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Preface

This study is the result of a research enterprise that started in 2003 when Y.S.
visited H.W. at Dresden University of Technology as a Friedrich Wilhelm Bessel
awardee of the Alexander von Humboldt Foundation. Actually, Robert Meyer’s
remark that taking semantical values such as both true and false and neither true
nor false seriously leads to madness is what triggered our interest in moving from
Nuel Belnap and Michael Dunn’s set of four truth values represented as the
powerset of the set of classical truth values to its sixteen-element powerset 16. We
soon realized that Bob’s provocative verdict, inspiring as it proved to be, should
not inhibit a generalization of Belnap and Dunn’s approach. The outcome of our
initial co-operation was published as [232, 233], and the central and fundamental
structure of our investigations into generalized truth values became the trilattice
SIXTEEN3 defined on 16.

Since we had generated quite a few problems and ideas for additional research,
we decided to apply for a research grant in order to further investigate The Logic of
Generalized Truth Values. Eventually, the project was funded by the German
Research Council (DFG) under grant WA 936/6-1. We are very grateful to the
DFG for its generous support, including a sabbatical for H.W. in the summer term
2007. Moreover, we are grateful to Ed Zalta for giving us the opportunity to write
a survey on the notion of truth values in the Gestalt of an entry for the Stanford
Encyclopedia of Philosophy, [238]. This helped us a lot in organizing our project.

As the project continued, it benefited further from a Humboldt connection. In
2008, Sergei Odintsov resumed his Humboldt research fellowship at TU Dresden
in order to visit H.W. and to work on, among other things, the axiomatization of
truth and falsity entailment in the trilattice SIXTEEN3. From general algebraic
results, we know that truth and falsity entailment in SIXTEEN3 in the language
with two versions of conjunction, disjunction, and negation (one for truth and the
other for falsity) can be finitely axiomatized. The non-constructive existence proof,
however, does not provide many clues for finding such an axiomatization. Sergei
came up with axiom systems for truth and falsity entailment through extending the
language by at least one implication connective. The matrix presentation of
algebraic operations in SIXTEEN3 employed in the development of these axiom
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systems gave rise to further investigations, in particular to the development of
sequent calculi for truth and falsity entailment and the definition of intuitionistic
variants of trilattice logics. Sergei’s results are presented and discussed in Chap. 5.
Also in 2008, Norihiro Kamide joined the Humboldt family by taking up a
Humboldt research fellowship at TU Dresden. Norihiro contributed not only his
expertise on sequent calculi resulting in the papers [141, 274] with H.W. but also
investigated alternative semantics for trilattice logic. We are grateful to Norihiro
for his willingness to collaborate and share his work with us in Chaps. 6 and 7.

The logics induced by the trilattice SIXTEEN3 and its higher-valued extensions
obtained by iterated powerset-formation are natural extensions of Nuel Belnap and
Michael Dunn’s logic of first-degree entailment, often referred to as Belnap’s or
Belnap and Dunn’s useful four-valued logic. We therefore refer to these trilattice
structures as Belnap trilattices. A trilattice of constructive truth values, isomorphic
to SIXTEEN3, was first presented in joint work by Y.S. Michael Dunn, and
Tatsutoshi Takenaka [231]. In fact, the very idea of a truth value trilattice was
developed in 1999–2000 during a Fulbright research stay of Y.S. with Michael
Dunn at Indiana University. We are most grateful to Nuel Belnap and Michael
Dunn for their insights and inspiration, which have been fundamental for our
project. Moreover, H.W. is grateful to Nuel for joining him in a reply to critical
comments on generalized truth values recently put forward by Didier Dubois,
see [273].

In the course of the development of the present inquiry, several people (in
addition to ones already mentioned) assisted us in various ways. First of all, we
would like to thank Alexander Deck, who not only promptly provided us with all
the literature we needed, but also programmed a validity tester for truth and falsity
entailment in SIXTEEN3 and prepared the website for our 2008 International
Workshop on Truth Values. Moreover, Christa Schröder, Konstantin Kleinichen,
Andrea Kruse and Caroline Semmling helped us with the workshop. We would
like to thank all the participants of this workshop for presenting their work and
sharing ideas with us, the extremely sunny weather notwithstanding. In addition to
the Humboldt Foundation, we would like to thank the German Society for Analytic
Philosophy (GAP) and the Gesellschaft von Freunden und Förderern der Tech-
nischen Universität Dresden for their sponsorship of the workshop and Jacek
Malinowski, the editor-in-chief of Studia Logica, for supporting the publication of
two special issues of Studia Logica that evolved from the workshop, see [236,
237]. We are also grateful to the Alexander von Humboldt Foundation and the
Gesellschaft von Freunden und Förderern der Technischen Universität Dresden for
supporting Y.S.’s visit to Dresden University in 2010.

Furthermore, we would like to thank the audiences of various conferences and
talks where we had an opportunity to present the results of our research project,
including, in the case of H.W., Logik und Wissen, Darmstadt, June 2005; The 49th
Annual Meeting of the Australian Mathematical Society, Perth, September 2005;
Trends in Logic IV. Towards Mathematical Philosophy, Toruń, September
2006; GAP.6, Philosophie—Grundlagen und Anwendungen, Berlin, September
2006; LOGICA 2007, Hejnice, June 2007; ASL Logic Colloquium 2007, Wrocław,
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July 2007; CLE 30 YEARS/XV Brazilian Logic Conference/XIV Latin-American
Symposium on Mathematical Logic, Paraty, May 2008; ICCL Summer School
2008, Dresden, September 2008; Lebenswelt und Wissenschaft. XXI. Deutscher
Kongress für Philosophie, Essen, September 2008; Logics of Consequence:
A Celebration of Nuel Belnap’s Work in Philosophical Logic, Pittsburgh, April
2009; 8th Smirnov Readings in Logic, Moscow, June 2009; LOGICA 2009,
Hejnice, June 2009; GAP.7, Nachdenken und Vordenken—Herausforderungen an
die Philosophie, Bremen, September 2009; Applications of Logic in Philosophy
and Foundations of Mathematics 2010, Szklarska Poręba, May 2010; talks at the
Australian National University Canberra, September 2006; the University of
Melbourne, September 2006; the Institute of Philosophy of the National Academy
of Sciences, Kiev, May 2009, and at the University of Göttingen, May 2009.
Y.S. presented lectures inter alia at the Institute of Logic and Philosophy of
Science, Leipzig University, July 2004; the Institute of Philosophy, Humboldt
University Berlin, November 2005; 7th Smirnov Readings in Logic, Moscow, June
2007; 8th Smirnov Readings in Logic, Moscow, June 2009; and GAP.7,
Nachdenken und Vordenken—Herausforderungen an die Philosophie, Bremen,
September 2009.

In the present book we, in a sense, summarize and systematize the results of our
joint research project, many of which have been published during the last few
years. More concretely, Chap. 1 contains material from our entry on Truth Values
in the Stanford Encyclopedia of Philosophy [238]. Chapter 2 makes use of our
analysis of the slingshot argument presented in [235]. In Chaps. 3 and 4 we
recapitulate the motivating ideas, basic definitions, and results presented in [232]
and [233]. As already mentioned, we have also greatly benefited from co-operation
with Norihiro Kamide. Chapter 6 on sequent systems for trilattice logics is based
on [141], and Chap. 7 on intuitionistic trilattice logics presents material from
[273]. The idea of a harmonious many-valued logic, presented in Chap. 8, was first
developed in [275]. The application of generalized truth values in the context of
the discussion of Suszko’s Thesis in Chap. 9 originates from our paper [276].
Moreover, this chapter also includes some basic results about the interconnections
between various entailment relations reported in [234]. At this time we would also
like to thank Springer-Verlag, Cambridge University Press, and Oxford University
Press for their kind permission in letting us make use of the papers in question in
this book.

Finally, we would like to express warm gratefulness to our families who have
always been for us a constant source of understanding, support, and encourage-
ment. We dedicate this book to our spouses, Natalia Shramko and Petra Wansing,
and thank them for all their love and patience.

Kryvyi Rih and Bochum
September 2010

Yaroslav Shramko
Heinrich Wansing
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Chapter 1
Truth Values

Abstract In this introductory chapter, we show how Gottlob Frege’s notion of a
truth value has become part of the standard philosophical and logical terminology.
Nowadays, the notion of a truth value is an indispensable instrument of a func-
tional analysis of language and realistic, model-theoretic approaches to logical
semantics. Moreover, the idea of truth values has induced a radical rethinking of
some central issues in the philosophy of logic, including: the categorial status of
truth and falsehood, the theory of abstract objects, the subject-matter of logic and
its ontological foundations, and the concept of a logical system. This chapter
presents a general explication of the very idea of a truth value as well as an
overview of the basic philosophical topics related to this concept.

1.1 The Idea of Truth Values

The notion of a truth value was explicitly introduced into logic and philosophy
by Gottlob Frege—for the first time in [100], and most notably in his seminal
paper [101]. Frege conceived this notion as a natural component of his language
analysis where sentences, being saturated expressions, are interpreted as a special
kind of names, which refer to (denote, designate, signify) a special kind of objects:
truth values. Moreover, there are, according to Frege, only two such objects: the
True (das Wahre) and the False (das Falsche):

A sentence proper is a proper name, and its Bedeutung, if it has one, is a truth-value: the
True or the False [21, p. 297].

It is worth noticing that Frege’s own attitude towards truth values was expressly
platonic. He considered them to be not simply ‘‘introduced’’ or ‘‘invented’’ but
virtually ‘‘discovered’’ entities, regarding himself, in this respect, as acting just
like a chemist discovering new chemical elements [108, p. 88]. Later on, we will
address the topic of the nature of truth values at greater length. As yet we would
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like only to remark that even if a realistic view on truth values has indeed merit,
one need not be an extreme platonic realist to recognize the importance of the
conception as a whole. The more so, as it is possible to present the conception of
truth values in philosophically rather neutral terms, as, e.g., Nuel Belnap does by
explaining its main semantic point:

Truth values were put in play by Frege to be the denotations of sentences, in contrast with
their senses. If I may use ‘‘T’’ and ‘‘F’’ as names of the two classical truth values, then the
story is that the denotation of ‘‘snow is white’’ is T or F according as snow is or is not
white. What a happy idea! [24, p. 306]

The idea turns out to be not only happy but very useful, too. It is surely
among those new and revolutionary ideas at the turn of the twentieth century that
have had a far reaching and manifold impact on the whole development of
modern symbolic logic. Truth values provide an effective means to uniformly
complete the formal apparatus of a functional analysis of language by general-
izing the concept of a function and introducing a special kind of functions,
namely propositional functions, or truth value functions, whose range of values
consist of the set of truth values. Among the most typical representatives of
propositional functions, one finds predicate expressions and logical connectives.
As a result, one obtains a powerful tool for a conclusive implementation of the
extensionality principle (also called the principle of compositionality), according
to which the meaning of a complex expression is uniquely determined by the
meanings of its components. On this basis, one can also discriminate between
extensional and intensional contexts (cf. [48]) and advance further to the con-
ception of intensional logics.

Moreover, the idea of truth values has induced a radical rethinking of some
central issues in the philosophy of logic, including: the categorial status of truth,
the theory of abstract objects, the subject-matter of logic and its ontological
foundations, the concept of a logical system, the nature of logical notions, etc.
Furthermore, truth values have been put to quite different uses in philosophy and
logic, being characterized, for example, as:

• primitive abstract objects denoted by sentences in natural and formal languages,
• abstract entities hypostatized as the equivalence classes of sentences,
• what is aimed at in judgments,
• values indicating the degree of truth of sentences,
• entities that can be used to explain the vagueness of concepts,
• values that are preserved in valid inferences,
• values that convey information concerning a given proposition.

Depending on their particular use, truth values have been treated as unanalyzed,
defined, unstructured, or structured entities.

In the subsequent sections of the present chapter, we first recall how truth values
naturally arise from a certain approach to language analysis, then explicate them as
abstract objects of some kind, and finally demonstrate the foundational role of truth
values as determining the very subject-matter of logic as a whole.
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1.2 Truth Values and the Functional Analysis of Language

The approach to language analysis developed by Frege essentially rests on a strict
discrimination between two main kinds of expressions: proper names (singular
terms) and functional expressions. Proper names designate (signify, denote, or
refer to) singular objects, and functional expressions designate (signify, denote, or
refer to) functions.1 The name ‘Ukraine’,2 for example, refers to a certain country,
and the expression ‘the capital of’ denotes a one-place function from countries to
cities, in particular, a function that maps the Ukraine to Kyiv (Kiev). Whereas
names are ‘‘saturated’’ (complete) expressions, functional expressions are
‘‘unsaturated’’ (incomplete) and may be saturated by applying them to names, thus
producing in this way new names. Similarly, the objects to which singular terms
refer are saturated and the functions denoted by functional expression are unsat-
urated. Names to which a functional expression can be applied are called the
arguments of this functional expression, and entities to which a function can be
applied are called the arguments of this function. The object which serves as the
reference for the name generated by an application of a functional expression to its
arguments is called the value of the function for these arguments. Particularly, the
above-mentioned functional expression ‘the capital of’ remains incomplete until
applied to some name. An application of the function denoted by ‘the capital of’ to
Ukraine (as an argument) returns Kyiv as the object denoted by the compound
expression ‘the capital of Ukraine’ which, according to Frege, is a proper name of
Kyiv. Note that Frege distinguishes between an n-place function f as an unsatu-
rated entity that can be completed by and applied to arguments a1; . . .; an and its

1 It should be observed that there is no common agreement among researchers in various fields
of philosophy of language, logic, and linguistics as to the unique term for naming the relation
between expressions of a language and objects of an extralinguistic reality (the relation between
names and their bearers or, more generally, between signs and what they stand for; i.e., the
‘‘word–world’’ relation). The situation here is sometimes even described (though rather
polemically) as a ‘‘terminological chaos’’ [170]. Indeed, on the one hand, we find in the literature
a number of terms such as ‘designation’, ‘signification’, ‘denotation’, ‘reference’, and some
others which very often are taken to be synonymous and are used interchangeably not only in
various writings by different authors but sometimes even in a work by one and the same author
(see, e.g., [48, p. 97]). On the other hand, some authors consider it important and even necessary
to draw subtle distinctions between these terms, as, e.g., in [63, pp. 309, 313], where ‘reference’
is interpreted as a genus of which ‘denotation’ and ‘designation’ are supposed to be different
species. As we believe, this is mainly a question of a terminological convention depending on
specific purposes set out in this or that investigation. In some circumstances, it may well be useful
to take account of certain variations of a referential relation and to reflect this variety by means of
a suitable terminological ramification. However, in many cases such a detailing is not needed at
all, and then the identification of such expressions as ‘designation’, ‘signification’, ‘denotation’,
and ‘reference’ seems to be absolutely justified. In what follows, we will line up with the latter
tradition and will not differentiate between these terms, considering them to be synonyms.
2 We use single quotation marks to refer to linguistic expressions and double quotation marks
otherwise.
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course of values, which can be seen as the set-theoretic representation of this
function: the set fha1; . . .; an; ai j a ¼ f ða1; . . .; anÞg:

Pursuing this kind of analysis, one is very quickly confronted with two intricate
problems. First; how should one treat declarative sentences? Should one perhaps
separate them into a specific linguistic category distinct from the ones of names
and function symbols? And second; how—from a functional point of view—
should one deal with predicate expressions such as ‘is a city’, ‘is tall’, ‘runs’, ‘is
bigger than’, ‘loves’, etc., which are used to denote classes of objects, properties of
objects or relations between them and which can be combined with (applied to)
singular terms to obtain sentences? If one considers predicates to be a kind of
functional expressions, what sort of names are generated by applying predicates to
their arguments, and what can serve as referents of these names, respectively
values of these functions?

A uniform solution to both problems is obtained by introducing the notion of a
truth value. Namely, by applying the criterion of ‘‘saturatedness’’ Frege provides a
negative answer to the first of the above problems. Since sentences are a kind of
complete entities, they should be treated as proper names, but names destined to
denote some specific objects, namely the truth values: the True and the False. In
this way one also obtains a solution to the second problem. Predicates are to be
interpreted as some kind of functional expressions which, after being applied to
these or those names, generate sentences referring to one of the two truth values.
For example, if the predicate ‘is a city’ is applied to the name ‘Kyiv’, one gets the
sentence ‘Kyiv is a city’, which designates the True (i.e., ‘Kyiv is a city’ is true).
On the other hand, by using the name ‘Mount Everest’, one obtains the sentence
‘Mount Everest is a city’ which clearly designates the False; since ‘Mount Everest
is a city’ is false.

Functions whose values are truth values are called propositional functions.
Frege also referred to them as concepts (Begriffe). Typical examples of such
functions (besides the ones denoted by predicates) are the functions denoted by
propositional connectives. Negation, for example, can be interpreted as a unary
function converting the True into the False and vice versa, and conjunction is a
binary function that returns the True as a value when both its argument positions
are filled in by the True, etc. Propositional functions mapping n-tuples of truth
values into truth values are also called truth-value functions.

Thus Frege, in a first step, extended the familiar notion of a numerical
function to functions on singular objects in general and, moreover, introduced a
new kind of singular objects that can serve as arguments and values of functions
on singular objects, the truth values. In a further step, he considered proposi-
tional functions taking functions as their arguments. The quantifier phrase ‘every
city’, for example, can be applied to the predicate ‘is a capital’ to produce a
sentence. The argument of the second-order function denoted by ‘every city’ is
the first-order propositional function on singular objects denoted by ‘is a capi-
tal’. The functional value denoted by the sentence ‘Every city is a capital’ is a
truth value, the False.
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Truth values thereby prove to be an extremely effective instrument for a logical
and semantical analysis of language. But is the price we pay for such an effec-
tiveness not too high? Do we not lapse here into a typical mistake by trying to
explain unclear notions like ‘‘denotation’’ in even more problematic terms? Per-
haps truth values are just nothing but artificial ad hoc constructions, a sort of
twilight theoretical fictions? To clear up the situation we have to consider the
nature of truth values and elucidate their conceptual location among other philo-
sophical categories.

1.3 The Categorial Status of Truth and Falsehood

Truth values evidently have something to do with a general concept of truth.
Therefore, it may seem rather tempting to try to incorporate considerations on truth
values into the broader context of traditional truth-theories, such as correspondence,
coherence, anti-realistic, or pragmatist conceptions of truth. Yet, it is unlikely that
such attempts can give rise to any considerable success. Indeed, the immense
fruitfulness of Frege’s introduction of truth values into logic is, to a large extent, just
due to its philosophical neutrality with respect to theories of truth. It does not commit
one to any specific metaphysical doctrine of truth. In one significant respect, how-
ever, the idea of truth values contravenes traditional approaches to truth by bringing
to the forefront the problem of its categorial classification.

In most of the established conceptions, truth is usually treated as a property. It is
customary to talk about a ‘‘truth predicate’’ and its attribution to sentences,
propositions, beliefs or the like. Such an understanding also corresponds to a
routine linguistic practice, whereby one operates with the adjective ‘true’ and
asserts, e.g., ‘that 5 is a prime number is true’. By contrast with this apparently
quite natural attitude, the suggestion to interpret truth as an object may seem very
confusing, to say the least. Nevertheless, this suggestion is also equipped with a
profound and strong motivation demonstrating that it is far from being just an
oddity and has to be taken seriously (cf. [40]).

First, it should be noted that the view of truth as a property is not as natural as it
appears on the face of it. Frege brought into play an argument to the effect that
characterizing a sentence as true adds nothing new to the thought expressed, for ‘It
is true that 5 is a prime number’ says exactly the same as just ‘5 is a prime
number’. That is, the adjective ‘true’ is in a sense redundant and thus is not a real
predicate expressing a real property such as the predicates ‘white’ or ‘prime’
which, on the contrary, cannot simply be eliminated from a sentence without an
essential loss for the proposition expressed. In this case a superficial grammatical
analogy is misleading. This idea gave an impetus to the deflationary conception of
truth (advocated by Ramsey, Ayer, Quine, Horwich, and others).

However, even admitting the redundancy of truth as a property, Frege
emphasizes its importance and indispensable role in some other respect. Namely,
truth, accompanying every act of judgment as its ultimate goal, secures an
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objective value of cognition by arranging for every assertive sentence a transition
from the level of sense (the thought expressed by a sentence) to the level of
denotation (its truth value). This circumstance specifies the significance of taking
truth as a particular object. As Tyler Burge explains:

Normally, the point of using sentences, what ‘‘matters to us’’, is to claim truth for a
thought. The object, in the sense of the point or objective; of sentence use was truth. It is
illuminating therefore to see truth as an object [40, p. 120].

With certain modifications this can also be extended to the notion of falsity,
which—in classical contexts—is usually expressed by an operation of negation
(or rejection) of a sentence. ‘It is false that 6 is a prime number’ means accordingly
nothing more than ‘6 is not a prime number’. Thus, if we have negation in our
language (and we usually do), the property of ‘‘being false’’ is also easily eli-
minable from the context. And if we wish to operate with falsity as a non-trivial
and useful notion, it should be codified as a specific truth value which is closely
connected to negative judgments. The significance of this value is then primarily
marked by its ‘‘negative role’’ as something that must be avoided in the course of a
correct reasoning.

As it has been observed repeatedly in the literature (cf., e.g., [40, 213]), the
stress Frege laid on the notion of a truth value was, to a great extent, prag-
matically motivated. Besides an intended gain for his system of ‘‘Basic Laws’’
[103] reflected in enhanced technical clarity, simplicity, and unity, Frege also
sought to substantiate in this way his view on logic as a theoretical discipline
with truth as its main goal and primary subject-matter. Incidentally, Gabriel
[111] demonstrated that in the latter respect Frege’s ideas can be naturally linked
up with a value-theoretical tradition in German philosophy of the second half of
the 19th century. More specifically, Wilhelm Windelband, the founder and the
principal representative of the Southwest school of Neo-Kantianism, was actually
the first who employed the term ‘truth value’ (‘Wahrheitswert’) in his essay
‘‘What is Philosophy?’’ published in 1882 (see [283, p. 32]), i.e., nine years
before [100], even if he was very far from treating a truth value as a value of a
function.

Windelband defined philosophy as a ‘‘critical science about universal values’’.
He considered philosophical statements to be not mere judgments but rather
assessments; dealing with some fundamental values, the value of truth being one of
the most important among them. This latter value is to be studied by logic as a
special philosophical discipline. Thus, from a value-theoretical standpoint, the
main task of philosophy, taken generally, is to establish the principles of logical,
ethical and aesthetical assessments, and Windelband accordingly highlighted the
triad of basic values: ‘‘true’’, ‘‘good’’, and ‘‘beautiful’’. Later this triad was literally
taken up by Frege in [102] when he defined the subject-matter of logic (see below).
Gabriel points out [110, p. 374] that this connection between logic and a value
theory can be traced back to Hermann Lotze, whose seminars in Göttingen were
attended by both Windelband and Frege.
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The decisive move made by Frege was to bring together a philosophical and a
mathematical understanding of values on the basis of a generalization of the notion
of a function on numbers. While Frege may have been inspired by Windelband’s
use of the word ‘value’ (and even more concretely—‘truth-value’), it is clear that
he uses the word in its mathematical sense. If predicates are construed as a kind of
functional expressions which, after being applied to singular terms as arguments,
produce sentences, then the values of the corresponding functions must be refer-
ences of sentences. Taking into account that the range of any function typically
consists of objects, it is natural to conclude that references of sentences must be
objects as well. And if one now just takes it that sentences refer to truth values (the
True and the False), then it turns out that truth values are indeed objects, and it
seems quite reasonable to generally explicate truth and falsity as objects and not as
properties. As Frege explains:

A statement contains no empty place, and therefore we must take its Bedeutung as an
object. But this Bedeutung is a truth-value. Thus the two truth-values are objects
[21, p. 140].

This explanation looks quite compelling but only as long as one agrees with its
crucial point that sentences indeed refer to truth values. The point can be ques-
tioned, inasmuch as one could well suggest alternative (and at the first glance
maybe even more suitable) candidates for possible references of sentences, which
might appear rather plausible, e.g., facts, situations, or state of affairs. In such a
way one would doubt that truth values are anything more than mere postulations.
Such a questioning would undermine the very idea of truth values, and it would be
therefore highly desirable to provide this idea not only with a pragmatical moti-
vation but with strong theoretical justification. In the next chapter we will expose
and critically examine a specific argument stemming from Frege’s work and
purporting to strictly prove that if sentences do have denotations at all, these
cannot be but truth values.

1.4 The Ontological Background of Truth Values

If truth values are accepted and taken seriously as a special kind of objects, the
obvious question as to the nature of these entities arises. The above character-
ization of truth values as objects is far too general and requires further specifi-
cation. One approach is to qualify truth values as abstract objects. Note that Frege
himself never used the word ‘abstract’ when describing truth values. Instead, he
has a conception of so called ‘‘logical objects’’, truth values being the most fun-
damental (and primary) of them [105, p. 121]. Among the other logical objects
Frege pays particular attention to are sets and numbers, thus emphasizing their
logical nature (in accordance with his logicist view).

Church [53, p. 25], when considering truth values, explicitly attributes to them
the property of being abstract. Since then it has been customary to label truth values
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as abstract objects, thus allocating them into the same category of entities as
mathematical objects (numbers, classes, geometrical figures) and propositions. One
may pose here an interesting question about the correlation between Fregean logical
objects and abstract objects in the modern sense. Obviously, the universe of abstract
objects is much broader than the universe of logical objects as Frege conceives
them. The latter are construed as constituting an ontological foundation for logic,
and hence for mathematics (pursuant to Frege’s logicist program). Generally, the
class of abstracta includes a wide diversity of platonic universals (such as redness,
youngness, or geometrical forms) and not only those which are logically necessary.
Nevertheless, it may safely be said that logical objects can be considered as par-
adigmatic cases of abstract entities or abstract objects in their purest form.

It should be noted that finding an adequate definition of abstract objects is a
matter of considerable controversy. According to a common view, abstract entities
lack spatiotemporal properties and relations, as opposed to concrete objects which
exist in space and time [153, p. 515]. In this respect, truth values obviously are
abstract as they clearly have nothing to do with physical spacetime. In a similar
fashion, truth values fulfill another requirement often imposed upon abstract
objects, namely the one of a causal inefficacy (see, e.g., [127, p. 7]). Here again,
truth values are very much like numbers and geometrical figures: they have no
causal power and make nothing happen.

Finally, it is of interest to consider how truth values can be introduced by
applying so-called abstraction principles, which are used for supplying abstract
objects with criteria of identity. The idea of this method of characterizing abstract
objects is also largely due to Frege, who wrote:

If the symbol a is to designate an object for us, then we must have a criterion that decides
in all cases whether b is the same as a; even if it is not always in our power to apply this
criterion [21, p. 109].

More precisely, one obtains a new object by abstracting it from some given kind
of entities, by virtue of certain criteria of identity for this new (abstract) object.
This abstraction is in terms of an equivalence relation defined on the given entities
(see [289, p. 161]). The celebrated slogan by Quine ‘‘No entity without identity’’
[202, p. 23] is intended to express essentially the same understanding of an
(abstract) object as an ‘‘item falling under a sortal concept which supplies a well-
defined criterion of identity for its instances’’ [154, p. 619].

For truth values, such a criterion has been suggested by Dummett in [69,
pp. 1–2] (cf. also [5, p. 2]), stating that for any two sentences p and q; the truth
value of p is identical with the truth value of q if and only if p is (non-logically)
equivalent with q: This idea can be formally explicated following the style of
presentation in [154, p. 620]:

8p8qðSentenceðpÞ & SentenceðqÞÞ ) ðtvðpÞ ¼ tvðqÞ , ðp$ qÞÞ;

where &;);,, and 8 stand, correspondingly, for ‘and’, ‘if. . . then’, ‘if and only
if’ and ‘for all’ in the metalanguage; and $ stands for some object language
equivalence connective (biconditional).
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Incidentally, Carnap [48, p. 26], when introducing truth values as extensions of
sentences, is guided by essentially the same idea. Namely, he points out a strong
analogy between extensions of predicators and truth values of sentences. Carnap
considers a wide class of designating expressions (‘‘designators’’) among which
there are predicate expressions (‘‘predicators’’), functional expressions (‘‘func-
tors’’), and some others. Applying the well-known technique of interpreting
sentences as predicators of degree 0, he generalizes the fact that two predica-
tors of degree n (say, P and Q) have the same extension if and only if
8x18x2. . .8xnðPx1x2. . .xn $ Qx1x2. . .xnÞ holds. Then, analogously, two sentences
(say, p and q), being interpreted as zero-degree predicators, must have the same
extension if and only if p$ q holds—that is, if and only if they are equivalent.
And then, Carnap remarks, it seems quite natural to take truth values as extensions
for sentences.

Note that here we have what Williamson [280, p. 145ff] has dubbed a ‘‘two-
level criterion’’ of identity which employs a functional dependency between an
introduced abstract object (in this case a truth value) and some other objects
(sentences), see also [70, pp. 580–581; 154, p. 620]. More specifically, what is
considered is the truth value of a sentence (or proposition, or the like). The
criterion of identity for truth values is then formulated through the logical relation
of equivalence holding between these other objects—sentences, propositions, or
the like (with an explicit quantification over them).

Williamson contrasts this kind of criterion with a ‘‘one-level criterion’’ which
should typically involve quantification over the introduced abstract objects
themselves, defining identity by means of some other equivalence relation
obtaining again between them.

For truth values the principle above can be reconstructed in ‘‘one-level’’-style
as follows (cf. [154, p. 623]):

8x8yððTVðxÞ & TVðyÞÞ ) ðx ¼ y,
8w8zððSentenceðwÞ & SentenceðzÞ & Of ðx;wÞ & Of ðy; zÞÞ ) ðw$ zÞÞÞÞ:

That is, truth values are identical if and only if any sentences of which they are
truth values are equivalent.

It should also be remarked that the properties of the object language bicondi-
tional depend on the logical system in which the biconditional is employed.
Biconditionals of different logics may have different logical properties, and it
surely matters what kind of equivalence connective is used for defining truth
values. This means that the concept of a truth value introduced by means of the
identity criterion that involves a biconditional between sentences is also logic-
relative. Thus, if ‘$’ stands for material equivalence, one obtains classical truth
values, but if the intuitionistic biconditional is employed, one gets truth values of
intuitionistic logic, etc. Taking into account the role truth values play in logic, such
an outcome seems to be not at all unnatural.
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1.5 Logic as the Science of Logical Values

In a late paper from 1918 [102] Frege claims that the word ‘true’ determines the
subject-matter of logic in exactly the same way as the word ‘beautiful’ does for
aesthetics and the word ‘good’ does for ethics. Thus, according to such a view, the
proper task of logic consists, ultimately, of investigating ‘‘the laws of being true’’
[241, p. 86]. By doing so, logic is interested in truth as such, understood objec-
tively, and not in what is merely taken to be true. Now, if one admits that truth is
represented by a specific abstract object (the corresponding truth value), then logic
in the first place has to explore the features of this object as well as its interre-
lations to other entities of various other kinds.

A prominent adherent of this conception was Jan Łukasiewicz. As he paradig-
matically put it:

All true propositions denote one and the same object, namely truth, and all false propositions
denote one and the same object, namely falsehood. I consider truth and falsehood to be singular
objects in the same sense as the number 2 or 4 is. . . . Ontologically, truth has its analogue in
being, and falsehood, in non-being. The objects denoted by propositions are called logical
values. Truth is the positive, and falsehood is the negative logical value. . . . Logic is the science
of objects of a special kind, namely a science of logical values [158, p. 90].

This definition may seem rather unconventional, for logic is usually treated as
the science of correct reasoning and valid inference. The latter understanding,
however, calls for further justification. This becomes evident as soon as one asks
on what grounds one should qualify this or that pattern of reasoning as correct or
incorrect. Taking into account a quite common understanding that any valid
inference should be based on logical rules, we arrive then at the question of how
the logical rules are justified. This problem is of an undoubtedly foundational
character, and in addressing it, various strategies are possible. Without going much
into details, let us just shortly mention some of the most typical approaches,
pointing out their crucial shortcomings.

1. The psychologistic approach. Logical rules essentially reflect the process of
sound human thinking; more precisely they are based upon the so-called ‘‘laws
of thought’’ and prescribe how we should think if we wish to think correctly.

This strategy essentially turns logic into a branch of psychology. So con-
ceived, logic becomes an empirical discipline depending on subjective and
contingent circumstances concerned with the functioning of human minds.
Psychologism was sharply criticized by Frege and Husserl, who provided
various compelling arguments against it.

2. The conventionalistic approach. Logical rules are more or less voluntarily
chosen conventions about correct reasoning, subject only to some formal
requirements (restrictions) such as consistency, independence of rules, etc.

3. The linguistic approach. Logical rules are certain rules for operating with
linguistic expressions. They represent specific regularities corresponding to
structural features of the given linguistic system.
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Both the conventionalistic and the linguistic strategy relativize logic too
much with respect to arbitrarily adopted syntactic principles or ‘‘linguistic
frameworks’’. In this way logic is actually deprived of foundations rather
than provided with them.

4. The transcendentalistic approach. Logical rules represent some fundamental
a priori structures of consciousness as such by means of which we synthesize
our concepts and intuitions to acquire knowledge of the world as it is given in
the process of apperception.

This view is hardly compatible with the fact of the existence of many (non-
classical) logical systems. In fact, a transcendentalist would be prone to
insist that there is only one ‘‘right’’ logic and to consider the diversity of
logical systems as a sort of deviation from the ‘‘normal situation’’.

All the approaches mentioned so far have evidently some ‘‘idealistic’’ (anti-
realistic) flavor as they interlink logic with an activity of some subject, whether
it be the intellectual or linguistic activity of a human being or the conscious
activity of a transcendental subject in the Kantian sense. But if we seek to
construe logic as a fully objective discipline, we might be dissatisfied with
psychologistic, conventionalistic, purely linguistic or transcendentalistic answers
to the foundational question raised above. In such a case it could be reasonable
to take a look at another, namely ontological (realistic), strategy of justifying
logical rules which seems to constitute quite a feasible alternative to idealistic
approaches.

Let us take into account an established view according to which logical rules
should at least guarantee that in a valid inference the conclusion(s) is (are) true if
all the premises are true. Translating this demand into the Fregean terminology, it
would mean that in the course of a correct inference, the possession of the truth
value the True should be preserved from the premises to the conclusion(s). This
demand is sometimes supplemented with an additional requirement that some of
the premise must be false if the conclusion is false, which again would mean that
the truth value the False should be preserved from the conclusion(s) to the pre-
mises. Thus, granting the realistic treatment of truth values adopted by Frege, the
understanding of logic as the science of truth values does in fact provide logical
rules with an ontological justification placing the roots of logic within a certain
kind of entities (conceived objectively). The properties of these entities and
relations between them (and maybe also some other entities) ultimately determine
the characteristic features of logical rules.

These entities constitute a certain uniform domain which can be viewed as a
subdomain of Frege’s so-called ‘‘third realm’’ (the realm of the objective content
of thoughts and generally abstract objects of various kinds, see [102], cf. [193] and
also [41, p. 634].) Among the subdomains of this third realm one finds, e.g., the
collection of mathematical objects (numbers, classes, etc.). The set of truth values
may be regarded as forming another such subdomain, namely the one of logical
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values, and logic as a branch of science rests essentially on this logical domain
(‘‘logical realm’’) and on exploring its features and regularities.

1.6 Logical Structures

According to Frege, there are exactly two truth values, the True and the False.
This opinion appears to be rather restrictive, and one may ask whether it is really
indispensable for the concept of a truth value. One should observe that in elabo-
rating this conception, Frege assumed specific requirements of his system of the
Begriffsschrift; especially the principle of bivalence taken as a metatheoretical
principle, viz. that there exist only two distinct logical values. On the object-
language level, this principle finds its expression in the famous classical laws of
excluded middle and non-contradiction. The further development of modern logic,
however, has clearly demonstrated that classical logic is only one particular theory
(although maybe a very distinctive one) among the vast variety of logical systems.
In fact, the Fregean ontological interpretation of truth values depicts logical
principles as a kind of ontological postulations, and as such they may well be
modified or even abandoned. For example, by giving up the principle of bivalence,
one is naturally led to the idea of postulating many truth values.

It was Łukasiewicz, who as early as 1918, proposed taking other logical values
different from truth and falsehood seriously, see [155, 156]. Independently of
Łukasiewicz, Emil Post, in his dissertation from 1920, published as [194], introduced
m-valued truth tables, where m is any positive integer. Whereas Post’s interest in
many-valued logic (where ‘‘many’’ means ‘‘more than two’’) was almost exclusively
mathematical, Łukasiewicz’s motivation was philosophical. He contemplated the
semantical value of sentences about the contingent future, as discussed in Aristotle’s
De interpretatione. Łukasiewicz introduced a third truth value and interpreted it as
‘‘possible’’. By generalizing this idea and also adopting the above understanding of
the subject-matter of logic, one naturally arrives at a consideration of various col-
lections of truth values as possible bases for different logical systems. It seems also
quite plausible to assume that these collections have to be organized in one way or
another, in other words, they must possess some sort of (inner) structure.

In this book, we take this assumption for granted and subsequently focus our
consideration on two kinds of logical structures conceived as suitable represen-
tations of particular logical systems: valuation systems and truth-value lattices.

The notion of a valuation system has been developed, e.g., by Dummett in [68]
(see also [70, 72, 216]). Consider a propositional language L built upon a non-
empty set of atomic sentences Atom and a set of propositional connectives C (the
set of sentences of L being the smallest set containing Atom and being closed
under the connectives from C). Then a valuation system V for the language L is a
triple hV;D;Fi; where V is a non-empty set with at least two elements, D is a
non-empty proper subset of V; and F ¼ ffc1 ; . . .fcmg is a set of functions such that
fi is an n-place function on V if ci is an n-place connective. Intuitively, V is the
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set of truth values, D is the set of designated truth values, and F is the set of truth-
value functions interpreting the elements of C: If the set of truth values of a
valuation system V has n elements, V is said to be n-valued. Any valuation system
can be equipped with an assignment function which maps the set of atomic sen-
tences into V: Each assignment a relative to a valuation system V can be extended
to all sentences of L by means of a valuation function va defined in accordance
with the following conditions:

8p 2 Atom; vaðpÞ ¼ aðpÞ; ð1:1Þ

8ci 2 C; vaðciðA1; . . .;AnÞÞ ¼ fiðvaðA1Þ; . . .; vaðAnÞÞ: ð1:2Þ

Valuation systems are often referred to as (logical) matrices. Since the cardi-
nality of V may be greater than 2; the notion of a valuation system provides a
general and natural foundation not only for classical logic, but for various kinds of
logical systems (particularly, many-valued ones).

In this way Fregean (classical) logic, with, say, the propositional connectives
^;_;! and �; can be presented as determined by a particular valuation
system based on exactly two elements. Consider, for example, the valuation
system Vcl ¼ hVcl;Dcl;Fcli; where Vcl ¼ ff£g;£g;Dcl ¼ ff£gg; and Fcl ¼
ff^; f_; f!; f�g; defined as follows:

Definition 1.1 For any X; Y 2Vcl:

1. f^ðX; YÞ ¼ X \ Y ;
2. f_ðX; YÞ ¼ X [ Y ;
3. f!ðX; YÞ ¼ ðVcl � XÞ [ Y;
4. f� ðXÞ ¼Vcl � X:

Then f£g and £ can be understood as Frege’s the True and the False, cor-
respondingly. The following proposition shows that functions from Fcl determine
exactly the propositional connectives of classical logic:

Proposition 1.1 For any assignment a relative to Vcl; and for any formulas A and
B; the following holds:

1. vaðA ^ BÞ ¼ f£g iff vaðAÞ ¼ f£g and vaðBÞ ¼ f£g;
2. vaðA _ BÞ ¼ f£g iff vaðAÞ ¼ f£g or vaðBÞ ¼ f£g;
3. vaðA! BÞ ¼ f£g iff vaðAÞ ¼£ or vaðBÞ ¼ f£g;
4. vað�AÞ ¼ f£g iff vaðAÞ ¼£:

The proof of this proposition is rather straightforward and is left to the reader.
The set D of designated values is of central importance for the notion of a

valuation system. This set can be seen as a generalization of the classical truth
value T (the True) in the sense that it determines many logical notions and thereby
generalizes some of the roles played by Frege’s the True, cf. the introductory
remarks in Sect. 1.1 about uses of truth values. For example, the set of tautologies
(logical laws) is directly specified by the given set of designated truth values: a
sentence A is a tautology in a valuation system V iff for every assignment a relative
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to V, vaðAÞ 2 D: Another fundamental logical notion—the one of an entailment
relation—can also be defined by referring to the set D: For a given valuation
system V, a corresponding entailment relation ð�VÞ is usually defined by postu-
lating the preservation of designated values from the premises to the conclusion:

D �V A iff 8a : ð8B 2 D : vaðBÞ 2 DÞ ) vaðAÞ 2 D: ð1:3Þ

A pair M ¼ hV; vai; where V is an (n-valued) valuation system and va a val-
uation in V, may be called an (n-valued) model based on V. Every model M ¼
hV; vai comes with a corresponding entailment relation �M by defining
D �M A iff ð8B 2 D : vaðBÞ 2 DÞ ) vaðAÞ 2 D:

Suppose L is a syntactically defined logical system L with a consequence
relation ‘L; specified as a relation between the power-set of L and L: Then a
valuational system V is said to be strictly characteristic for L just in case
D �V A iff D ‘L A (see [70, p. 431]). Conversely, one says that L

is characterized by V. By itself, a valuation system is, properly speaking, not a
logic. If, however, V strictly characterizes L; then V may be seen as a semantic
basis for the logic L:

Another typical way of representing logical systems is by a lattice-ordered set
of truth values. A partially-ordered set ðL; �Þ is called a lattice if and only if each
two-element subset fa; bg of L has an infimum (also called ‘‘meet’’), denoted
a u b; and a supremum (also called ‘‘join’’), denoted a t b: Then, a truth-value
lattice ðV; �Þ can standardly be defined on some partially ordered set of truth
values V: The meet and join in a truth value lattice are normally seen as deter-
mining logical connectives of conjunction and disjunction, respectively. Other
logical connectives can be defined through the truth-value lattice operations as
well. More concretely, every truth-value lattice ðV; �Þ can be equipped with a
valuation function v mapping the set of atomic sentences of our language into V;
which can be extended to compound sentences by means of definitions of the
following kind (for any n-place propositional connective ci):

vðciðA1; . . .;AnÞÞ ¼ oiðvðA1Þ; . . .; vðAnÞÞ; ð1:4Þ

where oi is some lattice operation on ðV; �Þ or maybe a combination of several
such operations.

Again, the cardinality of V may be greater than 2. The truth values of classical
logic constitute just a specific lattice known as a two-element Boolean algebra, or
as the two-element Boolean algebra, up to isomorphism. As an example of such a
structure, consider the lattice ðff£g;£g;�Þ, where f£g and £ (as above) stand
for Frege’s the True and the False, respectively. Clearly, we have £ � f£g: The
set-theoretical intersection and union play here the role of the lattice operations of
meet and join. Moreover, one can define the function of ordering inversion ð�Þ
such that �£ ¼ f£g and £ ¼ �f£g (in fact, the operation of lattice comple-
ment). Then we have the following definition of a valuation function for the
classical propositional connectives:
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Definition 1.2 For any formulas A and B:

1. vðA ^ BÞ ¼ vðAÞ \ vðBÞ;
2. vðA _ BÞ ¼ vðAÞ [ vðBÞ;
3. vðA! BÞ ¼ �vðAÞ [ vðBÞ;
4. vð�AÞ ¼ �vðAÞ:

It is easy to see that Proposition 1.1 also holds for the valuation function so
defined. Note that in a truth-value lattice ðV; �Þ, it is not necessary to distinguish
the set of designated elements. Instead, one can effectively define the relation of
logical entailment ð�VÞ with respect to ðV; �Þ as expressing an agreement with
the lattice ordering �:

D �V A iff 8v u fvðBÞ j B 2 Dg� vðAÞ: ð1:5Þ

In view of this definition, the ordering relation in a truth value lattice can be
called the logical order. Having an entailment relation, one can easily introduce
many other logical notions, e.g., the notion of a tautology, of a (semantic) con-
tradiction, etc.

It should be noted that the truth values of a logical system do not always admit a
lattice presentation. For example, truth values of any logic with non-commutative
conjunction or disjunction (see, e.g. [20, 65, 190, 208, 212]) obviously do not
constitute a lattice-ordered set with respect to these connectives. However, the
class of logics whose truth values form lattices (cf. [210]) is rather extensive and
includes many important logical systems. By developing a theory of generalized
truth values, we will give special attention to various lattice-organized structures
which can be defined on collections of such values.

1.7 Truth Values, Truth Degrees, and Vague Concepts

In many-valued logic, truth values are often called ‘‘truth degrees’’. The term
‘truth degrees’, used by Gottwald [124, 125] and many other authors, suggests that
truth comes by degrees, and these degrees may be seen as truth values in an
extended sense. The idea of truth as a graded notion has been applied to model
vague predicates and to obtain a solution to the Sorites Paradox, the Paradox of the
Heap. However, the success of applying many-valued logic to the problem of
vagueness is highly controversial. Williamson [281, p. 97], for example, holds that
the phenomenon of higher-order vagueness ‘‘makes most work on many-valued
logic irrelevant to the problem of vagueness’’.

In any case, the vagueness of concepts has been much debated in philosophy
and it was one of the major motivations for the development of fuzzy logic. In the
1960s, Zadeh [29] introduced the notion of a fuzzy set. A characteristic function of
a set X is a mapping which is defined on a superset Y of X and which indicates
membership of an element in X: The range of the characteristic function of a
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classical set X is the two-element set f0; 1g (which may be seen as the set of
classical truth values). The function assigns the value 1 to elements of X and the
value 0 to all elements of Y not in X: A fuzzy set has a membership function
ranging over the real interval [0, 1]. A vague predicate such as ‘is much earlier
than March 20th, 1963’, ‘is beautiful’, or ‘is a heap’ may then be regarded as
denoting a fuzzy set. The membership function g of the fuzzy set denoted by ‘is
much earlier than March 20th, 1963’ thus assigns values (seen as truth degrees)
from the interval [0, 1] to moments in time, for example g(1 p.m., August 1st,
2006) = 0, g(3 a.m., March 19th, 1963) = 0, g(9:16 a.m., April 9th, 1960) = 0.005,
g(2 p.m., August 13th, 1943) = 0.05, g(7:02 a.m., December 2nd, 1278) = 1.

The application of continuum-valued logics to the Sorites Paradox has been
suggested by Goguen [122]. The Sorites Paradox in its so-called conditional form
is obtained by repeatedly applying modus ponens in arguments such as:

A collection of 100,000 grains of sand is a heap.
If a collection of 100,000 grains of sand is a heap, then a collection 99,999 grains

of sand is a heap.
If a collection of 99,999 grains of sand is a heap, then a collection 99,998 grains of

sand is a heap.

..

.

If a collection of two grains of sand is a heap, then a collection of one grain of sand
is a heap.

Therefore: A collection of one grain of sand is a heap.

Whereas it seems that all premises are acceptable, because the first premise is
true and one grain does not make a difference to a collection of grains being a
heap or not, the conclusion is, of course, unacceptable. If the predicate ‘is a
heap’ denotes a fuzzy set and the conditional is interpreted as implication in
Łukasiewicz’s continuum-valued logic, then the Sorites Paradox can be avoided.
The truth-function f! of Łukasiewicz’s implication ? is defined by stipulating
that if x� y; then f!ðx; yÞ ¼ 1; and otherwise f!ðx; yÞ ¼ 1� ðx� yÞ: If, say, the
truth value of the sentence ‘A collection of 500 grains of sand is a heap’ is 0.8
and the truth value of ‘A collection of 499 grains of sand is a heap’ is 0.7, then
the truth value of the implication ‘If a collection of 500 grains of sand is a heap,
then a collection of 499 grains of sand is a heap’ is 0.9. Moreover, if the
acceptability of a statement is defined as having a value greater than j for
0\j\1 and all the conditional premises of the Sorites Paradox do not fall below
the value j; then modus ponens does not preserve acceptability, because the
conclusion of the Sorites Argument, being evaluated as 0, is unacceptable.

Urquhart [257, p. 108] stresses ‘‘the extremely artificial nature of the attaching
of precise numerical values to sentences like . . . ‘Picasso’s Guernica is beauti-
ful’’’. To overcome the problem of assigning precise values to predications of
vague concepts, Zadeh [292] introduced fuzzy truth values as distinct from the
numerical truth values in [0, 1], the former being fuzzy subsets of the set [0,1],
understood as true, very true, not very true, etc.
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The interpretation of continuum-valued logics in terms of fuzzy set theory has
for some time been seen as defining the field of mathematical fuzzy logic. Haack
[129] refers to such systems of mathematical fuzzy logic as ‘‘base logics’’ of fuzzy
logic and reserves the term ‘fuzzy logics’ for systems in which the truth values
themselves are fuzzy sets. Fuzzy logic in Zadeh’s latter sense has been thoroughly
criticized from a philosophical point of view by Haack [129] for its ‘‘methodo-
logical extravagances’’ and its linguistic incorrectness. Haack emphasizes that her
criticisms of fuzzy logic do not apply to the base logics. Moreover, it should be
pointed out that mathematical fuzzy logics are nowadays studied not in the first
place as continuum-valued logics, but as many-valued logics related to residuated
lattices, see [54, 112, 125, 130], whereas fuzzy logic in the broad sense is, to a
large extent, concerned with certain engineering methods.

A fundamental concern about the semantical treatment of vague predicates is
whether an adequate semantics should be truth-functional, that is, whether the truth
value of a complex formula should depend functionally on the truth values of its
subformulas. Whereas mathematical fuzzy logic is truth-functional, Williamson
[281, p. 97] holds that ‘‘the nature of vagueness is not captured by any approach
that generalizes truth-functionality’’. According to Williamson, the degree of truth
of a conjunction, a disjunction, or a conditional just fails to be a function of the
degrees of truth of vague component sentences. The sentences ‘John is awake’ and
‘John is asleep’, for example, may have the same degree of truth. By truth-
functionality the sentences ‘If John is awake, then John is awake’ and ‘If John is
awake, then John is asleep’ are alike in truth degree, indicating for Williamson the
failure of degree-functionality.

One way of, in a certain sense, reasoning non-truthfunctionally about vagueness
is supervaluationism. The method of supervaluations was developed by Mehlberg
[172] and van Fraassen [97] and was later applied to vagueness by Fine [85],
Keefe [146] and others.

Van Fraassen’s aim was to develop a semantics for sentences containing non-
denoting singular terms. Even if one grants that atomic sentences containing non-
denoting singular terms and that some attributions of vague predicates are neither
true nor false, it nevertheless seems natural not to preclude that compound sentences
of a certain shape and containing non-denoting terms or vague predications are
either true or false, e.g., sentences of the form ‘If A; then A’. Supervaluational
semantics provides a solution to this problem. A three-valued assignment a into
fT ; I;Fg may assign a truth-value gap (or rather the value I) to the vague sentence
‘Picasso’s Guernica is beautiful’. Any classical assignment a0 that agrees with a
whenever a assigns T or F may be seen as a precisification (or superassignment) of a:
A sentence may then be said to be supertrue under assignment a if it is true under
every precisification a0 of a:Thus, if a is a three-valued assignment into fT ; I;Fg and
a0 is a two-valued assignment into fT;Fg such that aðpÞ ¼ a0ðpÞ if aðpÞ 2 fT ;Fg;
then a0 is said to be a superassignment of a: It turns out that if a is an assignment
extended to a valuation function va for the Kleene matrix K3 defined in Sect. 9.5.1,
then for every formula A in the language of K3, maðAÞ ¼ ma0 ðAÞ if maðAÞ 2 fT ;Fg:
Therefore, the function va0 may be called a supervaluation of va: A formula is then
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said to be supertrue under a valuation function va for K3 if it is true under every
supervaluation va0 of va; i.e., if va0 ðAÞ ¼ T for every supervaluation va0 of va: The
property of being superfalse is defined analogously.

Since every supervaluation is a classical valuation, every classical tautology is
supertrue under every valuation function in K3: Supervaluationism is, however,
not truth-functional with respect to supervalues. The supervalue of a disjunction,
for example, does not depend on the supervalue of the disjuncts. Suppose aðpÞ ¼ I:
Then að:pÞ ¼ I and va0 ðp _ :pÞ ¼ T for every supervaluation va0 of va: Whereas
ðp _ :pÞ is thus supertrue under va; p _ p is not, because there are superassign-
ments a0 of a with a0ðpÞ ¼ F: An argument against the charge that supervalua-
tionism requires a non-truth-functional semantics of the connectives can be found
in [161] (cf. also other references given there).

Although the possession of supertruth is preserved from the premises to the
conclusion(s) of valid inferences in supervaluationism, and although it might be
tempting to consider supertruth an abstract object on its own, it seems that it has
never been suggested to hypostatize supertruth in this way, comparable to Frege’s
the True. A sentence supertrue under a three-valued valuation v just takes the
Fregean value the True under every supervaluation of v: The advice not to confuse
supertruth with ‘‘real truth’’ can be found in [24].

Before we will embark on an elaboration of a theory of generalized truth values
and lattice-organized structures defined on sets of generalized truth values, let us in
the next chapter turn our attention to one remarkable argument in favor of the
existence of truth values.
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Chapter 2
Truth Values and the Slingshot Argument

Abstract The famous ‘‘slingshot argument’’ developed by Church, Gödel, Quine,
and Davidson is often considered to be a formally strict proof of the Fregean
conception that all true sentences, as well as all false ones, have one and the same
denotation, namely their corresponding truth value: the True or the False. In this
chapter, we present several versions of the slingshot argument and examine some
possible ways of analyzing the argument by means of Roman Suszko’s non-
Fregean logic. We show that the language of non-Fregean logic can serve as a
useful tool for reconstructing the slingshot argument and formulate several
embodiments of the argument in non-Fregean logics. In particular, a new version
of the slingshot argument is presented, which can be circumvented neither by an
appeal to a Russellian theory of definite descriptions nor by resorting to an
analogous ‘‘Russellian’’ theory of k-terms.

2.1 An Argument in Favor of Truth Values

There is a famous argument (or more precisely, a family of arguments) that is
designed to provide a formally strict proof of the claim that all true sentences
designate (denote, refer to) one and the same thing, as do all false sentences. These
things are precisely the truth values: the True and the False. The argument has
already been anticipated (implicitly at least) by Frege, who employs the principle
of substitutivity of co-referential terms, according to which the reference of a
complex singular term must remain unchanged when any of its sub-terms is
replaced by an expression having the same reference. Frege asks:

What else but the truth value could be found, that belongs quite generally to every
sentence if the reference of its components is relevant, and remains unchanged by sub-
stitutions of the kind in question? [116, p. 64]

Y. Shramko and H. Wansing, Truth and Falsehood, Trends in Logic 36,
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The idea underlying this question has been neatly reconstructed by Alonzo
Church, who has explicitly formulated the corresponding argument in his review
of Carnap’s Introduction to Semantics [52]. In Introduction to Mathematical Logic
[53] Church reconstructs the point of his proof by means of a rather informal line
of reasoning. Other remarkable versions of the argument are those by Gödel [121]
and Davidson [60], which make use of the formal apparatus of a theory of definite
descriptions.

Stated generally, the pattern of the argument goes as follows (cf. [191]). One
starts with a certain sentence, and then moves, step by step, to a completely
different sentence. Every two sentences in any step designate presumably one and
the same thing. Hence, the starting and the concluding sentences of the argument
must have the same designation as well. But the only semantically significant thing
they have in common seems to be their truth value. Thus, what any sentence
designates is just its truth value.

Barwise and Perry [18] have dubbed this family of arguments ‘‘the slingshot’’,
thus stressing its extraordinary simplicity and the minimality of presuppositions
involved. Versions of the slingshot argument have been analyzed in detail by many
authors, see, e.g., [66, 94, 171, 177, 185, 189, 191, 214, 263, 278], and especially
the comprehensive study by Neale [178].

2.2 Reconstructing the Slingshot Arguments

2.2.1 Church’s Slingshot

We first pose the argument as it was originally formulated by Church in [52]. Note
that the slingshot argument in all its forms rests essentially on the assumption that
every sentence normally has a designation. Another important assumption is the
principle of substitutivity for co-referential terms in any expression:

(S) If we convert a linguistic expression into another expression by substituting
any of its terms for a term with exactly the same designation, the resulting and
the initial expressions also designate the same.

In particular, in any sentence, expressions with the same designation can be
unrestrictedly substituted for one another without changing the designation of the
sentence in which the substitution is made. This is actually just an instance of the
compositionality principle mentioned in Sect. 1.1. Church formulates it in terms of
‘‘synonymy’’, saying that synonymous expressions are interchangeable, where two
expressions are considered to be synonymous if and only if they have the same
designation. Moreover, Church assumes (following Carnap, [47, p. 92]) that any
two logically equivalent sentences are synonymous. He then employs a language
with an abstraction operator kx such that for any sentence X; kxðXÞ means ‘‘the
class of all x such that X’’.
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Now let A and B be any true sentences. Consider the following five sentences:

C1. A
C2. kxðx ¼ x ^ �AÞ ¼ kxðx 6¼ xÞ
C3. kxðx 6¼ xÞ ¼ kxðx 6¼ xÞ
C4. kxðx ¼ x ^ �BÞ ¼ kxðx 6¼ xÞ
C5. B

Church argues that all these sentences are synonymous. Indeed, C1 and C2
are logically equivalent, as well as C4 and C5. But C2, C3, and C4 are also
synonymous by (S), since kxðx ¼ x ^ �A) and kxðx 6¼ xÞ have the same desig-
nation, namely the null class. But note again that A and B have been chosen
absolutely arbitrarily, and the only (semantically relevant) feature they have in
common is that they are both true. ‘‘Hence’’, Church concludes, ‘‘we have a
means of showing any two true sentences to be synonymous. By a similar
method any two false sentences can be shown to be synonymous. Therefore
finally no possibility remains for the designata of sentences except that they be
truth-values’’ [52, p. 300].

In [53, pp. 24–25] Church develops a ‘‘popularized’’ version of his argument
which is by now rather widespread in the literature. Namely, he suggests to take a
look at the following sequence of four sentences:

C10. Sir Walter Scott is the author of Waverley.
C20. Sir Walter Scott is the man who wrote 29 Waverley novels altogether.
C30. The number, such that Sir Walter Scott is the man who wrote that many

Waverley novels altogether, is 29.
C40. The number of counties in Utah is 29.

Note that this sequence does not represent a logical inference (although it is not
difficult to re-articulate the argument as a formal proof by applying suitable
technical machinery). It is rather a number of conversion steps each producing co-
referential sentences. It is claimed that C10 and C20 have the same designation by
substitutivity, for the terms ‘the author of Waverley’ and ‘the man who wrote 29
Waverley novels altogether’ designate one and the same object, namely Walter
Scott. And so have C30 and C40 because the number, such that Sir Walter Scott is
the man who wrote that many Waverley novels altogether, is the same as the
number of counties in Utah, namely 29. The step from C20 to C30 is justified by
what Perry [191] calls redistribution: ‘‘rearrangement of the parts of a sentence
does not effect what it designates, as long as the truth conditions remain the same’’.
This principle may seem controversial, and Barwise and Perry [18] in fact reject it.
(It must be said that they reject substitutivity as well.) Church himself argues that
it is plausible to suppose that C20, even if not synonymous with C30, is at least so
close to C30 ‘‘so as to ensure its having the same denotation’’. If this is indeed the
case, then C10 and C40 must have the same denotation (designation). But the only
(semantically relevant) thing these sentences have in common is that both are true.
Thus, taking it that there must be something which the sentences designate, one
concludes that it is just their truth value. As Church remarks, a parallel example
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involving false sentences can be constructed in the same way (by considering,
e.g., ‘Sir Walter Scott is not the author of Waverley’).

Church in [52] used his argument to demonstrate that sentences could not
designate propositions as Carnap assumed in [47]. It seems that Carnap himself
found the argument convincing enough: in his next book [48, p. 26] he did pos-
tulate truth values as ‘‘extensions’’ of sentences and, moreover, provided inde-
pendent reasons for this.

2.2.2 Gödel’s Slingshot

Gödel in [121, pp. 128–129] highlights the impact of various theories of
descriptions on the problem of what sentences designate. According to him, if—in
addition to substitutivity—we take the apparently obvious view that a descriptive
phrase denotes the object described, then the conclusion that ‘‘all true sentences
have the same signification (as well as all false ones)’’ is almost inevitable. Gödel
hints at a ‘‘rigorous proof’’ of this claim by making use of some further
assumptions. Let ðixÞðx ¼ a ^ FxÞ stand for the definite description ‘the x such that
x is identical to a and x is F’, and let for any sentence X; ½X� stand for what X
designates. Then Gödel’s assumptions can be articulated as follows:

(A1) Fa½ � ¼ a ¼ ðixÞðx ¼ a ^ FxÞ½ �:
(A2) Every sentence can be transformed into an equivalent sentence of the form

Fa: (This assumption allows Gödel to expand his argument beyond the
atomic sentences, cf. [177, p. 778].)

We will next reconstruct Gödel’s proof in the form of an ‘‘official’’ logical
inference. (This reconstruction stems essentially from [177, pp. 777–779, 789],
although our formulation is somewhat different.) Making use of the introduced
notation, we are going to prove that for any true sentences A and B; A½ � ¼ B½ �: To do
this, we will need an additional rule of inference governing the description operator:

i-intr:
Aðx=aÞ

a ¼ ðixÞðx ¼ a ^ AðxÞÞ

where a is a singular term, AðxÞ is a sentence containing at least one free occur-
rence of the variable x; and Aðx=aÞ is the result of replacing every occurrence of
x in AðxÞ with a:

Note the close connection between this rule and (A1). As Neale [177, p. 789]
observes, i-INTR (as well as its counterpart rule i-ELIM, which goes in the opposite
direction) must be a valid rule of inference in any (extensional) theory of
descriptions (as it is in Russell’s).

Another inference rule, which allows substitution of definite descriptions, is
also taken from [177, p. 787]:
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i-sub: ðixÞ/ ¼ ðixÞw ðixÞ/ ¼ a ðixÞ/ ¼ a

AððixÞ/Þ
AððixÞwÞ

AððixÞ/Þ
AðaÞ

AðaÞ
AððixÞ/Þ:

With this machinery at hand, suppose the sentences G1–G3 below are true.

G1. Fa
G2. a 6¼ b
G3. Gb

Then one can proceed as follows:

G4. a ¼ ðixÞðx ¼ a ^ FxÞ G1, i-INTR

G5. a ¼ ðixÞðx ¼ a ^ x 6¼ bÞ G2, i-INTR

G6. b ¼ ðixÞðx ¼ a ^ GxÞ G3, i-INTR

G7. b ¼ ðixÞðx ¼ b ^ x 6¼ aÞ G2, i-INTR

G8. ðixÞðx ¼ a ^ FxÞ ¼ ðixÞðx ¼ a ^ x 6¼ bÞ G4, G5, i-SUB

G9. ðixÞðx ¼ b ^ GxÞ ¼ ðixÞðx ¼ b ^ x 6¼ aÞ G6, G7, i-SUB

G10. Fa½ � ¼ a ¼ ðixÞðx ¼ a ^ FxÞ½ � (A1)
G11. a 6¼ b½ � ¼ a ¼ ðixÞðx ¼ a ^ x 6¼ bÞ½ � (A1)
G12. Fa½ � ¼ a ¼ ðixÞðx ¼ a ^ x 6¼ bÞ½ � G8, G10, i-SUB

G13. Fa½ � ¼ a 6¼ b½ � G11, G12, Transitivity of ¼
G14. Gb½ � ¼ b ¼ ðixÞðx ¼ b ^ GxÞ½ � (A1)
G15. a 6¼ b½ � ¼ b ¼ ðixÞðx ¼ b ^ x 6¼ aÞ½ � (A1)
G16. Gb½ � ¼ b ¼ ðixÞðx ¼ b ^ x 6¼ aÞ½ � G9, G14, i-SUB

G17. Gb½ � ¼ a 6¼ b½ � G15, G16, Transitivity of ¼
G18. Fa½ � ¼ Gb½ � G13, G17, Transitivity of ¼

The inference can be easily repeated if instead of G2 we take its negation
:ða 6¼ bÞ. That is, in any case (in view of the assumption that sentences do
designate) Fa and Gb must have one and the same designation. But Fa and Gb
may be completely different sentences having nothing (of semantic relevance)
in common, except that they are both true, as had been assumed. Then, taking
into account the assumption (A2), we can easily extend this claim to any true
sentences A and B:

The paper in which Gödel put forward his argument was published in a volume
from the ‘‘Library of Living Philosophers’’ devoted to Bertrand Russell. As is well
known, Russell held that any true sentence stands for a fact. In this case the
argument above would demonstrate that all true sentences stand for one and the
same fact, thus reducing Russell’s view to an absurdity.

Therefore, the slingshot argument sometimes has been characterized as a
‘‘collapsing argument’’, for what it admittedly shows is that there are fewer entities
of a given kind than one might suppose [177, p. 761]. In this sense the argument
can be equally used to show that sentences do not designate situations, states of
affairs or anything of this sort; any attempt to assume so will result in a breakdown
of the class of supposed designata ‘‘into a class of just two entities (which might as
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well be called ‘‘Truth’’ and ‘‘Falsity’’)’’ [177, p. 761]. Another famous argument of
this kind is the one by Quine (see [200, 201]), by which he intended to demonstrate
that quantifying into modal contexts leads to a collapse of modality.

By the way, as Gödel, in contrast to Church and Davidson, offers only a rough
outline of his argument, one can find in the literature several different recon-
structions of Gödel’s supposedly authentic proof, and it is not easy to decide
which one of them reproduces Gödel’s line of reasoning more accurately than the
others. However, such reconstructions, being different in the assumptions
involved in or in their technical implementation, all end up with the same con-
clusion. For example, if one comes back to Church and takes instead of (A1) a
more general assumption:

(A3) If A and B are logically equivalent, then A½ � ¼ B½ �;

then one obtains another, very simple (even simplified) version of the slingshot
which—though not exactly Gödelian—is clearly inspired by Gödel’s ideas.
Moreover, this version (see, e.g., [160]) is to some degree intermediate between
Gödel’s original argument and the ones developed by Church and Davidson.

Namely, let R and T be any true sentences and a be some singular term which
has a designation. Then we have the following four sentences which all have the
same designation:

S1. R
S2. a ¼ ðixÞðx ¼ a ^ RÞ
S3. a ¼ ðixÞðx ¼ a ^ TÞ
S4. T

Indeed, S1 and S2 are logically equivalent. The same holds for S3 and S4. Now,
because ðixÞðx ¼ a ^ RÞ and ðixÞðx ¼ a ^ TÞ designate one and the same object,
namely a; by substitutivity, S2 and S3 also designate the same object. Hence,
S1 and S4 must have the same designation as well. Quod erat demonstrandum.

2.2.3 Davidson’s Slingshot

Davidson used the ‘‘slingshot’’ to undermine the view that true sentences
correspond to the facts. In [60, pp. 305–306] he explicitly enunciates
assumptions needed for the argument: ‘‘that logically equivalent singular terms
have the same reference; and that a singular term does not change its reference
if a contained singular term is replaced by another with the same reference’’.1

1 While talking about ‘‘logically equivalent singular terms’’, Davidson, like Frege, treats
declarative sentences as singular terms.
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Then Davidson considers any two sentences S and R alike in truth values
and argues that the following four sentences must all have the same
designation:

D1. S
D2. ðixÞðx ¼ x ^ SÞ ¼ ðixÞðx ¼ xÞ
D3. ðixÞðx ¼ x ^ RÞ ¼ ðixÞðx ¼ xÞ
D4. R

(The sentences D1, D2 as well as the sentences D3, D4 are pairwise logically
equivalent and hence co-referential. And taking into account the co-referentiality
of the terms ðixÞðx ¼ x ^ SÞ and ðixÞðx ¼ x ^ RÞ; D2 and D3 are also co-
referential.)

Thus, Davidson maintains, if we wish to claim that sentences stand for facts, we
are forced to admit that all true sentences refer to one and the same fact, which
Davidson [61], nimbly enough, calls The Great Fact. This conclusion is often
employed to make a case against the correspondence theory of truth. The idea is
that facts—when related to a sentence—appear non-localizable, and thus any true
sentence seems to correspond to the whole universe rather than to some of its
‘‘parts’’. As it was suggested by Lewis [151, p. 242], a proposition refers not to
some limited state of affairs, but to the ‘‘kind of total state of affairs we call a
world’’. And further: ‘‘All true propositions have the same extension, namely, this
actual world; and all false propositions have the same extension, namely, zero-
extension.’’ Such an understanding is eminently congenial to the Fregean account
of truth values.

2.3 The Slingshot Argument and Non-Fregean Logic

In [288], Wójtowicz aims to reassess the slingshot argument by translating it into
the formal language of Roman Suszko’s non-Fregean logic [245] extended by the
i-operator (or some suitable abstraction operator). Interestingly, she interprets the
results of her analysis in the sense that the slingshot argument is circular and
presupposes what it intends to prove. In [235] we have examined this claim by
Wójtowicz and have shown that it is untenable. Nevertheless, as we believe, the
very idea of employing non-Fregean logic to the analysis of the slingshot has merit
by itself, since the technical apparatus of non-Fregean logic provides a natural and
suitable framework for formalizing and investigating various versions of the
argument. It should also be noted that Wójcicki in [286] has also drawn attention
to the possibility of analyzing Church’s argument by means of Suszko’s non-
Fregean logic.

