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Preface

This is a text book on engineering electromagnetics, designed for an
undergraduate course at the sophomore or junior level. The book can be covered
in two semesters. The first part begins with vector algebra and coordinate systems
covered in Chapter 1, and vector calculus covered in Chapter 2. The two chapters
can take about half a semester for a full coverage. Although the instructor may
skip some materials in those chapters, the students may use them as references.
Chapter 3 discusses electrostatics, and Chapter 4 reviews currents. Chapter 5 deals
with magnetostatics. The second part of the book begins with time-varying fields
and Maxwell’s equations covered in Chapter 6, and wave motion in general is
covered in Chapter 7. In the two chapters, students learn about the
interrelationship between time-varying electric and magnetic fields, and the
concept of plane waves. Chapter 8 discusses the propagation of electromagnetic
waves in material media. Chapter 9 discusses transmission lines, and Chapter 10
is on waveguides.

Although electromagnetics is one of the most fundamental subjects in electrical
engineering and it attracts many students to the discipline, some students feel that
it is not easy to master electromagnetics. Electromagnetics covers a wide range of
topics that not only deal with various physical concepts, but also involve many
different mathematical concepts, such as vector functions, coordinate systems,
integrals, derivatives, complex numbers, and phasors. Confusion arises not from
the amount of mathematical theorems and formulas, but from the lack of a
thorough knowledge of the mathematical rules and lack of a rigorous application
of the rules to electromagnetic problems. Moreover, the confusion becomes worse
with a lack of consistency in the notations that are used to denote various physical
quantities and constants in electromagnetics.

The main objective of the book is to present electromagnetic concepts in a more
consistent and rigorous manner. This is achieved through elaborate reasoning and
the strict application of mathematical concepts. This does not necessarily mean
lengthy mathematical steps. On the contrary, I encourage students to obtain the
solutions to electromagnetic problems in an intuitive way by considering the
symmetry of configurations and applying the uniqueness theorem. The book
contains detailed accounts of the following:

1. Students run into difficulties with the concept of vector fields at the beginning
of the class, since they have been familiar only with vectors representing, for
example, the force acting on a rigid body. Such vectors are closely related to the
displacement of the body. However, a vector in a vector field does not necessarily
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imply a displacement of an object in space; it is a quantity specific to a point in
space, and in most cases, is not allowed to move to another point in space.

2. Cylindrical and spherical coordinate systems are meaningful only if the
geometry under consideration has cylindrical or spherical symmetry. When a
position vector is expressed as Ra, in spherical coordinates, the unit vector in

the radial direction a,, is treated in different ways: as a constant in the presence of

spherical symmetry, or otherwise as a function of position. Base vectors in those
coordinates are generally functions of position, and are therefore differentiable
and integrable.

3. Symmetry is an integral part of Gauss’s law and Ampere’s law. The final form
of electric flux density or magnetic field intensity of a given problem should be
predicted from symmetry configurations so that a Gaussian surface or an
Amperian path may be constructed. Typical symmetries in electromagnetics are
discussed in detail in the text, including cylindrical, spherical, translational, and
two-fold rotational symmetries. Symmetry considerations are useful for intuitively
solving boundary value problems and problems of solenoidal and toroidal coils.

4. The inconsistency in notation among different books is a less attractive aspect
of electromagnetics. For some authors, the meaning of the notation V|, is the
potential difference between point 1 and point 2 (or V, -V, ), yet for others, it
signifies the work done in moving a unit charge from point 1 to point 2(or
V,=V,). This is very confusing for expressing the electric force acting on a
charge g, due to a charge g, as F,, along the direction of a unit vector a,,
pointing from q, to g, such that F,, = |F21|a12. This book adopts a new notation
to avoid the confusion. In our notation, the potential difference is denoted as
V,_, =V, =V, , in which the subscript 1-2 mimics the subtraction on the right-hand

side, while the hyphen implies a sense of backward direction, such as “from 2 to
1,” or the effect at point 1 due to a cause at point 2. Accordingly, the electric force
on g, dueto g, thatis in the direction of a unit vector pointing from g, to q, is

expressed as F,_, =|F1_2|al_2 in our notation. Subscript 12 always represents

something “from 1 to 2.” For example, ¥,, represents the magnetic flux through
loop 2 due to the current in loop 1.

5. An electromagnetic quantity may take on different forms. Static field quantities
are denoted by a boldface letter, such as E for a static electric field, while time-
varying fields are denoted by a script letter, such as & for a time-varying electric
field. Scalars are denoted by a regular letter, such as E for the magnitude of
electric field intensity. Complex quantities are denoted by a caret on top, such as
E, for the complex amplitude of electric field intensity. Since an electric field

phasor is independent of time, it is also denoted as E.
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The book contains 300 figures in which real data are drawn to scale; many figures
provide three-dimensional views. Each subsection includes a number of examples
that are elaborately worked out by putting aforementioned concepts and relations
into use and illustrating rigorous approaches in steps. Each subsection ends with
exercises and answers that can be solved in a few simple steps and used to check if
students correctly understood the concepts. At the end of each section, several
review questions are provided to point out key concepts and relations discussed in
the section. Since it has been found that open-ended questions are simply ignored
by many students, the review questions are given with hints referring to related
equations and figures. The book contains a total of 280 end-of-chapter problems.

I would like to thank the professors and students who provided valuable
comments and suggestions, and corrected errors in the examples and exercises. 1
also wish to thank my wife, Hyunjoo, for her patience, inspiration, and confidence
in me in the course of writing this book.
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Chapter 1
Vector Algebra and Coordinate Systems

Electromagnetics entails the study of electric and magnetic phenomena in free
space and material media. Electromagnetics comprises three branches: electros-
tatics concerning static electric fields, magnetostatics concerning static magnetic
fields, and electrodynamics concerning time-varying electric and magnetic fields.
Electromagnetic theories are based on electromagnetic models that consist of
sources such as electric charges and currents, basic quantities such as electric and
magnetic field intensities, rules of operations such as vector algebra and coordi-
nate systems, and fundamental laws such as Coulomb’s law and Maxwell’s equa-
tions. The first two chapters of the text discuss the rules of operation, including
vector algebra, coordinates systems, and vector calculus.

The basic quantities of electromagnetics are either scalars or vectors. A scalar
is completely specified by a magnitude, as with electric potentials, whereas a
vector is specified by a magnitude and a direction, as with electric forces. In si-
nusoidal steady-state conditions in which all electromagnetic quantities vary sinu-
soidally with time, a complex number can be conveniently used to represent the
sinusoidal time-dependence, regardless of whether or not the quantity is a vector.
In general, electromagnetic quantities are functions of space and time, whereas the
quantities of electrostatics or magnetostatics vary with space coordinates only.
Therefore, we usually deal with scalar and vector fields in electromagnetics.

Mathematical rules and techniques are essential for not only expressing elec-
tromagnetic concepts in compact forms, but also for constructing electromagnetic
models of problems for solutions. Vector algebra, vector calculus, and coordinate
systems are three basic mathematical tools for electromagnetics. Vector algebra
concerns vector operations such as vector addition, scaling, and scalar and vector
products. Vector calculus deals with derivatives and integrals of a scalar or a
vector field, some of which are formulated into vector operators called the gra-
dient, divergence, and curl. A coordinate system allows us to express geometric
elements such as points, lines, surfaces, and volumes in terms of mathematical
equations. Since physical quantities and laws are independent of the coordinate
system, we choose a coordinate system that best fits the geometry under consider-
ation and thus facilitates the electromagnetic model of a problem.

Although the definition of a vector is straightforward, we should be careful
when we deal with a spatial distribution of vectors, called a vector field, because
different types of vectors involved in a vector field may easily draw us into
confusion. The position vector always starts at the origin and ends at a point in
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space, defining the point located at the terminal point of the vector. A distance
vector starts at a point and ends at another, defining the distance between the two
points and the direction from the initial to the terminal point. The distance and the
direction are the quantities belonging to the terminal point of the vector. A vector
in a vector field is specific to a point in space. Thus it would be meaningless if the
vector is displaced to another point, because it represents the physical quantity ob-
served at the original point. Its magnitude and direction are the quantities belong-
ing to the initial point of the vector. In this case, the space coordinates of the
terminal point have no significance. Base vectors are a set of three mutually or-
thogonal unit vectors whose directions generally vary with position.

1.1  Vectors and Vector Field

A vector is a quantity having a magnitude and a direction. An arrow can be con-
veniently used to represent the vector. The length of the arrow represents the
magnitude of the vector, while its arrowhead points in the direction of the vector.
The tail of the arrow is called the initial point of the vector, whereas the tip of the
arrow is called the terminal point of the vector. It is customary to denote a vector
by a letter in boldface type such as A and B, or a letter with an arrow on top such
as A and B. A vector A takes on different forms such as
A

A=Aa, =|Ala, =AW

(1-1)
Here, both A and |A| represent the magnitude, while both a, and A/|A|
represent the unit vector of A. The magnitude is a positive real number, and car-
ries the unit of the vector. The unit vector has a unity magnitude, |a A| =1, but

no dimension; it only shows the direction.

If a vector is defined at each and every point in a given region of space, it is
said that a vector field exists in the region. A vector function is a mathematical
expression for a vector field, which is generally a function of space and time.
Consider Fig. 1.1 depicting a vector field defined in the three-dimensional space.
It shows that the vector quantity observed at point p, is represented by vector A
with the initial point coincident with point p, , while that observed at point p, is
represented by vector A’ starting at point p, .

In Cartesian coordinate system, point p, shown in Fig. 1.1 is defined by three
coordinates, x,, y,, and z,. Thus the point is expressed as p,:(x;,y,,2z,) in
our notation, in which colon is to distinguish the point from a scalar function
usually expressed as p,(x,y,z). The point p, can also be defined by position
vector r,, which is a vector drawn from the origin to point p,. It should be

noted that a position vector always starts at the origin; its magnitude represents the
distance between the origin and the point, and its unit vector represents the
direction from the origin to the point.
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Fig. 1.1 A vector field in three-dimensional space.

As an example, let us suppose the vector field shown in Fig. 1.1 is the wind ve-
locity in the air measured at a time ¢t =t . In view of vector A, we see that wind

blows at a speed A[m/s] at point p, in the direction of a,. It is important to

note that the wind velocity A is specific to a point defined by the position vector
1, in the air; the point happens to be the initial point of A. By the same token,

vector A’ signifies that wind blows at a speed A’'[m/s] in the direction of a, at
point p, with position vector r,. If the wind velocity is described by a vector
function F(r,t), where r is position vector and t is time, the vector A is mathe-
matically expressed as

F(r.t)=F(x,.y,.z;t)=A (1-2)

Here, r, is the position vector of point p, with Cartesian coordinates x,, y,,

and z, . Similarly, expressed mathematically,
F(r,, t)=A’ (1-3)

The constant ¢, in the above equations means that the wind velocities are meas-

ured simultaneously at a time t=t¢, .
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If vector A’ at point p, has the same magnitude and direction as vector A at
another point p,, the two vectors are equal, but not identical because they are at
different points in space.

Exercise 1.1

Determine whether the following expressions represent a vector field or not:
(a) A(x), (b) B(r), (c) Clr),and(d) D{r-r).

Ans. (a) Yes, (b) No, (c) No, (d) Yes.

1.2  Vector Algebra

1.2.1 Vector Addition and Subtraction

The sum of two vectors A and B results in a third vector C. The vector addition
of A and B is expressed as

A+B=C (1-4)

The vector addition is in general defined for two vectors that share a common ini-
tial point; they are said to be at the same point in space. Accordingly, the resul-
tant vector C is located at the same point as A and B.

The parallelogram rule and head-to-tail rule are graphical methods of perform-
ing the vector addition. According to the parallelogram rule as shown in Fig.
1.2(a), the resultant vector C corresponds to the diagonal of the parallelogram
formed by A and B. On the other hand, according to the head-to-tail rule as
shown in Figs. 1.2(b)(c), vector B (or A) is first displaced such that its initial point
touches the terminal point of A (or B). Then the resultant vector C corresponds
to an arrow drawn from the initial point of A (or B) to the terminal point of B (or
A). It should be noted that a vector is displaced in Figs. 1.2(b)(c) only for the
purpose of conducting the vector addition graphically.

(b) (©
B

B

Fig. 1.2 Vector addition, A + B: (a) parallelogram rule, (b) and (c) head-to-tail rule.
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Vector addition obeys the associative law and the commutative law:

A+(B+C)=(A+B)+C (associative) (1-5a)
A+B=B+A (commutative) (1-5b)

Although a vector may be displaced from a point in space to another and added to
the vector at that point, such a vector addition has no physical significance in most
cases. As evident in Fig. 1.1, the sum of two wind velocities, A+A’, would
have no consequence. A vector in a vector field is specific to a point in space; it
may not be moved to a new location in space.

Subtraction of vector B from vector A is equal to the vector addition of A and
the negative of B, that is,

A-B=A+(-B)=A+B(-a,) (1-6)

The negative of B, or —B, has the same magnitude as B but points in the direction
opposite to that of B. Note that vector —B is at the same point as vector B.
The vector subtraction can be done graphically following the same rule as was
used for the vector addition(see Fig. 1.3).

Fig. 1.3 Vector subtraction, A—B.

Vector subtraction of two position vectors r, and =, is of course expressed as
R =1, —1,, and called the distance vector. As we see in Fig. 1.4, the distance
vector R.is directed from point p, to point p,. We assume the magnitude and
the unit vector of R belong to point p,, which happens to be the terminal point of
R, In other words, distance vector % is defined solely for the physical quantity
observed at point p,. Here, let us introduce a new notation, which will be useful
for symbols with double indices. The distance vector is expressed as
R, , =T, — T, in our notation. The subscript 1-2 mimics the subtraction on the
right-hand side of the equality, while the hyphen in 1-2 signals that the subscript is

read backwards such as “from 2 to 1. The conventional subscript 12, meanwhile,
signifies something “from 1 to 2” in our notation.
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. pl:(xl’yl’zl)

Fig. 1.4 Distance vector &, is written as &, , in our notation.

Exercise 1.2
Are the following expressions true?

(@ -(-A)=A,(b) -(A+B)=-A-B,and(c) A—-(B-C)=(A-B)-C.
Ans. (a) Yes, (b) Yes, (c) No.

1.2.2  Vector Scaling

The multiplication of a vector by a scalar is called the vector scaling. It is equiva-
lent to lengthening or shortening the vector without changing its direction. The
scaling of a vector A by a scalar kis written as

kA =kAa, (-7)

A negative scalar k reverses the direction of the vector in addition to modifying
the magnitude.
Vector scaling obeys the associative, commutative, and distributive laws:

k(lA)=1(kA) (associative law) (1-8a)
kA=Alk (commutative law) (1-8b)
(k+)A=kA+lA (distributive law) (1-8¢)

Exercise 1.3
Do the following expressions make sense?

(a) k(A+B)=kA+kB, (b) -kA =k (-A),and (c) k(A+c)=kA+kc.
Ans. (a) Yes, (b) Yes, (c) No.



1.2 Vector Algebra 7

1.2.3  Scalar or Dot Product

Scalar product and vector product are two unique operations defined in vector al-
gebra. They are very different from the simple multiplication of a vector by a
scalar. As implied by the name, the scalar product results in a scalar, whereas the
vector product results in a vector. The scalar product involves cosine of an angle
between two vectors, whereas the vector product involves sine of the angle. They
allow us to write an equation containing a cosine or a sine in vector notation. In
general, the vector notation is extremely compact and able to conjure up the geo-
metry of configuration.

The scalar product or dot product of A and B is denoted as A«B (“A dot B”)

and defined as

A-B=ABcos0,, (1-9)

where A and B are the magnitudes of A and B, respectively, and 0,, is the
smaller angle between the two vectors. The dot product results in a scalar: a posi-
tive real number for 0<6,; <90° , a negative real number for

90° < 0,, <180°, and zero for 6,, =90°, implying that A and B are mutually

orthogonal(see Fig. 1.6). If two vectors are at different points in space, one vec-
tor should be displaced to the point of the other, and expressed following the same
way as for the other vector before the dot product of the two may be per-
formed(see Section 1-3).

The term B cos6,; on the right-hand side of Eq. (1-9) is called the projection

of B in the direction of A, or the projection of B onto A(see Fig. 1.5). It is also
called the scalar component of B in the direction of A. Accordingly, the dot
product A.B can be viewed as the product of A and the projection of B onto A,

or the product of B and the projection of A onto B.

The projection of a vector onto another is useful for decomposing the vector in-
to vector components: the magnitude of a vector component is equal to the scalar
component, and its unit vector is the same as that used for obtaining the scalar
component. For instance, the vector component of C in the direction of A is ex-
pressed as (C-a,)a,, where (C.a,) is the scalar component, and a, is the

unit vector in the direction of A. Decomposition of a vector is the reverse of the
vector addition, and vice versa. Accordingly, a vector addition A+ B =C may
be viewed as the decomposition of C into two component vectors A and B. A
vector can also be projected onto a plane. Such a projection gives us the vector
component tangential to the plane.

From the definition given in Eq. (1-9) we see that the dot product of A and B
cannot be larger than the product of the magnitudes of the two vectors, that is,

A-B<AB (1-10)
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Fig. 1.5 Projection of B onto A .

The dot product of a vector with itself yields the magnitude squared, that is,
A-A=|A = A (1-11)
This can be used to find the magnitude of A as follows:

A=|Al=A.A (1-12)

The magnitude of A is equal to the positive square root of the product of A with
itself.

v
v

A:-B>0 A-B=0 A.-B<0 A.A = A?

Fig. 1.6 Dot product of A and B

Dot product obeys the commutative and distributive law’s such that

A-B=B-A (commutative) (1-13a)
A:(B+C)=A:B+A-C (distributive) (1-13b)

The commutative law of dot product directly follows from the obvious relation,
0,5 =05, . The proof of the distributive law is also straightforward as shown in
Example 1-2.

We can obtain the projection of a vector onto another by the method called the
two-step projection, even if we have no knowledge of the angle between two vec-
tors. With reference to Fig. 1.7, we recognize the following:

(1) Projection of A onto plane S containing B gives the tangential component A...

(2) Projection of A, onto B give the projection of A onto B.
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It is apparent from Fig. 1.7 that the vector A can be decomposed into the normal
component A, and the tangential component A,. Expressed mathematically,

the projection of A onto B is
A aB:(AT+AN)'aB:AT'aB (1-14)

where we used the relation A, +a, =0. The two-step projection is thus verified.

Fig. 1.7 Two-step projection.

Example 1-1
With reference to Fig. 1.4, find an expression for the magnitude of K in terms of

|r1| , |r2| , and the angle ¢ between r, and r,.

Solution
Dot product of the distance vector ® with itself gives

RR =R’ :(rl _rz)'(rl _rz)

s o (1-15)
=17 4T, —I°L, — LT,
Dot product of the two position vectors is
I,°T, =X,I, =TT, COS @ (1-16)

Substituting Eq. (1-16) into Eq. (1-15) we obtain

R? =17 +17 —2171,CO08 @ (1-17)
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The magnitude of the distance vector is therefore
1/2
R = [rlz +17 —2rr1, COS (p}

Equation (1-17) is known as the law of cosines. For future reference, the
law of cosines is rewritten as shown in Fig. 1.8.

b
¢’ =a’+b?>-2abcos¢

Fig. 1.8 Law of cosines.

Example 1-2
Verify the distributive law of dot product as given in Eq. (1-13b) by assuming that
the three vectors are contained in the same plane.

Solution
In Fig. 1.9, straight line segments b, c, and d are projections of B, C, and
B+ C onto the same vector A. From Fig. 1.9 we immediately recognize

d=b+c (1-18)
Multiplying both sides of Eq. (1-18) by A we have

Ad=Ab+Ac (1-19)
The vector notation of Eq. (1-19) is

A:-(B+C)=A-B+A-C (1-20)

The distributive law of dot product is thus verified for three vectors lying in
the same plane.

Exercise 1.4
Expand the dot product (A +B)+(C + D) and name the law that you apply.

Ans. A.C+A-D+B-C+B-D, distributive law of dot product.

Exercise 1.5
Do the following expressions make sense?

(@) (-A)+(-B)=A+B,(b) (-A)+B=—-(A+B),and(c) (A+B)-C=A+(B-C).
Ans. (a) Yes, (b) Yes, (c) No.
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Fig. 1.9 Distributive law of dot product.

Exercise 1.6
What is the meaning of A«B < O in terms of the projection of A onto B.

Ans. The projection falls onto -B.

1.2.4 Vector or Cross Product

The vector product or cross product of A and B is denoted as A xB (“A cross B”)
and defined as

AxB=ABsin6,, a, (1-21)

where 0, is the smaller angle between A and B, and a, is a unit vector that is
normal to the plane formed by A and B. The direction of a, is governed by the
right-hand rule: the right thumb points in the direction of a, when the fingers ro-
tate from A to B through the angle 6,; (see Fig. 1.10). The cross product is de-

fined for two vectors that are at the same point in space. Otherwise, one vector
should be displaced to the point of the other, and expressed following the same
way as for the other vector before the cross product of the two may be per-
formed(see Section 1-3).

Fig. 1.10 Right-hand rule.
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Figure 1.11 shows that there is no change in the direction of AXB even
though the angle 6,, increases from zeroto 180°.

AxB AxB

AxB AxA=0

Fig. 1.11 Cross product of Aand B .

The magnitude of the cross product, |A X B| , numerically represents the area of

the parallelogram formed by A and B: A is the base, and Bsin6,, is the height

of the parallelogram as shown in Fig. 1.12. The cross product of two vectors is
also useful for determining the perpendicular distance from a point in space to a
straight line. It is apparent from Fig. 1.12 that the perpendicular distance from

the tip of B to vector A is equal to |B ><aA| .

AxB y

X

Fig. 1.12 |A X B| is the area of the parallelogram formed by A and B.

Cross product obeys the distributive and anticommutative laws. However, it
does not satisfy the associative law:

AX(BxC)#(AxB)xC (not associative) (1-22a)

AxB=-(BxA) (anticommutative) (1-22b)
Ax(B+C)=AxB+AxC (distributive) (1-22¢)
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The anticommutative law directly follows from the right-hand rule: the right
thumb points in the opposite direction when the fingers rotate in the reverse
direction.

Example 1-3
Verify the distributive law of cross product, Ax(B+C)=AxB+AxC, by

assuming that A is perpendicular to the plane formed by B and C.

Solution
Figure 1.13 shows that B and C form a parallelogram P, while AxB and
A xC form another parallelogram P’.
Angle between B and C is

0, = cos* B:C (1-23)
BC

The angle between AxB and AXC is equal to 6,. To prove this,
noting that A is assumed to be perpendicular to both B and C, we write

_ (AxB)+(AxC) L, [(AxB)xA].C
62 =-=-c08 —— =08 —MM
(AB)(AC) (AB)(AC)
(1-24a)
., A’B.C
=cos' ————=0,
(AB)(AC)

where we used the vector identity U«(VXW)=(UxV)W (see Eq. (1-
25)), and the following relations:

|AxB|= AB (1-24b)
laxc|=AC (1-24¢)

In view of Eq. (1-24), parallelogram P’ is similar to parallelogram P: P’ is
the magnified, by a factor of A, and rotated, by an angle of 90°, version of
P. Following the same way as for the two sides of P, the diagonal of P is
magnified and rotated, and comes to be the diagonal of P’, that is,

Ax(B+C)=(AxB)+(AxC).
The distributive law for the three vectors is therefore verified.

Exercise 1.7
Do the following expressions make sense? (a) —(AxB)=(-A)x(-B),

(b) —(AxB)=(-A)xB,and (c) Cx(AxB)=(CxA)x(CxB).
Ans. (a) No, (b) Yes, (¢) No.
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Fig. 1.13 Distributive law of cross product.

Exercise 1.8
Given A and B at a point in space, find the vector components of A in the direc-
tion (a) parallel to B, and (b) perpendicular to B.

Ans. (a) (A-B)B/B?,(b) (BxA)xB/B>.

1.2.5 Scalar and Vector Triple Products

We can extend the dot or cross product of two vectors to multiple products by ap-
plying dot or cross product repeatedly, if allowed to do so. There are two types
of triple products frequently encountered in electromagnetics: scalar triple product
and vector triple product. They are so named because of the type of the results.

(1) Scalar triple product
A:(BxC)=B+(CxA)=C-(AxB) (1-25)

A scalar triple product results in a scalar. Eq. (1-25) follows cyclic permutations
of the three vectors: ABC-BCA-CAB. We note that an interchange of the dot and
cross symbols gives the same result; that is, A«BxC = AxB+.C. Note that the

cross product always precedes the dot product in a scalar triple product; otherwise
it would not make sense.

The scalar triple product A«(BxC) numerically represents the volume of the

parallelepiped defined by three vectors A, B, and C as shown in Fig. 1.14. The
magnitude of the cross product, |B><C| , represents the area of the base, and the

projection of Aonto BxC represents the height of the parallelepiped.
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Projection of A

Fig. 1.14 Scalar triple product A+(BxC).

(2) Vector triple product
AXx(BxC)=B(A-C)-C(A-B) (1-26)

It is also known as “BAC-CAB” rule. The vector triple product results in a vec-
tor. Eq. (1-26) can be verified by expanding the three vectors in component form
and directly evaluating the dot and cross products(see Section 1-3).

The vector triple product does not obey the associative law, namely,

Ax(BxC)#(AxB)xC (1-27)

A parenthesis is required in the vector triple product to signify which cross
product is performed first.

Exercise 1.9
Under what conditions does A«(BxC) become zero?

Ans. B|| C, or all vectors lie in the same plane.
Exercise 1.10

Under what conditions is (A xB)xA equal to B?
Ans. ALB and |A|=1.

Exercise 1.11
Are the following expressions true?

(a) A«(BxC)=A+(-Bx-C),and (b) ~A+(BxC)=A+(-BxC).
Ans. (a) Yes, (b) Yesonlyif BLC.
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Review Questions with Hints
RQ 1.1 Locate A+B in space if A and B are defined in two different vector

fields suchas A =F(r) and B =G(r). [Fig.1.1]
RQ 1.2 Distinguish between position and distance vectors. [Fig.1.4]
RQ 1.3 May ascalar abcos30° be rewritten in vector notation? [Eq.(1-9)]
RQ14 Does A.B=A.C leaddirectlyto B=C? [Eq.(1-9)]
RQ1.5 Does AxB=AxC leaddirectlyto B=C? [Eq.(1-21)]
RQ 1.6  Find the scalar component of B in the direction of A. [Fig.1.5]
RQ 1.7 State the right-hand rule implicit in the cross product. [Fig.1.10]
RQ 1.8  What is the rule underlying the distributive law of cross product?
(Eq.(1-2D)]

1.3  Orthogonal Coordinate Systems

A coordinate system makes it possible to describe geometric elements such as
point, line, surface, and volume in terms of three numbers called coordinates.
Therefore, mathematical formulations of those geometric elements are possible in
a coordinate system. A coordinate may be the distance from the origin measured
along an axis or the angle measured with respect to an axis. An orthogonal coor-
dinate system is one in which the three surfaces of constant coordinate are mutual-
ly perpendicular at every point in the system. A right-handed coordinate system
enumerates the coordinates of a point in an order compatible with the right-hand
rule: when the right fingers rotate from the direction of increase of the first coor-
dinate to that of the second coordinate, the thumb points in the direction of
increase of the third coordinate. Cartesian(or rectangular), cylindrical, and spher-
ical coordinate systems are the three most commonly used orthogonal coordinate
systems in electromagnetics.

Whereas physical quantities and laws are independent of the coordinate system,
any coordinate system may be chosen for an electromagnetic problem. Neverthe-
less, a particular coordinate system may be advantageous over the others, if it can
describe the geometry under consideration in a much simpler way than the others.
Cylindrical coordinate system is useful specifically for problems having cylindric-
al symmetry, whereas spherical coordinate system is useful specifically for prob-
lems having spherical symmetry. Electromagnetic problems usually involve a
source and an observer. Because the locations of the source and observer are in-
dependent of each other, it will is convenient to adopt two independent coordinate
systems for a given problem; the spatial distribution of the source is described in
one system, while the position of the observer is described in the other system.
Such system is called a mixed coordinate system. In view of these considera-
tions, it is important that we have a means of transforming the coordinates of a
point or the components of a vector from one system to another, which we call the
coordinate transformation.
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1.3.1 Cartesian Coordinate System

Cartesian coordinate system specifies a point p,:(x,,y,,z,) by the intersection of
the three planes x =x;, y=y,, and z =2z, planes. At point p,, three unit
vectors a,, a,, and a,, which are called the base vectors, are defined in such a
way that they are perpendicular to the x =x,, y=y,, and z =z, planes, re-

spectively, and point in the direction of increasing coordinate. Although the base
vectors are constant in Cartesian coordinate system, they are generally functions
of position in other coordinate systems.

z = z, plane

D%, Yy 2,)

Yy =y, plane
Fig. 1.15 Cartesian coordinate system. Base vectors at a point p; .

The base vectors for Cartesian coordinates obey the orthonormality relations:

a-a =ac-a =a,;a =0 (1-28a)

a-a =-a-a =a;-a, =1 (1-28b)
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Equation (1-28a) shows that the base vectors are mutually perpendicular, and Eq.
(1-28b) shows that the base vectors are unit vectors.

In the right-handed Cartesian system, the base vectors satisfy the cyclic
relations:

a xa =a, (1-29a)
a xa, =a, (1-29b)
a,xa =a, (1-29¢)

The three vectors in the cyclic permutations obey the right-hand rule: when the
right fingers rotate from the first to the second vector, the thumb points in the di-
rection of the third vector.

As can be seen in Fig. 1.15, position vector r; is a vector drawn from the ori-

gin to point p,:x;,y,,z,). Its magnitude represents the distance between the
origin and p, , and its unit vector shows the direction from the origin toward p, .
For this reason, the magnitude and direction of r, are expressed in terms of the
coordinates and base vectors at p,. Following the same procedure as was pre-
viously discussed, we obtain the vector components of r, by projecting the posi-
tion vector onto the base vectors at p, and appending corresponding unit vectors;

that is, x;a_, y,a,, and za,. Omitting subscript 1 for generalization, the

Y b
component form of position vector in Cartesian coordinates is therefore

r=xa tya,6 +za, (1-30)

Here, the scalar components x, y, and z are the Cartesian coordinates of a given
point with position vector r, and the unit vectors a_, a , and a, are the base
vectors at the point, or the terminal point of r.

Consider Fig. 1.16, in which vector A is defined at point p, with position vec-
tor r, in Cartesian coordinates. It is important to note that vector A is specific to
point p,, because it, for instance, represents the wind velocity measured at p, .
For this reason, the magnitude and direction of A are expressed in terms of the
coordinates and base vectors at p,. Following the same procedure used for r,,
we obtain the vector components of A by projecting the vector onto the base vec-
tors at p, and appending the corresponding unit vectors to the scalar compo-

nents. The component form of vector A in Cartesian coordinates is therefore,

A=Aa +Aa +Aa, (1-31)

where the scalar components A_, A, and A, generally depend on x;, y,, and

z,. Although the terminal point of position vector r, is a real point in space,
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Fig. 1.16 Vector A defined at point p,:(x;,Y,, 2,) in Cartesian coordinates.

which can be specified by space coordinates, the terminal point of vector A is not
a spatial point. This can be justified by the fact that vector A represents the phys-
ical quantity observed only at point p,, such as wind velocity measured at p, .

To summarize, we have discussed the different types of vectors: position vector,
distance vector, base vectors, and vector field. The position and distance vectors are
drawn from a point in space to another, representing the distance between the two
points and the direction from the initial toward the terminal point, in spite of the
fact that position vectors always start at the origin. The magnitude and direction of
these vectors are used for the quantity observed at the terminal point of the vector.
Base vectors are three mutually orthogonal unit vectors that are directed along the
direction of increase of a coordinate. Base vectors are essential for expanding a
vector in component form. A vector A in a vector field is specific to an observation
point that is specified by a given position vector. The magnitude and direction of
A represent the vector quantity observed at the point. For this reason, the tip of the
vector A is not a spatial point and cannot be specified by space coordinates.

So far, we have discussed the component forms of position vector r and vector
field A(r). We are now ready to express all the rules of vector algebra in terms of
the vector components in Cartesian coordinates. If two vectors A and B are at the
same point p, in Cartesian coordinates, they can be expanded in component

form as follows:
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A=Aa +Aa +Aa, (1-32a)
B=Ba +Ba +B,a, (1-32b)

where a_, a ,and a, are the base vectors at point p, .

Vector addition of A and B is simply given by the sum of Eq. (1-32a) and Eq.
(1-32b), that is,

A+B=(A,+B)a, +(Ay +By)ay +(A, +B,)a, (1-33)

To verify the x-component on the right-hand side of Eq. (1-33), let us take the dot
product of (A+B) with a unit vector a, . Upon applying the distributive law

expressed by Eq. (1-13b) and the orthonormality relation expressed by Eq. (1-28),
we have

(A+B)-a_=A-.a _+B.a =A +B,

which verifies the x-component on the right-hand side of Eq. (1-33). By follow-
ing the same procedure, the y- and z-components can also be verified.
The dot product of A and B is literally written, by use of Eq. (1-32), as

A-B=(Aa,+Aa +Aa,)(Ba, +Ba, +B,a,) (1-34)
The distributive law expressed by Eq. (1-13b) and the orthonormality relation ex-

pressed Eq. (1-28) can reduce Eq. (1-34) to a much simpler form. The dot prod-
uct of A and B in Cartesian coordinates is

A-B=AB,_+AB,+AB, (1-35)

It should be noted that the dot product A+B expressed by Eq. (1-35) is exactly

the same as that expressed by Eq. (1-9).
The cross product of A and B is literally written, by use of Eq. (1-32), as

AxB=(Aa,+Aa, +Aa,l)x(Ba, +Ba, +B,a,) (1-36)

With the help of the distributive law expressed by Eq. (1-22¢) and the cyclic rela-
tions expressed by Eq. (1-29), we can rewrite the right-hand side of Eq. (1-36) in
component form. The cross product of A and B in Cartesian coordinates is
therefore

AxB=(AB,-AB,)a +(AB,-AB,)a,+(AB,-AB,a,| (1-37)
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Alternatively, we may express Eq. (1-37) in the form of a determinant:

a a, a,
AxB=|A, A, A, (1-38)
B, B, B,

Although the right-hand side of Eq. (1-38) has nothing to do with the determinant
of a matrix, it is computed by following the determinant rule.

Up to this point, we saw that a point in space may be specified either by coordi-
nates or by a position vector. We next consider the case in which we desire to locate
a second point p, in the close vicinity of a given point p,:(x,,y,,2,). If we need

to specify the location of p, relative to point p,, it would be more convenient to
define p, by an infinitesimal vector drawn from p, to p, rather than the posi-
tion vector drawn from the origin to p,. By use of the differential coordinates clx,
dy, and dz, the nearby point can be specified as p,:(x, +dx,y, +dy, z, +dz).

Here we define the differential length vector dl as an infinitesimal vector drawn
from a given point to a nearby point, which is measured in meters. The differential
length vector in Cartesian coordinates is expressed, regardless of the interrelation-
ship between the differential coordinates, as follows:

dl=dxa, +dya, 6 +dza, [m] (1-39)

The differential coordinates dx, dy, and dz may be independent of each other or
closely related to each other, depending on the specific application. Although
distance vector R and differential length vector dl both start at a point in space and
end at another, the magnitude and direction of dl are used for the quantity ob-
served at the initial point of dl, whereas those of ® are used for the quantity at the
terminal point of R,

As we see in Fig. 1.17, two end points of dl involve a total of six surfaces of
constant coordinate: x=x,, y=y,, z=2,, x=x,+dx, y=y, +dy, and
z =z, +dz planes. Those surfaces define a rectangular parallelepiped of sides

dx, dy, and dz, and a volume dxdydz, which we call a differential volume. In
Cartesian coordinate system, it is convenient to define the differential volume as

i -0

The unit for dvis the cubic meter. The differential volume provides a convenient
way of subdividing a finite volume in Cartesian coordinates into many differential
elements of volume, and vice versa.

The differential volume dv has six boundary surfaces of a differential area dx-
dy, dydz, or dzdx as shown in Fig. 1.17. It is convenient to represent each sur-
face in terms of a differential area vector ds, which is a vector whose magnitude is
equal to the area of the surface, and whose unit vector is normal to the surface,
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y=y, +dy plane

Yy =y, plane

Fig. 1.17 Differential length vector dl, differentia area vector ds and differential volume
dvin Cartesian coordinates.

pointing outward away from the enclosed volume. The differential area vectors
for the six surfaces of dv are as follows:

ds =dydza, (face @) (1-41a)
ds=dxdza, (face @) (1-41b)
ds =dxdya, (face ®) (1-41¢)

ds = —dydza, (1-41d)
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ds =—dxdza, (1-41e)
ds = —dxdya, (1-411)
where the last three are for those hidden from sight behind the front faces. The
unit of ds is the square meter. The differential area vectors given in Eq. (1-41)
are useful for subdividing a surface of constant coordinate into many differential

elements of surface. For an arbitrarily oriented surface, the differential area vec-
tor can be defined by following the more general method discussed in Chapter 2.

Example 1-4
Given a point p: (2, -3, \/5 ) in Cartesian coordinates, find

(a) position vector r, and
(b) magnitude of r.

Solution
(a) The scalar components of r are equal to the Cartesian coordinates of p

r=2a -3a, +\/§az.
(b) Using Eq. (1-11), we write
Ier= (2ax -3a, +\/§az)-(2ax -3a, +\/§az)
By applying the distributive law and orthonormality relations, we have
ror=(2)(2)+(-3)(-3)+(V3)(3)
=4+9+3=16

The answer is

r:1/r-r=\/ﬁz4.

Example 1-5

Two vectors A=4a _+3a, and B=a +2a +2a, given at a point with
position vector r=-a_+2a +4a, in Cartesian coordinates, find

(a) A-B

(b) AxB

(c) ©,; betweenAand B

Solution
(a) Using Eq. (1-35), we write

A-B=(4)(1)+(3)(2)+(0)(2) =10.
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(b) Using Eq. (1-38), we write

(©)

a a a

X y zZ
AxB={4 3 O
1 2 2

=a, (3x2-0x2)-a, (4x2-0x1)+a,(4x2-3x1)
=6a, -8a, +5a,.

Magnitudes of A and B are
A=|A|=(4)"+(3)" =5

B =B|=4(1)" +(2)" +(2)" =3
From Eq. (1-9), we have

A.B [ 10 j
cos0,, = =

AB 5x3

The answer is
0,, =cos™’ (%) =48.2°

Note that position vector r has nothing to do with the calculation of A«B,
AxB,and 6,; in this problem.

Example 1-6
Given a vector field F(r)=yza, - x> a tya, in Cartesian coordinates, find

(a) vector A defined at the point with position vector r, =a_+2a +2a,,

(b) vector component of A in the direction parallel to r,, and

(c) vector component of A in the direction perpendicular to r, .

Solution

(a)

(b)

Substituting r=r, into F(r) we obtain

A=F(r)=(2)(2)a,-(1)a, +(2)a

=4a _-a +2a,.

z

(1-42)

Magnitude of r, is
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()

Unit vector of 1, is

r, 1
a :r—izg(ax+2ay+2a2)

The projection of Aonto a, gives the parallel component:
A =A-a =(4a,-a, +2az)oé(ax +2a,+2a,)=2
The vector component of A parallel to 1, is therefore
_ 2
A=Aa = g(ax +2a,+2a,). (1-43)

As can be seen in Fig. 1.18, the vector component of A perpendicular to 1,
is given as

A =A-A
Inserting Egs. (1-42) and (1-43) into the above equation we have

_1

Al3

(10a, - 7a, +2a,) (1-44)

Alternatively, we can express A, as
A =a x(Axa,) (1-45)

The term in parenthesis has the same magnitude as A , but is rotated by

90° with respect to the direction of A . The cross product outside the

parenthesis is to rotate the vector.
The term in parenthesis in Eq. (1-45) is evaluated as

a a a

1 X ] z

Axa =—-|4 -1 2
1 2 2

=é[ax{(—1)><2—2><2}—ay (4><2—2><1)+aZ{4><2—(—1)><1}]

=-2a_-2a +3a,
The perpendicular component is therefore

a a a

Al:arx(Axar):% 2 22:%(10ax—7ay+2al) (1-46)
2 -2 3

Equation (1-46) is the same as Eq. (1-44).
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Fig. 1.18 Decomposition of a vector A .

Exercise 1.12

Given A=2a +a, +3a,, find (a) |A[, (b) a,, and (c) angles between A and
the x-, y-, and z-axes. (d) Is it a position vector or a vector in a vector field?

Ans. (a) 14, (b) a, =0.535a, +0.267a,+0.802a,, (c) 57.7°, 74.5°,

and 36.7°, (d) not clearly defined.

Exercise 1.13
Find the projectionof A=4a, +3a, +8a, on the xy-plane.

Ans. +42+3%2=5.

Exercise 1.14
Which faces of dv in Fig. 1.17 are referred to by Egs. (1-41)(d)(e)(f)?
Ans. Rear, left, and bottom.

Exercise 1.15

Locate the point at which the magnitude and direction of the following vectors are
most useful? (a) a vector in a vector field, (b) r, (¢c) R, (d) dl, and (f) ds.

Ans. (a) Initial, (b) Terminal, (¢c) Terminal, (d) Initial, (f) Initial point of the
vector.

Exercise 1.16
What are (a) the similarity and (b) the dissimilarity between the position vector
r=xa +ya, +za, andavectorfield A=xa +ya +za,.

Ans. (a) Magnitude and direction, (b) Location.
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1.3.2  Cylindrical Coordinate System

Cylindrical coordinate system specifies a point p,:(p,, ¢,, z,) by the intersection
of three surfaces; that is, a cylindrical surface of radius p, centered on the z-axis,
a half-plane rotated about the z-axis by an angle ¢,, and the z =z, plane. The
coordinate p, is the radial distance from the z-axis, and ¢, is the azimuth meas-

ured from the positive x-axis in the xy-plane. The ranges of p, ¢, and z are
0<p<oo[m], 0<¢<2n[rad], and —eo < z < e [m], respectively. At a point

D, , the base vectors a , a,, and a, are defined in such a way that they are

0
perpendicular to the aforementioned surfaces of constant coordinate, and point in

the direction of increasing coordinate. It should be noted that unit vectors a,

and a, vary with ¢, whereas a, is constant in space.

z = z, plane

pl:(pl’ ¢1’ Zl)

p =p, cylinder

¢ = ¢, half-plane

Fig. 1.19 Cylindrical coordinate system.

Here we digress briefly and consider cylindrical symmetry. An object is said
to have cylindrical symmetry, if it appears the same as we rotate it about the
z-axis, or as we move around it varying ¢ while keeping p and z constant.
As examples, consider three vector fields U[r]:ap /P, V[r]:a¢ /p, and
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(a) T (b) T ©

-t o = o~ gt TT$

e e 1 TfT tlo4
»~ ~ = "8

“ — * 1

» a —
}:“ );“ );“
X y X y X y

Fig. 1.20 Three vector fields with cylindrical symmetry. (a) U(r) = a, /p (b)
Vir)=a,/p (c) Wr)=a, /p .

W(r)=a, /p as shown in Fig. 1.20. They all have cylindrical symmetry, since
each appears the same as we move around it in the direction of a,.

The base vectors for cylindrical coordinates obey the orthonormality relations:

a-a -a-a, =a,;a =0 (1-47a)

a-a —a-a =a,;a, =1 (1-47b)

Equation (1-47a) shows that the base vectors are mutually perpendicular, even
though a, and a, are functions of ¢, and Eq. (1-47b) shows that the base vec-
tors are unit vectors.

In the right-handed cylindrical system, the base vectors satisfy the cyclic
relations:

a xa,=a, (1-48a)
a , xa,=a, (1-48b)
a,xa, =a, (1-48c)

The three vectors in the cyclic permutations obey the right-hand rule: when the
right fingers rotate from the first to the second vector, the thumb points in the di-
rection of the third vector.

Regardless of the coordinate system, position vector is always drawn from the
origin to a point in space. Fig. 1.19 shows that position vector r, uniquely

specifies a point p,:(p,,9,,2,) in cylindrical coordinates. Following the same
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procedure as was used for position vector in Cartesian coordinates, we obtain the
vector components of r, by projecting the position vector onto the base vectors

a , a,, and a, atpoint p, and attaching corresponding unit vectors. It is ap-

D °

parent from Fig. 1.19 that r, is always perpendicular to a,, and thus has no

¢7
¢0-component. Omitting 1 for generalization, position vector in cylindrical
coordinates is

In the literal sense in which a  is a function of ¢, the position vector r in Eq.
(1-49) can uniquely specify a given point by means of p, z, and a_ , which all

vary with position. If the geometry of a given configuration has cylindrical

symmetry, &, is considered to be a vector field with cylindrical symmetry and

merged into the given configuration with the same symmetry. Under this condi-
tion, the position vector in Eq. (1-49) appears to vary with p and z only.

When vector A is defined at a point p:(p,, ¢,, z,) in cylindrical coordinates as
shown in Fig. 1.21, its scalar components are equal to its projections onto the base
vectors a , a,, and a, at point p,. The component form of A in cylindrical

coordinates is in general expressed as

A=Aa +Aa, +Aa, (1-50)

where A, A,, and A, are the scalar components, which generally vary with
position. It is important to note that the unit vectors a, and a, vary as func-

tions of ¢. Since A is a vector in a vector field, its magnitude and direction are
specific to point p,, and its terminal point is a non-spatial point.

Symmetry considerations may allow us to predict the functional form of the fi-
nal solution, which will greatly facilitate the solution of a given problem. Some
electromagnetic problems actually require the functional form of the solution even
before the problem can be solved: Gauss’s and Ampere’s laws. Let us consider
the case in which the source of an electromagnetic quantity is distributed in
a region of space in such a way as to have cylindrical symmetry. Then the
resultant field quantity should also have cylindrical symmetry. When
cylindrical symmetry exists, the geometry of a given configuration appears
the same even if it is rotated about the z-axis. Therefore the resulting field
should be independent of ¢ such as G(r)=Gl(p,z) for a scalar field and

H(r) = Hp(p, z) a +H¢(p, z) a, +H,(p,z)a, for a vector field. In many cases,

the cylindrical symmetry is accompanied by other symmetries such as a transla-
tional symmetry in the z-direction and a 2-fold rotational symmetry about any ho-
rizontal axis. We can simply identify these symmetries by observing whether the
geometry appears the same when it is displaced in the z-direction or turned upside
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Fig. 1.21 Vector A at point p,:(p,, 9, z,) in cylindrical coordinate system.

down. For instance, an infinitely long filament lying along the z-axis has the cy-
lindrical, translational, and 2-fold rotational symmetries. The translational sym-
metry assures that the resultant field is independent of z as well, namely,
G(r)=G(p) and H(r)=H p(p) a +H ¢(p) a, + H,(p)a,. Moreover, the 2-fold

rotational symmetry guarantees that the resulting vector field has neither the ¢-
component nor the z-component. This is because the vector components
H,(p)a, and H,(p)a, do not have the 2-fold rotational symmetry: they reverse

the sign when turned upside down(see Fig. 1.20). Consequently, in the presence
of the cylindrical, translational, and 2-fold rotational symmetries, the resultant

vector field must be of the form H(r) = H_(p)a, .

As an example, the vector field U(r) shown in Fig. 1.20 has cylindrical, transla-
tional, and 2-fold rotational symmetries, whereas the vector fields V(r) and W(r)
have cylindrical and translational symmetries.

When vectors A and B are defined simultaneously at a point in cylindrical
coordinates, they can be expanded in component form, according to Eq. (1-50), as

A=Aa +Aa +Aa, (1-51a)
B=Ba +B,a,+B,a, (1-51b)
where a, a, and a, are the base vectors at the given point.

The vector addition of A and B in cylindrical coordinates is obtained from Eq.
(1-51) as
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A+B=(A +B,))a +(A,+B,)a, +(A,+B,)a, (1-52)

The dot product of A and B in cylindrical coordinates is obtained from Eq. (1-51),
by applying the distributive law of dot product given in Eq. (1-13b) and the ortho-
normality relations given in Eq. (1-47), as

A-B=AB, +AB, +A,B, (1-53)

The cross product of A and B in cylindrical coordinates is obtained from Eq.
(1-51), by applying the distributive law of cross product given in Eq. (1-22c) and
the cyclic relations given in Eq. (1-48), and written in determinant form as

a a, a,
AxB=|A A, A, (1-54)
B, B, B,

It is important to note that the rules of vector algebra expressed by Eqgs. (1-52)-(1-
54) are based on the assumption that A and B are defined at the same point in cy-
lindrical coordinates. As an example, suppose that vector A is defined at a point
(p,9,2) =(1,0,0) such that A = a, while vector B is defined at another point

(p,9,2) =(1,7,0) such that B = a,. Under these conditions, the dot product of

A and B is equal to —1, instead of 1, because they are actually directed in the op-
posite directions on the x-axis; Eq. (1-53) is not applicable in this case. Vector
algebra assumes that vectors have the same location.

The differential length vector dl is an infinitesimal vector drawn from a given
point p;:p,, ¢,, z,) to a nearby point p, whose cylindrical coordinates deviate
only very slightly from those of p,, namely p,:p, +dp,¢, +dd,z, +dz). As
was previously mentioned, the magnitude and direction of dl are used for the
quantity defined at point p,, and thus dl is expanded by the base vectors at point
p,. Itis apparent from Fig. 1.22 that the projections of dl onto the base vectors
a , a,, and a, are equal to the differential lengths dp, p,d¢, and dz, respec-
tively. Here the differential angle d¢ is converted to the differential length
p,d¢ , because dl is measured in meters. Omitting 1 for generalization, the diffe-

rential length vector in cylindrical coordinates is expressed as

dl=dpa +pdoa,+dza, [m] (1-55)

In cylindrical coordinates, dl is a function of position through p, a , and a,,

p b
which all vary with position. It is important to remember that dl is always given
as Eq. (1-55) in cylindrical coordinates, regardless of the interrelationship between

dp, d¢, and dz, if the differential coordinates are nonzero.
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Two end points of dl involve a total of six surfaces of constant coordinate as
shown in Fig. 1.22. Those six surfaces define a differential volume dv in cylin-

drical coordinates. Since |d1| is infinitesimally small, the differential volume
may be considered to be a rectangular parallelepiped of sides dp, p,d¢, and dz,

having a volume of p,dpdddz . The differential volume in cylindrical coordi-
nates is in general defined as

e 5

Although dv may vary with position, the differential volume is always defined as
Eq. (1-56) in cylindrical coordinates. The differential volume is useful for subdi-
viding a volume in cylindrical coordinates into many differential elements of vo-
lume, and vice versa.

The differential volume dv is bounded by six infinitesimal surfaces as shown in
Fig. 1.22. Each surface is represented by a differential area vector ds, whose
magnitude is equal to the area of the surface, and whose unit vector is normal to
the surface, pointing outward from the enclosed volume. The differential area
vectors for the six surfaces of dv shown in Fig. 1.22 are expressed as follows:

ds =p,dodza, (face @) (1-57a)
ds =-dpdza, (face @) (1-57b)
ds =p,dodpa, (face ®) (1-57¢)
ds = -p, dodza, (1-57d)
ds :dpdza¢ (1-57e)
ds = —p,dodpa, (1-57f)

where the last three are for those hidden from sight behind the front faces. The
differential area vectors expressed by Eq. (1-57) are useful for subdividing a sur-
face of constant coordinate into many differential elements of surface in cylindric-
al coordinates, and vice versa. However, Eq. (1-57) cannot be used for other
surfaces, such as x =1 plane or a cylindrical surface lying along the x-axis.

Example 1-7
With reference to the three points p;:(p,, ¢,, z,), p,,and p, inFig. 1.22, find

(a) expression for r,,
(b) cylindrical coordinates of p,, and

(c) expression for r,.
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Fig. 1.22 Differential length vector dl, differential area vector ds and differential volume
dvin cylindrical coordinates.

Solution

(a)

(b)

Projections of r, onto a,, a,,and a, atpoint p; leadto

D

l'-3=plap+zlaz

This has the same form as the position vector r, of point p,. In the
presence of cylindrical symmetry, the vector function a, with cylindrical

symmetry merges into the geometry of configuration having the same
symmetry. In this case, r, and r, appear to vary with p and z only,

implying that two points p, and p, are indistinguishable.

The coordinate differences between p, and p, are dp, do, and dz.
Thus the cylindrical coordinates of p, are

(p, +dp. o, +d¢, z, +dz). (1-58)
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a,,and a, atpoint p,,with the help of Eq.

D

(1-58), lead to
r, =(p, +dp)a, +(z, +dz)a, (1-59)

Alternatively, by using 1, =p,a,+za, and dl=dpa, +pdoa,+dza,

defined at point p, , one might be tempted to express r, as
r,=r +dl =(p, +dpla, +p,doa, +(z +dzla, (1-60)

It should be noted that the unit vectors in Eq. (1-59) are the base vectors at
point p,, whereas those in Eq. (1-60) are the base vectors at p,. Eq.

(1-60) is wrong in view of the fact that position vector should be expanded
by the base vectors defined at its terminal point.

Example 1-8
Both a and a, form vector fields, which are smooth functions of position, and

thus have continuous partial derivatives. Verify

@ 2o _a,and®) 2 -a
a 8(1)_ o> AN a¢_ .

P

Solution

(a) With reference to Fig. 1.23(a), from calculus we write the rate of change of

a, with ¢ as

aa a2 _al ’

Bl lim 2%y 22 (1-61)
a(l) 0=0, 8020 0, =0, 2020 AG

Here, a; and az are unit vectors at ¢ =¢, and ¢ = ¢, , respectively.

. —1 . . . 1.
In the figure, a, is a displaced version of a ; they are equal

Consider a triangle formed by three vectors: @, a2, and Aa’=a’-a,.
Noting that |§:,| = |a§| =1, we have
|aa] = |a§| Ad = Ad (1-62)

As A0 —»0,weseethat r, > 1, a —a,,and Aa’ tends to be a vector

. 1 . . . . .
perpendicular to a_, pointing in the direction of a,. In view of these, we

have

Aa’ = Apa, (1-63)
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Substitution of Eq. (1-63) into Eq. (1-61) gives

aap

FralLE (1-64)

With reference to Fig. 1.23(b), the rate of change of a, with ¢ is written as

oa a’-a
Bl lim2e "% _ 22 (1-65)
aq) oo, A0—0 q)z — ¢1 A9—0 A¢

Here, a; and az are unit vectors at ¢ =¢, and ¢ = ¢, , respectively.

In the figure, a, is a displaced version of al ; they are equal

¢

Consider a triangle formed by three vectors: @,, a,, and Aa=aj -a,.
Noting that |§i = |a§| =1, we have
|aal = [a2| A = A (1-66)

As A —O,weseethat r, > 1, a, > a,,and Aa tends to be a vector
perpendicular to a;, pointing in the direction of —a . In view of these,

we have

Aa =-Ada, (1-67)

Substitution of Eq. (1-67) into Eq. (1-65) gives

a, 1-68
a(l)_ P (_ )

The results given in Eqgs. (1-64) and (1-68) can also be verified by using the
coordinate transformation discussed in the next section.

Exercise 1.17

Given a point plz(l, x/§5) in Cartesian coordinates, find (a) cylindrical coordi-

nates of p,, and (b) position vector of p, in cylindrical coordinates.

Ans.

(a) p,i2,60°,5),(b) r, = 2a.p +5a,.

Exercise 1.18
Do the following vector fields have cylindrical symmetry?
(a) pa,,(b) (sing)a,,(c) 3a,,(d) (z-1a, , and(e) V(r)=a, xr.

Ans. (a) Yes, (b) No, (¢) Yes, (d) Yes, (e) Yes.
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(b)

\ 4

Fig. 1.23 (a) da, /99 (b) da,/d0.

Exercise 1.19

Given two points plz(2\/§, 60°,4) and p,:(2,90°1) in cylindrical coordinates,
find an expression for the distance vector from p, to p, in Cartesian
coordinates.

Ans. R:\/§ax+ay+3az.

1.3.3 Spherical Coordinate System

Spherical coordinate system specifies a point p,:(R,,6,,0,) by the intersection of
three surfaces; that is, a spherical surface of radius R, centered at the origin, a
conical surface of half angle 6, with the apex at the origin, and a half-plane ro-
tated about the z-axis by an angle ¢,. The coordinate R, is the radial distance
from the origin. The coordinate 6, is called the polar angle measured from the
+z-axis, and the coordinate ¢, is called the azimuth measured from the +x-axis in
the xy-plane. The ranges of R, 0, and ¢ are O < R< « [m], 0 <60 < &t [rad], and
0 < ¢ < 2r[rad], respectively. At a point p,, the base vectors a,, a,, and a,

are defined in such a way that they are perpendicular to the aforementioned surfac-
es of constant coordinate, pointing in the direction of increasing coordinate. All
three vectors a,, a,,and a, are functions of position in spherical coordinates.

An object is said to have spherical symmetry, if it appears the same as we ro-
tate it about any axis passing through the center, or as we move around it vary-
ing 0 and ¢ while keeping R constant. For instance, a vector field U(r) = a,
appears the same as we move around it, and thus has spherical symmetry(see
Fig. 1.25). In contrast, the vector fields V(r)=a, and W(r) = a, have no
spherical symmetry because they appear to reverse the sign when they are rotated
about the x-axis by 180°.
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. A
R, sin6, z PR, 0, 0,)

37

R =R, sphere

¢ = ¢, half-plane

Fig. 1.24 Spherical coordinate system.
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Fig. 1.25 Vector field U(r) = a, with spherical symmetry.

The base vectors for spherical coordinates obey the orthonormality relations:

a-a, =a,.a =a;a, =0 (1-69a)

aj-a, —a,ra, =aca =1 (1-69b)

=a

Equation (1-69a) shows that the base vectors are mutually perpendicular, even
though they all vary from point to point, and Eq. (1-69b) shows that the base
vectors are unit vectors.

In the right-handed spherical system, the base vectors satisfy the cyclic
relations:

a, xa, =a, (1-70a)
a,xa, =a, (1-70b)
a,xa, =a, (1-70c)

The three vectors in the cyclic permutations obey the right-hand rule: when the
right fingers rotate from the first to the second vector, the thumb points in the
direction of the third vector.

A point p;(R,,0,,0,) in spherical coordinates is uniquely specified by posi-
tion vector r, drawn from the origin to the point, as shown in Fig. 1.24. In view
of the role of =, the position vector is expanded by the base vectors defined at
point p,. Itisevident from Fig. 1.24 that r, is always perpendicular to a, and
a, at point p,, meaning that r, only has a vector component along the radial
direction, that is, R,a,. Position vector in spherical coordinates is in general
given as

@
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In the literal sense in which a, is a function of 6 and ¢, the position vector r in
Eq. (1-71) can uniquely specify a point, with coordinates R, 6, and ¢, by means
of Rand a,. If the geometry of a given configuration has spherical symmetry,
a, is considered to be a vector field with spherical symmetry and merged into the
given configuration with the same symmetry. Under this condition, the position
vector expressed by Eq. (1-71) appears to vary with R only, which is in accord
with the fact that two points at the same radial distance from the origin are indis-
tinguishable in the presence of the spherical symmetry.

When vector A is defined at a point p,:(R,,6,,9,)in spherical coordinates as
shown in Fig. 1.26, its scalar components are equal to its projections onto the base
vectors a., a,, and a, at point p, . The component form of A in spherical

coordinates is in general expressed as

9 o

‘A =Aqa, +Aga, +A¢a¢‘ (1-72)

where Ap, A,, and A, are the scalar components, which generally vary with

position. It is important to note that the three base vectors vary from point or
point in space, and that the base vectors are specific to the point where A is
defined.

Fig. 1.26 Vector A defined at point p,:(R,,0,,0,) in spherical coordinates.

Symmetry considerations can make it possible to predict the general form of
the final solution. If the source is distributed in a region of space in such a way as
to have spherical symmetry, the resultant field should also have spherical symme-
try. When spherical symmetry exists, the geometry of a given configuration
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appears the same as even if we move around it along the direction of a, or a,.
Therefore the resulting field should be independent of © and ¢ such that
V(r)=V(R) for a scalar field and D(r) = D,(R)a, + D,(R)a, +D¢[R] a, for a
vector field. Furthermore, the spherical symmetry assures that the vector field
has neither the 6- nor the ¢-component. This is because the vector components

Dy(R)a, and D,(R)a, brake the symmetry: they reverse the sign when rotated
about the x-axis by 180°. Consequently, when spherical symmetry is present,
the resultant vector field must be of the form D(r) = D.(R)a, .

When vectors A and B are specified simultaneously at a point in spherical
coordinates, the component form of the vectors is given, according to Eq. (1-72),
as

A=Aza, +Aa, +Aa, (1-73a)

B=B,a, +B,a, +B,a, (1-73b)

where a , a, and a, are the base vectors at the given point

The vector addition of A and B in spherical coordinates is obtained from Eq.
(1-73) as

A+B=(A,+B;)a, +(A, +B,)a, +(A, +B,)a, (1-74)

The dot product of A and B in spherical coordinates is obtained from Eq.
(1-73), by applying the distributive law of dot product given in Eq. (1-13b) and the
orthonormality relations given in Eq. (1-69), as

A-B=AB, +AB, + A¢B¢‘ (1-75)

The cross product of A and B in spherical coordinates is obtained from Eq. (1-72),
by applying the distributive law of cross product given in Eq. (1-22¢) and the cyc-
lic relations given in Eq. (1-70), and written in determinant form as

a, a, a,
AxB=|A, A, A (1-76)
B, B, B,

It is should be noted that the rules expressed by Eqs. (1-74)-(1-76) are based on
the assumption that A and B are given at the same point in spherical coordinates.
Otherwise, one is moved to the point of the other, and expanded by the base vec-
tors at that point, before a vector operation on the two vectors can be conducted.
The differential length vector dl in spherical coordinates is defined at a point
p, 1 (R,,6,,¢,) to represent the directed distance from the given point to a nearby

point p,:(R, +dR,0, +d6,¢, +d¢). In view of this, dl is expanded by the base
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vectors at point p,. It is apparent from Fig. 1.27 that the projections of dl onto
the base vectors a,, a,, and a, are equal to the differential lengths dR ,

Rd6, and R, sin6,d¢, respectively. Here we note that the differential coordi-

nates dR, d6, and d¢ are converted to the differential lengths by the multiplicative
factors 1, R, and R, sin®,, respectively, which are called the metric coeffi-
cients. The differential length vector in spherical coordinates is in general

expressed as

dl =dRa, + Rdba, + Rsin6d¢a, 1-77)

In spherical coordinates, dl is a function of position through R, a,,a,, and a,.

It is important to remember that dl is always expressed as Eq. (1-77) in spherical
coordinates, no matter what the relation between dR, d, and d¢ is, only if the dif-
ferential coordinates are nonzero.

Two end points of dl are linked with a total of six surfaces of constant coordi-
nate. Those surfaces define a differential volume dv in spherical coordinates as

shown in Fig. 1.27. In view of an infinitesimally small |d1| , the differential vo-
lume may be considered to a rectangular parallelepiped of sides dR, R, d6, and
R, sin6,d¢, having a volume of R?sin®,dRd0d¢. The differential volume in

spherical coordinates is in general defined as

dv = R? sin 0 dRA0do [m?] (1-78)

Although dv depends on the radial distance R and polar angle 6, we always define
the differential volume according to Eq. (1-78) in spherical coordinates. The dif-
ferential volume provides a way of subdividing a volume in spherical coordinates
into many differential elements of volume, and vice versa.

The bounding surface of the differential volume comprises six infinitesimal
surfaces as shown in Fig. 1.27. Each surface can be conveniently represented by
a differential area vector ds: the magnitude is equal to the infinitesimal area of the
surface, while the unit vector is normal to the surface, pointing outward from the
enclosed volume. In view of infinitesimally small |d1| , we can assume each sur-

face of dv to be a rectangle. The differential area vectors for the six surfaces of
dvshown in Fig. 1.27 are expressed as follows:

ds = R?sin 6, dodoa, (face @) (1-79a)
ds =R, sin6, dRdoba, (face @) (1-79b)
ds =-R dRdba, (face @) (1-79¢)
ds = -R’sin0, dodoa, (1-79d)
ds = -R, sin 6, dRd¢a, (1-79%)

ds = R dRd0a, (1-79f)
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Fig. 1.27 Differential length vector dl, differential area vector ds and differential volume
dv in spherical coordinates.

where the last three are for those hidden from sight behind the front faces. Ac-
cording to Eq. (1-79), we can subdivide a surface of constant coordinate in spheri-
cal coordinates into many differential elements of surface, and vice versa. Note
that Eq. (1-79) cannot be used for other surfaces such as z =1 plane or a spheri-
cal surface with the center at a point other than the origin.
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Example 1-9
With reference to a point p, in spherical coordinates as shown in Fig. 1.26,

determine the projections of (a) a, (b) a,, and (c) a, onto three unit vectors

a, a and a,.
Solution
Projection of a, ontothe z=0 plane : sin®6, (1-80)

By using the two-step projection, we obtain

projection of a, onto a, : sin 6, cos ¢, (1-81a)
projection of a, onto a, : sin 6, sin ¢, (1-81b)
Projection of a, onto a, : cos6, (1-81c¢)

Combining the results given in Eq. (1-81), we have

a, =sinf, cos¢ a, +sinh sing, a +cosH, a, (1-82)

Projection of a, ontothe z=0 plane : cos®, (1-83)

By using the two-step projection, we obtain

projection of a, onto a, : cos 0, cos ¢, (1-84a)
projection of a, onto a, : cos @, sin ¢, (1-84b)
projection of a, onto a, : —sin@, (1-84c¢)

Combining the results given in Eq. (1-84), we have

a, =cos0,cos a +cos6 sing a, —sinb a, (1-85)

Next, we obtain

projection of a, onto a, : —sin¢, (1-86a)
projection of a, onto a, : cos o, (1-86b)
projection of a, onto a, :0 (1-86¢)

Combining the results given in Eq. (1-86), we have

a,=-sin¢,a +cos¢ a, (1-87)

¢

The results given in Egs. (1-82), (1-85), and (1-87) are useful for the
coordinate transformation discussed in the following section.
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Example 1-10
Given two vector fields A(r)=(cos¢)a, and B(r) = R? a, in mixed

coordinates, find, on a spherical surface of radius R =2,

(a) A-B.

(b) AxB.

Solution

On the sphere, (R,6,0)=(2,6,0), the vector fields become

A(2,0,0) = (cos¢)a,
B(2,0,0)=4a,

(a) A+B=4coso¢(a,+a,)=4cospcos6
(b) AxB=4cos¢(a,xa,)=4cososinba,

Note that the dot and cross product are conducted in mixed coordinates.

Exercise 1.20

At a point on a sphere of radius R = 3, centered at the origin, find
(a) ds, and (b) dl in a plane tangential to the sphere.

Ans. (a) ds =(9sin6)dbdda,, (b) dl =3dba, + 3sined(])aqJ .

Exercise 1.21
Repeat part (b) of Exercise 1.20 in Cartesian coordinates.
Ans. dl=dxa _+dya, 6 +dza,.

Exercise 1.22
Do the following vector fields have spherical symmetry? (a) U(r)=(1/ Rz)aR s

(b) V(r)=(cosBla;, (c) W(r)= a,xa,, and (d) X(r)=(r-a,)a,.
Ans. (a) Yes, (b) No, (¢) Yes, (d) No.

Review Questions with Hints

RQ 1.9

RQ 1.10
RQ 1.11

RQ 1.12

RQ 1.13
RQ 1.14
RQ 1.15
RQ 1.16

How do you characterize an orthogonal and a right-handed coordinate
system? [Egs.(1-28)(1-29)]
State the orthonormality and the cyclic relations. [Egs.(1-28)(1-29)]
Explain how the definition of A«B given in Eq. (1-9) is expressed in

component form as in Eq. (1-35). [Eqs.(1-32)(1-13b)(1-28)]
Explain how the definition of AxB given in Eq. (1-21) is expressed
in component form as in Eq. (1-37). [Egs.(1-32)(1-22¢)(1-29)]

Define dl in the three coordinate systems. [Egs.(1-39)(1-55)(1-77)]
Define dvin the three coordinate systems. [Egs.(1-40)(1-56)(1-78)]
In which direction is ds directed on a closed surface? [Fig.1.17]
Can you still use Egs. (1-54) and (1-76) even if A and B are not at the

same location? [Eqs.(1-48)(1-70)]
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1.4 Coordinate Transformation

The location of a point in space is independent of the coordinate system that is
chosen to specify it, although different coordinate systems have different ways of
describing the point, as was discussed in Section 1-3. Since one coordinate sys-
tem may be advantageous over the others in solving a problem, we should be able
to transform the coordinates of the point from one coordinates to another. Such
an operation is called a coordinate transformation. The same is true for a vector
in that the magnitude and direction of a vector are independent of the coordinate
system, although different definitions of base vectors lead to different expressions
for the vector components in different coordinate systems. We can transform the
vector components according to the procedure called the coordinate transforma-
tion of the component of a vector.

1.4.1 Cartesian-Cartesian Transformation

We first examine the coordinate transformation between two Cartesian coordinate
systems. Fig. 1.28 shows that the primed system is rotated about the z-axis by an
angle ¢ relative to the unprimed system. Let us consider a point p, that is speci-

fied by the coordinates (x;, y,, z;) in the unprimed system and by the coordi-
nates (x/, y;, z/) in the primed system. At the this point, the base vectors are
given by either (a,,a a,) or (a,,a, a,), depending on the system. If vector

A is defined at point p, , it is generally expressed as

A=Aa +Aa +Aa, (1-88a)
A=A a +A,a +A,a, =A (1-88b)

Here, A, A, and A, are the scalar components of A in unprimed coordinates,
while A, A, ,and A, are those in primed coordinates.

The transformation of the components of A is simply done by projecting the
vector onto the base vectors for a new coordinate system. The scalar component
of Aiin the x’-direction is obtained from the projection of A onto a, as

A-a =A,

. (1-89)
=(Aa +Aa +Aa)a =A coso+A sing

where we used a,-a =cos¢, a-+a =sing, and a,-a_ =0, which are

evident from Fig. 1.28. Following the same procedure as for A, we obtain the
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scalar components A, and A, from A.a, and A-a, aswell. Transforma-

tion of the components of A from the unprimed to the primed system is expressed
in matrix form as

A, cosg sing Ol A,
Ay |=|-sing cose O| A, (1-90)
A, 0] 0 1|4,

where ¢ is the rotation angle of the primed system with respect to the unprimed
system, which is measured in the counterclockwise direction. The 3X3 matrix in
Eq. (1-90) is called the transformation matrix, denoted by T. Thus Eq. (1-90) can
be simply written as A’ = TA .

The transformation matrix T in Eq. (1-90) is independent of the location of A.
This implies that T may be used for any vector, including the position vector. We
acknowledge that the scalar components of position vector are equal to the coordi-
nates of a given point such that r, =x,a +y,a,+2 a, in the unprimed sys-

tem, and 1, =x/a,+y;a, +z/a, in the primed system. Substitution of =,

for A in Eq. (1-90) leads to the transformation of the coordinates of a point from
the unprimed to the primed system:

x’ cosg sing Ol[x
y'|=|-sing cos¢o Olly (1-91)
z’ 0 0 1|z

Here, subscript 1 is omitted for generalization.

The direction of the transformations expressed by Eqgs. (1-90) and (1-91) can be
reversed by replacing ¢ with —¢ in the transformation matrix T, meaning the
transformation from the primed to the unprimed system.

If vector A forms a vector field, its scalar components are functions of position
such as A (x,y,z), Ay[x,y, z), and A,(x,y,z). In this case, the transforma-

tion for A is done following these steps: (1) Transformation of the components of
A according to Eq. (1-90). (2) Transformation of the coordinates of the location
of A according to Eq. (1-91).

Although the same T is used for the transformations of the coordinates of a
point and the components of a vector in the Cartesian-Cartesian transformation as
shown in Eqgs. (1-90) and (1-91), this is not true in the general case, which will be
discussed in the next section.

Example 1-11
With reference to Fig. 1.28, find the coordinate transformation of a vector field
A =2xa_ from the unprimed to the primed system.
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Fig. 1.28 Two Cartesian coordinate systems rotated to each other about the z-axis.

Solution

A, cos @
A,
A, 0 0O 1J|0

Coordinate transform of the components of A is, from Eq. (1-90),

singp O 2x
—-sing cos¢g O} O

(1-92)

Rewriting Eq. (1-92) we have
A=A a_+A,a, +Aa
x X Ay Yy z Tz (1_93)
=2xcospa, —2xsinga,
From Eq. (1-91) we obtain

x=x"cos@-y’sing

(1-94)
By inserting Eq. (1-94) into Eq. (1-93) we obtain

A =2(x"cosg-y’sing)cospa, —2(x'cosp-y’sing)sinpa,

Exercise 1.23

Given A=4a_ +2a, +3a, in unprimed coordinates. Express the vector

at
point p:(2,1,3) in terms of the primed coordinates that is rotated by ¢ = 30°.
Ans. A=(2V3 +1)a, +(-2++/3)a, +3a,.
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1.4.2  Cylindrical-Cartesian Transformation

Let us consider Fig. 1.21, in which vector A is given at a point p;:(p,, ¢,, z,) in
cylindrical coordinates. At point p,, the base vectors (a,,a a,) are rotated

about a, by an angle of ¢=-¢, , relative to the base vectors [ap,a a).

o
Comparison of Fig. 1.21 and Fig. 1.28 reveals that we can conduct the transforma-
tion of the components of A from cylindrical to Cartesian coordinates simply by

substituting ¢ = —¢, into the transformation matrix in Eq. (1-90). Transforma-

tion of the vector components from cylindrical to Cartesian coordinates is done as
follows:

A, cos(—¢,) sin(-¢,) O A,
Ay =| —sin(-¢,) cos(-¢,) O A, (1-95)
A, 0 0 1A,

It is important to note that ¢, in Eq. (1-95) is the ¢-coordinate of the location of

the vector A. The direction of the transformation may be reversed simply by re-
placing —¢, with ¢, in the transformation matrix. Transformation of the vector

components from Cartesian to cylindrical coordinates is conducted as follows:

A cos(¢,) sin(¢,) O]l A,

A, |=|-sin(¢,) cos(¢) O] 4, (1-96)
A 0] 0 1] A,

z

Again, the angle ¢, is the ¢-coordinate of the location of the vector A.

We may use Eq. (1-95) for transforming the coordinates of a point from cylin-
drical to Cartesian system. However, Eq. (1-96) cannot be used for transforming
the coordinates of the point. To avoid confusion, we do not use the transforma-
tion matrix for transforming the coordinates of a point. Alternatively, we obtain
the relation between the cylindrical and Cartesian coordinates of point p, by ap-

plying Pythagorean theorem and trigonometry to Fig. 1.21. The relations be-
tween the cylindrical and Cartesian coordinates of a point are given as

X =pcosd
y=psing 1-97)
z=2z

and
p=yx*+y’
o=tan™ (y/x) (1-98)
z=2z

Subscript 1 is omitted in the above equations for generalization.
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Example 1-12
Express the following vectors in Cartesian coordinates:

(a) A=2ap+3a¢+\/§aZ at (p,0,z) =(4,60°,5),
(b) B=2a +3a,+3a, at (x.y.z)=(+2.2.1),and
(c) Vector C drawn from the origin to point (p, 9, z) = (3, 45° 4).

Solution
(a) From Eq. (1-95) we obtain

A.] [ cos(-60°) sin(-60°) O] 2 1/2 —/3/2 0[[ 2
A, |=|-sin(-60°) cos(-60°) 0| 3 |=|¥3/2 1/2 0| 3
A 0 0 1|3 0 0o 1|3
Thus,

szz—sﬁ’ Ay=2J§2+3’and A, =3

The answer is

A=(1—g\/§Jax +(x/§+gjay +x/§az.

(b) Substituting (x,y, z) = (\/5, 2,1) into Eq. (1-98) we obtain
6, =tan™ (2 /~/2) = 54.8°
Thus we have
sin¢, :2/\/6 and cos¢, :1/\/§ (1-99)
Inserting B and Eq. (1-99) into Eq. (1-95) we obtain

B, cos(-0,) sin(-¢,) O] 2 1/V3 —2/6 0| o

B, |=|-sin(-¢,) cos(-¢) O|l 3 |=|2/v6 1/43 0} 3
B, 0 o 1||J3 0 0 1||J3

Thus,

sz%—Jé, B, =—=+V3,and B, =3

J3 J6

The answer is

B:(%—J@Jax+£%+\/§jay+\/§az.
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(c) Cis aposition vector.
Substituting (p, 0, z) = (3, 45° 4) into Eq. (1-97), we obtain

x =3cos45° :3/\/5

y:SSin45°:3/\/§
z=4

The answer is
C:iax +iay +4a,.
2

NERRNG

Exercise 1.24
Show that the transformation matrices in Eqs. (1-95) and (1-96) are the inverse
matrix of the other.

Exercise 1.25

Starting from dl =dxa, +dya,+dza, and applying Egs. (1-96) and (1-97),
find an expression for dl in cylindrical coordinates.

Ans. dl=dpa, +pdoa, +dza,.

1.4.3 Spherical-Cartesian Transformation

When vector A is specified at a point p,i(R,,0,,0,) in spherical coordinates as

shown in Fig. 1.26, it can be expanded in component form either in Cartesian
coordinates or in spherical coordinates as

A=Aa +Aa +Aa, (1-100a)
A=Aja,+Aa,+A a =A (1-100b)
Transformation of the components of A’ into Cartesian coordinates can be done by

projecting A’ in the directions of a , a , and a,. The dot product of A" and

a_ gives A_ as follows:
’
A-a =A,
=(Aza, + A, + Aa,)-a,
= Ap sin 6, cos ¢, + A, cos 6, cos ¢, — A sin ¢,
where we wused ajea =sin6,cos¢, , a,-a =cos6,cosd, , and

a,-a =-sin¢, as given in Egs. (1-82), (1-85) and (1-87). Following the same

procedure as for A , we can obtain A, and A, from A’-a, and A’-a, .
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Transformation of the components of a vector A from spherical to Cartesian coor-
dinates is expressed in matrix form as

A, sin®, cos¢, cosB, cosd, —sing, || Ag
A, |=|sin6,sing, cosB sing, cosd | A (1-101)
A, cos 6, —sin 6, 0 A,

It should be noted that the transformation matrix depends on the angles 6, and
¢, , which are the spherical coordinates of the location of A.

The same procedure used for Eq. (1-101) can be followed to obtain the trans-
formation of the components of A from Cartesian to spherical coordinates given as
follows:

Ay sin6, cos¢, sin6 sin¢g, cosO, || A,
A, |=|cosB cosd, cosH sing -—sind || A, (1-102)
A, —sin ¢, cos ¢, 0 A,

Equation (1-102) is based on the projections of A onto a,, a,, and a, at point
p,, and thus the transformation matrix obviously depends on the 8- and ¢-

coordinates of p,. It can be shown that the transformation matrix in Eq. (1-102)

is the inverse matrix of that in Eq. (1-101), and vice versa.

To avoid confusion, we do not use the transformation matrices given in Eq. (1-
101) and Eq. (1-102) for transforming the coordinates of a point. Alternatively,
we obtain the relation between the spherical and Cartesian coordinates of point
p, by applying Pythagorean theorem and trigonometry to Fig. 1.26. The rela-

tions between the spherical and Cartesian coordinates of a point is given as

X = RsinBcos ¢
Yy = Rsinfsin ¢ (1-103)
z=RcosH

and

R={x*+y*+2°
0 = tan! (1/x2 +y? /z) (1-104)

¢=tan"'(y / x)

Subscript 1 is omitted in the above equations for generalization.
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Example 1-13
Verify, by coordinate transformation,

oa
@ Zg =
(b) oay =sinfa
20 ¢
Solution

Transformation of a, into Cartesian coordinates is, from Eq. (1-101),

A, sinfcos¢ cosOcos¢® —sing||1
A, |=|sinbsin¢ cosBsin¢ cos¢ ||O
A, cos 6 -sin® 0 0

Rewriting the above equation we get
a,=Aa +Aa +A a,

(1-105)
=sinbcos¢da, +sinBsinga, +cosba,

Taking the derivatives of both sides of Eq. (1-105) with respect to 8, we get

2 =cosfcosda, +cosbsinga, —sinba, (1-106)

00
Taking the derivatives of both sides of Eq. (1-105) with respect to ¢, we get
da,

=-sinfsin¢a,  +sin6cosoa, . (1-107)

(a) Transforming Eq. (1-106) back into spherical coordinates, by using Eq.
(1-102), we have

Ay sinfcos¢ sinOsindg cosO || cosOcosd
A, |=|cosBcosd cosbsing -sinb || cosOsing
A —-sin¢ cos ¢ 0 —-sin®

o
Rearranging the above equation we get
A =0, A;=1,and A =0

Thus,

oa,
90

=Agag +Aja,+ A4,

=a,.
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(b) Transforming Eq. (1-107) back into spherical coordinates, by using Eq.
(1-102), we have

A

A

R

A,

o

sinfcos¢ sinOsing cosO ||-sinBsing
=|cosBcos¢ cosOsind -sinO| sinBcosd
—-sin ¢ cos ¢ 0 0

Rearranging the above equation we get

A, =0, A =0,and A, =sinBsin®¢+sin6cos’ ¢ =sino

Thus,

oag

90

=Agaz +Aa,+ A4,

= sin6a¢.

Exercise 1.26
Transform a vector field A(r) = a, into Cartesian coordinates.

Ans. Alr)=(xa, +ya, +za,)/x*+y’ +2z°.

Exercise 1.27

Show that the transformation matrix is a unitary matrix whose determinant has ab-
solute value one.

Ans. |detT|=1.

Review Questions with Hints

RQ 1.17
RQ 1.18
RQ 1.19
RQ 1.20
RQ 1.21

RQ 1.22

Does T for Cartesian-Cartesian transformation depend on the location
of a given vector? [Eq.(1-90)Fig.1.28]
Write the relations between cylindrical and Cartesian coordinates of a
point. [Eqs.(1-97)(1-98)]
State the transformation of the components of a vector between cylin-
drical and Cartesian coordinates. [Eqs.(1-95)(1-96)]
Write the relations between spherical and Cartesian coordinates of a
point. [Egs.(1-103)(1-104)]
State the transformation of the components of a vector between spheri-
cal and Cartesian coordinates. [Egs.(1-101)(1-102)]
What are the significances of the angles appearing in the transformation
matrices in Egs. (1-90), (1-95) and (1-101)? [Figs.1.28,1.21,1.26]

Problems

1-1  Verify graphically the associative law of vector addition, as given in Eq.
(1-5a), for three vectors shown in Fig. 1.29.
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B
Fig. 1.29 Three vectors (Problem 1-1).

1-2 Two vectors A and B form a parallelogram in three-dimensional space.

Verify that the projection of the parallelogram onto the xy-plane is also a
parallelogram.

~eL

x T

Fig. 1.30 Projection of the parallelogram formed by A and B(Problem 1-2).

1-3  With reference to Example 1-2, in which the distributive law of dot
product was verified for three vectors lying in a common plane, verify the
distributive law for three arbitrary vectors by using two-step projection.

A
z

C
—>

>
y

A
x

Fig. 1.31 Distributive law of dot product for three arbitrary vectors(Problem 1-3).

1-4  With reference to Example 1-3, in which the distributive law of cross

product was verified for three vectors(A is normal to the plane formed
by B and C), verify the distributive law for three arbitrary vectors.
[Hint: AXxB=AxB ]
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1-5

1-6

1-8

1-9

Fig. 1.32 Distributive law of cross product for three arbitrary vectors(Problem 1-4).

Two vectors A and B form a parallelogram.
(a) Find expressions for two diagonals in terms of A and B.
(b) Under what condition are the diagonals perpendicular to each other?
(c) Two diagonal vectors are displaced such that they meet at the tail.
Find the area of the new parallelogram.
Three vectors A, B,and A —-B form a triangle. Show the followings:
(a) Parallelograms formed by any two vectors have the same area.
B C

sin®, sin®, sin@,’

(b) Law of sines,

(Sides A, B, and C subtend angles 6,, 6, ,and 6, respectively.)

Two vectors A=2a +a +3a, and B=-a +2a +a, are at the
same point in Cartesian coordinates. Find

(a)
(b)
(©)
(d)
© 645

(f) vector component of B in the direction of A

(g) vector component of B in the direction perpendicular to A

Given a vector A=a +2a +2a, at a point with position vector

-]

A

» > w

-A
‘B
xB

D

r=2a + Say +/3 a,. Find the angles that (a) A, and (b) r makes with
three Cartesian coordinate axes.

A straight line passes through two points p;:(1,1,0) and p,:(3,2,2) in
Cartesian coordinates. Find

(a) unit vector a, along the direction from p, to p,,and

(b) position vector of a point on the line, which is at a distance tfrom p, .
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1-10

1-11

1-12

1-13

1-14

1-15

1-16

1-17
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Two straight lines intersect at right angles at point p, in Cartesian
coordinates. The first line passes through a point p,:(2,1,1), while the

second one passes through two points p,:(1,-1,3) and p,:(-11,2)
simultaneously. Find the distance between the two points

(a) p, and p,

(b) p, and p,

For a plane defined by three points p;:(2,0,0), p,:(0,1,0), and

P5:(0,0,1) in Cartesian coordinates, find

(a) unit vector normal to the plane, directed toward the origin, and

(b) perpendicular distance from the origin to the plane.

A plane intersects three Cartesian coordinate axes at x=a, y=>b, and
z =c, respectively. Find

(a) unit normal to the plane, and

(b) expression for the plane.

A plane S passes through the point p, :(3,1,2) and is perpendicular to
the vector k=a +2a +4a, in Cartesian coordinates. Find an
expression for the plane.

Two vectors A and B define a parallelogram P in three-dimensional space.
Projections of A and B onto the xy-plane define another parallelogram P’.

Show that the area of P’ is given by |a, «(A x B)| )

A parallelogram P is formed by two vectors A=3a, —a +2a, and
B=a, +2ay +a, . Projections of Ponto the x=0, y=0,and z=0
planes result in three parallelograms P,, P,, and P, on their respective

planes. Find
(a) unit vector a, normal to P,

(b)areasof P, P,, P,,and P,,and
(c) relation between the scalar components of a, and the areas of P,
P,,and P,.

Given two vector fields A=3 a + (4sin ¢) a, and
_ 2 . . . . . .
B=p“a +(p+z+2)a, in cylindrical coordinates, find at point

p:(2.30°,1)

(a) A+B

(b) A-B

(c) AxB

A triangle is defined by three points p,i2,0,1), p,(-1,1,3), and
p;i(4,2,-1) in Cartesian coordinates. Find the area of the triangle.
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1-18 A vector field is given as H(r) =16/ pr"]ap in cylindrical coordinates.

1-19

1-20

1-21

It specifies two vectors H(r))=A and H(r,)=B at two points
p:(2,30°,5) and p,:2,90°,5), respectively. Find

(a) expressions for A and B in cylindrical coordinates, and

(b) Axa, atpoint p,,where a; is the unit vector of B

Given two points p,;i(2,90°,5) and p,:(2,60°5) in cylindrical
coordinates, find the expression, in cylindrical coordinates, for

(a) position vectorsof p, and p,(or r, and r,), and

(b) distance vector R, , =1, — T, expanded by the base vectors at p, .

A half cylinder is defined by the surfaces p=4, ¢=30°, ¢$=210°,
z=0, and z=5 as shown in Fig. 1.33. Find the differential area
vector ds at the following points: (a) p,, (b) p, with p=2,(c) p,, and

(d) p,.

»
>

%ds
ds «JQ z=5 &

Fig. 1.33 half-cylinder(Problem 1-20).

With reference to the object shown in Fig. 1.34, which is defined by the
surfaces R=6, 6=30°, ¢=45°, and ¢ =225 in spherical
coordinates, find the differential area vectors at the following points:

(a) p, with 6=20°

(b) p, with R=4

(¢) p; with R=4

(d p, with R=5
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1-22

1-23

1-24

1-25

1-26

1-27
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Fig. 1.34 A object in spherical coordinates (Problem 1-21).

A vector field is defined asE = 2Ra, + R” cos ¢a, +100sin 8 cos ba,,

in spherical coordinates, inside and outside the object shown in Fig. 1.34.
At three points p,:(6,20°,60°), p,:(4,30°,50°), and p,:(4,20°,45°)
on the object, find

(a) E, and

(b) vector components of E parallel and perpendicular to the surface.

Given a point p,(2, \/g 3) in Cartesian coordinates, find an expression
for p, in (a) cylindrical coordinates, and (b) spherical coordinates.

Find expressions for the unit vector a

X

in terms of spherical coordinates
at the following points:

(@) (xy.z)=(1,-2.3)

(®) (p.0.2)=(2.30°.v2)

(©) (R,6,4)=(2,45°,60°)

Given that A=a +a, +0.5a, at point (2,2,1) in Cartesian
coordinates, transform A into (a) cylindrical and (b) spherical coordinates.
Given two points p;:(L1,3) and p,:(-1,2,1) in Cartesian coordinates,
find a unit vector

(a) at p, directed toward p, in Cartesian coordinates,

(b) at p, directed toward p, in Cartesian coordinates,
(c)at p, directed toward p, in cylindrical coordinates, and
(d) at p, directed toward p, in cylindrical coordinates.

In the presence of a vector field A=(2z+10)a, +x*a, -ya,, two

points are defined as pl:(—l,x/g, 1) , in Cartesian coordinates, and
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1-28

1-29

1-30

p,:(4,60°,3), in cylindrical coordinates. Find the vector component of

Aat p, directed toward p, in terms of (a) Cartesian and (b) cylindrical
coordinates.

Perform coordinate transformations of the following quantities from
Cartesian to spherical coordinates:

(a) unit vector a_,

(b) point  pi(x,y, z),

(c) differential length vector dl, and

(d) position vector T

A top shown in Fig. 1.35 is defined by a conical surface of half-angle 30°
and a disk of radius 5[cm]. It spins about the z-axis at an angular speed
o[rad/s]. (a) Find an expression for the linear velocity v at any point on the

surface of the top in terms of spherical coordinates. (b) Find the coordinate
transformation of the result in part (a) into Cartesian coordinates.

X

Fig. 1.35 A top spinning at an angular speed w(Problem 1-29).

Consider Fig. 1.36, in which r is the position vector of a point on the
conical surface of 8 =30° and r’ is the position vector of a point on the
z-axis at z=4 from the origin. In the presence of a vector field

A=rx (r - r') / |r - r'| , find an expression for A on the conical surface in
terms of spherical coordinates.
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X

Fig. 1.36 Vector field on a conical surface(Problem 1-30).



Chapter 2
Vector Calculus

In Chapter 1, we discussed the basic concepts of vector algebra developed in the
three common coordinate systems. Through the use of the position and base vec-
tors, we could specify points and vectors in three-dimensional space. We re-
viewed typical symmetries of vector fields that easily reveal themselves in the
cylindrical and spherical coordinate systems. We defined differential quantities
such as differential length vectors, differential area vectors, and differential vo-
lumes in different coordinate systems. We also learned how to transform the
coordinates of a point or the components of a vector from one coordinate system
to another.

Electromagnetics deals with quantities that are usually distributed in a region of
space. If a scalar or a vector quantity is specified at each and every point in a re-
gion of space, which is called a scalar or a vector field, and if it represents a real
physical quantity, the scalar or vector field should be a smooth function of posi-
tion so that its derivative is continuous in the given region. This is because the
spatial derivative of a field has as much physical significance as the field itself
does. For instance, the spatial variation of temperature in a room must be caused
by something, and the change of temperature from one point to another in space
must be governed by some laws of nature, which, in general, do not allow an ab-
rupt change. Since electromagnetic fields are defined in three-dimensional space,
electromagnetic laws are generally expressed in terms of the partial derivatives of
the fields.

In this chapter, we discuss the integrals of a vector field along a line and across
a surface, in three-dimensional space. We then explore the spatial derivatives of
a scalar or a vector field, and define vector operators such as the gradient, diver-
gence, and curl, which are essential for the study of electromagnetics. Spatial
derivatives of a field are of course specific to a point in space. Accordingly, elec-
tromagnetic laws expressed in differential form are useful for describing local ef-
fects, whereas the laws in integral form are useful for describing nonlocal effects,
in which the effects are observed at different points than the point of cause. We
will learn about divergence and Stokes’s theorems, which allow us to convert the
differential form of an electromagnetic law into the integral form, and vice versa.
We also discuss Helmholtz’s theorem.
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2.1 Line and Surface Integrals

When a vector field A(r) is given in a region of space, the line integral of A along
a path is defined as the integration of the tangential component of A along the
path. Note that line integral is the standard name whether or not the path of inte-
gration is curved. If the initial and terminal points of the path of integration coin-
cide with each other, forming a closed path ¢, the integration is called the closed
line integral of A around ¢, or the circulation of A around C. In contrast, the sur-
face integral of A across a surface is defined as the integration of the normal com-
ponent of A over the surface. If the surface has no opening, forming a closed
surface, the integration is called the closed surface integral of A.

2.1.1 Curves

A curve may represent the path of an electric charge moving in space, for instance.
In three-dimensional space, we can describe a curve C by the position vector,
expressed in terms of a parameter ¢, as

r() = x(t)a, +y(a, +z(0)a, (2-1)

where t varies from t=1t, to t=t,, which are the initial and terminal points of

the curve respectively. Eq. (2-1) is called a parametric representation of ¢. The
sense of increasing t on C defines the positive direction of C, or the direction of
travel on the curve.

If a curve x(f) is a smooth function of position, there is no abrupt change in the
magnitude and direction of the position vector from a point to another in space.
In this case the vector function r(?) is differentiable. The rate of change of r({)
with respect to ¢, at t =t , is expressed as

rp),_ = ar lim it + AD - x(t)

2-2
t=4 dt r=t, At—0 At ( )

While the denominator is an increment of parameter ¢, the numerator is a subtrac-
tion of the position vectors of the two neighboring points on ¢. In view of this,
we see that the numerator of Eq. (2-2) is a differential length vector, dr =dl, lo-
cated at the point with t =1t , directed along the curve C. Therefore, the deriva-

tive r'(t;) corresponds to a tangent to the curve at the point with t=¢ on C
From Fig. 2.1, in which a straight line L passes through two points p, and p,
with position vectors r(t,) and r(t, + At) respectively, we see that as At — O,
the line L becomes a tangent to the curve at p,. Consequently, r(t) is recog-
nized as an expression for the tangent to curve C.
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Omitting 1 in t, for generalization, the derivative r’(t) is useful for express-
ing the differential length vector dl:

dr
dl=—dt=r(t)dt 2-
g d=r) (2-3)

Again, r is the position vector of a point on curve C, tis parameter, and dl is the
differential length vector, tangent to ¢, directed along the positive direction of C.
It should be noted that the magnitude and direction of dl belong to a point with
position vector r(f) on ¢, which happens to be the initial point of dl.

A unit vector along the tangent to Cis given as

r d
aT—?—m (2-4)

The unit vector of course points in the positive direction of C.
Alternatively, we may express a curve C by taking the x-coordinate as a para-
meter such as

r=xa, +g(x)a, +h(x)a, (2-5)

As we see in Fig. 2.1, g(x) is the projection of ¢ onto the xy-plane, and h(xJ is the
projection of Conto the xz-plane.

Fig. 2.1 A tangent to curve C.
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Example 2-1
Given a point p11(2, 243, O) on the circle x> +y®> =16, find a unit vector

along the tangent to the circle at p, by using (a) r(¢), (b) r(x, and (c) dl in
cylindrical coordinates.

by

\4

Fig. 2.2 A circular path of radius 4.

Solution

(a)

(b)

Parametric representation of the circle is

r(9) = x(¢)a, +y(¢)a, = 4cosoa, +4sinoa, (2-6)

Unit vector along the tangent to the circle is

r —4sin¢a +4cosda, .
a, =—= =-sin¢a,  +cos¢a,
I \/[élsin(b]2 + (4 cos ¢)

Noting that p, correspondsto ¢ = 60°, we obtain
aT:—(x/§/2)ax+(1/2)ay. (2-7)

In the region y > 0, the circle is expressed as y = V16— x> . Therefore
its parametric representation is

r(x):xax+yay :xax+\/16—x2 a, (y=0) (2-8)

Taking the derivatives of both sides of Eq. (2-8) with respective to x, we
have

, x
r)=-a -—> _a
16 — x?

y
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Inserting the x-coordinate of p,,or x =2, we have

a,-—=(3/2a,-(/2a, o

r

As ¢ increases in Eq. (2-6), p, moves in the counterclockwise direction on

the circle. In contrast, as x increases in Eq. (2-8), p, moves in the

clockwise direction on the circle. For this reason, the sign in Eq. (2-7) is
opposite to that in Eq. (2-9).

(c) The differential length vector in cylindrical coordinates has been previously
defined in Chapter 1 as

dl=dpa, +pdoa,+dza, (2-10)
On the circle we have dp =0 =dz, and thus

dl =4dda, (2-11)
Inserting Eq. (2-11) into Eq. (2-4), we have

a, =a,

The cylindrical coordinate system greatly simplifies the solution.

Exercise 2.1
Find a parametric representation of a straight line parallel to the z-axis, passing
through a point (x,y,z)=(2,1,3).

Ans. r(t)=2a, +a, +ta, (—o <t < o).

Exercise 2.2
Find |dr / dx| if r(x) is a parametric representation of a straight line y = x.

Ans. \/5 .

2.1.2 Line Integral

The line integral is an extension of a definite integral into three dimensions. The
line integral of a vector field E(r) along a path Cis defined as

me:Lam%mm (2-12)

where Cis called the path of integration, dl is the differential length vector along
G and E, is the component of E tangential to C. The line integral of E along a
path Cis an integration of the component of E tangent to C.
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With reference to Fig. 2.3 in which the path C is subdivided into N line seg-
ments, we represent each line segment by an incremental length vector Al. As
discussed in Chapter 1, the magnitude and direction of Al; belong to the point

specified by the position vector r;. The line integral of E along Cis expressed as
N
LEodl:Iy_r)E > E(r)- Al (2-13)
‘AI‘AO J
In the limit as N — «, Al becomes the differential length vector, that is,
dl=dr =r'dt (2-14)

which is the same as Eq. (2-3). Inserting Eq. (2-14) into Eq. (2-13), the line
integral of E simply reduces to a definite integral over ¢, that is,

LE.ca:jfE-r'dt (2-15)

where r’=dr /dt, A and B represent the initial and terminal points of ¢, and tis

the parameter used for the parametric representation of C.

E(r,,)

Fig.2.3 Line integral of E along path C.



2.1 Line and Surface Integrals 67

In the three coordinate systems, the line integral of E along path C also can be
expressed as follows:
In Cartesian system

LEodI:J'C(EXaX +E,a,+E,a,):(dxa, +dya, +dza,)

2-16
=[JEdx+ [ Edy+ [ E,dz o
In cylindrical system
LEodl = J'C(Epap +E,a,+E,a,):(dpa, +pdoa, +dza,) -
. 0 7 (2-16b)
=["Edp+ [ Epdo+["E,dz
In spherical system
LE-dl = L(ERaR +E,a,+E,a,)(dRa, +Rdba, + Rsin6d¢a,)
R, o o ) (2-16¢)
= le E.dR + Ll E,Rd6 + j% E,Rsin 0d¢

In the above equations, subscript 1 stands for the initial point of ¢, and subscript 2
stands for the terminal point of C.
If path Clies in the z =z, plane in Cartesian coordinates, for instance, which

is of the form y=f(x) , the differential length vector reduces to

dl=dxa,+dya,. Inthiscase the line integral of E along Cbecomes
LEodl = J'C(Exax +E,a,+E,a,):(dxa, +dya,)

. " 2-17)
= [ E(x.f).z,)dx+ [ "E, (S W).y.2,)dy

where the initial point is at (x,,y,,z,), and the terminal point is at (x,,y,,z,).

If the path Cis parallel to a coordinate axis, the line integral further reduces to
an integral similar to a definite integral. For instance, if Cis a straight line paral-
lel to the x-axis, the differential length vector reduces to dl =dxa, , and the line

integral of E becomes
LE.dI:szEx(x,yo,zo)dx (2-18)

where it is assumed that the initial point is at (x,,y,,2,) and the terminal point is

at (x,,y,,z,). Even if the line integral in Eq. (2-18) is to be conducted in the
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negative x-direction, it is customary to use dl =dxa_, instead of dl =-dxa_,
but interchange the limits of integration to account for the reversed direction, that,
is from x, to x,. The line integral in Eq. (2-18) is different than a definite
integral in that a definite integral is defined graphically as the net area under the
curve of a function, and thus has the upper limit of integration always larger than
the lower limit.

When a line integral of E is conducted around a closed path (, it is denoted by a
small circle on the integral sign such as

PE-dl=§ Edl (2-19)

The closed line integral is also referred to as the circulation of E around ¢.

The direction of travel on a closed path Cis called the positive direction of C.
The closed path involves a surface S, not necessarily a planar surface, which is
bounded by ¢. The positive direction of ¢, or the direction of dl on ¢, is related to
the direction of the differential area vector ds on S through the right-hand rule, as
shown in Fig. 2.4: the right thumb points in the direction of ds on § when the four
fingers advance in the direction of dl on ¢. When a closed line integral is con-
ducted in the negative direction of ¢, it is customary to interchange the limits of
integration instead changing the sign of dl; from ¢, =2n to ¢, =0 in place of

from ¢, =0 to ¢, =2m, for instance. In other words, the expression for dl is

always given as one of those in Egs. (1-39), (1-55), and (1-77), regardless of
whether the positive direction of Cis clockwise or counterclockwise.

/ ds
o oa

S
C \;

Fig. 2.4 Right-hand rule for the directions of dl and ds.

Example 2-2

Find the line integral of E =y’a_+(2xy +4y) a, from point A:(2,0,0) to
point B:(0,2,0) along

(a) straightline y=-x+2,and

(b) arcofacircle x®>+y® =4 in the counterclockwise direction.
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]
. N
-4

Fig. 2.5 Two paths of integration.
Solution
(a) The line integral is written as
J.[E-dl = ff[yz a, +(2xy +4y)a, |-(dxa, +dya, +dza,)
‘ (2-20)
0 2
= L y* dx +'f0 (2xy +4y)dy

Inserting y =-x+2 into Eq. (2-20) leads to

0 9 2
LE-cu:j2 (-x+2) dx+j0 [2y(2 - y) + 4y]dy = 8.

(b) Inserting x®+y® =4 into Eq. (2-20) leads to

J;E-dl = 'f:[4—x2)dx+'f02[2y«/4—y2 +4y}dy =8

The results in parts (a) and (b) are equal: the line integral of the given vector
field E is independent of the path of integration. Such a field is called a
conservative field.

Example 2-3
Determine the circulation of E =p® a +3sin¢a, +5za, around the closed

path shown in Fig. 2.6.

Solution
We split the closed line integral into two parts

<jf>(Eocﬂ:J.ondl+.f;E-cﬂ 2-21)
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- N

Fig. 2.6 Closed path for line integral.

Using dl =2do¢a, for the semi-circle, we write the first part as
B B, X
[ E-dl=[ (p*a, +3sinoa, +5za,)-(2doa,)
o=t B
= L:O 6(sin¢)do=12

On the straight line from B to A, we have dl=dxa_, p>=x", and

a,-a =0. Furthermore, we have a .a =-1 on the line segment Bo

but a -a =1 on 0A . The second part is therefore
A A, X
jB E.dl = 'fB (p*a, +3sin¢a, +5za,):(dxa,)
= JX:O —x’dx + JX:2 x’dx =0
x=-2 =0

Thus, the answer is
36 E-dl=12.
C

Exercise 2.3
Repeat the closed line integral in Example 2-3, by assuming C to be displaced in

the +z-direction and placed in the z =4 plane.
Ans. 12.

Exercise 2.4
If the vector field E has the unit of the volt per meter, what is the unit of the line

integral of E?
Ans. Volt.
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2.1.3  Surface Integral

An open surface is generally expressed as z = f(x,y), or g(x.y, z) =k, where

Icis a constant, in three-dimensional space. In view of this, we write the position
vector of a point on the surface as

r=xa +ya, + f(x,ya, (2-22)

which is called a parametric representation of the surface.
As an example, let us consider a planar surface S as shown in Fig. 2.7. Two
straight lines £, and £, on S represent the intersections of § with the y =y,

and x = x, planes respectively, where x;, and y, are Cartesian coordinates of
point p, on S. Using the space coordinates x and y as parameters, we obtain pa-

rametric representations of £, and £, as

r(x)=xa, +y a, + flxy)a, (for ) (2-23a)
rly)=x,a, +ya, + f(x,ya, (for £,) (2-23b)

Note that y, is considered to be constant in Eq. (2-23a), and, similarly, x, is

considered to be constant in Eq. (2-23b). From Eq. (2-23), we obtain the diffe-
rential length vectors directed along £, and £,, at point p,, as follows:

a' = de=rdx (2-24a)
ax Y=4
az =% dy=rady (2-24b)

x=x;

where superscripts 1 and 2 denote lines £, and £, respectively, and r; and =

denote the partial derivatives of r with respect to x and y respectively. Two dif-
ferential length vectors dl' and dl*> form a parallelogram of a differential area

|cll1 ><dl2| on surface S. In view of these discussions, we define a differential

area vector on a general surface S as

ds = dI' xdl® = (r xx,)dxdy (2-25)

It should be noted that the differential area vectors previously defined in the three
coordinate systems in Chapter 1 are special cases of Eq. (2-25). For instance, for
the z =c plane, Eq. (2-25) reduces to ds = dxdya,, as was shown in Chapter
1. We also note that Eq. (2-25) is true for any smooth surface, not necessarily a
planar surface.
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Fig. 2.7 Differential area vector ds = (] X r; )dxdy on a general surface.

