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Preface

vi

In 1983, when I started to teach experimental soil mechanics to the undergradu-
ate students in civil engineering at the University of Southern California, I
thought that laboratory soil testing was well covered by textbooks. However, I
stumbled on three unexpected but major problems when I attempted to select a
textbook for my course: the reliance on standardized testing procedures, outdated
data processing, and the absence of typical test results,

In reference to the first problem, most recent textbooks describe soil testing
as a set of standardized procedures with little reference to the theories prompting
these tests. They are useful for training laboratory technicians in testing compa-
nies but are less informative to student engineers, Any standardized testing pro-
cedure is not engraved in stone—it only provides guidelines which, when
followed carefully, guarantee the quality and repeatability of test results. As an
educator I feel strongly that standardized tests should not eclipse the principles
that motivated the tests.

In reference to the problem of outdated data processing, the textbooks on
soil testing that I examined were filled with complicated and numerous data
sheets. They required students to write down their measurements and calculate
results with hand calculators and archaic nomographs, such as for the hydrometer
test. In this age of personal computers, such tedious data reduction is as outdated
as slide rules. To update the data processing I wrote two generations of BASIC
programs for personal computers. The first generation produced poor graphics
and barely improved the hand calculator results, The second generation had ad-
vanced graphic and input/output features but had to be sealed hermetically be-
cause it was too complicated. Both versions created many difficulties in entering
data and unnecessarily confused soil testing. I found myself asking more funda-
mental questions. Does the computer improve or hinder students’ understanding?
Do students benefit from a program they do not understand?

These concerns motivated the use of spreadsheet programs that have an
open calculation structure (e.g., Lotus 123, Quattro Pro, and Microsoft Excel). In-
itially, spreadsheets were intended for business purposes, but now they have
mathematical functions and programmable custom functions that make them suit-
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able for engineering. They can reduce experimental data, plot graphs, and print
reports. The spreadsheet approach eased my apprehensions about using comput-
ers in teaching experimental techniques. In fact, spreadsheets enhanced the ways
my students understood physical phenomena and processed their measurements.
For instance, by using Stokes’ and buoyancy laws directly, instead of applying es-
oteric nomographs, they better understood the principles and limitations of hy-
drometer analysis. With spreadsheets, [ was therefore capable of addressing two
of the problems found in textbooks on soil testing: the advanced data processing
techniques actually helped to emphasize the principles of soil mechanics. My stu-
dents also benefited in other ways, enhancing their communication and presenta-
tion skills, and producing well-organized laboratory reports.

The third problem with existing textbooks is that there has been no way for
students to know if they have performed the test correctly. In the professional
world, we look to published experimental results constantly. If our results deviate
significantly from normal results, we must either correct our own errors or ex-
plain the discrepancy. To establish normal test results for comparison, I have com-
piled typical results on soil properties from various sources, and included a few
useful empirical correlations between soil properties. Empirical correlations are
often discredited from the scientific point of view due to their lack of physical
and rational explanations; however, some correlations are useful in the laboratory
to check approximate agreement between different soil properties. With typical
results and empirical correlations, my students have a basic knowledge of values
for soil properties and some points of reference for discussing the validity of their
experimental results.

Since 1983, my students have been using the spreadsheets programs, com-
paring their test results, and gaining a thorough understanding of the theories be-
hind the tests. In effect, they have learned much more than basic standardized
testing procedures. I hope that Experimental Soil Mechanics will benefit other
teachers and students in geotechnical engineering.

Organization of materials

The book has nine chapters. The first seven chapters introduce the laboratory ex-
periments (soil classification, density and compaction, permeability and seepage,
consolidation, and shear strength) in the order in which most instructors present
the material in geotechnical engineering. A systematic and consistent approach to
each laboratory experiment covers theory, equipment, experimental procedure,
and data processing. This presentation stresses that experiment and theory are
meaningful only when considered together. All theories are based on experi-
ments, and all experiments need a theory to explain and apply their results. Each
test procedure is illustrated with photographs and line illustrations. Last are re-
view questions and exercises to check understanding.

The eighth chapter covers the basic elements of experimental techniques,
such as dimensions and units, data modeling, error analysis, and report writing.
The ninth chapter reviews the use of spreadsheet programs relevant to data pro-
cessing and the tabular and graphical presentation of laboratory results, It is ver-
satile enough to apply not only to soil testing but also to various engineering
fields. The spreadsheet experts may skip this section, provided that their expertise
takes them through the worked examples.

For students, the theoretical sections should be studied before the experimental
procedure and data processing sections. I suggest developing a basic knowledge
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of spreadsheet calculation and programming before moving on to the data pro-
cessing of soil experiments. The book covers a sufficiently large number of exper-
iments to fully occupy a one-semester course. Several unprocessed data sets
included in the exercises can be used to substitute for unsuccessful experiments in
the laboratory. .

My publisher and I have made all possible efforts to correct typographical
mistakes. However, there may stilll be some errors in this first edition. Report
them by using the world wide web site for Prentice Hall (http://www.prenhall.com)
so that I can correct them in the next editions. I also welcome suggestions and com-
ments which may help me to improve the quality and usefulness of this book.
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Introduction

In geotechnical engineering, the design and analysis of soil structures, such as
earthdams, retaining walls, excavations, slopes, and foundations, are based on the
theory of soil mechanics and the experimental determination of soil properties.
Soil mechanics applies the principles of mechanics including kinematics, dynamics,
fluid mechanics, and mechanics of materials to soils. Soil mechanics identifies and
relates the main engineering properties of soils such as their density, compressi-
bility, and resistance to shear. However, all these theoretical developments largely
depend on experiments on soil properties in the laboratory and in the field.

LABORATORY SOIL TESTING

This book is about experimental soil mechanics. It reviews the basic theory of soil
mechanics and describes the experiments which determine soil properties in the
laboratory. It covers the tests listed in Table 1. These tests fall into five major cat-
egories: Soil classification, density and compaction, seepage, consolidation, and
shear strength. Following is a breakdown of the categories and objectives of the
experiments in Table 1.

W categorizes soils according to their probable engineering
behavior. By knowing the soil classification, the engineer already has a fairly
good idea of the way the soil will behave during construction. However, a soil
classification does not eliminate the need for detailed testing for engineering
properties.

Dgnsitx, water content, void ratio, specific gravity, etc. are elementary soil
properties which characterize the state of soils in the laboratory and in the field.
Some of these soil properties such as soil density can be altered by compaction to
control and improve other types of engineering properties such as seepage, com-
pressibility and shear strength.

Seepage refers to the flow of water through soils, which takes place in water-
retaining structures such as earthdams and levees. Permeability is the primary soil
property required to analyze seepage problems, which can be solved using meth-
ods such as electrical analogy and finite differences.



Consolidation is the deferred compressibility of soils following the applica-
tion of construction loads. This phenomenon is primarily responsible for the long-
term settlement of buildings with time, which may take years to be completed.

Shear strength includes the soil properties that characterize the ability of
soils to withstand construction loads. Shear strength properties are used in the
stability analysis of structures including slopes, retaining walls, and foundations.

Field sampling and field testing

Laboratory testing relies on field sampling for taking representative samples of
soils from the field. In general, the removal of soil from its natural environment
disturbs its natural state. Some sampling techniques minimize this disturbance
and produce so-called undisturbed samples, which are hermetically sealed in sam-
pling tubes to preserve their moisture content. Other sampling techniques yield
disturbed samples which are broken into smaller fragments and have density and
structures different from the soils in the field. The sampling technique to be used
depends on the type of information required and the characteristics of the soil to
be sampled. For classification purposes, disturbed samples are sufficient, but for
the determination of engineering properties of soil in the laboratory, undisturbed
samples are usually required. A description of the types of samplers available and
their utilization can be found in Lowe and Zaccheo (1991).

Field testing, also referred to as in-situ testing, is an efficient means to deter-
mine soil properties in the field. It produces abundant and detailed information
on soil profiles at a location, such as stratigraphy of soil layers and spatial varia-
tion of their properties. The determination of soil properties from field measure-
ments is generally based on empirical correlations between quantities measured
in the field and soil properties measured in the laboratory (e.g., Kulhawy and
Mayne, 1990). Recent developments in field testing are surveyed by Jamiolkowski
et al. (1985).

Report of Laboratory Tests

Suggestions and guidelines for the preparation of soil reports can be found in
Chapter 8-5. It is useful to compare experimental results recently obtained with
those from other sources to check the validity of the results, and to understand
possible similarities and discrepancies. This book provides some data on soil
properties taken from various sources including Biarez and Hicher, 1994; Bowles,
1992; Head, 1984, 1986, and 1988; Holtz and Kovacz, 1981; Lambe, 1951; Lambe
and Whitman, 1979; and Mitchell, 1993.

In the practice of geotechnical engineering, soil testing addresses real prob-
lems. In the academic context, it is instructive to recreate such a goal-oriented ap-
proach by posing practical yet simple problems which require the measurement
of several soil properties. A few examples of this goal-oriented approach are
given in Projects.
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TABLE 1

Categories and objectives

of the laboratory experiments in this book

Category and main
objectives

Laboratory tests

Specific objectives

Engineering soil
classification
Categorize soils ac-
cording to their prob-
able engineering
behavior

Grain _size analysis

* Sieve analysis

¢ Sedimentation analysis
* Hydrometer
* Pipette
¢ Buoyancy

* Combined analysis

Atterberg limit_tests

* Plastic limit test

* Liquid limit test

Shrinkage limit analysis

* Mercury method

* Wax method

Engineering soil classification

Determine grain size distribution curve
= Test for coarse-grained soils
* Test for fine-grained soils

* ASTM

* British Standards

* Combine sieve and sedimentation
analysis

Determine plasticity of fine-grained soils

* Measure plastic limit PL

* Measure liquid limit LL

Define the shrinkage and swelling po-

tential of fine-grained soils

Identify soil group in USCS and
AASHTO engineering soil classification
based on results of grain size analysis

. and Atterberg limit tests

Density and com-
paction

Determine basic states
of soils in the labora-
tory and in the field

Determination of unit weight

Determination of specific gravity

Standard and improved laboratory
compaction tests
Sand cone test

Determine unit weight, void ratio, degree
of saturation, and water content of fine-
grained soils

Determine the unit weight of soil miner-
als

Define the optimum water content and

maximum density for soils

Control the soil density in the field after
field compaction

Seepage
Calculate total head,
water pressure, total
flow, and hydraulic
gradients in seepage
problems

Permeability tests

* Constant head test

¢ Falling head test

Electrical analogy of seepage prob-
lems

Finite difference solution of seep-
age problems

Measure the permeability coefficient of
soils

* Test for coarse-grained soils

* Test for fine-grained soils

Solve seepage problems (e.g., flow of
water under a sheetpile wall) with a
physical means

Solve seepage problems with numerical
methods and spreadsheets

Consolidation
Calculate long term
settlement of struc-
tures

Consolidation test

Determine the properties of fine-grained

soils for calculating the amplitude and

rate of settlement of structures

* Compressibility

* QOverconsolidation ratio and pressure

» Consolidation coefficients (primary
and secondary)

Shear strength
Determine the soil
properties (undrained
shear strength S,
friction angle ¢’ and
cohesion ¢’) for ana-
lyzing the stability of
foundations, excava-
tions, slopes, retaining
walls, etc.

* Unconfined compression test (UC)
* Direct shear test (DS)

Triaxial tests

* CD and CU triaxial tests on
coarse-grained soils

e CD, CU, and UU triaxial tests on
fine-grained soils

-

Measure rapidly but approximately S,
Measure shear strength (S,, ¢ and ¢)
on a predetermined surface of rupture
(slopes, foundation, etc.)

Measure shear strength (S,, ¢’ and ¢’)
under various stress conditions, includ-
ing drained and undrained loadings. Bet-
ter control of initial stresses and loading
stress paths than UC and DS tests (ex-
cept for UU tests)
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STANDARD PROCEDURES FOR SOIL TESTING

In the United States of America, Great Britain, and many other countries, most
of the experimental procedures in laboratory soil testing are described by stand-
ards. Standards provide guidelines and minimum requirements to obtain reliable
and repeatable test results, Tables 2 and 3 give the correspondence between the
laboratory experiments covered in each test, and the relevant test methods and
guides of the American Society for Testing and Materials (ASTM) and the British
Standard Institutions (BS). Further information can be found in these guidelines
and in Head (1984, 1986, and 1988).

TABLE 2
Experiments covered in this book and related ASTM test methods (ASTM, 1995a and 1995b)
ASTM
Experiment Chapter number ASTM description
Sieve analysis 1-2 D 422-63 Test Method of Particle-Size Analysis of Soils
D 1556-90 Test Method for Amount of Material in Soils Finer than the
No. 200 (756 mm) Sieve
D 421-85 Practice for Dry Preparation of Soil Samples for Particle-Size
Analysis and Determination of Soil Constants
D 2217-85 Practice for Wet Preparation of Soil Samples for Particle-Size
Analysis and Determination of Soil Constants
E 11-87 Specifications for Wire-Cloth Sieves for Testing Purposes
Hydrometer 1-4 D 422-63 Test Method of Particle-Size Analysis of Soils
analysis D 421-85 Practice for Dry Preparation of Soil Samples for Particle-Size
Analysis and Determination of Soil Constants
E 100-94 Specifications for ASTM Hydrometers
Determination 2-2 D 2216-90 Method of Laboratory Determination of Water (Moisture) Con-
of water tent of Soil, Rock, and Soil-Aggregate Mixtures
content D 4944-89 Test Method for Field Determination of Water (Moisture) Con-
tent of Soil by Calcium Carbide Gas Pressure Tester Method
D 4643-93 Test Method for Determination of Water (Moisture) Content of
Soil by the Microwave Oven Method
D 4959-89 Test Method for Determination of Water (Moisture) Content of
Soil by Direct Heating Method
Atterberg limit 2-3 to D 4318-93 Test Method for Liquid Limit, Plastic Limit, and Plasticity Index
test 2-5 of Soils
Shrinkage 2-7 D 427-93 Test Method for Shrinkage Factor of Soils by the Mercury
limit and Method
2-8 D 4943-89 Test Method for Shrinkage Factor of Soils by the Wax Method
Engineering 2-9 D 2487-83 Test Method for Classification of Soils for Engineering Pur-
classification poses (Unified Soil Classification System)
of soils D 3282-83 Test Method for Classification of Soils and Soil-Aggregates
Mixtures for Highway Construction Purposes
D 2488-93 Practice for Description and Identification of Soils (Vis-
ual/Manual Procedure)
D 448-86 Classification for Sizes of Aggregate for Road and Bridge Con-
struction
Determination 3-2 D 4253-93 Test Methods for Maximum Index Density and Unit Weight of
of density Soils Using a Vibratory Table
D 4254-91 Test Methods for Minimum Index Density and Unit Weight of
Soils and Calculation of Relative Density
D 4718-87 Practice for Correction of Unit Weight and Water Content for

Soils Containing Oversize Particles
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TABLE 2 (cont.)

Experiments covered in this book and related ASTM test methods (ASTM, 1996a and 1995b)

ASTM
Experiment Chapter number ASTM description
Determination 3-3 D 854-92 Standard Test Method for Specific Gravity of Soils
of specific C 127-88 Test Method for Specific Gravity and Absorption of Coarse
gravity Aggregate
D 65550-94 Test Method for Soil Solids by Gas Pycnometer
Compaction 3-5 D 1140-54 Test Method for Laboratory Compaction Characteristics of Soil
tests Using Standard Effort (12,400 ft-Ibf/f® (600 kN-m/m?))
D 1557-91 Test Method for Laboratory Compaction Characteristics of Soil
Using Modified Effort (56,000 ft-Ibf/f (2700 kN-m/m?3))
D 2168-90 Test Method for Calibration of Laboratory Mechanical Rammer
Soil Compactors
D 5080-93 Test Method for Rapid Determination of Percent Compaction
In-situ density 3-6 D 1556-90 Test Method for Density of Soil In Place by the Sand-Cone
determination Method
D 2167-94 Test Method for Density and Unit Weight of Soil In Place by
the Rubber Balloon Method
D 2922-91 Test Method for Density of Soil and Soil-Aggregate In-Place
by Nuclear Methods (Shallow Depth)
D 5195-91 Test Method for Density of Soil and Rock In-Place at Depths
Below the Surface by Nuclear Methods
D 2937-94 Test Method for Density of Soil In Place by the Drive-Cylinder
Method
D 4564-93 Test Method for Density of Soil In Place by the Sleeve
Method
D 4914-89 Test Method for Density of Soil and Rock In Place by the
Sand Replacement Method in a Test Pit
D 5030-89 Test Method for Density of Soil and Rock In Place by the Wa-
ter Replacement Method in a Test Pit
D 3017-88 Test Method for Density of Soil and Rock In-Place by Nuclear
Methods (Shallow Depth)
D 5220-92 Test Method for Density of Soil and Rock In-Place by the
Neutron Depth Probe Method
Permeability 4-2 D 2434-68 Test Method for Permeability of Granular Soils (Constant
test Head)
D 5084-90 Test Method for Measurement of Hydraulic Conductivity of
Saturated Porous Materials Using a Flexible Wall Permeameter
Consolidation 6-2 D 2435-90 Test Method for One-Dimensional Consolidation Properties of
test Soils
D 4186-89 Test Method for One-Dimensional Consolidation Properties of
Soils Using Controlled-Strain Loading
D 5333-92 Test Method for Measurement of Collapse Potential of Soils
D 4546-90 Test Method for One-Dimensional Swell or Settlement Poten-
tial of Cohesive Soils
Unconfined 7-3 D 2166-91 Test Method for Unconfined Compressive Strength of Cohesive
compression Soils
test
Direct shear 7-5 D 3080-90 Test Method for Direct Shear Test of Soils Under Consolidated
test Drained Conditions
Triaxial tests 7-8 D 4767-88 Test Method for Consolidated-Undrained Triaxial Compression
Test on Cohesive Soils
D 2850-87 Test Method for Unconsolidated, Undrained Compressive
< Strength of Cohesive Soils in Triaxial Compression
Units 8-4 E 380 Excerpts from Standard Practice for Use of the International

System of JIl.lnits (SI) (the Modernized Metric System)
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TABLE 3
Experiments covered in this book and related BS 1377 (1975) test methods
Experiment Chapter Test number BS description
Sieve analysis Test Sieves (BS 410, 1969)
1-2 7B Dry Sieving
TA Wet Sieving
Hydrometer analysis 1-4 7D Hydrometer Analysis
Pipette analysis 1-5 7C Pipette Analysis
Determination of water 2-2 1A Oven Drying
content 1B Sand Bath Method
Atterberg limit test 2-3 to 2-5 2B Casagrande Method
2C Liquid Limit-Casagrande One-point Method
2A Cone Penetrometer Method
3 Plastic Limit
Determination of density 3-2 15F Water Displacement
15E Weighing in Water
6B Density Bottle
Determination of specific 3-3 B6A Gas Jar Method
gravity 6B Pycnometer
Compaction tests 3-5 12 Ordinary Compaction Test
13 Heavy Compaction
14 Compaction by Vibration; Vibrating Hammer
Method
Consolidation test 6-2 17 Oedometer Consolidation
Unconfined compression 7-3 20 Autographic Unconfined Compression
test
Triaxial tests 7-8 21 Triaxial Compression
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The following projects include several types of experiments on the same soil, and
require comprehensive reports with recommendations and conclusions, They may
require several weeks to be completed.

1. Classify a soil based on the results of the sieve and sedimentation analysis,
then determine if the soil is appropriate for the following applications:
1.1 Core of earthdam
1.2 Shell of earthdam
1.3 Fill resistant to frost heave
1.4 Workable construction materials.

2. Compare the results of hydrometer, pipette and buoyancy analyses on the
same $0il. Conclude on the pros and cons of each method. Write a recom-
mendation for your company which is about to select one of these methods.

3. In asite which has previously been compacted, compare the optimum water
and density from laboratory tests with the corresponding values in the field.
Conclude on the degree of compaction in the field.

4. Solve one of the seepage problems of Chapters 4-4 and 4-5 for the permea-
bility you measured in the laboratory.

5. Solve one of the seepage problems of Chapters 4-4 and 4-5 by using both
electrical analogy and finite difference. Superimpose and compare the flow
nets obtained from each method.

6. Compare the values of permeability coefficients measured in the fixed wall
permeameter and triaxial cell.

7. Compare the values of permeability coefficients measured in the falling
head permeameter and consolidation cell.

8. For a given embankment or tank, calculate the settlement for the soil prop-
erties you measured in the laboratory.

9. Compare the values of undrained shear strength on the same fine-grained
material obtained from the unconfined compression test, direct shear test,
and CU triaxial test. Compare your results and conclusions with those given
in Chapter 7-2.

10. For a given slope stability problem, calculate the factor of safety of the
slope based on the laboratory test which you believe is the most appropri-
ate.
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Il
1-1 Principles
of Grain Size Analysis

SCOPE

As shown in Figure 1, a soil consists of particles of various shapes, sizes, and
quantity. The grain size analysis divides these particles into size groups and deter-
mines their relative proportions by weight. Grain size analysis is a basic labora-
tory test required to identify soils in engineering soil classification systems.

Figure 1 The particles of this soil were divided into six size groups
in the laboratory. The largest particle shown is 15 mm in diameter.
The largest sizes in each group from left to right are 0.07, 0.3, 1, 2,
5, and 15 mm, respectively.

GROUPS OF PARTICLE SIZES

As shown in Table 1, the engineering soil classification systems such as ASTM D
422, BS 1377, AASHTO, and USCS, divide soil particles on the basis of size into

9
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categories—boulders, cobbles, gravel, sand, silt, and clay—with an optional subdi-
vision indicating coarse, medium and fine. Soil particles have sizes ranging from
greater than 200 mm down to less than 0.002 mm. The ratio between these ex-
tremes is 105 1. As the particle size D decreases, the number of particles con-
tained in a unit mass of soil increases proportionally to 1/D3 and their individual
mass decreases in the same ratio. For illustration, the mass of several spheres with
diameters ranging from 100 to 0.001 mm is calculated in Table 2 for a typical min-
eral unit mass pg = 2.65 g/cm? (unit mass is the mass per unit volume). The ratio
of smallest and largest masses is enormous -1015 : 1,

Specific surface, which is the total surface area of particles per unit mass, is
an important characteristic of small soil particles. It largely influences the interac-
tion between small soil particles which depends on electrostatic forces. The di-
mension of specific surface is squared length divided by mass, and its unit is
mm?/g or m?/g. As shown in Table 2, the specific surface of spheres increases pro-
portionally to 1/D. However, natural soil particles have much more complicated
shapes than those of spheres, and their specific surface is even higher than those
shown in Table 2. For instance, the specific surface of fine sand particles is about
0.03 m?g, while those of flat and platelike clay particles such as kaolinite and
montmorillonite are 10 and 1000 m2/g.

TABLE 1

Classification of particle size in the BS 1377, USCS, AASHTO
and ASTM engineering soil classification systems.

Silt Sand Gravel
BS |[Clay ] [ | Cobbles| Boulders
Fing Medi Coarse Fine Mcdiuml Coarse Fine Medium | Coarse
0002 0006 0.02 0.06 0.2 0.6 2 6 20 60 200
Sand Gravel
USCS Fines (silt, clay) Cobbles | Boulders
Fine | Medium lCoa.rse |  Fine l Coarse
0.075 0.425 2 475 19 75 300
Sand
AASHTO | Clay Silt Gravel Boulders
Fine l Coarse
0.005 0.075 0.425 2 75
ASTM : s Gravel Cobbles [Bould
Clay Silt rave 0DDIEs |pBoulders
Fine [ Medium [Ccmm
wy
0.001 £ 0.01 £0.1 g I " 290 2100 8 1000
= =

(=]
Grain size (mm)

TABLE 2
Particle Size, Mass, and Surface Area of Spheres.

Equivalent Particle Particle Number of Specific .m =P, % D3 = massof sphere of

soil size D mass m particles  surface area 6
category (mm) (g) per gram (m2/g) diameter D and unit mass p
. 3

Cobble 100.0 14 x 100 72 x 104 23 x 105 (Ps=265glem)
Gravel 10.0 1.4 7.2 % 107! 23.% 107 6 .
Coarse sand 1.0 1.4 x 1073 7.2 % 102 23 x 103 m = number of particles per gram
Fine sand 0.1 14 x 10-% 7.2 x 105 2.3 x 102 ’
Medium silt 0.01 14 x 10-% 7.2 x 108 2.3 x 10 6mD? 6
Clay 0.001 14 % 10712 7.2 »x 1011 23 = —— = specific surface of

np D3 pD
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PARTICLE SIZE DISTRIBUTION CURVE

In Table 1, six categories of particle sizes were defined: boulder, cobble, gravel,
sand, silt, and clay. However, natural soils are often made of a mixture of parti-
cles that do not fall entirely within only one of these size ranges covering two or
more categories. It would be too tedious to count individually all the different
sizes of particles because of the enormous number (see Table 2). Therefore, the
grain distribution within the various size categories is generally represented by
using the cumulative distribution of statistics. The grain size distribution curve is
plotted as the percentage finer than a given size versus the particle sizes on a log-
arithmic scale. Figure 2 shows a typical particle size distribution curve. Grain-size
distribution curves are always increasing because they are cumulative distribu-
tion. Plotting particle size data on a standard chart enables engineers to recognize
instantly the grading characteristics of a soil. The position of a curve on the chart
indicates the soil fineness or coarseness. The steepness, flatness, and general shape
indicate the distribution of grain sizes. Other types of charts are also found in
practice, For example, the horizontal axis may have an opposite orientation, with
cobbles and gravel to the left. The vertical axis may also represent percent
coarser by weight, instead of percent finer by weight.

0.001 0.01 0.1 1 10 100 1000

Sand
Cl Silt - n Gravel Boalders |Cobibles
ny Luedm lCh-n:

| JMM;@ T mumu T
"1V T lul\w

|
60— ."|' : Ll '

\IIHII ||||

100

40

Percent finer by weight

HI[H } pHHHT—I llw
jm ﬂ H."”

i

Grain size (mm)

Figure 2 Grain size distribution chart.

In addition to the cumulative frequency distributions, there are other graph-
ical representations for particle size distribution, such as frequency distributions.
In this case, the percentage by mass between certain sizes is plotted versus the
logarithm of the grain size. These representations are used in powder technology
(e.g., Allen, 1974). The semilogarithmic cumulative grain size distribution curve
remains the most commonly used representation for soils.

APPLICATION OF GRAIN SIZE DISTRIBUTION CURVES

Grain size distribution curves provide a means by which soils can be classified
and their engineering properties assessed. This classification, which applies prima-
rily to sands and gravels, will be completed in Chapter 2-9.
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Classification of Sands and Gravels

Grain size distribution curves enable sands and gravels to be classified into three
main types: uniform, well graded, and poorly graded.

Uniform soils. In uniform soils, the majority of grains are nearly the
same size. The grading curve is very steep, as shown by curve A in Fig. 3, which
represents a uniform sand. The uniformity in soils is characterized by the uni-
formity coefficient C,:

D
Cn = l_)'ii; (1)

where Dy is the grain size corresponding to 10% finer and Dy is the grain size
corresponding to 60% finer. Dy and Dg, are obtained by interpolation between
the experimental points of the grain size distribution curve (see Fig. 2). C, repre-
sents the average slope of the grain size distribution between 10 and 60%. For in-
stance, in Fig, 2, Djp = 0.082 mm, D¢, = 1.008 mm, and C, = 12.35. The smallest
possible value for C, is equal to 1 and corresponds to a perfectly uniform assem-
blage of grains of identical size.

Well-graded soils. Well-graded soils contain a wide and even distribu-
tion of particle sizes. A well-graded silty sand and gravel is shown by curve B in
Fig. 3. The smooth concave upward-grading curve is typical of well-graded mate-
rial. Curve B’ of Fig. 3 represents an idealized material in which the particles fit
together in the densest possible state of packing (Fuller grading), as illustrated in
Fig. 4. The interstices of the largest particles of size D, are filled in a regular
pattern with smaller and smaller particles that occupy the void without holding
the neighboring particles apart. The Fuller grading has the smooth shape shown
in Fig. 3 and is determined using the equation

D

P=100 2
Dmax ( )

where P is the percentage by weight of particles finer than diameter D and D,
is the maximum particle size (D, = 75 mm in the example of Fig. 3).

Particle size distribution can be characterized by its curvature, and more
specifically by the coefficient of curvature C,:

DZ
Cy= 3 3
DiyDey %

where D1 is the grain size corresponding to 30% finer (see Fig. 2). By definition,
gravels are considered to be well graded when C, > 4 and 1 < C, < 3. Sands are
considered to be well graded when C, > 6 and 1 < C, < 3. For example, in Fig.
2, Dyg = 0.082 mm, D3y = 0.334 mm, Dg; = 1.008 mm, and C, = 1.35. As found
previously, C,, = 12.35; therefore, the sand of Fig. 2 is well graded.

Poorly graded soils. The term poorly graded applies to any soil, includ-
ing uniform soil, which does not comply with the description of well graded. Poorly
graded soils are deficient in certain sizes. Gap-graded materials are examples of
poorly graded materials with missing ranges of particle sizes. For example, curve C
in Fig. 3 has a flat part indicating that there are only a few particles in the range 1
to 10 mm. In practice, gap-graded materials are generally found in the coarse
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Figure 3 Examples of grain size distribution curves for sands and
gravels (data after Head, 1984).

Figure 4 |Idealized Fuller packing (two-dimensional representation).

sand-fine gravel range. The values of Dy, D3y, D¢, Cy, and C., for materials A, B,
and C, and Fuller packing are summarized in Table 3.

Classification of Clays and Silts

Soils consisting entirely of clay- or silt-size particles are rarely found in nature.
Most clays contain silt-size particles, and most material described as silt includes
some clay or some sandy material, or both. Some typical grading curves of clays
and silts are shown in Fig. 5.

Curve D is described as clay, although it consists of 56% clay-and 44% silt-
size particles. Curve E shows a well-graded soil consisting primarily of silt, with a
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TABLE 3
Coefficients of uniformity and curvature for soils in Figs. 3 and 5.
Grading Dio Dso Dso Deo e
curve (mm) (mm) {mm) (mm) Cu o Description

A 0.148 0196 0.229 0.242 1.64 1.07  Uniform fine sand
B 0.069 0.745 2.880 4,642 6710 1.73  Well-graded silty sand and gravel
B’ 0.730  6.551 18.760  26.203 3589 224  |dealized Fuller grading
Cc 0125 0.332 5.068 8.971 7203 010 Gap graded silty sand and gravel
D - - 0.001 0.003 - - Clay
E 0.001 0.003 0.010 0.017 2168 0.51 Sandy and silty clay
F 0.004 0.018 0.048 0.066 17.97 1.32  Sandy silt
G 0.001 0.013 0.401 1642 269384 010  Gravelly sandy silty clay

T . N
LP‘“ Gravel Boulden  |Cobbles
il :~~~{ f,j/“::': |
i WH
% LN 1] : f
5 M \[\l\ i M
0 et - .llll — h“
0.001 001 0.1 l 10 100 1000
Grain size (mm)

Figure 5 Examples of grain size distribution curves (data after
Head, 1984).

clay fraction of less than 2% which is described as sandy silt with a trace of clay.
Curve F has a mixture of clay, silt, and sand. The soil is described as silty clay
with sand. Curve G represents a well-graded soil containing particles of all sizes
from cobbles down to clay. It is described as gravelly sandy silty clay. This type of
soil, which is found as glacial till, is often called boulder clay.

The values of Dy, D3y, Dgy, C,,, and C, for materials D, E, F, and G are
given in Table 3. The particle size corresponding to 10% finer for material D is
outside the range of the grain size distribution chart; Dy, C,, and C, cannot be
determined for this material.

The clay fraction is defined as the percent by weight finer than 2 pum. Its val-
ues for soils A to G are listed in Table 4.

TRIANGULAR CLASSIFICATION CHART

A triangular classification chart is an alternative representation of the grain size
distribution of soils. Less commonly used than the semilogarithmic representa-
tion, it is convenient for comparing clay-silt-sand mixtures on the proportions of
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each constituent. As shown in Fig. 6, each side of the triangle is divided into 100
parts, representing the percentage of three soil constituents: clay, silt, and sand. A
point within the triangle indicates the percentage of these constituents, the sum of
which adds up to 100%. The triangular chart can also be used to show (clay +
silt)-sand-gravel mixtures, or any other three main constituents of soil. The trian-
gular coordinates of samples A through G in Figs. 3 and 5, are listed in Table 4
and are plotted as points on the triangular chart of Fig. 7. This triangular chart
was introduced by the U.S. Bureau of Reclamation (1974).

X+y+z=100%

0 Figure 6 Definition of coordinates on a
triangular classification chart.

Clay (%)

¥ F, ;r A /
Santly and gilty . Siltyglay with i
Sandv claV{l/ /ﬁl\ dla / nd
Yy A\ 20
Clayey “7 i\ / Clayy/and smdy\ / Fla}'ey silt //\

- sug:zq\:;dmsm _/\ /Sandysll: \F \ s-lu \
A.B i,.'.— -

0B C 40 100
Silt (%)

Figure 7 Representation of samples A to G of Table 3 on a trian-
gular classification chart.

FREQUENCY DISTRIBUTIONS

As noted earlier, grain size distributions are usually represented as cumulative
distributions in soil mechanics, Figures 8 and 9 show an alternative representa-
tion: the frequency distributions corresponding to the samples of Figs. 3 and 5.
The frequency f, associated with a particular size d, is calculated from the cumu-
lative values p, fe.g., percent by weight finer) by using the relation

fi=Pis1—pi 4)
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TABLE 4

Coordinates of samples A to G of Table 3 for triangular
classification chart (after Head, 1984)

Sand fraction Silt fraction Clay fraction

Material (%) (%) (%)

A 100.0 0.0 0.0
B 100.0 0.0 0.0

! 971 23 0.6
Cc 94.1 5.9 0.0
D 1.4 429 55.7
E 125 60.7 26.8
F 43.0 b2.7 4.3
G 59.7 224 17.9

The sum of f; should equal 100%. As shown in Fig. 8, sample A (uniform sand)
displays a unique peak at 0.2 mm, while sample B’ (Fuller material) has a contin-
uous and decreasing distribution. As shown in Figs. 8 and 9, all other samples
have a multimodal, rather than a unimodal distribution with several peaks. In all

cases, their frequency distribution appears more complicated than their cumula-
tive distribution.

30
~ 20 -
8 ]
by
g g
=
£ 10 - &
0
001

Figure 8 Frequency distributions corresponding to the cumulative
distributions of Fig. 3.

APPLICATIONS OF GRAIN SIZE ANALYSIS
IN ENGINEERING PRACTICE

In geotechnical engineering, particle size analyses are useful for various practical
applications, ranging from the selection of fill and aggregate materials, to road
construction, drainage, filters, and grouting.

Selection of Fill Materials

Soils used for the construction of embankments and earth dams are required to
be within specified limits as defined by particle size distribution curves. The vari-
ous zones of an earth dam, for instance, have different gradation characteristics.
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Figure 9 Frequency distributions corresponding to the cumulative
distributions of Fig. 5.

Selection of Aggregate Materials

Sands and gravels for use as concrete aggregates are divided by particle size dis-
tribution curves into various types. In the exploration for sand and gravel re-
sources, particle size analysis is the main criterion for selection of sites for
potential development.

Road Subbase Materials

Each layer of a road or airfield runway subbase must comply to a particular grad-
ing specification to provide a méchanical stable foundation (see the description of

the AASHTO classification system in Chapter 2-9).
Drainage Filters

The grading specification for a filter layer must be related in certain ways to the
grading of the adjacent ground or of the next filter layer. This specification, re-
ferred to as the filter requirement, prevents small particles from being dragged by
seepage forces and??ﬁiﬂﬁmogging of pores between large particles.

Groundwater Drainage

The drainage characteristics of the ground depend largely on the proportion of
fines (silts and clay-size particles) present in the soil.

Grouting and Chemical Injection

Grouting and chemical injections consist of injecting liquids with predefined me-
chanical or chemical characteristics inside the soil interstices to decrease the
ground permeability and/or to improve its mechanical properties. The most suita-
ble grouting process and the extent to which the ground can be impregnated de-
pend mainly on the grading characteristics of soils.
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LIMITATIONS OF PARTICLE SIZE ANALYSIS

Particle size analysis helps to classify soils, especially coarse soils. It is possible to
tell from grain size distribution analysis whether the soil consists of predomi-
nantly gravel, sand, silt, or clay, and to a limited extent, which of these size ranges
is likely to control the soil engineering properties. Particle size analysis is of
greater value if supplemented by descriptive details such as color and particle
shape. But the engineering behavior of soils also depends on factors other than
particle sizes, such as mineral, structural, and geological history. The physical be-
havior of clays, such as plastic consistency, controls more of its mechanical behav-
ior than its particle size distribution, and for this the Atterberg limits test (see
Chapters 2-3 to 2-5) provides more significant information than is provided by
grain size analysis.

TYPES OF GRAIN SIZE ANALYSES

REFERENCES

REVIEW QUESTIONS

There are two separate procedures for obtaining the grain size distribution of
soils: sieve analysis and sedimentation analysis. Sieve analysis is used for gravel-
and sand-size particles (coarse-grained soils with grain size larger than 75 um) but
cannot be used for silt- and clay- size particles (fine-grained soils with grain size
smaller than 75 pum). A sedimentation procedure (e.g., hydrometer, pipette, or
buoyancy analysis) is used instead. Sieve and sedimentation analyses are com-
bined to define the grain size distribution of soils having fine and coarse grains.
The grain size distribution of soils by sieving, sedimentation, and combined anal-
yses are described in subsequent chapters.

See Introduction for references to ASTM procedures (pages 4 to 6).

AASHTO, 1974, Specifications (M 145-73), American Association of State High-
way and Transportation Officials, pt. 1.

Allen, T., 1974, Particle Size Measurement, Chapman & Hall, London.

BS 1370, 1975, Methods of tests for soil for civil engineering purposes, British
Standards Institution, London, UK.

Head, K. H., 1984, Manual of Soil Laboratory Testing, Vol. 1: Seil Classification
and Compaction Tests, Pentech Press, London.

U.S. Bureau of Reclamation, 1974, Earth Manual, 2nd ed., Test Designation E.7,
Part C, US Government Printing Office, Washington, DC.

U.S. Army Engineer Waterways Experiment Station, 1960, “The Unified Soil
Classification System,” Technical Memorandum No. 3-357. Appendix A, Char-
acteristics of Soil Groups Pertaining to Embankment and Foundations, 1953;
Appendix B, Characteristics of Soil Groups Pertaining to Roads and Airfields,
1957.

Name the six categories of particle sizes that are identified in soil mechanics.
What is a specific surface? In what unit is it expressed? Can you give a typ-
ical value for the specific surface of montmorillonite?

What is a Fuller material?

What axes do we generally use in soil mechanics to represent a grain size

D=

B
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distribution curve? Are there other types of representatiomn?
Define coefficient of uniformity C, and the coefficient of curvd
are their physical meanings?
Is it always possible to determine the coefficient of uniformity C, e
coefficient of curvature C, for all types of soils.? ik
What are the two main experimental techniques used in soil mechanics to
determine a grain size distribution curve? Define their range of application.
Is it possible for a grain size distribution curve to have a bump (i.e., to in-
crease, then to decrease)?

Define poorly graded soil and well-graded soil. What is a gap-graded mate-
rial?

Material A has C, = 1 and material B has C, = 4. Which material is a better
filter, and which is a better drain?

Explain why the percent by weight finer value always increases with the par-
ticle diameter.

Calculate analytically C, and C, for a Fuller material (P = 100,/D /D, ).
What is the coefficient C, for a set of marbles having identical size?

Draw the grain size distribution curve of an assembly of marbles knowing
that the marbles have only two sizes. There is 1 kg of 8-mm-diameter mar-
bles and 1 kg of 10-mm-diameter marbles.

The result of a grain size analysis is given below. Plot the grain size distribu-
tion curve, and calculate D, D4y, D¢, C,, and C.. Compare your results to
those in Fig. 1.

Particle size Percent finer

(mm) (%)

15.00 100.00

10.00 99.22
6.00 97.67
4.00 94.19
2.80 88.76
2.00 81.00
1.40 70.00
1.18 65.89
1.00 59.69
0.85 54.00
0.60 45.00
0.50 41.09
0.36 31.01
0.18 20.00
0.13 15.00
0.08 9.00
0.05 6.20
0.04 5.00

The tabulated data of four grain distribution curves of sands and gravels are
given below. Plot these grain size distribution curves by using semilogarith-
mic axes as shown in Fig. 3. Calculate Dyq, Dy, Dgy, C,, and C..
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Sample A Sample B Sample C Fuller
Particle Percent Particle Percent Particle Percent Particle Percent
size finer size finer size finer size finer
(mm) (%) (mm) (%) (mm) (%) (mm) (%)
0.425 100.0 35.000 100.0 50.000 100.0 75.000 100.0
0.355 99.0 30.000 96.9 38.000 921 37.500 70.7
0.300 83.5 20.000 89.4 30.000 83.1 18.750 50.0
0.250 65.5 15.000 82.4 20.000 73.0 9.375 35.3
0.212 36.1 10.000 74.5 10.000 62.7 4,688 25.0
0.180 231 5.000 62.0 7.000 53.7 2344 17.6
0.150 10.2 4.000 56.0 6.000 525 1172 125
0.106 4,7 3.000 51.0 4,750 49.0 0.586 8.8
0.063 1.9 2.360 45.1 2.360 46.6 0.293 6.2
1.180 35.3 1.180 454 0.146 4.4
0.600 275 0.710 435 0.073 31
0.425 245 0.500 388 0.037 2.2
0.250 19.3 0.355 31.3 0.018 1.5
0.125 138 0.212 20.7 0.009 1.1
0.063 9.4 0.150 129 0.005 0.7
0.106 7.4 0.002 0.5
0.063 5.8 0.001 0.4
3. The tabulated data of four grain distribution curves of silts and clays are
given below. Plot these grain size distribution curves by using semilogarith-
mic axes as shown in Fig. 5. Calculate Dy, Dy, D¢, C,, and C,, and com-
pare your results to those of Table 3.

