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1 Introduction

‘every chapter is an introduction’ (from D’Arcy Thompson)

We are chemists, and as chemists we find it necessary to build models for
the understanding and description of structures in science. This book
concerns the tool we found in order to build and describe structures with the
use of mathematics.

Chemistry, as well as the rest of natural science, is awfully complicated -
because it is Nature. Mathematics is man-made and therefore not as
complicated. We found good use of it from group theory for crystal
structure determination and description [1], and we used the intrinsic
curvature to explain reactions and structures in inorganic solid state
chemistry. We dealt with minimal surfaces, isometric transformations and
applications in natural science [2]. Together with mathematicians and bio-
scientists THE LANGUAGE OF SHAPE [3] was born.

We found the daily use of the mathematics involved somewhat heavy, for
instance the differential geometry, Riemann surfaces or Bonnet
transformations. As chemists we are, we tried new routes - other branches -
of mathematics.

We introduced the Exponential Scale a few years ago, and the articles
published are collected below. The field is unusually rich, and instead of
writing more articles we decided to write this book, and search as deep as
possible into the mathematics.

We found that the 3D representations of the hyperbolic functions are the
concave adding of planes, and the convex subtraction of planes. These give
polyhedra in the first case, and saddles in the second.

We also found that the multiplication of planes give the general saddle
equations and the multispirals. And that the simplest complex exponential
in 3D (also composed of planes) is a fundamental nodal surface, within
0.5% the same as the famous Schwartz minimal surface as found by
Schwartz himself. This surface is in a way identical to a classical chemical
structure. We found that the functions we do can be dissecting into planes
or lines, which may be the roots that build the fundamental theorem of
algebra, and our finite periodicity.
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Here the natural exponential, ¢*, in 3D is a cube corner, and the Platonic
polyhedra are the cosh(x) function. The complex exponentials with the
general permutations in space are the same as the fundamental cubic
symmetries as represented by primitive packing of bodies, face centred
cubic packing, body centred packing and diamond packing.

We derive the equation of symmetry, which really contains the
exponential scale with its functions for solids, the complex exponentials
with all the nodal surfaces, and the GD (gauss distribution) mathematics.

We study the three dimensional structures of mathematical functions, such
as the polynoms of the fundamental theorem of the algebra, the natural
exponential, the circular functions, and the GD functions. And
combinations of these. Doing this we can study the reaction of a sphere
with itself or with a plane, or a complex exponential. And the same for a
polyhedron, and also make the hyperbolic polyhedra. We do the same with
rods or cylinders, or with other objects.

And very important, we study finite, or infinite, periodicity of spheres,
cylinders, or anything.

We study the addition, the subtraction and the multiplication of functions.
This is what we call the Nature of Mathematics.

During the work with this book we were surprised to realise that some
earlier work in chemistry came to daylight again - but now in form of
mathematics. Starting almost 30 years ago, inorganic crystal structures in
the solid state were systematically organised in an axiomatic and hierarchic
way. The crystallographic operations translation, rotation and reflection
were applied to fundamental building blocks in order to describe
complicated structures. The work was finally summarised in a monograph
[5], and later the rod packings were derived [6,7]. All this was ‘handmade’.

Piece by piece we found our descriptions of structures and the structure
building operations in form of mathematical functions. The description of
a structure is the nature of mathematics itself. We are now tempted to say
that crystal structures and 3D mathematics are synonyms.

We also found functions for the rod packings, and for defects in solids. And
the mathematics for giant molecules like the cubosomes, the DNA double
helix [8], and certain building blocks in protein structures. With the
mathematics for dilatation we make twins, trillings, fourlings and sixlings.
With the GD mathematics we make them periodic.
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Some beautiful work in chemistry has been carried out using the ELF
(electron localisation function) method from quantum physics the recent
years. The ELF descriptions of the boron hydrides are of particular interest
[4] here as they also are described by fundamental functions in several
different kinds of mathematics. They show up as simple roots to the
fundamental theorem of algebra. They also show up in the ‘cubosome’
mathematics, in the GD mathematics and also as products of GD functions
and complex exponentials.

We conclude:

We see topologies, more or less by accident, that are relevant to natural
sciences.

We see motion, attraction, or repulsion without the notions of time, speed
or acceleration.

We see molecules or crystal structure, without the notion of energy.

We make molecules or structures from the fundamental theorem of algebra.
We make molecules or structures from the Gauss distribution function.

This is what we call the Mathematics of Nature.
So we had the name to this book.

We found we had - unintentionally - written a continuation of THE
LANGUAGE OF SHAPE.
Michael Jacob
Sten Andersson

Stockholm, Sweden
Sandvik, Oland
March 1998
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2 The Roots of Mathematics - the Roots of Structure

Kant had said that it was Nature herself, and not the mathematician, who
brings mathematics into natural philosophy (D’Arcy Thompson [1]).

Here we describe the fundamental theorem of algebra in two and three
dimensions, and show that functions often can be dissected into straight
lines or planes. Polynomial products with suitable roots contain the
commencement of periodicity and we give the link to the sinus function.
Permutations of variables, and polynomial additions in three dimensions
give the fundamental polyhedra, structure of simple molecules in natural
science, and the core of the fundamental sphere packings.

We give the link to The Exponential Scale.

We study saddles, and also some important minimal surfaces.

In Appendix 1 we introduce you to Mathematica, differential geometry,
shapes of polyhedra and curvature.

2.1 Multiplication of Polynomials

The idea with this book is to study the variation of the variables x, y and z,
which includes geometry. We will mainly work in 3D space, and only in 2D
or 1D to clarify.

Mathematics have numbers, negative and positive, with the important zero
in between.

For functions there are variables, and we explain these following Hardy [2]:
When a volume V of a gas is compressed with a pressure p, the product of p
and V is constant (Boyle’s law - this is natural science so there are
deviations, but we assume it is ideal).

pV=C 211

With C being the constant, this means that if p is large, V is small and vice
versa, just like using a manual pump for the filling of air in an empty tube
to your bike. We have here described variables, but normally we call them x
in one dimension, x and y in two dimensions, and x, y and z in three
dimensions.
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2 2
1 1
0 0
-1 -1
-2 _9
-2 -1 0 1 2 -2 -1 o0 1 2
Fig. 2.1.1. Equation after 2./.2 with Fig. 2.1.2. C=0.1
C=0.
2 2
1 1.5
1
0
0.5
-1
il
-2
-2 -1 0 1 2 0 0.5 1 1.5 2
Fig. 2.1.3. C=0.01 Fig. 2.1.4. C=0.1

We plot this our first function after equation 2.1.2 (capital C means
isosurface constant throughout this study).

xy=C 2.1.2

With C=0, 0.1, 0.01 and 0.1 we get figures 2.1.1, 2.1.2, 2.1.3 and 2.1.4.
When C=0, two lines intersect as in 2.1.1, and as soon as C#0 as in 2.1.2
and 2.1.3 the lines divide. Figure 2.1.4 is the part of the function that
corresponds to Boyle’s law above, with only positive values for the
variables.
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The Roots of Mathematics - the Roots of Structure

From this we learn that this function is described by two lines that cross
each other without intersection for C different from 0.

We bring in the roots
x)(x=1)
and
X —2x% +x= )EE-DE+1)
and study these in two dimensions, x and y:
-y -D=C 2.13
and
X)EE-DE+D(y)Xy-D(y+1)=C 2.14

In figures 2.1.5 and 2.1.7 C=0, and in 2.1.6 and 2.1.8 C=0.01.

3 3
2 L L
1 1
0 0 f—
-1 -1
-2 )
R R Iy w—
Fig. 2.1.5. Equation after 2./.3 with Fig. 2.1.6. C=0.01

C=0.
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w

\e]
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; _J U
, S

(=]

1

-2 -2

-3 3
-3 -2 -1 0 1 2 3

-3 -2 -1 0 1 2

w

Fig. 2.1.7. Equation after 2.1.4

Ay Fig. 2.1.8. C=0.01

We have seen one of the most important properties of science: the
commencement of periodicity itself and how it comes from the roots of an
algebraic equation. The idea is to show how such an equation looks like in
two and three dimensions - we have chosen roots that give equidistant
translation in order to keep complexity down. In figure 2.1.7 the output is
more than the input, here there are 9 points identical via translation
originating from the three points in x and three in y. C=0.01 in equation

2.1.4 produces a structure of a continuos function of separated particles in
figure 2.1.8.

We continue with the equation of the seventh degree:

x7 —14x> +49x* ~36x=C
or

X =D+ D)(x=-2)(x+2)(x=-3)x+3)=C 2.1.5
The periodicity in 2D is shown in figure 2.1.9 after equation 2.1.6.

x(x—D(x+D)(x-2)(x+2)(x-3)(x+3)

2.16
Yy -D(y+ D)y -2)(y+2)(y -3}y +3)=C=0
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4 4

2 2

0 0
-2 -2
-4 =4

-4 -2 0 2 4 -4 =2 0 2 4

Fig. 2.1.9. Periodicity after equation Fig. 2.1.10. Defect structure after
2.1.6. equation 2./.7.

We can make a defect structure as well, by omitting one line in equation
2.1.7 as shown in figure 2.1.10.

x(x=D(x-2)(x+2)(x—3)(x+3)
Yy =Dy + Iy =2)(y +2)(y =3)(y +3)=C=0

2.1.7

10
5

—
3
i
W
2

1
a -
o
—_—

f
F —
&
i AN
o X
AN
o s
RO
w S ; %
LN
[ “ #‘.
o 2eas,
bl
[~

Fig. 2.1.11. Equation after 2.1.8 Fig. 2.1.12. Equation after 2.1.8
with C=I. with C=-1.

We extend to 3D with the function in 2./.8 as shown in figure 2.1.11 with
C=1. In 2.1.12 C=-1 to show the reverse tetrahedral symmetry with larger
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boundaries and changed sign of the constant. This also to show the planes
which build up the surface.

xyz=C 2.1.8

This space contains symmetry, the structure is tetrahedral with four
identical surfaces from three variables. Increased boundaries show four
“cube corners” that make the first fragment of periodicity. The total
structure at C#0 is built of perpendicular and non-intersecting planes.

More roots show extended periodicity using the polynom 2.7.9.

YN (x =) (x+D)(x=2)(x+2)
(y-Dy+D(y-2)y +2)
(z=1)z+1)¥z-2)z+2)=0.1

or the identical

N2 =1)(y? =1)(Z2 - 1)

2.1.9
(P - A)(y* - 4) (2 -4)=0.1

Fig. 2.1.13. Equation after 2.1.9 with C=0.1.
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In figure 2.1.13 the central part of the function is shown which is the
structure of face centred cubic arrangements of bodies. With larger
boundaries and the same function 2.1.9, we see the formidable periodicity
in figure 2.1.14.

Fig. 2.1.14. Equation after 2./.9 with larger boundaries shows
periodicity of the fundamental theorem of algebra.

The result above is very similar to the fundamental solution of the wave
equation:

sinxsinysinz=0 2110

How comes? We have seen that periodicity itself is simple, exact and easily
obtained with well chosen equations. But this periodicity is finite, as most
phenomena in nature are. Going infinite means infinite products and we
arrive at one of the definitions of sine as shown in 2.1.71.

( x2 2 2
sinx = x(1-—)(1- X1-
n? 2252 3252

) i 2111

or
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oo 2
sinx=x[]| 1- -~

r=1 rnt

A first rearrangement gives equation 2.1.12,
sinx=(n"n!)? x(x*-n?) (277 (X*-3°%) (x*-4*1)..(x*-n*md)..2.1.12

and finally polynoms as 2.1.13.

sinmx = —= —X(E = D)(x7 - 4)(x? = 9)...(x* - n?) 2113

(n)

This clearly shows the relationship between sinus and the algebra, the roots
of the polynom are the nodes of the circular function.

For n=12 we have plotted this function together with sinmx in figure
2.1.15.

Fig. 2.1.15. Equation 2./.13 with twelve roots compared with sin7x.

The description of a structure with an algebraic equation has advantages -
one is that changes can be introduced as a part of the function. We did so
above in 2D and do so using equation 2./.9 in 3D and take away one plane
as in 2.1.14, which is shown in figure 2.1.16.

(YD) (x = D(x+1(x—2)(x+2) 2114
(y =Dy + Dy =2)(y +2)(z - 1)z +1)(z-2)(z+2) = 0.1 -

Instead of taking away the plane we can move it after equation 2.1.15
which is shown in 2.1.17.
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(x=03)(y)z)(x=D(x+1)(x-2)(x+2)

2513
Sy =Dy + Dy =2)(y +2)(z- 1)z +1)(z-2)(z+2)=0.1

Fig. 2.1.16. One plane is missing after equation 2.1./4.

We may choose any roots and as there are two or three variables whose
combinations give more roots, the output becomes larger than the input.
Another way to say this is that lines in 2D - or planes in 3D - meet. Any
roots produces lines or planes, which may be irregularly spaced, but as the
planes or lines are parallel, there is a structure. It may or may not have a
sharp Fourier transform indicating long range order. Algebra offers beautiful
models via its roots for natural solids and supports the structure building
principles and the models for planar defects as developed for crystals [3].
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Fig. 2.1.17. The plane is back but moved.

2.2 Addition of Polynomials

The fundamental theorem of algebra says that every algebraic equation has
a root, which means that a polynomial like

f(z)=a,x" +an_1x“'1 +..ax+ag 2.2.1
always can be written as a product of the roots:
f(z) = k(x—x{)(x=X2).....x—Xp) 2.2.2

We just studied this theorem in 3D by multiplying the x, y and z terms.
Addition is the next step, and the first formula is the simplest;
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Myt 42t =C 2.2.3

With n=2 there is the sphere, and n=4 brings out the character of the
planes with a constant of 100 in figure 2.2.1.

Fig. 2.2.1. Equation 2.2.3 with Fig. 2.2.2. Equation 2.2.3 with
n=4, n=10.

Fig. 2.2.3. Equation 2.2.3 with Fig. 2.2.4. Equation 2.2.3 with
n=3 and C=0. n=3 and C=5.
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For n=10 and the same constant there is figure 2.2.2, and we see that the
curvature of the corners increases with n. Similarly the permutations of
variables in space give the octahedron, the tetrahedron and the rhombic
dodecahedron. But more about that in the next chapter.

Odd n in equation 2.2.3 brings in negative numbers, and the result is
hyperbolic geometry where planes meet in a centre point. Adding a
constant brings in a cube corner and with this elliptic geometry. Figures
2.2.3 and 2.2.5 are for n=3 and n=5, both with C=0. Figures 2.2.4 and 2.2.6
are for n=3 and S5, and C=5. Higher exponentials increase sharpness and
plane character, and curvature.

Fig. 2.2.5. Equation 2.2.3 and Fig. 2.2.6. Equation 2.2.3 and n=5
n=5 and C=0. and C=5.

The observations above are contained in the power expansions of the
natural function

e* =coshx +sinhx 224

where
coshx = %(eK +e %)

and
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sinhx = %(ex -e™™)

This is beautiful in three dimensions - cosh is elliptic and gives the
polyhedra and morphology of crystals, whereas sinh is hyperbolic and gives
the monkey saddles, which is the commencement of periodicity. The
expansions below show that the geometry above is contained in the general
functions:

coshx+coshy +coshz =
_—_3+%(x2+y2+22)+%(x4+y4+z4)...= 225
=e"+e¥ +ef+e F+e TV +e7?
Clearly it will become more cubic with more terms.
The other expansion is
sinhx+sinhy +sinhz =
=x+y+z+%(x3+y3+z3)+é(x5+y5+zs)...= 2.2.6

X A

=e*+e¥ +ef-e ¥ -eY —e”
The exponential functions are the general case and we have said they
belong to the Exponential Scale [4]. This will be further developed in the
next chapter.

We recall equation 2.2.3 again and point out that for n even we had elliptic
geometry, and for n odd we had hyperbolic geometry.

Bringing in roots as in equation 2.2.7 means (finite) periodicity. And how a
cube gradually turns into a cubic periodic structure.

x(x—-Dx+D+y(y-I(y+D+z(z-1)}z+1)=0 2.2.7
The result is shown in fig. 2.2.7, and with larger boundaries and a different
direction in 2.2.8. We use this topology to give the mechanism for how

matter goes through a wall without making a hole in it (much has been
written about the cubic equation but we doubt there is anything like this);

x3—2x2+x+y3—2y2+y+z3—2zz+z=C 2.2.8
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With a C of -0.5 we have figure 2.2.9, with a const of 0 figure 2.2.7 and 8,
and for a constant of 0.5 figure 2.2.10.

Fig. 2.2.7. The cubic equation from Fig. 2.2.8. As Fig. 2.2.7 but with
2.2.7 with C=0. larger boundaries and different
direction.

Fig. 2.2.9. The cubic equation . -
i =05, Fig. 2.2.10. C=0.5

Figure 2.2.7 is the origin of the P surface (see appendix 2) and is as this
periodic, and steadily growing out of a surrounding surface by expanding
each equation with more roots as in the following few figures. We start
doing this in equation 2.2.9 with one more term and its figure 2.2.11, which
is close to the electron structure of our first molecule, B¢Hg [5]. This dual
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form of the molecule is now a finite periodic structure as shown in figure
2.2.12 for a constant of 36, and which also is a primitive cubic structure.

X(x-Dx+D(x-2)+y(y - Iy + 1INy —-2)
+2(z—1)(z+1)(z-2)=-1

2.2.9

Fig. 2.2.11. Equation from 2.2.9 Fig. 2.2.12. Constant of 36 gives a
gives electron structure of BsHg, as finite primitive arrangement of
a larger part of the P surface. bodies.

Still another term, as in equation 2.2.10, gives figure 2.2.13 with a larger
part of the P surface in the centre of the monkey saddle.

X(x = D(x+D(x-2)(x+2)+y(y - D(y + D(y =2Xy +2)
+z(z—1)(z+1D)(z—-2)z+2)=0

2.2.10

Finally in equations 2.2.7/ and 2.2.12 there are more terms and the
corresponding figures are 2.2,.14 and 2.2.15 with still larger parts of the P
surface. Figure 2.2.14 has been made more P-like by adding a constant.
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Fig. 2.2.13. More roots give a larger part of the P surface.

X(X = DX+ D(x=2)(x+2)(x-3)(x+3)
(x=4)E+H(x-5)x+5)(x—6)

+y(y = D(y + D(y —2)(y +2)(y - 3Xy +3)
Sy —4)y +4)y —5Xy +5)(y —6)
+z(z-1)(z+1)(z-2)Xz+2)(z-3)(z+3)

- (z—4)(z+4)z-5)z+5)z-6)=20000

2.2.1%

X(x =D+ D(x=2)(x+2)x-3)(x+3)
S (x=4)(x+4)(x-5)(x+5)(x—6)(x+6)
+y(y = D(y + D(y =20y +2)(y =3)(y +3)
(y =4y +4)(y —SKy +5)y —6)(y +6)
+2z(z—1)(z+1)(z-2)z+2)(z-3)z+3)
(z=4)(z+4)z-5)z+5Xz-6)z+6)=0

2.2.12
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Fig. 2.2.14. Roots after equation 2.2.11,

ig. 2.2.15. Roots after equation 2.2.72.



24 Chapter 2

We continue with the simplest permutations of the variables x, y and z,
which are (X'*'Y), (X+Z)> (Y'*'Z), (X‘Y)a (X'Z)a (Y'Z) and (X+y+Z), (X—y-Z), (_X'
y+z), (-x+y-z). We have already made the cube from equation 2.2.3, and as
said it is easy in the same way to show the rest of the symmetry of space
with the other fundamental polyhedra - the octahedron, the tetrahedron
and the rhombic dodecahedron. As the general case is the use of the
exponential scale instead of algebra or classic geometry, this will be
developed in the next chapter.

Bringing in the roots after translation in these permutations of the 3D
variables give the first fragments of periodicity. We have already done the
beginning of the primitive cubic packing and the related molecule B¢gHg [5]
above and continue with the octahedron of a presumptive BgHg with the
equation

[(x+y+2)* —1[(x+y +2)* - 9]
Hx-y-2)* - l[(x-y-2)*-9]
H(-x-y +2)* ~1)[(-x—y +2)* -9]
H(—x+y-2)* - 1J[(-x+y-2)*=9]=-10

2.2.13

The structure is shown in figure 2.2.16, which is the beginning of the cubic
close packing. Next is the tetrahedron, or BJH,, the equation of which is
2.2.14, and the molecule in figure 2.2.17 gives the beginning of the
diamond structure.

(x+y+z)(x+y+z-DE+y+z+)(x+ty+z-2)
+Hx—-y-2)(x-y-z-1)(x-y-z+1)}(x-y—-z-2)
H=x-y+z)(-x-y+z-D)(—x-y+z+1)}—x-y+z-2)
Hy-z-xNy-z—-x~1)(y-z-x+1)(y-z-x-2)=-0.6

22,14

Equation 2.2.15 has the symmetry of the rhombic dodecahedron, with its
compressed octahedron as shown in figure 2.2.18, and which is the
beginning of body centred packing of bodies.

[(x+y)? —TI[(x+y)* =91 +[(x~y)* = 1][(x~-y)* 9]
Hx+2)? ~1[(x+2)? -9] +[(x - 2) - 1][(x~ z)* 9] 2.2.15
H(y +2)? ~1[(y +2)° =91 +[(y ~2)* - 1I[(y —2)* -9] = 23
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2

Fig. 2.2.16. From equation 2.2./3
the structure is the electron density
of BgHj, dual of the molecule and
beginning of the cubic close packing
of bodies.

Fig. 2.2.17. From equation 2.2.14
the structure is BsH,, the beginning
of the diamond structure.

Fig. 2.2.18. From equation 2.2.15 the structure is the beginning
of the body centred packing of bodies.
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As was the case with the primitive cubic structure and the P surface above
in figures 2.2.11 and 2.2.12, these polyhedra also constitute small parts of
translation structures. The nodal surfaces [6] - topologically related to the
periodic minimal surfaces [7] - are here the FRD-surface for the
octahedron, the D-surface for the tetrahedron and the IWP-surface for the
rhombic dodecahedron.

The simplicity is astonishing. The roots of these functions are the
symmetry of space and also the roots of structure and mathematics. How is
it that they are also very close to the ELF structures of molecules?
Symmetry brings the fundaments of chemistry and mathematics together.

There are of course many ways to mix addition and multiplication in space

and we shall just do one more, a simple, but important one in the section to
follow.

2.3 Saddles
The classical saddle equation is

x?—y?—z=(x+y)(x-y)-z=0 2.3.1
and in figure 2.3.1 there are planes, (x+y) and (x-y), multiplied with each

other in equation 2.3./, and subtracted by z. Only a rotation of n/4 differs
this equation from xy-z=0 (see below).

E
g
/
01
f
i"
’

e SRR
e

S

——
TR

Fig. 2.3.1. Multiplication of two Fig. 2.3.2. Multiplication of tl_u'ee
planes as in equation 2.3.7 gives planes as in equation 2.3.2 gives
the classical saddle. the classical monkey saddle.
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The planes are perpendicular and with a set of three meeting and non-
intersecting planes separated by 7/3 there is the classic monkey saddle as in
equation 2.3.2 and figure 2.3.2.

x(x2 =3y%)-z=0 2.3.2

The saddle function becomes periodic along ¢ by using a circular function,
as cos(z);

(x+y)x—-y)—cosnz=0 233

Its surface in figure 2.3.3 is very similar to a classical minimal surface, the
so-called Scherk’s surface (exercise 2.4).

The corresponding tower surface for the monkey saddle is

x(x2-3y2)—cosnz=0 234

which is shown in 2.3.4.

Fig. 2.3.3. The saddle is repeated Fig. 2.3.4. This tower surface is
along z after equation 2.3.3 and derived from the monkey saddle as
form atower surface. in equation 2.3.4.

The concept of deriving saddles by non-intersecting planes can be
generalised [8] to

i<n : .
[Tixcos(:Z)+ysin(Z)] -z =0 235
i=0 n n
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Fig. 2.3.5. Illustration of the general saddle equation 2.3.5. (a) Two-fold saddle
created with n=2, in the region -2<x,y,z<2. (b) Three-fold saddle with n=3 in the
region -3<x,y,z<3. (c) Four-fold saddle with n=4, -3<x,y<3, -2<z<2. (d) Five-fold
saddle with n=5, -2<x,y,z<2. (e) Six-fold saddle with n=6, -2<x,y,z<2. (f) 17-fold
saddle, n=17, -3<x,y<3, -2<z<2.
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Fig. 2.3.6 Equation 2.3.6 for saddle tower surfacesat corresponding n-values to Fig.
2.3.5. (a) Saddle tower surface with n=2 and p=1.0. Illustrated in the region
-4<x,y<4, -6<z<6. (b) Three-fold saddle tower (n=3, p=n), -3<x,y,z<3. (c) Four-fold
saddle tower (n=4, p=m), -3<x,y,z<3. (d) Five-fold saddle tower (n=5, p=nm),
-3<x,y,z<3 (e) Six-fold saddle tower (n=6, p=n), -3<x,y,z<3. (f) 17-fold tower, n=17.
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and in figures 2.3.5 a-f there are saddles for n=2, 3, 4, 5, 6 and 17, the last
one to indicate the generality.

And as above these saddles can be repeated after z using a circular function,
and beautiful surfaces are obtained, topologically the same as the minimal
surfaces called tower surfaces. The general equation for these surfaces is

i<n in . I
I [xcos(;) +y sm(;)] —cos(pz)=0 236
i=0

where p is the distance between saddles. The surfaces corresponding to the
saddles above are shown in figures 2.3.6 a-f.
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Exercises 2

Exercise 2.1. coshx + coshy + coshz-10=0 is a rounded cube. Make it more
cube-like by subtracting a sphere according to the expansion.

Exercise 2.2. Square equation 2.28 and study the surface.
Exercise 2.3. Find a Fibonacci structure in two dimensions using polynoms.
Exercise 2.4. Plot the real Scherk minimal tower surface sinz=sinhxsinhy.

Exercise 2.5. Plot the Scherk’ first surface e’cosx=cosy, which also is a
minimal surface.

Exercise 2.6. Plot the surface e"cosmx=y. Extended boundaries (£ 3, £ 3,
5 of x,y,z) reveal an incredible transformation of an infinite number of
planes into a single one. This equation is also a solution to the heat
equation and was found to describe the seasonal variation of temperature
below ground as a fraction of surface temperature [9].

This function has also been found to describe the potentials of a field
between parallel electrodes terminated by a plane electrode [10].

Exercise 2.7. Describe the first tower surface and the helicoid with
polynoms to show that finite periodicity is useful. The equations are
xy+cosz=0 and xsinz+ycosz=0.
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Answer 2.1

a. ContourPlot3D[ Cosh[x]+Cosh[y]+Cosh[z]-.5 (x"2+y"2+z"2)-10,
{x,-4,4},{y,-4,4},{z,-4,4} MaxRecursion->2,PlotPoints-
>({5,3},{5,31,{5.3},

Boxed->False,Axes->True,AxesLabel->{X,y,z}]

b. ContourPlot3D[Cosh[x]+Cosh[y]+Cosh[z]-10,

{X,-4,4} E) {y"4a4} ] {2’494} t]
MaxRecursion->2,PlotPoints->{{5,3},{5,3},{5,3} },Boxed->False,
Axes->True,AxesLabel->{x,y,z}]

o 5 ,

;J
)

e

e

=

s S
=

RS
b

Fig. 2.1. a.

Answer 2.2 .
ContourPlot3D[ (x y 2z)"2-1,{x,2,-2},{y,2,-2},{2,2,-2} ,MaxRecursion->2,
PlotPoints->{{5,3},{5,3},{5,3} } ,Boxed->False,Axes->True]

Answer 2.3
ImplicitPlot[ (x-1) (x-2) (x-3) (x-5) (x-8) (x-13) (y-1) (¥-2) (y-3) (y-5)
(y-8) (y-13) ==0,{x,-1,14},{y,-1,14}PlotPoints->200]

Answer 2.4

ContourPlot3D[Sin[Piz]-Sinh[Piy]Sinh[Pix], {x,-3,3},{y,-3,3},{z,-2.1,2.1},
MaxRecursion->2,PlotPoints->{{4,4},{4,4},{4,4} },
Boxed->False,Axes->True]



The Roots of Mathematics - the Roots of Structure 33

Fig. 2.2.
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Answer 2.5
ContourPlot3D[Cos[Pi x] E”z-(Cos[Pi y]),{x,2,-2},{y,2,-2},{z,4,-4},

MaxRecursion->2,PlotPoints->{{5,3},{5,3},{4.,4}},
Boxed->False,Axes->True]

Note the different resolution in z.

Answer 2.6

ContourPlot3D[Cos[Pi x] E*z -y,{x,3,-3},{y,3,-3},{z,5,-5},
MaxRecursion->2,PlotPoints->{{3,5},{3,5}.{3,5} },
Boxed->False,Axes->True]

Answer 2.7. We use the fundamental theorem of algebra just as a
translation function:

x y + z (z+.5) (z-.5) (z+1) (z-1) (z+1.5) (z-1.5)=0

and the result is in 2.7.a and is nearly identical with the minimal surface of
Scherk in 2.7.b.

The helicoid is also a saddle function

xsinz+ycosz=0
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We construct an equation with the polynomials of the algebra, with proper

phase shifts to give the helicoid surface:

xz(z+1)(z—1)0(z+2)z-2)z+3)z-3)+

=0

+y(z+0.5)(z—0.5)z+ 1.5)(z=1.5)(z+2.5)(z~2.5)

The result is below and the similarity with the screw surface as calculated
from the circular function is extraordinary, as the reader may find out for

himself.

Fig. 2.5.
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-0.5 0 0.5
Fig. 2.7.c.
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3 The Natural Function and the Exponential Scale

‘for the present the reader may be content to draw his curves as common
sense dictates’ (Hardy) [1].

Here we give functions to polygons and polyhedra using the Exponential
Scale. We calculate curvature. We derive the equation of symmetry in
space and the fundamental polyhedra; the cube, the tetrahedron, the
octahedron and the rhombic dodecahedron. We derive the equations for the
icosahedron and the pentagonal dodecahedron from the equations of
fundamental polyhedra. We give the mathematics for hierarchy and the
compound polyhedra.

3.1 Polygons and Planar Geometry

The function
y =e* 311

is y=e-e-e.. multiplied x times. This is called the natural exponential,
which we will have great use of in this book.

The natural number e was invented by Euler and he realised it to be so
important that he named it after himself. The easiest way to define it is via
its expansion:

2 x x*

Xo1e X X X X L 312
2t 3 4

The number e itself is calculated by making x=1, and results in e=2.718...

The important property that its derivative is identical with the function
X

. e . . . . o
itself, o e®, is easily realised from the expansion by derivating it.
X

The first function is equation 3.1.3 , in fig 3.1.1. This is really two straight
lines, continuously transforming into each other.
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y+e*=0 3.13

We continue with a number of functions below.

e*=0 314
e’ =0 315
eX+e¥ =1 316
x+y=0 3.17
Y =1 318

First we look at €* =0 which is a straight line in the same way as e is, in
figs 3.1.2 and 3.1.3. Adding the two after eq. 3.1.6 gives us the remarkable
corner of 3.1.4. Just adding x+y gives the straight line in 3.1.5 which is the
tangent to the corner as shown below. We see in 3.1.6 that e**¥ also is a
straight line.

3

0
2
-5 1
-10 0
-1

-15
-2

-20
-20 -15 -10 -5 O -3

-3 -2 -1 0 1 2 3

Fig. 3.1.1. After equation 3.1.3. Fig. 3.1.2. After equation 3.1.4.
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3

5 0

1 -2

0 -4
-1 -6
-2 -8
R R G S
Fig. 3.1.3. After equation 3.1.5. Fig. 3.1.4. After equation 3.1.6.

3 3

2 2

1 1

0 0
-1 -1
-2 -2
-3 -3

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
Fig. 3.1.5. After equation 3.1.7. Fig. 3.1.6. After equation 3.1.8.
We add two more lines to eq. 3.1.6,

e*+ef +te ¥ +eV =C 319

and for a constant of respectively 10> and 10" we have the squares in
figures 3.1.7 and 8. By calculating curvature (see Appendix 4) of the square
corner we find it approaches a constant value of V2/2 with size; it is the
size difference that makes the square in fig. 3.1.8 having sharper corners.

Exponential addition in 3.1.10 of a tangent truncates the square in fig.
3.1.9.
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By subtracting the tangent we open the square as in fig. 3.1.10 and by
adding all the tangents we get the formidable octagon in fig. 3.1.11.
Subtracting all the tangents give the beautiful figures in 3.1.12 and 13.

eX+eY +e XY +e003x+Y) 1! 3.1.10

e +eY +e X+ —e0xHY) 1ot 3.1.11

e*+e’ +e  +e7

3.1.12
+e0.65(x+y) +e—0.65(x+y) +e0.65(x—y) +e—0.65(x—y) - 1011
X oY te Xia ¥
e*+e’ +e X +e 3113
_e0.65(x+y) _e—0.65(x+y) _60.65(x—y) _e—0.65(x—y) =0
e +e’ +e ¥ +eV —eX+e¥ +e +eY 3714
_60.65(x+y) _e—0.65(x+y) _60.65(x—y) _ e—0.65(x—y) - 105
g N
4 20
2 10
0 0
-2 -10
) -20 L
J
-4 -2 0 2 4 -20 -10 0 10 20

Fig. 3.1.7. After equation 3.1.9. Fig. 3.1.8. After equation 3.1.9.
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20

10

-10

-20 J
A

-20 -10 0 10 20

Fig. 3.1.9. After equation 3.1.10.

20

10

-10

-20

-20 -10 0 10 20

Fig. 3.1.11. After equation 3.7.72.

10

-5

-10

43

-10 -5 0 5 10

Fig. 3.1.10. After equation 3.1.11.

2

(=)

1

o

(=]

-10

-20

-20 =10 O 10 20

Fig. 3.1.12. After equation 3.1.13.
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20

10

(=)

-10

-20

-20 -10 0 10 20

Fig. 3.1.13. After equation 3.1.14.

On the exponential scale the addition of lines gives circular geometry,
while subtracting gives hyperbolic.

A great deal of classic geometry the last 2300 years consisted of adding
lines or planes to construct more and more complicated polygons or
polyhedra. This is easily done with the exponential scale. We derive
general expressions for polygons, and use the formula 3.7.15 to find the
lines to be added in 2 D for an m-gon.

i<m : :
3 (xcos(Z)+ysin(-Z)) 3115
i=0 m m

and the general expression for any polygon becomes

i<
1_2m e(xcos(in/m)+ysin(i1t/m))n =C 3116
i=0
Fig 3.1.14 is a triangle, m=3, n=1 and C=20. In fig. 3.1.15 n=3, and the
advantage of higher exponential is obvious. The equation for the triangle is

in eq. 3.1.17, and we continue with the equations for the square, the
pentagon, the hexagon and the heptagon.

In the examples below n=4 for m even, and n=3 for m odd.
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4 4
2 2
0 0
-2 -2
-4 -4
-4 -2 0 2 4 -4 -2 0 2 4
Fig. 3.1.14. After equation 3.1.16, Fig. 3.1.15. After equation 3.1.17.

m=3, n=1 and C=20.