The surface integral of a vector field E(r) over a surface Sis defined as
[ E@)-ds = [ E,ds (2-26)
S S

where E_ is the component of E normal to S, and ds is the differential area vec-

tor on S. The surface integral of a vector field E over a surface S is the integra-
tion of the component of E normal to 5.

Using Egs. (2-22) and (2-25) in Eq. (2-26), we write the surface integral of
E(r) over Sas

L E(r).ds = I:: Ijj:(x) E(x.y. f(x.y))e (r): X r; ) dxdy (2-27)

We note from Eq. (2-27) that the surface integral is converted to a double integral
over the triangular region defined by the x-axis, y-axis, and the straight line
Yy = h(x) in the xy-plane. We also note that the triangular region is the projec-
tion of the surface S onto the xy-plane.

If the surface S is a rectangular plane residing in the z =z, plane, with

the sides parallel to the x- and y-axes, the surface integral in Eq. (2-27) further
reduces to

LE-ds - j: jy" E,(x.y. z,)dxdy (2-28)
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where we used ds =dxdya,. We note that the two space coordinates x and y
are independent of each other in Eq. (2.28), while they are interrelated by
y =h(x) inEq. (2-27).

Example 2-4
With reference to Fig. 2.7, determine the surface area of the plane § with
a=b=c=1.

Solution
Let us begin with the equation of the plane s, i.e.,

x+y+z=1 (2-29)
Parametric representation of S is
r=xa +ya, +(1-x-yla,

Partial derivatives of r with respect to x and y are

r=-a_-—a, (2-30a)
I, =a, -a, (2-30b)

Inserting Eq. (2-30) into Eq. (2-25), the differential area vector on Sis
ds=(a,—a,)x (ay —a,)dxdy =(a, + a + a,)dxdy (2-31)
The projection of surface S onto the xy-plane forms a triangle with the
hypotenuse given by

x+y=1 (2-32)

Upon using Egs. (2-31) and (2-32), the surface area of Sis

A= jasl= [ [ B dxay =2

y=0

Example 2-5
Determine the surface integral of a vector field A =2a, over a hemispherical

surface of radius 5 as shown in Fig. 2.8, by assuming ds to be directed away from
the origin.

Solution
Two differential length vectors dl' and dl® in spherical coordinates are

dl' = Rd6a, = 5d0a,
dl’ = Rsin6d¢a, = 5sin6d¢a,
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Fig. 2.8 Hemispherical surface of radius 5.

Differential area vector on the hemisphere is

ds =dl' xdl’ = 25sin0d0dda,
Using a,-a; = cos 0, the surface integral is

; /2 21 )
LA.ds = L[Zaz)o(2551r16d6d¢aR) =50 j¢:0c05651n9d6d¢
= 50m.

Exercise 2.5

A sphere of radius 5 is centered at the origin. Find the surface area in the region
zz24.

Ans. 10m.

Exercise 2.6

If the vector field D has the unit of the coulomb per square meter, what is the unit
of the surface integral of D?

Ans. Coulomb.

Review Questions with Hints

RQ 2.1 Which component of A is used for the line integral? [Eq. (2-12)]
RQ 2.2 Which component of A is used for the surface integral? [Eq. (2-26)]
RQ 2.3 Under what conditions does a line integral reduce to a definite integral?

[Eq. (2-18)]
RQ 2.4 Under what conditions does a surface integral reduce to a double
integral? [Eqg. (2-28)]

2.2  Directional Derivative and Gradient

A scalar function V(r) is usually used to describe a distribution of the scalar quan-
tity Vin a region of space. If V represents a physical quantity such as tempera-
ture in a room, or the electric potential due to an electric charge, the scalar field
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must be a smooth function of position so that V(r) may be differentiable at each
and every point in the region. Under this condition, at a point in the three-
dimensional space, the space rate of change of V(r) must exist for any direction.
The space rate of change of Vin an a,-direction at point p is called the direction-

al derivative of Vin the a, -direction at p. The maximum of the directional de-

rivatives at a given point has a special meaning, and is formulated into an operator
called the gradient.

The directional derivative of V(r) is denoted as dV/dl, which represents the
space rate of change of V in the direction of increase of the differential length dlL
At a point with position vector r,, the directional derivative of V in the a,-

direction is written as

d_V - lim V(r, +dla)-V(r)
dl dl—0 dl
r.a

(2-33)

where dl is the differential length along the unit vector a,. It is evident from
Eq. (2-33) that the directional derivative depends not only on the position of the
point in space but also on the choice of the direction. Accordingly, there are an in-
finite number of directional derivatives at a given point in space; there must be the
maximum of the directional derivatives.

The gradient of V at point p is defined as a vector representing the magnitude
and direction of the maximum directional derivative of V at p.

The gradient of V at p is denoted as

gradV = d—Van (2-34)
dn

where the unit vector a, points in the direction of increase of the differential
length dn, or the direction along which the derivative dV/dn is maximum.

When a scalar field V(r) is defined in a region of space, we can always find the
spatial points at which V' is constant such that V(r) =V, . These points should
form a smooth surface in the three-dimensional space, if V represents a real physi-
cal quantity. By the same token, we should be able to find another surface of
V, +dV in the immediate vicinity of the surface of V| as illustrated in Fig. 2.9.
Since VIr) is a single-valued function of position, the two surfaces never cross
each other. With reference to Fig. 2.9, suppose we intend to move from point
p, on surface V| to a point on surface V, +dV ;ie., one of p,, p,,and p,.

In doing so, we will observe the same change dV, although the travel distance is

obviously different for the three cases. If the line segment p, p, is perpendicu-
lar to the two surfaces, it must be the shortest distance from p, to the neighbor-

ing surface, and thus the directional derivative of V at p, is maximum
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V)=V, +dV

Fig. 2.9 Surfaces of constant V.

along the line segment p,p,. In consequence, the gradient of V at a point in

space is normal to the surface of constant V passing through that point.

The gradient of V at a point in space is useful for determining the directional
derivative of V in an arbitrary direction at that point. Applying the chain rule
from calculus to Eq. (2-34), we have

v _dvdn _dV sa-a .a (2-35)
dl dn dl dn dn

where we used the relations, dn /dl=coso and a, -a, = cosa, as can be eas-
ily obtained from Fig. 2.9. The unit vector a, is normal to the surface of con-
stant V, and a, is along the direction of increasing dl. Combining Eqgs. (2-34)
and (2-35) we write the direction derivative of Vin the direction of a, as

dv
E = gradV . al = VV . al (2—36)

Note that the gradient of V'is denoted either as gradV oras VV (read “del” V).
The directional derivative of Vin the direction of a, is equal to the dot product
of VV and a,.

Next, From Eq. (2-36) we can obtain

‘deVV-dlal =VV-dl‘ (2-37)




2.2 Directional Derivative and Gradient 77

The differential of Vin the a,-direction is equal to the dot product of VV and
the differential length vector dl directed along a,. Note that Eqgs. (2-36) and

(2-37) are two important applications where the gradient is conveniently used.
From calculus, the total differential of V' in Cartesian coordinates is given as

dv :a_VdX+a_Vd +a_de
ox Jdy 0z

=(a—Va +a—Va‘ +a—VaZ]-(dan+dyay+dzaz) (2-38)

In Eq. (2-38), the right-hand side is separated into two parts, and written in vector
notation in such a way that the second part is equal to the differential length vector
in Cartesian coordinates. Comparison of Eq. (2-37) with Eq. (2-38) reveals that
the gradient of Vin Cartesian coordinates is

VVza—VaX+a—Va +a—VaZ =la,—+a,—+a,— |V (2-39)
ox dy Y o0z x z

V=a i+a —+a, — (2-40)
X

It should be noted that the del operator is defined in Cartesian coordinates only.

The expression for the gradient of V in cylindrical coordinates can also be de-
rived from Eq. (2-37). From calculus, in cylindrical coordinates, the total diffe-
rential of V at point p,:(p,,9,,2,) is written as

dv = aV dp + a—qu) anz
8 o
\%4 oV oV
[a— ot ¢+gaZJ-(dpap+d¢a¢+dzaz] (2-41)
a_v 1 ava 8Va .dl
op B p, 90 T oz

Following the same procedure, the right-hand side of Eq. (2-41) is separated into
two parts, and written in vector notation so that the second part is equal to the dif-
ferential length vector in cylindrical coordinates. Comparison of Eq. (2-37) with
Eq. (2-41) shows that the first part on the right-hand side of Eq. (2-41) is the
gradient of V'in cylindrical coordinates.
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Similarly, in spherical coordinates, the total differential of V'is written as

dv =a—VdR+a—Vde+a—Vd¢
oR 90 90
{av oV oV

R ™50 T 5e

a¢j ‘(dRa; +dba, +doa,) (2-42)

aV 1 9V 1 IV
=|——a+———a,+——————a, |
oR R, 08 R, sin®, 9o

where dl is the differential length vector in spherical coordinates. We identify
the first part on the right-hand side of Eq. (2-42) with the gradient of V in spheri-
cal coordinates.

Although the del operator is defined in Cartesian coordinates only, it is custo-
mary to use VV to denote the gradient of V in other coordinate system. The
gradient of Vin Cartesian, cylindrical, and spherical coordinates are

VV = WV a_+ v a, + v a, (Cartesian) (2-43a)
ox dy 0z
oV 10V oV N

VvV = g X E 8_(]) a, + 7 a, (cylindrical) (2-43b)
A% 10V 1 oV

VV=——a,+——a,+———a herical 2-43
OR ¥ R0 ° Rsin® dp ° (spherical) (2439

Subscript 1 is omitted in Eq. (2-43) for generalization.
The gradient of V'in the general coordinates (w,v,w) is written as

VV = uii+avii+awLi \% (2-44)
h, du h, dv h, Jw
where the metric coefficients are given as follows:
h,=1 h,=1 h;=1 (w,v,w) =(x,y,z) (2-45a)
h, =1, h,=p, hy=1 (w,v,w)=(p,d 2) (2-45b)
h,=1, h,=R, h,=Rsin6 (w,v,w) =(R,6,0) (2-45¢)

The metric coefficients are necessary to convert differential angles into differential
lengths. It should be noted that the total differential of V however involves no
metric coefficient, because it is defined in terms of the differential coordinates,
whether or not the coordinates represent angles.
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Example 2-6
Given a scalar field V(r) = x? +4yz in Cartesian coordinates, find, at point

pi(4,-1,3),
(a) gradient of V
(b) directional derivative along the direction of a vector 1=3a_-2a, - J3 a,.

Solution
(a) From Eq. (2-43a), the gradient of V in Cartesian coordinates is

oV oV )\

VV=—a +—a, +—a,=2xa_+4za +4ya 2-46

ox oy T gy T TN R T RYR, (2-40)
Inserting the coordinates of p, into Eq. (2-46), we have

VV =8a, +12a -4a,

(b) The unit vector of 1is

3 1 NE)
a=—a -—-a-——a,
4 2v g4

From Eq. (2-36), the directional derivative of Vin the a, -direction is

av 3 1 NE)

2l -VV.a =(8a_+12a -4a).|—a ——a —~—a_ |=+/3

dl 1 [ X y z) (4 X 2 ] 4 ZJ
Example 2-7

. 1 . . . ,
Find V E in Cartesian coordinates, where % = |r -r

Solution
Position vectors in the unprimed and primed systems are

r=xa +tya, 6 +za,
’ ’ ’ ’
r=x'a +y'a,+z'a,
Thus, the distance vector is given as

R:r—r':(x—x']ax+[y—y')ay+(z—z')az (2-47)
The reciprocal of [r—r’ is

1

/|

=[x XP Y- yP +z-2P] " (2-48)
r-r
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Partial derivatives of Eq. (2-48) are
J0 1 1o -3/2
——= —(x—x'][(x -xXV+y-yyY+iz-z )2]
ox|r—r
J 1 2 2 2773/2
= W[ -V +y-y) +(z- 2P|
dyfr—r
9 1 ’ N2 N2 2 773/2
— =z (x - XV +ly -y +(z -2V ]
oz|r-r
Combining the above equations we obtain
1 k-x)a +@y-yla, +(z-2)a,
N 3/2
r—r [ =xP +y-yP +(z-27]
Thus, we have
1 R
V—=-— 2-49
Xz (2-49)
Note that the del operator is independent of the primed coordinates, and acts
on the x-, y-, and z-coordinates only.
Example 2-8

A spherical surface is given by x> +y®>+2z®>=9 in Cartesian coordinates.

Find the outward unit normal to the surface at point (2,2,1).

Solution

The given spherical surface is a member of the family of spheres defined as
flx,y,z)= x> +y®> + 2>, in which it is specified as f(x,y,z)=9. The
gradient of fis normal to the surface of constant f.

We obtain the gradient of fas Vf =2xa +2ya, +2za,, and a unit

vector in the direction of Vf as

Vf xa +ya, +za,

= (2-50)
\%i \/x2 +y® +2°

Inserting (x,y,z)=(2,2,1) into Eq. (2-50), the unit normal to the surface
passing through the given point is

(23423, a)) (2-51)

It points out of the sphere and is thus the answer. Otherwise, we would
multiply it by —1.
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Alternatively, we may begin with the family of spheres expressed as
d(R,6,0) = R* in spherical coordinates, in which the given sphere is
specified as g = 9. The gradient of g in spherical coordinates is
Vg = %9 R+l8_ga9 ! a—gaq):ZRaR
oR R 06 Rsin© d¢
The unit vector of Vg is simply
a, (2-52)
It is the outward unit normal to the given sphere in spherical coordinates.
Example 2-9

In the presence of a scalar field V =(x* +3)y®, a circular path of radius 1 is

centered at the origin inthe z =0 plane.

(a) Evaluate LVV «dl along the circle, in the counterclockwise direction, from
p,:1,0,0) to p,:(0,1,0).
(b) Verify LVV-dl =V(p,)-V(p,).

Solution

()

(b)

Gradient of Vin Cartesian coordinates is

VV =2xy*a, +2y(x* +3)a,

The line integral of VV is written from the equation of the circle
x?+y® =1 as
(0.1,0)

“VV.ed = [2xy a, +2y(x +3)a, |-(dxa, +dya, +dza,)

P (1,0,0

= jl 2x(1 - x*)dx + L:o 2y(l-y® +3)dy = 3.

The line integral of VV is written from the definitions of VV and dl
as

j VVedl = j [8V X+8—Va +a—Vaj (dxa, +dya, 6 +dza))

dy 0z
zaV oV
.[}: P +—d +a—dz j

—V(pz]—V(pl] =

The line integral of the gradient of a scalar field is independent of the path of
integration; it only depends on the initial and terminal points of the path.
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Exercise 2.7
Given a scalar field V = cos(2x + 3y + z), find, at point p:(2,1,1), (a) gradient

of V, and (b) directional derivative of Valong a,.
Ans. (a) —(2a,+3 a, + a,)sin(8), (b) -2sin(8).

Exercise 2.8
If a scalar field V has the unit of the volt, what is the unit of VV ?

Ans. Volt per meter.

Exercise 2.9
Are the following expressions true? (a) V(U +V)=VU +VV,

(b) V(UV)=VVU +UVV , (c) V(U*)=4U°(VU), and
(d V(1/U)=1/(VU).
Ans. (a) Yes, (b) Yes, (¢) Yes, (d) No.

Review Questions with Hints

RQ 2.5 What are the significances of the magnitude and direction of the gra-
dient of V? [Eq.(2-34)]

RQ2.6 Does V =0 ata pointinspaceimply VV =0 at the point?[Eq.(2-34)]

RQ 2.7 State the relation between the directional derivative of Vin the a,-

direction and the gradient of V. [Eq.(2-36)]
RQ 2.8 Define the del operator in Cartesian coordinates. [Eq.(2-40]
RQ 2.9 Express VV in the three coordinate systems. [Eq.(2-43)]

2.3  Flux and Flux Density

The flux usually means a flow of something, and is defined as a scalar quantity
crossing a reference point per unit area per unit time. When the concept of the
flux is used in the study of electromagnetics, the flux may represent the number of
field lines passing through a given surface. In addition, the flux density is used to
represent the number of field lines per unit area. The flux density forms a vector
field, which is generally given as a smooth function of position in three-
dimensional space.

From geometry, a smooth curve is defined as one on which the tangent line va-
ries only continuously as we move along the curve. Since a physical vector quan-
tity exhibits no abrupt changes in direction as a function of position, we can draw
a smooth line connecting spatial points in the vector field in such a way that the
vector at each point is tangential to the line. These lines are called the field lines,
or flux lines. The tangent to the field line represents the direction of the vector at
the point, while the density of the field lines in a region surrounding the point
represents the magnitude of the vector. Electromagnetics involves two flux den-
sities: the electric flux density D measured in coulombs per square meter and the
magnetic flux density B measured in webers per square meter.
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The total flux passing through a surface is equal to the surface integral of the
flux density over the given surface. As an example, let us consider an electron

cloud of a number density ne[m’?’] flowing with a velocity v[m/s]. The flow of

electrons can be conveniently described by a flux density, which is defined as the
number of electrons crossing per unit area of a cross section per unit time. Here,
the cross section is a plane perpendicular to the direction of flow of the electrons.
The flux density of flow of the electrons, N, is equal to the product of the number
density and the velocity. i.e.,

N=n,v [m2.s7'] (2-53)

With reference to Fig. 2.10, the differential area |ds| on surface S is equivalent to
an area |ds|cos o. on the cross section. Thus, the differential flux d¥ passing

through the area |ds|, or the number of electrons passing through |ds| per unit

time, i written as
d¥ =|NJ|ds|cos o. = |N||ds|a,-a, = N«ds

where cosa is conveniently replaced by the dot product of a, and a,, which

are unit vectors in the directions of N and ds, respectively. The total flux passing
through surface §is therefore

Y= Ld‘l’ = LNods (2-54)

Again, the total flux through a surface S is equal to the surface integral of the
flux density over S. 1t is important to note that the magnitude of the flux density
is the quantity crossing per unit area of a cross section, or a plane perpendicular to
the direction of the flux density.

S |as| |ds|cos o

] »
ds
N e
‘@
_’ N
o >

v

Fig. 2.10 The differential flux crossing a differential area, d¥ = Ne«ds .
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Field lines can graphically show the spatial distribution of a given vector field,
as illustrated in Fig. 2.11.

(@) (b) (©
D ——————————————— __/

- 5 __/V
. \’

—>\

(d) (e)

Fig. 2.11 Flux lines (a) uniform flux lines (b) slightly diverging flux lines (c) radial flux
lines produced by a point divergence source (d) flux lines starting at a point source and end-
ing at a point sink (e) concentric flux lines produced by a circulation source.

Exercise 2.10
What should be the functional form of the flux density illustrated in Fig. 2.11(c), if
its total flux is conserved in three dimensional space?

Ans. ~(1/R%a,

Exercise 2.11

What should be the functional form of the flux density illustrated in Fig. 2.11(e), if
its circulation is conserved in three dimensional space?

Ans. ~(1/p) a,

Review Questions with Hints

RQ 2.10 State the relation between the flux and flux density. [Eq.(2-54)]
RQ 2.11 When a flux density is defined as the quantity per unit area, identify the
surface of which the unit area is a part. [Fig.2.10]

RQ 2.12 What is the significance of the dot product in Eq. (2-54)? [Fig.2.10]

2.4 Divergence and Divergence Theorem

The divergence is a vector operator acting on a flux density, or a vector field with
the dimension of a scalar quantity per unit area. The divergence of a flux density
is defined in such a way that the net outward flux through a closed surface is di-
rectly linked to the source enclosed by the surface. The divergence is based on a
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premise that the total flux coming out of a source is conserved in three dimension-
al space. The net outward flux through a close surface remains the same only if
the surface encloses the same source. By the same token, if no source is enclosed
by the surface, the amount of the outward flux is exactly the same as that of the
inward flux, no net outward flux. From the definition of the divergence, we can
derive the divergence theorem, which is very useful for converting a closed sur-
face integral of a flux density into a volume integral, and vice versa.

2.4.1 Divergence of a Flux Density

The divergence of a flux density D, which is denoted as div D, results in a scalar

quantity at a point in space. The divergence of D involves an imaginary surface
of an infinitesimal extent surrounding the given point such that

the divergence of D at point p, is the ratio of the net outward flux, passing
through a closed surface centered at p,, to the enclosed volume as the volume

shrinks to a point at p,.
The divergence of D at point p, is written as

gSD-ds
divD = lim ~<—

tm = (2-55)

The small circle on the integration sign signifies that surface S is a closed one cen-
tered at p,. In the above equation, Av is the volume bounded by the closed

surface S, and ds is the differential area vector on S, pointing out of the volume
enclosed by S.

With reference to Fig. 2.12, we apply the definition of the divergence in Eq. (2-
55) to a rectangular parallelepiped of an incremental volume Av = AxAyAz,

which is centered at point p, with the edges parallel to the Cartesian axes. In

the presence of a flux density D=D a +D,a +D,a,, we need to know the

values of D on the six faces of the parallelepiped to compute the closed surface
integral of D. Since the parallelepiped will eventually shrink to a point at p,, it

is more convenient to expand D on the face in Taylor series centered at p,. Se-

parating the closed surface integral in Eq. (2-55) into six parts, which are the sur-
face integrals over the six faces of the parallelepiped, we have

lim® D«ds

Av—0 VS

= lim [ [ Deds+ |, Deds+ | ,Deds+ [ Deds+ [ Deds+ |, D-ds} (2-56)
= lim [D'.ds' + D*-ds” + D*-ds® + D*-ds* + D°-ds” + D°-ds" |

Av—0
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where superscript 1, for instance, denotes that D! is the value of D at the center
of face 1. Upon expanding D on each face in Taylor series centered at p,, the

outward fluxes through the six faces of the parallelepiped are

D'.ds' = |:Do + A_z)cg_D }-dsl , ds'=AyAza, (2-57a)
X at p;
D*.ds® =| D, + %g_n .ds®, ds®=AxAza, (2-57b)
L y at p; i ‘
piuds® =|D — 2P| | 4st . ds®=-Aysza (2-57¢)
° 2 Jax|, . x
D'.ds’ =|D, - %Z—D .ds*, ds*=-AxAza, (2-57d)
Y at py
D°.ds’ = | D, +%3—D .ds®, ds®=AxAya, (2-57¢)
L z at p; i
pouds® =|D ~ 22 | 4ss . ds® = —AxAya (2-57f)
°" 3 5, ya,
L at p; i

where the higher-order terms in the Taylor series are ignored. The minus sign in-
side the bracket signifies that the corresponding face is receded from point p, in
the negative direction along the coordinate axis, whereas the minus sign in the ex-
pression for ds is to make ds point away from the enclosed volume. It should be
noted, for instance, that D, and the partial derivative of D in Eq. (2-57a) are

those evaluated at point p,, although they, when combined as in the bracket,

represent D' at the center of face 1. Combining the six expressions given in Eq.
(2-57) we have

D'.ds' + D*«ds? + D%«ds® + D*«ds* + D°.ds® + D°.ds®

oD
ca +—
dy

JD

«Qa D —
Y oz
at py

= AxAyAz F—D
ox

.a, (2-58)
at py

at py

D,
= AXAyAz 9D, | + 9D, | + 9D, |
X |atpl ay at py

at py

where we have used dD /dx = (0D, /ox)a, + [E)Dy / 0x) a + (0D, /dx)a,, and

the like.
Substituting Eq. (2-56), Eq. (2-58) and the differential volume Av = AxAyAz

into Eq. (2-55), the divergence of D in Cartesian coordinates is
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oD, 9D, 9D
x4y O 2-59
ox Jdy 0z ( )

divD =

The divergence of D is a scalar quantity specific to the point in space where the
partial derivatives of D are evaluated. The del operator enables us to express the
divergence of D as

co

Following the same procedure, we can obtain the expression for divD in other
coordinates. The divergence of D in the general coordinates (u,v,w) is

1
h,hyhy

VD=

- (hhD) (D) + o (hhD,) | e

where h,, h,,and h, are the metric coefficients as in Eq. (2-45).
In the three coordinate systems, the divergence of D is written as follows:

oD
V.D= oD, +—L+ oD, (Cartesian) (2-62a)
ox Jdy 0z
oD
VD= 5 % (pD,) + ; a—q)‘" + aa% (cylindrical) (2-62b)
1 9 1 9D,
V.D= R?’D —(D, sin 6 -
R2 aR( D.)+ Reln® ae[ , sin ) + Rsng 8¢ (2-62c¢)
(spherical)

Although the del operator is defined in Cartesian coordinates only, the symbol
V.D is used to represent divD in cylindrical and spherical coordinates as well,

without suggesting a dot product between V and D.

z (XY, 2))

Fig. 2.12 A rectangular parallelepiped with a differential volume.
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Example 2-10
In the region R>0 in spherical coordinates, find the divergence of the
following vector fields:

(a) D=%3R’ and

1
(b) A= R a;.
Solution
(a) From (2-62c¢)
dD,
19 Rpyr—t 9D sing+— L
R BR Rsin6 00 Rsin6 8(1)

1 9 1
=—_—|R*=|=0.
RZaR[ sz

(b) From (2-62c¢)

vaslifwll L
R* 0R R R

A vector field with a zero divergence is said to be a solenoidal field. The field
lines of D and A will look the same as in Fig. 2.11(c), if drawn on a paper, even
though they yield different divergences VeD =0 and V:A#0 . From
V.D =0 we see that there is no source or sink in the region R> 0. The field
D must be produced by a point source located at the origin, because the integral of
D over a surface enclosing the origin is nonzero. The vector field A is a non-
solenoidal field. The field A must be produced by the source distributed in the
region R >0, asis evident from V<A #0.

Example 2-11
Verify the vector identity V+(VA)=(VV)-A+V (V-A).

Solution
In Cartesian coordinates, we write

V.(VA) = L}%(VAX) +%(VAU)+8%(VAZ)}

a
:a_VA +a_VAy+a_VAZ aA +VAy ai
dy 0z

ox ax oy 0z
oV oV oV
:(ax +£ +$azj°(Axax+Ayay+Azaz)

+V i+3i+8Az
ox Jdy 0z
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Thus,
V.(VA)=(VV)-A+V (V-A) (2-63)

Exercise 2.12

Find the divergence of the following vector fields at point (x,y,z) =(1,1, J6)
(a) A=x"a, +3za, +yza,,

(b) A=(3cos¢/R*)a, +(4sin6/R)a, -2a,.

Ans. (a) 3, (b) +/3/2.

Exercise 2.13
Given a vector field D(r) = Acos(k.r), where r is position vector, and A and k

are constants in Cartesian coordinates, under what condition does D become
solenoidal.
Ans. A 1L k.

2.4.2 Divergence Theorem

Although the divergence of a vector field is given by the partial derivatives of the
field, it inherently involves a closed surface, enclosed volume, and the surface
integral of the field. The divergence theorem follows from the definition of the
divergence, stating that the volume integral of VD over a volume is equal to

the closed surface integral of D over the surface bounding the volume. The di-
vergence theorem is expressed as

[,V-Ddv=¢ D-ds (2-64)

where S is the bounding surface of the volume 7, and ds is the differential area
vector on S, which is always directed out of the enclosed volume.

To verify the divergence theorem, let us consider a finite volume %’ as shown in
Fig. 2.13, which is bounded by a surface 5. For the sake of argument, we subdi-
vide 7 into a large number of infinitesimal elements of volume. Figure 2.13
shows three elements, Av,_,, Av,,and Av,,, positioned next to each other with

their top faces coincident with S. We see that the element Av, shares its faces

with the adjoining elements except for the top face. Under these conditions, if the
face on the right-hand side of Aw, is considered to belong to Aw, , the differen-

tial area vector ds on the face is directed toward the right, but should be directed
toward the left if the face is considered to belong to Aw,,,. Here, let us consider

the divergence of D at the center of the volume element Aw, , which is
expressed as
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D.ds
(VeD) = lim ~*—— (2-65)

Ve Av >0 Alyk

where As, is the bounding surface of Az, . Rewriting Eq. (2-65) leads to

Alvikrgo |:(V : D)Avk Ayk:| - Alsiklzloli ASp. D- ds] (2-66)
The term in bracket on the right-hand side of Eq. (2-66) represents the net flux
coming out of Aw, . In view of the principle of conservation of the flux, this flux

will eventually cross the outer surface .§ with no change in the amount. There-
fore, the total flux passing through the boundary surface S is equal to the sum of
the fluxes coming out of all the individual elements of volume. The net outward
flux through §is written from Eq. (2-66) as

N—oo As
Ay —0 fe=1 fe=1

lim {kff(v-n)m Ayk} = lim Eqs D-ds} (2-67)

A5 —0

The left-hand side of Eq. (2-67) just equals the volume integral of V<D over 7,

whereas the right-hand side equals the surface integral of D over all the faces of
all the elements of volume. If a face is shared by two adjoining elements of
volume, it contributes nothing to the surface integral because of the opposite di-
rections of ds on the face. As a consequence, the right-hand side of Eq. (2-67) re-
duces to the surface integral of D over the boundary surface 5. The divergence
theorem is therefore verified.

Fig. 2.13 A finite volume 7’ with a boundary surface S is subdivided into many infinitesimal
elements of volume.

Example 2-12
For a flux density A(r) = x’ya, —x’y a, +za,, verify the divergence theorem

over a cube two units on a side centered at the origin as shown in Fig. 2.14.
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Solution
The surface integral of A over each face of the cube is as follows:

_[ A.ds=["" J'Z:l (x’ya,-x’ya, +za,)-(dydza,)
5 y=-1Jz=-1 L
(faceat x=1)

= (1)2.|'y:1 ydyJ.Z:1 dz=0
y=-1 z=-1
[ Ao 7 Aatzn) <7 s -0 o1

y
y=

[ Ads=[" [" Aclxdza) =~ xdx[ " dz = ‘% (y=1)

[ Aads=[" " A-(-dxdza,) = (D[ xdx[ dz = ‘% (y=-1)

J, A-ds - [ jjle.(dxdy a)= (1)_[::dx_[5:jldy =4 (z=1)

Jads =] [ A Cdrdya) =[x T dy =4 (z=-D)

Combining the above results, the closed surface integral of A is

<J'>§A-ds = % (2-68)

Next, the divergence of A is computed as

V.A= i(xzy)+i(—x2y]+i(z] =2xy-x*>+1
ox dy 0z
The volume integral of VA over the cube is

[ Veado=] 11 j;”l jll(zxy — x* +1)dxdydz

1 5 y=1 z=1
X dxjy:_ldy "~ dz (2-69)

X=—

=2 xax]!” yay[ dz- [
+[ dxjy:l dy(”" dz =18

x=-1 y=-1 z=-1 3

The two results in Egs. (2-68) and (2-69) are equal, and the divergence
theorem is therefore verified.

Example 2-13

For a flux density B(r)=sin¢a, given in cylindrical coordinates, verify the

o
divergence theorem over a cylinder of radius 2 and height 2, centered at the origin,
as shown in Fig. 2.14.
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Solution
Surface integrals of B over the faces of the cylinder are

j Beds = q):znr:l sin¢a¢-[2d¢dz ap] =0 (cylindrical surface)
cylin 0=0 z=-1
_ =21 pp=2 _
jwa ods = -[¢:o jp:O sin¢a,+(pdodpa,) =0 (top plate)
=21 (p=2
J.bmm B.ds = L:o IP:O sinda,-(-pdodpa,)=0 (bottom surface)

Closed surface integral of B is therefore

<!>5B-ds= B-ds+L B.ds + B.ds =0 (2-70)
op

cylind bottom

Next, the divergence of B is

10B, 0B, 1

10
-9 - == 2-71
> 3 + e pcosQ) ( )

V.B=-
p Ip

(PB,) +

Volume integral of V+B over the cylinder is

=2 0=2T

p z=1 1 . O=27
J.VV ‘Bdv= L:o L}l 5 cos opdpdodz = 2sin ¢|¢:0 =0 (2-72)

=0

Two results in Egs. (2-70) and (2-72) are equal, and the divergence theorem
is therefore verified.

Although the integral of V«B over the cylinder is zero in Eq. (2-72), VB

may not be necessarily zero inside the cylinder as can be seen from Eq. (2-
71). In view of these we conclude that the flux arises from the source
distributed in the region -n/2<¢<m/2 inside the cylinder, and
completely terminates at the sink distributed in the region
n/2<0<3n/2. The divergence provides a useful way of checking the

presence of the divergence source or sink distributed in a region of space.

(b)

Fig. 2.14 A cube and a cylinder.
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Example 2-14
Given a vector field A(r):(l/Rz)aR in spherical coordinates, verify the

divergence theorem over the spherical shell of an inner radius R, and an outer

radius R, asshown in Fig. 2.15.

Solution
The differential area vector ds is always directed outward from the enclosed

volume. Thus, ds is along the direction of a, on the outer sphere, but
along the direction of —a, on the inner sphere.
Surface integrals of A over two spheres are

_ 0=271 p6=7 1 2 . 3
J.outerA.ds T Joo Joco gaR'(RQ sin6dodba,) =4n (2-73a)
A.ds — ¢=2n po=n ] ( R2 in 6dodo ) _ 4 —
J.inner : “ Jo=0 Jeo-o R_12aR. —ky sin ] a,)=—-4amn (2- )

Closed surface integral of A is therefore
¢ A-ds=4n-4an=0

Next, the divergence of A in spherical coordinates is

V.A= in(R2 izj =0

R* dR R
The volume integral of V<A and the closed surface integral of A are both
zero. The divergence theorem is therefore verified.

We note from Eq. (2-73) that a total flux of 4m enters the volume through
the inner sphere, while a total flux of 4m leaves it through the outer
sphere. Furthermore, the divergence of A is zero at every point in the given
volume, implying that no flux is generated from inside the volume.

R

2

ds ds

Fig. 2.15 A spherical shell bounded by two spheres.
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Exercise 2.14

Under what conditions do you have (JSSA-ds =0, where the surface $ is bound-

ing a volume 17
Ans. (1) A=0 in %, (2) no source and no sink in ¥, (3) all the fluxes from the
source in ¥terminate at the sink in .

Review Questions with Hints

RQ 2.13 State the divergence of a flux density in words. [Eq.(2-55)]
RQ 2.14 Does V+.A =0 ata pointin space directly mean A =0 at the point?
[Eq. (2-55)]
RQ 2.15 What is the unit of V<D, if the unit of D is the coulomb per square
meter? [Eq. (2-55)]
RQ 2.16 State the divergence theorem in words. [Eq. (2-64)]
RQ 2.17 What should be the unit of a vector field if the divergence and the di-
vergence theorem are to be meaningful? [Eqg. (2-64)]

RQ 2.18 Is V.D useful for checking the presence a discrete source other than-

the distributed source or sink? If not, how can you detect a point
source? [Eq.(2-64)]

2.5  Curl and Stokes’s Theorem

A simple circulation source generates field lines in the form of concentric circles.
For instance, an infinitely long straight wire carrying a dc current produces mag-
netic field lines around the wire in the form of concentric circles. As was stated
earlier, the closed line integral of a vector field H around a closed path ¢, centered
at point p,, is referred to as the circulation of H around C at p,. As the total

flux from a point divergence source is conserved in space, the circulation of a vec-
tor field due to a simple circulation source is conserved in space; that is, the circu-
lation is the same if the path of integration encloses the same source, and zero if
the path encloses no source, regardless of the shape and orientation of the path.
The curl is a vector operator acting on a vector field of the dimension of a scalar
quantity per unit length. The curl of a vector field is defined in such a way that it
is directly linked to the circulation source enclosed by the path of integration.
From the definition of the curl, we can derive the Stokes’s theorem, which is very
useful for converting the closed line integral of a vector field into a surface
integral, and vice versa.

2.5.1 Curlof a Vector Field

The curl of a vector field H, which is denoted as curl H, results in a vector quan-

tity at a point in space. The curl of H involves an imaginary loop of an infinite-
simal extent around the point in space such that
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the component of curlH in the a, -direction at point p, is the ratio of the
circulation of H around a loop, centered at p, with the loop surface perpendi-

cular to a,, to the loop area as the loop shrinks to a point at p,.

The J-component of curl H at point p, is written as

H.dl
curlH-a, = gl;% CJSCT (2-74)

where C is the closed loop centered at p, having a, as the unit normal to the
loop surface, and As is the area of the loop surface. The direction of a, on

As and the direction of dl on ¢ follow the right-hand rule: the right thumb points
in the direction of a, when the fingers advance in the direction of dl.

The curl of H at point p, is a vector whose magnitude is the maximum circula-
tion of H per unit area of the loop surface, as the loop shrinks to a point at p,,
and whose unit vector is normal to the loop surface oriented for such maximum.

The curl of H at point p, is expressed as

¢ H-al
curlH=lim~“——a_ (2-75)
As—0 As

where Cis the closed loop centered at p, oriented for the maximum circulation
per unit area, As 1is the loop area, and a, is the unit normal to the loop surface.

Again, the direction of a, on As and the direction of dl on C follow the right-

hand rule.
The curlH is a vector, and is thus expanded in component form as

curl H = (curlH), a_ + (curl H]y a, + (curlH),a,

The x-component is equal to the projection of the curlH onto the x-axis, that is,
(curlH), =(curlH)-a,_, and of course the circulation of H per unit area of the
yz-plane as the loop area shrinks to zero.

With reference to a rectangular loop of width Aw and height Ah centered at
point p, asshown in Fig. 2.16, we obtain the component of curlH in the direc-
tion of a, =sinoa, +cosca a,. In the limit as the loop tends to zero, we write
the circulation of H around the rectangular loop C as

lim H)CH dl] = lim [H'+dl' + H>odl® + HC+l® + H*ocll* | (2-76)

As—0 As—0
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where superscript 1 stands for side @ of loop ¢ on which the vector field is
H =H'. Since the loop will eventually shrink to a point at p,, it is more conve-
nient to expand H on the side of the loop in Taylor series centered at p, . With the

help of the Taylor series expansion of H, the terms on the right-hand side of Eq.
(2-76) are written as

H.dl' = D+A7wg_H }-dll, dl' =-Axa_+Aza, (2-77a)
L y at p;
H’.dl’ =| H, - %3—1{ %aa—H }-dl2 ,d = -Awa, (2-77b)
L X at p; z at p;
H’.dl’ =\ H, - %UE_())—H 1-6113 , dl’ = +Ax a, - Az a, (2-77¢)
L Y at py
H'.dl' = H, + %xg_n %z_n }-dl“ ,dlI' = Aw a, (2-77d)
X at p, z at p;

It should be noted, for instance, that H  and the partial derivatives of H in Eq.
(2-77d) are those evaluated at point p,, although they, when combined as in the
bracket, represent H* on side @ of the loop. Combining the expressions in Eq.
(2-77), we obtain

(H'-dl' + H*+dl®) + (H?+dl” + H*.dl*)

=—Awaa—H -aX+AwAza—H -aZ+Awaa—H -ay—AwAza—H ‘a,
ay Py Y Py ax P aZ P ‘
oH oH
= AwAz oH, -4 + AWwAX vyl 8&
ay 0z ox ay
P P Py
(2-78)

where we have used JH/dx=(0H, /dx)a,  + (aHy / 0x) a, + (0H, /dx)a, ,

and the like. Substituting Eqs. (2-76) and (2-78) into Eq. (2-74), the circulation
of H per unit area of the plane perpendicular to the direction of a, , which we de-

note as (CIRH),, is
Ax | 0H,
+ —_—
ay P Dy Ah ax b bh

) 0H, oH, oH, oH,
=sino ——*~|+cosa 4 —
Jdy 0z 0x dy

oH,
0z

_9oH,
dy

Az | O0H
Ah

(CIRH), = limit {—
(2-79)
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where we used As = AwAh for the surface area of the loop, and the relations
Az / Ah =sino and Ax /Ah =coso obtained from Fig. 2.16. For the mo-

ment, we use the notation (CIRH), to represent the circulation of H, per unit
area, around the loop with the loop surface perpendicular to a, , and the notation
(curlH), to represent the k-component of curl H that is obtained from the pro-
jection of curlH in the direction of a, .

If a=90°, the unit normal to the loop surface is along the x-axis; that is,
a, = a_. Under this condition Eq. (2-79) becomes

oH, oH,

(CIRH), =
dy 0z

(2-80a)

This is the circulation of H per unit area of the x = x; planeat p,. Similarly, if

o = 0°, the unit surface normal is along the z-axis; that is, a, =a,. Under this
condition Eq. (2-79) becomes

aHU _ aHx
Jx 9y

(CIR H), = (2-80b)

This is the circulation of H per unit area of the z =z, plane at p,. The same
procedure can be followed to obtain

_0H, OJH,

R, = o

(2-80c)

Next, in view of Eq. (2-80), we rewrite Eq. (2-79) as

(CIRH), =(a,-a, )(CIRH), +(a,+a,)(CIR H),

where we used a +a, =sino and a,-a, = cos o, which can be obtained from
Fig. 2.16. Extending the above expression to an arbitrary unit vector a, , we ex-
press (CIR H), as

(CIRH), =(CIRH),aa +(CIRH)a a, +(CIRH),a, a,

2-81
=[(CIRH),a, +(CIR H),a, +(CIR H),a, |-a, 8D

Again, the left-hand side of Eq. (2-81) is the circulation of H per unit area of the
plane perpendicular to an arbitrary unit vector a, . Suppose the bracket in Eq. (2-

81) represents a vector in the direction of a unit vector a, . In view of the fact that
the right-hand side of Eq. (2-81) is maximum for a, = a_, we identify the brack-

et in Eq. (2-81) with the maximum circulation of H per unit area, occurring in
the direction of a,, which we call curl H. We also note that the circulation of H
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per unit area of the plane perpendicular to a,, or (CIR H),, is the x-component

of curlH, and so on.

From Eq. (2-80), the component form of curl H in Cartesian coordinates is

oH oH
curl H= oH, oH, a + [aH" _9H, ja +| —% - 9H, a, (2-82)
dy 0z oz dox )Y ox  dy
The del operator allows us to write curl H in determinant form as
a a, a,
curl H=VxH = 9 9 9
ox dy 9z
H, H, H,
In the general coordinates, (u,v,w), the curl of H is expressed as
hlau h2av hSaw
vxg=—L |2 2 9 (2-83)
hh,h, | du v ow
thu hQHv hSHw
where h,, h,,and h, are the metric coefficients as given in Eq. (2-45). In the
three coordinate systems, the curl of H is expressed as follows:
a a, a,
VxH= i i i (Cartesian) (2-84a)
ox dy 0z
x Hy Hz
a, pa, a,
VxH= 1 i i i (cylindrical) (2-84b)
plop 00 0z
H, pH, H,
a, Ra, Rsin0a,
1 0 0 d
VxH=—F5——|—= — — herical 2-84
R®sin6|oR 96 % (spherical) (2-84c)
H, RH, Rsin6H,

In cylindrical and spherical coordinates, the curl of H is also denoted as VxH,

without suggesting a cross product between V and H.
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Fig. 2.16 A rectangular loop for the calculation of (curlH)-a, .

Example 2-15
In the region p >0 in cylindrical coordinates, find the curl of the following

vector fields: (a) F, = Lzaq, , (b) F, = laqJ , () Fy=a,,and(d) F, = p> a,.
p p
Solution
From Eq. (2-84b) we obtain the curl of the given vector fields as follows:
a pa, a,
(a) V><F1:li 9 i:—isal.
plop do 9z p
0O 1/p O
a pa, a,
(b) przzli 9 izo,
plop dbo 0z
O 1 O
a, pa, a,
© Vxm=ill 2 9 1,
pdb odz| p
0 p
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The field lines of these vector fields are schematically drawn in Fig. 2.17. The
curl of F, is zero at every point in the region p > 0. A vector field with zero

curl is called an irrotational field, or a conservative field. The field F, must be
produced by a circulation source located at p =0, because V xF, =0 (no circu-
lation source in the region p > 0), and the circulation of F, around any loop en-

closing the z-axis is nonzero. The other fields must be produced by the circula-
tion source distributed in the region p > O, because they have a nonzero curl in

the region p > 0. There may or may not be a circulation source along the z-axis
for these fields. For instance, from lﬁing (ﬁc F,.dl = lsin(')l(a‘b . a¢)2n8 =0, where 9

is the radius of ¢, we see that there is no circulation source for F, lying along the
Z-axis.

A paddle wheel may be used as a detector for the curl source in a region of
space: a nonzero circulation will make the wheel rotate. The direction of the curl
and the direction of rotation of the paddle wheel follow the right-hand rule: the
right thumb points in the direction of the curl when the fingers follow the rotation
of the wheel.

@

Fig. 2.17 Field lines of the four vector fields, directed along the ¢-direction. A paddle
wheel is used to detect the curl of the vector field.

Example 2-16
Verify the identity V x(VA) =(VV)xA +V(V xA) in Cartesian coordinates.
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Solution
The left-hand side of the identity is expanded in component form as

a a a

X Yy z
vx(va)=|L 2 2
ox Jdy 0z
VA, VA, VA,
=a J A——V +a [aVA —iVAJ V ——VA
x ay B A oz * dx A,
=a, a—VAZ v +a (aVAx—a—VAj+a ——A, - 8V A,
oy 9z 0z ox ox ay
+aV aA ai +aV ai_aﬁ +an ai_ai
ay 0z Yoz ox ox dy
Rewriting the above equation, we have
a a a, a a, a,
vxwa) = VWV yl9 9 9l yy)xAa+V(VxA)
ox dy 0Jz Jx dy 0z
A, A, A, A, A, A
The vector identity is therefore verified:
[Vx(VA) = (VV)xA+V(VxA).| (2-85)

Exercise 2.15
Find the curl of a vector field H(r) = Asin(ker), where r is position vector, and

A and k are constants in Cartesian coordinates.
Ans. VxH = (k x A)cos(ker).

Exercise 2.16
With reference to F,in Example 2-15, assuming a unit circulation source pro-

duces a unit circulation of F,, find the magnitude of the source at p =0.

Ans. lim@ F,.dl = limlaq, -a,2md =2m.
§-0 J¢ 30 §

2.5.2 Stokes’s Theorem

Although the curl of a vector field is given by the partial derivatives of the field, it
inherently involves a closed loop, loop area, and the closed line integral of the
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field. The Stokes’s theorem follows from the definition of the curl, stating that
the surface integral of V xH over an open surface is equal to the closed line
integral of H around the loop bounding the surface. The Stokes’s theorem is
expressed as

L(VxH]-ds=<f>CH-dl (2-86)

where the surface § is bounded by the closed loop ¢. The direction of dl on ¢ and
the direction of ds on  are governed by the right-hand rule: the right thumb points
in the direction of ds when the four fingers advance in the direction of dl.

To verify the Stokes’s theorem, let us consider an open surface S as shown in
Fig. 2.18, which is bounded by a contour . For the sake of argument, we subdi-
vide S into a large number of infinitesimal elements of surface. Figure 2.18
shows three elements, As,_,, As., and As,,, , which are positioned next to each

other with their top sides coincident with . When the positive direction of ¢ and
the normal direction to S, or a_, satisfy the right-hand rule as shown in Fig. 2.18,

the unit normal to As, , or a,, should follow the direction of a . Then, accord-
ing to the right-hand rule, the direction of travel on Ac, , or the contour bounding
As,. , should be counterclockwise. As we see in the figure, the right side of As,
is shared with the adjoining element As,,, . The direction of travel on this line
segment is upward if the line segment is considered to belong to As, , but is
downward if it is considered to belong to As,,,. From the definition of the curl,
at the center of a surface element As, , we can write

lim [(V x H)-a,As, | = lim[ 5 H-dl] (2-87)

As—0 A —0

Adding circulations of H on all individual surface elements, we have

N N
lim {Z(V xH)-(akA.sk]} = lim [Z H-dl} (2-88)
IAVSZ):?O k=1 gcjio e 7 A%

From calculus we recognize the left-hand side of Eq. (2-88) as the surface integral
of VxH over S. Meanwhile, the right-hand side of Eq. (2-88) is the sum of the
line integrals of H along all the contours of all the surface elements. If a part of
the contour is shared by two adjoining surface elements, it contributes nothing to
the net line integral, because of the opposite directions of travel on the path. As a
result, the right-hand side of Eq. (2-88) reduces to the closed line integral of H
around the contour C bounding the given surface S. The Stokes’s theorem is
therefore verified.
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Fig. 2.18 Surface elements of surface S bounded by a contour C.

Example 2-17
For the vector field A =pcos¢a, given in cylindrical coordinates, verify
Stokes’s theorem over a quadrant of a disk of radius a as shown in Fig. 2.19.

Solution
Curl of A in cylindrical coordinates is

a pa, a,
V><A:li 9 izzcosq)az

p|op relo) 0z

0 p?cosd O

Integrating V x A over surface 5, we have

_ p=a ro=n/2 . 2 ;
[.(VxA)-ds = L:o |, 2cosoa,)(pdpdoa,)=a (2-89)
Next, separating the circulation of A around Cinto three parts, we have
b A-dl= j®A-dl+ j®A.d1 +j®A-dl

where

.[@A.dl - J'::::(pcosoo a,)(dpa))=0
Jpardl= [ lacosea,)ladoa,) =’

=0
I©A-d1 = Ipp:a (pcos90° aq))-(dpap) =0
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The closed line integral is therefore

@mm:& (2-90)

The two results in Egs. (2-89) and (2-90) are equal, and the Stokes’s theorem
is thus verified.

Fig. 2.19 A quadrant of a disk.

Exercise 2.17
Verify the distributive law, Vx(A +B) =V xA +V xB, by Stokes’s theorem.

Ans. [ [Vx(A+B)-ds=¢ Acdl+§ Bedl= [ [(VxA)+(VxB)|-ds.

Review Questions with Hints

RQ 2.19
RQ 2.20
RQ2.21

RQ 2.22
RQ2.23
RQ 2.24

RQ2.25

State the curl of a vector field at a point in space in words. [Eq.(2-75)]
If VXA =0 atapoint, does it means A =0 at the point? [Eq.(2-75)]
If the dimension of A is a scalar per unit length, what is the dimension

of curlA? [Eq.(2-75)]
How can you identify a conservative field? [Fig.2.17]
State Stokes’s theorem in words. [Eq.(2-86)]
Can Stokes’s theorem be applied to any vector field, regardless of the

dimension of the vector field? Eq.(2-86)]

Is VxH useful for checking the presence of a discrete source other
than the distributed circulation source? If not, how can you detect it?
(Eq.(2-86)]

2.6  Dual Operations of V

To summarize, the vector operators such as gradient, divergence, and curl embody
special arrangements of the partial derivatives such that each has certain physical
significance. The gradient represents the maximum directional derivative of the
scalar field at a given point in space. The existence of a distribution of divergence
sources gives rise to a nonzero divergence of the vector field in the given region.
Similarly, the existence of a distribution of vortex sources gives rise to a nonzero
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curl of the vector field in the given region. These vector operations can be easily
represented by the V operator acting on a scalar or a vector field.

A second del operator may act on the gradient, divergence, or curl. Although
the del operator is defined in the Cartesian coordinates only, the second operation
is simply interpreted as an additional gradient, divergence, or curl in the other
coordinates. A dual operation of V on a scalar or a vector field involves the
second partial derivatives. Even if dual operations may not have physical signi-
ficance, some are very useful for mathematically expressing electromagnetic
processes. The dual operations of V, which are frequently encountered in
electromagnetics, are as follows:

(a) The divergence of the gradient of a scalar field V results in a scalar field.
In Cartesian coordinates, it is express as

(2-91)

2. 2. 2.
VVV =V. a_Va +8_Va +8_V a, :a‘g+a‘§+a‘§
0x dy ¢V oz ox* Jdy® oz

This is called the Laplacian of V. In Cartesian coordinates, the Laplacian
operator is defined as
s 07 0” 0”

"o oy ot

The Laplacian operator in the general coordinates (u,v,w) is

1 d d 0
VZ=V.V= —(h,h hh,)+a, —(hh
e [ (), () + 3, ()|
(2-92)
1 0 1 0 1 0
a———+a, ——+a,——
“hyou "h,dv “h;ow
where the metric coefficients are as follows:
h,=1, h,=1, h;=1 (w,v,w) =(x,y,z) (Cartesian)
h, =1, hy,=p, hy=1 (w,v,w) =(p,d 2) (cylindrical)
h,=1, h,=R, h;=Rsin6 (w,v,w) =(R,6,9) (spherical)
The dot product precedes any differentiation in Laplacian operator. For
example,
0 0 0 0 0 0
a—+a —=-a-.a ——7a--—|a —
“ou “ov Y YQudv " oul\ ‘v

In the three coordinate systems, the Laplacian of V'is written as follows:

2’V 9V 9%V

V¥V = +—+—
ox*> dy* 0z

(Cartesian) (2-93a)
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V74
p dp

19 [ BVJ 1 0%V 9%
ap

p—2 W ? (cylindrical)

R? 0R

V2V=L1(R

2avj 1 9 ( . avj 1 9V
— |t————|Sinl— |+ —5———
oR) R’sin6 00 R?sin’ 6 9¢°

00
(spherical)

(b) The curl of the gradient of a scalar field is always zero

Vx(VV)=0

(2-93b)

(2-93c)

(2-94)

Equation (2-94) can be readily verified by directly evaluating the gradient
and the curl in Cartesian coordinates.

Alternatively, applying Stokes’s theorem to the left-hand side of Eq. (2-94),

we obtain

[[Vx(VV)]-ds = VV.dl = av

We used Eq. (2-37) in Eq. (2-95).

(2-95)

The closed line integral on the right-hand

side is identically zero because the initial and terminal points are the same on
the closed loop ¢. The integrand on the left-hand side of Eq. (2-95) should
be zero at every point on surface .S, because .S may be arbitrary. The vector
identity is thus verified.

(c) The divergence of the curl of a vector field is always zero

V.(VxA)=0

Equation (2-96) can be readily verified by direct substitution.

(2-96)

Alternatively, by successively applying the divergence and Stokes’s
theorems to the left-hand side of Eq. (2-96), we have

[Ve(VxA)dv=§ (VxA)ds=¢ A-dl

(2-97)

Since the surface S, bounding an arbitrary volume %/, has no contour, ¢ =0,
the closed line integral on the right-hand side of Eq. (2-97) is always zero.
Since 7is arbitrary, the integrand on the left-hand side of Eq. (2-97) should
be zero at every point in V to satisfy the equality. The vector identity is
therefore verified.

(d) The Laplacian of a vector field results in a vector field

V’E

J’E 0°E J’E
= 3 + =
dx*  dy

(V’E,)a, +(V’E,)a, +(V°E, )a,

+
2 aZZ

(2-98)
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(e) The gradient of the divergence of a vector field results in a vector field

oE

a JR—
ox Yoy “0z) ox dy oz
[82EX I’E, azEZJ [a2EX ’E, 0’E,
: a_+

o | axdy  axdz dyox  oy® | dyoz

0’E, J°E, 0°E,
+ + +—~ |a,
0zdx 0zdy 0z

]ay (2-99)

In many cases, it is easier to take the gradient of V+E rather than directly
evaluating Eq. (2-99).
(f) The curl of the curl of a vector field results in a vector field

VxVXE =VV.E-V>E (2-100)
Equation Eq. (2-100) can be readily verified by direct substitution.

Exercise 2.18
Verify the identities in Egs. (2-94) and (2-96) by direct substitution.

2.7 Helmbholtz’s Theorem

A vector field is uniquely defined in a region of space, if its divergence and its
curl are both specified within the region, and the normal component of the field
is specified on the boundary.

If the boundary is at infinity where the vector field diminishes to zero, the vector
field is uniquely determined by its divergence and its curl only.

Vector fields can be classified into four categories according to the divergence
and the curl as follows:

(1) V.A=0 and VXA =0. (2-101a)
(2) V.A=0 and VXA #0. (2-101b)
(3) Ve.A#0 and VXA =0. (2-101c¢)
(4) V.A#0 and VXA 0. (2-101d)

A vector field is said to be a solenoidal field if its divergence is zero, and said to
be an irrotational field if its curl is zero.

Example 2-18
Show that a vector field A is a many-valued function of position, if it is defined by
V x A =B only, with no information about its divergence.
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Solution
With the help of (2-94), we rewrite the equation as
VxA+Vx(VV)=B - Vx(A+VV)=B

Since V is arbitrary, the solution A+ VV is a multi-valued function of
position.

Example 2-19
Show that a vector field B is a many-valued function of position, if it is defined by
V+B =0 only, with no information about its curl.

Solution
With the help of Eq. (2-96), we rewrite the equation as
V:B+V.(VxK)=0 - V.(B+VxK)=0

Since K is arbitrary, the solution B+ V xK is a multi-valued function of
position.

Exercise 2.19
Determine if the following vector fields are solenoidal, irrotational, or both:

(a) 2xya, +y°a, +x"a,,(b) cosoa —sin¢a,,and (c) a,sin(3R)/R>.
Ans. (a) solenoidal, (b) both, (c) irrotational.

Review Questions with Hints
RQ 2.26 State Helmholtz’s theorem in words.

RQ 2.27 What is a solenoidal field? [Eq.(2-101)]
RQ 2.28 What is an irrotational field? [Eq.(2-101)]
Problems

2-1  For the ellipse (x* /16)+(y® / 4) =1, determine the unit tangent vector at

apoint p;:(2, V/3,0) onthe ellipse by using a parametric representation of
the ellipse with a parameter

(a) t,asin cost and sint, and

(b) x, the space coordinate.

(c) Is tin part (a) the polar angle ¢ shown in Fig. 2.20?
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>
>

v

Fig.2.20 An ellipse(Problem 2-1).

2-2 A closed loop ¢ forms a circle of radius 0.5, centered at a point
(x =2,y =1) in the xy-plane as shown in Fig. 2.21. Find

(a) parametric representation of Cin terms of @, and
(b) expression for dl on C.

0.5

NG

2 X

»
»

Fig. 2.21 A circle centered at point (x = 2,y = 1) (Problem 2-2).

2-3  Given a vector field E =(x+ y]z(ax +ay] , find the line integral of E from

point A:(-1,0,0) to point B:(1,2,0) along a path (a) C,, and (b) C, as
shown in Fig. 2.22.
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Fig. 2.22 Two paths of integration(Problem 2-3).

2-4 Find the line integral of E=ya +za +xa, from point
A:(x=1y=0,z=0) topoint B:(x=0,y=1z=n/2) along a spiral
defined by r(t)=costa, +sinta, +ta,.

2-5 Given a vector field A =Rsinfcos¢a, +cosbcosda, —sinda, in

spherical coordinates, determine the close line integral of A around path C
shown in Fig. 2.23.

Fig. 2.23 A closed path(Problem 2-5).

2-6  Determine the closed line integral of a vector field A =a,_ around the cir-

cle that is defined by R=4, 6=30°, and O0<¢<m/2 in spherical
coordinates, in the direction of increasing ¢.
2-7  Find the area of a circular strip shown in Fig. 2.24.
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Fig. 2.24 A circular strip (Problem 2-7).

2-8 Given that A=pa, —3pcosda, —2za, in cylindrical coordinates, de-
termine the closed surface integral of A over the bounding surface of a half
cylinder defined by p<4, 30°<¢<210°, and 0<z <5 as show in
Fig. 1.33.

2-9  For the vector field D = (3 / RZ)aR +cos”¢a, given in spherical coordi-
nates, determine the closed surface integral of D over the bounding surface

of a volume defined by O<R<4 and 30° <$<60° as shown in
Fig, 2.25.

Fig. 2.25 A segment of a sphere (Problem 2-9).

2-10 Determine the gradient of the following scalar fields:
(a) U =3ze**" +10,

(b) V :5psin(1)—1n(z2 +1),
(c) W =sinfcos¢ /R”.
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2-11

2-12

2-13

2-14

2-15

2 Vector Calculus

Take the gradient of a scalar function V(r)=z in two different ways and
compare the results following these steps:

(a) Find VV in Cartesian coordinates.

(b) Transform Vinto spherical coordinates and then take the gradient.
(c) Transform the result in (b) back into Cartesian coordinates.

Two families of curves are given by flx,y)=x*>+y’=c, and
glx,y)=(x-6f +y*>=c, in the z=0 plane, where ¢, and c, are
constants. Determine the smaller angle between the two curves at point
pi(3,4.0).

An ellipsoid is defined by x*+y?>+2z>/4=5 .
P2, 73 /2,1) on the ellipsoid,

(a) outward unit normal vector, and
(b) expression for the tangent plane.

A family of surfaces is defined as f(x,y,z) = x> +y*> +4z> = c in Car-

Find, at point

tesian coordinates. A curve crosses the family of surfaces at right angles,
and passes through point p:(2,6,32). Find the parametric representation
of the curve by using x as parameter.

An ellipsoidal surface is defined by x®+y®+2z> =8 as shown in

Fig. 2.26. Find
(a) parametric representation of the surface by using p and ¢ as parameters,

(b) differential area vector at point p, {+/3,1,/2) on the ellipsoid, and
(c) outward surface normal at p, by using the gradient, and compare its
direction with that of (b).

4,
2
___________________ b,
'y T
£ 8
. AP - Y
e ¢1 pl . ~~ L

Fig. 2.26 An ellipsoid (Problem 2-15).
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2-16

2-17

2-18

2-19

2-20

2-21

2-22

Consider a scalar field f(r)=ke.r given in Cartesian coordinates, where
r is position vector, and k =k a +k a, +k, a, (aconstant vector).

(a) Find Vf.

(b) What is the geometric shape that is defined by f(r) = c, (a constant)?
(c) What is the significance of ¢, in part (b)?

Under the condition x = x_, a smooth function f(x) can be expanded by
Taylor series as f(x) = f(x,)+ f'(x,)(x —x,), where f’ is the first de-

rivative of f. Verify the Taylor series by use of the gradient of f.
For the scalar fields U, V, and W given in Problem 2-10, determine the line

integral of the gradient of each field from point p;:(2,2,0) to point
P,:(0,0,2) in Cartesian coordinates along the intersection between a sur-

face x* +y®> +2z> =8 andthe ¢ =45° plane:

(a) 'fpz VU «dl in Cartesian coordinates,
bh

(b) j “Vv.d in cylindrical coordinates,
P

(c) “VW.dl in spherical coordinates.
1=t

Determine the divergence of the following vector fields:

() A=[x2 +y? +22]_1/2(ax +a,+a,), (X+y°+2>>0),

(b) B=Inpa, +pcosoa, +z’a,,

(c) C=R*a, +Re"sin0a, +(Rsinbcos¢)’a, .

Take the divergence of a vector field D = xa, in two different ways and

compare the results following these steps:
(a) Find V.D in Cartesian coordinates.

(b) Transform D into spherical coordinates and then take the divergence.
A vector field is defined as A =psin¢(sin¢a, +cos¢a,) in cylindrical

coordinates. Verify divergence theorem over the volume enclosed by the
four surfaces p=2, p=4, z=0,and z =3, by computing

(a) closed surface integral (]SSA-ds , and
(b) volume integral .L/ V+Adv in cylindrical coordinates.

Given a vector field D =(sin¢/R)a, +cos¢a, in spherical coordinates,

verify divergence theorem over the volume defined by 1< R<2 and
n < ¢ < 2w, as shown in Fig. 2.27, by computing

(a) closed surface integral cﬁs D.ds, and

(b) volume integral I VV-Ddz} in spherical coordinates.
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2-23

2-24

2-25

2-26

2-27

2 Vector Calculus

Fig. 2.27 A hemispherical shell(Problem 2-22).

A vector field is defined as D = 3z”a, in Cartesian coordinates. Verify
divergence theorem over the volume bounded by a cone of half angle
0 =30° andthe z =2 plane, by computing

(a) closed surface integral (jss D-.ds, and

(b) volume integral _L/ V.Ddv.

Take the curl of a vector field A = x? a, —za, intwo different ways and

compare the results following these steps:

(a) Find VxA in Cartesian coordinates.

(b) Transform A into cylindrical coordinates and then take the curl.

Show that the line integral of a vector field H is independent of the path of
integration, if H is an irrotational field.

For the vector field H = (x2 +(y - 2)2)_l [—(y -2)a,_+ xay] , find

(a) VxH everywhere except for the point(x =0, y=2),

(b) gSCl H.dl, and

(©) cﬁczH-dl.

Here ¢, and ¢, are concentric circles of radius 1 and 3, respectively,
centered at the origin in the xy-plane.

For the vector field A = (x - 2y2)ax + (2xy +y®)a, given in Cartesian

coordinates, verify Stokes’s theorem over a triangle residing in the
xy-plane as shown in Fig. 2.28.
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Fig. 2.28 A triangular region in the xy-plane (Problem 2-27).

Given that B=(3p)'a, +pcos®0a, +p(1+sing)a, in cylindrical coor-
dinates, verify Stokes’s theorem over the outer surface of a hollow cylind-

er, which is closed except for a circular opening on top as shown in
Fig. 2.29.

Fig. 2.29 A hollow cylinder with an opening on top (Problem 2-28).

A vector field H=a,R+a,3Rsin® is given in spherical coordinates.

Over the conical surface shown in Fig. 2.29, verify Stokes’s theorem by
computing

(a) closed line integral SE( H-.dl, and

(b) surface integral L (VxH)-ds.
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X

Fig. 2.30 A conical surface (Problem 2-29).

2-30 Consider the vector field E(x,y,z)=Acos(k-r), where A and k are

constant vectors, and r is position vector in Cartesian coordinates. Under
what condition is E

(a) solenoidal?

(b) irrotational?



Chapter 3
Electrostatics

In the first two chapters, we discussed in detail mathematical topics, such as vec-
tor algebra, coordinate systems, and vector calculus, which provide essential tools
for the study of electromagnetics. We are now ready to study the basic concepts of
electromagnetics and learn about their applications. This chapter focuses on elec-
trostatics, which deals with static electric fields induced by static electric charges.
The static electric fields and charges are constant in time, although they may vary
in space. In the present chapter, we will see that all discussions of static electric
fields can be boiled down to the divergence and the curl of the electric field. They
are two fundamental relations in the sense that they allow us to uniquely deter-
mine a static electric field in a given region of space according to Helmholtz’s
theorem.

After completing the discussion of steady electric currents in Chapter 4, we
study magnetostatics in Chapter 5, which deals with static magnetic fields induced
by steady electric currents. We will also see that all discussions of the static mag-
netic fields can be boiled down to the divergence and the curl of the magnetic
field. Chapter 6 discusses the modification of the above two curl equations under
time-varying conditions. The two modified curl equations and the two divergence
equations comprise Maxwell’s equations, which form the foundation of electro-
magnetic theory. Chapters 7 and 8 explore the electromagnetic waves formed by
mutually coupled time-varying electric and magnetic fields.

The fundamental laws of electromagnetics were established through experi-
mental observations and a generalization process. They are usually expressed in
the form of mathematical formulas. This does not necessarily mean that an elec-
tromagnetic law can be derived from another through mathematical manipulations,
although some auxiliary relations may be derived from the fundamental laws.
Whereas the steps taken for solving an electromagnetic problem may have their
origins in either physical arguments or mathematical theorems, it is important to
distinguish between those origins to avoid confusion and best comprehend the un-
derlying concepts.

Although one may consider electrostatics as a simpler case of electromagnetics,
a complete mastery of electrostatics is essential not only for better understanding
of general electromagnetic theory, but also for solving practical problems, such as
those encountered with laser printers, Liquid Crystal Displays (LCDs), and elec-
trostatic actuators in Microelectromechanical Systems (MEMS).
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In the present chapter, our discussion starts with Coulomb’s law, followed by
the concept of electric fields. We then introduce Gauss’s law and define electric
potential, and show how they can be used for determining the electric field in a
given problem. Extending our discussion of static electric fields into material me-
dia, we define electric flux density. We compute the energy stored in electric
fields and examine how a capacitor can store electric energy. We will see how the
divergence and the curl of a static electric field can be combined into Poisson’s
and Laplace’s equations, and discuss applications of these equations to boundary
value problems for electric potential, and thus, electric fields.

3.1 Coulomb’s Law

Static electricity was known to ancient Greeks who observed that rubbing a piece
of amber on fur or silk attracted straw, lint or feather. Electron is the Greek word
for amber. It took many centuries before the magic revealed its connection to stat-
ic electric charges. In a simple atomic model, an atom consists of a positively
charged nucleus and negatively charged electrons orbiting around the nucleus.
Rubbing amber against fur removes the bound electrons of the fur and imparts
them to the amber, causing the fur to be positively charged and the amber to be
negatively charged.

Coulomb’s law is a physical law; it was established through elaborate experi-
ments on two static electric charges separated in free space. Coulomb’s law states
that the electric force exerted on a charge is proportional to the product of two
charges and inversely proportional to the square of the distance between the
charges. The mathematical expression for Coulomb’s law is

1 99,
- 3-1
4rne, R’ G-D

where g, and q, are the charges measured in coulombs [C], and R is the dis-
tance between the charges measured in meters [m]. The universal constant €, is

called the permittivity of free space (or vacuum), measured in farads per meter
[F/m], having the value of

g, = 8.854x10™" [F/m]

It is acceptable to use €, = (1 / 36n) x107° [F/m] ignoring a small error. In a ma-

terial medium, €, is replaced by a material constant & called a permittivity, as

will be discussed in Section 3-5.

Two point charges of the same polarity repel each other along the line joining
two charges, whereas two point charges of the opposite polarities attract each oth-
er along the line. Coulomb force is another name for the electric force exerted on a
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point charge due to the other. Using vector notation, we express the Coulomb
force exerted on g, dueto g, as

_ 99,

= N 3-2
are %7, a, [N] (3-2)

1

In the above equation, ®, , and a,_, are the magnitude and the unit vector of
the distance vector defined by

Ry, =T —T, (3-3)

This is a vector drawn from the point of g, to the point of g, in space. The sub-
script 1-2 on R suggests that R, , is a vector “from 2 to 17, while mimicking the

subtraction on the right-hand side of the equal sign. Throughout the text, subscript
a-b denotes something from b to a, whereas subscript ab may stand for some-
thing from ato b. The unit vector of ®, , can be expressed in terms of two posi-

tion vectors r, and r,, thatis,
a_, = Rip LT, (3-4)
Ry |r1 - rzl
Inserting Eq. (3-4) into Eq. (3-2), the Coulomb force on point charge g, due to

point charge g, is expressed as follows:

— 949 L —L

Wy 35
Fr— (3-5)

1

where 1, and r, are the position vectors of g, and gq, , respectively.

The relation between the vectors in Eq. (3-5) is shown in Fig. 3.1, in which
charge g, islocated at point p, with position vector r,, while charge g, is lo-
cated at point p, with position vector r,. In view of Eq. (3-5), point p,
represents a point in space at which the electric force F, is observed; it is called a
field point. Meanwhile, point p, represents a point at which the source charge is
located; it is called a source point. From now on, the distance vector refers to a
vector from a source point to a field point. In this case, r, or r stands for the posi-
tion vector of the field point, whereas r, or r’ stands for the position vector of

the source point. Since the Coulomb force is observed at the field point, we ex-
press those vector quantities such as F,, r,, R, ,,and a,_, in terms of the base

vectors a,, a,,and a, atthe field point p, . It should be noted that their scalar

X °

components may depend on the coordinates of both source and field points.
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Fig. 3.1 Two point charges are at position vectors I, and I, .

The Coulomb force is a mutual force such that the force acting on g, due to
q, has the same magnitude as F, but is directed along the opposite direction,
F, = —F, . Expressed mathematically,

F2 — Zqu I, - rls — _Fl (3-6)
TE, r, — r1|

It is important to note that since F, is observed at point p, , this force should be

described by the base vectors at point p, , which is now a field point.

Example 3-1
Determine the Coulomb force acting on a point charge g, located at (2,3,5) in

Cartesian coordinates due to a point charge g, located at (1,1,3).

Solution
Position vectors of g, and g, are, respectively,

rr=2a +3a +5a,
r,=a_+a +3a,
Distance vector is

R, ,=%-T,=a +2a +2a,
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The magnitude and unit vector of X, , are
Rio =[5 —1,|=41+22+22 =3 (3-7a)
1 2 2
a,= 3 a, + 3 a, + 3 a, (3-7b)
Substituting Eq. (3-7) into Eq. (3-2), we obtain
9449
F=—"--(a,+2a,6+2a,).
' 4me 3° (@, Y 2)
Example 3-2

Find an expression for the electric force acting on q, at (x,y,z)=(2,3, \/§] due

to g, located at the origin in (a) Cartesian coordinates, and (b) spherical coordinates

Solution

(a)

(b)

Position vectors of the charges are, respectively,
r,=2a _+3a, + \/§az

r,=0

Distance vector and its magnitude are

Ry, =T —-X,=2a +3a, + \/§al

1R, | =2 +3% + /37 =4

From Eq. (3-5), the electric force on g, is

qlq2 q1q2
F = = 2a_+3a,++3a). 3-8
' 11 EEOKls—Z R1_2 “80 1'4 ( * ! Z] ( )

Radial distance from the origin to the point of g, is

R=42*+3>+(\/3)P =4

Since the source point is at the origin, the distance vector is simply given by
Ry, =48y

The electric forceon g, dueto g, is therefore

AW, _ D,

= = 3-9
ame R2, 7 me,4° ©-9)

1 R

Coordinate transformation of Eq. (3-9) into Cartesian coordinates can show
that the results in Eq. (3-9) and Eq. (3-8) are the same.
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Exercise 3.1
A charge q, experiences an electric force of 1[N] at a distance 1[m] from

another charge. Find the distance at which the force on g, is reduced to 0.5[N].
Ans. 1.414[m].

3.2  Electric Field Intensity

The electric field intensity is defined as the electric force exerted on a unit test
charge. If a point charge q is located at a point with position vector r’ in free
space, the electric field intensity at a point with position vector r is expressed as

r-r
=4T‘38 R [V/m] (3-10)

E(r)

which is measured in volts per meter. E(r) in Eq. (3-10) is a vector function. For
the charge q located at the position vector r”, E(r) specifies the electric force vec-
tor acting on a unit charge located at the position vector r. The vector function
E(r) defines a vector field, called an electric field, in the region surrounding the
source charge. As an example, the electric field due to a point charge q is depicted
in Fig. 3.2, in which shades are used for visual effects.

Fig. 3.2 The electric field due to point charge q at position vector 1’ .

Example 3-3

Find an expression for the electric field of a point charge g located at the origin in
(a) Cartesian coordinate system, and

(b) spherical coordinate system.
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Solution
(a) Position vectors of the field and source points are

r=xa +tya +za,
r=0
Magnitude of the distance vector is

From Eq. (3-10), the electric field of a point charge g located at the origin in
Cartesian system is

| =[x

q xa,+ya +za,
2]3/2 N

E(r)= (3-11)

dme, [X*+y°+2z

(b) For a point charge located at the origin, the distance vector in spherical
coordinates is

R =Ra,

The electric field of the charge q located at the origin in spherical system is

q
E(r) = a -12
(x) 4ne R* F (3-12)

The point charge placed at the origin has spherical symmetry: it appears the
same as we move around it varying 6 and ¢ while keeping R constant. As
was discussed in Chapter 1, the resulting vector field should be independent
of 6 and ¢, and have neither the 6- nor the ¢-component.

In Eqgs. (3-11) and (3-12), the origin is excluded, because it is physically
occupied by the point charge, and therefore the electric field is not defined.

Exercise 3.2
Show that E in Eq. (3-12) is irrotational, forming a conservative field, and also
solenoidal in the region R>0.

Ans. VXE=0 and V<E =0.

3.2.1  Electric Field due to Discrete Charges

The electric field intensity obeys the principle of superposition such that the total
E due to multiple charges is equal to the vector sum of E‘s due to all the indi-
vidual charges. The superposition of the electric field is based on the fact that the
electric field of a charge is unaffected by the existence of the other charges or
other electric fields. According to the principle of superposition, the total E at
position vector r due to N point charges is expressed as

N g, Tr-rT;
E(r) = ! . (3-13)
jzzll ane, | - rj|3
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where q; is a charge at position vector r;. As an example, the electric field in-

tensity due to two point charges g, and g, is depicted in Fig. 3.3, in which
shades are used for visual effects.

Fig. 3.3 Principle of superposition of the electric field intensity.

Example 3-4
Determine E due to two point charges +q and —q separated by a small distance d,
which is called an electric dipole, as shown in Fig. 3.4.

4

Fig. 3.4 An electric dipole consists of two identical charges of the opposite polarities sepa-
rated by a small distance.
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Solution
Position vector of a field point in Cartesian coordinates is

r=xa +tya, 6 +za,

Position vectors of two source points are

r=(d/2a,

r =(-d/2)a,

Two distance vectors are given as follows:
K*Er—r*zxax+yay+(z—d/2)az (3-14a)
R =r-r =xa _+tya +(z+d/2)a, (3-14b)

Applying the law of cosines to two triangles, (+qJop and (—q)op , we have

R = r* +(d)P - 2r(ld)cos (3-15a)

R~ =r* +(&d)® - 2r(td)cos(n - 6) (3-15b)

From Eq. (3-13), the electric field of a dipole is in general written as

q R’ R
E(r) = - 3-16
) 4re, {(KWS ®R) } ( )

Under the condition |r| >>d, the term (4 d)?in the radicand in Eq. (3-15) is

ignored compared with the other two. With the aid of the binomial
expansion, (1ta)" =1xna (for a<<1 and for any real n), we write

1 1 1 3d
&) = 7 —rd cos O = r—s{l + E?COS 6} (3-17a)
1 1 1 3d
= =—|1-—— 0 3-17b
() " [r*+rdcosOP? ~ r? { 2r cos } ( )

Inserting Eqs. (3-14) and (3-17), into Eq. (3-16), and substituting [r|=R,
we obtain

__ 4 d
E(r) = pry {—d a,+(xa, +ya, +z az)SECOS e} (3-18)

Transforming the coordinates, we have

xa +ya, +za, =Ra, (3-19a)

—da, =—-dcosfa, +dsinfa, (3-19b)
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Substituting Eq. (3-19) into Eq. (3-18), the electric field intensity of an
electric dipole is

qd .
E(r) = e [2cos0a, +sinba,] (3-20)

o

The electric dipole is the simplest model of an atom for electricity. It is
useful for examining the interaction between a material and an external
electric field for the electrical property of the material.

Exercise 3.3
Two identical point charges are at x=-1 and x=3 on the x-axis,
respectively. Locate the point where E is zero.

Ans. A pointat x =1 on the x-axis.

Exercise 3.4
Is it always true that E due to multiple charges is irrotational only because E due
to a single point charge is irrotational?

Ans. Yes, because VXE =0 is a linear equation.

3.2.2  Electric Field due to a Continuous Charge Distribution

When a large number of discrete charges are concentrated in a small region of
space, and the spacing between adjacent charges is much shorter than the distance
from the charge to the field point, we may disregard the discrete nature of the
charges and treat the charges as a continuous quantity in the given region. Under
these conditions, the given region of space is subdivided into many infinitesimal
elements of volume, each of which is large enough to contain a large number of
charges yet small enough to be considered as a point when seen from the field
point. Then the total electric field intensity at the field point is obtained by sum-
ming the contributions from all the individual volume elements.

To describe the charges distributed in a volume, we define a volume charge
density p, as charges per unit volume, which is measured in coulombs per cubic

meter [C/m®]. The volume charge density allows us to use a volume integral, in-

stead of the summation, in computing the total electric field intensity. Similarly,
for the charges confined to a surface, we define a surface charge density p, as

charges per unit area, which is measured in coulombs per square meter [C/m?]. If
the charges are confined to a line, we define a line charge density p, as charges
per unit length, which is measured in coulombs per meter[C/m]. For the total
electric field intensity due to p,, or p,, a surface integral is taken over the sur-

face of p,, or a line integral is taken along the line of p, .
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Let Av be an incremental volume centered at position vector r’, containing
an incremental charge Aq . The volume charge density at the point is then defined
as

p,@) = Al;guoi—‘j [C/m®] (3-21)
Here, Av is large enough to contain a large number of discrete charges but small
enough to be regarded as a point at position vector r’. The volume charge density
p,(r) is generally a smooth function of position in three-dimensional space, and
thus has continuous partial derivatives.

When a volume charge of a density p,[C/m?®] is present in a region of space,
the region is first subdivided into N incremental elements of volume before we can
compute the electric field of the charge. An element of volume centered at posi-
tion vector rJf, which is denoted as Av(r;), will contain an incremental charge

q; = py[rj']Av(rj']. Next, we apply Coulomb’s law to these incremental charges,

and add the electric field intensities due to all the individual elements. Taking the
limit as N — e and Av — O, we obtain the electric field intensity at position
vector r as

N r)Av(r]
E(r) = lim ) p,(T)A7(E) 8, - (3-22)
Moo AmE, o

where a,

note that the charge contained in an element of volume Av(r;) is regarded as a
point charge in Eq. (3-22). Nevertheless, Eq. (3-22) is distinguished from Eq. (3-
13) in that the volume charge density p, is a continuous function of position. We

is a unit vector in the direction of the distance vector ® =r — r;. We

know from calculus that the right-hand side of Eq. (3-22) is a volume integral of
the summand over a total volume NAwv . The electric field intensity due to a vo-
lume charge density p, is therefore

_ 1 Py ’ B
E(r) = pry [, 7 e [V/m] (3-23)

Here, ® and a, are the magnitude and direction of the distance vector

® =r-1r',and r and r’ are the position vectors of the field and source points,
respectively. It should be noted that E in Eq. (3-23) is expressed in terms of mixed
coordinates: the primed coordinates are used to express the quantities at the source
point, whereas the unprimed coordinates are used to express the quantities at
the field point. We also note that the coordinate axes of the primed system
exactly coincide with those of the unprimed system; they are only called different-
ly. The volume integral in Eq. (3-23) is conducted in the primed coordinates,
while the unprimed coordinates are regarded as constants. The unit vector a,
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cannot be taken outside the integral in Eq. (3-23), because it varies with
the primed coordinates, as is evident from the distance vector
r-r=(x-x)a, +{y-yla, +(z-2)a,.

Following the same procedure as was used for the volume charge, the surface
with a surface charge density p, is subdivided into many incremental elements of

surface. A surface element of an area ds’ carries an incremental charge ps,d.s' s

which is regarded as a point charge at position vector r’. Applying Coulomb’s
law to these incremental charges, we obtain the electric field intensity due to a sur-
face charge density p, as

_ 1 Py ,
E(r) = vl e a,ds [V/m] (3-24)

where ® =R a, = |r -1 in Cartesian

a, =[x-xP+y-yP+z-2r1"a,
coordinates. Again, the surface integral in Eq. (3-24) is conducted in the primed
coordinates, while the unprimed coordinates are regarded as constants.

The same procedure is followed to obtain the electric field intensity of a line

charge density p,. A line segment of a differential length d¢’ contains an incre-
mental charge p,d¢’, which is regarded as a point charge at position vector r’.

Applying Coulomb’s law to these incremental charges, we obtain the electric field
intensity due to a line charge density p, as

_ L[ Peggp _
B = e [ 8l [V/m] (3-25)

where ® =% a, =|r-r

a,.

Fig. 3.5 Electric field intensity due to a volume charge density.
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Example 3-5
Determine the electric field intensity of an infinitely long, straight, line-charge of a
uniform density p,, thatis along the z-axis, as shown in Fig. 3.6.

T z,2

=

Fig. 3.6 An infinitely long, straight, line-charge.

Solution
In view of the cylindrical symmetry of the line charge, the field point is
assumed to be on the y-axis without loss of generality. The position vectors
of the field and source points are

r=pa,

The distance vector is expressed in terms of the base vectors a, a, and

a, atthe field point. Noting that a, =a,, we have
R=r-r'=pa -z'a, (3-26)

Differential charge at the source point is

dq = pfo dz/
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From Coulomb’s law, the differential field dE at the field point due to dq at
the source point is

— Peo dz/i — Peo dZ, pap _Z/az

dE
ane, R®  Ame, (p®+2"

(3-27)

We see from Eq. (3-27) that two differential charges of an equal amount
p,dz’,locatedat z' =a and z’ =-a willresultin dE-a, =0.

Adding only the p-component of dE, we obtain

z'=c0

dz  _PoPa,| z'/p’
[p2 + Z, 2]3/2 47580 \/pz + Z' 2

E = [dE - pz::" [ (3-28)

Z'=—c0

The electric field intensity at a distance p from an infinitely long, straight,
line-charge of a density p,,, which lies along the z-axis, is

E-_b g [V/m] (3-29)
2re p

Here, p,, is the line charge density, while p is the radial distance in

cylindrical coordinates.
For future reference

= (3-30)

J~ dx _ x/a?
0 +a®)? x? a2

Let us now examine the line charge for symmetry. The infinitely long line
charge lying along the z-axis has cylindrical symmetry, translational
symmetry in the z-direction, and twofold rotational symmetry about the x-
axis. The line charge appears the same even if it is rotated about the z-axis,
or displaced in the z-direction, or rotated about the x-axis by 180°. Under
these conditions, the resultant vector field is independent of ¢ and z, and has
no ¢- and no z-component such that it is of the form E(r) = Ep(p] a ,aswe

see from Eq. (3-29).

Example 3-6

A uniform line charge density p,, forms a circle of radius ain the z =0 plane,
with the center at the origin, as shown in Fig. 3.7.

(a) Find E at a point p,:(0,0,b) on the z-axis.

(b) Show that the line charge can be regarded as a point charge positioned at the
originas b — eo.
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Aa, p¥(0,0,D)

Fig. 3.7 A line charge density on a circle.

Solution
(a) Position vectors of the field and source points are

r=ba,

r'=aa, =alcos¢, a, +sin¢ a,)

In a mixed coordinate system, the distance vector is expressed as
R =r-r'=ba,-aa,

The unit vector a, will be transformed to the unprimed coordinates if it

does not vanish in the final expression for E.
Differential charge at the source point with position vector r’ is

dq = p,ady’
Differential field at the field point with position vector r is

péaadq), -R. péaadq), (_a ap' + b az)
dE = = _ 3-31
dne, R°  4me, (a®+Db*)*? (3-31)

Although the field dE due to charge dq at ¢ = ¢, has exactly the same
form as the field dE due to charge dgat ¢’ = ¢, +m, the direction of a at

¢’ =0, is opposite to the direction of a, at ¢’= ¢, +n. Thus, the terms
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with a, do not contribute to dE. By adding the z-components of dE, we

obtain the total electric field intensity at the field point as

péa ab a‘z ¢'=2n ' péo ab az
E=(dE= % do' = "z 3-32
I 4rne, (@® +b*)*? J.“":O ¢ 2¢, (@® +b*)*? (-32)
(b) The total charge on the circle is

Q =2rap, (3-33)

Substituting Eq. (3-33) for p,, in Eq. (3-32), and using the approximation

(@® +b?)*? = b® as b — «, we obtain

B= 4n§b2 2 (-39

Eq. (3-34) can be viewed as the electric field intensity at a distance b from a
point charge Q positioned at the origin.

Exercise 3.5
A uniform line charge density p,, extends from z =-10 to z =10 along the z-

axis. Determine E at a point (3, 4, O) in Cartesian coordinates. [Hint: Eq. (3-28]]

péa 3 4 j
Ans. E = —a_+—a |.
neo5\/§(5 * 5 Y

Exercise 3.6
An infinitely long line charge of a density p, = 3[nC/m] is parallel to the z-axis,

passing through a point (0,2,0) in Cartesian coordinates. Determine E at a point
(4,5,-2).

Ans. E=8.6a, + 6.5ay[V/m].

Review Questions with Hints

RQ 3.1 State Coulomb’s law in words. [Eq.(3-1)]
RQ 3.2 What are the source and field points? [Fig.3.2]
RQ 3.3 Define electric field intensity. [Eq.(3-10)]
RQ 3.4 State the principle of superposition of E. [Eq.(3-13)]

RQ 3.5 What are the units of volume, surface, and line charge density?
[Eqs.(3-23)(3-24)(3-25)]
RQ 3.6 Describe how E varies with distance for a point charge, an electric di-
pole, and an infinitely long line charge, respectively.
[Eqgs.(3-12)(3-20)(3-29)]
RQ 3.7 Describe how E due to an electric dipole varies with the separation be-
tween two charges. [Eq.(3-20)]
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3.3 Electric Flux Density and Gauss’s Law

In section 3-2, the electric field of a point charge was obtained as in Eqgs. (3-11)
and Egs. (3-12). We also saw that a point charge is the simplest source of the elec-
tric field. Figure 3-8(a) illustrates the electric field intensities observed at different
points in space, which are produced by a point charge. In Fig. 3-8(b), electric field
lines are used to depict the electric field, which are also called electric flux lines.
Electric field lines originate from positive charges and terminate on negative
charges. The electric field vector at a point is tangential to the field line, and the
magnitude of the field is described by the density of the field lines in the neigh-
borhood of the point. Extending the electric field to a distribution of charges, the
total electric field intensity at a point is the sum of those due to the individual
charges, in accordance with the principle of superposition. Both a single and
multiple charges produce the electric field showing no abrupt change in the mag-
nitude and direction in free space. Therefore, the electric field lines of a charge
distribution are given by smooth curves in a homogenous medium.

(@) (b)
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Fig. 3.8 A point charge (a) electric field vectors (b) electric field lines.

:
\

AN
-

3.3.1 Electric Flux Density

We now examine the experiment on electrostatic induction as depicted in Fig. 3.9.
The space between two concentric and perfectly conducting spheres is filled with
a dielectric, or an insulating material, such that no free charge may be in motion in
the region. The net charges of +Q[C] are imparted to the inner sphere where they
are free to move. The charges should distribute themselves uniformly on the
surface of the conductor in order not to produce any electric field inside the con-
ductor. Otherwise, the internal electric field would accelerate the charges instanta-
neously, generating an infinite conduction current, and thus causing redistribution
of the charges until there is no electric field inside the conductor. Just after the
outer conductor is connected momentarily to ground for discharge, the induced
charges of —Q|[C] are observed on the outer conductor, independent of the dielec-
tric filling in the gap. This electrostatic induction was interpreted by early pioneers
as the result of some sort of displacement, or the electric flux, which starts at the
inner conductor and ends at the outer conductor.
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The total electric flux ¥ coming out of the inner conductor equals the net
charge on the conductor. That is,

Y- 10 (3-35)

which is measured in coulombs[C]. Here, we define the electric flux density D as
the electric flux per unit area, which is measured in coulombs per square me-

ter[C/m?]. The electric flux density is a vector field, generally given as a smooth

function of position. It is important to note that the magnitude of D represents the
net flux crossing a unit area of the cross section, or the plane perpendicular to the
direction of D.

(@) (b) (©

.|||;

Dielectric Conducting Electric flux line
spheres

Fig. 3.9 Electrostatic induction. The total electric flux equals the net charge +Q[C].

Let us digress briefly and explore the uniform surface charge on a perfectly
conducting sphere for symmetry. The uniform surface charge has spherical sym-
metry: it appears the same as we move around it varying 6 and ¢ while keeping R
constant in spherical coordinates. As was mentioned in Chapter 1, the spherical
symmetry assures that the resultant vector field is independent of 6 and ¢, and has
neither the 8- nor the ¢-component. Therefore the electric flux density induced by
the uniform surface charge on the sphere should be of the form D =G(R)a, in

spherical coordinates.

We see from Fig. 3.9 that the geometry of the two-sphere configuration has
spherical symmetry, and thus the uniform distribution of charges on the conduc-
tors also has the spherical symmetry. As a result, the electric flux density in the
gap should be of the form D = D, (R)a,. To compute the total electric flux, we
construct a hypothetical sphere of radius R, in the space between the conductors,

and take the surface integral of D over the sphere as follows:

n 2n .
Y= 955 D-ds=|" L:o D.R,?sin6d6do = 41R *D,, (3-36)
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Noting that the total electric flux ¥ = +Q , the electric flux density on the hypo-
thetical sphere of radius R, is obtained from Eq. (3-36) as

+Q
D=D,a, = IRZ a, (3-37)

The electric flux density given in Eq. (3-37) would remain the same, even if the
gap were filled with a different dielectric, or even if the inner sphere were shrun-
ken to a point at the origin and the outer sphere were expanded to infinity, keeping
the total charges on the spheres constant. In view of these discussions, the electric
flux density due to a point charge g located at the origin is given, in spherical
coordinates, as

q
4nR?

a, [C/m’] (3-38)

It is should be noted that Eq. (3-38) is true regardless of the dielectric surrounding
the point charge.

Borrowing from Section 3-2, the electric field intensity due to a point charge g
located at the origin in free space is

q
=———a 3-12
4ne R* % G-12)

Comparison of Eq. (3-38) with Eq. (3-12) leads to the relation between D and E in
free space, that is,

[C/m?] (3-39)

where €, is the permittivity of free space. This is the constitutive relation for D

and E in free space.
Following the same procedure as was used for the electric field, the electric
flux density due to a continuous distribution of charges is expressed as follows:

D(r) = %njv;—”z a dv (volume charge) (3-40a)

D(r) = LI p_sz a,ds’ (surface charge) (3-40b)
4 IS R

D(r) = LI p—g a de (line charge) (3-40¢)
4An LR

where ® =|r—r|=[(x-x)?+(y-y) +(z-2)]"" in Cartesian coordinates,

and a, is a unit vector in the direction of ®, We note that Eq. (3-40) is written

in terms of mixed coordinates: the primed coordinates are used to express the
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quantities at the source point, while the unprimed coordinates are used to express
the quantities at the field point.

In a material medium, the expression for D is the same as Eq. (3-40). However,
the constitutive relation in Eq. (3-39) needs to be modified. The behavior of a di-
electric in an external electric field will be discussed in Section 3-5.

Exercise 3.7
A net charge of +Q[C] is imparted to a conducting cube. Find the total electric
flux leaving the cube.

Ans. +Q[C]

Exercise 3.8

One sphere in Fig. 3.9 is brought closer to the other(not concentric any more). (a)
Are +Q and —Q still uniform on the spheres? If not, (b) locate the point where the
charges are concentrated the most.

[Hint: E =0 inside the conductor due to electric dipoles straddling the gap.]

Ans. (a) No, (b) The point where two spheres are closest to each other.

Exercise 3.9
Determine the divergence of the electric flux density that is produced by a point
charge in free space.

Ans. V.D=0.

3.3.2 Gauss’s Law

Earlier, the electric flux density caused by a point charge located at the origin was
obtained as in Eq. (3-38). By taking the divergence of both sides of Eq. (3-38), we
obtain VeD =0 in the region R> 0. This implies that the integral of D over

any closed surface, not enclosing the origin, is identically zero. Next, from Eq. (3-
38) we can easily show that the closed surface integral of D over a sphere centered
at the origin is equal to g. Does this imply that the integral of D over any closed
surface S, enclosing the origin, is always equal to q? To answer this question, we
separate the volume enclosed by .§ into two parts: a small sphere centered at the
origin and the remainder between the sphere and S. Since the closed surface
integral of D over the bounding surface of the remainder is always zero, the
integral of D over § shrinks to the closed surface integral of D over the small
sphere center at the origin. Thus the integral of D over any closed surface, enclos-
ing the origin, is always equal to g. The principle of superposition makes it possi-
ble to extend the electric flux of a point charge to an arbitrary distribution of
charges.

Generalizing the electric flux of a point charge to an arbitrary distribution of
charges leads to the Gauss’s law, which states that

the net outward electric flux passing through any closed surface is equal to the
total charge enclosed by that surface.
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Gauss’s law is expressed mathematically as

gSSD-ds =Q [C] (3-41)

The small circle on the integral sign signifies that surface S is closed. The dot
product in the integrand is required to convert the differential area |ds| on sur-

face S to an equivalent area on the cross section of D. It should be noted that the
differential area vector ds, on a closed surface, always points outward from the
enclosed volume. For this reason, a positive value of the integral on the left-hand
side of Eq. (3-41) means that the electric flux of Q coulombs is coming out of the
volume enclosed by surface S.

Gauss’s law can also be written in terms of a volume charge density p, as

(ﬁj D.ds = _[vadv (3-42)

where 7/is the volume bounded by the surface S.

Coulomb’s law is the fundamental law of electrostatics, which we can apply
any time to determine E of a charge distribution. Meanwhile, Gauss’s law is par-
ticularly useful for determining D when the charge distribution has certain sym-
metry. The application of Gauss’s law, however, is subject to the proper choice of
a closed surface S, called a Gaussian surface. It should be noted that the Gaussian
surface is a hypothetical surface defined mathematically. Through the Gaussian
surface, the closed surface integral of D can be greatly simplified to a simple alge-
braic equation. The Gaussian surface S should be chosen such that

D on the Gaussian surface is always constant and normal to the sur-
face(D+ds = Dds =constant). Otherwise, D on a part of the Gaussian surface is

tangential to the surface(D.ds =0 ).

To obtain the point form of Gauss’s law, which is also called the differential
form, both sides of Eq. (3-42) are divided by an incremental volume Az bounded
by a small closed surface . Taking the limit as Av — O, we have

lm s —im & (3-43)
Av—0 Av AvV—0 Ap

We immediately recognize that the left-hand side of Eq. (3-43) is the divergence
of D, and the right-hand side is the volume charge density at a point in space, or
the center of Awv . The point form of Gauss’s law is therefore,

[C/m?] (3-44)

Alternatively, we can derive the point form by applying divergence theorem to the
left-hand side of Eq. (3-42) such as

[ veDdv =] p,dv (3-45)
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Since the volume 7’ may be arbitrary, only if it encloses all the charges under con-
sideration, the two integrands in Eq. (3-45) should be the same at every point in V
to satisfy the equality, namely, VD =p_ .

Example 3-7
Determine the electric field intensity due to a uniform volume charge density p,,

forming a spherical shell of an inner radius a and an outer radius b, as shown in
Fig. 3.10.

(©

Fig. 3.10 A volume charge forming a spherical shell.

Solution
The volume charge has spherical symmetry, and thus the resulting D is
expected to be of the form D = D (R)a;. In view of the functional form of

D, we construct a Gaussian surface in the form of a spherical surface
concentric with the charge.

(a) In the region R >b, the net outward electric flux through the Gaussian
surface of radius R, = b is

n 2n .
¢ Deds =" L):o D.R?sin 6 dod¢ = D, 4nR> (3-46)

where the differential area vector ds = R?sin0 d0do a,
Next, the total charge enclosed by the Gaussian surface is

_ _ b T 2n 9 . _ 47‘[ 3 3
9= pdv=]| j9:0j¢:opng sin dRd0do =p,, —-(b* —a’)  (3-47)

where the differential volume dv = R®sin® dRd0d¢
Combining Eqgs. (3-46) and (3-47) leads to
Pvo (13 _ .3
D,=—%(b’-a
® 3R’ ( )

Thus, in the region R 2> b, omitting subscript 1 for generalization,
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(b)

()
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D=D,a, =% (b* —a%a,

3R?
D
E=8—=3£%(b3 ~ad)a,. (3-48)

In the region a < R < b, the net outward electric flux through the Gaussian
surface of radius a <R, <b is

qSSD-ds = 955DR a,+ds = D, 4nR?
The total charge enclosed by the Gaussian surface is

_ _ Ry T 2n 92 . _ 47‘[ 3 3
Q= _[V p,dv = IRZQLZO LFO p,,R*sin6 drRded¢ = p,, ?[R2 -a’)
Combining the two equations gives

De = g 8 =)

Thus, in the region a < R < b, omitting subscript 2 for generalization,

D pvo (RS ] R

3R?
D
E=8—=3£$(R3 ~d°)a,. (3-49)

In the region R <a, no charge is enclosed by the Gaussian surface of
radius R, <a,andthus Dy =0.In theregion R<a, we have

D=0=E. (3-50)

Even if the closed surface integral of D is always zero regardless of the
closed surface, in a region of space, it does not necessarily means that
D =0 atevery point in the region. In this particular example, however, D is

known to be of the form D = D,(R)a,. Thus, if the closed surface integral
of D over the Gaussian surface is zero, we have D, =0 at every point on

the Gaussian surface, and thus D = O in the given region.
The magnitude of the electric field intensity given in Eqgs. (3-48)-(3-50) is
normalized by p,, /3e,, and plotted as a function of R for a=2 and

b=4 in Fig. 3.11. We note that |E| is smooth in each region, and

continuous everywhere.
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Fig. 3.11 Normalized |E| versus R
Let us rewrite E expressed by Eq. (3-48) as
1 4 Q
_ I _a)la, = —9_a 3-51
4ne R* {p”” 3 ( ]} ® 4me, R® K (3-51)

The term in bracket represents the total charge Q contained in the spherical
shell. In view of Eq. (3-51), we note that, in the region R 2> b, the electric
field intensity is the same as if all charges were concentrated on a point at the

center. This is because the spherical shell and the point have the same
spherical symmetry.

Example 3-8
Determine E due to an infinitely long and straight line charge of a uniform density
P, » Which is along the z-axis in free space as shown in Fig. 3.12.

Solution

As was discussed in Example 3-5, the infinitely long line charge has
cylindrical, translational, and twofold rotational symmetries. Thus the
resulting D is expected to be of the form D =D, (p)a,. In view of the

functional form of D, we construct a Gaussian surface in the form of a
cylinder of radius p, and length L.

On the side surface, the differential area vector ds =p, d¢dza , and thus
D.ds = Dp, dodz

On the top and bottom plates of the cylinder, D is normal to ds. Thus,
D.ds=0

The net outward electric flux through the Gaussian surface is therefore

¢ Deds=[ De.ds+| D-.ds+ D-.ds
K side top bottom
2n 12 (3-52)
= oo [ Dp dodz=2rD,p,r

z=—L/2
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Next, the total charge enclosed by the Gaussian surface is

z=L/2

9=["" p,dz=p,t (3-53)

z=—L/2

From Eqgs. (3-52) and (3-53), we obtain

D = Peo
" 2mp,

Omitting subscript 1 in p, for generalization, D and E due to the line
charge density are

— _p(o
D—Dpap——a

2np °
g-2_ 2p¢ap (3-54)
e, 2mep

The line charge density p,, should not be confused with p that is the radial

distance in cylindrical coordinates. Eq. (3-54) is the same as Eq. (3-29) that
was obtained by Coulomb’s law.

ooTZ

péo

dzg*ds

S-S

Fig. 3.12 Gaussian surface for an infinitely long line charge

Example 3-9
Determine E due to an infinite sheet of a uniform surface charge density p,,,

which coincides with the z =0 plane as shown in Fig. 3.13.
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Fig. 3.13 An infinite sheet of a uniform surface charge density.

Solution

We explore the charge distribution for symmetry. The infinite sheet of
surface charges has the following symmetries:

(1) Translational symmetries in the x- and y-directions such that
D is independent of x and y.

(2) Rotational symmetry about the z-axis such that
D has neither the x- nor the y-component.

(3) Twofold rotational symmetry about the x-axis such that
D=D,(z)a, for z>0,and

D=-D,(z)a, for z<O0.

In view of the functional form of D, we construct a Gaussian surface in the
form of a rectangular parallelepiped, which extends across the sheet of the
charge, as shown in Fig. 3.13.

The electric flux through each face of the parallelepiped is

D.ds=[ D,a,dxdya,=AD,
top top
J.boaom D- ds = J.bottmn _Dzaz : (_dXdy) aZ - ADZ

D.ds=0

sides

The net outward electric flux through the Gaussian surface is

SﬁjD-ds =2AD, (3-55)
Next, the total charge enclosed by the Gaussian surface is

Q = [, Puds = poA (3-56)
Equating Eq. (3-55) with Eq. (3-56) we obtain

D, = Pu
2
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Therefore, in the region z >0,

p 2

D=Pe C
5 8 [C/m7]

E=Leq [V/m] (3-57)
2¢,

Similarly, in the region z <O,

P 2

D=-Pe c
5 8 [C/m7]

E=-Pogq [V/m] (3-58)
2e,

If the sheet of surface charges is finite in extent, it has no such symmetries as
(1) and (2). In that case, it is impossible to construct a Gaussian surface, and
thus we use Coulomb’s law for finding E.

Exercise 3.10
Two infinite sheets of uniform surface charges p,, and —p_, are coincident with

the z=3 and z =0 planes, respectively, in free space. Find E everywhere.

Ans. E=—p /¢ )a, for 0<z<3,and E=0 for z>3 or z<O.

Exercise 3.11
A uniform volume charge density p,, forms a sphere of radius a in free space.

Find VD in the regions (a) R<a,and(b) R>a.
Ans.(a) Ve-D=p,,,(b) V.D=0.

Exercise 3.12
A hollow sphere with a negligible thickness carries a uniform surface charge
density in free space. Show E =0 inside the sphere.

Ans. From spherical symmetry D = D,(R)a, . In the interior, 4TCR2DR =0.

Review Questions with Hints

RQ 3.8 State Gauss’s law in words. [Eq.(3-41)]
RQ 3.9 Under what conditions can Gauss’s law be used for E ?
[Fig.3.12]
RQ 3.10 Does VeD =0 atapoint p, mean E =0 at the point?
[Egs.(3-12)(3-38)]
RQ 3.11 Are electric flux lines of an arbitrary distribution of charges always
smooth in free space? [Eq.(3-13),Fig.3.8]
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3.4 Electric Potential

In the previous sections we saw that Coulomb’s law and Gauss’s law provide the
direct method of determining the electric field of a given charge distribution,
although Coulomb’s law involves summing vectors, which may not be
straightforward in many cases, and the application of Gauss’s law is limited to a
charge distribution having a certain symmetry. In search of an indirect method of
obtaining the electric field, we define an electric potential from the relation be-
tween an electric force and the work done. The electric potential is a scalar quanti-
ty, which can be obtained from a charge distribution or another electric potential,
and is thus much easier to deal with. Moreover, the electric potential carries phys-
ical significance; namely, the work done in moving a unit charge from a point in
space to another in an electric field. It also plays an important role in boundary
value problems, in which we determine the electric field in a region of space from
the charges or electric potentials specified at the boundaries.

