Grammars with
Context Conditions
and Their Applications






Grammars with
Context Conditions
and Their Applications

Alexander Meduna

Martin Svec

Brno University of Technology
Faculty of Information Technology
Brno, Czech Republic

WILEY-
INTERSCIENCE

A JOHN WILEY & SONS, INC., PUBLICATION



Copyright © 2005 by John Wiley & Sons, Inc. All rights reserved.

Published by John Wiley & Sons, Inc., Hoboken, New Jersey.
Published simultaneously in Canada.

No part of this publication may be reproduced, stored in a retrieval system or transmitted in any form or by any
means, electronic, mechanical, photocopying, recording, scanning or otherwise, except as permitted under
Section 107 or 108 of the 1976 United States Copyright Act, without either the prior written permission of the
Publisher, or authorization through payment of the appropriate per-copy fee to the Copyright Clearance Center,
Inc., 222 Rosewood Drive, Danvers, MA 01923, (978) 750-8400, fax (978) 646-8600, or on the web at
www.copyright.com. Requests to the Publisher for permission should be addressed to the Permissions
Department, John Wiley & Sons, Inc., 111 River Street, Hoboken, NJ 07030, (201) 748-6011, fax (201) 748-
6008.

Limit of Liability/Disclaimer of Warranty: While the publisher and author have used their best efforts in
preparing this book, they make no representation or warranties with respect to the accuracy or completeness of
the contents of this book and specifically disclaim any implied warranties of merchantability or fitness for a
particular purpose. No warranty may be created or extended by sales representatives or written sales materials.
The advice and strategies contained herein may not be suitable for your situation. You should consult with a
professional where appropriate. Neither the publisher nor author shall be liable for any loss of profit or any
other commercial damages, including but not limited to special, incidental, consequential, or other damages.

For general information on our other products and services please contact our Customer Care Department
within the U.S. at 877-762-2974, outside the U.S. at 317-572-3993 or fax 317-572-4002.

Wiley also publishes its books in a variety of electronic formats. Some content that appears in print, however,
may not be available in electronic format.

Library of Congress Cataloging-in-Publication Data:

Meduna, Alexander, 1957
Grammars with context conditions and their applications / by Alexander Meduna and Martin Svec.
p.cm.
Includes bibliographical references (p. ) and indexes.
ISBN 0-471-71831-9 (acid-free paper)
1. Generative grammar. 2. Context (Linguistics) 3. Grammar, Comparative and
general—Conditionals. 4. Computational linguistics. 5. Formal languages. I
Svec, Martin. I Title.
P158.M43 2005
415—dc22 2004028737

Printed in the United States of America.

10987654321



To Professor Miroslav Novotny






Contents

Preface ix
Acknowledgments ix
1 Introduction 1
2 Preliminaries and Definitions 5
2.1 Basic Definitions . . . . .. .. ... ... 5
2.2 GramImars . . . . . v v v v v e e e e 8

3 Conditions Placed on Derivation Domains 15
3.1 Sequential Grammars over Word Monoids . . . . . . ... ... .. 15
3.2 Parallel Grammars over Word Monoids . . . . . . . ... ... ... 24

4 Conditions Placed on the Use of Productions 33
4.1 Sequential Conditional Grammars . . ... ... ... ....... 33
4.1.1 Context-Conditional Grammars . . . . ... .. .. .. ... 33

4.1.2 Random-Context Grammars . . ... .. ... ....... 40

4.1.3 Generalized Forbidding Grammars . . . .. ... ... ... 44

4.1.4 Semi-conditional Grammars . . . . . .. ... ... ... .. 58

4.1.5 Simple Semi-conditional Grammars. . . . . . ... .. ... 62

4.2 Parallel Conditional Grammars . . . . .. ... ... ... ..... 91
4.2.1 Context-Conditional ETOL Grammars . . . . ... .. ... 91

4.2.2 Forbidding ETOL Grammars . . . . ... ... ... .... 98

4.2.3 Simple Semi-conditional ETOL Grammars . . . . ... ... 118

4.3 Global Context Conditional Grammars . . . . . ... ... ... .. 131

5 Conditions Placed on the Neighborhood of Rewritten Symbols 137
5.1 Continuous Context . . .. .. . . .. . i 137
5.1.1 Sequential Uniform Rewriting . . . . . ... ... ... ... 138

5.1.2 Parallel Uniform Rewriting . . ... ... ... ....... 145

5.2 Scattered Context . . .. .. . .. . . . . . . e 149
5.2.1 Scattered Context Grammars and Their Reduction . . . . . 150

5.2.2 Semi-parallel Uniform Rewriting . . . ... ... ... ... 162

6 Grammatical Transformations and Derivation Simulations 169
6.1 Derivation Simulation . ... ... ... ... ... ... ... 169
6.2 Grammatical Simulation . . . . .. ... ... ... ... ..., .. 175
6.3 Simulation of E(0,1)L Grammars . . . . . ... .. ... ... ... 177

vii



viii Contents

7 Applications and Implementation 185
7.1 Applications . . . . . . . ... 185
7.2 Implementation . . . . . ... ... ... ... ... .. 192

8 Concluding and Bibliographical Notes 199

Bibliography 201

Denotations of Language Families 213

Subject Index 215



Preface

The investigation of grammars with context conditions represents an exciting trend
within the formal language theory. Although this investigation has introduced
a number of new grammatical concepts and brought many remarkable results,
all these concepts and results are scattered in various journal papers. In effect,
the formal language theory lacks any monograph systematically and compactly
summarizing this important trend. The primary goal of the present book is to
provide such a monograph.

According to the types of context conditions, the present book classifies the
grammars into three classes and sums up the crucial results about them. Specif-
ically, this classification comes from the distinction between context conditions
placed on (1) the domains of grammatical derivations, (2) the use of grammati-
cal productions, and (3) the neighborhood of the rewritten symbols. In all three
cases, the main attention is on establishing the grammatical generative power
and important properties. In particular, this book studies how to reduce these
grammars with respect to some of their components, such as the number of gram-
matical symbols or productions, in order to make the grammars small, succinct,
and therefore easy to use. To demonstrate this practical use, it also discusses the
applications and implementation of grammars with context conditions. Most of
the applications are related to microbiology, which definitely belongs to the central
application areas of computer science today.

No previous knowledge concerning the subject of this book is assumed on the
part of the reader. Indeed, this book is self-contained in the sense that no other
sources are needed for understanding all the presented material. Almost every
new concept defined in the text is immediately illustrated by some examples to
give it grasp. Every complicated mathematical passage is preceded by its intuitive
explanation, so the reader should easily follow every proof in the book. All the ap-
plications given in the book are explained in a realistic way to clearly demonstrate
the strong relation between the theoretical concept and its use in practice. Addi-
tional information found at http://www.fit.vutbr.cz/~meduna/books/gwcc/.en.
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Chapter 1

Introduction

Formal languages fulfill a crucial role in many computer science areas, ranging from
compilers through mathematical linguistics to molecular genetics. In dealing with
these languages, we face the problem of choosing appropriate models in order to
capture their structure elegantly and precisely. By analogy with the specification
of natural languages, we often base these models on suitable grammars.

A grammar generates its language by performing derivation steps that change
strings, called sentential forms, to other strings according to its grammatical pro-
ductions. During a derivation step, the grammar rewrites a part of its current
sentential form with a string according to one of its productions. If in this way
it can make a sequence of derivation steps from its start symbol to a sentential
form consisting of terminal symbols—that is, the symbols over which the language
is defined—the resulting sentential form is called a sentence and belongs to the
generated language. The set of all sentences made in this way is the language
generated by the grammar.

In classical formal language theory, we can divide grammatical productions into
context-dependent and context-independent productions. Based on this division,
we can make a natural distinction between context-dependent grammars, such as
phrase-structure grammars, and context-independent grammars, such as context-
free grammars. The derivation step by context-dependent productions depends
on rather strict conditions, usually placed on the context surrounding the rewrit-
ten symbol, while the derivation step by context-independent productions does
not have any restrictions. For this reason, we tend to use context-independent
grammars. Unfortunately, compared to context-dependent grammars, context-
independent grammars are far less powerful; in fact, most of these grammars are
incapable of grasping some basic aspects of common programming languages. On
the other hand, most context-dependent grammars are as powerful as the Turing
machines, and this remarkable power gives them an indisputable advantage.

From a realistic point of view, the classical context-independent and context-
dependent grammars have some other disadvantages. Consider, for instance, En-
glish. Context-independent grammars are obviously incapable of capturing all the
contextual dependencies in this complex language. However, we may find even the
classical context-dependent grammars clumsy for this purpose. To illustrate, in
an English sentence, the proper form of verb usually depends on the form of the
subject. For instance, we write [ do i, not I dees it, and it is the subject, I, that
implies the proper form of do. Of course, there may occur several words, such as
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adverbs, between the subject and the verb. We could extend I do it to I often
do it, I very often do it and infinitely many other sentences in this way. At this
point, however, the classical context-dependent productions, whose conditions are
placed on the context surrounding the rewritten symbol, are hardly of any use.
The proper form of the verb follows from a subject that does not surround the
verb at all; it can occur many words ahead of the verb.

To overcome the difficulties and, at the same time, maintain the advantages
described above, modern language theory has introduced some new grammars that
simultaneously satisfy these three properties:

e They are based on context-independent productions.

e Their context conditions are signficantly more simple and flexible than the
strict condition placed on the context surrounding the rewritten symbol in
the classical context-dependent grammars.

e They are as powerful as classical coritext—dependent grammars.

In the present book, we give an overview of the most essential types of these
grammars. Their alternative context conditions can be classified into these three
categories:

e Context conditions placed on derivation domains.
o Context conditions placed on the use of productions.
o Context conditions placed on the neighborhood of the rewritten symbols.

As already pointed out, we want the context conditions to be as small as possible.
For this reason, we pay a lot of attention to the reduction of context conditions
in this book. Specifically, we reduce the number of their components, such as
the number of nonterminals or productions. We study how to achieve this re-
duction without any decrease of their generative power, which coincides with the
power of the Turing machines. By achieving this reduction, we actually make
the grammars with context conditions more succinct and economical, and these
properties are obviously highly appreciated both from a practical and theoretical
standpoint. Regarding each of the dicussed grammars, we introduce and study
their parallel and sequential versions, which represent two basic approaches to
grammatical generation of languages in today’s formal language theory. To be
more specific, during a sequential derivation step, a grammar rewrites a single
symbol in the current sentential form whereas during a parallel derivation step,
a grammar rewrites all symbols. As context-free and EOL grammars represent
perhaps the most fundamental sequential and parallel grammars, respectively, we
usually base the discussion of sequential and parallel generation of languages on
them.
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Organization

The text consists of the following chapters:
Chapter 2 gives an introduction to formal languages and their grammars.

Chapter 3 restricts grammatical derivation domains in a very simple and natu-
ral way. Under these restrictions, both sequential and parallel context-independent
grammars characterize the family of recursively enumerable languages, which are
defined by the Turing machines.

Chapter 4 studies grammars with conditional use of productions. In these
grammars, productions may be applied on condition that some symbols occur in
the current sentential form and some others do not. We discuss many sequential
and parallel versions of these grammars in detail. Most important, new character-
izations of some well-known families of L languages, such as the family of ETOL
languages, are obtained.

Chapter 5 studies grammars with context conditions placed on the neighbor-
hood of rewritten symbols. We distinguish between scattered and continuous con-
text neighborhood. The latter strictly requires that the neighborhood of the rewrit-
ten symbols forms a continuous part of the sentential form while the former drops
this requirement of continuity.

Chapter 6 takes a closer look at grammatical transformations, many of which
are mentioned in the previous chapters. Specifically, it studies how to transform
grammars with context-conditions to some other equivalent grammars so that both
the input grammars and the transformed grammars generate their languages in a
very similar way.

Chapter 7 demostrates the use of grammars with context conditions by several
applications related to biclogy.

Chapter 8 summarizes the main results of this book and presents several open
problems. It makes historical notes and suggests some general references regarding
the theoretical background of grammars with context conditions. In addition, it
proposes new directions in the investigation of these grammars.

Approach

This book is theoretically oriented in its treatment of the grammars. It presents
the formalism concerning grammars with enough rigor to make all results quite
clear and valid. Every complicated mathematical passage is preceded by its in-
tuitive explanation so that even the most complex parts of the book are easy to
grasp. As most proofs of the results contain some transformations of grammars,
the present book also provides an algorithmical approach to the gramatical mod-
els under discussion and shows how they are used in practice. Several worked-out
examples and real-world applications give further illustrations of the theoretical
notions.
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Use

This book can be used by every computer scientist interested in formal languages
and their grammatically based models as discussed in today’s theoretical computer
science curricula. It can also be used as a textbook for advanced courses in theo-
retical computer science at the senior levels; the text allows the flexibility needed
to pick and choose different topics for discussion.
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Chapter 2

Preliminaries and Definitions

2.1 Basic Definitions

This section reviews fundamental notions concerning sets, languages, and relations.

A set ¥ is a collection of elements taken from some prespecified universe. If
3 contains an element a, then we symbolically write a € ¥ and refer to a as a
member of ¥. On the other hand, if a is not in X, we write a € 3. The cardinality
of ¥, ||, is the number of ¥’s members. The set that has no member is the empty
set, denoted @; note that |@] = 0. If ¥ has a finite number of members, then ¥ is
a finite set; otherwise, X is an infinite set.

A finite set ¥ is customarily specified by listing its members; that is,

Y= {a17a2a-~'van}a

where a; through a, are all members of 3. An infinite set  is usually specified
by a property 7, so that Q contains all elements satisfying 7; in symbols, this
specification has the following general format:

Q={a: 7(a)}.

Sets whose members are other sets are usually called families of sets rather than
sets of sets.

Let X and  be two sets. ¥ is a subset of {2, symbolically written as ¥ C Q, if
each member of ¥ also belongs to Q. X is a proper subset of {2, written as £ C Q,
if ¥ C Q and € contains an element that isnotin £, If X C Q and Q C 3, ¥
equals €, denoted by & = Q. The power set of ¥, denoted by 2%, is the set of all
subsets of . For two sets £ and Q, their union, intersection, and difference are
denoted by U Q, LN, and ¥ — Q, respectively, and defined as

YUQ={a: aeXorac},
YNQ={a: acXandac}

and
Y—-Q={a: a€Xand ag}

For a set . over a universe U, the complement of ¥ is denoted by ¥ and defined
as & =U — %. A sequence is a list of elements from some universe. A sequence is
finite if it represents a finite list of elements; otherwise, it is infinite. The length

5



6 Chapter 2: Preliminaries and Definitions

of a finite sequence z, denoted by |z|, is the number of elements in z. The empty
sequence, denoted by ¢, is the sequence consisting of no element; that is, |e| = 0.
A finite sequence is usually specified by listing its elements. For instance, consider
a finite sequence z specified as z = 0,1, 0,0, and observe that |z| = 4.

An alphabet T is a finite, nonempty set, whose members are called symbols. A
finite sequence of symbols from T is a string or, synonymously, a word over T}
specifically, ¢ is referred to as the empty string. By T, we denote the set of all
strings over T; T+ = T* — {€}. Any subset 7" C T™* is a language over T. If L
represents a finite set of strings, L is a finite language; otherwise, L is an infinite
language. For instance, T™, called the universal language over T, is an infinite
language while @ and {c} are finite; notably, @ # {¢} because |0| = 0 # |[{e}]| = 1.
For a finite language L, max(L) denotes the length of the longest word in L. By
analogy with the set theory, sets whose members are languages are called families
of languages.

By convention, we omit all separating commas in strings. That is, we write
ai1a;s...a, rather than ay,as,...,ay.

Let z,y € T* be two strings over an alphabet, T, and let L, K C T™ be two
languages over T. As languages are defined as sets, all set operations apply to
them. Specifically, LUK, L N K, and L — K denote the union, intersection,
and difference of languages L and K, respectively. Perhaps most important, the
concatenation of x with y, denoted by xy, is the string obtained by appending y
to z. Notice that from an algebraic point of view, T* and Tt are the free monoid
and free semigroup, respectively, generated under the operation of concatenation.
Observe that for every w € T*, we = gw = w. The concatenation of L and K,
denoted by LK, is defined as

LK ={zy: z€L, ye K}.

Apart from binary operations, we also make some unary operations with strings
and languages. Let x € T* and L C T*. The complement of L is denoted by L
and defined as L = T* — L. The reversal of z, denoted by rev(z), is & written in
the reverse order, and the reversal of L, rev(L), is defined as

rev(L) = {rev(z): z € L}.

For all ¢ > 0 the ith power of z, denoted by z?, is recursively defined as (1) z° = ¢
and (2) z* = zz'~!, for i > 1. Observe that this definition is based on the recursive
definitional method. To demonstrate the recursive aspect, consider, for instance,
the ith power of z with i = 3. By the second part of the definition, z3 = zz2.
By applying the second part to z2, we obtain 22 = zz'. By another application
of this part to z!, z! = zz° By the first part of this definition, z® = e. Thus,
z! = z2° = ze = z. Hence, 2% = zz! = zz. Finally, 23 = zz? = zzz. By this
recursive method, we frequently introduce new notions, including the ith power of
L, L*, which is defined as (1) L® = {¢} and (2) L’ = LL*"}, for i > 1. The closure
of L, L*, is defined as
L*=Jr,

i>0



2.1 Basic Definitions 7

and the positive closure of L, L%, is defined as

Lr=Jr.

i1
Notice that
L*=LL*=L*L
and
L* = LY U{e}.
If there is z € T™ such that zz = y, = is a prefiz of y; in addition, if z & {¢,y}, =
is a proper prefiz of y. By prefix(y), we denote the set of all prefixes of y. Set
prefix(L) = {z : z € prefix(w) for some w € L}.

If there is z € T* such that zz = y, z is a suffiz of y; in addition, if = ¢ {&,y}, =
is a proper suffiz of y. By suffix(y), we denote the set of all suffixes of y. Set

suffix(L) = {z : z € suffix(w) for some w € L}.

If there is u,v € T* such that uzv = y, z is a substring or a subword of y; in
addition, if z € {¢,y}, = is a proper substring or a proper subword of y. By sub(y),
we denote the set of all substrings of y. Moreover,

sub(y,k) = {z : = € sub(y), |z| < k}.

Observe that for every word w, prefix(w) C sub(w), suffix(w) C sub(w), and

{e,w} C prefix(w) Nsuffix(w) N sub(w). Set
sub(L) = {z : z € sub(w) for some w € L}.

Let w be a nonempty word; then, first(w) denotes the left-most symbol of w. Given
a word w, alph(w) is the set of all symbols occurring in w. Set

alph(L) = | alph(y).
yeL

For two words z and y, where |y| > 1, #, denotes the number of occurrences of
y in z. A generalized form #wz, where W is a finite language, ¢ ¢ W, denotes
the number of all occurrences of z’s subwords that belong to W. Let w=a1...a,
with a; € T for some n > 0. The set of permutations of w, II(w), is defined as

{w) = {v:v=>b1...b, with b; € alph(w) fori =1,...,n,
and (by,...,b,) is a permutation of (a1,...,a,)}.

For two objects a and b, (a,b) denotes the ordered pair consisting of a and b in
this order. Let A and B be two sets. The Cartesian product of A and B, A x B,
is defined as

Ax B={(a,b): a€ Aandbe B}.
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A binary relation or, briefly, a relation p from A to B is any subset of A x B; that
is,

pC AxB.

The domain of p, denoted by domain(p), and the range of p, denoted by range(p),
are defined by

domain(p) = {a: (a,b) € p for some b € B}

and
range(p) = {b: (a,b) € p for some a € A}.

If A = B, then pis a relation on A. A relation o is a subrelation of p if o represents
a subset of p. The inverse of p, denoted by p~!, is defined as

p-—l = {(bv a): (a,b) € P}-

A function or, synonymously, a mapping from A to B is a relation ¢ from A to B
such that for every a € A,

{b: b€ B, (a,b) € ¢}| < 1.

Let ¢ be a function from A to B. If domain(¢) = A, ¢ is total; otherwise, ¢ is
partial. If for every b € B, {a: a € A, (a,b) € ¢} < 1, ¢ is an injection. If
for every b € B, [{a : a € A, (a,b) € ¢}| > 1, ¢ is a surjection. If ¢ is both a
surjection and an injection, ¢ represents a bijection.

Instead of (a,b) € p, we often write a € p(b) or apb; in other words, (a,b) € p,
apb, and a € p(b) are used interchangeably. If p is a function, we usually write
a = p(b).

Let p be a relation over a set, A. For k > 1, the k-fold product of p, p*, is
recursively defined as (1) ap'b if and only if apb, and (2) ap*b if and only if apc
and cp*~'b, for some ¢ and k > 2. The transitive closure of p, p, is defined as
ap™tb if and only if ap®b for some k > 1, and the reflexive and transitive closure of
p, p*, is defined as ap*b if and only if ap®b for some k > 0.

Let T and U be two alphabets. A total function 7 from T* to 2U" such
that 7(uv) = 7(u)7(v) for every u,v € T* is a substitution from T* to U*. By
this definition, 7(g) = € and 7{a1a3...a,) = 7(a1)7(az2)...7(ay), where a; € T,
1 <4 < n, for some n > 1, so 7 is completely specified by defining 7{a) for every
a € T. A total function x from 7™ to U* such that x(uv) = x(w)x(v) for every
u,v € T™ is a homomorphism or, synonymously and briefly, a morphism from T*
to U*. As any homomorphism is obviously a special case of a substitution, we
specify x by analogy with the specification of 7. If x is an injection, x is called an
injective homomorphism.

2.2 Grammars

This section reviews the basics of grammars. Specifically, it provides definitions
of context-free, context-sensitive, and phrase-structure grammars along with some
related notions and basic results which are used throughout the book.
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Definition 1. A phrase-structure grammar is a quadruple
G=(V,T,P,S),
where
V is the total alphabet,
T is the set of terminals (T C V),
PCV*(V —T)V* x V* is a finite relation,
S €V —T is the aziom of G.

The symbols in V — T are referred to as nonterminals. In what follows, each
(x,y) € P is called a production or a rule and written as

z—oYyEP;

accordingly, P is called the set of productions in G. Given a production p = z —
y € P, we set lhs(p) = = and rhs(p) = y. The relation of a direct derivation in G
is a binary relation over V* denoted by =>¢ and defined in the following way. Let
T —y€ P,u,v, 2,20 € V*, and u = 21229, v = z1Y29; then,

u:>Gv[x—->y].

When no confusion exists, we simplify u =g v [z — y] to u =¢ v. By =&, we
denote the k-fold product of = . Furthermore, let :>g and =7, denote the tran-
sitive closure of = ¢ and the transitive and reflexive closure of = ¢, respectively.
If S = « for some x € V*, x is called a sentential form. Set

FG)={zeV*: §=%z}
and
AG)={zeV*: S=tz=5y, ye T}

If S =% w, where w € T*, S =% w is said to be a successful derivation of G. The
language of G, denoted by L(G), is defined as

LGY={weT*: S=¢ wk

In the literature, the phrase-structure grammars are also often defined with pro-
ductions of the form
rAy — zuy,

where u,z,y € V*, A € V — T (see [81]). Both definitions are interchangeable in
the sense that the grammars defined in these two ways generate the same family
of languages—the family of recursively enumerable languages, denoted by RE.
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Definition 2. A context-sensitive grammar is a phrase-structure grammar,
G = (V,T,P,8S),
such that each production in P is of the form
TAy — zuy,

where A eV —-T,u € V*, z,y € V*. A contert-sensitive language is a lan-
guage generated by a context-sensitive grammar. The family of context-sensitive
languages is denoted by CS.

Definition 3. A context-free grammar is a phrase-structure grammar,
G= (Vvv T, P> S)a

such that each production  — y € P satisfies z € V —T. A contezt-free language
is a language generated by a context-free grammar. The family of context-free
languages is denoted by CF.

For the families of languages generated by context-free, context-sensitive and
phrase-structure grammars, it holds:

Theorem 1 (see [118]). CF Cc CS C RE.

Lemma 1 (Chomsky Normal Form of Context-Free Grammars). Let L €
CF, € € L. Then, there exists a context-free grammar, G = (V, T, P, S), such that
L = L(G) and every production in P is either of the form A — BC or A — a,
where A,B,C eV ~T anda€eT.

Lemma 2 (Penttonen Normal Form of Context-Sensitive Grammars,
see [147]). Let L be a context-sensitive language. Then, there ezists a context-
sensitive grammar, G = (V,T,P,S), such that L = L(G) and every production
in P is either of the form AB — AC or A — z, where A\ B,C e V-T, ¢
TU(V -T)2

Lemma 3 (Penttonen Normal Form of Phrase-Structure Grammars,
see [147]). Let L be a recursively enumerable language. Then, there exists a
phrase-structure grammar, G = (V,T,P,S), such that L = L(G) and every pro-
duction in P is either of the form AB — AC or A — z, where A,B,C eV —-T,
z€ {eJUTU(V -T)2%

Lemmas 2 and 3 can be further modified so that for every context-sensitive
production of the form AB — AC € P, A,B,C € V — T, there exist no B — z or
BD - BEin Pforanyze V*, D,EcV —-T:

Lemma 4. Every L € CS can be generated by a context-sensitive grammar G =
(NcrUNcsUT, T, P,S), where Ncr, Nos, and T are pairwise disjoint alphabets,
and every production in P is either of the form AB — AC, where B € N¢g,
A,C € Ngr, or of the form A — z, where A € Nop, ¢ € Nog UT U N2 ..
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Proof. Let
G =(V,T,F,9)

be a context-sensitive grammar in Penttonen normal form (see Lemma 2) so that
L = L(G). Then, let
G = (N¢cpUNgsUT,T, P,S)

be the context-sensitive grammar defined as follows:

NCF = V~—Ta
Nes = {B: AB— ACe P, AB,CcV —T},
P = {A—-z: A»zeP,AcV-T, zeTU(V-T)%}u

{B— B,AB— AC: AB— AC€ P, A\ B,CeV —T)}.
Obviously, L(G') = L(G) and G is of the required form. d

Lemma 5. Every L € RE can be generated by a phrase-structure grammar G =
(NepUNgsUT, T, P,S), where Nor, Nes, and T are pairwise disjoint alphabets
and every production in P is either of the form AB — AC, where B € N¢g,
A,C € N¢r, or of the form A — z, where A€ Ngp, z € {e} UNcs UT UN3E .

Proof. The reader can prove this lemma by analogy with Lemma 4. O

Besides context-free, context-sensitive and phrase-structure grammars, we also
discuss ETOL grammars, EIL grammars and queue grammars in this book.

Definition 4. An ETOL grammar (see [155], [156]) is a t+3-tuple,
G=V,T,P,...,P,S),

where ¢ > 1, and V, T, and S are the total alphabet, the terminal alphabet
(' ¢ V), and the axiom (S € V — T), respectively. Each P; is a finite set of
productions of the form

a — z,

where o € V and z € V*. If a —» = € P, implies ¢ # ¢ for all 4 € {1,...,¢t},
G is said to be propagating (an EPTOL grammar for short). Let u,v € V*,

U= ai10...0q, V = V1V2...Yq, ¢ = |u|, a; € V, v; € V*, and p1,p3,...,pq is 2
sequence of productions of the form p; = a; — v; € Py forall j = 1,...,q, for
some 7 € {1,...,t}. Then, u directly derives v according to the productions p;

through p,, denoted by
u =g [p17p2’ e apq]'

In the standard manner, we define the relations =>’5 (k > 0), =% and =%. The
language of G, denoted by L(G), is defined as

LG)={weT : S =y w}

The families of languages generated by ETOL and EPTOL grammars are denoted
by ETOL and EPTOL, respectively.
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Let G = (V,T, Py,..., P, S) be an ETOL grammar. If t = 1, G is called an EOL
grammar. We denote the families of languages generated by EOL and propagating
EOL grammars (EPOL grammars for short) by EOL and EPOL, respectively.

An 0L grammar is defined by analogy with an EOL grammar except that V =T
and § € T*. For simplicity, as V = T, we specify an 0L grammar as a triple
G = (T, P,S) rather than a quadruple G = (T, T, P,S). By OL, we denote the
family of languages generated by OL grammars.

Theorem 2 (see [155]).

CF

C
EOL = EPOL
C
ETOL = EPTOL

C

Cs.

Definition 5. Given integers m,n > 0, an E(m, n)L grammar (see [155], [156]) is
defined as a quadruple
G = (‘/’ T’ P’ 8)7

where V, T, and s are the total alphabet, the terminal alphabet 7' C V, and the
axiom s € V, respectively. P is a finite set of productions of the form

(u,a,v) =y

such that a € V, u,v,y € V*, 0 < |u] < m, and 0 < |v| < n. Let z,y € V*. Then,
x directly derives y in G, written as

T =gl
provided that z = a1az...ax, y = y1y2...Yk, k> 1,and for all 4, 1 <i <k,
(ai_m cee Qi 1,Q5, Q441 - .ai+n) —Y; € P.

We assume a; = ¢ for all j <0 or j > k+ 1. In the standard way, =>§3, :>E, and
=, denote the i-fold product of =g, ¢ > 0, the transitive closure of =, and the

transitive and reflexive closure of =, respectively. The language of G, L(G), is
defined as

LGy={weT": s=¢ w}

Let G = (V, T, P,s) be an E(0, n)L grammar, n > 0, and p = (¢, 4,v) - y € P.
We simplify the notation of p so that p = (A,v) — y throughout this book. By
EIL grammars, we refer to E(m,n)L grammars for all m,n > 0.

Definition 6. A queue grammar (see [88]) is a sixtuple,

Q = (VvTv‘}VaFaRag)v
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where V and W are alphabets satisfying V"W =0, T CV, FC W, R ¢
(V-T)(W -~ F), and

gC{(Vx(W-F)x(V"xW)

is a finite relation such that for any a € V, there exists an element (a,b,z,¢) € g.
If there exist u,v € V*W,a €V, r,z € V*, and b,c € W such that (a,b, 2,¢) € g,
u = arb, and v = rzc, then u directly derives v according to (a,b, z,¢) in Q,

u=q v [(a,b,z,c)].

Define =>6 (k > 0), :>2-t,, and =, in the standard way. The language of Q. L(Q),
is defined as
LQ)={weT": R:>5 wf, f€F}.

Theorem 3 (see [88]). Every language in RE is generated by a queue grammar.

If some grammars define the same language, they are referred to as equivalent
grammars. This equivalence is central to this book because we often discuss how
to transform some grammars to some other grammars so that both the original
grammars and the transformed grammars are equivalent.
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Chapter 3

Context Conditions Placed on
Derivation Domains

In the formal language theory, the relation of a direct derivation, =, is introduced
over V*, where V is the total alphabet of a grammar. Algebraically speaking, = is
thus defined over the free monoid whose generators are symbols. In this chapter,
we modify this definition by using strings rather than symbols as the generators.
More precisely, we introduce this relation over the free monoid generated by a finite
set of strings; in symbols, => is defined over W*, where W is a finite language. As
a result, this modification represents a very natural context condition: a derivation
step is performed on the condition that the rewritten sentential form occurs in W*.
This context condition results into a large increase of generative power of both the
sequential and parallel context-independent grammars, represented by context-free
grammars and EOL grammars, respectively. In fact, even if W contains strings
consisting of no more than two symbols, the resulting power of these grammars is
equal to that of Turing machines.

3.1 Sequential Grammars over Word Monoids

Definition 7. A context-free grammar over word monoid, & wm-grammar for short
(see [103], [111]), is a pair
(G, W),

where
G=(V,T,P,S)

is a context-free grammar, and W, called the set of generators, is a finite language
over V. (G, W) is of degree i, where i is a natural number, if y € W implies |y| < i.
(G, W) is said to be propagating if A — x € P implies x # ¢. ‘

Roughly speaking, such a production A — z of a wm-grammar can be applied
to a word w only when w is in W™,

Formally, the direct derivation = (g w) on W* is defined as follows: ifp = 4 —
y € P, Az, zyz € W* for some z,z € V*, then zAz directly derives zyz,

TAz =q,w) TYZ [p]

in symbols. In the standard manner, we denote the k-fold product of = (g w) (for
some k > 0) by =>’(‘G)W), the transitive closure of =(g,w) by =>E*'G’W), and the

15
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reflexive and transitive closure of =>(g,w) by ={g w,- The language of (G, W),
symbolically denoted by L(G, W), is defined as

LGW)={weT": S={gw) w}

We denote by WM the family of languages generated by wm-grammars. The
family of languages generated by wm-grammars of degree 7 is denoted by WM(7).
The families of propagating wm-grammars of degree i and propagating wm-gram-
mars of any degree are denoted by prop-WM(:) and prop-WM, respectively.

Let us examine the generative capacity of (propagating) wm-grammars.
Theorem 4. prop-WM(0) = WM(0) = @, prop-WM(1) = WM(1) = CF.
Proof. Follows immediately from the definitions. |

Next, we prove that (i) a language is context-sensitive if and only if it is gener-
ated by a propagating wm-grammar (of degree 2) and (ii) a language is recursively
enumerable if and only if it is generated by a wm-grammar (of degree 2).

Theorem 5. prop-WM(2) = CS.

Proof. It is straightforward to prove that prop-WM(2) C CS; hence it suffices to
prove the converse inclusion.

Let L be a context-sensitive language. Without loss of generality we can assume
that L is generated by a context-sensitive grammar

G = (Ngr UNgs UT,T, P, S)
of the form described in Lemma 4. Let
V=NcsUNgrUT.
The propagating wm-grammar (G’, W) of degree 2 is defined as follows:
G =(V,T,P,S),
where

Vi = VuqQ,
Q = {(A,B,C): AB—>AC€P, A,C € Ner, BENcs}.

Clearly, without loss of generality, we can assume that @ NV = (. The set of
productions P’ is defined in the following way:

1.ifA—2¢€ P, A€ Nop, z € NosUT UNEp, then add A — x to P';

2. if AB — AC € P, A,C € Ne¢r, B € Ngs, then add B — (A, B,C) and
(A,B,C) = C to P'.
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The set of generators W is defined as follows:
W ={A(4,B,C): (A,B,C)eQ, A€ Ncr}UV.

Obviously (G',W) is a propagating wm-grammar of degree 2. Next, let h be a
finite substitution from (V')* into V* defined as:

1. for all D € V, h(D) = D;
2. for all (X, D, Z) € Q, h((X, D, Z)) = D.
Let h~! be the inverse of h. To show that L(G) = L(G’, W), we first prove that
S=gw ifandonlyif S ={gy,,

where v € W*Nh~}(w), w € VT, for some m,n > 0.
Only if: This is established by induction on the length m of derivations in G.

Basis: Let m = 0. The only w is S because S =% S. Clearly, S :>? Wy S and
S € h~1(8).

Induction Hypothesis: Let us suppose that our claim holds for all derivations of
length at most m, for some m > 0.

Induction Step: Consider a derivation
S =7t g,
where £ € VT, Since m + 1 > 1, there is some y € V* and p € P such that
S = vy=czp,
and by the induction hypothesis, there is also a derivation
S =l w) y”
for some y” € W*Nh~l(y), n > 0.

(i) Let us assume that p =D — y2, D € NgF, ya € NosUTUNZ ., y = y1 Dys,
,y3 € V*, and = y1yzys. Since from the definition of A~} it is clear
that h=Y(Z) = {Z} for all Z € Ncp, we can write y" = 21Dz, where
z1 € h™Yy1) and 23 € h~1(ys). It is clear that D — yo € P’ (see the
definition of P’).

Let z3 ¢ Q(V')*. Then,
S :>ELG"W) z21Dz3 = (g wy 21Y223,

and clearly, z1yaz3 € h™ 1 (y1y2ys) N W*.
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Let 23 € Q(V')*; that is, z3 = Yr for some Y € Q, r € (V')*. Thus,
Dh(Y) — DC € P (for some C € N¢gr), y3 = h(Y)s, where r € h=1(s) and
s € V*. Hence, we have h(Y) —» Y € P’ (see (2) in the definition of P’).
Observe that h(Y) — Y is the only production in P’ that has Y appearing on
its right-hand side. Also it is clear thar r is not in Q(V')* (see the definition
of W). Thus, {z1 Dh(Y)r, z1y2h(Y)r} C W*, and since

S =>ELG’,W) ZlDY”',
there must be also the following derivation in (G’, W):

S =tawy aDRY)r =@ w) 2DYT [M(Y) - Y.

So we get

S ="

] {W) 21DR(Y)r = (o' wy 21y2h(Y)r [D — yo

such that z;yh(Y)r is in A=} (z) N W™,

Let p = AB — AC, A,C € Ncp, B € Nes, y = y1iABy2, y1,y2 € V*,
z = 1 ACys, ' = 21AY 2z, z; € K™ (y), ¢ € {1,2}, and Y € h~}(B).
Clearly, {B — (4,B,C),(A,B,C) — C} C P’ and A(A,B,C) e W.

Let Y = B. Since B € N¢g, 22 € Q(V')*, and so 21 A(A, B,C)2; € W* (see
the definition of W). Thus,

S =lgw 24Bzn
:">(G',W) Zl.A(A,B,C)Zz [B - <AvB’ C)]
=>(Glyw) ZlACZ'z [(A’ B1 C) - C]

and 21ACz € h™1(z) N W™,

Let Y € Q. Clearly, h(Y) = B and by the definitions of Q. and P’, we have
B — Y € P'. Thus, we can express the derivation

S =>?G",W) ZlAYZz
in the form

S =Tgw) 2ABn = w) 214Y 2z [B - Y].

Since 21 A{A, B,C)z, € W*, we get

S :>1(1(;'}W) 21 AB22
:>(G',W) 21A<A,B,C>22

=>(G’,W) 21 ACz3,

where 21 ACzs € K™} (z) N W™,
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If: This is also established by induction, but in this case on n > 0.

Basis: For n = 0 the only v is S because S =>‘()G, w) S- Since S € h~1(S), we have
w= 3. Clearly, § =% S.

Induction Hypothesis: Let us assume the claim holds for all derivations of length
at most n, for some n > 0.

Induction Step: Consider a derivation

n+1
S =w) W

where u € h™}(z) NW* and 2 € V*. Since n +1 > 1, there is some p € P,
y € V*, and v € h~1(y) N W* such that

S =>?G,‘W) v =e,w) ¥ [pl,
and by the induction hypothesis,
S =4y
Let v = r'Ds', y = rBs, v’ € h7Y(r), s’ € h™(s), r,s € V*, D € h™1(B),

u=r'2's",and p = D — 2’ € P'. Moreover, let us consider the following three
cases:

(i) Let h(2') = B, (see (2)). Then, u =r'z's’ € h=}(rBs); that is, z = rBs. By
the induction hypothesis we have

S =¢ rBs.

(ii) Let 2’ € TU Ngs U NZp. Then, there is a production B — 2’ € P. Since
z' € h=1(2'), we have z = rz's. Clearly,

S =% rBs =g rz's [B— 7).

(iii) Let 2/ = C € Nep, D = (A,B,C) € Q. By the definition of W, we have
" = t'A, r = tA, where t’ € h™1(t), t € V*, and so z = tACs. By the
definition of @, there is a production AB — AC € P. Thus,

S =% tABs =¢ tACs [AB — AC).

By the inspection of P’, we have considered all possible derivations of the form
S :>?G’,W) v =>(G’,W) u
in (G’,W). Thus, by the principle of induction, we have established that

S =>?GI'W) w
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for some n > 0 and u € W* implies
S =4,
where z € V* and u € h™!(z). Hence,
S=gw ifandonlyif S =gy,

where v € W* N A~} (w) and w € V*, for some m,n > 0.

The proof of the equivalence of G and (G', W) can easily be derived from the
above: by the definition of A™!, we have h=!(a) = {a} for all @ € T". Thus, by the
statement above and by the definition of W, we have for any z € T*,

S =gz ifandonlyif S={g y

that is, L(G) = L(G’,W). Thus, prop-WM(2) = CS, which proves the theorem.
n

Observe that the form of the wm-grammar in the proof of Theorem 5 implies
the following corollary:

Corollary 1. Let L be a context-sensitive language over an alphabet T. Then, L
can be generated by a propagating wm-grammar (G, W) of degree 2, where G =
(V,T,P,S) satisfies

(i) TCW and (W —V) C(V —-T)2;
(i) if A—z and |z| > 1, then z € (V - T)2.

Next, we study the wm-grammars of degree 2 with erasing productions. We
prove that these grammars generate precisely RE.

Theorem 6. WM(2) = RE.

Proof. Clearly, we have WM(2) C RE; hence it suffices to show RE C WM(2).
The containment RE C WM(2) can be proved by the techniques given in the proof
of Theorem 5 because every language L € RE can be generated by a grammar
G = (V,T, P, S) of the form of Lemma 5. The details are left to the reader. M

Since the form of the resulting wm-grammar in the proof of Theorem 6 is
analogous to the wm-grammar in the proof of Theorem 5 (except that the former
may contain some erasing productions), we have:

Corollary 2. Let L be a recursively enumerable language over an alphabet T,
Then, L can be generated by a wm-grammar (G,W) of degree 2, where G =
(V,T, P,S) such that

(i) TCW and (W -V)C(V-T)2%
(i) if A— x and |z| > 1, then z € (V — T)2.
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Summing up Theorems 4, 5, and 6, we obtain the following corollary:

Corollary 3.
prop-WM(1) = WM(1) = CF
C
prop-WM(2) = prop-WM = CS
C
WM(2) = WM = RE.

So far we have demonstrated that propagating wm-grammars of degree 2 and
wm-grammars of degree 2 characterize CS and RE, respectively. Next, we show
that the characterization of RE can be further improved in such a way that even
some reduced versions of wm-grammars suffice to generate all the family of recur-
sively enumerable languages. More specifically, we can simultaneously reduce the
number of nonterminals and the number of words of length two occurring in the
set of generators without any decrease of the generative power (see [111]).

Theorem 7. Every L € RE can be defined by a 10-nonterminal context-free
grammar over a word monoid generated by an alphabet and six words of length
two.

Proof. Let L € RE. By Geflert (see [69]), L = L(G), where G is a phrase-structure
grammar of the form

G=V,T,PU{AB — ¢,CD — ¢},5)
such that P contains only context-free productions and
V-T={5ADB,C,D}.
Let us define a wm-grammar (G’, W) of degree 2, where
G =(V,T,P,S)
and

V! {S,4,B,C,D,(AB),(CD), (left), (right), (empty)} UT,
P = PU{B — (AB),(AB) — (right),

D — (CD),(CD) — (right),

A — (left),C — (left),

(left) — (empty), (right) — (empty), (empty) — €}.

The set of generators is defined as

W = {A(AB),C{(CD), (left)(AB), (left){CD),
(left)(right), (empty)(right), (empty)} UT U {S, A, B,C, D}.

Clearly, (G',W) is a wm-grammar with the required properties. To establish
L(G) C L{G’, W), we first prove the following claim:
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Claim 1. § =7 w implies S =>(G, w) W where w € V* for some m > 0.

Proof. This is established by induction on m.

Basis: Let m = 0. The only w is S because S =% S. Clearly, S =9 S.

(G"\w)

Induction Hypothesis: Suppose that our claim holds for all derivations of length
m or less, for some m > 0.

Induction Step: Consider a derivation of the form
S =gt w
with w € V*. As m + 1 > 1, there exists y € W+ and p € P such that
S =% y=cw|p;
by the induction hypothesis, there also exists a derivation
S =>?G,,W) Y.

Observe that y € W™ because V C W. The production p has one of these three
forms:

(i} p is a context-free production in P,
(ii) p has the form AB — ¢,
(iii) p has the form CD — e.

Next, we consider these three possibilites.

(1) Let us assume that p = E — y2, y = y1Fy3, F € {S,4,B,C,D}, 11,y3 €
V*, and w = y1y2y3. By the construction of P/, E — y; € P'. Thus,

S =le wy N1EYs = w) v1v293 [E — yal.

(ii) Let p = AB — ¢, y = 11 ABYs, 1,92 € V*, w = y,y2. At this point, we
construct the following derivation in (G', W):

S =%y, WNAByp
=w) Y1A(AB)y: [B — (AB)]
=>(G',W) Y1 (left) <AB>yz [A — left ]
=@,w) yilleft)(right)ys [(AB) — (right)
=@,w) Yilempty)(rightyy:  [{left) — (empty)]
='wy  Yilempty)(empty)ys [(right) — (empty)]
=w)  Yi{empty)ys [(empty) — €]
=@.w) Yy [{
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(i) Let p=CD — ¢, y = y1CDya, y1,y2 € V*, w = y192. By analogy with (i),
we can prove that
S =>zG',W) Y1Y2.

Thus, Claim 1 now follows by the principle of induction. O

Next, we sketch how to verify L(G’,W) C L(G). First, we make two observa-
tions, which follow from the definition of W.

Observation 1. Let

S =>’("G11W) y1ABy2
=w@,w) WAAB)y: [B— (AB)]
=>E‘G,‘W) w,

where w € T*. Then, during the derivation
y1A<AB)y2 =>ZG"W) w,
the following six derivation steps necessarily occur:
1. A is rewritten according to A — (left), so {left)(AB) is produced.
2. (AB) is rewritten according to {AB) — (right}, so {left)(right) is produced.

3. (left) is rewritten according to (left) — (empty), so {empty)(right) is pro-
duced.

4. {right) is rewritten according to (right) — (empty), so (empty)(empty) is
produced.

5. One (empty) in (empty){empty) is erased according to (empty) — €.
6. The other (empty) is erased according to {(empty) — e.

Observation 2. Let

S =>?G',W) y1CDy2
=@'w) WnC{CD)y: [D— (CD)
=>’(*G,,W) w,

where w € T*. Then, during the derivation
C(CD)y2 =g wy W,
the following six derivation steps necessarily occur:
1. C is rewritten according to C — (left), so (left)(CD) is produced.

2. (CD) is rewritten according to (CD) — (right), so (left)(right) is produced.
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3. (left) is rewritten according to (left) — (empty), so (empty)(right) is pro-
duced.

4. (right) is rewritten according to (right) — (empty), so (empty)({empty) is
produced.

5. One (empty) in (empty)(empty) is erased according to (empty) — e.
6. The other (empty) is erased according to (empty) — €.

Considering Observations 1 and 2, we can easily prove the following claim:

Claim 2. § :>E%’,W) w implies S =¢ w, where w € T, for some m > 0.

Proof. This proof is left to the reader. 1
By Claim 1, L(G) € L(G',W). From Claim 2, we get L(G',W) C L(G).

Therefore, L(G) = L(G’, W), and Theorem 7 holds. |

Recall that for ordinary context-free grammars (which coincide with the wm-
grammars of degree 1 in terms of the present chapter), Gruska [77] proved that for
every natural number n > 1, the context-free grammars with n+1 nonterminals are
more powerful that the context-free grammars with n nonterminals. Consequently,
if we reduce the number of nonterminals in context-free grammars over letter
monoids, then we also reduce the power of these grammars. On the other hand,
by Theorem 7, context-free grammars defined over word monoids keep their power
even if we reduce their number of nonterminals to 10.

3.2 Parallel Grammars over Word Monoids

Definition 8. An EOL grammar on word monoid, a WMEOL grammar for short,
is a pair

(G, W),

where

G = (V,T,P,S)

is an EOL grammar. The set of generators W is a finite language over V. By
analogy with wm-grammars, (G, W) has degree i, where i is a natural number, if
every y € W satisfies |y| <i. If A — z € P implies z # ¢, (G, W) is said to be
propagating. Let z,y € W™ such that x = aja2...an, ¥ = Y1¥2-..Yn, a; € V,
vieV*1<i<n,n>0.Ifa;, > y; € Pforalli=1...n, then z directly derives
y according to productions a; — y1, a2 — Yz, -+ ., Ap ~ Yn,

T =@w) Y a1 = Y1, .. 8 — Yn)

in symbols. As usual, the list of applied productions is omitted when no confusion
arises. In the standard way, =>’(CG,W)’ =>EFG,W)’ and =>E'G’W) denote the k-fold
product of =(g,w), k > 0, the transitive closure of =g w), and the transitive
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and reflexive closure of = ), respectively. The language of (G, W), denoted by
L(G,W), is defined in the following way:

By WMEOL(:), WMEPOL(:), WMEOL, and WMEPOQL, we denote the fami-
lies of languages generated by WMEQL grammars of degree i, propagating WMEQL
grammars of degree i, WMEQOL grammars, and propagating WMEQL grammars,
respectively.

Note that WMEOL grammars of degree 2 are called symbiotic EOL grammars
in [105]. The families of languages generated by symbiotic EOL grammars and
propagating symbiotic EOL grammars are denoted by SEOL and SEPOL; that is,
SEOL = WMEOL(2) and SEPOL = WMEOL(2).

Let us investigate the generative power of WMEOL grammars. Clearly,
WMEPOL(0) = WMEOL(0) = §.
Recall that for ordinary EOL languages, EPOL = EOQL (see Theorem 2.4 in [157]).
Therefore, the following theorem follows immediately from the definitions:
Theorem 8. WMEPOL(1) = WMEOL(1) = EPOL = EOL.

Next, let us investigate WMEOL grammars of degree 2 (symbiotic EOL gram-
mars). In Theorems 9 and 10, we demonstrate that these grammars have re-
markably higher generative capacity than WMEOL grammars of degree 1. More
specifically, propagating WMEQL grammars of degree 2 generate precisely the fam-
ily of context-sensitive languages and WMEOQL grammars of degree 2 generate all
the family of recursively enumerable languages.

Theorem 9. WMEPOL(2) = CS.

Proof. 1t is straightforward to prove that WMEPOL(2) C CS; hence it suffices
to prove the converse inclusion. Let L be a context-sensitive language generated
by a context-sensitive grammar

G= (NCF UNgsUT,T, P, S)
of the form described in Lemma 4. Let
V=NegrUNcsUT

and
Vi=VuQ,
where

Q={(A,B,C): AB— AC € P, A,C € Ncr, B € Ngs}.

