However, astronomical tests of red shift are hard since there is a lot of
error due to other cosmological effects. For example, the expansion of
the universe causes a Doppler shift, the overall metric of the universe
is not so simple as we have used and so on.

Therefore, one looks for terrestrial measurements of gravita-
tional red shift and since the shifts involved are so small we may think
it is humanly impossible to verify them on earth. It is, however, pos-
sible because of the sensitivity gained through the Mössbauer effect.
Such a measurement involves the study of the γ ray spectrum of a
radioactive nucleus. In general it is hard to study the γ ray spectrum
of a nucleus since the emission of the γ ray leads to a recoil of the
nucleus which then Doppler shifts the spectrum. What Mössbauer
had observed is that in certain crystals like Fe57, the entire crystal
rather than the nucleus alone, picks up the recoil and hence the pro-
cess becomes virtually recoilless. In fact Fe57 shows a line at 14.4 keV
with a fractional half width 10−12. If a radioactive emitter, say of
Fe57, is placed near a nonradioactive absorber of the same material,
then, of course, it would lead to resonant absorption. However, if
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the emitter is moved with a slight relative velocity, then the Doppler
shift would change the frequency and hence the resonant absorption
would be completely wiped out.

To measure the gravitational red shift, an emitter was placed
at the bottom of a 21.6 m (72 ft) tower and an absorber at the top.
Due to gravitational red shift there was no absorption. However, by
moving the emitter with a relative velocity to compensate for the
gravitational red shift, resonance was restored. And this led to the
experimental value of

∣∣∣∣
∆ν

ν

∣∣∣∣
EXPT

= 2.56 × 10−15. (6.90)

On the other hand, theoretically we can calculate (see (6.85))

∣∣∣∣
∆ν

ν

∣∣∣∣
TH

= |∆φ| = GNME

(
1

r1
− 1

r2

)

= GNME
∆r

R 2
E

= 2.46× 10−15. (6.91)

Here we have made the approximation

r1r2 = R 2
E , (6.92)

and used ∆r = r2 − r1 = 21.6 m (72 ft). This shows extremely good
agreement between the theoretical calculation and the experimental
measurement.

I Example (Stereographic projection of unit sphere). Let us consider a two di-
mensional space described by the line element

dτ 2 =
4

(1 + r2)2
dr2 +

4r2

(1 + r2)2
dφ2, (6.93)

where r ∈ [0,∞] and φ ∈ [0, 2π] with φ = 0 and φ = 2π identified. The metric
tensor follows from (6.93) to have the diagonal form

grr =
4

(1 + r2)2
, gφφ =

4r2

(1 + r2)2
,

grr =
1

4
(1 + r2)2, gφφ =

1

4r2
(1 + r2)2. (6.94)
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The proper length (time) between the points A and B along a path is given
by

τ =

τB
∫

τA

dτ =

τB
∫

τA

(grrdr
2 + gφφdφ

2)
1

2 . (6.95)

For a circle at r = R0 we can identify the two points A and B to correspond to
φA = 0 and φB = 2π with r = R0 fixed. In this case, (6.95) leads to

τ =

2π
∫

0

dφ
√

gφφ(R0)

=

2π
∫

0

dφ
2R0

1 +R2
0

=
4πR0

1 +R2
0

. (6.96)

Expression (6.96) gives the length of the circumference of the circle r = R0 and
shows that

lim
R0→∞

τ → 0, (6.97)

so that the region described by R0 → ∞ actually corresponds to a point.
As we have seen, the action (6.50) (a dot denotes a derivative with respect

to τ )

S =

∫

dτ
1

2
(grrṙ

2 + gφφφ̇
2)

=

∫

dτ

(

2ṙ2

(1 + r2)2
+

2r2φ̇2

(1 + r2)2

)

, (6.98)

leads to the geodesic equations through the Euler-Lagrange equations. The Euler-
Lagrange equations (see (6.55)) for r and φ, respectively give

r̈ − 2r

1 + r2
ṙ2 − r(1− r2)

1 + r2
φ̇2 = 0,

d

dτ

(

4r2φ̇

(1 + r2)2

)

= 0. (6.99)

We conclude from the second equation in (6.99) that

4r2φ̇

(1 + r2)2
= const. (6.100)



190 6 Applications of the geodesic equation

The region r → ∞, as we have seen in (6.97), is mapped to a point and
all other points seem to be regular. This is, in fact, nothing other than the unit
sphere. To see this we note that if we define

r = tan
θ

2
, (6.101)

with θ ∈ [0, π] then,

dr = d

(

tan
θ

2

)

=
1

2
sec2

θ

2
dθ. (6.102)

It follows now from (6.93), (6.101) and (6.102) that

dτ 2 =
4

(1 + r2)2
dr2 +

4r2

(1 + r2)2
dφ2

=
1

sec4 θ
2

sec4
θ

2
dθ2 +

4 tan2 θ
2

sec4 θ
2

dφ2

= dθ2 + sin2 θ dφ2. (6.103)

This is nothing other than the line element on a unit sphere. We can view the
original coordinate as representing the stereographic projection of the unit sphere
with the azimuth angle φ.

J

6.4 Twin paradox and general covariance

In special relativity we know of the following paradox involving a pair
of identical twins. If one of the twins stays on the earth while the
other travels in a space craft then for the twin on earth, the partner
is in a moving frame and hence his biological clock would slow down.
Therefore, when he comes back to earth, he should be much younger
than his twin partner on earth. On the other hand, in the rest frame
of the twin on the space craft, the partner on earth is moving and
hence his biological clock should slow down. Consequently, upon
return the twin travelling in the space craft should find the earth
partner to be much younger.

This, therefore, poses a problem and is referred to as the twin
paradox. We can see now how the resolution of this puzzle (paradox)
comes simply from considerations of general coordinate transforma-
tion. To simplify the problem let us assume that there exists only
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one space and one time dimension. Let us further assume that in the
rest frame of A, the position of B is given by

xB = f(t). (6.104)

Then in the rest frame of B, the position of A is given by

X = x− xB = x− f(t). (6.105)

Let us further assume that both observers use the same coordinate
time, i.e.,

t = T. (6.106)

Then the invariant length interval (c = 1) in the frame of A has the
general form

dτ2 = gxxdx
2 + 2gxtdxdt+ gttdt

2, (6.107)

whereas in the frame of B we can write

dτ2 = gXXdX
2 + 2gXTdXdT + gTTdT

2. (6.108)

From the transformation relations (6.105) and (6.106) between
the two coordinate frames we note that

dτ2 = gXXdX
2 + 2gXTdXdT + gTTdT

2

= gXX(dx− ḟdt)2 + 2gXT (dx− ḟdt)dt+ gTTdt
2

= gXXdx
2 + (2gXT − 2gXX ḟ)dxdt+ (gTT − 2gXT ḟ + gXX ḟ

2)dt2

= gxxdx
2 + 2gxtdxdt+ gttdt

2. (6.109)

This leads to the relations between the metric components in the two
coordinate frames as
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gxx = gXX ,

gxt = gXT − gXX ḟ,

gtt = gTT − 2gXT ḟ + gXX ḟ
2, (6.110)

which can also be obtained from the transformation of the covariant
metric tensor (3.17) under the coordinate transformations (6.105)
and (6.106). Conversely, we can invert the metric components in
(6.110) and write

gXX = gxx,

gXT = gxt + gxxḟ,

gTT = gtt + 2(gxt + gxxḟ)ḟ − gxxḟ
2

= gtt + 2gxtḟ + gxxḟ
2. (6.111)

Let us now assume that the take off time of the space craft is
labeled by t1 = T1 and that the time of return by t2 = T2. Thus the
age of B in the rest frame of A is given by

τA(B) =

t2∫

t1

dτ

=

t2∫

t1

dt

(
gtt + 2gxt

dxB
dt

+ gxx

(
dxB
dt

)2
) 1

2

=

t2∫

t1

dt (gtt + 2gxtḟ + gxxḟ
2)

1
2

=

T2∫

T1

dT
√
gTT . (6.112)

On the other hand, the age of B in his own (rest) frame is given by
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τB(B) =

T2∫

T1

dT
√
gTT , (6.113)

which shows that

τA(B) = τB(B). (6.114)

In other words, the age of a person is independent of the coordinate
system. It is also clear that the age difference of the two persons is
unique and is given by

τA(B)− τA(A) =

t2∫

t1

dt (
√
gTT −√

gtt) = τB(B)− τB(A), (6.115)

so that there is really no paradox involving (the frames of) the twins.

6.5 Other equations in the presence of gravitation

We have already seen that the free particle equation in the presence
of gravitation is given by

m
d2xµ

dτ2
−m Γµ

νλ

dxν

dτ

dxλ

dτ
= 0. (6.116)

In addition, if the particle experiences an external (nongravitational)
force fµ, then the equation of motion would modify to

m
d2xµ

dτ2
−m Γµ

νλ

dxν

dτ

dxλ

dτ
= fµ, (6.117)

where fµ represents the external force four vector. As in the case of
flat space-time (see (2.9)), the force four vector (acceleration) has to
be orthogonal to the proper velocity four vector, namely,

uµf
µ = gµνu

µf ν = 0. (6.118)
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There are various ways of seeing this, but probably the simplest
is to note that the equation (6.117) can be written in terms of the
proper velocity as

m
Duµ

Dτ
= fµ, (6.119)

which leads to

mgµνu
µ Duν

Dτ
= gµνu

µf ν,

or,
m

2

D(gµνu
µuν)

Dτ
= gµνu

µf ν ,

or,
m

2

d(gµνu
µuν)

dτ
= 0 = gµνu

µf ν . (6.120)

Here, in the intermediate steps, we have used the metric compatibil-
ity condition (5.8) as well as the normalization of the proper velocity
(2.8) in the curved manifold (5.124), namely,

gµνu
µuν = 1. (6.121)

The electromagnetic theory or Maxwell’s theory (with sources)
can also be extended to curved space in the following way. We know
that in flat space, Maxwell’s equations are given by

∂µF
µν = Jν , ∂[µFνλ] = 0. (6.122)

In the presence of gravitation the first equation can be written in the
covariant form

DµF
µν = Jν , (6.123)

where (the connections do not vanish for the contravariant field
strength tensor unlike in the case of the covariant tensor in (4.189))

Fµν = DµAν −DνAµ = −F νµ. (6.124)
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Furthermore, we know that (see (4.162)) we can write

DµF
µν =

1√−g ∂µ(
√−g Fµν), (6.125)

so that the first equation of Maxwell becomes

DµF
µν = Jν ,

or,
1√−g ∂µ(

√−g Fµν) = Jν ,

or, ∂µ(
√−g Fµν) =

√−g Jν . (6.126)

The second equation (the Bianchi identity) takes the covariant form
(see (4.190))

D[µFνλ] = ∂[µFνλ] = 0. (6.127)

Thus, Maxwell’s equations (with sources) in a curved manifold
(or in the presence of a gravitational field) can be written as

∂µ(
√−g Fµν) =

√−g Jν , ∂[µFνλ] = 0. (6.128)

Furthermore, from the first equation we see that

∂ν∂µ(
√−g Fµν) = ∂ν(

√−g Jν) = 0, (6.129)

which follows from the anti-symmetry of the field strength tensor.
Therefore, we see that, in the presence of gravitation, current con-
servation takes the covariant form (see (4.150) and compare with
(2.75))

∂µ(
√−g Jµ) =

√−g DµJ
µ = 0. (6.130)

It is now obvious that we can define a global charge associated with
the system which is conserved. Namely, if we define
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Q(t) =

∫
d3x

√−g J0, (6.131)

then, it follows that

dQ

dt
=

∫
d3x ∂0(

√−g J0) = −
∫

d3x ∂i(
√−g J i) = 0, (6.132)

where we have used (6.129) (or (6.130)) and have also assumed that
the current vanishes asymptotically.

Let us now examine the stress tensor of a particle. We have
already seen that if a particle is subjected to an external force field
then we have to define a total energy momentum (stress) tensor as
(see (2.128))

T µν
total = T µν

matter + T µν
field, (6.133)

and it is the total stress tensor which is conserved in flat space,
namely,

∂µT
µν
total = 0. (6.134)

In the presence of gravitation this equation should be covariantized
which leads to

DµT
µν
total = 0,

or, ∂µT
µν
total − Γµ

µρT
ρν
total − Γν

µρT
µρ
total = 0,

or, ∂µT
µν
total +

1√−g ∂ρ(
√−g)T ρν

total = Γν
µρT

µρ
total,

or,
1√−g ∂µ

(√−g T µν
total

)
= Γν

µρT
µρ
total. (6.135)

Thus we see that unlike the charge current, the total stress
tensor for the matter and the external fields does not satisfy a con-
servation law. Consequently, we cannot define a global momentum
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from
√−g T 0µ

total which would be a constant in time. In other words,
if we define

Pµ
total =

∫
d3x

(√−g T 0µ
total

)
, (6.136)

then it follows that

dPµ
total

dt
6= 0. (6.137)

This difference from flat space is understandable since the total mo-
mentum that would be conserved has to include the momentum as-
sociated with the gravitational field as well. However, we do not
yet know how to construct the energy momentum associated with
the gravitational field. This is because so far we only know how to
extend quantities from flat space to a curved manifold. However,
in a locally flat Cartesian coordinate frame the gravitational energy
would vanish since it would be constructed out of derivatives of the
metric tensor which is constant in the local frame. This, therefore,
leads to difficulties in defining a global conserved momentum for a
gravitational system. However, let us note here that for an isolated
(closed) system it is always possible to define a global momentum
which is conserved. We would come back to this question later.

As another example of a dynamical equation, let us consider the
relativistic Klein-Gordon equation for a scalar field in flat space-time

(
�+m2

)
φ(x) =

(
∂µ∂

µ +m2
)
φ(x) = 0. (6.138)

In the presence of gravitation this generalizes to

(
DµD

µ +m2
)
φ(x) = 0,

or, Dµ∂
µφ(x) +m2φ(x) = 0,

or,
1√−g ∂µ

(√−g ∂µφ(x)
)
+m2φ(x) = 0,

or, ∂µ
(√−g ∂µφ(x)

)
+

√−g m2φ(x) = 0. (6.139)
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This discussion shows how any equation in flat space-time can be
generalized to a curved manifold. (Generalization of equations in-
volving fermion fields needs the concept of tetrads or vierbeins that
we will not go into.)



Chapter 7

Curvature tensor and Einstein’s equation

7.1 Curvilinear coordinates versus gravitational field

A natural question we can ask at this point is how we can distinguish
between a curvilinear coordinate system (in a flat space) and a grav-
itational field. Quantitatively we may ask if we make a coordinate
change such that

ηµν =
∂ξλ

∂xµ
∂ξρ

∂xν
gλρ(x), (7.1)

and gµν(x) has a nontrivial form, how can we distinguish this metric
from a genuine gravitational metric. The answer lies in the fact that
in such a case, given gµν(x) we can always find a coordinate frame in
which the metric becomes the flat Cartesian metric. Correspondingly
in that frame the curvature tensor will vanish identically. Namely,
in that frame

Rµ
νλρ = 0, (7.2)

and since this is a tensor equation it must be true in any coordinate
frame even if the metric has a nontrivial form. Consequently the
manifold must be flat. On the other hand, the Riemann-Christoffel
curvature tensor will not vanish in the presence of a genuine gravi-
tational field.

7.2 Definition of an inertial coordinate frame

We have seen that in any coordinate frame the metric must satisfy
the metric compatibility condition (4.103)

199
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Dµgνλ = ∂µgνλ + Γρ
µνgρλ + Γρ

µλgνρ = 0. (7.3)

Furthermore, we have seen (see the theorem following (4.31)) that
given a symmetric connection, we can always make a coordinate
change to bring the connection to zero at a particular point. Thus we
see that in addition to making the metric flat at some point we can
also make the connection vanish at that point through a coordinate
transformation. Mathematically this is equivalent to saying that at
x = xp we can have

gµν(xp) = ηµν , ∂ρgµν |x=xp
= 0. (7.4)

A frame where (7.4) holds is known as an inertial frame. However, we
note that this does not say anything about the higher order deriva-
tives of gµν at x = xp. In particular,

∂σ∂ρgµν |x=xp
6= 0, (7.5)

if the manifold is curved. On the other hand, if we go back to the
definition of the curvature tensor, we note that

Rµ
νλρ ∼ −gµσ∂ρ∂νgλσ + · · · , (7.6)

so that with a coordinate change we cannot rotate away the curva-
ture. However, over infinitesimal distances the effect of curvature
will be negligible.

7.3 Geodesic deviation

We have already seen that a free particle follows the geodesic path.
Let us now consider a region of space containing a number of geodesics.
Let us assume that the family of geodesics is parameterized by the
proper time τ as well as by a second parameter h which distinguishes
between the different geodesics. The geodesics, of course, obey the
equation (see (5.83))

∂2xµ(τ, h)

∂τ2
− Γµ

νλ

∂xν

∂τ

∂xλ

∂τ
= 0. (7.7)
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If we define the tangent vector as

uµ(τ, h) =
∂xµ(τ, h)

∂τ
, (7.8)

then the geodesic equation can also be written as (see (5.86))

Duµ

Dτ
=
∂uµ

∂τ
− Γµ

νλu
νuλ = 0. (7.9)

Let us now define a second vector associated with the trajecto-
ries as

vµ(τ, h) =
∂xµ(τ, h)

∂h
. (7.10)

This describes the difference in the coordinates of two infinitesimally
close geodesics (for the same value of τ). Clearly from the commu-
tativity of the ordinary derivatives we have

∂vµ

∂τ
=
∂2xµ

∂τ∂h
=
∂uµ

∂h
. (7.11)

Therefore, we can write

Dvµ

Dτ
=

∂vµ

∂τ
− Γµ

νλ

∂xν

∂τ
vλ

=
∂uµ

∂h
− Γµ

νλ u
νvλ, (7.12)

which leads to
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D2vµ

Dτ2
=

∂

∂τ

Dvµ

Dτ
− Γµ

ρσ

∂xρ

∂τ

Dvσ

Dτ

=
∂

∂τ

(
∂uµ

∂h
− Γµ

νλu
νvλ
)

−Γµ
ρσ u

ρ

(
∂uσ

∂h
− Γσ

νλu
νvλ
)

=
∂

∂h

∂uµ

∂τ
− ∂σΓ

µ
νλu

σuνvλ − Γµ
νλ

∂uν

∂τ
vλ

−Γµ
νλu

ν ∂vλ

∂τ
− Γµ

ρσu
ρ ∂u

σ

∂h
+ Γµ

ρσΓ
σ
νλu

ρuνvλ. (7.13)

Using the geodesic equation (7.9) we can write

D2vµ

Dτ2
=

∂

∂h

(
Γµ
νλu

νuλ
)
− ∂σΓ

µ
νλu

σuνvλ

−Γµ
νλ

(
Γν
ρσu

ρuσ
)
vλ − 2Γµ

νλu
ν ∂uλ

∂h

+Γµ
ρσΓ

σ
νλu

ρuνvλ

= ∂σΓ
µ
νλv

σuνuλ − ∂σΓ
µ
νλu

σuνvλ

−Γµ
νλΓ

ν
ρσu

ρuσvλ + Γµ
ρσΓ

σ
νλu

ρuνvλ

=
(
∂λΓ

µ
νρ − ∂ρΓ

µ
νλ − Γµ

σλΓ
σ
ρν + Γµ

ρσΓ
σ
νλ

)
uρuνvλ

or,
D2vµ

Dτ2
= Rµ

νρλu
νuρvλ. (7.14)

Thus we see that the second derivative of vµ is proportional to the
Riemann curvature tensor. Therefore, the separation between the
geodesics changes (as τ changes) if the curvature does not vanish.

This shows that in the presence of a gravitational field a group
of geodesics do not remain parallel. This is known as the geodesic
deviation and we immediately see that by studying the deviation of
the geodesics we can detect the presence of a gravitational field. This,
of course, does not contradict the principle of equivalence because
if we restrict ourselves to an infinitesimal volume in the manifold,
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then the term on the right hand side of (7.14) will be negligible and
hence we cannot detect the deviation in the geodesics in such an
infinitesimal region (locally).

7.4 Properties of the curvature tensor

The Riemann curvature tensor is a rank four tensor and hence has
44 = 256 components. However, not all of them are independent or
nontrivial. This is because the curvature tensor has many symmetry
properties. For example, from the defining relation (see (5.17))

[Dµ,Dν ]A
ρ = Rρ

σµνA
σ, (7.15)

we note that

Rρ
σµν = −Rρ

σνµ. (7.16)

That is, the curvature tensor is anti-symmetric in the last two indices.
Furthermore, let us consider the scalar length of a vector ξµ defined
by

φ = ξµξ
µ = gµνξ

µξν . (7.17)

This leads to

DλDρφ = Dλ (2gµν (Dρξ
µ) ξν)

= 2gµν ((DλDρξ
µ) ξν + (Dρξ

µ) (Dλξ
ν)) , (7.18)

where we have used the metric compatibility condition (7.3).
It now follows from (7.18) that

[Dλ,Dρ]φ = 2gµνξ
ν [Dλ,Dρ]ξ

µ

= 2gµνξ
νRµ

σλρξ
σ

= 2ξνξσRνσλρ. (7.19)
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On the other hand, we know that since φ is a scalar function (see
(4.179))

[Dλ,Dρ]φ = [∂λ, ∂ρ]φ = 0, (7.20)

so that, comparing with (7.19), we have

2ξνξσRνσλρ = 0. (7.21)

Since this is true for any arbitrary vector ξµ in an arbitrary curved
manifold, this implies

Rνσλρ = −Rσνλρ, (7.22)

and we conclude that the Riemann-Christoffel curvature tensor is
anti-symmetric in the first two indices as well.

Furthermore, let us take an arbitrary vector ξµ and construct
from it the completely anti-symmetric third rank tensor

ξ[µ;ν;λ] = (ξµ;ν;λ − ξµ;λ;ν) + cyclic permutation of µνλ

= [Dλ,Dν ]ξµ + cyclic permutation of µνλ

= −Rσ
µλνξσ + cyclic permutation of µνλ, (7.23)

where we have used (5.19). On the other hand, we also know that
(see (4.181))

ξ[µ;ν;λ] = 0. (7.24)

Therefore, since ξµ is an arbitrary vector, it follows from (7.23) that
(it can be checked easily that the cyclic permutation of µνλ is the
same as the cyclic permutation of µλν)

Rσ
µλνξσ + cyclic permutation of µλν = 0,

or, Rσ
µλν + cyclic permutation of µλν = 0,

or, Rσµλν + cyclic permutation of µλν = 0, (7.25)
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which can be written explicitly as

Rσµλν +Rσλνµ +Rσνµλ = 0. (7.26)

Alternatively, using the anti-symmetry property in the first two in-
dices (7.22), we can also write this relation as

Rµσλν +Rλσνµ +Rνσµλ = 0. (7.27)

With these relations, let us now look at the combination of the
curvature tensors

Rµνλρ −Rλρµν . (7.28)

Using the cyclic identities (7.26) and (7.27), we determine

Rµνλρ −Rλρµν = −(Rµλρν +Rµρνλ) + (Rµρνλ +Rνρλµ)

= −Rµλρν +Rνρλµ

= (Rρλνµ +Rνλµρ)− (Rνλµρ +Rνµρλ)

= − (Rµνλρ −Rλρµν) = 0. (7.29)

Since this is a tensor equation it follows that

Rµνλρ −Rλρµν = 0,

or, Rµνλρ = Rλρµν . (7.30)

Parenthetically we note that this relation can also be derived simply
from

Rµνλρ = −Rµλρν −Rµρνλ

= −Rµλρν + (Rνρλµ +Rλρµν),

Rµνλρ = −Rλνρµ −Rρνµλ

= (Rλρµν +Rλµνρ)−Rρνµλ. (7.31)
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This leads to

Rµλρν −Rρνµλ = 0, (7.32)

which coincides with (7.30).