3.4.1 Work Done in Moving a Charge

If an electric field exists in a region of space, we can move a charge from a point
in space to another only after the electric force acting on the charge is offset by an
external force, a mechanical force, for instance. Let us consider a situation in

which we move a charge q in the direction of a; in an electric field E. To start
with, we compute the electric force acting on q:

F,=qE [N]

To cancel out F,, we need to apply an external force F,, to the charge in such a

way that we get F, + F,  =0. Therefore,
F, =—qE [N]

When we move a charge g by a small distance dl in the a,-direction, the work
done is

dW =F, +a dl=-q(E-a)dl (3-59)

Upon substituting dl =dla, into Eq. (3-59), the work done, or energy expended,
in moving a charge g by a vector differential length dl in an electric field E is

g 60

It is important to note that the minus sign on the right-hand side of Eq. (3-60) is to
make a positive value of dW on the left-hand side the work done by the external
force, or by us.
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The total work done in carrying a charge q from point B to point A in an elec-
tric field E is therefore written as follows:

w =j:dW=—qf;‘E-cu [J] (3-61)

Although the work done is a scalar, it involves a sense of direction: a positive W
represents the work done by us, while a negative W represents the work done by
the electric field.

Exercise 3.13
In an electric field E=ya, +2xa,, acharge located at point (2,3,0) is moved

a unit distance in an a, -direction. Find a, for the maximum work done.

Ans. a, =—(3/5)a, -(4/5)a,.

3.4.2  Electric Potential due to a Charge Distribution

The potential difference V, , is defined as the work done in carrying a positive

unit charge from initial point B to terminal point A. In an electric field E, the po-
tential difference between two points A and B is written as

Vyp=-[ Eedl V] (3-62)

which has the unit of the volt[V]. As was mentioned earlier, in our notations, sub-
script A-B stands for something “from Bto A”.

The absolute electric potential, or electric potential, is the potential difference
between a given point in space and the zero reference point, which is usually cho-
sen to be at infinity. Otherwise, the zero reference point is specified in the given
system as a point, a line, or a surface in space. The electric potential at point A is
defined as

v, =-['E-a1 \Y (3-63)

The potential difference is expressed in terms of the electric potentials as

A B
=V, -V, =—[ E«dl+| E-dl [V] (3-64)

The electric potential is generally given as a function of position; it forms a scalar
field in a region of space.

Let us now consider the electric potential due to a point charge q located at the
origin. Substituting the electric field expressed by Eq. (3-12) into Eq. (3-63), the
electric potential at point A:R,,0,,¢,) in spherical coordinates is
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A R q q
Ve ["Eedl—— dR = 3-65
-[ = I = 4ne R? 4me R, (5-63)

where we used dl =dRa,+Rdba, +(Rsin6)d¢a, . Omitting 1 in R for

generalization, the electric potential of a point charge located at the origin is

v=—4 V] (3-66)

We see from Eq. (3-66) that V depends on R only, implying that V' is independent
of the path of integration.

Wirth reference to Fig. 3.14, we can show that the path independence of the po-
tential difference is rooted in the law of conservation of energy. Consider two sep-
arate paths between two points A and B in an electric field as shown in Fig. 3.14.
If the potential difference V, , depended on the path, we would carry a charge
from B to A along a path that demands less work done, and return to B along the

other path gaining a net energy. To satisfy the law of conservation of energy, the
potential difference should be independent of the path of integration.

<
<

< A

A
™
\__/

A
p 0
S)
N

A

<
<

<&
<

Fig.3.14 V, . is independent of the path of integration.

The electric potential obeys the principle of superposition as the electric field.
Thus the electric potential due to N point charges q,, g, ,..., q, located at

points with positions vector I, T,,..., I, isexpressed as

V:qu

4ne, H |1- _Jrj| (3-67)

The electric potential due to a continuous distribution of charges can be obtained
from Eq. (3-67) by replacing g, with pdv’, p.ds’, or p,d¢’, substituting

r—r, with ® =r—r’, and taking the limits as N — . Following this proce-

dure we express the electric potential as follows:
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1 Py ’
=——| —Zdv 1 h 3-68
dme, v ® (volume charge) ( a)
1 Py ;s
=——| —=ds f: h 3-68b
ame, o R (surface charge) ( )
= 4;80 L'%dél (line charge) (3-68¢c)

Note that the zero reference point is taken at infinity in the above equations.
The electric potential of a point charge varies as 1/ R, whereas the electric

field varies as 1/ R2.

Example 3-10
An infinitely long straight line is along the z-axis, carrying a uniform line
charge density p,, in free space, as shown in Fig. 3.15. Find an expression for
V, 5 between two points Ailp,.9,.0) and B:ipg.¢,;,0) in cylindrical
coordinates.
Solution
We try two different methods for the solution: the first method uses Eq. (3-
62), and the second one uses Eq. (3-68c) and (3-64).

(a) V, fromEq. (3-62)

Inserting E of a line charge p,, expressed by Eq. (3-54) into Eq. (3-62),
noting that dl =dpa, +pdda, +dza, in cylindrical coordinates, we get

V,p= _.[;E.Cﬂ = _J;#Z’Opap o(dpap +pdoa, +dzaz)

P=Pa Py,
=- — d
Ip:pa 2me p P

Here, p,, py,and p, are constants, while p is a variable.

The potential difference between two points A and B, due to a line charge
density p,,, is

2me Pa

o

V, , = ‘lln[p—B] (3-69)

Here, p, and p, are radial distances in cylindrical coordinates, while p,,
is the line charge density.
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(b)
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\%

A—

g from Eqgs. (3-68c) and (3-64)

By using the position vectors of the field and source points, r=p,a, and

r'=z'a, = z'a_, the distance vector and its magnitude are written as
’ ’
R=r-r'=p,a -za,

R =pi+2?

Inserting d¢’=dz’ into Eq. (3-68¢), the electric potential at point A is

ol gl

Zz'=c0

= oo

4me,

Z'=—c0

Similarly, the electric potential at point B is obtained as

== pludz
B 4758 J.Z == \/pB + z

Note that the potential difference cannot be expressed in terms of the electric
potentials in this case.
For future reference

J' %:ln(x+\/x2+a2). (3-70)

(@) tz (b) tz
Peo Peo

x B

Fig. 3.15 An infinitely long line charge density.

Example 3-11
A uniform line charge density p,, forms a quadrant of a radius a in the z =0

plane as shown in Fig. 3.16. Determine V at point (0,0,1) in cylindrical

coordinates.
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Fig. 3.16 Line charge density forming a quadrant.

Solution

Position vector of the field point on the z-axis is

r=a

z

149

In mixed coordinates, position vectors of the source points are expressed as

’
r=aa,
’ ’
r=y’a,
r=x'a,

Magnitudes of the distance vectors are

R =[r-r|=|a, —aap,| =v1+a’
R =[r-r|=|a, —y'ay,| =l+y”?
R =|r-r|=|a, -x'a,|=v1+x"

Differential lengths are

d¢ =ady’
de =dy’
d¢’ = dx’

on

on

on

on

L
L,
L

on L,

on

(3-71a)

(3-71b)

(3-71c)

(3-72a)
(3-72b)

(3-72¢)
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Separating Eq. (3-68c¢) into three parts, we have

S %de'zi{j Lav+] Lac+| ide’} (3-73)
4me, C R 4me, [ *4 R L R Ls R

Inserting Eqs. (3-71) and (3-72) into Eq. (3-73), we have

_ P /2 1 , a 1 , a 1 ,
Ve { I o +L'Z°—W dy'+ " —de]
3 Pro an , - a , -~ a

_Fzﬁc[—z T +1n(y +yl+y 2)y,:0+ln(x +41+x Z)X,_O}
Thus,

Pe ar 2
V=—f |l ——+21 1
4@0{2 S v2mnfarird )}

It is important to note that the three integrals on the right-hand side of Eq. (3-73)
should be evaluated as three definite integrals, not as three parts comprising a
closed line integral. This is obvious from the fact that a positive charge should
result in a positive electric potential. Thus, each integral in Eq. (3-73) is
conducted along the line charge in the direction of increasing coordinate.

It should be noted that the electric potentials expressed by Eq. (3-63) and Eq. (3-
68c¢) involve different kinds of integrals: V'in Eq. (3-63) involves a line integral of
E, while Vin Eq. (3-68c¢) involves a definite integral of the line charge density.

Exercise 3.14
With reference to p,, in Fig. 3.10, find the electric potential in the region

R>b.

Ans. V = ! Puo ﬂ(103 —a®)|.
4ne R 3

Exercise 3.15
Explain why E and V, due to p,, in Fig. 3.10, can be obtained as if the charges

were concentrated on the origin.

Ans. The electric flux density is always of the form D = D,(R)a,.

3.4.3 Conservative Field

To recapitulate, the potential difference V, , is the work done in carrying a unit

charge from point B to point A, and is given by the negative line integral of E from
point B to point A as shown in Eq. (3-62). If the direction of travel is reversed, such
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as from point A to point B, the negative line integral now represents the potential
difference V_,, which is just equal to -V, , simply because the limits of inte-
gration is interchanged. With reference to Fig. 3.14, consider the the situation in
which we carry a unit charge from point B to point A along path @, and return to

point B along path @. In this case, the work done is expressed as

0] @
Ve, +Ve, == "Ecdl-[ "E.al (3-74)

On the left-hand side of Eq. (3-74), we have VA@f B = VE 5 » because the potential

difference is independent of the path, and VB®_ A= —VE 5 » because the limits of in-

tegration are interchanged. Consequently, the left-hand side of Eq. (3-74) is zero.
Meanwhile, the right-hand side of Eq. (3-37) is obviously the negative of the
closed line integral of E around the closed path formed by © and @. In view of
these, we conclude that the closed line integral of E is always zero, namely,

gSCE-dl =0 (3-75)

Since Eq. (3-75) is based on the law of conservation of energy, it is one of the
fundamental relations for the static electric field.
Next, applying Stokes’s theorem to Eq. (3-75), we have

L(VxE)-ds =0

Since the surface .S may be arbitrary, the equality is satisfied only if the integrand
is zero at every point on 5. Thus, we have

(3-76)

The static electric field is an irrotational field, and called a conservative field.

It is important to note that Eqs. (3-75) and (3-76) are true only for the static
electric field. Under time-varying conditions, neither the curl nor the closed line
integral of the time-varying electric field is zero.

Exercise 3.16

If the term with a, is missing in Eq. (3-20), may the remaining E(r) be a static
electric field, which may be produced by some other charge distribution?

Ans. No, because VXE #0.

Exercise 3.17

For the three fields, E due to a point charge at the origin as Eq. (3-12), E’ due to
a point charge not at the origin, and E” due to arbitrary multiple charges, show
VXE =0 from Eq. (3-12). What are the laws underlying VXE'=0=VxXE"?

Ans. VXE is independent of coordinate system, and E satisfies superposition
principle.
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3.4.4 Eas the Negative Gradient of V

The differential of electric potential, dV, represents the work done in moving a
unit charge along a differential length vector dl, that is

dv =-E-dl (3-77)

Borrowing from section 2-2, the differential of a smooth function V, in general, is

dv =(VV).dl (3-78)

This is the dot product between the gradient of V and the differentia length vector
dl(see Eq. (2-37)). Comparison of Eq. (3-77) with Eq. (3-78) leads to

E=-VV [V/m] (3-79)

The static electric field equals the negative gradient of the electric potential. Eq-
uation (3-79) enables us to obtain E first by calculating V from a charge distribu-
tion, and then taking the negative gradient of V. We note that Eq. (3-79) conforms
with the conservative nature of E; thatis, VXE =0.

The electric potential has the physical significance of the work done, and is
thus a smooth function of position. Otherwise, its derivative, or the electric force,
might show an abrupt change as a function of position. If an electric potential field
V is present in a region of space, the spatial points of a constant V form a smooth
surface, called an equipotential surface. This surface is always normal to the elec-
tric field lines for the obvious reason that no work should be done in moving a
charge around on an equipotential surface.

A

Fig. 3.17 Equipotential surfaces (blue lines) are perpendicular to electric field lines (black
lines). V, -V, =-E.dl.

Example 3-12
Referring to Fig. 3.4, find V and then E of an electric dipole located at the origin
in free space.

Solution
We replace R in Eq. (3-66) with ®* or K, which is the distance
between the field point and a charge of the electric dipole. Applying the
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principle of superposition, the electric potential V due to the electric dipole
is written as

V= L[ L —ij (3-80)
4me, \ R R

Applying the law of cosines to triangles (+q)op and (—q)op, and applying
the binomial expansion to Eq. (3-15), under the condition r >>d , we obtain

R*=r-1dcos6 (3-81a)
R =r+idcos® (3-81b)
Inserting Eq. (3-81) into Eq. (3-80), we have

q dcos9 1 qdcosb

v = . (3-82)
4ne, (r—4dcos®)(r+idcos6) 4mne, 1

n

We define the electric dipole moment as p = gd, where d is a vector drawn

from the point of —q to the point of +q. With the aid of the electric dipole
moment p=qgd and the position vector r = Ra,, we rewrite Eq. (3-82) as

__1 p-a;
4te, R?

\Y| (3-83)

Taking the negative gradient of V in spherical coordinates, we have

E=-VV=- aRi+aeii+a¢ 1 d qdcosze
JdR R 00 Rsin® d¢ )| 4ne R

The electric field due to an electric dipole located at the origin is

p ,
E= e R (2cosba, +sinba,) [V/m] (3-84)

Here, p is the magnitude of the dipole moment p. Eq. (3-84) is of course the
same as Eq. (3-20). Note that E of an electric dipole is inversely proportional
to the cube of distance, whereas E of a point charge is inversely proportional
to the square of distance.

By using a numerical method, we compute, from Eq. (3-84), the electric field lines
and equipotential surfaces in the yz-plane, and plot them to scale in Fig. 3.18. The
electric field lines intersect the equipotential surfaces at right angles. We note that
the z =0 plane is an equipotential surface of V =0, as is evident from Eq. (3-

83)(p+a, =0).
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Fig. 3.18 Electric field lines (black lines) and equipotential surfaces (blue lines) of an elec-
tric dipole.

Example 3-13
A uniform surface charge density p,, forms a disc of radius a centered at the

origininthe z =0 plane, as shown in Fig. 3.19. Find V and E at point (0,0, b).

Solution
Using the position vectors of the field and source points, r=ba, and

r'=p’a_, the distance between two points is written as

=|pa, -p'a,|=b* +p”

Differential surface area on the disk is

R =[r—1

d5,=p,dp,d¢,
From Eq. (3-68b), we obtain

1 pldsl — pso 2m dp’dd)’

V=m SR 4rme J‘:_o.[p'_o\/bzp,irz
o 0 P (3-85)
- Pi[m - b}

2¢,
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Fig. 3.19 A disk of a uniform surface charge density p,, .

Replacing b in Eq. (3-85) with z for generalization, the electric potential on
the z-axis is

V= gﬂ[\/zZ +a® - z} (3-86)
80
Since Eq. (3-86) is obtained by assuming x =y =0, it has no directional

derivative in the a_ - or a -direction. Nevertheless, we can obtain E from

Eq. (3-86) by taking its negative gradient, because E of the surface charge
only has the z—component on the z-axis. That is,

__av _p,

z
= 1-— 2%
’ dz 280{ \/z2+a2}

Thus, at point (0,0, b), we have

E

E- pi{l - L} a . (3-87)
280 b2 + a2
Exercise 3.18

Describe the equipotential surfaces of (a) a point charge placed at the origin, and
(b) an infinitely long line charge lying along the z-axis.

Ans. (a) Concentric spheres, (b) Coaxial circular cylinders.

Exercise 3.19
Justify V, >V, inFig. 3.17.

Ans. E-dl<O0.
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Exercise 3.20
Justify that the z =0 plane in Fig. 3.18 is an equipotential surface of V =0.

Ans. For the z =0 plane, p+-a; =0 in Eq. (3-83).

Review Questions with Hints

RQ 3.12 What is meant by a negative work done. [Eq.(3-60)]
RQ3.13 Does E=0 atapoint p, inspacemean V =0 at p,? [Eq.(3-63)]
RQ 3.14 Does V =0 atapoint p, inspacemean E=0 at p,? [Eq.(3-63)]
RQ 3.15 Explain why VXE =0 is considered as a fundamental relation for

electrostatics. [Fig.3.14]
RQ 3.16 What is the significance of the minus signin E =-VV . [Fig.3.17]
RQ 3.17 Distinguish between two different kinds of integrals that may be in-

volved in an expression for V. [Eqgs.(3-63)(3-68)]

3.5 Dielectric in a Static Electric Field

Up to this point our discussion was limited to static electric fields in free space.
We now turn our attention to material media placed in an externally applied elec-
tric field. In the atomic model, a material is viewed as an aggregate of atoms ar-
ranged in a three-dimensional array in free space. In the shell model of an atom,
electrons occupy the shells around a nucleus in an ordered manner. The electrons
at the outermost shell, called the valence electrons, are responsible for the electric-
al property of a material. According to their electrical properties, material media
are classified into three categories such as conductor, semiconductor, and insula-
tor. In the conductor, the binding force on the valence electrons is so weak that the
electrons easily detach themselves from the atoms and migrate from atom to atom.
These electrons are called the free electrons or the conduction electrons. In the
presence of an externally applied electric field, the free electrons are accelerated in
a short period of time before they collide with impurities or imperfections of the
lattice, and scatter in random directions. As the result of these repeated accelera-
tion and random scattering, the free electrons can move at a constant speed, con-
stituting a steady conduction current in the conductor. In the insulator, or the
dielectric, the valence electrons are tightly bound by the atomic force so that they
may not be freed by an external electric field of a moderate strength. Nevertheless,
the external field causes the valence electrons to be displaced with respect to the
much heavier, positively charged nucleus, resulting in a separation of charges.
These charges are called the bound charges. Although the bound charges cannot
contribute to a conduction current, they induce electric dipoles in the material,
each of which comprises of two identical charges of the opposite polarities sepa-
rated by a small distance. The semiconductor contains a relatively small number
of free electrons, and is thus positioned between the conductor and the insulator
from the standpoint of conductivity.

Although the atoms of a dielectric may be electrically neutral under normal
conditions, an externally applied electric field always induces electric dipoles in
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the material, whether or not the dipole moment is strong enough to be detected. At
the macroscopic scale in which the discrete nature of the electric dipoles is ig-
nored, the sum of the electric fields of the dipoles forms a polarization field, which
is generally given as a function of position in the material. Since the polarization
field is always opposite in direction to the external electric field, under static con-
ditions, the sum of the two fields, called the internal electric field, is always small-
er than the external field. The ratio between the external and internal fields is
defined as the relative permittivity of the material, which is the characteristic
parameter of a dielectric determining the electrical property of the material.

Polar molecules of some dielectrics exhibit permanent dipole moments even in
the absence of an external electric field. The permanent dipole moment originates
from unequal sharing of the valence electrons within a bond. For example, the wa-
ter molecule is a polar molecule in which each hydrogen-oxygen bond is polar co-
valent in a bent structure. When there is no external electric field, polar molecules
are randomly oriented, and thus yield no net dipole moment in the material. In the
presence of an externally applied electric field, however, the molecular dipoles
align with the electric field, resulting in a net dipole moment in the material. Whe-
reas nonpolar molecules return to their original neutral state when the external
electric field is removed, polar molecules may or may not return to the initial ran-
dom state, depending on the material.

3.5.1 Electric Polarization

For an electric dipole, consisting of two charges of +q and —q separated by a

small distance |d| , the dipole moment is a vector defined as
p=qd [Cem] (3-88)

where d is a vector drawn from the point of —q to the point of +q. At the ma-

croscopic scale in which the discrete nature of the electric dipole moments can be
ignored, it is convenient to define the electric polarization P, or the dipole moment
density, as follows:

nAv

P(r) = lim — Z P, [C/m?] (3-89)

Av—=0 Ap =

where 1 is the number density of dipoles(the number of dipoles per unit volume),
and Av is the incremental volume centered at position vector r. Although the di-
pole moments, p ;, are discrete vectors enclosed in Av , the polarization vector

P(r) is a smooth function of position in the material.

The electric polarization can induce electric charges on the surface of a dielec-
tric. Consider Fig. 3.21, in which electric dipoles are induced in a dielectric by an
external electric field. The induced dipole moments are directed along the direc-
tion of a unit vector a,, which is at an angle 6 with respective to an outward unit
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normal to the surface, a,. In the figure, the black dot represents the center of an

electric dipole whose charges are denoted by + and —, separated by a distance d.
For the sake of argument, the dielectric is sliced into hypothetical layers of a
thickness fdcos8. As can be seen in Fig. 3.20(a), layer 2 contains an equal

amount of the positive and negative charges that stem from the dipoles with their
centers in layer 3 or 1. In contrast, as shown in Fig. 3.20(b), there are net positive
charges in layer 1 and free space that stem from the dipoles with their centers in
layer 2 or 1. The net positive charges in layer 1 and free space constitute a surface
charge on the surface of the dielectric.

(a) (b)

Free space

e\f/" s 2 Ny
ZL
777 1

—_

d cos6

Dielectric

N
N

Fig. 3.20 The polarization surface charges induced by an electric polarization (a) No net
charge in layer 2, (b) Net positive charges in layer 1 and free space.

For an incremental area As on the surface of the dielectric, the net surface
charge contained in As is computed as follows:

AQ = gn[dAs cos 6]

(3-90)
= (gnd)(As) a,-a =P. a, (As)

where the term in bracket represents the volume of a parallelepiped,
As x d cos 0[m®], which extends from the surface to the bottom of layer 2. In Eq.
(3-90), q is the bound charge of an electric dipole, nis the volume number density
of the dipoles, and the electric polarization P = (qnd)ap. Dividing both sides of

Eq. (3-90) by As, and taking the limit as As — O, we define the polarization
surface charge density p,, i.e.,

[C/m?] (3-91)

Here, P is the electric polarization on the surface of the dielectric, and a, is an
outward unit normal to the surface. The polarization surface charge Q. is the
total surface charge induced on the dielectric. i.e.,
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Ops = (j.Dj Ppsds

= Cﬁs (Pea )ds = cﬁsP-ds G-92)

where § is the closed surface bounding the dielectric.
If the dielectric is electrically neutral, having no net charge, the polarization
surface charge Qs should be counterbalanced by the volume charge inside the

material, called the polarization volume charge Q,, . Namely,

Qpy = —Chps = _éjp'ds

(3-93)
= —L/V-Pdv

where the divergence theorem is used. In view of the volume integral in Eq. (3-
93), we define the polarization volume charge density p,, as

C/m’) (-94)

If the electric polarization P is constant in the dielectric such that V<P =0, then

we have p,, =0 inthe interior, and thus Q,, =0 = Q, . Although the net pola-
rization volume charge and the net polarization surface charge may be zero, the
polarization surface charge density p,; may be nonzero on the surface of the di-
electric.

The polarization charge densities p,; and p,, produce a polarization electric
field in the dielectric such as

L § Prgqyy L[ Perg gy (3-95)

Poame Yy g? Tt Ame, v R?

where ® and a, are the magnitude and unit vector of ® =r - r’. In view of g,
in Eq. (3-95), we see that the polarization charges p,s and p,, are assumed to
be in free space as far as the polarization field E, is concerned.

Example 3-14

An external electric field induces a constant electric polarization, P=P a,,in a

dielectric cylinder of radius a and height b, lying along the z-axis. Find
(a) polarization charge densities p,; and p,, ,and

(b) polarization charges Qs and Q. .

Solution
(a) From Eq. (3-91),

pps =P-a =(FP,a,)-a =0 (side surface)

pps =(P,a,)*(+a,) = 1P, (%, top and bottom surfaces)
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From Eq. (3-94),
Pppy =—VeP=-V(Pa)=0.

(b) Total polarization surface charge is

Ops = (]SS Ppsds = Lide Ppsds + _Lop Ppsds + .[borwm Ppsds

=0+Pra’-Pra’ =0
Total polarization volume charge is
Qpy = IV Ppy dv =0
The constant P induces p,s only on the top and bottom surfaces.

Exercise 3.21
A constant electric polarization, P = P, a_, is induced in an isotropic medium by

an external electric field E. Determine the direction of E.

Ans. +a_.If Pis parallel to E, it is called an isotropic material.

Exercise 3.22
Show that p,, is always zero in an isotropic material having no net charge

Ans. V.D =0 inthe material, and thus V.P=0.

3.5.2 Dielectric Constant

When a net charge of p,[C/ m®] is injected into a dielectric, its electric field be-

haves as an external field that induces the electric polarization P and the polariza-
tion volume charge density p,, in the material. The sum of the external electric

field due to p, and the polarization electric field due to p,, forms the internal

electric field. From Eq. (3-44), the relation between the internal electric field and
the charges in the material is written as

\ '(EoE) =Py tPpv

3-96
=pv—V'P ( )

where we used Eq. (3-94) for p,, . It should be noted that p, and p,, are as-

sumed to reside in free space as far as the internal electric field is concerned. Re-
writing Eq. (3-96), we have

Ve, E+P)=p, (3-97)
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At this point, we redefine the electric flux density D in a dielectric such that

/) w99

Another name for D is the displacement density. The newly defined electric flux
density, if it is used in Eq. (3-97), enables us to express Gauss’s law in the dielec-
tric as

[C/m®] (3-99)

It is important to note that the electric flux density in the material is related,
through Eq. (3-99), only to the net charge p, that is imparted to the material,
apart from the induced polarization charges. Therefore, Gauss’s law is indepen-
dent of the material. Upon applying divergence theorem to Eq. (3-99), the integral
form of Gauss’s law is

gSSD-ds =Q (3-100)

Gauss’s law states that the net outward electric flux through any closed surface is
equal to the net charge enclosed by that surface irrespective of the material sur-
rounding the charge.

In a homogenous, linear, and isotropic dielectric, also called a simple medium,
the electric polarization is directly proportional to the electric field in the material
such that

P=¢y.E [C/m?] (3-101)

The constant 7, is called the electric susceptibility. In general, x, may vary

with position(inhomogeneous), and depend on the magnitude(nonlinear medium)
and direction(anisotropic) of E. In the scope of this book, we only deal with sim-
ple media for which 7, is constant, and independent of the magnitude and direc-

tion of E. Inserting Eq. (3-101) into Eq. (3-98) leads to
D=¢(l+y)E=¢e E=¢cE [C/m?] (3-102)

The constitutive relation of a material is obtained as

3109

Here , € is the permittivity of the material, € is the relative permittivity or the di-
electric constant, and ¢, is the permittivity of free space. The dielectric constant
is a measure of the electrical property of a material medium. If € of a material is
given, the electric susceptibility can be obtained as %, =€, —1 from Eq. (3-102).

Consider Fig. 3.21, in which a dielectric is placed is an external electric field
E, . Although the induced polarization vector P is parallel to the electric field in
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the material, the polarization field due to P is opposite in direction to the electric
field such that the static internal field is always weaker than the static external
field. The dielectric constant is a proportionality factor between the external and
internal electric fields in the material. A larger dielectric constant means that the
atoms of the material are more susceptible to an electric field, producing a strong-
er polarization field and thus a weaker internal field in the material.

RERARRERR

. . Polarization Field
Dielectric

E,, external Field

Fig. 3.21 The internal field E is the sum of the external and polarization fields.

Example 3-15
A net charge of +Q[C] is imparted to a conducting sphere of radius a. The sphere
is then enclosed by a spherical dielectric shell of ¢, with inner radius b and outer

radius ¢, as shown in Fig. 3.22(a). Find the polarization surface charge densities
on two surfaces of the dielectric shell.

Solution
From the spherical symmetry of the system, D is expected to be

D = D.(R)a, everywhere,if D, #0.
In the region b < R < c, from Gauss’s law we obtain

4TR’D,, = 4nR*(e ¢, E;) = +Q

Thus,

E :ER a, :ﬁa}? (3-104)

Inserting Eq. (3-104) into Eq. (3-101), with the aid of 7y, =¢, -1, we get

P=cyE-= &8—4%% (3-105)

r
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Inserting Eq. (3-105) into Eq. (3-91), noting that the outward unit normal

a_=-—a, on the inner surface at R=Db, we get
e, -1 9
=P.a =-—" at R=b 3-106
Pps1 n e anb? ( ) ( )

r

Inserting Eq. (3-105) into Eq. (3-91), noting that the outward unit normal
a, =a, on the outer surface at R = ¢, we get

e, -1 Q

e 4mc®

r

Ppsy =Pea, = (at R=c) (3-107)

From Eq. (3-105), in the dielectric, V+P =0 and therefore p,, =0.

(@) (b)

Ppsa2

9 <9

C\ C
Dielectric

€  Conductor o

Fig. 3.22 A net charge is enclosed by a dielectric shell.

As far as the internal electric field is concerned, the dielectric may be
replaced with the induced polarization charges residing in free space, as
shown in Fig. 3.22(b). Applying Gauss’s law in the region b< R <c, we
have

4ATR*(e ER) = Q +4nb’p,, (3-108)

Inserting Eq. (3-106) into Eq. (3-108), we obtain

:ﬁa}z (b<R<C) (3-109)

Equation (3-109) is the same as Eq. (3-104). In the region b<R<c, D is
obtained by multiplying E in Eq. (3-109) by the permittivity e=¢¢ . It
should be remembered that D cannot be obtained directly from p,;, and

Ppsa -
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Exercise 3.23
In view of the permanent dipole moment of water molecules, explain why ¢, of
water decreases with temperature?

Ans. Random orientation due to thermal agitation.

Exercise 3.24
Can ¢ be less than one in an isotropic material under static conditions?

Ans. No, P is always parallel to E.

Exercise 3.25
Explain why p,; does not have to be included in Eq. (3-96) or (3-99)?

Ans. V«(e E)=0 forEof p,.

3.5.3 Boundary Conditions at a Dielectric Interface

By now, we should have a good understanding of the two relations, Cﬁs D.ds=0Q

and Sf)(E «cl = 0, which represent Gauss’s law and irrotational nature of E. They

are two fundamental relations for static electric fields in the sense that their point
forms allow us to uniquely determine E in a region of space, in accordance with
Helmbholtz’s theorem, regardless of the material. To be specific, Gauss’s law is in-
dependent of the material because of the new definition of D in the material, and
the irrotational nature of E is rooted in the law of conservation of energy, which is
independent of the material.

In a homogeneous material, the static electric field is given as a smooth function
of position, meaning that the direction of E does not change abruptly from a point in
space to another. This is evident from the fact that E of a point charge is a smooth
function of position, and E obeys the principle of superposition. However, this is not
the case for E at an interface between two materials of different permittivities. The
conditions for E and D at an interface are called the boundary conditions.

To obtain the boundary conditions for E and D, let us consider an interface
formed by two adjoining dielectrics of permittivities €, and €, as shown in Fig.

3.23. We first compute the circulation of E around a rectangular loop abcda by
assuming that E, and E, are the electric field intensities on the upper and low-

er sides of the loop, respectively. As the height Ah tends to zero, E, and E,

represent the electric field intensities on the opposite sides of the interface. Ac-
cording to the irrotational nature of E, the circulation of E around the loop should
be zero, namely,

9Sabch.ca=j:E.ca+j;E-cu+fE-cﬂ+j:E-cu

= (EJAw+ [ Eedl+(-E,)Aw + ["E-dl (3-110)
=0
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where subscript ¢ stands for the tangential component. As the height Ah goes to
zero, the line integrals along the left and right sides of the loop, bc and da, vanish
in Eq. (3-110). Under these conditions, Eq. (3-110) becomes

(E,)Aw + (-E, )Aw =0

The boundary condition for the tangential component of E is therefore

[V/m] (3-111)

The tangential component of E is continuous across the interface between two
different dielectrics. Applying Eq. (3-103) to Eq. (3-111), the boundary condition
for the tangential component of D is

Dy, = D, (3-112)
8l 82

The tangential component of D is discontinuous across an interface formed by two
different dielectrics.

We next apply Gauss’s law to the circular cylinder of a cross section As and a
height Ah, as shown in Fig. 3.23, by assuming that D, and D, are the electric

flux densities on the top and bottom surfaces of the cylinder. As the height Ah
tends to zero, D, and D, represent the electric flux densities on the opposite

sides of the interface. The integral of D over the bounding surface of the cylinder
is equal to the surface charge enclosed in the cylinder, namely,

CﬁsD.ds = jmpD.ds+ijMmD.ds +-[sﬂeD.ds

=D, As—D,,As+[ D-ds (3-113)
=p,As
where subscript n stands for the normal component. In the above equation, p; is

the surface charge density on the interface, and thus p,As is the net surface

charge enclosed in the cylinder as the height Ah goes to zero. The integral of D
over the side surface of the cylinder vanishes as Ah tends to zero. Under these
conditions, Eq. (3-113) becomes

D, As =D, As = p,As

The boundary condition for the normal component of D is therefore

(C/m’) (-114)
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If there is no surface charge on the interface, p, =0, we have
D, =D,, (3-115)

The normal component of D is continuous across the interface between two differ-
ent dielectrics, if there is no surface charge at the interface. Applying Eq. (3-103) to
Eq. (3-115), the boundary condition for the normal component of E is

eE, =&,E,, (3-116)

The normal component of E is discontinuous across the interface between two dif-
ferent materials.

Fig. 3.23 An interface between two different dielectrics of permittivites €, and €, .

Example 3-16
Two vectors E, and E, represent the electric field intensities in two adjoining

dielectrics with permittivities €, and €, , respectively, as shown in Fig. 3.24.
Find E, and 6, intermsof E , €, &,,and 0, assuming no surface charge at

the interface.

Solution
Two components of E, that are normal and tangential to the interface are

E, =E cosg

E, =E sing,

The tangential component of E is continuous cross the interface such that

E, =E, =E sing, (3-117)
The normal component of D is continuous cross the interface such that

D2n = Dln
=¢gE, =¢E cosb,

(3-118)
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Rewriting Eq. (3-118), with the aid of D, =¢,E, , we have
81

E, =—E cos6, (3-119)
82

Combining Eqs. (3-117) and (3-119), we have

E, = \/(Ezt)z +(E,,) =E, \/sinz 0, + (g, /&,)” cos® 6,

The rotation angle of E,, with respect to the surface normal, is obtained
from Eqgs. (3-117) and (3-119) as

6, = tan" =2t  tan™ {8—2 tan el} (3-120)

2n 81

In view of 6, >80, in Fig. 3.24, we note that €, > ¢, in Eq. (3-120).

Fig. 3.24 An interface between two adjoining dielectrics.

Exercise 3.26
What is the boundary condition for the normal component of D at an interface
between free space and a material with a volume charge density p,, .

Ans. D, =D, .

Review Questions with Hints

RQ 3.18 Sate the relation between the electric polarization and induced polariza-
tion charge in a material. [Eqs.(3-91)(3-94)]

RQ 3.19 What is Gauss’s law in material media? [Eqs.(3-99)(3-100)]

RQ 3.20 What material parameter determines the polarization charge induced in
a dielectric? [Eq.(3-101)]
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RQ 3.21 State the relation between D and E in a dielectric. [Eq.(3-103)]
RQ 3.22 State the boundary conditions for E, and D, at an interface between

two different dielectrics with no surface charge. [Eqs.(3-111)(3-115)]
RQ 3.23 Do static electric field lines reflect from an interface between two dif-
ferent dielectrics? [Fig.3.24]
RQ 3.24 Is the total electric flux conserved at the opposite sides of an interface
between unlike dielectrics? [Eq.(3-115)]
RQ 3.25 Can you derive the boundary conditions for D and E from the point
form of the two fundamental relations? [Eqs.(3-99)(3-76)]

3.6 Perfect Conductor in a Static Electric Field

Although the conductor contains a very large number of free electrons, it is electr-
ically neutral under normal conditions. The negative charges of the free electrons
are counterbalanced by the positive charges of the ionized lattice atoms. Thus
there is no net charge in the conductor. In the absence of an externally applied
electric field, the free electrons collide with the impurities and imperfections of
the lattice, and scatter in random directions. Consequently, there is no net motion
of the free electrons in the conductor. In contrast, in the presence of an external
electric field, the free electrons gain a net speed during the mean time between
collisions and give rise to a conduction current in the material. The conductivity is
a measure of how easily the free electrons can produce the conduction current un-
der the influence of an electric field. A perfect conductor is one with an infinite
conductivity, whereas a perfect dielectric is one with zero conductivity.

If a net charge is injected into a perfect conductor, the charge should be distri-
buted on the surface of the conductor in order not to create any electric field inside
the conductor. Otherwise, an internal electric field would generate an infinite con-
duction current, which in turn redistributes the charge instantaneously until there
is no electric field inside the conductor. In a perfect conductor,

[E=0 (3-121)
p,=0 (3-122)

where p, is the net volume charge density in the conductor.

Consider a perfect conductor placed in free space as shown in Fig. 3.25. The
circulation of E around a rectangular loop abcda is zero, irrespective of the ma-
terial, namely,

gSabch-cu=j:E-d1+j:E-cu+ij-cu+j:E-cu

= (EH]Aw+'f:E-dl+O+.[;E-dl (3-123)
=0
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where t stands for the tangential component. The line integral along the bottom
side of the loop, cd, is zero because E = O in the perfect conductor. The line inte-
grals along the left and right sides of the loop, da and bc, vanish as Ah tends to
zero. Under these conditions, Eq. (3-123) becomes

(E,)Aw =0

Thus, on the surface of a perfect conductor, we have

(3-124)

The tangential component of E is always zero on the surface of a perfect con-
ductor. This implies that no work is done in moving a charge around on the sur-
face of a perfect conductor; the surface of a perfect conductor is an equipotential
surface.

Next, we apply Gauss’s law to a circular cylinder half embedded in the conduc-
tor as shown in Fig. 3.25. The integral of D over the bounding surface of the cy-
linder is equal to the surface charge enclosed in the cylinder, namely,

§peds=[ Dedss [ Deds, Docs

:DmAs+o+jm D.ds (3-125)
=p,As

where n stands for the normal component. Here, p, is the surface charge density
on the perfect conductor, and p,As is thus the total surface charge enclosed in

the cylinder as the height Ah goes to zero. The surface integral over the bottom
plate is zero because E =0 =D in a perfect conductor. The surface integral over
the side surface vanishes as Ah — 0. Under these conditions, Eq. (3-125) be-
comes

D,,As =p,As

Thus, on the surface of a perfect conductor, we have

(3-126)

The normal component of D on the surface of a perfect conductor is equal to
the net surface charge density on the conductor. It is important to note that p,

in Eq. (3-126) is the net surface charge on the conductor, except the polarization
charges.

The boundary conditions expressed by Eqgs. (3-124) and (3-126) can also be
applied to an interface between a perfect conductor and a perfect dielectric.



170 3 Electrostatics

Fig. 3.25 A perfect conductor in free space.

Example 3-17

A net charge of +Q[C] is given to a perfectly conducting sphere of radius a, which
is then enclosed by a perfectly conducting spherical shell of inner radius b and
outer radius ¢, as shown in Fig. 3.26. Determine the surface charge densities in-
duced on the inner surface at R = b and the outer surface at R = c, and identify

the source of the surface charges for the two cases: (a) the outer conductor is
isolated (b) the outer conductor is grounded.

oo,

€, Perfect
conductors Ground

Fig. 3.26 A conducting sphere with a net charge +Q[C] is enclosed by a conducting shell.

Solution
From the spherical symmetry of the system, D is expected to be
D =D, (R)a, everywhere, whether or not it is grounded.

(a) Intheregion a < R < b, applying Gauss’s law we obtain
4nR’D,, = +Q

Electric flux density at R=Db is

D=D,a, = (3-127a)

—~= _a
4nb? ®
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On the surface at R =b, using Egs. (3-127a) and (3-126), and noting that
the outward unit normal to the surface is a, =—a,, we obtain the surface

charge density as
i Q

D —_ t R=b 3-127b
p5 R 4TCb2 (a ) ( )

In the region R >c, the net charge enclosed by the Gaussian surface is
+Q because the outer shell is electrically neutral. From Gauss’s law we
obtain

4nR*D,, = +Q

The electric flux density at R=c is

D=D.a, = %aR (3-128a)

On the surface at R =c, using Eqgs. (3-128a) and (3-126), and noting that

the outward unit normal to the surface is a, =a,, we obtain the surface

R
charge density as

0 Q
ps =Dy = anc?

(at R=c) (3-128b)

The negative surface charge p. at R=b stems from the free electrons of
the outer conductor, whereas the positive surface charge p; at R=c
stems from the ionized lattice atoms of the same conductor. Note that +Q
and p! jointly resultin E =0 in the interior of the outer conductor.

(b) The outer conductor is at zero potential, because of its connection to ground.
No electric field line starts at the conductor and ends at ground, or vice versa.
Thus,

D, =0=p; (R=c)
In the region a < R < b, D is the same as that in part (a). Thus,

i_ Q9
Ps = 4nb?

(R=Db)

Note that two charges +Q and p! jointly result in E=0 in the region

b < R < . The surface charge p. is the net charge came from ground.

Exercise 3.27
A point charge +Q is at a distance 1[m] from an infinite conducting surface at

z =0 connected to ground. Find the total charge induced on the conductor.
Ans. -Q.
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Exercise 3.28
Describe the shape of the electric field lines between +q and the conducting
surface in Exercise 3.27.

Ans. Field lines start at +q and end on the conducting surface at right angles.

Review Questions with Hints

RQ 3.26 Why isitthat E=0=p, ina perfect conductor. [Eqs.(3-121)(3-122)]
RQ 3.27 What are the boundary conditions for E and D at an interface between a

perfect conductor and a perfect dielectric? [Egs.(3-124)(3-126)]
RQ 3.28 Is the surface of a perfect conductor an equipotential surface, even if it
has net charges? [Eqs.(3-121)(3-124)]

3.7 Electrostatic Potential Energy

As was stated earlier, the electric potential at a point in space is the work done in
bringing a unit charge from infinity to the point against the electric field. In other
words, the product of the electric potential and the charge located at the point is
the potential energy of the charge. To hold the charge in place, however, we need
to counterbalance the Coulomb force exerted on the charge by applying an exter-
nal force on the charge, for instance a mechanical force. If we remove our hold on
the charge, the potential energy is transformed into the kinetic energy of the
charge, which will accelerate the charge and send it back to infinity. Extending
this concept to a system of charges, the work done in assembling the charges is
stored as the potential energy of the system of charges.

To compute the potential energy of a system of charges of the same polarity,
we add the energies expended in bringing the individual charges from infinity to
the predetermined positions. When we bring the first charge g, from infinity to a

point in free space, no energy is expended. That is,
W, =0 (3-129)

When we bring a second charge q, to a prearranged point near charge q,, we
have to move against the electric field produced by g, , and thus expend the ener-
gy given by
W, =q,| (3-130)
4n80K2—1
This is simply the product of g, and the electric potential due to g, . In our nota-

tions, the subscript 2-1 in %, |, = |r2 —r1| is to denote the distance from charge

“1” to charge “2”. With the help of the obvious relation %, , =RX,_,, Eq. (3-130)
is rewritten as
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w,=s_%d 1 9% (3-131)
24ne R, , 24me R, .,

Following the same procedure used for W, , we express the energy expended in

bringing a third charge ¢, to a prearranged point near the charges g, and g, as

q, d,
W, = — |+ — 2
s =4 |:47t809{3_1 } s {41&509{3_2 }

e 69 | 1) 99 | 94
2| 4ne R, , 4ne R, 2| 4ne R, , 4ne R, ,

(3-132)

Again, W, is the product of g, and the electric potential due to the previous
charges q, and g, . Note that Eq. (3-132) has been rewritten by making use of

the relation %, , =R, ,. Next, by summing the three terms W,, W,, and W,,
the total energy expended in assembling the first three charges is

W, +W, +W,

=i q2 + qs +_2 q] + qs (3_133)
2 |4ne R, , 4neR, | 2|4neR,, 4ne R, ,

9 4 9. 1
+ = + =—(q,V, +q,V, +q,V.
9 { me R mDRSJ 5 (@Y1 + 0.V, +4.V5)

Q

We see that the three brackets in Eq. (3-133) represent the electric potentials V|,
V,, and V, at the points of q,, q,, and g, , respectively. By following the

same procedure, we obtain the total energy stored in a system of N point charges
as

1 N
We =5 >qV, [J] (3-134)
j=1

Here, Vv, is the electric potential at the location of the charge g i which is caused
by all other charges except g, .

We can obtain the energy stored in a continuous distribution of charges of a vo-
lume charge density p, in the same manner as for discrete charges. By replacing

q; in Eq. (3-134) with the incremental charge p,Av;, and taking the limit as
N — e and Av — O, we write the energy of the volume charge density p, as
1 N
W, = lim —vaAvjVj (3-135)

N—oo -
Av—0 2 Jj=1
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From calculus we recognize the right-hand side of Eq. (3-135) as a volume
integral of the function p,V . The electrostatic potential energy of a volume

charge density p, is therefore,

1
Wy =4 jv p,Vdv [J] (3-136)

where 7V is the volume occupied by the volume charge density p,, and V' is the

electric potential at a point in volume 7.
It is often more convenient to express the potential energy in terms of E and D
than the charge density p, . Upon applying Gauss’s law, Eq. (3-136) becomes

1
W, =5L/(V-D)Vdv (3-137)
Rewriting Eq. (3-137), with the help of the vector identity
V«(VD)=V(V.D)+D+(VV), we have

W, =1J' V.(VD)dy—lJ- D-(VV)d?/
% v . 27 (3-138)
:—c_f)VD°dS+—j D-Edv
27 27

where we have used divergence theorem and the relation E =—-VV . In the above
equation, S is the bounding surface of the volume %, which may be arbitrary only
if it is large enough to enclose all the charges. Let us examine the closed surface
integral on the right-hand side of Eq. (3-138). Let the surface S be a spherical sur-

face of radius R, which tends to infinity. Then, as R — oo, the terms V, |D|, and
|ds| (= R®sin6d6d¢), in the closed surface integral, vary as 1/R, 1/R?, and

R? , respectively. In view of these, we see that the closed surface integral varies as
1/ R, and becomes zero as R — oo . The electrostatic potential energy is there-

fore expressed as

1
W, = 5Ll)-l«:dy [J] (3-139)

Upon using the constitutive relation D = €E , Eq. (3-139) becomes

_1 2
We =3 [ eE*dv (3-140)

In view of Eq. (3-139), we can define the electrostatic energy density w, as

w, :%DoE [J/m?®] (3-141)

e

which has the unit of the joule per cubic meter.



3.7 Electrostatic Potential Energy 175
Example 3-18

Determine the potential energy of a volume charge of a uniform density p, that

is assembled in a spherical shell of inner radius a and outer radius b, in free space,
as shown in Fig. 3.27.

dR

>

Fig. 3.27 A uniform volume charge in a spherical shell.

b

Solution
We compute the work done in bringing and stacking thin spherical layers of
charges one by one. To start with, the total charge enclosed in a sphere of
radius R, is
£

4
(@ =py?(R13 _a3)

The electric potential at R = R, is the same as if @ were concentrated on a
point at the origin, i.e.,

Q 1 Am, 5 4
- - SRS - 3-142
4ne R, 4ne R, [p” 3 (R -a )} ( )

A thin spherical layer of radius R, and thickness dR contains a net charge of
dq = p,4nR}dR (3-143)
The energy expended in bringing dq from infinity to the spherical surface

at R =R, isobtained from Eqgs. (3-142) and (3-143) as

dwW =Vdq = {pi ;LTRRI (R? —aS)}dR

The total energy expended in assembling the volume charge is
s 4n o

v _
3g, “R=a

=p2 ﬂ‘:%(bS _a5)_a3%(b2 _aZ):|

W, =[aw =p (R®-a®)dR

(3-144)
Y 3e

o
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We see from Eq. (3-144) thatif a = O, the volume charge forms a sphere of
radius b, and the potential energy is simply given as kb®, where Ik is a
constant. We note that W, in Eq. (3-144) cannot be expressed in the form
of Ik(b® —a®), which is simply a subtraction of V due to the charges in a

sphere of radius a from that due to the charges in a sphere of radius b. This
leads us to conclude that the potential energy does not follow the principle of
superposition.

Exercise 3.29
Find the potential energy of the three identical point charges of 1[uC] being 1[ml]

apart, in free space, along the x-axis.
Ans. 0.022[J].

Exercise 3.30
Two parallel, infinite sheets with surface charge densities p, and —p, are

separated by a distance a in free space. Find the energy density in between.

Ans. w, =p?/(2¢).

Review Questions with Hints

RQ 3.29 Express the electrostatic potential energy of a volume charge density.
[Eq.(3-136)]

RQ 3.30 Express the electrostatic potential energy in terms of field quantities.
[Eq.(3-140)]

RQ 3.31 Define the electrostatic energy density. [Eq.(3-141)]

3.8 Electrostatic Boundary Value Problems

Thus far we learned about the methods of obtaining the electric field from a given
charge distribution. In most practical problems, however, the charge distribution
may not be known in the given region. We now introduce Poisson’s equation,
Laplace’s equation, and the method of images, which allow us to determine V and
E in a region of space from the charges and electric potentials specified at the
boundaries. Electrostatic problems involving boundary values are called boundary
value problems.

3.8.1 Poisson’s and Laplace’s Equations

We start with two fundamental relations governing the static electric field, that is,
V.-D=p, (3-145)
VXE =0 (3-146)
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Limiting our discussion to a homogeneous, linear, and isotropic medium, the con-
stitutive relation between E and D is

D=¢cE (3-147)

where the permittivity € is constant, independent of the magnitude and direction of
E. Let us recall the relation between E and V, i.e.,

E=-VV (3-148)
Inserting Egs. (3-147) and (3-148) into Eq. (3-145), we have
-V.e(VV)=p, (3-149)

Since € is constant in the simple medium, it can be taken outside the divergence
operator in Eq. (3-149). The Poisson’s equation is therefore,

V2V = —p?” (3-150)

The operator V?, read “del squared”, is the Laplacian operator, which represents
the divergence of the gradient of a scalar field. If there is no net volume charge in
the given region, the Poisson’s equation reduces to the Laplace’s equation, that is,

(3-151)

The Poisson’s and Laplace’s equations are second-order differential equations,
each of which requires two independent boundary values for the determination of
two constants of integration. These constants then uniquely specify a particular so-
Iution in the given region. When Laplace’s equation is solved in a region where
there is no volume charge, other charges, such as point, line, and surface charges,
may be used as boundary values.

The Laplace’s equation in Cartesian coordinates is

o’V 9’V 9V
+ + =
x> Jy* 09z®

(Cartesian) (3-152a)

The Laplacian of V in cylindrical and spherical coordinates can be obtained by
taking the divergence of the gradient of V' in their respective coordinates. The Lap-
lace’s equations in cylindrical and spherical coordinates are as follows:

10( oV 1 (V) 9%V o

E % [p $] + p—z[ a¢2 j + 822 =0 (cyllndrlcal) (3-152b)
1 B[QBVJ 1 a[. aVJ 1 oV

——| R — |[+————|sin0— |+ —— =

R? R dR) R’sin® 00 99 ) R’sin” 0 9o¢°

(spherical) (3-152¢)
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Exercise 3.31
Show that the following electric potentials satisfy Laplace’s equation:

(a) V=e""cos(2y),and (b) V =In[tan(6/2)].

3.8.2 Uniqueness Theorem

From calculus we know that a second-order differential equation such as Poisson’s
equation should have two independent homogeneous solutions, which are obtained
as if there were no source in the given region of space. If they are linearly com-
bined in such a way as to satisfy two independent boundary conditions, the linear
combination must be a unique solution, or the only solution, in the given region.
This is called the uniqueness theorem, which asserts that the solution of Poisson’s
equation satisfying the given boundary conditions is a unique solution in the
given region. The uniqueness theorem allows us to solve Poisson’s equation in an
intuitive manner, in which we only need to guess the solution satisfying the given
boundary conditions.

To verify the uniqueness theorem, we proceed as follows. Suppose V, and V,

are two solutions of Poisson’s equation in a region .72, which has a finite volume
7/and a bounding surface S, namely,

Vv ()= - (3-153a)
€

V2V, (r) = - P2 (3-153b)
€

Let us assume that V, and V, satisfy the same boundary condition such that
Vi) =V,(x,) =V, (3-154)

where r, is the position vector of a point on the boundary surface S.
In the region .72 , we define a scalar field as

V(r) =V, (r) - V,(r) (3-155)

With the help of Egs. (3-153) and (3-154), we obtain the Laplacian of V(r) and

the value of V(r) at the boundary as follows:
VWV (x) = V2V, (r) - V*V,(r) = 0 (3-156a)
Vir,) =V,(r,) - V,(r,) =0 (3-156b)

The differential equation and the boundary value given in Eq. (3-156a) and Eq. (3-
156b) can be viewed as another boundary value problem in the region .72.
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Upon substituting V and VV for A and V in the vector identity
V«(AV)=A(V.V)+V.(VA), we have

Ve(VVV)=V(V:VV)+VV+(VV)
Integrating both sides of the above equation over a volume ¥, we have
[ Ve(VVV)do=[ V(V-VV)do+[ VV+(VV)dv (3-157)

The first term on the right-hand side of Eq. (3-157) should vanish, because of Eq.
(3-156a). Rewriting the left-hand side of Eq. (3-157) by use of divergence theo-
rem, and substituting the boundary condition given in Eq. (3-156b), we have

LV-(VVV)dv: SBS(VVV)-ds =0
Thus Eq. (3-157) becomes
LVV-(VV)dv =0 (3-158)

The integrand in the volume integral in Eq. (3-158) is always positive. Thus we
should have VV =0 at every point in ¥to satisfy the equality. In the region .7,
the function V(r) is obtained as

Vir) = V(1) - V,(@) = C (3-159)

where C is a constant, and r is the position vector of a point in .72. Equation (3-
159) should be satisfied at every point in .22, including the points on the boundary
surface 5. Applying the boundary condition expressed by Eq. (3-156b) to Eq. (3-
159) gives C = 0. Thus, at every point in the region .72, we have

V,(r) =V, (1) (3-160)

which verifies the uniqueness theorem.

Since the above proof holds true irrespective of p,, , the uniqueness of the solu-
tion of Laplace’s equation is also verified. Even if we find a solution of Laplace’s
equation by trial and error such that it satisfies the given boundary conditions, the
solution is the only solution in the given region.

Exercise 3.32

A long conducting trough is along the z-axis, maintained at zero potential. Its
cross section is a square of side b as T (bottom side, x-axis; left side, y-axis). (a)
Does V =sinh(nnx /b)sin(nny /b) , n=1,2,.., satisfy Laplace’s equation
and the boundary condition? (b) Why no unique solution?

Ans. (a) Yes, (b) Laplace’s equation requires two boundary conditions.
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3.8.3 Examples of Boundary Values Problems

Example 3-19

Two parallel conducting plates are separated by a distance d, and maintained at
V=0 and V =V_, as shown in Fig. 3.28. The gap is filled with a volume
charge density p, =p,sin(nz / d). Ignoring the fringing effect of E at the edges

of the conductors, find
(a) electric potential in the gap, and
(b) surface charge densities induced on the conductors.

z
A
s—d V=V,
./
+ + + N ¥ +
v, = E Py»Eo
- v ' .. v
z=0 \V=O

Fig. 3.28 Two parallel plates filled with volume charges.

Solution

(a) If the edge effects are ignored, E and V are obtained as if the plates and the
charge distribution were infinite in extent in the xy-plane. From translational
symmetries in the x- and y-directions, Poisson’s equation is written as

axv . p, . [n J
=-"2sin| —2z
g, d

d22
Upon integrating both sides with respective to z twice, we obtain

€

o

2
A% :P_o(ﬂj sin(lzj+clz +c, (3-161)
T d

where ¢, and c, are constants of integration

Applying the boundary conditions to Eq. (3-161), we have
V(z=0)=0=c, (3-162a)
Viz=d)=V,=cd (3-162b)
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Combining Eqs. (3-162) and (3-161), Vin the gap is

2
V:p—"(gj sin[lzj+£z. (3-163)
e\ T d d

o

From Eq. (3-163), the electric field in the gap is

E=-VV = —{%cos[£2j+£}az
g d

On the conducting surfacesat z=0 and z =d, we have

D(0) = £,E(0) = ¢, {— ped _ ﬁ} a,
enw d

o

d V.
D(d) = ¢,E(d) = , {p— - —0} a,
g,m o d
A unit normal to the surface at z=0 is a, =a,, and a unit normal to the
surface at z=d is a, =-a,. From Eq. (3-126), the induced surface

charge densities are

b, = D,(0)= P4 Vo at z=0 (3-164a)
T d
p.=-D,(d) = —Mﬁvdl at z=d (3-164b)
T

The surface charge densities in Eq. (3-164) are not equal in magnitude. The
charge densities ¢V, /d stem from the potential difference V,, whereas

the charge density —p,d/m originates from the net charge 2p d/mn

contained in a volume 1x1xd [m?®] in the gap.

Example 3-20
Two semi-infinite conducting plates take a wedge form as shown in Fig. 3.29.
They are at angles ¢, and ¢, with respect to the x-axis, and maintained at

potentials V, and V, , respectively. Find Vin the regions:

(@ ¢, <¢<9,,and
(®) ¢, <9<(0, +2m).
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Fig. 3.29 Two semi-infinite conducting plates in a wedge form.

Solution

(a)

Keeping the uniqueness theorem in mind, and noting that ¢ =¢, and ¢ = ¢,

planes are equipotential surfaces, we assume that any surface of constant ¢ is
an equipotential surface. Under these conditions, V is independent of p and z,

and Laplace’s equation is written in cylindrical coordinates as
2.
V2V = %a ‘2/ _ (3-165)
p” 00

Upon integrating both sides of the equation twice with respect to ¢, we
obtain a general solution, with the constants of integration ¢, and c,, as

V=co+c,. (3-166)
In the region ¢, < ¢ < ¢,
Applying the boundary conditions to Eq. (3-166), we obtain

V(9)=V, =c0, +c, (3-167a)
V(9,) =V, =0, +c, (3-167b)

Solving the equations for ¢, and c,, we obtain

Cl=Vl_V2
¢1_¢2
V, -V,
c, =V, ——+—2¢,

¢1 _¢2
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Thus,

V-V,
00
(b) Intheregion ¢, <¢<(¢, +2mn)

4 @-0)+V;. (0, <0<9,) (3-168)

Applying the boundary conditions to the general solution in Eq. (3-166), we
obtain

Vio,) =V, =¢0, +¢,
Vo, +21) =V, =¢,(¢, +21) +c,

Solving the equations for ¢, and c,, we obtain

C1=M,and C2=V2—ﬁ¢2
0y — 0, — 21 0, — ¢, — 21
Thus,
V2_V1 _ i
Voo ezt (6 <0<(0+2m) (3-169)

The electric potentials given in Egs. (3-168) and (3-169) are unique solutions
in their respective regions because they satisfy Laplace’s equation and the
given boundary conditions. They conform with the initial assumption that
any surface of constant ¢ is an equipotential surface.

Example 3-21

The space between two concentric, perfectly conducting, spherical shells of
negligible thickness is filled with a dielectric of permittivity € as shown in Fig. 3.30.
Two spheres have radii a and b, and maintained at potentials V, and V, ,

respectively. Find Vin the regions: (a) R>b,(b) a<R<b,and(c) O<R<a.

Conducting shells

Fig. 3.30 Two conducting shells separated by a dielectric.
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Solution
From spherical symmetry, Laplace’s equation is written in spherical
coordinates as

V2 = in[RZ 8_Vj =0
R* 0R oR

Upon integrating both sides of the equation twice with respect to R, we
obtain a general solution, with the constants of integration ¢, and c,, as

V:%+%. (3-170)

(a) Intheregion R>Db
Applying the boundary conditions to Eq. (3-170), we get

wR=m=n=%+% (3-171a)

V(R=o)=0=c, (3-171b)

Solving Eq. (3-171) for ¢, and c,, we get

¢, =bV,

c, =0

Thus,

V= % . (R>Db) (3-172a)

(b) Intheregion a<R<b
Applying the boundary conditions to Eq. (3-170), we get

VIR=a)=V, =<+,
a

Vm=m=%=%+%

Solving the equations for ¢, and c,, we get
ab
¢ =—WV,-V,)
b-a
b
C=Vi-——WV,-V,)
b-a
Thus,

a b
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(c) There is no electric field in the region O < R < a . Thus,

V=V,. (3-172¢)

3.84 Method of Images

The electric field lines of an electric dipole are symmetrical about the plane placed
in the middle as shown in Fig. 3.31(a). Furthermore, the electric field lines cross
the middle plane at right angles, implying that the plane is an equipotential sur-
face. Upon substituting p-a, = O, which is an expression for the middle plane of

the dipole, into Eq. (3-83), we see that the plane is at a potential of V =0 . Let us
digress briefly and consider a boundary value problem in which a point charge
+q is at a distance d/2 from an infinitely large, perfectly conducting surface that
is maintained at a zero potential, as illustrated in Fig. 3.31(b). From potential
theory we know that the electric field lines originate on the positive charge and
terminate on the conducting surface at right angles. It is apparent that the electric
field lines shown in Fig. 3.31(b) are the same as those in the upper half of Fig.
3.31(a). This is justified by the fact that the two field lines satisfy the same boun-
dary condition. Note that the solution satisfying Laplace’s equation and given
boundary conditions is a unique solution.

The method of images provides another way of determining the electric field in a
given problem that involves perfectly conducting planar surfaces of zero potential.
In the method of images, the charge distributions above the conducting surface are
replaced with the combination of the given charges and their image charges, with the
conducting surface removed, as illustrated in Fig. 3.32(a) and Fig. 3.32(b). The elec-
tric field of the given problem is the one obtained in the region above the middle
plane. The principle of superposition allows us to extend the method of images to
continuous distributions of charges and even equipotential surfaces.

(@)
E +q E
()
-q
V=0
(b)
E +q E
V=0 =

Fig. 3.31 (a) Dipole electric field (b) A point charge above a conducting surface.
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e
<
I
o
=

I\
E‘/

Perfect conductor, ¢ = ©

Fig. 3.32 (a) Boundary value problem (b) Method of images.

Example 3-22
Two charges +Q and —Q are images of the other as shown in Fig. 3.33. From

symmetry considerations we see that the electric field lines should be symmetrical
about the middle plane.
Should the electric field lines be, in addition, normal to the middle plane?

Not normal to the middle plane?

N\

+Q

Plane of symmetry

Fig. 3.33 Symmetrical field lines due to symmetrical charges.

Solution
Two symmetrical charges +@Q and —@Q can be regarded as the sum of
many electric dipoles straddling the middle plane. The electric field lines of
an electric dipole are smooth everywhere, except for the source points
occupied by the two charges of the dipole. According to the principle of
superposition, the field lines of +@Q and —-Q are smooth in space, and thus

normal to the middle plane.

Example 3-23
Find an expression for the equipotential surface of
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(a) two infinitely long, straight, and thin lines are parallel to each other, separated by
a distance 2d. They carry uniform line charge densities p, and —p,, respectively.

(b) two infinitely long conducting wires of a finite radius 3, are parallel to each
other, separated by a center-to-center distance of 2a,. They are maintained at
potentials V, and -V, respectively.

Solution

(a) Referring to Fig. 3.34(a), we first obtain the electric potential V at a point p
from Eq. (3-69) as

V=P {m Ko i RZ-O} (3-173)
2ne, R, R,
where R, (or R, ) is the perpendicular distance from the point p to the line
charge p,(or —p,), and R, ,(or R, ) is the perpendicular distance from
a zero reference point to the line charge p,(or —p,).
Weset R, , =R, , byassumingthe y =0 plane to be the zero reference
point, which will be validated later. Under this condition, Eq. (3-173) becomes

P p ke (3-174)
2ne, R,

Inserting expressions for ®, and X, in Cartesian coordinates into Eq. (3-
174), we have

P 1| ly+df +2°
V= In 3-175
4ne, | (y-d)?+2z ( )
We rewrite Eq. (3-175) and define a parameter K as follows:
ane V] (y+dpP+z?
exp{ |- [Z =K (3-176)
¢
The second equality in Eq. (3-176) leads to
Y+’ +2z* =K[[y-ad +2°| (3-177)
Rearranging terms in Eq. (3-177), we have
(y-a) +2%=p> (3-178)
where
K +1
oc:dK+1 (3-179a)
2dVK
B= K\E (3-179b)
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To obtain the equipotential surface of a potential V|, we proceed as follows:

(1) Insert V =V, into Eq. (3-176) to obtain K =K, .

(2) Insert K =K, into Eq. (3-179) to obtain ao=o0o, and B=0,.

(3) Inserting o, and f, into Eq. (3-178), we obtain the equation of the
equipotential surface in the yz-plane.

We see that the equipotential surface of V =V, is a cylinder of radius f,,
centered at y = o, , as shown in Fig. 3.34(b). We see from Eq. (3-176) that
V >0 for K >1(the cylinder is in the region y>0), and V <O for
K <1 (the cylinder is in the region y < 0).

Let us now check the zero reference point. For V =0, we can obtain
K =1 and aa=f = from Egs. (3-176) and (3-179), which correspond to
the y =0 plane as can be seen from Eq. (3-178). The initial assumption for
the zero reference point is thus validated.

The cross sections of the two wires are shown in Fig. 3.34(c), which are
images of the other with respect to the middle plane, or the y =0 plane.

According to the method of images, we replace the left conductor with an
infinite conducting plane of V =0 placed in the middle, the y =0 plane,
as shown in Fig. 3.34(b). We then solve this boundary value problem by
making use of the equivalent parallel line charges as shown in Fig. 3.34(a).
For the given values of o, and B, (o, >f,), we obtain K and d from

Eq. (3-179) as

JK =47 V‘xl B! (3-180a)

d=o K-1_B K (3-180b)
K +1 2 |JK,
Inserting K, and V, into Eq. (3-176), we obtain the equivalent line charge
density as
= ane,Vy (3-181)
InK,

Next, inserting p, and d into Eq. (3-175), we obtain the expression for the
equipotential surface of an electric potential V as

2 2
Ve P Urd vz (3-182)
4me, (y-d)y +z

Following the same procedure, we can also solve a boundary value problem
involving an infinitely long line charge and an infinitely long conducting
cylinder, which are parallel to each other.
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Fig. 3.34 (a) Two parallel line charges (b) Two equipotential surfaces (V =0 and V =V])
(c) Two equipotential surfaces (V =V, and V =-V,).
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When two infinitely long line charges of uniform densities £1[nC/m] are se-

parated by 2[m] in free space, the equipotential surfaces are drawn to scale in the

yz-plane in Fig. 3.35.

V=-15
(

V=15

VQ

Fig. 3.35 Equipotential surfaces of two parallel line charges of densities +1[nC/m], se-

parated by 2[m] in free space.

Exercise 3.33

The conducting surface in Fig. 3.31(b) is not at zero potential. (a) Are the field
lines still normal to the conductor? (b) Are they still equal to the upper half of Fig.
3.31(a)? (¢) If no, what is the source of the distortion?

Ans. (a) Yes, (b) No, (c) Net surface charges on the conductor.

Exercise 3.34

For a boundary value problem involving p, and the y =0 plane maintained at

V =0 as in Fig. 3.34(b), find the surface charge density induced on the y =0

plane per unit length of the x-axis.

p.d

Ans. —————[C/m].

n(d? + z?)
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Review Questions with Hints

RQ 3.32 Write Poisson’s and Laplace’s equations. [Egs.(3-150)(3-151)]
RQ 3.33 Can Poisson’s and Laplace’s equations be applied to an inhomogene-
ous, nonlinear, and anisotropic material? [Eq.(3-149)]
RQ 3.34 State the uniqueness theorem for electric potential. [Eq.(3-160)]
RQ 3.35 How many boundary conditions are required for a unique determination
of V7 [Eq.(3-161)]
RQ 3.36 Can an arbitrary scalar function represent an electric potential in free
space even if it does not satisfy Laplace’s equation? [Eq.(3-149)]
RQ 3.37 Under what conditions, is a trial solution a unique solution to a boun-
dary value problem involving no volume charge? [Eqs.(3-165)(3-167)]
RQ 3.38 What are the principles underlying the method of images?
[Figs.3.31,3.32]

3.9 Capacitance and Capacitors

Any two conducting objects can form a capacitor, regardless of their shapes and
sizes, when they are separated by a dielectric. A capacitor can store energy in the
electric field that is induced in the dielectric by the charges accumulated on the
conductors. With reference to Fig. 3.36, in which two electrically neutral conduc-
tors are embedded in a dielectric of a permittivity €, let us consider the case in
which some free electrons are taken out of conductor 1 and imparted to conductor
2. By doing so, conductor 2 is negatively charged due to the injected electrons,
while conductor 1 is positively charged due to the ionized host atoms. Two con-
ductors have a net charge of an equal amount but opposite polarity. In practical
situations, the separation of charges may be accomplished by a dc voltage source
connected to the conductors.

As was stated earlier, the excess charges should be distributed on the sur-
face of the conductor so that there is no electric field inside the conductor;
the conductor is at an equipotential. The potential difference between the
conductors, V, is of course generated by the electric field E that is induced in
the dielectric by the net charges on the conductors. At this point, we see that
a further separation of charges will only increase the surface charge density
p, on the conductor, with no change in the charge distribution; otherwise,

the charge distribution would induce an electric field inside the conductor.
Thus, if the amount of the separated charges is increased by a factor of k, the
magnitudes of p,, E, and V are all increased by the same factor. This is evi-

dent from the relations p, =D, =¢E, and E =-VV . Because of the linear
relationship between p, and V, the ratio between the net charge on the con-

ductor and the potential difference between the conductors should be constant
for a given capacitor.
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Conductor 1
Conductor 2

Dielectric, €

Fig. 3.36 Two conductors separated by a dielectric.

Energy is expended in separating the charges between the two conductors be-
cause the charge separation is done against the electric field already established in
the dielectric. The work done is stored as the potential energy of the capacitor. For
a fixed amount of the net charge on the conductor, the induced E strongly depends
on the dielectric, and the geometry of the conductors such as shape, surface area,
and distance between the conductors.

The capacitance of a capacitor is defined as the amount of the separated charges
on the conductor required for building up a potential difference of 1V between the
conductors, i.e.,

Q9
C v [F] (3-183)

The capacitance is measured in farads[F], which is equivalent to coulombs per
volt. The capacitance is independent of the total charge Q and the potential differ-
ence V, because of the linear relationship between @ and V.

The capacitance between two conductors can be obtained from Eq. (3-183) by
following these steps:

1. Assume charges +Q and —@Q on two conductors.

2. Choose a coordinate system considering symmetry.

3. Find E due to Q by Coulomb’s law, Gauss’s law, or other methods.
4. Find V by the negative line integral of E.

5. Calculate C from Q/V.

Alternatively,

1. Assume potentials V, and V, on two conductors.

2. Solve Laplace’s equation to find V between two conductors.
3. Find E by the negative gradient of V.
4. Find the surface charge density from p, = €E, , and the total surface charge Q.

5. Calculate C from Q/(V,-V,).



3.9 Capacitance and Capacitors 193

3.9.1 Parallel-Plate Capacitor

A parallel-plate capacitor consists of two parallel conducting plates of a surface
area S, separated by a dielectric of thickness d and permittivity €, as shown in Fig.
3.37. To determine the capacitance, we assume charges +@Q and —@Q on the up-
per and lower conductors, respectively. By assuming the gap size d to be much
smaller than the lateral dimension of the plate, we ignore the fringing effects of E
at the edges of the plates, and obtain E in the gap as if the plates were infinite in
extent. Under these conditions, the charges are uniform on the conducting plates
with uniform surface densities given as

Q
== 3-184
p, =% 3 ( )

From Egs. (3-57) and (3-58), with the aid of the principle of superposition, we ob-
tain E =0 outside the capacitor, and, in the gap,

E=""Psa (3-185)
€
The potential difference between the conducting plates is

1 Py
VH:—LEodl:?d (3-186)

The capacitance of a parallel-plate capacitor is therefore

=— [F] (3-187)

The capacitance is directly proportional to the surface area and the permittivity,
but inversely proportional to the separation between the two conductors.

Upon inserting Eq. (3-185) into Eq. (3-139), we obtain the electric energy
stored in the capacitor as follows:

W, = %J'W_D-Edv - %L,_Ezdv

9 2
= Ps sd = l 2 %
2¢e 2\d €
We see from Eq. (3-188) that the term in parenthesis represents the capacitance
and the term in bracket represents the potential difference across the capacitor. In

view of these, +the electrostatic energy stored in a parallel-plate capacitor is ex-
pressed as

(3-188)

W, = %CV2 [J] (3-189)
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The stored energy is proportional to the capacitance and the square of the potential
difference.

z
S
+ 1 @ d 4
v £ 1 + [+ [+ ]+ [+ ]+ ][+
1-2_-- 2—— E €
—v—v—v—wL—v—v— > X
P N

Fig. 3.37 A parallel-plate capacitor.

Let us imagine that we enlarge the surface area of the conducting plates, while
maintaining the total charge on the conductor constant. Under these conditions,
both p, on the conductor and E in the gap are reduced, meaning that a further se-

paration of charges is required for a potential difference of 1V between the con-
ductors; we have a higher capacitance. Similarly, if the dielectric is replaced with
one having a larger €, the electric field in the dielectric is reduced, meaning that an
additional separation of charges is required for a buildup of 1V; we also have a
higher capacitance. Even if the separation between the two conductors is reduced,
there is no change in the electric field in the gap. In this case, however, the path of
integration for V' is reduced, and more separation of charges is required for the 1V;
we have a higher capacitance.

3.9.2 Examples of Capacitors

Example 3-24

A coaxial capacitor of a length £ consists of two concentric cylindrical conductors
of radius a and b as shown in Fig. 3.38. The space between two conductors is
filled with a dielectric of permittivity €. Ignoring the fringing effects of E at the
edges of the conductors, determine the capacitance by assuming

(a) charges +Q on the conductors

(b) potentials +V, on the conductors.

______

Fig. 3.38 A coaxial capacitor.



3.9 Capacitance and Capacitors 195
Solution
(a) We assume charges +Q and —-@Q on the inner and outer conductors,
respectively. If the fringing effects are ignored, the charges are uniform on
the conductors, and E in the gap is the same as if the capacitor were
infinitely long. The charge distribution has cylindrical, translational(in the z-
direction), and twofold rotational(about the x-axis) symmetries. From the
symmetries, the resultant E is expected to be of the form E = E, (P) a
everywhere.
In the region a < p < b, from Gauss’s law we obtain
eE 2mpL=Q
Electric field intensity in the gap is
E=FEa = 9 a
PP 2mep L P
Potential difference between two conductors is calculated as follows:
V. .p,=— Eedl=-["" 9 a -(a dp) = &ln(gj
p=b p=b 2mepL P NP 2neL \a
The capacitance of the coaxial capacitor is therefore
C = 9 _ 2meL , [F] (3-190)
V., Inlb/a
(b) We assume potentials +V, and -V, on the inner and outer conductors,

respectively. Keeping the uniqueness theorem in mind, and noting the given
boundary conditions, we assume any cylindrical surface centered on the z-
axis to be an equipotential surface. Under these conditions, V is independent
of ¢ and z, and Laplace’s equation in cylindrical coordinates is thus reduced
to

10 ( avj

i, p_ — O

popl 9dp

A general solution is written, with the constants of integration ¢, and c,,
as

V=cInp+c, (3-191)

Applying the boundary conditions to Eq. (3-191), we get

V, =c¢c Ina+c, (3-192a)
-V, =¢,Inb+c, (3-192b)
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Inserting ¢, and c,, obtained from Eq. (3-192), into Eq. (3-191), we get

v=v, gy, nb/a
In(b/a)
Taking the negative gradient of V, we have
2v, 1
=—————a
Inb/a)p *

2eV, 1
=——1 —a
Inb/a)p *

On the cylindrical surface at p = a, the surface charge density p, and the
total surface charge Q are calculated as follows:

o p 2V 1
* Inb/aa

4neV. L

—9 o _oTmeviL

O =2mas =1 b/ a)

The capacitance is

Q  2rmeL

Example 3-25
Determine the capacitance of an isolated conducting sphere of radius a, residing in
free space.

b— o

Fig. 3.39 An isolated sphere.
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Solution
Frist, we compute the capacitance of a spherical capacitor consisting of two
concentric conducting spheres of radius a and b as shown in Fig. 3.39, and
then make the outer sphere expand to infinity. If we assume charges +Q

and —@Q on the spheres, we see that the charge distribution has spherical
symmetry. From the spherical symmetry, E is expected to be of the form
E=E.(R)a,.

In the region a <R <b, from Gauss’s law we obtain DRéthR2 =Q.
Thus, the electric field intensity is

Potential difference between two spheres is

Vap == R:aE'dl = 9 aR'(aRdR) -9 (l_lj

R=b v ame R?
o

The capacitance of the spherical capacitor is

=4ne, (l - lj_ [F] (3-194)
a b

C=Q

a-b
Taking the limit as b — oo, the capacitance of an isolated sphere is therefore

C=4nea. [F] (3-195)

Example 3-26
Two parallel conducting wires of radius B, and length L are separated by a

center-to-center distance of 2q, in free space as shown in Fig. 3.40. Ignoring the
fringing effects at the edges, determine the capacitance between two wires.

Fig. 3.40 Two parallel conducting wires.
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Solution
Assuming potentials V; and -V, on two wires leads to a boundary value

problem as shown in Fig. 3.34(c), which we can solve by the equivalent line
charges as shown in Fig. 3.34(a). We first obtain K, from Eq. (3-180a),

and then, by inserting it into Eq. (3-181), the equivalent line charge density
as

4me V)
Pe ="
InK,
Total charge on the wire of length £is

4ne V,
=p,L=—21p
g=p InK,
The capacitance is therefore
Q ne, L

Cc=-=__
2V, 11’1|:0Ll +yJod —Bf}—lnﬁl

With an aid of the identity In(a++a®-1)=cosh”a (a>1), the
capacitance can be written as

ne, L

= —cosh’l(ocl 750 [F] (3-196)

By assuming o, >>f3,, the capacitance can be approximated as

ne, L

Exercise 3.35
With reference to Fig. 3.39, find the capacitance of a spherical capacitor by
solving Laplace’s equation.

Ans. C =4ne (a’ -b')"[F].

Exercise 3.36
What physical quantities are the same for two capacitors connected (a) in parallel,
and (b) in series?

Ans. (a) Potential difference, (b) Total charge.

Exercise 3.37
Show that the capacitance of a coaxial cable in Eq. (3-190) reduces to that of a
parallel-pate capacitor in Eq. (3-187) under the conditionof b /a =1.

[Hint: Inb/a)=Mb/a)-1].
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Review Questions with Hints

RQ 3.39 Define capacitance. [Eq.(3-183)]
RQ 3.40 Write the capacitances of a parallel-plate, a coaxial, and a spherical ca-

pacitor. [Eqs.(3-187)(3-190)(3-194)]
RQ 3.41 Express the energy stored in a capacitor. [Eq.(3-189)]
Problems

3-1 Three point charges are arranged on the x-axis in free space such that
q, =+QIC] at x=¢, g, =—QI[C] at x=2¢, and an unknown charge

g, isat x =3¢ .Determine g, so that the net force on g, is zero.

3-2 A point charge, q, =+QIC], is at z=a on the z-axis while a second
point charge, g, =+QIC], is at a point on the y-axis. Locate g, on the y-
axis so that the force on g, in the direction of a, is maximum.

3-3  Identical point charges alternate in sign at eight corners of a cube of side a
as shown in Fig. 3.41. Find the net electric force acting on the positive
charge located at the origin.

Fig. 3.41 Point charges at eight corners of a cube (Problem 3-3).

3-4  Three identical point charges of g[C] are equally spaced on the perimeter of
a circle of radius a. Find the net force on a charge due to the others.

3-5 To examine the relation between the electric and gravitational forces of an
electron, consider Fig. 3.42 in which three electrons are thrown into an in-
sulating hemispherical bowl of radius a = 0.1[m]. Assuming no friction

between the electron and the bowl, find the height of the electrons, h.
[Hint: For an electron g =-1.6x10"°[C], m, =9.1x107' [Kg] .]
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3-6

3-8

3-9

3 Electrostatics

Insulating bowl

Fig. 3.42 Three electrons in an insulating hemispherical bowl (Problem 3-5).

A uniform line charge density p, is along an arc that is defined by p=a,
and 0<¢<¢, inthe z=0 plane, as shown in Fig. 3.43. Find

(a) E at the origin, and

(b) ¢, for the maximum [E| at the origin.

Fig. 3.43 A line charge density along an arc (Problems 3-6, 3-7, 3-29).

With reference to p, shown in Fig. 3.43 in which the line charge subtends
an angle ¢, =, determine E at a point on the z-axis, which is at a distance

b from the origin.
An infinitely long, straight, uniform line charge density p, is parallel to

the z-axis and passes through a point (x,y,z)=(2,1,3) in free space. Find

E everywhere.
Two infinitely long line charges of a uniform density p, are both parallel

to the z-axis and pass through points (a,0,0) and (-a,0,0), respectively,
in Cartesian coordinates. Determine E at point (0, b,0) in free space.
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3-10

3-11

3-12

3-13

3-14

3-15

3-16

3-17

3-18

A uniform surface charge density p, is confined in an infinitely long and
narrow region defined by —a<x<a and —e<z<e in the y=0
plane. Find E at point (x,y,z)=(0,b,0) in free space.
The region occupied by the surface charge density p, in Problem 3-10
can be subdivided into many infinitely long and narrow strips of a width
dx, each of which can be considered as an infinitely long line charge. Find
(a) equivalent line charge density of a strip, and
(b) E at a point (x,y, z) =(0,b,0) by adding E*s of the line charges.
A net charge of QIC] is uniformly distributed on a disc of radius a, which
is placed in the z = O plane with the center at the origin. A point p is on
the +z-axis, at a distance b from the origin. Find
(a) surface charge density p, on the disk, and
(b) electric field intensity E, at p.
Let E, be the electric field intensity at p obtained as if p, were infinite
in extent in the xy-plane, with no change in its value, and E, be that at p
obtained as if p, were a point charge of Q[C] at the origin. Find the
ranges of bin which E, can approximate
(c) E, with an error less than 1%, and
(d) E, with an error less than 1%.

A uniform volume charge density p, forms a hemispherical shell of inner
radius 1 and outer radius 2, as shown in Fig. 2.27. Determine E at the ori-

in.
"%he electric field intensity of an electric dipole is given as
E(r) =(qd/4ne,R°)[2cos 0a, +sinba,]. Find an expression for the

electric field lines in a plane of constant ¢. [Hint: dR/(Rd®)=E, /E,.]
Three point charges, 3[uC], -5[uC], and 4[uC], are located at three
points, (x,y,z) =Q1[cm],0,0), (0,1[cm],0), and (O,0,3[cm]), respec-
tively. Find the net outward flux through a cube 4[cm] on a side, which is
centered at the origin with the faces normal to the coordinate axes.

An infinitely long line charge of a density 20[nC/m] is oriented along the
x-axis. Find the net electric flux through a sphere of radius 10[cm]
centered at the origin.

In the experiment of electrostatic induction, the outer spherical shell is as-
sumed to be perfectly conducting. Show by Gauss’s law that all the in-
duced charges of —QIC] should be distributed on the inner surface of the
conductor.

Two uniform surface charge densities p,, and p,, form two concentric

spheres of radius a and b (O < a < b ) with the center at the origin in free
space. Determine D everywhere.
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3-19

3-20

3-21

3-22

3-23

3-24

3-25

3 Electrostatics

A uniform surface charge of a density 5[uC/m?] forms a sphere of radius
10[cm], with the center at the origin, in free space. Meanwhile, an infinite-
ly long line charge of a density 0.1[uC/ml] is parallel to the y-axis and
passes through a point (0,0,20[cm]) in Cartesian coordinates. Find D at
the point (0, 1[m],0).

An electric flux density is given as D =a, /R in spherical coordinates.
Find the total charge contain in a spherical shell of an inner radius a and an
outer radius b(0 < a < b), with the center at the origin.

ad

Given a volume charge density p, =e [C/m®] in Cartesian coordi-
nates, find the electric field intensity everywhere.

Given a volume charge density p, =1/ cosh?(z) [C/m®] in Cartesian
coordinates, find D by using the point form of Gauss’s law and considering
the symmetry of the charge. [Hint: d tanh(x)/dx =1/ cosh?(x) .]

An infinite plane with a uniform surface charge density p, is defined by
6x+ 3y +2z =12. Determine E at the point p,:(0.5, 1, 1) in Cartesian

coordinates.

Two infinite, parallel, perfectly conducting plates are separated by an air
gap of length d as shown in Fig. 3.44. Two plates carry uniform charges of
the opposite polarities. Show that the charges should be distributed on the
inner surfaces(bottom of the upper plate and top of the lower plate).

[Hint: Principle of superposition and Gauss’s law.]

Fig. 3.44 Two parallel conducting plates (Problem 3-24).

In the presence of an electric field E=ya, +xa, in Cartesian coordi-
nates, find the work done in carrying a charge 3[uC] from a point

p,i(3,4,0) to apoint p,:(0,1,0) along

(a) parabola defined by y = (x —1)”, and
(b) straight line defined by y=x+1.

(c) Is E a conservative field?
(d) Check the answer in part (¢c) with VXE .
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3-26

3-27

3-28

3-29

3-30

3-31

3-32

3-33

3-34

Consider two vector fields, E, :e"z‘ax and E, =a,/R>. Do they

represent static electric fields?
Two infinitely long, parallel, uniform line charges of densities p, and

—p, are parallel to the z-axis and pass through two points (a,0,0) and
(—a,0,0), respectively. Find V by taking the origin as the zero reference

point.
For the same line charges as given in Problem 3-27, find V everywhere by
assuming the zero reference point to be at the point (b,0,0), where

bl <la] -
With reference to the line charge density p, shown in Fig. 3.43, (a) find V'
at point p:0,0,b) if ¢, #2xw, (b) is it possible to obtain E, at point p, by

taking the negative gradient of the result in part (a)? If not, why not?
An electric potential is given in Cartesian coordinates as

V= 81n(\/(x+2)2 +(y+3)° /\/(X—Z)2 +(y —3)2) , find the location

of the zero reference point.
An electric dipole moment, p =a,, is located at the origin. Find an ex-

pression for the equipotential surfaces in the x =0 plane.
Two infinite, parallel, perfectly conducting plates of a negligible thickness
intersect the z-axis at right angles at z =0.2[m] and z =0, respectively

carrying uniform surface charge densities p, =45[uC/m®] and
p. = —45[uC/m?], respectively. The lower half of the space in between is
filled with a dielectric of € =1.5. When the lower conducting plate is

maintained at a potential V =0, find
(2) D, E, P, and Vin the region 0 < z < 0.2[m], and

(b) total surface charge density on each plate, the net and induced charges.
A point charge of q[C] is embedded at the center of a dielectric

sphere( e, =2.5) of radius a. Find

(a) D, E, and P everywhere, and
(b) ppy and p,g induced in the dielectric.

A very large dielectric slab of thickness d is placed on the z =0 plane in
an electric field, E, = 5ay + 5\/§ a,, as shown in Fig. 3.45. Inside the di-
electric, the electric field vector E, is observed to be at an angle 45° to

the z -axis. Find
(a) E, and ¢ in the dielectric, and

(b) pps induced on the surfacesat z=0 and z=d.
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3-35

3-36

3 Electrostatics

y<

E, T—z=0
2N
30°

Fig. 3.45 A dielectric slab in an electric field (Problem 3-34).

With reference to Fig. 3.45, we can replace the dielectric slab with the pola-
rization surface charges p,s and —p,g residing in an external electric

field, E, =5a,+5V3 a

cerned, as shown in Fig. 3.46. Find the internal electric field E, in the re-

as far as the internal electric field is con-

z

gion O < z <d, and compare it with the result in Problem 3-34.

Fig. 3.46 The dielectric slab in Fig. 3.45 is replaced with the polarization surface
charges(Problem 3-35).

A perfectly conducting sphere of radius a is enclosed by a perfectly con-
ducting spherical shell of radii b and c, as shown in Fig. 3.47. The lower
half of the space in between is filled with a dielectric of ¢ . If the net
charges +Q and —Q are given to the inner and outer conductors, respec-
tively, find

(a) E in the gap(air and dielectric),

(b) distributions of +@Q and —@ on the conductors, and

(c) polarization surface charge at the dielectric-conductor interface.

(d) Is E zero inside the conductors?
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3-37

Fig. 3.47 Concentric spheres half filled with a dielectric (Problem 3-36).

An infinitely long line charge, lying along the z-axis, is parallel to an infi-
nitely long dielectric bar with a concave surface, as shown in Fig. 3.48. We
desire to find an expression for the concave surface 5, which will cause the

electric field E, to be parallel to the x-axis inside the dielectric. The sur-

face S can be represented by the position vector r = x(t)a, + y(t) a, ,

where t is a parameter. In this case, a unit vector tangent to S is given by
a, =Alx'a_+ y’ay) , and a unit vector normal to S is given

by a, = A(-y’a, +x'ay) , where x'=dx/dt, y'=dy/dt,and Ais a

constant. Find, interms of x, y, x’, y’,and E,,

(a) tangential and normal components, [E,;|, [E,y|, [E,;|.and [E,,|, on

S, and

(b) differential equation for .

(c) Show that S is expressed as (¢, —1)x*> +¢gy® = (g, —)c* for h<<c

and (dx/dy)<<1.

Fig. 3.48 Shaping of electric field lines by a concave surface (Problem 3-37).
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3-38

3-39

3-40

341

3-42

3-43

3-44

3-45

3-46
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Three identical point charges of 5[nC] are located at the three vertices of a
right triangle, in free space, which correspond to points (1,0,0), (0,0,0),
and (0,1,0) in Cartesian coordinates(in units of meters). Find the potential
energy of the three charges.

A uniform surface charge density 2[uC/m?] forms a sphere of radius
10[cm], with the center at the origin. Find the potential energy.

With reference to the volume charge density p, as shown in Fig. 3.27,
find the potential energies by using

(a) electric field as in Eq. (3-140), and

(b) electric potential as in Eq. (3-136).

A perfectly conducting spherical surface is defined by
x? +y® +(z-2)* =4, which is maintained at a potential 10[V] in free
space. Let us try three functions for V outside the sphere, which are chosen
so as to satisfy the boundary condition, V =10[V] on the sphere. Which

of the following functions represents V outside the sphere?
(a) V =[x2 +y? +(z—2)2]+6.

(b) V=yx* +y* +(2-2) +8.

(©) V=20/x"+y’+(2-2) .

An electric potential is given as V =V_e™® /R in spherical coordinates in
free space. Find

(a) volume charge density p, everywhere,

(b) electric field intensity everywhere, and
(c) total charge in the whole space.
A perfectly conducting, elongated ellipsoidal surface is defined as

4x* +4y® +z° =4 . It is filled with a volume charge density p,[C/m®]
and connected to ground. By assuming € =¢, everywhere, find V and E

everywhere.

Two infinite, parallel, perfectly conducting plates of a negligible thickness
intersect the z-axis at right angles at z =20[cm] and z =0. The upper
plate is at a potential 10[V] while the lower one is at zero potential. The
lower half of the space in between is filled with an imperfect dielectric con-
taining a volume charge density 4[nC/m®](g, =2.0). Find V and E in
the gap, air and dielectric.

In free space, two parallel conducting planes are defined by
2x+y+3z=6 and 2x+y+3z =12, respectively. The former is at a
potential 10[V], while the latter is at zero potential. Find V everywhere.

A conical surface with half angle 6, is perfectly conducting and is at a po-

tential V. It is insulated from another perfectly conducting surface(the
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3-47

3-48

3-49

z =0 plane) of zero potential by a tiny air gap, as shown in Fig. 3.49.
Find

(a) Vand E in the region 6, <6< m /2, and

(b) surface charge densities on two conducting surfaces.

A

Fig. 3.49 A boundary value problem (Problem 3-46).

A point charge q is at a distance d from an infinitely large, bent into an L
shape, grounded, perfectly conducting plate, as shown in Fig. 3.50. Find

(a) Vand E in the first quadrant of the xy-plane, and

(b) p, induced on the conductor.

A

y

d p,i(d,d,0)

d L x

Fig. 3.50 An infinite conducting sheet bent into an L shape (Problem 3-47).

A very long, straight wire with a uniform line charge density 5[nC/m] is

parallel to the x-axis at a distance 2[m] above an infinite, grounded, per-
fectly conducting surface, coincident with the xy-plane. Find an expression
for E in the region z > 0.

Two very long, parallel, perfectly conducting cylinders of a radius 0.1[m]
are separated by a center-to-center distance of 1[m] as shown in Fig. 3.51.
Two conductors are maintained at potentials —100[V] and 100[V], re-

spectively. Find the location and density of the equivalent line charges.
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A
z
2 QSJ<
~100[V] 100[V]

Fig. 3.51 Two parallel conducting cylinders (Problem 3-49).

3-50 A very long straight wire with a line charge density p, = -2[nC/m]is pa-

rallel to a very long perfectly conducting cylinder of a radius 0.2[m], car-
rying a net charge of 2[nC] per unit length, as shown in Fig. 3.52. They are
separated by a center-to-center distance of 0.85[m]. Find

(a) Voutside the cylinder, and

(b) surface charge densities at points p,, p,,and p, on the cylinder.

Is the charge uniform on the perfectly conducting cylinder?
b,

P, 0.2[m]

Li 0.85[m]

Fig. 3.52 A very long line charge and a very long conducting cylinder (Problem 3-50).

3-51 A parallel-plate capacitor consists of two conducting plates of an area .5, se-
parated by a distance d. The lower half of the space in between is filled
with a dielectric of a permittivity €, as shown in Fig. 3.53. Ignoring the

fringing effects at the edges, show that the capacitance is C™' =C;' +C;",

where C, and C, are the capacitances of the individual layers.

4

Fig. 3.53 A parallel-plate capacitor (Problem 3-51).

{
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3-52

3-53

3-54

Consider a parallel-plate capacitor as shown in Fig. 3.54. The left half of
the gap is filled with a dielectric of permittivity €, , and the plates are

maintained at potentials V, and O, respectively. Ignoring the fringing ef-
fects at the edges, show that the capacitance is C =C, +C,, where C,

and C, are the capacitances of the individual sections.

Nw\/gm\ﬁ =

w/2

Fig. 3.54 A parallel-plate capacitor (Problem 3-52).

A parallel-plate capacitor consists of two conducting plates of an area .S,
which coincide with the z=d and z =0 planes, respectively. The ca-

pacitor is filled with an inhomogeneous dielectric of € =+/z +1 . Ignoring

the fringing effects at the edges, find the capacitance.
A parallel-plate capacitor with a dielectric(€ = €, ) is charged to a voltage

V, for —eo <t <t (see Fig. 3.55). At time t=t , the switch is opened,
and a new dielectric slab( e = ¢, ) is slowly pushed into the capacitor while

the old one is pushed out. Find
(a) force F required for inserting the dielectric, and
(b) potential difference between two plates as a function of y.

t>t,

z 0

Y

e

+

W —n

Fig. 3.55 A parallel-pate capacitor (Problem 3-54).



Chapter 4
Steady Electric Current

In the previous chapter, we focused our attention on static electric charges that are
fixed in space and constant in time. Otherwise, we assumed that the charges relax
to a steady distribution in an instant. Electric charges, however, can move under
the influence of an electric field. The charges moving in a conductor constitute a
conduction current, while those moving in a vacuum constitute a convection cur-
rent. From basic circuit theory, the readers should be familiar with the conduction
current flowing in a simple electric circuit, which is governed by Ohm’s law, stat-
ing that the voltage across a resistor is equal to the product of the resistance and
the current passing through it. According to the principle of conservation of
charge, electric charges cannot be created or destroyed. This principle manifests
itself as the equation of continuity in electromagnetics, and Kirchhoff’s current
law in circuit theory, stating that the sum of all currents entering a junction in an
electric circuit is equal to zero. On a macroscopic scale, when we are concerned
with the currents flowing in conducting wires, the current is defined as charges
passing through a reference point per unit time. At the microscopic scale, when
the magnitude and direction of the current are assumed to vary as functions of po-
sition in a region of space, we define the current density as charges passing
through a reference point per unit area per unit time.

In electromagnetics, we frequently encounter three types of currents: conduc-
tion current, convection current, and displacement current density. In the conduc-
tor, the loosely bound valence electrons easily detach themselves from the host
atoms and make up a sea of electrons, called free electrons or conduction elec-
trons. In the presence of an externally applied electric field, the free electrons
gain an average velocity called a drift velocity, and form a conduction current. In
contrast, charged particles moving in a vacuum or in a rarefied gas constitute a
convection current. The electron beam in a cathode-ray tube, the accelerated elec-
trons in a photomultiplier, and the electrical discharge in a bolt of lightning are a
few examples of convection currents. While the conduction and convection cur-
rents are directly related to the motion of electric charges, the displacement cur-
rent density is an equivalent current that involves no electric charges, but behaves
as a conduction or convection current as far as the time-varying magnetic field is
concerned.
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4.1 Convection Current

The convection current is formed by the electric charges moving in a vacuum. In
order to describe the spatial variation of the current, we define the current density
as charges passing through a unit area of the cross section per unit time. In view of
the definition, the current density can be regarded as a kind of flux density. The
current density is measured in amperes per square meter [A/m?], or coulombs per
square meter per second [C / m®-sec]. While the current is a scalar quantity, the

current density is a vector quantity, which may vary from point to point in space,
forming a vector field in a region of space. It is important to note that the current
density is defined as the current through a cross section, or a plane perpendicular
to the direction of the current.

Let us consider Fig. 4.1, in which a volume charge of an uniform density
p, [C/m®] moves with a constant velocity v, passing through a surface . The to-

tal charge crossing an incremental area As in a short period of time At is
AQ =p, |v|At As cos 6 4-1)

In the above equation the term Ascos© represents the equivalent area of As,
which is given in the cross section, or the projection of As onto the plane per-
pendicular to the direction of v. Upon using the relation cos6=a,-a,, where

a, is a unit vector in the direction of v and a, is a unit normal to As, Eq. (4-1)

becomes

AQ =p,|v|AtAs(a,-a) =p,v.As At (4-2)

where we used v = |v| a, and As =Asa_ . The incremental current through the
incremental area As is therefore
AQ

Al =—==p vVveAs =J-As 4-3
ar P (4-3)

The current density J is defined, from Eq. (4-3), as

[A/m?] (4-4)

where p, is the volume charge density, and v is the velocity of flow of the

charges. The current density has the unit of the ampere per square meter [A/m?’].

The current density is a vector whose unit vector points in the direction of flow of
the current, and whose magnitude equals the charges crossing a unit area of the
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cross section per unit time. The total current through a surface S is therefore given
by the surface integral of J over , that is,

I= LJ-ds (Al (4-5)

The current is measured in amperes [A].

Fig. 4.1 Volume charge density P, moving with a velocity v.

Example 4-1

An electron cloud is accelerated between two electrodes in a photomultiplier as
depicted in Fig. 4.2. In the y =0 plane, the volume charge density is assumed to
be uniform as po[C/mS], which is negative because of the negative electron
charge. The electron cloud crosses the electrodes at y=0 and y=d at the
speeds v,[m/s] and v,[m/s], respectively. Find the current densities in (a)
y =0 plane,and (b) y=d plane.

x A,

Fig. 4.2 An electron cloud accelerated between two electrodesat Yy =0 and y=d .
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Solution
(a) Current density at a point on the y =0 plane is

Jd=pyu,a, (4-6)
(b) The incremental distances traveled by the electrons in a time At are

Al =v At at y=0
Al =v,At at y=d
Combining the two equations gives

AC,

24 4-7
° AL, *7)

v, =D

In a time At, the net charge crossing the y =0 plane is p,A¢.S, while

the net charge crossing the y =d plane is p,A¢.S, where S is the cross

sectional area of the electron beam. From the principle of conservation of
charge, the amount of the two charges should be the same, i.e.,

Al
=p,—2* 4-8
Pr=Po Ty (4-8)
Inserting Eqs. (4-7) and (4-8) into Eq. (4-4), the current density at a point on
the y=d planeis

A AL
J = plvl a‘y = (po AZl J[Uo A_Z:j ay = povo ay (4'9)

We see from Eq. (4-6) and Eq. (4-9) that the current densities are the same
even if the charges are accelerated.

Exercise 4.1
The cathode of a CRT provides a current density 0.5[A/ cm?] at 800°C for an

electron beam of a radius 0.24 [mm]. Find the current carried by the beam.

Ans. 0.9[mA].

Review Questions with Hints

RQ4.1 What is the relation between current density, volume charge density,

and velocity of the charge? [Eq.(4-4)]

RQ 4.2 What is the relation between the current density and total current pass-

ing through a surface? [Eq.(4-5)]

RQ 4.3 May accelerated charges constitute a steady current? [Fig.4.2]
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4.2 Conduction Current and Ohm’s Law

The solid copper is a typical example of a good conductor having a very high con-
ductivity. Copper atoms, having a single valence electron, arrange themselves at
regular sites in the face-centered cubic crystal structure. The loosely bound va-
lence electrons easily detach themselves from the lattice atoms and make up an
electron cloud in the solid. The electrostatic force between the negatively charged
electron cloud and the positively charged copper ions is the origin of the metallic
bonding of the solid copper. Initiated by the thermal energy of the solid, the free
electrons migrate from atoms to atoms, and, in the course of the migration, collide
with the crystal defects, impurities, and mostly with vibrating lattice atoms. In the
absence of an externally applied electric field, the free electrons move in random
directions exhibiting no net displacement. However, an external electric field can
cause the free electrons to accelerate in one direction before they collide with the
lattice. In endless cycles of the acceleration and the randomizing collision, the free
electrons gain a constant velocity called a drift velocity, and form a steady current
called a conduction current in the material.

Under the influence of an externally applied electric field E, an electron is ac-
celerated to a velocity v in the conductor before it collides with the lattice. Ex-
pressed mathematically,

v:vo+£to [m/s]
m

e

where v_ is the velocity of the electron just after the collision, t, is the period
of time before the electron collides with the lattice again, and e and m, are the

electron charge and electron mass, respectively. The average of the velocities of
all individual electrons is expressed as

_to
m

e

N E E_-
Ve {Voj+%t@}=e [m/s] (4-10)

e

Since the velocity of an electron just after a collision, v, is random in the mag-
nitude and direction, the average of the initial velocities of the electrons is zero in
Eq. (4-10). In the above equation, t, is the average time called the mean time be-
tween collisions and v is the average velocity called the drift velocity of the free
electrons

As can be seen from Eq. (4-10), the drift velocity of the free electrons is direct-
ly proportional to the electric field in the metallic conductor, that is,

v, =—1,E [m/s] (4-11)
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where U, is the electron mobility measured in square meters per volt per second
[m?/V -sec] . For examples, W, = 0.0032[m?/V -sec] for copper, and

1, = 0.0056[m>/V -sec] for silver.

Substitution of Eq. (4-11) into Eq. (4-4) leads to the conduction current density,
ie.,

J=-—puE [A/m’] (4-12)
Here, p, is the volume charge density of the free electrons given by
p, =n.e (4-13)

where n, is the number density of the free electrons(number of electrons per unit

volume), and e is the electron charge, e = —-1.602 x 107'°[C]. In a metallic con-

ductor, J is always parallel to E; the minus sign in Eq. (4-12) is canceled by the
negative value of p,.

Upon inserting Eq. (4-13) into Eq. (4-12), we obtain the point form of Ohm’s
law as

[A/m’] (4-14)

The conductivity ¢ of a metallic conductor is defined as

5/ @1

which is measured in siemens per meter[S/m], or amperes per volt per
mete[A/V-m]. Note that the conductivity ¢ is always positive. For examples,
6 =5.80x107[S/m)] for copper, and ¢ =6.17 x107[S/m] for silver.

Semiconductors contain two kinds of charge carriers, electrons and holes. They
both contribute to the conductivity of the semiconductor such that

6=n,

e

H, +1, lelw, [S/m] (4-16)

where |e| is the absolute value of the electron charge, n, and n, are the num-

ber densities, and p, and p, are the mobilities of the electrons and holes, re-

spectively. The conductivity of the intrinsic semiconductor increases with temper-
ature, whereas that of the metal decreases with temperature. This is because the
total number of charge carriers increases with temperature in the intrinsic semi-
conductor, while the electron mobility decreases with temperature in the conduc-

tor. In semiconductors, the conductivity is in the range of 10 to 107'°[S/m] . For

intrinsic ~ silicon, W, =0.14[m*/V-s] , p, =0.045[m>/V-s] , and
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n,=n, =1.0x10"°[m®] at 300K . For germanium, p,=0.39[m?/V-s],
w, =0.19[m*/V -s],and n, =n, =2.3x10"°[m®] at 300K .

Example 4-2
Given a copper wire of a diameter 2[mm] for which the conductivity
6=5.8x107[S/m] and the electron mobility n, = 0.0032[m?/V - sec], find

(a) volume density of free electrons, and
(b) drift velocity for a current 25[A] in the wire.

Solution
(a) From Eq. (4-15), we obtain

— o _ 5.8%x107
° leln.  (1.6x107°)(0.0032)

=1.13x10*°[m™]

(b) Current density in the wire is

J= current 25

wea " RIOTF " 7.96x10°[A/m?]

The drift velocity is, from Eq. (4-4),

J_J 7.96 x10°
e 1.13x10%*.1.6x10"

=4.4%x10*[m/s]

D=—=
Py 1

e

The free electrons in a copper wire carrying a current 25[A] have a drift
velocity of a mere 0.44[mm/s], which is amazingly slow compared with a
current pulse propagating at a speed close to light. This discrepancy will be
explained in terms of the wave theory in Chapter 7.