Sample D Sample E Sample F Sample G
Particle Percent Particle Percent Particle Percent Particle Percent
size finer size finer size finer size finer

(mm) (%) (mm) (%) (mm) (%) (mm) (%)
0.124 100 0.289 100.0 0.552 100.0 90.252 100.0
0.085 100 0.209 99.0 0.399 97.2 63.719 94.9
0.057 98 0.088 93.7 0.304 926 57.686 926
0.043 96 0.055 85.9 0.209 84.4 42.804 86.7
0.028 92 0.038 805 0.090 68.4 19.316 80.9
0.020 87 0.029 735 0.063 58.7 9.161 76.2
0.009 77 0.022 66.1 0.047 49.4 5.712 127
0.006 74 0.010 498 0.037 451 3.743 68.0
0.005 71 0.007 451 0.030 39.3 1.961 61.4
0.005 69 0.006 41.2 0.022 33.0 0.930 56.2
0.004 66 0.004 37.3 0.010 206 0.5625 51.7
0.003 61 0.003 334 0.006 15.1 0.389 498
0.002 56 0.002 26.8 0.004 11.6 0.209 46.3
0.003 8.6 0.090 42.8
0.002 42 0.055 39.6
0.030 35.7
0.021 33.4
0.009 276
0.005 233
0.003 19.8
0.002 17.8

4. By using the tabulated data of Exercises 2 and 3, compute the sand, silt, and
clay fractions of samples A through G. Plot these fractions, each of which
should add up to 100%, on a triangular chart. Compare your results with
those of Table 4 and Fig. 7.
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Write a spreadsheet function that calculates the x~y Cartesian (horizontal
and vertical) coordinates of a point to be plotted in a triangular chart.

Plot the frequency distributions corresponding to the cumulative distribu-
tions of samples A, B, C, B/, D, E, F, and G that are given in the tables of
Exercises 2 and 3. Compare your results to those of Figs. 8 and 9.

Derive the equation that relates the percentage by weight finer P to the
grain size D for a Fuller material having for maximum grain size D p,,.

In the case of a Log normal distribution, calculate the analytical expression
for the coefficients of uniformity and curvature in terms of the mean value
p and standard deviation ©.
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OBJECTIVE

The sieve analysis determines the gram size distribution curve of soil samples by
‘passing them lhrou_&l_) a stack _of sieves of decreasmg mesh opemng sizes and by
measuring the weight retained on each sieve. The sieve analysis is generally ap-
plied to the soil fraction | larger than 75 pm. Grains smaller than 75 um are sorted
by using sedimentation (e.g., hydrometer or pipette analysis). Sieving can be per-
formed in either wet or dry conditions. Dry sieving is used only for soils with a
negligible amount of plastic fines, such as gravels and clean sands, whereas wet
sieving is applied to soils with plastic fines.

EQUIPMENT
The equipment used in sieve analysis includes:

e Series of standard sieves with openings ranging from 7.5 cm to 75 pum, in-
cluding a cover plate and bottom pan. Figure 1 shows an example of a stack
of sieves. Sieves are generally constructed of wire screens with square open-
ings of standard size. Table 1 lists the number and mesh opening sizes of the
U.S. standard sieves. Only a few sieves in Table 1 are selected for the sieve
analysis. The total number and mesh sizes of the sieves are selected to cover
the range of grain sizes in an even distribution on a logarithmic scale.

o Sieve shake (Fig. 2).

¢ Balances sensitive to 0.1 g.

e Soft wire brush.

° Sample SEllt‘lel' or riffle for dividing large soil samples into smaller samples
with identical grain size distribution.

e Mortar and rubber-covered pestle, for breaking up aggregations of soil par-
ticles.

22
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e 4

Figure 1 Typical stack of sieves for grain size analysis. The sieves
are stacked by decreasing mesh opening size, with the largest mesh
opening at the top of the stack.

Figure 2 The stack of sieves is mounted on a mechanical shaker.

PREPARATION OF SOIL SAMPLE

The material to be tested is first air dried. Aggregations or lumps are thoroughly
broken up with the fingers or with the mortar and pestle. The specimen to be tested
should be large enough to be representative of the soil in the field. It should also
be small enough not to overload sieves. Large soil samples are divided by using a
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riffle to preserve their grain-size distribution. The size of a representative specimen
depends on the maximum particle size. Table 2 gives some guidelines for selecting
the minimum sample weight.

TABLE 1
Numbers and openings of U.S. standard sieves
Sieve Sieve opening Sieve Sieve opening
number (mm) number (mm)
4 4,75 45 0.355
5 4 50 03
6 3.35 60 0.25
7 28 70 0.212
8 2.36 80 0.18
10 2 100 0.15
12 1.7 120 0.125
14 1.4 140 0.106
16 1.18 170 0.09
18 1 200 0.075
20 0.85 230 0.063
25 0.71 270 0.053
30 0.6 3256 0.045
35 0.5 400 0.038
40 .D&5
TABLE 2
Approximate sample weight for sieve analysis
Maximum particle Minimum weight
size of sample (g)
7.5 cm 6,000
5 cm 4,000
25 cm 2,000
1 cm 1,000
Finer than No. 4 sieve 200
Finer than No. 10 sieve 100

There are two different procedures for dry and wet sievings. Wet sieving is used
when the small particles aggregate and form hard lumps, or coat the coarser par-
ticles.

Dry Sieving

1. Oven dry the sample, allow it to cool, and measure its weight.

2. Select a stack of sieves suitable to the soil being tested. The choice of
sieves usually depends on experience, judgment, and the intended applications of
grain size analysis. A stack of six or seven sieves is generally sufficient for most
soils and applications. The top sieve should have an opening slightly larger than
the largest particles. Arrange the stack of sieves so es so that the largest mesh opening
is at the top and the smallest is at the bottom (see Fig. 1).

3. Attach a pan at the bottom of the sieve stack. Pour the sample on the

top sieve as sown in Fig. 3. Add a cover plate to avoid dust and loss of particles
while shaking,
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Figure 3 The soil sample is poured on the stack Figure 4 The soil particles stuck in the mesh
of sieves with a pan at the bottom. opening of the sieves are removed with a brush.

4. Place the stack of sieves in the mechanical shaker as shown in Fig, 2, and
shake for about 10 min or until additional shaking does not produce appreciable
changes in the amounts of material retained in each sieve.

5. Remove the stack of sieves from the shaker. Beginning with the top
sieve, transfer its contents to a piece of paper or a large recipient. Carefully
empty the sieve without losing any material, and use a brush to remove grains
stuck in its mesh opening, as shown in Fig. 4. Measure the weight of soil retained
in each sieve and note the corresponding sieve mesh opening and number.

6. Repeat step 5 for each sieve. As a preliminary check, the weights re-
tained on all the sieves and the bottom pan are added, and their sum is compared
to the initial sample weight. Both weights should be within about 1%. If the dif-
ference is greater than 1%, too much mdlenal was lost, and weighing and/or siev-
ing should be repeated.

Wet Sieving

1. Weigh the dry specimen as for dry sieving.

2. If the sample contains plastic fines, which tend to form hard lumps or to
coat the coarser particles, place the oven-dried sample in a pan filled with enough
water to cover all the material and allow it to soak until all the soil lumps or coat-
ings have disintegrated. Soaking may take 2 to 24 hours, depending on the soil.
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3. Transfer the sample to a No. 200 sieve, or to a set of No, 4 to No. 200
sieves if the sample contains an appreciable amount of coarse particles. Do not
overload the fragile No. 200 sieve. Wash the sample thoroughly through the
sieves, discarding the material passing the No. 200 sieve. Larger particles may be
individually washed and removed from the sieves.

4. Oven dry the retained material, and weigh it after it has cooled. Record
the difference between the dry weights before and after washing.

5. Use the dry sample for dry sieving starting at step 2.

COMPUTATIONS
As shown in Table 3, a generic stack of sieves is made of n sieves having an open-
ing size decreasing from top to bottom, and numbered from 1 to n. At the bottom
of the stack, there is a pan numbered n + 1. The weight retained on each sieve is
Wy, Ws, ...,W,, and the weight retained on the pan is W, ., as shown in Table 3.
The total sample weight Wy is the sum of all retained weights:
Wu,t='W1+Wz+-—-+W,,_1+W,,+W,,+1 (1)
The weight W] passing the jth sieve is the sum of weights retained in the pan and
sieves located below the jth sieve. The weight passing the top sieve (j = 1) is
Wil =W — Wy ()
and the weight passing the jth sieve (n > j > 1) is )
W= Wi~ W, @)
W,,1 = 0 because no material passes through the pan. The percentage in weight
of material finer than the mesh opening of the jth sieve is p;:
w!
=100 —L “4)
B
As shown in Table 3, p; always decreases with j because W} decreases continu-
ously with j.
TABLE 3
Summary of calculations for sieve analysis
Sieve Weight :
number retained Weight passing Percent finer
1 (top) W, “"1 =W +Wa+ ... + W =W — W lm“ﬂl /Wiar
2 W, Wy =Wat Wt oot Wyy = W =W, 100 W /Wit
j W Wi=Wy +.. +Woy=W,_;, - W, 100 W} /Wiy
n W, W, = W 100W', /Wy,
n + 1 (pan) Wt Wo =0 0

*

The coefficients of uniformity C, and curvature C, are defined from Dy,
Dy, and Dg, the grain size corresponding to 10, 30, and 60% by weight finer.
Dy, D3, and Dg are obtained by using a semilogarithmic interpolation between
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the data points of the grain size distribution curve. For instance, when
pi <10 < pisy,

Computations

log(d;, ) — log(d))

log(Dyy) = log(d;) + (10— p;) (5)

where d; and d; , | are the sieve openings corresponding to p; and p; . ;. There-

fore, Dy is
d. (10 —pplpiy —p)
Dy =d; ( :+1) +1

D4y and D are calculated similarly to Dyg.

(6)

Error Analysis

The results of sieve analyses are checked by comparing the accumulated weight
Wio and initial sample weight W,,. If Wy, is smaller than W, material was lost or
data were recorded incorrectly. Wy, may also be slightly larger than W, owing to
added measurement errors. Equation 1 implies that the error AW, on W, is

AW, < (n+1)AW (7)

where AW is the scale accuracy and n is the number of sieves. Because all weights
are measured on the same scale, the error AW, on W, is also equal to AW. There-
fore, the error A(W,,, — Wy) on W, — W, is

A(Wyo — Wo) < (n +2)AW ®)

If the sieve analysis was correctly performed, |W,,, — Wy| should be smaller than (n
+ 2) AW. The analysis should be repeated if | W, — W;| is larger than (n + 2)AW.

EXAMPLE

Figures 5 and 6 show the results of a sieve analysis for a fine-grained sand.
As shown in Fig. 5, the results are presented in the form of a grain size dis-
tribution curve, which is obtained by plotting grain size (i.e., sieve opening)

100

Percent finer by weight
& 8 8

(]
(=]

0.01 0.1 I 10

=~ Grain size (mm)

Figure 5 Example of grain size distribution curve obtained by sieve
analysis,
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on the abscissa and the percent finer by weight on the ordinate. A logarith-
mic scale is used for the grain size, and a linear scale is used for the percent
finer values.

Figure 7 shows the formulas used in Fig. 6. The coefficients Dy, Dy,

and Dg are calculated by using the semﬂoganthmlc mterpolatlon of Eq. 6,
which i 15 performed by the user-defined function INTER See Chapter 8-1).

A | B | ¢ [ D I} E

1 Sieve analysis

2

3 Analyst name: Mike Kapuskar

4 Test date: 13-11-1990

5 Sample description: San FranciscoMarina sample #3/20 (beach sand)

6 SamplemassM = 19110 ¢

7

US sieve Sieve opening Mass Mass passing Percent finer by

8 number {mm) retained (q) (@) weight

o 9 M _M, I

10 4 4.750 0.00 1980.20 99.53

11 10 2.000 210 188.10 98.43

12 20 0.850 4.60 183.50 96.02

13 35 0.500 15.80 167.70 87.76

14 60 0.250 40.90 126.80 66.35

15 100 0.150 122.00 4.80 2.51

16 200 0.075 4.70 0.10 0.05

17 pan 0.10 0.00 0.00

18 TotalmassM 1r= 190.20 g

19 Dyo= 0.158 mm C,= 1.492

20 Dap= 0.187 mm C.= 0.923

21 Dﬂ= 0.238 mm

Figure 6 Example of data set for grain size analysis.
A B C D UL

8 US sieve number Sieve opening (mm) Mass retained (g) Mass passing (g) Pem::;]g:fr by
9 d M Mg p
10 |4 4.75 0 =Mtot-M =(Mp/M0)*100
11 |10 2 21 =D10-M =(Mp/M0)*100
12 |20 0.85 4.6 =D11-M =(Mp/M0)*100
13 |35 0.5 15.8 =D12-M =(Mp/M0)*100
14 |60 0.25 40.9 =D13-M =(Mp/M0)*100
15 | 100 0.15 122 =D14-M =(Mp/M0)*100
16 | 200 0.075 47 =D15-M =(Mp/M0)*100
17 pan 0.1 =D16-M =(Mp/M0)*100
18 TotaimassM o= =SUM(M)
19 D,y = =inter(10,p,d) C,= =D.s0/D.10
20 Dyo= =inter(30,p,d) C.= =D.3042/D.10/D.60
21 Dgo = =inter(60,p,d)

Fig:lre 7 Formulas used in Fig. 6.
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REFERENCES

REVIEW QUESTIONS

EXERCISES

See Introduction for references to ASTM procedures (pages 4 to 6).

AASHTO T87, Sample preparation. American Association of State Highway
Transportation Officials, Washington, DC,

AASHTO T88, Standard test method for particle size analysis of soil.
BS 410, 1969, Test Sieves, British Standards Institution, London.
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2.

3‘

What is the purpose of grain size analysis?

Under what conditions should you use wet sieving instead of dry sieving?
On which basis do you select the number and opening of sieves for the sieve
analysis of a given soil?

How can you quickly verify the results of dry sieving?

What are the smallest and largest mesh openings used in practice for deter-
mining grain size distribution?

A mass of volcanic ashes with highly crushable grains is brought to the lab-
oratory. What precaution do you take to determine its grain size distribu-
tion?

On what range of particle size does the sieve analysis apply?

Is it possible to carry out a sieve analysis on a sample of clay?

The following masses of soil are retained on sieves.

US Sieve No. 4 10 20 40 100 200 pan
Mass retained (g) 100 150 200 250 200 100 5

Draw the grain size distribution curve and determine C, and C,,.
Determine the formulas that define the error on the percent by weight finer
in terms of the retained weights and the experimental errors. Include these
formulas in the spreadsheet calculation.

Modify the spreadsheet to obtain a grain size distribution curve that has
percent coarser by weight, as the vertical axis rather than percent finer by
weight.

In your laboratory report, calculate coefficients Dyy, D3, and Dgy by using
a linear interpolation instead of the nonlinear interpolation of Eq. 6. Com-
pare the values obtained by both interpolations.

Plot the following grain size distribution as a frequency distribution and a
cumulative distribution. Calculate the range, average, and standard devia-
tion of this distribution. Attempt to fit the experimental distribution with a
lognormal distribution.
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Mass

retained
Sieve number (g)
8 76
10 38
20 374
40 538
50 226
60 74
80 142
100 44
200 104
pan 60

Sample mass, 1684 g.

6. Plot the following grain size distributions as cumulative distributions. Calcu-
late the coefficients of uniformity and curvature.

Mass Mass
retained retained
Sieve number (9) Sieve number (9)
4 0 4 0
8 98 9 118
10 46 16 160
20 394 20 184
40 594 30 214
50 240 40 270
60 88 60 264
80 144 80 118
100 50 100 656
200 104 200 102
pan 56 pan 62
Sample mass, 1814 g. Sample mass, 1560 g.

7. Write a report on the results of the following sieve analyses. Include a dis-
cussion of the experimental errors assuming that the scale accuracy is 0.5 g.
Plot the grain size distribution curves, and classify the soils by using their
coefficients of uniformity and curvature.

Mass Mass

retained retained
Sieve number (9) Sieve number (g)
4 0 4 0
8 76 10 124
10 38 16 168
20 374 20 200
40 538 30 240
50 226 40 274
60 74 60 328
80 142 80 136
100 44 100 52
200 104 200 114
pan 60 pan 58

Sample mass, 1684 g. Sample mass, 1698 g.



Principles of
Sedimentation Analysis

OBJECTIVE

STOKES' LAW

Sedimentation analysis (hydrometer, pipette, and buoyancy analysis) defines the
grain size distribution curve of soils that are too fine to be tested with sieves. Sed-
imentation analysis sorts soil particles by size using the physical process of sedi-
mentation, a process that is described by Stokes’ law (Stokes, 1891). The grain
size is calculated from the distance of sedimentation of soil particles. The percent
by weight finer is determined by measuring the unit weight of the soil-fluid sus-
pension.

The rigid sphere of Fig. 1 with diameter D is immersed in a viscous fluid of vis-
cosity | and having velocity U far away from the sphere. According to Stokes’
law, slowly moving viscous fluids exert drag force F on the sphere:

F=3anUD (1)

Figure 1 Flow past a fixed sphere for low Reynolds numbers.
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The fluid viscosity 1 has the dimension of mass divided by length and time, and
its unit is generally g/cm-s.

Stokes’ law is applicable to slowly moving fluids that display the laminar
flow patterns of Fig. 1 when the Reynolds number is smaller than 1. By definition,
the Reynolds number R, is the dimensionless ratio of inertial and viscous forces.
In the particular case of the flow around a sphere, R, is

g, —2UD

n
where p is the fluid unit mass (i.e., the fluid mass in a unit volume). Stokes’ law
is no longer applicable when R, > 1 because of the changes taking place in the
flow pattern.

These changes in flow patterns around a sphere are illustrated in Fig. 2 by
considering the flow around a cylinder. After the laminar flow of Fig. 2a, a circu-
lation appears in Fig. 2b behind the cylinder with two vortices rotating in oppo-
site directions. When R, =~ 40, there is a sudden change in the character of the
motion. One of the vortices behind the object gets so long that it breaks off and
travels downstream with the fluid. Then the fluid curls around behind the sphere
and makes another vortex. The vortices peel off alternately on each side, so an in-
stantaneous view of the flow looks roughly like that sketched in Fig. 2c. As the
velocity gets higher and higher, there is less and less time for the vorticity to dif-
fuse in a larger region of fluid. When R, ~ 104, the flow is chaotic and irregular.
As R, is increased further, the turbulent region moves toward the cylinder and
forms a turbulent boundary layer.

The drag force F defined for spheres in Eq. 1 may be generalized to other
shapes by expressing it in terms of a drag coefficient C, times the stagnation pres-
sure }pU? and the projected area A, of the body normal to the flow:

2)

F=lc,ap12 3)

B =

In the case of a sphere, A, and C, are

_T 2 oy 028
A,=7D and Cd‘z"pUD‘R, (4)

Figure 3 shows the theoretical and measured drag coefficients C, for spheres,
disks, and long circular cylinders. Equation 4 predicts that C; is inversely propor-
tional to R,, which translates into a straight line of slope equal to —1 in the log-
log scale of Fig. 3. As shown in Fig. 3, Eq. 4 reproduces reasonably well the meas-
ured values of C, for spheres provided that R, < 1. But it breaks down when R,
> 1 for spheres and other shapes, as indicated by departure of experimental
points from the theoretical straight line in Fig. 3.

APPLICATION OF STOKES’ LAW TO FALLING SPHERES

When a sphere of radius a falls at a constant velocity U in a fluid of viscosity 1,
it is subjected to three forces: its weight, +‘3‘1ta31(,; the drag force, —6mn Ua; and
the buoyancy force, —gna3~{w where v; is the sphere unit weight and v, is the fluid
unit weight. By definition, the unit weight is the weight of a unit volume. The
buoyancy and drag forces are acting in the direction opposite to the weight that
is arbitrarily taken positive. When the particle velocity reaches a constant velocity,
the forces are in equilibrium:



Application of Stokes’ Law to Falling Spheres

% - (a) Re=102
v

% (b) Re=20

—/"/\_”—\ (c) R.=100
=52 "

ﬁ e (d) R,=10*
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A
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(e) Ry=106

Figure 2 Flow past a fixed cylinder for various Reynolds numbers.

1000 4
Theory (sphere)
100 T . =X, , s==e=cs Experiment (sphere)
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Drag coefficient C,
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Reynolds number R,

Figure 3 Measured and theoretical drag coefficient for spheres,

disks, and cylinders (data after Roberson and Crowe, 1993).
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gﬂ:nf"y, - gmﬂ'y,, —6mnUa=0 (5)

The sphere velocity U is proportional to a?:

while R, is proportional to a3:
4% —Yw
R,:a" n;’ P, @ ™

where p,, is the fluid unit mass.

The terminal velocity U and R, values of spheres made of a typical soil min-
eral and falling in water are given in Table 1. Stokes’ law does not apply to
spheres with a radius larger than 0.1 mm, because R, > 1. The diameter of 0.1
mm gives an approximate upper limit of particle size for which Eq. 6 applies.
Equation 6 does not hold also for colloids that are particles smaller than Ipum.
Colloids are influenced predominantly by the electrostatic forces acting on their
surfaces. In this case the gravitational forces of Eq. 5, which are proportional to
particle volume, become negligible with respect to electrostatic forces. The mo-
tion of colloids is random and is referred to as Brownian.

As a consequence of Eq. 6, the sphere of radius 4 initially at the liquid sur-
face at time t = 0 will reach the depth H at time #:

Ys — Yw

H=5= a%t (8)

R =1}l o8]

TABLE 1
Velocity and Reynolds number

. of a sphere falling in water (ps = 2.7 g/cm?,
pw = 1.0 g/cm? n = 0.01 g/cm:s)

a (mm) U (cm/s) Re

1.0 3.7 x 102 7.4, x 108
0.1 3.7 7.4

0.01 3.7 x 102 7.4 x 103
0.001 3.7 x 104 7.4 x 10-8

THE SEDIMENTATION PROCESS

The model of Fig. 4 illustrates the suspension process with four particle sizes. The
particles are settling in a 50-cm-high container filled with water. The particle di-
ameters and terminal velocities calculated by using Eq. 6 are given in Table 2. Al-
though it oversimplifies soils that contain many more particle sizes, this model is
still useful to understand what happens in suspensions at various time intervals.
Initially the particles are distributed uniformly by shaking the suspension.
The sedimentation process starts at time r = 0 immediately after the suspension
stops being shaken. All the particles are assumed to reach their terminal velocity
within a very short time, At t+ = 10 s, the coarse silt particles A have traveled
about 1 cm, whereas the clay particles have only fallen 40 ym. At ¢ = 15 min, all
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the coarse silt particles have reached the bottom. At ¢ = 3 h, all medium silt par-

ticles have settled at the bottom. At ¢ = 8 h, only the clay parti¢les,remain in sus-

pension. The sedimentation process sorts small particles by size in the same way
that sieves separates coarse particles. 5

Instead of four sizes, soil may have n different particle sizes ay, a,, ..., a,,

where a; > a; > .-+ > a,. These particles when mixed with water make a soil-wa-
ter mixture which is hereafter referred to as a suspension. The concentrations Wy,

W., ..., W, denote the total weights of particles of size ay, a;, ..., a, in 1 L. Wiy
=W, + W, + .- 4+ W, is the total weight of particles. The percent p; by weight
finer than size q; is

‘ ©)
tot 21

In a random suspension, particles are evenly scattered. The weight of particles
and percent finer for a given particle size is identical at all depths. The sedimen-

tation process sorts the particles as illustrated in Fig. 4. At time ¢ > 0, all the par-
ticles above depth H have a radius smaller than a:

Y= ¢ (10)
5 w

At depth H, the concentration of particles of radius a is constant from ¢ = 0 until
t = H/U, where U is the velocity of the particles of radius a. At time t > H/U,

t=0s t=10s t=2 min
O oo % (oo x -~ i
|
O 0 X = | oo X = ‘ o 0 7=
|
- - - |
= e g © X 5 X
g o
} Oox = g© X = o X =
a
| OO0 X = UOX- ‘ OX-
[w]
. 00 X » go°Xx - g ¥ =
\ lu
so !0 0 X = o9 X » oo X
t=15min t=3hr t=8hr
o! o _ =
| o X -
i o -
N g = - o
£ X
g ® = -
o | -
e x |
x -
o] -
x = = -
(o] -
50 o X ° M'z&‘ D - =
A BCD A B CD A B C D

Figure 4 Schematic representation of the sedimentation process of
particle sizes A, B, C, and D in Table 2 (after Head, 1984).
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there is no longer a particle of radius a at depth H. The percent by weight finer
than a can therefore be determined from the concentration of particles of size a
at depth H at time 1.

TABLE 2
Terminal velocities of particles in suspension in Fig. 4.

Type of Diameter Terminal velocity
particle (Lm) (cm/s)

A: Coarse silt 35 0.1090

B: Medium silt 12 0.0128

C: Fine silt 4 0.0014

D: Clay 2 0.0004

UNIT WEIGHT OF A MIXTURE OF FLUID AND PARTICLES

HYDROMETER

The weight of a mixture of water and soil particles is
x
Vtw=x+(V-)1, (1)
s

where v,, is the average unit weight, V is the total volume of the suspension, x the
weight of particles in the volume V, y, the unit weight of the solid particles, and
Y. the unit weight of the water. Therefore, the weight x of particles in volume V is

G
X = ‘G_:l (Yav — Tw)v (12)
5
where G, is the specific gravity of soil grains:
G,= 2= (13)
The average unit weight vy,, of the suspension is
X Y
tovm§ (1-L2) 41, (14)

Equation 14 implies that y,, > v, when ¥ > 7v,. When particles settle down, x
gradually decreases toward zero and v,, slowly decreases toward 7y,. The unit
weight v,, of a sedimenting mixture, which varies with depth and time, can be
measured with a hydrometer.

As shown in Fig. 5, the hydrometer has a graduated stem and a weighted bulb.
When it floats, its weight W, compensates the buoyancy force:

I&l'
W, = J S(z)y(2)dz (15)
0
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Figure 5 Schematic view of the hydrometer in a sedimenting mix-
ture.

where z is the depth measured from the free surface, §(z) the cross-sectional
area of the hydrometer at depth z, y(z) the fluid unit weight at depth z, and A,
the wetted length of the hydrometer at time ¢. The buoyancy force is the sum of
the buoyancy forces applied to bulb and stem:

h, hy
Wy= I S(z)y(z)dz + S, I Y(z)dz (16)
h.‘} 0

where hy is the depth of the bulb neck and S is the constant cross-sectional area
of the stem. Because the stem volume is much smaller than the bulb volume V,,
the second integral of Eq. 16 is small compared to the first one. Therefore, the hy-
drometer measures the average unit weight v,, of the fluid between depths A, and
h,:

h, h,

= [ 'Stz = [ sz )
(| hy, bJhy,
S(z)dz

hy,

As shown in Fig. 5, when the suspension density gradually varies with depth,
Yav is approximately equal to the suspension unit weight at depth H where the
bulb is centered. Since the hydrometer weight W, is constant, Eq. 16 implies that
a decrease in mixture density between depths 4, and A, is balanced by an increase
in the wetted length h,. Therefore, the hydrometer stem can be graduated to
measure the suspension unit weight.
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The 152H hydrometers (ASTM E 100-94) are graduated to measure the
weight x of soil in 1 L assuming that G; = 2.65. Whe the soil has another specific
density G, the corrected weight x’ of soil per liter of suspension is

-i @ G
w=20l e 06226 - x (18)

5 5

DETERMINATION OF PERCENT BY WEIGHT FINER

The hydrometer gives the weight x of particles located around the bulb centroid
but not of those located above or below. If Wi, is the initial concentration of par-
ticles, the percent by weight finer than size a is

p= X
Wtot

x 100 (%) (19)

As shown in Fig. 6, when the hydrometer is immersed in a burette of finite
size, the water level rises, which changes the distance particles fall relative to the
free surface. The water surface rises the distance V,/A, where V), is the volume of
the hydrometer bulb and A is the cross-sectional area of the sedimentation bu-
rette, whereas the water at the elevation of the bulb centroid only rises the
amount V,/2A. Therefore, the particles at depth H where the bulb centroid is lo-
cated have indeed fallen the distance Hg:

Vi

Hy=H-5% (20)

The substitution of Hg into Eq. 10 gives the grain size a corresponding to p in
Eq. 19.

Figure 6 Effect of finite size of burette on distance of sedimenta-
tion.
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UNIT MASS AND VISCOSITY OF WATER

0.016

0.014 -

=)
=
o
(]

Viscosity (g/cm/s)
=
=
=]

:

0.006

As indicated in Table 3, the unit mass pyw and the viscosity 1 of the water are
functions of temperature T. As shown in Figs. 7 and 8, the values of p,, and 7 that
are listed in Table 3 may be fitted by using a cubic polynomial:

n = 0.0178 — 5.684 x 10~4T + 1.115 x 10-572 — 1.017 x 10-773 (21)
pw= 099991 + 5202 x 10~5T — 7.512 x 10-672 + 3.605 x 10-873 (22)
The values of p,, and 1 at temperature T may also be calculated by linear inter-
polation of values in Table 3. For instance, if 7" is between temperatures T; and

T;sq1, then n is

T~T;
| =N+ Mg — TI) Ta—1 (23)

where 1, is the viscosity at temperature T;,; and v; is the viscosity at tempera-
ture 7;. In a similar way, p,, at temperature 7 is

T- T
r=pit (P — ;) (24)

where p;., is the water unit mass at temperature 7}, and p; is the water unit
mass at temperature 7;.

1.002
1.000 4
E
3
g 0.998 4
g
O Measured 0.996 - O Measured !
— Fitted d —— Fitted
- T 0994 - -
10 20 30 0 10 20 30
Temperature (° C) Temperature (* C)

Figure 7 Variation of viscosity of water with

temperature.

Figure 8 Variation of unit mass of water with
temperature.

LIMITATIONS OF SEDIMENTATION ANALYSIS

The sedimentation analysis assumes that soil particles (1) are spherical, (2) have
similar specific gravity G, (3) are separated from one another, and (4) do not in-
teract during sedimentation. These assumptions are not always verified, which
limits the application of sedimentation principles to grain size analysis.
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TABLE 3

Viscosity and density of distilled water
at various temperatures (International Critical Tables, 1928)

Temperature Dynamic viscosity Unit mass

(°C) (g/s:cm) (g/cm?®)

4.0 0.01567 1.00000
16.0 0.01111 0.99897
17.0 0.01083 0.99880
18.0 0.01056 0.99862
19.0 0.01030 0.99844
20.0 0.01005 0.99823
21.0 0.00981 0.99802
220 0.00958 0.99780
23.0 0.00936 0.99757
24.0 0.00914 0.99733
25.0 0.00894 0.99708
26.0 0.00874 0.99682
2.0 0.00855 0.99655
28.0 0.00836 0.99627
29.0 0.00818 0.99598
30.0 0.00801 0.99568

1. As described later in Chapter 2-1, small particles such as clay and silt parti-
cles are usually not spherical but similar to “corn flakes.” Therefore, the
drag coefficients C, of these non-spherical objects can be different from that
of Stokes’ law.

2. Natural soils may consist of particles having several minerals, different val-
ues of G, and various tendencies to break down into small fragments. In
this case, the particle velocity and size may not be described by using an av-
erage value of G,

3. Particles in suspension are usually separated by using a chemical agent
which creates repulsive forces between particles. However it is difficult to
prevent some particles from clustering together and falling faster than indi-
vidual particles.

4. Finally, the flow patterns around falling particles, which are assumed to be
laminar, may become complicated when they interact with one another. It is
assumed that this effect is limited when the concentration of soil particles is
smaller than 50 g/L.

In spite of these limitations, the principle of sedimentation is still used to deter-
mine the grain size distribution of fine-grained soils in geotechnical engineering.
It may lead to results which do not fully agree with those of more advanced tech-
niques used in the powder industry (e.g., Allen, 1974). However, the sedimenta-
tion analysis is not expensive to perform, and produces consistent results which
are sufficient to classify soils for engineering purposes.’

ALLEN, T., 1974, Particle Size Measurement, Chapman & Hall, London.

Heap, K. H., 1984, Manual of Soil Laboratory Testing, Vol. 1: Soil Classification
and Compaction Tests, Pentech Press, London.

INTERNATIONAL CRITICAL TABLES, 1928, Vols. III and V, McGraw-Hill Book Co.,
New York. :
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ROBERSON, J. A., and C. T. CROWE, 1993, Engineering Fluid Mechanicrhm.‘id
Houghton Mlﬂ’.lm Company, Boston, pp. 502-508.

STOKES, G., 1891, Mathematical and Physical Paper III, mendge Unh'e%ity
Press, Cambridge, UK.
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11.

What is Stokes’ law? Which physical quantities does it relate?
What is the physical dimension of the viscosity used in Stokes’ laW‘?‘ Iﬁ
which unit is it usually expressed? What is the approximate value of the wa-
ter viscosity at 20°C?

State the Reynolds number of a sphere of radius R in a fluid of viscosity 1
and unit mass p flowing with velocity U.

What is the approximate range of Reynolds numbers to which Stokes’ law
applies?

What is the drag coefficient of a sphere calculated by using Stokes’ law?
What is the terminal velocity of a sphere of radius 0.2 mm and specific grav-
ity G, = 2.65 that falls into pure water at 20°C?

Does Stokes’ law apply to the particles of medium sand falling in the sedi-
mentation burette?

Do the water viscosity and water density increase or decrease with temper-
ature?

What physical law prevents the particles smaller than 1 pm from falling
when they are in suspension?

What shape is assumed for the soil particles when interpreting the results of
a sedimentation analysis? Does this assumption apply to clay particles?
Does the addition of salt to distilled water increase or decrease the unit
mass of water?
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OBJECTIVE

Hydrometer analysis is used to determine the grain size distribution of fine-

‘grained soils having particle sizes smaller than 75 pm. If soil samples have parti-
le sizes ranging from sand to silt or clay, sieving and sedimentation analysis are
combined as explained in Chapter 1-7. The principle of hydrometer analysis is
based on Stokes’ law. It assumes that dispersed soil particles of various shapes

and sizes fall in water under their own weight as non-interacting spheres.

EQUIPMENT
The equipment used in hydrometer analysis includes:

o Soil hydrometer. There are two different types of hydrometers. One is grad-
uated in the specific gravity of fluids and is calibrated to read 1.000 g/cm? in
pure water at 20°C. The other is graduated in grams of soil and is calibrated
at 0 g/L in pure water at 20°C. The capacity and accuracy of both types of
hydrometer are indicated in Table 1. Hereafter, we will use the 152H hy-
drometer graduated in grams of soil per liter (ASTM D422).

TABLE 1
Capacity and Accuracy of Hydrometers
Hydrometer type Capacity Accuracy Unit
Fluid specific gravity 0.995-1.04  0.001 g/cm?
Grams of soil per liter 0.0-50.0 1.0 g/L

-+e- Dispersion apparatus, a high-speed mechanical stirrer equipped with an
electric motor, which rotates a stirring paddle at high speed (Fig. 1). The dis-
persion apparatus disperses the mixture of soil, chemicals, and water. If no
conventional stirrer is available, a malt mixer or blender can be used.



Preparation and Pretreatment of Sample 43

Figure 1 Equipment for hydrometer analysis. From left to right,
two graduated cylinders, also called sedimentation cylinders, a ther-
mometer, a hydrometer, dispersion apparatus, two porcelain evapo-
rating dishes, a stock solution of sodium hexametaphosphate, and a
scale,

Two sedimentation cylinders of glass, essentially 45 cm high and 6.6 cm in
diameter, marked for a volume of 1000 mL.

Thermometer, ranging from 0 to 50°C, accurate to 0.5°C,

Stopwatch,

Balance accurate to 0.01 g

Measuring cylinder, 100 mL.

Two porcelain evaporating dishes about 100 mm in diameter.

Drying oven, 105°-110°C.

Glass rod about 12 mm in diameter and about 400 mm long.

500 mL of hydrogen peroxide.

500 mL of stock solution of sodium hexametaphosphate with a concentra-

tion of 40 g per liter of distilled or demineralized water. This solution should
be prepared frequently. and should be less than a month old.

3 L of distilled or demineralized water. The water should be at the temper-
ature that is expected to prevail during the hydrometer test.

PREPARATION AND PRETREATMENT OF SAMPLE

1. The test specimen is obtained from the fraction of soil sample that is

smaller than 75 pm. The approximate weight of the dry specimen may be selected
as shown in Table 3.
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TABLE 2

Stock Solution for Dispersing Agent

Chap. 1-4 / Hydrometer Analysis

TABLE 3
Approximate Quantity of Material

for Sedimentation Analysis.

Chemical Quantity Unit
- i Dry weight
Sodium hexametaphosphate Soil type i/ () 4
Buffered with Na,CO4 40.0 g
(commercial name “Calgon”) Fat clays 30.0
Water 1.0 L Lean clays and silty soils 50.0

2. Organic soils must be treated with chemicals to remove organic matter.
The organic matter is removed from soils by oxidation and is accomplished by
mixing the soil sample with a solution of 30% hydrogen peroxide. The air-dried
test specimen is placed in a 1000-mL conical beaker, 150 mL of the hydrogen per-
oxide solution is added, and the mixture is stirred gently for a few minutes with
a glass rod. The oxidation process may be accelerated by heating the mixture gen-
tly. Very organic soils may require several additions of hydrogen peroxide, and
the oxidation process may take 2 to 3 days. The oxidation process is completed
when there are no more gas bubbles. After the pretreatment, the volume of liquid
may be reduced to about S0 mL by boiling.

3. Very fine soil grains will normally tend to flocculate in a suspension (i.e.,
will adhere to each other and settle together). A dispersing agent is added to all
samples to prevent grains from flocculating. A 125-cm? quantity of stock solution
of sodium hexametaphosphate (40 g/L) is usually sufficient to disperse most soils.
After placing the dry sample in a dish, distilled or demineralized water is added
until the sample is submerged; then the 125 cm? of dispersing agent is added. The
sample should be allowed to soak overnight or until all soil lumps have disinte-
grated.

HYDROMETER AND CYLINDER CALIBRATION

Prior to the hydrometer test, the hydrometer and sedimentation cylinder are cal-
ibrated as follows.

1. The cross-sectional area A of the sedimentation cylinder is determined by
measuring its internal diameter.

2. The volume of the hydrometer bulb V, is obtained by immersing it in a
graduated cylinder and measuring the rise of water level.

3. The distances between the bulb center and graduation marks 0, 10, 20,
30, 40, 50, and 60 gfL are noted hn, hm, hgﬁ, h30, h40, hsu, and hﬁg, rcspectively. As
shown in Fig. 2, they are determined by adding 4 and N to Iy, iy, L, Lo, Lo, Isos
and /g9, where N is the distance between bulb neck and lowest stem mark and A
is the distance between the bulb centroid and bulb neck. For instance, the dis-
tance between the bulb center and the 30-g/L graduation is h3:

For a symmetrical bulb, £ is half the bulb height. Typical results of a hydrometer
and cylinder calibration are reported in Table 3. As shown in Fig. 3, the distance
between the graduations marks and bulb centroid are linearly related and can be
fitted by linear regression.
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Figure 2 Measurements for calibration of Figure 3 Relation between hydrometer readings and

hydrometer.

distance to bulb center for the hydrometers of Table 3.

TABLE 4
Example of Calibration Results for Three Soil Hydrometers.

Distance to bulb center (cm)

Graduation Hydrométer Hydrometer Hydrometer
mark on stem (g/L) 1 2 3
0 16.5 17.4 17.3
10 14.8 16.7 15.75
20 131 14 142
30 115 124 12.65
40 9.9 10.7 111
50 8.4 9.3 9.55
60 6.9 y ) 8
Bulb volume (mL) 60 60 60
Slope (cm L/g) -0.16 -0.16 -0.16
Intercept (cm) 16.39 17.30 17.30

CORRECTION OF HYDROMETER READING

Three corrections are applied to the hydrometer reading R: C,,, the meniscus cor-
rection; m, the temperature correction; and Cy, the dispersing agent correction.
C,, applies to the calculations of grain size and percent by weight finer, whereas
m and C, apply only to the calculation of percent by weight finer.

Meniscus Correction

Hydrometers are calibrated to read correctly at the surface of a transparent lig-
uid, which is represented by level A in Fig. 4. But soil suspensions are not trans-
parent, making such a reading impossible. Therefore, the hydrometer is read
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Reading

Meniscus

. . »
Meniscus correction = /

Corrected reading

‘Figure 4 Reading a hydrometer, and determination of meniscus
correction.

systematically at the upper rim of the meniscus, which corresponds to point B in
Fig. 4. C,, is determined by immersing the hydrometer in clear water and measur-
ing the difference between the hydrometer reading made at points A and B. C,,
is always positive and is a constant for a given hydrometer. C,, is equal to approx- |
imately 0. 5 g/L for most 152H hydrometers. The corrected hydrometer reading R’
1S

R=R+C, (2)
where R is the reading above the meniscus.