We can now collect all the algebraic properties of the curvature
tensor as (see (7.16), (7.22), (7.26) and (7.30))

Rµνλρ = −Rµνρλ = −Rνµλρ = Rλρµν ,

Rµνλρ +Rµλρν +Rµρνλ = 0. (7.33)

This reduces the number of independent components of the curvature
tensor to 20 (36 − 12 − 4 = 20). This is still a large number of
components since we know that they have to be constructed out of
ten components of the metric tensor. In fact, these 20 components
depend on the choice of the coordinate system used.

Let us recall that the curvature tensor is defined as (see (5.18))

Rµ
νλρ = ∂ρΓ

µ
νλ − ∂λΓ

µ
νρ + Γµ

λσΓ
σ
ρν − Γµ

ρσΓ
σ
λν , (7.34)

with the connection given by the Christoffel symbol (4.49)

Γµ
νλ = −1

2
gµσ(∂νgλσ + ∂λgσν − ∂σgνλ). (7.35)

In a locally flat Cartesian coordinate system we have (see (7.4))

gµν = ηµν , ∂σgµν = 0. (7.36)

Therefore, in this coordinate system, we can write (the connection
vanishes in this coordinate system)
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Rµ
νλρ = −1

2
ηµσ(∂ρ∂νgλσ + ∂ρ∂λgσν − ∂ρ∂σgνλ

− ∂λ∂νgρσ − ∂λ∂ρgσν + ∂λ∂σgνρ),

or, Rµνλρ = −1

2
(∂ρ∂νgλµ − ∂ρ∂µgνλ + ∂λ∂µgνρ − ∂λ∂νgρµ)

= −1

2
(∂ρ∂νgλµ − ∂ρ∂µgλν + ∂λ∂µgνρ − ∂λ∂νgµρ).

(7.37)

Written in this form the symmetry properties of the curvature tensor
(7.33) are manifest and they continue to hold in any coordinate frame
since the symmetry properties are respected by a general coordinate
transformation.

Let us also note that we can obtain other symmetry relations
of the curvature tensor which are not algebraic in nature. These are
known as the Bianchi identities. (See (4.190) for the Bianchi identity
in the electromagnetic theory.) To derive these, let us consider a
general vector ξµ. From (5.19) we know that

[Dλ,Dρ]ξµ = ξµ;[ρ;λ] = Rµνλρξ
ν . (7.38)

Let us further differentiate this covariantly which leads to

ξµ;[ρ;λ];σ = Rµνλρ;σξ
ν +Rµνλρξ

ν
;σ. (7.39)

On the other hand, we note that (see (5.21) and note that the metric
tensor is covariantly flat)

ξµ;σ;[ρ,λ] = [Dλ,Dρ]ξµ;σ

= Rµνλρ ξ
ν
;σ +Rσνλρ ξ

ν
µ; . (7.40)

If we anti-symmetrize both sides of (7.39) with respect to ρλσ we
obtain

ξµ;[ρ;λ;σ] = ξµ;[ρ;λ];σ + cyclic permutation of ρλσ

=
[
Rµνλρ;σξ

ν +Rµνλρξ
ν
;σ

]
+ cyclic permutation of ρλσ,

(7.41)
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while the anti-symmetrization of (7.40) leads to

ξµ;[ρ;λ;σ] = ξµ;σ;[ρ;λ] + cyclic permutation of ρλσ

=
[
Rµνλρξ

ν
;σ +Rσνλρξ

ν
µ;

]
+ cyclic permutation of ρλσ.

(7.42)

The second term on the right hand side of (7.42) vanishes because
of the cyclic identity (7.27). As a result, from (7.41) and (7.42) we
obtain

ξµ;[ρ;λ;σ] = Rµνλρ;σξ
ν +Rµνλρξ

ν
;σ + cyclic permutation of ρλσ

= Rµνλρξ
ν
;σ + cyclic permutation of ρλσ, (7.43)

which yields

Rµνλρ;σξ
ν + cyclic permutation of ρλσ = 0. (7.44)

Since this must be true for any arbitrary vector ξν , we conclude that

Rµνλρ;σ + cyclic permutation of ρλσ = 0. (7.45)

This is known as the Bianchi identity (in gravitation) and is quite
useful in the study of gravitation as we will see.

Let us note here that we can contract various tensor indices of
the Riemann-Christoffel curvature tensor to obtain other curvature
tensors of lower rank. However, because of the anti-symmetry of the
curvature tensor in various indices, the number of contractions we
can make is limited. Let us define

Rµλ = gνρRµνλρ = R ν
µνλ = R ν

µ λν . (7.46)

It is clear from the definition in (7.46) that

Rµλ = Rν
µνλ = −Rν

µλν = −R ν
µ νλ, (7.47)
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where we have used the symmetry properties in (7.33). The second
rank tensor Rµν is known as the contracted Riemann curvature or
the Ricci tensor. It is symmetric in the two indices as can be seen
from

Rλµ = gνρRλνµρ = gνρRµρλν = Rµλ, (7.48)

where we have used (7.30). Therefore, the Ricci tensor is a second
rank symmetric tensor with only ten independent components (ex-
actly like the metric tensor which is also a second rank symmetric
tensor). Furthermore, if we contract the indices of the Ricci tensor,
we obtain the Ricci scalar curvature, namely

R = gµλRµλ. (7.49)

Note that this is the only nontrivial scalar curvature that we
can construct from the Riemann tensor. The only other possibility
which can be constructed using the Levi-Civita tensor vanishes,

εµνλρRµνλρ = 0, (7.50)

because of the cyclicity identity (7.26) satisfied by the Riemann
tensor.

Let us now examine the consequences of the Bianchi identity
(7.45) for the Ricci tensor. To see this, we recall that

Rµνλρ;σ + cyclic permutation of ρλσ = 0. (7.51)

Since the metric is flat with respect to covariant differentiation (4.103),
we now obtain

gνρ (Rµνλρ;σ + cyclic permutation of ρλσ) = 0,

or, gνρ(Rµνλρ;σ +Rµνρσ;λ +Rµνσλ;ρ) = 0,

or, Rµλ;σ −Rµσ;λ −Rρ
µσλ;ρ = 0. (7.52)



210 7 Curvature tensor and Einstein’s equation

Contracting further the indices µ and λ this leads to

gµλ
(
Rµλ;σ −Rµσ;λ −Rρ

µσλ;ρ

)
= 0,

or, R ;σ −Rµ
σ;µ −Rρ

σ;ρ = 0,

or, Rµ
ν;µ − 1

2
R ;ν = 0,

or, Rµν
;µ − 1

2
R ν

; = 0. (7.53)

If we define a second rank symmetric tensor from the Ricci tensor
(7.46) and the Ricci scalar (7.49) as

Gµν = Rµν − 1

2
gµνR, (7.54)

then, it is clear from (7.53) that we can write

DµG
µν = Rµν

;µ − 1

2
R ν

; = 0, (7.55)

which shows that this tensor is conserved in a curved manifold. Gµν

is known as the Einstein curvature tensor and with these preparations
we are now ready to discuss Einstein’s equations.

I Example (Symmetry in inertial frame). We recall from (7.37) that in an iner-
tial frame defined by (7.4)

gµν = ηµν , ∂σgµν = 0, (7.56)

so that in this frame we have

Γσµν = 0, (7.57)

we can write

Rµνλρ = −1

2
(∂ρ∂νgλµ − ∂ρ∂µgλν + ∂λ∂µgνρ − ∂λ∂νgµρ). (7.58)
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Since the metric tensor is symmetric and the derivatives commute, namely,

gµν = gνµ, ∂µ∂ν = ∂ν∂µ, (7.59)

it follows from the definition in (7.58) that (see (7.33))

Rµνλρ = −Rνµλρ = −Rµνρλ = Rλρµν . (7.60)

Similarly, from (7.58) we also obtain

Rµνλρ +Rµλρν +Rµρνλ

= −1

2

(

∂ρ∂νgλµ − ∂ρ∂µgλν + ∂λ∂µgνρ − ∂λ∂νgµρ

+ ∂ν∂λgρµ − ∂ν∂µgρλ + ∂ρ∂µgλν − ∂ρ∂λgµν

+ ∂λ∂ρgνµ − ∂λ∂µgνρ + ∂ν∂µgρλ − ∂ν∂ρgµλ
)

= 0. (7.61)

Finally, we note that since in the inertial frame the connection vanishes (see
(7.57)) we have

Rµνλρ;σ = ∂σRµνλρ, (7.62)

which leads to

Rµνλρ;σ +Rµνρσ;λ +Rµνσλ;ρ

= −1

2

(

∂σ(∂ρ∂νgλµ − ∂ρ∂µgλν + ∂λ∂µgνρ − ∂λ∂νgµρ)

+ ∂λ(∂σ∂νgρµ − ∂σ∂µgρν + ∂ρ∂µgνσ − ∂ρ∂νgµσ)

+ ∂ρ(∂λ∂νgσµ − ∂λ∂µgσν + ∂σ∂µgνλ − ∂σ∂νgµλ)
)

= 0, (7.63)

which coincides with (7.45). Thus, the symmetry properties of the curvature
tensor are easily checked in a locally inertial frame and being tensor symmetries,
they hold in any frame.

J
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I Example (Curvature in two dimensional space). Let us consider the two di-
mensional Euclidean space. In two dimensions Rµνλρ must have the symmetries
already mentioned in (7.60) and (7.61) which implies (in two dimensions)

R1111 = R1122 = R1112 = R2211 = R2212 = R2222 = 0, (7.64)

by antisymmetry (for example, R1112 = −R1112 = 0). Therefore, the only non-
trivial component of the curvature in two dimensions, from symmetry considera-
tions, follows to be

R1212 = R2121 = −R2112 = −R1221. (7.65)

This is in agreement with the fact that there is only one linearly independent
term in Rµνλρ in two dimensions. We can relate this curvature to the Gaussian
curvature discussed in chapter 1 (see (1.19)) in the following way.

From the definition of the Christoffel symbol (4.49) we can calculate and
obtain

Γ1
11 = −1

2
g11∂1g11 − 1

2
g12 (2∂1g12 − ∂2g11) ,

Γ1
12 = Γ1

21 = −1

2
g11∂2g11 − 1

2
g12∂1g22,

Γ1
22 = −1

2
g11 (2∂2g12 − ∂1g22)− 1

2
g12∂2g22,

Γ2
11 = −1

2
g21∂1g11 − 1

2
g22 (2∂1g12 − ∂2g11) ,

Γ2
12 = Γ2

21 = −1

2
g21∂2g11 −

1

2
g22∂1g22,

Γ2
22 = −1

2
g21 (2∂2g21 − ∂1g22)− 1

2
g22∂2g22. (7.66)

The Riemann-Christoffel curvature tensor can be calculated from the definition
in (5.18) as well as

Rµνλρ = gµσR
σ
νλρ. (7.67)

However, we note that in two dimensions, it is much easier to calculate

gRµνλρ, (7.68)

where g denotes the determinant of the metric tensor.
In two dimensions, the determinant of the metric tensor has the simple

form

g = g11g22 − g12g21, (7.69)
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which leads to

gg11 = g22, gg22 = g11, gg12 = gg21 = −g12. (7.70)

In deriving (7.70) we have used the two dimensional identities (gµλgλν = δµν )

g11g11 + g12g21 = 1,

g22g22 + g21g12 = 1,

g11g12 + g12g22 = 0,

g21g11 + g22g21 = 0. (7.71)

With this, we can now calculate (7.68) which leads to

gR1212 =
g

2

(

2∂1∂2g12 − ∂2
2g11 − ∂2

1g22
)

− g22
4

[

∂1g11 (2∂2g12 − ∂1g22)− (∂2g11)
2]

+
g12
4

[∂1g11∂2g22 − 2∂2g11∂1g22 + (2∂1g12 − ∂2g11) (2∂2g12 − ∂1g22)]

− g11
4

[

∂2g22 (2∂1g12 − ∂2g11)− (∂1g22)
2]

≡ g2K, (7.72)

where K is the Gaussian curvature defined in (1.19). Therefore, we conclude
that, in two dimensions,

K =
1

g
R1212, (7.73)

is the unique curvature tensor. Alternatively, we can write

R1212 = gK, (7.74)

and keeping in mind (7.69) we recognize that in two dimensions (7.74) allows us
to write the Riemann-Christoffel tensor as

Rµνλρ = K (gµλgνρ − gµρgνλ) , (7.75)

which has all the symmetries (7.64) and (7.65) manifest. Furthermore, from
(7.75), the Ricci tensor follows to be (in two dimensions)

Rµν = gσρRµσνρ = Kgµν , (7.76)
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leading to the Ricci scalar

R = gµνRµν = 2K. (7.77)

J

7.5 Einstein’s equation

In the last chapter we extended equations for various particles and
fields to a curved manifold (in the presence of gravitation). This
involved simply taking the relativistic dynamical equations in a flat
manifold and covariantizing them. A natural question that comes
to mind is, of course, what is the equation for the gravitational po-
tential itself. This is particularly interesting because we know the
equation for the gravitational potential only in the non-relativistic
limit. Classically we know that the static gravitational potential sat-
isfies the Poisson equation. Namely, if φ(x) denotes the gravitational
potential, then it satisfies the Laplace equation

∇
2φ(x) = 0, (7.78)

in regions free of gravitational sources (masses). However, if there is
a distribution of (non-relativistic) matter in a given region, then the
gravitational potential satisfies the Poisson equation

∇
2φ(x) = 4πGNρ(x), (7.79)

where GN is Newton’s constant and ρ(x) describes the matter density
in the given region. In CGS units, Newton’s constant has the value

GN ≈ 6.67 × 10−8cm3g−1sec−2. (7.80)

Equation (7.79) can be seen easily to hold by noting that the gravita-
tional potential for a continuous distribution of matter can be written
as

φ(x) = −GN

∫
d3x′

ρ(x′)

|x− x′| , (7.81)
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so that

∇
2φ(x) = −GN

∫
d3x′ ρ(x′) ∇2

(
1

|x− x′|

)

= −GN

∫
d3x′ ρ(x′)

(
− 4πδ3(x− x′)

)

= 4πGNρ(x). (7.82)

We have also seen in (6.21) that in the weak field limit, we can
identify

g00(x) = 1 + 2φ(x), gij = ηij . (7.83)

Thus if we assume that the metric tensor gµν represents the gravita-
tional potential, then the equations for gµν must involve second order
derivatives of the metric and must reduce to the respective equations
(7.78) and (7.79) in the appropriate limit for the two cases (matter
free and in the presence of a distribution of matter). Furthermore,
we are looking for at least ten equations since gµν has ten compo-
nents. These must be tensor equations since gµν is a tensor and the
equations are expected to be covariant under a general coordinate
transformation.

Let us now look at the geodesic deviation equation which we
have derived in (7.14)

D2vµ

Dτ2
= Rµ

νρλu
νuρvλ, (7.84)

where

uµ =
∂xµ

∂τ
, vµ =

∂xµ

∂h
. (7.85)

Infinitesimally, therefore, we can write down the geodesic deviation
as satisfying the equation

D2δxµ

Dτ2
= Rµ

νρλ

dxν

dτ

dxρ

dτ
δxλ = Kµ

λ δx
λ, (7.86)
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where we have identified

Kµ
λ = Rµ

νρλ

dxν

dτ

dxρ

dτ
. (7.87)

Let us now consider the equivalent problem in classical Newto-
nian physics. Let us assume that a particle of unit mass is subjected
to a static, space dependent gravitational force. In this case, from
Newton’s equation (see (6.6)) we have

d2xi

dt2
= − ∂iφ

∣∣
x
. (7.88)

Similarly, a nearby geodesic (trajectory) satisfies

d2x̃i

dt2
= − ∂iφ

∣∣
x̃
. (7.89)

If these trajectories are infinitesimally apart then we can write

δxi = x̃i − xi, (7.90)

and

∂iφ(x)
∣∣
x̃
= ∂iφ(x)

∣∣
x
+ δxj∂i∂jφ(x)

∣∣
x
+O(δx2), (7.91)

which leads to

d2x̃i

dt2
− d2xi

dt2
= − ∂iφ(x)

∣∣
x̃
+ ∂iφ(x)

∣∣
x
,

or,
d2δxi

dt2
' − δxj∂i∂jφ(x)

∣∣
x
. (7.92)

Comparing this with the geodesic deviation equation (7.86) in the
curved space we can identify

Ki
j = −∂i∂jφ. (7.93)
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We know that in empty space we can write (see (7.78))

∇
2φ = −∂i∂iφ = Ki

i = 0. (7.94)

Therefore, we feel comfortable in generalizing this equation to curved
space, free of matter, as

Kµ
µ = Rµ

νρµ

dxν

dτ

dxρ

dτ
= 0,

or, −Rνρ
dxν

dτ

dxρ

dτ
= 0. (7.95)

Since this must be true for any arbitrary vector dxµ

dτ , we have

Rνρ = 0, (7.96)

in a region free of matter (gravitational source).

In other words in empty space we can write the gravitational
field equations as

Rµν = 0. (7.97)

This is a tensor equation and since Rµν has ten components, there are
ten equations. Furthermore, the curvature involves second deriva-
tives of the metric tensor and hence it is plausible that this is the
correct equation in the case of empty space. We also note here that
the more stringent equation

Rµ
νλρ = 0, (7.98)

involves more than ten equations and leads to the trivial flat space-
time solution for the metric and, therefore, has to be rejected.

To derive the equation in the presence of matter, let us note that
the classical non-relativistic (static) equation (7.79) can be written
in the weak field limit in the form



218 7 Curvature tensor and Einstein’s equation

∇
2φ = 4πGNρ,

or, ∇
2g00 = 8πGNT00. (7.99)

Therefore, we recognize that generalization to curved space-time
would involve the stress tensor on the right hand side of the equation
(as source for the gravitational field). As we have seen in (2.113),
T µν is a symmetric second rank tensor and hence it is tempting to
generalize (7.97) to the case of non-empty space as

Rµν = αT µν , (7.100)

where T µν is the stress tensor (associated with matter including ra-
diation and other non-gravitational fields) and α is a normalization
constant to be determined. This is a genuine tensor equation which
reduces to the free space equation (7.97) in the source free case
when

T µν = 0. (7.101)

However, this equation suffers from the defect that it is not a con-
sistent equation. That is, whereas the stress tensor is conserved (see
(6.135))

DµT
µν = 0, (7.102)

the Ricci tensor is not in general

DµR
µν 6= 0. (7.103)

Historically, equation (7.100) is what Einstein had suggested
originally to describe the dynamics of the gravitational field. How-
ever, very quickly he as well as Poincaré, independently, realized the
inconsistency in the equation and generalized the equation to

Gµν = αT µν , (7.104)
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where Gµν is the Einstein tensor defined in (7.54). As we have seen
in (7.55)

DµG
µν = Dµ

(
Rµν − 1

2
gµνR

)
= 0, (7.105)

so that the equation (7.104) is at least consistent. Furthermore, we
note that in empty space (7.104) reduces to

Gµν = Rµν − 1

2
gµνR = 0. (7.106)

This seems to be different from (7.97), but we note from (7.106) that

gµνG
µν = R− 4

2
R = 0,

or, R = 0. (7.107)

Hence using this in (7.106), we obtain

Gµν = Rµν = 0, (7.108)

in the case of empty space. Therefore, in the source free limit, (7.104)
indeed reduces to the free space equation (7.97).

The constant α in (7.104) is a normalization constant to be
determined shortly. We note that the field equations also lead to the
relation that

gµνG
µν = gµν

(
Rµν − 1

2
gµνR

)
= αgµνT

µν ,

or, R− 4

2
R = αT,

or, R = −αT, (7.109)

so that we can write the Einstein equation (7.104) also as

Rµν = α

(
T µν − 1

2
gµν T

)
. (7.110)
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Here T = T µ
µ denotes the trace of the stress tensor. Furthermore,

the stress tensor is that associated with matter particles and fields
(not including gravitation).

Let us now see whether the Einstein equation (7.104) (or (7.110))
reduces to Poisson equation (7.79) and if so what is the value of the
normalization constant α for which this would be true. To simplify
the derivation, we assume that matter consists of static dust parti-
cles (without any radiation field) for which we can write the stress
tensor as

T µν = ρuµuν = ρ
dxµ

dτ

dxν

dτ
. (7.111)

Since the dust particles are static (t = τ), then it follows that

T 00 = ρ,

T 0i = T ij = 0,

T = gµνT
µν = g00T

00 = g00ρ ' ρ. (7.112)

Here we have assumed that the metric changes only slightly from the
Minkowski metric and correspondingly have kept only the dominant
term in the trace in the last relation in (7.112).

Assuming that the gravitational potential is weak, we can ap-
proximate the Riemann curvature (5.18) as

Rµ
νλρ ' ∂ρΓ

µ
νλ − ∂λΓ

µ
νρ, (7.113)

so that the Ricci tensor (7.46) takes the form

Rνρ = ∂ρΓ
µ
νµ − ∂µΓ

µ
νρ. (7.114)

Furthermore, since only T00 is nonzero (see (7.112)), it is sufficient
to look at the R00 equation in (7.110) to determine the constant α.
From (7.114) we have

R00 = ∂0Γ
µ
0µ − ∂µΓ

µ
00. (7.115)
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However, since we are assuming the gravitational potential to be
static, the metric tensor would not involve time and we can write

R00 = −∂µΓµ
00 = −∂iΓi

00

= −∂i
(
−1

2
gij(∂0g0j + ∂0gj0 − ∂jg00)

)

= −1

2
∂i∂

ig00 =
1

2
∇

2g00. (7.116)

Furthermore, we recall that for a weak field, we can write

g00 = 1 + 2φ, (7.117)

where φ is the gravitational potential so that the field equation in
(7.110) leads to

R00 ' R00 = α

(
T 00 − 1

2
g00T

)
,

or,
1

2
∇

2(2φ) = α

(
ρ− 1

2
ρ

)
=
α

2
ρ,

or, ∇
2φ =

α

2
ρ. (7.118)

Comparing this with the Poisson equation (7.79)

∇
2φ = 4πGNρ, (7.119)

we determine

α = 8πGN, (7.120)

so that the field equations (7.104) and (7.110) in the presence of
matter can be written as (GN is Newton’s constant)
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Gµν =

(
Rµν − 1

2
gµνR

)
= 8πGNT

µν ,

or, Rµν = 8πGN

(
T µν − 1

2
gµνT

)
. (7.121)

Both forms of these equations are known as Einstein’s equations and
it is clear that they relate the distribution of matter and energy to
the curvature associated with the space-time manifold.

Let us note here that different authors use different conventions
for the metric as well as for the definitions of the Christoffel symbol,
Riemann tensor, Ricci tensor etc. Consequently, the sign of the term
on the right hand side of the Einstein equation (7.121) depends on
the convention used to define various quantities. However, consis-
tency requires that in the weak field limit they reduce to the Poisson
equation (7.79).