Exercise 4.2
Find the ratio between the free electron densities of solid copper and silver by
using the known values of ¢ and .

Ans. n*/n? =1.65.

Exercise 4.3
In the intrinsic silicon at 300K, find the ratio between the conductivities due to

the electrons and the holes.
Ans. ¢, /0, =3.1.
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Review Questions with Hints

RQ 4.4 Why is it that the drift velocity is constant in a metallic conductor, even

though free electrons are accelerated between collisions? [Eq.(4-10)]
RQ 4.5 What causes the conductivity to be different in conductors? [Eq.(4-15)]
RQ 4.6 What makes Ag have a larger ¢ than Cu(n,, W, , or both)? [Eq.(4-15)]

4.3 Resistance

A conducting body of a finite conductivity is called a resistor. By applying the
point form of Ohm’s law to a homogeneous conducting material as shown in Fig.
4.3, we can derive the voltage-current relationship for conducting bodies in terms
of the conductor length £, cross-sectional area S, and conductivity 6. When a vol-
tage V,_, is applied across terminals a and b, an electric field is established in
the conductor in such a way that E is directed from the terminal a of a higher po-
tential to the terminal b of a lower potential. If the electric field E can be assumed
to be uniform over the cross section .S, the induced current density J is also uni-
form over S, and such a material is called a homogeneous conducting material. In
this case, the total current I flowing through the cross section S is expressed as

I:J'SJ-ds:J,?:csES (4-17)

where we used Eq. (4-14). From Eq. (3-62) we obtain the relationship between the
voltage across the terminals and the electric field intensity in the conductor as

V., :—I:E-dI:EL (4-18)

Combination of Eq. (4-17) with Eq. (4-18) leads to the voltage-current relation-
ship, that is,

a-b _

L
I oS

R [Q] (4-19)

where £ is the conductor length, S is the cross-sectional area, and ¢ is the conduc-
tivity. The ratio between the voltage and current is referred to as the resistance,
which is measured in ohms[Q2]. The resistance also can be expressed in terms of
the resistivity p, namely,

R=P= Q] (4-20)

The resistivity is the reciprocal of the conductivity, p=1/c, and is measured in
units of ohm meters[Q - m] . The resistivity p should not be confused with a radial

distance p in cylindrical coordinates or a line charge density p, .
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From Eq. (4-19) we derive Ohm’s law as

v @2

This states that the voltage across a resistor is equal to the product of the resis-
tance and the current flowing through the resistor. Notice that subscript a-b is
omitted in Eq. (4-21) for simplicity.

The conductance G is the reciprocal of the resistance R such that

G==-=2 [S] (4-22)

The conductance is measured in units of siemens[S], while the conductivity is
measured in units of siemens per meter[S/m].

V

+“/ a-b

Fig. 4.3 A homogeneous conducting body of a finite conductivity.

The resistance of a homogenous conducting body can be obtained by solving a
boundary value problem. The procedure for finding the resistance is as follows:

1. Assume potential difference V, between conductor terminals.

2. Choose a coordinate system.
3. Find V by solving Laplace’s equation.
4. Determine electric field from E =-VV .

5. Obtain current density and total current from J=cE and I = L Jeds.
6. Find Rfrom V, /I .

Example 4-3

A conducting material of a conductivity ¢ forms a half-ring with a rectangular
cross section, as shown in Fig. 4.4(a). The same material is used for a straight bar
having the same cross section and volume as the half-ring, as shown in Fig. 4.4(b).
Ignoring the fringing effects at the edges, find the resistances of the two
conducting bodies.
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nla+Db)/2

Fig. 4.4 A half-ring and a straight bar with the same cross section and volume.

Solution

(a) Ignoring the edge effects, we can obtain V in the half-ring as if the half-ring
were infinite in extent in the p- and z-directions in cylindrical coordinates.
For the boundary conditions, we assume V =V, at ¢=m,and V=0 at

¢ =2m . With the uniqueness theorem in mind, we assume the planes of

constant ¢ to be equipotential surfaces. Under these conditions, V is
independent of p and z everywhere, and Laplace’s equation reduces to

d’v
7 =0
do
A general solution is, with the constants of integration ¢, and c,, written
as
V=co+c, (4-23)

Applying the boundary conditions to Eq. (4-23), we have
Vib=m) =V, =nc, +c,
V(o =2n)=0=2rc, +c,

Solving the above equations for ¢, and c,, and inserting the result into Eq.
(4-23), we have

\% =—£¢+2V0
T

Current density in the conductor is therefore
J=0E =-c6VV

oV
:—Da

pr
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Total current through the rectangular cross section is given as

z=c GVO

=b
I= LJ-ds = ::aj

0 pm a, -(dpdza,)

= G—V"cln(b/a]
T

The resistance of the half-ring is therefore

R = Voo™ (4-24)
I oclnlb/a)

(b) The resistance of the bar is obtained simply from Eq. (4-19) as

_ L  wla+b)

== == (4-25)
oS 2o0cb-a)

2

It can be shown by a numerical method that the resistance of the straight bar
is larger than that of the half-ring, R, > R,.

Exercise 4.4
A copper wire of No. 10 AWG is listed as one with a diameter 2.588[mm)] and a
resistance 3.277[Q /Km]. Verify the listed resistance.

Exercise 4.5
Find the relationship between the resistance and the wire length, when a
conducting wire is being lengthened, while keeping the volume constant.

Ans. R~ 2.

Review Questions with Hints

RQ 4.7 State Ohm’s law in words. [Eq.(4-21)]
RQ 4.8 Express the resistance in terms of conductivity. [Eq.(4-19)]
RQ 4.9 Express the resistance in terms of resistivity. [Eq.(4-20)]

4.4 Equation of Continuity

According to the principle of conservation of charge, electric charges cannot be
created or destroyed. Charges are generated only in pairs of a positive and a nega-
tive charge. Therefore, in an electrically neutral conductor, the negative charges of
the free electrons are counterbalanced by the positive charges of the ionized lattice
atoms; the net charge is zero in a discharged conductor. Certainly, the recombina-
tion of an electron with an ionized atom exactly consumes one negative and one
positive charge, without changing the net charge in the conductor. The principle of
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conservation of charge is a law of nature, which is known as the equation of conti-
nuity in electromagnetics.

Let us consider the net current flowing out of a closed surface . The net
current can be obtained by the integral of the current density J over the closed
surface S, that is,

I= SESJ-ds (4-26)

For simplicity, let us assume that the current is generated by the positive charges
in motion. If the net current I flowing out of the closed surface S is nonzero, the to-
tal charge @ enclosed by the surface should decrease in accordance with the prin-
ciple of conservation of charge, i.e.,

_49 _
dt

d
- L p,dv (4-27)

where p, is the volume charge density, and 7is the volume enclosed by 5. With
the help of divergence theorem, combination of Eq. (4-26) with Eq. (4-27) leads to

(4-28)

In the above equation, the time derivative is taken inside the volume integral, be-
cause 7 is independent of time. Next, noting that 7’ may be arbitrary only if it en-
closes all charges, the integrands in Eq. (4-28) should be the same at every point
in v/ for the equality. Namely,

P,
ot

Ved =— (4-29)

This equation is referred to as the equation of continuity, stating that

the net current flowing out of a closed surface is equal to the time rate of de-
crease of the charge enclosed by the surface.

The current density J in Eq. (4-29) may be the conduction or the convection cur-
rent density, or both.
Under static conditions, the charge density p, is independent of time, and thus

Eq. (4-29) becomes

@30
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Upon taking the integral of Eq. (4-30) over a volume %, and applying divergence
theorem, we have

gSSJ-ds:O
=LIJ-ds+LzJ-ds+LSJ-ds+... @30

Here, the closed surface integral of J over S is broken up into the integrals of J
over the parts comprising S. Each term on the right-hand side of Eq. (4-31)
represents the current through a part of S, as shown in Fig. 4.5. Rewriting Eq. (4-
31) in terms of the currents, we obtain Kirchhoff’s current law, i.e.,

>1,=0 (4-32)

J

It states that the sum of all the currents flowing out of a junction is zero.

Fig. 4.5 Kirchhoff’s current law.

4.4.1 Relaxation Time Constant

As was stated earlier, the net charge imparted to a conductor should be distributed
on the surface of the conductor in such a way that p, =0 and E =0 inside the
conductor. By applying the equation of continuity we can compute the time taken
by the excess charges to settle in a static distribution. Let us begin with a volume
charge density p, introduced in the interior of a good conductor. The charge will

induce an electric field in the conductor, according to Gauss’s law, as

V.E=P
€
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By using the point form of Ohm’s law, J = cE , we rewrite the above equation as
v.g=2p, (4-33)
€

Here, the conductivity o is constant, independent of E, by assuming a homogen-
ous, linear, and isotropic material. Inserting Eq. (4-33) into Eq. (4-29), we obtain

op, ©
—~+—p, =0 4-34
5t TP (4-34)
Upon solving Eq. (4-34) for p,, applying the initial condition p,(t =0)=p,, we
have

p,(t) =p e " (4-35)

As the excess charges spread out to the surface of the conductor, the initial volume
charge density p, exponentially decreases with time in the conductor. The vo-

lume charge density reduces tol /e, or 36.8%, of its initial value in a relaxation
time constant, which is given by

T= [s] (4-36)

€
(&)

For instance, inserting ¢ =5.80x107[S/m] and € =¢, = 8.854x10"*[F/m]
into Eq. (4-36), we obtain the relaxation time constant in copper as
1=1.53x107"'9[s], which is the shortest time that we may encounter in electro-

magnetics.

Exercise 4.6
Determine the relaxation time constant in amber for which dielectric constant is

2.7 and resistivity is 5x10"[Q - m].
Ans. 3.3 hours.

Exercise 4.7
Find the ratio between the relaxation time constants in copper and silver, by
assuming €= ¢, for two conductors.

Ans. 1., /1,,=1.06.

Review Questions with Hints

RQ 4.10 State the equation of continuity. [Eq.(4-29)]
RQ 4.11 State the equation of continuity under static conditions. [Eq.(4-30)]
RQ 4.12 State Kirchhoff’s current law. [Eq.(4-32)]
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RQ 4.13 Express the relaxation time constant. [Eq.(4-36)]
RQ 4.14 Can you explain the linear relationship between t and € in terms of the
electric polarization and the internal electric field. [Fig.3.21]

4.5 Power Dissipation and Joules’s Law

To recapitulate briefly, an externally applied electric field accelerates the free
electrons in a conductor during the mean time between collisions. The free elec-
trons soon collide with the lattice atoms and scatter in random directions. In the
course of the acceleration and collision, the free electrons gain kinetic energy from
the electric field and dissipate it as thermal energy of the lattice atoms. In other
words, some of the potential energy of the electric field is converted to the kinetic
energy of the free electrons, and is completely dissipated as heat.

From circuit theory we are already familiar with the electrical power expressed
by the product of the voltage and current. Nevertheless, in the present section, we
derive the electrical power from the general relation between energy and force.
Suppose that an electric field E exerts a Coulomb force on a free electron, causing

it to move by a distance |dl| in the direction of dl. If the displacement of the elec-
tron is done in a short period of time dt, the power delivered by the electric field
to the electron is
_eE.dl
dt

=eE.v W] 4-37)

where e is the electron charge, and v =dl /dt represents the drift velocity of the

electron in the material. In view of Eq. (4-37), the total power delivered to the free
electrons contained in a differential volume dv is expressed as

dP = (ndv) p = (n.dv)eE.v

W] (4-38)
=E.Jddv

where n, and v are the number density and drift velocity of the free electrons,
respectively, and J is the current density expressed by Eq. (4-14).

The total power dissipated in a volume 7is equal to the integral of dP over the
given volume, i.e.,

P=[ E-ddv W1 (4-39)

This is known as Joule’s law. Note that the power is measured in watts|[W], or
joules per second.

From Eq. (4-39) we define the volume power density as

dpP

L _E.J [W/m?®] (4-40)
dv

which is called the point form of Joule’s law.
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Joule’s law in Eq. (4-39) can be transformed into a more common form, that is,
P =V . Consider a straight conducting wire in which a differential volume is de-

fined as dv =d{ds , where d¢ is a differential length along the wire, and ds is

a differential area in the cross section. Assuming that the electric field intensity E
is directed along the wire, and is uniform throughout the cross section, we rewrite
Eq. (4-39) as

P:'[VE-Jdv:(J‘LEdé)(Lst):VI W] (4-41)

Substitution of Ohm’s law expressed by Eq. (4-21) into Eq. (4-41) leads to the fa-
miliar expression for the ohmic power loss:

W] (4-42)

which is the power dissipated in a resistance R.

Example 4-4
A silver fuse of slow-blow type is designed to disconnect the circuit in 10 seconds
at a current twice as large as the current rating of the fuse. For a metallic silver,

specific heat is 0.233[J/g-K] , density is 10.49[g/cm3] , resistivity
is 1.59x10°[Q-m] , and melting point is 1235[K] . Assuming these

coefficients are independent of temperature, determine the diameter of a silver
fuse rated at 20[A] of a dc-current.

Solution
Let the silver fuse have cross section S[m?] and length £[m]. The

thermal energy required to raise the fuse temperature from 293[K] (room
temperature) to 1235[K] (melting point) is

cm?®

W, =0.233 {gLK} x 10.49{ g } X (5 X £X 106)[cm3] x (1235 — 293)[K]
=(5£)x2.30 x10°[J]

Total electrical energy expended in the resistance R, in 10[s], by a dc-current

of 40[A] is

-8
W, = PR x10[s] = 40° x%

%10 = 2.54 x10™* ?[J]

Equating W, with W, we obtain the diameter D as follows:

-4
2 = (rD? /4y - 2:54X10

—m:1.10X10713
. X

Thus,
D = 0.65[mm]
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Exercise 4.8
A copper wire of No. 10 AWG, as previously mentioned in Exercise 4.4, is rated
at 30[A]. Find the maximum power dissipated in the wire per kilometer.

Ans. 2.95[KW].

Exercise 4.9

Consider two voltage sources of 110[V] and 220[V], which are to deliver the
same power to identical loads through identical pairs of wires. Find the ratio be-
tween (a) currents, and (b) power losses in two pairs of wires.

AnS. (a) 1110 /1220 = 29 (b) Puo /P220 =4.

Exercise 4.10
Is it true that the total power dissipated in the resistors connected (a) in parallel,
and (b) in series is the sum of the powers dissipated in the individual resistors?

Ans. (a) Yes, (b) Yes.

Review Questions with Hints

RQ 4.15 Express Joule’s law in terms of current density. [Eq.(4-39)]

RQ 4.16 Express ohmic power loss. [Eq.(4-42)]

RQ 4.17 How can you reduce the ohmic power loss in a power transmission
line? [Eq.(4-42)]

4.6 Steady Currents at an Interface

The steady current density J can be uniquely determined in a region of space if its
divergence and its curl are specified in the given region, according to Helmholtz’s
theorem. The equation of continuity for the steady current given in Eq. (4-30) de-
fines the divergence of J as

@

It is important to note that Eq. (4-43) is independent of the material occupying the
region under consideration. Next, upon combining one of the fundamental laws of
electrostatics, VXE =0, and the point form of Ohm’s law, J = 6E, we obtain
the curl of J as follows:

et

In general, the conductivity ¢ may not be taken outside the curl operator, because
it may vary as a function of position in an inhomogeneous material, and change
across an interface between two differential materials. We note that Eqgs. (4-43)
and (4-44)constitute two fundamental relations for the current density under static
conditions.
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The integral forms for Eqs. (4-43) and (4-44) can be obtained by taking a vo-
lume integral of Eq. (4-43) and a surface integral of Eq. (4-44), and then applying
divergence and Stokes’s theorems, respectively. These procedures lead to the
integral form of the governing equations for the steady current density:

gSSJ-ds =0 (4-45)

ly.a-o (4-46)
co

Here, S is a closed surface and Cis a closed loop; they are independent of each
other. The conductivity ¢ in Eq. (4-46) may not be taken outside the integral, be-
cause the closed loop ¢ may traverse materials of different conductivities.

The same procedure as was used for the boundary conditions for E and D in
Chapter 3 can be followed to obtain the boundary conditions for J at an interface
between two different conductors of conductivities ¢, and o, . That s,

Jin = o (4-47)
J, J

G _ Fae (4-48)
G, G,

where n and t stand for the normal and tangential components, respectively. The
normal component of J is continuous across the interface, whereas the tangential
component of J is discontinuous across the interface.

Example 4-5
The z =0 plane is an interface between two lossy dielectrics with permittivities

¢, and &,, and conductivities o, and ©,, respectively, as shown in Fig. 4.6.
In region 2(z < 0), a steady current is givenas J, =b a +ca, [A/m?]. Find
(a) J, inregion 1(z>0),

(b) E, and E,, and

(c) surface charge density induced on the interface.

Solution
(a) Let J,=J,,a, +J,,a, inregion 1. Then, from the boundary conditions,

c .
Jy, = G—l b (tangential component)
2
J,=c (normal component)

Combining two components we get

c
J,=—tba, +ca,.
62
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(b)

(©)
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By the point form of Ohm’s law we obtain

J b c
E =—t=—a +—a,
Gl 62 Gl
J b c
E,=—2=—a +—a,.
G, G, G,

Normal components of D at the interface are
81
D, =¢E,=c—
01
€
=gE,, =c>
O,

D,

z

From the boundary condition for the normal component of D at the interface,
we obtain

p.=D_-D, =c [i - 8—2j [A/m?] (4-49)
Gl 62

We note that the induced p, is proportional to the difference between the
relaxation time constants in two adjoining conductors.

0,8

05,8,

Fig. 4.6 Steady currents in two adjoining conductors.

Exercise 4.11
With reference to Fig. 4.6, express the ratio between two conductivities in terms of

the tilt angles of J.
Ans. tan9, /tan6, =0, /0,.
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Review Questions with Hints

RQ 4.18 State two governing equations for J. [Eqs.(4-43)(4-44)]
RQ 4.19 State boundary conditions for J. [Eqs.(4-47)(4-48)]
RQ 4.20 Which component of J is responsible for the surface charge induced on

a conductor-conductor interface? [Eq.(4-49)]

4.7 Analogy between D and J

The permittivity € is a characteristic of the dielectric, whereas the conductivity o is
a characteristic of the conductor. When a material of a permittivity € and a con-
ductivity ¢ is in an electric field E, the flux density D is related to E by €, and the
current density J is related to E by o, i.e.,

D=¢cE (4-50a)
J=cE (4-50b)

In the same way as the closed surface integral of D is equal to the enclosed net
charge Q, the closed surface integral of J is equal to the outward total current I,
ie.,

gSSD-ds:Q (4-51a)
<£J-ds=1 (4-51b)

In the above equations, S may refer to the same closed surface. In addition, we see
from the boundary conditions that both D and J terminate on the surface of the
perfect conductor at right angles. In view of these considerations, we note that D,
g, and @ are analogous to J, ¢, and I, respectively.

Fig. 4.7 Analogy between D and J.
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Let us now consider two perfect conductors embedded in a lossy dielectric,
which are connected to a dc-voltage source as illustrated in Fig. 4.7. From the
analogy between D and J, we can derive a simple relation between the capa-
citance and the leakage resistance between two conductors, which may be use-
ful for determining the capacitance from the known resistance, and vice versa.
With reference to Fig. 4.7, the potential difference between the two conductors
is

V., = E-d (4-52)

From Eq. (4-51b) and Eq. (4-52) we can express the leakage resistance between
two conductors as

ab _ b (4-53)

Next, from Eq. (4-51a) and Eq. (4-52) we can express the capacitance between
two conductors as

.9 _§pds

- (4-54)
Va—b —'[ E. d].
b
The line integral of E in Eq. (4-53) is exactly the same as that in Eq. (4-54). In a

simple medium in which € and ¢ are constant, the product of Eq. (4-53) and Eq.
(4-54), with the aid of Eq. (4-50), leads to

RC = (4-55)

€
o

The product of R and C of a two-conductor configuration is equal to the relaxation
time constant in the material in between. By using Eq. (4-55) we can determine

the leakage resistance from the known capacitance, and vice versa. We can rewrite
Eq. (4-55), with the aidof R=1/G, as

(4-56)

QIO

€
o

It is important to note that Eqs. (4-55) and (4-56) are true only in a simple medium
in which both € and ¢ are constant.



232 4  Steady Electric Current

Example 4-6

Find the leakage resistance per unit length of a coaxial capacitor, which is filled
with a lossy dielectric of permittivity € and conductivity 6. The radius of the inner
conductor is a, and the inner radius of the outer conductor is b.

Solution
From Eq. (3-190), the capacitance per unit length of the coaxial capacitor is

27e

The leakage resistance is, from Eq. (4-55),

_El_ln(b/a)
cC 216

R Q] 4-57)

We of course obtain the same resistance as Eq. (4-57) if we follow the
procedure for R given in Section 4-3.

Exercise 4.12
A parallel-plate capacitor of capacitance 0.01[uF] has a lossy dielectric of

g, =2.5 and 6=10"°[S/m] between two plates. Find its leakage resistance.

Ans. R=2.2[9Q].

Exercise 4.13
With reference to the coaxial capacitor given in Example 4-6, find the leakage
resistance following the procedure for R given in Section 4.3.

Review Questions with Hints

RQ 4.21 What makes the field lines of D and J appear the same? [Eqg. (4-50)]
RQ 4.22 Write the relations that exhibit analogy between D and J.
[Egs. (4-50)(4-51)]
RQ 4.23 Write the relation between the capacitance and the leakage resistance.
[Eq. (4-55)]

Problems

4-1 Given that a current density J =0.3 a, +0.4a,[A/ cm?], find the total
current crossing the cylindrical surface defined by p=a=2[cm],
O0<¢<m,and O<z<b=2[cm], as shown in Fig. 4.8.
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4-2

4-3

4-4
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Fig. 4.8 A cylindrical surface(Problem 4-1).

A current density is given as J = 20e™'%’ a, [A/m’] in cylindrical coor-
dinates(p in units of meters). Find the total current passing through the

spherical surface defined by R =0.4[m] and O <6 <50° as shown in
Fig. 4.9.

P

Fig. 4.9 A spherical surface (Problem 4-2).

With reference to the spherical surface( R =0.4[m] and 6=50°) as
shown in Fig. 49, if the current density 1is given as
J =6cos(p’)a, [A/m?] in cylindrical coordinates(p in units of meters),

find the total current through the surface.
[Hint: Equation of continuity.]

The heated cathode residing in the z =0 plane induces thermionic emis-

sion of electrons of a density N [electrons/ m? - sec]. The anode residing
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4-6
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in the z =d plane is at a higher potential than the cathode by V,[V], ac-

celerating the electrons in the z-direction. Find, as a function of position,
(a) velocity of the electrons,

(b) volume charge density, and

(c) current density between the electrodes.

(Electron mass is m, and electron charge is e.)

A straight wire of radius a is made of a conducting material(¢ = 6,) and

coated with another conducting material( ¢ = ¢, ). Determine the outer ra-

dius of the coated wire that carries the same amount current in the core and
the coating, if the electric field is uniform in the cross section.
A silicon bar with a rectangular cross section 4[mm]x2[mm] is

10[mm] long. For intrinsic  silicon, u, = 0.14[m?/V-s]
W, =0.045[m>/V-s], and n, =n, =1.0x10"°[m™®] at 300K. If the

voltage drop along the length of the bar is 5[V], find

(a) conductivity,

(b) total current,

(c) resistance, and

(d) power dissipated in the silicon bar.

When an intrinsic silicon is doped with a small amount of donors, the elec-
tron density is increased by 10% at 300K. How much is the conductivity
increased due to the doping?

[Hint: Use typical values of the electron and hole mobilities. ]

Two concentric, perfectly conducting cylindrical surfaces of radii
a=5[cm] and b =6[cm] are 10[cm] long. The space in between is

filled with graphite of a conductivity ¢ = 7 x10*[S/m)]. Ignoring the edge

effects, find the resistance between two conductors.

An ohmic medium of conductivity ¢ fills the gap between two concentric
hemispheres of radii a and b as shown in Fig. 4.10. Ignoring the edge ef-
fects, find the resistance.

Fig. 4.10 Concentric hemispheres filled with an ohmic medium(Problem 4-9).
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4-10

4-11

4-12

The conductivity of copper depends of temperature as

c=o0, [1+O(,(T —TO)T1 , where T is temperature in degrees Celsius ,

c, = 5.8x107[S/m] at T, =20°C , and the temperature coefficient
o =0.0039 [°C™']. Determine the resistance of 10[m]-long copper wire
of diameter 0.2[mm)] at temperature (a) T =-30°C, and (b) T =40°C.

Consider two concentric, perfectly conducting spherical shells of radii a
and b as shown in Fig. 4.11. The space in between is filled with a lossy di-

electric of conductivity ¢ and permittivity €. This lossy capacitor has been
charged to +Q, [C] and, at time t =0, disconnected from the source. Find

the current density in the gap for t > O, ignoring the electromagnetic in-
duction that may be caused by the time-varying current.

-0

b

Fig. 4.11 Two concentric spherical shells filled with a lossy dielectric(Problem
4-11).

A cylindrical capacitor of length £ consists of two concentric, perfectly
conducting cylindrical surfaces of radii a and c as shown in Fig. 4.12. The
gap is filled with two different lossy dielectrics: (o, and ¢, ) for a<p<b

and (o, and €,) for b<p<c. It is connected to a voltage source of

V_[V]. Find (a) current density, and (b) resistance between two conductors.
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Fig. 4.12 Cylindrical capacitor filled with two different materials(Problems 4-12, 4-13).

When the cylindrical capacitor shown in Fig. 4.12 was disconnected from
the source at time t =t , a net charge of @, [C] was observed on the inner
conductor. Find the current density between two conductors for t >t .

Two parallel conducting plates of an area S coincide with the z =d and
z =0 planes, which are at potentials V =V, and V =0, respectively.
The gap in between is filled with an inhomogeneous material of conduc-

tivity 6 =6,,1+(z /d) . Ignoring the edge effects, find

(a) current density,

(b) electric field, and

(c) resistance between two conductors.

The z =0 plane is an interface between two lossy dielectrics: (o, and
g ) for z<0O and (o, and ¢,) for z>0. A uniform current density
Jd, = 2ay +3a, [A/m?] exists in the region z < 0. Find

(a) J, intheregion z >0,

(b) electric fields in both regions, and

(c) surface charge density on the interface.

A parallel-plate capacitor has two conducting plates of an area S, which are
separated by a lossy dielectric of thickness d, conductivity ¢, and permit-
tivity €. The capacitor has been fully charged to a voltage V =V, by a

voltage source, and then disconnected from the source at time ¢t = 0. Find,
for t>0,

(a) charge density on the conductor,

(b) power dissipated in the dielectric, and

(c) Show that the total energy expended in the dielectric equals the total
energy stored in the capacitorat t=0.



Chapter 5
Magnetostatics

In Chapter 3, we focused our discussions on electrostatics, which is primarily con-
cerned with the electric field E and electric flux density D. Initially, we introduced
the electric field to describe the interaction between static electric charges separated
by free space. We defined the electric flux density to account for the interaction be-
tween an external electric field and a material medium. We could define the per-
mittivity € of a material medium from the relation between D and E. We saw that
the static electric field, in a region of space, is governed by the two fundamental re-
lations, V.D =p, and V xE =0, which are specified in the region.

In this chapter, we turn our attention to magnetostatics, which is primarily con-
cerned with magnetic field H and magnetic flux density B. As E and D are re-
lated through the constitutive relation D =€E in a simple medium, H and B are
related through B =pH in a simple magnetic medium. As the static electric
field is governed by the two fundamental relations, the static magnetic field, in a
region of space, is governed by the fundamental relations, V.B =0 and

V xH = J, which are specified in the region. In view of these relations, an anal-
ogy between E and H and between D and B is apparent. Although the analogy
can help us comprehend the concept of magnetostatics to a certain degree, we
should not rely entirely on this analogy in studying magnetostatics. For instance,
B is responsible for the magnetic force on an electric charge in motion, as E is re-
sponsible for the electric force exerted on an electric charge. In the same way as
D is defined in a dielectric, H is newly defined in a magnetic material.

Magnetism was first discovered by ancient people in pieces of lodestone, which
attracted iron pieces. Lodestone is a naturally magnetized piece of magnetite
found near the ancient city called Magnesia. The word magnet is derived from
the Greek word for Magnesian stone. Magnetism was thought to be independent
of electricity until 1819, when Hans Christian Oersted observed that the needle of
a compass was deflected when placed near a current-carrying wire. Oersted’s ob-
servation established a link between magnetic and electric fields, in that when an
electric field produces a current in a wire, the current generates a magnetic field.
The link is not complete, however, because a static magnetic field cannot generate
a static electric field. We will learn in Chapter 6 that a time-varying B induces a
time-varying E, completing the link between magnetic and electric fields under
time-varying conditions.
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A steady current, or a direct current, generates a static magnetic field. Our
discussion of static magnetic fields starts with the Biot-Savart law, which relates a
static magnetic field to a steady current. We next explore Ampere’s circuital law,
which is a special case of the Biot-Savart law, just as Gauss’s law is a special case
of Coulomb’s law. Ampere’s circuital law is particularly useful when the geome-
try under consideration has certain symmetry. We introduce the concept of mag-
netization vector to account for the interaction between an external magnetic field
and a magnetic material. The magnetic field intensity H is redefined in the mag-
netic material to account for the effect of the magnetization on the total magnetic
flux in the material. We will learn that the magnetization leads to the constitutive
relation of the magnetic material, B = uH , where the permeability p is characte-
ristic of the material. After we obtain two fundamental relations for static mag-
netic fields, VB =0 and VXE =J, we discuss the boundary conditions for B

and H at an interface between two different magnetic materials. We continue
with our discussion to cover inductance, magnetic energy, and torque.

5.1 Lorentz Force Equation

We recall from Chapter 3 that an electric charge g, either at rest or in motion, ex-
periences an electric force F, in the presence of an electric field E, that is,

F, =qE [N] (5-1)

e

As the electric field intensity E is defined as the electric force on a unit charge, the
magnetic flux density B can be defined as the magnetic force exerted on a unit
charge in motion. It was found from experiments that an electric charge g mov-
ing with a velocity v in a magnetic flux density B experiences a magnetic force
F,. The magnetic force is expressed mathematically as

F_=qvxB [N] (5-2)

The magnetic flux density B has the unit of the tesla[T] or the weber per square
meter [Wb/m?].

If a charge g moves with a velocity v in the presence of both an electric field E
and a magnetic flux density B, the total force exerted on the charge is therefore

F=F +F, =q(E+VvxB) [N] (5-3)

which is called the Lorentz force equation.
It is important to note that F, is exerted on an electric charge, whether or not

it is in motion, but F, is exerted on an electric charge in motion only. Because
F,, is always perpendicular to the direction of motion of the charge, or the direc-

tion of v, there is no expenditure of the magnetic energy, even though the charge
is displaced in the force field that is produced by the magnetic field. In other
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words, there is no transfer of the magnetic energy stored in B to the kinetic energy
of the charge. For this reason, the magnetic field cannot change the speed of the
charge but changes the direction of motion of the charge.

Example 5-1

In a uniform magnetic flux density, B = B_ a,, an electron crosses the x-axis at
right angles, with an initial velocity v=v,a, ,attime t=0.

(a) Show that a circle is traced by the electron in the xy-plane for time t>0.

(b) Find the radius r, of the trace in terms of the electron charge e, electron mass

m, and initial speed v, .

Fig. 5.1 An electron moving in a magnetic flux density.

Solution
(a) Magnetic force on the electron is
F,_=evxB (5-4

B does not change |v| Therefore, |Fm| is constant at time t>0 and

F_ is always perpendicular to the direction of move of the electron. F,,

m

behaves as a centripetal force, and thus the electron moves along the
circumference of a circle.

(b) If the electron moves on a circle with a velocity v =v,a,, from Eq. (5-4)

we write

F,=-le

v,B,(a, xa,)=—lelv,B,a, (e<O0) (5-5)

At steady state, F, is balanced by mass x acceleration of the electron,
which is expressed as
dv dv do da¢ do
m—=m——=mv, ——
dt do dt do dt (5-6)
= muo(—ap)w
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where we used da,/d¢=-a as in Eq. (1-68), and ¢ = wt (angular

velocity multiplied by time).
Equating Eq. (5-5) with Eq. (5-6) we have

= Mi [rad/s] (5-7)
m

Inserting v, =r,® into Eq. (5-7), the radius of the circular path is

r, = M0, [m]
° le/B, '

Exercise 5.1
With reference to Fig. 5.1, find the electric field intensity E which, together with
B, will cause the electron to move along a straight line for time t >0 .

Ans. E=-v B a_.

5.2 The Biot-Savart Law

Earlier, we defined the magnetic flux density B as a sort of a force field. We now
turn our attention to the magnetic field H, which is defined as a vector field in-
duced by a steady current.

The Biot-Savart law is an experimental law, which states that the differential
magnetic field intensity dH due to a steady current I flowing through a vector
differential length dl” is

Idl'x a,

dH = 5
4nR.

[A/m] (5-8)

The differential field intensity dH is viewed as a vector located at the field point
with position vector r, whereas the differential current element Idl’ as a vector
located at the source point with position vector r’. The current element Idl’
corresponds to a small segment of the conducting wire of negligible thickness car-
rying the steady current I. A conducting wire of negligible thickness is referred
to as a filament throughout the text. In Eq. (5-8), R and a, are the magnitude
and unit vector of the distance vector defined by ® =r—r’. The filamentary
current I has the unit of the ampere[A], and the magnetic field intensity H has the
unit of the ampere per meter[A/m)].

In view of Eq. (5-8), we see that the cross product is conveniently used to spe-
cify the direction of dH, which is normal to the plane formed by Idl’ and a, ,

and the sine of the angle between dl” and a, , simultaneously. It is important

to remember that the cross product dl’xa, should be treated as a vector located
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at the field point in unprimed coordinates(see Fig. 5.2), even though it may con-
tain scalar components expressed in primed coordinates. We see from Eq. (5-8)
that the magnetic field intensity is inversely proportional to the square of the dis-
tance between the current element and the field point, as E is inversely propor-
tional to the square of the distance between the charge and the field point. How-
ever, in contrast to E, which is directed along the distance vector RK,, the magnetic
field vector dH is always normal to R..

The total magnetic field intensity H, due to a steady current I flowing through a
filament, is equal to the sum of the contributions from all the individual current
elements comprising the filamentary current, i.e.,

Idl'xa,
H=| —— 5% [A/m] (5-9)

4nR*?

where the path of integration ¢’ corresponds to the filament carrying the current L
As, was discussed previously in Chapter 4, if a current is distributed over a vo-

lume 7/ it can be described by the current density J =p,v, which is the product

of the volume charge density p, and the velocity of flow of the charges, v. Si-

milarly, if the current is confined to a surface, it can be described by the surface
current density J, =p v, where p, is the surface charge density. For these vo-

lume and surface currents, the equivalent current elements are defined as

Idl = J'dv’ = J'ds’ (5-10)

The differential volume dv’ or the differential area ds” is assumed to be cen-
tered at the source point with position vector r’. The symbol “'” in Eq. (5-10)
is to denote that the quantity is closely related to the current located at the source
point. Inserting Eq. (5-10) into Eq. (5-9) allows us to write the Biot-Savart law as

¢ JI'xa, do’
H=[ — rE [A/m] (5-11)
o[ S (A/m] (5-12)
4R *?

Again, ® and a, are the magnitude and direction of the distance vector defined
by ® =r—rx’. Itis important to note that even though J” and a, may be ex-
pressed in primed coordinates, the cross product J’xa, should be expanded by

the base vectors at the field point.

Although the expression for the Biot-Savart law, as given in Eqgs. (5-9), (5-11),
and (5-12), employs a mixed coordinate system, the coordinate axes of the primed
system coincide with those of the unprimed system; they are only referred to by
different names. The purpose of the mixed system is to distinguish variables, or
the coordinates of the source point, from constants, or the coordinates of the field
point, in the integral for H.
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x,x'

Fig. 5.2 A magnetic field dH at position vector T due to a current element Idl” at position
vector 1’.

Example 5-2

Determine H due to an infinitely long straight filament lying along the z-axis and
carrying a steady current L

Solution
From symmetry considerations, we employ cylindrical coordinate system,
and assume the field point to be on the z=0 plane for simplicity in
calculation, as shown in Fig. 5.3.

Using the relation a, = a, , the distance vector is expanded by the base
vectors at the field point, i.e.,

R=r-r'=pa -za,
=pa,-z'a,
Differential length vector along the filament is also expressed in terms of the
base vectors at the field point as
dl'=dz’a,
From Eq. (5-9) we obtain

»ldz’'a, x(pa -2z'a)) la, 2~ pdz’
7= 4nR 3 C4n Y (p2 4 2P
P (5-13)

H:

’ 2
_aI_p z'/p

e 2 ’2
4 [p +z e
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Here, a, is taken outside the integral, because it is independent of z’.

0
We also used the relations, a,xa, =a,, a,xa, =0, and the integral

J.(x2 +a’)yPdx = (x /a®)(x* +a®)? +C.

The magnetic field intensity due to an infinitely long filament carrying a
steady current Iis therefore
I

H= 2—npa¢ [A/m] (5-14)

The direction of H and the direction of flow of I are related through the
right-hand rule: the right thumb points in the direction of I when the fingers
follow the direction of H.

Let us now examine the symmetry to see what it can tell us about H.
The infinitely long filamentary current has cylindrical symmetry(no change
after rotated about the z-axis) and translational symmetry in the z-
direction(no change after displaced along the z-axis). Consequently, the
resulting H should be independent of ¢(cylindrical symmetry) and
z(translational symmetry). We also note that the vector dl’xa, is always

in the direction of a, for the infinitely long filamentary current L

Therefore, the resultant H only has the ¢-component that only depends on p,
as is evident from Eq. (5-14).

K

Fig. 5.3 An infinitely long straight filament carrying a steady current I.

Let us now digress briefly and derive a formula useful for finding H of a finite
filamentary current extending between z =z, and z =z, (z, < z,), as shown in

Fig. 5.4. From Eq. (5-13), at a point on the xy-plane, H is obtained as
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I z’ - _a 1L z,  z
Yanp| o2 + 22 o * 4mp \/p2 +z2 \/pz +2z2

For the angles 6, and 6, as defined in Fig. 5.4, we express the magnetic field

H=a

intensity at a distance p from a finite filamentary current I as

T
4rp

H-= [cos 6, +cos,]a, [A/m] (5-15)

Equation (5-15) always holds true for any z, and z,. The direction of H is de-

termined by the right-hand rule: When the right thumb points in the direction of I,
the fingers rotate in the direction of H.

(a) (b) (©)

Fig. 5.4 H due to a filamentary current of a finite extent.

Example 5-3
Determine H at a field point p:(a,b,0) in Cartesian coordinates(a >0, b >0),

which is produced by the steady current I flowing in the filament bent into an L

shape as shown in Fig. 5.5.

Solution
For the segment of the filament existing in the region y < O, substituting
6,=0, 6,=0, and p=a into Eq. (5-15) we obtain its magnetic field
intensity as

1
H=—[1+ —a
! 4na[ coso](-a,)

For the segment of the filament existing in the region x < O, substituting
6, =B, 6,=0, and p=>b into Eq. (5-15) we obtain its magnetic field
intensity as
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I
H, = m[cosﬁ +1](-a,)

In the above equations, the direction, —a,, has been determined by the

right-hand rule.
From Fig. 5.5 we obtain

b
Ja? +b?
__a
Ja2 +p*

The magnetic field intensity at the field point p is therefore

I b I a
H=H, +H, = 1- —a)t——|-——2 _11|(-a
1 2 4ﬂ:a|: \/a2+b2i|( z) 4Ttb|: f—a2+b2 :|( z)

[\/az 0 —(a+ b)}

A

cos o = —sin(o - 90°) = —

cosf =-sin( -90°)=-

= az
4nab

z

Fig. 5.5 An L shaped filament carrying a current L

Example 5-4
A filament is formed into a circle of radius a in the xy-plane as shown in Fig. 5.6.
Determine H at a field point p:(0,0,b) due to a steady current I flowing in the

filament in the counterclockwise direction.

Solution
In cylindrical coordinates, the differential length and the distance vectors are

dl’=ad¢’a,

R =r-r'=ba,-aa,
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Although two vectors dl’ and ® are expressed in terms of a, and a,
we just insert them into Eq. (5-9), understanding that their cross product
dl’ x a, can be expressed later in terms of a, a, and a,, and obtain

_J. Idl'xa, J~¢’=2n lad¢’a, x(ba, —aa,)
4nR? =0 4nR 3

Separating the integral into two parts, we have
Iab =21 , Iazaz y=2n
 4n(a® + b*)P*? I¢'=0 a,do’+ 4n(a® + b*)*? I¢'=0 dé

The unit vector a, depends on ¢, and the integral of a, with respect to

¢, from O to 2, is zero.
Thus, at a point on the z-axis, the magnetic field intensity is

Ia®

S a, [A/m] (5-16)

Fig. 5.6 A circular filament carrying a current I

Exercise 5.2
A filament forms a square of side a centered at the origin in the xy-plane, with the

sides perpendicular to the coordinate axes. Find H at the origin due to I flowing
counterclockwise in the filament.

Ans. H= aZI2\/§ /(ra).
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Exercise 5.3
For a finite filament with current I, extending from z =2z, to z = z,, show that

H is the sum of the contributions from the segments zz  and

z,2,(2,<2,<2,).

Ans. cos0+cos(n-0)=0.

Review Questions with Hints

RQ 5.1 State Lorentz force equation. [Eq.(5-3)]
RQ 5.2 Explain the relative orientation of the coordinate axes of the primed and
unprimed systems used for the Biot-Savart law. [Fig.5.2]
RQ 5.3 What is the significance of the cross product used in the expression for
the Biot-Savart law? [Fig.5.2]
RQ 5.4 In what way does H due to I flowing in an infinite filament vary with
distance? [Eq.(5-14)]

RQ 5.5 Write the formula for H due to I flowing in a finite filament. [Eq.(5-15)]

5.3 Ampere’s Circuital Law

Ampere’s circuital law is analogous to Gauss’s law for electricity in the sense that
it allows us to solve the problem with certain symmetry by solving a simple alge-
braic equation. Ampere’s circuital law is a special case of the Biot-Savart law;
the former can be derived from the latter(see Section 5-5). As the point form of
Gauss’s law relates the divergence of D to a charge distribution, the point form of
Ampere’s circuital law relates the curl of H to a current distribution.

Ampere’s circuital law states that the line integral of H around a closed path
is equal to the current enclosed by that path. Ampere’s circuital law is ex-
pressed as

gSCH-cu:I (5-17)

The direction of travel on ¢ and the direction of flow of I are governed by the
right-hand rule: the right thumb points in the direction of I when the fingers follow
the positive direction on C.

With reference to Fig. 5.7, we can show that the enclosed current I in Eq. (5-
17) is equal to the integral of the current density J over any surface bounded by
the closed path ¢. From the equation of continuity in a static condition, that is,
V.J =0, the integral of J over any closed surface S, is zero. Expressed ma-

thematically,

955 J.ds=0 (5-18)
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Suppose the closed surface S, forms a closed hemispherical shell as shown in Fig.
5.7(a). In view of Eq. (5-18), we see that the total current entering the hemisphere
through the base plate is equal to the total current leaving the hemisphere through
the spherical surface. If we remove the base plate from the hemisphere as shown
in Fig. 5.7(b), the circular rim of the hemisphere forms a closed path C. As is evi-
dent in Fig. 5.7(b), the current enclosed by Cis equal to the current flowing through
the surface § bounded by . Since S, may be arbitrary, the surface S can also be

arbitrary only if it is bounded by .

(@) (b)
aS
/——1» —_
C S
So

Fig. 5.7 The current enclosed by Cequals the current flowing through .

From the above discussion, we can express Ampere’s circuital law in terms of
the current density J as

@}Ldl:LJmﬁ (5-19)

where S is the surface bounded by the closed path ¢. The direction of dl on ¢ and
the direction of ds on § are related by the right-hand rule: the right thumb points
in the direction of ds when the fingers advance in the direction of dl. Ampere’s
circuital law states that the line integral of H around a closed path is equal to the
total current flowing through the surface bounded by that path.

Applying Stokes’s theorem to the left-hand side of Eq. (5-19) we have

LVXHmb=Lams (5-20)

Since S may be arbitrary in Eq. (5-20), the two integrands should be the same at
every point on S in order to satisfy the equality. The point form of Ampere’s cir-
cuital law is therefore

(5-21)

Equation (5-21) is one of the two fundamental relations governing static magnetic
fields. It should be noted that Ampere’s circuital law, as given in Eqgs. (5-17), (5-
19), and (5-21), holds true only for static magnetic fields. Under time-varying
conditions, Ampere’s circuital law should be modified to account for the electro-
magnetic induction observed by Faraday, which we will discuss in Chapter 6.
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Ampere’s circuital law expressed by Eq. (5-19) is very useful for determining
the magnetic field intensity H, only if the closed path C can be chosen in such a
way that H at every point on Cis constant and tangential to C. Such a path is
called an Amperian path.

Example 5-5
An infinitely long filament is oriented along the z-axis, with a steady current I
flowing in the +z-direction. Determine H by using Ampere’s circuital law.

Fig. 5.8 An infinitely long filamentary current and an Amperian path.

Solution
As was stated previously in Example 5-2, an infinitely long filamentary
current has cylindrical and translational symmetries. In addition, the Biot-
Savart law, or the term Idl’ x a, , tells us that dH is always in the direction

of a,. Consequently, the resulting H should be of the form H = H (p)a,:

H has the ¢-component only, which depends on p only. From these
discussions, we take a circle centered at the current as an Amperian path.
Applying Ampere’s circuital law to the Amperian circle of radius p gives

<£>[H-dl - LZHJP) a,-(pdoa,) = H,(p)2mp
=1

Thus, we have

I
H=H¢(p]a¢ =—a

5-22
o2np (>-22)
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The result is of course the same as Eq. (5-14) that was obtained by the Biot-
Savart law.

Example 5-6

An infinitely long coaxial cable consists of an inner conductor of radius a, and an
outer conductor of radii b and c, as shown in Fig. 5.9. It carries a steady current
I, flowing in the opposite directions, uniformly distributed in the conductors.
Determine H everywhere by using Ampere’s circuital law.

Fig. 5.9 A coaxial cable carrying a steady current L

Solution

A close examination of the geometry reveals that the coaxial cable has
cylindrical symmetry, and translational symmetry in the z-direction.
Therefore, the resultant H is independent of ¢ and z.  Next, suppose that the
current in the inner conductor is composed of a large number of filamentary
currents. Since H of a filamentary current is circumferential, a pair of
filamentary currents located at (p,,¢,) and at (p,,—¢,), as shown in Fig.
5.9(b), jointly produce a magnetic field intensity directed only in the
direction of a,. Thus, the resultant H should be of the form H = H ¢(p] a,
everywhere, even in the interior of the conductor.

In the region O <p < a, the closed line integral of H around a circle of
radius p is

$ Hedl = j:o H,(p)a,-(pdoa,) = 2npH, (o) (5-23)

The current enclosed by the circular path is

np>

I
na’

Combining the two equations, we obtain

I
H-H,a, = ZRZQ a, (O<p<a) (5-24a)
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In the other regions, the closed line integral of H is the same as Eq. (5-23),
except that the enclosed current is different in different regions such as

I (@a<p<bhb)
Cz—p2

Ic2—b2 (b<p<o)

0 p=c)

Thus, the magnetic field intensity in the coaxial cable is

I

H= 2—npa¢ (@<p<bh) (5-24b)
2 _ 2

H- anp e, (b<p<c) (5-24c)

H=0 (p=c) (5-24d)

A circular Amperian path around the coaxial cable encloses no net current,
and thus H is zero outside the coaxial cable as given in Eq. (5-24d). In
general, a zero circulation of H around a closed path does not necessarily

mean H =0 at every point on the path; <§>~H-dl =0 in a uniform field

H=a,. In this problem, however, we are aware of the functional form of
H; namely, H=H ¢(p) a,. Thus, a zero circulation of H directly leads to

H =0 atevery point on the path, outside the coaxial cable.

Example 5-7

A toroidal coil has N turns closely wound on an air core and carries a steady
current I as shown in Fig. 5.10. The toroid has an inner radius a and an outer
radius b. Find H everywhere.

Fig. 5.10 A toroidal coil.
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Solution
The closely wound toroidal coil has cylindrical symmetry(rotational
symmetry about the z-axis), and thus the resulting H is independent of ¢. If
the toroidal coil is rotated about the x-axis by 180°, it appears the same
except for the reversed direction of the current in the coil. Note that if we
reverse the current in the original coil, the direction of the resultant H should
also be reversed. In view of this, we see that H cannot have the p-
component, because the vector component H a, appears the same even if

it is rotated about the x-axis by 180° . From these symmetry
considerations so far, we arrive at a conclusion that H is of the form
H-= H¢(p, z) a,+H, (p.z)a,. Assuming an ideal toroidal coil in which no
current penetrates the ¢ = ¢, plane(¢, is constant), we see that the line
integral of H around any closed path (,, which lies flat on the ¢ =0,

plane, is zero, i.e.,

<!>qH.dl = (j)q (H,a,+H,a,)-(dpa +dza,) = (JSCI H,(p,z)dz
=0

(5-25)

Here, we use dl=dpa,+dza, inthe ¢=¢, plane. Suppose C, is a
rectangle with the left side at p =p, and the right side at p =p,, being
parallel to the z-axis in the ¢=¢, plane. Since Eq. (5-25) should be
satisfied regardless of the height of (, , we obtain the relation
H,(p,,z)=H,(p,,z) from Eq. (5-25), implying that H, is constant

everywhere. The finite extent of the toroidal coil, however, assures that
H=0 at infinity, meaning that H, =0 everywhere. @ From the

discussions so far, we conclude that H of the toroidal coil is of the form
H-= H¢[p,z]a¢ .

Inside the toroidal coil(a <p < b), taking a circle of radius p as an
Amperian path ¢, from Ampere’s circuital law we obtain

$ Hedl=§ H,a,-pdoa, =pH, | do = 2mpH,

Since Cencloses the total current of NI, Ampere’s circuital law gives

NI

H =—
2np

¢

Inside the toroidal coil, we have

H=H,a =£a
2np

., (inside) (5-26a)

o
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Outside the toroidal coil, no net current is enclosed by ¢. Thus,
H=0 (outside) (5-26b)
We notice that the final magnetic field intensity given in Eq. (5-26a) is of the

form H=H ¢[p]a¢ ; it is not against our expectation of H = H ¢(p, z)a¢.

Exercise 5.4
A thin conducting coating on a long dielectric cylinder of radius a carries a
uniform surface current density J, =J_ a,[A/m]. Find H everywhere.

Ans. H=0 for p<a,and H=aJ,a/p for p>a.
Exercise 5.5

What would be the functional form of H inside the toroidal coil with a rectangular
cross section?

Ans. H= HQ(p)a‘b .

Review Questions with Hints

RQ 5.6 State Ampere’s circuital law in words. [Eq.(5-17)]

RQ 5.7 What is meant by the current enclosed by a closed loop? [Fig.5.7]
RQ 5.8 What determines the positive direction of Cin Egs. (5-17) and (5-19)?

[Fig.5.7]

RQ 5.9 How do you choose an Amperian path? [Fig.5.8]
RQ 5.10 Is it possible to apply Ampere’s circuital law to a current element of a

finite extent? [Eq.(5-15)]

RQ 5.11 Does zero circulation of H mean H =0 at every point on the loop?
[Eq.(5-22), Fig.5.8]
RQ 5.12 Write the point form of Ampere’s circuital law. [Eq.(5-21)]

5.4 Magnetic Flux Density

Earlier, the magnetic flux density B was defined in terms of the magnetic force
exerted on a charge moving in B. As D is related to E by the constitutive relation
D =¢ E, in free space, B is related to H by the constitutive relation given, in free

space, as

[T] or [Wb/m?] (5-27)

The magnetic flux density is measured in tesla[T] or webers per square me-
ter[Wb/m?]. The proportionality constant i, is called the permeability of free
space, and has the value of

u, =4nx107’ [H/m] (5-28)

which is measured in henries per meter.
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The total magnetic flux passing through a surface S is equal to the integral of B
over the surface, that is,

= LB-ds [Wh] (5-29)

which is measured in webers. The dot product in Eq. (5-29) is necessary to con-
vert the differential area |ds| in $ into an equivalent area in the cross section of

B. This is because |B| is originally defined as the magnetic flux passing through

a unit area of the plane perpendicular to B.

We recall from electrostatics that the electric flux lines always begin at a posi-
tive charge and end at a negative one. Thus the net outward electric flux through
a closed surface is not zero if the surface encloses a net charge. In contrast, the
magnetic flux lines always close upon themselves because there are no isolated
magnetic charges or no isolated magnetic poles. For instance, even if a perma-
nent magnet is broken up into pieces on an atomic scale for the purpose of separat-
ing the north and south poles, each piece always has a north and a south pole.

From the Biot-Savart law given in Eq. (5-8), we acknowledge that a differential
current element Idl’ produces the magnetic field lines of the form of concentric
circles. Applying the principle of superposition of the magnetic field leads us to
conclude that the magnetic field lines should be of the form of closed lines regard-
less of the current distribution.

Gauss’s law for magnetism states that the net outward magnetic flux through
a closed surface is always zero. Expressed mathematically,

gSSBods =0 (5-30)

Equation (5-30) can also be viewed as an expression for nonexistence of isolated
magnetic charges, and an expression for the law of conservation of magnetic flux.
Applying divergence theorem to Eq. (5-30), we obtain the point form of Gauss’s
law for magnetism as

s

It should be noted that Eq. (5-21) and Eq. (5-31) constitute two fundamental rela-
tions for static magnetic fields.

So far, we obtained the curl of H and the divergence of B, which are essential
for a unique determination of the static magnetic field in a region of space accord-
ing to the Helmholtz’s theorem. To repeat, in Chapter 3, we obtained the curl of
E and the divergence of D, which are essential for a unique determination of the
static electric field in a region of space. For future reference, collecting the fun-
damental relations for static electric and static magnetic fields, we have

VXE =0
V-D=p,
VxH=Jd
V.B=0

(5-32)
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Applying the divergence and Stokes’s theorems, the integral form of the funda-
mental relations is obtained as follows:

(JSCE-dl:O

(JSSD-ds :vadv

gSCH-dl = LJ-ds 433

gSjB-ds=O

Although there is no coupling between E and H, time-varying electric and
magnetic fields become coupled to each other such that a time-varying electric field
generates a time-varying magnetic field, and vice versa. Under time-varying con-
ditions, the two divergence equations in Eq. (5-32) remain valid, but the two curl
equations need to be modified to account for Faraday’s electromagnetic induction
and the concept of displacement current density.

Example 5-8

A thin conducting shell of a radius a is connected to two very long filaments as
shown in Fig. 5.11. The filamentary current I becomes a surface current,
J, =J,a,, which is uniform in the a -direction on the sphere. Show

(a) H,=0 onthe z=0 plane,
(b) H=-a, QL outside the sphere.
p

[Hint: Helmholtz’s theorem.]

p,:(0,4,,0)

Fig. 5.11 A conducting spherical shell connected to two very long filaments.
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Solution
(a) For the differential surface current Jds’a, given at the source point

(a, 9,0, the differential field dH at the field point p,:(0,y,,0) is obtained
from Eq. (5-12) as
Jds'a, xa,

dH = 3
4nR

(5-34)

Position vectors of the source and field points are

r'=asin®cos¢’a, +asin@’sin¢’a, +acos®a,

r=ya,
Distance vector and its magnitude are

R=r-r'=Ra, =-asin®'cos¢’a +(y, —asin@’sing) a, —acos 0'a,
. . . 1/2
R = [az sin® @' cos® ¢’ + (y, —asin®’sin¢’)f* + a® cos® &’ ]

In the above equation R is expanded by a , a, , and a,, because of

x> Syo
a.=a , a,=a ,and a,=a,.
Applying the coordinate transformation a, =cos®’cos¢’a, +
cos 0’sin ¢’ a, —sin 0"a, to Eq. (5-34), we obtain
, a, a, a,
_dJds

=——| cos®'cos¢’ cos 0'sin ¢’ —-sin @’
4nR

—asin® cos¢’ (y, —asin®’sin¢g) -acos®’

The z-component of dH is therefore

dH-.a, = J.ds y, cos©’cos ¢'a,
4nR

3

The two differential current elements at points (a,9’,¢) and (a,n—6’,¢)
jointly produce dH-.a, =0 at p, onthe z=0 plane. In addition, the
filamentary current produces H in the direction of a, only, as is evident
from the Biot-Savart law. From these discussions and the cylindrical
symmetry we conclude that Hea, =0 at every point on the z =0 plane
outside the sphere. We may consider the z =0 plane as a boundary on
which the normal component of H is specified to be zero, H-a, =0.

This boundary condition is useful for part (b), which will be solved by
applying Helmholtz’s theorem that requires the normal component of the
field to be specified at the boundary.
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(b) In the region z =0 outside the sphere, a trial solution H=-a, /(2np)

satisfies not only Ampere’s circuital law, but also the fundamental
relations( VeB=0 and VxH=0 in the source free region), and the

boundary condition(H, =0 ). Thus, it must be a unique solution in the

given region according to Helmholtz’s theorem. By the same token, the
trial solution is also a unique solution in the region z <O outside the
sphere.

Review Questions with Hints

RQ 5.13 State Gauss’s law for magnetism in words. [Eq.(5-30)]

RQ 5.14 Write a mathematical expression for the statement that the magnetic
flux line is always closed. [Eq.(5-30)]

RQ 5.15 Express the law of conservation of magnetic flux. [Eq.(5-30)]

RQ 5.16 What are two fundamental relations for static magnetic fields?
[Eqgs.(5-32)(5-33)]

5.5 Vector Magnetic Potential

In Chapter 3, we saw that the irrotational nature of E, VXE =0, leads to the
electric potential V defined through the relation E =-VV . We also witnessed
that the electric potential is much easier to handle than E because of its scalar na-
ture. For instance, the electric potential is conveniently used for determining E
by first calculating V from a given charge distribution and then taking the negative
gradient of V. In the same way as the electric potential, we can define the scalar
magnetic potential V_ through the relation H=-VV,_ . However, the potential
V. is a many-valued function because of the non-conservative nature of H. As
an example, the scalar magnetic potential is given as V., = —I¢ /(2n) in the pres-
ence of H that is produced by an infinitely long filamentary current I In this
case, the potential V, has many values at a point in space as ¢ increases past 2.
The relation, VxH =V x(-VV )=J, states that V, is useful only in the region

with J=0. In this section, we focus our attention on the vector magnetic poten-
tial A, which is useful for determining B, whether or not the given region contains
a current distribution.

The solenoidal nature of B is mathematically expressed as V+B=0. By

making use of the vector identity V«(V xU) =0, we can define the vector mag-
netic potential A as

(539

The unit of A is the weber per meter[Wb/m]. If we find the vector potential A
from a given current distribution, we can obtain B by taking the curl of A.
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We can derive the relation between the vector magnetic potential A and the cur-
rent density J from the Biot-Savart law. Rewriting the Biot-Savart law for B, we
have

o, ¢ Idl'x®
= 4_n-[f e (5-36)
Borrowing from Section 2-2, we have
yl__% (2-49)

R R
where the distance vector ® =r —r’. Inserting Eq. (2-49) into Eq. (5-36) we get

B-= —Mj ,dl'x(vlj
4m ¢ R
Substituting U =1/R% and L=dl’ into the vector identity
Vx(UL)=(VU)xL+U (VxL), and inserting the identity into the right-hand
side of the above equation, we get

B:MJ{VX(%j—%(chﬂ')}zu—"IL,VX(ﬂ/j (537)

4 ¢ 4n R

In Eq. (5-37) we used V xdl’ =0, which is true because V acts on the unprimed
coordinates only. On the right-hand side of Eq. (5-37), the curl operator can be
taken outside the line integral because it is independent of the path ¢’. Thus Eq.
(5-37) reduces to

Bovx [ Ml (5-38)
< 4nR,
Comparison of Eq. (5-38) with Eq. (5-35) gives an expression for A, i.e.,
A= [,% [Wb/m] (line current) (5-39a)

where the line integral is performed along the filamentary current I. If the current
is distributed over a volume 7 or across a surface 5, we can obtain the expression

for A due to J or J; simply by substituting the equivalent current element given
in Eq. (5-10) into Eq. (5-39a):

A= M dv’ [Wb/m] (volume current) (5-39b)
V4R
100 S
A=| —=“2ds [Wb/m] (surface current) (5-39¢)
S 4R,

where R is the magnitude of the distance vector ® =r —r’.
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We see that Eq. (5-39) is much simpler than the Biot-Savart law, since it does
not involve the cross product. The vector potential A may be a many-valued
function in space, because V<A is not yet specified. For instance, there is no

change in B even if A+ V@ is used in place of A in the equation B=V xA.
We find it convenient to set ¢ = O, because of Ve«A =0, under static conditions,

as can be shown in the next section.

The vector magnetic potential A does have physical significance: the closed
line integral of A equals the magnetic flux passing through the surface bounded by
the path of integration. The magnetic flux through a surface S is

® = Beds
Using the relation B =V XA and applying Stokes’s theorem, we have
(I):.L(VXA)-dS:qS(A.dl (5_40)

The circulation of A around a closed loop C equals the magnetic flux enclosed
by C

5.5.1 Ampere’s Circuital Law from the Biot-Savart Law

The point form of Ampere’s circuital law can be derived from Biot-Savart law
with the help of the vector magnetic potential. To start with, we rewrite the curl
of H, in free space, by use of B=pu H and B=V XA, as

VtzLVxB=LVxVxA (5-41)
K, M,

Applying the vector identity VxVxA=V(V<A)-V?A to Eq. (5-41), we
have

VxH:i[V(V-A)—VzA] (5-42)

o

At this point we digress briefly and, from Eq. (5-39b), show that the divergence of
A is always zero. By taking the divergence of both sides of Eq. (5-39c), we have

vea=v.| BT g B ,v.(dey’ (5-43)
V4R, 4 v R

In the above equation the divergence operator is taken inside the volume integral
because it is independent of 7. The volume integral in Eq. (5-43) is zero, as can
be shown by making use of the vector identities below:
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V.(ij:(Vlj-a'+lv-a'=[vlj.a' (5-44a)

R R R R

V’-[ij - (V’lJ.J'+lV'.J’ - (V’lj-.r (5-44b)
R R R R

In Eq. (5-44), we used V+J’= 0, which is due to the fact that V is independent
of the primed coordinates, and V’+«J” = 0, which is the equation of continuity that

steady currents should satisfy at all times. Using the identity
1/2

V(1/®)=-V'(1/R), where ® = [(x—x']2 +y-yY+(z- z']2] , we can
combine Eq. (5-44a) and Eq. (5-44b) such that

v (ij __y. [ij (5-45)
R R

Inserting Eq. (5-45) into Eq. (5-43) and applying the divergence theorem, we have

VoA:—“—"I,V’o(ijdv’:—“—"qS,m (5-46)
4w v R 4n s R

The volume 9 in Eq. (5-46) may be chosen in such a way that it includes all the
current J’ and an empty space surrounding J’. In that case, no current passes
through the surface $’ bounding the volume %, and thus the closed surface
integral on the right-hand side of Eq. (5-46) becomes zero:

5

We note that the vector magnetic potential A is solenoidal.
Next, inserting Eq. (5-47) into Eq. (5-42), we obtain

VxH=-Lv2A (5-48)
K,

The curl of H is linearly proportional to the Laplacian of A.
We now obtain the Laplacian of A in term of the source current J. To start
with, note that the Laplacian of A is a vector with three vector components:

V’A=(V’A,)a, +(V?A,))a, +(V°A,)a, (5-49)

Inserting A expressed by Eq. (5-39b) into Eq. (5-49), and collecting the terms with
the unit vector a_, we have

via, =ve[ Lo I gy = o [ (VZ ljdy’ (5-50)
vA4n\ R 4m v R
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where R is the magnitude of the distance vector ® =r —r’. In Eq. (5-50), the

Laplacian operator V? is taken inside the integral sign, because it is independent
of the primed coordinates.

Let us focus our attention on a small region surrounding a field point, and im-
age that the source point with position vector r” gradually moves toward the field

point with position vector r. Under these conditions, the term V(1 /R) in Eq.
(5-50) increases very rapidly compared with the source current J’., and becomes

infinite when r’=r. In view of these considerations, the volume integral in Eq.
(5-50) can be performed over an infinitesimal volume A’ surrounding the field

point, with an infinitely small error. Since, however, V2(1/R)=e at r'=r,

we may exclude the center point, a single point, from A’ without affecting the
volume integral. The new infinitesimal volume surrounding the field point is de-

noted by A’ as shown in Fig. 5.12. For the moment, A’ is a hollow sphere with
an outer radius o and an inner radius 9, although & shrinks to zero in the end. The
outer radius a is such that it is short enough so that J’, is assumed to be constant

in the interior of A’, and yet long enough so that V*(1/%) =0 on the outer sur-
face of A’ (see Fig. 5.12). Thus, we have J’(r)=J (r) at any point in the vo-

lume A’, and the source current J’. can be taken outside the volume integral in
Eq. (5-50) such that

VA - “Z% [ (Vz %)dv’ (5-51a)
T

By making use of the identity V?U =V.VU and the divergence theorem we
write Eq. (5-51a) as

v, uo Wl . Vf&d _u, Xlﬁlgglqsw( j ds’ (5-51b)
where S, +.5, is the bounding surface of A’. In Eq. (5-51b) we let the inner ra-
dius shrink to zero(d — 0 ), while the center point is excluded from the volume
integral, which gives V*(1 /®)=oco. Since we have V>(1/®)=0 on the outer
surface S, , the integral on the right-hand side of Eq. (5-51b) reduces to a closed
surface integral over the inner surface S, . Using the relation
V/R)=—(a, / ®°), and noting that the unit normal to surface S, is along the

direction of the distance vector a_ = a, , we write Eq. (5-51b) as

2
S Y e

* 4n -0 Js g2 4 0| & (5-52a)

=-UJ,
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where 4md” is the area of the surface S, at ® = 8. Following the same proce-

dure as was used for A, , we can obtain the Laplacian of A, and A,:
VA, =-u,d, (5-52b)
VA, = Jd, (5-52¢)
Combining the results in Eq. (5-52) leads to the vector Poisson’s equation:
VA = J (5-53)

Next, inserting Eq. (5-53) into Eq. (5-48), we obtain the point form of Ampere’s
circuital law, that is,

VxH=J

As was mentioned earlier, while the Biot-Savart law relates the current element
Idl’ at a source point to the differential field dH at a field point, the point form of
Ampere’s circuital law relates the curl of H at a point in space to the current densi-
ty J at that point. The point form of Ampere’s circuital law is therefore advanta-
geous in describing the local effect in magnetostatics.

A

z

Fig. 5.12 An infinitesimal volume Z', bounded by surfaces 5, and S, , excludes the

field point at the center.

Example 5-9
An infinite sheet of current, with a uniform current density J, =J, a,, coincides

with the z =0 plane. Determine H on the z-axis by using vector magnetic
potential.
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Solution
From Eq. (5-39c¢), the vector potential dA at the position vector r, due to the

current element J 5d5' at the position vector r’, is

_ud,a,
B 4nR.

ds’

= [[x -xXV+y-y)+ zZT/Q
Vector magnetic potential at a field point (x,y, z), in general, is

where R =

Hod, dAx'dy’
A= j L L:iw 4759{ dx'dy

Magnetic flux density is

B=VxA-= “° j T _msz”dxdy (5-54)

The integrand in Eq. (5-54) is computed in Cartesian coordinates by use of
=[(x—xV +ly-y» + 22]1/2 :

a, a, a,
V X i = i i i
R |ox oy 0z (5-55)

1/2

0 [[x—x')2+(y—y’)2+z2]7 0
=[za, —(x —x')az][(x - xXP+y-y)P+ 22}_3/2

Inserting Eq. (5-55) into Eq. (5-54), we have

B l"l'o o J.X

J- a z dxdy’
T =X +ly -y P + 22]3/2
Ho . a,(x - x) dxdy’
J.x;w.[ [ 2 2 2P/
[ =x) +y-y) +2°]

(5-56)

On the right-hand side of Eq. (5-56), the second integral vanishes because
the integrand is an odd function of x’. In view of the limits of integration,
—o and oo, we rewrite the first integral as

B = Mo j ] j ] a,z dxdy - (5-57)
Koo dy= (x32+(y']2 +zZ]
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Substituting (x)* +(y)?* = (p")* and dx'dy’ =p’dp’d®’ into Eq. (5-57),
we evaluate the integral in cylindrical coordinates as

B_J%Jozaxjw fh pdp’dy’ _pJd.za,  -2n
- _ I , 3/2 , 1/2
4n p’=0J¢’=0 [(p ]2 + 22] 4n [(p ]2 + 22] -

—_— HOJO zaX
2|2
Thus,
B:&%fk (z>0)
B:J'LoJToax (z<0)

The magnetic field intensity is

B J,
=—=—a
, 2

H ” (z>0) (5-58a)

H=-—*"a, (z<0) (5-58b)

p':(x,y’0)

Fig. 5.13 An infinite sheet of a uniform surface current.
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Exercise 5.6
A circular filament of radius a is centered at the origin in the z =0 plane,
carrying a steady current I. Find A at point (0,0,b).

Ans. O.

Exercise 5.7
The surface current J, in Fig. 5.13 has translational symmetries in the x- and y-

directions. By using Egs. (5-39c) and (5-53), find the functional form of A.
Ans. A=A (z)a, fromEq. (5-39%c), A=(C,z+C,)a, from Eq. (5-53).

Review Questions with Hints

RQ 5.17 Define vector magnetic potential. [Eq.(5-35)]
RQ 5.18 Express the relation between A and the source current. [Eq.(5-39)]
RQ 5.19 Express vector Poisson’s equation. [Eq.(5-53)]
RQ 5.20 Which of the thee expressions in Eq. (5-39) is the solution of the vector

Poisson’s equation. [Eq.(5-39b)]
RQ 5.21 What are two fundamental relations for A. [Egs.(5-36)(5-47)]

5.6 The Magnetic Dipole

A magnetic dipole is a small loop carrying a current; the diameter of the loop is
much smaller than the distance between the loop and the field point. The magnet-
ic dipole is the simplest model of an atom for magnetism. It provides a simple
means of studying the magnetic behavior of material media. To explore the mag-
netic dipole, let us consider a circular filament of radius a centered at the origin in
the z =0 plane, carrying a steady current I, as shown in Fig. 5.14. Without loss
generality, we assume a field point p to be on the yz-plane. Point p’ is the
source point at which a differential current element Idl’ is located. From Eq.

(5-39a), the vector magnetic potential at point p is

Atlgd

— 5-59
4n I R ( )

Employing a mixed coordinate system, we expand the vectors r, r’, and ® by the
base vectors in Cartesian coordinates, a_, a,, and a,, while expressing their

y ° z

scalar components in terms of spherical coordinates. Namely,

r=Rsin6a, + Rcosba,

r'=acos¢’'a, +asin¢’'a,

R =|r-1 o [RQ +a® - 2aR sin 6sin ¢'TU2
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At far distances( R >> a ), by using the binomial expansion, the inverse distance
R~ can be approximated as

1 2 9 S
R = E{1+%—§Sinesm¢'}
(5-60)

= 1 1 +2sin6sinq)'
R R

The higher order terms such as a® / R*> are omitted in Eq. (5-60).
The differential length vector dl’=ad¢’a, , located at the source point p’

on the circular loop, is expressed in terms of the base vectors at the field point p as
dl’= ad¢’(cos¢’sinbay +cos¢’cosba, +sin¢’a,) (5-61)
Substituting Eqgs. (5-60) and (5-61) into Eq. (5-59), we obtain

u I p2n 1 a . s , , s
A=F ("1 & d
A L’—OR( +Rs1nesm¢ja o’ (cos¢’sinBa,
+cos¢’cosOa, +sin¢’a,)

_Kla
4n R

2n a /’ / /
a, -[¢’=0 [E sinOsin ¢ jsin o'dd

Thus, we have

2

I
A- LZ;Z sin0a, [Wb/m] (5-62)

In vector notation, the vector magnetic potential due to the magnetic dipole with a
magnetic dipole moment m is

— “’omxaR

o [Wb/m] (5-63)

where the magnetic dipole moment is defined as

m = Ina’a, =ISa, [A-m?] (5-64)

The magnetic dipole moment is a vector whose magnitude is the product of the
loop area and the current flowing in the loop, and whose unit vector is normal to
the loop surface, obeying the right-hand rule: the right thumb points in the direc-
tion of m when the fingers follow the direction of I'in the loop.
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By taking the curl of A in spherical coordinates, we obtain the magnetic flux
density B as

B- :Ts; (2cos0a, +sinba,) [T] (5-65)

We see from (5-65) that B of a magnetic dipole is analogous to E of an electric di-
pole. The expression for B in Eq. (5-65) will be identical to that of E in Eq. (3-
84), if we replace mand p, in Eq. (5-65) with p and 1/¢_, respectively. Both
Egs. (3-84) and (5-65) represent the far-field patterns under the conditions of
R>>d and R>>a.

Fig. 5.14 A magnetic dipole.

The electric field lines of an electric dipole and the magnetic field lines of a
magnetic dipole are obtained by numerical methods, without relying on the bi-
nomial expansion, and drawn to scale in Fig. 5.15.
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(b)

Fig. 5.15 The near field patterns of (a) an electric dipole (b) a magnetic dipole.

Exercise 5.8
Find the differential equation for the magnetic flux lines, in the yz-plane, at far
distances from the origin where the dipole is located[Hint: Eq. (5-65)].

dz _ B, _2cos”6-sin”0
dy B, 3sinBcos 6

Ans.

, where 0 =tan™ (gj .
z

Exercise 5.9
For a magnetic dipole moment m = ma, located at the origin, find the point on

a sphere, centered at the origin, at which |B| is maximum.

Ans. The intersection of the sphere and the z-axis.



5.7 Magnetic Materials 269

Review Questions with Hints

RQ 5.22 Define magnetic dipole and magnetic dipole moment.
[Fig.5.14, Eq.(5-64)]
RQ 5.23 Can you distinguish between far field patterns of an electric and a mag-
netic dipole? [Eqs.(3-84)(5-65)]
RQ 5.24 Sketch near field patterns of electric and magnetic dipoles.  [Fig.5.15]

5.7 Magnetic Materials

The simplest atomic model comprises a positively charged nucleus and negatively
charged electrons orbiting around the nucleus. The orbiting electrons induce a
magnetic dipole moment of the atom. The electron spin and nuclear spin are oth-
er sources of the magnetic dipole moment, which are rooted in the quantum
theory. The effect of the nuclear spin is however three orders of magnitude
smaller than those of the orbiting electrons and the electron spin, and is therefore
neglected in most cases.

The magnetic property of a material is determined by the interaction between the
lattice atoms and an externally applied magnetic field. In the absence of an exter-
nal magnetic field in a diamagnetic material, the magnetic dipole moment due to
the orbiting electrons cancels that due to the electron spin, and thus the lattice atom
exhibits no net dipole moment. An externally applied magnetic field, however,
exerts either a centrifugal or a centripetal force on the orbiting electrons. Since the
electron orbits are quantized and thus cannot be changed, the electron velocity is
reduced to counterbalance the magnetic force exerted on the orbiting electrons.
The external field causes an imbalance between the dipole moments due to the or-
biting electrons and the electron spin, and results in a net dipole moment in the
diamagnetic material, which is in the opposite direction to the external magnetic
field. Diamagnetic materials, such as gold, silver, copper, lead, and silicon, have

a negative magnetic susceptibility of the order of —107°, and thus a relative
permeability slightly less than one. Superconductors are perfect diamagnetic
materials with a susceptibility 7y, =-1 and a relative permeability pu =0 .

No magnetic flux density is allowed inside a superconductor(B =0). This
implies that a superconductor completely expels the magnetic field, and is thus
levitated in the magnetic field. All materials exhibit diamagnetism, although the
diamagnetic effect may be overwhelmed by other stronger magnetic effects in some
materials.

When the magnetic dipole moments are caused by the orbiting electrons and the
electron spin, they do not cancel completely in a paramagnetic material. Whereas
the dipole moment is induced only by an externally applied magnetic field in a di-
amagnetic material, the atoms in a paramagnetic material have a permanent dipole
moment even in the absence of an external magnetic field. Under normal conditions,
the permanent dipole moments are randomly oriented in the paramagnetic material,
yielding no net dipole moment. In the presence of an externally applied magnetic
field, the permanent dipole moments align with the external field and result in a net
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dipole moment in the material, which is turn increase the total magnetic field in the
interior of the material. Paramagnetic materials, such as air, aluminum, platinum, ti-
tanium, and tungsten, have a magnetic susceptibility of the order of 107 and a rela-
tive permeability slightly larger than one. For most practical purposes, we may as-
sume W =u, for diamagnetic and paramagnetic materials, and regard them as

nonmagnetic materials.

The atoms in a ferromagnetic material have a large permanent dipole moment
because of the dominant electron spin. In the absence of an external magnetic
field in a ferromagnetic material, the electron spins are coupled together by strong
interatomic forces, and aligned in the same direction in microscopic regions of the
material, called the magnetic domains. In view of a complete alignment of the
dipole moments in a domain, the magnetic domain is said to be fully magnetized.
Under normal conditions, the domains of different spin orientations are randomly
distributed in the material yielding no net dipole moment. However, in the pres-
ence of an external magnetic field, the domains with a spin orientation parallel to
the external field grow at the expense of the other domains, and result in a large
net dipole moment in the material. Ferromagnetic materials, such as iron, cobalt,
and nickel, have a very large p, ranging from 250 to 5000, and their alloys, such

as permalloy and mumetal, have a relative permeability as large as 10°. Unlike
the diamagnetic and paramagnetic materials, the ferromagnetic material is a nonli-
near material in that u_ depends not only on the magnetic field intensity, but also

on the course of the previous magnetic states of the material.

5.7.1 Magnetization and Equivalent Current Densities

According to the atomic model of a material, a magnetized material can be re-
garded as an aggregate of discrete magnetic dipole moments positioned at the
equivalent lattice points in free space. For the macroscopic magnetic property of
a material, we define the magnetization M as the magnetic dipole moments per
unit volume, i.e.,

nAv

M=lim~ > m, [A/m] (5-66)

Av—0 Ay =

where 7 is the number density of the lattice atoms, or the magnetic dipoles, and

m, represents the dipole moment vector within the incremental volume Awv .

We note that M is a continuous function of position, whereas m; is a discrete

vector located at a point in space. The magnetization M is measured in amperes
per meter. A magnetic material with a nonzero M is said to be magnetized.

The magnetization M induces surface currents on the material. To investigate
the magnetization surface current, we consider an interface between a magnetized
material, in the region z <0, and free space(or air with little error), in the region
z >0, as shown in Fig. 5.16. For simplicity, the magnetic dipole is represented
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by a square loop of side a, carrying a current I. Note that the center of the loop is
marked with a dot in the figure. The current loop is oriented in such a way that
the direction of its dipole moment m, or the unit vector a,, , is at an angle 6 to the

outward unit normal to the interface, a_, which is along the direction of a,. It

is assumed that the material is fully magnetized to a magnetization M by an exter-
nal magnetic field. Accordingly, the directions of the external field, M, and m
are all parallel to the unit vector a,. For the sake of argument, we slice the

material into hypothetical layers of thickness (a /2)sin6. A side view of the

material is given in Fig. 5.16(a), in which a small circle with a dot(or a cross) in-
dicates the direction of the current flowing in the upper(or lower) side of the
square loop. We see in Fig. 5.16(a) that the dipoles with the center within layer 1
contribute to the net current flowing in the air, flowing out of the paper. Similar-
ly, the dipoles with the center within layer 2 contribute to the net current flowing
in layer 1, also flowing out of the paper. In contrast, the dipoles with the center
within layer 1 or layer 3 jointly produce zero net current in layer 2. The net cur-
rents flowing in the air and in layer 1 constitute the surface current induced by the
magnetization.

We now compute the surface current density induced on the surface of the ma-
terial, referring to Fig. 5.16(b), in which the front view of the material is given.
In the figure, the tilt of the magnetic dipole moment m, with respect to the surface
normal a,, causes the square loop to appear as a rectangle of axasin®. As

was stated earlier, only the dipoles with the center within layer 1 or layer 2 can
contribute to the surface current. To be specific, a single magnetic dipole contri-
butes to a filamentary current of a length a on the surface, which is done by the
upper side of the square loop. Thus only the dipoles with the center within the
shaded region shown in Fig. 5.16(b) can contribute to the surface current flowing
through the x =0 plane, which is taken as a reference plane. In view of these
considerations, the surface current density is defined as the current flowing
through the reference plane per unit length of the y-axis. The magnitude of the
surface current density is therefore

J s = In(a® sin 6) = n|m|sin 6

where 7 is the number density of the dipoles, and the term in parenthesis is the
area of the shaded region shown in Fig. 5.16(b). Upon using the relation

M= n|m| , and noting that the surface current flows in the x-direction, the magne-

tization surface current density J_ is defined as

/i 1)

where a_ is the unit normal to the surface pointing out of the material. The unit

n

of J, . isthe Ampere per meter.
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Fig. 5.16 Magnetization surface current. A magnetic dipole is represented by a square cur-
rent loop. (a) Side view (b) Front view.

The magnetization M may also induce the magnetization current density J,,
inside the material, which is measured in units of Amperes per square meter.
Consider Fig. 5.17, in which the magnetization surface current density J, . is in-

duced on the surface of a material with the magnetization M, filling the region
z <0. In accordance with the equation of continuity, if the net surface current
crossing the circumference of a closed loop ¢, which lies flat on the surface of the
material, is nonzero, there must be a net current flowing from the interior of the
material to the surface. This current is referred to as the magnetization current.
The magnetization current and the magnetization surface current are both rooted
in the current of the magnetic dipole. The current in a square loop shown in Fig.
5.17 behaves as the magnetization current inside the material, and, at the same
time, as the magnetization surface current on the surface of the material.

With reference to Fig. 5.17, the differential surface current dI,. passing

through the differential length |dl| on the circular loop Cis written in terms of the

magnetization surface current density J,,; as follows:

dr, =J,.(

dlla)=(Mxa,)-a |dl|
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where a, represents a unit vector normal to dl, or the loop, and we use Eq. (5-
67) for J_.. Upon applying the vector identity (A xB).C = A+(BxC), the dif-
ferential surface current crossing dl becomes

dl,, =M:-(a,xa)|dl|=M-dl

In the above equation, the relation, a, xa_ = a,, is used to represent the direction

¢ 9
of dl. The net surface current flowing out of the loop ¢, crossing the circumfe-
rence of Con the surface of the material, is therefore

I = <j>CModl = j (VxM)-ds (Al (5-68)

where S is the surface of the material that is enclosed by C. Notice that Stokes’s
theorem is used in Eq. (5-68). Next, from the equation of continuity, the net sur-
face current I, in Eq. (5-68) should be equal to the net current passing through

the loop surface S, which is given by the surface integral of the current density
dJ ., called the magnetization current density. That is,

I = L J_-ds (A] (5-69)

Since, in Egs. (5-68) and (5-69), the closed loop ¢ and the enclosed surface S may
be arbitrary, the two integrands of the two surface integrals should be the same at
every point on the surface of the material. Thus,

/) g

As we can see from Eqgs. (5-67) and (5-70), the magnetization M of a magnetized
material induces the magnetization current density J,, in the material, and the

magnetization surface current density J,. on the surface of the material. Al-
though the current J,, may be zero in the material, because of a constant M, the

surface current J_  is always induced on the surface of the material.

A
z

Current loop

Fig. 5.17 Magnetization current and magnetization surface current.
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Example 5-10
A permanent magnet forms a circular cylinder of radius a and height b, having a
uniform magnetization M=M_ a,. Find J, and J_..

Solution
From Eq. (5-70), we have

J,=VxM,a,)=0
From Eq. (5-67), we have

J,..=Mxa,
(top surface)
=M, a,xa, =0
J.=Ma,x(-a,)=0 (bottom surface)
J.=M,a xa =M, a, (side surface)

From the above results, we note that the permanent magnet is equivalent to a
cylindrical conducting sheet of radius a and height b carrying a surface
current density J, =M a, .

Exercise 5.10
For a sphere of radius a formed by the magnetized material with a magnetization

M=M,_a,,find J, . on the surface of the sphere.
Ans. M, sin0a, [A/m].

Review Questions with Hints

RQ 5.25 Define magnetization M. [Eq. (5-66)]
RQ 5.26 Relate J,. and J, to the magnetization M. [Eqs.(5-67)(5-70)]
RQ 5.27 What are the units of J,, and J_ ? [Egs.(5-67)(5-70)]
RQ 5.28 Does J, =0 ata point in a magnetized material mean M =0 at that

point? [Eq.(5-70)]

5.7.2  Permeability

In the study of electrostatics in Chapter 3 we discussed the interaction between a
dielectric and an externally applied electric field. When an electric polarization is
induced in the material by the external field, it gives rise to an electric field called
a polarization field. We saw that the sum of the external and the polarization
fields constitutes the internal electric field in the material. We redefined the elec-
tric flux density D inside the material such that V+D is related to the net charge

only, which is responsible for the external electric field. We also learned that the
relation between D and E determines the permittivity of the material.
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The magnetic flux density B in a magnetic material is analogous to E in a di-
electric. When an externally applied magnetic field induces the magnetization M,
and thus the magnetization current density J,, in the material, the sum of the ex-
ternal magnetic flux and that due to J, constitutes the internal magnetic flux

density B in the material. We redefine H in the material such that it is related to
the free current J, excluding J,, induced in the material, which is responsible for

the external field. In a magnetic material, the internal B is the sum of the magnet-
ic fluxes produced by the free current and the magnetization current, i.e.,

B
Vx—==J+J
W, m (5-71)

=J+VxM

Here, J is the free current(conduction and/or convection current), and J,, is the
magnetization current induced in the material. In view of p, in Eq. (5-71), we

note that Eq. (5-71) is based on the atomic model of a material, in which the mag-
netic material is considered as an aggregate of the magnetic dipole moments posi-
tioned at the equivalent lattice points in free space. Rewriting Eq. (5-71), we
have

Vx[E—M] —J (5-72)
u,

We now redefine H in the magnetic material as

H=2 M (5-73)
i,
or
B -y, (H+M) (1] (5-74)

The newly defined H makes the point form of Ampere’s circuital always hold true
irrespective of the material such that

[A/m?] (5-75)

It is important to note that J in Eq. (5-75) is the free current density, excluding the
magnetization current induced in the material.

To find the integral form of Eq. (5-75) we take the surface integral of both sides
of Eq. (5-75) over a surface S, i.e.,

[(VxH).ds =] J.ds
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Application of Stokes’s theorem to the left-hand side of the above equation, noting
that the right-hand side is the total current I, leads to Ampere’s circuital law,
which always holds regardless of the material. Namely,

¢ Hedl=1 [A] (5-76)

Again, Iis the total current enclosed by the loop ¢, or passing through the surface
Sbounded by .
The magnetization depends on the magnetic field intensity such that

[A/m] (5-77)

where y,, is the magnetic susceptibility, which is a constant, independent of the

magnitude and direction of H, in a homogeneous, linear, and isotropic material.
Inserting Eq. (5-77) into Eq. (5-74) leads to the constitutive relation between B
and H, which may be given in different forms as follows:

B= uo(l + Xm)H = HourH = HH [T] (5_78)

where |l is the permeability measured in henrys per meter[H/m], p, is the per-
meability of free space, and u, is the relative permeability, which is a dimension-

less constant in a simple medium.
From Eq. (5-78) we obtain the relation between %, and u, which may be use-

ful for solving practical problems, i.e.,

Yoy = - (5-79)

Ko
This is a dimensionless constant, independent of H, in a simple medium. In gener-
al, x,, may be a function of position(inhomogeneous medium), depending on the

magnitude of H(nonlinear medium), or the direction of H(anisotropic medium).
Magnetic materials can be classified into three groups according to L, :

u, <1 (diamagnetic) (5-80a)
u, =1 (paramagnetic) (5-80b)
u, >>1 (ferromagnetic) (5-80c)

For diamagnetic materials, the typical value of 7, is of the order of
-10° ~-10"*. For paramagnetic materials, 7, is of the order of 10° ~107°.

For ferromagnetic materials, %, is of the order of 10! ~10°.

To recapitulate, Ampere’s circuital law and Gauss’s law for magnetism consti-
tute two fundamental relations for the static magnetic field in that they allow us to



5.7 Magnetic Materials 277

uniquely determine the magnetic field in a region of space, regardless of the ma-
terial medium filling the region, in accordance with Helmholtz’s theorem. These
relations may be expressed either in point form or in integral form as

(JSCHodI:I (5-81a)

gSSBods =0 (5-81b)

[VXH=J (5-81c)
V-B=0 (5-81d)

Two vector fields B and H are related by the constitutive relation:

B - uH (5-82)
where the permeability p is a constant, independent of H, in a simple medium.

Example 5-11

A long filament with a current [ is oriented along the z-axis in free space. It is
then enclosed by a long hollow cylinder of permeability W, , with an inner radius
a and an outer radius b, as shown in Fig. 5.18. Find

(a) H and B everywhere by Ampere’s circuital law and

(b) magnetization current density in the hollow cylinder,

(c) magnetization surface current densities on the inner and outer surfaces.

Solution
As far as H is concerned, the hollow cylinder can be completely ignored,
because it carries no free current. From symmetry considerations, H is of
the form H=H ¢(p] a,, and thus we choose a circle centered at the filament

as the Amperian path.

(a) Intheregion O<p <a,Ampere’s circuital law gives

H=H¢a¢=La¢,and BzuDHzlﬁaq, (5-83a)
2np 2np

In the region a < p < b, we have

H- Laq) ,and B = H =% a, (5-83b)
2np 2np

In the region p > b, we have
H- Laq) ,and B=p H= Iﬁa‘b (5-83¢)
2np 2np

Note that the expressions for H in Eq. (5-83) are the same, independent of
the hollow cylinder.
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(b)
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5 Magnetostatics

In the region a < p < b, inserting Eq. (5-83b) into Eq. (5-77) we obtain

M=y H- [ﬁ_l - 1}%‘)% (5-84)

Taking the curl of Eq. (5-84) in cylindrical coordinates, we have
VxM=0

Then, from Eq. (5-70) we obtain

J,.=0.

On the cylindrical surface at p = a, from Eq. (5-84) we have

M- [ﬁ_l - 1]27€—aa¢ (5-85)

The unit normal to the surface at p=a is a, =-a,. From Egs. (5-67)
and (5-85) we obtain

J_ =Mxa, = [h - 1]Laz (=a) (5-86)
u, 2ra

Similarly, on the cylindrical surface at p = b, from Eq. (5-84) we obtain

M- [ﬁ_l - 1] 21’It_b a, (5-87)

The unit normal to the surface at p=>b is a, =a_ , From Egs. (5-67) and
(5-87) we obtain

J _ =Mxa :_(&_IJL% (o =h) (5-88)

ms2 n HO 275 b

From Egs. (5-86) and (5-88), we note that two surfaces of the hollow
cylinder carry the magnetization surface currents of an equal amount, but
flowing in the opposite directions.

If there is no free current in a magnetized material, Ampere’s circuital law
tells us that VxXH =0 in the material. In this case, according to Eq. (5-
77) and Eq. (5-70), we have VxM=0 and J, =0 in the material.

Under these conditions, the total magnetic flux can be obtained by adding the
external magnetic flux and the flux produced by J, . (see Example 5-12).
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JmsZ l

Fig. 5.18 A long filamentary current enclosed Fig. 5.19 Cylindrical sheets carrying the
by a long hollow cylinder. magnetization surface currents.

Example 5-12

Since there is no free current in the hollow cylinder in Example 5-11, the total
magnetic flux is given by the sum of the external magnetic flux and the flux pro-
duced by the magnetization surface currents J_ ., and J,, residing in free

space as shown in Fig. 5.19. Find B everywhere and compare it with the previous
result in Example 5-11.

Solution
From symmetry considerations, B is of the form B =B, (p)a, everywhere.

In the region O < p < a, Ampere’s circuital law gives
qSC(B/uO)-dl =I,or (B,/u,)2np=1I

The magnetic flux density is therefore

I
B=Ba, = ZLR;’)% O<p<a) (5-89a)

In the region a < p < b, Ampere’s circuital law gives
¢ (B/p,)-dl=1I+2rad,,

Inserting J expressed by Eq. (5-86) into the above equation, we have

msl

B
[—“’]2np =1+ 2na[& - IJL
U, U, 2ra
The magnetic flux density is therefore

B=B, a _ I a

\8 =508, (a<p<h) (5-89b)
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In the region p > b, Ampere’s circuital law gives

¢ (B/u,)-dl=1+2nad,, -21bJ,,

Inserting J,,, and J_ ., given in Egs. (5-86) and (5-88) into the above
equation we get

B
Zelogp=r+2mal M 1|1 _omp[P_q| L
n n 2rna L, 2nb

o o

The magnetic flux density is therefore

Iy,
B=Ba, = 2_Tcpa¢ (p>Db) (5-89¢)
The three results in Eq. (5-89) are the same as those in Eq. (5-83). In each
region, H is obtained from B by the relation H =B /u . An important point

to remember is that H cannot be obtained directly from the magnetization
currents.

If the magnetization M is induced in a magnetic material of a high permeability, by
an externally applied magnetic field, it will in turn distort the magnetic field lines
both inside and outside the material. Consider Fig. 5.20(a), which depicts the case
when a small cylinder of a high permeability [t is brought into the region of a uniform
B. For the sake of argument, we replace the magnetization surface current induced
on the surface of the cylinder with a simple circular loop carrying a steady current.
Then the magnetic flux lines are obtained, by using numerical methods, by compu-
ting and summing the external magnetic flux and the flux due to the current loop, and
plotted to scale in Fig. 5.20(b). We see that the magnetic flux lines are concentrated
in the interior of the material of a high y, while the total magnetic flux is conserved
inside and outside the material. This example shows that a structure made of a mag-
netic material of a high L may be used to confine and guide magnetic flux lines.

(@) (b)

Tl T ;

Fig. 5.20 A magnetic material in a uniform B (a) a cylinder of a high u (b) the induced M
distorts B inside and outside the cylinder.
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Exercise 5.11

Determine x,, and p, of a material in which [M| is 10 times as large as [H].
Ans. x,=10,and p, =11.

Exercise 5.12

For |B| =0.02[T] in a solid nickel of u. =250, find ¥, , H, and M inside the

material.
Ans. y, =249, H=63.9[A/m],and M = 15.9x10°[A/m] .

Review Questions with Hints

RQ 5.29 What are two sources of B in a magnetic material? [Eq.(5-74)]
RQ 5.30 What is the source of H in a magnetic material? [Eq.(5-75)]
RQ 5.31 Define y,,, W, ,and L. [Eq.(5-78)]
RQ 5.32 Categorize magnetic materials in terms of U, . [Eq.(5-80)]

RQ 5.33 Can you make a finite cylinder of a high p uniformly magnetized as
M =M, a, by applying an external magnetic field? [Fig.5.20]

5.7.3  Hysteresis of a Ferromagnetic Material

An externally applied magnetic field can make a ferromagnetic material strongly
magnetized. Ferromagnetic materials exhibit unique magnetic properties, which
are mainly due to the magnetized domains formed inside the material. The rela-
tion between B and H is highly nonlinear in the ferromagnetic material in that the
material retains a fair amount of M even after the applied field is removed, and the
relative permeability depends on the magnetic field intensity. However, the fer-
romagnetic material completely loses its magnetization and behaves like a para-
magnetic material, when it is heated above the Curie temperature.

The atoms of the ferromagnetic material have a permanent magnetic dipole
moment originating from the electron spin moment. The magnetic dipole mo-
ments tend to align with each other over small regions called magnetic domains
owing to the strong interatomic forces. The magnetic domains have various
shapes and sizes ranging from micrometers to millimeters in linear dimension.
Every magnetic domain is fully magnetized, having a uniform magnetization,
meaning that all constituent magnetic dipole moments point in the same direction
within a domain. In the absence of an external field, the magnetic domains are
randomly oriented yielding no net dipole moment as a whole. Under the influ-
ence of an externally applied magnetic field, however, the domains with the mag-
netization vector parallel to the applied field grow at the expense of the others, and
result in a net dipole moment very large in magnitude. When the external field is
removed, it is not possible to have the domains broken again into pieces with the
original orientations, but a residual magnetization remains in the material. This
phenomenon is referred to as the magnetic hysteresis; the magnetic state at the
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present time depends on the past magnetic history of the material. Above the Cu-
rie temperature, the ferromagnetic material behaves like a parametric material in
the sense that the permanent dipole moments are randomly oriented, not forming

magnetic domains. As an example, the Curie temperature for iron is 770°C .

(b)

Magnetized domains

Fig. 5.21 A ferromagnetic material with magnetic domains (a) No external B (b) An exter-
nal B of a moderate strength is applied along the blue arrow.

The magnetic behavior of the ferromagnetic material can be well described by
the B-H magnetization curve, which is a plot of the magnetic flux density B
measured in the material versus the applied magnetic field intensity H, as shown
in Fig. 5.22. Let us begin with a ferromagnetic material that is completely de-
magnetized. Suppose we apply a magnetic field to the material increasing its
magnitude from zero to H, , which may be accomplished by inserting the material
in a solenoidal coil and increasing the current in the coil. Then, the magnetic flux
density grows from zero to B, in the material along the dotted line called the ini-
tial magnetization curve, as shown in Fig. 5.22(a). Even if we decrease H from
H, to zero, B does not go to zero in the material, but it follows the upper path of
the B-H curve and remains at a nonzero value B, called a residual flux density.
The phenomenon that the magnetization lags behind the field is called the hystere-
sis, meaning “to lag” in Greek. To make the residual flux density vanish from the
material, we need to apply the magnetic field H_ called the coercive field inten-

sity in the opposite direction. In the ferromagnetic material, both B, and H,
depend on the maximum field intensity H, .
As the applied field H varies periodically between two maximum values *H,,

the trace of B forms a closed loop in the B-H plot, per cycle of the periodic mag-
netization, which we call the hysteresis loop. The shape and size of the hysteresis
loop depend on the ferromagnetic material and the maximum applied field. The
hysteresis loop is a direct consequence of the nonlinear relation between B and H.
In the ferromagnetic material, the permeability u is a nonlinear function of H, and
is equal to the ratio B/H in the B-H curve, which is not necessarily a tangent to
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the curve. The area of the hysteresis loop corresponds to the energy dissipated in
the form of heat, per unit volume of the material per cycle of the periodic magne-
tization. Hard ferromagnetic materials have a wide hysteresis loop as shown in
Fig. 5.22(a), whereas soft ferromagnetic materials have a narrow hysteresis loop
as shown in Fig. 5.22(b). The permanent magnet is possible because of the ex-
istence of the residual flux density in the ferromagnetic material. The hard fer-
romagnetic material, having a larger coercive field intensity, makes a better
permanent magnet because it is hardly demagnetized by an external magnetic
field of a moderate strength.

If the externally applied field H is strong enough to cause a total alignment of
the magnetic dipole moments with the field, the ferromagnetic material is said to
be saturated. A further increase in H will result in no change in the magnetiza-
tion. However, B increases in the material beyond the saturation, because of the
added magnetic flux by the external field.

(a) (b)
Ap Ap

v

Fig. 5.22 Hysteresis loop for (a) hard ferromagnetic material (b) soft ferromagnetic material.

Exercise 5.13

For an iron metal, saturation magnetization is 7.9%x10°[A/m], and number

density of atoms is 8.5 x10?*[m™]. Find magnetic dipole moment of an atom.

Ans. 9.3x107%*[A-m?].

Exercise 5.14
At saturation point p in Fig. 5.22(b), the tangent to the curve is at an angle 7° to
the H-axis, while the line from the origin to pis at an angle 45°. Find p, at p.

Ans. p, =tan45° /tan7° = 8.1 (the first angle is for p and the second for u, ).

Review Questions with Hints

RQ 5.34 What is hysteresis loop? [Fig.5.22]
RQ 5.35 Explain residual flux density and coercive field intensity. [Fig.5.22]
RQ 5.36 Explain magnetic domains and Curie temperature. [Fig.5.21]
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5.7.4 Magnetic Boundary Conditions

Gauss’s law for magnetism is also called the law of conservation of magnetic flux.
It is so named because the net magnetic flux through any closed surface is zero,
regardless of the material medium. Moreover, Ampere’s circuital law should also
hold regardless of the material medium. In view of these considerations, the two
fundamental relations for static magnetic fields must be satisfied in any region of
space, even at an interface between two adjoining materials. To obtain the boun-
dary conditions for B and H at an interface between two different magnetic mate-
rials, we follow the same procedure used for E and D.

Fig. 5.23 An interface of two adjoining magnetic materials of U, and L, .

With reference to Fig. 5.23, applying Ampere’s circuital law to the rectangular
loop abcda, we have

¢ Hedl = H,Aw - HyAw+ [ Hedl + [ Hedl
=J,Aw

(5-90)

where t denotes the tangential component, and J, denotes the surface current

density flowing on the interface in the direction perpendicular to the loop surface.
Even though the line integral of H along the left or the right side of the loop va-
nishes as the loop height Ah tends to zero, the surface current J_Aw remains

enclosed by the loop. The boundary condition for the tangential component of H
is therefore

(591

In the presence of the surface current density J_, on the interface, the tangential

component of H is discontinuous across the interface. A more general expression
for the boundary condition for H is possible if a unit normal to the interface a, ,

is employed, which is directed from medium 2 to medium 1, i.e.,

a,_, x(H, - H,)=J, (5-92)
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A

Fig. 5.24 Boundary condition for H, at an interface with a surface current.

If an interface is formed by two adjoining materials of finite conductivities, it
cannot support a surface current; a surface current can exist only on a perfectly
conducting surface. In most practical cases, the surface current is zero at the in-
terface, J, =0, and the boundary condition for the tangential component of H is

599

The tangential component of H is continuous across the interface. Applying
the constitutive relation, B = uH , to Eq. (5-93), we obtain

By _By (5-94)

My My

The tangential component of B is discontinuous across the interface.
We now apply Gauss’s law for magnetism to a cylinder extending across the
interface as shown in Fig. 5.23. Following the same procedure used for D, we
obtain the boundary condition for the normal component of B as

B,, =B,, (5-93)

The normal component of B is continuous across the interface. Applying the
constitutive relation, B = pH , to Eq. (5-95), we obtain

W H,, = pH,y, (5-96)
The normal component of H is discontinuous across the interface.

Example 5-13
Consider an interface between free space and an iron metal with p =1000u, .

In free space, B, makes an angle of 6, =1.0° with the normal to the interface.
Find (a) direction of B, in the iron metal, and (b) ratio B, / B, .
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EX//Q:LW
“D
j\BQ
0, = 86.7°
pn=1000p,

Fig. 5.25 An interface between free space and an iron metal with . =1000y, .

Solution
(a) From the boundary conditions for H and B, we get

1 B, = 1 B, sin(1°) (tangential component of H)
H o
B,, = B, cos(1°) (normal component of B)

In the iron metal, we have

B, _/p,)B, sin(l°)
B,, B, cos(1°)

tan, = =17.46

Thus, 6, = 86.7°.

(b) Combining Eqs. (5-97a) and (5-97b), we obtain

B, =(B,,)* +(B,,) = Bl\/(1000u0 /1,)? sin®(1°) + cos®(1°)

Thus, B, /B, =17.5.

Example 5-14

(5-97a)

(5-97b)

A long filament with a steady current I, penetrates a dielectric sphere of ra-

dius a, for which p=p_u. and o =0, as shown in Fig 5.26. Verify by use

of Helmholtz’s theorem that the magnetic field H=(I, /2np)a, is a unique

solution in the region p >0 in cylindrical coordinates, irrespective of the

sphere.
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Fig. 5.26 A long filament with a current I, penetrating a dielectric sphere.

Solution

The given H satisfies Ampere’s circuital law inside and outside the sphere.
It is tangential to the surface of the sphere, and thus continuous across the
interface(the spherical surface), satisfying the boundary condition. The
given H satisfies both VxH =0 and VB =0 in the region p >0 and
vanishes at infinity. Thus, the given H is a unique solution in accordance
with the Helmholtz’s theorem.

If the dielectric formed a cube, the given H would not be a solution,
because it does not satisfy the boundary condition at the surface of the cube.

Exercise 5.15
At an interface between two materials of u, and p,, find the relation between

the tilt angles of B in the two regions(see Fig. 5.25) in terms of u, and u, .
Ans. tan6, /tan6, =u, /U, .

Exercise 5.16
Which boundary condition represents the conservation of magnetic flux?

Ans. B, =B

1n 2n

Review Questions with Hints
RQ 5.37 What are the boundary conditions for B and H at an interface with no

surface current? [Egs.(5-93)-(5-96)]
RQ 5.38 Is the magnetic flux conserved across an interface carrying a surface
current? [Eq.(5-95)]

RQ 5.39 Does an interface with no surface current always cause a bending of the
magnetic flux line? [Egs.(5-94)(5-95)]



288 5 Magnetostatics

5.8 Inductance and Inductors

An inductor in magnetostatics is analogous to a capacitor in electrostatics. As a
capacitor can store energy in its electric field, an inductor can store energy in its
magnetic field. A single turn of wire may be the simplest inductor, as a typical
inductor consists of many turns of wire. When magnetic flux lines are produced
by a single current-carrying loop, they always pass through the loop surface and
form closed lines around the loop. As the capacitance is defined as the ratio be-
tween the charge accumulated on the conducting plate and the potential difference
across the plates, the inductance is defined as the ratio between the magnetic flux
linking the loop and the current flowing in the loop.