In addition to the vocabulary of classical first-order logic (with the identity
predicate), the language of non-Fregean logic contains a binary identity connective
�. Intuitively, a formula A � B states that the sentences A and B denote
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(or describe) the same situation.2 Note that if one uses the notation employed in
Sect. 2.2.2, this can be expressed as A � B iff A½ � ¼ B½ �:

Suszko was very much animated by the idea of ‘‘abolishing’’ the so-called
Fregean Axiom (see [245]) which is formulated as follows:

ðA$ BÞ ! ðA � BÞ: ðFAÞ

That is, if A and B are materially equivalent, then they describe the same situation.
Taking into account the material equivalence of all true sentences, as well as of all
false sentences, this amounts to the claim that there are but two situations, one
standing for all true sentences (‘‘the True’’), and another for all false ones (‘‘the
False’’) (see [285, p. 327]). Suszko calls the principle that ‘‘all true (and similarly
all false) sentences describe the same state of affairs, that is, they have a common
referent’’ the semantic version of the Fregean Axiom (see [187, p. 21]).

Generally, a non-Fregean logic (NFL) is a logic which does not validate (FA).
On the other hand, the slingshot argument can actually be considered as a rea-
soning just for the substantiation of (FA), either in its syntactic or in its semantic
form. Taking into account a direct correlation between (FA) and the conclusion of
the slingshot, it may even be said that the very crux of this argument is to dem-
onstrate that the Fregean Axiom is in fact not an axiom but can be strictly proved
(by making a few quite natural assumptions). Therefore, the idea to employ the
framework of NFL for an analysis of these assumptions and the argument as a
whole looks quite reasonable.

NFL can be axiomatized in various ways. For example, one obtains the system
PCI (predicate calculus with the identity connective) by adding to classical first-
order logic with the identity predicate the following axiom schemata:

Ax1. A � B (where A and B vary at most in bound variables)
Ax2. ðA � BÞ ! ðC A½ � � C A=B½ �Þ
Ax3. ðA � BÞ ! ðA$ BÞ
Ax4. ðx1 ¼ y1 ^ . . . ^ xn ¼ ynÞ ! ðPx1; . . .; xn � Py1; . . .; ynÞ
Ax5. 8xðA � BÞ ! ðQxA � QxBÞ (where Q 2 f8; 9g)

Note that the schemata A � B! B � A and ððA � BÞ ^ ðB � CÞÞ ! ðA � CÞ
are provable with the help of Ax2 (see [285, p. 325]).

Wójcicki has shown that the only identities in PCI are so-called ‘‘trivial
identities’’, i.e., expressions of the form A � B; where A and B differ at most with

2 This reading rests on an original reading proposed by Suszko: ‘‘The proposed reading of the
formula p � q is: that p is the same as that q; or the situation that p is the same as the situation
that q’’ [244, p. 8]. It explicitly involves the expression ‘the situation that A’, which is fully in
accord with Suszko’s approach to semantics in terms of situations. Belnap [25] has remarked in
this connection that the expression ‘the situation that A’ seems not to be customary in English.
It is more common in the slingshot literature to use the expression ‘the fact that A’.
Nevertheless, Belnap also considers it acceptable to use as equivalents such readings of A � B
as ‘‘the fact that A is the same as the fact that B’’, ‘‘the proposition that A is the same as the
proposition that B’’ and ‘‘the situation described by the sentence A is the same as the situation
described by the sentence B’’.
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respect to the form of bound variables. Therefore it is sometimes desirable to
consider some strengthening of PCI to make the non-Fregean logic more inter-
esting. For example, if we wish to validate the assumption (A3) above what is
needed for some versions of the slingshot argument, we can consider system
WBQ,3 which is formulated as follows:

WBQ ¼ PCI [ fA � B : A$ B is a theorem of classical predicate logicg:

Moreover, formulas A and B of the additional identities A � B added to PCI
should be ��free. That is, WBQ is obtained by adding to PCI the following
inference rule (CL) for all ��free formulas A and B:

‘ A$ B

‘ A � B

Note that (FA) is still not a theorem of WBQ. Clearly, (A3) is expressible in
WBQ and in fact is provable in it. Ax4 corresponds to the principle of substitu-
tivity of co-denoting terms. However, these principles are not enough to prove the
Fregean Axiom.

Consider the ‘‘intermediate’’ (Gödel–Davidson) version of the slingshot argu-
ment S1–S4 above. It involves the following basic thesis concerning the definite
description operator:

(i) A is logically equivalent to a ¼ ðixÞðx ¼ a ^ AÞ:

Thus, we have to add the i-operator to the language of WBQ to make (i) true
and to accept some axiom schemes governing this operator. If we have in mind
some kind of referential definite descriptions, the following principle looks quite
natural:

(H) ðixÞðAðxÞ ^ x ¼ aÞ ¼ a$ Aðx=aÞ; where AðxÞ is a formula perhaps contain-
ing free occurrences of x; and Aðx=aÞ is the result of replacing every occur-
rence of x in AðxÞ by a:

Notice that if AðxÞ contains no free occurrences of the variable x; then AðxÞ
(as well as Aðx=aÞ) is just A; and (H) ‘‘degenerates’’ into ðixÞðA ^ x ¼ aÞ ¼
a$ A: One might wonder whether the condition attached to (H) can (and ought
to) be strengthened by stipulating that AðxÞ must actually contain at least one
free occurrence of x (cf. the formulation of the i-INTR rule above). However, as
Dunn has remarked in [78, pp. 351–352] (concerning the k-abstractor), such a
restriction in effect would be an ‘‘empty gesture’’, because, e.g., of the following
equivalence:

A$ A ^ ðA _ BðxÞÞ:

3 As Omyła [186, p. 13] explains, ‘W’ stands for Wittgenstein, ‘B’ for Boolean algebra, and ‘Q’
for quantifiers.
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This equivalence allows one to ‘‘dummy in’’ occurrences of variables and to derive
easily the ‘‘degenerate case’’ as follows: ðixÞðA ^ x ¼ aÞ ¼ a$ ðixÞððA ^ ðA _
BðxÞÞÞ ^ x ¼ aÞ ¼ a$ ðA ^ ðA _ BðaÞÞÞ $ A: But notice that it would be impos-
sible to derive (H) in full generality from its degenerate version taken as a primitive.

Let us label with WBQi the system obtained from WBQ by merely extending
its language with the i-operator. That is, i is added to the language of WBQ, but no
further principles for i are assumed, and in particular (H) is not presupposed. Then
we can observe that (H) is not equivalent to (FA) as the following theorem reveals:

Theorem 2.1 ðFAÞ ! ðHÞ is not a theorem of WBQi:

Proof It is enough to demonstrate that by adding (FA) to WBQi; ðHÞ remains
unprovable. And this is indeed the case, for WBQþ ðFAÞ gives us classical logic,
and (H) is not provable even in certain not merely linguistic extensions of classical
logic, for example within Russell’s theory of descriptions. All the more so it is not
provable in classical logic to which the i-operator is added only as a purely
linguistic extension. (Note that WBQi þ ðFAÞ ¼WBQþ ðFAÞi:) h

Let LþðHÞ stand for a non-Fregean logic L with the axiom scheme (H), which
is not weaker than WBQi: Then, the following key theorem puts the slingshot
argument into the context of NFL:

Theorem 2.2 ðFAÞ is provable in any non-Fregean logic LþðHÞ which is not
weaker than WBQi:

Proof We first show that ðA ^ BÞ ! ðA � BÞ is provable in LþðHÞ: We use the
Deduction Theorem:

1. A ^ B (Assumption)
2. A (^-Elimination)
3. B (^-Elimination)
4. A$ a ¼ ðixÞðA ^ ðx ¼ aÞÞðHÞ
5. B$ a ¼ ðixÞðB ^ ðx ¼ aÞÞðHÞ
6. a ¼ ðixÞðA ^ ðx ¼ aÞÞ (2, 4, modus ponens (MP))
7. a ¼ ðixÞðB ^ ðx ¼ aÞÞð3; 5;MPÞ
8. ðixÞðA ^ ðx ¼ aÞÞ ¼ ðixÞðB ^ ðx ¼ aÞÞð6; 7; Transitivity of ¼Þ
9. ðixÞðA ^ ðx ¼ aÞÞ ¼ ðixÞðB ^ ðx ¼ aÞÞ ! a ¼ ðixÞðA ^ ðx ¼ aÞÞ � a ¼ ðixÞ
ðB ^ ðx ¼ aÞÞ (Ax4)

10. a ¼ ðixÞðA ^ ðx ¼ aÞÞ � a ¼ ðixÞðB ^ ðx ¼ aÞÞð8; 9;MPÞ
11. A � a ¼ ðixÞðA ^ ðx ¼ aÞÞð4;CLÞ
12. A � a ¼ ðixÞðB ^ ðx ¼ aÞÞð10; 11; Transitivity of �Þ
13. B � a ¼ ðixÞðB ^ ðx ¼ aÞÞð5;CLÞ
14. A � Bð12; 13; Transitivity of �Þ

Next, we show that ð�A ^ �BÞ ! ðA � BÞ is also provable in LþðHÞ:

1. �A ^ �B (Assumption)
2. �A (1, ^-Elimination)
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3. �B (1, ^-Elimination)
4. �A$ a ¼ ðixÞð�A ^ ðx ¼ aÞÞ (H)
5. �B$ a ¼ ðixÞð�B ^ ðx ¼ aÞÞ (H)
6. a ¼ ðixÞð�A ^ ðx ¼ aÞÞ (2, 4, MP)
7. a ¼ ðixÞð�B ^ ðx ¼ aÞÞ (3, 5, MP)
8. ðixÞð�A ^ ðx ¼ aÞÞ ¼ ðixÞð�B ^ ðx ¼ aÞÞð6; 7; Transitivity of ¼Þ
9. �A � a ¼ ðixÞð�A ^ ðx ¼ aÞÞ (4, CL)

10. �B � a ¼ ðixÞð�B ^ ðx ¼ aÞÞ (5, CL)
11. A � �ða ¼ ðixÞð�A ^ ðx ¼ aÞÞÞ (9, Ax2)
12. B � �ða ¼ ðixÞð�B ^ ðx ¼ aÞÞÞ (10, Ax2)
13. ðixÞð�A ^ ðx ¼ aÞÞ ¼ ðixÞð�B ^ ðx ¼ aÞÞ ! �ða ¼ ðixÞð�A ^ ðx ¼ aÞÞÞ �
�ða ¼ ðixÞð�B ^ ðx ¼ aÞÞÞ (Ax4)

14. �ða ¼ ðixÞð�A ^ ðx ¼ aÞÞÞ � �ða ¼ ðixÞð�B ^ ðx ¼ aÞÞÞ (8, 13, MP)
15. A � B (11, 12, 14, Transitivity of �)

Thus, we have both‘ ðA ^ BÞ ! ðA � BÞ and‘ ð�A ^ �BÞ ! ðA � BÞ:Hence,
‘ ðA ^ BÞ _ ð�A ^ �BÞ ! ðA � BÞ; and consequently, ‘ ðA$ BÞ ! ðA � BÞ:h

This proof shows that it is sufficient to have (H) for incorporating the slingshot
argument into the context of a non-Fregean logic. We have then the following
corollary:

Corollary 2.1 ðHÞ ! ðFAÞ is a theorem of WBQi:

This corollary expresses exactly the idea already articulated by Gödel in [121] (see
Sect. 2.2.2), namely that accepting a certain kind of definite descriptions (together
with some other assumptions) is sufficient to get the Fregean conception of ‘‘the
True’’ and ‘‘the False’’ as the only possible denotations for sentences. As we will
see in the next section, the condition imposed on such a description operator
allows further weakening.

2.4 Non-Fregean Logic and Definite Descriptions

Theorem 2.2 and Corollary 2.1 exhibit the minimal assumptions needed for
obtaining a certain version of the slingshot argument. Moreover, it turns out that
the technical apparatus of NFL provides a natural and suitable framework for
formalizing and investigating other variations of the argument. For example, it
allows to adequately represent the genuine assumption (A1) made by Gödel on an
object language level. Indeed, Gödel’s version of the slingshot does not presup-
pose the co-referentiality of logically equivalent sentences, and correspondingly,
Gödel need not postulate, e.g., the logical equivalence of ‘Socrates is wise’ and
‘Socrates is the object which is wise and is identical with Socrates’. Gödel merely
admits that these expressions ‘‘mean the same thing’’ [121, p. 129], which Neale
interprets in the sense that they ‘‘stand for the same fact’’ [177, p. 777]. As Suszko
would presumably say, they denote (or describe) the same situation.
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The language of a non-Fregean logic makes it possible to directly express the
idea behind Gödel’s assumption (A1). Let us define PCIþð�Þ as the system
obtained from the system PCI (see Sect. 2.3) by extending its language with the
i-operator which is subject to the following scheme:

(•) ðixÞðAðxÞ ^ x ¼ aÞ ¼ a � Aðx=aÞ; where AðxÞ is a formula perhaps containing
free occurrences of x; and Aðx=aÞ is the result of replacing every occurrence of
x in AðxÞ with a:

This scheme, being very similar to (H), does not express the logical equivalence
of two expressions, but only the identity of the corresponding situations. More-
over, (•) generalizes the Gödelian assumption (A1) in a twofold respect: first, it
deals with arbitrary formulas (maybe containing x and a) and not only with atomic
sentences, and second, it allows x and a not to occur in A at all.

Notice that ð�Þ is derivable in WBQiþðHÞ by applying the CL-rule to H: Yet,
the system WBQ might be considered problematic from a rigorous ‘‘non-Fregean
standpoint’’, since its characteristic rule CL comes pretty near to the Fregean
Axiom. So, is it maybe not the scheme for the i-operator alone but also the rule CL
that bears responsibility for the validity of the slingshot argument? Some
researchers (see, e.g. [18, 220]) indeed reject the view that logically equivalent
sentences must have the same denotation and hope to reject in this way the
slingshot argument as well.

It is therefore worth noting that (•) allows the construction of a kind of slingshot
argument even on the basis of the weakest non-Fregean logic PCI.

Theorem 2.3 Within PCIþð�Þ denotations of any true sentences are identical,
i.e., any two true sentences have one and the same denotation.

Proof Assume that we have two arbitrary true sentences A and B: Then we can
outline the following proof:

1. A (Assumption)
2. B (Assumption)
3. A � a ¼ ðixÞðA ^ ðx ¼ aÞÞð�Þ
4. B � a ¼ ðixÞðB ^ ðx ¼ aÞÞð�Þ
5. A$ a ¼ ðixÞðA ^ ðx ¼ aÞÞ (3, Ax3)
6. B$ a ¼ ðixÞðB ^ ðx ¼ aÞÞ (4, Ax3)
7. a ¼ ðixÞðA ^ ðx ¼ aÞÞ (1, 5, MP)
8. a ¼ ðixÞðB ^ ðx ¼ aÞÞ (2, 6, MP)
9. ðixÞðA ^ ðx ¼ aÞÞ ¼ ðixÞðB ^ ðx ¼ aÞÞ (7, 8, Transitivity of ¼)

10. ðixÞðA ^ ðx ¼ aÞÞ ¼ ðixÞðB ^ ðx ¼ aÞÞ ! a ¼ ðixÞðA ^ ðx ¼ aÞÞ � a ¼ ðixÞ
ðB ^ ðx ¼ aÞÞ (Ax4)

11. a ¼ ðixÞðA ^ ðx ¼ aÞÞ � a ¼ ðixÞðB ^ ðx ¼ aÞÞ (9, 10, MP)
12. A � a ¼ ðixÞðB ^ ðx ¼ aÞÞ (3, 11, Transitivity of �)
13. A � B ð4; 12; Transitivity of �Þ h

In terms of situations, Theorem 2.3 means that any two true sentences describe
one and the same situation, and hence there is exactly one situation that stands for
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all true sentences. Above we called this result ‘‘a kind of slingshot argument’’,
because it expresses merely one half of the argument, namely the one concerning
the true sentences. Still, the trivializing effect even of this ‘‘positive slingshot’’ is
rather tremendous. Note that (•) is the only kind of non-trivial identities within
PCIþð�Þ: At the same time, ð�Þ represents the minimal principle for any theory of
descriptions in which definite descriptions are supposed to be singular terms that
denote objects possessing some characteristics. Thus, Theorem 2.3 tells us that
extending even the weakest non-Fregean logic with the minimal theory of
descriptions of a certain kind immediately stultifies any attempt to differentiate
between situations described by true sentences in this logic. And if we take into
account that situations described by true sentences are facts, then it becomes clear
that PCIþð�Þ succumbs to the destructive force of The Great Fact argument
advocated by Davidson.

As to the false sentences, things are more intricate. To show that within non-
Fregean logic all false sentences are coreferential, we have to assume �A and �B
and deduce from these assumptions A � B: However, mutatis mutandis as in
Theorem 2.3 we can deduce only �A � �B; but then the deduction process stops.
Within PCIþð�Þ we cannot proceed further to A � B; since neither

ð�A � �BÞ ! ðA � BÞ ðNÞ

is a theorem of PCI; nor
�A � �B

A � B

is a derivable rule of inference in PCI. Note, however, that this rule, as well as an
even more general one:

C½A� � C½A=B�
A � B

is admissible in PCI in the sense that being added to PCI; it does not enlarge the
set of theorems, i.e., A � B is always a theorem of PCI whenever C½A� � C½A=B�
is a theorem. Indeed, suppose that we have a proof of C½A� � C½A=B�: By
Wójcicki’s result, C½A� and C½A=B� differ at most with respect to bound variables.
Hence, also A and B differ at most with respect to bound variables and therefore,
by Ax1, ðA � BÞ: Unfortunately, in the present case the mere admissibility does
not help us further, since we are reasoning here from assumptions and not only
from theorems.

Thus, in pure PCI if A and B are arbitrary false sentences, this only implies the
identity of the corresponding negative facts,4 but does not demand the identity of
the situations described by A and B themselves.

4 Note that Suszko, by developing his non-Fregean logic, aimed to incorporate some basic ideas
of Ludwig Wittgenstein’s ‘‘Tractatus Logico-Philosophicus’’ concerning the interrelations
between language and the world. According to Suszko’s interpretation of these ideas, the reality
consists of situations which are denoted (or described) by sentences. True sentences stand for
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To obtain the latter effect, we need a certain strengthening of PCI: Namely,
consider system PCIN ¼ PCIþ ðNÞ: The principle represented by (N) embodies a
basic assumption concerning interrelations between the negation operator and
sentential identity and is generally unproblematic from the point of view of NFL.
First, this principle is provable in WBQ. Second, it is accepted in most of the
theories based on non-Fregean logic. For example, S. Bloom and R. Suszko
consider in [37, pp. 303–307] ‘‘a particular SCI theory’’ (where SCI is the
propositional part of PCI). Among the theorems of this theory, we find ��A � A;
from which one easily obtains (N) by using Ax2. Suszko, in his pioneering paper
[243], where non-Fregean logic has been initiated, constructs ‘‘the ontology of
situations’’, which assumes the axiom

ðNp � NqÞ ! ðp � qÞ;

where Np can be read as ‘‘it is a negative fact that p’’ [243, p. 12]. This axiom
duplicates (N) with negation taken as a sort of modality. Thus, PCIN represents
some rather weak extension of PCI and lies clearly within the scope of non-
Fregean logic. In any case, PCIN is much weaker than WBQ.

Now we can prove the following theorem5:

Theorem 2.4 ðFAÞ is provable in PCINþð�Þ:

Proof By Theorem 2.3 and using the Deduction Theorem, we have ‘ ðA ^ BÞ !
ðA � BÞ and also ‘ ð�A ^ �BÞ ! ð�A � �BÞ: By (N), ‘ ð�A ^ �BÞ ! ðA �
BÞ: Hence, ‘ ðA ^ BÞ _ ð�A ^ �BÞ ! ðA � BÞ; and consequently, ‘ ðA$ BÞ !
ðA � BÞ: h

It also turns out that the context of the underlying non-Fregean logic PCIN

allows it to take seriously the restriction to an actual free occurrence of the variable
x in the given formula. Let us consider the following principle, which is a
weakening of ð�Þ:

(•0) ðixÞðAðxÞ ^ x ¼ aÞ ¼ a � Aðx=aÞ; where AðxÞ is a formula containing at least
one free occurrence of x; and Aðx=aÞ is the result of replacing every occurrence
of x in AðxÞ by a;

(Footnote 4 continued)
facts. Facts are divided into the positive ones and the negative ones. ‘‘Situations which exist
create positive facts, those which do not exist create negative facts’’ [285, p. 326], cf. [243, p. 8].
See also Proposition 2.06 of Tractatus: ‘‘We call the existence of states of affairs a positive fact,
and their non-existence a negative fact’’. A false sentences (e.g., ‘Snow is green’) does not
stand for a fact, and it denotes a situation which does not exist (that snow is green). There is
also the corresponding negative fact (that snow is not green) denoted by the true sentence
‘Snow is not green’. The non-existence of the situation described by the false sentence ‘Snow is
green’ creates the negative fact described by the true sentence ‘Snow is not green’.
5 In our paper [235] this theorem as well as Theorems 2.5 and 2.7–2.11, below were claimed to
hold with respect to PCIþ ð�Þ: Unfortunately, we overlooked the fact that Ax2 holds only in
one direction and we have to postulate additionally (N) to be able to obtain the desired results
in full generality.
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and let us define the corresponding system PCINþð�0Þ: Identities like A �
A ^ ðA _ BðxÞÞ are not theorems of PCIN: Hence, in PCINþð�0Þ it is impossible to
introduce at will ‘‘dummy’’ free occurrences of variables. Nevertheless, the sling-
shot argument (in its Gödelian version) remains in force even in this system.
Namely, consider the following variation of the Fregean Axiom:

ðAðaÞ $ BðbÞÞ ! ðAðaÞ � BðbÞÞ: ðFA0Þ

In ðFA0Þ we are still dealing with arbitrary sentences AðaÞ and BðbÞ with the mere
restriction that these sentences must contain arbitrary individual constants a and b;
respectively. Then the following theorem holds:

Theorem 2.5 ðFA0Þ is provable in PCINþð�0Þ:

Proof First, consider the following proof:

1. AðaÞ ^ BðbÞ (Assumption)
2. a 6¼ b (Assumption)
3. AðaÞ (1, ^-Elimination)
4. BðbÞ (1, ^-Elimination)
5. AðaÞ � a ¼ ðixÞðAðxÞ ^ x ¼ aÞ ð�0Þ
6. BðbÞ � b ¼ ðixÞðBðxÞ ^ x ¼ bÞð�0Þ
7. a 6¼ b � a ¼ ðixÞðx 6¼ b ^ x ¼ aÞð�0Þ
8. a 6¼ b � b ¼ ðixÞða 6¼ x ^ x ¼ bÞð�0Þ
9. AðaÞ ! a ¼ ðixÞðAðxÞ ^ x ¼ aÞ (5, Ax3)

10. BðbÞ ! b ¼ ðixÞðBðxÞ ^ x ¼ bÞ (6, Ax3)
11. a 6¼ b! a ¼ ðixÞðx 6¼ b ^ x ¼ aÞ (7, Ax3)
12. a 6¼ b! b ¼ ðixÞða 6¼ x ^ x ¼ bÞ (8, Ax3)
13. a ¼ ðixÞðAðxÞ ^ x ¼ aÞ (3, 9, MP)
14. b ¼ ðixÞðBðxÞ ^ x ¼ bÞ (4, 10, MP)
15. a ¼ ðixÞðx 6¼ b ^ x ¼ aÞ (2, 11, MP)
16. b ¼ ðixÞða 6¼ x ^ x ¼ bÞ (2, 12, MP)
17. ðixÞðAðxÞ ^ x ¼ aÞ ¼ ðixÞðx 6¼ b ^ x ¼ aÞ (13, 15, Transitivity of ¼)
18. ðixÞðBðxÞ ^ x ¼ bÞ ¼ ðixÞða 6¼ x ^ x ¼ bÞ (14, 16, Transitivity of ¼)
19. AðaÞ � a ¼ ðixÞðx 6¼ b ^ x ¼ aÞ (5, 17, Ax4)
20. AðaÞ � a 6¼ b (7, 19, Transitivity of �)
21. BðbÞ � b ¼ ðixÞða 6¼ x ^ x ¼ bÞ (6, 18, Ax4)
22. BðbÞ � a 6¼ b (8, 21, Transitivity of �)
23. AðaÞ � BðbÞ (20, 22, Transitivity of �)

Clearly, if in this proof instead of Assumption 2 we take its negation �ða 6¼ bÞ;
we get the same conclusion. Thus, this assumption can be eliminated, and by the
Deduction Theorem, we get ‘ AðaÞ ^ BðbÞ ! AðaÞ � BðbÞ:

The proof can be repeated by taking �AðxÞ; �BðxÞ; �AðaÞ; �BðbÞ instead of
AðxÞ;BðxÞ;AðaÞ;BðbÞ; and thus, by the Deduction Theorem, we have ‘ ð�AðaÞ ^
�BðbÞÞ ! ð�AðaÞ � �BðbÞÞ: By Ax2 and (N), ‘ ð�AðaÞ � �BðbÞÞ $ ðAðaÞ �
BðbÞÞ; and hence, ‘ ð�AðaÞ ^ �BðbÞÞ ! ðAðaÞ � BðbÞÞ:
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Consequently, we obtain ‘ ðAðaÞ ^ BðbÞÞ _ ð�AðaÞ ^ �BðbÞÞ ! ðAðaÞ �
BðbÞÞ; and then, ‘ ðAðaÞ $ BðaÞÞ ! ðAðaÞ � BðbÞÞ: h

Suszko conceived his non-Fregean logic as a foundation for a theory of situ-
ations in a Wittgensteinean spirit. Since PCI is usually regarded the weakest (or
the basic) system of non-Fregean predicate logic, and (N) clearly falls into a
general pattern of this logic, Theorems 2.4 and 2.5 indicate that a theory of
situations based on Suszko’s non-Fregean logic, which also presupposes some very
weak principle involving negation (represented by (N)), is in fact incompatible
with any theory of descriptions in which ‘Sir Walter Scott is the man who wrote
Waverley and is identical with Walter Scott’ means the same (and hence describes
the same situation) as ‘Sir Walter Scott wrote Waverley’.

2.5 Non-Fregean Logic and k-Expressions

In this section we get back to the original idea by Church, and examine the effect
of combining Suszko’s non-Fregean logic with the k-abstractor (kx). Indeed, it is
possible to prove the analogues of Theorems 2.4 and 2.5 by using k-terms instead
of i-terms. We first adopt a standard interpretation of a lambda-term kxAðxÞ as
‘‘the class of all x such that AðxÞ’’ [52, p. 299]. Then we can make some natural
assumption (analogous to the corresponding principle taken for the i-operator)
about k-terms and sentential, descriptive identity, which uses the k-operator twice.
Again, it is possible to consider two versions of this assumption:

(�) ðkxðAðxÞ ^ x ¼ aÞ ¼ kxðx ¼ aÞÞ � Aðx=aÞ; where AðxÞ is a formula perhaps
containing free occurrences of x; and Aðx=aÞ is the result of replacing every
occurrence of x in AðxÞ with a:

(�0) ðkxðAðxÞ ^ x ¼ aÞ ¼ kxðx ¼ aÞÞ � Aðx=aÞ; where AðxÞ is a formula con-
taining at least one free occurrence of x; and Aðx=aÞ is the result of replacing
every occurrence of x in AðxÞ with a:

We now consider the system PCIþð�Þ in the first-order language with the
k-operator. Evidently the following theorem holds true:

Theorem 2.6 In PCIþð�Þ denotations of any true sentences are identical,
i.e., any two true sentences have one and the same denotation.

Furthermore, we consider the systems PCINþð�Þ and PCINþð�0Þ and easily
obtain the following theorems:

Theorem 2.7 ðFAÞ is provable in PCINþð�Þ:

Theorem 2.8 ðFA0Þ is provable in PCINþð�0Þ:

The proofs of these theorems are completely analogous to the proofs of The-
orems 2.3–2.5, respectively. Note that no specific assumptions about equality
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between k-terms from the theory of k-conversion are used in this formalized
(k-)versions of the slingshot argument.

Let us next add to the language of PCIN the new predicate constant 2 and
consider expressions of the form a 2 kxAðxÞ: This is fully in accord with the
set-theoretical (extensional) understanding of the lambda terms accepted above.
The expression a 2 kxAðxÞ is then a formula, and one can adopt ðkxAðxÞÞa as
an abbreviation for this formula. Clearly, the k-expressions as such remain
singular terms and can still be equated, that is, kxAðxÞ ¼ kxBðxÞ is a com-
pletely legitimate statement saying that the respective classes are the same (i.e.,
are co-extensional).

Let AðxÞ now mean that A possibly contains some free occurrences of x: Thus, AðxÞ
may contain no occurrences of x at all; in such a case AðxÞ is just A; and the corre-
sponding lambda-expression kxA means simply ‘‘the class of all x such that A’’.

We then assume the following basic principle for k;2 and sentential identity
(the �-version of k-conversion or bg-equality):

ðbgÞ ðkxAðxÞÞa � Aðx=aÞ:

In particular, if x does not occur in AðxÞ; then ðkxAÞa � A:
Clearly, if we allow an unrestricted applicability of k-terms, then ðbgÞ turns out

to be just an instance of the Comprehension Axiom, and, as a result, Russell’s
Paradox is easily derivable.6 Therefore, to exclude expressions of the form
ðkxAðxÞÞkxAðxÞ; ðbgÞ has to be suitably restricted as, e.g., in various versions of
typed lambda calculus. This can be done in a way analogous to a system of simple
types by introducing the notion of a well-typed k-expression. We assume two kinds
of types which can be assigned to expressions of our language: r (the base type) and
x 7! s (a functional type, where x and s are any types). Then we define recursively:

Definition 2.1 (Well-typed expressions)

Base case. Any individual variable, individual constant, or well-formed formula
with no occurrences of the k-operator is well-typed and has type r:

Abstraction formation. For every expression M of type s and every variable x of
type r; the (well-formed) term kxM is well-typed and has type r 7! s:

Application: If M is well-typed of type x 7! s and N is well-typed of type x; then
ðMÞN is well-typed and has type s:

Extremal clause. No expression is well-typed unless it is obtained from either of
the three clauses above.

Here we need not delve too much into the specifics of various typed lambda
calculi; it is enough just to require that in (bg) all expressions must be well-typed.

6 Let AðxÞ be x 62 x; and consider the term t ¼ kxðx 62 xÞ: Then, by ðbgÞ; t 2 kxðx 62 xÞ � t 62 t;
and by definition of t; t 2 kxðx 62 xÞ � t 2 t: In pure ‘‘bracket notation’’: ðkxð�ðxÞxÞÞkxð�ðxÞxÞ �
�ðkxð�ðxÞxÞÞkxð�ðxÞxÞ:
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We mark the principle subjected to this requirement as ðbgÞs: Moreover, it is not
necessary to define more exactly the kind of set-theory for the predicate 2 which is
implicit in any formula of the form ðkxAðxÞÞa: We again just assume that this
predicate should be such that ðbgÞs holds for it.

Let system PCIN þ ðbgÞs be obtained from PCIN by extending its language
with the 2-predicate and the k-operator both subject to ðbgÞs: Then we have the
following theorem:

Theorem 2.9 ðFAÞ is provable in PCIN þ ðbgÞs:

Proof We have the following outline of a proof:

1. A ^ B (Assumption)
2. A (1, ^-Elimination)
3. B (1, ^-Elimination)
4. A! kxð�AÞ ¼ kxðx 6¼ xÞðPCIN þ ðbgÞs)
5. B! kxð�BÞ ¼ kxðx 6¼ xÞðPCIN þ ðbgÞs)
6. kxð�AÞ ¼ kxðx 6¼ xÞ (2, 4, MP)
7. kxð�BÞ ¼ kxðx 6¼ xÞ (3, 5, MP)
8. kxð�AÞ ¼ kxð�BÞ (6, 7, Transitivity of ¼)
9. kxð�AÞ ¼ kxð�BÞ ! ðkxð�AÞÞa � ðkxð�BÞÞa (Ax4)

10. ðkxð�AÞÞa � ðkxð�BÞÞa (8, 9, MP)
11. �A � �B (10, ðbgÞs; Transitivity of �)
12. �A � �B$ A � B (Ax2, (N))
13. A � B (11, 12, MP)

Thus, by the Deduction Theorem, ‘ ðA ^ BÞ ! ðA � BÞ: Mutatis mutandis we
get also ‘ ð�A ^ �BÞ ! ðA � BÞ: Hence, ‘ ðA$ BÞ ! ðA � BÞ: h

Now one can remark (and even find it problematic) that PCIN þ ðbgÞs is
formulated not in a purely logical language but in fact represents an applied
theory of the 2-predicate (some kind of set theory). For such a critical observer
we propose considering another approach to the k-operator, where it serves as a
device which allows to manipulate arbitrary formulas into predicates. If we take
kxAðxÞ as the characteristic function of the interpretation of the predicate AðxÞ;
then kxAðxÞ may be treated not as a singular term which denotes a function,
but as a predicate. If x is not among the free variables of A; then the inter-
pretation of a predicate kxAðxÞ in a model is the individual domain of the
model, if A is true in the model, and otherwise it is the empty set. In any case,
an expression ðkxAðxÞÞa then is a formula. This kind of abstracting a predicate
from an open formula is called predicate abstraction and was introduced into
modal logic by Stalnaker and Thomason in the late 1960s, see [93, Chaps. 9
and 10], the references given there, and [78, Sect. 3].

The lambda-expression kxAðxÞ stands then for ‘‘the property of being (an x such
that x is) A’’. This is a somewhat ‘‘intensional’’ reading which strictly parallels the
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set-theoretic interpretation taken above.7 The formula ðkxAðxÞÞa can be read as ‘‘The
property of being (an x such that x is) A applies to a’’ or ‘‘a possesses the property
kxAðxÞ’’. If charA is the characteristic function of the interpretation of AðxÞ; the
formula may be understood as saying that charAðaÞ ¼ 1: Thus, the k-operator is now
treated as a predicate-forming operator and not as a term-forming operator.

The schema ðbgÞ can be taken as it stands without any typing machinery, for
the very distinction between singular terms and predicates outlaws the unwanted
expressions like ðkxAðxÞÞkxAðxÞ: The principle ðbgÞ may be read then as saying
that ‘The property of being (an x such that x is) A applies to a’ describes the same
situation as ‘a is A’. Predicate abstraction enables scope distinctions in the pres-
ence of non-rigid singular terms. We here assume rigidly designating individual
constants.

However, considering k as a predicate-forming operator has as a result that the
lambda-expressions so conceived cannot be equated in a first-order language. Such
equating is crucial for constructing the ‘‘k-version’’ of the slingshot argument
presented in Theorems 2.7 and 2.8. Nevertheless, we may consider a second-order
extension of PCIN:

Let the system PCIN2 þ ðbgÞ be second-order PCIN extended by the predicate
abstracting k-operator subject to (bg), the second-order identity predicate ¼2; and
the following second-order version Ax42 of Axiom Ax4:

Ax42: ðX ¼2 YÞ ! ðXðaÞ � YðaÞÞ;

for second-order variables X; Y : Then we have the following theorem:

Theorem 2.10 ðFAÞ is provable in PCIN2 þ ðbgÞ:

Proof The proof is mutatis mutandis as in Theorem 2.9 with the difference being
that in steps 4–9 the main sign of the (first-order) identity (¼) has to be changed to
the second-order one (¼2), and the justifications of these steps have to be modified
correspondingly. h

2.6 Non-Fregean Logic and Indefinite Descriptions

The construction of k-terms suggests the possibility to consider an enrichment of
PCIN not with lambda-expressions, but with indefinite descriptions. Indeed, we
may well dissociate ‘the property of being (an x such that x is) A’ and concentrate
our attention on ‘an x such that (x is) A’ itself. We may also just think of replacing
‘the x such that AðxÞ’ with ‘an x such that AðxÞ’. The replacing expressions can be
formalized by means of some sort of operator for indefinite descriptions. One can

7 By the way, Carnap apparently considers both interpretations on a par when he introduces
‘‘abstraction expressions (‘ðkxÞð::x::Þ’, ‘the property (or class) of those x which are such that
::x::’)’’ [48, p. 3].
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find in the literature several different accounts of indefinite descriptions (for an
overview of these approaches and the corresponding operators consult, e.g., [131]).
One of the best formally elaborated theories of such an operator is the famous
e-formalism introduced by David Hilbert, see [9, 132].

Thus, if AðxÞ is a formula possibly containing free occurrences of x; then exAðxÞ
is a singular term for ‘‘an x; such that (x is) A’’. If x does not occur in AðxÞ; then
AðxÞ is just A; and exA means ‘‘an x; such that A’’.

Now it is natural to suppose that an object, such that it is A and is equal to a; is
exactly a; if and only if a is A: In other words, in the case when we consider some
concrete object x ¼ a; we can accept for indefinite descriptions the principles
strictly analogous to ð�Þ and ð�0Þ just by changing i to e: Consequently, one
immediately obtains the versions of the slingshot argument as formulated in
Theorems 2.4 and 2.5 by using e-expressions instead of i-expressions.

However, in the ‘‘indefinite analogues’’ of (•) and ð�0Þ the operator of
description turns out to be explicitly submitted to an additional condition of
uniqueness which is in fact characteristic of definite descriptions. As to indefinite
descriptions, the uniqueness of a described object can only be considered a par-
ticular case and cannot be taken as a general condition. Indeed, as it was observed
by Russell, ‘‘the only thing that distinguishes ‘the so-and-so’ from ‘a so-and-so’ is
the implication of uniqueness’’ [215, p. 176].

It could also be possible to construct a slingshot argument within non-Fregean
logic enriched by a kind of (indefinite) description operator without the uniqueness
condition, provided this operator possesses some peculiar features. Namely, con-
sider the operator j such that if AðxÞ is a formula possibly containing free
occurrences of x; then jxAðxÞ is a singular term. We first require that if AðxÞ is a
false sentence, then jxAðxÞ should mean exactly the same as jxðx 6¼ xÞ (call this
feature F-property). And second we assume the following scheme:

ðj¼Þ jxAðxÞ ¼ jxBðxÞ ! 9xðAðxÞ � BðxÞÞ:

That is to say, if jxAðxÞ and jxBðxÞ denote the same object(s), then there exists at
least one object x such that AðxÞ and BðxÞ denote the same situation.

Now let PCIN þ ðj¼Þ be PCIN enriched with the j-operator subject to ðj¼Þ.
Then we have the following theorem:

Theorem 2.11 ðFAÞ is provable in PCIN þ ðj¼Þ:

Proof Consider the following outline of a proof:

1. A ^ B (Assumption)
2. A (1, ^-Elimination)
3. B (1, ^-Elimination)
4. A! jxð�AÞ ¼ jxðx 6¼ xÞ (F-property)
5. B! jxð�BÞ ¼ jxðx 6¼ xÞ (F-property)
6. jxð�AÞ ¼ jxðx 6¼ xÞ (2, 4, MP)
7. jxð�BÞ ¼ jxðx 6¼ xÞ (3, 5, MP)
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8. jxð�AÞ ¼ jxð�BÞ (6, 7, Transitivity of ¼)
9. jxð�AÞ ¼ jxð�BÞ ! 9xð�A � �BÞ (j¼)

10. 9xð�A � �BÞ (8, 9, MP)
11. �A � �B (10, 9-Elimination)
12. �A � �B$ A � B (Ax2, (N))
13. A � Bð11; 12;MPÞ

Again, by the Deduction Theorem, ‘ ðA ^ BÞ ! ðA � BÞ: Mutatis mutandis we
get also ‘ ð�A ^ �BÞ ! ðA � BÞ: Hence, ‘ ðA$ BÞ ! ðA � BÞ: h

Thus, extending NFL with an operator of the j-type also exerts a destructive
effect on the connective of sentential identity. However, a possible informal
reading (as well as the precise semantical interpretation) of the kappa-operator
remains somewhat unclear. It obviously cannot be Hilbert’s epsilon-operator, since
(j¼) turns out to be implausible if we just change j to e: Taking the standard
understanding of ex as ‘‘some (particular) x’’, it is clear that even if ‘‘some (par-
ticular) man that is ill’’ and ‘‘some (particular) man that is tall’’ happen to denote
the same person, it would hardly be convincing to conclude on this ground that to
be ill and to be tall constitute the same situation for anyone.

Nevertheless, in the literature it has been repeatedly stressed that an indefinite
description can ambiguously stand not only for ‘‘some (particular)’’, but also for
‘‘any (whatever)’’ object. As George Wilson put it: ‘‘In fact, the form of words
AðnÞ / is w seems to be generally ambiguous between . . . Something which is a(n)
/ is w. . . and . . . Anything which is a(n) / is w’’ [282, p. 50]. Wilson also argues
that a pure quantificational interpretation of indefinite descriptions reveals certain
difficulties as well.

By taking this into account, it seems more natural to interpret the j-operator in
the second sense, i.e., as some kind of ‘‘any’’-phrase (from ‘‘j�ahe’’ in Greek),
which does not necessarily have a pure quantificational meaning. Under such an
informal understanding, (j¼) looks plausible enough. But many questions con-
cerning this operator (most importantly, its precise syntactical and semantical
elaboration) are still open.

2.7 Concluding Remarks

The slingshot argument has caused much controversy, especially on the part of
fact-theorists and adherents of situations, states of affairs, or other fact-like enti-
ties, who try to discredit its probative force in one way or another. In particular,
opposition by Barwise and Perry from the standpoint of their situation semantics
has gained general attention.

In this respect the idea to use Suszko’s non-Fregean logic for an analysis of the
slingshot argument suggested by Wójcicki and Wójtowicz turned out to be rather
fruitful. Whereas the formal reconstruction of the slingshot argument in the style
of Neale (see Sect. 2.2.2) focuses on the inferential properties of the i-operator, the
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reconstruction by means of NFL makes use of the properties of sentential,
descriptive identity as axiomatized in PCI;PCIN or WBQ extended by the
i-operator or the k-operator (or even the j-operator). In summary, it seems fair to
say that despite a multifarious and sometimes sophisticated criticism, the slingshot
argument presents a powerful and lucid justification of the view that sentences do
signify truth values.

Nevertheless, this does not at all show that an ontology and semantics of
situations (facts, states of affairs, etc.) is not worthy of investigation or is even
technically infeasible, see, for example, [19, 285]. Still, one has to be very cautious
when combining such theories with definite descriptions or lambda-expressions.
As Wójtowicz [288, p. 190] emphasizes, ‘‘the description or abstraction operators
must have their interpretation in such an ontology’’. Gödel [121] already explained
that the problem posed by his version of the slingshot argument can be solved by
adopting Russell’s contextual theory of definite descriptions. In the case of the
k-abstractor, Wójtowicz suggests considering a Russellian theory of k-terms in
which an expression AðkxBðxÞÞ is regarded as an abbreviation of the sentence
9x8yððy 2 x$ BðyÞÞ ^ AðxÞÞ:8 We can observe that this move in fact blocks the
derivation from the proof of Theorems 2.7, 2.8, and 2.9 because we are no longer
dealing with a substitution of singular terms licensed by axiom Ax4.

The version of the slingshot argument using predicate abstraction, however, is
not blocked in this way because now we are using k-predicates and, instead of an
application of Ax4, we have an application of it’s second-order version Ax42: In
other words, the slingshot argument based on predicate abstraction cannot be
circumvented by an appeal to a ‘‘Russellian’’ theory of k-terms. In this sense ðbgÞ,
(N) and Ax42 pinpoint minimal assumptions about descriptive sentential identity
needed to derive the Fregean Axiom.

8 See [288, Footnote 7], which contains a typographical mistake, however.
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Chapter 3
Generalized Truth Values: From FOUR2

to SIXTEEN3

Abstract In the present chapter, we discuss the possibility of generalizing the
very notion of a truth value by constructing truth values as complex units which
may possess a ramified inner structure. We consider some approaches to truth
values as structured entities and summarize this point in the notion of a gen-
eralized truth value conceived as a subset of some basic set of initial truth values
of a lower degree. We are essentially led by the idea which is at the heart of Belnap
and Dunn’s useful four-valued logic, where the set 2 ¼ fT ;Fg of classical truth
values is generalized to the set 4 ¼ Pð2Þ ¼ f£; fTg; fFg; fT ;Fgg: We argue in
favor of extending this process to the set 16 ¼ Pð4Þ: It turns out that this gen-
eralization is well-motivated and leads to a notion of a truth value multilattice. In
particular, we proceed from the bilattice FOUR2 with both an information and
truth-and-falsity ordering to another algebraic structure, namely the trilattice
SIXTEEN3 with an information ordering together with a truth ordering and a
(distinct) falsity ordering. We also consider another exemplification of essentially
the same structure based on the set of truth values one can find in various con-
structive logics.

3.1 Truth Values as Structured Entities

One of the interesting peculiarities of the Fregean conception of truth values is that
it provides a possibility of distinguishing between various ‘‘parts within truth
values’’ [101, p. 30]. Although Frege, when pointing out to this possibility,
immediately specifies that the word ‘part’ is used here ‘‘in a special sense’’, the
basic idea seems nevertheless to be that truth values can be considered not as
something amorphous but as possessing some inner structure. It is not quite clear
how serious Frege is about this view, but it seems to suggest that truth values may
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well be interpreted as complex, structured entities that can be divided into ele-
mentary constituents.

This idea finds its implementation in some approaches to semantic construc-
tions for various non-classical logics, where truth values are represented as being
made up from some primitive components. As an example, consider a formulation
of a valuation system for intuitionistic logic based on so-called Kripke frames,
cf. [216, pp. 21–25].

Let W be a non-empty set, � be a reflexive and transitive relation defined on W
(a pre-order), and w0 be a distinguished element from W : Then we can define
an intuitionistic valuation system VW based on the frame ðW ; �;w0Þ in the
following way:

VW ¼ hPðWÞ;Dw0 ;FWi; where PðWÞ is the power-set of W ; Dw0 ¼
fX � W j w0 2 Xg; and FW ¼ ff^; f_; f!; f�g; defined as follows:

Definition 3.1 For any X; Y 2 PðWÞ:

1. f^ðX; YÞ ¼ X \ Y ;
2. f_ðX; YÞ ¼ X [ Y ;
3. f!ðX; YÞ ¼ fx 2 W j 8yððx� y and y 2 XÞ ) y 2 YÞg;
4. f� ðXÞ ¼ fx 2 W j 8yðx� y) y 62 XÞg:

Now let any assignment function a relative to any VW be subject to the fol-
lowing hereditary condition (for any x; y 2 W):

x 2 aðpÞ and x� y) y 2 aðpÞ: ð3:1Þ

Then we can prove the following proposition:

Proposition 3.1 For any VW ; for any assignment a relative to VW ; and for any
formulas A and B; the following holds:

1. x 2 vaðA ^ BÞ iff x 2 vaðAÞ and x 2 vaðBÞ;
2. x 2 vaðA _ BÞ iff x 2 vaðAÞ or x 2 vaðBÞ;
3. x 2 vaðA! BÞ iff 8yððx� y and y 2 vaðAÞÞ ) y 2 vaðBÞÞ;
4. x 2 vað�AÞ iff 8yðx� y) y 62 vaðAÞÞ:

Moreover, condition (3.1) can easily be extended to any valuation va and to any
formula A:

We say that sentence A is intuitionistically true in the given intuitionistic
valuation system VW based on the frame ðW ; �;w0Þ with respect to the given
valuation va; if and only if w0 2 vaðAÞ: Otherwise A is said to be intuitionistically
false (in the given intuitionistic valuation system VW based on the frame
ðW ; �;w0Þ with respect to the given valuation va). A sentence is called valid if and
only if it is true in any intuitionistic valuation system VW based on any frame
ðW ; �;w0Þ by any valuation va: One can show that the set of all valid sentences so
defined is exactly the set of theorems of intuitionistic propositional logic IPL. This
fact does not, of course, contradict Gödel’s observation [120] that IPL is not
characterized by any finite matrix.
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Informally, W can be understood as a set of states of some (intuitionistic) theory,
and � as the ‘‘earlier or simultaneous’’ relation between the states of the theory. Any
subset of W can be seen as a proposition accepted exactly at the states belonging to
this subset. Then any intuitionistic valuation system determines the corresponding
truth values intuitionistically true (as the set of all propositions accepted in the
distinguished state of this system) and intuitionistically false (as the set of all
propositions which are not accepted in the distinguished state of this system).
Clearly, the intuitionistic truth values so conceived are composed from some simpler
elements, viz. the states and their sets, and as such they turn out to be complex units.

One can also recall in this connection the so-called ‘‘factor semantics’’ introduced
by Alexander Karpenko for many-valued logic, where truth values are construed as
ordered n-tuples of classical truth values (T–F sequences), see [144]. A valuation
system for an n-valued Łukasiewicz logic can be formulated then as follows.

Let us have an algebraic system As ¼ ðBs;ffi;R;:�;��Þ; where

Bs ¼ fha1; . . .; asi j ai 2 fT ;Fg; 1� i� sg;
a ffi b iff aT ¼ bT (a; b 2 Bs; aT is the number of occurrences of T in a);

Rða; bÞ iff 8k� sðak ¼ T ) bk ¼ TÞ if aT � bTðak 2 a; bk 2 bÞ;
8k� sðbk ¼ T ) ak ¼ TÞ otherwise;

�

:�ha1; . . .; asi ¼ h:þa1; . . .;:þasi;
ha1; . . .; asi �� hb1; . . .; bsi ¼ ha1 �þ b1; . . .; as �þ bsi;:þ;�þ being the stan-

dard Boolean operations of negation and material implication defined on
fT ;Fg:

Then a factor valuation system VAs associated with the algebraic system As can
be defined as a structure hBs= ffi; f½Ts�g; f:;!gi; where Bs= ffi is the factor set of
Bs determined by ffi; ½Ts� is the equivalence class determined by hT; T ; . . .Ti
(s times), and for any ½a�; ½b� 2 Bs= ffi: :½a� ¼ ½:�a�; ½a� ! ½b� ¼ ½a0 �� b0�; where
a0 2 ½a�; b0 2 ½b�; and Rða0; b0Þ:

One can show (see Theorem 1 in [144, p. 180]) that a factor valuation
system VAs is strictly characteristic for ðsþ 1Þ-valued Łukasiewicz logic. In this
way one also obtains a certain intuitive understanding of ‘‘intermediate’’ truth
values. For example, the value 3=5 can be interpreted in a factor valuation
system as a T–F sequence of length 5 with exactly three occurrences of T:
Most importantly, the classical values T and F are used here as ‘‘building
blocks’’ for non-classical truth values.

In what follows we adopt the fundamental idea of structuring truth values
and show how one can effectively employ it for generalizing the very notion of
a truth value and developing on this basis a universal method of ‘‘producing’’
truth values for various non-classical logics. It turns out that these non-classical
(generalized) truth values can be conceived as resting essentially on the clas-
sical values the True and the False as some basic (fundamental) entities. Being
so conceived the generalized truth values provide a natural justification for
some possible limitations of certain classical principles, most notably the one of
bivalence and non-contradiction.
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3.2 Generalized Valuations, Four-Valued Logic and Bilattices

As it was remarked in Sect. 1.6, it is by no means unusual in modern symbolic
logic to allow sentences to be sometimes neither true nor false. This is exactly the
idea which goes back to Łukasiewicz and which has been implemented in various
systems of many-valued logic, partial logic, and elsewhere. There is also a ‘‘dual’’
idea according to which some sentences can occasionally be viewed as having both
of these truth values. In the last couple of decades it has been noticed repeatedly
that it is sometimes quite useful to evaluate sentences as both true and false. This
view has recently found numerous fruitful applications in paraconsistent
logics, logics of information states and in computer science. Notably, this idea also
can largely be traced back to Łukasiewicz, namely to his critique of the Principle
of Contradiction by Aristotle in [159]. While discussing other forerunners of
inconsistency-tolerant logics, one should mention the Russian logician Nikolai
Vasiliev with his ‘‘imaginary logic’’ (see [260]).

It is quite telling that both these ideas were brought together and combined by
considering the so-called ‘‘under-determined’’ and ‘‘over-determined’’ valuations
in investigations of implication and entailment within the framework of relevance
logic—a direction in modern non-classical logic initiated by Alan Anderson and
Nuel Belnap, see [3]. More specifically, this strategy of semantic analysis was
carefully elaborated in the 1960s and 1970s by J. Michael Dunn, who stressed that
a sentence can be rationally considered to be not just true or just false, but also
neither true nor false as well as both true and false.1 This can be made explicit by
developing a suitable valuation procedure that generalizes the notion of an
ordinary, classical truth value function by allowing ‘‘under-determined’’ and
‘‘over-determined’’ valuations.

Consider the set 2 ¼ F; Tf g to be the usual set of classical truth values.
A standard classical valuation v2 (a two-valuation) is then a function from the set
of sentences into 2, thus ascribing to every sentence one and only one element from
2, i.e., either truth or falsity. There can be then different ways of generalizing such
a two-valued truth value function. For example, Dunn in [73, pp. 121–132],
introduces a so-called ‘‘aboutness valuation’’ that ascribes to each sentence a pair
X1;X2ð Þ (called a ‘‘proposition surrogate’’, see also [75], p. 161), where X1 rep-

resents ‘‘topics’’ the sentence gives definite information about, and X2 represents
topics the negation of the sentence gives definite information about (cf. [79,
p. 36]). Let U be a ‘‘universe of discourse’’ such that X1 � U and X2 � U: Unlike

1 Dunn had already developed this approach in his doctoral dissertation [73] and then presented
it in a number of conference talks and publications, most notably in [75] (see also [74]). The
reader may consult [79, 80] for a comprehensive account and systematization of Dunn’s (and
other) work in this area (cf. also [261]). In the literature, the semantic strategy in question is
sometimes called the ‘‘American Plan’’ as opposed to the so-called ‘‘Australian Plan’’. Both
labels were brought into usage by Meyer [173] to contrast the four-valued approach of the
‘‘Americans’’ Dunn and Belnap to the star semantics of the ‘‘Australians’’ Routley and himself.
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a classical truth value function, the aboutness valuation needs to be neither disjoint
ðX1 \ X2 ¼£Þ nor exhaustive ðX1 [ X2 ¼ UÞ; thus making ‘‘truth-value gaps’’
and ‘‘truth-value gluts’’ possible. If the universe of discourse consists of a single
topic x; the usual (‘‘normal’’) valuations can be represented as xf g;£ð Þ and
£; xf gð Þ—for truth and for falsity respectively, and under-determined and

over-determined valuations as £;£ð Þ and xf g; xf gð Þ: It appears that these val-
uations form a lattice, which is called the ‘‘De Morgan lattice of proposition
surrogates’’ in [73, p. 129]. We present this lattice in Fig. 3.1.

The same idea is realized in [75] by interpreting a valuation not as a function
but just as a relation connecting sentences of the language in use with elements
from 2. Such a valuation relates to each sentence either the value ‘‘true’’ ðTÞ or
‘‘false’’ ðFÞ; or neither of these values (partial function), or both of them (non-
functional relation). Dunn provides the non-standard valuations with an intuitive
motivation employing the terminology of abstract (epistemic) ‘‘situations’’ that
may well be incomplete or inconsistent (see [75, pp. 155–157]). However, the
principle of functionality for valuations is explicitly given up by this approach,
which can go against the grain of those who strictly adhere to Frege’s functional
analysis in general and to truth-value functions in particular.

Therefore, one may prefer an equivalent (although somehow more ‘‘ontological’’)
way of grasping the same point by considering a valuation still a function, though
not from sentences to elements of the set 2, but from sentences to subsets of this
set. This latter interpretation can be found in [75] as well (cf. also [80, p. 7]).
Taking this method of generalizing classical truth value functions as paradigmatic,
we call a function conceived in this way a generalized truth value function.2

Nuel D. Belnap (see [22, 23], reproduced in [4, x 81]) took Dunn’s idea a step
further. Namely, he explicitly considered the empty and the overcomplete subsets
of the set F; Tf g new truth values in their own right. Using a highly heuristic
interpretation of a truth value as information that ‘‘has been told to a computer’’,

{ }

{ } { }

{ }

Fig. 3.1 The De Morgan
lattice of proposition
surrogates

2 In [231, p. 762] valuations of this kind have been called multivaluations.
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he arrived at a ‘‘useful four-valued logic’’ of ‘‘how a computer should think’’ based
on the following four ‘‘told truth values’’3:

N ¼ fg—none (‘‘told neither falsity nor truth’’);
F ¼ Ff g—‘‘plain’’ falsehood (‘‘told only falsity’’);
T ¼ Tf g—‘‘plain’’ truth (‘‘told only truth’’);
B ¼ F; Tf g—both falsehood and truth (‘‘told both falsity and truth’’).

Now the lattice from Fig. 3.1 can be represented as a lattice of Belnap’s four
truth values as in Fig. 3.2, left. Belnap in [22, p. 14] calls it ‘‘the logical lattice
L4’’. This lattice is ‘‘logical’’ because the ordering on it is in effect a logical order
with the usual truth-functional conjunction and disjunction as meet and join,
respectively. Belnap’s papers present another lattice, also based on the same
elements. Belnap calls it the ‘‘approximation lattice A4’’ (Fig. 3.2, right) because
its ordering can be naturally explicated as ‘‘approximates the information in.’’ The
idea of this lattice goes back to Scott (see, e.g., [219]) who considers various
examples of an approximation order. Belnap remarks that N is the bottom of A4
because it gives no information at all, whereas B is at the top because it gives too
much (indeed inconsistent) information.

Belnap’s four-valued logic has found numerous applications in various
fields such as the theory of deductive databases, distributed logic programming,
and other areas. Inspired by applications of logic in computer science and AI,
Matthew Ginsberg [118, 119] introduced the notion of a bilattice and pointed out
that Belnap’s four truth values form the smallest non-trivial bilattice.4 Roughly
speaking, a bilattice is a non-empty set with two partial orderings, each

N

T

B

F

F

B

T

N

Fig. 3.2 Logical lattice L4 and approximation lattice A4

3 The idea of the four truth values has been also expressed by Scott in [219], p. 170.
4 Bilattices have been studied by many authors in various contexts, see, e.g., [7, 8, 10, 11,
115, 217], [86–92] and references therein.
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constituting its own lattice on this set. The truth value bilattice based on the set
4 ¼ N;F;T;Bf g; which we will call FOUR2 (the subscript ‘2’ stands for ‘bi’), is
presented by a double Hasse diagram in Fig. 3.3.

This diagram is placed into a two-dimensional coordinate plane, where the
horizontal axis stands for a truth order ð�tÞ and the vertical axis stands for an
information order ð�iÞ:5 These orderings represent an increase in truth and
information, respectively. That is, x �t y means that y is ‘‘at least as true’’ as x; and
x �i y means that y is ‘‘at least as informative’’ as x:

Let us formally define the ordering relations (�i and �t) in FOUR2: The defi-
nition of �i is very simple: for any x 2 4 we just put x �i y iff x � y: For �t the
situation is less obvious. For each element of 4 we first define its ‘‘truth part’’ and
its ‘‘falsity part’’ as follows:

xt :¼ z 2 x j z ¼ Tf g; x f :¼ z 2 x j z ¼ Ff g:

Then we have: x �t y iff xt � yt and y f � x f :6 This definition clearly shows that
within FOUR2; �t is in fact not just a truth order but rather a truth-and-falsity
order: by ordering the truth values we have to take into account not only
the ‘‘truth-content’’ of each value but also its ‘‘falsity-content’’. An increase in
truth-content automatically means a decrease in falsity-content (cf. [91, p. 480]).
In other words, �t in FOUR2 seems to presuppose that falsehood by itself is less
true than truth, and thus one may suspect that truth and falsity in FOUR2 are
not entirely autonomous notions.

F

B

T

N

≤ i

≤ t

Fig. 3.3 Bilattice FOUR2

5 The information order is sometimes referred to as a ‘‘knowledge order’’ (denoted by �k),
which is not quite accurate from a philosophical point of view when we are taking into account
the classical definition of knowledge as justified true belief.
6 As Fitting put it: ‘‘[W]e might call a truth value t1 less-true-or-more-false than t2 if t1 contains
false but t2 doesn’t, or t2 contains true but t1 doesn’t’’ [89, p. 94].
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However, from a logical point of view, just �t is most important. It is exactly
the ‘‘logical order’’ that determines the properties of logical connectives as well as
the relation of entailment defined on FOUR2: Namely, as noted above, the lattice
operations of meet and join under this order are just logical conjunction and
disjunction. The inversion of �t represents a certain kind of negation. As to
entailment, it can be defined in the following way. Let v4 (a four-valuation) be a
map from the set of propositional variables into FOUR2; and let this valuation be
extended to compound formulas in the usual way. Then we have:

Definition 3.2 A 	4 B iff 8v4 v4 Að Þ �t v4 Bð Þð Þ:

This relation can be axiomatized by the consequence system Efde of ‘‘tauto-
logical entailments’’ from [3, x 15.2] (also called First-Degree Entailment).

3.3 Taking Generalization Seriously: From Isolated
Computers to Computer Networks

There is an interesting question concerning Dunn’s and Belnap’s four-valued
semantics, namely: Why should we stop the ‘‘generalization procedure’’ just at the
four-valued stage and not proceed further to considering, say, combinations of
T and B, N and B, etc? If we can get a ‘‘useful four valued logic’’ by taking the
power-set of 2, why should one not consider a sixteen-valued logic based on P(4),
the power-set of the set of Belnap’s truth values obtained previously? Would such
a logic be ‘‘useful’’?7 We believe that the above question is not only interesting but
also important since answering it allows us to present the whole story of truth
values in a greater generality and arrive, in this way, at a far reaching generalization
of the very notion of a truth value itself, leading, for example, to an extension of the
familiar set of propositional connectives and a broad conception of logical systems.

The ‘‘oral tradition’’ supplies the above question with one typical reply, arguing
to the effect that any combination of Belnap’s four truth values would be in a sense
superfluous. The argument usually goes as follows. Consider, e.g., the combination
TBð¼ffTg; fF; TggÞ of T and B. This new truth value would then mean ‘‘true
and true-and-false’’. But a repetition of truths gives us no new information
(is superfluous)! Thus, the meaning of TB, it is claimed, collapses into just ‘‘true-
and-false’’, and in this way we simply obtain B. An analogous argument reduces
FB to B, and it is not difficult to argue in a similar way that FT is, in fact, also
B. Further, a combination of N with any other truth value seems to be superfluous
as well, for unifying the empty set with any other set gives just this latter set. As a

7 As R. Meyer put it: ‘‘[I]f we take seriously both true and false and neither true nor false
separately, what is to prevent our taking them seriously conjunctively? As in ‘It is both true
and false and neither true nor false that snow is white’’’ [173, p. 19]. As we will argue
below, Meyer’s own answer to this question—‘‘This way, in the end, lies madness’’ [173]
appears a bit overhasty.
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consequence one might conclude that any attempt to continue generalizing truth
values beyond the four values introduced by Belnap should fail due to a collapse of
any new truth value into one of the initial four.

However, a more careful examination shows that such a conclusion is not
justified. First, recall that the proper interpretation of T is not simply ‘‘true’’ but
‘‘true-only’’ (and analogously for falsehood). The combination of ‘‘true-only’’ and
‘‘true-and-false’’, which we get in the new truth value TB, is not so trivial and, in
any case, is not so easily reducible to ‘‘true-and-false’’ as the above argument
seems to suggest. Second, one may notice that this argument works only under the
implicit interpretation of the comma between elements in the notation for the new
truth values as set-theoretical union and the identification of a set x with the
singleton fxg: Only then, one would be able to conduct the suggested manipula-
tion: Tf g; F; Tf gf g ¼ Tf g [ F; Tf gf g ¼ T ;F; Tf g ¼ F;Tf g; which is obviously
incorrect. Indeed, Tf g; F; Tf gf g is, of course, distinct from B ¼ Tf g [ F; Tf g;
and therefore, it would be rather more natural to consider the truth value

Tf g; F; Tf gf g an independent value in its own right. Similarly, £; F; Tf gf g is not
the same as F; Tf g; etc.

Thus, there are good reasons for taking the above mentioned generalizing
procedure seriously and for considering a second-order generalization, which
results from generating the powerset of the set N;F;T;Bf g:8 In this way we obtain
the following set 16 of sixteen generalized truth values (denotations for most
values are obvious, and A stands for ‘‘all’’):

1: N ¼£ 9: FT ¼ Ff g; Tf gf g
2: N ¼ £f g 10: FB ¼ Ff g; F; Tf gf g
3: F ¼ Ff gf g 11: TB ¼ Tf g; F;Tf gf g
4: T ¼ Tf gf g 12: NFT ¼ £; Ff g; Tf gf g
5: B ¼ F; Tf gf g 13: NFB ¼ £; Ff g; F; Tf gf g
6: NF ¼ £; Ff gf g 14: NTB ¼ £; Tf g; F; Tf gf g
7: NT ¼ £; Tf gf g 15: FTB ¼ Ff g; Tf g; F; Tf gf g
8: NB ¼ £; F; Tf gf g 16: A ¼ £; Tf g; Ff g; F; Tf gf g:

That 16 makes perfect sense can also be shown by employing Belnap’s inter-
pretation of truth values as information that could be told to a computer. One of the
main motivations for Belnap’s interpretation is the obvious observation that a com-
puter can receive information from various (maybe independent) sources. Now a
situation is overall possible when one source informs a computer that a sentence is
true-only while another informant supplies (perhaps without being aware of this)
inconsistent data, namely that the sentence is both true and false. And what if a
computer has been simultaneously ‘‘told’’ that a sentence is true-only (informant 1),
false-only (informant 2), both-true-and-false (informant 3), and neither-true-nor-false

8 The idea to generalize Belnap’s construction by considering truth values as subsets of a set
containing more than two elements (T and F) has been also expressed by Karpenko in
[145, p. 46].
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(informant 4)? Dunn and Hardegree [81, p. 277, our emphasis] seem to argue along
the same lines when they remark that ‘‘there can be states of information that are
inconsistent, incomplete, or both’’. Obviously, an information state that is both
inconsistent and incomplete cannot be represented by any single value from 4,
whereas 16 offers the value NB to account for this situation.

In fact, Belnap’s interpretation is perfectly well-suited when applied to a single
computer. In addition, it presupposes that this computer receives information from
classical sources, i.e. from sources which can operate exclusively with classical
truth values T ;Fð Þ: But what if the computer’s informants behave nonclassically?
Moreover, nowadays, it is quite rare for a computer to stay completely isolated and
not connected (even from time to time) to other computers, thereby constituting a
network. It appears that Belnap’s interpretation cannot adequately be applied when
we deal not just with one computer but with several interconnected computers,
i.e., a computer network (conceived hierarchically).

Consider four Belnap computers9 ðC1;C2;C3;C4Þ connected to some central
computer ðC0

1Þ; a server, to which they are supposed to supply information
(Fig. 3.4). It is fairly clear that the logic of the server itself (so, the network as a
whole) cannot remain four-valued any more. Suppose C1 informs C01 that a sen-
tence is true only (has the value T), whereas C2 supplies inconsistent information
(the sentence is both true and false, i.e., has the value B). In this situation C01 has
received the information that the sentence simultaneously is true only as well as
both true and false, in other words, it has a value not from 4; but from Pð4Þ;
namely the value TB ¼ ffTg; fT;Bgg: If C01 has been informed simultaneously by
C1 that a sentence is true-only, by C2 that it is false-only, by C3 that it is both-true-
and-false, and by C4 that it is neither-true-nor-false, then the value
A ¼ f£; fTg; fFg; fT ;Fgg is far from being a ‘‘madness’’ but is just an adequate
value which should be ascribed to the sentence by C0: That is, the logic of C01 has

C1

C1C2 C4

C3

C1

Fig. 3.4 A computer
network

9 A ‘‘Belnap computer’’ is just a computer that uses Belnap’s four-valued logic. Note also that it
is not crucial for our example to have exactly four Belnap computers. There can well be more of
them or fewer—even one would be enough. The main point is that it should be connected to
some ‘‘higher’’ computer.
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to be 16-valued, and to get an adequate tool for handling this situation we have to
involve 16. Incidentally, it is interesting to observe that if we wish to extend our
network and connect our server to some ‘‘higher’’ computer ðC00

1Þ; then generalized
truth values of the third order (the set P 16ð Þ) come into question (and so on),
which motivates a further generalization of the present construction.

Note that in 16, each of Belnap’s original four truth values from 4 underwent an
important transformation by being promoted to the single element of some ‘‘higher
set’’. We mark this by putting the corresponding truth values in 16 into italics.
Obviously, N 2 N;F 2 F;T 2 T and B 2 B: It is also interesting to observe the
difference between FT and Belnap’s B. We will discuss this difference and gen-
erally an intuitive motivation for ‘‘generalized truth values of higher order’’
in more detail later.

3.4 Generalized Truth Values and Multilattices

We can now summarize the main points of the above considerations. Having a
basic set of some initial truth values X; we call the power-set of this basic set PðXÞ
the set of generalized truth values based on X: A generalized truth value function
then will be a function from the set of sentences of a given language into PðXÞ:
In this way one obtains a generalization of both the notion of a truth value function
and the very notion of a truth value itself.

We can also employ the idea of a bilattice to introduce general logical struc-
tures suitable for dealing with generalized truth values—multilattices. A bilattice
turns out to be then just a particular case of such a structure with more than one
ordering relation by which a set of (generalized) truth values is to be organized.

Definition 3.3 An n-dimensional multilattice (or simply n-lattice) is a structure
Mn ¼ S; �1; . . .; �nð Þ such that S is a non-empty set and �1; . . .; �n are partial
orders defined on S such that S;�1ð Þ; . . .; S;�nð Þ are all distinct lattices.

The notion of a multilattice (cf. [268]) is a generalization of the notion of a
bilattice along the lines proposed in [231] (cf. also [227, 228]), where a set of
generalized truth values of constructive logics has been presented in the form of a
trilattice. The trilattice in [231] is a direct extension of a bilattice structure with a
third partial order ð� cÞ; which represents there an increase in constructivity.
However, the elements of the given set of generalized truth values may well be
compared also with respect to other properties, and hence some additional partial
orders may be defined on it, thus determining, depending on the purposes of the
analysis, different multilattices.