Clearly, without loss of generality, we can assume that Q NV = 0.
The WMEPOL grammar of degree 2, (G', W), is defined as follows:

G =(V',T,P,S),

where P’ is constructed as
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1. forall Aec V', add A — A to P';
2. ifA—>.'E€P,AENCF,mGNCSUTUNéF, then add A — z to P’;

3. if AB — AC € P, A,C € N¢r, B € Ngs, then add B — (4, B,C) and
(4,B,C) = C to P'.

The set of generators, W C (V U V?), is defined in the following way:
W ={A(4,B,C): (4,B,C) €Q, A€ Ncr}UV.

Obviously, (G',W) is a WMEPQL grammar of degree 2. Let us introduce a sub-
stitution from (V’)* into V* as

1. forall D eV, h(D) = D,
2. for all (X,D,Z) € @, h({X,D,Z)) = D.

Let A~! be the inverse of h. To demonstrate that L(G) = L(G', W), we first prove
two claims:

Claim 3. If S =% w, w € V*, for some m > 0, then S :>Z‘G, w) Us where
v € h~Hw).
Proof. This is established by induction on the length m of derivations in G.

Basis: Let m = 0. The only w is S because S =% S. Since S € W*, S =>?G/ W)
S and by the definition of h71, S € h=}(S).

Induction Hypothesis: Let us suppose that our claim holds for all derivations of
length at most m, for some m > 0.

Induction Step: Consider a derivation
S =7 g,
z € V*. Since m + 1 > 1, there is some y € VT and p € P such that
S =% y=c = p
and, by the induction hypothesis, there is also a derivation
S =lewy Y
for some 3y’ € h~!(y), n > 0. By definition, y' € W*.
(i) Let us first assume that p =D — yo € P, D € NoF, y2 € Nes UT U N3,
y = y1Dys, and = = y19203, y1 = a1...44, y3 = by ... b;, where ax,b; € V,
1<k<i,1<1< 4, forsomei,j>0(i=0implies y; = € and j = 0 implies

y3 = ). Since from the definition of A~! it is clear that h=(Z) = {Z} for all
Z € N¢r, we can write y' = z1Dzz, where z; € h™!(y;) and 23 € h™(y3),
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that is to say, 21 = ¢1...¢;, 23 = dy ... d;, where ¢, € h™ (ak), d; € h™1(by),
for 1<k <i,1<1<j. Itisclear that D — y, € P'.

Let d; ¢ Q. Then, it is easy to see that z;yz23 € W™, and so
21D23 =>(G',W) 21Y223 [61 — C1y...,C; — C4, D— yg,dl i dl, ) ,dj — dJ]

Therefore,
S =>?G',W) z21Dz3 =>(G',W) 21Y223

and z1y223 € A~ (y1y2y3)-

Let d; € Q. That is, Dh(d;) — DC € P (for some C € N¢r); see the
definition of h. Hence, we have h(d;) — d; € P’; see (3) (observe that
this production is the only production in P’ that has d; appearing on its
right-hand side). It is clear, by the definition of W, that d2 ¢ Q. Thus,

{Zth(dl)dz e dj, Zlyzh(dl)dg v dj} - W™,

Since
S =>1(1G',W) z1Dd, ... dj,

there must exist the following derivation in (G', W):
S ={g'w, =uDhd)d:...d;
=>(G',W) ZlDdldQ...dj [C]’—’cl,---aci_"c‘i’D—)D)
h(dl) — d1,d2 —* dz, e ,dj bl dJ]

So we get
(¢'\w)

=w)  avh(d)ds...dj e — ey, ... 60— 0, D =y,
h(dl) — h(d]),dz b d d2,. . ,dj e dj]

S =t z1Dh(dy)ds . . . d;

such that z1ysh(d1)dz ... d; is in h™1(z).

(ii) Let p= AB — AC € P, A,C € N¢r, B € Ncs, y = 11ABy2, 11,42 € V™,
z = 11ACys, ' = 21AY 2, 2z € h~1(y), i € {1,2}, Y € h™(B), and
Y1 =a1...a4 Y3 = b1...bj, ap,by € V, 1 < k <4, 1 <1 <, for some
i,j >0 Letzy =¢...¢iy 23 = dy...dj, cx € h™ ak), di € h™1{by),
1<k<i,1<1<j. Claly, {B— (A,B,C),(A,B,C) - C} C P/, and
A(A, B,C) € W, see the definition of W.

Let Y = B. Since y' € W* and B € N¢g, we have d; € Q. Consequently,
21A(A, B,C)z, and 21 AC2; are in W* by the definition of W. Thus,

S =>?G',W) z21ABzy
:>(G’,W) 21A<A,B,C)22 [71’1]

=>(G',W) 21A022 [71'2],
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where
ML =C —Cl,-.-,¢ ¢, A— A B— (A B,C),dy — dy,...,dj — dj,
g =C1 — C1,...,¢ — ¢, A— A (A B,C) - C,dy = dy,...,d; — dj,

and z;ACz; € h™(z).

Let Y € Q. Clearly, h(Y) must be equal to B. By (3) and the definition of
Q, we have B —» Y € P’. Clearly, 21ACz; is in W* for d; ¢ Q) as we have
already shown. Thus, since

S =>7(1GI’W) Z]AYZQ,
the word z; AY z3 can be derived in (G', W) as follows:

S =>?(;'TW) 21ABzo

=@wy 2aAYz [,
where
T=c¢ —Cl,...,¢ = A— A B—-Y,d —dy,...,dj —d;.
Since 21 A(A4, B,C) 2 and z; ACz; belong to W*, we get

S =7t 21ABz,

(G"'\W)
=>(G',W) Z}A(A,B,C)Zz [7!'1]
=>(G’,W) ZlACZz [7T2],

where
T =€ —Cl,...,¢ = ¢, A— A B— (A,B,C),d1 - dy,...,dj — dj,
Mg =CL —Cly...,¢ — ¢y A— A (A, B,C) > C,dy — dy,...,d; — d;,
and z1ACz € h™}(z).

Cases (i) and (ii) cover all possible rewriting of y in G. Thus, the claim now follows
from the principle of induction. ]

Claim 4. Let S =>2‘G, wy U V€ W* v=1rDs, andp =D — z € P. Then,
h(v) =% h(r)h(z)h(s) for some i =0, 1.

Proof. To verify this claim, consider the following three cases:
(i) Let A(z) = h(D). Then,

h(v) =g h(r)h(2)(s).
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(ii) Let z € TUNcg UN%F, D € Ncop. Then, there is a production B — z € P,
and by the definition of h, we have B — 2z = h(B) — h(z). Thus,

hr)h(D)h(s) =c h(r)h(2)h(s) [A(B) — h(2)].

(ili) Let z = C € Ngp and D = (A, B,C) for some (4, B,C) € Q; see (3). By
the definition of W, we have r = tA, where t € W*, and so v = tACs. By
the definition of ¢}, there is a production AB — AC € P. Thus,

tABs =g tACs [AB — AC],
where tABs = h(tA)h((A, B,C))h(s) and tACs = h(tA)h(C)h(s).

By inspection of P’, cases (i) through (iii) cover all possible types of productions
in P’, which proves the claim. O

Claim 5. If § =>?G’,W) u, u € W*, for some n > 0, then S =% h(u).
Proof.

Basis: For n = 0, the only y is S because S =>(()G, w) S. Since § = h(S) we have
S =% SinG.

Induction Hypothesis: Let us assume that the claim holds for all derivations of
length at most n, for some n > 0.

Induction Step: Consider a derivation

n+1
S =l w) b

where v € W*. Since n + 1 > 1, there is some v € W* such that
S =>?G',W) v =>(G',W) U,
and by the induction hypothesis
S =4 h(v).

Return to the proof of Claim 4. It should be clear that by using (i) through (iii)
from Claim 5, we can construct a derivation

h(v) =& h(y),

for some i € {0,...,|ul|}, in the following way: first rewrite all occurrences of
symbols corresponding to the case (iii) and then all occurrences of symbols corre-
sponding to (ii); the technical details are left to the reader.
Thus,
S =% h(v) 24 h(u)

in G. Hence, by the principle of induction, we have established Claim 5. O
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Next, the proof of the equivalence of G and (G’,W) can be derived from
Claims 3 and 5: By the definition of A~!, we have h=1(a) = {a} for all a € T.
Thus, by Claim 3, we have for any z € T,

S =%z implies S =>zG’,W) z;

that is, L(G) C L(G',W).
Conversely, since T* C W™, we get, by the definition of h and Claim 5, for any
zeT™,
S ={g'.wy ¢ implies § =5 x;
that is, L(G', W) C L(G). As a result, L(G) = L(G',W) and so WMEPOL(2)
CS = SEPOL, which proves the theorem.

Observe that Theorem 9 and the definitions yield the following normal form:

Corollary 4. Let L be a context-sensitive language over an alphabet T. Then, L
can be generated by an WMEPQL grammar (G, W) of degree 2, G = (V,T, P, S),
where W is over an alphabet V such that T C W, (W = V) C (V —T)?, and if
A—zandlz] > 1, thenz € (V - T)2.

Let us turn the investigation to WMEOL grammars of degree 2 with erasing
productions.

Theorem 10. WMEOL(2) = RE.

Proof. Clearly, WMEOQL(2) C RE, hence it suffices to show RE C WMEOL(2).

Each language L € RE can be generated by a phrase-structure grammar G
having the form of Lemma 5. Thus, the containment RE C WMEOL(2) can be
proved by analogy with the techniques used in the proof of Theorem 9. The details
are left to the reader. ]

Since the forms of the resulting WMEOQL(2) grammar in the proofs of Theorem 9
and Theorem 10 are analogous, we obtain the following corollary as an analogy to
Corollary 4:

Corollary 5. Let L be a recursively enumerable language over an alphabet T.
Then, L can be generated by an WMEOQOL grammar (G,W) of degree 2, G =
(V,T, P,S), where W is over an alphabet V such that T C W, (W-V) C (V-T)2,
and if A — z and |z| > 1, thenz € (V — T)2.

Summing up Theorems 8, 9 and 10, we obtain the following corollary:

Corollary 6.

CF
C
WMEPOL(1) = WMEOL(1) = EPOL = EOL
C
WMEPOL(2) = CS
-
WMEOL(2) = RE.
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Open Problems. In this chapter, we have discussed grammars with derivations
over the word monoids rather than the letter monoids. From a broader algebraic
perspective, we could consider many other modifications of the derivation domains.
Specifically, what is the generative power of context-free grammars whose deriva-
tions are defined over free groups?
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Chapter 4

Context Conditions Placed on the
Use of Productions

In this chapter, we discuss grammars with context conditions represented by
strings associated with productions. We distinguish between two types of these
conditions—jforbidding conditions and permitting conditions. A production is ap-
plicable to a sentential form if each of its permitting conditions occurs in the
sentential form and any of its forbidding conditions does not. In Section 4.1, we
study sequential grammars with context conditions, originally introduced by van
der Walt [175] in 1970. Then, in Section 4.2, we introduce and discuss parallel
versions of these grammars. In both sections, we demonstrate that this concept of
context conditions attached to grammatical productions significantly increase the
grammatical generative power. Furthermore, in some grammars, we explain how
to reduce the number of conditional productions, the length of context conditions,
and the number of nonterminals.

4.1 Sequential Conditional Grammars

Informally, a sequential conditional grammar is an ordinary context-free grammar
in which the application of productions is regulated by the permitting and for-
bidding context conditions. In every derivation step, such a grammar can rewrite
only one nonterminal symbol in the given sentential form; that is, it works purely
sequentially. Making use of this basic principle, the formal language theory has
introduced a large number of variants of these grammars. In order to unify the no-
tations and definitions, we start with the basic definition of a context-conditional
grammar in Section 4.1.1. Then, in Sections 4.1.2 through 4.1.5, we investigate
some special cases of the context-conditional grammars.

4.1.1 Context-Conditional Grammars

Definition 9. A context-conditional grammar is a quadruple,
G=V,T,RS),

where V, T, and S are the total alphabet, the terminal alphabet (T C V), and
the axiom (S € V — T, respectively. P is a finite set of productions of the form

33
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(A — z,Per,For), where A € V- T, x € V*, and finite sets Per, For C V1.
If Per # () or For # 0, the production is said to be conditional; otherwise, it
is called contert-free. G has degree (r,s), where r and s are natural numbers, if
for every (A — x, Per,For) € P, max(Per) < r and max(For) < s. If (A —
z, Per,For) € P implies x # ¢, G is said to be propagating. Let u,v € V* and
(A — z, Per,For) € P. Then, u directly derives v according to (4 — z, Per, For)
in G, denoted by
u =¢ v [(A — z, Per, For)],

provided that for some u;, us € V*, the following conditions hold:

When no confusion exists, we simply write v =>¢ v instead of u =¢ v [(A —
z, Per, For)]. By analogy with context-free grammars, we extend =¢ to =>’(“;
(where k > 0), =&, and =%. The language of G, denoted by L(G), is defined as

LG ={weT : §=5w}

The families of languages generated by context-conditional grammars and prop-
agating context-conditional grammars of degree (r, ) are denoted by CG(r, s) and
prop-CG(r, s), respectively. Furthermore, we define

and
[o 2NN o)
prop-CG = U U prop-CG(r, s).
r=0 s=0

Next, we establish several theorems dealing with the generative power of con-
text-conditional grammars. Let us note, however, that a number of specializations
of these grammars will be defined and investigated in Sections 4.1.2 through 4.1.5.
Therefore, only the results concerning the general versions of context-conditional
grammars are presented here.

Theorem 11. prop-CG(0,0) = CG(0,0) = CF

Proof. This theorem follows immediately from the definition. Clearly, context-
conditional grammars of degree (0,0) are ordinary context-free grammars. |

Lemma 6. prop-CG C CS.
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Proof. Let r = s = 0. Then, prop-CG(0,0) = CF C CS. The rest of the proof
establishes the inclusion for degrees (r,s) such that r + s > 0.
Consider a propagating context-conditional grammar

G=(V,T,P,S)

of degree (r,s), r+s > 0, for some 7,5 > 0. Let k be the greater number of r and
s. Set

M={zeV*t: |z| <k}
Next, define

cf(P)={A—xz: (A—>xz,Per,For)e P, Ac (V-T), e V*t}L

Then, set
Nr = {{X,z): XC M, ze MU{e}},
Nr = {|X]: X< M},
Ng = {[pl: pecf(P)}U{[0]},
V! = VUNpUNpUNpU{>,<8$,9, #},
T = TU{#}

Construct the context-sensitive grammar
G =V, ,T7,P, 5
with the finite set of productions P’ defined as follows:
1. Add S’ — >{0,e)S< to P'.
2. Forall X C M, z € (V¥ U {e}) and y € V*, add the next production to P’:

(X, z)y — y(X Usub(zy, k), y).

3. Forall X C M,z € (V¥U{e}) and y € V*, |y| < k, add the next production
to P’
(X, z)yd — y| X Usub(zy, k)] <.

4. For all X C M and every p = A — z € cf(P) such that there exists
(A — z, Per, For) € P satisfying Per C X and For N X = 0, add the next
production to P’

|X]< - [p]<.

5. For every p € cf(P) and a € V, add the next production to P’:
a[p] — [plea.
6. Foreveryp= A — z € cf(P), A€ (V-T),z € V*, add the next production

to P’
Alp] — [0]z.
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7. For every a € V, add the following production to P’
a[0] — [0]a.

8. Add >[0] — >(0,¢) to P'.
9. Add >(0,e) — #8, < — ##, and $a — a$, foralla € T, to P’.
Claim 6. Every successful derivation in G’ has the form

S =g >(Be)S<
=1, >0, e)z<

=>g/ #3z<
:>lc§’| #x8<
=g HTH#

such that x € T, and during
>(0,e)S< =% >0, )z,
every sentential form w satisfies w € {>}YH*{<}, where H C V'—{>, <, #,8,5'}.
Proof. Observe that the only production that rewrites S’ is S’ — (@}, £)S<; thus,
S =q >(0,£)S<.
After that, every sentential form that occurs in
>(0,e)S< =, >{0,e)z<

can be rewritten by using any of the productions (2) through (8) from the con-
struction of P’. By inspection of these productions, it is obvious that the edge
symbols > and < remain unchanged and no other occurrences of them appear
inside the sentential form. Moreover, there is no production generating a symbol
from {#,8$, S'}. Therefore, all these sentential forms belong to {>}H*{<«}.

Next, let us explain how G’ generates a word from L(G’). Only >(0,c) — #$
can rewrite > to a symbol from T (see (9) in the definition of P’). According to
the left-hand side of this production, we obtain

§' =g p0,e)Sa =5 > e)za =4 #8z<,

where z € H*. To rewrite <, G’ uses $<0 — ##. Thus, G’ needs $ as the left
neighbor of <. Suppose that ¢ = ajas...aq, where ¢ = |z| and a; € T, for all
i € {1,...,q}. Since for every a € T there is $a — a$§ € P’ (see (9)), we can
construct
#$a1a2.. Land =g #a1$a2...an<l
=g #a1a28...a,<

-2
#g,’ #aqaz... a,$<.
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Notice that this derivation car®be constructed only for z that belong to T'F. Then,
$< is rewritten to ##. As a result,

S =g >(D,e)Sa =>2, >0, &)z =g #8z< =>'c“;,' #r8<d = HrHH
with the required properties. Thus, the claim holds. O

The following claim demonstrates how G’ simulates a direct derivation from
G—the heart of the construction.

Let z :>2, y denote the derivation x =7, y such that z = >(0,e)u<, y =
>(0,e)v<, u,v € V*, and there is no other occurrence of a string of the form
>(0,€)2<, z € V*, during z =%, y.

Claim 7. For every u,v € V*, it holds that
>(0,e)ud =&, >(0,e)va  if and only if u =g v.

Proof.

Only if: Let us show how G’ rewrites >(@,e)u< to >(0,¢)v<. The simulation
consists of two phases.

During the first, forward phase, G’ scans u to get all nonempty substrings of
length % or less. By repeatedly using productions (X, z)y — y{X U sub(zy, k), ),
X C M,z e (VFU{e}), y € V* (see (2) in the definition of P’), the occurrence
of a symbol with form (X,z) is moved toward the end of the sentential form.
Simultaneously, the substrings of u are collected in X. The forward phase is
finished by (X,z)y< — y| X Usub(zy,k)|<, z € (VFU{e}),y e VT, |y| < k (see
(3)); this production reaches the end of » and completes X = sub(u, k). Formally,

>(0,e)ux =%, pulX]<

such that X = sub(u, k).

The second, backward phase simulates the application of a conditional produc-
tion. Assume that u = u; Aus, uy,uz € V*, A € (V — T), and there exists a pro-
duction A — z € cf(P) such that (A - z, Per, For) € P for some Per, For C M,
where Per C X, For N X = 0. Let u;zus = v. Then, G’ derives

Du| X |< =%, >(0,e)va
by performing the following five steps:

(i) |X] is changed to [p], where p = A — ¢ satisfies the conditions above (see
(4) in the definition of P’).

(i) >ujAug[pl< is rewritten to >u; A[plug< by using the productions of the
form a[p] — [pla, a € V (see (5)).

(ili) >uyA[plus< is rewritten to >u; [@]zus< by using Afp] — [0z (see (6)).
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(iv) puy[@]zuz< is rewritten to >[@lu;zus<d b using the productions of the
form a[0] — [@]a, a € V (see (7)).
(v) Finally, >>[0] is rewritten to >(@,¢) by >[0] — >(0, ).
As a result, we obtain

>(0,e)u =%, bu|X|<d =g >u[p]<

2f

o D[0lva =g >{0,e)v<
Observe that this is the only way of deriving
> (B, e)ux =8, >0, ehva.

Let us show that u =g v. Indeed, the application of A{p] -~ [0]z implies that
there exists (A — z, Per, For) € P, where Per C sub(u, k) and For Nsub(u,k) =
f). Hence, there exists a derivation

U =g [p],
where u = uy Aug, v = wyzuy and p = (4 — z, Per, For) € P.

If. The converse implication is similar to the only-if part, so we leave it to the
reader. |

Claim 8. &' =>2, >(0,e)z< if and only if S =¢ z, forallz e V7.
Proof.

Only if: The only-if part is proved by induction on the ith occurrence of the
sentential form w satisfying w = > (0, e)u<, u € V*, during the derivation in G'.

Basis: Let i = 1. Then, ' =¢ >(0,¢)S< and S =Y S.
Induction Hypothesis: Suppose that the claim holds for all ¢ < h, for some h > 1.
Induction Step: Let i = h+ 1. Since h + 1 > 2, we can express

S =7, (B, e)z;<

S =L o)z =8, >(0,6)ziq,
where z;_1,x; € V*. By the induction hypothesis,

S :>*G Ti-1-
Claim 7 says that
>(0,e)z;—1< =>2, >{0,e)z;< if and only if z;_; =¢ ;.

Hence,
S ﬂz; ZTi—1 =q Ti,
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and the only-if part holds.

If: By induction on n, we prove that

S =% z implies S’ =%, >(0,¢)z<
foralln>0,zeVt,
Basis: For n =0, S =% S and §' =4 >(0,£)5<.

Induction Hypothesis: Assume that the claim holds for all n or less, for some
n > 0.

Induction Step: Let
S =7t g,
xz € V*. Because n + 1 > 1, there exists y € V1 such that
S=%y=>¢gu,
and by the induction hypothesis, there is also a derivation
8" =% o, e)y<.

From Claim 7 we have
>(0,e)y< =& >(0,¢)z<.

Therefore,
S =%, >0, ¢)z,

and the converse implication holds as well. O
From Claims 6 and 8 we see that any successful derivation in G’ is of the form
S =%, > (0,e)z<a =T, #aH#

such that
S=5z, zeTr.

Therefore, we have for each z € T, .
S =%, #x#4# ifandonlyif S =% z.

Define the homomorphism h over (T"U {#})* as h(#) = ¢ and h(a) = a for
all @ € T. Observe that h is 4-linear erasing with respect to L(G') (see page 98
in [161]). Furthermore, notice that h(L(G’)) = L(G). Because CS is closed under
linear erasing (see Theorem 10.4 on page 98 in [161]), L € CS. Thus, Lemma 6
holds. O

Theorem 12. prop-CG = CS.
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Proof. By Lemma 6, we have prop-CG C CS. CS C prop-CG holds true as
well. In fact, later in this book, we introduce several special cases of propagating
context-conditional grammars and prove that even these grammars generate CS
(see Theorems 26 and 28). As a result, prop-CG = CS. ]

Lemma 7. CG C RE.

Proof. This lemma follows from Church’s thesis. To obtain an algorithm convert-
ing any context-conditional grammar to an equivalent phrase-structure grammar,
use the technique presented in Lemma 6. O

Theorem 13. CG = RE.

Proof. By Lemma 7, CG C RE. Later on we define some special cases of context-
conditional grammars and demonstrate that they characterize RE (e.g., see The-
orems 19, 27, and 29). Thus, RE C CG too. [ |

4.1.2 Random-Context Grammars

This section discusses three special cases of context-conditional grammars whose
conditions are nonterminal symbols, so their degree is not greater than (1,1).
Specifically, random-contert grammars, also known as permitting grammars, are
of degree (1,0). Forbidding grammars are of degree (0,1). Finally, random-context
grammars with appearance checking are of degree (1,1).

Definition 10. Let G = (V,T, P,S) be a context-conditional grammar. G is
called a random-context grammar with appearance checking provided that every
(A — z, Per, For) € P satisfies Per C N and For C N.

Definition 11. Let G = (V, T, P, S) be a random-context grammar with appear-
ance checking. G is called a random-context grammar (an re-grammar for short) or
permitting grammar provided that every (A — =z, Per, For) € P satisfies For = .

Definition 12. Let G = (V,T, P, S) be a random-context grammar with ap-
pearance checking. G is called a forbidding grammar provided that every (4 —
x, Per, For) € P satisfies Per = {).

The following convention simplifies productions in permitting grammars and
forbidding grammars, respectively:

Convention 1. Let G = (V, T, P, S) be a permitting grammar, and let p = (4 —
z, Per, For) € P. Since by the definition For = §, we usually omit the empty set
of forbidding conditions. That is, we write (A — x, Per) when no confusion arises.

Let G = (V, T, P, S) be a forbidding grammar, and let p = (A — z, Per, For) €
P. Analogously, we write (A — x, For) instead of (A — z, Per, For) because
Per =0 forallpc P.
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The families of languages defined by random-context grammars, random-con-
text grammars with appearance checking, and forbidding grammars are denoted
by RC, RC(ac), and F, respectively. To indicate that only propagating grammars
are considered, we use the prefix prop-. That is, prop-RC, prop-RC(ac), and
prop-F denote the families of languages defined by propagating random-context
grammars, propagating random-context grammars with appearance checking, and
propagating forbidding grammars, respectively.

Example 1 ([43]). Let
= ({S,4,B,C,D,A',B',C’,a,b,c},{a,b,c}, P, S)
be a permitting grammar, where P is defined as follows:

P = {(S — ABC,0),

(A — ad’,{B}),
(B — bB',{C}),
(C — cC', {A'}),

EA' — A4, {B'}),
(
(
(

B b, {Ch,
(C -0}

Consider the word aabbce. G generates this word in the following way:

S = ABC = aA'BC = aA'bB'C = aA'bB'cC’' =
aAbB'cC’ = aAbBcC' = aAbBcC =
aabBcC => aabbcC = aabbcec.

Observe that G is a propagating rc-grammar and L(G) = {a"b"c" : n > 1}. Recall
that {a™b"c™ : n > 1} is a non-context-free language.

Example 2 ([43]). Let
G=({S,A,B,D,a},{a},P,S)

be an rc-grammar with appearance checking. The set of productions P is defined
as follows:
P ={(S— AA,0,{B,D}),
(A - B,9,{S,D}),
(B—8,0,{4,D}),
(A—D,0,{S,B}),
(D — a,0,{S, A, B})}.

Notice that G is a propagating forbidding grammar. For cacaaaca, G makes the
following derivation:

S = AA = AB = BB = BS = S5 = AAS = AAAA = BAAA =
BABA = BBBA = BBBB = SBBB = SSBB = SSSB =
SSSS = AASSS =3 AAAAAAAA =8 DDDDDDDD =28 aaaaaaaa.
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Clearly, G generates the non-context-free language L(G) = {a®" : n > 1}.

The generative power of random-context grammars is intensively studied in {43]
and [148], which present the next two theorems.

Theorem 14. CF C prop-RC C prop-RC(ac) C CS.

Proof. CF C prop-RC follows from Example 1. By the definition of rc-grammars
and rce-grammars with appearance checking, we have prop-RC C prop-RC(ac).
prop-RC(ac) C CS follows from Theorems 1.2.4 and 1.4.5 in [43]. [ ]

Theorem 15. prop-RC C RC ¢ RC(ac) = RE.

Proof. prop-RC C RC follows immediately from the definitions. By Theo-
rem 1.2.5 in [43], RC(ac) = RE. Furthermore, from Theorem 2.7 in Chapter
3 of Volume 2 of [157], it follows that RC ¢ RC(ac); thus, the theorem holds.

[ |

Lemma 8. ETOL C prop-F.
Proof (see [148]). Let L € ETOL, L = L(G) for some ETOL grammar,
G = (V,T,Pl,...,Pt,S).

Without loss of generality we can assume that G is propagating. Now we introduce
the alphabets

VA = {a®: aeV}, 1<i<t,
Vi = {d:aeV}

V" = {a": a€V},

V = {a:a€eT}

For w € V*, by w®, w', w”, and @ we denote the words obtained from w by
replacing each occurrence of a symbol a € V by a®, a’, a”, and @, respectively.
Let P’ be the set of all random-context productions defined as

1. for every a € V, add (o' — a",0,VUVO UVP U...uV®) to P/,

2. foreverya € V forall 1 €i-<t, add (a” — a®, 0, VUV UVOD UV Y
L UVED Y EHD g UV ®) to P

3. foralli e {1,...,t} for every a —» u € P;, add (a®) — «/,0, V" U V) to P';
4. foralla € T, add (o’ — a@,0, V" uVvOuv@uy...uv®) to P
5 forall a € T, add (@ — a,0, V' UV"UVOUV@A U...uV®) to P
Then, define the random-context grammar
G =WV'uv'uvuv@uv@uy.. . uv® 1 P 85",

which has only forbidding context conditions.
Let 2’ be a string over V’. To z’ we can apply only productions whose left-hand
side is in V.
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(i) We use a’ — o” for some a' € V'. Now the obtained sentential form contains
symbols of V' and V”. Hence we can use only productions of type (1).
Continuing in this way we get 2’ =7, z”. By analogous arguments we
now have to rewrite all symbols of z” by productions of (2) with the same
index (i). Thus, we obtain z(¥. Now to each symbol a® of z(*) we apply a
production a® — v/, where a — u € P;. Since again all symbols of z(*) have
to be replaced before starting with productions of another type, we simulate
a derivation step in G and get 2/, where z =>¢ z in G. Therefore, starting
with a production of (1), we simulate a derivation step in G, and conversely,
each derivation step in G can be simulated in this way.

(ii) We apply to &’ a production a’ — @. Next, each a’ of T' occurring in z’ has
to be substituted by @ and then by a using the productions of (5). Therefore,
we obtain a terminal word only if z’ € (T")*.

By these considerations the successful derivations in G’ are of the form

S’ =>q i =g’ S (io)
o 2] D5 2 S zizl)
Y R (in)
G’ “n G *n o’ Zn
=>*Gl Zn41 =>E.z Znt1 =>*G/ Zn41

and such a derivation exists if and only if
S=g21 =226 ... =G Zn =G Zn+l

is a successful derivation in G. In conclusion, L(G) = L(G’).
In order to finish the proof, it suffices to find a language that is not in ETOL
and can be generated by a forbidding grammar. A language of this kind is

L={b(ba™)"*: m>n >0},
which can be generated by the grammar
G=({S,AA,B,B'",B",C,D,E},{a,b}, P, s)
with P consisting of the following productions:

(S — SA,D,0),

(S—C,0,0),

(C - D,9,{S,A",B',B",D,E}),
(B — B'a,0,{S,C, E}),

(A — B"a,0,{S,C, E, B"}),
(A— Aa,0,{S,C, E}),
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(D — C,0,{A, B}),

(B' = B,0,{D}),

(B" — B,0,{D}),

(4" — 4,0,{D}),

(D— E,0,{S,A,A',B',B",C,E}),
(B —5,0,{S,4,4',B',B",C,D}),
(E —b,0,{S,A,A',B,B',B",C,D}).

First, we have the derivation
S =5 SA" =5 CA™ =g DA",

and then we have to replace all occurrences of A. If we want to replace an A by a
terminal word in some steps, it is necessary to use A — B”a. However, this can
be done at most once in a phase that replaces all A. Therefore, m > n. O

Theorem 16. CF C ETOL C prop-F C F C CS.

Proof. According to Example 2, we already have CF C prop-F. By [155] and
Lemma 8, CF C ETOL C prop-F. Moreover, in [148], Penttonen proved that
prop-F C F C CS. Therefore, the theorem holds. ]

The following corollary summarizes the relationships of language families gen-
erated by random-context grammars:

Corollary 7.
CF ¢ prop-RC C prop-RC(ac) C CS,

prop-RC C RC ¢ RC(ac) = RE,
CF Cc ETOL C prop-F C F c CS,

Open Problem. Consider the inclusions that are not proper in Corollary 7.
Which of them are, in fact, identities?

4.1.3 Generalized Forbidding Grammars

Generalized forbidding grammars introduced by Meduna in [104] represent a gen-
eralized variant of forbidding grammars (see Section 4.1.2) in which forbidding
context conditions are formed by finite languages.

Definition 13. Let G = (V,T, P, S) be a context-conditional grammar. If every
(A — z, Per, For) satisfies Per = (), then G is said to be a generalized forbidding
grammar (a gf-grammar for short).

The following convention simplifies the notation of gf-grammars:
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Convention 2. Let G = (V,T, P, S) be a gf-grammar of degree (r, s). Since every
(A — z, Per,For) € P implies Per = (), we omit the empty set of permitting
conditions. That is, we write (A — z, For) instead of (A — z, Per, For). For
simplicity, we also say that G’s degree is s instead of (r, s).

The families generated by gf-grammars and propagating gf-grammars of degree
s are denoted by GF(s) and prop-GF(s), respectively. Furthermore,

GF = G GF(s)

8=0
and
o0
prop-GF = U prop-GF(s).
=0
By analogy with Theorem 11, it is easy to see that gf-grammars of degree 0 are
ordinary context-free grammars:
Theorem 17. prop-GF(0) = GF(0) = CF.
Futhermore, gf-grammars of degree 1 are as powerful as forbidding grammars:
Theorem 18. GF(1) =F.
Proof. This simple proof is left to the reader. |
Theorem 19. GF(2) = RE.

Proof. It is straightforward to prove that GF(2) C RE; hence it suffices to prove
the converse inclusion.

Let L be a recursively enumerable language. Without loss of generality we can
assume that L is generated by a phrase-structure grammar,

G=(V,T,P,S),

of the Penttonen normal form (see Lemma 3) andlet N =V —-T.
Let @, $, S’ be new symbols and m be the cardinality of V U {@}. Clearly,
m > 1. Furthermore, let f be an arbitrary fixed bijection from V U {@} onto
{1,...,m} and f~! be the inverse of f.
The gf-grammar,
G'=\V'uv{esys}T1TP,5,

of degree 2 is defined as follows:

V! = WUV, where
W {[AB — AC,j]: AB— AC€ P, A\B,CeN,1<j<m+1},

I

W, {@,$,5’}, and V are pairwise disjoint alphabets. The set of productions P’ is
defined in the following way:



46 Chapter 4: Conditions Placed on the Use of Productions

1. Add (§' — @8, 0) to P'.
2.IfA—-zeP,Ac N,z € {e}UTUN?, then add (4 — z, {$}) to P’
3. f AB— AC € P, A,B,C € N, then:
(a) add (B — $[AB — AC,1],{8$}) to P’;
(b) for all j = 1,...,m, f(A) # j, add ((AB — AC,j] — [AB — AC,j +
1, {f~1(4)8$}) to P,

(c) add ([AB — AC, f(A)] — [AB — AC, f(A) +1],0) and ([AB —
AC,m+1] — C,0) to P'.

4. Add the following two productions (@ — &, NUW U{$}) and ($ — &, W) to
P,

Basic Idea. Basically, the application of AB — AC in G is simulated in G’
as follows: An occurrence of B is rewritten with ${AB — AC,1]. Then, the left
adjoining symbol of $ is checked not to be any symbol from (V U {@}) except A.
After this, the right adjoining symbol of § is [AB — AC, m + 1]. This symbol is
rewritten with C. Formal proof is given below.

Immediately from the definition of P’ it follows:
S’ =>2' z,
where z € (V' U {@, S'})*, implies
(1) §' & suba);
(IT) #sub((syw)—{enT < 1 such that if #wz = 1, then # gz = 1;
(III) if z ¢ T*, then the left-most symbol of z is @.

Next, we define a finite letter-to-letters substitution g from V* into (V')* such
that for all B e V,

9(B) ={B}U{|[AB — AC,j|]e W: AB—- AC€ P, AL CEeN, j=1,...,m+1}.

Let g~! be the inverse of g.
To show that L(G) = L(G'), we first prove that

S =%z ifandonlyif S :>g, z,

where ¢’ = Qv Xw', X € {$,¢}, v'v' € g(z), z € V*, for some n > 0, n' > 1.

Only if: This is established by induction on the length n of derivations; that is,
we have to demonstrate that S =& z, x € V*, n > 0, implies S =>JGr, z' for some
z’ such that '’ = @' Xw', X € {$,¢}, v'v' € g(z).
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Basis: Let n = 0. The only = is S because § =% S. Clearly, S’ =>¢ @S and
S € g(S).

Induction Hypothesis: Suppose that our claim holds for all derivations of length
at most n, for some n > 0.

Induction Step: Let us consider a derivation
S =>g+1 z,
x € V*. Since n+1 > 1, there is some y € V1 and p € P such that
S =2y =¢zp,
and by the induction hypothesis, there is also a derivation
S #’gl yl,
for some n’ > 1, such that ¢ = Qr'Ys’, Y € {8$,¢}, and v's’ € g(y).

(i) Let us assume that p=D — ys € P, D € N,y € {e}UTUN?, y =y, Dys,
Y1,Y3 € V*, £ = y1y2y3. From (2) it is clear that (D — yo, {$}) € P".

(a) Let $ & alph(y’). Then, we have y' = @r's’ = Qy; Dys,

S =>7&’: @y Dys = ¢ Quiyays (D — ye, {$})],

and y192y3 € g(y1y2y3) = g(x).

(b) Let Y = $ € sub(y’) and W Nsub(y’) = 0. Then, there is the following
derivation in G’

S’ =>’C1;, Qr'$s’ = @r's’ [(§ — &, W)
By analogy with (a) above, we have @r’'s’ = @y, Dy, and so

s =>7Cz:"+1 Qy; Dys = Quiy2ys [(D — y27{$})]1

where y1y2y3 € 9(z).

(c) Let ${AB — AC,i] € sub(y’) forsome i € {1,...,m+1}, AB— AC €
P, A,B,C € N. Thus, y = @r'${AB — AC,i]t, where s’ = [AB —
AC, i]t'. By inspection of the productions (see (3)) it can be seen (and
the reader should be able to produce a formal proof) that we can express
the derivation

Sl =>z;/ y’
in the following form:

S = @r'Bt'
s @S[AB — AC,1)t' (B — $[AB — AC,1],{$})]

=i'  Or'§{AB — AC,i]t'.
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Clearly, 'Bt’ € g(y) and $ ¢ sub{r'Bt’). Thus, r'Bt’ = y;Dys, and
there is a derivation

S' =% QyDys =¢ Qyiyays (D — y2, {8})]

and y132y3 € g(x).

(ii) Let p = AB — AC € P, A,B,C € N,y = y14Bys, 11,42 € V*, ¢ =
1 ACy2.

(a) Let $ & sub(y’). Thus, r's’ = y; ABy,. By inspection of the productions
introduced in (3) (technical details are left to the reader), there is the
following derivation in G':

!

5" =% ynABy
=g @y1A$[AB — AC, 1]y2
(B — $[AB — AC, 1], {8})]
o @y A${AB — AC,2]y,
[([AB — AC,1] — [AB — AC,2],{f7*(1)$})]

=g QyA$[AB — AC, f(A)ly2
{f71(£(4) = 1)$})]
So ©ABIAB - AC, f(A) + 1y,
[([AB — AC, f(A)] = [AB — AC, f(A) +1],0))

=g @y A$[{AB — AC,m + 1)y,

[([AB — AC,m] — [AB — AC,m + 1], {f ~1(m)$}))
=g’ @y1A$Cy2

[([AB — AC,m + 1] — C,0)]

such that y; ACys € g(y14Cys) = g(x).

(b) Let $ € sub(y’), sub(y’) N W = 0. Using an analogue from (i.b), the
derivation

S =t Qr'd,
where @r's’ = Qy; ABy», can be constructed in G’. Then, by analogy
with (ii.a), one can construct the derivation

S' =%, @y ABy; =7 Qy, ASCy,

such that y; ACy; € g(z).

(c) Let #((syw—{ep)¥ = 1. By analogy with (i.c), one can construct the
derivation

s’ =>;;: @yl ABys.
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Next, using an analogue from (ii.a), the derivation
-8 =>*G’ Qy, ABy, =>*G’ @y1A$Cy2
can be constructed in G’ such that y; ACys € g(z).

In (i) and (ii) above we have considered all possible forms of p. In cases (a), (b),
(c) of (i) and (ii), we have considered all possible forms of y’. In any of these cases
we have constructed the desired derivation of the form

! + !
=5z
such that ¢’ = @' Xs', X € {8,¢}, r's’ € g(z). So, we have established the only-if
part of our claim by the principle of induction.

If: This is also demonstrated by induction but in this case on n’. We have to
demonstrate that if §' =7, 2, ' = @r'Xs', X € {$,¢}, r's’ € g(z), z € V*, for
some n’ > 1, then S =7, =.

Basis: For n’ =1 the only 2’ is @S since S’ = @S. Because S € ¢(S), we have
z = S. Clearly, S =% S.

Induction Hypothesis: Assume that the claim holds for all derivations of length at
most n’ for some n’ > 1. Let us show that it is also true for n’ + 1.

Induction Step: Consider a derivation

'+l
S o T,

' =Q@r'Xs', X € {$,e}, r's’ € g(z), z € V*. Since n’ +1 > 2, we have
Sl é’g”l y, $G1 m, [p/]

for some p' = (Z' — w',For) € P,y = Qq¢'Yt,Y € {8,¢}, ¢'t' € g(y), y € V*,
and by the induction hypothesis,

S=5y.
Suppose:

(i) Z’ € N, w' € {e€} UT U N2 Inspecting P’ (see (2)) we have For = {$}
and Z’ — w’ € P. Thus, $ € sub(y’) and so ¢'t’ = y. Hence, there is the
following derivation

S =gy=gz[Z -]

(i) ¢g7YZ") = g7 }(w’). But then y = z, and by the induction hypothesis, we
have the derivation
S =6y
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(i) p' = (B — $[{AB — AC,1],{8}); that is, Z' = B, v’ = $§{AB — AC,1],
For = {8} and so w’ € {$}9(Z’), Y = ¢, X = §. By analogy with (ii) we get
S=¢y
and y = .
(iv) Z’ =Y =§; that is, p’ = (§ - ¢,W). Then, X =¢, r's’ = ¢'t/ € g(y), and
S=5y
(v) p =([AB — AC,m + 1] — C,0); that is, Z' = [AB — AC,m + 1], w’' =C,
For = (. From (3) it follows that there is a production of the form AB —
AC € P. Moreover, on inspecting (3), it is not too difficult to see (technical

details are left to the reader) that Y =8, ' = ¢/, t' = [AB — AC,m + 1]o’,
s’ = Co', and the derivation

SI =>g«’/ y, =>G' "E’ [p']
can be expressed in the form
S = @q’'Bo’
= Qq¢'$[{AB — AC,1]¢’ (B — $[AB — AC,1],{8})]

|
=% Q¢$[AB — AC,m+1)0 (]
=g Qq'$Co’ [([AB — AC,m + 1] — C, )],

where
h = hi([AB — AC, f(A)] — [AB — AC, f(A) + 1], 0)ha,
hy = ([AB — AC,1] — [AB — AC,2],{f~*(1)$})
(IAB — AC,2] — [AB — AC, 3], {f~1(2)$})
(IAB — AC, f(4) - 1] - [AB — AC, f(A)], {f~*(f(4) - )$}),
where f(A) =1 implies h; = ¢,
hy = ([AB — AC, f(A) + 1] — [AB — AC, f(4) + 2], {f~1(f(4) + 1)$})

(IAB — AC,m] — [AB — AC,m + 1}, {f~"(m)$}),

where f(A) = m implies hy = ¢; that is, the right-most symbol of ¢’ = 7/
must be A.

Since ¢'t’ € g(y), we have y = ¢'Bo’. Because the right-most symbol of ¢’ is
A and AB — AC € P, we get

S =% ¢'Bo’ =¢ ¢'Co’ [AB — AC),

where ¢'Co’ = .
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Now, regarding (i) through (v) and inspecting P’, we have considered all pos-
sible derivations of the form
S’ =>g// yl =g .’L”,
and thus we have established that
S=ga ifandonlyif § =7, o

where 2/ = @r' X ¢, r's’ € g(z), X € {$,¢}, £ € V*, by the principle of induction.
The proof of the equivalence of G and G' can easily be derived from above.
By the definition of g, we have g{a) = {a} for all a € T. Thus, we have for any
zeT*
S =gz ifandonlyif S =7 QrXs,

where X € {8,¢}, rs = z. If X =€, then
Qz = z [(@— e, NUW U {$})].
If X =8, then
Qr$s = Qz [($ — &, W) =g z [(@ -, NUW U{$})].

Hence,
S=%tz ifandonlyif §' =% =

for all z € T*, and so L(G) = L(G’). Thus, RE = GF(2). [ |
Theorem 20. GF(2) = GF = RE.
Proof. It follows immediately from the definitions and Theorem 19. ]

Note that in G’ in the proof of Theorem 19 only certain types of productions
are used, establishing the following normal form:

Corollary 8. Every recursively enumerable language L over some alphabet T' can
be generated by a gf-grammar G = (V,T,P U {p1,p2},S) of degree 2 such that

(i) (A — z,For) € P implies |z| = 2 and the cardinality of For is at most 1;
(ii) p; = (A; — g, For;), i = 1,2, where For; C V; that is, max(For;) < 1.

In fact, the corollary above represents one of the reduced forms of gf-grammars
of degree 2. Perhaps most important, it reduces the cardinality of the sets of
forbidding conditions so that if a production contains a condition of length two,
this condition is the only context condition attached to the production. Next, we
study another reduced form of gf-grammars of degree 2. We show that we can
stimultaneously reduce the number of conditional productions and the number of
nonterminals in gf-grammars of degree 2 without any decrease of their generative
power (see [136]).
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Theorem 21. Every recursively enumerable language can be defined by a general-
ized forbidding grammar of degree 2 with no more than 13 forbidding productions
and 15 nonterminals.

Proof. Let L be a recursively enumerable language. By Geffert [69], without loss
of generality we can assume that L is generated by a grammar G of the form

G=(V,T,PU{AB —¢,CD — ¢€},5)
such that P contains only context-free productions and
V-T={S,AB,C,D}.
We construct a gf-grammar G’ of degree 2 as follows:
G' =(V',T,P',S"), where
Vi=VUW,
W= {S,a@wAaB, <€A>a$a07Da <EC>7#}1 Vnw = 0
Let
N =(V'-T)-{5,@}.

Informally, N’ denotes the set of all nonterminals in G’ except S’ and @. Then,
the set of productions P’ is defined in the following way:

I.fH—-yeP,HeV ~T,ye€ V*, then add (H — y,0) to P'.
2. Add ($' — @SQ,0) and (@ — ¢, N') to P'.

3. Add o
(A — A {A)),
(B - B,{B}), _
(/1 — (EA),iAa : a€V' —{B}}),
(B—38,{aB: a€V'—{{ea)}}),
((ea) = &,{B}),
8 —e{(c)})

to P’.

4. Add o
(C— 8,48,
(D — D,{D}), -
(C —(ec),{Ca: ac V' —{D}}),
(D—#,{aD: acV'—{{ec)}})
((ec) — &, {D}),
(#— e, {{ec)})

to P'.

Next, we prove that L(G’) = L(G).
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Basic Idea. Notice that G’ has degree 2 and contains only 13 forbidding pro-
ductions and 15 nonterminals. The productions of (3) simulate the application of
AB — ¢ in G’ and the productions of (4) simulate the application of CD — ¢ in
Gl

Let us describe the simulation of AB — ¢. First, one occurrence of A and
one occurrence of B are rewritten with A and B, respectively (no sentential form
contains more than one occurrence of A or B) The right neighbor of A is checked
to be B and A is rewritten with (€4). Then, analogously, the left neighbor of B is
checked to be (¢4) and B is rewritten with $. Finally, (e a) and $ are erased. The
simulation of CD — ¢ is analogical.

To establish L{(G) = L(G’), we first prove the following claims:

Claim 9. S’ =%, w' implies that w' has one of the following two forms:
(I) w' =Q@z'Q, 2’ € (N'UT)*, alph(z') N N’ # §;
(I) v =Xz'Y, o' eT*, X,Y € {Q,¢e}.

Proof. Axiom §' is always rewritten with @S@. After this initial step, @ can
be erased in a sentential form provided that any nonterminal occurring in the
sentential form belongs to {@, S’} (see N’ and (2) in the definition of P’). In
addition, notice that only productions of (2) contain @ and S’. Thus, any sentential
form containing some nonterminals from N’ is of the form (I). :

Case (II) covers sentential forms containing no nonterminal from N’. At this
point, @ can be erased, and we obtain a word from L(G"). O

Claim 10. §' =}, w' implies #gw' < 1 for all X € {4, B,C,D} and some
w' e (V).

Proof. By inspection of productions in P’, the only production that can generate
X is of the form (X — X, {X}). This production can be applied only when no X

occurs in the rewritten sentential form. Thus, it is impossible to derive w’ from
S’ such that # gw' > 2. a

Informally, next claim says that every occurrence of (€4} in derivations from S5’
is always followed either by B or $, and every occurrence of (e¢) is always followed
either by D or #.

Claim 11. It holds that
(I) 8" =%, yi{ea)ys implies yp € (V')* and first(yy) € {B,$} for any ¢, €
vn*
(1) §' =% yi(ec)ys implies y, € (V)T and first(y;) € {13,#} for any ¥} €
(V')*.

Proof. We establish the proof by examination of all possible forms of derivations
that may occur when deriving a sentential form containing {(€4) or (e¢).



54

(D

Chapter 4: Conditions Placed on the Use of Productions

By the definition of P’, the only production that can generate (¢4) is p =
(A — - {ea), {Aa: a € V' = {B}}). The production can be used provided
that A occurs in a sentential form. It also holds that A has always a right
neighbor (as follows from Claim 9), and according to the set of forbiddirig
conditions in p, the only allowed right neighbor of A is B. Furthermore, by
Claim 10, no other occurrence of A or B can appear in the given sentential
form. Consequently, we obtain a derivation

S =t W, ABuly = u (€.4) Bul [p]

for some uf, uy € (V')*, A B¢ sub(ujub). Obviously, (€ 4) is always followed
by B in u}{4) Buj.