7.6 Cosmological constant

Let us note here that the Einstein tensor Gµν is not the only tensor
that can be constructed from the metric tensor and its first and
second derivatives which is conserved. In fact, it is clear that one
can write a modified equation

Rµν − 1

2
gµνR− Λgµν = 8πGNT

µν , (7.122)

where Λ is a constant known as the cosmological constant and since
gµν is constant under covariant differentiation (see (4.103)), this term
does not violate any consistency condition. However, physically one
can think of this term as a constant gravitational force acting on
all particles. Namely, we can take it to the right hand side of the
equation and absorb it into the definition of T µν . Then in the flat
space-time limit, it would correspond to a universal constant force
acting on all particles. This term is known as the cosmological con-
stant term and historically Einstein had introduced this term into the
field equations for gravity in order to obtain a static solution of the
field equations. However, we note here that if this modified equation
were the true equation, then it has to reduce to the right Newtonian
limit. Since Newton’s equation works so well in the classical domain,
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this puts a limit on the magnitude of the cosmological constant Λ.
In fact, just looking at the equation, we note that since the metric is
dimensionless, the canonical dimension of Λ must be (recall that the
curvature involves second order derivatives of the metric)

[Λ] = [L]−2. (7.123)

Therefore, its value must be related to a characteristic length in the
problem. The only meaningful characteristic length in the study of
the universe is its radius. The observational measurements give a
value for this radius to be

Radius > 1010 light-yrs

≈ 1010 × (3× 1010 cms/sec)× (3× 107sec)

= 9× 1027 cms ' 1028 cms. (7.124)

(The present observed value for the age of the universe is 13.7 billion
years leading to a radius of 78 billion light-years.) The theoreti-
cal limit on the cosmological constant can then be written as and
compared with the observed value

Λth ≤ 1

(Radius)2
= 10−56 cm−2 ≈ 10−66 (eV)2,

Λobs ' 10−67 (eV)2. (7.125)

This simple argument gives the right order of magnitude for the
cosmological constant. One of the burning questions in physics today
is why the cosmological constant is so small and how to derive this
within the context of physical theories.

7.7 Initial value problem

Let us now look at the structure of Einstein’s equations. Although
what we say is true in the presence of matter, for simplicity we will
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restrict only to the case of the gravitational field equations in empty
space (7.97)

Gµν(g) = Rµν(g) = 0. (7.126)

This is a tensor equation and there are ten equations involving the
ten components of the metric tensor. Furthermore, this involves the
first and the second order derivatives of the metric tensor as well as
the metric tensor itself. However, unlike other simple physical equa-
tions which we come across in physics, here the equation is highly
nonlinear. That is although the second order derivative terms are
linear, the first order derivative terms are nonlinear. Therefore, the
superposition principle which is so dear to us becomes inapplicable
here.

The Cauchy initial value problem also suffers from difficulties.
Since this is a second order differential equation, if we give the value
of the metric and its first derivative at an initial time x0, namely, if

gµν(x, x
0) = fµν(x),

∂gµν
∂t

∣∣∣∣
x0

= hµν(x), (7.127)

are known, then we would expect that we can determine the metric
components at all later times uniquely. However, in the case of Ein-
stein’s equation this is not possible. This can be seen simply from
the fact that although the equation

Gµν = 0, (7.128)

seems like ten equations, the Einstein tensor satisfies the divergence
free condition (7.55)

DµG
µν = 0. (7.129)

These are four constraint equations and hence the Einstein equation
represents truly six independent equations. The situation here is
analogous to Maxwell’s equations

∂µF
µν = Jν , (7.130)
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which define a set of four equations and involve second order deriva-
tives of the vector potential. Thus we expect that if the vector po-
tential Aµ(x) and its time derivative Ȧµ(x) are given at some initial
time x0, then we can determine the value of the vector potential
uniquely at any later time. However, as we know this is not true.
This is because, there exist identities of the form

∂ν∂µF
µν = ∂νJ

ν = 0. (7.131)

Hence Maxwell’s equations truly represent three independent equa-
tions. The reason for the existence of constraints in the case of
Maxwell’s equations is understood as the consequence of gauge in-
variance in this theory. Namely, under

Aµ → Aµ + ∂µα(x), (7.132)

Maxwell’s equations remain invariant. This also explains why the
Cauchy initial value problem cannot be solved uniquely in the case
of Maxwell’s theory because, if we determine one solution which sat-
isfies the initial conditions, we can always make a gauge transfor-
mation (with the parameter of the transformation vanishing at the
initial time) to obtain a different solution so that the solution cannot
be unique. In this case, we know that the initial value problem can
be solved uniquely only after choosing a gauge condition. A pop-
ular gauge condition which is commonly used in Maxwell’s theory
(respecting relativistic invariance) is the Landau gauge condition,
namely,

∂µA
µ = 0. (7.133)

That we can always bring the vector potential to satisfy this condition
can be seen as follows. Let us assume that

∂µA
µ 6= 0. (7.134)

In this case, we can make a gauge transformation
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Aµ → A′
µ = Aµ + ∂µα, (7.135)

such that

∂µA
′µ = ∂µ (A

µ + ∂µα(x)) = 0,

or, �α(x) = −∂µAµ(x),

or, α(x) =

∫
d4x′ G(x, x′)∂′µA

µ(x′), (7.136)

where the Green’s function G(x− x′) satisfies

�xG(x− x′) = −δ4(x− x′). (7.137)

Therefore, we see that there always exists a gauge transformation
which would bring the vector field to satisfy the Landau gauge con-
dition.

The situation is quite similar in the case of Einstein’s equation.
The presence of the constraints can be traced to the fact that the
equations are covariant under a general coordinate transformation,

xµ → x′µ(x). (7.138)

This again shows the difficulty in solving the Cauchy initial value
problem uniquely. Namely, if we determine a metric tensor gµν(x)
which satisfies the initial conditions and solves the equation, we can
always make a coordinate change to obtain another solution (still
maintaining the initial conditions). Therefore, as in Maxwell’s theory
we have to choose a coordinate condition in order to solve the Cauchy
initial value problem uniquely.

A particularly convenient choice of the coordinate system is
obtained by imposing

Γλ = gµνΓλ
µν = 0. (7.139)

We note that if Γλ 6= 0, then under a coordinate transformation
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xµ → x′µ(x), (7.140)

we have (see (4.22))

Γ′ λ
µν =

∂x′λ

∂xρ
∂xσ

∂x′µ
∂xτ

∂x′ν
Γρ
στ +

∂2x′λ

∂xσ∂xτ
∂xσ

∂x′µ
∂xτ

∂x′ν
. (7.141)

Requiring that

Γ′λ = g′µν(x′)Γ′ λ
µν = 0, (7.142)

we obtain

g′µν(x′)

[
∂x′λ

∂xρ
∂xσ

∂x′µ
∂xτ

∂x′ν
Γρ
στ +

∂2x′λ

∂xσ∂xτ
∂xσ

∂x′µ
∂xτ

∂x′ν

]
= 0,

or,
∂x′λ

∂xρ
gστ (x)Γρ

στ (x) +
∂2x′λ

∂xσ∂xτ
gστ (x) = 0,

or,
∂x′λ

∂xρ
Γρ(x) + gστ (x)

∂2x′λ

∂xσ∂xτ
= 0,

or,
∂x′λ

∂xρ
Γρ(x) = −gστ (x) ∂2x′λ

∂xσ∂xτ
. (7.143)

This shows that if Γρ 6= 0, then we can always find a coordinate
transformation which will bring it to satisfy this condition.

To see what this condition means, let us note that

Γλ = gµνΓλ
µν

= gµν
(
−1

2
gλρ(∂µgνρ + ∂νgρµ − ∂ρgµν)

)

= −1

2
gµνgλρ(∂µgνρ + ∂νgρµ − ∂ρgµν)

= −gλρgµν∂µgνρ +
1

2
gλρgµν∂ρgµν
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= −gλρ (−(∂µg
µν)gνρ) +

1

2
gλρgµν∂ρgµν

= ∂µg
µλ +

1√−g ∂ρ(
√−g)gλρ

=
1√−g ∂µ(

√−g gµλ), (7.144)

where we have used (4.148). Therefore, the condition (7.139) can be
written as

Γλ = ∂µ(
√−g gµλ) = 0, (7.145)

which is quite similar to the Landau gauge. This is known as the
harmonic coordinate condition (harmonic gauge). The reason for
this nomenclature is that if this is true, then we have

�φ(x) = DλD
λφ(x) = Dλ(∂

λφ(x))

=
1√−g ∂λ(

√−g ∂λφ(x))

=
1√−g ∂λ

(√−g gλρ∂ρφ(x)
)

=
1√−g

[
∂λ(

√−g gλρ)∂ρφ(x) +
√−g gλρ∂λ∂ρφ(x)

]

= ∂λ∂λφ(x). (7.146)

Therefore, if a scalar function satisfies

∂λ∂λφ(x) = 0, (7.147)

then with this gauge condition it also satisfies

�φ(x) = DλD
λφ(x) = 0. (7.148)

Functions satisfying this condition are known as harmonic func-
tions. In particular it is easy to see that with this condition, the
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coordinates themselves become harmonic functions. To see this note
that although the coordinates carry a vector index, they are really
not vectors under a general coordinate transformation. In fact

xµ → x′µ = x′µ(x), (7.149)

can be thought of as defining four functional scalar relations. Thus
under a general coordinate transformation, the coordinates can be
thought of as scalars. In the harmonic gauge, this leads to

�xµ = DλD
λxµ = ∂λ∂λx

µ = 0. (7.150)

Therefore, with this gauge condition the coordinates, themselves,
become harmonic functions and hence the condition

Γλ = 0, (7.151)

is referred to as the harmonic coordinate condition.

7.8 Einstein’s equation from an action

Let us now ask whether we can obtain Einstein’s equation (7.121)
from a variational principle. To do this, of course, we have to define
an action for the theory. And to simplify, we will restrict ourselves
only to the matter free case first. The method generalizes easily to
incorporate matter which we also discuss afterwards.

Let us note that the action has to be a scalar under a coordinate
transformation. We have already seen that (see discussion around
(3.35))

∫
d4x

√−g, (7.152)

represents an invariant volume element in a curved manifold. There-
fore, we simply have to look for a scalar Lagrangian density (of weight
zero) formed out of gravitational field (metric). Furthermore, if we
restrict ourselves only to quantities involving at most second order
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derivatives of the dynamical variable (as is conventional in dynamical
theories), then the choice is unique (this excludes terms of the form,
say RµνR

µν , R2 etc.)

LE = βR = βgµνRµν , (7.153)

where β is a normalization constant to be determined. Therefore, we
can write the invariant action in the form

SE =

∫
d4x

√
−g LE = β

∫
d4x

√
−g gµνRµν . (7.154)

Let us now define the problem of variation in the case of a grav-
itational theory. The metric tensor in this case is the fundamental
dynamical variable and plays the role analogous to the trajectory of
a particle in classical mechanics. The question, therefore, is what is
the dynamical equation satisfied by the metric tensor which would
leave the Einstein action (7.154) unchanged if we change the metric
infinitesimally. Namely, under the infinitesimal variation

gµν → gµν + δgµν ,

lim
x→∞

gµν → ηµν ,

lim
x→∞

δgµν → 0, (7.155)

we would like to know the condition (equation) under which the
Einstein action would be stationary. To determine the variation of
the action (7.154) we need various relations which we collect below.

First, let us note that

gµνgνλ = δµλ ,

or, δgµνgνλ + gµνδgνλ = 0,

or, δgµν = −gµσδgσλgλν . (7.156)

Furthermore (see also (4.148)),
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δ(
√−g) =

1

2
√−g δ(−g)

= − 1

2
√−g δ

(
eTr ln gµν

)

=
(−g)
2
√−g g

µνδgνµ

=

√−g
2

gµνδgµν . (7.157)

Let us also note from (4.49) that

Γρ
µν = −1

2
gρσ(∂µgνσ + ∂νgσµ − ∂σgµν), (7.158)

which leads to

δΓρ
µν = −1

2
δgρσ(∂µgνσ + ∂νgσµ − ∂σgµν)

−1

2
gρσ(∂µδgνσ + ∂νδgσµ − ∂σgµν), (7.159)

and we will analyze the two terms on the right hand side separately.
Using (7.156), the first term leads to

1

2
gραδgαβg

βσ(∂µgνσ + ∂νgσµ − ∂σgµν) = −gραδgαβΓβ
µν . (7.160)

To simplify the second term in (7.159), let us use the identities

Dµδgνσ = ∂µδgνσ + Γβ
µνδgβσ + Γβ

µσδgνβ ,

Dνδgσµ = ∂νδgσµ + Γβ
νσδgβµ + Γβ

νµδgσβ ,

Dσδgµν = ∂σδgµν + Γβ
σµδgβν + Γβ

σνδgµβ , (7.161)

which lead to
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(Dµδgνσ +Dνδgσµ −Dσδgµν)

= (∂µδgνσ + ∂νδgσµ − ∂σδgµν) + 2Γβ
µνδgβσ . (7.162)

It follows from this that

(∂µδgνσ + ∂νδgσµ − ∂σδgµν)

= (Dµδgνσ +Dνδgσµ −Dσδgµν)− 2Γβ
µνδgβσ . (7.163)

Consequently, the second term in (7.159) gives

−1

2
gρσ

(
Dµδgνσ +Dνδgσµ −Dσδgµν − 2Γβ

µνδgβσ

)

= −1

2
gρσ (Dµδgνσ +Dνδgσµ −Dσδgµν)+ gραδgαβΓ

β
µν . (7.164)

Adding (7.160) and (7.164) we obtain

δΓρ
µν = −1

2
gρσ(Dµδgνσ +Dνδgσµ −Dσδgµν), (7.165)

which shows that the variation of the connection (Christoffel symbol)
is a tensor as we have noted earlier.

We are now ready to calculate the change in the Ricci tensor.
We know from (5.18) that the Riemann curvature tensor is defined
as

Rµ
νλρ = ∂ρΓ

µ
νλ − ∂λΓ

µ
νρ + Γµ

λσΓ
σ
νρ − Γµ

ρσΓ
σ
νλ, (7.166)

so that

Rνρ = δλµR
µ
νλρ

= ∂ρΓ
µ
νµ − ∂µΓ

µ
νρ + Γµ

µσΓ
σ
νρ − Γµ

ρσΓ
σ
νµ. (7.167)

Therefore, we have
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δRνρ = ∂ρδΓ
µ
νµ − ∂µδΓ

µ
νρ + δΓµ

µσΓ
σ
νρ + Γµ

µσδΓ
σ
νρ

−δΓµ
ρσΓ

σ
νµ − Γµ

ρσδΓ
σ
νµ

=
(
∂ρδΓ

µ
νµ − Γµ

ρσδΓ
σ
νµ + Γσ

ρνδΓ
µ
σµ + Γσ

ρµδΓ
µ
νσ

)

−
(
∂µδΓ

µ
νρ − Γµ

µσδΓ
σ
νρ + Γσ

µνδΓ
µ
σρ + Γσ

µρδΓ
µ
νσ

)

= Dρ

(
δΓµ

νµ

)
−Dµ

(
δΓµ

νρ

)

or, δRνρ = Dρ

(
δΓλ

νλ

)
−Dλ

(
δΓλ

νρ

)
. (7.168)

This is known as the Palatini identity. Let us note further that the
Ricci scalar is given by (7.49)

R = gµνRµν , (7.169)

which leads to

δR = δgµνRµν + gµνδRµν

= −gµλgρνδgλρRµν + gµν
(
Dν

(
δΓλ

µλ

)
−Dλ

(
δΓλ

µν

))

= −δgµνRµν +Dν

(
gµνδΓλ

µλ

)
−Dλ

(
gµνδΓλ

µν

)

= −δgµνRµν +
1√−g ∂ν

(√−g gµνδΓλ
µλ

)

− 1√−g ∂λ
(√−g gµνδΓλ

µν

)
, (7.170)

where we have used (7.156), (7.165) and (7.168).

Therefore, we finally obtain the variation of the action (7.154)
to be
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δSE = β

∫
d4x

(
δ(
√−g)R+

√−g δR
)

= β

∫
d4x

(
1

2

√−g gµνδgµνR

+
√−g

{
−δgµνRµν +

1√−g ∂ν
(√−g gµνδΓλ

µλ

)

− 1√−g ∂λ
(√−g gµνδΓλ

µν

)})
. (7.171)

We note that the last two terms in (7.171) are total divergences and
if we assume the connections to vanish at infinity, then we can ignore
the last two terms and rearrange the other terms to write the change
in the action as

δSE = β

∫
d4x

√−g
(
1

2
gµνR−Rµν

)
δgµν . (7.172)

Since we require that the action be stationary for arbitrary infinites-
imal variations of the metric

δSE = 0, (7.173)

this leads to

1

2
gµνR−Rµν = 0,

or, Rµν − 1

2
gµνR = Gµν = 0. (7.174)

This is the correct equation for empty space (7.97) and we have
derived it from an action through a variational approach. Note that
the normalization constant β remains undetermined at this point and
gets determined only when matter is included.

In the presence of matter, we can generalize the action (7.154)
to
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S = SE + Smatter

= β

∫
d4x

√−g R+

∫
d4x

√−g Lmatter. (7.175)

If we now look for a variation of the complete action in (7.175), we
can write

δS = β

∫
d4x

√−g δgµν
(
1

2
gµνR−Rµν

)

+

∫
d4x

√−g
(
−1

2

)
δgµνT

µν
matter

=

∫
d4x

√−g δgµν
[
β

(
1

2
gµνR−Rµν

)
− 1

2
T µν
matter

]
. (7.176)

Here, although we have not yet derived, we are using the fact that
we can write the change in the action for matter as

δSmatter = −1

2

∫
d4x

√−g δgµνT µν . (7.177)

In fact, this is quite plausible recalling the fact that, in the case of
charged particles coupled to the Maxwell field, the variation of the
matter action (under an infinitesimal change of the gauge field) can
be written as

δSmatter =

∫
d4x δAµ J

µ, (7.178)

where Jµ represents the source for the Maxwell theory. Clearly if
the action (7.175) is to be stationary for an arbitrary infinitesimal
variations of the metric, namely,

δS = 0, (7.179)

then it follows from (7.176) that
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β

(
1

2
gµνR−Rµν

)
− 1

2
T µν
matter = 0,

or, Rµν − 1

2
gµνR = Gµν = − 1

2β
T µν
matter. (7.180)

Comparing this with Einstein’s equation (7.121)

Gµν = Rµν − 1

2
gµνR = 8πGNT

µν
matter, (7.181)

we determine

β = − 1

16πGN

. (7.182)

This determines the normalization constant uniquely and thus we
can write the Einstein Lagrangian density (7.153) for the matter free
case as

LE = − 1

16πGN

R. (7.183)

Written as an action the analogy with the Maxwell theory is obvious.
The analogous gauge invariance in this case is the invariance under
a general (local) coordinate transformation. Let us also note that
a cosmological constant can also be incorporated into the Einstein
action (Lagrangian density) simply as

LE = − 1

16πGN

(R+ Λ) . (7.184)



Chapter 8

Schwarzschild solution

As a simple application of Einstein’s equations, let us determine the
gravitational field (metric) of a static, spherically symmetric star.
Many stars conform to this condition. There are also many others
that behave differently. For example, a star may have asymmetries
associated with it, it may be rotating or it may be pulsating. How-
ever, the static, spherically symmetric star is a simple example for
which the metric can be solved exactly. Therefore, it leads to theo-
retical predictions which can be verified as tests of general relativity.

8.1 Line element

Although Einstein’s equations are highly nonlinear, the reason why
we can solve them for a static, spherically symmetric star is that the
symmetry present in the problem restricts the form of the solution
greatly. For example, since the gravitating mass (source) is static,
the metric components would be independent of time. Furthermore,
the spherical symmetry of the problem requires that the components
of the metric can depend only on the radial coordinate r. Let us recall
that in spherical coordinates, the flat space-time can be characterized
by the line element

dτ2 = dt2 − (dr2 + r2(dθ2 + sin2 θdφ2)). (8.1)

We can generalize this line element to a static, isotropic curved space
as

dτ2 = A(r)dt2−
(
B(r)dr2+C(r)r2dθ2+D(r)r2 sin2 θdφ2

)
. (8.2)

The following assumptions have gone into writing the line element in
this form. First of all since the metric components are independent

237
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of time, the line element should be invariant if we let dt→ −dt. This
implies that linear terms in dt cannot occur. Isotropy similarly tells
that if we let dθ → −dθ or dφ → −dφ, the line element should be
invariant. Thus terms of the form drdθ, drdφ or dθdφ cannot occur
either. This restricts the form of the metric to be diagonal.

Let us now look at the line element (8.2) at a fixed time and
radius. At the north pole (dφ = 0) with ε = rdθ, we have

dτ2 = −C(r)ε2. (8.3)

On the other hand, if we look at the line element in the same slice
of space-time but at the equator (θ = π

2 ) with ε = rdφ, then

dτ2 = −D(r)ε2. (8.4)

However, if the space is isotropic then these two lengths must be
equal which requires

C(r) = D(r). (8.5)

Thus we can write the line element (8.2) as

dτ2 = A(r)dt2 −B(r)dr2 − C(r)r2(dθ2 + sin2 θdφ2). (8.6)

There is a simpler way of understanding this result. The spherically
symmetric line element (8.1)

dτ2 = dt2 − dr2 − r2dΩ2, (8.7)

with the angular element

dΩ2 = (dθ2 + sin2 θdφ2), (8.8)

generalizes to a static, spherically symmetric curved space as

dτ2 = A(r)dt2 −B(r)dr2 − C(r)r2dΩ2. (8.9)
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We note here that the function C(r) in (8.6) is redundant in the
sense that it can be scaled away. Namely, if we let

r → r̃ = [C(r)]
1
2 r, (8.10)

then

dr̃ = dr

[
(C(r))

1
2 +

1

2

rC ′(r)

(C(r))
1
2

]
,

or, dr = f(r̃)dr̃, (8.11)

where we have identified (prime denotes a derivative with respect to
r)

f(r̃) =
2 (C(r))

1
2

2C(r) + rC ′(r)
. (8.12)

Let us also define

A(r) = Ã(r̃), B(r)dr2 = B̃(r̃)dr̃2. (8.13)

Thus with this scaling the form of the line element (8.6) becomes

dτ2 = Ã(r̃)dt2 − B̃(r̃)dr̃2 − r̃2(dθ2 + sin2 θdφ2). (8.14)

This shows that with a proper choice of the coordinate system the
line element for a static, spherically symmetric gravitational field can
be written as

dτ2 = A(r)dt2 −B(r)dr2 − r2(dθ2 + sin2 θdφ2), (8.15)

which is known as the general Schwarzschild line element.
Birkhoff has demonstrated that the requirement of a static grav-

itational potential is superfluous for the Schwarzschild line element.
In fact, he has shown that even when a spherically symmetric star or
a gravitational mass is undergoing a radial motion, the line element
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can be written in the Schwarzschild form (8.15). This is known as
Birkhoff’s theorem and is important in the sense that it rules out
the possibility of gravitational waves being emitted by radial pul-
sars since the metric in this case can be equivalently thought of as
static. Therefore, to be able to emit gravitational waves, if such a
phenomenon exists, a star must undergo different deformations.