Triangle

e(xcos(1t/ 3+y sin(n/ 3))3 + e(xcos(21t/ 3)+ysin(21r,/ 3))3
3.1.17

+e(Xc0s(3/3)+ysin(3n/ 3 _ 2.10°
Square

o(xcos(n/2)+ysin(n/2)* | e(xcos(2n/2)+ysin(21t/2))4 =2.10° 3118

Pentagon
e(xcos(n/5)+ysin(1t/5))3 + e(—xcos(21t/5)—-ysin(21t/5))3
+ e(xcos(3n/5)+ysin(3n/5))3 + e(—xcos(4n:/5)—ysin(4n/5))3 3119

+ e(xcos(51t/ 5)+ysin(5n/5))° =2-10°
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2 4
1 2
0 0
-1 -2
L
-2 -4
-2 -1 0 1 -4 -2 0 2 4

Fig. 3.1.16. After equation 3.1.18.

-2 -1 0 1 2

Fig. 3.1.18. After equation 3./.20.

Hexagon

Fig. 3.1.17. After equation 3.1.19.

-2 -1 0 1 2

Fig. 3.1.19. After equation 3./.21.

e(xcos(n/3)+ysin(1t/3))4 + e(xcos(2n/3)+ysin(21t/3))4

+e(xcos(31t/3)+y sin(3m/3))* =2.10°

3.1.20
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Heptagon

e(xcos(n/7)+ysin(n/7))* +e{—xcos(2ﬂ/7)—ysin(2n/7))3
+e(xcos(3n/7)+ysin(3n/?))3 5 e(—xcos(4n/7)—ysin(4u/7))3 p—
+e(xcos(S?l:/?)+ysin(5n/'?))3 + e(-xcos{6nf‘?)——ysin(61t/‘?))3

+e(xcos(?n/?)+ysin(7ﬁ/7})3 =2.10°

3.2 Polyhedra and Geometry

We apply the polygon results in 3D. In fig. 3.2.1 we have added two planes
on the exponential level, in fig. 3.2.2 three planes, and in 3.2.3 six planes
and the equations are 3.2.1, 3.2.2 and 3.2.3 respectively.

10° +10Y -=10°=0 321
10 +107% +10Y —10° =0 322
105 +107%*+10Y +107Y +10%+1072-10° =0 323

Fig. 3.2.1. Two planes meet on the Fig. 3.2.2, Three planes meet on
exponential scale. the exponential scale.
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Fig. 3.2.3. A cube after equation 3.2.3.

We can of course make the rest of the Platonic solid. We can calculate all
sorts of crystal shapes. You can invent your own polyhedra and calculate
them. We show you how with the tetrahedron in Appendix 3.

We show the tetrahedron and the octahedron with their equations.

Xty +2) | o(x=y-2) L o(-X-y+2) L (-X+Y=2Z) _ 400 3.2.4

S(XHY+2) | (x-y=2) | (-X-y+42) | (-X+y-2) —
+e7(X¥Y42) 1 o= (x7Y=2) g~ (=X=¥+2) | o (=X+Y-2) _ 40000
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D -
o]
Fig. 3.2.4. A tetrahedron after Fig. 3.2.5. An octahedron after
equation 3.2.4. equation 3.2.5.

Another way saying this is that ¢**Y*2) s a plane, and we call it an

exponential plane. If such planes are added together we can construct
morphological shapes with continuos mathematical functions.

By adding eight octahedral planes with weighting after eq. 3.2.6 the cube is
truncated as in fig. 3.2.6, and by changing sign for one of the terms
(xty+z) as in eq. 3.2.7 we get the picture of 3.2.7. As in two dimensions.

10Xty +2) L 10(x=y=2) 4 1o(=x-¥+2) { 1o(-X+y-2)
+107XHY42) 4 107 (x=Y=2) 4 1g(-xmy+2) g ~(x4y—2) 3.2.6

—10%FY+2) L 10(x=y=2) o 1(-X=¥+2) 4 1o(-Xty-2)
+107HY+2) 4 19~(x¥=2) 4 1~ (7xY+2) L 1o (-x+y-2) 32,7

We do the same with the rest of the comers (eq. 3.2.8) and have the
formidable fig. 3.2.8.
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4

Fig. 3.2.6. A truncated cube after Fig. 3.2.7. Subtraction of one
equation 3.2.6. truncation opens the cube after
equation 3.2.7.

Fig. 3.2.8. Subtraction of all truncations opens all corners of the cube
after equation 3.2.8.
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_100x+y+2) _o(3-y-2) _ jo(-x-y+2) _{o(-x+y-2)
(st T e e | e e [ e 328

+102.3X + 10—2‘33( + 1023)’ + 10—2.3)( + 10232 + 10—2.33 = 1010

Another simple way to show this effect is by changing sign for one of the
terms in the equation for the cube:

e +e¥ +ef+e ¥ +e Y —e ¢ =100 329

This is shown in fig. 3.2.9, and with 3.2.70 we get two more catenoidic
openings as shown in figs. 3.2.10 and 11, with constants of C=-30 in fig. 10
and C=+30 in 11. The monkey saddle in fig. 3.2.12 (with planes (110)) is
clearly a transition state at zero constant and also clean hyperbolic

geometry.
e*+e’ +ef—e X —eV -t =C 3.2.10

We have now some rules: Adding planes means positive (elliptic) curvature,
while subtracting means negative (hyperbolic) curvature.

Fig. 3.2.9. Subtraction of a side of
the cube after equation 3.2.9
opens the cube.

Fig. 3.2.10. Three sides subtracted
with negative constant,
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0
Fig. 3.2.11. Three sides Fig. 3.2.12. Three sides subtracted
subtracted with positive with zero constant give a monkey
constant. saddle.
3.3 Curvature

A larger isosurface constant, C, results in sharper corners for the
polyhedron. But how does the size of the polyhedra actually change the
curvature? We study the cube. For calculating the Gaussian and mean
curvature we use the Mathematica scripts in Appendix 4.

With the base e, the equation for the cube is
e*+e¥ +tef+e ¥ +e Y +e7t=C 3.3.1

We simplify the expressions of the curvatures by looking at three special
cases, a vertex, an edge and the middle of a face.

At a vertex the coordinates are one of the eight permutations of x=y=z,
and the Gaussian curvature in such a point is

2_L_e4x
K e 3.3.2
_eamX o oXy2 __3___ 2x o
(—e " +e")"(6 o 3e”")

and the mean curvature
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Loy
H= e ¢ 3 333
(—e X +eX)(6 - ———3e)
er

The free variable, x, is the size of the cube. From this we see that the two
curvatures decrease with increased size, to reach a constant value for larger

cubes. The Gaussian curvature converges to K=% and the mean to H=71§,

which is seen in diagrams la and b.

K
3 H
2.5 3
5 2. 2
1.5 1.5
1 1
0.5 0.5
X X
0 1 2 3 4 0 1 2 3 4
Diagram 1a. Gaussian curvature of a Diagram 1b. Mean curvature of a
corner of the exponential scale cube. corner.

At an edge, x=y, while z=0. The curvatures at this point are

2G%£+—%+ex—ek)
K= © e 5 3.34
(e X +e¥)2(4—-———2¢%)
2x
€
1
—(—4+—~i—i—i—ex ~2e%X 4¢%%)
3x 2x X
H= — 5 335
\/5(—e_x +e*)(4 —?—2e2x)

€

These plots are shown in diagram 2a and b.
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K H

3 3

2.5 2.5

2 2

1.5 1.5

1 1

0.5 0.5

X x
0 1 2 3 4 0 1 2 3 4
Diagram 2a. Gaussian curvature of an Diagram 2b. Mean curvature of an
edge. edge

As expected the Gaussian curvature converges to zero, since the edge is
similar to a cylinder and thus has parabolic geometry. The mean curvature

1
converges to T
2v2

At the middle of a face the two curvatures converge to zero because the
face turns more and more planar. The curvatures are

82 _4e2x
2x
K= € 3.3.6

2 2x
4—2;23

H= © 3.3.7
(e * +e¥)2-e X =)

and their plots are shown in diagram 3a and b.

K H
3 3
2.5 2.5
2 2
1.5 1.5
1 1
0.5

0.5 -

X 0 1 2 3 4

0 1 2 3 4

Diagram 3b. Mean curvature of a

Diagram 3a. Gaussian curvature of a face

face in the exponential scale cube.
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Thus, all polyhedra in the exponential scale converge their Gaussian and
mean curvatures when they grow with the isosurface constant. At faces,
both of them are zero, and at edges the Gaussian curvature is zero.

The smaller the polyhedra, the lower the constant and the more each
vertex gets affected by the others which results in the polyhedra turning
spherical and the curvatures increase.

3.4 The Fundamental Polyhedra - and Others

We shall now in particular study polyhedra, or bodies related to polyhedra.
We take the complete permutations of the space variables x, y, z in the
formula

e(x+y+z)“ +e(—x+y+z)" +e(x+y—z)n +e(x—y+z)n

160N L xNT | (20T | (20" 341

+e(y+z)m +e(y—z)m +e(x)P +e(Y)p +e(Z)P = C
This is a formula of symmetry in space and is particularly useful for
describing shapes and forms of polyhedra and the transformation of one
solid into another. It has often been said that topology is mathematics

without equations. With this equation we can do topology with equations.

For n,m=0 and p=1 we have the natural exponential in 3D, which then also
is a cube corner in fig. 3.4.1.

e*+e¥ +e2 =200 3.4.3

3 3 3
e* +e¥ +e? =200 344

And for p=3 we show the effect of going up in the exponent in fig. 3.4.2.
For p even we have the cube, and we show it for p=4 in fig. 3.4.3.

4 4 4
e* +e¥ +er =101 345

For n,p=0, m=6 we have the equation for the rhombic dodecahedron with a
constant of 10* and the base of e as shown in fig. 3.4.4.
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Fig. 3.4.1. Natural exponential or
cube corner after equation 3.4.3.

Fig. 3.4.3. Cube after equation
34.5.

Fig. 3.4.2. Cube comer with higher
exponential after equation 3.4.4.

Fig. 3.4.4. Rhombic dodecahedron
after equation 3.4.9.
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For m,p=0 and n odd we have the tetrahedron which we show for a
constant of 40000 and n=3 in fig. 3.4.5.

For m=0, p=0 and n even we have the octahedron, and we have chosen
C=4000 and n=4 in fig. 3.4.6.

Fig. 3.4.5. Tetrahedron after Fig. 3.4.6. Octahedron after
equation 3.4.7. equation 3.4.8.

From these kinds of mathematics we learn that the fundamental polyhedra
are the cube, the tetrahedron, the octahedron and the rhombic
dodecahedron, and we summarise:

cube

e 1o¥" e’ =1010 346
tetrahedron

eCety+2)’ | ((xoy=2)’ | ((cxoyaa)’ | (oxy=2) _ 4o q08 34.7
octahedron

e(x+y+z)4 _|_c(x—y-z)4 +e(—X—Y+Z)4 +e(-x+Y"Z]4 =4-103 348
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rhombic dodecahedron

(x4 | (-9, (2408
e )T e oy 3.4.9
+e(z06 L o(y+2)° L (-2 _ 104

We do the classic truncations of the first three just by adding equations for
polyhedra:

oxty+)? | (xmy-2)t | (xoy2)t | (xty-2)?

Co 3.4.10
+e5 +ev +eZ =107

(xty+z)? | (x=y-2)* | (—x-y+2)* _ (~x+y-2)?

e s s+e . +€ +e 3411
+e5 +eb +eZ =10°

(x+y+2)? | (x-y-2z) | (-x-y+z)* | (~x+y-2)?

rexty+z) L (xmy-2) | (xy+2) | (xky-2) _ 4106

1

Fig. 3.4.7. Truncated octahedron Fig, 3.4.8. Truncated cube after
after equation 3.4.10. equation 3.4.11.
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Fig. 3.4.9. Truncated tetrahedron after equation 3.4.72.

We have earlier found the equation for the icosahedron from the face
vectors. The same equation is found from the addition of the octahedron
and the rhombic dodecahedron as in equation 3.4.13. The constants a and b
are varied from a=1, b=1.2 for fig 3.4.10, a=1, b=1.5 for fig. 3.4.11, and
a=1.5, b=2.5 for 3.4.12. For a=1.618 (1), b=2.168 (7°) there is the
icosahedron as in fig. 3.4.13.

4
10;a.(x+y+z)4 _|_10a(—:sr.-l-y+z)£l +wa(x+y-z)4+ma(x—y+z)
4 4 4 4
PRI AT S AT CR L DT G 3413

4 4
#1000 ¥92)7 4 1oy =b2) " _ 4o
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Fig. 3.4.10. The addition of the Fig. 3.4.11. a=1, b=15.
octahedron and the rhombic

dodecahedron gives the icosahedron

after equation 3.4.13, a=1, b=1.2.

Big 3412 8515, 525, Fig. 3.4.13. a=t, b=t? (icosahedron)

Next is just a variation of b in the equation for the rhombic dodecahedron:

(x+by)® |, (a(=x+by)® . 1 n(z+bx)® | a(z-bx)°
10 +10 +10 +10 3414
100452 4 100-b2)° _ 104
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In the remarkable series of pictures, 3.4.14 - 3.4.19, the amalgamation of
the rhombic dodecahedron and the cube (b=0) give a number of interesting
solids. The pentagonal dodecahedron is one in fig 3.4.16, the pyritohedron
in fig 3.4.17 is another, and the various shapes represented by figures
3.4.18 and 19, are others. If the edges parallel to the cube axes are
truncated in fig. 18 or 19, solids are obtained with great similarity to the
picture of curved pyrite given by Hyde [2]. We like to thank Carlos Otero
Diaz, Madrid for having given us a sample of this mineral, and stimulated

this study.

1

Fig. 3.4.14. b=1 rhombic
dodecahedron.

e
¥ Ly
LA R
Tagg A Ta N 0
ey tagy l 08 O,

Fig. 3.4.15. b=385

Fig. 3.4.16. b=1/1, the pentagonal
dodecahedron.

Fig. 3.4.17. b=25, the pyritohedron.
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Fig. 3.4.18. b=4. Fig. 3.4.19. b=25.

3.5 Optimal Organisation and Higher Exponentials

In chemistry the building block principle is common, but by no means
unique for just chemistry. In astronomy it is called clustering of stars,
growing to more complex structures; in biology for the building of proteins,
DNA, evolution, life itself; and it exists in society as well indeed. The
common dividend is the popular word hierarchy (in church), or rank (in
army) or optimal organisation (science). We will show the mathematical
machinery to use for the description of such structures, and also for their
growth.

The exponential scale is shown below and going up in organisation means
just going up in scale, and we will demonstrate that with an example where
we end up using the last term in the second equation, 3.5.2, below.

x; e e ; e° 351
or
2, X2, X € 352

An approach to the understanding of relations of consecutive terms in the
scale is via power expansion.
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We start by the addition of six parallel planes in equation 3.5.3, giving a
cube in fig. 3.5.1:

x2 2

2
e* +e¥ +eZf -4=0 353

To make it simple we add another cube but smaller, the size being
determined by the constant, and the different sizes are now locked by
having different exponential functions on the next higher scale as in eq.
3.5.4. 1t is here important to introduce a negative sign to obtain repetition
and also to avoid too high numbers. This finding will be developed and used
very much in structure building operations in forthcoming sections.

o 3 ~#)y e-(e"2 sl s’ “2) _p2=0 354

2
e(e +e¥ +e
The shape of the original functions is kept very well in the centaur
function 3.5.4, which is shown in fig. 3.5.2. The new auxiliary parameter

0.2 decides the size of the centaur function. A catenoid joins the two cubes.

L=l
. 0:59

Fig. 3.5.1. Cube after equation
333

Fig. 3.5.2. Two cubes after one
function equation 3.5.4.

We now have a building block, which we want to use to build a more
complex structure. We shall turn the unit of two cubes up and down and
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start to put the two building blocks together. We need to go up on the scale
again in order to lock the original shapes and the next equation is 3.5.5.

(e—(f:"2 +e:y2 +e22 -4), c—{e"2 +ey2 +e{z*2)2 -2)_p2)

© , 3.5.5
( e—(e(x'” +eY2 +ezz <2 c—(e("‘3)2 +e5’2 +¢(z-—2)2

-4
+e )-02) =1.8

The new auxiliary parameter, 1.8, determines of course the size of the
whole thing, as seen in fig. 3.5.3.

Fig. 3.5.3. Two building blocks after equation 3.5.5.

In order to make the two blocks join we change the x-parameter to
equation 3.5.6.

2
(e‘(e"z 10 e ) A 4V 12D “2_02)
i 3.5.6
+e(e_(e(x-2)2 +ey2 +ezz _2) +e_{e{x_2)2 +ey2 +e(z-2)2 _4}—0‘2) _ 1 8

And in fig. 3.5.4 and 3.5.5 (projection) we see the finished building block
with a centre of symmetry, and we can now use the equation to repeat and
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build periodic structures. We can build larger building blocks by using this
block to fuse with another unit, by going still higher up on the scale.

Fig. 3.5.4. The two building blocks Fig. 3.5.5. The fusion of the two
joint to one after equation 3.5.6. blocks in projection.

We shall find great use of these simple rules later on in this book. But we
shall show one spectacular example here.

The octahedron can be said to consist of two sets of tetrahedral planes:

ex+y+z XY 2 +e—x—y+z +c-x+y—z

357
4o XYL L o TXAYHZ | XFY=Z | X-YHZ _ o
We lift them up each one separately as below on a double scale:
e_(E(x+y+2)3 +e(x—y-2)3 +e(—x—y+2)3 +e(-X+y—Z)3 -200)
358

» _{e(_x_y-zf‘ +e(—x+y+z)3 +e(x+¥-233 .,.e(x'Y”}a =200) _ o
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Fig. 3.5.6. Kepler’s stella octangula after equation
358

Fig. 3.5.7. The
octahedronafterequation
3.5.9.

With this trick of using the double scale the tetrahedra are kept, in the
different orientations, and we get the formidable picture of 3.5.6. This is
what is called a compound of two tetrahedra in mathematics, an
interpenetration twin in mineralogy, and Kepler’s stella octangula in the
history of science, and a cluster called MogClg in chemistry. We shall find
great use of this property of the double scale later on in this book.

Just adding on the normal scale gives equation 3.5.9 and the octahedron in

fig. 3.5.7.

e(x+y+2)3 +e(x—y-Z)3 +e(—x—y+2)3 +e(—X+y-Z)3

328

+e(_x_y—z)3 _|_e(—x+3,a+z,‘}3 +e(X+Y—Z)3 +e(x-—y+z)3 =400
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Exercises 3

Exercise 3.1. Make higher polygons, for example the 17-gon
(heptadecagon).

Exercise 3.2. Do the curvature of the 2D natural exponential (e* +e¥).

Exercise 3.3. The curvature of the corner increases with increasing
) ) 2 2 2
exponent. Show this for the function e* +e¥ +e? .

Exercise 3.4. Make the polyhedron between the cube and the octahedron

Exercise. 3.5. Show how an octahedron may be transformed into a
tetrahedron.
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Answer 3.1
Use equation 3.1.11.

ImplicitPlot[

E~Ny Sin[Pi/17]+x Cos[Pi/17])"9+

EN-y Sin[Pi 2/17]-x Cos[Pi 2/17])"9+
E~Ny Sin[Pi 3/17}+x Cos[Pi 3/17]Y"9+
E~(-y Sin[Pi 4/17]-x Cos[Pi 4/17])"9+
E~(y Sin[Pi 5/17]+x Cos[Pi 5/17])"9+
E~-y Sin[Pi 6/17]-x Cos[Pi 6/17])"9+
E~N(y Sin[Pi 7/17]+x Cos[Pi 7/17])"9+
E~(-y Sin[Pi 8/17}-x Cos[Pi 8/17])"9+
E~(y Sin[Pi 9/17]+x Cos[Pi 9/17])"9+
E”(-y Sin[Pi 10/17]-x Cos[Pi 10/17)"9+
EN(y Sin[Pi 11/17]+x Cos[Pi 11/17])"9+
EN(-y Sin[Pi 12/17}-x Cos[Pi 12/17])"9+
E~(y Sin[Pi 13/17]+x Cos[Pi 13/171)"9+
E~(-y Sin[Pi 14/17]-x Cos[Pi 14/17])"9+
EN(y Sin[Pi 15/17]+x Cos[Pi 15/17])"9+
E~N(-y Sin[Pi 16/17]-x Cos[Pi 16/17])"9+
ENy Sin[Pi 17/17]+x Cos[Pi 17/17])"9=20000000,
{x,1.4,-1.4},{y,-1.4,1.4} ,PlotPoints->400]

Fig. 3.1
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Answer 3.2
Calculate mean curvature and plot after below

w[x,y,Z]=E"x+E"y;

meancurv[w,x,y,z]
Plot[2(ENQ2x+x)+ENx+2x)Y(2(EN2x)+EN2x))Y(1.5)),
{x,0,1},PlotPoints->200,Axes->True]

1.5
1.25
1
0.75
0.5
0.25

Fig. 3.2

Answer 3.3
Calculate mean curvature for the 2D case and study the exponents in the
denumerator and the dividend

Answer 3.4
The equation to use is

6 6 6
e-—(cx +e¥ +e* -1.75)

+e_(e(x+y+z)4 +e(—x+y+z)4 +c(x+y—l)4 +e(x—)’+2)4 ~200) _ 9.9

Answer 3.5
Use equation

ea(x~}-y+z)2 +ea(x—y—z)2 +ea(~x—y+z)2 +e+a(—x+y—z)2 +

eb(—x—y—z)?’ +eb(--x+y+z)3 +eb(x+y—z)3 +€:b(x—y+z)3

~4000

The octahedron is for the square and the tetrahedron for cubic exponent.
We show: a=1, b=.85 in 3.5 a and a=.75, b=1 in 3.5 b.
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Fig. 3.5 b
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4 Periodicity and the Complex Exponential

Je dis que... (LaVallée Poussin in his description of fonctions circulaires’

[1]
or

‘although measurement is the sieve which separates grain from chaff...,
measurement without imagination is only an empty sieve’ (Synge [2]).

Here we describe the complex exponential in three dimensions. We show
the topology of the minimal surfaces called P, D, G, IWP, FRD and O, C-
TO as derived from various exponential equations. Permutation of space
variables in periodic functions give pictures of crystal structures.

4.1 The Translation Vector

In mathematics things repeat with isometry or dilatation. Infinite
periodicity with a translation vector describes the isometric repetition in
nature. Light waves are periodically repeated, like waves on water can be.
Crystals are periodically organised, which means most solids are periodic
since these represent the majority of solids. Glass does not transional
periodicity, as it is a solidified liquid. Enzymes can crystallise, and billions
of giant enzyme molecules then know exactly where to sit in a crystal. We
say “know” because the molecule has a memory function given by its
structure and hence knows how to repeat in a crystal. Just like the sodium
and chloride ions do in a crystal in your table salt. So why do we have the
translation vector - the memory - that describes repetition? Such questions
are not really allowed - they are too difficult to answer. But we can always
say that the structure is the optimal state. Or go over to negations and say
- without the translation vector we had no ice to float on water, we had no
crystals, we had no DNA, we had no calciumphosphate to build Apatite that
builds our skeleton, we had no life and would not exist to raise these
questions. If of any help.

In the description of translation, the one dimensional version it is
relatively simple - walking is an example, propagation of waves another.

In two dimensions the translation vectors give periodicity in two
directions, and lines interact in the plane to give 2D repetition. Which is
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unique. The Alhambra ornaments are one example, ordinary wall paper is
another.

Our main goal in this section is to study repetition in 3D. Our approach is
to take the permutation of the space variables in functions derived from
the general complex exponential, e™. It quickly becomes very complicated,
but to our surprise we can recognise crystal structures, even among the very
difficult patterns, chemists as we are.

We were taught, and we believed, that crystal structures are physical objects
and should be explained as such. We now know better and will show that the
description of the arrangement of atoms in crystals may be considered as a
part of the mathematics in space.

Crystals are built of atoms occupying various positions, and for a
crystallographical description all the coordinate systems are necessary. The
simplest case is the cubic, then comes the hexagonal, the tetragonal, the
orthorhombic, the monoclinic and finally the triclinic. In the cubic case all
unit vectors have equal magnitudes, and are perpendicular to each other.
For the triclinic case the translation vectors all have different magnitudes,
and the angles between them are all separated from 90°. Symmetry
operations like mirror, rotation and their combinations, the screw and
glide, give the 230 groups in space (or 17 in the plane). Group theory gives
the positions for the general variables, and finding the atomic positions in a
crystal - also with protein molecules - is nowadays close to a
straightforward technology.

There are plenty of text books in the field, and here those that describe
structures are of interest [3].

During this journey in mathematics we will find the most common of the
simpler structures, and we describe them in the order we find them. That
will be the way you learn crystal structures.

In chapters to come we show several kinds of repetition - the circular, the
handmade and the Gauss distribution functions. We need them all for the
study of this subject - periodicity in space.

Translation in natural science and mathematics is described with the
circular functions, and often using the convenient relation between the
complex number and the natural function, or the complex exponential.
This is developed below.

For a description - or definition - of what sin(x) really is (which is in no
way straightforward) we refer to textbooks of mathematics by Hardy,
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LaVallée Poussin, Whittaker & Watson [4,1,5] and to chapter 2 in this
book.

The symmetry operations reflection and rotation are best studied in the
structures formed by translation. The very important combination rotation
+ translation (=the screw) will be dealt with in the next chapter.

Small changes in the expansion of the natural exponential

X X2 X3 X4 X5

=l ot —t—t—t+—-
no2t 3t 4 5

give the expansions for the circular functions

2 4
cosx=1-—+——...
20 4
and
. 3 %
SiInX=X——+—-—---
31 s

which are periodic and describe infinite translation.

12

12
10 1o
8 8
6 6
4 4
2 2

2 4 6 8 10 12 0

0 2 4 6 8 10 12

Fig. 4.1.1. The two functions
cosx=0 and cosy=0 plotted on top of
each other.

Fig. 4.1.2. The function
cosxcosy=0
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The function cos(x)=C is an infinite number of parallel lines in 2D, cos(y)
likewise, and these two set of lines intersect in space at right angles in a
Cartesian system. The two individual functions are plotted in fig 4.1.1. The
combined function, the product, is plotted in 4.1.2. In fig 4.1.3 the
isosurface constant is 0.02 which is increased to give "atoms’ in fig 4.1.4.

12

NDDDE
mEuEE)
ane

-
1

L
L

OMLO\G}
o
.

]
=

~

0 2 4 6
Fig. 4.1.3. The function
cosxcosy=0.02,

10 12

Going 3D with the function

cosmxcosmy cosnz=C

12_)
10

.

O 0O C
O O O
O O €
O O O

) C
J C
& F

60 2 4 6 8 10 12
Fig. 4.1.4. The function

cosxcosy=0.4.

O O O

4.1.1

gives of course the similar pattern as shown in fig 4.1.5 and 4.1.6, with
const of 0 respectively 0.1. The bodies in space are in cubic close packing,

called fcc (face centred cubic).

Fig. 4.1.5. Equation 4.1.1 with
C=0.

0.5

Fig. 4.1.6. Equation 4.7./ with
C=0.1.
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We go to addition with the function

cosTXx+cosmy =C 4.1.2

Here we again have intersecting lines, this time of the x+y type in fig 4.1.7
which with an increased C become ‘atoms’ in fig 4.1.8.

For 3D we start with

cosTx+cosmy +cosnz=C 4.1.3

j PN
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Fig. 4.1.7. Equation 4./.2 with C=0.

Fig. 4.1.8. Equation 4./.] with
C=0.5.

Fig. 4.1.9. Equation 4.1.3 with C=0. Fig. 4.1.10. Equation 4.1.3 with C=1.
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This gives the well-known P-surface with C=0 in fig 4.1.9, the ReO;
structure with C=1 in fig 4.1.10, and primitive cubic (pc) packing of bodies
with C=2 in fig 4.1.11. We can now see that the so famous P-surface is
easily derived from perpendicular planes in the three directions. This is

certainly pronounced for the ReO; structure which is directly built of x+y+z
planes.

Fig. 4.1.11. Equation 4.1.3 with C=2.

These figures represent the two simplest structures ever - the primitive
cubic packing of atoms and the so called ReO; structure. The ReO,
structure has metal atoms in the centre of the octahedra, which have
oxygen atoms at the vertices. In the primitive cubic (pc) packing of atoms
each atom has six neighbours. In each corner of the unit cell, or cube, there
is one atom. This is a bad packing for spheres, but excellent if the bodies
are cubes and made to approach each other. So, how well atoms are packed
in solids depends on their shape.

A simple combination as in eq. 4.1.4 gives cubes touching each other in fig
4.1.12.

COS TXCOS Ty + COS TXCOSTZ +cos Ty cos Nz =) 414
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Fig. 4.1.12. Equation 4.1.4 with Fig. 4.1.13. Equation 4.1.4 with

C=0. C=0.5.

Instead of zero we have to choose a constant of 0.5 to get the surface in
fig. 4.1.13, which now has different volumes on the different sides of the
contours. The corresponding minimal surface is IWP. These three surfaces
above are the simplest periodic surfaces and they are also mathematically
identical to the three fundamental constant energy (Fermi) surfaces for
metals in reciprocal space. The first surface, of intersecting planes, is for a
body centred cubic (bcc) metal, the second, the so called P surface is for a
simple cubic metal and the [WP is for a fcc or close packed cubic metal.

Some slight changes of the trigonometric equations give more surfaces;

Eq 4.1.5 is the D surface and eq. 4.1.6 is the G surface, and both are shown
and discussed separately below.

COSTLXCOS Ty COS TZ + sinTx sinwy sinnz = 0 4.1.5

COS X SIN Ty + Sin X cos Mz + cos my sinnz = 0 4.1.6

The systematic mathematics for these surfaces above, and many more,
were derived by von Schnering and Nesper in their description of their zero
potential surfaces [6,7]. They call these surfaces nodal surfaces and they
have also described their close relations to the minimal surfaces [8)].
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4.2 The Complex Exponential and Some Variants

We shall here use a somewhat different derivation of these nodal surfaces
that makes these mathematics directly related to everything else we do.

The traditional way to handle periodicity in chemistry and physics is to use
the so called complex exponential. So we explain what that is.

We start to use complex numbers. The number i is an imaginary number, it
does not exist for us. Similar to minus one apple. The number i is V~1.

From the expansions of the circular functions, shown in equations 4.2.7/a
and 4.2.1b,

3 5

sinx=x-§—+i——— ..... 4.2.1a
3t s
2 4

cosx=1—-)—(—+£—— ...... 4.2.1b
21 4

2 3 4 5
X X X X X
ol X X X X X 42.2

o2t 3t 4 5
it is clear that e can be written

e® =cosx +isinx 4.2.3

and it is easy to show that

sinx=—;i(eix —e7ix%) 42.4a

cosx = %(eix +e7X) 4.2.4b

These are the miracles in mathematics: The derivative of cos is sine and
vice versa, the derivative of e is ¢* ,which is the natural function. The
complex exponential is €”, and its remarkable and strange relations with
the circular functions are given in eq 4.2.4a and 5. And all adding up to give
the periodic power expansions. We conclude giving the most beautiful
formula of all, discovered by de Moivre:
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e™ =1 425

Using ™ means that the real part is cosx and the imaginary part is sinx.
Or,

Re[e™] =cosx
and
Im[e™] =sinx
But the general thing to use is the complex exponential:
X 4 e™Y 4 M 426
We write
e =cosx+isinx
and the real part of the complex exponential is
Re[e™* +e™ +e™%] = cos Tx + cos Ty +cos Mz 427

We simplify with the famous formula

i

e =-1
and we get
i2% 4% 4§72 428

which is identical with 4.1.12.

This is a bit snobbish - we could as well just use cosx+cosy+cosz. Or just use
-1 as in the equation

DX+ (DY +(-D%F =0 4.2.9

since
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(-1)* =cosmx +isinmx

We could use -1 as base in these equations, there is no need to use e or i, in

this book. Or sin or cos. It is all built into an expression like (=1)*. But we
will still use e and i, as it is also useful in other kinds of mathematics.

The P nodal surface is within 0.5% identical with the P minimal surface.

Using complex numbers is simple and straightforward in Mathematica.
Useful routines are shown in Exercises.

The general complex exponential is obtained from the equation of
symmetry in eq. 3.4.1 by multiplying with / in the exponent:

JiGery 42 | Ji-xry+n)] | fiGery-2)] | JiGe-y+2)]
2lICNI™ | ™ | JiG+0]™ | iz—x]™ 42,10

L™ | iG-2I™ |, [P L L | [@P _

n,m=0, p=1 give the P-surface, n,p=0, m=1 give the gyroid (Im-part) and
IWP (Re-part), m,p=0, n=1 give the D-surface (Im+Re), m=0, n and p=1
give the Neovius surface (Re part) efc. The variation of constant and
various combinations give all kind of crystal structures as we have discussed
elsewhere [9], and to some extent will do below.

2
nm,p=0 or 2 give expressions of the type e~ , or the Gaussian
distribution which will be discussed in detail in chapter 7.

A variant to study is functions of type
eRele™] = geosx 42.11

This we have done to some detail elsewhere [9].

Another variant of study is the square of the whole function which gives
two roots, one surface on each side of the original one:

(cosx+cosy +cos z)2 =0.4 4.2.12
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Fig. 4.2.1. Two interpenetrating P surfaces from equation 4.2.12.

This is at this constant two interpenetrating ReOs:s and the chemical
structure is that of NbgF,s as shown in fig. 4.2.1.

We continue with the complex exponential and for n =1, and C=0, and get
the so called D surface in fig 4.2.2. Changing C to 3, and increasing the
boundaries, we get bodies or atoms - the diamond structure - projected
along a cube axis in fig. 4.2.3. With a C of 2.5 the atoms become
connected via catenoids as in fig. 4.2.4 and its projection is in fig. 4.2.5. It
is easy to realise the diamond structure in which each atom is bonded to
four others and the structure is also that of cristobalite, or cubic ice.

Re[ei(x+y+z) +el(x-y-2) +ei(—x—y+z) +ei(—x+y-z)] 1213
+Im[ei(x+y+z) +ei(x—y—z) +el(-X-Y+2) +ei(-X+y—z)] G \2,
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Fig. 4.2.2. D-surface after equation Fig. 4.2.3. Diamond structure after
4.2.13. C=0. equation 4.2.13. D=3.

Fig. 4.2.4. Cubic ice with C=2.5 Fig. 4.2.5. Fig. 4.2.4 in projection.
after equation 4.2.13.

We now square the function 4.2.13 as in eq. 4.2.14 below and for a
constant of C=1 and of 6.25 there are figures 4.2.6 and 4.2.7. The latter
shows the structure of the extreme high pressure form of ice which we for
obvious reasons call double ice. Or double diamond, as this could be the
structure of a high pressure form, a metallic bce structure, of diamond.

i(x+y+2z) | i(x-y-2) | _i(-X-y+2) __ _i(-X+y-2)
e ; e ; v . & , ] 4.2.14
+Im[e!(XHY+2) 4 (i(x-y=2) 4 (i(-x-y+2) +elxHy-272 _¢
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Fig. 4.2.6. Two interpenetrating Fig. 4.2.7. Double ice (high
D:s after equation 4.2.74. pressure form) after equation 4.2./4.

In the pc structure as derived from the P surface, each atom had six
neighbours. In the diamond structure each carbon atom has four other
atoms as neighbours. We continue with the next - three neighbours. From
the symmetry equation we derive the equation below:

ei(x+y) +ei(x—y) +ei(x+z) +ei(—x+z) +ei(y+z) +ei(y—z) =C 4.2.15

For a zero constant and the Im part we get the gyroid type surface as in
figures 4.2.8 and 4.2.9. In order to bring out the neighbours clearly we use
the square as in the equation 4.2./6 and obtain fig. 4.2.10.

