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Chapter 1 

1 The equivalent circuit is shown in figure A 1.1 a, which reduces to that of figure A 1.1 b 
since the 8 0 and 1 kO are in parallel and by the product-over-sum rule these combine to 
give a resistance of 

R = 8 X 1000 = 8000 = 7.9365 0 
8 + 1000 1008 

Then the total series resistance is 2 + 0.1 + 7. 9365 = 10.0365 0 and the current, /, is 
9/10.0365 = 0.8967 A. Then the voltage across the 7.93650 resistance is 0.8967 x 
7. 9365 = 7.117 V, which is the required voltmeter reading. 

Placing the voltmeter across XY gives the equivalent circuit of figure A1.1c, which 
reduces to that of figure A1.1d by the product-over-sum rule: 8.1 x 1000/1008.1 = 
8.0349 0. Then 

I = 9/(2 + 8.0349) = 9/10.0349 = 0.89687 A 

The voltage drop across the 20 resistance is 21 = 1.79374 V and the voltage across XY 
is 9 - 2/ = 9 - 1.79374 = 7.206 V, the required voltmeter reading. 

1 kQ 

'-----------__j q 9V 1 ~ 
(a) (b) 

8.0349 Q 

y y 
(c) (d) 

Figure Al.l 

2 The 2 and 1p.F capacitances are in parallel and add up to 3 p.F, which is in series with 
the 4p.F capacitance to give a combined capacitance of (3 x 4)17 = 1217 = 1.714 p.F. 
This is in parallel with the 3p.F capacitance and the combined capacitance is then 4.714 
p.F. Figure A1.2 shows the sequence. 

1 



2 Chapter one 

B 

Figure Al.2 

3 The easiest method is to use the delta-star transformation on the upper delta network 
in figure A1.3a, treating inductances as resistances. The inductance attached to A in the 
star network of figure A1.3b is given by the product of the two inductances attached to 
A in the delta network divided by the sum of all three in the delta network: 

L = 15 X 6 = 90 = 3 mH 
A 15 + 6 + 9 30 

And the same process applies to C and D, giving the circuit of figure A1.3b, which soon 
reduces to a single inductance of 6 mH. 

15mH D 

D 

c=) 
8 

(a) 

A 

3 < 
(d) 8 (c) 

Figure A1.3 

4 The resultant capacitance of 2 p,F in parallel with C p,F is 2 + C p,F, which is in 
series with a 1p,F capacitance and another 1p,F capacitance as shown in figure A1.4. The 
overall capacitance is 

1 
c = 1 

1 
1 + __ + .!_ = 2 + _1_ = 2C + 5 

C+2 1 C+2 C+2 

Hence 2CZ + 5C = C + 2, or CZ + 2C - 1 = 0, so that 
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c = -2 ± V4 + 4 = -1 ± fi = +0.414 J.LF 
2 

~ 
1 ...1:..+ C f.LF 

Figure Al.4 

3 

5 The resistances must be arranged in parallel rows with different numbers of resistors 
in series. To take a concrete example, suppose we have 14 resistors, then we arrange 
them as shown in figure A1.5, which uses 10 resistors. If they are all R ohms each then 
the resistance would be 

1 1 1 1 1 2.083 =-+-+-+- = 
Req R 2R 3R 4R R 

=> Req = 0.48R 

Figure Al.5 

Now if one of these resistors is different the reading of the ohmmeter will depend on 
which row it is in and the row may therefore be identified, provided that R is known. For 
example if it is in the 4th row and has resistance R', the overall resistance is 

Req = 
1 

11 R + 112R + 113R + 11 (3R + R 1) 

3R + R' 3R + R' = = 
3 + r + 3/2 + r/2 + 1 + r/3 + 1 6.5 + 1.8333r 

where r = R' IR. If it is in the row of 4, then these 4 resistors are marked and each is 
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placed in a different row of a fresh series-parallel combination. If the resistor is one of 
the 4 not used in making up the series-parallel combination, then the procedure is the 
same as if it had been in the row of 4. The procedure is repeated, the row containing the 
odd resistor is identified and hence the odd resistor. 

6 In the circuit of figure A1.6a, the voltage across the inductances in series is 

hence Leq = L1 + 4, and inductances in series are like resistances in series. 
In the circuit of figure A1.6b by KCL 

i = i1 + i2 = _!._fvdt + _!._fvdt = [_!.._ + _!.._] fvdt = _l fvdt 
L1 L2 L1 L2 Leq 

Then 1/Leq = 1/L1 + 114,, inductances in parallel are like resistances in parallel. 

L 1 L 2 

v1 V2 

v 

(a) (b) 
Figure A/.6 

7 We can see that in figure A1.7, the incoming current,/, must divide equally at the 
corner node because the cube is symmetrical: thus I = 3/1• 

I 

R 

Figure A/.7 

' ' 
' ' L- J 

' 

' ' ' 

' ' i,.--- ----------. 

R 

R 
I 

Similarly / 1 divides equally into two at the next corner and /1 = 2/2 • The voltage across 
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the cube diagonal by KVL is 

v = IIR + 12R + IIR = R(2113 + 116) = 5/RI6 

=> VI I = R = 5R I 6 = 5 0 eq 

8 The original charge, Q, is divided between the capacitances and the final voltages on 
the capacitances are equal and opposite: + V and - V, as in figure A1.8. 

1Q y 

Figure A1.8 

If the final charges are Q1 and Q2 , then 

--V 

=> v = 513 = 1.67 v 

1Q 

The energy stored at first is 0.5 x 1 x 52 = 12.5 J. And the final energy stored is 

0.5C1 VZ + 0.5C2 VZ = 0.5 X 3 X 1.672 = 4.17 J 

The energy lost in the resistance is 12.5 - 4.17 = 8.33 J. 
[The current is 5 exp ( -1.5t) A and then the energy lost in the resistance is given by 

J 0
00 [5exp( -1.5t)Fdt = J 000 25exp( -3t)dt = [ -~S exp( -3t)] : = 8.33 J 

which is the expected answer.] 
When the resistance is zero, the calculation above cannot be made, but the same 

energy would still lost from the circuit by electromagnetic radiation from the accelerated 
charge. In practice there is always some resistance. 

9 In figure A 1. 9 the power in the load is 

while the power from the source is 

ps = VT/L = v;I(RT + RJ 

The ratio of these is the efficiency: 
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v;RL(RT + RL) 
= = 

(RT + RJ2V; 
which is maximal when RT/RL = 0. 

Figure A1.9 

10 We equate stored energies: 

0.5CVZ = 0.5U2 ~ I = vJC!L = 24J32/0.5 = 192 kA 

11 The stored energy is 1hLf = 5 x 109 x 3 600 J, so that 

L = 5 X 109 X 3600 = 900 H 
0.5 X (2 X 105) 2 

The terminal voltage is Ldildt = 5000, so (di/dt)max = 5000/900 = 5.56 A/s. 
If this rate of discharge is sustained, the minimum time needed to reduce the current 

to zero is 
I 

T min = -:-( d-:-::i-:-/ d..,...t.,.....) max- = 2 x 105 = 10 hrs 
5.56 X 3600 

Then the average power delivered is 5 x 109 /10 = 500 MW. The maximum output 
power is Vlmax = 5000 X 2 X 105 = 1 GW. 

12 The circuit reduction by source transformations is shown in figure A 1.12a, with the 
final voltage source being replaced by short-circuit that leaves a 2.50 and a 20 resistance 
in parallel. Thus the Thevenin resistance is 2.5 0 II 2 0 = 2.5 x 2/(2.5 + 2) = 5/4.5 
= 1.11 0. The Thevenin voltage is found from the penultimate circuit of figure A1.12a 
using the voltage-divider rule: 

V = 2 X 4.5 = 2 V 
T 2 + 2.5 

The Norton current is then VT I RT = 2/1.11 = 1. 8 A and we find the maximum power 
transfer by connecting a 1.11 0 resistance across the Thevenin equivalent circuit of figure 
A1.12b. This give a load current of 2/2.22 = 0.9 A and a maximum load power of 0.~ 
X 1.11 = 0.9 W. 

There is no safe way of calculating the power dissipated in the circuit except by 
finding the currents in all the resistive elements. Using the circuit of figure A1.12c, we 
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can see that when no load is connected the voltage across the 20 resistance is VT or 2 V, 
so that / 1 = 1 A. The power developed is 12 x 2 = 2 W. Looking at node X, we see by 
KCL that /2 = 2 A and the power developed in the 2.50 resistance is 22 x 2.5 = 10 W, 
for a total power of 12 W. 

2V - A 

s v~ 

2.5 .Q A 2.5 .Q A 

4.5V t 
B B 

Figure A1.12a 

When the circuit is delivering maximum power, the currents must be recalculated with the 
circuit of figure A 1.12d, in which / 1 = l.ll/d2 = 1.11 X 0.9/2 = 0.5 A. Then by KCL 
12 = / 1 + /L = 1.4 A and at point X, 12 + /3 = 3 A, making /3 = 1.6 A and the power 
developed in the 20 resistance 0.52 x 2 = 0.5 W, while the power in the 2.50 resistance 
is 1.62 x 2.5 = 6.4 W, for a total internal power dissipation of 6.9 W. 

1.11Q 

(b) 

A 

/L 

1.11 Q 5V~ 

(c) 

Figures A1.12b and A1.12c 

2V - A 

/1 

12V 
(= VT) 

B 
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2V ----
sv~ 1.11 Q 

Figure Al.12d 

13 The star network can be transformed, using conductances, into the delta form of 
figure A 1.13a, followed by two voltage-to-current source transformations in figure 
A1.13b. The resistances parallel to these current sources are combined in figure A1.13c 
and the current sources are then turned back into voltage sources in figure A 1.13d, 
combined and transformed again to a current source as in figure A1.13e. 

2A 2A 
12 Q 12 Q 

11 Q 

18 Q 

(b) 

2A 

12 Q 12 Q 

11 Q 
11 Q 

21.2 Q 

(c) (d) (e) 

Figure A1.13 
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The final circuit preserves I, which is 2 A less the current through the 120 resistance. 
Since the total current is the sum of the two source currents, 3.45 A, the current in the 
120 resistance is 

1112 I12o = X 3.45 = 1.3 A 
1/12 + 1/11 + 1/21.2 

And then I = 2 - 1.3 = 0.7 A. 

14 The mesh currents are as in figure A1.14 and the mesh equations are 

These rearrange to 

I1 = -2 
12(I2 - I1) + 6(I2 - I4) + 3(I2 - I3) = 0 

22.5I3 + 3(I3- I2) + 9(I3- I4) = 45 
9(I4 - I3) + 6(I4 - I2) + 18I4 = 18 

1 I1 + OI2 + OI3 + OI4 = -2 
-12I1 + 2112 - 3I3 - 9I4 = 0 
OI1 - 3I2 + 34.5I3 - 9I4 = 45 

OI1 - 6I2 - 9I3 + 33I4 = 18 

Gaussian elimination leads to I4 = 0.815 A. [This is the easiest way of solving the 
problem as the coefficients of the currents can be written down by inspection of the 
circuit. Students should write a program for Gaussian elimination in the general case.] 

12Q 

3Q 6Q 

- -45 v 18 v 
Figure Al.l4 

15 The node voltages are shown in figure A 1.15 and the nodal equations are: 

v- 45 v- v 
1 + 1 2-I=O 
22.5 3 
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V3 - V2 V3 + 18 
--::--- + -:::-::-- + I = 0 

6 18 

The extra variable, I, indicates a supernode, but I is easily found from the additional 
equation for the currents at node 1 : 

Substituting for I in the first and third equations leads to: 

+0.461 V1 - 0.333 V2 - 0.0833 V3 = 4 
-0.333 V1 + 0.611 V2 - 0.1667 V3 = o 

-0.0833 V1 - 0.1667 V2 + 0.306 V3 = -3 

Solving we find V1 = 12.23, V2 = 5.75 and V3 = -3.34 V, so that the voltage across 
the current source is V1 - V3 = 15.6 V. 

r-----~2; ([)--------

Figure A1.15 

16 The circuit is shown in figure A1.16, and applying KVL to loop 1 gives 

12(2 -/) - 3(I- I) - 613 = 0 

But by KCL we can see that I3 = I - I 1 - 12, and the equation above becomes 

-211 + 9II + 6I2 = -24 

Then application of KVL to loop 2 gives 

KVL in loop 3 leads to 

-22.5II + 3(1- II) + 9/2 = 45 
~ 3I - 25.5II + 9I2 = 45 

-912 + 6/3 + 18(I3 - I) = 18 
~ 61 - 24/1 - 33/2 = 18 
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2A 
2 - I 12 Q 

6Q 

- -45 v 18 v 
Figure A1.16 

These three equations can be solved to give I = 0.702, /1 = -1.456 and /2 = 0.641 A. 
The current from the 18V source is -/1 - / 2 = -( -1.456) - 0.641 = 0.815 A. The 
current in the 120 resistance is 2 - 0.7 = 1.3 A and the voltage across it is therefore 12 
x 1.3 = 15.6 V, as before. 

17 Figure Al.17 shows the transformations. The 12V source in series with 6 0 is trans
formed into a 2A source in parallel with 6 0. The parallel current sources are then 
combined to give a 4 - 2 = 2A source in parallel with 2 0 (3 0 II 6 0 = 2 0). This 
current source is next converted to a 4V source in series with 2 0, so that the series 
voltage sources may be combined into a single 8V source in series with 4 0. Thus V AB = 
-4 V. 

4V 4V - A - A 

q 
B B 

D 
4V 

A 4Q A A 

4V 

\=Jl 
B B 

Figure 1.17 

18 If the network is infinite in extent then the current through RL is zero and it is 
immaterial what its value is; make it 1 0. The right-end parallel branches are then 2 0 II 
2 0 = 1 0. This can be added to the 1 0 in series to make 2 0, and the whole process 
is repeated down toR, which must be 1 0 for the resistance between AB to be 2 0. 
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19 The circuit of figure P1.19 can be transformed into that of figure A1.19, from which 
we can find the load current, /L: 

G 
1 = _L X};[ 
L 'EG 

where 'EG = G1 + G2 + G3 + GL and 'E/ = 11 + 12 + 13• The source currents are /1 = 
V1G1 etc. Then the load voltage is 

/L 'E/ V1G1 + V2G2 + ~G3 
VL = GL = }; G = ----='E-::G;----

Going back to figure P1.19, the currents from the sources are (V8 - VJIR8 and the power 
delivered is Ps = V8(V8 - VJIR8 • 

Figure A1.19 

Putting in the numbers we find 

v. = 1190 + 1200 + 1210 = 119.60133 v 
L 30.1 

and P1 = 121(121 - 119.60133)/0.1 = 1.692 kW, P2 = 120(120 - 119.60133)/0.1 = 
478 Wand P3 = 119(119- 119.60133)/0.1 = -716 W. 

Changing the source resistances to 0.3, 0.2 and 0.1 0 changes VL to 

V. = 121 X 3.333 + 120 X 5 + 119 X 10 = 118.98731 V 
L 3.333 + 5 + lQ + 0.1 

And the power delivered is P1 = 121(121 - 118.98731)/0.3 = 812 W, and 
P2 = 120(120 - 118.98731)/0.2 = 608 W, and P3 = 119(119 - 118.98731)/0.1 = 15 
w. 

20 We shall first consider the voltage source by itself, figure A1.20a. Here the current 
sources have been open-circuited as required. We see that /2 and /3 are zero as the 
terminals are open circuit. The current /1 = 8/6 = 1.333 A, and we can also see that V1 

+ Y40 = 0. Now V40 = 4/1 = 5.333 V, so that V1 = -5.333 V. Next we consider the 
2A source alone as in figure A1.20b, in which the voltage source has been short-circuited 
and the 1A source open-circuited. 

The voltage, V2, due to this current source is just the voltage across the 30 resistance. 
Since this carries all of the current from the source, V2 = -6 V. 
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2.Q 2.Q 

1.Q 4.Q 1.Q 

(b) (c) 

Figure AI. 20 
Finally we consider the 1A source by itself as in figure A1.20c, from which it can be seen 
that V3 is the voltage across the 1A source, so we have to find the equivalent resistance 
of the path of the source current. The 40 and 2 0 resistances are in parallel, constituting 
a resistance of 2 x 4/(2 + 4) = 1.333 0, which is in series with the 30 and 10 
resistances, making 5.333 0 in all. Thus, as the current is 1 A, V3 = 5.333 V. 

The Thevenin voltage, VT = VI + v2 + v3 = -5.333 - 6 + 5.333 = -6 v. 

21 The voltage is found from 

v = c1 I idt = 1 I (2 + 3sin2t)dt mV 
200 x 10-6 

= 5 J (2 + 3sin2t)dt V = 10- 7.5cos2t V 

22 The energy consumed by the resistance is given by 

0.01 [ 2 ] 0.01 

E = J i2Rdt = 583 { [0.63exp( -lOOt)Jldt = 583 °·63 e~J'~200t) 
0 

583 X 0.632 = 200 [exp(O)- exp(-2)] = 1.157[1- 0.1353] = 1 J 

The average power is EfT= 110.01 = 100 Wand the r.m.s. current is 

I?_R = 100 ~Inns = Vt00/583 = 0.414 A 

23 The circuit of figure A1.23 shows the currents through the resistances. 
By KVL in the left -hand loop 

10000/1 + 25000(/1 + / 0 ) = 7 

When /0 = 0 (the true balance point), then / 1 = 0.2 mA and when /0 = 0.1 p.A, then /1 

= 0.1999286 mA (apparent balance point). Using KVL on the bottom right-hand loop yields 
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When /0 = 0, this gives /R = 7.4627 mA and when /0 = 0.1 p.A, it gives /R = 7.4599 
rnA. 

Figure Al.23 

Using KVL on the outer loop gives 
268(/R + /G) + IRR = 7 

When /0 = 0 this gives R = 670 0, and when /0 = 0.1 p.A it gives R = 670.35 0, an 
error of 0.05%. 
[The same result can more easily be obtained by neglecting the change in potential across 
R due to /0 and considering only that across the 10k0 resistance. As the current, It> at true 
balance is 0.2 mA and 11 = 0.2001 mA at the apparent balance, the value of R is higher 
by 100(0.2001 - 0.2)/0.2 = 0.05%.] 

24 The problem requires us to find /R = Ic + /Las V AB = IRR + Vc (see figure A1.24) . 

333 mH 

.....__I 

VR C f 
Vc 

0
,__v A_B __ o_.o_1_FT__.. _ ____,/ 

Figure Al.24 

The capacitor voltage is 

Vc = ~ J /edt = 100 J 20tdt = 1000t2 mV 

No constant of integration is required as the initial voltage is zero. This must also be the 
voltage across the inductance, VL, which means that 
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/L = ± J VL dt = 3 J 1000t2 dt = 1000t3 rnA 

Hence /R = 20t + 1000f rnA and VR = 0.2t + lOf V. Then VR + Vc = 0.02t + f + 
lOf V. Substituting t = 0.3 s leads to VAB = 0.06 + 0.09 + 0.27 = 0.42 V. 

25 The secret is to short-circuit successive pairs of terminals. Short-circuiting terminals 
1 and 3 in figures Al.25a and Al.25b and measuring the conductance between terminals 
1 and 2 gives a conductance of a1 + a2 from figure A1.25b. This must be egual to the 
conductance measured in figure A 1.25a, which is that of a1' in series with a2' II a3', that 
is 

(a) 3 3 (b) 3 

Figure Al.25 

Then short-circuiting terminals 1 and 2 and measuring the conductance between terminals 
1 and 3 leads to 

G + G = G;(G: + G;) 
2 3 I;G' 

Finally we short-circuit terminals 2 and 3 and measure the conductance between terminals 
1 and 3, which gives 

G + G = G{(G; + G;) 
t 3 I; G' 

Subtracting the second equation from the first and adding the last to the result produces 

G; (a{ + a;)- G; (G{ + a;)+ G{ (a; + a;) 
I;G' 

By similar means the other relationships of equation 1.50 may be found. 
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1 Consider figure A2.1a, in which the waveform is triangular and symmetrical about 
the t-axis, so we need only consider the positive part. 

Vm 
Vm 

t 
0 0 a.T 

-Vm 
(a) (b) 

Figure A2.1 

The shift along the t-axis is immaterial and we might as well start from the origin as in 
figure A2.1b. The equation of the straight line from the origin is Vmt/aT and the square 
of the first part of the waveform is 

T [ V 2t 3 ] aT V 2aT 
I "(Vt/aT)2 dt = _m_ = m 

0 m 3a2T2 -3-
0 

The second part can be shifted to the origin so that the time span is from 0 to (1 - a)T 
and the square is 

I (1 - a)T 
[V t/(1 - a)T]Zdt = 

0 m 

Thus the r.m.s. value is 

The r.m.s. value is independent of a. The rectified time-averaged value is 

1 [I"TVmtd f<1-a)T Vmt l - - t + dt 
T o aT o (1 - a)T 

= ~ - + - = ~[a+ (1 -a)] = 
V [ [ t2] aT [ t2 ] (1 - a)Tl V 
2P a 0 1 - a 0 2 

So the FF is 

1.155 

16 
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2 The reactance of the inductance of 50 mH at 2000 rad/s is j50 x 10-3 x 2000 = 
j 100 0. This is in series with 10 0 for a impedance of (10 + j 100) 0. The reactance of 
the 5 ILF capacitance is -j /(5 X 10-6 X 2000) = -j 100 0, which is in parallel with (10 
+ j 100) 0, so that the combined impedance is 

z = -j100 X (10+j100) = 100L-90° X 100.5L84.29° = 1005L-5.710 0 
-j100 + 10 + j100 10 

In rectangular form this is 1000 - j 100 and is in series with 1 kO, for a combined 
impedance of 2000 - j 100 0 or in polar form 2002.5 L -2.86° 0. 

Since the r.m.s. voltage across this impedance is 24J 2/ J 2 = 24 V, the current, I, 
is 

I = 24 L 30o = 11.985 L 32.86° rnA 
2002.5 L -2.86° 

Thus Va = IR = 11.985L32.86° V. Then Vc + Va = 24L30°V, so that 

Then 

Vc = 24L30°- 11.985L32.86° = 20.785 + j12- 10.067- j6.503 

= 10.718 + j5.491 = 12.045L27.15° V 

= 12.045L27.15o = 120.45L 117.150 rnA 
100L -90° 

Next we find 

= 
12.045 L 21.15° 
100.5 L 84.29° 

= 119.85 L 57.14° rnA 

The phasor diagram is shown in figure A2.2. 

lc 100mA r
;j-axis 
' ' 

1DV ~ 
' ' ' ' ' ' 

VAS 

Real ____________ l ___________________ l _________ _ 

SOmA 20V axis 

Figure A2.2 
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3 The current in each branch is the same and is 

The voltage across R is V R = IR and the voltage across C is V c = 1/jwC and 

Vo = V c- V R = IljwC- IR = 1(1/jwC- R) 

The magnitude of V o /V in is 

1- jwRC 
1 + jwRC 

Vo = 11- jroRC I= Jt + (wRCY = 1 
Vtn 1 + jroRC Jt + (wRC)2 

The phase shift is tan- 1( -wRC) - tan- 1(wRC) = -2 tan- 1(wRC) = -90° when 
tan- 1(wRC) = 45°, or when wRC = 1, orf = wl27r = ll21rRC. 

The phase shift is -120° when tan- 1(wRC) = 60°, or when wRC = J 3, that is when 
f = J 3/27rRC. 

4 At balance, let the current through the left-hand side of the bridge be I and let that 
through the right-hand side be 11• For balance the potentials at the central nodes of these 
branches are the same, that is 

Dividing equations gives 

=> jwRR2C + RCI C2 = R1 + jwL1 

Equating real parts gives R1 = RCI~ and equating the imaginary, L1 = RR2C: w cancels. 

5 The balance conditions are found as in problem 2.4 and are 

R1 + lljwC1 = [ ISijwC. 2 l 
R4 IS+ 1/;wC2 

+ R3 

jwR1R3C1 + R3 IS 
= -:--:::--::,.---:-

jwR4CI jwR2C2 + 1 

=> jwR~4C1 = -w2R1R2R3C1C2 + R3 + jwR~3C2 + jwR1R3C1 
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Equating the real parts gives 0 = w2R1R2C1Cz - 1, or w = l!J (R1R2C1Cz). Equating the 
imaginary parts yields wR~4C1 = wR2R3Cz + wR1R3C1 or C1(R~4 - R1R3) = CzR~3 , 

which is Cz /C1 = R41R3 - R1 IR2. 

6 The current source transforms to a voltage source of2 L 30° x 4 L -90° = 8 L -60° 
V, which can then be added to the other voltage source to give a voltage of 

V8 = 8L -60° - 12L -120° = 4- j6.928 + 6 + j10.392 

= 10 + j3.464 = 10.583 L 19.11 o V 
The impedance is series with this is 1 + j2 - j4 = 1 - j2 = 2.236L -63.43° 0. The 
voltage source can then be transformed into a current source of value 

Is= Vs = 10.583 L 19·11 : =4.733L82.54°A 
Z8 2.236 L -63.43 

This in parallel with 2.236L -63.43° 0 II 2 0 or 

- j4 Q. 

z = 2.236L -63.43° X 2 = 
T 

4.472L -63.43° 
3 -j2 2.236L -63.43° + 2 

= 4.472 L -63.43o = 1.24 L 29.74o 0 
3.606L -33.69° 

12L-12Q • V 

A 

10.583L19.11 • V 

1- j2Q 

1.24L.-29.75. Q A 4.733L82.55. A 

5.87 L.52.8 • v B 

Figure A2.6 

The current source becomes a Thevenin voltage of 

A 
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VT =Is X ZT = 4.733L82.54° X 1.24L-29.75 = 5.87L52.8° v 

Figure A2.6 shows the stages in the circuit transformation. 
The maximum power transfer theorem requires ~ = ~ •, that is ZL + ~ = 

2Re(~) = 2RL = 2 x 1.24cos -29.75° 0, or 2.153 0, in which case 

IL = VT/2.153 = 5.87 L52.8°/2.153 = 2.726L52.8° A 

and PL = /L2RL = 2.7262 x 1.077 = 8.00 W. Then 

QL = /L2XL = /L2 X Zr_sin29.75° = 2.7262 X 0.615 = 4.57 var (lagging) 

(The current lags the voltage: the load is inductive, ZL has a positive phase angle). 

7 The current source can be taken first, with the voltage source short-circuited as well 
as the 20 resistance across AB, as in figure A2. 7a. The current from the source is 

-j 4 X 2 L 30 0 = -=-=-=-8-:::-L ..... -_6=0:-0 = 
1 + j2- j4 2.236 L -63.43 o 

= 3.578 L 3.43 o A 
The voltage source is taken next with the current source open-circuited as in figure A2. 7b, 
and the current, 12, is 

-12 L -120o = -12 L -120o = -5.367 L -56.5r A 
1 + j2- j4 2.236L -63.43° 

The sum of the two is the required current, 1: 

I = 3.578 L 3.43 o - 5.367 L -56.57° = 3.572 + j0.214- 2.957 + j4.479 

= 0.615 + j4.693 = 4.733 L 83.53° A 
12L-120 • V 

j2 Q -
A 

-j4 Q 

1Q 
B H2 

B 

(a) (b) 
Figure A2.7 

8 For the load to be matched, the Thevenin impedance of the circuit to the left of the 
750 resistance, as in figure A2.8, must be wholly real and equal to 75 0. 

The Thevenin impedance, looking into the terminals of figure A2.8, is 
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1 j2000wL 
ZT = -+ 

jwC 2000 + jwL 

Equating the real part to 75 0 gives 

. .. L = 
7 5 X 2 ()()()2 

(2 000 -75)w2 

Equating the imaginary part to zero gives 

::::> 

= -j + j2000wL(2000- jwL) 

= 

wC 2()()()2 + w2L 2 

395 
= 41.9 1-'H 

27r X 1.5 X 106 

And then if L = 41.9 /lH, we find C = 279 pF. 

Figure A2.8 

9 The equivalent circuit is shown in figure A2.9, from which we can see that 

21 

where cl = 110 pF II 20 pF = 130 pF and Rl = 1 MO. Also z = R/(1 + jwRC) and 
by the voltage-divider rule 

= 
z. 

z + z. = 
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Thus if I V o /V in I = 0.1, we have, taking magnitudes 

1 R1 + jroRR1C 

10 - (R + R1) + jroRR1(C + C 1) 

For this to hold for DC (w = 0), we require 10R1 = R + Rh orR = 9R1 = 9 MO. For 
it to hold at any w, we require additionally that lORR1C = RR1(C + C1), or lOC = C + 
Ch that is C = C1 /9 = 130/9 = 14.4 pF. 

----------- t/-------- -! z ' .------------------------
' 

scope + coax 

' -------------------------

Figure A2.9 

~-----BSkW p-

Figure A2.1 0 

10 The power diagram of figure A2.10 is constructed as follows: from the origin draw 
a horizontal line along the P-axis of length 60 + 25 = 85 kW (100 x 0.6 is the power 
delivered to the motor). Then from the 85kW point on the P-axis draw a line of length 
80 kvar parallel to the +Q-axis to represent the kvar supplied to the motor: 
100 x 4 [1 - 0.62] = 80. From the origin we then draw a line at an angle of cos- 10.95 
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= 18.2°, as the solution must lie on this line to have the correct final p.f. From the end 
of the 80kvar line we draw a line to intercept the P-axis at cos- 10.3 = 72.5° to represent 
the kvar supplied by the synchronous motor and the kW supplied to it. Where this line 
intercepts the line from the origin at 18.2 o is the point giving the total P and Q consumed 
by the circuit. Measuring the lengths indicated gives PSM = 14.7 kW and QsM = 47 kvar. 

It is easier to take an algebraic approach: 

P = 85 + 0.3SSM 

Q = 80 - Jt - 0.82 SSM 

And the ratio Q!P = tan<f>, cos<f> = 0.95; solving this gives the same answer. 
The line current is proportional to the length of the hypotenuse, S. Before correction 

S = V802 + 852 = 116.7 kVA 

After correction the total power consumption is PT = 85 + 14.7 = 99.7 kW and so Satter 
= PT/0.95 = 99.7/0.95 = 104.9 kVA. The line current is then 94 x 104.9/116.7 = 
84.5 A. Measuring the diagram gave 84.6 A. 

11 The reactance of 18 mH at 50 Hz is 1001r x 18 x 10-3 = 5.655 0 and the star
connected impedance can be converted to delta form using admittances: 

y = y /3 = 1 = 
4 * 3(4 + j5.655) 

1 = 48.12L-54.73° mS 
20.78 L 54.73° 

For a p.f. of 0.9, the phase angle of the admittance must be cos- 10.9 = 25.84°, so we 
must add to the j-part with capacitive susceptance while the real part stays the same at 
48.12cos( -54.73°) = 27.8 mS. The imaginary part was 48.12sin( -54.73°) = -39.3 
mS and must be -27.8 tan 25.84 o = -13.5 mS after correction. The capacitive 
susceptance required is therefore 39.3 - 13.5 = 25.8 mS, thus 

C __ 25.8 x w-3 ___ 2_5.-=8-=-x-=---1_0-_3 

w 10011" 
= 82 J.LF 

Correction to unity p.f. requires 

C = 39.3 X 10-3 = 125 F 
10011" J.L 

The current drawn is proportional to the magnitude of the admittance. After correction to 
a p.f. of 0.9 the admittance is 

Y1 = V27.82 + 13.52 = 30.9 mS 

The ratio is 30.9/48.12 = 0.642, so the current drawn is 64.2 A. The admittance after 
correcting to unit p.f. is just 27.8 mS, so the current drawn is 100 x 27.8/48.12 = 57.7 
A. 

The reduction in current is 36% for 82 J.LF and 42% for 125 J.LF, the extra 6% 
reduction in current has required 50% more capacitance. 
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12 We see at once that Q = fo/ll.f = 300/10 = 30, which is very large. At resonance the 
circuit is wholly real and the power dissipation is lfl'IR, orR = lfl'IP = 200Z/100 = 400 
O.Now 

Q = w~ = 211'" X 3 X lOSL = 30 
R 400 

L = 30 X 400 = 6.37 mH 
61!" X lOS 

The resonant frequency is given by fo = 11211'" J (LC), so that C = 11(27rfo)2L = 44.2 pF. 
The capacitor voltage at resonance is QV8 = 30 x 200 = 6 kV. 
The bandwidth is 10 kHz, so the lower half-power point is at 300 - 5 = 295 kHz, 

which means the power dissipated at 295kHz is 0.5 x 100 = 50 W. 
305kHz is the other half-power frequency, so the power consumption is fR =50 W 

and I = J (50/400) = 0.354 A. 

13 The circuit is that of figure A2 .13. The admittance is 

The resonant frequency is when Y is entirely real and this occurs when 

Substituting for L, R and w leads to C = 5. 99 p.F. Then the admittance at resonance is 

Y0 = RI(R 2 + w~2) 

The circuit's approximate Q = w~IR = 211'" X 2000 X 10-3/3 = 4.2 and then its 
bandwidth isfo/Q = 2000/4.2 = 480Hz. 

The half-power points occur when V = Vol J 2, which is the same as when Z = Zol J 2, 
Zo being the impedance of the circuit at resonance: 

Z0 = 1/Y0 = (R 2 + w~2)/R = (32 + 12.572)/3 = 55.64 0 

We are therefore looking for the frequencies when Z = 39.34 0. Now Z is 

z = (R + jwL)/jwC = __ R-:--+.:;_jw_L __ 
R + jwL + 1 ljwC (1 - w2LC) + jwRC 

Thus 

This rearranges to 

1548LCw4 + w2(1548RC- L2 - 3096LC) + 1548- R2 = 0 
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Putting in the values for R, C and L gives 

From which w2 = 2.125 x 108 or 1.304 x 108, or.ft = 1817Hz andfz =2320Hz. 
At 2 kHz, the current through C is Ic = jwC x V = 21r x 2000 x 5.99 x 

10-6 L -90o x 40 = 3.01 L -90° A. 
The current through the inductance at resonance is 

I = V 
L R + jw~ 

= 
40L0° = 40Loo =3.1L-76.6°A 

12.92 L 16.6° 3 + j12.57 

The current from the source is then 

I = Ic + IL = j3.01 + 0.72- j3.01 = 0.72 L 0° A 

Alternatively, the circuit at resonance is a resistance of (1 + (f)R = (1 + 4.22) x 3 = 
55.9 0, so the current drawn is 40/55.9 = 0.72 L oo A. 

R L 

c 
c 

0 

Figure A2.13 Figure A2.14 

14 The circuit is the series resonant circuit of figure A2.14, for which the admittance is 

y = 1 = R _ j [ wL - 1/ wC ] 
R + j(wL- 11wC) R 2 + (wL- 11wC)2 R 2 + (wL- 11wC)2 

The conductance is maximum when w = w0 = 11 J (LC), and is then 1/R, so that R = 
1/Gmax = 1116.2 mS = 62 0. 

The susceptance is maximum or minimum when 

dB = 0 = (L + 1/w2C)(R 2 + [wL- 1/wC]Z)- 2(wL- 1/wC)(L + 1/w2C)(wL- 1/wC) 
dw D 

where Dis the denominator. From this we find ~ = (wL - 1/wC)2 and then we find 

±R = wL - 11 wC ===> w2 ± wR I L - 11 LC = 0 
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Solving the quadratic, 

These are the lower and upper half-power points. The bandwidth is (w2 - w1)/27r = .h -
ft = 3 kHz = Rl21fL. Thus L = 62/27r X 3000 = 3.29 mH. 

Now fo = J (f.. .h) = 41.5 kHz and Q = j 0/Af = 41.5/3 = 13.8. 
We find C from w0 = 11 J (LC): 

~ C = 1/w~ = [(27r X 41500)2 X 3.29 X 10-3r 1 = 4.5 nF 

15 The capacitances have reactances of -j /27r x 4974 x 8 x 10-6 = -j 4 0. The 
mesh currents are shown in figure A2.15, from which we have in mesh 1 

which rearranges to 

Then in mesh 2: 

Mesh 3 gives 

(It - ~)(3 - j4) + 2Il -j4(Il - ~) = 0 

(5 - j8)Il - (3 - j4)~ + j4~ = 0 

6 = (3 - j4)(~- I1) + V 

V = -j4(~ - I1) + j5~ ~ V = j4I1 + j~ 

These last two equations may be combined, producing 

6 = (3 - j4)(~ - I1) - j4I1 + j~ 

~ (3 - j8)Il + (3 - j4)~ + j~ = 6 

The remaining equation is 

Figure A2.15 

~ - ~ = 10 L -90° ~ ~ = ~ + j 10 

2Q 

Substituting for I3 in the mesh 1 equation gives 

(1) 

(2) 



Solutions to problems 

(5- j8)11 + ( -3 + j4)~ + j4(~ + jlO) = 0 

~ (5- j8)11 + (-3 + j8)~ = 40 

And substituting for 13 in the combined mesh 2 and 3 equations yields 
( -3 + j8)11 + (3 - j4)~ + j1(~ + jlO) = 6 

~ (-3 + j8)11 + (3- j3)~ = 16 

27 

(3) 

(4) 

We can eliminate 12 from these by multiplying (4) by ( -3 + j8) and (3) by (3 - j3): 
(-3 + j8)211 +a = 16(-3 + j8) 

and (5 - j8)(3 - j3)11 + a = 40(3 - j3) 

where a is the term in 12• Subtracting these from each other gives 
(8.544L 110.56°)211 - (9.434L -57.99°)(4.243 L -45°) = -48 + j128- 120 + j120 

~ (73L-138.88°-40L-102.99°)11 = -168+j248 

~ (-55 - j48 + 8.99 + j38.98)11 = 299.55 L -124.1 o 

~ (46.88 L -168.9°)11 = 299.55 L -124.1 o 

~ 11 = 6.39 L 293° = 6.39 L -61° A 

Substituting for 11 in equation (4) gives 
8.544L 110.56° X 6.39L -67° + (4.234L -45°)~ = 16 

~ 54.6 L 43.56° + (4.234 L -45°)~ = 16 

~ ~ = 16-39.57-j37.63 = 44.4L-122.1o = 10_49 L-7?.1o A 
4.234 L -45° 4.234 L -45° 

Then 
I = ~- 11 = 10.49L -77.1 o- 6.39L -6r = 2.34- j10.23- 2.5 + j5.88 

= -0.16 - j4.35 = 4.35 L -92 o A 
And finally we find V by KVL: 

6 = 1(3 - j4) + v 

~ v = 6-5L-53.13° x 4.35L-9r = 6- 21.75L-145.13° v 
. . . V = 23.84 + j12.43 = 26.9 L 27.5° V 



28 Chapter two 

16 For nodal analysis we use the circuit of figure A2.16, in which the three nodal volt
ages are 6 L oo, V2 and V3• There are only two unknowns. At node 2 the nodal equation 
is 

v- 6 
2 + 

v-v 
2 3 + 10 L -90° = 0 

3 -j4 -j4 

V [ 1 + 1 ] - V3 + 10 L -90° + 6 0 
2 5L-53.13° 4L-90° 4L-90° 5L-53.13° = 

V2(0.2L53.13° + 0.25L90°)- 0.25V3 L90° + lOL -90° -1.2L53.13° = 0 

Vz(0.12 + j0.16 + j0.25) - 0.25V3 L 90° - j10- 0.72- j0.96 = 0 

~ V2(0.4272L73.69°) -0.25V3 L90° = 0.72+j10.96 = 10.98L86.24° (1) 

2.Q 

-j4S1 -j4Q 

jSQ 

Figure A2.16 

At node 3 the nodal equation is 

V3 - V2 V3 V2 - 6 
-.....,....,..-+-+ =0 

-j4 j5 2 

0.25V2 L -90° + 0.5025V3 L5.71° = 3 (2) 

We can eliminate V3 from equations (1) and (2) by multiplying (1) by 0.5025 L 5.11°: 

V2(0.4272 X 0.5025 L (73.69° + 5.71 °) - a = 10.98 X 0.5025 L (86.24° + 5.71 °) 

(3) 

where a is the term to be eliminated. 
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Then we multiply equation (2) by 0.25 L 90° to obtain 

V2(0.25 X 0.25 L ( -90° + 90°) + a = 3 X 0.25 L 90° 

~ 0.0625V2 + a = 0.75 L 90° 

Adding equations (3) and (4) gives 

Vz(0.2147 L 19.4° + 0.0625) = 5.518 L 91.95 + 0.75 L 90° 

~ V2(0.0395 + 0.0625 + j0.211) = -0.188 + j5.514 + j0.75 

~ V2(0.2344L64.r) = 6.267 L91.7° 

~ V2 = 26.74L27.5° v 

Finally we find I by using KVL on the lower left-hand mesh: 

6- v 
~ I= z = 

3- j4 

6 = I(3 - j4) + V2 

6- 23.72- j12.35 
3 -j4 

= 21.6L -145.1 o = 4_32 L _92 o A 
5L -53.13 
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(4) 

:--------------2 .Q------------- ---: 
2.Q -------------------------

-]H2 -}4.Q 

6.£o 0 vf 

(a) (b) 

Figure A2.17 

f5D. 

0 
0 
0 

~ 
Zs: 

-j4 Q. 

(c) 

17 Taking the voltage source first, the circuit is as in figure A2 .17 a, from which we can 
see that the 20 resistance is in parallel with an impedance of 3 - j8 0, giving an 
impedance of 

z = 2(3- j8) = 6- j16 0 
1 2 + (3 - j8) 5 - j8 

Z1 is in series withj5 0 and IT = 6/(Z1 + j5) A. Then I1 is found: 

I = 2 X I = ~___,,...1=2=--~ 
1 2 + 3 - j8 T (5 - j8)(Zl + j5) 
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12 12 
= ....,..,( 5=---1=· 8):-=-[ (=6-_.....,.j..,...,16:::-) /.,....,.( 5-=---1-:-::. 8,.,...) -+ 1-:-:. 5::c7) 1 = -::----:-:-::;-----:-::,.,-:-------:c=-:-

6 - j 16 + j5(5 - j8) 

12 12 A = = 
6 - j 16 + j25 + 40 46 + j9 

Taking the current source alone as in figure A2 .17b we see that the j 5 0 is in parallel 
with the 2 0 giving an impedance of Zz = j 1 0/(2 + j 5) 0, which is in series with -j 4 
0. This impedance is 

'7. = z - "4 = ~ - "4 - j 10 - j8 - j220 = 20 + j2 
~ 2 1 2 + j5 1 - 2 + j5 2 + j5 

~ is in parallel with 3 - j 4 0 and the current source as in figure A2 .17 c, and then I2 is 

~ _ z3 x 10 L _90 o = (20 + j2)10 L -90° 
- Z3 + 3 - j4 20 + j2 + (2 + j5)(3 - j4) 

= _..;_(2_0 ._1_L_5 _. 7_1 o..:..,)( __ lO_L_-_90----'-0
)-- = 

(20 + j2) + (6- j220 + j15- j8) 

Then we find I by adding I 1 and I 2: 

12 201 L -84.29° 
I = I 1 + ~ = + ---:-::-----::;:---

46 = j9 46 + j9 

201 L -84.29° 
46 + j9 

= 12 + 20 - j200 
46 + j9 

= 202.54 L -80.91 o = 4.32 L _92 o A 
46.87 L 11.07° 

Vis found as in problem 2.15. 

18 (a) The r.m.s. value is 

(b) This is just half a sinewave so the r.m.s. value must be Vm/2, the formal proof is 

vrms = 

= 

2 I T/2 vm 0 0.5(1 - cos2wt)dt = 

T 

0.5V![T/2- sinwl] 

T 
_ ~! _ Vm - ---

4 2 

0 2 • 2 T/2 .5Vm [t- SID wt]0 

T 
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(c) The r.m.s. value is 

Irmr. = j 64T/3 + ~(T- T/3) = {fl = 4/2 A 

(d) The r.m.s. value is 

A square wave can be treated as DC + AC for power purposes only if the time spent at 
the peak value is the same as the time spent at the trough. If the square wave is shifted 
by D. from a peak-peak value of ±y, its r.m.s. value is 

(y + D.)2dt + ( -y + D.)2dt I rn I T 
0 T/2 = 

T 

Thus the r.m.s. value is the same as the square root of sum of the squares of the 
alternating and direct components. Making the high/low shift at any time but T/2 
invalidates this as the product terms ±yD. do not cancel. 