8.2 Connection

As we see now, the Schwarzschild line element (8.15) is given in terms
of two unknown functions A(r) and B(r). The metric components
can be read off from the line element (8.15) to be

g00 = gtt = A(r),

g11 = grr = −B(r),

g22 = gθθ = −r2,

g33 = gφφ = −r2 sin2 θ. (8.16)

This is a diagonal metric and hence the nontrivial components of the
inverse metric can also be easily written down as

g00 = gtt =
1

A(r)
,

g11 = grr = − 1

B(r)
,

g22 = gθθ = − 1

r2
,

g33 = gφφ = − 1

r2 sin2 θ
. (8.17)

We can solve Einstein’s equations far away from the star to
determine the forms of the functions A(r), B(r). That is, outside
the star we can solve the empty space equation (7.97)

Rµν = 0, (8.18)
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subject to the boundary condition that infinitely far away from the
star, the metric reduces to the Minkowski form (8.1). To solve
Einstein’s equations we must, of course, calculate the connections
and the curvature tensor. For example, from the definition of the
Christoffel symbol (4.49) we have

Γµ
νλ = −1

2
gµρ(∂νgλρ + ∂λgρν − ∂ρgνλ), (8.19)

and since we know the metric components, these can be calculated.
But this method is tedious (as we have pointed out earlier) and hence
let us try to determine the components of the connection from the
geodesic equation which has the form (see (5.130))

gµν
d2xν

dτ2
+

1

2
(∂λgρµ + ∂ρgµλ − ∂µgλρ)

dxλ

dτ

dxρ

dτ
= 0. (8.20)

For µ = 0 (t-equation), this leads to

g00
d2x0

dτ2
+

1

2
(∂λgρ0 + ∂ρg0λ − ∂0gλρ)

dxλ

dτ

dxρ

dτ
= 0,

or, A(r)
d2x0

dτ2
+ ∂1g00

dx0

dτ

dx1

dτ
= 0,

or,
d2x0

dτ2
+
A′(r)

A(r)

dx0

dτ

dx1

dτ
= 0. (8.21)

Comparing this with the µ = 0 equation of (see (5.83))

d2xµ

dτ2
− Γµ

λρ

dxλ

dτ

dxρ

dτ
= 0, (8.22)

we determine

Γ0
01 = Γ0

10 = −1

2

A′(r)

A(r)
. (8.23)

Here prime denotes differentiation with respect to r.
For µ = 1 (r-equation), from (8.20) we obtain
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g11
d2x1

dτ2
+

1

2
(∂λgρ1 + ∂ρgλ1 − ∂1gλρ)

dxλ

dτ

dxρ

dτ
= 0,

or, −B d2x1

dτ2
− 1

2
∂1g00

(
dx0

dτ

)2

+
1

2
∂1g11

(
dx1

dτ

)2

−1

2
∂1g22

(
dx2

dτ

)2

− 1

2
∂1g33

(
dx3

dτ

)2

= 0,

or, −B d2x1

dτ2
− 1

2
A′

(
dx0

dτ

)2

− 1

2
B′

(
dx1

dτ

)2

+r

(
dx2

dτ

)2

+ r sin2 θ

(
dx3

dτ

)2

= 0,

or,
d2x1

dτ2
+

1

2

A′

B

(
dx0

dτ

)2

+
1

2

B′

B

(
dx1

dτ

)2

− r

B

(
dx2

dτ

)2

− r

B
sin2 θ

(
dx3

dτ

)2

= 0. (8.24)

Thus, comparing with the µ = 1 equation of (8.22), we obtain

Γ1
00 = −1

2
A′

B
,

Γ1
22 = r

B
,

Γ1
11 = −1

2
B′

B
,

Γ1
33 = r sin2 θ

B
.

(8.25)

For µ = 2 (θ-equation), equation (8.20) leads to

g22
d2x2

dτ2
+

1

2
(∂λgρ2 + ∂ρg2λ − ∂2gλρ)

dxλ

dτ

dxρ

dτ
= 0,

or, −r2 d2x2

dτ2
+ ∂1g22

dx1

dτ

dx2

dτ
− 1

2
∂2g33

(
dx3

dτ

)2

= 0,

or, −r2 d2x2

dτ2
− 2r

dx1

dτ

dx2

dτ
+ r2 sin θ cos θ

(
dx3

dτ

)2

= 0,

or,
d2x2

dτ2
+

2

r

dx1

dτ

dx2

dτ
− sin θ cos θ

(
dx3

dτ

)2

= 0. (8.26)
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This determines

Γ2
12 = Γ2

21 = −1

r
, Γ2

33 = sin θ cos θ. (8.27)

Similarly for µ = 3 (φ-equation), we obtain from (8.20)

g33
d2x3

dτ2
+

1

2
(∂λgρ3 + ∂ρg3λ − ∂3gλρ)

dxλ

dτ

dxρ

dτ
= 0,

or, −r2 sin2 θ d2x3

dτ2
+ ∂1g33

dx1

dτ

dx3

dτ
+ ∂2g33

dx2

dτ

dx3

dτ
= 0,

or, −r2 sin2 θ d2x3

dτ2
− 2r sin2 θ

dx1

dτ

dx3

dτ

−2r2 sin θ cos θ
dx2

dτ

dx3

dτ
= 0,

or,
d2x3

dτ2
+

2

r

dx1

dτ

dx3

dτ
+ 2cot θ

dx2

dτ

dx3

dτ
= 0, (8.28)

which yields

Γ3
13 = Γ3

31 = −1

r
, Γ3

23 = Γ3
32 = − cot θ. (8.29)

Let us collect all the nontrivial components of the connection
which are given by

Γ0
01 = Γ0

10 = −1
2

A′

A
,

Γ1
00 = −1

2
A′

B
,

Γ1
22 = r

B
,

Γ2
12 = Γ2

21 = −1
r
,

Γ3
13 = Γ3

31 = −1
r
,

Γ1
11 = −1

2
B′

B
,

Γ1
33 = r sin2 θ

B
,

Γ2
33 = sin θ cos θ,

Γ3
23 = Γ3

32 = − cot θ.

(8.30)
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8.3 Solution of the Einstein equation

It is now easy to calculate the Ricci tensor from the connections
(8.30). We recall that the Riemann-Christoffel curvature tensor
(5.18) is defined to be

Rρ
µλν = ∂νΓ

ρ
µλ − ∂λΓ

ρ
µν + Γρ

λσΓ
σ
µν − Γρ

νσΓ
σ
µλ, (8.31)

so that

Rµν = δλρR
ρ
µλν

= ∂νΓ
λ
µλ − ∂λΓ

λ
µν + Γλ

λσΓ
σ
µν − Γλ

νσΓ
σ
µλ. (8.32)

It follows now that

R00 = ∂0Γ
λ
0λ − ∂λΓ

λ
00 + Γλ

λσΓ
σ
00 − Γλ

0σΓ
σ
0λ

= −∂iΓi
00 + Γλ

λ1Γ
1
00 − Γ0

0σΓ
σ
00 − Γ1

0σΓ
σ
01

= −∂1Γ1
00 +

(
Γ0
01 + Γ1

11 + Γ2
21 + Γ3

31

)
Γ1
00 − Γ0

01Γ
1
00 − Γ1

00Γ
0
01

= −∂1Γ1
00 +

(
−Γ0

01 + Γ1
11 + Γ2

21 + Γ3
31

)
Γ1
00

=
1

2

∂

∂r

(
A′

B

)
+

(
1

2

A′

A
− 1

2

B′

B
− 1

r
− 1

r

)(
−1

2

A′

B

)

=
1

2

∂

∂r

(
A′

B

)
− 1

2

A′

B

(
1

2

A′

A
− 1

2

B′

B
− 2

r

)
, (8.33)

so that the 00-component of (8.18) leads to

R00 =
1

2

A′′

B
− 1

2

A′B′

B2
− 1

2

A′

B

(
1

2

A′

A
− 1

2

B′

B
− 2

r

)
= 0,

or,
A′′

2B
− 1

4

A′

B

(
A′

A
+
B′

B

)
+
A′

rB
= 0. (8.34)
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Similarly, we have

R11 = ∂1Γ
λ
1λ − ∂λΓ

λ
11 + Γλ

λσΓ
σ
11 − Γλ

1σΓ
σ
1λ

= ∂1
(
Γ0
10 + Γ1

11 + Γ2
12 + Γ3

13

)
− ∂1Γ

1
11

+Γ1
11

(
Γ0
01 + Γ1

11 + Γ2
21 + Γ3

31

)

−Γ0
10Γ

0
10 − Γ1

11Γ
1
11 − Γ2

12Γ
2
12 − Γ3

13Γ
3
13

=
∂

∂r

(
−1

2

A′

A
− 2

r

)
+

(
−1

2

B′

B

)(
−1

2

A′

A
− 2

r

)

−1

4

(
A′

A

)2

− 1

r2
− 1

r2

= −A
′′

2A
+

1

2

(
A′

A

)2

+
2

r2
+

1

4

(
A′

A

)(
B′

B

)
+
B′

rB

−1

4

(
A′

A

)2

− 2

r2

= −A
′′

2A
+

1

4

(
A′

A

)(
A′

A
+
B′

B

)
+
B′

rB
. (8.35)

Thus, the 11-component of (8.18) leads to

R11 = 0,

or,
A′′

2A
− 1

4

(
A′

A

)(
A′

A
+
B′

B

)
− B′

rB
= 0. (8.36)

We also have

R22 = ∂2Γ
λ
2λ − ∂λΓ

λ
22 + Γλ

λσΓ
σ
22 − Γλ

2σΓ
σ
2λ

= ∂2Γ
3
23 − ∂1Γ

1
22 + Γ1

22

(
Γ0
01 + Γ1

11 + Γ2
21 + Γ3

31

)

− Γ1
22Γ

2
21 − Γ2

21Γ
1
22 − Γ3

23Γ
3
23
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= cosec2θ − ∂

∂r

( r
B

)
+
( r
B

)(
−1

2

A′

A
− 1

2

B′

B
+

1

r
− 1

r

)

− cot2 θ

= 1− 1

B
+
rB′

B2
− 1

2

r

B

(
A′

A
+
B′

B

)

= 1− 1

B
− r

2B

(
A′

A
− B′

B

)
. (8.37)

Thus, the 22-component of (8.18) yields

R22 = 0,

or,
1

B
+

r

2B

(
A′

A
− B′

B

)
− 1 = 0. (8.38)

Multiplying (8.34) by B
A

and subtracting from (8.36) we have

−B′

rB
− A′

rA
= 0,

or,
A′

A
= −B

′

B
,

or, AB = constant = k. (8.39)

If we now impose the boundary condition that at large distances the
metric becomes Minkowskian (see (8.1)), we have

lim
r→∞

A(r) → 1,

lim
r→∞

B(r) → 1. (8.40)

This therefore, determines the constant of integration in (8.39) to be

k = 1, (8.41)

and we have
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A(r)B(r) = 1,

or, B(r) =
1

A(r)
. (8.42)

If we now substitute this relation into (8.38), we obtain

A(r) +
rA

2

(
A′

A
+
A′

A

)
− 1 = 0,

or, A(r) + rA′(r) = 1,

or,
d(rA(r))

dr
= 1,

or, rA(r) = r + constant = r +m, (8.43)

so that

A(r) = 1 +
m

r
,

B(r) =
1

A(r)
=
(
1 +

m

r

)−1
. (8.44)

Here m is a constant of integration to be determined.

We can now write down the Schwarzschild line element (8.15)
in the form

dτ2 =
(
1 +

m

r

)
dt2−

(
1 +

m

r

)−1
dr2−r2(dθ2+sin2 θdφ2). (8.45)

Let us emphasize here that there are ten equations of Einstein

Rµν = 0, (8.46)

and we have used only three of them to determine the form of the
Schwarzschild line element. Therefore, it remains to be shown that
the other seven equations are consistent with the solution in (8.45).
(Namely, since there are ten equations involving two unknown func-
tions, it is an overdetermined system and we should check for the
compatibility of the solution.) In fact it can be easily shown that
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Rµν ≡ 0, for µ 6= ν,

R33 = sin2 θ R22 = 0, (8.47)

so that all the ten equations are consistent with the line element
(8.45).

To determine the constant of integration m, let us note that
very far away from a star of mass M we have seen that the metric
has the form (see (6.21))

g00 = 1 + 2φ(r) = 1− 2GNM

r
, (8.48)

where M denotes the mass of the star. Comparing this with the
solution in (8.45) we determine the constant of integration to be

m = −2GNM, (8.49)

so that the Schwarzschild line element (8.45) takes the final form

dτ2 =

(
1− 2GNM

r

)
dt2−

(
1− 2GNM

r

)−1

dr2−r2(dθ2+sin2 θdφ2).

(8.50)

This determines the form of the line element and, therefore, the
metric uniquely.

One striking feature of the Schwarzschild metric in (8.50) is that
at r = 2GNM ,

g00 = 0, grr → ∞. (8.51)

That is, the Schwarzschild metric is singular at the Schwarzschild
radius defined by

rS = 2GNM. (8.52)

For most objects, this radius lies inside the object. For example,
since (in order to have the appropriate dimension, the actual constant
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appearing in (8.50) (or (8.52)) is the Newton’s constant GN defined
in (7.80) divided by c2 which we have set to unity in our convention,
but which can now be restored for calculations)

GN ' 7× 10−29 cm gm−1,

M(earth) ' 6× 1024 kg = 6× 1027 gm, (8.53)

the Schwarzschild radius (8.52) for earth has the value

rS(earth) = 2GNM(earth) ' 2× 7× 10−29 × 6× 1027 cm

= .84 cm, (8.54)

which is well inside the earth (r(earth) ' 6 × 106m ' 6 × 103 km).
For the sun, we have

M(sun) ' 2× 1030 kg = 2× 1033 gm, (8.55)

so that

rS(sun) = 2GNM(sun) ' 2× 7× 10−29 × 2× 1033 cm

= 2.8 × 105cm ' 3 km. (8.56)

We can compare this with the radius of the sun which is given by

rsun ' 7× 105 km. (8.57)

Let us, for the sake of curiosity, calculate the Schwarzschild radius
for the proton. We know that

m(proton) ' 1.6× 10−24 gm, (8.58)

and, therefore,

rS(proton) ' 2× 7× 10−29 × 1.6× 10−24 cm

' 2.2 × 10−52 cm. (8.59)
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We can compare this with the radius of proton which has the value

r(proton) ' 1.2× 10−13 cm. (8.60)

Thus we see that for most objects the Schwarzschild radius indeed lies
inside the object which is, of course, beyond the region of validity
of the solution (which holds true only in the exterior of the star).
Therefore, we can ignore this singularity in the metric in such cases
since the solution in the interior of the star is given by a different set
of equations.

For some other astronomical objects like the neutron stars, how-
ever, the Schwarzschild radius is quite close to the physical radius
of the object. In this case, we cannot neglect the singularity in the
metric. However, the curvature tensor in this case can be shown to
be singularity free. Thus the apparent singularity in the metric is an
artifact of our choice of coordinates and can be rotated away by a
suitable choice of coordinates. We will see this later. However, we
note that if we compress matter into a star hard enough so that its
physical radius is smaller than its Schwarzschild radius, then we ob-
tain a black hole which we will also discuss later. The Schwarzschild
radius is often referred to as the event horizon for reasons that will
become clear shortly. We note that if r < rS = 2GNM , i.e., when
the Schwarzschild radius is larger than the size of the object and we
go inside the Schwarzschild radius, then

g00 < 0, g11 > 0. (8.61)

Namely, the time and the radial coordinates seem to exchange their
roles. This leads to a lot of interesting phenomena. Let us emphasize
here that the Schwarzschild solution does have a genuine singularity
at the origin r = 0 when the star is a point mass object. This is not
surprising since such a singularity occurs even in classical gravity.

I Example (Schwarzschild solution in the presence of a cosmological constant).
As we have seen in (8.50), the Schwarzschild line element has the form

dτ 2 = A(r)dt2 −B(τ )dr2 − r2dΩ2

≡
(

1− 2GNM

r

)

dt2 −
(

1− 2GNM

r

)−1

dr2 − r2dΩ2. (8.62)
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We obtained the line element by solving the Einstein’s equations away from the
star where

Rµν = 0, µ, ν = 0, 1, 2, 3, (8.63)

for only the components R00, R11, and R22. Since there are 10 independent
components of Rµν , we still have to show that the line element (8.62) also solves
the remaining seven equations

R33 = R01 = R02 = R03 = R12 = R13 = R23 = 0. (8.64)

To proceed, we recall that the components of the connection have been
determined in (8.30) to have the form (see also the determination of A,B in
(8.44) and (8.49))

Γ0
01 = Γ0

10 = − A′

2A
= − GNM

r2 − 2GNMr
,

Γ1
00 = − A′

2B
= −GNM

r

(

1− 2GNM

r

)

,

Γ1
11 = − B′

2B
= − GNM

r2 − 2GNMr
,

Γ1
22 =

r

B
= r − 2GNM,

Γ2
12 = Γ2

21 = −1

r
,

Γ3
13 = Γ3

31 = −1

r
,

Γ1
33 = (r − 2GNM) sin2 θ,

Γ2
33 = sin θ cos θ,

Γ3
23 = Γ3

32 = − cot θ. (8.65)

Furthermore, from the definition of the Ricci curvature tensor in (8.32)

Rµν = ∂νΓ
λ
µλ − ∂λΓ

λ
µν + ΓλλσΓ

σ
µν − ΓλνσΓ

σ
µλ, (8.66)

we obtain
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R33 = ∂3Γ
λ
3λ − ∂λΓ

λ
33 + ΓλλσΓ

σ
33 − Γλ3σΓ

σ
3λ

= −A sin2 θ − rA′ sin2 θ − cos 2θ +
1

2
A′r sin2 θ − A sin2 θ

+
1

2
sin 2θ cot θ + A sin2 θ − 1

2
sin2 θrA′

= −A sin2 θ − (1− A) sin2 θ − 1 + 2 sin2 θ + cos2 θ

= − sin2 θ − 1 + sin2 θ + sin2 θ + cos2 θ

= 0,

R01 = ∂0Γ
λ
1λ − ∂λΓ

λ
10 + ΓλλσΓ

σ
10 − Γλ0σΓ

σ
1λ

= Γλλ0Γ
0
01 − Γ0

10Γ
0
00 − Γ1

11Γ
1
01

= 0,

R02 = ∂2Γ
λ
0λ − ∂λΓ

λ
02 + ΓλλσΓ

σ
02 − Γλ2σΓ

σ
0λ

= 0,

R03 = ∂3Γ
λ
0λ − ∂λΓ

λ
03 + ΓλλσΓ

σ
03 − Γλ3σΓ

σ
0λ

= 0,

R12 = ∂2Γ
λ
1λ − ∂λΓ

λ
12 + ΓλλσΓ

σ
12 − Γλ2σΓ

σ
1λ

= Γ3
32Γ

2
12 − Γ1

21Γ
1
11 − Γ2

22Γ
2
12 − Γ3

23Γ
3
13 − Γ0

20Γ
0
10

= 0,

R13 = ∂3Γ
λ
1λ − ∂λΓ

λ
13 + ΓλλσΓ

σ
13 − Γλ3σΓ

σ
1λ

= 0,

R23 = ∂3Γ
λ
2λ − ∂λΓ

λ
23 + ΓλλσΓ

σ
23 − Γλ3σΓ

σ
2λ

= 0. (8.67)

Here we have used the fact that the connections are independent of the azimuthal
angle φ and that only some of the connections depend on θ. This shows that the
line element (8.62) also solves the remaining seven Einstein’s equations.

In the presence of a cosmological constant, Einstein’s equations (7.122) (see
also (7.121)) become

Rµν = 8πGN(Tµν − 1

2
gµνT ) + Λgµν , (8.68)

where Λ denotes the cosmological constant. Far away from the star, we have
T µν = T = 0, and (8.68) takes the form
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Rµν = Λgµν . (8.69)

For the spherically symmetric line element (8.15), we have already deter-
mined the Ricci curvature tensors and the relevant equations in this case, take
the forms (compare with (8.34), (8.36) and (8.38) respectively)

R00 =
A′′

2B
− A′

4B

(

A′

A
+
B′

B

)

+
A′

rB
= ΛA,

R11 = −A
′′

2A
− A′

4A

(

A′

A
+
B′

B

)

+
B′

rB
= −ΛB,

R22 = 1− 1

B
− r

2B

(

A′

A
− B′

B

)

= −Λr2. (8.70)

It follows from (8.70) that

B

A
R00 +R11 =

1

r

(

A′

A
+
B′

B

)

= 0,

or,
d

dr
ln(AB) = 0, (8.71)

which determines

A(r)B(r) = constant = 1, (8.72)

as before. Using this in the R22 equation, we obtain

1− A(r)− rA(r)× A′(r)

A(r)
= −Λr2,

or,
d

dr
(rA) = 1 + Λr2,

or, A(r) = 1 +
1

3
Λr3 +

m

r
, (8.73)

where m is an integration constant. It follows now from (8.72) that

B(r) =
1

A(r)
=

(

1 +
1

3
Λr3 +

m

r

)−1

. (8.74)

As in the case of the absence of the cosmological constant, we can determine
m = −2GNM , so that far away from the star we get the familiar solution g00 =
1− 2GNM

r
(see (8.49)), if Λ is extremely small (as is normally the case).

The Schwarzschild line element then becomes
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dτ 2 =

(

1 +
1

3
Λr3 − 2GNM

r

)

dt2 −
(

1 +
1

3
Λr3 − 2GNM

r

)−1

dr2 − r2dΩ2.

(8.75)

J

I Example (3-dimensional space of constant curvature). A space is said to be
of constant curvature if the Riemann-Christoffel curvature can be written in the
form

Rµνλρ = K (gµλgνρ − gµρgνλ) , (8.76)

where K denotes the constant curvature of the space (see also (7.75)).
Let us consider an isotropic 3-dimensional space of constant curvature K.

For an isotropic space we can write the line element as

dτ 2 = A(r)dr2 + r2dΩ2 = A(r)dr2 + r2(dθ2 + sin2 θ dφ2). (8.77)

The nontrivial components of the metric tensor for this space are given by

g11 = A(r), g22 = r2, g33 = r2 sin2 θ, (8.78)

and the Lagrangian for the geodesic, in this case, is given by (a dot denotes a
derivative with respect to τ )

L =
1

2
(Aṙ2 + r2θ̇2 + r2 sin2 θφ̇2). (8.79)

From the Euler-Lagrange equations we can determine the affine connections as
in section 8.2 and the nontrivial components have the forms

Γ1
11 = − A′

2A
,

Γ1
22 =

r

A
,

Γ1
33 =

r

A
sin2 θ,

Γ2
12 = Γ2

21 = −1

r
,

Γ3
13 = Γ3

31 = −1

r
,

Γ2
33 = sin θ cos θ, (8.80)

Γ3
23 = Γ3

32 = − cot θ. (8.81)
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We can now compute the components of the Riemann-Christoffel curvature
tensor

Rµνλρ = gµσ(∂ρΓ
σ
νλ − ∂λΓ

σ
νρ + ΓβνρΓ

σ
βλ − ΓβνλΓ

σ
βρ). (8.82)

For example, for µ = λ = 1, ν = ρ = 2 we have

R1212 = g1σ(∂2Γ
σ
21 − ∂1Γ

σ
22 + Γβ22Γ

σ
β1 − Γβ21Γ

σ
β2)

= −A∂r r
A

− A
r

A

A′

2A
+ A

1

r

r

A

=
rA′

2A
. (8.83)

On the other hand, since the space is of constant curvature, we conclude from
(8.76) that

R1212 = K(g11g22 − g12g21) = Kg11g22 = KAr2. (8.84)

Comparing (8.83) and (8.84) we obtain

rA′

2A
= KAr2,

or,
A′

A2
= 2Kr,

or, A(r) =
1

c−Kr2
, (8.85)

where c is a constant of integration. Requiring that the space corresponds to flat
space (in spherical coordinates) when the curvature vanishes, namely,

lim
K→0

A(r) → 1, (8.86)

we determine the constant of integration to be c = 1 and

A(r) =
1

1−Kr2
, (8.87)

so that the line element (8.77) takes the form

dτ 2 =
dr2

1−Kr2
+ r2 dΩ2. (8.88)

There are three cases to consider now. For K = 0, we get the familiar
“flat-space” geometry described in spherical coordinates,
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dτ 2 = dr2 + r2 dΩ2. (8.89)

For K > 0, and Kr2 < 1 (equivalently, r < K−1/2, which is the radius of
the universe) we can define

r =
sin(

√
Kρ)√
K

, dρ2 =
dr2

1−Kr2
, (8.90)

and the line element (8.88) becomes

dτ 2 = dρ2 +
1

K
sin2(

√
Kρ) dΩ2, (8.91)

which describes a spherical space with an oscillating radius 1
K

sin2(
√
Kρ). (Note

that for small
√
Kρ, the line element becomes dτ 2 ≈ dρ2 + ρ2 dΩ2).