Next, we discuss how G’ can rewrite the subword (e A)E in uy (e A)ﬁu’z There
are only two productions having the nonterminals {(ea) or B on their left-
hand side, p; = (B — $,{aB: a€ V' — -{(ea)}}) and p2 = ((e4) — &, {BY).
G’ cannot use p; to erase (€ 4) in u} (€ 4) Buj, because p; forbids an occurrence
of B in the rewritten string. But we can use p; to rewrite B with  § because
its set of forbidding conditions defines that the left neighbor of B must be
just {¢4). Hence, we obtain a derivation of the form
S =% wABu, =g ui(ea)Buy [p]
=5 Vi(ea)Bry 2o unlea)by  [m]

Notice that during this derivation, G’ may rewrite u} and ) with some v}
and v}, respectively (vi,vy € (V')*); however, (e4)B remains unchanged
after this rewriting.

In this derivation we obtained the second symbol 8, which can appear as the
right neighbor of {¢4). It suffices to show that there is no other symbol that
can appear immediately after (¢4). By inspection of P, only ($ — ¢,{(c4)})
can rewrite $. However, this production cannot be applied when (g 4) occurs
in the given sentential form. In other words, the occurrence of § in the
subword (€.4)$ cannot be rewritten before (€ 4) is erased by p,. Hence, (e4)

is always followed either by Bor $, and thus the first part of Claim 11 holds.

By inspection of productions simulating AB — ¢ and CD — ¢ in G’ (see (3)
and (4) in the definition of P’), these two sets of productions work analo-
gously. Thus, part (II) of Claim 11 can be proved by analogy with part (I).

O

Let us return to the main part of the proof. Let g be a finite substitution from
(N'UT)* to V* defined as follows:

1.
2.

Forall X e V: ¢g(X)={X}
g(A) = {A}, g(B) = {B}, g((ca)) = {A}, 9(8) = {B, AB}.
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3. 9(C) = {C}, g(D) = {D}, g({ec)) = {C}, 9(#) = {C,CD}.
Having this substitution, we can now prove the following claim:

Claim 12. S =7 z if and only if S’ =>JC';, Q@z'@ for some z € g(z'}, z € V*,
' e (N'UT)*.

Proof. The claim is proved by induction on the length of derivations.
Only if . We show that
S=gz implies §' =7, QzQ,
where m > 0, z € V*; clearly z € g(z). This is established by induction on m.

Basis: Let m = 0. That is, S =% §. Clearly, §' =4 @SQ.

Induction Hypothesis: Suppose that the claim holds for all derivations of length
m or less, for some m > 0.

Induction Step: Let us consider a derivation
S=>ntl g zevn.
Since m + 1 > 1, there is some y € V* and p € PU{AB — ¢,CD — ¢} such that
S =% y=czp
By the induction hypothesis, there is a derivation
s’ =>2, @yQ.
There are three cases that cover all possible forms of p:

(i) p=H-—oy€ P, HeV T, yp € V*. Then, y = y1 Hy3 and = = y1yys,
¥1,Y3 € V*. Because we have (H — y3,0) € P/,

§' =%, Qy Hys@ =g Quiyays@ [(H — y2,0))
and y1yoy3 = .

(ii) p = AB — ¢. Then, y = y1ABys and = = y1¥3, y1,¥3 € V*. In this case,
there is the following derivation:

S =& QyiABy;Q

=>q @y14§y3@ %:v {Ai:})]
#Gl @ylABy3@ B’ {B}l] ~
(ea),{Aa: a€ V' - {B}})]

=qo  Qui{ea)ys@
=q’ @y1 $y3@

(4
3@ [(B
=e  Qyi(ea)Bys@ [(4
(B
(€
=¢  Qyiys@ ((
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(iif) p = CD — e. Then, y = y1CDy; and = = y;1¥3, ¥1,¥3 € V*. In this case,
there exists the following derivation:
S =t Qy,CDyz@

=g @y@!}ya@ ((

=g @uCDys@ [

=g  Qulec)Dys@ [(

=¢  Quilec)#y:@ [(

=¢  Qu#ysQ ((

=¢  QuyysQ [(

If: By induction on the length n of derivations in G’, we prove that
S’ =%, Qz'Q@ implies S =gz
for some z € g(z'), z € V*, 2’ e (N'UT)*, n > 1.

Basis: Let n = 1. According to the definition of P/, the only production rewriting
S’ is (S’ - @S@,0), and thus §' = @SQ. It is obvious that S =% S and
S e g(5).

Induction Hypothesis: Assume that the claim holds for all derivations of length n
or less, for some n > 1.

Induction Step: Consider a derivation

s’ @’é‘fl @zr'@, z' € (N'UT)™.

Since n + 1 > 2, there is some y’ € (N’ UT)™ and p’ € P’ such that
S =%, QY@ = Qz'Q [p'],
and by the induction hypothesis, there is also a derivation
S=¢y

such that y € g(y’).
By inspection of P’, the following cases (i) through (xiii) cover all possible
forms of p':

(i) =(H—>y2,0)e PP HeV-T,y, € V*. Then, y = yiHy}, =’ = yiy2v5,
y1,¥3 € (N'UT)*, and y has the form y = y; Zys, where y; € g(¥}), ys €
9(ys), and Z € g(H). Because for all X € V — T: g(X) = {X}, the only
Z is H; thus, y = y; Hys. By the definition of P’ (see (1)), there exists a
production p = H — y, in P, and we can construct the derivation

S =6 yiHys =6 y12y3 [p]

such that y1yay3 =z, ¢ € g(z').
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(i) ' = (A — A, {A}). Then, ¥’ = v} Ay}, =’ = v}, Ay}, ¥}, 44 € (N' UT)* and
Yy = y12ys3, wherey, € g(y1), ys € g(y3) and Z € g(A). Because g(4) = {4},
the only Z is A, so we can express y = y1 Ays. Having the derivation S =},

y such that y € g(y'), it is easy to see that also y € g(z’) because A € g(/?)

(i) p' = (B — B,{B}). By analogy with (ii), y' = y{Bys, ¢’ = ¢} By}, y =
y1Bys, where 31,55 € (N'UT)*, y1 € g(y1), ys € g(ys); thus, y € g(z')
because B € g(B).

(iv) p = (A > (e4),{Aa: a €V - {B}}). In this case, it holds that:

(a) application of p’ implies 4 € alph(y'), and moreover, by Claim 10,
#1v <1

(b) A has always a right neighbor in @y’@;

(c) according to the set of forbidding conditions in p', the only allowed right
neighbor of 4 is B.

Hence, y’ must be of the form ' = ylABy3, where y},y5 € (N'UT)* and
A¢ sub(y{ys). Then, 2’ =y} (EA)By3 and y is of the form y = y; Zys, where
y1 €9(y)), ys €g(ys) and Z € g(AB). Because g(Z}}) = {AB}, the only Z
is AB; thus, we obtain y = y; ABy3. By the induction hypothesis, we have
a derivation S =7, y such that y € g(y’). According to the definition of g,
y € g(z') as well because A € g({4)) and B € g(B).

(v) P = (B—$,{aB: ac V' —{{es)}}). Then, it holds that:

(a) Be alph(y’) and, by Claim 10, #5y' < I;
(b) B has always a left neighbor in @y'@;

(c) by the set of forbidding conditions in p’, the only allowed left neighbor
of Bis (e4).

Therefore, we can express y' = v} (€4)Byj, where v},y4 € (N’ UT)* and
B ¢ sub(yjys). Then, 2’ = yi{ea)$y} and y = y; Zys, where y; € g(v1),
ys € g(y5), and Z € g({e4)B). By the definition of g, g({e4)B) = {AB}, so
Z = AB and y = y1 ABys. By the induction hypothesis, we have a derivation
S =% y such that y € g(y'). Because A € g({ea)) and B € g(8), y € g(')
as well.

(i) ' = ((e4) — &, {B}). An application of ((¢4) — ¢, {B}) implies that (c4)
occurs in y'. Claim 11 says that (€4) has either Bor §$ as its right neighbor.
Since the forbidding condition of p’ forbids an occurrence of B in 3/, the
right neighbor of {(¢4) must be §. As a result, we obtain 3y’ = y{{ca)$v3,
where y{,y5 € (N'UT)*. Then, 2z’ = y;8$y3, and y is of the form y = y, Zys,
where y1 € g(¥1), ys € g(y3), and Z € g((e4)$). By the definition of g,
9({e4)$) = {AB,AAB}. If Z = AB, y = y; ABys. Having the derivation
S =% y, it holds that y € g(z') because AB € ¢($).
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(vii) p’ = (3 — &,{{ca)}). Then, ¢ = y{$y5 and &’ = yiy;, where yj,95 €
(N'UT)*. Express y = y1Zy3 so that y1 € g(y1), y3 € 9(y3), and Z € g(8),
where g($) = {B, AB}. Let Z = AB. Then, y = y1ABy3, and there exists
the derivation

S =% 11ABys =¢ y1ys [AB — ¢,

where y1y3 =z, = € g(z’).

In cases (ii) through (vii) we discussed all six productions simulating the ap-
plication of AB — ¢ in G’ (see (3) in the definition of P’). Cases (viii) through
(xiii) should cover the productions simulating the application of CD — ¢ in G’
(see (4)). However, by inspection of these two sets of productions, it is easy to
see that they work analogously. Therefore, we leave this part of the proof to the
reader.

We have completed the proof and established Claim 12 by the principle of
induction. O

Observe that L(G) = L(G’) can be easily derived from the above claim. Ac-
cording to the definition of g, we have g(a) = {a} for all a € T. Thus, from Claim
12, we have for any x € T™:

S =gz ifandonlyif § =7, @zQ.

Since
Q@z@ =2, z [(@ —» &, N')(@ — ¢, N')],

we obtain for any z € T™:
S=¢« ifandonlyif §' =7, =

Consequently, L(G) = L(G'), so the theorem holds. |

4.1.4 Semi-conditional Grammars

A semi-conditional grammar is a context-conditional grammar in which the cardi-
nality of any context-conditional set is no more than one. These grammars were
introduced and studied by Paun in [146].

Definition 14. Let G = (V,T, P,S) be a context-conditional grammar. G is
called a semi-conditional grammar (an sc-grammar for short) provided that every
(A — z, Per, For) € P satisfies |Per| <1 and |For| < 1.

Convention 3. Let G = (V, T, P, S) be a semi-conditional grammar, and let (4 —
z, Per,For) € P. In each (A — z, Per, For} € P we omit braces, and instead of
@, we write 0. For instance, we write (A — z, BC,0) instead of (4 — z, {BC},0).

The families of languages generated by sc-grammars and propagating sc-gram-
mars of degree (r, s) are denoted by SC(r, s) and prop-SC(r, s), respectively. The
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families of languages generated by sc-grammars and propagating sc-grammars of

any degree are defined as
oo o0

sc=|J |Jsc(rs)

r=08=0
and
[o < BN o]
prop-SC = U U prop-SC(r, s).
r=0s=0

First, we give examples of sc-grammars with degrees (1,0), (0,1), and (1,1).

Example 3 ([146]). Let us consider an sc-grammar
G = ({Sv A’ B’ Ala B/a a, b}’ {aa b}» P» S)v

where
P={(S— AB,0,0),(A— A’A’, B,0),
(B — bB',0,0),(4’ — A, B,0),
(B" - B,0,0),(B — b,0,0),
(A’ = a,0,0),(A — q,0,0)}.

Observe that A can be replaced by A’A’ only if B occurs in the rewritten string,
and A’ can be replaced by A only if B’ occurs in the rewritten string. If there is an
occurrence of B, the number of occurrences of A and A’ can be doubled. However,
the application of (B — bB’,0,0) implies an introduction of one occurrence of b.
As a result,

LGy={a": m>1,1<n<2™},
which is not a context-free language.

Example 4 ([146]). Let
G = ({Sa A,B,A',A",B’,a,b,c},{a,b,c},P, S)7
where
P={(S— AB,0,0),(A— A’,0,B),
(A" — A"A",0,c), (A" — A,0,B),
(B - bB’,0,0),(B' — B,0,0),

(B —¢,0,0),(A — a,0,0),
(A" — a,0,0)}.

In this case, we get a non-context-free language
L(G) = {a™™c: m >0, 1<n< 2™}
Example 5. Let

G=({5PQ,R,X)Y, Z,a,b,cde,f}, {abcdef},PS)
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be an sc-grammar, where the set of productions is defined as follows:

(P — aXb,Q,Z),
(Q —cYd, X, Z),
(R—eZf, X,Q),
(X =P, Z,Q),
(Y — Q,P,R),
(Z - R,PY),
(P—¢,Q,2),
(@ — &R, P),
(R—¢,0,Y)}.

Note that this grammar is an sc-grammar of degree (1,1). Consider aabbceddee ff .
For this word, G makes the following derivation:

S = PQR = aXbQR = aXbcYdR = aXbcYdeZf =
aPbcYdeZ f = aPbcQdeZ f = aPbcQdeRf =
aaXbbcQdeRf = aaXbbecYddeRf = aaXbbecY ddeeZ ff =
aaPbbccY ddeeZ ff = aaPbbecQddeeZ ff = aaPbbccQddeeRff =
aabbecQddee Rff = aabbceddeeRff = aabbecddeeff.

Clearly, G generates the following language:
L(G) = {a"b"c"d"e™ f™ : n > 0}.
As is obvious, this language is non-context-free.

The following theorems deal with the generative power of semi-conditional
grammars.

Theorem 22. prop-SC(0,0) = SC(0,0) = CF.
Proof. Follows trivially from the definitions. [ ]
Theorem 23. CF C prop-SC(1,0), CF C prop-SC(0,1).

Proof. In Examples 3 and 4, we show propagating sc-grammars of degrees (1,0)
and (0, 1) that generate non-context-free languages. Therefore, the theorem holds.
|

Theorem 24. prop-SC(1,1) C CS.
Proof. Consider a propagating sc-grammar of degree (1,1),
G=(V,T,P,S).

If (A — z,A,3) € P, then the permitting condition A does not impose any
restriction. Hence, we can replace this production by (4 — z,0,8). If (4 —
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z,a,A) € P, then this production cannot ever by applied; thus, we can remove
it from P. Let T" = {a’': a € T}and V' = VUT' U{5,X,Y}. Define a
homomorphism 7 from V* to ((V — T) U (T"))* as 7(a) = a’ for all a € T and
7(A) = A for every A € V — T. Furthermore, introduce a mapping w from
V U {0} to 2(V=T0UT") a5 g(0) = 0, g(a) = {a’} for all @ € T, and g(A) = {4}
for.all A € V — T. Next, construct a propagating random context grammar with
appearance checking

G =(V,Tu{c}, P, S,
where

P = {(§8 — §X,0,0),(X — Y,0,0),(Y — ¢,0,0)} U
{(4 > r(@),w(@U{X},w(B): (A>z,0,8) €P}U
{(d/ - a,{Y},0): a€T}.

It is obvious that L(G') = L(G){c}. Therefore, L(G){c} € prop-RC(ac). Be-
cause prop-RC(ac) is closed under restricted homomorphisms (see [43], page 48),
and by Theorem 14 it holds that prop-RC(ac) C CS, we obtain prop-SC(1,1) C
CS. [ |

The following corollary summarizes the generative power of propagating sc-
grammars of degrees (1,0), (0,1), and (1,1); that is, propagating sc-grammars
containing only symbols as their context conditions.

Corollary 9.

CF C prop-SC(0,1) C prop-SC(1,1).
CF C prop-SC(1,0) C prop-SC(1,1).
prop-SC(1,1) C prop-RC(ac) C CS.

The next theorem says that propagating sc-grammars of degrees (1,2), (2,1)
and propagating sc-grammars of any degree generate exactly the family of context-
sensitive languages. Furthermore, if we allow erasing productions, these gram-
mars generate even the family of recursively enumerable languages. Note that
in the next section, we prove a stronger result in terms of a special variant of
sc-grammars—simple semi-conditional grammars. Therefore, we omit the proof
here; for a rigorous proof, see Theorems 28 and 29 in Section 4.1.5.

Theorem 25.

CF
C
prop-SC(2,1) = prop-SC(1, 2) = prop-SC = CS
C
SC(2,1) = SC(1,2) = SC = RE.
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4.1.5 Simple Semi-conditional Grammars

Simple semi-conditional grammars, a special case of semi-conditional grammars,
were introduced by Meduna and Gopalaratnam in 1994 (see [129]). Informally,
a simple semi-conditional grammar is defined as an sc-grammar in which every
production has no more than one condition.

Definition 15, Let G = (V, T, P, S) be a semi-conditional grammar. G is a simple
semi-conditional grammar (an ssc-grammar for short) if (A — z, o, 8) € P implies

0 € {a,B}.

The families of languages generated by ssc-grammars and propagating ssc-
grammars of degree (r, s) are denoted by SSC(r, s) and prop-SSC(r, s), respec-
tively. Furthermore,

SSC = D G SSC(r,s)
=0 8==0

and
o o0

prop-SSC = U U prop-SSC(r, s).
r=03s=0
The following proposition provides an alternative definition based on context-
conditional grammars.

Proposition 1. Let G = (V,T, P, S) be a context-conditional grammar. G is
a simple semi-conditional grammar if and only if every (A — =z, Per,For) € P
satisfies |Per| + |For| < 1.

Example 6. Let
G= ({54 X,C,Y,a,b},{a,b},P,S)

be an ssc-grammar, where

P={(S§— AC,0,0),
(A — aX),Y,0),
(C—Y,4,0),
(Y - Cc,0, A),
(A — ab,Y,0),
(Y —>C,0,A),
(X - A,C,0)}.

Notice that G is propagating, and it has degree (1,1). Consider aabbce. G derives
this word as follows:

S = AC = AY = aXbY = aXbCc =
aAbCec = aAbY ¢ = aabbY ¢ = aabbec

Obviously,
L(G) = {a™b"c" : n>1}.
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Example 7. Let
G=({SA4,B,X,Y,a},{a},P,S)
be an ssc-grammar, where P is defined as follows:
P={(5—a00),
(S — X,0,0),
(X - YB,0,4),
(X —aB,0,A),
(Y — XA,0,B),
(Y — aA,0,B),
(A— BB, XA,0),
(B— AAYB,0),
(B — a,qa,0}}.

G is a propagating ssc-grammar of degree (2,1). Consider the word aaaaaaaa. G
derives this word as follows:

S=X=YB=YAA = XAAA = XBBAA = XBBABB =
XBBBBBB = aBBBBBBB = aBBaBBBB =% aacaaaaa.

It is obvious that G generates the following language:

L(G) = {a®" : n > 0}.
Recall that {a®" : n > 0} is not a context-free language.
Theorem 26. prop-SSC(2,1) = CS.

Proof. Because prop-SSC(2,1) C prop-CG and by Lemma 6 prop-CG C CS,
it suffices to prove the converse inclusion.

Let G = (V,T, P, S) be a context-sensitive grammar in Penttonen normal form
(see Lemma 2). We construct an ssc-grammar,

G' = (VUW,T,P,S),
that generates L(G). Let
W={B: AB—AC€P, AB,CeV -T}.
Define P’ in the following way:
lLIfA—zeP, AcV-T,2€TU(V-T)2? then add (4 — z,0,0) to P’.

2. f AB — AC € P, A,B,C € V-T, thenadd (B — B,0, B), (B — C, AB,0),
(B — B,0,0) to P

Notice that G’ is a propagating ssc-grammar of degree (2,1). Moreover, from (2),
we have for any B € W,

S =¢ w implies #zw <1
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for all w € (V'}*, because the only production that can generate B is of the form
(B — B,0, B).

Let g be a finite substitution from V* into (V U W)* defined as follows: for all
DeV,

1. if D € W, then g(D) = {D, D};
2. if D ¢ W, then g(D) = {D}.

Claim 13. For any z € Vt, m,n > 0, S =% z if and only if S =7, 2’ with
z' € g(z).

Proof.
Only if: This is proved by induction on m, m > 0.

Basis: Let m = 0. The only z is S as § =% S. Clearly, S =¢ S forn=0and
S € g(S).

Induction Hypothesis: Assume that the claim holds for all derivations of length m
or less, for some m > Q.

Induction Step: Consider a derivation

+1
S=a" =z,

where £ € V*. Because m + 1 > 1, there is some y € V* and p € P such that
S =% y=g z[p

By the induction hypothesis,
S :>1C7;v/ y/

for some y’' € g(y) and n > 0. Next, we distinguish between two cases: case (i)
considers p with one nonterminal on its left-hand side, and case (ii) considers p
with two nonterminals on its left-hand side.

(i) Letp=D -y e P,DeV-T,y, e TU(V-T)% y =y Dys, y1,y3 € V*,
T = y1yays, ¥ = y1Xy5, ¥1 € 9(11), v3 € 9(y3), and X € g(D). By (1) in
the definition of P/, (D — ¥2,0,0) € P. If X = D, then

S =% y1 Dys =¢ y1%2y5 (D — y2,0,0)].

Because 1 € g(y1), y3 € g(ys), and y2 € g(y2), we obtain yjyay; €
9(yiyays) = g(z). If X = D, we have (X — D,0,0) in P, so

S =¢ niXys =g v1Dys =g vivays [(X — D,0,0)(D — y2,0,0)],

and y1y2y3 € g(x).
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(ii) Let p = AB —- AC € P, AAB,C € V-T, y = 112ABys, y1,42 € V*,
=y ACy2, ¥y =y XYy3, y1 € g(11), y2 € 9(y2), X € g(4), and Y € g(B).
Recall that for any B, #zy' <1 and (B — B,0,0) € P'. Then,

y' =& y1ABy;
for some 7 € {0,1,2}. At this point, we have
S =% yiABy, o
=¢ YABy; [(B— B,0,B)]
=¢ nACy, [(B— C,AB,0)],
where yy ACy} € g(z).
If: This is established by induction on n > 0; in other words, we demonstrate that
if § =7, ¢’ with 2’ € g(z) for some x € V™, then § = z.

Basis: For n = 0, z’ surely equals S as S =>%, S. Because S € ¢(S), we have
r=_5. Clearly, S =% S.

Induction Hypothesis: Assume that the claim holds for all derivations of length n
of less, for some n > 0.

Induction Step: Consider a derivation,
+1

S =" 7,

z' € g(z), z € Vt. Asn+1 > 1, there exists some y € V¥ such that
S =>gl yl =>Gl fL'/ [p],
y' € g(y). By the induction hypothesis,
S =5y

Let ¥ = y1B'v3, ¥y = y1By2, 1 € 9(n1), ¥3 € 9(v2), v1,y2 € V*, B’ € g(B),

BeV -T,z =y\2'yy,and p= (B’ — 2/,a,0) € P'. The following three cases
cover all possible forms of the derivation step ¥’ =¢ 2’ [p].

(i) 2’ € g(B). Then,
S =g nBy,,

where y}2'y5 € g(y1Byz); that is, 2’ € g(y1 By2).

(i) B=BeV-~T,2 e TU(V-T)% a=L8 =0 Then, there exists a
production, B — 2’ € P, so

S =% nBy: =¢ n12'y2 [B— 2]

Since 2’ € g(z’), we have = = y;2'ys such that 2’ € g(z).
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(iii) B’ = B,z =C,a=AB,3=0, A, B,C € V ~T. Then, there exists
a production of the form AB — AC € P. Since #zy' <1, Z = B, and
AB € sub(y'), we have y] = u'A, y; = ud, v € g(u) for some u € V*. Thus,

S =% uABys =¢ uACy, [AB — AC|,
where uACy, = y1Cys. Because C € g(C), we get z = y1Cy, such that
z' € g(x).

As cases (i) through (iii) cover all possible forms of a derivation step in G’, we
have completed the induction step and established Claim 13 by the principle of
induction. O

The statement of Theorem 26 follows immediately from Claim 13. Because for
all a € T, g(a) = {a}, we have for every w € T,

S=tw ifandonlyif S =g w.
Therefore, L(G) = L(G"), so the theorem holds. |

Corollary 10. prop-SSC(2,1) = prop-SSC = prop-SC(2,1) = prop-SC =
Cs.

Proof. 1t follows from Theorem 26 and the definitions of propagating ssc-gram-
mars. g

Next, we turn our investigation to the ssc-grammars of degree (2, 1) with eras-
ing productions. We prove that these grammars generate precisely the family of
recursively enumerable languages.

Theorem 27. SSC(2,1) = RE.

Proof. Clearly, SSC(2,1) C RE; hence it suffices to show that RE C SSC(2,1).
Every recursively enumerable language, L € RE, can be generated by a phrase-
structure grammar G in Penttonen normal form (see Lemma 3). That is, G’s
productions are of the form AB — AC or A — z, where A,B,C € V - T,
z € {e} UT U (V — T)2. Thus, the inclusion RE € SSC(2,1) can be proved by
analogy with the proof of Theorem 26. The details are left to the reader. ]

Corollary 11. SSC(2,1) = SSC = SC(2,1) = SC = RE.

To demonstrate that propagating ssc-grammars of degree (1,2) characterize
CS, we first establish a normal form for context-sensitive grammars.

Lemma 9. Every L € CS can be generated by a context-sensitive grammar,
G= ({S} UNcrpUNgsUT, T, P, S),

where {S}, Nor, Ncs, and T are pairwise disjoint alphabets, and every production
in P is either of the form S — aD or AB — AC or A — z, where a € T,
De NC'F U {8}; Be NCS} A,C € NCF; TE NCS uTu (Uf:l N&'F)
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Proof. Let L be a context-sensitive language over an alphabet, T. Without loss of
generality, we can express L as L = L, ULy, where Ly C T and Ly € TT+. Thus,
by analogy with the proofs of Theorems 1 and 2 in [146], Lo can be represented
as Ly = {J,epaLqa, where each L, is a context-sensitive language. Let L, be
generated by a context-sensitive grammar,

G, = (N¢r, UNgs, UT, T, P,, S,),

of the form of Lemma 4. Clearly, we can assume that for all as, the nonterminal
alphabets Ncop, and Ngg, are pairwise disjoint. Let S be a new start symbol.
Consider the context-sensitive grammar

G =({S}UNcrUNgsUT,T, P, S)

defined as
NCF = UaETNCFay
NCS = UGET NCS.;’
P = UaeTPaU{S_’aSaZGET}U{S%a:aGLl}.

Obviously, G satisfies the required form, and we have
L(G) = Ly U (U, er aL(Ga)) = L1 U (User aLa) = Li ULy = L.
Consequently, the lemma holds. O

We are now ready to characterize CS by propagating ssc-grammars of degree
(1,2).

Theorem 28. CS = prop-SSC(1,2).

Proof. By Lemma. 6, prop-SSC(1,2) C prop-CG C CS; thus, it suffices to prove
the converse inclusion.

Let L be a context-sensitive language. Without loss of generality, we can
assume that L is generated by a context-sensitive grammar,

G =({S}UNcrUNcsUT,T,P,S)
of the form of Lemma 9. Set
V={S}UNcrUNCSUT.

Let g be the cardinality of V; ¢ > 1. Furthermore, let f be an arbitrary fixed
bijection from V onto {1,...,q}, and let f~! be the inverse of f. Let

G=(V,T,P,S)

be a propagating ssc-grammar of degree (1,2), in which

4
V= (i=U1W,~)UV,
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where
Wy = {(a,AB — AC,5): a€T, AB— AC € P, 1<j <5},
W = {[a,AB — AC,j]: aeT, AB—- ACeP, 1<j<q+3},
W = {B,B’,B": BENcs},
W, = {a: aeT}.

P is defined as follows:
1.IfS—aAeP,acT, Ac (NcrU{e}), then add (S — @4,0,0) to P.

2IfaeT, A—-z€P, A€ Ner,z € (V-{SHU (Ncr)?, then add
(A —z,a,0) to P.

3. faeT, AB— AC € P, A,C € Nor, B € Ngg, then add the following
productions to P’ {an informal explanation of these productions can be found
below):

(a) (@— (a,AB — AC,1),0,0).

(b) (B — B, {a,AB — AC,1),0).

(c) (B — B, {a, AB — AC,1),0).

(d) ({a,AB — AC,1) — (a, AB — AC,2),0, B).

(e) (B — B",0,B").

(f) ((a,AB — AC,2) — (a, AB — AC,3),0, B).

(g) (B" — [a,AB — AC, 1], (a, AB — AC,3),0).
) (

(h [a AB — AC ]] [a,AB s AC,] + 1],07f~1(j)[avAB - AC’JD’
forall j=1...q, f(4) #].

(i) ([a, AB — AC, f(4)] — [a, AB — AC, f(4) +1],0,0).
() (la,AB— AC,q+1] — [a,AB — AC,q+2],0,B'[a, AB — AC,q+1]).

(k) ([a,AB — AC,q+2] — [a,AB — AC,q+3],0,{a, AB — AC,3)[a,AB
— AC,q + 2]).

() ((a,AB — AC,3) — (a, AB — AC,4),[a,AB — AC,q + 3],0).
(m) (B’ — B,(a, AB — AC,4),0).
(n) ({a,AB — AC,4) — (a,AB — AC,5),0,B’).
(o) ([a,AB — AC,q+ 3] — C, {a, AB — AC,5),0).
(p) ({a,AB — AC,5) — @,0,[a, AB — AC,q+3]).

4. If a € T, then add (@ — «,0,0) to P.
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Basic Idea. Let us informally explain the basic idea behind (3)—the heart of all
the construction. The productions introduced in (3) simulate the application of
productions of the form AB — AC in G as follows: an occurrence of B is chosen,
and its left neighbor is checked not to belong to V — {A}. At this point, the left
neighbor necessarily equals A, so B is rewritten with C.

Formally, we define a finite letter-to-letters substitution g from V* into V* as
follows:

(a) If D € V, then add D to ¢g(D).

(b) If (a,AB — AC,j) e W1,a €T, AB— AC € P, B € N¢s, A,C € Ncr,
je€{1,...,5}, then add (a, AB — AC,j) to g(a).

(c) If [a,AB — AC,jl € W3, a €T, AB - AC € P, B € N¢g, A,C € N¢r,
je{1,...,q+ 3}, then add [a, AB — AC, j] to g(B).

(d) If {B,B’,B"} C Ws, B € Ngs, then include {B, B, B"} to g(B).
(e) If a € Wy, a € T, then add a to g(a).

Let g~! be the inverse of g. To show that L(G) = L(@), we first prove three
claims.

Claim 14. § =% z, z € V*, implies z € T(V — {S})*.

Proof. Observe that the start symbol, S, does not appear on the right side of any
production and that S — z € P implies z € T UT(V — {S}). Hence, the claim
holds. O

Claim 15. If § =>§ T, T € ‘7*, then = has one of the following seven forms:
(i) z = ay, wherea € T, y € (V — {S}H*.
(it) = = ay, where a € Wy, y € (V — {SH)*.

(ii) = = {a, AB — AC, 1)y, where {a,AB — AC,1) € W1, y € (V- {S}H U
{B’7B,B”})*l #B”y <1
(i) z = {a, AB — AC,2)y, where {a,AB — AC,2) € Wi,y € (V-{S,B})U

o~

{B',B,B"})", #py <1

(v) = = (a, AB — AC,3)y, where (a, AB — AC,3) € Wy, y e (V —-{S5,B})U
{B'})*({la,AB — AC,j]: 1<3j <q+3}u{e, B"H{(V — {5, B}) U{B'})".

(vi) z = (a, AB — AC,4)y, where {(a,AB — AC,4) € W, y € (V- {SHhu
{B'})*[a,AB — AC,q +3|((V - {Shu{B'H".

(vii) £ = (a, AB — AC,5)y, where {(a, AB — AC,5) € W1,
y€ (V- {SH*{la,AB — AC,q+3],e}(V - {S})*.
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Proof. The claim is proved by induction on the length of derivations.

Basis: Consider S =5z, x € 1 By inspection of the productions, we have
S =5 aA [(S — a4,0,0)]

for some @ € Wy, A € ({e} U Nor). Therefore, z = @ or = aA; in either case, z
is a word of the required form.

Induction Hypothesis: Assume that the claim holds for all derivations of length at
most n, for some n > 1.

Induction Step: Consider a derivation of the form
S =>g+1 z,

where £ € V*. Singe n > 1, we have n + 1 > 2. Thus, there is some z of the
required form, z € V*, such that

S’=>%z=>c~',sz]

for some p € P.

Let us first prove by contradiction that the first symbol of 2 does not belong to
T. Assume that the first symbol of z belongs to T'. As z is of the required form,
we have 2z = ay for some a € (V — {S})*. By inspection of P, there is no p € P
such that ay =5 = [p], where = € V*. We have thus obtained a contradiction, so
the first symbol of z is not in T'.

Because the first symbol of z does not belong to T, z cannot have form (i); as
a result, z has one of forms (ii) through (vii). The following cases (I) through (VI)
demonstrate that if z has one of these six forms, then z has one of the required
forms, too.

(I) Assume that z is of form (ii); that is, z = ay, @ € Wy, and y € (V — {S})*.
By inspection of the productions in P, we see that p has one of the following
forms (a), (b), and (c):

(a) p= (A — v,a,0), where A € Ngr and u € (V — {S}) U NZg;
(b} p=(a — (a, AB — AC,1),0,0), where (a, AB — AC,1) € Wy;
(c) p=(@ — a,0,0), where a € T..

Note that productions of forms (a), (b), and (c) are introduced in construc-
tion steps 2, 3, and 4, respectively. If p has form (a), then z has form (ii).
If p has form (b), then z has form (iii). Finally, if p has form (c), then z
has form (i). In any of these three cases, we obtain z that has one of the
required forms.

(II) Assume that 2z has form (iii); that is, 2 = (a,AB — AC, 1)y for some
(a,AB — AC,1) e Wy, y € (V — {S}) U{B’, B, B"})*, and #p»y < 1. By
the inspection of 13, we see that z can be rewritten by productions of these
four forms:
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(111

(Iv)

(a) (B — B',{a, AB — AC, 1),0).
(b) (B — B, {a, AB — AC, 1),0).
(C) (§ nd BH, Ov B”) if B” ¢ alph(y), that iS, #B/ly =0.

(d) ((a,AB — AC,1) — (a,AB — AC,2),0,B) if B ¢ alph(y); that is,
#B8Y = 0;

Clearly, in cases (a) and (b), we obtain z of form (iii). If 2 = z [p], where
p is of form (c), then #prz = 1, so'we get z of form (iii). Finally, if we use
the production of form (d), then we obtain z of form (iv) because # g2z = 0.

Assume that z is of form (iv); that is, 2 = (a,AB — AC,2)y, where
(a,AB — AC,2) € Wy, y € (V — {S,B}) U{B', B,B"})*, and #p-y < 1.
By inspection of 13, we see that the following two productions can be used
to rewrite z:

(a) (B — B”,0,B") if B” ¢ alph(y).
() ({a, AB — AC,2) — (a, AB — AC,3),0, B) if B ¢ alph(y).

In case (a), we get z of form (iv). In case (b), we have # gy = 0, so #5z = 0.
Moreover, notice that #prz < 1 in this case. Indeed, the symbol B” can
be generated only if there is no occurrence of B” in a given rewritten word,
s0 no more than one occurrence of B” appears in any sentential form. As
a result, we have #pn(a, AB —~ AC,3)y < 1; that is, #p+z < 1. In other
words, we get z of form (v).

Assume that z is of form (v); that is, z = (¢, AB — AC,3)y for some
(6,AB — AC,3) € W1, y € ((V - {S,B}) U{B'})*({le, AB — AC,j] :
1< <qg+3u{B"e})((V - {S,B}) U{B'})*. Assume that y = 1Yy,
with y1,y2 € (V—{S,B})U{B’})*. If Y = ¢, then we can use no production
from P to rewrite z. Because z =& T, we have Y # ¢. The following cases
(a) through (f) cover all possible forms of Y.

(a) Assume Y = B”. By inspection of P, we see that the only production
that can rewrite z has the form

(B"” - [a,AB — AC,1],{(a, AB — AC,3),0).

In this case, we get z of form (v).

(b) Assume Y = [a,AB — AC,jlw, j € {1,...,q}, and f(A) # j. Then, z
can be rewritten only according to the production

(la,AB — AC,j] — [a,AB — AC,j +1],0,f*(j)[a, AB — AC, j]),

which can be used unless the right-most symbol of (a, AB — AC,3)y;
is f71(j). Clearly, in this case we again get = of form (v).
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(c) Assume Y = [a,AB — AC,j], j € {1,...,q}, f(A) = j. This case
forms an analogy to case (b), except that the production of the form

([a,AB — AC, f(A)] — [a¢,AB — AC, f(A)+1},0,0)

is now used.

(d) Assume Y = [a, AB — AC,q + 1]. This case forms an analogy to case
(b); the only change is the application of the production
(la,AB — AC,q+1] — [a,AB — AC,q+2],0,B'[a, AB — AC,q+1]).

(e) Assume Y = [a, AB — AC,q + 2]. This case forms an analogy to case
(b) except that the production

(la,AB — AC,q+ 2] — [a,AB — AC,q +3],0,
{(a, AB — AC,3)[a,AB — AC,q+2])
is used.
(f) Assume Y = [a, AB — AC, q + 3]. By inspection of P, we see that the
only production that can rewrite 2 is
({a,AB — AC,3) — (a,AB — AC,4),[a, AB — AC,q +3],0).
If this production is used, we get z of form (vi).

(V) Assume that z is of form (vi); that is, z = (a, AB — AC, 4)y, where (a, AB —
AC,4) e Wrandy e (V- {SHU {B'H*[a,AB — AC,q+ 3}((V - {S}Hu
{B’})*. By inspection of P, these two productions can rewrite z:

(a) (B’ — B,{a,AB — AC,4),0).
(b) ({(a,AB — AC,4) — (a, AB — AC,5),0,B’) if B’ ¢ alph(y).

Clearly, in case (a), we get = of form (vi). In case (b), we get z of form (vii)
because #py=0,s0 y € (V — {S})*{[a, AB — AC,q + 3],e}(V — {SH™*
(VI) Assume that z is of form (vii); that is, z = (a,AB — AC,5)y, where
(a,AB — AC,5) € W1 and y € (V — {§})*{[a, AB — AC,q +3],e{V —
{S})*. By inspection of P, one of the following two productions can be used
to rewrite z:
(a) ([a,AB — AC,q+ 3] — C, (a, AB — AC, 5),0).
(b) ({a,AB — AC,5) — @,0,[a,AB — AC,q+3]) if [a, AB — AC,q+3] ¢
alph(z).

In case (a), we get x of form (vii). Case (b) implies #[; aB—AacC,q+3¥ = 0;
thus, z is of form (ii).

This completes the induction step and establishes Claim 15. |
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Claim 16. It holds that
S=Fw ifandonlyif S =z v

where v € g(w) and w € V¥, for some m,n > 0.
Proof.

Only if: The only-if part is established by induction on m; that is, we have to
demonstrate that
S =g w implies S=%v

for some v € g(w) and w e V.

Basis: Let m = 0. The only w is S because § =% S. Clearly, S =>% S, and
S € g(S).

Induction Hypothesis: Suppose that our claim holds form all derivations of length
m or less, for some m > 0.

Induction Step: Let us consider a derivation,

+1
S =g z,

where £ € V*. Because m + 1 > 1, there are y € V* and p € P such that
S =% y=¢czp
and by the induction hypothesis, there is also a derivation
n ~

for some ¥ € g(y). The following cases (i) through (iii) cover all possible forms of
p:

(i) Let p=S — aA € P for some a € T, A € Ncr U {e}. Then, by Claim 14,
m=20,s0y =S and z = ad. By (1) in the construction of G, (S —
aA,0,0) € P. Hence,

S =>é aA,

where @A € g(aA).

(ii) Let us assume that p = D — y, € P, D € NgF, y2 € (V — {S}) UNZp,
y=w1Dys, y1,ys € V*, and z = y1y2y3. From the definition of g, it is clear
that g(Z) = {Z} for all Z € N¢p; therefore, we can express § = 2;Dz3,
where z; € g(y1) and 23 € g{yz). Without loss of generality, we can also
assume that y1 = au, a € T, u € (V — {S})* (see Claim 14), so z; = a"u”,
a” € g(a), and v” € g(u). Moreover, by (2) in the construction, we have
(D - y4,a,0) € P. The following cases (a) through (e) cover all possible
forms of a”. '
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Let o’ = @ (see (ii) in Claim 15). Then, we have
5 =% au"Dzz =g au'"ya23 [(D — ¥2,8,0)),

and @u'yz23 = 214223 € g(y1y2y3) = g(z).

Let a” = a (see (i) in Claim 15). By (4) in the construction of G, we
can express the derivation

12
S :’é au" Dz

S =>"5"1 au'Dz3 = au’Dz; [(@ — a,0,0)};

thus, there exists the derivation
S =>'é’1 au'Dzz =5 au'yaz3 (D — y2,a,0)]

with au'ysz3 € g(x).
Let o = (a,AB — AC,5) for some AB — AC € P (see (vii) in

Claim 15), and let u” D23 € (V — {S})*; that is, [a, AB — AC,q+ 3] ¢
alph(u” Dz3). Then, there exists the derivation

S =% (a,AB— AC,5)u"Dz;
au"Dz [((a,AB — AC,5) — &,0,[a, AB — AC,q+ 3])]
au"yz23 (D — y2,8,0)],

o Q

=
=
and auya23 € g(z).

Let " = (a, AB — AC,5) (see (vii) in Claim 15). Let [a, AB — AC, ¢+
3] € alph(u”Dz3). Without loss of generality, we can assume that
¥ = (a,AB — AC,5)u"Do"[a,AB — AC,q + 3]t", where 0"[a, AB —
AC,q+3t" = z3, 0Bt = y3, 0" € ¢(t), 0,t € (V —{S})*. By inspection
of P (see (3) in the construction of é), we can express the derivation

~

S=>"§y

(—lu"DO”Bt”
(@, AB — AC,1)u" Do" Bt"
(@ — (a,AB — AC,1),0,0)]
=>lé+|m‘m2| {(a, AB — AC,1)u' Do’ Bt'
[mi(B — B, (a, AB — AC, 1),0)my)
=5 (a, AB — AC,2)u' Do’ Bt'
[({a, AB — AC,1) — (a, AB — AC,2),0, B)]

4
o u*
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=& (a,AB — AC,2)u'Do'B"t

[B— B",0,B"]
=& (a,AB — AC,3)u'Dd'B"t

[((a, AB — AC,2) — (a, AB — AC,3),0, B)]
=& {(a,AB — AC,3)u'Dd'[a, AB — AC, 1]t

[(B" — [a,AB — AC, 1], {(a, AB — AC, 3),0)]
=1+2 (a, AB — AC,3)u’'Do'[a, AB — AC,q + 3]t'
[w)
=g {(a, AB — AC,4)u'Do’[a, AB — AC,q + 3]t'
[({a,AB — AC,3) — (a, AB — AC,4),
[a,AB — AC,q + 3],0)]

=\l (a, AB — AC,4)u"Do"[a, AB — AC,q + 3]t"
[ma]
=5 (a,AB — AC,5)u"Do"[a, AB — AC,q + 3]t

(((a, AB — AC,4) — {(a, AB — AC,5),0, B")),

where m;,ms € {(B — B’,(a,AB — AC,1),0)}*, ms € {(B’' - B,
(a,AB — AC,4),0)}*, |ms| = |mimg|, w = ([a,AB — AC,1] —
[a,AB — AC,2],0, f~}(1)[a, AB — AC,1})...([a,AB — AC, f(A) —
1] — [a,AB — AC, f(A)],0, 72 (f(4) — 1)|[a, AB — AC, f(4) - 1))({a,
AB — AC, f(A)] - [a,AB — AC, f(A)+1},0,0)(le, AB — AC, f(A)+
1] — [a,AB — AC, f(A) + 2,0, f~1(f(A) + 1)[a, AB — AC, f(A) +
1])...([e,AB — AC,q] — [a,AB — AC,q + 1],0, f~1(g)[a,AB —
AC,q))([a,AB — AC,q+ 1] — [a,AB — AC,q + 2],0,B'[a,AB —
AC,q + 1]){([a,AB — AC,q+ 2] — [a,AB — AC,q +3}),0,(a,AB —
AC,3)a, AB — AC,q+2)), v € ((alph(u”) —{B}HU{B'})*, ¢ }(v) =
u, o' € ((alph(o”) — {B}) U{B"})*, g7(d') = g7'(o") = o, t' €
((alph(t") = {BH U{B'})*, g7'(t') = g~'(t") = ¢.

Clearly, au”Do"Bt"” € g(auDoBt) = g(auDys) = g(y). Thus, there
exists the derivation

S =% au"Do"Bt" =& au"ys0" Bt" [(D — y2,4,0)],

where z1y223 = au''y20” Bt” € g(auyz0Bt) = g(ylygyg)‘ = g(xz).

Let a” = (a,AB — AC, i) for some AB — AC € Pand i € {1,...,4}
(see (iii) ~ (vi) in Claim 15). By analogy with (d), we can construct the
derivation

S =% au"Do"Bt" =5 au"y,0"Bt" [(D — y»,4,0)]

such that au’y.0"Bt"” € g(y1y2y3) = g(z) (the details are left to the
reader).
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(ili) Let p= AB — AC € P, A,C € NgF, B € Ncs, y = y1ABys, y1,y3 € V™,
z =1y ACys3, ¥ = 21AY 23, Y € g(B), 2; € g(y;) where ¢ € {1,3}. Moreover,

1,1

let y1 = au (see Claim 14), z; = a”u”, a” € g(a), v” € g(u). The following
cases (a) through (e) cover all possible forms of o

(a) Let a” = a. Then, by Claim 15, Y = B. By (3) in the construction of
G, there exists the following derivation:

S =% au’ABz,
{a,AB — AC,1)u" ABz3
[(@— (a, AB — AC, 1),0,0)]
___>1_é+lm1| (a, AB — AC, 1)u'A§u3
[mi(B — B, (a, AB — AC, 1),0)]
=5 (¢, AB — AC,2)u' ABus
(({a, AB — AC,1) — (a,AB — AC,2),0, B)]
=& (a, AB — AC,2)u'AB"u3
(B — B",0,B")
=5 (a,AB — AC,3)u' AB"u3
[({a, AB — AC,2) — (a, AB — AC,3),0, B)]
=5 (a,AB — AC,3)u’'Ala, AB — AC, 1]us
[(B" — [a,AB — AC,1],{a, AB — AC, 3),0)]
=L (e, AB — AC,3)u'Ala, AB — AC, g + 3us
[w]
=5 (a,AB — AC,4)v'Ala, AB — AC,q + 3|us
(({(a, AB — AC,3) — (a,AB — AC,4),
la,AB — AC,q+ 3],0)]

=>l(1;n2| (a, AB — AC,4)u" Ala, AB — AC,q + 3]z

=

5]}

[mo]
=5 {a,AB — AC,5)u" Ala, AB — AC,q + 3]z3

[((a, AB — AC,4) — (a, AB — AC,5),0, B")]
=& (a,AB — AC, 5)u"AC’z3

[(la,AB — AC,q+ 3] — C,{a, AB — AC,5),0)],

where m; € {(B — B’,(a,AB — AC,1),0)}*, ms € {(B' — B,{(a, AB
— AC,4),0)}*, |mu| = |mg2|, w = ([a,AB — AC,1] — [a,AB —
AC,2),0, f~1(1)[a, AB — AC,1))...([a,AB — AC, f(A)~1] — [a,AB
— AC, f(A)},0, f71(f(A) — 1)[a, AB — AC, f(A) - 1])([a, AB — AC,
f(A)] — [a,AB — AC,f(4) + 1],0,0)([a, AB — AC,f(A) +1] —



4.1 Sequential Conditional Grammars 77

(b)

[a, AB — AC, f(4)+2],0, "1 (f(A)+1)[a, AB — AC, f(A)+1]) ... ([a,
AB — AC,q] — [a,AB — AC,q + 1},0, f~Y(g)[a, AB — AC,q})([a,
AB — AC,q+ 1] — [a,AB — AC,q + 2|,0,B'[a,AB — AC,q +
1})([a, AB — AC,q + 2] — [a,AB — AC,q +3]),0, (a, AB — AC, 3)[a,
AB — AC,q+2]), us € ((alph(z3)—{BHU{B'})*, 97" (us) = 97" (23) =
ys, v € ((alph(u”) —~ {B})U{B'})*, g7'(v') = g7 (v") = u. Itis
clear that (a,AB — AC,5) € g(a); thus, (a,AB — AC,5)u”ACz; €
g(auACys) = g(z).

Let a” = a. Then, by Claim 15, Y = B. By analogy with (ii.b) and
(iii.a) in the proof of this claim (see above), we obtain

S :>"é"1 au"ABz3 =% (a, AB — AC,5)u" ACz;,

so (a, AB — AC,5)u"ACz; € g(z).

Let ¢” = (a,AB — AC,5) for some AB — AC € P (see (vii) in
Claim 15), and let u”AY z3 € (V ~ {S})*. At this point, Y = B. By
analogy with (ii.c) and (iii.a) in the proof of this claim (see above), we
can construct

S =¢'é+1 au” ABz3 =% (a0, AB — AC,5)u" ACz;,
so (a, AB — AC,5)u"” ACz; € g(z).

Let ¢” = {(a,AB — AC,5) for some AB — AC € P (see (vii) in
Claim 15), and let {a, AB — AC, q + 3] € alph(u” AY z3). By analogy
with (ii.d) and (iii.a) in the proof of this claim (see above), we can
construct

S =% au’ ABzs,

and then
S =% au”’ ABz; =% (a,AB — AC,5)u" ACz;

so that (@, AB — AC,5)u”" ACz; € g(auACy3) = g(x).

Let a” = (@, AB — AC,i) for some AB — AC € P, i€ {1,...,4}, see
(III) — (IV) in Claim 15. By analogy with (ii.e) and (iii.d) in the proof
of this claim, we can construct

S =>% t‘m"AC’z;;,

where au” ACz3 € g(z).

If: By induction on n, we next prove that if § =% v with v € g(w) and w € V*
for some n > 0, then § =7 w.

Basis: For n = 0, the only vis S as S =>°5 S. Because {S} = ¢(S5), we have
w=S. Clearly, S =% S.
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Induction Hypothesis: Assume that the claim holds for all derivations of length n
or less, for some n > 0. Let us show that it is also true for n + 1.