19 The parallel part of the circuit can be made to resonate at 50 Hz, thereby having 
maximum impedance and blocking that frequency. We need to check that the coil, that is 
the 80mH inductance and series 50 resistance, has a high enough Q for this. At 50 Hz, 
XL = 21r x 50 x 80 x 10-3 = 81r and Q = XLIR = l.61r :::::: 5, which is high enough 
to approximate the resonant frequency with w0 = 1 I L (LC) = 1 001r 

1 
C=- = 

w~ 
1 = 127 p.F 

(1007r)2 X 0.08 

At 200 Hz the parallel branch is capacitive and we can make it resonate with the series 
inductance, L, at 200 Hz, when it will have minimum impedance. The circuit at 200 kHz 
is as in figure A2 .19a, with the 80mH inductance having now a reactance j 100.5 0 and 
the l27JLF capacitance a reactance of -j6.27 0. The parallel branch has an impedance of 

z = (5+j100.5)(-j6.27) = 100.62L87.15° X 6.27L-90° = 6.69L-89.810 
P 5 + j100.5- j6.27 94.36L 86.96° 

which is nearly -j6.69 0. Thus we require wL = 6.69, or L = 6.69/27r x 200 = 5.3 
mH. The attenuation is the ratio of I V0 /Vml at the two frequencies. At 50 Hz the circuit 
is that of figure A2.19b, and we must find the impedance 

Z1 - jt.67 + [(5 + j25.t) II -j25.t] 
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Or, z. = jl.67 + (5 + j25.1)(-j25.1) = jl.67 + 630- j125.5 = 126- j23.4 0 
5 5 

Then lvmol =~1~0 I rv.:1 10 + 126 - j23.4 = 
100 = 0.0725 

:s .Q j100.:S ,Q 
S.Q j25.1.0. 

10 .Q 10 .Q 

Figure A2.19a Figure A2.19b 

At 200Hz, the parallel branch has an impedance of 6.69 L -89.81 o 0, the reactive part 
of which is cancelled by the reactance of the 5.3mH inductance, leaving just 0.022 0, in 
series with the 10 0 across the output, so that 

l"o/V J = 10 = 0.9978 
10 + 0.022 

The ratio of the voltage ratios, which is the relative attenuation, is then 0.0725/0.9978 = 
0.0727 or -22.8 dB. 

The above analysis can be shortened considerably by taking V 0 = Vin at 200Hz and 
taking the parallel branch to be (}}R = 5.032 x 5 = 126 0 at 50 Hz and ignoring the 
reactance of the 5.3mH inductance, so that IVo/V~ul = 10/136 = 0.0735 and the ratio 
of the two responses is then 20log0.0735 = -22.7 dB, practically the same. 

20 The two T networks can be transformed to 1r form using admittances. Taking the 
upper T first the admittances arejwC,jwC and 2/R and the admittance of the top part of 
the 1r-network is 

y = jwCxjwC = 
1 2/R + j2wC 

-w2C2R2 

2R + j2wCR2 

The lower T -network is transformed similarly and the upper part of the 1r-network has an 
admittance of 

y = 1/R X l/R = 1 
2 2/ R + j2wC 2R + j2wCR2 

Figure A2.20 shows the circuit after these transformations. The other admittances are 
inconsequential. 
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Figure A2.20 

Thus the admittance of the transformed network between the upper input and output 
terminals is 

y = y + y = 1 - w2R2C2 
1 2 _2_R_+_J_.2_w_C_'R....,.2 

If this is zero the input impedance will be infinite, that is when w2R2CZ = 1 or w = 1/RC. 

21 If the source voltage is V then the load current is 

The load power is 

I = V 
L Z+Z 

L 

If RL alone can vary we can differentiate: 

= 
Y'I[(R + RL)2 +(X+ Xu] - 2(R + RJV'IRL 

where D is the denominator. Setting this to zero for a maximum gives 

YI[(R + RJ2 + (X+ XJ2] = 2(R + RJ YIRL 
=> (R + RJ2 + (X + XL)2 = 2(R + RJRL 

=> R2 + 2RR + R 2 + (X+ X )2 = 2RR + 2R 2 L L L L L 
=> RL2 = R2 + (X+ XL)2 

which is the required result. 

22 The expression for PL is the same as in problem 21. When XL is varied and RL is 
constant the differentiation goes 
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which is zero when X = -XL. 

2L18D ·v-
Figure A2.22 

In the circuit of figure A2.22, we can find VA and VB and then V AB = VT = VA - VB. 
In the top loop the clockwise current is -3 L oo, so V c = 3 L 180° x 1 L -90° = 

3L90° V. Then VA= 3L0°- Vc = 3- j3 V. 
In the bottom loop 

v = _E_ X 2L 1800 = 2L90° X 2L 180° 
B 1 + j2 2.236 L 63.43 ° 

. . . 
= 1.789 L 206.51° V 

VT =VA- VB= 3 -j3- 1.789L206.57° 

= 3 + 1.6- j3 + j0.8 = 5.1 L25.56° V 

The Thevenin impedance looking into AB is just -j1 + (j2 II 1) 0, or 

z = -j1 + _f!:_ = -j1 + 2 + j2 = 
T 1+j2 1+j2 

= 1 L -36.86° = 0.8- j0.6 0 

2.236 L 26.51° 
2.236 L 63.43 o 

We can therefore develop maximum power in a 20 load if we add a series inductance of 
reactance 0.6 0. The power developed is 

= 5.F X 2 = 6_64 W 
(0.8 + 2Y 



Chapter 3 

1 (a) In Figure A3.1a, node A is a virtual ground, so that /in = ViniR1 and Zin = R1• 

(b) In figure A3.1b, if the op amp is ideal, /in= 0 and Zm = oo. 
(c) In figure A3.1c, /in = (Vin - V0)IR. The voltage at node A is Vin and then 

I = (V - V ) I R = V I R => V = 2 V o m m o m 

R R 
(c) 

Figure A3.1 

(d) In figure A3.1d, lin = (Vin - V 0)IR. The voltage at node A is Vin and then 

Substituting for Vo in the equation for V in gives 

. . . 

V in - V in(l + lljwCR) 

R 

-v. m = 

2 (a) The voltage at node A in figure A3.2a is V0 and therefore 

35 
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Next we find lin = 11 + 11 : 

So that 

. . . 

VJwCR2 

Rz(1 + jwCR2) 
= 

VJwC 
1 + jwCR2 

vin [ 1 I V~wC [ l!Rl + jwCI 
lin = lf; 1 + jwCR2 + 1 + jwCR2 = V in 1 + jwCR2 

Then if l!CR2 < < w < < l!CR~> or wCR2 > > 1 and wCR1 < < 1; Zin = jwCR1R2 • 

The circuit is an active inductor of inductance Leq = CR1R2 = 10-7 x 500 X 107 = 500 
H. 
(b) The right-hand op amp circuit is a negative impedance converter (NIC) with an 
impedance of -R, so that the circuit is equivalent to that of figure A3.2b, another NIC, 
for which 

R 

-R 

R 

(a) (bJ 

/ 
-Z In : ____________ ::: _______________ _ 

Figure A3.2 
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Thus when w is small wC1R1 < < 1 and wC,R2 < < 1, V0 /Vin = -jwC1R2 • When w is 
large and wC1R1 > > 1 and wc,R2 > > 1, then 

V0 -jwC1R2 
::::; 

V in jwC~2 x jwC1R1 

-1 
jwC~1 

4 At node B in figure A3 .4, V 8 = V o and summing currents out of the node gives 

At node A summing currents out gives 

v -v v -v 
A R in + A R o + (VA - V .)j wC = 0 

~ V 0 [(2 + jwCR)(1 + jwCR)- (1 + jwCR)] = Vin 

vo 1 
=----

(1 + jwCR)2 

Taking magnitudes: 
vo 1 

= 
V1a (1 - w2C2R 2) 2 + (2wCR)2 

1 = 

1 1 

Since 

the phase shift is 90° when w2CZR2 = 1 or w = l!CR and then 
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R 

Figure A3.4 Figure A3.5 

S At node B in figure A3 .5, V 8 = V o and the sum of the outgoing currents is 

V0 /R + (V0 - VA)jwC = 0 

=> VA = V 0(1 + lljwCR) 

Then at node A the sum of the outgoing currents is 

(VA- Vu)jwC +(VA- VjjwC +(VA- Vj/R = 0 

VAU2wC + 1/R) - V0(11R + jwC) = Vm,iwC 

Substituting for VA leads to 

When a = 1 

VJ(1 + 1 /jwCR)(2 + 1 ljwCR) - (1 + 1 /jwCR)] = V in 

vo 
= ---------- = ----------------

1 1 
vin (1 + lljwCR)2 1- llw2C 2R 2 + 2/jwCR 

= a? where a = wCR 
a?- 1 - j2a' 

= 1 = 0.5L90° 
-j2 

6 At node A in figure A3.6, VA = 0; at node B the sum of the outgoing currents is 

VB - vo + VB + VB - VA 
= 0 

100 --1 100 
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Then summing currents into node A 

Thus Vin = - V0 !102 and if Vin = 10 mV, V0 = -102 X 10 X 10-3 = -1.02 V. 

100 k.Q B 100 k.Q 

Figure A3.6 Figure A3.7 

7 At node Din figure A3.7 the voltage is V0 = VaR4/(R3 + R4) = Vc. Then at node 
C we can sum the currents out: 

vc- VA vc- vo 
+ = 0 

Rt R-z 

=> 
Vc(Rt +R2) R2VA 

= vo 
Rt Rt 

Substituting for Vc gives 
VaRiRt + R-z) R2VA 

= vo R-z(R3 + R4) ~ 

So that when R1 = R3 and R2 = R4, V0 = V8 - VA-

8 The output voltage in the absence of input is given by 

Where V06 is the offset voltage at the input which is 1.2 x 5 = 6 p.V for a 5K rise in 
temperature. The input bias current is 10 X 5 = 50 pA, so that /.,ft. = 50 X 10-12 X 147 
x 103 = 7. 35 p. V, for a total output drift of 

V = - 1 J (6 + 7.35) X 10-6dt = 91 p.V/s 
o 147000 x 10-6 

Putting a 147k0 resistance from the + input to ground would eliminate the effect of /b. 
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A drift of 1 mV on the output in 5 min is 1 x 10-3/300 = 3.33 p,V/s, so with a 
temperature rise of 0.1 K, the input voltage drift is 1.2 x 0.1 = 0.12 p, V and the max 
gain is 3.33/0.12 = 27.8 only. 

11cQ 

Figure A3.9 Figure A3.10 

9 At node B in figure A3.9, V8 = V1 = 0.2 V and at node C, Vc = V2 = 0.65 V. 
Summing currents out of node B yields 

Summing currents out of node C yields 

0.65 - 0.222 + 0.65 - vo = 0 
10 90 

From which V0 = 4.5 V. 

10 At node A in figure A3.10 we see that VA = Vin and at node B, that V8 = 0 V. 
Summing currents at node B: 

Now Z;n = Vin /lin and 

lin = (Vin - V J /1000 = (Vin + 20Vin) 11000 = 0.021 Vin 

Thus Zm = 1/0.021 = 48 0. 

11 At node B in figure A3 .11, V8 = 0 and summing currents out gives 

v = -v /33 A o 

Summing currents out of node A gives 
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(VA- Vin)/1 +(VA- VB)/1 +(VA- V.,)/33 = 0 

=> 2.03VA - vin - Vo/33 = 0 

Substituting for VA produces 

Then 

33 k.Q 

Figure A3.11 

Vin(l - 10.89/33) 
1000 

33 k.Q 

12 We use equation 3.17 which is 

And as 
2GV. 

vref(lower) = ~,.---= 
2G + Gr' 

we see that the hysteresis is 

Vrer<upper) - V.er(lower) = = = 1 

=> 4Gr = G => 4/Rr = 1/20k 

Then Rr = 80 kO. 
The upper reference voltage is found from 

2GV. GfV+ lOG 5 X 0.25G 
V.er(upper) = 2G + Gr + G + Gr = 2G + 0.25G + G + 0.25G 

. . . 10 1.25 
V r<upper) = - + - = 4.44 + 1 = 5.44 V 

re 2.25 1.25 

41 



Chapter 4 

1 The transformed circuit is as in figure A4.1, from which we see that the impedance 
seen by the 12/s source is 

z = 5oo + (500/ s II 1oo) = 50000 + 5oo 
100s + 500 

= 500 + 500(s + 5) = 500s + 3 000 
s+5 s+5 

Thus the current from the source is 

I = 1218 + Z = 12/s x (s+ 5) = 12(s+ 5) 
8 500s + 3 000 500s2 + 3 OOOs 

By the current divider rule 

i = 
100I8 

= 
12(s + 5) 

= 
12(s + 5) 

500/ s + 100 (5/s + 1)(500s2 + 3000s) (s + 5)(500s + 3000) 

12 0.024 
"'* i(t) = 24exp( -6t)u(t) mA = = 

s+6 500s + 3 000 

12/s 
-4----

Figure A4.1 Figure A4.2 

The transformed voltage is found from 

v = I~ = 0.024 X 500 = 
s + 6 s 

12 
s(s + 6) 

A B = -+--s s + 6 

. . . A(s + 6) + Bs = 12 

"'* A + B = 0 (coeff. of s) and 6A = 12 (constant term) 

And so A = 2 and B = -2, making v(t) = [2 - 2exp(-6t)]u(t) V. 

42 



Solutions to problems 43 

2 The 0.5F capacitance is charged to 12 V and then when S1 is opened and S2 closed, 
current will flow from it into the 1F capacitance via the 10 resistance. The charging 
current is thus -12A, as i(t) is negative. After charging the 0.5F capacitance for a time, 
it will begin to discharge through the 0.50 resistance and eventually the current flow will 
cease when both i( co) and v( co) will be zero; v(O) = 0 of course, as the 1F capacitance 
was originally uncharged. 

The transformed circuit is as in figure A4.2, from which we find the total impedance 
seen by the 12/ s source to be 

Z = 2/s + 1 + (1/s II 0.5) = (2 + s)ls + 1 + 0.51(0.5s + 1) 

_ s + 2 1 _ (s + 2)2 + s 
---+--- = 

s s + 2 s(s + 2) 

The current from the source is then 

i 8 = -12/s + Z 

s2 +5s + 4 
s(s + 2) 

And so the transformed current through the 1F capacitance is 

i 0.5 X i s x -12/s = = -12 
0.5 + 1/s - s+ 2 z (s + 2)Z 

-12s -12s A = = = s2 + 5s + 4 (s + 4)(s + 1) s+4 

Then we find 
A(s + 1) + B(s + 4) = -12s 

Equating coefficients of s: A + B = -12 
Equating constant terms: A + 4B = 0 
From which we find A = -16 and B = 4, so that 

B 
+--

s + 1 

i(t) = [4exp( -t) - 16exp ( -4t)] u(t) A 

The transformed voltage is given by 

A 
= 

s+4 

Proceeding as before we find 

A(s + 1) + B(s + 4) = -12 ~ A = 4 and B = -4 

. . . v(t) = 4[exp( -t)- exp( -4t)]u(t) V 

B 
+--

s + 1 
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We differentiate this to find the time of maximum voltage 

d vI dt = -4exp( -t) + 16exp( -4t) = 0 

~ 4exp ( -4t) = exp ( -t) 

~ ln4- 4t = -t 

~ t = (ln4)13 = 0.462 s 

3 Initially there is no current through the inductance and so 

i(O) = 601(300 + 300) = 0.1 A 

Eventually all the current flows through the inductance and therefore 

i(oo) = 601300 = 0.2 A 

300Q 

60/s 300.0. 0.155 

Figure A4.3 

The transformed circuit is shown in figure A4.3 from which we see that 

Hence 

. . . 

i = ~~~60=/~s~~~ 
3oo + (3oo II o.1ss) 

60/s 
= ~~~~~~~~~~~~ 

300 + (300 x 0.15s) I (300 + 0.15s) 

= __ 6_0_(3_00_+ _o_.1_5s_;_) -----,-
300s(300 + 0.15s) + 45s 2 

s+2000 
= --:-----

10s2 + lOOOOs 

i = s + 2000 
lOs(s + 1 000) 

A B = - + ----:--:~ 
s s+1000 

A(s + 1 000) + Bs = 0.1(s + 2000) 

And thus A = 0.2, B = -0.1 and i(t) = [0.2 - 0.1 exp( -1 OOOt)]u(t) A. 
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The voltage across the inductance is the same as that across the parallel 3000 resistance 
and can be found from the current flowing through it: 

0.1 I = 0.15s xI = ___ o_.1_5_s(:....s_+_2....,.000__;,) __ 
R 300 + 0.15s 10(300 + 0.15s)(s2 + 1 OOOs) = ---:-::= 

s+1000 

Thus vR = vL = iRR = 30exp( -1 OOOt) V, and after 10 ms this is 30e-10 = 1.362 mV. 

1.Q 
1.5 .Q 

20/sf 
0.08/0! 

0.12s 

(a) (b) 
Figure A4.4 

4 We first find the current through the 80mH inductance at t = t1 = 60 ms, for which 
the transformed circuit is shown in figure A4.4a, and we see that the current is 

20/s 250 A B I = 
1 + 0.08s = --:--=-= s(s + 12.5) 

;!!! - + -~-= s s + 12.5 

giving A(s + 12.5) + Bs s 250, so A = 20 and B = -20, making 

i(t) = [20 - 20exp( -12.5t)]u(t) A. 

So after 60 ms the current is 20 - 20exp( -0.75) = 10.553 A. 
This current is the initial current, /0, in the 80mH inductance when S2 is closed and 

S 1 opened to give figure A4.4b, the transformed circuit that can be solved. The time can 
be shifted by 60 ms by letting t1 = t - 0.06. We find the transformed current as usual: 

I = -=-=--u~o:-::- = _-_0.-:::-0-::'8 _x_1-::-0-=.5~5_3 = 
2.5 + 0.2s 0.2s + 2.5 

S The output voltage in the s-domain is 

v = 2 000 x v. = __ s=-=-=-
o 2000 + 200000/ S m S + 100 

-4.22 
s + 12.5 

5 
X ---=-=~ s + 100 
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= 5(s + 1 00) - 500 = 5 500 
(s + 100)2 s + 100 (s + 100? 

This detransforms to 

vo(t) = [5exp( -lOOt) - 500texp( -lOOt)]u(t) V 

Differentiating to find the minimum gives 

dv0 /dt = -500exp(-100t)- 500exp(-100t)- 100 X -500texp(-100t) 

= [50000t- lOOO]exp(-lOOt) = 0 

From which we find t = 0.02" and substituting this into the expression for V0(t) yields 

V0(min) = 5exp(-100 X 0.02)- 500 X 0.02exp(-100 X 0.02) 

= 5exp( -2)- lOexp( -2) = -0.677 V 

6 When vin(t) = Vexp( -at) the transformed output voltage is 

Hence 

and 

v- Vx s A B 
o - s + a s + 100 = s + a + s + 100 

A(s + 100) + B(s + a) = Vs 

A + B = V (coeff. of s) 

lOOA + aB = 0 (constant term) 

Thus A = aV/(a - 100) and B = -lOOV/(a - 100) and 

v (t) = aVexp( -at) _ 500exp( -lOOt) 
o a-100 a-100 

Substituting V = 5 V and a = 100 gives an indeterminate answer. Without going into too 
much mathematics, we can write a = 100 - a (a < < 1) and then 

vo(t) = (100- a)Vexp(-100 + a)t _ lOOVexp(-lOOt) 
-a -a 

= (100 - a) Vexp ( -lOOt)exp (at) lOOVexp( -lOOt) 
-a -a 
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= (100- a)Vexp(-lOOt)(l +at) _ 100Vexp(-100t) 
-a -a 

= (100 + lOOat- a) Vexp( -lOOt) - lOOVexp( -lOOt) 
-a 

= Vexp( -lOOt) - lOOVexp( -lOOt) 

47 

where terms in dl and higher are ignored. This agrees with the previous problem's 
answer. 

0.8 

0.6 
V(V) 

0.4 

0.2 

0 

-0.2 

-0.4 

-0.6 

0 20 40 60 80 100 

Figure A4.7 

7 The capacitor first charges up according to the equation 

vc = 1- exp(-t/RC) = 1- exp(-t/35), tin ms 

Thus at t = 0, Vc = 0 V and at t = 20 ms, Vc = 0.4353 V, while vR = 1 - Vc = 1 V 
at t = 0 ms and 0.5647 Vat t = 20 ms. At this point the voltage applied is zero and the 
capacitor discharges according to the equation Vc = 0.4353 exp( -t/35), moving the time 
origin along 20 ms for convenience. Thus after 20 ms it reaches 0.2458 V. Meanwhile, 
since now vR + Vc = 0, vR has jumped down to -0.4353 V at 20 ms and then risen to 
-0.2458 V. At t = 40 ms, the voltage applied is 1 V once more and the capacitor 
charges up according to the equation 

vc = 0.2458 + 0.7542(1 - exp [ -t/35]) = 1 - 0.7542exp( -t/35) V 

vR = 1 - Vc = 0.7542exp( -t/35) V (starting the clock again). Thus at t = 60 ms, V0 = 
0.4259 V and when the applied voltage is zero it jumps down to -(1 - 0.4259) = 
-0.5741 V, and the cycle is repeated (see figure A4.7). 

The settling time will be approximately 5 time constants, 175 ms, to within 1% of the 
steady-state, or 4.6 x 35 = 161 ms, to be more exact: the transition at 180 ms will be 
the first to be within 1%. 
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8 In figure A4.8 we see that the transformed voltage at A is vln and the nodal equation 
is 

_ vln(s+1/R1C+1/~C) 
v = ------~~=----

0 s+1/R1C 

Substituting R1 = 80 kO, R2 = 2 kO, C = 4 p.F and vin = 0.2/s gives 

- _ 0.2 (s + 1()3/320 + 1()3/8) _ 0.2(s + 25.63) _ A B 
v - - - = - + ---=-=-=-= 

o s (s + 1()3/320) s(s + 3.125) s s + 3.125 

Thus A(s + 3.125) + Bs = 0.2s + 25.63, so that A = 8.2, A + B = 0.2 and B = -8. 
Detransforming leads to 

V0(t) = [8.2 - 8exp( -3.125t)]u(t) V 

1/C1s 

A R 1 

Figure A4.8 Figure A4.9 

When vm(t) = lOt mV, we can replace vin by 10/r and working in mV find 

Whence 

- _ lO(s + 128.15) _ A B D 
v - = - + - + ---=-=-=-= 

o s2(s + 3.125) s s 2 s + 3.125 

As(s + 3 .125) + B(s + 3 .125) + Ds2 = lOs + 1281.25 

~ A + D = 0 (coeff. of s 2) 

3.125A + B = 10 (coeff. of s) 

B = 1281.25/3.125 = 410 (constant term) 

and A = -128, D = 128 
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The detransformed voltage is 

vo(t) = [-128 + 410t + 128exp(-3.125t)]u(t) mV 

9 At node B in figure A4.9, v8 = 0, while the nodal equation at A is 

v -v v -v 
A in + A B + (v - V \C S = 0 

R R A ol I 
I 2 

=* vA(1 + RJR2 + R1C1s) - V0R1C1s = vin 

The nodal equation at B is 

Substituting this into the equation at node A gives 

With RIC! = R2~ = 1 and Rl~ = 0.01, while vin = 10, this equation becomes 

- -10 A B 
v = = - + ---=---::-::-

0 s(s + 2.01) s s + 2.01 

"'* A = -10/2.01 = -4.975 B = -A = 4.975 
The detransformed voltage is V0(t) = -4.915u(t) + 4.975exp( -2.0lt)u(t) V. 

10 When vin(t) = 2.5u(t) V, vln = 2.5/s and equation A4.9 becomes 

-vAs+ 2.01) = 2.5/s 

v 0 = ---:---2_._5 __ 
s2(s + 2.01) 

A B D = - + - + --=-:::-;-
s s 2 s + 2.01 

"'* As(s + 2.01) + B(s + 2.01) + Ds 2 = -2.5 
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(A4.9) 

From which we find A + D = 0 (coeff. of i), 2.01A + B = 0 (coeff. of s) and 2.01B 

= -2.5 (constant term), soB= -1.244, A = -B/2.01 = 0.619 andD = -0.619. The 

detransformed output voltage is 
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vo(t) = [0.619 - 1.244t - 0.619exp( -2.01t)]u(t) v 

If the supply voltages are ± 15 V, then the time to saturate will be when 

vo(t) =:: -15 =:: 0.619 - 1.244t 

~ t =:: -15.619/-1.244 = 12.6 s 
The exponential part is negligible. 

Figure A4.11 

11 At node Bin figure A4.11, v8 = 0 and then by KCL 
v = -v fD Cs A o .. '2 2 

The nodal equation at A is 

v A(1 +Riels+ RIC2s) - voRl Cis = vin 

Substituting for v A yields 

(A4.11) 

Then with R1 = 250 0, R2 = 12.5 kO, C1 = Cz = 100 nF and vin = 1.4/s, this becomes 

-vo(800/ S + 0.04 + 2.5 X 1Q-5s) = 1.4/ S 

-1.4 -56000 v 0 = -:-----:---:--::---~:-:----:-- = -:--------:: 
2.5 X 10-5s 2 + 0.04s + 800 S 2 + 1600s + 3.2 X 107 
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-56000 -56000 
= = ------------

(s + 800)2 + 3.2 x 107 - 8()()2 (s + 800)2 + 56()()2 

which can be detransformed to vo(t) = -10exp( -800t)sin(5600t)u(t) V. 
The circuit's Q-factor is w0 1{3 = w0 12a, where a = 800 and w0 = J (32 x 106) = 

5657 radls, making Q = 565711600 = 3.54, not 3.5 as would be obtained using wn = 
5 600 radls, though the difference is insignificant. 

12 This is a matter of putting R1 = 1 kO, R2 = 6.76 kO, C1 = 100 nF, c; = 2.5 p.F and 
\\11 = 1.41s into equation A4.11 to obtain 

-v [ 1 + HY(10-7 + 2.5 x 10-6) ]- v x 1Q3 x 10-1s = 1.4 
0 6760 X 2.5 X 10-6s 6760 X 2.5 X 10-6 ° S 

v 0 = _______ -_1_.4 ____ ~ = -14000 = 
59.2 + 0.1538s + 10-4s 2 s2 + 1538s + 592000 

-14000 
(s + 769? 

which detransforms to V0(t) = -14000texp( -769t)u(t) V. This has maximum magnitude 
when 

-14000exp(-769t)- 769 x -14000texp(-769t) = 0 

=> t = 11769 = 1.3 ms 

Then substituting this value of t in the expression for V0(t) gives 

IV0(max)l = 14 X 1.3 X exp(-769 X 1.3 X 10-3) = 18.2exp(-1) = 6.7 V 

13 The impedance of the transformed series RLC circuit is 

Z = Ls + R + l!Cs 

And if the transformed input voltage is VIs, the current flowing is 

-:- VIs V VIL 
I = - = = -----------

Z Ls2 + Rs + 1/C s2 + RsiL + l!LC 

Substituting R = 0.01 0, L = 0.3 p.H, C = 13 p.F and V = 25 kV gives 

8.33 X 1010 

i = ~---------------
s2 + 33 333s + 2.56 x 1011 

164600 X 5.061 X 1Q4 
= -------------------(s + 16667)2 + (5.061 x 1Q4)2 

which detransforms to i(t) = 165exp( -16667t)sin(5.061 x 10St)u(t) kA. A graph of this 
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is shown in figure A4.13. The current is at a maximum when 
i(t) := Aexp( -at)sinwt 

di(t) = Awexp( -at)coswt - aAexp( -at)sinwt = 0 
dt 

===> wcoswt = asinwt ===> tanwt = w/a 

===> t = w-1tan-1 (w/a) = 1.98 X 10-6 tan-1 (5.061 X lOS/16667) 

= 1.98 X 1.54 = 3.05 p,S 

The maximum current is imax = 165exp( -0.051)sin 1.54 = 157 kA and so the maximum 
power is 1572 x 0.01 MW = 246 MW. 

150 

100 

t 50 

i (kA) 

-50 

-100 

-150 
Figure A4.13 

14 The critical damping resistance is found from 

R 2 14L 2 = 1/LC ===> R = 2VLIC = 2J0.023 = 0.304 0 

The critically-damped current is 

i = __ V_I_L __ = __ 8_.3_3_x_l_01_0 -:-:-

(s + 11VLC)2 (s + 5.064 X 10S)2 

which detransforms to i(t) = 83.3texp( -5.064 X l05t) GA, a graph of which is shown 
in figure A4.14. The current is a maximum when t = (5.064 x 10St 1 = 1.975 p,s. At 
this time imax = 60.5 kA and the power is 60.52 x 0.304 = 1110 MW or 1.11 GW. 
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Solutions to problems 

60 

20 

10 

0o~~~2--3~~4~~5--~6~7~~8--~9~10~~11~1;2~1~3 
t(!J.S) -

15 The integration for ~(sinwt) goes 

J0 .. sinwtexp(-st)dt = [-r1exp(-st)sinwt];- Jo .. -r1exp(-st)wcoswtdt 
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= w I .. coswtexp(-st)dt = w [-s-1exp(-st)coswt]; - w I"" -s-1exp(-st)w(-sinwt)dt 
s 0 s s 0 

:. ~(sinwt) = !::... - w2 ~(sinwt) 
s2 s2 

~(sinwt) = 
s2 + w2 

w 

And we see from line two of this that ~(sinwt) = (w/s)~(coswt), which means that 

~(coswt) = (s/w)~(sinwt) = s 
s2 + w2 

For ~[f(t)] we have 

I0""exp(-st)f"(t)dt = [exp(-st)f'- 1);- Io .. -sexp(-st)f'- 1dt 

= -j"- 1(0) +si0""exp(-st)j"- 1dt 

Then s Io .. exp(-st)f'- 1dt = -s2f'- 2 (0) + s2 Io .. exp(-st)j"- 2 dt 

Thus the transform is as given in table 4.1. 
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1 The circuit in figure P5 .1 has a voltage response of 

where R' = R1 II R2 • Then we can substitute R1 = 1 kO, R2 = 9 kO and C = 111 nF to 
obtain 

0.9 0.9 
= ------------~----1 + jw X 111 X 10-9 X 900 

= -----
1 + jw/ 1()4 

Thus when w < < 1<t rad/s the response is constant at 20log10 0.9 = -0.9 dB. 
When w > > 1<t rad/s the response drops -20 dB per decade. 
The phase response is -tan-\wl1<f), that is oo when w < < 1<t rad/s and -90° 

when w > > 1<t rad/s. </> = -45° at 1<t rad/s, -6° at 103 rad/s and -84° at 105 rad/s. 
Figure AS .1 shows the Bode diagram. 

dB 3 3.5 4 4.5 5 5.5 41(0) 
3 3.5 0 0 

4 4.5 5 5.5 

-1 log 10 w -. -. k>g'[) r.J 
-15 -

-10 !'', -30 ~exact 
-20 -45 

exact -50 

-30 -75 

-90 

Figure A5.1 

2 The response of the circuit of figure P5.2 is 

J·wRL 
= ~=-~~----~ 

V in R(R + jwRL) + jwRL 
= 

jw/2 
R/2L + jw 

Substituting R = 10 kO and L = 3.18 mH gives 

Vo = ___ ::...jw_/_2 __ 
V in 3.14 x 106 + jw 

54 

= _..::..:jf:.._/_2 __ 
5X105 +jf 

" '\ 
' 
' ' ..., 

......... ---. 
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Whenf < < 500kHz the response increases +20 dB/decade. Whenf > > 500kHz the 
response is constant at 20log10 0.5 = -6 dB. 

The phase response is tJ> = 90° - tan- 1if/5 x 105), which is +90° whenf < < 500 
kHz and 0° whenf > > 500kHz. Also t/> = 45° whenf =500kHz, 84° whenf =50 
kHz and 6° whenf = 5 MHz. 

Figure A5 .2 shows the Bode diagram. 

dB 
log1) f 

cp(") 

0 4.5 5 5.5 6 6.5 
90 

exact 

_.-··\ 75 ---~ -10 
60 

' ' 45 
' exact 30 ' 

' ' 
15 

0 
4.5 5 5.5 6 log10 f 

Figure A5.2 

3 The circuit of figure P5.3 will approximate to R2 across the output and C1 at the input, 
so the low-frequency response will be approximately 

Vo R2 
= = 

Vin R2 + 1/jwC1 

when w < < 11C1R2 • 

At high frequencies the circuit approximates to ~ across the output and R 1 at the 
input, giving a high-frequency response of 

1 1 = 

when w > > li~R1 • 
Thus the low-frequency response increases at +20 dB/decade for w < 11C1R2 , while 

the high-frequency response falls at -20 dB/decade when w > 11~1 • The phase 
response is +90° at low frequencies and -90° at high frequencies. The actual response 
is 
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Substituting R1 = 1 kO, R2 = 10 kO, C1 = 100 nF and Cz = 1 p.F leads to 

Note that 1 I R1 Cz = 1 kradls = 1 I R2C1 and at this frequency the denominator is just j 11.1, 
giving a response of -20log10 11.1 = -20.9 dB and 4> = oo. We can factorise the 
denominator to find the comer frequencies: 

=> r;- o.0111T1 + w-6 = o 

=> T1 = 0.011009 and T2 = 9.0833 X w-s 
The break points are w1 = 11T1 = 90.8 radls and w2 = 1/T2 = 11.009 kradls. The 
response is 

HUw) = jwl1000 
(1 + jwl90.8)(1 + jwl11009) 

o.-~--~--~~--~~ 
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-40 
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Figure A5.3 
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Below 90.8 rad/s the amplitude response rises at 20 dB/decade. At w = w1 the response 
will be 3 dB down from the maximum at 1 krad/s. Between 90.8 rad/s and 11 krad/s the 
response will be flat. It will then fall at 20 dB/decade above 11 krad/s. 

At 9 rad/s and below the phase response will be 90°. At 90.8 rad/s the phase response 
will be 90° - 45° = 45°. At 1 krad/s the phase response is 90° - 90o - oo = oo. At 
11 krad/s the phase response is 90° - 90° - 45° = -45°. Finally, at 110 krad/s and 
above the phase response is 90° - 90° - 90° = -90°. Figure A5.3 shows the Bode 
plot. 

4 The feedback loop has an impedance of R2 II 1/jwC = R2 /(1 + jwCz) and so 

Vo -RziR1 = ....,.....----:---=:=-v in 1 + jwCR2 

Thus the comer frequency is we = 11CR2 = (20 x 10-9 x 500 x lQJ)- 1 = 100 rad/s 
and the gain is R2 /R1 = 100 or 20log10 100 = 40 dB. The amplitude response is flat up 
to 100 rad/s and declines at 20 dB/decade thereafter as shown in figure A5.4, which is 
the Bode plot. The exact response is 3 dB down at the comer frequency as usual. 

The phase response is 180° - tan-1wCR2 or 180° at w < O.lwe, 135° at w = we and 
90° for w > lOwe as shown in figure A5.4. 

41 ( •) 

180 ---
20 _:;>--, 165 

10 exact ' 150 

2 4 135 exact 
dB 0 j 120 

-10 105 
log 10 (J) 

-20 90 .... ____ 

0 2 3 4 

Figure A5.4 

5 At low frequencies 1/jwC > > R, so that at node Bin figure A5.5a, VB = V0 and at 
node A, VA = VB Vo and no current flows in the feedback loop, nor from the input: Vo 
= V In• the amplitude response is 0 dB at low frequencies and the phase response is oo. 
At high frequencies R > > 1/jwC, so that VB =VA = 0- the capacitor is a short-circuit 
to ground. The circuit is then a feedback amplifier with unity gain and 180° phase shift: 
Vo = -VIn. We note then that VA =VB and that 

V = V0(1/jwC) = V0 

B R + 1/jwC .,..l_+_J=-·w....,c='R 
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At node A 

Or, 2V - V = V A o In 

Substituting for VA yields 

2V0 - vo = vln ~ 
1 + jwCR 

The amplitude response is 

A = 20lo [ 1 + (wCR)'-] 
ciB gto 1 + (wCR)2 

(a) 
180 

150 

Vo 120 
o(o) 

90 

60 

I" 
30 

2 a 

Figure A5.5 

1 + jwCR 
1- jwCR 

= 20log 1 = 0 10 

(b) 

exact 

log10(.o) 

5 

The phase response is tan- 1(wCR) - tan- 1( -wCR) = 2 tan- 1(wCR). The corner frequency 
is 1/CR = 3.333 krad/s and the exact phase response is 2 x tan- 10.1 = 11.4 o at 333 
rad/s and 180 - 11.4° = 168.6° at 33.33 krad/s. Figure A5.5b shows the phase 
response. 

6 In figure A5.6a we can see that at low frequencies 1/jwCz > > R2 , making R2 the 
only important component in the feedback path. Similarly 1/jwC1 > > R1 and R1 can be 
neglected, which means the circuit is just a simple amplifier with R2 in the feedback loop 
and 1/jwC1 at the input and 

At high frequencies the inequalities are reversed and so the feedback loop has only 1/jwCz 
in it and the input impedance is R1 and the response will be 

We note that at node B, V8 = 0 and then 
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At node A 
v -v v 

(VA - V;.) jwC1 + A o + ~ = 0 
Rz Rl 

"'* VA(l/R1 + 1/~ + jwC1) - V0 /R2 = V;,,iwC1 

Substituting for VA gives 

At low frequencies the denominator -+ 1 and the response is - jwC1R2 and at high 
frequencies the denominator-+ -w2C1~1R2, so the response is then 

-jwC1R2 = j = -1 

-w2C1 C~1R2 wC2R1 jwC~1 

Putting R1 = R2 = 33 kO, C1 = 30 nF and ~ = 1 nF into the general response equation 
gives 

-jw X 9.9 X 10-3 

= ------------~------------~ 
1 - 3.267 X 10-8w2 + jw X 6.6 X 10-5 

The denominator will not factorise into terms like 1 + jwT: the circuit is underdamped 
and a modification of equation 5.20 applies 

Vo = jOa 
vin 1-0Z+jO/Q 

where 0 = wfwo and Q = w0 /{j, while Wo = 1/J (3.267 X 10-~ = 5.533 krad/s, Ot = 
9.9 X 10-3Wo = 54.8 and 

6.6 x w-5 
{j = = 2.02 krad/s 

3.267 X 10-8 
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Q = w0 /fJ = 2.74 and a = 54.8 

Though not 'large', this value of Q is enough to increase the response at w0 by 20 log10 Q 
= 8.75 dB above the linear approximation which is +20 dB/decade below w0 and 
-20 dB/decade above w0 • The - 3dB points are roughly at w0(1 ± 112Q) :::: 4.52 and 
6.54 krad/s while at w = 0.5w0, AdB = 31 dB (2 dB above the approximate value) and at 
1.5w0 , AdB = 35.5 dB (4.3 dB above the linear approximation). Figure A5.6b shows the 
amplitude response. 

The phase response is -90° at low frequencies and -90° - 180° = -270° at high 
frequencies, because the phase of the response's denominator is + 180° when w > > w0 • 

To see this consider when w = 10w0, the denominator is -99 + j3.65, in the second 
quadrat of the Argand diagram, a phase angle of + 178 o. 

At w = w0 the phase angle is -90° - 90° = -180°. With Q = 2.74, the phase 
response is closer to a step function than a ramp function: approximately -90° up to 
5.533 krad/s and -270° after. The approximate half-power points are at w0(1 ± 112Q) 
= 4.523 and 6.543 krad/s, where the phases are -135° and -225° respectively. We can 
make additional corrections at w = 103·5 = 3.162 krad/s (</> = -lOr) and w = 10" rad/s 
(<I> = -254 °) to give the 'exact' phase plot of figure A5.6c. 
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Figure A5.6 

7 At low frequencies the circuit in figure A5.7a is just two capacitors as 1/jwC > > R, 
and then V0 = V in· At high frequencies the left-hand capacitor is a short-circuit to ground 
and the voltage across it is Vin/jwCR and V0 is 1/jwCR times this or -ll(wCR)2 • 

The nodal equation at B in figure A5.7a is 



Solutions to problems 61 

And at A: 
V1 - v... V1 - v. 

R + R + V 1jwC = 0 

~ V1(2 + jwCR) - Vo = Vln 

. Substituting for V 1 gives 

Thus at low frequencies the response is 1 and at high frequencies it is -ll(wCR)2 as 
expected. 
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(c) 

When R = 22 kO, C = 455 nF, RC = 0.01 and the response is 

1 = 1 
(1 + jw0.0262)(1 + jw3.82 X 10-3) 
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And so up to w = 110.0262 = 38.2 rad/s, the amplitude response is 0 dB, falling at 
20 dB/decade thereafter until w = 1/3.82 x 10-3 = 262 rad/s when it falls at 40 
dB/decade. The exact amplitude plot differs by 3 dB at the most, at the comer 
frequencies. Figure A5.7b shows the amplitude part of the Bode diagram. 

The phase response is zero up to 3.82 rad/s, then falls linearly at 45° /decade. The 
second term in the denominator comes into play at 26.2 rad/s and contributes -45° at 
262 rad/s and -90° at 2.62 krad/s (see phase plot of figure A5.7c). Thus the phase is 
changing at -90° per decade from 26.2 rad/s to 382 rad/s and at -45° /decade from 382 
rad/s to 2.62 krad/s when it reaches -180°. The corrected plot is most different from the 
approximate plot at 3.82 rad/s and 2.62 krad/s, when the error is tan- 10.1 ::::: 6°. 

8 In the circuit of figure A5.8a we can see that at low frequencies Vo = Vin since the 
capacitors' reactances are much greater than R. At high frequencies Vo = VA/jwCR and 
VA= Vin/jwCR, so that Vo = Vin/(jwCR)2 = -Vin/w2C!'R2 • 

On the output side we see that 

V = 1/jwCVA = 
0 1/jwC + R 1 + jwCR 

while on the input side we have 

since V + = V _ = VA· Substituting for VA leads to 

1 /(1 + jwCR)2 

(a) 

0 

0 2 3 4 0 2 3 4 
0 ' 

0 

/\ log 10 w log 10w 

-20 -45 
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dB exact ' 
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-60 -135 

-80 (b) -180 (C) 

Figure A5.8 
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When RC = 0.01 the amplitude response is 0 dB up to 100 rad/s and falls at 40 dB/dec
ade thereafter. The correction is -6 dB at 100 rad/s as figure A5.8b shows. 

The phase response is oo up to 10 rad/s and then -90° per decade up to 1 krad/s, 
when it reaches -180°. The correction is 2 tan-10.1 == -11 o at 10 rad/s and + 11 o at 
1 krad/s, as shown in figure A5.8c, which is the phase plot. 