Temperature Correction

Temperature influences the solution density and hydrometer volume (caused by
thermal contraction or expansion) and consequently the density reading. Since the
hydrometer is calibrated at 20°C, a temperature correction factor m must be added
algebraically to each hydrometer reading. The following temperature correction m
(g/L) was determined experimentally for a particular type of hydrometer

m = 1000 [0.99823 — p,, — 0.000025 (T — 20)] 3)

where T is the temperature of water (°C) and p,, is the water unit mass (g/cm?) at
temperature 7. As shown in Fig. 5, the correction m is equal to zero for T = 20°C,
and is positive or negative, depending on T.

Dispersing Agent Correction

The addition of a dispersing agent to water increases the liquid density. C; is the
hydrometer reading in water and dispersing agent. C, is always positive and should
be subtracted from the corrected hydrometer reading R’ when calculating percent
by weight finer. The maximum value of C, is estimated from the concentration of
dispersing agent as follows:

C,;=0001X,V, gL ()

where X, is the concentration of dispersing agent in stock solution (g/L), and V,
is the volume of stock solution in 1 L. When X; = 40 g/L and V; = 125 mL, Eq.
4 gives C; = 5 g/L, a value which is slightly different from the measured value of
C, because the dispersing agent has a smaller specific density than soils.
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Correction m (g/L)

10 15 20 25 30
Temperature ("C)

Figure 5 Variation of temperature correction factor m for a partic-
ular type of hydrometer.

Following the removal of organic matter, addition of dispersing agent, and hy-
drometer and cylinder calibration, the test procedure consists of the following
steps:

1. Determine the dispersing agent correction C; and the meniscus correc-
tion C,,,.

2. Measure the specific gravity of solids G;.

3. Transfer the soil-water slurry from the dish to a dispersion cup, washing
any residue from the dish with distilled or demineralized water. As shown in
Fig. 6, add distilled water to the dispersion cup until the water surface is 5 to 8 cm
below the top of the cup. If the cup contains too much water, it will splash out
while mixing, Place the cup in the dispersing machine and disperse the suspension
for 1 to 10 min.

4. Transfer the suspension into a 1000-mL sedimentation cylinder and add
distilled or demineralized water to fill the 1000 mL cyclinder (Fig. 7).

5. About 1 min before starting the test, take the graduate in one hand and,
using the palm of the other hand or a suitable rubber cap as a stopper, shake the
suspension vigorously for a few seconds to mix the sediment at the bottom of the
graduate into a uniform suspension. Repeat this agitation several times by turning
the cylinder upside down. Sometimes it is necessary to loosen the sediment at the
bottom of the cylinder by means of an hand agitator (Fig. 8). Sustain a uniform
suspension until the test begins.

6. Slowly immerse the hydrometer in the liquid 20 to 25 s before each read-
ing. Immerse and remove it very slowly, as shown in Fig. 9, to prevent disturbance
of the suspension.

7. Record the hydrometer reading after 1 and 2 min has elapsed from the
time agitation has stopped (Fig. 10). As soon as the 2-min reading has been
taken, carefully remove the hydrometer from the suspension and place it in clean
water as shown in Fig. 11. If a hydrometer is left in a soil suspension too long,
material will settle on or adhere to the hydrometer bulb, and this will cause a sig-
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!

Figure 6 The soil sample is placed in a dispersion Figure 7 After dispersion, the soil suspension is
cup and the dispersing agent is added. poured into the sedimentation cylinder.

Figure 8 A uniform suspension may be obtained by  Figure 9 At selected time intervals, the hydrometer
using a hand agitator. is slowly and carefully immersed.
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Figure 10 When the hydrometer stops moving, the Figure 11 Once the measurement is completed, the
reading is made at the top of the meniscus. hydrometer is removed slowly and carefully, and im-

COMPUTATION

mersed in a second cylinder filled with clean water.

nificant error in the reading. Insert the hydrometer in the suspension again and
record readings after 4, 15, 30, 60, 120, 240, and 1240 min.

8. At the end of 2 min and after each hydrometer reading, record the water
temperature. Temperature changes of the soil suspension during the test affect
test results. Variations in temperature can be minimized by keeping the suspen-
sion away from heat sources, such as radiators, sunlight, or open windows.

The corrected hydrometer reading R" = R, + C,,, where R, is the hydrometer
reading at time ¢ and C,, is the meniscus correction. The depth of fall H is calcu-
lated by linear interpolation of R’. For instance, when 20 < R’ < 30 g/L, H corre-
sponding to R’ is

" R —20
where h, and /iy, correspond to the marks 20 and 30 g/L, respectively. as defined
in the hydrometer calibration. The corrected depth of fall Hg is defined to ac-
count for the rise of water level when the hydrometer is immersed:

V,
HR:H—ﬁ (6)
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where V, is the bulb volume, A = (n/4) d? the cross-sectional area of the cylinder,
and d, the diameter of the cylinder. According to Stokes’ equation, the particle di-

ameter D (mm) is
_ ’ 30nHy
B 981(G, — 1)p,.t )

where t is the time (min) after the beginning of sedimentation, G, the specific
gravity of the soil particles, p,, the unit mass of water (g/cm?) at temperature 7, n
the viscosity of water (g/cm-s) at temperature T, and Hy the corrected depth of
fall (cm).

The percentage p by weight of particles with diameter smaller than D cor-
responding to R’ is

06226 ,,, G,
p= W, (R"—C,;+m) G,—lxmo (%) (8)

where W, is the oven-dried weight of soil per liter of suspension, C, the dispersing
agent correction, and m the temperature correction given by Eq. 3. The unit of
Wy, R, C4, and m is g/L.

EXAMPLE

Figures 12 and 13 show the results of a hydrometer analysis of a silt. As
shown in Fig. 12, the results are presented on the same type of grain size dis-
tribution curve as the sieve analysis. Figure 13 shows the input/output data
corresponding to Fig. 12, and Fig. 14 shows the formulas used in Fig. 13. Fig-
ure 15 lists the user-defined functions DENSI, VISCO, and M. DENSI and
VISCO return the water unit mass in (g/cm?®) and water viscosity in (g/cm-s)
at temperature 7 (°C). M calculates changes in the hydrometer reading as a
function of temperature T (°C) (see Eq. 3). The user-defined function IN-
TERL is also used to calculate the distance of fall by linear interpolation.
The clay fraction, which the percent by weight finer than 2 um, is calculated
by using the user-defined INTER (see Chapter 8-1).

40 4

Percent finer by weight

20

0.001 0.01 0.1

~ Grain size (mm)

Figure 12 Example of grain size distribution obtained by hydrome-
ter analysis.
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A [ B [ C [ © | E ] F
1 Hydrometer analysis
2
3 Analyst name: Mike Kapuskar
4 Test date: 11/13/80
5 Sample description:
6
7 Mass in suspension W, = 45.00 g
8 Specific unit weight G, = 2.65
9 Dispersing agent correction Cy = 4.00 g/L
10 Menicus correction Cm = 0.50 g/L
11 Cylinder diameter d. = 5.85 cm
12 Hydrometer bulb volume Vs = 60 cm®
13
Graduation mark on
hydrometer .slam Distance to bulb
(/L) center (cm)
14
15 Ry He
16 0 16.5
17 10 14.8
18 20 13.1
19 30 11.5
20 40 9.9
21 50 8.4
22 60 6.9
23
Corrected .
Hydrometer reading : Grain size | Percent finer
34 Time (min) (/L) Temperature ('C) dlfs;ﬁ?:; )of (mm) by weight
25 t Rt Te HR D p
26 1 40.0 225 8.54 0.0388 82.2
27 2 34.0 22.5 9.56 0.0290 68.8
28 3 32.0 22.0 9.90 0.0243 64.2
29 4 30.0 22.0 10.24 0.0214 59.7
30 8 27.0 22.0 10.75 0.0155 §3.1
31 15 25.0 21.5 11.09 0.0116 48.4
32 30 23.0 21.5 11.43 0.0083 43.9
33 60 21.0 21.5 11.77 0.0080 39.5
34 240 17.0 20.0 12.45 0.0031 30.0
35 900 14.0 19.0 12.96 0.0017 22.9
36 Clay fraction (%) = 24.4

Figure 13 Example of data set.

REFERENCE

See Introduction for references on ASTM procedures (pages 4 to 6).

REVIEW QUESTIONS

1. - What is the purpose of hydrometer analysis? On which physical principles is
hydrometer analysis founded?

2. Does hydrometer analysis determine the size of soil particles exactly?
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3-

5.

1.

9.

10.

D E
Corrected distance of fall (cm) Grain size (mm)
24
(28 HR D
2 6 |=INTERL(Rt+ABS(Cm),Rs,Hs)-Vb/(2*PI()*dc"2/4) =SQRT(30"VISCO(Te)"Hr/(Gs-1)/981/DENSI(Te)/t)
F
Percent finer by weight
24
25 P B [ ¢
2 6 | =100/W0*(Rt-ABS(Cd)+ABS(Cm)+M(Te))*0.6226*Gs/(Gs-1) 36 Clay fraction (%) = =INTER(0.002,D,p)
Figure 14 Formulas used in Fig. 13.
A
1 |vISsco jviscosity of water
2 |=RESULT(1) in g/lcm/s as a function of
3__|=ARGUMENT({"T",1) (] rature T in degree Celsius
4 |=RETURN(0.0178-5.684/1074"T+1.115/10A5°TA2-1.017/10A7°TA3)
5
6 _|DENSI density of water
7 __|=RESULT(1) in gr/em3 as a function pf
8 |=ARGUMENT("T",1) temperature T in degree Calsius
9 |=RETURN(0.99991+5.202/10A5°T-7.612/1046*TA2+3.605/10A8*TA8)
10
11 m emperature correction
1 2 |=RESULT(1) factor for hydrometer
1 3 |=ARGUMENT("T" 1) as a function of temperature T
4 |=-RETURN(1000"(0.99823-DENSI(T)-0.000025"(T-20)))

Figure 15 User-defined functions VISCO, DENSI, and M used in
Fig. 14.

Why do you correct the distance of fall of particles during hydrometer anal-
ysis?

What physical quantity is read on the stem of a 152H hydrometer? In what
unit is this quantity expressed?

What corrections are made on the hydrometer reading?

What modifications would be required if one wanted to carry out a hydrom-
eter analysis in a 2000-mL cylinder instead of a 1000-mL cylinder?

Does the hydrometer go up or down during the sedimentation of soil parti-
cles?

What is the purpose of the dispersing agent? Does its use require a correc-
tion?

Why should you remove the hydrometer from the sedimentation burette af-
ter each reading?

Is there a correction for the specific gravity of soil particles when one uses
a 152H hydrometer?

What physical quantity does the hydrometer measure? At what location
does it measure it?

Why must you slowly insert and remove the hydrometer in the sedimenta-
tion burette?
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16.

17.

18.
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Why do you measure the water temperature during the hydrometer analy-
sis?

What is the purpose of the hydrometer calibration? What quantities does it
relate?

Why does the meniscus correction always have the same sign? What is this
sign?

For what reason do you agitate the suspension at the beginning of the hy-
drometer test?

What is the usual duration of a hydrometer analysis? Why does the sedi-
mentation part take so much time?

Suppose that one wants to calibrate the hydrometer analysis with an assem-
bly of spherical particles having only one radius: say a = 0.05 mm. Describe
qualitatively what will happen to the hydrometer as a function of time. Will
it sink gradually from the beginning of the sedimentation? Sketch the vari-
ation of hydrometer penetration versus time.

Equation 3 was assumed to account for the effect m of temperature on the
hydrometer reading. Verify experimentally this relation.

The calibration of the hydometer requires measurement of the distances &
for the readings R = 0, 10, 20, 30, 40, 50, and 60 g/L. By using a linear re-
gression, give an approximate expression that relates R and A for the follow-
ing hydrometer:

R (g/L) 0 10 20 30 40 50 60

h (cm) 17.4 16.7 14.0

124 10.7 9.3 7.7

3. Modify the example of Fig. 13 in order to use the fitting between the hy-
drometer reading R and the distance h between readings and the bulb
center when processing the experimental results of the hydrometer test.

4. Draw the grain size distribution curve for the following hydrometer analysis
results.

Hydrometer calibration Hydrometer test
Graduation  Distance to Hydrometer
mark on stem bulb center Time reading Temperature
Soil data (g/L) (cm) (min) (g/L) (°C)
Mass retained on No. 200 sieve 0g 0 16.5 1 20.0 24
Mass in suspension 30.02 g 10 14.8 2 19.5 24
Specific unit weight 2.65 20 131 4 18.7 24
Dispersing agent correction 3 g/l 30 1.5 16 16.0 24
Meniscus correction 0.5 g/L 40 9.9 30 14.5 24
Burette diameter 5.44 cm 50 8.4 60 13.0 24
Bulb volume 65 cm? 60 6.9 120 12.0 23
240 10.0 29
1240 9.5

23.5 ‘
I
|
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5. Draw the grain size distribution curve for the following hydrometer analysis

results.
Hydrometer calibration Hydrometer test
Graduation Distance to Hydrometer
mark on stem bulb center Time reading Temperature
Soil data (g/L) (cm) (min) (g/L) (°C)
Mass retained on No. 200 sieve 0g 0 18.15 1 40.0 25
Mass in suspension 45 g 10 16.7 2 385 25
Specific unit weight 2.65 20 16.25 4 38.0 25
Dispersing agent correction 35 g/L 30 13.8 16 3756 25
Meniscus correction 0.6 g/L 40 12.36 30 36.6 25
Burette diameter 5.44 cm 50 10.9 60 3b6.5 26
Bulb volume 65 cm® 60 120 33.0 245
240 31.2 24
1240 26.0 23

6. Draw the grain size distribution curve for the following hydrometer analysis

results.
Hydrometer calibration Hydrometer test
Graduation  Distance to Hydrometer
mark on stem bulb center Time reading Temperature
Soil data (g/L) (cm) (min) (g/L) (°C)
Mass retained on No. 200 sieve 0g 0 245 1 20.0 24
Mass in suspension 30.02 g 10 229 2 19.0 24
Specific unit weight 2.65 20 21.3 4 18.0 24
Dispersing agent correction 3 g/L 30 19.7 15 16.0 24
Meniscus correction 0.5 g/L 40 181 30 14.5 24
Burette diameter 5.44 cm 50 16.5 60 135 23
Bulb volume 65 cm? 60 9.45 120 1256 24
240 120 23
1240 9.5 23
7. Draw the grain size distribution curve for the following hydrometer analysis
results.
Hydrometer calibration Hydrometer test
Graduation  Distance to Hydrometer
mark on stem bulb center Time reading  Temperature
Soil data (g/L) (cm) (min) (g/L) (°C)
Mass retained on No. 200 sieve Og 0 17.8 1 30.0 28
Mass in suspension 30.04 g 10 16.1 2 28.0 28
Specific' unit weight 2.65 20 14.4 4 27.0 28
Dispersing agent correction 2.25 g/L 30 12.7 15 25.0 28
Meniscus correction 0.5 g/L 40 1 30 23.0 285
Burette diameter 5.95 50 9.3 60 20.0 25
Bulb volume 65 cm? 60 7.6 120 17.0 25
244 15.0 24
1059 11.0 23

8.

Derive Eq. 4 which determines the approximate C, dispersing agent correc-
tion when a volume V;; of stock solution with a concentration X} is used in
a liter of soil suspension.
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OBJECTIVE

EQUIPMENT

Like hydrometer analysis, pipette analysis is used to determine.the grain size distri-
“bution of fine-grained soils having particle size smaller than 75 um. If soil samples
ave fine and coarse particles, including sand, silt, and clay particles, sieving and
pipette analysis are combined as explained in Chapter 1-7. Pipette analysis is based
on Stokes’ law and assumes that dispersed soil particles of various shapes and sizes
fall in a liquid under the action of gravitational forces as noninteracting spheres.

In the United States, pipette analysis is less commonly used than hydrome-
ter analysis and is not described by ASTM. However, in the United Kingdom, the
British Standard (BS 1377, 1975) refers to pipette analysis as the primary method
for determining the grain size distribution of fine- grained soils. Pipette analysis
gives faster results than hydrometer analysis but reqmres accurate measurements

of small weig] welggts.. ez

The equipment used in pipette analysis includes:

o Sampling pipette, either an Andreasen pipette or a regular pipette, capable
of measuring 10 + 0.2 mL of liquid, with a lowering and raising support
(Fig. 1). The Andreasen pipette shown in Figs. 1, 2 and 3 has its own sedi-
mentation cylinder and its own support for adjustment of sampling depth.
As shown in Figs. 4 and 5, a regular pipette can also be used.

e Dispersion apparatus (same as that used for hydrometer analysis).

e Two sedimentation cylinders (same as those used for hydrometer analysis).

o Thermometer, ranging from 0 to 50°C, accurate to 0.5°C.

e Stopwatch.

e Balance accurate to 0.001 g.
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Figure 1 Equipment for pipette analysis. Two sedimentation cylin-
ders, a thermometer, an Andreasen pipette, a 10-mL pipette, a dis-
persion apparatus, porcelain evaporating dishes, and a stock solution
of sodium hexametaphosphate, and a 1-mg sensitive scale.

e Measuring cylinder, 100 mL.

e Porcelain evaporating dishes about 10 cm and 5 cm in diameter.

e Drying oven, 105°-110°C.

e Hand agitator about 400 mm long.

e 500 mL of hydrogen peroxide.

e 500 mL of stock solution of sodium hexametaphosphate prepared as in the
hydrometer test.

2 L of distilled or demineralized water.

SAMPLE PREPARATION AND PRETREATMENT

The test specimen is selected, pretreated for removal of organic matter, and
mixed with a dispersing agent as described for hydrometer analysis. For the pi-
pette analysis, it is recommended to use 500 mL of soil-water suspension and 65
mL of stock solution of sodium hexametaphosphate (i.e., half the quantities used
for hydrometer analysis).

PIPETTE CALIBERATION

The pipette volume V must be calibrated. This calibration does not need to be re-
peated before each experiment. The pipette, which has first been cleaned and
dried, is filled with distilled water until the bottom of the water meniscus reaches
the graduation mark on the pipette stem. Then the pipette contents are emptied
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graduation mar 10 ml

filling pipette
nozzle

valve

W S switch

emplying pipette

500 ml mark

!

H

sampling “‘"“f
depth | sedimentation
e cylinder

VA LSS v

Figure 2 The Andreasen pipette, its sedimentation Figure 3 In the Andreasen pipette, the sample can
cylinder, and a rubber pumping and sucking device. be taken without removing the pipette. The

TEST PROCEDURE

sampling depth may be adjusted by varying the
pipette position.

into a dish and the mass of water is measured. The volume V in milliliters is equal
to the mass of water in grams. Make three determinations of V, and take the av-
erage for volume V.

There are two pipette methods: wet and dry. In the wer method, samples are
weighed without being dried, whereas in the dry method, samples are dried prior
to being weighed. After the removal of organic matter, addition of dispersing
agent, and pipette calibration, the test procedures consist of the following steps:

1. Follow steps 2 to 5 of the hydrometer analysis, except for the total volume
of the suspension, which is now 500 mL. and the stock solution volume,
which is now 65 mL.

2. Pipette samples are to be taken at several specified time intervals corre-
sponding to the particle size equal to 20, 10, 6, and 2 um, as shown in Table
1. No sampling is made for 75 and 60 um because there is simply not
enough time. The last sampling operation takes place about 7 h after the be-
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Graduation mark 10 mL

Stand with
Stem lowering and
raising device|

|

!

H
Sampling
depth Sedimentation

cylinder

]
I BT T BT T T P T e i A T

Figure 4 Regular pipette capable of measuring 10 Figure 5 Regular pipette mounted on a stand
mL of liquid. It is mounted on a stand with a and lowered into suspension just before sampling.

lowering and raising device.

ginning of the test. Therefore, the pipette analysis can be completed three
times faster than hydrometer analysis. The sampling times ¢ of Table 1 are
calculated by using the following equation for a temperature of 25°C:

f 18 x 108 nH
iF (G.\'_ 1)981p tz

(s) (1)

where G, is the specific gravity of the soil particles, p,, the unit mass of the wa-
ter (g/cm?), 1} the viscosity of the water (g/cm-s), H the sampling depth (cm),
and D the particle size (pum).

Regular pipette. Move the pipette over the sedimentation cylinder, and
lower it until its tip touches the water surface (Fig. 6). About 15 s before a
sample is due, steadily lower the pipette 100 mm into the suspension, slowly
enough not to disturb the suspension. Draw a sample into the pipette until
the bottom of the liquid meniscus reaches the graduation mark. A conven-
ient way of drawing the sample is to use a rubber pump attachment (see
Fig. 7). The drawing operation should take about 10 s. Then gently withdraw
the pipette from the suspension.
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Figure 6 The pipette is first positioned to touch Figure 7 Open the pipette tap and draw a sample
the liquid surface, then steadily and slowly lowered into the pipette until the bottom of the liquid
into the suspension to the sampling depth. meniscus reaches the graduation mark.

b

Andreasen pipette. Slowly draw a sample into the pipette until the bottom of
the liquid meniscus reaches the graduation mark. Switch the two-way valve
to empty the pipette.

Carefully empty the pipette contents, without losing a drop, into a weighing
dish previously weighed (Figs. 8 and 9). Squeeze the rubber pump attach-
ment several times to remove all sample traces from the pipette.

Wet method. Measure the sample weight with an accuracy smaller than or
equal to 1 mg.

Dry method. Place the weighing dish and sample in an oven at 105°C, and
weigh it when the sample is dry. Accurate weighing is important because the
sample weights are very small.

After each sampling, record the water temperature. The temperature should
not vary excessively during the experiment.

At a convenient time between samplings, the mass of dispersing agent in so-
lution is measured. Take a sample of water and dispersing agent from an-
other sedimentation cylinder, which contains the same amount of dispersing
agent and water as the test cylinder but no soil. The sampling time is not
crifical because the dispersing agent does not settle. Empty the pipette sam-
ple into a weighing dish.
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Figure 8 The pipette is emptied into a weighing Figure 9 In contrast to a regular pipette, the
dish. Andreasen pipette is emptied without being removed
from the sedimentation cylinder.

8. Wer method. Weigh the sample of dispersing agent.
Dry method. Dry the sample of dispersing agent in an oven at 105°C, and
weigh it when it is dry.

TABLE 1
Approximate Sampling Times

Diameter of particle (um)

G, 75 60 20 10 6 2
2.5 20 s 31 s 04 min 35 s 18 min 20 s 50 min 57 s 07 h 38 min
255 195 30 s 04 min 26 s 17 min 45 s 49 min 18 s 07 h 23 min
2.6 18 s 29 s 04 min 18 s 17 min 12 s 47 min 46 s 07 h 09 min
2.65 18 s 28 s 04 min 10 s 16 min 40 s 46 min 19 s 06 h 56 min
2 17 s 27 s 04 min 03 s 16 min 11 s 44 min 57 s 06 h 44 min
275 178 26 s 03 min 56 s 15 min 43 s 43 min 40 s 06 h 33 min
2.8 16 s 25 s 03 min 49 s 15 min 17 s 42 min 27 s 06 h 22 min
2.85 16 s 25 s 03 min 43 s 14 min 52 s 41 min 18 s 06 h 11 min
29 15 s 24 s 03 min 37 s 14 min 29 s 40 min 13 s 06 h 01 min
2.95 15 s 24 s 03 min 32 s 14 min 06 s 39 min 11 s 05 h 52 min
3 15 s 235 03 min 26 s 13 min 45 s 38 min 13 s 05 h 43 min
3.05 14 s 22 s 03 min 21 s 13 min 25 s 37 min 17 s 05 h 35 min
33l 14 s 22 s 03 min 17 s 13 min 06 s 36 min 23 s 05 h 27 min
3.15 14 s 21 s 03 min 12 s 12 min 48 s 35 min 33 s 05 h 19 min
32 13 s 21 s 03 min 08 s 12 min 30 s 34 min 44 s 05 h 12 min

Depth of sampling, 10 cm; temperature, 25°C; G, specific gravity.
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COMPUTATION

For both dry and wet pipette methods, the grain size D is

B 0nH
D= J G.—D%lp: ™ @

where ¢ is the time (min) after the beginning of sedimentation, G, the specific
gravity of the soil particles, p,, the unit mass of the water (g/cm?) at temperature
T, 1 the viscosity of the water in (g/cm-s) at temperature 7, and H the sampling
depth (cm).

In the dry pipette method, the percentage p by weight of particles with di-
ameter smaller than D is

V.r Ms -M g M d
P=v o x100 (%) (3)
where M, is the total: mass of the oven-dried soil in suspension (g), M, the mass
of the empty weighing dish (g), M, the mass of the weighing dish and sample of
oven-dried soil (g), V, the total volume of the suspension (mL), V the volume of
the pipette (mL), and M, the mass of the dispersing agent in volume V (g). The
mass M, of the dispersing agent in volume V is measured directly. It can also be
estimated as follows:

v
M;=00013CVy  (g) )
[ 4

where C, is the concentration of the dispersing agent in stock solution (g/L), V,
the volume of the stock solution in total volume (mL), and V, the volume of the
suspension (mL). In general, Eq. 4 slightly overestimates the measured value of
M, when the dispersing agent is not completely dissolved.

In the wet pipette method, the percentage p by weight of particles with di-
ameter smaller than D is

pJVf M.m == Mb “de
= x 100 (%) 5
P=oV-My M, ©)

where M, is the total mass of the oven-dry soil in suspension (g), M, the mass of
the empty weighing dish (g), M,,, the mass of the weighing dish and sample of soil
suspension (g), V, the total volume of suspension (mL), V' the volume of the pi-
pette (mL), p, the unit mass of the solid (i.e., ps = G;p,) (g/mL), and My, the
mass of water and dispersing agent in volume V (g). M, is measured directly. It
can also be estimated as follows:

14 1
My, = Vp, +0001 = C,V, (1 o ] (® (6)
v, G,

where G, is the specific gravity of the dispersing agent. Equation 6 slightly over-
estimates the measured value of M, for the same reason as Eq. 4.

-
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Figures 10 and 12 show the results of a dry pipette analysis obtained for a
silt from Lucerne Valley, California. As shown in Fig. 10, the results are pre-
sented in a grain size distribution curve similar to that of sieve and hydrom-
eter analyses. Figure 13 shows the formulas used in Fig. 12. Figures 11, 14,
and 15 give the results, data set, and formulas of a wet pipette analysis on a
silt from Barnard, Vermont. Both dry and wet methods use the user-defined
functions DENSI and VISCO, which are defined in Chapter 1-4, DENSI
and VISCO return the water unit mass (g/cm?) and water viscosity (g/cm-s),
respectively, at temperature T (°C).

—l— Hydrometer
—{— Pipette

40 -

Percent finer by weight

20 -

0.001 0.01 0.1

Grain size (mm)
Figure 10 Comparison of results for hydrometer and

dry pipette analysis on a silt from Lucerne Valley,
California.

100
80 -
=
2P
o
2
2 7
7 41
E —— Hydrometer
20 - —L{F— Pipette
0 - -
0.001 0.01 0.1
Grain size (mm)
Figure 11 Comparison of results for hydrometer and

wet pipette analysis on a silt from Barnard, Vermont.

A ] B | € | D | E | F G
1 Pipette analysis
2
3 Analyst name: Qiang Huang
4 Test date:  16-Feb-92
5 Sample description: P.V. No.1 silt from Lucerne Valley, California
6
7 Dry method
8 Total mass in suspension M, = 25.017 ¢
9 Soil specific density G = 2.65
10 Volume of pipette V = 10 mL
1 Total volume of suspension V, = 500 mL
12 Mass of dry agent and bottle Mg = 45.968 g
13 Mass of bottle Myg = 45.950 g
14
Dpplivot Temperature Mass of Mass.of dry Percent finer by

Time (min) | sampling 0) bottle (q) sample and |Grain size (mm) Welabt
15 (cm) 9 | bottie (g) g
16 t H Ta My, M D p
17 4 10.0 23.0 44.5987 44.8772 0.0209 52.06
18 40 10.0 23.0 47.7586 47.9397 0.0066 32.60
19 410 10.0 23.8 43.2441 43.3748 0.0020 22.52

-

Figure 12 Example of data set for dry pipette analysis.
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F G
Grain size (mm) Percent finer by weight
15
16 D p
17 _|=20*SQRT(4.5"VISCO(Te)*H/((Gs-1)*DENSI(Te)*981*60*t)) |=100*(Ms-Mb-Md+Mbd)/MO*Vt/V

Figure 13 Formulas used in Fig. 12.

A1 B 1 c | D L B | ® | G
1 Pipette analysis
2 Analyst: Henry T. Guapo
3 Test date: 8-Feb-93
4 Sample: Silt from Barnard, Vermont
s
6 Wet method
7 Total mass in suspension Mg = 25.020 g
8 Soil specific density Gs = 2.65
9 Volume of pipette V=  9.900 mL
10 Total volume of suspension Vi = 500 mL
1 Mass of sampled water, agent and bottle My, = 54.442 g
12 Mass of bottle Mg = 44.530 g
13
) Sampling | Temperature (* [Mass of bottle Mass of Grain size Peroent
Time (min) depth (cm) 0 © sample and (mm) finer by
14 o 9 bottle (g) weight
15 t H T, M, M, D p
16 0.5 10.0 23 16.960 27.180 0.0591 100.07
17 4.2 10.0 23 16.000 26.200 0.0205 93.58
18 8.3 5.0 23 86.790 96.920 0.0102 70.83
19 15.0 5.0 23 45.160 55.280 0.0076 67.58
20 23.1 5.0 23 45.950 56.060 0.0061 64.33
21 180.5 5.0 23 47.080 57.100 0.0022 35.09
Figure 14 Example of data set for wet pipette analysis.
F G

Grain slze (mm)

D

S| G|E

Percent finer by weight

p

=20"SQRT(4.5'VISCO(T8) H/((Gs-1)' DENSI(T6)"981°60°1)) |=100" (Msw-Mb-Mdw-+Mbd)/M0" VI/(V-(Maw-Mbd)/Gs/DENSI(Te))

COMPARISON OF HYDROMETER AND

Figure 15 Formulas used in Fig. 14.

PIPETTE ANALYSES

Pipette analysis has several advantages over hydrometer analysis. It takes less
time because the sampling depth is adjustable, whereas it is fixed in hydrometer

analysis, The calculati

ons are also simpler and there is no need to account for the

correction of meniscus or hydrometer dilation. However, compared to hydrome-
ter analysis, pipette analysis is less adapted to the conditions encountered in a

field laboratory. It re

quires accurate weight measurement. As shown in Figs. 10
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and 11, hydrometer and pipette analyses give similar grain size distribution
curves. This similarity is not surprising because both analyses are based on sedi-
mentation (Stokes’ law)and sample preparation is identical.

REVIEW QUESTIONS

10.

11.

EXERCISES

What is the purpose of pipette analysis? On which physical principle is pi-
pette analysis founded?

Does pipette analysis determine the size of soil particles exactly?

Compare pipette analysis and hydrometer analysis based on their principles
and experimental procedures.

What is the purpose of a dispersing agent? Does its use require a correction
in pipette analysis?

Why is a constant temperature required during the sedimentation process?
What is the purpose of pipette calibration? Do you have to repeat it before
each sampling?

For what reason do you agitate the suspension at the beginning of a pipette
test?

When does the analysis time start in pipette analysis?

If one wanted to sample at a depth of 5 cm (instead of 10 cm) during pi-
pette analysis, what would be the effect of this change?

What is the average duration of a pipette analysis? Why does pipette analy-
sis require less time than hydrometer analysis?

Why is it difficult to measure the particles with a diameter larger than 75 um
by using pipette analysis?

Using a spreadsheet program, construct a table of sampling times similar to
Table 1, but for H =15 cm and T = 20°C instead of H = 10 cm and T = 25°C.
Derive Eqgs. 4 and 6, which estimate the mass of dispersing agent in the pi-
pette for the dry and wet methods.
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OBJECTIVE

The buoyancy analysis is based on the same physical principles as hydrometer
and pipette analyses. The buoyancy analysis can be used to determine the grain
size distribution of fine-grained soils having particle size smaller than 75pum. If
soil samples have fine and coarse particles including sand, silt and clay particles,
sieving and buoyancy analyses are combined as explained in Chapter 1-7.

To our knowledge, the buoyancy analysis is a new type of experiment for
grain size analysis. Compared to the hydrometer analysis, it gives faster results
but requires accurate weight measurement. Compared to the pipette analysis, it
has fewer and less complicated experimental steps.

EQUIPMENT
The equipment of the buoyancy analysis includes the following:

e Teflon sphere about 2.5 cm in diameter attached to a 0.1 mm thick nylon
line by using a small point of rapid glue. As shown in Fig. 1 the line is at-
tached to a light frame which can sit on the platen of a sensitive scale.

e Dispersion apparatus (same as for hydrometer analysis).

e Two 1000 mL sedimentation cylinders (same as for hydrometer analysis).

e Thermometer, ranging from 0 to 50°C, accurate to 0.5°C.

Stop-watch.

Balance accurate to 1 mg mounted on a cantilever support as shown in Fig. 1.
Measuring cylinder, 100 mL.

Drying oven.

Hand agitator about 400 mm long.

500 mL of Hydrogen peroxide.

1000 mL of stock solution of sodium hexametaphosphate prepared as in hy-
drometer test.

65
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_—~ Sedimentation
hﬂC cylindcr

Soil suspension

Figure 1 Equipment for buoyancy analysis. A sphere about 2.5 cm
in diameter is attached to a nylon line and a light frame.

SAMPLE PREPARATION AND PRETREATMENT

The test specimen is selected, pretreated for removal of organic matter, and
mixed with a dispersing agent as described in Chapter 1-4.

INSTRUMENT CALIBRATION

Before each experiment, the following calibration steps are performed:

1. Clean and dry the sphere and measure its mass M, suspended in the air
(Fig. 2a).

2. Immerse the sphere in water and measure its mass M,, and the water tem-
perature (Fig, 2b).

3. Pour 125 mL of stock solution of sodium hexametaphosphate into a 1000 mL
graduate, and add distilled or demineralized water to reach the 1000 mL
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(d

Figure 2 Measurements of mass M,, M,,, M,, and M,, and defini-
tion of corrected sampling depth during the buoyancy analysis.

mark. Immerse the sphere in the graduate, and measure its mass M, and the

temperature of the dispersing agent solution (Fig. 2c). The temperature
should be similar to the water temperature in step 2.

After the removal of organic matter, addition of dispersing agent (see Chapter 1-4),

and calibration, the test procedures consist of the following steps:

1. Follow steps 2 to 5 of the hydrometer analysis.

2. At the following times r after the beginning of sedimentation: t = 0.5, 1, 2,

4, 15, 30, 60, 120, 240, and 480 minutes, slowly immerse the sphere in the
soil suspension to a depth H = 10 cm, and measure mass M, (Fig. 2d). The
sampling depth and time series defined above should cover grain sizes rang-
ing from 1 to 75 wm. The time ¢ and depth H of sampling are related to
grain size D as follows:

30mH

‘=G, - n%sip, D2 ) )

where G; is the specific gravity of soil particles, p,, the unit mass of water
(g/em?), n the viscosity of water (g/cm/s), H the sampling depth (cm), and
D the grain size (mm). There should be no air circulation around the scale
to avoid fluctuation in readout.

3. After each sampling, measure the water temperature 7,, which should not

_vary excessively during the experiment. If 7, is largely different from the
temperature at which M,, M,, and M, were measured then these quantities
must be measured again at temperature 7,.
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4. After removing the sphere from the soil suspension, use a wash bottle to
clean it of soil particles which may be attached to it. Then immerse the
sphere in water at the same temperature as the soil suspension.

The grain size D (mm) is:

[,
b= G- @

where ¢ is the time (min) after the beginning of sedimentation, G, the specific
gravity of soil particles, p,, the unit mass of water (g/cm?) at temperature 7}, and
n the viscosity of water (g/cm/s) at temperature T,. The corrected sampling depth
Hpy (cm), which accounts for the rise in water level when the sphere is immersed
in the suspension, is
= V . Ma -M w _T 2

HR_-H—ZA, V= r— and A_ch (3)
where H is the sampling depth (cm), 4. the internal diameter of the sedimenta-
tion cylinder (cm), M, the mass of the sphere in water (g), and M, the mass of

the sphere in air (g). The volume of the sphere can also be calculated from its di-
ameter.

The percentage p by weight of particles with diameter smaller than D is:
__‘_’ﬁ pr.r(Mr_Mr)
L Mmr (G.r I 1)Mu - GSMW * Mi’

x 100 (%) ()

where M,,, is the total mass of oven-dry soil in suspension (g), V,,, the total vol-
ume of suspension (mL), p,, the unit mass of water (g/cm?) at temperature T,, G,
the specific gravity of soil particles, M, the mass of sphere in suspension at time t
(g). and M,, the mass of sphere in water and dispersing agent (g).

Figures 3 and 4 show the results of buoyancy analysis obtained for a silt from
Los Angeles, California. The results are presented in a grain-size distribution

100

—— Buoyancy
80 4 —{— Hydrometer

60 -

Percent finer by weight

»;

0 -
0.001 001 0.1

Grain size (mm)

Figure 3 Comparison of resuits for buoyancy and hydrometer anal-
yses on a silt from Los Angeles, California.
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curve similar to that of hydrometer analyses. Figure 5 shows the formulas used in
Fig. 3. Figures 3 and 6 give the results of a hydrometer analysis performed on
the same material as the buoyancy analysis. Both analyses use the user-defined
functions DENSI and VISCO (see Chapter 1-4). DENSI and VISCO return the
water unit mass (g/cm?) and water viscosity (g/cm/s), respectively, at temperature

T (°C).
A | B ] e 1 D | E | F
1 Buoyancy analysis
2 Analyst name: Julie Young
3 Test date: 10-Feb-96
4 Sample description: Silt from Los Angeles, CA
5 Depth of sampling H = 126 cm
6 Specific gravity G, = 2.65
7 Total mass of soll in suspension Mo = 50 g
8 Total volume of suspension Vi, = 1000 cm?®
9 Mass of sphere in air M, = 25.593 g
10 Mass of sphere in water M, = 17.035 g
1 Mass of sphere in water and dispersing agent M, = 17.019 g
12 Diameter of sedimentation cyclinder d = 595 cm
13 Unit mass of water and dispersing agent r; = 0.999 g/cm®
14 Volume of sphere V = 8.58 cm®
15
16
Mass of
Time sphere in - Percent finer
(min) Km0 Temperature ("C)| Grain size (mm) by weight
n @
18 t M, L
19 1 16.827 24.5 0.046 71.94
2 2 16.858 24.5 0.032 60.33
21 4 16.9 24.5 0.023 44.59
2 15 16.943 24.5 0.012 28.48
2 30 16.95 24.5 0.008 25.86
Pl 60 16.956 24.5 0.006 23.61
25 1300 16.975 24.5 0.001 16.49
Figure 4 Example of data set for buoyancy analysis.
D | E | F
13 Unit mass of water and dispersing agent r, = =(Ma-Mr)/V glem®
u Volume of sphere V = =(Ma-Mw)/DENSI(24.5) _ cm®
D E
7 Grain size (mm) Percent finer by weight
18
19 |=SQRT(30°VISCO(Te) (H-V/(2"PI()'D*2/4))/(Gs-1)/981/T) |=DENSI(T8) Gs'(Mr-M1)/(Ma"(Gs-1)-Mw" Gs+Mr) VioUMiot*100

Figure 5 Formulas used in Fig. 4.
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COMPARISON OF BUOYANCY, HYDROMETER
AND PIPETTE ANALYSES

REFERENCES

REVIEW QUESTIONS

The buoyancy analysis offers advantages over the hydrometer and pipette analy-
ses. It takes less time to complete than the hydrometer analysis, and requires
fewer and less complicated steps than the pipette analysis. However, like the pi-
pette analysis and in contrast to the hydrometer analysis, the buoyancy analysis
requires accurate weight measurement. As shown in Fig. 3, the buoyancy and hy-
drometer analyses give similar grain size distribution curves. This similarity is not
surprising because both analyses are based on the same physical principle (i.e.,
Stokes’ law), and sample preparation.

See Introduction for references to ASTM procedures (pages 4 to 6).

BS 1370, 1975, Methods of tests for soil for civil engineering purposes, British
Standards Institution, London, UK.

1. What is the purpose of the buoyancy analysis? On which physical principle
is this analysis based?

Does the buoyancy analysis determine exactly the size of soil particles?
Compare the principle and experimental procedure of the buoyancy, pipette
and hydrometer analyses.

4. What is the purpose of the dispersing agent? Does its use require a correc-
tion in the buoyancy analysis?

Why is a constant temperature required during the sedimentation process?
For what reason do you agitate the suspension at the beginning of the buoy-
ancy test?

w N

i



Combined Grain Size
Analysis

OBJECTIVE

EQUIPMENT

A combined grain size analysis is required when neither the fraction of soil parti-
cles smaller_than 75 um nor that with particles larger than 75 um can be ne-

glected. A sieve analysis is performed on the fraction with particles larger than 75

pum, and a sedimentation (hydrometer, pipette, or buoyancy) analysis 1s per-
MQQMW with particles smaller than 75 pum. The combined analysm

gives a gram size distribution curve over a wlde range of grain size.