Note that our notion of a multilattice is extremely general. We do not impose
any additional conditions that interconnect individual lattices of a given multi-
lattice. According to our definition, a bilattice ðn ¼ 2Þ is just a set with two lattice-
forming partial orders on it. Strangely enough, there is no uniform and generally
accepted definition of a bilattice in the literature. When Ginsberg first introduced
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this notion in [118], he defined it as a quintuple B;^;_; 
;þð Þ such that B;^;_ð Þ
and B; 
;þð Þ are both lattices and each operation respects the lattice relations in the
alternate lattice. (Fitting calls this latter condition the interlacing condition, i.e., a
bilattice à la [118] is an interlaced bilattice in Fitting’s sense.) But already in [119]
we find a quite different definition according to which an operation of negation
becomes a necessary element of any bilattice. This definition has been adopted in
[7, 8, 88] and by some other authors. However, we believe that it is too restrictive,
because ‘‘there are interesting bilattice-like structures that do not have a notion of
negation’’ [88, p. 241]. Fitting in [87] introduces the notion of a pre-bilattice as just a
non-empty set with two partial orderings, each giving this set the structure of a
lattice. Then in [92] he defines a bilattice as a pre-bilattice with some ‘‘useful
connections between orderings’’. But when exactly is a connection ‘‘useful’’? Could
we speak of ‘‘interesting’’ connections instead? And if we just omit the ‘‘usefulness
requirement’’, then the definition is not very informative, for it is not difficult to
introduce at any time some (maybe even trivial) kind of connection between given
orderings. We therefore prefer to refer to Fitting’s pre-bilattices just as two-lattices
(or simply bilattices). What is really crucial here, is the number of different partial
orderings defined on one and the same set. All other properties and conditions
(including conditions that connect the ordering relations) can be specified later,
thereby giving rise to different types of multilattices (and bilattices).

Following Fitting and others (see, e.g., [92]), we call an n-lattice complete iff all
the lattices that constitute this multilattice are complete, interlaced iff each pair of
meet and join is monotone (i.e., order preserving) with respect to each partial order
of the multilattice, and distributive iff all 2 2n2 � nð Þ distributive laws connecting
its meets and joins hold.

Consider any two distinct ordering relations, each defined on some non-empty
set. We say that these relations are mutually independent with respect to these
definitions (or are defined mutually independently) iff they are not inversions of
each other and the only common terms that are used in both definitions, except for
metalogical connectives and quantifiers, are the usual set theoretical terms (for
the intuitive motivation for the idea of ‘‘mutual independence’’ see [231,
pp. 782–783]). The following definition introduces an important class of multi-
lattices and allows a reasonable reduction of the amount of partial orders in a
multilattice to relations that are in a certain sense ‘‘non-trivial’’ (or ‘‘interesting’’).

Definition 3.4 A multilattice is called proper iff all its partial orders can be
defined mutually independently.

There are also some other works in the literature which deal with the notion of a
trilattice. Lakshmanan and Sadri introduced this notion in [150, p. 257]. They were
directly motivated by enriching Ginsberg’s bilattices with a third ordering relation,
which they called a precision ordering. In this way they aim to construct a
probabilistic calculus as a suitable framework for probabilistic deductive dat-
abases, thus dealing with an algebra defined on a set of interval pairs rather than
on a set of generalized truth values. Another line of research concerning trilattices
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comes from formal concept analysis, a research area established and investigated
by R. Wille, B. Ganter and their collaborators (see [33, 114, 262, 279]). This
tradition seems to be developing totally independently of investigations in the field
of bilattices and multi-valued logic.

3.5 The Trilattice of 16 Truth Values

Now, when we turn to the algebraic structure of 16, it appears that it is generally
possible here to discriminate between an increase in truth and a decrease in falsity
and thus to define a truth order and a (non-)falsity order as distinct and in effect
mutually independent relations. To do so, we have to redefine the sets xt and x f,
and to explicitly introduce their complements. Thus, for every x in 16 we denote
by xt the subset of x that contains exactly those elements of x which in turn contain
T as an element and by x�t—the ‘‘truthless’’ subset of x:

xt :¼ y 2 x j T 2 yf g; x�t :¼ y 2 x j T 62 yf g;

and analogously for falsity10:

≤i

≤t
≤ f

A

FT

NB

N

NF NT FB TB

NFT FTB

NFB NTB

F T

N B

Fig. 3.5 Trilattice
SIXTEEN3 (projection
�i � �t)

10 Note that we could introduce sets x�t and x�f for FOUR2 as well, for example, as follows:

x�t :¼ z 2 x j z 6¼ Tf g; x�f :¼ z 2 x j z 6¼ Ff g:

It turns out then, however, that x�t ¼ x f and x�f ¼ xt; which once again confirms our obser-
vation that truth and falsity in FOUR2 are still interdependent.
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x f :¼ y 2 x j F 2 yf g; x�f :¼ y 2 x j F 62 yf g:

Then we define:

Definition 3.5 For every x; y in 16:

1. x �i y iff x � y;
2. x �t y iff xt � yt and y�t � x�t;

3. x �f y iff xf � yf and y�f � x�f :

In this way, the algebraic structure of 16 is that of a proper three-lattice, a trilattice
with three mutually independent partial orders that represent an increase in infor-
mation, truth, and falsehood. This trilattice, which we for obvious reason call
SIXTEEN3; is presented by a triple Hasse diagram in Fig. 3.5 (cf. Fig. 3.5 in [231]).
One can clearly observe in this diagram all three partial orderings. A and N are,
respectively, the lattice top and bottom relative to �i;TB and NF relative to�t; and
FB and NT relative to �f : In accordance with the underlying interpretation, A and
N are then the most and the least informative elements of 16, TB and NF are the most
and the least true of its elements, and FB and NT are the most and the least false
elements. Note that the f -axis in Fig. 3.5 is drawn a bit approximately and gives only
a rough idea about the third ‘‘dimension’’ of SIXTEEN3: Another projection of
SIXTEEN3 (on the plain�t ��f) is represented in Fig. 3.6.

It is interesting to observe that SIXTEEN3 has altogether exactly eight distinct
partial orders that are not inversions of each other. In addition to the relations intro-
duced in Definition 3.5 there are: a ‘‘truth-only’’ order (with T and NFB as top and
bottom); a ‘‘falsity-only’’ order (with F and NTB); a ‘‘truth-only-and-falsity-only’’
order (with FT and NB); a ‘‘both-only’’ order (with B and NFT); a ‘‘none-only’’ order
(with N and FTB). These five additional relations are all not independent and in fact

TB
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Fig. 3.6 Trilattice
SIXTEEN3 (projection
�t � �f )
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‘‘derivative’’ of the truth order and falsity order from Definition 3.5 in the sense that any

of them can be defined through a certain combination of the functions ð
Þt; ð
Þ�t; ð
Þf

and ð
Þ�f used in the definitions of�t and�f :

One might consider the generalized truth values B;N;F; and T from 16 as
analogues of the truth values B, N, F and T from 4.11 However, some of these
truth values from 16 and 4, respectively, behave quite differently under the cor-
responding truth and information orderings in SIXTEEN3 and in FOUR2: For
example, within FOUR2; B is more and N is less informative than F and T, but in
SIXTEEN3; we see that B;N;F; and T are situated on the same informational level.
This latter fact might seem to violate some basic intuitive motivations. Recall that
according to Belnap’s interpretation, B carries more information than T because
B stands for ‘‘told both true and false’’, whereas T stands for ‘‘told only true’’ (and
analogously for other truth values). To simplify the exposition, in the remainder of
this chapter, when discussing Belnap’s truth values and their combinations, we
will just say ‘‘true’’ and ‘‘false’’ instead of ‘‘told true’’ and ‘‘told false’’.

However, it turns out that the behavior of B;N;F; and T in SIXTEEN3 is much
more natural than one might think on the face of it. First, notice that analogous
values from 4 and from 16 are not the same, e.g., T ¼ Tf g but T ¼ Tf gf g; etc.
Moreover, we remark that under �i generalized truth values should be ordered
exclusively by the amount of elements in the corresponding sets: the more elements
a set has, the more informative it is. But in 16 the truth values B;N;F; and T are all
singletons (in contrast to N, F, T, and B in 4), and hence they are all equally
informative, precisely as SIXTEEN3 suggests. Intuitively this means that—as one
may easily observe—any of Belnap’s initial truth values, and not only B, may be
viewed as saying (explicitly or implicitly) something both about truth and false-
hood, either in a positive or in a negative mode. To make this point explicit, the
elements of 4 need a slightly different reading. To justify this reading, we remark
that, e.g., T—‘‘truth-only’’—actually means nothing more than ‘‘true and not
false’’. From a purely quantitative point of view, a negative piece of information is
exactly of the same cash value as a positive one. In this way, we arrive at the
following reinterpretation (or maybe more precise interpretation) of Belnap’s four
truth values:

N—‘‘a sentence is not false and not true’’, [non-falsehood, non-truth];
F—‘‘a sentence is false and not true’’, [falsehood; non-truth];
T—‘‘a sentence is not false and true’’, [non-falsehood; truth];
B—‘‘a sentence is false and true’’, [falsehood; truth].

Let us emphasize that this reading for elements of 4 could be explicated only
within the higher-order construction 16. Generally speaking, the key point of the
semantic approach by Dunn and Belnap consists of taking the power set of some basic
set of truth values and thereby obtaining a new set of generalized truth values, which

11 Similarly, T and F from 4 can be viewed as analogues (or representatives) of the classical
values T and F:
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in turn should provide information concerning this basic set or, more specifically,
information about the assignment of elements of the given base to a sentence. Thus,
rðxÞ :¼ fxgmay naturally be viewed as an operation of ‘‘informatization’’. It creates
a ‘‘piece of information’’ that refers to some ‘‘reality of a (one-step) lower order’’: the
truth value xf g is supposed to supply information just about x:12

It is now clearer what the difference between N and N consists of. The only
feature of N is that it presents no information at all (relative to the truth values
from the corresponding base). That is, in 4 the value N just gives no information
concerning the classical truth values and in 16 concerning Belnap’s truth values.
But N in 16 is more expressive. Namely, it provides specific information saying
that a sentence has been assigned Belnap’s value N, which can be articulated by
the metastatement that a sentence is neither classically true nor classically false.

The reader may also observe the difference between FT and B. Recall that
Belnap’s B is often interpreted as representing the idea of paraconsistency, the view
that there are nontrivial contradictory theories. However, this interpretation makes
sense only under some implicit linguistic convention, namely the assumption that
truth and falsehood are, in effect, contradictory notions. The real, logical contra-
diction to truth, that does not depend on any assumption, is just non-truth, and a
logical contradiction to falsehood is non-falsehood. Thus, FT—saying ‘‘false and
not-true as well as not-false and true’’—is not only more informative but seems to
express the idea of a (nontrivial) contradictory truth value much better than B does.

Moreover, it appears that the second-order value A is inconsistent in an even
stronger sense, stating that a sentence with this value is not only true-and-false, but
also true and not-false, false and not-true, and neither-true-nor-false. Such a sen-
tence takes all the values available at the level of first-order values, and it becomes
clear that this idea of strengthening the notion of inconsistency can be extended to
higher levels. If we define P1ð2Þ :¼ Pð2Þ; and Pnð2Þ :¼ PðPn�1ð2ÞÞ; then a
sentence taking the value fx j x 2 Pnð2Þg is of maximal inconsistency of order
nþ 1; while B can be seen to represent inconsistency of order 0:

It is also instructive to notice that N, F, T and B in FOUR2 and B;N;F; and T
in SIXTEEN3 are ordered differently under �t as well. Within FOUR2; T is ‘‘more
true’’ than B, and N is more true than F, whereas N and B are of the same truth
level. But in SIXTEEN3; B comes out more true than N; while T and B as well as
N and F are (pairwise) ‘‘equally true’’. This situation is entirely clear. As it was
noted above, in SIXTEEN3 (but not in FOUR2)�t is a pure truth relation: it orders
the truth values by exclusively taking into account what they say about truth,
leaving any information about falsehood without attention.

12 Thus, Belnap’s informational interpretation of generalized truth values is not just an incidental
façon de parler, but expresses the very essence of his construction. Therefore it is not by chance
that this semantics has found so many fruitful applications in theoretical computer science and
other areas related to information theory.
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Clearly, meets and joins exist in SIXTEEN3 for all three partial orders. We will
use u and t with the appropriate subscripts for these operations under the cor-
responding ordering relations. SIXTEEN3 appears then as the structure
16;ui;ti;ut;tt;uf ;tf

� �
:

Now we would like to highlight one crucial point. It was already mentioned
above that in FOUR2 the partial order �t is often called (and, in fact, identified
with) a ‘‘logical order’’, for it is supposed to determine the properties of logical
connectives and the entailment relation. As we have seen, within FOUR2 actually
two ordering relations—one for truth and one for falsehood—are merged into one
logical order. However, when proceeding one step higher to SIXTEEN3; it turns
out that an increase in truth does not necessarily mean a decrease in falsehood (and
vice versa) any more. Hence, within SIXTEEN3 the logical order explicitly splits
into two distinct relations: the truth order �t and the falsity order �f : To display
both orders in a precise way, we present in Fig. 3.6, another projection of
SIXTEEN3 (namely the projection on the plain �t ��f ). Here the falsity order is
inverted because for defining central logical notions, we will be interested in
decreasing (rather than increasing) falsehood.

Important properties of ut and tt; as well as uf and tf are summarized in the
following, directly checkable propositions:

Proposition 3.2 For any x; y in SIXTEEN3:

1: T 2 x ut y, T 2 x and T 2 y; 2: T 2 x tt y, T 2 x or T 2 y;

B 2 x ut y, B 2 x and B 2 y; B 2 x tt y, B 2 x or B 2 y;

F 2 x ut y, F 2 x or F 2 y; F 2 x tt y, F 2 x and F 2 y;

N 2 x ut y, N 2 x or N 2 y; N 2 x tt y, N 2 x and N 2 y:

3: T 2 x tf y, T 2 x and T 2 y; 4: T 2 x uf y, T 2 x or T 2 y;

N 2 x tf y, N 2 x and N 2 y; N 2 x uf y, N 2 x or N 2 y;

F 2 x tf y, F 2 x or F 2 y; F 2 x uf y, F 2 x and F 2 y;

B 2 x tf y, B 2 x or B 2 y; B 2 x uf y, B 2 x and B 2 y:

In bilattices, a logical negation is usually defined as an operation that inverts the
truth order only, leaving the information order unchanged. Fitting [87] also con-
siders an operation of conflation that inverts �i while �t remains as it is. For
trilattices this point has been generalized in [231], where several unary operations
have been introduced under the general label of inversion. The idea is that an
inversion can invert some partial orders in a trilattice, possibly leaving the other(s)
without change. We then have the following definition:
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Definition 3.6 Let T be a trilattice with three partial orders �t; �f ; and �i:

Then we can introduce the following kinds of unary operations on T with the
following properties:

1: t-inversionð�tÞ : 2: f -inversionð�f Þ :
(a) a �t b) �tb �t�ta; (a) a �t b) �f a �t�f b;
(b) a �f b) �ta �f �tb; (b) a �f b) �f b �f �f a;
(c) a �i b) �ta �i�tb; (c) a �i b) �f a �i�f b;
(d)�t �t a ¼ a: (d)�f�f a ¼ a:
3: i-inversionð�iÞ : 4: tf -inversionð�tf Þ :
(a) a �t b) �ia �t�ib; (a) a �t b) �tf b �t �tf a;
(b) a �f b) �ia �f �ib; (b) a �f b) �tf b �f �tf a;
(c) a �i b) �ib �i�ia; (c) a �i b) �tf a �i�tf b;
(d)�i�ia ¼ a: (d)�tf�tf a ¼ a:

5: ti-inversionð�tiÞ : 6: fi-inversionð�fiÞ :
(a) a �t b) �tib �t�tia; (a) a �t b) �if a �t �if b;
(b) a �f b) �tia �f �tib; (b) a �f b) �if b �f �if a;
(c) a �i b) �tib �i�tia; (c) a �i b) �if b �i�if a;
(d)�ti�tia ¼ a: (d)�if�if a ¼ a:

7: tfi-inversionð�tfiÞ :
(a) a �t b) �tif b �t�tif a;
(b) a �f b) �tif b �f �tif a;
(c) a �i b) �tif b �i�tif a;
(d)�tif�tif a ¼ a:

In SIXTEEN3 such inversion operations can be defined as shown in Table 3.1.

Table 3.1 Inversions in SIXTEEN3

a �ta �f a �ia �tf a �tia �fia �tfia

N N N A N A A A
N T F NFT B NTB NFB FTB
F B N NFB T FTB NFT NTB
T N B NTB F NFT FTB NFB
B F T FTB N NFB NTB NFT
NF TB NF NF TB TB NF TB
NT NT FB NT FB NT FB FB
FT NB NB NB FT FT FT NB
NB FT FT FT NB NB NB FT
FB FB NT FB NT FB NT NT
TB NF TB TB NF NF TB NF
NFT NTB NFB N FTB T F B

NFB FTB NFT F NTB B N T

NTB NFT FTB T NFB N B F

FTB NFB NTB B NFT F T N

A A A N A N N N
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A routine calculation over this table immediately gives us the following
proposition:

Proposition 3.3 For any x in SIXTEEN3:

1: �t�f x ¼ �f�tx ¼ �tf x;

2: �t�ix ¼ �i�tx ¼ �tix;

3: �f�ix ¼ �i�f x ¼ �fix;

4: �t�f�ix ¼ �f�t�ix ¼ �t�i�f x ¼ �f�i�tx ¼
�i�t�f x ¼ �i�f�tx ¼ �tf�ix ¼ �ti�f x ¼
�fi�tx ¼ �i�tf x ¼ �f�tix ¼ �t�fix ¼ �tfix:

Our main concern will naturally be focused on t-inversion, f -inversion, and
tf -inversion as the most obvious candidates for representing an object-language
negation. The following proposition highlights some key features of these oper-
ations that will be employed in the further analysis.

Proposition 3.4 For any x in SIXTEEN3:

1: T 2 �tx, N 2 x; 2: T 2 �f x, B 2 x; 3: T 2 �tf x, F 2 x;

N 2 �tx, T 2 x; B 2 �f x, T 2 x; B 2 �tf x, N 2 x;

F 2 �tx, B 2 x; F 2 �f x, N 2 x; F 2 �tf x, T 2 x;

B 2 �tx, F 2 x; N 2 �f x, F 2 x; N 2 �tf x, B 2 x:

Note that ut;tt and �t are now not the only algebraic operations that naturally
correspond to logical conjunction, disjunction, and negation; tf ;uf and �f (or
even �tf ) may play this role as well. Taking into account the fact that x ut y 6¼
x tf y; x tt y 6¼ x uf y and �tx 6¼ �f x; we can state that both logical orders bring
into existence ‘‘parallel’’ and, in fact, distinct logical connectives.

Thus, it seems rather natural to explore the possibility of a unified approach to
all of these operations within a joint logical framework. To determine such a
framework syntactically, we consider (in the most general case) the language Ltf

that comprises ^t;_t; �t;^f;_f; and �f as propositional connectives. As to the
semantics, let v16 (a 16-valuation) be a map from the set of propositional variables
into SIXTEEN3; and let us define:
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Definition 3.7 For any Ltf -formulas A and B:

1: v16 A ^t Bð Þ ¼ v16 Að Þ ut v16 Bð Þ; 4: v16 A ^f B
� �

¼ v16 Að Þ tf v16 Bð Þ;
2: v16 A _t Bð Þ ¼ v16 Að Þ tt v16 Bð Þ; 5: v16 A _f B

� �
¼ v16 Að Þ uf v16 Bð Þ;

3: v16 �tAð Þ ¼ �tv16 Að Þ; 6: v16 �f A
� �

¼ �f v16 Að Þ:

This definition naturally extends a 16-valuation v16 to a valuation of compound
formulas, thereby providing a natural machinery for an evaluation of arbitrary
formulas from Ltf :

13 In this way, SIXTEEN3 allows a nontrivial coexistence of
pairs of different (although analogous) logical connectives without collapsing them
into each other. It may be helpful to think of ^t;_t; �t in terms of the presence of
truth and to treat ^f ;_f ; �f as essentially highlighting the absence of falsity in the
sense that, e.g., T 2 x ut y iff (T 2 x and T 2 y); and F 62 x tf y iff (F 62 x and
F 62 y). See also the corresponding discussion in Sect. 8.2.

Incidentally, one may notice that SIXTEEN3 in a way ‘‘improves’’ some perhaps
disputable aspects of FOUR2: It has been observed that the account of the truth
functions applied to the ‘‘nonstandard’’ truth values (N and B) in FOUR2 looks a
bit ‘‘puzzling’’ or even ‘‘odd’’ (see [4, pp. 516–518]). Indeed, intuitively it is not so
evident why we should get N ^ B ¼ F and N _ B ¼ T: SIXTEEN3 offers in fact a
quite different account of gaps and gluts. Their conjunction, for example, can
produce again either a gap or a glut, depending on whether we wish to stress the
presence of truth (using ^t) or the absence of falsity (using ^f ).

3.6 Another Example of a Trilattice: Truth Values
in Constructive Logics

In the concluding section of this chapter, we present another implementation of a
trilattice isomorphic to SIXTEEN3 based on what has been called in [231] a ‘‘truth
values space of constructive logics’’. As it has been observed in [231, p. 767], the
constructive character of such logics as, e.g., intuitionistic or minimal logic, finds its
expression in what can be dubbed a ‘constructive understanding of truth’ which these
logics adopt. A sentence is said to be constructively true if and only if it is proved. A
natural counterpart of this notion of constructive truth is the notion of constructive
falsity interpreted as refutation: a sentence is constructively false if and only if it is

13 Note that according to Propositions 3.2 and 3.4, any 16-valuation for an arbitrary formula A
can be unambiguously modeled by a certain combination of the expressions N 2 v16 Að Þ;F 2
v16 Að Þ;T 2 v16 Að Þ;B 2 v16 Að Þ and their negations. For example v16 Að Þ ¼ NT is representable
as N 2 v16 Að Þ;F 62 v16 Að Þ;T 2 v16 Að Þ and B 62 v16 Að Þ; etc. This will greatly simplify the
whole semantic exposition, see Chap. 5.
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refuted. In terms of truth values, this means an acceptance of the corresponding
constructive truth values: the constructive truth and the constructive falsehood.

Not any constructive logic obligatorily makes use of both these truth values. It
may well be the case that, e.g., only the notion of truth employed in this or that
logic is constructive, whereas falsity is taken in a non-constructive sense. Thus, the
above mentioned pair of constructive truth values can be naturally complemented
by two non-constructive ones, and in this way we arrive at the following four basic
truth values for a truth value space of constructive logics considered in
[231, p. 774]:

T—constructive truth (a sentence is proved);
F—constructive falsehood (a sentence is refuted);
t—non-constructive truth (a sentence is not refuted, i.e., it is acceptable);
f—non-constructive falsehood (a sentence is not proved, i.e., it is rejectable).

Intuitionistic logic can be interpreted as based on the pair of truth values hT; fi:
Another constructive logic, which involves both the constructive truth and the
constructive falsehood hT;Fi; is David Nelson’s logic of constructible falsity
[180]. One can formulate dual intuitionistic logic as a purely falsificationistic logic
in which only falsity is constructive, and truth is not: ht;Fi; see [229]. Dual
intuitionistic logic has been considered by many authors, see, for example, [123,
203, 255, 271].

Now it is possible to obtain on the basis of the above four truth values the set of
generalized constructive truth values by considering all the combinations of ele-
ments of the basic set14:

���
;
�

T
�
;
�

F
�
;
�

t
�
;
�

f
�
;
�

T;F
�
;
�

T; t
�
;
�

T; f
�
;
�

F; t
�
;
�

F; f
�
;
�

t; f
�
;�

T;F; t
�
;
�

T;F; f
�
;
�

T; t; f
�
;
�

F; t; f
�
;
�

T;F; t; f
��
:

One can straightforwardly define on this set an information order �i as the
subset relation. Moreover, a logical order �l as a unified truth-and-falsity order
can also be introduced. Namely, for every generalized constructive truth value x let
us mark by xTtðxFf Þ the part of x that contains exactly those of the values T or t

(F or f) that are in x: Then, it is possible to define: x �l y, xTt � yTt and yFf �
xFf : One can also observe that as soon as we deal with generalized truth values of
constructive logics, we have to take into account another important property that
essentially characterizes each such truth value, the property of constructivity.
Indeed, each of these truth values possesses not only some degree of information
and truth but also a certain degree of constructivity. This means that we have here

14 An approach to a generalization of truth values in intuitionistic logic and formulating on this
base the notion of a relevant intuitionistic entailment has been developed in [222–226]. Dunn in
[80] presents the results of a similar generalization of Nelson’s logic. The construction below
arises from a unification of both approaches into a joint framework. An intuitionistic
(constructive) relevant logic has also been developed by some other authors, Garrel Pottinger
and Neil Tennant among them, see, for example, [195, 249, 250].
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another partial ordering ð�cÞ which represents an increase in constructivity
(or a decrease in non-constructivity). For every x; the part of x that contains exactly
those of the values T or F (t or f) that are in x is marked by xTFðxtf Þ: Then:
x �c y, xTF � yTF and ytf � xtf :

We again omit brackets and commas in our notation for generalized truth
values, and write N instead of fg: Each of the three partial orderings defined above
form a complete lattice. TFtf and N are respectively the lattice top and bottom
relative to �i; Tt and Ff the bounds relative to �t; and TF and tf relative to �c:
Indeed, TFtf and N are the most and the least informative elements in the set of
sixteen generalized constructive truth values, Tt and Ff are the most and the least
true (the least and the most false) of its elements, and TF and tf are the most and
the least constructive elements. We denote the resulting trilattice as SIXTEENc

3 and
present it by a triple Hasse diagram as in Fig. 3.7.

In this book, we will not delve further into an investigation of SIXTEENc
3: Our

purpose in presenting it here is to give an interesting (and historically the first)
exemplification of a sixteen-valued trilattice of truth values. We believe that such
an investigation may constitute the subject of a separate research project on
generalized constructive logics and their semantic foundations. In Chap. 7 we will
present another approach to a generalization of intuitionistic logic on the base of
SIXTEEN3:

≤c

≤i

≤l

TFtf

TF

tf

N

Ff Tf Ft Tt

TFf TFt

Ftf Ttf

F T

f t

Fig. 3.7 Trilattice
SIXTEENc

3 (projection
�i � �l)
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Chapter 4
Generalized Truth Values: SIXTEEN3

and Beyond

Abstract In this chapter we define two principal entailment relations on
SIXTEEN3, one determined by the truth order and another determined by the
falsity order. It turns out that the logics generated separately by the algebraic
operations under the truth order and under the falsity order in SIXTEEN3 coincide
with the logic of FOUR2, namely first-degree entailment. In the present setting,
however, it becomes rather natural to consider also logical systems in the language
obtained by combining the vocabulary of the logic of the truth order and the falsity
order. Some important fragments of these combined logics are axiomatized. We
also consider iterated powerset formation applied to 4 and introduce Belnap tri-
lattices. These structures again give rise to relations of truth entailment and falsity
entailment. It is observed that the logic of truth and the logic of falsity for every
Belnap trilattice is one and the same, namely again, first-degree entailment.
Finally, we consider Priest’s notion of hyper-contradiction and examine some
approaches to generalizations of Priest’s logic of Paradox and Kleene’s logic of
uncertainty.

4.1 Entailment Relations on SIXTEEN3

Returning back to SIXTEEN3 we may notice—following Belnap [4, p. 518]—that
at this point we have a nice algebraic structure, but we still do not have a logic.
To get a full-fledged logic, a mere lattice of truth values is not enough (no matter
how beautiful it is)—this lattice also has to be equipped with a suitable entailment
relation. The canonical way to do so is to define entailment just through the logical
order as it is done, e.g., in FOUR2 by using �t (see Definition 3.2).

But in SIXTEEN3—as it was noted above—we actually have two distinct
logical orders (one for truth and one for falsity), and it would be hardly justifiable
to prefer the truth order over the (non-)falsity order as ‘‘the most proper’’ repre-
sentative of the notion of logical inference. This means that we get at least three

Y. Shramko and H. Wansing, Truth and Falsehood, Trends in Logic 36,
DOI: 10.1007/978-94-007-0907-2_4, � Springer Science+Business Media B.V. 2011
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options: to consider the logic of the truth order (only), to deal with the logic of the
falsity order (only), and to define a logic based on both orderings.

Recall that we consider languages Lt, Lf , and Ltf syntactically defined in
Backus–Naur form as follows:

Lt : A ::¼ pj�tj ^t j_t

Lf : A ::¼ pj�f j ^f j_f

Ltf : A ::¼ pj�tj�f j ^t j _t j ^f j_f

Belnap [4, p. 518] thinks of a logic as ‘‘rules for generating and evaluating
inferences’’. That is, any logic has to provide means at least either for generating
(valid) inferences (what is usually done by constructing a suitable syntactic logical
system (calculus)), or for evaluating them (usually, by formulating a suitable class
of semantical models). Let us first concentrate on the latter task. Typically a
(semantic) definition of an entailment relation provides a method for checking the
validity of (i.e., for evaluating) any inference. And clearly, we can use both the
truth order and the falsity order of SIXTEEN3 to obtain, in a straightforward way,
the corresponding definitions (for arbitrary formulas A;B 2Ltf ). Consider first the
ordering �t:

Definition 4.1 A �16
t B iff 8v16 v16 Að Þ�t v16 Bð Þ

� �
.1

This definition gives a precise semantic characterization of the logic that cor-
responds to the order �t in SIXTEEN3. That is, the (semantically defined) logic
ðLtf ;�16

t Þ is the set of all statements A �16
t B with A;B 2Ltf such that for every

16-valuation v16, v16ðAÞ�t v16ðBÞ. Paraphrasing Belnap [4, p. 518] we might state
that having an argument involving any inferential connections in the language Ltf ,
we can now unambiguously decide whether ‘‘it is a good one’’ from the standpoint
of the truth order.

The entailment relation in accordance with the falsity order can be naturally
defined as follows.

Definition 4.2 A �16
f B iff 8v16 v16 Bð Þ�f v16 Að Þ

� �
.

In this way the (semantically defined) logic ðLtf ;�16
f Þ is introduced as the set

of all statements A �16
f B with A;B 2Ltf such that for every 16-valuation v16,

v16ðBÞ�f v16ðAÞ. It provides an apparatus for evaluating inferences from the
standpoint of the falsity order.

It is not difficult to see that �16
t and �16

f present in fact different relations, since,

e.g. A ^t B �16
t A holds, whereas A ^t B �16

f A does not. Thus, the trilattice
SIXTEEN3 comes with two natural definitions of non-equivalent entailment

1 This definition introduces a relation between (two) formulas. It is not difficult to extend it to the
case when we deal with a set of premises (see Definition 1.5), or to a relation between arbitrary
sets of formulas (see, e.g., Definition 8.12 below).
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relations reflecting an increase of truth and decrease of falsity. Therefore, it seems
quite natural to conceive of the unified logic of SIXTEEN3 as a bi-consequence
system comprising two kinds of entailment relations.2 This consideration leads us
to the following definition:

Definition 4.3 The bi-consequence logic ðLtf ;�16
t ;�16

f Þ is the set of all true

statements A �16
x B, where A;B2Ltf , and x ¼ t or x ¼ f .

The peaceful co-existence of two entailment relations in one and the same logic
may be useful because it may well make a difference whether we reason along
the truth order or the non-falsity order. The idea is that our reasoning may com-
prise more than just one kind of valid inferences, and we should be able to use the
suitable argumentation pattern as applicable.

4.2 First-Degree Systems for SIXTEEN3

Our next task is to obtain rules for generating (in a systematic way) valid
inferences. To this effect we have to formalize the logics ðLtf ;�16

t Þ and
ðLtf ;�16

f Þ, i.e., to characterize them syntactically by means of suitable deductive
systems. In this chapter we approach this task using the apparatus of first-degree
consequence. We introduce complete (first-degree) systems for some important
fragments of the language Ltf , leaving the syntactic formalization of truth
entailment and falsity entailment in extensions of ðLtf ;�16

t Þ and ðLtf ;�16
f Þ to

the next chapter.

4.2.1 The Languages Lt; Lf and Systems FDEt
t; FDEf

f

Let us first separately investigate logics that are generated by algebraic operations
solely determined by the truth order and logics that are generated by algebraic
operations solely determined by the falsity order.

We start with considering the language Lt with ^t, _t and �t as propositional
connectives. Having a 16-valuation v16, we can standardly use Definition 3.7
(1)–(3) and Propositions 3.2 (1), (2) and 3.4 (1) for evaluating any formula of the
language Lt.

We prove now an important lemma, which will make our semantical consid-
erations much easier:

2 Cf. the formalism of ‘‘biconsequence relations’’ developed by A. Bochman in [38].
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Lemma 4.1 In SIXTEEN3 the following clauses are all equivalent (for any
A;B 2Lt):

(a) 8v16 F 2 v16 Bð Þ ) F 2 v16 Að Þ
� �

(b) 8v16 N 2 v16 Bð Þ ) N 2 v16 Að Þ
� �

(c) 8v16 T 2 v16 Að Þ ) T 2 v16 Bð Þ
� �

(d) 8v16 B 2 v16 Að Þ ) B 2 v16 Bð Þ
� �

:

Proof This is a generalization (and, in fact, an extension) of Dunn’s analogous
result for FOUR2 (see, e.g., the proof of Proposition 4 in [80, p. 10]).

ðaÞ ) ðbÞ: First, we define for any valuation v16 a t-counterpart valuation v160

as follows:

T 2 v160 pð Þ , B 2 v16 pð Þ; B 2 v160 pð Þ , T 2 v16 pð Þ;
F 2 v160 pð Þ , N 2 v16 pð Þ; N 2 v160 pð Þ , F 2 v16 pð Þ:

An easy induction extends v160 to any formula of Lt.
Now, let 8v16 F 2 v16 Bð Þ ) F 2 v16 Að Þ

� �
. Assume 9v16ðN 2 v16ðBÞ and

N 62 v16ðAÞÞ. Then F 2 v160 Bð Þ and F 62 v160 Að Þ. A contradiction.
ðbÞ ) ðcÞ: For any valuation v16 we define a t-dual valuation v16� as follows:

T 2 v16� pð Þ , N 62 v16 pð Þ; B 2 v16� pð Þ , F 62 v16 pð Þ;
F 2 v16� pð Þ , B 62 v16 pð Þ; N 2 v16� pð Þ , T 62 v16 pð Þ;

and show by induction that it can be extended to any formula of Lt.
Let 8v16 N 2 v16 Bð Þ ) N 2 v16 Að Þ

� �
. Assume 9v16ðT 2 v16ðAÞ and T 62 v16ðBÞÞ.

Then N 62 v16� Að Þ and N 2 v16� Bð Þ. A contradiction.
ðcÞ ) ðdÞ: Let a t-counterpart valuation be defined as above, and let 8v16ðT 2

v16ðAÞ)T 2 v16ðBÞÞ. Assume 9v16 B 2 v16 Að Þ and B 62 v16 Bð Þ
� �

. Then T 2 v160 Að Þ
and T 62 v160 Bð Þ. A contradiction.
ðdÞ ) ðaÞ: Let a t-dual valuation be defined as above. Let 8v16ðB 2 v16ðAÞ )

B 2 v16ðBÞÞ. Assume 9v16ðF 2 v16 Bð Þ and F 62 v16 Að ÞÞ. Then B 62 v16� Bð Þ and
B 2 v16� Að Þ. A contradiction. h

To what extent Lemma 4.1 simplifies our analysis should be clear from the
following lemma:

Lemma 4.2 For any A;B 2Lt: A �16
t B iff 8v16ðT 2 v16ðAÞ ) T 2 v16ðBÞÞ:

Proof In view of the previous lemma, our claim is equivalent with
For any A;B 2Lt: A �16

t B iff

ð�Þ 8v168yððð9x 2 16Þ y 2 x & T 2 yÞ ) ðy 2 v16ðAÞ ) y 2 v16ðBÞÞÞ
& 8v168yððð9x 2 16Þ y 2 x & T 62 yÞ ) ðy 2 v16ðBÞ ) y 2 v16ðAÞÞÞ:

): If A �16
t B, by definition, 8v16ðv16ðAÞ�tv16ðBÞÞ, and thus (i) v16ðAÞt �

v16ðBÞt and (ii) v16ðBÞ�t � v16ðAÞ�t. By (i), if T 2 y 2 v16ðAÞ, then y 2 v16ðBÞ.
By (ii), if T 62 y 2 v16ðBÞ, then y 2 v16ðAÞ.
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(: Suppose (*) holds. We must show that 1. v16ðAÞt � v16ðBÞt and
2. v16ðBÞ�t � v16ðAÞ�t. Ad 1.: Let y 2 v16ðAÞt. Then T 2 y and y 2 v16ðAÞ. Sup-
pose y 62 v16ðBÞt. Then y 62 v16ðBÞ or T 62 y. But since T 2 y, we have y 62 v16ðBÞ.
Since y 2 v16ðAÞ, by (*), y 2 v16ðBÞ, a contradiction. Ad 2.: Let y 2 v16ðBÞ�t. Then
T 62 y and y 2 v16ðBÞ. Suppose y 62 v16ðAÞ�t. Then y 62 v16ðAÞ or T 2 y. But since
T 62 y, we have y 62 v16ðAÞ. By (*), y 62 v16ðBÞ, a contradiction. h

Now we are in a good position to answer the question about the syntactic
system that corresponds to the entailment relation introduced by Definition 4.1
when A;B 2Lt. For formulas built up from ^t, _t and �t this relation can be
axiomatized by a (first-degree) consequence system which we call FDEt

t.
The superscript indicates the type of language used, and the subscript explicates
the kind of consequence. The system is thus a pair Lt;‘tð Þ, where ‘t is a binary
relation (consequence) on the language Lt satisfying the following postulates
(axiom schemes and rules of inference):

at1. A ^t B ‘t A
at2. A ^t B ‘t B
at3. A ‘t A _t B
at4. B ‘t A _t B
at5. A ^t B _t Cð Þ ‘t A ^t Bð Þ _t C
at6. A ‘t�t�tA
at7. �t�tA ‘t A

rt1. A ‘t B;B ‘t C=A ‘t C
rt2. A ‘t B;A ‘t C=A ‘t B ^t C
rt3. A ‘t C;B ‘t C=A _t B ‘t C
rt4. A ‘t B=�tB ‘t �tA.

Note that the postulates of FDEt
t are direct analogues of the postulates of the

first-degree entailment system Efde from [3, p. 158] (Dunn in [77] dubs it Rfde,
emphasizing thus the fact that it is simultaneously a fragment of both relevance
logics E and R). In our view, this observation reinforces the claim that the logic of
first-degree entailment is a significant logical system that can be arrived at using
different well-motivated approaches.

First, we prove the consistency (soundness) of FDEt
t relative to �16

t .

Theorem 4.1 For any A;B 2Lt: If A ‘t B, then A �16
t B.

Proof Taking into account Lemma 4.2, it suffices to prove that (1) if A ‘t B is an
axiom of FDEt

t, then 8v16 T 2 v16 Að Þ ) T 2 v16 Bð Þ
� �

, and (2) all the rules of FDEt
t

preserve this property. This is mainly a routine check (employing Propositions
3.2 (1), (2) and 3.4 (1)) and can be safely left to the reader, except for rt4 which, in
addition, needs Lemma 4.1 for its justification. Indeed, assume A �16

t B, i.e.,
8v16 T 2 v16 Að Þ ) T 2 v16 Bð Þ

� �
(Lemma 4.2). Then, by Lemma 4.1, 8v16 N 2ð

v16 Bð Þ ) N 2 v16 Að ÞÞ. Suppose �tB 216
t �tA, i.e., 9v16ðT 2 v16 �tBð Þ and
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T 62 v16 �tAð ÞÞ. Then 9v16ðN 2 v16 Bð Þ and N 62 v16 Að ÞÞ (Proposition 3.4)—a
contradiction. h

To prove completeness we have to construct a suitable canonical model. Let a
theory be a set of sentences closed under ‘t (i.e., for every theory a, if A 2 a and
A ‘t B, then B 2 a) and ^t (if A 2 a and B 2 a, then A ^t B 2 a). A theory a is
prime iff the following holds: if A _t B 2 a, then A 2 a or B 2 a. The following
fact about prime theories (Lindenbaum’s lemma) is very well known; a proof is
given, e.g., in [80, p. 13]:

Lemma 4.3 For any A and B 2Lt, if A0t B, then there exists a prime theory a
such that A 2 a and B 62 a.

We next consider ordered pairs of prime theories. For any ordered pair of prime
theories T ¼ a1; a2h i we define the canonical 16-valuation v16

T as follows:

N 2 v16
T pð Þ iff �tp 2 a1; F 2 v16

T pð Þ iff �tp 2 a2;
T 2 v16

T pð Þ iff p 2 a1; B 2 v16
T pð Þ iff p 2 a2:

Now we can show that the canonical 16-valuation so defined is naturally
extended to any formula of the language:

Lemma 4.4 Let v16
T be defined as above. Then for any formula A 2Lt:

N 2 v16
T Að Þ iff �tA 2 a1; F 2 v16

T Að Þ iff �tA 2 a2;
T 2 v16

T Að Þ iff A 2 a1; B 2 v16
T Að Þ iff A 2 a2:

Proof This is a usual induction on the construction of formulas. We show only the
case with negation while leaving other cases to the reader.

Let A ¼ �tB, and suppose the lemma holds for B. Then we have:

N 2 v16
T �tBð Þ , T 2 v16

T Bð Þ (Proposition 3.4) , B 2 a1 (inductive assumption)
, �t�tB 2 a1 (at6).

F 2 v16
T �tBð Þ , B 2 v16

T Bð Þ (Proposition 3.4) , B 2 a2 (inductive assumption)
, �t�tB 2 a2 (at6).

T 2 v16
T �tBð Þ , N 2 v16

T Bð Þ (Proposition 3.4), �tB 2 a1 (inductive assumption).
B 2 v16

T �tBð Þ , F 2 v16
T Bð Þ (Proposition 3.4), �tB 2 a2 (inductive assumption).

h

And finally, the following theorem establishes completeness:

Theorem 4.2 For any A;B 2Lt: If A �16
t B, then A ‘t B.

Proof Let A �16
t B. For the sake of contradiction, assume A0t B. Then, by

Lemma 4.3, there exists a prime theory a such that A 2 a and B 62 a. Consider a
pair of prime theories T ¼ b1; b2h i such that a ¼ b1, and b2 is arbitrary. Then we
have T 2 v16

TðAÞ and T 62 v16
TðBÞ. A contradiction (by Lemma 4.2). h
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It is quite natural to suppose that the logic determined by the falsity order in a
given language should be perfectly dual to the logic of the truth order in this
language. Namely, we should be able to obtain axiomatic presentations of these
logics from one another simply by exchanging the ‘t’ and ‘f ’ subscripts in the
postulates of the corresponding systems.

Thus, we can consider the language Lf with propositional connectives ^f , _f ,
and �f . A 16-valuation is extended to compound formulas of Lf by Definition

3.7 (4)–(6) and Propositions 3.2 (3), (4) and 3.4 (2). We obtain the system FDEf
f ¼

Lf ;‘f

� �
just by replacing ^t, _t, �t and ‘t in the axioms and rules of FDEt

t by ^f ,

_f , �f ; and ‘f , respectively. The proofs of soundness and completeness of FDEf
f

with respect to the relation �16
f (restricted to the language Lf ) introduced by

Definition 4.2 are analogous mutatis mutandis to the corresponding proofs for
FDEt

t.

4.2.2 The Language Ltf for £t and £f

The systems FDEt
t and FDEf

f are quite standard. Each of these systems is
formulated in a customary language with conjunction, disjunction and negation,
and it is equipped with a suitable entailment relation corresponding to the truth
ordering and the falsity ordering in SIXTEEN3, respectively. But what kind of
logical systems can we get by axiomatizing the relations �16

t (introduced by
Definition 4.1) and �16

f (Definition 4.2) when they are extended to richer
fragments of the language Ltf (or even up to the whole language)?

Let us first consider the relation �16
t . It turns out that in the presence of formulas

with ^f , _f and �f , the previous Lemmas 4.1 and 4.2 require some essential
modifications (restrictions).

Lemma 4.5 For any A, B 2Ltf in SIXTEEN3, the clause (a) from Lemma 4.1 is
equivalent to the clause (c), and (b) is equivalent to (d).

Proof We prove here only the case ðcÞ ) ðaÞ because the other cases are
analogous.

For any 16-valuation v16 we define a tf -dual valuation v16# as follows:

T 2 v16# pð Þ , F 62 v16 pð Þ; B 2 v16# pð Þ , N 62 v16 pð Þ;
F 2 v16# pð Þ , T 62 v16 pð Þ; N 2 v16# pð Þ , B 62 v16 pð Þ:

An induction on the construction of formulas shows that these conditions also
hold for any formula A 2Ltf . Let 8v16ðT 2 v16 Að Þ ) T 2 v16 Bð ÞÞ and assume
there exists a 16-valuation v16 such that F 2 v16 Bð Þ and F 62 v16 Að Þ. Then T
62 v16# Bð Þ and T 2 v16# Að Þ, which contradicts the assumption. h
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Lemma 4.6 For any A;B 2Ltf :

A �16
t B iff ðaÞ 8v16ðT 2 v16ðAÞ ) T 2 v16ðBÞÞ and

ðbÞ 8v16ðB 2 v16ðAÞ ) B 2 v16ðBÞÞ:

Proof Mutatis mutandis, as in Lemma 4.2, taking into account that (*) from
Lemma 4.2 is also equivalent to the right hand side of the statement in the present
lemma. h

The logical system that should correspond to the logic ðLtf ;�16
t Þ defined in the

previous section can be denoted as FDEtf
t ¼ Ltf ;‘t

� �
.

As a first step toward axiomatizing FDEtf
t , we enrich the language Lt by

another negation operator and consider the language Ltþ�f :¼ f^t;_t;�t;�f g.
Now we can introduce the system FDE

tþ�f
t ¼ Ltþ�f ;‘t

� �
, where ‘t is the binary

relation on Ltþ�f satisfying the axioms and rules of inference at1� at7, r1 � r4

stated above, as well as the following additional postulates for �f :

at8. A ‘t �f�f A
at9. �f�f A ‘t A

at10. �f�tA ‘t �t�f A

rt5. A ‘t B=�f A ‘t �f B.

It is not difficult to show (using Lemmas 4.5 and 4.6) that Theorem 4.1 holds for
any formula of the language Ltþ�f . That is, we have:

Theorem 4.3 For any A;B 2Ltþ�f : If A ‘t B, then A �16
t B.

Note that the following statements are theorems of FDE
tþ�f
t :

tt1. �f A ^t Bð Þ ‘t �f A ^t �f B;
tt2. �f A ^t �f B ‘t �f A ^t Bð Þ;
tt3. �f A _t �f B ‘t �f A _t Bð Þ;
tt4. �f A _t Bð Þ ‘t �f A _t �f B;
tt5. �t�f A ‘t �f�tA:

To prove completeness, we continue to deal with prime theories closed under
‘t. But now for any theory a, we define the set of formulas

a� :¼ A j �f A 2 a
� �

:

Lemma 4.7 Let a be a theory and let a� be defined as above. Then:

1. a� is a theory;
2. �f A 2 a� iff A 2 a;
3. a� is prime iff a is prime.
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Proof

1. Assume A ‘t B and A 2 a�. Then, by rt5 �f A ‘t �f B and by definition of
a�;�f A 2 a. Hence �f B 2 a, and thus B 2 a�. Next, assume A 2 a� and
B 2 a�. Then �f A 2 a and �f B 2 a. Hence, �f A ^t �f B 2 a, and by tt2
�f A ^t Bð Þ 2 a. By definition of a�;A ^t B 2 a�.

2. �f A 2 a� , �f�f A 2 a (by definition) , A 2 a by at8; at9ð Þ.
3. ): Assume a is not prime. Then there are A and B such that A _t B 2 a, and

A 62 a, and B 62 a. Then, by (2) above, �f A _t Bð Þ 2 a�, and �f A 62 a�, and
�f B 62 a�. By tt4,�f A _t �f B 2 a�, and hence a� is not prime.(: Assume a� is
not prime. Then there are A and B such that A _t B 2 a�, and A 62 a�, and B 62 a�.
By definition of a�, we have: �f A _t Bð Þ 2 a, and �f A 62 a, and �f B 62 a.
Arguing as above we conclude that a is not prime. h

The definition of a� and Lemma 4.7 immediately call to mind the famous
‘‘Routley star operator’’ used for defining a negation operator in the ‘‘Australian
semantics’’ for relevance logic. In fact, the Routley star � represents an algebraic
operation known as involution (see, e.g., [1, 32, 138]). In view of this, �f can be
naturally interpreted as an object language involution connective with respect to
‘t, whereas �t stands for a negation relative to ‘t. It is quite remarkable that
SIXTEEN3 allows us to deal with �f and �t simultaneously, thereby delivering
interesting new evidence for a deep interrelation between the ‘‘Australian’’ and the
‘‘American’’ semantics (cf. [79, pp. 45–47]).

For any prime theory a we define the canonical 16-valuation v16
a as follows3:

N 2 v16
a pð Þ iff �tp 2 a; F 2 v16

a pð Þ iff �tp 2 a�;
T 2 v16

a pð Þ iff p 2 a; B 2 v16
a pð Þ iff p 2 a�.

We can then prove a valuation lemma:

Lemma 4.8 Let v16
a be defined as above. Then for any formula A 2Ltþ�f :

N 2 v16
a Að Þ iff �tA 2 a; F 2 v16

a Að Þ iff �tA 2 a�;
T 2 v16

a Að Þ iff A 2 a; B 2 v16
a Að Þ iff A 2 a�:

Proof Again, as in the proof of Lemma 4.4, we consider only the case with
negation. Let A ¼ �f B, and the lemma holds for B. Then we have:

N 2 v16
a �f B
� �

, F 2 v16
a Bð Þ (Proposition 3.4) , �tB 2 a� (inductive assump-

tion) , �f�tB 2 a (definition of a�) , �t�f B 2 a (at10).

3 Incidentally, it turns out that it is possible to apply a similar construction in the completeness
proof for FDEt

t , too. Namely, consider a� :¼ A j �tA 62 af g. Then, even for formulas of the
‘‘pure’’ language Lt, we can simply define a canonical valuation v16

a for any prime theory a as
above (instead of dealing with arbitrary pairs of prime theories and the canonical valuation v16

T).
However, in this case such a construction is not necessary, and one can content oneself with
just pairs of theories which are totally independent of each other.
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F 2 v16
a �f Bð Þ
� �

, N 2 v16
a Bð Þ (Proposition 3.4) , �tB 2 a (inductive assump-

tion) , �f�tB 2 a� (Lemma 4.7.2) , �t�f B 2 a� (at10).
T 2 v16

a �f Bð Þ
� �

, B 2 v16
a Bð Þ (Proposition 3.4), B 2 a� (inductive assumption)

, �f Bð Þ 2 a (definition of a�).
B 2 v16

a �f Bð Þ
� �

, T 2 v16
a Bð Þ (Proposition 3.4) , B 2 a (inductive assumption)

, �f Bð Þ 2 a� (Lemma 4.7.2). h

This immediately leads us to a proof of the desired completeness theorem:

Theorem 4.4 For any A;B 2Ltþ�f : If A �16
t B, then A ‘t B.

Proof Let A �16
t B. Assume A0t B. Then, by Lemma 4.3 there exists a prime

theory a such that A 2 a and B 62 a. Taking the canonical valuation v16
a , we have

T 2 v16
a A and T 62 v16

a B. A contradiction (by Lemma 4.6). h

It is interesting to observe that by setting �A :¼ �f�tA, we obtain another
unary connective, which appears to be another kind of negation. It is not difficult to

show that the following statements are theorems of FDE
tþ�f
t :

tt6. � A ^t Bð Þ ‘t �A _t �B;
tt7. �A ^t �B ‘t � A _t Bð Þ;
tt8. �A _t �B ‘t � A ^t Bð Þ;
tt9. � A _t Bð Þ ‘t �A ^t �B;

tt10. A ‘t ��A;
tt11. ��A ‘t A;

Also contraposition holds:

rt6. A ‘t B=�B ‘t �A:

Semantically, * is characterized by Proposition 3.4 (3) and the following
definition:

Definition 4.4 For any A and B: v16 �Að Þ ¼ �tf v16 Að Þ.

The logic ðLtf ;�16
f Þ and the system FDEtf

f are defined in analogy to the

definitions of ðLtf ;�16
t Þ and FDEtf

t . On the way to axiomatizing FDEtf
f , we

consider the language Lfþ�t :¼f^f ;_f ;�f ;�tg. We can introduce the system

FDEfþ�t
f ¼ ðLfþ�t ;‘f Þ, where ‘f is the binary relation on Lfþ�t satisfying the

dualized versions of the axioms and rules of ðLtþ�f ;‘tÞ.
As to the connective � defined above, it can be shown that in FDEfþ�t

f the
statements tf 6� tf 11 and the rule rf 6 hold, which are obtained from tt6� tt11 and
rt6 by uniformly replacing the subscript ‘t’ with ‘f ’. Thus, whereas�t is a negation
connective relative to �t but an involution connective relative to �f and �f is a
negation for �f but an involution for �t,� is a negation connective with respect to
both logical orderings. Therefore, � can be seen as a generalized logical negation.
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The problem of constructing complete logical systems for the whole language
Ltf will be considered in the next chapter.

4.3 First-Degree Everywhere

In the previous section we have, in particular, shown that the logics determined
separately by the algebraic operations under the truth order and under the falsity
order in SIXTEEN3 coincide with the logic of FOUR2, namely they turned out to
be first-degree entailment. In the present section we extend this result to the infinite
case and argue to the effect that Belnap’s strategy of generalizing the set 2 ¼
fT ;Fg of classical truth values is not only coherent but also stabilizing. At any
stage, no matter how far it goes, the logic of the truth (falsity) order is again first-
degree entailment.

Let X be a basic set of truth values, P1ðXÞ :¼PðXÞ and PnðXÞ :¼ PðPn�1ðXÞÞ
for 1\n, n 2 N. We obtain an infinite collection of sets of generalized truth values
by considering the sets Pnð4Þ. As the starting point of our construction we choose
Pnð4Þ and not Pnð2Þ because the truth order in FOUR2 is not just a truth order but
rather a truth-and-falsity order. The information ordering �i on any set of gen-
eralized truth values is just the subset relation. In order to define a truth ordering
�t on Pnð4Þ, we define for every x 2 Pnð4Þ the set xt of its ‘‘truth-containing’’
elements and the set x�t of its ‘‘truthless’’ elements:

xt :¼ fy0 2 x j ð9y1 2 y0Þ ð9y2 2 y1Þ. . .ð9yn�1 2 yn�2Þ T 2 yn�1g;
x�t :¼ fy0 2 x j :ð9y1 2 y0Þ ð9y2 2 y1Þ. . .ð9yn�1 2 yn�2Þ T 2 yn�1g:

To define a falsity ordering �f on Pnð4Þ, we define for every x 2 Pnð4Þ the set
xf of its ‘‘falsity-containing’’ elements and the set x�f of its ‘‘falsityless’’ elements
analogously:

xf :¼ fy0 2 xjð9y1 2 y0Þ ð9y2 2 y1Þ. . .ð9yn�1 2 yn�2Þ F 2 yn�1g;
x�f :¼ fy0 2 xj:ð9y1 2 y0Þ ð9y2 2 y1Þ. . .ð9yn�1 2 yn�2Þ F 2 yn�1g:

Thus, x�t ¼ x n xt and x�f ¼ x n xf .4 We call x t-positive (t-negative, f -positive,
f -negative) iff xt ðx�t, xf , x�f Þ is non-empty. We denote by Pnð4Þt (Pnð4Þ�t,

Pnð4Þf , Pnð4Þ�f ) the set of all t-positive (t-negative, f -positive, f -negative) ele-
ments of Pnð4Þ.

Now all three partial orders can be introduced for any Pnð4Þ by means of
Definition 3.5 suitably modified (i.e., with xt; x�t; xf ; and x�f redefined as above).
We next define an important class of trilattices which we call Belnap trilattices:

4 The definitions of xt; x�t; x f and x�f generalize the corresponding definitions from Sect. 3.5.
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Definition 4.5 A Belnap trilattice is a structure

Mn
3 :¼ ðPnð4Þ;ui;ti;ut;tt;uf ;tf Þ;

where ui ðut, uf Þ is the lattice meet and ti ðtt, tf Þ is the lattice join with respect
to the ordering �i ð�t,�f Þ on Pnð4Þ.

Thus, SIXTEEN3 ð¼M1
3) is the smallest Belnap trilattice. Furthermore, if we

have a Belnap trilattice, we may wish to equip it with appropriate operations of
inversion, as it is done, e.g., for SIXTEEN3 in accordance with Definition 3.6.
Let us generalize the approach to t-, f -, and i-inversions developed in Sect. 3.5.
Recall that in a multilattice with several partial orders an operation of this kind
should not only invert the corresponding ordering, but also preserve all the other
orders.

Definition 4.6 Let Mn ¼ ðS; �1; . . .; �nÞ be a multilattice and 1� j� n. Then a
unary operation �j on S is said to be a (pure) j-inversion iff the following
conditions are satisfied:

ðisoÞ x�1 y) �jx�1 �j y;

..

.

ðantiÞ x�j y) �jy�j �j x;

..

.

ðisoÞ x�n y) �jx�n �j y;
ðper2Þ �j �jx ¼ x:

Moreover, for certain orderings it could be useful to consider combined
inversion operations so that, e.g., 23-inversion would invert simultaneously both
�2 and �3, leaving the other partial orders untouched.

Condition ðantiÞ from Definition 4.6 means that �j is antitone with respect to
�j, whereas the last condition is just the period two property. Both conditions
determine on a given multilattice a dual automorphism for �j, i.e., the property
x �j y iff �jy �j�jx. Birkhoff [34] calls a dual automorphism of period 2
involution. However, nowadays it is more customary to call an involution just any
operator of period 2. Dunn [3, p. 193] calls an operation satisfying the conditions
(anti) and ðper2Þ from Definition 4.6 intensional complementation and remarks
that it is not generally a Boolean complementation. In [81, Sect. 3.13] various
kinds of non-classical complementation are considered by introducing various
conditions for these operations. In a multilattice-framework, though, it is important
that any inversion defined relative to some partial order is not only antitone with
respect to this very order but also isotone with respect to all the remaining
orderings.

Note that Definition 4.6 is a sort of a ‘‘frame-definition’’ which only sets up the
basic conditions for some operation, provided this operation in fact exists. By itself
this definition does not guarantee the existence of the corresponding operation in
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every case (for a given structure). Table 3.1 from Sect. 3.5 defines t-inversion and
f -inversion for SIXTEEN3. The following theorem guarantees the existence of such
operations for any Belnap trilattice.

Theorem 4.5 For any Belnap trilattice Mn
3 there exist t-inversions and

f-inversions on Pnð4Þ.

Proof For any Mn
3 we can define an operation of t-inversion in a canonical way as

follows. Let x 2 Pnð4Þ. If x is empty, we define �tx ¼ x. If x 6¼£, we define �tx
by considering the elements y 2 x. Every y 2 x contains, at some depth of nesting,
elements from 4, i.e., £, fTg, fFg, or fT;Fg. We replace these elements
according to the following instruction:

£ is replaced by fTg
fTg is replaced by £

fFg is replaced by fF; Tg
fF; Tg is replaced by fFg.

Example If x is the value f f£; fFg; fF;Tgg; ffTg; fF; Tgg g, then
�tx ¼ fffTg; fF; Tg; fFgg; f£; fFgg g.

In other words, for every element of 4 in Pnð4Þ, �t introduces the classical T ,
where it is absent and excludes T from where it is present. Obviously, this defi-
nition of �tx preserves the information order �i since x and �tx have the same
cardinality. The falsity ordering �f is preserved, too, because the inclusion or
exclusion of T has no effect on the presence or absence of F. And clearly, the truth
ordering �t is inverted by definition and �t�tx ¼ x.

The canonical definition of an f -inversion is analogous. Let again x 2 Pnð4Þ.
If x is empty, we define �f x ¼ x. If x 6¼£, every y 2 x contains at some depth
of nesting elements from 4. We replace these elements according to the
following rule:

£ is replaced by fFg
fTg is replaced by fF; Tg
fFg is replaced by £

fF; Tg is replaced by fTg,

and observe that �f so defined satisfies the conditions required by Definition 4.6.
h

Thus, in what follows we can, without loss of generality, consider Belnap
trilattices with t-inversions and f -inversions.

Clearly, the lattice top 1t ofMn
3 with respect to the truth order �t (the lattice top 1f

with respect to the falsity order �f ) is Pn�1ð4Þt (Pn�1ð4Þf ), and the lattice bottom 0t

with respect to �t (0f with respect to �f ) isPn�1ð4Þ�t (Pn�1ð4Þ�f ). Since 0t�t �t 1t

and since 0t �t �t 1t iff 1t�t �t 0t, 1t ¼ �t0t. Moreover, 0t ¼ �t1t, 1f ¼ �f 0f , and
0f ¼ �f 1f . Note that any operation�t (�f ) satisfying the conditions of Definition 4.6
satisfies the De Morgan laws with respect to ut and tt (uf and tf ).
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Lemma 4.9

(a) Suppose, x is t-positive: Then

1. x 2 ðy ut zÞ iff ðx 2 y and x 2 zÞ and
2. x 2 ðy tt zÞ iff ðx 2 y or x 2 zÞ:

(b) Suppose; x is t-negative. Then

1. x 2 ðy ut zÞ iff ðx 2 y or x 2 zÞ and
2. x 2 ðy tt zÞ iff ðx 2 y and x 2 zÞ:

Proof (a) 1.): Obvious from the definition of meets and �t.(: Suppose x 2 y,
x 2 z, but x 62 ðy ut zÞ. Let X :¼ y�t [ z�t. Then fxg [ X�t y and fxg [ X�t z, but
fxg [ X £t ðy ut zÞ, implying that y ut z is not the greatest lower bound. (a) 2. (:
Obvious from the definition of joins and �t. ): Suppose x 2 ðy tt zÞ and x 62 y,
x 62 z. Then y�tðy [ zÞt and z�tðy [ zÞt, but ðy tt zÞ£tðy [ zÞt, implying that ðy tt

zÞ is not the least upper bound. (b) 1.(: Obvious from the definition of meets and
�t. ): Suppose x 2 ðy ut zÞ and x 62 y, x 62 z. Then ðy [ zÞ�t �t y and
ðy [ zÞ�t�tz, but ðy [ zÞ�t

£ ðy ut zÞ (since ðy ut zÞ�t 6� ðy [ zÞ�t�t ¼ ðy [ zÞ�t),
implying that ðy ut zÞ is not the greatest lower bound. (b) 2.): Obvious from the
definition of joins and �t. (: Suppose x 2 y, x 2 z, but x 62 ðy tt zÞ. Define now
X :¼ yt [ zt. Then y�tfxg [ X, z�tfxg [ X, and ðy tt zÞ£t fxg [ X, from which
it follows that ðy tt zÞ is not the least upper bound. h

Lemma 4.10 For any Pnð4Þ:

1. x�t 6¼£ iff ð�txÞt 6¼£:

2. xt 6¼£ iff ð�txÞ�t 6¼£.

Proof First, we observe that �t£ ¼£. This holds, because £ � �t£ iff
£ �i �t £ iff �t£ � i �t �t£ (from left to right directly by condition (iso)
Definition 4.6; from right to left by (iso) and (per2) the same definition) iff
�t£ � i £ iff �t£ �£. (1) ): Suppose y 2 x�t but ð�txÞt ¼£. Then
�tx�tð�txÞt. Since ð�txÞt ¼£ ¼ �t£, we have �tx�t �t £ and thus £�tx, a
contradiction with y 2 x�t.(: Suppose y 2 ð�txÞt but x�t ¼£. Then £�tx and
hence �tx�t£, a contradiction with y 2 ð�txÞt. (2) ): Suppose y 2 xt but
ð�txÞ�t ¼£. Then ð�txÞ�t �t �t x. Therefore x� t£, a contradiction with y 2 xt.
(: Suppose y 2 ð�txÞ�t but xt ¼£. Then x�t �t £ and hence £�t �t x, a
contradiction with y 2 ð�txÞ�t. h

Consider again the languages Lt, Lf , and Ltf introduced in Sect. 4.1. An
n-valuation is a function vn from the set of propositional variables into Pnð4Þ. We
may employ Definition 3.7 (with the obvious replacement of v16 by vn) to extend
any n-valuation to an interpretation in Pnð4Þ for arbitrary formulas of the corre-
sponding languages.
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Now we can generalize Definitions 4.1 and 4.2 and define the notions of
t-entailment and f -entailment for any n (for arbitrary formulas A;B from Ltf ):

Definition 4.7 A �n
t B iff 8vn ðvnðAÞ� tvnðBÞÞ.

Definition 4.8 A �n
f B iff 8vn ðvnðBÞ� f vnðAÞÞ.

Our next task will be to axiomatize these notions for the languages Lt and Lf

separately.
We shall use the following lemma to show that the syntactic first-degree

entailment system is complete with respect to the semantic entailment relation �n
t ,

provided this relation is restricted to Lt-formulas.

Lemma 4.11 The following two statements are equivalent for all A;B 2Lt:

1. 8vn8y ðy 2 vnðAÞt ) y 2 vnðBÞtÞ;
2. 8vn8y ðy 2 vnðBÞ�t ) y 2 vnðAÞ�tÞ.

Proof To prove the lemma, we shall construct ‘‘dual’’ valuations from a given
valuation. For every y 2 Pn�1ð4Þ�t, let gy be a map from Pn�1ð4Þ�t into Pn�1ð4Þt,
and for every y in Pn�1ð4Þt, let fy : Pn�1ð4Þt �! Pn�1ð4Þ�t). In view of Lemma
4.10, we may choose gy and fy such that gyðyÞ 2 xt iff y 2 �tx and fyðyÞ 2 x�t iff
y 2 �tx. Given a valuation vn and y in Pn�1ð4Þ, we stipulate:

gyðyÞ 2 vn�
y ðpÞ iff y 62 vnðpÞ

x 2 vn�
y ðpÞ iff fxðxÞ 2 vn�

y ðpÞ if x 2 Pn�1ð4Þt and x 6¼ gyðyÞ
fyðyÞ 2 vn�

y ðpÞ iff y 62 vnðpÞ
x 2 vn�

y ðpÞ iff gxðxÞ 2 vn�
y ðpÞ if x 2 Pn�1ð4Þ�t and x 6¼ fyðyÞ

We must show that vn� can be extended to a valuation function for any A 2Lt.
For x 6¼ gyðyÞ and x 6¼ fyðyÞ, the claim follows from the remaining cases.

Case 1 A ¼ ð�tBÞ.

gyðyÞ 2 vn�
y ð�tBÞ , gyðyÞ 2 �tv

n�
y ðBÞ

, fgyðyÞðgyðyÞÞ 2 vn�
y ðBÞ

, gyðyÞ 62 vnðBÞ
, y 62 �tv

nðBÞ
, y 62 vnð�tBÞ:

The case for fyðyÞ is analogous.

Case 2 A ¼ ðB ^t CÞ. We must show that (a) gyðyÞ 2 vn�
y ðB ^t CÞ iff y 62 vnðB ^t CÞ

and (b) fyðyÞ 2 vn�
y ðB ^t CÞ iff y 62 vnðB ^t CÞ. (a)(: Suppose gyðyÞ 62 vn�

y ðB ^t CÞ
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and y 62 vnðB ^t CÞ. Since vnðBÞ�t � ðvnðBÞ ut vnðCÞÞ�t and vnðCÞ�t � ðvnðBÞut

vnðCÞÞ�t, y 62 vnðBÞ and y 62 vnðCÞ. From Lemma 4.9 and gyðyÞ 62 ðvn�
y ðBÞ ut

vn�
y ðCÞÞ it follows that gyðyÞ 62 vn�

y ðBÞ or gyðyÞ 62 vn�
y ðCÞ. Thus y 2 vnðBÞ or

y 2 vnðCÞ, a contradiction. ): Use the induction hypothesis and Lemma 4.9. (b):
analogous.

Case 3 A ¼ ðB _t CÞ. The proof is similar to the previous case.

Now we can complete the proof of the lemma. (i)) (ii): Suppose (i) holds and
there exists a t-negative element y and a valuation vn such that (a) y 2 vnðBÞ but (b)
y 62 vnðAÞ. By (a) and the definition of vn�

y , gyðyÞ 62 v�ny ðBÞ and (by (i) and (b))
gyðyÞ 2 v�ny ðBÞ, a contradiction. (ii) ) (i): analogous. h

Corollary 4.1 For any A;B 2Lt:

A �n
t B iff 8vnðx 2 vnðAÞt ) x 2 vnðBÞtÞ:

Proof In view of the previous lemma, the claim is equivalent with: for any
A;B 2Lt, A �n

t B iff conditions (i) and (ii) of Lemma 4.1 hold. We have:

A �n
t B iff 8vn ðvnðAÞ�t vnðBÞÞ

iff 8vn ðvnðAÞt � vðBÞt & vnðBÞ�t � vnðAÞ�tÞ
iff (i) and (ii)

h

Consider again the proof system FDEt
t ¼ Lt;‘tð Þ introduced in Sect. 4.2.1.

Theorem 4.6 (Soundness) For all A, B 2Lt, A ‘t B implies A �n
t B.