9 At low frequencies the circuit is 1/jwC in series withjwL, so that 

V /V = jwL = -w2LC 
o In 1/jwC 

At high frequencies the circuit is 1/jwC in series with R, but 1/jwC- 0, making V0 = 
V in· The impedance of the inductance and resistance in parallel is 

And then 
vo z = -=---:--:-:-~ 
Vin Z+ 1/jwC 

z = jwLR 
R+ jwL 

= jwRLI(R + jwL) 
jwRL/(R + jwL) + 1/jwC 

__ J"wRL x J·wc -w2LC 
~~~~~~--~ = --~--------jwRL X jwC + R + jwL 1- w2LC + jwL/R 

When R = 10 kO, L = 3 mH and C = 3 nF, we have 

V /V = -9 X 10-12w2 = -Ql 
o In 1-9x10-12w2 +j3x10-7w 1-Ql+jO/Q 

where 0 = WfWo, Wo = 1/ J (3 X 10-12) = 333 krad/s and Q = (3 X 10-7w0)-1 = 10. 
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The amplitude response rises from low frequencies at 40 dB/decade up to the comer 
frequency, 333 krad/s, where it is 0 dB. It is flat thereafter, as shown by the approximate 
response line in figure A5.9b, but the Q is 10 (large), so at 333 krad/s the exact response 
is 20 log10 10 = 20 dB. The 3dB-correction frequencies are at 0.54 x 333 = 180 krad/s 
and 1.31 x 333 = 436 krad/s as shown in the 'exact' plot (figure A5.9a). 

At low frequencies the phase response is 180°, at w0 it is 180° - 90° = 90°, and at 
high frequencies it is 180° - 180° = oo. The phase change occurs almost in step fashion 
at 333 krad/s as Q is large. The phase is 135° at 0.95w0 (the lower half-power point) and 
45° at 1.05w0 (the upper half-power point). Figure A5.9b shows the phase response. 
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(b) 

(/) DO~ 
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r-
~ 
~ 
CJ 

(f) . v2 C\! ,..... 
..--
'I 
~ 
CJ 

(c) o.o92..:.157.4 · v2 
Figure A5.1 0 

10 They-parameters are found from I1 = y11V1 + Yu V2 and I2 = y21V1 + Yn V2, so that 
from the first of these we have 

Yu = (It /V•lv. = o 

that is as in figure A5.10a, where port 2 is short-circuited. I 1 is then given by 

v. v. 
I = = 
• 5 + (5 II -j6) -=-5 --__,i"""'3o"'""J""""C5,....._--=i-=-6) 

I. 
= Yu = v. 

5- j6 
25- j60 

= 7.81 L -50.2o = 120L 17.2o mS 
65 L -61.4° 

Or one can say y11 = 0.2 S in series with (0.2 + j0.1667) S, which is 
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= 0.2 x (0.2 + j0.1667) = 0.052 L 39.8 o = 120 L 17.2 o mS 
Yn 0.2 + (0.2 + j0.1667) 0.433 L 22.6° 

Next we find Yu from 

that is as in figure A5.10b, when port 1 is short-circuited. Now 

I = -I X -j6 =I X 6 L90o = I X 0.768L 140.2° 
1 --z 5- j6 --z 7.81 L -50.2° --z 

while 12 = V2Y22 = V2Y11 , as the network is symmetrical. Then 

11 = ~ x o.768L 14o.r = V2 x o.12L 11.2° x o.768L 140.2° = V2 x o.092L 157.4° 

The network's symmetry also means that Yu = y21 and they-equivalent circuit is as figure 
AS .lOc, from which we see that 

-0.092 L 157.4° X v. vl = = 
O.l2L 17.r 

-0.092 L 157.4 ° X 15 L -60° 
0.12 L 17.2° 

= -11.5L80.2o = 11.5L -99.8° V 

S.Q. 

----r=forr 
o~-----~-.------~o 

(a) 
(b) 

Figure A5.11 

11 The z-parameters are defined by v. = Znlt + Zul2 and v2 = Zztll + Znll, from 
which 

Z 11 = Zn = [;•] 

1 " = 0 
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The symmetry of the network means that z11 = Zz2 and z12 = Zz1, and we see that port 2 
must be open circuit and immediately gives z11 = 5 - j6 0. 

z12 is found from 

z = [v·] 
12 Iz I,=O 

This situation is shown in figure A5.11a, from which it is seen that if 11 = 0, then V1 is 
the voltage across the capacitance, the current in which is 12• Thus V1 /12 = z12 = -j6 
0. 
The z-parameter equivalent circuit, with j 6 0 across port 2, is that of figure A5 .11 b, from 
which we deduce 

And also 

I = -( -j6l 1) = "1.21 
""2 5 "6 "6 J 1 

v1- (-j61J 
11 = = 

5- j6 

-) +j 

V1 +j6Iz 
5- j6 

= 
120 L 60° - 7.211 

5- j6 

~ (5 - j6)11 = 120 L 60° - 7.211 

120L60° 
12.2- j6 

= 120 L 60 o = 8.82 L 86.2 o A 
13.6L -26.2° 

And so 12 = j 1.211 = 10.6 L 176.2 o A. 

12 The reciprocity theorem enables us to write down the short-circuit current through AB 
directly 

VXY 1.34 L -58° 
lAB = IXY X - = 0.662L 70.7° X = 88.7 L 12.7° rnA 

VAB 10L0° 

Then the current through the inductance is 

IL = _5_ X lAB = 5 X 88.7 L 12.70 = 69 L -260 rnA 
5 + j4 6.4L 38.r 

13 The h-parameter equivalent circuit with a 2k0 (500p.S) load is shown in figure A5.13 
and can be derived from the h-parameter defining equations. 

From this we see that the conductance across the current source is 100 + 500 = 600 
p.S, so that 

Then looking at the input side we have 
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The voltage gain is therefore 

Now /2 is the current through the 500~-t-S load which is 

The current gain is -83. 

Figure A5.13 

14 Table 5.1 gives the a-parameters in terms of the h-parameters as 

a1z = -hu I h21 = -103 110 = -10 

az1 = -h22 I h21 = -10-4 I 10 = 10-s 

a22 = -1 I h21 = -1110 = -0.1 

The a-parameters of the combination are given by 

[ au a 12] [ 0 -10 ] [ 0 -10 ] 
a21 a22 = -10-6 -10-2 -10-6 -10-2 

[o + 10-7 o + 0.1 ] 

o + 10-8 10-s + 10-4 

Therefore [au a12] [10-7 0.1 ] 
az1 a22 = 10-8 1.1 X 10-4 

When the output of this combination is open circuit, the a-parameter definitions give 
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[~IV1] = lla11 = lOS 
12 ~ 0 

To find the voltage gain with load we can return to the h-parameter equivalent circuit. The 
h-parameters of the combination are given by 

h11 = a12 1 a22 = 0.111.1 X 10-4 = 909 0 

h12 = !:ia/ a22 = (10-s X 1.1 X 10-4 - 0.1 X 10-~ I 1.1 X 10-4 = 9.09 X 10-7 

h21 = -1 I a22 = -111.1 X 10-4 = -9090 

With no load /2 = 0, and the defining equation for /2 gives 

And so on the input side 

V1 = hJ1 + h12 V2 = 90911 - 9.09 x w-7 x 108/ 1 = 818/1 

Thus the no-load voltage gain, V2 IV1 = 108/818 = 1.22 x lOs. 
With a lOkO load, the h-parameter equivalent circuit is as in figure A5 .14, which 

gives 

V2 = -h2/ 1Z0 = 9090/1 X 10 X 11 X 1()3121 = 47.6 X 106/ 1 

where Zo = 10 kO II 11 kO. Then on the input side 

Finally 

Note that V2 is in phase with V1 and so the ratio is positive, not negative. 

11 k.Q 10kQ t 

Figure A5.14 
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1 (a) The resistance is given by R = l/aA, so 

l = RaA = 103 X 60 X 106 X 7r(0.5 X 10-3) 2 = 47.1 km 

(b) We first calculate the conductivity from 

a = nqJl = 10Z0 X 1.6 X 10-19 X 0.1 = 1.6 S/m 

and then 
l = RaA = 103 X 1.6 X 7r(0.5 X tQ-3)2 = 1.26 mm 

(c) If a = nqJl 
(J = 0.0044 m 2V -Is -I J.Leu = 

nq 
= 

8.5 X 1028 X 1.6 X 10-19 

The ratio of the mobilities is 0.110.0044 = 22.7 

2 Equation 6.2 is 

Thus the conductivity is 

and we find 

a = nqJl = NqJLexp( -Eg/2k1) 

==> Ina = ln(NqJL) - Eg/2kT 

Substituting tl.T = 2 K, T = 300 K, q = 1.6 X 10-19 C and k = 1.38 x 10-23 J/K gives 

tl.a I a = 0.129Eg 

Then forGe, tl.a/a = 0.129 x 0.66 = 0.085 or 8.5%; for Si, tl.ala = 14.2%; and for 
GaAs, tl.ala = 18.2%. 

69 
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3 The conductivity is given by 
u = nqp. = nqAT-u 

where A is a constant. Taking natural logarithms, 

lnu = ln(nqA) - 1.5lnT 

1 du 
~ = u dT 

-1.5 
r-

When !:iT = 2 K and T = 300 K, we find 

!l.u = -l.5!l.T = -3 = -O.Ol 
u T 300 

The conductivity has gone down by 1 %, and has not increased as in the case of intrinsic 
material. 

4 Once more we use u = nqp., and this time 

u = Nexp( -EJ2k1) X q X AT-1.s = qNAT-1.sexp( -EJ2k1) 

~ lnu = ln(qNA) - l.51nT - EJ2kT 

Differentiating with respect to T 

1 du -1.5 = u dT -y-

This is zero when 

T = Ec = 0.05 X 1.6 X 10-19 = 193 K 
3k 3 X 1.38 X 10-23 

Thus the temperature coefficient of the conductivity of a semiconductor can be positive, 
negative or zero. 

5 The question assumes that when doped the majority carriers are the only significant 
contributors to the conductivity. Then 

U = nqp. ~ p. = u/nq = 10/1()22 X 1.6 X 10-19 = 6.25 X 10-3 m2V -ts -t 

The hole mobility will be a fifth of this or 1.25 x 10-3 m2V- 1s-1• 

The conductivity of a p-type sample doped with Hf1 atoms/m3 is 

u = pqp.P = 1()21 X 1.6 X 10-19 X 1.25 X 10-3 = 0.2 S/m 
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6 The conductivity in a near-intrinsic semiconductor is due to both types of carrier, so 
that 

The subscripts e and h refer to electrons and holes respectively. Now the product nenh is 
constant, at constant temperature, and we can write nenh = A, ne = Alnh, leading to 

Aqp.e 
u = -- + nhq~ = 

nh 

Differentiating this with respect to nh leads to 

du = -Aexq~ 
dnh nh2 

+ qp.h 

Setting this to zero for minimum conductivity gives nh = J (Aex). But A is the product of 
the carrier concentrations, including the intrinsic carrier concentrations and so A = np, 
where n = intrinsic electron concentration and p = intrinsic hole concentration and n = 
p in intrinsic material, so that A = If and the minimum conductivity occurs when nh = 
J (Aex) = J (flex) = pJ ex. The number of electrons/unit volume is then ne = Alnh = 
p'-JpJ ex =pi J ex. Substituting these value for ne and nh into the conductivity equation gives 

Substituting ILh = 0.009 m2V- 1s-t, ex = 3 and p = 1016 m-3 leads to umin = 50 p.S/m, 
and the electron concentration is then 1016/ J 3 = 5.8 x 1015 m-3 while the hole 
concentration is 1016 x J 3 = 1.73 x 1016 m-3• 



Chapter 7 

1 The problem has hidden difficulties, since I. depends on the intrinsic carrier 
concentration and that is temperature-dependent too. We can write 

I= I.exp(qV/1.8k1) ~ I. = Iexp(-qV/1.8k1) 

I. = 5 X 10-3exp( -1.6 X 10-19 X 0.7 I 1.8 X 1.38 X 10-23 X 300) = 1.485 nA 

Now the intrinsic carrier concentration is proportional to exp(-Egf2k1), so that 

I. = A exp ( -Es 12k1) 

where A is a constant that can be found if we substitute Es = 1.1 e V, for Si: 

1.485 X 10-9 = Aexp [ -1. 1 X 1.6 X 10-19 
] ~ A = 2.53 

2 X 1.38 X 10-23 X 300 

Thus at 350 K 

I = 2.53exp ( 1. 1 x 1.6 x 10-19 
] = 30.9 nA 

s 2 X 1.38 X 10-23 X 350 

Then we can find V from 

I = 5 X 10-3 = I exp [~] = 30.9 X 10-9 exp [ 1·6 X 10-19 V ] 
s 1.8kT 1.8 X 1.38 X 10-23 X 350 

162 x 103 = exp(18.4V) ~ V = ln(162 x 103) = 0.65 V 
18.4 

2 In figure A 7.2 the nodal equation at A is 

15- 1 - v -2- 1 - v v - 1 - ( -15) v - 1 
---:--;:---A + A = A + _A--=--

10 1 20 5 

~ 1.4- 3- 0.7 + 0.2 = VA(0.1 + 1 + 0.05 + 0.2) 

~ 1.35VA = -2.1 ~ VA = -1.56 v 

72 
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implying that D3 and D4 are reverse biased, so we must recalculate with /3 and /4 both 
zero: 

15- 1- VA 

10 

VA- 1 - ( -15) 
= ~ 

20 
0.15VA = 0.7 ~ VA = +4.67 v 

which makes D4 forward biased, so reworking the nodal equation again gives 

15- 1 - VA = VA- 1 - ( -15) + 
---:-:10::--- 20 

~ 1.4- 0.7 + 0.2 = VA(0.1 + 0.05 + 0.2) ~ VA = 0.9/0.35 = 2.571 v 

This is now consistent with D3 being reverse biased and the rest forward biased, so that 

15- 1 - 2.571 
I = = 1.143 A ·, I 

I 10 2 

= 2.571- 1- (-15) = 0_829 A 
20 

/4 = 2.57~ - 1 = 0.314 A 

/1 01 10Q 
+15V - -15 v Llo 

0.35s --1V 1V 

/3 03 1.Q 5.0. 04 14 
-2 v ov - -1V 1V 

Figure A7.2 Figure A7.3 

i 

3 The circuit in the s-domain after the switch is opened is as shown in figure A 7 .3, in 
which the initial current through the inductor, /0 = 75/3 = 25 A. Then 

0.35/0 - 0. 7/ s 10 2 25 2 
i = = = 

0.35s s s 2 s s2 

Detransforming, i(t) = (25 - 2t)u(t) A, but this becomes zero at t = 12.5", when the 
current ceases, so we must add on a term 2(t - 12.5)u(t - 12.5) to ensure i = 0 fort 
> 12.5". 

Thepowerconsumptionis V0 i(t) = (17.5 -l.4t)u(t) + l.4(t -12.5)u(t -12.5)W. 
We can find the average power from E = 0.5U02 = 109.4 J, divided by the time, 
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12.5", giving 8.75 W. This answer can be checked by integrating p(t), and dividing by 
12.5: 

I l2.S 
0 (17.5- 1.4t)dt 

p = ~--~~----- = [17.5t- 0.1t2]:·s = 17.5 X 12.5- 0.7 X 12.9 = 8.75 W 
12.5 12.5 12.5 

Llo 
0.025s ---... 

-I 

Figure A7.4 

4 The circuit in the s-domain after the switch has been opened is as in figure A 7 .4, 
from which we find 

i = ll0 - 1/s 

0.5 + 0.025s 

The initial current, /0 = 3/0.5 = 6 A and then ll0 = 0.025 X 6 = 0.15, making 

i = 0.15-1/s 
0.025s + 0.5 

= 6s- 40 
s(s + 20) 

A B =- +--
s s + 20 

===> A(s + 20) + Bs = 6s - 40 ===> A = -2, B = 8 
And detransformation gives 

i(t) = -2 + 8exp(-20t) A 

This only holds until the current becomes zero at t = t0 and fort ~ 0. 
We must find t0 from 

i(ta) = 0 = -2 + 8exp(-20to) ===> exp(-20to) = 0.25 

-20t0 = ln0.25 ===> t0 = 69.3 ms 

S The supply that back-biases the diode controls the average power developed in the 
load of course, and this can only be found by integrating the instantaneous power between 
appropriate limits and dividing by the time. The voltage across the 120 resistance is 
shown in figure A 7.5, and is Vm sin wt - Vb - 0. 7 V. The part of the waveform above 
the t-axis must be found, squared and integrated. 
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t 
v t1 

0~~----~--~--~----~ 

Figure A7.5 

75 

When Vb = 1 V, and Vm = 6 V, the conducting phase angle is sin-1(1.7/6) = 16.5°, and 
the extinction phase angle is 180° - 16.5° = 163.5°. The energy for one cycle is thus 

where wt1 = 81 = 16.5-x-/180 radians and wt2 = 82 = 163.571"/180 radians. Substituting 
8 for wt and putting R = 12 0 and Vm = 6 V gives 

E = - 1- I 8' (6sin8 - 1. 7)2d8 = - 1- I 8' (36sirr8 - 20.4sin8 + 2.89)d8 
1~ ~ 1~ ~ 

1 o [20.898 - 9sin28 + 20.4coso]:· 
= - J '(18- 18cos28- 20.4sin8 + 2.89)d0 = ' 

12w ~ 12w 

But this must be averaged over one cycle which is from t = 0 tot = 21r!w, so that the 
average power is 

20.89(82 - 81)- 9(sin282 - sin281) + 20.4(cos82 - cos81) 
= ----------------~2~4~11"------------------

20·8911" (163.5°- 16.5°)- 9(sin32r - sin33°) + 20.4(cos 163.5°- cos 16.5°) 
180 

= -------------------------=~-------------------------2411" 

= 53.6 + 9.8 - 39.1 = 0.322 w 
2411" 
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When the bias voltage is increased to 2 V, the integration goes 

I '• (6sin8- 2.7}2 d8 
p = '· ------::2-:-41f __ _ 

where 81 = sin-1(2.7/6) = 26.7° and 82 = 153.3°, giving 

P = 25.29{82 - 81) - 9(sin282 - sin281) + 32.4(cos82 - cos81) 

-----------=24~1f-------------

25·291f X 126·5 + 9 X 1.607 - 32.4 X 1. 786 
= ___ 18_0 ___ --=-"" _______ = 0.165 w 

241f 

When Vb = 4 V, 81 = sin-1(4.7/6) = 51.6°, 82 = 128.4° and the integration produces 

p = 40.09{82 - 81}- 9(sin282 - sin281) + 56.4(cos82 - cos81) = 15.9 mW 
241f 

6 Here the voltage across the resistance is Vmsinwt + Vb - 0.7 and the conduction 
angle is sin-1[(0.7 - Vb)/6] or -2.9°, -12.5° and -33.4° for Vb = 1, 2 and 4 V 
respectively. The first integration, with 81 = -2.9° and 82 = 182.9°, yields 

= ---------~~--------241f 

18 ·091f(~~~·9 + 2·9) - 9 X 0.202 + 3.6 X 1.997 
= 0.849 w 

And when Vb = 2 V, 81 = sin-1( -1.3/6) = 12.5° and 82 = 192.5°. The integration goes 

19·691f X 205 - 9 X 0 845 + 15 6 X 1 953 180 . . . 
p = --------.....,....,,.....---------- = 1.24 w 

241f 

Finally, when Vb = 4 V the power is 
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28·897r X 246·8 - 9 X 1.838 + 39.6 X 1.67 
180 

247r 

7 We can write down from figure A 7. 7 using KVL that 

= 2.31 w 

=> 0.2sinwt + 1.2 = 10(/0 + IJ + 0.6 + 0.9I0 

as I= I0 + IL. Also by KVL 

77 

Then 10IL = 0.12 + 0.18I0 , which can be substituted in the previous equation to yield 

0.2sinwt + 1.2 = 10I0 + 0.12 + 0.18I0 + 0.6 + 0.9I0 

=> 0.2sinwt + 0.48 = 11.08I0 

Thus I0 = 18sinwt + 43.3 rnA. 

Figure A7.7 

L~ 
d t -

Figure A7.8 

8 In figure A 7 .8, D1 conducts during the positive half cycle at an angle of ()c = 
sin- 1[(Vb + V0 )!V.J and ceases to conduct at an angle of 180° - ()c· The current reaches 
a maximum when the diode ceases to conduct. D2 is assumed to have reduced the inductor 
current to zero before the next positive half-cycle commences. The KVL equation from 
figure A7.8 is 

Vmsinwt = Ldildt + VD + vb => I = .!. I r. (Vmsinwt- VD- Vb)dt 
max L t, 
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.--6 

= _1_J .--\Vmsin8- Vo- Vb)d8 = [-Vmcos8- Vo8- Vb8lo. , 
wL 6, wL 
2Vmcos8c- (V0 + Vb)(1r- 28J 

= ----------~---------wL 

where t1 = 8Jw and t2 = (1r - 8Jiw. Then when Vm = 10 V, Vb = 5 V, V0 = 0.7 V, 
L = 15 mH and w = 211"/ = 10011", we find Be = 0.6065 radians and /rmx = 1.154 A. 

When we are given /rmx finding Vb is more tricky, since we have also to find the 
conduction angle. An analytical solution is impossible and it is best to resort to 
guesswork. 
The equation for /rmx can be expressed as 

vb = 2Vmcos8c- lm;uwL - VD = 20cos8c- 2.356 - 0.7 
11" - 28c 11" - 28c 

Let us guess a value for 8c, which will be somewhere between 0 and 1r/2 radians, let us 
say 11"14 radians, and then 

v. = 14.142-2.356 - 0.7 = 6.8 v 
b 1.571 

This gives ec = sin- 1(7.5/10) = 0.848 radians, so the refined value of vb is 

v. = 13.23- 2.356 - 0.7 = 6.82 v 
b 1.446 

9 The capacitance is given by C = 10-10/ J V F, which is 100 pF for V = 1 V and 22.4 
pF when V = 20 V, giving 

f = 1 = 5.03 MHz and f = 1 = 10.6 MHz 
27rV10 X 10-6 X 100 X 10-12 27rV10-s X 22.4 X 10-12 

The frequency in terms of voltage is 

!= 
27rV10-s X 10-10V-112 

1 = 5 X 106 V114 Hz 

=> lnf = ln(5 x 106) + 0.25ln V 
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Differentiating with respect to V gives 

1 df - 1 "* 
f dV- 4V 

ll.f _ 1 ll.V 
7-4--v 

79 

Thus if fl. VIV = 0.01, ll.f/f = 0.0025, so iff= 7 MHz, ll.f = 7 X 106 X 0.0025 = 17.5 
kHz. 

10 In the circuit of figure A7.10, we can see that 

v. = 300/ + Vzo + rfz = 300(/L + lz) + Vzo + rfz 

where Vzo is the zener voltage at zero current, that is Vzo = 10 - 15 x 10 x 10-3 = 
9.85 V, since the rated voltage is 10 Vat 10 rnA and the dynamic resistance, rz = 15 0. 

300 .Q lz 

Figure A7.10 

With these values substituted we have 
v- 9 85- 300/ 1 = s • L 

z 315 V. = 300(/L + lz) + 9.85 + 15/z "* 

We can see that lz will be least when Ys is least (20 V) and /L is maximal (25 rnA), giving 

1 = 20 - 9.85 - 300 X 25 X 10-3 = 8.41 rnA 
Zmm 315 

The corresponding zener voltage is 

VZmm = Vzo + lzrz = 9.85 + 8.41 X 10-3 X 15 = 9.976 V 

And /Zmax occurs when Ys = 25 V and /L = 5 rnA, being 

1 = 25 - 9.85 - 300 X 5 X 10-3 = 43 .3 rnA 
Zmax 315 

The corresponding zener voltage is 
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VZmax = 9.85 + 43.3 X 10-3 X 15 = 10.5 V 

The maximum power dissipation of the zener is V~Zmax = 10.5 x 43.3 x 10-3 = 455 
mW. 

11 The photon energy is 

E = 1.24 ~ 
A 

But llE = 3kT, so that 

3kT = -1.24..:1A ~ 
A2 

.dA = -3kTl\? :::::: _2.4k'n.? 
1.24 

The minus sign indicates only that the linewidth decreases as the photon energy goes up 
(or as the wavelength goes down). 

The bandgap is related to wavelength by 

E8 = hf = he/A ~ A = hc/E8 

where h = Planck's constant = 6.627 x 10-34 Js and c = 3 x lOS m/s. Thus if E8 = 
1.42 eV = 1.42 x 1.6 x 10-19 J, the photon's wavelength is 

A = 6.626 X 10-34 X 3 X lOS = 0.875 /Lm 
1.42 X 1.6 X 10-19 

Then the linewidth at 77 K is 

.dA = 2.4 X 1.38 X 10-23 X 77 X 0.875 2 = 0.0122 #Lm 
1.6 X 10-19 

as kT has to be in eV we divide by q, the electronic charge. Thus at 77 K the Q is 

Q = Al.dA = 0.875/0.0122 = 72 

while at 300 K the linewidth will be 

.dA = 2.4 X 1.38 X 10-23 X 300 X 0.875 2 = 0.0475 /Lm 
1.6 X 10-19 

and then Q = 0.875/0.0475 = 18.4 
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1 In figure A8.1 using KVL down the right-hand side gives 

Substituting I c I {J for IE gives 

=> I = c 
Vee- VCEsat 

Rc + RB + RBI fJ 

Using KVL on the base side gives 

=> 

= =~---:-::=-=8 ·_8---:-::~=-== = 3.56 mA 
2000 + 470 + 4701150 

Substituting {J = 150, Ic = 3.56 rnA, Rc = 2 kO andRE = 470 0 gives R8 = 279 kO. 

Figure A8.1 

Vee 

le t 
le 

0 

Figure A8.2 

D 

2VeEO Vee VeE 

81 

.. 
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If the transistor is to be saturated the collector current must be maintained at 3.56 rnA 
when 50 ::::;;; {1 ::::;;; 300. Thus the maximum base current will be when P =50. Substituting 
into the previous equation this value of P gives 

R = 50(9- 0.7) - 51 x 470 = 82.6 kO 
B 3.56 X 10-3 

The collector current is very nearly independent of base current when P ~ 50. 

2 The optimal Q-point is shown in figure A8.2, and it is placed so that the intercept of 
the AC load line with the VeE axis is at 2 VeEQ• which ensures that the output voltage will 
be nearly ± VeEQ• assuming Ve&at is negligible. 

Then in triangle BDQ we see that the slope of the load line, QD is -1/Rdc and this 
is QB/QD, thus 

QB = 
QD 

1 = ..,..,.._J_eQ-::-:-

Vcc- VeEQ 

Since QB = IeQ and QD = Vee - VeEQ· 

Then in triangle ABQ, the slope of the load line, QA is -1/Rac and this is QB/AB, 
so that 

QB = 1 = /eQ 

AB Rae VeEQ 

But V CEQ = Vee - le~dc• SO that 

Hence /CQ = 

3 Looking at figure A8. 3, we can estimate hre at the Q-point: 

h = [0/b] = (55- 35) x w-6 = 100 
fe OJ 2 X 10-3 

e Q 

Estimation of hoe requires measuring the slope of the two lines marked '/8 = 35 p,A' 
and '/8 = 55 p,A' and averaging, which is not very accurate as the slopes are nearly zero. 
Taking the upper line and measuring at VCE = 16 V we find Ie = 5.1 rnA, and at VeE = 
4 V we find Ie = 4.95 rnA, making a slope of0.15 rnA+ 12 V = 12.5 p,S. Measuring 
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the lower line at the same voltages yields Me = 3.13 - 3.00 = 0.13 rnA, for a slope of 

10.8 JLS, giving an average slope of about 12 JLS for hoe, which can safely be neglected. 

12 AC loadline 

10 

8 'c (rnA) 
6 I 8 =55 iJ.A 

4 Is = 35 11A 

2 
vee 

0 0 4 8 
~ 

16 VeE (V) 

/ERE 

Figure A8.3 

We can estimate h;e from 

h - VT = kT/q = 0.026 z 600 0 
ie - I8Q IBQ 45 X 10-6 

The slope of the DC load line is -8 X 10-3 + 16 = -5 X 10-4 S = -1/Rde• which 

makes Rde = Rc + RE = 2 kO. The slope of the AC load line is -12 x 10-3 + 12 = 
-10-3 s = -1/Rae• making Rae = Rc = 1 kO and then RE = 1 kO. 

The Q-point is placed so that the transistor runs into cut off at VeE = 12 V long 

before it runs into saturation, so the output voltage swing is ±(VcE[cut-off] - VCEQ) = 

±(12 - 8) = ±4 V, or 8 V in all. There will be some distortion. The relatively 

undistorted output voltage swing will be from when I 8 = 15 JLA to I 8 = 75 JLA, that is 
from VeE = 11 V to V CE = 5 V, a swing of 6 V. 

When the load is 2 kO, Rae = RL II Rc = 667 0, while Rde = 2 kO, thus the optimal 

value of IcQ is 

vee 
I = -=-----=:cQ R + R de ac 

16 
= ----::- = 6 rnA 

2.667 X 1Q3 

The slope of the DC load line is 5 x 10-4 , so that 

I v =V- CQ 
cEQ cc de slope 

= 16- 6 x 10-3 = 4 v 
5 x 10-4 
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14 

12 

10 
I c (mA) 

8 

lea 6 

4 

2 

0 
0 2 4 6 8 10 12 14 16 18 20 

VcEQ VeE (V) .., 

Figure A8.4 

4 Rae = Re = 1.5 kO while Rde = Re + RE = 1.83 kO, so that the optimal value of IeQ 
is 

20 
= 6 rnA = 

(1.5 + 1.83) x w-3 

and veEQ(opt) = vee - /eQRde = 20 - 6 X 1.83 = 9 v 
Figure A8.4 shows AC and DC load lines for the optimally-biased transistor with no load. 

If /1 = 10/BQ and /BQ = Ielfl = 6 X w-3/100 = 60 p,A, then /1 = 0.6 rnA, so the 
current through R2 = 11 - I a = 0.54 rnA. By KVL 12R2 = VaE + /ERE = 0. 7 + 1.01 X 
6 X 10-3 X 330 = 2.7 V, therefore R2 = 2.7/0.54 kO = 5 kO. 

Also by KVL on the input side, 
Vee = 20 = /1R1 + lzR2 = 0.6R1 + 2.7 

=> R1 = 17.3/0.6 kO = 28.8 kO 

5 We can use the result of problem 8.2 again, with Rae = 2 kO II 3 kO = 1.2 kO and 
Rde = 2 kO, SO that 

= 12 rnA = 3.75 rnA 
1.2 + 2 

and 

veEQ(opt) = vee - /e~de = 12- 3.75 X 2 = 4.5 v 
Then in this case, we require IaQ = IeQ/(:1 = 3.75 x 10-3/180 = 20.83 p,A and so by 
KVL 
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vee = 12 = /.fts + VBB = 20.8 X 10-6RB + 0.7 

::::> RB = 11.3/20.83 X 10-6 = 542 kO 

hre ib I 
he t 

6.8 k.Q 

Figure AB. 6b 

Figure A8. 6a 

6 Using KVL on the lower half of the circuit of figure A8.6a gives 

::::> I = VBB + /8[(/J + 1)RB + R2] 
1 ~ 

= 0.1029 + 6.872/B 

(working in mA and kO). Then also by KVL 

vee - VBB - (fJ + 1)/.ftB = = 0.3444 - 1.479/8 
R1 

Then equating the two expression for / 1 leads to 

0.1029 + 6.872/8 = 0.3444 - 1.479/8 ===> 8.35118 = 0.2415 mA 

giving /8 = 29 p.A and hence ~e = 0.02/29 X 10-6 = 690 0. Taking le = /8 makes 
almost no difference to this result. 

The approximate h-parameter circuit is shown in figure A8.6b, from which one 
deduces that V0 = -hreittRe and as ib = v,l~e• we have 
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-120 X 1500 
690 

= -261 

A capacitively-coupled load of 2 kD will be in parallel with Rc, so that 

R = R II R = 2 X l.5 = 0.857 kD 
o C L 2 + 1.5 

And then 

-120 X 857 = -149 
690 

f 
Figure A8. 6c 

When the signal source has internal resistance, the approximate h-parameter circuit is as 
in figure A8.6c and in this case we must find ib: 

where 

And 

i. = m 

= 

Thus 

RB = Rl II R2 = 27 X 6·8 = 5.43 kD 
27 = 6.8 

vs = vs = v. 
Rs + Rm Rs + RB II hie 5430 X 690 2000 + 

5430 + 690 

v, v, 
---

2000 + 612 2612 

5430v5 V5 = ~~~=-=-----=-~ 
2612(5430 + 690) - 2944 
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And then 

= -35v s 

That is AvL = -35. 
Including hoe in the equivalent circuit places an additional resistance of llhoe = 20 kO 

in parallel with Re and RL, making 

Ro = (1 120 + 112 + 1 I 1.5t1 = 0.822 kO 

instead of 0.857 kO, reducing AvL to 

A = 0.822 X -35 = _33 _5 
vL 0.857 

7 The no-load voltage gain is given by 

if hre and hoe are both zero. When loaded the voltage gain is 

where Ro = Re II RL. The ratio of the two is 

R = 1 + __;: = 1.5 
RL 

so that Re = 0.5RL = 1.5 kO. 
By KVL, Vee = Ie~e + VeEQ• so that -12 = I~e - 6, leading to Ie~e = -6 

and IeQ = -4 rnA (the negative sign indicates the current flows into the supply and out 
of ground). 

The quiescent base current is found from 

vee = /B~B + VBEQ 

Substituting -12 V for Vee. -0.7 V for VoEQ and 400 kO for R8 leads to /8 Q = -28.25 
p.A (the negative sign indicating current flowing out of the base) and thus hre :::::: hPE = 
leQ floQ = 4 X 10-3/28.25 X 10-6 = 142. 

To find hie we use the equation for Av0: 
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-1-15 v 

lc2 

v~ 

Figure A8.8 Figure A8.9 

8 In figure A8.8 we use KVL on the input side and find 

(A8.1) 

But R1 = R2 and /1 = 12 + /81 . Now /p;fi.E2 = 470/E2 = Vo = 5, making /E2 = 10.64 rnA. 
Thus/E1 = 182 = /EZ/({3 + 1) = 10.64/31 = 0.343 rnA. Therefore/81 = /E1/({3 + 1) = 
0.343/31 = 11.06 p.A. 

Looking at the lower part of the circuit we see by KVL that 
lz.R2 = 2V8E + 5 = 6.4 V 

Equation A8 .1 then becomes 

/1R1 + lfl2 = (/2 + /81)R1 + /fl1 = 2/fl2 + /81R1 = 15 

and R1 = 2.2/11.06 X 10-6 = 199 kO. 

9 The circuit of figure A8.9, the fixed bias CE amplifier, by KVL on the input side 
gives 

vee+ /8rfi2 I = 
1 R1 +Hz 

And using KVL on the lower half of the circuit gives 

(A9.1) 
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Substituting this into equation A9 .1 gives 

Whence 

Replacing /EQ by IcQ(fJ + 1)/{3 and /BQ by IcQ 1{3 gives 

ICQ(JJ + l)RE /CQ /C~2 
fJ + 7f - -=-p(=R,....;t ;__+ -=R-:-2) 

= 

which can be rearranged to 

Multiplying by R2 and replacing R1R2 /(R1 + R2) by R8 gives 

which finally produces 

(A9.2) 

Thus the fixed-bias circuit of figure P8.2, where R2 = oo and R8 = R1 would yield from 

the above equation, 

I = {J(V cc- VBEQ) 

CQ RB + ({J + 1)RE 

Either result gives the same variation of ICQ with {J, the difference lies in the relative 

magnitudes of R8 . Taking logs of equation A9.2 gives 
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ln/cQ = ln/3 + ln(Vcc;R8 / R1 - VBEQ)- ln[R8 + (IJ + l)RE] 

Then differentiating with respect to 13 gives 

Since R8 > > RE this approximates to 

In the case of the fixed-bias circuit, R8 > > (IJ + 1 )RE, while for the voltage-divider bias 
circuit R8 < < (IJ + l)RE. In the former case the above expression becomes 

11/CQ fl/J 
:::= 

/CQ 7f 
And in the latter case it becomes 

Figure AB.l 0 

10 In the circuit of figure A8.10, by applying KVL to the lower left loop we find 

I,ft2 + VD = VBEQ + /E~E 

If Vo = VsEQ' then /~2 = IEJlE, and VaEQ drops out. 
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Using KVL on the left-hand side gives 

Now /2 = /E~EIR2, so the above equation becomes 

(IEJl.EIR2 + /BQ)R, + IEJl.E = vee 

And as /EQ = (tJ + 1)/8Q, this in tum becomes 

Rearranging this gives 

R2 Vee I (R1 + R2) V ccRo I R1 
/BQ = = -;-;:----::-~--=-

({1 + 1)RE + RB (tJ + 1)RE + RB 

where R8 = R, II R2 • Again, this is independent of VoEQ• as it should be. 
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Substituting Vee = 15 V, R1 = 27 kO, R2 = 3 0, R8 = 2.7 kO, RE = 330 0 and (3 
= 100 gives /BQ = 41.63 p.A, so that /CQ = (3/BQ = 100 x 0.04163 = 4.163 rnA. 

In can be found by applying KVL to the bottom branch: 

=> /n = -vn R+ VEE - /EQ = -0·7 + 5 - (101 X 0.04163) = 4.944 rnA 
n 0.47 

Ideally we require In = IE for the same voltage drop in the diode and base-emitter 
junction which means that 

21 VEE - vn R VEE - vn 4.3 
EQ = => n = =-:-::--~- = -::-----.,.-=-:---=--=c-:-:-:::-=-

Rn 2((3 + 1)/8 Q 2 X 101 X 0.04163 
= 0.511 kO 

In practice, the change would have negligible effect. 

11 In the circuit of figure A8 .11, KVL on the right -hand side gives 
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24- 12 = ....,.-::-:::----:-:=-:::-----::-:-::--= = 40.4 p.A 
120 X 2000 + 121 X 470 

And also by KVL 

R = vee- VBEQ - {3R - ({3 + 1)R 
B I e E BQ 

(A11.1) 

Substituting for / 8Q and the other values gives R8 = 280 kO. 

Figure A8.11 

Going back to equation A 11.1, which is 

=> /~e + /e~B/{3 + ({3 + 1)/e~E/{3 = vee- VBEQ 
(A11.2) 

{3(VeEQ- VBEQ) 
/eQ = -=~--::----;-;:~-:-:-::~ 

f3Re + R8 + ({3 + 1)RE 

Taking logarithms and differentiating with respect to {3 gives 
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t:JCQ - A(3 RB + RE 
/cQ - 7f" R8 + f3Rc + ((3 + 1)RE 

A(3 280.47 = 0.486 A(J 
(3 576.87 (3 

Then a 10% increase in (3 causes a 4.9% increase in IcQ· Substituting (3 = 120 and then 
(3 = 132 into equation A11.2 will show that IcQ increases by 4.6%. 

(a) 

~ 
~t,, 

--
--

'n ib 

(b) 

1 1 RE Rs vln RL 

t ~r9+R~) Vo 

Vs 

Figure A8.12 

12 We use the equivalent circuit of figure A8.12b, and since the load resistance is small 
we need re, which is found from re = 26//c (assuming the base-emitter junction 
temperature is 300 K), with rein 0 and Ic in rnA. Looking at figure A8.12a, KVL gives 

30- 0.7 
= 0.043 rnA 

350 + 151 X 2.2 

Thus lc = {3/8 = 150 X 0.043 = 6.45 rnA and in figure A8.12b, re = 26/6.45 = 4.0 
0. Now RE' = RE II RL = 2200 II 20 = 19.8 0, so that re + RE' = 4 + 19.8 = 23.8 
0 and fj(re + RE') = 150 X 23.8 = 3.57 kO. 
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The amplifier's output resistance, R, = 2 kO, so the input voltage to the transistor's 
base, vin, is 

R. 
v. =v X m 

m a R. +R 
m s 

3.53 X 100v, = = 63.8v, 
3.53 + 2 

where Rin = R8 II {j(re + R8 ') = 350 kO II 3.57 kO = 3.53 kO and the no-load voltage 
gain of the amplifier is 100. 

Thus ib = vm/P(re + R8 ') = 63.8v,/3570 = 0.0179v, and the voltage across the load 
is 

vL = PibR~ = 150 x O.Ol79v, x 19.8 = 53v, 

Making the simplifying approximations that R8 ' = RL = 20 0 and that R8 can be 
neglected leads to re + RL = 24 0, {j(re + RJ = 3.6 kO. Then vin = 3.57 X 100v, /5.57 
= 64v., while ib = vm/P(re + RJ = 64vJ3500 = 0.0178v,. Thus vL/v. = Pi~Liv, = 150 
x 0.0178 x 20 = 53, which is the same as the 'exact' solution. 

Making the customary assumption that re can be neglected leads to PRL = 3 kO and 
vin = 60v. and ib = 60vJ3 000 = 0.02v .. so that vL/v, = 150 x 0.02 x 20 = 60. In all 
probability this is sufficiently accurate for any practical purpose. 

Finding the current gain requires us to find iL, that is vL/RL = 53v, /RL = 2.65v,. 
And i. = v.IRA = vJ1000, as RA> the input resistance of the amplifier, is 1 kO. Hence 

iL 2.65v, 
i, = vJ1000 = 2650 
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1 To find R8 and R0 we first use KVL on the output side of figure A9 .1 to obtain 

15-6 = 3 kO 
3 

And R5 can be found from V OSQ using KVL on the lower half of the circuit of figure A9 .1 
V0 SQ + IJ5 = 0 => R5 = -V0 SQ/10 

Finally V0 SQ is found from 

IDQ = Ioss(1 - 1 V0 SQI vp 1}2 => voSQ = vp(1 - Jt -1DQ1 loss) 

Substituting Vp = -4 V, loss = 10 mA and /DQ = 3 mA leads to V0 SQ = -1.809, then 

R5 = -VOSQIIDQ = 1.809/3 X 10-3 = 603 0 

making R0 = 3 - 0.603 = 2.597 kO. 

Figure A9.1 

2 Again we use the fact that VosQ = -1~5 = -0.56/0 Q, working in V, mA and kO. 
Then 

/DSQ = loss(1- I V0SQ/VPIY = 10(1- I 0.56/DQ/-4IY = 10(1- 0.1410 Q)2 

We could solve the quadratic equation, but it is easier to use the Newton-Raphson 
approximation 

95 



96 Chapter nine 

OJ = -elf' DQ 

where 0/0 Q is the correction to be added to the value of /0 Q, f' = dfld/DQ and 

while e is the error. In this case we guess first that /0 Q = 3 mA and substitute into f 
Differentiating f gives 

j = /DQ - 10(1 - 0.14/0Q)2 

~ f' = 1 + 2.8(1 - 0.14/0 Q) 

Substituting /0 Q = 3 mA into f gives 

e = f(3) = 3 - 10(1 - 0.14 X 3)2 = -0.364 

And substituting the same into f' gives 

f' (3) = 1 + 2.8(1 - 0.14 X 3)2 = 2.624 

Thus 

Ol0 Q = -elf' = -(-0.364)12.624 = +0.14 mA 

Then VasQ = -locfl.s = -3.14 X 0.56 = -1.76 V and 

3 As before /0~s = - VasQ and 

Then taking a first guess at /0 Q = 3 rnA, we find 

And 

e1 = 3 - 8(1 - 0.2 X 3)2 = 1.72 

f' = 1 - 2 X 8(1 - 0.2/0 Q)( -0.2) = 1 + 3.2(1 - 0.2/0 Q) 

~ J'(3) = 1 + 3.2(1- 0.2 X 3) = 2.28 



Solutions to problems 97 

Then 

M0 Q = -e1 /f'(3) = -1.72/2.28 = 0.75 

And our corrected value of / 0 Q = 3 - 0. 74 = 2.26 rnA. We must go round again for 
another correction: 

~ = 2.25 - 8(1 - 0.2 X 2.25)2 = -0.17 

While 

/ 1(2.25) = 1 + 3.2(1- 0.2 X 2.25) = 2.76 

and so 

MDQ = -~1/1 (2.25) = 0.17/2.76 = 0.06 

making /0 Q = 2.31 rnA. Solving the quadratic gives the answer more quickly. 
From this, /0 Q(R0 + R8) = 2.31 X 2.76 = 6.38 V and V0 SQ = 15 - 6.38 = 8.62 V. 

4 Since /DQ is given we find VosQ from 

1"" ~ -3 ~ I"" '(1 - v ;::" J ~ -6(1 - IV""' /31 )' 

~ 1- I VGSQ/31 = {fi6 = 0.707 

~ VGSQ = 3 X 0.293 = 0.879 v 
Since there is no current flowing into the gate, the gate bias resistor network is a pure 
voltage divider and then 

V = _ 1_ X -12 = -1.333 V 
lMO 1 + 8 

In figure A9.4, KVL on the lower loop gives 

Then as 

vlMO = VGSQ + v RS = VGSQ + I~s = 0.879 + 3Rs = -1.333 v 

. . . R8 = ( -1.333 - 0.879) I 3 = 0. 737 kD 

~ VDSQ = V00 - /DQ(R0 + R8) = -12- (-3)(R0 + RJ = -5 V 

~ R0 + R8 = 7/3 = 2.333 kO 

~ R0 = 2.333- R8 = 2.333-0.737 = 1.596 kD 
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Ro 
/001 Ro 

Q1 
Q2 

tvDSQ2 
4--

VGSQ1 /DQ2 

Rs fov Rs 

Figure A9.4 Figure A9.5 

5 The first thing to note is that the source of Q1 is connected to the gate of Q2, which 
draws no current making /0 Q1 = 0, which means that VosQt = Vp = -2 V. Using KVL 
on the lower loop of figure A9.5 yields 

From this we see that 

as Rs = R0 = 1 kO. Therefore 

1Dq> ~ 1= (t-v~ J ~ s(t- z-:nq, J 
It is best to guess lo(ll = 3 rnA and then letting 

so thatfl3) = 1 and as 

j 1 = djf d/D(ll = 1 - 2 X 8(1 - 11 - 0.5/0 (lli)( -0.5) = 1 + 8(1 - 11 - 0.5/D(lll) 
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we findf'(3) = 5 and the correction to / 0 is 

OJDQ2 = -j(3)/f'(3) = -1/5 = -0.2 

making the corrected value for /0 Q2 = 3 - 0.2 = 2.8 rnA. Going round again gives./(2.8) 
= -0.08,f'(2.8) = 5.8, and 0/0 fll = +0.08/5.8 = 0.014 rnA, giving /0 fll = 2.814 rnA. 

Now V00 = /0 Q2(R0 + Rs) + VosQ2• from which 

VDSQ2 = VDD- IDQ2(RD + Rg) = 12- 2.814 X 2 = 6.37 v 

o------o 

t t 
M.Q 

Vgs 

I 
(a) (b) 

Figure A9.6 

6 With the gate grounded in figure A9.6a, we have VasQ = -/0~5 = 0.22/0 Q and then 

This produces the quadratic equation 

__ 62.14 ± v62.142 - 4 x 225 f~Q - 62.14/DQ + 225 = 0 => /DQ 2 = 3.86 rnA 

The other solution is discarded as physically impossible. Then VasQ = -/0~5 = 0.22 x 