The equipment for the combined analysis is identical to that used for sedimenta-
tion and sieve analyses.

PREPARATION OF SAMPLE

PROCEDURE

The total amount ofm should be_ sufficient to yield the required amounts
of material for both sieve and sedimentation analyses. Samples of soils having
fines with little or no plasticity are oven dried, weighed, and then separated on a
No. 200 sieve. Samples of soils having plastic fines are soaked in water as ex-

plained for wet sieving (see Chapter 1-2), then washed over a No. 200 sieve.

1. Perform a sieve analysis on a representative portion of the sample, and
measure the weight passing through a No. 200 sieve.

2~ Perform a sedimentation (hydrometer, pipette, or buoyancy) analysis on a
sample passing through a No. 200 sieve.

A
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COMPUTATION

Combined analysis and sieve analysis have identical grain size distribution curves
for particles retained in No. 200 sieves. However, for particles tested in the sedi-
mentation analysis, the total percent by weight finer becomes:

P=37 P (1)

tot

where Wy is the weight of dry sample passing a No. 200 sieve, W\, the weight of
total dry sample in sieve analysis, and p;, the percent by weight finer calculated in
sedimentation analysis alone. The clay fraction, which is the percent by weight

finer than 2 pm, should be calculated by using the combined percent by weight
finer calculation of Eq. 1.

EXAMPLE

The results of the combined analysis are presented on a grain size distribution
curve similar to the one used for sieve and sedimentation analyses. As shown in
Fig. 1, the curves obtained from sieve and sedimentation analyses may not con-
nect smoothly. This offset is caused partly by the breakdown of Stokes’ law for
arge particles in hydrometer analysis and the difficulty of wet-sieving fine parti-
cles in the presence of surficial tension in the sieve analysis. As shown in Fig. 1,
both curves are joined by constructing a smooth curve between them. The data of
Fig, 1 are listed in Fig. 2, and Fig. 3 shows the formulas used in Fig. 2.

100 y a3

LW
~

—>— Sieve
—&— Hydrometer
Combined

os
(=]

Percent by weight finer
2

20 4

0.001 0.01 0.1 1 10
Grain size (mm)

Figure 1 Grain size distribution curves from sieve and hydrometer
analyses (after Lambe, 1951).

REFERENCE

See Introduction for references to ASTM procedures (pages 4 to 6).
Lamge, T. W., 1951, Soil Testing for Engineers, John Wiley & Sons, New York.
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A | B | C | D E
1 Combined analysis
2
3 Analyst name: T.W. Lambe
k] Test date: 74-Oct-49
5 Sample description: Silty sand: grayish brown; well graded.
6
Combined
Grain size Seperata percent
() pgrcanl finer finer by
7 vl B o waight
8 d P Be
9 Sleve analysis 4.760 100.00 100.00
10 Mass passing No. 200 sieve Wiz, (0) = 67.6 2.380 100.00 100.00
1 Total sample mass Wi (g) = 424.7 0.840 79.16 79.16
12 0.420 60.81 60.81
13 0.150 22.75 22.75
14 0.075 15.92 15.92
15 Hydrometer analysis 0.0845 53.97 8.59
16 0.0604 50.74 8.08
17 0.0440 42.45 6.76
18 0.0321 33.56 5.34
19 0.0210 22.84 3.64
2 0.0151 16.98 2.70
21 0.0108 12.13 1.93
2 0.0077 9.30 1.48
3 0.0062 8.09 1.28
2 0.0046 6.06 0.97
25 0.0015 2.99 0.48
26 0.0013 2.43 0.39
7 Clay fraction (%) = 0.5

REVIEW QUESTIONS

L

2.

Figure 2 Example of data set for combined
1951).

analysis (after Lambe,

E
Combined percent finer

by weight
7
8 P
9 =p
10 |=p
11 |=p
2 |=p
13 |=p
4 |=p
15 |=p*WN200/Wtot
16 |=p*WN200/Wiot D | E
17 |=p*WN200/Wiot 4 Clay fraction (%) = =INTER(0.002,d,pc)

Figure 3 Formulas used in Fig. 2.

_ What is the purpose of a combined grain size analysis? On what type of
soils do you need to carry out a combined grain size analysis?
Is it possible for the grain size distribution curves of sieve and sedimenta-

tion analyses to overlap?
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-1 Principles of Liquid
and Plastic Limits Tests

WATER CONTENT

The engineering behavior of fine-grained soils depends on factors other than par-
ticle size distribution. It is influenced primarily by their mineral and structural
composition and the amount of water they contain, which is referred to as water
content (or moisture content). The liquid and plastic limits tests characterize the
effects of water content on fined-grained soils and help to classify fine-grained
soils and to assess their mineral composition and engineering properties.

Soils are made of solid particles with voids between, These voids are generally
filled with air and water. The water content w of a soil is

w:%x 100 (%) (1)

5

where W, is the weight of water removed from the soil by oven drying at 105° to
110°C and W, is the weight of the dried soil. A soil is considered to be dry when
its mass does not change by oven drying, which may usually require about 12 to
24 h.

Oven drying removes the water completely from soils without clay particles,
but partially from soils with clay particles. Clay particles are made of clay minerals
and have plate-like shapes smaller than 2 pm. Table 1 lists four common clay min-
erals and typical values of their specific surfaces. Kaolinite, the largest clay mineral,
has a thickness or edge dimension of about 1 pm, while montmorillonite, one of
the smallest clay minerals, has a thickness of only a few nanometers.

The clay minerals relate to water in several complex ways, which give three
main categories of water around a clay particle as shown in Fig. 1:

L. Adsorbed water, held on the particle surface by powerful electrical forces
and virtually in a solid state. This layer is about two water molecules thick

75
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TABLE 1

Average values of relative sizes, thicknesses, and specific surfaces of four
common clay minerals (after Yong and Warkentin, 1975).

Typical thickness  Typical diameter  Specific surface

Clay mineral (um) (um) (m?/g)
Montmorillonite 0.003 0.1-1 800
lllite and
Chlorite 0.03 10 80
Kaolinite 0.056-2 0.34 15
Adsorbed layer (0.0\005 pm thick) Clay mineral
o | (2 A — pousic uyer
’ (0.04 pm thick)
/. ==
1 pm

Figure 1 Schematic side-view representation of a typical particle of
kaolinite, with its adsorbed layer and double layer.

(i.e., 0.0005 pm). The adsorbed water cannot be removed by oven drying at
110°C and is considered to be part of the soil particles.

2. Chemically combined water, in the form of water of hydration within the
crystal structure. This layer is referred to as the double layer. Its thick-
ness varies with clay minerals, type, and concentration of ions in the wa-
ter, and other factors (Yeung, 1992). As shown in Fig. 1, the double
layer is about 0.04 um thick for a kaolinite clay particle. Except for gyp-
sum and some tropical clays, this water is not generally removable by
oven drying.

3. Interstitial water, not so tightly held as chemically combined and adsorbed
waters, It can be removed by drainage, air drying, or oven drying.

LIQUID AND PLASTIC LIMITS

The mechanical properties of a clay are altered by changing the water content. A
clay softens when water is added, and with sufficient water, forms a slurry that
behaves as a viscous liquid; this is known as the liquid state. If the water content
is gradually reduced by drying it slowly, the clay eventually begins to hold to-
gether and to offer some resistance to deformation; this is the plastic state. With
further loss of water, the clay shrinks and its stiffness increases until it becomes
brittle; this is the semisolid state. As drying continues, the clay continues to shrink
until it reaches a constant minimum volume. Beyond that point, further drying
causes no further decrease in volume; this is the solid state. These four states are
shown in Fig. 2. The change from one state to the next is not abrupt, but gradual.



Plasticity Chart

PLASTICITY CHART

SL shrinkage limit
PL plastic limit
LL liquid limit

Dry soils

Water content
>

Solid Semi-solid Plastic Liquid j
Hie state state state state Sosgios

Descripti Hard : Water-held
ption 0 Stiff Workable Sticky Slurry suspension

<
Shear strength (kPa) =170. =1.7 =0,

Figure 2 Variation of consistency of fine-grained soils with water
content.

These smooth transitions are empirically defined by introducing the liquid limit
LL, plastic limit PL, and shrinkage limit SL. The moisture content between PL
and LL is the plasticity index PI:

PI=LL— PL ' )

PI is a measure of the plasticity of a clay.

The liquid and plastic limit tests provide a means of measuring and describ-
ing the plasticity range of clay soils. Liquid and plastic limits are also referred to
as Atterberg limits, after the Swedish scientist A. Atterberg, who first defined
them for the classification of agricultural soils in 1911, Originally, the limits were
determined by simple tests using an evaporating dish (Bauer, 1959). The proce-
dures were defined more precisely for engineering purposes by Casagrande
(1932). The mechanical device he designed for determining the liquid limit is still
known as the Casagrande apparatus (Casagrande, 1958). A cone penetrometer
apparatus can also be used instead of the Casagrande apparatus, but we will not
describe this technique.

Sedimentation tests (e.g., hydrometer tests) give the clay fraction but unfortu-
nately, no information about the type of clay. Clay particles are too small to be
examined visually except by using an electron microscope. The identification of
clay minerals in soils with x-ray diffration would also be too lengthy and expen-
sive for engineering practices. The liquid and plastic limit tests are two basic en-
gineering experiments that enable the classification of clay soils and assessment of
their probable types of clay minerals.

Fine-grained soils are usually classified by using the plasticity chart. The
plasticity chart is a graphical plot of the liquid limit LL against the plasticity in-
dex PI. The standard plasticity chart is shown in Fig. 3. When the values of LL
and PI for inorganic clays are plotted on this chart, most of the points lie just
above the line marked A-line and in a narrow band parallel to it. The A-line is
defined by the relationship

PI=0.73 (LL — 20) (3)

where PI and LL are in percent. The A-line is a reference line derived from ex-
perimental observations. It does not represent a well-defined boundary between
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Figure 3 Plasticity chart.

soil types. The U-line of Fig. 3 is a tentative upper limit for all soils, which was
also drawn from experimental data. The U-line has the equation

PI=0.9(LL-8) 4)

Table 2 provides us with a few examples of liquid limits, plastic limits and
plastic indexes for various clay minerals and soils. The data points of Table 1 are
plotted by using two different scales in Figs. 4 and 5. Most points are lined up
along the A-line.

Based on a compilation of experimental results on the Atterberg limits of
various clay minerals, Holtz and Kovacs (1981) observed that the clay minerals
can be determined by using the Atterberg limits and the plasticity chart (see
Fig. 6). As shown in Figs. 4 and 5, montmorillonites are very high on the chart,
close to the U-line, whereas illites and kaolinites are close to the A-line.

800

U-line
—=—=—=—A-line

Illite

Kaolinite

Boston blue clay
Aardvack clay
Beverly clayey silt
Morganza Louisiana clay
Montmorillonite
Attapulgite
Mexico City clay

Plasticity index (%)

eEBOOXOMPe®

0 200 400 600 800

Liquid limit (%)
Figure 4 Representation of various clay minerals and natural soils
on the plasticity chart (0 < LL < 800%).
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Figure 5 Representation of various clay minerals and natural soils
on the plasticity chart (0 < LL < 200%).
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Figure 6 Location of common clay minerals on the plasticity chart
(after Holtz and Kovacs, 1981).

CONSISTENCY OF CLAYS

The state of a clay cannot be defined solely by its water content. Two different
clays with identical water content may exhibit quite different characteristics. It is
therefore preferable to characterize the state of a clay by the liquidity index LI,
which relates its water content to its liquid and plastic limits as follows:

w—PL _w-—PL

e 7 T e ®)

LI provides us with a normalized representation of water content in relation to
the plasticity range. Below the plastic range (i.e., w < PL), LI is negative. At the
liquid limit (i.e., LI = 1), a slowly drying slurry first begins to show a small but
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TABLE 2

Typical ranges of index properties of some common clay minerals and natural soils
(after Lambe and Whitman, 1979; and Lambe, 1951).

Mineral Exchangeable Liquid Plastic Plastic
ion limit (%) limit (%) index (%)
Montmorillonite Na 710 54 656
K 660 98 562
Ca 510 81 429
Mg 410 60 350
Fe 290 75 215
lllite Na 120 53 67
K 120 60 60
Ca 100 45 55
Mg 95 46 49
Fe 110 49 61
Kaolinite Na 53 32 21
K 49 29 20
Ca 38 27 11
Mg 54 3 23
Fe 59 37 22
Attapulgite H 270 150 120
Mexico City clay 388 226 162
Boston blue clay (illite) 41 25 16
Aardvack clay 30.6 19.6 11
Morganza Louisiana clay 104 74.8 29.2
Beverly clayey silt (illite) 195 16.3 32

definite shear strength. As the moisture content decreases and LI approaches
zero, the shear strength increases considerably, and at the plastic limit (LI = 0)
the shear strength may be 100 times greater than at the liquid limit LL.

ACTIVITY OF CLAYS

The Atterberg limits are related to the combined effects of particle size and min-
eral composition. In Fig. 7, Skempton (1953) showed that the plasticity index de-
pends on the clay fraction—percent by weight of particles finer than 2 pm—and
that the plasticity index/clay fraction ratio was constant for a given clay mineral.

140

120 -

Shellhaven A=1.30

8
>rom

Plasticity index (%)

2 s 8 8

(=]

0 20 40 60 80 100
Clay fraction (%)

Figure 7 Relation between plasticity index and clay fraction (after
Skempton, 1953).
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The slope of the linear relationship between PI and the clay fraction of a partic-
ular clay is called the activity A:

_ PI(%)
"~ clay fraction (%)

(6)

On the basis of their A values, clays can be classified into the four groups of
Table 3. Approximate values of A for some clay minerals are listed in Table 4.
Montmorillonites are highly active because they have very small particles and
large plasticity indices.

TABLE 3
Activity of clays
Description Activity
Inactive < 0.75
Normal 0.75-1.25
Active 1.25-2,
Highly active 2
(e.g., bentonite) 6 or more
TABLE 4

Activity of various minerals
(after Skempton, 1953; and Mitchell, 1993)

Mineral Activity
Na-montmorillonite 4-7
Ca-montmorillonite 1.5
ite 0.5-1.3
Kaolinite 0.3-0.5
Halloysite (dehydrated) 0.5
Halloysite (hydrated) 0.1
Attapulgite 0.5-1.2
Allophane 0.5-1.2
Mica (muscovite) 0.2
Calcite 0.2
Quartz 0.
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REVIEW QUESTIONS

1. Why do we use Atterberg limits to characterize fine-grained soils? Why is
the result of the hydrometer analysis insufficient for this purpose?
2. Define water content? Give an example of a maximum value for the water
content in soils.
3. How many categories of water can we distinguish around clay particles?
Can you name these categories?
4. What are the definitions of liquid and plastic limits? Are these definitions
based on theoretical or empirical concepts?
5. Does the shear strength increase or decrease with water content in fine-
grained soils?
6. Is it possible for a soil to have a liquid limit and a plasticity index both
equal to 30%7? Why?
7. Define activity of clays. What is it used for?
8. Is it meaningful to define the activity of a sand?
9. Define clay fraction.
10. A sample of wet clay and its container weigh 102 g. After oven drying, the
sample and the container weigh 60 g. What is the water content?
11. It is possible for a sample of clay to have a water content equal to 700%?
Can you give an example?
12, Which clay mineral has the largest activity? Why is it so active?
EXERCISES
1. Calculate the activity of the clay from the following test results.
Clay fraction Plasticity Clay fraction Plasticity
Soils (%) index (%) Soils (%) index (%)
Shellhaven 59.3 85.2 London clay 701 61.4
60.6 81.3 64.9 62.5
58.9 78.4 61.0 55.1
50.2 68.8 63.7 55.1
511 61.4 54.5 53.4
50.2 58.0 55.0 494
394 50.6 53.2 48.3
36.4 48.3 51.1 47.7
34.2 42.6 49.8 489
26.0 341 476 48.3
251 31.3 48.9 443
48.9 42.0
45.0 42.0
42.4 415
433 39.2

411 375




Exercises

2. Calculate the activity of the clay from the following test results,

Clay fraction Plasticity Clay fraction 7 le" '

Soils (%) index (%) Soils (%) index | (%) .
Weald clay 69.3 40.3 Horten 48.9 182 |

64.5 375 41.6 188, .,
55.8 356.2 40.7 14.2
35.9 21.0 37.2 15.9
29.9 19.3 37.7 14.2
27.7 18.2 33.3 125
225 15.9

21.2 1256

14.7 11.9




i- Determination
of Water Content

DEFINITION

By definition, water content, w, is the ratio of the weight of water in a given soil
mass to the weight of solid partlcles. The standard and recommended method for
determining the water content of soils is the oven-drying method with a drying
temperature of 105° to 110°C. Alternative methods include the sand bath
method, the carbide method, and the alcohol method. Detailed instructions on
these alternative procedures are given by Head (1984).

EQUIPMENT
The equipment for determining water content includes:

e Thermostatically controlled drying oven, capable of maintaining a tempera-
ture of 105° to 110° C. A microwave oven may be used for fast and approxi-
mate determination of water content (see ASTM D6643).

e Balance accurate to 0.2% of the sample weight.

o Small metal containers with lids. Containers and lids should be as light as
practicable in relation to the amount of material. They should be washed
clean and drled thoroughly before use. *

PROCEDURE

1. Clean, dry, and weigh the container and its lid. Make sure that both have
the same labels.

2. Select the test sample to be representative of the soil from which it is
taken. It is recommended to determine two or three separate moisture contents
and to average them. However, if only a very small quantity of soil is available, it
is better to use it all for one measurement. It is recommended to select the ap-
proximate mass of the specimen depending on soil types as follows:
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Soil type Mass
Homogeneous clay and silts 30 g
Medium-grained soils 300 g
Coarse-grained soils 3 kg

3. Place the specimen in the container and immediately determine the
weight of the container, lid, and wet soil. Each sample should be weighed as soon
as possible. If weighing is delayed, the lid must be fitted tightly to avoid loss of
water by evaporation.

4. Before placing the specimen in the oven, remove the lid and place it un-
der or next to the container in the oven. Leave the specimen in the oven until it
has dried to reach a constant weight. The time required for drying will vary de-
pending on the type of soil, size of specimen, and type of oven. It takes a few
minutes in the microwave oven but can take several hours in a standard oven.

5. When the specimen is estimated to be dry, remove its container from the
oven and close it with its lid. Allow the container to cool until it can be handled
comfortably with bare hands, then determine its dry weight. If the specimen is
not weighed immediately after cooling, it must be placed in the oven again to re-
move the moisture that it has absorbed from the atmosphere.

The water content w is calculated as follows:

{' W, -W '
wz____.w‘;_wj x 1 (%) (1)

where W, is the weight of the container, W,, the weight of the container and wet
soil, and W, the weight of the container and dry soil. If two or three separate
measurements have been made on the same soil specimen, the average value of
w is then calculated.

See Introduction for references to ASTM procedures (pages 4 to 6).
Heap, K. H., Manual of Soil Laboratory Testing, Pentech Press, London, 1984,

Why is it not recommended to leave an oven-dried sample in the open air
for a long time before measuring its dry weight?

Excluding oven drying, are there other methods to determine the water con-
tent of soils?

Is it possible to measure the water content of sands?

Why do we use a fixed temperature range to dry soils? What is the effect on
soils of microwave drying?

5. What is the function of the container lid when determining the water con-
tent of a soil?

> S

W



2-3 Liquid Limit Test

OBJECTIVE
The liquid limit test determines the liquid limit of a soil. By convention, the liquid
limit is defined as the water content at which the groove cut into the soil pat in
the standard liquid limit device requires 25 blows to close along a distance of 13
mm.

EQUIPMENT

The equipment for the liquid limit test includes:

e Mechanical device shown in Fig. 1. The cup must fall freely from a height
equal to 10 £+ 0.2 mm above the base. The material and construction must
conform to ASTM D4318-93.

e Grooving tool as illustrated in Fig. 2. The V-groove profile must not differ
more than 0. 25mm from those specified in Fig. 2. The gage for checking the
height of drop of the cup is to be 10 + 0.2 mm.

Locking screw

Follower

Cup

Base

Direction of
rotation

Figure 1 Side-view of Casagrande apparatus,

86
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% 450
lOI 11.5 \
_ !

Figure 2 Grooving tool for Casagrande apparatus (dimensions in
mm).

e Spatula, with a blade about 10 cm long and about 2 cm wide.

e Mixing dish or bowl.

e Specimen containers. Metal containers with lids are recommended. The con-
tainers should be resistant to corrosion. Containers approximately 2 cm high
by 5 cm in diameter are adequate.

o Balance, sensitive to 0.01 g.

e Drying oven.

e Sieve, U.S. Standard No. 40 (0.42 mm).

1. The liquid limit device must first be calibrated. Its bowl must be clean, dry,
and oil-free. The height of drop is checked by using the spacer gage on the
grooving tool handle (see Fig. 2). This 10-mm-thick steel block should just
pass between cup and base when the cup is at its maximum height (see
Fig.1). The locknut is tightened after adjustment and the maximum height
rechecked with the gage.

2. Whenever possible, the soil used for Atterberg limits tests should not be
dried prior to testing. Oven-drying alters the index properties of soils, espe-
cially of organic clays. The test material should be free from coarse particles
(e.g., larger than 425 pm). If sieving is required, the soil may be air dried
before testing. About 250 g of dry soil is needed for both the liquid and
plastic limit tests. An essential step in the sample preparation is thorough
mixing of the soil with water. Natural or distilled water is preferable to tap
water, to avoid ion exchange between soil and water impurities, which may
affect the soil plasticity. Water and soil are mixed on a glass plate by using
a spatula until the mixture is uniform and behaves as a soft paste that can
be shaped with a spatula.

3. Place 50 to 80 g of the specimen in the bowl and level it off to a depth of
approximately 1 cm. The surface of the soil paste should be smoothed off
level and parallel to the base, giving a depth at the greatest thickness of 10
mm (Fig. 3).
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Level surface

Figure 3 Soil placed in a Casagrande bowl. Figure 4 A groove is cut through the sample
from back to front.

4. As shown in Fig. 4, a groove is cut through the sample from back to front,
dividing it into two equal halves. Starting near the hinge, draw the grooving
tool toward the front in a continuous movement with a circular motion,
keeping the tool normal to the cup surface and its chamfered edge in the di-
rection of movement. The tip of the tool should scrape the bowl lightly. The
completed groove must be clean and sharp.

5. Turn the crank handle at a steady rate of two revolutions per second, so
that the bowl is lifted and dropped. Continue turning until the two halves of
the soil pat come in contact at the bottom of the groove along a distance of
13 mm, as shown in Fig. 5. During the test, the soil should slump and flow
plastically in the bowl. It should not slide on the bowl surface. Record the
number of blows required to close the groove.

6. Remove 5 to 10 g of soil from the sample and use it to determine the water
content of the complete specimen.

7. Repeat the run. Transfer the soil remaining in the cup to the mixing dish,
and repeat steps 3 to 6 for three additional specimens with various water
contents. The water content can be lowered by drying the specimen through
continued mixing with a spatula and a hair dryer. It is recommended that
the water content be adjusted to obtain two specimens between 15 and 25
blows, and two others between 25 and 35 blows. Material left over in the
mixing dish should be preserved for the plastic limit test.

COMPUTATION
The water content w; corresponding to the blow counts N; is calculated as in
Chapter 2-2. The line passing through n data points (log N;,w;) is determined by
linear regression,

w=AlogN+ B N

where the slope A and intercept B are
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Figure 5 For the liquid limit, the groove is assumed to be closed
when the two soil parts come in contact along a distance of 13 mm.

n

nz w; logN; — z W, z log N,

A= =1 im1  j=1

" n 2
nz (logN;)? — [Z logN,]

i=1 i=1

»

and

n

Z w,-z (logN;)? — z IogN;.z w; log N,

B:izl f=] f=1 i=1 (2)

n

n Z (log N,)? —[i log N‘.]-
i=1

i=1]

The liquid limit corresponds to N = 25 on the line w = A log N + B

LL =A log(25) + B (3)

As shown in Figs. 6 to 8, four different specimens of a particular clay were used
to find the liquid limit. In Fig. 6 the logarithmic horizontal axis represents the
number of blows N;, and the vertical axis represents the corresponding moisture
content w;. In Fig. 6, the straight line drawn through the experimental points was
defined by using a linear regression on four data points (log N;, w;). All the for-
mulas used in Fig. 7 are listed in Fig. 8. The liquid limit is calculated by using Eq.
3 calibrated with the coefficients A and B found by linear regression.

Figure 9 shows additional examples of results for the liquid limit tests on
several clays (data after Casagrande, 1932). The points (N, w) are lined up along
straight lines, even for a wide range of N values.
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Figure 8 Example of linear regression for finding the flow line.

A | B | C l o | E | §Fr | ¢
1 Liquid limit
[ 2 | Analyst name: Henry T. Guapo
3 Test date: 20-Feb-94
E Sample description: Aardvark modeling clay
5
) Tare Water Water
nui'lelt:ar m::;e( ) Tar:‘):n(th) wet | with dry 50'3:" content | content
: 4 . soil (g) (%) |fitted (%)
7 W, W, W, N w
'L 1 47.72 59.89 57.05 24 30.44 30.70
| 9 | 2 43.21 59.76 55.95 31 29.91 29.76
(10 | 3 45.17 61.25 57.45 22 30.94 31.02
i1 4 45.81 58.26 55.26 19 31.75 31.56
(12| Liquid limit (%) = 30.55
13 | Slope of flow line = 0.119

Figure 7 Example of data

set for liquid limit test.

F G
¢ Water content (%) Water content fitted (%)
7 w
8 |=100*(Ww-Wd)/(Wd-Wc) |=TREND(w,LOG10(N),LOG10(E8)) '
9 |=100*(Ww-Wd)/(Wd-Wc) |=TREND(w,LOG10(N),LOG10(E9))
B _ C
12 Liquid limit (%) = =TREND(w,LOG10(N),LOG10({25}))
13 | Slope of flow line = =-SLOPE(LOG(w),LOG(N))
Figure 8 Formulas used in Fig. 7.
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Figure 9 Additional examples of results for liquid limit tests on
several clays (data after Casagrande, 1932).

REFERENCES

See Introduction for references to ASTM procedures (pages 4 to 6).

CASAGRANDE, A, 1932, Research on the Atterberg limits of soils,” Public Roads,
Vol. 8, pp. 121-136.

REVIEW QUESTIONS

What is the purpose of the liquid limit test?

How do you define liguid limit?

Why do you use a special cup and cranking device to determine the liquid
limit? Why not use another shape for the cup?

Should you add or remove water to obtain a lower blow count?

What is the minimum number of data points required to determine the lig-
uid limit?

What is the purpose of calibration of the Atterberg device?

Under what conditions would you use seawater to moisten a clay sample?
Is there is a typical value for the liquid limit for clean fine sand? Justify your
answer.

W N

h &
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EXERCISE

1. Determine the liquid limit from the following experimental results.

Tare with Tare with
Set Tare mass wet soil dry soil Blow
number (g) (g) (g) count
1 47.11 73.87 67.86 34
2 4711 82.44 73.86 29
3 47.07 75.70 69.09 20
4 47.07 76.99 69.41 14
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The one-point liquid limit test is a quick means of determining the liquid limit of a
soil. It requires one moisture content measurement instead of four measurements
as in the standard liquid limit test in Chapter 2-3. However, the one-point liquid
limit test is likely to be less reliable than the standard liquid limit test.

In the test results of Fig. 1 obtained for various types of soil, the points (log N,
log w) are lined up along parallel straight lines having a constant inclination. These
straight lines are called flow lines. Therefore, log(w) and log (N) are related through

log(w) = A’log(N) + B” (1)

where A’ is the constant slope of flow lines. Because Eq. 1 applies to point
(25,LL);

log(w) — A’ log(N) = log(LL) — A’ log(25) (2)

one obtains the following relation between liquid limit LL, water content w, and

number of blows N:
s N I"
LL=w (25 3)

For most soils, A’ was found approximately equal to 0.104, Therefore, LL can be
determined by using Eq. 3 for only one point (N, w). This is the shortcut used by
the one-point limit test. As shown in Table 1, the liquid limits calculated by using
Eq. 3 and A’ =0.104 are generally close to those determined with the standard
liquid limit test.
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Figure 1 Examples of log(N) — log(w) curves (data after Casa-
grande, 1932).

TABLE 1

Measured liquid limits, calculated one-point liquid limits,
and slope of flow lines for several clays
(data after Casagrande, 1932)

Liquid One point Slope of Error

Set limit liquid limit :
(%) (%) flow line (%)
1 834 83.6 0.103 0.2
2 75.9 76.9 0.182 1.4
3 75.0 76.2 0.110 1.6
4 70.3 70.1 0.110 0.4
B 59.5 60.7 0.123 20
6 53.3 53.2 0.102 0.1
7 51.4 49.7 0.084 3.3
8 45.0 445 0.091 0.9
9 39.4 38.0 0.073 37
10 38.2 38.9 0.093 1.8
1 371 371 0.080 0.0
12 346 345 0.094 0.3

EQUIPMENT AND PREPARATION OF SAMPLE

The equipment and sample preparation are the same as for the standard liquid
limit test, except for the soil sample, which is prepared slightly more plastic.
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PROCEDURE
Same as for the standard liquid limit test in Chapter 2-3. The number of blows
should be between 20 and 30.

COMPUTATION
The liquid limit is calculated using Eq. 3 and A’ = 0.104. A liquid limit value should
be computed for two trials of water content determination, and the average of the
two is taken as the final liquid limit. The test is considered valid when the difference
between the two liquid limit values is less than 2% of their average.

REFERENCE

CASAGRANDE, A., 1932, Research on the Atterberg limits of soils, Public Roads,
Vol. 8, pp. 121-136.

REVIEW QUESTION

1. What is the purpose of the one-point liquid limit test? What is the main dif-
ference between the one-point liquid limit test and the usual liquid limit
test?

EXERCISES

1. Verify Eq. 1 from the results of your standard liquid limit tests and calculate
the slope of the flow line.

2. Verify Eq. 3 for the following results of standard liquid hmlt tests. Calculate
the slope of the flow line. Compare the liquid limits calculated by the four-
point and one-point methods.

Set Number Water Set Number Water
number of blows content (%) number of blows content (%)
1 13 90.8 6 8 59.7

16 87.9 13 56.8
27 83.2 21 54.7
30 80.0 24 53.4
49 77.8 24 52.8
87 73.4 26 53.6
2 10 88.9 7 5 58.6
13 85.7 13 54.2
18 80.1 18 52.6
20 78.6 26 51.4
30 72.6 37 49.9
37 71.0 53 47.8
3 8 86.1 8 14 47.5
8 844 23 451
14 80.1 69 M7
16 78.7 76 40.4
21 76.0
25 74.7
31 73.2
43 70.4
46 70.2

48 69.6
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3. For the following test results, compare the liquid limits calculated by the
four-point and one point methods.

Set Number Water Set Number Water
number of blows content (%) number of blows content (%)
4 8 79.2 9 1 414
14 761 16 40.9
22 70.9 21 39.7
25 69.6 46 37.9

33 . 68.8
58 637 10 2 o
5 9 67.8 15 395
16 64.1 16 39.2
15 63.0 20 38.4
17 62.4 29 38.1
24 61.1 29 37.3
23 60.9 38 3756
21 60.4 (A 345
25 60.0
23 59.4
"z’g gg? Set Number Water
29 579 number of blows content (%)
3 57.5 11 14 39.5
35 57.8 14 38.8
37 57.56 16 385
36 56.0 17 38,6
47 55.0 17 37.9
20 378
25 37.2
25 36.8
27 371
26 36.8
27 36.4
27 36.3
31 36.8
32 36.5
40 36.0
12 12 371
14 36.4
23 349
24 34.9
25 345
29 345

36 334




-5 Plastic Limit Test

OBJECTIVE
The plastic limit test is used to determine the lowest moisture content at which
the soil behaves plastically. It is carried out only on the soil fraction passing No.
40 sieve (425 pm) and is usually performed in conjunction with the liquid limit
test. By convention, the plastic limit of a soil is defined as the water content at
which the soil begins to crumble when rolled into a thread 3 mm in diameter.
EQUIPMENT
The equipment for the plastic limit test includes:
o Surface for rolling the thread, such as a glass or plastic plate or smooth li-
noleum tabletop.
e Short metal rod of 3 mm diameter.
e Spatula with a blade about 10 cm long and about 2 cm wide.
e Specimen containers for determination of water content (see Chapter 2-3).
e Balance sensitive to 0.01 g.
e Hair dryer.
e Drying oven.

PROCEDURE

1. About 20 g of soil is prepared as for the liquid limit test. The sample may
be obtained by air drying and sieving through a No. 40 sieve or by taking
the natural soil and removing coarse particles by hand. If it is initially too
wet, the sample should be allowed to dry partially in air on the glass plate
until the right consistency is achieved. Drying may be accelerated by mixing
with a spatula and by using a hair dryer.

96
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Figure 1 The soil specimen is rolled under the fingers into a
thread 3 mm in diameter,

Figure 2 The 3-mm-diameter soil thread crumbles when the water
content is equal to the plastic limit.

2. When the soil is plastic enough, it is kneaded and shaped into a 1- to 2-cm-
diameter ball. The material should be plastic enough not to stick to the fin-
gers when squeezed.

3. The ball is formed into a thread by rolling it under the fingers against the
test surface (Fig. 1). Use just enough pressure to roll the soil into a thread
3 mm in diameter as shown in Fig. 2. Gage this diameter by using metal rod
3 mm in diameter as reference. The pressure required for rolling the thread
varies greatly depending on the soil toughness. Some tough clays may re-
quire firm pressure as they become harder near the plastic limit. Very silty
and organic clays that have a soft and spongy consistency at the plastic limit
must be rolled gently. If the thread diameter gets smaller than 3 mm with-
out crumbling, fold and knead the thread into a ball again and repeat the
rolling process. Knead and roll the soil thread until it has dried to the point
of crumbling and breaking into numerous pieces about 3 to 9 mm in length
when the thread diameter reaches approximately 3 mm. As shown in Fig. 2,
the crumbling of the soil thread, which corresponds to longitudinal and
transverse cracking, should be the result of the decrease in water content,
not the result of excessive hand pressure.

4. As soon as the soil thread crumbles, collect part of it and determine its wa-
ter content. Repeat steps 2 and 3 with another portion of the prepared ma-
terial, and check that two successive runs give approximately the same
plastic limit. If the two test values vary more than 5% from the average, ad-
ditional tests should be performed.
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The plastic limit PL is reported as the average of two similar values. If it is not
possible to obtain a plastic limit in the plastic limit test, the soil is reported as
nonplastic. This also applies if PL > LL. Errors in computing the liquid or plastic
limits can be detected by plotting the point (LL, PI) on the plasticity chart. This
point should fall under the U-line.

An example of plastic limit determination is given in Figs. 3 to 5. Figure 3 sum-
marizes the measured plastic limits, and Fig. 5 lists the formulas used in Fig. 4. In
this example, four measurements were made. The plastic limit is the average of
these four measurements. As shown in Fig. 3, all these measurements vary by less
than 5% from their mean value, and two tests would have been sufficient to de-
termine the plastic limit.
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Figure 3 Variation of the plastic limits in four different tests.

A L B3 1 e 1 D | _E
1 Plastic limit
|2 Analyst name: Mike Kapuskar
3| Test date:  11/13/90
[ 4 | Sample description: Aardvark modeling clay
5
Mass of Mass of Maas' of Water
Set number container Cokaladr, | containes content
©) with wet | with dry soil (%)
| 6 | soll (a) (a)
7 Mg M, My w
8 1 20.10 30.00 28.40 19.28
[ 9 | 2 22.40 29.30 28.10 21.05
| 10 | 3 21.20 31.00 29.40 19.51
1 4 23 35.80 33.80 18.52
12 | Plastic limit (%) = 19.59

Figure 4 Data set for plastic limit test.
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E

Water content (%)

-2

w
8 |=(Mw-Md)/(Md-Mc)*100

A | B
12 | Plastic limit (%) = =AVERAGE(w)

Figure 5 Formulas used in Fig. 4.

REFERENCE

See Introduction for references to ASTM procedures (pages 4 to 6).

EXERCISES

1. Determine the plastic limit from the experimental results of Table El.

TABLE E1

Tare with Tare with

Set Tare mass wet soil dry soil
number (9) (g) (9)

1 4712 Ti42 71.44
2 45,67 75.67 69.94
3 45.66 75.66 70.05
4 45.67 76.67 69.68

2, Same as Exercise 1 but for the experimental results of Table E2.

TABLE E2

Tare with Tare with

Set Tare mass wet soil dry soil

number (9) (9) (9)

1 4711 48.63 48.47

2 43.21 44,96 44,75

3 4712 48.71 48.47

4 10419 106.49 106.19

3. Same as Exercise 1 but for the experimental results of Table E3.

TABLE E3

Tare with Tare with

Set Tare mass wet soil dry soil
number (g) (9) (9)

1 4712 54.70 53.59
2 46.69 47.84 47.63
3 45,61 47.03 46.66
4 45.81 47.77 47.49
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Same as Exercise 1 but for the experimental results of Table E4.

TABLE E4
Tare with Tare with
Set Tare mass wet soil dry soil
number (9) (g) (9)
1 46.70 49.14 48.85
2 47.72 51.50 51.02
3 47.08 49.33 49.05
4 47.72 50.17 49.82




Principles of Shrmkage
Limit Analysis

DEFINITIONS

Fme—gramed soils shrink continuously when the water content decreases, until the‘
water content reaches the shrinkage limit. At that “point the soil partlcles are in
cIose contact, and the sq;l volume can no longer decrease, even if the water con-
tent is reduced furthe her. Clays are more susceptible to shrinkage than are silts and
i Ti okt oolvesive iolb: the shrinkage |t & SpTREebt ionaller Thas B5%

‘plastic limit, except for silts, which have similar shrinkage and plastic limits.

Shrinkage Limit

Figure 1 shows the typical variation of volume measured for clays when the water
content decreases. The volume change decreases proportionally to the loss of wa-
ter content w between points A and B, where w > PL. However, between points
C and D, where w < PL, there is no further decrease in volume as the soil dries.
The shrinkage limit SL is the water content at the intersection of lines AB and
CD. The intercept of line AB (i.e., point F) corresponds to the total volume of
dry soil particles.

Shrinkage Ratio

Related to Fig. 1, Fig. 2 shows the corresponding variation of volume ratio V/V,,
where V is the total soil volume and Vjis the dry soil volume. The shrinkage ratio
SR is the slope of line AF in Fig. 2:

- V)1V
SR:ug (1)

where V; is the volume corresponding to water content w; and V) is the volume

corresponding to water content w,. The columns of Fig. 2 illustrate the variation
of the volumes of soil and its air, water, and solid constituents at various drying

101
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Figure 1 Typical shrinkage curve for clay soil (data Figure 2 Definition of shrinkage ratio SR.

after Head, 1984).

stages. For large water content, the soil is fully saturated, and its volume varies
linearly with w. The volume of the solid fraction is always constant and equal to
the volume at point F. At point E the soil particles cannot get closer together
even though water is being removed, and air starts to fill voids as drying contin-
ues, When V| and V, are both larger that V};, the water content decreases linearly
with the volume change:

Wy — Wy = 570 Vi = V) @)

where p,, is the water unit mass and M, is the mass of dry soil. Therefore, SR is

M,

SR =
pwVﬂ

@)

Linear Shrinkage

The linear shrinkage ratio LS characterizes the change in length induced by dry-
ing a cylindrical sample of soil initially about its liquid limit. LS is

fi=Ly

LS = T

x 100 (%) 4)

where L is the original length of the sample at about the liquid limit and L is the
length of the dry sample. LS gives an indication on the amount of axial strain that
drying may cause to soil samples. LS can also be determined from volume
changes provided that the soil shrinks uniformily in all directions:

LS=(1—3ﬁ]x 100 (%) )

where V is the initial soil volume close to the liquid limit and Vjyis the dry soil vol-
ume. In the case of most British soils (Head, 1984), LS was found to be approxi-
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mately related to the plasticity index PI through

PI=213LS (%) (6)

TYPICAL VALUES FOR SHRINKAGE LIMIT
Table 1 lists some typical values of shrinkage limits for clay minerals and soils.
TABLE 1

Liquid, plastic, and shrinkage limits for several clay minerals and natural soils
(after Lambe and Whitman, 1979; and Lambe, 1951)

Shrinkage Shrinkage
: limit limit
Liquid Plastic  Plasticity Shrinkage calculated calculated
Exchangeable limit limit index limit by method 1 by method 2
Mineral ion (%) (%) (%) (%) (%) (%)

Montmorillonite Na 710 64 656 9.9 -132.3 6.2

K 660 98 562 9.3 -74.8 101

Ca 510 81 429 10.5 -51.3 105

Mg 410 60 350 14.7 -45.3 96

Fe 290 75 215 10.3 21 16.7
llite Na 120 53 67 15.4 26.0 23.4

K 120 60 60 17.56 33.0 27.8

Ca 100 45 55 16.8 234 221

Mg 95 46 49 14.7 25.8 238

Fe 110 49 61 16.3 247 228
Kaolinite Na 53 32 21 26.8 231 229

K 49 29 20 21.2 211

Ca 38 27 11 24.6 221 224

Mg 54 31 23 28.7 21.8 21.7

Fe 59 37 22 29.2 26.56 26.0
Attapulgite H 270 150 120 7.6 825 439
Mexico City clay 388 226 162 43 126.6 52.5
Boston blue clay (illite) 41 25 16 18.7 19.3 19.3
Aardvack clay 30.6 196 11 1217 16.7 16.4
Morganza Louisiana clay 104 74.8 29.2 13.7 521 47.0
Beverly clayey silt (illite) 195 16.3 3.2 13.3 16.4 15.4

APPROXIMATE DETERMINATION OF SHRINKAGE LIMIT

There are two empirical methods to estimate SL from the liquid and plastic lim-
its.