Induction Step: For n + 1 = 1, there only exists a direct derivation of the form
S =5 aA [(S — aA,0,0)],

where A € NopU{e}, a € T, and aA € g(aA). By (1), we have in P a production
of the form S — aA, and thus a direct derivation S =¢ aA.
Suppose n+1 > 2 (i.e,, n > 1). Consider a derivation

+1 7
S=5" 7,

where 2’ € g(z), z € V*. Because n+ 1 > 2, there exist a € Wy, A € Ncr, and
y € V* such that
S =& aA =>%‘1 y =& z [p],
wherepe P,y € 9(y), and by the induction hypothesis,
S=5y.
Let us assume that y' = 21729, y = y1Dya, 2; € g(y;), y; € (V — {S}H*,
—1,2,Z€gD),DeV-{S},p=(Z > u,a,8) € P,a=00rf =0,

= z1u/29, ¢’ € g(u) for some u € V*; that is, =’ € g(y1uy2). The following cases
(i) through (iii) cover all possible forms of

J
.’E,
y’ =>§ ' [p]

(1) Iiet Z € Nor. By inspection of 13, we see that Z =D, p= (D — v, a,0) €
P,D—ue P andu=v". Thus,

S =>Ev ley2 =aq Y1uy2 [B — u]

(ii) Let w = D. Then, by induction hypothesis, we have the derivation
S =& nDy2
and y; Dy = y1uy, in G.

(iii) Let p = ([a,AB — AC,q+ 3] — C,{a,AB — AC,5),0), Z = [a,AB —
AC,q+3]. Thus, ' = C and D = B € Ngg. By case (VI) in Claim 15
and the form of p, we have 2y = (a,AB — AC,5)t and y; = ao, where
t € g(o), {a,AB — AC,5) € g(a), 0 € (V —{S})*, and a € T. From (3) in
the construction of @, it follows that there exists a production of the form
AB — AC € P. Moreover, (3) and Claim 15 imply that the derivation

S=gaA=%L"y =z [
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can be expressed in the form

S =& aA
=>é atBz,
=5 (a, AB — AC,1)vtBz,

(@ — (a,AB — AC,1),0,0)]
(a, AB — AC,1)vBw,

G

[w')
=5 (a, AB — AC,1)uvB"w,

(B — B",0,B")
=& (a, AB — AC,2)vB"w,

[({a, AB — AC,1) — (a,AB — AC,2),0, B)]
5 {a, AB — AC, 3)vB"w,

[((a, AB — AC,2) — (a,AB — AC,3),0, B)]
=5 (a,AB — AC,3)v[a, AB — AC, 1|w;

[(B" — [a,AB — AC,1],{a,AB — AC, 3),0)]
=>Ig| (a, AB — AC,3)v[a, AB — AC, q + 3wz

[w]
S5 {(a, AB — AC,4)v[a, AB — AC, q + 3Jw2

[({(a, AB — AC,3) — (a, AB — AC, 4),
la,AB — AC,q + 3},0)]
W11 (4, AB — AC,4)t[a, AB — AC,q + 3]z

© ")
=5 (a, AB — AC,5)t[a, AB — AC,q+ 3]z
[((a, AB — AC,4) — (a,AB — AC,5),0, B’)]
=& (a,AB — AC,5)tCzy

[(Ja, AB — AC,q +3] — C,{a, AB — AC,5),0)],

where w’ € {(B — B/, {(a, AB — AC,1),0)}*{(B — B, (a, AB — AC,1),0)}
{(B = B',{a,AB — AC,1),0)}*, g(B) N alph(vwz) C {B'}, ¢7'(v) =
g7 (t), g7Hwe) = 97 (22), w = wi([a,AB — AC, f(A)] — [a,AB —
AC, f(A)+1),0,0)wz(la, AB — AC, q+1] — [a, AB — AC, ¢+2],0,B'[a, AB
— AC,q + 1])([e,AB — AC,q+ 2} — [a,AB — AC,q + 3],0,(a, AB —
. AC,3)[a,AB — AC,q +2]), wy = ([a,AB — AC,1] — [a,AB — AC,2],0,
F1(V)[a, AB — AC,1)).. . ([a, AB — AC, f(A) 1] — [a, AB — AC, f(A)],
0, /"' (f(A) — 1)[a,AB — AC, f(A) — 1]), where f(A) implies ¢; = &,
ws = ([a,AB — AC, f(A) + 1] — [a,AB — AC, f(A) + 2),0, f~1(F(A) +
1){a,AB — AC, f(A) +1])...([a,AB — AC,q] — [a,AB — AC,q+ 1},0,
f~4(a)la, AB — AC,q]), where f(4) = q implies g, = ¢, w” € {(B' —
B,{a,AB — AC,4),0)}*.

The derivation above implies that the right-most symbol of ¢ must be A. As
t € g(o), the right-most symbol of o must be A as well. That is, t = s'A,
o= sA and s € g(s) for some s € (V — {S})*. By the induction hypothesis,
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there exists a derivation
S =¢ asABy;.

Because AB — AC € P, we get
S =% asABy2 =¢ asACy, [AB — AC),
where asACys = yyuys.

By (i), (ii), and (iii) and inspection of P, we see that we have considered all possible
derivations of the form

S =>’Cl;+1 z,

so we have established Claim 16 by the principle of induction. O

The equivalence of G and G can be easily derived from Claim 16. By the
definition of g, we have g(a) = {a} for all a € T. Thus, by Claim 16, we have for
all x € T,

S=gz iHfandonlyif S=%uz.

Consequently, L(G) = L(G), and the theorem holds. n

Corollary 12. prop-SSC(1,2) = prop-SSC = prop-SC(1,2) = prop-SC =
CS.

We now turn to the investigation of ssc-grammars of degree (1, 2) with erasing
productions.

Theorem 29. SSC(1,2) = RE.

Proof. Clearly, we have SSC(1,2) C RE. Thus, it suffices to show that RE C
SSC(1,2). Every language L € RE can be generated by a grammar G =
(V,T, P, S} in which each production is of the form AB — AC or A — z, where
AB,CeV-T,ze€{e}UTU(V —T)? (see Lemma 3). Thus, the inclusion can
be established by analogy with the proof of Theorem 28 (the details are left to the
reader). |

Corollary 13. SSC(1,2) = SSC = SC(1,2) = SC = RE.

Corollaries 10, 11, 12, and 13 imply the following relationships of language
families generated by simple semi-conditional grammars:

Corollary 14.

CF
C
prop-SSC = prop-SSC(2,1) = prop-SSC(1, 2)
= prop-SC = prop-SC(2,1) = prop-SC(1,2) = CS
C
SSC = SSC(2,1) = SSC(1,2) =SC =8C(2,1) =SC(1,2) = RE.
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Next, we turn or attention to reduced versions of ssc-grammars. More specifically,
we demonstrate that there exist several normal forms of ssc-grammars with a
limited number of conditional productions and nonterminals.

Theorem 30 ([135]). Every recursively enumerable language can be defined by a
simple semi-conditional grammar of degree (2,1) with no more than 12 conditional
productions and 13 nonterminals.

Proof. Let L be a recursively enumerable language. By Geffert [69], we can assume
that L is generated by a grammar G of the form

G=(V,T,PU{AB — ¢,CD — ¢},5)
such that P contains only context-free productions and
V-T={SA4,B,C, D}
Construct an ssc-grammar G’ of degree (2,1),
G =(V,T,P,9),

where
Vi=VUW,

W = {‘Z,Ev (EA)1$,5,159 <€C>v#}’ Vnw = 0
The set of productions P’ is defined in the following way:

L IfH—-syeP,HecV ~T,y € V*, then add (H — y,0,0) to P’.

2. Add the following six productions to P’:

(A— A,0,4),
(B— B,0,B),
(A - (ea), AB,0),
(B — 8,(e4)B,0),
(<5A) - ¢€,0, B),
($ -3 6,0, (EA)).

3. Add the following six productions to P’:
(€ - C,0,0),
(D — D, 0, D)
(€ - (Ec) CD, 0),
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Basic Idea. Notice that G’ has degree (2,1) and contains only 12 conditional
productions and 13 nonterminals. The productions of (2) simulate the application
of AB — ¢ in G’ and the productions of (3) simulate the application of CD — ¢
in G,

Let us describe the simulation of AB — ¢. First, one occurrence of A and one
occurrence of B are rewritten to A and B, respectively (no more than one A and
one B appear in any sentential form). The right neighbor of A is checked to be B
and A is rewritten to (c4). Then, analogously, the left neighbor of B is checked
to be (¢4) and B is rewritten to $. Finally, (c4) and $ are erased. The simulation
of CD — ¢ is analogous.

To establish L(G) = L(G’), we first prove the following two claims.

Clalm 17. § =*
e (V')*.

& & implies # gz’ < 1 for all X e {Z,E,é,ﬁ} and some

Proof. By inspection of productions in P’, the only production that can generate
X is of the form (X — X,0, X). This production can be applied only when no X
occurs in the rewritten sentential form. Thus, it is not possible to derive =’ from
S such that # gz’ > 2. O

Informally, the next claim says that every occurrence of {¢4) in derivations
from S is always followed either by B or $, and every occurrence of (e¢) is always
followed either by D or #.

Claim 18. It holds that
(1) S =7, y1{ea)ys implies yy € (V') and first(ys) € {B,$} for any y, € (V))*;

(1) (S ,——)>2,w Yilec)yy implies yy € (V')* and first(y;) € {D,#} for any y; €
V)*.

Proof. We establish the proof by the examination of all possible forms of deriva-
tions that may occur when deriving a sentential form containing (€ 4) or (e¢).

) By the definition of P, the only production that can generate (¢ A) isp=
(A — {£4), AB ,0). This productlon has the permitting condition AB 80 it
can be used provided that AB occurs in a sentential form. Furthermore, by
Claim 17, no other occurrence of A or B can appear in the given sentential
form. Consequently, we obtain a derivation

S =% uyABujy =g u}{ea)Buj [p]

for some u},u} € (V')*, A, B ¢ sub(u}u}), which represents the only way
how to get (c4). Obviously, (e4) is always followed by B in v/ (¢ A)Buz
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(1)

Next, we discuss how G’ can rewrite the subword (¢ 4) B in u (€ 4) Bu}. There
are only two productions having the nonterminals {(€4) or B on their left-
hand side, p; = (B — $,(c4)B,0) and py = ({e4) — ¢,0,B). G’ cannot
use Pz to erase (e4) in u)(e4)Bu} because p, forbids an occurrence of B
in the rewritten string. Production p; has also a context condition, but
(€a)B € sub(u}(ca)Bujy), and thus p; can be used to rewrite B with $.
Hence, we obtain a derivation of the form

S =t uABu,  =¢ uilea)Buy ]
=% V{ea)Bvy = vi{ea)$vy Il

Notice that during this derivation, G’ may rewrite 4} and v/ to some v} and
vy, respectively (vi,v5 € (V')*); however, (¢4)B remains unchanged after
this rewriting.

In this derivation we obtained the second symbol $, that can appear as the
right neighbor of (g4). It suffices to show that there is no other symbol that
can appear immediately after (¢ 4). By inspection of P/, only (§ — ¢£,0, {€4))
can rewrite $. However, this production cannot be applied when {¢ 1) occurs
in the given sentential form. In other words, the occurrence of $ in the
subword (€4)$ cannot be rewritten before (€4) is erased by the production
p2. Hence, {€4) is always followed by either B or $, and thus the first part
of Claim 18 holds.

By inspection of productions simulating AB — ¢ and CD — ¢ in G’ (see (2)
and (3) in the definition of P’), these two sets of productions work analo-
gously. Thus, part (II) of Claim 18 can be proved by analogy with part (I).

]

Let us return to the main part of the proof. Let g be a finite substitution from

vy

1.
2.

3.

to V* defined as follows:

Forall X e V: g(X) = {X}.

g(A) = {4}, g(B) = {B}, g((ea)) = {4}, 9(8) = {B, AB}.
9(C) ={C}, 9(D) = {D}, g((ec)) = {C}, g(#) = {C,CD}.

Having this substitution, we can now prove the following claim:

Claim 19. S =% z if and only if S =7, o’ for somez € g(z’), z € V*, 2’ € (V')*.

Proof. The claim is proved by induction on the length of derivations.

Only if: We show that

S =G x implies S =g z,

where m > 0, z € V*; clearly x € g(z). This is established by induction on m.
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Basis: Let m = 0. That is, § =% S. Clearly, S =>%, S.

Induction Hypothesis: Suppose that the claim holds for all derivations of length
m or less, for some m > 0.

Induction Step: Let us consider a derivation
S =gt g, ze V.
Since m+1 > 1, there is some y € V* and p € PU{AB — ¢,CD — ¢} such that
S =% y=¢czlp
By the induction hypothesis, there is a derivation
S =y
The following three cases cover all possible forms of p:

(i) p=H > y2€ P, HEV T, yy € V*. Then, y = y1 Hys and z = 11293,
y1,y3 € V*. Because we have (H — y,,0,0) € P/,

S =g y1Hys =¢ 119293 [(H — y2,0,0)]

and y1y2y3 = .

(ii) p = AB — ¢. Then, y = 11 ABys and = = y1¥3, y1,y3 € V*. In this case,
there is the derivation

S =>*G, n ABy3

[(A—
<e wABy;  [(B— B,0,B)]
=¢  vi{ea)Bys [(A— (ea), AB,0)]
=¢  yi{ea)dys (B —8,(ca)B,0)]
=g %i¥ys [((€4) — €,0,B)]
=g W1ys [($ — &0, <€A))]

(iii) p = CD — ¢. Then, y = y1CDy; and = = y1y3, ¥1,¥3 € V*. By analogy
with (ii), there exists the derivation

S :>&, 11 CDys

=g %nCDys  [(C—C,0,0)]
=¢ wnCDyy [(D—D,0,D)]
=g n <EC)Dy3 [(g - (‘SC)v CQ’ O)]
=g W (50)#3/3 [(D — 7, <5C>~D’ 0)]
=a  Yi#ys [((ec) — €,0,D)]
=g N1Y3 [(# — €,0,{ec))]-
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If: By induction on the length n of derivations in G’, we prove that
S =% 2’ implies S=gz
for some z € g(z'), x € V*, 2’ € (V')*.
Basis: Let n = 0. That is, S =2, S. It is obvious that S =% § and S € ¢(5).

Induction Hypothesis: Assume that the claim holds for all derivations of length n
or less, for some n > 0.

Induction Step: Consider a derivation
1 *
S=pitd, o e (V)
Since n + 1 > 1, there is some y’ € (V/)* and p’ € P’ such that
S =>T(;" y, =q 4 [pl])
and by the induction hypothesis, there is also a derivation
S=6y

such that y € g(y').

By inspection of P’, the following cases (i) through (xiii) cover all possible
forms of p’:

(i) p = (H — 42,0,0) € P, He VT, yo € V*. Then, v = yiHyj,

&' = y19295, ¥1,¥3 € (V')" and y has the form y = y,Zys, where y; €
9(y1), ys € g(y3) and Z € g(H). Because for all X € V - T: g(X) = {X},
the only Z is H, and thus y = y; Hyz. By the definition of P’ (see (1)), there

exists a production p = H — y, in P, and we can construct the derivation

S =6 nHys =a¢ niyays [p)
such that y152ys = z, = € g(z').

(i) p' = (A — A,0,A). Then, y' = Y1 Ay, ' = yigyg, vi,y5 € (V')*, and
y =y1Zys, wherey1 € g(y1), ys € g(y3) and Z € g(A). Because g(4) = {4},
the only Z is A, so we can express y = y1 Ays. Having the derivation § =7,

y such that y € g(y'), it is easy to see that also y € g(z') because A € g(A).

(iii) p’ = (B — B,0,B). By analogy with (i), ' = v, By}, ¢’ = v; By}, y =
y1Bys, where yi,y5 € (V')", y1 € g(¥1), ys € g(y3), and thus y € g(z')
because B € g(B).

(iv) p = (A > (e4),AB,0). By the permitting condition of this production,
AB surely occurs in y’. By Claim 17, no more than one A can occur in y'.
Therefore, y’ must be of the form y’ = y; AByj, where y1,y5 € (V')* and
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A¢ sub(y}ys). Then, 2’ =y} (&:A)Ey;’3 and y is of the form y = y; Zys, where
1 € 9(¥1), ys € g(y3) and Z € g(AB). Because g(AB) = {AB}, the only Z
is AB; thus, we obtain y = y; ABy3. By the induction hypothesis, we have
a derivation S =¢ y such that y € g(y'). According to the definition of g,
y € g(z') as well because A € g({€a)) and B € 9(B).

V) p = (B — $,(¢ 4)B,0). This production can be applied provided that
(ea)B € sub(y’). Moreover, by Claim 17, # 5y’ < 1. Hence, we can express
¥ = yi(ea)Bys, where yj,55 € (V')* and B ¢ sub(y;y3). Then, 2’ =

yi(ea)8y} and y = y1 Zys, where 11 € g(y}), ys € 9(v4) and Z € g({c4)B).
By the definition of g, g({e¢4)B) = {AB}, so Z = AB and y = y1ABy3. By
the induction hypothesis, we have a derivation S = y such that y € g(y).

Because A € g({e4)) and B € ¢(8), y € g(z’) as well.

(vi) p' = ({ea) — &,0,B). Application of ({e4) — ¢,0, B) implies that (4)
occurs in ¢'. Claim 18 says that (£4) has either B or $ as its right neighbor.
Since the forbidding condition of p’ forbids an occurrence of B in y', the
right neighbor of (¢4) must be $. As a result, we obtain y’ = yi(c4)8y3
where y},y5 € (V')*. Then, ¢’ = y{8y5 and y is of the form y = y; Zy3,
where y; € g(y1), ys € g(y3) and Z € g((ea)$). By the definition of g,
g({ea)$) = {AB,AAB}. If Z = AB, y = y1 ABys. Having the derivation
S =% vy, it holds that y € g(z') because AB € g(8$).

(vii) p’ = (3 — &,0,{c4)). Then, y' = y{8y5 and z’ = yjy;, where yj,y3 € (V')*.
Express y = y1Zys so that y1 € g(y1), ys € g(y3) and Z € g(8), where
g(8) = {B,AB}. Let Z = AB. Then, y = y; ABys, and there exists the
derivation

S =% 1nABys =¢ yiys [AB — ¢,

where y1y3 = z, x € g(z’).

In cases (ii) through (vii) we discussed all six productions simulating the ap-
plication of AB — ¢ in G’ (see (2) in the definition of P’). Cases (viii) through
(xiii) should cover productions simulating the application of CD — ¢ in G’ (see
(3)). However, by inspection of these two sets of productions, it is easy to see that
they work analogously. Therefore, we leave this part of the proof to the reader.

We have completed the proof and established Claim 19 by the principle of
induction. O

Observe that L(G) = L(G’) follows from Claim 19. Indeed, according to the
definition of g, we have g(a) = {a} for all @ € T Thus, from Claim 19, we have
for any z € T™:

S=gz ifandonlyif § =7 =

Consequently, L(G) = L(G"), and the theorem holds. |
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Let us note that very recently Vaszil has improved Theorem 30 by demonstrat-
ing that even 10 conditional productions and 12 nonterminals suffice to generate
every recursively enumerable language (see [174]):

Theorem 31. Every recursively enumerable language can be generated by a sim-
ple semi-conditional grammar of degree (2,1) having no more than 10 conditional
productions and 12 nonterminals.

Continuing with the investigation of reduced ssc-grammars, Vaszil also proved
that if we allow permitting conditions of length three—that is, ssc-grammars of
degree (3,1)—the number of conditional productions and nonterminals can be
further decreased.

Theorem 32. Every recursively enumerable language can be generated by a sim-
ple semi-conditional grammar of degree (3,1) with no more than 8 conditional
productions and 11 nonterminals.

Proof. Let L by a recursively enumerable language. Without any loss of generality,
we can assume that L is generated by a phrase-structure grammar

G = (V,T,PU{ABC — €},5),

where

V-T={S,5,A,B,C}

and P contains only context-free productions of the forms S — 25z, z € {4, B}*,
zeT, §— 8,8 — uSv,ue {A B} ve {B,C}, S — e (see [68]). Every
successful derivation in G consists of the following two phases:

1. S =% 2n...215%1...Tn =G Zn...218'%1...Tn, 2 € {A,B}*, 1 <i <.

2. zp...218%1 ... Ty D Zn.. 2Um . WSV URT . Ty TG .21
Um -+ - ULV] ... UmT1 - . . Tn, Where u; € {4, B}*, v; € {B,C}*,1<j<m,
and the terminal word z; ...z, is generated by G if and only if by using the
erasing production ABC — ¢, the substring z,...21%m ... U1V ... Uy can
be deleted.

Next, we introduce the ssc-grammar
G' =V,T,P,S)
of degree (3,1), where
V' ={5,8' A A A" B,B' B",C,C",C"}UT
and P’ constructed as
1. for every H —» y € P, add (H — y,0,0) to P';
2. for every X € {A,B,C}, add (X — X',0,X’) to P';
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3. add the following six productions to P”:

(C/ N C”,A'B,C',O),
(A/ — AU,A/BIC/I’O),
(BI — BII, AHB/CI/’ O)’
(A// — 6’ 0, C”),

(CII nd E’ 07 B,)’

(B" - ¢€,0,0).

Observe that G’ satisfies all the requirements of this theorem; that is, it contains
only 8 conditional productions and 11 nonterminals. G’ reproduces the first two
phases of generating a terminal word in G by using the productions of the form
(H — y,0,0) € P'. The third phase, during which ABC — ¢ is applied, is
simulated by the additional productions. Examine these productions to see that
all words generated by G can also be generated by G’. Indeed, for every derivation
step

1WABCY2 =¢ y1y2 [ABC — €]

in G, y1,y2 € V*, there exists the following derivation in G':

y1ABCy; =g y1A'BCy [(A— A',0,4")]
=q yAB'Cy (B— B',0,B))
=>o yA'B'Cy, [(C—C'0,C")
= y1 A'B'C"yo [(Cl —C", A'B'C, 0)]
@G/ ylA”BIC”y2 [(AI - AII,A/BIC//’O)]
=>G’ ylA/IB"C”y2 [(B/ — B/l’ AIIBIC//’ O)]
:>G’ ylA”B”yz [(C// — 6, 0, B/)]
=g By (A" — £,0,C")]
=g Ny (B” — ¢,0,0)]

As a result, L(G) C L(G’). In the following we show that G’ does not generate
words that cannot be generated by G; thus, L(G') — L(G) = 0, so L(G") = L(G).

Let us study how G’ can generate a terminal word. All derivations start from
S. While the sentential form contains S or §’, its form is zSw or zuS'vw, 2,u,v €
{A,B,C,A",B',C"}*, w € T*, where if g(X') = X for X € {A,B,C} and g(X) =
X for all other symbols of V, then g(2Sw) or g(zuS’vw) are valid sentential forms
of G. Furthermore, zu contains at most one occurrence of A/, v contains at most
one occurrence of C’, and zuv contains at most one occurrence of B’ (see (2) in
the construction of P’). After (S’ — ¢,0,0) is used, we get a sentential form zuvw
with z, u, v, and w as above such that

S =4 g(zuvw).
Next, we demonstrate that

zuv =7, € implies g(zuv) =5 €.
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More specifically, we investigate all possible derivations rewriting a sentential form
containing a single occurrence of each of the letters A’, B/, and C’.

Consider a sentential form zuvw, where z,u,v € {4, B,C,A’,B',C'}*, w € T*,
and #a/2u = #pzuv = #cv = 1. By the definition of productions rewriting A’,
B’, and C’ (see (3) in the construction of P’), we see that these three symbols
must form a substring A’B’C’; otherwise, no next derivation step can be made.
That is, zuvw = zaA’'B'C'tw for some @,7 € {A, B,C}*. Next, observe that the
only applicable production is (C' — C”, A’B'C’,0). Thus, we get

20A'B'C'ow =g 20A'B'C"tw.

This sentential form can be rewritten in two ways. First, we can rewrite A’ to A”
by (A" — A", A'B'C"”,0). Second, we can replace another occurrence of C with
C’. Let us investigate the derivation

20A'B'C"tw =g zaA"B'C"ow [(A' — A", A'B'C",0)].

As before, we can either rewrite another occurrence of A to A’, or rewrite an
occurrence of C to C’, or rewrite B’ to B" by using (B’ — B",A"B'C",0).
Taking into account all possible combinations of the above-described steps, we see
that after the first application of (B’ — B", A”B'C",0) the whole derivation is of
the form:
20A'B'C'tw =>J5, 2u1 Xug A" B"C" v Yvow,

where X € {A',¢e}, Y € {C', &}, u19(X)ug = G, and v19(Y)v2 = . Let zuy Xup =
z and v1Yv, = y. The next derivation step can be made in four ways. By an
application of (B — B’,0,B’), we can rewrite an occurrence of B in z or y.
In both cases, this derivation is blocked in the next step. The remaining two
derivations are

zA"B"C"yw =g zA"C"yw [(B" — ¢€,0,0)]

and
zA"B"C"yw =g zA"B"yw [(C" — €,0,B')].

Let us examine how G’ can rewrite zA”C”yw. The following three cases cover all
possible steps:

(i) zA"C"yw =g 71B'2,A"C"yw (B — B’,0,B’)], where z,Bz; = z, and
the derivation is blocked.

(ii) zA"C"yw =g zA"C"y1B'yw (B — B’,0,B’)], where y) By, = y. As
before, no next derivation step can be made.

(iii) zA"C"yw =g zA"yw [(C" — €,0, B’)]. Then, all the following derivations
zA"yw =g Tyw,

zA"yw =g 1B zA"yw = ¢ 718 zoyw,
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where 1Bz, = x, and
rA"yw =g zA "y B'ysw =¢ zyn B'yaw,

where y; Bys = y, produce a sentential form in which the substring A” B”"C”
is erased. This sentential form contains at most one occurrence of A’, B’,
and C'.

Return to
zA"B"C"yw =g zA"B"yw.

Observe that by analogy with case (iii), any rewriting of A" B”yw removes the
substring A” B”, and produces a sentential form containing at most one occurrence
of A’, B’, and C’.

To summarize the considerations above, the reader can see that as long as there
exists an occurrence of A”, B”, or C” in the sentential form, only the erasing
productions or (B — B’,0,B’) can be applied. The derivation either enters a
sentential form that blocks the derivation or the substring A’B’C’ is completely
erased, and new occurrences of A, B, and C can then be changed to A’, B’, and
C’. That is,

20A'B'C'ow =%, zyw implies g(2aA’'B'C'tw) =¢ g(ayw),

where 2,4,7 € {4,B,C}*, z,y € {4,B,C,A",B",C'}*, w € T*, and 2t = g(x),
tw = g(yw). In other words, the productions constructed in (2) and (3) correctly
simulate the application of the only non-context-free production ABC' — ¢. Recall
that g(a) = a for all @ € T. Hence, g(zyw) = g(zy)w. Thus, L(G’) — L(G) = 0.
Having L(G) C L(G’) and L(G’) — L(G) = 8, we get L(G) = L(G’), and the
theorem holds. |

Open Problems. Let us state several open problems regarding ssc-grammars.
In Theorems 26, 27, 28, and 29, we proved that ssc-grammars of degrees (1,2) and
(2,1) generate the family of recursively enumerable languages, and propagating
ssc-grammars of degrees (1,2) and (2,1) generate the family of context-sensitive
languages. However, we discussed no ssc-grammars of degree (1,1). According to
Penttonen (see Theorem 24), propagating sc-grammars of degree (1,1) generate
a proper subfamily of context-sensitive languages. That is, prop-SSC(1,1) C
prop-SC(1,1) C CS. Are propagating ssc-grammars of degree (1,1) as powerful
as propagating sc-grammars of degree (1,1)? Furthermore, consider ssc-grammars
of degree (1, 1) with erasing productions. Are they more powerful than propagating
ssc-grammars of degree (1,1)? Do they generate the family of all context-sensitive
languages or, even more, the family of recursively enumerable languages?

In Theorems 30 through 32, several reduced normal forms of these grammars
were presented. These normal forms give rise to the following questions. Can
any of the results be further improved with respect to the number of conditional
productions or nonterminals? Are there analogical reduced forms of ssc-grammars
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with degrees (2, 1) and (3,1)? Moreover, reconsider these results in terms of prop-
agating ssc-grammars. Is it possible to achieve analogical results if we disallow
erasing productions?

4.2 Parallel Conditional Grammars

In this section, we study parallel grammars with permitting and forbidding con-
text conditions. As ETOL grammars represent a very important type of parallel
grammars in modern theoretical computer science (see {149], [150], [155], [156],
[166]), we base our discussion on these grammars extended by context conditions.
By analogy with sequential context-conditional grammars, we first define context-
conditional ETOL grammars as ETOL grammars with finite sets of permitting
and forbidding conditions. Then, we investigate the generative power of their
two specific cases—forbidding ETOL grammars and simple semi-conditional ETOL
grammars.

4.2.1 Context-Conditional ETOL Grammars

Definition 16. A context-conditional ETOL grammar (a CETOL grammar for
short) is defined as a t+3-tuple,

G=(V,T,P,...,P,S),

where V, T, and S are the total alphabet, the terminal alphabet (T C V), and the
axiom (S € V — T), respectively. Every P;, 1 < i < t, for some ¢t > 1, is a finite
set of productions of the form

(a — z, Per, For)

witha € V, z € V*, and Per, For C V* are finite languages. A CETOL gram-
mar without erasing productions is said to be propagating (a CEPTOL grammar
for short). G has degree (r,s), where r and s are natural numbers, if for every
i =1,...,t and (@ — =z, Per,For) € P;, max(Per) < r and max(For) < s
(see Section 2.1 for the definition of max). Let u,v € V*, u = aia2...4aq,
v=u1Vs..., ¢ = |u|, a; € V,v; € V*, and p1,p2,...,Ppq is a sequence of produc-
tions p; = (aj — vj, Perj,For;) € P;for all j =1,...,q and some i € {1,...,t}.
If for every p;, Per; C sub(u) and For; Nsub(u) = 0, then u directly derives v
according to p1,ps,...,Pq in G, denoted by

U =gV [plvp21 oo 7pq]'
The language of G is defined as
L(G)={zeT*:S =gz}

Ift = 1, then G is called a context-conditional EQL grammar (a CEOL grammar
for short). If G is a propagating CEOL grammar, then G is said to be a CEPOL
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grammar. The families of languages defined by CEPTOL, CETOL, CEPOL, and
CEOL grammars of degree (r,s) are denoted by CEPTOL(r, s), CETOL(r,s),
CEPOL(r, s), and CEOL(r, s), respectively. Set

o0 [« XN <)
CEPTOL = | J O CEPTOL(r,s), CETOL = | J | J CETOL(r,s),
r=0s=0 r=0s=0
[« <2Ne o) [= ol o)
CEPOL = | J | | CEPOL(r, s), CEOL = | J | J CEOL(r, s).
r=0 s=0 r=0s=0

The following lemmas and theorems establish several general results concering
the generative power of context-conditional ETOL grammars:

Lemma 10. CEPOL C CEPTOL C CETOL, CEPOL C CEOL C CETOL.
For any r,s > 0, CEPOL(r,s) C CEPTOL(r,s) C CETOL(r,s), CEPOL(r,s) C
CEOL(r, s) C CETOL(r, s).

Proof. Follows trivially from the definitions. |
Theorem 33.

CF
C
CEOL(0,0) = CEPOL(0,0) = EOL = EPOL
C
CETOL(0,0) = CEPTOL(0,0) = ETOL = EPTOL
C
cs

Proof. Clearly, CEPOL and CEOL grammars of degree (0,0) are ordinary EPOL
and EOL grammars, respectively. Analogously, CEPTOL and CETOL grammars of
degree (0,0) are EPTOL and ETOL grammars, respectively. Because CF C EQOL =
EPOL C ETOL = EPTOL C CS (see Theorem 2), we get CF C CEOL(0,0) =
CEPOL(0,0) = EOL C CETOL(0,0) = CEPTOL(0,0) = ETOL C CS; there-
fore, the theorem holds. B

Lemma 11. CEPTOL(r,s) C CS, for anyr > 0, s > 0.
Proof. For r =0 and s = 0, we have
CEPTOL(0,0) = EPTOL C CS.

The following proof demonstrates that the inclusion holds for any r and s such
that r +s > 1.
Let L be a language generated by a CEPTOL grammar,

G= (V,T,Pl,...,Pt,S),
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of degree (r, s), for some 7,5 > 0, r+s > 1, ¢ > 1. Let k be the greater number of
r and s. Let

M={zeV*t: |z| <k}

For every P;, 1 <1 <t, set

cf(P)={a—z: (a— 2z,Per,For)e P, acV, ze V*}.

Then, set

N = {(X,z): XC M, ze€ MU{e}},

Nr = {|X]|: X C M},

Ne = {[Q]: QCci(P), 1<i<t},

V' = VUNrpUNpUNgU{>,<,8$,5,#},
T = TuU{#}.

Construct the context-sensitive grammar

GI — (V/,T,,P/,S,)

with the finite set of productions P’ defined as follows:

1
2

Add 8’ — >(0,e)S< to P'.
For all X C M, z € (VFU{e}) and y € V*, add the next production to P':

(X, z)y — y(X Usub(zy, k), y).

Forall X C M, z € (V*FU{e}) and y € V¥, |y} < k, add the next production
to P
(X, z)y< — y| X Usub(zy, k)] <.

For all X C M and Q C cf(P;), where i € {1,."..,t}, such that for every
a — z € @, there exists (a — z, Per, For) € P; satisfying Per C X and
For N X = 0, add the next production to P’:

[X]<—[Q]<.

For every Q C cf(P;) for some i € {1,...,t}, a € V and z € V* such that
a — z € @, add the next production to P’:

a[Q] — [Q]a.
For all Q C cf(P;) for some ¢ = {1,...,t}, add the next production to P’:

>[Q] — >(B,¢).

. Add >(D,e) — #8, $< — ##, and $a — a8, foralla € T, to P’.
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Claim 20. Every successful derivation in G’ has the form

S’ =g ><0,5>S<
=t >(0,e)z<

=g #3z<
=:>g,| #x$<
=g #Hr##

such that z € Tt and during >(0,€)S< =%, >(0,e)z<, every sentential form w
satisfies w € {>}H*T{<}, where HC V' — ?D <, #, 8,5}

Proof. Observe that the only production that can rewrite the axiom is S’ —
> (@, €)S<; thus,
S =q >(0,e)S<.

After that, every sentential form that occurs in
>{0,e)S< =%, >0, &)z

can be rewritten by using any of the productions (2) through (6) from the con-
struction of P’. By inspection of these productions, it is obvious that the edge
symbols > and < remain unchanged and no other occurrences of them appear
inside the sentential form. Moreover, there is no production generating a symbol
from {#,$,5’}. Therefore, all these sentential forms belong to {>}H™* {<}.

Next, let us explain how G’ generates a word from L(G’). Only >(0,¢) — #8$
can rewrite > to a symbol from.T" (see (7) in the definition of P’). According to
the left-hand side of this production, we obtain

S =g >(0,e)Sa =% >z =g #8z<,

where z € HY. To rewrite <1, G’ uses $<1 — ##. Thus, G’ needs $§ as the left
neighbor of <. Suppose that £ = aia2...aq, where ¢ = |z| and a; € T, for all
i € {1,...,q}. Since for every a € T there is $a — a$ € P’ (see (7)), we can
‘construct
#8a105...an<d =  #a1%a2...a,<

= #ara28...a,<

:>|c§"—2 #a1az...a,%<.
Notice that this derivation can be constructed only for z that belong to TT. Then,
$< is rewritten to ##. As a result,

§ =e >(0,6)Sa 2% pleled Do #Sra 0 #aSa o Hop#
with the required properties. Thus, the claim holds. . a8

The following claim demonstrates how G’ simulates a direct derivation from
G—the heart of the construction.
Let z =>Ga y denote the derivation z :> . y such that z = >{0,e)u<, y =
> (0, e)v<, u v € V*, and there is no other occurrence of a string of the form
>(0,€)z<, z € V*, during z =7, y.
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Claim 21. For every u,v € V*,
>(0,e)ud =8 >(@,e)va  if and only if u =g v.
Proof.

Only if: Let us show how G’ rewrites >(0,&)u< to (@, e)v<. The simulation
consists of two phases.

During the first, forward phase, G’ scans u to get all nonempty substrings of
length k or less. By repeatedly using productions

(X, z)y — y{X Usub(zy, k),y),

where X C M, z € (VFU {e}), y € V* (see (2) in the definition of P’), the
occurrence of a symbol with form (X, z) is moved toward the end of the sentential
form. Simultaneously, the substrings of u are collected in X. The forward phase
is finished by

(X, z)y< — y| X Usub(zy, k)<,

where z € (VF U {€}), y € V¥, |y| < k (see (3)); the production reaches the end
of u and completes X = sub(u, k). Formally,

>(0,e)ux =F, pu[X]|<
such that X = sub(u, k). Then, | X | is changed to [Q], where

Q={a—z:(a—zPer,For)e P, acV, ze V™,
Per,For CM, Per C X, FornX =0},

for some i € {1,...,t}, by
[X]< - Q<

(see (4)). In other words, G’ selects a subset of productions from P; that could be
used to rewrite u in G.
The second, backward phase simulates rewriting of all symbols in u in parallel.

Since
a[Q] — [Qlz € P
foralla—2€Q,aeV,zeVt (see (5)),
>u[Qla = >[Qlva

such that [@Q] moves left and every symbol a € V in u is rewritten to some z
provided that a — z € Q. Finally, [@Q] is rewritten to (§,¢) by

>[Q] — >(B,¢).
As a result, we obtain

>0, e)u< =%, pulX|<d =g Du[Q]<

=1l

= D[RV =g >(B,e)v<.
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Observe that this is the only way of deriving
>(0, e)ud =8, >0, )v<.

Let us show that u =>¢ v. Indeed, because we have (a — z, Per, For) € P, for
every a[Q] — [Q]z € P used in the backward phase, where Per C sub(u, k) and
For Nsub(u, k) = (0 (see the construction of @), there exists a derivation

U=g v [p1...Pq)s

where |u| = ¢, and p; = (a — z, Per, For) € P, such that a[Q] — [Q]z has been
applied in the (¢ — j + 1)-th derivation step in

{ul

>u[Q]< =4 >[Q]v<g,
wherea eV, ze VT, 1<j<q.

If: The converse implication is similar to the only-if part, so we leave it to the
reader. ' O

Claim 22. §' :>2, >(0,e)x< if and only if S =% x, forallz € VT,
Proof.

Only if: The only-if part is proved by induction on the ith occurrence of the
sentential form w satisfying w = > (0, €)u<, u € V*, during the derivation in G'.

Basis: Let i = 1. Then, §' =4 >{0,e)S< and S =% S.
Induction Hypothesis: Suppose that the claim holds for all ¢ < h, for some h > 1.
Induction Step: Let i = h + 1. Since h+ 1 > 2, we can express

S/ =>21 ><@, 6):1:,<1

S =4 o e)zisi< 28 >0, 6)zi,
where z;_1,z; € V. By the induction hypothesis,
S =& Ti-1.
Claim 21 says that
>(0,e)z;—1< #3, >(0,e)z;< if and only if z;-1 =¢ z;.

Hence,
S ==>E; Ti—1 =a T4

and the only-if part holds.



4.2 Parallel Conditional Grammars 97

If: By induction on n, we prove that

S =%z implies S =%, >(0,e)z<
foralln>0,zcVt.
Basis: Forn =0, S =>‘2; S and §' =g >(0,e)S<.

Induction Hypothesis: Assume that the claim holds for all n or less, for some
n >0,

Induction Step: Let
S=gttz, zeV?t,

Because n 4+ 1 > 1, there exists y € V* such that
S =%y =,
and by the induction hypothesis, there is also a derivation
§' =1, >0, e)y<.
From Claim 21, we have
>(0,e)y< =&, >(0,e)z<.

Therefore,
S =t >0,y =3 >(0,e)xq,

and the converse implication holds as well. [

From Claims 20 and 22, we see that any successful derivation in G’ is of the
form
S' =t >(0,e)xa =L #o##

such that
S=4z, zeTt.

Therefore, we have for each z € T,
S' =%, #x#4# ifandonlyif S =%z

Define the homomorphism h over (T U {#})* as h(#) = € and h(a) = a for
all a € T. Observe that h is 4-linear erasing with respect to L(G’) (see page 98
in [161]). Furthermore, notice that h(L(G')) = L(G). Because CS is closed under
linear erasing (see Theorem 10.4 on page 98 in [161]), L € CS. Thus, Lemma 11
holds. O

Theorem 34. CEPTOL = CS.
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Proof. By Lemma 11, CEPTOL C CS. Later in this chapter we define two special
cases of CEPTOL grammars and prove that they generate all the family of context-
sensitive languages (see Theorems 38 and 41). Therefore, CS C CEPTOL, and
hence CEPTOL = CS. |

Lemma 12. CETOL C RE.

Proof. This lemma. follows from Church’s thesis. To obtain an algorithm con-
verting any CETOL grammar to an equivalent phrase-structure grammar, use the
technique presented in Lemma 11. O

Theorem 35. CETOL = RE.

Proof. By Lemma 12, CETOL C RE. In Sections 4.2.2 and 4.2.3, we introduce
two special cases of CETOL grammars and demonstrate that even these grammars
generate RE (see Theorems 39 and 40) and therefore RE C CETOL. As a result,
CETOL = RE. [ |

4.2.2 Forbidding ETOL Grammars

In this section, we discuss forbidding ETOL grammars (see [137]). First, we define
forbidding ETOL grammars. Then, we establish their generative power.

Definition 17. Let G = (V,T, Py,..., P, S) be a CETOL grammar. If every
p = (a — z,Per,For) € P;, where i = 1,...,t, satisfies Per = {, then G is
said to be forbidding ETOL grammar (an FETOL gremmar for short). If G is
a propagating FETOL grammar, then G is said to be an FEPTOL grammar. If
t =1, G is called an FEOL grammar. If G is a propagating FEOL grammar, G is
called an FEPOL grammar.

Convention 4. Let G = (V,T, P,,..., P, S) be an FETOL grammar of degree
(r,s). Clearly, (a — =z, Per,For) € P; implies Per = @ for all i = 1,...,¢. By
analogy with sequential forbidding grammars, we thus omit the empty set in the
productions. For simplicity, we also say that G’s degree is s instead of (r, s).

The families of languages generated by FEOL grammars, FEPOL grammars,
FETOL grammars, and FEPTOL grammars of degree s are denoted by FEOL(s),
FEPOL(s), FETOL(s), and FEPTOL(s), respectively. Moreover,

o0 o0
FEPTOL = | | FEPTOL(s), FETOL = | | FETOL(s),

s=0 8=0
o0 oo

FEPOL = | | FEPOL(s), FEOL = | | FEOL(s).
8=0 s=0

Example 8. Let
G=({S,4,B,C,a,a,b},{a,b},P,S)
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be an FEPOL grammar, where

P ={(S — ABA,),
(A — aA,{a}),
(B — bB,0),
(A—a,{a}),
(@— a,0),
(B—C,0),
(C —bC,{A}),
(C— b,{A}),
(a - a,0),

(b—b,0)}.

Obviously, G is an FEPOL grammar of degree 1. Observe that for every word from
L(G), there exists a derivation of the form

S =G ABA
=qc aAbBaA
=&  a™ 1A~ 1Bam 1A
=g a™ @™ 1Ce™ g
=g a™bmCa™
=& a™b"1Ca™
=a amb"am,

with 1 < m < n. Hence,
L(G)={a™b"a™: 1 <m < n}.

Note that L(G) ¢ EOL (see page 268 in Volume 1 of [157]); however, L(G) €
FEPOL(1). As a result, FEPOL grammars (of degree 1) are more powerful than
ordinary EOL grammars.

Next, we investigate the generative power of FETOL grammars of all degrees.

Theorem 36. FEPTOL(0) = EPTOL, FETOL(0) = ETOL, FEPOL(0) =
EPOL, and FEOL(0) = EOL.

Proof. 1t follows from the definition of FETOL grammars. a

Lemmas 13, 14, 15, and 16 inspect the generative power of forbidding ETOL
grammars of degree 1. As a conclusion, in Theorem 37, we demonstrate that
both FEPTOL(1) and FETOL(1) grammars generate precisely the family of ETOL
languages.

Lemma 13. EPTOL € FEPOL(1).

Proof. Let
G=WV,T,P,...,P,S)
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be an EPTOL grammar, where t > 1. Set
W={(ai):a€V, i=1,...,t}

and
F(i) = {{a,5) € W : j #14}.
Then, construct an FEPOL grammar of degree 1,
G =(V,T,FP,9),

where

Vi=VUW, (VnW =0),
and the set of productions P’ is defined as follows:
1. Foreacha €V andi=1,...,t, add (a — {(a,?),0) to P’.

2. Ifa— z€ P forsomei€ {1,...,t},a €V, z €Vt add ({(a,3) — 2, F(z))
to P'.

Let us demonstrate that L(G) = L(G').

Claim 23. For each derivation S =7, z, n >0,
(1) ifn=2k+1 for somek >0, z€ W+;
(ID) if n =2k for some k >0,z € V.

Proof. The claim follows from the definition of P’. Indeed, every production in P’
is either of the form (¢ — (a,%),0) or ({(a,7) — 2z, F (7)), where a € V, (a,7) € W,
zeV* ie{l,...,t}. Since SeV,

S =>2Gk,+1 r implies re€ W™

and
S :>2Gk, z implies z €V,

thus, the claim holds. ' O
Define the finite substitution g from V* to (V')* such that for every a € V,
gla)={atU{{a, i) eW:i=1,...,t}.

Claim 24. S =3¢ z if and only if S =%, «' for some 2’ € g(z), z € VT,
¥ e (VHt.

Proof.

Only If: By induction on n > 0, we show that for all z € V',

S =% z implies S =% z.
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Basis: Let n = 0. Then, the only z is S; therefore, S =% S and also § =2,
S.

Induction Hypothesis: Suppose that
S =%z implies S =Xz
for all derivations of length n or less, for some n > 0.

Induction Step: Consider S =>g'H . Because n + 1 > 1, we can express

S =gtz

S =% y=cz[p,p2-- P
such that y € V*,q=1y|,and p; € P, forall j=1,...,q and some i € {1,...,t}.
By the induction hypothesis,
S :>26’7 .
Suppose that y = a1a3...aq, a; € V. Let G’ make the derivation
S =>z.77 a1az...aq

=g (01,8){az,9)...{ag, 1) [P, P2, D)
=g 2122...2%g A5y TR M8

where p}; = (a; — (a;,1),0) and p] = ({a;,4) — 2;, F(i)) such that p; = a; — z;,
zj€V* forall j=1,...,q. Then, z12;...2, = 7, and therefore

2(n+1)

S =>G/ ZI.

If: The converse implication is established by induction on the length of deriva-
tions in G’. We prove that

S =% z' implies S=gz
for some z’ € g(z), n > 0.
Basis: Forn =0, S =%, S and S =% S; clearly, S € g(S).

Induction Hypothesis: Assume that there exists a natural number m such that the
claim holds for every 0 <n < m.

Induction Step: Let

S =>’C",‘,+1 z'.

Express this derivation as

]
S =%y =g o [p1,05 -, D)
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/

y 1s a sequence of productions from P,

where y' € (V/)*, ¢ =y, and p},p5,..., D
By the induction hypothesis,
5=¢1

where y € V*, ¢/ € g(y). Claim 23 says that there exist the following two cases:
(i) Let m = 2k for some k > 0. Then, y’ € V*t, ¢’ € W*, and every production
p;' = (a]' - (aj’i>’®)’

where a; € V, {(a;,i) € W, i € {1,...,t}. In this case, {(a;,i) € g(a;) for
every a; and any i (see the definition of g); hence, z’ € g(y) as well.

ii) Let m = 2k + 1. Then, 3y’ € W™, 2’ € VT, and each p’, is of the form
j
p; = ({aj, 1) — 25, F (1)),

where (a;,i) € W, z; € V*. Moreover, according to the forbidding condi-
tions of pj, all (a;,1) in y’ have the same i. Thus, y' = (a1,i){(az,1) ... {aq, )
for some i € {1,...,t}, y = g7 (¢') = a1az...aq, and 2’ = 2123...24. By
the definition of P,

({aj,i) — z;, F(i)) € P' implies a; — z; € P;.
Therefore,
S =& aaz...a9 =g 2122...29 [P1,D2,---,Dq)s

where p; = a; — z; € P; such that pj = ((a;,i) — z;, F(i)). Obviously,
212... 2 =2 =2

This completes the induction and establishes Claim 24. ]
By Claim 24, for any z € T,
S=gxz ifandonlyif S=¢g =
Therefore, L(G) = L(G’), so the lemma holds. O
In order to simplify the notation in the following lemma, for a set of productions
PC{la—2F): acV, zeV*, FCV},

define
left(P)={a: (a — z,F) € P}.

Informally, left(P) denotes the set of left-hand sides of all productions in P.
Lemma 14. FEPTOL(1) C EPTOL.
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Proof. Let
G= (‘/aTvpla"'aPtaS)

be an FEPTOL grammar of degree 1, t > 1. Let @ be the set of all subsets O C P;,
1 €4 £ t, such that every (a — 2,F) € O,a €V, z € V¥, F C V, satisfies
Fnleft(O) = 0. Create a new set Q' so that for each O € Q, add

{a—2: (a -2 F)e 0}
to Q. Express

Ql = {Q’l" .. 7Q$7],}7
where m is the cardinality of Q. Then, construct the EPTOL grammar

G =(V,T,Q,...,Qn,9).