3.86 = 0.85 V and 

= 2V/osloQ = 2 X 5.2 = 3 15 mS 
gm I VPI 3.3 . 

The equivalent circuit is as shown in figure A9.6b which shows that 

Ro = R0 II RL = (1/2.2 + 1/3.3t1 = 1.32 kO 

and so 

as Vgs = Vg = 0.1 V. 
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Figure A9.7 

7 From figure A9. 7 the gate bias voltage is 

v = IS X v = 1 X 24 = 3.43 v 
R2 Rl + IS DD 6 + 1 

Using KVL on the lower half of the circuit gives 

( 3.43 -51.8/DQ ]
2 

Then / 0 Q = / 088 (1- I V0 SQ/VPI)2 = 8 1- -~=---

Let 

Then 

= 8(1- 10.686- 3.6/0 Qi)2 

f = /DQ - 8(1 - I 0.686 - 0.36/DQ 1)2 

j 1 = 1 + 5.76(1- 10.686- 0.36/0Qi) 

Guessing /0 Q = 3 mA leads to 

f(3) = 3 - 8(1 - 0.394)2 = 0.0621 

and so f 1(3) = 1 + 5.76 X 0.606 = 4.49 

Thence OJDQ = -J(3)/f1(3) = -0.0621/4.49 = -0.014 mA 

and the corrected value of IDQ = 2.986 rnA. 
The transconductance is found from 
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2v2.986 x 8 
5 
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= 1.955 mS 

And the output voltage is vL = - gmvs.Ro as shown by figure A9.6b, where R0 = R0 II 
RL = (1/1.8 + 1/5)-1 = 1.324 kO. Thus as vgs = Vg, vL/vg = - gmRo = -1.955 X 1.324 
= -2.588. 

1oss 8 
VGs = OV 

7 

6 

t 5 

4 
fo 

3 

2 

4 8 
(a) 

Figure A9.8 

12 16 20 24 
Vos- Voo 

0 ' 
-1 

-2 

-3 

-4 

-5 

-·---·-

(b) 

8 Figure A9.8a shows the load lines and the drain characteristics. The Q-point is at /0 Q 

= 2.986 rnA, and VosQ = V00 - / 0 Q(R0 + Rs) = 24 - 2.986 X 3.6 = 13.25 V. The 
slope of the DC load line is 

!l/0 = - 1 = -=..!.. = -0.278 mS 
.d V08 R0 + R8 3.6 

The AC load line has a gradient of -l!R0 and passes through the Q-point. Its intercept 
on the V08 axis is 

VDsQ - (/0 Q -:- AC slope) = VDsQ + /0~0 

= 13.25 + 2.986 X 1.324 = 17.2 V 
The drain characteristics are found from 

and are marked for VGs = 0, -0.5, -1 etc. The quiescent gate-source voltage from the 
diagram is just over -2 V (calculated value -1.944 V). 

The no-load output voltage without a bypass capacitor will be along the DC load line 
and will reach a minimum of about 0.1 V and a maximum of about 21.2 V. 

The load voltage can only take on values corresponding to intercepts of VGs values 
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with the AC load line. Thus when Vg = + 1.5 V, V0 s = VoSQ + 1.5 = -2 + 1.5 = 
-0.5 V, approximately, and the corresponding value of V0 s = 8.6 V, approximately. 
And when vs = -1.5 V, V0 s = -2 - 1.5 = -3.5 V, approximately, with a 
corresponding value of V0 s = 16.2 V, approximately, for a load voltage swing of 16.2 
- 8.6 = 7.6 V. The load-voltage waveform can be constructed from the intercepts on the 
load line and then vL = V0s - VosQ• as in the table below: 

v, 1.5 1.0 0.5 0 -0.5 -1.0 -1.5 

Vas -0.5 -1.0 -1.5 -2.0 -2.5 -3.0 -3.5 

Vos 8.6 10.3 11.9 13.4 14.6 15.5 16.2 

VL -4.7 -3.0 -1.4 +0.1 +1.3 +2.2 +2.9 
wt 9()0 42° 19° oo -19° -42° -9()0 

Figure A9.8b shows the load-voltage waveform. 
The ratio vL/vs is -4.7/1.5 = -3.1 when vg is maximum and -2.9/1.5 = -1.9 

when vg is minimum, but taking the peak-to-peak voltage the ratio is ( -4.7 - 2.9)/3 = 
-2.5 (the calculated result is -2.588), as suggested by problem 9.7. 

9 Figure A9.9a shows the load lines and drain characteristics, which are the same as 
figure A9.8a, but now the peak gate voltages are +2 V and -2 V. When vg exceeds 
1.944 V, the drain current reaches /0 ss, 8 rnA and further increases in vs have no effect. 

/DSS 8 
VGS = 0 V 

7 -0.5 v 
6 

4 

-1 v 
vr 

5 

4 -15 v 
lo 

0 
-2V ' 3 -2 '" / 

2 
-4 

0 -6 
0 4 8 12 fi 20 24 

(a) Vos- Voo (b) 

Figure A9.9 

The table has the values below: 

v, +2.0 +1.5 +1.0 +0.5 0 -0.5 -1.0 -1.5 -2.0 

Vas 0.0 -0.5 -1.0 -1.5 -2.0 -2.5 -3.0 -3.5 -4.0 
Vos 7.2 8.6 10.3 11.9 13.4 14.6 15.5 16.2 16.7 
VL -6.1 -4.7 -3.0 -1.4 +0.1 +1.3 +2.2 +2.9 +3.4 
wt 9()0 49° 30° 14° oo -14° -30° -49° -9()0 
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Figure A9.9b shows the load-voltage waveform. 
When the FET is not loaded and R8 is not bypassed the output voltage is constrained 

to the DC load line and V08(min) = 0 V (assuming R08(on) = 0), while V08(max) is 
22.7 v. 

vL/v8 = -6.112 = -3.05 when v8 is maximum, = -3.4/2 = -1.7 when v8 is 
minimum and the peak-to-peak ratio is ( -6.1 - 3.4)/4 = -9.5/4 = -2.4, that is its 
magnitude has declined from the value of2.59 it had previously, because of the restriction 
in V08• 

t t 
Vas R1 R2 Rs FIL VL R2 

I Rs 

(a) (b) 

Figure A9.1 0 

10 Figure A9.10a shows the equivalent circuit. The load voltage is gmvg.Ro so that the 
voltage gain is 

VL = gmv~o = 
gm(v8 - vJRo 

vs vs vs 

~ (vL/v8)(1 + g,j() = gmRo 

~ AvL = vL/vg = gmRo 
1 + g R m o 

The usual FET drain-current equation applies 

I - V""' = J /"" = It = 0.577 
VP loss ~ j 

Thus I VGSQ/ Vpl = 1 - 0.5773 = 0.4227 

VGSQ = -3 X 0.4227 = -1.268 v 

But figure A9.10b shows that VosQ + VRS = VR2 where VRs = /0~8 = 4 V, so that VR2 
= -1.268 + 4 = 2. 732 V. But the voltage across R2 is 
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whence R1 = 2.294 MD. 
Now the transconductance is given by 

gm = I ~PI Vlo/oss = ~J4 X 12 = 4.62 tnS 

While Ro = Rs II RL = 1 kD II 5 D = 0.833 kD, so that gmRo = 3.85 and the voltage 
gain is 

A = 3·85 = 0.794 
vL 1 + 3.85 

The input resistance, from figure A9.10a, is Rin = R1 II R2 = 1 MD II 2.294 MD = 
0.696 MD. 

11 As there is no source resistor, the gate-source voltage, Vas. is zero and so then the 
drain current, 10 = 1088 = 12 rnA. Finally V0 s + loRo = V00, so that 

VDS = VDD - loRD = 15 - 12 X 0.68 = 6.84 v 

12 Equation 9.1 is 

10 - I= (1 - ~: )' 
Equation 9.3 is 

so that substitution for 1 - I Vas /Vp I gives 

which is equation 9.4. 
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1 In figure A 10.1 we can see that 

Figure Al 0.1 

We are told to use equation 7.1, which is 

I = I.[exp(qV/k1)- 1] 

where q = 1.6 X w- 19 C, k = 1.38 X w-23 J/K, T = 300 K and for Q1, v = VBE1 = 
0.7 V, so that qV/kT = 27.05 and therefore 

I 1 = 3 X 10-3 = I.exp(27.05) = 5.6 X 1011I. 

Since I2 = 5 p.A we have 

I. = 3 x w-3 = 5.36 x w-15 A 
5.6 X 1011 

V = 2 • = 0.0259ln = 0.535 V ln(I/I) [ sx 10-6 J 
BE2 38.65 5.36 X 10-15 

Therefore as I2R = V8E1 - V8E2 = 0.7 - 0.535 = 0.165 V, R = 0.165/I2 = 33 kO. 
Assuming that V8E1 is 0.7 V when the temperature is increased to 350 K (it will 

actually by less and so will the increase in I2 , but this will serve as a worst case analysis) 
means that we can take qV/kTto be 27.05 x 300/350 = 23.2 and then 

I 1 = I.exp(23.2) = 3 X 10-3 => I. = 2.52 X 10-13 A 

105 
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This value can be substituted into the equation for /2: 

/2 = I.exp(33.13V8E2) = 2.52 x 10-13 exp(33.13V8E2) 

ln/2 - ln(2.52 x 10-13) 

VBE2 = 33.13 = 0.0302ln/2 + 0.876 v 

But since /2R + V8 E2 = V8 Et = 0. 7, we can equate the expressions for V8 E2, 

V8 E2 = 0.7- I~ = 0.7- 33000/2 = 0.0302ln/2 + 0.876 

which leads to 
f(IJ = 33000/2 + 0.0302ln/2 + 0.176 = 0 

This is best solved by Newton-Raphson, with an initial guess that /2 = 5 p.A, making 

f(5 X 10-6) = 33000 X 5 X 10-6 + 0.0302ln(5 X 10-6) + 0.176 

= 0.165 - 0.369 + 0.176 = -0.028 
Then differentiating f(/2) gives 

/ 1(/2) = 33000 + 0.0302//2 => / 1(5 X 10-6) = 39040 

The correction to be added to /2 is 

M = -j(/2) = -( -0.028) = 7 X 10-7 A 
2 f' (/2) 39040 

making /2 = 5.7 p.A. In practice the increase in temperature would affect VaEt and V8E2 
similarly and the change in /2 would be less than this. 

2 When the area of a single die or chip is 35 mm2, the yield is 

y = lOOexp(-35/50) = 49.7% 

The area of the wafer is 1rr = 7r(75)2 = 17 670 mm2, so that the maximum number of 
chips is 17 670/35 z 500 and the number of good chips is 500 x 0.496 = 248. Thus the 
cost per chip is £500/248 = £2.02, though in practice the number of chips will be rather 
less and the cost per chip rather more. 

If the cost per good chip is lOp, then the number of good chips, n, is 500/0.1 = 

5000. If the wafer area is Aw, the total number, N, of chips, good and bad is 

N = A I A = 1r r 2 / A w 
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And as n = yN, where y is the yield, we have 
7rrz 

n = yN = exp(-A/D) x -
A 

We can solve this with Newton-Raphson's method; let 

f(A) = 5000 - 7r 752 exp ( -A) 
A 50 
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Then as A is small, exp( -A/50) is """ 1 and 7r752/A """ 5000, making A """ 3.5 mm2 • 

Substituting in f(A) and f'(A) gives 

f(3.5) = 5000- 7r 752 exp ( - 3.5) = 292 
3.5 50 

f(3.5) = 7r 752 [1 +~]ex [ - 3.5] = 1439 
3.52 50 p 50 

The area correction is now 

making A = 3.3 mm2 • 

LlA = -j(3.5) = 
f(3.5) 

292 
1439 

= -0.2 

With one good chip/wafer 

n = 1 = Ny = 7r~52 exp ( ;~) 
As before 

f(A) = 1 - 7r~52 exp [ ~~] 

f'(A) = 7r 752 [t + ~] exp [-A] 
A2 50 50 

This time A is large and exp(-A/50) is small. As a guess we can try A = 200 which 
gives 

f(200) = -0.62 and f' (200) = 0.0405 
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The correction to A is +0.62/0.0405 = + 15; then with A = 215 the new correction is 

LM = -/(215) = 0.115 = 4_2 
!' (215) 0.0275 

making A = 219 mm2• There is little point in further accuracy and in practice 200 mm2 

is likely to be as close as necessary. 
When A = 400 mm2 and n = 1 we have 

7r752 
[ -400 I n = 1 = Ny = 400 exp ---rJ 

~ -400 = ln [ 400 ] ~ D = 105.6 mm 2 

D 7r752 

3 Rearranging the formula R = sl/w into s = Rw/l = 100 X 8 X 10-6/100 X 10-3 = 
8 m0/D. 

Assuming the laser cut to be infinitely thin, the conductor is split into two and a cut 
of length y results in additional conductor of width 10 p.m and length 2y. If y is in p.m, 
the increase in resistance is 8 x 2y/10 = 1.6y mO. Now to trim a 1000 resistor to 0.1% 
requires an additional resistance of 0.1 0 or 100 mO, so that 1.6y = 100 andy = 62.5 
p.m. 

The maximum increase in resistance is when y = 0.5 mm or 500 p.m, which makes 
R = 1.6 x 500 = 800 mO. The trimming range is from 99.2 0 up. It is clearly necessary 
to have coarse trimming too. 

1/ ~1 s I 

Figure AI 0. 4 

4 Looking at figure A10.4 and using nodal analysis, we find from the output node that 

Vo/R2 + (Vo-VA)C2s = 0 ~ VA= V0 (1 + l!R,_C2s) 

(VA - V ..JC1s + VA + (VA - V ..)C2s = 0 
Rt 

And at node A 
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which rearranges to 

Substituting for VA gives 

Thus the voltage response is 

H(s) 

Replacing s by jw and letting w/ = l/R1R2C1~, we obtain 

-OZ 
=-----

1-0Z+jO/Q 

where 0 = wlwc and Q = llwc(R1C1 + R2~ + R1~). 
To find the maximum value for Q, put it in the form 

= = 

where T1 = R1C1 and T2 = R2~. This can be partially differentiated with respect to T1 

to give 
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oQ = 0.5VT2 1T1 (T1 + T2 + T,fl1 1~) - rr:r: 
oT1 DENOMINATOR 

Equating the numerator to zero for a maximum in Q leads to 

0.5VT2 IT1 (T1 + T2 + T,fl1 I~) = VT1T2 

=> 0.5(T1 + T2 + T,fl 1 I~) = T1 

=> T1 = T2(1 + RJ~) 

Substitution of this value for T1 into the expression for Q produces 

Q = T2Vt + RtiR2 = 0.5 
max 2T2( 1 + Rt I~) -;V;:::::1 =+=R=t ~=~= 

Thus making R1 < < R2 results in Qmax = 112 and at the same time, since T1 = T2(1 + 
R1 IR2), T1 = T2 • When Q = 112, the voltage response is 

H(jO) = -021(1- 02 + jOIQ) 

And the magnitude of this is 

H(jO) -02 
= 

1-02 + j20 

=> IH(jO) I 02 Q2 02 = = = 
Jo- 02? + 402 Jt + 202 + 0" 1 + Q2 

Therefore when w =we, 0 = 1 and JH(jw)J = 112 which is -6 dB. When Q < Qmax, 
the response at the corner frequency is less than this. 

H 
Ls 

Figure A10.5 
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5 The circuit of figure A 10.4 is a high-pass filter and so the RLC circuit with a similar 

response is that of figure A10.5 (which is the same as that of figure 10.10a). Then we = 

w0 = 11 J (LC), {J = RIL and Q = QP = Rlw~ = 112. Thus 

L= R 1()3 
= ..!.. = 0.318 mH = 

woQp 211" X 1()3 X 0.5 11" 

1 1 1 
As C= = 79.6 nF "'o = --, = 

JLc 
2 411" X 106 W0L 

The response at 300Hz or 0 = 0.3 is 

IH(iO)I = ~ = 
1 + Q2 

0.32 

1 + 0.32 
= 0.0826 

And 20log10 I H(jO) I = -21.7 dB. The approximate response is 40log10 OZ = 40log10 0.09 

= -20.9 dB. 

6 The analysis of the circuit of figure A10.6 follows the standard nodal method. Noting 

that at node B, V8 = V0 , and then 

And at node A, 

(V0 - VA)C2s + V 0 /R1 = 0 

VA = V 0(1 + 1/R1C2s) 

1/C1s 1/C2s 

~ VA 

Figure AI 0. 6 

Collecting terms we have 
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V A(C1s + C2s + 1 I R) - Vo(C2s + 11 R) = V lnC1s 

Substituting for VA gives 

which produces 

And replacing s by jw gives 

R(jO) - -02 
1- 02 + jO/Q 

provided that 0/Q = wRz(C1 + ~), or Q = O/wR2(C1 + ~) = wJ (R1R2C1 ~)/wRz(C1 + 
~).Hence 

7 For a 1kHz cut-off we= 211" X 103 = l!J (R1C1R2~), and we are told that R1C1 = 

R2f:z, thus We = 11R2Cz and so 

1 1 
C2 = - = = 15.9 nF 

weR2 211" X 103 X 10 X 1()3 

The Q is to be 11 J 2, so that 

Thus J Cz = C1 + f:z, or C1 = Cz(J - 1) = 15.9 X 0.414 = 6.59 nF. 
BecauseR1C1 = R2Cz, R1 = R2CziC1 = 10/(J2- 1) = 24.1 kHz. 
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The cut -off is at 1 kHz, and there 0 = 1, making the response 

And 20 log10 Q = 20 log10 J 2 = -3 dB. 
At 50 Hz, 0 = 0. 05, so the response is 

IH{iO) 1 ~ w = 2.5 x w-3 

which is -52 dB. The 'approximation' is very, very nearly exact. If the 50Hz component 
at the input is 20 mV, it will be 2.5 X 10-3 X 20 X 10-3 = 50 p,V at the output. 

8 Consider the circuit of figure Al0.8 (which is the same as figure 10.13a). The voltage 
at the inverting (-) input is V o I K by the voltage divider rule. Thus V 8 = V o I K since the 
voltages at the inputs must be the same. Considering node B and using KCL as usual we 
obtain 

Figure AI 0. 8 Figure AI 0. 9 

At node A the nodal current equation is 

Collecting terms gives 
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Multiplying by R and substituting for VA and V 8 leads to 

V0(1 + RCs)(2 + RCs) 

K 
- v -V RCs- - 0 = V. 

o K m 

Thus the frequency-domain response is 

Letting 0 = wRC gives 

The amplitude response is 

K H(jO) = ----~--
1 - oz + j 0(3 - K) 

K I H(O) I = --;:::==::;;:=K=-======== 
.j(l - oy + OZ(3 - K)2 = --;..;;:::::1 =+ =([:::::::3 =_:::::K]::::::::2=-=2:::::::)0Z::::::;:=+=Q4::=:= 

Equation 10.25 with n = 2 (that is a one-stage filter) is 

IH(O)I = 1 
.jt+04 

To make the denominators equal requires that (3 - K)2 - 2 = 0, or K = 3 - J 2. The 
stage gain is then K = 1.586, rather than unity. 

9 The circuit of figure A10.9 is analysed as usual by nodal analysis. The voltage at the 
inverting (-) input is V0 /K and this must also be V8 . 

At node B 

At node A 
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Collecting terms gives 

Then substituting for VA and V 8 leads to 

Dividing by C1s produces 

And replacing s by jw gives H(jw). 

10 Figure AlO.lOa shows the feedback path for the Colpitts oscillator, whose full circuit 
is shown in figure AlO.lOb. The feedback ratio is Xe2 /Xc1 = C1 /~ = 0.05, while the 
equivalent capacitance is 

ceq = 

Thus if fo = 100 kHz, 

1 w0 = 27rfo = 27r X lOS = __ 

JLceq 
1 

= 

Jo.0476LC2 
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1 c2 = ------::-
o.o476w~ 

And so C1 = o.o5c; = 26.6 nF. 

L 

(a) 

Figure Al 0.10 

The voltage gain is 

Chapter ten 

1 = 0.532 JLF 
0.0476 X 4r X 1010 X 100 X 10-6 

Ca 

(b) 

assuming that the bias resistances are large compared to h;. and that hre and hoe are 
negligible. Now h;. = 0.04//8 = 0.04hFEIIc =:: 0.04hr.llc, making the voltage gain 

hR 
fe L = 25/cR 

0.04hrJic L 

But for the circuit to oscillate the voltage gain must be greater than 20, the feedback ratio, 
thus 

I > ~ = -==-=--2_0--=:::-
c 25R 25 X 50 L 

= 16 mA 

The collector current must therefore be at least 16 rnA. 

11 The voltage at the inverting (-) input in figure A 10.11 is V o I K, and this is also the 
voltage at the inverting ( +) input, VA. At node A the nodal equation is 
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Collecting terms 

Substituting for VA yields 

Multiplying both sides by K(R2 + l!Czs) gives 

Replacing s by jw leads to 

==* j(wC1R2 - 1/wR1C2) + 1 + CJC2 + RJ~ = K 

And for this to be satisfied with K real requires 

= (R R C C)-112 
1 2 1 2 

and then 

1/Cs 

Figure AI O.II Figure AI O.I2 

117 
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12 There are three nodes in the circuit of figure Al0.12, but node D is at the inverting 
(-) input where the voltage is zero as the non-inverting ( +) input is grounded. Thus at 
nodeD 

-v 
o = VCs ~ 

Rl B 

-v 0 

R1Cs 

At node B 

- VB - -VBCs + - + (V8 - VA)Cs = 0 
R 

vA = vB (z + - 1 ] RCs 

= -vo [2 + Rh] 
R1Cs 

At node A 

vA [z + - 1-] - v - v = o RCs B o 

Substituting for VA and V 8 gives 

-v [ 1 ] 2 
__ o 2+--
R1Cs RCs 

~ -v [-3- + 4 + 1 + 1] = o 
o R1Cs RR1C2s 2 R1R 2C3s 3 

Replacing s by jw leads to 

If the circuit is to have any output, Vo ;e 0 and the term in brackets must be zero, which 
can only be so if the real and the imaginary parts are both zero, that is 

w2R RC2 = 4 and 3w2R 2C2 = 1 
I 

From the latter condition w = 1/(RCJ 3) and w2RC! = 113R, which can be substituted into 
the former condition to give R1 = l2R. 
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1 Figure A11.1 shows the AC load line for an ideal transformer-coupled class-A 
amplifier operating at maximum efficiency, with the quiescent point at ICQ, V cc· It shows 
that the output voltage of the amplifier is Vee = Vee (1 + sin(l)t), as the output is sinusoidal 
and goes along the AC load line from 0 to 2 V cc· The current likewise is sinusoidal and 
goes from 0 to 2IcQ· Since ic = 0 when Vee = 2Vcc and ic = 2/cQ when Vee = 0, then ic 

= ICQ (1 - sin(l)t). The instantaneous power dissipated in the transistor is therefore 

veeic = VcJCQ(1 + sin(l)t)(1- Sin(l)t) 

= VcJcQC1- sur(l)t) = 0.5VcJCQ(1 + cos2(1)t) 

The average power dissipated in the transistor is then 

p = O.SVcJCQ I :(1 + COS2(1)t)dt 

T 

O.SV ex! [t + sin2(1)t] r 
CQ 2(1) 

= 0 

T 

O.SVcJCQ[T + sin41r] _ 
= T - O.SVcJCQ 

as T = 211"/(1). This is the same as the power dissipated in the load, so 50% of the input 
power, ideally, appears as heat in the transistor. 

AC slope= 1/ J:rL 

Figure All.l 

2 The output resistance of the CE amplifier is 1/hoe II Rc and so maximum power is 
transferred when RL = llhoe II Rc = Rc/(1 + hJc). Now the efficiency of the 
capacitively-coupled CE amplifier is given by equation 11.8 which is 

119 
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RrfiL 
7J = 

2(Re + RJ(Re + 2RJ 

Substituting Re/(1 + hoeftc) for RL gives 

Multiplying both numerator and denominator by (1 + hoeRc)IRe2 gives 

1 
~ 

12 

since hoeRe < < 1, usually; the efficiency with maximum power transfer is 1112 or 
8.33%, and if llhoe = lORe, the efficiency is only slightly increased to 8.46%. 

3 The load must be transformed into one of Vee //1m:ax in the primary in order to obtain 
maximum load power. Since Vee = 12 V and / 1m:ax = 2 A, the load had to be 6 0 when 
referred to the primary. Since 

R11JS = n2 = 6/50000 ==> n = ,j6!50000 = 0.011 

Figure All. 4 

4 Figure A11.4 shows the class-B BJT push-pull amplifier. The load power for the 
class-B amplifier is given by 
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PL = iimL2RL .... /mL = J2PL/RL = 1200/10 = /iO A 

But the maximum load current is 

I = mL 

.,.. Vee = 2(R8 + RJlmL = 2 X 12 X {iQ = 107.3 V 
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while the input power is the product of V cc and the time average of the current. The time
averaged current supplied is /mLhr, so Pm. = VccimLI1r and the efficiency is then 

100 = ----........=--
107.3 X {iQ f1r 

= 0.654 

or 65.4%. 
The power lost in the transistors is found from 

Though there are two emitter resistors, each conducts during one half cycle only, so that 
we can consider the load current to flow for the whole time through one. But /L = 
/mL/J 2, making IiR8 = lh/mL2R8 = 0.5 x 20 x 2 = 20 W. We are assuming negligible 
base current so that the losses in R8 and the diodes can be neglected. The power lost in 
the transistors is therefore 152.7 - 100 - 20 = 32.7 W, or 16.35 Win each. 

The voltage drop across R8 during standby is Ih(3V0 - 2V88) = Ih V0 = 0.35 V, so 
that the quiescent emitter current is 0.35/R8 = 0.175 A, and the power supplied during 
standby must be Vcclc = Vccl8 = 107.3 X 0.175 = 18.8 W. 

5 If the supply voltage is 200 V and the maximum current is 8 A, with a load power 
of 250 W, then we can calculate the conduction angle, ()c from 

and r 1 = 0.2026(Jc- 0.01386fc 

The first equation gives 

while the second yields 

2 X 250 = 0.3125 
200 X 8 

0.3125 = 0.2026(Jc- 0.01386fc 

.,.. fc - 14.62(Jc + 22.55 = 0 
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(Jc = 7.31 ± J7.3F- 22.55 = 12.87 or 1.7525 rad 

Taking the latter value as the former makes no physical sense, we find the conduction 
angle to be 1.7525 rad or 100.4°, and from this we can calculate the efficiency using 

1J = 100- 6.84(Jc = 100- 6.84 X 1.7525 = 88% 

The power drawn from the supply is 

The amplifier must dissipate 

p = p - p = 284 - 250 = 34 w A S L 

The base bias is found from 

6, = 2coo·• [ IV,,~: v,.l 
=> I V88 l = Vmcos(0)2)- V8E = 5cos50.r- 0.7 = 2.5 V 

Thus V88 = -2.5 V, since the bias voltage is negative. 

6 The conduction angle is given by 

6, = 2cos·• [ IV .. ~: v,.l = 2cos·• [ 10 ;50.7] = 890 

In radians, (Jc = 89°1180 = 1.553 rad. Then r0 = OJr = 0.1574 and the power supplied 
is 

P8 = r0VccJm = 0.1574 X 60 X 3.2 = 30.2 W 

r1 is given by 

r1 = 0.2026(Jc - 0.013860~ = 0.2026 X 1.553 - 0.10386 X 1.5532 = 0.281 

From which we find the load power 

And the efficiency is 



Solutions to problems 

11 = 100- 6.848c = 89.4% 

As a check, PLIPs = 27/30.2 = 0.894 or 89.4%. 

7 The output power is given by 

which rearranges to 

0 = = 2 X 225 
= 0.33 -=-o .-=-8-=-5 -x-1:--:60,_x-1~o 
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And VCBmax = 2Vin = 320 V. The load voltage is VL = J (PLRJ = J (225 x 500) = 335 
v. 
The ripple is given by 

v. 
AV = _L ~ 

Rq 
1 c = -=-::':-:":":-=':"'" 

RfAVIVL 
1 

= ~~~~~~~ 
500 X 10000 X 0.02 

= 10 JLF 

8 If the power is equally distributed (a big 'if), then each transistor dissipates 50/4 = 
12.5 W, so that the temperature difference from junction to case is 

AT = P81c = 12.5 X 2.8 = 35°C 

And if the junction is at 150°C, the case must be at 150 - 35 = ll5°C. The temperature 
difference between case and heat sink is 

AT = POpas~ = 12.5 X 0.2 = 2.5°C 

Thus the temperature of the heat sink is 115 - 2.5 = 112.5°C. 
The temperature difference between the heat sink and ambient thus becomes 112.5 -

50 = 62.5°C and so 
OHA = AT/ P = 62.5/50 = 1.25°C/W 

9 The heat sink's temperature with fan cooling would be 

Then the case temperature is 

Tc = THs + ±POpas~ = 85 + 0.25 X 50 X 0.2 = 85 + 2.5 = 87.5°C 

And the junction temperature is 
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~ = Tc + !..P01c = 87.5 + 0.25 X 50 X 2.8 = 122.5°C 
4 

If the junction temperature is 150°C then the temperature of the heat sink is 

THS = ~ + ~P(OJC + OpasJ = ~- 0.25P X 3 = 150- 0.75P 

But the heat sink has to remove P watts to ambient at 50°C, and its temperature is 
therefore 

Equating the two expressions for THs gives 

150- 0.75P = 50+ 0.7P 

~ l.45P = 100 ~ P = 69 W 

which represents an increase in power dissipation of 38%. 
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1 Consider a small element of the circumference of the coil, as shown in figure A12.1, 
whose length is 0/, and which is inclined at an angle, 1J, to the vertical. The Lorentz force 
on this element is 

oF = iol X B 

where ol is directed along the tangent to the circumference in the direction of i. The 
force's direction is given by the right-hand corkscrew rule. When the plane of the coil 
makes no angle (0 = 0°) with B, the angle between ol and B is (90° - 1J) and the force's 
magnitude is 

oF = Bi0lsin(90o - 1J) = Bi0lcos1J 

__ ,_e 
view lool::ing down AD 

Figure Al2.1 

The moment of this force and the corresponding element on the other side of the 
circumference is 

oM = 2rcos 1JoF = 2Bircos2 1J Ol 

since the separation between elements is 2rcos 1J. But Ol = ro1J making 

And when the plane of the coil is inclines at () to B, the moment of the element is 
oM cos(). Integrating oM from 1J = - 1r 12 to 1J = 1r 12 gives 

I I 1<12 
M = dMcos() = 2Bir2cos0cos2 1Jd1J 

-1<12 

125 
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Now = [q, + sin22q,] 1(
12 = 11" 

-f(/2 

Thus M = 11"Bir2 cos8 = 11"BAicos8 

2 The induced e.m.f. is 
d~ dA dx 

E=-=B-=Bl-=Blv 
dt dt dt 

And in air B = pJl = 411" X 10-7 X 40 = 50.3 p.T, so that 

E = Blv = 50.3 X 10-6 X 2.65 X 112000/3600 = 4.14 mV 

The power dissipated is '1-!R, where 

R = _l = __ 2_.6....,...5 _ _,. 
uA 50 X 106 X 10-s 

= 5.3 mO 

. . . P = (4.14 X 10-3) 2 /5.3 X 10-3 = 3.23 mW 

The force on the conductor is given by 

F = il X B 

and this has a magnitude of 

F = ilBsin8 = ilBsin90° = ilB 

where i = EIR and R = lluA, so that 

F :::::: EuAB = 4.14 X 10-3 X 50 X 106 X 10-s X 50.3 X 10-6 = 104 p.N 

3 This is an exercise in using Fleming's right-hand (generator) rule, with the thumb 
indicating the motion of the conductor (the sea) into the N Sea and the first finger 
indicating the direction of the earth's magnetic field (downwards) as in figure A12.3, 
making the £Urrent flow from France to England as indicated by the Se£ond finger. If the 
current flows from France to England, the channel acts as a generator and thus England 
is at the higher potential. 

The magnitude of the e.m.f. is given by 

E = d~ldt = BdA/dt = Bldxldt = Blv 

where l is the width of the Channel in m, v is the speed of its flow in m/s and B = pJl 
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= 47r X 10-7 X 25 = 31.4 J.LT. The speed is 4 km/h, which is 4000/3600 = 1.11 m/s, 
making 

E = 31.4 X 10-6 X 35000 X 1.11 = 1.22 V 

Motion 

Curr N Sea 

England + 

Field 

France 

Figure Al2.3 

4 The equation used is 
B = J.L0(H + M) 

where H =Mil = 330 X 1.2/0.5 = 792 A/m and M = Msat = 2 x lOS A/m, making 

B = J.L0{792 + 2 X lOS) = 471" X 10-7 X 200792 = 0.252 T 

The flux is then <fl = BA = 0.252 X 4 X 10-4 = 0.101 mWb. 
The relative permeability is 

B 0.252 
J.Lr = J.Lfl = 411" X 10-7 X 792 

= 253 

5 First we must find the reluctance of the air gap from ~ = lg I #LQAP where lg is the 
length of the gap along the direction of B and Ag = Ac = cross-sectional area of the core 
normal to B. Because there are two gaps each of length 0. 05 mm as shown in figure 
Al2.5, lg = 0.1 mm = 10-4 m, and 

w-4 
R =--~-= 

g 4 X 10-4J.L0 

0.25 

J.Lo 

The reluctance of the magnetic core is 

R = _lc_ = 0.5 = 4.94 
c J.LoJ.Lt4c 253 X 4 X 10-4J.L0 J.Lo 

The combined circuit reluctance is 
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R = R8 + Rc = (0.25 + 4.94)/JL0 = 5.19/JL0 

Then we can find the flux from 

NI = ~R = 330 X 1.2 = 95_9 JLWb 
5.19/JL0 

And the flux density is 

= 95.6 X w-6 = 0.24 T 
4 X 1Q-4 

The relative permeability is 

n _ B _ 0.24 = 241 
rr - JL/f - 411" X 10-7 X 792 

0. 0 5 m-~~----

Figure A12.5 

Increasing the gap to 2 mm makes lg = 4 mm and 

R = 4 X 10-3 = ..!_Q 
g 4 X 1Q-4JL0 ILo 

Since JR., remains unchanged we have a circuit reluctance of 14.94/JLo and the flux is 

NI 330 X 1.2 
= 33.3 JLWb ~ =- = 

R 14.94/ JLo 

making 

B = _! 33.3 x w-6 
= 0.0833 T = 

Ac 4 X 1Q-4 

and 
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p. = _.!!_ = 0.0833 = 83.7 
r p./f 792p.0 

6 The loop area is 4B/lc and this is the hysteresis loss per cycle per m3 , that is 

= 4 X 3 X 10-3 X 0.25 X 5 X 24000 = 360 W 

A = 3 x 10-3 m3, the volume of the core. 

7 The eddy-current losses are 

P = ! . .(-trb~"B )2uA e 6 J· m 

= 2.(1r X 0.3 X 10-3 X 50 X 0.68)2 X 0.7 X 106 X 4 X 10-4 = 0.048 W 
6 

where b = 0.3 mm, f = 50 Hz, Bm = 0.68 T, u = 0.7 MS/m and A = 4 x 10-4 m3 

Since the losses go as j2, at 2 kHz, they will be (2 000/50)2 = 1600 times greater, or 
76.6W. 

The eddy-current density at 50 Hz is given by 

0.7 X 106 X 0.048 = 9.16 kA/m 2 

4 x w-4 

And at 2 kHz it will be 2 000/50 = 40 times greater, or 366 kA/m2 • 

8 The coil inductance is given by 

L = P.r#LcJ\n 2 

where A is the core volume and n is the number of turns/l. Now A = Acl, Ac being the 
cross-sectional area of the core, 8 x w-s m2 , and l = 21rr = 21r x 20 x 10-3 = 0.1257 
m. From the equation above we find 

60 x w-3 
= 3 822 turns/m 

325 X 41r X 10-7 X 8 X 10-s X 0.1257 

Thus N = nl = 3 822 x 0.1257 = 480 turns. 
The inductance is proportional to If, so that 



130 Chapter twelve 

lnL = 2N + K 

where K is independent of N and therefore differentiating L with respect to N yields 

_!_ dL = 2 ~ oL = 2 oN 
LdN L N 

If oN= 0.5 and N = 480, oN/N = 1.04 X 10-3, and then oL/L = 2.08 X 10-3, making 

oL = 2.08 X 10-3 L = 2.08 X 10-3 X 60 = 0.125 mH 

9 The hysteresis losses/cycle will be 

Ph = 4B/fc = 4 X 0.8 X 40 = 128 J/m 3 

which is 128fW/m3, wherefis the frequency. 
The eddy-current losses/m3 will be 

Pe = ~(7rbfBm)2U 

where b = lamination thickness, 0.25 mm, fis the frequency, Bm = B. = 0.8 T and u, 
the conductivity is 1.5 MS/m. Substituting these values in the formula above produces Pe 
= 0.0987.f W/m3 • Equating Ph and Pe gives 

128/ = 0.0987F ~ f = 1296Hz 

At 5 kHz the hysteresis losses are 128 x 5 000 = 640 kW /m3, while the eddy-current 
losses are 

Pe = ~(1rb X 5000 X 0.8)2 X 1.5 X 106 = 3.96 X l013b 2 W/m 3 

Equating the losses gives 

3.95 X l013b2 = 640 X 103 ~ b = 0.127 mm 
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1 The e.m.f. is given by 

e = z~~~ ==> z = 60e = 60 X 450 = 90() 
60 ~~~ 0.03 X 1000 

Since there are three pole pairs, if the e.m.f. and the flux/pole are unchanged in a wave
wound machine, the number of conductors must be reduced by a factor of three to 300. 

The excitation is constant and so if the speed is reduced to 825 r/min from 1000 
r/min, the generated e.m.f. must be reduced in proportion, that is 

E = 825 X 450/1000 = 371 V 

Then if the current supplied is 200 A, the armature voltage drop is /.fta = 200 x 0.05 
= 10 V making the terminal voltage 

V = E - laRa = 371 - 200 X 0.05 = 361 V 

2 The flux/pole for a lap-wound machine is given by 

~ = 60e = 
P Zn 

60 X 660 
= 91.7 mWb 

300 X 2 X 720 

where Z, the number of conductors, is 300 x 2. 
A wave-wound generator has an e.m.f. given by 

e = z~~~p/60 

where p is the number of pole pairs, in this case 6. Thus for the same number of 
conductors and generated e.m.f. the flux/pole is six times less or 91.7/6 = 15.3 mWb. 

3 We must use the equivalent circuit of figure A13.3, from which we can see that Ir = 
V!Rr = 660/240 = 2.75 A. Also we can see that /a = /L + Ir and 

I = P IV = 2 x 105 I 660 = 303 A L L 

so that /a = 303 + 2.75 = 305.75 A. Now the armature voltage drop is 

I R = E - V = 690 - 660 = 30 V a a 

which gives 
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Figure Al3.3 
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E-V 
R = -- = 

a I 
a 

Ia 
Ra 

30 = 0.0981 0 
305.75 

/L 

It 

Rr 

vf RL 

Using the same equivalent circuit and the same equations we can find the terminal voltage 
when the generated e.m.f. is 690 Vas follows. The load current is 

And the field current must remain at 2.75 A for the e.m.f. to stay constant, as the speed 
will be constant. Thus the armature current is 

I. = IL + Ir = 10SIV + 2.75 

Then the armature voltage drop is 

I.R. = (10S/V+2.75) X 0.0981 

But this is E - V = 690 - V giving 

690- V = 0.0981(105 /V+ 2.75) 

which rearranges to the quadratic equation 

f2- 689.73V + 9810 = 0 

v = 689.73 ± V689.732 - 4 X 9810 = 675 2 v 
2 . 

(The other solution is V = 14.5 V, which is impossible.) 
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4 The graph of open-circuit e.m.f. against field current is as in figure A13.4a, wherein 
by drawing a horizontal line at 160 V we can see that the corresponding field current is 
1.7 A making the field resistance 160/1.7 = 94 0. The initial slope of the curve is clearly 
38/0.25 = 152 0 and this is the critical field resistance. 

If a load is attached and supplied with 20 A with the same generator speed of 
900 r/min and field resistance, the terminal voltage will fall because of the armature 
voltage drop and this will lead to a decrease in generated e.m.f. as the field coil is in 
parallel with the load. The total armature current is /L + Ir :::::: 20 + 1. 7 = 21.7 A, 
making the armature voltage drop, /.fta, 21.7 x 0.46 = 10 V. Since the terminal voltage 
must lie on the field load line and be 10 V below the generated (:::::: open-circuit) e.m.f., 
we can find the solution as shown in the expanded inset, which gives E = 154 V and V 
= 144 v. 

The increase of speed to 1200 r/min from 900 r/min will cause the e.m.f. to increase 
by 1 200/900 for the same field current. We can therefore draw another E - Ir curve from 
the data given by increasing the voltages by a factor of 4/3 to give the curve in figure 
A13.4b; and drawing a field load line with a slope of 110 0 as shown gives the open
circuit e.m.f. as 228 V. 

EM 
200 

150 

100 

50 

(a) 

900 rlmin 

0.5 1.0 1.5 2D 25 3.0 
Freid Ctlrent (A) 

Figure A13.4 

E['l) 

250 

200 

150 

100 

50 

(b) 

1200 rlmin 

0.5 1.0 1.5 2.0 2.5 3.0 
Field Ct.rrent (A) 

5 The amp-turns/pole on full load for the shunt winding are 0.278 x 1800 = 500.4, 
and on no load they are 0.25 x 1800 = 450, the difference being 50 amp-turns, which 
must be supplied by the series field winding on full load. The full load current is 

Thus the series coil requires 50/25 = 2 turns/pole. 
If the number of turns/pole in the shunt winding were to be 1 400 with the same no

load and full-load field currents (0.25 and 0.278 A), then the series winding would 
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overcompensate, since the amp-turns on no load would be 1400 x 0.25 = 350, while on 
full load they would be 1400 x 0.278 = 389.2, a difference of 39.2 amp-turns, while 
the series field coil would supply 2 x 25 = 50 amp-turns as before. The series field 
current must be reduced to 

I = 39·2 X 25 = 19.6 A 
s 50 

This can be achieved with a parallel resistance, RP, as in figure A13.5, and the voltage 
across this is I.R. = 19.6 x 0.02 = 0.392 V. The total current through R. and RP 
remains 25 A, so that the current through RP is /FL - I, = 25 - 19.6 = 5.4 A, making 
RP = 0.392/5.4 = 0.0726 0. 

Figure Al3.5 

6 If the armature current is unchanged, the back e.m.f. is unchanged also, since 

E =V-IR a a 

and the supply voltage, V is constant. But 

E ex n<P ex nlr = nVI Rr ex nl Rr 

If, therefore, the speed increases, the field resistance must increase in proportion, giving 

Rfl = Rnn2 fn1 = 480 X 675/600 = 540 {} 

The armature voltage drop is /fia = 95 x 0.32 = 30.4 V, so that the back e.m.f. is 

E = V - /aRa = 440 - 30.4 = 409.6 V 

When the armature current is 50 A, the back e.m.f. is 

E = V - laRa = 440 - 50 X 0.32 = 424 V 
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The speed, for constant field current, is proportional to the back e.m.f., so that 

The speed alters little for a near halving of armature current. 
The power output is Ela, which gives 409.4 x 95 = 38.9 kW at 600 r/min and 424 

x 50 = 21.2 kW at 621 r/min. 

7 The power output is 

p = E/a = ( V- JaR)/ a ~ I 2 - VIa + !.._ = 0 
a R R 

a a 

Substituting for V = 400 V, P = 32 kW and Ra = 0.32 0 leads to 

I/ - 1250/a + lOS = 0 ~ /a = 625 ± J6252 - lOS = 85.9 A 

The other solution is 1.164 kA, which we reject as it is far too large. 
The back e.m.f. is proportional to 4>n, and as 4> ex Ir we have 