Method 1

The shrinkage limit SL is estimated as follows (Holtz and Kovacs, 1981):
SL=54+073LL-PI (%) (7)

where LL is the liquid limit and PI is the plasticity index. Table 1 compares the
measured shrinkage limits with those estimated using Eq. 7. Eq. 7 is a very crude
approximation of the measured shrinkage limits. Equation 7 even predicts an un-
realistic negative value of the shrinkage limit for montmorillonite.

-
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Figure 3 Method 2 for estimating the shrinkage limit from liquid
and plastic limits.

Method 2

As shown in Fig,. 3, the U- and A-lines of the plasticity chart intersect at point O
with coordinates —43.53 and —46.38. The shrinkage limit SL of a soil with liquid
limit LL and plasticity index PI can be estimated as the liquid limit of the inter-
section point B between line OA and the liquid limit axis, where A has for coor-
dinates LL and PI (Holtz and Kovacs, 1981). This graphical construction
corresponds to

LL +43.53

SL=4638 578

-4353 (%) (8)

where LL is the liquid limit (%) and P/ is the plastic index (%). As shown in Ta-
ble 1, Eq. 8 provides a more accurate approximation of measured shrinkage limits
than does Eq. 7.

ENGINEERING SIGNIFICANCE OF SHRINKAGE

The effects of shrinkage of fine-grained soils are of considerable significance from
a geotechnical engineering point of view. Shrinkage cracks are caused by the

evaporation from the surfa_ce in dry climates and lowering the groundwater table.
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When the climate changes and the soils ug&m have access to water, they tend to
increase in volume and swell. The volumgc s resulting from both shrinkage
and swelling of fine-grained soils are of iough to cause serious damage
to small buildings and highway pavements. In 1973, Jones and Holtz estimated
that shrinking and swelling soils caused about $2.3 billiop.yn damage annually in
the United States alone, which, to put things in-perspet ,was more than twice
the annual cost of damage from floods, hurricanes, tornadoes, and earthquakes
combined.

HEeaD, K. H., 1984, Manual of Soil Laboratory Testing, Vol. 1: Soil Classification
and Compaction Tests, Pentech Press, London.

HoLtz, R. D., and W. D. Kovacs, 1981, An Introduction to Geotechnical Engi-
neering, Prentice Hall, Englewood Cliffs, NJ, 733 pp.

Jonges, D. E., and R. D. Hortz, 1973, Expansive soil—the hidden disaster, Civil
Eng., ASCE, Vol. 43, No. 8, pp. 49-51.

LAaMBE, T. W., 1951, Soil Testing for Engineers, John Wiley & Sons, NY, 165 pp.

Lameg, T. W,, and R. V. WHITMAN, 1979, Soil Mechanics, SI Version, John Wiley
& Sons, New York, 553 pp.

1. Define shrinkage limit. What is the position of the shrinkage limit with re-
spect to the liquid and plastic limits?

2. Define shrinkage ratio.

3. Is it meaningful to define a shrinkage limit for sands?

4. s the shrinkage limit larger or smaller than the plastic limit?

5. Which methods are used to estimate the shrinkage limits from liquid and
plastic limits?
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EQUIPMENT
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Shrinkage limit analysis determines_the shrinkage limit and shrinkage ratio of
fine-grained soils. The shrinkage limit is the water content below which a soil un-
dergoes no further volume change, The shrinkage ratio provides an estimate of
the amount of volume change during drying and wetting. There are two methods
to determine the shrinkage limit: the mercury method and the wax method. The
mercury method is described in this chapter, the wax method in Chapter 2-8.

The equipment for shrinkage limit analysis with mercury includes:

e Shrinkage dish, porcelain or metal, about 42 mm in diameter and 12 mm
deep (Fig. 1).

e Immersion glass cup about 57 mm in diameter and 38 mm deep, with the
rim ground flat.

e Prong plate, transparent, fitted with three prongs and large enough to cover
the immersion glass cup.

e Mercury, a little more than 1 kg, to fill the glass cup completely. Mercury is
a harmful substance—avoid direct skin contact with mercury. After the ex-
periment, pour the mercury back into its container without leaving any mer-
cury trace on the laboratory equipment, bench, or floor. Handling of
mercury can be hazardous unless the appropriate precautionary measures
are taken. Mercury vapour is poisonous when its concentration exceeds 100
pg/m3, It is important to control the surface area of mercury exposed to the
air (absolutely no spillage of mercury on the floor or laboratory bench) and
have a normal ventilation in the room.

e Large evaporating dish and tray, to prevent mercury from spilling,
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Figure 1 Equipment for shrinkage limit analysis. Shrinkage dish,
prong plate, container of mercury, petroleum jelly, spatula, large
evaporating dish, and large tray.

Petroleum jelly, silicon grease, or Teflon powder spray to lubricate shrinkage
dish.

Balance accurate to 0.01 g.
Measuring cylinder, 100 mL.
Drying oven.

Straight-edge spatula.

Take about 40 g of the material used for the liquid and plastic limit tests.
This material should pass a No. 40 sieve. Place the soil in an evaporating
dish and, use a spatula to mix thoroughly with distilled water to obtain a
soil paste with a water content higher than the liquid limit.

Measure the weights of the shrinkage limit dish, first dry, then filled with
water, to determine its volume.

Lightly coat the inside of the dish with petroleum jelly or silicon grease (Fig.
2). This coating will prevent the soil from sticking to the dish or forming
cracks upon drying. Measure the weight of the coated dish.

Fill about one-third of the dish with the soil paste (Fig. 3). Tap the dish with
the spatula handle to cause the soil paste to flow to the edges of the dish
and to release air bubbles. Add a second layer of soil, about the same size
as the first, and again tap the sample to release entrapped air. Add more
soil and overtop the dish slightly. Strike off the excess soil with a straight-
edge and clean off adhering soil from the outside of the shrinkage dish.
Measure the weight of the wet soil and dish.

. Leave the soil in the shrinkage dish to dry in the laboratory until the soil

surface changes to a light color (about 5 to 6 h). Place it in the oven at 105
to 110°C and dry it to constant weight (about 12 to 18 h). Measure the
weight of the dry soil and container.

. Remove the dried soil-pat carefully from the shrinkage dish. It should be

intact if it was adequately air dried before oven drying. Place the immersion
cup in a clean evaporating dish, itself located inside a large tray (Fig. 4). Fill
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Figure 2 Linghtly coat the inside of the shrinkage Figure 3 The shrinkage dish is filled with soil

limit dish with petroleum jelly or silicon grease. paste. The dish is tapped with a spatula handle
to cause the soil to flow to the edges of the
dish. When the dish is completely filled with
an excess standing out, strike off the excess
with a straightedge.

Figure 4 Place the immersion cup in a clean Figure 5 Press the three prongs of the
evaporating dish, itself located inside a large prong plate carefully onto the sample and

tray. Place the dry soil pat on the mercury
surface.

force it under the mercury.
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Prong plate Evaporating dish

Immersion cup

FEESIIL TSI

Figure 6 The three prongs push the dry soil pat into the mercury,
and displace mercury from the immersion cup to the evaporating
dish,

the cup to overflowing with mercury, and remove the mercury excess by
pressing the glass prong plate firmly on the top of the cup. Press slowly to
avoid trapping air under the glass plate. Carefully remove the prong plate.
Transfer the excess mercury collected in the evaporating dish into its origi-
nal container without spilling.

7. Place the soil pat on the mercury surface (Fig. 4). The soil pat will float be-
cause the mercury is much denser than any soil. Press the three prongs of the
prong plate carefully on the sample and force it under the mercury (Fig. 5).
Avoid trapping any air. Press the plate firmly onto the dish. Displaced mer-
cury will be held in the evaporating dish. Brush off any droplets of mercury
adhering to the cup into the evaporating dish (Fig. 6). Transfer all the dis-
placed mercury to the measuring cylinder and measure the weight of dis-
placed mercury. The volume of displaced mercury is equal to the volume of
the dry soil pat.

8. Transfer the mercury back into its original container, by working above a
large tray, without spilling,

The initial water content w of the wet soil pat is

M-M,

where M is the mass of the wet soil and M, is the mass of the dry soil. The shrink-
age limit SL is calculated from w by removing the change in water content from
Vto Vg:

V-V,
SL=w=p, —3r— )
0

where V is the volume of the wet soil pat, V, the volume of the dry soil pat, and
p. the unit mass of water. V is equal to the volume of the mold where the pat is
formed.

Vp is equal to the volume of mercury that is displaced by immersion of the
dry pat into the mercury bowl:

- M
Vo= —2% 3)
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where My is the mass of the displaced mercury and pyg is the unit mass of the
mercury = 13.6 g/cm’. The shrinkage ratio is

- pwvﬂ

LS=1—-3@’ (5)

Figure 7 shows an example of input/output data for the shrinkage limit test,
and Fig, 8 shows the formulas used in Fig, 7.

SR

“

The linear shrinkage ratio LS is

'EXAMPLE

A LB | ¢ 1 D»

Shrinkage Test

Analyst name: Henry Guapo
Test date: 2/22/93
Sample description: Aardvark modeling clay

MERCURY METHOD Sample 1|Sample 2

Mass of coated dish M, (g)] 17.51 15.64

Mass of coated dish and wet soil My, (g)] 78.07 76.47
Mass of coated dish and dry soil M4 (g)] 64.41 62.56
Volume of wet soil V (cm®)| 32.42 | 32.85

Mass of dish M, (g)| 730.00 | 130.00
flass of dish and displaced mercury My, (g)] 462.00 | 466.00
Unit mass of Mercury pyg (9/cm®)| 13.60
Volume of dry soil V, (cm®)| 24.41 | 24.71 |Average

Initial water content w| 29.13% | 29.64% |29.38%

Shrinkage limit SL| 12.06% | 12.28% |12.17%

Shrinkage ratio SR| 1.92 1.90 1.91
Linear Shrinkage LS| 9.02% 9.06% | 9.04%

elz[s[s]5]= [s]s[=[s]<|=]> [~]~]~]-]~]~

Figure 7 Example of data set.

A B C D
Volume of dry soil V, (cm®)|=(MHg-Mt)/rHg =(MHg-Mt)/rHg Average
Initial water content w |=(Mw-Md)/(Md-Mc) |=(Mw-Md)/(Md-Mc) |=AVERAGE(w)
Shrinkage limit SL|=w-(V-V0)/(Md-Mc) |=w-(V-V0)/(Md-Mc) |=AVERAGE(SL)
Shrinkage ratio SR|=(Md-Mc)/V0 =(Md-Mc)/V0 =AVERAGE(SR)
Linear Shrinkage LS |=(1-(VOV)A(1/3))  |=(1-(VOA)A(1/3))  |=AVERAGE(LS)

HEEEE

Figure 8 List of formulas used in Fig. 7.

-
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What is the purpose of the shrinkage limit?

Why do we use mercury in the shrinkage limit test? Is there another tech-
nique to define the shrinkage limit? Which one?

Why do we coat the shrinkage dish with petroleum jelly or silicon grease?

Calculate the ratio between the plasticity index PI and linear shrinkage ra-
tio LS. Compare your value to that found for British soils (PI/LS = 2.13).
Calculate the shrinkage limit, shrinkage ratio, and linear shrinkage ratio
from the following test results.

Sample Sample
1 2
Mass of coated dish (g) 17.04 13.61
Mass of coated dish + wet soil (g) 74.24 68.88
Mass of coated dish + dry soil (g) 56.61 51.62
Volume of wet soil (cm?) 32.41 34.96
Mass of dish (g) 134.00 134.00
Mass of dish + displaced mercury (g) 400.00 438.00
Unit mass of mercury 13.60 13.60
Sample Sample
1 2
Mass of coated dish (g) 17.51 13.97
Mass of coated dish + wet soil (g) 78.07 72.97
Mass of coated dish + dry soil (g) 64.41 59.80
Volume of wet soil (cm?) 32.42 34.95
Mass of dish (g) 0.00 0.00
Mass of dish + displaced mercury (g) 316.00 355.00

Unit mass of mercury 13.60 13.60




2-8 Shrinkage Limit
|l Analysis with Wax

OBJECTIVE

The shrinkage limit analysis with wax has the same objective as the shrinkage limit
analysis with mercury (Chapter 2-7). It determines the shrinkage limit and shrink-
age ratio of ﬁne-gramed soils by using wax instead of mercury. Because wax is less

toxi this me is recommended in an acadennc environment, The

wax method assumes that wax, similar to mercury, does not wet or expand dry soils.

EQUIPMENT

The equipment for shrinkage limit analysis with wax includes:

e Shrinkage dish, porcelain or metal, about 42 mm in diameter and 12 mm
deep.

e Petroleum jelly, silicon grease, or Teflon powder spray to lubricate shrinkage

dish.
o Straight-edge spatula.
Balance accurate to 0.01 g.
Support frame for suspending the sample below the balance (see Chapter 3-2).
Paraffin wax and wax bath.
Container filled with water.
Drying oven.
Evaporating dish.

TEST PROCEDURE

The procedure combines several steps of the shrinkage limit analysis with mer-
cury and the determination of the unit weight of cohesive soils (refer to Chapters
2-7 and 3-2 for details).

112
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1. Construct the soil pat and dry it as specified in steps 1 to and 4 of the test
procedure in Chapter 2-7. Measure the weight of the coated dish, the weight
of the coated dish and wet soil, the weight of the coated dish and dry soil,
and the volume of wet soil.

2. Measure the volume of the dry soil pat as specified in steps 2 to and 6 of the
determination of the unit weight of cohesive soils in Chapter 3-2. If the pat
has a tendency to crumble, apply thin layers of hot wax on it with a brush
before immersing it completely in the heated wax bath. Measure the total
and buoyant weights of the dry pat and wax.

3. The wax unit mass should be determined as described in Chapter 3-2.

COMPUTATION

The moisture content w of the initial wet soil pat, the shrinkage limit SL, the
shrinkage ratio SR, and the linear shrinkage ratio LS are given in Egs. 1, 2, 4, and
5 of Chapter 2-7. However, in the wax method, V} is calculated from the weight
of displaced water corrected for the additional volume of wax:

Vo= Moo= Moy M, )
P Py

where M, is the mass of the dry soil covered with wax, M, the buoyant mass of
the dry soil covered with wax, M, the mass of wax covering the dry pat, p,, the
unit mass of water, and p, the unit mass of wax.

EXAMPLE

Figure 1 shows an example of input/output data for the shrinkage limit anal-
ysis with wax, and Fig. 2 shows the formulas used in Fig. 1.

A | Y, (== I [
Shrinkage Test
Analyst name: Henry Guapo

Test date: 2/22/93
Sample description: Aardvark modeling clay

WAX METHOD Sample 1| Sample 2

Mass of coated dish M. (g)] 15.64 13.90
lass of coated dish and wet soil M, (g)] 76.47 76.08
Tass of coated dish and dry soil M4 (g)| 62.56 61.43
Volume of wet soil V (cm®| 32.85 33.75
Mass of soll and wax Mg, (g)| 571.85 48.40
Buoyant mass of soil and wax M, (g)] 22.05 22.70
Unit mass of wax pyax (g/cm’)| 0.95 0.95
Volume of dry soll Vg (crns) 24.61 24,78 Average
Initial water content w| 29.64% | 30.83% | 30.23%
Shrinkage limit SL| 12.08% | 11.96% 12.02%

Shrinkage ratio SR| 1.91 1.92 1.91
Linear Shrinkage LS| 9.17% 9.78% 9.48%

sz[=lz[=[s[=[=] <[ =[<]o [e]-]- [~

Figure 1 Example of data set.
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A B C D
14 | Volume of dry soil Vo (cm®)|=(Msp-Mbsp) - (Msp-(Md-Mc))/rwax |=(Msp-Mbsp) - (Msp-(Md-Mc))/rwax Average
E Initial water content w |=(Mw-Md)/(Md-Mc) =(Mw-Md)/(Md-Mc) =AVERAGE(w)
| 16 | Shrinkage limit SL |=w-(V-V0)/(Md-Mc) =w-(V-V0)/(Md-Mc) =AVERAGE(SL)
17 Shrinkage ratio SR |=(Md-Mc)/V0 =(Md-Mc)/VO =AVERAGE(SR)
'_i.ﬂ- Linear Shrinkage LS |=(1-(VO/V)A(1/3)) =(1-(VO/VYM1/3)) =AVERAGE(LS)

Figure 2 Formulas used in Fig. 1.

COMPARISON OF WAX AND MERCURY METHODS

The shrinkage limit analyses with wax and mercury were performed sucessively
for some particular soils and were found to yield similar results. The volume of a
dry soil pat can be measured by using first mercury, then wax. As shown in Fig. 3,
SL = 12.06 and 12.28% for the mercury method, while SL = 12.08 and 11.96%
for the wax method.

Shrinkage Test

Analyst name: Henry Guapo
Test date: 2/22/93
Sample description: Aardvark modeling clay

Sample 1| Sample 2| Sample 3

Mass of coated dish (g)| 17.51 15.64 13.80
Mass of coated dish and wet soil (g)| 78.07 76.47 76.08
Mass of coated dish and dry soil (g)] 64.41 62.56 61.43
Volume of wet soil (cma) 32.42 32.85 33.75
MERCURY METHOD
Mass of dish (g)| 130.00 | 130.00
Mass of dish and displaced mercury (g)| 462.00 | 466.00
Unit mass of Mercury (g/cm®)| 13.60 13.60
Initial water content] 29.13% | 298.64% | 30.83%
Volume of dry soil (cm®)| 24,41 24.71
Shrinkage limit (%)| 12.06% | 12.28%
Shrinkage ratio 1.92 1.90
Linear Shrinkage (%)| 9.02% 9.06%

WAX METHOD

Mass of soil and wax (g) 51.85 48.40

Bouyant mass of soil and wax (g) 22.05 22.70

Unit mass of wax (g/cm°) 0.95 0.95

Volume of dry soil (cm®) 24.61 24,78
Shrinkage limit (%) 12.08% | 11.96%

Shrinkage ratio 1.91 1.92

Linear Shrinkage (%) 9,17% 9.78%

Figure 3 Comparison of shrinkage limits obtained by using the
wax and mercury methods.

REVIEW QUESTIONS

1. What are the differences between the wax and mercury methods of deter-
mining the shrinkage limit?

How do you determine the unit weight of wax?

What is the main function of the wax in the wax method?

o
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EXERCISE

1. Calculate the shrinkage limit, shrinkage ratio, and linear shrinkage ratio
from the following test results obtained from the wax and mercury methods.
Compare the results obtained by the wax method and mercury method.

Sample Sample Sample Sample
1 2 3
Mass of coated dish (g) 17.51 13.97 0.00 0.00
Mass of coated dish + wet soil (g) 78.07 72.97 60.56 59.00
Mass of coated dish + dry soil (g) 64.41 59.80 47.20 45.80
Volume of wet soil (cm?) 32.42 34.95 33.75 33,76
Mercury method
Mass of dish (g) 0.00 0.00
Mass of dish + displaced mercury (g) 316.00 355.00
Unit mass of Mercury (g/cm?) 13.60 13.60
Wax method

Mass of soil and wax (g) 54.55 53.75
Buoyant weight of soil and wax (g) 2210 20,40

Unit mass of wax (g/ecm?3) 0.95 0.95




Engineering
Classification of Soils

INTRODUCTION

Soil classification systems attribute to soils a label or designation that represents
their most significant properties for specific engineering applications. They are
based on measurable parameters, such as coefficient of uniformity, clay fraction,
activity, and liquid limit. Several soil classification systems were developed to
meet specific engineering needs, Some examples in the United States are the
AASHTO classification system (ASTM D 3282) and the Unified Soil Classifica-
tion System (ASTM D 2487). These engineering soil classifications are based on
the results of Atterberg limits tests and grain size analyses.

UNIFIED SOIL CLASSIFICATION SYSTEM

116

The Unified Soil Classification System (USCS), originally developed by Casa-
grande, is one of the most commonly used systems. It classifies soils into groups
defined by a primary and a secondary letter. The letters and their meanings are
given in Table 1. Normally, two letters are used. For example, SW indicates well-
graded sand. However, soils having the characteristics of two groups are classified
using dual symbols (e.g., CL-CH). The flowchart of Fig. 1 specifies the steps for
classifying soils, Coarse-grained soils (e.g., sands and gravels) are classified using
their grain size distribution curve, whereas fine-grained soils (e.g., silts and clays)
are classified using their liquid and plastic limits. Under the USCS, many soils fall
within one of two general categories. Coarse-grained soils, which include sands
and gravels, have either G or S for the first letter and W, P, M, or C for the sec-
ond. Fine-grained soils have M, C, or O for the first letter and L or H for the sec-
ond. A third group of soils—highly organic soils, or Pt—consists of peat, muck,
and so on. They are typically spongy, crumbly, and compressible and are undesir-
able for use in supporting structures.
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" TABLE 1

Primary and secondary letters used in the Unified Soll
Classification System.

Primary letter Secondary letter
G Gravel w Well graded
S Sand P Poorly graded
M Silt M With nonplastic fines
C Clay C With plastic fines
(o} Organic L Of low plasticity (LL < 50%)
Pt Peat H Of high plasticity (LL > 50%)
EXAMPLE
The results of grain size analysis and the Atterberg limit for a soil are as fol-
lows:
U.S. sieve size Percent passing
No. 4 100
No. 10 85.6
No. 40 723
No. 200 58.8
Liquid limit LL = 46.2%
Plastic limit PL = 21.9%

The plasticity index is Pl = LL-PL = 46.2 — 21.9 = 24.3%.

The soil is fine-grained (right branch of Fig. 1) because more than 50%
passes a No. 200 sieve. Its liquid limit LL = 46.2% is less than 50%. The
point (LL,PI) = (46.2,24.3) falls above the A-line of the plasticity chart. The
soil is classified as CL.

AASHTO CLASSIFICATION SYSTEM

“AASHTO” stands for the “American Association of State Highway and Trans-
portation Officials.” This classification system is widely used in highway work. The
system intends to indicate a soil’s acceptability as a highway and road subgrade
and base course, partially by the use of a numerical measure of the soil quality,
termed the group index GI.

AASHTO classifies soils by using the results of grain size analysis and liquid
and plastic limit tests. The necessary parameters are listed in the first column of
Table 2. With the values of these parameters known, one enters the column of Ta-
ble 2 labeled A-la and determines whether or not the parameters meet the limit-
ing values of that column. If they do, the soil classification is A-la. If they do not,
one enters the next column to the right and determines whether or not the pa-
rameters meet the limiting values of that column. The procedure is repeated until
the parameters meet all the limiting values of a column. The soil classification is
given at the top of that particular column. In addition to its group name, a soil is
further classified by its group index GI:

GI = (F-35)[0.2 + 0.005(LL-40)] + 0.01 (F-15)(PI-10) (1)

where F is the percentage of soil passing a No. 200 sieve, LL the liquid limit, and
PI the plasticity index. GI is rounded off to the nearest whole number and, if
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| Is soil sample obviously highly organic, with odor, leaves, twigs, etc.? ]l Yo Classify as Pt
(peat)

No

A sieve test is made on the entire sample and the
percentage passing the No.200 sieve is noted P200

P200 >50% ?

Fined grained soil Coarse grained soil

P4 Percentage passing the No.4 sieve
P4 > 50% ?
No Yes Yes| | No
Sandy soils Gravelly soils
SW, SP, SM or SC GW, GP, GM, or GC
CL, Mdlj,. or OL CHMH, or OH
depending on depending on
PI=LL-PL and PI=LL-PL and L1 P200<5% ?
L Yes No
Cu >4 for gravels?
60 Cu>6 for sands ? mﬂ(bl‘z% ? |
| 1<Ce<3 for both 7 Yes \No
a [ Yes No Borderline
g [ Dual
40r bol.
- F or or
g I Sw SP
%-" Below A-line
g 20+ or Pl<d4%?
E [
I Yes No
A ‘--lA-AAllAAA-Al-A--- GM “m A_Ijne
0 60 80 100 120 or or PI>7%?
Liquid limit LL (%) sSM
Yes I No
GC Borderline
or Dual
SC symbaols

Figure 1 Flowchart of Unified Soil Classification System.

negative, set equal to zero. The result of the AASHTO classification is reported
by appending G/ in parentheses to the group designation.

EXAMPLE

With 85.6% passing a No. 10 sieve, 72.3% passing a No. 40 sieve, 58.8%
passing a No. 200 sieve, a liquid limit of 42.6%, and a plasticity index of
24.3%, one proceeds across Table 2 from left to right until the first column
is reached in which these parameters meet the limiting values in that col-
umn. The result is A-7. The group index is determined using Eq. 1.

GI = (58.8 — 35)[0.2 + 0.005(46.2 — 40)] + 0.01(58.8 — 15)(24.3 — 10) = 11.8 ~ 12

Therefore, this soil is classified as A-7 (12).



6LL

TABLE 2

AASHTO classification of soils and soil-aggregate mixtures

General classification

Granular materials
(35% or less passing .075 mm)

Silt-clay materials
(more than 35% passing .075 mm)

Group A-1 A-3 A-2 A-4 A-5 A-6 A-7
classification A-7-5
A-1a A-1b A-2-4 A-2-5 A-2-6 A-2-7 A-7-6
Percent passing
2.00 mm (No. 10) 50 max.
0.425 mm (No. 40) 30 max. | 50 max. | 51 max.
0.075 mm (No. 200) | 15 max. | 25 max. [ 10 max. | 55 0 | 35 mav | 35 max. | 35 max. | 36 min. | 36 min. | 36 min. 36 min.
Fraction passing
0.425 mm (No. 40)
Liquid limit 40 max. ; : ; ;
abrpiss 41 min. | 40 max. | 41 min. | 40 max. | 41 min. | 40 max. | 41 min.
Plasticity index 6 max. N.P. 10 max. | 10 nav | 11 min. | 11 min. | 10 max. | 10 max. | 11 min. 11 min.
Usual types of :

I . Stone fragments Fine ; . : cl il
significant constituent Silty or clayey gravel sand Silty soils ayey soils
rfariale Gravel and sand sand
General rating as Excellent to good Fair to poor

subgrade

Classification procedure: Given the required test data, proceed from left to right in chart; the correct group will be found by the process of elimination. The first group from the left consistent with the test
data is the correct classification. The A-7 group is subdivided into A-7-5 or A-7-6, depending on the plastic limit, For PL < 30, the classification is A-7-6; for PL > 30, A-7-5. N.P. denotes “nonplastic.”
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COMPARISON OF USCS AND AASHTO

CLASSIFICATION SYSTEMS

There are significant differences between the USCS sand AASHTO soil classifica-
tion systems, which result from their different histories and purposes. Tables 3 and
4 compare the two systems in terms of the probable corresponding soil groups.

TABLE 3

Comparable soil groups in the AASHTO and USCS systems (after Liu, 1970)

Comparable soil groups in AASHTO system

Soil group
in USCS Most probable Possible Possible but improbable
GwW A-1a — A-2-4, A-2-5, A-2-6, A-2-7
GP A-1a A-1b A-3, A-2-4, A-2-5, A-2-6, A-2-7
GM A-1b, A-2-4, A-2-6 A-4, A-5, A-6, A-7-5, A-7-6, A-1a
A-2-5, A-2-7
GC A-2-6, A-2-7 A-2-4, A-B A-4, A-7-6, A-7-5
sw A-1b A-1a A-3, A-2-4, A-2-5, A-2-6, A-2-7
SP A-3, A-1b A-1a A-2-4, A-2-5, A-2-6, A-2-7
SM A-1b, A-24 A-2-6, A-4, A-6, A-7-5, A-5, A-7-6, A-1a
A-2-5, A-2-7
sC A-2-6, A-2-7 A-2-4, A-6, A-7-5
A-4, A-7-6
ML A-4, A-5 A-6, A-7-5 —
CL A-6, A-7-6 A-4 —
oL A-4, A-5 A-6, A-7-5, —
A-7-6
MH A-7-5, A-5 — A-7-6
CH A-7-6 A-7-5 —
OH A-7-5, A-5 — A-7-6
Pt - — —
TABLE 4

Comparable soil groups in the AASHTO and USCS systems (after Liu, 1970)

Comparable soil groups in USCS system

Soil group in
AASHTO system Most probable Possible Possible but improbable
A-1a GW, GP SW, SP GM, SM
A-1b SW, SP, GM, SM GP —
A-3 SP - SW, GP
A-2-4 GM, SM GC, SC GW, GP, SW, SP
A-2-5 GM, SM — GW, GP
A-2-6 GC, sSC GM, SM GW, GP
A-2-7 GM, GC, SM, sC — GW., GP, SW, SP
A-4 ML, OL CL, SM, SC GM, GC
A-5 OH, MH, ML, OL — SM, GM
A-6 CL ML, OL, SC GC, GM, SM
A-7-5 OH, MH ML, OL, CH GM, SM, GC, SC
A-7-6 CH, CL ML, OL, SC OH, MH, GC, GM, SM

EXAMPLE OF UNIFIED SOIL CLASSIFICATION

An example of classification with the USCS is given in Figs. 2 to 5. The formulas
used in Fig. 2 are listed in Fig. 3. Figure 4 shows the user-defined function for
USCS. The input data in Fig. 2 are given in the arguments of the USC function.
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In Fig. 2 the soil is classified as CL (i.e., a clay of low plasticity). The results of the
USC function can be verified by plotting the point (LL,PI) on the plasticity chart
of Fig. 5. In this case the point (LL,PI) is not a borderline case because it is far
from the boundaries between two classifications.

A |
1 |Example of Unified Soil Classification
2 Clean Sand (Sieve analysis) SP
X Clay sample CL B
o Liquid limit (%) = 34 2 |=USC(0,99,0.05,1.48,0.96,0,0)
—5_1 Plastic limit (%) = 20 3] =USC(0,100,100, 0, 0,B4,B5)
Figure 2 Example of Unified Soil Figure 3 Formulas used in
Classification. Fig. 2.
| A B
[ 1] jusc Unified Soll Classification (USC)
BN =RESULT(2) Returns a classification code
3 |=ARGUMENT("Organic",1) Amount of organic matter in%
_T_ =ARGUMENT("pf4",1) Percent passing #4 sieve
| 5 |=ARGUMENT("pf200",1) Percent passing #200 sleve
| 6 |=ARGUMENT("Cu",1) Coefficient of uniformity
| 7 [=ARGUMENT("Cc",1) Coefficient of curvature
8 |=ARGUMENT("LL"1) Liquid fimit in %
9 |=ARGUMENT("PL".1) Liastic limit In %
=LL-PL Plasticity index
=IF(pf4<pf200,RETURN("ERR: % passing No.4 must be larger than % passing No.200") Error messages
=|F(LL<PL,RETURN("ERR: liquid limit must be larger or equal to plastic limit"))
=IF(Organic>99.9, RETURN("Pt")) Purely organic clay or silt
=IF(pf200>50) Classify according to plasticity chart
= IF(AND(A10>0.9*(LL-8),A10>7,3),RETURN("ERR: above U line in plasticity chart")) Above U line
IF(OR(A10<=0.73"(LL-20),A10<=4))
IF(LL>50,IF(Organic<=1,RETURN("MH"),RETURN("OH"))) Under A line

= IF(Organic<=1,RETURN("ML"),RETURN("OL"))
= ELSE.IF(A10>=7.3)
= IF(LL>50,RETURN(*CH"),RETURN("CL")
= ELSE.IF(AND(A10>4,A10<=7.3))
= RETURN("CL-ML")
= END.IF()
=ELSE.IF(AND(pf200>=5,pf200<=12))
= IF(pt4>50,AETURN("SC-SM"),RETURN("GC-GM"))
=ELSE.IF(pf200>12)
IF(AND(A10>0.9*(LL-8),A10>7.3), RETURN("ERR: above U line in plasticity chart*))
IF(AND(A10>0.73*(LL-20),A10>7),IF(pf4<50, RETURN("GC"), RETURN("SC")))
IF(OR(A10<=0.73"(LL-20),A10<4),IF(pf4<50, RETURN("GM"), RETURN("SM")))
|IF(pf4<50, RETURN("GM-GC"),RETURN("SM-SC"))
=ELSE()
IF(Cu<1,RETURN("Cu must be greater than or equal to 1))
IF(pf4>50)
IF(AND(Cu>6,Cc>1,Cc<3), RETURN(*SW"), RETURN("SP"))
ELSE()
IF(AND{(Cu>4,Cc>1,Cc<3), RETURN("GW"),RETURN("GP")
END.IF()
=END.IF()

onwnonon

R R R

=RETURN(*ERR")

Figure 4 User-defined function for Unified Soil Classification.
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60 L
W Clay sample
50 4 A Light brown, sandy and
silty clay
¥ Dark brown, silty clay,
trace of gravel CH
& 40 4 X Liu & Evett example
&=
»
% 20 x
2 MH&OH
; X
g 2+ =
A
CL
10 4
CL&ML / ML&OL
0 - . - - .
0 20 40 60 80 100
Liquid limit LL (%)

Figure 5 Position of USCS and AASHTO classification examples
of Figs. 2 and 7 on plasticity chart.

EXAMPLE OF AASHTO SOIL CLASSIFICATION

Figure 6 lists the user-defined function for AASHTO classification, Fig. 7 is an ex-
ample of AASHTO soil classification, and Fig. 8 lists the formulas used in Fig. 7.
This function exactly follows the instructions of Table 2.

A B
AASHTO AASHTO Classification System
=AESULT(2) Returns a Classification Code
=ARGUMENT("PP10",1) rPeroenl Passing No.10 Sieve
=ARGUMENT("PP40",1) Percent Passing No.40 Sieve
=ARGUMENT("PP200",1) Percent Passing No.200 Sieve
=ARGUMENT("LL",1) Liquid Limit in %
=ARGUMENT("PL",1) Plastic Limit In %
=LL-PL Plasticity Index
="("&TEXT(MAX(INT((PP200-35)"(0.2+0.005"(LL-40))+0.01"*(PP200-15)"(A47-10)),0),"0")&")" Group Index
=IF(PP10<PP40,RETURN("ERROR: % passing No.10 must be larger than % passing No.40"))
=IF(PP40<PP200,RETURN(*ERROR: % passing No.40 must be larger than % passing No.200")
=IF(LL<PL,RETURN("ERROR: liquid limit must be larger or equal plastic limil"))
=IF(AND(PP10<50,PP40<30,PP200<15,A47<6), RETURN("A-1a")) '
=IF(AND(PP40<50,PP200<25,A47<6), RETURN("A-1b")
=IF(AND(PP40<51,PP200<10,PL<=0), RETURN("A-3"))
=IF(AND(PP200<35,LL<40,A47<10),RETURN("A-2-4"&A48))
=IF(AND(PP200<35,LL>41,A47<10), AETURN("A-2-5"8&A48))
=IF(AND(PP200<35,LL<40,A47>11), RETURN("A-2-6"&A48))
=IF(AND(PP200<35,LL>41,A47>11), RETURN(*A-2-7*&A48))
=IF(AND(PP200>=36,LL<40,A47<10),RETURN("A-4"&A48B))
=IF(AND(PP200>=36,LL>41,A47<10), RETURN("A-5"8A48))
=IF(AND(PP200>=36,LL<40,A47>11), RETURN("A-6"&A48))
=IF(AND(PP200>=36,LL>41,A47>11,PL>30), RETURN("A-7-5"&A48))
=IF(AND(PP200>=36,LL>41,A47>11,PL<30), RETURN("A-7-6"&A48))
=RETURN('N-C")

z[a[a]2[z]e]e|a|2]|a]e|a]a]2 |e]e|e]a|s]s || |s]2 |2

Figure 6 User-defined function for AASHTO classification.



EUSe of Soil Classification

1
I
i
i

123

A |

Example of AASHTO Classification
Light brown, sandy and silty clay A-2-6(0)
Liquid limit (%) = 34.8
Plastic limit (%) = 17.5
Dark brown, silty clay, trace of gravel A-7-5(10)
Liguid limit (%) = 54.5
Plastic limit (%) = 30.7
bdium brown, very gravelly, coarse sand A-1b
Liu & Evett example A-7-6(11)
Liquid limit (%) = 46.2
Plastic limit (%) = 21.9

I=

= [FEE R

Figure 7 Result of AASHTO classification.

10’

=AASHTO(68.5,36.
34.8

17.5
=AASHTO(79.5,69,54.3,B11,B12)
54.5

30.7

=AASHTO(59.1,38.5,5.1,0,0)
=AASHTO(85.6,72.3,58.8,815,B16)

-

,18.1,B8,B9)

SEIEESRER

Figure 8 Formulas used in Fig. 7. o

USE OF SOIL CLASSIFICATION

Table 5 gives a general indication of engineering properties such as permeability
(Chapter 4-1), compressibility (Chapter 6-1), and strength (Chapter 7-1) of the
various soil groups in USCS. Table 5 also gives an indication of the relative desir-
ability of each group for use in earth dams, canal sections, foundations and runa-
ways. Table 6 lists some typical values of engineering properties for compacted
soils (Chapter 3-4) which may be used for preliminary analysis. However, for final
analysis, the engineering soil properties must be determined from laboratory or
field tests,

Soil classification is a valuable tool which provides the soil engineer with
some empirical guidance through the results of field experience. However, as
pointed out by Lambe and Whitman (1979), solving flow, compression, and stabil-
ity problems merely on the basis of soil classification can lead to disastrous re-
sults. Empirical correlations between index properties and fundamental soil
behavior have many large deviations.
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TABLE &

Engineering use chart based on results

of USCS classification (after Lambe and Whitman, 1979; and Wagner, 1957).

Important properties

Relative desirability for various uses (No. 1 is considered the best, No. 14 the least desirable)

Rolled earth dams Canal sections Foundations Roadways
Shearing Compressi- Fills Surfacing
strength bility
when when Workability Homoge- Frost
Permeability compacted compacted as a nous Compacted Seepage  heave  Frost
Typical names and soil Group when and and construction  embank- Erosion earth Seepage not not heave
groups symbol compacted saturated  saturated material ment Core Shell resistance lining important important possible possible

Well graded gravels, GW Pervious Excellent Negligible Excellent - - 1 1 - - 1 1 1 3
gravel-sand mixtures, little
or no fines
Poorly graded gravels, GP  Very pervious Good Negligible Good 2 2 - 3 3 3 =
gravel-sand mixtures, little
or no fines
Silty gravels, poorly graded GM Semipervious Good Negligible Good 2 4 4 4 1 4 4 9 5
gravel-sand-silt mixtures to impervious
Clayey gravels, poorly GC Impervious Good Very low Good 1 1 - 3 1 2 6 5 5 1
graded gravel-sand-silt to fair
mixtures
Well graded sands, gravelly SW  Pervious Excellent Negligible Excellent - - 3if 6 - 2 2 2 4
sands, little or no fines gravelly
Poorly graded sands, grav- SP  Pervious Good Very low  Fair - 4 if 7 if - - 5 6 4
elly sands, little or no fines gravelly gravelly
Silty sands, poorly graded SM  Semipervious Good Low Fair 4 5 - B if 5 erosion 3 7 8 10 6
sand-silt mixtures to impervious gravelly  critical
Clayey sands, poorly SC Impervious Good Low Good 3 2 - 5 2 4 8 7 6 2
graded sand-clay mixtures to fair
Inorganic silts and very ML  Semipervious Fair Medium Fair 6 6 - 6 erosion 6 9 10 1 -
fine sands, rock flour, silty to impervious critical
or clayey fine sands with
slight plasticity
Inorganic clays of low to CL Impervious Fair Medium Good 5 3 - 9 3 5 10 9 7 7
medium plasticity, gravelly to Fair
clays, sandy clays, silty
clays, lean clays
Organic silts and organic OL  Semipervious Poor Medium  Fair 8 8 - 7 erosion 7 1 1 12 -
silt-clays of low plasticity to impervious critical
Inorganic silts, mic MH  Semipervious Fair 10 poor High Poor 9 9 - - B 12 12 13 -
or diatomaceous fine to impervious
sandy or silty soils, elastic
silts
Inorganic clays of high CH Impervious Poor High Poor 7 7 - 10 8 volume 9 13 13 8
plasticity, fat clays change

critical
Organic clays of medium OH Impervious Poor High Poor 10 10 - - 10 14 14 14 -
to high plasticity, fat clays
Peat and other highly or- 2 - - - - - - - - -

ganic soils
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TABLE 6
Typical properties of compacted soils based on results of USCS classification (after NAVFAC, 1982).