Finally, for K < 0, with K = −|K|, we can define

r =
sinh(

√

|K|ρ)
√

|K|
, dρ2 =

dr2

1 + |K|r2 , (8.92)

and the line element takes the form

dτ 2 = dρ2 +
1

|K| sinh2(
√

|K|ρ) dΩ2. (8.93)

This describes a pseudosphere of expanding radius.
J

I Example (Angular momentum conservation). Given the Schwarzschild line el-
ement (8.50), the Lagrangian for the geodesic in such a space is determined to be
(see (6.50) and a dot denotes a derivative with respect to τ )

L =
1

2
(Aṫ2 −Bṙ2 + r2(θ̇2 + sin2 θφ̇2)), (8.94)

where, as we have seen in (8.44) and (8.49)

A(r) = 1− 2GNM

r
= B−1(r). (8.95)

The generalized conjugate momenta follow from (8.94) to be,

pt =
∂L

∂ṫ
= A(r)ṫ, pr =

∂L

∂ṙ
= −B(r)ṙ,

pθ =
∂L

∂θ̇
= r2θ̇, pφ =

∂L

∂φ̇
= r2 sin2 θφ̇. (8.96)
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The geodesic equations for the θ, φ components can now be written as (see (6.51))

dpθ
dτ

= r2 sin θ cos θφ̇2,

dpφ
dτ

= 0. (8.97)

Let us consider the total (orbital) angular momentum of a particle, moving
along the geodesic, defined by

L2
orb = p2θ +

p2φ
sin2 θ

. (8.98)

Using (8.97) as well as the definitions of the conjugate momenta in (8.96), we
obtain

dL2
orb

dτ
=

d

dτ

(

p2θ +
p2φ

sin2 θ

)

= 2pθ
dpθ
dτ

+
2pφ
sin2 θ

dpφ
dτ

− 2p2φ
sin3 θ

cos θ θ̇

= 2pθ(r
2 sin θ cos θφ̇2)− 2p2φ cos θ θ̇

sin3 θ

= 2(r2θ̇)(r2 sin θ cos θφ̇2)− 2(r2 sin2 θφ̇)2 cos θ θ̇

sin3 θ

= 0, (8.99)

proving that L2
orb = constant. Namely, the orbital angular momentum of a

particle moving along a Schwarzschild geodesic is conserved.
J

8.4 Properties of the Schwarzschild solution

Let us try to understand the features of the Schwarzschild solution
(8.50). It is an exact solution and the line element has the form

dτ2=

(
1− 2GNM

r

)
dt2 −

(
1− 2GNM

r

)−1

dr2 − r2(dθ2 + sin2 θdφ2).

(8.100)

First of all, let us note that if the mass of the star is zero (M =
0), then the line element simply reduces to that of flat space-time
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of relativity (8.1) as it should. (This is also the asymptotic form
(space) of the Schwarzschild solution.) Consequently we can identify
the time and spatial coordinates to be those as measured in that
coordinate frame. In the presence of a star we can continue to identify
these coordinates as before (namely, as observed by an asymptotic
observer), the effect of curvature manifests mainly in the term 2GNM

r
.

Let us also note that the Schwarzschild solution mainly investigates
the effects of a single star in the external region without considering
the effects of other masses in the universe. This is a reasonable
thing to do in the vicinity of a star where the effect of other stars is
negligible (if the other stars are far away).

Furthermore, it is a property of static spaces that the space-time
splits into a time direction and spatial hypersurfaces. The angular
coordinates θ, φ, of course, take values 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π
as in flat space. The radial distance, however, is restricted to lie
between rA ≤ r ≤ ∞ where rA is the larger of rS and rstar. Since
the metric is static we can assume −∞ < t < ∞. Let us also note
that the static nature of the space allows us to identify the three
dimensional spaces as fixed in time. We can, in fact, study the three
dimensional surfaces (at any fixed time) given by

ds2 =

(
1− 2GNM

r

)−1

dr2 + r2(dθ2 + sin2 θdφ2). (8.101)

Furthermore, if we restrict ourselves to surfaces with constant r, then
we can write

dσ2 = r2(dθ2 + sin2 θdφ2). (8.102)

This is, of course, the surface of a sphere embedded in a Euclidean
space. The circumference at the equator (i.e., θ = π

2 ) is given by

∫
dσ = r

∫ 2π

0
dφ = 2πr. (8.103)

Thus by measuring the circumference of the great circles we can in
fact obtain the value of the radial coordinate uniquely. This is like
in flat space.
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However, if we look at the radial increment of the line element
(8.101) for fixed θ and φ, we obtain

dR =

(
1− 2GNM

r

)− 1
2

dr,

or, dR ≥ dr. (8.104)

This shows that r no longer correctly measures the radial distance.
However, we note that as we go infinitely far away from the star we
have

dR→ dr, (8.105)

and r does measure the radial distance in this limit. This can be
understood on physical grounds simply as due to the effects of cur-
vature. That is, the space becomes curved near the star such that
any radial cross-section projects onto flat space-time as a circle of
radius r. However, because of the curvature, the radial distance be-
tween the projected circles which gives dr is smaller than the actual
length between the two corresponding radial cross sections as shown
in Fig. 8.1. Similarly we note from (8.50) that a clock at rest records
the proper time to be

dR

dr

Figure 8.1: Radial increment on a curved space compared with its
projection on a plane.
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dτ =

(
1− 2GNM

r

) 1
2

dt. (8.106)

These results are quite similar in form to the relations in special
relativity with which we are familiar, namely, (c = 1)

dτ =

(
1− 2GNM

r

) 1
2

dt, dτSR =
(
1− v2

) 1
2 dt,

dR =

(
1− 2GNM

r

)− 1
2

dr, dLSR =
(
1− v2

)− 1
2d`.

(8.107)

However, there are important differences. First of all we note that
the Lorentz contraction or dilation in the case of special relativity is
a constant factor whereas in the case of the Schwarzschild solution
it is position dependent. Furthermore, the relations in the case of
the Schwarzschild solution are coordinate dependent. If we use a
different coordinate system, these relations would change.

8.5 Isotropic coordinates

In general most soluble problems in gravity have more than one sim-
ple coordinate system where exact results can be obtained. Another
such coordinate system for the Schwarzschild solution is the isotropic
coordinate system. Here we would like to write the line element in
the isotropic form

dτ2 = A(r)dt2 −B(r)ds2, (8.108)

where ds2 denotes the line element for the flat three dimensional
Euclidean space. The reason behind looking for an isotropic line ele-
ment is that the spatial element ds2 is invariant under changes in the
spatial coordinate system. Namely, we can express the space coor-
dinates by Cartesian coordinates x, y, z or by spherical coordinates
or by cylindrical coordinates and the line element would still have
the same form. Furthermore, if we look at the cosine of the angle
between two vectors in this three dimensional space
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cos θ = − ξiηi
|ξ||η| , (8.109)

it is the same as in the flat Euclidean space (the metric cancels out
in the numerator and in the denominator). That is, this coordinate
system is angle preserving and for this reason this line element is
often also referred to as the conformal line element. The coordinate
system in which the line element takes this particular form is known
as the isotropic coordinate system.

Let us assume that there exists a coordinate system parameter-
ized by ρ(r), θ and φ such that (unlike the line element in (8.50),
here B(r) is not the inverse of A(r))

dτ2 = A(r)dt2 −B(r)ds2

=

(
1− 2GNM

r

)
dt2 −B(r)(dρ2 + ρ2(dθ2 + sin2 θdφ2)).

(8.110)

Comparing this with the Schwarzschild line element (8.50)

dτ2 =

(
1− 2GNM

r

)
dt2−

(
1− 2GNM

r

)−1

dr2−r2(dθ2+sin2 θdφ2),

(8.111)

the angular components lead to

r2 = B(r)ρ2(r). (8.112)

Similarly comparison of the radial component gives

B(r)dρ2 =

(
1− 2GNM

r

)−1

dr2,

or, r2
dρ2

ρ2
=

(
1− 2GNM

r

)−1

dr2,
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or,
dρ

ρ
=

dr

r
(
1− 2GNM

r

) 1
2

=
dr

(r2 − 2GNMr)
1
2

,

=
dr√

(r −GNM)2 − (GNM)2
. (8.113)

This can be integrated to give

ln ρ(r) = ln
∣∣∣r −GNM +

√
r2 − 2GNMr

∣∣∣+ C, (8.114)

where C is a constant which can be determined from the boundary
condition that as r → ∞ the line element (8.110) should correspond
to that of the flat space-time and hence (asymptotically B(r) → 1)

lim
r→∞

ρ(r) → r. (8.115)

This leads to

lim
r→∞

ln ρ(r) → ln(r + r) + C = ln r + ln 2 + C = ln r,

or, C = − ln 2, (8.116)

and determines the form of the solution in (8.114) uniquely to be

ln ρ(r) = ln |r −GNM +
√
r2 − 2GNMr| − ln 2,

or, 2ρ(r) = (r −GNM) +
√
r2 − 2GNMr,

or, ρ(r) =
1

2

[
(r −GNM) +

√
r2 − 2GNMr

]
. (8.117)

Once we know the coordinate dependence of ρ(r), we can ex-
press the metric coefficient B(r) as a function of ρ. We note from
(8.117) that
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(2ρ(r)− (r −GNM))2 = r2 − 2GNMr,

or, 4ρ2(r)− 4ρ(r)(r −GNM) + (r −GNM)2 = r2 − 2GNMr,

or, 4ρ2 − 4ρ(r −GNM) + (GNM)2 = 0,

or, (2ρ+GNM)2 − 4ρr = 0,

or,
r

ρ
=

(
1 +

GNM

2ρ

)2

, (8.118)

which leads to (see (8.112))

B(r) =
r2

ρ2(r)
=

(
1 +

GNM

2ρ

)4

. (8.119)

Furthermore, using (8.118) we note that

A(r) = 1− 2GNM

r
= 1− 2GNM

ρ
(
1 + GNM

2ρ

)2

=

ρ

(
1 + GNM

ρ
+
(
GNM
2ρ

)2)
− 2GNM

ρ
(
1 + GNM

2ρ

)2

=

(
1− GNM

2ρ

)2

(
1 + GNM

2ρ

)2 . (8.120)

Therefore, the conformal line element can be written in the unique
form

dτ2 =

(
1− GNM

2ρ

)2

(
1 + GNM

2ρ

)2 dt2 −
(
1 +

GNM

2ρ

)4

ds2. (8.121)





Chapter 9

Tests of general relativity

There are several tests of general relativity that we can do with the
Schwarzschild solution obtained in the last chapter. We have already
talked about the gravitational red shift in section 6.3. That essen-
tially tests the principle of equivalence. In this chapter we describe
some other experiments which directly test general relativity.

9.1 Radar echo experiment

sun

planet
earth

Figure 9.1: Radar echo experiment.

Let us consider a small planet such as Mercury or Venus between the
earth and the sun and assume that there is an observer on earth in the
gravitational field of the sun as shown in Fig. 9.1. Let the coordinates
of the observer and the planet at a given time be (r1, θ1, φ1) and
(r2, θ2, φ2) respectively (r1 > r2) with the sun defining the origin
of the coordinate system. Furthermore, let us assume that when
they are aligned, the observer on earth sends a radar signal which
is reflected by the planet and is received back on earth. We are
interested in calculating the time interval between the transmission
and the reception of the radar signal. In special relativity light signals
travel with the speed of light (c = 1) and hence the time interval is

265
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the same as twice the radial separation between the two planets given
by (see (8.104))

∆τsr = 2

r1∫

r2

dR = 2

r1∫

r2

dr

(
1− 2GNM

r

)− 1
2

. (9.1)

Assuming the gravitational potential of the sun to be small we can
approximate this as

∆τsr ≈ 2

r1∫

r2

dr

(
1 +

GNM

r

)

= 2

[
(r1 − r2) +GNM ln

r1
r2

]
. (9.2)

On the other hand, looking at the Schwarzschild metric (8.50)
we know that since for the photon dτ = 0, we have (motion is along
the radial direction so that dθ = 0 = dφ)

(
1− 2GNM

r

)
dt2 =

(
1− 2GNM

r

)−1

dr2,

or,
dr

dt
=

(
1− 2GNM

r

)
. (9.3)

This is the coordinate velocity of light. Therefore, the coordinate
time interval taken by the signal for the same process is given by

∆t = 2

r1∫

r2

dr

1− 2GNM
r

≈ 2

r1∫

r2

dr

(
1 +

2GNM

r

)

= 2

[
(r1 − r2) + 2GNM ln

r1
r2

]
. (9.4)
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The proper time interval recorded by the observer on earth is
obtained from the coordinate time interval to be

∆τ = g
1
2
00(r1)∆t

=

(
1− 2GNM

r1

) 1
2

∆t

≈
(
1− GNM

r1

)
× 2

[
(r1 − r2) + 2GNM ln

r1
r2

]

= 2

[
(r1 − r2) + 2GNM ln

r1
r2

− GNM(r1 − r2)

r1

]
. (9.5)

Here we have restricted only to the dominant terms. However, this
already shows that there is a difference in the time interval predicted
by special relativity and general relativity. In fact

∆τ −∆τsr ' 2GNM

[
ln
r1
r2

− r1 − r2
r1

]
. (9.6)

This time interval has been measured experimentally and the
result agrees with the theoretical prediction up to about 20 percent.
However, one can criticize such experiments on many grounds. First
of all the planet involved is not a point object. The earth is not
stationary, but is moving in its orbit. Both the planet as well as
the earth produce gravitational fields which have not been taken
into consideration in the calculation. In recent years, however, such
questions have been taken into account and experiments yield a 5
percent agreement with the theoretical result. These tests come from
the tracking of the satellite systems where the satellites are relatively
small and can be treated as massless objects. Thus the time delay
experiment marks a good success of general relativity.

9.2 Motion of a particle in a Schwarzschild background

The Schwarzschild metric (8.50) is given by the line element

dτ2 =

(
1− 2GNM

r

)
dt2−

(
1− 2GNM

r

)−1

dr2−r2(dθ2 + sin2 θdφ2),

(9.7)



268 9 Tests of general relativity

where GN is Newton’s constant and M is the mass of the star pro-
ducing the gravitational field. Let us now consider the motion of a
particle of unit mass in the gravitational field of this star. Since the
particle is massive, we can use its proper time to label the geodesics.
We will discuss the motion of the photon separately in the next sec-
tion. For the present problem, therefore, we can write a Lagrangian
for the particle motion as (up to a factor 1

2)

L = gµν ẋ
µẋν

=

(
1− 2GNM

r

)
ṫ2 −

(
1− 2GNM

r

)−1

ṙ2 − r2(θ̇2 + sin2 θφ̇2),

(9.8)

where a dot denotes differentiation with respect to the proper time
τ . Let us note that t and φ are cyclic variables and, consequently,
we would have constants of motion. However, before we write down
all four equations, let us look at the θ equation which leads to

d

dτ

∂L

∂θ̇
− ∂L

∂θ
= 0,

or,
d

dτ
(−2r2θ̇) + 2r2 sin θ cos θ φ̇2 = 0,

or, −2
d

dτ
(r2θ̇) + r2 sin 2θ φ̇2 = 0. (9.9)

Therefore, we see that if the particle motion initially is in the equa-
torial plane, namely, if initially we have

θ = π/2, θ̇ = 0, (9.10)

then,

d

dτ
(r2θ̇) = 0,

or, r2θ̇ = constant = 0, (9.11)
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where the vanishing of the constant follows from the fact that its
value is zero initially. Therefore, the angle θ for the particle does not
change with time and the motion of the particle always lies in the
equatorial plane.

Consequently, to simplify the problem, we would consider the
motion only in the equatorial plane (θ = π

2 ). The Lagrangian (9.8),
in this case, has the form

L =

(
1− 2GNM

r

)
ṫ2 −

(
1− 2GNM

r

)−1

ṙ2 − r2φ̇2. (9.12)

The φ equation following from this Lagrangian leads to the relation

d

dτ

∂L

∂φ̇
− ∂L

∂φ
= 0,

or,
d

dτ
(−2r2φ̇) = 0,

or, r2φ̇ = constant = `. (9.13)

Similarly, the t equation yields

d

dτ

∂L

∂ṫ
− ∂L

∂t
= 0,

or,
d

dτ

(
2

(
1− 2GNM

r

)
ṫ

)
= 0,

or,

(
1− 2GNM

r

)
ṫ = constant = k. (9.14)

These relations lead to the two conserved quantities associated with
the problem alluded to earlier. In particular, we note that the φ
equation can be thought of as leading to the conservation of angular
momentum.

Furthermore, the r equation has the form
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d

dτ

(
∂L

∂ṙ

)
− ∂L

∂r
= 0,

or,
d

dτ

(
−2

(
1− 2GNM

r

)−1

ṙ

)
− 2GNM

r2
ṫ2

−
(
1− 2GNM

r

)−2 2GNM

r2
ṙ2 + 2rφ̇2 = 0,

or, −
(
1− 2GNM

r

)−1

r̈ +

(
1− 2GNM

r

)−2 2GNM

r2
ṙ2

−GNM

r2
ṫ2 −

(
1− 2GNM

r

)−2 GNM

r2
ṙ2 + rφ̇2 = 0,

or,

(
1− 2GNM

r

)−1

r̈ −
(
1− 2GNM

r

)−2 GNM

r2
ṙ2

+
GNM

r2
ṫ2 − rφ̇2 = 0. (9.15)

Although we can try to solve the radial equation (9.15), it is
often more convenient to solve for r from the equation we obtain
from the line element (9.7) (with θ = π

2 ), namely,

1 =

(
1− 2GNM

r

)
ṫ2 −

(
1− 2GNM

r

)−1

ṙ2 − r2φ̇2. (9.16)

Dividing (9.16) throughout by φ̇2 we obtain

(
1− 2GNM

r

)
ṫ2

φ̇2
−
(
1− 2GNM

r

)−1(dr

dφ

)2

− r2 =
1

φ̇2
,

or,

(
dr

dφ

)2

−
(
1− 2GNM

r

)2 ṫ2

φ̇2
+ r2

(
1− 2GNM

r

)

= −
(
1− 2GNM

r

)
1

φ̇2
,

or,

(
dr

dφ

)2

− k2r4

`2
+ r2

(
1− 2GNM

r

)
= −

(
1− 2GNM

r

)
r4

`2
,
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or,

(
dr

dφ

)2

= −r2
(
1− 2GNM

r

)
+
r4

`2

(
(k2 − 1) +

2GNM

r

)
,

(9.17)

where we have used (9.13) and (9.14). If we now define a new variable

u =
1

r
,

dr

dφ
= − 1

u2
du

dφ
, (9.18)

then equation (9.17) simplifies to

1

u4

(
du

dφ

)2

= − 1

u2
(1 − 2GNMu) +

1

`2u4
((k2 − 1) + 2GNMu),

or,

(
du

dφ

)2

= −u2(1− 2GNMu) +
1

`2
((k2 − 1) + 2GNMu)

=
1

`2
((k2 − 1) + 2GNMu)− u2(1− 2GNMu). (9.19)

Upon integration, this leads to

∫
dφ =

∫
du `

[((k2 − 1) + 2GNMu)− `2u2(1− 2GNMu)]
1
2

,

or, φ = φ0 +

∫
du `

[((k2 − 1) + 2GNMu)− `2u2(1− 2GNMu)]
1
2

.

(9.20)

As a result, we see that the value of φ can be determined as a
function of r or conversely the value of r as a function of φ. This is
an exact result. However, it is not easy to see from this relation the
elliptic form of the orbital motion of the particle (planet) that we
expect. To see this, we differentiate (9.19) with respect to φ which
yields

2
du

dφ

d2u

dφ2
=

2GNM

`2
du

dφ
− 2u

du

dφ
+ 6GNMu2

du

dφ
,

or,
du

dφ

(
d2u

dφ2
− GNM

`2
+ u− 3GNMu2

)
= 0. (9.21)
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One of the solutions of (9.21) is

du

dφ
= 0,

or, r(φ) = constant, (9.22)

which corresponds to circular motion. However, the more interesting
solution of (9.21) comes from

d2u

dφ2
=
GNM

`2
− u+ 3GNMu2. (9.23)

To understand the meaning of this equation, let us look at the
Newtonian problem of a point particle of unit mass moving in the
equatorial plane in the gravitational field of a star for which the
Lagrangian is given by (here a dot denotes a derivative with respect
to t)

L =
1

2
ṙ2 +

1

2
r2φ̇2 +

GNM

r
. (9.24)

The φ equation following from this gives (as also in (9.13))

r2φ̇ = constant = `. (9.25)

The r equation, on the other hand, has the form

r̈ − rφ̇2 +
GNM

r2
= 0,

or, r̈ − `2

r3
+
GNM

r2
= 0. (9.26)

As before, let us change variable as

u =
1

r
, (9.27)

so that we have
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ṙ =
dr

dt
=

dφ

dt

dr

dφ
= `u2

(
− 1

u2
du

dφ

)
= −` du

dφ
,

r̈ =
d2r

dt2
=

dφ

dt

d

dφ

(
dr

dt

)
= `u2

d

dφ

(
−` du

dφ

)

= −`2u2 d2u

dφ2
. (9.28)

Thus the classical Kepler problem (9.26) leads to

−`2u2 d2u

dφ2
− `2u3 +GNMu2 = 0,

or,
d2u

dφ2
=
GNM

`2
− u. (9.29)

This equation is known to lead to elliptic orbits and is similar to
(9.23) which we have derived from the Schwarzschild metric. Com-
paring the two we conclude that the term 3GNMu2 in (9.23) must
represent the relativistic correction to the particle motion. There are
now two special cases which we consider below.