Fig. 4.2.8. Im part of equation Fig. 4.2.9. Fi 4281
4.2.15 gives gyroid surface. p:gjecﬁon_ e =
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(ei(x+y) +el(X7Y) y oi(x+2) o Ji(=X+2) | (i(y+2z) +ei(y—z))2 =625
4.2.16

This double net is two three-connecting nets, e.g. if in one of the nets an
atom is placed at the junctions, each such atom has three neighbours. This
net, when it exists for itself on one side of the gyroid surface, corresponds
to the Si part structure of the SrSi, structure, with the Sr atoms on the
other side. In the case of the double net the whole structure is then of the
¥-Si type (a high pressure form of Si). There is a contact between the Si
atoms across the flat points of the gyroid surface completing the four
coordination of silicon. The findings of these structures and nets come
from Wells [10] and Nesper and von Schnering [6].

Fig. 4.2.10. Double gyroid after equation 4.2.16. C=6.25.

At a constant of C=1 in eq. 4.2.15, Re part, we have the important bce, or
body centred cubic packing of bodies in fig. 4.2.11. This is the structure for
many metals and alloys (stainless steel). Each atom has here eight metal
bonds to another identical atom at a distance of V3/2 of the cubic unit cell
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edge. There are also another six identical metal bonds as indicated in the
figure in form of fragments of atoms, with a distance of one unit cell apart.
That is why this is described as 6+8 coordination for metals.

This is also the structure of CsCl with Cs and Cl atoms ordered in every
second position. And every atom has eight electrostatic bonds to the other
kind of atom.

We square also this equation and for a constant of 3 we have the
remarkable fig. 4.2.12.

Fig. 4.2.11. Bec pacing of bodies Fig. 4.2.12. The square of equation
after equation 4.2.15, C=1. 4.2.15, C=3.

The beautiful four-connected net is that for the structure of NbO with Nb
and O taking alternate positions of four coordination [10]. This is a very
open description of the metallic structure of this oxide and we assume space
is filled with electron densities localised to the spheres. This could also
serve as the anti structure to the bcc metal structure, with the four
connected surface as the electron density.

The IWP surface has different volumes on each side of the surface - this is
the reason why this square is different from those above.
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4.3 Some Other Exponentials

Another variant to study is the exponential functions below:

(cosafl:x)2 +(cos 1r|:y)2 + (c:c:JSTnz)2 =2 43.1
(cosmx)* + (cosmy)* + (cosmz)* =2 432
(cosmx)® + (cos my)® + (cos mz)® =2 433

and we plot them in figures 4.3.1, 2 and 3. We see that the octahedra go
apart, and are only joined by thin tube-like catenoids as an effect of going
up in exponential.

By making x,y approach 0, the value of (cosz)" stay close to zero over
longer intervals of z, with increasing n.

Similarly we do the function

(ce::saﬂ:(x-f-y))8 +(cos 9't:(x—y))8 +(cosm(x+ z))8
+eosT(z—x))® + (cosm(y + z))8 +(cosT(y — z))8 =2

434

Fig. 4.3.1. The equation is 4.3./ Fig. 4.3.2. The equation is 4.3.2
with C=2. with C=2.
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Fig. 4.3.3. The equation is 4.3.3 with C=2.

Fig. 4.3.4. Part of the 0,C-TO Fig. 4.3.5. C=2.
surface from 4.3.4 with C=2.99.
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This is a part of the O,C-TO surface which compared with the IWP has six
extra catenoids in octahedral symmetry, and which for a constant of 2 are
extremely thin as seen in fig. 4.3.4. At higher constants we are coming
back to the IWP as in fig. 4.3.5 calculated for a constant of 2.99.

In fig. 4.3.6 we have used equation

(cosm(x + y))4 +(cosm(x— y))4 +(cosm(x+ z))4

4.3.5
+(cosT(z— ::c))4 +(cosm(y + :z))4 +(cosm(y — z))4 =1.5

to describe the O,C-TO surface. Chemically this corresponds to the sodalite
structure [9].

Fig. 4.3.6. Equation 4.3.5 gives Fig. 4.3.7. Square four connected
0,C-TO surface or sodalite net from equation 4.3.6.
structure,

Just using squares and a constant of 2.1 according to equation 4.3.6 give an
interesting distortion of the IWP. This is the square four connected net
again in fig 4.3.7, now without the spheres from fig 4.2.12.

(cosm(x +y))* +(cosm(x—y))* +(cosm(x +2))* 43.6

+(cosT(z—x))? +(cos Ty +2))* +(cosm(y — z))? =2.1

The complete permutation has an interesting development for the
equation:
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(cosm(x+y+ z))4 +(cosm(x—y— z))4 43.7

+HeosT(—x -y +2))* +(cosm(-x +y-z))* =C

With a constant of 1 we have a beautiful Kepler star of fourteen atoms in
cubic close packing. We make the atoms approach each other by changing
constant, and at a value of 1.05 extra particles are created as shown in fig.
4.3.9.

0.5: s i 5
-0.50.25 0 0.250.5

Fig. 4.3.8. Kepler star of bodies Fig. 4.3.9. Small particles appear at
from equation 4.3.7 with C=1. C=1.05.

When the constant increases, the small round particles grow into
tetrahedral shape and finally join the larger round bodies, each at eight
places via catenoids. The larger bodies become cube-like. Chemically this
can be said to be the structure of TiH, with the larger bodies as titanium
atoms in ccp, while the small atoms are the hydrogens. The structure is of
the type of CaF,.

Each small atom is surrounded by four larger in a tetrahedral manner, which
with the catenoids developed is a piece of the D-surface. The larger bodies
are surrounded by eight small ones, giving a shape as a piece of the ITWP
surface. Two typical polyhedral parts of this FRD surface are given in
figures 4.3.12 and 4.3.13, both calculated for a C of 1.5.

And in fig. 4.3.14 we give the complete FRD surface as calculated for a
constant of 1.6.
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For a constant of 1.97 we get a beautiful variant of FRD as seen in fig.
4.3.15.

Finally we show again the remarkable behaviour of the function for a
constant of 2 in eq. 4.3.8 and fig. 4.3.16.

(cosm(x+y+ z))8 +(cosm(x—y— z))8

4.3.8
+(cos(—x-y+ z))8 +(cosm(—x+y— z))8 =2
0.5 D2 0.5 D2
0.25 ; 0.25
0 0
-0.25 -0.25
-0.5 ' ' -0.5 :
-0.50.25 0 0.250.5 -0.50.25 0 0.250.5
Fig. 4.3.10. At C=1.2 a description Fig. 4.3.11. At C=1.25 the FRD surface
of the TiH; structure. starts to develop.

Fig. 4.3.12, At C=1.5 the IWP Fig. 4.3.13. At C=1.5 a typical
part of the FRD surface. part of the FRD surface, still from
equation 4.3.7.
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0.2 Fig. 4.3.16. At C=2 an interesting
Fig. 4.3.14. At C=1.6 the complete part variation of the FRD surface as in
of the FRD surface. figures 4.3.1-3.

Fig. 4.3.15. At C=1.97 a beautiful variation of the
FRD surface.
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Exercises 4

. 2
Exercise 4.1 Expand e™ and ¢' i

Exercise 4.2 Do the equation (=1)2* +(=1)%Y +(-1)%* =0, and the

equation (—1)2* +(-m)® +(~n)*2 =0. Explain the difference.

Exercise 4.3 Plot Re[(—1)%* +(~1)% +(=1)?2 =0] and describe the result.

Exercise 4.4 Do the calculation below (written for Mathematica) and find
out what surface it is, and describe the part obtained.

ContourPlot3D[((Cos[Pi(x+y-z)])*4+(Cos[Pi(x-y+z)]) 4+
(Cos[Pi(-x+y+2)])4+(Cos[Pi(-x-y-2)])*4)-1.5,{x,.5,0},{y,.5,0},{z,.5,0},
MaxRecursion->2,PlotPoints->{{5,3},{5,3},{5,3} } , Boxed->False,
Axes->True]

Exercise 4.5 Plot the expansion of cosine using 12 terms. Compare with
cosine.

Exercise 4.6 Show that the equation 4.2.13 is identical with 4.1.5.
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Answer 4.1

ComplexExpand[E~(I x)] = cosx +isinx
ComplexExpand[EAIN2 x)] = cosxsinxe“*™ +isinsin nxe ™

Answer 4.2

ComplexExpand[-1%] = (~12*)=cos2mx +isin27x

2

ComplexExpand (-n>*)=n?* cos2mx +in?* sin2mx

Answer 4.3

ContourPlot3D[Re[(-Piy2x)H-Pi) 2y)+(-Piy"(22)],
{x,1,-1},{y,1,-1},{z,1,-1} ,MaxRecursion->2,PlotPoints
->{{5,3},{5,3},{5,3} },Boxed->False,Axes->True]
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Fig. 4.3

This a concentric structure of type described in [6]. The changing of the
base from 7 to something closer to one, say 1.5, reveals a mechanism for a
transformation to the P-surface. This means we have the topology for
making a small molecule grow to a bigger, and finally ending up with an
infinite lattice. Try and show how a B¢Hg molecule grows into the P
surface.
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Answer 4.4

The tetrahedral part of FRD

Answer 4.5

Plot[{1-1/2x/2+1/(4)x 4-1/(61)x"6+1/(8!)x"8-

(10D L0+1/(121)xAN(12)-1/(14D)xAN14)+1/(16D)x(16)-
1/(181)x(18)+1/(201)x(20)
-1/(22D)xN(22)+1/(241)xN(24),Cos[x]},{x,0,13},PlotPoints->200]

4t
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Answer 4.6
Use Mathematica.

ComplexExpand[Re[ENI(x+y+z))+ENI(x-y-z))+ENI(-x-y+2))+
ENI(y-z-x)) [HIm[EAI(x+y+z))+ENI(X-y-z))FENI(-x-y+2)) +E~N(I(y-z-X))]]
Cos[x-y-z]+Cos[x+y-z]+Cos[x-y+z]+Cos[x+y+z]+Sin[x-y-z]-Sin[x+y-z]-
Sin[x-y+z]+Sin[x+y+z]

Expand[%,Trig->True]

Z Cos[x]Cos[y]Cos[z] - 4 Sin[x]Sin[y]Sin[z]
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5 The Screw and the Finite Periodicity with the Circular
Functions

The general rigid motion of space is called a screw, rotations and
translations being regarded as limiting cases. (Hilbert [1]).

Here we discuss the space curves and the time parametrisation, and propose
that our variation of isosurface constant is just another parametrisation.
We introduce finite periodicity from circular functions. We describe the
screw and the general multi-spiral. And the mathematics for giant
molecules like the cubosomes, the DNA and certain building blocks in
protein structures.

5.1 Chirality, the Screw and the Multi Spiral

A fundamental property of life is chirality - a good example is our two
hands, one is left and the other is right. They are transformed into each
other by an operation what in politics and medicine is called bilateral - we
call it a mirror.

A molecule can be left or right handed. Their physical properties are
identical but a molecule used as a drug must have correct chirality to be
active. With wrong chirality it might have no effect at all, or it might be
deadly poison. Like for example Neurosedyne, one of the enantiomorphs
works as an excellent sedative, while the other damages the fetus during
pregnancy. Chirality is a matter of shape and function - recognition - a left
handed screw does not fit to a right handed bolt. Most enzymes are chiral
and so is of course DNA.

Chirality cannot be described with energy, or minimisation. So it is not
quantisized. Chirality is a property of symmetry in three dimensions. The
change of chirality for the screw in mathematics is easily done just by
changing sign. To continuously go from one of the shapes to the other is
not trivial. Special cases exist, like turning a glove in and out.

Translation and rotation are special cases of motions in space, and the
combination of the two give the most fundamental motion - the screw,
which is chiral.

The important one is the cylindrical helix, the shape of a stair case, and
has the parametric equations
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r=a, z=ch 511
which is cylindrical coordinates, or

x2+y2 =a?; L=tan 5.1.2

® =<
olN

which means that the circular helix is the curve of intersection between two
surfaces, the helicoid and the circular cylinder.

But we prefer to work implicit so we formulate the following equation,
which is quite analogous with the parametric one above. A cylinder is added
to a helicoid, and we get a surface instead of a space curve, a cylindrical
helicoid - a spiral - in fig 5.1.1.

2

XCOSTZ~ Y SinMzZ + X +y2=0 5.1.3

The projection of a circular helix on a plane x=0 is the sine curve
y =sinmz

f i LY
L
=

[=]
T ]
X
*
4
e
—— L=

Fig. 5.1.1. A spiral surface after Fig. 5.1.2. A projection of fig.
equation 5.1.3. 5.1.1.

In order to approach a curve we have varied the constant in eq. 5.1.4. For
C=0.2 there is fig. 5.1.3 and in 5.1.4 C=0.2494, and the cylindrical spiral is
approaching the space curve - the cylinder gets infinitely thin.

Xcosmz-ysinnz+x2 +y?+C=0 514
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Fig. 5.1.3. C=0.2 from equation

514 Fig. 5.1.4. C=0.2494 from equation

5.14.

We now go back to the simple function xz and make two cyclic functions,
shown in fig. 5.1.5-6 and equations below:

ycosmz=10.05

xsinmz =—-0.05

Fig. 5.1.5. Equation ycosmz = 0.05. Fig. 5.1.6. Equation xsinnz =-0.05
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By adding these two we get the equation for the helicoid (5.1.5), the very
famous minimal surface which also is ruled (fig 5.1.7). We clearly see that
the structure of the helicoid is composed of the two simpler surfaces glued
together, or x and y planes plus the dominating periodic z planes.

ycosmz—xsinnz=0 5.1.5

Fig. 5.1.7. The helicoid after equation 3.1.5.

The x and y planes are perpendicular in space. We can now systematically
introduce more and more perpendicular planes and get multiple helicoids, as
was done deriving the general expression for the tower surfaces [2]. We
have above shown that the helicoid could be turned into a spiral using a
cylinder operator. So we arrive at the complete equation in J5.1.6.
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|:]ﬁl(xcos(in/ n)+ ysin(in/ n))]cosnz

i=1

i=n 2+ 2
~ H(xcos(in!n+nl2n)+ysin(i1m+m’2n)) sinmz+pe® 7Y =C

i=1

3.1.6

With p=0 and C=0 we get intersecting surfaces for n>1. A constant C=0.05
is enough to make them non-intersecting. This is shown in figures 5.1.8 a,
b, c. for the double helix case with n=2, p=0, C=0, and n=2, p=0, C=0.05
and finally n=2, p=0.1, C=0 respectively for the double spiral.

Fig. 5.1.8. (a) Double helicoid from
eq. 5.1.6 with n=2, p=0 and C=0.

(b) The same as in (a), but with C=0.05.
(¢) Double helix made from eq. 5.1.6

¢ with n=2, p=0.1 and C=0.
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Various multiple spirals are shown in figures 5.1.9 a-h, with the used
constants as indicated. Here n=2 is a double helix, n=3 is a triple helix, n=4
quadruple helix etc. It is obvious from these studies why a rope with more
than four strands needs a goke, from the cylindrical void in the centre.

Fig. 5.1.9:
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Fig. 5.1.9. Various multiple spirals from eq. 5.1.6. (a) Single helix with n=1,
p=0.3, C=0 displayed in the region -1.4<x,y<1.4, -2.0<z<2.0. (b) Double helix with
n=2, p=0.1, C=0, in the region -1.7<x,y<1.7, -2.0<2<2.0. (¢) Triple helix, n=3,
p=0.05, C=0, in the region -2<x,y<2, -3<z<3. (d) Tetragonal helix, n=4, p=0.03,
C=0, -2.5<x,y<2.5, -4.0<z<4.0. (e) Pentagonal helix, n=5, p=0.02, C=0,
-3.0<x,y<3.0, -5.0<z<5.0. (f) Hexagonal helix, n=6, p=0.02, C=0, -3.0<x,y<3.0,
-6.0<z<6.0. (g) 17-fold helix, n=17, p=0.008, C=0, -6.0<x,y<6.0, -17.0<z<17.0. (h)
Same as (g), but with C=-10000.
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Fig 5.1.10. The helical saddle tower surfaces created with equation 5.1.7 and
illustrated for different n-values. (a) Two-fold helical saddle tower with n=2, p=g=n in
the region -2.5 <x,y < 2 .5, -2 < z < 2. (b) n=3, p=q=m, -2.5<x,y<2.5, -2<z<2. (c)
n=4, p=q=m, -2.5<x,y<2.5, -2<z<2. (d) n=5, p=q=m, -2.5<x,y<2.5, -2<z<2. (e) n=6,
p=q="7, -2.5<x,y< 2.5, -2<z<2. (f) n=17, p=q=m, -3<x,y<3, -2<z<2.
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The earlier described tower surfaces can be made into screws to obtain the
helicoidal tower surfaces [2] with the equation 5./.7.

<n z %
cos(qz) [ [[x cos(Et-) +y sin(E)]
o 517
=1 it m in 7
~sin(qz) ] [[xcos(—+—=—) +ysin(—+—)] - cos(pz) =0
i=0 n 2n n 2n

These beautiful surfaces are shown in figures 5.1.10 a-f. The g-value gives
the pitch while p controls the distance between the saddles.

Squaring the equations for the building planes of the tower surfaces makes

the saddles close up and give the so-called disc surfaces [3]. We give the
simplest one in figure 5.1.11 with the equation:

xzyz—cosz=0 5.1.8

Fig 5.1.11. Tetragonal disc surface
with equation x*y’=cos(nz) illustrated in
the region -3<x,y,z<3.

All these families can be modulated via tilting the planes, and this means of
course lowering the symmetry. Beautiful surfaces are obtained and we refer
to the original reference for further studies.
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These studies above stimulated to derive a mathematical function that
describes the DNA spiral [2]. The equation is:

Fig
xycos(’lt—;)+%(x2—yz)sin(lzg-)-cos(%H%e(x Wi—g 549

Here a two-fold helical tower surface is used with ten bridging planes per
helical pitch. By adding a cylinder exponentially, one side of the surface
will close up and result in the structure of figure 5.1.12. This represents a
DNA double-helix with ten base pairs per pitch, displaying also the bridging
hydrogen bonds created by the saddles.

Fig 5.1.12. A function illustrating the DNA double helix chain
with the bridging hydrogen bonds created from the two-fold helicoidal
saddle tower surface with the addition of a cylinder on the exponential
scale, eq. 5.1.9. The tower surface is constructed with ten bridges per
pitch in order to model the DNA structure.
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5.2 The Bending of a Helix

In the organisation of rods in space later on, rods meet (or touch) each
other, and then pack. We just used the cylinder to make a helix above
which means helices can pack in space like rods. We shall now bend a helix
with the help of cylinders, and as this is a good example of how to work
with the exponential scale, we shall carry out this to some detail.

We start making three cylinders with lids according to figs 5.2.1-3, and
equations 5.2.7-3.

Y2 _g s 521
By e 6 522
(=522 4eY) g 5.2.3

We add them together in the equation 35.2.4

e—(x2 +y2+e7%) +e-—(12 +y24e X 4eX ) _'_e—(('.\t—5)2+z2 ) _06 524

and have the result in fig. 5.2.4 a and b in different projections.

Fig. 5.2.1. Single Fig. 5.2.2. Double closed Fig: 52.5. Single clased

closed cylinderafter : : cylinder after equation
equation 5.2.1. cylinder after equation 5.2.2. 5‘)'2‘ 5 eq
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Fig. 5.2.4. a The three cylinders Fig. 5.2.4. b Different projection of
added together at closed ends a.
after equation 5.2.4.

We show again how to make a helix out of a helicoid in fig. 5.2.5 after eq.
5.2.5, and we also put a lid on after eq. 5.2.6 to make the helix limited in
extension, and form a snake’s head as in fig. 5.2.6.

XCOSTZ - ysinnz+x2 +y2 =0.25 F2:5

XcosMz—ysinmz+x> +y> +e? =0.25 526

Fig. 5.2.5. The spiral surface Fig. §.2.6. A snakes head after
again after equation 5.2.5. equation 5.2.6.
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We saw here that a negative constant makes the helix grow thicker - but we
need thinner for the bending below, so we use positive constants.

In order to make two helices meet (at snake’s heads) we formulate the
equation below using eq. 5.2.4 and the exponential scale,

e—(ycosmx—zsinnx+z2+y2 +e5791+02)
5.2.7
+e—((x—5)cosny—zsinny+zz+(x—5)2 +e¥+02) _ 0.6

and the result is illustrated in fig. 5.2.7.

We may also change the periodicity in one of the helices, and also flatten
the cylinder as in fig. 5.2.8 after equation 5.2.8. This is the way to change
a helix into a loop or band.

e—(ycosm—zsinnx+zz+y2 +6%5 +0.25)
5.2.8
+e((x=5)cos0.25my~zsin 0.25my+322 +(x-5)2 +eY 079 0.4y _ 0.6

Fig. 5.2.7. Two of the cylinders above used to make
two helices meet (at snake’s heads) after equation 5.2.7.
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g8l

Fig. 5.2.8. A helix is changed into a band or sheet after equation 5.2.8.

The importance of the screw and helix is well known in science and
technology - as one example we have just shown the mathematics for the
double helix in form of the DNA molecule above [2]. The joining of two
helices as in fig. 5.2.7 gives a loop via the snake-heads. The terms in the
equation is organised to give a helix-turn-helix structure as it occurs in
prokaryotic DNA binding proteins [4].

Obviously one can make bigger structures in this way. A small enzyme
molecule like Myoglobine is possible to describe with one mathematical
function with a resolution of the level of the experimental one. What
requires for this is a big computer, a better graphic program, and plenty of
patience.

5.3 Finite Periodicity - Molecules and the Larsson Cubosomes

The derivation of finite structures in two or three dimensions will be
continued similarly. We may add spheres or cylinders or planes, as they are
contained in a power expansion as shown below. We repeat the power
expansions for cos and sin;

2 x4
cosx=1—-—+——...

2 4
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and
e _x3+x5_
sinx=x T
And rearrange
2 4
Xx° X
cosx-1+E—E 5.3.1

which in 3D we set

2cosmc+2cosny+2msﬂz+x2+y2+22 =2 3.2

and is shown in fig. 5.3.1.

Fig. 5.3.1. Part of the power expansion of cos, after equation 5.3.2.

This part of the expansion of cosine is the ELF structure of the molecule
BgHg [7]. It is also the P-surface cut off by a sphere.

The corresponding equation for sine is
sin7x +sinmy +sinnz—(x+y+2z)=0 333

and is shown in two projections in fig 5.3.2 and 5.3.3.
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Fig. 5.3.2. Part of the power expansion Fig. 5.3.3. Different projection of
of sine. After equation 5.3.3. fig. 5.3.2.

Fig. 5.3.4. Block structure after Fig. 5.3.5. Column structure after
equation 5.3.4. equation 5.3.5.

In the cosine case one may say we use a sphere, and in the sine case we use
a plane. Like above using a cylinder to get a spiral from the helicoid. We
add a cylinder to the P-surface, and also two planes in eq. 5.3.4 and 5.3.5,
and the result is seen in figures 5.3.4 and 5.3.5.

cosnx+cosny+cosnz+x2+y2=l 5.34

COSTEX+OOSTI:y+COSTI:Z+X2 =0.5 5.3.5



The Screw and the Finite Periodicity with the Circular Functions 115

These three structures - the block (fig. 5.3.1), the column (5.3.4) and the
layer (5.3.5) structures are the fundaments for the building block principle
in crystal structures [6,8].

We make more advanced cubosome structures by changing periodicities as
in fig 5.3.6, after equation 5.3.6.

COS2MX + COS 2Ty +Ccos 2Nz + X2 +y2+22 =2 5.3.6

Slightly changing the equation as to 5.3.7 gives fig 5.3.7 where a number of
bodies have condensed, or are just about to.

2(:,0521'm+2ccus2rl:),/+2(.‘.c'::ts21tz+x2-i-y2+z2 =2 5.3.7

Fig. 5.3.6. A Larsson cubosome Fig. 5.3.7. Slight change to equation
made after equation 5.3.6. 5.3.7 make bodies land.

We have earlier found, by using similar functions, that we could describe
small molecules, or the giant ones like the Larsson cubosomes [5,9,10,11].

We do this here by using the fundamental equation of symmetry and adding
its complex exponential. We have then the complete description of a
crystal, with its crystal structure and atomic positions from the complex
exponential, and the outer shape and its symmetry from the natural
exponential.

We add a cube as boundary after equation 5.3.8, which is shown in fig 5.3.8.

2 2
cos 3mx+cos3my +cos3nz x2+ey +eZ =87 5.3.8

€ +€
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Fig. 5.3.8. A cube as boundary to the P surface after equation 5.3.8.

Fig. 5.3.9. A split of fig. 5.3.8.
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In fig. 5.3.9 the above structure is shown as a split, revealing 27 atoms in
the full cube.

And we make a tetrahedral crystal which is a small cubosome of D type, or
of course a piece of diamond after equation 5.3.9, and shown in fig 5.3.10.

oRe( (X +Y+2) L T(X-y=2) L JH(-X~Yy+2) +c'j:i[—x+y_z))
.elm(e“i(""'y”)+c“i(x_y_z)+e“i{'x'y+z)+e“i('x+)’-2)) 530
+eXTYFZ L X7V =2 L o XYZ L XAY-Z

Fig. 5.3.10. A tetrahedron as boundary to the D surface after
equation 5.3.9.

The two most common symmetries for the cubosomes are the diamond
symmetry with a surface of D-type as above, or the bce in form of the
space group [a3d, and the surface is then gyroid. So if the diamond surface
in fig 5.3.10 represents a very small cubosome, the gyroid surface as seen in
fig 5.3.11 is of "normal’ size. The boundary is a cube as in equation 5.3.10.

i Im( SATi(x+y) e A(x=y) L Ami(x+2) e41ti( =X+2) L ATi(y+2z)  4Ti(y-2)

5.3.10

2

o 2

2
+e* +e¥ +e? =55
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Fig. 5.3.11. A cube and the gyroid surface give a Larsson cubosome
after equation 5.3.70.
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Exercises 5

l(.‘IOS‘I'IZZ
Exercise 5.1. The equation COSTY _e2
COS TTX
to the CLP minimal surface[12] and can easily be derived from a surface

given earlier here. Find it and describe the relationships.

is the nodal correspondence

Exercise 5.2. In our lungs there is a multiple layer membrane of essential
physiological importance. It has been found with electron microscopy that
this layer has the topology of the CLP surface[13],but the boundaries
correspond to a 45° rotation along ¢ of the tetragonal coordinate system.
Show a piece of this membrane.

Exercise 5.3. Use the simple formula in exercise 4.6 as obtained for the D-
nodal surface to construct the smallest possible cubosome, which also is the
ELF structure for molecule B4H,.
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Answer 5.1

The surface is Scherk® first surface e”cosx =cosy, which also is a minimal
surface, plotted in exercise 2.5, chapter 2. If made periodic in z it becomes
the nodal correspondence of CLP. Below is plotted in two projections the
tetragonal nodal surface of CLP from equation above in 5.1.

Fig. 5.1. a Fig. 5.1. b Along the
tetragonal axis.

Answer 5.2

The equation is

T —COSTZ T
cos:l-(x——y)e10 -cosz(x+y)=0

Answer 5.3
The equation and the molecule is below.

1(COSXCOSTY cosTz+sin xsin wy sin nz

+100+¥+2) 1 19(x7Y=2) 1 1(=%-¥+2) 1 1o(y=2%) =g
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Fig. 5.2.

Fig. 5.3.
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6 Multiplication, Nets and Planar Groups

‘makes it surprising that geometers have not explored this field during the
past two thousand years’ (Wells, Three dimensional nets and polyhedra

[1)).

Here we go circular with the general saddle equation. We derive
mathematical equations for nets and the planar square groups, and also the
quasi-periodic symmetry. Extending to 3D we give the mathematics for
some fundamental metal structure types like hep, AlB,, CaZns and CuAl,.

6.1 Lines and Saddles

In this chapter we go to multiplication, after addition and subtraction of
the circular functions. We find a way to describe nets, and here we shall
develop them in 2D and also go to 3D. We have earlier given some nets in
3D [2,3]

Nets in 2D have always fascinated mankind. Why is hard to understand, but
perhaps it is the mysterious periodicity, and the property of symmetry,
perhaps it is the applications in crystal chemistry, or in art as the
Alhambra ornaments, or carpets or just wall paper.

The approach could be to go circular via the equation for polygons (eq.
3.1.11) or the finite products of the fundamental theorem of algebra (eq.
2.1.4 or 2.2.2). Or the multiple eigenvalues for a square membrane of
eigenfunctions of type sinmxsinmy +sinnxsinmy, which give similar or
identical results [10].

The approach we have taken is the saddle mathematics [4] where the
products of equations of intersecting planes were used as in equation 2.3.5.
We shall only use a few planes, up to five and the equations for these
planes are:

xy=0 6.1.1

x<§+§yx—§+§y)=o 6.1.2
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xy(x+y) x—y)=0 6.1.3
‘\/1+’c2 1+'c2
2 2
m)(__ 2 6.14

We give the corresponding figures in 6.1.1-4.

2
4
2 1
0 0
-2 1
-4
-2
-4 -2 0 2 4 -2 -1 0 1 2
Fig. 6.1.1. After equation 6.1.1. Fig. 6.1.2. After equation 6.1.2.
2 3
2
1
1
0 0
-1
-1
-2
-2 -3
-2 -1 0 1 2 -3 -2 -1 ¢ 1 2 3

Fig. 6.1.3. After equation 6.1.3. Fig. 6.1.4. After equation 6.7/.4
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6.2 Nets with Two Planes, and Variations
Multiplication of the type
sinftxsinmy =0 6.2.1

gives the saddle net repeated in fig. 6.2.1, and with a constant as in eq.
6.2.2 there is the structure in fig. 6.2.2.

sinmtxsinmy = 0.8 6.2.2

There are various ways to proceed and get beautiful nets and we restrict us
to a simple one with equations of the type

sinmxsin7y + sinnnxsinnny = C

For equations 6.2.3 and 6.2.4 there are the beautiful nets of figures 6.2.3
and 6.2.4.

sinmxsiny + sin3nxsin3ny = 0.8 6.2.3

sinmxsiny + sin Stxsin Sy = 0.4 6.2.4

[\

=

o
(=]

-2
-2 -1 0 1 2 -2 -1 0 1 2
Fig. 6.2.1. After equation 6.2.1 with Fig. 6.2.2. C=0.8

C=0.
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[\

o =
O

o] ]
o]
o]

O (o]
(o]

O }—"

A ﬁl

2 -1 0 1 2 i) _1

3

Fig. 6.2.3. After equation 6.2.3. Fig. 6.2.4. After equation 6.2.4.

And for cosine there are the equations 6.2.5 and 6.2.6 and the nets in figs.
6.2.5 and 6.2.6.

COS TXCOS Ty + cos2mxcos 21y = 0.5 6.2.5

COSTTXCOS Ty + cos 4mxcos4my = 0.8 6.2.6

> o © o o 0 o o <«

-2 -2 3%0 o%o og:gc

‘)D(\ /WD(\ MDF L n A A A0 A~ A8y
-2 -1 0 1 2 -2 -1 0 1 2

Fig. 6.2.5. After equation 6.2.5. Fig. 6.2.6. After equation 6.2.6.
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6.3 Nets with Three Planes, and Variations

Multiplication of the type

X \/_ . X \/5

sinfixsin —+—y |sin®f| ~——+-—y | =0 6.3.1
2 2 2 2

sin X sin 7| §+—3 sinTy —5+£y =0.1 6.3.2
2 2 2 2

which gives intersecting lines in fig. 6.3.1, and with a constant of 0.1 we
have a primitive trigonal structure as seen in fig. 6.3.2. We continue like
above in the equations 6.3.3 and 4 which give the trigonal nets of figures
6.3.3 and 6.3.4.

smn:xsmf{z + i_—y} smr{—— + £ ]
6.3.3

+sin2nxsin27{§ + @y] sinZn{-g + ﬁyJ =05

2
sinn:xsim{z+£yjsinn{—§+—\6y}
2 2 2 2
\EJ

+sin3mxsin3n §+£y sin37 —i-l-—y =0.4
2 2 2 2

VAVAVAY

AVAVAVA
P AVAVAVAY

sivivivl
1vAvivie
TOQO

-1 -1
) _

-2 -1 0 1 2 2 5
Fig. 6.3.1. After equation 6.3.1 Flg 6.3.2. As in fig. 6.3.1 but with

with C=0. C=0.1.
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2t — ) — 2 O O
O
0”0 0o SUSSRNSUL
1 o o 1o C@Oo (a’go
DO O DD O C@Oo C@oo
0O OOO DO 0l ® ?:@oo g@o
DD O OD O 8@00 O@Oo
40 OO O OO _1}o Oqgoo g@o
OD O DD O © o) © o)
—2L™ ~ m ~ _2(:(200 C:\fgoo
-2 -1 0 1 2 -2 -1 0 1
Fig. 6.3.3. After equation 6.3.3. Fig. 6.3.4. After equation 6.3.4.

Multiplication of the type

cosnxcosn[§+§yjcos{—§+£yJ =C 6.3.5

2

gives the Kagomé in fig. 6.3.5, and with a constant of 0.3 we have a
hexagonal structure, fig. 6.3.6. We continue like above in the equations
6.3.6 and 7 which give the hexagonal nets of figures 6.3.7 (eq. 6.3.6), 6.3.8
(eq. 6.3.7, C=0.2) and 6.3.9 (eq. 6.3.7, C=0.8), the last net very similar to
the Apatite structure.

COS TTXCOS i+£y COST —5+—\/§y
2 2 2 2
6.3.6
+cos21tx00321{—2)S + gy} 00521{—E + ﬁy] =0.5

2 2

COS TTXCOS T E+£y cos —-¥-+£y
2 2 2 2
6.3.7
+cos3nxcos3n{—2)£+§y] cos3v{—-§+£yj =C

2
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Fig. 6.3.5. After equation 6.3.5 with
C=0.
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Fig. 6.3.7. After equation 6.3.6.

{
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Fig. 6.3.6. As in fig. 6.3.5 but
with C=0.3.
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Fig. 6.3.8. After equation 6.3.7
with C=0.2.

These are well-known nets in the solid state science that represent crystal
structures, and many more may be obtained by varying the equations. An
example is in equation 6.3.8 below with multiplication of terms instead of
addition and the result is a projection of the structure of the zeolite

Gmelinite as shown in fig. 6.3.10.
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sinnxsinn{zz(- + gyJ sinn(.—g + ﬁyJ

2
6.3.8
. . X 3 . X 3
-sin4mxsin 47 —+£y sin4mn —~—+£y =0.1
2 2 2 2
2J°o©oou°o©o°t 2050' 9geeo oo
Y OO o0 O¥YO ¢ °5° °09°5° 2 o°
O C [OPNO); O @) 0%00%0 0%00°%0
1) ° ° O ° ° ( oooooo OQooDo
)OOOOOOOOOOO( loooo Oooooooo 0000
) ° OOO ° O ° OOO o( OOO OOOODO OOO
O O O O O O S o o © © o o ©
O) . . O . . C 0 OOQODO oooooo
)OOOOOOOOOOO( OOOOOOOOO 00000000
o Q Q0 [o] [e] Q
) ° OOO ° 0 ° OOO ° ¢ %o 096000 09,
-1 e} O 'S O O e} _ ° o o © © o o ©
) o o O o o ( 1 °9°°p° °q°°p0°
)OOOOOOOOOOOC OOOOOOOO 00000000
° O o o O o ODO OOOODO OOO
o OO0 n OYO o« 1%~ ° 9,000 2.0
-2 -1 0 1 2 -2 -1 0 1 2
Fig. 6.3.9. After equation 6.3.7 with Fig. 6.3.10. After equation 6.3.8
C=0.8. the zeolite Gmelinite.