Proof We show that for every axiom A ‘t B, we have 8vn ðvnðAÞ �t vnðBÞÞ, and
that this property is preserved by the rules. This is a simple exercise; consider
for example rule rt4: Suppose vnðAÞ �t vnðBÞ but vnð�tBÞ£t vnð�tAÞ. Then
vnð�tBÞ£tv

nð�tAÞ , �tvnð�tAÞ£t �t vnð�tBÞ , vnð�t�tAÞ£t vnð�t�tBÞ , vn

ðAÞ£t vn ðBÞ. h

To prove completeness, we construct a simple canonical model employing the
notion of a (prime) theory as defined in Sect. 4.2.1. Clearly, Lemma 4.3
(Lindenbaum) continues to hold.

Let a be a prime theory. We define the canonical n-valuations vns
y as follows,

using the functions gy and fy from Lemma 4.11:

gyðyÞ 2 vns
y ðpÞ iff p 2 a

x 2 vns
y ðpÞ iff fxðxÞ 2 vns

y ðpÞ if x 2 Pn�1ð4Þt and x 6¼ gyðyÞ
fyðyÞ 2 vns

y ðpÞ iff �tp 2 a

x 2 vns
y ðpÞ iff gxðxÞ 2 vns

y ðpÞ if x 2 Pn�1ð4Þ�t and x 6¼ fyðyÞ
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Lemma 4.12 The canonical n-valuations vns can be extended to a valuation
function for any A 2Lt.

Proof For x 6¼ gyðyÞ and x 6¼ fyðyÞ, the claim follows from the remaining cases.

Case 1 A ¼ ð�tBÞ.

fyðyÞ 2 vns
y ð�t BÞ , fyðyÞ 2 �tv

ns
y ðBÞ

, gfyðyÞðfyðyÞÞ 2 vns
y ðBÞ

, B 2 a

, �t�tB 2 a:

The case for gyðyÞ is analogous.

Case 2 A ¼ ðB ^t CÞ. We must show that (a) gyðyÞ 2 vns
y ðB ^t CÞ iff ðB ^t CÞ 2 a

and (b) fyðyÞ 2 vns
y ðB ^t CÞ iff �tðB ^t CÞ 2 a: (b) Assume �tðB ^t CÞ 2 a. By the

De Morgan laws, primeness, and closure under ‘t, this is the case iff �tB 2 a or
�tC 2 a. By the induction hypothesis, the latter holds iff fyðyÞ 2 vnsB or
fyðyÞ 2 vnsC, which, by Lemma 4.9, holds iff fyðyÞ 2 ðvnsB ut vnsCÞ iff
fyðyÞ 2 vnsðB ^t CÞ. (a): analogous.

Case 3 A ¼ ðB _t CÞ. The proof is similar to the previous case. h

Theorem 4.7 (Completeness) For all A, B 2Lt, A �n
t B implies A ‘t B.

Proof Suppose A �n
t B but A 6‘t B. Then there exists a prime theory a such that

A 2 a but B 62 a. Then gyðyÞ 2 vnsðAÞ but gyðyÞ 62 vnsðBÞ and thus there exits a
valuation vn such that vnðAÞt 6� vnðBÞt. h

By making all the necessary adjustments—namely by replacing uniformly the
subscript t with f in all proofs and formulations—we also obtain the following
theorem:

Theorem 4.8 For any A;B 2Lf : A�n
f B iff A ‘f B.

4.4 Hyper-Contradictions and Generalizations
of Priest’s Logic

In [197], Graham Priest argues in favor of generalizing the semantics of his Logic
of Paradox presented in [196]. According to Priest [197, p. 237], ‘‘[t]here is
growing evidence that the logical paradoxes (and perhaps some other kinds of
assertions) are both true and false’’, and since he claims that ‘‘a sentence must have
some value at least’’, Priest’s preferred set of truth values is 3 ¼ F;T;Bf g.
F means ‘‘is false only’’ and T means ‘‘is true only’’, whereas B is to be understood
as ‘‘is both true and false’’. The elements from 3 again can be represented as
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certain non-empty subsets of the set of classical truth values T (Truth) and F
(Falsehood). Thus, again, T = fTg, F = fFg and B = fF; Tg.

Priest suggests considering ‘‘higher-order’’ combinations of truth values from 3
and beyond. The motivation for this is a ‘‘revenge Liar’’ argument, leading to
so-called ‘‘impossible values’’ or hyper-contradictions [197, p. 239]. Here we
present a slightly modified version:

Consider the sentence: (*) This sentence is false only. Against the background of 3, (*) is
either (i) true only, (ii) false only, or (iii) both true and false. (i): If (*) is true only, what
(*) says is true and hence the sentence is true only and false only. In other words, (*) takes
the impossible value B¼ ffFg; fTgg not available in 3. (ii): If (*) is false only, what (*)
says is not true, and thus the sentence is either true only or both true and false. Hence (*) is
either false only and true only, or it is false only and both true and false. That is, (*) takes
the impossible value B or the impossible value ffFg;Bg. (iii): Suppose (*) is both true and
false. Then in particular it is true and thus takes an impossible value ffFg;Bg:

Incidentally, it is well-known that another version of 3, namely the set 30 ¼
F;T;Nf g (the set of truth values of Kleene’s three-valued logics), where N stands

for ‘‘unknown’’ or ‘‘is neither true nor false’’ (=£, a ‘‘truth-value gap’’) also gives
rise to a revenge Liar:

Consider the sentence: (**) This sentence is false5 or neither true nor false. Against the
background of 30, (**) is either (i) true, (ii) false, or (iii) neither true nor false. (i): If (**) is
true, we have to consider two cases. If (**) is false, (**) takes the impossible value B; if
(**) is neither true nor false, it takes the impossible value fN; fTgg. (ii): If (**) is false,
what (**) says is not the case. Hence the sentence is true and takes the impossible value B.
(iii): Suppose (**) is neither true nor false. Then in particular it is not true, and hence (**)
takes the impossible value fN; fTgg:

According to Priest, a sentence always takes at least some value, and the
paradoxes reveal that some sentences are both true and false; by contrast according
to Keith Simmons [240, p. 119], ‘‘[t]he claim that Liar sentences are gappy seems
natural enough—after all, the assumption that they are true or false leads to a
contradiction.’’

In any case, both (*) and (**) show that admittedly the only way to escape the
revenge Liar is to introduce higher-order truth values such as ffFg; fTgg,
ffTg; fF; Tgg and so on. To do so, Priest defines for any non-empty set of truth
values Sn the corresponding higher-order set Snþ1 as follows: Snþ1 ¼ PðSnÞnf£g
for all n 2 N, where S0 is just the set 2 of classical truth values (¼ fF; Tg). Then
he introduces the following definition for evaluating compound formulas on each
level:

Definition 4.9 Given the classical truth value functions ^0;_0;�0 on S0:

1. x ^nþ1 y ¼ z : 9x0 2 x9y0 2 y z ¼ x0 ^n y0ð Þf g;
2. x _nþ1 y ¼ z : 9x0 2 x9y0 2 y z ¼ x0 _n y0ð Þf g;
3. �nþ1x ¼ z : 9x0 2 x z ¼ �nx0ð Þf g:

5 In the absence of B we can well refer to the values Ff g and fTg just as ‘‘false’’ and ‘‘true’’,
respectively.
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Next, Priest defines the map rðxÞ ¼ fxg and shows that r is an isomorphism
between any Sn and r½Sn� (¼ frðxÞjx 2 Sng). By virtue of this fact, Priest identifies
Sn with r½Sn�, ^n with ^nþ1 restricted to r½Sn�, etc. He then defines the set S ¼

S
n

Sn

and introduces on S generalized logical operators ^;_ and : in an analogous way
(so that, e.g., ^ ¼

S
n
^n, etc.). Finally he singles out the set of designated values D

so that a value is designated just if it contains T at some depth of membership. This
allows him to define a relation of logical consequence in the usual way, i.e., by
introducing valuation functions v of the sentences of the language under consid-
eration into S.

Definition 4.10 R � A iff 8v : 9B 2 R vðBÞ 62 D, or vðAÞ 2 D.

The main result of [197] is that � in fact coincides with the consequence
relation of Priest’s Logic of Paradox from [196], i.e., � = �1.6 That is, Priest tells
us, ‘‘hyper-contradictions make no difference: the first contradiction f1; 0g of S1

changes the consequence relation. . . Subsequent contradictions have no effect’’
[197, p. 241].

Pragati Jain [133] extends the result by Priest in that she does not collect the Sn

together to form the set S, but keeps each Sn distinct and defines semantic con-
sequence relations �n for any n accordingly. Then she shows that if we define the
sets Dn of designated values following Priest’s definition (a truth value is desig-
nated just in case T occurs in it somewhere), the following holds: for each n, �n =
�1. However, as Jain points out, this result (as well as the result by Priest) holds
only relative to the given choice of designated elements, and a different choice
would have produced different results. Thus, the coincidence with the Logic of
Paradox does not necessarily mean that there is something ‘‘special’’ about S1.
Rather it indicates that there is something special about the choice of designated
values in each case, see also Chap. 9.

But what should be the criteria for choosing the set of designated truth values?
Is it a completely arbitrary (subjective) procedure, or can we provide some the-
oretical framework which would determine the choice? And, more generally, what
are the relationships between (changes of) the set of designated truth values and
the relation of logical entailment? It is well-known, for example, that the differ-
ence between Kleene’s three-valued logic and Priest’s Logic of Paradox can be
described as a different choice of designated values. Whereas in Kleene’s logic
T is designated, in Priest’s logic the values T and B are designated, see, for
instance, [198, pp. 122, 124].

Instead of specifying a set of designated values and defining entailment as the
preservation of possessing a designated value, entailment may also be defined from
a given partial order � on the (non-empty) set of truth values by setting: A �
B iff for every valuation v; vðAÞ�vðBÞ (cf. Definitions 4.1 and 4.2). Given a set
D of designated truth values, a partial order �D may be defined by requiring that

6 One obtains the relation �1 if one applies Definition 4.10 to the set S1.
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x�D y iff ðx 2 D ) y 2 DÞ. It seems that for a given partial order �, there is
no canonical way of defining a set D� of designated values such that the entail-
ment relations coming with � and D� coincide. The approach to entailment based
on a partial order appears to be more general than the approach based on desig-
nated values.

Our informal motivation for introducing 16 in Sect. 3.3 was to extend
Belnap’s ‘‘computerized’’ interpretation from one computer to bundles of
interconnected computers (computer networks). When it comes, as in Priest’s
case, to motivating generalized truth values by pointing to impossible truth
values or hyper-contradictions,7 one may notice that we are not forced to choose
between truth value gaps and truth value gluts. In both cases, revenge Liar
sentences seem to speak in favor of generalized truth values.

Consider again Definition 4.9. Unfortunately, Priest does not supply it with a
theoretical justification except for remarking briefly that this way of defining
propositional connectives is ‘‘obvious’’ [197, p. 237]. However, its apparent
obviousness notwithstanding, Definition 4.9 still has some vulnerable points.
In particular, it cannot be naturally extended to a construction that would allow the
empty set to enter at every stage. More specifically, if we let Sg

nþ1 ¼ PðSnÞ, then,
as Priest himself mentions, Definition 4.9 gives the extension of any truth functor
according to the rule ‘‘gap-in, gap-out’’ [197, p. 242], e.g., for Sg

1 so defined,
£ ^1 x ¼£ _1 x ¼ �1£ ¼£. But such an extension of S1 would not be iden-
tical (as one could expect) with FOUR2, where, e.g., N ^ F amounts to F and not
to N. As Jain [133, x 4] remarks, this situation is caused by the fact that Definition
4.9 treats truth functions in terms of the members of each argument, but £ has no
members. It means that the approach proposed by Priest cannot naturally be
extended to the sets 4, 16, etc., nor can it be applied to the set S01 ¼ 30(¼ F;T;Nf g)
taken as the set of truth values of Kleene’s strong three-valued logic and its
possible generalizations.8

This seems to be a rather unwanted outcome of Definition 4.9, for usually
S1 ¼ 3 and S01 ¼ 30 are considered just substructures of Sg

1 ¼ 4 (the algebraic and
logical properties of which are determined by FOUR2).

7 It is interesting to note that if we talk about ‘‘impossible truth values’’, all the values from 16
except for N are impossible from the point of view of 4, and at the level of 2, all the values of 4
are impossible—not only N and B—because no element of 4 belongs to 2. If a sentence is said to
be hyper-contradictory iff it necessarily takes impossible truth values, and if a sentence is called
contradictory iff it necessarily takes all the available truth values, then a hyper-contradictory
sentence need not be contradictory. In the classical setting, the impossible value the Liar takes is
the set of all values available at the level of 2. The sentence (*), however, although necessarily
taking a value not available in 3, not necessarily takes the value FTB. It might just take the
value FT.
8 However, this definition apparently reflects the spirit of Kleene’s weak three-valued logic
which assigns the value N to any compound formula in which some part has been assigned
N [92].
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Let us dwell in more detail upon Priest’s S2, which is in effect the set 7 = {F, T,
B, FT, FB, TB, FTB}.9 By applying to this set the ‘‘multilattice approach’’
developed in the present book, it appears that—interestingly enough—its algebraic
structure constitutes what can be called a bi-and-a-half -lattice SEVEN2:5 (cf. [231,
p. 783]). We represent this lattice in Fig. 4.1 in two slightly different projections.

One can clearly observe here the complete lattices under �t and �f , but the
information order fails to form a lattice. Under �i we merely have a semilattice
with FTB as a top but with no bottom. However, SEVEN2:5 can be directly
extended to a trilattice EIGHT3 by adding N as a bottom element for �i. The
dotted lines in Fig. 4.1 present the result of such an extension. Note that EIGHT3 is
not a Belnap trilattice. However, both SEVEN2:5 and EIGHT3 are sublattices of
SIXTEEN3, and in this respect the relationship between these multilattices per-
fectly corresponds to the relationship between their bases.

We again label by means of ut and tt meet and join under �t and by uf and tf

the corresponding lattice-operations under �f in SEVEN2:5. If we now examine
Priest’s Definition 4.9 with regard to its conformity with the algebraic operations
in SEVEN2:5, we can state the slightly ‘‘eclectic’’ nature of the operations intro-
duced by this definition. Namely, it turns out that, e.g., Priest’s ^2 behaves like ut

for some elements of 7 and like tf for the others. In particular, we have
T ^2 B ¼ B ¼ T tf B, but F ^2 B ¼ F ¼ F ut B. Thus, Definition 4.9 does not
allow one to discriminate between the truth order and the falsity order. However,
we believe that logical connectives generated separately under the truth order and
the falsity order in SEVEN2:5 deserve special investigation.

However, first we need to explore the possibility of introducing a negation
operator. It seems rather natural to do this by means of a suitable inversion
operation as introduced by Definition 4.6. In Sect. 3.5 we have formulated concrete
definitions for t-, f - and i-inversions (Table 3.1) and have thus secured the exis-
tence of these operations in SIXTEEN3. Moreover, Theorem 4.5 guarantees the

FTB TB

FT FTB
FB TTB B

B N

N F

F FTT FB

≤ i ≤ t

≤ t

≥ f ≤ f

Fig. 4.1 Bi-and-a-half-
lattice SEVEN2:5 and trilattice
EIGHT3

9 Observe the close resemblance of 7 to Jaina seven-valued logic, where B is usually interpreted
as ‘‘non-assertible’’ (see, e.g., [113]).
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existence of t- and f -inversions for any Belnap trilattice. Unfortunately, SEVEN2:5

appears to be not so perfect.

Proposition 4.1 It is impossible in SEVEN2:5 to define a pure t-inversion.

Proof Suppose there exists a pure t-inversion satisfying all the conditions from
Definition 4.6. Then T and FB should be fixed points of such an operation because
they are bottom and top relative to �f , and thus any change in their position would
result in changing the falsity order, too.

Now, having T as a fixed point, consider elements F and FT. We have both
F� tT and FT� tT. It is not difficult to see that it is impossible to define �tF and
�tFT to guarantee both �tT� t�tF and �tT� t�tFT. Indeed, there is only one
candidate left for such value: TB. But then we would be forced to take simulta-
neously �tTB ¼ F and �tTB ¼ FT (to secure the ‘‘period two’’ property), which
would be a violation of functionality. h

Analogously it is not difficult to show that there exists no pure f -inversion in
SEVEN2:5. This result may seem rather disappointing as it means a considerable
complication for introducing negation operators suitable for SEVEN2:5. More
specifically, we cannot apply Definition 4.6 in full generality, and thus have to find
some other way of defining the notion of negation in our seven-valued logic.10

An obvious way out of this situation is to try to weaken Definition 4.6 by
weakening (or even giving up) some of its conditions. In the spirit of [81, p. 89],
we call a unary operation �j a subminimal j-inversion iff it only satisfies conditions
(anti) and (iso) of Definition 4.6. That is, a subminimal inversion, although it
reverses the corresponding partial order, is not an involution. Then we could just
vary several conditions in the vicinity of (per2), thus obtaining various kinds
of (non-classical) inversions. E.g., adding to (anti) and (iso) the condi-
tion x�j �j�jx would lead us to a so-called quasiminimal j-inversion etc.
(cf. [81, pp. 88–92] and also [82, 229]). It turns out that a subminimal t-inversion
and f -inversion can be defined in SEVEN2:5 as presented in Table 4.1. This gives
to our disposal an operation for governing an object language negation, even if this

Table 4.1 Inversions in
SEVEN2:5

a �ta �f a

F TB F

T T FB

B F T

FT TB FB
FB FB T
TB F TB
FTB FTB FTB

10 Note, incidentally, that Priest’s Definition 4.9 is of little use in the context of SEVEN2:5, for
according to this definition �2FTB ¼ FTB and �2FT ¼ FT. Then, having FT\tFTB, we
get also �2FT\t�2FTB which surely is unwanted.
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operation appears to be quite weak. However, it is surely better to have a weak
negation than not to have any negation at all.

Now, having lattice operations of meet, join, and subminimal inversion (for
both �t and �t), consider again language Ltf and its fragments. Valuations v7

and their extension to compound formulas are introduced in a standard way (see
mutatis mutandis Definition 3.7), as are corresponding entailment relations: �7

t and
�

7
f (see Definitions 4.7 and 4.8 suitably modified).11 As a result we get logics

ðLtf ;�
7
t Þ and ðLtf ;�

7
f Þ (semantically defined) as well as their fragments (e.g., the

logic ðLt;�
7
t Þ etc.).

Thus, the multilattice-approach has led us to several seven-valued logics, each
of which differs essentially from Priest’s Logic of Paradox. We leave the problem
of finding suitable axiomatizations of these new logics for future work.

4.5 An Approach to a Generalization of Kleene’s Logic:
A Tetralattice

In [293] Dmitry Zaitsev has proposed taking, as a starting point for a general-
ization procedure, neither the set of classical truth values 2 nor the set of Belnap’s
truth values 4 but three truth values which resemble very much the truth values of
Kleene’s three-valued logic which form the set 30 ¼ 4 n fBg. More specifically, he
considers the set of ‘‘reported values’’ fa; d; ug as an initial base. The elements of
this set represent possible ‘‘reports’’ regarding the question of whether a certain
sentence is asserted. Then value a means ‘‘yes, the sentence is asserted’’, value
d means ‘‘no, the sentence is denied’’, and value u means ‘‘I don’t know, I am
uncertain’’.

We will reconstruct Zaitsev’s approach by applying it directly to the set 30. Let
us have some information source that may operate with the following initial truth
values: T—truth (positive certainty, positive information); F—falsehood (negative
certainty, negative information); N—neither truth nor falsehood (uncertainty,
absence of information). Now, if we have several such sources that—in the sense
of Belnap—supply information to a ‘‘higher order’’ computer, then we naturally
arrive at the set 8, the powerset of 30, as the set of truth values which are at the
disposal of this computer:

1: N ¼£ 5: NF ¼ fN;Fg
2: N ¼ fNg 6: NT ¼ fN;Tg
3: F ¼ fFg 7: FT ¼ fF;Tg
4: T ¼ fTg 8: NFT ¼ fN;F;Tg:

11 Note once again that, unlike Priest, we do not explicitly make use of any set of designated
truth values but canonically define entailment through a logical order.
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One has to pay attention to the difference between the values N and N already
emphasized on page 55. Whereas N symbolizes the absence of any information (at a
‘‘zero level’’), N means that exactly this information about the absence of infor-
mation has been transferred ‘‘one level higher’’, i.e., our computer has received the
specific information that a source is uncertain about whether some sentence is
classically true or classically false. By interpreting this difference, Zaitsev remarks
(notation adjusted): ‘‘N means that the computer does not know, whereas N means
that the source does not know, which turns to be [a] more informative answer (in the
later case the computer knows that the source does not know)’’ [293, p. 269].

This differentiation between information about uncertainty and pure
non-informativeness can find its expression in the corresponding orderings of the
above eight truth values. Namely, we may differentiate between the usual infor-
mation order (standardly defined as the subset-relation) and a new ‘‘uncertainty
order’’, which traces the transfer of the specific element N from one generalized
truth value to another.

Definition 4.11 Let

xt ¼ fy 2 x j T ¼ yg; xn ¼ fy 2 x j N ¼ yg; xf ¼ fy 2 x j F ¼ yg;
x�t ¼ fy 2 x j T 6¼ yg; x�n ¼ fy 2 x j N 6¼ yg; x�f ¼ fy 2 x j F 6¼ yg:

Then

x �i y iff x � y;
x�n y iff xn � yn and y�n � x�n;
x�f y iff xf � yf and y�f � x�f ;
x�t y iff xt � yt and y�t � x�t:

N

NT

NFT

T

FT

F

N

NF

≤ t

≤ f

≤ n

≤ i

Fig. 4.2 The tetralattice
EIGHT4
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In this way we obtain the tetralattice EIGHT4 as an algebraic structure that
results from the combination of four complete lattices h8; � ii, h8; �ni, h8; �f i,
h8; �ti presented by a Hasse diagram in Fig. 4.2.

Note that in this diagram the axes for �i and �n are only approximately traced.
Clearly, tetralattice EIGHT4 is a sublattice of the trilattice SIXTEEN3. Again, both
�t and �f represent logical orders, and hence, the operations of meet and join
associated with these orders can be naturally seen as determining the corre-
sponding object language connectives of conjunctions and disjunctions. Important
algebraic properties of these operations are represented in the following proposi-
tion (cf. Proposition 3.2):

Proposition 4.2

ð1Þ T 2 x ut y, T 2 x and T 2 y

F 2 x ut y, F 2 x or F 2 y

N 2 x ut y, N 2 x or N 2 y

ð2Þ T 2 x tt y, T 2 x or T 2 y

F 2 x tt y, F 2 x and F 2 y

N 2 x tt y, N 2 x and N 2 y

ð3Þ T 2 x uf y, T 2 x or T 2 y

F 2 x ut y, F 2 x and F 2 y

N 2 x ut y, N 2 x or N 2 y

ð4Þ T 2 x tf y, T 2 x and T 2 y

F 2 x tf y, F 2 x or F 2 y

N 2 x tf y, N 2 x and N 2 y

Table 4.2 defines operations of t-inversion, f-inversion, n-inversion and
i-inversion for EIGHT4 in accordance with Definition 4.6.

Zaitsev [293, p. 272] observes that, first, the operations �i and �n are coin-
cident, and, second, the operation �n can be defined through �t and �f as follows:
�t �f �tx ¼ �f �t �f x ¼ �nx. Hence, it is enough to consider just two inversion
operations (�t and �f ) and the corresponding object language negations.

It is not difficult to see that for inversions in EIGHT4 the following proposition
holds (cf. Proposition 3.4):

Table 4.2 Inversions in EIGHT4

a �ta �f a �na �ia

N NFT NFT NFT NFT
N NT NF FT FT
F FT NT NF NF
T NF FT NT NT
NF T N F F
NT N F T T
FT F T N N

NFT N N N N
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Proposition 4.3

ð1Þ T 2 �tx, T 62 x

F 2 �tx, N 62 x

N 2 �tx, F 62 x

ð2Þ T 2 �f x, N 62 x

F 2 �f x, F 62 x

N 2 �f x, T 62 x:

We can again consider the language Ltf with connectives ^t;_t;�t;^f ;_f ;�f ,
bearing in mind the possibility of separating it into two distinct sublanguages Lt

and Lf with corresponding connectives. A valuation function v8 (an 8-valuation)
can standardly be defined as a map from the set of propositional variables into 8,
extended to compound formulas by the following conditions (cf. Definition 3.7):

Definition 4.12 For any Ltf -formulas A and B:

1: v8 A ^t Bð Þ ¼ v8 Að Þ ut v8 Bð Þ; 4: v8 A ^f B
� �

¼ v8 Að Þ tf v8 Bð Þ;
2: v8 A _t Bð Þ ¼ v8 Að Þ tt v8 Bð Þ; 5: v8 A _f B

� �
¼ v8 Að Þ uf v8 Bð Þ;

3: v8 �tAð Þ ¼ �tv8 Að Þ; 6: v8 �f A
� �

¼ �f v8 Að Þ:

By means of the truth order (�t) and the falsity order (�f ), entailment relations
for EIGHT4 can be introduced in analogy to Definitions 4.1 and 4.2.

Definition 4.13 For arbitrary formulas A and B of Ltf ,

A �8
t B iff 8v8ðv8ðAÞ�tv

8ðBÞÞ:

Definition 4.14 For arbitrary formulas A and B of Ltf ,

A �8
f B iff 8v8ðv8ðBÞ�f v

8ðAÞÞ:

Notice that even if we disregard the order �n, the resulting trilattice EIGHT3 is
not a Belnap trilattice. Nevertheless, as Zaitsev observes [293, p. 273], the rela-
tions �8

t and �8
f , restricted correspondingly to the languages Lt and Lf , are

axiomatized exactly by the logic of first-degree entailment (cf. the result presented
in Sect. 4.3). Indeed, h8; �ti and h8; �f i are just variations of the well-known
lattice M0 (see [3, p. 198]), and it is shown in [3, x18.8] that M0 is a characteristic
matrix for the system Efde of ‘‘tautological entailments’’.

Zaitsev aims to construct a logical system which combines the logical con-
nectives generated by both orderings �t and �f within a joint framework. For this
purpose he extends the language Ltf with a propositional constant t, considering
thus the language Ltfþt. The constant t plays a technical role as it is needed for a
completeness proof; moreover, as Zaitsev remarks, its introduction ‘‘is justified by
the idea that some generally invalid derivations can be quite legitimate under the
assumption of reasoning within a complete and consistent theory’’ [293, p. 273].
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The valuation function v8 can be extended to the constant t as follows:

Definition 4.15 v8ðtÞ ¼ NFT:

Then Zaitsev formulates a (first-degree) consequence system, which we mark

here by FDEtfþt
t as a pair ðLtfþt;‘tÞ, where ‘t is a consequence relation for which

the following deductive postulates hold:

A1. A ^t B ‘t A
A2. A ^t B ‘t B
A3. A ‘t A _t B
A4. B ‘t A _t B
A5. A ^t ðB _t CÞ ‘t ðA ^t BÞ _t C
A6. A ^f ðB _f CÞ ‘t ðA ^f BÞ _f C
A7. A ^t B ‘t A ^f B
A8. A _f B ‘t A _t B
A9. �t�tA ‘t A
A10. A ‘t �t�tA
A11. �f�f A ‘t A
A12. A ‘t �f�f A
A13. t ‘t �tA _t A
A14. �f�t�f A ‘t �t�f�tA
A15. �t�f�tA ‘t �f�t�f A
A16. �f ðA _t BÞ ‘t �f A _t �f B
A17. �f A ^t �f B ‘t �f ðA ^t BÞ

R1. A ‘t B;B ‘t C=A ‘t C
R2. A ‘t B;A ‘t C=A ‘t B ^t C
R3. A ‘t C;B ‘t C=A _t B ‘t C
R4. A ‘t B=�tB ‘t �tA
R5. A ‘t B; t ‘t �f A=t ‘t �f B
R6. t ‘t A ^f B=t ‘t A ^t B
R7. t ‘t A _t B=t ‘t A _f B

In [293] a proof is offered stating that the system FDEtfþt
t is a sound and

complete axiomatization of the relation �8
t introduced by Definition 4.13. A dual

result also demonstrates that the system FDEtfþt
f , which results from FDEtfþt

t by
interchanging all the t-subscripts and f -subscripts, is an adequate formalization of
the relation �8

f introduced by Definition 4.14.

4.6 Uncertainty Versus Lack of Information

Note that Zaitsev interprets his reported value u in epistemic terms. Moreover, in
[293, p. 267] he claims that Belnap’s value N is ambiguous. This view of uncer-
tainty as a truth value has been criticized in [273, p. 267]. Whereas Belnap’s value
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N from 4 is a ‘‘told neither True nor False’’ sign, Zaitsev’s reported value u is
introduced as a ‘‘reported don’t know’’ sign. If a proposition p is marked by a value
containing u, then at least one source of information has supplied the information
that it is ignorant concerning p. In contrast to this, if p is marked by Belnap’s N,
then no information has been given concerning p. If the proposition p is marked by a
value from 16 containing N, then at least one informant has supplied the infor-
mation that no information has been given concerning p. Contrary to what Zaitsev
[293] says, there is no ‘‘ambiguity of value N’’.

For each of his three basic values, Zaitsev defines a partial order on
Pðfa; d; ugÞ = 8 and thereby obtains the tetralattice EIGHT4. Using his notation,
the four relations on 8 are defined as follows:

x�a y iff xa � ya and y�a � x�a;

x�d y iff xd � yd and y�d � x�d;

x�u y iff xu � yu and y�u � x�u;

x �i y iff x � y;

where xa :¼ fy 2 x j a ¼ yg, x�a :¼ fy 2 x j a 6¼ yg, xu :¼ fy 2 x j u ¼ yg, x�u :¼
fy 2 x j u 6¼ yg, xd :¼ fy 2 x j d ¼ yg, and x�d :¼ fy 2 x j d 6¼ yg.

Since there are three basic values, the relations �a and �d are not inverses of
each other. Zaitsev refers to the partial orders �a, �d, and �u as truth, falsity,
and uncertainty orderings, respectively. This terminology may be questioned.
Consider, for example, Zaitsev’s truth (alias assertion) ordering �a depicted in
Fig. 4.3. The fact that fa; ug\a fag, fa; dg\a fag, and fa; u; dg\a fa; ug may
be seen as an indication that �a is a true-only ordering and not just a truth
ordering since a is an element of all the three values.

Analogously, one can define the pentalattice SIXTEEN5 on 16 by defining the
following five partial orders on this set of generalized truth values:

≤ a

{u, d}

{u}

{u, a}

{u, d, a}

{a}

{a, d}

{d}

∅

Fig. 4.3 Zaitsev’s assertion
order on 8
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x�N y iff xN � yN and y�N � x�N;
x�T y iff xT � yT and y�T � x�T;
x�F y iff xF � yF and y�F � x�F;
x�B y iff xB � yB and y�B � x�B;
x � i y iff x � y;

where x] :¼ fy 2 x j ] ¼ yg and x�] :¼ fy 2 x j ] 6¼ yg, for ] 2 fT;F;N;Bg.
Obviously, ffTgg is the top-element of �T on 16, but for reasons analogous to

the ones just stated for �a, �T seems to be a ‘‘told True-only’’ ordering rather
than a ‘‘told True’’ ordering. A convincing ‘‘told True’’ ordering 	T is definable on
the powerset of 16. In this definition the value T plays a role corresponding to the
role of the classical value T in the definition of � t in SIXTEEN3.

Definition For every x, y in Pð16Þ, x 	T y iff xT � yT and y�T � x�T, where xT

and x�T are now defined as follows: xT :¼ fy 2 xjT 2 yg and x�T :¼ fy 2 xjT 62 yg.
Orderings x 	N y, x 	F y, and x 	B y can be defined analogously.
Note also that information and uncertainty in EIGHT4 do not interact in a way

that might be expected. Zaitsev’s uncertainty order is not the inverse of the
information order; an increase (decrease) of information fails to imply a decrease
(increase) of uncertainty.

Ignorance in the context of first-degree entailment is to be understood as lack of
information, and, clearly, information overflow must be taken into account as well. If
ignorance is understood as lack of belief instead of lack of knowledge and if an
information source can diagnose itself as ‘‘uncertain,’’ then it would seem that one
should allow it the ability to diagnose itself as ‘‘conflicted’’ (c) as well. This does not
amount to claiming that an agent may have the ability to be aware of inconsistent
beliefs, because inconsistent beliefs must be distinguished from conflicting, antago-
nistic beliefs. Statements of conflicting beliefs are satisfiable in neighborhood models
(also called Scott-Montague models or minimal models), while ascriptions of
inconsistent beliefs are not, cf. [259]. In other words, if Bip stands for ‘‘agent i believes
that p’’, then Bip ^ Bi:p is satisfiable in neighborhood semantics, whereas Biðp ^ :pÞ
is not. As reported values, u and c then seem to stand and fall together, and, obviously,
the set of reported values fa; d; u; cg will give us 16 marked values instead of eight.
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Chapter 5
Axiom Systems for Trilattice Logics

Abstract This chapter is devoted to introducing and discussing the axiom systems
for trilattice logics obtained by Odintsov (Studia Logica 93:407–428, 2009). First-
degree proof systems for logics related to SIXTEEN3 in the language Ltf are
introduced. Moreover, the language Ltf is extended by a truth implication ?t, a
falsity implication ?f, or both. Adding implications to the truth and falsity
vocabulary of Ltf is of independent interest. We start with considering two ways of
defining a many-valued logic: the method of valuation systems (matrices) and the
lattice approach as exemplified by the bilattice FOUR2 and the trilattice SIX-
TEEN3. We conclude that the lattice approach has the advantage of admitting a
general and uniform way of defining implications. An implication connective is
required for Odintsov’s Hilbert-style proof systems with modus ponens as the only
rule of inference. These Hilbert-style systems axiomatize truth entailment and
falsity entailment in the languages comprising at least one implication. The axiom
systems are instructive insofar as they reveal that falsity conjunction and falsity
disjunction have an indeterministic interpretation with respect to truth entailment
in the trilattice SIXTEEN3, whereas truth conjunction and truth disjunction have an
indeterministic interpretation with respect to falsity entailment in SIXTEEN3.
Moreover, the matrix presentation of the algebraic operations of SIXTEEN3 will be
used in Chap. 6 to obtain cut-free sequent calculi for truth entailment and falsity
entailment in the languages with or without truth or falsity implication.

5.1 Truth Value Lattices and the Implication Connective

In Sect. 1.6 we specified two main kinds of logical structures, viz. structures of
truth values: valuation systems (matrices) and truth-value lattices. These two kinds
of logical structures may be employed for presenting (multiple-valued) logics in
two different ways. The first way consists in singling out a non-empty set of
designated values and defining entailment as the preservation of membership in
this set of designated values from the premises to the conclusions.

Y. Shramko and H. Wansing, Truth and Falsehood, Trends in Logic 36,
DOI: 10.1007/978-94-007-0907-2_5, � Springer Science+Business Media B.V. 2011
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The second way makes use of the fact that the truth values of certain many-
valued logics constitute lattices, see, for example, [210]. According to Arieli and
Avron [7, p. 25] it is even the case that ‘‘[w]hen using multiple-valued logics, it is
usual to order the truth values in a lattice structure’’. Then one can (i) define a
lattice order � on the set V of truth values, (ii) interpret logical operations as
operations on the lattice ðV; �Þ, and (iii) stipulate that a formula A entails a
formula B iff for every homomorphic valuation function v, vðAÞ� vðBÞ.

In Sect. 3.4 we introduced the notion of a generalized truth value as a subset of
some basic set and also the idea of a multilattice by which the generalized truth
values can be organized. As a paradigmatic case of a multilattice, we have con-
sidered the trilattice SIXTEEN3.

An advantage of the lattice approach is that within this approach, there exits a
uniform way of interpreting an implication connective by a lattice operation,
namely interpreting implication as the residuum of the lattice meet. Dually, one
may interpret a connective of co-implication (cf. [271] and the references given
there) as the residuum of the lattice join. Introducing an implication connective
interpreted as the residuum of the lattice meet is a central component in Odintsov’s
definition of Hilbert-style proof systems for truth and falsity entailment in
SIXTEEN3 to be considered in this chapter. The introduction of implications in
trilattice logics is thus not only of interest in general, but it can be motivated by a
comparison with the matrix approach and the definition of axiom systems with
modus ponens as the only rule of inference.

More specifically, if ðV; �Þ is a complete lattice with lattice meet u and lattice
top >, an implication connective ? can be canonically defined by the following
evaluation clause, cf. [130, p. 29]:

vðA! BÞ ¼
G
fx j x u vðAÞ� vðBÞg:

The lattice operation corresponding to ? is called the residuum of u and it
ensures that ? satisfies the Deduction Theorem (in the following semantical
shape): For every valuation v, >� vðA! BÞ iff vðAÞ� vðBÞ. If v is a valuation
function, then vðAÞ� vðBÞ iff > u vðAÞ� vðBÞ iff >�

F
fx j x u vðAÞ� vðBÞg iff

>� vðA! BÞ (iff > ¼ vðA! B)).
As the Deduction Theorem may be seen as a defining characteristic of an

implication connective, this way of introducing an implication gives rise to
defining two implication connectives for logics of SIXTEEN3, where we are
interested in the decrease of falsity and hence in the inverse of �f :

vðA!t BÞ ¼ ttfx j xut vðAÞ � t vðBÞg
vðA!f BÞ ¼ uf fx j xtf vðAÞ� f vðBÞg:

The language Ltf may thus be extended by these implication connectives.

Definition 5.1 The languages L!t
tf , L!f

tf , and L�
tf are defined as Ltf [ f!tg,

Ltf [ f!f g, and Ltf [ f!t;!f g, respectively.
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5.2 From First-Degree Proof Systems to Proof Systems
with Modus Ponens

A proof system is a non-empty set of inference rules. In axiomatic proof
systems, one usually aims at keeping to a minimum the number of genuine
inference rules, that is, rules with a non-empty set of premises. Instead, the
emphasis of the syntactic presentation is on axiom schemes, i.e., schematic
formulas that are assumed to be self-evident insofar as they are taken to be
provable from the empty set of premises.1 In axiom systems for propositional
logics, often only a single genuine inference rule is assumed, namely modus
ponens: From A and ðA! BÞ infer B, where ? is usually the unique impli-
cation connective in the object language. Let $ stand for syntactic identity of
two expressions. A derivation of a formula A from a finite set D of formulas is
then a sequence of formulas A1; . . .;An (n� 1) such that An $ A, and each of
the formulas Ai (1� i� n) is either an instance of one of the schematic axioms
or there is j and k with j\i, k\i and Ai is derivable from Aj and Ak by
applying modus ponens. A formula A is derivable from a finite set D of for-
mulas (D ‘ A) just in case there exists a derivation of A from C. If D and C are
finite sets of formulas, then C is derivable from D iff there exists an A 2 C with
D ‘ A. In implication-free languages, modus ponens is not available, of course,
so a derivability relation is defined differently, for example, by means of a first-
degree proof system using single-antecedent and single-conclusion derivability
statements (sequents) of the form A ‘ B as inputs and outputs of inference
rules. First-degree proof systems for certain trilattice logics were dealt with in
Chap. 4.

Odintsov [183] has presented axiomatizations of truth entailment and falsity
entailment in SIXTEEN3 in the enriched languages L!t

tf , L
!f

tf , and L�
tf . A central

idea for defining these axiomatizations is to present the trilattice SIXTEEN3 as a
four-component twist-structure over the two-element Boolean algebra.2 This
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1 Alternatively, one may work with concrete axioms and use a rule of uniform substitution of
arbitrary formulas for atomic formulas.
2 The term ‘twist-structure’ was introduced by Kracht [147]. Given an algebra A ¼
ðA; ffA j f 2FgÞ, for each n-ary function symbol f 2F, the n-place operation fA is defined on
the direct product of a finite number of copies of the universe A. The operations are not defined
componentwise but in a ‘‘twisted’’ way. Twist structures for logics with strong negation have been
introduced in [84, 258], see also [182]. Truth entailment in FOUR2, for example, can be represented
as a twist-structure over the two-element lattice. An element x 2 4 is represented as a pair (i, j) of
values of characteristic functions from x intof0; 1g such that i ¼ 1 iff T 2 x and j ¼ 1 iff F 2 x. The
lattice operations ut, tt, and �t are then defined as the following ‘‘twisted’’ operations:

ðx; yÞ tt ðx0; y0Þ :¼ ðx _ x0; y ^ y0Þ;
ðx; yÞ ut ðx0; y0Þ :¼ ðx ^ y; x0 _ y0Þ;

�tðx; yÞ :¼ ðy; xÞ;



matrix presentation of the algebraic operations of SIXTEEN3 will give rise to the
definition of cut-free sequent calculi for truth and falsity entailment in Chap. 6.

5.3 Odintsov’s Axiomatization of Truth Entailment
and Falsity Entailment in SIXTEEN3

It follows from results in universal algebra that the relations of truth entailment
and falsity entailment in the language Ltf can be finitely axiomatized.3 An algebra
is congruence-distributive iff its lattice of congruence relations is a distributive
lattice. A class of algebras is congruence-distributive iff each of its members is
congruence distributive. Since the trilattice SIXTEEN3 lies within a congruence
distributive variety, Baker’s famous finite basis theorem applies, see [15]. Baker’s
theorem says that every congruence-distributive variety which is generated by a
finite number of finite algebras and has a finite language is finitely axiomatizable.
Knowing that a finite axiomatization exists is one thing. However, finding such an
axiomatization is another story.

In order to define axiom systems for truth entailment and falsity entailment in
SIXTEEN3, Odintsov [183] starts with an auxiliary, first-degree axiomatic proof
system ‘base for the language Ltf . In a second step, he defines two extensions ‘T

and ‘B of the basic system ‘base and shows that �t¼‘T \ ‘B. Similarly, Odintsov

defines first-degree proof systems ‘f
base, ‘f

T , and ‘f
B for the language Ltf , such that

�f ¼ ‘f
T \ ‘

f
B. Since the proof systems ‘T and ‘B, and respectively, ‘f

T and ‘f
B do

not have modus ponens as their only rule of inference, it is not clear how to
axiomatize their intersections.

Miura’s Theorem [174] (Theorem 4.5 in [13]) on the axiomatization of inter-
sections of superintuitionistic logics presented as Hilbert-style proof systems uses
the Deduction Theorem for intuitionistic implication and applies to propositional
logics with axiomatizations comprising modus ponens as the only inference rule.
Let IPL denote intuitionistic propositional logic in the language f^;_;!;:g, let
D and C be sets of formulas (additional axioms) in the language of IPL, and let
IPLþD (IPLþC) be the logic axiomatized by adding D (C) to the axioms of IPL.
We write Aðp1; . . .; pmÞ to indicate that all propositional variables of A belong to
fp1; . . .; pmg.

(Footnote 2 continued)
where ^ and _ are the classical truth functions interpreting the conjunction and the disjunction
connective, respectively. If ^, _, and ? represent the operations of an implicative lattice, and
the binary operation t is defined by

ða; bÞ tðc; dÞ ¼ ða! c; a ^ dÞ;
the result is a semantics for Nelson’s constructive paraconsistent logic N4, see [181, 182].
3 This has been pointed out to us by Anatol Reibold.
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The repeatedless disjunction of formulas Aðp1; . . .; pnÞ and Bðp1; . . .; pmÞ in the
language of IPL is the formula A_B :¼ Aðp1; . . .; pnÞ_Bðpnþ1; . . .; pnþmÞ. The
disjuncts of A_B have no propositional variables in common.

Theorem 5.1 ðMiura [174]Þ If L1 ¼ IPLþ fAi j i 2 Ig and L2 ¼ IPLþ fBj j
i 2 Jg for some index sets I and J, then L1 \ L2 ¼ IPLþ fAi_Bj j i 2 I; j 2 Jg.

To apply Miura’s Theorem, Odintsov considers the implicational languages
L!t

tf , L
!f

tf , and L�
tf . Moreover, Odintsov introduces a simple and elegant matrix

presentation of the algebraic operations in SIXTEEN3. The trilattice SIXTEEN3 is
thereby presented as a ‘‘twist structure’’ because its operations ‘‘are defined
componentwise on several components and are ‘‘twisted’’ in some way on the
others’’ [183]. Every element x of 16 is a subset of Pð2Þ; therefore it can be
represented as a 2� 2-matrix of values of characteristic functions:

n f
t b

����
����

where each element of the matrix is an element of f0; 1g (understood as the set of
classical truth values) and the following equivalences hold:

n ¼ 1 iff N 2 x; f ¼ 1 iff F 2 x; t ¼ 1 iff T 2 x; b ¼ 1 iff B 2 x:

In order to emphasize that falsity is usually taken to be preserved from the
conclusions of a valid inference to the premises (in the sense that if all the con-
clusions are false, then at least one of the premises is), in Chap. 3 we interpreted
falsity conjunction ^f by the lattice join with respect to the falsity order �f of
SIXTEEN3 and falsity disjunction _f with respect to the lattice meet of �f .
We stipulated that vðA ^f BÞ :¼ vðAÞ tf vðBÞ and vðA _f BÞ :¼ vðAÞ uf vðBÞ.4
Odintsov [183] deviates from this definition by setting: vðA ^f BÞ :¼ vðAÞ uf vðBÞ
and vðA _f BÞ :¼ vðAÞ tf vðBÞ. In this case, however, not only truth but also fal-
sity is preserved from the premise to the conclusion of a valid (single conclusion
and single premise) inference.

Definition 5.2 Let A and B be Ltf -formulas. Then

A �t B iff 8v ðvðAÞ� t vðBÞÞ; A �f B iff 8v ðvðAÞ�f vðBÞÞ:

To allow a better comparison with [183], in what follows, we will adopt the
interpretation of ^f and _f by uf and tf , respectively, and Definition 5.2. Also for
the sake of comparison, in the rest of this chapter, we follow Odintsov in denoting

4 In this chapter we will omit the superscript ‘16’ when dealing with a 16-valuation v16.
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by �f the inverse of the falsity order (as defined in Chap. 3) and in denoting by uf

(tf ) the lattice meet (join) of the inverted falsity order.

Proposition 5.1 (Odintsov [183]) Let ^ and _ be the classical truth functions of
conjunction and disjunction, and let the matrices

n f
t b

����
���� and

n0 f 0

t0 b0

����
����

represent elements of 16. Then the following equations hold:

n f
t b

����
���� ut

n0 f 0

t0 b0

����
���� ¼ n _ n0 f _ f 0

t ^ t0 b ^ b0

����
����

n f
t b

����
���� tt

n0 f 0

t0 b0

����
���� ¼ n ^ n0 f ^ f 0

t _ t0 b _ b0

����
����

�t
n f
t b

����
���� ¼ t b

n f

����
����

n f
t b

����
���� uf

n0 f 0

t0 b0

����
���� ¼ n ^ n0 f _ f 0

t ^ t0 b _ b0

����
����

n f
t b

����
���� tf

n0 f 0

t0 b0

����
���� ¼ n _ n0 f ^ f 0

t _ t0 b ^ b0

����
����

�f
n f
t b

����
���� ¼ f n

b t

����
����:

Proof These equations follow immediately from Propositions 3.2 and 3.4 (taking
into account that there we have interpreted ^f by tf and _f by uf ). h

Definition 5.3 The operations t and f on 16 are defined as follows:

n f
t b

����
���� t

n0 f 0

t0 b0

����
���� :¼ :n ^ n0 :f ^ f 0

t! t0 b! b0

����
����

n f
t b

����
���� f

n0 f 0

t0 b0

����
���� :¼ n! n0 :f ^ f 0

t! t0 :b ^ b0

����
����

where ^, ? and : are the truth functions of Boolean conjunction, implication, and
negation, respectively.

The definition of a valuation function v is now extended by the clauses:

vðA!t BÞ ¼ vðAÞ t vðBÞ; vðA!f BÞ ¼ vðAÞ f vðBÞ:

The following proposition justifies the above definition of t and f . It shows
that the definition is correct in the sense that it in fact results in a semantical
version of the Deduction Theorem.
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Proposition 5.2 (Odintsov [183]) For every x, y, z 2 16,

1. x �t y t z iff x ut y �t z, and
2. x �f y f z iff x uf y �f z.

Corollary 5.1

1. For every x, y 2 16, x �t y iff x t y ¼ TB.
2. For every formula A, B 2L!t

tf , A �t B iff 8vðvðA!t BÞ ¼ TBÞ.
3. For every x, y 2 16, x �f y iff x f y ¼ NT.
4. For every formula A, B 2L

!f

tf , A �f B iff 8vðvðA!f BÞ ¼ NTÞ:

The two biconditionals A$t B and A$f B are defined as ðA!t BÞ ^t ðB!t AÞ
and ðA!f BÞ ^f ðB!f AÞ, respectively, and the classical negation :A of A can be
defined in L!t

tf as A!t �tðp!t pÞ and in L
!f

tf as A!f �f ðp!f pÞ, where p is
some fixed propositional variable.

Odintsov axiomatizes the semantically presented logic (set of formulas) Lt ¼
fA j 8vðvðAÞ ¼ TBÞ;A 2L!t

tf g as the intersection of two logics LT and LB pre-
sented as Hilbert-style proof systems with modus ponens as the only rule of
inference. Similarly, he axiomatizes the logic Lt� ¼ fA j 8vðvðAÞ ¼ TBÞ;A 2
L�

tf g as the intersection of two logics L�T and L�B presented as axiom systems with
modus ponens as the only inference rule. Axiomatizations for the semantically
defined logics Lf ¼ fA j 8vðvðAÞ ¼ NTÞ;A 2L

!f

tf g and Lf� ¼ fA j 8vðvðAÞ ¼
NTÞ;A 2L�

tf g can be obtained analogously. We will here focus on the systems
explicitly treated by Odintsov, that is, Lt and Lt�. The other axiom systems sur-
veyed in Table 5.1 (except for those under (1) and (2)) are not explicitly listed in
[183]. We are now confronted with 24 axiom systems related to the trilattice
SIXTEEN3. The survey in Table 5.1 systematizes the overall picture.

5.3.1 First-Degree Calculi

The first-degree proof systems ‘base, ‘T , and ‘B for the implication-free language
Ltf provide the starting point of the further development. A canonical model
construction in the style of the canonical model construction from Chap. 4 is used
to show that (Ltf ;�t) is sound and complete with respect to ‘T and that (Ltf ;�f )
is sound and complete with respect to ‘B. We use the notation A a‘ B to state both
A ‘ B and B ‘ A. If a sequent A ‘ B is provable in ‘] (] 2 fbase; T ;Bg, we will
also write A ‘] B.

Definition 5.4 The first-degree proof system ‘base consists of the following
sequents and inference rules:

1. A ^t B ‘ A; A ^t B ‘ B
2. A ‘ A _t B; B ‘ A _t B
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3. A ^t ðB _t CÞ a‘ ðA ^t BÞ _t ðA ^t CÞ
4. A _t ðB ^t CÞ a‘ ðA _t BÞ ^t ðA _t CÞ
5. A a‘ �t�t A
6. A a‘ �f�f A
7. �t�f A a‘ �f�t A
8. �f A a‘ �t�f�t A
9. �t A a‘ �f�t�f A

10. �t ðA ^t BÞ a‘ �t A _t �t B
11. �t ðA _t BÞ a‘ �t A ^t �t B
12. �t ðA ^f BÞ a‘ �t A ^f �t B
13. �t ðA _f BÞ a‘ �t A _f �t B
14. �f ðA ^f BÞ a‘ �f A _f �f B
15. �f ðA _f BÞ a‘ �f A ^f �f B
16. �f ðA ^t BÞ a‘ �f A ^t �f B

Table 5.1 Axiom systems related to SIXTEEN3:

Axiom system Language Relation to �t or �f Inference rules

(1) ‘base Ltf ‘base	�t Rules for ‘
‘T Ltf �t ¼‘T \ ‘B Rules for ‘
‘B Ltf �t ¼‘T \ ‘B Rules for ‘

(2) ‘f
base

Ltf ‘f
base	�f Rules for ‘

‘f
T

Ltf �f ¼‘f
T \ ‘

f
B

Rules for ‘
‘f

B
Ltf �f¼‘f

T \ ‘
f
B

Rules for ‘
(3) Lbase L!t

tf Lbase 	�t Just m. p. for !t

LT L!t
tf Lt ¼ LT \ LB Just m. p. for !t

LB L!t
tf Lt ¼ LT \ LB Just m. p. for !t

(4) L0base L!t
tf L0base 	�f Just m. p. for !t

L0T L!t
tf L0 ¼ L0T \ L0B Just m. p. for !t

L0B L!t
tf L0 ¼ L0T \ L0B Just m. p. for !t

(5) Lf
base

L
!f

tf Lf
base 	�f Just m. p. for !f

Lf
T L

!f

tf Lf ¼ Lf
T \ Lf

B
Just m. p. for !f

Lf
B L

!f

tf Lf ¼ Lf
T \ Lf

B
Just m. p. for !f

(6) Lf 0

base
L
!f

tf Lf 0

base 	�t
Just m. p. for !f

Lf 0

T
L
!f

tf Lf 0 ¼ Lf 0

T \ Lf 0

B
Just m. p. for !f

Lf 0

B
L
!f

tf Lf 0 ¼ Lf 0

T \ Lf 0

B
Just m. p. for !f

(7) Lt�
base L�tf Lt�

base 	�t Just m. p. for !t and !f

Lt�
T L�tf Lt� ¼ Lt�

T \ Lt�
B Just m. p. for !t and !f

Lt�
B L�tf Lt� ¼ Lt�

T \ Lt�
B Just m. p. for !t and !f

(8) Lf�
base

L�tf Lf�
base 	�f Just m. p. for !t and !f

Lf�
T

L�tf Lf� ¼ Lf�
T \ Lf�

B
Just m. p. for !t and !f

L�fB
L�tf L�f ¼ Lf�

T \ Lf�
B

Just m. p. for !t and !f
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17. �f ðA _t BÞ a‘ �f A _t �f B
18. �f�t ðA ^t BÞ a‘ �f�t A _t �f�t B
19. �f�t ðA _t BÞ a‘ �f�t A ^t �f�t B
20. �f�t ðA ^f BÞ a‘ �f�t A _f �f�t B
21. �f�t ðA _f BÞ a‘ �f�t A ^f �f�t B

A ‘ B B ‘ C

A ‘ C

A ‘ B A ‘ C

A ‘ B ^t C

A ‘ C B ‘ C

A _t B ‘ C

Definition 5.5 The proof system ‘T is obtained from ‘base by adding the axioms:

1T A ^f B a‘ A ^t B and 2T A _f B a‘ A _t B:

The proof system ‘B is obtained from ‘base by adding the axioms:

1B A ^f B a‘ A _t B and 2B A _f B a‘ A ^t B:

As Odintsov points out, ‘T and ‘B are not definitional extensions of ‘base.
A definiendum may be replaced in any syntactic context by its definiens with
unharmed mutual interderivability (and unharmed provable equivalence). Axiom 1T

notwithstanding, in ‘T the falsity conjunction A ^f B is not defined by the truth
conjunction A ^t B because A ^f B is not replaceable with unharmed interderiv-
ability by A ^t B. Replacement is harmed in the context of �t and �f . The break-
down of replacement (interchangeability) in the scope of a negation operator is well-
known from constructive logics with strong negation, see, for example, [2, 182, 231,
264, 267, 270, 271]. These logics are conservative extensions of positive intui-
tionistic logic in which the double-negation laws and the De Morgan laws hold for
conjunction ^, disjunction _ and strong negation � . The strong negation �ðA!
BÞ of an intuitionistic implication is interderivable with (A ^ �B). However,
whereas ��ðA! BÞ is interderivable with (A! BÞ, (A! B) is not interderivable
with �ðA ^ �BÞ in these logics. In ‘T , for example, A ^f B and A ^t B are
interderivable by Axiom 1T . By Axiom 14 of ‘base, �f ðA ^f BÞ and �f A _f �f B
are interderivable. By Axiom 16, �f ðA ^t BÞ is interderivable with �f A ^f �f B.
However, �f A _f �f B and �f A ^f �f B fail to be interderivable in ‘T .

Odintsov observes that if one deletes from ‘base all axioms containing _f and ^f

and adds to 1T and 2T the following axioms for ^f and _f :

�f ðA ^f BÞ a‘ �f ðA _t BÞ; �tðA ^f BÞ a‘ �tðA _t BÞ;
�f�tðA ^f BÞ a‘ �f�tðA ^t BÞ;

�f ðA _f BÞ a‘ �f ðA ^t BÞ; �tðA _f BÞ a‘ �tðA ^t BÞ;
�f�tðA _f BÞ a‘ �f�tðA _t BÞ;

one obtains another axiomatization of ‘T . In this case, a definition of A ^f B and
A _f B is given in the sense that conditions for unharmed interderivability in
different syntactic contexts are stated. Analogously, one can obtain another
axiomatization of ‘B.
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As already mentioned, it can be shown that truth entailment in Ltf coincides
with the intersection of ‘T and ‘B. From the axioms 1T , 2T , 1B, and 2B it becomes
clear that _f and ^f have a non-deterministic interpretation with respect to truth
entailment. In order to establish this characterization of �t, Odintsov considers for
every valuation v its co-ordinate valuations vt, vf , vn, and vb. The co-ordinate
valuations are classical valuations and they are defined as follows:

vðpÞ ¼ vnðpÞ vf ðpÞ
vtðpÞ vbðpÞ

����
����

The co-ordinate valuations can be used to define co-ordinate entailment rela-
tions. We consider two sets of such entailment relations, one associated with
�t and the other with �f .

Definition 5.6 Let A, B 2Ltf and let � and � stand for the usual ordering on N.

A �N B iff 8vðvnðAÞ� vnðBÞÞ; A �F B iff 8vðvf ðAÞ� vf ðBÞÞ;
A �T B iff 8vðvtðAÞ� vtðBÞÞ; A �B B iff 8vðvbðAÞ� vbðBÞÞ;
A �f

N B iff 8vðvnðAÞ� vnðBÞÞ; A �f
F B iff 8vðvf ðAÞ� vf ðBÞÞ;

A �f
T B iff 8vðvtðAÞ� vtðBÞÞ; A �f

B B iff 8vðvbðAÞ� vbðBÞÞ:

Proposition 5.3 �t¼�T \ �B \ �F \ �N and �f ¼�f
T \ �

f
B \ �

f
F \ �

f
N .

Proof It is enough to note that for
n f
t b

����
���� and

n0 f 0

t0 b0

����
���� 2 16, the following

equivalences hold:

n f
t b

����
���� �t

n0 f 0

t0 b0

����
���� iff

n� n0 f � f 0

t� t0 b� b0

n f
t b

����
���� �f

n0 f 0

t0 b0

����
���� iff

n� n0 f � f 0

t� t0 b� b0

h

Soundness theorems for the logics ‘T and ‘B follow by induction on the con-
struction of proofs.

Theorem 5.2 (Soundness) For all Ltf -formulas A and B:

1. A ‘T B implies A �T B,
2. A ‘T B implies A �F B,
3. A ‘B B implies A �B B, and
4. A ‘B B implies A �N B.

Completeness theorems for the logics ‘T and ‘B can be proved by applying the
canonical model method. In other words, semantical evaluation is characterized by
membership in certain sets of formulas. In this way, falsifying models can be
defined for non-derivable sequents without making any ontological suppositions
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beyond the assumption that there exist the formulas of the language under con-
sideration and that there exist sets of formulas. The sets of formulas required for
the proof are, again, certain prime theories.

Definition 5.7 Let ] 2 fT;Bg. A set of formulas a is closed under ‘] iff it holds
that (i) A 2 a and A ‘] B implies B 2 a and (ii) A 2 a and B 2 a implies
A ^t B 2 a. A set of sentences a is a ]-theory iff a is closed under ‘]. A ]-theory
a is prime iff it holds that if A _t B 2 a, then A 2 a or B 2 a.

The appropriate version of Lindenbaum’s extension lemma can be proved.

Lemma 5.1 (Extension Lemma) For ] 2 fT ;Bg and Ltf -formulas A and B, if
A ‘] B does not hold, then there exists a prime ]-theory a such that A 2 a and
B 62 a.

The prime theories have all the properties needed to emulate in a ‘‘Truth
Lemma’’ the evaluation conditions for co-ordinate valuation functions in terms of
set membership. These co-ordinate valuations have to be defined in four different
ways in order to capture the entailment relations � T and � F in the case of prime
T-theories and the entailment relations � B, and � N in the case of prime
B-theories.

Lemma 5.2 Let ] 2 fT ;Bg, a be a prime ]-theory, and A;B 2Ltf . Then

– A ^t B 2 a iff A 2 a and B 2 a;
– A _t B 2 a iff A 2 a or B 2 a;
– �t�t A 2 a iff A 2 a;
– �f�f A 2 a iff A 2 a;
– �t�f A 2 a iff �f�t A 2 a;
– �t�f�t A 2 a iff �f A 2 a;
– �f�t�f A 2 a iff �t A 2 a;
– �t ðA ^t BÞ 2 a iff �t A 2 a or �t B 2 a;
– �t ðA _t BÞ 2 a iff �t A 2 a and �t B 2 a;
– �f ðA ^t BÞ 2 a iff �f A 2 a and �f B 2 a;
– �f ðA _t BÞ 2 a iff �f A 2 a or �f B 2 a;
– �f�t ðA ^t BÞ 2 a iff �f�t A 2 a or �f�t B 2 a;
– �f�t ðA _t BÞ 2 a iff �f�t A 2 a and �f�t B 2 a;
– if ] ¼ T; then ðA _f B 2 a iff A _t B 2 aÞ and ðA ^f B 2 a iff A ^t B 2 aÞ;
– if ] ¼ B; then ðA _f B 2 a iff A ^t B 2 aÞ and ðA ^f B 2 a iff A _t B 2 aÞ.

Proof All these equivalences follow straightforwardly from the definition of the
axioms of ‘base, ‘T , and ‘B and the assumption that a is prime. h

Valuations for the four positions n, f , t; and b and prime T-theories are defined
in two ways. The first definition is suitable for proving the completeness of ‘T with
respect to �T .
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Definition 5.8 For every T-theory a, the valuation function va;T from atomic
formulas into 16 is defined as follows:

va;T
n ðpÞ ¼ 1, �t p 2 a va;T

f ðpÞ ¼ 1, �f�t p 2 a

va;T
t ðpÞ ¼ 1, p 2 a va;T

b ðpÞ ¼ 1, �f p 2 a

Lemma 5.3 (Truth Lemma, Odintsov [183]) Let A 2Ltf . Then

va;T
n ðAÞ ¼ 1, �t A 2 a va;T

f ðAÞ ¼ 1, �f�t A 2 a

va;T
t ðAÞ ¼ 1, A 2 a va;T

b ðAÞ ¼ 1, �f A 2 a

Proof The four claims are proved conjointly by simultaneous induction on the
structure of A. The induction base holds by the definition of va;T. We here consider
just one exemplary case for the co-ordinate valuation va;T

f . The other co-ordinate
valuations can be treated similarly.

(^f ): A has the shape C ^f B. Then va;T
f ðC ^f BÞ ¼ 1 iff va;T

f ðCÞ ¼ 1 or

va;T
f ðBÞ ¼ 1. By the induction hypothesis, this disjunction holds iff �f�t C 2 a or
�f�t B 2 a.

By Lemma 5.2, this holds iff �f�t C _t �f�t B 2 a. Since a is a T-theory, the
latter is equivalent to �f�t C _f �f�t B 2 a and to �f�t ðC ^f BÞ 2 a, by
deductive closure and Axiom 20. h

Theorem 5.3 Let A;B 2Ltf . Then A �T B implies A ‘T B.

Proof If A 6‘T B, then, by the Extension Lemma, there exists a prime T-theory a
such that A 2 a and B 62 a. By the Truth Lemma 5.3, va;F

t ðAÞ ¼ 1 and va;F
t ðBÞ ¼ 0.

Hence va;F
t ðAÞ[ va;F

t ðBÞ, which means that A 6�T B. Therefore, �T 	 ‘T . h

In order to prove the completeness of ‘T with respect to �F , Odintsov defined
another set of co-ordinate valuations relative to a prime T-theory.

Definition 5.9 Let a be a prime T-theory. The valuation function va;F from atomic
formulas into 16 is defined by the following equivalences:

va;F
n ðpÞ ¼ 0, �f p 2 a va;F

f ðpÞ ¼ 0, p 2 a

va;F
t ðpÞ ¼ 0, �f�t p 2 a va;F

b ðpÞ ¼ 0, �t p 2 a

Lemma 5.4 Let A 2Ltf . Then

va;F
n ðAÞ ¼ 0, �f A 2 a va;F

f ðAÞ ¼ 0, A 2 a

va;F
t ðAÞ ¼ 0, �f�t A 2 a va;F

b ðAÞ ¼ 0, �t A 2 a

Lemma 5.4 is proved similarly to Lemma 5.3. Moreover, the proof of the
following completeness theorem is analogous to the proof of Theorem 5.3.
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Theorem 5.4 Let A;B 2Ltf . Then A �F B implies A ‘F B.

The completeness of ‘B with respect to �B and �N can again be shown by
defining suitable co-ordinate valuations.

Theorem 5.5 Let A;B 2Ltf . Then 1. A �B B implies A ‘B B and 2. A �N B
implies A ‘B B.

Proof To prove the first claim, for every prime B-theory a, co-ordinate valuations
va;B

n , va;B
f , va;B

t , va;B
b are defined as follows:

va;B
n ðpÞ ¼ 1, �f�t p 2 a va;B

f ðpÞ ¼ 1, �t p 2 a

va;B
t ðpÞ ¼ 1, �f p 2 a va;B

b ðpÞ ¼ 1, p 2 a

To prove the second claim, for every prime B-theory a, co-ordinate valuations
va;N

n , va;N
f , va;N

t , va;N
b are defined as follows:

va;N
n ðpÞ ¼ 0, p 2 a va;N

f ðpÞ ¼ 0, �f p 2 a

va;N
t ðpÞ ¼ 0, �t p 2 a va;N

b ðpÞ ¼ 0, �f�t p 2 a

In both cases, it is shown by simultaneous induction on the structure of A that
all the equivalences can be extended to an arbitrary Ltf -formula A. Completeness
then follows by the familiar contrapositive argument. h

We may now combine the Soundness Theorem 5.2, the Completeness Theo-
rems 5.3, 5.4, 5.5, and Proposition 5.3 to observe that the entailment relation �T is
the intersection of two syntactically defined inference relations.

Theorem 5.6 ðOdintsov [183]Þ �t¼‘T \ ‘B.

From this characterization of �t, it is clear that the following semantical facts
hold.5

Proposition 5.4 Let A;B 2Ltf , Then

1. A ^t B �t A ^f B, A ^t B �t A _f B; 2. ðA ^f BÞ ^t ðA _f BÞ �t A ^t B;
3. A ^f B �t A _t B; A _f B �t A _t B; 4. A _t B �t ðA ^f BÞ _t ðA _f BÞ.

A completely parallel development can be given by a characterization of �f as
the intersection of two syntactic consequence relations defined as first-degree
proof systems. The first step of this development is the definition of the conse-

quence relation ‘f
base.

5 Odintsov raises the question whether the addition of the corresponding sequents to ‘base might
result in an axiomatization of �t. This problem might be addressed in light of the results
in [293].
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Definition 5.10 The first-degree proof system ‘f
base consists of the Axioms 5–21

of ‘base and the following sequents and inference rules:

1f A ^f B ‘ A; A ^f B ‘ B

2f A ‘ A _f B; B ‘ A _f B

3f A ^f ðB _f CÞ a‘ ðA ^f BÞ _f ðA ^f CÞ
4f A _f ðB ^f CÞ a‘ ðA _f BÞ ^f ðA _f CÞ

A ‘ B B ‘ C

A ‘ C

A ‘ B A ‘ C

A ‘ B ^f C

A ‘ C B ‘ C

A _f B ‘ C

Definition 5.11 The proof system ‘f
T is obtained from ‘f

base by adding the axioms

1T and 2T . The proof system ‘f
B is obtained from ‘base by adding the axioms

1B and 2B.

Proposition 5.3 states that �f is the intersection of the entailment relations �f
T ,

�f
B, �f

F , and �f
N from Definition 5.6. One can show that each of these co-ordinate

entailment relations coincides either with ‘f
T or with ‘f

B.

Theorem 5.7 ðOdintsov [183]) Let A;B 2Ltf . Then

A ‘f
T B iff A �f

T B iff A �f
F B; A ‘f

B B iff A �f
B B iff A �f

N B:

By Theorem 5.7 together with Proposition 5.3, it follows that �f ¼ ‘f
T \ ‘

f
B.

5.3.2 Systems with Modus Ponens as the Sole Rule of Inference

As explained already, a Hilbert-style axiomatization with modus ponens as the
only inference rule can be obtained for �t and �f if at least one of the implications
!t and !f is taken into consideration. We consider L!t

tf .