Let us consider a closed loop ¢, carrying a steady current I,, and another

closed loop C, situated in the neighborhood of the first one, as shown in Fig.
5.27. When the current I, in ¢, produces the magnetic flux with a density B,
some flux will pass through the surface S, bounded by C,. The mutual flux
®,, is defined as the magnetic flux that is produced by I, and links with C,, or

passing through the surface s, , i.e.,

D, = Lz B, -ds (5-98)
If ¢, has N, turns, the magnetic flux linkage A,, is given by

A, =N, (5-99)

where @, is the magnetic flux linking with a single turn in ¢, . In our notations,
subscript “12” denotes something “from 1 to 2”, whereas subscript “1-2” denotes

something “from 2 to 1”.
G

Fig. 5.27 Magnetic coupling between two conducting loops.

B

1
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With reference to Fig. 5.28, we can show that the magnetic flux linkage with a
loop ¢, is equal to the total magnetic flux passing through the total surface en-

closed by C,. Suppose that C, has two turns, and that X, and X, are the sur-
faces bounded by the individual turns as shown in Fig. 5.28. If the loop C, is

uncoiled to a big loop of a single turn, we will immediately recognize that the total
surface enclosed by C, is given by § =X, +%,, and that the same magnetic flux

@, passes through S twice in the same direction. Thus, the magnetic flux link-
ing with ¢, must be 2®,,. In view of these considerations, we conclude that

the magnetic flux linkage is equal to the product of the magnetic flux linking with
each turn and the number of turns.

™M

3,
(S
N

1 / /\>

G
B

1

Fig. 5.28 Flux linkage with a loop of 2 turns.

Two neighboring loops C, and C, as shown in Fig. 5.27 are magnetically

coupled through the mutual flux. To describe the magnetic coupling, we define
the mutual inductance between two loops C, and C, as

A N
M, =I—12=I—2 B B, . ds [H] (5-100)
1 1 07?

where N, is the number of turns in C,, S, is the surface enclosed by a single
turn in C,, and B, is the magnetic flux density produced by I, flowing in (.

The mutual inductance is measured in henrys[H], and should not be confused with
the magnetization M . In a simple medium in which the permeability | is a con-
stant, independent of the magnitude and direction of B, Ampere’s circuital law

Vx(B/u)=4J shows that B, is linearly proportional to I, flowing in ¢, .

Thus the mutual inductance defined by Eq. (5-100) should be independent of the
current I, .

In the same manner, the mutual inductance M,, is defined as the ratio be-

tween the magnetic flux linkage with ¢, and the current I, flowingin C,.In a
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linear medium in which the permeability p is independent of the magnitude of B,
we have

1) (5-101)

This can be readily verified by use of the concept of mutual energy in Section 5-5.
When the magnetic flux is produced by the current I, flowing in ¢, it can

link with the loop itself, which we call the magnetic flux linkage A,,. The self-
inductance, or inductance, of a loop (, is defined as the ratio between the mag-

netic flux linkage with ¢, and the current I, flowingin ¢;. Thatis,

N
L :%:I_l . B, -ds [H] (5-102)
1 1

where N, is the number of turns in ¢;, and S, is the surface enclosed by a sin-
gle turn in ¢;. The inductance is measured in henrys[H]. Although the induc-

tance may be independent of the current, it is highly dependent on the geometry of
the conducting structure and the permeability of the surrounding medium.
The inductance of an inductor can be determined by taking the following steps:

Assume current I in the conductor.
Choose a coordinate system considering symmetry.
Find B from I by the Biot-Savart law or Ampere’s law.

Find flux linkage A = N® =N |[B-ds.
Find Lfrom L=A/I.

A e

Fig. 5.29 Inductance of a loop Cis the ratio between the magnetic flux linking with C and
the current L

Example 5-15
Find the mutual inductance between a very long straight wire and a rectangular
loop residing in free space as shown in 5-30.



5.8 Inductance and Inductors 291

«— p—»

>l <dp T

it h

<« a—»i

Fig. 5.30 A very long straight wire and a rectangular loop.

Solution
When a steady current Iis assumed in the straight wire, the induced magnetic
flux density is

B, = Mo!

= a
2np

¢

Magnetic flux linking the rectangular loop is

o ]
p=a 27p
Wlth b

=2 In—
2n a

A12=(I)12=J-52B1'ds= am-(hdpam)

In the above equation, the differential area vector ds is perpendicular to the
narrow strip of width dp, and is directed into the paper, parallel to B, .

Thus the mutual inductance is

A
M12 :_12:&11'12

22 =2 I [H] (5-103)

It would be demanding to find the mutual inductance by assuming a current I
in the rectangular loop and computing the flux linkage with the straight wire.
The mutual inductance, obtained in this way, must be the same as Eq. (5-
103), since free space is a linear medium.

Example 5-16
Find the self-inductance per unit length of a very long solenoid, which consists of
N turns per unit length tightly wound on an air core of radius a.
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Fig. 5.31 A very long solenoid.

Solution

Let us explore the solenoid for symmetry:

(1) The solenoid has cylindrical symmetry(no change after rotated about the
z-axis ), and translational symmetry in the z-direction(no change after
displaced in the z-direction). Thus the resulting B should be of the form
B= Bp(p) a + Bm(p) a, + B,(p)a, atthe most.

(2) The solenoid appears the same even if it is vertically flipped, or rotated
about the x-axis by 180, except for the reversed direction of the current.
If the current is reversed in the original solenoid, the direction of B should be
reversed at every point in space. Since the direction of B,a, remains the
same when it is vertically flipped, B of the solenoid should have no p-
component such that B = Bm(p] a, + B, (p)a,.

(3) The current flows only in the a,-direction in an ideal solenoid, and thus
no current passes through the surface of the loop ¢ shown in Fig. 5.31.
Applying Ampere’s circuital law to ¢, we have

2n . .
qSC(B /u,)edl = LZO(Bq)(p) /u,)a,« (pdoa,)=0 , which results in
B¢:O. Thus, the functional form of B should be reduced to
B=B,(p)a,.
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Applying Ampere’s circuital law to loops ¢, and C, as shown in Fig.
5.31, by assuming B = B,(p)a,, leads to a conclusion that B is constant in

the interior and exterior of the solenoid. Thus, B should be so far of the

form everywhere.

Next, we can show that B =0 at infinity, and thus B =0 outside the
solenoid. To start with, the solenoid is considered to be a stack of a large
number of identical current loops. The magnetic field intensity of a single
current loop varies with distance as 1/R%®, or 1/(z®>+p*** in

cylindrical coordinates, as can be seen from Eq. (5-65). Thus, the total
magnetic field intensity at far distances can be approximated as

B~ J.(z2 +p?)*%dz ~1/p®, which becomes zero at infinity. Thus, B =0

outside the solenoid.
Applying Ampere’s circuital law to loop ¢, shown in Fig. 5.31, we obtain

hH, = NIh

In the interior of the solenoid, we have

H=NIla, (5-104a)
B=pNla, (5-104b)
Total magnetic flux through the cross-section of the solenoid is

® = Brna® = p NIna®

Magnetic flux linkage per unit length of the z-axis is

A=N® =y N’Ita®

Self-inductance per unit length of the solenoid is therefore

L= % - W, Nna? [H/m] (5-105)

Example 5-17

A very long coaxial cable consists of a solid inner conductor, having a radius a,
and a cylindrical shell of negligible thickness, having a radius b. Assuming that
the current I flows uniformly in the inner conductor, and returns through the outer
conductor as a uniform surface current, find the inductance per unit length of the
cable.
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(b) e ¢

Fig. 5.32 A coaxial cable consisting of a solid conductor and a thin cylindrical shell.

Solution
From symmetry considerations, we anticipate B = B, (p)a, everywhere.

By using Ampere’s circuital law we obtain

B=0 (p>h) (5-106a)

B:%ian (a<p<h) (5-106b)
p

Bzgig% O<p<a) (5-106¢)

(1) In the region a < p < b, the magnetic flux passing through surface .§ shown
in Fig. 5.32(a) is

o=b I ¢dp = w,I¢ lnB

®= [ B.ds=
s p=a 27 2r a

Magnetic flux linkage with the inner conductor per unit length of the cable is

A =2l b (5-107)
¢ 2 a

(2) In the region O<p <a, let us consider a cylindrical shell of radius p,,

thickness dp, and length ¢ as shown in Fig. 5.32(b). The magnetic flux
confined to this shell is obtained from (5-106¢) as

do = Btdp = YL 4y (5-108)
2na
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It should be noted that d® in Eq. (5-108) is due to the partial current
I, =p?I /a*, which is enclosed by the shell, not due to the total current L

The differential magnetic flux linkage with the cable, per unit length, is
therefore given by the productof d® /¢ and I, /1I:

2 3
an=92P BT,
( a 2na

The total magnetic flux linking the whole inner conductor, per unit length, is

3
“[gn = [P T
/\2 = J.dA = -[p:O mdp = g (5-109)

In the above equation, subscript 1 is dropped from p for generalization.
The total magnetic flux linkage with the coaxial cable, per unit length,
equals the sum of A, and A,. The inductance per unit length of the

coaxial cable is therefore

A+A, U b u
=—1 —2="°In—+-2
I 2r a 8mn [H/m] (5-110)
=L, +L,

L

In Eq. (5-110), L, is called the external inductance and L, is called the
internal inductance.

Example 5-18

Two very long conducting wires of an equal radius a are parallel to each other in
free space, with the axis-to-axis distance of b(b>>a). They carry uniform
currents flowing in the opposite directions as shown in Fig. 5.33.  Compute the
external and internal inductances per unit length of the pair of wires.

z

/ y

— )

Fig. 5.33 A pair of wires carrying uniform currents in the opposite directions.
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Solution
In the region a <y <(b—-a) in the yz-plane, B due to the left conductor is

obtained by Ampere’s circuital law as

B, =—Ma

2ny *

In the same region, B due to the right conductor is

S
2n(b - y)

Under the condition b >>a, the magnetic flux linkage with the pair of
wires, per unit length, is given by the surface integral of B, + B, over the
surface S shown in Fig. 5.33, that is,

I fy=b-a| 1 1
Aesz(Bl+B2)-ds=“L'fy { +—}dy

2m Jy=a ﬂ b-y
NSNS REN:
T a T oa

The external inductance per unit length of the wires is therefore

B Mo b (5-111)
I T a

In the interior of the left conductor, for instance, there exist two B’s
originating from two different sources: one is due to the internal current I and
the other is due to the current flowing in the other conductor. Under the
condition b>>a, B due to I flowing in the other conductor is ignored
compared with that due to the internal current. Thus the internal inductance
of a wire, per unit length, is equal to p, /8m as given by Eq. (5-110). The

internal inductance of the pair of wires is therefore

L, ="te [H/m] (5-112)
4r

The total inductance per unit length of a pair of wires is therefore

L=L_+L, :”—0{1n9+1} [H/m] (5-113)
T a 4

Exercise 5.17
The coaxial cable shown in Fig. 5.32 is made of conductors of W, and the gap

material of W, . Find the external and internal inductances per unit length.

Ans. L, :hln2 [H/m] and L, M
21 a 8n
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Exercise 5.18
The toroid shown in Fig. 5.10 has a mean radius p, =(a+b)/2 >>(b—-a) such

that B in the interior can be assumed to be constant. Find the inductance.
_ W N*(b—ay
4(a + b)

Ans. L [H].

Exercise 5.19
One of two turns in a loop ¢, is on top of the other, while the two turns are at
right angles in another loop C,. Compare the inductances of ¢, and C,, having

the same radius.
Ans. L >L,.

Exercise 5.20
Find the mutual inductance between a straight wire along the z-axis and a circular
loop residing in the xy-plane.

Ans. M, =0.

Review Questions with Hints

RQ 5.40 What is meant by magnetic flux linkage? [Eq.(5-99)]

RQ 5.41 Define mutual and self inductances. [Egs.(5-100)(5-102) ]

RQ 5.42 Distinguish between the external and internal inductances of a coaxial
cable. [Eq.(5-110)]

5.9 Magnetic Energy

As the electric energy density is defined as w, = 1 eE?, the magnetic energy den-
sity is defined as w,, = +uH?”, which is the subject of the present section. In

Chapter 3, to derive the expression for w,, we started with a distribution of
charges, and obtained the potential energy by computing the work done in moving
the individual charges from infinity to the predetermined points in space. How-
ever, the magnetic energy of a conducting system cannot be obtained by following
the procedure used for the electric energy. This is because there is no magnetic
equivalence to the discrete electric charge. Seeing that a steady current flowing
in a wire generates a static magnetic field, one may be tempted to compute the
work done in bringing current elements from infinity to the prearranged positions.
To show that this does not work, let us consider the case in which two parallel
conducting wires carry a steady current in the opposite directions. As the wires are
brought closer together, work must be done against the magnetic force exerted on
the wire. Meanwhile, the magnetic field between two wires increases, which in
turn induces a voltage on the wire to reduce the current and thus oppose the
change in the magnetic field, in accordance with Faraday’s electromagnetic
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induction. Accordingly, additional work must be done by the current source to
maintain the current in the wire at a constant level. As a consequence, the energy
stored in the magnetic field is the sum of the work done by us and done by the
current source.

5.9.1 Magnetic Energy in an Inductor

The inductor is a conducting device, which has a self-inductance and stores energy
in the magnetic field. We know from circuit theory that when an ac-current ~
flows in an inductor, the voltage across it is given by « = Ld. /dt. From now
on, time-varying quantities are denoted by letters in a script font. Whereas the
« — ¢ relation for the inductor can be derived from Faraday’s law later in Chapter
6, we just use the relation to obtain the expression for the magnetic energy in the
present section.

Let us start by considering a conducting loop with an inductance L. As we in-

crease the current ~in the loop from zero to a constant value I, the current induces
not only the magnetic flux linking the loop, but also an opposing voltage ¢ in the
loop according to Faraday’s law of induction. The product of the voltage and
current, . , represents the power delivered by the current source, and is equal to

the energy stored in the magnetic field per unit time. The total magnetic energy
is thus obtained as

Wf{wm=jL—dp-j (5-114)

From Eq. (5-114), the magnetic energy stored in an inductor is

w;:%LF [J] (5-115)

Upon substituting the inductance L=A /I =N® /I into Eq. (5-115), the mag-
netic energy of an inductor is

1 1
W =—-Al=—NID [J] (5-116)
2 2

where I is the steady current in the loop, N is the number of turns in the loop, @ is
the magnetic flux linking a single turn, and A is the magnetic flux linkage with the
loop.

Next, we consider two neighboring loops ¢, and C, carrying steady currents
I, and I,, respectively, as illustrated in Fig. 5.34. The magnetic flux linking

with each loop is as follows:

A, =N, (q)n + (1)21) (5-117a)

Ay =N, (P, +D,y) (5-117b)
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Here, N, and N, are the numbers of turns in ¢, and C,, respectively. In the
above equations, ®,, is the magnetic flux produced by the current I, flowing in
the loop (,, which links with the loop C,, whereas ®,, is the magnetic flux
produced by I, in C,, which links with ¢;. Similarly, ®,, (or ®,,) is the
magnetic flux due to the current I, (or I,) flowing in C, (or C,), which links
with ¢, (or ¢,). Inserting Eq. (5-117) into Eq. (5-116), the magnetic energy

stored in the two-loop system is

1 1 1
W, = E(AIII + A212) = §N111 (q)n +(I)21) +§N212 ((DIZ +(I)22)

m

With the help of the self-inductances L, = N,®,, /I, and L, =N,®,, /I, the
mutual inductances M, = N,®,, /I, and M,, =N, ®,, /I,, and the relation

M,, = M,, , the magnetic energy stored in the two-loop system is

1 1
W, = LI+ o LI £ MuLL| ] (5-118)

The plus sign is for the case when I, and I, flow in the same direction, whereas

the minus sign is for the case when the two currents flow in the opposite directions.
To examine the physical meaning underlying the terms on the right-hand side
of Eq. (5-118), we consider two loops with no current, 4 =4 =0, attime t=0.

While maintaining 4 at zero in the loop (,, the current 4 is increased from ze-
ro to I, inthe loop C,. In this case, the work done by the current source, con-
nected to C,, is given by the second term on the right-hand side of Eq. (5-118);
no work is done in the loop ¢, because 4 =0. Next, while maintaining the
current in C, at I,, the current 4 is increased from zero to I, in the loop (.
The work done by the current source connected to ¢, is given by the first term on
the right-hand side of Eq. (5-118). In this case, however, as 4 is increased from
zero to I, the mutual flux @, varies with time and induces a voltage ¢, in
the loop C, in such a way as to reduce the current in the loop C,, opposing the
change in the magnetic flux linking with C,. Additional work must be done by
the current source connected to the loop (C, to maintain the current at I,. The

additional work done is computed by use of the relation ¢, = M,,d4 /dt as
4=h
W, = [apL,dt = M, L[ "dg = My, L1, (5-119)

We now see that the third term on the right-hand side of Eq. (5-118) just
represents the additional work done as given in Eq. (5-119).
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If I, and I, flow in the directions opposite to each other, the mutual flux
®,, tends to reduce the flux linkage with C,. In this case, ¢, isinduced in C,
in such a way as to increase the current in C,, and thus the additional work done
is negative(W,, < 0).

Even if we started our calculation of W, by increasing < from zero to I,,
while maintaining 4 =0 in ¢, we would have the same result as Eq. (5-118),
except that M, is replaced with M,, . The magnetic energy of the two-loop
system is the same regardless of whether we start with the current in ¢, or that in

C,. Therelation M,, = M,, givenin Eq. (5-101) is therefore verified.

Fig. 5.34 Two neighboring loops with currents flowing in the same direction.

5.9.2 Magnetic Energy in Terms of Magnetic Field

It is more convenient to express the magnetic energy in terms of the field quanti-
ties, B and H, as the electrostatic energy is expressed in terms of D and E in
Chapter 3. Let us consider a rectangular loop carrying a steady current I in the
counterclockwise direction in the z =0 plane, as shown in Fig. 5.35, which is
designated as ¢’. It is obvious that the magnetic field lines generated by I al-
ways pass through the surface " bounded by (', and close upon themselves.
We assume a simple case in which the current-carrying loop is surrounded by a
homogeneous, linear, and isotropic medium. Another closed loop ¢ shown in
Fig. 5.35 is a hypothetical loop, coincident with one of the magnetic field lines,
which will be used as an Amperian path. Applying Ampere’s circuital law to the
loop ¢ we have

gSCHodl = NI (5-120)
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where N is the number of turns in ¢’, and dl is the differential length vector on
the loop ¢, which is always parallel to the direction of H and B because C
represents one of the magnetic field lines.

The total magnetic flux due to Iin ¢ is given by the surface integral the mag-
netic flux density B’ across the surface §:

= L,B .ds
Inserting the above equation into Eq. (5-116), the magnetic energy due to the cur-
rent I flowing in the loop ¢’ is expressed as

1 4 ’
W, = 5NIL,B .ds (5-121)
where §” is the surface bounded by ¢’ in the z =0 plane, and B’ is the mag-
netic flux density on $”. Upon substituting Eq. (5-120) into Eq. (5-121), we obtain

1

W, =%[36(H.d1m5,3'.ds'} - (5] (B-as) -]

= L’ aw

(5-122)

From the fact that " and ¢, and thus ds’ and dl, are totally independent of
each other, the closed line integral is taken inside the surface integral in Eq. (5-
122). Notice that dW is to denote the inside of the surface integral in Eq. (5-
122). Let us now consider a ring as shown in Fig. 5.35, which is formed by a
bundle of the magnetic field lines that pass through the differential area ds’ in
S’. Thus the edges and sides of the ring correspond to the magnetic field line.
From the law of conservation of the magnetic flux we immediately recognize the
following:

d® =B’«ds’=B-ds (5-123)
Although ds’ is always oriented along the z-axis on §’, the magnitude and di-
rection of ds may vary with position in the ring. The magnitude |ds| (or ds)

represents the cross sectional area of the ring, whereas |ds' (or ds”) is the cross

sectional area of the ring measured on S’ (or the z =0 plane). Inserting Eq. (5-
123) into Eq. (5-122) we have

dW=%[<f>C(B-ds)H-le

Noting that the vectors H, dl, and ds are all tangential to C, we rewrite the above
equation as

daw :%MC(BoH)ds-le:ggfé(BoH)dsdl (5-124)
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Identifying dsdl in Eq. (5-124) with the differential volume in the ring, we note
that the right-hand side of Eq. (5-124) is the integral of ZB+H over the volume
of the ring. Combination of Eq. (5-122) with Eq. (5-124) leads to the conclusion
that the total magnetic energy W, is equal to the integral of 1B+H throughout
the volume occupied by the magnetic field lines. Namely,

1
W, = 5LVB-How [J] (5-125)

In a simple medium in which p is a constant, independent of B, Eq. (5-125) be-
comes

_u 2 _L 2
W, =5 jVH do = o _[q/B dv 8)) (5-126)

In view of Eq. (5-126), the magnetic energy density is defined as $B+H, which

has the unit of the joule per cubic meter.
If the magnetic energy of a conducting device is calculated from Eq. (5-126),
we can obtain the inductance from Eq. (5-115) as

-2

[J] (5-127)

2 Direction of
a; =a, =a,

Fig. 5.35 A bundle of magnetic field lines forming a ring.

Example 5-19
Referring to the coaxial cable as shown in Fig. 5.32, determine the inductance per
unit length of the cable from the magnetic energy stored in the cable.
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Solution

In the region a<p<b, inserting Eq. (5-106b) into Eq. (5-126), the
magnetic energy is

0=2r b
W, j j { } pdpdy = > —In= (5-128a)
2np 4 a
In the region O<p<a, inserting Eq. (5-106c) into Eq. (5-126), the
magnetic energy is

2
W, j"’ ’ {“OPI } pdpdo = el (5-128b)
16n

The inductance per unit length of the cable is obtained by inserting Eq. (5-
128) into Eq. (5-127):

2 u b u
L=—W_  +W —1 - H 5-129
12( ml m2 ) 27'5 na 87'5 [ /m] ( )

We have the same result as Eq. (5-110).

Example 5-20
The coaxial cable shown in Fig. 5.32 carries a current I [A], which is non-uniform
in the inner conductor such that J=2Ip®/(ra*)a,[A/m?] in cylindrical

coordinates. Determine the internal inductance per unit length from (a) magnetic
flux linkage, and (b) magnetic energy.

Solution

(a)

In the region O <p < a, applying Ampere’s circuital law to an Amperian
path of aradius p, (0 <p, <a), we obtain

p= le~¢ 2n21p

2mp,H, = ppdg=1%% Py

Omitting 1 in p for generalization, we have
T

H, = .
2na’

b (5-130)

Magnetic flux confined to the cylindrical shell of a radius p,, thickness
dp , and length ¢ as shown in Fig. 5.32(b) is

3

HoplI
dd =y H, (dp = —2>-{(d
Hot2sf AP = P

The differential flux d® is produced by a partial current I, flowing in a
cylinder of radius p,. To find I, we integrate J over the disc of radius

p, in the cross section of the inner conductor:
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(b)
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~
s
I
~
=)
Q-Js|'—‘w=-

The magnetic flux linking with the cylindrical shell, per unit length, is given
by the productof d® /¢ and I,/I,ie.,

d_q)l_l — Hopzld

dA = = 5
¢ I 2na

Total flux linkage with the whole inner conductor, per unit length, is

7
eppl L

A= jdA
»=0 21ta® 167

The internal inductance per unit length is therefore

A K B
L=Z=de [H/m]. (5-131)

The magnetic energy stored per unit length of the inner conductor is obtained
by inserting Eq. (5-130) into Eq. (5-126):

2
_ Mo H? Mo I p=a 7
L OJ pdpd¢ = 275(27“1 j IP:O p'dp
_KI?
——[J
391 [J/m]

The internal inductance per unit length is therefore,

L= 2‘;‘} - l‘g’n [H/m] (5-132)

The result is the same as that in part (a).

Exercise 5.21
Two solenoids have the same number of turns on air cores of the same radius but

different lengths, £ and 2¢. Find the ratio between the stored magnetic energies.

Ans. W /W =2,

Review Questions with Hints

RQ 5.43 Express magnetic energy in terms of inductance. [Eq.(5-115)]
RQ 5.44 Express magnetic energy in terms of flux linkage. [Eq.(5-116)]
RQ 5.45 Express magnetic energy in terms of field quantities. [Eq.(5-125)]

RQ 5.46 Write an expression for the magnetic energy stored in a two-loop

system. [Eq.(5-118)]
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5.10 Magnetic Force and Torque

Lorentz force equation states that a charge g moving with a velocity v in a mag-
netic flux density B experiences a magnetic force given by F, =qvxB. Since

a current-carrying wire unavoidably involves motion of free electrons, the wire
will experience a magnetic force even if it is fixed in position in a magnetic flux
density.

5.10.1 Magnetic Force on a Current-Carrying Conductor

Consider a conducting wire of a uniform cross section S[m?], which contains
conduction electrons of a uniform number density n [m?], moving with a veloci-
ty v[m/s]. A segment of the wire of a differential length |dl| contains the
charge of ens |dl|, where the electron charge e =—-1.6x 107°[C]. In the pres-

ence of a magnetic flux density B, the magnetic force exerted on the segment of
the wire is

dF, =ens|dl|vxB (5-133a)
=—ens|v|dlxB (5-133b)

It should be noted that dl is along the direction of flow of the current in the wire,
which is opposite to the direction of flow of the electrons, or v. With the aid of

the current density J =env and the total current I = |J|5 , Eqs. (5-133a) and

(5-133b) are rewritten as
dF, =JxBdv (5-134a)
dF, =1dlxB (5-134b)

Here, the differential volume dv =S |dl| . In view of Eq. (5-134), the total mag-

netic force exerted on a current-carrying wire can be expressed in terms of either
the current density J or the total current I as

F, = J"VJ xBdv [N] (5-135a)

F, = I{)(dle [N] (5-135b)

In Eq. (5-135b), the differential length vector dl is along the direction of flow of
the current I, which is the direction of travel on the loop C. Since current-carrying
wires usually form closed lines, the line integral for the magnetic force is con-
ducted around a closed path, in general. It is important to remember that the con-
ducting wire carrying the current I'is assumed to be infinitely thin in Eq. (5-135b).
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We now extend our discussion of the magnetic force to two parallel conducting
wires carrying currents I, and I,. The first wire experiences a magnetic force

in the magnetic field that is due to the current flowing in the second wire, and vice
versa. The magnetic flux density, at a point on the first wire ¢C,, which is pro-

duced by I, flowing in the second wire C,, is denoted by B, ,. From the Biot-
Savart law given in Eq. (5-9) we write

_ dl, x a,
B, = e qSCZ —51(2 (5-136)

where a, is the unit vector of the distance vector ® =1, —r,. Next, from Eq.
(5-135b), the magnetic force on the wire C,, carrying the current I, and residing

in the magnetic flux density B, _,, is written as

1-2°

F =1 <_{>Cl dl, xB,_, (5-137)

Inserting Eq. (5-136) into Eq. (5-137), we have

F, P-oIIq')(j')

It is not easy to directly evaluate the double line integral in Eq. (5-138). In many
cases, it is more convenient to break the integral into two parts, as Eq. (5-136) and
Eq. (5-137), and evaluate them separately.

dl e ) [N] (5-138)

Example 5-21

A very long transmission line consists of two parallel wires separated by a dis-
tance d[m] in free space. A steady current of I [A] flows in the opposite directions
as shown in Fig. 5.36. Find the magnetic force per unit length of the line.

A

Fig. 5.36 Two parallel wires carrying a current in the opposite directions.
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Solution
From Ampere’s circuital law, B on wire 1 due to current Iin wire 2 is

B ,--tda (5-139)

Differential length vector on wire 1 is
dl, =dxa,

From Eq. (5-137), the magnetic force per unit length of wire 1 is

G 2 = x=0 2nd

In view of the opposite currents in the wires, the magnetic forces acting on
the wires are repulsive. Thus the magnetic force on wire 2 is

IR
F‘2 = —F‘1 = _27'c_day .
Exercise 5.22
A circular loop, centered at the origin in the xy-plane, carries a steady current in
the presence of a uniform field B =B, a,. Find the net force on the loop.

Ans. Zero.

5.10.2 Magnetic Force Involved in a Virtual Work

In the previous section, Lorentz force equation was used to determine the magnet-
ic force exerted on a charge in motion and a current-carrying conductor placed in a
magnetic flux density. We now introduce an alternative method of finding the
magnetic force, which is called the method of virtual displacement. This method
is based on the fundamental relation between energy and force; that is, the energy
is equal to the line integral of the force. Consider an electromagnet as shown in
Fig. 5.37 in which a current flowing in the coil induces a magnetic flux density B
in the core, gap, and armature. If the fringing effects at the edges are ignored, the
magnetic flux density in the gap is the same as that in the core. This is justified
by the boundary condition asserting that the normal component of B is continuous
across the interface. Suppose we apply an external force F to the armature, and
move it downward by a small distance d¢. The work done in moving the arma-
ture is stored as the magnetic energy in the increase of the gap volume. In view
of these discussions, we can determine the attractive force on the armature, F, ,

by assuming a virtual displacement of the armature in the upward direction, and
by calculating the magnetic energy stored in the decrease of the gap volume.
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If we allow a virtual displacement of the armature in the upward direction by a
small distance |dl|, the displacement is such as if the magnetic force F,, moved

the armature in the upward direction by a vector differential length dl. Since the
work is done at the expense of the magnetic energy W, , we write

F,.dl=-dwW, (5-140)

The right-hand side of Eq. (5-140) represents the decrement in the magnetic ener-
gy stored in the gap. Expressing the differential of a scalar quantity W, in

terms of the gradient of W, , Eq. (5-140) becomes

F, dl=-(VW,).d (5-141)
From Eq. (5-140) we obtain

F, =-VW_ [N]. (5-142)

m

The attractive force on the armature is equal to the negative gradient of the mag-
netic energy stored in the gap.

Fig. 5.37 An electromagnet and an armature.

Example 5-22

Referring to the electromagnet shown in Fig. 5.37, in which the current I in the coil
of N turns produces a uniform magnetic flux density B in the core, armature, and the
gap with a cross section S, express F,on the armature in terms of B and .
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Solution
Allowing a virtual displacement df of the armature in the upward direction,
the magnetic energy in the gap is reduced by

B2
aw, = —2{ Sdé} (5-143)
24,
Inserting Eq. (5-143) into Eq. (5-140), and noting that dl =df¢a,, where
a, is along the upward direction, we obtain
B2
F =2 sa, N] (5-144)
Ko
Exercise 5.23

With reference to the electromagnet in Fig. 5.37, show that the tractive pressure on
the surface S is equal to the magnetic energy density in the gap.

Ans. P=|F,|/25=B%/2u, [N/m’].

5.10.3 Magnetic Torque

We can make a rigid body rotate about its pivot axis by applying a force on the
body. Referring to Fig. 5.38, the moment arm is defined as a distance vector r
that is drawn from the pivot axis to the point of application of the force. The an-
gular acceleration of the body depends on the length of the moment arm and the
force normal to the moment arm. The torque is defined as the cross product of
the moment arm and the applied force such that

[N - m] (5-145)

The torque has the unit of the newton-meter.

Consider a simple case shown in Fig. 5.38, in which a solid bar extends from
the origin to point p in the xy-plane. The bar will pivot about the z-axis when a
force F, lying in the xy-plane, is applied to point p. From Eq. (5-145), the mag-
nitude of the torque is obtained as

T=rF, = dF (5-146)

where r is the length of the moment arm, F, is the component of F normal to r,

and d is the effective moment arm, representing the perpendicular distance from
the origin to the vector F. The direction of the torque obeys the right-hand rule:
the right thumb points in the direction of the torque when the fingers follow the
direction of rotation of the body.
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Fig. 5.38 A torque T on a rigid bar.

An externally applied magnetic field may exert a torque on a current-carrying
loop, and cause it to rotate about its pivot axis until the magnetic dipole moment
of the loop is aligned with the external field. Let us consider a small rectangular
loop carrying a steady current I as shown in Fig. 5.39. The loop is constrained to
rotate about the x-axis in the presence of a uniform magnetic flux density B ap-
plied along the y-axis. At time t =0, the magnetic dipole moment of the loop,
m, is at an angle o to the y-axis. The field B exerts magnetic forces on the four
sides of the loop with a current I, according to the Lorentz force equation. The
magnetic forces acting on the top and bottom sides, F, and F,, exert a torque on

the loop, i.e.,
T= —d(F1 + F,_,)ax (5-147)

where d is the effective moment arm for the top and bottom sides of the loop. In
contrast, the magnetic forces on the left and right sides, F, and F,, are either pa-

rallel or anti-parallel to the pivot axis, and thus contribute nothing to the torque.
From Eq. (5-135b), the magnitudes of F, and F, are

F, =F,=IuwB (5-148)

where w is the width of the rectangular loop. Inserting Eq. (5-148) and the rela-
tion d =(h /2)sino into Eq. (5-147), the torque exerted on the loop is

T =-hwIBsinoa,Z =-mBsinaa, (5-149)
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where h is the height of the loop. In Eq. (5-149), mis the magnitude of the mag-
netic dipole moment defined by m = hwIl a, : the unit vector a, is normal to

the loop surface, directed along the right thumb when the fingers follow I in the
loop. In the presence of B, in vector notation, the torque exerted on a magnetic
dipole moment m is

N -m] (5-150)

The torque tends to rotate the current loop in such a way that its magnetic dipole
moment m is aligned with the applied B.

Fig. 5.39 A rectangular loop carrying a current in a uniform B.

Example 5-23

A small circular loop of radius ais centered at the origin in the xy-plane, carrying
a current I in the counterclockwise direction in a uniform magnetic flux density
B=B,a, +B,a,, as shown in Fig. 5.40. Find the torque on the loop about the

z7z?

origin.
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Fig. 5.40 A circular loop carrying a current in a uniform B.

Solution

From Eq. (5-135b), the differential magnetic force on a differential current
element Idl =Iad¢a, is

dF = Iad¢a, x(B,a, +B,a, )
=-alB,sin¢d¢a, +alB,d¢a,
=F +F,
The differentia torque about the origin due to Idl is
dT =rx(F, +F,) = aa, x(-alB, sin¢d¢a, + alB,doa,)
=a’IB, sin¢pdoa,
The net torque on the loop is

T=[dr= aZByj:j" a, sin 0 do (5-151)

The unit vector a, cannot be taken outside the integral sign, because it is a
function of ¢.  Using the relation a, =-sin¢a, +cos¢a,, Eq. (5-151) is
rewritten as
9 o=27 . 9 .
T=a lByL):0 (—sin” ¢a, +sin¢cosda, )do
=-na’IB,a,

With the aid of the magnetic dipole moment m = rna’l a,, the torque on

the loop is, in vector notation,

T=mxB (5-152)
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We see from Egs. (5-150) and (5-152) that the torque on a current-carrying
loop has the same form, in vector notation, regardless of the shape of the
loop.

Exercise 5.24
Referring to the rectangular loop in Fig. 5.39, find the torque on the loop if it is
constrained to pivot about an axis coincident with the bottom side of the loop.

Ans. T=mxB

Exercise 5.25
For a square and a circular loop with the same perimeter and current, placed
separately in a uniform B, find the ratio between the torques on the two loops.

Ans. T, /T, . =7n/4

square circle

Review Questions with Hints

RQ 5.47 Express the magnetic force on a current-carrying wire placed in a mag-

netic flux density. [Eq.(5-135b)]
RQ 5.48 Express the relation between the magnetic force and energy from the
point of view of virtual displacement. [Eq.(5-142)]
RQ 5.49 Express the torque exerted on a magnetic dipole placed in a uniform
magnetic flux density. [Eq.(5-150)]
RQ 5.50 Does T =0 on a current-carrying loop mean F, =0 atevery point
on the loop? [Fig.5.40]

RQ 5.51 Istherelation T =mxB true even if B is not uniform? [Eq.(5-151)]

Problems

5-1 In a uniform magnetic flux density B = B, a, in free space, a charge q is
observed to move with a velocity v=aa, +ba, attime t=0. Find

an electric field E required to make the charge move along a straight line
for t>0.

5-2 A conductor with a rectangular cross section h X w [m?] extends along

the y-axis from —eo to e as shown in Fig. 5.41. It carries a steady cur-
rent I [A], uniformly distributed in the cross section, in the presence of a
uniform magnetic flux density B =B, a,[T].

(a) Find the drift velocity of free electrons of a uniform density n[m?3].

(b) The magnetic force on the electrons establishes an electric field inside
the conductor, which in turn offsets the magnetic force. Show that Hall

voltage V,; = 1B, (hn|e|)71 [V], where e is the electron charge.
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Fig. 5.41 Hall voltage (Problem 5-2).

A very long, filamentary, steady current I flows in the +z-direction, passing
through a point (0,1,0) in Cartesian coordinates as shown in Fig. 5.42.
Find H everywhere.

Yy
A
a, =a, xa,
R
-1 (@
y=1C¢ i
s > X

Fig. 5.42 A very long filamentary current (Problem 5-3).

Two very long filaments are both parallel to the z-axis, passing through
points p;:(0,-1,0) and p,:(0,1,0) in Cartesian coordinates and carry-
ing a current I in the —a, and +a, directions, respectively. Find H at
points (a) (0,2,0), and (b) (2,0,0).

A conducting wire forms an equilateral triangle of side a in the xy-plane,

with the center at the origin, as shown in Fig. 5.43. When a steady current
I flows in the counterclockwise direction, find H at the origin.
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5-6

Fig. 5.43 A triangular loop with a current I (Problem 5-5).

A surface current of a density J, =J,a, is confined to a region defined
by z=0 and —a<x<a as shown in Fig. 544. Find H at a point
p:(0,0,b) by using

(a) the Biot-Savart law, and

(b) the equivalent line currents, flowing in infinitely long and narrow strips
of a width dx, comprising J. .

Fig. 5.44 A surface current density(Problem 5-6).

A surface current of a density J, =(n/p) a, is confined to a region de-
fined by z=0 and a <p < b as shown in Fig. 5.45. Find H at a point
(0,0,d) on the z-axis.
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Fig. 5.45 A surface current density(Problem 5-7).

A surface current of a density J_ = 3a¢ [A/m?] is confined to a region
defined by p=0.4[m] and O <z <0.2[m] as shown in Fig. 5.46. Find
H at point (0,0,0.5[m]) on the z-axis.

Fig. 5.46 A surface current (Problem 5-8).

A very long conducting wire of a radius ais oriented along the z-axis, and
carries a steady current I [A] in the +z-direction, which is assumed to be
uniform in the cross section.

(a) Find the current density J.

(b) Find H inside the conductor.

(c) Show that VxH =J in the conductor.

A volume current density, J =J_ a, [A/m?], forms an infinite slab of cur-
rent in the region —d <z <d and —e <(x,y) <eo. From symmetry con-
siderations, (a) show that H is independent of x and y. In view of the fact
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5-11

5-12

5-13

that the magnetic field intensity of an infinitely long line current is circum-
ferential, (b) show that H only has the x-component: H=H (z)a, . (c)

Also show that if H=H (z)a, for z>0, then H=-H, (z)a, for
z < 0. (d) Find H everywhere by using Ampere’s circuital law.
A uniform surface current of a density J, =J,a, is infinite in extent in

the xy-plane. Following the same procedure as was used for H in Prob-
lem 5-10, (a) show that H=H, a,  for z>0 and H=-H_, a_ for

z <0, where H, isconstant. (b)Find H everywhere.

A semi-infinite filament is normal to an infinitely large conducting sheet lying
in the xy-plane as shown in Fig. 5.47. A steady current I flows in the —z -

direction in the filament, and becomes a surface current density J_ flowing
in the a, -direction on the conducting sheet, which is uniform in the a,-

direction.
(a) Using the Biot-Savart law and symmetry, show that J_, produces H

of the form H = H (p, z)aq, , at the most, in the region z > 0.

(b) Using Helmholtz’s theorem, show that a trial solution
H=-Ia, / (2mp) is a unique solution in the region z > 0.

AZ

Iy

X

Fig. 5.47 A very long filament is normal to an infinite current sheet(Problem 5-12).

A perfectly conducting, hollow cylinder of radius a and height b is con-
nected to two very long wires carrying a steady current I flowing in the
—z -direction, as shown in Fig. 5.48. The surface current densities J,,

J

surfaces of the cylinder, respectively.
(a) Using the Biot-Savart law and symmetry, show that H is of the form

H=H,(p)a, inthe xy-plane outside the cylinder.

2> and J; are uniform in the ¢-direction on the top, side, and bottom

(b) Using Helmholtz’s theorem, show that a trial solution
H=-Ia, /(2mp) is a unique solution outside the cylinder.
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Fig. 5.48 A hollow cylinder connected to two very long wires(Problem 5-13).

A finite filament extends from z =-a to z =a, and carries a steady cur-
rent I in the +z-direction.

(a) Find A at point p:(p,0,z) in cylindrical coordinates.

(b) Determine B from A.

A very long solenoid is centered on the z-axis, having N turns per unit
length closely wound on an air core of radius a, and carries a current I in
the ¢-direction.

(a) Using Eq. (5-39) and symmetry, show that A is of the form
A= A¢(p) a,.

(b) Determine Aq)(p] by making use of the fact that B is constant in the in-

terior and zero in the exterior of the solenoid.
An infinitely long cylindrical sheet of a radius a is centered on the z-axis,
carrying a surface current of a uniform density J, =J, a,, as shown in
Fig. 5.49. Prove that H=0 at a point (b,0,0) outside the solenoid by
decomposing the current sheet into many magnetic dipoles.

[Hint: J' (x*+ az)fs/2 dx =(x/a*)(x*+a® )71/2 +C and

[[(+a®)*"ax=2/3a*+C ]
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5-17

5-18

5-19

4,
T )
N
0,
Y _
AzT z=z
\f’)/aR’Q
o b > X

Az

Q@
:

%
\

2&

Fig. 5.49 A cylindrical current sheet (Problem 5-16).

For a nickel metal, the relative permeability p. =50, atomic weight is

58.69 [g/mol] , and density is 8.91[g/ cm®]. The material is fully
magnetized by a magnetic flux density B = 0.4[T]. Find
(a) magnitude of the magnetization M, and

(b) magnetic dipole moment m per atom.
A magnetic slab of a thickness t is infinite in extent, and is placed on the

xy-plane. The magnetization is uniform with M =10%a,[A/m] inside
the slab(0 < z <t ), when a uniform field, H=1.02 x10° a, [A/m], is
present below the slab(z < 0). Find p of the material.

The space between two coaxial cylindrical sheets of radii a and b is filled
with two dissimilar magnetic materials( i, for O<¢<m and p, for
n<d<2n ) as shown in Fig. 5.50. Two cylinders extend between
z =—c and z = oo, and carry a current I in the opposite directions. Find
(a) B and H in the gap,

(b) distribution of I on the surface at p =a, and

(c) magnetization surface current density on the surface at p=a.

Fig. 5.50 A coaxial cable filled with two dissimilar materials(Problems 5-19 and 5-25).
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A very long solenoid of a radius b has N turns per unit length wound on a
core consisting of two dissimilar materials( n, for p<a and p, for

a<p<b. The solenoid is centered on the z-axis, carrying a current I in
the a-direction. Find B and H inside the solenoid.

The z =0 plane is an interface between two dissimilar magnetic materials
of u, =10u,(z>0) and p, =20u,(z<0). The interface carries a
uniform surface current of J, =5 a, [A/m]. The magnetic field intensity
is H=12a, +2an +23a,[A/m] in the region z>0. Find H in the
region z<O0.

An infinite magnetic slab of permeability u has a thickness d, and lies on
the z =0 plane, as shown in Fig. 5.51. Below the slab( z < 0), the mag-
netic flux density B, makes an angle 6, with respect to the z-axis. In
terms of the given values B,, 0,, and u, determine

(a) B,, B;, 6,,and 6,,

(b) magnetization surface current densities on the z=0 and z=d
planes.

B
M, O ’
z=d
z
é_f
z=0
X

Fig. 5.51 An infinite magnetic slab of thickness d(Problem 5-22).

The magnetic slab shown in Fig. 5.51 can be replaced with the magnetiza-
tion surface current densities, J at z=0 and J at z=d, resid-

ing in free space as shown in Fig. 5.52. Find B by summing the external
field B, and the B’sdueto J,, and J and compare it with the re-

sult in Problem 5-22.

msl ms2

ms2 ?
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5-24

5-25

5-26
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Fig. 5.52 The surface currents in free space equivalent to the magnetization surface
currents(Problem 5-23).

A permanent cylindrical magnet is along the z-axis, having a uniform
magnetization M =M _a,. The magnetic field is assumed to be uniform

inside the magnet by ignoring the fringing effects at the edges.
(a) Find B on the top and in the interior of the magnet.
(b) If B=DB,a, on the top of a second, identical magnet, find H in the

interior.
With reference to the coaxial cable shown in Fig. 5.50, which is filled with
two dissimilar materials of u, and p,, carrying a steady current I in the

opposite directions in the conductors, find, per unit length of the cable,

(a) stored energy, and

(b) inductance.

A totroidal coil has N turns closely wound around a toroid with a permea-
bility u and a rectangular cross section, (b —a)xh , as shown in Fig. 5.53.

Find the inductance.

>
»

e >

Fig. 5.53 A toroidal coil.
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5-27 A toroidal coil has N turns closely wound around two adjoining toroids
with different permeabilities but the same rectangular cross section as
shown in Fig. 5.54. Find the inductance.

z
A

«—— b —»
— a

[

My
Mo

Fig. 5.54 A toroidal coil around two adjoining toroids(Problem 5-27).

5-28 Two identical, circular, conducting loops are arranged along the z-axis as
shown in Fig. 5.55. Assuming a << b and using the vector magnetic po-
tential of a magnetic dipole moment, find the mutual inductance.

Fig. 5.55 Two identical loops(Problem 5-28).

5-29 A very long coaxial cable consists of a solid inner conductor of radius
a =2[cm], and a hollow cylinder of inner radius b = 4[cm] and outer
radius ¢ =5[cm]. Assuming p =y, in the conductors and the current I

flows in the opposite directions, uniformly distributed in their respective
conductors, find the internal inductance of the outer conductor, per unit
length of the cable, and compare it with that of the inner conductor.
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5-30 Consider the same coaxial cable as in Problem 5-29, which involves two

5-31

5-32

5-33

conductors with radii a = 2[cm], b =4[cm], and ¢ =5[cm]. The inner
conductor carries a current of I =10[A] in the +z-direction, while the

outer conductor carries the same current in the —z-direction, which are uni-
form in the cross sections. Find the accumulated magnetic force, per unit
area, on the outermost surface at p = 5[cm] .

A very long solenoid of radius a has N turns per unit length, closely wound
around two iron rods(u >>p,) separated by a small air gap, as shown in

Fig. 5.56. For a current I in the coil, ignoring the fringing effects at the
edges, find the force between two rods.

Fig. 5.56 Two iron rods in a solenoid.

Two identical magnetic dipoles of a dipole moment, m, =m, =m_ a,,

are located at different points in free space: m, is at the origin, whereas

m, is at a point p:(1, \/5 1) in Cartesian coordinates. Find the torques

exerted on the two dipoles.

A printed circuit board is constrained to pivot about the x-axis which coin-
cides with one of the edges, as shown in Fig. 5.57. The board has a trace
of an equilateral triangle of sides a, which carries a current I in the coun-
terclockwise direction in a uniform field B=B, a, .

(a) Find the torque about the x-axis if the board is in the xy-plane.
(b) Show that the torque can be expressed as T=mxB.

Fig. 5.57 A trace on a circuit board pivoting about the x-axis in B.



Chapter 6
Time-Varying Fields and Maxwell’s Equations

Until now, we have devoted ourselves to static electric and static magnetic fields
that are constant in time. To summarize the discussions up to this point, the elec-
tric field and electric flux density due to a distribution of static electric charges are
related by the constitutive relation D = €E , from which we define the permittivi-
ty of the material. The irrotational nature of E, expressed by VX E = O , originates
from the principle of conservation of energy, while Gauss’s law, expressed by
V.D =p,, is based on the discrete nature of the electric charges. They constitute

two fundamental relations for static electric fields in the sense that they allow us to
uniquely determine E and D in a given region of space. Similarly, the magnetic
field and magnetic flux density due to a distribution of steady electric currents are
related by the constitutive relation B = uH , from which we define the permea-

bility of the material. The solenoidal nature of B, expressed by V+B =0, follows

directly from the closed nature of the magnetic flux lines, while Ampere’s circuit-
al law, expressed by VxH =J, is based on the fact that the steady current is a
vortex source causing a circulation of H around it. They constitute two fundamen-
tal relations for static magnetic fields in the sense that they allow us to uniquely
determine B and H in a given region of space.

There is no mutual relationship between the static electric and static magnetic
fields, although two fields may coexist in a conductor in the sense that a static
electric field generates a steady current in the conductor, which in turn induces a
static magnetic field around it. However, a static magnetic field cannot produce a
static electric field. Under time-varying conditions, the electric and magnetic
fields due to a time-varying current will be coupled to each other, and form an
electromagnetic wave propagating through free space and in material media.

In the present chapter, we focus our attention on time-varying electric and mag-
netic fields. We then introduce the concept of wave motion in chapter 7, and dis-
cuss electromagnetic waves propagating in different media in chapter 8. From now
on, to avoid confusion, we use bold-script letters such as & and J# to denote time-
varying electric and time-varying magnetic fields, while using script letters such as
Z, and .7 to denote scalar components of & and % For other time-varying

vector and time-varying scalar quantities, such as time-varying current density and
time-varying volume charge density, we use bold-italic letters and italic letters,
respectively, such asJand p, .
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Time-varying electromagnetic fields differ from static electric and magnetic
fields in a number of important respects, apart from the fact that they vary in time.
First, the time-varying electromagnetic fields are generated by accelerated charges
or electric currents varying in time. Second, the time-varying electric and magnet-
ic fields are coupled to each other in that the time-varying electric field induces
the time-varying magnetic field, and vice versa. In the same way that a static field
is governed by its divergence and curl, the time-varying electric and magnetic
fields are governed by their divergences and curls. Gauss’s laws for electricity and
magnetism remain valid under time-varying conditions: V.2 =p and

V..% =0 . However, the two curl equations of &and S need to be modified to

conform with Faraday’s electromagnetic induction and the concept of displace-
ment current density introduced by Maxwell, respectively. The four equations,
which are the curl of & curl of 9%, divergence of & and divergence of %, are
called Maxwell’s equations that the time-varying electromagnetic field must satis-
fy in a given region of space at all times.

6.1 Faraday’s Law

Michael Faraday observed that an electromotive force (emf) was induced in a wire
loop when a permanent magnet moved near the loop or the loop moved near the
magnet. The electromotive force is nothing but a voltage induced in the loop. Fa-
raday’s law of electromagnetic induction states that the induced emf in a wire
loop is equal to the negative time rate of change of the magnetic flux linkage
with the loop.

(b)

Fig. 6.1 Electromagnetic induction. The induced emf gives rise to the current ~ and the
terminal voltage ¢4 ,: (a) ¢4, >0 and emf <O, and (b) ¢, <O and emf >0,
(the counterclockwise direction is the positive direction of ().
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According to Faraday’s law of electromagnetic induction, the induced emfin a
loop of N turns is expressed as

emfz_d_Az—Nd¢

ac = ar Wi &

where A is the magnetic flux linkage with the loop and @ is that with a single
turn of the loop. The emf'is equal to the closed line integral of the induced electric
field in the loop such that

emf = Sﬁfé” .dl \%| (6-2)

It is important to note that the sign of emf depends not only on the direction of
&, but also on the positive direction of C. Thus, a positive emf signifies that the
induced & is directed in the positive direction of C. Although the emfor &, in
Eq. (6-2), is induced by the time-varying magnetic flux as given in Eq. (6-1),
they may or may not vary with time. Unlike the static electric field that is an ir-
rotational field, or a conservative field, the closed line integral of &is nonzero,
and is a non-conservative field. As a result, &is not given by the negative gra-
dient of the electric potential. Note that & generates a current ~ in the loop,
which flows in the direction of &

Seeing Eqs. (6-1) and (6-2), we can express Faraday’s law in terms of the
integral of &, conducted around the loop ¢, and the integral of .%, conducted over
the surface S bounded by ¢, that is,

d
emf=<§>cé~’-dl:—a (B eds (6-3)

If the loop has many turns, the closed line integral is conducted around each and
every turn of the loop, and the surface integral is performed over all the surfaces
enclosed by all the turns of the loop. The direction of dl on ¢ and the direction of
ds on s are governed by the right-hand rule: the right thumb points in the direction
of ds, when the four fingers rotate in the direction of dl, or the positive direction
of C.

The negative sign in Eq. (6-1) and Eq. (6-3) is compatible with Lenz’s law,
which states that the emfis such that it induces a current in the loop and thus a
magnetic flux so as to oppose the change in the total magnetic flux linking with
the loop.

Let us use the simply electromagnetic induction depicted in Fig. 6.1 to clarify
the relation between the emf, terminal voltage ¢, ,, induced current ¢~ and elec-
tric field &’in the loop, which is very confusing in the discussion of electromag-
netic induction. Figure 6.1(a) shows that the magnetic flux linkage with the loop
increases with time, as the permanent magnet moves to the right. According to
Faraday’s and Lentz’s laws, the electric field &and thus the current ~are induced
in the loop both in the clockwise direction. If the terminal 1-2 is open, the current
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7tends to accumulate positive charges at terminal 1 and negative charges at ter-
minal 2, resulting in a positive terminal voltage, ¢; , > O: terminal 1 is at a high-
er potential than terminal 2. The terminal voltage counterbalances the emf, and
there is no current flowing in the loop. If a resistance R is connected cross the
terminals, an ohmic current will of course flow from terminal 1 to terminal 2
through the resistor, which is the current ~induced in the loop. The emf'is simply
equal to the closed line integral of & around the loop; its sign signifies the direc-
tion of &Trelative to the direction of travel on the loop. It is important to note that
the terminal voltage ¢, is an induced voltage, not an externally applied vol-

tage. If ¢, were a voltage externally applied across the terminals, the electric

field and the current in the loop would be directed opposite to those shown in the
figure. Similarly, as we see in Fig. 6.1(b), the magnetic flux linkage with the loop
decreases with time as the loop moves to the right. Therefore, the induced &and ~
are directed in the counterclockwise direction in the loop, and we have a negative
terminal voltage, ¢ , <O, and a positive emf. This is because the counter-

clockwise direction is taken as the positive direction of ¢, as shown in the figure.

Exercise 6.1
If the clockwise direction is taken as the positive direction of Cin Fig. 6.1, what is
the sign of the emfinduced in the loop in Figs. 6.1(a) and (b)?

Ans. (a) Positive, and (b) Negative

6.1.1 Transformer emf

The surface integral on the right-hand side of Eq. (6-3) can be viewed as the sum of
incremental magnetic fluxes passing through different portions of the given surface
S. In this case, the incremental flux is given by the dot product of the magnetic flux
density % and an incremental area vector As ; thatis, A® = .8+ As . Noting that
As is on the surface S that is bounded by the loop ¢, the direction and location of
As in space are closely related to the motion of C as a function of time. As is evi-
dent from Eq. (6-3), the emf induced in ¢ depends on the time derivative of A®.
There are three cases in which the time derivative of A® is nonzero:

(1) Loop is stationary in a time-varying field: d(A®) /dt = (d.%# /dt)As.
(2) Loop moves in a static magnetic field: d(A®) /dt=B-d(As)/dt.
(3) Loop moves in a time-varying field: d(A®)/dt =d(%#«As)/dt.

The transformer emf is one that is induced in a stationary loop placed in a time-
varying magnetic field. In this case, ds has nothing to do with d(A®)/dt, and

thus the time derivative can be taken inside the integral sign in Eq. (6-3). The
transformer emf is therefore

0%
s dt

emf, = cﬁcé}”-dl =- ds \Y (6-4)
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where t stands for transformer emf. Again, the time derivative in Eq. (6-3) is
moved inside the integral sign and changed to the partial derivative in Eq. (6-4).
Next, applying Stokes’s theorem to Eq. (6-4) we obtain

o

7B
«ds 6-5
By (6-5)

J.(78)-co =],

The surface $ may be arbitrary only if it is bounded by the loop C. Thus, to satisfy
the equality in Eq. (6-5), the two integrands should be the same at every point on
S. The point form of Faraday’s law is therefore

0B

Vi =_9%
X ot

(6-6)

This is a member of Maxwell’s equations.

Example 6-1
A circular loop of radius a is stationary in the xy-plane in the presence of a

magnetic flux density % (t) = a,B, cos(mt). Find emfinduced in the loop.

—>
A
Fig. 6.2 A stationary circular loop in a time-varying magnetic field.

Solution
The counterclockwise direction is taken as the positive direction of the loop,
as shown in Fig. 6.2, and thus the differential area vector ds is directed along
the positive z-axis, according to the right-hand rule. The magnetic flux
linking the loop is

p=a p6=27
D = L FBeds = LZO I¢=0 a,B, cos(ot)-(a,pdpdd)
= nB,a” cos(wt)

The transformer emfinduced in the loop is

emf, = —C;—d; = B, a’wsin(wt)
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When the emf is positive, it means that the induced electric field is directed
in the positive direction of ¢, the counterclockwise direction in this case.

The normalized flux linkage @ and the normalized electromotive force

emf are plotted as functions of time in Fig. 6.3. The shade area is the time

interval in which @ is increasing, and thus emf is negative( &is directed
in the clockwise direction in the loop).

emf

Y

Fig. 6.3 The normalized flux linkage and emf as functions of time.

Exercise 6.2
For a circular loop of radius a and a square loop of side b residing separately in
AB(t)=a,B, cos ot , find the relation between a and b for the same (a) emf (b)

& in the two loops.
Ans. (a) na®=b?*,(b) 2a=b

6.1.1.1 Ideal Transformer
The transformer is an alternating current device, which operates on Faraday’s
law of electromagnetic induction. Fig. 6.4 shows a transformer consisting of two
coils wound around a common core. An ideal magnetic core is made of a loss-
less material having infinite permeability, 1 = o, so that the magnetic flux may
be limited to the interior of the core, and thus the two coils may be coupled
magnetically with no flux leakage.

Let us consider the case when the primary coil with N, turns is connected to

an ac-voltage source ¢, and the secondary coil with N, turns is connected to a
load resistance R, . The source voltage ¢ and the current , in the primary cir-

cuit are responsible for the magnetic flux @ that is established in the magnetic
core. Note that the same magnetic flux @ links with both the primary and second-
ary coils. Under these conditions, according to Faraday’s law, the emf’s across the
two coils are given as follows:

do
emf, = =-N, ar (6-72)

do
emf2 =y = —N2 E (6-7b)
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We see from Eq. (6-7a) that the emf, counterbalances the source voltage ¢ .

Otherwise, an infinite current would flow in the primary circuit. On the other
hand, the emf, in the secondary coil provides a voltage ¢, across the load resis-

tance R, , and produces a current 4 in the secondary circuit according to Ohm’s
law (see Fig. 6.4). The power dissipated in the primary circuit, P, = ¢ 4, should
be the same as that in the secondary circuit, P, = «,4,, to satisfy the principle of

conservation of energy:

B =u4 6-8)
=P, =04
Combination of Egs. (6-7) and (6-8) gives
a_a_N_, (6-9)
o 4 N,

where o is called the turns ratio. The voltage ratio ¢ /¢, is proportional to
the turns ratio, whereas the current ratio 4 /4 is inversely proportional to the

ratio.

The two transformers shown in Figs. 6.4(a) and 6.4(b) are identical except that
their second coils are wound in the opposite directions. For this reason, the polari-
ty of ¢, and the direction of » in Fig. 6.4(b) are the reverse of those in Fig.
6.4(a).

As we see from Eq. (6-9), the transformer can transform voltages and currents.
Furthermore, the transformer can change the impedance of a circuit. In the prima-
ry circuit, the transformer can be regarded as an equivalent load with an imped-
ance Z, , thatis,

Z:ﬁzw (6-10)
"4 (N, /N)g

If the source voltage ¢, varies sinusoidally with time, and the load impedance is
given by Z,, the effective impedance seen by the source, in the primary circuit,

1S

z, = (l] z, (6-11)

The impedance transformation involves the square of the turns ratio.
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Fig. 6.4 Two identical transformers with the secondary coils wound in the opposite directions.

Exercise 6.3
What is the turns ratio in a step-up transformer changing 110V to 220V?

Ans. 0.5.

6.1.2 Motional emf

The motional emf is one that is induced in a loop moving in a static magnetic
field. Expressed mathematically,

d
emfszﬁcg'dlz_a SB'ds V] (6-12)

For instance, an emf may be induced in a conducting loop, if the loop rotates in a
uniform static field B, or moves rectilinearly in a non-uniform static field B.

As an example, consider a rectangular loop of sides x, and y,, which enters
the region of a uniform field B=B,a,(y 2y, ) attime t =0, and moves with a
constant velocity v=v,a, 6 , as depicted in Fig. 6.5. During the time

0<t<y,/v,, the motional emfinduced in the loop is computed from Eq. (6-12)
as follows:

emf, = —i 5B-ds
dt (6-13)

= _i(BOxOvOt) = _BOXOUO
dt
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In the above equation, the counterclockwise direction is taken as the positive di-
rection of the loop, and ds is thus directed in the +z-direction according to the
right-hand rule. The negative emf in Eq. (6-13) signifies that the electric field and
the current are induced in the clockwise direction in the loop. The induced current
7 generates a magnetic flux in such a way as to oppose the increase in the flux lin-
kage with the loop in accordance with Lenz’s law.

A

t %t B-Ba w2y

Fig. 6.5 A motional emfinduced in a loop moving in a static magnetic field.

The motional emf is closely related to the magnetic force exerted on the con-
duction electrons, move together with the loop in the magnetic field. By use of the
Lorentz force equation, we can express the magnetic force on a free electron in the
conductor moving with a velocity v in a static field B as

F, =evxB (6-14)

where e is the electron charge of —1.6 X 107'°[C]. The magnetic force exerted on

a unit charge in the conducting loop is referred to as the motional electric field in-
tensity, which is expressed as

gm:%:va (6-15)

By integrating &, around the wire loop we obtain the motional ermyf, that is,

emf,, =¢ &, -dl=¢ (vxB)-dl \Y| (6-16)

where v is the velocity of the conducting loop, and B is the static magnetic flux
density.

To see how Eq. (6-16) can be used for obtaining the motional emf, we again
consider the rectangular loop shown in Fig. 6.5. By applying Eq. (6-15) to the
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loop, we see that only the right side of the loop contributes to emf,, . There is no
contribution from the top or the bottom side of the loop, because the induced &,

is perpendicular to the wire. There is no contribution from the left side, because it
travels in the region of B=0 for the time O<t<y, /v,. Thus, the motional

emfis obtained from Eq. (6-16) as

emf,, :jx:o (vxB).dl

x=0
= v B ,a +a dx=-Bxyu,

X=X,

(6-17)

This is the same as Eq. (6-13).

We next consider a classical example of motional emf as illustrated in Fig. 6.6,
in which a conducting bar slides on a pair of conducting rails with a constant ve-
locity v =v,a, inauniform magnetic flux density B =B, a,. When switch S,

is opened, the induced motional emf appears as a terminal voltage between the
terminals of S, . From Eq. (6-16), the motional emfinduced in the sliding bar is

1
emf,, =I (vxB)-dl
;X (6-18)
= X70° v,B,a adx=vB,x,
where u and [ stand for the upper and lower points on the sliding bar at which the
bar touches the rails. The interval of integration in Eq. (6-18), from u to L signifies
that the clockwise direction has been taken as the positive direction of the closed
path, which is formed by the sliding bar, rails, and terminals 1 and 2. The positive
emf in Eq. (6-18) implies that the induced &, is directed in the +x-direction in

the bar. In view of Eq. (6-18), from Fig. 6.6, the terminal voltage is given as
Yo = UoBoXo (6—19)

The positive value of ¢ , means that terminal 1 is at a higher potential than
terminal 2.

Referring to Fig. 6.6, let us now examine the relation between &, and ¢_, .
As we can see from Eq. (6-15), the motional electric field &, represents the
magnetic force in the sliding bar, which causes free electrons to move towards
point u, while accumulating positive charges at point L The internal electric field
due to the separated charges then counteracts the motional electric field &, , op-
posing a further separation of charges. Consequently, when the motional electric
field &, results in the separation of charges in the sliding bar, the charges give
rise to a potential difference between the two end points of the bar, which is equal
to the terminal voltage ¢ , .
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The motional emf can be obtained directly from Eq. (6-12) as

emfm = —i SB'dS
d(; } (6-20)
:—a 5BD az'(—dxdyaz) =a|:Boxo (yO +U0t):|

In the above equation, ds is directed in the —z-direction in accordance with the
right-hand rule. Note that the result in Eq. (6-20) is the same as in Eq. (6-18).

Fig. 6.6 A sliding bar moving on a pair of conducting rails.

If the switch S, is closed, the motional ermyf induces a current ~/in the closed
path that comprises the sliding bar, rails, and the resistor R. When the sliding bar,
carrying the current, moves with a velocity v in the magnetic field, it experiences a
magnetic force directed in the negative direction of v. Accordingly, energy is ex-
pended in moving the bar in the magnetic field. The magnetic force acting on the
bar with the current ~ is obtained from Eq. (5-135b) as follows:

F =/| dixB
[N] (6-21)
= /[ ’B,-a)dx=-/B,x,a,

where we use dl =dxa, and B =B, a,. Note that the integral in Eq. (6-21) is

conducted along the direction of the current in the sliding bar. Because the mag-
netic force F, opposes the bar to move with the velocity v =v,a,, work must
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be done in moving the bar. The power dissipated in moving the bar with a velocity
v =u,a, istherefore

P,_=-Fv=/Bxp, [W] (6-22)

me

where -F; is the mechanical force applied to the bar in order to cancel the mag-

netic force. According to the principle of conservation of energy, the mechanical
power should be equal to the electrical power dissipated in the resistance R. With
the help of ¢_, expressed by Eq. (6-19), the electrical power is written as

P

el

= &.6‘172 = &'Boxol)0 [W] (6-23)
We note that the two results in Egs. (6-22) and (6-23) are the same: P, =P, .

Exercise 6.4
Find the emf induced in the loop in Fig. 6.5, if the magnetic flux density,
B =B, a,,is confined to the region O<y=<y,.

Ans. B xv [V] for O0<t<(y,/v,).

Exercise 6.5
What will become of the work done in moving the bar in Fig 6.6, if switch S, is

opened?

Ans. ¢ ,.

6.1.3 A Loop Moving in a Time-Varying Magnetic Field

We now consider the more general case of emf where a closed wire loop moves in
a time-varying magnetic field. In this case, the total emfis given by the sum of the
transformer emf and the motional emf, that is,

emf =<j.>ce%”-dl

0B \Y| (6-24)
=-1,5; -ds+956(vx$)om

where C represents the closed conducting loop moving with a velocity v in a time-
varying magnetic flux density %, and S represents the surface bounced by . The
directions of ds and dl follow the right-hand rule. The surface integral on the
right-hand side of Eq. (6-24) represents the transformer emyf, which is evaluated
by assuming the surface S to be fixed in space. On the other hand, the closed line
integral represents the motional emyf, which is evaluated by assuming % to be
constant in time. We note that the total emfin Eq. (6-24) can be simply written as
Eq. (6-3), namely
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d
emf = <j'>cé’-dl =], #-ds V] (6-3)(6-25)

Upon applying Stokes’s theorem to the closed line integrals in Eq. (6-24), noting
that the surface § may be arbitrary, we obtain

Vx:%”=—i)—‘?+V><(v><.%’) (6-26)

The first term on the right-hand side of Eq. (6-26) originates from the transformer
emf, while the second term comes from the motional emf.

Example 6-2

A rectangular wire loop of sides a and b rotates about the x-axis with an angular
speed @, in a time-varying magnetic flux density % = Bsin(wt)a,, as shown
in Fig. 6.7. The unit normal to the loop surface, ay, makes an angle ¢ = o, t+ o
with respect to the +y-axis, where ois constant. Find at time t=t (a)
transformer emyf, (b) motional emf, and (c) total emf from Eq. (6-25).

Solution
(a) Total magnetic flux linking the loop at t =t is

b = 'f FBeds = Bsin[wtl]ay saba,

(6-27)
= abBsin(ot),_, cos(glt,))

Transformer emf is obtained from Eq. (6-27) by fixing ¢ at a constant and

taking the time derivative of the flux linkage,

do

emf, =——

= —mabB cos(ot,)cos (¢(t,)) (6-28)
dt |e=t,.

¢=constant

In view of the unit surface normal a; we see that the loop should be

traversed, passing corners 1, 2, 3, and 4 in accordance with the right-hand
rule, for the calculation of the emf. Thus a positive emf in Eq. (6-28) means
that terminal Iis at a higher potential than terminal ITin Fig. 6.7.

(b) Motional emf is obtained from Eq. (6-16) by fixing % at a value given at
time t=t:

emf,, =<j> (vx.%)-dl
_J' [ )ag xa, Bsin(ot, )] (dxa,)

(6-29)
+j [ b)(-as)xa, Bsin(ot, )] (dxa,)

= w,abB sm[oot1 )sing(t)],_,



338

()

6 Time-Varying Fields and Maxwell’s Equations

In Eq. (6-29), we used v =, (1b)(+a,) for the lower and upper sides of

the loop, respectively. There is no contribution from the left or the right side
of the loop because v x. % is perpendicular to the wire.

Upon inserting ¢ = o,t+ o in Eq. (6-27), the instantaneous magnetic flux
linkage with the loop is

® = abB sin(wt) cos(w,t + o)

Total emfat t=t, is therefore

dt|,, (6-30)
= —wabB cos(ot;) cos(w,t; + o) + w,abB sin(ot,) sin(w,t, + o)

In Eq. (6-30), o should not be confused with «,: is the angular frequency

of %, whereas ®

(]

is the angular speed of the loop. We note that the result

in Eq. (6-30) is equal to the sum of those in Egs. (6-28) and (6-29).

Fig. 6.7 A rectangular loop rotating in a time-varying magnetic field.
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Exercise 6.6
In Fig. 6.6, the bar moves with a velocity v=v,a, in a time-varying field

# =a B, cos(n,t), crossing the x-axis at t=0. Find ¢_, across the open ter-
minal for £ >0.

Ans. «_, =x,0,B, [cos(m,t) — o,tsin(m,)]

o~ o o

Review Questions with Hints

RQ 6.1 State Faraday’s law of electromagnetic induction in words.  [Eq.(6-1)]

RQ 6.2 State Lenz’s law in words. [Eq.(6-1)]

RQ 6.3 What is the significance of a negative emf? [Eq.(6-2), Fig.6.3]

RQ 6.4 Explain the case in which the emf’is the sum of the transformer and
motional emf’s? [Eq.(6-24)]

6.2 Displacement Current Density

As we saw in section 6-1, the time-varying electric field is not a conservative field.
Under time-varying conditions, the expression for the irrotational nature of the stat-
ic electric field, VXE =0, is modified to Vx& = —-0.% /dt in order to conform

with Faraday’s electromagnetic induction. Similarly, under time-varying condi-
tions, the expression for Ampere’s circuital law, VxH = J, should be modified in
order to incorporate Maxwell’s hypothesis of displacement current density.
Ampere’s circuital law is not consistent with the equation of continuity under
time-varying conditions. To start with, the point form of Ampere’s circuital law is

VxH=J (6-31)
Taking the divergence of both sides of Eq. (6-31), we have
V.VxH=V.J

The left-hand side of the equation is identically zero, because of the vector identity
V.V xU=0, and thus the equation simply reduces to V+J =0 . Invoking the

equation of continuity, VeJ =-dp, /dt, we see that Ampere’s circuital law

holds true under static conditions only.
Ampere’s circuital law leads to a contradiction, if it is applied to a parallel-plate

capacitor being charged by an increasing current ~ as illustrated in Fig. 6.8. Let us
consider a closed loop ¢ around the capacitor lead, and suppose S, and S, are two
separate surfaces bounded by the same loop ¢ the bounded surface ., is flat in Fig.
6.8(a), while 5, shown in Fig. 6.8(b) resembles the surface of an untied balloon,

covering one of the two conducting plates of the capacitor. Applying Ampere’s cir-
cuital law to the loop € with the surface S, as shown in Fig. 6.8(a), we see that the

closed line integral of H around ( is nonzero, because the conduction current ~
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passes through s, . However, if we apply Ampere’s circuital law to the same loop C
but with the surface S, as shown in Fig. 6.8(b), no conduction current actually
passes through S, , and thus we arrive at a contradictory conclusion that the closed
line integral of H around Cis zero.

Fig. 6.8 A capacitor is being charged by an increasing current 2 A loop Cencloses a surface

either S, or S, .

The conduction current is not the only source of a time-varying magnetic field.
If the conduction current ~ is increasing in the parallel-plate capacitor, a time-
varying magnetic field is also induced in the space between the conducting plates
where there is no conduction current. When the capacitor is charged to +Z[C],

the electric field intensity in the air gap is written as

g-Y a (6-32)
g,A

where A is the surface area of the conducting plates assumed to be perpendicular
to the z-axis. Note that the fringing effects at the edges are ignored in Eq. (6-32).
Next, by taking the time derivatives of both sides of Eq. (6-32) and invoking the
relation - =d¢ /dt, we have

1(&8) _ ‘a (6-33)
i A

The right-hand side of Eq. (6-33) has the same unit as a current density, and the
term in parenthesis on the left-hand side is the electric flux density. In view of Eq.
(6-33), the displacement current density J, is defined as the time derivative of

the electric flux density & that is,

o0

b= [A/m?] (6-34)

Although the displacement current density does not involve any motion of electric
charges, it behaves like a conduction or convection current density as far as the
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time-varying magnetic field is concerned. In the parallel-plate capacitor, the con-
duction current is responsible for the magnetic field induced around the conduct-
ing lead, whereas the displacement current density is responsible for the magnetic
field induced in the space between the conducting plates. The conduction and dis-
placement currents may coexist in the lossy dielectric of a finite conductivity in-
serted between the conducting plates, both contributing to the magnetic field in the
material. In this case, the sum of the conduction and displacement currents in the
dielectric is equal to the conduction current in the capacitor lead, where the dis-
placement current is ignored owing to the high conductivity.

Under time-varying conditions, the point form of Ampere’s circuital law is
modified in order to incorporate the displacement current density, that is,

Vx%=J+aa+? (6-35)

This equation is referred to as the generalized Ampere’s law or Ampere’s law. The
current density J in Eq. (6-35) represents the conduction or the convection current
varying with time. Applying Stokes’s theorem to Eq. (6-35) we obtain the integral
form of Ampere’s law:

0D
cﬁc%-dl =L(J e j-ds (6-36)

Let us now check if Eq. (6-35) satisfies the equation of continuity. By taking the
divergence of both sides of Eq. (6-35), and applying the divergence theorem to the
term on the left-hand side, we have

VeVX I =Ved +%(V-@) (6-37)

For the right-most term in Eq. (6-37), the divergence and the time derivative were
interchanged. By using the vector identity V.VxU=0 and Gauss’s law

V.9 =p,, Eq. (6-37) reduces to

0=Ved +P (6-38)
at

This equation always holds true because it is nothing but the equation of continuity.

Example 6-3
An ac voltage ¢ _, =V sinwt is applied to a parallel-plate capacitor shown in

Fig. 3.37. Ignoring the fringing effects at the edges, show that the displacement
current in the lossless dielectric between the plates is equal to the conduction
current in the capacitor lead.
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Solution
Assuming a uniform &’in the region between the plates, &'in the region is

obtained by use of the relations ¢, =&d and & =¢& :
D =-acg Vo sin ot
d

The displacement current density is therefore

Ky

o =30

VD
=—a,me—2>cosut
d
Total displacement current flowing in the -z-direction is
VO
I, = LJDds = Smsgcos ot

(6-39)
=CV, wcos ot

In Eq. (6-39), S is the surface area of the conducting plates, and C is the
capacitance givenby C =¢5/d
From circuit theory, the conduction current in the lead is

I.=C % =CV, wcos wt (6-40)

Two results in Egs. (6-39) and (6-40) are equal.

Exercise 6.7
For the time-varying electric field & =a_ E, cos(wt—-kp)/p[V/m] given in
free space, find the displacement current density in cylindrical coordinates.

Ans. J, =-a, og,E, sin(ot—kp) /p[A/m?].

Review Questions with Hints

RQ 6.5 What is the significance of displacement current density?  [Eq.(6-35)]
RQ 6.6 Whatis the unitof 09 /odt? [Eq.(6-34)]

RQ 6.7 What physical law justifies the displacement current? [Eq.(6-38)]

6.3 Maxwell’s Equations

In 1873, James Clerk Maxwell published the unified theory of electricity and
magnetism by formulating previously known experimental results of Coulomb,
Gauss, Ampere, Faraday, and others, and by incorporating the concept of dis-
placement current. The theory comprises four fundamental relations called Max-
well’s equations that any electromagnetic field should satisfy under time-varying
conditions. Maxwell’s equations always hold regardless of the material medium.
Maxwell’s equations are available either in integral form or in differential form.



6.3 Maxwell’s Equations 343

The integral form is advantageous in describing the underlying physical concepts,

whereas the differential form or point form is advantageous in specifying the elec-

tromagnetic field intensities at each and every point in a given region of space.
Maxwell’s equations in point form are

0.%
Vx& = -2 6-41
X ” ( a)
Vx%=J+aa+? (6-41b)

V.o =p, (6-41c)
V-#=0 (6-41d)

Theses equations are individually referred to as Faraday’s law, Ampere’s law,
Gauss’s law, and Gauss’s law for magnetism.

There are auxiliary equations that are essential for solving electromagnetic
problems. The relation between & and &, and that between % and 9% are called
the constitutive relations of the electromagnetic medium:

D=c& (6-422)
B =W (6-42b)

where € and W are the permittivity and permeability, respectively.
The conduction and convection current densities are, respectively, defined as

J=c&% (6-43a)
J =pu (6-43b)

where o is the conductivity, p, is the volume charge density, and v is the velocity
of the charge density.

The total force exerted on a charge g moving in the presence of & and % is
specified by Lorentz force equation given by

F=q(&+vx%R) (6-44)

where v is the velocity of the charge.
Under time-varying conditions, the equation of continuity is

P,

Ved =-
at

(6-45)

which is based on the principle of conservation of electric charges.

Example 6-4
For given & =E,a _cos(ot—kz) and 9% = anw/s:o /u, cos(owt—kz) in

free space, with the propagation constant k = o,/u,&, , show that & and 9%
satisfy the Maxwell’s equations and thus constitute an electromagnetic field.
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Solution
Substituting &and Finto Eq. (6-41a), we obtain

kE, a, sin(ot - kz) = oE, a /Ut sin (ot - kz) (6-46a)
Substituting the fields into Eq. (6-41b), by assuming J = O (free space), we
obtain

-kE,a . /e, /1, sin(ot —kz) = -we E, a_ sin(ot - kz) (6-46b)

Egs. (6-46a) and (6-46b) always hold through the relation k = o\uL g, .

Substituting the field into Eq. (6-41c), by assuming p, = O (free space),
we obtain

V.o =V.[e,E, a_cos(ot-kz)]=0 (6-46¢)
Substituting the field into Eq. (6-41d), we obtain
V+[1E,a,e, /1, cos(ot ~kz)| =0 (6-46d)

Eq. (6-46¢c) holds because & is independent of x, and Eq. (6-46d) holds
because % is independent of y. Thus, the given & and 9 satisfy Maxwell’s
equations, forming an electromagnetic field in free space.

Similarly, we can show that the fields & =E, a, cos(ot+kz) and

F =-E, a e, /1, cos(ot+kz) satisfy Maxwell’s equations, and thus
form an electromagnetic field in free space.

Exercise 6.8
Do the following vector fields satisfy Maxwell’s equations in free space? (a)

& =aE_e“"™ (b) &=a,E, cos(kp)cos(wt), (c) & =a,E, cos(ky)cos(wt),
and (d) & =a,E_ sin(ot-kz), where E,, o, and k = w,/e u, are constants,

and p is the radial distance in cylindrical coordinates.
[Hint: Find 9% from & and see if it in turn induces &]

Ans. (a) yes, (b) no, (c) yes, (d) no.

6.3.1 Maxwell’s Equations in Integral Form

Maxwell’s equations in point form can be converted to the integral form by us-
ing divergence and Stokes’s theorems. Since the integral form involves geome-
tric figures such as line, surface, and volume, it is useful for obtaining the
boundary conditions for the electromagnetic field at an interface between two
dissimilar media.
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The integral form of Maxwell’s equations is

9ch-d1 = —L af .ds (6-47a)
0T

956%-@ = I{J + }ds (6-47b)

9559o$ = L p,dv (6-47¢)

955.%’.$ =0 (6-47d)

The directions of dl and ds are governed by the right-hand rule: ds on the surface S
points in the direction of the right thumb when the fingers follow dl on the loop C.

6.3.2 Electromagnetic Boundary Conditions

In the previous Chapters 3 and 5 we derived the boundary conditions for E, D, H,
and B at an interface between two different media by applying the fundamental re-
lations for the static electric and magnetic fields. Following the same procedure
used for the static fields, we can obtain the boundary conditions for &, & 9%, and
4% at an interface between two different materials. The boundary conditions for
the tangential components of & and 9% are obtained by applying Faraday’s law
and Ampere’s law to a rectangular loop straddling the interface, whereas the
boundary conditions for the normal components of & and .9 are obtained by ap-
plying Gauss’s law and Gauss’s law for magnetism to a circular cylinder extend-
ing from one material to the other. Although Faraday’s law includes the extra term
0% /dt and Ampere’s law includes the displacement current density 027 /dt

under time-varying conditions, these additional terms have no effect on the boun-
dary conditions, because the integral of these terms over the surface enclosed by
the loop is zero as the height of the loop tends to zero. Consequently, the previous
boundary conditions for the static fields remain valid for the time-varying fields.

To summarize, the boundary conditions for the tangential components of &and
G are

(6-482)
(6-48b)

where t stands for the tangential component, and J, represents the surface cur-

rent flowing on the interface in the direction normal to the tangential components
of F.
The boundary conditions for the normal components of &Zand % are

(6-48¢)
(6-48d)
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where n stands for the normal component, and p, is the surface charge density

existing on the interface.

Let us now examine two most important interfaces frequently encountered in
the study of electromagnetics: (1) the interface between two lossless dielectrics (2)
the interface between a lossless dielectric and a perfect conductor.

Because lossless dielectrics have a zero conductivity (¢ = 0), there is no sur-
face charge and no surface current at the interface between two lossless dielectrics,
that is,

p=J,=0 (6-49)

The boundary conditions for the time-varying electric and magnetic fields at the
interface between two lossless dielectrics are therefore

& =&, (6-50a)
I, = 94, (6-50b)
D=2 (6-50c)
R, =9 (6-50d)

The tangential components of &and 9% and the normal components of Zand .%&
are all continuous across the interface.

Second, we examine perfect conductors having an infinite conductivity (6 = e ).
In most practical cases, good conductors such as silver, copper, gold, and aluminum
with a high conductivity of the order of & ~10” [S/m] can be regarded as perfect
conductors as far as the boundary condition is concerned. The infinite conductivity
is connected to a unique characteristic of the perfect conductor, that is, a zero elec-
tric field inside the perfect conductor. Thus, any net charges the perfect conductor
will have should reside on the surface only, and any currents the perfect conductor
will carry should flow on the surface only. The interrelationship between & and #
assures that the time-varying magnetic field is also zero in the perfect conductor.
Thus, in region 2 occupied by a perfect conductor, we have

&,=0=9, (6-51a)

H, =0=%B, (6-51b)
The boundary conditions at an interface between a lossless dielectric(region 1) and
a perfect conductor(region 2) are therefore
(6-52a)
(6-52b)
(6-52c)
(6-52d)
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where t and n denote the tangential and normal components, respectively. It is im-
portant to remember that the unit surface normal is in the direction away from the

conductor. For instance, % is the normal component of & at the interface,

1n
pointing out of the conductor.

The electric field intensity must be zero in the perfect conductor owing to the
infinite conductivity of the material, whether or not it is time-varying. Although
F is also zero in the perfect conductor, owing to the interrelationship between &
and 2%, the static magnetic field H may not necessarily be zero in the perfect con-
ductor because it is not coupled to E. If there is a static surface charge p, on the

interface between a lossless dielectric and a perfect conductor, the surface charge
may be interpreted either as the net charge on the conductor, which will generate
an electric field in the dielectric, or as the surface charge induced on the conductor
by the electric field that is generated elsewhere and terminated on the conductor.
Although the steady surface current J; on the perfect conductor may be respon-
sible for H existing in the dielectric and the conductor, it may not be the one that
is induced on the conductor by an external static magnetic field. This is because
the tangential component of an external field H may be continuous across the in-
terface, or the surface of the perfect conductor, without inducing a surface current.
However, under time-varying conditions, we see from the boundary conditions
expressed by Eqgs. (6-51b) and (6-52b) that the time-varying J, flowing on the
perfect conductor may be interpreted either as the source current responsible for &
and # existing outside the conductor or as the surface current induced on the
conductor by an external electromagnetic field impinging on the conductor. Simi-
larly, we see from Eqgs. (6-51a) and (6-52c) that the time-varying p, may be in-
terpreted either as the source charge producing an electromagnetic wave outside
the conductor or as the surface charge induced on the conductor by an external
electromagnetic wave impinging on the conductor.

Fig. 6.9 An interface between a perfect conductor and a lossless dielectric.

Exercise 6.9
Two fields 9%, =a H_ cos(ot—-kz) and &, =a H_, cos(ot+kz) coexist in

free space(z > 0). Find J induced on the perfect conductor(z < 0).
Ans. J, = a.yZH0 cos(mt) [A/m].
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Review Questions with Hints

RQ 6.8 Write Maxwell’s equations in point form. [Eq.(6-41)]
RQ 6.9 Write Maxwell’s equations in integral form. [Eq.(6-47)]
RQ 6.10 What are the experimental laws that Maxwell’s equations are rooted in?

[Eq.(6-41)]
RQ 6.11 What causes &and F#to be coupled to each other? [Eq.(6-41b)]
RQ 6.12 State the general boundary conditions for &and F# [Eq.(6-48)]

RQ 6.13 Why isitthat & =0 =9 in a perfect conductor?[Eqs.(6-43a)(6-41a)]
RQ 6.14 Why isitthat & =0 and .92 =0 on the surface of a perfect conduc-
tor? [Eq.(6-51)]

6.4 Retarded Potentials

In Chapters 3 and 5 we saw that the electric potential V, due to a static charge p,

distributed in a volume 7, is expressed by Eq. (3-68a), and the vector magnetic
potential A, due to a steady current J distributed over 7, is expressed by Eq. (5-
39b). Rewriting them,

Vi) = V,% \Y| (3-682)(6-53a)
Alr) = L% [Wh/m] (5-39b)(6-53b)

where R = |r - r’| is the distance between the field point at position vector r and
the source point at position vector r’. When the source charge and current vary in
time, one might be tempted to rewrite the above equations by replacing p,(r)
with p (r’,t), and J(x) with J(r’,t), for the time-varying potentials. Even if
the negative gradient of V(r,t) and the curl of A(r,t) may be computed mathe-

matically, they do not represent the time-varying electric field and time-varying
magnetic flux density, because they do not satisfy Maxwell’s equations.

If the source charge or current varies with time, the potential at far distances
cannot respond instantaneously. For instance, let V, be the static electric poten-

tial observed at r, which is due to a static charge p, located at r’. If the charge is
suddenly changed from p, to p, at r’, it takes a finite period of time for the po-
tential observed at r to change from V, to V, . In other words, the response to the

change occurred at r’ is observed at r at a later time, delayed by ® /v, where v is
the speed of propagation from the source to the observation point, and R is the dis-
tance between the two points in space. Thus the potentials V(r,t,) and A(r,t)

at time t=t¢, correspond to the sources p,(r’,t, —® /v) and J(r’,t, - R /v) at
an earlier time t=1¢ —R® /v . In view of this reaction time, the time-varying elec-
tric potential and vector magnetic potential at position vector r are written as
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Vir, ) = L'% [V] (6-54a)
A=, %ﬁ;m dv/|  [Wb/m] (6-54b)

which are called the retarded scalar potential and retarded vector potential, respec-
tively. In free space, the speed of light is v=c=1//en, , where ¢, is the
permittivity and p, is the permeability of free space.

The retarded potentials are very useful for solving radiation problems. In the
following we will begin with the definition of the vector magnetic potential A, and
derive useful formulas related to the retarded potential. Following the same way in
which the vector magnetic potential A in magnetostatics is defined from the sole-
noidal nature of B and the vector identity V+(V xU) = 0, the time-varying vector

magnetic potential A is defined by
(6-55)
Inserting Eq. (6-55) into Faraday’s law, we have

0% d
\v, =22 __Y(vxA -
x& . 8t( xA) (6-56)

Interchanging the time derivative and the curl on the right-hand side of Eq. (6-56),
we get

0A
v oA .57
x($+atj 0 (6-57)

Comparison of Eq. (6-57) with the vector identity V x (VW) = 0O leads to the defi-
nition of a time-varying scalar field V, that is,

A
&+L - vy 6-58
p” (6-58)
or
A
&=-vv-22 -
= (6-59)

We note that Eq. (6-59) reduces to the famous relation, E = -VV , under static
conditions in which dA /dt = 0 is assumed.

Next, inserting Eq. (6-55) into Ampere’s law expressed by Eq. (6-41b) we
obtain

VxVxA:pJ+uaa—? (6-60)



350 6 Time-Varying Fields and Maxwell’s Equations

Inserting Eq. (6-59) into Eq. (6-60) and applying the vector identity
VxVxU=V(V.U)-V?U we obtain

2
V2A—usaA:—uJ+V(V-A+usaa—‘t/j (6-61)

ot?

where we used the constitutive relation & =¢ & .

If the electric scalar potential V and the vector magnetic potential A were ob-
tained from Eq. (6-61), we could determine & and % from Eq. (6-59) and Eq. (6-
55), respectively. We know from linear algebra that two equations are required for
a unique determination of two unknowns. Moreover, Helmholtz’s theorem requires
the specification of the divergence of A, in addition to the curl of A given in Eq. (6-
55), for a unique determination of A. In view of these considerations, if we let

Vv
VeA=—luec— 6-62
He= (6-62)

which is called the Lorentz condition for potentials, then Eq. (6-61) reduces to the
inhomogeneous wave equation for vector potential, that is,

PA

V2A - e =
Heoe

—ud (6-63)

Under static conditions, Eq. (6-62) reduces to V<A =0 as given in Eq. (5-47),

while Eq. (6-63) reduces to the vector Poisson’s equation as given in Eq. (5-53).
Substitution of Eq. (6-59) into Gauss’s law leads to

&=V-(—VV—8—AJ

€ ot (6-64)
- vv-2(v.a)
ot

Upon inserting the Lorentz condition expressed by Eq. (6-62) into Eq. (6-64), we
obtain the inhomogeneous wave equation for scalar potential, that is,

V. p
VeV el L =2 6-65
He— . (6-65)

Under static conditions, Eq. (6-65) reduces to Poisson’s equation. We see from
Egs. (6-63) and (6-65) that the wave equations for A and V are decoupled from
each other through the Lorentz condition, and there exists a remarkable symmetry
between the two equations.

If we set p, =0 =dJ in Eq. (6-63) and Eq. (6-65), the equations reduce to the

homogeneous differential wave equations for A and V, respectively, having general
solutions of the form U(t+® /v) and W(t£R /v). These solutions represent

the waves propagating through the source free region with a velocity v =1/ \/;E .
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Example 6-5

Find the retarded vector magnetic potential at point p in free space, which is
caused by an incremental current element of a linear dimension h[m] located at
the origin, carrying an ac current I(t) = I, cos(wt) [A].

Solution
Rewriting Eq. (6-54b) for a line current, with the speed of light in free space

c=1/,¢u, , we have

Alr, 1) = J' Mazdl' (6-66)
L 4nR.

Assuming h to be vanishingly small, we use an approximate expression,

R = |r—r' =R, where r’ is the position vector of a point on the line

current and R is the radial distance in spherical coordinates. Evaluating the
line integral in Eq. (6-66), we get

u h
A(r,t)=——1I, cos|aft-R/c)|a 6-67
(r.t) R [ /0)a, (6-67)
where c is the speed of light in free space. The vector magnetic potential at a
distance R from the origin is retarded by R/c in time with respect to the
current at the origin. The retardation time is the travel time of the
electromagnetic wave from the origin to the field point p.

Fig. 6.10 Retarded potential due to a current element at the origin.



352 6 Time-Varying Fields and Maxwell’s Equations

Exercise 6.10
Derive the point form of Ampere’s circuital law by assuming static field
conditions in Egs. (6-55), (6-62) and (6-63).

Ans. VxH=J.

Exercise 6.11
Derive Faraday’s law from Eq. (6-59).

Ans. Vx$=—a£.

ot

Review Questions with Hints

RQ 6.15 Define scalar electric potential V and vector magnetic potential A under
time-varying conditions. [Egs.(6-59)(6-55)]
RQ 6.16 Explain how &and .% are obtained from Vand A.  [Eqs.(6-59)(6-55)]
RQ 6.17 Express inhomogeneous wave equations for Vand A. [Eqs.(6-65)(6-63)]
RQ 6.18 Do Vand A always form waves propagating through space? [Eq.(6-54)]

Problems

6-1 Find the electromotive force in a stationary circular loop of radius a placed
in the xy -plane with the center at the origin, which is caused by the mag-
netic flux density % (t)=a,B,p' cos(ot—kp), where p is the radial dis-
tance in cylindrical coordinates, tis time, and B, , ®, and k are constants.

6-2 A rectangular wire loop is connected to a resistor R and placed in the yz-
plane in the magnetic flux density & = B, a, sin(ky)sin(wt) as shown
in Fig. 6.11. Find
(a) voltage ¢_, induced across terminals 1 and 2,

(b) current flowing in the loop having a self-inductance L.

A
zZ
b
/ 1
/'”/R/
2
-2 |
x y

Fig. 6.11 A rectangular wire loop (Problem 6-2).
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6-3 A rectangular wire loop rotates about the z-axis with an angular velocity
®, in the static magnetic flux density B = B_ a,_ as shown in Fig. 6.12.

Find the induced voltage in the loop by calculating
(a) motional emf ,

(b) magnetic flux linkage with the loop.

Az
b
/ B=5B a,
e
e
ot b Yy
° a
X

Fig. 6.12 A wire loop rotates in a static B (Problem 6-3).

6-4  With reference to Fig. 5.30 shown in Example 5-15, in which the rectangu-
lar loop is now moving in the a, -direction with a constant velocity

v =v,a, in the presence of B, which is produced by the current I flowing

in the straight wire oriented along the z-axis, find emfinduced in the loop.
6-5 A conducting disk of radius arotates with an angular velocity ®, in a uni-

form static field B =B, a,, as shown in Fig. 6.13. Find the induced emf
between terminals 1 and 2, assuming the shaft to be negligibly thin.

Fig. 6.13 A conducting disk rotates in a static field B (Problem 6-5).
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6-6

6-8

6-9

6-10
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A conducting disk of a radius a and a small height h is made of a material
of a finite conductivity ¢ and a permeability . It is placed on the xy-

plane in the presence of a uniform, time-varying, magnetic flux density
% =a,B, cos ot as shown in Fig. 6.14. Ignoring time-delay of emf at

different points on the disk, and neglecting the magnetic field induced by
the current in the disk, compute

(a) induced emf along a circle of radius p,

(b) total time-average power dissipated in the disk.

Fig. 6.14 A conducting disk in a time varying field % (Problem 6-6).

An electric field is given by & = E a_cos(ot—kz) in a lossy dielectric
of a finite conductivity ¢ and permittivity €. Find

(a) conduction current density J,

(b) displacement current density J,,

(c) ratio between the amplitudes of J, and J,.

A coaxial capacitor of a finite length £ consists of two cylindrical shells of
radius a and radius b (a < b). It is filled with a dielectric(e and p,), and
connected to an ac-voltage source, « =V, cos wt. Ignoring the fringing
effects at the edges and the retardation of « in the gap, find

(a) conduction current,

(b) displacement current in the gap.
A lossless dielectric with € and p, is infinite in extent.

(a) Write Maxwell’s equations in point form,
(b) For the electric field & = (E1 a +E, ay)cos (ot —kz), find S, and
(c) Express kin terms of o, €, and H, .

Consider a time-varying but spatially uniform field &(t)=E_ a_ cos ot.

To show that the given field cannot be an electromagnetic field in free
space, follow the steps below:

(a) Obtain by inserting the given &into Maxwell’s equations.

(b) Obtain &by inserting F# given in part (a) into Maxwell’s equations.

(c) Compare & obtained in part (b) with the given &.
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6-11

6-12

6-13

6-14

6-15

For the electric field & =a_f(t-z\u€,) given in free space,

(a) obtain S# by substituting &into Maxwell’s equations,

(b) show that both & and % satisfy Maxwell’s four equations,

(c) under what condition for f do both & and . satisfy Maxwell’s equa-
tions?

The z =0 plane is an interface between free space(z < 0) and a lossless

dielectric (z > 0) with e =n’, and u, . The electric field is given as

& =E a_ cos(ot-zojue,)+E, a, cos(ot+zn/u.e,) in free space,
whereas the electric field is given as &, = E, a_cos(ot — zno,/i,g,) in
the dielectric(n, ®, E;, E,,and E, are constants).

(a) Show that the magnetic fields are given, in their respective regions, as

FH, =\, /1, [Ei a, cos(ot - zout,) - E, a cos(ot + zol,g, )J

P, =n|e, /u,E a, cos(ot - znw\/ﬁ).

(b) Express E, and E, intermsof E; and n[Hint: boundary conditions].
The z =0 plane is an interface between a perfect conductor (z > 0) and
free space (z <0). Two electric fields coexist in free space such that
& =E a cos(ot-k,y-k,z) and &,=E,a cos(ot-ky+k,z) ,
where E,, E,, ®, k,,and Ik, are constants. Find

(a)ratio E, /E,,

(b) magnetic field in free space,
(c) surface current density induced on the interface at z=0.

Given the vector magnetic potential A=A a, cos [m(t -z/ c)] in free

space, find &by making use of

(a) #=VxA and VX%Z%—?.

oV A
b) VeAd= -1l and & =-vv -4
®) Heoe ot

A vector magnetic potential is given as A=A a,(1/R)cos|[w(t —R /c)]
in free space, where R is the radial distance in spherical coordinates, and
the speed of light ¢ =1/ /e i, . Show that the electric and magnetic fields

are  given as & =-Awa,l/R)sin[o(t-R/c)|sin6 and
H =-A e, /1, a,l/R)sin[at —-R/c)]sin® , respectively, at far

distances( R — ).



Chapter 7
Wave Motion

7.1 One-Dimensional Waves

A wave is the disturbance of a medium that travels through space with no change
in its shape. A mechanical wave in a stretched spring, a water wave on the surface
of a lake, and a sound wave in the air are good examples of traveling waves. There
are two types of traveling waves. For instance, the wave in a spring as shown in
Fig. 7.1(a) is a longitudinal wave for which the medium is displaced in the same
direction as the direction of propagation of the wave. The other wave as shown in
Fig. 7.1(b) is a transverse wave for which the medium is displaced in the direction
perpendicular to the direction of propagation of the wave. Although a wave can
transport energy from one point to another in space, the material medium itself
does not advance in space. This is the reason that a wave can propagate at a great
speed.

() (b)

WWH
m“hu

I,ummw f
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000
!,uumm;
Vil

Fig. 7.1 Waves in a spring: (a) longitudinal wave, and (b) transverse wave.

The wave shown in Fig. 7.1(b) propagates along the horizontal axis, which is
designated +x-axis. The disturbance of the medium, or the spatial variation of the
spring, varies along the x-axis only, and thus the wave is called a one-dimensional
wave. The expression for the disturbance is called the wavefunction, which is gen-
erally given as functions of space and time such as

V= flx1) (7-1)

To be a wavefunction, it is necessary that the function fis smooth in space and time
so that it is differentiable with respect to x and t. The wavefunction contains all the
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information about the wave such as wave shape, propagation direction, and wave
velocity. Although a traveling wave may be well described mathematically by its
wavefunction, unfortunately, it cannot be drawn on a paper because its disturbance
varies simultaneously with position and time. To avoid this difficulty, we take a de-
tour. First, by holding the variable t constant at a particular time, we draw y as a
function of position, which is called the profile of the wave. The profile corres-
ponds to taking a picture of the wave at that time. Second, by fixing the variable x
at a point in space, we draw y as a function of time.

Consider Fig. 7.2, which simultaneously shows the two profiles of a wave taken
at t=0 and t=t, respectively. The first one is described by a function f(x),

and the second one by a function f(x), namely

y(x,0) = f(x) (7-2a)
vix, t) = f(x) (7-2b)

where y denotes the wavefunction, in general, while fand f represent wave-
functions, in particular, at times t =0 and t,. As we see in Fig. 7.2, the second
profile is displaced to the right by a distance uvt,, with respect to the first one,
where v is the velocity of the wave. In view of this, we write the second profile as

y(x,t) = flx-vt) (7-3)

v
=

©  le— v, —»

Fig. 7.2 Two profiles of a wave taken at t=0 and t=t : y(x,0)= f(x) and
ylxt) = f(x).
Allowing ¢, in Eq. (7-3) to vary between zero and infinity, we can obtain a

general expression for the wavefunction as

W, ) = flx —vt)] (7-4)

If the wave is traveling in the —x-direction, its wavefunction is, of course, ex-
pressed as

Wl t) = f(x +vt)) (7-5)
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The two waves expressed by Egs. (7-4) and (7-5) have the same profile at time
t=0.Attime t> 0, however, two waves move farther away from each other as
illustrated in Fig. 7.3.

W W

/\ _
T » X

o

Fig. 7.3 Two waves of Wy, = f(x —vt) and vy, = f(x +vt).

The differential wave equation had been well known long before Maxwell and
used for describing wave motions in different types of media. In a lossless me-
dium, it is a homogeneous, second order, linear, partial differential equation. In
one-dimensional space, the differential wave equation becomes

2

S
<
S

2 1 %y
X2 o? o (7°6)

QU

where the wave velocity v is constant in a homogeneous and linear medium. As
we will see in Section 7-3, Maxwell’s equations can be combined into a three-
dimensional differential wave equation. However, in this section, we focus our
discussion on the wave propagating in one dimensional space. Through direct
substitution, we can show that the second-order differential wave equation ex-
pressed by Eq. (7-6) has two independent solutions of the form

v = flxtut) (7-7)

By direct substitution we can show that the following formulas are also solutions
to Eq. (7-6):

v = flttx) (7-8)

It is important to note that the function fin Eqs. (7-7) and (7-8) may be arbitrary
only if it is twice differentiable. The plus sign in the argument signifies that the
wave propagates in the —x-direction, whereas the minus sign signifies that the
wave propagates in the +x-direction.

Example 7-1
If a function f(x) is given as in Fig. 7.4, sketch the two traveling waves expressed

by v, = f(x—-vt) and wy, = f(vt—x) as functions of position at time t =t .
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f(x)
f > X
o
Fig. 7.4 A smooth function.
Solution
U}
P W
M
T T >
o) ut, X

Fig. 7.5 Two waves, Y, = f(x—vt) and vy, = f(vt, —Xx).

Example 7-2
Do the following functions represent traveling waves in a homogenous and linear

medium? (a) v =e 2% and (b) v = sin(2xt).

Solution
2
(a) a—l'; = —2e™*% 1 4(x - 3p)2e
ox
2
J gj = —18e " 4 36(x — 3t)?e ¥ 3
ot
Taking the ratio between the two terms, we have
_ 9%y 9%y
=9
e I3xE ox”

It is a wave traveling with a constant speed v = 3.

aZ
(b) = —(2t)* sin(2xt)
ox?

2
%t“; = —(2x)’ sin(2xt)
2 2 2
e \2'[/ Iy (fj # constant
ot t

It is not a traveling wave.
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Exercise 7.1
Determine the propagation direction of the following waves: (a) y = f(-x-1),

(b) y=10sin*(-z +5t), and (¢) y = cos(4z -3t +10).
Ans. (a) -x-direction, (b) +z-direction, (c) +z-direction.
Exercise 7.2

Show by direct substitution that the following functions satisfy one-dimensional
differential wave equation: (a) y = f(-x-vt), (b) y= f(t+x/v), and (c)

y=flt-x/v).

Exercise 7.3
Is v alongitudinal or transverse wave ?

(a) y=5a,cos(2x—-3t),and (b) y=4 a, cos(2x — 3t)

Ans. (a) Longitudinal wave, (b) Transverse wave.

Review Questions with Hints

RQ 7.1 Why is it necessary for the wavefunction to be smooth in space and

time in a homogeneous and linear medium? [Eq.(7-6)]
RQ 7.2 What determines the direction of propagation of the wave in the wave-
function? [Eq.(7-7)]

7.1.1 Harmonic Waves

If the profile of a wave is given by a sine or cosine curve, the wave is referred to
as a harmonic wave. It is customary to use cosine function for the harmonic wave.
The wavefunction of a harmonic wave is written in general as

y = Acos[k(x—vt)+¢,] = Acos [kx — ot + ¢, ] (7-9)

where A is the amplitude, I is the propagation constant, o is the angular frequen-
cy, which is the frequency multiplied by 2n: ® = 2nf . The entire argument of the

cosine function in Eq. (7-9) is called the phase. The phase of the wave, ¢, is func-
tions of space and time, that is,
o=lkx-ot+o, (7-10)

where ¢, is a constant called an initial phase.