6.4 Nets with Four Planes, and Variations

We continue with four planes from the saddle equation, and eq. 6.4.1 gives
the structure of CuAl, shown in fig. 6.4.1.

sinnxsinnysinn(x+y)sin1t(x—y) =0.3 6.4.1

Cosine instead of sine as in eq. 6.4.2 gives a zeolite similar structure in fig.
6.4.2.

COS TLX COS Ty COS n(x + y)cos n(x - y) =0.1 6.4.2

A simple phase shift as in eq. 6.4.3 gives for the two different constants,
0.3 and 0.1, the two figures 6.4.3 and 6.4.4.
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sinnxsinn:ysinn(x+y)sinrc(x—y) 643
+cosnxcosnycosn(x+y)cosn(x——y)=C o

Interesting with these simple functions is that they describe the three
square planar groups of crystallography [5]. The symmetries of the
structures correspond to the groups p4, p4m and p4g (no 10, 11, and 12).

2 2
60 % 60 © Vs o\ s o o
. o o . Q o OOO
O o
o © o o
o O 0 O
T D101«
O O
o o o o
10 0 o 0 0 o . o o o o
O o B < > < >
0 0 0 0 P
ol © °© A N 4
-2 -1 0 1 2 -2 -1 0 1 2
Fig. 6.4.1. After equation 6.4.]. Fig. 6.4.2. After equation 6.4.2.
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c=03. with C=0.1.
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6.5 Structures in 3D from the Nets

This is not a general study of nets in 3D - we have touched that before - 3D
is a vast subject.

We continue on the approach above and an equation like sinx-siny-sinz
which we know gives intersecting planes in space. A non-zero constant
gives a primitive structure of bodies (which joint with straight lines gives
the simplest possible 3D net). The cosine addition in
sinx-siny-sinz+cosx'cosy-cosz gives the diamond net and so on. This we
also saw in chapter 2 in the study of the fundamental theorem of algebra in
three dimensions.

We try below a somewhat different road going to 3D with the net functions
of 2D just derived. Using the simple functions extended to 3D in a cubic
way give the simple and fundamental structures described earlier in this
book. As an example of the more complicated structures that quickly turn
up at a systematic variation of equations we apply addition and
multiplication and do permutations in space for a simple equation as below
in 6.5.1. The structure of this is shown in fig. 6.5.1.

sinxsin my sin 27x sin 27y + sin X sin wzsin2nxsin2nz

5 : : : 6.5.1
+sinnzsinwy sin27tzsin2my = 0.6

Fig. 6.5.1. A simple equation as in 6.5.] gives this formidable
structure in space.
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Joining the centres of these bodies gives of course a bce net.
For the hexagonal nets we use the simplest of the equations above and first
we multiply with a z-term as in equations 6.5.2 and 6.5.3. In the

corresponding figures 6.5.2 and 6.5.3 there are the structures of hexagonal
close packing and AlIB, resp. The small bodies are the boron atoms.

sin 211:xsin2'{12£- + —\gy] sinZI{—% + -‘?y] sin2nz = 0.1 6.5.2

cos 21|:xcos2'{5 + ﬁy] cos2u[-— + £y} sin3nz = 0.06 6.5.3

Fig. 6.5.2. Hcp structure after
equation 6.5.2.

Fig. 6.5.3. AlB, structure after
equation 6.5.3.

Addition and sine gives the H surface at zero constant by using eq. 6.5.4,
which with the constant of 0.9 gives a polyhedral description of hcp, in
form of trigonal bipyramids sharing comers as in fig. 6.5.4.

3sm27txsm2’l:[5+-\£—_y} 1n2'{——+—y]+sm3ﬂ:z C 6.5.4
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Fig. 6.5.4. Trigonal bipyramids describe the hcp
structure after equation 6.5.4.

i i i i f constant
Fig. 6.5.5. Trigonal bipyramids Fig. 6.5.6. Change o
describe the CaZns structure after to 0.3 in 6.5.5 makes the Zn
equation 6.5.5. atoms show up.
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Cosine as in eq. 6.5.5 below gives the surface of fig. 6.5.5 which is useful
for the CaZns structure. Adding a constant of 0.3 makes the Zn atoms
show up in fig. 6.5.6.

300s27:x0052n[§+gy)cosb{-§+%)} +0.25cos4nz=0 6.5.5
We go 3D with four planes adding a z-term after eq. 6.5.6.
63inﬂxsinﬂysinﬂ(x+y)si11n(x— y)+sin2nz =0 6.5.6

A beautiful surface for the CuAl, structure is shown in fig. 6.5.7. In 6.5.8
we see the Al atoms of the crystal structure of CuAl, from multiplication
with the z-term in equation 6.5.7.

6sin x sinmy sinn(x + y)sin:rc(x - y)sinZ:rtz =0.75 6.5.7

-0.5 0 0.5

Fig. 6.5.7. A surface for the CuAl, Fig. 6.5.8. The Al atoms in CuAl,
structure after 6.5.6. show up after 6.5.7.
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6.6 Quasi

This long-range order without periodic translation has recently been
reviewed by one of us [6], and the structure of the icosahedral case has also
been separately reported [7,8].

6.6.1 Four Planes and Quasi

With four planes or more, the use of irrational numbers in eq. 6.6.1 from
the general saddle equation brings out quasi-periodic symmetry as shown in
fig. 6.6.1 for a constant of 0.

3

sinmxsin Tty sin[TZ (X +y)] sin[g n(x-y)]=C 6.6.1

The quasi symmetry is more obvious in fig. 6.6.2, calculated for a constant
of 0.2.

The structure in fig. 6.6.2 can be understood as close to an interpenetrating
fourling of the CuAl, structure.

3 ) °0°. *0%c 0°0° ¢°0%s 0°0 o
10 8,0,2 0,0 0,0.°+ Q.0 G0
°%:6°% 0 °97%-8%% 6 b
) : o ° e

2 00 0950, *00p°% 00, °505° .
0°0°0 Q°0 ¢°0°« '0°0 0°0
5] #9105 0500220 505 020 P % o0

o 09 0°0%. *0% 0°0 e}

1 0.0 0.0 « 0.0 Q0,0 0.0 o
° 900, 9904 090f 9005 0%
\/ °0 . 00 0°0 o°0Q%c 0°0 o
ol g ot 9000° Qo0 9506 ,000 9,0
N\ 9.8 %.6.275.8 5.5 % o

o] N ° N °
069 ° 0004 696° »900s 0% ", o
-1 8,0 50 %08, 3 oo O 508 'S

o o oC. ° © .Q0

=512 %°8 %°0%s 0% ©°0° & *0°

A 060 060. *+.000 Qo0 ©,0,0
2 oo,ooobo -é)oo ooocbooooo'é,ooo

. o

10t50.0%2" ‘-°0§‘O°o°°u 000% 900

- 0°0 0°0 +«'0°0 0°0 0°0°0o

-3 < 0 0e0 ©,0,° .0g0 0,0, * .00
-3 -2 -1 0 1 2 3 -10 -5 0 5 10
Fig. 6.6.1. After equation 6.6./ with Fig. 6.6.2. After equation 6.6.] with

C=0. C=0.2.
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6.6.2 Five Planes and Quasi

Five planes in the saddle way in eq. 6.6.2, and with sine and a constant of
0.31, shows a beautiful 5-fold quasi periodic symmetry in fig. 6.6.3, outside
the origin. In analogy with observations above, this should be a structure,
and it is remarkable how well it agrees with the quasi-structure model as
derived [6,7,8]. Going cosine and a constant of 0.25 gives fig. 6.6.4, which
looks exactly as the Fourier transform, or the commonly shown diffraction

patterns of Al alloys.
V1+ 7 1—1x+\/l+12
27 2

. ) T }
sin2mxsin2m —x + y (sin2m
2 2
6.6.2
. 7-1 V1+12 , T \/1+12
sin2m ——— sin2m| ——x+ =C
2 27
3 .0 - U U - o,
180-,u oL+ > 5 © OOOoo ° o ¢
6 9 4 ° o o] 2 o O °O° ooo @) o
16 ° ° o © L, %o ) 04 O o) ¢
o ° g o) 0 ° o o o O 0 %o
14t° o ° o 9 o ° 1p QO 00 O o Q Qo O ‘
12 OO ° O. [e] gO o'oO ? 0) OQOO o°°o°°o OO°O<
lOooooo ° o ° O.OOO. ooooef’ °°OOOO
o'°oo°oo°.o"'o -1’O°o 050 OOO‘
8f o o, 0 O o o - O (OIS
° ° o o o ) @] 0 O O o © O ¢
6lo ° o° ° g ° o0 -2 ®) ¥ o ° o)
, © o o o 0o o) 0© o)
S °© 0 ° . ° o ) Q O o) (
4 3L o - O N . o°
2.5 5 7.51012.51517.5 3 2 -1 0 1 3 3
Fig, 6.6.3. After equation 6.6.2 with Fig. 6.6.4. After equation 6.6.2
C=0.31. with cosine and C=0.25.

A slight deviation from numbers containing 7 (after eq. 6.6.3, with 0.8
instead of 1/2 as an example) gives a beautiful structure of translational
symmetry in fig. 6.6.5.

cos2mxcos 21'5(0. 8x+0. 6y) cos 271:(0.3x + y)

6.6.3
-c0s2m{~0.3090x + y ) cos 27(~0.8x +0.6y) = 0.5
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Fig. 6.6.5. Translational symmetry after equation 6.6.3.
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Exercises 6
Exercise 6.1. Do four planes with cosine. Analyse!

Exercise 6.2. Go commensurate with sine and four planes, and show the
relation to the CuAl, structure.

Exercise 6.3. Go commensurate with cosine and discuss the translational
structure.

Exercise 6.4. Show the nets that build the structures for five, six, seven
and ten planes (these are dilated variants of the circulants graphs as
described by Skiena [11] - the vertices are pulled out to infinity).
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Answer 6.1

The four planes build two identical square nets that interpenetrate to an
incommensurate structure as in fig 6.1a. Notice the shift of centre
compared to sine. A small constant shows the beautiful eight fold
symmetry in 6.1b. The equation is as in 6.6./ with constant of zero and
0.1 respectively, and cosine of course.

2 N TN O
NN DY o0 N
K 10 5O 0
4NN Dy 20 o€
_22\ _17 Vi /2 _2_L2° /l\CO?r\ i

[y
[\]

Answer 6.2

The equation is
sin Txsin my sin[—l% (x+y)] sin[i% n(x—y)]=0.65

and the relation to CuAl, is obvious. The origin of the unit cell of the
commensurate structure is from permutations of type 0,0; 0,10; etc.

Answer 6.3
The equation is
COS TTXCOS Ty cos[llo (x+y)] cos[% n(x-y)]=0.7

and the fourfold symmetry shows up beautifully in a zeolite like structure.
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Answer 6.4

The term incommensurate was used already in the English translations of
Euclid, The Elements, with reference to the discovery of the irrational as
due to the Pythagoreans [9]. The incommensurate net in answer 6.1a, and
its relation to the square commensurate nets as discussed above, was surely
known to the Greeks. As well as what is given below.
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Use the general saddle equation from 2.3.5 in 2D:
i<n ; ;

IT [xcos(Zy+ysin(E) =0 6.4.a
i=0 n n

We derive the equations and from the graphs below we conclude that in the
description of the n-fold rotation symmetry the intersections-or the
symmetries-are derived from the rotations of simple nets of translational
periodicity. For n even there are always square nets, and for n odd there are
always rhombic nets, with the rhombic angles directly related to the n/27.

. . n N 2n . 2T
smnxsmn(xcos—s—+ysm—5—)smn(xcos?+ysm—5—)

6.4.b
. 3n . 3m . 4n . 4m
-sinT(xcos — + ysin—)sin(xcos— + ysin—) =0
5 5 5 5
sinn(xcosz—n + ysin—z—E)sin n(xcos4—n + ysin4—n) =0 6.4.c
5 5 5 5
. . 7 N 2n . 2m
sintxsinfi(xcos— + y sin—)sin t(xcos— + y sin—)
6 6 6 6
~sin7t(xcos3—n+ysin3—n)sinn(xcos4—ﬂ+ysin@—) 6.4.d
6 6 6 6
-sinn(xcosézt— + ysinéz) =0
6 6
. T LT 4n . 4m
sinm(xcos— + ysin—)sinf(xcos— + ysin—) =0 6.4.e
6 6 6 6
. . i LT 2n . 2T
sinTxsin m(xcos — + y sin—)sin(xcos— + y sin—-)
7 7 7 7
. . . 4
-sin1l:(xcos377C + ysm37n)sm7t(xcos4—;t- +y smTR) 6.4f

. 5w Y T 6m . 67
-smn(xcosT + ysm—7—)sm7t(x0057 + ysm-7—) =0
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sinn(xcos£+ sinz)sinn(xcosﬂ+ysinﬂ)—0
7 Y 7 7 7

sinnxsinn(xcos—n— + ysinl)
10 10

sinn(xcosz—n+ sm-2—1t-)sinn(xcos3—n+ sinéE)
10 Y 10 10 Y 10

sinn(xcos4—n+ sin4—n)sinn(xcoss—ﬂ+ sins—n)
10 Y 10 10 Y 10

n

10)

-sinn(xcos6—n+ sin6—n)sinn(xcosl1i+ sin
10 Y 10 10 Y

~sin1t(xcos§7£+ sins—n)sinn(xcos9—n+ sin—9—£)—0
10 Y 10 10 Y 10

. . 5 . 51
sinTxsinm(xcos— +ysin—) =0
10 10

Tj%%i
XX
'oj\ l/
el
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Fig. 6.4. a.
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7 The Gauss Distribution Function

‘Good work is not done by ‘humble’ men’ [1].

Here we describe the remarkable properties of the Gauss distribution (GD)
function, and use it to describe finite periodicity and the geometry of
molecules, small ones or large ones, as cubosomes. Models for defects in
crystals are also given. The broken symmetry in DNA and the possibility
of a mathematical code matching this is sketched. A model for different
grooves in DNA is also given. By mixing phases the outer shape of a
crystal can be varied. Non convex polyhedra are shown. A structure of
dilatation symmetry is given. The link to cosine is shown. The shape of
several radiolarian creatures are derived.

7.1 The GD Function and Periodicity

Infinite and regular periodicity is not the normal case in Nature, since
crystals are finite and also contain defects, often planar. The giant DNA
molecule is certainly finite, and the double spiral has deviations - giving the
genetic code - from the ideal wavy periodicity. Nevertheless, the circular
functions are used and said to describe these structures of crystals or
molecules, and some of their properties.

The periodicity of the circular functions was made finite above with a
special parametrisation, and was found useful in the description of crystals
and molecules, small or large.

One definition of a circular function is via the infinite products of roots. In
chapter 2 we used some first few terms in such a product, which is a
polynomial from the fundamental theorem of algebra. This was found
useful in the description of defect crystals as well as symmetry of
dilatation.

We have found that periodicity can be constructed from the GD function
which to its nature is finite [2]. We shall give a detailed description of this.

The GD function

2
e* =C 7.1.1
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has two lines (or points) - the roots of the function. These go apart for
small constants, as in fig 7.1.1 (C=0.2), and disappear when the constant
approach unity as in 7.1.2.

2 2

1 1

0 0
-1 -1
-2 -2

-2 -1 0 1 2 -2 -1 0 1 2
Fig. 7.1.1. After equation 7.].1 with Fig. 7.1.2. After equation 7.1.1
C=0.2. with C=0.999.

We now introduce some periodicity as we did with the polynoms;

e_X2 +e‘(x'2)2 + e_(x_4)2 + e_(x—G)2 + e_(x_g)2

pem G102 —(xm127 | ~(x-1) | ~(x-16)? 7.1.2

2 2 2
+e—(x-—18) +e—(x—20) +e—(x-—22) =C

The function 7.1.2 is positive so we use a constant as shown in fig 7.1.3,
and it seems to be identical with cosine, or rather its square.

0.15 0.2
0.1
0.05 0.1
-0.05 2 5 o1 o[t 0
-0.1 )
-0.15 -0.2
Fig 7.1.3. After equation 7.1.2 Fig. 7.1.4. After equation 7.1.3

with C=0.88. with C=0.



The Gauss Distribution Function 149

We make the GD function oscillate around zero just like a circular function
by using equation 7.1.3, which is shown in fig. 7.1.4. As this function is
built up term by term, it is possible to go into the function and ‘disturb’ the
periodicity. This can be done by a small coordinate, or phase, shift, or also
just by changing the base in one term. The base is changed from e to 2.5 in
eq. 7.1.4, and the effect is shown in fig. 7.1.5.

2 2 2 2
x+ 2)e—(x+2) +xe % +(x- z)e—(x~2) +(x-4) (x4

2 2 2
+(X - 6)e_(x"6) +(x- 8)e_(x_8) +(x- lo)e—(x—IO)

7.13
+(x-12)e—(X"12) +(X _14)e—(X‘14) +(X' 16)e—(x—16)
+(x-18)e™ X 18" 4 (x - 20)e (X720 4 (x-22)e™ 2D =
(x+2)e" XD 4 3™ 1 (x-2)e7 XD 4 (x-4)e (x4

2 2 2
+(x-6)e” ¥ 70" 4 (x-8)e" 7" 1 (x-10)(2.5)" 710 .y

2 2 2
+(x-12)e 7127 4 (x-14)e 71D 4 (x - 16)e~(x16)

2 2 2
+x-18)e X187 4 (x-20)e (X207 1 (x.22)e X 22)" =

Fig. 7.1.5. After equation 7.1.4 with C=0.

Before we go 2D we shall show applications of this type of function and we
do two helicoids. First is the traditional one,

xsinmz+ycosnz=0 7.1.5
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which is shown in fig 7.1.6. In equation 7.1.6 there is now the periodic GD
function instead of the circular, and the result in fig 7.1.7 which seems to
be identical with 7.1.6.

2 2
xze % +(2-20e"Z D 4 (z-4)e~

2 2
Hz+2)e” @D 4 (z+4)e” @) 1%

2
ry[(z+.5)e F 4z 42.5)~Z 29

2 2
+z-15)™ @1 4(2-3.57 @39 =0

Fig. 7.1.6. After circular equation Fig. 7.1.7. After GD equation 7.1.6
7.1.5 with C=0, with C=0.

One of us [3] has earlier given the topology for the DNA molecule in form
of an equation. As the molecule in reality is not exactly a double spiral, the
change to the mathematics which would match the structure of coding has
to be found. We propose a possible path via a slight phase change as done
on the coordinate of x=6. This gives a topological change in the
corresponding catenoid in equation 7./.7. In eq. 7.1.8 there is the
undistorted version. The corresponding figures for these equations are in
pictures 7.1.8 and 7.1.9.
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2 2
4y /10 Xy cos(?—:-)+ %(x2 —yz)sin(%)+(z+2)e_(z+2)

2 2 2 2
42677 +(2-2)e"F " 4 (2-4)eF Y 1(2-6.2)e" 26D 7.1.7

2 2
+(z-8)e" 8 1 (2100710 4 (z-12)e7 12 o

2.2 2
SXTHYTVI0 xycos(llt—zé-) - —%(xz - y2 )sin(%) +(z+2)ez+2)

2 2 2
+ze_"2 +(z-2) D 4 (z-4)e @Y 1(z-6)e™*O 718

+z-8) D 4 2100 1V 4(z-12)e7 1Y o1

5 2.5 0 2.5 =

Fig. 7.1.8. Distorted DNA after Fig. 7.1.9. Regular DNA after
equation 7./.7 with C=1. equation 7.7/.8 with C=1.

In the DNA molecule the two spirals are not separated by a simple
translation. There are two different distances between them, one is moved
along the spiral axis with respect to the other. In order to find the
mathematics we must have two functions different in phase, which we
separate with the exponential scale as in eq. 7.1.9 and showed in fig 7.1.10.

loPuy?y  (osBaensinTa)  (yoosHzt2iinsin D)
S 4 2 2 2

e 2 +e =35 719
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) Fig. 7.1.11. DNA after
Fig. 7.1.10. DNA after equation 7./.10 with C=3.5
equation 7.1.9 with C=3.5. showing different grooves.

Changing the weight of one of the spirals is a simple way to have the
spirals non-equidistant, as in eq. 7././0 and shown in fig 7.1.11. We have
chosen this topology instead of separated spirals in order to demonstrate
the different grooves. It is remarkable how similar this picture is to the
common ball and stick models of B-DNA.

1.2, 2 n .. n .M
x“+ cos—zZ+xsin—z cos—(z+2)+xsin—(z+2
e;( y )+ey 3 5 +% b 2( ) 2( )

e =35 7110

Changing the available constants give a great variety of topologies - the
pitch is of course the same. One example with even more marked
difference in grooves is shown in equation 7.1.1] and the picture in 7.1.12.

) LT b1 LT
2 cos—X+2Zsin—x cos—{x+2)+zsin—(x+2
e0-16(z +y2)+ey 2 2 .,.% Y 2( ) 2( )

=2.55
7.1.11

€
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Fig. 7.1.12. DNA after equation 7.1.7/] with C=2.55.

6
4
2 2
1 0
0 -2
=1 -4
-2 -6
3 -2 -1 0 2 3 6 4 -2 0 2 2 s
Fig. 7.1.13. After equation 7.1.12 Fig. 7.1.14. After equation 7.7/.13
with C=0.4. with C=04.
6
3
4
2
2
1
0
0
=2
-1
-4 -2
-6 =3
6 -4 -2 0 2 4 6 -3 -2 -1 0 1 2 3
Fig. 7.1.15. After equation 7.1.13 with Fig. 7.1.16. After equation 7.7.13

C=0.9995. with C=1.05.
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Going 2D, we start with the lines in eq. 7.1.7/2, shown in fig 7.1.13, which
together with the lines from eq. 7././ form equation 7.1./3, and figure
7.1.14. Continuing changing the constant gives the development in the
following figures. Via hyperbolic geometry the lines switch over to the
diagonal type, to form a circle like closed curve at the end.

_ 2
e’ =04 7.1.12
2 2
e X +e¥ =C 7.1.13
2
1
1 0.5
-1 -0.5
-2 050051
-2 -1 0 1 2 e .
Fig. 7.1.17. After equation Fig. 7.1.18. After equation
7.1.13 with C=1.3. 7.1.13 with C=1.8.

We use more terms to show the periodicity as in eq. 7.1.1/4, shown in fig
7.1.19.

I R Ty SR )
e eV 4o XD 4D

te 8 L -4 L~  -(y-6)°
+e_("_8)2 +e:'(y'8)2 +e_(x_m)2 +e_(y_10)2 7.1.14
rem(x-12? L —-12? | ~(x-147 | ~(y-14)

2 2
+e~ (7107 =010 ¢

In fig 7.1.20 we have taken away two planes and have a structure with
planar defects.
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o ¢ O O O © O O o
15 o O O o° o O O o
o 0O 0 0 0 O 0 0o 150000 0 0 0 o
12.5% 6 0000000 o0 12.5
. o O O o o O O ©°
100 0 0 0 0 0 O O © 100 0 0 o o 6 0 0 o
7,550 00 0O0O0O0O0oO 7 5/0 000 o 0 0 o0
5ooooooooo e o0 o o o 0 o o
© 00 0C 0O OO0 0 o 5
2.5%c 00000000 2.5 6 6 o0 o o 0 o o
O c © o 0 o 0 ¢ 0 o Ol o 0 o o o ¢ O o
02.557.51012.515 02.557.51012.515
Fig. 7.1.19. After equation 7.1.14 Fig. 7.1.20. After equation 7.1.14 but
with C=2. with two terms or planes missing.

7.1.1 Handmade Periodicity

With the GD function a plane can be moved and put anywhere, and we do
the same with the circle below in fig 7.1.21:

2..2
e XY ) 209 7.1.15

Fig. 7.1.21. After equation 7.1.15.
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We add more circles after eq. 7.1.16 and show this in fig 7.1.22.

~(C+y?) | A2 4y?) | (=8P +y?)
¢ X e te 7.1.16
1o (-2 | -+ y-9%) g g

5 5

s O 4 () O

3 3

2 O 7 O

1 1

s O O O 1O O O
-1 -1

-1 0 1 2 3 4 5 -1 0 1 2 3 4 5
Fig. 7.1.22. After equation 7.1.16. Fig. 7.1.23. After equation 7.1.17.

This time there is no periodicity - the circle is a closed function. There are
no lines to collaborate in space to give true periodicity. But we can still
build a structure by putting out the figures one by one, as we have done in
eq. 7.1.17 and shown in fig 7.1.23. We call this handmade periodicity,
which also is useful and will be developed in next chapter.

O HYD) L o2 +yP) | (x4 +yD) | ~(C+(y-2)) -

1o OEHY=0P) L (=07 +(y-0%) _ g g

7.2 The GD Function and Periodicity in 3D

The general natural exponential in eq. 7.2.1, here called the equation of
symmetry, is particular useful for describing shapes and forms of polyhedra,
and also for giving finite periodicity to the circular functions.



The Gauss Distribution Function 157

e(x+y+z)n +e(—x+y+z)n +e(x+y—z)“ +e(x—y+z)“
+eFNT XN (2407 (20T )T L 2T 75
16 4 e 4@ =

Multiplication with i as in eq. 7.2.2 gives the general complex exponential
for n,m,p=1.

ity +2)" | [i(-x+y+2)]" | fi(x+y-2)]" | [i(x-y+2)]"
GOAI™ L Iy | iz 4™

+€ +e +e 722

+eliz=01™ | ity +2)I™ | [iy-2)]"

+eliOP | IO | @I _

For a value n,m,p=2 we have the general GD function in three dimensions,
and for n,m=0 and p=2 we have the simple GD function in 3D.

2 2 2
e X +eV +e % =C 7.2.3

The three dimensional Gauss distribution in eq. 7.2.3 has a remarkable
development with the constant. From an anti-cube composed of six planes
in fig. 7.2.1 at a constant of 0.1, it forms via fig. 7.2.2 at C=1 an open
octahedron at C=1.8, composed of the intersection of six rods in fig 7.2.3.
Finally at C=2.5 there is a body - an octahedrally distorted sphere - in fig.
7.24.

The equation 7.2.4,

A S (S o e 7.24

which is a simple translational extension of eq. 7.2.3, gives a similar
pattern, and in figures 7.2.5-7 we see that periodicity starts to emerge.

Equation

- T B TP B SR
e 4e YV 1T 4o oD LoD

X 7.2.5
TS e NG LG
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gives fig. 7.2.8, which shows how six bundles of rods meet to form a nodal
surface of P-type in the centre at a const of 1.8, and in fig. 7.2.9 the
complete primitive structure is shown.

Fig. 7.2.2. After equation 7.2.3

4
Fig. 7.2.1. After equation 7.2.3
with C=1.

with C=0.1.

2

Fig. 7.2.4. After equation 7.2.3

Fig. 7.2.3. After equation 7.2.3 with
with C=2.5.

C=1.8.
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Fig. 7.2.5. After equation 7.2.4 with C=1.8.

2

Fig. 7.2.6. After equation 7.2.4 i0. 7.2.7 Aft ion 7.2.4 with
with C=2.7. g=|g.29 er equation 7.2.4 wi
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Fig. 7.2.8. After equation 7.2.5 with Fig. 7.2.9. After equation 7.2.5
C=18. with C=2.85.

Fig. 7.2.10. Large crystal or cubosome after equation 7.2.6.
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Next could be a picture of a big zeolite crystal, such as Linde A, or a
Larsson-cubosome in fig. 7.2.10, from equation 7.2.6.

e +e_y2 re 4o’ +e_(y—2)2 +e_(z'2)2
te () o= | (2 (67 | ~(y-6)7 | ~(2-6) .y
re (=87 | ~(y-87 | ~(z-8)

2 2 2
+e~ (X107 | o= (y-10)7 | o=(2=101" 5 65

7.3 The BCC and Diamond Symmetries

More symmetry groups in space are obtained via the permutation of the
variables, using the GD function.

In order to get the IWP and gyroid surfaces for comparison, we use the real
respectively imaginary part of function 7.3.1 below.

{XFY) 4 xmY) L {(x42) ¢ =(y+2) | =(x42) | i=(y=2) _ o 7.3.1

Eq. 7.3.2 gives planes, in this case two as in fig. 7.3.1.

2
e (Y)Y —0.8 7.3.2

Fig. 7.3.1. After equation 7.3.2.
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The prehistory is complicated, so we directly show the equation for the
gyroid surface as shown in 7.3.3.

—Ox4y-0.57% | ~(xy-052 | ~(x+20.5% | ~(y+2-0.57

e (X205 | ~(y-20.5% | ~(x+y-2.5) 4o~ (Xy-2.5?

vo- (#2257 | ~(y+2257 | ~(-x+2257 | ~(y-22.5?

e (kY457 | ~(xy-457% | ~(x+2-4.57 | ~(y+z-4.57
_[_t,‘—(—x+z-4¢t.5)2 & e—(j,/-z-4.5)2 4 e—(x+y+l.5)2 _i_e--('.!(-},f+1.5)2 73.3
_l_e—(:(+z+l.5)2 _|_c—(1,!-|-z-|-1.5)2 _i_e—(—x+z+1.5)2 _I_e--(y-z+l.5)2

o (ry35)2 | —(xy#35)? | ~(x+2435) | ~(y+243.5)

o (x+28352 | ~(y-z43.5 | ~(x4y+5.5)7 | ~(xy+5.5)

ro(XFZ#5.5)7 | ~(y+243.5)% | —(-x+Z+5.5)7 | ~(y-2+3.5)" _ 53

The gyroid calculated in this way is shown in fig. 7.3.2, and the
corresponding surface, as calculated with the Im part of the complex
exponential in eq. 7.3.1, is shown in fig. 7.3.3. The complete surface as
obtained from eq. 7.3.3 with larger boundaries is shown in 7.3.4. The
boundary properties of the finite periodical function closes the surface and
forms the particle. This is again a possible Larsson cubosome of the G type,
or also a crystal of with the structure of gamet. The outer shape is that of a
rhombic dodecahedron.

2
Fig. 7.3.2. The gyroid surface from Fig. 7.3.3. The nodal gyroid
equation 7.3.3. surface from equation 7.3.1.
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Fig. 7.3.4. The complete gyroid surface from equation 7.3.3 from larger
boundaries.

A smaller cubosome-like gyroid surface is shown along the three fold axis in
fig. 7.3.5 and the equation is 7.3.4.

e—(x+y-0.5)2 + e—(x-y-o.5)2 + e—(x+z-0.5)2 + e—(y+z-0.5)2 +
_l_e—(—x+z-{).5)2 _|_B—(y-z-().5)2 _'_e-—(x+y-2.5)2 +e—(x~y-2.5)2+

rem (47257 | ~(y+2-2.57 pem(x+z25% | ~(v-2257 | 73.4
re (YL | eyl | ~(xszel 5 o (y+z+157% |

+om Xzl | ~(y-z+157 _ g 3

The real part of the complex exponential in eq. 7.3./ gives the IWP nodal
surface. The corresponding symmetry for the exponential function is
developed with translations of 2, 4, 6 in eq. 7.3.5, and give the IWP surface
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in fig. 7.3.6, and also the body centred packing of bodies as isosurfaces. And
the inside is in fig. 7.3.7.

oy | o~y | b2 | (42 | (x4 | ~(y-2)°
pemCery2? | ey | Oz | ~(y+2-2)7

pem (3422 | (22 | ~(xry-d) | —(xey-4)

+e-—(x+z-4)2 _|_e~~(y+z-4)2 _|_e-'(--x+z-4)2 _|_e--(y-z-4)2

_!_e—()|:+y+2)2 +e—{x-y+2)2 _*_e—['_x+z+2}2 _‘_e—(y+z+2)2 73.5
pe- (X242 | ~(y-2+D? | —(xay+d? | ~(xy+4)?

_|_‘.:—(x-|-z+4)"2 +e_(y+z+4)2 +e—{—x-t-z-|-4)2 +e_(y'z+4)2

_l_e—(x-l-yﬂf.)2 _|_e—(x-y-|-6)2 +e_(x+z+6)2 +e—(3,r+z+15)2

_I_‘:-(-x+z+6)2 _|_e—(y-::+6)2 =52

Fig. 7.3.5. Smaller part of the gyroid surface after equation 7.3.4.
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Fig. 7.3.6. Bce arrangement of bodies after equation 7.3.5.

Fig. 7.3.8. After equation 7.3.6.

Fig. 7.3.7. Inside of fig. 7.3.6.
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In the last set of GD functions the translation shift corresponds to ordinary
sine. One term gives planes, in this case two as in fig. 7.3.8 after eq. 7.3.6.

2
eV = 0.8 7.3.6
The first permutation is in equation 7.3.7:

—{x+y+z+0.5)2 —(x-y+z+t}.5)2
© e 7,37

o _ 2 i 2
S (x+y-z+0.5) te (—x+y+z+0.5) =

In fig. 7.3.9 the constant is 1.8 and the prehistory is as earlier. At C=2.3 in
fig. 7.3.10 the structure describes a C;H,; molecule.

Fig. 7.3.9. After equation 7.3.7 with Fig. 7.3.10. After equation
C=1.8. 7.3.7 with C=2.3.

One more set of terms in the summation gives the following equation:
2 2 2
e—(x+y+z+0.5) +e—(x—y+z+0‘5) +e—(x+y—z+0‘5)
2
+e—(—x+y+z+0.5)2 i e—(x+y+z—l.5}2 +e-(x-y+2-15) 738

_|_.e—(x+y—z—l.5)2 q_e—{—x+y+z--1.5)2 =37
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The prehistory is again bundles of rods that this time intersect to a
structure describing the admantane molecule in fig. 7.3.11, which really is a
part of the diamond structure. A larger part of this structure, which of
course starts to look like a cubosome, is shown in fig. 7.3.12, and the
equation is in 7.3.9.

& (x+y+z+0.5) s (x—y+z+0.5) +e (x+y-z+0.5)

2
+e-(—x+y+z+0.5)2 o e—(x+y+z—l.5)2 o (x-y+2-15)

7:3.9
_!_t.:—('x+y—z—l.5}2 _|_e—(—x+y+z—l.5)2+e—(x+y+z+2.5)2
pe(y+242.57% | —(xhy-242.57 | ~(xty+242.597 34
Fig. 7.3.11. Admantane Fig. 7.3.12. Piece of diamond after 7.3.9.

molecule after 7.3.8.

A summation with only negative phase shifts as eq. 7.3.70 gives the
structure of the methane molecule (CH,) as shown in fig. 7.3.13.

’ 2 e 2 (xty-240.57
¢ OFYHZHO)" L o -y+ZH0S)" | (AXHY-240.9)
e CXFYHZH0.5)7 | —(x+y+z42.5)" | ~(x-y+z+2.5) 7.3.10

= = 2 i 2
te (x+y—2z+2.5) o (—x+y+z+2.5) =17
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Fig. 7.3.13. After equation 7.3.10.