9.2.1 Vertical free fall. Let us consider the case where a massive par-
ticle (m = 1) falls radially in the gravitational field of a massive star.
In this case

φ̇ = 0, (9.30)

which leads to (see (9.13))

` = 0, (9.31)

and consequently we cannot divide by φ̇2 as we had done earlier
in (9.17). In this case the equation from the line element in (9.16)
becomes (φ̇ = 0)
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(
1− 2GNM

r

)
ṫ2 −

(
1− 2GNM

r

)−1

ṙ2 = 1,

or,
k2(

1− 2GNM
r

) − ṙ2(
1− 2GNM

r

) = 1,

or, ṙ2 − k2 +

(
1− 2GNM

r

)
= 0. (9.32)

This clarifies the meaning of the constant k. For if the particle falls
from rest at some value of r = r0, namely, if

ṙ|r=r0
= 0, (9.33)

then (9.32) implies

k =

(
1− 2GNM

r0

) 1
2

, (9.34)

where the positive sign of the square root is taken to signify that
coordinate time increases with τ (see (9.14)). Equation (9.34) shows
that the constant k is not a universal constant, rather its value de-
pends on the particular geodesic of the particle. For example, if the
geodesic corresponds to the particle being at rest at a coordinate
infinitely far away from the star then

k = 1. (9.35)

Putting in this form of k into (9.32) we have

ṙ2 − 2GNM

(
1

r
− 1

r0

)
= 0,

or,
1

2
ṙ2 = GNM

(
1

r
− 1

r0

)
. (9.36)

Differentiating this equation with respect to τ , we obtain
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ṙr̈ = −GNM

r2
ṙ,

or, r̈ = −GNM

r2
. (9.37)

Both these equations in (9.36) and (9.37) are similar to the classical
Newtonian equation. The first one is analogous to the statement that
a particle falling in a gravitational field gains an amount of kinetic
energy equal to the change in its potential energy. The second form
merely represents Newton’s equation for the radial fall of a particle
in the gravitational field of a massive object. However, we must
remember the differences also. In particular, r does not measure the
radial distance as we have seen and dots here refer to differentiation
with respect to proper time.

Equation (9.36) also allows us to calculate the proper time ex-
perienced by a particle falling from rest at r = r0. Thus if we assume
r = r0 at τ = 0, then

τ =

∫
dτ =

∫
dr′

[
2GNM

(
1
r′
− 1

r0

)] 1
2

=
1√

2GNM

r0∫

r

dr′
(

r0r
′

r0 − r′

) 1
2

. (9.38)

Here the limits of integration are chosen such that the proper time
is positive (that is, the radial velocity actually decreases vectori-
ally). The limit of integration can actually be extended up to the
Schwarzschild radius r = rS = 2GNM unless the physical radius
of the star is larger than the Schwarzchild radius. We also note
that the proper time experienced by the particle in going up to the
Schwarzchild radius is finite since there is no singularity in the inte-
grand.

On the other hand, if we look at the coordinate time we note
from (9.14) that

ṫ =
dt

dτ
=

k(
1− 2GNM

r

) =

(
1− 2GNM

r0

) 1
2

(
1− 2GNM

r

) . (9.39)
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Integrating this we have

t =

∫
dτ

(
1− 2GNM

r0

) 1
2

(
1− 2GNM

r

)

=

r0∫

r

dr′√
2GNM

(
1− 2GNM

r0

) 1
2

(
1− 2GNM

r′

)
(

r0r
′

r0 − r′

) 1
2

. (9.40)

This clearly shows that the coordinate time diverges as we approach
the Schwarzschild radius. In fact, the integrand is singular at the
Schwarzschild radius.

Let us next calculate the coordinate speed of the particle from
the definition in (9.36)

dr

dτ
= ṙ =

[
2GNM

(r0 − r)

r0r

] 1
2

. (9.41)

We can obtain the coordinate speed from this as

v(r) =
dr

dt
=

dτ

dt

dr

dτ
=
(
ṫ
)−1

ṙ

=

(
1− 2GNM

r

)

k
ṙ

=

(
1− 2GNM

r

)

(
1− 2GNM

r0

) 1
2

[
2GNM

(r0 − r)

r0r

] 1
2

, (9.42)

where we have used (9.39).
This shows that although ṙ remains finite as we approach the

Schwarzschild radius, the coordinate speed goes to zero in that limit.
As a result, the particle takes infinitely long to reach the Schwarzschild
radius. Furthermore, setting

dv

dr
= 0, (9.43)
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from (9.42) we obtain

(
2GNM

1− 2GNM
r0

) 1
2
[
2GNM

r2

(
r0 − r

r0r

) 1
2

+

(
1− 2GNM

r

)
1

2

(
r0 − r

r0r

)− 1
2
(
− 1

r2

)]
= 0,

or, 2GNM − 1

2

(
1− 2GNM

r

)
r0r

r0 − r
= 0,

or, 2GNM(r0 − r)− 1

2

(
1− 2GNM

r

)
r0r = 0,

or, r =
3GNMr0

2GNM + r0
2

. (9.44)

This analysis shows that if the particle falls from rest at infinity
(r0 → ∞), its coordinate velocity increases until

r = 6GNM, (9.45)

after which it decreases and goes to zero at the Schwarzschild radius.
Let us compare this behavior with the classical Newtonian result
which gives

v(r) =

(
2GNM

r

) 1
2

, (9.46)

and hence leads to the conclusion that the speed of the particle keeps
increasing and diverges at the origin.

9.2.2 Circular orbit. For a circular orbit we have ṙ = 0 = r̈, and,
consequently, the r equation (9.15) takes the form
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GNM

r2
ṫ2 = rφ̇2,

or,
φ̇2

ṫ2
=

(
dφ

dt

)2

=
GNM

r3
,

or,

∫
dt =

∫ (
r3

GNM

) 1
2

dφ =

(
r3

GNM

) 1
2
∫

dφ. (9.47)

Therefore, the period of the orbit is given by

∆t = 2π

(
r3

GNM

) 1
2

. (9.48)

This is exactly like Kepler’s law which says that the square of the
period of an orbit is proportional to the cube of the radius. However,
we must remember that here r does not denote the true radius of the
orbit and ∆t measures the coordinate orbit period.

If an observer is at rest at a distance r0, then the proper time
of the orbit that he would measure is (see (9.7))

∆τ =
√
g00(r0) ∆t =

(
1− 2GNM

r0

) 1
2

∆t. (9.49)

We note here that as r0 → ∞, ∆t = ∆τ . Hence by measuring the
period of the orbit we can measure the radius of the orbit.

At this point, we can inquire about the period that an observer
moving with the particle or the planet would measure. We note from
(9.39) that

∆τ =

(
1− 2GNM

r

)
k−1∆t, (9.50)

so that the value of the period depends on the constant k. To deter-
mine the constant k we note that in this case ṙ = 0 and hence from
(9.16) we obtain

1 =

(
1− 2GNM

r

)
ṫ2 − r2φ̇2. (9.51)
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On the other hand, we know from (9.47) that for circular orbits

GNM

r2
ṫ2 = rφ̇2. (9.52)

Using this in (9.51) we obtain

(
1− 2GNM

r

)
ṫ2 − GNM

r
ṫ2 = 1,

or,

(
1− 3GNM

r

)
ṫ2 = 1,

or,

(
1− 3GNM

r

)
k2

(
1− 2GNM

r

)2 = 1,

or, k2 =

(
1− 2GNM

r

)2

(
1− 3GNM

r

) , (9.53)

so that (9.50) leads to

∆τ =

(
1− 2GNM

r

)
k−1∆t

=

(
1− 2GNM

r

)
(
1− 3GNM

r

) 1
2

(
1− 2GNM

r

) ∆t,

or, ∆τ =

(
1− 3GNM

r

) 1
2

∆t. (9.54)

Note that since k2 is positive, bound orbits are possible only if r ≥
3GNM . Furthermore, when r = 3GM , ∆τ = 0. This shows that
photons can be bound in circular orbits only if r = 3GNM (since the
proper time vanishes for photons). We will come back to this point
in the next section.

As a simple application of these results, let us consider two
observers on a planet which is moving in a circular orbit of radius r
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around a star. One of the observers takes off on his space craft and
maintains his position at a fixed point near the orbit of the planet
and then joins the planet at the end of a period. Thus the time of
absence as measured by the observer on the space craft is given by
(see (9.49))

∆τsp =

(
1− 2GNM

r

)1
2

∆t, (9.55)

whereas the observer on the planet would measure the time of ab-
sence as (see (9.54))

∆τpl =

(
1− 3GNM

r

) 1
2

∆t, (9.56)

which leads to

∆τsp
∆τpl

=

(
1− 2GNM

r

1− 3GNM
r

) 1
2

> 1. (9.57)

This shows that the observer moving in the space craft would find
himself older (if they are twins) on return. This should be contrasted
with the result from special relativity where the twin on the space
craft would believe that he would be younger on return.

9.3 Motion of light rays in a Schwarzschild background

To consider the motion of light rays in a Schwarzschild background,
we have to make two assumptions. First of all we assume that the
light rays behave like any other particle and hence their motion in a
gravitational field is given by the geodesic equation (see (5.83))

d2xµ

dτ2
− Γµ

νλ

dxν

dτ

dxλ

dτ
= 0. (9.58)

Furthermore, we assume that the proper time interval for photons
generalizes from Minkowski space-time to be
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dτ2 = 0. (9.59)

Clearly, therefore, we cannot use τ to label the geodesics. Instead we
would use a different affine parameter, say λ to label the geodesics.
Thus the geodesic equations for the photon are similar to other par-
ticles and in particular if we specialize to θ = π

2 , the equations are
given by (see (9.13), (9.14) and (9.15))

r2φ̇ = ` = constant,
(
1− 2GNM

r

)
ṫ = k = constant,

(
1− 2GNM

r

)−1

r̈ −
(
1− 2GNM

r

)−2GNMṙ2

r2

+
GNM

r2
ṫ2 − rφ̇2 = 0, (9.60)

where we have to remember that the dots now refer to differentiation
with respect to the affine parameter λ. The only difference from the
particle equation, in this case, lies in the constraint relation

dτ2 = 0, (9.61)

which translates to

gµν
dxµ

dλ

dxν

dλ
= 0,

or,

(
1− 2GNM

r

)
ṫ2 −

(
1− 2GNM

r

)−1

ṙ2 − r2φ̇2 = 0,

or,

(
1− 2GNM

r

)
ṫ2

φ̇2
−
(
1− 2GNM

r

)−1 (dr

dφ

)2

− r2 = 0,

or,

(
1− 2GNM

r

)
k2

(
1− 2GNM

r

)2
r4

`2
−
(
1− 2GNM

r

)−1( dr

dφ

)2

−r2 = 0,
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or,

(
dr

dφ

)2

+

(
1− 2GNM

r

)
r2 − k2r4

`2
= 0. (9.62)

As before, we define u = 1
r
so that equation (9.62) becomes

(
du

dφ

)2

+ (1− 2GNMu)u2 − k2

`2
= 0. (9.63)

Differentiating this equation with respect to φ we obtain

2
du

dφ

d2u

dφ2
+ 2u

du

dφ
− 6GNMu2

du

dφ
= 0,

or,
du

dφ

(
d2u

dφ2
+ u− 3GNMu2

)
= 0. (9.64)

The radial geodesic equations, therefore, lead to

du

dφ
= 0,

d2u

dφ2
+ u− 3GNMu2 = 0. (9.65)

The first equation implies a circular orbit where the radius vector
does not change. Setting ṙ = r̈ = 0 in the radial equation in (9.60)
we see that for this to be true

GNM

r2
ṫ2 = rφ̇2. (9.66)

On the other hand, the line element equation (9.62) for this orbit
gives

(
1− 2GNM

r

)
ṫ2 = r2φ̇2. (9.67)

Comparing the two equations we determine

(
1− 3GNM

r

)
ṫ2 = 0,

or, r = 3GNM. (9.68)
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This shows that circular orbits for photons are possible only if the
radius of the orbit satisfies the above condition. But we note here
that this value of the orbit radius for most objects (stars) lies inside
the physical radius of the object (see discussion after (8.52)) and
hence such an orbit is not physically meaningful. Thus the radial
equation yielding the true orbit that we can observe for photons is
given by the second equation in (9.65)

d2u

dφ2
+ u− 3GNMu2 = 0. (9.69)

The last term, of course, is a relativistic correction (as we have seen
earlier at the end of section 9.1) and is small compared to the second
term as we can see from the fact that

3GNMu2

u
= 3GNMu =

3

2
× 2GNM

r
=

3

2

rs
r

� 1, (9.70)

even if we consider the light ray near the physical surface of the
planet or the star. Thus neglecting the last term we can ask what is
the trajectory of the light ray to the lowest order satisfying

d2u

dφ2
+ u = 0. (9.71)

The solution of this (harmonic) equation is given by (with a partic-
ular choice of the phase)

u(φ) = A sinφ,

or,
1

r
= A sinφ,

or, r sinφ =
1

A
= constant. (9.72)

We recognize that r sinφ represents the value of the y coordinate
(of the photon). Thus the solution to the lowest order represents
a straight line parallel to the x-axis and to lowest order light rays
travel in a straight line. We see here that 1

A
measures the distance
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of closest approach of the photon to the star. Denoting 1
A

by r0, the
lowest order solution of (9.69) can be written as

u =
1

r0
sinφ. (9.73)

r0

Figure 9.2: Photon trajectory near a star at the lowest order.

Equation (9.73) shows that light rays are unaffected by the grav-
itational field in the lowest order as shown in Fig. 9.2. To find the
effects of the gravitational field we have to solve equation (9.69)

d2u

dφ2
+ u = 3GNMu2 = εu2, (9.74)

to the next order. Here ε = 3GNM is a small parameter which can
be used as a parameter of perturbation in determining the solution.
We expect the true solution to differ only slightly from the lowest
order solution in (9.73). Thus perturbatively we can write (to the
next order)

u ≈ 1

r0
sinφ+ εu1, (9.75)

and putting this into the equation and keeping terms only up to
linear order in ε we have
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− 1

r0
sinφ+ ε

d2u1
dφ2

+

(
1

r0
sinφ+ εu1

)
= ε

(
1

r0
sinφ+ εu1

)2

,

or, ε

(
d2u1
dφ2

+ u1

)
= ε

1

r20
sin2 φ = ε

1

2r20
(1− cos 2φ),

or,
d2u1
dφ2

+ u1 =
1

2r20
(1− cos 2φ). (9.76)

This suggests that we can choose the solution to be of the form

u1 = a+ b cos 2φ, (9.77)

which, when substituted into (9.76), leads to

−4b cos 2φ+ a+ b cos 2φ =
1

2r20
(1− cos 2φ),

or, a− 3b cos 2φ =
1

2r20
(1− cos 2φ). (9.78)

This determines

a =
1

2r20
, b =

1

6r20
, (9.79)

so that we can write the solution (9.75) with the leading order cor-
rection as

u(φ) ≈ 1

r0
sinφ+ ε

(
1

2r20
+

1

6r20
cos 2φ

)
,

or,
1

r
≈ 1

r0
sinφ+

3GNM

2r20

(
1 +

1

3
cos 2φ

)
. (9.80)

At infinite separations if we assume the light ray to come in at
φ ' 0 then it will go back to infinity at φ ' π. If the relativistic
corrections are not present, then of course, the angle of incidence is
exactly φ = 0 and the angle of exit is φ = π. Let us assume that
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δ1 δ2

Figure 9.3: Bending of a light ray near a star at the leading order.

because of the gravitational effects, the light ray comes in at φ = −δ1
and goes away at φ = π + δ2 as shown in Fig. 9.3, where δ1 and δ2
are small angles. Clearly this implies that at incidence we have

1

r0
sin(−δ1) +

3GNM

2r20

(
1 +

1

3
cos(−2δ1)

)
= 0,

or, −δ1
r0

+
3GNM

2r20

(
1 +

1

3

)
= 0,

or, δ1 =
2GNM

r0
. (9.81)

Similarly, at the other end we have

1

r0
sin(π + δ2) +

3GNM

2r20

(
1 +

1

3
cos(2π + 2δ2)

)
= 0,

or, −sin δ2
r0

+
3GNM

2r20

(
1 +

1

3
cos 2δ2

)
= 0,

or, −δ2
r0

+
3GNM

2r20

(
1 +

1

3

)
= 0,

or, δ2 =
2GNM

r0
. (9.82)

This shows that the bending in the path of the light ray (from the
leading order trajectory) as it comes in is the same as that when it
goes out. This is, of course, expected from the spherical symmetry
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of the problem. The total amount of deflection in the path of the
light ray, in the presence of the star, is given by

δ1 + δ2 =
4GNM

r0
, (9.83)

and is larger when the impact parameter is smaller. The bending
of light, as it is commonly called, can be experimentally tested and
is usually done by studying the light rays grazing the surface of the
sun. In this case the theoretical prediction for the deflection is 1.75′′.
Earlier measurements of this phenomenon involved photographing
the stellar images during solar eclipse and then comparing them with
those taken six months later when the sun is not in the field of view.
This shows a deflection of 1.5′′ ∼ 3.0′′. We must remember that
this is a very difficult experiment and various factors change during
the six month interval. Consequently measurements cannot give very
accurate results. In recent years one uses radio telescopes to measure
the radio signals from point like sources such as quasars as they pass
near the sun. Such measurements give a value of 1.57′′ – 1.82′′ for
the deflection of the signal with an error of .2′′. This is a fairly good
test of the theoretical prediction. However, errors need to be reduced
still further.

9.4 Perihelion advance of Mercury

We have seen in (9.29) that the general equation for planetary mo-
tion in classical physics is given by (recall that the planet has been
assumed to be of unit mass)

d2u

dφ2
=
GNM

`2
− u. (9.84)

Therefore, the general solution can be written as

u(φ) =
1

r
=
GNM

`2
(1 + e cos(φ+ δ)), (9.85)

where e and δ are constants. By a suitable choice of the coordinate
axis, we can choose the phase δ to be zero in which case the solution
takes the form
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u(φ) =
GNM

`2
(1 + e cosφ). (9.86)

To determine the constant e we note that the total energy of
the classical motion is given by (see (9.24))

E =
1

2
ṙ2 +

1

2
r2φ̇2 − GNM

r

=
1

2

(
dφ

dt

dr

dφ

)2

+
1

2

`2

r2
− GNM

r

=
1

2
`2
(
du

dφ

)2

+
1

2
`2u2 −GNMu, (9.87)

where u = 1
r
and we have used (9.25). We can rearrange this to write

(
du

dφ

)2

=
2E

`2
+

2GNM

`2
u− u2. (9.88)

Substituting the actual form of the solution from (9.86) we obtain

(
−GNM

`2
e sinφ

)2

=
2E

`2
+ 2

(
GNM

`2

)2

(1 + e cos φ)

−
(
GNM

`2

)2

(1 + e cosφ)2,

or,

(
GNM

`2

)2

e2 =
2E

`2
+

(
GNM

`2

)2

,

or, e2 = 1 +
2E`2

G2
NM

2
. (9.89)

It is worth recalling here that for bound orbits, the total energy
E < 0 so that the eccentricity of the orbit e < 1. (e = 0 leads to

r = 1
u
= `2

GNM
corresponding to circular motion.)
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With this value of the constant, the radius takes values accord-
ing to

u(φ) =
1

r
=
GNM

`2
(1 + e cosφ). (9.90)

The perihelion (closest point to the star) and the aphelion (farthest
point from the star) on the orbit are determined from the condition
that at such points

dr

dφ
= 0, or,

du

dφ
= 0, (9.91)

which implies φ = 0, π. This fixes the perihelion and the aphelion to
be at φ = 0 and φ = π respectively. The distances of these points
from the star are given by

rAP =
`2

GNM

1

1− e
= r1,

rPH =
`2

GNM

1

1 + e
= r2. (9.92)

Correspondingly we can write

uAP =
GNM

`2
(1− e) = u1,

uPH =
GNM

`2
(1 + e) = u2. (9.93)

Parenthetically, we note here that u1, u2 are simply the two roots of
the quadratic equation (9.88) with (9.91) and (9.89).

Let us now include the relativistic effects. We know that in the
Schwarzschild background (in the relativistic case) the motion of the
particle (planet) is described by (see (9.19))

(
du

dφ

)2

=
(k2 − 1)

`2
+

2GNM

`2
u− u2 + 2GNMu3

=
2E

`2
+

2GNM

`2
u− u2 + 2GNMu3. (9.94)
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Here we have made the identification 2E = k2 − 1. Furthermore,
we recognize that the last term in (9.94) represents the relativistic
correction (compare with (9.88)) and noting that 2GNM is a small
quantity we can denote it by ε and write

(
du

dφ

)2

=
2E

`2
+

2GNM

`2
u− u2 + εu3. (9.95)

We can now ask how the perihelion and the aphelion ((9.92) or (9.93))
would modify when we include this relativistic correction. Using
(9.95) these positions are determined from (see (9.91))

du

dφ
= 0,

or, εu3 − u2 +
2GNM

`2
u+

2E

`2
= 0,

or, u3 − 1

ε
u2 +

2GNM

ε`2
u+

2E

ε`2
= 0. (9.96)

This is a cubic equation with three solutions u1, u2, u3 such that

u1 + u2 + u3 =
1

ε
, (9.97)

which is a large quantity since ε is small. On the other hand, we
have seen that the aphelion and the perihelion given respectively by
u1 and u2 are small (see (9.93)) compared to 1

ε
and hence it is the

third solution which must be large and unphysical and we can assume
the motion to be bounded by

u1 ≤ u ≤ u2. (9.98)

As a result, we can write (9.95) as
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(
du

dφ

)2

= ε

[
u3 − u2

ε
+

2GNMu

ε
+

2E

ε`2

]

= ε(u− u1)(u2 − u)(u3 − u)

= ε(u− u1)(u2 − u)

(
1

ε
− u− u1 − u2

)

= (u− u1)(u2 − u)(1 − ε(u+ u1 + u2)),

or,
du

dφ
= [(u− u1)(u2 − u)]

1
2 (1− ε(u+ u1 + u2))

1
2 ,

or,
dφ

du
=

(1− ε(u+ u1 + u2))
− 1

2

[(u− u1)(u2 − u)]
1
2

≈ 1 + 1
2 ε(u+ u1 + u2)

[(u− u1)(u2 − u)]
1
2

. (9.99)

Let us define

α =
1

2
(u1 + u2), β =

1

2
(u2 − u1), (9.100)

so that

u1 = α− β, u2 = α+ β, (9.101)

and it follows that

(u− u1)(u2 − u) = (u− (α− β))(α + β − u)

= [β2 − (u− α)2]. (9.102)

Thus, we can write (9.99) in the form

dφ

du
=

1 + 1
2εu+ εα

[β2 − (u− α)2]
1
2

=
1
2 ε(u− α) + 1 + 3

2 εα

[β2 − (u− α)2]
1
2

. (9.103)
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Integrating this, we can obtain the change in the angle between the
perihelion and the aphelion as

|δφ| =

u2∫

u1

du

[
1
2 ε(u− α) + 1 + 3

2 εα
]

[β2 − (u− α)2]
1
2

=

[
−1

2
ε(β2 − (u− α)2)

1
2 +

(
1 +

3

2
εα

)
sin−1 u− α

β

]u2

u1

=

(
1 +

3

2
εα

)(
sin−1(1)− sin−1(−1)

)

=

(
1 +

3

2
εα

)(π
2
+
π

2

)
= π

(
1 +

3

2
εα

)
. (9.104)

Doubling this gives the angle between successive perihelia and shows
that it does not return to its original position, rather it advances by
an angle

∆φ = 2|δφ| − 2π = 3πεα = 3π × 2GNM × 1

2
(u1 + u2)

= 3πGNM

(
1

r1
+

1

r2

)
. (9.105)

Clearly, the advance in the perihelion is a relativistic effect and
is larger for planets closer to the sun. Therefore, Mercury is the
natural candidate to study this phenomenon. Even for Mercury this
angle is very small,

(∆φ)/revolution ' 0.1038′′. (9.106)

However, this effect is cumulative and per century the perihelion of
Mercury advances by

(∆φ)/century ' 43′′, (9.107)

where we have used the fact that Mercury’s revolution period is 88
days so that in a century there are about 415 revolutions. This
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advance of the perihelion (9.107) is appreciable and can be observed.
In fact, the astronomer Leverrier had already discovered in 1845
that Mercury exhibited an anomalous precession of the perihelion
of about 43′′ per century that could not be accounted for by known
perturbations at the time. Thus the precession of the perihelion of
Mercury constituted an early verification of general relativity. There
are numerous other tests that show that general relativity conforms
to astronomical observations quite accurately.
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Chapter 10

Black holes

We have already seen that the Schwarzschild metric given by

dτ2 =

(
1− 2GNM

r

)
dt2−

(
1− 2GNM

r

)−1

dr2−r2(dθ2+sin2 θdφ2),

(10.1)

has manifest singularities at r = 2GNM and at r = 0. The singularity
at the origin, if the particle is a point particle, is, of course, a real
singularity which is present even in the classical case. The singularity
at the Schwarzschild radius r = 2GNM , on the other hand, has a
different character. Note that although

gtt(r = 2GNM) = 0, (10.2)

the determinant of the metric is well behaved and that if we calculate
the components of the curvature tensor, they are also well behaved
at that point. Thus, we conclude that the point r = 2GNM cannot
represent a physical singularity of the space-time. However, we have
also indicated earlier that for r < 2GNM (see (8.61))

gtt < 0, grr > 0, (10.3)

so that the time and the radial components of the metric (and, there-
fore, the coordinates) seem to exchange their roles and hence there
must be some interesting phenomena in that region. This is what we
will investigate in this chapter.