Basic Idea. To see the basic idea behind the construction of G’, consider a
pair of productions p1 = (a1 — 2z, F1) and p2 = (a3 — 23, F3) from P, for
some i € {1,...,t}. During a single derivation step, p; and pp can concurrently
rewrite a; and ap provided that as € F} and a, € F», respectively. Consider any
O C P; containing no pair of productions (a; — #,F1) and (azg — 22, F2) such
that a; € F; or az € F;. Observe that for any derivation step based on O, no
production from O is blocked by its forbidding conditions; thus, the conditions can
be omitted. Formal proof is given next.

Claim 25. S =% z if and only if S =%, z, z € V*, n 2 0.
Proof. The claim is proved by induction on the length of derivations.
Only If: By induction on n, n > 0, we prove that
S =%z implies S=¢%
for all z € V*.

Basis: Let n = 0. Then, § =% S and § =2, S.

Induction Hypothesis: Suppose that the claim holds for all derivations of length n
or less, for some n > 0.

Induction Step: Consider a derivation
S =>'(';v+1 T.

Because n + 1 > 1, there exists y € V1, ¢ = |y|, and a sequence py,...,pq, where
p; € Piforall j=1,...,q and some i € {1,...,t}, such that

S =%y=>czp,. .. D
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By the induction hypothesis,
S =>gi y.

Let

O={p;:1<j<q})
Observe that

Yy =G T [pla"'aplI]

implies alph(y) = left(0). Moreover, every p; = (a — 2,F) € 0,a €V, z€ VT,
F C V, satisfies F Nalph(y) = 0. Hence, (a — 2, F) € O implies F Nleft(0) = 0.
Inspect the definition of G’ to see that there exists

Q. ={a—z: (a—>2F)e0}
for some r, 1 < r < m. Therefore,

S =% y=>¢ P, 0
where p; = a — z € Q; such that p; = (a — 2, F) € O, forall j =1,...,q.
If: The if-part demonstrates for every n > 0,

S =% z implies S =¢ z,
where z € V*.

Basis: Suppose that n = 0. Then, § =%, S and S =% S.

Induction Hypothesis: Assume that the claim holds for all derivations of length n
or less, for some n > 0.

Induction Step: Let
S =>g',"1 z.
As n+1 > 1, there exists a derivation
S =>’fcl' y ﬁGl T [pll”"’p:]]

such that y € V*, ¢ = |y|, each p} € Q.. for some r € {1,...,m}, and by the
induction hypothesis,

S =%y

Then, by the definition of Q.., there exists P; and O C P; such that every (a —
z,F)€0,a€V,z2eV*t FCV,satisfiesa — z € Q) and FNleft(O) = 0. Since
alph(y) C left(0), (a — z, F) € O implies F Nalph(y) = 0. Hence,

S=2y=c¢z[p,. Pq)

where p; =(a —» 2, F)eOforallj=1,...,q d
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From the claim above,
S=gz ifandonlyif S=5 =z
for all x € T*. Consequently, L(G) = L(G’). O

The following two lemmas can be proved by analogy with Lemmas 13 and 14.
The details are left to the reader.

Lemma 15. ETOL C FEOL(1).
Lemma 16. FETOL(1) C ETOL.

Theorem 37. FEPOL(1) = FEPTOL(1) = FEOL(1) = FETOL(1) = ETOL =
EPTOL.

Proof. By Lemmas 13 and 14, we have EPTOL C FEPOL(1) and FEPTOL(1) C
EPTOL, respectively. Since FEPOL(1) C FEPTOL(1), we get FEPOL(1) =
FEPTOL(1) = EPTOL. Analogously, from Lemmas 15 and 16, FEOL(1) =
FETOL(1) = ETOL. However, EPTOL = ETOL (see Theorem V.1.6 on page
239 in [155]). Therefore,

FEPOL(1) = FEPTOL(1) = FEOL(1) = FETOL(1) = EPTOL = ETOL;
thus, the theorem holds. O

Next, we investigate the generative power of FEPTOL grammars of degree 2.
The following lemma establishes a normal form for context-sensitive grammars so
that the grammars satisfying this form generate only sentential forms containing
no nonterminal from Ngg as the left-most symbol of the string. We make use of
this normal form in Lemma 18.

Lemma 17. Every context-sensitive language, L € CS, can be generated by a
context-sensitive grammar, G = (N UNgrp U Nes UT, T, P, S,), where N1, N¢F,
N¢s, and T' are pairwise disjoint alphabets, S1 € Ny, and every production in P
has one of the following forms:

(i) AB — AC, where A € (N;UNgp), B € Ngs, C € Ngr.
(ii)) A — B, where A€ Ncp, B € Ngs.

(i) A — a, where A€ (NqUNgr),aeT.

(i) A — C, where A,C € Ngp.
(v) Ay — C1, where A;,C) € Ny.

(vi) A — DE, where A,D,E € Ncp.

(vii) Ay — D1 E, where Ay,D; € N1, E € NcrF.
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Proof. Let
G = (NcrUNggUT,T, P’,S)

be a context-sensitive grammar of the form defined in Lemma 4. From this gram-
mar, we construct a grammar

G = (N UN¢gpUNgsUT,T,P,S),
where

N, = {X;: X € N¢or},

P =P U{A;B— AC:AB — AC € P',A,C € N¢r,B € Ngg,A; € Nq}
U {4 —>a:A——+a€P’,A€NCF,A1EN],(IGT}
U {A1 —-C1:A—>CeP,AC¢€ Ncr,A1,C4 ENl}
U {Al —- D1E:A—- DEc P ,A,D,E € Nor,A1,D1 GN]}.

Basic Idea. G works by analogy with G’ except that in G every sentential
form starts with a symbol from N; U T followed by symbols that are not in Nj.
Notice, however, that by AB — AC, G’ can never rewrite the left-most symbol
of any sentential form. Based on these observations, it is rather easy to see that
L(G) = L(G"); a formal proof of this identity is left to the reader. As G is of the
required form, Lemma 17 holds. a

Lemma 18. CS C FEPOL(2).

Proof. Let L be a context-sensitive language generated by a grammar
G =(N1UNcrpUNcsUT,T,P,5)
of the form of Lemma 17. Let

V. =N UNgprUNcsUT,
Pcs = {AB — AC: AB — AC € P,A€ (N UNc¢r),B € N¢s,C € Ncr},
Pcp = P~ Pes.

Informally, Pcs and Pcp are the sets of context-sensitive and context-free pro-
ductions in P, respectively, and V denotes the total alphabet of G.

Let f be an arbitrary bijection from V to {1,...,m}, where m is the cardinality
of V, and let f~! be the inverse of f.

Construct an FEPOL grammar of degree 2,

G = (V',T,P, S),
with V' defined as

Wo = {(A,B,C) :AB — AC € Pcs},

Ws = {{(A,B,C,j): AB — AC € Pgg,1 <j <m+1},
W =WyUWg,

V' =VUuUWwW,

where V, Wy, and Wy are pairwise disjoint alphabets. The set of productions P’
is defined as follows:
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1. For every X € V, add (X — X, 0) to P'.
2. For every A — u € Pgr, add (A — u, W) to P'.
3. For every AB — AC € Pgg, add the following productions to P’

(a) (B - (A7B7C)’W);
(b) ((A’B’C) - (A,B,C,l),W— {(A’ B’C>})§
) (

(c) ((4,B,C,j) = (A, B,C,j + 1), {f'(§){4,B,C,j)}) forall 1 < j <m
such that f(A) # j;

(d) (<A’B’C’f(A)> - (AvBa C’f(A) + 1)’0)§
(e) ({4,B,C,m+1) — C,{(4, B,C,m +1)*}).

Basic Idea. Let us informally explain how G’ simulates the non-context-free pro-
ductions of the form AB — AC (see productions of (3) in the construction of P’).
First, chosen occurrences of B are rewritten with (A4, B,C) by (B — (4, B,C),W).
The forbidding condition of this production guarantees that there is no simulation
already in process. After that, left neighbors of all occurrences of (4, B,C) are
checked not to be any symbols from V — {A4}. In more detail, G’ rewrites (4, B, C)
with (A, B,C,t) for ¢ = 1. Then, in every (4, B,C,{), G’ increments i by one as
long as 1 is less or equal to the cardinality of V'; simultaneously, it verifies that the
left neighbor of every (A, B, C,i) differs from the symbol that f maps to i except
for the case when f(A) = {. Finally, G’ checks that there are no two adjoining
symbols (A, B,C,m + 1). At this point, the left neighbors of (4, B,C,m + 1) are
necessarily equal to A, so every occurrence of (A, B,C,m + 1) is rewritten to C.

Observe that the other symbols remain unchanged during the simulation. In-
deed, by the forbidding conditions, the only productions that can rewrite sym-
bols X ¢ W are of the form (X — X,0). Moreover, the forbidding condition
of ((A,B,C) — (A, B,C,1),W — {{A, B,C)}) implies that it is not possible to
simulate two different non-context-free productions at the same time.

To establish the identity of languages generated by G and G’, we first prove
Claims 26 through 30.

Claim 26. 5, =7, z’ implies first(z’) € (N1 UT) for every n 20, 2’ € (V')*.

Proof. The claim is proved by induction on n.
Basis: Let n = 0. Then, S; =2, S; and §) € N;.

Induction Hypothesis: Assume that the claim holds for all derivations of length n
or less, for some n > 0.

Induction Step: Consider a derivation

Sl =>g,-/+.l :EI,
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where 2’ € (V’)*. Because n + 1 > 1, there is a derivation

S =>7Cl'~/ y' Sdel z’ [pl,...,pq],

y' € (V")*, ¢ =|y'|, and by the induction hypothesis, first(y’) € (N1 UT). Inspect
P’ to see that the production p; that rewrites the left-most symbol of y’ is one of
the following forms: (A; — Ai1,0), (@ — a,0), (41 — o, W), (4] — C1,W), or
(A4; — D1 E,W), where A1,C1,D;1 € N1, a €T, E € Ncr (see (1) and (2) in the
definition of P’ and Lemma 17). It is obvious that the left-most symbols of the
right-hand sides of these productions belong to (N; UT). Hence,

first(z') € (N; UT),
so the claim holds. O
Claim 27. S; =7, yi Xy, X € Wg, implies y} € (V')* for any y5 € (V')*.

Proof. Informally, the claim says that every occurrence of a symbol from Wg has
always a left neighbor. Clearly, this claim follows from the statement of Claim 26.
Since Ws N (N; UT) = @, X cannot be the left-most symbol in a sentential form
and the claim holds. O

Claim 28. S, =%, «', n > 0, implies that 2’ has one of the following three forms:
(I) ' e V>,
(II) 2’ € (VU Wp)* and #w,z’ > 0.

(WD) 2 € (VU{(4, B,C,i)})*, #(apcin? >0, and {f~1(k)(4,B,C,j): 1<
k < j,k # f(A)} Nsub(z’) =0, where (A,B,C,j) € Wg, A € (N1 UNcr),
BeNgg,Ce€ Nop,1<j<m+1.

Proof. We prove the claim by the induction on n > 0.
Basis: Let n = 0. Clearly, S} :>%, S1 and S is of type (I).

Induction Hypothesis: Suppose that the claim holds for all derivations of length n
or less, for some n > 0.

Induction Step: Let us consider any derivation of the form

Sl =>1C?'}-1 z'.

Because n+1 > 1, there exists y’ € (V’)* and a sequence of productions p1,...,pq,
where p; € P', 1 <i < gq, g =|y'|, such that

S =%y =¢ 2 [p1,...,pq

Let ¥ = a1a2...aq, a; € V.
By the induction hypothesis, ¥’ can only be of forms (I) through (III). Thus,
the following three cases cover all possible forms of y':
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(i)

(i)

(iii)

Let 3 € V* (form (I)). In this case, every production p; can be either of
the form (a; — a;,0), a; € V, or (a; — u, W) such that a; - u € Pop, or
(a;i — (A,0;,C),W), a; € N¢s, (4,a;,C) € Wy (see the definition of P’).
Suppose that for every i € {1,...,q}, p; has one of the first two listed forms.
According to the right-hand sides of these productions, we obtain z’ € V*;
that is, 2’ is of form (I).

If there exists 4 such that p; = (a; — (A, a;, C), W) for some A € (N1UN¢r),
a; € Ngs, C € Ngr, (A,a;,C) € Wy, we get 2’ € (VUW,)* with #w,z’ > 0.
Thus, ¢’ belongs to (II).

Let ¢ € (V. UWp)* and #w,y' > 0 (form (II)). At this point, p; is either
(@i — ai,0) (rewriting a; € V to itself) or ((4,B,C) — (4,B,C,1),W ~
{(A, B,C)}) rewriting a; = (A,B,C) € Wy to (4, B,C,1) € Wg, where
A e (NiUN¢rF), B € Ngs, C € Ner. Since #w,y’ > 0, there exists at least
one i such that a; = (A, B, C) € Wy. The corresponding production p; can be
used provided that #w_((4,8,c)1y¥’ = 0. Therefore, y' € (VU{(4, B,C)})*,
and hence ' € (VU{(4, B,C,1)})*, #{(a,B,c,1)}T" > 0; that is, z’ is of type
(I11).

Assume that y' € (VU {(4, B,C,5)})*, #{4,B,c,j)}¥’ >0, and
sub(y') N {7 (k)(4, B,C,j) : 1<k <j,k# f(A)} =0,

where (A,B,C,j) € Wsg, A € (NJUNgF), B€ Ngg, C € Nor, 1 £ <
m + 1 (form (III)). By inspection of P’, we see that the following four forms
of productions can be used to rewrite y’ to z':

(a) (ai = a;,0), a; € V.
(b) ;<&)B»@J> ~ (A,B,C,j + 1), {f T G)AB,C.j)}), 1< j<m, j #
(c) ((4,B,C, f(A)) — (A, B,C, f(4) +1),0).

(@) ((4,B,C,m+1) - C,{(4, B,C,m+1)%}).

Let 1 < 7 < m, j # f(A). Then, symbols from V are rewritten to

themselves (case (a)) and every occurrence of (A4, B,C,j) is rewritten to
(A,B,C,j + 1) by (b). Clearly, we obtain z’' € (V U{(4,B,C,j + 1)})*
such that #((4,8,c,j+1)}2 > 0. Furthermore, (b) can be used only when
f71G)(A, B,C, j) ¢ sub(y’). As

sub(y/) N {f 1 (k)}(A,B,C,j): 1<k<j, k# f(A)} =0,
it holds that

sub(y') N {f 1 (k)(4,B,C,j) : 1<k <4, k+# f(A)} =0.
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Since every occurrence of (A, B, C, j) is rewritten to (A4, B, C, j+1) and other
symbols are unchanged,

sub(z') N {f " (k){A,B,C,j+1): 1<k<j+1, k+# f(A)} =0

therefore, z’ is of form (III).

Assume that j = f(A). Then, all occurrences of (4, B, C, ) are rewritten to
(A,B,C,j+1) by (c), and symbols from V are rewritten to themselves. As
before, we obtain z’' € (VU {(4,B,C,j + 1)})* and #(4,B,cj+1)}2 > 0.
Moreover, because

sub(y") N {f 1 (k){A4,B,C,j) : 1<k <j, k# f(A)} =0
and j is just f(A),
sub(z') N {f 1 (k)(A,B,C,j+1): 1<k<j+1, k#fA)}=0

and 2’ belongs to (IIT) as well.

Finally, let § = m + 1. Then, every occurrence of (A, B, C, j) is rewritten to
C (case (d)), and therefore =’ € V*; that is, ' has form (I).

In (i), (ii), and (iii} we have considered all derivations that rewrite 3’ to =, and

in each of these cases we have shown that z’ has one of the requested forms.
Therefore, Claim 28 holds. O

To prove the following claims, we need a finite letter-to-letters substitution g
from V* into (V')* defined as

g(X) = {X}U{(A,X,C): <A=XvC>EWO}
U{(4,X,C5): (A, X,C5)eWg,1<j<m+1}

forall X € V, A€ (N, UNgr), C € Ncr. Let g7! be the inverse of g.
Claim 29. Lety' = a1a...aq, a; € V', ¢ = ||, and g~ (a;) =% g7 (us) for all
i€{1,...,q} and some h; € {0,1}, u; € (V')*. Then, g7 (') =% g7 (') such
that ' = uqug ... ug, 7= 0, by, 7 < g.
Proof. First, consider a derivation

97HX) =& 97 (w),

XeV,ue V), he{0,1}. f h=0, then g~*(X) = g~ *(u). Let h = 1. Then,
there surely exists a production p = g71(X) — g~!(u) € P such that

971 (X) =6 g7 (u) [p].



4.2 Parallel Conditional Grammars 111

Return to the statement of this claim. We can construct a derivation

97 (a1)g™(az) ... g7 (ay) =>%1 g7 Hu1)g™ (a2) ... g7} (aq)
¢ g7 (w)g ™ (u2) ... 97 (aq)
=6 97 w)g ™ (w) .97 (uy),

where g7 (y') = g7 a1)...97 ag) and g7 (w1)...97Hug) = g7 (u1...uy) =
g~ }(z'). In such a derivation, each g~*(a;) is either left unchanged (if h; = 0) or

rewritten to g~!(u;) by the corresponding production g~*(a;) — ¢~ *(u;). Obvi-
ously, the length of this derivation is ZLI h;. O

Claim 80. S1 =% z if and only if S1 =7, «’, wherez € V*, 2’ € (V')*, 2’ € g(x).
Proof.

Only if: The only-if part is established by induction on the length of derivations
in G. That is, we show that

S =¢ ¢ implies S =g 7,
where z € V*, for n > 0.

Basis: Let n = 0. Then, S =>% S1 and 5 =>2;, Sh as well.

Induction Hypothesis: Assume that the claim holds for all derivations of length n
or less, for some n > 0.

Induction Step: Consider a derivation
Sy =%t .
Because n + 1 > 0, there exists y € V* and p € P such that
S1 =g y=c z[p,
and by the induction hypothesis, there is also a derivation
S, =5y

Let y = ajaz...a4, a; € V, 1 <i < g, ¢ = |y|. The following cases (i) and (ii)
cover all possible forms of p:

i) p=A - u€ Pop, A € (NqUNgr), u € V*. Then, y = y1Ays and
T = yiuys, y1,y3 € V*. Let s = |y1] + 1. Since we have (4 — u, W) € P/,
we can construct a derivation

S =5y =g T [p,...,P

such that p, = (A — u,W) and p; = (a; — a;,0) foralli € {1,...,q}, i #s.
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(ii) p=AB — AC € Pgg, A € (N1 UNCF), B € Ngg, C € Nep. Then,
y = y1ABy3 and x = y; ACys, y1,ys € V*. Let s = |y;| + 2. In this case,
there is the following derivation:

Sl :>*GI y1ABy3

ded y1A<A,B,C>y3 [ps = (B - (A,B,C),W)]

= NnA(4,B,C,1)y; ps = ({4,B,C) — (A, B,C,1),
W —{(4,B,C)})]

:>G’ y1A<A7BaC, 2>y3 [Ps = ( AaBaC’1> - (A)B»C’ 2)’
{f71(1){4, B,C, )}

s NAABC f(Ays b
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o A4 B,Com+ys  [ps = (A, B,C,m) — (A, B,C,m +1),
{f~1(m){(4A, B,C,m)})]

=g’ ylACy3 [Ps = (<Aa Bv Cam + 1> - C’
{(A4,B,C,m+1)*})]

such that p; = (a; — a;,0) for alli € {1,...,q}, i # s.

If. By induction on n, we prove that
S; =% ' implies S =4 z,
where ' € (V')*, z € V* and 7’ € g(z).

Basis: Let n = 0. The only z’ is §); because S :>g,, S1. Obviously, 5, =>((’;
81 and S; € g(S1).

Induction Hypothesis: Suppose that the claim holds for any derivation of length n
or less, for some n > 0.

Induction Step: Consider a derivation of the form
n+1 ./
S] :>G/ T .

Since n + 1 > 1, there exists 3’ € (V')* and a sequence of productions py,...,p,
from P’, ¢ = |z'|, such that

Sy =3 Y =¢ 2 [p1,..,Dq)
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Let ¥ =aias...0q, a; € V', 1 <i < q. By the induction hypothesis, we have
Sl =>Z;’ Y,

where y € V*, such that ¥’ € g(y).
From Claim 28, 3’ can have one of the following forms:

(i) Let ¢’ € (V')* (see (I) in Claim 28). Inspect P’ to see that there are three
forms of productions rewriting symbols a; in y':

(a) pi = (a; — a;,0) € P/, a; € V. In this case,
97N (ai) =& 97 (as).

(b) pi = (a; — u;, W) € P’ such that a; — u; € Pop. Because a; =
9 Has), wi = g7 (w;) and a; — u; € P,

97 Hai) =a g7 (w) [ai — wi).

(¢) pi = (ai — (A,a;,C),W) € P/, a; € Ncs, A € (N1 UNcr), C € Nor.
Since g7 (a;) = g7 ({4, a;,C)), we have

g_l(ai) =>0G g—l((A! aivC))'
We see that for all a;, there exists a derivation
97 @) =F 97 (=)

for some h; € {0,1}, where z; € (V')*, 2’ = 2129...24. Therefore, by
Claim 29, we can construct

S1 =20y =g T,
where 0 < r < ¢, z = g~ ().

(ii) Let y' € (V U Wp)* and #w,y’ > 0 (see (II)). At this point, the following
two forms of productions can be used to rewrite a; in y':

(a) p; = (a; — a;,0) € P', a; € V. As in case (i.a),
97 (@) =g g7 (a:).
() p; = ((A,B,C) — (A,B,C, 1), W — {{A,B,C)}), ai ={A,B
A € (N UNgr), B € Ngs, C € Ncp. Because g7'((4
g7 '({4,B,C,1)),

97'((4,B,C)) =& g7 ((4,B,C,1)).
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(iii)
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Thus, there exists a derivation
Sy =6y =% 1,
where z = g~ }(z').
Let y' € (VU{(A,B,C,j)})*, #{a,B,c.51¥ >0, and
sub(y ) N {f~(k)(4,B,C,j5): 1<k<j, k# f(A)}=0,
where (4, B,C,j) € Wg, A € (NyUN¢Fr), Be Ngs, C € Ncr, 1 £ 5 <

m+1 (see (II1)). By inspection of P’, the following four forms of productions
can be used to rewrite ¥’ to z:

(a) p
(b) p

= (a; — a;,0),a; € V.
= ({(4,B,C,j) = (4,B,C,j + 1),{f '(UNA,B,C,j)}), 1<j<m,
J 76 f(A).
() pi=((4,B,C, f(A)) - (A,B,C, f(4) +1),0).
(d) pi = (4, B,C,m+1) - C,{{4,B,C,m + 1)*}).
Let 1 < j < m. G’ can rewrite such ¥’ using only the productions (a) through

(c¢). Because g~1((4,B,C, 7)) = g7 ({4, B,C,j+1)) and g7 (a;) = g7 *(a:),
by analogy with (ii), we obtain a derivation

S =2Ly=2zx

such that z = g71(z').
Let j = m + 1. In this case, only the productions (a) and (d) can be used.
Since #{(4,B,c,jy)1¥" > 0, there is at least one occurrence of (A, B,C,m+1) in

v/, and by the forbidding condition of the production (c), (4, B,C,m + 1)* ¢
sub(y’). Observe that for j = m + 1,

{f~1(k){A,B,C;m+1): 1<k <j, k# f(A)}
={X(A,B,C;m+1): X€V, X # A},

and thus
sub(y')N{X(A,B,C,m+1): X eV, X # A} =0.
According to Claim 27, (A, B,C,m + 1) has always a left neighbor in 3.

As a result, the left neighbor of every occurrence of (A, B,C,m + 1} is A.
Therefore, we can express:

|

Y1 A(A, B,C,m + 1)y A(A,B,C,m+ 1)ys ...y A(A, B,C,m + 1)yr41,

9~ (y1)ABg™ (y2)ABg™ (y3) ... g7 (yr) ABg ™ (yr41),

Yy
y
' =y ACy2ACy3 ...y  ACYr 1,
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where r > 1, y, € V*, 1 < s < r+ 1. Since we have p = AB — AC € P,
there is a derivation:

S1 =% 97 (y1)ABg (y2)ABg™ (y3) ... g7 (yr)ABg ™} (yrs1)
=¢ 97 (¥1)ACg ™ (y2)ABg™ (3) ... g7 (yr)ABg *(yr+1) D)
=¢ 97 (11)ACg  (y2)ACe™ (y3) ... g7 (yr)ABg ™ (yr+1) )

"-‘;G‘ 97 y1)ACg ™ (y2)ACg™ (y3) ... g~ (yr)AC9  (yrs1) I,

where ¢71(y1)ACg™ (y2)ACg 7 (y3) ... g7 (yr)ACg ™ Hyr41) = g7 (2) =
Z.

Because cases (i), (ii), and (iii) cover all possible forms of y’, we have completed
the induction and established Claim 30. a

The equivalence of G and G’ follows from Claim 30. Indeed, observe that by
the definition of g, we have g(a) = {a} for all a € T. Therefore, by Claim 30, we
have for any z € T*,

S5, =g« ifandonlyif 8 =% z.
Thus, L(G) = L(G’), and the lemma holds. a
Theorem 38. CS = FEPOL(2) = FEPTOL(2) = FEPOL = FEPTOL.

Proof. By Lemma 18, CS C FEPO0L(2) C FEPTOL(2) C FEPTOL. From
Lemma 11 and the definition of FETOL grammars, it follows that FEPTOL(s) C
FEPTOL C CEPTOL C CS for any s > 0. Moreover, FEPOL(s) C FEPOL C
FEPTOL. Thus, CS = FEPOL(2) = FEPTOL(2) = FEPOL = FEPTOL, and
the theorem holds. d

Return to the proof of Lemma 18. Observe that the productions of the FEPOL
grammar G’ are of restricted forms. This observation gives rise to the next corol-
lary.

Corollary 15. Every context-sensitive language can be generated by an FEPOL
grammar G = (V,T, P, S) of degree 2 such that every production from P has one
of the following forms:

(i) (a —>a,0),acV.
(i) (X -z, F), XeV-T, |z| € {1,2}, max(F) =1.
(i) (X - Y,{2}), X,YeV-T, ze V%

Next, we demonstrate that the family of recursively enumerable languages is
generated by the forbidding EOL grammars of degree 2.

Lemma 19. RE C FEOL(2).
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Proof. Let L be a recursively enumerable language generated by a phrase structure
grammar

G = (V,T,P,S)

having the form defined in Lemma 5, where

\4 = NgrpUNgsgUT,
Prs = {AB —~ACeP:. ACe€ Ngp,Be Ncs},
Perp = P-— Pgs.

Let $ be a new symbol and m be the cardinality of V U {8}. Furthermore, let f
be an arbitrary bijection from V U{$} onto {1,...,m}, and let f~! be the inverse
of f.

Then, we define an FEOL grammar

G =(V',T,P,S"

of degree 2 as follows:

Wo = {(A,B,C): AB — AC € P},
Ws = {(A4,B,C,j): AB— AC€ P,1<j<m},
W = W()UW,S’,

vV = Vuwu{s,$},

where A,C € N¢r,B € Ngg, and V, Wy, Wg, and {S’,$} are pairwise disjoint
alphabets. The set of productions P’ is defined in the following way:

1. Add (8" — $5,0), (8 — $,0) and ($ — &, V' — T — {$}) to P'.
2. Forall X € V, add (X — X,0) to P'.

3. Forall A— u € Pop, A € Nop, u € {€}UNgs UT U (UL, Nip), add
(A—u, W) to P'.

4. If AB — AC € Pgg, A,C € Nop, B € Neg, then add the following produc-
tions to P':
(a) (B— (4,B,C),W).
(b) ((A,B,C) - <AiB?Ci 1>5W - {(A’ B»C>})

(c) ((A,B,C,j) = (A4,B,C,j +1),{f'(4)A4,B,C,j)}) forall 1< j<m
such that f(A) # j.

(d) ((4,B,C, f(4)) — (4,B,C, f(A) +1),0).
(e) ((4,B,C,m+1) — C,{{A,B,C,m+1)*}).
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Basic Idea. Let us only sketch the proof that L(G) = L(G’). The construction
above resembles the construction in Lemma 18 very much. Indeed, to simulate
the non-context-free productions AB — AC in FEQL grammars, we use the same
technique as in FEPOL grammars from Lemma 18. We only need to guarantee
that no sentential form begins with a symbol from Ngg. This is solved by an
auxiliary nonterminal $ in the definition of G’. The symbol is always generated
in the first derivation step by (S’ — $5,0) (see (1) in the definition of P’). After
that, it appears as the left-most symbol of all sentential forms containing some
nonterminals. The only production that can erase it is ($ — ¢,V' — T — {$}).
Therefore, by analogy with the technique used in Lemma 18, we can establish

S =¢ ¢ ifand only if 8" =7, $2'

such that x € V*, 2’ € (V' — {8,8})*, 2’ € g(z), where g is a finite substitution
from V* into (V' — {S’,$})* defined as

9(X) = {X}U{<AaXaC>: <A7X’C>€WO}
u{{4,X,Cj): (A, X,C,j)eWs,1<j<m+1}

forall X € V, A,C € Ngp. The details are left to the reader.
As in Lemma 18, we have g(a) = {a} for all a € T'; hence, for all z € T*,

S =gz ifandonlyif S =%, $z.

Since
$z =>¢ 2z (8 — €,V =T - {$})],
we obtain
S=¢z ifandonlyif §' =% =
Consequently, L(G) = L(G'); thus, RE C FEOL(2). O

Theorem 39. RE = FEOL(2) = FETOL(2) = FEOL = FETOL.

Proof. By Lemma 19, we have RE C FEOL(2) C FETOL(2) € FETOL. From
Lemma 12, it follows that FETOL(s) € FETOL C CETOL C RE, for any s > 0.
Therefore, RE = FEOL(2) = FETOL(2) = FEOL = FETOL, so the theorem
holds. O

By analogy with Corollary 15, we obtain the following normal form:

Corollary 16. Every recursively enumerable language can be generated by an
FEOL grammar G = (V, T, P,S) of degree 2 such that every production from P has
one of the following forms:

(i) (a — a,0),ae V.
(i) (X - z,F), XeV —T,|z| <2, and F # 0 implies max(F) = 1.
(iii) (X = Y,{2}), X,Y €V =T, z€ V2.
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Theorems 36, 37, 38, and 39 imply the following relationships of FETOL lan-
guage families:

Corollary 17.

CF
C
FEPOL(0) = FEOL(0) = EPOL = EOL
C
FEPOL(1) = FEPTOL(1) = FEOL(1) = FETOL(1)

= FEPTOL(0) = FETOL(0) = EPTOL = ETOL

-
FEPOL(2) = FEPTOL(2) = FEPOL = FEPTOL = CS

C

FEOL(2) = FETOL(2) = FEOL = FETOL = RE.

4.2.3 Simple Semi-conditional ETOL Grammars

Simple semi-conditional ETOL grammars represent another variant of context-
conditional ETOL grammars with restricted sets of context conditions. By analogy
with sequential simple semi-conditional grammars (see Section 4.1.5), these gram-
mars are context-conditional ETOL grammars in which every production contains
no more than one context condition.

Definition 18. Let G = (V,T, P\, ..., P;, S) be a context-conditional ETOL gram-
mar, for some t > 1. If for all p = (a — z, Per,For) € P; for every i = 1,...,t
holds |Per| + |For| < 1, G is said to be a simple semi-conditional ETOL gram-
mar (SSC-ETOL grammar for short). If G is a propagating SSC-ETOL grammar,
then G is called an SSC-EPTOL grammar. If t = 1, then G is called an SSC-EOL
grammar; if, in addition, G is a propagating SSC-EOL grammar G is said to be
an SSC-EPOL grammar.

Convention 5. Let G = (V,T, P,..., P, S) be an SSC-ETOL grammar of degree
(r,s). By analogy with ssc-grammars, in each production (a — z, Per, For) € P,
i=1,...,t, we omit braces and instead of @, we write 0. For example, we write
(a — z, EF,0) instead of (a — z,{EF},0).

The families of languages generated by SSC-EPTOL, SSC-ETOL, SSC-EPOL,
and SSC-EQL grammars of degree (r, s) are denoted by SSC-EPTOL(r, s), SSC-
ETOL(r,s), SSC-EPOL(r, s), and SSC-EOL(r, s), respectively. Furthermore,
the families of languages generated by SSC-EPTOL, SSC-ETO0L, SSC-EPOL, and
SSC-EOL grammars of any degree are denoted by SSC-EPTOQL, SSC-ETOL,
SSC-EPOL, and SSC-EOL, respectively.

Next, let us investigate the generative power of SSC-ETOL grammars. The
following lemma proves that every recursively enumerable language can be defined
by an SSC-EQL grammar of degree (1,2):
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Lemma 20. RE C SSC-E0L(1,2).
Proof. Let
=(NepUNes UT, T, P, S)

be a phrase-structure grammar of the form of Lemma 5. Then, let V = Ngp U
NesUT and m be the cardinality of V. Let f be an arbitrary (but fixed) bijection
from V to {1,...,m}, and f~? be the inverse of f. Set

M = {#} U
{( C> AB - ACe€ P A Ce N¢cp,B ENcs} U
{( B,C,i): AB*ACEP,A,CENCF,BENcs,lSiSm'i'Z}

and
W ={[A,B,C]: AB— AC € P,A,C € N¢r,B € N¢gs}.
Next, construct an SSC-EOL grammar of degree (1,2)
= (V,1 Ta Pl’ Sl)»

where

Vi=VuUMUWwu{S}
Without any loss of generality, we assume that V, M, W, and {5’} are pairwise
disjoint. The set of productions P’ is constructed in the following way:

1. Add (S’ — #5,0,0) to P'.

2. Foral Az € P,A€ Nop,z € {e}UNcsUT UNZp, add (A — z,#,0)
to P’.

3. For every AB — AC € P, A,C € Nep, B € Ngs, add the following
productions to P’;
(a) (# - (4, B,C),0,0).
(b) (B—[A4,B,C],{A,B,C),0).
(¢) ({4,B,C)— (A,B,C,1),0,0).
([A,B,C] — [A,B,C),0,(A, B,C,m + 2)).
(e) ((4,B,C,i) = (A,B,C,i+1),0,f 1(i)[4,B,C]) for all 1 < i < m,
i # f(A).
(f) ((4,B,C, f(A)) — (A,B,C, f(A) +1),0,0).
() ((4,B,C,m+1) > (A,B,C,m+2),0,[4,B,C)%).
(h) ((4,B,C,m +2) — #,0,(4,B,C,m + 2)[A, B,C)).
(i) ([4,B,C] — C,{(A,B,C,m+2),0).

4. Forall X € V, add (X — X,0,0) to P’
5. Add (# — #,0,0) and (# — &,0,0) to P'.
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Basic Idea. Let us explain how G’ works. During the simulation of a derivation
in G, every sentential form starts with an auxiliary symbol from M, called the
master. This symbol determines the current simulation mode and controls the next
derivation step. Initially, the master is set to # (see (1) in the definition of P’).
In this mode, G’ simulates context-free productions (see (2)); notice that symbols
from V can always be rewritten to themselves by (4). To start the simulation of
a non-context-free production of the form AB — AC, G’ rewrites the master to
(4, B,C). In the following step, chosen occurrences of B are rewritten to [4, B, CJ;
no other productions can be used except productions introduced in (4). At the
same time, the master is rewritten to (A, B,C,%) with ¢ = 1 (see (3c)). Then, i
is repeatedly incremented by one until ¢ is greater than the cardinality of V (see
productions (3e) and (3f)). Simultaneously, the master’s conditions make sure that
for every ¢ such that f~1(i) # A, no f~!(i) appears as the left neighbor of any
occurrence of [A, B, C]. Finally, G’ checks that there are no two adjoining [4, B, C]
(see (3g)) and that [A, B,C] does not appear as the right neighbor of the master
(see (3h)). At this point, the left neighbors of [A, B, C] are necessarily equal to A
and every occurrence of [A, B, C] is rewritten to C. In the same derivation step,
the master is rewritten to #.

Observe that in every derivation step, the master allows G’ to use only a subset
of productions according to the current mode. Indeed, it is not possible to combine
context-free and non-context-free simulation modes. Furthermore, no two different
non-context-free productions can be simulated at the same time. The simulation
ends when # is erased by (# — ¢,0,0). After this erasure, no other production
can be used.

The following three claims demonstrate some important properties of deriva-
tions in G’ to establish L(G) = L(G"):

Claim 31. &' =%, w' implies that w' € M(VUW)* orw' € (VUW)*. Fur-
thermore, if w' € M(V UW)*, every v' such that S’ =>g, v =7, w' belongs to
MV UW)* as well.

Proof. When deriving w’, G’ first rewrites S’ to #S by using (S’ — #5,0,0),
where # € M and S € V. Next, inspect P’ to see that every symbol from M is
always rewritten to a symbol belonging to M or, in the case of #, erased by (# —
€,0,0). Moreover, there are no productions generating new occurrences of symbols
from (M U {S’}). Thus, all sentential forms derived from S’ belong either to
M(VUW)* or to (VUW)*. In addition, if a sentential form belongs to M (VUW)*,
all previous sentential forms (except for S’) are also from M(V U W)*. g

Claim 32. Every successful derivation in G' is of the form
S/ =g #S #é/ #UI =g’ 'LU, =>*G/ 'LU,,
where v’ € V*, w' € T*.
Proof. From Claim 31 and its proof, every successful derivation has the form

S =o #S 2L, #u 2o v S5 W,
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where v',v" € (VUW)*, w' € T*. This claim shows that
#u =g v 25w

implies & € V and v/ = w’.
Consider
#u' =g v S5 W,

where w/,v' € (VUW)*, w € T*. Assume that «’ contains a nonterminal
[4, B,C] € W. There are two productions rewriting [A, B,C): p; = (|4, B,C] —
(4, B,C],0,(A, B,C,m+2)) and p2 = ([4,B,C] — C, (A, B,C,m+2),0). Because
of its permitting condition, ps cannot be applied during #u' = v'. If [4, B,C)]
is rewritten by py—that is, [4, B, C] € alph(v’')—[A, B, C] necessarily occurs in all
sentential forms derived from v'. Thus, no u’' containing a nonterminal from W
results in a terminal string; hence, v’ € V*. By analogical considerations, establish
that also v € V*. Next, assume that v’ contains some A € Ngog or B € N¢g.
The first one can be rewritten by (A — z,#,0), z € V*, and the second one
by (B — [4,B,C],(A,B,C),0), [A,B,C] € W, (A,B,C) € M. In both cases,
the permitting condition forbids an application of the production. Consequently,
v’ € T*. It suffices to show that v/ = w’. Indeed, every production rewriting a
terminal is of the form (a — a,0,0),a € T. O

Claim 33. §' =%, Z2', Z€ M, 2’ € (VUW)*, n > 1, implies that Zz' has one
of the following forms:

(1) Z=#,2' e V*.
(I) Z=(A,B,C), £’ € V*, for some A,C € Ncr, B € Ncs.

(Il) Z = (A, B,C,i), 2’ € (VU{[4, B,C]})*, 1 <i < m+1, and {f ' (j)[4, B,C]:
1<j<i, j# f(A)}Nsub(z’) =0 for some A,C € Ncr, B € Ngs.

(IV) Z = (A,B,C,m +2), ¢’ € (VU{[4,B,CI})*, {X[A4,B,C]: X eV, X #
A} Nsub(z’) =0, and [A,B,C’]2 & sub(z’) for some A,C € Ncp, B € Ngs.

Proof. This claim is proved by induction on the length of derivations.
Basis: Let n = 1. Then, §' =4 #S, where #S is of type (I).

Induction Hypothesis: Suppose that the claim holds for all derivations of length n
or less, for some n > 1.

Induction Step: Consider a derivation of the form
S! =>'éT1 Qz,

Q€ M,z € (VUW)*. Because n+ 1 > 2, by Claim 31, there exists Zy' €
M (V UW)* and a sequence of productions pg,p1, .. .,Pq, Where p; € P/, 0<i < g,
q = |y’|, such that

S, :>1Gl' Zy, :>G' Q:LJ [pprl’-- . ’pq]-
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Let ¥ = a1a2...a4, where a; € (VUW) for all i = 1,...,q. By the induction
hypothesis, the following cases (i) through (iv) cover all possible forms of Zy':

(B

(iii)

Let Z = # and y € V* (form (I)). According to the definition of P/, po
is either (# — (A, B,(C),0,0), A,C € Neor, B € Ng¢s, or (# — #,0,0),
or (# — £,0,0), and every p; is either of the form (a; — 2,#,0), z €
{e} UNcs UT U NZg, or (a; — a;,0,0). Obviously, ' is always rewritten
to a string £’ € V*. If # is rewritten to (4, B,C), we get (A, B,C)z’ that
is of form (II). If # remains unchanged, #z’ is of type (I). In case that # is
erased, the resulting sentential form does not belong to M(V UW)* required
by this claim (which also holds for all strings derived from z’ (see Claim 31)).

Let Z = (A, B,C), y' € V*, for some A,C € Ner, B € Ngg (form (II)). In

this case, pp = ((4,B,C) — (A, B,C,1),0,0) and every p; is either (a; —

[4,B,C],(A,B,C),0) or (a; — a;,0,0) (see the definition of P’). It is easy

to see that (A, B, C, 1)z’ belongs to (III).

Let Z = (A,B,C, 5, v € (VU{[A4, B,C]})*, and y satisfies
{f7HR)A,B,C]: 1<k <j, k# f(A)} Nsub(y’) =4,

1< j<m+1, for some A,C € Ngr, B € Ngg (form (III)). The only
productions rewriting symbols from y’ are (a; — a;,0,0), a; € V, and
([4,B,C] — [A,B,C],0,{A,B,C,m + 2)); thus, y’ is rewritten to itself.
By inspection of P’, py can be of the following three forms:

(a) fj# f(A)and j <m+1,
Po = (<A,B,C,j> - (A,B,C,j + 1)101 f_l(J)[AvBaC])
Clearly, po can be used only when f~1(j)[A, B,C] & sub(Zy’). As

{fH(k)[A,B,C): 1< k<, k# f(A)} Nsub(y') =0,

it also
{F7'(K)[A,B,C]: 1<k<j, k+# f(A)}Nsub(y’) =0.

Since (A, B,C,j) is rewritten to (A, B,C,j + 1) and 3y’ is unchanged,
we get (A, B,C,j + 1)y’ with

{f71(K)A,B,C): 1<k <j+1, k# f(A)} Nsub(y’) =0,

which is of form (III).
(b) If j = f(A4),

Do = ((A,B,C,f(A)) - <A,B,C,f(A) + 1)7070)
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As before, Qz’ = (A, B,C, j + 1)y'. Moreover, because
{fH(k)[A,B,C]: 1<k <j, k# f(A)}Nsub(y) =0
and j = f(A),
{f7Y(k)[A,B,C): 1<k<j+1, k# f(A)}Nsub(z’) = 0.
Consequently, Qz' belongs to (III) as well.
(c) If j=m+1,
po = ((4,B,C,m +1) — (4,B,C,m + 2),0,[4, B,C]*).

Then, Qz' = (A, B,C,m + 2)y’. The application of pg implies that
[A, B, C]2 ¢ sub(z'). In addition, observe that for j =m + 1,

{f~U(k)[A,B,C): 1<k <j, k# f(A)}
={X[A,B,C]: X eV, X # A}
Hence,
{X[A4,B,C]: X eV, X # A} Nsub(z') = 0.
As a result, @z’ is of form (IV).

(iv) Let Z = (A, B,C,m+2), ¥’ € (VU{[4, B,C|})*, |4, B,C)* ¢ sub(y’), and
{X[A,B,C]: X €V, X # A} nsub(y’) =0,
for some A,C € N¢r, B € Ngg (form (IV)). Inspect P’ to see that
po = ((A,B,C,m+2) - #,0,(A,B,C,m + 2)[A, B,C))
and p; is either

(ai - ai,0,0), a; € ‘/a

or

([4,B,C] - C,(4,B,C,m+2),0),

1 €4 £ q. According to the right-hand sides of these productions, Qz’ €
{#}V*; that is, Qz’ belongs to (I).

In cases (i) through (iv), we have demonstrated that every sentential form obtained
in n 4+ 1 derivation steps satisfies the statement of this claim. Therefore, we have
finished the induction step and established Claim 33. O

To prove the following claims, define a finite substitution g from V* into (VUW)*
as

9(X) = {X}U{[A,B,C] € W: A,C € Nor, B € Nes}
for all X € V. Let g~! be the inverse of g.
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Claim 34. Lety = a1az...aq, a; € (VUW)*, ¢ =|¢/|, and g~ *(a;) :>g" “1(z})
for alli € {1,...,q} and some h; € {0,1}, zi. € (VUW)*. Then, g~}(v') =L
g7 (@) such that «’ = xjxh ..., h=3 71, hi, h<q.

Proof. First, consider a derivation
g7HX) =6 97 (w),
XeVUW)ue VuWw)* 1le{0,1}. IfI =0, g7} (X) = g7} (u). Let l = 1.
Then, there surely exists a production p = g7}(X) — g~ !(u) € P such that
97HX) =6 97 (w) [p).
Return to the statement of this claim. We can construct a derivation

97 a1)g™Haz)...g7 (ag) =F g7 Hz)g N (a2)... g7 (ay)
=& g7 ()9~ (zh) ... 97 (ag)

.h, - - -
=g 97 (z1)g7 M=) ... g7 (xp),

where g7 (y') = g7 (a1)...97 (ag) and g7} (z})...g7 (=) = g7 (... 2)) =
g7 1(z'). In such a derivation, each g~'(a;) is either left unchanged (if h; = 0) or
rewritten to g~!(z’) by the corresponding production ¢~!(a;) — g~'(z%). Obvi-
ously, the length of this derivation is y_7_; h;. O

Claim 35. S =% « if and only if S’ =>Z,, Qz', where g7 (z') =z, Q € M,
zeV*, o e (VUW)".

Proof.
Only if : By induction on the length of derivations in G, we show that
S =%z implies § =%, #z,
where z € V*, n > 0. Clearly, g7(z) = z.
Basis: Let n =0. Then, § =% S. In G', S’ = #S by using (S’ — #38,0,0).

Induction Hypothesis: Assume that the claim holds for all derivations of length n
or less, for some n > 0.

Induction Step: Consider a derivation
S =>7C’;+1 z.
As n-+12> 1, there exists y € V* and p € P such that
S =¢y=¢czlp

Let y = a1a2...aq, a; € V for all 1 < i < g, where ¢ = |y|. By the induction
hypothesis,
S’ ég, #y.

The following cases investigate all possible forms of p:
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(i) p=A— 2 A€ Ngr, 2 € {efUNcs UT U NZp. Then, y = y1Ays and
T =112Y3, Y1,y3 € V*. Let | = |y1| + 1. In this case, we can construct
S, :2/ #y =>G’ #IL‘ [PO,PI,-- wpq]

such that pp = (# — #,0,0), py = (A — z,#,0), and p; = (a; — a4,0,0)
forall1<i<gq,i#1.

(ii) p = AB — AC, A,C € Ngr, B € Nggs. Then, y = y1ABy3 and = =
1 ACys, y1,ys € V*. Let | = |y;| + 2. At this point, there exists the
following derivation:

=>q <A7 Ba C>y1ABy3
=g (Av B,C, l)ylA[A,B,C]y;;
=g’ (A,B,C, 2)y1A[A,B,C]y3
=g <A’ B,C, f(A»ylA[A’ B, C]y3
Aa B7 C’ f(A) + 1>y1A[A, Bv C]y3

=g <A5B)C’m+ 1)y1A[A’Ba C]yB
=qa (A4,B,C,m+ 2)y1A[A, B,Clys
=g  #yACys.

If: The if-part establishes that

S' =% Qz' implies S =7 z,
where g7 (z') =z, Q € M, 2’ € (VUW)*, z € V*, n > 1. This claim is proved
by induction on the length of derivations in G’.

Basis: Assume that n = 1. Because the only production that can rewrite S’ is
(S' — #85,0,0), S =g #S. Clearly, S =% S and g~1(S) = S.

Induction Hypothesis: Suppose that the claim holds for any derivation of length n
or less, for some n > 1.

Induction Step: Consider
) +1 A
S =g Q'
Qr' € M(VUWY)*. Since n+ 1 > 2, by Claim 31, there exists a derivation
S, #21 Zy, S ded Qxl [pOapla' .. apq]a

where Zy' € M(VUW)*, and p; € P’ for alli € {0,1,...,q}, ¢ = |¢/|. By the
induction hypothesis, there is also a derivation

S =>a/ Y,

where y € V*, g71(y') = y. Let ¢ = a1a2...a4. Claim 33 says that Zy' has one
of the following forms:
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Let Z = # and 3’ € V*. Then, there are two forms of productions rewriting
a; in y'.

(a) (a; — a;,0,0), a; € V. In this case,
97 @) =& 97 (@)

() (@i — 3, #,0), z; € {€} U Nes UT U N3 . Because a; = g~*(as),
z; = g (=z;) and a; — x; € P,

g7 ) =6 97 (@) [ai — ).
We see that for all a;, there exists a derivation
97 a) =g 97 (z)

for some h; € {0,1}, where z; € V*, &' = z122...74. Therefore, by
Claim 34, we can construct

S =Ly =k,
where 0 < h < ¢, z = g~ }(z').

Let Z = (A, B,C), y € V*, for some A,C € Ngr, B € Ngg. At this point,
the following two forms of productions can be used to rewrite a; in y':

(a) (a; — a;,0,0), a; € V. As in case (i.a}),
g7 (a:) =& 9 (@)

(b) (a; — [A,B,C),{4,B,C),0), a; = B. Since g~!([4,B,C]) = g"1(B),
we have
97 Ha:) =& 971 ([4, B,C)).