Typical value
of compressibility
(1/MPa) Typical strength characteristics
Range of Range of Typical
i pti Cohesion Cohesion Effective coefficient
dry unit moisture ¢ as c' as stress of
Group weight content m, at m, at compacted saturated envelope permeability
Typical names and soil groups symbol (kN/m?) (%) 140 kPa 350 kPa (kPa) (kPa) ¢ (deg) (cm/s)
Well graded gravels, gravel-sand mixtures, little or no fines GW 19.6-21.2 8-11 0.02 0.02 0 (4] > 38 0.03
Poorly graded gravels, gravel-sand mixtures, little or no fines GP 18.1-19.6 11-14 0.03 0.03 0 0 > 37 0.06
Silty gravels, poorly graded gravel-sand-silt mixtures GM 18.9-21.2 8-12 0.04 0.03 - - > 34 > 8 x 107
Clayey gravels, poorly graded gravel-sand-silt mixtures GC 18.1-20.4 9-14 0.0 0.05 - - > 3 >5x 10%
Well graded sands, gravelly sands, little or no fines sw 17.3-204 9-16 0.04 0.03 0 0 38 > 5 x 10
Poorly graded sands, gravelly sands, little or no fines SP 15.7-18.9 12-21 0.06 0.04 0 0 37 > 5 x 104
Silty sands, poorly graded sand-silt mixtures SM 17.3-196 11-16 0.06 0.05 50 20 34 >3 x 108
Sand-silt-clay mixtux with slightly plastic fines SM-SC  17.3-204 11-156 0.06 0.04 50 14 33 >1 x 108
Clayey sands, poorly graded sand-clay mixtures sC 16.56-19.6 11-189 0.08 0.06 74 1" N >3 x 107
Inorganic silts and very fine sands, rock flour, silty or clayey ML 149-189 12-24 0.06 0.05 67 1" 32 > 6 x 108
fine sands with slight plasticity
Mixture of inorganic silt and clay ML-CL 15.7-189 12-22 0.07 0.06 65 9 32 >3 x 107
Inorganic clays of low to medium plasticity, gravelly clays, CL 14.9-189 12-24 0.09 0.07 65 22 28 > 5 x 10
sandy clays, silty clays, lean clays
Organic silts and organic silt-clays of low plasticity oL 12.6-15.7 21-33 - - 86 13 - -
Inorganic silts, micaceous or diatomaceous fine sandy or silty MH 11.0-14.9 24-40 0.14 0.11 72 20 25 >3 x 107
soils, elastic silts
Inorganic clays of high plasticity, fat clays CH 11.8-165 19-36 0.19 0.11 103 " 19 > 56 x 108
Organic clays of medium to high plasticity, fat clays OH 10.2-16.7 21-45 - - - - - -
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Chap. 2-9 / Engineering Classification of Soils

See Introduction for references to ASTM procedures (pages 4 to 6).

LaMBg, TW.,, and R.V. WHITMAN, 1979, Soil Mechanics, SI Version, John Wiley &
Sons, Inc., New York, 553 p.

L, TK., 1970, “A review of Engineering Soil Classification Systems,” Special
Procedures for Testing Soil and Rock for Engineering Purposes, 5th Ed., Amer-
ican Society for Testing and Materials, ASTM Special Technical Publication No.
479, pp. 361-382.

NAVFAC, 1982, Soil Mechanics (Design Manual 7.1), Naval Facilities Engineering
Command, Alexandria, 355 p.

WAGNER, A.A., 1957, “The use of the Unified Soil Classification System by the
Bureau of Reclamation,” Proceedings of the 4th International Conference on
Soil Mechanics and Foundation Engineering, London, Vol. 1, p. 125.

2.

What is the purpose of a soil classification? How many soil classification sys-
tems can you name?

In the USCS, what material properties are used to classify coarse-grained
soils?

In the USCS, what material properties are used to classify fine-grained
soils?

The results of particle size analyses, and where appropriate, limit tests on sam-
ples of four soils are given below. Classify each soil according to the USCS.

Percentage smaller

Particle size Soil A Soil B Soil C Soil D

63 mm 100 - 100 —
20 mm 64 — 76 —
6.3 mm 39 100 65 —
2 mm 24 98 59 —
600 um 12 90 54 —
212 pm 5 9 47 100
63 um 0 3 34 95
20 pm - — 23 69
6 pm — — 14 46

2 um — - 7 31
Liquid limit - — 26 42

Plastic index 9 18

Same as Exercise 2 but for the AASHTO classification system.

Determine the extreme values of soil parameters that give GW in the USCS.
You may find the necessary parameters and their extreme values by working
the flowchart of Fig. 1 backward or by using the custom function of the USCS.
Having determined the necessary parameters and their extreme values, use
those to determine the possible AASHTO classifications, Compare your re-
sults with those in Table 3.
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Repeat Exercise 4 for one of the following USCS classifications: GP, GM, GC,
SW, SP, SM, SC, ML, CL, O, MH, CH, and OH. Compare your results with
those in Table 3.

Determine the extreme values of soil parameters that give A-la in the
AASHTO classification system. You may find the necessary parameters and
their extreme values in Table 2. Having determined the necessary parameters
and their extreme values, use those to determine the possible USCS classifi-
cations. Compare your results with those in Table 4.

Repeat Exercise 5 for one of the following AASHTO classifications: A-1b,
A-3, A-2-4, A-2-5, A-2-6, A-2-7, A-4, A-5, A-6, A-7-5, and A-7-6. Compare
your results with those in Table 4.
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3-2 Unit weight of cohesive soils
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3-5 Compaction tests
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Weight-Volume
Relationships

DEFINITIONS

As illustrated in Fig. 1a, soils are made of solid particles with voids in between. For
most soils the particles are made of soil minerals, and the voids are filled with air
and water. Soils are three-phase materials with solid, liquid, and air constituents.
Figure 1a shows a soil sample of total volume V' and weight W. In Fig. 1b, the vol-
umes and weight of its solid, water, and air constituents are related through

W=W,+W, V=V, +V,=V,+V,+V, V.=V, +V, (1)

where W, is the weight of solid grains, W,, the weight of water, V; the volume of
soil grains, V,, the volume of water, V, the volume of air, and V, the volume of
voids occupied by water and air. It is assumed that the weight of air W, is negli-
gible (i.e., W, = 0).

The unit weights of the water constituent and solid constituent are denoted
Yw and v,, respectively, where

Y= and Y, = (2)

W, : W,
5
\Yf:ighl_ Volume  Weight Volume

. . 2
N Vo |

v ENLQAY ¥ A W |
|

|

i Y

e -1 Na
N 3
N\ SN\

(a) (b)

Figure 1 Definition of (a) the weight and volume of a soil sample,
and (b) the weights and volumes of its solid, water, and air constit-
uents,
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Chap. 3-1 / Weight-Volume Relationships

The specific gravity G; is the ratio of the solid and water unit weights:
Y
G.r = .?i (3)
The total or bulk unit weight y of the sample of Fig. 1a is

=7 4)

When the sample of Fig. 1b has no water but the same total volume V, its dry unit
weight vy, is

W
Ya= “}5 (5)

When the sample has its voids filled completely with water, it is said to be fully
saturated. When its total volume V is still equal to V after saturation, its saturated
unit weight ¥y, is :

W4V, .
Ysat-__s_vv_w (6)

In soil mechanics, it is also common to define the buoyant unit weight y,, which
is the unit weight of the saturated soils immersed in water (i.e., uplifted by the
buoyancy force = vy, V):

W, +V.y.—-Vy,
Bh=—""05 = Yoat = Tw ™

The total unit mass p, dry unit mass p,, saturated unit mass pg,, buoyant unit
mass pp, water unit mass p,, and solid unit mass p; are related to their unit weight
counterparts through

Y=P8 Ys=Ps& Yo=PwE Yat=Psat8 Ya=pPag» and Y,=pyg (8)

where g is the earth gravity acceleration (i.e., g = 9.81 m/s?). The dimensions of
unit weight is force divided by volume, whereas the dimension of unit mass is
mass divided by volume:

M= %] = [ = [¥ead = [Ya] = [¥) = FL—3 = MLT-2L~3 = MT-2L2
[P] — [ps] = [pw] = [Psnt] = [pd] = [Pb] = ML-3 (9)

where F, M, L, and T represent the dimension of force, mass, length, and time, re-
spectively. The metric unit generally used for all unit weights is kN/m?3, whereas
the units for unit mass can be g/em?, kg/m?, or tons/m?.

In soil mechanics, the proportions of the solid, liquid, and air constituents
are characterized by five additional dimensionless quantities: ¢, n, w, S,, and D,.
The void ratio e is the ratio of the volume of voids to the solid volume:

e=— ' (10)



Relations

RELATIONS

13
The porosity n is the ratio of the volume of voids to the total volume:
v,
The water content w is the ratio of the weight of water to the dry weight:
W,
w=—x 100 (%) (12)

W,

The degree of saturation S, is the ratio of the volume of water to the volume of
voids:

S, = % x100 (%) (13)

In the case of coarse-grained soils, the relative density D, is defined to character-
ize the degree of compaction:

D,=—m"° 100 (%) (14)

emnx emm

where ep,; is the maximum void ratio, ey, the minimum void ratio, and e the
present void ratio. D, varies from 0 when e = ey, to 100% when e = ey, In re-
ality, e, and e, are not the absolute maximum and minimum void ratios of a
soil, respectively. They are just index void ratios obtained by standard procedures.
In general, the values of w, §,, and D, are expressed in percent, whereas those of
e and n are expressed as decimal numbers.

Various relations can be obtained directly between v, Y4, Ysat» Vs, Gs, € 1, w,and S,
by using Fig. 2, where all the volumes and weights of Fig. 1b are divided by the
solid volume V; (i.e., by selecting V, = 1). The following relations were also used in
obtaining Fig. 2:

WW_WW W, vV, V, W, wGy,
Vg-——-—;-—j-—-W’YS—WGJ'Yw and -‘Z—_W:V;_T_ G_, (15)

Figure 2 Schematic definition of the weight and volume for a soil
sample having a unit solid volume (Vy= 1).
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TYPICAL VALUES
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REVIEW QUESTIONS

Chap. 3-1 / Weight-Volume Relationships

A few useful relations are

e _n
n=1 and e=r— (16)
G
5, == (7)
€
G,(1+w) G,+S.e G(1+w)
=W ite ~ W Txe ~™WItG,w/is) (18)
G
_ T . s
V=T iie=T+w ~ ™ I+G,w/s) (19)
G,+e  G,(1+w)
Tsat_‘rw 1+€ _TWI-I-GSW (20}

Table 1 lists some additional useful relations that were obtained after some alge-
braic manipulations. Note that the water content w in Table 1 is the saturated wa-
ter content, which is required to get a full saturation (i.e., S, = 100%). When
using Egs. 16 to 20 and those of Table 1, make sure to use decimal values (e.g.,
0.1) and not percents (e.g., 10%) for w, S,, and D,.

By decfinition, S, and D, must be between 0 and 100%. They cannot be negative
or larger than 100%. S, = 0% corresponds to a dry soil, whereas §, = 100% cor-
responds to a fully saturated soil. D, = 0% corresponds to the loosest state of a
coarse-grained soil, whereas D, = 100% corresponds to its densest state. Tables 2
and 3 list some values of specific gravity of solids for minerals and typical soils.
Table 4 and 5 list some values of dry unit weight, bulk (or natural) unit weight,
saturated unit weight, porosity, and void ratio for typical soils.

Dioenapl, W], 1985, A compendium of soil properties and correlations, M. Eng.
Sci. thesis, University of Sydney, Sydney, Australia.

Jumikis, A.R., 1962, Soil Mechanics, Van Nostrand Co., Princeton, NJ, pp. 90-91.

KEDz1, A., 1974, Handbook of Soil Mechanics, Vol. I: Soil Physics, Elsevier Pub-
lishing Co., Amsterdam, 294 pp.

LAaMBE, TW.,, and R.V. WHITMAN, 1979, Soil Mechanics, SI Version, John Wiley &
Sons, New York, 553 pp.

1. Define specific gravity of soil.

2. Define total weight, dry weight, and saturated unit weight.
3. Define void ratio, porosity, and relative density.

4. What are typical values of specific gravity for soils?

Continues on page 134
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TABLE 1
Relation between G, ¥y %a. Saturated w, n, and e (After Jumikis, 1962)
G, Y Yat Saturated w n e
1 Tw 1 Ya GyYw
G, (1-—) + To_2. o te_q
"l G.? Yd 'Yw Td‘ Gs GsTw Td
G Y Ysar — Yw G Yw = Vsar IG‘ G.r = Ysat }Tw Gs?w = Vsat
K Gx =1 ! Ysat — Yw Gs =k Ysat — Yw
G, 1+w wG,
Gy W T+wG, ™ T+ wG, 0w T+wG, WG
n n
G,.!’I Gs(l = ")Tw (G: e R(G, =re 1))7:# m’ 1—n
G, Gﬁ. +e e e
Ge T+el™ I+e I G, 1+e
Yas Y Td h = Ysar — Y4 Ysat — Ya
Fegg Ya +Yw — Vst Ya Yw Ya+ Yo — Yant
Ya Ta WYq4
W —_— 1+w w— e
L Yw — WYa ( }Yd Yw Yw — WYa
Yd n?w n
N e +n =
= A =ny, REEE Ya l—n
Ya €Yy e Yw e
Ya: € (l+e),yw 1+e+‘¥d 1+e'Yd 1+8
Y W Ysal 'Ynl Wsm W‘Ym
BT Yy W — W) 1+w A+wie Y= W(¥sae —Ya)
Ysat — Mfw ny, n
Yeats 7 a—wr, Ysat — MY Ysat = MY l—n
Ysal € &Yy €
Tt A+ =€ Ym—Te W Yo+ €le—Y,)  1+e
n n 14w n
ke & (1—mw ;T"’ 3 Tw 1-n
e e (1+w)e e
Wee w T=ow ™ Txew ™ T4e
TABLE 2

Specific gravity of minerals

(after Lambe and

Whitman, 1979)

Mineral Spacific gravity
Quartz 2,65
K-feldspars 254-2.57
Na-Ca-feldspars 2.62-2,76
Calcite 272
Dolomite 2.85
Muscovite 2.7-3.2
Biotite 28-3.2
Chlorite 26-29
Pyrophyllite 284
Serpentine 2.2-27
Kaolinite 2.62-2.66
Halloysite 255
Ilite 2.60-2.86
Montmorillonite 2.75-2.78
Attapulgite 2.30




TABLE 3
Typical values of specific gravity of various soils (after Djoenaidi, 1985)

Type of soil Specific gravity

Inorganic Gravel 2.65

Coarse and medium sand 2.65

Fine sand (silty) 2.65

loess, rock flour, sandy silt 2.67
Inorganic Slightly clayey sand 2.65

Sandy silt 2.66

Silt 2.67-2.70

Clayey sand 267

Clayey sandy silt 2.67

Clayey silt 2.68

Sand-clay 2.68

Sand-silt—clay 2.69

Silt—clay 2.7

Sandy clay 2.70

Silty clay 2.75

Lean clay 2.75

Clay 2.72-2.80
Organic Silts with traces of organic matter 2.30

Organic alluvial muds 2.13-2.60

Peat 1.60-2.15

TABLE 4

Maximum and minimum values of void ratio and dry unit weight
for granular soils (after Lambe and Whitman, 1979)

Void ratio Dry unit weight (kN/m?)
Description

€max €min Ydmin Yamax
Uniform spheres 0.92 0.35 — —
Standard Ottawa sand 0.80 0.50 14.5 7.3
Clean Uniform sand 1.0 0.4 13.0 18.5
Uniform inorganic silt 1.1 0.4 12.6 18.5
Silty sand 0.9 0.3 13.7 20.0
Fine to coarse sand 0.95 0.2 134 21.7
Micaceous sand 1.2 0.4 11.9 18.9
Silty sand and gravel 0.85 0.14 14.0 229

REVIEW QUESTIONS cont.

EXERCISES
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5.
6.
7.

1.

2‘

What are typical values of total, dry, and saturated unit weights?
What are typical values of void ratio for sands and clays?

Define degree of saturation. Is it possible for a soil to have a degree of sat-
uration of 120%?

For a moist soil, given V = 1.2 m3; W = 23.04 kN; w = 8.6%; and G, = 2.71,
determine the bulk unit weight, dry unit weight, void ratio, porosity, degree
of saturation, and volume of water V,,,.

The following laboratory measurement were made on a sample of soft clay
taken under the water table: total volume V = 31.3 cm? total weight
W =0.47 N; weight after oven drying Wy, = 0.258 N; and specific gravity
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TABLE 5
Range of values of void ratio, porosity and unit weight of typical soils (after Kedzi, 1974)
) Unit weight (kN/m?3)
Porosity
Soil type State of soil (%) Void ratio Dry Natural Saturated Buoyant
Sandy gravel Loose 38-42 0.61-0.72 14-17 18-20 18-21 8-11
Dense 1825 0.22-0.33 19-21 20-23 21-23 12-14
Coarse sand, medium sand Loose 40-45 0.67-082 13-15 16-19 17-19 8-10
Dense 25-32 0.33-047 1718 18-21 20-21 10-11
Uniform fine sand Loose 45-48 0.82-092 1416 1519 19-20 9-10
Dense 33-36 0.49-056 17-18 18-21 21-22 11-12
Coarse silt Loose 45-55 0.82-1.22 13-15 1519 18-20 8-10
Dense 35-40 054067 16-17 17-21 20-21 10-11
Silt Soft 45-50 0.82-1.00 13-16 16-20 18-20 8-10
Slightly plastic 35-40 0.54-0.67 16-17 17-21 20-21 10-11
Hard 30-35 0.43-054 1819 18-19 21-22 1213
Lean clay Soft 50-55 1.00-1.22 13-14 15-18 18-19 8-9
Slightly plastic 35-45 0.54-082 1518 17-21 19-22 10-13
Hard 30-35 0.43-054 1819 18-22 21-22 12-13
Fat clay Soft 60-70 1.60-2.33 9-16 1218 16-22 6-12
Slightly plastic 40-65 0.67-1.22 1518 15-20 20-23 10-13
Hard 30-40 043067 1820 17-22 22-24 12-14

4’

5'

7‘

9.

G, =2.7. Determine the the bulk unit weight, water content, void ratio, po-
rosity, and degree of saturation.

For a given soil, the in situ void ratio ¢ is 0.8 and the soil specific gravity G,
is 2.7. Calculate the porosity, dry unit weight, and saturated unit weight.
What would the bulk unit weight be when the soil is 60% saturated?

A base course for a highway is compacted to a unit weight of 18.25 kN/m?
at a water content of 14.6%. The specific gravity G, of the soil is 2.81. Spec-
ifications require compaction to achieve a void ratio of no greater than 0.80.
Has this specification been met?

A soil sample has a mass of 129.1 g and a volume of 56.4 cm?. The mass of
the soil grains is 121.5 g. The soil grains’ specific gravity G, is 2.7. Find the
water content w, the void ratio e, and the degree of saturation §,.

A cylinder contains 500 cm? of loose dry sand, which weighs 750 g. The vol-
ume is reduced by vibration to 10% of the original volume. Assume that the
specific gravity of the sand grains is G, = 2.65. For loose sand, compute the
void ratio, porosity, and dry unit weight. Compute the same quantities for
vibrated sand.

The total volume of a soil specimen is 85 cm?. Its weight is 155 g. The dry
weight of the specimen is 122 g. The density of the solid G, is 2.75. Calculate
the water content, void ratio, porosity, degree of saturation, bulk unit
weight, and dry unit weight.

A soil has a unit weight of 19.93 kN/m?, a specific density G, of 2.67, and a
water content w of 12.6%. Determine its dry unit weight, void ratio, poros-
ity, and degree of saturation. What is the weight of water needed to fully
saturate 1 m? of this soil?

Soil has been compacted in an embankment at a bulk unit weight of 21.09
kN/m? and a water content of 12%. The value of soil specific gravity G; is
2.65. Calculate the dry unit weight, void ratio, and degree of saturation,
Would it be possible to compact this soil at a water content of 13.5% to a
dry unit weight of 19.62 kN/m3? Justify your answer.



3-2/ Unit Weight
of Cohesive Soils

 ETIENE

OBJECTIVE
_The unit weight of cohesive soils is determined by either measuring the weight of
sample lrlmmed to_measurable volumes or by weighing in_water. _The latt latter
method applles to specunens of 1rregular shapes that cannot be trimmed easily.
EQUIPMENT

The equipment for measuring the unit weight of cohesive soils (Fig 1) by trim-
ming is listed below.

e Balance accurate to 0.01 g.

e Ring with cutting edge (about 5 cm in diameter and 2 cm high).
¢ Calipers.

e Wire saw.

e Drying oven.

e Evaporating dish.

The following equipment is also required for weighing in water:

e Support frame for suspending the sample to a line attached to the balance.

e Wax and pan to melt wax. Blocks of solidified wax are readily available
from most hardware stores.

e Container filled with about 1 L of water.

TEST PROCEDURE

Trimming

-~

1. Measure the weight of the clean cutting ring, and determine its internal
diameter and height by using a caliper.
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Figure 1 Equipment for measurement of unit weight of cohesive
soils. Balance accurate to 0.01 g, solidified wax block, and wax
bath, container filled with water, and evaporating dish

2. Gently push the cutting ring completely into the cohesive soil. With the
help of a knife, cut a larger block containing the cutting ring and the sample soil.

3. Cut the excess soil on both ends of the ring by using a wire saw as shown
in Fig. 2. Also clean the sides of the cutting ring from any excess soil.

4. Weigh the ring with the soil inside.
5. Oven dry it and measure its dry weight.

Weighing in Water

1. Trim the specimen to a convenient bulky shape about 5 cm in size. Avoid
having sharp corners or holes, as those create air pockets when coating the spec-
imen with wax.

2. Attach the specimen to 50 cm of fishing line and weigh the specimen as
shown in Fig. 3a.

3. Immerse the specimen in a bath of hot wax as shown in Fig. 4. The wax
must be heated to just above its melting point. Repeat the immersion process sev-
eral times to obtain a specimen continuously coated by wax. If the sample is frag-
ile and has a tendency to disintegrate, use a brush to coat it with wax before
immersing completely it in the wax bath.

4. After the wax has solidified on the sample, attach the waxed sample to
the scale and weigh it again as shown in Figs. 3a and 5.

5. Lift the waxed specimen, put a bucket of water right under the scale, and
immerse the specimen in the water as shown in Figs. 3b and 6. Record its im-
mersed weight.
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COMPUTATION

Chap. 3-2 / Unit Weight of Cohesive Soils

Figure 2 The unit weight of a cohesive soil can be determined by
measuring the weight of a sample of measurable volume. The sample
is cut using a ring with a cutting edge, then its ends are trimmed
using a wire saw.

6. Remove the sample from the weighing bath, remove the excess water
with a rag. and cut a smaller sample that is free of wax for water determination.
Measure its weight, oven dry it, and measure its dry weight.

Determination of Wax Unit Weight

When weighing in water, the wax unit weight y, needs to be determined, but only
once for a series of tests. Because wax is lighter than water, it does not sink into
water and needs to be ballasted. As shown in Fig. 7, (a) measure the submerged
weight W, of a metal block heavy enough to sink the wax piece in water, (b)
measure the weight W, of the wax piece alone, and (c) measure the total buoyant
unit weight W5 of both metal and wax pieces. The wax unit weight is

W,
Yo =Y W T W, =W, (1)

where v, is the water unit mass. A typical value for v, is 9.32 kN/m¢.

Trimming
The total unit weight is calculated as follows:

W-W,
Y= ring (2)

n/4 D°H
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String
attached to
scale

[d) P

Figure 3 Use of buoyancy to measure Figure 4 The specimen is immersed in a bath of
volume. melted wax.

Figure 5 The sample is weighed by suspending Figure 6 The waxed soil sample is immersed in
it to a fishing line attached to the balance. water and its buoyant weight is measured.
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String
attached to
scale
\Yax
-, plECE
ﬁﬁ;fﬂéfkﬁi*
—t——— —_ -
- R i W = "
AT BEL. o e, :
W " S
PLRY = & e s 10 PRt I.(‘.?).: S e e
Figure 7 Steps to determine the unit weight of a body lighter
than water.

where W is the weight of the sample and ring, Wy, the weight of the sampling
ring, D the diameter of the ring, and H the height of the ring. The water content
is

w:—_w_—xlﬂ{] (%) 3)

where W,, is the weight of the soil sample and weighing dish, W, the weight of the
oven-dried soil sample and weighing dish, and W, the weight of the weighing
dish. The soil dry unit weight is

= )

Weighing in Water
The total unit weight of the soil is calculated as follows:

Y=1% LS (5)
YW, - W, =, /7, (W,—W)

where W is the weight of the soil sample, Wp the weight of the waxed soil sample,
W; the immersed weight of the waxed soil sample, vy,, the water unit weight, and
Y, the wax unit weight. The water content and dry unit weight are calculated us-
ing Eqgs. 3 and 4.

EXAMPLE

Figure 8 shtows an example for the measurement of soil unit weight by
weighing in water. The formulas used in Fig, 8 are shown in Fig. 9.
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EXERCISE

M
A | B | ¢ | D
1 Unit weight of soils
2 Analyst name: J.P. Bardet
3 Test date: 11/13/90
Bl Sample description: Brown clay
5
6 SOIL UNIT WEIGHT Sample 1 |Sample 2 s"'gp‘e
Y Mass of soil sample (g) M| 511.40
8 Mass of waxed soll (g) Mp| 579.50
9 Mass of immersed soll (g) M| 215.50
10 Mass of trimmed sample (g) M, 41.2
11 Mass of dry sample _{2)_ My 37.1
12 Bulk unit weight yea: = 16.53 kN/m°
13 Water content w = 11.05%
14 Dry unit weight y; = 14.89 kN/m®
15
i WAX UNIT WEIGHT Sample 1 |Sample 2| S2TP'°
17 Mass of immersed iron block (g) M,,| 57.40 51.40
18 Mass of wax block (g) Mw| 72.10 81.65
19 Mass of immersed iron and wax blocks (g) M| 48.50 47.56
20 Unit welght of wax v, = 9.42 kN/m®
Figure 8 Example of data set for measurement of soil unit weight.
A ] B 1 ¢
12|  Bulk unit weight y,, = =AVERAGE(M/(Mp-Mi-(Mp-M)/B20)*9.8)  kN/m®
13 Water content w = =AVERAGE((Mt-Md)/Md)
14 Dry unit weight v, = =gsat/(1+w) kN/m®
A I B )
20 Unit weight of wax y, = =AVERAGE(9.8"Mwb/(Mwi+Mwb-Mwbi)) KkN/m?
Figure 9 Formulas used in Fig. 8.
1. What is the simplest method for measuring the unit weight of cohesive soils?
Under what conditions do we use weighing in water to determine unit weight?
2. What precaution should you take if you must measure the unit weight of
soils with many air pockets? Should you or not fill and coat these holes with
wax?
3. Can you apply the technique described in this chapter to measure the unit
weight of sands? Why?
4. Derive Eq. 1, which determines the unit weight of a sample lighter than
water.
1. Calculate the unit weight of a cohesive soil sample by trimming and weigh-

ing in water, and compare the results.



Determination
of Specific Gravity

OBJECTIVE

EQUIPMENT

("6‘-%)5

—_—

(78]

The equipment for determination of specific gravity includes:

o Volumetric flasks (250 or 500 mL) with stoppers, numbered and calibrated
(Fig. 1).

e Vacuum pump.

L]

e Distilled deaired water.
o Thermometer, ranging from 0 to 50°C, accurate to 0.5°C.
e Drying oven.

e Evaporating dish.

DEAIRING WATER AND FLASK CALIBRATION

142

The test water must be deaired and the volumetric flask calibrated. The flask cal-
ibration does not need to be repeated before each experiment.

1. As shown in Fig. 2, water is deaired in the flask which is three-fourths
filled by applying vacuum through the stopper. While water is deaired, bubbles
appear because the reduced air pressure causes the water to boil. Deaired water
should be stored in airtight bottles.
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Figure 1 Equipment for measurement of specific density. Balance
sensitive to 0.01g, 500-mL volumetric flask, evaporating dish, supply
of deaired water, and thermometer.

Figure 2 Water is deaired by filling the Figure 3 During the flask calibration, the
flask about three-fourths and applying flash is carefully filled with deaired water up
vacuum through the stopper. to its mark.
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Flask stem

Meniscus
Mark

Figure 4 The volumetric flask is filled
when the bottom of the water meniscus is
aligned with the mark on its stem.

2. The volumetric flask is calibrated by measuring its weight when it is filled
with deaired water. Wash the volumetric flask. As shown in Fig. 3, carefully fill it
to the volume mark with deaired water, without splashing to introduce air bub-
bles. The flask is filled correctly when the mark on its stem is at the bottom of the
water meniscus, as shown in Fig. 4. Put the stopper on the volumetric flask, and
measure its weight Wy, Measure the water temperature 7. The bottle should be
calibrated at the same temperature as during the test. Any change in water tem-
erature modifies the flask volume.

1. Take a sample of 100 to 120 g of air-dried soil. For fine-grained soils, mix
the sample with water in an evaporating dish to make about 200 mL of soil-water
mixture. For clays, transfer the soil-water mixture into a malt mixer container
and mix it for about 5 to 10 min. No soaking is required for sand and fine gravel.
However, the aggregates should be broken into pieces small enough to go into
the volumetric flask.

2. Transfer the soil-water mixture from the evaporating dish into the volu-
metric flask. Wash any remaining soil into the flask using a wash bottle. Add suf-
ficient water to fill the flask two-thirds to three-fourths full. Do not fill it
completely, because its contents must be agitated under vacuum.

3. Attach the flask to a vacuum line and for at least 10 min gently agitate
the mixture while keeping it away from the flask stopper. The reduced air pres-
sure should cause the water to boil.

4. When the deairing process is complete, add deaired water to fill the cali-
brated flask volume (see Fig. 3).

5. Measure the weight of the flask. Measure the water mmperatu:e, which
should be close to that of the temperature of flask calibration.

6. Empty the flask and its contents into a deep evaporating d'ish and oven
dry. Measure the weight of dry soil.

7. Repeat the test to calculate additional values of G, until the values of G,
are within 2% of each other.

The specific gravity G, of a soil is calculated as follows:

WS
C=w, W, -w, @)

where W, is the weight of the dry soil, W the weight of the flask filled with soil
and water, and Wy, the weight of the flask filled with deaired water only.
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Figure 5 The flask is attached to a vacuum line, and its mixture is
gently agitated by turning the flask for at least 10 min.

EXAMPLE

Figure 6 shows an example of a data set for the specific gravity of soils. The
formulas used in Fig. 6 are shown in Fig. 7.

| B | e

A
Specific Gravity

1
2 Analyst name: J.E. Bowles
EX Test date:  11/13/90
| 4 | Sample description:
518
[ Sample 1 |Sample 2
7 Mass of flask and water (g) My,,| 693.27 693.27
T Mass of flask, soil and water (g) Mg 753.66 754.69
T Mass of evaporating dish (g) M| 254.52 270.52
10| Mass of evaporating dish and dry soil (g) My| 350.7117 368.49
1 Specific Gravity G, 2.72 2.68
12 Average Specific Gravity G, = 2.70

Figure 6 Example of data set for measurement of specific gravity.
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A B C
1 Specific Gravity G, |=(Md-Mc)/(Md-Mc+Mfw-Mfs) |=(Md-Mc)/(Md-Mc+Mfw-Mfs)
12 | Average Specific Gravity G, = =AVERAGE(Gs)

REFERENCE

REVIEW QUESTIONS

Figure 7 Formulas used in Fig. 6.

See Introduction for references to ASTM procedures (pages 4 to 6).

P

4.
5.

Define specific gravity of soil.

What are typical values of the specific gravity for soils?

Can you apply the technique described in this section to measure the spe-
cific gravity of material lighter than water?

Why do we use vacuum while determining the specific gravity of soils?
What is the effect of water temperature on the determination of the specific
gravity of soils?
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INTRODUCTION

DEFINITIONS

The Principles
of Compaction

For many civil engineering projects, soils have to be compacted to a denser state
to improve their engineering propertics. They are compacted by mechanical
means with rolling, ramming, or vibrating equipment. The soil density to be ob-
tained by field compaction is defined by means of two basic laboratory compac-
tion tests: the standard and modified compaction tests. In 1933, Proctor
introduced a laboratory test to control soil compaction, which later became
known as the standard Proctor compaction test. The other compaction test, the
modified AASHTO test, was later introduced to simulate the compaction of
heavy equipment, which produces higher compaction energy.

Soil compaction consists of closely packing the soil particles together by mechan-
ical means, thus increasing the soil dry unit weight. As illustrated in Fig. 1a, soils
are made of solid grains with voids filled with air and water. The proportion of
solid, liquid, and air is represented in Fig. 1b. As shown in Fig. 1¢, compaction
only reduces the air fraction. It barely changes the water content and has no ef-
fect on the solid volume. In theory, the most efficient compaction process should
remove the air fraction completely. However, in practice, compaction cannot
completely eliminate the air fraction, but only reduces it to a minimum, provided
that appropriate techniques are used.

Compaction should not be confused with consolidation, which corresponds
to the drainage of water from soils subjected to static loads. In most soils, com-
paction is too rapid to allow time for drainage.

As illustrated in the typical compaction curve of Fig. 2, water has an impor-
tant effect on soil compaction. Even at low water content, the soil grains are sur-
rounded by a thin film of water. A small increase in water content tends to
increase the repulsion of particles and to facilitate their orderly arrangement. Un-

147
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Air

(b)

Figure 1 Principle of soil compaction.

Water content (%)

Figure 2 Typical compaction curve (after Lambe, 1951).

til the optimum water content is reached, the addition of water expells more air
from soils, and enables to reach larger dry unit weight. The densest soil is ob-
tained at the optimum water content. When the water content exceeds this opti-
mum value, the water pushes the grains apart. Since water is much more
incompressible than the grain assembly and has no time to drain, the dry unit
weight starts to decrease.

Saturation Lines

The dry unit weight y,, total unit weight y, water content w, degree of saturation
S,, and specific gravity G, are related through
G
= _ & 1
V=T rw =TT G,wis, (1)

When §,, y,,, and G; are given, Eq. 1 defines the saturation lines. Figure 3 shows
the saturation lines corresponding to S, = 100%, 90% and 70% for G; = 2.65 and
Y = 9.8 kN/me. y4 decreases with w but increases with S,. Because S, < 100%, all
measured points (w, y;) must be below the 100% saturation line. The 100% satu-
ration line defines the upper limit of compaction curves. No data point can be be-
yond this line. As shown in Fig. 2, the descending branch of the measured
compaction curve falls between the 100% and 90% saturation lines. The dry unit
weight decreases with water content because water filled the soil voids before
drying. The 100% saturation line is commonly plotted next to compaction curves
while reporting the result of compaction tests.
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& 8 & 8

Dry unit weight (kN/m®)

p—
=]
s

Water content (%)

Figure 3 Variation of dry unit weight versus water content for
constant degree of saturation S, = 100%, 90%, and 70%,

Compacting Efforts

The methods used for various standard types of compaction tests are summarized
in Table 1. The compaction methods vary depending on the rammer weight, ram-
mer drop, size and height of mold, and the number of layers and blows per layer.
The work done E by the rammer per unit volume of soil is

H
E=W,3 NsN, @)

where W, is the rammer weight, H the rammer drop, V the volume of compacted
soil, N the number of blows per layer, and N, the number of layers. As shown in
Table 1, the work done E in the modified compaction test is about 4.5 times as much
as that in the standard test. According to ASTM the larger mold is used for coarser
soils having particles larger than 9.5 mm but smaller than 19 mm. As shown in Fig.
4, the relation between density and water content is influenced by the compactive

19 LY
=100%

18 -
g 17 -
% 16
E 15 4

14 4

—&— 6 blows
13 - - .
5 10 15 20 25
Water content (%)

Figure 4 Compaction curves for a silty clay subjected to different

numbers of blows per layer in modified compaction test (after Turn-
bull and Foster, 1956).
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TABLE 1
Summary of compaction procedures (ASTM D698 and D1557)
w H N N D L 5
r L B
Ton of Tkt Rammer Hammer Number  Number of Diameter Height Wo;f j_?i?e
yp weight drop of blows per of mold of mold voifme of scil
(N) (mm) layers Layer (cm) (cm) (kJ/m?3)
Standard compaction 24.4 305 3 25 10.2 11.6 592
ASTM D 698 ’ 244 305 3 56 15.2 11.6 589
Modified compaction 445 457 5 25 10.2 11.6 2695
ASTM D 1557 445 457 5 56 15.2 11.6 2683

effort, higher compactive efforts giving denser soils. Modified compaction tests
yield denser soils than standard compaction tests.

influence of soil compaction on soil properties

The nature and magnitude of compaction in fine-grained soils significantly influ-
ences their mechanical behavior. A few effects are illustrated in Figs. 5 and 6. For
additional information refer to Mitchell et al. (1965), and Hilf (1991).

Permeability (cm/s)

1.0E-07 -

1 OE-08 -

1.0E-09

Dry unit weight (kN/m’)
©
Lh

19 4
18.5
—— Experiment
18 - T T T
5 7 9 11 13
Water content (%)

Figure b Compaction—-permeability tests on Siburua clay (Lambe,

1962).
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Figure 6 Influence of water content on the stress-strain relation-
ship for compacted samples of kaolinite (a) stress versus strain rela-

tionships for compacted samples, (b) dry unit weight versus water
content (from Seed and Chan, 1959).

As shown in Fig. 5, an increase in water content w during compaction
causes a decrease in permeability & when w is smaller than the optimum water
content w,,, and a slight increase in k when w > w,,,. Compaction modifies the
permeability by decreasing the voids available for flow, and reorienting soil parti-
cles.

Fig. 6 shows the influence of compaction water content w on the stress-
strain response of compacted samples of kaolinite subjected to triaxial tests (see
Chapter 7-6). Samples compacted with w < w,,,, tend to be more rigid and stron-
ger than samples compacted with w > w,,,.

As pointed by Lambe and Whitman (1969), the engineer must consider the
behavior of the soil not only as compacted. Many changes can occur in the com-
pacted soil, such as changes in saturation due to permeating water, which ulti-
mately determine its shear strength and compressibility.
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1. What is the compaction of soils? How is it different from consolidation? Il-
lustrate your answer with a diagram showing the variation of air, water and
soil fractions of soil samples during compaction and during consolidation.

2. Who introduced the standard compaction test?

3. What is the main difference between standard and modified compaction
tests?

4. What is a compaction curve?

5. What is the 100% saturation line? How is it related to compaction curves?

6. What is the influence of compactive effort on compaction curve?

7. Why do we compact soils in civil engineering?

1. Find the maximum dry unit weight and optimum water content for the com-
paction test results of Table E1 (data from Lambe, 1962). Plot the data points
and the 100% and 90% saturation lines (G, = 2.65 and ¥y, = 9.8 kN/m3).

TABLE E1
Water content Dry unit weight

(%) (kN/m?3)
5.76 17.34
6.95 17.72
8.90 18.10

10.97 18.81

1419 18.54

15.90 17.88

18.21 17.33
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2. Find the maximum dry unit weight and optimum water content for the com-
paction test results of Table E2 on Siburua clay (data from Lambe, 1962).
Plot the data points and the 100% and 90% saturation lines (G, = 2.85 and
Yo = 9.8 kN/m3). Plot the variation of permeability versus water content,
and comment on the effect of compaction on permeability.

TABLE E2

Water content Dry unit weight Water content Permeability
(%) (kN/m?) (%) (cm/s)
8.47 18.83 8.27 3.7 x 10-8
9.37 19.74 9.17 1.2 x 10-8
10.99 20.22 10.98 2.0 x 10°°
11.46 20.23 12.39 138 5%"1072
11.85 20.08 14.34 26 x 107
1217 20,08
13.32 19.74
13.93 19.03
14.22 19.03
14.40 18.88

3. Same as Exercise 1 for the results of Table E3.

TABLE E3
Water content Dry unit weight
(%) (kN/m?3)
22.87 13.36
24,78 13.70
27.04 14.53
28.75 14,22
29.96 1412
31.62 . 13.78

4. Find the maximum dry unit weight and optimum water content for the re-
sults of four different compaction tests in Table E4. Plot the data points on
the same graph, and draw the 100% saturation line (G; = 2.65 and y,, = 9.8

kN/m?).
TABLE E4
Water content Dry unit weight
(%) (kN/m?3)
Modified 10.19 17.20
55 blows per layer 1214 17.77
13.25 17.98
13.95 18.30
16.39 18.24
17.20 17.52
17.66 17.28
2017 16.60
Modified 10.09 16.09
26 blows per layer 12.55 16.89
13.53 17.14
14.37 17.36
16.34 17.50
16.41 17.46
17.57 17.13

18.41 16.99
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Water content

Dry unit weight

(%) (kN/m?3)
19.15 16.71
Modified 10.42 15.04
6 blows per layer 11.76 15.48
1214 15.64
15.90 16.19
16.87 16.50
18.22 16.46
18.92 16.30
19.20 16.32
20.03 16.17
21.15 16.03
Modified 11.07 14.04
12 blows per layer 12.69 14.53
13.95 14.82
16.13 15.37
17.57 15.62
19.85 15.80
21.01 15.66
21.75 15.64
23.10 15.52




Compaction Tests

OBJECTIVE
Laboratory compaction tests are used to determine the relation between water
content and dry unit weight and to find the maximum dry unit weight and opti-
mum water content.