We have obviously derived the exponential mathematics for the so called
D-nodal surface, and the summation in eq. 7.3.7/ gives the surface in
7.3.14.

e—(x-l-y-l-z+0‘5)2 +e—(x-y+z+0.5)2 _{_e--(x+y-z+(.‘!.5)2
+e—(—x+y+z+0.5)2 +e—(x+y+z-l.5)2 -i_e--(:|(-y+z-l.5)2
pem(x4y-2-L9? | ~(—xty+z-1.5)% 4 ~(xty+242.5)
rem(ey+z425% | ~(ery-z42.5% | ~(-xry+z42.5)° 7311
+e—(x+y+z-3.5)2 4 e-(x-y+z-3.5)2 i c-—(x+y-z-3.5)2

_|_e—(—x+y+z-3‘5)2 +e—(x-|-g,z+z+4.5)2 + e—(x—y+z+4.5)2

+e—(x+y-z+4‘5}2 i e—(—x+y+z+4.5)2 -35
The corresponding equation for the classical nodal D surface is
Im [RGB L TR 7.3.12

which we show in fig. 7.3.15 for comparison.

The complete surface for equation 7.3.11 is given in fig. 7.3.16, and its
projection shown in fig. 7.3.17. The shape is octahedral.
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Fig. 7.3.14. GD mathematics after Fig. 7.3.15. Complex exponential after
equation 7.3.11. equation 7.3.72,

4

4

Fig. 7.3.16. Larsson cubosome D after equation 7.3.7/.
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~4 =3 0 2 4
Fig. 7.3.17. Projection of the octahedron in fig 7.3.16.

By using only positive ‘phase shift’ or translations 7.3.13, the outer shape
is the tetrahedron shown in fig. 7.3.18.

e—(x+y+z-t-(].5)2 .i_e—{;\c-z,r-|-z+(}.5)2 _|_e—(x+y-z+0.5)2

+e—(-x+y+z+0.5)2 _1_.3—(:(+y+z+2.5}2 +e—(x-y+z+2.5)2

_|_t,'—(:~(+y-z+2.5)2 _'_e—(—x+y+z+’.’.5)2 _'_e—{x+y+z+4.5,‘|2

+e—(x—y+z+4.5}2 _I_‘.#—{x+y-z+4.5)2 _l_e—-{--x+y+z+4.5)2 7.3:13
+e—(x+y+z+6.5}2 +e—(x-y+z+6.5)2 _|_(,'—(x+y-z+6.5)2

+e—(—x+y+z+6.5)2 i e—(x+y+z+8.5)2 Jre—(x-3:+z+a.5)2

+e—(x+y-z+8.5)2 _‘_e~-(---x+y+z+8.5)2 =35
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0
Fig. 7.3.18. A tetrahedron after equation 7.3.73,
and still the D-surface.

Only using negative phases in eq. 7.3.13 gives the dual tetrahedron. By
truncating eq. 7.3.//, or mixing the ‘phases’ as in eq. 7.3.14, we get a
somewhat irregular outer shape that still has perfect ordered inside, as in
fig. 7.3.19.

e-—(x+y+z+v‘.‘}..'a)2 +e—-(x-y+z+0.5)2 _|_e—(x+y-z.+'il.5)2

+e_(_x+y+z+0‘5)2 +e~(x+y+z-l.5)2 _|_e-(x-y+z-l.5)2

_{_e—q’gwy-z-lj)2 _l_e-—(--x+y+z-1.5)2+e-—(x+y+z+2.5)2 7.3.14
_|_e—(x-y+z-|-2.5)2 _l_‘,'—(x+y-z+,‘2.5}2 -|_e-{--x+y+.1:+2.5)2

_|_a--{x+y+z+4.5)2 =3.5



172 Chapter 7

o
x
B

-2 0 2
Fig. 7.3.19. Still the D- surface but with different outer crystal shape,
after equation 7.3.74.

It is clear that the changes of phases causes dramatic changes of shapes, so
this is of course a way to mimic the various shapes crystals take.

Introducing a real defect in the phases as in eq. 7.3.15 - actually breaking
the regularity, or symmetry - is shown in fig. 7.3.20.

3—(34;+y+z-0.5)2 _|_e—(x-y+z-0.5)2 +e-—(x+y-z-0‘5)2
_|_e—(—x+y+z-0.5)2 +e—(x+y+z-2.5)2 +e—(x-y+z-2.5)2

+e-(xty-2-2.57 + e—(—x+y+z-2.5)2 + e—(x+y+z—4.5)2

+e—(x-y+z-4.5)2 +e—(x+y-z-4.5)2 _'_e—(—x+y+z-4‘5)2

+e—(x+y+z-6.5}’-' +e—(x-y+z-6.5)2 N e—{x+y-z-6.5)2

pom(XHY+2-6.57 + ~(xry+240.5)% | ~(x-y+2+0.5) 73,75
_'_c*-()uy-z+0.5‘}n2 + ‘.:—(—:«:+y-|-z-i».5)2 + e—(x+y+z+2.5)2

oGy +z+2.5)? 4 e—(x+y-z+2.5)2 4o (-xty+z+2.57

+e—(x+y+z+4.5)2 +e-(x—y+z+4.5)2 _'_e—(x+3,(-z+4.5)2

-H,:—(—J{-l—y+z+4..’>)2 _|_e—(:1(+y+z+t3.5)2 _{_c—(x-yq-zHS‘S)2

2 2
e (XHY-246.5)7 | ~(-x+y+z+6.5)" _ 4 15
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Fig. 7.3.20. After equation 7.3.15 - the octahemioctahedron.

Similarly we construct the equation 7.3.16
e pe Y beh 4oV 4 o0-DP +e_(z_2)2
ro &8P L om0 | -4 ~(x-6) | ~(y-6) | ~(z-6)"
1o 8 L o—(y-87 | (28 |~ | ~(y+D) (241
1043 Lo~ 437 | o~ x5 | ~(y49)? | o~(2+5)
4o O =4 | @) | 49 | (49 | 249 _ g4
7.3.16
which gives fig. 7.3.21.
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10
Fig. 7.3.21. After equation 7.3.]6 - tetrahemihexahedron.

These two surfaces are remarkable - they are very similar to the non
convex polyhedra, and the octahemioctahedron and tetrahemihexahedron.
Like these polyhedra, the surfaces are built of four equatorial hexagons and
three perpendicular squares, which lie in planes which are described above to
generate periodicity. These planes may also be regarded as twin planes, and
as such these generate unique structures.

The real term of eq. 7.3.17 gives intersecting planes as a nodal surface,
shown in fig. 7.3.22.

Re[i¥VF2 {5 YH2 48092 4 732120 4317
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Fig. 7.3.22. After equation 7.3.77. Fig. 7.3.23. After equation 7.3./18 -2
FRD related surface.

With the GD function developed with translations of 2, 4, 6 in eq. 7.3.18,
which corresponds to cosine in terms of the circular functions, we have a
surface related to the FRD as shown in fig. 7.3.23. This surface is a
beautiful demonstration of how perpendicular planes continuously can go
through each other without intersections.

10-—(x+y+z)2+10—(x-y+z)2+10—(x+y-z)2 +10—(—x+y+z)2

+10—(x+y+z+2)2 +10-(x~y+z+2)2 _'_10--(x+y-z+2)2_l_lo—-(—x+y+z+2)2
F10-Ccty+z+? | o-(eyrzad? | o-(xry-zad)? +]0—(—x+y+z+4)2
+10—(x+y+z+6)2 +10—(x-y+z+6)2 +10—(x+y-z+6}2 _l_m—-(—x-i-y-i-z+6)2 7.3.18
+10-Cc+y+z=2) +10—(x-y+z-2)2 +10—(x+y-z-2)2 +10—(-—x+y+z-z)2
+10—(x+y+z-4)2 +10—(x—y+z-4}2 +10—(x+y-z-4)2 +10-(—-x+y+z-4)2

+10-0#y+2-6% | o=(ey+2-6 1 -Ccry-2-6)7 | o~(-xy+26)% _ 5 33

Any degree of irregular structures may of course be designed in 3D, as was
done in 2D. The obvious application is functions of dilatation symmetry.

In eq. 7.3.19 we have formulated a function which indeed gives the
remarkable structure of a 3D Fibonacci periodicity, illustrated in fig. 7.3.24.
The structure is a dilated P-surface, or dilated primitive packing of bodies.
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In fig. 7.3.25 we give a larger region of this beautiful symmetry as the
corresponding 2D plot, at a constant of 1.9.

2 2 2 2 2 2
o L o0-3? L o~z | (x5 (-5 | (25

2 2 2 2 2 2
+e_(x_8) +e‘(¥'3) +e‘-(Z-8) +e_(x_13) +e_(y_]3) +e"(z_l3)
re =207 | o~(y-21% | ~z-21)

2 2 2
T I A Y R

7.3.19

35 00 o o o -]
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10 cCc o =3 o (-]
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co o o o o

0
0 5 1015 20 25 30 35

Fig. 7.3.24. 3D Fibonacci periodicity Fig. 7.}.'25. 2D Fibonacci
after 7.3.19. periodicity.

7.4 The Link to Cosine

For a constant of 2 according to eq. 7.4./,

2 2 2
e X +e 7 +e % =2 7.4.1

there is the remarkable octahedron in fig. 7.4.1.
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6
0
6
4
2
d
0
2
B
6
Fig. 7.4.1. Octahedron after Fig. 7.4.2. Octahedron shifted after
equation 7.4.1. equation 7.4.2.
This octahedron may be shifted after eq. 7.4.2
2 2 2
e_(x_4) +e_(y_4) +e_(z‘_4) =2 7.4.2

which gives fig. 7.4.2.

6
Fig. 7.4.3. Adding the two octahedra gives eight after equation
7.4.3.
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By adding the two octahedra after eq. 7.4.3 we get eight as in fig 7.4.3,
which means beginning of periodicity.

—x2 . 2 _a2 (u_Ay2 oAy
e X 4™V o7 47XV LV Lm0 o 7.4.3

We take the octahedra apart as in figures 7.4.4 and 7.4.5 after equations
7.4.4 and 7.4.5 respectively.

2 2 2 2 2 2
e—x +c'—y +e"2 +e"{x"’6) +e_(y_6) + e_(z_ﬁ) =2 7.4.4

2 2 2 2 2
e re Y 4e? 4oV o8 a8 g 7.4.5

Fig. 7.4.4. After equation 7.4.4. Fig. 7.4.5. Afier equation 7.4.5.

The surfaces of the circular equations from chapter 4,

(cos :fc)2 +(cos y)2 +(cos z)2 =2 7.4.6

(cos x)4 + (cosy)4 +(cos z)4 =2 7.4.7

(cos x)6 +(cosy )6 +(cos 2)6 =2 7.4.8



The Gauss Distribution Function 179

are very similar to figures 7.4.3-5. Especially is this the case for the figures
4.3.3 and 7.4.5 - to the eye they look identical.

Note that the constant is always 2 whichever we use, the GD function or
cosine function. From these observations it is obvious that there must be a
link between the GD-function and the circular functions.

The GD function is very famous for its applications:

y=e ¥ 7.4.9
The function is the fundamental solution to the diffusion equation [4],

2
du_du_, 7.4.10
ot ox2

and its solution with time.

e 4 7.4.11

u(x,t)=
4pt

For a constant time we have the so called GD function below in fig. 7.4.6,
which is plotted after eq. 7.4.9.

0.
0. 0./6
0/6 0/a
0.4
2 0.2
-4 -2 2 4 -4 -2 2 4 6 8 10
Fig. 7.4.6. Gauss-distribution Fig. 7.4.7. Handmade periodicity with
(GD) function after equation GD function after equation 7.4.12.

7.4.9.

With a shift as

2 2
y=e X 4+ x6 7.4.12
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we can build a handmade periodicity as in fig 7.4.7.

We do the expansions

2
e X =1-x%+0.5x* -0.16667x% +0.041667x5..... 7.4.13
cosx=1-0.5x%+0.041667x"..... 7.4.14
cosZx=1-x%+0.333x*...... 7.4.15

and see already by squaring cosx and expanding that there are similarities to
the GD function, which is the background to the 3D pictures above.

After some trials we found the function

X 2
coszn—f:e ¥ n—oeo 7.4.16
n

and its convergence is shown below. Compare

2
e X =1-x2+0.5x% ~0.16667x% +0.041667x5..... 7.4.17
with
cos3%0x ﬁ =1-x% +0.49958x* —0.16625x% +0.041459x5.....
7.4.18
and

029090 4 /100 = 1— x2 +0.49998x* — 0.16665x° +0.041658x% 7.4.19

The function for n=10, or y=coszo% is compared with cosx in fig.
10

7.4.8 and we see that the periodicity is increasing with n.
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%

-1

4/ 6 10/ 12

Fig. 7.4.8. n=10 in equation 7.4./6 as compared with cosx.

The typical GD similar shapes are separated and very flat, or close to 0,
between the peaks, and we continue with the cosine function for n=200 in
figures 7.4.9 and 7.4.10.

1
0/8 0.8
.6 0.6
.4 0.4
0.2 0.2
-3 -2 -1 1 2 3 30 31 32 33 34
Fig. 7.4.9. n=200 in equation Fig. 7.4.10. n=200 in equation
7.4.16 and the first peak. 7.4.16 and the second peak.

To left there is the shape around x=0 in fig 7.4.9, and after that the
function is flat all the way until x is about 31.5, in fig. 7.4.10, where it
repeats again for the first time.

Of course it is not possible to distinguish the plots of the GD function and
this cosine function for this value of n. We have to go back to a value of
n=20 to see any difference of the two functions as they are plotted in
figure 7.4.11.

Is there any use for this function? In the precipitation of crystals, or
particles, from a solid or a liquid, there should be a concentration gradient
with a shape such as that of this new function. And of course the
concentration is constant, or flat, between the crystals. Indeed the
precipitation phenomena may be periodic which also has been reported by
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Terasaki [5]. He also points out the relevance for the Liesegangs rings as a
periodic precipitation.

25 =2 -1 1 2 3
Fig. 7.4.11. n=20 in equation 7.4.16 as compared with
the GD function.

More examples come from the general permutations in space as in
equations 7.4.20 and 7.4.21, which are shown in figures 7.4.12 and 7.4.13
respectively.

(cos(x+y +2))® +(cos(x—y - 2))* 7.4.20
+(eos(—x—y +2))% +(cos(~x +y - 2))® =2

ety 2 | ~(xy-2P | (xyin)? | (xiy-2) g 7.4.21

Fig. 7.4.12. After equation 7.4.20. Fig. 7.4.13. After equation 7.4.21.



The Gauss Distribution Function 183

And also the permutations:

cos:t(x+y)3+cos1t(x—y)8 +c:05':t(x+z)8 7422

+cosm(z— x)8 +cosT(y + z)3 +cosT(y — z)8 =C

x4y | x4y ~(y+2)?
] e B 7.4.23

+e—(—y+z)2 _’_e—()ﬁz)2 _I_e—{—:rc+z)2 =

Fig 7.4.14 shows the cos function, and 7.4.15 the GD function, both for a
constant C=2, which is the limit for the extremely thin catenoids running
out from the cube faces, of octahedral symmetry.

xom

0.4

Fig. 7.4.14. After equation 7.4.22 Fig. 7.4.15. After equation 7.4.23
for C=2. for C=2.

Going to a constant C=3, the catenoids are extremely thin so we show figs
7.4.16 and 7.4.17, both calculated for a constant of 2.99 from equations
7.4.22 and 7.4.23 respectively.

The remarkable shapes above are descriptions of some strange creatures,
the radiolarians.
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Fig. 7.4.17. After equation 7.4.23 for C=2.99.
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The science of the shape of these organisms is enormously rich, and we will
make no attempt to describe it here. But we would like to point out the
extraordinary similarity in the discussion of their formation and the
recently discovered so-called giant zeolites. It is enough to quote d’Arcy
Thompson [6, page 723] ‘skeletons are formed --- by surface action --- by
the adsorptive deposition of silica in walls and wedges, corresponding to the

manifold surfaces and interfaces of the system. --- the skeletons consists
(1) of radiating spicular rods, definite in number and position, and (2) of
interconnecting rods or plates, tangential to --- that of a geometric,

polyhedral solid.” These creatures are obviously grown by a chemical
transport reaction, controlled by diffusion which is in perfect agreement
with our models above as fundamental solutions they are to the diffusion
equation.
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Exercises 7

Exercise 7.1. Plot the GD function and the new cosine function for
n=100. Do the numerical integration for both, with suitable boundaries and
show the difference. (Hint: Use Mathematica’s Nlntegrate function).
Exercise 7.2. Show which curve is which in fig 7.4.11.

Exercise 7.3. Do the planar square group p4g as in chapter 6, but with the
fundamental theorem of algebra.

Exercise 7.4. Do the equation for fig 7.1.20.

2
Exercise 7.5. Compare a GD function like xe™* with sine.
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Answer 7.1

Nintegrate[EN-x"2), {x,-3,3}]

1.77241

Nintegrate[Cos[(2/100)*.5x]*100,  {x,-3,3}]
1.768

dev .25%

Or just

Integrate[Cos[(2/100)*.5x]*100,  {x,-3,3}]
1.768

Plot[Cos[(2/100)*.5x]*100, {x,-3,3} in 7.1a,
Plot[EN(-x"2), {x,-3,3} in 7.1b,
PlotPoints->400, Axes->True] PlotPoints->400, Axes->True]

0/8 0/8

.6 .6

.4 4

0.2 0.2
-3 -2 -1 12 3 -3 -2 -1 1 2 3
Fig. 7.1a Fig. 7.1b
Answer 7.2

Use smaller boundaries doing the Nintegrate and you will see.

Answer 7.3

ImplicitPlot[
X(x-(x-2)(x-3)(x-4)(x-5)(x-6)(x-THx-8)(xHy)(x Hy-1)(x+y-2)
(xty-3)(x+y-4)(x-+y-5)(x+y-6)(xty-T)(x+y-8)
YO-D-2)(y-3)y-H(y-5)y-6)Xy-T)-8)(x-y)(x-y-1)(x-y-2)
(xX-y-3)(x-y-4)(x-y-5)(x-y-6)(x-y-7)(x-y-8)==1000000000,
{x,2,6},{y,-.5,3.5},PlotPoints->100]
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d
X0
D

a
D

D>
X

>,
)

KDIX
zo%
X<

i M \/
2 4 5 6
Fig. 7.3
Answer 7.4
o e o0 LD L | ~(x-6?  -(7-6)

o8 | o107 | —(y-107 | ~(x-12 | ~(y-12)% | ~(x-14)7

2 2 2
e (197 | ~(x=167 |, ~(y-167 _

Answer 7.5

Plot[

{(x+2) EN(x+2)"2+xEN-(X)M2+H(x-2)EN-(x-2)"2+
(x-HEN-(x-4)2+H(x-6)EN-(x-6)"2+(x-8)EN-(x-8)"2+
(x-10)(EY-(x-10)"2+(x-12)E"-(x-12)"2+
(x-14)EN-(x-14)"2+H(x-16)EN-(x-16)"2+
(x-18)EN-(x-18)"2+(x-20)E"-(x-20)"2+
(x-22)EN-(x-22)"2, 0.236 Sin[Pi x]},{x,0,20},
PlotPoints->400,Axes->True]
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-0.1
~0.2

Fig. 7.5a
Plot as above but with the boundaries{x,6,7},

PlotPoints->400,Axes->True]

0.2

0.1

6.2 6.4 6.6 6.8 7

Fig. 7.5b
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8 Handmade Structures and Periodicity

There is no business like show business (origin unknown).

Here we continue to use the exponential scale and the GD function to build
constructions of different kinds. We do some classic geometry. We see
repulsion and also the hanging drop.

We see the hyperbolic plane and use it to revisit the radiolarians.

In chapter 7 we added planes - here we add closed bodies, one by one, to
periodic structures.

We derive surfaces from structures by making spheres meet in space. We
analyse the topology of the surfaces created. We find that a periodic
structure has a dual. We describe some fundamental oxide chemistry.

We make closed bodies, like tetrahedra and octahedra, meet in space and
show in that way how mathematical functions describe crystal structures.

8.1 Prelude

Handmade constructions have been touched earlier in the section for
hierarchical growth, and described in the last chapter. Here we shall start
from scratch and develop it.

We showed earlier that it was necessary to go higher up in the exponential
scale, in order to keep the original characters of the units we put together
into a continuos function. This is more pronounced the higher up you are
on the scale, and with the scale we mean as before:

In chapter 7 we used planes or lines in GD functions and had real
periodicity after our definition. Now we use closed bodies like spheres or
polyhedra, and build them one by one to a periodic structure. We shall first
give a short study of spheres, cylinders and planes, as a preparation before
we start with the GD functions.

We said it before, cylinders and spheres consist of collaborating planes. We
start with the cylinder;

xX+y2=1 8.1.1
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x> =1 is two planes as in figure 8.1.1, and so is y’=1. The four planes
collaborate and form the cylinder of equation 8.1.1.

Fig. 8.1.2. Two intersecting
planes after equation &.1.2.

For

x2-y%=0 812

there are two intersecting planes. It is important to note that the function
can be written as (x-y)(x+y) which are the planes in fig. 8.1.2.

For

x? -y =0.05 813
there is fig. 8.1.3, and for

x? —y2 =-0.05 814
fig. 8.1.4.
And for

X%+ y2 +22=1

there are six planes in space that collaborate to form a sphere.
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Fig. 8.1.3. After equation 8.1.3. Fig. 8.1.4. After equation 8.1.4.
The equation
xX2+y2-22=0 815

is a double cone as in fig 8.1.5. Adding a constant,

1'c2+)/2-z2 =1

816
gives a catenoid structure as in fig 8.1.6, while subtraction gives parabolic
geometry. We can also say that we opened up a sphere by making one of

its terms negative. Or that the addition of two planes to the cylinder makes
it spherical.

Fig. 8.1.5. After equation 8.7.5. Fig. 8.1.6. After equation 8.1.6.



194 Chapter 8

Adding two spheres like in

x2+y?+22 +x% +y2 +(z-2)* =10 8.1.7

gives one sphere but with shifted centre, illustrated in fig. 8.1.7.

Fig. 8.1.7. After equation 8.1.7. Fig. 8.1.8. After equation 8.1.8.

Going to the exponential scale and adding the same two spheres with
different centres with equation &.1.8, gives again complete fusion as in fig.
8.1.8. From the shape it is obvious that the origin is two spheres.

eX2+y2+22 +eX2 +y2 +{Z—2}2 =20 818

Going to negative scale, or GD similar functions, helps. We see drastically
increased resolution and two different spheres as in eq. 8.1.9 and fig. 8.1.9.
It is possible to build things from several parts.

2,2, 2 2, .2 2
XY HZT) | T HY -7 g 8.1.9

We have shown earlier that two different functions can be added on the
exponential scale so that the sum function is continuos and the properties
of the original functions are kept. A centaur function is a good name - the
man and his horse are intergrown via a catenoid - there is negative
curvature. A change of coordinates, or change of constant, makes the
bodies in fig. 8.1.9 approach and form a catenoid - negative curvature as in
fig. 8.1.10. And an example of a centaur function is the cylinder and sphere
grown together - the hanging drop - in fig. 8.1.11 after eq. 8.1.10.
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O ey2azd) |, (34197 _ g g 8.1.10

Fig. 8.1.9. After equation &.1.9. Fig. 8.1.10. After equation
8.1.9 but with z=1.9.

Fig. 8.1.11. Hanging drop after equation Fig. 8.1.12. Almost a sphere
8.1.10. after equation 8.1.11.
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We said that the sphere consists of six planes, and in equation &8.7.7] we
have separated two of them using the exponential scale as seen in fig.
8.1.12. The operation left us with a cylinder, with two lids as given by the
two planes.

2 2
eX +e¥ 7 =1000 8141

Using the GD function gives beautiful geometry. We start with the
analogous equation in &8.1.12 as shown in fig. 8.1.13. The picture talks for
itself. We note again that with the normal exponential scale things are
added, and positive Gaussian curvature is kept as above. Using the GD
function instead gives negative curvature as below.

2 2,..2
e X +e ) g5 8.1.12

Increasing the constant towards unity makes the planes come together and
the geometry is approaching the topology for the pseudosphere, famous
for having constant negative Gaussian curvature. With one plane as in eq.
8.1.13 and with a constant close to unity the surface is pulled out from the
plane, as shown in fig. 8.1.14.

2
e %+ "% 20,99 8.1.13

Fig. 8.1.13. Two GD planes open a Fig. 8.1.14. With C close to 1
cylinder. a ‘pseudosphere’ is pulled out
of the plane.
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With eq. 8.1.14 we pull ‘pseudospheres’ out from a sphere as well, as shown
in fig. 8.1.15.

e—(x2+y2+22) +e—(Y2+7-2) =1 8.1.14

In fig. 8.1.16 there are two cylinders after eq. 8.7.15.

e-(x2+y2+zz) +e—(y2+zz)+e-(xz+22) =1 8.1.15

Fig. 8.1.15. Two ‘pseudospheres’ are
pulled out of the sphere after equation
8.1.14,

Fig. 8.1.16. Four ‘pseudospheres’
are pulled out of the sphere.

These two cylinders are after two unit cube axes, and in fig. 8.1.17 we have
also added a cylinder which is a space diagonal in the cube. The equation for
that cylinder in eq. 8.1.16 is from the next chapter.

—{xz -I-y2 +zz) —(y2 +2.2) —(x2+zz)
€ +e +e + 81.16
ro (2 +(x-y P +(y+2)%) _ |

This is a powerful method for making radiolarians by just using the cylinder
approach from next chapter. This topology shows that many structures in
Nature might well be built with constant negative curvature. The
mathematics of the hyperbolic plane is difficult, and not possible to use
directly. It has been pointed out before that the geometry of many leaves,
in particular the holly ones, are related to the hyperbolic plane [1] and the
structure of water [2]. Perhaps the development of this topology in Nature
is favoured by the finite growth, which the GD functions indeed can offer.
The deviations from the real hyperbolic plane are certainly small.
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Fig. 8.1.17. Three ‘pseudospheres’ are pulled out of the
sphere after equation 8.1, 16.

Subtracting two planes from the sphere gave the double cone above. Using
the scale or the GD function give similar results. Subtracting more planes as
in eq. 8.1.17, give a number of bodies or particles between the cones, as
shown in figure 8.1.18.

e % g (0P42%) L (2 L -8 g 8.1.17

With the square of functions we get concentric structures as in figures
8.1.19 and 8.1.20.

2 +y*+22-2)2=05 8.1.18

(x*+y2-12=05 8.1.19

With the sphere, pairs are added to a remarkable concentric structure as in
eq. 8.1.20 and fig. 8.1.21, which is the topology of s-electron shells of the
structure of an atom..

e_(x2+y2+22_2)2 +e'(32+}’2+32'4)2 +e_(x2+y2+22_6)2 =08 8120
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Fig. 8.1.18. A cylinder and two planes subtracted give a double cone and
two added ‘concentrations’ give two extra bodies, after equation 8.1.17.

Fig. 8.1.19. Concentric spheres are Fig. 8.1.20. After equation
obtained by squaring. 8.1.19.

We add 2 spheres by coordinate shift, with the individual radii in the
exponent, which generates the ‘double’ structure as in eq. 8.7.21, illustrated
in fig. 8.1.22.

O Hy+D) 422 -05) O Hy-1?422-057% _ g 8121
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We make the bodies approach by a small shift in y, and during the resulting
fusion the inner spheres are distorted as if they repel each other, as in eq.
8.1.22 and fig. 8.1.23.

e-(x2+(y+0,9)2+z2—0.5)2 3 e—(x2+(y—0.9)2+22—0.5)2 —0.9 8122

Fig. 8.1.22. Two spheres adde'd by Fig, 8.1.23. The spheres are made
coordinate shifts and squared give to approach, and the inner spheres
‘double’ structure after equation distort as after repulsion. After

8.121. equation 8.1.22.
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8.2 Simplest of Periodic Structures

We continue to structures of some extension in space. First we give
coordinates for eight atoms, and put them together in the GD function in
eq. 8.2.1. The structure is illustrated in figure 8.2.1.

3. B BL e i B B ¥ pdd.
e—(x +y“+z )+e ((x=2)"+y“+z )+e (x*+(y-2)"+z")

) o o ((x=2)24+y2 +(2-2)%)
e 8.2.1

1o (-2 12-2) | (-2 4(y-2) +2%)

+e (Y H(z-2)?

4o~ (-2 +(-27+z-2) g ¢

Fig. 8.2.1. Structure after equation Fig. 8.2.2. After equation 8.2.2.
8.2.1.

Using circular periodic functions we changed size of bodies by changing
constant, and could make them approach each others. We may do that as
well here, but we can also change distances between bodies - actually move
them as in eq. 8.2.2 with the result displayed in fig. 8.2.2.

O +y242?) + e-—({x—l.95)2+y2 +22) + e—(x2 +H(y-1.952+2%)
+ e—(x2+y’- +(z-1.95)%) " e—({x—1‘95)2 +y2+(z-1.95)%)

822
+e-(EHy-1952 +(2-1.95)%) + e (=195 +(y-1957+2%)

4o (=195 +(y-1957+(2-195%) _ ¢
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We have continued with equation 8.2.3 and this is shown in fig. 8.2.3.

P4y | (197 4y 42 | ~(PH(y-19)P +22)

+e—(x2+y2+{z—1.9)2) 4 e-((x—1.9)2+y2+(z-1.9)2)

823
te—(CHy=197 +(z-1.9)%) " e—({x—1.9)2 +Hy—-1.972 +2%)
+e‘(("“1'9)2 +Hy-1.9) +(z-1.9)) ~0.8
T 1.5
Fig. 8.2.3. After equation 8.2.3. Fig. 8.2.4. Inside of fig 8.2.3 shows

the dual.

When bodies still come closer together -1.82 instead of -1.9 in eq. 82.3 -
the octahedral body of dual shape is more pronounced with proper
boundaries as shown in fig. 8.2.4. If this is the B¢Hg octahedron, the dual
shape in fig. 8.2.3 is then the Savin-ELF structure of the molecule. This
dual relation was pointed out by von Schnering et al. in their study of the
electronic structure of boron hydrides [3].

Finally the octahedral dual structure - which of course is a part of the
spheres that were made to approach each other - is reduced to a small
particle at a distance of 1.76 in fig. 8.2.5.

We may disorder as in eq. 8.2.4, which gives fig. 8.2.6.
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o~ (C Y2 +28) | ~(x-227+y2+2%) | (P +(y-1957 +27)

+e-((x+02)2+(y+02)* +(2-2.5)%) _ ~(x-23) +y? +(z-2.1)%)

)
e 8.2.4

+e—(x2+(y—1.95)2+(z—1.9)2} o e—((x—2.3)2+(y—2.3)2+22)

+e (=257 4+(y-25 +(z-25%) _ g

Fig. 8.2.5. After equation 8.2.3 with coordinate shift of 1.76
instead of 1.9.

Fig. 8.2.6, Disordered structure after equation 8.2.4.
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In order to prepare us for the next section, we go back to the cube of bodies
and put an extra body, an interstitial atom, in the cube with eq. 8.2.5. In
order to keep the same coordinates and resolution we have gone up in scale.
The ordinary scale would mean fusion of the small sphere with the bigger.
We take advantage of these special mathematics, and take off a corner
atom so you can see better. The corner atom we put on the desk to the
right, so it can be put back when needed. Figure 8.2.7 describes the whole
thing and is given by eq. 8.2.5.

xz+y2+z2 _e(x—2}2+y2 +2 _‘3)(2+(y—:’.)2+z2
e® +e +e

_ X @t 0Py 42
+e +e

8.2.5
_XHy P2 2Py a2
+e +e

_ AP aP @) (x5
+e +e =

0.1

Fig. 8.2.7. A smaller interstitial body in the centre of eight bodies of
a primitive cube. One of the corer bodies is taken off and put on the
desk to right. The whole thing after equation 8.2.5.
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8.3 Contact of Spheres in Space - Structures and Surfaces

Earlier we used surfaces to derive structures [4,5,6,7], and now we shall do
the reverse - we use structures to derive surfaces. The structures here are
spheres placed in space after a certain pattern we choose from structural
chemistry. The jargon is that we say the spheres are organised in primitive
packing (pc) above in fig 8.2.1, 8.3.1 and 8.3.6, in body centred packing
(bee) in fig. 8.3.8, in cubic close packing (ccp) in fig. 8.3.16, in diamond
packing (D) in fig. 8.3.23, the G-packing (G) in 8.3.27 and finally
hexagonal close packing (hcp) in fig. 8.3.29. These structures are described
in terms of neighbours - in ccp and hep each body has 12 neighbours, in bee
there are 648, in pc 6, in D 4 and in G only 3. What about 2? It is not
trivial, but it occurs in ordinary structural chemistry, and is much more
important in biology.

With the spheres spread out in these various packings, we shall make the
spheres move against each other so that catenoids develop between them,
just as above, or in soap water chemistry, or in the mathematics of the
minimal surfaces. To some surprise we get the topology of just the famous
minimal surfaces one by one, or the nowadays equally famous nodal
surfaces [8,9]. As shown below.

Fig. 8.3.1. 27 spheres in pc arrangement Fig. 8.3.2. After equation 8.3./ with
after equation 8.3.7 with C=0.83. C=0.75.
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In fig. 8.3.1 we have 27 spheres after eq. 83./ and a constant of 0.83. By
decreasing the constant to 0.75, the spheres expand and catenoids are
formed as in fig. 8.2.2. But normalisation to constant sizes of spheres
means that the whole structure shrinks. The auxiliary parameter - the
constant - is physically the temperature, or the reverse of pressure.

(Y2 427) | (=P 4yP 42 | ~(PH(y-2) P +2h)
+e—-(x2+y2+(z—2)2) + e-((x—2)2+y2+(z—2)2)

rem O HY=2P +(2-2) | ~(x-2)+(y-2)2+27)

1o~ (P Hy-2P +(z-2) | (-0 4y 420 |

1o O Hy-8P428) | P4y P4 (z-9)) | (=8 +yP 4(2-2)%)

1o~ (CHI=DP4(z-9) | A= +(y-2) 427

+o (2P 4y 4 (24P | ~(C+(y-4)? +(2-2)) 831
1o (2P 4 (y=42420) | (x4 +(y-2 +(z-2)%)

1o (=2 Hy=-27 H(2-4Y) | (=27 +(y-4 +(z-2)%)

e (=024 (y=2) 424 | o~(x=4) Hy=4) +(z-2)?)

1o (224 (=P 4(z=4P) |~ +yP +(z-0))

)te

pom(CH=0H(z=8) | (-4 +(y-4+27)

)te
pe (=P 4= +(z-4) _ ) g3
We change the constant to 0.68 and in fig. 8.3.3 we see the great similarity

with the P surface with the boundaries used. The circles are even slightly
square.

A constant of 0.58 gives fig. 8.3.4 and 0.50 gives 8.3.5.
In equation 8.3.2 we have added 27 spheres on the double exponential

scale, and in fig. 8.3.6 we see the result. The spheres are almost undistorted,
but still connected via catenoids.
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Fig. 8.3.6. The double exponential scale as in equation
8.3.2 gives more spherical bodies.
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We are now ready for a denser combination of spheres, the so called bee or
body centred cubic packing. This is a structure very common in Nature, for
example in many metals or alloys, like stainless steel. Figure 8.3.7 shows a
small unit for this packing from eq. 8.3.3, and it is clear that the central
atom pushes the comer atoms so they loose contact with each other.
Instead, catenoids along the space diagonals are generated.

o~OF4y2aa?) | (=3 4y242?) | (P H(y-3)P42?)
ro 0y 2427 | A3y 2 +z-9P)

833
1o~ O HI=-3P4(2-3)) | ~(x-3)P +(y-3)2+2?)