The phase velocity of a harmonic wave is the velocity with which the crest of the
wave travels along the +x-axis. For instance, if a harmonic wave travels with a phase
velocity v, , the crest of the wave is displaced along the x-axis by a distance v At

in a time At. In this case, if the displacement v, At corresponds to a distance Ax

along the +x-axis, or Ax = v,AL, it means that the crest at a point x = x, at time
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t =t will appear at another point x = x, + Ax at a later time t =t + At . These
statements can be expressed in terms of the phase of the wave as follows:

0, =kx, —ot, +¢, =k(x;, + Ax)—olt, + A+ o,

This relation is based on the fact that the crests at different points in space are at
the same phase; two crests with a phase difference of an integer multiple of 2r are
indistinguishable in a harmonic wave. Rewriting the above equation we obtain

kAx — oAt =0

As was discussed earlier, the phase velocity of the wave is defined by
v, = Ax /At. By inserting this relation into the above equation, we obtain the

phase velocity as

vy = m/s] (7-11)

The phase velocity of a harmonic wave is the ratio between the angular frequency
and the propagation constant.

The harmonic wave is periodic both in space and time, and thus has two pe-
riods: spatial period, also called wavelength A, and temporal period 1. If a harmon-
ic wave is the end result of an electromagnetic process, the given system is said to
be at sinusoidal steady-state. Under this condition, it is of little consequence to
distinguish between the crests of a harmonic wave. If two crests are observed at
two different points in space, at the same time, it simply means that the two spatial
points are at the same time-phase. At two points x =x, and x =x; +A, sepa-
rated by the wavelength, the harmonic wave exhibits the same time-behavior,
which is expressed as

Acos[k(x, + M) — ot] = Acos (kx, — wt) (7-12)

Note that this expression leads to kA = 2n. By the same token, at two different
times t=¢ and t=t +7, separated by the temporal period, the spatial field
patterns of the wave should be the same such that

Acos[kx — at, + 1)) = Acos (kx — ot,) (7-13)

which leads to the relation wt =2n. Rewriting these relations, the propagation
constant and the angular frequency of a harmonic wave are expressed as

k= 2% [rad/m] (7-14)
m=%=2nf [rad/s] (7-15)
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where A is the wavelength, T is the temporal period, and fis the frequency. Insert-
ing Egs. (7-14) and (7-15) into Eq. (7-11) we obtain a useful relation, that is,

v, =fA [m/s] (7-16)

The phase velocity of a harmonic wave is equal to the product of the frequency
and the wavelength.

To see the relation between the time-behavior and the spatial field pattern of a
harmonic wave, let us consider Fig. 7.6, in which a harmonic wave is generated by
a source located at x =0, and propagates along the x-axis at time O<t<t

with a velocity v. The spatial field pattern at time t =1t is drawn in the figure,
while the time-behaviors at points x = x;, and x =x, are shown in the insets.

We note that the curve for the wavefunction in time domain is reversed with re-
spect to that in space domain. This is due to the negative sign in the argument of
the wavefunction given in Eq. (7-9).

Fig. 7.6 Spatial field pattern of a harmonic wave. Time-behaviors at points x = x; and

X = x, are shown in the insets.

Example 7-3
Given a harmonic wave W =-4cos2n(0.2x-3t), find (a) amplitude, (b)

direction of propagation, (c) wavelength, (d) temporal period, (e) frequency, and
(f) phase velocity.
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Solution
(a) 4,
(b) +x -direction,

(©) k=%=2nx0.2 — A=5[m],

(d) w=%=2n><3 - r=l[sec],
T 3

(&) w=2nf =2rx3 — [f=3[1/sec],

®» v, =%=f7»=15[m/s].

Exercise 7.4
Express the wavefunction in cosine for a wave, propagating along the +x-direction
with v, = 10[m/s], whose time-behavior at x =0 is shown in Fig. 7.7.

i 2[sec] »i

VANEVANY
N

Fig. 7.7 Time-behavior of a harmonic wave.

Ans. y=3cos(0.lnx-nt-n/2).

7.1.2 Complex Form of a Harmonic Wave

Harmonic waves are mathematically demanding because they are expressed in
terms of trigonometric functions such as sine and cosine. For instance, summing
two simple harmonic waves expressed by cosine functions may require tedious
manipulations of the trigonometric rules. We can circumvent this difficulty by us-
ing complex exponentials in place of the cosine functions. This method has a
couple of advantages in dealing with harmonic waves. First, the complex expo-
nential provides an easy way of describing the superposition of harmonic waves.
Second, it provides a simply way of handling the phase and impedance.

As we already know, a complex number Z is comprised of a real part and an
imaginary part such as

Z=x+iy (7-17)
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where i= \/—_1 , and both x and y are real numbers. The real exponential function
exp(x) can be extended to a complex exponential exp(z) by making use of the

Euler formula given as

e*® = cos 0 + isin ] (7-18)

Algebraic manipulations of Eq. (7-18) give
. 1 . .
cos@=Re|e’ |=—|e” +e™ 7-19a
[e°]=51 ] (7-192)
. 1 . .
sin@=Im|e® |=—|e” -e™® 7-19b
[e*]=5il ] (7-19%)

where Re[.] and Im][.] denote the real and imaginary parts, respectively.

It is customary to use the real part of a complex exponential for a harmonic
wave such as

y(x,t) = Acos (kx — ot +¢,) = Re [Aei(k"'“’”%)} (7-20)

which we call the real instantaneous form of the harmonic wave. From this point,
with the understanding that the actual wave is its real part, we express the wave-
function of a harmonic wave simply as

Y = Aot (7-21)

This is called the complex form of the harmonic wave. In solving a problem under
sinusoidal steady-state conditions, we use the complex form until the final result is
reached, and then take the real part to express the solution in real instantaneous
form.

Alternatively, the complex form of the harmonic wave is expressed as

Y= [(Aei“’° )™ ] e = [Ae”‘q e (7-22)

In the above equation A is called the complex amplitude, which is defined as
A = Ae’* (7-23)

where A is the amplitude and ¢, is the phase angle. Throughout the text, a com-

plex number is denoted by ” on the top (called “caret” or “hat”).

The frequency of a harmonic wave does not change, as the wave propagates
through linear media. In view of the constant frequency, we can drop the harmonic
time-dependence term e " from Eq. (7-22), and write the wavefunction of the
harmonic wave simply as

v = Ae™ (7-24)
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where A is the complex amplitude. If a harmonic wave is expressed as the above
time-independent complex form, we can obtain the real instantaneous wavefunc-
tion by multiplying it by e ™" and taking the real part.

Even if we use —iinstead of iin the complex form in Eq. (7-21), there will be
no change in the real instantaneous form in Eq. (7-20). In solving practical elec-
tromagnetic problems, the use of —i is preferred to that of i, even though the latter
may offer a definite advantage in certain cases. To avoid confusion, it is customa-

ry to express —i as —j, where j =+/—1 . Thus, the complex form of the harmonic
wave is expressed alternatively as

yix,t) = Ae/ ™) (7-25)

—iot

where j=+/-1. In the same way as was done for e, the time-dependence

term e’ is dropped from Eq. (7-25), with the understanding that there is no
change in the frequency of a harmonic wave propagating through linear media.

Thus the harmonic wave is simply expressed as

2

This is called the phasor form of the harmonic wave. The real instantaneous value
is obtained by multiplying the phasor by e’ and taking the real part, that is,

v =Re [Ae'j’”‘ej“’t] = Acos(ot-kx+9,) (7-27)

where the complex amplitude A = Ae’® .

Two complex forms shown in Egs. (7-24) and (7-26) have distinct advantages
and disadvantages of their own. The complex form shown in Eq. (7-24) enables us
to easily visualize the spatial field pattern of the harmonic wave at a particular
time. For example, the spatial field pattern of a given wave at a later time At can
be obtained simply by making the former field pattern displaced by a distance
VAt along the direction of propagation of the wave. On the other hand, the phasor
form shown in Eq. (7-26) is useful for specifying time delays of the harmonic
wave at different points in space; a positive phase simply means a lead in time
phase. It also allows us to handle the impedance in a straightforward manner. For
instance, a positive phase angle of the intrinsic impedance simply means that the
electric field leads the magnetic field in time phase. It is important to remember
that only one complex form should be used throughout a given problem. The pha-
sor form will be extensively used in the following chapters.

If the time-dependence of the harmonic wave is specified by the term e ™", the
exponent of the complex exponential in Eq. (7-24) represents the space-phase. In
contrast, if the time-dependence is specified by the term e’®*, the exponent of the
complex exponential in Eq. (7-26) represents the time-phase.
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Example 7-4

367

. . . PN 8
Consider two harmonic waves of the same wavefunction y, =y, = Ae™ P10

given in free space, as shown in Fig. 7.8. Wave wy, passes through a lossless

medium (2[m] £ x < 3.5[m] ) with a propagation constant k = 2x[rad/m]. For

the sake of simplicity, it is assumed that there is no reflection at the interface, and
the wavefunction is always continuous across the interface. Find the real
instantaneous values of (a) ,, (b) W;, and (c) phase difference A .

(@) a

v, = Aei™ .
/O\\/\ G /T\\gp
(b) 4 a0
v, = Ae™ Yz Ys c, c,
/DN /AA AVES
5 %

Fig. 7.8 Two harmonic waves.

Solution

(a) Just before crossing the interface at x = 2[m], the time-independent

complex form of v, is

v (x=2)=Ae™ =A

(7-28)

In the material of k =2n, the time-independent complex form of the wave

is, in general,

WZ[X] — Ceikx — Ceian

C, constant

(7-29)

Two disturbances at x = 2[m], as given in Egs. (7-28) and (7-29), should
be equal according to the boundary condition. Thus,

A=Cel""

Inserting the above equation into Eq. (7-29), we have

llfz (X] — Aei21tx

(7-30)
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(b)

()
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In the region 2[m] < x < 3.5[m], the real instantaneous value is

¥, =Re[ Ae®™e ™' | = Acos (2nx - 3nx10°t).

Just before crossing the interface at x = 3.5[m], from Eq. (7-30) we get
W, (x = 3.5) = Ae®™®° = Ae” (7-31)

The general wavefunction in the region x > 3.5[m] is the same as that in
the region x < 2[m]

W,(x) = Ce™ C’, constant (7-32)

Two disturbances at x =3.5[m], as given in Egs. (7-31) and (7-32), should
be equal according to the boundary condition. Thus,

W, (x = 3.5) = Ce™? = Ae™

or

C’ = Ae °"

Inserting the above equation into Eq. (7-32), we have

W, (x) = Ae O%Te™

In the region x > 3.5[m], the real instantaneous value is

Vv, =Re [Ae’i°'5“ei“"e’i‘°‘} = Acos [nx - 3nx10°%t - 0.5n] ) (7-33)
At point p with x = x_, the two waves are given as

y, = Acos(nx, — 31 x10°)
y, = Acos(nx, —3nx10°t - 0.57)

In view of the crests ¢, and c, shown in Fig. 7.8, vy, appears to reach
point p earlier than v, , and thus vy, leads y, by 0.5rn[rad] in time-
phase. On the other hand, in view ¢, and c,, vy, lags behind vy, by
1.5n[rad] in time-phase.

Example 7-5

A harmonic wave, y = Ae/*°™" (e is used instead of e ™), propagates in
the +x-direction in free space as shown in Fig. 7.9.

(a) Plot ¢ versus ot at x=x, and x=x,.

(b) How much does wy(x,,t) lag behind w(x,,t) in time-phase?
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-jO.5nx

N
TN

<
b
®

o

X, =5

Rol
Il
)]

Fig. 7.9 A harmonic wave.

Solution
(a) Disturbancesat x =x; and x =x, are

W(x ] — Ae—jO.SnXS.S — Ae—j1475n
1

llf(xz] :Ae—j0.5n><5 :Ae—j2.5n
In real instantaneous form

y(x,,t) = Acos(wt —1.75n)
y(x,,t) = Acos(ot —2.5n)

‘r 2.57n[rad]

N o W(x, 1) wx,,t)
1.75xn[rad] | |

7N, N >~
/\\< " /\, \ y
1% \ / \ ! > of
/ Ky II N ll >
w / N/ N
N S N/

Fig. 7.10 Time-behaviors of the harmonic wave at x = x; and X = X, .

(b) The phase difference is

AQ =@, — @, = (0t —2.51) — (0t —1.757)
=-0.75n

The minus sign signifies that y(x,,t) lags behind wy(x,,t) by
0.75mn[rad] in time-phase.

Exercise 7.5
Given a phasor y =2e’*®, find the real instantaneous value oscillating at an
angular frequency .

Ans. y =2cos(ot +4.3)
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Exercise 7.6
For the following pairs of phasors, determine the time-phase by which v, lags

behind v, . (a) v, =2e’*® and y, =3e’*', (b) y, =4€’™ and vy, = —4e’"?",
(c) v, =6€’%"" and vy, =5e"*", and (d) vy, =2e7°° and y, =2e7'®.
Ans. (a) 2.2[rad], (b) 0.8x[rad], (c) 0.9=w[rad], (d) 1.2[rad].

Review Questions with Hints

RQ 7.3 Define the phase of one-dimensional harmonic wave? [Eq.(7-10)]
RQ 7.4 Define phase velocity? [Eqs.(7-11)(7-16)]
RQ 7.5 Define propagation constant and specify its unit? [Eq.(7-14)]
RQ 7.6 Write Euler formula? [Eq.(7-18)]

RQ 7.7 Can the frequency of a wave be determined from the phasor?
[Egs.(7-11)(7-26)]

7.2  Plane Waves in Three-Dimensional Space

An extension of the differential wave equation expressed by Eq. (7-6) to three-
dimensions leads to the three-dimensional differential wave equation, that is,

VZ L 82\"

T2 ot

(7-34)

where V? is the Laplacian operator, and v is the phase velocity of the wave in a
given medium. The propagation of a wave in three-dimensional space is totally
governed by Eq. (7-34). In this section, we will show that the simplest solution to
Eq. (7-34) is a uniform plane wave, in which the spatial points of a constant phase
form a plane, and the disturbance is constant and uniform on that plane. Since the
energy of a three-dimensional wave gradually spreads out over the transverse
plane as the wave propagates along a given direction, the profile of the wave gen-
erally varies in space. Nevertheless, the profile of the wave as a whole does not
change with time. A uniform plane wave is the only wave that has the same profile
at every point in space. From now on, we define a three-dimensional wave as a
time-varying field satisfying the differential wave equation given in Eq. (7-34).

The three-dimensional differential wave equation has two independent general
solutions of the form

Yy =A, cos [(kxx tl,y+k,z)tot+ (pOJ (7-35)

where ¢, is a constant phase. The general solution given in Eq. (7-35) can be
readily verified by directly substituting it into Eq. (7-34). If the two general solu-
tions are linearly combined in such a way as to satisfy given boundary conditions,
such a particular solution must be a unique solution in the given region, according
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to the uniqueness theorem given from calculus. We rewrite Eq. (7-35) in complex
form as

V= Aeﬂprﬂmt (7-36)

where the complex amplitude A= A, exp(ip,), and k is the wavevector defined

in Cartesian coordinates as
k=ka +ka, +k,a, (7-37a)

| = i + K2+ 12 = % (7-37b)

In the above equations, A is the wavelength, and r is the position vector expressed
in Cartesian coordinates as

r=xa +tya +za, (7-38)

We note that the three-dimensional wave shown in Eq. (7-35) reduces to a one-
dimensional wave as given in Eq. (7-9), if it is constrained to propagate along the
Xx-axis only.

If a three-dimensional wave exists in a region of space, its phase forms a scalar
field in the region, which is a smooth function of position at a given time. Accor-
dingly, the spatial points of an equal phase define a smooth surface in the given
region, which we call a phase front or wavefront. We now explore the wave ex-
pressed by Eq. (7-36) for the distribution of the phase in space. We see from Eq.
(7-36) that the phase is solely determined by the term ke.r, which is the dot

product of the wavevector k, which is a constant, and the position vector r, which
varies from point to point in space. To specify the spatial points at which the
phase is given by a constant a, we desire to find the position vectors that satisfy
the following relation:

ker=a (7-39)
Again, r is the position vector, and k is the wavevector. If r, is one of the posi-

tion vectors satisfying Eq. (7-39), such that k.r, = a, we can rewrite Eq. (7-39)
as

ke(r-r)=0 (7-40)

where k and r, are constant, while r defines those points whose position vectors

satisfy Eq. (7-40). We see from the dot product in Eq. (7-40), that the vector
r —r, should be in a plane perpendicular to k as shown in Fig. 7.11. In other
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words, the position vector r in Eq. (7-40) defines a plane that is perpendicular to
the wavevector k, and passes through the point specified by r,. Consequently,
the wave expressed by Eq. (7-35) or (7-36) has planar wavefronts, infinite in ex-
tent in three-dimensional space, on which the disturbance is constant and uniform;
the wave is called a uniform plane wave.

X

Fig. 7.11 The wavefront is perpendicular to the wavevector k.

The wavefront of a uniform plane wave is periodic along the direction of its
wavevector, repeating itself every A, or the wavelength. Consider two points sepa-
rated by a distance A along the k-direction. In vector notation, the two points are
conveniently specified by position vectors r and r + Aa,_, respectively. The peri-
odic nature of the wave assures that the disturbances at the two points are the
same, that is,

Aelk.r - Aeﬂp(nxak) (7_41)

The equality in Eq. (7-41) leads to Ak-.a, =2n. Thus, we have

k= n [rad/m] (7-42)

This is also called the wavenumber.
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X

Fig. 7.12 Two planar wavefronts with the same phase.

Figure 7.13 can help us visualize the propagation of the uniform plane wave
expressed by Eq. (7-36). The parallel planes represent the wavefronts of the wave,
which are perpendicular to the direction of k, and move in unison in the direction
of k as time increases. A cosine curve can be conveniently used to represent these
planar wavefronts, which are infinite in extent and thus difficult to draw on a pa-
per. Each point on the cosine curve corresponds to a planar wavefront that passes
through the point and intersects the axis of the curve at right angles. The abscissa
represents the phase that is constant on a given wavefront, and the ordinate
represents the magnitude of the disturbance that is uniform on the wavefront.

¢=27
¢=3m

-A

ker =27

Fig. 7.13 Infinite planar wavefronts moving in unison along the K-direction.
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Example 7-6
A uniform plane wave of an amplitude A propagates with a wavevector k, which

makes an angle 0 with the y-axis in the yz-plane as shown in Fig. 7.14.

(a) Write the wavefunction in complex form.
(b) Find the spatial periods A, and A,, which are measured along the y- and z-

axes, respectively.

>
—»

>

0
\W "

Fig. 7.14 Planar wavefronts of a uniform plane wave.

Solution

()

(b)

Wavevector in component form
2n .
k= —(coseay +sinba,)

Wavefunction in complex form is therefore

ia(y cos 0+zsin 6)—iot

y=Ae *
From Eq. (7-43), the phasesat y=y, and y=y, +A, are

27
0 = ="y, cos 0wt * Y=y
2n
(p2=7(y1+ky)cose—wt at y:y1+7”y

(7-43)

(7-44a)

(7-44b)

Since the phase difference between the two points is 2w, or @, — @, = 27,

from Eq. (7-44), we obtain

A
)\, =
Y cos®
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Following the same procedure as for A, , noting that the phase difference

between two pointsat z =2z, and z =z +A, is2x, we obtain

A
* sin®’

Exercise 7.7
Referring to Fig. 7.11, find the distance between the wavefront with a phase a and
the origin with a zero phase.

Ans. a/k.

Exercise 7.8
Referring to Fig. 7.14, determine the phase velocity of the wave measured along
the x-axis, in terms of @ and A .

Ans. oA /2m.

Review Questions with Hints

RQ 7.8 What information about the wave is contained in the wavevector?

[Eq.(7-37)]
RQ 7.9 Explain the relation between a point on a cosine wavefunction and the
wavefront of a given wave? [Fig.7.13]

RQ 7.10 Is the phase velocity of a uniform plane wave independent of the direc-
tion of measurement?
[Fig.7.14]

7.3  Electromagnetic Plane Waves

In free space, there are no free charges and no free currents. Maxwell’s equations
in free space are therefore

Vx& =—-u, aﬁ (7-45a)
Jt

VxF#=¢, aa—%, (7-45b)

V.&=0 (7-45¢)

V.9% =0 (7-45d)

where €, and p, are the permittivity and permeability of free space, respec-

tively. The instantaneous electric and magnetic fields are vectors with three
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scalar components that are functions of space and time. The general expres-
sions for &and ¥ are

Egrt)=&.(r,t)a, + %(r, t) a, + &(r t)a, (7-46a)
FHrx,t) =l t)a, + %(r, t) a + F(r,t)a, (7-46b)

Taking the curl of both sides of Eq. (7-45a) and applying Eq. (7-45b), we have

0°E
VXVX& =—-en, —5
Ouo at2
Upon using the vector identity VxVxU =VV.U-V>U and applying Eq. (7-
45c) to the above equation, we obtain the three-dimensional differential wave equ-
ation, that is,

2
Wg:%%%g (7-47)

Since the three vector components of & are mutually exclusive, Eq. (7-47) can be
decomposed into three scalar differential wave equations. In Cartesian coordi-
nates,

2
V25 =g, aa§ (7-48a)
., 27,
Vi, = e, o (7-48b)
2
v =ep, o (7-48¢)

Three uniform plane wave are the solutions to these three differential wave equa-
tions, namely

Z.xr,t)=E cos(ker—ot+¢,) (7-49a)
& (xt)=E,cos(ker—ot+9,) (7-49b)
Zxt)=E,cos(ker—ot+9,) (7-49¢)

Where k is wavevector, r is position vector, o is angular frequency, and ¢, 0,
and ¢, are constant phases. From Eq. (7-48), we see that the magnitude of k is
always given by k = m,/e ., , regardless of the direction of k, in Eq. (7-49). For

the reason that the three components comprise a single electromagnetic wave
propagating in free space, the direction of k should be the same for the three com-
ponents. Otherwise, the three would represent three independent waves in free
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space. It should be noted that the uniform plane waves are independent of each
other, if they have different angular frequencies or different wavevectors that are
different either in magnitude or in direction. Upon combining the three compo-
nents given in Eq. (7-49), we obtain a uniform plane wave propagating in three-
dimensional space, that is,

&E(r.t) = Re[Eoe’k"’i“"} (7-50)

where E_ is the vector complex amplitude defined as
E,=Ee"™a_ +E,e"a, +E;e"a, (7-51a)

In the common case, in which the three component waves are in phase such that
0, =0, =0, =¢,, the vector complex amplitude is simply written as

E,=Ee'"a, (7-51b)

where E, is the amplitude, ¢, is the phase angle, and a, is a unit vector in the
direction of the electric field intensity. Note that E_ is a vector whose scalar

components are complex numbers, in general. In space, the electromagnetic wave
expressed by Eq. (7-50) behaves like the scalar wave as discussed in section 7-2,
except for the vector complex amplitude E, . In other words, Eq. (7-50) describes
the spatiotemporal variation of a vector quantity, instead of a scalar quantity as in

(7-36), in three-dimensional space. The electromagnetic plane wave expressed by
Eq. (7-50) propagates in the direction of k with a phase velocity,

= =3x10° [m/s] (7-52)
80“0

which is true in free space. Since the phase velocity is equal to the speed of light
in free space, ¢, we express the wavenumber as

=2 (7-53)
C

This is true in free space only. In a material medium, c in the above equation is re-
placed with a phase velocity v, that is a distinct characteristic of the medium.

Following the same procedure as was used for &, we can derive the differential
wave equation for the magnetic field as

2
V2 = e p, a(,T% (7-54)
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The simplest solution to Eq. (7-54) is a uniform plane wave expressed as

FH(r, 1) = Re[Hoe“”-“"f] (7-55)

where H_ is the vector complex amplitude. Since & and .9 are interrelated, we
only need to solve either one of Eqs. (7-47) and (7-54), and then obtain the other

field from one of Maxwell’s equations, either Eq. (7-45a) or Eq. (7-45b), for an
electromagnetic wave propagating in free space.

Exercise 7.9
Show by direct substitution that Eq. (7-50) is a solution of Eq. (7-47).

Exercise 7.10
Show that Eq. (7-47) has another solution &(r,t) = Re [Eoe“"”“‘“} .

Exercise 7.11
Find the ratio |EO / BO| in free space, by inserting Eqs. (7-50) and (7-55) into Eq.
(7-45).

Ans. c.

7.3.1 Transverse Electromagnetic Waves

Maxwell’s equations tell us that a time-varying electric field & induces a time-
varying magnetic field % in the direction perpendicular to &. The time-varying
F in turn generates a time-varying & in the direction perpendicular to . The
time-varying electric and magnetic fields regenerate each other in the cycle, and
form an electromagnetic wave propagating at the speed of light in space. The in-
terrelationship, perpendicularity, and symmetry between & and % lead us to a
conclusion that the direction of propagation of an electromagnetic wave is perpen-
dicular to both &and .

If a uniform plane wave propagates along the z-direction, it means that the
planar wavefronts are perpendicular to the z-axis. Since the electric field inten-
sity is constant and uniform on the wavefront, & is independent of the x- and
y-coordinates. That is,

0&(x.t) _0&(x.1) _
ox dy

0 (7-56)

In view of Eq. (7-56), the general expression for &is reduced to

Ex,)=2(z,)a, + c‘%;(z, t) a, + &z, t)a, (7-57)



7.3  Electromagnetic Plane Waves 379

Inserting Eq. (7-57) into Eq. (7-45c), we have

27

V& =
0z

=0 (7-58)

This relation will be satisfied if &, is constant along the z-axis, which is the di-
rection of propagation of the wave. In the context of electromagnetics, in which
the electric and magnetic fields vary in space and time, a spatially uniform electric
field is not supported. Thus, we should have

& =0 (7-59)

Upon inserting Eq. (7-59) into Eq. (7-57), the electric field intensity of a uniform
plane wave propagating in the z-direction is expressed as

& =% (zt)a +%(zt)a, (7-60)

The direction of & must be perpendicular to the direction of propagation of the
wave.
Next, inserting Eq. (7-60) into Eq. (7-45a), we have

18, A& 9.9, 9.9, 9.9
+ X [ X — — Z 7—61
9z ax oz y M, ot ax M, ot ay Mo ot a‘z ( )

The equality in Eq. (7-61) is satisfied mathematically if .7 is constant in time.
In the context of electromagnetics, we set

=0

The direction of F# is also perpendicular to the direction of propagation of the
wave. In view of these discussions, the electromagnetic wave is a transverse
wave.

The time-varying electric and magnetic fields, &and 5%, are mutually ortho-
gonal, and both perpendicular to the wavevector k. The directions of the three
vectors obey the right-hand rule: the right thumb points in the direction of k when
the fingers rotate from & to %, that is,

a,xa,; =a, (7-62)

where a,, a,, and a, are the unit vectors of &, #, and k, respectively. Eq.
(7-62) is true at all times at every point in space.

Example 7-7
The electric field & =E, a, cos(kz —ot) represents a uniform plane wave

propagating in free space. Find the magnetic field.
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Solution
Inserting &'into Eq. (7-45a),
akE, acos(kz ot) = a({7£a + 9% a,+ 9, a,)
° oz Bt
From the above equation, we obtain
F, = 7, =0, and thus
0.9
kE, sin (kz - ot) =, at‘” (7-63)
Integrating both sides of Eq. (7-63) with respect to ¢, we obtain

80
= |=E, cos(kz — ot)

o

The magnetic field of the wave is therefore

F = |*=E, a, cos (kz - ot) (7-64)

The expressions for & and ¥ are exactly the same except for the
amplitudes, which differ by a factor of /e, /u, . In this case, the electric

and magnetic fields are said to be in phase. The electric and magnetic field
vectors are perpendicular to each other in such a way that & x % points in
the direction of propagation of the wave, which is the direction of the
wavevector k.

Fig. 7.15 An electromagnetic plane wave propagating in the z-direction.

Exercise 7.12
A uniform plane wave has a wavevector directed in the direction of a, +2a,

and &directed in the direction of a, . Find the direction of 3%

Ans. It is along the direction of 2a -—a, .
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Review Questions with Hints
RQ 7.11 Write Maxwell’s equations in free space. [Eq.(7-45)]
RQ 7.12 Write the differential wave equation for &and express its plane wave
solution. [Eqgs.(7-47)(7-50)]
RQ 7.13 Define the wavenumber. [Eqgs.(7-42)(7-53)]
RQ 7.14 What is the relation among the unit vectors of &, ., and k?
[Eq.(7-62)]
RQ 7.15 What is the ratio between the scalar amplitudes of &and % of an elec-
tromagnetic plane wave? [Eq.(7-64)]
Problems

7-1 Is y atraveling wave in free space ?
(@) y=(2x -3t
(b) vy =sin(2x* - 3t?)
(c) v =cos(x® +t* + 2xt)
(d) y=e e

7-2 Is y atraveling wave in free space, whether or not it is an electromagnetic

wave?
(a) y=(5a,+4a,)cos(2z - 3t)
(b) y=5a, cos(2z-3t)+4 a, sin(2z - 3t)

7-3  Given a traveling wave y = e>"/!?e/!00™J092% fing

(a) amplitude,
(b) wavelength,
(c) frequency,
(d) phase velocity,
(e) direction of propagation.
7-4  Attime t=0.5[s], the profile is given as Fig. 7.16 for the harmonic wave

traveling in the +x-direction, with a phase velocity v, =10[m/s]. Express

the wavefunction as a cosine.

A

SV/ml - 50 m]

/\ /\ > X
° NN

Fig. 7.16 Profile of a harmonic wave(Problem 7-14).
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7-5

7-6

7-7

7-8

7 Wave Motion

tkx—iot

A harmonic wave is given as y =Ae in free space(x < 0), where Ik

is the propagation constant. The wave passes through a lossless dielectric,
occupying the region O < x <d, with a propagation constant k'=nl as
shown in Fig. 7.17. In the region x >d, the wave lags behind the wave,
which has propagated as if there were no dielectric block, by 90°. For the
sake of simplicity, we assume that there is no reflection at the interface and
the wavefunction is continuous across the interface. Find

(a) v, in the dielectric,

(b) v, after the dielectric,

(¢c) nin terms of d and A.

A

o™
L/

/AN
TR

k'=nk

Fig. 7.17 A phase delay due to a dielectric(Problem 7-5).

The wavefront of a uniform plane wave(A = 0.25n[m] ) intersects Carte-

sian coordinate axes at x=1/2, y=1/ \/§ and z =1/3, respective-
ly, at time t = t,. The wave is known to propagate away from the origin. If
the phase at the origin is measured to be zero at time ¢ = ¢, . find

(a) wavevector,

(b) phase on this wavefrontat t=t¢, .

For the uniform plane wave with a wavevector k =5a_+3a, + V2 a,

and a frequency 60[Hz], find

(a) phase velocity,

(b) phase velocity measured along the x-axis.

Given the uniform plane wave of a wavevector k =10(a, +2a, +2a,),

find
(a) wavelength,
(b) spatial period measured along the x-axis.
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7-9

7-10

7-11

7-12

7-13

7-14

7-15

A uniform plane wave, propagating with a phase velocity v, =50[m/s],

. 140 2y+2z)-iwt
is expressed as y = Be't0T¥2y2a)©

sects the x-axis at x = 0.5[m]. Find the x-intercept of this wavefront at
time t=0.02[sec].
A planar wavefront intersects Cartesian coordinate axes at x=3 ,

. At time t =0, the wavefront inter-

y= 2\/§ ,and z =2, respectively, at time t=0. The wavefront passes
the origin at time t = 0.2[sec]. Find
(a) unit wavevector,
(b) phase velocity.
Is y atransverse electromagnetic wave propagating in free space?

— - i10z
(a) yv=(a, —i2a )e
(b) llf — (1 + i0‘5)axe—i12.5z+i0.3
(c) v=3e""a ™

_ i(3y+8z)
(d) y=2a,e™"

_ i(4x-5y+32)
(e) y=(1b5a, + 12ay)e y

_ . i(4x-5y+3z)
() y=Q1ba, + 112ay)e v

i(—20x+15y+34z)

(g) y=12a e
An electromagnetic plane wave has the electric field expressed as
E=(3a, + 4a, ]equz , in free space, and the harmonic time dependence
of the form e . Find the real instantaneous expressions for

(a) E and (b) H.

In free space, the electric field of an electromagnetic plane wave is ex-

i10* z-i0.8

pressed as E = [(1 +i2)a, +ay]e with the harmonic time depen-

dence of the form e . Find the real instantaneous expressions for
(a) E and (b) H.
The electric field, & = E_ cos(3x + 4y — ot)[V/m], represents an elec-

tromagnetic plane wave propagating in free space. The amplitudes of the x-
and z-components of & are given by E _=12[V/m] and

E,, =10[V/m], respectively. Find (a) wavevector k, (b) angular frequen-
cy o, and (c) an expression for E .

At the origin in free space, & and 9% oscillate with an angular frequency,
®=9x%x10%rad/s] . The amplitude and direction of & are given by
20a,[V/m] , while those of T are given by
(1/90m)(9a, - 12ay][A/ m], at the origin. Find the real instantaneous

values of & and % everywhere.



Chapter 8
Time-Harmonic Electromagnetic Waves

We saw in Chapter 7 that Maxwell’s equations can be combined into the
differential wave equations for the electric field & and the magnetic field F&.
Since & and ¥ are interrelated under time-varying conditions, the differential
wave equation for & alone is enough to describe the general behavior of an
electromagnetic wave propagating in a region of space. The differential wave
equation is a homogeneous, second-order, partial differential equation. In one-
dimensional space, a general solution is given by a linear combination of two
waves propagating in the opposite directions. In three-dimensional space, on the
other hand, the general solution is given by a linear combination of uniform plane
waves with wavevectors of the same magnitude but different unit vectors.
Applying two boundary conditions to the general solution, we obtain a particular
solution, or a unique solution, in the given region.

When an electromagnetic wave propagates through linear media, there is no
change in the frequency of the wave, although the wavevector and wave velocity
may be altered in different media. If this is the case, it will be more convenient to
separate the space coordinates x, y, and z from the time variable t in the
wavefunction of a time-harmonic electromagnetic wave, and represent the wave
by the phasor, or the part independent of t. From now on, we will use the term
e’ , where j= \/—_1 , for describing the temporal behavior of time-harmonic
quantities. Accordingly, a uniform plane wave with a unit amplitude and a
wavevector k is simply expressed as e™*'* .

In the present chapter, we focus our attention on time-harmonic
electromagnetic waves propagating in different media, including free space, good
conductors, lossless media, and lossy dielectrics. We also discuss different
polarizations of an electromagnetic wave, and the power delivered by the
electromagnetic wave. We will study the reflection and refraction of an
electromagnetic wave that is incident on an interface between different media.

8.1 Phasors

A perfect dielectric has no free charges and no free currents so that g =0 and

J =0 in the inside. If the material is homogeneous, linear, and isotropic, the
permittivity € and permeability u are constant, independent of the magnitudes and
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directions of the electric and magnetic fields. Under these conditions, Maxwell’s
equations are written, in the dielectric, as follows:

0
VX& =——— 8-1
x n—r (8-1a)
0&
VX =e— 8-1b
X Eat ( )
V.&=0 (8-1¢)
Ve =0 (8-1d)

where & and % are the instantaneous electric and magnetic fields. As shown
previously in Chapter 7, Maxwell’s equations can be combined into a differential
wave equation such as
0’
V& =pe—.- 8-2
Me— (8-2)
In a medium of infinite extent, which is said to be unbounded, a general solution
of Eq. (8-2) is given by a uniform plane wave simply expressed as

&(r,t) =Re [Eoe’ﬂ"”ﬂ”t] (8-3)

where j =+-1. As was discussed in Chapter 7, the complex amplitude E_ in

Eq. (8-3), which is yet to be determined, is a vector with three, complex, scalar
components. From the phase term —ke.r in Eq. (8-3), we see that the wavefront

is a plane which is infinite in extent in three-dimensional space and perpendicular
to the wavevector k. If E_ is constant in space, the electric field intensity is

uniform on the wavefront, and the wave is called a uniform plane wave. The time-

dependence term e’ in Eq. (8-3) shows that & varies sinusoidally with time,
and the wave is called a time-harmonic wave. We saw in Chapter 7 that the
differential wave equation as in Eq. (8-2) specifies the wavevector to be of the
form

k = ojuca, (8-4)

where o is the angular frequency and a, is the unit vector. It should be noted that

although Eq. (8-2) provides the information about the magnitude of k through the
material parameters € and [, it imposes no limit on the direction of k. As we will
see later, the direction of k is determined by the position and orientation of the
source, if the medium is unbounded, and, additionally, by the boundary
conditions, if the medium is finite in extent.

As an example, consider the case in which a uniform plane wave impinges on
an interface between two adjoining media of different kinds. In this case, a part of
the incident wave is reflected back into the first medium, and thus the total electric
field in the medium is equal to the sum of the electric fields of the incident and the
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reflected waves. Expressed mathematically, in the first medium, the total electric
field intensity is

&(r,t) = Re[(E(ijeﬂk,-r + Egeilk,-r)ejmt} (8-5)

where i and r denote the incident and reflected waves, respectively. It can be
readily shown that the general solution given in Eq. (8-5) satisfies the differential

wave equation only if [k|=[k |=w®Jue . While the direction of k, (the
wavevector of the incident wave) is usually given in the problem, the direction of
k. (the wavevector of the reflected wave) is yet to be determined from the

boundary conditions at the interface. Rewriting Eq. (8-5) in a more general form,
we have

&E(r,t) = Re[E(x, y, z]ef‘*“] (8-6)

In Eq. (8-6), the space variables are completely separated from the time variable.
The vector function E(x,y,z) in Eq. (8-6) is called the phasor, which is
generally a complex number, varying from point to point in space, independent of
time. The phasor should not be confused with the complex amplitudes E! and

E’, which are usually constant in space. In the sinusoidal steady state, a phasor
generally represents a linear combination of uniform plane waves with the
wavevectors of the same magnitude but different unit vectors. The real
instantaneous value of E can be obtained, at any time, by multiplying the phasor
by the harmonic time-dependence term e’ and taking the real part.

Following the same procedure as for &, Maxwell’s equations can be combined
into the differential wave equation for the magnetic field %%, which has exactly
the same form as Eq. (8-2). Therefore, the general solution for 9% should have the
same form as Eq. (8-6), that is,

FE(r,t) =Re [H(x, y, z]ej“”] (8-7)

where H(x,y, z) is the phasor of the magnetic field intensity.

Example 8-1
Resolve the phasor E = a, E, cos[klx)e'ijZ into two uniform plane waves and

sketch the wavefronts.

Solution
Using Euler formula we rewrite the phasor as

1 - w o E . E .
E-= ayEo E[ejklx +e Jklx]e Jlesz au 2o e J(~kyx+kzz) +au 20 e J (e x+leg z)

=E +E”
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In the above equation, E’ and E” represent two uniform plane waves of
wavevectors k'=-ka_+k,a, and k"=Ika_ +k,a, , respectively.
Since the two waves propagate in the same medium, we should have
k| =|k"| =i +kZ . As shown in Fig. 8.1, wavefronts are infinite, parallel
planes perpendicular to the wavevector. From Fig. 8.1 we can determine the
wavelength of the wave as A=2r/k +k , and the tilt angle of the

wavefrontas 6 =tan™ (k, / k).

Fig. 8.1 Superposition of two uniform plane waves.

Exercise 8.1
Find the real instantaneous value of the phasor A=A (a, +j ay) .

Ans. 4= Aa, cos(ot)- Aa, sin(wt) .

Exercise 8.2
Is it possible to express % = B,a, cos(10t)cos(15t—30z) in phasor form? If

not, why?

Ans. No. It has two frequencies, ®=15 and ©0=25.

8.1.1 Maxwell’s Equations in Phasor Form

In the sinusoidal steady state, Maxwell’s equations can be expressed in terms of
phasors. First, upon substituting the phasor form of & and %, as given in Eq. (8-
6) and Eq. (8-7), into Eq. (8-1a), we have

VxRe [E(x, y, z]ej“”J = —uiRe [H[x, y, z]ej“”] (8-8)

ot
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Since the three operations, such as curl, time derivative, and taking the real part,
are mutually exclusive in Eq. (8-8), we can write the equation as

Re[ej““ VXE(x,y, z]} =—1Re [H(x, n z)jmejmt:|

In dropping the operator Re[..] and the time-harmonic term e’ from both
sides of the above equation, with the understating that the real instantaneous value

is the real part of the product of the phasor and e’®*, we obtain the phasor form of
Faraday’s law:

VXE =—jopuH

Following the same procedure as for Faraday’s law, we can obtain the phasor form
of the other equations. In a homogeneous, linear, and isotropic perfect dielectric,
the phasor form of Maxwell’s equations is written as follows:

VXE =—jouH (8-9a)
VxH= jocE (8-9b)
[V.E=0 (8-9¢)
V-H=0 (8-9d)

Again, the electric and magnetic field phasors, E and H, depend on space
coordinates only, independent of time. They are vectors with three scalar
components, which are complex numbers in general.

Combination of Eq. (8-9a) and Eq. (8-9b) leads to a time-harmonic wave
equation expressed in terms of phasors. Upon taking the curl of both sides of Eq.
(8-9a), followed by a substitution of Eq. (8-9b), we have

VXVXE =—jouV xH

8-10
= 0’ucE (8-10)

Applying the vector identity VxVXE = VV.E - V’E to the left-hand side of

Eq. (8-10), followed by a substitution of Eq. (8-9c), we obtain the vector
Helmholtz’s equation:

(8-11)

Here, the wavenumber Ik is defined as

k:m\/ﬁzgz% [rad/m] (8-12)

where ® is angular frequency, @ is permeability, € is permittivity, and A is
wavelength. In a material, the speed of wave is expressed as v =c //lL,€, , where
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i, and e, are the relative permeability and relative permittivity, respectively,

and ¢ =1/./u,¢, isthe speed of light in free space.

Exercise 8.3
For an electric field phasor E = Aa_e”** in free space, where A and ¢ are
constants, find an expression for k.

Ans. k=oJuzeE, .

Review Questions with Hints

RQ 8.1 Write the harmonic electric field intensity, in general, in phasor form.

[Eq.(8-6)]
RQ 8.2 Write Maxwell’s equations in phasor form. [Eq.(8-9)]
RQ 8.3  Write vector Helmholtz’s equation. [Eq.(8-11)]

8.2 Waves in Homogenous Media

A homogeneous medium consists of one kind of material, in which the
permittivity and permeability are constant. There is no boundary or interface in the
medium, and thus a single uniform plane wave can be supported uninterrupted by
a reflection or refraction.

8.2.1 Uniform Plane Wave in a Lossless Dielectric

A lossless dielectric is a perfect dielectric, where an electromagnetic wave can
propagate without loss of energy. The propagation behavior of an electromagnetic
wave in a lossless dielectric depends on the constitutive material parameters € and
pn as well as the frequency of operation. These three factors comprise the

wavenumber of the wave; that is, k = (u\/a .

Let us begin with the vector Helmholtz’s equation, expressed in Cartesian
coordinates as

V*(E,a,+E,a,+E,a,)+Ik’(E,a, +E a,+E,a,)=0 (8-13)

where E , E , and E, are three components of the electric field phasor E.
Since the unit vectors in Cartesian coordinates are mutually exclusive, Eq. (8-13)
can be resolved into three scalar Helmholtz’s equations:
V’E_+Kk°E_ =0 (8-14a)
V2Ey + k2Ey =0 (8-14b)
V’E, +Kk’E, =0 (8-14¢)
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For example, rewriting Eq. (8-14a), the three-dimensional differential wave
equation for E_ is obtained as

2 2 2
aaf; " aa;:; " aaf; +ICE, =0 (8-15)

Direct substitution can show that a uniform plane wave is a general solution of Eq.
(8-15), that is,

E =E,e """ W) _ | e ser (8-16)

X ox ox

where E,_ is the complex amplitude. A similar procedure can be followed to
obtain the y- and z-components of E:

E _F okt (8-17)
E,=E_e™* (8-18)

The three components given in Eqgs. (8-16)-(8-18) can be combined into a single
uniform plane wave only if they have the same wavevector. Consequently, in a
lossless dielectric of infinite extent, a general solution of the vector Helmholtz’s
equation is a uniform plane wave propagating along the direction of the
wavevector k, in three-dimensional space. The electric field phasor of the wave
takes on different forms:

E-E,a +E/a +E,a =(E, a +E,a +E,a,)e”™"

x “x oy “y oz

or

Here, the complex amplitude vector E_ represents the amplitude and direction of
the electric field intensity, which is generally expressed as

[E,=E,a,=Ee™a,| (8-20)

where E, is the complex amplitude, E, is the amplitude, ¢, is the phase
angle, and a, is a unit vector in the direction of E. For a wave propagating in a
medium of infinite extent, the constant phase ¢, has no significance, and is

therefore set to zero for simplicity.

The uniform plane wave expressed by Eq. (8-19) involves three kinds of vectors,
which should be distinguished clearly from each other. The wavevector k tells us
the wavelength, and shows the direction of propagation of the wave. The position
vector r in the exponent —k«r is to specify that the time-phase of the electric field

at a point with position vector r is equal to —ke.r . Finally, the complex amplitude
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vector E_ specifies the amplitude and direction of oscillation of the electric field

intensity, in time.

The uniform plane wave expressed by Eq. (8-19) is a solution of the vector
Helmbholtz’s equation that is derived from the two curl equations of Maxwell’s
equations. If the wave is an electromagnetic wave, it should also satisfy Gauss’s
law expressed by Eq. (8-9c¢) such that

V:E=—j(k+E,)e ™ =0

The equality in the above equation can be satisfied only if we have

(8-21)

Equation (8-21) shows that the complex amplitude vector E_ is always

perpendicular to the wavevector k. In other words, the electric field vector E
should lie in the wavefront; the electromagnetic wave is a transverse wave.

Upon substituting the electric field expressed by Eq. (8-19) into Eq. (8-9a), we
have

VXE =-jkxE e "

8-22
— jouH (8-22)

Inserting the expression for k as given in Eq. (8-12) into Eq. (8-22), the relation
between the electric and magnetic field phasors is

H- %(ak <E) (8-23)

Here, a, is a unit vector in the direction of the wavevector k. For a medium with
a permeability u and a permittivity €, the intrinsic impedance m is defined as

n= % [l (8-24)

It is a characteristic parameter of the medium. Next, substitution of Eq. (8-19) into
Eq. (8-23) reveals that the magnetic field is also a uniform plane wave propagating
with the same wavevector as the electric field, that is,

H= l(ak XE,)e **
n (8-25)
=H ek

Although E and H have exactly the same form as in Eqgs. (8-19) and (8-25), the

complex amplitude vectors E, and H, are mutually orthogonal in three-

dimensional space. From Eq. (8-25), with the help of the expression E, =E, a,,

the complex amplitude vector H, is obtained as
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E
H, = ?O(ak XaE)

(8-26)

=H aj

It is evident from Eq. (8-26) that the intrinsic impedance 1 is the ratio between
the complex amplitudes E, and H,. The intrinsic impedance is measured in

units of ohm [Q], and, in free space, M, =1, /€, =120t =377[Q] . In a

lossless dielectric, m is real, meaning that the magnetic field is always in phase
with the electric field. In contrast, in a lossy dielectric, n becomes a complex
number, meaning that the magnetic field is generally out of phase with the electric
field. Nevertheless, the directions of the three vectors, E, , H , and k, are

perpendicular to each other, in three-dimensional space, such that a, =a, xa,.

0

The three unit vectors follow the right-hand rule: the right thumb point in the
direction of the wavevector, when the fingers rotate from the electric field vector
to the magnetic field vector. In view of these discussions, we note that the electric
and magnetic field vectors lie in the wavefront, perpendicular to k. This means
that the electromagnetic wave is a transverse wave.

The instantaneous electric and magnetic fields are obtained from their phasors
E and H, expressed by Eq. (8-19) and Eq. (8-23), as follows:

&(r.t)=a,E, cos(ot-k-r) (8-27a)

H(r,t)=a, E, cos(ot—ker) (8-27b)
n

From Eq. (8-26), we obtain the orthogonality relation between the unit vectors of
the wavevector, electric field vector, and magnetic field vector:

e

In a lossless dielectric, the electric and magnetic fields are always in phase, and
propagates in the direction of k, as illustrated in Fig. 8.2.

Fig. 8.2 A uniform plane wave in a lossless medium.
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Example 8-2
A uniform plane wave E =a E (1+ jle””, operating at a frequency 2[GHz],
propagates in a dielectric of ¢ =4 and p, =1. Find

(a) & and ¥, and
(b) wavelength.

Solution
(a) Rewriting the phasor, we have

E =a E /2"l (8-29)
The real instantaneous value is
& = Re[ aXEOx/§ej"’4e'ijej“"J =a E,\2 cos (ot —kz + 1/ 4)

Inserting Eq. (8-29) into Eq. (8-23), noting that a, =a, in Eq. (8-29), we
have

H= l(ak XE) = l( ,xa,)E, 2e/ " e
n

=]

— Jn/4 = jlkz
= —ayEO \/§e e
n
The intrinsic impedance is

n= |t —188.5[Q]

o

The real instantaneous value is

 =Re la. E J2e/"*e el | = a E, J2cos| ot —kz+2 .
nove Yy 4

(b) From Eq. (8-12)

e, 2mx2x10°x2
k: el = = 3
1/\/u080 3X10

Thus, A= 2% =7.5[cm].

Exercise 8.4

Given the electric field phasor E =4(2a, + ja e/

of a uniform plane

wave, propagating in a medium of 1 =200, find the magnetic field phasor.

Ans. H=0.02(-ja,_ + 2ay]efjeooZ .
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Review Questions with Hints

RQ 8.4 Express the uniform plane wave in phasor form. [Eq.(8-19)]
RQ 8.5 Define intrinsic impedance of a lossless medium. [Eq.(8-24)]
RQ 8.6  Define complex amplitude vector of E. [Eq.(8-20)]
RQ 8.7 Write the relation between two phasors H and E in a lossless medium.
[Eq.(8-23)]

8.2.2 Poynting Vector and Power Flow

In the previous chapters we learned that energy can be stored in the static electric
and magnetic fields, and that the static electric and magnetic energy densities are
defined as (1/2)D+E and (1/2)B-H, respectively. Energy can also be stored

in the time-varying electric and magnetic fields. In this case, the stored energy
propagates with the same velocity and direction as the given electromagnetic
wave. In view of these, we note that an electromagnetic wave can transfer energy
from one point to another in space and deliver power to the load. In the present
section, we are mainly concerned with the power density of an electromagnetic
wave and its flow in space.

Let us start with two curl equations of Maxwell’s equations:

Y,
Vxg=_9% 8-30
X Y ( a)
VG =d +aa;6f (8-30b)

We note that the following vector identity always holds true for two smooth vector
fields:

Ve (EXFH)=F+(VxE)-&+(VX.H) (8-31)
Substituting Eq. (8-30) into Eq. (8-31), we have

—v.(gx%)zg-d+g-i)+‘?+%.i)—‘? (8-32)

In a simple medium, in which €, U, and ¢ are constant, we can rewrite the terms
on the right-hand side of Eq. (8-32) as follows:

.8@ € d 19

Tzig(g.g’)zig(g.g) (8-33a)
0% WL 10

*— = —— . = —_—— . = b
Jt 2at( ) 2at(%j %) (8330)

Inserting Eq. (8-33) back into Eq. (8-32), we have

10 190
—Vo(é’x%) =&J +5g(@'$)+5&($'%) (8-34)
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Next, upon integrating both sides of Eq. (8-34) over a volume % and applying
divergence theorem, we obtain

—‘ﬁj(gX%)'ds =J'Vg.Jdv+%“/%(_@-é”)dv}+%“y%(%’-%)dv}

(8-35)

The first term on the right-hand side of Eq. (8-35) is the ohmic power-loss
suffered in a given volume %, whereas the two terms in bracket on the right-hand
side represent the energies stored in & and %, respectively, within ¥’
Accordingly, the sum of the second and third terms, on the right-hand side of Eq.
(8-35), represents the time rate of increase of the total electromagnetic energy
stored in 7. In view of these considerations, the left-hand side of Eq. (8-35) is
interpreted as the total instantaneous power flowing into the volume %, a part of
which is dissipated in 9/, and the rest is stored as the electromagnetic energy in the
volume. Equation (8-35) is referred to as the Poynting’s theorem, which states that
the net power flowing into a given volume is equal to the sum of the ohmic
power loss in the volume and the time rate of increase of the energy stored in the
volume.

In view of the surface integral on the left-hand side of Eq. (8-35), the integrand
& x ¥ is interpreted as the instantaneous power density measured in watts per
square meter. For an electromagnetic wave with the instantaneous electric field &
and the instantaneous magnetic field %%, the Poynting vector S is defined as

[W/m?] (8-36)

The unit of S is the watt per square meter. The Poynting vector is normal to both
the electric and the magnetic field vectors, and parallel to the wavevector. It also
points in the direction of flow of the power.

In most practical problems, the time-average power density is more useful than
its instantaneous counterpart. It can be shown that the time-average power density
is expressed in terms of the electric and the magnetic field phasors. In deriving the
expression for the time-average power density, it is more convenient to work with
the electric and magnetic fields expressed in terms of complex exponentials than

cosines. To show how the amplitude E,, complex amplitude Eo, complex

amplitude vector E_, and phasor E are used for the expressions for &, we write
& =a,E cos(ot-k.r+¢,)= %[% (Eoej“’f’ )ej“’t'ﬂ"' +a, (Eoe’j“’e )e'j“’t”k"}

—jkr Jmt ny +jker —jot
+(a,E; e e }

o

1

2

é[E —jk rejmt+E e+jk re—Jmt:|
1

al

Ee* +E e'J““]
(8-37a)
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where * denotes the complex conjugate. Following the same procedure, the
instantaneous magnetic field is expressed as

H =a,H, cos(ot-ker+¢,)= %[Heﬁ”t + H*e'j“"] (8-37b)
Inserting Eqs. (8-37a) and (8-37b) into Eq. (8-36), we have
S= l[EeJ“" + E*e'j“"} X l[HeJ“" + H*e'j“’t]
2 2
) (8-38)
= Z[E xHe™ +E xH'e ™ +ExH +E xH]
In general, the time average of an instantaneous value G is defined as

1 12

where T is the temporal period of G. Upon taking the time average of Eq. (8-38),
the time-average power density, or time-average Poynting vector is

(s)= %Re [ExH'] [W/m?] (8-39)

where E and H are the phasors of the electric and magnetic fields, and * denotes
complex conjugate.

Since the electric and magnetic fields in Eq. (8-34) are all time-harmonic
quantities, the time averages of the second and third terms on the right-hand side
of Eq. (8-34) vanish. Thus, by taking the time average of both sides of Eq. (8-34),
the Poynting’s theorem becomes

Vo (EXIH)=(E-J) (8-40a)

Alternatively, using the phasors of the electric field intensity and current density,
we write

-V+(S)= %Re [E.J] (8-40b)

Equation Eq. (8-40b) shows that the time-average ohmic power loss per unit
volume is equal to the negative divergence of the time-average Poynting vector.
The time-average Poynting vector expressed by Eq. (8-39) can also be used for
computing the total time-average power density carried by the two waves co-
propagating in a region of space. The total power density is of course obtained
from the total electric and magnetic field intensities. Through the time-average
Poynting vector, it can be readily shown that the total power density is equal to the
sum of the time-average power densities of the individual waves, if the waves are
independent of each other. By using the time-average Poynting vector, for
instance, we can verify that the two waves co-propagating with E, =2a_ and
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E, =3a, are independent of each other, and show that the two waves co-
propagating with E, =2a_ and E, = 3a_ should be treated as a single wave

having an electric field phasor E=E, +E, =5a_.

Example 8-3

Given an electromagnetic wave with &(r,t)=a E, cos(wt-kz) and
FH(r,t)=a E, e /ucos(wt—kz), determine (S) by using

(a) &and ¥
(b) Eand H

Solution
(a) From Eq. (8-36), we have

S=&x% =a,E>\Je /ucos’ (ot —kz)
With the help of trigonometry, we rewrite the above equation as
S =a,E> /e /uL[1+cos (20t - 2kz) ]

Taking the time-average of the above equation, we obtain

_. E e )
(S)=a, 2 \/; (8-41)

(b) Phasors of the electric and magnetic fields are

E=aEe’™

H=aE, je/pe’™

From Eq. (8-39), we obtain

(8)=1Re[ExH |= %Re[(aXEoe’ij )x(a,E, e /e )}

=1E2/e/u Re[(axe’j"z) x (a,e™ )}

Thus,
E? [e
s)=a, %

This is the same as Eq. (8-41).

Exercise 8.5

-j600(3y+4z)

Given a wave E =10a e in free space, find the time-average power

flowing through a unit area of the z =0 plane.
Ans. 1/(3m)[W].
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Review Questions with Hints

RQ 8.8 State Poynting’s theorem in words. [Eq.(8-34)]

RQ 8.9 Express Poynting vector in terms of &and . [Eq.(8-36)]

RQ 8.10 Express the time-average power density in terms of the electric and
magnetic field phasors. [Eq.(8-39)]

8.2.3 Polarization of a Uniform Plane Wave

The electromagnetic uniform plane wave is a transverse wave with the electric
field vector lying in the wavefront, or a plane perpendicular to the direction of
propagation of the wave. The polarization of a wave describes the way in which
the electric field vector changes as a function of time, at a point in space. If the tip
of the electric field vector moves back and forth along a straight line in time, at a
fixed point in space, the wave is called linearly polarized. If the locus traced by
the tip of the electric field vector forms a circle, the wave is called circularly
polarized. In general, the locus forms an ellipse in the transverse plane. For a
uniform plane wave, we only need to trace the electric field vector, because the
magnetic field vector is related to the electric field vector by Eq. (8-25).

8.2.3.1 Linearly Polarized Wave

For a uniform plane wave propagating in the +z-direction, the electric field vector
should be in the xy-plane, having a x-component and a y-component, in general.
The electric field phasor of the wave is expressed, in general, as

E-Ee ' =(E,a +E,a, e’ (8-42)

ox“x oy“y

where EDX and Eoy are the complex amplitudes of the x- and y-components,

respectively.

If the amplitudes are real such as E, = E__ and Eoy =E,, , the instantaneous

electric field intensity is written as
& =Re|(E,a,+E, a e e
|:( Yy y) :| (8-43)
= (onax +E,, ay)cos (ot -kz)
At a point on a plane of constant z, the electric field intensity shown in Eq. (8-43)

is vibrating along a straight line parallel to the direction of E a +E,a, . This

wave is said to be linearly polarized in the direction of E_a +E_a_ .In view of

ox " x oy“y
Eq. (8-43), we may consider the wave as the sum of two uniform plane waves: one
is linearly polarized in the x-direction and the other is linearly polarized in the y-
direction (see Fig. 8.3). Since the amplitudes E,, and E, are both real, the two

component waves are in phase, and the two cosine curves cross the z-axis at the
same point as can be seen in Fig. 8.3.
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X

Fig. 8.3 Linearly polarized wave.

Example 8-4

Given a linearly polarized wave, E = E_ (ax + \/g a, )e’jkz , propagating in free
space, find

(a) angle between E and the x-axis, and

(b) time-average power density.

Solution
(a) The rotation angle of E is

0= tan (v3) = 60°.
(b) From Egq. (8-23) we obtain the magnetic field phasor as
H= |5, /i, 8, <, (a, +3a,)e ™ = &, /n, (a, ~Ba, e
From Eq. (8-39), we obtain
(s)= %Re[Eo (2. +3a, )e 7 x{E, &, /1, (a, - ﬁax)e—w}‘}
=$E2Je, /1, (a, +/3a,)x(a, - /3a,)
=LE}NJe, /u, (1+3)a,

The time-average power density is equal to the sum of those of two
component waves.

Exercise 8.6
Are the following waves linearly polarized? (a) E = 4(a.xej°'2 +ayej°'2)e'j3002,

(b) E=(3a,-a,)e” | () E=2(ae’*+ae?)e’™ | and (d)
E= [ax sin(30°)+a, cos(SOo)] e /6002

Ans. (a) yes, (b) yes, (c) no, (d) yes.
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8.2.3.2 Circularly Polarized Wave

Let us now consider the case, in which the complex amplitudes E,, and Eoy of

E have the same magnitude, |E,,

= |Eoy| =E_, but the y-component lags behind

the x-component by 90° in time dimension. This wave is called a right-hand
circularly polarized wave for the reason that will become evident shortly. For a
right-hand circularly polarized wave, the electric field phasor is written as

E=(Ea,-jEa,)e’ =(Ea, +Ee’"a, )e” (8-44)

In real instantaneous form, the electric field intensity is expressed as
&(z,t)=aE, cos(ot-kz)+a,E, cos(ot-kz-n/2) (8-45)

Here, let us examine the electric field vector at a point on a plane of constant z, or
simply the z =0 plane without loss of generality. In this case, Eq. (8-45) reduces
to

& (0,t) = a E, cos(ot) +a, E, sin(ot) (8-46)

At time t=0, we have &(0,0)=E a, , which is parallel to the +x-axis. At a
later time t=7/(2w), we have &(0,nt/20) = Ea,, which is parallel to the +y-

axis. In view of these, we note that as time increases, the electric field vector
rotates in the counterclockwise direction in the xy-plane, with no change in the
magnitude (see Fig. 8.4). The electric field vector completes a turn as ot
changes by 2mn, while the tip of the electric field vector follows a circular locus.
This type of wave is called a right-hand circularly polarized wave. The
polarization handedness is determined by the rotation direction of the electric field
vector relative to the propagation direction of the wave; the right thumb points in
the direction of propagation of the wave when the fingers follow the rotation of
the electric field vector.

A right-hand circularly polarized wave is illustrated in Fig. 8.4. The y-
component lags behind the x-component by 90° in time phase. It means that the
y-component arrives at a reference point p at a later time than the x-component
by a quarter of the temporal period. In space dimension, the y-component curve
appears to be pushed back in the —z-direction by a quarter wavelength relative to
the x-component curve. Since both component waves propagate in the same
direction, with the same velocity, the phase relationship between them is
maintained at all times, at any point in space. It should be noted that the phase
difference is a relative quantity so that the x-component may be said to lead the
y-component by 270° in time phase.
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E

D
‘p‘ .,

Fig. 8.4 A right-hand circularly polarized wave.

Next, we consider the case in which the y-component leads the x-component

by 90° in time phase, while the amplitudes of the two components are the same.
This wave is called a left-hand circularly polarized wave; the left thumb points in
the direction of propagation of the wave when the fingers follow the rotation of
the electric field vector. For a left-hand circularly polarized wave, the electric field
phasor is expressed as

E=(Ea, +jEa,)e’ =(Ea, +E,e™a, e’ (8-47)

In real instantaneous form, the electric field intensity is written as
&(z,t)=aE, cos(ot-kz)+a,E, cos(ot-kz+n/2) (8-48)

Following the same procedure, we consider a point on the z =0 plane, where the
electric field intensity is given as a function of time only as

&(0,t) = a E, cos(ot) —a,E, sin(ot) (8-49)

At time t=0, we have &(0,0)=E,a_, which is parallel to the +x-axis. At a

later time t=m/(2w), we have &(0,7t/20)=-E a

X I which is parallel to the —
y-axis. In view of these, we note that as time increases, the electric field vector
rotates in the clockwise direction in the xy-plane, with no change in the
magnitude. The electric field vector completes a turn as ot changes by 2m,
while the tip of the electric field vector follows a circular locus.

A left-hand circularly polarized wave is illustrated in Fig. 8.5. The y-component
leads the x-component by 90° in time phase. Thus, the y-component arrives at a
reference point p at an earlier time than the x-component by a quarter of the
temporal period. In space dimension, the y-component curve appears to be pulled
forward in the +z-direction by a quarter wavelength relative to the x-component
curve.



8.2 Waves in Homogenous Media 403

Fig. 8.5 A left-hand circularly polarized wave.

Example 8-5
Resolve a linearly polarized wave E, =E, a e into two circularly polarized

waves.

Solution
By adding and subtracting the term (1/2)jE,a, on the right-hand side of

the expression for E, , we have

E = %[(EO a_—jE, ay) + (EO a_+jE, ay)] ek (8-50)
The first term on the right-hand side of Eq. (8-50) represents a right-hand
circularly polarized wave, whereas the second term a left-hand circularly
polarized wave.

From the opposite point of view, if two electric field vectors of the same
magnitude rotate in the opposite directions in the xy-plane, and cross the
+x-axis at the same time, the sum of these waves is one that is linearly
polarized in the x-direction.

Exercise 8.7
Determine the polarization handedness of the following circularly polarized

waves: (a) E=10(ja,+a,)e’™  (b) E=20(ja,—a,)e’* , and (c)
E=30(a,-ja,)e’™ .

Ans. (a) right-hand, (b) left-hand, (c) left-hand.

8.2.3.3 Elliptically Polarized Wave

A uniform plane wave is said to be elliptically polarized if it is not linearly or
circularly polarized. The tip of the electric field vector follows an elliptical locus
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in the plane perpendicular to the direction of propagation of the wave. The linearly
and circularly polarized waves are special cases of the elliptically polarized wave.
The electric field phasor of an elliptically polarized wave is generally expressed as

E=(E,a +E,e"a )e’™ (8-51)

ox X

Here,E, and E, are positive real. The phase angle ¢ determines the phase

difference between the two components. The instantaneous form of the elliptically
polarized wave is

& =E,a cos(ot-kz)+E,a, cos(ot-kz+¢) (8-52)

The electric field vector changes in both the magnitude and the direction with
time.

We now examine the electric field vector of an elliptically polarized wave at a
point on the z =0 plane. At the point, from Eq. (8-52), the two components are
given as functions of time only as

&, =E,, cos(wt) (8-53a)
&, =E, cos(ot+¢) (8-53b)

For O<¢<m, attime t=0, we have & =E _ and (‘fy =E, coso, meaning
that the electric field vector is either in the first or fourth quadrant in the xy-plane

. . 2 2 2 . .
with a magnitude ,/EOX + Eoy cos” ¢, depending ¢. At a later time t=mn/(20),

we have & =0 and & =-E, sing, meaning that the electric field vector is

parallel to the —y-axis with a magnitude |Eoy sin (p| . We see that as time

increases, the electric field vector rotates in the clockwise direction in the xy-
plane, although the magnitude may change with time. This wave is said to be left-
hand elliptically polarized.

If the y-component lags behind the x-component in time phase such that
-t <@<0 in Eq. (8-51), the wave is called a right-hand elliptically polarized
wave.

The shape of the polarization ellipse depends on the ratio E, /E, and the
phase angle ¢. Referring to Fig.8.6, in which an ellipse has the major axis 2E,
along the x’-axis, and the minor axis 2E;y along the y’-axis, we can obtain an

expression for the rotation angle 6 as follows. Consider a left-hand elliptically
polarized wave, having the electric field vector whose tip follows the same
elliptical locus as shown in Fig. 8.6. In this case, the electric field intensity of the
wave is expressed in the primed coordinates as

& =E, cos(ot+¢) (8-54a)
5’; = —E;y sin (ot + @) (8-54b)
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The two amplitudes E/_ and E;y, and the phase angle ¢ are to be determined

from E, , E, ,and ¢ given in the general expression in Eq. (8-53). Taking the

coordinate transformation of the electric field intensities shown in Eq. (8-53) into
the primed coordinates, we have

& =E,, cos(ot)cos 0+ E, cos(mt + ¢)sin6 (8-55a)

&, =-E, cos(wt)sin6+E, cos(ot + ¢)cos 6 (8-55b)
By equating Eq. (8-54) with Eq. (8-55) we obtain
2E_E_ cos@

tan(26) = —e W~~~ (8-56)
(on )2 - (Eoy)

If =0, Eq. (8-56) reduces to tan6=E, /E

polarized wave.

representing a linearly

ox

y
, A
y
E,.
VT
Eoy—
ot+¢'
L > X
E
<
Major axis Minor axis

Fig. 8.6 An ellipse with a rotation angle 6.

Example 8-6
Find the time-average power density of a uniform plane wave, propagating in free

—Jjkz
ox T x :

space, with the electric field phasor E = (E a_+ Eoyej“’ay)e

Solution
From Eq. (8-23) we obtain the magnetic field phasor as

H-= i(a.k xE) = iaz x(E,a,+E,e'"a,)e’”
nO nO

1
=—(E
o

o

Jo ~Jkz
a,-E,e ax)e

xSy
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The time-average Poynting vector is

<s>=éRe[ExH*}

= ZLmRe[(onax +E,e’a, Je’ x(E,a, -E, e’ )e’ J

= ZL(EOZX +E. )a,

o

The time-average power density is equal to the sum of those of two linearly-
polarized component waves.

Exercise 8.8
Sketch the loci of E expressed by Eq. (8-51) for 0<¢<2n and E =2E

V7 O, R O

L . St 3 T
4 2 4 4 2 a4

¢=20

Review Questions with Hints

RQ 8.11 What is the polarization of a uniform plane wave? [Figs.8.3,8.4,8.5]
RQ 8.12 Under what conditions is a uniform plane wave linearly polarized, and

circularly polarized? [Eqs.(8-42)(8-44)(8-47)]
RQ 8.13 Are the right-hand and left-hand circularly polarized waves independent
of each other? [Eqs.(8-44)(8-47)]

8.2.4 Uniform Plane Wave in a Lossy Medium

We now turn our attention to the electromagnetic wave propagating in a lossy
medium. Dielectrics with free electrons and conductors of a finite conductivity are
good examples of lossy media. A plane wave can be supported in a lossy medium
of infinite extent, although the wave suffers power loss as it propagates through
the medium. There are two mechanisms of power loss in a lossy dielectric. First,
when the electric field of the wave induces electric dipoles in the material, the
bound charges of the dipole vibrate to and fro along a straight line at the same
frequency as the electric field. However, the strong interaction between the
neighboring atoms tends to hinder the electric dipoles from oscillating in unison
with the electric field. This phase delay causes a damping of the electric dipole,
and thus a dissipation of the incident power in the form of heat. Second, the free
electrons in a lossy dielectric constitute a conduction current flowing in the
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electric field of the wave, and thus cause ohmic power loss of the wave in the
material.

The power loss in a lossy dielectric can be easily incorporated into the
differential wave equation by means of a complex permittivity, &=¢ — je’ .

While the real part determines the phase constant of the wave propagating in the
medium, the imaginary part describes the attenuation of the wave in the medium.
The magnetic field of the incident wave may interact with the lattice atoms
through the magnetic dipole moment, and thus the wave may suffer an additional
power loss because of the damping of the magnetic dipole. Following the same
procedure, we may introduce a complex permeability to account for the power
dissipation in a lossy magnetic material. In most material media of our interest,
however, the magnetic response of the medium is so weak in comparison with the
electric counterpart that we may ignore the magnetic interaction and assume

“':“'o'

8.2.4.1 Lossy Dielectric with a Damping Force

In a homogeneous(e and | being independent of position), linear(e and p being
independent of the magnitude of & and ), isotropic(e and p being independent
of the direction of &and .98), and lossy(e being a complex number) dielectric, we
begin with Maxwell’s equations given in phasor form as

VXE = — jouH (8-57a)
VxH-= jof E

= jo(¢' - je")E = joe, (g, - je/)E (8-37b)
V.E=0 (8-57¢)
V.H=0 (8-57d)

Here, the material is assumed to have no free charges as in Eq. (8-57c¢), and no
conduction currents as in Eq. (8-57b). We assume that the complex permittivity in
Eq. (8-57b) comes from the damping of the electric dipole in the material. From
Eq. (8-57), we write Helmholtz’s equation as

V’E+K’E =0 (8-58)

where the complex wavenumber is defined as

k = oJug = oJu(e - je’) (8-59)

Noting that Eq. (8-58) only differs from Eq. (8-11) in the constant I , the general
solution for Eq. (8-58) is a uniform plane wave with the complex wavenumber,
that is

E =E e /<" (8-60)
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where a, is a unit vector in the direction of propagation of the wave. Without
loss of generality, in a medium of infinite extent, we set a, =a,. Under this
condition, the electric field phasor is simply given as

E=Ee /™
(8-61)
=Ee™”
where the propagation constant vy is defined as

v=jk = joJu(e - je) (-] 8-62)

= o+ j

Here, o is the attenuation constant measured in nepers per meter [Np/m], and B is
the phase constant measured in radians per meter[rad/m]. From Eq. (8-62) we

obtain expressions for o and B as follows:

. ) 1/2
oc:w\/% { 1+(%) —1} [Np/m] (8-63a)

1/2
7 ”\2
[3=w\/%[ 1+[%) +1} [rad/m] (8-63b)

In a lossless dielectric for which €” =0, the attenuation constant reduces to
o =0, as expected. The physical significance of oand B will become evident
shortly. The ratio €” /¢  is called the loss tangent, which is denoted as

”

tant = z— (8-64)

This can be used as a measure of power loss in the medium. The angle & is called
the loss angle.

Let us now examine the electromagnetic wave propagating in a lossy dielectric
characterized by the parameters expressed by Eqgs. (8-62)-(8-64). Inserting Eq. (8-
62) into Eq. (8-61), we write the electric field of the wave, in phasor and
instantaneous forms, as

E=(E ,a,)e e ™ (8-65a)
& =(E,a;)e *cos(ot-Bz) (8-65b)

where a, is the unit vector of the electric field vector. From Eq. (8-65) we see

that the attenuation constant o shows how fast the amplitude decreases in the +z-
direction, while the phase constant B describes how the phase changes in the +2z-
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direction at a fixed time. The attenuation constant o. must be positive in a passive
medium in which no amplification of the electric field can occur.

If two points are separated by a wavelength A on the z-axis, it means that the
phase difference between the electric field intensities observed at the points is
2w ; that is, BA=2n . Thus, the relation between the phase constant and

wavelength is obtained as

_2n

=3

[rad/m] (8-66)

The wavelength A depends on €” as well as € in a lossy dielectric, as is evident
from Eq. (8-63b).

Whether the material medium is lossless or not, the phase velocity of the wave
is always given by

L =

, % [m/s] (8-67)

which also depends on both the real and imaginary parts of €.
We note that the loss tangent ¢” /¢  determines the deviations of B expressed

by Eq. (8-63b), A expressed by Eq. (8-66), and v, expressed by Eq. (8-67) from
their counterparts in an identical medium with no loss.
Substitution of the electric field phasor expressed by Eq. (8-65a) into Eq. (8-
57a) leads to the magnetic field phasor, that is,
VXE=Vx(E,ae™)=-vya,x(E,a,e™)
=—jouH

H-= \/EED (a,xa,)e™ = %( a, xa,)e “e " (8-68)
m f

Here, the complex intrinsic impedance 1| is defined as

ﬂ=J§=J:¢¥7 [l (8-69)
g g — je

This is the ratio between the complex amplitudes of the electric and magnetic
fields; that is, 1 =E, /H, . In view of Eq. (8-69), we note that E and H are

always out of phase in a lossy dielectric.

Example 8-7
Given that E =a E_e**e 7% for a wave propagating in a lossy dielectric of

¢ =2¢, and L=y, ,determine the intrinsic impedance of the medium.
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Solution
From the given electric field phasor, we obtain a=0.3 and B=0.5

From Eq. (8-63), we obtain

2 ” n2
1+(e"/¢) -1

(gj = (—/)2 (8-70)

B 1+(e"/€) +1
Inserting the values of o and B into Eq. (8-70), the loss tangent is
8l/
—=1.88 (8-71)
€

Substituting & =2¢, and the loss tangent into Eq. (8-69), we obtain the

complex intrinsic impedance as

_[u 1 _120n 1

A= | = =183/ (8-72)
2¢, \1- j(¢'/¢) V2 1-j1.88

We note that H lags behind E by 0.54 radian in time phase.
Exercise 8.9
For a wave & =-a 0.5e %% sin(lOSt + 22) , find (a) a, (b) B, (¢) v,, (d)
direction of propagation, and (e) E,.
Ans. (a) o=0.3[Np/m], (b) p=2[rad/m], (c) v, =5x10"[m/s], (d) -z
direction, (e) E, = 0.5¢’*[V/m].

8.2.4.2 Lossy Dielectric of a Low Conductivity

The conduction current is the dominant source of power loss in lossy media. In a
dielectric with a finite conductivity and a negligible damping, Maxwell’s
equations are written as

VXE =—jouH (8-73a)
VxH=J+ joeE = (c + joe)E (8-73b)
V.-E=0 (8-73¢c)
V-H=0 (8-73d)

In a material of a negligibly small damping, € and u are real. From the above
equations we note that although the given material contains free electrons, ¢ # O,
it has no net charges, p, = 0. The current density phasor J shown in Eq. (8-73b)
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represents the conduction current generated by the electric field of the incident
wave. Rewriting Eq. (8-73b), we have

Vtzjm(s—jng
0

(8-74)
=jo(¢' - je")E = joE
Here, the complex permittivity € is newly defined as
a ’ e 4 . G
g=¢ - je'= 8—]6 [F/m] (8-75)

A lossy dielectric with a finite conductivity, infinite in extent, can support a plane
wave of the form

Substitution of € =¢ and ¢"=6/® into Egs. (8-62) and (8-63) leads to the

propagation, attenuation, and phase constants in a lossy dielectric of a finite
conductivity expressed as

v= o0+ jB = joue (1—1&} [m'] (8-77)

1/2
2
— o |ME S _ K
(x—m\/;{ 1+[ng 1} [Np/m] (8-78a)
3 1/2
:w\/E[ 1+(£j +1} [rad/m)] (8-78b)
2 e

Following a similar procedure, we obtain the complex intrinsic impedance from
Eq. (8-69) as

S |u 1 )
n= \E /—l—jc/(we) Q] (8-79)

The loss tangent is now given by

tang =" =2 (8-80)
€ 0e

For instance, in a low-loss dielectric with a loss tangent tanf=c/we<0.1, we
obtain o/ <0.05 and a phase angle of 7| being less than 0.05[rad].
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Fig. 8.7 In a low-loss dielectric, H always lags behind E in time phase.

Example 8-8
Find the attenuation and phase constants in a nonmagnetic material(p =, ) in

which the complex intrinsic impedance is 7 =200e’®® at a frequency
100[MHz].

Solution
The term 1- jo /(we) in Eq. (8-79) is written in polar form as

1-jo /(we) = y1+(c / we)’e ™

Inserting it into Eq. (8-79), the intrinsic impedance is expressed as

U eﬁ;/2 )
f] = [— e yy = 2003"0'5 (8_81)
€ € 2
o%r |:1+((5/038) }

Equating the two exponentials in Eq. (8-81), we obtain & =1, and thus
tanf =tan(1)=1.56.

Inserting the loss tangent into Eq. (8-81), we have

377 1

Je, [1+a.567]"

=200 — ¢ =1.92

From Eq. (8-78a), we obtain

3 1/2
€ c 21x10% [1.92 z 2
=/ e =] -1 =2 o 14 (1.56) -1
o [ uoeo\/;[ (0)8) ] 3><108 2 l: ( ) ]
=1.90[Np/m]
(8-82)
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From (8-78b), we obtain

1/2
e / s\ _21x10° [1.92 7
B—m./uoso\/;{ 1+[&j +1] = 3x10° T{,/1+(1.56) +1]
=3.47[rad/m]

(8-83)

In view of the ratio a/B=0.55>>0.05 and the loss tangent
tang =1.56, this is a high-loss material.

Example 8-9
For an electromagnetic wave with E =a_300e*>"*7*?* [V/m], propagating
in a medium of 7 =220+ j21[Q], find (S) atthe z=0.5[m] plane.

Solution
Magnetic field phasor is

300 -0.212-j(2.22)

H= =
Y9220+ j21

(a,xE)=a

j>|r—'

Time-average Poynting vector is

1

2 -0.42z
S)= LRe[ExH |=a 1Re|300¢
2 D)

220 - j21
—a,(202.7)e %%

(8-84)

Atthe z=0.5[m] plane

(8)=a,(202.7)e "% =164.3a,[W/m?].

Exercise 8.10
Write an expression for the ratio o/ in terms of the loss tangent in a low-loss

dielectric.

Ans. a/B=(1/2)tang.

Exercise 8.11

Express, in terms of the loss angle, how much H lags behind E in time phase.

Ans. Half the loss angle, or & /2.
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Review Questions with Hints

RQ 8.14 Define attenuation and phase constants of the wave in a lossy dielectric.

[Egs.(8-63)(8-78)]

RQ 8.15 Define loss tangent of a lossy medium. [Eqs.(8-64)(8-80)]
RQ 8.16 Under what conditions does the permittivity become complex?

[Eqgs.(8-57b)(8-73b)]

RQ 8.17 Express intrinsic impedance of a lossy dielectric. [Eqs.(8-69)(8-79)]

8.2.4.3 Good Conductors

Although the conductivity may not be infinite in a good conductor, it is very large
such that we may assume & /e >>1 in Eqs. (8-77)-(8-80). Under this condition,

it is evident from Eq. (8-73b) that the displacement current can be neglected in the
conductor in comparison with the conduction current. In a good conductor, the
propagation constant yin Eq. (8-77) simply reduces to

_ {_.£_1+j
y:Jm\/E -j o ——\/5 \JOUG (3-85)
=a+jp

In the above equation, we used the following relation:

. —jns2 V2 —jm 1_.]
i =[e”] o=t (8-86)

As can be seen from Eq. (8-85), the attenuation and phase constants are equal in
magnitude in a good conductor:

o=p=nfuc (8-87)

where ®=2nf . In a good conductor, both o and B increase with \/7 and o .

In a good conductor, the phasor and instantaneous forms of the electric field are
given as

E =E_ e “e ¥

= (E aE ) e—z\/mesz\/m (8_88)
& =(E, aE)e'Zm cos(mt—zdnfuc) (8-89)

Z

The amplitude of the electric field intensity varies as e ** and, therefore, it will
be attenuated by a factor of e =0.368 at a distance 1/./nfuc along the z-

axis. This distance is designated by & and called the depth of penetration or skin
depth of the conductor. Namely



8.2 Waves in Homogenous Media 415

6: 1 =

Jfuc

The skin depth is measured in meters[m]. It tells us how deep an electromagnetic
wave can penetrate into the conductor. At microwave frequencies, the skin depth
is so short that the electric field and the induced current may be considered to be
confined within a very thin layer of a thickness & on the surface of the conductor.
For example, silver-plated brass waveguides can be used in place of those made of
solid silver with little degradation in performance, but with much reduced material
cost.
Upon using the relation B =2n /A, the skin depth is simply written as

_ % [m] (8-90)

1
o

A

o=—
2n

(8-91)

where A is the wavelength measured in the conductor. We see from Eq. (8-91) that
only a fraction, less than one sixth, of a cycle of the wave is packed within a skin
depth. To show an electromagnetic wave in a good conductor occupying the

region z >0, the electric field intensity |&|=e*° cos(wt -2z /38) is plotted as

a function of zat times t=0 and t==n/(2w) inFig. 8.8.

1.0 4
0.8 - e
0.6 e’ cqs(z’)
e“cos(n/2-2)
0.4 H
0.2+
0.0 T D U s —>
1 2 3 4 ) 6
-0.2 -

z'=2/38

Fig. 8.8 |$| =e*? COS(O)t -z /5) at times t=0 and t=7n/(20) in a good

conductor.

The phase velocity of a wave propagating in a good conductor is, from Eq. (8-90),

v,=2=2 \/E [m/s] (8-92)
B uc

The phase velocity depends on frequency in a good conductor, and is generally
very small compared with that in free space. For instance, the phase velocity in

copper is v, = 1.3x10*[m/s] at 1[GHz].
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Example 8-10
Express the skin depth of copper, having a conductivity ¢ =5.8x107[S/m], as
a function of frequency.

Solution
From Eq. (8-90), with p =y, , we write
1 1
Jifu,o  \Jnf x4nx107 x5.8x107

Skin depth of copper is therefore

5= 0.066 (m]

Jr

For instance, at a frequency f =1[GHz], the skin depth of copper is only
2. 1[pm].

A good conductor is characterized by a property ¢ /we >>1. The intrinsic
impedance of a good conductor is therefore, from Eq. (8-79),

—ﬁ (1+J)\/F

The intrinsic impedance of a good conductor is expressed in terms of the
conductivity and skin depth as

1+J)
G0

3

n= Q] (8-93)

Equation (8-93) implies that the magnetic field always lags behind the electric
field by 45° in time phase in a good conductor.

Let us now turn our attention to the power density carried by an
electromagnetic wave propagating in a good conductor. If an electromagnetic
plane wave is polarized in the x-direction, and propagates in the +z-direction in a
good conductor, the electric and magnetic field phasors are written as

E=aFE_e """ (8-94a)

H:i(az xE)=a ;’TSE “edjess (8-94b)
N J

The time-average Poynting vector is

1

(8) = Re [ExH']= éRe a E? OB1*J) zar

2
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Thus, in a good conductor in the region z = 0, we have

(S)=a, "ZSEje'ZZ/6 [W/m?] (8-95)

Here, E, is the amplitude of the electric field at the surface of the conductor
defined at z =0, o is the conductivity, and & is the skin depth of the conductor.
The power density decreases rapidly as the wave propagates into the conductor. At
a distance of & from the surface, (S) is only a fraction, e =0.135, of its
initial value specified at the surface.

The skin depth enables us to express the power loss in a good conductor in
terms of an ac resistance. Consider the case as shown in Fig. 8.9, in which an
electromagnetic plane wave, polarized in the x-direction, propagates in the +z-

direction in a good conductor of a cross section w x¢ [m?]. The electric field of

the wave induces a time-varying current density in the conductor, which is
expressed in phasor form as

—(1+)2/5 _ —(1+))z/5
J=acoEe """ =a J e )" (8-96)

The total time-average power dissipated in the conductor of a conductivity ¢ and a
volume wx¢xd [m?®] is computed as follows:

1 * 1 z=d "
(P)= LERe[J-E ]dv = %“MR‘{LO J.J dz:|

Under the condition of a small skin depth, & << d, the total time-average power
loss in the conductor is expressed as

(P)= % w82 W] (8-97)

where w¢ represents the cross sectional area of the conductor, and § is the skin
depth. It should be noted thatdJ, is the amplitude of the current density on the

surface of the conductor, not a surface current density. Let us now calculate, from
Eq. (8-96), the total ac current flowing in the conductor. The phasor of the total
ac current, I, ,is

_ vds — z=d _(1+))z/s
I —LJ ds =wl,[ e dz
weJ [A] (3-98)
1+ Jj
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Now let us assume that the total current I, flows uniformly in a thin slab of a

cross section wxd[m?] and a length ¢[m] for the reason that will become

evident shortly. We next express the total time-average power dissipated in the
conductor, Eq. (8-97), in terms of the total current I, as

(P)= éRac Re[ LI, | [W] (8-99)

Comparing Eq. (8-97) and Eq. (8-99), with the aid of Eq. (8-98), we define the ac
resistance R, as follows:

R, =—— [Q] (8-100)

The total power dissipated in a conductor with a dc-resistance R, =¢ / owd [Q]
is equal to the total power dissipated in a thin slab of a cross section w x 8[m?]

and a length ¢[m], having an ac-resistance R, =¢/cdw[Q] that is experienced

by the total current uniformly distributed in the slab. Again, the total time-average
power dissipated in a conductor can be expressed in terms of the current density
J, specified on the surface of the conductor, as shown in Eq. (8-97), or in terms of

the total current I, flowing in the conductor, as shown in Eq. (8-99).
The total current in the conductor in real instantaneous form is, from Eq. (8-98),

- Jot | _ Jo T
lp = Re[ITe’ } = w6\/§cos mt—Z (8-101)
Substituting J, =cE_ into Eq. (8-101), we obtain the relation between the total
instantaneous current ¢, and the electric field intensity on the surface of the

conductor, E, .

Fig. 8.9 Penetration of an electromagnetic wave into a good conductor.
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Example 8-11
Referring to Fig. 8.9, find the total power transmitted into the conductor through

the entrance surface of the cross section w x ¢[m?].

Solution
Time-average power density at the z =0 plane is, from Eq. (8-95),
(s)=a, 2 F:
4

Total power through the cross section is

Py=[ J,(8)-ds= iGSEfwé = %Gwawj (8-102)

The direction of ds is along the direction of <S> , not outward away from

the volume. The transmitted power given by Eq. (8-102) is equal to the total
power dissipated in the conductor given by Eq. (8-97), conforming with the
law of conservation of energy.

Exercise 8.12
What is the skin depth of sea water having ¢ = 4[S/m] at a frequency 1[KHz] ?

Ans. 8.0[m].

Exercise 8.13
At what distance into a good conductor is the time-average power density of the
incident wave reduced to 1% of its initial value at the surface?

Ans. 2.3x39.

Exercise 8.14
What is the ac-resistance of a copper wire of radius 1[mm)] and length 1[Km] at a
frequency 1[MHz]?

Ans. R, =41.5[Q].

Review Questions with Hints

RQ 8.18 Define the attenuation and phase constants of a plane wave propagating

in a good conductor. [Eq.(8-87)]
RQ 8.19 What is the skin depth of a conductor? [Eq.(8-90)]
RQ 8.20 Express the intrinsic impedance of a good conductor. [Eq.(8-93)]

RQ 8.21 Express the time-average power density of an electromagnetic wave in
a good conductor. [Eq.(8-95)]
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8.3 Plane Waves at an Interface

When an electromagnetic wave impinges on an interface between two different
media, a portion of the wave is reflected from the interface, while the remainder
is transmitted through the interface. The electric and magnetic fields of these
three waves should satisfy the boundary conditions at the interface, which are
imposed by Maxwell’s equations. Since the phase of the incident wave generally
varies from point to point in the interface (see the z =0 plane in Fig. 8.1, for
instance), the spatial variations of the phases of the reflected and transmitted
waves should be the same as that of the incident wave, in the interface, in order
to satisfy the boundary conditions; otherwise, the three waves cannot be related
to each other at the interface. As we will see later, this condition of an identical
phase variation leads to the law of reflection and the law of refraction at the
interface.

In this section, we first examine the uniform plane wave normally incident on a
planar interface between two different media, and learn about the standing wave.
Next, we extend our discussion to the uniform plane wave obliquely incident on
the interface, and study the laws of reflection and refraction, followed by Fresnel’s
equations of reflection and transmission coefficients. We compute the reflected
and transmitted powers, and discuss the reflectance and transmittance at the
interface.

8.3.1 Normal Incidence of a Plane Wave

In this subsection, we limit our discussion to a uniform plane wave normally
incident on an infinitely large planar interface between two lossless media, as
depicted in Fig. 8.10. We assume that the wave is linearly polarized in the x-
direction, and propagates in the +z-direction in medium 1 in the region z <0,
before it impinges on the interface at z =0 . To start with, we write the electric
and magnetic field phasors of the incident wave as

E' =a Ele /™ (8-103a)
H =a, oo (8-103b)
Ui

where i stands for the incident wave, and 1 stands for medium 1. The phase
constant P, and the intrinsic impedance m, are both real in the lossless medium
1. We assume the amplitude E! to be real without loss of generality. In this

case, the magnetic field vector is directed along the +y-axis in accordance with
Eq. (8-28).
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Fig. 8.10 Normal incidence of a plane wave on a planar interface.

The electric field intensity E' of the incident wave is constant in the interface
at z =0, as can be seen from Eq. (8-103). Under this condition, the electric field
intensities of the reflected and transmitted waves should also be constant in the
interface. These are prerequisites for the boundary condition, which requires that
the tangential component of E is continuous across the interface. The
preconditions can be met only if the reflected and transmitted waves are uniform
plane waves propagating in either the +z or the —z direction, and their wavefronts
are parallel to the z =0 plane.

The reflected wave propagates in the —z-direction, and its electric and magnetic
field phasors are expressed as

E =a Ee"* (8-104a)
H =-a, E, o (8-104b)
Y,

where r stands for the reflected wave. It should be noted that E" is assumed to be
directed in the +x-direction, instead of the —x-direction, for simplicity. Under this
condition, H" is directed in the —y-direction in accordance with Eq. (8-28). Note
that the phase constant and the intrinsic impedance shown in Eq. (8-104) are the
same as those in Eq. (8-103) because the two waves are in the same medium.

The transmitted wave propagates in the +z-direction, and its electric and
magnetic field phasors are expressed as

E'=a Ele /™ (8-105a)
t

H —a, Lo (8-105b)
Ny
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where t stands for the transmitted wave. In medium 2, the phase constant 3, and
the intrinsic impedance 1, are, in general, not the same as those in medium 1.

We are now ready to apply the boundary conditions to the electric and magnetic
field intensities expressed by Egs. (8-103)-(8-105), and determine the amplitudes
E! and E! in terms of E!. The tangential components of E and H should be

continuous across the interface at z =0 such that

E' +E =E! (8-106a)
i r t

%_%z% (8-106b)
1 1 2

The left-hand side of Eq. (8-106a) is the sum of the two electric field intensities
in medium 1, observed on the interface, while the right-hand side is the electric
field intensity in medium 2, observed on the interface. Eq. (8-106b) obviously
comes from the boundary condition for the magnetic field intensity at the
interface.

The reflection coefficient I' and the transmission coefficient t are readily
obtained from Egs. (8-106a) and (8-106b) as

r=E MM (8-107a)
E, m,+n,
t
i=Ee n222n (8-107b)
o 2 1

It should be noted that Eq. (8-107) is true only for the normal incidence of a
uniform plane wave on an infinitely large planar interface. The reflection
coefficient I' becomes negative for 1, >n,, implying that the direction of the
electric field intensity is reversed after a reflection from the interface. In contrast,
the transmission coefficient T is always positive. It can be shown that Eq. (8-107)
is also valid for an interface between two lossy media with complex intrinsic
impedances; the reflection and transmission coefficients are generally complex
numbers.
Equation (8-107) leads to

(8-108)

It is important to remember that this is true only for the normal incidence.

Example 8-12
For a uniform plane wave normally incident on an interface between two media of

m, and m,, derive |F|2+(ﬂ1/ n2)|‘t|2=1 from the law of conservation of

energy.
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Solution
Time-average power densities of the incident, reflected, and transmitted
waves are, from Eqgs. (8-103)-(8-105),

i 1 i 7 _ 1 i
(s >=5Re[E xH ]—azz—nlEo (8-109a)
(8) =-a, —|E[ =-a, —— [P |EI[ (8-109b)
2n, 2n,
(s)=a, —|Ef —a, | |E[ (8-109¢)
2n, 2n,

From the law of conservation of energy, we write

(s)=\(s")] +[(s") (8-110)
Substituting Eq. (8-109) into Eq. (8-110), we have

o+ e =1 (8-111)

Ny

Exercise 8.15

For a wave E'=a10e’™* with f=2[GHz] , propagating in free
space (z < 0), impinging on a dielectric(z > 0) with e, =2¢, and p, =p,, find
E" and E'.

Ans. E' =-a_1.72¢7*'°* Jand E'=a _8.28e /%",

Exercise 8.16
A light of A =500[nm] is normally incident on a glass plate of n=1.5. What

portion of the incident power is reflected from the first surface of the glass plate?
Ans. 4%.

8.3.1.1 Standing Wave Ratio

The total electric field intensity in medium 1 is equal to the sum of those of the
incident and reflected waves, which propagate in the opposite directions. That is,

E, =E'+E' =a Ele"[1+Te” ]
) (8-112)
=a E

where I' is the reflection coefficient as given in Eq. (8-107a). As mentioned
earlier, if one of the two adjoining media is a lossy material, the reflection
coefficient is given by a complex number such as

I =[Tle” (8-113)
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where ¢ is the phase angle. Inserting Eq. (8-113) into Eq. (8-112), the magnitude
of the electric field vector phasor E, in medium 1 is expressed as

E, = Ele™ | 1+[r]e’* ] (8-114)

The complex amplitude E, is a complex number, whose magnitude represents

the amplitude of the total electric field intensity, oscillating with an angular
frequency o in medium 1, and whose phase angle represents the phase delay of the
time-harmonic electric field.

The maximum amplitude is observed at a point on the z-axis where the two
terms in bracket on the right-hand side of Eq. (8-114) are in phase. Namely,

B, =E(+T) @-1150)
Z :—$(¢+2nn) (n=0,£1,+2,..) (8-115b)
1

The maximum is closely related to the reflection coefficient in such a way that the

maximum amplitude |E1| depends on the magnitude of T, whereas the location

of the maximum, z depends on the phase angle of I'. On the other hand, the

max

minimum amplitude is observed at a point on the z-axis where the two terms in
bracket are out of phase by 180°. Namely,

)| =E;(1-[r]) (8-116a)
zmin:—$(¢+2nn+n) (n=0,+1+2,..) (8-116b)
1

We see from Eqgs. (8-115b) and (8-116b) that two adjacent maxima or two
adjacent minima are separated by a distance m /[, along the z-axis, which is a

half wavelength of the incident or the reflected wave in medium 1.
Let us rewrite Eq. (8-114) as

E, = E{e | 1-|1]+|[]+[[]e/®* ]
o ‘ ‘ (8-117)
= Ele”™ (1-|1)+ E. [T|e’*?[2cos (B,z + 0 /2) |
The instantaneous form of the total electric field intensity in medium 1 is, from
(8-117),
& = E, (1-|1]) cos (ot —B,z) + 2E, |T|cos (B,z + ¢ / 2) cos (ot + ¢ / 2)

(8-118)
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The first term on the right-hand side of Eq. (8-118) is a traveling wave, having an
amplitude E;(1—|F|), whereas the second term is a standing wave, oscillating

with an amplitude 2E! |1"|cos([312 +¢/2) at an angular frequency . Although

the standing wave comprises of two plane waves of equal amplitudes, it does not
travel through the medium, because of the opposite directions of travel of the two
component waves. From Eq. (8-118), we see that when a wave of an amplitude

E! impinges normally on the interface, a portion of the wave, |1"| E!, is reflected

from the interface, and propagates in the direction opposite to that of the incident
wave. The reflected wave interferes with the incident wave and produces a
standing wave in medium 1. The other portion of the incident wave, (1 —|1"|)E;,
just travels in the +z-direction, without being interrupted. We note that the
amplitude of the traveling wave is constant as a function of z in medium 1,
whereas the amplitude of the standing wave varies sinusoidally with z, because of
the term cos(B,z+¢/2) inEq. (8-118).

For the case of [[|=0.5 and ¢=0, the electric field intensities of the

traveling and the standing waves given in Eq. (8-118) are both plotted in Fig. 8.11
as a function of B,z, at timeswt=0, n/4, and w, Blue lines represent the

traveling wave, and black lines represent the standing wave.

Z, | E,
A
L 1.0
L 0.5
0 —» Bz
--0.5
--1.0
Medium 1 Medium 2

Fig. 8.11 Traveling wave(blue line) and standing wave(black line) in medium 1.

The total electric field intensity given in Eq. (8-118) is plotted in Fig. 8.12 as a
function of B,z at times wt=0,n/4,nt/2,3n/4, and =m , by assuming
|1"| =0.5 and ¢ =0. Fig. 8.12 shows that the electric field intensity curve moves
to the right with a decreasing amplitude for O<wt<mn/2, and with an
increasing amplitude for ©/2 < ot <, and so on. The two blue lines represent

the envelope of the electric field intensities such that the electric field intensity
oscillates between the two blue lines, with an angular frequency ®, at a point on
the z-axis. The location of the peak depends on the phase angle of the reflection
coefficient as shown in Eq. (8-115b).
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. - N

o N

q A

\ .
;
- . s\\
o . ‘ P ¢ X ~ .
--1.5
ot=3n/4

ot=m7 Medium 1 Medium 2

Fig. 8.12 Total electric field in medium 1.

We define the standing wave ratio S as the ratio of the maximum to the
minimum amplitude of the total electric field intensity in medium 1. That is,

- = (8-119)

This is a dimensionless quantity. While |1"| ranges from O to 1, the standing wave
ratio S ranges from 1 to oo . It is customary to express the standing wave ratio on
a logarithmic scale, in decibels; that is, 20log,,S [dB]. For example, S =4
corresponds to a standing wave ratio of 20log,,4 =12.04[dB]. The standing

wave ratio S should not be confused with the Poynting vector S, or the unit [S]
representing the siemens.

Example 8-13

A standing wave of S =4 is formed in free space(z < 0). The first maximum is
observed at a distance 0.2[m] from the interface at z =0, and two adjacent
maxima are found to be separated by 0.5[m]. Determine 1, of the material in
the region z2>0.

Solution
The distance between two adjacent maxima is equal to a half wavelength:
A =2x0.5[m], and thus B, =2—;=2n. (8-120)
The first maximum corresponds to n =0 in Eq. (§8-115b):
1
Zpx = ———0=-0.2[m] (8-121)
2B,

Inserting Eq. (8-120) into Eq. (8-121), we get
¢=0.8n (8-122)
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From Eq. (8-119), we get

M| = S-1_4-1_ (8-123)
S+1 4+1

Combining Eq. (8-122) and Eq. (8-123), the reflection coefficient is

I'=0.6e/%%" (8-124)

Rewriting Eq. (8-107a), we have

N, _1+T (8-125)

UM 1-r

Substituting Eq. (8-124) and n, =1, =377[Q] into Eq. (8-125), we get the
intrinsic impedance of medium 2 as

1+ 0.6e/0%"

=377 ————
M2 1-0.6e/°%"

= 154e/°%[Q] .

Example 8-14

A uniform plane wave, &' :ax20cos[3><109t—17.32), travels in a lossless
dielectric (z<0) , and impinges normally on the surface of a lossy
dielectric (z 2 0), for which ¢ =4 and 6=0.5[S/m]. Find I', S, and the
distance of the first maximum from the interface at z=0.

Solution
For the incident wave in the region z <O, we have

®=3x10°[rad/s]
B, = oJue,e, =17.3, and thus JE =1.73

M, _ 377
e, 1. 1.73

n = =217.92

In the region z > O, the intrinsic impedance is, from Eq. (8-79),

/ / _377
1- JG/ we) \/1 J05/(3><109><4><8854><1012)

=188.50 |———— = 85.90e/°%
1—J4.71

The reflection coefficient is, from Eq. (§8-107a),
e My —My 85.90cos(0.68) -217.92 +j85.9051n(0.68)

n,+M, 85.90cos(0.68)+217.92+ j85.90sin(0.68)

_ -151.13+ j54.01  160.49¢’**°
284.71+ j54.01 289.79¢/°"?

=0.55e/%61
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The standing wave ratio is, from Eq. (8-119),

_1+|1] _1+0.55 _

= =———=344
1-f] 1-0.55

Substituting ¢=2.61, B, =17.3,and n=0 into Eq. (8-115b), we get
6 261

Zhex =" 5q T
2B, 2x17.3

=-7.5[cm].

Exercise 8.17

If the incident wave E' is delayed by 0.5[rad] such as E'e™%®, are there any
changes in Eqgs. (8-115b), (8-116b), and (8-119)?

Ans. No.

8.3.1.2 Interface Involving a Perfect Conductor

The perfect conductor is one with an infinite conductivity. The intrinsic
impedance of a perfect conductor is zero, as is evident from Eq. (8-93). Let us
consider an interface formed by a lossless dielectric in the region z <0 and a
perfect conductor in the region z > 0. We see that a substitution of 1, =0 into
Eq. (8-107) results in I'=-1, which means that the incident wave is totally
reflected by the perfect conductor, and the reflected wave is 180° out of phase
with respect to the incident wave.

If the incident wave is a uniform plane wave linearly polarized in the x-direction,
propagating in the +z-direction in medium 1, the expressions for the incident and
reflected waves are the same as Eq. (8-103) and Eq. (8-104), respectively. With the
aid of I'=E] /Eé =-1 given on the perfect conductor, the total electric and

magnetic field intensities are expressed in the dielectric(medium 1) as
E,=E'+E =aE[e/™ —e™]

_ (8-126a)
=-a_j2E, sin(B,z)
H=-H+H =a, ﬂ[e‘jﬂlz + eﬂ“l]
L (8-126b)
2E'
=a,—*2cos(B,z)
1

The instantaneous form of the total electric and magnetic field intensities in
medium 1 is

& =a 2E!sin(B,z)cos(wt-m/2)

: (8-1272)
=a 2E,sin(B,z)sin(wt)

FH=a, 2E, cos (B,z)cos(ot) (8-127b)

1
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We see from Eq. (8-127) that the incident and reflected waves form a complete
standing wave, containing no traveling wave component. The space coordinate z
is completely separated from the time variable tin Eq. (8-127). The standing wave
is not a traveling wave and thus cannot deliver power to the load. No transfer of
power can be verified by inserting Eq. (8-126) into Eq. (8-39), in which E, xH]
becomes imaginary, resulting in <S> =0, or simply by inserting mn, =0 into Eq.
(8-39) to obtain t=0.

The total &and ¥ given in Eq. (8-127) are plotted in Fig. 8.13 as a function of
B,z at five times. It is apparent from Fig. 8.13 that the total & is zero on the
surface of the perfect conductor at all times to satisfy the boundary condition,
which requires that the tangential component of & should vanish on the surface of
the perfect conductor. The point of zero amplitude, called a node, occurs
periodically along the z-axis with a period of a half wavelength of the incident
wave. The node of ¥ occurs with the same spatial period as that of & but is
sifted by a distance A /4 with respect to that of & As we can see in Fig. 8.13,

the first node of . occurs at a distance A /4 from the surface of the conductor.

(@) T )

L & L > > B,z
—2n %, -3n/2 X -n/2 o
N Lt T
s " wt=0
ot=n/4
ot=n/2
Perfect
Conductor

(b)

Fig. 8.13 Electric and magnetic field intensities of a complete standing wave caused by a
perfectly conducting surface.
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Example 8-15
A right-hand circularly polarized wave, E' = (anx - onay)e’j“Z , propagates in
free space (z < 0) and impinges normally on the surface of a perfect conductor at
z =0 . Determine

(a) &" and its polarization state,

(b) surface current density induced on the surface of the perfect conductor, and
(c) instantaneous form of the total electric field intensity in free space.