E = knit = knV!Rr 

In the previous problem we found E = 409.6 V when n = 600 r/min, Rr = 480 0 and 
V = 440 V. Substituting these in the above equation leads to 

k = ERr = 409.6 X 480 = 0.7447 
nV 600 X 440 

The back e.m.f. is V- /.fia = 400 - 85.9 X 0.32 = 372.5 V, so when Rr = 480 0 the 
speed is 

n = ERr = 372.5 x 480 = 600 r/min 
kV 0.7447 X 400 

And if the speed is 660 r/min the field resistance is 

R = knV = 0.7447 X 660 X 400 = 528 O 
r E 372.5 

8 We first find the back e.m.f. from 

E = V - laRa = 200 - 18 X 0. 73 = 187 V 

The back e.m.f. is proportional to 4>n ex n!Rr, or 

E = kn/Rr ~ k = ERrln = 187 X 400/1320 = 56.7 
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Then when the motor is not loaded E = V, the supply voltage, very nearly, and 

V = kn0 / Rr ==> Rr = kn0 / V = 56.7 X 1320/200 = 374 0 

The no-load speed is given by 

n0 = VRrlk = 200 x 510/56.7 = 1800 r/min 

with Rr = 510 0. 

9 The armature voltage drop is laRa = 20.5 x 0.96 = 19.7 V. Then 

E = V- laRa = 240 - 19.7 = 220.3 V 

Now the field current, lr = V!Rr = 240/900 = 0.2667 A, from which we find 

~ = 60la - 50la2 = 60 X 0.2667 - 50 X 0.26672 = 12.44 mWb 

And E = ~n. so that 

k = ~ = 220·3 = 0.01449 V/mWb/rpm 
~n 12.44 x 1222 

The no-load speed, no. occurs when E = V and then 

v 240 
~ = - = -:::-:,.,....,...,......----,:-:--,...,. = 1331 r/min 

kn0 0.01449 x 12.44 

When no = 1100 r/min 
v 240 

~ = - = ~~=-~~ 
kn0 0.01449 X 1100 

= 15.06 mWb 

We can then find lr from 

lr2 - 1.2/f + 0.3012 = 0 

==> lr = 0.6 ± Jo.62 - 0.3012 = 0.3575 A 

The other solution lies outside the range of the equation's applicability. Then Rr = VIle 
= 240/0.3575 = 671 0. 

When Rr = 1 kO, lr = V!Rr = 240/1000 = 0.24 A, which gives 

~ = 601r - 501r2 = 60 X 0.24 - 50 X 0.242 = 11.52 mWb 
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As the armature current is the same as at first, E = 220.3 V also and as E = k~n 

n - e - 220·3 = 1320 r/min 
- k~ - 0.01449 X 11.52 

And when Rr = 500 0, Ir = 240/500 = 0.48 A, from which we find the flux: 

Hence 

Therefore 

~ = 60/r- 50/r2 = 60 X 0.48- 50 X 0.482 = 17.28 mWb 

E = k~n = 0.01449 X 17.28 X 900 = 225.3 V 

/aRa = V- E = 240- 225.3 = 14.7 V 

I = V- E = 14.7 = 15.3 A 
a Ra 0.96 
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10 The armature voltage drop is laRa = 200 x 0.125 = 25 V, which makes the back 
e.m.f. 

E = V - /aRa = 600 - 25 = 575 V 

The mechanical power is 
P m = Ela = 575 X 200 = 115 kW 

Hence the torque is 

T = 60P = 60 X 115 = 1.484 kNm 
21rn 21r x 740 

The copper (armature joule) losses are 

And so the fixed losses are also 5 kW for a total loss of 10 kW. The power supplied is 
Ps = VIa = 600 x 200 = 120 kW, so the efficiency is 

7J = 1 - losses = 1 - ~ = 0.917 = 91.7% 
Ps 120 

If the armature current is 90 A then the copper losses are 

Peu = 1/Ra =W21x0.,125 = 1012.5W 

while the fixed losses remain at 5 kW, for total losses of 6 kW. Now the input power is 
VIa = 600 x 90 = 54 kW, making the efficiency 
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71 = 1 - losses = 1 - ~ = 0.889 = 88.9% 
P8 54 

When /a = 250 A the input power is VIa = 600 x 250 = 150 kW. The copper losses are 

Peu = /a2Ra = 2502 X 0.125 = 7.8125 kW 

The total losses are then 5 + 7.8125 = 12.8125 kW and the efficiency is 

71 = 1 _ losses = 1 _ 12.8125 = 0 .915 = 91.5 % 
P8 150 

11 When T = 70°C, RT = 0.816 0 and then we find R0 in the equation 

RT = ~(1 + o.oosn => Ro = -:----:R:-T=-=-== - -=----=-0-=-. 8=-=1=-6----== = 0. 604 0 
1 + 0.005T - 1 + 0.005 X 70 

Now the mechanical power developed is Ela, and if this is halved when the field excitation 
and the speed are unchanged- implying that E is also unchanged- then la must be halved 
also to 7 A. 

The armature losses are la2Ra and the temperature rise in the armature is proportional 
to them: 

When la = 14 A, liT = 70 - 20 = 50°C, so that 

k = liT = --=-_S_O __ = 0.3125 oC/W 
1 2R 142 X 0.816 a a 

With Ia = 7 A, the armature losses are 72Ra = 49Ra, and the armature temperature rise 
is 

Thus we can solve the equation for Ra, which is 

Ra = ~(1 + o.oosn = 0.604(1 + 0.005[20 + ~11) 

= 0.604(1.1 + o.oos~n = 0.604(1.1 + o.oos x 15.31Ra) 

= 0.6644 + 0.0462R => R = 0 ·6644 = 0.697 0 
a a 0.9538 

The armature power dissipation is thus la2Ra = 49 X 0.697 = 34.1 W, and its 
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temperature rise is 

that is the armature temperature is 20 + 10.7 = 30.rc. 
When delivering rated power, /a = 14 A and the armature's temperature rise is 

Hence 

ll.T = k/a2Ra = 0.3125 X 142Ra = 61.25Ra 

Ra = Ro(1 + 0.005[40 + /l.T]) 

= 0.604(1.2 + 0.005 X 61.25Ra) 

= 0.7248 + 0.185Ra 

=> R = 0·7248 = 0.89 0 
a 0.815 
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And then ll.T = 61.25Ra = 61.25 x 0.89 = 54.5°C, making T = 40 + 54.5 = 94.5°C. 

12 First find the back e.m.f. from 

E = V- laRa = 650- 466 X 0.05 = 626.7 V 

The power output of the motor is P 1 = Elat = 626.7 x 466 = 292 kW. 
Next we can find the proportionality constant, k, in 

E = klan => k = ..!_ = 626·7 = 2.445 mV/A/rpm 
Ian 466 X 550 

If the torque is constant while the speed is reduced to 400 r /min then the power developed 
is 

P2 = nzPJn1 = 400 x 292/550 = 212.4 kW 

Thus the back e.m.f. must be 

E2 = kn,ja2 = 2.445 X 10-3 X 400/a = 0.978/a 

and then the power developed is 

=> /a2 = V212400/0.978 = 466 A 

Thus E2 = 0.978/a2 = 455.76 V. Then 
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l,.fl32 = V- E2 = 650- 455.76 = 194.24 V 

~ Ra = 194.24/466 = 0.417 0 

The extra resistance is 0.417 - 0.05 = 0.367 0. 
When the torque is 75% of its previous value the power developed is 

n1P1 400P1 
P3 = 0.75 X- = 0.75 X-- = 0.5455P1 = 159.3 kW 

n2 550 

The back e.m.f. is 

E3 = kn.ja3 = 2.445 X 10-3 X 400/a3 = 0.978/a3 

Therefore 

~ /a3 = Vt59300/0.978 = 403.6 A 

And E3 = 0.978/a3 = 0.978 X 403.6 = 394.7 V, giving 

R = V- E3 = 650-394.7 = 0_633 O 
a3 /a3 403.6 

Hence the extra resistance required is 0.63 - 0.05 = 0.58 0. 

13 Using the equation 

where we found in the previous problem that k = 2.445 X 10-3, with /a = 1 kA and n 
= 200 r/min we find E = 489 V, and then 

Also 

p = 21rnT = El 
m 60 a 

60El 
T=--a= 

21rn 
60 X 489 X 1000 = 23 _35 kNm 

27r X 200 

R = V- E = 650 - 489 = 0_161 O 
a [ 1000 

a 

The power input to the motor is Ps VIa = 650 x 1 000 = 650 kW, while the armature 
losses are 1/Ra = 1 OOOZ x 0.161 = 161 kW, making the efficiency 

71 = 1 _ losses = 
p;- 1 - 161 = 75.2% 

650 
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1 Taking~ as the reference phasor in figure A14.1, the line voltage being 415 V, 

E = 415Loo = 240Loo V 
RN {f 

Then the star-to-neutral voltage is 

where Ya = 1 = 1L90o mS and Y = Y = - 1- = 1LOo mS 
-j1000 v B 1000 

Thus 

lc -j11c.Q 

Figure Al4.1 

240 L 0° X 1 L 90° + 240 L -120° X 1 L 0° + 240 L 120° X 1 L 0° 
VSN = ------------~~~~~=-~~~------------1 L 90° + 1 L oo + 1 L oo 

= j240 - 120 - j208 - 120 + j208 = 
j1 + 1 + 1 

= 339 L l35o = 152 L 108.43 o V 
2.236 L 26.57° 

-240 + j240 
2 + j1 

11 is therefore given by 
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EYN- VSN 
I = = 

1 1000 

Chapter fourteen 

240 L -120° - 152 L 108.43 o A 
1000 

= -120- j208 + 48- j144 = 
1000 

- 72 -j352 = 0.359L-101.6o A 
1000 

and 11 by 

EBN- VSN 
I:z = ----=-=-=-- = 1000 

240 L 120° - 152 L 108.43 o 
1000 

= -120 + j208 + 48- j144 
1000 

= - 72 + j 64 = 0.0963 L 138.4 o A 
1000 

These are as obtained in section 14.3.2 apart from a phase shift of 30° caused by choosing 
ERN as the reference phasor instead of ERv (E.tv = J 3~ L 30°). 

2 The phase angle, f/J, is 35° and is given by 

tanfjJ = {3(Pz- P1) = tan35° = 0.7 
pl + p2 

so that, if P1 = 30.9 kW, we have 

{f(P2 - 30.9) 
= = 0.7 ~ 

30.9 + p2 
{3(P2 - 30.9) = 21.63 + 0.7P2 

~ Pz({f- 0.7) = 30.9{3 + 21.63 p = 75.15 = 72.8 kW 
2 1.032 

IR 

ERNt IN 
10L30° Q 

EBN 
VsN s k 

15L-60° .Q 

Ia .. 
Figure Al4. 3 
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3 Figure A14.3 shows the circuit. The star-neutral voltage is given by 

ERNYR + EYNY y + EBNY B 
V SN = ----,::-::----=:---=::---:=--

yR + Yy + YB + YN 

~ = 240L0° V and is the reference phasor, while YR = 11~ etc. and then 

240L0° + 240L -120° + 240L 120° 
10 L 30° 15 L -60° 12 

V SN = ---:-1 ------:-1-------:1,..----:-1 - = 
24L -30° + 16L -60° + 20L 120° 

0.1 L 30° + 0.067 L 60° + 0.083 + 10 
-:-10::-L...,..-3=0:-7° + 15 L -60 o + -12 + -0.-1 

= 20.78- j12 + 8- j13.86- 10 + j17.32 = 
0.087 - j0.05 + 0.033 + j0.058 + 10.083 

= 20.63 L -24.45o = 2.022 L -24.5o V 
10.2L0.04° 

18.78 - j8.54 
10.2 + j0.008 

Having found V sN we next find the line currents, starting with IR 

And 

1 = ERN-VsN = 240L0°-2.022L-24.5° = 
R ZR 10L30° 

= 238.2 L 0.2o = 23.83 L -29.8o A 
10L 30° 

240 - 1.84 + j0.84 
10L 30° 

240 L -120° - 2.022 L -24.5° 
15 L -60° 

= -120- j207.85- 1.84 + j0.84 = 
15 L -60° 

-121.84- j207.01 
15 L -60° 

= 240.2 L -120.5° = 16.01 L -60.5o A 
15 L -60° 

While 18 is 

EBN- VSN 240L 120°- 2.022L -24.5° -- -120 + j207.85- 1.84 + j0.84 
IB = = -----:-::-----

ZB 12 12 

= -121.84 + j208.69 = 241.65L 120.3o = 20.14 L 120.3o A 
12 12 
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Finally, IN = VSN = 2.022 L -24.50 = 20.22 L -24.50 A 
RN 0.1 

Checking that the line currents add up to IN we have 

IR + ly + IB = 23.82L -29.8° + 16.01 L -60.5° + 20.14L 120.3° 

= 20.67- j11.84 + 7.88- j13.93- 10.16 + j17.39 

= 18.39- j8.38 = 20.21 L -24.5° A 

The power in the phases is 

Pv = 1/Zvcos~v = 16.0F X 15cos60° = 1.922 kW 

P8 = /82Z8 cos~8 = 20.142 x 12 = 4.867 kW 

4 The star-neutral voltage is found as before, but since there is no connection between 
the star point of the load and the neutral of the generator, Y N = 0 and is omitted from the 
denominator. The numerator of the expression for V sN is the same as in the previous 
problem, 20.63 L -26.63° A, but the denominator must be worked out again using more 
decimal places: 

20.63 L -24.45° 20.63 L -24.45° = = ~~~~~~ 
0.0866 - j0.05 + 0.03333 + j0.05774 + 0.08333 0.2033 + j0.00774 

= 20.63 L -24.45o = 101.4L -26.63o V 
0.2034L 2.18° 

As before we find the line currents: 

= 
156.1 L 16.92 o 

lOL 30° 

240L0°- 101.4L -26.63° 
lOL 30° 

= 15.61L-13.1° A 

= 240 - 90.64 - j45.45 
lOL 30° 
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I = 240L -120°- 101.4L -26.63° = 
v 15 L -60° 

-120- j207.85- 90.64 + j45.45 
15L -60° 

= 266L -142.4o = 17.73L -82.4o A 
15 L -60° 

I = 240L 120°- 101.4L -26.63° = -120 + j207.85- 90.64 + j45.45 
B 12 12 

= 27.45 L 129.7° A 

Then the power is: 
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S The line voltage is 415 V and since the load is delta-connected, Ep = EL = 415 V. 
The phase current is 

/P = EP/ZP = 415/30 = 13.83 A 

The power developed in a balanced three-phase load is 

P = P1 + P2 = 3E..JPcos<P = 3 x 415 x 13.83cos36° = 13.93 kW 

Then 

.{f(P - PJ 
tan</J = 1 = tan36° = 0.7265 

pl + p2 

===> .{f(P1 - PJ = 0.7265(P1 + PJ = 0.7265 X 13.93 = 10.12 

===> P1 - P2 = 5.84 and as P1 + P2 = 13.93, 2P1 = 19.77 

Hence P1 = 9.885 kW and P2 = 4.045 kW. 
One wattmeter will read zero if either cos(<P + 30°) = 0 or if cos(30° - <P) = 0, 

that is if q, = +60° (inductive load) or q, = -60° (capacitive load). Here the load is 
inductive and the phase impedance is 

Z., = 30cos36° + jsin36° = 24.27 + j17.63 0 

With the resistive part held constant at 24.27 0, we require an inductive reactance to make 
the load's phase angle 60°, that is XL = 24.27tan60° = 42.04 0. 
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In this case the phase impedance of the load is 

Zr = J24.272 + 42.042 L 60° = 48.54 L 60° 0 

and the magnitude of the phase current is 

IP = 415/48.54 = 8.55 A 

Thus as P2 = 0, 

P1 + P2 = P1 = 3E/pCOScp = 3 X 415 X 8.55cos60° = 5.32 kW 

Keeping the phase reactance of the load constant at 17.63 0 and then making the 
impedance's phase angle 60° by varying R requires that 

R = 17.63/tan60° = 10.18 0 

And then the phase impedance is 

Zr = 10.18 + j17.63 = 20.36L60o 

The phase current is therefore 

/p = Epl Zr = 415120.36 = 20.38 A 

Thus P1 = 3Eplpeos t/J = 3 X 415 X 20.38cos60° = 12.69 kW. 

6 Figure A14.6 shows the symmetrical motor phases, the additiona13kW loads across 
the RB and BY phases and the connections of the two wattmeters. We can work out the 
line voltages from the given phase sequence, BYR, taking ~ as the reference phase to 
start with: 

ERN= 240L0° v EBN = 240L-120° v EYN = 240L120° v 

Then the line voltages are 

Eav =ERN- EYN = 240Loo- 240L 120° = 240 + 120- j207.8 = 415L -30° V 

ERB = ERN- E8N = 240Loo- 240L -120° = 240 + 120 + j207.8 = 415L 30° V 

EBY = EBN- EYN = 240L -120°- 240L 120° = -120- j207.8 + 120- j207.8 

= 415L -90° V 

Adding 30° to these to make Eav the reference phasor produces the line voltages 
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... ERa----

I RB .---------1 
'------' 3kW 

IRY 3.333kW 

3.333kW 

Yellow 

3.333kW 

Figure A14. 6 
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The next step is to work out the phase currents and hence the line currents, from which 
the wattmeter readings can be found. The motor consumes 10/3 = 3.333 kW per phase 
with a lagging phase angle of 30°, which means that Q, the reactive power, is 

Q = Ptan<P = 3.333tan30° = 1.924 kvar 

Only the motor's phase is connected between RandY so that in this phase the apparent 
power, Sis 

S = Jpz + Q2 = J3.3332 + 1.9242 = 3.848 kVA 

And so /RY = S/Ep = 3 848/415 = 9.27 A, lagging the line voltage by 30°. Since ~v is 
the reference, IRv = 9.27 L -30° A. 

In the other two phases is an extra resistance in parallel with the motor that consumes 
3 kW, so that the total power for the phase is 6.333 kW and Q is sti111.924 kvar, making 
the apparent power 

S = Jpz + Q2 = V6.3332 + 1.9242 = 6.619 kVA 

Thus the phase current is /p = 6619/415 = 15.95 A. This part of the load has a phase 
angle of tan- 1(Q/P) = tan- 10.3038 = 16.9° (lagging). 

Therefore the current in the phase between the red and blue lines is 15.95 L -16.9° 
plus the phase angle of the line, and Eo = 415 L 60° V, giving IRB = 15.95 L 43.1 o A 
and the current in the phase between the blue and yellow lines will be 15.95 L -16.9° A. 
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The line currents are found from these phase currents 

IR = IRB + IRY = 15.95 L 43.1° + 9.27 L -30° = 11.65 + j10.9 + 8.03 - j4.635 

= 19.68 + j6.265 = 20.65 L 17.66° A 
Then the power measured by the wattmeter whose current coil is in the red line is 

And the blue line current is 

IB = IBR + IBY = -IRB + IBY = -15.95L43.1° + 15.95L -76.9° 

= -11.65- j10.9 + 3.615- j15.535 = 27.63 L -106.9° A 

so that the wattmeter whose current coil is in the blue line reads 

P8 = E8yf8 coscp8 = 415 x 27.63cos46.9° = 7.835 kW 

Note that cp8 is the angle between E8v and 18 • 
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1 Using the e.m.f. equation for the side with the most turns (the secondary) we find 

E2 = 2200 = 4.44BmAfN2 = 4.44 X 0.55 X 0.0152 X 15000N2 

Whence 
2200 

N2 = ---------------------
4.44 X 0.55 X 0.0152 X 15000 

= 267 turns 

And the primary turns are then 

500 x 267 = 60.7 turns 
2200 

The nearest whole number is 61. 

2 The step-up ratio is 4:1 and the primary voltage is 240 V, so the secondary voltage 
is to be 4 x 240 = 960 V, and the turns required are 

E 960 
N = 2 = ....,.....,,...,----=-=-____,=-=-=---=-=- = 753 turns 

2 4.44BmAf 4.44 X 0.7 X 0.0082 X 50 

The primary turns are then 753/4 = 188, to the nearest turn. 

3 The equivalent circuit is as in figure A15.3. 

2DA 3:1 60A 

Figure A15.3 

p.f. = 0.85 
(lagging) 

If the secondary current is 60 A, the primary current on 3: 1 step-down transformer must 
be 60/3 = 20 A, at the same lagging p.f. of 0.85. We must then add to this the no-load 
current of 2.5 A at a lagging p.f. of 0.1 to obtain the primary current on load. If cos <P 

= 0.85, <P = 31.79° and sincjJ = 0.5268, so that the load current referred to the primary 
is 

149 
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11 = 20cos31.79° + j20sin31.79° = 17 + j10.54 A 

while the no-load primary current's phase angle is cos-10.1 = 84.26° and this current is 

Io = 2.5cos84.26° + j2.5sin84.26° = 0.25 + j2.487 A 

The sum of the two currents is 

IT = 11 + 10 = 17 + j10.54 + 0.25 + j2.487 = 21.6L 37.07° A 

The p.f. is then cos37.07° = 0.798 (lagging). 

4 The circuit is shown in figure A15.4. 

p.f=D.12 

Figure A15. 4 

The secondary current is 8 A, which means that the primary current, /~> is 8 x 5 = 
40 A, since this is a step-up transformer with a secondary-to-primary voltage ratio of 
V2 1V1 = 5. The load is capacitive with a leading p.f. of 0.7, making (j> = -cos-10.7 = 
-45.57° and the primary current due to the load is 

11 = 40cos( -45.57°) + j40sin( -45.57°) = 28- j28.57 A 

The no-load current in the primary has a lagging p.f. of 0.12, so that (j> = cos-10.12 = 
83.11 o and the current is 

10 = 3cos83.11 o + jsin83.11 o = 0.36 + j2.978 A 

Therefore the total primary current is 

~ + lo = 28 - j28.57 + 0.36 + j2.957 = 28.36 - j25.613 = 38.2 L 42.1 o A 

And thus the p.f. is cos42.1 o = 0.742, leading. 
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5 The circuit is shown in figure A15.5. 

440 v 1 
60 Hz 

Figure A15.5 

The no-load p.f. is 0.18 and thus cf> = cos- 10.18 = 79.63°. If the no-load current's 
magnitude is 1.4 A, then its phasor form is 

10 = 1.4cos79.63° + jl.4sin79.63° = 0.252 + j1.377 A = / 1 + j/M 

Thus the magnetising current, /M, is 1.377 A. Since the primary voltage is 440 V, the 
power loss, Vl0 coscp = Vl1 = 440 x 0.252 = 111 W. 

The maximum core flux is 

E 440 
B A = 1 = = 0.0122 mWb 

m 4.44NJ 4.44 X 135 X 60 

6 Figure A15.6 shows the equivalent circuit. 

6Q jSO.Q 29 m.Q j0.22.Q 

69 kY 4.16 kV 

Figure 15.6 

The turns ratio, n, from the 'nameplate' data is 69/4.16 = 16.59, so that secondary 
impedances are multiplied by n2 = 275, when transformed into the primary. Hence the 
secondary has a resistance of 0.029 0 and a leakage reactance of 0.22 0, which become 
0.029 x 275 = 7.975 0 and 0.22 x 275 = 60.5 0, in series with the primary resistance 
of 6 0 and a leakage reactance of 50 0. Adding these to find the equivalent primary 
impedance gives 
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Ze = 6 + 7.975 + j(50 + 60.5) = 13.975 + jl10.5 = 111.4L82.79° 0 

(a) In supplying a resistive load of 2 MW, neglecting the no-load current means that the 
primary current is 

The percentage regulation is 

We find £ 1 from 

where 11 = 29 L oo A and Ze = 111.4 L 82.79° 0. Thus 11Ze = 29 x 111.4 L 82.79° = 
3.231 L 82.79° kV and 

E1 = 69 L oo- 3.231 L 82.79° = 69- 0.406- j3.205 

= 68.594- j3.205 = 68.67 L -2.68° kV 
Only the magnitude of E1 matters for regulation, so that 

%Reg = 100 X (69- 68.67) = 0.48% 
69 

(b) When the load is 3 MVA with a lagging p.f. of 0.9 (or tf> = cos- 10.9 = 25.84 °), the 
primary current is 

I = 3 x 106 L -25.84° = 43.48 L -25.84o A 
1 69 X 1()3 

Then 
J.Ze = 43.48L -25.84° X 111.4L82.79° = 4.844L56.95° kV 

E1 is found from 

E1 = V1 - 11Ze = 69 L oo - 4.884 L 56.95° = 69 - 2.664 - j4.094 

= 66.336- j4.094 = 66.46L -3.53° kV 

The regulation is therefore 

%Reg = 100(69- 66.46) = 3 7% 
69 . 0 

The phase angle does not matter as far as regulation goes. 
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(c) When the load is 3 MVA at a leading p.f. of 0.95 (or tJ> = -cos- 10.95 = -18.19°), 
the primary current is 

I = 3 x 106 L 18.19° = 43.48L 18.19° A 
1 69xl03 

giving 
11Ze = 43.48L18.19° x 111.4L82.79° = 4.844L100.98° kV 

Hence E1 is 
E1 = V1 - 11Ze = 69 L oo - 4.884 L 100.98° 

= 69 + 0.93- 4.795 = 70.09L -3.92° kV 
Now the regulation is 

%Reg = 100(69- 70.09) = -1.6% 
69 

7 The circuit resembles that of figure A15.6. Working in per-unit values, both primary 
and secondary series (coil) resistances and leakage reactances are 0. 002 + j 0. 05 and 
referring the secondary to the primary will just double the values, so that the equivalent 
series impedance in the primary, ze, is 

ze = 0.004 + j0.1 = 0.1 L 87.71 o p.u. 

(a) The rated primary current is 1 p.u. and the voltage drop p.u. across ze is 

The primary p.u. e.m.f., e1, is 

e1 = v1 - i1ze = 1 L 0°- 0.1 L 87.71° = 1 - 0.004- j0.1 = 1.001 L 5.73° p.u. 

And therefore 
01 R _ 100(1 - 1.001) _ O 101 
to eg - - - to 1 . 

There is no need to convert the per-unit values to calculate the regulation. 
(b) When rated power is supplied at a lagging p.f. of 0.8 (t/> = cos-10.8 = 36.8r), the 
p.u. primary current is i1 = 1 L -36.87°, and the voltage drop across ze is 

i1z = 1L-36.8r x 0.1L87.71° = 0.1L50.84° p.u. 
e 

Then e1 is 
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= 0.94L -4.73° p.u. 

The regulation becomes 
%Reg = 100(1 - 0.94) = 6% 

(c) If the regulation with a lagging p.f. must be 1% or less then 

%Reg = 100(1 - e1) = 1 => e1 = 0.99 

But 

where 0 = 87.71 o - <j). (<Pis positive as we have explicitly made the current lagging with 
a minus sign before <j).) Putting this in rectangular form give 

e1 = 1-0.1 LO = 1- 0.1cos0- j0.1sinfJ 

Therefore the magnitude of e1 is 

e1 = V(l- 0.1cos0)2 + (0.1sin0)2 = JI + 0.01cos20 + 0.01sin20- 0.2cos0 

= J1.01 - 0.2cos0 = 0.99 

Whence 
1.01- 0.2cos0 = 0.9~ => cosO = 0.1495 => 0 = 81.4° 

Thus <P = 87.71 o - (J = 87.71 o - 81.4° = 6.31 o and the smallest lagging p.f. that will 
permit 1% regulation is cos6.31 o = 0.994. 

8 The circuit resembles that of figure A15.5. The per-unit magnetising current is 

1 L0° 
= = 0.02 L -90° 

50L 90° 

And the p.u. core-loss current is 

The p.u. standby current then becomes 
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i0 = iM + i1 = 0.02 L -90° + 0.01 L 0° = 0.02236 L -63.43 o p.u. 

The base primary current is 

s 106 

/18 = v1 = 33000 = 30.3 A 

making the standby current 
10 = 118 X i0 = 30.3 X 0.02236L -63.43° = 0.678L -63.43° A 

The p.u. standby power loss is 

v~ F 
Po = rl = 100 = 0.01 p.u. 

And as the base power is 1 MV A, the standby power loss is 

P = P X p = Sn = 106 X 0 01 = 10 kW 0 8 0 'YO • 

9 The impedance of 8% is made up of the primary leakage reactance plus the secondary 
leakage reactance referred to the primary, since the series resistance is negligible. If the 
p.u. values of these are the same then the primary leakage reactance is half of the 
impedance, or 4%. In the primary the base impedance is 

v12 z = - = (225 X 103)2 = 843.75 0 
18 S 60 X 106 

making the primary leakage reactance 0.04 x 843.75 = 33.75 0. 
In the secondary the base impedance is 

TT22 
y, = (26.4 X 103)2 = 11.6 0 

60 X 106 

and so the leakage reactance is 0.04 x 11.6 = 0.464 0. 
The p.u. full-load copper losses are 

Peu = i~r1 + ;ir2 = F X 0.002 + 12 X 0.002 = 0.004 p.u. 

and since the base power is 60 MV A, this comes to 

p Cu = SpCu = 60 X 106 X 0.004 = 240 kW 

If the efficiency is maximal on full load the copper losses equal the core (standby) losses, 
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so that the total losses are twice the copper losses or 0.008 p.u., then the efficiency is 

11 = 1 - p.u. losses = 1 - 0.008 = 0.992 

In calculating efficiency there is no need to convert the p.u. power. 

10 The power loss on no-load is 

P0 = V/0 cos</) = 330 X 0.55 X 0.3 = 54.45 kW 

Thus the losses on full load are twice these, 108.9 kW in all. The efficiency is then 

11 = 1 - losses = 1 - 108.9 x 103 = 1 - 0.011 = 0.989 
p input 10 X 106 

If the core losses are 54.45 kW and 2 W /kg, the core must have a mass of 

M = 54450/2 = 27225 kg = 27.225 tonne 

And therefore the volume, A, is 

A = Mlp = 27.225/7.7 = 3.54 m3 

where p is the density. 
The magnetising reactance is 

X = __3_ = 330 X 1Q3 = 629 kO 
M / 0 sin<P 0.55sin72.54° 

If the copper losses on full load are equal in primary and secondary, they are 

P = P = 54.45 = 27 225 kW = l22 R Cul Cu2 2 . ~'2 

If the power rating is 10 MVA and V2 = 22 kV, then /2 = 107 /22000 = 455 A, making 

R2 = Peuzlli = 27225/459 = 0.132 0 

and R1 = 27225/30.32 = 29.7 0. 

11 On full load the copper losses equal the core losses and are half the total losses. The 
total losses are 100 - 99 = 1%, so the core losses are 0.5%. The core losses will be 
constant while the copper losses will go as the square of the current supplied. 

If the transformer supplies full load for 4 h/day the energy output is 
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where PFL = full-load power in W and tFL = time at full load in h. 
During this time 1 % of the input energy is lost, so the losses are 

On half load the current supplied is half and so the copper losses are 114 of the full
load losses, or 0.125%. The core losses, however, remain constant at 0.5% of the full
load power. The total losses are therefore 0.125% + 0.5% = 0.615%. 

The output energy is 

While the losses are 

Elost = 0.00625 X PFLtHL = 0.00625 X 8PFL = 0.05PFL Wh 

On no load the output is zero and the losses are 0.5% of full-load losses. The lost energy 
is 

Elost = 0.005PFLTNL = 0.005 X 12PFL = 0.06PFL 

The total energy output is therefore 4PFL + 4PFL = 8PFL Wh. The total energy lost is 

EE!ost = 0.04PFL + 0.05PFL + 0.06PFL = 0.15P FL 

The total input energy is 8.15PFL Wh and the ali-day efficiency is 

71 = energy out = 
energy in 

8 = 0.9816 
8.15 

12 Let the full-load power output be P. Let the maximum efficiency, 71max = 1 - 2e, then 
at a power output of a.P, the fixed power losses are ea.P and the copper power losses are 
also ea.P. Now at full power the output current is 1/a. times the current at an output power 
of a.P, so that the copper losses are 1/cl times those at an output power of a.P, that is 

1 EP P eu(f.p.) = - X ea.P = _ 
cl a. 

If full power is maintained x h/day, then the energy lost per diem in the copper is 

Eeu(f.p.) = ePx/a. 

Similarly, at half power, the current is 1/2a. times that at a.P and the copper losses are 



158 Chapter fifteen 

therefore 114cr times those at a.P, that is 

1 €P P eu(h.p.) = - X €Ci.P = -
4cr 4a. 

If half power is maintained for y h/day, the energy lost per diem in the copper is 

Thus the total energy lost in the copper per diem is 

But the fixed losses of mP continue 24 h/day, for an energy loss per diem of 24mP. The 
total of the copper and fixed losses per diem is 

E = €Px + €Py + 24€a.P 
T Ci. 4CJ. 

The only variable here is a. and we can maximise efficiency by minimising these losses. 
Differentiating with respect to a. and setting equal to zero gives 

dET €Px €Py 
+ 24€P = 0 

da. 
= 

IT 4cr 

=> cr= X+ y/4 
=> a.= jx+y/4 

24 24 

Applying this formula to problem 15.11 where x = 4 h, y = 8 hand 11ma.x = 99%, we 
find 

Ci. = j X+ y/4 = f4+874 = 0.5 
24 J~ 

And 

211ma.x = 1 - 2€ => € = 0.5(1 - 11ma.x) = 0.5(1 - 0.99) = 0.005 

The energy lost in the copper at full power is 

Eeu(f.p.) = €Py/ a. = 0.005 X 4P/0.5 = 0.04P Wh 

And at half power it is 

Eeu(h.p.) = €Py/4a. = 0.005 X 8P/(4 X 0.5) = 0.02P Wh 
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While the fixed losses are 

ErJXe<~ = 24€aP = 24 X 0.005 X 0.5P = 0.06P Wh 

We see that the copper and the fixed losses in a day are indeed equal, so that the total 
energy lost is 0.12P. The energy delivered in 24 his 

Eout = 4P + 8 X 0.5P = 8P Wh 

This gives an all-day efficiency of 

11 = 1 -
"'all-day E + E 

out lost 

= 1 - 0·12 = 0.9852 
8.12 

which is an improvement of 0.36% on that obtained when maximum efficiency was at 
rated output power. 

13 If the power rating is 500 kV A, then the output energy when operated for 4 h/day at 
rated power and 8 h/day at half power and unity p.f. is 

Eout = 500 X 4 + 0.5 X 500 X 8 = 4000 kWh/day 

Thus if a kWh costs 5p, the annual cost of this output is 

C = 365 X 5 X 4000 = 7.3 X 106 p 

lfthe all -day efficiency is 98.16%, then the cost of the losses is 1. 84% of this sum or 
£1343 per annum. Improving the all-day efficiency to 98.52% means that the losses would 
be reduced to 1.48% or £1080.40, a saving of £262.60, a modest sum in view of the cost 
of installation, let alone the transformer itself. 

14 The equivalent circuit is shown in figure A15.14, in which the standby current, /0, is 
1.2 A and the standby power consumption is 65 W. The standby power consumption is 
given by 

P0 = 65 = v; I R0 = 240Z I R0 ==> R0 = 240Z I 65 = 886 0 

The standby current is made up of the magnetising current, IM, and the core-loss current, 
I,, and the latter is 

II = VJ Ro = 240/886 = 0.271 A 

so that, since IM is in quadrature to I, 
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From which 

Then 
XM = VJIM = 240/1.169 = 205 0 

Ze 

lo 

u 
Figure AI 5. I 4 

The rated primary current is S/V1 = 5 000/240 = 20.83 A. And since this is produced 
with 9. 8 V on the primary, the effective impedance in the primary must be 

ze = VI I 11 = 9.8/20.83 = 0.47 0 

The short-circuit test produces a power consumption of 77 W with rated current, which 
implies that 

Therefore 

=> <P = cos-1(Re/Ze) = cos-1(0.177 /0.47) = 67.8° 

and Ze = 0.47 L 67.8° 0. 
When supplying full load at a p.f. of 0.9 the power output is 

p oot = Scos<P = 5 X 0.9 = 4.5 kW 

while the losses will be the standby losses of 65 W plus the short-circuit losses of 77 W, 
for a total of 142 W and then the efficiency is 
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= 4500 - 0 9694 4500 + 142 - . 

The load phase angle is cos-10.9 = 25.84° lagging, and so the input current is 
20.83 L -25.84° A. Thus the voltage drop across Ze is 

~Ze = 20.83L -25.84° x 0.47 L67.8° = 9.79L41.96° V 

Hence the primary e.m.f. is 

E = V1 - 11Ze = 240L oo- 9.79 L 41.96° = 240- 7.28- j6.55 = 232.8 L 1.61 o V 

and the secondary terminal voltage is then 0.1 x 232.8 = 23.3 V. 
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1 The synchronous speed is given by 

n = s 
60fs = 60 x 60 = 3600 = 1200 r/min 
p (18/2)/3 3 

where p is the number of pole pairs ( = 18/2) per phase ( = 3). 
(a) The slip when the rotor speed is 1150 r/min is 

s = n,- n = 1200- 1150 = 0.04l7 = 4.17% 
n, 1200 

This is positive and < 1, so the machine is motoring. 
(b) Above synchronous rotor speed, the machine is acting as a generator and the slip is 

n - n 
S = _s_ 

n, 
= 1200- 1500 = -0.25 = -25% 

1200 

(c) The rotor speed is 

n = 60f = 60wl21r = 60 x -16/27r = -152.8 r/min 

Therefore the slip is 
n- n 

s = -'- = 
ns 

1200 + 152.8 
1200 

= 1.127 

The slip is positive and > 1, so the machine is braking. 

2 At standstill n = 0 and the slip is 1. The machine may operate as a brake or a motor, 
depending on its state immediately prior to standstill. 

If the slip is -33%, or -0.33, then the speed is 

n = n, - sn, = 2000- ( -0.33) x 2000 = 1.33 x 2000 = 2660 r/min 

Since the slip is negative the machine is a generator. 
If s = 110% = 1.1, then 

n = n,- sn, = 2000- 1.1 x 2000 = -200 r/min 

The slip is positive and > 1, so the machine is braking. 
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3 The frequency of the rotor e.m.fs. is 

fr = sfs = 60s 

wherefs is the supply frequency, 60Hz. Thus the rotor e.m.f. frequencies are: 

(a) 60 x 0.0417 = 2.5 Hz 

(b) 60 X ( -0.25) = -15 Hz 

(c) 60 x 1.127 = 67.6 Hz 

4 The torque-slip equation is 

T= 

Differentiating with respect to s yields 

dT Ka(s 2 + al) - 2s(Kas) 
ds (s2 + a2)2 

which is zero when 

163 

When s = +a, the solution gives a maximum for T, and when s = -a, it gives a 
minimum. Substituting s = -a leads to 

T= -K = 2 
-Vl = 

2w:XO 

5 Equation 16.24 shows that the ratio of standstill torque to breakdown torque is 

To=~= 
Tm 1 + a2 

300 3 = 
800 8 

whence we find a quadratic equation for a: 

which leads to a = 5.14 or a = 0.1946, from which we take the latter value as a = 
R2 1Xo and is always less than 1. 

This value of a can be substituted into equation 16.22 to produce 
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T= 
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1.6 x 0.1946s 
s2 + 0.19462 

= 0.3114s 
s2 + 0.0379 

since equation 16.23 gives Tm = K/2. 
Then when s = 0.03, 

When s = -0.5, we find 

T = 0.3114 X 0.03 = 0_241 Nm 
0.032 + 0.0379 

T = 0.3114 X (-0.5) = -0.541 Nm 
( -0.5}2 + 0.0379 

And when s = 1.2 we obtain 

T = 0·3114 X 1.2 = 0.253 Nm 
1.22 + 0.0379 

The standstill torque is 0.3 Nm, and then 

T0 = 0.3 = 0·3114s => s2 - 1.038s + 0.0379 = 0 
s2 + 0.0379 

Solving the quadratic gives 

s = 0.519 ± Jo.5192 - 0.0379 = 1 or 0.0379 

When the slip is 0.0379, the torque is equal to the standstill torque. 
It is easily shown that this value is ri'-, since 

T = 0 = Ka 
1 + ri'-

s(1 + al) = s2 + a2 

=> s2 - (1 + al)s + a2 = 0 => s = 1 or a2 

6 The per-phase equivalent circuit is shown in figure A16.6, in which R1 is the stator 
series resistance, which must be half the resistance between two stator terminals if the 
connection is star; thus R1 = 0.5 x 0.69 = 0.345 0. 

When not loaded s = 0, so the branch with R2 /s in it is effectively open circuit, and 
the only components that draw current are XM and R0• The line voltage of 415 V means 
a phase voltage of 240 V; the apparent power per phase is 

S = V/0 = 240 X 0.9 = 216 VA 

The power consumed per phase is 106/3 = 35.3 W, and this is 
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/o I= 0 jX o 

=oo 

Figure A16. 6 

The reactive power per phase is 

which is given by 

Q = Js 2 - P 2 = V2162 - 35.32 = 213 var 

Q= 

/p /p 

I .. 0 

Figure A16. 7 

24()2 = 270 0 
213 

jX o 
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stator 

7 In the locked-rotor test, s = 1, and the equivalent circuit of figure A16.6 becomes 
that of figure A16.7, in which the current drawn by XM and R0 is neglected (/0 :::::: 0). The 
line voltage is 258.5 V, making the phase voltage 258.5/ L 3 V. The apparent power per 
phase is 

S = V/P = 258.5 x 15/{f = 2.239 kVA 
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Now the total power consumption is 1.2 kW or 400 W/phase, and this is given by 

P = I/(R1 + R,) => R1 + R2 = PI I/ = 400/152 = 1.778 0 

And as R1 = 0.345 0, R2 = 1.778 - 0.345 = 1.433 0. 
We find the value of Xo from the reactive power as before: 

Q = Js2 - P2 = v2239'2 - 400Z = 2.203 kvar 

But the reactive power is given by 

8 The maximum torque is given by 

where W5 is 

w = 21rns = 27r x6g000 = 314.6 rad/s 
s 60 

and the phase voltage, Vp, is 415/ J 3 V. Substituting into the equation for maximum 
torque yields 

T = m 
4152 = 9.32 Nm 

3 X 2 X 314.6 X 9.79 

This per phase, making the total torque 3 x 9.32 = 28 Nm. 
At maximum torque the slip is a = R2 1Xo = 1.433/9.79 = 0.146 or 14.6%. 
The maximum power in the rotor is 

pr = wsTm = 314.6 X 28 = 8.8 kW 

The phase current is found from 

0.146 X 8800 = 17.3 A 
3 X 1.433 

since the power per phase is Pr/3. The phase current is equal to the line current in a star
connected stator. 

Finally, the copper losses in the rotor are given by 

Pri = 3l/R2 = 3 X 17.32 X 1.433 = 1.29 kW 
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The losses per phase are I/R2 • 

Figure A16. 9 

9 The current drawn is reduced when we include Rt> the stator resistance. The 
equivalent circuit of figure A16.9 is used, from which we see that the current in the 
stator, It> is 

240 
= ~~~~~~~~~ 

0.345 + l.4331s + j9.79 

This current flows through the rotor-equivalent resistance R2 1s, developing rotor power 
of 

But I~ = -:-:--=---=--~2~4:-:02~:-::------=--== 
(0.345 + 1.433/sf + 9.7~ 

so that the rotor power is 

2402 x 1.433 Is as pr = ------~---:: = 
(0.345 + 1.433 I s)2 + 9. 7~ (bs + c)2 + es2 

where a = 2402 x 1.433 = 82540, b = 0.345, c = 1.433 and e = 9.7~ = 95.84. We 
can find when Pr is a maximum by differentiating with respect to s 

dPr = a[(bs + c)2 + es 2] - [2b(bs + c) + 2es]as = 0 
ds D2 