EQUIPMENT

The equipment used in compaction tests includes:

e Cylindrical metal mold, internal dimension 105 mm in diameter and 115 mm
high (volume 1000 em?). The mold is fitted with a detachable base plate and
a removable extension collar (Figs. 1 to 3). A split mold (Fig. 4) may be
used when an extractor is not available.

e For the standard compaction test, metal rammer with 50-mm-diameter face,
weighing 24.4 kN, sliding freely in a tube that controls the height of drop to
300 mm (Fig. 5). For the modified compaction test, the rammer weight is
44.5 kN and the height of drop is 460 mm.

e Extractor apparatus for removing compacted material from the mold (see
Figs. 11 and 12).

Scoop or trowel.
Steel straightedge, 30 cm long.
No. 4 sieve.

Balance, 10 kg capacity, accurate to 1.0 g.
e Drying oven, and evaporating dishes for moisture content determination.
e Ruler and vernier caliper.

155
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Figure 1 Equipment for compaction test. Cylindrical mold, ram-
mer, scoop, steel straightedge, 10 kg capacity scale, and extractor.

Figure 2 Base, mold body, and extension collar of cylindrical mold
for compaction test.

PREPARATION OF EQUIPMENT

The exact volume of the standard compaction mold is measured before the com-
paction test. Clean and dry the mold, extension collar, and base plate. Weigh the
mold body without the base plate and extension collar, Measure the internal di-
ameter D and height A of the mold body. The mold volume V is

V= % D2H (1)

Check the rammer to ensure that it falls freely through the correct height of drop
(Table 1 of Chapter 3-4).
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Figure 3 Dimensions and parts of a standard compaction mold.

Figure 4 Split mold for compaction test. In contrast to the standard
mold, the split mold can be split open to remove the compacted soil
sample, and does not require the use of an extruding device.

PREPARATION OF SOIL SAMPLE

The original bulk sample is air dried and weighed. The large particles are removed
by passing the sample through a No. 4 sieve. The mass of material required for the
test is about 3 kg when the same soil is used in all the test points. ASTM recom-
mends using a fresh soil sample for each test point, which requires about 15 kg of
soils for five test points.
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330

25 mm

50 mm

Figure 5 Rammer for standard compaction test.

Standard compaction test

1. To obtain five well-placed points on the compaction curve, the water con-
tent is selected low for the first test point and is gradually increased for the other
points. It should be about 4 to 5% below the optimum water content for the first
point, and 4 to 5% above the optimum water content for the fifth and last point.

2. Add a suitable amount of water and mix thoroughly. Thorough mixing of
soil and water is essential. The weight of water W, to be added to achieve the wa-
ter content w in percent may be estimated as follows:

_ Wiw —wy)
W, ==t @

where w; is the previous water content (%) and W, is the weight of dry soil.

3. Place the mold assembly on a solid base such as a concrete floor. Add
loose soil to the mold so that it is about half full (Fig. 6). Compact the soil by
applying 25 blows of the rammer dropped from the controlled height of 300 mm
(Fig. 7). The rammer should be positioned properly before releasing. The guide
tube must be held vertically. Place the tube gently on the soil surface; the ram-
mer does the compaction, not the tube. To avoid injury, the hand that holds the
tube must be kept clear from the falling hammer. As shown in Fig. 8, the ram-
mer should be positioned to evenly distribute the compaction energy into the
soil.

4. Place a second, approximately equal layer of soil in the mold, and com-
pact it with 25 blows as before. Repeat with a third layer, which should bring the
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Figure 6 The compaction mold is half-filled
with loose soil,

Figure 8 Sequence of blows using hand rammer.
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Figure 7 The soil is compacted by applying
25 blows with the rammer.

Extension
collar

Compacted soil

0

Mold Layer No.3
body
Layer No.2
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Figure 9 At the end of the compaction
phases, the compacted soil level should be just
above the mold body.

%
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Figure 10 The excess soil is cut away by Figure 11 Extractor for removing compacted soil
leveling off the top of the mold. samples.

COMPUTATION

compacted soil level in the extension collar to about 6 mm above the level of the
mold body, as shown in Fig. 9. If the compacted soil level in the extension collar
is much higher, the test becomes inaccurate because the compacting energy per
unit volume of soil is no longer constant.

5. Remove the extension collar carefully. Cut away the excess soil and level
off to the top of the mold (Fig. 10). Any small cavity resulting from the removal
of stones should be filled with fine materials.

6. Remove the base plate carefully, and weigh soil and mold.

7. Fit the mold on the extractor and extract the soil from the mold (Figs. 11
and 12).

8. Immediately take up to three representative samples to determine the
sample water content (Fig. 13).

9. Break up the material on the tray and add an increment of water to
achieve a desirable water content (refer to Eq. 2).

10. Go to step 2 and repeat to obtain five compaction points.
Modified compaction test

Follow the same procedure as the standard compaction test, but use the heavier
rammer (44.5 kN instead of 24.4 kN) with a larger height of drop (457 mm in-
stead of 305 mm). Also compact the soil in 5 layers (instead of 3) by applying 56
blows per layer (instead of 25).

The bulk unit weight vy is calculated as follows:

W-W,
Y= 3)
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where W is the weight of the soil and mold, W,, the weight of the empty mold,
and V the volume of the mold. The dry unit weight v, is

Y
Ya= 137100 )

where w is the water content (%).

4
e

Figure 12 The compacted soil may become very hard; it is re-
moved from the compaction mold by using an extractor,

EXAMPLE

Figures 14 and 15 show an example of a compaction test. The results are pre-
sented in the form of a compaction curve: dry unit weight vy, versus water
content w (%). This curve is obtained by plotting the data points for each
compacted sample and connecting these points by a smooth curve. The 100%
and 90% saturation lines are also plotted next to the compaction curve. They
are obtained by using Eq. 1 of Chapter 3-4 for G, = 2.65. All the experimen-
tal data points fall under the 100% saturation line, and some fall on the 90%
saturation line. Figure 16 shows the formulas used in Figs. 14 and 15, and Fig.
17 shows the user-defined functions used in Fig. 15. These user-defined func-
tions use functions FIT2 and FIT3, which are defined in Chapter 8-1. FIT2
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Figure 13 Take up to three representative samples to determine
the moisture content of the sample.

and FIT3 perform a quadratic and a polynomial regression, respectively. The
maximum unit weight and optimum water content are determined by using
two different methods, referred to as A and B. Method A uses the user-de-
fined function OPTIMUM3, which returns the maximum dry unit weight and
optimum water content by fitting all data points with the cubic polynomial
regression of function FIT3. The optimum of method A is plotted as a solid
triangle in Fig. 14. Method B uses the user-defined function OPTIMUM?2,
which returns the maximum dry unit weight and optimum water content by
fitting only three data points with the quadratic polynomial regression of
function FIT2. The three data points are selected close to the maximum. The
optimum of method B is plotted as a solid circle. Method B is equivalent to
the one specified by ASTM D 5080. In the example of Fig. 14, method B
probably gives a better optimum than method A.

19 . iy

O  Experiment
= ——=—100% line
------- 90% line

A Optimum A
Fitting A

® OptimumB .
—=--—- Fitting B

Dry unit weight (kN/m”’)

5 7 9 11 13 15 17
Water content (%)

Figure 14 Example of compaction curve with 100% and 90% sat-
uration lines.
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A1 ¥ 1. € .1 o T ‘%

1 Compaction test
z Analystname: K. Tiel
[ 3] Testdate: 3/1/1993
4 Sample description: Kaprielian soil
£l
6 Diameterof moldd= 10.14 cm
g Height of mold h= 11.67 cm
[ 8 | MassofmoldM ., = 4250.00 g
9 Specific gravity G s= 2.66
T
n and mold (g) wet 8ol (g) soil (g) can(g) (%)
12 M, My M,
13| 6070.00 81.42 79.18 46.58 6.87
14 95.56 92.19 45.50 7.22
90.20 87.49 47.44 6.77

6274.00 185.76 177.10 104.90 11.99
171.66 164.54 104.20 11.80

165.30 156.63 82.46 11.69
6218.00 94.21 90.07 46.58 9.52
106.93 101.50 45.50 9.70
85.04 81.80 47.44 9.43

6248.00 169.50 162.56 104.90 12.04
214.50 201.79 104.20 13.02

163.45 153.75 B2.46 13.61
6232.00 82.80 78.27 46.58 14.29
90.33 84.22 45.50 15.78
85.45 80.23 47.44 15.92

SEERREREBCEERL

Average Dry unit

:::sr:;??'; water weight
2 9 | content (%) | (kN/m®)
—5-01 M w aq
31| 6070.00 6.95 17.70
32| 6274.00 11.83 18.82
33| 6218.00 9.55 18.68
[34] 6248.00 12.89 18.40
35| 6232.00 15,33 17.87
% Method A |Method B
37 Optimum moisture (%)= | 1055 | 10.91
38 Maximum dry unit weight (kN/m 3}: 18.80 18.93

Figure 15 Example of data set.

'EVIEW QUESTIONS

1. How many data points are necessary to construct a standard compaction
curve?

2. Why is it important for the final level of compacted soil to be just above the
mold body?

3. How do you select the water content for the five samples in the compaction
test?
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B €
Average water content ;
%) Dry unit weight (kN/m®)
E -]
= Ex w 94
Water content (%) || 31 | =AVERAGE(E13:E15) |=(M-Mm)/(PI()*d"2/4"h)/(1+w/100)"9.8
1 | E =AVERAGE(E16:E18) |=(M-Mm)/(PI()*d*2/4*h)/(1+w/100)*9.8
2 | 3 | =AVERAGE(E19:E21) |=(M-Mm)/(PI()"d"2/4"h)/(1+w/100)*9.8
13 | =(Mw-Md)/(Md-Mc)*100 | | 34 | =AVERAGE(E22:E24) |=(M-Mm)/(P1()*dA2/4*h)/(1+w/100)*9.8
(74 | =(Mw-Md)/(Md-Mc)*100 | [ 3 | ~AVERAGE(E25:E27) | =(M-Mm)/(P1()*d*2/4*h)/(1+w/100)"9.8
C D _E_
% Method A Method B
El Optimum moisture (%) =| =OPTIMUM3(w,gd) |=OPTIMUM2(B32:834,C32:C34)
3|  Maximum dry unit weight (kN/m°) ={ <OPTIMUMS(w,gd) |=OPTIMUM2(B32:834,C32:C34)

Figure 16 Formulas used in Fig. 15.

el e[e]o[ o ufs]is[u[x]]e] o f]n]=[z]s]| =] o «| | ] ]| ] -

DEEEE!

=SET,VALUE(B5:E5, TRANSPOSE(FIT3(W,GD)))
=(-D5+SQRT(D5A2-3°E5*C5))/3/ES
=(-D5-SQRT(D5A2-3*E5*C5))/3/ES
~IF(AND(A6>=MIN(W),W<=MAX(W)),SET.VALUE(BS,A6))
=IF(AND(A7>=MIN(W), W<=MAX(W)),SET.VALUE(B9,A7))
=SET.VALUE(B10,E5'B9"3+D5'B924C5'B9+B5)
=RETURN(B9:B10)

GDFIT3

=RESULT(1)

=ARGUMENT("Wnew",1)

=ARGUMENT("W" 64)

=ARGUMENT('GD",64)

=SET.VALUE(B18:E18 TRANSPOSE(FIT3(W,GD)))
=RETURN(E18"WnewA3+D18*Wnew’2+C18*Wnew+B18)

OPTIMUM2

=RESULT(64)

=ARGUMENT("W",64)

=ARGUMENT("GD" 64)

=SET.VALUE(B25:D25, TRANSPOSE(FIT2(W,GD)))
=-C25/2/D25

=D25*A26/2+C25°A26+B25

=RETURN(A26:A27)

GDFIT2

=RESULT(1)

=ARGUMENT("Wnew",1)

=ARGUMENT("W",64)

=ARGUMENT(*GD" 64)

=SET.VALUE(B35:D35 TRANSPOSE(FIT2(W,GD)))
=RETURN(D35*Wnew2+C35*Wnew+B35)

A B
OPTIMUM3 IOpﬂmum water content
=RESULT(64) and Maximum unit weight
=ARGUMENT("W" 64) with a cubic fitting
=ARGUMENT("GD",64) AD

5.15634642049554

10.5521567377323
18,79741766689729

Unit weight corresponding
to water content
with a cubic fitting

AD
5.15634642049554

Optimum water content
and Maximum unit weight
with a quadratic fitting

AD

2.74895896163071

Unit weight corresponding
to water content
with a quadratic fitting

AD
2.74895896163071

Figure 17 User-defined functions OPTIMUM3 and GDFIT3 for cu-
bic fitting, and OPTIMUM2 and GDFIT2 for quadratic fitting.

4. Will you obtain the same optimum water content and maximum density for

the standard and modified compaction tests? How would you expect the

values to be different?
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References
EXERCISE
1. Calculate the optimum water content and the maximum dry unit weight
from the data
Diameter of mold (cm) 10.07
Height of mold (cm) 11.54
Mass of mold (g) 4258.00
Mass of
can and Mass of
Mass of soil and mold wet soil can and dry Mass of
(9) (9) soil (g) can (g)
6070.00 98.03 94.65 46.67
9513 91.56 45.67
105.80 101.67 45.61
6274.00 88.29 84.76 46.69
72.27 70.07 45,67
79.00 76.08 45,61
6218.00 73.22 70.29 46.69
77.32 T3.73 45.67
84.36 77.84 45,61
6248.00 62.62 60.46 46.69
75.95 71.64 45.67
62.68 60.33 45.61
6232.00 90.35 83.68 46.69
82.73 77.09 45.67
86.33 80.34 45,61
Diameter of mold (cm) 10.16
Height of mold (em) 11.65
Mass of mold (g) 4256.00
Mass of
can and Mass of
Mass of soil and mold wet soil can and dry Mass of
(9) (9) soil (g) can (g)
6178.00 171.79 166.2 104.87
129.50 126.14 89.05
145.91 142.32 10417
6318.00 145.00 140.93 104.87
148.26 142.21 89.05
141.11 137.42 104.17
6318.00 161.02 154.46 104.87
133.16 128.06 89,05
135.69 132.06 10417
6274.00 162.90 155.53 104.87
131.99 126.53 89.05
164.55 156.93 104.17
6212.00 169.49 160.41 104.87
147.39 139.33 89.05
171.19 162.02 104.17
REFERENCES

See Introduction for references to ASTM procedures (pages 4 to 6).
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The sand cone method is used to determine soil density in the field and to control
the results of field compaction in earth embankments, road fill, and structural
backfill. Figure 1 illustrates the principle of the sand cone method and two other
techniques: balloon density and nuclear methods. In the sand cone method shown
in Fig. 1a, a soil sample is excavated manually and its weight W measured (Fig. 2).
The volume V of excavated soil is determined from the volume of fine sand re-
quired to fill the hole. The bulk unit weight ¥ and dry unit weight y, of the in-
place soil is

w R S
O ¢ s ey @)

'Y —
where w is the water content (%), which is usually determined in the laboratory.
The volume of fine sand is determined by measuring its weight, which assumes
that it has a well-known density.

As shown in Fig. 1b, the rubber balloon method is based on the same prin-
ciple as the sand cone method but uses a balloon inflated with water to fill the ex-
cavated hole. The volume of the hole, which is equal to the volume of injected
water, is measured directly on the graduated cylinder of the rubber balloon de-
vice.

As shown in Fig. 1c, the nuclear density method measures both soil density
and water content by using two types of radioactive sources. The radium or ce-
sium isotope source generates gamma radiation, which is scattered by soil parti-
cles, whereas the americium-beryllium isotopes source emits neutrons that are
scattered by the hydrogen atoms of the soil water. In the field, the radioactive
sources, which are stored in a protective container during transport, are pushed at
the end of a rod into the soil. The amounts of scatter between sources and detec-
tors are measured by a Geiger counter and are related to soil density and water
content after calibration. Nuclear methods have increased in popularity during
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(a) Sand cone

(b) Balloon density apparatus

Graduated

Figure 1 Three methods of determining the unit weight of soils in
the field.

cylinder (¢) Nuclear density apparatus

Hand pump [ l
Geiger counter
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the past twenty years, owing to their advantages over traditional techniques. They
are conducted rapidly and yield results within minutes. However, their disadvan-
tages include high initial cost and potential danger of radioactive exposure. Strict
radiation safety standards, such as carrying safety badges with radiation-sensitive
films, must be enforced for these methods.

Only the sand cone method is described hereafter. Although it is not the
most efficient and rapid test method, this basic test illustrates well the principle of
the determination of density of soil in the field.

W, Weight
of sand lost

filling cone and
base plate

ot L \
Volume of hole \
Yeana Unit weight of sand \ \

Figure 2 Principle of sand cone method.

Excavated
hole
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EQUIPMENT
The equipment for the sand cone method includes:
e Sand cone with fitted valve (Fig. 3). The metal funnel is screwed on a 3.83-L.

plastic jar. (Fig. 4).
e Base plate about 30 cm wide.

o Uniform fine sand. About 1 kg of sand is required for each field measure-
ment.

Figure 3 Equipment for sand cone method. Sand cone, 3.83-L
plastic jar, digging tools, airtight container, base plate, brush, and
compaction mold.

171 mm

Base plate
BN ‘ NN
——305mm ———> Figure 4 Sand cone (ASTM dimension)
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Digging tools (large spoons and screwdriver) to dig a hole in the soil.
Airtight plastic bag or container to collect soil samples.

Balance. 10 to 25 kg capacity, accurate to 1.0 g. A rugged field balance with
leveling capabilities is recommended.

Drying oven and evaporating dishes for moisture content determination.

CALIBERATION OF EQUIPMENT

The sand cone method uses a fine uniform sand that passes through a No.20 sieve
but is retained on a No. 30 sieve. The sand grain size ranges from (.85 to 0.6 mm. Its
uniformity helps to keep a constant density, which is a requirement when volumes
are to be determined from weight measurements. ASTM requires a coefficient of
uniformity C, smaller than 2, all particle sizes smaller than 2.0 mm, and no more
than 3% smaller than 0.25 mm. The sand cone equipment is calibrated as follows.

Determination of Sand Unit Weight

1. Measure the weight W, of a standard compaction mold, which includes
the mold body and base plate but not its extension collar. Calculate its internal
volume V after having measured its internal height and diameter.

2. As shown in Fig. 5, pour sand into the mold by using a scoop. Ideally,
the pouring of sand in the laboratory should be similar to that in the field. Do not
shake or vibrate the mold, which may increase the sand density. Fill the mold
completely and strike off the excess sand with a straightedge, as shown in Fig, 6.
Measure the weight W of the mold and sand.

3. Repeat step 2 until two weight readings are in good agreement, within 10
g. The sand unit weight y,,q 1S

W-W,
Ysand = T (2)

Figure 5 Filling the mold with sand using a scoop to determine the
sand unit weight.
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Figure 6 After filling the mold completely, strike off the Figure 7 The sand weight required to fill
excess sand with a straightedge. the volumes of cone and base plate is

TEST PROCEDURE

measured in the laboratory.

Determination of Weight of Sand to Fill Jar,
Cone, and Base

1. Fill the jar completely with sand. and measure its weight W,

2. Place the base plate on a flat tray. The groove along the circular hole of
the base plate should be facing up, as shown in Fig. 7. Turn the sand cone upside
down with the valve closed, and position the metal funnel on the base plate.
Open the valve to let the sand fill the funnel. Close it when the sand stops flow-
ing. Measure the weight W,, of the partially empty bottle. The difference W, — W,
is the sand weight W, required to fill the cone and base plate.

3. Repeat steps 1 and 2 until two weight readings are in good agreement.

1. At the location where the density is to be determined, level off the
ground surface and position the baseplate horizontally. By using a screwdriver,
mark the base plate opening on the ground as shown in Fig. 8. Remove the base
plate, and dig a hole with an opening size slightly larger than the base plate open-
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Figure 8 In the field, level off the ground surface, Figure 9 A hole is excavated with an opening size
position the base plate, and mark the base plate slightly larger than the base plate opening.
opening using a screwdriver,

ing as shown in Fig. 9. The volume of the excavated hole should be smaller than
3830 cm?, the full capacity of the sand cone jar. As a guide, ASTM suggests the
following volumes for the holes:

Maximum grain size Volume of test hole

(mm) (em?3)

475 700
127 1400
25.0 2100
50.0 2800

2. Carefully place all the soil removed from the hole into the airtight plastic
bag or container. It is important not to lose any material. A loss of material
would introduce substantial error in the determination of the unit weight for such
a relatively small sample.

3. Measure the weight Wy of the full jar on the field scale.

4. Center the base plate above the hole (see Fig. 10). The base plate open-
ing should be facing up. If necessary, brush soil off the base plate. Turn the sand
cone upside down with the valve closed, and position the metal funnel on the
groove of the base plate (see Fig. 11). Open the valve to let the sand fill the hole.
Close it when the sand stops flowing. Measure the weight W, of the partially
empty jar and the weight W of the soil sample.

5. Salvage as much sand from the hole as possible.

6. After returning from the field, determine the water content of the soil
samples.

COMPUTATION
As shown in Fig. 2, the volume V of the sampling hole is calculated as follows:

W,—W,-W.
V= ———— (3)
Y.\'.lml
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il 'I[:ul"::

Figure 10 Face up, the base plate is centered above the hole and
cleaned up by using a brush.

Figure 11 During the actual field test, the valve of the the sand
cone is opened and the sand flows down to fill the excavated hole.
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jar partially empty, W, the sand weight required to fill the cone and base plate,
and Ygng the sand unit weight. The bulk unit weight y and dry unit weight 7y, of
the field sample are calculated as follows:

_w N
Y=y ad Yi=3- 5 )

where W is the weight of the sample collected and w is the water content of the
sample (%).

EXAMPLE

The reported test results of the sand cone method should clearly indicate
the bulk unit weight v, dry unit weight y,, and water content w (%). The
point (w, y;) should be plotted on the compaction curve obtained in a labo-
ratory compaction test to compare the field values to the optimum water
content and maximum dry unit weight. Then one can easily verify whether
or not the compacted soil in the field meets the compaction requirement.
Figure 12 shows an example of the sand cone method test, and Fig. 13
shows the formulas used in Fig. 12.

A [ B | C
Sand cone method

Analyst name: Kary P. Tie/
Testdate: 3/1/1993
Sample description: Sample from Kaprielian Hall

EOZCE

6 |Measurement In the fleld

Z Mass of jarand sand before useM = 6804.00 g
| 8 Mass of jarand sand afteruseM = 4384.00 g
9 Mass of collected soil M = 1181.69 g
10
11|Water content In the laboratory Sample 1| Sample2 |
1 Mass of can and wet soll (Q)M .| 169.87 189.70
Mass of canand dry soil ()M 4| 765.52 184.05
Mass of can (g} M 104.79 104.19
Water content w 7.06% 7.07%
Average water content w = 7.07%
Bulk unit weight y = 20.12 kN/m*®
Dry unit weight yq= 18.79 kN/m®
2 0|Callbration In the laboratory
Diameter of mold D = 10.14 cm
Height of mold H = 11.67 cm

Sampie 1 Sample 2

Massofmoldandsand (Q)M me| 5570.0 5580.0
Mass of empty mold (g)M | 4242.0 4256.0
Mass of jar and sand before filling cone 4946.0
Mass of jar and sand after filling cone (g) 3336.0
: sand (k 13.81 13.77
of sand Yggng = 13.79 kiN/m®
o fillcone M - 1610.0_2

Figure 12 Example of data set.
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REVIEW QUESTIONS

3.

4.

EXERCISES

1

2.

A B C
15 Water content w |=(Mw-Md)/(Md-Mt) =(Mw-Md)/(Md-Mt)
| 16 | Average water content w = =AVERAGE(B15:C15)
17 Bulk unit weight ¥ = =M/(Mf-Me-Mc)*gsand KkN/m>
18 Dry unit weight ¥4 = =g/(1+w) kN/m®
A B C
29 Unit weight of sand gkwm“) Yeand]=9.8" (Mms-Mm)/(PI()*Dr2*H/4) |=9.8"(Mms-Mm)/(PI()*D"2*H/4)
3| Average unit weight of sand v, = =AVERAGE(B29:C29) kN/m®
31 | Sand mass required to fill cone M= =AVERAGE(Mjb-Mja) g

Figure 13 Formulas used in Fig. 12.

State the objective and principle of the sand cone method.

Why is it important not to lose any soil from the excavated hole during the
sand cone method?

Why do we use a particular sand for the sand cone method? Why not use
any sand?

Can you name two other test methods that are used to define soil density in
the field?

Measure the internal dimension of the cone and base plate and calculate the
volumes of the cone and base plate. Compare with the weight found during
the equipment calibration.

Measure exactly the volume of the 1-gallon jar by measuring its weight
empty and filled with water. After drying the jar, fill it with sand and weigh
it. Verify that the sand unit weight is approximately equal to the sand den-
sity determined during the equipment calibration.

Calculate the in situ density from the following results obtained from a sand
cone test.

Determination of sand unit mass

in the laboratory

Determination of sand mass
to fill cone

In place measurement

Determination of water content

in the laboratory

Diameter of mold (cm) 1013
Height of mold (cm) 11.65

Mass of mold and sand (g) 5602
Mass of mold (g) 4252

Mass of jar and sand before filling cone (g) 3516
Mass of jar and sand after filling cone (g) 1934

Mass of jar and sand before use (g) 6542
Mass of jar and sand after use (g) 4334
Mass of collected soil (g) 865.62

Trial 1 Trial 2 Trial 3

Mass of can and wet soil (g) 146.54 14252 147.32
Mass of can and dry soil (g) 144,63 140.27 144,83
Mass of can (g) 113.65 104.89 104.18
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4. Calculate the in situ density from the following results obtained from a sand

cone test.
Determination of sand unit mass Diameter of moid (cm) 10.16
in the laboratory Height of mold (cm) 11.65
Mass of mold and sand (g) 5596
Mass of mold (g) 4246
Determination of sand mass Mass of jar and sand before filling cone (g) 6122
to fill cone Mass of jar and sand after filling cone (g) 4460
In place measurement Mass of jar and sand before use (g) 6314
Mass of jar and sand after use (g) 3594
Mass of collected soil (g) 16562
Trial 1 Trial 2 Trial 3
Determination of water content Mass of can and wet soil (g) 106 130 122
in the laboratory Mass of can and dry soil (g) 104 128 120

Mass of can (g) 82 104 104
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Permeability
and Seepage

4-1
4-2
4-3

4-5

Principles of permeability tests

Constant head permeability test

Falling head permeability test

Electrical analogy of seepage problems

Finite difference solutions of seepage problems



Principles
of Permeability Tests

INTRODUCTION

DEFINITIONS

Soils are permeable to water because the voids between soil particles are inter-
connected. The degree of permeability is characterized by the permeability coef-
ficient k, also referred to as hydraulic conductivity. In the laboratory, & is
measured by using either the constant head test for soils of high permeability
(e.g., sands), or the falling head test for soils of intermediate and low permeabil-
ity (e.g., silts and clays). Before describing the test procedures, the basic concepts
of seepage are reviewed.

Fluid Velocity

Figure 1 illustrates a flow of water through an inclined tube filled with soil. The
water molecules moving from cross sections A to B follow a tortuous path around
the soil particles and through the voids. As shown in the cross section of Fig. 2,
the velocity of water, denoted by the vector vy, is only defined in the voids
through which water travels, and it varies from void to void.

Seepage Quantity

In Fig. 2, the seepage quantity g is the volume of water passing through a tube
cross section during a unit time interval. g is the flux of water:

q:jsvfds (1)

where v¢is the component of vy parallel to the tube axis and § is the total cross-
sectional area of the tube. vy is assumed equal to zero at the particle locations.

117
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Discharge Velocity

The discharge velocity v parallel to the tube axis is defined as

=
It is smaller than the average fluid velocity ;f on cross-sectional area Sy only oc-
cupied by water. v and vy are related through

- - 1%
b vf:*%'.[s”fdsf’ and n= 3)
f

-

where n is the porosity and V, is the volume of voids in volume V between cross
sections A and B of Fig. 1. As shown in Figs. 1 and 2, v averages the real water
flow. The smoothed trajectory of water particles, which is tangent to the discharge
velocity, is called a flow line.

i 3
Total

Actual

path of TR e

Elevation
heads

Datum

h 4
W/

Figure 1 Flow of water through soil.

Fluid velocity ,/ Discharge velocity,

/

Figure 2 Fluid velocity and discharge velocity.
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Total Head

In hydrostatics (i.e., when the water does not move), the total head A is the sum
of the pressure head u/y,, and the elevation head z:

h=;:i+z (4)

where u is the pore water pressure, v, is the fluid unit weight, and z the elevation
above a given datum. As shown in Fig. 1, pressure, elevation, and total heads
must always have the same datum. When water moves at velocity v, the total
head is defined using the Bernouilli equation:

Ak, 5)
22" Y

where g is the earth gravity. For most soil flow problems, v}/Zg is negligible com-
pared to the pressure and elevation head, because vy is much smaller than 1 m/s.
Therefore, the total head in soils is given by Eq. 4.

Piezometric Head

In hydrostatics, the total head & is equal to the elevation of the free surface of
water above the datum. This elevation is called the piezometric head. In Fig. 1,
the total (or piezometric) head is the elevation above the datum of the water
level in the pipes. The total head is constant at all points of the same cross section
in Fig. 1 (e.g., points A, A, and A” of Fig. 1).

Hydraulic Gradient

The hydraulic gradient i is the gradient of total head. In Fig. 1, the hydraulic gra-
dient between sections A and B is equal to the head drop hp - h, divided by the
distance L. = AB where the head drop takes place:

hg—h

where h, is the total head in section A and hj is the total head in section B. The
hydraulic gradient i is a dimensionless number because / and L have the same di-
mension. In Fig, 3, i is the slope of the variation of h versus distance x.

Darcys Law

As described in Chaper 1-3, fluid flows can be laminar, turbulent, or transitional,
depending on the Reynolds number. In laminar flows, the fluid flows in parallel
layers without mixing. In turbulent flows, random velocity fiuctuations result in
mixing and internal energy dissipation. In transitional flows, the flows are be-
tween the laminar and turbulent regimes. These different flow regimes are also
found in soils and influence the relation between discharge velocity and hydraulic
gradient. As shown in Fig. 4, i varies linearly with v in the laminar regime but
varies nonlinearly and irreversibly with v in the transitional and turbulent zones.

For most flows in soils, v is so small that v is proportional to i; that is,
Darcy’s law (Darcy, 1856) applies:

v=ki (7)
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" A | |
A Laminar |  Transition |  Turbulent

hy |- 25 ! |
i = | |
1 . ¥]
| a I
! b I |
; E | |
E 2 | |

o o |
i | |
i | | >
- Discharge velocity v

Figure 3 Variation of total head h versus distance x. Figure 4 Zones of laminar and turbulent flows (after

Taylor, 1948).

where k is a the coefficient of permeability. The coefficient of permeability k is
defined as the rate of discharge of water under conditions of laminar flow
through a unit cross-sectional area of a soil subjected to a unit hydraulic gradient.
The dimension of k is velocity (i.e., [k] = LT-!), and its unit is usually cm/s.

Experiments have shown that Darcy’s law (Eq. 7) is valid for a wide range
of soil types and hydraulic gradients. However, Darcy’s law no longer applies for
large hydraulic gradients in clean gravels and rock fills where flows may be turbu-
lent. It also breaks down for very small hydraulic gradients in clays. As shown in
Fig. 5, in Swedish clays, Hansbo (1960) found a nonlinear relation between v and
i for very small hydraulic gradients (i.e., i < ip), and a linear relation with an off-
set for larger hydraulic gradients (i.e., i > ip).

Critical Hydraulic Gradient

When the water flows upward, frictional drag tends to lift the particles and force
them apart. The hydraulic gradient that breaks contact between particles is the

Discharge velocity v

Hydraulic gradient i

Figure 5 Deviation from Darcy's law observed in Swedish clays
(after Hansbo, 1960).
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critical hydraulic gradient i.:
i =2 (8)

where Y, = Yt — Y is the submerged (or buoyant) unit weight of the soil, v, the
unit weight of the water, and ¥,,, the saturated unit weight of the soil. For most
soils, v, & v,; therefore, i, = 1. The loss of contact between soil grains results in
the quick condition, in which soils behave as liquids. A quick condition can occur
in any cohesionless soil when the upward hydraulic gradient exceeds i,. A hy-
draulic gradient in excess of i. is also responsible for the boiling of sand at the
bottom of excavations and subsurface erosion known as piping.

EMPIRICAL RELATIONSHIPS

The permeability of a soil depends primarily on the size and shape of grains,
shape and arrangement of voids, void ratio, degree of saturation, and tempera-
ture. Several equations were proposed to calculate the permeability of soils, espe-
cially sands, from their physical characteristics. Two correlations are given below.

Hazens Formula

Based on experimental work with fine uniform sand, Hazen (1892) related per-
meability k and effective particle size Dy, (cm) as follows:

k=C,D} (cmis) )
where C; &~ 100 for fine uniform sand. As shown in Table 1, C, is not a constant

but varies with soil types. Its average value in Table 1 is 16. Figure 6 suggests that
k is related to not only the particle size D, but also the void ratio e.

10 5
13
E
3
a4 o
2 i
g 9 ie=07
E 1 o6
001 405
Yod 03
] O  Experiment
0.001 - - -
0.1 1 10
Dy, (mm)

Figure 6 Variation of coefficient of permeability with particle size
Dy, (after NAVFAC, 1982).
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TABLE 1

Permeability test data (after Lane and Washburn, 1946;
and Lambe and Whitman, 1979)

Particle - 2

. ; Permeability C, = k/Dyg

Sail type Slizmofo (um{s) (cm_1s_1)
Coarse gravel 0.0820 1100 17
Sandy gravel 0.0200 160 40
Fine gravel 0.0300 7l 8
Silty gravel 0.0060 4.6 13
Coarse sand 0.0110 1.1 1
Medium sand 0.0020 0.29 7
Fine sand 0.0030 0.096 1
Silt 0.0006 0.16 42

Kozeny-Carman Formula

The Kozeny—Carman formula (Kozeny, 1927; and Carman, 1939) is

Yw e’
k= —re —— 10
5fnS%1+e (o)
where e is the void ratio, and 1 the dynamic viscosity of water. The coefficient f
depends on pore shape: f = 1.1 for rounded grains, f = 1.25 for subrounded
grains, and f = 1.4 for angular grains (Loudon, 1952). The specific surface area §
(i.e., the surface area per unit volume of grains) is obtained from the equation

6

S= (mm~1) (11)

d

max “min

where d,;,x is the maximum grain diameter (mm) and d,, is the minimum grain
diameter (mm).

Effect of Temperature on Permeability Coefficient

Equation 10 shows that k is not a constant for a given soil but varies with 7,
which in turn varies with temperature 7. The permeability at temperature 7, k7, is
reduced to that at 20°C, kyg-c, by using

n
Kogees = n—T- ky= Rk (12)
2°C

where 1y-c is the viscosity of water at 20°C, 1 the viscosity of water at temper-
ature 7, and R = 1n7/Mygec. The variation of R with temperature is shown in Fig. 7.

There are two main types of laboratory permeability tests: constant head test and
falling head test.

Constant Head Test

As schematized in Fig. 8, in the constant head test, a constant head drop is ap-
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Temperature ("C)

Figure 7 Variation of correction factor R versus temperature T,

plied to the soil sample, and the resulting seepage quantity is measured. The con-
stant head test is used primarily for coarse-grained soils (clean sands and gravels)

with k > 10~3 cm/s. For fine-grained soils, the seepage quantity becomes too small
to be measured accurately.

The coefficient of permeability k¢ at temperature T is

s
k1= = hyp At =

where q is the volume of water collected in a burette during time interval ¢, L the
length of the specimen, A the head at the left end of the specimen, s, the head
at the right end of the specimen, and A the cross-sectional area of the specimen.

Falling Head Test

As illustrated in Fig. 9, the falling head test does not fix the total head. It lets it
fall in the standpipe connected to the upper part of the specimen. The falling

Water

supply E‘tﬁ
|
Overflow _

)

Cross section area A

Figure 8 Principle of constant head test.
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Cross section
area a

Figure 9 Principle of falling head test.

head test is generally used for less permeable soils (fine sands to fat clays) with
k < 1073 cm/s. It is not practical for soils with £k > 103 cm/s because the head
falls too rapidly to be measured. The coefficient of permeability kK at tempera-
ture T is calculated as follows:

_aL, hy
kr= Y log Ff (14)

where a is the cross-sectional area of the standpipe, A the cross-sectional area of
the specimen, L the length of the specimen, A, the elevation above the datum of
water in the standpipe at the beginning of the experiment (¢ = 0), and A the el-
evation above the datum of water in the standpipe at time .

TYPICAL VALUES FOR PERMEABILITY

Table 2 gives some typical values of permeability for various types of soil, and clas-
sify them on the basis of permeability. Figures 10 and 11 present permeability data
on a variety of soils with different void ratios. The range of permeability covered
by Figs. 10 and 11 is 1 cm/s to 10~'° cm/s. As shown in Fig. 12, the permeability
of clay vary with void ratio, plasticity index PI, and clay fraction CF. As shown in
Fig. 13, the permeability coefficient is almost isotropic in most clays (i.e., the hor-
izontal permeability k), is practically equal to the vertical permeability k,) except
for varved clay and stratifed deposits where the ratio k,/k,) can exceed 10.

TABLE 2

Classification of soils according to their coefficients of permeability
(after Kulhawy and Mayne, 1990; and Terzaghi and Peck, 1967)

Coefficient of

y ; Degree of
Soil parn(‘e:;l;!l}ty K perr’geability
Gravel Over 10! High
Sandy gravel, 10-1 to 103 Medium
clean sand,
fine sand
Sand, dirty sand, 10-? to 10-F Low
silty sand
Silt, silty clay 10-5 to 107 Very low
Clay Less than 107 Practically

impermeable
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Figure 10 Permeability data on various soils in range 1 to 107
cm/s (data after Lambe and Whitman, 1979).
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——@—— Sodium montmorillonite
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Figure 11 Permeability data on various soils in range 10°% to
10-1% cm/s (data after Lambe and Whitman, 1979; and Tavenas et
al., 1983).
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Figure 12 Variation of vertical coefficient of Figure 13 Permeability anisotropy for various natural

permeability with void ratio, plasticity index PI, and clays (Tavenas and Leroueil, 1987).
clay fraction CF for clay (after Tavenas et al., 1983).
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REVIEW QUESTIONS

2.

3‘

5’

7.

9&

10.
1L

Define the total head in terms of water pressure, elevation, and unit weight
of water. What is the physical meaning of total head?

Why do we use the hydrostatic definition of total head instead of the Ber-
noulli definition of total head?

Why do we neglect the term v2/2g in defining the total head in soil? (v is
the fluid velocity and g is the earth gravity.) Justify you answer with num-
bers.

Define soil permeability. What are the dimensions and units of permeability?
Does the permeability increase or decrease with temperature?

Name two laboratory tests used for determining soil permeability. For which
types of soils are they used?

Is the fluid velocity larger or smaller than the discharge velocity? What is
the relationship between these velocities?

What is the critical hydraulic gradient?

Can you name several empirical relationships that relate soil permeability to
physical parameters?

Derive the expression for permeability in a constant head test.

Derive the expression for permeability for a falling head test.

What is a typical range of permeability for gravels, sands, silts, and clays?

Plot permeability versus void ratio for the silts of Table E1, and define the
coefficient of the Kozeny—Carman equation.

TABLE E1
Soil type k (cm/s) Void ratio e
Silty sand 7.E-09 0.29
1.E-08 0.30
3.E-08 0.38
Silt, Boston 2.E-08 0.74
1.E-06 1.09
1.E-08 2.00
2.E-08 2.95
6.E-08 3.94
5.E-08 1.62
5.E-07 2.96
2.E-06 3.92
Silt, North Carolina 6.E-07 0.67
2.E-06 0.79
3.E-06 0.70
3.E-05 0.89

8.E-05 0.89
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2. Same as Exercise 1 but for Table E2.
3. Same as Exercise 1 but for Table E3.

TABLE E2 TABLE E3
Soil type k (cm/s) Void ratio e Soil type k (cm/s) Void ratio e

Beach sand 8.E-02 0.65 Sandy clay 3.E-10 0.41
1.E-01 0.75 4.E-10 0.42
1.E-01 0.75 3.E-10 0.48

}Eg} g:‘;g Compacted Boston
2‘E-01 0'83 blue clay 1.E-08 0.63
E- : 1.E-08 0.56
Ottawa sand 5.E-03 0.63 1.E-08 0.59
6.E-03 0.66 3.E-08 0.67
: - 3.E-08 0.68
Sand, Franklin Falls 1953; g;g 3E-08 065

1.E-03 0.78 Vicksburg
Sand, Scituate 4.E-03 0.54 buickabior. ciay 1,509 87
5 E.03 054 7.E-10 0.84
7.E-03 0.59 REEH0 0.6
8.E-03 0.67 Sandy clay 5.E-05 1.08
Sand, Plum Island 2.E-02 0.69 L 1.18
2.E-02 0.74 REoe 118
Sand, Fort Peck 2.E-03 0.63 LED8 L4
G TN SEoa B8k Loess 4.E-09 0.68
3.E-03 0.67 S.f-00 0.72
3.E-03 0.67 &E-08 0.78
Sand, Union Falls 4.E-02 0.49 Lean clay 2.E-09 0.44
8.E.02 0.57 1.E-08 0.49
9.E-02 0.69 3.E-08 0.56
: . Sodium Boston

SERCLIN G o 250 blue clay 2E-10 051
: : 9.E-10 118
8.E-09 1.80
1.E-07 2.66
Calcium kaolinite 2.E-06 1.24
7.E-06 1.51
1.E-05 1.68
Sodium montmorillonite 2.E-08 2.31
2.E-08 3.91




4-2 Constant Head
Permeability Test

SCOPE
The constant head permeability test (Fig. 1) is used for determining the permea-
bility of samples of coarse-grained soils. Here we describe the constant head per-
mability test for sand and gravel samples.