Definition 5.12 The logic Lbase is the smallest set of formulas in the language
L!t

tf closed under modus ponens for !t

A; A!t B

B

and containing the following axioms:

1. A!t ðB!t AÞ
2. ðA!t ðB!t CÞÞ !t ððA!t BÞ !t ðA!t CÞÞ
3. ðA ^t BÞ !t A
4. ðA ^t BÞ !t B
5. ðA!t BÞ !t ððA!t CÞ !t ðA!t ðB ^t CÞÞÞ
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6. A!t ðA _t BÞ
7. B!t ðA _t BÞ
8. ðA!t CÞ !t ððB!t CÞ !t ððA _t BÞ !t CÞÞ
9. A _t ðA!t BÞ

10. A$t�t�t A
11. A$t�f�f A
12. �t�f A$t�f�t A
13. :�f A$t�f:A

14. :�t A$t�t :A
15. :�f�t A$t�f�t :A
16. �f A$t�t�f�t A
17. �t A$t�f�t�f A
18. �t ðA ^t BÞ $t ð�t A _t �t BÞ
19. �t ðA _t BÞ $t ð�t A ^t �t BÞ
20. �t ðA ^f BÞ $t ð�t A ^f �t BÞ
21. �t ðA _f BÞ $t ð�t A _f �t BÞ
22. �f ðA ^f BÞ $t ð�f A _f �f BÞ
23. �f ðA _f BÞ $t ð�f A ^f �f BÞ
24. �f ðA ^t BÞ $t ð�f A ^t �f BÞ
25. �f ðA _t BÞ $t ð�f A _t �f BÞ
26. �f�t ðA ^t BÞ $t ð�f�t A _t �f�t BÞ
27. �f�t ðA _t BÞ $t ð�f�t A ^t �f�t BÞ
28. �f�t ðA ^f BÞ $t ð�f�t A _f �f�t BÞ
29. �f�t ðA _f BÞ $t ð�f�t A ^f �f�t BÞ
30. ðA!t BÞ $t ð:A _t BÞ
31. �t ðA!t BÞ $t ð�t :A ^t �t BÞ
32. �f ðA!t BÞ $t ð�f A!t �f BÞ
33. �f�t ðA!t BÞ $t ð�f�t :A ^t �f�t BÞ

Definition 5.13 The axiom systems LT and LB are defined as follows:

LT :¼ Lbase [ fðA ^f BÞ $t ðA ^t BÞ; ðA _f BÞ $t ðA _t BÞg;

LB :¼ Lbase [ fðA ^f BÞ $t ðA _t BÞ; ðA _f BÞ $t ðA ^t BÞg:

Let D and C be sets of formulas (additional axioms) in the language L!t
tf of

Lbase, and let Lbase þ D (Lbase þ C) be the logic axiomatized by adding D (C) to the
axioms of Lbase.

Theorem 5.8 If L1 ¼ Lbase þ fAi j i 2 Ig and L2 ¼ Lbase þ fBj j i 2 Jg, then
L1 \ L2 ¼ Lbase þ fAi_tBj j i 2 I; j 2 Jg.

Proof Since Lbase contains the standard axioms of positive intuitionistic logic in
the connectives ^t, _t, and !t (Axioms 1–8) and since Lbase contains modus
ponens as the only rule of inference, Lbase satisfies the Deduction Theorem
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H [ fDg ‘ E iff H ‘ D!t E:

All resources needed for the proof of Miura’s Theorem (cf. [50, p. 111]) are
available in Lbase. Suppose that C 2 L1 \ L2. By the Deduction Theorem and
properties of ^t, it follows that there exist finite index sets I0 and J0 such that the
formulas

^t
i2I0

A0i !t C; ^t
j2J0

B0j !t C

belong to Lbase, where every A0i and every B0j with i 2 I0 and j 2 J0 is a substitution
instance of some Ak and Bl, for k 2 I and l 2 J. By Axiom 8 and the distribution of
truth disjunction over truth conjunction, it follows that

^t
i2l0; j2J0

ðA0i _t B0jÞ !t C

belongs to Lbase. Since ðA0i _t B0jÞ is a substitution instance of ðAi_tBjÞ, it follows
that C 2 Lbase þ fAi_tBj j i 2 I; j 2 Jg.

If, on the other hand, C 2 Lbase þ fAi_tBj j i 2 I; j 2 Jg, then there is a finite set
of substitution instances ðA0i _t B0jÞ of ðAi_tBjÞ such that C is derivable from this
set. With the help of Axioms 6 and 7, formula C is derivable both from the set of
A0i’s and from the set of B0j’s. Therefore, C 2 L1 \ L2. h

Definition 5.14 The axiom system HLt consists of Lbase together with the fol-
lowing disjunction:

ðððA ^t BÞ $t ðA ^f BÞÞ ^t ððA _t BÞ $t ðA _f BÞÞÞ _t

ðððC ^t DÞ $t ðC _f DÞÞ ^t ððC _t DÞ $t ðC ^f DÞÞÞ:

Definiton 5.15 The logic L�base is the smallest set of formulas in the language L�
tf

closed under modus ponens for !t and for !f , comprising the axioms of Lbase,
and containing the following axioms for !f :

34. ðA!f BÞ $t ð:A _f BÞ
35. �tðA!f BÞ $t ð�t A!f �t BÞ
36. �f ðA!f BÞ $t ð�f: A ^f �f BÞ
37. �f�tðA!f BÞ $t ð�f�t :A ^f �f�t BÞ.

Definition 5.16 The axiom systems L�T and L�B are defined as follows:

L�T :¼ L�base [fðA^t BÞ$t ðA^f BÞ; ðA_t BÞ $t ðA_f BÞ; ðA!f BÞ $t ðA!t BÞg;
L�B :¼ L�base [fðA^t BÞ $t ðA_f BÞ; ðA_t BÞ$t ðA^f BÞ; ðA!f BÞ $t ð:A^t BÞg:

Definition 5.17 The axiom system HLt� consists of L�base and the following
disjunction:
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38: ðððA^t BÞ$t ðA^f BÞÞ^t ððA_t BÞ$t ðA_f BÞÞ^t ððA!f BÞ$t ðA!t BÞÞÞ_t

ðððC^t DÞ$t ðC_f DÞÞ^t ððC_t DÞ$t ðC^f DÞÞ^t ððC!f DÞ$t ð:C^t DÞÞÞ:

Theorem 5.9 ðOdintsov [183]) Let A be a formula of L!t
tf . Then A 2 Lt

iff HLt ‘ A. Let A be a formula of L�
tf . Then A 2 Lt� iff HLt� ‘ A.

Proof The claims are shown by combining (a) soundness results for LT and LB

obtained by induction on the complexity of proofs, (b) the canonical model method
to get completeness results for LT and LB and (b) Miura’s Theorem in the shape of
Theorem 5.8.

Step (a) gives:

LT 	 fA j 8vðvtðAÞ ¼ 1Þg; LT 	 fA j 8vðvf ðAÞ ¼ 0Þg;
LB 	 fA j 8vðvbðAÞ ¼ 1Þg; LB 	 fA j 8vðvnðAÞ ¼ 0Þg:

Consider step (b) in the characterization of HLt. Odintsov shows that

LT 
 fA j 8vðvtðAÞ ¼ 1Þg; LT 
 fA j 8vðvf ðAÞ ¼ 0Þg
LB 
 fA j 8vðvbðAÞ ¼ 1Þg; LB 
 fA j 8vðvnðAÞ ¼ 0Þg:

Definition 5.18 Let ] 2 fT ;Bg. A set of formulas a is closed under modus ponens
for!t iff from A 2 a and A!t B 2 a it follows that B 2 a. A set of sentences a is
an L]-theory iff L] 	 a and a is closed under modus ponens for!t. A ]-theory a is
prime iff it holds that if A _t B 2 a, then A 2 a or B 2 a.

The language L!t
tf contains !t (classical implication) as a primitive connec-

tive and : (classical negation) as a defined connective. Prime L]-theories enjoy
properties related to !t and : that enable the emulation of evaluation conditions
for co-ordinate valuation functions in the language L!t

tf . Namely, in addition to all
equivalences listed in Lemma 5.2 and due to Axioms 13–15 and 30–33 of Lbase, the
following equivalences hold:

• A!t B 2 a iff A 62 a or B 2 a;
• :A 2 a iff A 62 a;
• :�t A 2 a iff �t :A 2 a;
• :�f A 2 a iff �f :A 2 a;
• :�f�t A 2 a iff �f�t :A 2 a;
• �t ðA!t BÞ 2 a iff �t :A ^t �t B 2 a;
• �f ðA!t BÞ 2 a iff �f A!t �f B 2 a;
• �f�t ðA!t BÞ 2 a iff �f�t :A ^t �f�t B 2 a.

Since we are now characterizing sets of formulas instead of sets of sequents of
the form A ‘ B, the Extension Lemma has to be adjusted.

Lemma 5.5 Let ] 2 fT;Bg and A 2L!t
tf . Then A 62 L] implies that there exists a

prime L]-theory a with A 62 a.
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To obtain a first completeness result for LT , for every LT -theory a, four
co-ordinate valuations va;T

n , va;T
f , va;T

t , and va;T
b are assigned as in Definition 5.8.

Lemma 5.6 (Truth Lemma, Odintsov [183]) Let A 2L!
tf . Then

va;T
n ðAÞ ¼ 1, �t A 2 a va;T

f ðAÞ ¼ 1, �f�t A 2 a

va;T
t ðAÞ ¼ 1, A 2 a va;T

b ðAÞ ¼ 1, �f A 2 a

Proof The proof is again by simultaneous induction on the structure of A. Consider
by way of example the co-ordinate valuation va;T

n and the subcase A$ ðB!t CÞ. By
the definition of t , va;T

n ðB!t CÞ ¼ 1 iff va;T
n ðBÞ ¼ 0 and va;T

n ðCÞ ¼ 1. By the
induction hypothesis this means that�t B 62 a and�t C 2 a. Since a is an LT -theory,
�t B 62 a iff :�t B 2 a iff �t :B 2 a. Thus va;T

n ðB!t CÞ ¼ 1 iff both �t :B 2 a
and �t C 2 a. Again by the properties of LT -theories, the latter holds just in case
�t (B!t C) 2 a.

Completeness follows by using contraposition. If A 62 LT , there exists a
prime LT -theory a with t A 62 a. Hence va;T

t ðAÞ ¼ 0, and therefore fA j 8vðvtðAÞ ¼
1Þg 	 LT . h

Moreover, to show that LT ¼ fA j 8vðvf ðAÞ ¼ 0Þg, the co-ordinate valuations
from Definition 5.9 can be used. To show that LB 
 fA j 8vðvbðAÞ ¼ 1Þg and
LB 
 fA j 8vðvnðAÞ ¼ 0Þg, one may use the co-ordinate valuations defined in the
proof of Theorem 5.5.

Since Lt is the set of formulas that receive the value TB under any valuation,
and since

TB ¼ 0 0
1 1

����
����

it follows that Lt ¼ LT \ LB. Similarly, it can be shown that Lt� ¼ L�T \ L�B.
Applying Theorem 5.8 twice, the claims of Theorem 5.9 follow. h

5.4 Discussion

The axiom systems for trilattice logics enjoy all the advantages that Hilbert-style
proof systems may have. In the first place, they are succinct syntactic presentations
of logics related to SIXTEEN3. In addition, they give insight about truth entailment
and falsity entailment in SIXTEEN3. The basic system Lbase reveals that in the
presence of !t, positive intuitionistic logic (Axioms 1–8) and positive classical
propositional logic (Axioms 1–9) are subsystems of truth entailment. Moreover,
Axioms 10–11 present double-negation laws, and Axioms 12–17 provide infor-
mation about the interaction between classical negation, truth negation, and falsity
negation. Axioms 18–29, which include certain De Morgan laws, may be seen as
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‘‘rewrite rules’’ for negated conjunctions and disjunctions. Axiom 30 presents truth
implication as a Boolean implication, and Axioms 31–33 may be regarded as
rewrite instructions for negated truth implications. It seems fair to say that Lbase is
a systematic, transparent, and informative axiom system, and so is L�base, which
subjoins to Lbase an axiom presenting falsity implication as a Boolean conditional
and axioms for negated falsity implications.

A special merit of the axiom systems HLt and HLt�, however, comes with the
additional disjunctive axioms that allow one to capture the intersection of LT and
LB and the intersection of L�T and L�B. In particular, Axiom 38 shows that falsity
conjunction, falsity disjunction, and falsity implication have an indeterministic
interpretation with respect to truth entailment in SIXTEEN3. A falsity conjunction
ðA ^f BÞ, disjunction ðA _f BÞ, and implication (A!f BÞ is either to be understood
as the truth conjunction ðA ^t BÞ, truth disjunction ðA _t BÞ, and truth implication
(A!t BÞ, respectively, or as the truth disjunction ðA _t BÞ, truth conjunction
ðA ^t BÞ, and (:A ^t BÞ, respectively.

Analogously, HLf� reveals that truth conjunction, truth disjunction, and truth
implication have an indeterministic interpretation with respect to falsity entailment
in SIXTEEN3.6

Axiom systems such as HLt and HLt� display, however, not only the clear and
significant conceptual merits axiom systems may have, but they also share certain
limitations with other Hilbert-style proof systems. In particular they are, first and
foremost, not especially user-friendly and, second, they are not suitable for manual
or automatic proof search. Moreover, from the more philosophical point of view of
anti-realistic approaches to meaning, the axioms of HLt and HLt� cannot be seen as
isolating the proof-theoretical meaning of the connectives in L!t

tf and L�
tf ,

respectively. Seen as a proof-theoretical meaning-assignment, Axiom 38 is mas-
sively holistic, because it lays down simultaneously the inferential meaning of all
the binary connectives of L�

tf and the defined connective :.
In the just-mentioned respects, Gentzen-style proof systems [117, 179, 252] and

tableau calculi [59] are superior to Hilbert-style systems. In many cases, the
inference rules are separated and exhibit only one logical operation, so that they
can be viewed as non-holistic meaning assignments. These proof systems often are
such that they not only provide a heuristics for proof-search but in the case of
decidable logics also give rise to a decision procedure. In comparison with natural
deduction and sequent-style proof systems, tableau calculi for modal and certain
non-classical logics, however, are sometimes criticized for representing in an
excessively obvious way semantical features in the inference rules. In addition to
ordinary Gentzen-style natural deduction and sequent calculi, there are many

6 In view of this indeterministic interpretation of certain connectives, one might think of
investigating relations to Avron’s non-deterministic matrices, see [13, 14].
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generalizations of the familiar framework, for example, higher-arity sequent
systems, hypersequent calculi, tree-hypersequent calculi, and display calculi.7

In Chap. 6 we will define and investigate ordinary and higher-arity sequent
systems for logics related to SIXTEEN3. In particular, we will present sequent
calculi for HLt and HLt� and other trilattice logics in L!t

tf , L
!f

tf , and L�
tf .

7 A discussion of various kinds of Gentzen-style proof systems from a methodological point of
view can be found, for example, in [192, 265].
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Chapter 6
Sequent Systems for Trilattice Logics

Abstract In the present chapter, we will define various standard and non-standard
sequent calculi for logics related to the trilattice SIXTEEN3. In a first step, we will
introduce three sequent calculi GB, FB, and QB for Odintsov’s first-degree proof
system ‘B presented in the previous chapter. The system GB is a standard Gentzen-
type sequent calculus, FB is a four-place (horizontal) matrix sequent calculus, and
QB is a quadruple (vertical) matrix sequent calculus. In contrast with GB, the
calculus FB satisfies the subformula property, and the calculus QB reflects
Odintsov’s co-ordinate valuations associated with valuations in SIXTEEN3. The
mutual equivalence between GB, FB; and QB, the cut-elimination theorems for
these calculi, and the decidability of ‘B are proved. In addition, it is shown how
the sequent systems for ‘B can be extended to cut-free sequent calculi for
Odintsov’s LB, which is an extension of ‘B by adding classical implication and

negation connectives. The axiom systems LT ; LB; L
f
T ; L

f
B; L

0
T ; L0B; Lf 0

T ; and Lf 0
B

from Chap. 5 are all auxiliary calculi in the sense that they do not capture truth
entailment �t or falsity entailment �f in the respective languages. The chief axiom

systems are those capturing the semantically defined logics Lt; Lf ;L0; Lf 0; Lt� and
Lf�. In a second step, we will present cut-free sound and complete higher-arity
sequent calculi for all these axiom systems. The semantical foundation of these
calculi is provided by the co-ordinate valuations. A sequent calculus GL� for truth
entailment in SIXTEEN3 in the full language L�

tf is introduced and shown to be
sound and complete and admitting of cut-elimination. This sequent calculus
directly takes up Odintsov’s presentation of SIXTEEN3 as a twist-structure over the
two-element Boolean algebra and enjoys all the nice properties known from the
G3c sequent calculus for classical logic, see Troelstra and Schwichtenberg
(Cambridge University Press, Cambridge, 2000). Moreover, a sequent calculus for
falsity entailment in SIXTEEN3 in L�

tf can be obtained from GL� not by changing
any of the inference rules of the system but simply by appropriately changing the
notion of a provable formula.

Y. Shramko and H. Wansing, Truth and Falsehood, Trends in Logic 36,
DOI: 10.1007/978-94-007-0907-2_6, � Springer Science+Business Media B.V. 2011
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6.1 Standard Sequent Systems for Logics Related
to SIXTEEN3

In the present chapter, we will define various standard and non-standard
sequent calculi for logics related to the trilattice SIXTEEN3.1 We will first
consider cut-free sequent calculi GB and GT for Odintsov’s extensions ‘B and
‘T of the basic logic ‘base. In this case, the logical object language is the
implication-free language Ltf . Later these proof systems will be extended to
sequent calculi for the logics LB and LT in the language L!t

tf . Recall that
the intersection of ‘T and ‘B coincides with truth-entailment in
SIXTEEN3 :�t¼‘T \ ‘B. In this sense, GB and GL are sequent systems for
trilattice logics. Recall also that fA j 8vðvðAÞ ¼ TBÞ;A 2L!t

tf g ¼ Lt ¼ LB \
LT ; so that LB and LT are closely related to HLt and hence may be called
trilattice logics as well. The sequent calculi GB and GL can be obtained in a
completely analogous way. Therefore, we will concentrate on GB. Cut-free
sequent calculi for the logic ‘base underlying both ‘B and ‘L have not been
obtained so far. Constructing a cut-free sequent calculus for ‘base might turn
out to be difficult. We will use a translation into the conjunction/disjunction-
fragment of classical logic to show that (cut) is an admissible rule of the
standard sequent calculus GB for ‘B. This translation is suitable for ‘B but not
for ‘base. Also, no cut-free sequent calculus for Lbase is known.

As before, we will use Greek capital letters C;D; ::: to represent finite (possibly
empty) sets of formulas. The symbol $ is used to denote the syntactic identity of
symbols and sets of symbols. For any ] 2 f�t;�f ;�f�t;�t�f g, the expression ]C
denotes the set f]C j C 2 Cg. An expression of the form C) D is called a
sequent. We write L ‘ S to express that the sequent S is provable in the sequent
calculus L. A sequent calculus GB for ‘B is introduced below. The f^f ;_f g-free
part of GB is similar to the sequent calculus L16 discussed in [139].

Definition 6.1 Let �e be �t or �f�t. The initial sequents of GB are of the form:

p) p �tp) �tp �f p) �f p �f�tp) �f�tp

for any propositional variable p.

The structural inference rules of GB are of the form:

C) D;A A;R) P
C;R) D;P

ðcutÞ C) D
A;C) D

ðw� lÞ C) D
C) D;A

ðw� rÞ:

1 The presentation is based on [141, 272].
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The logical inference rules of GB are of the form:

A;B;C) D
A ^t B;C) D

ð^tlÞ
C) D;A C) D;B

C) D;A ^t B
ð^trÞ

A;C) D B;C) D
A ^t B;C) D

ð_tlÞ
C) D;A;B

C) D;A _t B
ð_trÞ

A;C) D B;C) D
A^f B;C) D

ð^f lÞ
C) D;A;B
C) D;A^f B

ð^f rÞ

A;B;C) D
A _f B;C) D

ð_f lÞ
C) D;A C) D;B

C) D;A _f B
ð_f rÞ

A;C) D
�t�tA;C) D

ð�t�tlÞ
C) D;A

C) D; �t�tA
ð�t�trÞ

A;C) D
�f�f A;C) D

ð�f�f lÞ
C) D;A

C) D; �f�f A
ð�f�f rÞ

�t�f A;C) D
�f �tA;C) D

ð�f�tlÞ
C) D; �t�f A

C) D;�f�tA
ð�f�trÞ

�f�tA;C) D
�t�f A;C) D

ð�t�f lÞ
C) D; �f �tA

C) D;�t�f A
ð�t�f rÞ

�f A;C) D
�t�f�tA;C) D

ð�t�f�tlÞ
C) D; �f A

C) D;�t�f�tA
ð�t�f�trÞ

�tA;C) D
�f�t�f A;C) D

ð�f�t�f lÞ
C) D; �tA

C) D;�f�t�f A
ð�f�t�f rÞ

�eA;C) D �eB;C) D
�eðA^tBÞ;C) D

ð�e^tlÞ
C) D; �eA; �eB

C) D; �eðA^tBÞ
ð�e^trÞ

�eA; �eB;C) D
�eðA_tBÞ;C) D

ð�e_tlÞ
C) D; �eA C) D; �eB

C) D; �eðA_tBÞ
ð�e_trÞ

�eA; �eB;C) D
�eðA^f BÞ;C) D

ð�e^f lÞ
C) D; �eA C) D; �eB

C) D; �eðA^f BÞ
ð�e^f rÞ

�eA;C) D �eB;C) D
�eðA_f BÞ;C) D

ð�e_tlÞ
C) D; �eA; �eB

C) D; �eðA_f BÞ
ð�e_f rÞ

�f A;C) D �f B;C) D
�f ðA^f BÞ;C) D

ð�f^f lÞ
C) D; �f A; �f B

C) D; �f ðA^f BÞ
ð�f^f rÞ
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�f A; �f B;C) D
�f ðA_f BÞ;C) D

ð�f_f lÞ
C) D; �f A C) D; �f B

C) D; �f ðA_f BÞ
ð�f_f rÞ

�f A; �f B;C) D
�f ðA^tBÞ;C) D

ð�f^tlÞ
C) D; �f A C) D; �f B

C) D; �f ðA^tBÞ
ð�f^trÞ

�f A;C) D �f B;C) D
�f ðA_tBÞ;C) D

ð�f_tlÞ
C) D; �f A; �f B

C) D;�f ðA_tBÞ
ð�f_trÞ:

Definition 6.2 A sequent calculus LK for the conjunction/disjunction-fragment of
classical logic is defined as the f^t;_tg-fragment of GB.

Note that the f^t;_t;�tg-fragment of GB is a sequent calculus for Belnap and
Dunn’s four-valued logic [22, 23, 75] and that the inference rules (�t^f l),
(�t^f rÞ; ð�t_f l) and (�t_f r) appear in Arieli and Avron’s bilattice logic [7] if ^f

and _f respectively are read as the (multiplicative) conjunction and disjunction
connectives � and þ used in [7]. Therefore, GB may be regarded as a natural
extension and generalization of Belnap and Dunn’s logic and Arieli and Avron’s
logic.

A sequent calculus GT for ‘T is obtained from GB by replacing the inference
rules fð^f lÞ; ð^f rÞ; ð_f lÞ; ð_f rÞg by the following inference rules:

A;B;C) D
A^f B;C) D

C) D;A C) D;B
C) D;A^f B

A;C) D B;C) D
A_f B;C) D

C) D;A;B
C) D;A_f B

:

Note that GT is an extension of the !-free fragment of Arieli and Avron’s logic.

In what follows, if L is a sequent calculus, then we say that L is cut-free iff it
does not contain (cut) as a primitive rule. If L is cut-free, we denote this by
L� ðcutÞ.

Proposition 6.1 The following rules are derivable in cut-free GB:

�t�f A;C)D �t�f B;C)D
�t�f ðA^tBÞ;C)D

ð�t�f^tlÞ
C)D;�t�f A;�t�f B

C)D;�t�f ðA^tBÞ
ð�t�f^trÞ

�t�f A;�t�f B;C)D
�t�f ðA_tBÞ;C)D

ð�t�f_tlÞ
C)D;�t�f A C)D;�t�f B

C)D;�t�f ðA_tBÞ
ð�t�f_trÞ

�t�f A;�t�f B;C)D
�t�f ðA^f BÞ;C)D

ð�t�f^f lÞ
C)D;�t�f A C)D;�t�f B

C)D;�t�f ðA^f BÞ
ð�t�f^f rÞ

�t�f A;C)D �t�f B;C)D
�t�f ðA_f BÞ;C)D

ð�t�f_f lÞ
C)D;�t�f A;�t�f B

C)D;�t�f ðA_f BÞ
ð�t�f_f rÞ:
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Proof By using (�f�tlÞ; ð�f�trÞ; ð�t�f lÞ; and ð�t�f r). h

Proposition 6.2 Let � b be either �f�t or �t�f . The following rules are deriv-
able in cut-free GB:

A;C) D
�b�bA;C) D

ð�b�blÞ C) D;A
C) D; �b�bA

ð�b�brÞ:

Proof By using (�f�f r), (�f�f l), (�t�tr), (�t�tl), (�t�f�tr), (�t�f�tl),
(�f�t�f r), and (�f�t�f l). h

Proposition 6.3 Let ] be either �t;�f ;�f�t or �t�f . The following rules are
admissible in cut-free GB:

]]A;C) D
A;C) D

ð]]l�1Þ C) D; ]]A
C) D;A

ð]]r�1Þ

�t�f �tA;C) D
�f A;C) D

ð�t�f�tl
�1Þ C) D; �t�f �tA

C) D; �f A
ð�t�f�tr�1Þ

�f �t�f A;C) D
�tA;C) D

ð�f�t�f l
�1Þ C) D; �f �t�f A

C) D; �tA
ð�f�t�f r�1Þ:

Proof Straightforward. h

Proposition 6.4 The following rules are admissible in cut-free GB:

C) D
�tD) �tC

ð�ttwistÞ C) D
�f C) �f D

ð�f involÞ:

Proof We show only the case for (�ttwist). We show that if GB � (cut) ‘ C) D;
then GB � (cut) ‘ �tD) �tC. We prove this by induction on a cut-free proof p
of C) D and distinguish the cases according to the final inference of p. We show
some cases.

Case (�f�t^tl): The last inference rule applied in p is of the form:

�f �tA;C) D �f �tB;C) D
�f �tðA^tBÞ;C) D

ð�f�t^tlÞ:

By the induction hypothesis, we have GB � (cut) ‘ �tD) �t�f �tA; �tC and
GB � (cut) ‘ �tD) �t�f �tB; �tC. We then obtain:
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�tD)�t�f �tA;�tC
�tD)�f A;�tC

ð�t�f�tr�1Þ �tD)�t�f �tB;�tC
�tD)�f B;�tC

ð�t�f�tr�1Þ

�tD)�f ðA^tBÞ;�tC
�tD)�t�f �tðA^tBÞ;�tC

ð�t�f�trÞ
ð�f^trÞ

where (�t�f�tr�1) is admissible in cut-free GB by Proposition 6.3.
Case (�f�t�f r): The last inference rule applied in p is of the form:

C) D; �tA

C) D; �f�t�f A
ð�f�t�f rÞ:

By the induction hypothesis, we have GB � (cut) ‘ �tD; �t�tA) �tC. We
then have:

where (�t�tl
�1) is admissible in cut-free GB by Proposition 6.3.

Case (�f�tl): The last inference rule applied in p is of the form:

�t�f A;C) D
�f �tA;C) D

ð�f�tlÞ:

By the induction hypothesis, we have GB � (cut) ‘ �tD) �t�t�f A; �tC.
We then obtain:

where (�t�tl
�1) is admissible in cut-free GB by Proposition 6.3. h

Proposition 6.5 For any Ltf -formula A;

1. GB � (cut) ‘ �tA) �tA and 2. GB � (cut) ‘ �f A) �f A.

Proof By induction on A. We show only the following case for (1).

Case (A$�f B): By the induction hypothesis, we have
GB � (cut) ‘ �tB) �tB. We then have:
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where (�f invol) is admissible in cut-free GB by Proposition 6.4. h

Proposition 6.6 For any Ltf -formula A; GB � (cut) ‘ A) A.

Proof By induction on A. We use Proposition 6.5. h

Let C be a non-empty set fC1;C2; . . .;Cngðn� 1) of formulas. The expressions
^tC and

W
t C stand for C1 ^t C2 ^t. . .^t Cn and C1 _t C2_t. . ._t Cn, respectively.

The following theorem shows that GB and ‘B coincide for first-degree
consequences.

Theorem 6.1 Let A and B be Ltf -formulas. Then ‘B A) B iff GB ‘ A) B.

Proof Left-to-right: Straightforward. For �t�f A, �f�tA we use Proposition 6.6
and the rules (�f�tr) and (�t�f r).

Right-to-left: Let C and D be non-empty sets of formulas. We show that GB ‘
^tD)

W
t C implies ‘B ^tD)

W
t C. By the characterization of ‘B in terms of

�B and Proposition 3.2 from Chap. 3 (or Theorem 5.1 from Chap. 5), it is enough
to show that

ð�Þ 8vðB 2 vð^tDÞ implies B 2 vð_tCÞÞ:

We prove ð�Þ by induction on proofs in GB. Most of the cases are obvious.
Suppose, for example, that the last inference rule applied in the proof is ð_f lÞ. By

the induction hypothesis, 8vðB 2 vðA ^t B ^t^tCÞ implies B 2 vð
W

tDÞÞ: Then
8vðB 2 vððA _f BÞ ^t^tCÞ implies B 2 vð

W
tDÞÞ, because for every x; y 2 16;

B 2 x uf y iff ðB 2 x and B 2 y).
If the last rule applied in the proof is ð�f _t rÞ, by the induction hypothesis, we

have 8vðB 2 vð^tCÞ implies B 2 vð
W

tDÞ _t �f A _t �f BÞÞ: By Propositions 3.2
and 3.4 from Chap. 3 (or Theorem 5.1 from Chap. 5) and the definition of
valuations,

B 2 vð�f ðA _t BÞÞ iff

T 2 vðA _t BÞ iff

T 2 vðAÞ or T 2 vðBÞ iff

B 2 vð�f AÞ or B 2 vð�f BÞ:

Therefore, 8vðB 2 vð^tCÞ implies B 2 vð
W

tDÞ _t �f ðA _t BÞÞ. h

In order to show the cut-elimination theorem for GB, we introduce an embed-
ding of GB into LK.
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Definition 6.3 Let �e be either �t or �f�t. Starting from the set Atom ¼ U of
propositional variables, we define the sets U0 :¼ fp0 j p 2 Ug;U00 :¼ fp00 j p 2 Ug
and U000 :¼ fp000 j p 2 Ug of propositional variables. The language LLK of LK is
obtained from Ltf by adding fU0;U00;U000g and deleting f^f ;_f ;�t;�f g.

The mapping f from Ltf to LLK is defined as follows:

1. f ðpÞ :¼ p; f ð�tpÞ :¼ p0 2 U0; f ð�f pÞ :¼ p00 2 U00 and f ð�t�f pÞ ¼ f ð�f�tpÞ :¼
p000 2 U000 for any p 2 U,

2. f ðA � BÞ :¼ f ðAÞ � f ðBÞ where � 2 f^t;_tg,
3. f ðA^f BÞ :¼ f ðAÞ_tf ðBÞ,
4. f ðA_f BÞ :¼ f ðAÞ^tf ðBÞ,
5. f ð�t�tAÞ :¼ f ðAÞ,
6. f ð�f�f AÞ :¼ f ðAÞ,
7. f ð�t�f AÞ :¼ f ð�f�tAÞ,
8. f ð�t�f�tAÞ :¼ f ð�f AÞ,
9. f ð�f�t�f AÞ :¼ f ð�tAÞ,

10. f ð�eðA^tBÞÞ :¼ f ð�eAÞ_tf ð�eBÞ,
11. f ð�eðA_tBÞÞ :¼ f ð�eAÞ^tf ð�eBÞ,
12. f ð�eðA^f BÞÞ :¼ f ð�eAÞ_tf ð�eBÞ,
13. f ð�eðA_f BÞÞ :¼ f ð�eAÞ^tf ð�eBÞ,
14. f ð�f ðA^f BÞÞ :¼ f ð�f AÞ^tf ð�f BÞ,
15. f ð�f ðA_f BÞÞ :¼ f ð�f AÞ_tf ð�f BÞ,
16. f ð�f ðA^tBÞÞ :¼ f ð�f AÞ^tf ð�f BÞ,
17. f ð�f ðA_tBÞÞ :¼ f ð�f AÞ_tf ð�f BÞ.

Let C be a set of formulas in Ltf . Then, f ðCÞ denotes the result of replacing
every occurrence of a formula A in C by an occurrence of f ðAÞ.

A translation similar to f has been used by Gurevich [128] and Rautenberg
[204] to embed Nelson’s constructive logic N3 [2, 180] into intuitionistic logic.
The introduction of new atoms may also be used to embed Nelson’s constructive
paraconsistent logic N4 into positive intuitionistic logic, cf. also [267].

Theorem 6.2 Let D;C be sets of formulas in Ltf , and f be the mapping defined in
Definition 6.3.

1. If GB ‘ C) D; then LK ‘ f ðCÞ ) f ðDÞ.
2. If LK � ðcutÞ ‘ f ðCÞ ) f ðDÞ; then GB � ðcutÞ ‘ C) D.

Proof Since the second claim can be proved similarly, we only show the first
claim by induction on a proof p of C) D in GB. We distinguish the cases
according to the last inference of p. We show some cases.

Case (�f �tp) �t�f pÞ: p is of the form �f�tp) �t�f p where p is
a propositional variable. By the definition of f , we have f ð�f�tpÞ ¼
f ð�t�f pÞ ¼ p000 2 U000, and hence LK ‘ p000 ) p000.
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Case (�t�f�tl): The last inference rule applied in p is of the form:

�f A;R) D
�t�f�tA;R) D

ð�t�f�tlÞ:

By the induction hypothesis, we have LK ‘ f ð�f AÞ; f ðRÞ ) f ðDÞ, and hence LK ‘
f ð�t�f �tAÞ; f ðRÞ ) f ðDÞ by the definition of f .

Case (�f�t^tl): The last inference rule applied in p is of the form:

�f�tA;R) D �f�tB;R) D
�f�tðA^tBÞ;R) D

ð�f�t^tlÞ:

By the induction hypothesis, we have LK ‘ f ð�f �tAÞ; f ðRÞ ) f ðDÞ and
LK ‘ f ð�f �tBÞ; f ðRÞ ) f ðDÞ. Thus, we obtain

..

. ..
.

f ð�f �tAÞ; f ðRÞ ) f ðDÞ f ð�f �tBÞ; f ðRÞ ) f ðDÞ
f ð�f �tAÞ_tf ð�f�tBÞ; f ðRÞ ) f ðDÞ ð_tlÞ:

Therefore, LK ‘ f ð�f�tðA^tBÞÞ; f ðRÞ ) f ðDÞ by the definition of f . h

We may then straightforwardly prove the cut-elimination theorem for GB.2

Theorem 6.3 The rule (cut) is admissible in cut-free GB.

Proof Suppose GB ‘ C) D. Then, we have LK ‘ f ðCÞ ) f ðDÞ by Theorem 6.2
(1), and hence LK � (cut) ‘ f ðCÞ ) f ðDÞ by the well-known cut-elimination
theorem for LK. By Theorem 6.2 (2), it follows that GB � (cut) ‘ C) D. h

Theorem 6.4 GB is decidable.

Proof By Theorem 6.2, the provability in GB can be transformed into provability
in LK. The translation from the formulas of GB into the corresponding formulas of
LK can be performed in finitely many steps. It follows that since LK is decidable,
GB is also decidable. h

Definition 6.4 Let ] be a unary (negation-like) connective. A sequent calculus L is
called explosive with respect to ] iff for any formulas A and B, the sequent A; ]A)
B is provable in L. The system L is called paraconsistent with respect to ] iff it is
not explosive with respect to ].

Proposition 6.7 Let ] be �t;�f ;�t�f or �f�t. Then, GB is paraconsistent with
respect to ].

2 Note that cut-elimination for (variants of) GB can be shown by using other methods as well. In
[142], semantical proofs based on Maehara’s method and Schütte’s method were obtained for
some modifications and extensions of GB. A purely syntactical, direct proof of the cut-
elimination theorem for GB or its modifications is likely to exist, but is not yet available.
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Proof Consider a sequent p; ]p) q where p and q are distinct propositional
variables. Then, the unprovability of this sequent is guaranteed by Theorem 6.3. h

6.2 Alternative Sequent Calculi

The sequent system GB does not satisfy the subformula property. In the fol-
lowing, a four-place (horizontal) matrix sequent calculus FB, which enjoys the
subformula property, is introduced. This calculus may be regarded as a natural
extension or generalization of the subformula calculi discussed in [138, 141].
Moreover, FB is one way of implementing in a proof system Odintsov’s idea of
using a 2� 2-matrix for representing elements of 16. A similar four-place
display sequent calculus for Nelson’s constructive paraconsistent logic N4 is
studied in [143].

A four-place sequent of FB is of the form:

C1 : C2 : C3 : C04;C
00
4 ) D1 : D2 : D3 : D04;D

00
4

which corresponds to the standard sequent of the form:

C1;�tC2;�f C3;�f�tC
0
4;�t�f C

00
4 ) D1;�tD2;�f D3;�f�tD

0
4;�t�f D

00
4:

Some of the logical inference rules in GB for negated compound formulas block
the subformula property. By introducing four-place sequents, these inference rules
can be transformed into so-called separated inference rules in FB, which exhibit
only one connective.

The expression C~ is used to denote C1 : C2 : C3 : C04;C
00
4. The part C04;C

00
4 in the

expression C1 : C2 : C3 : C04;C
00
4 will sometimes be denoted as C4. The expression

i : A;C~ or C~; i : A for each i 2 f1; 2; 3; 4g will be used to denote the place-wise

union of C~ and fAg, for example, 3 : A;C~ denotes C1 : C2 : A;C3 : C4.

Definition 6.5 Let a 2 f1; 2; 3; 4g and e 2 f2; 4g. The initial sequents of FB are of
the form a : p) a : p for any propositional variable p. The inference rules of FB

are of the form:

C : C2 : C3 : C4) D;A : D2 : D3 : D4 A;R : C2 : C3 : C4)P : D2 : D3 : D4

C;R : C2 : C3 : C4) D;P : D2 : D3 : D4
ðcut1Þ

C1 : C : C3 : C4) D1 : D;A : D3 : D4 C1 : A;R : C3 : C4) D1 : P : D3 : D4

C1 : C;R : C3 : C4) D1 : D;P : D3 : D4
ðcut2Þ

C1 : C2 : C : C4) D1 : D2 : D;A : D4 C1 : C2 : A;R : C4) D1 : D2 : P : D4

C1 : C2 : C;R : C4) D1 : D2 : D;P : D4
ðcut3Þ

C1 : C2 : C3 : C) D1 : D2 : D3 : D;A C1 : C2 : C3 : A;R) D1 : D2 : D3 : P
C1 : C2 : C3 : C;R) D1 : D2 : D3 : D;P

ðcut4Þ
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C~) D~

a : A;C~) D~
C~) D~

C~) D~; a : A

1 : A; 1 : B;C~) D~

1 : A^tB;C~) D~
C~) D~; 1 : A C~) D~; 1 : B

C~) D~; 1 : A^tB

1 : A;C~) D~ 1 : B;C~) D~

1 : A_tB;C~) D~
C~) D~; 1 : A; 1 : B

C~) D~; 1 : A_tB

1 : A;C~) D~ 1 : B;C~) D~

1 : A^f B;C~) D~
C~) D~; 1 : A; 1 : B

C~) D~; 1 : A^f B

1 : A; 1 : B;C~) D~

1 : A_f B;C~) D~
C~) D~; 1 : A C~) D~; 1 : B

C~) D~; 1 : A_f B

1 : A;C~) D~

2 : �tA;C~) D~
C~) D~; 1 : A

C~) D~; 2 : �tA

1 : A;C~) D~

3 : �f A;C~) D~
C~) D~; 1 : A

C~) D~; 3 : �f A

3 : A;C~) D~

4 : �tA;C~) D~
C) D~; 3 : A

C~) D~; 4 : �tA

2 : A;C~) D~

4 : �f A;C~) D~
C) D~; 2 : A

C~) D~; 4 : �f A

e : A;C~) D~ e : B;C~) D~

e : A^tB;C~) D~
C~) e : A; e : B;D~

C~) e : A^tB;D~

e : A; e : B;C~) D~

e : A_tB;C~) D~
C~) D~; e : A C~) D~; e : B

C~) D~; e : A_tB

e : A; e : B;C~) D~

e : A^f B;C~) D~
C~) D~; e : A C~) D~; e : B

C~) D~; e : A^f B

e : A;C~) D~ e : B;C~) D~

e : A_f B;C~) D~
C~) D~; e : A;B

C~) D~; e : A_f B
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3 : A;C~) D~ 3 : B;C~) D~

3 : A^f B;C~) D~
C~) D~; 3 : A; 3 : B

C~) D~; 3 : A^f B

3 : A; 3 : B;C~) D~

3 : A_f B;C~) D~
C~) D~; 3 : A C~) D~; 3 : B

C~) D~; 3 : A_f B

3 : A; 3 : B;C~) D~

3 : A^tB;C~) D~
C~) D~; 3 : A C~) D~; 3 : B

C~) D~; 3 : A^tB

3 : A;C~) D~ 3 : B;C~) D~

3 : A_tB;C~) D~
C~) D~; 3 : A; 3 : B

C~) D~; 3 : A_tB
:

The system F�B is defined as the cut-free system FB � f(cut1), (cut2), (cut3), (cut4)g.
Next, we consider the correspondence between FB and GB. For example, the

following inference rules in FB:

3 : A; 3 : B;C~) D~

3 : A^tB;C~) D~
1 : A;C~) D~

2 : �tA;C~) D~

correspond to the following inference rules in GB, respectively:

�f A;�f B;C) D
�f ðA^tBÞ;C) D

ð�f^tlÞ
A;C) D

�t�tA;C) D
ð�t�tlÞ:

Theorem 6.5 Let C1;C2;C3;C
0
4;C

00
4;D1;D2;D3;D

0
4; and D004 be sets of Ltf -

formulas:

1. If FB ‘ C1 : C2 : C3 : C04;C
00
4 ! D1 : D2 : D3 : D04;D

00
4, then GB ‘ C1;�tC2;�f

C3;�f�tC
0
4;�t�f C

00
4 ) D1;�tD2;�f D3;�f�tD

0
4;�t�f D

00
4.

2. If GB � (cut) ‘ C1;�tC2;�f C3;�f�tC04;�t�f C004 ) D1;�tD2;�f D3;�f�tD
0
4;

�t�f D
00
4, then F�B ‘ C1 : C2 : C3 : C04;C

00
4 ) D1 : D2 : D3 : D04;D

00
4.

Proof Obvious by the definition of FB. h

Theorem 6.6 The rules (cut1), (cut2), (cut3) and (cut4) are admissible in cut-free FB.

Proof Suppose FB ‘ C1 : C2 : C3 : C04;C
00
4 ! D1 : D2 : D3 : D04;D

00
4. Then, GB ‘

C1;�tC2;�f C3;�f�tC
0
4;�t�f C

00
4 ) D1;�tD2;�f D3;�f�tD

0
4;�t�f D

00
4 by Theo-

rem 6.5 (1), and hence GB � (cut) ‘ C1;�tC2;�f C3;�f�tC
0
4;�t�f C

00
4 )

D1;�tD2;�f D3;�f�tD
0
4;�t�f D

00
4 by Theorem 6.3. Therefore F�B ‘ C1 : C2 : C3 :

C04;C
00
4 ) D1 : D2 : D3 : D04;D

00
4 by Theorem 6.5 (2). h
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Corollary 6.1 If a four-place sequent S is provable in FB, then there is a proof p
of S such that all formulas that appear in p are subformulas of some formula in S.

Corollary 6.2 Let X and Y both be non-empty subsets of f�t;�f ;^t;^f ;_t;_f g,
and let X be a proper subset of Y. Then ‘B restricted to Y is a conservative
extension of ‘B restricted to X.

Next, we will introduce yet another sequent calculus for ‘B. This quadruple
(vertical) matrix sequent calculus QB may be regarded as a natural extension and
generalization of the dual calculi discussed in [137, 140]. The system QB,
however, does not enjoy the subformula property. It is considered here because it
reflects the co-ordinate valuations from Chap. 5 by making use of four kinds of
sequents: (C)n DÞ; ðC)t DÞ; ðC)f D) and (C)b D) which, respectively,
correspond to the standard sequents: (C) DÞð�tC) �tDÞ; ð�f C) �f D) and
(�f �tC

0; �t�f C
00 ) �f�tD

0;�t�f D
00), where (C$C0;C00) and (D$D0;D00).

Definition 6.6 Let )� be either )n;)t;)f or )b, and let )e be either )t or
)b. The initial sequents of QB are of the form p)� p for any propositional
variable p. The inference rules of QB are of the form:

C)� D;A A;R)� P
C;R)� D;P

ðcut : �Þ

�tC1;C2 )n �tD1;D2

C1;�tC2 )t D1;�tD2

�tC1;C2 )t �tD1;D2

C1;�tC2 )n D1;�tD2

�f C1;C2 )n �f D1;D2

C1;�f C2 )f D1;�f D2

�f C1;C2 )f �f D1;D2

C1;�f C2 )n D1;�f D2

�f�tC1;�t�f C2;C3;C4 )n �f�tD1;�t�f D2;D3;D4

C1;C2;�f�tC3;�t�f C4 )b D1;D2;�f�tD3;�t�f D4

�f�tC1;�t�f C2;C3;C4 )b �f�tD1;�t�f D2;D3;D4

C1;C2;�f�tC3;�t�f C4 )n D1;D2;�f�tD3;�t�f D4

�tC1;C2 )f �tD1;D2

C1;�tC2 )b D1;�tD2

�tC1;C2 )b �tD1;D2

C1;�tC2 )f D1;�tD2

�f C1;C2 )t �f D1;D2

C1;�f C2 )b D1;�f D2

�f C1;C2 )b �f D1;D2

C1;�f C2 )t D1;�f D2

�f�tC1;C2 )t �f�tD1;D2

C1;�t�f C2 )f D1;�t�f D2

�f�tC1;C2 )f �f�tD1;D2

C1;�t�f C2 )t D1;�t�f D2

C)� D
A;C)� D

C)� D
C)� D;A
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A;B;C)n D
A^tB;C)n D

C)n D;A C)n D;B
C)n D;A^tB

A;C)n D B;C)n D
A_tB;C)n D

C)n D;A;B
C)n D;A_tB

A;C)n D B;C)n D
A^f B;C)n D

C)n D;A;B
C)n D;A^f B

A;B;C)n D
A_f B;C)n D

C)n D;A C)n D;B
C)n D;A_f B

A;C)e D B;C)e D
A^tB;C)e D

C)e D;A;B
C)e D;A^tB

A;B;C)e D
A_tB;C)e D

C)e D;A C)e D;B
C)e D;A_tB

A;B;C)e D
A^f B;C)e D

C)e D;A C)e D;B
C)e D;A^f B

A;C)e D B;C)e D
A_f B;C)e D

C)e D;A;B
C)e D;A_f B

A;C)f D B;C)f D
A^f B;C)f D

C)f D;A;B
C)f D;A^f B

A;B;C)f D
A_f B;C)f D

C)f D;A C)f D;B
C)f D;A_f B

A;B;C)f D
A^tB;C)f D

C)f D;A C)f D;B
C)f D;A^tB

A;C)f D B;C)f D
A_tB;C)f D

C)f D;A;B
C)f D;A_tB

:

Next, we consider the correspondence between QB and GB. For example, the
following inference rules in QB:

A;C)f D B;C)f D
A^f B;C)f D

�f�tC1;�t�f C2;C3;C4 )n �f�tD1;�t�f D2;D3;D4

C1;C2;�f�tC3;�t�f C4 )b D1;D2;�f�tD3;�t�f D4

correspond to the inference rule (�f^f l) in GB and the inference rules (�b�bl)
and (�b�br) (appearing in Proposition 6.2) in GB, respectively.
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Theorem 6.7 Let C and D be sets of Ltf -formulas, C be (C0;C00), and D be
(D0;D00).

1. If QB ‘ C)� D where � 2 fn; t; f ; bg, then

(a) GB ‘ C) D if � ¼ n,
(b) GB ‘ �tC) �tD if � ¼ t,
(c) GB ‘ �f C) �f D if � ¼ f or
(d) GB ‘ �f�tC

0;�t�f C
00 ) �f�tD

0;�t�f D
00 if � ¼ b.

2. If GB � ðcutÞ ‘ C) D, then QB � ðcut : �Þ ‘ C)n D.

Proof Obvious by the definition of QB. h

Theorem 6.8 The rule (cut:�) is admissible in cut-free QB.

Proof By Theorems 6.7 and 6.3. h

6.3 Extensions

Odintsov obtained the axiomatizations Lbase; LB and LT by extending ‘base;‘B and
‘T , respectively. The language L!t

tf of Lbase; LB; and LT is obtained from that of
‘base by adding !t (material implication) and : (classical negation), the latter
being defined by :A :¼ A!t �tðp!t pÞ, for some fixed propositional variable p.
We will define a standard Gentzen-style sequent calculus GLB for LB and prove the
cut-elimination theorem for GLB. Although a four-place sequent calculus FLB and
a quadruple sequent calculus QLB can also be obtained for LB in a similar way to
how it was obtained in the previous section, detailed discussions of these calculi
are omitted here because of the tedious and complex constructions of these calculi.
The cut-elimination theorem for FLB and QLB can also be proved in a similar way
to how it was proved in Sect. 6.2.

For the remainder of this section, we will use the symbol ? instead of!t. The
expression A$ B is an abbreviation of ðA! BÞ^tðB! AÞ. We repeat the defi-
nition of the axiom system LB.

Definition 6.7 Suppose that the symbols‘ anda‘ in the definition of‘B (Definition
5.5) are replaced by? and$, respectively. Let� a be either�f or�e (cf. Definition
6.1). LB is obtained from ‘B by deleting the rules

A ‘ B B ‘ C

A ‘ C

A ‘ B A ‘ C

A ‘ B ^t C

A ‘ C B ‘ C

A _t B ‘ C

and adding the following axiom schemes and inference rule:
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1: A! ðB! AÞ;
2: ðA! ðB! CÞÞ ! ððA! BÞ ! ðA! CÞÞ;
3: ðA! BÞ ! ððA! CÞ ! ðA! ðB^tCÞÞÞ;
4: ðA! CÞ ! ððB! CÞ ! ððA_tBÞ ! CÞÞ;
5: A_tðA! BÞ;
6: :� aA$ � a:A;

7: ðA! BÞ $ ð:A_tBÞ;
8: �eðA! BÞ $ ð�e:A^t�eBÞ;
9: �f ðA! BÞ $ ð�f A! �f BÞ;

A A! B

B

Definition 6.8 The sequent calculus GLB for LB is obtained from GB by adding
the following inference rules:

C) R;A B;D) P
A! B;C;D) R;P

ð! lÞ A;C) D;B
C) D;A! B

ð! rÞ

C) D;A
:A;C) D

ð:lÞ A;C) D
C) D;:A

ð:rÞ

� a:A;C) D
:� aA;C) D

ð:� alÞ C) D;� a:A

C) D;:� aA
ð:� arÞ

:� aA;C) D
� a:A;C) D

ð� a:lÞ C) D;:� aA

C) D;� a:A
ð� a:rÞ

:A;C) D
� a:� aA;C) D

ð� a:� alÞ C) D;:A

C) D;� a:� aA
ð� a:� arÞ

�e:A;�eB;C) D
�eðA! BÞ;C) D

ð�e ! lÞ C) D;�e:A C) D;�eB

C) D;�eðA! BÞ ð�e ! rÞ

C) D;� aA

� a:A;C) D
ð� a:lÞ � aA;C) D

C) D;� a:A
ð� a:rÞ

C) R;�f A �f B;D) P
�f ðA! BÞ;C;D) R;P

ð�f ! lÞ �f A;C) D;�f B

C) D;�f ðA! BÞð�f ! rÞ:
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Note that a four-place sequent calculus FLB and a quadruple sequent cal-
culus QLB can be obtained from GLB in a natural way. For example, the
inference rule:

C) D;�t:A C) D;�tB

C) D;�tðA! BÞ ð�t ! rÞ

in GLB gives rise to the corresponding inference rules:

C~) D~; 2 : :A C~) D~; 2 : B

C~) D~; 2 : A! B

C)t D;:A C)t D;B
C)t D;A! B

in FLB and QLB, respectively.

Proposition 6.8 The rules presented in Proposition 6.3 and the following rules
are admissible in cut-free GLB:

� a:� aA;C) D
:A;C) D

ð� a:� al�1Þ C) D;� a:� aA

C) D;:A
ð� a:� ar�1Þ:

We cannot show the admissibility of ð�ttwistÞ and ð�f involÞ (Proposition 6.4) for
GLB because of the presence of !, and hence we have to find another way
(without Proposition 6.4) of proving that GLB � (cut) ‘ A) A for any L!t

tf -
formula A. We present such a way below.

Proposition 6.9 Let � d be either �t�t;�f�f , or �b�b. The following sequents
are provable in cut-free GLB, for any L!t

tf -formula A:

1. �tA) �tA, 2. �f A) �f A, 3. �bA) �bA, 4. � dA) � dA.

Proof By simultaneous induction for (1)–(4) on the structure of A.

(1) We show some cases.

(Case A$�f B): By the induction hypothesis for (3), we obtain GLB � (cut) ‘
�t�f B) �t�f B.

(Case A$�tB): By the induction hypothesis for (4), we obtain GLB � (cut) ‘
�t�tB) �t�tB.

(Case A$B! C): We show GLB � (cut) ‘ �tðB! CÞ ) �tðB! CÞ. By
the induction hypothesis for (4), we have GLB � (cut) ‘ �t�tB)
�t�tB, and by the induction hypothesis for (1), we have GLB � (cut) ‘
� tC ) � tC. Then we have:
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where (�t�tl�1) and (�t�tr�1) are admissible in cut-free GLB by Proposi-
tion 6.8.

(2) Similar to (1).
(3) We show only the case for �b ¼ �f�t since the case for �b ¼ �t�f can be

obtained similarly. We show some cases.

(Case A$�tB): We show GLB � (cut) ‘ �f�t�tB) �f�t�tB. By the induc-
tion hypothesis for (2), we have GLB � (cut) ‘ �f B) �f B. Then we obtain:

(Case A$B^tC): We show GLB � (cut) ‘ �f�tðB^tCÞ ) �f�tðB^tCÞ. By
the induction hypothesis for (3), we have GLB � (cut) ‘ �f�tB) �f�tB and
GLB � (cut) ‘ �f�tC ) �f�tC. Then we obtain:

(4) We show some cases.

(Case A$ p for a propositional variable p): We can obtain GLB � (cut) ‘ � dp)
� dp from the initial sequent p) p by applying (�dl) and (�dr).

(Case A$B! C): We show GLB � (cut) ‘ �dðB! CÞ ) �dðB! CÞ.
By the induction hypothesis for (4), we have GLB � (cut) ‘ �dB) �dB and
GLB � (cut) ‘ �dC ) � dC. Then we obtain:
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where (� dl�1) and (� dr�1) are admissible in cut-free GLB by Proposition 6.8. h

Proposition 6.10 The following sequents are provable in cut-free GLB for any
L!t

tf -formula A: 1. �f�tA) �t�f A; 2. �t�f A) �f�tA.

Proof By induction on A. We use Proposition 6.9. h

Proposition 6.11 For any L!t
tf -formula A, GLB � (cut) ‘ A) A.

Proof By induction on A. We use Proposition 6.9 (1) and (2) for the cases A$�tB
and A$�f B. h

Let the expressions^tC and
W

t C stand for the conjunction C1^tC2^t 	 	 	 ^tCn

and the disjunction C1_tC2_t 	 	 	 _tCn, respectively, if C$ fC1;C2; . . .;Cng
ðn� 1Þ and for p! p and :ðp! pÞ (for some propositional variable p),
respectively, if C$ ;.

Theorem 6.9 Let A be an L!t
tf -formula. Then GLB ‘) A iff LB ‘ A.

Proof Right-to-left: If A is an axiom of LB, then GLB � (cut) ‘) A. Moreover,
using (cut) it can be shown that in GLB, f) A;) A! Bg ‘ ) B.

Left-to-right: In Chap. 5 we have seen that for every L!t
tf -formula A:

LT ¼ fA j 8vðvtðAÞ ¼ 1Þg ¼ fA j 8vðvf ðAÞ ¼ 0Þg:

LB ¼ fA j 8vðvbðAÞ ¼ 1Þg ¼ fA j 8vðvnðAÞ ¼ 0Þg:

Therefore, it is enough to show that GLB ‘ D) C implies

8v B 2 v ^tD
� �

implies B 2 v _tC
� �� �

:

We show some cases of the proof by induction on proofs on GLB:

ð! lÞ: Suppose 8vðB 2 vð^tCÞ implies B 2 vð
W

t R _t AÞÞ and 8vðB 2 vðB ^t

^tDÞ implies B 2 vð
W

t PÞÞ, and let B 2 v0ððA! BÞ ^t^tP ^t^tDÞ for some
valuation v0. By the definition of wt, obviously B 2 v0ð

W
t R _t

W
t PÞ:
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ð:rÞ: Suppose 8vðB 2 vðA ^t^tCÞ implies B 2 vð
W

t DÞÞ and let B 2 v0ð^tCÞ
for some valuation v0. Since B 2 v0ðA! �f ðp! pÞ iff B 62 v0ðAÞ;B 2 v0

ð
W

t D _t :AÞð� a:� alÞ with a ¼ �t Suppose 8vðB 2 vð:A ^t^tCÞ implies B 2
vð
W

t DÞÞ and let B 2 v0ð�t:�tA ^t^tCÞ for some valuation v0. Since by Propo-
sition 3.4,

B 2 v0ð�t:�tAÞ iff
F 2 v0ð:�tAÞ iff

F 62 v0ð�tAÞ iff
B 62 v0ðAÞ;

it follows that B 2 v0ð
W

t DÞ:
ð�f ! rÞ: Suppose 8vðB 2 vð�f A ^t^tCÞ implies B 2 vð

W
t DÞ _t �f BÞÞ and

let B 2 v0ð^tCÞ for some valuation v0. It is enough to note that by Proposition 3.4
and the definition of wt,

B 2 v0ð�f ðA! BÞÞ iff
T 2 v0ðA! BÞ iff

ðT 2 v0ðAÞ implies T 2 v0ðBÞÞ iff
ðB 2 v0ð�f AÞ implies B 2 v0ð�f BÞÞ:

The embedding theorem of GLB into LK with the inference rules for ! and :
can naturally be shown, and hence the following cut-elimination result can be
obtained.

Theorem 6.10 The rule (cut) is admissible in cut-free GLB.

The decidability and paraconsistency of GLB with respect to �a can also be
shown.

6.4 Sequent Calculi for Truth Entailment and Falsity
Entailment in SIXTEEN3

Gentzen introduced sequents as structures D ‘ C, where D and C are finite
sequences of formulas. Various structural inference rules not displaying any
logical operations are assumed such that D and C may be taken to be finite sets,
and the intuitive understanding of D ‘ C is expressed by the formula^D!

W
C.

If this translation of sequents is a translation into classical logic and
D ¼ fA1; . . .;Ang, then the translation of D ‘ C is equivalent withW
f:A1; . . .;:Ang _

W
C. In other words, D ‘ C is understood as a disjunction of

true formulas (having their position in the succedent C) and negated formulas
:A1; . . .;:An such that A1; . . .;An are not true (having their position in the ante-
cedent D). Then for every logical operation there are rules for introducing the
operation into the position of formulas that are true and the position of formulas
that are not true.
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It is well-known that this perspective on sequents can be generalized to
n-valued logics. A sequent now is a structure D1 j . . . j Dn with the reading ‘‘some
formula in D1 has the value 1 or . . . or some formula in Dn has the value n’’.
A sequent calculus for an n-valued logic then has rules for introducing operations
into each of the n positions of a sequent D1 j . . . j Dn. It has been known for a long
time that there exists a systematic way to define such many-sided sequent systems
for any finitely-valued logic defined by a logical matrix together with a set of
designated values, see, for example, [16, 17, 125, 218, 290] and references given
there. Truth entailment and falsity entailment in SIXTEEN3 introduced by Defi-
nition 4.1 are, however, not defined in this way. Nevertheless, a kind of many-
sided sequents can be used to define sequent calculi for the trilattice logics Lt and
Lt�. It is not necessary, however, to introduce 16-place sequents D1 j . . . j D16. As
we have seen, every value from 16 ð¼Pð4Þ) is determined by a set of four
characteristic functions. A (generalized) sequent may therefore be defined as a
structure s ¼

D1 � C1 j . . . j D4 � C4;

where Di and Ciði 2 f1; 2; 3; 4g) are finite sets of formulas. The intuitive reading of
the sequent s is: ‘‘(The semantic value of some formula in D1 does not contain N or
the semantic value of some formula in C1 contains N) and (the semantic value of
some formula in D2 does not contain F or the semantic value of some formula in
C2 contains F) and (the semantic value of some formula in D3 does not contain
T or the semantic value of some formula in C3 contains T) and (the semantic value
of some formula in D4 does not contain B or the semantic value of some formula in
C4 contains B.)’’

In the notation for sequents we usually just write A if a set Di or Ci is a singleton
set fAg. We write A;Di or Di;A instead of fAg [ Di (and similarly for Ci), and
we just leave an empty space if a set Di or Ci is empty. Axiomatic sequents are
sequents D1 � C1 j D2 � C2 j D3 � C3 j D4 � C4 where at least one Di � Ci ð1
 i
 4Þ
has the shape D; p � C; p for some atomic formula p. A formula A in Di ðCi) is said to
occur in position Di ðCi), and the sequent � j � j � j � is called the empty sequent.

The idea is to define a calculus such that the (generalized) sequents

A� j � j � j �; � j A� j � j �; � j � j �A j �; � j � j � j �A

are provable just in case the formula A receives the greatest element of the truth
order under every valuation, i.e., iff it is interpreted as TB ¼ fT;Bg under every
valuation. An expression Di : A; s or Ci : A; s for each i 2 f1; 2; 3; 4g is used to
denote the place-wise union of s and fAg at position Di or Ci, respectively; for
example, if s ¼ D1 � C1 j D2 � C2 j D3 � C3 j D4 � C4, then D3 : A; s means
D1 � C1 j D2 � C2 j A;D3 � C3 j D4 � C4. By s; s0 we shall denote the place-wise
union of two sequents s and s0. Thus, if s ¼ D1 � C1 j . . . j D4 � C4 and
s0 ¼ D01 � C01 j . . . j D04 � C04, then s; s0 ¼ D1 [ D01 � C1 [ C01 j . . . j D4 [ D04 � C4 [
C04: The introduction rules take their pattern from the introduction rules of the G3c
sequent system for classical logic, see [252].

6.4 Sequent Calculi for Truth Entailment and Falsity Entailment in SIXTEEN3 133



Definition 6.9 The system of generalized sequents GL� is defined as the set
consisting of all axiomatic sequents together with the cut and introduction rules
listed in Figs. 6.1, 6.2, 6.3, 6.4, and 6.5. Provability of sequents is defined in the
usual way. We say that a formula A is provable in GL� iff the four sequents
A� j � j � j �; � j A� j � j �; � j � j �A j �, and � j � j � j �A are provable in GL�

The rules for the defined connectives :;$t, and $f are easily obtainable.
Nevertheless it might be useful to list them because these connectives occur in
Odintsov’s axioms. For : we have the rules

Ci : A; s

Di : :A; s
ð:DiÞ;

Di : A; s

Ci : :A; s
ð:CiÞ:

For the biconditionals $t and $f we have the rules listed in Fig. 6.6.

Fig. 6.1 Cut rules
ðC1Þ; . . .; ðC4Þ.

Fig. 6.2 Introduction rules
ð� tD1Þ; . . .; ð� tC4Þ and
ð� f D1Þ; . . .; ð� f C4Þ.

Fig. 6.3 Introduction rules ð^tD1Þ; . . .; ð^tC4Þ and ð_tD1Þ; . . .; ð_tC4Þ.
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Observation 1 For every formula A 2L�
tf , every sequent D1 � C2 j D2 � C2 j

D3 � C3 j D4 � C4 in which at least one Di � Cið1
 i
 4Þ has the shape D;
A � C; A is provable in GL�.

Proof By induction on A. By way of example, we here consider just one case:

D1;A�C1;B;A jD2 �C2 jD3 �C3 jD4 �C4 D1;A;B�C1;B jD2 �C2 jD3 �C3 jD4 �C4

D1;A;A!f B�C1;B jD2 �C2 jD3 �C3 jD4 �C4

D1;A!f B�C1;A!f B jD2 �C2 jD3 �C3 jD4 �C4

h

Thus, bottom-up proof search may stop at sequents D1 � C2 j D2 � C2 j
D3 � C3 j D4 � C4, where at least one Di � Cið1
 i
 4Þ has the shape D;A � C;A.

In Sect. 6.3 we observed that cut is an admissible rule of the sequent calculi GB

and GLB. We assume the familiar notions of a derivation and a proof(tree) in
sequent calculi, depth (alias height) of a tree, admissibility, and depth-preserving
admissibility and invertibility of inference rules, see [252, p. 9, p. 76 f.]. The depth

Fig. 6.4 Introduction rules ð^f D1Þ; . . .; ð^f C4Þ and ð_f D1Þ; . . .; ð_f C4Þ.

Fig. 6.5 Introduction rules ð!t D1Þ; . . .; ð!t C4Þ and ð!f D1Þ; . . .; ð!f C4Þ.
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of a derivation is thus the maximum length of the branches in the derivation, and
the length of a branch is the number of its nodes minus 1. A rule is admissible in a
sequent calculus L iff (for every instance of the rule) the provability of all the
premise sequents in L guarantees the provability of the conclusion sequent in L.
The rule is depth-preserving admissible in L iff it holds that the conclusion sequent
is provable with a prooftree of depth at most n in L if all the premise sequents are
provable with a prooftree of depth at most n in L. An introduction rule is depth-
preserving invertible in a sequent calculus L iff it holds that each of the premise
sequents of the rule has a proof-tree of length at most n if the conclusion sequent
has a proof-tree of length at most n in L. Quite obviously, weakening (monoto-
nicity) is depth-preserving admissible in GL�.

Observation 2 The weakening rule

D1 � C1 j D2 � C2 j D3 � C3 j D4 � C4

D1;D
0
1 � C1;C

0
1 j D2;D

0
2 � C2;C

0
2 j D3;D

0
3 � C3;C

0
3 j D4;D

0
4 � C4;C

0
4

is depth-preserving admissible in GL�.

Fig. 6.6 Introduction rules ð$t D1Þ; . . .; ð$t C4Þ and ð$f D1Þ; . . .; ð$f C4Þ.
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Observation 3 All introduction rules of GL� are depth-preserving invertible
in GL�.

Proof By induction on the depth of prooftrees in GL�. h

If we used finite multisets of formulas instead of finite sets as components of
sequents, we could use Observation 3 to prove the depth-preserving admissibility
of the following contraction rules for 1
 i
 4:

Di : A;Di : A; s

Di : A; s

Ci : A;Ci : A; s

Ci : A; s

Observation 4 The cut rules ðC1Þ–ðC8Þ are admissible in cut-free GL�.

Proof First we can note that the cut rules ðC1Þ–ðC4Þ can be replaced by their
context-sharing versions ðC1Þ0–ðC4Þ0:

D1 : A; s C1 : A; s

s

D2 : A; s C2 : A; s

s

D3 : A; s C3 : A; s

s

D4 : A; s C4 : A; s

s

Thus, it is enough to show that ðC1Þ0–ðC4Þ0 are admissible in cut-free GL�. The
level of (an application of) ðCiÞ0ði 2 f1; 2; 3; 4gÞ is the sum of the depths of the
derivations of the premise sequents. The rank of (an application of) ðCiÞ0 with cut-
formula A is the maximum length of a branch in A’s construction tree plus one.
The cut-rank of a derivation p in GL� is the maximum of the ranks of the cut-
formulas in p. The only difference to the standard proof of cut-elimination for G3c
(as presented in [252]) is that the main induction on the cut-rank and the subin-
duction on the cut-level now is simultaneous for the four rules ðC1Þ0–ðC4Þ0. We
consider just one principal case of the cut-elimination procedure, thus revealing
the need for simultaneous induction. The derivation

p
D1 : A; s

D3 : �tA; s

p0

C01 : A; s0

C03:�tA; s
0

s; s0
is replaced by

p
D1 : A; s

p0

C01 : A; s0

s; s0

h

Observation 5 If ‘ D1 � C1 j . . . j D4 � C4 in GL�, then for every valuation v:
there exists A 2 D1 with N 62 vðAÞ or there exits A 2 C1 with N 2 vðAÞ or there
exists A 2 D2 with F 62 vðAÞ or there exits A 2 C2 with F 2 vðAÞ or there exists
A 2 D3 with T 62 vðAÞ or there exits A 2 C3 with T 2 vðAÞ or there exists A 2 D4

with B 62 vðAÞ or there exits A 2 C4 with B 2 vðAÞ.

Proof By induction on proofs in GL�. For axioms, the claim is obvious since for
every propositional variable p and every x 2 fN;F;T;Bg; x 2 vðpÞ or x 62 vðpÞ.
With regard to the introduction rules for � t and � f , the result follows by Prop-
osition 3.4 and by Odintsov’s matrix characterization of �t and �f . For rule
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ð� tD1Þ, for example, note that N 2 vð� tAÞ iff T 2 vðAÞ. With regard to the rules
for truth/falsity conjunction and truth/falsity disjunction, the result follows from
Proposition 3.4 in [232] and from Odintsov’s matrix characterization of ut;tt;uf ,
and tf . For rule ð_f C4Þ, for example, note that B 2 vðA _f BÞ iff (B 2 vðAÞ and
B 2 vðBÞ). With regard to the rules for the two implications, we may use Odint-
sov’s matrix characterizations of t and f . h

Proposition 6.12 If A is provable in GL�, then A 2 Lt�.

Proof By contraposition. If it is not the case that A 2 Lt�, then there is a valuation

v such that vðAÞ 6¼ 0 0
1 1

����
���� ¼ TB. If each of the four sequents A� j � j � j �;

� j A� j � j �; � j � j �A j �, and � j � j � j �A is provable in GL�, then for every
valuation v; vðAÞ ¼ TB, by Observation 4. Therefore not all of these four sequents
are provable in GL�. h

Proposition 6.13 If A 2 Lt�, then A is provable in GL�.