where D stands for the denominator in the expression for Pr. This leads to 
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= 0.146 
0.3452 + 95.84 

The slip is the same as before because R/ < < X./. 
Substituting 0.146 for sin the expression for Pr produces 

P 82540/0.146 = 2.84 kW/ hase 
r = (0.345+1.433/0.146)2 +9.7gz p 

The total power is three times this, 8.52 kW, which is equal to Tmw• = 27rTmns /60, giving 

T = 60Pr = 60 x 8520 = 27 Nm 
m 27rn5 27r X 3 000 

The current, It> is 
240 

•• = -:-::--::-:--::----:-~:-:-:::-:-:-:::--..,~= 
(0.345 + 1.433/0.146) + j9.79 

240 
= ....,....,..~~~= 

10.16 + j9.79 

I = 240 = 17.0 A 
I Vt0.162 + 9.7gz 

The stator's copper losses are 3/12R1 = 3 x 172 x 0.345 = 299 W. 

10 Since the maximum power is developed at 3% slip we can find ~ from 

s = a = Rz!X0 = 0.08/~ ~ ~ = 2.667 0 

The maximum torque is given by 

= -:----6~9002~-13-=--:::-= = 47.35 kNm/phase 
47r X 10 X 2.667 

making 3 x 47.35 = 142 kNm in total, and the rotor power is 

Pr = w.Tm = 21rn.Tm/60 = 8.93 MW 

Ignoring the stator's copper losses and the no-load losses, the efficiency is approximately 
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Including the stator resistance, Rt> means that the current, /t> is given by 

I = I 

Then the rotor power is 

6900Z/3 = 1.037 kA 
(0.1 + 2.667)2 + 2.6672 

Pr = I;R2 1 s = 1.0372 X 106 X 2.667 = 2.868 MW /phase 

or 3 x 2.868 = 8.6 MW in total. 

Figure A/6.11 
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11 If the parallel loss resistance is included in the equivalent circuit, then it looks like 
that of figure A16.11, from which we deduce that the parallel losses per phase are 

690()2 

3X590 
= 26.9 kW 

These losses must equal the copper losses in rotor and stator for maximum efficiency to 
be achieved. The copper losses are 

P eu = If(R1 + R2) = /f(0.1 + 0.08) = 26.9 kW 

2 26900 ./ 
=> /1 = -- => 11 = v 149444 = 386.6 A 

0.18 
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But from figure A16.11 we can see that 

vp 69001/3 
I = = ~~~~~-=~= 

1 (R1 +Rz!s) +jX0 (0.1+0.08/s) +j2.667 

Thus the magnitude of 11 is 

Whence 

69()()2 /3 
(0.1 + 0.08/s)2 + 7.113 

(0.1 + 0.08/s)2 + 7.113 = [ 69001/3]
2 

= 
386.6 

o.1 + o.os; s = v99.o7 = 9.953 

s = 0·08 = 0.00812 
9.853 

106.2 

At this slip the rotor power/phase is 

= 386.62 

Pr = 1;R2 fs = 386.62 x 0.08/0.00812 = 1.4725 MW 

The power lost is 2P0 = 53.8 kW/phase and thus the maximum efficiency is 

11max = 1 - 2Po = 1 - 53.8 X 103 = 0.963 
PT 1 .4725 X 106 

At this efficiency the stator current is 386.6 A per phase, so the stator's apparent power 
is 

6900 S = V/P = -- x 386.6 = 1.54 MVA 
/3 

for a total motor power of 3 x 1.54 = 4.62 MV A. 

12 The motor is at standstill when starting, so that s = 1 and the impedance per phase 
of the motor is 

The stator current is 

= 4151/3 ~ 
3 + j6.6 

= 33.05 A 
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The rotor power/phase is 

Pr = l~Rzls = 33.0S2 X 1.6 = 1.748 kW 

which totals 3 x 1.748 = 5.244 kW. But the rotor power is given by 

T = 60Pr = 60 X 5244 = 33.4 Nm 
0 21rn, 21r x 1500 

The maximum torque can be found from the maximum rotor power, which in turn is 
found from 

V.2R 
P = I~Rzls = P 2 

r s[(R~ +Rzls)2 +K;] 
(A12.1) 

P = As = As 
r (R1s + Rz)2 + s2K; (1.4s + 1.6)2 + 43.56s2 

where A = V/R2 = (4152/3) x 1.6 = 91853. Differentiating with respect to s gives 

dPr = A[(l.4s + 1.6)2 + 43.56s2] - As[2.8(1.4s + 1.6) + 87.52s] 
ds D 2 

where D stands for the denominator. This expression is zero when 

(1.4s + 1.6)2 + 43.52s2 = 2 x 1.4s(1.4s + 1.6) + 87.12s2 

=> 45.52s2 = 2.56 => s = 0.237 

(taking the positive square root) giving a maximum power/phase of 

Pr(max) = ____ 91_8_5_3 _x_o_._23_7 ___ _ 
(1.4 X 0.237 + 1.6)2 + (0.237 X 6.6)2 

This must equal Tw, : 

= 3.523 kW 

Tm = pr = 60Pr = 60 X 3523 = 22.43 Nm 
w. 21rn, 211" x 1500 

(A12.2) 

which is the maximum torque/phase so the total maximum torque is 3 x 22.43 = 67.3 
Nm. 

When a resistance of 5 0 is placed in series with the stator, it effectively increases R1 

by 5 0 to 6.4 0 and the stator current at startup (s = 1) is 

= ~~4~15~1~{3~-= 
(6.4 + 1.6) + j6.6 
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= 23.1 A 

The rotor power/phase is then 

Pr = l~R2 = 23.F X 1.6 =854 W 

And the per-phase torque is 

T = 60Pr = 60 X 854 = 5.44 Nm 
0 21rn. 21r x 1500 

giving a total start-up torque of 16.3 Nm. 
A reactance ofj5 0 in series with the stator changes the start-up current to 

4151/3 I = 
1 

J33 + 11.62 

and the start-up rotor power/phase is then 

= 20 A 

Pr = ~~~ = 2Q2 X 1.6 = 640 W 

giving a start-up torque of 4.07 Nm/phase and a total start-up torque of 12.2 Nm. 
The maximum torque when a resistance is placed in series with the stator is found in 

the same way as before, but with R1 = 6.4 0 instead of 1.4 0. Substituting 6.4 for 1.4 
in equation A12.2 gives 

(6.4s + 1.6)2 + 43.52s2 = 2 x 6.4s(1.4s + 1.6) + 87.12s2 

~ 84.48s2 = 2.56 ~ s = 0.174 
Hence the stator current is 

= --;=::=====4==15==/={3::::::::::::====:: 
vC6.4 + 1.6/0.174)2 + 6.62 

giving a maximum rotor power/phase of 

= 14.15 A 

Pr = /;R2 / S = 14.152 X 1.6/0.174 = 1.841 kW 

which leads to a maximum torque/phase of 
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T = 60Pr = 
m 27rn, 

60 X 1841 = 11.?2 Nm 
27r X 1500 

and a total maximum torque of 35.2 Nm. 
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Placing a reactance of j 5 0 in series with the stator means that we must replace ~ = 
6.6 0 in equation A12.1 with 11.6, which produces 

And differentiating this with respect to s results in 

dPr _ A[(1.4s + 1.6)2 + 134.56s2] - As[2.8(1.4s + 1.6) + 269.12s] 
ds - D 2 

Setting the numerator equal to zero, we find 

136.52s2 = 2.56 ~ s = 0.137 

Then the stator current becomes 

1 = vp = 4151/3 
1 (R1 + ~I s)2 + x; V(1.4 + 1.6/0.137)2 + 11.62 

= 13.71 A 

leading to a maximum rotor power/phase of 

Pr = ~~~Is = 13.7F X 1.6/0.137 = 2.195 kW 

The maximum torque per phase is 

T = 60Pr = 60 X 2195 
m 27rn 27r X 1500 s 

= 13.97 Nm 

for a total for three phases of 41.9 Nm. 

13 The rotor power of 12 kW implies 4 kW per phase. The maximum torque is given 
by 

~= 
419 = 21.5 0 

2 X 4000 
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At maximum torque, the slip is given by 

s = a = R2 1~ ~ Rz = sX0 = 0.18 X 21.5 = 3.875 0 

The maximum torque is 

60 X 12000 = 63.7 Nm 
27r X 1800 

When a series resistance, R, is included in the equivalent circuit, this is as in figure 
A16.9, with R1 replaced by R. The stator current is then 

vp 
I = ~ I = 415 

1 (R+R2 /s)+j~ 1 
V(R + 3.875/ s)2 + 21.52 

And the rotor power/phase is 
2 4152 X 3.875/ S 

Pr = 11 Rzls = -------
(R + 3.875/ s)2 + 21.52 

Differentiating this with respect to s leads to 

dPr = (-A/s 2)[(R + 3.875/s)Z +21.52] -2(R + 3.875/s)(-3.975/s2)(A/s) 
ds D 2 

where D stands for the denominator. Setting the numerator equal to zero to obtain the 
condition for Pr to be a maximum gives 

(R + 3.875/s)2 + 21.52 = 2(R + 3.875/s)(3.875/s) 

~ R 2 + 21.52 = (3.875/ s)2 

Thus when s = 0.1, this condition becomes 

R2 = (3.875/0.1)2 - 21.52 ~ R = J38.752 - 21.52 = 32.2 0 

In this case the rotor power/phase is 

4152 X 38.75 
= 1.214 kW = 

(32.2 + 38.75)2 + 21.52 

which is 3.64 kW in all. The torque is 

Tm = 60Pr(max)l21t"n5 = 60 X 3640/211" X 1800 = 19.3 Nm 
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14 Maximum torque is obtained when the rotor power is maximum, so we must find the 
condition for this. Using the equivalent circuit of figure A16.9, the stator current is 

and thus the rotor power is 

= 

Differentiating with respect to s leads to 

where D is the denominator. Setting the numerator equal to zero for a maximum in Pr 
gives 

Rz =s 
0 

VR~ + xg 
s = 

Letting {3 = V(R12 + ~2), so that s0 = R2 1{3 for maximum power, we substitute for sin 
the expression for the rotor power/phase and obtain 

Since {3 = V(R12 + ~2), this means that Pr(max) is independent of R2 • The expression can 
be simplified by substituting for {3 as follows: 

With three phases the total power is three times this. 
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1 Figure A17 .1a shows the equivalent circuit of one phase of the star-connected 
generator, in which the line voltage of 6.9 kV has been converted to the phase voltage of 
6.9/ J 3 kV. Attached to this phase of the generator is an 80 load (RLS), which is the star
equivalent of the 240 delta-connected load. 

IL 
/L 

o.OS+j3.32 n I 8.Q 

v 24.Q 

i 6.91-IJ I:::V 

(a) (b) 

Figure A/7.1 
Neglecting the generator's phase resistance, Rp, means that the short-circuit current is 

I = 1 2 = 6.91{3 = 
sc . X X = 6·91{3 = 3 32 0 • 1.2 . 

• 
When the load is attached, the line current flowing is 

I = -=--=E-=-P --=- = -=-==6_.-:91-='{3=3=--= 
L Rp + jX, + RLS 0.05 + j3.32 + 8 

Taking magnitudes gives 

= 
6.91{3 

8.05 + j3.32 

6.91{3 
/L = --;=.==:=====~ 

18.052 + 3.322 

= 0.4575 kA 

The power dissipated in one phase of the load is /L2RLS, making the total load power 

p = 3/L2RLP = 3 X 0.457SZ X 8 = 5.02 MW 

The power dissipated in the generator per phase is /L2Rp, giving a total of 

PG = 3/L2Rp = 3 X 457.SZ X 0.05 = 31400 w 
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Reg= E-V 
v 

177 

where E is the generator's open-circuit line e.m.f (6.9 kV) and Vis the terminal voltage 
on load, in this case that is the voltage across one phase of the load, as in figure A 17.1 b, 
which shows the load in delta form. 

For a balanced, delta-connected load the phase current, /p, is /L/ J 3, so that the 
terminal voltage on load is 

V = lrflw = /LRwf/3 = 457.5 X 24!/3 = 6.339 kV 

Rw is the delta-equivalent load resistance per phase. Thus the regulation is 

E - V = 6.9 - 6.339 = 0_0885 
v 6.339 

2 The short-circuit ratio is 188/95 = 1.98 and the per-unit synchronous reactance is 

1 1 
X = - = - = 0.505 
• SCR 1.98 

Assuming a star-connected generator, the base impedance per phase is 

ZB = Ep = 111/3 = 4.03 {} 
/L 1.575 

And thus the synchronous reactance is 

X. = ZoX. = 4.03 X 0.505 = 2.035 0 

3 The circuit of figure A17.3 shows that the generator's per-unit e.m.f., e = v + jx.i, 
where v, the reference phasor, is 1 L oo p.u. 
(a) Since i is rated current at unity p.f., i is also 1 L oo p.u. Then 

e = v + jx.i = 1 + j0.33 x 1 = 1 + j0.33 p.u. 

To find the regulation we need only the magnitude of e, that is 

lei = e = VF + 0.332 = 1.053 p.u. 
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And the regulation becomes 
e- v = 1.053 - 1 = 0_053 

v 1 

In p.u. terms the regulation is just e - 1. 

load 

Figure A17. 3 

(b) When the load has a lagging p.f. of0.8, the current is 1 L -cos-10.8 = 1 L -36.87° 
p.u. and then the generator's p.u. e.m.f. is 

e = v + jx.i = 1 + j0.33 x 1 L -36.87° = 1 + 0.33 L (90° - 33.87°) 

= 1 + 0.33L53.13o = 1.198 + j0.264 p.u. 

Then the magnitude ofe is J (1.1982 + 0.2642) = 1.227, and the regulation is 0.227 or 
22.7%. 

(c) With a leading p.f. of 0.8 and rated load, the current is 1 L 36.8r p.u. This gives a 
generator e.m.f. of 

e = 1 + j0.33 x 1 L 36.8r = 1 + 0.33 L 126.87° 

= 1 - 0.198 + j0.264 = 0.802 + j0.264 p.u. 

Then e = J (0.8022 + 0.2642) = 0.844 and the regulation is 0.844 - 1 = -15.6%. 
Including the per-phase resistance of the generator has an appreciable effect on the 

regulation, though it will have almost no effect on the short-circuit ratio, since the per
phase impedance of the generator is only slightly larger (0.3338 p.u.) than the per-unit 
synchronous reactance. 

The calculations are exactly as before, but we use z. ( = 0.05 + j0.33 = 0.3338 
L 81.38° p.u.) in place ofjx •. 
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(a) The generator e.m.f. is given by 

e = v + iz. = 1 + 1 L oo x 0.3338 L 81.38° = 1.05 + j0.33 p.u. 

thus e = J (1.052 = 0.332) = 1.101 and so the regulation is 1.101 - 1 = 10.1%. 

(b) The current is 1 L -36.8r p.u. and the e.m.f. is 

e = 1 L oo + 1 L -36.8r x 0.3338 L 81.38° = 1 L oo + 0.3338 L 44.51 o 
= 1.238 + }).234 p.u. 
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and therefore e = J (1.2382 + 0.2342) = 1.26, giving a regulation of 1.26 - 1 = 26%. 

(c) This time the current is 1 L 36.87° p.u. and the e.m.f. is 

e = 1 L oo + 1 L 36.8r x 0.338 L 81.38° = 1 + 0.3338 L 118.25° 

= 1- 0.158 + j0.294 = 0.842 + j0.294 p.u 

giving a regulation of J (0.8422 + 0.2942) = 0.892 - 1 = -10.8%. 

4 The torque angle is that between e and v and since we have chosen v as the reference 
phasor, the torque angle is just the phase angle of e, the per-unit e.m.f. of the generator. 
A glance at the answers to the previous problem will show that neglecting the phase 
resistance of the generator, the e.m.fs. are: 

(a) e = 1 + j0.33 = 1.053 L 18.26° p.u., o = 18.26°. 
(b) e = 1.198 + j0.264 = 1.227 L 12.43° p.u., o = 12.43°. 
(c) e = 0.802 + j0.264 = 0.844 L 18.r p.u., o = 18.r. 

And when the generator's phase resistance is included they are: 

(a)e = 1.05 +j0.33 = 1.101L17.45°p.u.,o = 17.45°. 
(b) e = 1.238 + j0.234 = 1.26L 10.r p.u., o = 10.7°. 
(c) e = 0.842 + j0.294 = 0.892 L 19.25° p.u., o = 19.25°. 

5 The circuit is as in figure A 17.3, from which it can be seen that 

e = v + jx.i 

But the current is to be rated current with a phase angle of cf>, that is i = 1 L cf> p.u. The 
synchronous reactance isjx. = x. L 90° p.u. and the reference p.u. phasor is v = 1 L oo . 

. . . 
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= 1 + x.cos(90° + ~) + jx.sin(90° + ~) 

= (1 - x.sin~) + jx.cos~ 

The magnitude of e is 

The regulation is zero when e = v = 1, that is when 

Jt -2x.sin~ + x.Z = 1 => sin~ = 2.x 
2 s 

Or when p.f = cos~ = ·~ - 2.x 2 v 4 • 

The phase angle of the current, ~. must be positive (leading load p.f.) or e > 1. 
The per-unit synchronous reactance of the generator in problem 17.3 is 0.33 and 

therefore the regulation will be zero when 

cos~ = Jt - 0.25 x 0.332 = 0.9863 => ~ = 9.5° 

6 The generator has a synchronous reactance of 

x. = 1/SCR = 112.5 = 0.4 p.u. 

When it supplies its rated power then v = 1 and i = 1 and if the p.f. of the power 
supplied is 0.7 leading it means that the current's phase angle is cos-10.7 = +45.5r, 
that is i = 1 L 45.5° p.u. The circuit of figure A17.3 pertains and the generated e.m.f. 
must be 

e = v + jx.i = 1 L oo + 0.4L (90° + 45.57°) = 1 Loo + 0.4L 135.5r 

= 1 - 0.286 + j0.28 = 0.714 + j0.28 = 0.767 L 21.4° p.u. 

Thus the actual e.m.f. is 0.767 times the line-neutral voltage, 33/J 3 kV, which is 14.61 
kV. The torque angle is the phase angle of the e.m.f. as v is the reference phasor, that 
is o = 21.4°. 
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The pull-out torque occurs when o = 90° and then the power is 

_ t _ 1 x t _ evsino _ 0.767 _ 1 92 p - w - - - -- - . p.u. 
• x. 0.4 

In per-unit terms the power, p = t, the per-unit torque, as w. = 1 p.u. 

I 
I 

I 
I 

~.., tangent 
_., 

... <~==·: __ ~locus of jx 5 i 
' ·, 

\ 
\ 

\ 
I 

l 
-=-----'-------"-------~·-·-·-·-·-·-·-·-·-·-·-· real axis 

v 

Figure Al7. 7 
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7 The phasor diagram for the generator is shown in figure A 17.7, in which the locus 
of the jx.i phasor is shown as a dotted semicircle of radius 0.4 p.u. (as i = 1 p.u. and x. 
= 0.4 p.u.) centred on the end of v, which is the reference phasor and of length 1. Since 
e = v + jx.i, we find e by drawing a line from the origin to the end of the jx.i phasor, 
from which we deduce that the maximum angle between v and e (which is the torque 
angle, o) occurs when e is a tangent to the semicircle, that is when e and jx.i are at right 
angles. Therefore, by Pythagoras's theorem 

e2 + ix.2 = v2 ~ e2 + 0.42 = 12 ~ e = Jo.84 = 0.9165 p.u 

Then the actual e.m.f. is 0.9165 x 33/J 3 = 17.46 kV. 
The torque angle is 

sino = ix.fv = 0.4 ~ o = 23.6° 

The angle between thejx.i phasor and vis 90° + o, implying that the angle between i and 
v is 90° less, that is o or 23.6°. The p.f. is therefore cos23.6° = 0.916. 

8 The circuit diagram for one phase of the synchronous motor is as shown in figure 
17. 8a, being identical to that of the generator, but with the direction of the current 
reversed. 

(a) The line voltage of 415 V becomes a phase voltage of 415/ J 3 = 239.6 V and thus 
V = 239.6 L 0 o V, being the reference phasor. The power consumption is 50 kW or 
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16.67 kW/phase, and thus the line current is 

1 = S = p = 16667 = 69.56 A ~ IL = 69.56Loo A 
L V V 239.6 

P = S when the p.f. is unity and the current's phase angle is zero. Then the voltage 
across the synchronous reactance is 

jX,IL = j0.7 X 69.56 = j48.69 V 

And therefore the generator e.m.f. becomes 

E = V- jX.IL = 239.6L0°-j48.69 = 244.5L -11.5° V 

So if E = 250 V when /ex = 10 A, 

I = 244·5 X 10 = 9.78 A 
ex 250 

The torque angle can be found from 

which gives o = 11.5°. 

(a) 

PX 
sino= -· = 

EV 

0 

(b) 

Figure A/7. 8 

16667 X 0.7 = 0. 199 
244.5 X 239.6 

(b) When only the phase angle of the line current is given we must find E from 
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E + jX,I = V => I= E- V 
jX, 
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Taking V as the reference phasor makes E = E L -o, as in a motor E lags V by the 
torque angle. Then the equation above for I becomes 

I = v- E = v- Ecoso + jEsino = Esino 
jX, jX, X, 

+ j(Ecoso - V) 
'-----;;---x. 

Thus the phase angle of the current, <P = -cos-10.9 = -25.84° (minus sign, since it is 
lagging), is given by 

tan<P = [ Ecos~- VI 
Esmo 

But Esino can be found from the power equation 

Esino = 
PX, 

v 
And so from equation (A8.1) we find 

= 16667 X 0.7 = 48_69 V 
239.6 

Ecoso- V = Esinotan<jJ = 48.69tan( -25.84°) = -23.6 V 

Ecoso = V- 23.6 = 239.6 - 23.6 = 216 v 

(A8.1) 

We have therefore found the two components of E and from them the magnitude of E is 

The excitation current is 221.4 x 10/250 = 8.86 A and the torque angle is 

o = sin-1 [ PX. l = sin-1 [ 16667 x 0.71 = 12.7o 
EV 221.4 X 239.6 

An alternative method using much less algebra employs the phasor diagram of figure 
Al7.8b, from which we can see that OA = Ecoso, so that AB = OB - OA = V -

Ecoso. Also AC = Esino and L ABC = 90° - </J, making L ACB = <P and hence 

tan LACB = tan<jJ = AB = V- Ecoso 
AC Esino 

The rest of the solution follows as before. 
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(c) When 4> = cos-10.8 = 36.8r (leading), we use the same equation as in part (b) and 
obtain 

Hence 

tan4> = Ecoso- V ~ Ecoso = V + Esinotan4> 
Esino 

Ecoso = V + (PX.f ~tan4> = 239.6 + 48.69tan36.87° = 276.1 V 

And then /ex = 280.4 x 10/250 = 11.2 A, while the torque angle is 

o = sin-1 [ PX. l = sin-1 [ 16667 x 0.7 ] = 10o 
EV 280.4 X 239.6 

9 It is easiest to use per-unit values from the outset and convert at the end. A power 
consumption of 16 kW when the rating is 20 kVA means that p, the per-unit power, is 
16/20 = 0.8 p.u. We find the torque angle from 

p = evsino = 1 x 1 x sino = 0_8 
x. 0.8 

~ sino = 0.64 ~ o = 39.8° 

since v = 1 p.u. by definition. 
The power equation in p.u. terms is 

vi • = [ 1- ecoso- jesino] • 
j0.8 

= (-1.25esino + j1.25[ecoso- 1])* 

= -1.25esino + j1.25(1- ecoso) = p + jq 

where i* etc. are the complex conjugates (that is the phase angle's sign is changed) and 
v = 1 L oo, so that v· = 1. Then 

q = 1.25e(1 -coso) (A9.1) 

substituting 1 for e and -39.8° foro as e lags v by the torque angle: e = 1 L -39.8° 
p.u. The reactive power is therefore 

Q = Sq = 20 X 0.29 = 5.8 kvar 
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The pull-out torque occurs when sino = 1 and then p = t as w. = 1 p.u., which leads 
to 

evsino p = t = --= 
ev 1 x 1 

= -- = 1.25 p.u. 
x. 0.8 

If P = 20 kW, p =PIS= 20/20 = 1 p.u. and then if e = 1.85 p.u., the power equation 
gives 

evsino 1.85 x 1 x sino 1 p = = = 
x. 0.8 

=> sino = 0.8 
1.85 

=> 0 = 25.62° 

Then this value of o is put into equation (A9.1) to give 

1 - ecoso 
q = ----

1- 1.85cos25.62° = ------:=-=--- = -0.835 p.u. 
0.8 

Thus Q = qS = -0.835 x 20 = -16.7 kvar. The negative sign indicates that the motor 
is supplying reactive power to the bus. 

If Q = -20 kvar (supplied), q = Q!S = -1 and if P = 20 kW or 1 p.u., then using 
equation (2) once more leads to 

1 - ecoso 
q = ---

x. 
=> ecoso = 1- qx. = 1- (-1) x 0.8 = 1.8 p.u. 

And the power equation is 

esino = px. 
= 

v 
1 X 0.8 

1 = 0.8 p.u. 

Therefore 

10 The p.f. is 0.1, so that the current's phase angle is cos-10.1 = 84.26°, leading as the 
motor is a synchronous capacitor and supplies vars, that is i = 1 L 84.26° p.u. since it 
operates at rated current. The complex power is 

p = vi* = coset>- jsincp = p + jq 

since v = 1 L oo, i = 1 L cf> and i* = 1 L -cp. Thus q = -sincp = -sin84.26° = 
-0.995 and 

Q = qS = -0.995 X 100 = -99.5 Mvar 
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The e.m.f. is given by 

e = v- jx.i = 1 Loo - 0.8L 90° x 1 L84.26° 

= 1 - 0.8 L 174.26° = 1.798 L -2.55° p.u. 
The actual e.m.f. will be eV8 , where V8 = 22/J 3 = 12.7 kV is the base voltage. Thus 
E = 1.798 X 12.7 = 22.84 kV. 

The torque angle is the phase angle of e, 2.55°. 
Reducing the e.m.f. to 1 p.u. with the same power consumption means that e = v = 

1. The power consumption was vicosc/> = 1 x 1 x 0.1 = 0.1 p.u., so that the torque 
angle is 

evsino p= ~ 

x. 
and therefore o = 4.6°. 

The reactive power is given by 

sino 
px. = = 
ev 

0.1 X 0.8 = 0.08 
1 X 1 

1 - ecoso _ 1 - cos4.6o _ 0 004 q = - - . p.u. 
x. 0.8 

Hence Q = qS = +0.4 Mvar: the motor is acting as an inductor and is consuming vars, 
not supplying them. 
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1 The power consumption is 

The diodes are conducting a third of the times each, so that at any one time there are two 
conducting, with a combined voltage drop of 1.4 V. The current flowing in the diodes is 
the load current, 10 c, which is E0 ciR or 1.35 X 415/9.5 = 58.97 A, and then the power 
consumed by the diodes is 1.4 x 58.97 = 82.6 W. As a fraction ofthe power output thus 
is 82.6/33000 = 0.0025 or 0.25%, a negligible amount. 

2 The load voltage is 1.35EL or 560 V and the load current is 560/9.5 = 59 A. The 
ripple is found from equation 18.5: 

r = 

L = (0.25- 3·5r)R ~ 12Lfr + 3.5Rr = 0.25R 
12fr 

0.25R 
12Lf + 3.5R 

= ~----::--:=-:::0=-.2_5-=xc::--9_.5-=--=-=-= = 0. 046 
12 X 0.03 X 50 + 3.5 X 9.5 

where r = M 0 cll0 c, so that Moe = peak-peak ripple = rl0 c = 0.046 X 59 = 2.7 A. 

3 The r.m.s. line current is 0.816/0 c (equation 18.6), which is 0.816 x 59 = 48.1 A. 
The p.f. is PIS, where Pis the power consumed in W and Sis the apparent power 

supplied in VA. The apparent power is J 3EL/rmJ; = 1.732 x 415 x 48.1 = 34.57 kW, 
while the power in the load is 33 kW, giving a p.f. of 33/34.57 = 0.955. 

The reactive power supplied is 

Q2 = S2 - P 2 = 34.572 - 332 ~ Q = 10.3 kvar 

4 For a six-pulse converter the DC voltage is 

E0 c = 1.35ELcosa = 1.35 x 415cos30° = 485 V 

where EL is the line voltage, 415 V, and a is the delay angle, 30°. The load power is 

PL = Eoc2 /RL = 4852 /9.5 = 24.8 kW 

The reactive power drawn from the supply is Q = Ptana = 24.8tan24.8° = 14.3 kvar. 
For a power factor of 0.95, the effective phase angle, q,, is cos-10.95 = 18.2°, and 

this is given by 

tanq, = QIP ~ Q = Ptanq, = 24.8tan18.2o = 8.15 kvar 
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Thus the correction capacitors must supply a total reactive power, Qtolal = 14.3 - 8.15 
= 6.15 kvar. 

The capacitors are placed across the lines, so that the reactive power in each is 

Q = EL2fXC => 

From this expression we find 

Q = 3E 2 / X = 3E 2 X 27rfC to1al L C L 

C= 6150 = ----~ = 38 p.F 
61r X 50 X 4152 

S When the power in the load is reduced to 10 kW, the DC voltage must be reduced 
also, to a value given by 

And as Eoc = 1.35 cos a, where a is the delay angle, we find 

cos a EDC 308 = = = 0.55 1. 35£ 71-::::. 3-=-5 -X-4':"":1-:5 

Then a= 57°. 
The reactive power increases because of the larger delay angle: 

Q = Ptana = 10tan5r = 15.2 kvar 

6 The battery takes V8 IT = V8 1 If J/cycle, where f is the chopping frequency. This 
energy comes from the power supply, so that 

VB 12 
T = - = ....,...,....____,=-=- = 0. 6 ms 

on V J 40 X 500 

The ripple current is the difference between maximum and minimum currents through the 
inductor, and when the GTO fires the voltage across the inductor is 

V - V. = L di = L ll.I 
s B dt T 

on 

fl.] = (~ - VB)T on = (40- 12) X 0.6 X 10-3 = 0.373 A 
L 45 X 10-3 

In percentage terms that is 100 x 0.373/15 = 2.5%. 
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7 The maximum voltage across the thyristor is 

And so if the thyristor's firing current, /GT• is 100 rnA 

The power developed in the load resistance is given by equation 18.16, 

p = V2(27r - 2() + sin28) 
R 47rR 

where () = 457r/180 radians. Thus, substituting 200 0 for R and 240 V for the supply 
r.m.s. voltage, we find 

p = 24Q2(27r - 1r 12 + sin90°) = 131 W 
R 47r X 200 

The load r.m.s. voltage is then found from 

VL = JPRR = V131 X 200 = 162 v 
And the p. f. is found from 

p.f. = PR/S = VliVI = VL/V = 162/240 = 0.675 

And therefore the effective phase angle is ¢ = cos- 10.675 = 47.5° and the reactive 
power is 

Q = Ptan¢ = 131 tan47.5° = 143 var 

8 The current for this circuit (figure 18.11a) is given by equation 18.28 

Substituting 27r/3 radians for 8, 7r/4 radians for 800 , 339 V for Vm, 1007r for w and 0.1 H 
for L gives 

i = [-339cos27r/3 + 339cos7r/4- 2007r/3 + 1007r/4] = 8.9 A 
107r 
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To find when the current is a maximum we can differentiate i(O) with respect to 0, which 
yields 

di(O) = 

dO 
_l [V sinx - Voc) 
wL m 

and then set di(O)/dO to zero to obtain 

Vmsinx = V0 c ~ x = sin-1(V0 c/Vm) = sin-1(100/339) = 17.r 

This cannot be right as the thyristor has not been fired, and we must take the next value 
for 0 which has sinO = 100/339 = 0.295, that is 180° - 17.r = 162.8°. At this angle 
the current is 

i(O) = -339cos 162.8° + 339cos45° - 1001r x 162.8/180 + 1001r I 4 = 11.4 A 
l07r 

When 0 = 135 o the current is 

i(O) = -339cosl35° + 339cos45o- 100 x 1357rll80 + 1007r/4 
wL 

= 
322 

1007rL 
= 15 A ~ L= 322 = 68 mH 

1007r X 15 

9 The load voltage waveform is shown in figure A18.9, from which we can deduce that 
the r.m.s. voltage is 

v 2 
rms 

= J: Vm2 sin2 0d0 + J : .. Vm2 sin2 0d0 = Vm2[J: (1 - cos20)d0 + J : .. (1 - cos20)do] 

27r 47r 

= Vm2 {[1 - 0.5sin2o]: + [1 - 0.5sin2o!'"} = Vm2 [7r- a+ 0.5sina + 27r- 7r] 

47r 47r 

Vm2[27r- a+ 0.5sin2a) 
= ~ 

47r 

When the thyristor is replaced by a diode all the source voltage (we are ignoring diode 
voltage drops) appears across the load and the r.m.s. voltage is Vm/ J 2. The value of a 
is effectively oo for a diode, and then the r.m.s. voltage is 

v = v j 27r- 0 
rms m 47r 

0 
+-

87r 

which is correct. 
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e---

Figure AlB. 9 

If the thyristor is not fired, we have a half-wave rectifier and then Vrms = Vm/2. In this 
case a = 180° = 1r radians and the r.m.s. voltage is given by 

v = v J 27r - 7r + ~ = v rr- = vm 
rms m 47r 81r m J 4 2 

which is also as it should be. 

10 Substituting a = 7r/3 radians (or 60°) into the formula for Vrms yields 

v = v rms m 
21r- 7r/3 sin120° 

47r + -8=-7r- = 339{0.4167 + 0.0345 = 228 v 

The current through the load is the same as the current through the supply so the p.f. is 

v~ vrms 228 
p.f. = --vi = V = 339/ sqn2 = 0"95 

where Vis the r.m.s. supply voltage, Vml J 2. 
If the load resistance is 8 0, the load power is 

PL = Vrms2 /RL = 2282 /8 = 6.5 kW 

When the p.f. is 0.95, q, = cos- 10.95 = 18.2° and the reactive power is found from 

Q = PLtant/> = 6.5tan18.2° = 6.14 kvar 
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A1F816 = 1010'0001'1111'10002 or 10100001111110002 

2 The binary numbers are both first shifted left by two places to get rid of the binary 
point. The subtrahend is then 1011001111, which is 0100110000 in 1 's complement form 
and by adding 1 we get the 2's complement form of 0100110001, which is added to 
1100011010: 

11'0001'1010 
+ 01'0011'0001 

100'0100'1011 

Suppressing the leading 1 from this result gives 1001011, which is then given back its 
binary point two places from the right: 10010.11 -the correct answer. 

3 Here we add the numbers two by two: 

100'0111 
+ 1100'1100 

1'0001'0011 

Then the third number is added: 

1'0001'0011 
+ 1110'1101 

10'0000'0000 

4 BCD numbers are divided into groups of four and then these groups are converted to 
decimal form so that 1001'0110.0101 becomes 96.510• 

5 The conversion from decimal to binary requires division of the integer part by two, 
and multiplication of the fractional part by two until no fractional part remains or it 
repeats, as in this case 

24 -:- 2 = 12 remainder 0 (LSB) 
12 -:- 2 = 6 remainder 0 
6 -:- 2 = 3 remainder 0 
3 + 2 = 1 remainder 1 
1 -:- 2 = 0 remainder 1 (MSB) 
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The integer part is thus 110002 • The fractional part converts as follows: 

0.12 x 2 = 0.24 integral part 0 (MSB) 
0.24 x 2 = 0.48 integral part 0 
0.48 x 2 = 0.96 integral part 0 
0.96 x 2 = 1.92 integral part 1 
0.92 x 2 = 1.84 integral part 1 
0.84 x 2 = 1.68 integral part 1 
0.68 x 2 = 1.36 integral part 1 
0.36 x 2 = 0.72 integral part 0 
0. 72 x 2 = 1.44 integral part 1 
0.44 x 2 = 0.88 integral part 0 
0.88 x 2 = 1. 76 integral part 1 
0.76 x 2 = 1.52 integral part 1 
0.52 x 2 = 1.04 integral part 1 
0.04 x 2 = 0.08 integral part 0 
0.08 x 2 = 0.16 integral part 0 
0.16 x 2 = 0.32 integral part 0 
0.32 x 2 = 0.64 integral part 0 
0.64 x 2 = 1.28 integral part 1 
0.28 x 2 = 0.56 integral part 0 
0.56 x 2 = 1.12 integral part 1 (LSB) 

At this point the fraction recurs, so that 24.1210 = 11000.000111101011100001012 • 
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6 The expression can be simplified by using boolean algebra, de Morgan's law or by 
drawing up a truth table. Boolean algebra yields 

A+ B +A I B 1 = A(B + B 1) + B +A I B 1 = AB + AB1 + B +A I B' 

= AB + B + B 1(A + A 1) = B(A + 1) + B 1 = B + B 1 = 1 

The use of de Morgan's law gives 

A 1B 1 = (A+ B)' 

And then replacing (A + B) by Q gives 

F = A+ B + A 1B 1 = A+ B + (A+ B) 1 = Q + Q' = 1 

This is readily seen with a truth table also: 
A 8 A' 8' A' 8' F 

0 0 1 1 
0 1 0 0 
1 0 0 1 0 
1 1 0 0 0 
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7 We can simplify the expression for Y' by grouping terms such as the first two 

ABC' + AB1 C1 = AC1 (B + B 1) = AC' 

and the last two 

ABC+ AB 1C = AC(B + B 1) = AC 

so that we find 

Y1 = AC1 +A 1B 1C+AC = A(C+ C1)+A 1B1C = A+A 1B1C = A+B1C 

The latter simplification is because 

A+ A 1B 1C = A(l + B 1C) + A1B1C =A+ B 1C(A + A 1) =A+ B1C 

Then we take the complement and use de Morgan's law: 

Y = Y11 = A+B1C = A 1(B 1C) = A1(B 11 + C') = A 1B+A 1C1 

The truth table and Karnaugh map for Yare 

A B c y/ y 
11 1 0 

0 0 0 0 1 
0 0 1 1 0 0 0 

0 1 0 0 1 0 0 

0 1 1 0 1 
1 0 0 1 0 A/C/ A/8 
1 0 1 1 0 
1 1 0 1 0 
1 1 1 1 0 

And we see that Y = A'C' + A'B. 
The all-NAND form for Y can be derived by using de Morgan's law as follows: 

Y = A 1(B+ C') = A 1(B+ C7) = A 11JTCTT = A 1B1C = A 1B 1C 

Thus the circuit in 2-input NAND form is as shown in figure A19.7. 
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8 The SOP expression for Q is 
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Figure AI9. 7 

Q = A'B'C + AB'C' + AB'C +ABC' +ABC= A'B'C + AB' + AB 

=A + A'B'C =A + B'C 

using the usual simplifications that A(B + B') =A and A + A'B =A + B. 

AB 00 10 11 01 
c 
0 

1 

(a) 

0 

0 

A 

A 
8 
c 

A-------.., 
8----\ 
c 

Figure Al9.8 
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The Karnaugh map is shown in figure A19.8a, from which the minimal expression for Q 
is found, leading to the logic diagram of figure A19.8b. 

Using de Morgan's law leads to 

Q = A + B' C = A + B 1 C = A + B + C1 = A + B + C1 

which is the all-NOR form and gives the circuit of figure A19.8c. The same result can 
be obtained using the circuit equivalents of figure A19.8d. 

~=D-AB 
Figure Al9. 8d 
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9 The truth table for the circuit of figure P19.9 is shown in figure A19.9a, and leads 
to the Karnaugh map of figure A19.9b, from which is found the minimal expression for 
Q: 

Q' = A' BC1 + A 1C1D 1 + BC'D' 

A 8 c D Q 
0 0 0 0 0 AB DO 01 11 10 
0 0 0 1 1 co 0 0 1 0 1 
0 0 1 1 1 00 0 1 0 0 0 

01 0 1 0 1 0 
0 1 1 0 1 11 
0 1 1 1 1 10 1 0 0 0 1 
1 0 0 1 1 
1 0 1 0 1 
1 0 1 1 1 A''BC/ 
1 1 0 0 0 

(b) 1 1 0 1 1 
(a) 1 1 1 0 1 

1 1 1 1 1 

A A 
8 B 
c c 
0 0 

(d) 

Figure A19. 9 

The minimal expression for Q can be put into all-NAND form using de Morgan's law: 

Q = Q II = A I BC1 + A I C1 D I + BC1 D I 

= A 1BC1 ·A 1C1D 1 ·BC1D 1 = A 1BC1 ·A 1C1D 1 ·BC1D 1 

leading to the circuit of figure A19.9c. 
The all-NOR form is 

Q' =A 1BC1 +A 1c'D 1 +BC1D 1 =A+B1 +C+A+C+D +B1 +C+D 
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~ Q = Q11 = A + B 1 + C + A + C + D + B 1 + C + D 

which gives the circuit of figure A 19. 9d. 

10 The XOR function is defined by 

While 

. . . 

AE9B = AB' + A'B 

(AE9B)E9C = (AB' + A I B)C' + (AB 1 + A I B)C 

= AB'C' + A'BC' + (AB 1 ·A 1B)C 

= AB1C 1 +A' BC' +(A'+ B)(A + B')C 

= AB'C' + A 1BC1 + (A'A + A 1B 1 + AB + BB')C 

= AB'C' + A'BC' + A 1B 1C+ ABC 

AEB(BEBq = A(BC1 + B 1C) + A 1(BC1 + B'q 

= A(BC1 ·B1C) + A'BC' +AB1C 

= A(B1 + C)(B + C') + A 1BC1 + AB'C 

= A(B 1 B + B' C1 + BC + CC') + A 1 BC' + AB1 C 

= AB'C' +ABC+ A' BC1 + AB'C' 
Then we can evaluate 

(AE9C)E9B = (AC' + A'C)B' + (AC1 + A 1C)B 

= AB' C' +A I B' c + (AC1 • A I C)B 

= AB I c I + A I B I c + (A I + C)(A + c I )B 

= AB' C' +A I B' c + (A I A + A I C' + AC + CC')B 

= AB'C' + A'B'C +A' BC' +ABC 

And so the XOR function is associative. 
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11 The truth table is shown in figure A19.11a and the Karnaugh map in figure A19.11b, 
leading to the burgling function 

B = DH1 + H'NW = H 1(D + NW) 

This can be arranged in all-NOR form using de Morgan's law as follows 

B = H 1(D + NW) = H 1(D + NW) = H'(D + N 7 + W 7) 

= H'(D + N 7 + W1) = H + D + N 7 + W 1 

which leads to the circuit of figure A19.11c. 

D H N w 8 01 11 10 
0 0 0 0 0 
0 0 0 1 0 
0 0 1 0 0 
0 0 1 1 1 
0 1 0 0 0 
0 1 0 1 0 
0 1 1 0 0 
0 1 1 1 0 
1 0 0 0 1 
1 0 0 1 1 (b) H'NW DH' 
1 0 1 0 1 
1 0 1 1 1 
1 1 0 0 0 N 
1 1 0 1 0 w 
1 1 1 0 0 
1 1 1 1 0 

D 
H 

(a) (c) 

Figure A19.11 

12 In figure A 19 .12a we can see that the transistor will turn on if the voltage at X is 
positive by more than the base-emitter voltage drop of 0.7 V. Thus if either A orB is 
+ 5 V, the base current will be 

5- 0.7- 0.7 
3 

= 1.2 mA 

The transistor will therefore turn fully on and be in saturation and the output voltage at 
C will be VcEsat :::::: 0.2 V, that is logical zero. If the potential at both A and B is zero the 
voltage at X will be -0. 7V, and so the base current will be zero. The transistor is then 
turned fully off, in which case the collector current is zero and C will be at +5 V, logical 
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1. The truth table for the circuit is as in figure A19.12b and the device is seen to be a 
NOR gate. 

0.7 v -A 

8 

Figure A19.12 

A 8 C 

0 0 1 
0 1 0 
1 0 0 
1 1 0 

(b) 

13 In the circuit of figure A19.13a it can be seen that the potential at X must be at least 
+ 2.1 V (two diode drops plus V8~ before the transistor can turn on. Thus when either 
of A orB is at 0 V (logical 0), the potential at X is limited to +0.7 V, the transistor is 