1o (=949 H2-3)?) | A1 K157 +(2-15)%) _ (3

Fig. 8.3.7. Bcc arrangement of Fig. 8.3.8. The centres of 14 bodies
bodies after equation &.3.3. in bee form a rhombic dodecahedron.
After equation 8.3.4.

In fig. 8.3.8 there are six more atoms after eq. 8.3.4, still with the same
constant of 0.3, and the bodies form the comners of a polyhedron, the
rhombic dodecahedron, which is characteristic for this geometry. The
central atom is surrounded by 6+8 others and is the commencement of a
surface called IWP, as shown in fig. 8.3.9.
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e—(x2+y2+zz) +e-—((x—3)2+y2+zz) +e—(x2+(y—3)2+22)

1o 08472 4@37) | (3P4 4(2-37) | 0P 4(5-3) 2 4(2-))
1o Hy=32422) | (=32 H(y-34(z-3)P)

B e—{(x-—1.5)2+(y—l.5)2+(z—l.5}2 Je—(x-4.592 +(y-15/ +(2-1.5)?) 834
e (157 4(y-45)2 +(z-1.5)%) + o= (152 +(y-1.5)2+(z-4.5?)
+e—((x+1.5)2+(y—1.5)2+(z—1.5)2) 1o~ (-19)2H(y+15)2 +(2-1.5)%)

e (=157 4+(y-1.5%+(z41.9%) _ ¢ 3

Fig. 8.3.9. Catenoids around the central body reveal the
commencement of the IWP surface. After equation 8.3.4.

In order to make all atoms touch each other in bee, every second atom has
to be smaller, which is the case in fig. 8.3.10. In 8.3.11 the central part is
shown with 6+8 catenoids to its neighbours, and a surface better suited for
bee. The equation for all this is 8.3.5 and we went to double exponential to
get better resolution. The topology of the surface is O,C-TO after Schoen.
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_e(x2+y2+zz} _e((x—2)2 +y2+z2) ._.,3,()(2 +(y+2)2 +22)
e +e +e

2y wz-2)?) 422 4y%42?) (P y-2)2+22)
+e ° +e° W

@02y 24z+2?) 18- +(y-1)2 H(z-1)%)
e €
+e +e

2 2 2 2 2 2
1. +1)“+(y-1)"+(z-1 LD+ (y+ D) +(z-1)7)
e B (G A e U R I

L((x=1)2 +(y=12+(z+1)?)  __LX(x+1)2+(y+1)2 +(z+1)?)
—e €
+e +e

LSy 4zt D?) L) 4y =1 4z D))
+e +e

LS(x+1)2+(y+1)2+(z-1)2
R G S

+e

Fig. 8.3.10. Sizes of bodies Fig. 8.3.11. Catenoids around the

changed so all touch each central body reveal the commencement

other. After equation 8.3.5. of the O,C-TO surface. After equation
8.3.5.

In the close packing of spheres, cubic or hexagonal, the tetrahedron and
the octahedron are essential parts. So we make the tetrahedron with four
spheres in eq. 8.3.6, and for a constant of 0.16 they fuse together via
catenoids in fig. 8.3.12. In the centre there is a tetrahedron of reverse
orientation, the dual, which is a result of the catenoid openings between the
spheres. For C=0.15 the tetrahedron is small and isolated, illustrated in fig
8.3.13.
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ig. 8.3.12. Four bodies fused together tetrahedrally.

=0.16.

After equation 8.3.6 and C

6

Fig. 8.3.13. After equation 8.3.6 and C=0.15.



Handmade Structures and Periodicity 213

(3P 4y2422) | ~(x-3) Hy-3)P+2D)
e ((x-15 +(y-1.5)% +(2+2.121)%) 83.6

1o (=457 +(y-4.5% +(@+2.20%) _

We propose here that the dual relation between a molecule and its ELF
structure [3] has a correspondence in a crystal of an ionic or metal infinite
structure. A simple example is the classic solid Perovskite, CaTiO;, in
which the negative TiO; part consists of TiOg octahedra sharing corners
and exists as one isosurface as in fig. 8.3.4, while the dual, the positive Ca
part, exists as bodies for another constant as in fig. 8.3.1 or 8.3.2.

The dual behaviours as also seen above in figures 8.2.3 and 8.2.4, and here
in figures 8.3.12 and 8.3.13, correspond to the molecules B¢Hs and B,H,
and their dual ELF structures. So we show here that the atoms in the
molecule, as well as their dual electron structure, is described in one
continuos and closed function. We also show a mechanism of formation by
letting spheres interact in space. We continue with the octahedron by
letting six equidistant spheres approach each other in space as in fig.
8.3.14, after eq. 83.7. The split is shown in fig. 8.3.15, and reveals the
dual cube that corresponds to a molecule BgHg.

e—(x2 +y2 +22) + e—(x2 +(y—3)2 +22)
e~ (152 +(y-1.5% +(2-2.12)%) | ~((x-3)?+y*+77) 837
e (924 (y=92+2%) | ~(x-1.52+(y-1.57 +(z+2.12) _ 16

In fig. 8.3.16 there is a structure of two edge sharing octahedra - into the
bargain comes tetrahedral interstices between the octahedra - and in the
split in 8.3.17 we see the dual structure of a string of corner sharing cubes
and tetrahedra. The edge sharing of octahedra is a fundamental building unit
in solid state chemistry - one example is the Rutile structure which contains
just such chains of edge sharing octahedra. VO, is one of the many
compounds that have this structure, and the chains are used to explain the
drastic changes of electric conductivity that occurs with temperature for
crystals of this material [10]. We propose that the dual structure could be a
picture of this phenomenon - the structure of fig. 8.3.17 would correspond
to the metal conducting form, while the change of constant that gives
isolated cubes would give the structure of the oxide insulator.
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Fig. 8.3.14. Octahedron after equation 8.3.7.

Fig. 8.3.15. Split of octahedron reveals the dual cube.
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Fig. 8.3.16. Two edge sharing octahedra as in the structure
of Rutile

Fig. 8.3.17. Split of octahedron reveals a dual structure of
comer connected cubes and tetrahedra.

We are now ready for a more complete piece of cubic close packing of
bodies, and in fig. 8.3.18 we see eight tetrahedra sitting on one octahedron,
and it is called after its inventor, Kepler’s stella octangula. The split in fig.
8.3.19 shows the dual structure, one cube, sharing corners with eight
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tetrahedra, and it’s equation is in 8.3.8. This structure is a model for several
clusters in chemistry, and we just mention the celebrated MosClg and point
out that it was discovered by W. Klemm. The octahedron has six
molybdenum atoms and the chlorine atoms form the outer tips of the
tetrahedra.

o2 +y2 427 |~ Hy-92+22) | (157 +(y-1.597 +(z-2.12)%)
e (3242 +28) | (=3P +(y-3)P+2P)

o152 +(y-1.57 +(242.12)%) | ~(x-4.59 +(y-1.9%+(z-2.12)%)
1o (=492 4(y-1.92 +(z42.12)%) | ~A((x-1.97 +(y+1.57 +(z-2.12)%)
e (1.5 +(y+1.5 Hz+2.12)%) | ~(x-1.5 +Hy-4.52 +(z-2.12))
e (192 +(y-4.57 +(z+2.12)%) | e-((x+1.5)2+(y—1.5)2+(z—2.12)2)

e (AL 4152 +z+212%) _ g 161
83.8

Fig. 8.3.18. Kepler’s stella octangula, or MosCls in
chemistry. After equation 8.3.8.
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Fig. 8.3.19. Split of fig 8.3.18 reveals a dual structure of a
cube corner connected with eight tetrahedra.

In cubic close packing (ccp) each atom has 12 neighbours at the corners of
a cube octahedron as in fig. 8.3.20, and we can get the corresponding
surface in fig. 8.3.21 by letting 12 such spheres approach a central one.
This is the commencement of a surface related to the so called F-RD, also

one of the minimal surfaces of Schoen. The equation is in 8.3.9.

O+ 42 | ()P 4yP D)

1o OC+H3=3242%) | ~(x-1.9% +(y-1.9% +(z-2.121)%)

839
+e- (=32 +3-9%+2%) | ~(x-4.57 +(y-1.9% +(z-2.121)%)
e+ +(y-1.57 422120 _ 5 5

Fig. 8.3.20. Twelve bodies in ccp. Fig. 8.3.21. The FRD surface. After

After equation 8.3.9. equation &8.3.9.



218 Chapter 8

In ccp there are octahedral interstices as shown in fig. 8.3.22 with a smaller
body in the centre of the octahedron. One atom of the bigger is then
surrounded by 12+6 catenoids connecting to other atoms in the packing,
and the equation is below in 8.3.10.

_xy2azl) -0ty (P y-2)P4d?)
e +e +e

(-2 +(y-2)2+22) " (5= +(y=1)? +(2-1.414)2)
€

+e 83.10

_mDZr(y-1)24(z41414)%)  _ 6(x-1)P4(y-1)2 +22)
+e +e =0.1

Fig. 8.3.22. Split of an octahedron witha  Fig. 8.3.23. Diamond. After equation
small interstitial body. After equation 83.11
8.3.10.

We take out every second atom from ccp and get the diamond structure in
fig. 8.3.23, which is the well known D-surface, and the equation is in
8.3.11.

—o(x-0.5)2+(y=0.5)7 +(z-0.5)2 _(x+05)2 +(y+0.5)2 +(2+0.5)
€ +e

_e(x+0.5)2+(y—l.S)2+(z-l.5)2 _(x=1.5)2 +(y+0.5)? +(2-15)
+e +e

2 2 2 2,00 e2ain 2

o509 29042297 | _(x-2974y-05742 29 L

(1924052 4(z-25%  _ (x-05)7 +(y+15)7 +(z-2.5)°
+e +e

_o(x-15)%4(y-1.5)% 4(2+0.5) )

+e 0.1
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In fig. 8.3.23 each sphere is a silicon atom, the catenoids oxygen atoms,
and we have a part of the cristobalite structure, which is more clearly
shown in fig 8.3.24. The equation is 8.3./2 with a constant of 0.08. The
smaller spheres are now the Si atoms, which have the weight 1.5 in the two
last terms, and the larger are the oxygen atoms. We need to go to the
double scale to resolve the smaller atoms. The composition is Si;O,.

_exyie? _(x=2Py-2)Pe2? _(x#2)Pa(y+2)P42?
€ +e +e
. _eX2+(y-2)2+(z-2)%) +e_ex2+(y+2)2+{z+2)2
€
. (=22 4y 4(z-2)? +e_e(x+2)2+y2+(z+2)2
€
2 2 2 2 2 2
LY(x=1)*+(y-1)"+(z-1 L3((x+1)“+(y+1)"+(z+1
et Xx=D"Hy-1)"Hz })+e_° (41" +(y+1) ))=0.08
8.3.12

0 H“H‘._
2>~ Fig. 83.25. A three-connector
net is described by equation
Fig. 8.3.24. A piece of the cristobalite 8.3.13, and its surface centre is a
structure. After equation 8.3./2. monkey saddle of the gyroid
type.

Next arrangement of spheres is somewhat special. We have seen space nets
as mathematical functions, with spheres that move towards each other
giving 14, 12, 8, 6, and 4 neighbours to a central body. The latter was the
diamond arrangement. The next is the simplest, a cubic three-connector

that has been described by Wells [11], and which we shall study. As we focus
on the net we use the ordinary scale. Wells’ net has got eight points in the
cubic unit cell:
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111)(537)(753)(375)(555)(173)(317)(731
88s8/(888) 888/ 888/ 888,888/ 888/ 8838

o~ (x+0.5)%4(y-0.5)? +(2-0.5)2 N e—((x—0.5)2+(y—0.5)2+(z—1.5)2

1o (=057 4(y+0.5)+(z-2.5? (405 +(y+0.5)2 +(2-3.5)*
o= ((x+0.5)2 +(y-4.5) 2 +(2-0.5)2 N e—((x+0.5)2+(y-—3.5)2+(z—3.5)2
o= (=052 +(y-3.9)% +(z-2.5) 1o~ (x-0.57+(y-4.5)7 +(2-1.5)?
e (=352 +(y-3.57+(z-3.5)* 1o (x-3.92+(y-4.5 +(z-0.5)2
re (=452 +(y-4.52 +(z-1.5)? 1 o~ (1.9 +(y-1.5)% +(z-1.5)
e (152 +(y-2.57+(z-2.57 | o—((x-2.9 +(y-2.5%+(z-3.5)°
e (x=2.5) 2 +(y-1.5% +(2-.5)* o ((x=4.5)24(y-3.5% +(z-2.5)?

1o (3.9 +(3-0.5+(z-0.5)7 | ~(x-4.5%+(y-0.5)%+(z-1.5)?
1o (6392 +(y+0.5) 2 +(z-3.5)7 | ~(x-4.5+(y+0.5)%+(z-2.5)*
1 (4057 +(y-05)%+(z-4.5)% | ~(x-0.5+(y-0.5)%+(z~5.5)*
1o~ (0.9 +(y+0.5)24(z-6.5)% _ ~((x+0.5)*+(y+0.5)* +(z~7.5)*
e (.52 +(y-4.57+(z-45)% | ~((x+5)*+(y-3.5+(z-7.5)>

1o (0.5 +(y-3.9%4(z-6.5 _ ~(x-0.5)>+(y-4.5)* +(z~5.5)%
e (=152 +(y-1.5 2 H(z-5.5)% e—((x—l.5)2+(y—2.5)2+(z—6.5)2
e (257 4(y-25)+(z-7.57 e—((x—2.5)2+(y—1.5)2+(z—4.5)2
e (=357 4(y-4.5+(z-4.57 | e—((x—4.5)2+(y—4.5)2+(z—5.5)2
e (=352 +(y-3.52+(z-7.57 | ~(x-4.5)7+(y-3.5)7+(z-6.5)*
1o (352 +(y=0.52+(z-45)% e—((x—4.5)2+(y—o.5)2+(z-5.5)2

+e— (=357 +(y+0.5)%+(z-7.5)% | e—((x—4.5)2+(y+0.5)2+(z-6.5)2

8.3.13
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We derive centres for 28 spheres after eq. 83.13, and each sphere has
three neighbours.

By starting to vary the constant we get the gyroid surface with the typical
monkey saddle in fig. 8.3.25, as calculated from eq. 8.3.73 with a constant
of 0.65 instead of 0.9. The boundaries given show the central part of the
surface.

Wells also showed that it is possible to make a racemate consisting of two
interpenetrating nets of this kind, one D and one L. This is shown in fig.
8.3.26 for two interpenetrating gyroid nets after equation 8.3./4 [4], which
clearly shows the three connectors. Another way to do this was shown
earlier in fig. 4.2.10.

COSTIX Sin mz+cos 1y sin TX+cos nzsin wy
, 8.3.14
+ e—(cos X $in 7LZ+C0$ Ty Sin TX+C0s NZsin7y) _ 3.9

1
.l
. = %
0.5 3 -
D .y
NS SN =
A7V
!
T i
-0.5 s
ay :
0.5
1 -15
-1 -0.5 0 0.5 1

Fig. 8.3.26. Two interpenetrating gyroid nets, three connecting,
after equation 8.3.14.
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Going back to equation 8.3.713, we now use the constant 0.9 and get then
the original net by Wells as shown in figures 8.3.27 and 8.3.28, the latter
projected along the cube-axes of the used boundaries. This is surely an
alternative to derive a cubosome shape for the gyroid. To this structure
could be added another interpenetrating structure like in fig. 8.3.26, using
double as many spheres in the equation above. The resulting total structure
would be two interpenetrating structures, separate and closed, one left-
handed and the other right-handed!

4
3
1 1 o 7
STy
2
e
:"l
0
§ 0 2 4
Fig. 8.3.27. Finite gyroid net, three Fig. 8.3.28. Projection of fig. 8.3.27.

connecting, after equation §.3.13.

In fig. 8329 we show the hexagonal correspondence to the
cubeoctahedron with thirteen spheres in hexagonal close packing, and they
are brought close to each other via eq. 8.3.14 to develop catenoids. The
central part of the surface for hexagonal close packing is shown in fig.
8.3.30.
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0Py i) _(e2Pay?ea?) () Hy-1732)7 427)
e +e +e
(D24 (y= 512 +(2-1633)7)  _ (x-2)2 +(y-2.309)% +(z-1.633)7)
+e +e
(2 +(y=2309) 2 +(z-1633)%)  _ (x-2)% +(y+1.155)2 +(z-1633)?)
+e +e
Ly LI5S H(z-1633)7)  _ (x=3)2 +(y-5T7)  +(z-1.633)%)
(+] +e
()24 (y=5T) 2 4(2-1633)7)  _ (x-2)2 4y +(z-327)%)
+e +e

2 2 2 2502 2
-1 +(y=1.732)* +(z-3.27 +y©+(z-327)
+e_e((x )7 +Hy )" +(2-3.27) )+e_e(x Yy Hz ) _ 0.1

8.3.14

Fig. 8.3.29. Hexagonal close packing of bodies after
equation 8.3.14.
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Fig. 8.3.30. The central part of fig. 8.3.29.

Similarly we can derive a surface for tridymite or ice, the hexagonal
correspondence to the D surface, by using a part of the structure as shown
in fig. 8.3.31.

Fig. 8.3.31. A piece of the ice, or tridymite, structure.
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Finally there is the simple triangle arrangement of spheres in space, or for
a chemist the structure of primitive hexagonal packing (the structure of W
in WC). In fig. 8.3.32 there are six spheres at the corners of a trigonal
prism, using only the six first terms of eq. 8.3.15. The dual structure is a
trigonal bipyramid, and in fig 8.3.33 all the spheres from eq. 8.3.715 are
included to show the CaZns arrangement (without Ca) as the dual structure
of a primitive hexagonal arrangement of bodies.

Oy +22) | (-2 y2+2) | (15 4(y-2.6 +()%)
1o (24P +(2-D)) | ~(x-1.5 +(y-2.6)° +(z-2)°)

1o @2+ Hz-2) | A(x+1.52 +y-2.6)2 +(z-2)%)

+e- (.92 4(y-2674(2?) | ~(x-D +(3) P +z+2)%)

1o~ (192 +(y-2.6)2+(z+2)?) | ~(02+(1) +(z+2)?)

1o (L5 +(y-26)2+(z+2) _ 17

83.15

)
Fig. 8.3.32. Primitive

hexagonal packing of bodies "
after equation 8.3.15 only Fig. 8.3.33. The dual structure of fig 8.3.32

using six terms. (CaZns) after equation 8.3.15.
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8.4 How Tetrahedra and Octahedra meet in Space

With these mathematics we can also make complicated structures, like a
part of the zinc blende structure, or of a shear plane as it occurs in Nb;O,F
[12], and pieces of tridymite or ice as we believe they form a part of the
structure of water [13]. The equations for these structures are rather
lengthy and we refer to our original publications, except for the zinc blende
and a simple shear plane.

We give the equation of each tetrahedron in a unit of four, in eq. 8.4.1,
using the double scale with proper coordinate shifts. This is a part of the
zinc blende structure of four tetrahedra meeting at a corner as in figure
8.4.1. In 8.4.2 we show the part where the four tetrahedra meeting at high
resolution to show that the function is continuos.

e_(e—K+yFZ +e-x—y+z+ex—y—z+ex+y+z _22)

+e_(e-x+y-z+8+e—x—y+z+ex—y—z+ex+y+z—8_22)
8.4.1

+e_(e—x+y—z+8+e—x—y+z+ex—y—z-8+ex+y+z_t22)

+e_(e—x+y—z+3+e—x—y+z—8+ex—y-z+ex+y+z ~22) =2

Fig. 8.4.1. Part of the zinc blende structure after equation 8.4.1.
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Fig. 8.4.2. High resolution of centre of fig. 8.4.1.

Octahedral edge sharing to give shear is one of the most important building
operations in chemistry. Mathematically it is just translation. In eq. 8.4.2
we have four sub-equations for four octahedra, translated to give edge
sharing, and they form the function on the double exponential level that
gives the structure in fig. 8.4.3. We use the base of 20 to get the sharpness
of the octahedra, or resolution, needed.

octl =207 XTYVZ L 9XHY=Z—4 L 5 X=Y+Z | 5qX+y+z—4

B A T e e O T i e I T e BT

oct2 =207 XTYFZ+4 L 5x+y=2-8 | »nxX=y+2-4 | ox+y+z-8

$2057Y~Z74 4 o XY+ZHE Lo XAy -2+ | 9g~X-y-Z+8 _ 1500

octd = 20—X+y+z+4 + 20x+}"‘z‘4 $20XYtz—4 20x+y+z-4

+20x—y—z—4 +20—x-—-y+z+4+20—x+y—z+4+20—X—y-z+4_1500
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oot =207 X PP ogR Y L Lo X YHZ LogXTYTZ

T o RN | g N T e Y T g i () )

e—octl +

—oct2 A e—06t3 + e-w4 =4 8.4.2

€

Fig. 8.4.3. Shear plane in solid state
chemistry after equation 8.4.2.
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Exercises 8
Exercise 8.1.
a. Show in 3D that a cylinder may be described as built of planes.

(Hint: use equations like x? +i 2 = 1.)
q 10 y

b and ¢. Do the same for the sphere.

(Hint: Use equation X + y2 +Az% =1 for bigger or smaller A. And we have
already shown a cylinder consists of planes.)

Exercise 8.2. Make the drop fall in fig. 8.1.11!
Exercise 8.3. Make a radiolarian more spherical.

Exercise 8.4. Plot and describe

a. X%+ y2 +z=0

and compare with

b. x* - y2 +z=0

Exercise 8.5.

a. Make a string of seven spheres well separated (with the constant).

b. Make a local contact via catenoids by making one of the spheres elliptic.
¢. Or via just one catenoid by adding an extra sphere of low weight.

Exercise 8.6. Describe the Diophantine equation for some n.
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Answer 8.1

Fig. 8.1a.

Fig. 8.1c. A=10
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Answer 8.2. We make the ‘Gedanke’-experiment that the cylinder of
some solid material is covered by a film of a liquid. In getting rid of an
excess a drop is formed. Using equation

e—(x2+y2 +22) +e—(x2 -}-(:'.—1.92)2 =0.8

we can increase the distance between the objects as is done in 8.2a. Using
equation

e—(xz-!-y2 +2% ) + e—(x2 +(z-1 .9)2 =0.82
there is fig 8.2.b.

We can feed more liquid to the cylinder by changing constants after
equation

P4y | (P (21997 | g

and the drop falls.

=1
NINHATE

Fig. 8.2a Fig. 8.2b
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L4

Fig 8.2¢

Answer 8.3.
e--(x2 +y2+2%)? + e-—(y2+z2) =

Answer 8.4.
X2 —y2 +2z=0 is asaddle

Fig. 8.3 Fig. 8.4.
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Answer 8.5a
_ ex2 +y2 422 _ e(x—2)2 +y2+22 _'3();—4)2 +y? +22 _e(x—6)2 +y2+22
e +e +e +e

(x+2)%+ 2472 _ (x+4)2+ 2,72 _ (x+6)2+ +72
+e ¢ > +e ¢ g +e © v =0.18

Fig. 8.5a.

Answer 8.5b
L+ _ A2y 4aR) (-l eyt e (x-6)4yP 42
e +e Te +e

2 2 2 2..2..2
(x+2) +y2+22 (x+4) +y2+z _o(Xt6) +y“+z
+e ¢ +e® +e © =0.18




234 Chapter 8

Answer 8.5c. Only the part of the function where the extra small sphere
gives a catenoid is shown.

_CHyi (2P yP2d) (4P ey
e +e +e
_x-624y2 422 (x#2P4yP4E_ (xrdPayP el
+e +e +€

2 Ryl il D2
X+6)°+y“+ x=1y"+y“+
+e‘°( e +0.15e‘°( Pyt

=0.18

Fig. 8.5¢.

Answer 8.6. The equation is:
x"+y"-2z"=0
Increasing n brigs out the planes.

Fig. 8.6a. n=1 Fig. 8.6b. n=2
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Fig. 8.6d. n=12

Fig. 8.6e. n=13
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9 The Rods in Space

I'art d’ennuyer consiste a tout dire [1].

Here we derive the mathematics for how cylinders pack in space. We also
describe the geometry when such packings condense into surfaces.

We describe the rod-structure relations to crystal structures.

We also make finite cubosome-like structures.

9.1 Primitive Packing of Rods

In three dimensions, cos(x)=C are planes, cos(y)=C are planes and so are
cos(z)=C. If all three are added, they cooperate to form the P surface in
space. The function cos(x)+cos(y)=C are parallel rods in space, and so are
the pairs cos(x)+cos(z)=C and cos(z)+cos(y)=C, as shown in figure 9.1.1,
according to eq. 9.1.1.

cosEx+cosEz=0.5 9.1.1
2 2

Fig. 9.1.1. Parallel rods in space
after equation 9.1.1.

Fig. 9.1.2. Rods meet in space
after equation 9.1.2.

Adding up to a function as in 9.7.2, makes the rods meet to form a P-type
surface as in fig. 9.1.2.
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19 T T i
GOSEX+COS—Z COS—Z+COS-5y

n n
COs—y+C0os—X
e te E 2 =

+e G912

In order to make the rods non intersecting, we move them via translation,
or a phase shift, as in equation 9.1.3 and get fig. 9.1.3.

b T 14 7 T b1
cos—x+cos—(z+2 €c0Ss—2Z+Cos +2 cos—y+cos—(x+2
> 2( ) 5 E(Y ) i 57 2( ) i

9.1.3

+¢€

€

Fig. 9.1.3. Primitive packing of rods after equation 9.1.3.

So what have we done in more general terms? We go to the equation of
symmetry and write it like this:

SFHYFZLXHY 4 X 9.14

This can equally well be written
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eXeYeZ +eXe¥ +eX =C
And we go circular below,

eCOS X COSY (COSZ | ,COSX,CO8Y | oCOSX _ 9.1.5

We have just found experimentally that the term cosx+cosy, or

e“O8XeCOSY o the identical e“©SX1COSY means a cylinder, and we can get

cylinder packings by the addition on the exponential scale as above.

The GD mathematics offer another way of deriving the rod packings.

We know that x° +y2 is a cylinder in space and we go exponentially to
add rods in eq. 9.1.6, as shown in fig. 9.1.4.

e-(x2+yz)2 _,_e-(yz +22)2 % f,-'(zz +x2)2 =0.65 9.1.6

Fig. 9.1.4. Rods meet after GD Fig. 9.1.5. Primitive packing of
function in equation 9.1.6. rods after equation 9.1.7.

By proper coordinate shifts - or translations - in eq. 9.1.7 we have non
intersecting rods in fig. 9.1.5.

00D | 4@ 2D | AP DD 65 917



240 Chapter 9

By adding more rods as in eq. 9.1.8 we get fig 9.1.6, which is turned in 9.1.7
to show that it is nearly identical with fig. 9.1.3.

P+ L P4 @42D)? |~ H(x42)?)? o5
1o 022D | P @D | PP s

Fig. 9.1.6. More rods as after Fig. 9.1.7. Different projection
equation 9.1.8. after equation 9.1.8.

Expanding the original function to 9.7/.9 and using two terms after below,
also gives us this rod packing, as shown in fig 9.1.8.

[cosg-x + cosg(z + 2)]2 + [cosgz+ cos%(y + 2)]2 + [cosgy + cos%(x + 2)]2

+[cos£x+cos£(z+2)]3 +[cosEzﬂ:coszt—(yﬂ)]3 +[cos£y+cos£(x+2)]3 =55
2 2 2 2 2 2
919

Changing the constant to 7.6 isolates the atoms in the rod packing, which
are the Nb atoms in Nb;Sn, as shown in fig. 9.1.9.

We can also get the Sn atoms in Nb;Sn by adding the P surface to equation
9.1.3, and get 9.1.10, and the whole structure is seen in fig. 9.1.10.

cosgxﬂ:osg(ﬁ?_) cosgz+cosg(y+2) cos%y+cos£(x+2)

e +e +e

9.1.10

T T T
COS—X+C0s—y+c0s—Z—2
+2e 2 2 2 =7
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Fig. 9.1.8. Power expansion also Fig. 9.1.9. Change of constant
gives this rod packing after brings out bodies as the Nb atoms
equation 9.1.9. in Nb;Sn, after equation 9.7.9.

Fig. 9.1.10. Adding the P surface gives the complete
structure of the superconducting Nb;Sn.
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9.2 Body Centred Packing of Rods

We constructed an algorithm saying that around a central goke you can
have 3, 4 and 6 rods, and obtain fundamental packings [2]. So if we put a
central goke in the primitive packing in fig. 9.1.7, and make all the rods
have the same diameter and touch each other, we find that they all are
space diagonals of the cube. The packing is now bcc of rods, or also the
garnet packing of rods. The space group is Ia3d. The mathematics to come
is just like before - permutation of the x,y,z variables following the
structure of the equation of symmetry in space from eq. 3.4.7 and 4.2.10.
We use the GD mathematics first as in eq. 9.2.1 , and show four rods in this
packing in fig. 9.2.1.

(=) +y+2) 7 +(x42)?) | ~((xy) 2 H(y+242) 2 +(x-2-2)%)
9.2.1
1=y 2 H(y-2-2)2 +(x-2)?) | ~((x+y-2)2+(y-2)*+(x+2-2)2) _ 5

And with seven rods we have eq. 9.2.2, which is illustrated in fig. 9.2.2.

(9434224 (x42)) | Aty +D 2432 H(x+242)%)
_*_c—((x+y)2+(y+z+2)2 +(x-2-2)%) + ‘3-((31—3,&2)2+(y—z—2)2 +(x-2)%)

+e(ty-2)2+(y-2) P +(x+2-2)) | ~((x+y)2 +(y+2-2)2 +(x-2+2)%)

)ve

1o (=¥ (y-2422+(x-2%) _ g 5
922

Fig. 9.2.1. Four rods in body
centredarrangementafter
equation 9.2.1.

Fig, 9.2.2. Seven rods in body centred
arrangement after equation 9.2.2.
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We have made a bigger model in fig. 9.2.3 by using four bundles with seven
rods in each after equation 9.2.3 below.

o~ (N2 H(y+242)? +(x-2-2)?) | ~((x+y) 2 +(y+2-2) +(x-2+2)?)

re- (xty= 2 +(y+2-2)? +(x-2-2)%) | ~((x+y+4) 2 H(y+2+2)% +H(x-2+2)?)
re- ()2 4 (y+2+6) 2 +(x-2-2)%) | ~((x+y-4) +(y+242) 2 +(x-2-6))
re () Hy+2+6) 2 +(x-2-6)) | ~(x-y) P +(y+2) +(x+2)%)

e (Y Hy+zt )2+ (xt2+4)?) | ~(x—y+4) +(y+2) 2 +(x+2+4)%)
ey Hy+z-0) +(x42)?) | ~(x=y) P Hy+z-9) P +(x+2-4)%)

e (x=y=2+(y+2) 2 +(x+2-0)%) | ~(x-y-4)*+{y+z+4)*+(x+2)%)

e (YD) H(y-2) +(x+242)?) | ~(x+y-2)* H(y-2)? +(x+2-2)?)

re— (Y22 4(y=z=)? +(x+242)?) | ~((x+y+2)? +(y-z+4) +(x+2-2)%)
e Y+ H(y-24 )% +(x+242)%) | ~(x+y+6)*+(y-2)* +(x+2+6)?)
+e—(CHy+2) 24 (y-2- )2 +(x+246)?) | ~(x=y+D)? +(y-z-2)* +(x-2)%)
e (Y22 +(y-242)2 +(x-2)%) | ~(x-y+D)* +(y-242) > +(x-2+4)%)
o~ ((x=y-2 7 +(y-2-2)2 +(x-2-8)%) | ~(x-y+6)* +(y-2-2)> +(x~2+4)?)

1o (Y422 +(y-2-6)2 +(x-2-4)) | ~(x-y+6)*+(y-z—6)*+(x-2)®) _ ¢ 5

923
We now go circular and derive the corresponding equation:
cosE(x~y)+cosE(y+z)+cosE(x+2)
e 2 2 2
cosE(x+y+2)+cosE(y—z)+cosT(x+z+2)
te ? 2 ? 9.2.4

cosE(x+y)+cosE(y+z+2)+cosE(x—z-2)
te 2 2 2

cosE(x~y+2)+cosE(y-z-2)+cosE(x~z)
+e 2 2 2 =
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Fig. 9.2.3. Twenty eight rods in body centred arrangement
after equation 9.2.3.

Fig. 9.2.4. Same structure but Fig. 9.2.5. Different projection.
with circular functions after
equation 9.2.4.
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We see again the structure in two different projections in figs. 9.2.4 and
9.2.5 from these mathematics of the circular functions. A constant is
chosen so the cylinder diameter is small to give more open pictures of the
structure.

O’Keeffe [3] has discovered that the two packings discussed so far can
interpenetrate each other, and this is shown below with two different
projections in figs. 9.2.6 and 9.2.7, using only one of the four garnet rod

systems (the thinner rods) to interpenetrate the primitive system. The
equation is:

n T b1 A n 41
cos—x+cos—(z+2 cos—z+cos—(y+2 CcoS—y+cos—(xX+2
5 2( ) 5 2(y ) =¥ 2( )

+e +e

9.2.5

1 cosE(x—y)+cos£(y+z)+cos£(x+z)
$—g 2 2 2 =6.
4

Fig. 9.2.6. The two rod structures Fig. 9.2.7. Different projection.
discussed interpenetrate each other
after equation 9.2.5.
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9.3 Tetragonal and Hexagonal Packing of Rods

According to the algorithm, next is four rods around a goke, and there are
different ways to obtain the mathematics. We start with the GD
mathematics.

We have seen that in the packings above, the rods were parallel with a cube
edge respectively a cube diagonal. We will now show that in this tetragonal
packing, the rods are parallel to face diagonals (giving the structure a c/a#1,
of course). We shall demonstrate the packings directly by using the cube.
Doing so we take advantage of the exponential scale as is obvious from the
figures below.

We show first the packings described above in equations 9.3./ and 2, and
figures 9.3.1 and 2.

2 2 2 2 2 2
e_(ex +e(Y+2) )+e_(ey +elz+2) )+e_(ez yelXt2) ) .

2 2 2
+e-(ex +ey +ez —10) =0.08

2 2 2
e_(e(x+z)7- +e(Y+2+2)%y " e_(e(y-i-z) +e(XY+2)7) 0s2

2 2 2 2
+e_(e(X+y)2 +e{x+2+2) )+e_(e(X—l) +e(y—1) +e{2-‘l) _30) ~0.08

Fig. 9.3.1. P.c. packing of rods Fig. 9.3.2. Bce packing of rods
and the cube. and the cube.
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The relation of the tetragonal packing with the cube is shown in eq. 9.3.3
and illustrated in fig. 9.3.3.

2 2 2 2
e_(e(x‘Y"‘Z) yel—x-y-z+4) ) +e_(e(—x—y—z) +e(~Xty+z—4) )
_(e(-x+y+z)2 +e{x+y—z+4)2) _(e(x+y-z)2 +e(x—y+z-4)2)
e +e 9.3.3

2 2 2
—(eX +eY z _
e G 10) _ 0.08

Fig. 9.3.3. Tetragonal packing of rods
and the cube after equation 9.3.3.