Proof By induction on proofs in HLt�, i.e., it has to be shown that (i) modus
ponens preserves provability in GL� and (ii) the 38 axioms of HLt� are provable in
GL�. As to (i), assume that the following sequents are provable in GL�:

s1 ¼ A� j � j � j �; s2 ¼ � j A� j � j �;
s3 ¼ � j � j �A j �; s4 ¼ � j � j � j �A;
s01 ¼ ðA!t BÞ � j � j � j �; s02 ¼ � j ðA!t BÞ � j � j �;
s03 ¼ � j � j � ðA!t BÞ j �; s04 ¼ � j � j � j � ðA!t BÞ:

Then the formula B can easily be proved in GL� using the four cut rules. Here is
one example:

Proving the axioms of HLt� in GL� is a tedious task, and we shall not present all the
cases. Consider, for instance, Axiom 17. We have to derive Axiom 17 in the posi-
tions D1;D2;C3 and C4 of otherwise empty sequents. Consider here position C4:

� j A � A j � j �
�� f A j A� j � j �
� j A� j �� t� f A j �
� j A� j � j �� f � t� f A

� j � j � j � tA � � f � t� f A

� j A � A j � j �
� f A� j �A j � j �
� j �A j � t� f A� j �
� j �A j � j � f � t � f A�
� j � j �� f �t � f A � �tA

� j � j � j �� tA$t � f � t� f A
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The most remarkable axiom is Axiom 38, which we will call Odintsov’s axiom,
Od. To show the provability of Od in GL�, we will introduce some notation:

OdT¼ððA^t BÞ$t ðA^f BÞÞ^t ððA_t BÞ$t ðA_f BÞÞ^t ððA!f BÞ$t ðA!t BÞÞ
OdF¼ððC^t DÞ$t ðC_f DÞÞ^t ððC_t DÞ$t ðC^f DÞÞ^t ððC!f DÞ$t ð:C^t DÞÞ
OdT1¼ððA^t BÞ$t ðA^f BÞÞ
OdT2¼ððA_t BÞ$t ðA_f BÞÞ
OdT3¼ððA!f BÞ$t ðA!t BÞÞ
OdF1¼ððC^t DÞ$t ðC_f DÞÞ
OdF2¼ððC_t DÞ$t ðC^f DÞÞ
OdF3¼ððC!f DÞ$t ð:C^t DÞÞ

Thus, Od ¼ OdT _t OdF, and OdTi ðOdFi) with 1
 i
 3 are the three
^t-conjuncts of OdTðOdF). We here consider Od in position C3, split the proof
into several parts, and annotate some sequents by names for these sequents.

Simple proofs of s1–s3 are available.

Note that this proof does not make use of OdF at all. In D1 position, we make
use of OdF instead of OdT .
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Simple proofs of s01–s03 are available.

We divide the proof of s03 into two parts.

s031 ¼ OdT ;C!f D � :C ^t D j � j � j � s032 ¼ OdT ;:C ^t D � C!f D j � j � j �
OdT ;OdF3� j � j � j �

OdT ;D � :C;D j � j � j �
OdT ;D � :C ^t D j � j � j �

OdT ;C � C;D j � j � j �
OdT � C;:C;D j � j � j �

OdT � C;:C ^t D j � j � j �
s031 ¼ OdT ;C !f D � :C ^t D j � j � j �

OdT ;C � C;D j � j � j �
OdT ;C;:C � D j � j � j � OdT ;C;D � D j � j � j �

OdT ;C;:C ^t D � D j � j � j �
OdT ;:C ^t D � C !f D j � j � j �

Similarly, in position D2 the formula OdT is decomposed, and in position C4 the
formula OdF is decomposed. h

The proof of Od reflects the indeterministic nature of Od and shows how this is
taken into account in GL�. Combining Propositions 6.12 and 6.13, we obtain:
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Theorem 6.11 For every formula A 2L�
tf ;‘ A in HLt� iff A is provable in GL�:

This characterization also gives a new decidability proof for HLt�.

Proposition 6.14 Provability of formulas in HLt� is decidable.

Proof Bottom-up proof search in cut-free GL� is obviously terminating. h

The following proposition follows from Observation 4.

Proposition 6.15 Let X be a non-empty subset of f� t;^t;_t;!t; � f ;^f ;_f ;!f g;
and let GL� n X be the result of dropping the introduction rules for the connectives in
the complement of X from GL�. Then a sequent s in the language based on X is
provable in GL� iff it is provable in GL� n X.

We conclude this chapter by remarking that GL� provides a framework for
capturing all the other semantically defined trilattice logics. In view of Proposition

6.15, in order to deal with the logics Lt and Lf 0 defined with respect to truth
entailment, we may just drop the introduction rules for !f and !t, respectively.
To deal with the logic Lf� defined with respect to falsity entailment, we postulate
that a formula A in the full language L�

tf is provable iff the four sequents

�A j � j � j �; � j A� j � j �; � j � j �A j �; � j � j � j A�

are provable. Sequent systems for fragments of Lf� are obtained by omitting the
introduction rules for the connectives in question.
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Chapter 7
Intuitionistic Trilattice Logics

Abstract We will take up a suggestion by Odintsov (Studia Logica 93:407–428,
2009) and define intuitionistic variants of certain logics arising from the trilattice
SIXTEEN3: In a first step, a logic I16 is presented as a Gentzen-type sequent
calculus for an intuitionistic version of Odintsov’s Hilbert-style axiom system LT

from Chap. 5. The cut-elimination theorem for I16 is proved using an embedding
of I16 into Gentzen’s sequent system LJ for intuitionistic logic. The completeness
theorem with respect to a Kripke-style semantics is also proved for I16: The
framework of I16 is regarded as plausible and natural for the following reasons: (i)
the properties of constructible falsity and paraconsistency with respect to some
negation connectives hold for I16; and (ii) sequent calculi for Belnap and Dunn’s
four-valued logic of first-degree entailment and for Nelson’s constructive para-
consistent logic N4 are included as natural subsystems of I16: In a second step, a
logic IT16 is introduced as a tableau calculus. The tableau system IT16 is an
intuitionistic counterpart of Odintsov’s axiom system for truth entailment �t in
SIXTEEN3 and of the sequent calculus for �t presented in Chap. 6. The tableau
calculus is also shown to be sound and complete with respect to a Kripke-style
semantics. A tableau calculus for falsity entailment can be obtained by suitably
modifying the notion of provability.

7.1 Introduction

In Chap. 6, different kinds of cut-free, sound and complete sequent calculi for the
first-degree axiom systems ‘T and ‘B as well as the axiom systems LT ; and LB

have been defined. Cut-free sound and complete sequent systems for the first-

degree axiom systems ‘ f
T ;‘

f
B and for the axiom systems Lf

T ; L
f
B; L

0
T ; L

0
B; L

f 0

T ; and Lf 0

B

listed in Table 5.1 from Chap. 5 can be obtained in analogy to the definition of the
sequent systems for ‘T ;‘B; LT ; and LB: It has been remarked that cut-free sequent
calculi for the basic first-degree calculus ‘base are not known and that constructing

Y. Shramko and H. Wansing, Truth and Falsehood, Trends in Logic 36,
DOI: 10.1007/978-94-007-0907-2_7, � Springer Science+Business Media B.V. 2011
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a cut-free sequent calculus for ‘base might turn out to be difficult because the
method used to show that cut is an admissible rule of the sequent calculi for
‘T ;‘B; LT ; and LB does not apply to ‘base : Moreover, it has been pointed out that

the axiomatic systems LT ; LB; L
f
T ; L

f
B; L

0
T ; L

0
B; L

f 0

T ; and Lf 0

B are all auxiliary in the
sense that they do not capture truth entailment �t or falsity entailment �f in the
respective languages. The main axiom systems are those capturing the semanti-
cally defined logics Lt; Lf ; L0; Lf 0 ; Lt�; and Lf�: Cut-free sound and complete calculi
of generalized sequents for all these axiom systems have been defined in Chap. 6.
In the present chapter we will define sequent calculi and tableau systems for
intuitionistic sequent calculi.1

An important step in obtaining the axiom systems for truth and falsity entail-
ment in SIXTEEN3 is Odintsov’s idea to represent the lattice operations of the truth
and the falsity order as so-called twist-operations over the two-element Boolean
algebra. Odintsov makes the following comment:

It turns out that the matrix of SIXTEEN3 can be represented as a four-component
twist-structure over the two-element Boolean algebra, which suggests also a way of
defining an intuitionistic version of the consequence relations �t and �f via replacing in
this twist-structure the two-element Boolean algebra by an arbitrary Heyting algebra.

This remark provides the motivation for the present chapter. The implication!t

is Boolean and hence it satisfies the Deduction Theorem. Intuitionistic implica-
tional logic is known to be ‘‘the minimal pure implicational calculus having modus
ponens as its sole rule and satisfying the Deduction Theorem’’ [77, p. 133].
It is therefore of theoretical interest to investigate trilattice logics with implications
weaker than Boolean implication. We will take up Odintsov’s suggestion first from
a purely proof-theoretical point of view. The idea is to impose on existing sequent
calculi for certain trilattice logics the well-known restriction leading from
Gentzen’s sequent calculus LK for classical logic to the sequent system LJ for
intuitionistic logic, namely the restriction to at most one formula in the succedent of
a sequent. We consider the sequent calculi GLT and GLB introduced in Chap. 6.
These sequent systems capture Odintsov’s axiomatic trilattice logics LT and LB:
The completeness proof uses a kind of Kripke semantics. Since the cases of
LT and LB are fully analogous, we will focus on a Gentzen-type sequent calculus I16

to obtain an intuitionistic counterpart of LT : The system I16 is plausible and natural
for the following reasons: (i) the properties of constructible falsity and paracon-
sistency with respect to some negation connectives hold for I16; and (ii) sequent
calculi for Belnap and Dunn’s four-valued logic and for Nelson’s constructive
paraconsistent logic N4 are included as natural subsystems of I16:

In Chap. 3 it has been pointed out that the first trilattice structure on a 16-valued
set of truth values had been introduced in [231]. In this trilattice SIXTEENc

3; in
addition to an information order and a truth order, there is a constructiveness order.
The constructivity order is motivated by considerations of constructive truth and

1 We here use the material from [274].
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constructive falsity in intuitionistic logic and constructive logic with strong
negation, and the constructivity of truth and falsity is taken as a dimension of
comparison between notions of truth and falsity. In this chapter, another per-
spective on the constructiveness of reasoning is explored. In a first step we will
apply a familiar proof-theoretic strategy for obtaining intuitionistic variants of
SIXTEEN3-related logics. In a second step we will replace the classically defined
representation of the algebraic operations in SIXTEEN3 from Chap. 5 with an
intuitionistically defined representation in order to obtain intuitionistic trilattice
logics. It is these two moves and not an appeal to a notion of intuitionistic truth
values that explain the title of the present chapter.

As pointed out in Chap. 6, although the sequent calculi GLT and GLB are
sequent systems for the trilattice logics LT and LB; and both are related to truth
entailment in SIXTEEN3; they do not characterize the relation �t. We presented
calculi of generalized sequents which characterize �t and �f : These generalized
sequents consist of four components corresponding to the constituents of
Odintsov’s four-component twist-structures, and the matrix representation of the
algebraic operations of SIXTEEN3 is transformed into introduction rules for the
corresponding logical connectives. The strategy for obtaining intuitionistic vari-
ants in this case is to recast the matrix representations by intuitionistic tableau
rules, cf. [198]. In addition to tableau rules for the intuitionistic connectives, we
also use tableau rules for the co-implication connective from Heyting–Brouwer
logic. The completeness proof with respect to a Kripke-style semantics uses
familiar tableau methods.

First, we will define a sequent calculus I16 which is an intuitionistic counterpart
of LT and prove cut-elimination for I16: The sequent system I16 is shown to be
complete with respect to a Kripke-style semantics in Sect. 7.3. Finally, we turn to
intuitionistic versions of the sequent calculi for truth and falsity entailment in
SIXTEEN3: In Sect. 7.4 we introduce the tableau rules for the intuitionistic tri-
lattice connectives and define a tableau calculus as an intuitionistic counterpart of
the sequent calculus GL� from Chap. 6. This tableau calculus IT16 for intuitionistic
truth entailment is shown to be complete with respect to another intuitionistic
Kripke-style semantics in Sect. 7.5.

7.2 Sequent Calculus I16

In this section, we introduce an intuitionistic version of the sequent calculus GLT

for the trilattice logic LT : We will consider the language L!t
tf together with the

constants > and ?: Since we have only one implication, we will omit the subscript
and simply write !. The connective ? is just the intuitionistic implication.
The symbol �b is used to denote �t�f ; or �f�t; the symbol �d is used to denote
�t�t;�f�f or �b�b; and the symbol �e is now used to denote �t or �b: The
symbol $ is used to denote the identity of (sets of) symbols. Letters A;B; . . . are
used to denote formulas, and Greek capital letters C;D; . . . are used to represent
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finite (possibly empty) sets of formulas. An expression of the form C)
D where D is either empty or a single formula is called a sequent. Again, the
expression L ‘ S ðor ‘ SÞ is used to denote the fact that a sequent S is provable in
a sequent calculus L.

Definition 7.1 For any propositional variable p,2 the initial sequents of I16 are of
the form:

p) p �ep) �ep �f p) �f p

�f�tp) �t�f p �t�f p) �f�tp

? ) ) > ) �e? �e> ) �f? ) ) �f>:

The structural inference rules of I16 are of the form:

C) A A;R) P
C;R) P

ðcutÞ C) D
A;C) D

ðw � lÞ C)
C) A

ðw � rÞ:

The logical inference rules of I16 are of the form:

C) A B;D) P
A! B;C;D) P

ð! lÞ A;C) B

C) A! B
ð! rÞ

A;B;C) D
A^tB;C) D

ð^tlÞ
C) A C) B

C) A^tB
ð^trÞ

A;C) D B;C) D
A_tB;C) D

ð_tlÞ
C) A

C) A_tB
ð_tr1Þ

C) B

C) A_tB
ð_tr2Þ

A;B;C) D
A^f B;C) D

ð^f lÞ
C) A C) B

C) A^f B
ð^f rÞ

A;C) D B;C) D
A_f B;C) D

ð_f lÞ
C) A

C) A_f B
ð_f r1Þ

C) B

C) A_f B
ð_f r2Þ

A;C) D
�dA;C) D

ð�dlÞ C) A

C) �dA
ð�drÞ

�f A;C) D
�t�f�tA;C) D

ð�t�f�tlÞ
C) �f A

C) �t�f�tA
ð�t�f�trÞ

�tA;C) D
�f�t�f A;C) D

ð�f�t�f lÞ
C) �tA

C) �f�t�f A
ð�f�t�f rÞ

2 Again, the setting of the propositional-variable-based initial sequents will be needed for
proving an embedding theorem, cf. Chap. 6. We will show later that the (general) formula-based
initial sequents are also provable in I16:
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�f A;C) D
�f�t�tA;C) D

ð�f�t�tlÞ
C) �f A

C) �f�t�tA
ð�f�t�trÞ

�tA;C) D
�t�f�f A;C) D

ð�t�f�f lÞ
C) �tA

C) �t�f�f A
ð�t�f�f rÞ

A;�eB;C) D
�eðA! BÞ;C) D

ð�e ! lÞ C) A C) �eB

C) �eðA! BÞ ð�e ! rÞ

�eA;C) D �eB;C) D
�eðA^tBÞ;C) D

ð�e^tlÞ

C) �eA

C) �eðA^tBÞ
ð�e^tr1Þ

C) �eB

C) �eðA^tBÞ
ð�e^tr2Þ

�eA;�eB;C) D
�eðA_tBÞ;C) D

ð�e_tlÞ
C) �eA C) �eB

C) �eðA_tBÞ
ð�e_trÞ

�eA;�eB;C) D
�eðA^f BÞ;C) D

ð�e^f lÞ
C) �eA C) �eB

C) �eðA^f BÞ
ð�e^f rÞ

�eA;C) D �eB;C) D
�eðA_f BÞ;C) D

ð�e_f lÞ

C) �eA

C) �eðA_f BÞ
ð�e_f r1Þ

C) �eB

C) �eðA_f BÞ
ð�e_f r2Þ

C) �f A �f B;D) P
�f ðA! BÞ;C;D) P

ð�f ! lÞ �f A;C) �f B

C) �f ðA! BÞ ð�f ! rÞ

�f A;�f B;C) D
�f ðA^tBÞ;C) D

ð�f^tlÞ
C) �f A C) �f B

C) �f ðA^tBÞ
ð�f^trÞ

�f A;C) D �f B;C) D
�f ðA_tBÞ;C) D

ð�f_tlÞ

C) �f A

C) �f ðA_tBÞ
ð�f_tr1Þ

C) �f B

C) �f ðA_tBÞ
ð�f_tr2Þ

�f A;C) D �f B;C) D
�f ðA^f BÞ;C) D

ð�f^f lÞ

C) �f A

C) �f ðA^f BÞ
ð�f^f r1Þ

C) �f B

C) �f ðA^f BÞ
ð�f^f r2Þ
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�f A;�f B;C) D
�f ðA_f BÞ;C) D

ð�f_f lÞ
C) �f A C) �f B

C) �f ðA_f BÞ
ð�f_f rÞ:

Definition 7.2 The f?;>;^t;_t;!g-fragment of I16 gives a familiar definition of
the sequent calculus LJ for intuitionistic logic.

Note that the f^t;_t;�tg-fragment of I16 is a sequent calculus for Belnap and
Dunn’s four-valued logic [3, 22, 23, 75], and the f!;^t;_t;�tg-fragment of I16 is
a sequent calculus for Nelson’s constructive paraconsistent logic [2]. Thus, I16 may
be regarded as a natural extension and generalization of Belnap and Dunn’s logic
and Nelson’s logic.

Note that a sequent calculus I�16 for the intuitionistic version of Odintsov’s LB is
obtained from I16 by replacing the inference rules fð^f lÞ; ð^f rÞ; ð_f lÞ; ð_f rÞg with
the inference rules of the form:

A;C) D B;C) D
A^f B;C) D

ð^f l
�Þ C) A

C) A^f B
ð^f r1

�Þ C) B

C) A^f B
ð^f r2

�Þ

A;B;C) D
A_f B;C) D

ð_f l
�Þ C) A C) B

C) A_f B
ð_f r

�Þ:

Since we can treat both I16 and I�16 in a similar way, we will deal only with I16 in
the following.

Proposition 7.1 The following rules are admissible in cut-free I16:

�t�f A;C) D
�f�tA;C) D

ð�f�tlÞ
C) �t�f A

C) �f�tA
ð�f�trÞ

�f�tA;C) D
�t�f A;C) D

ð�t�f lÞ
C) �f�tA

C) �t�f A
ð�t�f rÞ:

Proof We show the claim only for the case ð�f�tlÞ:

• ð�f�tlÞ: We show that the rule ð�f�tlÞ is admissible in cut-free I16; i.e., we
show that I16 � ðcutÞ ‘ �t�f A;C) D implies I16 � ðcutÞ ‘ �f�tA;C) D:
This is proved by induction on a cut-free proof p of �t�f A; C) D in I16: We
distinguish the cases according to the last inference of p: We show some
cases.

Case ð�t�f p)�t�f pÞ: The proof p is of the form:�t�f p)�t�f p where p
is a propositional variable. Then,�f�tp)�t�f p is also an initial sequent of I16:

Case ð�t�f�tlÞ: The last inference rule of p is of the form:

�f B;C) D
�t�f�tB;C) D

ð�t�f�tlÞ
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where A$�tB: By the induction hypothesis, we have I16 � ðcutÞ ‘ �f B; C) D;
and then we obtain:

�f B;C
..
.

) D
�f�t�tB;C) D

ð�f�t�tlÞ:

Case ð�b^tlÞ: The last inference rule of p is of the form:

�t�f A0;C) D �t�f A00;C) D
�t�f ðA0^tA00Þ;C) D

ð�b^tlÞ

where A$A0^tA00:By the induction hypothesis, we have I16 � ðcutÞ ‘ �f�tA0; C)
D and I16 � ðcutÞ ‘ �f�tA00;C) D: Thus, we obtain:

h

Proposition 7.2 The following rules are admissible in cut-free I16:

�dA;C) D
A;C) D

ð�dl�1Þ C) �dA

C) A
ð�dr�1Þ

�t�f�tA;C) D
�f A;C) D

ð�t�f�tl
�1Þ C) �t�f�tA

C) �f A
ð�t�f�tr

�1Þ

�f�t�f A;C) D
�tA;C) D

ð�f�t�f l
�1Þ C) �f�t�f A

C) �tA
ð�f�t�f r

�1Þ

�f�t�tA;C) D
�f A;C) D

ð�f�t�tl
�1Þ C) �f�t�tA

C) �f A
ð�f�t�tr

�1Þ

�t�f�f A;C) D
�tA;C) D

ð�t�f�f l
�1Þ C) �t�f�f A

C) �tA
ð�t�f�f r

�1Þ:

Proof Straightforward. h

Proposition 7.3 The following sequents are provable in cut-free I16; for any
formula A:

1. �tA) �tA;
2. �f A) �f A;
3. �bA) �bA;
4. �dA) �dA:
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Proof By simultaneous induction on the structure of A:

(1) We show some cases.

(Case A$�f BÞ: By the induction hypothesis for (3), we obtain the
required fact I16 � ðcutÞ ‘ �t�f B) �t�f B:

(Case A$�tBÞ: By the induction hypothesis for (4), we obtain the
required fact I16 � ðcutÞ ‘ �t�tB) �t�tB:

(Case A$B! CÞ: We show I16 � ðcutÞ ‘ �tðB! CÞ ) �tðB! CÞ:
By the induction hypothesis for (4), we have I16 � ðcutÞ ‘ �t�tB) �t�tB;
and by the induction hypothesis for (1), we have I16 � ðcutÞ ‘ �tC ) �tC:
Then, we obtain the required fact:

where ð�t�tl
�1Þ and ð�t�tr�1Þ are admissible in cut-free I16 by

Proposition 7.2.

(2) Similar to (1).
(3) We show only the case for �b ¼ �f�t since the case for �b ¼ �t�f can be

obtained similarly. We show some cases.

(Case A$�tBÞ: We show I16 � ðcutÞ ‘ �f�t�tB) �f�t�tB: By the
induction hypothesis for (2), we have I16 � ðcutÞ ‘ �f B) �f B: Then, we
obtain the required fact:

(Case A$B^tCÞ: We show I16 � ðcutÞ ‘ �f�tðB^tCÞ ) �f�tðB^tCÞ:
By the induction hypothesis for (3), we have I16 � ðcutÞ ‘ �f�tB)
�f�tB and I16 � ðcutÞ ‘ �f�tC ) �f�tC: Then, we obtain the required
fact:
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(4) We show some cases.

(Case A$ p for a propositional variable pÞ: We can obtain I16 � ðcutÞ ‘
�dp) �dp from the initial sequent p) p by applying ð�dlÞ and ð�drÞ:

(Case A$B! CÞ: We show I16 � ðcutÞ ‘ �dðB! CÞ ) �dðB! CÞ:
By the induction hypothesis for (4), we have I16 � ðcutÞ ‘ �dB)
�dB and I16 � ðcutÞ ‘ �dC ) �dC: Then, we obtain the required fact:

where ð�dl�1Þ and ð�dr�1Þ are admissible in cut-free I16 by Proposition 7.2.
h

Proposition 7.4 The following sequents are provable in cut-free I16; for any
formula A:

1. �f�tA) �t�f A;
2. �t�f A) �f�tA:

Proof By induction on A: We use Propositions 7.3 (3) and 7.1. h

Proposition 7.5 For any formula A; I16 � (cut) ‘ A) A:

Proof By induction on A: We use Proposition 7.3 (1) (2) for the cases
A$�tB and A$�f B: h

An expression A, B means the sequents A) B and B) A: The following
proposition shows that the sequents which correspond to Odintsov’s axioms are
provable in I16:

Proposition 7.6 The following sequents are provable in cut-free I16 for any
formulas A and B:

1. A, �dA;
2. �t�f A, �f�tA;
3. �f A, �t�f�tA;
4. �tA, �f�t�f A;
5. A^tB, A^f B;
6. A_tB, A_f B;
7. �eðA^tBÞ , �eA_t�eB;
8. �eðA_tBÞ , �eA^t�eB;

7.2 Sequent Calculus I16 151



9. �eðA^f BÞ , �eA^f�eB;
10. �eðA_f BÞ , �eA_f�eB;
11. �f ðA^f BÞ , �f A_f�f B;
12. �f ðA_f BÞ , �f A^f�f B;
13. �f ðA^tBÞ , �f A^t�f B;
14. �f ðA_tBÞ , �f A_t�f B:

In order to show the cut-elimination theorem for I16; we introduce an embed-
ding of I16 into LJ:

Definition 7.3 We fix a set U of propositional variables and define three disjoint
sets of propositional variables: U0 :¼ fp0j p 2 Ug;U00 :¼ fp00j p 2 Ug; and U000 :¼
fp000j p 2 Ug: The language LI16 of I16 is defined by using U;>;?;!;
^t;_t;^f ;_f ;�t; and �f : The language LLJ of LJ is obtained from LI16 by add-
ing fU0;U00;U000g and deleting f^f ;_f ;�t;�f g:

A mapping f from LI16 to LLJ is defined as follows.

1. f ðpÞ :¼ p; f ð�tpÞ :¼ p0 2 U0; f ð�f pÞ :¼ p00 2 U00; and f ð�t�f pÞ ¼
f ð�f�tpÞ :¼ p000 2 U000 for any p 2 U:

2. f ð]Þ :¼ ]; f ð�e?Þ :¼ >; f ð�e>Þ :¼ ? and f ð�f ]Þ :¼ ] where ] 2 f?;>g:
3. f ðA � BÞ :¼ f ðAÞ � f ðBÞ where � 2 f!;^t;_tg:
4. f ðA^f BÞ :¼ f ðAÞ^t f ðBÞ:
5. f ðA_f BÞ :¼ f ðAÞ_t f ðBÞ:
6. f ð�dAÞ :¼ f ðAÞ:
7. f ð�t�f�tAÞ :¼ f ð�f AÞ:
8. f ð�f�t�f AÞ :¼ f ð�tAÞ:
9. f ð�f�t�tAÞ :¼ f ð�f AÞ:

10. f ð�t�f�f AÞ :¼ f ð�tAÞ:
11. f ð�eðA! BÞÞ :¼ f ðAÞ^t f ð�eBÞ:
12. f ð�eðA^tBÞÞ :¼ f ð�eAÞ_t f ð�eBÞ:
13. f ð�eðA_tBÞÞ :¼ f ð�eAÞ^t f ð�eBÞ:
14. f ð�eðA^f BÞÞ :¼ f ð�eAÞ^t f ð�eBÞ:
15. f ð�eðA_f BÞÞ :¼ f ð�eAÞ_t f ð�eBÞ:
16. f ð�f ðA! BÞÞ :¼ f ð�f AÞ ! f ð�f BÞ:
17. f ð�f ðA^tBÞÞ :¼ f ð�f AÞ^t f ð�f BÞ:
18. f ð�f ðA_tBÞÞ :¼ f ð�f AÞ_t f ð�f BÞ:
19. f ð�f ðA^f BÞÞ :¼ f ð�f AÞ_t f ð�f BÞ:
20. f ð�f ðA_f BÞÞ :¼ f ð�f AÞ^t f ð�f BÞ:

Let C be a set of formulas in LI16: Then, f ðCÞ denotes the result of replacing
every occurrence of a formula A in C by an occurrence of f ðAÞ:

Theorem 7.1 Let C and D be sets of formulas in LI16; and f be the mapping
defined in Definition 7.3. Then
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1. If I16 ‘ C) D; then LJ ‘ f ðCÞ ) f ðDÞ:
2. If LJ � (cut) ‘ f ðCÞ ) f ðDÞ; then I16 � (cut) ‘ C) D:

Proof

(1) By induction on a proof p of C) D in I16: We distinguish the cases according
to the last inference of p: We show some cases.

Case ð�f�tp) �t�f pÞ: p is of the form �f�tp) �t�f p where p is a prop-
ositional variable. By the definition of f ; we have f ð�f�tpÞ ¼ f ð�t�f pÞ ¼ p000 2
U000; and hence LJ ‘ p000 ) p000:

Case ð�t ! lÞ: The last inference rule of p is of the form:

A;�tB;R) D
�tðA! BÞ;R) D

ð�t ! lÞ:

By the induction hypothesis, we have LJ ‘ f ðAÞ; f ð�tBÞ; f ðRÞ ) f ðDÞ: Then, we
obtain the required fact:

where f ðAÞ^tf ð�tBÞ ¼ f ð�tðA! BÞÞ by the definition of f :
Case ð�t ! rÞ: The last inference rule of p is of the form:

R) A R) �tB

R) �tðA! BÞ ð�t ! rÞ:

By the induction hypothesis, we have LJ ‘ f ðRÞ ) f ðAÞ and LJ ‘ f ðRÞ )
f ð�tBÞ: Then, we obtain the required fact:

f ðRÞ)
..
.

f ðAÞ f ðRÞ)
..
.

f ð�tBÞ
f ðRÞ ) f ðAÞ^t f ð�tBÞ

ð^tlÞ

where f ðAÞ^tf ð�tBÞ ¼ f ð�tðA! BÞÞ by the definition of f :
Case ð�t�f�tlÞ: The last inference rule of p is of the form:

�f A;R) D
�t�f�tA;R) D

ð�t�f�tlÞ:

By the induction hypothesis, we have LJ ‘ f ð�f AÞ; f ðRÞ ) f ðDÞ; and hence
LJ ‘ f ð�t�f�tAÞ; f ðRÞ ) f ðDÞ by the definition of f :
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Case ð�f�t^tlÞ: The last inference rule of p is of the form:

�f�tA;R) D �f�tB;R) D
�f�tðA^tBÞ;R) D

ð�f�t^tlÞ:

By the induction hypothesis, we have LJ ‘ f ð�f�tAÞ; f ðRÞ ) f ðDÞ and LJ ‘
f ð�f�tBÞ; f ðRÞ ) f ðDÞ: Thus, we obtain

f ð�f�tAÞ; f
..
.

ðRÞ ) f ðDÞ f ð�f�tBÞ; f
..
.

ðRÞ ) f ðDÞ
f ð�f�tAÞ_t f ð�f�tBÞ; f ðRÞ ) f ðDÞ ð_tlÞ:

Therefore we obtain the required fact LJ ‘ f ð�f�tðA^tBÞÞ; f ðRÞ ) f ðDÞ by the
definition of f :

(2) By induction on a proof p of f ðCÞ ) f ðDÞ in LJ� (cut). We distinguish the
cases according to the last inference of p: We only show the following case.
The last inference rule of p is of the form:

f ð�f�tAÞ; f ðRÞ ) f ðDÞ f ð�f�tBÞ; f ðRÞ ) f ðDÞ
f ð�f�tAÞ_tf ð�f�tBÞ; f ðRÞ ) f ðDÞ ð_tlÞ

where f ð�f�tAÞ_tf ð�f�tBÞ ¼ f ð�f�tðA^tBÞÞ by the definition of f : By the
induction hypothesis, we have L16 � (cut) ‘ �f�tA;R) D and L16 � (cut)
‘ �f�tB;R) D: Thus, we obtain the required fact:

We can now prove the cut-elimination theorem.

Theorem 7.2 The rule (cut) is admissible in cut-free I16:

Proof Suppose I16 ‘ C) D: Then, we have LJ ‘ f ðCÞ ) f ðDÞ by Theorem 7.1
(1), and hence LJ � (cut) ‘ f ðCÞ ) f ðDÞ by the well-known cut-elimination
theorem for LJ: By Theorem 7.1 (2), we obtain the required fact I16 � ðcutÞ
‘ C) D: h

Theorem 7.3 I16 is decidable.

Proof By Theorem 7.1, the provability of sequents in I16 can be reduced to the
provability of sequents in LJ: Moreover, the translation from a formula of I16 into
the corresponding formula of LJ can be performed in finitely many steps. Since LJ
is decidable, I16 is also decidable. h

The following theorem states that I16 satisfies the constructible falsity property
with respect to the negations �e; which may be seen as an indication of the
constructiveness of these negations and the system I16: Whereas Nelson’s con-
structive logics with strong negation [2, 180] satisfy the constructible falsity
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property with respect to strong negation, intuitionistic logic does not satisfy the
constructible falsity property with respect to intuitionistic negation.

Theorem 7.4 If I16 ‘ ) �eðA^tBÞ; then I16 ‘ ) �eA or I16 ‘ ) �eB:

Proof This is a consequence of Theorem 7.2. h

Recall the notions of explosiveness and paraconsistency of a sequent calculus
with respect to a negation(-like) connective introduced by Definition 6.4.

Proposition 7.7 Let ] be �f or �e: Then, I16 is paraconsistent with respect to ]:

Proof Consider a sequent p; ]p) q where p and q are distinct propositional vari-
ables. Then, the unprovability of this sequent is guaranteed by Theorem 7.2. h

7.3 Kripke Completeness for I16

We introduce a possible worlds semantics modeled after Kripke’s semantics for IPL.

Definition 7.4 A Kripke frame is a structure hM;Ri; where M is a non-empty set
and R is a reflexive and transitive binary relation on M:

Definition 7.5 The valuations �n;�t;�f and �b on a Kripke frame hM;Ri are
mappings from the set Atom of all propositional variables to the power set 2M of M
such that for any � 2 fn; t; f ; bg; any p 2 Atom and any x; y 2 M; if x 2��
ðpÞ and xRy; then y 2�� ðpÞ: We will write x �� p for x 2�� ðpÞ: These valua-
tions �� ð� 2 fn; t; f ; bgÞ are extended to mappings from the set of all formulas to
2M for any e 2 ft; bg by stipulating:

1. x �n > holds,
2. x �n ? does not hold,
3. x �n A! B iff 8y 2 M ½xRy and y �n A imply y �n B�;
4. x �n A^tB iff x �n A and x �n B;
5. x �n A_tB iff x �n A or x �n B;
6. x �n A^f B iff x �n A and x �n B;
7. x �n A_f B iff x �n A or x �n B;
8. x �e > does not hold,
9. x �e ? holds,

10. x �e A! B iff x �n A and x �e B;
11. x �e A^tB iff x �e A or x �e B;
12. x �e A_tB iff x �e A and x �e B;
13. x �e A^f B iff x �e A and x �e B;
14. x �e A_f B iff x �e A or x �e B;
15. x �f > holds,
16. x �f ? does not hold,
17. x �f A! B iff 8y 2 M xRy and y �f A imply y �f B

� �
;

18. x �f A^tB iff x �f A and x �f B;
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19. x �f A_tB iff x �f A or x �f B;
20. x �f A^f B iff x �f A or x �f B;
21. x �f A^f B iff x �f A and x �f B;
22. x �n �tA iff x �t A;
23. x �n �f A iff x �f A;
24. x �n �bA iff x �b A;
25. x �t �tA iff x �n A;
26. x �t �f A iff x �b A;
27. x �t �bA iff x �f A;
28. x �f �tA iff x �b A;
29. x �f �f A iff x �n A;
30. x �f �bA iff x �t A;
31. x �b �tA iff x �f A;
32. x �b �f A iff x �t A;
33. x �b �bA iff x �n A:

Note that the following conditions hold: for any � 2 fn; t; f ; bg;

1. x �� A^tB iff x �� A^f B;
2. x �� A_tB iff x �� A_f B;
3. x �t �f A iff x �f �tA;
4. x �t A iff x �n �tA iff x �f �bA iff x �b �f A;
5. x �f A iff x �n �f A iff x �t �bA iff x �b �tA;
6. x �b A iff x �n �bA iff x �t �f A iff x �f �tA:

Proposition 7.8 For any � 2 fn; t; f ; bg; any formula A and any x; y 2 M;
if x �� A and xRy; then y �� A:

Proof By (simultaneous) induction on the complexity of A: h

The expression C^ stands for C1^tC2^t � � � ^tCn or> if C$ fC1;C2; . . .;Cng or
£; respectively. The expression D� stands for A or ? if D$ fAg or £; respec-
tively. The expression ðC) DÞ� abbreviates C^ ! D�:

Definition 7.6 A Kripke model is a structure hM;R;�n;�t;�f ;�bi such that (1)
hM;Ri is a Kripke frame and (2) �� ð� 2 fn; t; f ; bgÞ are valuations on hM;Ri:

A formula A is true in a Kripke model hM;R;�n;�t;�f ;�bi if x �n A for any
x 2 M; and it is valid in a Kripke frame hM;Ri if it is true for any valuations
�� ð� 2 fn; t; f ; bgÞ on the Kripke frame.

A sequent C) D is true in a Kripke model hM;R;�n;�t;�f ;�bi if the for-
mula ðC) DÞ� is true in the Kripke model, and it is valid in a Kripke frame
hM;Ri if it is true for any valuations �� ð� 2 fn; t; f ; bgÞ on the Kripke frame.

The soundness of I16 with respect to the above semantics can be shown
straightforwardly.
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Theorem 7.5 Let C be the class of all Kripke frames, L :¼ fC) D j I16 ‘ C)
Dg and LðCÞ :¼ fC) D jC) D is valid in all frames of Cg: Then; L 	 LðCÞ:

We now start to prove the completeness theorem.

Definition 7.7 Let x and y be sets of formulas. The pair ðx; yÞ is consistent iff for
any A1; . . .;Am 2 x and any B1; . . .;Bn 2 y with ðm; n
 0Þ; the sequent

A1; . . .;Am ) B1_t � � � _tBn

is not provable in I16: The pair ðx; yÞ is maximal consistent iff it is consistent and
for every formula A; A 2 x or A 2 y:

The following extension lemma can be proved using (cut).

Lemma 7.1 Let x and y be sets of formulas. If the pair ðx; yÞ is consistent, then
there is a maximal consistent pair ðx0; y0Þ such that x 	 x0 and y 	 y0:

Proof Let C1;C2; . . . be an enumeration of all formulas of I16:Define a sequence of
pairs ðxn; ynÞ ðn ¼ 0; 1; . . .Þ inductively by ðx0; y0Þ :¼ ðx; yÞ; and ðxmþ1; ymþ1Þ :¼
ðxm; ym [ fCmþ1gÞ if ðxm; ym [ fCmþ1gÞ is consistent and ðxmþ1; ymþ1Þ :¼ ðxm [
fCmþ1g; ymÞ otherwise. We can determine the fact that if ðxm; ymÞ is consistent, then
so is ðxmþ1; ymþ1Þ: To verify this, suppose ðxmþ1; ymþ1Þ is not consistent. Then, there
are formulas A1; . . .;Ai;A01; . . .;A0j 2 xm and B1; . . .;Bk;B01; . . .;B0l 2 ym such that
I16 ‘ A1; . . .;Ai ) B1_t � � � _tBk_tCmþ1 and I16 ‘ A01; . . .;A0j;Cmþ1 ) B01_t � � �
_tB0l: By using (cut) and some other rules, we can obtain I16 ‘ A1; . . .;Ai;
A01; . . .;A0j ) B1_t � � � _tBk_tB01_t � � � _tB0l: This contradicts the consistency of
ðxm; ymÞ: Hence, a produced pair ðxk; ykÞ is consistent for any k: We thus obtain a
maximal consistent pair ð

S1
n¼0 xn;

S1
n¼0 ynÞ: h

Definition 7.8 Let ML be the set of all maximal consistent pairs. A binary relation
RL on ML is defined by ðx;wÞRLðy; zÞ iff x 	 y: Valuations �N ðpÞ;�T ðpÞ;�F

ðpÞ and �B ðpÞ for any propositional variable p are defined by

1. �N ðpÞ :¼ fðx;wÞ 2 ML j p 2 xg;
2. �T ðpÞ :¼ fðx;wÞ 2 ML j �tp 2 xg;
3. �F ðpÞ :¼ fðx;wÞ 2 ML j �f p 2 xg;
4. �B ðpÞ :¼ fðx;wÞ 2 ML j �bp 2 xg:

Lemma 7.2 The structure hML;RL;�N ;�T ;�F ;�Bi defined in Definition 7.8 is a
Kripke model such that for any formula A and any ðx;wÞ 2 ML;

1. A 2 x iff ðx;wÞ �N A;
2. �tA 2 x iff ðx;wÞ �T A;
3. �f A 2 x iff ðx;wÞ �F A;
4. �bA 2 x iff ðx;wÞ �B A:

Proof It can be shown that (1) ML is a non-empty set, by Lemma 7.1, (2) RL is a
reflexive and transitive relation on ML; and (3) for any � 2 fN; T ;F;Bg; any
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atomic formula p and any ðx;wÞ; ðy; zÞ 2 ML; if ðx;wÞRLðy; zÞ and ðx;wÞ ��
ðpÞ; then ðy; zÞ �� ðpÞ: Thus, the structure hML;RL;�N ;�T ;�F ;�Bi is in fact a
Kripke model. h

It remains to be shown that in this model, for any formula A and any
ðx;wÞ 2 ML;

1. A 2 x iff ðx;wÞ �N A;
2. �tA 2 x iff ðx;wÞ �T A;
3. �f A 2 x iff ðx;wÞ �F A;
4. �bA 2 x iff ðx;wÞ �B A:

This is shown by (simultaneous) induction on the complexity of A: The base step is
obvious by Definition 7.8. We now consider the induction step below.

(1) The proof is almost the same as that of LJ: We show only the cases which are
different from those of LJ:

(Case A$�tBÞ:�tB 2 x iff ðx;wÞ �T B (by the induction hypothesis for (2))
iff ðx;wÞ �N �tB:

(Cases A$�f B and A$�bBÞ: Similar to the above case.

(2) We show some cases.

(Case A$>Þ: By the consistency of ðx;wÞ;�t> 2 x does not hold.
(Case A$C ! DÞ: Suppose�tðC ! DÞ 2 x: Since I16 ‘ �tðC ! DÞ ) C;

the fact C 2 w contradicts the consistency of ðx;wÞ; and hence C 2 x: Similarly,
we obtain �tD 2 x: By the induction hypotheses for (1) and (2), we obtain
ðx;wÞ �N C and ðx;wÞ �T D; and hence ðx;wÞ �T C ! D:Conversely, suppose
ðx;wÞ �T C ! D; i.e:; ðx;wÞ �N C and ðx;wÞ �T D: Then, we obtain C 2
x and �tD 2 x by the induction hypotheses for (1) and (2). Since I16 ‘ C;�tD)
�tðC ! DÞ; the fact �tðC ! DÞ 2 w contradicts the consistency of ðx;wÞ; and
hence�tðC ! DÞ 62 w: By the maximality of ðx;wÞ; we obtain�tðC ! DÞ 2 x:

(Case A$C^tDÞ: Suppose �tðC ^ DÞ 2 x: Since I16 ‘ �tðC^tDÞ ) �tC
_t�tD; the fact �tC;�tD 2 w contradicts the consistency of ðx;wÞ; and hence
�tC 62 w or �tD 62 w: Thus, we obtain �tC 2 x or �tD 2 x by the maximality
of ðx;wÞ: By the induction hypothesis for (2), we obtain ðx;wÞ �T

C or ðx;wÞ �T D; and hence ðx;wÞ �T C^tD: Conversely, suppose ðx;wÞ �T

C^tD; i.e:; ðx;wÞ �T C or ðx;wÞ �T D: By the induction hypothesis for (1), we
obtain �tC 2 x or �tD 2 x: Since I16 ‘ �tC ) �tðC^tDÞ and I16 ‘ �tD)
�tðC^tDÞ; the fact �tðC^tDÞ 2 w contradicts the consistency of ðx;wÞ; and
hence �tðC^tDÞ 62 w: By the maximality of ðx;wÞ; we obtain �tðC^tDÞ 2 x:

(3) We show some cases.

(Case A$C ! DÞ: Suppose �f ðC ! DÞ 2 x: We will show ðx;wÞ �F C ! D;
i.e:; 8ðy; zÞ 2 ML½ðx;wÞ RL ðy; zÞ and ðy; zÞ;�F C imply ðy; zÞ �F C�: Suppose
ðx;wÞRLðy; zÞ and ðy; zÞ �F C: Then, we have (*): �f ðC ! DÞ 2 y by the
definition of RL; and obtain (**): �f C 2 y by the induction hypothesis for (3).
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Since (*), (**) and I16 ‘ �f ðC ! DÞ;�f C ) �f D; the fact �f D 2 z contra-
dicts the consistency of ðy; zÞ; and hence �f D 62 z: By the maximality of ðy; zÞ;
we obtain �f D 2 y: By the induction hypothesis for (3), we obtain the required
fact ðy; zÞ �F D: Conversely, suppose �f ðC ! DÞ 62 x: Then;�f ðC ! DÞ 2 w
by the maximality of ðx;wÞ: Then, the pair ðx [ f�f Cg; f�f DgÞ is consistent
because of the following reason. If it is not consistent, I16 ‘ C;�f C ) �f D for
some C consisting of formulas in x; and hence I16 ‘ C) �f ðC ! DÞ: This
fact contradicts the consistency of ðx;wÞ: By Lemma 7.1, there is a maximal
consistent pair ðy; zÞ such that x [ f�f Cg 	 y and f�f Dg 	 z (thus, we have
�f D 62 y by the consistency of ðy; zÞÞ: As a result, we have ðx;wÞ
RLðy; zÞ; ðy; zÞ �F C and not- ðy; zÞ �F D½ � by the induction hypothesis for (3).
Therefore ðx;wÞ �F C ! D does not hold.

(Case A$C^tDÞ: Suppose �f ðC^tDÞ 2 x: Since I16 ‘ �f ðC^tDÞ ) �f C;
the fact �f C 2 w contradicts the consistency of ðx;wÞ; and hence �f C 2 x:
Similarly, we obtain �f D 2 x: By the induction hypothesis for (3), we obtain
ðx;wÞ �F C and ðx;wÞ �F D; and hence ðx;wÞ �F C^tD: Conversely, suppose
ðx;wÞ �F C^tD; i.e:; ðx;wÞ �F C and ðx;wÞ �F D: Then, we obtain �f C 2
x and �f D 2 x by the induction hypothesis for (3). Since I16 ‘ �f C;�f D)
�f ðC^tDÞ; the fact �f ðC^tDÞ 2 w contradicts the consistency of ðx;wÞ; and
hence �f ðC^tDÞ 62 w: By the maximality of ðx;wÞ; we obtain �f ðC^tDÞ 2 x:

(4) Similar to (2).

Theorem 7.6 (Completeness) Let C be the class of all Kripke frames, L :¼ fC)
D j I16 ‘ C) Dg and LðCÞ :¼ fC) D jC) D is valid in all frames of Cg:
Then, LðCÞ 	 L:

Proof It is sufficient to show that for any sequent C) D; if C) D is valid in an
arbitrary frame in C; then it is provable in I16: To show this, we show that if
C) D is not provable in I16; then there is a frame F ¼ hML;RLi 2 C such that
C) D is not valid in F; i.e., there is a Kripke model hML;RL;�N ;�T ;�F ;�Bi
such that C) D is not true in it.

Suppose that C) D is not provable in I16: Then, the pair ðC;DÞ is consistent.
By Lemma 7.1, there is a maximal consistent pair ðu; vÞ such that C 	 u and D 	 v:
It is noted that if D$ fAg; then A 62 u by the consistency of ðu; vÞ:

Then, our goal is to show that ðu; vÞ �N C) D does not hold in the constructed
model. Here we consider only the case C 6¼£: We show that ðu; vÞ �N C^ ! D�

does not hold,9ðx; zÞ 2 ML ðu; vÞRLðx; zÞ and ðx; zÞ �N C^½ �½ and ½ðx; zÞ �N D� does
not hold��. Taking ðu; vÞ for ðx; zÞ; we can verify that there is ðu; vÞ 2 ML such that
ðu; vÞRLðu; vÞ and ðu; vÞ �N C^½ � and ½ðu; vÞ �N D� does not hold�. The first argu-

ment is obvious because of the reflexivity of RL and the fact C 	 u: The second
argument is shown below. The case D$£ is obvious because ðu; vÞ �N ? does not
hold. The case D$ fAg can be proved by using Lemma 7.2 and the fact A 62 u
because we have the fact A 62 u iff ðu; vÞ �N A does not hold�½ by Lemma 7.2. h
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7.4 Tableau Calculus IT16

In order to obtain further intuitionistic trilattice logics, we will now proceed in a
less strictly proof-theoretical way. The logic Lt� is defined as a set of formulas, and
the generalized sequent calculus GL� for Lt� in [272] is a proof system for proving
single formulas. Restricting the generalized sequents of GL� to at most single
formulas in the various positions of a sequent would block the provability of
intuitionistically unproblematic formulas such as A!t ðA _t BÞ: We therefore
replace the metalogical connectives used in Odintsov’s matrix presentation with
their intuitionistic counterparts. Note that in the matrix definition of f ;
for example, :b ^ b0 could also be expressed using a symbol for classical
co-implication. If we want to have constructive counterparts of the matrix defi-
nitions of !t and !f ; then in addition to intuitionistic implication, we have to
consider the constructive co-implication from Heyting–Brouwer logic, also known
as bi-intuitionistic logic. Thus, each of the compound formulas that are used in the
matrix presentations may be seen as a formula from bi-intuitionistic logic, and for
each of these four formulas, we state its corresponding pair of tableau rules.

We will introduce a tableau calculus IT16 in the style of the tableau systems
presented in [198]. A tableau is a rooted tree. The construction of a tableau starts
with an expression A; 0;H; where A is a formula from L�

tf ;H 2 fDi;Cig;
and 1� i� 4: Intuitively, A; 0;Di can be read as ‘‘at state 0, the value of formula A
does not contain the element from 4 encoded by i’’, and A; 0;Ci can be read as ‘‘at
state 0, the value of formula A contains the element from 4 encoded by i’’.

The symbols Di and Ci are distinct formal signs generalizing the signs T and F
used in tableaux for intuitionistic logic. If j names a state, then A; j;Di and A; j;Ci

are a pair of contradictory expressions, the appearance of which closes a tableau
branch.

To an expression A; 0;H decomposition rules and structural tableau rules may
(or may not) be applied to obtain a tableau. Some decomposition rules introduce
expressions of the form jrk: Intuitively, jrk provides semantical information about
an intuitionistic Kripke frame. It indicates that the information state k is a possible
expansion of the information state j:

The indices j; k; l are (names of) elements from N; and a new index is the
(name of the) smallest natural number not already used in the tableau. If an
expression is placed below an arrow, it is a rule output; otherwise it is a rule
input. Note that the structural rule ref for which no input is stated may be
applied to any node to introduce an expression jr j if j occurs on the tableau,
that some decomposition rules introduce a new information state, and that if an
expression of the form jrk ðkr jÞ is a rule input on a tableau branch, the rule has
to be re-applied after the introduction of an expression jrl ðlr jÞ not already on
the branch. If a rule application yields an expression already on the branch, the
rule is not applied.
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Definition 7.9 A tableau branch is said to be closed iff there are expressions of the
form A; k;Di and A; k;Ci on the branch. A tableau is called closed iff all of its
branches are closed. If a tableau (tableau branch) is not closed, it is called open: A
tableau branch is said to be complete iff no more rules can be applied to expand it.
A tableau is said to be complete iff each of its branches is complete.

Definition 7.10 The tableau calculus IT16 consists of the structural and persis-
tence rules from Table 7.1 and the following decomposition rules:

�tA; j;D1 �tA; j;C1 �tA; j;D2 �tA; j;C2

# # # #
A; j;D3 A; j;C3 A; j;D4 A; j;C4

�tA; j;D3 �tA; j;C3 �tA; j;D4 �tA; j;C4

# # # #
A; j;D1 A; j;C1 A; j;D2 A; j;C2

A _t B; j;D1 A _t B; j;C1 A _t B; j;D2 A _t B; j;C2

.& # .& #
A; j;D1 B; j;D1 A; j;C1 B; j;C1 A; j;D2 B; j;D2 A; j;C2 B; j;C2

A _t B; j;D3 A _t B; j;C3 A _t B; j;D4 A _t B; j;C4

# .& # .&
A; j;D3 B; j;D3 A; j;C3 B; j;C3 A; j;D4 B; j;D4 A; j;C4 B; j;C4

A ^t B; j;D1 A ^t B; j;C1 A ^t B; j;D2 A ^t B; j;C2

# .& # .&
A; j;D1B; j;D1 A; j;C1 B; j;C1 A; j;D2 B; j;D2 A; j;C2 B; j;C2

A ^t B; j;D3 A ^t B; j;C3 A ^t B; j;D4 A ^t B; j;C4

.& # .& #
A; j;D3 B; j;D3 A; j;C3 B; j;C3 A; j;D4 B; j;D4 A; j;C4 B; j;C4

A!t B; j;D1 A!t B; j;C1 A!t B; j;D2 A!t B; j;C2

kr j # kr j #
.& kr j .& kr j

A; k;C1 B; k;D1 A; k;D1 B; k;C1 A; k;C2 B; k;D2 A; k;D2 B; k;C2

A!t B; j;D3 A!t B; j;C3 A!t B; j;D4 A!t B; j;C4

# jr k # jr k

jrk .& jr k .&
A; k;C3 B; k;D3 A; k;D3 B; k;C3 A; k;C4 B; k;D4 A; k;D4 B; k;C4
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�f A; j;D1 �f A; j;C1 �f A; j;D2 �f A; j;C2

# # # #
A; j;D2 A; j;C2 A; j;D1 A; j;C1

�f A; j;D3 �f A; j;C3 �f A; j;D4 �f A; j;C4

# # # #
A; j;D4 A; j;C4 A; j;D3 A; j;C3

A _f B; j;D1 A _f B; j;C1 A _f B; j;D2 A _f B; j;C2

# .& .& #

A; j;D1 B; j;D1 A; j;C1 B; j;C1 A; j;D2 B; j;D2 A; j;C2 B; j;C2

A _f B; j;D3 A _f B; j;C3 A _f B; j;D4 A _f B; j;C4

# .& .& #

A; j;D3 B; j;D3 A; j;C3 B; j;C3 A; j;D4 B; j;D4 A; j;C4 B; j;C4

A ^f B; j;D1 A ^f B; j;C1 A ^f B; j;D2 A ^f B; j;C2

.& # # .&

A; j;D1 B; j;D1 A; j;C1 B; j;C1 A; j;D2 B; j;D2 A; j;C2 B; j;C2

A ^f B; j;D3 A ^f B; j;C3 A ^f B; j;D4 A ^f B; j;C4

.& # # .&

A; j;D3 B; j;D3 A; j;C3 B; j;C3 A; j;D4 B; j;D4 A; j;C4 B; j;C4

A!f B; j;D1 A!f B; j;C1 A!f B; j;D2 A!f B; j;C2

# jrk kr j #
jrk .& .& kr j

A; k;C1 B; k;D1 A; k;D1 B; k;C1 A; k;C2 B; k;D2 A; k;D2 B; k;C2

A!f B; j;D3 A!f B; j;C3 A!f B; j;D4 A!f B; j;C4

# jrk kr j #
jrk .& .& kr j

A; k;C3 B; k;D3 A; k;D3 B; k;C3 A; k;C4 B; k;D4 A; k;D4 B; k;C4

If k occurs below an arrow, then it is a new index.
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The decomposition rule for a connective ] in position Di or Ci for i 2
f1; 2; 3; 4g is denoted by ð]DiÞ or ð]CiÞ; respectively. Note that a tableau of the
tableau calculus IT16 may contain infinite branches. In such a case, the tableau is
said to be infinite.

Example 7.1 The following tableau, where p is an atomic formula, has an infinite
branch indicated by vertical dots:

ððp!f ðp!f pÞÞ !f ðp!f pÞÞ !f p; 0;D1

#
0r0

0r1

ðp!f ðp!f pÞÞ !f ðp!f pÞ; 1;C1

p; 1;D1

#
1r1

. &
ðp!f ðp!f pÞÞ; 1;D1 . . .

#
1r2

p; 2;C1

p!f p; 2;D1

. &
ðp!f ðp!f pÞÞ; 2;D1 . . .

#
2r3

p; 3;C1

p!f p; 3;D1

..

.

Table 7.1 Structural tableau
rules and persistence rules

ref tran pers

� jrk p; j;Ci

# krl jrk
krk # #

jrl p; k;Ci

for all k on the tableau 1� i� 4
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Definition 7.11 An L�
tf -formula A is provable in position Di ð1� i� 4Þ iff there is

a closed complete tableau for A; 0;Ci: The formula A is provable in position
Ci ð1� i� 4Þ iff there is a closed complete tableau for A; 0;Di:

Definition 7.12 An L�
tf -formula A is provable in the tableau calculus IT16 iff A is

provable in positions D1;D2;C3; and C4:

Thus, a formula A is not provable iff A is not provable in position D1 or it is not
provable in position D2 or it is not provable in position C3 or it is not provable in
C4: This is the case iff there is an open branch in every complete tableau for
A; 0;C1 or an open branch in every complete tableau for A; 0;C2 or an open branch
in every complete tableau for A; 0;D3 or an open branch in every complete tableau
for A; 0;D4: If we want to prove a formula in IT16; we need not, of course, expand
a closed branch.

Example 7.2 A proof of a formula consists of four closed tableau. Let p and q be
any propositional variables and consider p!t ðq!t pÞ: The provability of this
formula in positions D1 and D2 can be shown by completely analogous closed
tableaux and so can the provability in positions C3 and C4: We show only one
tableau for provability in position D1 and one for provability in position C3:
In both tableaux the final rule applied is pers.

p!t ðq!t pÞ; 0;C1 p!t ðq!t pÞ; 0;D3

# #
1r0 0r1

p; 1;D1 p; 1;C1

q!t p; 1;C1 q!t p; 1;D1

# #
2r1 1r2

q; 2;D1 q; 2;C1

p; 2;C1 p; 2;D1

# #
p; 1;C1 p; 2;C1

7.5 Kripke Completeness for IT16

We again define a relational semantics with four kinds of evaluation relations.

Definition 7.13 A Kripke model is a structure M ¼ hF;�1;�2;�3;�4; vi;
where F ¼ hM;Ri is a Kripke frame as introduced in Definition 7.4 and v is a
function from Atom�M into 16 satisfying the following persistence condition: for all
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x; y 2 M and ] 2 4, if xRy and ] 2 vðp; xÞ; then ] 2 vðp; yÞ: For M ¼ hhM;Ri;�1;
�2;�3;�4; vi; the relations �i	 ðM �L�

tf Þð1� i� 4Þ are defined as follows:

x �1 p iff N 2 vðp; xÞ;

x �2 p iff F 2 vðp; xÞ;

x �3 p iff T 2 vðp; xÞ;

x �4 p iff B 2 vðp; xÞ;

x �1 �tA iff x �3 A;

x �2 �tA iff x �4 A;

x �3 �tA iff x �1 A;

x �4 �tA iff x �2 A;

x �1 A ^t B iff x �1 A or x �1 B;

x �2 A ^t B iff x �2 A or x �2 B;

x �3 A ^t B iff x �3 A and x �3 B;

x �4 A ^t B iff x �4 A and x �4 B:

x �1 A _t B iff x �1 A and x �1 B;

x �2 A _t B iff x �2 A and x �2 B;

x �3 A _t B iff x �3 A or x �3 B;

x �4 A _t B iff x �4 A or x �4 B;

x �1 A!t B iff ð9y 2 MÞyRx and y 6�1 A and y �1 B;

x �2 A!t B iff ð9y 2 MÞyRx and y 6�2 A and y �2 B;

x �3 A!t B iff ð8y 2 MÞxRy implies ðy 6�3 A or y �3 BÞ;
x �4 A!t B iff ð8y 2 MÞxRy implies ðy 6�4 A or y �4 BÞ;

x �1 �f A iff x �2 A;

x �2 �f A iff x �1 A;

x �3 �f A iff x �4 A;

x �4 �f A iff x �3 A;
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x �1 A ^f B iff x �1 A and x �1 B;

x �2 A ^f B iff x �2 A or x �2 B;

x �3 A ^f B iff x �3 A and x �3 B;

x �4 A ^f B iff x �4 A or x �4 B;

x �1 A _f B iff x �1 A or x �1 B;

x �2 A _f B iff x �2 A and x �2 B;

x �3 A _f B iff x �3 A or x �3 B;

x �4 A _f B iff x �4 A and x �4 B;

x �1 A!f B iff ð8y 2 MÞxRy implies ðy 6�1 A or y �1 BÞ;

x �2 A!f B iff ð9y 2 MÞyRx and y 6�2 A and y �2 B;

x �3 A!f B iff ð8y 2 MÞxRy implies ðy 6�3 A or y �3 BÞ;

x �4 A!f B iff ð9y 2 MÞyRx and y 6�4 A and y �4 B:

The following proposition shows how the relations �i ði 2 f1; 2; 3; 4; gÞ are
related to the valuations �� ð� 2 fn; t; f ; bgÞ.

Proposition 7.9 For every (implication-free) Ltf -formula A:

1. ð8Mð8x 2 MÞ8 �n;�f ;�t;�b: x �n AÞ iff
ð8Mð8x 2 MÞ8 �1;�2;�3;�4: x �4 AÞ;

2. ð8Mð8x 2 MÞ8 �n;�f ;�t;�b: x �f AÞ iff
ð8Mð8x 2 MÞ8 �1;�2;�3;�4: x �3 AÞ;

3. ð8Mð8x 2 MÞ8 �n;�f ;�t;�b: x �t AÞ iff
ð8Mð8x 2 MÞ8 �1; �2;�3;�4: x �2 AÞ; and

4. ð8Mð8x 2 MÞ8 �n;�f ;�t;�b: x �b AÞ iff
ð8Mð8x 2 MÞ8 �1;�2;�3;�4: x �1 AÞ:

Proof By simultaneous induction on A: For atoms and negated atoms the claims
hold trivially. h

Proposition 7.10 Let M ¼ hF;�1;�2;�3;�4; vi be a Kripke model and
A be an L�

tf -formula. Then for all x; y 2 M and i 2 f1; 2; 3; 4g; if xRy and
x �i A; then y �i A:

Proof By (simultaneous) induction on the complexity of A: h

Definition 7.14 Suppose that M ¼ hhM;Ri;�1;�2;�3;�4; vi is a Kripke model.
An L�

tf -formula A is IT16-valid in M iff for every x 2 M : x 6�1 A; x 6�2 A; x �3

A; x �4 A:An L�
tf -formula A is IT16-valid iff it is IT16-valid in every Kripke model.
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Example 7.3 Here is a simple example of a complete and closed tableau.

p _t ðp!t qÞ; 0;D4

#
p; 0;D4

p!t q; 0;D4

#
0r1

p; 1;C4

q; 1;D4

#
0r0

1r1

From this tableau one can easily read off a model based on the set of indices f0; 1g
with 0 6�4 p; 0 6�4 q; 1 �4 p; and 1 6�4 q:Thus; 0 6�4 p _t ðp!t qÞ and therefore
p _t ðp!t qÞ fails to be IT16-valid.

Definition 7.15 Let M ¼ hhM;Ri;�1;�2;�3;�4; vi be a Kripke model and br be
a tableau branch. The model M is faithful to br iff there exists a function f from
N into M such that:

1. for every expression A; j;Ci on br; f ðjÞ �i A;
2. for every expression A; j;Di on br; f ðjÞ 6�i A;
3. for every expression jrk on br; f ðjÞRf ðkÞ:

The function f is said to show that M is faithful to branch br:

Lemma 7.3 Let M ¼ hhM;Ri;�1;�2;�3;�4; vi be a Kripke model and br be a
tableau branch. If M is faithful to br and a tableau rule is applied to br; then the
application produces at least one extension br0of br such that M is faithful to br0:

Proof Assume that f is a function that shows M to be faithful to br: We have to
consider all tableau rules. The cases of the tableau rules encoding intuitionistic
connectives (including the decomposition rules for ^t;^f ;_t; and _f ; and part of
the rules for !t and !f Þ and the rules ref, tran, and pers are familiar from the
tableau calculi for intuitionistic logic, cf. [198, Sect. 6.4]. Consider one case of a
decomposition rule for �t; the cases of the other decomposition rules for �t and
the decomposition rules for �f are similar.

ð�tD1Þ: Suppose that �tA; j;D1 is on branch br and that ð�tD1Þ has been applied
to obtain A; j;D3: Since f shows that M is faithful to br; f ðjÞ 6�1 A: But
then f ðkÞ 6�3 A and M is faithful to br:

Finally, consider ð!f D4Þ and ð!f C4Þ: That is, consider two of the four
decomposition rules for !f that encode the backward-looking co-implication
connective from Heyting–Brouwer logic.
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ð!f D4Þ: Suppose that A!f B; j;D4 and krj are on br and that ð!f D4Þ has been
applied to get one branch br1 with A; k;C4 on it and another branch br2

with B; k;D4 on it. By faithfulness, f ðjÞ 6�4 A!f B: Therefore, for every
y 2 M; yRf ðjÞ implies ðy �4 A or y 6�4 BÞ: Since, by faithfulness,
f ðkÞRf ðjÞ; it follows that f ðkÞ �4 A or f ðkÞ 6�4 B: Thus, M is faithful to
br1 or to br2:

ð!f C4Þ: Let A!f B; j;C4 be on branch br: We apply ð!f C4Þ and obtain a new
branch br0 with krj;A; k;D4; and B; k;C4 on it, where k is new to the
tableau. Then f ðjÞ �4 A!f B and thus there exists y 2 M with yRf ðjÞ;
y 6�4 A and y �4 B: Define f 0 to be the same function as f ; except that
f 0ðkÞ ¼ y; Then f 0 showsM to be faithful to br0: h

Theorem 7.7 If an L�
tf -formula A is s provable in IT16; then A is IT16-valid:

Proof Suppose A is not IT16-valid. Then there is a model hhM;Ri;�1;�2;�3;�4;
vi and x 2 M such that x �1 A; x �2 A; x 6�3 A; or x 6�4 A: Assume now, for
reductio, that A is provable in IT16: There are complete tableaux
s1; s2; s3; s4 for A; 0;C1; A; 0;C2; A; 0;D3; A; 0;D4; respectively. The model M is
faithful to the four branches consisting of the initial nodes A; 0;C1;
A; 0;C2; A; 0;D3; A; 0;D4: By Lemma 7.3, the tableaux s1; s2; s3; s4 contain bran-
ches such that M is faithful to every initial segment of these branches. If one of these
branches, say br; is closed, there are expressions B; n;Di and B; n;Ci ð1� i� 4Þ on
some initial segment of br: Since M is faithful to br; this is impossible. Thus, A is
not provable in IT16: h

Corollary 7.1 The rule PERS

A; j;Ci

jrk

#
A; k;Ci

1� i� 4

is admissible for arbitrary L�
tf -formulas A.

Proof By Proposition 7.10, applications of PERS preserve the faithfulness of a
Kripke model to a tableau branch. h

We now prove completeness of the tableau calculus IT16 with respect to the
class of all Kripke models.

Definition 7.16 Let br be an open branch of a complete tableau. The model
Mbr ¼ hhMbr;Rbri;�1;�2;�3;�4; vbri induced by br is defined as follows:

1. Mbr :¼ fwj j j occurs on brg;
2. wjRbrwk iff jrk occurs on br;
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3. N 2 vbrðp;wjÞ iff p; j;C1 occurs on br;
4. F 2 vbrðp;wjÞ iff p; j;C2 occurs on br;
5. T 2 vbrðp;wjÞ iff p; j;C3 occurs on br;
6. B 2 vbrðp;wjÞ iff p; j;C4 occurs on br:

The model Mbr is well-defined, because br is open. There exists no wj 2 Mbr;

no atomic formula p; and no ] 2 fN;F;T;Bg such that ] 2 vbrðp;wjÞ and ] 62
vbrðp;wjÞ: Moreover, the relation Rbr is reflexive and transitive and the persistence
condition is satisfied, because br is complete and hence the rules ref, tran, and
pers have been applied.

Lemma 7.4 Suppose that br is an open branch of a complete tableau, and let
Mbr ¼ hhMbr;Rbri;�1;�2;�3;�4; vbri be the model induced by br: Then for
every i 2 f1; 2; 3; 4g:

1. if A; j;Ci occurs on br; then wj �i A;
2. if A; j;Di occurs on br; then wj 6�i A:

Proof By straightforward induction on A: If A is atomic, Claim 1 holds by
definition of Mbr: Claim 2 holds by definition of Mbr and the fact that br is open.
We here consider one case where A is an implication B!f C:

1. Suppose B!f C; j;C2 occurs on br: Since br is complete, there is a
k with krj;B; k;D2; and C; k;C2 on br: By definition of Mbr and the induction
hypothesis, there exists wk with wkRbrwj;wk �2 C; and wk 6�2 B: Therefore,
wj �2 B!f C:

2. Suppose B!f C; j;D2 occurs on br: For every k such that krj occurs on
br;B; k;C2 is on br or C; k;D2 is on br: By definition of Mbr and the induction
hypothesis, for every k such that wkRbrwj;wk �2 B or wk 6�2 C: Thus;wj 6�2

B!f C: h

Theorem 7.8 Let A be an L�
tf -formula. If A is IT16-valid, then A is provable

in IT16:

Proof Suppose that A is not provable in IT16: Then there is an open branch br1 of
a complete tableau for A; 0;C1 or an open branch br2 of a complete tableau for
A; 0;C2 or an open branch br3 of a complete tableau for A; 0;D3 or an open
branch br4 of a complete tableau for A; 0;D4: By Lemma 7.4, w0 �1 A or w0 �2

A or w0 6�3 A or w0 6�4 A: In any case, A is not valid in Mbri for some i 2
f1; 2; 3; 4g; and hence A is not IT16-valid. h

Corollary 7.2 If one complete tableau for A; 0;C1 is closed, one complete tableau
for A; 0;C2 is closed, one complete tableau for A; 0;D3 is closed, and one complete
tableau for A; 0;D4 is closed, then every complete tableau for A; 0;C1 is closed,
every complete tableau for A; 0;C2 is closed, every complete tableau for A; 0;D3 is
closed, and every complete tableau for A; 0;D4 is closed.
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Proof Suppose (i) that there are complete tableaux for A; 0;C1;A; 0;C2;
A; 0;D3; and A; 0;D4 that are closed, but (ii) that there is a complete and open
tableau for A; 0;C1;A; 0;C2;A; 0;D3; or A; 0;D4: By (i) and Theorem 7.7,
the formula A is IT16-valid. By (ii) and Lemma 7.4, A is not IT16-valid, a
contradiction. h

The calculus IT16 is an intuitionistic tableau-counterpart of the sequent calculus
GL� for truth entailment in SIXTEEN3: A sequent calculus for falsity entailment in
SIXTEEN3 can be obtained form GL� by suitably modifying the notion of prov-
ability of an L�

tf -formula in the sequent calculus. In a similar way, the notion of
provability in IT16 can be modified.