off and C is at + 5 V (logical 1). If on the other hand BOTH of A and B are at + 5 V 
(logical!) the potential at X can rise above +2.1 V to turn the transistor on. In this case 
the transistor goes into saturation at C is at VCEsa, or +0.2 V (logical 0). The truth table 
is as in figure A19.13b, from which it is seen that the circuit is a NAND gate. 

A B c 
c 0 0 1 

A 0 1 1 
1 0 1 

B 1 1 0 

(a) (b) 

Figure Al9.13 

14 The segment dis lit when the decimal number displayed is 0, 2, 3, 5, 6 or 8, that is 
binary 0000, 0010, 0011, 0101, 0110 and 0100. The truth table is as in figure Al9.14a, 
giving rise to the Karnaugh map of figure Al9.14b, in which the 'don't cares' (the binary 
numbers from 1100 to 1111) are indicated by an 'x'. The simplest groupings are those 
shown for d = 0, from which we deduce that the simplest logical expression for not 
lighting d is 

d' = XY'Z' + X' Y'Z + Xl"Z 
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From this we find 

= X1 + Y + Z + X + Y + Z 1 + X1 + Y1 + Z 1 

utilising de Morgan's law. This expression is in all-NOR form and leads to the circuit of 
figure A19.14c. 

No. w X y z d XY'Z' 
0 0 0 0 0 1 
1 0 0 0 1 0 DO 01 10 
2 0 0 1 0 1 
3 0 0 1 1 1 0 X 1 
4 0 1 0 0 0 

1 X~ 5 0 1 0 1 1 

~X 6 0 1 1 0 1 
X X/Y'Z 

7 0 1 1 1 0 
8 1 0 0 0 1 
9 1 0 0 1 0 XYZ 

(a) 
(b) 

X 
y 
z 

Figure Al9.14 

15 The truth table is shown in figure A19.15a, which is mostly 1s rather than Os, so 
there would be fewer connections required for a PLA with NOR outputs. However, given 
that the outputs are ORs connections are required for the 1-terms. Each BCD number is 
given a 4-input AND gate and these are then connected to the appropriate 9-input OR 
which drives the segment required. For example, the BCD number 0110, decimal 6, is 
WXlZ' and these inputs are connected to the AND gate labelled 6. Similarly, the 
segment, c, is required by the decimal numbers 0, 1, 3, 4, 5, 6, 7, 8 and 9 and so these 
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AND gates must be connected to the OR labelled c. The connections are shown in figure 
A19.15b. 

No. w X y z a b c d e f g 

0 0 0 0 0 1 1 1 1 1 0 
1 0 0 0 1 0 1 0 0 0 0 
2 0 0 1 0 1 1 0 1 1 0 1 
3 0 0 1 1 1 1 1 1 0 0 1 
4 0 1 0 0 0 1 1 0 0 1 1 
5 0 1 0 1 1 0 1 1 0 1 1 
6 0 1 1 0 0 0 1 1 1 1 1 
7 0 1 1 1 1 1 1 0 0 0 0 
8 1 0 0 0 1 1 1 1 1 1 1 
9 1 0 0 1 1 1 1 0 0 1 1 

Figure Al9.15a 

w X y z~sco inputs 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

segment outputs ___. a b c d e f g 

Figure Al9.15b 
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1 We note that at all times D2 = Q1 and that D1 = (Q1Q2)' and that the device is 
positive-edge triggered. The table of figure A20.1a gives the successive states of the 
circuit when the initial state is Q1 = Q2 = 1 and the corresponding timing diagram is 
shown in figure A20.1b. When the initial state is Q1 = Q2 = 0, the successive states are 
shown in figure A20.1c, from which we see that the former sequence repeats. 

01 01 Dz a2 01 01 Dz Gz 
1 0 0 0 

o---..... 1 1"1 1 "1 1"o 
(a) 1---..... 0 0"1 (c) 0 "1 1 "1 

1"1 1"0 1"0 0 "1 
0 1 1 1 1 "1 1 "o 

Q2 

(b) Q1 

CLK 

Figure A20.1 

2 The counter sequences are shown in figure A20.2a, from which we can see that D1 

= Q1'. We can also extract the truth tables for D2 and D3 as shown in figures A20.2b and 
A20.2c, leading to the Karnaugh maps of figures A20.2d and 20.2e. The Karnaugh maps 
indicate that 

D2 = QtQ3 + Q: Q; and D3 = Q2Q3 + Q~ Q; 

These are both XNOR functions and lead readily to the circuit of figure A20.2f. 
To find out what happens when 100 is loaded into Q~> Q2 and Q3, we must deduce the 

values of the Ds and then load these into the Qs to find the next set of values as in the 
table of figure A20.2g. Now D1 = Qt' = 0, and we find D2 from 

while 

D2 = Q1Q3 + Q: Q; = 1.0 + 0.1 = 0 

D3 = Q2Q3 + Q~ Q; = 0.0 + 1.1 = 1 

And so on down the table. In the same way we can construct the sequences of the table 
in figure 20.2h, where the starting point is 001. As can be seen, in neither case does the 
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desired sequence occur; the circuit alternates between 001 and 100. 

D1 G1 D2 G2 03 G3 Q1 Q2 ~ D2 Q1 Q2 Q3 03 

~~ 1"' 1 1"' 1 1 1 1 1 1 1 1 1 

~6 1"' 1 0 1 1 0 0 1 1 1 

~1 1 0 1 1 1 0 1 0 

1"'0 1 ""-1 ~~ 0 1 0 1 0 1 0 0 

~~ ~1 ~~ 
1 1 0 0 1 1 0 0 

1"'~ 0 0 0 1 0 0 0 1 
""-1 "'1 
(a) (b) (c) 

00 01 11 10 Q1Q2 DO 01 11 10 
Q3 

CL:D 0 X 0 ]) 0 0 ~ 
X 0 <LJ) X <LJ) 0 

(d) (e) 

Figure A20. 2 

3 The JK flip-flop's operational table is shown in figure A20.3a and we can use it to 
construct the table of successive counter states shown in figure A20.3b as follows. First 
enter 1s under Q~o Q2, Q3 and Q4 • Examining the circuit diagram of figure A20.3c shows 

J =Q =1· J =Q =1· J =Q =1· J=Q =1 1 4 '2 1 '3 2 '4 3 

Thus we can fill in the blanks in the first row of the table. On receipt of a clock pulse, 
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the outputs can change state, depending on the states of the inputs. Thus as 11 = K1 = 
1 (in the first row), Q1 = QP' = 0 in row 2. And as J2 = 1 while K2 = 0 in row 1 means 
that Q2 = 1 in row 2. The same reasoning gives Q3 = 1 and Q4 = 1 in row 2, and this 
last result means that J1 = K1 = 1. Having filled in row 2 we can fill in row 3 and so on 
until the sequence repeats with row 16 being the same as row 1. 

J1 K1 01 J2 K2 02 J3 K3 03 J4 K4 04 
1 1 1 1 0 1 1 0 1 1 0 1 
1 1 0 0 1 1 1 0 1 1 0 1 
1 1 1 1 0 0 0 1 1 1 0 1 
1 1 0 0 1 1 1 0 0 0 1 1 
0 0 1 1 0 0 0 1 1 1 0 0 
1 1 1 1 0 1 1 0 0 0 1 1 
0 0 0 0 1 1 1 0 1 1 0 0 
1 1 0 0 1 0 0 1 1 1 0 1 

J K 0 1 1 1 1 0 0 0 1 0 0 1 1 
0 0 Op 

0 0 0 0 1 1 1 0 0 0 1 0 
0 0 0 0 1 0 0 1 1 1 0 0 

0 1 0 1 1 0 0 1 0 0 1 0 0 1 1 
1 0 1 0 0 1 1 0 0 0 1 0 0 1 0 

Op 0 0 1 1 0 1 1 0 0 0 1 0 
0 0 1 1 0 1 1 0 1 1 0 0 

(a) (b) 1 1 1 1 0 1 1 0 1 1 0 1 

5 ... ... .. 
T T T I 

I,_ J1 01 J2 02 J3 03 J4 04 
r-r-r> r> r> -> 

'--- K1 01 K2 02 K3 03 K 04 -K 
(c) 

CL 

Figure A20. 3 

4 Inspection of the circuit of figure A20.4a shows that D1 = Q2 and 

Dz = Ql + Qz 

Thus we start off with Q1 = Q2 = 1, making D1 = 1 and D2 = 0 as shown in the first 
row of the table of figure A20.4b. On clocking, the inputs states are transferred to the 
outputs and the sequence of states is that in figure A20.4b, leading to the waveform for 
Q2 shown in figure A20.4c. The second row of the table repeats at row 5 and the original 
state is never recovered. 

5 During discharge, Q' is HIGH and the transistor is turned on, while Q is LOW and 
Vo = 0. At the start of discharge, the capacitor voltage is 2/ 3 Vee. and at the end of it 
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(a) CLK 
~~--------------~ 

(b) 

~1 

~~] ~1 
0 0 

Q2uuu 
(c) 

Figure A20. 4 
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1/ 3 Vee, as set by the lkO resistor network and the trigger and threshold comparators. The 
capacitor discharges through R8 , so that the capacitor voltage as a function of time is 

ve = ~Veeexp{-t/R8C) 

If the time to discharge is T2, then 

~Vee = ~Veeexp{-T2 /R8C) ~ T2 /R8 C = ln2 ~ T2 z 0.1RBC 

When the capacitor voltage reaches 1/ 3 Vee' the flip-flop is set, making Q HIGH, V0 = Vee 
and Q' LOW, thus turning of the transistor and allowing the capacitor to charge up to 
2/ 3 Vee via the series resistors RA and R8 • The capacitor voltage as a function of time is 
therefore 

where A and B are constants determined from the conditions that at t = 0, Ve = 1/ 3 Vee 
and at t = oo, Ve = Vee· The former condition leads to A + B = 2/ 3 Vee, and the latter 
to A = Vee' making B = - 2/ 3 Vee· Hence if the time taken to charge is T1, 

~vee = vee - ~ veeexp [ -TJ (RA + RB)C] 

~ exp[-TJ(RA + R8)C) = 112 ~ T1 z 0.7(RA + R8)C 

6 From the circuit of figure A20.6a we can see that 12 = K2 = Qt> K1 = Q2 and 11 = 
Q2'. Starting from Q1 = Q2 = 1 and using the operating table for JK flip-flops of figure 
A20.6b, we can construct the sequence in the table of figure A20.6c and the timing 
diagram of figure A20.6d, showing that the circuit divides the clock frequency by three 
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and produces mark/space ratios of 2:1 (Q1) and 1:2 (Q:z). 

,---- J1 Q1 ~ J2 Q2J 
~ > 

CLK - - K1 K2 a2l 
(a) 

J1 K1 Q1 J2 K 2 02 

0 1 1 1 1 
1 0 0 0 0 
1 0 1 1 1 
0 1 1 1 1 

(c) 

J1 K1 01 J2 K2 02 

1 0 0 0 0 0 
1 0 1 1 1 0 
0 1 1 1 1 1 
1 0 0 0 0 0 

(e) 

1 
0 
0 
1 

(d) 

J 1 K 1 Q 1 J2 K 2 Q 2 

1 0 1 1 1 0 
0 1 1 1 1 1 
1 0 0 0 0 0 
1 0 1 1 1 0 

(f) 

Figures A20.6a to A20.6g 

J K Q 

0 0 Gp 
0 1 0 
1 0 1 

(b) 
1 1 Op 

Q1 

J, K1 G1 J2 K2G2 

0 1 0 0 0 1 
0 1 0 0 0 1 
0 1 0 0 0 1 
0 1 0 0 0 1 

(g) 

If the initial state is set to Q1 = Q2 = 0, the sequence of figure A20.6e is produced, 
which gives the same waveforms as before. When the initial state is Q1 = 1 and Q2 = 0, 
the sequence of figure A20.6f results: again the same waveforms. But when the initial 
state is Q1 = 0 and Q2 = 1, the counter gets stuck as shown by figure A20.6g. 

If the circuit is changed to that of A20.6h, in which 11 = K1 = Q2', 12 = Q1 and K2 

= Q2, we find that starting from Q1 = Q2 = 1, we get the same sequence as before 
eventually as in figure A20.6j. However, no matter which combination we start from, this 
circuit does not get stuck and always gives the same output, as can be seen in the tables 
of figures A20.6k, A20.6m and A20.6n. 

7 The tables for counting up and counting down are as in figure A20.7a and A20.7b, 
respectively. It can be seen that the table for counting down is just the inverse of that for 
counting up, so the counter circuit is that of the up-counter in figure 20.11, with counting 
down displayed by switching from the Q outputs to the Q' outputs as in figure A20. 7c. 



CLK 

(h) 

J1 K 1 G1 
1 
1 1 
0 0 
1 1 

(k) 

Q1 Q2Q3Q4 

0 0 0 0 
1 0 0 0 
0 1 0 0 
1 1 0 0 
0 0 1 0 
1 0 1 0 
0 1 1 0 
1 1 1 0 
0 0 0 1 
1 0 0 1 
0 1 0 1 
1 1 0 1 
0 0 1 1 
1 0 1 1 
0 1 1 1 
1 1 1 1 

(a) 

1 
0 
0 

-J1 01 

p 

.- K 1 

J2 K 2 Q2 

1 0 0 
0 1 1 
0 0 0 

Q1 Q2Q3Q4 

1 1 1 1 
0 1 1 1 
1 0 1 1 
0 0 1 1 
1 1 0 1 
0 1 0 1 
1 0 0 1 
0 0 0 1 
1 1 1 0 
0 1 1 0 
1 0 1 0 
0 0 1 0 
1 1 0 0 
0 1 0 0 
1 0 0 0 
0 0 0 0 

(b) 

Solutions to problems 

J2 a) 
.--p 

- K 2 Q2l 

J1 K 1 G1 J2 K 2 Q2 

0 0 0 0 1 1 
1 1 0 0 0 0 
1 1 1 1 0 0 

(m) 

Figures A20. 6h to A20. 6n 

+ 

(c) 

Figure A20. 7 

0 0 1 
1 1 1 
0 0 0 
1 1 0 
1 1 1 

(j) 

1 1 0 
1 1 1 
0 0 0 

(n) 

1 1 1 
1 0 0 
0 1 1 
0 0 0 
1 0 0 

0 0 0 
1 0 0 
0 1 1 

207 

8 The table for a 3-bit up-counter made from D-type flip-flops is shown in figure 
A20.8a, which is constructed by writing down the Q-values and then the D-values 
required which are the Q-values of the next clocked state. From this table we note first 
that D1 = Q1' and then we construct the truth tables for D2 and D3, the tables of figures 
A20.8b and A20.8c. Table A20.8b indicates thatD2 is Q1EBQ2, but we require a Karnaugh 
map to simplify the table of figure A20.8c, and this is shown in figure A20.8d. The 
logical expression for D3 obtained from the Karnaugh map is 
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= (Q!Q2)Q; + ~Q3 = (QIQ2)E9Q3 

where we have used de Morgan's law to change (Qt' + Q2') to (Q1Q2)', leading to an 
XOR function at the end. The circuit is shown in figure A20.8e 

01 01 02 02 D3 03 01 02 Q3 D2 01 Q2 Q3 03 

1 """0 0""0 0"0 0 0 0 0 0 0 0 0 
0 1 1 0 0 0 1 0 0 1 1 0 0 0 
1 0 1 1 0 0 0 1 0 1 0 1 0 0 
0 1 0 1 1 0 1 1 0 0 1 1 0 1 
1 0 0 0 1 1 0 0 1 0 0 0 1 1 
0 1 1 0 1 1 1 0 1 1 1 0 1 1 
1 0 1 1 1 1 0 1 1 1 0 1 1 1 
0 1 0 1 0 1 1 1 1 0 1 1 1 0 

0 0 0 (b) (c) 
(a) 

0102 

03 00 01 11 10 

(d) o o o ~y0'0' 
1~ 0 1 

Q1Q3 010203 

(e) 

CLK 

Figure A20. 8 

9 A divide-by-five counter requires three flip-flops as there are 5 clock sequences. If 
the output, Q3, is to have the state sequence 000010 .. , then we can assign different, but 
otherwise arbitrary, sequences to Q1 and Q2 and then deduce the logic for the prior input 
D-states. The table of figure A20.9a shows one such sequence starting from a reset, that 
is Q1 = Q2 = Q3 = 0. From this table we see that the Karnaugh maps for D1, D2 and D3 
are as in figures 20.9b, 20.9c and 20.9d, leading to the circuit of figure 20.9e. The don't 
cares, that is combinations of the Qs not appearing in the table of figure 20.9a, are 
indicated by x in the Karnaugh maps. It may be that starting from one of these sequences 
the counter will hang up without achieving the desired division by five. 

The same result can be obtained with JK flip-flops in the toggle mode, that is with J 
= K, though this is not essential. If the same sequence of states is employed for the 
outputs, then the required values of J (and hence K) are as shown in the table of figure 



Solutions to problems 209 

A20.09f, leading to the Karnaugh maps of figures 20.9g,h and j and the circuit of figure 
20.9k. Employing JKs in the non-toggle mode gives greater flexibility to the designer and 
leads to a circuit with fewer logic gates such as that of figure A20.9m, which is but one 
of several possible circuits. 

01 Q1 02 Q2 D3 QJ 
1Q2 00 01 11 10 

1......_..0 1......_..0 o,o Q3 
o,1 1" 1 o,o 0 ~0 0 1"0 o,1 o,o 
o,1 1,o 1" 0 1 X 0 X X 
o,g o-........6 o,6 

01 = Q1Q3 
(a) (b) 

Q1Q2 00 01 11 10 
03 

0 1 ® 1 0 0 0~ 1 X 0 X X X 0 X X 

(c) D2= G1G2 (d) 03= Q1Q2 

Q Q 

1 Q 3 Q 

(e) CLK 

J1 a, J2 Q2 JJ Q3 10 
1 0 1 0 0 0 
1 1 0 1 0 0 

1 1 1 1 0 1 1 0 0 
1 1 1 0 1 0 ~X X 
0 0 1 1 1 1 

0 0 0 

(f) (g) J1 = a,a3 

1Q2 00 01 11 10 1Q2 00 01 11 10 
03 03 

0 0 0 0 0 ~ 
1 1 X L) X 

(h) J2=Q1Q2 (j) JJ= Q1Q2+Q2Q3 

Figures A20. 9a to A20. 9j 
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Figure A20. 9k 

J1 K 1 Q 1 J 2 K 2 Q 2 J 3 K 3 Q 3 

100110010 
111101010 
100111010 
1 1 1 1 0 0 1 0 0 
000011011 
100110010 

J, = J2=Q3 

K1 = 0 1 

K2 =01 

J3 = Q1 Q2 = K 3 

Figure A20. 9m 

a 
3 

CLK 

10 The demultiplexer must produce the As from B when the control signals are as in the 
table of figure A20.10a (which is the same as that of figure 20.20b). Thus the ANDing 
of B by the Cs will give the desired As, which is shown in figure A20.10b. 

A, 

8 A2 

A3 

A4 

c2 c1 

Figure A20.1 0 

c1 c2 
0 0 

0 1 

0 

(a) 

8 

A, 
A2 

AJ 
A4 

B ....--i-...... c 1 ......_____. 1 

c2 

(b) 



Chapter 23 

1 The modulation index is given by 

m = V2(r2 - 1) 

where r is the current or voltage ratio in the transmitting (or receiving antenna). Thus r 
= 13.6/12 = 1.133 and the modulation index is 

m = V2(1.1332 - 1) = 0.754 

The power ratio is 

Pm = Pc + P. = 1 + !..m 2 = 1 + 0.5 X 0.7542 = 1.2843 
PC PC 2 

Thus P. = 0.2843Pc, where the subscripts m, c and s refer to modulated, carrier and 
signal respectively and Pc = 1/Ra = 122 x 75 = 10.8 kW, so that P. = 0.2843 x 10.8 
= 3.07 kW. 

The total power is 

PT = PC+ P. = 10.8 + 3.07 = 13.87 kW 

so that the fractional power in the signal is 

:: = 13J~7 = 0.221 

The equation of an AM voltage wave of carrier power 1 W is 

e = /f(1 + 0.5msinwmt)sinwl 

In this case the r.m.s. carrier voltage is /fia = 12 x 75 = 900 V, so the peak voltage 
is 900J 2 V, while the carrier's angular frequency is 1.273 x 21r = 8 Mrad/s, and the 
modulation's angular frequency is 15.6 x 21r = 98 krad/s, making the equation of the 
voltage 

e = 1.273[1 + 0.754sin(98 x 103t)]sin(8 x 106t) kV 

2 'Just over-modulated' means that m = 1, and substitution of this in the formula 

m = V2(r2 - 1) = 1 ~ r2 = 1.5 ~ r = 1.225 

211 
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yields r = 1.225 and thus /m = 1.225/c = 1.225 X 12 = 14.7 A. 
The total power is Pm = /m2Ra = 14.72 x 75 = 16.2 kW, and as the carrier power 

is still 10.8 kW, the signal power is 16.2 - 10.8 = 5.4 kW and the ratio of signal to 
carrier power is 5.4/10.8 = 1:2. 

3 Carson's rule gives a bandwidth of 2ifm + o!J = 2(2.4 + 6) = 16.8 kHz. The 
modulation index for FM is f1lr = oflfm = 6/2.4 = 2.5, for which the coefficients are 
greater than 0.1 in table 23.1 up to n = 3 or 4, so that the bandwidth is effectively 2nfm 
= 2 x 3.5 x 2.4 = 16.8 kHz, taking an average for the order, n, of 3.5. 

Doubling the modulating frequency's amplitude results in a doubling of the deviation, 
of, to 12kHz, making the modulation index 5, for which table 23.1 gives n = 6, and the 
bandwidth is 2nfm = 2 x 6 x 2.4 = 28.8 kHz. Using Carson's rule gives a bandwidth 
of 2(2.4 + 12) = 28.8 kHz. 

4 The modulation index is 
mr = oflfm = 20/5 = 4 

The amplitude of the carrier frequency (order, n = 0) is -0.4 when f1lr = 4, according 
to table 23.1, hence the carrier power is ( -0.4)2 x 10 = 1.6 mW. The power residing 
in the sidebands must be 10 - 1.6 = 8.4 mW. 

The receiver's limited bandwidth of 50 kHz means that the higher order sidebands are 
lost in the receiver. With a bandwidth, B, of 50 kHz, the highest order of sideband 
receivable is 

n = B 12fm = 5012 X 5 = 5 

The power residing in the sidebands up to and including the fifth is 

P = 10[( -0.4)2 + 2(0.072 + 0.362 + 0.432 + 0.282 + 0.132)] = 9.894 mW 

remembering to count the carrier once and the sidebands twice. Thus the power lost in 
the receiver is 10 - 9.894 = 0.106 mW. 

When the modulating frequency is doubled and the amplitude, power and maximum 
deviation are unchanged, the modulation index is halved to 2. The receiver's bandwidth 
is still 50 kHz, so the highest order of sideband receivable is n = tif/2fm = 50/20 = 2.5, 
or 2 since we deal in whole numbers. Table 23.1 reveals that the amplitude of the carrier 
is 0.22 for f1lr = 2, so the carrier power at the receiver is 0.222 x 10 = 0.48 mW, 
making the total power in the sidebands 10 - 0.48 = 9.52 mW. 

The power in the carrier plus the receivable side bands is 

P = 10[0.222 + 2(0.582 + 0.352)] = 9.66 mW 

Thus the power lost in the receiver must be 10 - 9.66 = 0.34 mW. 
Halving the amplitude means that the maximum deviation is reduced from 20 kHz to 

10 kHz, and if the modulating frequency is 20 kHz, 11lr = oflfm = 10/20 = 0.5, and 
virtually all of the received power is in the carrier, since its amplitude is 0.94 according 
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to table 23.1, and so its power is 0.942 x 10 = 8.84 mW, if the received power is still 

10mW. 
The power in the sidebands is therefore 10 - 8. 84 = 1.16 m W. The maximum order 

of receivable sideband is 50/(2 x 20) = 1 and the receivable power is 

P = 10(0.942 + 2 X 0.242) = 9.988 mW 

Then the power lost in the receiver is 10 - 9.988 = 0.012 mW. Taking the amplitude 

of the sideband for which n = 2, that is 0.03, gives a lost power of 2 x 0.032 x 10 = 

0.018 mW. The two answers do not agree because the values in the table are rounded to 

2 places of decimals. 

5 The diode capacitance is 
C = KVn = KV-o·4 

0 

Then as C0 = 20 pF when V = 5 V (Vis the reverse-bias voltage), we find 

K = 20 X 5°·4 = 38 

in units of pF and V. 
The modulation frequency and the modulation index are given, from which we can 

calculate the maximum deviation, as follows 

of = mJm = 7.5 X 20 = 150 kHz 

And the modulating voltage is to be a maximum of25 mV, so we can use equation 23.33 

as below 
dw = 
dV 

-nw 
2V(l + c) 

dw _ df _ -n dV 
w - 7 - 2(1 + c) V 

where f is the carrier frequency, 120 MHz. Replacing dfby of (=150kHz) and dV by 

25 m V leads to 

150 X 103 = 1.25 X 10-3 = 
120 X 106 

=> V(1 +c) = 4 

But c is the capacitance ratio, C0 /C, which is 

0.4 25 x 10-3 

2(1 +c) V 

C being the series capacitance, 180 pF. This value for c is substituted in the equation 

above to give 

V(1 + c) = 4 => V(1 + 0.211 v-0·4) = V + 0.211 V0·6 = 4 
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Then we can solve this using Newton-Raphson: 

f(V) = v + 0.211 V0·6 - 4 = 0 ~ f'(V) = df(V)IdV = 1 + 0.1266v-o.4 

Making our first guess for V as V1 = 4 V, we find 

./(4) = 4 + 0.211 X 4°·6 - 4 = 0.485 

and j 1 (4) = 1 + 0.1266 X 4-o.4 = 1.073 

Then the next approximation to V is 

V = V - .f(V1) = 4 - 0.485 = 3.55 V 
2 1 f'(V) 1.073 

This is as near as makes no difference. 

6 The white noise can be taken to be Johnson noise whose voltage is 

R = 
(0.6 X 10-3) 2 

= ----~~~-=--~--~----~ 
4 X 1.38 X 10-23 X 300 X 20 X 106 

= 1.09 MO 

7 There are 6 amplifier combinations to consider: 123, 132, 213, 231, 312 and 321, 
where the first number is the input amplifier and the last number denotes the output 
amplifier. It is almost a certainty that the amplifier with the lowest noise temperature must 
be placed first in the cascade for the lowest noise temperature overall, and that with the 
highest noise temperature should be placed first for the highest noise temperature overall, 
but it is best to evaluate all the combinations. 

We have G1 = 6 dB = 4, T1 = 50 K; G2 = 30 dB = 1000, T2 = 100 K; G3 = 20 
dB = 100, T3 = 600 K. The overall noise temperature of a cascaded series of amplifiers 
is 

where the amplifier order in the cascade is ABC, A being the input and C the output. 
And thus the six combinations give 

Teq(123) =50 + 100/4 + 600/(4 X 1000) = 75.15 

Teq(l32) = 50 + 600/4 + 100/(4 X 100) = 200.25 

Teq(213) = 100 + 50/1000 + 600/(1000 X 4) = 100.2 
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T.,p31) = 100 + 600/1000 + 50/(1000 X 100) = 100.6005 

Teq(312) = 600 + 50/100 + 100/(100 X 4) = 600.75 

Teq(321) = 600 + 100/100 + 50/(100 X 1000) = 601.0005 
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The lowest noise temperature overall is that of the 123 combination, 75.15 K and the 

highest by its reverse, 321, which is 601 K. 
The noise factor is given by 

Teq = (F- l)T0 

where T0 is the ambient temperature, 300 Kin this case. Thus the noise factors are 

F2 = 1 + T21T0 = 1 + 100/300 = 1.3333 

The overall noise factor of the combination 123 is 

F - 1 F - 1 0.3333 2 
F. = F1 + - 2- + - 3- = 1.1667 + + = 1.2505 

mm G1 G1G2 4 4 x 1000 

which is found more simply by 

F. = Teq(min) + 1 = 75.15 + 1 = 
mm T 300 

0 

1.2505 

And that of the combination 321 is 

Or, 

F - 1 F - 1 0 3333 
Fmax = F3 + _z __ + _1- = 3 + . + 

G3 G3G2 100 
0.1667 = 3.0033 

100 X 1000 

= Teq(max) + 1 = 601 + 1 = 3.0033 
T0 300 

8 The thermal-noise voltage is 

En = J4kTBR = J4 X 1.38 X 10-23 X 450 X 2 X lOS X 1()4 = 7.05 p,V 

The probability that the instantaneous voltage exceeds E is given by 

P("2!E) = 0.5erfc(EI{iEn) 
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Thus if E = 6 IL V, the probability of its being exceeded is 

P(~6 JLV) = 0.5erfc(61/2!7.05) = 0.5erfc(0.6) 

Looking up this probability in table 24.1 gives P( ~6 JLV) = 0.198, but as we are not 
interested in the sign of the voltage we must multiply by two, because the probability that 
an instantaneous voltage is less than -6 IL V is also 0.198; thus P( IE I ~ 6JL V) = 0.396. 

Ifthe probability is 50% that the instantaneous voltage exceeds E, say, then it must 
be 25% that it is greater than +E and 25% that it is less than -E. We thus look for the 
value of x corresponding to 0.25 in table 24.1, and we find that when x = 0.5, the 
probability is 0.2398 and when x = 0.4, the probability is 0.2858. The interpolation is 

tl.P 
tl.P = 0.2858 - 0.2398 = 0.046 and tl.x = -0.1 ~ - = -0.46 

tl.x 

The required P-value of 0.25 is 0.0102 away from 0.2398, so the correction to the x-value 
is -0.0102/0.46 = -0.022, giving x = 0.4778 as the required argument. The argument 
is given by 

X = __!__ ~ E = {iEnx = {i X 7.05 X 0.4778 = 4.76 JLV 
{iEn 

There is a 50% chance that the instantaneous voltage exceeds 4.76 JLV in magnitude. 
The probability that an instantaneous voltage exceeds -5 IL V is 1 minus the 

probability that it is less than -5 IL V, which is easily found by calculating the value of 
the argument as 

E 
X - ----- 5 = 0.5015 

{iEn {i X 7.05 

The corresponding probability from table 24.1 is 0.2392 and subtracting this from 1 gives 
the required probability as 0. 7608, which we square to get the probability of successive 
measurements exceeding -5 JLV to be 0.579. 

The probability that the voltage is less than -3 V is found by looking up the value 
in table 24.1 corresponding to 

X= 
3 = 0.3 

{i X 7.05 

which is 0.3357. 
The other argument corresponding to + 5 IL V is 

5 
X= = 0.5 

{i X 7.05 

for which we find P = 0.2398, which is the probability that the voltage lies above +5 
IL V. Hence the probability that an instantaneous voltage reading lies above -3 p, V and 
below + 5 IL V. Thus the probability that a voltage lies outside of the range is the sum of 
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0.3357 and 0.2398, which is 0.5755, and therefore the probability that it lies inside the 
range is 1 minus the probability that it lies outside = 1 - 0.5755 = 0.4245. 
These answers can be understood more easily by referring to the bell-shaped curve (the 
gaussian probability distribution function) in figure A23.8, remembering that the area 
under the curve is the probability. 

area = 0.4 255 

area = 0.3357 area = 0.2398 

-3 0 E (~V) 
Figure A23.8 

9 The noise in a FET is thermal noise of equivalent noise resistance 1/gm, or 

R"'l. = 1 I gm = 11 1.3 X 10-3 = 769 {} 

Then the noise voltage is found from the Johnson noise formula 

En = J4kTBR"'l. = V4 X 1.38 X 10-23 X 350 X 106 X 769 = 3.85 p,V 

The transconductance of a PET (see chapter 9) is given by 

_ 2Vloslo r;-
gm - I VPI ex y/o 

as loss and Vp are constant for a given FET. Thus if gm = 1 mS at /0 = 1 rnA, it will be 

100 x w-6 

w-3 X 1 = 0.316 mS 

and the equivalent noise resistance is llgm = 3.16 kO. The thermal noise at 400 Know 
becomes 

En = V4 X 1.38 X w-23 X 400 X 106 X 3160 = 8.35 p,V 

The thermal noise in a gate resistance of 1 MO at 300 K is 
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En = V4 X 1.38 X 10-23 X 300 X 106 X 106 = 0.129 mV 

Then if the input signal, E., is 0.8 mV, the SNR is 

SNR = 20log10 (EJEn) = 20log10(0.8/0.129) = 15.85 dB 

10 The noise due to the spreading resistance of the base at 390 K is 

Enb2 = 4kTrb = 4 X 1.38 X 10-23 X 390 X 75 = 1.615 X 10-18 V2 /Hz 

To this must be added the shot noise 

2k2T 2 2 X (1.38 X 10-23 X 390)2 
E 2 = -- = = 3.62 X 10-18 V2 /Hz 

ns q/E 1.6 X 10-19 X 0.1 X 10-3 

The total noise voltage squared is the sum of the squares: 

En2 = Enb2 + Ens2 = 1.615 + 3.62 = 5.235 x 10-18 V2 /Hz 

In a bandwidth of 3 MHz, this becomes 

En = V5.235 X 10-18 X 3 X 106 = 3.96 p.V 

If the thermal and shot noise are equal 

= 1.38 X 10-23 X 500/2 X 1.6 X 10-19 X 75 = 0.2875 rnA 

11 If the noise is gaussian the probability that the r.m.s. noise voltage is exceeded is 
given by 

P(>En) = 0.5erfc(Enl/fEn) = 0.5erfc(0.707) 

Table 24.1 gives 0.5erfc(0.7) = 0.1611 and 0.5erfc(0.8) = 0.1289, so 0.5erfc(0.707) 
= 0.1588 and we therefore expect 15.88% ofvalues to lie above +En and 15.88% to lie 
below -En, or a total of 31.76% outside the lines drawn at ±En. There are 59 point in 
figure 23.17, so we expect 0.1588 X 59 = 9 point to lie above +En or below -En. A 
quick count of points in figure 23.17 shows that 10 lie below -En and 9 lie above +En 
with 38 in between and 2 on the lines. The proportion lying outside the lines is 19/59 = 
0.322 or 32.2%, almost exactly the expected result for a gaussian. If, however, we 
include the two points on the lines in with the 19 lying outside the lines, the proportion 
is 21159 = 0.356, or 35.6%, which is a little further away from the expected proportion, 
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but not significantly so. Points on the line should not be used to prove the case we want 
to prove, but in this case do not matter much. One could take one point as being inside 
and one outside and then the number lying outside the lines would be 20 - also very close 
to the expected 19. 

A rapid test to see if the mean is zero is simply to count the numbers above +En and 
those below -En and see if they are about equal. For large numbers of random values this 
is fairly reliable. For small numbers one could simply count the number lying above zero 
and see if it was about equal to the number below. In this case the former test leads us 
to conclude the mean is zero, but the latter gives 33 points above zero and only 26 below, 
but this is still not a sufficient imbalance that we can conclude the mean is not zero. 

12 The lower cut off is at 

/,=-1-= 1 
1 2?rr

1 
_2_1r_x_o_._s_x_1_0 __ 3 

= 318.3 Hz 

and the upper, .fz = 3.183 kHz. In the circuit of figure A23 .12a, the response is 

= = 
l!CR1 + jw 
R + 11 

t ~'2 + jw 
CR1R2 

Therefore the lower cut-off frequency is w1 = l!CRt> and so CR1 = 0.5 ms. The upper 
cut-off frequency is at w2 = (R 1 + R2)1CR1R2 , making CR1RAR1 + R2) = 50 p.s. The 
ratio is 

w R+~ ___..: = 10 = 1 => R1 = 9R2 
wt Rz 

The final equation comes from the requirement that Zin = 1 kO at the lower cut off. From 
figure A23 .12a we can see that the input impedance is 

The magnitude of Zin is 

= 
R1 + R2 + jwCR1R2 

1 + jwCR1 

(Rt + ~)z + (wCRtRz)z 

1 + (wCR)2 
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And this is to be 1 kO when w = w~> and w1 CR1 = 1. Substitution of these values in the 
equation for zin gives 

1000 = = 

==> 101Ri = 2 X 106 ==> ~ = 140.7 0 

and hence R1 = 9R2 = 1.266 kO, while C = 71 IR1 = 0.5 X 10-3/1266 = 0.395 p.F. 

c 
t +20 dB/deca.de 

t A dB 

vin R2 

f1 {2 kHz 

(a) (b) log 10 f ----.. 

Figure A23.12 

13 For all the power to be in the sidebands and not in the carrier, we require that mr 
takes on one of its eigenvalues, 2.4, 5.5, 8.7 etc. Since of< 30kHz, 

mf = oflfm < 30/5 = 6 

The eigenvalue tnr = 5.5 is suitable and makes of= m/m = 5.5 X 5 = 27.5 kHz. By 
Carson's rule the bandwidth is 

B = 2ifm +of) = 2(5 + 27.5) = 65 kHz 

14 The flicker noise for a metal-film resistor is 0.1 p. V /V /decade. lfthe 330k0 resistor 
carries a current of 0.1 rnA, then the voltage across it is 33 V and the flicker noise is 
3.3 p.V/decade. The noise lies in the band from 30Hz to 100kHz, which is 

log [ 100 x 103] = 3.52 decades 
10 30 

and so Em = 3.3 X 3.52 = 11.6 p.V. 
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The thermal noise is 

Ent = J4kTBR = J4 X 1.38 X 10-23 X 410 X lOS X 330 X 1()3 = 27.3 p.V 

And the total noise is 

E = .IE 2 + E 2 = ·111.62 + 27.32 = 29.7 ,y n V nf nt V r 
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1 A BER of 10-5 means that the argument, x, of0.5erfcx in table 24.1 is 3.02. Using 
OOK and average power means that we can take the probability of error to be the same 
as with FSK that is 

Pe = 0.5erfc(A/2u) 

where A is the amplitude of the signal and u the r.m.s. noise amplitude. Thus 

~ = 3.02 => 
2u 

A 2 p 
- = 3.022 = _. 
4<f 4Pn 

where P. is the average signal power and Pn is the noise power, 2 nW. Hence 

P. = 4 X 3.022Pn = 4 X 3.022 X 2 = 73 nW 

Since the average transmitted power is 3 kW, the signal is attenuated by 

10log10 [ p TX l = 10log10 [ 3000 ] = 106 dB 
P. 73 X 10-9 

But the losses are 6 dB/km, so the range must be 106/6 = 17.7 km. 
At 18 km the losses are 18 x 6 = 108 dB, so the signal power at the receiver is 

3000 P = -- = 47.55 nW 
s 1010.8 

The noise power is 2 n W, and therefore 

P. = A 2 = 47.55 = 23 77 
pn <f 2 • 

Hence 

A = V23.77 
2u 2 

= 2.438 

Looking up the corresponding error probability in table 24.1, we find Pe = 2.91 x 10-\ 
which means an actual bit error of 2.91 x 10-4 x 10 x 106 = 2.91 kbit/s. 

An error rate of 1 bit/s gives an error probability of 10-7 and the corresponding value 
of x in table 24.1 is 3.68, that is 
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x = Al2u = 3.68 => A 2 / c? = P.f Pu = 4 x 3.682 = 54.2 

Therefore the average signal power at the receiver, P. = 54.2Pu = 108.4 nW. The 
attenuation is 

10log10 [ p TX l = 10log10 [ 
3000 l = 104.4 dB 

P, 108.4 X 10-9 

Given that the attenuation is 6 dB/krn, the range must be 104.4/6 = 17.4 krn. 

2 Spherical spreading means that the signal strength will decline as the square of the 
distance from the source, and so at 1 OS krn from the source the signal will be 1016 times 
less than at 1 krn, that is 

P = 195 x 10-6 x 10-16 = 1.95 x 10-20 W/m2 

The antenna has an area of 38 m2, which means the power at the antenna must be 

pa = 1.95 X 10-20 X 38 = 7.41 X 10-19 W 

The antenna has a gain of 76 dB (this gain is due to antenna geometry), so the signal 
power at the receiver is 

P = 107·6P = 3.981 X 107 X 7.41 X 10-19 = 29.5 pW s a 

The SNR is therefore 29.5/4.9 = 6.02 = A2/c?. If OOK is used then 

A/2u = v6.02 /2 = 1.227 

Table 24.1 gives Pe = 0.042 when x = 1.227. 
With PSK the argument of erfc is AI J u instead of A/2u, sox = 1.227 x J 2 = 1. 735 

and then Pe according to table 24.1 is 7.2 x 10-3 • Cooling down to 77 K from 300 K will 
reduce the noise power by a factor of 77/300 and accordingly improve the signal to noise 
power ratio by 300/77, thus 

A 2 /cf = 6.02 X 300/77 = 23.45 => Alu = 4.843 

and A/J u = 3.425, leading to Pe(PSK) = 6.6 X 10-7• 

For a BER of 10-9, the argument of erfc is 4.244, thus for PSK 

A -- = 4.244 => 
{fer 

Az 
- = 36.02 
c? 

The ratio of temperatures is then 6/36 = 116 and the required temperature is 300/6 = 
50K. 
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3 A BER of 10-3 means that (from table 24.1) x = 2.19 and now since we are 
considering pulses, we use equation 24.7, which shows that 

A 
X = -- = 2.19 => 

2{2u 
A2 - = 8 X 2.192 = 38.4 
u2 

This is the signal-to-noise within-pulse power ratio needed at the receiver amplifier, where 
the noise power is 0.1 p W, so the required signal pulse power is 3. 84 p W. The receiving 
antenna has an area of 100m2, making the signal pulse power/m2 PA = 0.0384 pW/m2 • 

If the transmitted signal were subject to spherical spreading alone, the pulse power 
required would be 

P = 47rr2pA = 47r X (4.5 X 1012) 2 X 0.0384 X 10-12 = 9.77 X 1012 W 

since the range, r, is 4.5 x 1012 m. This power is reduced by the overall gain of the 
transmitter and receiver antennas, which is 80 dB, and the required transmitter pulse 
power becomes 

P = 9.77 X 1012 X 10-8 = 97.7 kW 

Now the average available transmitter power is 0.85 kW, so the duty cycle for 
transmission can be a maximum of 0.85/97.7 = 8.7 x 10-3• Since the minimum pulse 
length is 0.1 J.LS, the maximum bit rate is 107 with a duty cycle of 1. But with OOK the 
duty cycle can be at most 0.5 (half the time, on average, Os are transmitted and half the 
time 1s) and the maximum bit rate is therefore 2 X 8.7 X 10-3 X 107 = 174 kbit/s. 

The television picture contains 625 x 400 = 250 x 103 dots/frame, each dot contains 
three colours, so the total bits required (assuming no electron-beam intensity modulation 
in the television picture tube) is 750 kbit/frame, giving a maximum frame rate of 174/750 
= 0.232 Hz. Using delta modulation would require only 0.12 x 750 = 90 kbits/frame, 
and the frame rate is then 174/90 = 1.93 Hz. 

4 Using PSK instead of OOK improves the pulse SNR by a factor of 4 and hence the 
transmitted pulse power required is reduced fourfold to 97.7/4 = 24.4 kW. However, the 
bit rate is only improved by a factor of two because PSK requires a pulse to be 
transmitted for both Os and 1s; thus the bit rate becomes 174 x 2 = 348 kbit/s. The 
frame rates are likewise improved by a factor of 2 to 0.464 Hz and 3.86 Hz. Reducing 
the BER to 10-5 requires x = 3.02 instead of 2.19 and this means that the pulse power 
has to be increased to 

P = 24.4 X [ 3·02 ]
2 = 46.4 kW 

2.19 

5 The receiver's noise power is 

Pn = kT""~B = 1.38 X 10-23 X 2500 X 107 = 0.345 pW 

A BER of 10-6 corresponds to x = 3.37 in table 24.1 and therefore with PSK 
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A 
X = = 3.37 => A2 = 2 X 3.372 = 22.7 

cf tfu 

P. A2 
= - = 22.7 => P. = 22.7Pn = 22.7 x0.345 = 7.83 pW 

pn cf 

The transmitted signal power is 176 W making the attenuation 