295
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10.1 Singularities of the metric

Whenever the metric components are badly behaved at a certain
point in a coordinate system, one of two things may happen:

i) the space-time geometry is, in fact, singular at that point,

ii) the space-time geometry is nonsingular but the coordinates fail to
cover a region of space-time containing that point properly.

Normally the first possibility can be demonstrated by calculating the
scalar curvature and showing that it diverges at some point of space-
time. Furthermore, this singularity must occur at a finite value of
the affine parameter labelling the geodesic. That is, the singularity
must not lie at infinity. However, even this is not fool proof because
there are singularities of space-time where the scalar curvature is not
necessarily singular. The second possibility is usually demonstrated
by finding a coordinate system where the metric components are
well behaved. Thus the study of singularities of a manifold is an
extremely difficult one.

We would begin by illustrating with simple examples how a
wrong choice of coordinates can make the metric components look ill
behaved. Let us consider the two dimensional line element given by

dτ2 =
1

t4
dt2 − dx2, (10.4)

defined over −∞ < x < ∞ and 0 ≤ t < ∞. The metric in this case
appears to have a singularity at t = 0. However, the true nature
of the space-time geometry can be seen by making the coordinate
transformation

t → 1

t
, (10.5)

so that the line element becomes

dτ2 = dt2 − dx2, (10.6)

with −∞ < x < ∞ and t ≥ 0. But this is nothing other than
the upper half plane of the two dimensional Minkowski space-time.
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Furthermore, the singularity has now disappeared and hence we can
extend the form of the line element to the entire Minkowski space.

The second example is again of a two dimensional space known
as the Rindler space and is closer in analogy to the Schwarzschild
metric than the previous example. The line element, in this case, is
given by

dτ2 = x2dt2 − dx2, (10.7)

with −∞ < t <∞ and 0 ≤ x <∞. It is obvious from (10.7) that the
metric is singular at x = 0. That is, at this point the determinant of
the metric vanishes and consequently the contravariant metric com-
ponents are undefined at such points. On the other hand, calculation
of the scalar curvature shows no singularity as x→ 0 suggesting that
the singularity may be a coordinate singularity. In fact, the curva-
ture for the Rindler space vanishes identically suggesting that this
space may be a part of the Minkowski space. We ignore this point
for the present and continue with our analysis of the singularity.

To find a coordinate system that would get rid of the singularity,
let us look at the null geodesics in this space. The null condition leads
to (dots denote derivatives with respect to the affine parameter λ)

x2ṫ2 − ẋ2 = 0, (10.8)

which yields

(
dt

dx

)2

=
1

x2
,

or, t = ± lnx+ constant. (10.9)

Thus the outgoing and the incoming null geodesics are naturally
given in terms of the null coordinates

u = t− lnx, v = t+ lnx. (10.10)

Namely, an outgoing null geodesic is given by
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u = constant, (10.11)

while an incoming null geodesic is given by

v = constant. (10.12)

In terms of these coordinates, then, we can write

t =
1

2
(v + u), x = e

1
2
(v−u), (10.13)

so that the line element (10.7) takes the form

dτ2 = e(v−u) dudv. (10.14)

We are still not in a position to analyze the singularity at x = 0
since the coordinate range −∞ < u < ∞ and −∞ < v < ∞ still
corresponds to x > 0 of the Rindler space. However, let us recall
that for this space, t is a cyclic variable in the Lagrangian density,
i.e., if we take (see, for example, (9.8))

L = x2ṫ2 − ẋ2, (10.15)

where dots denote derivatives with respect to the affine parameter
λ, it follows from the t equation that

d

dλ

(
∂L
∂ṫ

)
= 0,

or,
∂L
∂ṫ

= 2x2ṫ = constant,

or, x2
dt

dλ
= E = constant. (10.16)

Furthermore, we note from (10.13) that

u+ v = 2t, (10.17)
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so that for a constant u (outgoing geodesic, see (10.11)),

dv = 2dt. (10.18)

As a result, for the outgoing geodesic for which u = constant, (10.16)
can be integrated to give

λout =

∫
dλ =

1

E

∫
dt x2 =

1

2E

∫
dv e(v−u)

= constant +
e(v−u)

2E
= constant +

(
e−u

2E

)
ev . (10.19)

Similarly, for an incoming geodesic we can determine

λin =

∫
dλ =

1

E

∫
dt x2 =

1

2E

∫
du e(v−u)

= constant −
(
ev

2E

)
e−u. (10.20)

This shows that the affine parameters lead to incomplete null
geodesics. This also suggests that if we now define new variables

U = −e−u, V = ev, (10.21)

then, the line element (10.14) can be written as

dτ2 = dUdV. (10.22)

The ranges of the new variables are given by U < 0 and V > 0, but
since there is no singularity in the line element any more, we can
extend it to cover the entire space-time

−∞ < U <∞, −∞ < V <∞. (10.23)

The final coordinate transformation
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T =
U + V

2
, X =

V − U

2
, (10.24)

renders the line element (10.22) into the form

dτ2 = dUdV = dT 2 − dX2, (10.25)

which we recognize to be the two dimensional Minkowski line ele-
ment.

T

X

t = const
x = const

x = 0, t → ∞

x = 0, t → −∞

Figure 10.1: Rindler space-time.

The original coordinates (t, x) can be expressed in terms of the
Minkowski coordinates (T,X) as (see (10.13), (10.21) and (10.24))

x = e
1
2

(v−u) = (−UV )
1
2 = (−(T −X)(T +X))

1
2

= (X2 − T 2)
1
2 ,

t =
1

2
(v + u) =

1

2
(lnV − ln(−U)) =

1

2
ln

1 + T
X

1− T
X

= tanh−1

(
T

X

)
. (10.26)
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We see from Fig. 10.1 that the original Rindler space corresponds
to the wedge X > |T | of the two dimensional Minkowski space-time.
The original singularity has now disappeared and we can extend the
metric to the entire Minkowski space-time.

10.2 Singularities of the Schwarzschild metric

The analysis for the Schwarzschild metric can be carried out in an
analogous manner to that of the Rindler space. The main difference
lies in the fact that the Schwarzschild solution is four dimensional in
contrast to the two dimensional Rindler problem. However, we can
effectively reduce the Schwarzschild problem to a two dimensional
one by simply restricting the motion to θ = π

2 (equatorial plane)
with a fixed azimuthal angle (` = 0). In this case, the line element
takes the form

dτ2 =

(
1− 2GNM

r

)
dt2 −

(
1− 2GNM

r

)−1

dr2, (10.27)

which has a two dimensional character and the null condition in the
present case is given by

(
1− 2GNM

r

)
ṫ2 −

(
1− 2GNM

r

)−1

ṙ2 = 0,

or,

(
dt

dr

)2

=

(
1

1− 2GNM
r

)2

=

(
r

2GNM
r

2GNM
− 1

)2

,

or,
dt

dr
= ±

[
1 +

1
r

2GNM
− 1

]
,

or, t = ±
[
r + 2GNM ln

(
r

2GNM
− 1

)]
+ constant

= ±r̃ + constant, (10.28)

where r̃ defined as

r̃ = r + 2GNM ln

(
r

2GNM
− 1

)
, (10.29)
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is known as the Wheeler-Regge coordinate. Therefore, the null co-
ordinates in the Schwarzschild space are given by

u = t− r̃, v = t+ r̃, (10.30)

so that the outgoing and the incoming null geodesics can be written
respectively as

u = constant, v = constant. (10.31)

We note that the relations (10.30) can be inverted to give

t =
1

2
(v + u), r̃ =

1

2
(v − u). (10.32)

Furthermore, from (10.29) we obtain

∂r̃

∂r
= 1 +

1
r

2GNM
− 1

=

(
1− 2GNM

r

)−1

, (10.33)

and as a result, we can write the Schwarzschild line element (10.27)
in terms of u and v coordinates as

dτ2 =

(
1− 2GNM

r

)
(dt2 − dr̃2) =

(
1− 2GNM

r

)
dudv. (10.34)

Here we have used (10.32) and we are supposed to understand that
r is expressed in terms of u and v through the relation

r̃ = r + 2GNM ln

(
r

2GNM
− 1

)
=

1

2
(v − u),

or,

(
r

2GNM
− 1

)
e

r
2GNM = e

1
4GNM

(v−u)
, (10.35)

which leads to
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1− 2GNM

r
= 2GNM

e
− r

2GNM

r
e

1
4GNM

(v−u)
. (10.36)

We can, therefore, write the line element (10.34) as

dτ2 = 2GNM
e
− r

2GNM

r
e

(v−u)
4GNM dudv. (10.37)

This form of the parameterization is known as the Eddington-
Finkelstein parameterization (coordinates). Furthermore, analogous
to the earlier example of the Rindler space, we can now define the
coordinates (see (10.21))

U = −e−
u

4GNM , V = e
v

4GNM , (10.38)

so that the line element (10.37) takes the form

dτ2 = 32(GNM)3
e
− r

2GNM

r
dUdV. (10.39)

The Schwarzschild singularity at r = 2GNM has now disappeared
from the line element with only a singularity left at r = 0. We know
that this is a physical singularity and so we can now extend this form
of the line element to all space with r > 0. The final identification
with the Kruskal coordinates is made by defining (see (10.24))

T =
U + V

2
, R =

V − U

2
, (10.40)

so that the complete (four dimensional) Schwarzschild element is
given by

dτ2 = 32(GNM)3
e
− r

2GNM

r
(dT 2 − dR2)− r2(dθ2 + sin2 θdφ2).

(10.41)
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Note that the original coordinates can be expressed in terms of T
and R as (see (10.32), (10.37), (10.38) and (10.40))

(
r

2GNM
− 1

)
e

r
2GNM = −UV = R2 − T 2,

t

4GNM
=

1

8GNM
(v + u) =

1

2
(lnV − ln(−U))

=
1

2
(ln(R+ T )− ln(R− T )) = tanh−1

(
T

R

)
. (10.42)

Thus, we can draw a space-time diagram similar to the Rindler
space as shown in Fig. 10.2.

r = const

r = 2GNM, t → −∞

I

II

III

IV

r = 0

r = 2GNM, t → ∞

T = 1

T = −1

r = 0

R

Figure 10.2: Schwarzschild space-time.

We see from Fig. 10.2 that the region of space outside the Schwarzschild
radius r = 2GNM is given by the wedge

R ≥ |T |. (10.43)
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The original Schwarzschild singularity at r = 2GNM corresponds to
the null geodesics

R = |T |. (10.44)

Clearly the apparent singularity was due to a wrong choice of coordi-
nates. The space now divides into four regions. Region I is, of course,
the physical space outside of the Schwarzschild radius. Furthermore,
r = 0 corresponds to the hyperbola

R2 − T 2 = −1. (10.45)

It is denoted by the two shaded regions shown in Fig. 10.2. Note
that in the two regions II and IV we have

R2 − T 2 < 0, (10.46)

so that they are space-like in nature (in terms of the original t, r
coordinates) whereas region III is time-like and hence represents an-
other asymptotically flat region. If a light signal falls radially from
region I, then within a finite proper time it would enter region II.
However, once it enters region II it will be trapped there forever.
That is, since it is a space-like region it will not be able to escape.
For an observer far away from the Schwarzschild radius, however, it
would appear as if the light signal would take forever to reach the
Schwarzschild radius (see discussion around (9.42)). The light ray
would be red shifted so much that to an observer far away its in-
tensity would drop to zero. Thus it is clear that an observer cannot
detect anything that happens inside the radius r = 2GNM . For this
reason, the Schwarzschild radius is also known as the event horizon.

Note also from the above discussion that even though there are
two asymptotically flat regions, observers in these two regions cannot
communicate with one another since light signals sent by them would
eventually be lost in the intermediate regions. Region II is known as
a black hole, since according to classical ideas, it only absorbs and
never emits any radiation. Region IV, on the other hand, is a time
reversed case of region II and is known as a white hole. In this region,
matter and radiation cannot be present. They would eventually be



306 10 Black holes

pushed out. Note also that the physical singularity at r = 0 occurs
inside the regions II and IV and hence can never be detected by an
observer outside the Schwarzschild radius.

10.3 Black holes

We may ask at this point whether the study of such regions is purely
academic or whether there exist observational data to corroborate
these. At the present time at least two black holes have been ob-
served. The point is that although we cannot detect a black hole
directly, its gravitational effect on other objects can be measured.
There are several mechanisms to produce a black hole and one of the
most popular ones is of the view that black holes are produced due
to the gravitational collapse of a star.

r = 0 r = 2GNMr = 2GNM

Figure 10.3: Gravitational collapse of a star.

For simplicity let us consider a spherically symmetric star un-
dergoing spherical collapse because we can use the Schwarzschild
solution which we have been studying so far. In this case the star
would collapse under its own gravitational attraction as shown in



10.3 Black holes 307

Fig. 10.3 and if the collapse is complete, then it would happen at
the singularity r = 0. However, for gravitational purposes we would
still feel as if a star is present with the same mass. If an observer
is observing a star undergoing gravitational collapse, he would keep
seeing it. The light ray from the star would be red shifted and hence
the star would look steadily fainter until it completely fades out of
the observer’s view. The observer would merely think that the star
is still there but is completely burnt out.

That gravitational collapse happens can be seen from the fol-
lowing simple argument. First of all collapse occurs in burnt out
stars. This is because, when a star is burning, there is thermal mo-
tion which gives rise to the pressure needed to prevent collapse. If the
star is burnt out, then the only pressure to balance collapse comes
from the degeneracy pressure from the Pauli exclusion principle due
to the presence of fermions. Thus for example, if the star contains n
fermions of massm per unit volume, then each fermion on an average
would occupy a volume of space n−1. Therefore, if we assume that

p ∼ ∆p, (10.47)

then its momentum on an average can be estimated to be

p ∼ ∆p ∼ ~

∆x
= ~n

1
3 . (10.48)

As a result the average velocity of non-relativistic fermions can be
obtained as

v ∼ p

m
= ~n

1
3m−1. (10.49)

On the other hand, if the fermions are relativistic then we can ap-
proximate their velocity by the speed of light (c = 1).

The degeneracy pressure due to fermions is given by

P = momentum × velocity × number density. (10.50)

Therefore, if the fermions are nonrelativistic, we have



308 10 Black holes

PNR ∼ ~n
1
3 × ~n

1
3m−1 × n = ~2n

5
3m−1. (10.51)

This shows that in the nonrelativistic case only the electrons would
contribute significantly to the degeneracy pressure since they are
the lightest. If the fermions are relativistic, on the other hand, the
degeneracy pressure is given by

PR ∼ ~n
1
3 × 1× n = ~n

4
3 , (10.52)

so that all fermion species contribute equally.

Let us now restrict to the case where the fermions are relativis-
tic. Then, for stability, the degeneracy pressure has to balance the
attractive gravitational pressure given by (we assume GN = 1 in this
discussion)

Pgrav =
M2

r4
, (10.53)

where the mass density can be identified with

M

r3
= nm,

or,
1

r
= (nmM−1)

1
3 . (10.54)

Putting this back in (10.53), we see that the gravitational pressure
is given by

Pgrav =M2n
4
3m

4
3M− 4

3 = n
4
3m

4
3M

2
3 . (10.55)

The star would, therefore, be stable only if

Pgrav = PR,

or, n
4
3m

4
3M

2
3 = ~n

4
3

or, M = (~m− 4
3 )

3
2 = ~

3
2m−2. (10.56)
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Taking baryons to be the most abundant fermions in stars we can
calculate the value of this critical mass to be (we should restore all
the dimensional constants such as GN and the final number is more
like 3Msun)

M = ~
3
2m−2 ' 2 Msun, (10.57)

which shows that a star twice as massive as the sun or more would
undergo gravitational collapse, if it is completely burnt out.

We have discussed only the simplest kind of a black hole, namely
a Schwarzschild black hole. If the star is charged and/or rotating
then we are also led to other kinds of black holes which we do not
go into here.
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Chapter 11

Cosmological models and the big bang

theory

11.1 Homogeneity and isotropy

In building a model of our universe, a lot of experimental observations
go into the basic assumptions. Quite important among them is the
observation that our universe is quite homogeneous and isotropic on
a length scale of 107 parsecs. (1 parsec is about 3.2 light years.)
Thus, if we ignore the inhomogeneities and nonisotropic nature of
the universe on smaller scales, the line element must reflect this. If
we denote the line element as

dτ2 = dt2 − ds2, (11.1)

then the three dimensional line element ds2 must exhibit homogene-
ity and isotropy.

For a homogeneous and isotropic space, it is easy to show that
the curvature tensor can be written in the form (see (8.76))

Rµνλρ = K (gµλgνρ − gµρgνλ). (11.2)

This follows because if we choose a flat coordinate system at any
point, then the metric will become the Minkowski metric. Further-
more, if we want isotropy, the curvature should be independent of
rotations at that point. Only the Minkowski metric is invariant un-
der rotations. Thus, the curvature tensor can be written in terms
of the Minkowski metric combinations at that point. Furthermore,
the requirement of the appropriate antisymmetry properties would
then, select out the curvature tensor to have the above form. It also

311
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follows from the definition of homogeneity that the quantity K, must
be a constant since otherwise its value will distinguish between dif-
ferent points in this space. (This would also follow from isotropy.
If K is not a constant, then its gradients can select out a preferred
direction.)

Thus, we see that a homogeneous and isotropic space is a space
of constant curvature. If we now apply this to our three dimensional
space, we note that

R
(3)
µνλρ = K

(
g
(3)
µλ g

(3)
νρ − g(3)µρ g

(3)
νλ

)
, (11.3)

where the constant curvature K can depend on the time coordinate
(since that is not part of the 3-dimensional space). It follows now
that

R(3)
µν = g(3)λρR

(3)
µλνρ = 2Kg(3)µν . (11.4)

Choosing the 3-dimensional isotropic line element of the form

ds2 = eλ(r)dr2 + r2(dθ2 + sin2 θdφ2), (11.5)

we can calculate the nontrivial curvature components which yield

R
(3)
11 =

λ′(r)

r
,

R
(3)
22 = cosec2θR

(3)
33 = 1 +

1

2
rλ′(r)e−λ(r) − e−λ(r). (11.6)

Requiring

R(3)
µν = 2Kg(3)µν , (11.7)

we obtain

R
(3)
11 =

λ′(r)

r
= 2Keλ,

R
(3)
22 = 1 +

1

2
rλ′(r)e−λ − e−λ = 2Kr2. (11.8)
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This implies that

1 +
1

2
rλ′(r)e−λ − e−λ = 2Kr2,

or, 1 +
1

2
× 2Kr2 − e−λ = 2Kr2,

or, 1− e−λ = Kr2,

or, e−λ(r) = (1−Kr2),

or, eλ(r) = (1−Kr2)−1. (11.9)

Thus, the form of the three dimensional line element is deter-
mined to be (see also (8.88))

ds2 =
dr2

1−Kr2
+ r2(dθ2 + sin2 θdφ2). (11.10)

If we now define a rescaled variable

r∗ =
√

|K| r, k =
K

|K| , (11.11)

we can write (the form of the line element below is true even when

K = 0, r∗2

|K| = r2, dr∗2

|K| = dr2)

ds2 =
1

|K|

(
dr∗2

1− kr∗2
+ r∗2(dθ2 + sin2 θdφ2)

)
, (11.12)

where k = 1, −1, 0 corresponding to a space of positive, negative
and zero curvature respectively. Sometimes, this is also written as
(ignoring the “∗” on the radial coordinate in (11.12))

ds2 = (R(t))2
(

dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

)
. (11.13)

The four dimensional line element (11.1) correspondingly can be writ-
ten as
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dτ2 = dt2 − ds2

= dt2 −R2(t)

(
dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

)
, (11.14)

and this is known as the Friedmann-Robertson-Walker line element.
R(t) is known as the scale factor for reasons that will become clear
shortly.

11.2 Different models of the universe

There are now three distinct cases to consider depending on k =
±1, 0.

11.2.1 Close universe. Let us assume that k = 1. In this case, we can
define coordinates

r = sinχ, dr = cosχdχ, (11.15)

such that the line element (11.13) has the form

ds2 = R2(t)

(
cos2 χdχ2

cos2 χ
+ sin2 χ(dθ2 + sin2 θdφ2)

)

= R2(t)
(
dχ2 + sin2 χ(dθ2 + sin2 θdφ2)

)
. (11.16)

This indeed describes the three dimensional surface of a sphere of
radius R(t) which can be checked from the fact that if we define

x1 = R cosχ,

x2 = R sinχ sin θ cosφ,

x3 = R sinχ sin θ sinφ,

x4 = R sinχ cos θ, (11.17)

we have



11.2 Different models of the universe 315

x 2
1 + x 2

2 + x 2
3 + x 2

4 = R2, (11.18)

and we can write

dx 2
1 + dx 2

2 + dx 2
3 + dx 2

4 = R2
(
dχ2 + sin2 χ(dθ2 + sin2 θdφ2)

)

= ds2. (11.19)

Thus, the case of constant positive curvature corresponds to a closed,
spherical universe. It has a finite volume.

11.2.2 Flat universe. Let us next assume that k = 0. In this case, we
can define the coordinates

x1 = Rr sin θ cosφ,

x2 = Rr sin θ sinφ,

x3 = Rr cos θ, (11.20)

which gives (see (11.13))

ds2 = R2
(
dr2 + r2(dθ2 + sin2 θdφ2)

)

= dx 2
1 + dx 2

2 + dx 2
3 . (11.21)

This is, of course, the three dimensional flat space which is infinite
in volume and hence the case k = 0 is also said to correspond to an
open universe.

11.2.3 Open universe. Finally, we consider the case k = −1. In this
case, we can define the coordinates

r = sinhχ, dr = coshχdχ, (11.22)

so that the three dimensional line element (11.13) becomes
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ds2 = R2

(
cosh2 χdχ2

cosh2 χ
+ sinh2 χ(dθ2 + sin2 θdφ2)

)

= R2
(
dχ2 + sinh2 χ(dθ2 + sin2 θdφ2)

)
. (11.23)

It is easy to check that if we define

x1 = R coshχ,

x2 = R sinhχ sin θ cosφ,

x3 = R sinhχ sin θ sinφ,

x4 = R sinhχ cos θ, (11.24)

then,

x 2
1 − x 2

2 − x 2
3 − x 2

4 = R2(t), (11.25)

and we can write

ds2 = −dx 2
1 + dx 2

2 + dx 2
3 + dx 2

4 . (11.26)

This is what defines a three dimensional surface of a pseudosphere
whose volume is infinite and, therefore, represents an open universe.
However, this is different from the flat universe in that it has non-
trivial curvature.