Thus, there exists the derivation
S =ty=2z =91
Let Z = (A,B,C,j), ¥y € (VU{[A, B,C]})*, and
{fT'(®)A, B,C): 1<k <j, k# f(A)} Nsub(y’) =0,

1<j<m+1, for some A, C € Nor, B € Ngg. Then, the only productions
rewriting symbols from gy’ are

(a; — a4,0,0), a; €V,
and
(IA,B,C] — |4, B,(C),0,{A,B,C,m +2));
hence, ' = 3. Because we have
S=5y 97'W) =y
it also holds g~!(z') = .
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(iv) Let Z = (A4,B,C,m+2), ¥’ € (VU{[4, B,C]})*, [A, B,C]* & sub(y/),
{X[A,B,C]: X eV, X # A} Nsub(y’) =0,
for some A,C € N¢f, B € Ngg. G' rewrites (A, B,C,m + 2) by using
((A,B,C,m +2) — 4,0, (4, B,C,m + 2)[4, B,C]),

which forbids (A, B,C,m + 2)[A, B,C] as a substring of Zy’. As a result,
the left neighbor of every occurrence of (A4, B,C] in (4, B,C,m + 2)y’ is A.
Inspect P’ to see that a; can be rewritten either by (a; — @4,0,0), a; € V,
or by ({4, B,C] — C, (A, B,C,m + 2),0). Therefore, we can express:

¥ = uAl[A B,Cly2AlA, B, Clys ... yiAlA, B, Clyi41,
y = y1ABy2ABy;...y1AByi41,
' = yACy:ACys... y1ACy41,

where | > 0, yx € V*, 1 < k <1+ 1. Since we have p = AB — AC € P,
there is a derivation

S =6 y14By2ABys ... yiAByi
=G ylACyzAByg v ylAByl+1 [p]
=a ylAC'yzACyg v ytAByl+l [p]

=¢ hACyACys.. .y ACy 41 [p).

Because cases (i) through (iv) cover all possible forms of y’, we have completed
the induction and established Claim 35.
O

Let us finish the proof of Lemma 20. Consider a derivation
S=5w, weTr
From Claim.35, it follows that
S =71, #w
because g{a) = {a} for every a € T. Then, as shown in Claim 32,
8" =t #w =g w,

and hence
S =g w implies §' =% w

for all w € T*. To prove the converse implication, consider a successful derivation
of the form
s’ =>g, #u =g W 5w,
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u € V* we T* (see Claim 32). Observe that by the definition of P’, for every
S =L #u=g w
there also exists a derivation
S =t #u = #w =g ow.
Then, according to Claim 35, S =& w. Consequently, we get for every w € T*,
S =g w ifandonlyif S =% w;
therefore, L(G) = L(G'). ]

Lemma 21. SSC-ETOL(r,s) C RE for any r,s > 0.

Proof. By Lemma 12, CETOL C RE. Because SSC-ETOL(r,s) C CETOL for
all 7, s > 0 (see Definition 18), SSC-ETOL(r,s) C RE for all r,5 > 0 as well. O

Inclusions established in Lemmas 20 and 21 result in the following theorem:

Theorem 40. SSC-EOL(1,2) = SSC-ETOL(1,2) = SSC-EOL = SSC-ETOL =
RE.

Proof. From Lemmas 20 and 21, RE C SSC-EO0L(1,2) and SSC-ETOL(r,s) C
RE for any r,s > 0. By the definitions, it also holds that SSC-EOL(1,2) C
SSC-ETOL(1,2) C SSC-ETOL and SSC-EOL(1, 2) C SSC-EOL C SSC-ETOL.
Hence, SSC-EOL(1,2) = SSC-ETO0L(1,2) = SSC-EQ0L = SSC-ETOL = RE.

]

Next, let us investigate the generative power of propagating SSC-ET0L gram-
mars.

Lemma 22. CS C SSC-EPO0L(1,2).

Proof. We can base this proof on the same technique as in Lemma 20. However,
we have to make sure that the construction produces no erasing productions. This
requires some modifications of the original algorithm; in particular, we have to
elliminate the production (# — ¢,0,0).

Let L be a context-sensitive language generated by a grammar

G=(V,T,P,9)
of the normal form of Lemma 4, where

V =NegrpUNesUT.
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Let m be the cardinality of V. Define a bijection f from V to {1,...,m}. Let f~!
be the inverse of f. Set

M = {(#|X): XeV}u
{(A,B,C|X): AB>ACeP, XeV}U
{{A,B,C,i|X): AB—>ACEP, 1<i<m+2, XeV},
W = {[A4,B,C,X]: AB— AC€P, X €V}, and
Vi = VUMUW,

where V, M, and W are pairwise disjoint. Then, construct the SSC-EPOL gram-
mar of degree (1,2),

G' = (V,’Tv P, #15)),
with the set of productions P’ defined as follows:

1. For allA—»xEP,AGNCF,zGTUNCSUNgF,

(a) for all X € V, add (A — z, (#] X),0) to P;
(b) if x € TU Ngs, add ((#|4) — (#]2),0,0) to P’;
(c)ifx=YZ,YZ e Nip, add ((#|A) - (#|Y)Z,0,0) to P'.
2. For all X € V for every AB — AC € P, A,C € Ngp, B € Ngg, add the
following productions to P’':
(a) ((#]X) — (4,B,C[X),0,0).
(b) (B—[A,B,C, X],(4,B,C|X),0).
(c) ({A,B,C|X) - (A,B,C,1]|X),0,0).
(d) ([4,B,C,X] - [A,B,C, X],0,(4,B,C,m + 2)X).
(e) ((4,B,C,i|X) — (4,B,C,i+ 1] X),0, f~1(i)[4,B,C, X]) for all 1 <
i <m, i # f(A).
(A,B,C, f(A)| X) — (A,B,C, f(A) +1]| X),0,0).
(A,B,C,m+1|X) — (A, B,C,m+2| X),0,[4, B,C, X]?).

(A,B,C,m+2|X) — (#]|X),0,0) for X = A,
(A,B,C,m+2|X) — (#| X),0,(4, B,C,m +2| X)[4, B,C, X]) oth-
T

wise.

(£ (
(8 (
(h) (
(
e
(i) ((A,B,C, X] — C,(A,B,C,m + 2| X),0).
3. Forall X € V, add (X — X,0,0) to P’.

4. For all X € V, add ({(#] X) — (#|X),0,0) and ((#|X) — X,0,0) to P’
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Basic Idea. Consider this construction and the construction used in Lemma 20.
Observe that the present construction does not attach the master as an extra
symbol before sentential forms. Instead, the master is incorporated with its right
neighbor into one composite symbol. For example, if G generates AabCadd, the
corresponding sentential form in G’ is {# | A)abCadd, where (# | A) is one symbol.
At this point, we need no production erasing #; the master is simply rewritten
to the symbol with which it is incorporated (see productions of (4)). In addition,
this modification involves some changes to the algorithm: First, G’ can rewrite
symbols incorporated with the master (see productions of (1b) and (1c¢)). Second,
conditions of the productions depending on the master refer to the composite sym-
bols. Finally, G’ can make context-sensitive rewriting of the composite master’s
right neighbor (see productions of (2h)). For instance, if

ABadC =>¢ ACadC [AB — AC)

in G, G’ derives
(#| A)BadC =7, (#|A)CadC.

Based on the observations above, the reader can surely establish L(G) = L(G’)
by analogy with the proof of Lemma 20. Thus, the rigorous proof is omitted. O

Lemma 23. SSC-EPTOL(r,s) C CS for allr,s > 0.

Proof. By Lemma 11, CEPTOQL(r,s) € CS, for any » > 0, s > 0. Since every
SSC-EPTOL grammar is a special case of a CEPTOL grammar (see Definition 18),
we obtain SSC-EPTOL(r,s) C CS for all r,s > 0. O

Theorem 41. CS = SSC-EPOL(1,2) = SSC-EPTOL(1,2) = SSC-EPOL =
SSC-EPTOL.

Proof. By Lemma 22, we have CS C SSC-EPOL(1,2). Lemma 23 says that
SSC-EPTOL(r,s) € CS for all r,s > 0. From the definitions it follows that
SSC-EPOL(1,2) C SSC-EPTOL(1,2) C SSC-EPTOL and SSC-EPOL(1,2) C
SSC-EPOL C SSC-EPTOL. Hence, SSC-EPOL(1,2) = SSC-EPTOL(1,2) =
SSC-EPOL = SSC-EPTOL = CS. [ ]

The following corollary summarizes the established relationships between the
language families generated by SSC-ETOL grammars:

Corollary 18.

CF
C
SSC-EPOL(0,0) = SSC-EOL(0, 0) = EPOL = EOL
C
SSC-EPTOL(0,0) = SSC-ETOL(0,0) = EPTOL = ETOL
C
SSC-EPOL(1,2) = SSC-EPTOL(1,2) = SSC-EPOL = SSC-EPTOL = CS
C
SSC-EOL(1,2) = SSC-ETOL(1,2) = SSC-EOL = SSC-ETOL = RE.
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Open Problems. Notice that Corollary 18 does not include some related lan-
guage families. For instance, it contains no language families generated by SSC-
ETOL grammars with degrees (1,1), (1,0), and (0,1). What is their generative
power? What is the generative power of SSC-ETOL grammars of degree (2,1)7
Are they as powerful as SSC-ETOL grammars of degree (1,2)7

4.3 Global Context Conditional Grammars

As a matter of fact, in the present section, we go beyond the topic of this chap-
ter. Indeed, rather than associate context conditions with grammatical rules, we
associate them with a grammar as a whole.

Definition 19. Let r be a natural number. A global context conditional grammar
(a gec-grammar for short) of degree r is a sixtuple,

G =(V,T,P,S, Per, For),

where (V,T, P, S) is a context-free grammar, For C V, and Per C V¥ such that
y € Per implies |y| < r. G is said to be propagating if A — = € P implies = # ¢.

Letu,v € V*,pE P,p=A — z, u = ug Auz, v = uTuse, for some A € (V-T),
z,u1, ug € V*, then we write

(a) u P=>¢ v [p] if A € alph(sub(u) N Per);
(b) u f=>¢ v [p] if alph(u) N For = §;
(¢) u =g v p]ifuP=g v [p orul=gvp

Roughly speaking, such a production as A — = € P can be applied to a
sentential form w provided that (a) A occurs in a permitting word from Per which
is a subword of w or (b) no forbidding symbol from For occurs in w. Note that (a)
requires any occurrence of A to appear in a permitting word that is a subword of
u; but not necessarily the occurrence of A, which is rewritten in a given derivation
step u P=¢ v.

In the standard manner, we define =%, for 1 > 0, =>g, and =,. The language
of G, denoted by L(G), is defined as

LG)={weT: §S=w}

The family of languages generated by gcc-grammars of degree r is denoted by
GCC(r). Furthermore,

>}
GCC = | ] Gee).
i=0
We use prefix prop- if we consider only propagating gcc-grammars. That is,
prop-GCC(r) and prop-GCC denote the family of languages generated by prop-
agating gcc-grammars of degree r and by propagating gcc-grammars of any degree,
respectively.
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Next, we prove two fundamental results regarding the generative power of gcc-
grammars:

(i) A language is context-sensitive if and only if it is generated by a propagating
gce-grammar of degree 2.

(i) A language is recursively enumerable if and only if it is generated by a gec-
grammar of degree 2.

Theorem 42. CS = prop-GCC(2).

Proof. 1t is straightforward to prove that prop-GCC(2) C CS, so it suffices-to
prove the converse inclusion.

Let L be a context-sensitive language. Without any loss of generality, we can
assume that L is generated by a context-sensitive grammar

G =(NerUNgsg UT, T, P,S)
of the form described in Lemma 4. Let V = Nep U Nog UT. Set
For = {{A,B,C): AB — AC € P, A,C € Ngr, B € N¢s}.
The propagating gcc-grammar G’ of degree 2 is defined as
G = (V',T,P,8S, Per, For),
where V! =V U For and
Per = {A(A,B,C): A€ N¢p, (A,B,C) € For}.
The set of productions P’ is defined in the following way:
1.If A>z€ P, A€ Ncr, 2 € NogUT U NZp, then add A — z to P'.

2. If AB —- AC € P, A,C € Ngp, B € Ngg, then add the following two
productions B — (A, B,C), (A,B,C) — C to P’.

Obviously, G’ is a propagating gcc-grammar of degree 2. Moreover, observe
that G is supposed to be of the form described by Lemma 4, so Nog and N¢gg are
two disjoint alphabets. Thus, considering the construction of G’, we should see
that there is at most one occurrence of a symbol from For in any word derived
from §; that is,

S =¢ x implies #porz < 1.

The formal proof is left to the reader.

Next, define a finite letter-to-letters substitution g from V* into (V U For)*
such that forall Y € V, '

g Yy={Y}Uu{X,Y,2): (X,Y,Z) € For, X,Z € Nor}.
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Let g~! be the inverse of g.
To show that L(G) = L(G’), we prove that

S=¢z ifandonlyif S =% o',

where 2’ € g(z), z € VT, for some m,n > 0.

Only if: This is established by induction on the length m of derivations; that is,
we have to demonstrate that

S =% ¢ implies S =} o
for some ' € g(z), z € V*. This is our claim.

Basis: Let m = 0. The only z is S because S =% S. Clearly, S =>g., S in G’ and
S € g(8).

Induction Hypothesis: Suppose that our claim holds for all derivations of length
at most m, for some m > 0.

Induction Step: Let us consider a derivation
S =7tz zeVT.
Since m + 1 > 1, there is some y € V' and p € P such that
S =% y=¢cz(p,
and by the induction hypothesis, there is also a derivation
S=%y
for some ¥’ € g(y).

(i) Let us assume that p = D — y» € P, D € Ngr, y2 € Nes UT U N&p,
y=wy1Dys, y1,ys € V*, and z = y1y2ys. Since from the definition of g it is
clear that g(Z) = {Z} for all Z € N¢F, we can express y' = y{ Dyj, where
¥h € g(y1) and yj € g(y3). Clearly, D — yo € P’; see (1) in the definition of
P

(a) If For Nalph(y;Dyj) = 0, then
S =& 41Dy "o yiveys (D — ya

and Y1323 € 9(y192y3) = 9(z).

(b) If For Nalph(yiDy3) # 0, then #roryiDy; = 1. Next, suppose that
(X,Y,Z) € alph(yiDy3) N For, XY — XZ € P, X,Z € N¢gp, Y €
Nc¢s; then, by (2), we have Y — (XY, Z) € P’. Clearly, we can express
the derivation

S =% w1 Dys
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in the following way:
S =5t g7 (i Dys) F=er i Dy [Y — (XY, Z)),
where
alph(g~(y} Dy3)) N For = 0 and g~ ' (yy Dyj3) = y1Dys.
Thus,
S =727 y1Dys =g yivays [D — 42
and y1y2y3 € g(z).

(ll) Let P= AB — AC € P, AaC € NCFa Be NCS) y= ylABy27 Y1, Y2 € V*v

=y ACy2, ¥ = y1XYyh, ¥t € 9(n1), y3 € 9(32), X € g(A), Y € g(B).
Clearly,

{B - (4,B,C),(A,B,C) > C}C P
(see (2) in the definition of P’).

(a) If For Nalph(y; XYy;) = 0, then y; XYy5 = y1 ABys, and so

S =7, ylAByg
fz>G" y1A<A’B1C>y2 [B - <AaBaC)]
p=>GI ylAC’yz [(A, B, C) — C]
and y1 ACy; € g(x).

(b) Let For Nalph(y;XYy;) # 0. By analogy with (i), we can find the
derivation

S =>ng y1ABy2
in G’, and so
S = 11ABy2 =¢ 11 A(A, B,Cly2 ¢ 1 ACy,,
where y; ACy: € g(z).

Thus, the only-if part now follows by the principle of induction.

If: This is also established by induction, but in this case on n. We have to
demonstrate that

S =g o' implies S =¢ z,
where z € VY, z =g (z'), and n > 0.

Basis: For n = 0 the only 2’ is S because S =7, S. Since § = g7'(S), we have
z=S8. Clearly, S =% SinG.

Induction Hypothesis: Assume that the claim holds for all derivations of length at
most n, for some n > 0.
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Induction Step: Consider a derivation
S=ntd,

where ¢ = g~1(z’) for some z € V*. Since n + 1 > 1, there is some y € V¥,
y =g ('), and p € P’ such that

S =%y =6 2 [p
in G’. By the induction hypothesis,
S=cuy.
Let v = v'Ds’, y = rBs, r = g~ }(r'), s = g~(¢), r,s € V*, B = g~ }(D),

2 =r'2s and p= D — 2 € P'. Moreover, let us consider the following three
cases:

(i) Let g7(2') = B; see (2). Then, g7(z') = ¢g7}(r'2’s’) = rBs. By the
induction hypothesis, we have

S =% rBs.

(ii) Let 2 € TUN¢cs UNEp, D = B € Ngp. Then, there is a production
B — 2’ € P; see (1). Hence,

S =¢ rBs =g r2's [B — 2]
Since 2’ = g7!(z’), we have ¢ = rz’s such that g~!(2’) = =.
(i) Let 2/ = C, D = (A, B,C) € For; see (2). Clearly,
Yy P=er @ [p]

and A(A, B,C) € sub(y’). By the definition of For, there is a production
AB — AC € P. Since #roryy < 1, we have 7' = v'A, r = uA, where
g }(«') = v and u € V*. Thus,

S =¢ uABs =¢ uACs [AB — AC],

where uACs = rCs. Since C = g~!(C), we get = = rCs such that g~!(z) =
x.

By inspection of P’, we have considered all possible derivations of the form
S =>gl y’ #GI .'L'I
in G'. Thus, by the principle of induction, we have established that

S =%, 2 implies S =5z,
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where z € V*, g71(2') = z,and n > 0.

The equivalence of G and G’ immediately follows from the statement above.
Indeed, by the definition of g, we have g(a) = {a} for all a € T. Therefore, we
have for any w € T*,

S=tw ifandonlyif S =p w;
that is, L(G) = L(G’). Hence, prop-GCC(2) = CS. n

Next, we turn to the investigation of gcc-grammars of degree 2 with erasing
productions. We show that these grammars generate precisely the family of recur-
sively enumerable languages.

Theorem 43. RE = GCC(2).

Proof. Clearly, GCC(2) C RE. Hence, it suffices to show that RE C GCC(2).
This inclusion can be proved by the technique used in Theorem 42, because ev-
ery language L € RE can be generated by a phrase-structure grammar whose
productions are of the form AB — AC or A — x, where A,B,C € V — T and
z € {e}UT U(V —T)? (see Lemmas 3 and 5). The details are left to the reader.

[ ]

The following corollary summarizes results established in Theorems 42 and 43:

Corollary 19.
prop-GCC(2) = prop-GCC = CS
C
GCC(2) = GCC =RE.

Open Problem. Consider an alternative definition of gec-grammars. Specifi-
cally, define the notion of a forbidding gec-grammar of degree r (for some nat-
ural number 7) as a sixtuple G = (V,T, P, S, Per, For), where (V,T,P,S) is a
context-free grammar, For C V* such that z € For implies [z] < r, Per C V,
and a production A — z can be applied to a word w when Per C alph(w) or
§ = V*{A}V* N For Nsub(w). What is the language generating power of these
grammars?
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Chapter 5

Context Conditions Placed on the
Neighborhood of Rewritten
Symbols

This chapter studies grammars with context conditions placed on the neighborhood
of rewritten symbols. In Section 5.1, we investigate grammars with context con-
ditions that strictly require a continuous neighborhood of the rewritten symbols.
We discuss both sequential and parallel grammars of this kind. The discussion of
sequential grammars naturally leads to the study of classical context-dependent
grammars, such as context-sensitive and phrase-structure grammars. Regarding
parallel grammars, we base this discussion on EIL grammars. In Section 5.2, we
study scattered context grammars in which rewriting depends on symbols occur-
ring in the sentential form, but these symbols may not form a continuous substring
of the sentential form. Rather, these symbols, which are simultaneously rewritten
during a single derivation step, may be scattered throughout the sentential form.
In all grammars discussed in this chapter, we make their context-dependency uni-
form, reduced and easy-to-use in theory and practice.

5.1 Continuous Context

Consider the phrase-structure grammars based on productions of the form zAy —
zuy, where A is a nonterminal and z, y, u are strings (see Chapter 2). By using
xAy — zuy, we rewrite A with u on the condition that in the current sentential
form z and y are substrings neighboring with the rewritten symbol A from the left
and from the right, respectively. Consequently, the phrase-structure grammars
can be quite naturally interpreted as grammars with context condition placed on
the substrings neighboring with the rewritten symbols (see the note preceding
Definition 2 in Section 2.2). Therefore, we discuss them in this chapter, although
we are fully aware of the problems and difficulties that their use bring about
(see Chapter 1). In fact, we intentionally concentrate our attention on some of
the difficulties in order to make them more acceptable from both theoretical and
practical viewpoint. :

More specifically, a phrase-structure grammar can produce a very broad variety
of quite different sentential forms during the generation of their languages. This
inconsistent generation represents a highly undesirable grammatical phenomenon.
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In theory, the demonstration of properties concerning languages generated in this
way lead to extremely tedious proofs. In practice, the inconsistent generation of
languages is uneasy to analyze. Therefore, we next investigate how to make this
generation of languages more uniform. Specifically, the phrase-structure grammars
are transformed so that they generate only words that have a uniform permutation-
based form. More precisely, in Section 5.1.1, we demonstrate that every recursively
enumerable language L can be generated by a phrase-structure grammar so that
during the generation of any sentence from L, every sentential form is based on a
sequence of substrings, each of which represents a permutation of symbols over a
very small alphabet.

Besides phrase-structure grammars, we achieve analogical results for EIL gram-
mars, which represent major parallel grammars with context condition placed on
substrings continuously neighboring with the rewritten symbols (see Section 5.1.2).

5.1.1 Sequential Uniform Rewriting

The present section demonstrates that for every phrase-structure grammar G,
there exists an equivalent phrase-structure grammar, G’ = ({5,0,1} UT,T, P, S)
so that every = € F(G’) satisfies

z € T*"II{w)",
where w € {0,1}*. Then, it makes this conversion so that for every z € F(G),
z € II(w)*T*.

Let
G =WV, T,P,S)

be a phrase-structure grammar. Notice that alph(L(G)) € T. Ifa € T ~
alph(L{G)), so a actually acts as a pseudoterminal because it appears in no word of
L(G). Every transformation described in this section assumes that its input gram-
mar contains no pseudoterminals of this kind, and does not contain any useless
nonterminals either.

Let j be a natural number. Set

PS[.j]={L: L = L(G), where G = (V,T, P,S) is a phrase-structure
grammar such that |alph(F(G)) —T| = j and
F(G) C T*II(w)*, where w € (V —T)*}.

Analogously, set

PS[j.] = {L: L = L(G), where G = (V,T, P, S) is a phrase-structure
grammar such that |alph(F(G)) — T| = j and
F(G) C O(w)*T*, where w € (V — T)*}.

Lemma 24. Let G be a phrase-structure grammar. Then, there exists a phrase-
structure grammar, G' = ({S,0,1} U T, T, P,S), satisfying L(G') = L(G) and
F(G") € T*TI(1"~200)".
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Proof. Let

G=(V.T,Q,9)
be a phrase-structure grammar, where V is the alphabet of G, T is the terminal
alphabet of G, @ is the set of productions of G, and $ is the start symbol of

G. Without any loss of generality, assume that V N {0,1} = @. The following
construction produces an equivalent phrase-structure grammar:

G’ = ({5,0,1}UT, T, P,S)

such that F(G’) C T*II(1"~200)*, for some natural number n.

For some integers m,n such that m > 3 and 2m = n, introduce an injective
homomorphism 3 from V to ({1}™{1}*{0}{1}*{0} n{0,1}") — {1*~200}. Extend
the domain of 3 to V*. Define the phrase-structure grammar, G’ = ({5,0,1} U
T,T,P,S), with

P = {S — 17~1008($)1"~100} U

{8(z) > B(y): z—>yeQ}U
{1™2008(a) — al™200: a € T} U
(1720017200 — €}.

Claim 36. Let S =", w, where w € V* and h > 1. Then, w € T*({e} U
{1"~200}(B(V))*{1"“00}).
Proof. The claim is proved by induction on A, A > 1.
Basis: Let h = 1. That is,
S =¢ 1"71008($)1™100 [$ — 1™1003($)1"100).

As

1"72008(S)1™200 € T* ({1200} (B(V))*{1™ 200} U {e}),
the basis holds.

Induction Hypothesis: Suppose that for some k > 0, if § =>iG, w, wherei=1,...,k
and w € V*, then w € T*({1"~200}(B(V))*{1"~200} U {e}).
Induction Step: Consider

S =>Z.T1 w,

where w € V* — T*. Express S é’é)“ w as

S =>’é, ulhs(p)v
=g urhs(p)v [p],

where p € P and w = urhs(p)v. Less formally, after k steps, G’ derives ulhs(p)v.
Then, by using p, G’ replaces lhs(p) with rhs(p) in ulhs(p)v, so it obtains urhs(p)v.
By the induction hypothesis,

ulhs(p)v € T*({1"~100}(B(V))*{1"200} U {e}).
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As lhs(p) ¢ T*, ulhs(p)v € T*. Therefore,
ulhs(p)v € T*{1"~200}(B(V))*{1™~200}.

Let
ulhs(p)v € T*{1"7200}(B(V))?{1"~200}

in G', for some 7 > 1. By the definition of P, p satisfies one of these three
properties:

(i} Let lhs(p) = B(z) and rhs(p) = G(y), where £ — y € @, At this point,
u € T*{1"00H{B(V)}",
for some r > 0, and
ve {ﬂ(v)}(j—llhs(p)l—r){1n—200}_
Distinguish between these two cases: |z| < |y} and |z| > |y|.
(a) Let |z| < |y|. Set s = |y| — |z|]. Observe that
urhs(p)v € T*{1"~200}(B(V))VU+*){1"~200}.
As w = urhs(p)v,
w € T*({1"7200}(8(V))*{1" 7200} U {¢}).
(b) Let |z| > |y|. By analogy with (a), prove that
w € T*({1"7200}(B(V))"{1" 7?00} U {e}).

(ii) Assume that lhs(p) = 1"71008(a) and rhs(p) = a1™~200, for some a € T.
Notice that A
ulhs(p)v € T*{1"~200}(8(V))?{1"~200}

implies © € T™ and
v € (B(V)Y=D {1700},
Then,
urhs(p)v € T*{a}{1"~200}(8(V))V V{1~ 200}.

As w = urhs(p)v,
w € T*({1"7200}(B8(V))* {17200} U {e}).
(ili) Assume that lhs(p) = 1"~2001"~200 and rhs(p) = £. Then, j =0 in
T*{1"200}(B(V))’ {1200},

SO
ulhs(p)v € T*{1"~200}{1 200}

and urhs(p)v € T*. As w = urhs(p)v,
w € T*({1"7200}(8(V))* {17200} U {e}).
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Claim 37. Let S =>2, u =%, z, where z € T*. Then, u € T*TI(1"7200)*.

Proof. Let S =>g, u =7, 2, where z € T*. By Claim 36, u € T*({1"~200}(B(V))*
{17200} U {€}), and by the definition of 8, u € T*II(1"~200)*. d

Claim 38. Let $ =% w, for some m > 0. Then S =%, 1"72008(w)1"~200 in
G

Proof. The claim is proved by induction on m, m > 0.
Basis: Let m = 0. That is, $ =% $. As

S =g 1"71008($)1" 100 [S — 1™71006($)1™100],
the basis holds.

Induction Hypothesis: Suppose that for some j > 1, if $ =% w, wherei =1,...,j
and w € V*, then § =7, B(w).

Induction Step: Let $ =>Jé+1 w. Express $ =>2+1 w as
$ =L uzv = uyv [z — Y,
where £ — y €  and w = uyv. By the induction hypothesis,
S =>g, 1"2008(uzv)1™~200.

Express B(uzv) as f(uzv) = ﬂ(u),@(z)ﬁ(v) Asz — y e P, B(z) — Bly) € P.
Therefore,

S =% 1772008(w)6(z)B(v)1" 200
=g 1772008(uw)B(y)B(v)1" 7200 [B(z) — By)]-

Because w = uyv, B(w) = B(u)B(y)B(v), so
S =%, 1"72008(w)1"200.

Claim 39. L(G) C L(G’).
Proof. Let w € L(G). Thus, $ =% w with w € T*. By Claim 38,
S =7, 1"72008(w)1"7200.

Distinguish between these two cases: w = ¢ and w # €.
(i) If w = &, 1772008(w)1™~200 = 1"~2001"~200. As 1"~2001"~200 — € € P,

S =%, 177200177200
=o€ [1"7200177200 — e].
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Thus, w € L{(G').
(ii) Assume that w # . Express w as w = a1az...an—10, with a; € T for
i=1,...,n,n> 0. Because

({1""2008(a) — a1l™"200: a € T} U{1""2001"200 — ¢}) C P,
there exists

S = 1"72008(a1)B(az) .. . Blan-1)B(ar)1"200
=g’ a) 1"‘2006(a2) N ,B(an_l)ﬁ(an)ln‘ZOO
[1"~2008(a;) — a11"~200]
S a1a21"72008(a3) . . . f(an—1)B(an)1™200
[1"~2008(az) — az1"~200]

=g a102...0,_21"72008(a,_1)B(a,)1" 200
[1"2008(an—2) — an_21"~200]

=g a103...05_28,-11"72008(a,)1"200
(1"~2008(an-1) — an_11"7200]

= 0103...0n-208,_10,1772001"7200
[1"~2008(an) — an1™ 200]

=g a1ag...0p-20n—10n
[1"2001™~200 — €.

Therefore, w € L(G’). a

Claim 40. Let S =7, 1"7200w1™~200, where w € {0,1}*, for some m > 1.
Then, $ =% 7Y (w).
Proof. This claim is proved by induction on m.

Basis: Let m = 1. That is,
S =g 1™200w1™ 200,

where w € {0,1}*. Then, w = 3($). As $ =% §, the basis holds.

Induction Hypothesis: Suppose that for some j > 1, if § =%, 1"~200w1™~200,
where i =1,...,j and w € {0,1}*, then $ =% 57 1(w).
Induction Step: Let .
§ =25 1"=200w1™200,
where w € {0,1}*. As w € {0,1}*,

§ =2+ 1"200w1™ 200

can be expressed as

S =L, 1"200uf(z)v1™~200
=g 1"200uB(y)v1™%200  [B(z) — BW)],
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where z,y € V*, 2 — y € Q, and w = uf(y)v. By the induction hypothesis,
S =& 17720087 (uB(z)v)1"200.
Express 3~ (uB(z)v) as
B (uB(z)w) = B~ (u)zB~" (v).
Since z — y € Q,

$ =¢ B (w)axb7 (v)
¢ B (WyB'(v) [z -yl

Because w = uf(y)v, 871 (w) = 71 (u)yB~1(v), so

$ =& 7 Hw).

Claim 41. L(G’) C L(G).
Proof. Let w € L(G’). Distinguish between w = ¢ and w # e.
(i) Let w = e. Observe that G’ derives € as

§ =¥ 177200177200
Sq € [1"2001"7200 — ).

Because
S =%, 1"72001™200,

Claim 40 implies that § =% e. Therefore, w € L(G).

(ii) Assume that w # e. Let w = a1a3...ap_10, with g; € T fori=1,...
where n > 1. Examine P to see that in G’ there exists this derivation:

S =r, 1772008(a1)B(a2) ... Blan-1)0(an)1""200
g a11"72008(az2) . .. B(an-1)B(an)1""200
[1"72008(a1) — a11"200]
=>q a1a21"'200,8(a3) . ﬂ(an_l)ﬂ(an)I"“ZOO
[1"~2008(az) — az1™~200)

=g 0102...08,-31"72008(an-1)B(a,)1" 7200
[1"2008(an—2) — @n-21"7200)

=g 0102...0n—20n—1 1"2008(a,)1™~200
[1"2008(an-1) — an-11""200]

=g a103... an_gan_lanln“zo()l”_%o
[1"2008(an) — a,1™~200]

=’ a102...Ap-20n—-10,
[1"~2001"~200 — €]
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Because
S =%, 1"72008(a1)B(az) . . . B(an-1)B(a:) 17200,
Claim 40 implies that
$ =5 a1a2...an-10n,

so w € L(G).
O

By Claims 39 and 41, L(G) = L(G’). By Claim 37, F(G’) C T*II(1"~200)*.
Thus, Lemma 24 holds. O

Theorem 44. PS[.2] = RE.

Proof. Clearly, PS[.2] C RE. By Lemma 24, RE C PS[.2]. Therefore, this
theorem holds. ]

Lemma 25. Let G be a phrase-structure grammar. Then, there ezists a phrase-
structure grammar G' = ({§5,0,1} U T, T, P,S) satisfying L(G) = L(G') and
F(G') C O(1™7200)*T*, for some n > 1.

Proof. Let

G=WVTQ,8%)
be a phrase-structure grammar, where V is the total alphabet of G, T is the
terminal alphabet of G, @ is the set of productions of G, and $ is the start symbol

of G. Without any loss of generality, assume that V' N {0,1} = 0. The following
construction produces an equivalent phrase-structure grammar:

¢ = ({S,0,1} UT, T, P, S)

such that F(G’) C II(1"~200)*T*, for some n > 1.

For some m > 3 and n such that 2m = n, introduce an injective homomorphism
B from V to ({1}™{1}*{0}{1}*n{0,1}") — {1"~200}. Extend the domain of § to
V*. Define the phrase-structure grammar G' = (T U{S,0,1}, P, S,T) with

P = {§—-1"1008(%$)1""100} U
{6(z) > B(y): z—yeQ} U
{B(a)1"7200 - 1""200a: ac T} U
{1"~2001"~200 — ¢}.
Complete this proof by analogy with the proof of Lemma 24. 0
Theorem 45. PS[2.] = RE.

Proof. Clearly, PS[2.] C RE. By Lemma 25, RE C PS[2.]. Therefore, this
theorem holds. |

Corollary 20. PS[.2] = PS[2.] = RE.
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Open Problems. There are some open problem areas related to the results
above. Recall that in this section we converted any phrase-structure grammar, G,
to an equivalent phrase-structure grammar, G’ = (V,T, P, S), so that for every
z € F(G"), ¢ € T*II(w)*, where w is a word over V — T'. Then, we made this
conversion so that for every z € F(G'), z € II{w)*T*. Take into account the
length of w. More precisely, for 7,k > 1 set

PS[.j,k] ={L: L = L(G), where G = (V,T, P, S) is a phrase-structure
grammar such that |alph(F(G)) —T| = j and
F(G) € T*II(w)*, where w € (V —T)* and |w| = k}.

Analogously, set

PS[j,k.] = {L: L = L(G), where G = (V,T, P, S) is a phrase-structure
grammar such that |alph(F(G)) — T| = j and
F(G) C I(w)*T*, where w € (V —T)* and |w| = k}.

Reconsider Section 5.1.1 in terms of these families of languages.

5.1.2 Parallel Uniform Rewriting

The present section converts any EIL grammar G to an equivalent EIL grammar
G' =({{5,0,1} UT,T, P, S), so that for every z € F(G’),

z € T*II(w)*,
where w € {0,1}*. Then, it makes this conversion so that for every z € F(G'},
z € I(w)*T™.

Note that by analogy with Section 5.1.1, every transformation presented in
this section assumes that its input grammar contains neither pseudoterminals nor
useless nonterminals. Let 7 > 0. Set

EIL[.j] = {L: L = L(G), where G = (V,T, P, S) is an EIL grammar
such that |alph(F(G)) — T| = j and F(G) C T*II{w)*,
where w € (V —T)*}.

Analogously, define

EIL[j.] = {L: L = L(G), where G = (V,T, P, S) is an EIL grammar
such that |alph(F(G))} — T| = j and F(G) C II(w)*T™,
where w € (V - T)*}.

Lemma 26. Let G be an E(1,0)L grammar. Then, there ezists an EIL grammar
G' =({S,0,1} UT,T,P,S) such that L(G) = L(G') and F(G') C T*II(1"~200)*,
for some n > 1.
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Proof. Let
G=V.T,Q,8)

be an E(1, 0)L grammar. For some natural numbers m and n such that m > 3 and
2m = n, introduce an injective homomorphism £ from V to ({1}™{1}*{0}{1}*{0}
N {0,1}"*) — {1"~200}; in addition, introduce an injective homomorphism x from
T to ({1}™{1}*{0}{1}*{0}n{0,1}™) — {1"~200} so that {x(a) : a € T}N{B(A4):
A € V} = 0. Extend the domain of 8 and the domain of x to V* and T*,
respectively. Define the E(2n — 1,0)L grammar

G' = (TU{S,0,1},T,P,S)

with
P= Pg U PX U Py,

where

Pg ={§— (%)}
UA{(B(X)z,0) = B(y) : X e VU{e}, z€{0, 1}, ye V™,
z0 = (YY) for some Y € V such that (X,Y) — y € Q}
U {(B(a)z,0) — x(b) : a€ TU{e}, z € {0,1}",
z0 = B(b) for some b € T},
P, ={(yz,0) > a: a€T, yeT* ze{0,1}*,
lyz| < 2n -1, 20 = x{(a)}
U {(yz,y) »e: Y €{0,1}, ye T*, z € {0,1}*,
|z} <n -2, lyz] < 2n -1}
U{(yz,Y)-Y: Y e{0,1}, yeT* z {01},
|.’E| 2n, lywl <2n- 1}
U{(z,a) —a: a€T, |z|] <2n-1},
Ps = {(z,X) > 17200 : z e (TU{0,1})>1, X e (TU{0,1}),
(PsUP)N{(z,X) > 2z: z€(TU{0,1})*} = 0}.

Claim 42. Let S =7 w, where w € V* and m > 1. Then, w € T*II(1"~200)*.

Proof. The claim is proved by induction on m, m > 1.

Basis: Let m = 1. That is, S = B(8) [S — B(8)]. As T*II(1"~200)* contains
B(8), the basis holds.

Induction Hypothesis: Suppose that for all i = 1,...,k, where k > 1, if § =>iG,
w, then w € T*II(1"200)*.
Induction Step: Consider

S =>’C°j,'1 w,

k+1

where w € V*. Express S =7 w as

S #g/ u :$G/ v [p],

where p € P. By the induction hypothesis, u € T*II{1"~200)*. Examine P to see
that v € T*II(1™~200)* if w € T*II(1"~200)*; the details are left to the reader.
O
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Claim 43. Let $ =2 w, for some m > 0. Then, S =>g, B(w).

Proof. This claim is proved by induction on m, m > 0.

Basis: Let m = 0. That is, $ =2 $. Observe that S = 8(8) [S — B(8)), so the
basis holds.

Induction Hypothesis: Suppose that for some j > 1, if § =% w, wherei =1,...,7,
and w € V*, then § =7, B(w).
Induction Step: Consider a derivation
$ =>4y
Express $ é{;’l y as
$=>Lz=0y.
Furthermore, express z as ¢ = X1X3... Xk, where & = |z| and X; € V, for
j=1,...,k Assume that G makes
X1 Xo.. X =cy

according to (¢, X1) — y1, (X1, X2) = ya,..., (Xk-1, Xk) 2 Y SOY = Y1¥2 .- - Y&
By the induction hypothesis,
S =>g, B(z).

Express 8(z) as

B(z) = B(X1)B(X2) ... B(Xk),
where X; € V, for j = 1,..., k. Return to Pg. Observe that P contains (z;, 0) —
B(y1), where 2,0 = B(X,), and (B(X;-1)xi,0) — B(y:), where z;0 = 3(X;) for
1 =2,...,k. Thus,

B(X1)B(X2) ... B(Xx) =¢ By1)B(y2) - - - Blyk)-
Asy=41y2...yx, B(z) =g By). Consequently,
S =% By).

Claim 44. L(G) C L(G)).

Proof. Let w € L(G'). Thus, S =%, w and w € T*. By Claim 43, S =7, S(w).
Recall that Pg contains

{(B(a)z,0) = x(b): a €T, z€{0,1}"}, z0 = B(b) for some b€ T} C Pg.
Therefore,
B(w) =g x(w).

Examine P, to see that
x(w) =g w.

Hence, Claim 44 holds. [}
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Claim 45. L(G') C L(G).

Proof. Let w € L(G'), and let w = a1a,...ay-10, With a; € T fori =1,...,n,
where n is a nonnegative integer (w = ¢ if n = 0). Observe that

S =z Bla1)B(az) ... B(an-1)B(an)
=g x(a1)x(a2)... x(an-1)x(an)
¢ aix(az).. (an 1)x(an)
=g’ ala2X(‘13) -x(an-1)x(an)

=g a1az...X(an-1)x(an)
=o' a102...an-1X(ar)
=g’ a1az...0,-10p.

In greater detail, by using productions from Pg, G’ makes

S =% Bla)B(a2)...B(an-1)B(anr)
=g X(al)X(a2) T X(an—l)X(an)a

and by using productions from P,, G’ makes the rest of this derivation. Examine
Pj to see that if G’ makes

S =% Pla)B(az)...Ban-1)B(an)
= x(a1)x(az) ... x(an-1)x(axs)

by using productions from Pg, then $ =7 ai1as...0,_10, in G. Because w
@102 ... An-1an, w € L(G), so Claim 45 holds.

o Ot

By Claims 44 and 45, L{G’) = L(G), so Lemma 26 holds.
Theorem 46. EIL[.2] = RE.

Proof. Clearly, EIL[.2] C RE. By Theorem 6.1.3 in [155], for every L € RE,
there exists an E(1,0)L grammar, G, such that L = L(G). Thus, by Lemma 26,
RE C EIL[.2]. As EIL{.2] C RE and RE C EIL[.2], RE = EIL[.2]. [

Lemma 27. Let G be an E(0,1)L grammar. Then, there exists an EIL grammar
= ({S,0,1},T, P, S) such that L(G) = L(G’') and F(G') C II(1"~200)*T*, for
somen > 6.

Proof. Let
= (‘/a Tv Qv $)

be an E(0,1)L grammar. For some natural numbers m and n such that m > 3
and 2m = n, introduce an injective homomorphism 8 from V to ({0}{1}*{0}{1}*
{1}™ N {0,1}™) — {1"~200}; in addition, introduce an injective homomorphism x
from T to ({O}{1}*{0}{1}*{1}™n{0,1}") — {17200} so {x(a) : a € T}N{B(A) :



5.2 Scattered Context 149

A € V} = 0. Extend the domain of § and the domain of x to V* and T*,
respectively. Define the E(0, 2n — 1)L grammar,

G' =(TU{8,0,1},T,P,S),

with
P=PU PX U P,

where

Fs = {S—pB3)}
U{(0,z8(X)) = By) : X eVU{e}, z€{0,1}", ye V™,
0z = G(Y') for some Y € V such that (Y, X) - y € Q}
U {(0,zB8(a)) — x(b) : a € TU{e}, z€{0,1}"71,
0z = (B(b) for some b € T},
P, = {(0,zy) —a: a€eT, yeT* ze€{0,1}*,
lzy| < 2n —1, 0z = x(a)}
U{(Y,zy) > e: Y e{0,1}, yeT*, =€ {0,1}*,
2l <n -2, oyl < 20— 1)
U{(Y,zy) - Y: Ye{0,1}, yeT* z € {0,1}*,
|z| 2 n, |zy| < 2n -1}
U{(a,z) > a: a€T, |z|<2n-1},
Ps = {(X,2)>1"7%200: z € (TU{0,1})*", X € (TU{0,1}),
(PeUP)N{(X,z) > 2: 2€ (TU{0,1})*} =0}.

Complete this proof by analogy with the proof of Lemma 26. O
Theorem 47. EIL[2.] = RE.

Proof. Clearly, EIL[2.] C RE. By Theorem 6.1.3 in [155], for every L € RE
there exists an E(0,1)L grammar G such that L = L(G). Thus, by Lemma 27,
RE C EIL[2.]. As EIL[2.] C RE and RE C EIL[2.}, EIL[2.] = RE. 0

Corollary 21. EIL[.2] = EIL[.2] = RE.

5.2 Scattered Context

The concept of scattered context was introduced by Greibach and Hopcroft in [75].
Scattered context grammars are semi-parallel grammars whose productions simul-
taneously rewrite several symbols in parallel. These symbols must occur in a
certain order that is given by the applied production. However, as opposed to the
phrase-structure grammars, these symbols may not form a continuous sequence in
the rewritten sentential form.

We concentrate our attention on the reduction of scattered context grammars
with respect to several measures of descriptional complexity. Moreover, we demon-
strate that by analogy with continuous-context grammars studied in Section 5.1,
scattered context grammars can generate their languages in a uniform and succint
way.
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5.2.1 Scattered Context Grammars and Their Reduction

Definition 20. A scattered context grammar (see [75], [110], {122], [123], [127],
[128]) is a quadruple G = (V, T, P, S), where V is the total alphabet, T is a finite
set of terminals (T' C V), and § € V — T is the axiom. P is a finite set of
productions of the form

(AI’AZ)"'7A77.) s (xlix2a'-'axn)

where n > 1, and for all i = 1,2,...,n, A; € V —T and z; € V*. Instead of
(A1, Ag, ..., Ap) — (z1,22,. .. ,Zy), the literature sometimes writes

(A = 11, Ay — Z2,...,An — Tp).

Let p = (41,42,...,4,) — (z1,22,...,2,) € P, n > 1. Then, scleft(p) =
A1As ... A, and scright(p) = z129...2,. If z; € VT foralli =1,...,n, G is
said to be propagating. Set w(p) = n. If m(p) > 2, p is said to be a context-
sensitive production. If w(p) = 1, p is said to be contezrt-free. Consider p =
(A1, As,...Ap) — (z1,22,...,2,) € P and u,v € V* of the form

u= ’U,1A1U2A2 Ve unAnun+1
UV = UIT1U2Z2 .. . UpnTnlUp4d

where u; € V* fori=1,2,...,n, n > 1. Then, u directly derives v in G, or simply
u=qv[p.

In the standard way, =>¢ can be extended to =% (n > 0), =>2’;, and =, respec-
tively. The language of G, L(G), is defined as

LG)y={weT": S=¢w}

The family of languages generated by scattered context grammars is denoted by
SCAT.

Theorem 48. RE = SCAT.

Proof. Let L € RE. By the first corollary on page 245 in [75], there exists a
propagating scattered context grammar

G= (VvT’va)a

and a homomorphism A such that L = h(L(G)). Without any loss of generality,
assume alph(L) NT = §). Define the scattered context grammar

G' = (VUTUalph(L),alph(L),PU P, S),

where
P' ={(a) > (h(a)): a€T}.

Clearly, L(G') = L. Therefore, RE C SCAT. Obviously, SCAT C RE, so
RE = SCAT. [ ]
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Next, we investigate the descriptional complexity of scattered context gram-
mars. To do so, we first introduce several measures of this complexity.

If G =(V,T,P,S) is a scattered context grammar, then its nonterminal com-
plezity is the number of nonterminals in G. If G is a scattered context grammar,
then its degree of context-sensitivity, symbolically written as §-CS(G), is defined as
the number of context-sensitive productions in G. The mazimum context sensitiv-
ity of G is the greatest number in {7(p;) —1: 1 <1 < |P|}, symbolically denoted
by max-CS(G). The overall context sensitivity of G, denoted by sum-CS(G), is
the sum of all members in {7(p;) —1: 1'<i<|P|}.

Lemma 28 (see {128]). There exists a scattered context grammar G such that G
defines a non-contezt-free language and §-CS(G) = max-CS(G) = sum-C3(G) = 1.

Proof. Consider a scattered context grammar
= ({S,A,B,C,D},{a,b,c},P,S),
where the set of productions P is defined as

P ={(S) — (AC),

(A) - (aAbB),

(4) — (o),

(C) — (cCD),

(C) = (e),

(B, D) — (g,€6)}.
It is easy to verify that L(G) = {a™b"c™ : n > 0} and §-CS(@) = max-CS(G) =
sum-CS(G) = 1. ]

Let SCATk,!,m,n] denote the family of languages such that a language L
is in SCAT[k,!, m,n] if and only if there exists a scattered context grammar G
such that L(G) = L and G’s nonterminal complexity is k or less, §-CS(G) < [,
max-CS(G) < m, and sum-CS(G) < n. In this book, we consider parameters k
and ! as the two major measures of descriptional complexity; on the other hand,
parameters m and n are less important.

First, we demonstrate that the number of nonterminals can be reduced to three
or less. The proof of this statement makes use of a normal form of queue grammars
(see Definition 6), which is established in the following lemma:

Lemma 29. For any queue grammar Q' there exists an equivalent queue grammar

= (V,T,W,F,R,g) such that Q generates every z € L(Q) by the derivation of
the form R =>iQ u=>qQv =>6 w =@ %, where i,k > 1, and the derivation satisfies
the following properties:

1. Each derivation step in R =% u has the form
a’y/b/ :>Q y/m/cl [(al,b’,l‘,’cl)]y
wheread € V-T,b, 0 e W-F, 2,y e (V-T)*.
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2. In greater detail, the derivation step u =g v has this form
a"y'b" =g y'A 2" (o, 0", W 2", ")),
wherea' e V-T,V,d e W~F,h" y' ¢ -(V—T)*, " € T*.
3. Each derivation step in v =>’5 w has the form
a"y" " =g y"' """ (@, 6", 2", ")),
where a”' € V =T, ", " e W—F, y" € (V-T), z",y" € T*.
4. In greater detail, the derivation step w =>g z has the form

Hee ny H M "t ¥l H 111
a""'y"" =g Y (@76 T M),

where allll c V__T’ bIHI E W“F’ yllll’ :LJIII e T*, w = all/lyllllbllll’ z = yllllxllll.