AdB = 10log10 [ PTX] = 10log [ 176 ] = 133.5 dB 
ps 7.83 X 10-12 
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Of this 6 dB comes from the channel's fixed losses leaving 127.5 dB due to the cable's 
0.13dB/m loss, thus the cable length must be 

L = 127.5/0.13 = 981 m 

The reduction of the equivalent noise temperature to 300 K from 2500 K results in a gain 
of 10 log10(2500/300) = 9.2 dB, which is an extra length of 9.2/0.13 = 71 m of cable, 
giving a total length of 981 + 71 = 1052 m. This is, as usual, a very modest gain for 
a considerable improvement in noise factor. Only by improving the cable losses/m will 
commensurate gains in distance be achieved. 

6 The value of r corresponding to aPe= 10-4 from figure 24.3 is 7 and for OOK and 
an optimal detection process 

E/8n = x 2 = 7 0 

where E is the energy in the received pulse and 1lo is the spectrum noise level in W /Hz. 
We are given no = - 135 dB relative to 1 w /Hz, which is 3.16 X 10-14 w /Hz and so 

ERX = 2.6362 X 8n0 = 7 X 8 X 3.16 X 10-14 = 1.77 X 10-12 ] 

However, with an overall gain of 78 dB the required energy/pulse at the receiver is 
reduced by 107·8 to 2.8 X 10-20 J. 

Now the pulse energy is 

ETX = P TX, = 20 x 103 x 100 x 10-6 = 2 J 

If the receiver is at a range, r, from the transmitter the received pulse energy would be 

if spherical spreading were the sole cause of attenuation. In addition there is an absorption 
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loss of 8 dB/km or 0.008 dB/m, or a factor of 10-o.(XX)Sr for r m, and the received pulse 
power becomes 

ERX = SA = E~RX X 10-o.(XX)Sr = 2 X 0·2 X 10-o.(XX)Sr = 2.8 X 10-20 J 
47rr2 47rr2 

where S is the intensity loss due to spherical spreading and A the intensity loss caused by 
absorption. It is instructive to enter some values for r into the left hand side of this 
equation and see what results: 

r (m) s A SA (J) 

1000 3.2 X 10-8 1.6 x 10-1 s.1 x 10-9 

5000 1.3 x 10-9 1.0 x 10-4 1.3 x 10-13 

10000 3.2 x 10-10 1.0 X 10-8 3.2 x 10-1s 
12300 2.1 x 10-1o 1.4 x 10-1o 2.9 x 10-20 

13000 1.9 x 10-1o 4.0 x 10-u 7.6 x 10-21 

The contribution of spherical spreading to the signal's attenuation is at first 
overwhelmingly predominant, but eventually it is overtaken and then swamped by the 
seemingly-modest part due to absorption. The exponential form of the latter causes the by
now-familiar threshold effect, and increasing the transmitted power hardly affects the 
range achievable. 

7 The noise level in a bandwidth of 80 MHz is given by 

N = Bu02 = 8 X 107 X (0.8 X 10-6) 2 = 5.12 X 10-5 V2 

The signal level isS = (50 x 10-3? = 2.5 x 10-3 y2, giving a SNR of 

SIN= 2.5 X 10-3 /5.12 X 10-5 = 48.83 

If PAM is used with a BER of 10-5, the channel capacity is given by equation 24.29 as 

C = Blog/1 + S/6N) = 3.322Blog10 (1 + S/6N) 

= 3.322 X 8 X 107 X log10 (1 + 48.83/6) = 255 Mbit/s 

When the BER is reduced to 10-7, table 24.1 gives x = ai2J 2u = 3.68, so that h2 = 
a2/u2 = 8 x 3.682 = 108 and then 

C = Blo~(l + 12Sih2N) = 3.322Blog10 (1 + 12S/108N) = 3.322Blog10 (1 + S/9N) 

Substituting B = 80 MHz and SIN= 48.83 into this gives C = 215 Mbit/s. 
Shannon's formula gives 
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C = 3.322Blog10 (1 +SIN) = 3.322 X 8 X 107 X log10 (49.93) = 451 Mbitls 

When the SNR is 4 and the bandwidth is unlimited 

coo = 
(50 x 10-3) 2 

= ------:-:-
2 X (0.8 X 10-6) 2 

= 1.95 Gbitls 
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8 A SNR of 20 dB is the same as saying SIN = 100. Then if the bandwidth is 2 MHz, 
the Shannon formula gives 

C = 3.322Blog10 (1 +SIN) = 3.322 x 2 x 106 log10 (101) = 13.3 Mbitls 

If PAM is used with a BER of 10-4, table 24.1 indicates thatx = a!2J a= 2.636, so that 
dl~ = h2 = 8 x 2.6362 = 55.6 and the channel capacity is 

= 3.322 X 2 X 106 X log10 (1 + 1200155.6) = 9 Mbitls 

Tripling the bandwidth will cause the SNR to be reduced by a factor of three if the 
spectrum noise level is unchanged, that is SIN = 10013 = 33.3. Then the maximum 
information rate is (at the same BER as before) 

C = 3.322 X 3Blog10 (1 +SIN) = 3.322 X 3 X 106 X log10 (1 + 33.3) = 30.6 Mbitls 

Using PAM and the same BER we find 

C = 3.322 X 3Blog10 (1 + 12 X 33.3/55.6) 

= 3.322 X 6 X 106 X log10 (8.19) = 18.2 Mbitls 

9 The quantisation SNR is given by 

(S I Nq) dB = 10 log10 (22b - 1) = 30 => 22b - 1 = 1000 

=> 2b = lo~ 1001 = 3.322log10 1001 => b = 4.98 

The same result could have been obtained more quickly from 

(S I N.).m = 30 ::::: 6b => b ::::: 5 

If the SNR at the receiver is 25 dB apart from quantisation noise, then SIN = 1 Q2·5 = 
316. TakingStobe 1 W(anyarbitraryvaluewilldo)thengivesN= 1/316 = 3.16mW. 
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For the quantisation noise we have S/Nq = 103 = 1000, so with S = 1 W, Nq = 1 mW. 
The total noise power is then 4.16 mW and 

s 
NTm 

1 
= -----:-

4.16 x 10-3 
= 240 ::::> 10log10 !_!_] = 23.8 dB 

NTm 

The PCM signal is essentially OOK and the total noise calculated above is the noise which 
affects the receipt of a 1 or a 0, exactly as for OOK. Bearing in mind that the SNR refers 
to average signal power and not pulse power, the error probability is the same as for FSK, 
equation 24.8. Thus with a SNR of 23.8 dB, that is 

SNR = A 2 = 102·38 = 240 ===> 

u2 

This is a large value of x so that 

Pc = 0.5erfc(x) 

A 
2u 

=x= 

Substituting X = 7.746 into this leads toPe = 3.2 X 10-28• 

{240 = 7.746 
2 

The theoretical minimum bandwidth required for a 5-bit code with a sampling 
frequency of 6 kHz is 

B = bfmax = 0.5bf. = 0.5 X 5 X 6 = 15 kHz 

where the sampling frequency is the Nyquist frequency. In practice the bandwidth required 
would be twice this or 30 kHz. 

The information rate is bfs = 5 x 6 = 30 kbit/s. 
Shannon's formula gives a maximum information rate of 

C = 3.322Blog10 (1 +SIN) = 3.322 x 15 x 103 x log10 (1 + 240) = 119 kbit/s 

Equation 24.29 gives 

C = 3.322Blog10 (1 + S/6N) = 3.322 X 15 X 1Q3 X log10 (1 + 240/6) = 80 kbit/s 

The low information rate first calculated is based on OOK with a single amplitude. The 
calculated rate of 80 kbit/s is based on PAM with 2b = 32 amplitude levels and Pe = 
10-s. For this method of encoding B is not 15 kHz as suggested but half the sampling 
frequency of 6kHz, that is B = 3 kHz and C = Blog2nr = 3 x 3.322log10322 = 30 
kbit/s. 
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1 If Q = 'A/Ii'A and 'A = 1.24/Eg, then 

ln'A = ln 1.24 - lnEg 

Differentiating this gives 

Q = ~ = Eg 
li'A -liE 

1 d'A = -1 :::> 

~ dEg Eg g 

The minus sign merely indicates that 'A goes down when Eg goes up, and may be ignored. 
Thus if the bandgap of GaAs is 1.43 eV and Q = 1000, the bandgap variation, Mg = 
Eg/1000 = 1.43/1000 = 1.43 meV. 

If the bandgap variation in lnxGa1_xAs varies linearly with x and E8 = 0.36 eV for 
InAs and 1.43 eV for GaAs, then 

Eg = 1.43 - 1.07x 

Differentiating this yields 

dE 
_g = -1.07 :::> 
dx 

When x = 0.6 this produces 

liE 1 -1.07fix 
g - - = -1. 36fix :::> 

Eg - Q - 1.43 - 1.07 X 0.6 

= -1.07fix 
1.43- 1.07x 

fix = 1 = 7.4 X 10-4 
1.36 X 1000 

The minus sign is ignored for the reason previously given. The compositional variation, 
fix, is 7.4 X 10-4 or ±3.7 X 10-4, which is very little. 

When x = 0 and Q = 1000, then E8 = 1.43 eV and 'A = 1.24/1.43 = 0.867 11m. 
And as Q = 'A/Ii'A, li'A = 'AIQ = 0.867/1000 = 0.867 X 10-3 11m = 0.867 nm. 

2 The current is given by 
I= nq 

where n = number of electrons per second and q is the electronic charge, 1.6 x 10-19 

C. If the efficiency is 100% all these electrons produce an outgoing photon and then n is 
also the number of photons per second, but if the efficiency is 71, n electrons/swill only 
produce 71n photons/s, thus at a bit rate of 100 Mbit/s and an average of 107 photons/bit 
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When the electrode area is 100 x 20 11m2 , the current density is 

J = .!_ = nq = 2 X 1016 X 1.6 X 1Q-19 = 1.6 MA/m2 
A A 100 X 20 X 10-12 

or, in unapproved units, 1.6 A/mm2. 
If the wavelength of the emitted light is 0.8 11m, the energy of a single photon is 

E = hf = he = 6.626 X 10-34 X 3 X 108 = 2.5 X l0-19 J 
P A 0.8 X 10-6 

Then the power in the light emitted is 

P = n E = 1015 X 2 5 X 10-19 = 0.25 mW 0 p p 0 

where nP is the number of photons emitted/s. lfthe efficiency is 5% the input power is 
20 times this or 5 m W. 

If there are 107 photons/bit and half these are ones and half zeros on average with 
OOK, we should find there are 2 x 107 photons in a 1 and no photons in a 0. 

3 The acceptance angle is given by 

0 v 2 2 sma = n1 - ~ 

where n1 is the RI of the core and~ that of the cladding. 
The critical angle at the core/cladding interface is 

cladding 

core n 1 

d 

...... ---- y ------1~ 
Figure A25.3 

The geometry for a critically-angle ray travelling the maximum distance in the core is as 
shown in figure A25.3, where it can be seen that 

Y = dtan0c = 25tan82.r = 182.5 11m 
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The number of total internal reflections/m is the reciprocal of this 

N = 1 ly = 11182.5 x 10-6 = 5480 per m 

If the attenuation at each reflection is 10-4 dB, then the attenuation of the critical ray per 
metre is 5480 x 10-4 = 0.548 dB/m. 

4 The number of modes is approximately 

For N to be 1 in this formula, the fibre diameter must be 

d = A ~ = 0.5 X 10-6 

1rJ~ 1r 

2 
= 1.1 #Lm 

The 'exact' formula gives 

0.77"A 
d = --;::::===== 

Jn?- ni 
= 

0.77 X 0.5 X 10-6 

Jt .5342 - 1.522 

= 1.86 ILm 

5 The intermodal (or between-mode) dispersion is approximately 

A:r = (n1 - n2)L/ c 

Substituting L = 1000 m, the length of the fibre, whose cladding RI is 1.53 and whose 
core RI is 1.52, with c = 3 x 108 m/s we find Ar1 = 33.3 ns. If the fibre is 0.25 km 
long then 

Ar = Ar1L = 33.3 x 0.25 = 8.33 ns 

leading to a maximum bit rate of approximately 

R = 1 /4A7 = (4 X 8.33 X 10-9 t 1 = 30 Mbit/s 

When the fibre is 2.5 km long, it is a 'long' fibre so the dispersion is 

AT = ATiL = 33.3 x V2.5 = 53 ns 

and the maximum bit rate becomes 
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R = 114L\r = (4 X 53 X 10-9)-1 = 4.7 Mbit/s 

6 The optimal grading index is given by cxop1 = 2(1 - L\), where 

L\ = n1 - nz = 1.54- 1.51 = 0.0195 
n1 1.54 

:. cxop1 = 2(1 - 0.0195) = 1.961 

If the actual grading index is 2, then 

L\T - (n1 - nz)(cx- cxopt) - 0.03(2- 1.961) = 9.75 X 10-13 s/m = 0.975 ps/km 
T - c(cx + 2) - 4x 3 x lOS 

The dispersion of an optimally-graded fibre is 

L\T = n1L\2 = 1.54 X 0.0199 = 2.44 X 10-13 s/m = 0.244 ps/km 
L 8c 8 x 3 x 1 OS 

The ratio of the two dispersions is 4: 1. 

7 The material dispersion in silica fibres between 0.8 JLm and 1.6 JLm is about 

D = Ar :::::: -0.2A + 260 ps/nm/km = -0.2 x 1000 + 260 = 60 ps/km 
mat LL\A 

if A = 1 JLm = 1000 nm. Now a Q of 600 implies that 

A Q =- ::::> 
L\A 

Hence the material dispersion is 

A 
dA =- = 

Q 
1000 
600 

= 1.667 nm 

O'mat = L\r/L = Dma1L\A = 60 X 1.667 = 100 ps/km = 0.1 ns/km 

When the intermodal dispersion, umod• is 0.2 ns/km, the total dispersion is 

utot = Ju~011 + u!at = J0.22 + O.F = 0.224 ns/km 

In a fibre 10 km long (a 'long' fibre) the intermodal dispersion is 
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while the material dispersion is 

And so the total dispersion is 

The maximum bit rate for 1 km of fibre is 

R = 1/4.:l7tot = (4x0.224xl0-~-1 = 1.1 Gbit/s 

And for 10 km the maximum bit rate is 

R = 1/4.:l7tot = (4 X 1.18 X 10-~-1 = 221 Mbit/s 

8 The probability of error in the quantum limit is 

Pe = 0.5exp(-m) = 10-6 => m = -ln(2 X 10-6) = 13.12 

where m is the average number of photons in a 1. Assuming OOK will produce the same 
number of Os as 1s, the average number of photons per bit is m/2 = 6.56, that is 7 
photons/bit since we require a whole number of photons. This is the minimum possible 
number of photons per bit. 

In a system operating at 200 Mbit/s, there will have to be 200 x 106 x 7 = 1.4 x 
109 photons/s in the quantum limit with a BER of 10-6 • When the wavelength is 0.8 1-1-m 
the energy in a photon is 

E = hf = he = 6.626 X 10-34 X 3 X 108 = 2.485 X 10_19 J 
A 0.8 X 10-6 

Thus the power in 1.4 x 109 photons is 

P = 2.485 X 10-19 X 1.4 X 109 = 0.348 nW 

For a BER of 10-6 we find from table 24.1 that the value of x required is 3.37, and with 
OOK the average amplitude of signal current to noise current is given by 

IJ2I0 = A/2u = X = 3.37 => I II = 2x = 6 74 s n • 

Thus the average signal current is 67.4 nA. This requires 

Is 67.4 X 10-9 
ns = = = 4.2 X 1011 electrons/s 

q 1.6 x w-19 
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40% of the incident light is, however, reflected and of the remaining 60% only 10% is 
converted into photocurrent, that is 

n. = 0.1 x 0.6 x nP = 0.06nP 

~ nP = 16.7n. = 16.7 x 4.2 x 1011 = 7 x 1012 photons/s 

The energy of a photon is still 2.485 x 10-19 J, so the power in the light signal is 

P = 2.485 X 10-19n = 2.485 X 10-19 X 7 X 1012 = 1.74 JJ.W 
p 

The number of photons/bit is 

7 X 1012 
= 3.5 x 104 photons/bit 

200 X 106 

9 The electric field across the active layer is 

~ = Vlx = 30/30 X 10-6 = 0.857 MV/m 

Thus the drift velocity of the electrons is 

vd = Jl~ = 0.2 x 0.857 x 106 = 171 km/s 

The transit time is therefore 

7 = x/vd = 35 X 10-6 I 171 X 1()3 = 0.2 ns 

If the number of incident photons/s is ni and 20% are reflected, then the number entering 
the active layer is 0.8ni and the number absorbed is to be 0.5ni> so that the final number 
reaching the far side of the active layer is 0.3ni. If the absorption coefficient is a then 

0.3nP = 0.8nPexp(-ax) ~ ax = -ln(0.3/0.8) = 0.98 

~ a = 0.98/x = 0.98/35 X 10-6 = 2.8 X 104 m -I 

The dopant density is found from 

. . . 

d = 
2eoer( Vb + Vr) 

qND 

= 2 X 8.85 X 10-12 X 2.52(1.5 + 30) = ND 
1.6 X 10-19 X (35 X 10-6)2 
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1 Strictly, the signal does not become compressed at all since I vin I is always less than 
or equal to V0 , but the time when the second part of the A-law operates is usually termed 
the compression phase. This occurs when lvml = 1/A = 1/87.6, that is when sin2000t 
= 1/87.6, and since 1/87.6 is small 

sin(l/87.6) = 1187.6 ~ 2000t = 1/87.6 ~ t = 5.7 p,s 

At this moment 

v = 
0 

Alvml 
1 + lnA 

= 87.6 X 1/87.6 = 0. 1827 V 
1 + ln87.6 

When t = 1 p,s, vin = sin(0.002) = 0.002 and 

v = 
0 

87.6 X 0.002 = 0.032 V 
1 + ln87.6 

Then when t = 10 p,s, vin = sin(0.01) = 0.01 and 

v = 1 + ln(87.6 x 0.01) = 0.1585 V 
o 1 + ln87.6 

Figure A26.1 shows the graph of V0 and vin for 0 ~ t ~ 785 p,s. 
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Figure A26.1 

The first part of the A-law is a linear amplification of vin by a factor, G, where 
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G= A 87.6 
= ....,...---o:--=-=--:-

1 + ln87.6 
= 16 

1 +InA 

The choice of A = 87.6 makes G = 16, a convenient integer. Making A smaller has the 
effect of reducing G almost in proportion and expands the range of signals which are 
amplified by G, since the changeover point is vin = 1/A. For example when A = 20, G 
= 5 and the changeover point is at vin = 0.05; the curve for this value of A is shown in 
figure A26.1 also. Making A = 202, gives G = 32 and the changeover occurs at vin = 
0.00495. 

2 The exchange traffic, A = 2000 x 0.03 = 60 E, and table 26.2 gives M = 75 to 
give at least a 1% GOS, while for 0.2% GOS, 811ines are required. The concentration 
ratios are therefore 2000175 = 26.7:1 and 2000/81 = 24.7:1. Increasing the traffic by 
20% to 72 E will reduce the GOS to 2.97% when M = 81 and 6.5% when M = 75, both 
unacceptable. 

A BASIC program to compute GOS from A and Musing equation 26.4 is as follows: 

10 INPUT "A =?"A 
20 INPUT "M = ?"M 
30 SUM = 1: REM: SUM = 1 when N = 0 
40 TERM= 1: REM: TERM= 1 when N = 0 
50 FOR N = 1 TO M 
60 TERM= TERM*A/N: REM: TERM= A''N/N! 
70 SUM = SUM + TERM 
80 NEXT N 
90 GOS =TERM/SUM: REM: TERM= last TERM= A•'M/M! 
100 PRINT GOS 
110 END 

3 With M = 27 and A = 17.8 we find GOS = B = 1%, so the lost traffic is AB = 
17.8 x 0.01 = 0.178 E. When M = 22 and A = 17.8, we find B = 6.173%, so the 
overflow traffic is AB = 17.8 x 0.06173 = 1.099. Then this overflow traffic goes into 
the next group of 5 servers and we find, with M = 5 and A = overflow = 1.099, that 
B = 0.4456%. The lost traffic is now AB = 1.099 x 0.004456 = 0.0049 E. 

4 The traffic from C to T is 3 E and if the line between them is inoperable, all this 
traffic will have to pass through D and thence to T, making the traffic between C and D 
3 + 2 = 5 E and that between D and T, 3 + 1 = 4 E. With 8 lines serving the traffic 
from C and D, the GOS on that route will be 

B = AMJM! 
M 

}:An/n! 
n•O 

where B = lost traffic = GOS, with A = 5 E and M = 8 lines. From this formula we 
find B1 = 0.07, and with A = 4 E and M = 8 lines, we find B2 = 0.1172. 

The probability of a call getting through from C to D is 1 - B1, and the probability 
of a call getting through from D to T is 1 - B2, so the overall probability of a call getting 
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through from C toT is (1 - B1)(1 - B2) and the probability of blocking is 1 minus this 
or 

GOS = 1 - (1 - B1)(1 - B2) = 1 - 0.93 x 0.8828 = 0.179 

The lost traffic for calls originating at C and going through Tis 0.179 x 3 = 0.537 E, 
since the traffic affected is 3 E and its GOS is 0.179. 

S If the lines between A and B are out of service and all the traffic is then routed 
through B and T, the total traffic through B and T and A and T is 2 + 4 = 6 E. If the 
lines between B and T can still offer a good GOS (we are not told how many there are 
and so must make this assumption), then the only constraint on the traffic is the number 
of lines between A and T, that is 8. Thus we find B = 0.122 from the Erlang formula of 
the previous problem with A = 6 E and M = 8. 

With a traffic of 8 E, a 1% GOS requires 15 lines (according to table 26.2), a further 
13 lines if 2 are already provided. 

6 The traffic between A and T must be the same as the sum of the traffic between A and 
B, A and C and A and D, that is 3 + 1 + 2 = 6 E. The traffic between B and T is 
likewise 3 + 3 + 4 = 10 E, and between C and T is 1 + 3 + 5 = 9 E and between 
D and T is 2 + 4 + 5 = 11 E. Let the coordinates ofT be (x,y), then the 'centre-of
mass' calculation for x is 

6[x-(-1)] + 10[x- 6] + 9[x-4] + 11[x-0] = 0 

whence x = 2.5. For y 

6[y - 6] + 10[y - 4] + 9[y - ( -1)] + ll[y - 0] = 0 

whence y = 1.86 and the coordinates ofT are (2.5,1.86). The original value of EAd is 

(in units of 10 Erlang-km). The value for the star network is 

The difference is 28.67 E-km - an increase of 26.5%. The reason the star network 
increases EAd instead of reducing it is that the original network has too few centres (only 
four) so that only 4 x 3/2 = 6 interconnections suffice for a fully-connected network, 
while 4 are still required by the star network. If the number of centres had been 5, the 
number of interconnections required would have been 5 x 4/2 ( = 10) for the fully
connected network and only 5 for the star network. In this case we might expect the two 
networks to have, in general, similar values of EAd. In practice there would be some 
compromise between the two network extremes. 
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1 The cut -off frequency is 

+ c = 3 X 108 = 150 GHz 
J c = 2L 2 X 10-3 

where L = slot length = 1 mm. This is the frequency at which most radiation penetrates 
the braid. The minimum frequency which can penetrate the slot is given by L = 0.01X. 
= 0.01cifmm, so thatfmm = 0.01c/L = 0.01 x 3 X 108110-3 = 3 GHz. At 0.1fc = 15 
GHz, the waveguide attenuation is given by 

S ::::: 30tiL = 30 X 0.411 = 12 dB 

Increasing the slot length to 3 mm will reduce the frequencies to a third of these values, 
namely to fc = 50 GHz and fmm = 1 GHz. Similarly the attenuation at 5 GHz will be 
reduced to 1213 = 4 dB. The slot width's being increased to 1 mm has no effect on these 
figures. At 15 GHz, the previous value of 0.1fc, the waveguide attenuation is effectively 
now zero. 

2 The skin depth formula is 

which rearranges to 

2 2 w = -- = = 171.5 kradls JLU02 47r X 10-7 X 58 X 106 X (0.4 X 10-3)2 

=> f = wl27r = 27.3 kHz 
where for Cu, JL = 1Lo = 47r X 10-7 Him and a = 58 MSim. 

At this frequency t = o and so the absorption is A = 8.1tlo = 8.7 dB. 
For copper, the reflection losses are R = 168 - 10log10f = 124 dB. 
Now for steel, JL = ILriLo = 300 X 47r X 10-7 Him and a = 2 MSim, so that 

2 w = 
300 X 47r X 10-7 X 2 X 106 X (0.4 X 10-3) 2 

or f = 2.64 kHz. 

= 16.6 kradls 

At this frequency t = o and A = 8.7 dB. We calculate the reflection losses from 

. .. 

R = 39.5 - 101og10 (wJLia) 

R = 39.5 - 10lo [ 16.6 X 103 X 300 X 47r X 10-7] = 94.5 dB 
g!O 2 X 106 
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3 The capacitance between two wires is given by 

c = 7r€ltl 
ln(2x/d) 

= 7r X 2.3 X 8.85 X 10-12 X 0.25 = 8_92 pF 
ln6 
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since x, the separation of the wires, is 3 mm (2 layers of lmm thick insulation plus 1 
conductor diameter, d, of 1 mm). 

1 I jwC 

R 

Figure A27.3 

The equivalent circuit of the wires, neglecting capacitances to ground, is that of figure 
A27 .3, from which we can see that the noise voltage is 

Hence, 

w = 

or f = 779 kHz. 

E/E = 
n • 

R 
R + lljwC 

1 1 1 
2.5 

= ~--=-:-:--=1 = 
1 + 1/jroCR 

1 + (wCRt2 = 2.52 => wCR = -;::=l::=== 
J2.52 - 1 

0.4364 
CR 

0.4364 
= --=-=-----=-=---~ 8.92 X 10-12 X 1()4 

= 4.89 Mrad/s 

If the capacitances to ground of the wires are taken into account, equation 27.1 
applies, that is 

. .. 1 
= ----------27r X 1()4 X 10.92 X 10-12 

= 1.46 MHz 

The comer frequency, fc, is such that 100 kHz is a 'low' frequency and we use the 
approximation of equation 27.3 

En = w~C12E. = 27r X lOS X 104 X 8.92 X 10-12 X 2.5 = 0.14 V 



240 Chapter twenty-seven 

Conversely, 10 MHz is a 'high' frequency and we can use the approximation that is 
equation 27 .4, giving 

C12E. = 8.92 X 2.5 = 2.04 V 
C12 + C2 8.92 + 2 

4 The screened length, l, is 90% of 0.25 m or 0.225 m and the capacitance between 
screen and inner wire is 

= 27r X 2.3 X 8.85 X 10-12 X 0.225 = 26.2 p 
~3 p 

where~ =screen diameter = 3 mm (two thicknesses of 1mm insulation plus d1 = 1 mm 
= wire diameter). The capacitance between the wires is then just that between the 
unscreened length, 0.025 m, which must be a 0.892 pF, a tenth of its previous value. 

The maximum noise voltage is that at high frequencies when 

0.892 X 2.5 
26.2 

= 85 mV 

The noise power is half the maximum noise power when w = we, the cut-off frequency, 
which is 

1 
= -------------- = 3.82 Mrad/s 

104 X 26.2 X 10-12 

or fc = 607 kHz. There is little practical point in calculating the exact frequency as it is 
only 4% less. 

Again we can call 100 kHz a 'low' frequency so that by equation 27.5 

En = wfSC:2E. = 27r X 105 X 104 X 0.892 X 10-12 X 2.5 = 14 mV 

And 10 MHz is a high enough frequency to use equation 27 .6, giving 

which is the maximum noise voltage. 

= 0.892 X 2.5 = 85 mV 
26.2 

5 The attenuation losses are given by 

A = 8.7t/o dB 

where t is the shield thickness and o is the skin depth, given by 
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so that the attenuation is 

A= 8.1t~ 
ff 

The reflection losses are given by 

R = 39.5 - 10log10(w/L/u) = 39.5 - 4.35ln(w~t/u) dB 

The total losses are thus 

S = A + R = 8 ·1t~ + 39.5 - 4.35ln(w~t/u) 
ff 

Differentiating with respect to w and setting equal to zero for a minimum, we find 

dS 8.1t.;;;; - 4.35 = 0 = 
dw 2ffVw w 

tV~tu 1 
~ 

. t = V211LUW = 0 = rw· .. 
ff 

6 For round parallel wires the characteristic impedance is 

z = 120€ -l/2 = 120/ lf = 85 0 0 r V"-

Thus the noise voltage is ZoQ/ = 85 m V. 
For thin flat conductors the characteristic impedance is given by 

Zo = 377x = 377 X 0.5 = 17 0 
bfr 5 X 15 

where x = thickness of PVC = 0.5 mm, b = conductor width = 5 mm and Er = 5 for 
PVC. Thus an instantaneous change in current of 1 rnA will produce a noise voltage of 
17 mV. 

When these rectangular conductors are placed side by side the characteristic 
impedance is given by 

Z = 120ln[7r(x/ b + 1)] 
0 

F: 
= 120ln(27r) = 110 0 

14 

where x = 5 mm = gap between conductors, b = width of conductors and Er = 4 for 
PCB material. Thus the noise voltage is 110 m V when the line current changes by 1 rnA 
instantaneously. 
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7 The area of the power line is A = 5 X 100 X 10-6 = 5 X 10-4 m2 , so that the 
capacitance of the line is given by 

f t:aA 4 X 8.85 X 10-12 X 5 X 10-4 
C = _r_ = = 13.6 pF 

t 1.3 x 10-3 

Then the self-resonant frequency is 

1 1 w0 = -- = = 857 Mrad/s 
JLC J0.1 X 10-6 X 13.6 X 10-12 

or fo = 136.4 MHz. 
The cross-sectional area of the power-line conductor is 0.5 x 5 x 10-6 m2, and its 

DC resistance is 

The skin depth is 

o=r--r= J/UTw 

= -=-=--~1_00----=-x-=-10---:3 :----:-::---; = 0.69 mO 
58 X 106 X 0.5 X 5 X 10-6 

2 
= 5.66 ILm 

4 X 10-7 X 58 X 106 X 857 X 106 

Since this is much less than the conductor's thickness we can take 

Then the Q-factor is given by 

0.69 X 0.5 X 10-3 = 30.5 mO 
2 X 5.66 X 10-6 

857 X 106 X 0.1 106 = 2810 
30.5 x 10-3 

And thus the noise voltage at the self-resonant frequency is QEn = 0.562 V. 

8 The skin depth for copper at 50 Hz is 

2 o=r--r= J/UTw 471" X 10-7 X 58 X 106 X 271" X 50 
= 9.35 mm 

A shield of thickness 1 mm is approximately 0.1o thick and should be considered 'thin', 
as EMI design should err on the safe side. Thus the reflection loss given by equation 
27.21 as 

RM(Cu) = 14.6 + 10log10 r':f = 14.6 + 10log10 (0.22 X 50) = 17.6 dB 
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should be reduced by 15 dB to 2.6 dB. In this case the induced voltage in the component 
is 

E = 10-2·6120 X 34 = 25 mV 
n 

When the shield is made from steel the skin depth becomes 

2 = 1.45 mm 
400 X 411" X 10-7 X 6 X 106 X 10011" 

This is very close to the shield thickness of 1 mm, and we must consider absorption 
losses, which are 

A = 8.1t!o = 8.7 X 1/1.45 = 6 dB 

Equation 27.20 gives the reflection loss as 

. . . 
RM(Fe) = 201og10 (0.25rJwp,0u I p) 

RM(Fe) = 20log10 (0.25 X 0.2Vl007r X 411" X 10-7 X 6 X 106 /400) = -18 dB 

The negative sign shows that the equation is inapplicable (the shield can hardly increase 
the EMI!) and that the reflection loss is probably zero. We therefore have only absorption 
losses of 6 dB to attenuate the EMI and the induced voltage is 

E = 10-6120 X 34 = 17 mV 
n 

To reduce the induced voltage to 1 mV requires total shield losses of 20log10 34 = 
30.6 dB, of which the reflection losses with copper remain at 17.6 dB, leaving 13 dB to 
be absorbed. The absorption losses are 

A = 8.1t!o = 8.7t/9.35 = 13 ~ t = 13 X 9.35/8.7 = 14 mm 

With a steel shield we still have reflection losses of zero and all the losses have to come 
from absorption. The absorption losses are 

A = 8.1t!o = 8.7t/1.45 = 30.6 ~ t = 30.6 X 1.45/8.7 = 5.1 mm 
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1 The voltage 6.31 ± 0.3% can be written 6.31 ± 0.02 V, so that adding it to 3.63 ± 
0.03 V produces 9.94 ± 0.05 V, making the percentage error 0.05 x 100/9.94 = 0.5%. 
This is a conservative way of estimating the error. 

We could combine the errors using equation 28.6, giving the most likely error, in 
which case we have 

v = v + v => ~ = av1av = 1 = av1av = t I 2 Jt I 2 2 

Thus 

The percentage error in the sum is then 0.36%. 
Subtraction yields 6.31 - 3.63 = 2.68 ± 0.05 V, or an error in percentage terms 

of 

0.05 X 100/2.68 = 1.9% 

Taking the most probable error as 0.036 V, the percentage error in the difference is 

0.036 X 100/2.68 = 1.34% 

2 The sum of the readings is 2390.5 J.i.V and there are 12 readings, so the mean is 
2390.5112 = 199.2 p.V. The mean is the best estimate of the true value. 

The standard deviation, CTn, is 

= 
n 

(198.4- 199.2)2 + (198.9- 199.2)2 + ... = 0.51 J.i.V 
12 

The standard error of the mean is 

S = CTn = 0.51 = 0.15 J.i.V 
"v n==-==1== Ill 

To reduce the standard error of the mean to 0.1 J.i.V with a standard deviation of0.51 J.i.V 
requires 

s = = 
Jn- 1 

0.51 

Jn- 1 
= 0.1 => 

Thus a further 14 readings are needed. 

244 

n- 1 = (0.5110.1)2 = 26 
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A reading of 202.1 p.V is 2.9 p.V from the mean, or nearly 6 standard deviations. 
This is a very improbable event, but whether it is included or not depends on the 
apparatus used, the way in which the reading was obtained and, above all, on the 
judgement of the observer. Note that including it in the analysis produces a mean of 199.4 
p.V and a standard deviation of 0.91 p.V, while the standard error goes up to 0.26 p.V. 
The ideal solution is to take more readings - though a great many more would be required 
to reduce s to 0.15 p. V - but that may not be possible. The safest course is to include it, 
especially if no other information is available beyond the readings themselves. 

3 Vx can be expressed as 

This expression is of the form 

with a = V, b = R1 and c = RT, and u = 1, v = 1 and w = -1. Thus from equation 
28.8 we find 

Svx = Js~ + si1 +siT = J0.22 + O.P + O.P = 0.245% 

taking the most probable error in the denominator as 0.1% since each resistance is in 
error by 0.1 %. This is the most probable error. 

Unless the magnitudes of the resistances are known we cannot use equation 28.6 to 
fmd the error in the denominator. If in the worst case all three are the same then the error 
in RT is J 0.03 = 0.173%, and the overall error becomes 

Svx = J0.22 + O.P + 0.1732 = 0.283% 

which is a more conservative estimate. Adding the percentage errors is the most 
conservative way of all- therefore the safest- and gives an error estimate of 0.4%. 

4 In this problem the magnitudes of the resistances are known and we can use equation 
28.6 to find 

with RT = R2 + R3 + R4 = 100 kD. The other partial derivatives are 

/R1 = VIRT = 3.573/lOS = 3.573 x lo-s A 

fR2 = /R3 = /R4 = -VR11R; = -3.573 X 5.562 X 103/1010 = -1.99 X lQ-6 A 

Thus the overall error is 
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= V(0.05562 X 0.005)2 + (3.573 X 10-s X 10)2 + 3(1.99 X 10-6 X 10)2 = 0.454 m v 
And therefore Vx = 198.73 ± 0.45 mV. 

S Rearranging equation P28.5 to give T leads to 

a 

from which the partial derivatives are 

!RT = oT/oRT = l!Roa = (100 X 0.00388t1 = 2.5773 K/0 

fRo = oT/oR0 = -RT/aR;= -115.33/0.0388 X 1()4 = -2.9724 K/0 

f = oT/ oa = -(RTf Ro- 1) = -(1.1533 - 1) = -10183 K2 
a a2 0.003882 

Then the contributions to the error in Tare sRTfRT = 0.05 x 2.5773 = 0.128865 K, from 
RT; sRo.fRo = 0.02 X 2.9724 = 0.0594 K from Ro; and sJa = 10-s X 10183 = 0.10183 
K from a (ignoring minus signs in the /-values). Thus we see that the largest source of 
error is that in RT. From these we find the overall error 

= J0.1288652 + 0.05942 + 0.101832 = 0.1747 K 
The temperature is 

0·1533 = 39.51 ± o.1rc 
0.00388 

6 Again we rearrange equation P28.6 to give the temperature 

T= 3333 = 291.43 K 
ln(5238/0.5652) 

Then the partial derivative of B is given by 

f. = oTtoB = 1 
8 ln(RT/ Roo) 

= 1 = 0.087 
ln(5238/0.05652) 

The error in B, s8 = 0.1 K, so that saf8 = 0.008744 K. 
The partial derivative for RT is given by 
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And as sRT = 1 0, sRTfRT = -0.0049 K. 

-3333/5238 

11.4372 

Finally the partial derivative for Roo is 

And as SRoo = w-s 0, SRoo!Roo = 0.0045 K. 
The overall error in T is 

= -0.0049 K/0 

= Jo.oo8?2 + o.oo492 + o.004S2 = o.o1 K 
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If the errors in Roo and B are negligible, only the error in RT need be considered. At ooc 
or 273.15 K, RT is 

RT = Rooexp(B/1) = 0.05652exp(3333/273.15) = 11.26 kO 

The partial derivative at ooc is 

= ~---33_3_31_1_12_5_9~ = -0.002 KID 
[ln(11259/0.05652)]2 

Thus as the error in Tis sRTfRT = 0.001 K we require sRT = 0.001ifRT = 0.00110.002 = 
0.5 0, which is 

S = 0.5 X 100 = 0.0044% 
T 11259 

7 The deflection of a moving-coil meter is proportional to the current, /M, which is 
given by equation 28.18, that is 

1 = [(1 + r)R. + RM]/F 

M (1 + r)(Rx + R:J + RM 

where A = [(1 + r)R. + RM] is a meter constant, r is also constant and /pis the current 
giving full-scale deflection. Rearranging this equation to give Rx we find 
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where B = A/(1 + r), another constant. Taking natural logs and then differentiating the 
expression for Rx with respect to IM leads to 

1 -IF 

Rx d/M 

Replacing the differentials by 0/M etc. leads to 

(IF/IM- 1) I~ 

= 
fiOIMIIF 

(1 - IF/ IM)I~ 
= 

But 0/M /IF ( = s) is the error in IM as a fraction of full-scale deflection, IF, while IM /IF = 
a, the needle deflection as a fraction of full-scale deflection. Thus 

s -s 
=---~ 

(1 - 11 a)a2 = -a"'7:( 1---a""7) 

The minus sign merely indicates that the deflection goes down when Rx goes up and can 
be ignored. 

By differentiating this expression for oRxiRx ( = t:) and setting it equal to zero, we can 
find when the error is least. Thus 

~ = s(1 - 2a) = 0 
da a2(1 - a)2 

And we see that a = 0.5: half the full-scale deflection will give the least error. 
At 20% f.s. deflection, a = 0.2 and substituting this value of a and s = 1% into the 

expression for oRxiRx leads to oRxiRx = 11(0.2 X 0.8) = 6.25%. When a = 0.5 we find 
the error in Rx is 11(0.5 x 0.5) = 4%. And a = 0.8 gives the same error as a = 0.2, 
obviously. 

8 The crest factor is the ratio of the peak to the r.m.s. value of a waveform. 
(a) The r.m.s. value of a 'square' wave alternating between + Vm and - Vm is Vm and the 
peak value is also Vm, so that the crest factor is 1. The square wave can have any value 
of a, as shown in figure A28.8a, since the r.m.s. value is 

V= 
T 

= 
V!(aT + T- a1) 

T 



Solutions to problems 249 

- r-- r--

or.T T t ---
6T 

(a) t 
0 .____ _ _..___ ___ ----.._ 

(c) 

(b) 

Figure A28. 8 

which is a long-winded way of stating the 'obvious'. 
(b) A 'triangular' waveform, such as that shown in figure A20.8b, has an r.m.s. value of 
VmiJ 3 (see the solution to problem 2.1) and a peak value of Vm, and thvs a crest factor 
of J 3. 
(c) Any sinewave has an r.m.s. value of VmiJ 2 (see chapter 2, p 41) and therefore a crest 
factor of J 2. 
(d) A voltage spike as shown in figure A28.8c has an r.m.s. value of 

V= 

The crest factor is then 

v j aT 
m T 

= j T .... oo as oT -+ 0 
aT 

9 A 51h-digit voltmeter will read up to 1.99999 V, with a variable scale factor, so that 
the accuracy is 0.00001 in 1.99999 or 1 in 2 x lOS. The number of bits required is 

b ~ log(2 x lOS) = 17_6 
log2 

which means that at least 18 bits are required in the AID converter. 
A 16-bit AID has an accuracy at best of 1 in 216 or 1 in 65536, which is 0.0015%. 

10 The circuit is shown in figure A28.10a, from which we see that 
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The circuit for the AC source and oscilloscope is shown in figure 28.10b, in which the 
82.5 pF is the cable capacitance (0.75 x 100 pF) and this is in parallel with the CRO's 
input impedance of 1 MO II 20 pF. The total capacitance then is 102.5 pF in parallel with 
1 MO, which gives an impedance of 

where CM = 102.5 pF and RM = 1 MO. The voltage read by the CRO is the voltage 
across this combination in series with the source resistance, R. ( = 10 kO), thus 

= 

1000 100 = = 
1000 + 10(1 + jw102.5 X 10-6) 101 + jw102.5 X 10-6 

Now if the CRO's reading is down by 0.5 dB from the source voltage, this means 

IVMtv.l = 10-0.5/20 = 0.944 = 100 
JtoF + (w102.5 x 10-6) 2 

~ lOP+ (w102.5 X 10-6) 2 = (100/0.944)2 ~ w = 312 krad/s 

whencef = 49.6 kHz. 