Definition 7.17 The tableau calculus IF16 is the same as IT16: An L�
tf -formula A

is provable in IF16 iff A is provable in positions C1;D2;C3; and D4:
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Chapter 8
Generalized Truth Values
and Many-Valued Logics:
Harmonious Many-Valued Logics

Abstract In this chapter, we reconsider the notion of an n-valued propositional
logic. In many-valued logic, sometimes a distinction is made not only between
designated and undesignated (not designated) truth values, but also between des-
ignated and antidesignated truth values. Even if the set of truth values is, in fact,
tripartitioned, usually only a single semantic consequence relation is defined that
preserves the possession of a designated value from the premises to the conclu-
sions of an inference. We argue that if in the set of semantical values the sets of
designated and antidesignated truth values are not complements of each other, it is
natural to define at least two entailment relations, a ‘‘positive’’ one that preserves
the possession of a designated value from the premises to the conclusions of an
inference, and a ‘‘negative’’ one that preserves the possession of an antidesignated
value from the conclusions to the premises. Once this distinction has been drawn,
it is quite natural to reflect it in the logical object language and to contemplate
many-valued logics K whose language is split into a positive and a matching
negative logical vocabulary. If the positive and the negative entailment relations
do not coincide, if the interpretations of matching pairs of connectives are distinct,
and if the positive entailment relation restricted to the positive vocabulary is
nevertheless isomorphic to the negative entailment relation restricted to the neg-
ative vocabulary, then we say that K is a harmonious many-valued logic. We
reconstruct some of the logical systems considered in this book as harmonious,
finitely-valued logics. At the end of the chapter, we outline some possible ways of
generalizing the notion of a harmonious n-valued propositional logic.

8.1 Many-Valued Propositional Logics Generalized

Let us hark back to the notion of a valuation system considered in Sect. 1.6.
Recall that one of the most important components of any valuation system
V ¼ hV;D;Fi is the set D of designated truth values. This set is essential,
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particularly from a logical point of view because it determines a relation of
semantical consequence (entailment) for the given valuation system, as can be
defined, e.g., by Definition 1.3. This definition introduces a relation between a set
of formulas (premises) and a single formula (conclusion). One can easily extend
this definition to the multiple-conclusions case as follows:

D �V C iff 8a 8A 2 D : vaðAÞ 2 D) 9B 2 C : vaðBÞ 2 Dð Þ: ð8:1Þ

A set of formulas D entails a set of formulas C (D � C) iff for every valuation
function va the following holds true: if for every A 2 D; vaðAÞ 2 D; then vaðBÞ 2
D for some B 2 C: An n-valued tautology then is a formula A such that £ � A:

In some writings, the definition of an n-valued propositional logic and the
terminology is slightly different. First, the elements of V are sometimes referred
to as quasi truth values. Gottwald [124, p. 2] explains that one reason for using
the term ‘quasi truth value’ is that there is no convincing and uniform inter-
pretation1 of the truth values that in many-valued logic are taken in addition to
the classical truth values the True and the False. According to Gottwald, this
understanding associates the additional values with the naive understanding of
being true, respectively the naive understanding of degrees of being true. In later
publications, Gottwald has changed his terminology and states that ‘‘to [a]void
any confusion with the case of classical logic one prefers in many-valued logic
to speak of truth degrees and to use the word ‘‘truth value’’ only for classical
logic’’ [125, p. 4], cf. also Sect. 1.7. In what follows, we do not adopt this
terminology and continue to speak of the elements of n-valued valuation systems
as truth values. Also, we will use the term ‘semantical value’ (or just ‘value’)
which seems to be non-committal.

What is perhaps more important than these differences in terminology is that in
part of the literature, for example in [124, 125, 165, 207], an explicit distinction is
drawn between a set Dþ of designated values and a set D� of antidesignated
values, where the latter need not coincide with the complement of Dþ:2 Usually,
this distinction is, however, not fully exploited in many-valued logic: The notion
of entailment is defined with respect to the designated values, and no independent
additional entailment relation is defined with respect to the antidesignated values.

Gottwald is quite aware of the distinction between designated and antidesig-
nated values. When he discusses the notion of a contradiction (or logical falsity),
for example, he explains that there are two ways of generalizing this notion from
classical logic to many-valued logic, [125, p. 32, notation adjusted]:

1 At least there was no such interpretation at the time of the writing of [124].
2 Incidentally, this distinction is relevant for an assessment of Suszko’s Thesis, see [246], the
claim that ‘‘there are but two logical values, true and false’’ [43, p. 169], which is given formal
contents by the so-called Suszko Reduction, the proof that every Tarskian n-valued propositional
logic is also characterized by a bivalent semantics. For a recent treatment and references to the
literature, see [43]. A critical discussion of Suszko’s Thesis will be presented in the next
chapter.
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1. In the case that the given system S of propositional many-valued logic has a suitable
negation connective �; one can take as logical falsities all those wffs H for which �H
is a logical truth.

2. In the case that the given system S of propositional many-valued logic has antides-
ignated truth degrees, one can take as logical falsities all those wffs H which assume
only antidesignated truth degrees. . .

Gottwald assumes that Dþ \D� ¼£ and remarks that if the designated and
antidesignated values exhaust all truth degrees and, moreover, the negation
operation * satisfies the following standard condition (notation adjusted):

f�ðxÞ 2 Dþ iff x 62 Dþ;

then the two notions of a contradiction coincide [125, p. 32]. Since D� may differ
from the complement of Dþ; another standard condition for negation * is:

f�ðxÞ 2 Dþ iff x 2 D� and f�ðxÞ 2 D� iff x 2 Dþ:

If the latter condition is satisfied, the two ways of defining the notion of a con-
tradiction are equivalent also if V nDþ 6¼ D�:

Rescher [207, p. 68], who does not consider semantic consequence but only
tautologies and contradictions, explains that ‘‘there may be good reason for letting
one and the same truth-value be both designated and antidesignated.’’ However,
he also warns that ‘‘we would not want it to happen that there is some truth-value m
which is both designated and antidesignated when it is also the case that there is
some formula which uniformly assumes this truth-value, for then this formula
would be both a tautology and a contradiction’’ [207, p. 67].

Although Gottwald recognizes that V nDþ may be distinct from D�;3 he
nevertheless follows the tradition in defining only a single semantic consequence
relation in terms of Dþ: If this privileged treatment of Dþ is given up, a more
general definition of a symmetric valuation system and a symmetric n-valued
propositional logic emerges.

3 On p. 30 of [125] he explains (notation adjusted):

Even in the case that Dþ 6¼£ and D� 6¼£ it is, however, not necessarily Dþ [D� ¼
V; which means that together with designated and antidesignated truth degrees also
undesignated truth degrees may exist. This possibility indicates two essentially different
positions regarding the designation of truth degrees. The first one assumes only a binary
division of the set of truth degrees and can proceed by simply marking a set of designated
truth degrees, treating the undesignated ones like antidesignated ones. The second
position assumes a tripartition and marks some truth degrees as designated, some others
as antidesignated, and has besides these both types, also some undesignated truth
degrees. . .
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Definition 8.1 Let L be a language in a denumerable set of sentence letters and a
finite non-empty set of finitary connectives C: A symmetric n-valued valuation
system is a structure

hV;Dþ;D�; ffc : c 2 Cgi;

where V is a non-empty set containing n elements ð2� nÞ; Dþ and D� are
distinct non-empty proper subsets of V; and every fc is a function on V with the
same arity as c:

A symmetric valuation system again can be equipped with an assignment
function a which maps the set of atomic sentences into V: Each assignment can
be inductively extended to a function va from the set of all L-formulas into V
in accordance with Conditions (1.1) and (1.2) from Chap. 1. For all sets of
L-formulas D; C; semantic consequence (entailment) relations �þ and �� are
defined then as follows:

D �þ C iff 8vað8A 2 D; vaðAÞ 2 Dþ ) 9B 2 CvaðBÞ 2 DþÞ; ð8:2Þ

D �� C iff 8vað8A 2 C; vaðAÞ 2 D� ) 9B 2 DvaðBÞ 2 D�Þ: ð8:3Þ

An n-valued tautology is a formula A such that £ �þ A; and an n-valued
contradiction is a formula A such that A �� £: A symmetric n-valued valuation
system together with entailment relations defined by (8.2) and (8.3) constitutes a
symmetric n-valued propositional logic. In what follows, we take for granted that
any valuation system is canonically equipped with entailment relations �þ and
��; and thus we frequently speak of valuation systems as logics.

It is not difficult to see that any n-valued propositional logic can be ‘‘symme-
trized’’, i.e., represented as a symmetric logic by setting just D� ¼V nDþ:
Therefore, we will be especially interested in logical systems which are symmetric
in a non-trivial way.

Definition 8.2 Let K ¼ hV;Dþ;D�; ffc : c 2 Cg;�þ;��i be a symmetric
n-valued propositional logic. K is called a separated n-valued propositional logic
if V nDþ 6¼ D� (that is, if V is not partitioned into the non-empty sets Dþ and
D�), and K is said to be a refined n-valued propositional logic, if it is separated
and �þ6¼��.

Clearly, if a symmetric n-valued logic is not separated, the two entailment
relations �þ and �� coincide. In a refined n-valued propositional logic, however,
neither ‘‘positive’’ entailment �þ nor ‘‘negative’’ entailment �� need enjoy a
privileged status in comparison to each other. Moreover, an entailment relation is
usually defined with respect to a given formal language. For the separate entail-
ment relations �þ and �� one might, therefore, expect that they come with their
own, in a sense ‘‘dual’’, languages, Lþ and L� (see the next section for further
explanations). Then one might be interested in n-valued logics in which these
languages have the same signature.
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Definition 8.3 Let C be a finite non-empty set of finitary connectives, let Lþ be
the language based on Cþ ¼ fcþ j c 2 Cg; and let L� be the language based on
C� ¼ fc� j c 2 Cg: If A is an Lþ-formula, let A� be the result of replacing every
connective cþ in A by c�: If D is a set of Lþ formulas, let D� ¼ fA� j A 2 Dg: If
the language L of a refined n-valued logic K is based on Cþ [ C�; then K is said
to be harmonious iff (i) for all sets of Lþ-formulas D; C : D �þ C iff D� �� C�;
and (ii) for every c 2 C; fcþ 6¼ fc� :

In the present chapter, we shall first of all argue that the distinction between
designated and antidesignated values (and therefore also the distinction between
positive entailment �þ and negative entailment ��) is an important distinction
(Sect. 8.2). In Sect. 8.3, we shall consider some separated n-valued propositional
logics, and in Sects. 8.4 and 8.5, we shall present natural examples of harmonious
finitely-valued logics. Finally, we shall make some brief remarks on generalizing
harmony (Sect. 8.6).

8.2 Designated and Antidesignated Values

Why is it important to draw a distinction between designated and antidesignated
values? The notion of a set of designated values is often considered as a gener-
alization of the notion of truth. Similarly, the set of antidesignated values can be
regarded as representing a generalized concept of falsity. However, logic and its
terminology is to a large extent predominated by the notion of truth. The Fregean
Bedeutung (reference) of a declarative sentence (or, in the first place, a thought) is
a truth value. According to Frege, there are exactly two truth values, The True and
The False, henceforth just true ðTÞ and false ðFÞ: Whereas T and F are referred to
as truth values, neither F nor T is called a falsity value.

Moreover, Frege explicitly characterized logic as ‘‘the science of the most
general laws of being true’’, see Hans Sluga’s translation in [241, p. 86]. This view
finds its manifestation in the fact that most of the fundamental logical notions—
logical operations, relations, etc.—are usually defined through the category of
truth. Thus, valid consequence is usually defined as preserving truth in passing
from the premises to the conclusions of an inference. It is required that for every
model M; if all the premises are true in M; then so is at least one conclusion. By
contraposition, in a valid inference, not being true is preserved from the conclu-
sions to at least one of the premises. For every model M; if every conclusion is not
true in M; then so is at least one of the premises. As to falsity, its role in such
definitions frequently remain a subordinated one, if any. When constructing a
semantic model, ‘‘false’’ is often understood as a mere abbreviation for ‘‘not true’’,
as for instance when the classical truth-table definition for conjunction is stated as:
‘‘A conjunctive sentence is true if both of its conjuncts are true, otherwise it is not
true (i.e., false)’’.
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In general, failing to be true and being false may, however, fall apart con-
ceptually. Although this is the very point of many-valued logic, a distinction
between falsity and the absence of truth (or truth and the absence of falsity) is often
represented only by the values that V contains in addition to T and F and not by
distinguishing between a set of designated values Dþ and another set of anti-
designated values D� (and the consequence relations induced by these sets). We
are interested in inferences that preserve truth because we are interested in true
beliefs. But likewise we are interested in inferences in which false conclusions are
bound to depend on at least one false premise because we are interested in
avoiding false beliefs. This point has vividly been made by William James in his
essay ‘‘The Will to Believe’’:

Believe truth! Shun error!—These, we see, are two materially different laws; and by
choosing between them we may end by coloring differently our whole intellectual life. We
may regard the chase for truth as paramount, and the avoidance of error as secondary; or
we may, on the other hand, treat the avoidance of error as more imperative, and let truth
take its chance [134, p. 18].

It seems then quite natural to modify (or to extend) in a certain respect the
Fregean definition of logic by saying that its scope is studying not just the laws of
being true, but rather of being true and being false. An immediate effect of this
modification consists in acknowledging the importance of falsity (and more gen-
erally, antidesignated values) for defining logical notions. Every definition for-
mulated in terms of truth should be ‘‘counterbalanced’’ with a ‘‘parallel’’ (dual)
definition formulated in terms of falsity.

This observation not only justifies the distinction between positive ð�þÞ and
negative ð��Þ entailment relations but also clarifies the idea of the corresponding
languages Lþ and L� with ‘‘positive’’ and ‘‘negative’’ connectives. As an
example, let us take the operation of conjunction in classical logic. The connective
^þ can naturally be defined through its truth conditions: vðA ^þ BÞ ¼ T iff vðAÞ ¼
T and vðBÞ ¼ T : But we may also wish to consider the connective ^�; exhaus-
tively defined by means of the falsity conditions: vðA ^� BÞ ¼ F iff vðAÞ ¼ F or
vðBÞ ¼ F: Now, although in classical logic ^þ and ^� are, obviously, coincident,
in the general case, for example in various many-valued logics, they may well
differ from each other. Thus, if the relation between designated and antidesignated
values is not as straightforward as in classical logic, a separate introduction of the
positive and negative connectives (in fact: ‘‘truth-connectives’’ and ‘‘falsity-
connectives’’) may acquire especial significance.

Let us generalize this point with respect to the propositional connectives of
conjunction and disjunction in the context of many-valued logics. There is a view
that in a many-valued semantics f^ and f_ are just the functions of taking the
minimum and the maximum of their arguments. As Richard Dewitt put it:

In many-valued systems, intuitions concerning the appropriate truth-conditions for dis-
junction and conjunction are the most widely agreed on. In particular, there is general
agreement that a disjunction should take the maximum value of the disjuncts, while a
conjunction should take the minimum value of the conjuncts [64, p. 552].
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As a result, we get the following definitions:

vðA ^ BÞ ¼ minðvðAÞ; vðBÞÞ;
vðA _ BÞ ¼ maxðvðAÞ; vðBÞÞ;

which Dewitt refers to as the standard conditions for conjunction and disjunction.
One may note, however, that these conditions are justified only if the set of
semantical values is in some way linearly ordered so that any two values are
mutually comparable. And although this is frequently indeed the case, e.g., when
the semantical values are identified with some points on a numerical segment,
there also exist a number of many-valued systems where not all of the values are
comparable with each other.4 In such systems, the standard conditions cannot be
employed directly.

The idea of truth degrees in many-valued logic naturally implies that semantical
values may differ in their truth-content. Moreover, it is assumed that any of the
designated values is ‘‘more true’’ (is of a higher degree in its truth-content) than
any of the values which is not designated. Thus, taking into account the
‘‘minimality–maximality’’ intuition described above, the conjunction can be more
generally regarded as an operation ^þ that in a sense minimizes the truth-content
(or the ‘‘designatedness’’) of the conjuncts, and disjunction can be more generally
regarded as an operation _þ that maximizes the truth-content of the disjuncts.5

That is, for truth values that are comparable in their truth degrees, f^þ is just the
standard min-function, but if two truth values x and y are incomparable, the ‘‘less
true’’ relation nevertheless should be such that it determines f^þðx; yÞ; the outcome
of which is less true than both of the conjuncts. This is similarly true for dis-
junction. In this way, we should be able to obtain definitions of notions of con-
junction ^þ and disjunction _þ purely in terms of truth:

vðA ^þ BÞ ¼ minþðvðAÞ; vðBÞÞ;
vðA _þ BÞ ¼ maxþðvðAÞ; vðBÞÞ;

where minþ and maxþ are generalized functions of truth-minimizing and truth-
maximizing, correspondingly.

Now, if falsity is not the same as non-truth, an independent consideration of
propositional connectives from the standpoint of antidesignated values is appro-
priate. In this sense, conjunction should be regarded as the falsity-maximizer and
disjunction as the falsity-minimizer, and thus, we should be able to obtain gen-
eralized functions max� and min� of maximizing and minimizing, respectively,
the falsity-content of their arguments, so that operations ^� and _� can be defined
purely in terms of falsity:

4 Cf., for instance, the values N and B under the order �t in the four-valued logic B4 considered
in Sect. 8.4.
5 And of course, a conjunction should maximize the non-truth of the conjuncts, while a
disjunction should minimize the non-truth of the disjuncts.
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vðA ^� BÞ ¼ max�ðvðAÞ; vðBÞÞ;
vðA _� BÞ ¼ min�ðvðAÞ; vðBÞÞ:

We also briefly observe the difference between the two kinds of negation.
Namely, whereas f�þ can be viewed as a function that (within every semantical
value) turns truth into non-truth and vice versa, f�� can be treated as an operation
that interchanges exclusively between falsity and non-falsity.

One might object that the distinction between designated and antidesignated
values makes sense only for doxastically or epistemically interpreted semantical
values. Certainly, if a proposition is not believed (known) to be true, this does not
imply that the proposition is believed (known) to be false. The distinction is,
however, also sensible for other, non-doxastical and non-epistemical adverbial
qualifications of truth and falsity. If a proposition is not necessarily true, for instance,
it need not be necessarily false. The designated semantical values are used to define
an entailment relation �þ that preserves the possession of a doxastically wanted
value in passing from the premises to the conclusions of an inference. Analogously,
the antidesignated values may be used to define an entailment relation �� by
requiring that if the conclusions are doxastically unwanted, at least one of the
assumptions is doxastically unwanted, too. Among the doxastically wanted values,
there may be values interpreted, for example, as ‘‘true’’, ‘‘neither true nor false’’,
‘‘known to be true’’, ‘‘unknown to be false’’, ‘‘necessarily true’’, ‘‘possibly true’’, etc.
Among the doxastically unwanted values, there may be values interpreted, for
example, as ‘‘false’’, ‘‘neither true nor false’’, ‘‘known to be false’’, ‘‘unknown to be
true’’, ‘‘necessarily false’’, ‘‘possibly false’’, etc.

Whether ‘‘neither true nor false’’ is doxastically wanted or unwanted, may
be a matter of perspective. A proposition evaluated as ‘‘neither true nor false’’
is not falsified and hence possibly wanted, but it is also not verified and
therefore possibly unwanted. If one wants to take into account that both per-
spectives are legitimate, a value read as ‘‘neither true nor false’’ may even
sensibly be classified as both wanted and unwanted. That is, in general, it is
reasonable to distinguish between designated, antidesignated, and undesignated
semantical values, and also not to exclude the possibility of values that are
both designated and antidesignated.

These considerations can be generalized, see Sect. 8.6.

8.3 Some Separated Finitely-Valued Logics

We first consider separated versions of the well-known three-valued logics of
Kleene and Łukasiewicz.

Definition 8.4 Kleene’s strong three-valued logic K3 and Łukasiewicz’s three-
valued logic Ł3 are semantically defined by the following symmetric valuation
systems:
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1. K3 :¼ hfT;£;Fg; fTg; f£;Fg; ffc : c 2 f�;^;_;�ggi; where the functions
fc are defined as follows:

f∼
T F
∅ ∅

F T

f∧ T ∅ F
T T ∅ F
∅ ∅ ∅ F
F F F F

f∨ T ∅ F
T T T T
∅ T ∅ ∅

F T ∅ F

f⊃ T ∅ F
T T ∅ F
∅ T ∅ ∅

F T T T

2. L3 :¼ hfT ;£;Fg; fTg; f£;Fg; ffc : c 2 f�;^;_;�ggi; where the functions
fc are defined as in K3 except that:

f⊃ T ∅ F
T T ∅ F
∅ T T ∅

F T T T

Definition 8.5 The separated three-valued propositional logics K3* and Ł3* are
semantically defined by the following symmetric valuation systems:

K3* :¼ hfT ;£;Fg; fTg; fFg; f fc : c 2 f�;^;_;�ggi; where the functions fc are
defined as in K3;

L3* :¼ hfT;£;Fg; fTg; fFg; f fc : c 2 f�;^;_;�ggi; where the functions fc are
defined as in Ł3:

Proposition 8.1 K3* and Ł3* are refined, i.e., the relations �þ and �� do not
coincide.

Proof In both logics, formulas of the form A ^ ðA � BÞ have the same truth
table:

A B A∧ (A ⊃ B)
T T T
T ∅ ∅

T F F
∅ T ∅

∅ ∅ ∅

∗ ∅ F ∅

F T F
F ∅ F
F F F

Whereas A ^ ðA � BÞ �þ B; the row marked with an asterisk shows that
A ^ ðA � BÞ 6�� B. h
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Although it is not surprising, perhaps, that in a separated n-valued logic, the
relations �þ and �� need not coincide, there are separated n-valued logics which
are not refined. Let again N :¼£;T :¼ fTg;F :¼ fFg and B :¼ fT ;Fg:

Definition 8.6 The useful four-valued logic B4 of Dunn and Belnap is semanti-
cally defined by the symmetric valuation system B4 ¼ hfN;T;F;Bg; fT;Bg;
fN;Fg; f fc : c 2 f�;^;_ggi; where the functions fc are defined as follows:

f∼
T F
B B
N N
F T

f∧ T B N F
T T B N F
B B B F F
N N F N F
F F F F F

f∨ T B N F
T T T T T
B T B T B
N T T N N
F T B N F

Definition 8.7 The separated four-valued propositional logic B4* is semantically
defined by the symmetric valuation system B4* ¼ hfN;T;F;Bg; fT;Bg; fF;Bg;
f fc : c 2 f�;^;_; ggi; where the functions fc are defined as in B4:

The set fN;T;F;Bg is also referred to as 4, cf. Chap. 3. Note that in B4* not
only 4 nDþ 6¼ D�; but also Dþ \D� 6¼£:

Proposition 8.2 The separated logic B4* is not refined: �þ ¼��.

Proof A proof (for the case of single premises and conclusions) using Dunn’s
method of ‘‘dual’’ valuations is given, e.g., in [80, p. 10]. It is observed that the
relation �þ alias �� also coincides with the relation � defined as follows:
D � C iff ðD �þ C and D �� CÞ. h

Clearly, K3 does not have any tautologies because any formula takes the value
£ if every propositional variable occurring in it takes the value £: It has been
observed in [207] that for the same reason, the three-valued logic which is now
known as the Logic of Paradox [196], LP; has no contradictions.

Definition 8.8 The Logic of Paradox LP is the three-valued propositional logic
hfT ;£;Fg; fT;£g; fFg; ffc : c 2 f�;^;_;�ggi; where the functions fc are
defined as in K3:

In B4 there are neither any tautologies (consider the constant valuation that
assigns only N) nor any contradictions (consider the constant valuation that assigns
only B).6 Obviously, �þ in B4 coincides with �þ and �� in B4*. Our main
question is: Are there natural examples of harmonious finitely-valued logics?

6 Rescher [207, p. 67] seems to interpret the fact that the logic LP has no contradictions as a
reason for distinguishing between antidesignated and undesignated values because in LP no
formula receives an undesignated truth value under any valuation.
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8.4 A Harmonious Logic Inspired by the Logic of SIXTEEN3

Let us now consider the logic of SIXTEEN3 ‘‘in a harmonious perspective’’. Recall
that the logic of SIXTEEN3 in the language Ltf can be semantically presented as a
bi-consequence system, namely the structure ðLtf ;�t;�f Þ; where the two entail-
ment relations �t and �f are defined with respect to the truth order �t and the
falsity order �f ; respectively. These relations have been defined in Chap. 4 by
Definitions 4.1 and 4.2 as relations between single formulas. It is not difficult to
extend these definitions to obtain the relations �t� PðLtf Þ �PðLtf Þ and
�f� PðLtf Þ �PðLtf Þ:

Definition 8.9 D �16
t C iff 8v16 ut fv16ðAÞ j A 2 Dg�t tt fv16ðAÞ j A 2 Cg:

Definition 8.10 D �16
f C iff 8v16 tf fv16ðAÞ j A 2 Cg�f uf fv16ðAÞ j A 2 Dg:

Till the end of this section, we will omit the superscript and write just �t and �f

instead of�16
t and�16

f : Let the sets xt and xf be defined as they were on page 53. We
then define a separated 16-valued logic based on SIXTEEN3 in the language Ltf :

Definition 8.11 The separated 16-valued logic B16 is semantically defined by the
symmetric valuation system B16 ¼ h16; fx 2 16 j xt is non-emptyg; fx 2 16 j
x f is non-emptyg; f�t;ut;tt;�f ;tf ;uf gi; where for all sets of Ltf -formulas D; C;
semantic consequence relations �þ and �� are defined in accordance with
(8.2) and (8.3).

Proposition 8.3 B16 is refined.

Proof It can easily be seen that in B16 the relations �þ and �� are distinct,
e.g., in view of the following counterexample: ðA ^f BÞ �� A but ðA ^f BÞ 6�þ A
(since, e.g., F tf FTB ¼ FB). h

Proposition 8.4 The 16-valued propositional logic B16 is harmonious.

Proof Obviously, we may view the language Ltf as being based on a set of
‘‘positive connectives’’ Cþ ¼ f�t;^t;_tg and a set of ‘‘negative connectives’’
with matching arity C� ¼ f�f ;^f ;_f g; i.e., C ¼ f�;^;_g: Moreover, we have
already observed that the condition fct 6¼ fcf is satisfied for every c 2 C: If A is an

Lt-formula, let Af be the result of replacing every connective ct in A by cf : If D is

a set of Lt formulas, let Df ¼ fAf j A 2 Dg: It remains to be shown that in B16 for
all sets of Lt-formulas D;C;

ðyÞ D �þ C iff Df �� Cf :

This follows from Lemmas 4.1, 4.2 and Theorems 4.1, 4.2 in Chap. 4 for �t and
the analogous versions of these statements for �f : Lemma 4.2 says that for every
A;B 2Lt: A �t B iff 8vðT 2 vðAÞ ) T 2 vðBÞÞ: According to Lemma 4.1,

8.4 A Harmonious Logic Inspired by the Logic of SIXTEEN3 181

http://dx.doi.org/10.1007/978-94-007-0907-2_4
http://dx.doi.org/10.1007/978-94-007-0907-2_4
http://dx.doi.org/10.1007/978-94-007-0907-2_4
http://dx.doi.org/10.1007/978-94-007-0907-2_4


within language Lt; the condition 8vðT 2 vðAÞ ) T 2 vðBÞÞ is equivalent to
8vðB 2 vðAÞ ) B 2 vðBÞÞ: Thus, for every A;B 2 Lt: A �t B iff 8vðT 2 vðAÞ or
B 2 vðAÞ ) T 2 vðBÞ or B 2 vðBÞÞ: This means that �þ restricted to Lt is the
same relation as �t restricted to Lt; and it is then axiomatized as first-degree
entailment (Theorems 4.1 and 4.2). Since for every A;B 2Lf : A �f B iff 8vðF 2
vðBÞ ) F 2 vðAÞÞ iff 8vðB 2 vðBÞ ) B 2 vðAÞÞ; and the restriction of �� to
Lf ð¼ the restriction of �f to Lf ) is also axiomatized as first-degree entailment,
condition ðyÞ is satisfied. h

But what is the situation with the whole language Ltf and the corresponding
entailment relations? In fact, we have two logics, ðLtf ;�t;�f Þ and a harmonious
many-valued logic ðLtf ;�þ;��Þ; and we may note that the corresponding
entailment relations of the logics ðLtf ;�t;�f Þ and ðLtf ;�þ;��Þ are distinct:
�t 6¼ �þ and �f 6¼ ��. We may, for example, note that for every Ltf -formula
A;A �þ�f A and A ���tA; whereas there exists no atomic Ltf -formula A; such
that A �t�f A or A �f �tA:

8.5 Harmony ad Infinitum

Recall that the structure SIXTEEN3 is an example of a Belnap trilattice introduced
in Sect. 4.3. Belnap trilattices are obtained by iterated powerset-formation applied
to the set 4 and by generalizing the definitions of a truth order and a falsity order
on 16. In Sect. 4.3, we obtained an infinite collection of sets of generalized
semantical values by considering Pnð4Þ: A Belnap trilattice has been defined there
as a structure Mn

3 :¼ ðPnð4Þ;ui;ti;ut;tt;uf ;tf Þ; where ui ðut;uf Þ is the lattice
meet and ti ðtt;tf Þ is the lattice join with respect to the ordering �i ð�t;�f Þ on

Pnð4Þ; n	 1: It has been observed that SIXTEEN3ð¼M1
3) is the smallest Belnap

trilattice.
Considering again the languages Lt; Lf ; Ltf defined in Sect. 4.1 and

n-valuations as defined on page 77, we extend Definitions 4.7 and 4.8 of
t-entailment and f -entailment for any n (for arbitrary formulas A;B from Ltf ) to
the case with arbitrary sets of formulas:

Definition 8.12 The relations �n
t� PðLtf Þ �PðLtf Þ and �n

f� PðLtf Þ �
PðLtf Þ are defined by the following equivalences:

D �n
t C iff 8vn utfvnðAÞ j A 2 Dg�t ttfvnðAÞ j A 2 Cg;

D �n
f C iff 8vn tf fvnðAÞ j A 2 Cg�f uf fvnðAÞ j A 2 Dg:

Thus, semantically, the logic of a Belnap trilatticeMn
3 is the bi-consequence system

ðLtf ;�n
t ;�n

f Þ: We now define an infinite chain of separated finitely-valued logics.

Definition 8.13 Let ]n be the cardinality of Pnð4Þ: The ]n-valued logic B]n is the
structure hPnð4Þ;Dnþ;Dn�; f�t;ut;tt;�f ;tf ;uf gi; where Dnþ :¼ fx 2 Pnð4Þ j
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x is t-positiveg and Dn� :¼ fx 2 Pnð4Þ j x is f -positiveg: For every logic B]n; and
for all sets of Ltf -formulas D; C; the semantic consequence relations �nþ and �n�

are defined in accordance with (8.2) and (8.3).

Proposition 8.5 For every n 2 N; the logic B]n is refined.7

Proof Obviously, B]n is separated. That in B]n the relations �nþ and �n� are
distinct, can again be seen by noticing that for every n 2 N; ðA ^f BÞ �n� A but
ðA ^f BÞ 6�nþ A (since for every Mn

3 there may well exist x; y 2 Pnð4Þ such that
x tf y is t-positive, whereas either x or y is not). h

Proposition 8.6 For every n 2 N; the logic B]n is harmonious.

Proof Again, we regard Ltf as being based on Cþ ¼ f�t;^t;_tg and the set of
connectives with matching arity C� ¼ f�f ;^f ;_f g so that C ¼ f�;^;_g: It can
easily be seen that the condition fct 6¼ fcf is satisfied for every c 2 C: We must
show that in B]n for all sets of Lt-formulas D; C;

D �nþ C iff Df �n� Cf :

We use the main result of Sect. 4.3, namely that for every n 2 N; the truth
entailment relation �n

t of ðLtf ;�n
t ;�n

f Þ restricted to Lt and the falsity entailment
relation �n

f of ðLtf ;�n
t ;�n

f Þ restricted to Lf can both be axiomatized as
first-degree entailment. The proof systems differ only insofar, as every connective
ct is uniformly replaced by its ‘‘negative counterpart’’ cf : Thus, given the com-
pleteness theorem for �n

t and its counterpart for �n
f ; it is enough to show that for

all sets of Lt-formulas D;C : D �nþ C in B]n iff D �n
t C; and for all sets of

Lf -formulas D; C : D �n� C in B]n iff D �n
f C: This follows from Corollary 4.1:

For any A;B 2Lt:

A�n
t B iff 8vnðx 2 vnðAÞt ) x 2 vnðBÞtÞ

and the analogous result for falsity entailment: For any A;B 2Lf :

A�n
f B iff 8vnðx 2 vnðBÞf ) x 2 vnðAÞf Þ: h

8.6 Some Remarks on Generalizing Harmony

The point of departure for our considerations is the familiar and simple notion of an
extensional n-valued propositional logic. We argued that the distinction between
designated, antidesignated, and undesignated values and values that are both des-
ignated and antidesignated ought to be taken seriously. There is no reason to

7 Note that n	 1:
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privilege designation over antidesignation when it comes to defining entailment.
Hence we suggested a slightly more general notion of an n-valued logic. Whereas
the set Dþ of designated values determines a positive entailment relation �þ; the
set D� of antidesignated values determines a negative entailment relation��. Once
we have two entailment relations, it is natural to consider two languages. This
consideration then led us to defining the notion of a harmonious n-valued logic.

As mentioned already, it was observed quite a while ago that one may consider
n-valued logics in which the truth functions f^ and f_ for conjunction and dis-
junction form a lattice on the underlying set of truth values, see, for example [209,
210]. Thus, given an n-valued propositional logic, one may wonder whether a
lattice order can be defined from some given truth functions. However, in light of
the research on bilattices and trilattices, the interest usually goes in the opposite
direction. Given some natural partial orders on sets of semantical values, one may
wonder whether these orderings form lattices on the underlying sets and thereby
give rise to a conjunction (lattice meet), disjunction (lattice join), and hopefully also
some sort of negation. In the bilattice FOUR2; there is only one ‘‘logical’’ order,
there referred to as the truth order. In a Belnap trilattice Mn

3; there are two logical
orderings, the truth order �t and the falsity order �f : From the bi-consequence
system of any Belnap trilattice, we obtained a harmonious finitely-valued logic. But
neither did we consider the following relation induced by the information order �i;
defined as

D �n
i C iff 8vn ui fvnðAÞ j A 2 Dg�i tifvnðAÞ j A 2 Cg;

nor did we consider in this chapter additional orderings or other sets of truth values
with more than two lattice orderings on them. This would, however, be an inter-
esting line of investigation to pursue, if one aims at finding examples of many-
valued logics displaying a more general form of harmony. Thus, generalizations of
the notion of a harmonious n-valued propositional logic can be obtained by
replacing the set fDþ;D�g of distinguished subsets of the set of values V by a set
fD1; . . .;Dng of distinguished subsets of V: Moreover, the association of
entailment relations with the distinguished subsets of V may vary.

A relation �� PðLÞ �PðLÞ is a Tarski–Scott multiple conclusion conse-
quence relation iff it satisfies the following conditions:

1. For every D �L;D � D (reflexivity);
2. If D � C [ fAg and fAg [H � R; then D [H � C [ R (transitivity);
3. If D � H;C � R; and D � C; then H � R (monotony).

A Tarski–Scott multiple conclusion consequence relation is said to be structural
iff it is closed under substitution.

In an n-valued logic which is refined in the sense of Definition 8.2, in addition
to �þ and ��; several other possibly interesting semantical relations can be
defined, though not all of them turn out to be Tarski–Scott multiple conclusion
entailment relations. In order to refer to these relations in a compact way, we
need a more systematic notation. Let þ stand for designated values, � for
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antidesignated values, u for neither designated nor antidesignated values, and b for
values that are both designated and antidesignated. Let þ;���; u; and b stand for the
respective complements. Moreover, let ( indicate preservation from the conclu-
sions to the premises, ) indicate preservation from the premises to the conclu-
sions, and , indicate preservation in both directions. Then �þ is denoted as
�þ)þ and �� as ��(� : The relation � defined (for a given n-valued logic) by
requiring that D � C iff both D �þ C and D �� C (cf. the proof of Proposi-
tion 8.2) is denoted as �ðþ)þ;�(�Þ; and the relation defined by requiring that
D � C iff (D �þ C or D �� C) is denoted as �ðþ)þj�(�Þ. By way of example, we
may consider, in addition to �þ and ��; the following ‘‘semantic consequence’’
relations:

• �þ(þ;
• ��)�;
• �u)u;�u(u;

• �b)b;�b(b;

• �þ)þ;�þ(þ;

• ����)���; ����(���;
• �u)u; �u(u;

• �b)b; �b(b;
• �
)�;�
(�;

where 
; � 2 fþ;�; u; b;þ;���; u; bg and 
 6¼ �;
• �ð
)�;�(�Þ;�ð
(�;�)�Þ;

where 
; �;�;� 2 fþ;�; u; b;þ;���; u; bg and 
 6¼ � or � 6¼ �;

• �ð
)�;�)�Þ;�ð
(�;�(�Þ;
where 
; �;�;� 2 fþ;�; u; b;þ;���; u; bg and 
 6¼ � or � 6¼ �;

• �ð
)�j�(�Þ;�ð
(�j�)�Þ;
where 
; �;�;� 2 fþ;�; u; b;þ;���; u; bg and 
 6¼ � or � 6¼ �;

• �ð
)�j�)�Þ;�ð
(�j�(�Þ;
where 
; �;�;� 2 fþ;�; u; b;þ;���; u; bg and 
 6¼ � or � 6¼ �:

Since consequence relations normally are not required to be symmetric, rela-
tions like �þ,þ are, perhaps, not of primary interest. But the relation �ðþ,þ;u)���Þ
¼�þ,þ \ �u)���; for example, might be of some interest. Investigating and
applying such non-standard semantic consequence relations is not as exotic as it
might seem at first sight, and, indeed, some such relations have been considered in
the literature. We already noted that �ðþ)þ;�(�Þ is dealt with in [80], and there
are other examples.

Example 8.1 G. Malinowski [163, 165, 166], emphasizing the distinction between
accepted and rejected propositions, draws the distinction between designated and
antidesignated values and uses it to generalize Tarski’s notion of a consequence
operation to the notion of a quasi-consequence operation (or just q-consequence
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operation). Also, single-conclusion q-consequence relations are defined; they
relate not antidesignated assumptions to designated (single) conclusions. In our
notation, multiple-conclusion q-consequence is the relation ����)þ.

Example 8.2 Another non-standard consequence relation has been presented in
[16] where it is said not to be ‘‘overly outlandish or inconceivable’’, although it
fails to be a Tarski–Scott multiple-conclusion consequence relation. In our nota-
tion, the ‘‘tonk-consequence’’ relation of [16] is the relation �ðþ)þj�(�Þ on the set
4 with Dþ ¼ fT;Bg and D� ¼ fF;Bg: Since the logic is not transitive, sound
truth tables for Prior’s connective tonk are available such that this addition of
tonk does not have a trivializing effect (but see also [269]).

Example 8.3 Formula-to-formula q-consequence, though not under this name, is
also among the varieties of semantic consequence considered in Chaps. 3 and 4 of
[251]. The types of consequence relations presented by Thijsse include the relations
which, in our notation for the multiple conclusion case, are denoted as follows:
�þ)þ;����)þ;����)���;�þ)���. Thijsse remarks that besides the familiar �þ)þ; the
relation ����)��� ‘‘turns out to be interesting, both in theory and application’’.

Yet another way of defining a generalized notion of semantic consequence can
be found in [38]. The two types of relation �þ)þ and ��)� are merged into a
single four-place bi-consequence relation. Note also that n-place semantic
sequents for n-valued logics have been considered by Schröter [218], see also
[124, 125].

After these preparatory remarks, we are in a position to define a generalized
notion of a harmonious n-valued propositional logic.

Definition 8.14 Let L be a language in a denumerable set of sentence letters and
a finite non-empty set of finitary connectives C: An n-valued propositional logic is
a structure

hV;D1; . . .;Dk; f fc : c 2 Cgi

where V is a non-empty set of cardinality n ð2� nÞ; 2� k; every Di ð1� i� kÞ is
a non-empty proper subset of V; the sets Di are pairwise distinct, and every fc is a
function on V with the same arity as c: The sets Di are called distinguished sets.
A valuation v is inductively extended to a function from the set of all L-formulas
into V by setting: vðcðA1; . . .;AmÞÞ ¼ fcðvðA1Þ; . . .; vðAmÞÞ for every m-place
c 2 C: For every set Di; two semantic consequence relation �)i and �(i are
defined as follows:

1. D �)i C iff for every valuation function v : (if for every A 2 D; vðAÞ 2 Di; then
vðBÞ 2 Di for some B 2 C);

2. D �(i C iff for every valuation function v : (if for every A 2 C; vðAÞ 2 Di; then
vðBÞ 2 Di for some B 2 D).

Obviously, the relations �)i and �(i are inverses of each other.
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Definition 8.15 Let K ¼ hV;D1; . . .;Dk; f fc : c 2 Cgi be an n-valued logic. K is
said to be separated if for every Di; there exists no Dj such that i 6¼ j and V n
Di ¼ Dj � K is said to be refined if it is separated and the relations �)i are pairwise
distinct (and hence also the relations ��i with � 2 f);(g are distinct).

Definition 8.16 Let C be a finite non-empty set of finitary connectives, and let Li

be the language based on Ci ¼ fci j c 2 Cg for some k 2 N such that 2� i� k: If
i 6¼ j; 2� j� k and if A is an Li-formula, then let Aj be the result of replacing
every connective ci in A by cj: If D is a set of Li formulas, let Dj ¼ fAj j A 2 Dg:
If the language L of a refined n-valued logic K with k distinguished sets is based
on the set [i�kCi; then K is said to be harmonious iff (i) for every i; j with i 6¼ j and
all sets of Li-formulas D;C the following holds: (i) D �)i C iff Dj �(j Cj; (ii)
D �(i C iff Dj �)j Cj; and (iii) for every c 2 C; fci 6¼ fcj :

The logics B]n are harmonious in this generalized sense. We may set k ¼ 2;

D1 ¼Dþ; D2 ¼D�;C1 ¼ f�t;^t;_tg;C2 ¼ f�f ;^f ;_f g;�)1 ¼�þ;�(1 ¼ ð�þÞ
�1

(the inverse of �þ), �(2 ¼��; and �)2 ¼ ð��Þ
�1:

Another obvious generalization of the present considerations is giving up the
restriction to finitely many values.
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Chapter 9
Generalized Truth Values
and Many-Valued Logics: Suszko’s Thesis

[A] fundamental problem concerning many-valuedness is to
know what it really is [57, p. 281].

Abstract According to Suszko’s Thesis, there are but two logical values, true and
false. In this chapter, we consider and critically discuss Roman Suszko’s, Grzegorz
Malinowski’s, and Marcelo Tsuji’s analyses of logical two-valuedness. Another
analysis is presented which favors a notion of a logical system as encompassing
possibly more than one consequence relation. Moreover, in light of these con-
siderations, we will point out that the relation between the notion of a truth value
and the notion of entailment is even more intimate than the connection emerging
from the interaction between properties of entailment relations and truth values. In
some cases it is possible to draw a strong analogy between them, namely to
interpret entailment relations as a kind of truth value, and such an interpretation
seems to be both natural and promising.

9.1 Introduction

Many-valued logic is one of the oldest branches of modern formal non-classical
logic. It was developed in very influential works by Jan Łukasiewicz, Emil Post,
Dmitry Bochvar, and Stephen Kleene in the 1920s and 1930s and is now a fully
established and flourishing research program, see, for instance, [125, 165]. In the
1970s, however, the prominent logician Roman Suszko called into question the
theoretical foundations of many-valued logic. Suszko distinguishes between the
logical values truth and falsity (true and false) on the one hand, and algebraic
values on the other hand. Whereas the algebraic values are just admissible ref-
erents of formulas, the logical values play another role. One of them, truth, is used
to define valid semantic consequence: If every premise is true, then so is (at least
one of) the conclusion(s). If being false is understood as not being true, then, by
contraposition, also the other logical value can be used to explain valid semantic
consequence: If the (every) conclusion is not true, then so is at least one of the

Y. Shramko and H. Wansing, Truth and Falsehood, Trends in Logic 36,
DOI: 10.1007/978-94-007-0907-2_9, � Springer Science+Business Media B.V. 2011
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premises. The logical values are thus represented by a bi-partition of the set of
algebraic values into a set of designated values (truth) and its complement
(falsity).1

Essentially the same idea was taken up earlier by Dummett in his important
paper [69], where he asks

what point there may be in distinguishing between different ways in which a statement
may be true or between different ways in which it may be false, or, as we might say,
between degrees of truth and falsity [69, p. 153].

Dummett observes that, first,

the sense of a sentence is determined wholly by knowing the case in which it has a
designated value and the cases in which it has an undesignated one,

and moreover,

finer distinctions between different designated values or different undesignated ones,
however naturally they come to us, are justified only if they are needed in order to give a
truth-functional account of the formation of complex statements by means of operators
[69, p. 155].

Suszko’s claim evidently echoes this observation by Dummett.
Suszko declared that ‘‘Łukasiewicz is the chief perpetrator of a magnificent

conceptual deceit lasting out in mathematical logic to the present day’’ [246,
p. 377], and he claimed that ‘‘there are but two logical values, true and false’’ [43,
p. 169]. This challenging claim is now called Suszko’s Thesis.2 It has been given
a formal content by the so-called Suszko Reduction, the proof that every struc-
tural Tarskian consequence relation and hence also every structural Tarskian
many-valued propositional logic is characterized by a bivalent semantics.3

The Suszko Reduction calls for a careful analysis, not only because it seems to
undermine many-valued logic, but also because it invites a re-consideration of the
notion of a many-valued logic in particular and the notion of a logical system in
general. According to Tsuji [253, p. 308], ‘‘Suszko thought that the key to logical
two-valuedness rested in the structurality of the abstract logics (for Wójcicki’s
theorem was the cornerstone of his reduction method)’’. Wójcicki’s Theorem
states that every structural Tarskian consequence relation possesses a character-
izing class of matrices.4 As pointed out in [43, 44], Suszko’s Reduction can,
however, be carried out for any Tarskian consequence relation, and furthermore da

1 This chapter brings together [233, 276].
2 Sometimes Suszko’s Thesis is stated in more dramatic terms. Tsuji [253, p. 299], for example,
explains that ‘‘Suszko’s Thesis maintains that many-valued logics do not exist at all’’.
3 Bivalent interpretations of many-valued logics have also been presented by Urquhart [256],
Scott [220], and da Costa and later Béziau, see [30, 57], and references therein. In [12],
the Suszko Reduction provides the background for discussing the merits of many-valued
non-deterministic matrices.
4 Wójcicki proved his theorem for consequence operations, but the presentations in terms of
consequence relations and operations are trivially interchangeable. Moreover, it should be
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Costa et al. [57] emphasize that the assumption of structurality is not needed for a
reduction to two-valuedness. Also, Béziau [30] noticed that a reduction to a
bivalent semantics can be obtained even if a much weaker and less common notion
of a logical system is assumed. In light of this observation, Tsuji [253] criticizes
Grzegorz Malinowski’s analysis of the Suszko Reduction [163, 164, 165, 166].
Malinowski takes up Suszko’s distinction between algebraic many-valuedness and
logical two-valuedness and highlights the bi-partition of the algebraic values into
designated ones and values that are not designated, a division that plays a crucial
role in the Suszko Reduction.

In fact, as we have noted in the previous chapter, in the literature on many-
valued logics, sometimes an explicit distinction is drawn between a set Dþ of
designated algebraic values and a set D� of antidesignated algebraic values, see,
for example, [124, 125, 165, 207]. This distinction leaves room for values that are
neither designated nor antidesignated and for values that are both designated and
antidesignated. This therefore amounts to replacing logical two-valuedness
(viewed as a bi-partition of the set of algebraic values) by logical four-valuedness
in general and by logical three-valuedness if it is postulated that Dþ \D� ¼£ or
that Dþ [D� is the set of all algebraic values available. The first condition is
imposed by Malinowski [163, 164, 165, 166] and Gottwald [125], and the second
condition may be used to define systems of paraconsistent logic.5

In order to provide a counterexample to Suszko’s Thesis, Malinowski defined
the notion of a single-conclusion quasi-consequence (q-consequence) relation.
The semantic counterpart of q-consequence is q-entailment. Single-conclusion
q-entailment is defined by requiring that if every premise is not antidesignated, then
the conclusion is designated. Malinowski [163] proved that for every structural
q-consequence relation, there exists a characterizing class of q-matrices. These
matrices comprise, in addition to a subset of designated values Dþ, a disjoint subset
of antidesignated values D�.6 Not every q-consequence relation has a bivalent
semantics. Moreover, a q-consequence relation need not be reflexive, i.e., it may be
the case that a formula is not a q-consequence of a set of formulas to which it belongs.
Tsuji [253] observed that for any relation ‘� PðLÞ �L (where L may be seen as
a propositional language and PðLÞ is the powerset of L), i.e., for any abstract
logical structure in the sense of Béziau’s Universal Logic [28], reflexivity charac-
terizes the existence of a set of bivaluations with respect to which ‘ is complete.7

(Footnote 4 continued)
pointed out that the entailment relation defined by a matrix in this case takes into account only
valuations which are homomorphisms, cf. Sect. 9.2.
5 In [275] and Chap. 8 it is explained why it is not at all unreasonable to admit Dþ \D� 6¼£.
6 Also Malinowski considers only valuations which are homomorphisms.
7 It is assumed that an entailment relation �X with respect to a set X of bivaluations from the set
of L-formulas into f0; 1g is defined by

D �X A iff for every m 2 X; mðAÞ ¼ 1; whenever for every B 2 D; mðBÞ ¼ 1:

Completeness thus means that for every set of L-formulas D [ fAg, D �X A implies D ‘ A.
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In this chapter, we argue that Malinowski’s analysis does in a sense capture the
central aspect of explaining the feasibility of the Suszko Reduction and the
distinction between algebraic and logical values. If the idea of logical many-valu-
edness as opposed to a multiplicity of algebraic values is taken seriously, then Tsuji’s
[253] analysis is question-begging because it presupposes a notion of a logical system
that admits at most logical two-valuedness if the single assumed consequence rela-
tion is reflexive. With another concept of a logical system, every such system is
logically k-valued for some k 2 N (k� 2), and, moreover, the definition of a logical
system is such that every entailment relation in a logically k-valued logic is reflexive.
By increasing the number of logical values (considered as separate subsets of the set
of algebraic values) from two to three and showing that every q-consequence relation
has an adequate trivalent semantics, Malinowski did a step toward logical many-
valuedness, but in a way that gives up the idea of entailment as preservation of a
logical value (from the premises to the conclusion, or vice versa) and thereby at the
price of violating reflexivity.8 In our analysis of Suszko’s Thesis we will suggest
taking a further step and to admit an increase not only in the number of logical values,
but also in the number of entailment relations.

First, however, we will review the Suszko Reduction method in Sect. 9.2 and
there also collect some well-known facts about consequence relations. In Sects.
9.2.1 and 9.2.2 we will present and briefly discuss Malinowski’s and Tsuji’s
analyses of Suszko’s Thesis, and in Sect. 9.3, we will present our own analysis.
Moreover, in Sect. 9.4, we will briefly mention yet another analysis leading to
higher-arity consequence relations, and we will draw some general conclusions
from the previous discussion. In the remainder of this chapter, we will take up the
discussion of matrices and sets of distinguished subsets of algebraic values. We will
consider q-matrices and entailment relations which can be defined on q-matrices.
In particular, we will observe an analogy between the generalized truth values of
the bi-lattice FOUR2 and the considered entailment relations by defining ordering
relations not between truth values but between the entailment relations.

9.2 The Suszko Reduction

Suszko suggested the reduction to a bivalent semantics with respect to the standard
notion of a structural Tarskian logic (structural Tarskian consequence relation) and
the standard notion of an n-valued matrix (semantically defined n-valued logic).
For the sake of uniformity of our account with the works by Polish logicians (in
particular, Grzegorz Malinowski, Roman Suszko, Ryszard Wójcicki, and others),
we use in this chapter the terminology of logical matrices rather than of valuation

8 The problem of lifting the Suszko Reduction method from a reduction to a trivalent semantics
to an n [ 3 is raised in [169], and Malinowski there presents some partial solutions to this
technically as well as conceptually intricate problem.
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systems utilized in preceding chapters. We occasionally reformulate some previous
definitions needed for our analysis of Suszko’s Thesis.

Let L be a propositional language in a denumerable set of sentence letters
and a finite non-empty set of finitary connectives C ¼ fc1; . . .; cmg. A Tarskian
consequence relation on L9 is a relation ‘� PðLÞ �L such that for every
A;B 2L and every D, C � L:

D [ fAg ‘ A (Reflexivity) ð9:1Þ

If D ‘ A then D [ C ‘ A (Monotonicity) ð9:2Þ

If D ‘ A and C [ fAg ‘ B; then D [ C ‘ B (Cut) ð9:3Þ

A Tarskian consequence relation ‘ on the language L is called structural iff for
every A 2L, every D �L, and every uniform substitution function r on L
(every endomorphism of the absolutely free algebra ðL; c1; . . .; cmÞ) we have

D ‘ A iff rðDÞ ‘ rðAÞ (Structurality); ð9:4Þ

where rðDÞ ¼ frðBÞ j B 2 Dg. It is standard terminology to call a pair ðL;‘Þ a
Tarskian (structural Tarskian) logic iff ‘ is Tarskian (structural and Tarskian).

An n-valued matrix based on L is a structure M ¼ hV;D; ffc : c 2 Cgi, where
V is a non-empty set of cardinality n� 2, D is a non-empty proper subset of V,
and every fc is a function on V with the same arity as c. The elements of V are
usually called truth values (or truth degrees), and the elements of D are regarded
as the designated truth values. In Suszko’s terminology, V is the set of algebraic
values, whereas D and its complement represent the two logical truth values. A
valuation function m in M is a function from L into V. Also, a structure M ¼
hV;D; ffc : c 2 Cgi may be viewed as a logic because the set of designated truth
values determines a Tarskian (semantical) consequence relation �M� PðLÞ �
L by defining D �M A iff for every valuation v in M, vðDÞ � D implies mðAÞ 2 D,
where vðDÞ ¼ fmðBÞ j B 2 Dg. Usually, only truth-functional valuations are con-
sidered. A valuation m in M is truth-functional (structural) iff it is a homomorphism
from ðL; c1; . . .; cmÞ into ðV; fc1 ; . . .; fcmÞ. A pair M ¼ hhV, D; ffc : c 2 Cgi; vi,
where M ¼ hV;D; ffc : c 2 Cgi is an n-valued matrix and m a valuation in M,
may be called an n-valued model based on M. A model hM; mi is structural iff m is
a truth-functional valuation in M. Obviously, an n-valued model M determines a
Tarskian (semantical) consequence relation �M� PðLÞ �L by defining D �M

A iff vðDÞ � D implies mðAÞ 2 D.
A Tarskian logic ðL;‘Þ is said to be characterized by an n-valued matrix M iff

‘¼�M, ðL;‘Þ is characterized by an n-valued model M iff ‘¼�M, ðL;‘Þ

9 Often, consequence relations are defined for arbitrary sets. In this chapter we restrict our
interest, however, to consequence relations defined on propositional languages.
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is characterized by a class K of n-valued matrices iff ‘¼
T
f�MjM 2 Kg,

and, finally, ðL;‘Þ is characterized by a class K of n-valued models iff
‘¼

T
f�MjM 2 Kg. Wójcicki [284] showed that every structural Tarskian logic

is characterized by its so-called Lindenbaum bundle:

fhhL; fA 2L j D ‘ Ag;Ci; mi j D �L; m is an endomorphism of Lg:

Theorem 9.1 (Wójcicki) Every structural Tarskian logic is characterized by a
class of structural n-valued models, for some n�@0:

Theorem 9.2 (Suszko [246], Malinowski [165])10 Every structural Tarskian logic
is characterized by a class of two-valued models.

Proof Let K ¼ ðL;‘Þ be a structural Tarskian logic. Then, by Wójcicki’s
Theorem, K is characterized by a class CK of structural n-valued models. For
hhV;D; ffc : c 2 Cgi; mi 2 CK, the function tm from L into f0; 1g is defined as
follows:

tmðAÞ ¼
1 if mðAÞ 2 D
0 if mðAÞ 62 D

�

The class fhhf0; 1g; f1g; ffc : c 2 Cgi; tmi j hhV;D; ffc : c 2 Cgi; mi 2 CKg of
two-valued models characterizes K. h

Malinowski [166, p. 79] highlights (though in other words) that the Suszko
Reduction does not establish the existence of a characterizing class of structural
two-valued models. Suszko was fully aware of this fact. In [246, p. 378] he
explains that

the logical valuations are morphisms (of formulas to the zero-one model) in some
exceptional cases, only. Thus, the logical valuations and the algebraic valuations are
functions of quite different conceptual nature. The former relate to the truth and falsity
and, the latter represent the reference assignments.

This conception may explain why the sets V are regarded by Suszko as sets of
‘‘algebraic values’’. They are algebraic because they are assigned to formulas by
valuations which are homomorphisms. If the elements of V need not be assigned
by homomorphisms, they may be called referential values. The semantics which
emerges as a result of the Suszko Reduction is referentially bivalent and hence
logically bivalent in the sense that there exist only two distinct non-empty proper
subsets of the set of algebraic values, see also Sect. 9.3.2. The fact that the
valuations tm need not be homomorphisms deprives the Suszko Reduction of much
of its jeopardizing effect on many-valued logic if structurality is viewed as a

10 As Caleiro et al. [54] point out, ‘‘there seems to be no paper where Suszko explicitly
formulates (SR)[the Suszko Reduction] in full generality!’’.
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defining property of a logic. It has been emphasized by da Costa et al. [57] and
Caleiro et al. [43, 44], however, that the condition of structurality can be given up.

Theorem 9.3 Every Tarskian logic is characterized by a class of n-valued models
for some n�@0:

Theorem 9.4 Every Tarskian logic is characterized by a class of two-valued
models.

The proofs of Theorem 9.2 and 9.4 are non-constructive. Caleiro et al. [43],
[45] considerably improve upon the Suszko Reduction by defining an effective
method for associating an equivalent two-valued model to each structural finitely-
valued model (under the assumption of effectively separable truth values).

9.2.1 Malinowski’s Analysis of Suszko’s Thesis

Malinowski [166, p. 80 f.] succinctly analyses Suszko Reduction as follows:

[L]ogical two-valuedness . . . is obviously related to the division of the universe of
interpretation into two subsets of elements: distinguished and others. It also turned out,
under the assumption of structurality, that Tarski’s concept of consequence may be
considered as a ‘‘bivalent’’ inference operation.

He then describes his response to the question of ‘‘whether logical many-
valuedness is possible at all’’ as giving

an affirmative answer to this question by invoking a formal framework for reasoning
admitting rules of inference which lead from non-rejected assumptions to accepted
conclusions.

This approach may be viewed as taking ‘true’ and ‘false’ to be expressions that
give rise to contrary instead of contradictory pairs of sentences. As such, the pair
‘true’ versus ‘false’ is reflected by the contrary pairs ‘designated’ versus
‘antidesignated’ and ‘accepted’ versus ‘rejected’. Admitting algebraic values that
are neither designated nor antidesignated amounts to admitting, in addition to the
logical values true and false, the third logical value neither true nor false. In other
words, being false is distinguished from not being true. Whereas the algebraic
values that are not designated are already given with the set of designated values D
as its set-theoretical complement, the treatment of true and false as values that
are independent of each other leads to distinguishing a non-empty set Dþ of
designated algebraic values from a non-empty set D� of antidesignated algebraic
values.

Let L be as above. An n-valued q-matrix (quasi-matrix) based on L is defined
by Malinowski as a structure M ¼ hV;Dþ;D�; ffc : c 2 Cgi, where V is a non-
empty set of cardinality n� 2, Dþ and D� are distinct non-empty proper subsets
of V such that Dþ \D� ¼£, and every fc is a function on V with the same
arity as c. If it is not required that Dþ \D� ¼£, we shall talk of generalized
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q-matrices.11 A valuation function v in M is a function from L into the set of truth
degrees V, and Malinowski considers only valuations which are homomorphisms
(from ðL; c1; . . .; cmÞ into ðV; fc1 ; . . .; fcmÞ).

To obtain a kind of entailment relation that does not admit a reduction to a
bivalent semantics, Malinowski defines such a relation, called q-entailment, as
depending on both sets Dþ and D�. A q-matrix M ¼ hV;Dþ;D�; ffc : c 2 Cgi
determines a q-entailment relation �M� PðLÞ �L by defining D �M A iff for
every (in Malinowski’s case homomorphic) valuation m in M, mðDÞ \D� ¼£

implies mðAÞ 2 Dþ. A pair M ¼ hhV;Dþ;D�; ffc : c 2 Cgi; mi, where M ¼
hV;Dþ;D�; ffc : c 2 Cgi is an n-valued q-matrix and m a valuation in M, may be
called an n-valued q-model based on M. The relation �M� PðLÞ �L deter-
mined by such a model is defined by the following equivalence: D �M A iff
mðDÞ \D� ¼£ implies mðAÞ 2 Dþ. A model hM; mi is structural iff m is a truth-
functional valuation in M. If M ¼ hV;Dþ;D�; ffc : c 2 Cgi is a q-matrix and
Dþ is not the complement of D�, there is no class of functions from L into f1; 0g
such that D �M A iff for every function m from that class, vðDÞ � f1g implies
mðAÞ ¼ 1.12 Let M ¼ hhV;Dþ;D�; ffc : c 2 Cgi; mi be an n-valued q-model.
Malinowski pointed out that an equivalent three-valued q-model M0 ¼ hhf0; 1

2; 1g;
f1g; f0g; ffc : c 2 Cgi; tmi can be defined as follows:

tmðAÞ ¼
1 if mðAÞ 2 Dþ
1
2 iff mðAÞ 2V n ðDþ [D�Þ
0 if mðAÞ 2 D�

8<
:

A q-entailment relation �M is a special case of what Malinowski calls a
q-consequence relation. A q-consequence relation on L is a relation � �
PðLÞ �L such that for every A 2L and every D, C �L:

If D � A then D [ C � A (Monotonicity) ð9:5Þ

D [ fB j D � Bg� A iff D � A (Quasi-closure) ð9:6Þ

A q-consequence relation on L is called structural iff for every A 2L, every
D �L, and every uniform substitution function r on L we have

D � A iff rðDÞ � rðAÞ (Structurality): ð9:7Þ

11 Basically, a generalized q-matrix is what has been introduced in the previous chapter as a
‘‘symmetric n-valued valuation system’’, see Definition 8.1.
12 In [29, p. 120] it is stated that ‘‘Malinowski constructs (using an extended concept of a matrix)
a consequence relation which has no two-valued logical semantics because it fails to obey the
‘‘identity’’ axiom of Tarski. However it has been shown (cf. 148) that we can adapt in some way
two-valued logical semantics even in the case of such kind of consequence relation’’. Note that
this ‘‘adaptation’’ is sketched in terms of two functions mod1 and mod2 each assigning to every
formula and every set of formulas a class of models.
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A pair ðL;�Þ is said to be a q-logic, and it is structural iff � is structural.
A q-logic ðL;�Þ is said to be characterized by an n-valued q matrix M iff
� ¼�M, ðL;�Þ is characterized by an n-valued q-model M iff � ¼�M, and
ðL;�Þ is characterized by a class K of n-valued q-matrices (q-models) iff � ¼T
f�MjM 2 Kg (� ¼

T
f�MjM 2 Kg).

IfD �L, letDþD ¼ fA 2L j D � Ag andD�D ¼L n ðD [ fA 2L j D � AgÞ.
Malinowski [163] showed that every structural q-logic is characterized by the
following Lindenbaum bundle:

fhhL;DþD ;D
�
D ;Ci; mi j D �L; m is an endomorphism of Lg:

Theorem 9.5 (Malinowski) Every structural q-logic is characterized by a class of
structural n-valued q-models for some n�@0.

By the above definition of three-valued q-models M0 and by the Suszko
Reduction for the case that V n ðDþ [D�Þ ¼ £, it follows that q-logics are
logically two-valued or three-valued.

Theorem 9.6 (Malinowski) Every structural q-logic is characterized by a class of
two-valued q-models or by a class of three-valued q-models.

In Chap. 8 we have already seen a non-standard entailment relation, based on a
certain generalized q-matrix, namely tonk-consequence. In [56] this relation is said
not to be ‘‘overly outlandish or inconceivable’’. We noted that tonk-consequence
fails to be a Tarskian consequence relation. The tonk-consequence relation for a
given language L and set of connectives C is the relation �� PðLÞ �L
defined for the generalized q-matrix M ¼ hf£; fTg; fFg; fT ;Fgg;ffTg; fF; Tgg;
ffFg; fT ;Fgg; ffc : c 2 Cgi as follows: D � A iff either for every truth-functional
valuation v in M, vðDÞ � Dþ implies mðAÞ 2 Dþ, or for every truth-functional
valuation m in M, mðDÞ \D� ¼ £ implies mðAÞ 62 D�. Since tonk-entailment is
not transitive, sound truth tables for Prior’s connective tonk are available
such that this addition of tonk does not have a trivializing effect (but also
see [269]).

9.2.2 Tsuji’s Analysis of Suszko’s Thesis

Tsuji [253, p. 305] emphasizes that Malinowski’s analysis ‘‘is not wrong—but that
it misses the main point of logical two-valuedness.’’ Taking up Béziau’s idea of a
Universal Logic [28], Tsuji assumes a very general notion of a logical system. An
abstract logical structure is any pair ðS;‘Þ, where S is an arbitrary set and
‘� PðSÞ � S. We shall again restrict our attention to relations ‘� PðLÞ �L,
where L is a propositional language.
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Theorem 9.7 (Tsuji [253]) An abstract logical structure ðL;‘Þ is complete with
respect to a class of two-valued models iff ‘ satisfies (Reflexivity).

Proof Let ‘ be reflexive and consider the class of two-valued models C ¼

fhhf0; 1g; f1g; ffc : c 2 Cgi; mDi j D �L; mDðAÞ ¼ 1 iff D ‘ Ag:

Suppose D 6‘ A. Then mDðAÞ ¼ 0. By (Reflexivity), mDðDÞ � f1g. Therefore
D 6�C A. Conversely, if ‘ is not reflexive, there exist D �L and A 2 D with
D 6‘ A. But D �M A for any two-valued model M since A 2 D. h

Tsuji [252, p. 308] takes this result to reveal that ‘‘the problem of logical two-
valuedness has more to do with the ‘‘geometrical’’ properties of the’’ relation ‘ of
an abstract logical structure hS;‘i, ‘‘than with the algebraic properties of it’s set
S or of it’s Lindenbaum bundle’’. In the next section, we shall raise doubts about
this analysis.

9.3 Logical n-Valuedness as Inferential Many-Valuedness

9.3.1 What is a Logical Value?

Suszko does not define the notion of a logical value except for stating that true and
false are the only logical values, but he distinguishes the logical values from
algebraic values and explains that the possibly many algebraic values are deno-
tations of (propositional) formulas. Moreover, he claims that ‘‘any multiplication
of logical values is a mad idea’’ [246, p. 378]. In any case the question arises by
virtue of which properties true and false are to be considered as logical values. The
logical value true is given with the specification of a set of distinguished algebraic
values and the corresponding notion of entailment. A formula A is entailed by a set
of premises D if and only if it is the case that if every premise is true (alias
designated), then so is the conclusion. Thus, truth is what is preserved in a valid
inference from the premises to the conclusion. Let us refer to this notion of
entailment as tm-entailment.13 A formula A is logically true iff A is tm-entailed by
the empty set (iff for every assignment m of algebraic values to the formulas of
the language under consideration, mðAÞ is designated), and A is logically false iff
A tm-entails the empty set (iff for every assignment m, mðAÞ is not designated). If we
consider a bi-partition of the set of algebraic values, truth is identified with a

13 Note the difference between the notion of tm-entailment and the one of t-entailment
introduced in Chaps. 4 and 8 by Definitions 4.1 and 8.12. Whereas t-entailment is defined in the
context of truth-value lattices and is conceived as reflecting the corresponding lattice order
(namely, the truth order), tm-entailment is defined on a logical matrix, having the main char-
acteristic to preserve designatedness of truth values. An analogous observation holds also for
the notion of fm-entailment introduced below. In fact, tm-entailment and fm-entailment are
nothing else but the relations �þ and �� defined in the previous chapter by (8.2) and (8.3).
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non-empty subset D of designated algebraic values and falsity with the comple-
ment of D. Now, it is characteristic for falsity to be preserved in the reverse
direction, i.e., from the conclusion to at least one of the premises. One might wish
to consider a notion of fm-entailment understood as the backward preservation of
values associated with falsity. Obviously, membership in the complement of D is
preserved from the conclusion to the premises, but this gives the very same
entailment relation. Since D is uniquely determined by its complement and vice
versa, logical two-valuedness is, in fact, reduced to logical mono-valuedness if
there is just one entailment relation defined as truth preservation form the premises
to the conclusion.