Solution
(a) Using T =-1, the electric field phasor of the reflected wave is written as

E =I'(Ea,-jEa, e =(-Ea,+jEa,)e" (8-128)
The instantaneous form of the reflected wave is

&'= Re[(—anX +e™E,a, )ejﬁzej““}

(8-129)
=-a E, cos(ot+Bz)-a,E, sin(ot+pz)
Atthe z=0 plane, we have
&'=-akE, at ot=0 (8-130a)
&'=-aE, at ot=m/2 (8-130b)

If the left four fingers follow the rotation of & in Eq. (8-130), the left

thumb points in the direction of propagation of the reflected wave, as shown
in Fig. 8.14. Thus, the reflected wave is left-hand circularly polarized. Note
that the polarization state of a circularly polarized wave is reversed when the
wave is reflected by a perfect conductor.

ot=n/2 X

A

kr
‘/
gr\v
3 y

ot=0

Fig. 8.14 Reflection of a circularly polarized wave by a perfectly conducting surface at

z=0.
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(b) Magnetic field intensities of the incident and reflected waves are expressed

(©

in free space as

H = L(ak xE') = Laz x(E,a, - jE,a,)e

n, n;: (8-131)
=—(a, +ja,)e"
B =L (o xE)= L (ca,)x(-Ea, + Ea,)e"
n, n, (8-132)

- ﬁ—:(ay +ja,)e’

The total magnetic field intensity at the z =0 plane is obtained from Eqgs.
(8-131) and (8-132) as

H(0) = H'(0) + H'(0) = 2;20 (a, +ja,) (8-133)

o

Using the outward unit normal to the surface, a, =-a,, the surface current
density induced on the conductor is

J, =, xHO) = (-a,)x 2= (a, + ja,)
o (8-134)
2E .
= 0 (ax —Jay)

o

Total electric field intensity in free space is written as
E-E +E =(Ea,-jEa, e’ +(-Ea,+jE,a,)e"
=-a 2jE sin(Bz)-a, 2E, sin(Bz)

The instantaneous form of the total electric field intensity in free space is
therefore

& =Re[Ee™ | = Re[ax2EO sin(Bz)e’*™? -a 2E, sin(Bz)ej"“J

=2E, sin(Bz)[ax sin(wt)-a, cos (wt)]

Exercise 8.18
A standing wave with ® = 5x108 [rad/s] exists in free space (z < 0) due to a

perfectly conducting surface at z = O . Find the location of the first maximum.
Ans. z=-0.94[m].
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Exercise 8.19
With reference to Fig. 8.13, find (a) standing wave ratio in medium 1, and
(b) phase angle of the reflection coefficient.

Ans. (a) S=-co,(b) ¢=m[rad].

Review Questions with Hints

RQ 8.22 Write the reflection and transmission coefficients for the wave normally

incident on a dielectric-dielectric interface. [Eq.(8-107)]
RQ 8.23 Express the law of conservation of energy in terms of I" and 7 of the
wave normally incident on an interface. [Eq.(8-111)]

RQ 8.24 What are the standing wave and standing wave ratio? [Eq.(8-119)]
RQ 8.25 Express the separation between two adjacent electric field intensity

maxima in a standing wave pattern? [Eq.(8-115)]
RQ 8.26 Write the reflection coefficient of the wave normally incident on the
surface of a perfect conductor. [Eq.(8-126)]

8.3.2 Oblique Incidence of a Plane Wave

In the general case, a uniform plane wave may be obliquely incident on an
interface between two different dielectrics. The incident wave is partly reflected
from the interface, while the remainder is transmitted into the second medium, as
in the case of the normal incidence. Under certain conditions, the incident wave
may undergo a transmission only or a reflection only at the interface.

The behavior of the wave at the interface strongly depends on the direction of
propagation and the polarization state of the incident wave. The plane of incidence
is a reference plane that is defined by the wavevector of the incident wave and a
unit normal to the interface. It can be shown that all three wavevectors of the
incident, reflected, and transmitted waves are confined in the plane of incidence.
Thus, it would be most convenient to specify the directions of propagation of the
waves by the rotation angles of the wavevectors with respect to the unit normal to
the interface. Figure 8.15 shows the definitions of the angle of incidence, angle of
reflection, and angle of transmission, which are denoted by 6,, 6., and 6,,

respectively. These angles are always positive, ranging from zero to w/2 . Next,

ro

to describe the polarization state of the wave at the interface, we define the
perpendicular polarization and the parallel polarization, which are so named
because the electric field vectors are perpendicular and parallel to the plane of
incidence, respectively. Note that the two polarization states of a wave are
mutually orthogonal at the interface.

With reference to the plane of incidence shown in Fig. 8.15, we generally
express the electric field phasors of the incident, reflected, and transmitted waves
as follows:
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Ei = E(i)e—_]kl-r — E:‘)efj[(k,sin9,)x+(kicose,)z] (8—1353)
E = E(r)e—jkr.r — Egefj[(k, sin6, )x—(k;, cos 6, )z (8—135b)
Et — Eze—jkt.r — Ege—j[(k, sin®, )x+(l, cos 6, )z | (8-135C)

where i r, and t stand for the incident, reflected, and transmitted waves,
respectively, and Ik is the magnitude of the wavevector k. For known values of

E!, k,, and 0,, we can determine the values of E, E., k., k,, 6,, and 0,
by applying the boundary conditions to the three waves at the interface.

m =k, /&

nQZV“o/SZ

Fig. 8.15 Plane of incidence at an interface between two dielectrics.

We consider an interface between two dielectrics of different permittivities,
which are lossless and nonmagnetic( & =0 and pw=u, ). We first apply the
boundary condition for E to the electric field intensities given in Eq. (8-135), and
make the tangential component of the electric field intensity be continuous across

the interface such as (Ei )tan+(E’ )m :(Et)tan , where tan stands for the

tangential component. Substituting z =0 into Eq. (8-135), and applying the
boundary condition, we have

i —j(k; sin®; )x r —j(lk, sind, )x __ t —j(k; sin6, )x
() e +(E;) e =(E;) e (8-136)
In the above equation, we notice that the sum of two spatial functions on the left-
hand side is equated with another spatial function on the right-hand side. The
equality in Eq. (8-136) can be satisfied at every point on the interface only if the
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three terms have the same functional form. Therefore, the three exponents should
be identical, that is,

k;sin®, =k, sin6, = Ik, sin®, (8-137)

This implies that the tangential components of k. and k, should be the same as
that of k,.

Here, let us digress briefly and introduce the refractive index of a lossless and
nonmagnetic material, which is defined as

n=.e/e, =.fe (8-138)

where €, is the relative permittivity, or the dielectric constant of the material.
Thus, the wavenumber, or the magnitude of the wavevector, is expressed as

k =oJue :ng (8-139)
c

It is important to note that the refractive index is related to the intrinsic impedance
of the material by

m=n,/n (8-140)

where the intrinsic impedance of free space M, = /U, /€, -

Noting that the incident and reflected waves are in the same medium, we obtain
the relation k; =k, . Therefore, the first equality in Eq. (8-137) leads to the law of

reflection:

(8-141)

Next, with the help of Eq. (8-139), the second equality in Eq. (8-137) leads to
Snell’s law of refraction:

‘nl sin®, = n, sin®, (8-142)

Again, 6, and 6, are the angles of incidence and transmission, respectively,
while n, and n, are the refractive indices of medium 1 and 2, respectively.

Because the laws of reflection and refraction are derived from the relation between
the wavenumbers, or Eq. (8-137), they hold true regardless of the polarization
state of the wave.

Example 8-16
A uniform plane wave of a wavevector k, =a_++3a, +24/3 a, propagates in

free space in the region z <O, and impinges on the surface of a dielectric of
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g, =1.69 and u, =1, occupying the region defined by z > 0. Find (a) k,, and

(b) K, .

Solution
(a) The law of reflection comprises of two parts:

I o6, =9,.
(II) k, and k. are in the plane of incidence.

Thus
k =a + 3ay—2\/§az.
(b) The law of refraction comprises of two parts:

(I) n,sin®, =n,sin6,
(II) k, and k, are in the plane of incidence

From Snell’s law, the tangential component of k, is the same as that of
k, , thatis,

k, :ax+\/§ay+kmaz

where Ik, is an unknown.

Using k, =nJc, =1.3x4 in the above equation, we write
(5.2% =1+ (3)* +(k, )’
Thus,
k, =a, +\/§ay +4.8a,.
Exercise 8.20

What is the maximum angle of transmission of sunlight into the water of a placid
lake with a refractive index 1.33.

Ans. 48.8°.

Exercise 8.21
An incident wave of k, =3a +4a, +5a, in medium 1(z < O) impinges on an

interfaceat z=0.For n, =1.2 and n,=2.4, find k and k,.

Ans. k =3a _+4a -5a,,and k,=3a +4a +J175a,.
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8.3.2.1 Perpendicular Polarization

A uniform plane wave with the perpendicular polarization, or s-polarization,
has the electric field vector always perpendicular to the plane of incidence. Let
us consider the case as illustrated in Fig. 8.16, in which the wave is obliquely
incident on an interface. Although the directions of propagation are yet to be
determined, the reflected and transmitted waves should also be uniform plane
waves of perpendicular polarization. Otherwise, the boundary conditions would
not be satisfied at the interface. Assuming the three waves to be
perpendicularly polarized, we write the electric field phasors of the waves as
follows:

i i —jkier _ i ,—J| (ki sin®;)x+(k; cos 6;)
E'=a Ele ™7™ =a Ele lonoulcost] (8-143a)
E' =a Ele " =a Eje /lksntlieose] (8-143b)
Et — ayEge_jkt.r _ ayE;e—j[(kr sin®, )x+(k; coser)z] (8'143C)

In the above equations we assumed that all three electric field vectors are
directed in the +y-direction for simplicity. It is implicit that the angles 6, and

0, are related to 0, through the laws of reflection and refraction, respectively.

Considering Eq. (8-26), we write the magnetic field phasors of the three waves
as

H' =(a, xau)ﬂe’ﬂ‘"’ =(-a,cos0, +a, sinei)ﬂe’ﬂ‘"lr (8-144a)
Ty U
r E; —Jjk, o1 0 E; —Jjk, -r
H = (a.r Xay)n—e "*=(a,cos6, +a, smer)n—e " (8-144b)
1 1
Et Et
H'=(a, xa, )—2e ™7 =(-a, cos6, +a,sinf,)—2e " (8-144c)
My My

where we have used a,=a, sin®,+a,6cos6,, a =a sin6, —-a,cosO_, and
a, =a _sin6,+a,cos0,, which are the unit vectors of k,, k, , and k,,
respectively. In Eq. (8-114), the position vector is given as
r=xa_ +ya, +za, in Cartesian coordinates. It should be noted that the

magnetic field vectors, represented by the phasors H', H', and H', all lie in
the plane of incidence.



8.3 Plane Waves at an Interface 437

M = WMo /&

N, =M, /&,

Fig. 8.16 Uniform plane waves of perpendicular polarization at an interface.

Upon applying the boundary conditions for E and H to the interface coincident
with the z =0 plane, we have

r t

E' -

z=0,tan

z=0,tan z=0,tan

T t

Hi

z=0,tan z=0,tan z=0,tan

where tan stands for the tangential component. Substitution of Eq. (8-143) and
Eq. (8-144) into the above equations leads to

E!+E! =E; (8-145a)
i r t

—cos ei&+cos Grﬂ =—cos Gtﬂ (8-145b)
uh U Ny

In view of Eq. (8-137), the common exponential factor has been dropped from
both sides of the above equation.

The reflection coefficient I', and the transmission coefficient 1, for
perpendicular polarization are obtained from Eq. (8-145):

11=E_9=nQCosei—nlcoset (8-1462)
E, m,cos8,+m,cosb,
t
1, =B 2myc08h, (8-146b)
E, m,cos0,+mn,coso,
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These are also called the Fresnel’s equations for perpendicular polarization. It
should be noted that positive values of ', and t, imply that E" and E‘ are

directed along the direction of E'.
From Eq. (8-146) we obtain

w140

which is true for any angle of incidence.
At normal incidence( 8, =0=0, ), Eq. (8-146) reduces to Eq. (8-107) as

expected. If medium 2 is a perfect conductor(m, =0 ), we have I') =—-1 and
1, =0, irrespective of the angle of incidence. In this case, from Eq. (8-143) we

see that E' and E" completely cancel each other on the surface of the perfect
conductor.
In Eqgs. (8-143) and (8-144), the wavevectors k. and k, were assumed to be

confined in the plane of incidence as k,. Otherwise, k. and k, would have a

component in the y-direction, causing E" and E' to vary with y, and the

boundary condition could not be satisfied at the interface, because E' is
independent of y.

Example 8-17

A uniform plane wave, &'= 10a, cos((ot—\/g x—z) , propagates in free

space (z < 0) and impinges on a lossless dielectric (z = 0) of ¢ =4.Find
(a) k, and 6,
(b) &7, and

(c) total electric field intensity in the region z <O .

Solution
(a) Phasor form of &' is

i 7j(x/§x+z)
E'=10ae

The wavevector of E' is
k,=/3a_ +a,.
The angle of incidence is the smaller angle between k, and a,

V3

9, =tan'—=60°.
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(b) Inserting 6,=60°, n,=1,and n,=2 into Snell’s law of

refraction(n, sin®, = n, sin®, ), we have

2
cos0, = 1—(isineij =0.901
n,

Rewriting Eq. (8-146a) by use of m=mn,/n, we have

_n,cosB,—n,cosO, cos60°-2x0.901

= =-0.57
n,cosH,+n,cosh, cos60°+2x0.901

I,

Substituting I, =k, =2 and 6, =6, =60° into Eq. (8-143b), we have

‘[(2sin 60° )x—(2cos 60° )z}

E' -a,(-0.57)10¢" —a,(-5.7)e ")
&'= Re[E’ej““] =a, (—5.7)cos(0)t —Bx+ z) .

(c) Intheregion z <O, the total electric field intensity is expressed in phasor
form as

E=E'+E =a,e”/"*[10e" -5.7¢"" |
=a,e’*[(15.7-5.7)e " -5.7¢"" |
= aye’”g" [1 5.7¢ —-11.4cos z]
The total electric field intensity is written in instantaneous form as
&= Re[Ee“”]
=a, [15.7cos(mt - \/§x - z) -1 1.4cos[z]cos(03t - \/§X):|

Exercise 8.22
Under what condition is I'", (a) positive, and (b) negative at an interface between
two lossless dielectrics.

Ans.(a) T', >0 for m; <m,,(b) I', <O for n, >n,.

8.3.2.2 Parallel Polarization

A uniform plane wave with the parallel polarization, or p-polarization, has the
electric field vector parallel to the plane of incidence. The same procedure as was
used for the perpendicular polarization can be followed to obtain the reflection and
transmission coefficients for the parallel polarization. The sign convention for the
positive direction of an electric field vector is taken so that the projection of E
onto the interface is directed along the projection of the wavevector k onto the
same interface, as shown in Fig. 8.17. Then the direction of H is determined by
the relation a, =a, xa,, . For the uniform plane wave obliquely incident on the



440 8 Time-Harmonic Electromagnetic Waves

interface as shown in Fig. 8.17, the reflected and transmitted waves should also be
uniform plane waves of a parallel polarization. Assuming the three waves to be
parallel polarized, we write the electric field phasors of the waves as follows:

E' = (a,cos6, —a,sing,)Eie /i lacst)] (8-148a)
E’ =(a,cos, +a,sind, )Eje /o)l cos0)] (8-148b)
E'=(a,cos6,—a,sing, ) Ele koo lcose] (8-148c¢)

The electric field vector is said to be in the positive direction if the projections of E
and k onto the interface are parallel to each other; the x-component of E is positive
as shown in Fig. 8.17, in this case. It is implicit in Eq. (8-148) that the angles 6,

and 6, are related to 6, through the laws of reflection and refraction, respectively.
In view of Eq. (8-26), we write the magnetic field phasors of the three waves as

Hi = ay E, _j‘:(kx sin®; )x-+(k; cosei)z]

—e
N (8-149a)
H,— — _al/ E_ge—j[(k, sin6, )x—(lk, cosS,,)z] (8—149b)
N
Ht — al/ E_ct,e—j[(ktsi.ner))ﬁ(k[ coset)z] (8—149C)
P

VMo /&

>

=
N, =M, /&

n

7
Ul‘erféce

Fig. 8.17 Uniform plane waves of parallel polarization at an interface.
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Upon applying the boundary conditions for E and H to the interface at the
z =0 plane, we have

r t

Ei

z=0,tan z=0,tan - z=0,tan

T t

Hi

z=0,tan

z=0,tan z=0,tan

Substitution of Egs. (8-148) and (8-149) into the above equations gives

cos0,E! +cos6,E’ =cos6,E! (8-150a)
i r t

E,_E _E (8-150b)

m M M

In view of Eq. (8-137), the common exponential factor has been dropped from
both sides of the above equation.
The reflection coefficient T', and the transmission coefficient 1, for parallel

polarization are obtained from Eq. (8-150):

r, =E? _M,cos6, —n, cosb, (8-151a)
E, m,cos0,+n,cos6,
E, 2 0,
=Ze - “N,COST, (8-151b)
E, m,cos6,+mn,cos6,

which are called the Fresnel’s equations for parallel polarization. It should be
noted that positive values of T', and t, imply that the x-components of E" and

E' are parallel to that of E'.
From Eq. (8-151) we obtain

cos0
1+T, =T'(Coset) (8-152)

It is important to remember that the right-hand side of the above equation differs
from that of Eq. (8-147).

At normal incidence( 6, = 0 = 6, ), Eq. (8-151) and Eq. (8-152) reduce to Eq. (8-
107) and Eq. (8-108), respectively, as expected. If medium 2 is a perfect
conductor(m, =0 ), we have T, =-1 and 7, =0, irrespective of the angle of

incidence. In this case, we see from Eq. (8-148) that the tangential components of
E' and E’ cancel each other on the surface of the perfect conductor. However, the

sum of the normal components of E' and E’ is not necessarily zero on the perfect
conductor.
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If a wave, traveling in the first medium, reflects off the second medium of a
larger refractive index, n, <n, , this is called the external reflection.

Otherwise, it is called the internal reflection. The reflection and transmission
coefficient are plotted as a function of 6, in Fig. 8.18(a) for the case of

external reflection(n, =1 and n,=1.5), and in Fig. 8.18(b) for the case of
internal reflection( n, =1.5 and n,=1 ). Both plots show that |1"l|
monotonically increases from an initial value to unity as 0, increases from
0° to 90°. In contrast, |1“”| first decreases from the initial value to zero and

then increases to unity as 0, increases from 0° to 90°. In view of these, the

wave with perpendicular polarization reflects better than the wave with
parallel polarization.

1.0

0.8 [Fmmmmmmmmmmmssszzezii
o6l W TTTEm
0.4 ! A

02

0 t t } f }

-0.2 0,(degrees)
0.4F
-0.6 -

-0.8

-1.0

Fig. 8.18(a) External reflection(n, =1 and n, =1.5).
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rL’ r” TJ.’ TH

1.0 3.0
0.8

—2.0
0.6

o —1.0
0.2 0, =33.7
0 f } 0
60° 90°

-0.2 0,(degrees)

—1-1.0
-0.4

0,=41.8°

-0.6

—-2.0
-0.8
-1.0 -3.0

Fig. 8.18(b) Internal reflection(n, =1.5 and n, =1).

Example 8-18

The uniform plane wave with parallel polarization, E'=4a.e”’ (2x+32)
propagates in free space( z < 0 ), and impinges obliquely on a lossless dielectric of
€, =2.25 occupying the region z > 0. Find

(a) expression for a, in Cartesian coordinates,

(b) E", and

(c) E'.

Solution
(a) From the wavevector k, =2a,_+3a,, the angle of incidence is

i

0. =tan‘12 =33.7°
3

The direction of the parallel polarization is determined from the two
conditions; that is, a,+k, =0 and (a,) | (k,)

e

From the first condition : ay||+(3a,-2a,)
From the second condition : a, | (3a, —2a,)
Thus,

1
a, = (3a,-2a,)

13
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(b)

(©)
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The electric field phasor of the incident wave is

E' = i(Sax ~2a,)e /> (8-153a)

V13
Substituting n, =1 and n, =+/2.25=1.5 into Snell’s law of refraction,
n, sin®, = n,sin®, , we obtain

0, =sin™’ (Lsin33.7°j =21.7°
1.5

From Eq. (8-151a), by use of m=mn,/n, we obtain

_n,cosb, —n,cos, co0s21.7°-1.5xco0s33.7°

= = =-0.15
n,cosO, +n,cosH, cos21.7°+1.5xcos33.7°

Substituting E; =4, I',=-0.15, k, =k =13 ,and 6, =6, =33.7°
into Eq. (8-148b), we obtain

[ E! e—j[(k,, sin®, )x—(k. cos8,)z]

o

E" =(a ,cosH, +a,sin®,)
=(0.83a,+0.55a,)(-0.15x4)e /> (8-153b)
=—(0.50a, +0.33a,)e />,

From Eq. (8-151b) we obtain

.= 2n, cos©, _ 2c0s33.7°
" n,cos®, +n,cosH, 0.929+1.5c0s33.7°

=0.76

Substituting k, =k,\e, =1.5v/13 and 6, =21.7° into Eq. (8-148¢),

T Eie—j[(k[ sin 6, )x+(Ic, cos 6, )z]

o

E'=(a cos6,—a,sing,)
(0.93a,-0.37a,)0.76 x 4e /> 00x+50% 153
(2.84ax -1.1 3al ) e’-j[2-00X+5.032]‘

Exercise 8.23
Given E =a_ 10e/®**™4 traveling in free space(z < 0) and impinging on an

interface at z =0, find the expression for a, for the parallel polarization.

Ans. a, =(12a, +8a,-13a,)/v377.

8.3.2.3 Brewster Angle

A uniform plane wave with parallel polarization undergoes no reflection if it
impinges on the interface at an angle called the Brewster angle. The wave is
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totally transmitted into the second medium. There is, however, no Brewster angle
for perpendicular polarization. The Brewster angle for external reflection, 0, is

complementary to the Brewster angle for internal reflection, 67, , that is,

0, + 67, =90° (see Fig. 8.18). The Brewster angle is also called the polarization
angle. When an unpolarized wave is incident upon a surface at the Brewster angle,
only the component with perpendicular polarization undergoes a reflection, and
thus the surface behaves like a polarizer.

If a material medium is lossless and nonmagnetic, its intrinsic impedance is
expressed in terms of the refractive index as m =1, /n . At an interface between
two such materials, the reflection coefficient expressed by Eq. (8-151a) is
rewritten, with the aid of Snell’s law of refraction, as

_tan(6,-9,)

'“tan(e, +6,) (6159

In the case of 6,+6,=90°, Eq. (8-154) gives T', =0 . Therefore we obtain the

relation 6, =90° —0, =0, . At the Brewster angle, Snell’s law of refraction is
rewritten as

n,sin®, =n,sin®,

= nQSin(QO" —SB)

Rearranging the terms in the above equation, we can express the Brewster angle in
terms of the refractive indices, namely

tan@, = 2 (8-155)

1

This is the Brewster angle for the wave traveling in medium 1, impinging on
medium 2. By the same token, the Brewster angle for the wave traveling in
medium 2, impinging on medium 1, is

n

tan®, = (8-156)
2
Combining Eq. (8-155) and Eq. (8-156) we obtain
0, +6, =90° (8-157)

The two Brewster angles are complementary to each other.
Similarly, at an interface between two lossless, nonmagnetic materials, Eq. (8-
146a) is rewritten as

ro- sin (6, —6,)

* sin(6, +6,) (8-158)
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The reflection coefficient I', is always positive regardless of the angle of

incidence; there is no Brewster angle for perpendicular polarization(see also Fig.
8.18).

Example 8-19
On the front surface of a dielectric slab as shown in Fig. 8.19, a uniform plane
wave with parallel polarization is incident at Brewster angle 6,. Show that the

wave also experiences no reflection at the rear surface which is parallel to the
front one.

Fig. 8.19 A wave incident on a dielectric slab at Brewster angle.

Solution
Substituting 6, = 90° — 6, , which is obtained from Eq. (8-154), into Eq. (8-
155), we write
n, _sinB, _cos6,

- (8-159)
n, cosB; sinb,

Comparing Eq. (8-159) with Eq. (8-156), we obtain 6, = 67, , which implies

that the internal wave is incident on the rear surface at Brewster angle. Thus,
there is no reflection at the rear surface.

Exercise 8.24
Find 6, and 6} for a diamond of n =2.42 placed in free space.

Ans. 0, =67.5°,and 6, =22.5°.

Review Questions with Hints

RQ 8.27 What is the plane of incidence? [Fig.8.15]
RQ 8.28 Define the perpendicular and parallel polarizations. [Figs.8.16,8.17]
RQ 8.29 State Snell’s law of refraction. [Eq. (8-142)]
RQ 8.30 Write Fresnel’s equations. [Eqgs.(8-146)(8-151)]

RQ 8.31 Define Brewster angle. [Eq.(8-155)]
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8.3.3 Total Internal Reflection

We now turn our attention to the internal reflection of a uniform plane wave at a
dielectric-dielectric interface, and discuss the total internal reflection(TIR). The
internal reflection takes place for a wave incident from medium 1 onto medium 2
of a lower refractive index(n, >n, ). In this case, according to Snell’s law of

refraction, the angle of transmission 6, in medium 2 is always larger than the
angle of incidence 0, in medium 1. As we gradually increase the angle 6, from
0° to a higher value, the angle 6, increases from 0° to 90°, before 6,
reaches 90°. The particular angle of incidence corresponding to 6, = 90° is
called the critical angle 6, . If we further increase ©, past the critical angle, there

is no transmission of the wave into medium 2, and the incident wave is totally
reflected by the interface. This is known as the total internal reflection.

Substitution of 6, =90° into Snell’s law of refraction leads to the critical angle
defined as

sin@, =2 (8-160)

n

where n, >n, is assumed.

Although there is no transmission of electromagnetic energy into medium 2
under the conditions of total internal reflection, a residual electromagnetic field
should exist in medium 2. Otherwise, the boundary conditions would not be
satisfied at the interface. For 6, > 6_, Snell’s law of refraction does not allow a

real solution for 0, such as

cos @, = £,/1-sin’ 0, = ij\/(nl /n,)’ sin?6, -1 (8-161)

where n, >n,. To obtain an expression for the electric field in medium 2, we
insert Eq. (8-161) into either Eq. (8-143b) or Eq. (8-148b):

Et —a Ete—j[(k[si.net)xﬂktcoset)z]
E~0

, (8-162)
=a,Ele *“e /P~

where

a,=a, (perpendicular polarization)

a,=a,cos0,—a,sin6, (parallel polarization)
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By use of Snell’s law of refraction, the positive constants o, and B, are defined as

k. sin®, =k, (n, /n,)sin6,

(8-163a)
=B,

I, cos 6, = £k, *sin6, -1

, COS O, =T JK, (nl/n-z) sin” o, — (8-163b)
E_ja‘e

In Eq. (8-163b), the minus sign is taken for the reason that will become evident
shortly. The wave given in Eq. (8-162) is called the evanescent wave. The
amplitude decays exponentially in the z-direction, while the phase changes
sinusoidally in the x-direction. The evanescent wave propagates along the
interface, with the amplitude being attenuated in the direction normal to the
interface. This wave is bound to the surface, forming a surface wave.

Substitution of Eq. (8-161) into Egs. (8-146a) and (8-151a) gives the reflection
coefficients for the case of total internal reflection:

r- M, cos 8, —jnl\/(n1 /n,)’ sin?6, -1

_ (8-164a)
M, COS 6, +jn1\/(n1 /n,) sin’6, -1

r - jn2\/(n1 /n,)* sin®6, —1 -, cos 6,
=

5 (8-164b)
jnz\/(n1 /n,) sin® 6, -1 +m, cos 6,
In the above equations, I'| is of the form (a - jb)/(a + jb), whereas L, is of
the form (—c + jd) / (c + jd) . Therefore, we always have

Ir.|=|r|=1 (8-165)

All the incident energy is reflected by the interface, irrespective of the polarization
state of the incident wave.

Example 8-20
The dielectric slab waveguide shown in Fig. 8.20 is infinite in extent in the x- and y-
directions, having refractive indices n, > n, . Find the maximum angle of incidence

0,, for total internal reflection at the interface between the core and cladding.

n =1 n, cladding z

n, cladding

Fig. 8.20 A dielectric slab waveguide.
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Solution
Applying Snell’s law to the entrance surface, we have

n,sin6,, =n, sin(90° - GC)

=n,cos6,
The critical angle at the interface between the core and cladding is
sin, =n, /n,
Combining the two equations, we have
n,sin®, =n1-(n,/n)"

The maximum angle of incidence is therefore

9, =sin™’ {L,/nf - ng}
n

o

The wave incident at an angle less than 6,, is guided through the dielectric

slab by successive total internal reflections at the interface between the core
and cladding.

Exercise 8.25
Find 6, for a diamond of n =2.42 placed in free space.

Ans. 0, =24.4°.
Exercise 8.26
Distinguish the evanescent wave in the second medium of a dielectric-dielectric

interface from the evanescent wave penetrating into a good conductor.

Review Questions with Hints

RQ 8.32 What is the total internal reflection? [Fig.8.20]
RQ 8.33 Define the critical angle. [Eq.(8-160)]
RQ 8.34 State the evanescent wave in the second medium. [Eq.(8-162)]

8.3.4 Reflectance and Transmittance

As was discussed in Section 8-2.2, the time-average power per unit area is defined
by the Poynting vector (S). When we are concerned with electromagnetic power
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reaching a given surface, the time-average power per unit area is also called the
radiant flux density, or irradiance I, and expressed as

IE<S>:%Re[ExH*]:Re{§E*} [W/m?] (8-166)

where E_ is the amplitude of the electric field intensity, m is the intrinsic

impedance of the medium, and * stands for complex conjugate. In a lossless and
nonmagnetic medium, the irradiance is simply written as

(=L |fp_ N pe [W/m?] (8-167)
2\K, 2,

where n is the refractive index of the medium, and m, is the intrinsic impedance
of free space. The irradiance is measured in units of watts per square meter
[W/m?].

Consider Fig. 8.21, in which the area A represents the intersection of the
incident, reflected, and transmitted waves of a finite cross section with a given
interface. In view of the area A in the interface, the cross sections of the three
waves are given by Acos6,, Acos6,,and Acos6,, respectively. If the radiant
flux densities of the three waves are I,, I, ,and I,, respectively, the total powers
carried by the incident, reflected, and transmitted waves are IAcos®, ,
I.Acos®, ,and I, Acos®,, respectively.

The reflectance R is defined as the ratio of the reflected power to the incident
power, that is,

r 2
r=LAcosd (B, (8-168)
I, Acos 9, E;

where T is the reflection coefficient, and 6, = 6,, from the law of reflection. We
note that the reflectance is simply equal to the square of the reflection coefficient.

Similarly, the transmittance T is defined as the ratio of the transmitted power to
the incident power, that is,

(8-169)

_I,AcosH, (n,cosb, 2
I, Acos 6, n, cos 9,

where n, and n, are the refractive indices of the incident and transmitting
media, respectively.
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Fig. 8.21 Three waves of a finite cross section at an interface.

According to the law of conservation of energy, the sum of the powers of the
reflected and transmitted waves is equal to that of the incident wave, that is,

I,Acos®, =1, AcosO_+1,Acosb, (8-170)
Dividing both sides of Eq. (8-170) by I,Acos#,, we have

1:I_,Jrltcoset

8-171
I, 1I,cos, ( )

Substitution of Egs. (8-168) and (8-169) into Eq. (8-171) leads to
(8-172)

The sum of the reflectance and transmittance is always one, irrespective of the
polarization state of the incident wave and the losses in the material media. Since

the reflectance is always given by R = |1"|2 at the interface, regardless of the
polarization state and material media, the transmittance can be obtained from the
relation T =1- |1"|2 .

Example 8-21

With reference to the three waves expressed by Eqgs. (8-153a), (8-153b), and (8-
153c) in Example 8-18,

(a) find the power of each wave per unit area of the interface, and

(b) verify the law of conservation of energy at the interface.
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Solution
(a) Incident power per unit area of the interface is

( J%f o ﬁ_sﬂcosm

Il, COSGi :l E_O(E;)2 Cosei _ 377
2\ 2

o

=2,509 [W]

Reflected power per unit area of the interface is

I cos®, = 1& (E; )2 cos6, = 3ﬂ[(0.50)2 + (0.33)1005 33.7°
2\, 2
=56[W]
Transmitted power per unit area of the interface is
I,cos6, = %\/2.25 %o (!} cose, = 1.53—;7[(2.84)2 +(1.18)" [cos21.7°
W

=2,454[W].

(b) The incident power is 2,509[W], whereas the sum of the reflected and
transmitted powers is calculated as 2,510[W]. Ignoring floating point
errors, the law of conservation of energy is satisfied.

Exercise 8.27
If a uniform plane wave with parallel polarization is incident on an interface at

Brewster angle, find T, and T, in terms of the refractive indices of the two
media.

Ans. 1, =n,/n,,and T,=1.

Review Questions with Hints

RQ 8.35 Define the irradiance. [Eq.(8-166)]

RQ 8.36 What are the reflectance and transmittance. [Eq.(8-168)(8-169)]

RQ 8.37 Express the law of conservation of energy in terms of the reflectance
and transmittance at the interface. [Eq.(8-172)]

8.4 Waves in Dispersive Media

According to the atomic model of a material, a dielectric may be regarded as an
assemblage of discrete atoms placed at the equivalent lattice points in free space.
When an electromagnetic wave of a frequency o is introduced into the dielectric,
the electric field induces electric dipole moments, vibrating at the same frequency
o, in the material. The electric dipoles generate secondary wavelets, which
oscillate with the same frequency and propagate with the same velocity as the
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incident wave. However, the damping of the electric dipole gives rise to a phase
lag or lead of the secondary wave with respect to the primary wave; the sum of the
primary and secondary waves constitutes the internal wave in the material. As the
wave propagates through the material, the phase delay accumulates so that the
phase velocity in the material is different from that in free space. The damping of
the electric dipole depends on the frequency. Thus, the phase velocity in the
material depends on the frequency, which is called the dispersion.

Until now, we limited our discussion to a uniform plane wave of a single
frequency, traveling with a single phase velocity. If a signal wave is to transport
meaningful information, it should be finite in time dimension such as a short
digital pulse. A wavepacket is a wave of a finite extent in both space and time
dimensions, which can be shown to consist of a band of frequencies, by making
use of Fourier analysis. In a dispersive medium, the different frequency
components travel with different phase velocities, and a broadening of the
wavepacket will result, in general. The wavepacket propagates with a group
velocity, which is the velocity of propagation of energy.

We now consider a wavepacket, resulting from interference between two
harmonic waves of equal amplitudes but slightly different angular frequencies

o =0,-Ao and ®" = o, + A, propagating in free space. The two waves will
have slightly different phase constants B~ =B, —AB and B =p,+AP ,

respectively. Assuming that the waves are polarized in the x-direction, and
propagate in the z-direction, the total electric field intensity is written as

&(z.t)=aE, cos (m't - B'z) +a E_cos (w*t - B*z)

(8-173)
=a 2E, cos(Awt - ABz)cos(w,t-B,z)
where we use
Aw=%(m* ~w) (8-174a)
AB=%(B*—B’) (8-174b)
o, =%(0)*+(o') (8-174c)
B, = %(B* +B) (8-174d)

Equation (8-173) shows that the electric field intensity of the wavepacket rapidly
oscillates with an angular frequency ®,, while its envelope slowly varies with an

angular frequency Awm (see Fig. 8.22(b)). As in the case of a uniform plane wave,
the phase velocity of the wavepacket is the velocity of a point of constant phase,
or a crest of the electric field intensity curve, for instance. We can obtain the phase
velocity from the ratio between the traveled distance Az and the elapsed time
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At , which are required of an observer moving with the crest. The phase velocity
is therefore

p

v = ‘L’;— [m/s] (8-175)

In contrast to the phase velocity, which is the velocity of a wave crest, the group
velocity is the velocity of the envelope of the wavepacket. By following the same
procedure as for the phase velocity, we obtain the group velocity from the ratio
between the traveled distance Az and the elapsed time At, which are required
of an observer moving with the peak of the envelope. From Eq. (8-173) we see
that the peak of the envelope is defined by (Aot —ABz)=0. By taking the limit

as Am — 0 and AB — O, the group velocity is expressed as

_do

v, = d_B [m/s] (8-176)

The group velocity is the velocity of the modulated amplitude of the wavepacket,
and the velocity of propagation of the time-average energy of the wave. On the
other hand, the phase velocity is the velocity of the wavefront, which has an
important role in describing interference of waves(see Fig. 8.22). The phase and
group velocities are equal for a uniform plane wave of a single frequency.
Although the phase and group velocities both depend on frequency in a
dispersive medium, they behave differently in different frequency ranges. In the
region of the normal dispersion, in which the refractive index of the medium, n,
increases with frequency o, the group velocity v, is smaller than the phase

velocity v, . On the other hand, in the region of the anomalous dispersion, in

which the refractive index decreases with frequency, v, is always larger than v, .

g

The relationship between v, and v, can be explained qualitatively by use of
Fig. 8.22, in which three points A, B, and C represent three crests of the wave of a
higher frequency ®" . Let us assume that we move with these points at the
velocity v . In the region of normal dispersion in which n* >n", the wave of a

lower frequency @ moves faster than the wave of ®". Thus, as time increases,
the peak of the envelope, or the point of overlap of the two crests, appears to move
from point B to point A, to an observer moving with the wave of o' (see Fig.
8.22(a)). Accordingly, v, is smaller than v, in the region of normal dispersion.

On the other hand, in the region of anomalous dispersion in which n* <n~, the
wave of ®" moves faster than the wave of ® . As time increases, the peak of the
envelope appears to move from point B to point C, to the observer moving with
the wave of " . Accordingly, v, is larger than v, in this case.
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Fig. 8.22 Interference of two waves of slightly different frequencies.

In Fig. 8.23, the w—f diagram is plotted in a dispersive medium for the case

of (a) normal dispersion, and (b) anomalous dispersion. The slope of the line
drawn from the origin to a point on the curve represents the phase velocity of the
wave at a given frequency ,. On the other hand, the tangent to the curve

represents the group velocity of the wavepacket at a mean frequency o, .

(@) (b)
® A o A
UU
o, / ) v P
UP
Up
B, p B, B

Fig. 8.23 w—[ diagram of a dispersive medium (a) normal dispersion (b) anomalous
dispersion.

Example 8-22

With reference to the wavepacket expressed by Eq. (8-173), propagating in free
space, find

(a) F#(z,t), and

(b) (S).
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Solution

(a) With the help of the relations |9#|=|&|\/e, /1, and a, =a,xa,, we
obtain
FH(z,t)=a 2E e, /1, cos (Aot - ABz)cos (ot —B,2) (8-177)

The temporal period of the phase is given by 1, =2rn/ ®,, while that of the
envelope is given by 1, =2rn/Aw, where T, <<7,.

(b) Poynting vector is
S=&xH

8-178
=a, 4E? /e, /1, cos® (Aot — ABz)cos® (w,t —B,z) ( )
Time-average power density is
1 p1/2
(s)= T LT/ZSdt 1, << T << 1, (8-179)

Inserting Eq. (8-178) into Eq. (8-179), we obtain
(S)=a,2E?\Je, /1, cos® (Ant - ABz) (8-180)

It is evident from Eq. (8-180) that the time-average power density of the
wavepacket propagates with the group velocity Am/ AB.

Exercise 8.28
The refractive index of a dispersive material is given by n=n,(1+®/®,) . Find

the phase and group velocities at ® = w, .

Ans. v,=c/2n, and v, =c/3n,(c, speed of light in vacuum).

Review Questions with Hints

RQ 8.38 State dispersion in words. [Fig.8.23]
RQ 8.39 Define group velocity. [Eq.(8-176)]
RQ 8.40 Define the phase and group velocities in w—f diagram. [Fig.8.23]

Problems

8-1 Given the instantaneous electric field & in the material of the intrinsic
impedance m, find the electric and magnetic field phasors E and H:
(a) & =a Ee “sin(ot—Pz+n/4) inamaterial with n=me’"*.
(b) & =-a E e ™ cos(ot +B2z) in a material with 1 =n,e7™*.

(c) &= a E, cos(kz) cos(mt) in free space.
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8-2

8-3

8-4

8-5

8-6

8-7

8-9

For the electric field & as given in Problem 8-1, find the time-average
power density (S).

In free space, the electric field phasor is given by E =6a e 7*7**[V/m].
Find

(a) direction of propagation, wavelength, and frequency,

(b) magnetic field phasor H, and

(c) time-average power through the area defined by 0<x<1[m],
0<y<2[m],and z=0.

A uniform plane wave of a frequency 200[MHz| propagates in a lossless
medium(e, =12 and p, =5). Find (a) B, (b) A, (¢) v,, and (d) n.

Given the magnetic field phasor H=(10-j2)(3a,+j5a,)e’* in a
lossless medium with € =2.5 and u, =4, find the electric field phasor

E.
At a point a in free space, the electric field intensity & varies sinusoidally
in time, with an amplitude 5.3[V/m], along the direction of a vector

A=(2a, -J3 ay]. Point b is a nearest point at which & oscillates with
the same phase as point a. The distance vector from a to b is given by
R = \/§ax + 2ay +3a,[m]. Find &everywhere.

An electromagnetic plane wave is in general represented by the electric
field phasor E=a,E e , where a, is a unit vector, k is the

wavevector, and r is the position vector. From the phasor form of

Maxwell’s equations, derive the following relations:
(a) kxE = ouH

(b) kx(kxE)=-0’ucE

(c) keE=0

(d) k«(kxE)=0

Given the electric field phasor E=E,p'e?a in cylindrical
coordinates, where k = o/ €, , show that it represents an electromagnetic

wave propagating in free space by using (a) Maxwell’s equations, and (b)
Helmholtz equation. (c) Find the magnetic field phasor H.

+jkz

Given the electric field phasor E = (anx + onay)e in free space,

determine (a) propagation direction, (b) H, (c) &, and (d) polarization state.

8-10 Resolve the linearly polarized wave E = (E a +E a )e'jkz into two

ox “x oy Ty

circularly polarized waves.
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8-11

8-12

8-13

8-14

8-15

8 Time-Harmonic Electromagnetic Waves

When two circularly polarized waves with E, = (E0 a -jE,a, )e’j"z and

E, = (EO a_ + jE, ay)e'jkz pass through a thin wave plate at the same

time, the phase of E is increased by 6[rad], while there no change in
E, . Determine the polarization state of the combined wave, E, +E, , (a)
before, and (b) after the wave plate.

A linearly polarized wave, E =E, aye’jkz , 1s incident on a quarter-wave
plate whose slow axis is rotated by 30° with respect to the x-axis as
shown in Fig. 8.24. The electric field component parallel to the slow axis is

delayed by 90° compared with that parallel to the fast axis, which is
normal to the slow axis, after the plate. Determine the polarization state of
the output wave.

Quar terwave plate

Fig. 8.24 A quarter-wave plate (Problem 8-12).

A 100[MHz] electromagnetic plane wave is represented by the electric
field phasor E =2.4a e*'"“e7/%* in a nonmagnetic dielectric. Find €/,
e, and H.

A uniform plane wave propagates in the +z-direction in a lossy dielectric
for which €', =2.53, u=u,, and the loss tangent is 0.03. At a point on
the z=0.5[m] plane, the electric field intensity varies sinusoidally in
time as &(z =0.5,t)=400a_sin(2nx 10t —n/8). Determine E in the
material.

A uniform plane wave of an angular frequency, ®= 3x10°[rad/s] ,

propagates in the +z-direction in an infinite, nonmagnetic, lossy dielectric.
The power is reduced by 10[dB] over a distance of 32.3[cm], and H

always lags behind E by 0.22[rad] . Determine 7| of the medium.
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8-16

8-17

8-18

8-19

8-20

8-21

8-22

8-23

8-24

8-25

8-26

Two nonmagnetic dielectrics( W, =1 ) have the same dielectric
constant( € =2.25 ), but different conductivities( oc=0 and
6 =50[S/m]). If a wave of a frequency 100[MHz] propagates in each
dielectric, compare the values of (a) B, (b) A, and (c) v, of the two waves.

An electromagnetic plane wave propagating in a nonmagnetic dielectric has
the instantaneous electric and magnetic field intensities given as

&(z,t)=a,967.1e™™ cos(1.5><109t - Bz) and
F(z,t)=a,10e™* cos(1.5><109t -Bz- 0.7194) )

Determine (a) m, (b) ¢, , (c) o, (d) o, and(e) B.

A nonmagnetic dielectric supports an electromagnetic plane wave of
0. =20.32[Np/m] and B=38.85[rad/m]| at a frequency f =1[GHz].
Find (a) loss tangent, (b) dielectric constant, and (c) intrinsic impedance.

A lossy dielectric of € =1.5 and W, =1 support an electromagnetic
plane wave of =120 [rad/m] at a frequency 50[MHz]. Find (a) loss
tangent, and (b) ©.

-0.21z—j(2.2z

An electromagnetic wave with E =a _300e '[V/m] propagates

in a medium of 7§ =220+ j21[Q]. Find (a) expression for (S). Next,
obtain the time-average ohmic power-loss per unit volume at z = 0.5[m]

by use of (b) ~V+(S), and (c) (1/2)Re[E+J"].

A typical laser pointer has an intensity of 1[mW/mm?]. By assuming the
laser light to be a monochromatic plane wave, find the electric field
intensity.

The power density of a 30[MHz]-plane wave is reduced by 10[dB] over a
distance of 0.15[mm)] in a good conductor. Assuming a nonmagnetic
material, find (a) G, and (b) 7.

For a 100[MHz]-plane wave, propagating in the +z-direction in a good
conductor of ¢ =107[S/m] and p = u, , find (a) 9, (b) 7, and (c) v,.
An air-gap coaxial cable consists of an inner conductor of radius a and an
outer conductor of inner radius b. By assuming the skin depth 3 to be much
smaller than the radius a and the thickness of the outer conductor, find the
ac-resistance per unit length of the coaxial cable.

A uniform plane wave is normally incident on an interface between two
lossless media. The power densities of the reflected and transmitted waves
are the same. Find (a) standing wave ratio, and (b) ratio 1, /1, .

A uniform plane wave is normally incident on the interface at z=0, and
produces a standing wave with S =4.0 in air(z < 0). The power density

transmitted into the nonmagnetic, lossless dielectric in the region z >0 is
5[W/m?]. Find the amplitude of the incident wave.
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8-27

8-28

8-29

8-30

8-31

8-32

8-33

8-34

8-35

8 Time-Harmonic Electromagnetic Waves

A red light of wavelength 630[nm] forms a uniform plane wave in free
space, and is normally incident on the planar surface of a good conductor

with 6 =5x10"[S/m] and u=p, .

(a) Find |T|.

(b) Find the percentage change in |I| when a violet light of 350[nm] is
incident on the same conductor.

The z =0 plane coincides with the front surface of an aluminum foil
(6=3.82x107[S/m] and p= u, ), which is one skin depth thick
(t=9). In free space (z < 0), a blue light of wavelength 0.5[um] forms
a uniform plane wave whose electric field intensity is given by
& =100a, cos(2nft)[V/m] at z =0. Inside the foil, find (a) frequency
f, (b) skin depth 3, and (c) complex intrinsic impedance T .

With reference to the blue light normally incident on the aluminum foil in
Problem 8-28, by taking account of the reflections at the front and rear

surfaces, but ignoring multiple internal reflections inside the foil, find the
electric field phasor E in the region z > t (after the foil).

A uniform plane wave with E'=-300a,e”’"**"'*? propagates in free
space (z < 0), and impinges on the surface of a dielectric(n =1.30) at
z=0.Find

(a) angle of incidence,

(b) E" and E, and

(¢) R and T.

Given a uniform plane wave with E' =100(-4a, +3a, )e/™*'*” in free

space(z < 0), find E" and E' due to the dielectric(n =1.30) occupying
the region z>0.

Consider a wave with E' = (2a_ —a_)30/5e71°"2° which propagates
in free space (z < 0), and is reflected by a perfect conductor occupying the
region z > 0. Find

(a) H', E",and H",

(b) total E and total Hon the z =0 plane, and

(c) J, induced onthe z =0 plane.

Given that E'=(2a, +2a, —4az]e’j(4’”8y+6z) in free space (z<O0),
resolve the wave into two components, having the electric field vectors
perpendicular and parallel to the z =0 plane, respectively.

With reference to E' in Problem 8-33, find the electric field phasor of the
reflected wave if the z =0 plane is the surface of a perfect conductor

occupying the region z > 0.

—j(x+3z)

A uniform plane wave with E' = 4a_e propagates in free space in

the region z <O, and impinges on a lossless dielectric of € =2.25 and
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8-36

8-37

8-38

8-39

i, =1, occupying the region z > 0. The incident wave is known to have
a perpendicular-polarization component of an amplitude 3[V/m].

(a) Resolve E' into perpendicular- and parallel-polarization components.
(b) Find expression for E".

The z =0 plane serves as an interface between free space(z <0) and a
fused quartz(z > 0) of n, =1.46. Consider a uniform plane wave with a
wavelength A, = 0.633[nm] and a power density (S)=10[mW/mm?’]
in free space. If the wave is incident on the interface at Brewster angle and
is totally transmitted into the crystal, find

(a) wavevectors k, and k,,

(b) unit polarization vectors of the incident and transmitted waves, and

(c) expressions for & and &°.

A circularly polarized wave with E'=(3a, + j5a, —4a )e/10°(8x362)
propagates in free space( z <0 ) and is reflected from the surface of a
dielectric(n =1.52) at z =0. Determine

(a) polarization state of E',

(b) expression for E", and

(c) polarization state of E'.

A right-angle prism is made of a crown glass of n =1.52. Determine the
range of the angles of incidence over which the internal wave will undergo
a total internal reflection at the hypotenuse.

Fig. 8.25 A right-angle prism(Problem 8-38).

The evanescent wave as given in Eq. (8-162) is perpendicularly polarized
such that a; =a, .

(a) Find H'.
(b) Show that no power is transmitted through the interface.
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8-40 A 500[MHz]-plane wave is incident from air upon the surface of a lossy
medium with 6 =10[S/m], e=¢,, and u =, . Find the ratio between
the transmitted and incident powers.

8-41 The normal incidence of a uniform plane wave of E, = 30[V/m] onto an
interface at z =0 generates a standing wave of S =4 in air(z < 0). Find
the power dissipated in the lossy medium extending from z =0 to
Z = o, having a cross section 1[m]x1[m].

8-42 Assuming the conductivity is independent of frequency in a nonmagnetic,
good conductor, find (a) phase velocity, and (b) group velocity.



Chapter 9
Transmission Lines

So far most discussion of electromagnetic waves was in a medium of infinite ex-
tent, or two semi-infinite media adjoined to each other. By solving the differential
wave equation we saw that the electromagnetic waves take the form of a uniform
plane wave in such media. The uniform plane wave is an unbounded and unguided
wave in the sense that the electric field exists in all space and the electromagnetic
energy spreads over the whole space. While an unbounded and unguided wave may
be useful for broadcasting radio and TV signals, it is inefficient when used for
point-to-point transmission of electromagnetic power or information.

A transmission line may be a much more efficient way of transmitting the
electromagnetic power and information from the source to the load, which is
composed of two parallel conductors in general. The transmission line can sup-
port a transverse electromagnetic (TEM) wave, which is an electromagnetic wave
whose electric and magnetic field vectors are both normal to the direction of
propagation of the wave. The TEM wave traveling on a transmission line has the
same propagation characteristics as those of a uniform plane wave traveling in an
infinite medium.

The most common transmission lines are two-wire lines, coaxial cables, and
striplines. Examples of two-wire lines are overhead power lines, and twin-lead
cables connecting TV sets to the antenna. Coaxial cables find their uses in trans-
mitting TV signals, interconnecting high-frequency precision electronic equip-
ment, and Ethernet. Striplines can be easily fabricated on dielectric substrates by
printed-circuit technologies, and used for connecting electronic components in in-
tegrated circuits.

To elucidate the difference between a transmission line and an electric circuit,
consider an AM radio frequency of 1000[KHz], which corresponds to a wave-

length of 300[m] in free space. If a resistor is connected to an AC voltage
source of 1000[KHz] through a pair of 10[cm]-long copper wires, every point

on the wire and the resistor itself can be considered to be in phase in the time do-
main, because of the long wavelength of the voltage wave. In contrast, if a micro-
wave of 2.45[GHz], having a wavelength 12.2[cm], is guided by a transmis-

sion line, the electric field intensity of the wave changes by 180° in time phase
every 6.1[cm] along the transmission line.
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We can analyze the characteristics of the wave traveling on a transmission line
by use of either electromagnetic theory or circuit theory. Circuit theory deals with
voltage and current waves that are simple one-dimensional scalar waves, whereas
electromagnetic theory deals with electric and magnetic fields that are vector
fields propagating through three-dimensional space, in general. In the present
chapter, we use circuit theory for describing the operation of the transmission line.

(b)

Fig. 9.1 Three common transmission lines: (a) coaxial cable, (b) two-wire line, and (c) pa-
rallel-plate line.

Figure 9.1 illustrates the three most common transmission lines, and their elec-
tric and magnetic field patterns in the cross sections. We notice that the direction
of the electric and magnetic fields reverses at every half wavelength along the line.
Let us digress briefly and examine the electromagnetic field pattern between the
two conductors of a coaxial transmission line, as shown in Fig. 9.1(a). The exact
field pattern can be obtained by solving the differential wave equation and apply-
ing boundary conditions. At this point, we will not take the exact steps for the
field pattern. Alternatively, we use a simpler approach, and extend the static elec-
tric and magnetic fields previously obtained in a coaxial cable to the time-varying
case, with the help of the basic wave theory and the symmetry of the given confi-
guration. If the coaxial cable is oriented along the z-axis, the field distribution in
the cross section is independent of z under static field conditions, because of the
translational symmetry in the z-direction. Under time-varying conditions, al-
though the field vectors vary in time, the field distribution in the cross section is
assumed to be the same as that of a static field, which is called the quasi-static
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field conditions. This holds true if the source current or voltage can be assumed to
vary slowly compared with the time-varying electromagnetic field. In this case,
the field pattern in the cross section behaves as a profile of the wave in the trans-
mission line. From the Poynting vector S =& x.5% , we see that the electromag-
netic fields propagate in the z-direction, and are guided by the transmission line
without loss of energy. The variation of the electric and magnetic fields along the
transmission line can be described by a simple cosine curve, in view of the fact
that the field distribution in the cross section is independent of z.

9.1 Transmission Line Equations

The transmission line equations are a pair of first-order partial differential equa-
tions governing the relation between the voltage and current in a transmission line.
For a TEM wave guided by a transmission line, the transverse electric and mag-

netic fields are related to the time-varying voltage ¢ and time-varying current 2 by

0=—Ig-dl (9-1a)
‘ =<_{>%.d1 (9-1b)

The voltage and current vary with position on the transmission line as well as with
time, and are well explained by waves traveling along the transmission line. Eq.
(9-1) shows that a transmission line problem can be solved by means of either
electromagnetic waves or voltage and current waves. The voltage and current
waves are one-dimensional scalar waves, whereas the electromagnetic waves are
three-dimensional vector waves, in general. The former is easier to deal with ma-
thematically. Furthermore, it is preferred when we are concerned with the imped-
ance in a low loss transmission line. However, if a complete analysis of the trans-
mission line is required, the electromagnetic field theory should be employed.

A transmission line can be viewed as an electric circuit that is composed of four
circuit elements such as series resistance R, inductance L, capacitance C, and
shunt conductance G, as shown in Fig. 9.2(a). The series resistance R arises from
a finite conductivity of the conductors, while the shunt conductance G arises from
a nonzero conductivity of the insulating material between the conductors. Since
these circuit parameters linearly depend on the length of the transmission line, the
equivalent electric circuit should be a distributed-parameter network, instead of a
lumped-element circuit, as depicted in Fig. 9.2(b). The circuit parameters R, L, C,
and G in Fig. 9.2(b) are measures in units of ohms per meter[Q/m], henrys per
meter[H/m], farads per meter[F/m], and siemens per meter[S/m], respectively.

As mentioned earlier, if a TEM wave is guided in a transmission line, the dis-
tribution of & and S# in the cross section is the same as that of the static electric
and magnetic fields. In view of these, we can obtain the circuit parameters by as-
suming static electric and magnetic fields in the transmission line.
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(@) R/2 L/2

RAz LAz

I T /1 I

— Az —»

Fig. 9.2 Transmission line and equivalent distributed-parameter network.

To derive the relationship between the voltage and current in the transmission
line, let us consider a small segment of length Az of the transmission line. The
segment can be represented by an equivalent circuit as shown in Fig. 9.3, where
RAz is the resistance, LAz is the inductance, CAz is the capacitance, and
GAz is the conductance. By applying Kirchhoff’s voltage law to the circuit, we
obtain

o(z,t) = RAzZ(z,t) + LAz % + ez + Az, 1)

We rewrite the equation as

e(z+Az,t)-elz,t) . or(z, 1) )
_ > =R/(z.t) + L—at 9-2)

Taking the limit of Eq. (9-2) as Az approaches zero we have

ooz _ oz, i
- =R/(z, )+ L o (9-3)

Next, by applying Kirchhoff’s current law to the upper node of the circuit we ob-
tain

der(z + Az, t)

2z, t)=s(z+ Az, 1)+ GAze(z + Az, t) + CAz o
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We rewrite the equations as

_4[z+Az,t)—&(z,t) :G&[z+Az,t)+Ca&[z+Az’t)
Az ot

Taking the limit of Eq. (9-4) as Az — O we have

o (z,1) der(z, 1)
i ke A t b it i
Gel(z,t)+C :

Equations (9-3) and (9-5) constitute the transmission-line equations.

7(z,t) 2(z + Az,t)

s RAz LAz s

o—MA—TI o
T o]
(z,t) GAz } CAz  ¢(z+Az,t)

———————— Az —————— ¥

Fig. 9.3 Equivalent circuit for a segment of length Az of the transmission line.

9.1.1 Phasor Form of Transmission Line Equations

467

(9-4)

(9-5)

Under sinusoidal steady-state conditions, the voltage and current are given by

time-harmonic functions, and thus expressed in terms of phasors as

«(z,t)=Re [V(z)ej““}
Zz,t)= Re[I(z]ej“"}

(9-6a)

(9-6b)

where V(z) and I(z) are voltage and current phasors, respectively. The phasors

are complex numbers in general, and depend on the space coordinate z only. Subs-
titution of Eq. (9-6) into Egs. (9-3) and (9-5) leads to the phasor form of transmis-

sion-line equations, that is,

—%—‘Z/:(R+j03L)I
—g—i=(G +joC)V

(9-7a)

(9-7b)
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Next, we take the second derivatives of V and I in Eq. (9-7a) and (9-7b), and re-
place dV /dz and 0I /dz on the right-hand side with Eqgs. (9-7a) and (9-7b),

respectively, as

o’V

Py (R+ joL)(G + joC)V (9-8a)
9’1

7 (G+joC)(R+ joL)I (9-8b)
z

From Eq. (9-8) we obtain Helmholtz’s equations for V and I, that is,

o’V
g - 'YZV =0 (9-93.)
0’1
a? - '\{21 = O (9-9b)

Here, the propagation constant vy is defined as

v=y(R+joL)(G + joC) (9-10)

The voltage and current satisfying Eq. (9-9) form waves traveling on a transmis-
sion line, whose propagation property is determined by the propagation constant .

9.1.2 Relationship between Parameters

By solving the differential wave equations given in Eq. (9-9) we obtain the voltage
and current waves propagating on a transmission line of an infinite extent. The
propagation properties of the waves are the same as those of a uniform plane wave
in a medium of an infinite extent. If the transmission line is made of a good con-
ductor with a high conductivity, the series resistance R can be neglected in Eq. (9-
10). Under this condition, the propagation constant of the transmission line is

Y=4JoL(G+ joC) = joJLC 1_j% (transmission line) (9-11)
®

If the series resistance is zero, it implies that the electric field should be normal to
the surface of the conductor; the tangential would produce an infinite conduction
current. Thus the electric field vectors should lie in the transverse plane, meaning
that the wave in the transmission line is a TEM wave.

We recall from Eq. (8-77) that the propagation constant of a uniform plane
wave propagating in a lossy dielectric of an infinite extent is

y = joue (1— j ij (dielectric) (8-77)(9-12)
we

It should be noted that ¢ in Eq. (9-12) is the conductivity of the dielectric.
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We recall from Eq. (4-55) that the product of R and C of a two-conductor con-
figuration is equal to the relaxation time constant of the dielectric between the
conductors. Alternatively, as given in Eq. (4-56), the ratio between the capacitance
and the shunt conductance is equal to the relaxation time constant of the dielectric,
that is,

c.

3
— 9-13
G o (9-13)

where ¢ is the conductivity of the dielectric between two conductors. Comparison
of Eq. (9-11) and Eq. (9-12), with the aid of Eq. (9-13), leads to

014

From Eqgs. (9-13) and (9-14) we see that the transmission line parameters, such as
L, G, and C, are related to the parameters of the dielectric surrounding the conduc-
tors, such as , €, and ¢. For a known capacitance C of a transmission line, we can
obtain the shunt conductance G from Eq. (9-13), and the inductance L from Eq.
(9-14), for instance.

Exercise 9.1
Identify the loss tangent in Eq. (9-11).
Ans. tanﬁzs—,zi.
g oC
Review Questions with Hints

RQ9.1 Distinguish between transmission line and electric circuit. [Fig.9.1]
RQ9.2 Write transmission line equations in instantaneous and phasor forms.

[Eqs.(9-3)(9-5)(9-7)]
RQ9.3 Write Helmholtz’s equations for V and I on a transmission line.

[Eq.(9-9)]
RQ 9.4 Define propagation constant of a transmission line. [Eq.(9-10)]
RQ 9.5 Under what conditions can a transmission line support a TEM wave?
[Eq.9-11)]
RQ 9.6 State the relationships between parameters of a transmission line and
those of the insulating material. [Eqs.(9-13)(9-14)]

9.2 Transmission Line Parameters

The relation between the voltage and current on a transmission line depends on the
four distributed line parameters, which are the series resistance R, inductance L,
shunt conductance G, and capacitance C. If the series resistance is negligibly small,
the electric field lines are confined in the transverse plane of the transmission line,
and the guided wave is approximated as a TEM wave. Under these conditions, the
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electric and magnetic field patterns in the transverse plane are the same as those of
static fields. Thus, we can obtain the line parameters by assuming the transmission
line to be under static field conditions. We have already obtained some parameters
in the previous chapters, and therefore we can determine the rest from the relations
given in Egs. (9-13) and (9-14). In this section, we list the line parameters for the
three most common transmission lines.

(@) (b) (©)

Fig. 9.4 Three most common transmission lines: (a) coaxial line, (b) two-wire line, and (c)
parallel-plate line.

9.2.1 Coaxial Transmission Lines

In a coaxial transmission line as shown in Fig. 9.4(a), the inner conductor of ra-
dius ais separated from the outer conductor of inner radius b by a dielectric with
€ and p. From Eq. (3-193), the capacitance per unit length of the coaxial transmis-
sion line is

c=_2" [F/m] (9-15a)
In(b /a)

The inductance per unit length of the line can be either borrowed from Eq. (5-110)

or obtained from Eq. (9-14) as

L=tmk [H/m] (9-15b)
2 a

Note that this is the external inductance. The internal inductance can be ignored at
high frequencies, because the magnetic field hardly penetrates the conductor due
to an extremely short skin depth. By inserting Eq. (9-15a) into Eq. (9-13), the
shunt conductance per unit length of the coaxial transmission line is

G=—2M0 [S/m] (9-15¢)
In(b/a)

where o is the conductivity of the dielectric between two conductors. The series

resistance is obtained from the ac-resistance defined by Eq. (8-100) by assuming

the total current to be uniform within a skin depth. The cross section of the current
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path is 5, =2mad in the inner conductor, whereas it is S, = 2nbd in the outer

conductor. The series resistance per unit length of the coaxial transmission line is
therefore

R:L+L:L(l+lj {% [Q/m] (9-15d)
.S, o©.5, 2m\a b o,

where o, and p, are the conductivity and permeability of the conductor, not
those of the dielectric between the conductors. In Eq. (9-15d), it is assumed that

the skin depth is much smaller than the radius of the inner conductor and the
thickness of the outer conductor.

9.2.2 Two-Wire Transmission Lines

In a two-wire transmission line as shown in Fig. 9.4(b), two parallel conducting
wires of the same radius a are separated by a center-to-center distance of b in a
dielectric of € and p. From Eq. (3-196), the capacitance per unit length of the two-
wire transmission line is

e

Inserting Eq. (9-16a) into Eq. (9-14) gives the inductance per unit length of the
line as

L=Ycosh (b/2a) [H/m] (9-16b)
T
Under the condition b>>a , if we use the approximation
cosh™ (b/2a)=In(b/a), Eq. (9-16b) reduces to the external inductance as
given in Eq. (5-110). Next, upon inserting Eq. (9-16a) into Eq. (9-13), the shunt
conductance per unit length of the line is

o
G=—7-7"7"—"7— S/m 9-16¢
cosh™ (b /2a) [5/m] ( )
If we assume a uniform distribution of the total current within a skin depth of the
conductor, the cross section of the current path is S =2nad in the conductor.

The series resistance per unit length of the two-wire transmission line is, from Eq.
(8-100),

R:L:L e [Q/m] (9-16d)
2rnadc, ma'l\ o,
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where 6, and p, are those of the conductors. In the above equation, the skin
depth is assumed to be much smaller than the conductor’s radius a. Notice that

the numerator in Eq. (9-16d) contains 2 to account for the effects of the two
conductors.

9.2.3 Parallel-Plate Transmission Lines

In a parallel-plate transmission line as shown in Fig. 9.4(c), the two parallel con-
ducting plates of the same width a are separated by a dielectric of thickness b. The
capacitance per unit length of the parallel-plate transmission line is, from Eq. (3-
187),

C= - [F/m] (9-17a)

where the fringing effects at the edges are ignored by assuming b << a . Upon in-
serting Eq. (9-17a) into Eq. (9-14), the inductance per unit length of the line is

L=t [H/m] (9-17b)
a

Next, Substituting Eq. (9-17b) into Eq. (9-13), the shunt conductance per unit
length of the line is

G=2¢ [S/m] (9-17¢)

If the total current is assumed to be uniform within a skin depth of the conductor,
the cross section of the current path in the conductor is given by § =ad. The se-

ries resistance per unit length of the parallel-plate transmission line is, from Eq.
(8-100),

R=i=% /% [Q/m] (9-17d)
adc, al\ o,

where o, and p, are those of the conductors. Here, the skin depth is assumed to

be much smaller than the thickness of the conducting plate. The numerator in Eq.
(9-17d) contains 2 to account for the effect of two conductors.

It should be noted that the inductances given by Egs. (9-15b), (9-16b), and (9-
17b) are the external inductances. At high frequencies, the internal inductances are
ignored, because of the short skin depth of the conductor.

Exercise 9.2
Do R, L, G, and C depend on frequency even if €, U, and ¢ of the dielectric are
independent of frequency?

Ans. R~\[f.
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9.3 Infinite Transmission Lines

The differential wave equation given in Eq. (9-9) determines the behavior of V
and I on a transmission line. A general solution of Eq. (9-9) is given by a linear
combination of two waves propagating in the opposite directions on the transmis-
sion line, namely

V(z)=Vje ™ +V e™ =V'(z)+V (2) (9-18a)
Iz)=Ile™” +Ie™ =1'(2)+1 (2) (9-18b)

where V", V-, I

~, I;,and I, are the complex amplitudes, which will be deter-
mined by the boundary conditions that are specified by the generator, connected at

one end, and the load, connected at the other end. In the above equations, V*(z)
and V7(z) are the phasors of time-harmonic voltage waves propagating in the

+z- and -z-directions, respectively, whereas I*(z) and I (z) are those of cur-

rent waves propagating in the +z- and -z-directions, respectively. In an infinitely
long transmission line, the + or — wave can propagates without being interrupted
by other waves, and without reflection, in the wave path. Thus the two voltage
waves in Eq. (9-18a) are independent of each other. The same is true for the two
current waves in Eq. (9-18b).

The propagation constant y is, from Eq. (9-10),

v=(R+ joL)(G + joC)
=a+jB

(9-19)

Here, o is called the attenuation constant measured in nepers per meter[Np/m],
and f is called the phase constant measured in radians per meter[rad/m].
The sign convention for V and I on a transmission line is shown in Fig. 9.5. A

positive voltage, either V*(z,)>0 or V7(z)>O0, signifies that the upper con-
ductor is at a higher potential than the lower one at z = z,, regardless of the di-
rection of propagation of the wave. In contrast, the polarity of the current depends
on the direction of propagation of the wave. A positive current, I"(z,)> 0, signi-

fies that the current flows in the +z-direction in the upper conductor at z =z,
and a positive current, I7(z,)> 0, means that the current flows in the —z-direction

in the upper conductor at z =z, .
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I'(2)
> O >
T —>
V'(z)
1 .
O4— @—> O
(b)
I (z)
De— o—» D
[
Vi(2)
i < ’d
o—> O o—r

Fig. 9.5 Sign convention for V and I on a transmission line. The directions of propagation
of the waves are along (a) +2-axis, and (b) —z-axis. Blue arrow denotes the direction of cur-
rent, and a pair of circles along a vertical line shows the polarity of voltage.

Although the V* and V~ waves are independent of each other in an infinitely
lone transmission line, they are related to the I* and I~ waves, respectively. We
next find the relations among the complex amplitudes in the general solutions giv-
en in Eq. (9-18). Substituting the general solutions expressed by Eq. (9-18) into
the transmission-line equation given in Eq. (9-7a), we have

Yie " —yV, e =(R+ joL) [I;e'” +1 ;e”z] (9-20)

By equating the coefficients of the e™™ terms (or the e terms) on both sides of
Eq. (9-20), we define the characteristic impedance of the transmission line as

A
LI

= MERo'Fon
G+ joC

The general name for the real part of the characteristic impedance is resistance,
and that for the imaginary part is reactance. The resistance R is measured in

[Ql 9-21)

ohms. It should not be confused with the series resistance R measured in ohms per
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meter. The characteristic impedance Z_ of a transmission line is analogous to the
intrinsic impedance 1 of a medium supporting a uniform plane wave. Both Z,
and 1 represent the ratio between two complex amplitudes: Z, is the ratio be-

tween the complex amplitudes of the voltage and current, whereas 7 is the ratio
between those of the electric and magnetic fields.
The propagation constant v and the characteristic impedance Z_ are the two

distinctive constants of a transmission line; they determine the propagation proper-
ty of the voltage and current waves on the line. The two constants depend on fre-
quency as well as the line parameters R, L, G, and C.

The reciprocal of Z, is called the characteristic admittance; that is,

Y, =1/2,.

Exercise 9.3
Find the total current on a transmission line with Z, =100[Q], when the total

voltage is given by «(t) = 20cos(10’t-0.13z)+10cos(10’t +0.13z)[V].
Ans. Z(t)=0.2cos(107t-0.13z)-0.1cos(10”t+0.13z)[A].

Exercise 9.4
For the transmission line made of a perfect conductor, (a) is R, always zero? (b)

may R, be negative?
Ans. (a) No, (b) No.
Exercise 9.5

In a transmission line, may we assume (a) R=0=G?(b) L=0=C?
Ans. (a) Yes, (b) No.

9.3.1 Lossless Transmission Lines

A lossless transmission line is made of a perfect conductor (6, = <) and a perfect
dielectric (c = 0). A wave can propagate on a lossless transmission line without
loss of energy. For a lossless transmission line,

R=0=G (9-22)
yY=jB=joJLC (propagation constant) (9-23a)
Z,=R,=,L/C (characteristic resistance) (9-23b)

o 1 (phase velocity) (9-23c¢)

K <

The propagation constant 7y is purely imaginary, and thus the attenuation constant
o is zero, meaning that there is no attenuation of the wave traveling on the lossless
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line. The characteristic impedance is real, implying that the voltage and current are
in phase in time dimension at every point on the lossless line. Substitution of Eq.
(9-14) into Eq. (9-23c) shows that the phase velocity of the voltage and current
waves on a lossless transmission line is the same as that of a uniform plane wave
propagating in the dielectric between the two conductors as if it were infinite in
extent.

Exercise 9.6
A lossless transmission line is made of a perfect dielectric of € and p. Find
(a) phase velocity, and (b) phase constant.

Ans. (a) v, =1/Jue, (b) B=onfue.

Exercise 9.7
A lossless line is made of two parallel conducting plates of width a, separated by a
dielectric of € =¢_ ¢, with a thickness b. Find the characteristic impedance.

Ans. Z,=120mb/(a\fe,).

9.3.2 Distortionless Transmission Lines

In a lossy transmission line, the attenuation constant is nonzero, and varies with
frequency, as we can see from Eq. (9-19). Furthermore, the phase constant is not a
linear function of frequency, and therefore the phase velocity also varies with fre-
quency. Such a transmission line is said to be dispersive. If an information-bearing
signal is transmitted through a dispersive transmission line, it suffers distortion.
This is because a signal usually comprises of a band of frequencies, and the com-
ponent waves of different frequencies travel with different phase velocities. More-
over, the component waves have different attenuation constants, and thus the sig-
nal wave suffers additional distortion. A distortionless transmission line is one that
can transmit a signal wave with no change in the shape even if the signal intensity
may be reduced. For a distortionless transmission line, the attenuation constant o
is independent of frequency, while the phase constant B linearly varies with fre-
quency. We obtain a distortionless transmission line if the line parameters in Eq.
(9-19) satisfy

R_G

¢ (9-24)

Under this condition, the propagation constant in a distortionless line becomes

Y= \/LC [%+jwj[%+jw} = \/E(%+ij (9-25a)

=+ jB
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where
a=GL/C=R/C/L (9-25b)
B=o L.C (9-25¢)

Other parameters of the distortionless line are

zZ, = M = \/Z (characteristic impedance) (9-25d)
CG/C+jo) C
(0] 1

v, = E = ﬁ (phase velocity) (9-25e)

The distortionless-line parameters, such as 8, Z_, and v,,are the same as those
of a lossless transmission line. The only difference is that the attenuation constant
o 1s nonzero in the distortionless line.

Example 9-1
A lossless transmission line has a characteristic impedance 100[Q]. When it

operates at a frequency 200[MHz], the phase constant is 5[rad/s] on the line.
Determine the capacitance and inductance per unit length of the line.

Solution
The phase constant is, from Eq. (9-23a),

B=a/LC =21x2x10°JLC =5

The characteristic impedance is, from Eq. (9-23b),
Z,=,L/C =100

The product of B and Z, gives

2nx2x10%L =500
Thus

L =0.40[pH/m]

C =40[pF/m].

Example 9-2
A distortionless line has a characteristic impedance Z, =50[Q] and a

propagation constant y=0.01+ j4.0[m™] at frequency f =100[MHz]. Find
R L, G, C, and v,.

Solution
From Egs. (9-25¢) and (9-25d), we have
B=aVLC =21x10°JLC = 4.0
Z,=,L/C =50



478 9  Transmission Lines

From the above equations we obtain

L =318[nH/m]
C =127[pF/m]

From Eq. (9-25b) we obtain

oa=G.L/C =GZ,=0.01, and thus
G =200[pS/m]

From the relation RC = GL we obtain

_GL _200x10°x318x10°°
C 127 x107"?

R = 0.50[Q/m]

Phase velocity is therefore

8
v, =2-2019 4 57510% [m/s].
B 4
Exercise 9.8
A transmission line is distortionless at f =100[MHz]. Is it still distortionless at

Jf =200[MHZ] if ¢, u, and o are independent of frequency?
Ans. No.

9.3.3 Power Transmission and Power Loss

The voltage and current waves can jointly transmit power along a transmission
line. If the line is oriented along the z-axis, the instantaneous power transmitted in
the +z-direction is equal to the product of the instantaneous voltage and current of
the waves propagating in the +z-direction, namely

Pz, 1) = elz, (2, 1)
— 1 + pJot +* —jot 1 +_jot +* _—jot
—E[Vej +Ve™ 15[16 +I"e™ 1

1

R , . 9-26
= Z[V*I+ +VIT Ve VT e ] (9-26)

= %Re (VI +ViTe™ ]

where V* and I" are the phasors of the voltage and current waves, propagating
in the +z-direction. In the above equation, asterisk * stands for complex conju-
gate. It should be noted that <” cannot be expressed as

2 =Re[V*e’™|Re[I*e/].
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The time-average power transmitted along the transmission line is expressed as

7Y =11 Azt 9-27
(7) = FIO Pz, )dt (9-27)
where T is the temporal period of the time harmonic function &°(z,t). Inserting

Eq. (9-26) into Eq. (9-27), the time-average power is expressed in terms of the
voltage and current phasors as

() = %Re (v [W] (9-28)

Substitution of V¥ and I’ expressed by Eq. (9-18) into Eq. (9-28) leads to

<@> _ % Re |:Vo+e*(o<+jﬁ)zlg*ef(afjﬁ)z j| _ é Re [ZOI;I;*e—Zuz ]
L (9-29)
=—|I;| Re™>*

where we used V" /I, = Z =R, + jX_, . Rewriting Eq. (9-29), the time-average
power at a point on the transmission line is

(Z(2)) = (7(0))e>* [W] (9-30)

The time-average power exponentially decreases with distance on the transmission
line.
It is customary to express the power loss in decibel such as

V+
dB power loss = -101log,, {%} =-201log,, {#(Z);H (9-31)

By using V*(z) = Ve “* Eq. (9-31) can be reduced to a compact form such as
dB power loss = -201og,, [e"”] =8.690z (9-32)
This enables us to convert an attenuation constant o into a dB power loss easily.

Example 9-3

The power reduces by 1.5dB every 100[m] on a transmission line. Find
(a) attenuation constant, and

(b) fraction of power at a distance 1[Km] from the input end.

Solution
(a) From Eq. (9-32) we obtain

_ dB power loss 1.5
8.69z 8.69x100

=0.0017[Np/m].



480 9  Transmission Lines

(b) From Eq. (9-30) we obtain

(2°(1000))

— @ 2¥00017x1000 _ ) )33
(710))

Exercise 9.9
Find the three numbers after the decimal point on the right side of Eq. (9-32).

Ans. 686.

Exercise 9.10
If two lines with 2.3dB and 1.8dB power losses are joined together, the joint
additionally causes 3.5dB power loss. Find the total dB-power-loss.

Ans. 7.6dB.

Exercise 9.11
What is the dB-power-loss corresponding to O.1[Np]?

Ans. 0.869dB.

Review Questions with Hints

RQ 9.7 Express general solutions for the time-harmonic V and I on a transmis-

sion line. [Eq.(9-18)]
RQ 9.8 Define propagation constant of a transmission line. [Eq.(9-19]
RQ 9.9 Define characteristic impedance of a transmission line. [Eq.(9-21)]
RQ 9.10 Under what conditions does a transmission line become lossless? Write

the characteristic parameters of a lossless line. [Egs.(9-22)(9-23)]
RQ 9.11 Under what conditions does a line become distortionless? Write the

characteristic parameters of a distortionless line. [Egs.(9-24)(9-25)]

RQ 9.12 Express time-average power in terms of phasors Vand L [Eq.(9-28)]
RQ 9.13 Write the relation between the attenuation constant and the dB power
loss on a transmission line. [Eq.(9-32)]

9.4 Finite Transmission Lines

A finite transmission line is one that usually connects the source to a load on the
other end. The load may be a short circuit, an open circuit, or another transmission
line. If the source generates a sinusoidal voltage or current, it induces time-
harmonic voltage and current waves on the transmission line. As was discussed
earlier, the propagation of the waves is governed by the transmission line equa-
tions or the Helmholtz’s equations given in Eq. (9-9). The voltage and current on
the line can be simply described by the general solutions given in Eq. (9-18) com-
bined with the boundary conditions given at the two ends. While the two waves
V* and V™ are independent of each other on an infinitely long transmission line,
they are related to each other on a finite transmission line, because of the load im-
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pedance, so that V* represents an incident wave and V'~ represents the wave re-
flected from the load.

Let us consider a finite transmission line of a length ¢ as shown in Fig. 9.6. In
the discussion of a finite transmission line, we always assume that the generator is
at z =0 and the load is at z =¢ . The internal impedance of the generator is de-
noted by Z, while the load impedance is denoted by Z, . On the finite transmis-

sion line of a characteristic impedance Z_, general solutions for the voltage and
current waves are written as

V(z)=V'(2)+V (2) =V e ™ +V e™ (9-33a)
v \%

(2)=T"(2)+ 1 (2)= 2e " — 22" 33b

(2)=I'(2)+1 (2) zZ e zZ e (9-33b)

where V" and V, are the complex amplitudes of the forward and backward vol-

tage waves, respectively, and vy is the propagation constant as given in Eq. (9-19).
If the forward wave, with the voltage-current relation given by

V'(z)/I'(z) = Z,, reaches the load of impedance Z, , it alone cannot satisfy the
voltage-current relation V, /I, = Z, given at the load. The impedance mismatch

inevitably leads to a reflection of the incident wave, inducing a backward wave, in
such a way that the relation between the total voltage and current at the load are
consistent with the load impedance.

IL
d
> Z,(¢)
— ¢ —
z : 0] zﬂ: l

Fig. 9.6 A finite transmission line between a generator and a load.

9.4.1 Input Impedance

The wave launched at z =0 may take endless round-trips between Z, and Z,
because of the impedance mismatches at z=0 and z =/¢. In order to avoid
dealing with all individual reflections we add all the forward reflections into the
forward wave of a complex amplitude V", and all the backward reflections into
the backward wave of a complex amplitude V_ . For this reason, the forward
wave represents the net wave incident on the load, and the backward wave



482 9  Transmission Lines

represents the net wave reflected from the load. The total voltage and current at
the load are called the load voltage V and the load current I, , respectively. The

load voltage and current at z = ¢ are written form the general solutions given in
Eq. (9-33) as

vV, =Vie" +V e" (9-34a)
I, = ‘;—Oe-” - ‘;—"e” (9-34b)

Again, the load voltage and current are related to each other by V, =1,Z, , where
Z, is the load impedance. Combination of the above equations, with the aid of
V., =1,Z, ,leadsto

—

V= EL(ZL +2,))e" (9-35a)
Vo= %(ZL _Z)e™ (9-35b)

Upon substituting Eq. (9-35) into Eq. (9-33), we obtain the phasors of the time-
harmonic voltage and current at a point on the transmission line as

Viz) = %[(ZL +2,)e" " +(2,-2,)e " | V] (9-36a)
_ 1 Y(¢-2) -v(¢-z)
12)= 5 [(z,+2,)e" " ~(2,-2,)e" ] [A] (9-36b)

The total voltage and current at the input end(z = 0) are called the input vol-
tageV,, and the input current I, respectively. The input impedance of the line is
the ratio between the input voltage and the input current, that is,

v, Vo) , Z(e“+e)+Z, (e -e)

" ﬁ S 10) Ze Z,(e“+e™)+z, (e" -e) ©37

With the help of the hyperbolic functions, cosh®=(e’+e®) /2 ,
sinh®= (e’ —e™) /2, and tanh @ =sinh8/cosh@, Eq. (9-37) can be rewrit-
ten in a compact form. The input impedance of a finite line of a length ¢, termi-
nated by a load impedance Z, , is therefore

Z, +Z, tanhvyt .
Z =27 L o - Q 1 1 9-38
o °Z, +Z, tanhyt & (lossy line) ( )

where Z is the characteristic impedance and vy is the propagation constant on the
transmission line, which is complex in general.
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If we are only concerned with the power fed into a transmission line, by the ge-
nerator, the input impedance Z, may be used in place of the terminated trans-
mission line as shown in Fig. 9.7. The equivalent circuit provides a simple way of
finding the input voltage V,, and the input current I, .

Fig. 9.7 Equivalent circuit for the source connected to a terminated transmission line.

For a lossless transmission line, the propagation constant is purely imaginary
(y=jB) and the characteristic impedance is purely real (Z, = R,) as given in Eq.

(9-23). Under these conditions, the term tanh(jB¢) in Eq. (9-38) becomes
jtan(B¢). Thus, the input impedance of a lossless transmission line of length ¢,

terminated by load impedance Z, , is

Z iR t
Z, =R, L+J—0an[3€ [Q] (lossless line) (9-39)
R, + jZ tanp¢

where R/ is the characteristic impedance that is purely real, and 3 is the phase

constant. We note that the input impedance in Eq. (9-39) varies periodically with
the line length €.

Example 9-4
A 2[m]-transmission line is terminated in a load impedance Z, =10+ j40[Q],

and connected to a generator with ug(t]=20cos(107t][V] and Zg =50[Q] .
On the line y=0.15+j3.5[m™"] and Z, =110+ j80I[€]. Find
(a) input impedance,

(b) input current, and
(c) input voltage.

Solution
(a) From the values given in the problem, we write
¥ =0.3+j7.0

Y _ ot ~ 1— 0614

=0.482+ jO.749

20.6—j14

e
tanh(y) = =
o) e'+e” 1l+e
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From Eq. (9-38), we obtain
z -z Z, +Z, tanhvy(
Z,+Z, tanhvy(¢
(10+j40)+(110+80)(0.482+ j0.749)

=(110+j80) d g : (9-40a)
(110+j80)+(10+j40)(0.482 + jO.749)
=45.86+j153.9
(b) From the equivalent circuit, the input current is obtained as
I - Vo, 20
" Z,+Z, 50+45.86+j153.9 (9-40b)

=0.0583 - j0.0936[A]

(c) Input voltage is thus

V, =Z,1, =(45.86+j153.9)(0.0583 — j0.0936) 9400
-4UcC
=17.08 + j4.68[V]

Exercise 9.12
From Eq. (9-33), show V)" =(1/2)(V,, +Z,1,) and V, =(1/2)(V,, - Z,I,)).

o~in

Exercise 9.13
For a lossless line of Z, =R , terminated in Z,, find Z, if the line is (a) a

quarter wavelength long, and (b) a half wavelength long.

Ans.(a) Z,=R2/Z, ,(b) Z, =2, .

Exercise 9.14
For complex values of Z and Z,

in °

find the condition under which the

maximum power is fed into the transmission line, by the generator.

Ans. Z, =Z,.

9.4.2 Reflection Coefficient and Standing Wave Ratio

The forward wave on a transmission line of characteristic impedance Z, under-
goes a reflection at the load, if the load impedance Z, is not equal to Z . The ra-

tio between the complex amplitudes of the reflected and the incident voltage
waves, measured at the load, is called the voltage reflection coefficient I". At this

point, we introduce a new space coordinate ¢’ that is defined as ¢'=¢—-z . It
represents the distance from the load toward the generator, or simply the distance
from the load. It should be noted that ¢” is a variable, while the line length ¢ is
a constant. Then the time-harmonic voltage on the transmission line given in
Eq. (9-36a) can be rewritten in terms of ¢ " as
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’ _I_L 4 _ -v¢’
V) =2[(Z+2,)e +(2,-2,)e " ] (9-41)

=V'ie’ +vie

o

It is important to remember that the term with e’ represents the forward wave
of complex amplitude V" and the term with e represents the backward wave

of complex amplitude V.. From Eq. (9-41), the voltage reflection coefficient of

the load impedance Z, is simply defined as T'=V,” /V.*. Thus,

r:ZL_Zo

=17 Jo -
77 IMe (9-42)

which is a complex number, in general, with a magnitude not larger than one; that
is, T|<1.If Z, and Z, in Eq. (9-42) are replaced with m, and m,, respec-

tively, which are the intrinsic impedances of two adjoining media, the reflection
coefficient in Eq. (9-42) is the same as the reflection coefficient for a uniform
plane wave normally incident on the interface, as given in Eq. (8-107a). If
Z, =Z,,weobtain I'=0 from Eq. (9-42). In this case, the transmission line is

said to be matched to the load. Similarly, the current reflection coefficient is de-
fined as the ratio between the complex amplitudes of the reflected and the incident
current waves at the load. It can be shown that the current reflection coefficient is
equal to the negative of the voltage reflection coefficient.

We now express the voltage (or current) on the transmission line in terms of the
complex amplitude of the forward voltage wave (or current wave), by substituting
Eq. (9-35) and Eq. (9-42) into Eq. (9-36). Thus, on the transmission line,

V(z)=Vie™ [1 + re*W’] \Y% (9-43a)

I(z)=I;e™[1-Te™"] [A] (9-43b)

Here, the length of the transmission line, ¢, is a constant while ¢ ’is a variable de-

fined by ¢’ =¢ -z . Comparison of Eq. (9-33a) and Eq. (9-43a) reveals that the
first term inside the bracket in Eq. (9-43a) represents the forward wave, observed

at a distance ¢’ from the load, whereas the second term represents the backward

wave, reflected from the load impedance and observed at the distance ¢ from the
load. Manipulating the terms in Eq. (9-43a) we write the total voltage as

V(z) =V e ™ (1-|r|+[T]+Te™)
=Vje ™ (1-[1]) +V e ™ |r|(1+e’e™) (9-44)

=Vie™ (1-]1)+V, |r|e/*> ¥ (e'j"’”e”' + e”’”e'”l)
o o
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where we used T = |F| e’ . By assuming a lossless line with y = jB, the instanta-

neous voltage on the line is obtained from Eq. (9-44) as

elz, )=V, (1- |F|) cos (ot —Bz)

, (9-45)
+2V, [T|cos (B¢’ — ¢ / 2) cos (ot + ¢ / 2 - BE)

The first term on the right-hand side of Eq. (9-45) represents a traveling wave with

amplitude V (1 - |1"|) , whereas the second term represents a standing wave with

amplitude 2V

from the load, and interferes with the incoming wave to form a standing wave,
while the rest propagating toward the load.

The standing wave causes the amplitude of the time-harmonic voltage to vary
with position on the transmission line. The voltage on the lossless transmission
line is therefore, from Eq. (9-43a),

F| . In other words, a portion of the forward wave is reflected

V(2) = Ve [1+]r]e/ ] (9-46)

The spatial variation of the amplitude of V is solely determined by the terms in
=1. The voltage maxi-

bracket in Eq. (9-46), because V" is constant and |e’jﬁz

mum occurs at a distance ¢, from the load. That is,

b = %(4) +2mmn) (m=0,12..) (9-472)

where B is the phase constant of the wave and ¢ is the phase angle of the reflection
coefficient. The voltage maximum occurs periodically, with half-wavelength spac-
ing, along the line. By inserting Eq. (9-47a) into Eq. (9-46), the voltage maximum
is

V =

max = Vo | (1+]T7) (9-47b)

A similar procedure can be followed to obtain the voltage minimum on the transmis-
sion line. The voltage minimum occurs at a distance ¢, from the load, that is,

, 1
€. = 2—B[¢ +(2m+1)x] (m=0,1,2..) (9-48a)

The voltage minimum is, from Eq. (9-46),

Vmin = V0+

(1-[r) (9-48b)

It is evident from Eq. (9-48a) that two adjacent minima are separated by a half-
wavelength of the wave.
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The voltage standing wave ratio (SWR) is defined as the ratio between the vol-
tage maximum and the voltage minimum observed on the transmission line, that is,

S = Vm_ax = 1+_|1"| (9-49)
Vo 1-]T]

It should be noted that V_,  and V_,  in Eq. (9-49) are measured at different
points on the transmission line. As |F| increases from O to 1, S increases from 1 to

oo . A higher standing wave ratio is less desirable because it means a large reflection
at the load and a poor power delivery to the load. The inverse of Eq. (9-49) is

S-1
IMN==—= -
M= (9-50)

The unknown impedance of a load can be easily determined by measuring the vol-
tage standing wave ratio on a slotted-line that is terminated by the load. The slot-
ted-line consists of a lossless coaxial line with a long narrow slit in the outer con-
ductor and a small probe movable along the slit. The probe can sample the electric
field and measure the voltage maximum and minimum together with their separa-
tions. The ratio between the voltage maximum and minimum gives the standing
wave ratio, which in turn tells us the magnitude of the reflection coefficient
through Eq. (9-50). The separation between adjacent voltage maxima or voltage
minima contains the information about the phase angle of the reflection coeffi-
cient, as can be seen from Eq. (9-47a) and Eq. (4-48a). By inserting the characte-
ristic impedance of the slotted-line and the measured reflection coefficient into Eq.
(9-42) we can determine the load impedance Z, .

We now compute the power transmitted from the generator to the load by

means of a lossless transmission line. The time-average power at a point on the
transmission line is expressed by use of Eq. (9-43) as

(7) = %Re [V(2)I'(2)]
= LRe|vee (1 + Fe'ﬁw,) V—‘:e'jBZ (1 - Fe'ﬂw,) * (9-51)
2 | R,
4 2
= %VR?—Re[l —|rf + {re> - F*eﬂwl}]

(o]

The brace {} on the right-hand side of Eq. (9-51) is given by a number that is
purely imaginary, and thus contributes nothing to the time-average power. The
time-average power delivered to the load is therefore

vl

o\ _ 1 o 2

() = 5R—g(1—|r| ) (9-52)
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The first term inside the parenthesis in Eq. (9-52) represents the power of the inci-
dent wave, whereas the second term represents that of the reflected wave.

Example 9-5

With reference to the transmission line given in Example 9-4, find
(a) reflection coefficient,

(b) expression for the total voltage on the line,

(c) power dissipated at the load, and

(d) total power dissipated in the line.

Solution
(a) The reflection coefficient is, from Eq. (9-42),

r_Z=Z, _(10+j40)-(110+80)

= = =0.635e/%7*,
Z +Z, (10+j40)+(110+ j80)

(b) The input voltage is obtained from Eq. (9-43a) by substituting z =0 and
¢'=2[m]:

V,(2=0,0'=2)=V/[1+Te™ | =V, [1+0.635¢* 7'/
=V, (1.0911+ j0.336)[V]

Equating this with Eq. (9-40c), the amplitude of the forward wave is

VvV =15.51e7°%'[V]

Total voltage on the line is therefore

V(z) =V e [1+Te™" ]

4 . . o (9-53)
— 155 1e—J0.0SIe—(O.15+J3.5]Z [1 + 0.6358_)24746—(043+J740]( ][V]

(c) By substituting z=2[m] and ¢'=0 into Eq. (9-53), the load voltage is
V, =15.51e7*®e 701+ 0.635¢’>™ | = 5.56¢ /**'°[V]

Time-average power dissipated at the load is therefore

(7)= lRe{VL [‘;—L” = lRe{M} =90.9[mW].

2 : 2" [10-j40

(d) By using the input voltage and current given in Egs. (9-40b) and (9-40c), we
compute the total power dissipated in the line and the load:

() = %Re[V n]- %Re[[17.08 +j4.68)(0.0583 + j0.0936)]

in“in

=279[mW]
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Thus the power dissipated in the line is

279-90.9 =188.1[mW].

Example 9-6

A lossless line of characteristic resistance R, is terminated in a load impedance
Z, . The waves on the line have a phase constant . At a distance ¢ from the load
toward the generator, the input impedance looking toward the load is defined as
Z,)=V()/I1(¢) , and the reflection coefficient is defined as
) =v=(¢)/V*().Find

(a) expression for T(¢),

(b)T(¢) at the locations of V, and V,_, ,and

(¢) Z,(¢)) atthelocationsof V_, and V_ .

(d) Show that S=2Z,(¢)/R, atthe locationof V.

Fig. 9.8 Input impedance and reflection coefficient at a distance ¢ ” from the load.

Solution
(a) Atapoint with z =z, on the line, or at a distance ¢ =¢—z, from the

load, the forward voltage wave is given by the first term on the right-hand
side of Eq. (9-46):

Vi(z,)=V e

At the same point on the line, the backward voltage wave is given by the
second term on the right-hand side of Eq. (9-46):

V(z) =V e e/ )
The reflection coefficient at a distance ¢’ from the load is therefore

V(z)
Vi(z)

r¢)= = ||’ ). (9-54)
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(b) From Eq. (9-46), we have a voltage maximum if the relation ) _1 s

satisfied, and a voltage minimum if e’ (0206) _ 7, Therefore, from Eq. (9-
54), we obtain

() =1 : at the location of V__ (9-552)
() =-r] : at the location of V__ (9-55b)

We note that T'(¢)) is purely real at the locations of V,_ and V,_, .

(c) From Eq. (9-43), the input impedance at a distance ¢ ’ from the load is written
as

2 )= Vye [14Te ™ ] R [1+]]e’e ]
"= Ie " [1-Te /| *[1-|rele ™ ] 020

were weused y=jB and Z =R,.

Noting that e’ (=2 1 for the voltage maximum and e’ (e-266) —
for the voltage minimum, from Eq. (9-56) we obtain
1+
Z,)=R, I ||FI : at the location of V___ (9-57a)
’ 1- |F| .
Z,(()=R,—— : at the location of V. (9-57b)
1+]1]

We note that Z, (¢) is purely real at the locations of V,_ and V.

(d) At the location of V. dividing both sides of Eq. (9-57a) by R, we

obtain
Z,(¢) _ 1+]r] _s (9-58)
R, 1-1]
Exercise 9.15

What is the shortest length of a transmission line on which we can observe a
standing wave with one voltage maximum and one voltage minimum?

Ans. Quarter wavelength.

9.4.3 Short-Circuited and Open-Circuited Lines

The transmission line can be used for other purposes than guiding waves. A short-
circuited or open-circuited line may be used as a circuit element with an inductive
or capacitive reactance.



9.4  Finite Transmission Lines 491

9.4.3.1 Short-Circuited Line (Z, =0)

A short circuit has a zero load impedance. If a lossless line of length ¢ is termi-
nated in a short-circuit, the input impedance is obtained from Eq. (9-39) as

o)

The input impedance of a shorted line becomes purely inductive for
O0<B¢<m/2:itis a positive, imaginary number. The input impedance becomes

purely capacitive for t/2 <3¢ < n: it is a negative, imaginary number. It is in-
teresting to note that the input impedance becomes infinite for B¢ =n /2, or
¢ =\ /4 . The short-circuited line behaves like an open terminal, in this case.

9.4.3.2 Open-Circuited Line (Z, =)

An open terminal has infinite load impedance. If a lossless line of length ¢ is open
circuited, the input impedance is obtained from Eq. (9-39) as

Z;, = —jR, cotp| (9-60)

The input impedance becomes purely capacitive for O <f¢ < /2, but purely
inductive for m/2 < B¢ < . The input impedance becomes zero if the line is a
quarter-wavelength long, or ¢ =L /4. In this case, the open-circuited line be-
haves like a shorted terminal.

The two input impedances Z; and Z; enable us to determine the characte-

ristic impedance and the propagation constant of a given transmission line as
follows:

R, =\Z;Z; Q] (9-61a)

s
in
o

in

B¢ =tan’ +nn (n=0,1,2.)) (9-61b)

where n is a positive integer, including zero.

Example 9-7
A lossless transmission line is known to be shorter than 10[m] in length. If it is

open-circuited, the input impedance is given by Z; =—j81[Q]. If short-
circuited, the input impedance is given by Z; = jl144[Q)], and the first voltage
maximum is observed at a distance 2.5[m] from the shorted end. Find

(a) R,,(b)P,and (c) .
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Solution
(a) The characteristic impedance is, from Eq. (9-61a),

R, =4Z;Z;, = [(j144)(-j81) = 108[Q].

(b) From Eq. (9-42), the reflection coefficient of a short circuit (Z, =0) is

obtained as T'=-1=¢e’*. Thus we obtain ¢ =1.
Substituting ¢=m, m=0,and ¢, =2.5m] into Eq. (9-47a), we get

B=0.27. (9-62)
(c) From Eq. (9-61b) we get
B¢ =tan /144 /81 +nn=0.93+nx. (9-63)
Inserting Eq. (9-62) into Eq. (9-63), the line length is
=(0.93 +nn)/(0.27)

=1.48[m], 6.48[m], 11.48[m],...

The length ¢ should be longer than 2.5[m], but shorter than 10[m] .
Therefore, we have ¢ = 6.48[m].

Example 9-8
A 75[Q] -lossless line is terminated in an unknown impedance Z, .

Measurements show that S =3 on the line, and that the first and second voltage
maxima occur at distances 4[cm] and 14[cm] from the load, respectively.

Find (a) ', and (b) Z, .

Solution
(a) The distance between two adjacent maxima is a half-wavelength. Thus, the
wavelength and the phase constant are

A=2x%x(14-4)=20][cm]

B=2n/A=10x[rad/m]

Substituting ér'm =0.04[m], m=0,and B=10n into Eq. (9-47a) we
get

6 = 0.8rn[rad] (9-642)
Substituting S =3 into Eq. (9-50) we get

3-1
T =

——=0.5 (9-64b)
3+1
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From Egs. (9-64a) and (9-64b) we get
I'=0.5e/°%", (9-65)
(b) Inserting Eq. (9-65) into Eq. (9-42) we get

Z, -75
Z, +75

= 0.5/

Thus
Z, =46+ j88IQ].

Exercise 9.16
What are the reflection coefficients of (a) shorted terminal, and (b) open terminal?

Ans.(a) '=-1,(b) I'=1.

Review Questions with Hints

RQ 9.14 State the relation between the general solutions for Vand I [Eq.(9-33)]
RQ 9.15 Distinguish between characteristic impedance and input impedance.

[Eq.(9-38)]
RQ 9.16 Write the reflection coefficient of a load impedance Z, . [(9-42)]
RQ 9.17 Write the general solutions for Vand I'in terms of T". [Eq.(9-43)]
RQ9.18 Express V. and V_,  interms of |F| , and find their locations on a
transmission line. [Eqs.(9-47)(9-48)]
RQ 9.19 Define standing wave ratio. [Eq.(9-49)]
RQ 9.20 Write the time-average power delivered to the load impedance in terms
of T. [Eq.(9-52)]

RQ 9.21 Write the input impedances of short- and open-circuited lines.
[Egs.(9-59)(9-60)]

9.5 The Smith Chart

The Smith chart provides with a graphical means of finding solutions to various
transmission line problems, avoiding tedious manipulations of complex numbers.
It is a chart, in which the reflection coefficient is plotted as a function of the real
(or imaginary) part of the normalized load impedance, while the other part is held
fixed, in a complex plane whose abscissa and ordinate represent the real and im-
aginary parts of the voltage reflection coefficient, respectively. As we can see
from Eq. (9-43), the voltage and current on a transmission line are uniquely de-
termined by the reflection coefficient, meaning that all wave behaviors on the
transmission line can be described in terms of the reflection coefficient. The Smith
chart can be conveniently used for determining the standing wave ratio, input im-
pedance, and load admittance, and solving impedance matching problems.



494 9  Transmission Lines

9.5.1 Relationship between I" and Z,

To start with, we consider a lossless transmission line of characteristic impedance
Z, =R, which is terminated in a load impedance Z, . From Eq. (9-42), the ref-

lection coefficient at the load is written as
1—* — ZL _ Ro
Z, +R, (9-66)
=T, +JjI, =(e”

where T'; and I', are the real and imaginary parts of the voltage reflection coef-
ficient T, respectively, and ¢ is the phase angle of I'. Normalizing the load im-
pedance Z, to R, we write

_Z _R X,
" R, R, (9-67)
=T+ jx

Here, R, and X, are the resistance and the reactance of Z, , respectively, while

r and x are the normalized load resistance and the normalized load reactance, re-
spectively. We can express the relation between I"and z, in different forms as

r=z-1 (9-68a)
z, +1
1+T  1+|f]e”

L Nl 9-68b
1-r 1-1je” (9-68b)
rjx = 1+FR +]F1 (9—680)

1- 1—‘R - Jrl
Separating the real and imaginary parts of Eq. (9-68c), we have
T2 _T712
. vl vl 9-69)
(1-Tg) +T7
x=— 20 (9-69b)
(1 - FR) + F?
Rewriting Eq. (9-69), we have
r 2 1 2
r, ——— + r2 = —— 9—70
( R 1+rj ! (1+rj ( ?)

(1) +(r, _lj _ [lj (9-70b)
X

X
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For a fixed value of r, Eq. (9-70a) represents a circle of radius 1/(1+r) with the
center at a point (r J/@d+r), O) in the (I';,T’;)-plane. Similarly, for a fixed val-
ue of x, Eq. (9-70b) represents a circle of radius 1/ |x| with the center at a point
(1, 1/ x) in the (I's,T;)-plane. From the above equations, it is implicit that I"

varies with xin Eq. (9-70a), and with rin Eq. (9-70b).
Let us suppose that we are given a normalized load impedance with r=r" and
x = x". Then we can solve Egs. (9-70a) and (9-70b) for the reflection coefficient,

which is given either by (I'y,T,) = (I}, T;) or by (I'y,T,)=(10). The second
solution is trivial because it satisfies Eq. (9-70a) and Eq. (9-70b) regardless of r and
x. The first solution represents the intersection between two circles of Eq. (9-70a) and
Eq. (9-70b), which are drawn by assuming r =r" and x = x’, respectively, in the
(T'g.T;) -plane, as shown in Fig. 9.9. It can be shown that the two circles expressed
by Eq. (9-70a) and Eq. (9-70b) always intersect at right angles, and all the circles pass
through the point (I, T;)=(1,0). Consequently, the reflection coefficient of the
normalized load impedance, z, =r’+ jx’,is obtained as T =T, + jT;.