11.3 Hubble’s law

Let us now restrict only to the cases k = ±1, the flat universe can be
obtained in the limit R→ ∞. We can write the line element (11.21)
as

k = 1 : dτ2 = dt2 −R2(t)
(
dχ2 + sin2 χ(dθ2 + sin2 θdφ2)

)
,

k = −1 : dτ2 = dt2 −R2(t)
(
dχ2 + sinh2 χ(dθ2 + sin2 θdφ2)

)
.

(11.27)
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The coordinates χ, θ, φ are known as co-moving coordinates and
are useful in the study of various cosmological phenomena. As the
galaxies expand, they carry with them these coordinates and the dis-
tance between galaxies change with time not because the coordinates
change with time – rather because the metric changes with time.

If we look at the radial 3-dimensional distance between two
galaxies, then it has the form

`(t) =

∫
d` =

∫
dχ R(t) = R(t)

∫
dχ = R(t)χ, (11.28)

where R(t) is called the scale factor since it shows how distances scale
with time. From this, we obtain

d`(t)

dt
=

dR(t)

dt
χ =

1

R(t)

dR(t)

dt
R(t)χ

=
Ṙ(t)

R(t)
`(t), (11.29)

where a dot denotes a derivative with respect to t. This shows that
if the galaxies are moving away from one another, then the velocity
of recession is proportional to their distance, namely,

v(t) =
d`(t)

dt
=
Ṙ(t)

R(t)
`(t) = H`(t). (11.30)

This is one form of Hubble’s law and identifies

H(t) =
Ṙ(t)

R(t)
= Hubble’s constant. (11.31)

As we have noted, R(t) is known as the scale factor. Hubble’s con-
stant (it is actually time dependent) is very crucial in cosmological
studies and it is worth discussing how it is determined.

Let us consider the radial motion for either k = ±1. Then, from
(11.27) we have
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dτ2 = dt2 −R2(t)dχ2

= R2(η)(dη2 − dχ2), (11.32)

where we have defined

dt = Rdη. (11.33)

Propagation of light in this case, would correspond to

dη2 − dχ2 = 0. (11.34)

The equation for the world line of the light signal in this case will be
of the form

χ(η) = η − η0. (11.35)

If two light signals are emitted (from the same point) at times
η0 and η0 +∆η0, then the two world lines would be described by

χ = η − η0,

χ = η − η0 −∆η0. (11.36)

Thus, the two signals will arrive at a given coordinate χ with a time
difference

∆η(χ) = ∆η0 = constant. (11.37)

Namely, it will be a constant interval independent of the coordinate.
The proper time interval, on the other hand, is given by (see (11.32))

∆τ = R∆η,

or,
R(η)

∆τ
=

1

∆η
= constant,

or, R(η)ν(χ) = constant, (11.38)
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where ν is the frequency of the light wave at the coordinate χ.

In an expanding universe R increases and, therefore, ν must
decrease inversely and this gives rise to a redshift in the signal. Since
the product in (11.38) is a constant, we can write

R(η)ν(χ) = R(η0)ν(0)

or, ν(χ) = ν(0)
R(η0)

R(η)
= ν(0)

R(η − χ)

R(η)
. (11.39)

If χ � 1, that is, if the separation of the galaxies is not very large,
we can Taylor expand the right hand side in (11.39) and write

ν(χ) ' ν(0)
1

R(η)

(
R(η)− χ

dR(η)

dη

)
,

or,
ν(χ)− ν(0)

ν(0)
' − 1

R(η)

dR(η)

dη
χ. (11.40)

Using the defining relation (11.33)

dt = Rdη, (11.41)

we have

dη

dt
= R−1,

ν(χ)− ν(0)

ν(0)
' −dη

dt

dR

dη
χ = −Ṙχ. (11.42)

In terms of the wave lengths, we can write this as

λ(χ)− λ(0)

λ(0)
' Ṙχ. (11.43)

This, of course, gives the redshift and from the form of the
Doppler shift formula (6.65) we note that
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λ(χ)− λ(0)

λ(0)
= v = Ṙχ =

Ṙ

R
Rχ = H`, (11.44)

giving us once again Hubble’s law (11.30). This shows that Hubble’s
constant can be determined primarily from a study of the redshift of
the galaxies and has the present value (from WMAP) of

H ' (7.04 ± 0.15)cm/sec/parsec. (11.45)

(There are further uncertainties associated with it. The error quoted
here is only from random errors.) The inverse of the Hubble constant
has the dimensions of time and defines a time scale which is normally
identified with the age of the universe. The present value of the
Hubble constant leads to an age of the universe

Tuniverse = H−1 ' 13.8 × 109 yrs ' 4.35 × 1017sec. (11.46)

11.4 Evolution equation

Let us look at the Friedmann-Robertson-Walker line element (11.21)
which has the form

dτ2 = dt2 −R2(t)

(
dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

)
. (11.47)

The Lagrangian for the geodesic can be obtained from this to have
the form (see (5.127))

L =
1

2
ṫ2 − 1

2

R2

1− kr2
ṙ2 − 1

2
R2r2θ̇2 − 1

2
R2r2 sin2 θφ̇2,

(11.48)

where a dot denotes a derivative with respect to τ . We can now
obtain the geodesic equations from the Euler-Lagrange equations (see
(5.130) and (5.131)). The t equation gives
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ẗ+R
dR

dt

(
1

1− kr2
ṙ2 + r2θ̇2 + r2 sin2 θφ̇2

)
= 0, (11.49)

which determines the nontrivial components of Γ0
µν to be of the form

(see (4.49) or (5.131))

Γ0
11 = −R dR

dt

1

1− kr2
,

Γ0
22 = −R dR

dt
r2,

Γ0
33 = −R dR

dt
r2 sin2 θ. (11.50)

More compactly, we can write

Γ0
ij =

1

R

dR

dt
gij . (11.51)

The r equation, leads to

− R2

1− kr2
r̈ − 2R

dR

dt

1

1− kr2
ṫṙ − 2kR2r

(1− kr2)2
ṙ2

+
dR2r

(1− kr2)2
ṙ2 +R2rθ̇2 +R2r sin2 θφ̇2 = 0, (11.52)

or, r̈ +
2dR

Rdt
ṫṙ +

kr

1− kr2
ṙ2 − r(1− kr2)

(
θ̇2 − sin2 θφ̇2

)
= 0.

This determines

Γ1
01 = Γ1

01 = − 1

R

dR

dt
,

Γ1
11 = − kr

1− kr2
,

Γ1
22 = r(1− kr2),

Γ1
33 = r(1− kr2) sin2 θ. (11.53)
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Similarly, the θ equation gives

−R2r2θ̈ − 2Rr2
dR

dt
ṫθ̇ − 2R2rṙθ̇ +R2r2 sin cos θφ̇2 = 0,

or, θ̈ +
2

R

dR

dt
ṫθ̇ +

2

R
ṙθ̇ − sin θ cos θφ̇2 = 0, (11.54)

which determines

Γ2
02 = Γ2

20 = − 1

R

dR

dt
,

Γ2
12 = Γ2

21 = −1

r
,

Γ2
33 = sin θ cos θ. (11.55)

Finally, the φ equation leads to

−R2r2 sin2 θφ̈− 2Rr2 sin2 θ
dR

dt
ṫφ̇− 2R2 sin2 θrṙφ̇

− 2R2r2 sin θ cos θθ̇φ̇ = 0,

or, φ̈+
2

R

dR

dt
ṫφ̇+

2

r
ṙφ̇+ 2cot θθ̇φ̇ = 0, (11.56)

and this determines

Γ3
03 = Γ3

30 = − 1

R

dR

dt
,

Γ3
13 = Γ3

31 = −1

r
,

Γ3
23 = Γ3

32 = − cot θ. (11.57)

These are all the nonvanishing components of the connection.
Given these we can calculate the components of curvature tensor
which are defined as

Rµν = ∂νΓ
λ
λµ − ∂λΓ

λ
µν + Γλ

λσΓ
σ
µν − Γλ

νσΓ
σ
µλ. (11.58)
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This leads to

R00 = ∂0Γ
λ
λ0 − ∂λΓ

λ
00 + Γλ

λσΓ
σ
00 − Γλ

0σΓ
σ
0λ

= ∂0
(
Γ1
10 + Γ2

20 + Γ3
30

)
− Γ1

01Γ
1
01 − Γ2

02Γ
2
02 − Γ3

03Γ
3
03

= −3
d

dt

(
1

R

dR

dt

)
− 3

(
1

R

dR

dt

)2

= − 3

R

d2R

dt2
,

R11 = ∂1Γ
λ
λ1 − ∂λΓ

λ
11 + Γλ

λσΓ
σ
11 − Γλ

1σΓ
σ
1λ

= ∂1
(
Γ1
11 + Γ2

21 + Γ3
31

)
− ∂0Γ

0
11 − ∂1Γ

1
11

+
(
Γ1
10 + Γ2

20 + Γ3
30

)
Γ0
11 +

(
Γ1
11 + Γ2

21 + Γ3
31

)
Γ1
11

− Γ0
11Γ

1
10 − Γ1

10 + Γ0
11 − Γ1

11Γ
1
11 − Γ2

12Γ
2
12 − Γ3

13Γ
3
13

=
2

r2
+

1

1− kr2

[
d

dt

(
R

dR

dt

)
+

(
dR

dt

)2

+ 2k

]
− 2

r2

=
1

1− kr2

(
2

(
dR

dt

)2

+R
d2R

dt2
+ 2k

)
,

R22 = ∂2Γ
λ
λ2 − ∂λΓ

λ
22 + Γλ

λσΓ
σ
22 − Γλ

2σΓ
σ
2λ

= ∂2Γ
3
32 − ∂0Γ

0
22 − ∂1Γ

1
22 +

(
Γ1
10 + Γ2

20 + Γ3
30

)
Γ0
22

+
(
Γ1
11 + Γ2

21 + Γ3
31

)
Γ1
22 − Γ0

22Γ
2
20 − Γ1

22Γ
2
21 − Γ2

20Γ
0
22

− Γ2
21Γ

1
22 − Γ3

23Γ
3
23

= cosec2θ + r2
d

dt

(
R

dR

dt

)
− (1− 3kr2) + r2

(
dR

dt

)2

+ r(1− kr2)

(
− kr

1− kr2
− 1

r

)
+

1

r
r(1− kr2)− cot2 θ

= r2

(
2

(
dR

dt

)2

+R
d2R

dt2
+ 2k

)
,

R33 = ∂3Γ
λ
λ3 − ∂λΓ

λ
33 + Γλ

λσΓ
σ
33 − Γλ

3σΓ
σ
3λ
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= − ∂0Γ
0
33 − ∂1Γ

1
33 − ∂2Γ

2
33 +

(
Γ1
10 + Γ2

20 + Γ3
30

)
Γ0
33

+
(
Γ1
11 + Γ2

21 + Γ3
31

)
Γ1
33 + Γ3

32Γ
2
33 − Γ0

33Γ
3
30

− Γ1
33Γ

3
31 − Γ2

33Γ
3
32 − Γ3

30Γ
0
33 − Γ3

31Γ
1
33 − Γ3

32Γ
2
33

= r2 sin2 θ
d

dt

(
R

dR

dt

)
− sin2 θ(1− 3kr2)− (cos2 θ − sin2 θ)

+ r2 sin2 θ

[(
dR

dt

)2

− k

]
+ cot θ sin θ cos θ

= r2 sin2 θ

(
2

(
dR

dt

)2

+R
d2R

dt2
+ 2k

)
. (11.59)

Thus, we see that we can write (i, j = 1, 2, 3)

R00 = − 3

R

d2R

dt2
,

Rij = − 1

R2

(
2

(
dR

dt

)2

+R
d2R

dt2
+ 2k

)
gij . (11.60)

We can now calculate the scalar curvature,

R = g00R00 + gijRij

= − 3

R

d2R

dt2
− 3

R2

(
2

(
dR

dt

)2

+R
d2R

dt2
+ 2k

)

= − 6

R2

(
dR

dt

)2

− 6

R

d2R

dt2
− 6k

R2

= −6

(
1

R2

(
dR

dt

)2

+
1

R

d2R

dt2
+

k

R2

)
. (11.61)

Therefore, we obtain the tt (00) component of Einstein’s equation to
be
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G00 = R00 −
1

2
g00R = 8πGT00,

or, − 3

R

d2R

dt2
− 1

2
(−6)

(
1

R2

(
dR

dt

)2

+
1

R

d2R

dt2
+

k

R2

)
= 8πGT00,

or,
1

R2

(
dR

dt

)2

+
k

R2
=

8πG

3
T00. (11.62)

This equation will determine the evolution of the scale factor de-
pending on the value of k and the other components of Einstein’s
equation do not give any additional information.

To determine the evolution of R(t), we need to assume the form
of T µν for the matter distribution of the universe. We assume that
the universe consists of a gas of particles (galaxies) and on a large
scale the velocity of this gas is the same as the velocity of expan-
sion. (Namely, there is no appreciable root mean square deviation
of velocities.) Thus, it is appropriate to neglect the contribution of
pressure to the stress tensor T µν of the system. In that case, we can
write

T 00 = T00 = ρ, (11.63)

where ρ is the density of matter (energy) in our universe. Models
where pressure is neglected (and also the cosmological constant is
neglected) are known as the Friedmann models (universes) and the
equation in this case becomes

1

R2

(
dR

dt

)2

+
k

R2
=

8πG

3
ρ. (11.64)

Let us now study the three cases separately.

11.4.1 k = 1. The matter density varies inversely as the volume so
that we can write (the unfamiliar factor in the volume comes from a
nontrivial metric)
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ρ =
M

2π2R3
, (11.65)

where, we can think of M as the total mass of the universe. In this
case, equation (11.64) has the form (for k = 1)

1

R2

(
dR

dt

)2

+
1

R2
=

4GM

3πR3
. (11.66)

If we define, as before, (see (11.33))

dt = Rdη,
dη

dt
=

1

R
, (11.67)

then equation (11.66) can be rewritten in the form

(
1

R

dR

dη

)2

+ 1 =
4GM

3π

1

R
. (11.68)

The solution of this equation is quite simple.

R(η) = R∗(1− cos η),

R∗ =
2GM

3π
,

t(η) = R∗(η − sin η). (11.69)

As we had noted earlier (see subsection 11.2.1), the case k = 1
corresponds to a closed universe and the evolution of the universe
(scale factor) obtained in (11.69) is shown in Fig 11.1.

This is what is known as a periodic universe. Here the universe
expands and then contracts eventually to a point and then starts all
over again with a period of 2πR∗.
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Figure 11.1: For k = 1 the universe is closed and the evolution
periodic.

11.4.2 k = 0. In this case, equation (11.64) has the form

1

R2

(
dR

dt

)2

=
4GM

3πR3
,

or,
dR

dt
=

√
4GM

3π

1

R
1
2

=
√

2R∗
1√
R
,

or, R(t) =

(
9R∗

2

) 1
3

t
2
3 . (11.70)

These solutions can also be written in the parametric form

R(η) =
R∗

2
η2,

t(η) =
R∗

6
η3. (11.71)

As we have seen, k = 0 corresponds to the flat universe and as is clear
from (11.70), in this case, the universe expands forever as shown in
Fig. 11.2 .
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Figure 11.2: For k = 0 the universe is flat and open.

11.4.3 k = −1. In this case, the evolution equation (11.64) takes the
form

1

R2

(
dR

dt

)2

− 1

R2
=

4GM

3πR3
. (11.72)

Here the volume of the space is infinite and hence we cannot identify
M with the total mass of the universe. Rather, we should think of
this as the total mass contained in a volume 2π2R3. The solution is
again obtained simply by going to the η-variable (11.33)

dt = Rdη,

dη

dt
=

1

R
. (11.73)

The equation, in this variable, becomes

(
1

R

dR

dη

)2

− 1 =
4GM

3πR
, (11.74)

whose solution is
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R(η) =
2GM

3π
(cosh η − 1) = R∗(cosh η − 1),

t(η) = R∗(sinh η − η). (11.75)

Once again, here the universe expands forever and as t → ∞, the
universe becomes flat as shown in Fig. 11.3. We note that for
smaller values of η (or time t), the solutions (11.75) reduce to (11.71).
Namely, initially the open universe starts out as the flat universe.
However, for larger times (η large) the evolution of the open uni-
verse is linear

R ∼ t, (11.76)

which is different from the flat universe.
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Figure 11.3: For k = −1 the universe is open.

11.5 Big bang theory and blackbody radiation

It is clear from the forms of the solutions in the previous section
that our universe started out at some instant of time from a very
small region and is expanding since then. Even in the case of the
periodic universe, we are presently in an expanding epoch. One
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postulates that the univese started with a big bang from a small,
densely packed, hot region and has been expanding ever since and
the expansion is assumed to be adiabatic. This is known as the big
bang theory due originally to Gamow.

If the big bang theory is true, then there must be some relic of
this in the background photon radiation. Namely, throughout the
evolution of the universe the background photons must have been in
thermal equilibrium with the temperature of the background radia-
tion falling with the expansion of the universe. A measurement of the
temperature of the cosmic microwave background (CMB) radiation
can, therefore, test the idea of the big bang theory if only the relic
temperature can be calculated theoretically. Therefore, there was
a lot of interest in such a calculation of the background radiation
temperature quite early on. A careful calculation of this temper-
ature involves a detailed analysis of the primordial nucleosynthesis
and leads to a value of the background temperature to be approx-
imately 3 K. However, there is also a much simpler (approximate)
derivation of this temperature due to Gamow which only uses the
information about the evolution of the universe (avoiding the tech-
nicalities associated with nucleosynthesis) and leads to a value of
about 7 K for the temperature of the background radiation. The
two numbers are in fact quite close and were theoretically derived
much before the experimental observation of about 3 K for the tem-
perature of the background radiation. The experimental observation
of the appropriate relic temperature vindicates the big bang theory
and in what follows we give the simpler derivation due to Gamow so
as to avoid getting into the technicalities associated with the analysis
of primordial nucleosynthesis. However, we would like to emphasize
that a serious discussion of the background radiation temperature
must involve the nucleosynthesis analysis.

In the context of the big bang theory, at very early times the
temperature of the universe was quite high and consequently it was
radiation dominated (matter was negligible). We recall from statis-
tical mechanics that the energy density for radiation in equilibrium
at a given temperature can be related to its temperature through the
Stefan-Boltzmann law as

ρrad =
4σ

c3
T 4, (11.77)
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where

σ = 5.67 × 10−5gm/sec3-K4, (11.78)

represents the Stefan-Boltzmann constant (constant of proportional-
ity). The entropy density associated with radiation is given by

S ∼ T 3. (11.79)

Thus, the total entropy which remains constant in an adiabatic ex-
pansion has the form

S = SR3 ∼ (RT )3 = constant,

or, RT = constant. (11.80)

In his calculation Gamow assumed that our universe is open
(k = −1). Therefore, using (11.77) as well as (11.80) in the Einstein
equation (11.64) for an open universe (k = −1), we obtain for earlier
times

1

R2

(
dR

dt

)2

− 1

R2
=

8πGN

3
ρrad,

or,

(
dT

dt

)2

− T 4 =
8πGN

3
× 4σ

c3
T 6,

or,
dT

dt
= −

√
32πGNσ

3c3
T 3,

or, T (t) =

(
3c3

128πGNσ

) 1
4

t−
1
2 . (11.81)

HereGN denotes the gravitational constant (Newton’s constant) whose
value is given by

GN = 6.6726 × 10−8cm3/gm − sec2, (11.82)
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and we have neglected the T 4 term since at high temperature (ear-
lier times) the T 6 term on the right hand side dominates. (In this
case, the constant in (11.80) also drops out of (11.81).) We have
also chosen the negative sign for the square root to signify that the
temperature of the universe decreases as time increases in an expand-
ing universe. Equation (11.81) leads to the radiation density in the
universe at any time as

ρrad(t) =
4σ

c3
T 4 =

4σ

c3
× 3c3

128πGNσ
t−2

=
3

32πGN

t−2 ' 4.4722 × 105 t−2gm-sec2/cm3. (11.83)

This shows that the radiation density in the universe decreases with
time as we would expect.

Our universe is presently matter dominated and in a matter
dominated universe the matter density has the form

ρmatter ∼
1

R3
. (11.84)

Consequently, the Einstein equation (11.64) for a matter dominated
open universe (k = −1)

1

R2

(
dR

dt

)2

− 1

R2
=

8πGN

3
ρ ' 8πGN

3

1

R3
, (11.85)

can be approximated, for large values of R, by

1

R2

(
dR

dt

)2

− 1

R2
= 0,

or, R(t) ∼ t. (11.86)

Thus, in this case, we have

ρmatter(t) ∼ t−3,

or, ρmatter(t)t
3 = constant. (11.87)
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The constant in (11.87) can be determined as follows. Taking the
present estimate of the matter density in the universe as well as the
present age of the universe (see (11.46))

ρmatter(tp) ' 2.4× 10−31 gm/cm3,

tp ' 13.73 × 109 yrs ' 4.35× 1017 sec, (11.88)

we obtain

ρmatter(tp)t
3
p ' 2.4× (4.35)3 × 1020 ' 1.9755× 1022gm-sec3/cm3,

(11.89)

which determines the matter density at any earlier time t to be given
by

ρmatter(t) ' 1.9755 × 1022 t−3 gm-sec3/cm3. (11.90)

Gamow’s idea was to extrapolate the two asymptotic behaviors
in (11.83) and (11.90) in the following way. (This is clearly very
simple minded, nonetheless the result is quite impressive.) Namely,
we know that in the very early times the universe was radiation
dominated. As time increased the relative density of radiation and
matter decreased and presently we are in a matter dominated uni-
verse. Therefore, at some instant of time, say t∗, during the evolution
the radiation density must have equalled the matter density. That
would determine

ρrad(t∗) = 4.4722 × 105t−2
∗ = 1.9755 × 1022t−3

∗ = ρmatter(t∗),

(11.91)

which determines

t∗ =
1.9755 × 1022

4.4722 × 105
sec ' 4.417 × 1016 sec. (11.92)

Using this in (11.81) we obtain the temperature of the universe at
that instant to be
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T (t∗) =

(
3c3

128πGNσ

) 1
4

t
− 1

2
∗ =

(
c3

4σ

3

32πGN

) 1
4

× 1√
t∗

=

(
27× 1030 × 4.4722 × 105

4× 5.67 × 10−5

) 1
4

× 1√
4.417 × 108

' 72.27K. (11.93)

Recalling that in the matter dominated epoch (see (11.86)),

R(t) ∼ t, (11.94)

and using (11.80) we obtain

T (tp)

T (t∗)
=
t∗
tp
,

or, T (tp) = T (t∗)
t∗
tp

' 72.27K × 4.417 × 1016

4.35 × 1017
' 7.3K. (11.95)

This very crude calculation shows that the temperature of the back-
ground blackbody radiation in the universe at present must be about
7 K which is very close to the observed value of about 3 K. As we
have emphasized earlier, a careful determination of the background
radiation temperature involves a careful analysis of the primordial
nucleosynthesis in the universe and leads to a value of about 3 K
consistent with the observed value. This marks a significant confir-
mation of the big bang theory.
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