However, if we treat ‘falsity’ not as a mere abbreviation for ‘non-truth’ and if
we correspondingly distinguish not only a set Dþ of designated algebraic values
but also a set D� of antidesignated algebraic values which are not obligatorily
complements of each other, then fm-entailment may well be different from tm-
entailment. Indeed, consider, for example, the q-matrix L3* :¼ hfT ;£;Fg; fTg;
fFg; ffc : c 2 f�;^;_;	ggi, where the functions fc are the usual operations of
Łukasiewicz’s three-valued logic (see, e.g., [167, 168]). Let us call L3* the
Łukasiewicz q-matrix. It is easy to see (Proposition 8.1) that in L3* tm-entailment
and fm-entailment do not coincide, for A ^ ðA 	 BÞ �þ B, but A ^ ðA 	 BÞ 6�� B.
In this situation it would hardly be justifiable to prefer one entailment relation over
the other and to deal, e.g., only with tm-entailment and to completely disregard
fm-entailment. And if both entailment relations are pari passu (as the sets Dþ and
D� are), why should one not conceive of logical systems with two (or perhaps
even more) entailment relations?14

If logic is thought of as the theory of valid inferences, then a logical value may
be seen as a value that is used to define in a canonical way an entailment relation
on a set of formulas. By a canonical definition of entailment we mean a definition
of entailment as a relation that (in the single conclusion case) preserves mem-
bership in a certain set of algebraic values, either from the premises to the con-
clusion of inferences or from the conclusion to the premises. Such a relation will
be Tarskian (since preservation of a logical value from the conclusion to the
premises means that if the conclusion possesses the value, then so does at least one
of the premises, whereas preservation from the premises to the conclusion means
that if every premise possesses the value, then so does the conclusion). Two logical
values are independent of each other iff the canonically defined entailment rela-
tions associated with these values are distinct.

14 The idea of a logical system comprising two consequence relations may be detected already in
[58, Chap. 6], where H.B. Curry distinguishes between deducibility and refutability. Curry
assumes a theory T generated by axioms and a theory F generated by counteraxioms.
Moreover, it is assumed that a formula A is refutable, if a refutable formula is deducible from A.
Curry then introduces a notion of negation as refutation by requiring (i) that the negation of
every counteraxiom is provable and (ii) that the negation :A of a formula A is provable, if the
negation of a formula B is provable and B is deducible from A.
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In addition to the term ‘logical many-valuedness’, Malinowski also uses the
term ‘inferential many-valuedness’. One might understand Malinowski’s analysis
as assuming (i) that logical values play a role in defining a single entailment
(inference) relation and (ii) that this entailment relation need not be defined
canonically. Truth and falsity are treated by Malinowski as logical values insofar
as both sets of algebraic values are used to define q-entailment, which, however, is
not defined canonically. If the idea of entailment as preservation of a logical value
is given up, then entailment will not, in general, be a Tarskian relation. There are
thus several issues involved: (i) the number of sets of designated values (as rep-
resenting logical values), (ii) the relation of the algebraic values to the logical
values, and (iii) the definition of entailment in terms of the logical values. As to the
latter issue, we shall here join Jennings and Schotch [136, p. 89] in declaring that
‘‘we want inferability to preserve’’.

Therefore, on our conception of Malinowski’s term ‘inferential many-valued-
ness’, it is distinctive of a logical value that it is used to canonically define an
entailment relation.15 A logic may then be said to be logically (or inferentially)
k-valued if it is a language together with k canonically defined and pairwise
distinct entailment relations on (the set of formulas of) this language. Each of these
k entailment relations is Tarskian and hence, in particular, reflexive. Obviously,
neither the logic coming with a q-entailment relation nor classical propositional
logic is logically two-valued in this sense because these logics are defined by a
language together with a single entailment relation.

If there is in fact more than one logical value, each determining a separate
entailment relation, and if therefore it is reasonable to think of a logic as possibly
containing more than just one entailment relation (or, syntactically speaking, more
than just one consequence relation), our contribution to the discussion of Suszko’s
Thesis is this:

1. Suszko’s notion of a many-valued logic as comprising a set of designated values
D but not also a set of antidesignated values that may be distinct from the
complement of D amounts to assuming logical mono-valuedness instead of
logical two-valuedness when it is assumed that a logic comes with a single
entailment relation.

15 This is actually not Malinowski’s understanding of inferential many-valuedness. In [168] he
explains that the chief feature of a q-consequence operation is that the repetition rule:

rep ¼ ðfAg;A j A 2LÞ
in general is not a rule of the operation. Moreover, q-consequence is the central notion of a
purely inferential approach in the theory of propositional logics in the sense that ‘‘[t]he prin-
cipal motivation behind the quasi-consequence . . . stems from the mathematical practice which
treats some auxiliary assumptions as mere hypotheses rather than axioms’’. The fact that the
repetition rule is not unrestrictedly valid allows Malinowski [168, Sect. 2] to define two
congruence relations on L, inferential extensionality and inferential intensionality, which in
general are independent of each other.
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2. Malinowski’s conception of logical many-valuedness is that logical values
contribute to the definition of a single entailment relation, but there are reasons
to let every logical value give rise to an entailment relation.

3. Tsuji’s characterization of completeness with respect to sets of bivaluations in
terms of reflexivity, assuming Beziau’s notion of an abstract logical structure
containing a single consequence relation, is question-begging because, with
another concept of a logical system, in a logically k-valued logic every
entailment relation is reflexive.

Assuming three algebraic values and understanding logical truth as receiving
one of these values under any valuation, da Costa et al. [57, p. 292 f.] raise the
question ‘‘Can logical truth also be multivalent?’’ and reply:

It seems that a priori there is no good philosophical argument to reject this possibility, and
this is another reason why we can reject Suszko’s thesis.

Can one provide evidence to the effect that logical truth is multivalent? More
generally, is there more than one logical value, each of which may be taken to
determine its own entailment relation? It seems that Suszko did not raise funda-
mental doubts about algebraic many-valuedness, that is, about assuming more
than two algebraic values. One natural question then comes with the distinction
between algebraic and logical values: Is every non-empty subset of a given set of
algebraic values a logical value? We need not try to decide this question here
because, for our present purposes, it is enough to insist on falsity as a logical value
not uniquely determined by truth. Instead of assuming with Frege that logic is the
science of the most general laws of being true, for our purposes it is enough to
assume that logic is the science of the most general laws of being true and the most
general laws of being false.16

9.3.2 Another Kind of Counterexample

Before developing further the concept of a logical system with more than one
entailment relation, we wish to present another definition of an entailment relation,
a relation which is, so to say, ‘‘essentially three-valued’’. The key point of
Malinowski’s reduction (the proof that every q-consequence relation has a two-
valued or a three-valued semantics) is to presuppose a tri-partition of the set of
algebraic values rather than a bi-partition. As already observed, Malinowski’s
q-entailment is not reflexive. It is nevertheless possible to define a reflexive
entailment relation which is in a sense necessarily three-valued by employing

16 Interpretations of distinguished sets of algebraic values need not appeal to truth or falsity. In a
series of papers, Jennings, Schotch, and Brown have argued that paraconsistent logic can be
developed as a logic that preserves a degree of incoherence from the premises to the conclusion
of a valid inference, see [39, 136] and the references given there.
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Malinowski’s idea that entailment should depend on both designated and anti-
designated values which do not exhaust the set of all values available. Let us return
to the observation above that in Łukasiewicz’s q-matrix L3*, tm-entailment and
fm-entailment are not coincident. In this context we may also consider the inter-
section of these two relations, which can be called tf -entailment. Dunn [80, p. 11]
introduces these three entailment relations and shows that they are all distinct. The
latter point is crucial for defining a three-valued entailment relation which cannot
be provided with a logically two-valued semantics within the given set of algebraic
values. Namely, for the logic based on Łukasiewicz’s q-matrix L3* such a relation
is represented by tf -entailment17,18:

D �þ;�L3
 B iff 8 m in L3
 : ð1Þ mðDÞ � Dþ ) mðBÞ 2 Dþ;
ð2Þ mðBÞ 2 D� ) 9A 2 D mðAÞ 2 D�ð Þ:

Incidentally, �þ;�L3
 restricted to the so-called ‘‘first-degree consequences’’

(statements of the form A �þ;�L3
 B, where neither A nor B contains implications)
represent the first-degree entailment fragment of Łukasiewicz’s three-valued logic
(cf. [80, p. 15]). Now, it is not difficult to show that every tf -entailment relation
and hence �þ;�L3
 is Tarskian. This means that, according to Theorem 9.4, �þ;�L3
 has
an adequate logically two-valued semantics. It turns out, however, that it is
impossible to determine �þ;�L3
 by a two-valued valuational function defined on the
carrier of L3*. Indeed, assume such a definition would be possible. Then we need
to pick from the set fT ;£;Fg a proper subset D of designated algebraic values.
Moreover, D should contain T (because �þ;�L3
 is truth-preserving). There are only

three such subsets: fTg, fT ;£g, and fT;Fg. But in the first case, �þ;�L3
 would

coincide with �þL3
 (which is impossible), in the second case �þ;�L3
 would coincide
with ��L3
 (which again, is impossible), and in the third case the intended definition

for �þ;�L3
 would be simply inadequate (making it falsity preserving from the pre-
mises to the conclusion).

9.3.3 Examples of Natural Bi-consequence Logics

In Chap. 4 we have seen already a natural example of a logic with two entailment
(or consequence) relations (which can be called a bi-consequence logic), namely

17 That is, we disregard for a moment the tm-entailment and fm-entailment taken separately and
concentrate solely on their intersection. Note that it is most important here to have a value
which is neither designated nor anti-designated; otherwise tf -entailment would trivially
collapse into tm-entailment (and fm-entailment).
18 A generalization of this definition to obtain a tf -entailment relation for any q-matrix M based
on a three-element set of algebraic values using Malinowski’s three-valued valuation tm
(as defined on p. 196) is straightforward.
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the system ðLtf ;�t;�f Þ of truth and falsity entailment induced by the trilattice
SIXTEEN3 of generalized truth values. Basically, the distinction between the two
entailment relations is driven by treating truth and falsity equally while developing
Belnap’s idea of ‘‘told values’’ assigned to (atomic) propositions. In Chaps. 5–7 we
have defined and investigated various extensions of ðLtf ;�t;�f Þ, in particular the
system ðL


tf ;�t; �f Þ based on the language Ltf [ f!t;!f g. In Chap. 8 we have

observed that ðLtf ;�t;�f Þ induces the bi-consequence system ðLtf ;�þ;��Þ in
the language Ltf , where the entailment relations �þ and �� are defined with
respect to a certain generalized q-matrix. Recall that the sets xt and xf are defined
as follows:

xt :¼ y 2 x j T 2 yf g; xf :¼ y 2 x j F 2 yf g:

The structure B16 has been defined as the generalized q-matrix h16; fx 2 16 j xt

is non-emptyg, fx 2 16 j xf is non-emptyg, f�t;ut;tt; �f ; tf ;uf gi. That is,
Dþ ¼ fx 2 16 j xt is non-emptyg, and D� ¼ fx 2 16 j xf is non-emptyg.
Moreover, for all sets of Ltf -formulas D, C, semantic consequence relations �þ
and �� are canonically defined as follows:

1. D �þ C iff for every valuation function m: (if for every A 2 D, vðAÞ 2 Dþ, then
vðBÞ 2 Dþ for some B 2 C);

2. D �� C iff for every valuation function m: (if for every A 2 C, mðAÞ 2 D�, then
mðBÞ 2 D� for some B 2 D).

The logic B16, viewed as the triple ðLtf ;�þ;��Þ, provides an example of what
we have called a harmonious many-valued logic. Moreover, we have seen that
there are denumerably many harmonious many-valued logics. We believe that the
motivation for ðLtf ;�t;�f Þ, presented in Chaps. 3 and 4, and for ðLtf ;�þ;��Þ,
presented in Chap. 8, provides sufficient motivation for assuming a generalized
notion of a many-valued logic and hence also a generalized notion of a logical
system. In the next section the concept of a logically k-valued logic consisting of a
language L together with k entailment relations on L is introduced.

9.3.4 Logically n-Valued Logics

In this section, we suggest thinking of a (single conclusion) logic not as a pair
ðL;‘Þ consisting of a non-empty set of formulas L and a single binary deriv-
ability relation ‘� PðLÞ �L but as a k þ 1-tuple consisting of a non-empty set
of formulas together with k single-conclusion binary derivability relations on
L for some k� 2, k 2 N.

Definition 9.1 A Tarskian k-dimensional logic (Tarskian k-logic) is a k þ 1-tuple
K ¼ ðL;‘1; . . .;‘kÞ such that (i) L is a language in a denumerable set of sen-
tence letters and a finite non-empty set C of finitary connectives, (ii) for every

9.3 Logical n-Valuedness as Inferential Many-Valuedness 203

http://dx.doi.org/10.1007/978-94-007-0907-2_8
http://dx.doi.org/10.1007/978-94-007-0907-2_7
http://dx.doi.org/10.1007/978-94-007-0907-2_8
http://dx.doi.org/10.1007/978-94-007-0907-2_8
http://dx.doi.org/10.1007/978-94-007-0907-2_4
http://dx.doi.org/10.1007/978-94-007-0907-2_8


i� k, ‘i � PðLÞ �L, and (iii) every relation ‘i satisfies (Reflexivity), (Mono-
tonicity), and (Cut). K is said to be structural iff every ‘i satisfies (Structurality).

Definition 9.2 Let L again be a language in a denumerable set of sentence letters
and a finite non-empty set of finitary connectives C. An n-valued k-dimensional
matrix (k-matrix) is a structure M ¼ hV;D1; . . .;Dk; ffc : c 2 Cgi, where V is a
non-empty set of cardinality n (2� n), 2� k, every Di (1� i� k) is a non-empty
proper subset of V, the sets Di are pairwise distinct, and every fc is a function on
V with the same arity as c.19 The sets Di are called distinguished sets. A function
from L into V is called a valuation in M.

A pair M ¼ hM; mi, where M ¼ hV;D1; . . .;Dk; ffc : c 2 Cgi is an n-valued
k-matrix and m a valuation in M, is called an n-valued k-model based on M.
If m is a homomorphism from ðL; c1; . . .; cmÞ into ðV; fc1 ; . . .; fcmÞ, M is
called a structural n-valued k-model based on M. Given an n-valued k-model
M ¼ hhV,D1, . . .,Dk, ffc : c 2 Cgi; mi, for every setDi the semantic consequence
relations �)i;M� PðLÞ �L and �(i;M � PðLÞ �L are defined as follows:

1. D �)i;M A iff mðDÞ � Di implies mðAÞ 2 Di;
2. D �(i;M A iff mðAÞ 2 Di implies mðBÞ 2 Di for some B 2 D.

Obviously, the relations �)i;M and �(i;M are definable from each other. We may
therefore, without loss of generality, focus on the relations �)i;M. If we are
interested in the preservation of membership in Di from the conclusion to the
premises, we may take the complement of Di as a distinguished set of algebraic
values. Moreover, the relations �)i;M are all Tarskian semantic consequence
relations, and accordingly the structure ðL;�)1;M; . . .;�)k;MÞ is a Tarskian k-logic.

Unsurprisingly, given an n-valued k-matrix M ¼hV;D1; . . .;Dk; ffc : c 2 Cgi,
for every set Di the entailment relations �)i;M and �(i;M are defined as follows:

1. D �)i;M A iff for every valuation m in M: mðDÞ � Di implies mðAÞ 2 Di;

2. D �(i;M A iff for every valuation m in M: mðAÞ 2 Di implies mðBÞ 2 Di for some

B 2 D:

A Tarskian k-logic ðL;‘1; . . .;‘kÞ is said to be characterized by an n-valued
k-model M (k-matrix M) iff for every ‘i, ‘i ¼�)i;M (�)i;M). ðL;‘1; . . .;‘kÞ is

characterized by a class K of n-valued k-model (k-matrices) iff for every relation
‘i, ‘i¼

T
f�)i;Mj hhV;D1; . . .;Di; . . .;Dk; ffc : c 2 Cgi; vi 2 Kg (‘i¼

T
f�)i;Mj

hV;D1; . . .;Di; . . .;Dk; ffc : c 2 Cgi 2 Kg).
The following statements follow immediately from Wójcicki’s Theorem and

Theorem 9.3.

19 The notion of a k-matrix is not entirely new. Every k-matrix is a ramified matrix in the sense
of Wójcicki [287, p. 189]. Ramified matrices are also called generalized matrices, see
[36, p. 410 ff.]. Note, however, that Wójcicki associates with a ramified matrix a single
entailment relation, namely

T
f�MjM ¼ hV;Di; ffc : c 2 Cgi; 1� i� kg.
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Theroem 9.8 Every structural Tarskian k-logic is characterized by a class of
structural n-valued k-models for some n�@0.

Theroem 9.9 Every Tarskian k-logic is characterized by a class of n-valued
k-models for some n�@0.20

To every relation ‘i in a Tarskian k-logic, one may apply the Suszko Reduction
or the reduction described in [30]. But this observation does not raise any deep
philosophical doubts about many-valued logic. Caleiro et al. [44, p. 3] are quite
right in explaining that ‘‘there is some metalinguistic bivalence that one will not
easily get rid of: either an inference obtains or it does not, but not both’’. If falsity
is taken seriously and not just dealt with as the complement of truth, we end up, in
general, with inferential four-valuedness in the form of preservation of truth,
preservation of falsity, preservation of being neither true nor false, and preserva-
tion of being both true and false. For this kind of logical four-valuedness we need
at least three algebraic values. Given a set V of algebraic values, the set of all
available logical values is PðVÞ n£. But which non-empty subsets of a given set
V should we view as logical values? This may depend on philosophical consid-
erations, on the intuitive interpretation of the algebraic values,21 and on the
intended applications of a logical system. In Chap. 3 we emphasized the natu-
ralness of the truth order � t and the falsity order � f on the set 16 of generalized
truth values, which in Chap. 8 led us to the symmetric valuation system (gen-
eralized q-matrix) B16. Moreover, we emphasized that if we consider V ¼ 4 ¼
Pð2) and the famous bilattice FOUR2 presented in Chap. 3, then truth and falsity
are not dealt with as independent of each other, because in FOUR2 it is assumed
that T is at least as true as F. There is thus an interplay between choosing a set of
algebraic values V and distinguished subsets D1; . . .;Dk of V.

Note also that even if one is not committed to the idea of entailment as pres-
ervation of semantical values from the premises to the conclusion(s) of an infer-
ence (or vice versa), it may still be quite natural to conceive of a logical system as
comprising more than just one entailment relation. Malinowski’s notion of
q-entailment, for example, is in a sense one-sided. The requirement that if every
premise is not antidesignated, then the conclusion is designated seems not to be
privileged in comparison to the requirement that if every premise is designated,

20 Note that since we defined the entailment relations from the k-models, the semantics of
k-matrices leaves room for other definitions of entailment.
21 For Suszko, the relation between the algebraic and the logical values is established via
characteristic functions, and the original intuitive interpretation of the algebraic values is
uncoupled from the understanding of the logical values as truth and falsity. Similarly, the
understanding of the sets of designated values Di is detached from the intuitive understanding
of the values in V. It may, of course, happen that there exists a bijection between V and
fDi; . . .;Dkg. In the context of q-consequence relations, Malinowski [166, p. 83] explains that
for some inferentially three-valued logics based on three-element algebras, referential
assignments . . . and logical valuations . . . do coincide. This phenomenon delineates a special
class of logics, which satisfy a ‘‘generalized’’ version of the Fregean Axiom identifying in a
one–one way three logical values and three semantical correlates (or referents).
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then the conclusion is not antidesignated. The latter notion of entailment has been
studied by Frankowski [98, 99], who refers to it as p-entailment (‘‘plausibility’’-
entailment). For a given interpreted language, p-entailment, need not coincide with
q-entailment. Against the background of the q-matrix L
3 with the following truth
table for conjunction:

the formula ðA ^ BÞ p-entails A, but it is obviously not the case that ðA ^ BÞ
q-entails A. A p-consequence relation on a language L is a subset of PðLÞ �L
which is reflexive and monotonic. Frankowski shows that for every structural
p-consequence relation there exists a characterizing class of q-matrices, where
characterization is defined in terms of p-entailment instead of q-entailment.
Interestingly, a relation which is both a q-consequence relation and a p-conse-
quence relation is Tarskian.

Mixed approaches to entailment are, of course, also possible, see Chap. 8.
In [167], Malinowski considers an entailment relation which leads from non-
accepted (alias undesignated) premises to rejected (alias false) conclusions.

9.4 Another Analysis and a Résumé

Instead of increasing the number of entailment relations by associating to every set
of designated values an entailment relation that preserves membership in this set
from the premises to the conclusion, one may increase the number of places of the
entailment relation. To every q-matrix, for instance, one might associate a
ternary relation �� PðLÞ �PðLÞ �L by postulating � ðD;C;AÞ iff for
every valuation m, if mðDÞ � Dþ and mðCÞ �V n ðDþ [D�Þ, then mðAÞ 2 Dþ.
Da Costa et al. [57, p. 292], e.g., explain:

The real n-dimensional logics (n [ 2) have to be developed by breaking down the deepest
root of the principle of bivalence. We can easily imagine, for instance, a rule of deduction
with three poles or more (our emphasis).

Higher-arity sequent systems for many-valued logics were already considered
in the literature in the 1950s by Schröter [218] and later by several other authors,
see also [125] and [176]. Higher-arity sequents for modal logics have been
investigated by Blamey and Humberstone [36]. The use of higher-arity sequents
may have some technical and conceptual merits. However, we assume that a
selection of logical values (alias non-empty subsets of some set V) is particularly
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well-motivated if every logical value is associated with a dimension according to
which V can be partially ordered (truth, falsity, information, necessity,
constructiveness,22 etc.). From this point of view, it is natural to let each logical
value give rise to a binary entailment relation.

In our considerations on Suszko’s Thesis, we argued that a logical value is a
value that gives rise to an entailment relation in a canonical way. Although for
each such entailment relation there exists a representation in terms of bivaluations,
this does not show that it is unreasonable or unnecessary to assume more than one
logical value. The observation that every entailment relation has a bivalent
semantics does, however, cast doubt on the enterprise of providing a bivalent
semantics seen as a research program that is not constrained by any further
requirements, see also [26]. Indeed, as has been shown by Routley [211] using a
canonical model construction, every logic based on a k-categorical language has a
characterizing bivalent possible worlds semantics, where by a logic Routley
understands an axiomatic system consisting of a countable set of axioms and a
countable set of derivation rules leading from a finite number of premises to
a single conclusion. Routley [211, p. 331] also notes, ‘‘[I]f every logic on a
k-categorial language has a two-valued worlds semantics then ipso facto it has a
three-valued . . . semantics’’. This kind of ‘‘reduction’’ to three-valuedness
certainly does not refute the claim that there are just two truth values, and likewise
the Suszko Reduction does not prove that there are but two logical values.

9.5 A Bilattice of Four Entailment Relations

We will conclude this chapter by making some remarks concerning many-
valuedness and entailment. Semantically, logic as a science of correct reasoning
and valid arguments concentrates largely on the concept of entailment and
investigations of its properties. Sometimes it is even said that the concept of
entailment is fundamental to logic (see, e.g., [81, p. 55]). Usually, however,
entailment is defined through another (philosophically perhaps even more) fun-
damental concept—the one of truth. The standard understanding is that a sentence
A entails a sentence B if and only if B is true whenever A is true. If the underlying
context is classical, and falsity is interpreted simply as the absence of truth (as non-
truth) and truth as the absence of falsity (as non-falsity), then this is just another
way of saying that B is not false whenever A is not false. Two other popular ways
to express essentially the same idea is to say that always either A is false or B is
true or that it is impossible that A is true and B is false.

Following Frege, truth and falsity are represented in logical semantics by the
corresponding truth values, and in classical logic the only truth values that play a
role in semantical constructions are the two truth values the True (T) and the False

22 See Chap. 3.
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(F). As we have seen, the picture becomes more complex as soon as one brings
into play the idea of a many-valued logic. It appears that the mere multiplication of
semantical values not only affords room for defining various entailment relations,
but this also allows one to define semantical relations differing in important
respects from the familiar notion of semantic consequence. In light of our previous
considerations, we will point out that the relation between the notion of a truth
value and the notion of entailment is even more intimate than the connection
emerging from the interaction between properties of entailment relations and truth
values. In some cases it is possible to draw a strong analogy between truth values
and entailment relations, namely to interpret entailment relations as a kind of truth
values. Such an interpretation seems to be both natural and promising.

9.5.1 Definitions of Four Entailment Relations

We will first consider certain three-valued propositional logics. If, following [80,
p. 11], we label the third value with I (as in a sense intermediate between classical truth
T and falsity F), this notation may be seen to leave room for various more specific
intuitive interpretations. We will be especially interested in two three-valued systems:
Kleene’s (strong) ‘‘logic of indeterminacy’’ K3 and Priest’s ‘‘logic of paradox’’ P3

(alias LP), cf. the material from Sect. 8.3. If we restrict ourselves to a non-implicational
language, then K3 is determined by the Kleene matrix K3 ¼ hfT ; I;Fg; fTg;
ffc : c 2 f�;^;_ggi, where the functions fc are defined as follows:

The Priest matrix P3 differs from K3 only in that D = fT ; Ig. Entailment in K3

as well as in P3 is defined by means of the standard definition23:

A � B iff 8 m : mðAÞ 2 D) mðBÞ 2 D: ð9:8Þ

It is also well-known that the truth values of both Kleene’s and Priest’s logic
can be ordered to form a lattice (THREE), which is diagrammed in Fig. 9.1. Here

F I T

≤ t

Fig. 9.1 Lattice THREE

23 For the sake of simplicity, we consider entailment as a relation between (single) formulas
while keeping in mind its possible generalization to sets of formulas.
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T , I, and F are ordered by means of a ‘‘truth order’’ (� t) so that the intermediate
value I is ‘‘more true’’ than F but ‘‘less true’’ than T . The operations of meet and
join with respect to � t are exactly the functions f^ and f_ above, and f� is just the
inversion of this order.

There are natural intuitive interpretations of I in K3 and in P3 as the
underdetermined and the overdetermined values respectively (a truth-value gap
and a truth-value glut). Formally these interpretations can be modelled by pre-
senting the values as certain subsets of the set of classical truth values fT ;Fg.
Then T turns into T ¼ fTg (understood as ‘‘true only’’), F into F ¼ fFg (‘‘false
only’’), I is interpreted in K3 as N ¼ fg = £ (‘‘neither true nor false’’), and in P3

as B ¼ fT ;Fg (‘‘both true and false’’).
If one combines all these new values into a joint framework, one obtains the

four-valued logic B4 introduced by Dunn and Belnap (see [22, 23, 75]), also
known as the logic of first-degree entailment, or the logic of ‘‘tautological
entailment’’ [3, § 15.2], cf. Chap. 2. This logic is determined by the Belnap matrix
B4 = hfN;T;F;Bg; fT;Bg; ffc : c 2 f� ;^;_ggi, where, as we have seen
already, the functions fc are defined as follows:

Definition (9.8) applied to the Belnap matrix determines the entailment rela-
tion of B4.

As we have seen in Chap. 3, the bilattice FOUR2 is based on the set of truth
values fN;T;F;Bg with its two partial ordering relations � i (the information
order) and � t (the truth order), see Fig. 3.3. Lattice meet and join with respect to
� t coincide with the functions f^ and f_ in the Belnap matrix B4, and f� turns out
to be the truth order inversion. FOUR2 is also of interest in that it allows another
way of defining entailment. Namely, one can consider this relation as expressing
agreement with the truth order. That is:

A � B iff 8m : mðAÞ� tmðBÞ ð9:9Þ

It is very well-known (see, e.g., [95, 239]) that (9.8) in B4 and (9.9) in FOUR2

define one and the same relation.
We have seen that if the set of truth values is not dichotomized, but in fact trisected

(or even more), this has a significant impact on the very concept of logical entailment.
For example, since ‘‘truth’’ (the set of designated values Dþ) does not generally
coincide with ‘‘non-falsity’’ (the complement of the set of antidesignated valuesD�)
any more, the expressions ‘‘B is true whenever A is true’’ and ‘‘B is not false whenever
A is not false’’ need no longer mean the same. Moreover, the other usual charac-
terizations of entailment: ‘‘in any case either A is false or B is true’’ and ‘‘it is
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impossible that A is true and B false’’, also become non-equivalent. Hence, the
relations determined by these conditions may also be different.

We may approach this subject in a more systematic way. Given that sets of
designated and antidesignated values are not obligatorily complementations of
each other, in addition to the simple preservation of truth and the simple preser-
vation of non-falsity from (in the present case) the single premise to the single
conclusion, at least two other notions of entailment based on an obvious interplay
between Dþ and D� which have a clear intuitive appeal (although these new
notions are not defined in terms of preserving membership in some subset of the
set of truth values V) come to mind. That is, we obtain the following four
primitive definitions24:

A �þ B iff 8m : mðAÞ 2 Dþ ) mðBÞ 2 Dþ ð9:10Þ

A �� B iff 8m : mðAÞ 62 D� ) mðBÞ 62 D� ð9:11Þ

A �q B iff 8m : mðAÞ 62 D� ) mðBÞ 2 Dþ ð9:12Þ

A �p B iff 8m : mðAÞ 2 Dþ ) mðBÞ 62 D� ð9:13Þ

As above, we will refer to these relations as tm-entailment, fm-entailment,
q-entailment, and p-entailment, correspondingly. Whereas tm-entailment is the
standard truth-preserving relation, fm-entailment incorporates the idea of non-
falsity preservation (cf. [80, p. 10]). The relation of q-entailment can be seen as
reflecting a reasoning from hypotheses (understood as statements that merely are
taken to be non-refuted). Above, we pointed out that this relation has been defined
by Malinowski (together with the underlying concept of a q-matrix) in order to
define a notion of entailment which depends on both Dþ and D� and to provide
thereby a counterexample to Suszko’s Thesis. As already mentioned, p-entailment
(p for ‘‘plausibility’’) has been studied by Frankowski [98, 99], who tried to
explicate ‘‘reasonings wherein the degree of strength of the conclusion (i.e. the
conviction it is true) is smaller th[a]n that of the premisses’’ [98, p. 41]. Usually
q-entailment and p-entailment are firmly associated with the corresponding q- and
p-matrices, but here we operate more generally, considering the definitions of
q-entailment and p-entailment as such. The idea is that these definitions may give
rise to various concrete entailment relations when brought into the context of a
concrete matrix. And indeed, within a certain generalized four-valued setting, for
example, some of these relations turn out to be indistinguishable. (In what follows,
when we write �x as a free-standing sign, we mean the respective entailment
relation, i.e., the set of pairs (A;B) such that A �x B).

Proposition 9.1 Let the Belnap generalized q-matrix B
4 be the structure
hfN;T;F;Bg; fT;Bg; fF;Bg; ffc : c 2 f� ;^;_ggi (functions fc being defined as

24 We say ‘‘primitive’’ and have in mind the possibility of considering further definitions
obtained by combining the original conditions.
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in the usual Belnap matrix), and let us introduce on this structure the above four
entailment relations. Then �þ ¼�� and �q¼�p. Moreover, �þ ðalias ��Þ
6¼�p ðalias �qÞ.

Proof Dunn has shown that in the logic of first-degree entailment �þ = �� (see
Proposition 9. 4 in [80, p. 10]). He defined for every valuation m its dual m
, such
that for any formula A: mðAÞ ¼ T, m
ðAÞ ¼ T; mðAÞ ¼ F, m
ðAÞ ¼ F;
mðAÞ ¼ B, m
ðAÞ ¼ N; mðAÞ ¼ N, m
ðAÞ ¼ B. It is not difficult to see that in
B
4 such a dual valuation does exist for every m. Note, that m

 ¼ m.

Now, we show that �p��q. Let 8m : mðAÞ ¼ T or mðAÞ ¼ B) mðBÞ 6¼
F and mðBÞ 6¼ B. Assume mðAÞ 6¼ F and mðAÞ 6¼ B. Then mðAÞ ¼ T or mðAÞ ¼ N.
Hence, m
ðAÞ ¼ T or m
ðAÞ ¼ B. So, m
ðBÞ 6¼ F and m
ðBÞ 6¼ B, and conse-
quently, mðBÞ 6¼ F and mðBÞ 6¼ N. Therefore mðBÞ ¼ T or mðBÞ ¼ B.

Next, we show that �q��p. First, observe that if A �q B, then there is no val-
uation m such that mðAÞ ¼ T and mðBÞ ¼ B. Indeed, assume there exists such valu-
ation m. Then m
ðAÞ ¼ T and m
ðBÞ ¼ N. It follows that m
ðBÞ ¼ T or m
ðBÞ ¼ B,
a contradiction. Now, let 8m : mðAÞ 6¼ F and mðAÞ 6¼ B) mðBÞ ¼ T or mðBÞ ¼ B.
Assume mðAÞ ¼ T or mðAÞ ¼ B. If mðAÞ ¼ T, then mðBÞ ¼ T or mðBÞ ¼ B. But, the
second case is impossible, and hence, mðBÞ ¼ T, i.e., mðBÞ 6¼ F and mðBÞ 6¼ B. If
mðAÞ ¼ B, then m
ðAÞ ¼ N and thus, m
ðBÞ ¼ T or m
ðBÞ ¼ B. Hence, mðBÞ ¼
T or mðBÞ ¼N. In both cases, again, mðBÞ 6¼ F and mðBÞ 6¼ B, which is the required
result.

Thus, in the generalized q-matrix B
4 the four entailment relations merge into
two. To show that these two relations are distinct, we observe that in B
4: A �þ A
(as well as A �� A), but A 6�p A (and also A 6�q A). (Otherwise we would have
mðAÞ 2 Dþ ) mðAÞ 62 D� and mðAÞ 62 D� ) mðAÞ 2 Dþ, and this would mean
that Dþ \D� = £, which is not the case.)25 h

9.5.2 Orderings on Entailment Relations

In our particular example of a generalized four-valued q-matrix, it turned out that
�þ = �� and �q = �p. Interestingly, in a non-generalized setting the picture may
become even more complex. Let the (ordinary) Kleene–Priest q-matrix KP
3 be
the structure hfT ; I;Fg; fTg; fFg; ffc : c 2 f� ;^;_ggi, where the functions fc

are defined as in K3 and P3, and let us consider the entailment relations defined by
(9.10)–(9.13) with respect to this matrix. Then, these relations are all distinct, �þ
is the entailment relation of Kleene’s logic, and �� corresponds to the entailment

25 Incidentally, this observation shows that in the context of B
4, �p and �q are not Tarskian
even if these two relations coincide. (Recall that an entailment relation is Tarskian iff it satisfies
(Reflexivity), (Monotonicity) and (Cut).) In this respect generalized q-matrices differ from non-
generalized q-matrices since, as Frankowski has shown in [99, p. 198], if a relation defined on a
non-generalized q-matrix is both a p- and a q-entailment relation, then it is Tarskian.
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of Priest’s logic (cf. [80]). Moreover, the following proposition exposes some
simple facts about the interconnections between the entailments:

Proposition 9.2 In the Kleene–Priest q-matrix: (i) �q��þ; ðiiÞ �q���;
ðiiiÞ �þ ��p; ðivÞ �� ��p; (v) �q��þ \ ��.

Proof

(i) Let 8m : mðAÞ 62 D� ) mðBÞ 2 Dþ. Assume 9m : mðAÞ 2 Dþ and mðBÞ 62Dþ.
Then mðAÞ 2 D�, a contradiction with the condition Dþ \D� = £.

.(ii)–(iv) The proof is analogous.
(v) Clauses (i) and (ii) state that �q��þ \ ��. That the set-inclusion is

proper follows from the fact that in any proper q-matrix26 (an hence in
KP
3): A 6�q A, whereas both A �þ A and A �� A.27 h

Facts (i)–(iv) are mentioned by Devyatkin in [62]. Note, that they actually
reveal that in KP
3 our four entailment relations are ordered by means of � to form
a lattice with �q as the bottom and �p as the top. At this place an analogy comes to
mind with the information ordering in bilattice FOUR2 which is defined exactly as
set-inclusion. It turns out that it is not the only possible analogy one can draw here.

Let ð�xÞT stand for the part of �x which only preserves designated values and

ð�xÞF for the part of �x that only preserves non-antidesignated values:

ð�xÞT :¼ fðA;BÞ 2 �xj ð8m : mðAÞ 2 Dþ ) mðBÞ 2 Dþ and

9m : mðAÞ 62 D� and mðBÞ 2 D�Þg
ð9:14Þ

ð�xÞF :¼ fðA;BÞ 2 �xj ð8m : mðAÞ 62 D� ) mðBÞ 62 D� and

9m : mðAÞ 2 Dþ and mðBÞ 62 DþÞg
ð9:15Þ

Intuitively ð�xÞT and ð�xÞF can be seen as representing correspondingly the
‘‘pure truth content’’ and the ‘‘pure falsity content’’ of �x. One can define then a
‘‘truth order’’ between the entailment relations:

�x �t �y iff ð�xÞT �ð�yÞT and ð�yÞF �ð�xÞF ð9:16Þ

The following proposition shows how the four entailment relations can be
organized into a logical lattice with �� as the bottom and �þ as the top:

Propostion 9.3 In the Kleene–Priest q-matrix: (i) �� � t �q; (ii) �� � t �p;
ðiiiÞ �q � t �þ; (iv) �p � t �þ.

26 We call a q-matrix proper iff Dþ [D� 6¼V holds for it.
27 We leave as an open question whether in KP
3 �p��þ [ ��. An anonymous referee for
[234] turned our attention to the fact that it is not difficult to define a particular q-matrix in
which, e.g., �p¼�t ¼�f . But it is also possible to define a q-matrix such that �þ [ �� ��p.
Indeed, add to KP
3 a unary truth function f# such that f#(T) = I and f#(I) = F. Then obviously
A �p #A, but A 6�t #A and A 6�f #A.

212 9 Generalized Truth Values and Many-Valued Logics



Proof As a direct consequence of Proposition 9.2 (i–iv) and Definitions (9.14) and

(9.15), we obtain: ð�þÞT ¼�þ n ��; ð��ÞT ¼£; ð�qÞT ¼£; ð�pÞT ¼ ð�þÞT , as

well as ð��ÞF ¼�� n �þ; ð�þÞF ¼£; ð�qÞF ¼£; ð�pÞF ¼ ð��ÞF . Hence the
proposition. h

By combining Propositions 9.2 and 9.3, we immediately see that the entailment
relations defined in the q-matrix KP
3 constitute a structure isomorphic to the
bilattice FOUR2, where �þ is analogous to T, �� plays the role of F, �q stands
for N, and �p is like B. This bilattice of four entailment relations FOURe

2 is
presented in Fig. 9.2. In this way we obtain another representation of a four-valued
logic whose values are formed by the entailment relations defined on the basis of a
three-valued quasi-matrix.

9.5.3 Concluding Remarks

Throughout the preceding section, we constantly had in view the concrete q-matrix
KP
3 and the concrete generalized q-matrix B
4. Nevertheless, one can observe that
Proposition 9.1 can easily be extended to any generalized q-matrix, provided it is
proper,28 and its truth functions allow dualization, i.e., for any valuation m there
exists a valuation m
 subject to the following conditions (for any formula A):

mðAÞ 2 Dþ and mðAÞ 62 D� , m
ðAÞ 2 Dþ and m
ðAÞ 62 D� ð9:17Þ

mðAÞ 62 Dþ and mðAÞ 2 D� , m
ðAÞ 62 Dþ and m
ðAÞ 2 D� ð9:18Þ

mðAÞ 2 Dþ and mðAÞ 2 D� , m
ðAÞ 62 Dþ and m
ðAÞ 62 D� ð9:19Þ

mðAÞ 62 Dþ and mðAÞ 62 D� , m
ðAÞ 2 Dþ and m
ðAÞ 2 D� ð9:20Þ

|= −

|= p

|= +

|= q

≤i

≤t

Fig. 9.2 The bilattice of
entailment relations FOUR2

e

28 Again, a generalized q-matrix is proper iff it satisfies the conditions: Dþ [D� 6¼V and
Dþ \D� 6¼£.
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The four truth values of B
4 can generally be modeled by the following con-
ditions: mðAÞ ¼ T iff mðAÞ 2 Dþ and mðAÞ 62 D�; mðAÞ ¼ F iff mðAÞ 62 Dþ and
mðAÞ 2 D�; mðAÞ ¼ B iff mðAÞ 2 Dþ and mðAÞ 2 D�; mðAÞ ¼ N iff mðAÞ 62 Dþ and
mðAÞ 62 D�. Then it is not difficult to rewrite the proof of Proposition 9.1 in a
general form so that it holds for any proper generalized q-matrix (with dual
valuations).

Note, however, that if a generalized q-matrix includes ‘‘non-dualizable’’ truth
functions, then Proposition 9.1 fails. Consider, for example, the generalized
q-matrix hfN;T;F;Bg; fT;Bg; fF;Bg; ff�gi, where the unary truth function f� is
defined as follows: f�ðBÞ ¼ B, f�ðTÞ ¼ T, f�ðFÞ ¼ F, and f�ðNÞ ¼ F. Obviously,
A �t �A but A 6�f �A and A �p �A but A 6�q �A.

Also Propositions 9.2 (i–iv) and 9.3 can be extended to any (non-generalized)
q-matrix (and Proposition 9.2 (v) to any proper non-generalized q-matrix), for in
the corresponding proofs no specific use is made of any concrete feature of KP
3.

Thus, the main result of these preceding considerations can also be summarized
as follows: We formulated a simple but fairly general method of constructing a
generalized four-valued q-matrix by taking as its values the basic entailment
relations defined on an arbitrary non-generalized q-matrix.
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Chapter 10
Further Developments

Abstract In this concluding chapter, we will glance at some possible develop-
ments of our theory of generalized truth values. In particular, we will raise the
issues of adding quantifiers and modal operators to the propositional languages
considered in the previous chapters. Moreover, we will briefly touch on the idea of
adverbially qualified truth values. Finally, we will look at further philosophical
interpretations of Dunn and Belnap’s four-valued logic and consider the possi-
bilities of an extension of these interpretations beyond the four-valued case.

10.1 First-Order Trilattice Logics

A straightforward road to obtaining first-order trilattice logics consists of adding to
some given axiom systems analogues of familiar axiom schemes that lead from
classical propositional logic to classical first-order logic. If we again assume
the language L�

tf with its two separate sets of propositional connectives, consider
the Hilbert-style proof systems HLt� from Chap. 5, and adhere, e.g., to the axi-
omatization of classical first-order logic in Enderton’s classical textbook [83], then
the axioms for the universal quantifier should come in two versions:

• 8xðA!t BÞ !t ð8xA!t 8xBÞ;
• A!t 8xA; if there is no free occurrence of x in A;
• 8xA!t Aðy=xÞ; if y is free for x in A;
• 8xðA!f BÞ !f ð8xA!f 8xBÞ;
• A!f 8xA; if there is no free occurrence of x in A;
• 8xA!f Aðy=xÞ; if y is free for x in A:

These schemata are to be added to all universal closures of tautological sche-
mata from HLt�; and, of course, we keep modus ponens for both implications.
Moreover, if we do not assume separate axioms for the existential quantifier, we

Y. Shramko and H. Wansing, Truth and Falsehood, Trends in Logic 36,
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could introduce the existential quantifier as the dual of the universal quantifier with
respect to the negations �t and �f by means of the usual definitions:

9xA :, �t8x�tA;

9xA :, �f8x�f A:

Another kind of expansion to first-order trilattice logics would be obtained by
extending the separation between a truth vocabulary and a falsity vocabulary to the
quantifiers and distinguishing between truth and falsity versions 8t; 9t and 8f ; 9f ;

respectively. It would then seem to be natural to postulate the following duality
principles:

9f xA :, �f8f x�f A;

9txA :, �t8tx�tA:

With this distinction between truth and falsity quantifiers, it seems natural to
replace the above axiom schemes by the following axioms:

• 8txðA!t BÞ !t ð8txA!t 8txBÞ;
• A!t 8txA; if there is no free occurrence of x in A;
• 8txA!t Aðy=xÞ; if y is free for x in A;
• 8f xðA!f BÞ !f ð8f xA!f 8f xBÞ;
• A!f 8xA; if there is no free occurrence of x in A;
• 8f xA!f Aðy=xÞ; if y is free for x in A:

Another approach to first-order trilattice logics comes with the observation that
‘‘predicate logic can be seen as a special kind of propositional modal logic’’
[48, p. 95]. This idea has been taken up by van Benthem [27]. Let M be a first-
order model and let a; b; . . . range over variable assignments in that model. The
familiar Tarskian truth definition for formulas 8xA is:

M � 8xA½a� iff for every assignment b: if a ¼x b; then M � A½b�:

Here a ¼x b means that b is the same function as a except for, possibly, the value
assigned to x: Now, the variable assignments can be understood as states, and the
concrete relations ¼x can be replaced by abstract two-place relations Rx of ‘‘update
between states’’. In other words, to every individual variable x; there is an associated
‘‘accessibility relation’’ Rx: If we assume an interpretation of atomic formulas with
free variables and denote the set of all states by W ;we may write Tarski’s evaluation
clause in the style of Kripke’s evaluation clause for the necessity operator:

M; a � 8xA iff for every state b 2 W : if aRxb; then M; b � A:

The idea would thus be to develop first-order trilattice logics from modal tri-
lattice logics. We will not enter into a development of first-order extensions of
ðL�

tf ;�t;�f Þ; Lt; Lf ; Lt�; Lf�; I16; and IT16 along these lines here, but we will
instead refer the reader to [27, 268] and [265, Chap. 12]. Besides, in the next
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section, we will outline some possible ways of extending propositional trilattice
logics by means of standard modal operators.

Yet another approach to defining first-order trilattice logic would consist of
using cylindrification operations from cylindric algebra, see, for example, [175].

10.2 Modal Trilattice Logics

There exist several avenues to defining modal trilattice logics, particularly avenues
to extending the logics ðL�

tf ;�t;�f Þ; Lt; Lf; Lt�; Lf�; I16; and IT16 to modal propo-
sitional logics, including, for example:

• the matrix approach,
• the axiomatic approach,
• Kripke model-based tableaux.

One could also investigate algebraic models for modal trilattice logics in order
to generalize the characterization of normal modal logics by Boolean algebras with
operators; see, for example [35]. We will not develop here any of these approaches
in greater detail, but we will briefly comment on some possible directions for
extending non-modal trilattice logics.

Nowadays, the least popular paradigm, perhaps, is the matrix approach to
modal logics. If we try to pursue this approach, we are following the footsteps of
Łukasiewicz and his enterprise of defining modalities by means of truth tables (and
sets of designated truth values). The idea was that an adequate interpretation of
modal expressions such as ‘it is necessary that’ and ‘it is possible that’ could be
provided by many-valued valuation systems. This project is more or less dead,
primarily because of Dugundji’s Theorem [67] stating that none of the Lewis
systems S1–S5 has a finite characteristic matrix. Moreover, and more specifically,
Łukasiewicz’s attempt of defining modal logics by means of four-valued truth
tables has been thoroughly analyzed and convincingly criticized by Font and Hájek
[96], who emphasize that ‘‘apparently there is no satisfactory natural intuitive
notion of necessity’’ for which the following valid formulas of Łukasiewicz’s four-
valued modal logic (notation adjusted) would be tautologies, where eA (‘‘it is
possible that A’’) is understood as :h:A (‘‘it is not necessary that not A’’):

ðeA ^eBÞ $ eðA ^ BÞ;
ðA! BÞ ! ðhA! hBÞ;
ðA! BÞ ! ðeA! eBÞ;
hA! ðB$ hBÞ;
hA! ðeB$ hBÞ:

We hesitate, however, to declare Łukasiewicz’s project a complete failure. On
the one hand, finite matrices are useful in the investigation of modal logics, because
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these matrices provide a method for proving consistency and the independence of
axioms. On the other hand, the trilattice SIXTEEN3 and Belnap trilattices in general
constitute much richer semantical structures than Łukaisewicze’s four-valued
matrix. Moreover, one may attempt to reconsider the very notion of a modal
necessity or possibility operator in the context of truth value lattices. The definition
of lattice operations (on multilattices of truth values) displaying properties that can
arguably be seen as properties distinctive of modal operators might, in a sense,
rehabilitate Łukasiewicz’s approach.

One may also consider purely syntactic ways of defining modal trilattice logics.
One could, for example, add sets of characteristic axioms that are adjoined to
classical propositional logic CPL in order to obtain familiar and important modal
extensions of CPL. If we focus on normal modal logics and, say, the axiom system
HLt� from Chap. 5 in the language L�

tf as a non-modal base language, then in a
first step one could consider analogues of the smallest normal modal propositional
logic K by adding to HLt� the necessitation rule

‘ A= ‘ hA

and two versions of the so-called K axiom schema:

Kt hðA!t BÞ !t ðhA!t hBÞ; Kf hðA!f BÞ !f ðhA!f hBÞ:

If we do not want to stipulate a separate rule and axioms for the possibility
operator,1 we could introduce e as the dual of h with respect to the negations �t

and �f by means of the standard definitions:

eA :, �th�tA; eA :, �f h�f A:

Other well-known axiom schemes also come in pairs for truth and falsity
implication:

Dt hA!t eA;
Df hA!f eA;
Tt hA!t A;
Tf hA!f A;
4t hA!t hhA;
4f hA!f hhA;
5t eA!t heA;
5f eA!f heA:

Since in L�
tf all connectives arise in pairs, it seems natural to consider also pairs

of modal operators, one pair for truth and the other pair for falsity: ht;et and
hf ;ef : The duality principles can then be adjusted as follows:

etA :, �tht�tA; ef A :, �f hf�f A:

1 The familiar e-version of the necessitation rules is ‘ :A= ‘ :eA; and the familiar
e-version of the K axiom is the formula ð:eA ^ eBÞ ! eð:A ^ BÞ; cf. [51, Chap. 4]. Since
we have two versions of negation, conjunction, and implication in L�

tf ; there are several
options for formulating ‘‘e-versions’’ of the necessitation rule and the K-axiom.
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If this is done, the K-axiom and the additional axiom schemes also need an
adjustment:

Ktt htðA!t BÞ !t ðhtA!t htBÞ;
Kff hf ðA!f BÞ !f ðhf A!f hf BÞ;
Dtt htA!t etA;

Dff hf A!f ef A;

Ttt htA!t A;

Tff hf A!f A;

4tt htA!t hthtA;

4ff hf A!f hf hf A;

5tt etA!t htetA;

5ff ef A!f hf ef A:

Of course, mixed axioms like ef A!t hf ef A may be considered as well.
A purely syntactic treatment of modality in trilattice logics may be unsatis-

factory, however, if it is not supplemented by a semantical interpretation of the
modal operators. A relational semantics for the intuitionistic sequent calculus I16

and another Kripke semantics for the intuitionistic tableau calculus IT16 have
been presented in Chap. 7. The Kripke models used in these characterizations
can be extended to Kripke models for modal extensions of I16 and IT16:
Moreover, the extended models for IT16 can be used to develop a tableau cal-
culus for modal extensions of IT16 along the lines of the tableau calculi for
modal extensions of first-degree entailment logic presented by Priest in [198,
199]. In the semantics, the Kripke models introduced in Definition 7.13 may be
extended by two modal accessibility relations Rh and Re; see [184]. The
intuitionistic accessibility relation R and the modal accessibility relations Re and
Rh have to be correlated in a way that ensures the persistence of all formulas
with respect to R; cf. Proposition 7.9. We then may use, for example, the
following conditions for evaluating formulas hA and eA in a Kripke model
M ¼ hhM;Ri;�1;�2;�3;�4; vi:

x �1 hA iff ð9y 2 MÞðxRhy and y 6�1 AÞ
x �2 hA iff ð9y 2 MÞðxRhy and y 6�2 AÞ
x �3 hA iff ð8y 2 MÞxRy implies ð8z 2 MÞðif yRhz then z �3 AÞ
x �4 hA iff ð8y 2 MÞxRy implies ð8z 2 MÞðif yRhz then z �4 AÞ
x �1 eA iff ð8y 2 MÞxRy implies ð8z 2 MÞðif yRez then z 6�1 AÞ
x �2 eA iff ð8y 2 MÞxRy implies ð8z 2 MÞðif yRez then z 6�2 AÞ
x �3 eA iff ð9y 2 MÞðxRey and y �3 AÞ
x �4 eA iff ð9y 2 MÞðxRey and y �4 AÞ

The tableau rules for formulas hA and eA that can be read off from these above
evaluation clauses are:
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hA; j;D1
#

jrhk
A; k;C1

hA; j;C1
jrhk
#

A; k;D1

hA; j;D2
#

jrhk
A; k;C2

hA; j;C2
jrhk
#

A; k;D2

hA; j;D3
jrk

krhn
#

A; n;D3

hA; j;C3
#

jrk
krhn

A; n;C3

hA; j;D4
jrk

krhn
#

A; n;D4

hA; j;C4
#

jrk
krhn

A; n;C4

eA; j;D1
jrk

kren
#

A; n;C1

eA; j;C1
#

jrk
kren

A; n;D1

eA; j;D2
jrk

kren
#

A; n;C2

eA; j;C2
#

jrk
kren

A; n;D2

eA; j;D3
#

jrek
A; k;D3

eA; j;C3
jrek
#

A; k;C3

eA; j;D4
#

jrek
A; k;D4

eA; j;C4
jrek
#

A; k;C4

where rh and re represent the modal accessibility relations, and the rules are to be
understood as in Sect. 7.4.

10.3 Adverbially Qualified Truth Values

In developing a general theory of truth values, it also seems quite natural to take into
account adverbial qualifications of ‘is true’ and ‘is false’ as giving rise to truth
values. The values ‘‘logically true (false)’’ and ‘‘contingently true (false)’’ have been
considered, for example, by Caton [49] and the values ‘‘necessarily true (false)’’ and
‘‘contingently true (false)’’ by Rescher [206]. In [231] a distinction is drawn
between the truth values ‘‘constructive truth (falsity)’’ and ‘‘non-constructive truth
(falsity)’’; see also the modalized truth values in [31]. Moreover, in the literature,
one also encounters uses of the expressions ‘‘epistemically true’’ [254], ‘‘morally
true’’ [126], ‘‘provisionally true’’, ‘‘eternally true’’ [42], etc.

One may then ask to what extent these adverbially qualified values are truth-
functional. As to the modalized values ‘‘logically true (false)’’ and ‘‘contingently
true (false)’’, Caton suggested the application of a rewriting procedure to four-
valued truth tables, and Rescher suggested four-valued tables motivated by the
assumption that there exist exactly two incompatible states of affairs. It has been
argued by MacIntosh [162] that under certain assumptions there is no general
compositionality of adverbially qualified truth values. MacIntosh distinguishes
between weak and strong adverbial qualifications of truth and falsity. The prime
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example of a ‘‘strong’’ (weak) qualification is ‘‘necessarily’’ (contingently).
A sentence p is called strong iff p is strongly true or strongly false or its classical
negation :p is strongly true or strongly false. A sentence is weak iff it is not strong.

In addition to presupposing classical propositional logic, MacIntosh makes the
following assumption:

It is impossible to soundly derive any weak sentence from a set consisting only of
strong sentences.

Let t(f) stand for weak truth (falsity) and T(F) for strong truth (falsity).
Neglecting non-qualified truth and falsity, and given the above assumptions, the
value tables for negation, conjunction, and disjunction can be determined up to a
small number of entries:

For instance, in view of the disjunction introduction inference s ‘ ðs _ wÞ;
where s stands for a strong sentence and w for a weak one, it is clear that the
disjunction of a sentence evaluated as T with any sentence at all is to be evaluated
as T. For each of the non-gap entries, the functional values can be determined
without any appeal to intuitions concerning specific adverbial qualifications. By
turning to the modal case of necessity and contingency, however, it can be
explained why the gaps in these tables are unavoidable. Whether a conjunction
ðp ^ qÞ of a contingently true formula p with a contingently false formula q; for
example, is necessarily or contingently false depends on whether fp; qg is
unsatisfiable or not. There is thus no general result in this case. Modal consider-
ations also explain the remaining gaps.

One may wonder what happens if the adverbial qualification of truth and falsity
is internalized in the object language. MacIntosh emphasizes that there is no
general answer to the question, whether for a strongly true sentence p; the sentence
‘it is strongly true that p’ is a strong or a weak sentence. He points out that in the
modal logic S4, if p is strongly true, then so is hp (‘‘it is necessarily true that p’’)
because of the S4 axiom hp! hhp: However, the axiom hp! hhp states that
if hp is true (simpliciter at a world in a model without any adverbial qualification),
then hhp is true. It seems thus that MacIntosh assumes that hp is true iff p is
strongly true. In this vein, in the absence of any reduction principles, iterated
adverbial qualifications of truth and falsity suggest introducing infinitely many
adverbially qualified values (‘‘strongly strongly true’’, ‘‘strongly weakly true’’,
‘‘weakly strongly weakly false’’ etc., so that hhp is true iff p is strongly strongly
true).
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10.4 Generalized Truth Values: Alternate Interpretations

Another promising line of research concerns possible applications of the machinery
of generalized truth values to various philosophical interpretations of Dunn and
Belnap’s four-valued logic and exploring the possibilities of an extension of these
interpretations beyond the four-valued case.

In this respect, it could be interesting to look, e.g., at the suggestion by David
Lewis—to think of sentences in terms of ambiguity, especially of the ones
regarded as both true and false under different readings, see [152]. Lewis claims
that an ambiguous sentence cannot be considered true or false simpliciter until it is
disambiguated in one way or another. Thus, the ambiguous sentence can only be
said to be true (or false) on some disambiguation [152, p. 438]. The sentence is
true (false) on some disambiguation only, Lewis tells us, if and only if it is true on
all its disambiguations.

Let us formally reconstruct such an understanding as follows: if a sentence is
true (false) on some disambiguation simpliciter, we mark it with the truth value
TðFÞ; and if all the possible disambiguations for the given sentence have been
carried out, we indicate this by putting the resulting truth value into parentheses.
As Lewis explains, if one bars truth value gaps, then only three cases are possible:
a sentence can be ‘‘true on all its disambiguations, false on all, or true on some and
false on others’’ [152, p. 438]. More concretely, any ambiguous sentence is either:

• false on all disambiguations (in this case the sentence is false only and has the
truth value fFg);

• true on all disambiguations (in this case the sentence is true only and has the
truth value fTg);

• true on some disambiguations and false on all the others (in this case the
sentence is both true and false and has the truth value fFTg).

In this way one obtains a certain intuitive interpretation (and justification) of the
valuation system for Priest’s Logic of Paradox or the ‘‘half-relevant’’ logic
R-Mingle (see [76]).

Lewis also independently motivates the possibility for a sentence to be neither
true nor false (gappy). Again, one can discriminate between cases when a sentence
is gappy on some of its disambiguations or on all of its disambiguations (using the
style of the notation adopted above, these cases can be marked by N and fNg;
correspondingly). Lewis claims that by allowing truth-value gaps we have to
envisage four more cases in which a sentence can be:

• gappy on all disambiguations (in our notation in this case the sentence has the
truth value fNg);

• gappy on some disambiguations and false on all the other disambiguations (this
can be marked as the truth value fNFg);

• gappy on some disambiguations and true on all the other disambiguations (this
can be marked as the truth value fNTg);

222 10 Further Developments



• gappy on some disambiguations, true on some other disambiguations, and false
on the rest of the disambiguations (the case for the truth value fNFTg).

These seven truth values taken together constitute a truth value (bi-and-a-half-)
lattice SEVEN 02:5 as presented in Fig. 10.1 (cf. lattice SEVEN2:5; Fig. 4.1). Notice
that the truth-value gap explicated in this way is not identical with Belnap’s N and
resembles much more Zaitsev’s truth value for uncertainty u, see page 85.

In his considerations, Lewis concentrates on the three-valued version (without
gaps) and argues to the effect that his so-conceived ‘‘logic for ambiguity’’ perfectly
suits some ‘‘pessimistic’’ view on our language and reasoning. He recalls a standard
logical requirement, according to which one has to ‘‘make sure that everything is
fully disambiguated before one applies the methods of logic’’ [152, p. 439]. And then
he gives the floor to a ‘‘pessimist’’ who might well complain that this requirement

is a counsel of perfection, unattainable in practice. . . . [A]mbiguity does not stop with a
few scattered pairs of unrelated homonyms. It includes all sorts of semantic indetermi-
nacy, open texture, vagueness, and whatnot, and these pervade all of our language.
Ambiguity is everywhere. There is no unambiguous language for us to use in disambig-
uating the ambiguous language. So never, or hardly ever, do we disambiguate anything
fully [152, p. 439].

Thus, to be more realistic, we have to adopt the pessimistic view and to weaken
our logic ‘‘so that it tolerates ambiguity’’. Lewis’s three (as well as seven) truth
values and their informal interpretation are designed to provide the base for such a
‘‘logic for pessimists’’.

One may now ask why further combinations of Lewis’s truth values are not
considered and why cases where a sentence can be both true and false on some
disambiguations and simultaneously true only, i.e., true and not false on some
other disambiguations, are not admitted. It is easy to see, however, that the pro-
posed interpretation entirely excludes the possibility of such combinations. Recall
that for Lewis a sentence is true only if and only if it is true on all its disam-
biguations. In this case the sentence simply cannot be false (on any disambigua-
tion). This precludes the construction of generalized truth values like ffTg; fFTgg

{N}
{F {} T }

{FT }

{NFT }

{NF {} NT }

≥i

≤t

≥ f

Fig. 10.1 Bi-and-a-half-
lattice SEVEN 02:5
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and others of the sort, and no further generalization of Lewis’s truth values appears
to be possible under such interpretation.

Nevertheless, one might notice that the interpretation adopted by Lewis does
not match well his intended goal. Indeed, the goal was to provide the basis for the
logic of unremovable ambiguity (‘‘never do we disambiguate anything fully’’!).
Yet, Lewis’s interpretation involves an ‘‘absolutistic’’ understanding of the value
‘‘truth only’’ as ‘‘truth on all disambiguations’’, and similarly for falsity. But how
are we supposed to assign this truth value if such a complete (‘‘perfect’’) disam-
biguation is ‘‘unattainable in practice’’?

To remove this discordance and to improve the situation, one has to reconsider
the underlying interpretation proposed by Lewis to push it closer to the ‘‘pessi-
mistic’’ attitude described above. We will sketch here some central points of such a
possible reconsideration which can serve as the intuitive basis for a generalized
logic of ambiguity.

Let us think of the disambiguation of a sentence as a certain procedure that can be
accomplished in one way or another by some person. And the results of this procedure
may well be different if the procedure is applied by several people. So, one cannot say
that a sentence is true (false) on all disambiguations simpliciter, but merely that it is
true (false) on all disambiguations accomplished by some (presumably ‘‘pessimis-
tic’’) person. For the sake of simplicity, let us ignore truth value gaps. Then we arrive
at the following reinterpretation of Lewis’s initial three truth values:

fFg: a sentence is false on all disambiguations accomplished by some person;
fTg: a sentence is true on all disambiguations accomplished by some person;
fFTg: a sentence is false on some disambiguations accomplished by some person

and true on other disambiguations accomplished by the same person.

Lewis admits what he calls ‘‘mixed disambiguations’’. These are ‘‘disambigu-
ations of a compound sentence in which different occurrences of the same
ambiguous constituent are differently disambiguated’’ [152, p. 439]. This under-
standing can be extended to the cases when one and the same occurrence of an
ambiguous constituent is differently disambiguated by different people. Lewis’s
example of a mixed disambiguation is a disambiguation of the sentence ‘Scrooge
walked along the bank on his way to the bank’ as ‘Scrooge fancied a riverside
stroll before getting to work with the money’. Consider just the sentence ‘Scrooge
walked along the bank’. Now imagine that Huey has disambiguated it as ‘Scrooge
fancied a riverside stroll’, whereas Dewey takes it as ‘Scrooge promenaded in
front of the JPMorgan Chase Tower’. This would be a typical case of what can be
called an extended mixed disambiguation.

Interestingly, Lewis [152, p. 440] recalls the ‘‘discussive logic’’2 developed by
Jaśkowski [135], and he observes that Jaśkowski has conceived his logic inter alia

2 Lewis uses the term ‘‘discursive’’ from the first English translation of Jaśkowsi’s paper, but
‘‘discussive’’ seems to be the more appropriate translation of the Polish word ‘‘dyskusyjny’’,
see the editorial note in [135, p. 55].
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as a logic for ambiguity. In this connection, one can call into question the ‘‘dis-
cussiveness’’ of Lewis’s logic itself. As it is formulated, it is, so to say, rather a
logic for lonely (isolated) pessimists. But what if two or more pessimists have
entered into a discussion? How should one evaluate a sentence on whose truth
value they disagree or which is differently disambiguated by different disputants
(extended mixed disambiguation)?

In exactly such a case, further combinations of Lewis’s truth values may be helpful.
And these combinations are directly supported by the above reconsideration that takes
cognizance of a possible ‘‘inter-subjectivity’’ of the process of disambiguation. For
example, the sentence ‘Scrooge walked along the bank’ in the case of an extended
mixed disambiguation described above should take the generalized truth value
ffFg; fTgg: This value assumes then a natural interpretation as ‘‘the sentence is false
on all disambiguations accomplished by some person and true on all disambiguations
accomplished by some other person’’. And if the sentence has been disambiguated by
three different people with three different outcomes, then ffFg; fTg; fFTgg would
seem to be the suitable generalized truth value for representing this situation.

Moreover, the procedure of disambiguation presumably can never be accom-
plished completely, i.e., once and for all. Disambiguation can be seen as a kind of
a batch procedure that can be performed over and over again. An ambiguous
sentence can be sent, again and again, into further rounds of disambiguation by
different people. Then, e.g., the generalized truth value fffTggg could mean that
the sentence is true on all disambiguations accomplished by some person in three
rounds. Clearly, truth value gaps can naturally arise in such an account of
ambiguity.

It is not our intention here to elaborate in detail the proposed interpretation of
ambiguity by means of generalized truth values. We believe, however, that this
line of investigation can have manifold philosophical implications and is worthy of
further development.

One can also try to combine the generalized logic of ambiguity with the
conception of confusion presented by Camp in [46, pp. 125–160]. Camp has
provided Belnap’s four values with an interesting ‘‘confusion-based’’ intuitive
motivation by developing what he called a ‘‘semantics of confused thought’’.
Consider a rational agent who happens to mix up two very similar objects (say,
a and b) and ambiguously uses one name (say, ‘C’) for both of them. Now let
such an agent assert some statement, saying, for instance, that C has some
property. How should one evaluate this statement if a has the property in
question, whereas b lacks it? Camp argues against ascribing truth values to such
statements and puts forward an ‘‘epistemic semantics’’ in terms of ‘‘profitability’’
and ‘‘costliness’’ as suitable characterizations of sentences. A sentence S is said
to be ‘‘profitable’’ if one would profit from acting on the belief that S; and it is
said to be ‘‘costly’’ if acting on the belief that S would generate costs, for
example as measured by failure to achieve an intended goal. If our ‘‘confused
agent’’ asks some external observers whether C has the discussed property, the
following four answers are possible:
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• ‘Yes’ (mark the corresponding sentence with Y);
• ‘No’ (mark it with N);
• ‘Cannot say’ (mark it with ?);
• ‘Yes’ and ‘No’ (mark it with Y&N).

Note that the external observers, who provide answers, are ‘‘non-confused’’ and
have different objects in mind as to the referent of ‘C’, in view of all the facts that
may be relevant here. Camp conceives these four possible answers concerning
epistemic properties of sentences as a kind of ‘‘semantic values’’, interpreting them
as follows: the value Y is an indicator of profitability, the value N is an indicator of
costliness, the value ? is no indicator either way, and the value Y&N is both an
indicator of profitability and an indicator of costliness. A strict analogy between
this ‘‘semantics of confused reasoning’’ and Belnap’s four valued logic is
straightforward. Indeed, as [46, p. 157] observes, the set of implications valid
according to his semantics is exactly the set of implications of the entailment
system Efde:

Camp’s interpretation of semantic values in terms of confusion has a strong
intuitive appeal. But again, further generalization of these values is on the agenda.
Indeed, what if the confused person, in his turn, would have to act as an expert (‘‘of
the second level’’) who is questioned about the object C and its properties? In this
case an application of the methodology of generalized truth values naturally
suggests itself. All the more so, if there are several such ‘‘confused experts’’ who
provide information to some other person. Clearly, this other person should then be
ready (and able) to deal with truth values such as {N, Y&N}, {?, Y}, etc. By
combining the terminology employed by Priest and Camp, one can say that such
truth values represent, so to say, hyper-confusions, and the person who happens to
be unlucky enough to have ‘‘confused advisors’’ becomes then ‘‘hyper-confused’’.
The application of the trilattice logics substantiated in the present book to inves-
tigations of hyper-confusions looks rather suggestive.

We conclude this section as well as the whole book by expressing our firm
conviction that generalized truth values not only have a purely logical import for
the analysis of various branches of modern non-classical logic, such as many-
valued logic, paraconsistent logic, relevant logic, partial logic, constructive logic,
etc., but may also be highly effective in elucidating significant philosophical
problems connected to concepts such as truth, falsity, contradiction, information,
ambiguity, vagueness, and many others.
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