The Smith chart contains two families of circles: one comprises of the circles of
constant r, while the other comprises of the circles of constant x. The circles of a
positive x reside in the region I'; >0, whereas those of a negative x reside in the
region T, <O. If the intersection between two circles of r=r" and x=x" is
identified on the Smith chart, we can find the magnitude of I' by measuring the
relative length of the line segment OA’ with respect to the axial distance of a
point with |F| =1, on the chart, and the phase angle of I" by measuring the rota-

tion angle of OA’ with respect to the positive I'j-axis, as shown in Fig. 9.9.

-1.0

-1.0+

Fig. 9.9 Reflection coefficientis T’y + jT'; for a normalized load impedance r’+ jx’.
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Exercise 9.17
Use the Smith chart to find I of the following normalized load impedances:
(@ z,=3,(0M) z,=1+j1,(c) z,=-j10,(d) z,=0,and (e) z, =co.

Ans.(a) T=0.5,(b) I'=0.45,63.4°,(c) T=1-/-11.4°,(d) T=-1, (e)
r=1.

Exercise 9.18
Use the Smith chart to find z, responsible for the following reflection

coefficients:
(a) T'=14£45°,(b) T=-0.5,and(c) T'=j.

Ans. (a) z, =j2.41,(b) z,=0.33,(c) z,=j.

9.5.2 Relationship between T and Z,

Let us consider a lossless transmission line( v = jB ) of a length ¢. The voltage and
current at a point on the line are written from Eq. (9-43) as
V(z) =V e [1 + re<f2“'] (9-71a)
I(z)=Le ™ [1-Te’™] (9-71b)
Here, ¢’ = ¢ — z , representing the distance from the load toward the generator. The

input impedance of the finite line is defined as the ratio between V and I measured at
z=0,orat ¢’ =¢.Noting the relation V" = R I’ on the lossless line of characte-

ristic resistance R, the input impedance of the line of the length ¢is

ve=e¢  [1+re] [1+[re" )]

Zn = I(¢=¢) e [1 _ rev‘%f} T |:1_|1—~|ej(¢—2[5€):|

9-72)

where ¢ is the phase angle of I".
Upon normalizing Z, in Eq. (9-72) to R,, we have

1+ e.frqa—zw)
i_in = M (9-73)

z [1 _ |1~| em—zw)]

in

We recognize that z,, in Eq. (9-73) is the same as z, in Eq. (9-68b), except for
the phase angle ¢ — ¢ . This means that the term |F| el may behave as |F| e’

on the Smith chart, if the two families of circles on the Smith chart are assumed to
be the circles of constant Re[z,,] and the circles of constant Im(z, ], respectively.

Consider Fig. 9.10, in which the point of |T|e’® is marked as A" on the Smith

chart, which is the intersection of the r =1’ circle and the x = x” circle as was
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shown in Fig. 9.9. If we can locate the point of |T'|e’ ©-289 o the Smith chart, the
two circles passing through that point will correspond to the real and imaginary parts

of z, ,according to Eq. (9-73). It is easy to locate the point of |F| el ;

we only
need to reduce the phase angle of T by 2¢ [rad]. In Fig. 9.10, the straight-line
segment OA’ is rotated about the origin by 2f¢ [rad] in the clockwise direction so
that the tip of OA’ moves from point A" to point A” along “circle of constant
|F| ”. Then we notice that the r =r" circle and the x = x” circle intersect at point
A”. Thus, the normalized input impedance is obtained as z,, =r"+ jx” from the
Smith chart. The input impedance of the lossless line of length ¢, having characteris-
tic resistance R, terminated in load impedance Z, , is therefore

Z, =Rz, =Ryr"+jRX"[Q]. (9-74)
These are summarized as follows:
(1) Normalize Z, to R, and obtain z, =r"+ jx’.
(2) Find r=r" and x = x’ circles on the Smith chart, and locate the intersection.
(3) Draw a circle centered at the origin, passing through the intersection, called

“circle of constant |T|”.

(4) Move the point on “circle of constant |F| ” in the clockwise direction, reduc-
ing polar angle by 2f¢ [rad].

(5) Find two circles passing through the new point.

(6) Read r=r" and x=x".

(7) The input impedance is givenby Z, = Rr”+ jR x"[Q].

A
1.0+

\8
o"\,»" -~
N

. ”,_1_4/;
-1.0+

Fig. 9.10 Relation between z,, , at point A”, and T, at point A”.
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We recall from Fig. 9.8 that Z, (¢)) is the input impedance looking toward the
load at a distance ¢” from the load, which is simply the ratio between the voltage

and current at a distance ¢’ from the load. That is,

Vi) [1 [T e.fw—zﬁé’)J
I(¢) ~ [1—|F|ej“‘"2ﬁ")}

Z,)= (9-75)

We recognize that Z, (¢') is the input impedance as if the line were ¢'[m] long.
Thus, the relation between the normalized impedance, zm(é') = Zm[é"] /R,, and
the reflection coefficient is the same as that between z;,, and I' given in Eq. (9-
73). In view of these, we can obtain zm(é') on the Smith chart by reducing the po-
lar angle of the point of " by 28¢’ [rad].

A complete turn on “circle of constant |F| ” corresponds to a half-wavelength

on the transmission line; that is, 2[35' = 2xn[rad]. To denote the movement on the

transmission line by a distance ¢’, the scale called “wavelengths toward genera-
tor’(wtg) is constructed around the perimeter of the circle of constant |F| , with
radius 1, or the perimeter of the Smith chart. The wtg is measured in units of the

wavelength. It is customary to set the zero point of the wtg scale on the negative
I', -axis; wig increases in the clockwise direction.

As an example, consider a lossless line of length 0.169A , which is terminated
in a load impedance that is responsible for the reflection coefficient
I' =0.734£55° . The normalized input impedance of this line is obtained on the
Smith chart as illustrated in Fig. 9.11. We first convert the phase angle ¢ = 55° in-
to a point on the wtg scale; that is, wtg =0.174A = (A /2)(180° —55°) / 360°.
Here, the subtraction of 55° from 180° is to reflect the fact that ¢ has zero point
on the positive T, -axis, increasing in the counterclockwise direction, whereas wtg
has zero point on the negative TI',-axis, increasing in the clockwise direction. The
factor A /2 is to reflect the fact that a complete turn on the circle of constant |T|
corresponds to a half-wavelength. The point of T" is found, at a distance 0.73 from
the origin, on a straight line drawn from the origin to the point 0.174A on the wtg

scale, which is assumed to be of length 1. Next, the point of T"is moved on the circle
of constant \F\ , from point A to point B, so that the wtg increases from 0.174A to

0.343M=0.174A+0.169A) , as shown in Fig. 9.11. We read r =0.49 and

x =-1.40 at point B. Thus, the normalized input impedance is obtained as
z,, =0.49-j1.40.
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0.174

/
S

¢=55°

A/ 2B¢ =122°

0szo

i 0.343
SLEO

Fig. 9.11 Reflection coefficient I at point A and normalized input impedance z,, at point B.

Exercise 9.19
Use the Smith chart to show that the input impedance of a half-wavelength line is

equal to the load impedance.

9.5.3 Relationship between T and Standing Wave Ratio

We begin with a lossless line of characteristic resistance R, terminated in a pure
resistance R, (R, > R,). The reflection coefficient at the load is, from Eq. (9-42),

= % (9-76)
The reflection coefficient of a purely resistive load R, connect to a lossless line
of R, (R, >R,), is a positive real number. Rewriting Eq. (9-76), by use of
I' =T, we have

R, _1+0_g (9-77)
R, 1-1

o
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From Eq. (9-77), we notice that the normalized load impedance on the left-hand
side of the equation is equal to the standing wave ratio on the line. This holds true
only if the load impedance is larger than the characteristic resistance (R, > R)).

We next consider a lossless line of R terminated in an arbitrary load imped-

ance Z, as shown in Fig. 9.12(a). As the distance from the load, ¢ ’_is increased

on the transmission line, the point of |T|e’ ©=26¢) rotates in the clockwise direction

on the circle of constant |F| on the Smith chart. When the point arrives at the pos-
itive T'-axis, which correspond to ¢ —2B¢" =0, the input impedance becomes
purely resistive, Zm[é'] =R/ , as can be seen from Eq. (9-75). If we cut off the

transmission line at the distance ¢” from the load and terminate it by a load of a re-
sistance R;, as depicted in Fig. 9.12(b), there is no change in the waves traveling
on the shortened transmission line. In view of Eq. (9-77), the standing wave ratio
on the shortened line is simply given by S =R; /R, . In other words, the stand-
ing wave ratio on a lossless line is equal to the normalized input impedance,
measured at a distance ¢’ from the load looking toward the load, which is purely
real and larger than 1. It should be noted that the standing wave ratio is measured
on the positive I'j -axis of the Smith chart.

(@)
Zg I
v, R
—> Z, —> R
«— ¢ —
z=0 z={
(b)
Zg
¢ Vg Ro
z=0

Fig. 9.12 (a) Purely resistive input impedance at a distance ¢ ” from the load. (b) Equivalent
line, shortened and terminated in the resistance.
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As an example, for the reflection coefficient, T' =0.73£55°, of a given load,
we can obtain the standing wave ratio on the lossless transmission line from the
Smith chart by taking the following steps. First, we locate the point of I" on the
Smith chart, which is marked as A in Fig. 9.13. Next, we move on the circle of

constant |F| from point A to point B, which is positioned on the positive T'j-
axis. Weread r =6.4 and x =0 at point B. The normalized input impedance,
z, =6.4+ jO, is purely resistive and larger than 1, and therefore the standing
wave ratio on the transmission lineis S =6.4.

Fig. 9.13 Standing wave ratio is measured at point B.

Exercise 9.20
Find the locus of I on the Smith chart, if S is fixed in Eq. (9-49).

Ans. A circle centered at the origin.

9.5.4 Admittances on the Smith Chart

A lossless line of characteristic resistance R, is a quarter-wavelength long, and is

terminated with a load impedance Z, . Upon substituting B¢ ==n/2 into Eq. (9-

39), we obtain the input impedance, that is,
. Z,+JR, tan(n /2) _R_f

Z, =R, =
R +jZ tan(n/2) Z,

(9-78)
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By using the admittances Y, =1/Z, and Y, =1/R,, we rewrite Eq. (9-78) as

Zn Yo 9-79)
Ro Yo

We recognize the left-hand side of Eq. (9-79) as the normalized input impedance,
z,, , and the right-hand side as the normalized load admittance, y, . That is,

z,=Yy,=g+jb (9-80)

Here, g is the normalized load conductance and b is the normalized load susceptance.

@

.

_>Zin
e—— AL /4 —»

Zy =YL
z, - R,

Fig. 9.14 Input impedance of a quarter-wave line.

The Smith chart may also be used as an admittance chart. In that case, the circles
of constant r are regarded as the circles of constant g, and the circles of constant x as
the circles of constant b. Eq. (9-80) allows us to obtain the load admittance,
Y, =1/Z,, by use of the Smith chart (see Fig. 9.15). If the load impedance is giv-

en as Z we first locate the point of the normalized load impedance,

L °
z, =Z, /R, =r'+ jx', on the Smith chart, which is the intersection between the
r=r' circle and the x = x"' circle. The point is marked as A in Fig. 9.15, where

weread T = |F| Z¢° as the reflection coefficient. Next, to find the input impedance
of the quarter-wave line, we move along the circle of constant |F| from the point of

I', or point A, to point B by reducing the phase angle ¢ by 180° or by increasing
the wtg by 0.25L . Weread r=r" and x = x" at point B as the normalized in-
put impedance. Thus, according to Eq. (9-80), the normalized load admittance is ob-
tained as y, =r"+ jx". The admittance of the load impedance Z, is therefore

Y _Zn
“ R, R, (9-81)
=(r"+jx")/R,

The admittance is measured in units of siemens[S]. As can be seen from Fig. 9.15,
the point of y, on the Smith chart is the inversion of the point of z, through

the origin, and vice versa.
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Fig. 9.15 Normalized load impedance at A and normalized load admittance at B.

Example 9-9

A lossless transmission line of R = 75[Q] has a length of ¢=A /8. Locate
point of z; on the Smith chart, and find I"and z,, , if the line is terminated in

(a) a short circuit, and
(b) an open circuit.

in >

Solution
(a) Shorted terminal has Z, =0 :z, =7+ jx=0+jO.
The r =0 circleandthe x =0 circle intersect at point V (see Fig. 9.16)
Point Vgives |[T|=1 and ¢=n. : I'=-1.
The line length ¢ =L /8 corresponds to a wtg of 0.125\.
Move from point V to point W by increasing the wtg by 0.125\.
Point Wgives r=0 and x=1 1 Z, =j75[Q].
(b) Open terminal has Z, = D Z, =T+ jX =004 joo.
The r =oo circle and the x =0 circle intersect at point X (see Fig. 9.16).
Point X gives |[[[=1 and ¢=0 : I'=1.
Move from point X to point Y by increasing the wtg by 0.125A .
Point Ygives r=0 and x=-1 . Z, =—j75[Q].

503

the
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Fig. 9.16 Smith chart for Example 9-9 and Example 9-10.

Example 9-10

A 100][Q] -lossless line is 0.24A long, and is terminated in a load impedance
Z, =140+ j130[Q]. By using the Smith chart, find

(a) voltage reflection coefficient,

(b) input impedance,

(c) standing wave ratio, and

(d) location of the first voltage maximum from the load.

Solution
(a) Normalized load impedance is
z, =(140+j130)/100=1.4+ j1.3.

The intersection of the r =1.4 circle and the x =1.3 circle is marked as
A on the Smith chart in Fig. 9.16.



9.5 The Smith Chart 505

From the Smith chart we find that

1) 2 _0.5=|r. and
oD

(2) point Ais located at 0.188A on the wtg scale.
Noting that the wtg of 1A corresponds to 4mr[rad], the phase angle of

point A is calculated as follows:
0=(0.25-0.188)x4n =0.78[rad].

Thus, T =0.5e/%78.
(b) Move from point A to point C along the circle of |1"| = 0.5, in the clockwise

direction, by increasing the wtg by 0.24A .
Atpoint C, weread r =0.40 and x=-0.42.
The input impedance is therefore

Z, =100(0.40 - jO0.42) = 40 - j42[Q] .
(¢c) The circle of |I|=0.5 crosses the positive I'j-axis at point B, where we

read r=3.0 and x=0.
Thus, the standing wave ratiois S =3.0.
(d) A voltage maximum occurs at a distance ¢’ from the load, at which
z,(¢)=1"+jO(r">1). This point is marked as B. The difference in wtg
between points B and A is equal to ¢, that is,

¢’ =(0.25-0.188)L = 0.0621 .

Exercise 9.21
A 50[Q] -lossless line of length 0.5\ is terminated in Z, = j200[Q]. By using

the Smith chart, find (a) wtg for T, (b) I, (c) Z,,, (d) Y., (e) location of V___
from the load, (f) location of V_, from the load, and (g) S.

Ans. (a) 0.211n,(b) [I|=1, ¢=(0.25-0.211)x4x = 0.49[rad], (c)
Z, =50(j4) = j200[Q], (d) Y, =(-j0.25)/50 = —j5[mS], (¢) 0.0391, (f)
0.289A,(g) S=-co.

Exercise 9.22
Solve coth(a + jb) = 0.5e’%"® for the constants a and b by using Smith chart.

[Hint: Eq. (9-68b).]
Ans. a=0.324 and b=0.374.

9.5.5 Impedance Matching with a Single-Stub

The transmission line can transmit the maximum power from the generator to the
load, if the load impedance is equal to the characteristic impedance of the line so that
there is no standing wave on the line. It is not possible, in general, to match a load to
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the transmission line because the load may be designed to perform other tasks inde-
pendently. Alternatively, a matching network can be connected between the line and
the load; stub matching networks and transformers are two commonly used imped-
ance matching networks.

In the stub matching, the impedance on the transmission line is altered by con-
necting short- or open-circuited stubs in parallel or in series with the main line. It
is rather difficult to work with a series stub, and an open stub radiates undesirable
electromagnetic energy at high frequencies. A short-circuited stub, having the
same characteristic impedance as the main line, can be connected in parallel with
the line so that the load impedance is matched to the line. This method is called
the single-stub matching. Since the admittances simply add in parallel connec-
tions, it is more convenient to use the Smith chart as an admittance chart in solv-
ing impedance matching problems involving the parallel connection.

Consider Fig. 9.17, which illustrates a single-stub matching. We change the
length and location of the stub in such a way that the normalized input admittance
looking toward the load at the junction is unity, that is, y,, =1. Since the norma-

lized input admittance of a shorted stub is purely imaginary such as y, = —jb,,

the normalized input admittance of the main line looking toward the load should
be y, =1+ jb, sothat we have y, =y, +y, =1 at the junction.

Y,

Ro y in

Ya

Fig. 9.17 Single-stub matching.

Example 9-11
A 50[€)] -lossless line is terminated in a load impedance Z, =17.5— j55[Q].

Find the location and length of the short-circuited stub to be connected in parallel
for the impedance matching.

Solution
Normalized load impedance is

z, =(17.5- j55) /50 = 0.35 - jl.1.

The intersection between the r =0.35 circle and the x =-1.1 circle is
marked as A on the Smith chart in Fig. 9.18. It is located at 0.363A on the
witg scale.
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To obtain the normalized load admittance, at the inversion of point A
through the origin, or at point B, we read r =0.26 and x =0.83. Point
Bis located at 0.113\ on the wtg scale.

Thus, y, =0.26+ j0.83.
We next move along the circle of constant |F| from point B to point C,

which is a point on the r =1 circle. At point C, we read x =2.2 and
wtg =0.1911 . The difference in wtg between points C and B is

(0.191-0.113)A =0.078%A .
Thus, we have y, =1+ j2.2 atadistance ¢=0.078\ from the load.

A short circuit has Z, =0 and Y, =, which is marked as D on the
admittance chart in Fig. 9.18. We move from point D to point E, which is the
intersection between the circle of |F| =1 and the circle of b=-2.2. At

point E, we read 0.318\ on the wtg scale.

The difference in wtg between points E and D is the length of the stub,
thatis, d =(0.318-0.25)A = 0.068L .
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Fig. 9.18 Impedance matching with a single-stub.
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Exercise 9.23
Locate the point of the normalized load impedance, on the Smith chart, matched to
a given line.

Ans. Center.

Exercise 9.24
On the 100[Q)] -lossless line terminated in Z, =160 + j220[Q], the separation

between adjacent voltage maxima is 5[cm]. For impedance matching, (a) locate a
shorted stub closest to the load, and (b) find the shortest length.

Ans. (a) 2.31[cm], (b) 0.81[cm].

Review Questions with Hints

RQ 9.22 What are the circles in the Smith chart? [Eq.(9-70)]
RQ 9.23 What are the horizontal and vertical axes in the Smith chart? [Eq.(9-70)]
RQ 9.24 What do the polar coordinates of a point on the Smith chart represent?

[Fig.9.9]
RQ 9.25 What are the values of r and x for the point on the horizontal axis in the
Smith chart? [Fig.9.13]

RQ 9.26 What is the value of |1"| on the perimeter of the Smith chart? [Fig.9.13]
RQ 9.27 What is meant by a movement on the circle of constant |F| ? [Fig.9.10]

RQ 9.28 What is meant by a complete turn on the circle of constant |F| ?
[Eq.(9-75)]
RQ 9.29 Locate, on the circle of constant |F| , the points corresponding to V__
and V_, on the transmission line. [Eqgs.(9-47)(9-48)(9-75)]

RQ 9.30 Explain how to use the Smith chart for T" and S. [Fig.9.13]

RQ 9.31 Describe the geometrical relation between the normalized load imped-
ance and admittance on the Smith chart. [Fig.9.15]

RQ 9.32 Explain why it is more convenient to use the admittance chart for a sin-
gle-sub matching. [Fig.9.17]

Problems

9-1 A coaxial transmission line consists of an inner conductor of radius
a=0.51[mm] and an outer conductor of inner radius b =2.4[mm],

which are separated by polyethylene of ¢ =2.26 and &"/¢'=0.0002.
Ata frequency f =1[GHz], find

(@R L, G,and C

(b) o, B,and Z,

(c) dB power loss at 30[m]
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9-2

9-4

9-5

9-7

9-8

9-9

9-10

9-11

A lossless transmission line of characteristic resistance 75[Q] operates at
a frequency 80[MHz], and the phase constant is measured as
8.42[rad/m]. Find L and C of the line.

With reference to the coaxial line in Problem 9-1, by assuming that the
permittivity, permeability, and conductivity are independent of frequency,
find the frequency at which the line becomes distortionless.

Verify that the following statements always hold true in an air-spaced lossy
transmission line regardless of the frequency:

(a) Phase angle of Z, isintherange -n/4<6, <O0.

(b) Phase angle of yis in the range n/4 <0, <1/2.

(c)0,-6, =n/2.

A generator with Vg =10«£0°[V] and Zg =20+ j15[Q] is connected to
a half-wave lossless line that is terminated in a load impedance Z, . Find
(a) Z, for the maximum power transmission from the generator to the load,
and

(b) maximum power delivered to the load.

A voltage source with Z =75+ j75[Q] is directly connected to a load
that consists of a 75[Q] resistor connected in series with a short-circuited
stub of characteristic impedance 75[€Q]. Determine the shortest length of

the stub, in units of A, for the maximum power delivered to the resistor.
A 100[€Q] -coaxial line is made of a perfect conductor and a perfect di-

electric(e =2.56¢, and =, ). The cable is 1.5[m] long and is termi-
nated in a load impedance Z, = 60+ j50. For the frequency of operation

of 200[MHz], find the input impedance.
If a 100[Q], air-spaced, 0.6[m] long, lossless line is terminated in an un-

known load impedance Z, , the input impedance is measured as
Z, =100+ j130[Q] at f =50[MHz]. Find the load impedance Z, .

If a lossless line of 200[Q] is terminated in an unknown load impedance,
the input impedance is measured as Z, =169+ j210[€], and a quarter of
the power fed into the line is reflected back. Find the voltage reflection
coefficient at the input end.

The standing wave ratio is measured to be 3.58 on a lossless line that is
terminated in a load impedance Z, =280+ j140[€Q]. Find the characte-
ristic impedance, which is known to be less than 150[Q] .

The input impedance of a 2[m]-line is measured as
Z; =56.81-j213.5[Q] when open circuited, and as

Z; =182.9+ j16.37[Q] when short circuited. Find Z, and Y.
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9-12

9-13

9-14

9-15

9-16
9-17
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A lossless line with Z =50[Q] and B =1.2rn[rad/m] is terminated in a
load impedance Z, =80+ j120[€2]. The amplitude of the forward wave
is measured to be V" =10[V]. Find

(a) reflection coefficient at the load,

(b) voltage on the line as a function of ¢ ’(distance from the load), and

(c) distance from the load to the first voltage maximum.

The input impedance looking toward the load at a distance ¢’ from the load
is denoted as Z, (¢). Show that

(a) the maximum input impedance |Z (4 | e OcCcurs at the same location

and

(b) the maximum normalized input impedance zin(é')|max is equal to the

as the voltage maximum V.

ma.x’

standing wave ratio.
A 100[Q] -lossless line is connected to another 50[Q] -lossless line of

0.4M\ in length, which is then terminated with a load resistance 100[Q] .

Find the standing wave ratio on each line.
A 100[€Q] -lossless line of length 0.2L is inserted between a 50[Q] -

lossless line and a load resistance 75[Q] . The time-average power of 4[W]

is fed into the combined line. Calculate the time-average power dissipated at
the load by using the reflection coefficient at the joint of the two lines.
Repeat Problem 9-15 by using the voltage across the load.

A lossless line of characteristic impedance Z, may be matched to a load

impedance Z, via a quarter-wave section, which is also lossless, as shown
in Fig. 9.19.

(a) Find Z, if Z, is purely resistive.

(b) Can the line also be matched to a load that is not purely resistive?

Zo ZI

@ HL

— A/4 —»

Fig. 9.19 In-series quarter-wave transformer(Problem 9-17).

9-18 A lossless line of characteristic impedance Z,, =100[Q] is of length

¢, =2[m], and is connected end-to-end to another lossless line of charac-
teristic impedance Z,=50[Q] . The second line is of length
¢, =1.25[m], and is terminated by a load impedance Z, = 75[€2]. Both
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9-19

9-20

9-21

9-22

9-23

9-24

9-25

9-26

lines are air-spaced lines. If the input voltage at the input end of the first
line is «, =10cos(3nx10°t), determine

(a) standing wave ratio on each line,

(b) expression for voltage on each line,

(c) time-average power dissipated at the load, and

(d) time-average input power.

A lossless line of characteristic resistance R, and length ¢ is inserted be-
tween the lossless line of Z =75[Q] and the load impedance
Z, =100 - j50[Q] to match the load to the line of Z,. Find R, and ¢
in terms of A.

Solve tanh(a+ jb)=-1.01-j0.73 for a and b by using the Smith
chart.

A load impedance Z, =30+ j44[Q] is connected to a lossless line of
characteristic impedance 100[Q], which is 0.336A long. Determine, us-
ing the Smith chart,

(T, (b)S, (c) location of [V| ., (d) Z,,and (e) Y,.

Given the intersection of the r =r' circle and the x = x' circle on the
Smith chart, find, in terms of r' and x',

(a) polar angle of the intersection, and

(b) wtg of the intersection.
The standing wave ratio is measured to be 3.0 on a lossless line of 75[Q].

The distance between a voltage maximum and a nearby voltage minimum
is Blcm], and the first voltage minimum is at 2.5[cm] from the load. De-
termine, using the Smith, (a) load impedance, and (b) reflection coefficient.
A 120[Q] -lossless line is terminated in an unknown load impedance.

From measurements, the standing wave ratio is 3.1, the first voltage mini-
mum is at 2.52[cm] from the load, and the first voltage maximum is at
6.27[cm] from the load. Using the Smith chart, determine

(a) load impedance Z, , and

(b) position and length of a short-circuited stub to match the line to the load.
A lossless line of 50[Q], 29.6[cm] long, is made of a lossless dielec-

tric(e =2.25¢, and p, ). If the line is terminated by an unknown load im-
pedance Z, , the input impedance is measured as Z, =140+ j100[Q] at
frequency f =100[MHz]. Find, using the Smith chart,

(a) load impedance Z, , and

(b) voltage reflection coefficient at the load.
When a 200[Q] -lossless line is terminated in an unknown load imped-

ance, the input impedance is measured as Z, =56 —_j68[Q]. The input

S

impedance, however, is measured as Z; = j250[Q], if it is terminated in
a short circuit. Determine the load impedance by using the Smith chart.



Chapter 10
Waveguides

In Chapter 9, we saw that a transmission line is used in transmitting electromag-
netic signals from a point to anther by means of a transverse electromagnetic
(TEM) wave. At an operating frequency in the SHF (3-30[GHz]) or EHF (30-
300[GHz]) bands, the two-conductor transmission line becomes highly lossy ow-
ing to the skin effect in the conductors with a finite conductivity. Alternatively,
waveguides can provide a much more efficient way of transmitting electromagnet-
ic signals with the frequency in those bands. A waveguide is usually a hollow
metal pipe with a uniform rectangular or circular cross section. It has a lower
attenuation constant because of the large surface area of the conductors. The
waveguide differs from the transmission line in various important aspects. The
waveguide can support transverse electric (TE) waves with no longitudinal electric
field, and transverse magnetic (TM) waves with no longitudinal magnetic field.
In contrast, the transmission line supports TEM waves only. The waveguide op-
erates only above a particular frequency known as a cutoff frequency, while the
transmission line has no cutoff frequency, and can thus be used in transmitting
even DC voltages and currents. A rigorous electromagnetic approach is required
for the analysis of the waveguide, whereas the simple circuit theory dealing with
voltages and currents can be used for the analysis of the transmission line. When,
however, the operating frequency approaches the optical frequency of visible or
infrared light, the loss due to the skin effect becomes excessively high in the hol-
low metallic waveguide. To circumvent these difficulties, the air-conductor inter-
faces are replaced with dielectric-dielectric interfaces, which allow for low-loss
transmission of the optical signals, as in optical fibers and dielectric waveguides.
Fig. 10.1 illustrates different hollow metallic waveguides, and Fig. 10.2 shows an
optical fiber and a dielectric slab waveguide.

Fig. 10.1 Metallic waveguides.
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Fig. 10.2 An optical fiber and a dielectric slab waveguide.

10.1 Parallel-Plate Waveguides

All metallic waveguides operate on the same basic principles. To see how elec-
tromagnetic fields propagate in the waveguide, we may use a parallel-plate wave-
guide consisting of two parallel conducting plates as shown in Fig. 10.3. The
parallel-plate waveguide is the simplest form of a metallic waveguide in the sense
that the electromagnetic fields are uniform in the transverse plane or otherwise
vary only in one spatial dimension in the transverse plane. The electromagnetic
wave propagating in a waveguide has particular field patterns that are determined
by Maxwell’s equations. To be specific, the time-varying electric and magnetic
fields should satisfy differential wave equations in the interior of the waveguide,
and obey boundary conditions at the conductor-dielectric interfaces.

10.1.1 Transverse Electromagnetic(TEM) Waves

As was discussed in Chapter 7, the uniform plane wave is a solution to the three-
dimensional differential wave equation. In time domain, it is also referred to as a
time-harmonic wave. Since the electromagnetic wave obeys the principle of su-
perposition, the sum of the uniform plane waves with the same wavenumber but
with different directions of travel constitutes a unique solution in a given region of
space. For this reason, the behavior of the electromagnetic wave in a waveguide
can be conveniently analyzed by means of uniform plane waves.

Let us consider a parallel-plate waveguide as shown in Fig. 10.3, in which two
parallel plates are assumed to be perfectly conducting, and the fringing effects at
the edges are ignored. A single uniform plane wave can exist in the space be-
tween the plates if the wavevector is parallel to the surface of the plates, and the
electric fields are perpendicular to the conducting surfaces, satisfying the boun-
dary condition which requires no tangential components of the electric field on the
perfectly conducting surfaces. Under this condition, both the electric and mag-
netic field vectors lie in the transverse plane, or the plane perpendicular to the di-
rection of propagation of the wave, as illustrated in Fig. 10.4. A wave with these
field patterns is called a transverse electromagnetic(TEM) mode; the specific field
patterns of the wave in a waveguide is called the waveguide mode, which can
propagate in the waveguide with no change in shape. Only if the aforementioned
conditions are satisfied, two uniform plane waves may be combined in such a way
that they satisfy the boundary condition at the conducting surfaces, and constitute
a waveguide mode propagating in the parallel-plate waveguide.
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Fig. 10.3 A parallel-plate waveguide.
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Fig. 10.4 TEM mode in a parallel-plate waveguide.

10.1.2 Transverse Electric(TE) Waves

The aforementioned TEM mode is not the only mode of propagation in the parallel-
plate waveguide. Consider a uniform plane wave that is incident on the upper con-
ducting plate at an angle 6 with respect to the z-axis as shown in Fig. 10.5. This
wave will be reflected from the upper plate, and then from the lower plate, and so
on. From the point of view of the zigzagging, the wave propagates along the wave-
guide bouncing up and down endlessly between the two conducting plates. From
another point of view, in which the wave propagates in free space between the two
plates, we can assume that two uniform plane waves propagate in the space in be-
tween, one in the upward direction and the other in the downward direction, satisfy-
ing the differential wave equation. Note that the two viewpoints come from the
boundary condition at the conducting surfaces and the differential wave equation in
the homogeneous medium, for the electromagnetic wave, respectively.

In Fig. 10.5, the wavefronts of the upward wave are denoted by solid lines,
whereas the wavefronts of the downward wave are denoted by dotted lines. In
the figure the blue line, either a solid or a dotted line, corresponds to the wavevec-
tor. Although the two waves may have the electric field components parallel to
the conducting surfaces, they may be linearly combined so as to have no tangential
components on the surface of the plates, and thus comprise a mode of propagation
in the waveguide. Depending on the spatial distribution of the electric and mag-
netic fields, the waveguide mode may be called the transverse electric (TE) mode,
having no longitudinal component of the electric field, or the transverse magnet-
ic(TM) mode, having no longitudinal component of the magnetic field.
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Fig. 10.5 TE mode in a parallel-plate waveguide.

We now examine the TE mode of a parallel-plate waveguide, and obtain the
phase relationship between the upward and downward plane waves, as shown in
Fig. 10.5. We begin with a uniform plane wave with the electric field vector per-
pendicular to the plane of incident, or the yz-plane in Fig. 10.5. The wave is in-
cident on the upper plate at an angle 8 with respect to the z-axis, which we call the
upward wave. The electric field of the upward wave is written in phase form as

E, =a Ee /"™ (10-1)

where E, is the amplitude, and a,_ is a unit vector in the direction of the electric
field vector. In the above equation, I, and k, are the y- and z-components of
the wavevector given by k =k a +k,a, =ksinba, +kcosba,. The wave-

number k is therefore
I? = kﬁ + kj (10-2)

According to the law of reflection, the reflected wave, or the downward wave,
should have the wavevector of the form k' = —k sineay +Ikcos0a_, which is

the same as that of the incident wave except for the negative sign in the y-
component. The magnitudes of k and Kk’ are the same because the upward and
downward waves propagate in the same medium, or air. The electric field of the
downward wave is therefore written in phasor form as

E, =-a Ege /"W (10-3)

The minus sign on the right-hand side of Eq. (10-3) stems from the Fresnel’s eq-
uation for the perpendicular polarization; the reflection coefficient for the perpen-
dicular polarization at the perfectly conducting surface is given by I' =-1. It
shows that the electric field E, is 180° out of phase with E . The phase dif-

ference of 180° is denoted by the dotted line in Fig. 10.5. The total electric field
in the waveguide is equal to the sumof E, and E,. Thatis,

E=E +E,=E a, [e'jkf/y - ejk”yJe’jkzz (10-4a)
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Rewriting Eq. (10-4a) we have

E = - j2E, a,sin(ky)e (10-4b)

We now apply the boundary condition for electric field to the conducting surfaces
at y=0 and y =d, which requires that the tangential component of E is zero:

E(y=0)=0 and E(y =d)=0. Application of the boundary condition to Eq.
(10-4b) leads to

mm
ky:F (m=12,3,...) (10-5)

With the aid of Eq. (10-5), Eq. (10-4b) constitutes a solution to the differential
wave equation, satisfying the boundary conditions. In other words, the electric
field in Eq. (10-4b) is a mode of propagation in the parallel-plate waveguide. Ex-
amination of Eq. (10-4b) reveals that the wave propagates in the z-direction with
the phase constant I, , and the electric field of the wave is directed along the x-

axis, varying with y in the transverse plane, or the xy-plane. The waveguide
mode expressed by Eq. (10-4b) has no longitudinal component of the electric
field, and is called the transverse electric(TE) mode. The integer m in Eq. (10-
5) is called the mode number.

We can obtain the eigenvalues of TE modes given in Eq. (10-5) from the trans-
verse resonance condition for the upward and downward waves. The sine term in
Eq. (10-4b) signifies that a standing wave is formed along the y-direction in the

—Jjlyy-jk,z

transverse plane, because of the interference of two plane waves e and

"W (see Eq. (10-4a)). Although the two plane waves propagate with differ-
ent wavevectors, they behave in unison in the waveguide so that they may be
viewed as a single plane wave traveling along a zigzag path. During the round
trip from the upper plate to the lower plate and then back to the upper plate, the
wave experiences a total phase shift of v, that is,

v=kd+o+k,d+0o

=2nm

(m=1,23,...) (10-6)

where kyd is the phase shift due to the travel in the upward or downward direc-
tion by a distance d, and ¢ is the phase shift due to the reflection at the perfectly
conducting surface. Note that Fresnel’s equations give I', = -1 for the perpen-
dicular polarization, and therefore ¢ = for the TE mode. The transverse reson-
ance condition requires that the phase shift y should be an integer multiple of
2m. Otherwise, the two waves would interfere destructively, and no electric field
could exist inside the waveguide. We notice that the eigenvalue Ik, given in Eq.
(10-6) is the same as that given in Eq. (10-4).
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It is more convenient to identify the TE mode by giving k, instead of Ik, .
Inserting Eq. (10-5) into Eq. (10-2), we obtain

B, =k, = £Jk® — Ik
o () (m=1,2,3,..) (10-7)
=4+ || —| - —
) )

where we used the relation k =nw/c by assuming the dielectric between the
plates, in general, to be nonmagnetic and lossless; that is, pw=u, and

e=¢.¢e,=n’¢,. In the above equation, n is the refractive index, m is the mode

number, c is the speed of light in free space, and d is the separation between the
plates.

At an operating frequency f, the mode of operation propagates along the wave-
guide in the +2z-direction with the phase constant 3, as given in Eq. (10-7). We

rewrite Eq. (10-7), by taking the positive sign, as

B, =lk,|1- (%J [rad/m] (10-8)

Here, the cutoff frequency f,,, is defined as

mc

fc(m] = ﬁ

[rad/s] (10-9)

It is important to note that k is the phase constant of the wave assumed to propa-
gate in an unbounded dielectric, whereas ,, is the phase constant of the mode m

propagating actually along the waveguide in the +z-direction.

If an operating frequency f is lower than the cutoff frequency f,,, , the radi-

(m) >
cands in Egs. (10-7) and (10-8) become negative. Under this condition, we can
rewrite Eq. (10-7) as k, = —j |0cm| by taking the minus sign for the reason that

will become evident shortly. Substitution of Eq. (10-7) into Eq. (10-4) shows that
the electric field of a given mode decays exponentially as el along the wave-
guide; we note that the positive sign would have meant a wave with an amplitude
increasing indefinitely. Below the cutoff frequency, the mode will not propagate
in the waveguide.

The ray angle 6 is measured between the wavevector k and the z-axis as shown

in Fig. 10.5. We now obtain the relation between the angle 6, for mode m and

the cutoff frequency f, Suppose we gradually decrease the frequency of op-

(m) *
eration toward the cutoff frequency. Since the frequency is still larger than the
cutoff frequency, the relation f,,, /f = ky / k is still valid, which is evident

(m)



10.1 Parallel-Plate Waveguides 519

from Eqgs. (10-7) and (10-8). Combining this with the relation sin®,, = ky /k,
which is apparent from Fig. 10.5, the ray angle 6,, for mode m, above cutoff, is
given by

I
sing, =% === (10-10)
k  f
where the wavenumber k =nw/c, which is obtained by assuming a nonmagnet-

ic, lossless material between the parallel plates. We see from Eq. (10-10) that the
angle 0, becomes m/2 as fapproaches f,,, . In this case, the wave moves in

the transverse direction, and no propagation of the wave takes place in the wave-
guide.

Equation (10-4) shows that the TE, mode is comprised of two plane-waves,
which propagate with the same phase velocity v, = ®/k =1/ /ue , but in differ-
ent directions with 6, and -6,. Note that v, is the phase velocity in an un-
bounded dielectric. In conjunction with the relations B,, =k, =kcos®, and
k =no/c, the phase velocity of mode m , which is measured along the wave-
guide, is expressed as

(O] C

plm) = B_

v =—
. ncoso,

[m/s] (10-11)

Although v, is larger than the speed of light in an unbounded dielectric(c/n),
it is not against the special relativity because v,,, isa mere phase velocity along

the waveguide.
The electromagnetic energy propagates with a group velocity in the waveguide.
From Eq. (10-8), the group velocity of mode mis

2
am g, dp, /do n f

[m/s] (10-12)

Rewriting Eq. (10-12) with the help of Eq. (10-10), the group velocity of mode m
is simply expressed as

v £cos 6, [m/s] (10-13)
n

g(m) =
From Eq. (10-13) we see that the group velocity of mode m is equal to the projec-
tion of the phase velocity of the component plane-wave in the direction of propa-

gation of the mode, or the z-direction. Therefore the group velocity is always
smaller than the speed of light in an unbounded dielectric.
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The real instantaneous electric field of mode m is obtained by multiplying Eq.
jot

(10-4) by the harmonic time-dependence term e’* and by taking the real part.
Above cutoff, the electric field of the TE,, mode is therefore

& =2Ea_ sin [% yj sin (ot - B,,2) (0> ) (10-14)

Below the cutoff frequency, f < f.,,, the phase constant [3,, expressed by Eq.

(m) >

(10-7) becomes imaginary such that B,, = —jo,,. Here, o,, is called the attenu-

.
ation constant. Therefore, below cutoff, the electric field of the TE, mode is
expressed as

&, =2Ea sin [% yj e " sin(mt) (0<o,) (10-15)

The attenuation constant is defined as

2
nwc{m) f
o, =—a 1- [Np/m] 10-16
S]] e 1o

where ®,,, = 2nf, Below the cutoff frequency, the mode is nonpropagating

(m) *

in the waveguide, and is called the evanescent mode.

Exercise 10.1
For the parallel-plate waveguide with an air gap of d =5 [mm], find the cutoff
frequency for the TE mode with m=1.

Ans. 30[GHz].

Exercise 10.2
What is the mode number of the TE mode illustrated in Fig. 10.5?

Ans. m=4.

10.1.3 Transverse Magnetic(TM) Waves

Figure 10.6 illustrates a uniform plane wave with parallel polarization launched
into a parallel-plate waveguide. In our notation, for the parallel polarization, the
positive direction of the electric field vector E is such that the projection of E onto
the interface is parallel to the projection of the wavevector k onto the same plane
(see Fig. 8.17). From Fresnel’s formula in Eq. (8-151a), the reflection coefficient
for the parallel polarization is I', = -1 at the perfectively conducting surface. In

view of these considerations, the electric field vectors of the upward and down-
ward waves, E, and E_, should lie in the plane of incident, or the plane of the
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paper, as shown in Fig. 10.6. The total electric field in the waveguide is thus
written as

E-E, +E,

. —jlk, k.
= (—ay cos 0 +a, sin G)Eoe Jyuthe) —(

. j(ke,y—I,
a, cos0+a,sin 6) E et

where the wavevector k =k a, +k,a, =ksinba, +kcosba,, as is apparent

from Fig. 10.6. Rewriting the above equation we have

E =-2E, [ay cos 6 cos(k,y) +a, j sin 6 sin[kyy)J e r (10-17)

Inserting Eq. (10-17) into Eq. (8-9a), the magnetic field in the waveguide is

H= —.LVXE
JOH (10-18)

=a, 2E, cos(kyy]e'jklz
n

where M= \/m is the intrinsic impedance of the dielectric inside the wave-
guide. The electric and magnetic fields expressed by Eq. (10-17) and Eq. (10-18)
form a waveguide mode, which propagates along the waveguide in the +z-
direction with the phase constant k,. The waveguide mode has no longitudinal
component of the magnetic field, and is called the transverse magnetic(TIM) mode.

The boundary condition for E requires that the tangential component of E
should be zero on the conducting surfaces at y =0 and y=d. To satisfy the
boundary condition, the sine term in Eq. (10-17) should vanish at y =0 and
y =d. It can be shown that the boundary condition leads to the same eigenva-

lues as given in Eq. (10-5). Accordingly, the relations given in Egs. (10-5), (10-
8)-(10-13), and (10-16) remain valid for the TM modes in the parallel-plate wa-
veguide.

Fig. 10.6 TM mode in a parallel-plate waveguide.

Example 10-1
A parallel-plate waveguide as shown in Fig. 10.3 has an air gap of d[m].
(a) Show that the TE modes expressed by Eq. (10-4b) are mutually orthogonal

such that fy:: E,-E,dy=0 for m#n.
v
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(b) Find the orthonormal set in TE modes satisfying
["E,E,dy=1.
y=0

Solution
(a) Upon using Eq. (10-4b), we write

e B dy = 4E2 [ sin| ™y |sin[ T

4o E, +E dy =4E; L:o s1n( 4 yjsm[ d yjdy
_op2 [ Ml my
=2E; L:o {cos{(m n) 4 } cos {(m+n) 4 de
=0.

(b) Assuming m=n in part (a) we have

y=d N 2
L:o E,-E,dy = 2dE?

Dividing Eq. (10-4b) by /2dE? , the orthonormal set in TE modes is

E, =- ‘\/%ax sin[%yjeﬂ"z (m=1,2,3,...) (10-19)

If an electromagnetic field is propagating in a parallel-plate waveguide,
which is known to have no longitudinal component of E, then its electric
field can be expanded in terms of the orthonormal set given in Eq. (10-19).

Example 10-2
A parallel-plate waveguide with an air gap of 1l[cm] operates at a frequency

35[GHz]. The electric field is given as E =10a,_sin*(200ny) in the cross
sectionat z =0 inthe waveguide. For TE,, TE,,and TE, modes, find

(a) cutoff frequencies,
(b) electric fields in the z =0 plane, and
(c) electric fields in the z = 2[cm] plane.

[Hint: sin® asinb = 1sinb-1sin(2a + b)+ isin(2a—b) ]

Solution
(a) From Eq. (10-9), the cutoff frequency for TE,, mode is

me _ mx3x10°

ond =~ 2x102 =mx15[GHz] .

fc(h‘l] =

Cutoff frequencies for TE,, TE,,and TE, modes are
Sew =15IGHz], f,, =30IGHz], and f,, = 45[GHz].

We note that f,,, and f,, are above cutoff, while f,, is below cutoff.
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(b) From Eq. (10-19) we can obtain the amplitude of the TE, mode, which is
one of the component waves comprising E inthe z =0 plane, that is,

["E-Ejdy = j100v2["""" sin?(200ny)sin (100my) dy
y= y=

(10-20a)
= j0.48.
The amplitude of the TE, mode is
y=d . . y=0.01 | 9 .
L:o E-E,dy —JIOO\EL:O sin*(200my)sin (200ny ) dy (10-20b)
=0.
The amplitude of the TE, mode is
y=d . . y=0.01 | 9 .
L:o E-Edy = JIOO\/ELFO sin®*(200ny)sin (300ny ) dy (10-200)

= j0.34.

By use of Egs. (10-19) and (10-20), the electric fields of the three component
waves are obtained, in the z =0 plane, as

E, = 4.8\/2a_sin(100my). (10-21a)
E,=0. (10-21b)
E, = 3.4V/2a_sin (300ny). (10-21¢)

(c) The phase constant for the TE, mode is obtained from Eq. (10-7):

9\2 2
[31=\/[2“X35X10j —[ T j - 662.3[rad/m]. (10-22a)

3x108 0.01

The attenuation constant for the TE, mode is obtained from Eq. (10-16):

2 x 45 x10° 35)’
S ZRREORIY | 22| -~ 592N . 10-22b
% =T 3x10° (45) (Np/ml (10-220)

Inserting Eq. (10-21) and Eq. (10-22) into Eq. (10-19) we obtain, in the

z =2[cm] plane,

E, = 4.8\2a_sin(100ny)e /**¥*% = 6.79a_sin (100ny)e /> .

E, =0.

E, = 3.4V2 a_sin (300ny)e 2" = 3.5x107° a_ sin (300ny).
Exercise 10.3

What is the maximum frequency at which the parallel-plate waveguide with an air
gap of 1.5[cm] is excited with a TEM mode only.

Ans. 10[GHzZz].
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Exercise 10.4
A parallel-plate waveguide has a gap of d =1 [cm], which is filled with a
dielectric of n =2.5, and operates at f =15[GHz]. Find the time delay be-

tween TM, and TM,, if they have traveled 1[cm] along the waveguide.
Ans. 49[ps].

Review Questions with Hints

RQ 10.1 What are the three types of waveguide modes. [Figs.10.4,10.5,10.6]

RQ 10.2 Explain the transverse resonance condition. [Eq.(10-6)]
RQ 10.3 Define the phase constant of a mode of operation. [Eq.(10-8)]
RQ 10.4 Define the cutoff frequency of a waveguide. [Eq.(10-9)]
RQ 10.5 Distinguish between the phase and group velocities of a mode of opera-

tion in a waveguide. [Egs.(10-11)(10-12)]

10.2  Rectangular Waveguides

In the discussion of the parallel-plate waveguide in Section 10-1, it was implied that
the parallel conducting plates were infinite in extent. Accordingly, the electric field
was uniform, or otherwise varied in one dimension, in the transverse plane of the
waveguide. In that case, the propagation of an electromagnetic wave along the wa-
veguide was easy to visualize. However, in most practical cases, the parallel con-
ducting plates of a finite width give rise to the fringing effects of the fields at the
edges, and cause losses of the electromagnetic energy through the sides of the wave-
guide. To avoid the energy loss, practical waveguides are made in the form of a
hollow metal pipe with a uniform cross section. One of the most common wave-
guides is the rectangular waveguide, with a rectangular cross section, enclosed by
four conducting walls. As in the case of the parallel-plate waveguide, the mode of
propagation in the rectangular waveguide can be decomposed into uniform plane-
wave components propagating, with the same phase constant, along the waveguide.
Although it may not be easy, in general, to visualize the propagation of the electro-
magnetic wave in a rectangular waveguide, both rectangular and parallel-plate wa-
veguides operate on the same basic principles.

For a rectangular waveguide as shown in Fig. 10.6, the field pattern of the mode
of propagation can be obtained in two different ways. Firstly, we may begin with
the three-dimensional differential wave equation or the vector Helmholtz equation to
obtain general solutions for the electric and magnetic fields in the waveguide. By
applying boundary conditions for & and 9% at the four conducting walls of the wa-
veguide, we can obtain particular solutions for & and %, or the mode of propaga-
tion in the waveguide. Secondly, we may begin with uniform plane waves, which
are the simplest general solutions obtained from the differential wave equation or the
vector Helmholtz equation in the medium, inside the waveguide, as if the material
were infinite in extent. By linearly combining these plane waves in such a way as
to satisfy the boundary condition at the conducting walls, we can obtain the expres-
sion for the mode of propagation in the waveguide. This approach is justified by
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the principle of superposition of the electromagnetic wave, and the uniqueness theo-
rem, which states that a trial solution is a unique solution only if it satisfies both the
differential wave equation and the boundary condition.

Following the second approach, we assume the mode of operation in a rectan-
gular waveguide to be a superposition of the uniform plane waves with the same
wavenumber k and the same phase constant in the z-direction, or k,. In the

general case, the rectangular waveguide is filled with a dielectric of permeability p
and permittivity €, and operates at an angular frequency .

We write a general expression for the mode of propagation in a rectangular wa-
veguide as

&(r,1)=Re [E(r]ej““}
, (10-23)
=Re [{EX (x.y)a, +E (x,y)a, +E,(x,y)a, }e’”e’“‘t]

From the above equation, we notice that the space coordinates x and y are sepa-
rated from the space coordinate z, and that the three terms, E (x,y), Ey(x, y),

and E,(x,y), describe the distributions of three electric field components in the

transverse plane, whereas the term e describes the variation of the electric
field in the longitudinal direction along the waveguide. The underlying assump-
tion is that the electric field pattern moves in the z-direction, with the propagation
constant y, with no change in the electric field in the xy-plane. In phasor nota-
tion, the electric field in the rectangular waveguide is

E(r) = {Ex(x, ya,  + Ey (. y) a, + E,(x,y)a, } e” (10-24)

If a time-harmonic field &(r,1) represents the electric field of a mode of propaga-
tion in the waveguide, it should satisfy the differential wave equation, and its pha-
sor E(r) should satisfy the vector Helmholtz equation, whether or not the medium
is limited to the interior of the waveguide, namely,

VE +I’E =0 (10-25)

The wavenumber k = w\ue in the dielectric of permeability p and permittivity &,
and the operating angular frequency o= 2xnf . Inserting Eq. (10-24) into Eq.
(10-25) we have

v}, (E,a,+Ea, +E,a,)+ (v +k’)(Ea,+Ea,+E,a,)=0 (10-26)
The two-dimensional Laplacian operator is defined as

V2 9 97

Xy a7+$ (10-27)
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Since the three unit vectors in Eq. (10-26) are mutually exclusive, Eq. (10-26) can
be separated into three partial differential equations, having the same form, as

VZE +(v+K*)E, =0 (10-28a)
VIE, +(v+K*)E, =0 (10-28b)
VLE, +(V+I*)E, =0 (10-28c)

where vy is the propagation constant measured along the waveguide, and k is the
wavenumber of the component plane-waves, that is, k = w\/@ . Upon solving
Eq. (10-28) for general solutions and applying the boundary condition for E at
the conducting walls of the waveguide, we can uniquely determine the three elec-
tric field components, E (x,y), Ey(x, y), and E,(x,y), and the propagation

constant .
By following the same procedure, we write a general expression for the mag-
netic field in the rectangular waveguide as

FE(r,t) = Re [H(r]ej“’t]
4 (10-29)
=Re [{Hx(x, yla, +H,(x,y)a, + H,(x,y) az}e'”eﬂ"t}

The underlying assumption is that the magnetic field pattern moves with the same
propagation constant as E, along the waveguide, with no change in the field distri-
bution in the transverse plane. Similarly, the magnetic field phasor H(r) should
satisfy the Helmholtz equation, namely

vV, (Ha +Ha +Ha,)+(y +k’)(Ha, +Ha, +H,a,)=0 (10-30)

By solving Eq. (10-30) for a general solution and applying the boundary condi-
tions for H at the conducting walls, we can uniquely determine the magnetic field
in the waveguide and the propagation constant.

A rectangular waveguide can be excited with the TE mode containing no E, -
component, or with the TM mode containing no H, -component. Can the rec-

tangular waveguide also support the TEM mode? To answer this question, let us
substitute E(r) and H(r) expressed by Eqs. (10-24) and (10-29) into the phasor
form of Maxwell’s equations, that is, VXE =—jouH and VxH= joeE , by

assuming E, =0=H_,. We then acknowledge that both E and H should be in-

dependent of x and y in the rectangular waveguide such that

Er)={E,a +Ea je™” (10-31a)

yo 'y

H(r)={H_ a +H,a, le™” (10-31b)
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where E_, E , H

yo xo0

and H_ , are constants. Application of the boundary

conditions for E to the conducting walls of the waveguide leads us to conclude
that both E , and E,, should be zero in the interior and on the walls of the wa-

veguide. It can also be shown that the magnetic field is zero everywhere. In con-
sequence, the TEM mode is not supported in a rectangular waveguide!

Fig. 10.7 A rectangular waveguide.

Exercise 10.5
Derive Eq. (10-31) by assuming E, =0=H
constant in the transverse plane.

and show that the fields are

z 0

Review Questions with Hints

RQ 10.6 What makes the TEM mode a nonpropagating wave in a rectangular
waveguide? [Eq.(10-31)]

RQ 10.7 Distinguish between the propagation constant y and the wavenumber k
in a rectangular waveguide. [Eq.(10-28)]

RQ 10.8 What is the underlying assumption about the general expression for the
waveguide mode given in Eq. (10-23)? [Eq.(10-4)]

10.2.1 Transverse Magnetic(TM) Modes

Although the TM mode has no longitudinal component of the magnetic
field( H, =0 ), it should have the longitudinal component of the electric

field(E, # 0) in the rectangular waveguide. Otherwise, it would be the TEM
mode that is not supported in the waveguide. If the electric field E, is known in

a rectangular waveguide, we can obtain the transverse components of the TM
mode, suchas E_, E,, H,_,and Hy,from E,.
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10.2.1.1 Longitudinal Field Component of a TM Mode

In a rectangular waveguide, the longitudinal component of the TM mode, or the
electric field E,, is governed by the differential equation given in Eq. (10-28c),

that is,

PE, o°E,
+

0 oyt TVE =0 (10-32)

where h is defined by
h? =42 + I (10-33)

In a lossless waveguide, it can be shown that the propagation constant y is giv-

en by y=jk,, where Ik, is the phase constant of the waveguide, or the z-

component of the wavevector k. In view of this, we note that the eigenvalue h

is the projection of k onto the transverse plane, or onto the xy-plane, and is
2 g9 12 . . .

thus expressed as h” =k, +k, . Again, v is the propagation constant for the

wave propagating along the waveguide, whereas k is the propagation constant

for the plane wave propagating in the dielectric as if the dielectric were infinite
in extent.

As a first step, let us assume that the complex amplitude E,(x,y) given in Eq.
(10-24) is separable such that

E,(x,y) = X(x)Y(y) (10-34)

If we can show that Eq. (10-34) satisfies the boundary conditions at the conduct-
ing walls of the waveguide, the uniqueness theorem will assure that the trial solu-
tion is a unique solution in the waveguide. Inserting Eq. (10-34) into Eq. (10-32),
and rearranging the terms, we have

2 2
—%Zx)f =%Z§+h2 (10-35)
Y

From Eq. (10-35), we notice that the two space variables x and y are completely
separated from each other. Since the two variables x and y are independent of
each other, the equality in Eq. (10-35) may be satisfied only if both sides are equal

to a constant, called a separation constant. By using k? as a separation constant,
Eq. (10-35) can be separated into two parts as

d’X

2

ary

dy®

+12X =0 (10-36a)

+(h*-KZ)Y =0 (10-36b)
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General solutions of Egs. (10-36a) and (10-36b) are
X = Asin (k x) + B cos (I, x) (10-37a)
Y = Csin(kyy)+Dcos(kyy) (10-37b)
where use was made of the definition:
kj =h* -k (10-38)

The longitudinal electric field E, as given in Eq. (10-34) may become the tangen-

tial components at the four conducting walls of the rectangular waveguide.
Therefore, to satisfy the boundary conditions, the electric field E, should vanish

at the four conducting walls of the waveguide. Namely

E,(x=0,y)=0 (10-39a)
E,x=ay)=0 (10-39b)
E,(x,y=0)=0 (10-39¢)
E,(x,y=b)=0 (10-39d)

Applying these boundary conditions to Eq. (10-37), we get

B=0,and k_="" (m=123,..) (10-40a)
a
nm

D=0.and k, ="~ (n=1,2,3,...) (10-40b)

Upon substituting Eqgs. (10-37) and (10-40) into Eq. (10-34), the longitudinal
component of the TM mode is given as follows:

E,(x,y =E, sin(%x]sin[%yj (mn=12,3,..) (10-41)

& (x,y,z,t) =Re {EO sin [ﬂ xj sin (n_bn y} eYZej“”} [V/m] (10-42)
a

where

2 2
vy=+vh? -I?® = ij\/ofua—(ﬂj - [HJ
a

b [m-1] (10-43)
= (xmn +ijTL
5 5 9 mn) (nn)
h =kx+ky =|— | +|— (10-44)
a b

I = oJue [rad/m] (10-45)
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In the above equations, m and n are integers denoting the mode numbers. The
mode number 7 should not be confused with the refractive index n. If the ma-
terial parameters € and p are real, and the operating frequency o is large enough to
make the radicand positive in Eq. (10-43), then the attenuation constant o, is

zero, and the propagation constant is given simply by y=—jB,. . In this case,
the longitudinal electric field &, given in Eq. (10-42) represents an electromag-
netic wave propagating with the phase constant f,,, along the waveguide in the

z-direction, while forming standing waves in the x- and y-directions. The sign
conventions for o, and B, are taken so that both o, and [, are positive

for a wave propagating in the +z-direction. The specific field pattern with integ-
ers m and n is designated as the TM,,, mode. The first subscript represents

the number of maxima of &, on the x-axis, whereas the second represents that
of & on the y-axis, as are evident from Eq. (10-42).

The propagation constant for the TM,,, mode becomes zero at the operating
frequency called the cutoff frequency, f,,, . From Eq. (10-43), the cutoff fre-

quency for the TM,,, mode is obtained as

__ L [mY (nY ]
Jeimm = N [aj +(bj [Hz] (10-46)

Below the cutoff frequency, the radicand in Eq. (10-43) becomes negative. In
this case, the positive sign in front of the square-root sign in Eq. (10-43) is taken
so that the propagation constant is given by a positive real number, that is,
Yy=d,, >0 . Under this condition, the TM,, mode becomes an evanescent

mode that cannot propagate in the waveguide.
By making use of the relation v, =1/ \/LT = fA, the cutoff frequency ex-

pressed by Eq. (10-46) can be converted into the cutoff wavelength for the TM,,,
mode, that is,

% _ 2 [m] (10-47)

7\‘c(mn) = 2 2
=[G
a b

An electromagnetic wave of a wavelength A <A,

(mw Ay propagate in the rec-
tangular waveguide as the TM,,, mode.

The smallest possible value of the mode number m or n for TM,,, modes is
one. Accordingly, the TM,, mode has the lowest cutoff frequency. In a rec-
tangular waveguide with dimensions a > b, the TM,, mode has the second

lowest cutoff frequency. Thus, for instance, the electromagnetic wave with the
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operating frequency in the range f,,,, < f < f,,, can propagate in the wave-
guide only as the TM,, mode.

An electromagnetic wave can propagate in the waveguide as the TM,,, mode

only if the operating frequency is higher than the cutoff frequency, that is,
S > fomn - Above cutoff, the phase constant for the TM,,,, mode is

[rad/m] (10-48)

S

an:k 1_(

This has been obtained by inserting Eq. (10-46) into Eq. (10-43). The phase con-
stant f3,,, is always smaller than the wavenumber k = m\/ﬁ , which is the phase

constant of an unbounded dielectric. As the wavelength A is related to the wave-
number k by A =2n/k, the waveguide wavelength A, 1is related to the phase

constant f3,,, by

2 my (10-49)

7\‘mn 2
an 1- (fc(mn] /f)

In the above equation, A, is the spatial period of the wave measured along the

waveguide, whereas A is the wavelength measured in an unbounded dielectric. In
other words, the field pattern of the TM,,, mode repeats itself every distance

A, along the waveguide.

The waveguide wavelength A, expressed by Eq. (10-49) should not be con-

fused with the cutoff wavelength A, expressed by Eq. (10-47), which is
measured in an unbounded dielectric. With the help of the phase velocity
v, = A= SommMem » We rewrite Eq. (10-49) as

1 1 1
S =t (10-50)
}“2 }“121111 A‘z(mn]

where A is the wavelength, A, is the waveguide wavelength, and A, is the

cutoff wavelength.
To summarize, the phase constant [, and the waveguide wavelength A,

for the TM,,, mode are related by B,,, = 2rn /A, ; they are both measured along

the waveguide. The wavenumber k is defined by k = U)\/;E =o/v, in the un-
bounded dielectric. If the lossless dielectric is nonmagnetic(p =, ), the wave-

number is expressed as k =nw/c, and the phase velocity as v,=c /n, where

the refractive index n =./e/¢, .
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The phase velocity in an unbounded dielectric can be expressed as

(O]
v, = i TN = S oimmMeimm (10-51)

where Ik = m\/ﬁ In contrast, the phase velocity of the TM,,, mode is ex-

pressed as

®

plmn) = B
mn

v = A (10-52a)

which is measured along the waveguide. Combining Eq. (10-51) with Eq. (10-
52a), we obtain a useful relation, that is,

UP
Vi = ———— (10-52b)

1~ (fo /S )

where vpzl/\/ﬁ.

10.2.1.2 Transverse Field Components of a TM Mode

Earlier, we obtained the expression for the longitudinal component of the TM
mode, E,, which is useful for describing the propagation behavior of the mode in

the rectangular waveguide. We now turn our attention to the transverse compo-
nents of the TM mode, such as E_, Ey , H ,and H y which are obtained from
agiven E,.

As was stated earlier, the TM wave may be considered as a linear combination
of the uniform plane waves propagating with the same phase constant, having the
same wavenumber, in the waveguide. In view of this, we write general expres-

sions for the electric and magnetic fields of the TM wave in the rectangular wave-
guide as

&(x,y,z,t)=Re [Eejmt]
, (10-53a)
=Re [{Ex(x, yla, +E (x,yla, + E,(x,y) az}efyzeﬂm}

FH(x,y,z,t) =Re [Hej‘ﬂ
) (10-53b)
=Re [{HX (x.y)a, +H,(x.y) ay}e'”eﬂ”‘}

where the longitudinal component E,(x,y) is given by Eq. (10-41).

Upon substituting Eq. (10-53) into Maxwell’s equations in phasor form, we
have
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(1) From VXE =—jouH,

oE
Z+yE, = —jouH
3y Y&, = —JOUH,
JoE

—YE, — —% = —jouH
Yx ax J u y
aEy_aEx_

ox dy

(2) From VxH = joeE,

YH, = joeE,

—YH, = joeE,

oH

_y_ai — J(DEEZ
dx  dy
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(10-542)

(10-54b)

(10-54c)

(10-55a)
(10-55b)

(10-55¢)

Combining the expressions given in Eqs. (10-54) and (10-55), we can obtain E_,

E,, H_, and H, in terms of E,. For instance, combination of Eq. (10-54b)

and Eq. (10-55a) gives E_ expressed in terms of E,. Here, for future reference,

we repeat the longitudinal electric field of the TM,,, mode, or E, given in Eq.

(10-41), as

E,(x.y) = E,sin (ﬂ xj sin [ﬂ yj
a b

(mn=12,3,...)

(10-41)

Inserting Eq. (10-41) into Eqs (10-54) and (10-55), and manipulating the deriva-

tives, the transverse fields of the TM,,, mode are obtained as

(mn=12,3,...)

E = —%(EJEO cos [ﬂstin(
h*\ a a

— |
oy

(10-56a)

(10-56b)

(10-56¢)

(10-56d)

Note that the propagation constant is given by 7y = jB,, in the lossless wave-

guide. The eigenvalue h is just equal to the transverse component of the wavevec-

tor Kk, that is,
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h? =y + I
— k2 +k2 — ﬂ ’ + ﬂ ’ (10-57)
oY a b

In the above equations, the mode numbers are positive integers: m =1,2,3... and
n=1,2,3.... Finally, the electric fields expressed by Eq. (10-41) and Eq. (10-
56) comprise the TM,,, mode propagating in the rectangular waveguide with di-
mensions aand b.

The wave impedance of the TM,,, mode, propagating in the lossless rectangu-

lar waveguide( a.,,, = 0), is defined as

Ex Yy

y X

Substitution of Eq. (10-55a) or Eq. (10-55b) into Eq. (10-58a) leads to the wave
impedance of the TM,,, mode, that is,

My = % (10-58b)

where use was made of the relation y= jf,, by assuming a lossless waveguide
with a,, =0. Upon substituting Eq. (10-48) into Eq. (10-58b), the wave im-
pedance of the TM,,, mode is expressed as

Ny = \/E 1 —(M] [Ql (10-58¢)
€ \} J

The wave impedance m,, depends on frequency, and is always less than the in-

trinsic impedance of the dielectric(n = \/u / € ) above cutoff( f > Setmm)-

X z
Fig. 10.8 TM,, mode in a rectangular waveguide. Black lines, E-field lines; White lines,
H-field lines.
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10.2.1.3 Orthonormal Set in TM Modes

The transverse H-fields of different TM modes are mutually orthogonal in the
transverse plane of the rectangular waveguide such that

[ y:;’ H, -H, dxdy=0 (mem or nzn) (10-59)
x=0 Jy=

This relation can be readily verified by direct substitution of Eq. (10-56). We
first normalize the transverse H-field of the TM mode, propagating in a lossless
rectangular waveguide, so that

[["H,, H,,dxdy =1 (10-60)
x=0 Jy=0

Upon inserting Eq. (10-56) into Eq. (10-60), assuming a lossless waveguide with
o, =0 and y=jB,, , we obtain

[ 1) B, 1, dxdy

= I: j:[(Hxax + Hyay)e‘jﬂ"'"z}[(Hxax + Hyay)e‘jﬂ"‘"z]* dxdy
-] jo*’(|HX|2 +|Hy|2)dxdy

22 E; ab

=MWeEe
h? 4

(10-61)

where o is the operating angular frequency, € is the permittivity of the dielectric in
the waveguide, h is the eigenvalue given in Eq. (10-57), a and b are the dimen-
sions of the waveguide. We take the square root of Eq. (10-61), and use it as a
normalization factor for Egs. (10-56c) and (10-56d). Thus, the normalized H-
field of the TM,,, mode is generally written as

H, =(H,a +H,a, e’ (10-62a)

where the bar on the top is to denote the normalization. The normalized x- and y-
components of the H-field of the TM,,, mode are

H, :hz—“’\/%[%jsin[%xjcos[%yj (mn=123,...) (10-62b)

H, = —hz—J@[%jcos [%xjsin(%y} (mn=123,...) (10-62¢)

where j = J-1, h? = (mm /a)2 +(nm /b)2, and a and b are the dimensions of
the rectangular waveguide. The H-fields expressed by Eq. (10-62) constitute an




536 10  Waveguides

orthonormal set in the TM modes in the rectangular waveguide: they are norma-
lized to one, and, at the same time, are mutually orthogonal.

Example 10-3
A rectangular waveguide has interior dimensions a =1.5[cm] and b =1[cm].

It is filled with a nonmagnetic, lossless dielectric(p =p,, € =1.96), and excited
with an electromagnetic field( f =15[GHz] ), which propagates as the TM,,
mode in the waveguide . Find (a) A, (b) f,,,,,and (c) A;,.

Solution
(a) Wavenumber in an unbounded dielectric

2n — 2mx15x10°x1.4
k:—: € =
A Ho 3x10°

Thus, the wavelength is

A =14.3[mm].

(b) From Eq. (10-46), the cutoff frequency is

1 1 2 1Y
= + =12.9|GHz] .
Jeon zx1.4x¢uoeoJ[1.5xm-zj (107 -12etcma

(c) From Eq. (10-49), the waveguide wavelength is

A _ 14.3x10”
\/1_(fc(11)/f)2 \/1—(12.9/15)2

Ay = =28.0[mm] .

Example 10-4
How many component plane-waves does the TM,, mode have in a rectangular
waveguide with dimensions a and b?

Solution
From Eq. (10-41) we write

E, =E, sin (% xj sin [E yj
a b

— Eo 2ij(ej2nx/a _ e—j2nx/a)2Lj
E

__—o [ej21tx/a+j1ty/b _ ej21tx/a—j1ty/b _ e—j21tx/a+j1ty/b +e—j2nx/a—jny/b]

4

(ejny/b _ e—jny/b)
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From Eq. (10-56a) write

E, = 72 (2njE cos(mt xjsm(ﬁyj
“h a b

2 1 j2nx/a —j2nx/a 1 T —Jjm.
:7%Q£}%§@ﬂ/+eﬂ/)zﬂéW%€JW)

Y 275 |:e_)2nx/a+_]ny/b ej21tx/a—jny/b + e—j21tx/a+j1ty/b _ e—j2nx/a—jny/b]
R 4j

From Eq. (10-56b) write

hLs 1/ iy 1, ,»
__ 1 [_J E,— (e.l2nx/a _ g i2mx/a ) 5 (e_my/b t+e .my/b)
— _l E &[ejZTcx/a+jny/b +ej21tx/a—j1ty/b _e—j21tx/a+j1ty/b _e—j21tx/a—jny/b]
h>\b)4j

The three components of the electric field can be combined into the electric
field phasor, in a lossless rectangular waveguide(y = jB,, ), as

E= {E (x.y)a,+E, (x.y)a, +E,(x.y)a, 1eJB“Z

In view of these, we note that the TM,, mode comprises four plane waves,

ej2nx/a+j1ty/b—j[5212 , ej21tx/a—jny/b—j[521z , e—j2nx/a+j1ty/b—j[5212 , and e—j21[x/a—jny/b—j[521z

It is important to note that the four component plane-waves have the
same wavenumber J as well as the same phase constant B, .

Example 10-5
In a hollow rectangular waveguide with interior dimensions a =5[cm] and

b =2.5[cm], an electromagnetic wave of frequency 8[GHz] propagates in the
+z-direction. In the transverse plane at z =0, the magnetic field is given by
H = 4a_sin(20mnx)sin (60ny) + 3a, cos (20mx) cos (60ny)[A/m] with no
z-component. Find

(a) TM modes of propagation,

(b) o, for the evanescent mode with the lowest cutoff frequency, and

(c) magnetic field in the transverse plane at z = 1[m].

Solution
(a) From Eq. (10-46), the cutoff frequencies are

1 1) 1 Y
= + =6.7[GH
Je 21,8, \/(o.o5j (0.025) GHz]
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(b)

()
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1 2\ 1Y
- + — 8.5[GH
Jee 2.1, J(o.o5j (0.025) (GHz]

1 1Y 2 )
- + ~12.4[GH
Jeve 218, \/(o.o5j (o.o25j (GHz]

The TM,, and TM,, modes are the evanescent modes in the waveguide

operating at 8[GHz] .
From Eq. (10-43), the attenuation constant for TM,, mode is

2V 1 Y (2x8x10°Y
= + - =59[N
a1 RJ(0.05J [0.025} ( 3x10° ] (Np/ml

In view of the large value of «,,, the evanescent wave can be neglected at

the output end at z =1[m] of the waveguide.
We obtain H,, from Eq. (10-62) as

g - 2 [L
" hiab L 0.025

2j T
‘m(m

The magnitude of the TM,, mode contained in H is obtained as follows:

Jax sin (20mx) cos (40ny)

jay cos (207x) sin (40my)

Jx=0.05 Iy:ozs H. ITI: dxdy

x=0 y=0
_ 8j T 005 y=0.025
= h \/_ [O j I sin (ZOnx]de:O sin(60ny) cos(40ny)dy
x 0.05 5 y=0.025 .
cos (20nx]dx'f . cos(60ny)sin(40ny)dy
- =
_ 0.3  j
h</ab
(10-63)
Multiplying Eq. (10-62) by the factor given by Eq. (10-63) we obtain
H =3 06sin[Lx cos [L j [A/m] (10-64a)
x T 0.05 0.025 "

T T
H =-1.53 in| —% A 10-64b
y COS[0.05 stm[o.o% yj [A/m] ( )
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From Eq. (10-48) we obtain the phase constant for the TM,, mode as

‘fc(mn]]2 _ 275)(8)(109

2
0 3%10° 1—(%) =91.6[rad/m]

an =k, |1- [
(10-65)
In the plane at z =1[m], Eqs.(10-64) and (10-65) are combined together to

write the magnetic field phasor, that is,

H= [Hx(x, yla, +H,(xy) ay]e'jgl‘6 )

Exercise 10.6
Two rectangular waveguides are identical in dimensions. The first one is filled
with a nonmagnetic, lossless dielectric(e, = 2.25 ), while the second one is filled

with air. Find the ratio between the cutoff frequencies for TM,,, mode.

Ans. fO /f® =1/15.

c(mn c(mn)

Exercise 10.7
Find the group velocity of the TM,,, mode in a rectangular waveguide.

Ans. Vgt = (AByy /d0) " = (¢ / 1)\ 1= (Frimy / F) - (10-66)

Review Questions with Hints

RQ 10.9 Define h, v, and k in a rectangular waveguide. [Eq.(10-33)]
RQ 10.10 State the boundary condition for E, of the TM mode propagating in a

rectangular waveguide. [Eq.(10-39)]
RQ 10.11 Which TM mode has the lowest cutoff frequency in a rectangular wa-
veguide? [Eq.(10-46)]

10.2.2 Transverse Electric(TE) Modes

The transverse electric(TE) mode has no longitudinal component of E. There-
fore, a waveguide mode with a nonzero H, must be a TE mode, because it is nei-

ther a TEM mode nor a TM mode. The TE mode with the propagation constant
v is generally written as

F,(x,y,2,0) = Re[ H,(x,yle e’ ]| [A/m] (10-67)

Recalling that we solved Eq. (10-28c) for E, of the TM mode, we now solve the

same Helmholtz’s equation for H, of the TE mode, namely,



540 10  Waveguides

0°H, o°H
W;—FW;‘F’??HZ =0 (10-68)

where the constant h is the transverse component of the wavevector k(see Eq. (10-
33)). Following the same logic that led, from Eq. (10-34), to Eq. (10-37), we
write a general solution for H,, that is,

H,(x,y) = [ Asin (k,x) + B cos (kx)] [C sin (f,y) + D cos (kyy)} (10-69)

Although the longitudinal magnetic field expressed by Eq. (10-69) has unknowns,
A, B, C, and D, we may proceed to find the relations between H, and the trans-

verse electric and magnetic fields of the TE mode.

(1) From Faraday’s law, VXE =—jouH , we write

YE, = —jouH, (10-70a)
—YE, =—jouH, (10-70b)
oE

v 9B __ioum (10-70¢)
ox Jdy §

(2) From Ampere’s law, VxH = joeE , by assuming a perfect dielectric(J =0)
in the waveguide, we write

H, \h = joxE, (10-71a)
oy y
_ %% _ jaeE 10-71b
0H, oH
v 9% _9, 10-71
ax oy (10-71c)

Upon combining Egs. (10-70b) and (10-71a), and combining Eqs. (10-70a) and
(10-71b), we have

E, - —J;’Q” a;;z (10-72a)
y = J;;“ a;z (10-72b)
= ag: (10-72¢)
L= _h_YZagz (10-72d)

According to the boundary condition for the electric field, the transverse compo-
nents E_ and E, should vanish on the conducting wall of the waveguide, if they

are tangential to the wall. Namely
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E(ay=0)=-4%] g (10-73a)
h* dy | _
y=0
E(ay=b) =4 _g (10-73b)
h* dy|,_
y=b
Jjou oH
E(x=0y==—F—% =0 10-73
y( y] h2 ax o ( C)
Jjou oH
Ex=ay)==——% =0 10-73d
Al 7)) R ax | ( )

Substitution of Eq. (10-69) into Eq. (10-73) simply gives A=C =0. The longi-
tudinal magnetic field of the TE mode is thus given as

H,(x,y)=H, cos(%xjcos[%yj (mn=0,12,..) (10-74)

Upon inserting Eq. (10-74) into Eq. (10-72), the transverse field components of
the TE,,, mode are obtained as

. = J;;“ (EJHO cos(%x}sm(—y} (mn=0,12,..) (10-752)
E = J;:JZH (mj H_ sin (— xj cos [— yj (10-75b)
H, = h—t[%) H, sin [% xj cos (? yj (10-75¢)
H, = h—yz(%jHo cos [%xjsin(n—bnyJ (10-75d)

Even though the mode number m or n may be zero, they should not be both zero;
TE,, mode is not defined in the rectangular waveguide.

Comparison of the field patterns of the TE and TM modes shows that the longi-
tudinal field H, of the TE mode contains two cosine functions, whereas the
longitudinal component E, of the TM mode contains two sine functions.

Meanwhile, all the transverse components of the TE and TM modes contain a sine
and a cosine function.

The definitions of h, v, and k for the TM mode given in Eqs. (10-43)-(10-45)
are also valid for the TE mode. Thus the expressions for the quantities, such as
Semmy > Megumy s Bun> M Up» and v, given in Egs. (10-46)-(10-52), remain

valid for the TE,,, mode.

The waveguide mode with the lowest possible cutoff frequency is called the
dominant mode. In the rectangular waveguide with a > b, the TE,, mode has
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the lowest cutoff frequency, and is thus the dominant mode of the waveguide. In
this case, the cutoff frequency for the dominant mode is

1 5] p
= =-_Pr H 10-76
fc(lO] 2 e 2a [Hz] ( )

We also note that the TE,, mode has the lowest attenuation constant of all mod-
es in the rectangular waveguide; the TE,, mode has the electric field directed
along the y-axis only.
The wave impedance for the TE,, mode is defined from Eq. (10-70a) and Eq.
(10-70b) as
E E, ou

- x __ 1y % 10-77
M= H, T TH, T B, (10772

y x

Upon substituting Eq. (10-48) into Eq. (10-77a), the wave impedance for the
TE,, mode is expressed as

n 1
N ——
& 1_(fc(mn]/f)

The wave impedance, M, or T, is purely resistance for the wave propagating

[l (10-77b)

in the rectangular waveguide filled with a lossless dielectric, because of real € and
u. Although my,, and m, both depend on the operating frequency, the product

of the two wave impedances is given by a constant value; that is, Mpy,My = n,

where the intrinsic impedance of the dielectric n=/u /€ [Q].

Fig. 10.9 Field patterns of TE,; mode. Black lines, E-field lines; White lines, H-field lines.
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Note from Eq. (10-43) that if the TE,, and TM,, waves have the same
mode numbers, they propagate with the same phase constant f3,,, in the rectangu-

lar waveguide. From Eq. (10-48) we see that the phase constant depends on the
frequency of operation. The relation between 3 and o is called the dispersion re-

lation. By making use of the relations k=w/v, and o, =2%f,,, Wwe can

rewrite Eq. (10-48) as follows:

Bty

1- ((nc(,,m) / 03)2

o= (10-78)

The w—f diagram shown in Fig. 10.10 can be conveniently used to explain the
dispersion relation for a mode of operation. For the mode with the cutoff fre-

quency @, the slope of the tangent to the w—f3 curve, at point p, represents the

group velocity of the mode of propagation with the phase constant 3, , whereas

the slope of the line joining the origin and point p represents the phase velocity of
the mode. As are apparent from Fig. 10.10, the TM and TE modes have the same
phase and group velocities, and the phase velocity v, and the group velocity

Uymny satisfy the relation v, <v, <v where v, is the phase velocity in

p(mn) >
an unbounded dielectric. As the operating frequency ® increases much higher

than the cutoff frequency, both v, and v, approach an asymptotic value

glmn

of v,.

COC(

Fig. 10.10 - diagram for a mode with cutoff frequency @, .

10.2.2.1 Orthonormal Set in TE Modes

Following the same procedure as was used for the TM mode, we can show that the
transverse E-fields of different TE modes in a rectangular waveguide are mutually
orthogonal such that
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[ y::’ E,, -E,, dxdy=0 (mem or nzn) (10-79)
x=I y=

This can be readily verified by direct substitution of Eq. (10-75). The transverse
electric field of the TE mode can be normalized in the transverse plane of the loss-
less rectangular waveguide so that

[T["E,, E,,dxdy =1 (10-80)
x=0 Jy=0

Upon substituting Eq. (10-75) into Eq. (10-80), and assuming a lossless wave-
guide with o, =0 and v=jB,, , we have

x=a py=b .
J‘ Emn * EmndXdy

x=0 Jy=0
_ (¢ b ~JBmnz ~JBmnz i
= IO IO [(Exax +E,a,)e” H(Exax +E,a,)e”’ J dxdy

a (10-81)
= jo I§(|EX|2 +|Ey|2)dxdy

H? ab
— 0)2 270

R
where o is the operating angular frequency, L is the permeability of the dielectric
in the waveguide, h is the eigenvalue given in Eq. (10-57), and a and b are dimen-
sions of the waveguide. We note that Eq. (10-81) is the same as Eq. (10-61) if u

and H_, are replaced with € and E_, respectively. By taking the square root of

Eq. (10-81), and using it as a normalization factor for Eqgs. (10-75a) and (10-75b),
the normalized E-field of the TE,,, mode is generally written as

E, =(E.,a +Ea, e’’’ (10-82)

X X y oy

where the bar on the top denotes the normalization. The normalized x- and y-
components of the electric field of the TE,,, mode are

— 2] [nnj (mn j . [nn j
E = — |cos| — x |sin| — mn=0,12,... 10-83a
=I5 D o b Y ( ) ( )

Ey = —%[%}sin [%xj cos [% yj (mn=0,12,..) (10-83b)

where j=+-1, h®> =(mn /a)2 +(nm/ b)2 , and a and b are the dimensions of

the rectangular waveguide. The E-fields expressed by Eq. (10-83) constitute an
orthonormal set in the TE modes in the rectangular waveguide: they are norma-
lized to one, and shown to be mutually orthogonal.
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Example 10-6
The TE,, mode of frequency 3[GHz] propagates in a rectangular waveguide

with dimensions a = 2b = 4[cm], which is filled with a nonmagnetic, lossless

dielectric(n =1.4 ). Find (a) cutoff frequency, (b) phase constant, (c) phase
velocity, and (d) wave impedance.

Solution
(a) From Eq. (10-46), the cutoff frequency is

2 8
Fongy = — _3x10 J 2.68[GHz].
Z/Hg 2><14 0.04

(b) From Eq. (10-48), the phase constant is

no | (fum ) _ 14x27x3x10° 1_(2.68j2
c f 3x10° 3

=12.58n[rad/m].

(¢) From Eq. (10-52a), the phase velocity of the TE,, mode is

o 2nx3x10°

=—= =4.77x10%m/s].
pior g 12.58n (m/s]

1)

(d) From Eq. (10-77b), the wave impedance is
377 1

X 2
14 [1-(2.68/3)

Ny = 599.2[Q] .

Example 10-7
In a hollow rectangular waveguide with an aspect ratio a /b =2 (a <10[cm]),

the TE mode of propagation gives
& =4(a, —a )sin(20mz -1.8nx10"°t)[V/m] at a point ( x=a/8 and
Yy = b /4) on the cross section of the waveguide. Find

(a) phase velocity,
(b) cutoff frequency, and
(c) complete expression for &in the waveguide.

Solution
(a) From the given & we obtain B, =20n,and ®=1.8tx10".
The phase velocity is, from Eq. (10-52a),

® 1.8tx10"

=—= =9x10%[m/s].
o =g 207 [m/s]

15}
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(b)
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Rewriting Eq. (10-48) we have

2 s 2
Jeomm =S 1—[%) = 9x109\/1—(%j = 8.485[GHz] .

Inserting x=a/8 and y=b/4 into the general expression for the
TE,,, mode given in Egs. (10-75a) and (10-75b), we have

E, - ﬂ[_) H, cos [m_j sin (_j (10-842)
h b 8 4
oL (ﬂjHo n(m_j[_j (10-84b)
Y h a 8 4

If the electric fields in Eq. (10-84) are combined, it should be of the form
4(a, —ay) as given in the problem. Thus, using a =2b, from Eq. (10-
84) we obtain

1T COS (%) sin (%) = (mmn /2)sin (%) cos (%)

Rewriting it we obtain

nm nm mm mmn

— |tan| — | =| — |[tan| —

(o5 (5 ()
This is of the form XtanX =Y tanY, and thus the solution must be
X=Y,or

m=2n (10-85)

Next, from Eq. (10-46), the cutoff frequency is

1 m) n\’
=——— ||—=| +|=| =8.485x10° 10-86
fc(mn] 2 (—HDEO [aj (bj ( )

Solving Eqs. (10-85) and (10-86) for the mode numbers, using a = 2b, we get
n/b=40 (10-87a)
m/a =40 (10-87b)

Inserting Eq. (10-87) into the general expressions for E given in Eq. (10-75),

we get

&= A[ a_ cos (40nx)sin (40ny) — a, sin (40mx) cos (40rcy)]
(10-88)

xsin (20mz —1.8mx10'°t)[V/m]

where A is a constant.
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Inserting x=a/8 and y=b/4 into Eq. (10-88), and comparing Eq.
(10-88) with the given &'in the problem, we obtain

a=1/20, b=1/40,and A=8

Finally, the real instantaneous electric field of the mode of operation is

& = 8[ a cos(40nx)sin(40ny) —a, sin(40nx)cos (40ny)]
xsin(20mz - 1.81x10'°t)[V/m].

Example 10-8
How many component plane-waves does the TE,, mode contain in a rectangular

waveguide with dimensions a and b?

Solution
For the TE,, mode, let us rewrite Eq. (10-74) as

H, =Hocos[£xj=Hol(eW’“ +e ™) (10-89)
a 2

As can be seen from Eq. (10-75), the TE,, mode hasno E, -andno H, -
component. Rewriting Eq. (10-75¢) for the TE,, mode, we have

H_ = %(Ej H, sm(ﬂ xj - %(EJ H, i,(ef’v‘/a — e (10-90)
h*\a a h*\a 2j

Combining Eq. (10-89) and Eq. (10-90), assuming a lossless
waveguide(y = jB,, ), the magnetic field phasor is

H-= {Hx(x,y)ax +H,(x.y)a, + Hz(x,y]az} e IBo?

From the above equation, we see that the TE_ mode comprises two plane

waves of the form e/™/*JP0? apd e ™/aPoz

Exercise 10.8
Show that the phase velocity v, and the group velocity v, of a mode of

propagation in a rectangular waveguide are related to the phase velocity in an un-

2

D

bounded dielectric v, by U pmVgimm = U -

Exercise 10.9
Find the frequency range over which an air-filled rectangular wave-
guide(a =1.5b = 3[cm]) supports only the dominant mode.

Ans. 5[GHz] < f < 7.5[GHZz] .
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Exercise 10.10
The electric field of a TE mode is zero at the center of the cross section of a
rectangular waveguide. Identify the mode.

Ans. TE,, mode.

Exercise 10.11
The TE,, mode propagates along a rectangular waveguide in the —z-direction.

Compare the component fields of the wave with those of the wave propagating in
the +z-direction?

Ans. The directions of H,_ and H, are reversed.

Review Questions with Hints

RQ 10.12 Is the phase velocity of a mode of propagation always larger than ¢ near
cutoff( f = f, ) in a rectangular waveguide? [Eq.(10-52b)]

RQ 10.13 Which of the following quantities, f,..,,, B

pedance, is the same for the TM,,, and TE,, modes (m # 0 and

mn s Opgmny » A0d wave im-

n # 0) in a rectangular waveguide. [Egs.(10-46)-(10-52)]
RQ 10.14 Explain the evanescent mode in a rectangular waveguide. [Eq.(10-46)]
RQ 10.15 State the boundary condition for H, of TE waves. [Eq.(10-73)]

RQ 10.16 Explain the dominant mode of a rectangular waveguide.  [Eq.(10-76)]

10.2.3 Power Attenuation

The power of the electromagnetic wave propagating in a waveguide may be atte-
nuated owing to the lossy dielectric and/or imperfect conducting walls. If the at-
tenuation is small as in most practical waveguides, the power loss may be most
conveniently described in terms of the attenuation constant, by assuming no
change in the field pattern in the transverse plane. Let us first consider the time-
average power density of the wave propagating in a waveguide, or the time-
average Poynting vector,

(s)= %Re[ExH*] (10-91)

where E and H are the electric and magnetic field phasors of the wave. The time-
average total power through the cross section of the waveguide is therefore

e

2“dxdy = P,e*" (10-92)
2n,

(P)= [ (8)-as = [ 2

where the wave impedance mn, =1, for TM modes and mn, =1, for TE
modes. The attenuation constant o can be separated into two parts,
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o =0, + 0, (10-93)

The first part, o, is due to the lossy dielectric (o # 0), whereas the second part,
o, , is due to the imperfect conducting walls (6, # 0).

Even if the rectangular waveguide is filled with a low-loss dielectric, all the
discussions and expressions developed previously for the lossless waveguide are

valid for the low-loss waveguide, except that the permittivity € is now given by a
complex number:

g=¢—jel=e—j2 (10-94)
()]

where € and ¢ are the permittivity and conductivity of the dielectric, respectively.
The caret on the top of € stands for complex number. By assuming a low-loss in
the dielectric, the propagation constant for the waveguide mode is written as

2 2
Y= Oy + B = \/[ﬂj +[ﬂj —wzu(s—jgj (10-95)
a b o}
By separating Eq. (10-95) into the real and imaginary parts, we have
mn nm )
—B5 = ( J + [—J — oue (10-96a)
a b
20,8, = OUC (10-96b)

Under the condition of a small attenuation, or o, << we can assume

mn °

o, — B2, = P2, on the left-hand side of Eq. (10-96a), and write the phase con-
stant as
2
B, = \/mus— (mj ( J = oyue, 1 ( C}””]J (10-97)
a

We note that Eq. (10-97) is the same as that in the lossless waveguide. Inserting
Eq. (10-97) into Eq. (10-96), the attenuation constant for the mode of operation,
due to the lossy dielectric, is

oyn/e
2\/1 c(mn] /f

[(m™] (10-98)

where subscript d stands for dielectric.

Whereas it is tedious to determine analytically the attenuation constant o, that
is caused by the finite conductivity of the conducting walls, we only outline the
general procedure for obtaining o, here. When the finite conductivity causes
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ohmic power losses in the waveguide, the total power dissipated in the waveguide
is of course the sum of the powers dissipated in the four conducting walls, namely,

(P.) =(P(y = 0)) +(P(y = b)) + (P(x = 0)) + (P(x = a)) W] (10-99)

where < > denotes time average. Borrowing from section 8-2.4.3, the time-

average power dissipated in a conducting plate of an area w x ¢ [m®], with a skin

depth §[m], is

(P) = wesr? W] (8-97)
4c

In the above equation, J, is the amplitude of the current density on the surface,

not a surface current density. It is equal to the electric field intensity, tangential

to the surface, multiplied by the conductivity; thatis, J, = cE_. In a rectangular

waveguide with dimensions a and b, the dissipated power per unit length along
the z-direction is therefore

(P)= %Se’z‘” jOUE(y =0)° +|E,(y =0 +|E (y = b +

E,ly =b)f ax

G0 oy, (Y= 2 2
+ e j:0[|Ey(x=0)| +|E,(x = O +|E, (x = ) +|Ez(x=a]|2}dy

(10-100)

which is measured in units of watts per meter[W/m]. The bar on the top is to

denote the power dissipation per unit length along the waveguide. Upon assum-
ing a perfect dielectric in the waveguide, the ohmic power loss on the conducting
walls expressed by Eq. (10-100) is responsible for the attenuation of the wave
propagating in the waveguide. In this case, o=, in Eq. (10-93). In view of
the principle of conservation of energy, we write the time-average power loss per
unit length along the waveguide as

o] d -2 -2
P)=—-—(Pe™ ") =20Pe"" m 10-101
(B)=-— (Re™)=2aP, [W/m] ( )
where P, is the time-average power at z =0, and the term in parenthesis is the

time-average power propagated along the waveguide by a distance z. Equating
Eq. (10-100) with Eq. (10-101), we can obtain the attenuation constant o for the
wave propagating in the low-loss waveguide.

Example 10-9
An air-filled rectangular waveguide is 1[m] long, with dimensions
3a=4b=12[cm] . It operates at 4[GHz] , supporting a wave with

oa=2x1073 [Np/m]. When the output power is 1.5[kW], find



10.2  Rectangular Waveguides 551

(a) total time-average power dissipated in the waveguide,
(b) maximum electric field intensity in the waveguide, and
(c) location of the maximum electric field intensity.

Solution
(a) The input power is
P, =P, e* =1.5x10%e%%%*! =1,506[W] (10-102)

Thus, the power dissipated in the waveguide is 6[W].
(b) Cutoff frequency of the dominant mode is

c 3x10°

— =———— =3.75[GHz] (10-103)
2a 2x0.04

fc(lO] =

The next higher mode is TE,, , having a cutoff frequency 4.5[GHz].

Because of the operating frequency 4[GHz], the waveguide supports only
TE,, mode.

From Egs. (10-75) and (10-77b), the transverse field components of the
TE,, mode are written as

E, = —J:Z“ [Ej H_ sin (E xj = E/ sin (E xj (10-104a)
a a a
H, = JB—;O[EJ H, sm(ﬁxj __E sin(ﬁxj (10-104b)
h* (a a Mg a

At the input end of the waveguide(z = 0), with the aid of Eq. (10-77b), the
total time-average power is

ab (E,)* 1= (fuo /S

4 n,
Inserting Eqgs. (10-102) and (10-103) into Eq. (10-105) we have

P =L [""ExH - a dxdy = (10-105)
in 9 Jx=0 J-y:o az Yy = -

0.04x0.03(E.)* |1-(3.75/4)"

1,506 =
4 377

Thus,
E; =73.7kV/m].

(c) From Eq. (10-104), we see that the maximum electric field intensity is
observedat x=a /2 =0.02[m].

Example 10-10
Show that the TM,,, and TE,, modes are independent of each other in a

rectangular waveguide, even though they have the same phase constant and the
same group velocity.
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Solution
The electric and magnetic field phasors of the TM,,, mode, E., and

H,,, , are expressed by Egs. (10-41) and (10-56), whereas the phasors E.;

and H;; ofthe TE,, mode are expressed by Egs. (10-74) and (10-75).
The total electric and magnetic fields in the waveguide are therefore

E=E_ +E_ (10-1062)
H-H, +H_ (10-106b)

The time-average power density in the waveguide is
(P)=[ (S)+ds = ~Re| (ExH)- a,dxd
K 2 s z y
=éRer(ETMxH;M +E xH,, ) azdxdy} (10-107)
1 . .
+ ERer(ETM XH, +Ep xHy ) azdxdyJ

The integrand of the second integral on the right-hand side of Eq. (10-107) is
written as
E X HfrE +E; % H;‘M = (Ex,TMH;.TE + Ey.TMH:c.TE)

| ) (10-108)
+ (Ex,TEHy.TM + Ey.TEHx,TM)

Substitution of Egs. (10-56) and (10-75) into Eq. (10-108), in conjunction
with y = jB,, . shows that each parenthesis on the right-hand side of Eq.
(10-108) vanishes during the integration. Thus, Eq. (10-107) becomes

<P> = %RC[L (E XH;-M]' adedy:| +%Re|:_[5 (B XH;‘E]' adedy:|

(10-109)

From (10-109), we see that there is no coupling between the two waves: the first
term on the right-hand side of Eq.(10-109) is the total power of the
TM,,, mode, while the second term is that of the TE,, mode. Thus, the

T™,,, and TE,, waves are independent of each other in the waveguide.

Exercise 10.12
Show that an attenuation constant of 0.05[dB/m] corresponds to

0=5.75x10"[Np/m].

Ans. 201log,, (") =-0.05.
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Review Questions with Hints

RQ 10.17 TE,, and TE,, modes have the same phase constant and phase ve-

locity in a rectangular waveguide with a =2b. Can the energy of one

mode be transferred to the other? [Eq.(10-83)]
RQ 10.18 What is the relation between the power loss on the conducting walls of

a rectangular waveguide and the attenuation constant? [Eq.(10-101)]

Problems

10-1 A parallel-plate waveguide is designed to support the TEM mode only over the
frequency range O < f <10[GHz]. The space between two plates is filled
with a dielectric of n =1.5. Find the maximum separation of the plates.

10-2 Two conducting plates of a parallel-plate waveguide is separated by a di-
electric of thickness d = 4[cm] and refractive index n=1.25. Elec-
tromagnetic waves of a frequency f =7[GHz] propagate in the wave-
guide, which have no electric field component in the x-direction. Which
modes are propagating?

10-3 With reference to the electromagnetic waves in Problem 10-2, find the
maximum difference in the arrival times of the modes of propagation over
a distance of 20[cm] along the waveguide.

10-4 A TE wave is launched into a parallel-plate waveguide filled with a dielec-
tric of permittivity € and permeability u. The electric field phasor of the
TE,, mode is expressed by Eqgs. (10-4b) and (10-5). Find
(a) magnetic field phasor H, and
(b) real instantaneous values, &and .

10-5 A parallel-plate waveguide is partially filled with a lossless dielectric
(€=2.25¢, and u=p,) as shown in Fig. 10.11. The TE, mode of

f =12[GHz] propagates in the +z-direction in the region z <O, and im-
pinges on the air-dielectric interface at z =0. The electric phasor of the
incident wave is given by E =—j2a_ sin(50ny)e’~fBIZ[V/m] in the re-
gion z<O0.

(a) Find f,,, B,,and 6, intheregion z<O.

(b) Which modes will propagate in the region z >0 ?
(c) Find the electric field in the region z > 0.

f 0 0

d=2lcm |-
i €51, ly €=2.25¢,,1,
x z

Fig. 10.11 A partially filled parallel-plate waveguide.
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10-6 In Fig. 10.11, it is assumed that the left region(z < 0) is filled with a di-
electric( € =2.25¢, ), and the right region( z > 0 ) with another dielec-
tric(e =1.69¢,). The TE, mode propagates in the +z-direction in the
left region, and impinges on the dielectric-dielectric interface at z =0.

(a) Find the cutoff frequencies for the TE, mode in both regions.

(b) Find the frequency range over which the TE, mode can propagates in
the left region but is cutoff in the right region.

(c) Show that the cutoff in part (b) is due to the total internal reflection of

the component plane-waves of the mode at the interface at z=0.
10-7 A hollow rectangular waveguide has dimensions a=2[cm] and

b=1.5[cm]. Find the frequency range over which the waveguide will
support (a) a single mode, and (b) two modes.

10-8 The operating frequency is 10% lower than the cutoff frequency for the

TE,, in a hollow rectangular waveguide. Express the attenuation con-
stant o, intermsof f_ .. .

10-9 In a hollow rectangular waveguide of dimensions a =5[cm] and
b = 4[cm], the longitudinal component of the electric field is given as
# = 4sin(40nx)sin(25ny)sin(16nx10°t —Bz) .

(a) Identify the mode of operation.
(b) Find cutoff frequency, phase constant, and wave impedance.

10-10 In an air-filled rectangular waveguide with dimensions a =2b = 4[cm],
the transverse component of the electric field is given as
&, =1.5a, cos(25nx)sin(50ny) cos(20mw x 10°1).

(a) Identify the modes of operation.
(b) Find the cutoff frequency and phase constant of the modes.
(c) Find the instantaneous electric fields of the modes.

10-11 The amplitude of the electric field of the dominant mode is E_ in an air
filled alm]xb[m] rectangular waveguide. Express the total time-
average power of the mode as a function of the operating frequency f.

10-12 A rectangular waveguide of dimensions a =1.5b = 7.5[cm] is filled with
a low-loss dielectric of € =2 and o=3x 10°[S/m]. If the wave-

guide operates at frequency 2[GHz], find the attenuation constant of the
mode of operation.

10-13 Show that the magnetic field lines of the TM,, mode can be obtained
from dy /dx = —tan(ny)/tan(nx) in the transverse plane of the square
waveguide(a=b =1).

10-14 The  x-component of the electric field is given by
& =16 cos(50m) sin(40m) cos(18nt x10°t) in the transverse plane of a
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rectangular waveguide filled with a dielectric(n =1.2). For the mode of
operation in the waveguide, determine
(a) cutoff frequency.
(b) phase velocity.
(c) group velocity.
10-15 Using the expression for the TE,,, mode given in Eq. (10-75), (a) decom-

pose the TE,,, mode into four plane waves, and (b) show that the power
of the mode is equally distributed among the four component plane-waves.



Appendix: Material Constants

A-1 Physical Constants

| Constant

Value

Electron Charge

Electron Mass

Radius of Electron

e=-1.602x10"°[C]
m, =9.109x10*'[Kg]
R, =2.81x10*[m]

A-2 Constants of Free space

| Constant | Value
Permittivity g, =8.854x107"*[F/m]
1
~—x10°[F
or 36m [F/m]
Permeability u, = 4nx107[H/m]
Speed of light ¢ =3.0x10%[m/s]

Intrinsic Impedance

377 or ~120m[Q]

A-3 Relative Permittivities(Dielectric Constants), €,

| Constant | Value
Vacuum 1
Air(sea level) 1.0006
Amber 2.7
Quartz(fused) 3.8
Glass 4-10
Mica 5.4
Barium titanate 1200
Germanium 16
Silicon 11.7
Paper 3
Rubber 2.5-4
Wood(dry) 1.5-4
Distilled Water 80
Ice 4.2
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A-4  Conductivity, 6[S/m]

Appendix: Material Constants

| Constant | Value
Silver 6.17x107
Copper 5.80x10"
Gold 4.10x107
Aluminum 3.54 x10”
Iron 107
Glass 107"
Rubber 107"®
Fuse quartz 107
Distilled water 10
Sea water 4
Relative Permeabilities, W,
| Constant | Value
Diamagnetic
Silver 0.99998(=1)
Copper 0.99999(=1)
Gold 0.99996(=1)
Water 0.99999(=1)
Paramagnetic
Air 1.000004(=1)
Aluminum 1.00002(=1)
Titanium 1.0002(=1)
Tungsten 1.00008(=1)
Ferromagnetic
Cobalt 250
Nickel 600
Iron(pure) 5000
Mumetal 100,000




Subject Index

A

absolute electric potential 145
ac resistance 417,418
Ampere’s circuital law 247
Ampere’s law 341

Amperian path 249

amplitude 361

angle of incidence 432

angle of reflection 432

angle of transmission, 432
angular frequency 361
anomalous dispersion 454
associative law 5

attenuation constant 408, 473, 520
azimuth 27,36

B

base vectors 17

Biot-Savart law 240

bound charges 156

boundary conditions 164
boundary value problems 176
Brewster angle 444

C

capacitance 192

capacitor 191

characteristic admittance 475
characteristic impedance 474
circularly polarized 399
circulation 62, 68

closed line integral 62
closed surface integral 62
coercive field intensity 282
commutative law 5

complex amplitude 365, 391
complex form 365

complex intrinsic impedance 409

complex wavenumber 407

component form 18

conductance 219

conduction current 215

conduction current density 216

conduction electrons 156

conductivity 216

conservative field 69, 100, 151

convection current 212

coordinate transformation 16, 45

coordinate transformation of the
component of a vector 45

coordinates 16

Coulomb force 118

Coulomb’s law 118

critical angle 447

cross product 11

current density 212

cutoff frequency 518, 530

cutoff wavelength 530

cyclic relations 18

cylindrical symmetry 16, 27

D

depth of penetration 414
diamagnetic material 269
dielectric 133, 156

dielectric constant 161
differential area vector 21
differential form 137
differential length vector 21
differential volume 21
differential wave equation 359
dipole moment 157

dipole moment density 157
direction 2

directional derivative 75
dispersion 453

displacement current density 340
displacement density 161
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distance from the load 484

distance from the load toward the
generator 484

distance vector 5

divergence 84

divergence theorem 85, 89

dominant mode 541

dot product 7

drift velocity 215

E

electric dipole 124

electric dipole moment 153
electric field 122

electric field intensity 122
electric flux 133

electric flux density 134, 161
electric polarization 157
electric potential 145

electric susceptibility 161
electron mobility 216
electrostatic energy density 174
electrostatic potential energy 174
elliptically polarized 403
energy 144

equation of continuity 222
equipotential surface 152
Euler formula 365
evanescent mode 520
evanescent wave 448
external inductance 295
external reflection 442

F

Faraday’s law of electromagnetic induc-
tion 326

ferromagnetic material 270

field lines 82

field point 119

filament 240

flux lines 82

free electrons 156

Fresnel’s equations 438, 441

G

Gauss’s law 136

Gauss’s law for magnetism 254
Gaussian surface 137
generalized Ampere’s law 341

Subject Index

gradient of V atpointp 75
group velocity 453,454

H

harmonic wave 361
head-to-tail rule 4
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