Below we give the equation for this packing by itself, which is also shown in
figs. 9.3.4 and 5.

e—(x—-y+z)2-i-(-x—y—z+4)2 + e—(—x—y—z)2+(—x+y+z—4)2
9.3.4
+e—(—x+y+z)2 +(x+y—z+4)2 .|_e—(x+y—z)2 +(x—]{+z—4)2 =02
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2
0
-2
4 -2 0 2
Fig. 9.3.4. Tetragonal packing of .
rods after equation 9.3.4. Fig. 9.3.5. Different projection.

We can add a circular goke in eq. 9.3.5 and fig. 9.3.6.

oy H(—xmy-z ) | ~(-x-y-2)? +(-x+y+z-4)?
re(xry+D b (xty-z+)? | ~(x4y-2)? +(x-y+z-4)° 935

s34 g 35

-2 0 2

Fig. 9.3.6. A goke is added to the Fig. 9.3.7. A square goke is added
tetragonal packing after equation to the tetragonal packing after

9.3.5. equation 9.3.6.
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As the structure is tetragonal we make a square goke in 9.3.6 as illustrated
in fig. 9.3.7.

e—(x—y+z)2+(---x-y-z+4)2 + e—(—x—y—z)2 +(—x+y+z—4)2

" e-—(-'x-l-y+z)2 +(x+y—z+4)2 & e—(x+y— 2)2 +(x-y+ 3—4)2 9.3.6

R
e+ =2) _g35

The circular mathematics was derived accordingly, as seen in eq. 9.3.7.
Because of low graphical resolution, the terms had to be squared. And the
periodic packing is shown in different projections in figures 9.3.8 and 9.3.9.

(cos—g—(x—y+z)+cosg(—x—y—z+l))2
e

(cosE(—x—y—z)+cos£(—x+y+ z—l))2
+e 2 -
9.3.7

(cctsEE(—:Hy+z)+cosE(:\cﬂx—zH))2
+te 2 2

(cosE(x+y—z)+t;os£(x«-y+z—1))2
+e 2 2 =40

0.5
0
-0.5
-0.5 0 0.5
Fig. 9.3.8. Tetragonal rods with the Fig. 9.3.9. Different projection.

circular functions after 9.3.7.
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A larger region is shown in fig. 9.3.10.

2 _?55
1
0
=f
=3

) -1 0 1 2
Fig. 9.3.10. A larger region.

Fig. 9.3.11. Different c/a after equation 9.3.8.
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And at a different c/a according to eq. 9.3.8 below gives fig. 9.3.11.

(cosz(x—y+22)~l~cos£(—x—y—2z+1))2
e 2 2

(cos—’E(—x—y—2z)+cos£(—x+y+22—l))2
+e 2 2
9.3.8
(cosﬁ(—x+y+22)+cos£(x+y—22+1))2
+e 2 2

(cos X (x+y-22)+cosE(x—y+22~1))2
+e 2 2

Next is the hexagonal rod packing after eq. 9.3.9 and seen in different
projections in figs. 9.3.12 and 13.

V3

(-05x+2y+0.42)2  (0.42—
—(e 6 +e

V3 V32
)

V3

2

y-4
3y)

(<]

(0.5x+2y+0.4z-4)2  (0.4z—2y
—(e 6 +e 3

%5 %

((—0.5x+?y+0.4z—4)2 (0.5x+—6—y+0.4z)2
—(e +€

V3 V3

((—0.5x+?y—0.4z)2 (—0,42—Ty+4)2
—¢ t+e

V3 V3 2

(0.5x+—6—y—0.4z+4)2 (-0.42-2y)
+e 3

+¢
+€

te ) 9.3.9

_(e

Vs Vs

(0.5x+?y—0.4z)2 (—0.5x+?y—0.4z+4)2

+ e—(e +e

2,22
+e” 7Y 2 0.09
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-5 =2.5 0 2.5 5

Fig. 9.3.12. Hexagonal rod packing
after equation 9.3.9. Fig. 9.3.13. Different projection.

The rods in tetragonal packing, and in hexagonal, meet after equations
9.3.10 and 11 and are shown in figs. 9.3.14 and 9.3.15.

o (xty+D +(xty-2%) | ~A((xty=2) +(x-y+2)?)
9.3.10

1o (Y42 Hx=y-2%) | ~(-x-y-22+(x+y+D)) _ 35

€

3 3
)

(—05x+-y+0.42)%  (0.4z—y
e 6 +e 3

V3 32
)

(0.5x+2y+0.42)%  (0.4z-—2y
6 e 3

V3 \3

(=05x+ 2y +0.42)2  (0.5x+y+0.42)2
6 e 6 )

—(e +
\3 V3 2

2
—0.5x+—v-0.4 -0.4z——
(-0.5x 2 z) e( z 3}') )

—(e +
V312
)

+e(€

L 9.3.11

V3

(0.5x+?y—0.4z)2 (-0.42-y

—(e +e
V3 \3

(05x+2y-042)2  (=0.5x+2y-0.42)%
ale B e v )=0.11

+e



The Rods in Space 253

Fig. 9.3.14. Rods meet ina Fig. 9.3.15. Rods meet in a
tetragonal structure after equation hexagonal structure after equation
9.3.10. 9.3.11.

9.4 Larsson Cubosomes of Rods

We showed in chapter 5 how the Larsson cubosomes were made. We make
similar structures with the rods.

We add a sphere to a cylinder after equation 9.4./, and have a spherical
torus as in fig. 9.4.1.

(3‘(7‘12+y2)2 - eO.lS(x2+y2+zz) =195 ot

In fig. 9.4.2 we have added three A15 rods to a sphere after equation 9.4.2.
The structure is chiral and can be said to be a 3D propeller. This is best seen
in its projection in fig. 9.4.3.

e (@M | (242D | (2P H(x4D)D)? 02
20052y )2 Hz+ D) _ 1 g
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PN | (2 Hz42)D)?
re (B3 | (P +(y-2)%)? 9.4.3

1o (P Hz2D? | @ Hx-2)D? | 004x% 4y +2) _ | gs

Fig. 9.4.1. Spherical torus
after equation 9.4. 1.

Fig. 9.4.2. Finite primitive packing
of rods after equation 9.4.2.

Fig. 9.4.4. Six cylinders in finite

Fige 243, Diltoron) projection; primitive packing after equation 9.4.3.
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Next is to add three more cylinders in the AlS5 rod 3D propeller, after
equation 9.4.3. Increasing the Al5 packing to six cylinders in this way
means a cenfric structure and the chirality is lost. This is a beautiful
structure indeed, and is shown in fig. 9.4.4 and as a split in 9.4.5. The rod
systems are non-intersecting, so this spherical body can also be used as a
propeller. Blowing a thin beam of air on to the body along the three fold
axis means spinning as the other rod system of opposite chirality is hidden.
Organising another beam of exactly opposite direction, blowing
simultaneously, would then make the body spin even better!

Fig. 9.4.5. Split of fig. 9.4.4.

Using the circular equation as in 9.4.4 for the bce or garnet packing of rods
and adding a sphere, we get fig. 9.4.6 and its split in 7.

cosE(x—y)+cosE(y+z)+cosT(x+2)
e 2 2 2

cos(x+y+2)+cosE(y-z)+cos E(x+z+2)
g 2 2

cos%(x+y)+cos%(y+z+2)+cos%(x—z—2)

+e 944

cos T (x—y+2)+cosE(y~z-2)+cosE(x~2)
+e 2 2 2

_|_80.4(x2 +y2 +22) =15
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e L] | B
e,
LX<y -
Ay, i
e s

e
ey

Fig. 9.4.6. Finite garnet packing of rods after equation 9.4.4.

ig. 9.4.7. Split of fig. 9.4.6.
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In figures 9.4.8 and 9 there is a cylinder giving boundaries to a tetragonal
rod packing after eq. 9.4.5.

o~ ((+z42) 2 H(y+2-2)%) | ~(y+2+2) 4 (x-2+2)?)

)te
1o (-2 +(x-2-2)%) | ~((-2-2)*+(x+2-2)?)

+e (27107 +(x42-6)) | ~(y+2-6)2 +(x-2+10)%) 945
1o (-2410)24(x-246)%) | ~(y-2+6)* +(x+2-10)%)

+e0015(y2+x%) _ 1 s

Fig. 9.4.8. Cylindrical boundary to tetragonal rod packing
after equation 9.4.5.
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-5 -2.5 0 2.5 5

Fig. 9.4.9. Different projection.

9.5 Packing of Rods, and their Related Surfaces

Below we see the primitive packing of rods transforming to a surface. The
rods approach each others by lowering the constant. At 4 there is fig.
9.5.1 and at 3.6 there is the classic IWP fig. 9.5.2. The equation is in 9.5.1.

@~ COSTIX+COSTZ |  —COSTZHCOSTY | COSTIX—COSTY _ 4 9.5.1

+e

Fig. 9.5.1. Primitive rod structure transforming
to a surface after equation 9.5.1. C=4.
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Fig. 9.5.2. At C=3.6 the surface is IWP.

The garnet packing - Ia3d - gives a complicated surface related to the D
surface and its hexagonal correspondence. We start with eq. 9.2.4 and a
constant of 6, and its projection seen in figures 9.5.3 and 4.

Fig. 9.5.3. Garnet packing of rods approaching a
surface after equation 9.2.4 and a constant of 6.
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=1 “=1

Fig. 9.5.4. Different projection.

At a constant of 4.9 a tetrahedral structure is shown in fig. 9.5.5, projected
after a cubic space diagonal. A larger region is shown in fig. 9.5.6. And
there are three more like that, meaning that the non-intersecting rods are
kept in form of non intersecting channels of tridymite type. The
tetrahedral network is created in the regions where the rods meet. The
structure is intermediate in its nature to the cristobalite and the tridymite
structures.

We have also used the handmade structures with the GD mathematics for
this purpose. The change of constant for the primitive and the garnet, or
bee, packing of rods, also here make the rods condense into surfaces of
exactly the same type as was the case for the circular functions, as shown
above.

Conclusion:
The fundamental and simplest rod packings are not related to the simple
and fundamental surfaces like P, D or G.
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-1

Fig. 9.5.5. At C=4.9 there is a tetrahedral structure
projected after a cubic space diagonal.

Fig. 9.5.6. A larger region of fig. 9.5.5. The structure is
intermediate in its nature to the cristobalite and the
tridymite structures.
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Exercises 9

Exercise 9.1. Show what happens when the constant in eq 9.1.1
approaches 0.

Exercise 9.2. Make a hexagonal radiolarian.
Exercise 9.3. Make a 2D correspondence to equation 9.7.2.

Exercise 9.4. Add a perpendicular non-intersecting rod to 3.



The Rods in Space 263

Answer 9.1. C=0.05

Fig. 9.1.

Answer 9.2.

o~((~5x+29y+.42)% +(42-58y)%) | ~((5x+.29y+.42)% +(42-.58y)?)

) te

+o-((5%+29y+.42)7 4(-5x+.29y+.42)%)  ~(~5x+.29y-.42)* +(- 42-.58y)%)

) +e
4o ((5%+29y-42)?+(-42-58y)?) | ~((5x+29y-42)2 +(-5x+.29y-42)%)

re 0P Hy?+2%) g
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Answer 9.3.

1'C n b1 n
COS—X+CO5—Z COS—Z+Ccos—y
e 2 +e 2 2" =45

Fig. 9.3.

Answer 9.4. Note that only a part of 9.3 is used.

T T T b T 1 b1 1
COS—X+C05—Z COS—Z+C0S— cos—(y+—)+cos—(X+—
2 2 zreosyy Freos (x+2)

e +e 2 +e 6.5

Fig. 9.4.



The Rods in Space 265

References 9

1 J.E. Gordon, THE NEW SCIENCE OF STRONG MATERIALS or
why you don’t fall through the floor, Penguin Books, England, 1975,
page 18.

2 S. Lidin, M. Jacob and S. Andersson, J. Solid State Chem. 114 36
(1995).

3 M. O’Keeffe, Acta Cryst. A 48 879 (1992).



This Page Intentionally Left Blank



267

10 The Rings, Addition and Subtraction

‘..and what is the use of a book,’ thought Alice,
‘without pictures or conversations?’ (Lewis Caroll, from Synge [1]).

Here we show examples of addition and subtraction in 3D. We add or
subtract spheres to planes, cubes, the natural exponential, and show how to
derive the equation of a ring or a torus.

We study the various ways of combining rings using these operations. We
obtain examples of spherical and hyperbolic geometries, and we also add a
torus and a periodic nodal surface.

By the subtraction of polyhedra from the sphere we obtain the hyperbolic
polyhedra.

10.1 Some Simple Examples of Subtraction and Addition in 3D

We subtract a sphere from a plane, or give curvature to a plane, with a
sphere after eq. /0.1.1. By gradually changing the exponential function as
constant 4 varies from 4, 1, 0.73, to 0.65 respectively, we have the
pictures below in figs 10.1.1-4.

X2 +y2 +22 —eAZ=g 10.1.1

Fig. 10.1.1. A sphere subtracted from a plane after equation
10.1.1. A=A,
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Fig. 10.1.2. A=1.

Fig. 10.1.3. A=0.73.

Fig. 10.1.4. A=0.65.

We also call it the falling drop. Or going through a wall without making a
hole in it. Or that we have subtracted a sphere from a plane.

We do the same with two planes. The constant A in equation /0.1.2 is 1.5,
1.0, and 0.5 for figs 10.1.5-7. The subtraction gives a catenoidic joint of
the two planes which is cylindrically elongated in fig. 10.1.6. The sphere is
liberated in fig. 10.1.7.

X +y2 42 —eAZ_e™AZ 10.1.2
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Fig. 10.1.5. A sphere subtracted
from two planes after equation
10.1.2. A=1.5.

Fig. 10.1.6. 4A=1.

Fig. 10.1.7, The sphere is liberated at C=0.5.
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The 3D exponential function in eq. /0.1.3 can be interpreted as a cube
corner.

eX+e¥ +e?=C 10.1.3

We add and subtract the exponential function and the function of the
sphere, perhaps the two most fundamental functions ever. Equation 10.1.4
gives fig 10.1.8 which obviously is a sphere added continuously to the cube
corner. Fig. 10.1.9 from equation /0./.5 is also obvious - a sphere taken
away from the corner of the cube.

eX+eY +e +x2 +y2 +2% =200 10.14

e +eY +el—xF—y2-7% =0 10.1.5

Fig. 10.1.8. A sphere added
to a cube corner - or the
natural exponential added to
the sphere. After equation
10.1.4.

Fig. 10.1.9. A sphere taken away from a cube
corner. After equation /0.1.5.

Changing the exponent shows the sphere leaving, after equation /0./.6 and
figures 10.1.10 and 10.1.11, and A=0.69 and 0.72 respectively.

Az 2

eAX 1 eAY 1 AZ _x —y2—22=0 10.1.6
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Fig. 10.1.10. The sphere is leaving after equation /0.1.6
with A=0.69.

Fig. 10.1.11. A=0.72.
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10

Fig. 10.1.12. A sphere subtracted from a cube
after equation 70.1.7.

10

-10

Fig. 10.1.13. The liberated cube shown in a split.
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We extend to subtract the whole cube and the sphere, as in fig. 10.1.12, and
the sphere is distorted. The liberated cube is shown in fig. 10.1.13,
calculated with the same function, 10.7.7, but with different boundaries. At
higher constants there is catenoidic contact between the sphere and the
cube (not shown here).

Lt 20
—(x“+y“+z
10x+10y+107‘+10_x+10_}'+10_Z—1010( g ) =550
10.1.7

10.2 The Rings

Instead of a sphere we now take a cylinder. Closing it means adding two
planes, one at each end, and opening it up means subtracting the two
planes. We need to go exponential and subtract,

X2 +y% —e*—e 2=0 10.2.1

which is a slightly modified formula for the classic catenoid minimal
surface, and we clearly see the cylinder and the z-planes of the surface in
figs 10.2.1, and 10.2.2. We can say that the structure of this famous
function is two parallel planes perpendicularly meeting a cylinder without
self-intersections. So the use of an exponential scale is by no way new - it is
essential to use when deriving one of the most classical surfaces ever!

Fig. 10.2.1. A catenoid after Fig. 10.2.2. Larger boundaries of fig.
equation /0.2.1. 10.2.1.
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Adding a sphere to the catenoid means closing it. Subtracting a sphere
means bending the planes so they meet and become a torus. We need to go
exponential, and the constant in the exponent for the sphere is used to
vary the size of the torus from A=0.16 in fig. 10.2.3 to 0.22 in 10.2.4.

X2 +y?—e?—e”

2,2, .2
z_ARTHyT+Z7) 10.2.2

Fig. 10.2.3. Subtracting a sphere Fio. 10.2.4. A=0.16
from the catenoid gives the torus B Tl o
after equation /0.2.2 and A=0.16.

We have studied in detail how genus one is topologically derived - or how
to make a hole in a sphere in a series of pictures. The equation used is

2022 =

and the value of C is given under each picture below in fig. 10.2.5 a-f.

Below is a beautiful demonstration of the rule of addition, as we see a double
torus in fig. 10.2.6 (eq. 10.2.4) and triple in 10.2.7 (eq. 10.2.5). We also
call them 3D pretzels.

LD,
2.2 .z _—7__022(x“+y“+z")
Moo s B Tl ) 4+

10.2.4

_ 2.2 2
+e(x2+22-—ey—e Y _o022(x"+y“+z )) =1
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Fig. 10.2.5a-f. How to make a hole in a sphere, or how to derive genus one. From
equation /0.2.3. The value of C is in (a) 20, (b) 10, (c) 5, (d) 3, (e) 2, and in (f) 0.
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(x2+y2 —elup T ‘_eO.ZZ(xz +y2 +zz))

2_y_.-Y¥_ 022(x +y +zz)
yelx?+2%-e e Vg 10.2.5

~x_,0.22(x? +y? 422 ) _ :

+e(zz+y2 —eX—e

Fig. 10.2.6. Double torus after Fig. 10.2.7. Triple torus after
equation /0.2.4. equation /0.2.5.

K. Larsson and one of us proposed 1986 [2] that the lipid bilayer in
membranes had intrinsic curvature, which gave them long range periodicity
that provided a mechanism for communication. We used a ring model for
the hyperbolic geometry and it is here a pleasure to give a mathematical
function in equation /0.2.6 and a picture in 10.2.8.

4

2
—z_e0.22(x +y +z )

2,2 z_
e(x +y“—e“—e

i 222
+e((x+5)2+22_ey_e y_eOZZ({x+5) +y©+z })+ 10‘2‘6

2 2 7
2 _ =X _.0.22(x" +(y+5)"+z°)
+((V+5) +z2—eX—~e X -¢ (y bc
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Fig. 10.2.8. Ring model for lipid bilayer after equation
10.2.6.

Fig. 10.2.9. Two Olympic rings after equation 70.2.7.
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Next we separate the two rings in fig 10.2.6 by a simple translation in eq.
10.2.4 to get 10.2.7, and the result is shown in fig. 10.2.9.

e(xz sy? et _e—z_e0.22(x2+y2+22))

10.2.7
(02422 —eY -6 _e022((x+2)2+y2 422), i

And in eq /0.2.8 we have derived the case for three interpenetrating rings.
2.2 —y _0.22((x-0.5)%+y2 +22
(x-05)"+z"~e¥ —e™¥ —e (-8 Y~z ))+
_ I
e((xﬁ4)2+y2_ez_e 2-30.22((:( 4§ +y“+z )) 2 10.2.8

iy 2.2
e((x_.-fj)z_rzz_ey_e—y _e0.22((x—7.5} +y©+z )) -1

10.3 More Ways to make Rings

There are different ways to make rings. Below we add a cone and a cylinder
- for obvious reasons we square the equation of the cylinder. For a constant
of zero in equation /0.3.1 we still have the cone, but for a constant of 0.1
a torus has developed in figs. 10.3.1 and 10.3.2.

X +yr -2 -2 +y?)P=C 10.3.1

Fig. 10.3.1. Another way to make a Fig. 10.3.2. C=0.1.
torus after equation /0.3.1. C=0.
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If we square we get two rings in fig. 10.3.3, and the equation is /0.3.2.

(% +y? =22 - (x* +y2)*)2 =0.04 10.3.2

Fig. 10.3.3. The square gives a torus in a sphere after
equation /0.3.2.

The ordinary equation of a torus is in eq. /0.3.3 and shown in 10.3.4.
(% +y3)7 -2)2 + 22 =1 10.3.3

And on exponential scale it is shown in fig. 10.3.5, from eq. /0.3.4.

(P y)05 22452 _ 1084

Fig. 10.3.4. The ordinary torus after Fig. 10.3.5. The ordinary torus on
equation 70.3.3. the exponential scale after equation
10.3.4.
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We add two spheres after equation

2

1Py P -2)242%) |~ +y24(243)?) | o~y +@-3)%) |

10.3.5

and the result is illustrated in fig. 10.3.6, and is a good picture of the ELF
structure of the CIF, ion [3], and as proposed the isoelectronic molecule
XeF, [4].

We can also add just one sphere as in eq /0.3.6 and fig. 10.3.7.

(P 4y)5-ty242%) | —(xPry?42?) 5

Fig. 10.3.6. The structure of the CIF, ion, or the
isoelectronic molecule XeF; after equation /0.3.5.

Or we can add a cylinder.

(FyD)3-0)242%) | ~CP4yP4D) _ o

10.3.6

10.3.7

We made Larsson cubosomes - or a molecule - by adding the equation of a
periodic surface to a sphere. Here we add the nodal P-surface to the torous

and obtain similar results.
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e((3(2-|~y2)0'5—1{))2+z2 COSTIX+COS Y +COSTZ _ ¢ 10.3.8

+e

Fig. 10.3.7. After equation /0.3.6. Fig. 10.3.8. After equation /0.3.7.

0 2.5 5 7.5 10

Fig. 10.3.9. A torus and the P surface in ‘body’ form after
equation /0.3.8.
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Fig. 10.3.10. A change in constant makes the surface interpenetrate
the torus after equation 10.3.9.

Fig. 10.3.11. A further change in the constant as in
equation 7/0.3.10 cuts the torus into pieces of the P
surfacetype.

In fig. 10.3.9 the P surface is in ‘body’ form and for a change in constant
as in eq. /0.3.9 there is a complete surface interpenetrating the torous
shown in fig. 10.3.10.
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e((xz+yz)c"5—10)2+z2 COSTIX+COS Y +COSTZ _ 3 ¢ 10.3.9

+e

Finally a further change in the constant as in eq. /0.3.10 cuts the torus into
pieces of the P surface type shown in fig. 10.3.11.

e((x2+y2)0.5_4)2+22 + ecos TX+COS Y +COS TZ - 27 ]0 3 10

10.4 More Subtraction - Hyperbolic Polyhedra

In equation /0.4./ we subtract two planes from a sphere and get fig. 10.4.1.

PP R
e(x YT )—ex =1 10.4.1

Fig. 10.4.1. Two planes subtracted from a sphere after
equation /0.4.1.

Fig. 10.4.2. Two planes subtracted from a sphere after
equation 70.4.2.
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We subtract two more planes in eq /0.4.2 and get fig. 10.4.2.

2,.2,..2 2 2
e(XTHYTH2T) _ X" _ oY 10.4.2

And subtracting three planes (or a cube) as in eq. 10.4.3, we get the
hyperbolic octahedron (the dual), as in fig. 10.4.3.

2.2 .2 2 2 3
XTHYTHZT) _ X7 _ oy o2 10.4.3

4

Fig. 10.4.3. A cube subtracted from a sphere after equation
10.4.3.

We subtract an octahedron from the sphere in equation /0.4.4 and get the
dual as illustrated in fig. 10.4.4.

202 2 2 2 s
STy +2%) _ (x+y+2) —e(X=y+2)" _ (x+y-2) —eytz=x)" _¢

10.4.4
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e((xz+yz)c"5—10)2+z2 COSTIX+COS Y +COSTZ _ 3 ¢ 10.3.9

+e

Finally a further change in the constant as in eq. /0.3.10 cuts the torus into
pieces of the P surface type shown in fig. 10.3.11.

e((x2+y2)0.5_4)2+22 + ecos TX+COS Y +COS TZ - 27 ]0 3 10

10.4 More Subtraction - Hyperbolic Polyhedra

In equation /0.4./ we subtract two planes from a sphere and get fig. 10.4.1.

PP R 2
e(x YT )—ex =1 10.4.1

Fig. 10.4.1. Two planes subtracted from a sphere after
equation /0.4.1.

Fig. 10.4.2. Two planes subtracted from a sphere after
equation 70.4.2.
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In equation /0.4.5 a rhombic dodecahedron is subtracted from a sphere and
fig 10.4.5 shows the dual, a hyperbolic cube octahedron.

2 2 2
2x%+y?+2%) _ (x4y) _ (x-y) _ (y+2)
¢ ¢ ‘32 s 10.4.5
_ov2? _t? _ x2

In equation 10.4.6 the pentagonal dodecahedron is subtracted from a
sphere, and the resulting dual - the hyperbolic icosahedron - is shown in fig.
10.4.6. Note the remarkable simplicity of the formula.

LD +y2427) _ (mxty)? _ (~mxty)?
10.4.6
_et2)? _ (cry+2)? _ (z0? _ (—mx)?

Fig. 10.4.6. The pentagonal dodecahedron subtracted
from a sphere after equation /0.4.6.
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Below the equation of an icosahedron is subtracted from a sphere and the
result - a beautiful hyperbolic pentagonal dodecahedron - is shown in fig.

10.4.7.
e(r3 +12+l)(x2+y2+z2) = e'r2(x+y+z)2 e e-lrz(-r:c+3,/+z)2
_e‘l:z(x+y—z)2 _e‘l:z(x—}wz)2 _e(x+1:2y)2 _ (—x+‘:2y)2 10.4.7

_e(z+".:2x)2 _e(z—'l:zx)2 _‘,‘_(y+‘1:2z)2 _@(y—‘rz)2 -0

[

1

Fig. 10.4.7. An icosahedron subtracted from a sphere after equation
10.4.7.

A cube may be constructed from two dual tetrahedra, and we show in fig.
10.4.8 the result of the subtraction of a tetrahedron from a cube, after
equation 10.4.8.

X0 oW o By W =
e +e’ +e"+te T +e 7 +e 10.4.8

—e(Xty+z) _ [(x=y=2) _ (-%X-y+2) _ (y-2-X) _



288 Chapter 10

Fig. 10.4.8. A tetrahedron subtracted from a cube
after equation 10.4.8.
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Exercises 10
Exercise 10.1. Make a half catenoid after equation 10.2.1.

Exercise 10.2. Subtract a tetrahedron (exponential) from a sphere (non-
exponential).

Exercise 10.3. Subtract a rhombic dodecahedron from an octahedron.
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Answer 10.1

x2+y2—ez=0

Fig. 10.1.

Answer 10.2

e(XtY+2) 4 ((X-y=2) 4 (TXY+2) 4 o(y=2-X) _ 2(x2 + y2 +22 )-6=0

Fig. 10.2.
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Answer 10.3

e(x+y+z) +e(x_y_z‘) +e(_x_y+z’) +e(y_z_x)
1o OHY+D) | ~(xy-2) | ~(x-y+2) | ~(y-2-%)
_e(xtY) _(x=y) _(y+2) _ (y-2) _ (x+2) _ o (x-2)

e HY) _ oY) _ (04D _~(y-2) _~(x+2) _~(x-7) _

Fig. 10.3.
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11 Periodic Dilatation - Concentric Symmetry

‘It shows how bold it is to draw conclusions about the area of a domain
Jfrom the time it takes to sail around it’ (Hildebrandt et al [1] about the
coast line of Riigen, an island in the Baltic Sea).

Here we describe dilatation, in natural science called cyclic twinning. The
geometry is the same as the one proposed as a structure building operation
in solid state chemistry [2]. But here it is done with mathematics, and the
Exponential Scale.

We give a mathematical mechanism for crystal growth - the circular
function multiplied with the GD function gives the combination of
translation and dilatation. The growth is exponential by the periodic
property of the GD function. We also use the GD mathematics to describe
the motion of solitons.

11.1 Dilatation and Translation in 2D

In photography it is called enlargement and in school geometry
congruence. We may say it is a similarity that preserves angles and we call
it dilatation or concentric symmetry. For an excellent description we refer
to Coxeter - a good reading as background is his chapter 5 ‘Similarity in the
Euclidean plane’ [3].

What use will we have of the functions below? We surely believe they will
have some importance in chemistry, physics or biology. Besides onions in
botany, and multiple twins in mineralogy or crystallography. And this
symmetry is also somewhat contained in the fundamental theorem of
algebra which started this book. And some surfaces are very beautiful which
is a reason as good as any.

We study mathematical functions that give structures which interest us. As
we want periodic functions we start to study the simple and general product

of a variable and its cosine, XC0sX, or eXcosx or to make the 3D
2
representation of the function sharper, e™* cosx with n as an integer. And

2
the product of the Gauss Distribution function and cosine, e™* cosx.

So we start in 2D with the function,
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2 2
e cosmx+e% cosmy =0 11.1.1

6 [ 3 -
4 )1
2 2.5
0 0
:z 2.5

-5
: AN

~6-4-20 2 46 -7.5-5-2.50 2.5 5 7.5

Fig. 11.1.1. Square dilatation after Fig. 11.1.2. Fourling operation
equation /1.1.1. with the corresponding GD
function after equation 7/.1.2.

In fig. 11.1.1 there is typical dilatation, and the structure can be regarded as
a fourling of a lamellae structure. Shift to the GD as in function 77.1.2,
gives a fourling operation to the whole structure as in 11.1.2.

2 2
e cosmx+e78 cosmy =0 11.1.2

Using the property of periodicity of the GD function makes it now possible
to build the mathematics for the cyclic twinning or cyclic periodicity, and
we build the first function in eq. 11.1.3, which gives figure 11.1.3. Here we
have the first fragment of a periodic fourling structure and we increase the
size of it in 11.1.4 by adding more terms as in equation /1.1.4.

—6x2 | —6(x=2)% | ~6(x+2)?
(e +e +e )cos TTx 1113

2 2 2
+e 8 4700727 £ 60+D o5y =0

2 2 2 _ex=412 - 2
(&7 762" 4 =6(x+2)" L o=6(x=4)" | =60+ ooy

+(e’6y2 +e60-2 | 6(+2) L 6y | 6y +4) )cosmy =0
11.1.4
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Fig. 11.1.3. The fourling unit
grows with translation with
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10000
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2 0 2 4 6

-6 -4 -

[+2)

Fig. 11.1.4. Further growth with
equation //.1.4.

equation /1.1.3.

So far we have taken the inner square of the dilatation structure - now we
want to take a larger part of the structure in fig. 11.1.1 to repeat. This is
done by increased translation as in eq. //.1.5 and 11.1.6 and the structures
are in fig. 11.1.5 and 11.1.6.

2 2 2
—6x —6(x-4) -6(x+4)
(e 2+e 2+e Zcosnx 1115
+(e_6y +e7007D7 4 o6(+4) Jeosy =0

2 2 2 2 2
( e 0X7 Lo 6(x~4)" 4 -6(x+4)" | —-6(x-8)" | —6(x+8) )cos Tx

2 2 2 2 2
+e 0 470047 100+ 1 68T | 608 yoosy = 0
11.1.6

We want to cut an even bigger part of the dilatation structure in fig. 11.1.1,
and do so with the equations /1.1.7-8. These beautiful examples of the
combined translation and dilatation are shown in figures 11.1.7-8.

2 2 2
(670X +70(x-6)" | o =6(x+6)% ) o mx 1117
2 2 2 o
+e 0" 470070 4 e Y05 my = 0
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_fo2 TP Y _ 2 w12 _ 2
(67657 4 e 6(-6) | ~6(x+6)? | (-6(x-12)% | -6(x+12)% ) o

2 2 2 2 2
H(e 8 476" L T6(yH6)" | ~6(y-12)7 | ~6(y+12) Ycos Ty =0

sl TIE

5
5
29— o] o]
0
5

|

:.D o=

siE

-7.5-5-2.50 2.5 5 7.5

Fig. 11.1.5. Further growth includes
dilatation in each building block with
equation //.1.5.
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Fig. 11.1.7. Still larger size of
building block increased after equation
11.1.7.

11.1.8

1

o

21U U e
2[0][o][o][e][=
SHENEHENENES
2| [o][o][e][a][=
NEICIEIENENE
el

-10 -5

(83}

o

O

Fig. 11.1.6. Size of building
block increased after 17.1.6.
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Fig. 11.1.8. Size of building block
after 11.1.8.
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We do the same with dilatation of the triangle after equation 71.1.9,
showed in fig. 11.1.9, and we do the twin operation as in eq. /1.1.10,
showed in fig. 11.1.10. The polygon trigonometry is from chapter 3.

6 3 i 3
cos T(xcos(m/3) + y sin(m/3))e (xcos(m/3)+ysin(m/3))

6(— 2n/3)—ysin(2n/3
+cos T(—xcos(2m/3) — y sin(27/3))e (~xcos2n/3)-ysin@n/3) 11.1.9

6 3n/3 in(37/3
+cos i(xcos(37/3) + y sin(37/3))e (xoos(3m/3y+ysin(3n/3) =0

1 2
cos 3 6(xcos(m/3)+ 3
R(XCOS(TC/ ) + ysin(»n/;))e ( S( / ) ysm(n/ ))

: 2
—6(— 2n/3)— 2n/3
+cos (—xcos(2m/3) — ysin(21/3))e (~xcos(2n/3)-ysin(2n/3) 11.1.10

; 2
-6 3m/3 3n/3
+cos m(xcos(3n/3) +ysin(37/3))e (xcos(3n/3)+ysin(3n/3) =0

TINR

-7.5 -7.5°
-7.5-5-2.50 2.5 5 7.5 -7.5-5-2.50 2.5 5 7.5

~

Fig. 11.1.9. Triangular dilatation

4 Fig. 11.1.10. Sixling operation
after equation 7/.1.9.

with the corresponding GD
function after equation /1.1.10.

And the repeated sixling of a rather advanced dilatation triangular block is
derived in equation /1.1.11 and the formidable structure is shown in fig.
11.1.11.
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-6 3 . 2
cos n(xcos(n/ 3)+ ysin(m /3 e (XCos(n/ +y sm(n/ 3)

-6(— 20t/3)—vsi 2
+cos (—xcos(21/3) - ysin(21/3))e (—xcos(2m/3)~ysin(2m/3))

+cos (xcos(3n/3) + y sin(37/3))e (xcos(3m/3)+ysin(3m/3))

—6 3 . 3 )
+cos7r(xcos(1t/3)+ysin(n/3))e (xcos(m/3)+ysin(n/3)-12)

—6(- 2n/3)-ysin(21/3)-12 2
+cos1t(—xcos(27t/3)—ysin(27t/3))e (=xcos(2n/3)-ysin(2n/3)-12)

-6 3m/3 in(3 _1n2
+cos(xcos(3m/3) + ysin(3n/3))e (xcos(3m/3)+ysin(3n/3)-12)

-6 3 i 3 2
+cosm(xcos(m/3) + ysin(r/3))e (xcos(m/3)+ysin(m/3)+12)

—6(~xcos(2m/3)-ysin(2m/3)+12)
+cos T(—xcos(27/3) — y sin(271/3))e (—xcos(2m/3)—ysin(27/3)+12)

~6(xcos(3m/3)+ysin(3n/3)+12)>
+cosm(xcos(3m/3) + ysin(37/3))e (xcos(3m/3)+ysin(3n/3)+12) o

11.1.11

15¢

10t

%

I,
IV

=

-10

I

~15}

V

-15 -10 -5 0 5 10 15

Fig. 11.1.11. Translation of a building block of triangular
dilatation after equation /1.1.11.
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And the pentagonal dodecahedron in equations //./.12 and 1/.1.13 and in
figures 11.1.12 and 11.1.13.