Proof. Let
QI s (Vl,TI,WI,F/, Rl,gl)

be any queue grammar. Introduce these four pairwise disjoint alphabets U, X, Y,
and {@,$,#, L} so that |U| = |V’| and | X| = |Y'| = [W’|. Introduce any bijection
a from (V' UU’) onto (U U X). Furthermore, introduce another bijection 8 from
WitoY. Set V=UUT U{Q,#},T=T',W=XUYU{$,L}, F={L}, and
R = @$. Define the queue grammar Q = (V,T, W, F, R, g) with g constructed in
the following five-step way:

I If R =abwitha€V —T and b€ W — F, then add (@, $,a,b) to g.

I1. For every (a,b,z,c) € ¢’ witha € V, z € V* and b,c € W, add (a(a), a(b),
a(z), a(c)) to g.

ITI1. For every (a,b,xy,c) € ¢’ witha € V, 2z € V*, y € T*, b,c € W, add
(a(a), a(b), a(z)#y, B(c)) to g.

IV. For every (a,b,y,c) € g’ witha € V,y € T*, and b,c € W, add (a(a), 5(b), v,
Ble)) to g.

V. For every c € F’, add (#, 8(b),¢, 1) to g.

A formal proof that @ satisfies the properties required by this lemma is left to the
reader. O

Theorem 49. RE = SCAT3, 0, 00, x0].

Proof. Obviously, SCAT|3, 00, 00,00] C RE. Next, we prove the converse inclu-
sion. Let L be a recursively enumerable language. By Theorem 2.1 in [88], there
exists a queue grammar

Q = (V7T7W)F7R’g)
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such that I = L(Q). Witout any loss of generality, assume that @ satisfies
the properties described in Lemma 29. The next construction produces a three-
nonterminal scattered context grammar G satisfying L(G) = L(Q).

Set n = |V UW/| + 2. Introduce a bijection 8 from (VUW) to ({1}*{0}{1}*T n
{0,1}"). In the standard manner, extend the domain of 8 to (V U W)*. Without
any loss of generality, assume that (VU W) N {0,1,2} = 0. Define the scattered
context grammar

G=(Tvu{0,1,2},T,P,2),
where P is constructed in the following six-step way:

. fR=abwithaeV —T and be W — F, then add
(2) — (0171 B(b)226(a)20)
to P.

IL. For every (a,b,z,c) € gwithaeV-T,z€ (V-T)*, and b,ce W - F,
add
(dl,...,dn,bl,...,bn,2,a1,...,an_l,an,2,2) —

(dla-"7d‘nacla"-1cnvela62)'"1en72121ﬁ(m)2)

to P, where d; ...d,, = 01"! (that is,d; =0 and dp =1 for h = 2,...,n),
bi...bp=p00),a1...an=0(a),c1...cn =0(c),ei=€efori=1,...,n.

II. For every (a,b,zy,c) € g witha € V-T, x € (V - T)*, y.e T*, and
bce W - F, add

(dl,...,dn,bl,...,bn,2,a1,...,an..l,an,2,2) e
(fla"-afnacl,'--’cnselve%---7en:2’2,ﬂ(z)y2)

to P, where d; ...d, = 01""! (that is,d; =0 and dy =1 for h=2,...,n),
fi-..fn=1""20 (thatis, fp =0and f=1forh=1,...,n=1),b1...by =
B, ay...,a, =B(a),c1...cn =P(c),eg=¢cfori=1,...,n.

IV. For every (a,b,y,c) € g withaeV —T,y e T*, and b,ce W —~ F, add

(fla"'s.fnabl""’bnﬂzaala"')an—lvan:2,2) —
(fla'--vfnacla"'3C’n761762)"',e'n,272’y2)

to P, where f, ... fn = 1"710 (that is, f, =0and fp = lforh =1,...,n-1),
bi...,bp =B(®), a1,...,an = Ba), ¢1...chn =P(c), e =€ fori=1,...,n.

V. For every (a,b,y,c) € gwithae V-T,yeT*, be W—F,and c€ F, add

(flw"vfn’blv-"7bn12’ala"-)an—lyanv2a2) -
(elv"'ven’en-f-l,-- +y€2ny€2n41, €2n42, - -+ ,e3n1£i€1y)

to P, where f; ... f, = 1”710 (thatis, f» =0and fp = 1forh=1,...,n-1),
bi...bp=08(0b),a1...an =0(a), eg=¢cfori=1,...,3n.



154 Chapter 5: Conditions on the Neighborhood of Rewritten Symbols

VI. Add (2,2,a,2) — (2,¢,a2,2) to P, where a € {0,1}.

To keep this proof readable, we omit some obvious details from the rest of this
proof whose completion is left to the reader.

Claim 46. Let 2 =7 = be a derivation in G during which G uses the productions
introduced in step (I) i times, for some i > 1. Then #qw = (1 + 2i) — 3j,
#12 = (n— 1)k, and #ox = k + i — j, where k is a nonnegative integer and j
is the number of applications of a production introduced in step (V) during 2 =¢
x such that j > 1 and (1 + 2i) > 3j.

Proof. The proof of this claim is left to the reader. O

Claim 47. Let 2 = z be a derivation in G during which G uses the production
introduced in step (I) two or more times. Then, ¢ T*.

Proof. Let 2 =% z. If G uses the production introduced in step (I) two or more
times, then the previous claim implies that z contains some occurrences of 0. Thus,
x € T* because 0 is a nonterminal. O

Claim 48. G generates every w € L(G) as 2 =>¢ u [p] =& v =¢ w [q], wherep is
the production introduced in (I), q is a production introduced in (V), during u =¥
v, G makes every derivation step by a production introduced in (II)-(IV), or (VI).

Proof. Let w € L(G). Then, 2 =% w and w € T*. By Claim 46, as w € T*, G
uses the production introduced in (I) once. Because 2 =f, w begins from 2, we
can express 2 =7, w as

2 =g ulpl =25 w,

where p is the production introduced in (I), and during v =% w, G never uses
the production introduced in (I). Observe that every production r introduced in
(IN—(IV), and (VI) satisfies #2scleft(r) = 3 and #,scright(r) = 3. Furthermore,
notice that every production ¢ introduced in (V) satisfies #ascleft(¢) = 3 and
#oscright(q) = 0. These observations imply

2=culp] 26 v=0wlq),
where p is the production introduced in (I), q is a production introduced in (V),

and during u = v, G makes every step by a production introduced in (II)-(IV)
or (VI).

ki

Basic Idea. Before describing the form of every successful derivation in G in
greater detail, we make some observations about the use of productions introduced
in (V).

During any successful derivation in G, a production introduced in step (VI) is
always applied after using a production introduced in steps (I)-(IV) (the use of
these productions is described below). More precisely, to continue the derivation
after applying a production introduced in (I)-(IV), G has to shift the second
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appearance of 2 right in the current sentential form. G makes this shift by using
productions introduced in (VI) to generate a sentential form having precisely n
appearances of d (d € {0,1}) between the first appearance of 2 and the second
appearance of 2. Indeed, the sentential form has to contain exactly n appearances
of d between the first appearance of 2 and the second appearance of 2; otherwise,
the successfulness of the derivation is contradicted by Observations 1 and 2, which
follow next.

Observation 1. If there exist fewer than n ds between the first appearance of 2
and the second appearance of 2, no production introduced in (I)-(V) can be used,
so the derivation ends. If the last sentential form contains nonterminals and if the
derivation is not successful, it is a contradiction.

Observation 2. Assume that there exist more than n ds between the first ap-
pearance of 2 and the second appearance of 2. Then, after the next application
of a production introduced in (I}-(V), more than 3n ds (d € {0,1}) appear before
the first appearance of 2. Return to the construction of productions in G to make
the following observations:

(i) The production introduced in step (I) is always used only in the first step of
a successful derivation (see Claim 48).

(if) All productions introduced in steps (II)-(IV) rewrite 3n nonterminals pre-
ceding the first appearance of 2 with other 3n nonterminals.

(iti) Recall that a production introduced in step (V) is always used in the last
derivation step (see Claim 48); furthermore, observe that this production
erases precisely 3n nonterminals preceding the first appearance of 2.

By Observation 2, the occurrence of more than 3n ds between the first and the
second appearance of 2 gives rise to a contradiction of the successfulness of the
derivation.

By Observations 1 and 2, we see that the sentential form has to contain precisely
n appearances of d between the first and the second appearances of 2.

Except for the use of productions introduced in step (VI) (this use is explained
above), every successful derivation in G is made as

2 =¢ ths(py) [p1] 2L u =¢ v [p3] =5 w =6 2 [ps),

where 4,k > 1, and the derivation satisfies the following properties (A) through
(D):

(A) Each derivation step in rhs(p;) =% u has this form
01" 1B(b')28(a’)26(y')20 =¢ 01" B(c)228(y'z)20 [p2],

where pj is a production introduced in (IT), (a’,¥,2',c') € g, ¥ € (V = T)*.



156 Chapter 5: Conditions on the Neighborhood of Rewritten Symbols

(B) In greater detail, the derivation step u =g v [p3] has this form
0171 8(6")23(a")28(h")20 =g 1"~ 105(c”)226(h"y")z""20 [ps],

where © = Oln—1ﬂ(b")2ﬁ(au)2ﬂ(h”)20, V= 1n—IO,B(C”)22,3(h"y"):1:"20, P3 is
a production introduced in (III), (a”,b”,y"z",c") € g, h",y" € (V - T)*,
' e T

(C) Each derivation step in v =& w has this form
1"'1O,B(b’”)2ﬂ(a”')2ﬂ(y’”)t’"20 =q 1n—-1Oﬁ(cl)22,@(3/’”){":1}'"20 [p4],

where p,s is a production introduced in (IV), (a”,0",2",c") € g, ¥ €
(V’ - T)*’ t’//’z'// e T*-

(D) In greater detail, the derivation step w =>¢ z [ps] has this form
171—‘10ﬂ(bl/”)2ﬁ(alﬂl)2t////20 éG t”"(L’”” [psl’

where w = 1n_1O,B(b'm)2,3((1“”)2t””20, 7 = t””m””, Ds is a prOduction intro-
duced in (*v)7 (a””,bm/,.’L"m,C"”) €g with ¢ € F.

Let
2 =¢ rhs(py) [p1] =5 v =¢ v [p3] =>g w =g 2 [ps]

be any successful derivation in GG such that this derivation satisfies the properties
above. Observe that at this point

1yt i iy 1
b "

R=h d'y'V =q =q 12"V 3§ a =0 2
in Q, so z € L(Q). Consequently, L(G) C L(Q).

A proof demonstrating that L(Q) C L(G) is left to the reader. Since L(Q) =
L(G) and G has only three nonterminals 0, 1, and 2, RE € SCAT|3, 0o, 00, 0].
Having SCAT[3, 00,00,00] € RE, we get SCAT(3,00,00,00] = RE, and the
theorem holds. |

Rigorous proofs of the remaining theorems given in this section are tedious, so
we describe them rather informally. In the next theorem, we demonstrate that the
number of context-sensitive productions can be reduced to two or less (see [127]).

Theorem 50. SCAT[x,2,3,6] = RE.

Proof. Tt is well known that every recursively enumerable language L C ¥* can
be represented as L = h(L; N Ly), where h is a homomorphism from T* onto 3*

and Ly and Ly are two context-free languages (see [79]). Let T' = {a1,...,a,} and
0,1,$ ¢ (T UX) be three new symbols. Let g(a;) = 10’1 and f(a;) = h(a;)g(a;)
for all i € {1,...,n}. By the closure properties of context-free languages, there are

context-free grammars G; and Gy that generate f(L;) and f(LZ), respectively.
Note that LE denotes the reversal of Ly. Without any loss of generality, assume
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that the nonterminal alphabets of these grammars are disjoint. Let S; and S,
be the start symbols of G; and G5, respectively. Define another context-free
grammar, G’, by putting together G; and G and adding a new production of the
form § — $5111115,8, where $ and S are new nonterminals (S is the start symbol
of G’). Observe that

L(G"Y = $f(L;)1111g(LI)S.

If we now consider the productions of G’ as belonging to the scattered context
grammar G, where 0,1,$ are interpreted as nonterminal symbols and where we
have three additional productions, namely r;y = ($,0,0,8) — (¢,$,8,¢), 2 =
($,1,1,8) — (¢,8,8,¢), and r3 = ($) — (g), then L(G) = L is rather evident.

Indeed, consider a word w € L. There is a word v € L;N Ly such that w = h(v).
Hence, u = $f(v)1111g(v)$ € L(G"). By the construction, u is generated by the
scattered context grammar G. The productions r1, 79, and r3 of G allow us to
remove all occurrences of 0, 1 and $ to obtain w from u. Thus, L C L(G).

To prove L(G) C L, consider any w € L(G). Since 0, 1, and $ are terminals
in G’ on which G is based, we can assume that some generation of w exists that
uses, in a first phase, only productions from G’ and then, in a second phase, the
productions rq, 79, and r3. By the construction, there never exist more than two
occurrences of $ in any sentential form generated by G. Since the productions r;
and r; test for the presence of two occurrences of §, r3 has to be the last production
that is used.

If r; is applied so it does not rewrite the left-most or right-most appearance of
0, then § serves as a delimiter so that no terminal word is derivable. An analogical
observation applies to 7o. Hence, we can assume that in the second phase of the
derivation of w, the productions r; and ry are used to test whether the word e(v)
is a palindrome, where $v$ is generated by the first derivation phase and e is
the homomorphism erasing all letters from V' and mapping 0 and 1 to 0 and 1,
respectively. Only in this case the second phase succeeds.

By the way the codification of f and g works, this means that the first phase
ends with $v$ = $f(u)1111g(uR)$. Hence, G; derives f(u) and G2 derives g(uf),
yielding u € Ly N Ly. Moreover, the codification ensures that w = h(u). Thus,
L(G)C L.

As a result, L(G) = L. Observe that apart from 7y and r3, all productions
in G are context-free. Moreover, max-CS(G) = 3 and sum-CS(G) = 6. So,
L(G) € SCAT|0, 2,3,6]. Consequently, the theorem holds. [ ]

Unfortunately, in the construction of the proof of Theorem 50, the number of
nonterminals is unbounded. The following theorem demonstates how to simulta-
neously reduce both the number of context-sensitive productions and the number
of nonterminals (see {128]).

Theorem 51. SCAT[8,5,5,17] = RE.

Proof. Let L C X* be a recursively enumerable language. L can be represented as
L = h(L1NLy), where h is a homomorphism from 7™ to £* and L; and L are two
context-free languages (see [79]). Let T = {ai1,...,an} and 0,1,2,3,4,#,8,5 &
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(T'U X) be eight new symbols. Let c(a;) = 10°1 and f(a;) = h(a;)c(a;) for all
a; € T, 1 < i < n. By the definition, ¢ is a coding; that is, it is injective. By the
closure properties of context-free languages, there are context-free grammars G;
and G, that generate f(L;) and f(L%), respectively. More precisely, let

G’i = (ViaTa Pia SZ)

fori=1,2. Let Ny = (V4 —T), Ny = (Vo — T'). Without any loss of generality,
assume that the nonterminal alphabets N; and N, are disjoint. Let N = Ny U Ny
and let C be a coding from N to {434 : 1 < i < |N|}. Next, we extend the
codings C and ¢ in two different ways. Let C; be a homomorphism defined as
Cy{A) = C(A)2 for all A € Ny and C(a) = f(a) for every a € T. Moreover, let C;
be a homomorphism such that C3(A) = C(A)2 for all A € Ny and Ca(a) = ¢(a)
for all @ € T. Now consider the context-free grammar

G=(V,EU{O)133745#7$}aP,S)

with V - (30 {0,1,3,4,#,8}) = {S,2} and where P contains the following pro-
ductions:

1. §— $C1 (31)111102(52)##$.
2. 25 C(A)C;(w)ifA—-we P fori=1,2

A word in L{G) starts with $ and ends with #+#38. Moreover, it cannot contain
any 2, which means that the simulations of G; and G5 have come to an end (no
unresolved codings of nonterminals of the simulated grammars remain). The two
simulations of G; and G5 are separated by a sequence of four 1’s, which cannot
occur elsewhere by construction. The coding C(A) of the nonterminal A, which
actually has to be replaced according to G, is placed before the coding C;(w) of the
right-hand side w of the production A — w € P;. Therefore, a correct simulation
can be detected by a sequence of two codings of A in the terminal word of G.
Next, let n be a homomorphism from £U{0,1, 3,4, #, $} to {3,4}, where n(3) = 3,
n(4) = 4, and n(a) = € for a ¢ {3,4}. Furthermore, let ¢ be a homomorphism
from XU {0,1,3,4,#,$} to T defined as t(a) = a for every a € ¥ and t(A4) = ¢ for
all A ¢ ¥. Finally, let ¢ be a homomorphism from ¥ U {0,1,3,4,#,$} to {0,1},
where t'(a) = a, a € {0,1}, and t'(4) =¢, A &€ {0,1}.

Considering homomorphisms n, t, and ¢/, we can state: $w;1111w.##$ € L(G)
represents a correct simulation of G; if

n{w;) € {C(A)C(A): Ae N;}™.

If both wy and wy represent a correct simulation, then t'(w;) = ¢(z;) for a terminal
word z; derivable by G;, and, moreover, t(w;) = h(z:) in that case. Summarizing,
we conclude that

h{L1 N Lg) = {t(w) : w = $wy1111wo##$ represents a correct simulation
both of G1 and of G, and #'(w;) = t'(wf) = (#'(we))F}.
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We will now design a scattered context grammar based on G that checks the
conditions mentioned above. Consider the scattered context grammar

G = (V' %,P,8)

with
V'={0,1,2,3,4,#,8,S} UZ.

P’ contains, besides all the productions from P, the following checking productions:

1. re = (8,0,a,%) — (¢,8,8,¢) for a = 0,1 allows G’ to skip the codings of
terminal symbols; more precisely, if w is a word derived by G, then the zeros
and ones are erased synchronously from both ends of the subwords w, and
wy, this way checking whether ¢'(w;) = t/(wz). The four ones in the middle
of the word are necessary to also check the boundary between the w;- and
the wy-parts.

2. rinat = (4,4,4,#,#) — (#,4,#,¢,¢) initializes the check of “neighbored
codings” of nonterminals.

3. r3 = (#7 374’37#) i (6’#a4a#76) and T4 = (#$4a4v#) - (##7536>6) for
checking the neighbored codings.

The checking of the codings of terminal strings works as in the case proved in
Theorem 50. The checking of codings of neighbored nonterminals is performed by
a right-to-left scan over the word derived by G. Assume that we are confronted
with a word £ = w43'44374x#y+# 2 before applying rni:, where = does not contain
any occurrence of a 4. If w contains some occurrences of 4’s and one of them
is selected when applying rin::, then the indicated substring 4344374 is at least
partially skipped, meaning that at least some of the occurrences of 4’s or 3’s cannot
be erased anymore.

When applying ri,;; to € = wd3'44374zx#y# 2 by replacing the three displayed
right-most 4’s, we arrive at w43:#43/44# zyz. Then, none of the productions r;y;;,
r3, T4 are applicable. The replacement of the three displayed left-most 4’s can be
symmetrically treated.

Hence, the only possible next sentential form &’ derivable from £ by applying
Tinit Which might finally lead to a terminal word in G’ yields ¢’ = w#3:443 #xyz.
Now, a sequence of applications of r3 leads to £’ = w#44#zxyz if and only if
i = j. In that case, applying r,4 once yields £/ = w#+#xyz, and the checking can
proceed by going into the next cycle. Assume that £” = w#3%44#xyz or &' =
w#443%#xyz for some £ > 0 (this corresponds to the error case when neighbored
codings do not coincide). Applying now r4 would skip over some occurrences of
3’s (in the left direction) so that those 3’s would never be erased anymore. r3 and
Tinit are not applicable here.

Moreover, the simulating grammar contains context-free productions to get rid
of the markers, ($) — (¢) and (#) — (¢).

Observe that the construction works even if derivations of G are interleaved
with checking steps in the derivation of G'. |
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At the expense of a larger context-sensing ability, we can merge both markers
$ and # in the construction above, which gives us the following corollary:

Corollary 22. SCAT|7,5,6,27] = RE.

Proof. We only indicate the necessary modifications and comment on the correct-
ness of the construction. In doing so, we make use of the same abbreviations as in
the proof of the preceding theorem, especially regarding G1, G, G, and G'.

The start production of G’ and of G equals (S) — (8C;(5;)1111C2(S2)$$8).
G’ contains the following context-sensitive productions:

1. (3,0,0,$,8,8) — (¢,8,888,¢,¢,¢).
2. (3,1,1,8,8,8) — (¢,5,888,¢,¢,¢).
3. (%,4,4,4,%,8,8) — (8,%,4,8,¢,¢,9).
4. ($,$,3,4,3,8,8) — (8,¢,8,4,8,¢,8).
5. (8,8,4,4,8,3) — (8,83%,¢,¢,¢,9).
a
At a further additional cost of enlarged context-sensing abilities and with a fur-

ther context-sensitive production, we can improve the nonterminal complexity. To
do that, however, we have to modify the construction of Theorem 51 considerably.

Theorem 52. SCAT[6,6,12,44] = RE.

Proof. We start again with the representation of a recursively enumerable language
L C¥* as L = h(L; N Ly), where h is a homomorphism from 7* to £* and L; and
L, are two context-free languages. Let T = {a1,...,a,}and 0,1,2,3,8,S ¢ (TUX)
be six new symbols. Let c and f be two homomorphisms defined as c(a;) = (10)*
and f(a;) = h{a;)c(a;) for all a; € T, 1 < i< n. Let

Gi = (V;,T, Pi7Si)

for i = 1,2 be two context-free grammars with L(G1) = L1# and L(G3) = (Ly)*#
and # ¢ T. Let Ny = V; — T and N = Vo — T. Assume, without any loss of
generality, that G, and G5 are in Chomsky normal form and that Ny NNy = §.
We modify G slightly so that we add a further production §; — S; to P; and
take S| as new start symbol of G;. Let us call this modified grammar again
G1 = (W,T,P,,S]) in what follows. Let C be a coding that maps symbols from
Ny to {0°: 1< i< |N|} and symbols from Ny to {17 : 1< i < |Na[}.
The scattered context grammar that generates L is defined as

G =(V,T,P'S)

with
V' '={0,1,2,3,8,S}uT

and P’ constructed as follows:
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1. The start production is (S) — ($3C(S})28C(S2)28).
2. The simulation productions are defined as:

(a) for each A —» XY € P} U Py, introduce (2} — ($C(A)$C(X)3C(Y)3)
into P’;

(b) for each A — a € P; with # # a, put (2) — (3C(A)$h(a)c(a)) into P’;

(c) for each A — a € P, with # # a, add (2) — (8C(A4)$(c(a))®) into P’;

(d) for every production A — # € P; U Py, add (2) — ($C(A4)$3$3) into
P’;

(e) add (2,%,%,8,8,8,8) — (3C(51)$3C(51)3,8,8,¢,¢,¢,¢) to P'.

3. Checking rules for matching nonterminals are:
($,8,0,8,0,8,3,8) — (8,¢,8,8,8,¢,3,8),
(5,8,1,8,1,8,3,8) — (8,¢,8,8,8,¢,3,9),
($,8,8,8,3,8) — (8,¢,6,¢,82,8).

4. Checking rules for matching terminals are:
($7 17 $7 $a $’ 17 $) - (Ev $6a $) $’ $a $a 5)7
(%,%,8,8,8,8,0,$,8,8,8,0,$) — (¢e,5,5,6,6,¢,$,%,8,$,85,8, ).

5. Erasing productions are () — (g) and (2) — (¢).

The simulation proceeds again in several phases, different from the simulation
described in the proof of Theorem 51.

- We start with the simulation of G2. Observe that the simulation of G; cannot
start at this point, since there are no 6 occurrences of § to the right-hand side of
any symbol 2 as required by the production designed to initiate a derivation of G;.
Basically, a left-most derivation of G5 is mimicked. This is accomplished in the fol-
lowing way: after applying (2) — ($C(A4)$C(X)3C(Y)3), (2) — (3C(4)$(c(a))F)
or (2) — ($C(A)$3%%), there is no 2 needed to go on simulating G;. There-
fore, a checking production for matching nonterminals is to be applied. Then,
($,%,%,8,3,8) — (3,¢,¢,¢,%2,8) terminates the checking phase and starts a new
possible simulation with one of the productions having 2 as the left-hand side. If
the checking phase fails or is ended prematurely, then there are leftover 1’s. These
1’s will not be removed anymore, since the checking productions for matching ter-
minals are designed in a way that only strings with an equal number of zeros and
ones, occurring alternatively, pass this test.

The simulation of grammar G, starts after having applied (2) — ($C(A4)$3$2),
the checking productions for nonterminals, and the erasing production (2) — (¢)
to end the simulation of G3. Observe that the chosen codings of nonterminals for
N; and for N, prevent that the use of nonterminal checking productions mingles
simulations of G; and G2. Most important, check that starting the simulation of
G: immediately after applying (2) — (3C(A4)$3$3) will lead to an error situation,
since there is a 3 to the right of the right-most occurrence of $ that cannot be
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removed, so no successful derivation exists in this way. The simulation of grammar
G, is also mimicking a left-most derivation.

Finally, we can apply alternatingly both terminal checking productions. The
production designed for checking 0’s cannot be applied twice in a row because too
many $’s are erased. [ |

Open Problems. Recall that SCAT(1,00,00,00] C RE; in fact, the one-
nonterminal scattered context grammars cannot even generate some context-sen-
sitive languages (see [120]). In Theorem 49, we prove that SCAT[3, 00, 00,00] =
RE. What is the generative power of two-nonterminal scattered context gram-
mars?

By Theorem 50, scattered context grammars with two context-sensitive pro-
ductions characterize RE. What is the generative power of scattered context
grammars with one context-sensitive production?

Theorems 50 through 52 reduce the number of context-sensitive productions
and nonterminals of scattered context grammars in terms of the characterization
of every recursively enumerable language, L, by two context-free languages, L;
and L, and a homomorphism, h, so that L = h(L; N Ly) (see [79]). Recon-
sider these results in terms of another characterizations of recursively enumerable
languages. For instance, in [68], [69], and [70], Geffert established several nor-
mal forms of phrase-structure grammars with a significantly reduced number of
context-sensitive productions and nonterminals. Perhaps most interesting, some
of these normal forms require only one context-sensitive production to characterize
RE. Is it possible to improve the results above by using these normal forms?

5.2.2 Semi-parallel Uniform Rewriting

In this section, we discuss the uniform generation of languages by scattered context
grammars (see [121]). More precisely, we demonstrate that for every recursively
enumerable language, L, there exists a scattered context grammar, G, and two
equally long words, z; € {A,B,C}* and 2o € {4, B,D}*, where A4, B, C, and
D are G’s nonterminals, so that G generates L and every word appearing in a
generation of a sentence from L has the form y;...ynu, where u is a word of
terminals and each y; is a permutation of z;, where j € {1,2}. Furthermore, we
achieve an analogical result so that u precedes y; ... ¥ym-

Recall that by SCAT, we denote the family of languages generated by scattered
context grammars. Set

SCAT[.i/j] ={L: L = L(G), where G = (V,T, P, S) is a scattered context
grammar such that A(G) € T*II(K)*, where K is
a finite language consisting of equally long words
with |K| = ¢ and |alph(K)| = j},
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and

SCATJi/j.] = {L: L = L(G), where G = (V,T, P, S) is a scattered context
grammar such that A(G) C II(K)*T™*, where K is
a finite language consisting of equally long words
with |K| =i and lalph(K)| = j}.

Lemma 30. Let L € RE. Then, there erists a queue grammar @ (see Definition 6,
[88]), @ = (V,T,W, F, R, g), satisfying these two properties:

(I) L = L(G).
(II) Q derives every w € L(Q) in this way
R =>b aru1by

=q wzwia [(a, b, 711, 01)]
:’]Q ylzlda

where 1,7 > 1, w = y121, 1,41 € V*, 1,21 € T*, b, e W and d € F.

Proof. Let L be a recursively enumerable language. By Theorem 2.1 in [88], there
exists a queue grammar

Q/ = (‘/’T’ W’FYR’g)
such that @’ derives every w € L(Q’) as

R =1 , auy b1

Q
=¢ wmazyia  [(a1, b1, z1y1, 1))
=y  had,

where i,j > 0, w = y121, T, w1 € V*, 11,21 € T*, b,cp e W,andd € F (i =0
implies aju1b; = uizT1y1c; and j = 0 implies uyz1y161 = y121d). Transform Q'
to an equivalent queue grammar, @, so that @ generates every w € L(Q’) by a
derivation of the form above, where i > 1 and § > 1. A detailed version of this
simple modification is left to the reader. a

Lemma 31. Let L € RE. Then, there exists a scattered context grammar G =
({A,B,C,D,S}UT,T,P,S) so that L(G) = rev(L) and A(G) C II({A*B""'C,
AtB"tDYV)*T* for some t,n > 1.

Proof. Let L € RE. By Lemma 30, without any loss of generality, assume that
there exists a queue grammar

Q=(V,T,W,F,R,q)
such that L = L(Q) and @ derives every w € L(Q) in this way

R "—‘>1Q aijub;
=q wziyicr [(a1,b1, 2191, 01)]
:>'Z? ylzld$
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where 1,7 > 1, w = y121, Z1,u1 € V*, y1,21 € T*, by,c; € W and d € F. The
following construction produces a scattered context grammar

G=({A4,B,C,D,S}uT,T,P,S)
satisfying
L(G) = rev(L(Q))

and
A(Q) C H({AtB""tC, AtB"‘tD})*T*

for some t,n > 1.
For some n > 2IYY%l and t € {1,...,n — 1}, introduce an injective homomor-
phism g from (VU W) to Z, where

Z={w: we ({4 B}" - ({A}{B}" " U{B}{4}"™"), #aw=t}.

Intuitively, 3 represents (V U W) in binary. Furthermore, let x be the homomor-
phism from (VU W) to Z{D} defined as x{a) = B(a}{D} for all a € (V UW).
Extend the domain of § and x to (V U W)* in the standard manner. Define the
scattered context grammar G = ({A, B,C,D,S}UT,T, P,S) with P constructed
by performing the next six steps:

1. Forae V —T and b € W — F such that ab= R, add
(S — A'B™'Cb,...b,Cay ...a,CCA'B"Y)
to P, where b;,a; € {A,B}fori=1,...,n,b1...b, = 8(b), a; ...a, = B(a).
2. For every (a,b,z,c) € g, add

(dl,...,dn,C,bl,...,bn,C,al,...,an,C,C,dl,..-,dn) —
(diy...,dn,Cre1,...,€n,6,€1,...,6n,B(c)CA'B"C, x(x)C, d1,...,dy)

to P, where e; = ¢, d;,b;,a; € {A,B} fori=1,...,n,d;...d, = A'B"},
by...b, =8(b), a1...a, = B(a).

3. For every (a,b,zy,c) € g withz € V1 and y € T*, add

(dl,---,dn,c,bl,---,bn,C,al,---,an,C,C,dl,...,dn) -
(fiyor s fnyCre1,. .. €ny€ €1, .., €0, B(c)CA*B™2C,
X(@)ALB™tCrev(y).er, . en)
to P, where e; = ¢, d;, fi,bi,a; € {A,B}fori=1,...,n,d;...d, = AtB"¢,
f1 fn = BtAn—t, bl bn = ﬂ(b), ai...an =ﬁ(a)
4. For every (a,b,y,c) € gwithye€T*andce W — F, add
(flv-vwfn’C’bla"'7bnvC’a17"'7anvC5C) -
(fla" '7fn70’elv- .. ,enveael,""en’ﬁ(c)CAtBn—tC’Crev(y))

to P, where e; = ¢, fi,bi,a; € {A,B} fori=1,...,n, fi... fn = B'A",
bi...by =B(b), a1...a, = B(a).
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5. For every (a,b,y,c) € g with y € T* and c € F, add

(flv'"’fnacvbh'"abnvcyala'--aanacadh”'adnvc) 4
(1) 1EnyEy€L,yev s €nyEy€ly.ery€nyE, €1, .., En,TEV(Y))

to P, where ¢; = ¢, fi,bi,a;,d; € {A,B}fori=1,...,n,dy...d, = A*B™,
f1 . -fn = BtAn_t, bi...by = ﬂ(b), al...0np = ,3(0,)
6. Add
(C7Cad17"' 1d‘n’Cvf,C) - (C,C,Cl,...,en,E,fC,C)
to P, where e; = ¢, f,d; € {A,B}fori=1,...,n,d;...d, = A'B™%,
Next, we prove that A(G) C II({A*B"~tC, A'B™~¢D})*T* and L(G) = rev(L).

For brevity, we omit some details in this proof; a complete version of this proof is
left to the reader.

Consider any z € L{G). G generates z in this way:
S =g AtBn_thll cen b1"C’a11 AN alnCCAtBn—t [pll

J
=>G u
Ede v
=5 w

=G rev(w5) [])5],

where j,k > 0, z = rev(ws), and the five subderivations satisfy the following
properties:
(i) In
S =g AtBn—thll .. .blnCah e .alnCCAtBn_t [p]],

py is of the form
(S — AtBn_thl1 SN blnCall . e alnCCAtBn*t),

where ay,,b,, € {A,B} fori = 1,...,n, by, ...by, = B(b1) with by € W,
ai, ...a1, = f(a1) with a; € V, and a1b; = R (see (1) in the construction
of P).
(ii) In ‘
A'B"'Cby, ...b1,Cas, ...a1,CCA*B"t =7, u,
every derivation step that is not made by a production introduced in (6) has
the form

AtB™"t(Chy, ...bs, Cas, . ..az,Cx(uz)CA' Bt =¢
x‘lt.B"_tC'Czl e CzﬂCAtBn_tCX(u;)iL'g)CAtBn_t [pz],

where ps is of the form

(d21a-'-ad2nac’b21"",b2ﬂacva21)-"aa2n’c,Cad21a'"7d2n) i
(day,...,d2,,C €2,,...,€2,,E €2, .., €2,,0(c)CA'B""tC,
X($2)C’ d217 .. -ad2n)7
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where eg, = ¢, as,,bs,,dp, € {A,B}fori =1,...,n, ay, ...as, = B(az) with
az €V, b21 RN bzn = ,B(bg) with b, € W, d21 . bgn = AtBn—t (see (2) in the
construction of P).

Thus, A
AtBn_thl1 A blnCah e alnCCAtBn_t =>‘7G U

can be expressed as

AtBn—thll . blnC’ah R alnCCAtBn_t =G

=G AtBn~th21 . b2n0a21 . agnC’x(uz)CAtB"‘t

=G AtBn"tC'Cz1 . anCAtBn_tCX(U2$2)CAtB"-t

=g ALB™tCbs, ...bs, Cas, ... as, CA'B**Cx(us)CA'B™,
where

w= A'B"tCbs, ...bs Cas, ...as, CA'B"Cx(us)CA B,

Step v =>¢ v has the following form:

A'B"'Cbs, ... b3, Cag, ... a3,CA*B"*Cx(u3)CA'B"" =¢
B'A"*Cos, ... c3,CA*B"*Cx(usz3) A'B"*Crev(ys) [ps),

where
v=B'A"""Ccs, ...c3,CA'B" " *Cx(uaz3)A* B" ' Crev(ys3)
and pj3 is of the form

(d31,.. .,d3n,c,b31,... ,bgn,C,a;;l,. . ,a3n,C,C,d31,...,d3n) -
(f31a~- -7f3nvca €3;5-:+,€3,,,&,€3;,- "ae3n7/6(c)CAtBn—tcv
x(z3)AtB" "t Crev(ys), es;,---,€3,),

where e3; = ¢, a3, b3,,ds;, f3, € {A,B} fori=1,...,n, a3, ...as, = B(a3)
with a3 € V, b31 couba, = ﬂ(b;}) with b3 € W, d31 coody, = AtBn_t,
fay ... f3, = B!A™"t (see (3) in the construction of P).

(iv) Inwv :>’é w, any derivation step that is not made by a production introduced

in (6) has the following form:

BYA™'Cby, ...bs, Cay, ... a4,Cx(us) A Bt Crev(vy) =¢
BYA™tCy, ... cs, CA'B"'Cx(us) A' B"*Crev(yq)rev(vs), [p4]

where py is of the form

(f411""f4n,cvb417--~vb4nana417---7a4naCac) -
(faryo s f4,,Creqy,... e4,,6,€4,...,€4,,8(ca)CALB"tC, Crev(y)),



5.2 Scattered Context 167

where ey, = €, a4,,bs;, fa, € {A,B} for i =1,...,n, f4, ... fa, = BIA™Y,
b41 ca b4n = ,B(b4) with by € W, a4, ...Qq, = ,3((14) withay €V, Cqy...C4, =
,3(64) with ¢4 € W.

As a result, v =% w can be expressed as

BtA™tCcs, ...c3, CA*B"*Cx(u3x3) A B* *Crev(ys)

=g B'A™tCby, ... by, Cay, . .. a4;Cx(U4)AtB""‘Crev(v4)
=g BtA"Cey, ...cs, CA'B"'Cx(us)A' Bt Crev(ys)rev(vs) [ps]
=g BA"tCbs, ...bs,Cas, ... as, CA'B"*Crev(ws),
where
w = BtA"_th51 ...bs Cas, ...as, CA'B" " *Crev(ws).
and pjs is of the form

(fsl,...,f5n,C,b51,...,b5n,C,a5l,...,a5n,C,d51,...,d5",C) b d
(515 s€5, 9581 y- ey €5, 1E1€Byy---y €5 ,E,€5,,-..,€5 ,1ev(ys)),

where e, = ¢, as,,bs,,ds,, f5, € {A,B} fori=1,...,n, a5, ...as, = B(as)
with a5 € V, bs,...bs, = B(bs) with bs € W, ds,...ds, = AtB =,
fs, .- f5, = B*A""! (see (5) in the construction of P').

In addition, during
AtB™"tCby, ...by,Cay, ...a1,CCA'B™t =1

and
v =K w,

G uses a production introduced in (6) to generate a sentential form that con-
tains exactly n hs, where h € {4, B}, between the second appearance of C and
the third appearance of C, so G can use p; and ps as described above. Ob-
serve that in the previous generation of z by G, every sentential form belongs to

I({A*B"tC, A'B™'D})*T*, so
A(G) C I({A'B™'C, A*B™ " D})*T*.
Furthermore, the form of this generation and the construction of P imply that
R =g rev(z)d

with d € F. Consequently, L(Q) contains rev(L(G)), so L(G) is in rev(L(Q)).
Because L = L{Q), L(G) = rev(L). O
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Lemma 32. RE C SCAT[2/4.]

Proof. Let L be a recursively enumerable language. Set L' = rev(L). As RE is
closed under reversal, L’ is a recursively enumerable language. By Lemma 31,
there exists a scattered context grammar

G=({4,B,C,D,S}UT,T,P,S)
so that
A(G) C H({AtB”_‘C', A‘B”‘tD})*T*

and L(G) = rev(L'). Observe that L(G), rev(L(Q)), rev(L’), rev(rev(L)), and L
coincide. As L(G) € SCAT[2/4.], this lemma holds. a

Theorem 53. SCAT[2/4.] = RE.

Proof. Clearly, SCAT[2/4.] C RE. By Lemma 32, RE C SCAT|2/4.]. Thus,
SCAT[2/4.] = RE. [ |

Lemma 33. RE C SCAT|[.2/4].

Proof. Let L be a recursively enumerable language. By Lemma 31, there exists a
scattered context grammar,

G'=V,T,P,S),

satisfying L(G') € SCAT[2/4.] and L(G’) = rev(L). Introduce a scattered con-
text grammar

G=(V,T,P,5S),
where P is defined by the equivalence
(A1,...,A4,) = (z1,...,25) €P
if and only if
(An,..., A1) — (rev(zy),. .., rev(zy)) € P'.

Observe that L(G) € SCAT|.2/4] and L(G) = rev(rev(L)). As rev(rev(L)) = L,
this lemma holds. a
Theorem 54. SCAT([.2/4] = RE.

Proof. Clearly, SCAT[.2/4] C RE. By Lemma 33, RE C SCAT|.2/4]. Thus,
SCAT[.2/4] = RE. [ ]

Open Problem. All the uniform rewriting discussed in this chapter is obtained
for grammars with erasing productions. In the techniques by which we achieved
this uniform rewriting, these productions fulfill a crucial role. Therefore, we believe
that these techniques cannot be straightforwardly adapted for grammars without
erasing productions. Can we achieve some uniform rewriting for grammars without
erasing productions by using completely different techniques?
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Chapter 6

Grammatical Transformations and
Derivation Simulations

The previous parts of this book contain various transformations of some grammars
with context conditions to other grammars so that both the input and the output
grammars are equivalent. Taking a closer look at these grammars, we intuitively
see that some grammars generate the language in a more similar way than others.
Indeed, consider two grammars of this kind. If we can find a suitable substitution
by which we change each string of every derivation in one grammar so that the
sequence of strings resulting from this change represents a derivation in the other
grammar, we tend to consider them as two grammars that closely simulate each
other. On the other hand, if a substitution of this kind cannot be found, we do
not consider them in this way. In the present chapter, we formalize this intuitive
understanding of equivalent grammars that make similar derivations. First, we in-
troduce the basic concept of a derivation simulation. Making use of this concept,
we rigorously describe what we intuitively mean by grammatical transformations
that convert some grammars to other equivalent grammars so that the output
grammars closely simulate the input grammars. Specifically, we discuss this kind
of grammatical transformations in terms of EIL grammars (see Chapter 2), point-
ing out that an analogical discussion can be made for any equivalent grammars.
Then, we present a grammatical transformation of EIL grammars to equivalent
symbiotic EOL grammars (see Section 3.2) in order to illustrate the concept of
close simulation.

6.1 Derivation Simulation

In this section, we conceptualize the derivation similarity of language models.

Definition 21. A string-relation system is a quadruple
U= (Wv::>’ W01WF)7

where W is a language, = is a binary relation on W, Wy C W is a set of start
strings, and Wr C W is a set of final strings.
Every string, w € W, represents a 0-step string-relation sequence in ¥. For
every n > 1, a sequence ‘
Wo,Wiy...Wp,

169
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w; € W, 0<i<n, is an n-step string-relation sequence, symbolically written as
wy = W1 = ... = Wp

if, foreach 0<i<n-—1, w; = wi4;.

If there is a string-relation sequence wg = w; = ... = wy,, where n > 0,
we write wg =" w,. Furthermore, wg =* w, means that wy =" w, for some
n > 0, and wy =1 w, means that wy =" w, for some n > 1. Obviously, from the
mathematical point of view, =% and =* are the transitive closure of = and the
transitive and reflexive closure of =, respectively.

Let ¥ = (W,=, Wy, Wr) be a string-relation system. A string-relation se-
quence in ¥, u =* v, where u,v € W, is called a yield sequence if v € Wy. If u =*
v is a yield sequence and v € Wr, u =* v is successful.

Let D(¥) and SD(¥) denote the set of all yield sequences and all successful
yield sequences in ¥, respectively.

Example 9. To illustrate the way we use string-relation systems, consider a
context-free grammar

G=(V,T,P,S),
where V, T, P, and S are the total alphabet, the terminal alphabet, the set of
productions, and the start symbol, respectively. In the standard way (see [118]),
define the direct derivation = on V*, the set of G’s sentential forms F(G), and
the language of G, L(G). Then, introduce a string-relation system

U= (V*, =, {S},T").

Observe that wy = w; = ... = w, is a yield sequence in ¥ if and only if
wy, € F(G). Furthermore, wy = w; = ... = w, is a successful yield sequence if
and only if w, € L(G).

Definition 22. Let ¥ = (W, =y, Wy, Wg) and Q = (W', =q, W}, W;) be two
string-relation systems, and let ¢ be a substitution from W’ to W. Furthermore,
let d be a yield sequence in ¥ of the form

W =y W1 =9 ... ¢ W1 =¥ Wn,

where w; € W, 0 < i < n, for some n > 0. A yield sequence h, in 2, simulates d
with respect to o, symbolically written as

h>sd,
if A is of the form

Mn—1

Yo :>'611 " =>82 =>Q Yn—1 =>g'" Yns

where y; e W, 0<j<n,my>1,1<k<n,and w; € o(y;) for all 0 < ¢ < n.
In addition, if there exists m > 1 such that my < m for each 1 < k& < n, then h
m-closely simulates d with respect to o, symbolically written as

h o7 d.
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Definition 23. Let ¥ = (W, =g, Wy, Wr) and Q = (W', =q, W}, Wf) be two
string-relation systems, and let o be a substitution from W’ to W. Let X C D(¥)
and Y C D(Q). Y simulates X with respect to o, written as Y >, X, if the
following two conditions hold:

1. For every d € X, there is h € Y such that h >, d.
2. For every h € Y, there is d € X such that h >, d.

Let m be a positive integer. Y m-closely simulates X with respect to o, Y >
X, provided that:

1. For every d € X, there is h € Y such that A &7 d.
2. For every h € Y, there is d € X such that h > d.

Definition 24. Let ¥ = (W, =g, Wy, Wr) and Q@ = (W', =q, Wy, Wg) be two
string-relation systems. If there exists a substitution o from W’ to W such that
D(Q) >, D(¥) and SD(Q) >, SD(¥), then  is said to be ¥’s derivation sim-
ulator and successful-derivation simulator, respectively. Furthermore, if there is
an integer, m > 1, such that D(2) 7 D(¥) and SD(Q) 7 SD(¥), Q is called
an m-close derivation simulator and m-close successful-derivation simulator of ¥,
respectively. If there exists a homomorphism p from W’ to W such that D(Q) >,
D(¥), D(Q) >, SD(¥), D(Q) >7* D(¥), and SD(R2) >+ SD(¥), then Q is ¥’s
homomorphic derivation simulator, homomorphic successful-derivation simulator,
m-close homomorphic derivation simulator and m-close homomorphic successful-
derivation simulator, respectively.

Example 10. Let us demonstrate the idea of derivation simulations on grammars
generating the language L = {a™b™ : n > 1}. Consider

G1 = (W, {a,b},P,S), where
V] = {Sa a, b}a
P, = {S—ab, S— aSh}.
Clearly, every derivation in G, has the form
S =@, aSb =¢, aaSbb =¢g, ... =g, a5yt =g, a"b"
for some n > 1. The language of G; is L. Next, consider
Gy = (Va,{a,b}, P, S), where

V2 = {S’AaBaav b}a
P, {§ —aB, B — Ab, A — aB, B — b}.

G2 makes every derivation in this way

S =¢, aB =g, aAb =, aaBb =g, aaAbb =¢, ... =q, a"Bb""! =g, a" Ab™,
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where n > 1. Furthermore, every sentential form a®Bb"~! can be rewritten to
a™b™. Obviously, L(Gq) = L(G;) = L.

Investigate the derivations in G; and G2 in terms of derivation simulations. To
do so, introduce the corresponding string-relation systems

\Ill = (Vl*,:>G1,{S}, {aab}*) and \1/2 = (V2*a=>021 {S}a{av b}*)

by analogy with Example 9. Notice that ¥, and ¥, are defined so that their yield
sequences correspond to the derivations above in G; and G2. Then, introduce a
homomorphism o3 from V,* to V" as

1. g2(8) = 02(4A) = S;
2. UQ(B) = Ug(b) = b;
3. oa(a) =a.

Let us show that ¥, is a 2-close homomorphic derivation simulator of ¥, with
respect to oy. First, inspect all steps of yield sequences in ¥y:

1. For S =¢, ab, there is S =¢, aB =¢, ab.
2. For S =¢, aSb, U3 makes S =g, aB =g, aAb, where 03(aAb) = aSh.
3. For a®~ 18" =4, a™Sb", n > 2, there is
QLAY g, aPBETY =g, aAbP,

where 03(a" "1 Ab" 1) = @157 L, gy (a™ AD™) = a™SH™.

4. For a® 156" =4, a™b™, n > 2, there exists
A" TA! =g, a" B! =4, a™b"
with o2(a™ 1 A"~ 1) = a1 85" "! and o2(a™b™) = a™b™.

That is, every step in any yield sequence from ¥, can be simulated by two steps
in ¥,. Hence, by induction on the length of yield sequences in ¥;, prove that
every d € D(¥;) is 2-close-simulatable by some h € D(¥,) with respect to o2; in
symbols, h (>§2 d. Next, observe that every h € D(¥3) is a 2-close homomorphic
simulation of some d € D(¥;). Indeed, S =g, a"Ab" and § =%, a™b", n > 1, are
2-close simulations of yield sequences from ¥,. The other forms of yield sequences
in ¥ are of the forms § =¢, aB and

S =%, a"Ab" =¢, a"TBb®,

n > 1. Because 03(B) = b, the first sequence is a 1-close simulation of § =¢,
ab and the second sequence is a 2-close simulation of

S =& aSh" =g, a1
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Hence, for every h € D(¥,), there exists d € D(¥) such that h [>(272 d. As aresult,
D(¥,) ‘>¢272 D(¥,); that is, ¥5 is a 2-close homomorphic derivation simulator of
Uy,

Return to the grammars G; and Gs. Intuitively, the 2-closeness of their deriva-
tions means that the grammars generate their sentential forms in a very similar
way. Indeed, while G, inserts new occurrences of symbols a and b in one derivation
step, G2 does the same in two steps.

Example 11. Consider Gy from Example 10. Let us demonstrate that the fol-
lowing grammar G3 homomorphically simulates G1, but the closeness of this sim-
ulation is not limited by any number:

Gs
Vs

(Va,{a,b}, P3,S), where
{S,M,A,B, X, Z,a,b},

and the set of productions Pj5 is defined as

Py={S—»ZXMX2Z,
ZA — ZXa, BZ - bX2Z,
Xa—aX, bX — Xb,
XMX —- AMB, XMX — AB,
aA — Aa, Bb— bB,
ZA —a, BZ — b}.