6 5 i 5
cos T(xcos(m/5) + y sin(m/5))e (xcos(m/5)+ysin(n/5))

6(—xcos(2m/5)~ysin(27/5
+cos T(—xcos(2m/5) - y sin(27/5))e (-xcos(2m/5)~ysin(2n/5))

6 3n/S5 in(3n/5
+cos (xcos(3m/5) + ysin(31/5))e (xoos(3m/Sy+ysin3n/5) 11.1.12

6(-xcos(4m/5)-ysin(4n/S
+cos7t(—xcos(47t/5)—ysin(4n/5))e (-xcos(4m/5)-ysin(4n/5))

6 5n/S in(5m/5
+cos mi(xcos(5m/S) + y sin(Sn/S))e (xoos(5m/Sy+ysin(57/5) =0

: 2
__6 5
cos T(xcos(m/5) + y sin(r/5))e (xcos(m/5)+ysin(n/5))

—6(— 21t/ 5)-vysin(271/5 2
+c:os7t(—xcos(21t/5)—ysin(zn/s))e (-xcos(2m/5)-ysin(2m/5))

-6 3 in(3n/5))*
+cos m(xcos(3m/5) + ysin(31/5))e (xeos(3m/9)+ysinGGn3) 11.1.13

—6(— 4nt/5—-vysin(4n/5 2
+Cosn(—xcos(47t/5)_ysin(4n/5))e (-xcos(4m/5)—ysin(47/5))

—6(x cos(5m/5)+y sin(5m/5))% e

D\
§ /
N

-10 -5 0 5 10 -10 -5 0 5 10

+cos T(xcos(51/5) + y sin(57/5))e

[$)]

o

Fig. 11.1.12. Pentagonal dilatation Fig. 11.1.13. Tenling operation
after equation /7.1.12. after equation 17.1.13.
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11.2 Dilatation and Translation in 3D

In 3D the first equation is //.2.] and its symmetry of dilatation is
beautifully shown in fig. 11.2.1.

2 2 2
%% cosmx +€%Y cosmy + €% cosmz=0 11.2.1

Fig. 11.2.1. Dilatation in 3D after equation /7.2./.

An eightling operation is provided by equation //.2.2 and the formidable
structure is in fig, 11.2.2.

—6}(2 —622

2
e cosmx+e~%Y " cosmy +e 9% cosmz =0 11.2.2
Before we continue we shall study the explicit function in eq. /7.2.3. This
may be described as the multiplication of cosine with a damping factor like
the GD function, and it is shown in fig. 11.2.3. A wave packet like this is
used in quantum physics to represent a particle such as an electron. In its
3D form it describes cyclic twinning combined with dilatation.

12
y=e 2 cos2mx 11.2.3
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Fig. 11.2.2. Eightling operation with the corresponding
GD function after equation /1.2.2.

Fig. 11.2.3. Wave packet after equation //.2.3.

As this is GD mathematics, we can add two wave packets after eq. //.2.4,
and show them in fig. 11.2.4.

12 _l(x_s)z

y=e 2 cos2mx+e 2 cos2mx 11.2.4
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. n
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oo}
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Fig. 11.2.4. Two wave packets after equation //.2.4.

We can make one of them move and go through the other with equation
11.2.5, where n is varied 5, 3, 1, -1, -3, -5 in figure 11.2.5.

2 2
y =e 2% cos2mx +e 2" cos2mx 11.2.5

We may of course just use two GD functions as in equation //.2.6, where n
is varied 6, 3, 0, -3, —6, and the wave packet, moving as a soliton, is going
through the diffusion profile from right to left. Note the different scale
after y at n=0.

y = e_x2 + e—2(x—n)2 cos 27X 11.2.6

We shall now study this wave packet in 3D with the equation 7/.2.7.

Equation /1.2.2 showed infinite cubic dilatation in eight directions. By
reducing the weight of the GD function, the cubic character is reduced (the
symmetry is still cubic of course) and the cubes are joined by catenoids as
shown in the split figure 11.2.7 of eq. 1/.2.7. It could be described as if the
P surface is enveloped by the GD function (compare with figure 7.2.5).

12 12 12

Y
e 2 cosmx+e 2° cosmy+e 2 cosmz=0 11.2.7
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Fig. 11.2.5. One of the two wave packets move after equation 11.2.5.
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-6

11.2.6.
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1S moving

Fig. 11.2.6. One wave packet

ig. 11.2.7. Dilatation structure of the P-surface after

equation /1.2.7.
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As above in 2D and equation //.1.5, we addto 3D in eq. //.2.8, and have
the beautiful picture in fig. 11.2.8 which shows the translation of a
dilatation structure, all in a cyclic twin operation.

2 2 2
(e—ﬁx i e—6(x—4) + 6—6(X+4) )COSﬂx

2 2 2
+e Y 4676047 4 6(y+4) )cos Tty 11.2.8

2 2 2
+(e"6z g 0(Z A" 4 g O(zH) Jeosmz =0
Next is tetrahedral dilatation in eq. /1.2.9, and the picture is in fig. 11.2.9.

SXHY=D) cosm(—x +y — 2) +8X VD cos (—x — y + 2)

+e57Y "D cos(x— y ~ 2) + YD cosn(x + y + 2)

11.2.9
+e8 Y Dginn(—x +y - 2) + XV D inn(-x -y + 2)

+e0 YD sinn(x -y - 2) + STV D sinm(x +y +2) = 0

Fig. 11.2.8. Translation of a dilatation structure after equation 7/.2.8.
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Fig. 11.2.9. Tetrahedral dilatation after equation /7.2.9.

Fig. 11.2.10. Octahedral dilatation after equation /1.2.10.

And the octahedron which with dilatation from equation 77.2.10 gives
figure 11.2.10 and the corresponding GD function gives figure 11.2.11 with
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the fourling symmetry that has octahedral, as well as tetrahedral corners.
This is more clear in a smaller region in figure 11.2.12.

6(-x+y+2)? X 6(x+y-2)” -
e cosm(-x+y+z)+e COSTX+Y=2) 1410

6(x+y+ 3)2

2
+e80Y D) osm(x—y +z)+e cosm(x+y+2z)=0

Fig. 11.2.11. Octahedral dilatation and translation making a
GD function of equation /7.2.10.

7a¥ .v;"'@-;’:

5!
L)

9.

Fig. 11.2.12. Smaller region of fig. 11.2.11.
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With translation as in equation //.2./] we only get octahedra - a ReO;
with every second octahedron missing, as in fig. 11.2.13.

i 2 2
SCXHYHD” osm(—x+y +2) + 8D cosn(x +y — 2)

6(x+y+ z)2

2
+e0( YD) osm(x—y +z) +e cosT(X+Y +2)

LeS(-x+y+z-2) 6(x+y—2-2)2

cosm(—x+y+z)+e
6(x+y+z-2)%

cosT(x+y—2z) 11211

2
+ eﬁ(x—y+z—2)

cosT(x—y+z)+e cosm(x+y+2z)

- 2 = 2
+e8XHYH24D)” o m(—x +y +2) + XY os(x +y - 7)

2 V2
+e0(X Y42+ oogm(x —y +2) + XY FED o m(x +y +2) = 0

WL,
VNN

Fig. 11.2.13. With translation after equation /1.2.1/
there are only octahedra within the boundaries.

We only show a small piece of dilatation symmetry of the rhombic
dodecahedron after equation 71.2.12, as shown in fig. 11.2.14.

9 2
S cosm(x+y)+ S02" cosn(y +2)

2 2

6(x—2)%

2
+e%(Z7Y) ¢os m(z=y)+e cosm(x—2z)=0
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Fig. 11.2.14. Dilatation symmetry and
the rhombic dodecahedron after equation
11242,

Fig. 11.2.15. Dilatation symmetry and the pentagonal
dodecahedron after equation 77.2.13.

The concentric symmetry of the pentagonal dodecahedron is in
11.2.15 after equation 71.2.13.

fig.
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2 2
cos(Tx +y)e¥ N 4 cosm(—1x +y )b THY)
2 2
+cosm(ty +2)e5 VD" 4 cosn(—1y +2)efCT+2 11.2.13
2 2
+cosm(tz + x)e¥ZN 4 cosm(tz - x)e®(TZX" = ¢
The multiplication of variables with their circular function becomes
complicated in 3D, and we showed above that the use of exponential
equations allowed for reasonably simple and straight results. We shall below
use a very simple equation to demonstrate interesting and beautiful surfaces
which belong to the same symmetry as the surfaces above.

We start with equation in /7.2.14 with small boundaries as in fig. 11.2.16.

Xsin7x + ysinmy + zsinnz =0 11.2.14

Slightly changing the equation to 71.2.15, gives the molecule B¢Hy again in
fig. 11.2.17. The similarity to the functions of the general theorem of
algebra in chapter 2 is remarkable, and now we know why.

xsinmx + ysinmy + zsinnz =1 11215

Fig. 11.2.16. After equation Fig. 11.2.17. With C=1 of equation
11.2.14. 11.2.15 there is BsHs again.

We increase boundaries and find shell after shell as in the two projections
figs. 11.2.18 and 11.2.19.
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Fig. 11.2.18. Still after equation 77.2.75 with

larger boundaries.
-2 :
ot T g : : 3
2 H - i
-2 0 2

Fig. 11.2.19, Different projection.
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Still bigger boundaries, as in the split of one eight of a regular unit in fig.
11.2.20, show more layers. The general picture is that concentric cubes,
joined via catenoids, build the structure.

Fig. 11.2.20. Split shows that concentric cubes, joined via catenoids,
build the structure.

11.3 Pure Dilatation

We start with the circle after equation //.3.], and obtain beautiful
dilatation in fig. 11.3.1.

cos2m(x% +y2)=0 11.3.1

Next equation is eq. 1/.3.2 which gives dilatation of the hyperbolas as in
fig. 11.3.2.

cos2n(x2 —y?)=0 11.3.2



Periodic Dilatation - Concentric Symmetry 313
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1
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2\

-3
-3 -2 -1 0 1 2 3
Fig. 11.3.1. Concentric circles after Fig. 11.3.2. Dilatation of hyperbolas
equation 71.3.1. after equation /1.3.2.

The simple equation of //.3.3 gives the beautiful mixture of hyperbola and
circles in fig. 11.3.3.

cos7t1~(2+cos7cy2 =0 11.3.3

-3 -2 -1 0 1 2 3
Fig. 11.3.3. Dilatation of circles and hyperbolas
after equation //.3.3.
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The equation 11.3.4 gives an excellent dilatation in fig. 11.3.4.

cos x> cos7ty2 =0 11.3.4

-3 -2 -1 0 1 2 3

Fig. 11.3.4. Dilatation of squares after equation /1.3.4.

The dilatation of the spiral is obtained with the equation /1.3.5, and shown
in fig. 11.3.5.

ycosZn(x2 +yz)+xsin21t(x2 +y2)=0.4 11.3.5
1.5/// \\\\
1

AN

-1.5-1-0.50 0.5 1 1.5

Fig. 11.3.5. Spiral dilatation after equation //.3.5.
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We do some of these simple functions in 3D and start with the concentric
spheres in fig. 11.3.6 after equation //.3.6.

cos2m(x% +y2 +72)=0 11.3.6

CT T
s aenusnsmenennn Vo

g T

NEE ENER
! HEEO‘ | o™

Fig. 11.3.7. Concentric cubes after equation //.3.7.
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The product in eq. 11.3.7 gives intersecting planes repeated with dilatation
in fig. 11.3.7.

cos?l:xzcosnyzcosnz2 =0 11.3.7

The sum as in eq. /1.3.8 gives the formidable dilatation of the P surface in
fig. 11.3.8.

cos X2 +cosny2 +cosmzZ =0 11.3.8

Fig. 11.3.8. Dilatation of the P surface after equation //.3.8.

With equations of type xcosz? +ysinz? we get helicoids with pitch
dilatation, and we design the equation 1/.3.9 to make the spiral in fig.
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11.3.9. One left handed spiral is joined to a right handed via a mirror -
cylinder - and the spirals are dilatated.

cxcoSﬂ:zz +ysinmz? +cx2+y2 =195 1139

Fig. 11.3.9. Two spirals and a mirror after equation //.3.9.

Many are the surfaces which may be derived with these types of functions.
We shall just show a couple of remarkable ones. The very simple equation
of 11.3.10 gives the fourling of dilated P in fig. 11.3.10, with catenoids to
a ‘fourling plane’ which has the topology of the fifth surface of Scherk, or
also called Scherk’s tower surface, and showed earlier in chapter 2.

ysin7x + xsinmty +sinnz =0 11.3.10

Fig. 11.3.10. A fourling of P with Scherk's fifth surface after
equation //.3.10.
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With the equation in 71.3.1] we have the remarkable eightling structure of,
again, dilated P, and now with ‘twin planes’ built of four cube corners in fig.
11.3.11.

Xysin7z + zysin7tx + xzsinmy =0 11.3.11

Fig. 11.3.11. An eightling of P with intersecting twin planes.
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Fig. 11.3.12. Single twin plane reflecting two
identical parts of the P surface after equation /7.3.12.

Finally we can give the single twin plane in a structure in figure 11.3.12,
which is reflecting two identical parts of the P surface. The mathematics as
given in /1.3.12 is very simple as it should be, giving a picture of a very
common phenomenon in Nature.

sin7mz + zsin X + zsinmy = 0 11.3.12

We conclude saying that the three different twin planes as observed,
topologically are minimal surfaces.
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Exercises 11

Exercise 11.1. Introduce a negative sign in the equation for spherical
dilatation, and describe the result.

Exercise 11.2. Do the Nautilus in 2D.

Exercise 11.3. Do the double spiral in 2D.

Exercise 11.4. Do the double Nautilus.

Exercise 11.5. Make the snail come out of Nautilus.

Exercise 11.6. Make the twin plane disappear in the structure of fig.
11.3.12 and explain why it works.
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Answer 11.1. The equation is

cosZn(xz -l-y2 —zz)=0.

Fig. 11.1.

Answer 11.2. The equation is

yccas21t(x2 + y2 )("'2 -~ xsin2n(x2 + y2 )02 =0

20

10

-10

—20L)
-20 =10 0 10 20

Fig. 11.2.
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Answer 11.3. The equation is

(ycos 27r(x2 + y2 )+ xsin271:(x2 + y2 ))2 =0.4

Answer 11.4. The equation is

(ycos 21t(x2 + y2 )02 + xsin27t(x2 + y2 )02 )2 =10

R
10

-10

-15 -10 -5 0 5 10 15

Fig. 11.4.
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Answer 11.5. The equation is

2.2
yeos2n(xZ +y2)02 + xsin2n(x? +y2)02 + 04y _y

-2

-4

4 =3
Fig. 11.5.

Answer 11.6. The equation is

COSTZ + zsinmx + zsinmy = 0
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Appendix 1 — Mathematica

We have been using Mathematica, and give here some examples. The
subroutines ContourPlot3D and ImplicitPlot are for the implicit functions
we use.

ImplicitPlot [Ery"4+E"x"4==200000,
{x,-2,2},{y.-2,2},PlotPoints->200,Axes->False]

Fig. A.1.1 Square after plot above.

ContourPlot3D[x"10+y"10+z7~10-100,

{x:2:_2}1 {er:_z}r{zfzf_z}:
MaxRecursion>2,PlotPoints->{{4,4},{4,4},{4,4}},
Boxed->False, Axes->True]

Fig. A.1.2. Cube after plot above.
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Other useful programs are Plot (one-dimensional), Expand, Series, and
below are examples.

First is plotted a Gauss error function and compared with an ordinary cosine
function.

Plot[{10"°-(x"2)+10"- ((x-2)"2)+10"-((x-4)"2)+
10~-((x-6)"2)-.6, .4Cos[Pix]}, {x,-4,10},
PlotPoints->200,Axes->False]

Fig. A.1.3. GD function and cosine after plot above.

Series[x  (x"2-1)(x"2-4)(x"2-9),{x,0,8}]=x"-14x°+49x’-36x

Series[E"X,{x,0,3}]=1+x+x7/21+x’/3 1 +
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Appendix 2 — Curvature and differential geometry

We have introduced saddles, monkey saddles, minimal surfaces - we need a
course in differential geometry with the concept of curvature.

Take a surface and let a plane rotate through a surface point in its normal.
The section of this normal plane and the surface is a curve of curvature k.
During the rotation, k must attain one maximum and one minimum value,
k; and k,. These are called principal curvatures, and corresponding planar
curves principal lines of curvature. These two curvatures are very useful in
the description of the properties of surfaces. Their product is the Gaussian
curvature (K),

ki k; =K 421
and the mean curvature (H) describes the sum.

A plane has both K=0 and H=0, while a cylinder has K=0 for every point as
one of the principal curvatures is a straight line.

A point on a cylinder is called parabolic.

A point on a sphere or an ellipsoid has always positive curvature, and for
the sphere K=1/r2 and H=1/r. Such a point is called elliptic.

X2+y2+z2=4 A 22
22 +y2+72=4 423

A simple example of a surface of negative Gaussian curvature is the saddle.
An example of this is shown in fig. A.2.1, with the equation

x2-y2-z=0. 424

A point on such a surface is called hyperbolic.
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Fig. A.2.1. Saddle. After equation Fig. A.2.2. Monkey saddle. After
A 24 equation 4 2.5.

The monkey saddle in fig. A.2.2 is a very remarkable surface. Hilbert gave
it the name - a monkey beside its two legs also has a tail. The monkey
saddle has negative Gaussian curvature everywhere, except in the centre
where it is zero. Such a point is called umbilic or a flat point. We have used
a simple function 4 2.5 to show the monkey saddle in fig. A.2.2.

X(x2-3y2)-z=0 425

Examples of surfaces built of saddles are the catenoid and the helicoid with
the equations

X2 + y2 - coshz = 0 (catenoid) A26
and
xcos4z - ysindz = 0 (helicoid) 427

Both are minimal surfaces, or soap water surfaces. Another way saying this
is that H=0. These two surfaces are very special, they have the same
Gaussian curvature on corresponding points. That means they are isometric
and can be bent into each other without stretching, like a paper can be
rolled into a cylinder. This has been used by us to describe phase transitions
without cost of energy in liquid crystals and Martensite. It is called the
Bonnet transition.

Monkey saddles and ordinary saddles build the strongly related and famous
3-periodic nodal and minimal surfaces. Some parts of this book deal with
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these types of surfaces. The minimal surfaces are well characterised, having
H=0 everywhere and K<0. We show the nodal surface, equation A42.8,
which deviates within 0.5% from the P - minimal surface, in fig. A.2.5.

cosx + cosy + cosz =0 A 2.8

The mathematics of the 3-periodic minimal surfaces are immensely more
complicated than that of the nodal surfaces.

Fig. A.2.3. Helicoid after equation Fig. A.2.4. Catenoid after equation
A27. A 2.6

Fig. A.2.5. P-surface after equation 42.8.
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Appendix 3 — Formal way to derive the shapes of polyhedra

Bodies that may be described with planes, can be given a mathematical
function from the exponential scale. We derive the normal vectors of
these planes and, use them in the exponents.

We will show you with the tetrahedron.

Fig. A.3.1 A suitable orientation of a tetrahedron.

Place a tetrahedron in a coordinate system, for example as shown in fig
A. 3.1. The origin is in the centre of the outlined cube and the vertices (v)
for the tetrahedron are:

vi=(-1-1-1
vo=(11-1)
v3=(-111)
va=(1-11)
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In order to determine the face vectors, we need the normal vectors to the
four faces. Each face is defined by three vertices;

face 1: vy, v2, v3
face 2: vi1,v3, v4
face 3: vy, v4, v2
face 4: v3, v4, V3

We need five of the tetrahedrons six edges (e) to determine the normals,
and the vectors for these are:

e2=vo—vi=(220)
e;3=v3—vi=(022)
e14=v4—-Vv1=(202)
€3 =v3—vy=(-202)
€yqg =V4—-vp=(0-22)

The normals (n) are then the vector product of two edge vectors for the
face (note that they are multiplied counter-clockwise in order to get the
correct sign, or direction, of the normals);

ny=ep3Xep =(—44 -4
ny =eyXeg3=(-4 -4 4)
n3 =¢€12 xe14=(4 -4 -4)
ng =ex3Xey =(444)

For any face (even square, pentagonal or higher polygons) it is sufficient
with just three vertices for the normal vector calculation, as three points
define a plane.

And finally, to determine the face vectors we need a scale factor (s) for the
distance of the face to the origin. This is calculated by scalar multiplication
of the normal vector with an arbitrary vector to the face. For the Platonic
solids the scale factors are naturally the same for all faces, but in this
example we still calculate them all, and as our arbitrary vectors, we just
choose one of the faces’ vertex vectors;

sj=nj-vi=4
sp=np-vi=4
s3=n3-vi=4
S4=ng-vy =4

Now, to calculate the face vectors (u), we divide the normal vectors with
the corresponding scale factor, and get;
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up=(-11 -1

uy =(-1-11)
u3=(1 -1 -1)
ug=(111)

The exponential scale equation for the tetrahedron is thus:

10t = 1()“1‘(X y2) 1()112'(X y2) o 10113'(7()’ 2) + 10“4‘(’()/ z) _ 3
=107XHY T2 L 107XTYHZ 10X Y2 40X Y2 o C '

This method of face vector derivation is general for all polyhedra, and you
can also scale and orient them as you like.

For the tetrahedron, octahedron, the icosahedron, and dodecahedron we
derive accordingly the following equations, with a short notation obvious
from below:

Tetrahedron L
vectors: (111),(111),(111),(111)

Octahedron
vectors: (x1,t1L+1)

Icosahedron
vectors: (£T,%1,%1),(212,0,1),(21, £1%,0),(0,%1,+1%)

Dodecahedron
vectors, (£7,%1,0),(£1,0,17),(0,%7,%1)

(@21.618 is the golden section, 1, and 2.618 is T+1, or 7*.)
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Appendix 4 — More curvature

The following is a Mathematica Notebook code for calculation of the
Gaussian and mean curvature of a function w[x,y,z]. It is written by
Stephen Hyde, Applied Mathematics, ANU, Canberra, Australia, and works
for the program Mathematica.

We show it exactly as it appears in Mathematica, except for the outputs,
and we carry out the calculation of the natural exponential, or a cube
corner, of the equation e*+e'+e” below:

wlix_,y_,z_l:=Dlwlx,y.,z],x];
w2[x_,y_,z_1:=Dlwlx,y.z],y]:
w3lx_,y_,z_]1:=Dlwlx,y.z],2z];

wll(x_,y_,z_1:=D[wllx,y.,z],x];
wl2([x_,y_,z_1:=Dlwllx,y.z],¥]:
wl3(x_,y_,2_1:=D[wllx,y.z],z2];

w2l[x_,y_,z_]l:=D[w2[x,y,z],x];
w22[x_,y_,z_l:=D[w2[x,y,z],vy]:
w23 [x_,y_,z_]1:=D[w2[x,v.,z2],2z];

w3lx_,y_,z_]1:=D[w3[x,y,z],x];
w32[x_,y_,z_]:=D[w3[x,y.,z],¥]:
w33 [x_,y_,z_]l:=D[w3[x,y.,z],z]:

matrix[w_,x_,y_,z_]:={

{W11[le1 z]_IIW12 [XIYI Z] IW13 [XIYI Z] ,Wl [XIYI Z]}l
{w2l([x,y,2z],w22[x,y,2]1-1,w23[x,y.,2],w2[x,y,2]},
{w3l[x,y,z],w32[x,y,2],w33[x,y.z]-1,w3[x,y,2z]1},
{wllx,y,z],w2(x,y,z],w3[x,y.,2],0}}

det[w_,x_,y_,2z_]:=Det[matrix[w,x,v,z]];

alw_,x_,y_,z_]:=Coefficient[det(w,x,v.,2],1,2];
blw_,x_,y_,z_]:=Coefficient[det[w,x,y,z],1,1];
clw_,x_,y_,z_]:=Coefficient[det(w,x,v,2],1,0];

meancurv([w_,x_,y_,z_l:=-blw,Xx,y.z]l/(2%a[w,x,Vy,Z]
*Sgrt(wl(x,y,z]"2+w2[x,y,z]"2+w3[x,y.21"2]);
gausscurv[w_,xX_,y_,z_1l:=clw,x,y.,z]l/(alw,x,y,2]
*(wlx,y,z]"2+w2([x,y,2z]1"2+w3[x,y,2]"2));
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Example:

w[X,y,z]=E"X+E"y+E"z;

gausscurv(w,x,y, z]

Out[108]=

( er+y+z + ex+2y+z + ex+y+2z ) /( er + e2y + e2z)2

Instead of Gauss curvature we calculate

meancurviw,x,y, z]

Out[129]=

(&5 + X 4 @I 4 TR L I g 1)) 0K Y Y

If x=y=z as it is in the corner, the Gaussian curvature is 1/3 and the mean

curvature is 1/N3 and independent of size of the corner. These are exactly
the values the cube corners converge to above in equations 3.3.2 and 3.3.3.
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Appendix 5 — Raison d’étre

In a description of space it is convenient to follow Coexeter[1];

The general motion is covered by a similarity, which is either an isometry
or a dilative rotation. There are three kinds of isometry, rotation,
translation, and reflection. These combine in commutative pairs to form
the twist (screw displacement), glide reflection and rotary reflection.
Which gives the crystallographic groups.

The continuos rotation of a point gives the circle - the continuos dilatation
gives the line. And the combination in the plane - the comtinuos dilative
rotation - of a point gives the equiangular spiral, or the logarithmic spiral,
or in Nature the Nautilus.

The simple #wist, a combination of continuos rotation and continuos
dilatation of a point perpendicular to the plane of rotation, gives a space
curve which is the circular helix or the screw. Or half the DNA molecule.

We can think of curves in space as paths of a point in motion. These words
by Struik form the background to the modemn description of space curves,
physics of particle motion and symmetry in space.

In certain parametrisations of curves motion along the curve the speed of a
curve or the acceleration of a curve are defined.

We exemplify with the circle and the circular helix:

X=4acosu, y=asinu, z=0 (circle)

X=4acosu, y =asinu, z=bu (circular helix)
a is the radius of the circle (projected for the helix), 2nb is the pitch, in
French pas, in German Ganghdéhe, in Swedish stigning. With b positive the
helix is right handed, if negative the helix is left handed.
It is often convenient to think of u as the time and define speed,

acceleration, and force accordingly. Relations between curvature and energy
may be obtained.
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While curvature for a curve measures the deviation from a tangent, the
torsion measures the deviation for a curve from sitting in a plane. Planar
curves have only curvature while space curves have curvature and torsion.
If x 1s curvature and 7 is torsion they are related to radius and pitch by the
equations

a
k=75
a“+b
and
b
=3
a“+b

As u increases, the arc length s increases. s may be described as
ds? = dy2 +dy2 +dz?

or

s='[w/x2 +y? +2%du

A so called natural parametrisation can be made with s, torsion and
curvature, which provide general equations for space curves as a reduction
of the Riccati equations.

A simple example is the blowing up of a circle or a sphere. Time and
curvature become synonyms which is a tempting description of time in
mathematics. But the application to more complicated space curves is not
transparent.

Going to surfaces the Gaussian curvature is the product of two principal
curvatures, and the mean curvature the sum. The torsion is now included in
this.

So we conclude that in a geometric description of curves and surfaces the
ordinary curvature, the torsion, the Gaussian curvature, and the mean
curvature are tools to make the properties of these things available for our
perception. Parametrisation brings in a variable like time and the notion of
point motion in space curves allows for a definition of physical concepts
like speed, acceleration and force. Which also then are useful for the
description of the space curve itself.
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As time is not a mathematical concept we shall avoid it here and use
implicit functions. In particular we study the change of the constant
belonging to an implicit function. This is not an ordinary parametrisation
but it is an auxiliary variable we have found great use to vary. Again we
take the sphere as an example - a change of radius (blowing up the balloon)
is a change of constant, or curvature, or time.

We shall see that the change of constant for more advanced functions
means drastic changes of curvature and topology, and offers descriptions of
reactions in mathematics without the use of the physical notions of time or
speed.

Reference

1 H.S.M. Coxeter, INTRODUCTION TO GEOMETRY, Wiley, New
York, 1969.
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Subject Index

Al5 - 253; 255

admantane - 167

AlB, - 123; 133

algebraic equation - 10; 14; 16
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alloys - 86; 137; 209

apatite - 73; 128

auxiliary parameter - 63; 64; 206

B

B,H, - 24; 25; 119; 213

B¢H¢ - 21; 24; 95; 113; 202; 213; 310

BgHj - 24; 25; 213

bee - 79; 84; 86; 87; 117; 133; 161; 205; 209; 210; 242; 255; 260
body centred packing - 2; 24; 25; 164; 205

Bonnet transition - 328

Boyle - 7; 8

building blocks - 2; 64; 65; 99

C
CaF, - 91

catenoids - 83; 88; 90; 91; 183; 205; 206; 209; 210; 211; 218; 219; 222;

229; 302; 312; 317
CaZns - 123; 134; 135; 225
centaur function - 63; 194
chirality - 99; 255

circular functions - 2; 74; 75; 80; 99; 123; 147; 156; 175; 179; 244, 245;

249; 260
CLP minimal surface - 119

complex exponential - 1; 2; 3; 73; 74; 80; 81; 82; 83; 115; 157; 162; 163

compound polyhedra - 39
concentric cubes - 312
concentric spheres - 315
concentric structure - 95; 198
cone - 193; 198; 199; 278
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congruence - 293

cosh - 2; 19

CsCl - 87

CuAl, - 123; 135; 136; 139; 140

cube - 2; 12; 18; 19; 24; 31; 39; 48; 49; 50; 51; 52; 53; 54; 55; 56; 57; 58;
61; 63; 67; 78; 83; 91; 115; 116; 117; 118; 157; 183; 197; 204; 213;
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cubic dilatation - 302

cubic equation - 19; 20

cubic ice - 83

cubosome - 3; 5; 115; 117; 118; 119; 160; 161; 162; 163; 167; 169; 222;
237

cyclic twinning - 293; 294; 300

D’Arcy Thompson - 1; 7

de Moivre - 81

defect structure - 11
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diamond - 2; 24; 25; 83; 84; 85; 117; 132; 161; 167; 205; 218; 219

differential geometry - 1; 7; 327

diffusion equation - 179; 185

dilatation - 2; 73; 147; 175; 293; 294; 295; 296; 297; 298; 299; 300; 302;
305; 306, 307; 308; 312; 314; 316; 320; 335
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Diophantine equation - 229

disc surfaces - 107

DNA - 2; 62; 73; 99; 108; 112; 147; 150; 151; 152; 153; 335

double diamond - 84

double ice - 84

double torus - 274

dual - 21; 25; 171; 191; 202; 211; 213; 214; 215; 217; 225; 284; 286; 287

E

eigenfunctions - 123
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electron structure - 21; 213

ELF structure - 26; 113; 119; 202; 213; 280

enzyme - 73; 112

equation of symmetry - 2; 39; 82; 115; 156; 238; 242
Euclid - 141
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Euler - 39
Exponential Scale - 1; 5; 7; 19; 39; 293

F

face centred cubic - 2; 13; 76; 79

falling drop - 268

Fibonacci - 31; 175; 176

finite - 2; 13; 19; 21; 31; 99; 112; 123; 147; 156; 162; 197; 237; 254

fourling - 136; 294; 295; 307; 317

fourling plane - 317

fundamental polyhedra - 7; 24; 39; 57

fundamental theorem of algebra - 1; 3; 7; 13; 16; 34; 123; 132; 147; 186;
293

G

G surface - 79

gamnet - 162; 242; 245; 255; 256, 259; 260

garnet packing of rods - 242; 255; 256; 259
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Gaussian curvature - 52; 53; 54; 55; 196; 327, 328; 334; 336
general saddle equation - 1; 29; 123; 136; 142

genetic code - 147

genus one - 274; 275

gmelinite - 129; 130

goke - 104; 242; 246; 248; 249

grooves - 147; 152

gyroid - 82; 85; 86; 117; 118; 161; 162; 163; 164; 219; 221; 222

H

handmade periodicity - 156; 180

hanging drop - 191; 194

Hardy - 7; 38; 39; 71; 74; 98; 190

helical saddle tower surfaces - 106

helicoid - 31; 34; 35; 100; 102; 103; 110; 114; 328
heptadecagon - 67

hexagonal close packing - 123; 133; 134; 205; 222
hexagonal rod packing - 251

hierarchy - 39; 62
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hyperbolic polyhedra - 2; 267
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ice - 73; 83; 84; 85; 224; 226
icosahedron - 39; 59; 60; 286; 287; 332
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infinite products - 13; 147
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isometry - 73; 335
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K
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Kepler’s stella octangula - 66; 215; 216
Klemm - 216

L

Larsson cubosome - 115; 118; 162; 169; 253; 281
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M

martensite - 328

Mathematica - 7; 52; 82; 94; 97; 186; 325; 333

mean curvature - 52; 54; 55; 69; 327; 333; 334; 336
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N
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Nb;Sn - 240; 241
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o

O’Keeffe - 4; 245; 265
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Perovskite - 213

pitch - 107; 108; 152; 316; 335; 336

planar groups - 131

polygon - 44; 47; 297

polynomial additions - 7

precipitation - 181

pretzels - 274

primitive cubic - 21; 24; 26; 78; 85; 205

primitive hexagonal packing - 225

primitive packing of rods - 254; 258

propeller - 253; 255

protein molecules - 74

pseudosphere - 196

pyrite - 61

pyritohedron - 61

Q

quasi - 123; 136; 137

R

radiolarian - 147; 229; 262

repulsion - 3; 191; 200

rhombic dodecahedron - 18; 24; 26; 39; 55; 57; 58; 59; 60; 61; 162; 209;
285; 286; 289; 308; 309
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rings - 182; 267; 273; 277, 278; 279

rods in space + 109; 237

roots - 1; 3; 7; 9; 10; 12; 14; 15; 16; 19; 20; 22; 24; 26; 82; 147; 148
Rutile - 213; 215

S

saddle equation - 1; 26; 29; 123; 130; 136; 142
saddle tower surfaces - 30; 106
sail - 293

Scherk - 27; 31; 34; 120; 317
screw - 35; 74, 75; 99; 112; 335
shear plane - 226

sinh - 19

skeletons - 185

Skiena - 139; 146

snake’s head - 110; 111

sodalite - 90

solitons - 293

sphere packings * 7

spiral surface - 100; 110
stainless steel - 86; 209
structure of water - 197; 226
Synge - 73; 98; 267; 292

T
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tetrahemihexahedron - 174
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TiH, - 91; 92
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317; 337

torus - 253; 254; 267, 274; 276, 278; 279, 281; 282; 283

tower surface - 27; 30; 31; 102; 106; 107; 108; 317

translation vector - 73; 74

tridymite - 224; 226; 260; 261

trigonal bipyramid - 133; 22§

trigonal prism - 225

triple - 104; 274

twin plane - 174; 318; 319; 320
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W

wave equation -+ 13

wave packets - 301; 302; 303

WC - 225

Wells - 86; 98; 123; 146; 219; 221; 222; 236
Whittaker & Watson - 75

X
XeF, - 280; 292

zeolite - 129; 130; 140; 161
zinc blende - 226
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