Introduce a string-relation system
U3 = (VS*a =G3 {S}’ {a’ b}*)
and a homomorphism o3 from V3 to V) as:

1. 03(S) = 03(M) = S,

Inspect the definition of P3 to see that for every derivation step
a" 18! =4, a"Sa™, n > 1,
(3 makes a derivation

ZXa" M IXZ =ET ZamTIXMXbhTlZ
=g, Za" 'AMBb"Z
o> ZAd"'Mb"T'BZ
=% ZXa"Mb"XZ.
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Analogously, for every
an—ISbn—l =q, anbn’ n> 0,

there is
ZXa" M TIXZ =57 ZanTIXMXTZ

=G, Za™1ABb1Z

e’ ZAd"'Mb"'BZ

=%, anb®
in G3. Informally, while G, inserts new occurrences of symbols a and b in the
middle of a sentential form, G5 adds as and bs to the ends of the corresponding
sentential form. It is rather easy to prove that if d € D(¥,), there exists h € D(¥3)
such that h >,, d. Furthermore, it can be demonstrated that for every h € D(¥3),
there is some d € D(¥1) such that h >, d. However, observe that G3 simulates
every derivation step of G by a sequence of steps whose number depends on the
length of the rewritten sentential form. Therefore, D(¥3) >,, D(¥;), but there
exists no m satisfying D(¥3) 7. D(¥,).

Consider three string-relation systems ¥, Q, and ©. Assume, for instance, that
1 is a g-close derivation simulator of ¥ and © is a r-close derivation simulator of

Q. The following two theorems establish a simulation-based relationship between
¥ and ©.

Theorem 55. Let ¥ = (W,=¢, Wy, Wg), @ = (W/,=q, W3, Wg), and © =
(W', =e, W[/, WL) be string-relation systems, o be a substitution from W' to W,
and 7 be a substitution from W" to W'. If for some X C D(¥), Y C D(Q),
ZCD©) holdsY 2 X and Z BT Y, q,r > 1, there exists a substitution ¢ from
W" to W such that Z >3 X.

Proof.

(i) Let d € X. Then, there exist some g € Y and h € Z such that g >2 d and
h 7 g. From the definition of g >4 d, d and g can be expressed as

d=T9p =y 1 =>¢ ... >0 Tm
and
g=v =5y =4 ... =3 Ym,

where z; € W, y; € W', z; € o(y;) for all 0 < ¢ < m; furthermore, every
Yk =>$ Yk+1, 0 £ k < m — 1, consists of ¢ or fewer steps. Therefore, each
Yk :>$ Yk+1 1S a string-relation sequence

Yo =0 Ykl =Q -+ =Q Ykqe»
where yr = Yo, Yk+1 = Ykqr 1 < gk < q. Because h 7 g, it holds that

— + + +
h = 200 =g 201 =g --- =g Z(m=1)gm_1
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such that for every yx; =q Yr@+1), 0 <k <m —1,0 <1 < qx, Yri = 7(2ki),
and every zg; #g 2k(i+1) has 7 or fewer steps. Putting the simulations
together, we get for every x, =g Zr41 a string-relation sequence

+
Zko =g k1 =>$ =>$ Zkqi

with at most gr steps so that zx € 0(7(2k0)) and Zx41 € 0(7(2kq,)). Conse-
quently,
h |>?¢' d,

where ¢ is defined as

¢(a) = {veo(u): ue r(a)}
for all a € W,

(i) Let h € Z. By the definition of Z >} Y, there exists g € Y such that h >
g. Moreover, because Y >2 X, there is some d € X such that g % d. Hence,
by analogy with (i),
h 3 d.

From (i) and (ii), for every d € X there is h € Z such that h >3 d, and for
every h € Z there exists some d € X such that h >3 d. As a result,

A D?J X.
]

Theorem 56. Let ¥ = (W, =g, Wy, Wr), Q@ = (W, =, W{,W;), and © =
(W", =, WY, W) be string-relation systems, o be a homomorphism from W’ to
W, and 7 be a homomorphism from W" to W'. If for some X C D(¥), Y C D(Q),
Z CD(O) holdssY 2 X and Z L Y, g,7 > 1, there exists a homomorphism ¢
from W' to W such that Z [>Zf X.

Proof. By Theorem 55, Z l>gr X, where ¢ is a substitution from W* to W defined
as

dla)={veo(u): uer(a)}

for all a € W”. Clearly, if both ¢ and 7 are homomorphisms, ¢ is a homomorphism
as well. ]

6.2 Grammatical Simulation

Return to Examples 10 and 11. To study the closeness of derivations in grammars
G and G, the corresponding string-relation systems ¥; and ¥, were introduced.
More precisely, for grammars G; = (Vi,T1, P1,51) and Go = (V2, T3, P2, S2), ¥,
and ¥y were defined as ¥; = (V}*, =¢,, {51}, T7) and ¥z = (V', =¢,, {52}, T3).
That is, in both ¥, and ¥,, the set of start strings contained only the axiom and
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the set of final strings was defined as a set of all words over the terminal alphabet.
As demonstrated next, however, the study of grammatical simulations frequently
requires a more general approach.

Consider a typical transformation of a grammar G to another equivalent gram-
mar Gg; for example, see Theorems 19 and 21 in Section 4.1.3, Theorem 30 in
Section 4.1.5, or Lemma 19 in Section 4.2.2.

As a rule, G, simulates derivations in G| by performing these three phases:

(A) Initialization that produces a string of a desired form by making a few initial
steps.

(B) Main phase that actually makes the derivation simulation.
(C) Conclusion that removes various auxiliary symbols.

Phase (B) almost always fulfills a crucial role while the other two phases are usually
much less important. Furthermore, phases (A) and (C) usually correspond to no
derivation steps in terms of this simulation. As a result, the simulation as a whole
is less close than the main phase. Therefore, we next introduce string-relation
systems that allow us to formally express phase (B) and, simultaneously, suppress
the inessential phases (A} and (C).

Making use of the notions introduced in the previous section, we formalize the
grammatical simulation in terms of EIL grammars because this formalization is
discussed throughout Section 6.3. Let us point out, however, that analogically this
simulation can be formalized in terms of any grammatical models.

Definition 25. Let G = (V, T, P, s) be an EIL grammar. Let = be the direct
derivation relation in G. For =¢ and every | > 0, set

A=g)={zt=2cy: 2=2cy =25 w z,yeV, weT*, i+1=1,1i>0}

Next, let G, = (V1,T1, P1,s1) and Gy = (V,, Ty, Py, s2) be EIL grammars.
Let =¢, and =, be the derivation relations of G; and G, respectively. Let o
be a substitution from V, to V4. Ga simulates G with respect to o, D(G2) >,
D(G,) in symbols, if there exists two natural numbers k,{ > 0 so that the following
conditions hold:

1. ¥ = (Vi,=q,, {51}, I7) and ¥, = (V5 =y,, Wy, Wr) are string-relation
systems corresponding to G1 and Ga, respectively, where Wy = {z € Vi :
so =& ztand Wr={z e Vy: z=% w, weTs, olw) CTT}

2. Relation =g, coincides with =¢, — A(=>a,,{).

3. D(\I’g) [ D(\I/1>

In case that SD(¥3) >, SD(V,), G2 simulates successful derivations of G1
with respect to o; in symbols, SD(G3) >, SD(Gy).
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Definition 26. Let G; and G5 be EIL grammars with total alphabets V; and
Va2, terminal alphabets 77 and T3, and axioms S; and S;, respectively. Let o
be a substitution from V, to Vi. Gz m-closely simulates G, with respect to o
if D(G2) >, D(G,) and there exists m > 1 such that the corresponding string-
relation systems ¥, and ¥, satisfy D(¥;) > D(¥,). In symbols, D(G3) &7
D(Gh). ’

Analogously, G2 m-closely simulates successful derivations of G, with respect
to o, denoted by SD(G3) &7 SD(G,), if SD(¥3) > SD(¥,) and there exists
m > 1 such that SD(G3) &7 SD(G,).

Definition 27. Let G, and G5 be two EIL grammars. If there exists a substitution
o such that D(Gs) >, D(G4), then G2 is said to be G1’s derivation simulator.

By analogy with Definition 27, the reader can also define homomorphic, m-
close, and successful-derivation simulators of EIL grammars.

6.3 Simulation of E(0,1)L Grammars

In this section, we investigate E(0, 1)L grammars and symbiotic EOL grammars (see
Section 3.2) in terms of the grammatical simulation. Recall that by Theorem 10
and [155], these two types of EIL grammars have the same generative power.
Indeed, both E(0, 1)L grammars and symbiotic EOL grammars generate RE. From
the simulation point of view, however, there exists no transformation of an E(0, 1)L
grammar to an equivalent symbiotic EOL grammar that closely simulates the input
one. Therefore, we improve the results concerning the generative power of these
EIL grammars by proving that for any E(0, 1)L grammar, there exists an equivalent
symbiotic EOL grammar that 1-closely simulates the input grammar.

First, we introduce a construction that transforms any E(0, 1)L grammar, G =
(V,T, P, s), satisfying s & T*, to a symbiotic EOL grammar, (G', W). After that,
we establish Theorems 57 and 58. Theorem 57 proves that L(G) = L(G',W).
Theorem 58 demonstrates that (G, W) is a 1-close homomorphic simulator of G.
Then, we modify the construction for any s € V* and show that the statements
of Theorems 57 and 58 hold for G with s € T* as well.

Construction 1.

Input: An E(0,1)L grammar, G = (V,T, P, s), where s ¢ T™*.
Output: A symbiotic EOL grammar, (G', W).

Algorithm: Introduce a new alphabet, V', defined as

V' =VU{@#S}uVUVUT, where
V = {a: a e VU{Q#}},

a: acVU{Q#}},

={a: acT}

<<
fl
—~—
Q



178 Chapter 6: Grammatical Transformations and Derivation Simulations

Let 7 be a homomorphism from T to T such that 7(a) = @ for all @ € T. Define a
language W over V' as

W=Vu{Q@,#5}uTu({aa,aa,@a,0a: acVU{Q #}} - {@#)})

Then, construct a symbiotic EOL grammar (G', W) with G’ = (V',T, P’, 5"), where
the set of productions is defined in the following way:

1. Add S’ — Qs# to P’.

2. For every (a,b) — z € P, add a — azb to P'.

3. For every (a,e) — z € P, add a — az# to P’

4. For every (a,b) - t€ P,teT* add a — ar(t)b to P
5. For every (a,e) »t€ P,t€T* add a — ar(t)# to P'.
Add @ —» @@, # — ##,@—Q, # — # to P'.

For every a € V, add a — ¢ to P'.

For every @ € V, add @ — ¢ to P'.

e

Foralla € T, add @ — a to P'.

Theorem 57. Let G = (V,T, P,s) be an E(0,1)L grammar satisfying s ¢ T*. Let
(G', W) be a symbiotic EOL grammar constructed by using Construction 1 with G
as its input. Then, L(G) = L(G',W).

Proof. Let w be a homomorphism from V' to V' — (V U V) defined as w(a) = ¢
for alla € VUV and w(a) = a for every a € V/ — (V U V). Furthermore, let & be
a homomorphism from V' to V such that &(a) = a for all a € V, @(a) = a for all

GeT,and &(a) = e for all V/ — (V UT). Informally, w removes all occurrences of
symbols of the forms @ and @. In addition, @ also removes @ and #; moreover, it
converts tilde-versions of terminals back to their originals.

Claim 49. For every w € W*,

(1) 8" =5 wy w if and only if Qs =7¢, ) w;

() s =>?'G,,W) w implies S’ & sub(w).

Proof. By the definition of P’, it is easy to see that the very first derivation step
always rewrites S’ to @s#. Moreover, no productions generate S’; thus, $’ appears
in no sentential form derived from S’. O

Claim 50. For all u,v € W*, §’ & sub(uv),

u = wy v if and only if w(uw) =g w) v-



6.3 Simulation of E(0, 1)L Grammars 179

Proof. Examine the definition of P’. Clearly, all occurrences of symbols from VUV
are always erased during u =(G",w) U, 80 they play no role in the generation of v.
By the definition of W and w, w(u) € W*; therefore, w(u) = (¢ ,w) v is a valid
derivation in (G', W).

Note that this property of derivations in (G’, W) allows us to ignore symbols
of forms @ and @ occurring in left-hand sides of derivation steps. O

In Claims 51 and 52, we investigate some rewritings of sentential forms that

belong to {@}V*{#}.

Claim 51. Let Qy# = (¢ w) Qz#, where y = aiaz...an for some a; € V,
z € W*, n>0. Then, Qz# = QQa;x,8982T2033 . . . AnTnH#H##, where z; € V* for
alli=1,...,n

Proof. Since z is surrounded by @ and # in Qz#, (G', W) surely rewrites @y# in
such a way that @ is rewritten to @@ and # is rewritten to ## (see the definition

of P'). Every a; can be rewritten either to @;r;b; or @;t (t,)bl, where b; € V,
z; € V*, and t; € T*. Thus,

Qz# = Qa1 21 f1022202 - . . A2 BnF##

with a; = @;, 2z; = z;, and §; = b; or o = @3, z; = 7(t;), and §B; = 3, for all
i =1,...,n. However, @z# must be a string over W. Inspect the definition of W
to see that @zx# € W* if and only if oy = @31, 1 = ay = @, P2 = a3 = ag, ..
Bn_1 = Qpn = @n, and B = #. As a result, we get

"

@l‘# = @@(_117)1&2&21}263 Ve 6nxn###
O

Claim 52. Let Qy# =g w) =, where y = a10z...a, and {@,#} Nsub(z) = @

for somea; €V, z € W*, n>0. Then, z = @alr(tl)azaﬂ(m)aa BT (tn)HH,
where t; € T* foralli=1,...,n

Proof. Prove this claim by analogy with the proof of Claim 51. a

The following claim shows that Claims 51 and 52 cover all possible ways of
rewriting a string having the form Qy#, y € V*, in (G',W).

Claim 53. Let Qy# ='.w) u, y € V*. Then, either u = Quz#, z € W*, or
ueW*, wu) € T*, and {@, #} Nsub(u) =

Proof. Return to the proof of Claim 51. Suppose that @ is rewritten to @@ and #
is rewritten to # Inspect the resulting sentential form to see that either a; € V
or fBn € V or there exists i € {1,...,n—1} such that B;a;41 € VV in all cases, the
sentential form does not belong to W*. Analogously, suppose that @ is rewritten
to @ and # is rewritten to ##. As before, such a sentential form is out of W. O
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Claim 54. Every derivation in (G',W) is a beginning of

S’ =>(G',W) @'U)O#
=>(G',W) Qun#

=>(G',W) @wn#
=>(G",W) U
=@'w b
where wo = s, w; € W*, w(u) =7(t),t€T*,0<i<n,n>0.

Proof. By the proof of Claim 49, §’ is always rewritten to Qwg#, where wy = s.
Then, Claim 53 tells us that there are two possible forms of derivations rewriting
w(@Quw;#) and, hence, Qu;#. First, (G', W) can generate a sequence of 7 sentential
forms that belong to {@}W*{#}, for some n > 0 (their form is described in
Claim 51). Second, (G’,W) can rewrite Qu,# to u € W*, satisfying w(u) €
T* (see Claim 52). By the definition of P’, @ — a is the only production that
can rewrite @ € T. Therefore, u =(¢’,w) t such that t € T* and w(u) = 7(2).
After that, no other derivation step can be made from ¢ because P’ contains no
production that rewrites terminals. 0

Claim 55. Forallz,y € V*, u € W*, it holds that

y=c ¢ ifandonlyif Quy# = w) Qu#,
where £ = w(u).
Proof.

Only if: Let y =g z. Express y and z as y = a1a3...a, and £ = 2122 ... Ty,
respectively, so that {a;,a;41) — z; € P and (an,€) — z, € P are applied during
y =gz, t=1,....,n—1,n > 0. Then, for every {a;,a;11) — z;, there exists
ai — ;%841 € P, and for (an,&) — x,, there exists a, — G,z,# € P'.
Therefore, taking into account Claim 51, we can construct

Qy+# é(G’,W) @@(_11{1)1&2@212(_13 s (_ln.’l:n###.

Obviously, _
W(@alxlagag.’tgag e anibn##) =Z1T2...Tp = T.

If: Let Qy# = (o w) Qu#. Express y as y = a182...an, a; € V, n 2 0. By the
proof of Claim 51, every a; is rewritten to @;2;8@i+1, Z; € V*,0<i<n—1,a, is
rewritten to d,x,#, T, € V*, and

Qu# = @@6—1,11'1625,21‘253 oo dnxn###’

Examine the definition of P’. For every a; — @;%i@:41, there exists (a;, a;41) —
z; € P, and for a, — @nx,#, there is (an,€) — z, in P. Hence, G can derive
y =>¢ z such that z = 2125 ... 2, = w(u). O
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Claim 56. Forallt e T*, y € V*, u € W*, it holds that

y =>gt ifandonlyif Qu# = w) vy,
where 7(t) = w(u).
Proof. Prove by analogy with the proof of Claim 55.

From the claims above, it is easy to prove that

s =%t ifandonlyif S :»?G,,W) t
for all t € T™.
Only If: Let

S=a U DG V2 =G --- G Un =gt

for some n > 0. Then, there exists

S’ =>(G',W) @S# :>(G’,W) @wl# ﬁ(G',W) @’U)z# :>(G",W) .

:>(G',W) @wn# =>(G’.W) u =>(G",W) t,

where v; = w(w;) for all i = 1,...,n and 7(t) = w(u).
If: By Claim 54, S’ :>?'G,,W) t has the form

S’ :>(G’,W) @S# #(G',W) @wl# é(G',W) @'LU2# é(G',W) -

:>(G',W) @wn# é(Gl‘W) u =>(G',W) t,
where n > 0. For this derivation, we can construct
S=a VL =g V2 =¢C ... =G Un =¢t

so that v; = w(w;) for all i =1,...,n.

Therefore, L(G) = L(G', W), and the theorem holds.
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Theorem 58. Let G = (V,T,P,s) be an E(0,1)L grammar satisfying s & T™.
Let (G'\W) with G' = (V', T, P',S") be a symbiotic EOL grammar constructed by
using Construction 1 with G as its input. Then, there exists a homomorphism &

such that D(G', W) >} D(G) and SD(G',W) pL, SD(G).

Proof. Let
U= (V* =g, {s},T")

be a string-relation system corresponding to G. Let & be the homomorphism

defined in the proof of Theorem 57. Let

v = (V)" =y, Wo, Wr)
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be a string-relation system corresponding to (G', W), where

ﬁ\y/ = :>(GI,W) — {@alT(tl)azagT(tg)ag . anT(tn)## :>(G',W) t1t2 o tn :
a eV, t;eT* 1<i<n, n>0}

Wo = {Qsi#}; .
Wrp = {@al‘l’(tl)agag’r(tg)as .. anT(tn)## caq; €V, €T, 1 <1<,
n > 0}.

It is easy to verify that ¥ and U’ satisfy (1) through (3) of Definition 25; of course,
S’ é%a’ w @s# and for every u € Wr, u =>%G, w) t» where t € T* (see Claim 54 in

the proof of Theorem 57). Next, we show that D(¥’) >L D(¥). By Definition 23,
we have to establish that:

(1) for every d € D(¥), there exists h € D(¥’) such that h >} d;

(2) for every h € D(¥'), there exists d € D(¥) such that h >} d.

(Note that most of this proof is based on substitutions and claims introduced in
the proof of Theorem 57).
(1) Let d € D(V). Express d as

d=1vy =g V1 >g V2 =g ... =G Un,

where vg = s, for some n > 0. For n = 0, there is @s# € ¥’ such that the
zero-length derivations s and Qs# satisfy s I>1G @s#. Assume that n > 0. Then,
according to Claims 50 and 55,

v; =¢ vi+1 if and only if Quw,# ='W Qw1 #,
where v;41 = w(wip1) = W(Qw; 1 #), wi, wip1 € W*, 0 < ¢ <n—1. Moreover, by

the definition of ¥/,
Qu;# =y Qui#

for all i = 0,...,n — 1. Hence, by induction on the length of derivations in G, the
reader can easily establish that for every d € D(¥), there exists h € D(¥’) such
that h >} d.

(2) Let h € D(¥). By the definition of =y and Claim 54, every yield sequence
in ¥’ is a prefix of

@wo# =y @'LUl# =g ... =y @'wn# =y’ U,

where wg = s, w; € W*, u € Wg, 0 < i < n, n <0. The zero-length derivation
Qs# is a 1-close simulation of s from G. Claims 50 and 55 imply that for every
Qu;# =g Qw1 1#, there exists v; =g v+ for some v;,v,41 € V¥, vy =
w(wiy1) = W(Qw;y1#), 0 £ i < n— 1. Furthermore, according to Claims 52
and 56, for Quw, # =y u, there exists v, =¢ t such that ¢t € T*, 7(t) = w(w); that
is, @{u) =t. Clearly, every derivation step in h is a simulation of a corresponding
derivation step in d; as a result, A >} d.
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Next, we prove that SD(G',W) >1 SD(G). From (2), it follows that every
successful yield sequence h € SD(¥') is a 1-close simulation of a derivation s =%
t with t € T*. To prove that for every d € SD(¥) there exists h € SD(¥’) such
that b >% d, return to case (1) in this proof. Assume that vy =% v,, v, € T*,
n > 1. Then, there exists a derivation Qw,_1# =g’ u, u € Wr (see Claim 56)
such that 7(v,) = w(u), which implies &(u) = v,. Therefore, we get h >1 d, so
SD(G', W) >k SD(G). u

Theorems 57 and 58 show that for every E(0,1)L grammar G = (V,T, P, s),
s & T*, there exists a symbiotic EOL grammar (G', W) with G’ = (V',T,P’,5")
such that:

1. L(G) = L(G',W);
2. (G',W) is a 1-close homomorphic derivation simulator of G;
3. (G',W) is a 1-close homomorphic successful-derivation simulator of Gj

4. To simulate G, (G', W) uses one initial derivation step S’ = ) @s#, and
one derivation step that removes auxiliary symbols:

Q@1 7(t1)@2827(t2)@3 .. . GnT(tn)## (o' titz .- tn, a1 €V, t; € T

To cover the entire family of E(0,1)L grammars, however, we have to demon-
strate that the results above can also be established for any G with s € T™.
First, introduce the following new part to Construction 1: if s € T*, add §' —
@ar(s )##, where a € V, to P’. Then, use this construction to create (G' w).
S' — @ar(s )## adds the following new derivations S' = 1y @aT( )y## and
S = w) Qar(s)## =", w) § to (G',W). By analogy with Theorem 57, it
is easy to see that L(G) = L(G’,W). Inspect the corresponding string-relation
system ¥’ defined by analogy with ¥’ in the proof of Theorem 58. Clearly,
the only difference is that Wy and Wg contain @ar( )## However, because

(@aT( )##) = s, the zero-length yield sequence @aT( )## is a 1-close simula-
tion of s. Therefore, all results established for E(0, 1)L grammars with s ¢ T* also
hold for E(0, 1)L grammars with any axiom.
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Chapter 7

Applications and Implementation

Although this book primarily represents a theoretically oriented treatment, most
grammars discussed in the previous chapters have realistic applications. Indeed,
these grammars are useful to every scientific field that formalizes its results by
some strings and studies how these strings are produced from one another un-
der some permitting or, in contrast, forbidding conditions. As numerous areas
of science formalize and study their results in this way, any description of appli-
cations that cover more than one of these areas would be unbearably sketchy, if
not impossible. Therefore, we concentrate our attention on a single application
area—microbiology, which appears of great interest at present. In this intensively
investigated scientific field, we give three case studies that make use of L grammars
with context conditions (see Chapter 4.2). Section 7.1 presents two case studies
of biological organisms whose development is affected by some abnormal condi-
tions, such as a virus infection. From a more practical point of view, Section 7.2
discusses parametric OL grammars (see [150]), which represent a powerful and ele-
gant implementation tool in the area of biological simulation and modeling today.
More specifically, we extend parametric 0L grammars by context conditions and
demonstrate their use in models of growing plants.

7.1 Applications

Case Study 1. Consider a cellular organism in which every cell divides itself into
two cells during every single step of healthy development. However, when a virus
infects some cells, all of the organism stagnates until it is cured again. During
the stagnation period, all of the cells just reproduce themselves without producing
any new cells. To formalize this development by a suitable simple semi-conditional
L grammar (see Section 4.2.3), we denote a healthy cell and a virus-infected cell
by A and B, respectively, and introduce the simple semi-conditional OL grammar,
G = ({A,B}, P, A), where P contains the following productions:

(A i AA’ 0) B)’ (B - 3707 0)7
(A— A, B,0), (B — A,0,0),
(A — B,0,0).

Figure 7.1 describes G simulating a healthy development while Figure 7.2 gives a
development with a stagnation period caused by the virus. a
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Figure 7.1: Healthy development.

Figure 7.2: Development with a stagnation period.
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In the next case study, we discuss an OL grammar that simulates the devel-
opmental stages of a red alga (see [161], [166]). Using context conditions, we can
modify this grammar so that it describes some unhealthy development of this alga
that leads to its partial death or degeneration.

Case Study 2. Consider an 0L grammar
G=(V,P1),

where
vV ={1,2,3,4,5,6,7,8,[,]}

and the set of productions P contains

1 — 23, 2 — 2, 3 — 24, 4 — 54, [—
5 — 6, 6—7, 7 — 8[1], 8 — 8, 1=

From a biological viewpoint, expressions in fences represent branches whose
position is indicated by 8s. These branches are shown as attached at alternate sides
of the branch on which they are born. Figure 7.3 gives a biological interpretation of
the developmental stages formally specified by the next derivation, which contain
13 strings corresponding to stages (a) through (m) in the figure.

1 =¢ 23
=g 224
=g 2254
=g 22654
=g 227654

=g  228[1]7654

=g 228[23]8[1]7654

> 228[224)8[23]8[1]7654

=  228[2254)8[224]8(23]8[1)7654

=g  228[22654]8[2254)8[224)8[23]8[1) 7654

> 228[227654]8(22654]8]2254]8[224]8[23)8(1] 7654

= 228[228[1]7654]8[227654]8[22654]8[2254]8[224]8(23]8(1] 7654.

Death. Let us assume that the red alga occurs in some unhealthy conditions
under which only some of its parts survive while the rest dies. This dying process
starts from the newly born, marginal parts of branches, which are too young and
weak to survive, and proceeds toward the older parts, which are strong enough
to live under these conditions. To be quite specific, all the red alga parts become
gradually dead except for the parts denoted by 2s and 8s. This process is specified
by the following OL grammar, G, with forbidding conditions. Let W = {a’ :
a € V}. Then,
G=(VUW,P1),

where the set of productions P contains:
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Figure 7.3: Healthy development.
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(1-23, W), (1'—2',{38,4,5,6',7'}),
(2—2,W), (2" — 2/,0),

(3 — 24, W), (3" — ¢, {4,5,6,7}),

(4 — 54, W), (4" — &,0),

(5—6,W), (5" =&, {4'}),

(6 —7,W), (6 —€,{4,5'}),

(7 — 8[1], W), (7" —¢,{4,5,6'}),

(8 — 8, W),

(= 9),

(] -1,0),

and for every a € V,
(@ —d,0), (¢ —d, D).

Figure 7.4 pictures the dying process corresponding to the next derivation, whose
last eight strings correspond to stages (a) through (h) in the figure.

1 =%, 228[228[1]7654]8[227654]8[22654]8(2254]8[224]8[23]8(1] 7654
=c 22828 [V]7T6'5' 4|8 [2'27'6'5'4|8'[2/2'6'5'4'|8'[2/2'5'4|8 [2'2'4']
8![2'3/]8[[1/]7/6/5/4/
=c 2/2'8/[2/2'8'[1]7'6'5|8'[2/2'7'6'5/]8'[2/2'6'5/]8'[2'2/5']8[2'2']8[2'3']
8'[1']7'6'5'
=>G 2/2/81[212181[ 1
=>G 2!2/81[212/81[ ’

1]7'6/)8'[2/2/7'6')8'[2/2/6']8'[2'2']8' [2/2')8[2/3)8'[1) 7’6
1]
=g 228/[228[1']
v]
2]

7/
718/[2/2'7')8'[2/2)8'[2/2']8'[2'2']8'[2'3)8'[1'] 7’
1 I[2/2/]81{2/2/]8l[2121]81[2121181[2/3/]81[111

] I[2/2/]81[2121]81[2/2/]8l[2/2/]81[21]8/[11]
[8'[2/2)8'[2/2')8'[2'2)8'[2'2/)8' [2/]8'[2'].

:>G 2/2/81[212181[ !
:>G 2[2/81[2/2181[ !

Degeneration. Imagine a situation where the red alga has degenerated. During
this degeneration, only the main stem was able to give a birth to new branches
while all the other branches lengthened themselves without any branching out.
This degeneration is specified by the forbidding OL grammar G = (VU{D, E}, P, 1),
with P containing

(1 — 23,0), (2 —2,0), (3 — 24,0), (4 — 54,0),
(5—6,0), (6 —7,0), (7 - 8[1],{D}), (8 — 8,0),
(= [9), (1 -1,0), (7 - 8D, 0),

(D — ED,{), (E — E, D).

Figure 7.5 pictures the degeneration specified by the following derivation, in which
the last 10 strings correspond to stages (a) through (j) in the figure:
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Figure 7.4: Death of marginal branch parts.
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Figure 7.5: Degeneration.
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1 =57, 227654
=g 228[D]7654

= 228[ED|8[D]7654

=g 228|E? D]8[ED] [D]7654

=¢ 228E®D|8[E®D]8[ED|8[D]7654

=¢ 228(E*D|8[E3 D|8|E%D|8[E D]8|D]7654

=q 228[E° ]8[E D)8[E®D]|8|E%D]8[ED]8[D]7654

= 228|E°®D|8|E°® D|8|E* D|8[E3 D|8|E® ]S[ED} [D]7654

= 228[E" D|8|E°D|8[E°D|8[E*D ]8[E3 D]8[E®D]8|ED]8[D]7654

= 228|E® D]8|E" D)8|E® D|8|E® D|8[E* D]|8|E® D|8[E2 D)8[ED)8[D]7654.

7.2 Implementation

In this section, we describe parametric 0L grammars (see [150]) and their extension
by context conditions. We make this description from a purely practical point of
view to clearly demonstrate how these grammars are implemented and used.

Case Study 3. Parametric 0L grammars (see [150], [149]) operate on strings
of modules called parametric words. A module is a symbol from an alphabet
with an associated sequence of parameters belonging to the set of real numbers.
Productions of parametric OL grammars are of the form

predecessor | : logical expression | — successor.

The predecessor is a module having a sequence of formal parameters instead of real
numbers. The logical expression is any expression over predecessor’s parameters
and real numbers. If the logical expression is missing, the logical truth is assumed.
The successor is a string of modules containing expressions as parameters; for
example,

Alz) : <7 — Az +1)D(1)B(3 — z).

Such a production matches a module in a parametric word provided that the sym-
bol of the rewritten module is the same as the symbol of the predecessor module,
both modules have the same number of parameters, and the value for the logical
expression is true. Then, the module can be rewritten by the given production.
For instance, consider A(4). This module matches the above production since A
is the symbol of production’s predecessor, there is one actual parameter, 4, in
A(4), that corresponds to the formal parameter z in A(z), and the value for the

logical expression z < 7 with ¢ = 4 is true. Thus, A(4) can be rewritten to
A(5)D(1)B(-1).
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As usual, a parametric OL grammar can rewrite a parametric word provided
that there exists a matching production for every module that occurs in it. Then,
all modules are simultaneously rewritten, and we obtain a new parametric word.

Parametric OL grammars with context conditions. Next, we extend the para-
metric OL grammars by permitting context conditions. Each production of a para-
metric 0L grammar with permitting conditions has the form

predecessor | 7 context conditions] | : logical expression] — successor,

where the predecessor, the logical exzpression, and the successor have the same
meaning as in parametric 0L grammars, and context conditions are some per-
mitting context conditions separated by commas. Each condition is a string of
modules with formal parameters. For example, consider

A(z) ? B(y), C(r,z) : z<y+r — D(x)E(y+r).

This production matches a module in a parametric word w provided that the
predecessor A(x) matches the rewritten module with respect to the symbol and
the number of parameters and there exist modules matching to B(y) and C(r, 2)
in w such that the value for logical expression z < y + r is true. For example, this
production matches A(1) in C(3,8)D(—1)B(5)H(0,0)A(1)F(3) because there are
C(3,8) and B(5) such that 1 < 5+ 3 is true. If there are more substrings matching
the context condition, any of them can be used.

Having described the parametric OL grammars with permitting conditions, we
next show how to use them to simulate the development of some plants.

In nature, developmental processes of multicellular structures are controlled
by the quantity of substances exchanged between modules. In the case of plants,
growth depends on the amount of water and minerals absorbed by the roots and
carried upward to the branches. The model of branching structures making use
of the resource flow was proposed by Borchert and Honda in [24]. The model is
controlled by a fluz of resources that starts at the base of the plant and propagates
the substances toward the apexes. An apex accepts the substances, and when the
quantity of accumulated resources exceeds a predefined threshold value, the apex
bifurcates and initiates a new lateral branch. The distribution of the flux depends
on the number of apexes that the given branch supports and on the type of the
branch—oplants usually carry greater amount of resources to straight branches than
to lateral branches (see [24] and [149]).

The following two examples illustrate the idea of plants simulated by parametric
OL grammars with permitting conditions:

(I) Consider the model

aziom : I(1,1, eroot) A1)

P A(id) ? I(idp,c,e) : id==1idp, A e>em
— [+H(@) I{(2*id+1,7,0) A2 *id + 1))/ (m) I(2 * id, 1 — v,0) A(2 * id)
D2 I(id,c,e) 7 I{idp, cp,ep) @ idp == |id/2]

— I(id,c,c*ep)
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This L grammar describes a simple plant with a constant resource flow from its
roots and with a fixed distribution of the stream between lateral and straight
branches. It operates on the following types of modules:

e I(id,c,e) represents an internode with a unique identification number id, a
distribution coeficient ¢, and a flux value e.

o A(id) is an apex growing from the internode with identification number equal
to id.

e +(¢) and /(¢) rotate the segment orientation by angle ¢ (for more informa-
tion, consult [149)).

e [ and | enclose the sequence of modules describing a lateral branch.

We standardly assume that if no production matches a given module X (z1,...,z,),
the module is rewritten by an implicit production of the form

X(.’L‘l,...,.’L‘n)—>X(.’E],...,:L‘n);

that is, it remains unchanged.

At the beginning, the plant consists of one internode I(1,1, ero0:) With apex
A(1), where eyo0t is a constant flux value provided by the root. The first pro-
duction, p;, simulates the bifurcation of an apex. If an internode preceding the
apex A(id) reaches a sufficient flux e > ey, the apex creates two new internodes
I terminated by apexes A. The lateral internode is of the form I(2 xid + 1,%,0)
and the straight internode is of the form I(2 % id,1 — +,0). Clearly, the identifi-
cation numbers of these internodes are unique. Moreover, every child internode
can easily calculate the identification number of its parent internode; the parent
internode has id, = |id/2].  The coefficient v is a fraction of the parent flux to be
directed to the lateral internode. The second production, ps, controls the resource
flow of a given internode. Observe that the permitting condition I(idp, cp, €p) with
id, = |id/2]| matches only the parent internode. Thus, p, changes the flux value e
of I(id, ¢, e) to c* ey, where e, is the flux of the parent internode, and c is either «y
for lateral internodes or 1 — «y for straight internodes. Therefore, ps simulates the
transfer of a given amount of parent’s flux into the internode. Figure 7.6 pictures
12 developmental stages of this plant, with e,0¢, €:4, and ~y set to 12, 0.9, and 0.4,
respectively. The numbers indicate the flow values of internodes.

It is easy to see that this model is unrealistically simple. Since the model
ignores the number of apexes, its flow distribution does not depend on the size of
branches, and the basal flow is set to a constant value. However, it sufficiently
illustrates the technique of communication between adjacent internodes. Thus,
it can serve as a template for more sophisticated models of plants, such as the
following model. '

(IT) We discuss a plant development with a resource flow controlled by the number



7.2 Implementation 195

)

Figure 7.6: Developmental stages of the plant generated by (I).
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of apexes. This example is based on Example 17 in [149].

aziom : N(1)I(1,straight,0,1) A(1)

pii o N(E) — NE+1D)
P2 I(id,t,e,c) 7 N(k), A(id)
cid==1
— I(id,t, 0p2k=D7" 1)
p3 I(id,t,e,c) ? N(k), I(ids,ts,es,¢5), I(idy, t;,er,cr)

tid==1 A id; ==2x%id A idj==2x1id+1
— I(id,t, 0o2%=17" ¢, + o)
[ I(id,t,e,c) 7 I(idp,tp, €p,cp), I(ids,ts,€5,¢5), I(idi,t1,€,01)
Didp == [id/2] AN tds==2x%1id A idj==2%*id+1
— I(id,t,0(t, ep, cp, ), C5 + 1)
Ps Id(id,t,e,c) 7 I(idp, tp,ep, cp), A(ida)
Didp == [id/2] A idg ==1id
— I(id,t,0(t,ep, cp,c), 1)
D6 : A(id) 7 I(idp,tp, ep,cp)
id==1dd, A ep 2> e
— [+(a) I(2 xid + 1,lateral,ep x (1 — X),1) A(2 % id + 1)]
J(m) I(2 x id, straight, e, x X, 1) A(2 * id)

This L grammar uses the following types of modules:

e I(id,t,e,c) is an internode with a unique identification number id, where ¢
is a type of this internode, t € {straight, lateral}, e is a flux value, and ¢ is
a number of apexes the internode supports.

o A(id) is an apex terminating the internode id.

e N(k) is an auxiliary module, where k is the number of a developmental cycle
to be done by the next derivation.

o +(¢), /(¢), | and ] have the same meaning as in the previous example.

The flux distribution function, 4, is defined as

_Jep—ep(1=2)((cp —¢)/c) ift = straight,
Ot eprcpre) = {ep(l —A)(e/(cp —pc)) if t = lateral.

The development starts from the axiom N (1) I(1, straight,0,1) A(1) containing
one straight internode with one apex. In each derivation step, by application of
pg4, every inner internode I(id,t,e,c) gets the number of apexes of its straight
(I(ids,ts,es,¢5)) and lateral (I(id;,t;,e;,c;)) descendant. Then, this number is
stored in ¢. Simultaneously, it accepts a given part of the flux e, provided by
its parent internode I(idy,tp,€p,cp). The distribution function 6 depends on the
number of apexes in the given branch and in the sibling branch, and on the type of
this branch (straight or lateral). The distribution factor A determines the amount
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Figure 7.7: Developmental stages of the plant generated by (II).
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of the flux that reaches the straight branch in case that both branches support the
same number of apexes. Otherwise, the fraction is also affected by the ratio of apex
counts. Productions p; and ps rewrite the basal internode, calculating its input
flux value. The expression used for this purpose, JOQ(k—l)"k, was introduced by
Borchert and Honda to simulate a sigmoid increase of the input flux; o is an initial
flux, k is a developmental cycle, and 7 is a constant value scaling the flux change.
Production ps rewrites internodes terminated by apexes. It keeps the number of
apexes set to 1, and by analogy with py, it loads a fraction of parent’s flux by using
the § function. The last production, pg, controls the addition of new segments.
By analogy with p; in the previous example, it erases the apex and generates two
new internodes terminated by apexes. Figure 7.7 shows 15 developmental stages
of a plant simulation based on this model.

Obviously, there are two concurrent streams of information in this model. The
bottom-up (acropetal) stream carries and distributes the substances required for
the growth. The top-down (basipetal) flow propagates the number of apexes that
is used for the flux distribution. A remarkable feature of this model is the response
of a plant to a pruning. Indeed, after a branch removal, the model redirects the
flux to the remaining branches and accelerates their growth.

Let us note that this model is a simplified version of the model described
in [149], which is very complex. Under this simplification, however, ¢, — ¢ may be
equal to zero as the denominator in the distribution function 4. If this happens, we
change this zero value to the proper non-zero value so that the number of apexes
supported by the parent internode corresponds to the number of apexes on the
straight and lateral branches growing from the parent internode. Consult [149] for
a more appropriate, but also complicated solution of this problem.

From the presented examples, we see that with permitting conditions, paramet-
ric 0L grammars can describe sophisticated models of plants in a very natural way.
Particularly, compared to the context-sensitive L grammars, they allow one to re-
fer to modules that are not adjacent to the rewritten module, and this property
makes them more adequate, succint, and elegant.
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Chapter 8

Concluding and Bibliographical
Notes

Summary. The classical context-dependent grammars, such as context-sensitive
and phrase-structure grammars, represent powerful generators of languages. How-
ever, their strict conditions placed on the context surrounding the rewritten sym-
bol during the generation of languages complicate their use both in theory and
in practice. Therefore, in this book, we discuss a large variety of grammars with
much less restrictive context conditions that are placed on derivation domains,
use of productions, or the neighborhood of rewritten symbols. All the grammars
under discussion also use context-independent productions so as to simplify the
language generation process. Perhaps most important, we demonstrate that most
of the grammars with alternative context conditions are as powerful as the classical
context-dependent grammars. That is, they have the same generative power as
the phrase-structure grammars, and if erasing productions are ruled out, they are
as powerful as the context-sensitive grammars. As a result, the grammars studied
in this book represent language generators based on context-independent produc-
tions and very simple context conditions, yet they maintain the power of context-
dependent grammars. All these advantages make their use obviously preferable to
the classical context-dependent grammars both from a theoretical and practical
point of view. From a theoretical viewpoint, they simplify the language genera-
tion and its analysis, which usually turns out unbearably tedious and clumsy in
terms of the classical context-dependent grammars. From a practical viewpoint,
these easy-to-use grammars with flexible context conditions have their important
applications in reality as we demonstrate in examples from microbiology.

Historical Notes. Conditional grammars were introduced in [64]. Several vari-
ants of these grammars were discussed in [41], [44], [52], [53], [84], [85], [87], [91],
[141], [145], [146], [154], [158], [173], and [174]. The crucial concepts of these
grammars and results concerning them are summarized in [126].

General References. Although the present treatment of conditional grammars
is selfcontained, it assumes some background in the formal language theory. For
an introduction to this theory, consult [7], (8], [16], [72], {79], [81], [86], [118], [157],
(160], [161], [162], or [182].

199
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Future Investigation. We suggest the following new directions of investigation
concerning grammars with context conditions.

(1) By context conditions, the grammars dicussed in this book actually restrict
their derivations. In this sense, they are strongly related to regulated grammars,
which make this restriction by various regulating mechanisms. Study how to re-
place some of these mechanisms by suitable context conditions and vice versa.
Regulated grammars are investigated, for instance, in [1], [2], [58], [83], [101],
[102], [103], [108], [111], [113], [115], [125], [129], [130], [145], [152], [153], [154],
and [157]. A good introduction to regulated grammars is [43).

(2) Introduce automata with context conditions. Concentrate on pushdown
automata with some context conditions placed on their stacks. For a detailed
discussion of automata, consult [4], [7], [8], [12], [16], [32], [34], [54], [55] [56], [71],
(78], [79], (80}, [81], [86], [92], [124], [132], [134], [151], [157], [160], [163], [171],
or [182].

(3) Adapt the language models with context conditions for translation. De-
velop translation grammars and automata working under these conditions. For an
essential discussion of the translation models, see [4], [5], [6], [7], [8], [9], [22], [27],
[31], [35], [59], [60], [76], (82], [89], [90], 98], [143], [144], [164], or [183].

(4) Chapter 7 concentrates its attention on applications in terms of microbiol-
ogy. Study some other applications of the language and translation models with
context conditions. Specifically, apply these models in some classical application
areas of computer science, such as the applications included in [3], [4], [9], [10],
[11], [13], [14], (15}, [17], [18], [19], [20], [21], 23], [25], [26], (28], [29], [30], (31},
(321, [33], [35], [36], [37], [38], [39], [40], [42], [45], [46], [47], (48], [49], [50], [51],
(57], [59], [61], [62], [63], [65], [66], [67], [74], [93], [94], [95], [96], [97], [99], [139],
[140], [142], [159], [165], [172], [176], [L77], [178], [179], [180], [181], and [183].
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Denotations of Language Families

CEOL
CEPOL
CEPTOL
CETOL
CF

CG

CS

EIL[.i], EIL{i.]
EOL

EPOL
EPTOL
ETOL

F

FEOL
FEPOL
FEPTOL
FETOL
GCC

GF
prop-CG
prop-F
prop-GCC
prop-GF
prop-RC
prop-RC(ac)
prop-SC
prop-SSC
prop-WM
PSl.i], PS[i.]
RC
RC(ac)
RE

SEOL
SEPOL

SC

SCAT
SCAT[.i/j]
SSC
SSC-EOL

context-conditional EOL grammars (CEOL grammars)
propagating CEOL grammars (CEPOL grammars)
propagating CETOL grammars (CEPTOL grammars)
context-conditional ETOL grammars (CETOL grammars)
context-free grammars

context-conditional grammars

context-sensitive grammars

EIL grammars with uniform rewriting

EOL grammars

propagating EOL grammars (EPOL grammars)
propagating ETOL grammars (EPTOL grammars)
ETOL grammars

forbidding grammars

forbidding EOL grammars (FEQL grammars)
propagating FEOL grammars (FEPOL grammars)
propagating FETOL grammars (FEPTOL grammars)
forbidding ETOL grammars (FETOL grammars)
global context conditional grammars

generalized forbidding grammars

propagating context-conditional grammars
propagating forbidding grammars

propagating global context conditional grammars
propagating generalized forbidding grammars
propagating rc-grammars

propagating rc-grammars with appearance checking
propagating semi-conditional grammars

propagating simple semi-conditional grammars
propagating context-free grammars over word monoids
phrase-structure grammars with uniform rewriting
random-context grammars

random-context grammars with appearance checking
phrase-structure grammars

symbiotic EOL grammars (SEOL = WMEOL(2))
propagating symbiotic EOL grammars
semi-conditional grammars

scattered context grammars

scattered context grammars with uniform rewriting
simple semi-conditional grammars

simple semi-conditional EOL grammars
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214 Denotations of Language Families

SSC-EPOL propagating SSC-EOL grammars (SSC-EPOL grammars)
SSC-EPTOL  propagating SSC-ETOL grammars (SSC-EPTOL grammars)
SSC-ETOL simple semi-conditional ETOL grammars

WM context-free grammars over word monoids

WMEOL EQL grammars over word monoids

WMEPOL propagating EOL grammars over word monoids
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Subject Index

OL grammar, 12

alph, 7
Alphabet, 6
Axiom, 9

Bijection, 8

Cardinality, 5
Cartesian product, 7
CEOL grammar, 91
CEPOL grammar, 91
CEPTOL grammar, 91
CETOL grammar, 91
Chomsky normal form, 10
Closure
of language, 6
reflexive and transitive, 8
transitive, 8
Concatenation, 6
Context-conditional ETOL grammar, 91
Context-conditional grammar, 33
Context-free grammar, 10
over word monoid, 15
Context-sensitive grammar, 10

Degree, 15, 34, 91, 131

Derivation, 9

Derivation simulator, 171
homomorphic, 171

Direct derivation, 9

domain, 8

E(m,n)L grammar, 12
EOL grammar, 12
over word monoid, 24
symbiotic, 25
EIL grammar, 12
simulation of, 176
EPOL grammar, 12
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EPTOL grammar, 11
Equivalent grammars, 13
ETOL grammar, 11
forbidding, 98
simple semi-conditional, 118

Family, 5
FEOL grammar, 98
FEPOL grammar, 98
FEPTOL grammar, 98
FETOL grammar, 98
first, 7
Forbidding ETOL grammar, 98
Forbidding grammar, 40
Function, 8

partial, 8

total, 8

gcc-grammar, 131

Generalized forbidding grammar, 44
gf-grammar, 44

Global context conditional grammar, 131
Grammatical simulation, 175

Homomorphism, 8
injective, 8

Injection, 8

Language, 6
complement, 6
context-free, 10
context-sensitive, 10
family, 6
finite, 6
recursively enumerable, 9
reversal of, 6

lhs, 9

Mapping, 8
max, 6
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Microbiology, 185
Morphism, 8

Nonterminal, 9

Penttonen normal form, 10
Permitting grammar, 40
Phrase-structure grammar, 9
Power set, 5
Prefix, 7

proper, 7
Product

k-fold, 8
Production

conditional, 34

Queue grammar, 12

Random-context grammar, 40
with appearance checking, 40
range, 8
rc-grammar, 40
Red alga, 187
Relation, 8
binary, 8
inverse, 8
rev, 6
rhs, 9

sc-grammar, 58
Scattered context grammar, 150
Semi-conditional grammar, 58
Sentential form, 9
Sequence, 5

finite, 5

length, 5
Set, 5

complement of, 5

finite, 5

member of, 5

Subject Index

of a yield sequence, 170
SSC-EQL grammar, 118
SSC-EPOL grammar, 118
SSC-EPTOL grammar, 118
SSC-ETOL grammar, 118
ssc-grammar, 62
String, 6

empty, 6

permutation, 7

power of, 6

reversal of, 6
String-relation sequence, 170
String-relation system, 169
Subrelation, 8
Subset, 5

proper, 5
Substitution, 8
Substring, 7

proper, 7
Subword, see Substring
Successful-derivation simulator, 171
Suffix, 7

proper, 7
Surjection, 8
Symbiotic EOL grammar, 25
Symbol, 6

Terminal, 9

Uniform rewriting
parallel, 145
semi-parallel, 162
sequential, 138

Virus, 185

wm-grammar, 15
WMEQOL grammar, 24
Word, see String

Simple semi-conditional ETOL grammar, Yield sequence, 170

118

Simple semi-conditional grammar, 62

Simulation
grammatical, 175
m-~close, 170

simulation of, 170
successful, 170









	booktext
	booktext01
	booktext02
	booktext03
	booktext04
	booktext05
	booktext06
	booktext07
	booktext08
	booktext09
	booktext10
	booktext11