EQUIPMENT

The equipment for the constant head permeability test includes:

Water
supply

Cross
section area
A Thermometer
) ;-_‘.-.‘\“ ﬂ‘
¥y
o S Graduate

Figure 1 Experimental setup for constant head permeability test.
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Piston

O-ring seal

O-ring seal
| Perforated plate

i Porous stone

é L] Eé;g [~ ———— Potousstong

Figure 2 Permeameter cell.

Porous disk

Transparent flexible tubing

Figure 3 Piezometric tap of Fig. 1.

e Permeameter cell similar to that shown schematically in Fig. 2. Its cylinder
is transparent to allow observation of the sample and to permit checking the
saturation. As shown in Fig. 3, piezometer taps are located along the side of
the permeameter cell for measuring the total head loss along a given sample
length. This type of permeameter which encases the soil sample in a rigid
cylinder is called a fixed wall permeameter. There is also another type of
permeameter with a flexible wall to examine the effect of confining pressure
on permeability. Its experimental setup is similar to the one of the triaxial

test (see Chapter 7-6).

e Perforated metal or plastic disks, porous stones, or circular wire screens, cut
for a close fit inside the permeameter.

e Glass tubing 2 to 4 mm in diameter (piezometer) mounted on a panel.

e Flexible transparent hoses and screw clamps necessary to connect piezome-

ters and water supply.

e Constant-pressure supply device for water supply, as described later.
e Deaired distilled water prepared as described later.

e Timing device.

e Graduated cylinder, 100 mL.

e Thermometer, range 0 to 50°C, accurate to 0.1°C.

e Silicon or vacuum grease.
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e Balance sensitive to 0.1 g.
e Oven.
o Ruler.

PREPARATION OF WATER FOR PERMEABILITY TEST

Ideally, the water used in the permeability test should be identical to that of the
soils in the field. Since such water is rarely available, deaired tap water is gener-
ally used. When flowing between soil particles, untreated tap water would release
air bubbles that would impede the flow of water, thereby giving erroneously low
measurements of permeability. Figure 4 shows an arrangement for deairing water.
A fine spray of water is sent into the vessel under internal vacuum. The vacuum
pump is protected from water inflow by a water trap. Deaired water can also be
prepared by boiling it on a heat source, and cooling it in a vessel sealed from the
atmosphere to prevent it from dissolving air again.

Vacuum
- —— <
Water
supply

Figure 4 Deairing water with vacuum.

WATER SUPPLY AT CONSTANT PRESSURE

Figures 5 and 6 show two types of devices which can be used to supply water to
the permeameter cell at a constant pressure. As shown in Fig. 5, the overflow
maintains the level A constant, and therefore the pressure at B does not depend
on the water level in the main supply tank.

As shown in Fig. 6, a tube is inserted and lowered to a selected depth in the
container, which is hermetically sealed. When the water attempts to flow, the wa-
ter level goes down in the tube and stops at point A. The water pressure at point
A stays at atmospheric pressure, independently of the water level in the rest of
the tank, provided that this level remains above point A. Therefore, the tank de-
livers water at constant pressure, which is controlled by the position of point A.
Point A is chosen as low as possible to maximize the tank capacity. A constant
pressure tank uses less deaired water than the device of Fig. 5.
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Variable level

l

Constant level
Overflow H
e—
u= '\(WH
c

Figure 5 Suspended tank with constant water level for supplying
water at constant pressure.

Air tight seal

Piezometric tube

Water at constant
pressure ug =7, H

Figure 6 Constant-pressure tank.

PROCEDURE

1. Measure the inside diameter of the permeameter cell and the distance
between piezometer taps.

2. Clean the cell base, apply silicon or vacuum grease on the lower gasket,
place a porous stone on the base, and mount the permeameter cylinder.
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Funnel

Rubber —__|
tubing

Permeameter
cell

Figure 7 A loose specimen is obtained by using a Figure 8 Dry, loose specimens are prepared by us-
funnel and a flexible nozzle. Denser specimens are ob- ing a funnel and flexible tubing.
tained by tapping or vibrating loose samples.

3. Mix the dry soil material to be tested in a large pan, and measure its
weight. The specimen can be prepared using dry or wet pluviation. In the dry plu-
viation method the soil is poured in the permeameter as shown in Figs 7 and 8. It
falls from a constant height through the flexible tubing and funnel system, making
a specimen of uniformly low density. The specimen density may be controlled by
measuring its height and weight of soil left over in the pan. Denser specimens are
obtained by tapping the sample sides. In the wet pluviation method, the permeater
cell is first filled with a few centimeters of water. Then by using a spoon, the soil
is gently poured a few centimeters away from the water surface, which is gradu-
ally raised. Wet pluviation produces saturated specimens of uniformly low density,
the density of which can be controlled and increased as in the dry pluviation
method.

4. Measure the weight of material left over in the pan to compute the spec-
imen weight.

5. Apply vacuum or silicon grease to the top rubber gasket, mount the per-
meater cap, and tighten its bolts. As shown in Fig. 9, lower the permeameter pis-
ton so that it slightly touches the specimen. During the test, the piston will
maintain the sample in place and fix its height.

6. As shown in Figs. 10 and 11, connect the permeameter inlet valve to the
constant pressure tank with a flexible hose, and attach a 50-cm-long transparent
hose to each permeameter tap. Two permeameter taps are usually sufficient.
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Figure 9 The permeater cell is closed. Figure 10 Constant head permeability test in

progress.

Open the inlet valve to create a gentle upward flow of water inside the sample.
The water flow should displace and flush the air within the sample and piezome-
ter hoses. When there are no more air bubbles in the hoses, connect them to the
piezometric tubes. The piezometric tubes are glass tubes with an internal diame-
ter of 2 to 4 mm. The sand specimen should be fully saturated, and no air bubbles
should be seen in the transparent hoses. After saturation, measure the sample
height through the transparent cylinder.

7. When the permeameter outlet valve is closed, there should be no flow in-
side the sample, and the water levels in all the piezometric tubes should be iden-
tical. The elevation of their water column gives the total heads at the
permeameter taps. When the outlet is opened, the piezometric levels should first
fall, then stabilize. When the piezometer levels stop moving, measure the vertical
distance between their meniscus bottoms. This distance is equal to the total head
drop.

8. Adjust the outlet valve and/or the water pressure of the supply tank to
obtain the desired head drop. While the water flows at a steady rate and the pie-
zometer levels are constant, collect water in a container at convenient intervals.
Measure the water temperature and the weight of the water collected to deter-
mine its volume.

9. Repeat step 8 for various head drops. Compute the coefficient of perme-
ability for each measurement.
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Figure 11 Close-up view of piezometric
tubes of Fig. 10.

The dry unit weight v, and void ratio e of the soil specimen are

G.T’Yllr’
Ya

Ya and e=

w
- -1 1
(r/4) D*H )
where [ is the sample height, D the sample diameter, W the dry sample weight,
G, the soil specific density, and 7y, the water unit weight. The discharge velocity v,
hydraulic gradient 7, and coefficient of permeability k4 at temperature T are

0 .. AR 14
v==% i=—, and k;=- 2
A L &t 2)
where L is the distance between piezometer taps, Ah the distance between free
surfaces in the piezometer tubes, A = mD?/4 is the cross-sectional area of the

specimen, and Q the volume of water collected during time . The coefficient of
permeability k& at 20°C is

n
ko= K (3)

where M,gec is the viscosity of water at 20°C and 1+ is the viscosity of water at
temperature T.
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EXAMPLE

Figures 12 and 14 show the results of a constant head permeability test. As
shown in Fig. 12, the input data are italicized. Figure 13 lists the formulas
used in Fig. 12, and Fig. 14 shows the variation of the discharge velocity v
versus the hydraulic gradient i. Darcy’s law is verified in the range of ap-
plied hydraulic gradient, because v varies linearly with i. The slope of the
linear v-i relation is equal to the permeability coefficient k at ambient tem-
perature. The permeability coefficient is then calculated at 20°C to compen-
sate for the change in water viscosity with temperature.

A | B | c | »p | E |F
1 Constant Head Permeability
2 Analyst Name: Kary P. Tiel, J. S. Tkach, E. Davidson, and H. Guapo
(3] Test Date: 3/1/93
|4 | Soil Sample: Loose sand mixture
5 Specific gravity Gg = 2.65
I Specimen dry mass My = 674.00 g
7 Specimen height H = 14.50 cm
Ea Specimen diameter D = 6.22 cm
T Piezometer tap distance L = 10.35 cm
10 | Initial void ratio e = 0.73
1 Dry unit weight yq = 14.99 kN/m®
13 Trial 1 2 3 4
| 14| Piezometer level distance (cm) Ah| 4.75 13.60 25.30 36.10
[ 15 | Duration of sampling (s) t 60 60 60 60
i Mass of water collected & container (g) Mye| 484.0 630.0 782.0 964.0
k=3 Mass of container (g) Mc| 398.0 396.0 390.0 398.0
18 Water temperature ('C) T,| 21.8 22 21.5 21.5
19 Hydraulic gradient i 0.5 1.3 2.4 3.5
(20 | Discharge velocity (cm/s)v | 0.047 0.128 0.215 0.310
21 | Permeability at ambient temperature (cm/s) ky| 0.103 0.098 0.088 0.089
B Parmeability at 20°C (cm/s) k 0.098 0.093 0.085 0.086
| 23 | Average permeability at ambient = 0.094 cm/s
24 Average permeability at 20'C = 0.090 cm/s

Figure 12 Example of data set for the constant head permeability

test.
A | B 1l c
| 10 | Initial void ratio e = =Gs/gd*9.81-1
1 Dry unit weight 74 = =Md/H/PI()*4/DA2"9.81 KN/m®
A B C

19 Hydraulic gradient i|=Dh/L =Dh/L
20 | Discharge velocity (cm/s) v |=(Mwc-Mc)/t/(P1()*"DA2/4) =(Mwc-Mge)/t/(PI()*DA2/4)
21 | Permeability at ambient temperature (cm/s) ky|=v/i =vfi
2 | Permeability at 20°C (cm/s) k |=kT*VISCO(Te)/VISCO(20) | =kT*VISCO(Te)/VISCO(20)
3 Average permeability at ambient = =AVERAGE(kT) cm/s
?‘ Average permeability at 20°C = =AVERAGE(k) cm/s

Figure 13 Formulas used in Fig. 12.
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Figure 14 Variation of discharge velocity versus hydraulic gradient.

Indirect Calculation of Permeability from Grain Size
Distribution Curve

Figures 15 and 16 show the variation of the permeability coefficient k versus the
void ratio e for the same material. The permeability decreases with the void ratio.

A grain size distribution is required to calculate k with Hazen’s or
Kozeny-Carman’s equations (Eqs. 9 and 10 of Chapter 4-1). The grain size anal-
ysis results for the soil tested in Fig. 16 are reported in Figs. 17 and 18 (see Chap-
ter 1-2 for details). Hazen’s formula neglects the effect of void ratio on k, which
corresponds to a vertical dashed line in Fig. 16, and overestimates the measured
values. For Kozeny—Carman'’s formula, as shown in Fig. 17, we assume that grains
larger than 0.25 are subrounded (i.e., f = 1.25) and those smaller than 0.25 mm
are rounded (i.e., f = 1.1). The total value of fS2 is the weighed sum of fS2 which
is calculated independently for each grain size range. Figure 19 shows the details
of these calculations. Kozeny—Carman’s formula is slightly in better agreement
with measured values than is Hazen's formula. It accounts for the decrease in
permeability with void ratio.

08 |

|

| a |

0.7 - :

B  Experiment |

e Kozeny-Carman |

g 06 = =

k e S |

(cm/s) !

00943 073 o :

0.0428 0.61 a |

0.0140 0.76 :
0.0045 0.44 04 e —
0.1934 0.77 0.001 0.01 0.1 1

0.1033 0.62 Permeability (cm/s)

Figure 15 Measured variation of permeability Figure 16 Measured variation of permeability with

with void ratio.

void ratio and values of permeability predicted by
Hazen's and Kozeny-Carman'’s equations.
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A I ¢ 1 ¢ 1 p | = 1 ¢ | ¢

| 1_|Calculation of permeability coefficient with empirical relations
R
=N Analyst: J. S. Tkach
X Test date: 2-Feb-93
| 5 | Soil type: Sand Mixture

6

Percent ific ;
Grain size (mm) finer by | Frequency mce Anguiarty

L7 weiaht e

8 d pf p S f
EN 0.42 100.0 35.% 16.90 1.25
[ 10 | 0.3 65.2 11.% 21.91 1.28
[ 11 | 0.25 53.9 22.% 28.52 1.10
12 | 0.177 32.0 7.% 36.82 1.10

13 0.15 25.2 16.% 56.57 1.10
14 | 0.075 9.2 9.%

15 D“,: 0.073 mm ng 3-558
6 Dso = 0.169 mm C.=1.328
kA Dgy = 0.276 mm Kozeny-Carman C, = 0.185 cm/s

18 |Permeabllity coefficlent

9 Hazen, k (cm/s)| 0.006

20 Void ratio e| 0.730 0.610 0.440 0.750 0.770 0.620
21 | Kozeny-Carman, k (cm/s)|  0.042 0.026 0.011 0.045 0.048 0.027

Figure 17 Results of grain size analysis and calculation of perme-

ability coefficient with Hazen’s and Kozeny-Carman’s equations.
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REVIEW QUESTIONS
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3.

Grain size (mm)

Figure 18 Grain size distribution curve of materials tested in Fig. 16.
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What
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is the purpose of the constant head permeability test?
is the smallest value of permeability coefficient that can be measured
constant head permeability test? What other test do you apply to the

soils of smaller permeability?

Is the
is the

permeability coefficient of sands influenced by their void ratio? What
trend?
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C D
Ereiady Specific s::rfaca
7 (mm™)
8 p S
| 9 |=(B9-B10)/100 [=6/SQRT(AS"A10)
10 |=(B10-B11)/100 |=6/SQRT(A10"A11)
(11 |=(B11-B12)/100 [=6/SQRT(A11°A12) A B c I D
12 |=(B12-B13)/100 |=6/SQRT(A12*A13) | [ 1 Hazen, k (om/s) j=100%(D._10/10)42
[ 13 |=(B13-B14)/100 |=6/SQRT(A13*A14) | [2 Vold ratic 610.73 22 o8
14 |=(B14/100) 21 | Kozeny-Carman, k (cm/s)|=Ck"e*3/(1+e) =Ck"er3/(1+8) |=Ck*e’3/(1+8)
A * s B | ¢l D I E
15 Dyo = =INTER(10,pf,d) C,= =D_60/D_10
16 Dgo = =INTER(30,pf,d)  C,= =D_3042/D_10/D_60
17 Dgo = =INTER(60,pf,d) Kozeny-Carman C, = =(9.81/(5*VISCO(20)*SUMPRODUCT(p,1,S,S)))
Figure 19 Formulas used in Fig. 17.
4. Can you give a relation that accounts for permeability change versus void
ratio?
5. Explain the principle of the constant-pressure tank shown in Fig, 6.
6. Why do you use deaired water instead of tap water for the permeability
test?
7. How do you remove air from water?
8. Does the measurement of permeability increase or decrease with the air
content of the test water?
9. What technique do you use to get a loose specimen of sand in the per-
meameter cell?
10. Does the permeability coefficient increase or decrease with water tempera-
ture? Why?
EXERCISES
1. Calculate the void ratio and average permeability coefficient from the test
results in Table El. Verify that the discharge velocity varies linearly with the
hydraulic gradient.
TABLE E1
Specific gravity 2.65
Specimen dry mass (g) 674.00
Specimen height (cm) 13.48
Specimen diameter (cm) 6.22
Piezometer tap distance (cm) 10.356
Trial 1 2 3 4
Piezometer reading, inlet (cm) 89.90 57.40 44,90 22.00
Piezometer reading, outlet (cm) 42.70 27.70 23.00 15.50
Duration of sampling (sec) 60 60 60 60
Mass of water collected and container (g) 766.0 614.0 560.0 438.0
Mass of container (g) 396.0 390.0 398.0 390.0
Water Temperature (°C) 21.8 21.9 21.9 22.2
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2. Same as Exercise 1 but for Table E2.

TABLE E2

Specific gravity 2.65
Specimen dry mass (g) 712.00
Specimen height (cm) 15.50
Specimen diameter (cm) 6.21
Piezometer tap distance (cm) 10.33

Trial 1 2 3 4
Piezometer reading, inlet (cm) 54.60 16.60 63.90 74.80
Piezometer reading, outlet (cm) 9.10 5.50 10.20 11.30
Duration of sampling (s) 150 150 90 90
Mass of water collected and container (g) 670.0 470.0 594.0 620.0
Mass of container (g) 396.8 396.8 396.8 396.8
Water temperature (°C) 225 225 225 225

3. Same as Exercise 1 but for Table E3.

TABLE E3

Specific gravity 2,65
Specimen dry mass (gr) 712.00
Specimen height (cm) 12.80
Specimen diameter (cm) 6.21
Piezometer tap distance (cm) 10.33

Trial 1 2 3 4
Piezometer reading, inlet (cm) 86.90 67.20 48.40 2540
Piezometer reading, outlet (cm) 6.40 5.90 5.70 5.50
Duration of sampling (s) 90 90 180 180
Mass of water collected and container (g) 494.0 468.0 4920 448.0
Mass of container (g) 396.8 396.8 396.8 396.8
Water temperature (°C) 22 22 22 22

4. Same as Exercise 1 but for Table E4.

TABLE E4

Specific gravity 2.65
Specimen dry mass (g) 698.00
Specimen height (cm) 15.30
Specimen diameter (cm) 6.22
Piezometer tap distance (cm) 10.30

Trial 1 2 3 4
Piezometer reading, inlet (cm) 19.10 46.40 62.40 72.20
Piezometer Reading, outlet (cm) 11.50 30.00 41.80 48.70
Duration of sampling (s) 60 90 60 60
Mass of water collected and container (g) 656.0 1214.0 1094.0 1174.0
Mass of container (g) 330.0 390.0 390.0 390.0

Water temperature (°C) 21 21 21 21




Exercises

5. Same as Exercise 1 but for Table ES.

TABLE E5

Specific gravity

Specimen dry mass (g)
Specimen height (cm)
Specimen diameter (cm)
Piezometer tap distance (cm)

2.65
698.00
14.00
6.22
10.30

20

1

Piezometer reading, inlet (cm)

Piezometer reading, outlet (cm)

Duration of sampling (s)

Mass of water collected and container (g)
Mass of container (g)

Water temperature (°C)

18.20
7.20
60
608.0
390.0
21

80.40
35.90

1146.0
380.0
21
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The falling head permeability test is used for determining the permeability of soil
samples that have a permeability less than about 10— cm/s.

The equipment for the falling head permeability test includes:

e Permeameter similar to that shown schematically in Fig. 1.

e Perforated metal or plastic disks, circular wire screens, or porous stones.
Glass standpipe with its support.

Transparent flexible hoses, screw clamps, and so on.

Deaired distilled water.

Watch or clock.

Thermometers, range 0 to 50°C, accurate to 0.1°C.

Balance sensitive to 0.1 g.

Oven.
Ruler.

1. Dry specimens are prepared as for the constant head test. Wet specimens
may be trimmed and fitted into the permeameter mold as described in Chapter 7-2.

2. Measure the specimen height, diameter, and dry weight. Determine the

standpipe internal diameter by measuring the volume of water contained in a
standpipe section of given height.
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Cross section area A§

Soil
sample Y

/4 /,57/7/////7//7///#’/

Figure 1 Setup of falling head permeability device.

3. Saturate the specimen by immersing it in water for several days. It is im-
portant that the specimen be fully saturated; otherwise, the falling head test will
give erroneous results.

4. Fill the standpipe with deaired water well above the discharge level of
the permeameter cell. If the water level falls slowly and the test lasts a few days,
it is recommended that a few drops of oil be added on the water surface in the
standpipe to prevent water from evaporating.

5. Begin the test by opening the inlet valve A simultaneously and starting

the timer. As the water flows through the specimen, measure the water elevation
above the datum and the water temperature at various times /.

PERMEABILITY TEST WITH CONSOLIDOMETER

COMPUTATIONS

Soil permeability can also be measured during the consolidation test by using ei-
ther the falling head method or the rate of settlement. The former method is de-
scribed below, the latter in Chapter 7-2.

Figure 2 shows the falling head permeability test during a consolidation test.
The specimen in the rigid container is squeezed by a constant vertical load. The
standpipe is attached to the consolidation cell and forces water through the spec-
imen. The specimen is subjected to the falling head test after being consolidated.
The permeability is computed using Eq. 1.

For dry samples, the void ratio and dry unit weight are calculated as for the con-
stant head test. For wet samples, the water content is and dry sample weight is
obtained as in Chapter 7-2.

The coefficient of permeability k7 is calculated as follows:

ky="%=log ;° (1)
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Figure 2 Falling head permeability test during consolidation test.

where a = nd?/4 is the inside area of the standpipe, A = nD?%4 is the cross-sec-
tional area of the specimen, L the length of the specimen, d the internal diameter
of the standpipe, D the diameter of the sample, A, the elevation of water in the
standpipe above the discharge level at time ¢ = 0, and hy the elevation of water
in the standpipe above the discharge level at time #. The coefficient of permeabil-
ity kagoc is calculated as for the constant head test.

For small-diameter standpipes, the capillary rise h, may not be neglected
compared to hyand Ay . In this case, Eq. 1 becomes

L hy—h
kT a 1 gh; hC (2)

EXAMPLE

Figure 3 shows the results of a falling head permeability test. The formulas
used in Fig. 3 are listed in Fig. 4. Figure 5 shows the variation of k computed
by using Eq. 1 for different times and also shows the mean value of k calcu-
lated by using average and linear regression. The average method consists of
averaging the values of k calculated at each sampling time. The linear re-
gression method consists of fitting the variation of water height for the com-
plete test duration. By using Eq. 1, the water column height A, varies with
time ¢ as follows:

In(h,) = In(hy) — ’;—‘gr (3)

The value of k can therefore be computed from the slope § of the linear re-
gression passing through the data points (;, In(k;)), i =1, ..., n

SaL d?
k= — = 75 SL (4)
where d is the diameter of the standpipe and D is the diameter of the sample.

As shown in Fig. 6, the average and regression methods give similar results.
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A | B | c | o | E _F 1| G

1 Falling Head Permeability
2 Analyst Name: Kate Allison, Paul Murphy, Francis Chin, L.P Chua
3 Test Date: 6/8/95
Bl Soil Sample: Sample 4, Westport sand, New Brighton sand and silica flour 100
5 Specific gravity Gg = 2.65
6 Specimen dry mass M =  1756.00 g
7 Specimen height H = 12.18 cm
8 Specimen diameter D = 10.09 cm
9 Diameter of standpipe d, = 0.95 cm
10 Initial height in standpipe hy = 141.90 cm
11 Initial void ratio e = 0.47
12 Dry unit weight yg = 17.69 kN/m®
9

Heiaht of Height Height

Time watger in | Temperatur |Permeability P;"‘;:BPE;TY | prectl’Ictad prec;lctad
(min) |standpipe| (') (em/s) iy | rig - egm:sl -

14 (om) (em) (cm)
15 t h, g Ky k .
16 1 134.1 16.5 1.02E-04 1.11E-04 134.47 134.66
17)] 2 127.3 16.5 9.77E-05 1.07E-04 127.43 127.79
18 3 120.7 16.5 9.71E-05 1.06E-04 120.76 121.27
19 - 114.3 16.5 9.73E-05 1.06E-04 114.44 115.08
20 5 108.3 16.5 9.73E-05 1.06E-04 108.44 108.21
21 6 102.8 16.5 9.67E-05 | 1.06E-04 102.77 103.64
22 7 97.7 16.5 9.60E-05 | 1.05E-04 97.39 98.35
23 8 92.7 16.5 9.58E-05 1.05E-04 92.29 93.33
24 9 88.2 16.5 9.51E-05 | 1.04E-04 87.46 88.57
25| 10 83.7 16.5 9.50E-05 | 1.04E-04 82.88 84.05
26| 11 79.4 16.5 9.50E-05 | 1.04E-04 78.54 79.76
27 Permeability calculated by average k;, = 9.68E-05 cm/s
28 Permeability calculated by regression kr, = 9.43E-05 cm/s
29 Permeability calculated by average k,yc = 1.06E-04 cm/s

Figure 3 Example of data set for the falling head permeability test.

c ] D ] E
11 Initial void ratio e = =Gs/gd*9.81-1
12 Dry unit weight y4 = =M/H/PI()"4/D"2*9.81 KN/m?®
D E F { < =
Permeabillty (cm/s) Permeabilty at 20 * C (cn/s) Height predicted by average | Height predicted by regression
14 (cm) (cm)
15 k1 k
1 6 |=ds"2"H/D2/(1*60)*LN(h0/ht) =kT*VISCO(Te)/VISCO(20) =h0"EXP(-kTa"DA2/ds*2/H"1*60) | =h0"EXP(-kTr"DA2/ds"2/H*1°60)
1 7 |=dsr2*H/DA2/(1"60) " LN(hO/ht) =kT*VISCO(Te)/VISCO(20) =h0*EXP(-kTa"DA2/ds"2/H"t*80) |=h0*EXP(-KTr*DA2/ds"2/H"1*60)
D [ E [F
27 Permeability calculated by average kra = =AVERAGE(KT) cm/s
2 8 | Permeability calculated by regression ki, = =-SLOPE(LN(ht),t)*dsA2/DA2"H/60 cm/s
2 9 | Permeability calculated by average kgo-c = =AVERAGE(k) cm/s

Figure 4 Formulas used for the falling head test.
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Figure 5 Permeability coefficient computed at vari-
ous time intervals, and average permeability coeffi-

sient calculated by average and linear regression.
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B Experiment
Fit by average

------- Fit by regression
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Time (min)

Figure 6 Variation of height of water column versus

time predicted by the average and linear regression
methods.



Electrical Analogy
of Seepage Problems

DEFINITION

The steady-state flow of a fluid through a porous medium is analogous to the
steady-state flow of an electric current through a current-conducting medium. The
electrical analogy method solves seepage problems by constructing an analog
problem with resistive papers and by measuring voltage instead of total head.

ELECTRICAL ANALOGY OF WATER FLOW

Seepage Theory

When water flows steadily through a two-dimensional saturated soil of isotropic
permeability, the distribution of total head 4 (x,y) obeys Laplace’s equation:

*h  h

where x and y are spatial coordinates. Laplace’s equation is not only found in the
steady-state flow of water but in many other branches of engineering and physics.
In particular, it describes the steady flow of electricity through resistive paper.

Conduction Theory

One-dimensional Ohm'’s law. As shown in Figs. 1 and 2, if two elec-
trical potentials V; and V; are applied to the extremities of resistance R, the cur-
rent i obeys Ohm’s law:

i= —%(V,~V)) @

207
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Vi |IV2

R

X2

—i=x-x;

Figure 1 One-dimensional resistance of finite length.

v(x) v(x+dx)=v(x)+ %’dx

% 2

} 7 i

X x+dx

Figure 2 One-dimensional resistance of infinitesimal length.

The resistance r per unit of length is

r=

R R
7 (3)

X —-x

where | = x, — x; is the resistance length. The conductivity o is the inverse of R
(ie., 0 = 1/R). When | < 1;

V.-V, dV(x)
X,—x;  dx “)
and Ohm’s law becomes
e 0 e L N
s e ogradV (5)

Ohm's law for two-dimensional flow of electricity. For the two-
dimensional flow of current in an isotropically resistive paper, Ohm’s law becomes

i,=—0 iy = —0= (6)

ax’ ay

where i, and i, are components of current intensity in the x and y directions, ¢ is
the conductivity of the resistive paper, and V(x,y) is an electric potential depend-
ing on the x and y coordinates. When no electricity is stored or lost in the infini-
tesimal element of Fig. 3, the conservation of electricity implies that
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(i, + 2y dy) dx
y+dy 9y

di
(ix+-a%dx) dy

@1
N
N

—

- >
[="

-

P
-5 5 S, |
&

\

Figure 3 Flow of current through an infinitesimal element of two-
dimensional resistance.

oi di
s —i i —i dy=
(1), - % dy)dx iydx + (lx s dX)dy i,dy=0 (7
Equation 7 simplifies to
di, ai
£ =0 ®)

ax 3y
By substituting Eq. 6 into Eq. 8, V(x, y) also satisfies Laplace’s equation:

?V 2V
m-FE}E =0 or VV=0 (9)

Analogy between Seepage and Conduction Theories

Table 1 presents the correspondence between the variables and relations of water
seepage in soils and electric current flow in resistive papers. Although the flow of
water through a porous medium and the flow of electrons through a resistive me-
dium are different in nature, they are described by similar variables and govern-
ing equations. These two physical phenomena are said to be analogous. The
analogy between seepage flow and current flow permits us to determine the total
head A (x,y) in soils by measuring V/(x, y) directly on resistive paper.

TABLE 1
Correspondence between seepage and flow of electrical current
Flow of water Flow of electrical current

h total head V voltage
k coefficient of permeability o conductivity (o6 = 1/r)
v discharge velocity i current
Darcy's law: v = —k grad h Ohm's law: / = —c grad V
VZh =0 Viv =10

Equipotential lines: h = constant Equipotential lines: V = constant

Impervious boundary: g—: =0 Insulated boundary: % =0
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APPLICATION OF ANALOGY TO SEEPAGE PROBLEM

Figures 4 to 6 show a seepage problem and its electrical analog. In Figs. 5 and 6,
the electrical analog is cut out in a large sheet of resistive paper. Compared to
the seepage problem of Fig. 4, the electrical analog has the same geometric pro-
portions but is 100 times smaller. One meter in the field corresponds to 1 centim-
eter in the analog model. The thin slot in the resistive paper is an electric barrier
representing the impervious sheet-pile wall. The conductive electrodes A and B
represent the equipotential lines on the upstream and downstream boundaries of
Fig. 4. The 6-V differential voltage applied between A and B corresponds to the
total head drop of 6 m in Fig. 4. Each volt in Fig. 5 conveniently corresponds to
1 m of total head in Fig. 4. One voltmeter pin is connected to electrode B, which
is equivalent to choosing the datum along the downstream surface of Fig. 4. The
voltmeter indicates 6 V and 0 V on electrodes A and B, respectively. The equipo-
tential line along which the total head is equal to 5 m can therefore be con-
structed point by point by tracking the places on the resistive paper where the
voltmeter probe indicates 5 V. The equipotential lines for 2 = 1, 2, 3, and 4 m can
be drawn in a similar way.

The flow lines can be obtained either by sketching the flow net by hand or
by using the complementary electrical analog. In the former case, the flow lines
are sketched by hand over the equipotential lines by ensuring that equipotential
and flow lines intersect at right angles and generate curvilinear squares. In the lat-
ter case, the complementary electrical analog must be defined. In the complemen-
tary problem, boundary flow lines become equipotential boundaries, while

Water surface W/ Sheet-pile wall

el

e e e T T R G e s
b'..'i'.iZZZ'.ZZrL—.GiriI:ZIZ:'.::i:Z::J h=0.m W Datum 3
§A ’IB o N
N 6m N
E S:dm l_C_\_ §
\ J s
A <l \
T e TTTT©T®T®

Figure 4 Definition of the geometry for the original seepage prob-
lem with a sheet-pile wall.

6 Volt
Adjustable DC power supply

l Voltmeter

— 48 cm

Figure 5 Electrical analogy of the problem in Fig. 4.
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Figure 6 Electrical analogy setup. The resistive paper is cut as

shown in Fig. 5. The notch in the paper represents the sheet-pile
wall.

Voltmeter
M! —@7 CE=CD

C
V=0 Volt V=6 Volt V=0 Volt R
rN NN O AT T T, P ST G R
! 'i'.:i'if",'-"iiﬁ:"' 7 D
E | SHjisrcReme g £
£ : ! BRSTEOIED PlosiaRiaRRtac bl
: il e q
| e s ISRl e IR D <P
1 BRI s S RO g e
ol § i't["T:i :X:_'.’:"::i:.i:: &
. -y ' ' % Figure 8 Determination of the
differential voltage between two
Figure 7 Complementary seepage problem to obtain flow lines and complemgntary flow lines:for the
Bewy vist. construction of flow nets.

equipotential boundaries become flow lines. As shown in Fig. 7, the complemen-
tary analog has the same size as the original model but has complementary
boundaries. The differential voltage between electrodes A and B is set arbitrarily
to the same value as in Fig. 5. The differential voltage AV between two consecu-
tive flow lines is determined as illustrated in Fig. 8. The distance CD between two
consecutive equipotential lines is measured with a compass in the region of Fig. 5
where the equipotential lines are almost parallel. Point E is then drawn in Fig. 7
on the same equipotential line as C so that CD = CE. The differential voltage
AV =V - Vi is measured. The flow lines are then traced for the differential volt-
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ages that are multiples of AV. The flow net is finally obtained by superimposing
equipotential and flow lines on the same piece of paper.

The following equipment is needed:

e Voltmeter with high input impedance. The high input impedance prevents
the voltage measurements from interfering with the flow of electricity in the
analog model.

e DC voltage supply with an adjustable voltage between 0 and 15 V.

¢ Resistive paper. This graphite-coated paper is an excellent material for use
as an electrical-analogy cutout. Although its conductivity may vary slightly
between the x and y directions, these differences in conductivity are of neg-
ligible importance for the solution of most seepage problems. The resistive
paper should be handled and stored carefully because its conducting quali-
ties become erratic when it is perforated or crumpled.

e Silver- or nickel-based paint to make electrodes. The electrodes should be
much more conductive than the resistive paper. These metallic paints are
available from electronic supply stores, These paints are used to mend heat-
sensitive printed circuit boards that cannot be soldered.

e Scissors and rulers,

1. Identify the flow lines (impervious boundaries) and equipotential lines
(prescribed total head) that form the boundaries of the confined seepage prob-
lem. Make a scaled cutout of the seepage problem with the resistive paper. Be-
fore cutting the paper, add a 3- to 5-mm-wide strip along the equipotential
boundaries of the analog model. This strip will be reserved for painting elec-
trodes.

2. Carefully paint the electrodes on the cutout with the conductive paint.
The electrodes simulate the boundaries with a constant total head but are not
part of the soil itself. The electrodes should be painted as straight as possible to
form a continuous 3- to 5-mm-wide strip. The electrodes should be highly conduc-
tive with respect to the resistive paper. Their conductivity may be checked by
measuring the voltage at several locations, The voltage should be almost constant
along a highly conductive electrode. You may apply several coats of conductive
paint to increase the electrode conductivity.

3. Apply a voltage across the upstream and dowstream electrodes of the
cutout. The voltage should be chosen to have a basic correspondence between
voltage and total head. Trace at least 10 equipotential lines on the model by using
the voltmeter probe. Lightly mark the points where the voltage is constant with a
soft lead pencil. Do not perforate the paper since holes will change the model
conductivity.

4. Make a tracing of the cutout and equipotential line locations and com-
plete the flow net either by freehand sketching of the flow paths or by solving the
complementary problem.
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LIMITATIONS OF ELECTRICAL ANALOGY
Unconfined Seepage

In contrast to water, electrons are not affected by gravity. Hence the electrical
analogy is limited to confined seepage problems and cannot be applied directly to
unconfined seepage problems such as those found in earth dams. For instance, the
earth dam of Fig. 9 must be represented by the cutout of Fig. 10, the upper
boundary of which is constructed by the Casagrande method. Casagrande (1940)
represents the top flow line with the following parabola:

2
=_%+ and S=.Jd+H:— (10)

TR

where d is the horizontal distance between points A and G of Fig. 11. Point G is
defined so that

EG = 03EF (11)

For the seepage problem of Fig. 9, the calculation results are listed in Table
1. The toe drain correction corresponding to f = 30° is Aa/a = 0.36 (Fig. 12). The
distance @ = AH is found by drawing the parabola of Eq. 10 in Fig. 10. The top
flow line is corrected as shown in Fig. 10, and cut out as shown in Fig. 12.

6m
\ 4 //"
15
135m
2 M

Figure 9 Seepage problem for an earth dam on an impervious base.

Adjustable DC
|| | power supply

13.5 VoIt




214 Chap. 4-4 / Electrical Analogy of Seepage Problems

Elevation (m)
1)

Distance (m)

Figure 11 Construction of the top flow line by the Terzaghi-Casa-
grande method.

04
0.3
302
B (deg) Aafa
0.1 - 30 0.36
V) 0.32
Aala = -8E-06p° - 0.0008p + 0.394 a0 026
P - - - < : 120 0.18
0 30 60 90 120 150 180 150 0.1
p (deg) 180 0

Figure 12 Toe-drain correction proposed by Casagrande (1937).

TABLE 2
Calculation for seepage problem of Fig. 9

Inclination of upstream slope = 1.5

Inclination of downstream slope = 1.5 X (m) y (m)
Dam height = 15 m A 0.00 0.00

Water level = 13.56 m B -22.50 15.00

Crest width = 6 m C -2850 15.00

Inclination of drain = 33.69° g —gg} .gg 1g.£5)g

ko~ i F -3683 1350

o= 1427 G -51.00 1350

Ao BT H -11.87 7.92

" g / -7.62 5.08

Seepage with Infinite Dimension and Anisotropic
Permeability

The seepage problems with soil layers of infinite extent are difficult to model with
an electrical analog of finite size. The effects of infinite size can be approximated
by selecting a model three to six times longer than its height. It is recommended
that this length, be varied to assess its effects on the solution of the seepage problem.



Exercises

215

The electrical paper has an isotropic resistivity. When the electrical analog is

to be used to model seepage problems with an anisotropic permeability (i.e.,
k. # ky), the electrical model must be defined after scaling either the x or y coor-
dinates as follows:

REFERENCE

&, [k
=x[= =y |2
'rf X ky or yr y kx (12)

CASAGRANDE, A., 1937, “Seepage through dams,” Contribution to Soil Mechanics,
BSCE, 1925-1940 (Paper first published in J. New England Water Works Asso-
ciation, June 1937).

REVIEW QUESTIONS

2.

3‘

sl

6-
7.

8.
9,
10.
11,

EXERCISES

What is the purpose of the electrical analogy test? On what analogy is this
test based?

What quantities correspond to water head and permeability in the flow of
electrical current? What physical law corresponds to Darcy's law?

Do painted electrodes represent flow lines or equipotential lines?

How can you check the high conductivity of painted electrodes?

Write down the partial differential equation that governs the steady-state
flow of water in two-dimensional problems with isotropic permeability.
What is the name of this partial differential equation? Can you name some
other fields of physics and engineering where this equation is found?

Why is it important not to fold, perforate, or kink the resistive paper?
Does perforation increase or decrease the conductivity of resistive paper?
Can you suggest an application for carefully perforated holes?

Should the nickel-based paint have low or high conductivity?

Are painted electrodes strictly parts of the soil where water flows?

Is it possible to obtain the top flow lines from the electrical analogy? How?
Is it possible to obtain the top flow lines of unconfined seepage problems by
using the electrical analogy directly? How do you define the electrical ana-
log of an unconfined seepage problem?

What technique do you use to model an anisotropic seepage problem with
an electrical analog model?

Determine the distribution of total head and flow net for one of the seepage
problems [(a) to (f)] shown below using the electrical analogy method.
Determine the distribution of water pressure on the structure (cofferdam
and/or sheet-pile wall) of one of the seepage problems shown below by us-
ing the electrical analogy method.
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-5 Finite Difference
Solutions
of Seepage Problems

DEFINITION

The finite difference method is a numerical approach to solving partial differen-
tial equations such as those governing the two-dimensional steady-state flow of a
fluid through a porous medium. In the case of confined problems with simple ge-
ometry and boundary conditions, the finite difference method can easily be imple-
mented in spreadsheet programs. The method can be applied to multiple layers
and anisotropic cases.

FINITE DIFFERENCE SOLUTION OF SEEPAGE PROBLEMS
Seepage Theory
When water flows steadily through a two-dimensional porous soil with an aniso-
tropic permeability (k, # k,), the distribution of total head A (x,y) within the satu-

rated soil obeys the following partial differential equation:

#h ., 8h
v a2 Hhrga =0 (1)

Equation 1. becomes Laplace’s equation in the case of isotropic permeability
(kx =] ky):

®h  ®h
E-f'a—yz—o (2)

In the case of confined seepage problems, the total head or the fluid velocity is
prescribed on the boundaries. In mathematical terms, the boundary conditions
are prescribed in either total head or gradients of total head.
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Principles of Finite Differences

Discretization of function derivatives. As shown in Fig. 1, a contin-
uous function f(x) may be defined in terms of discrete values f; corresponding to
values x; spaced along the x axis. Assuming that the function f is differentiable,
the function may be expanded by using a Taylor expansion about x:

foe+ax) =) + Loax+ 3 Fwan+ L Lav - @

Equation 3 may be written for x = x;:

1 d¥flca ) B,

fm 2 dx? fo +37 F Ax? A4 o (4)
1 Wf L &,

Ax+ o aa|tr "I G| ATt )

The first-order differential may be approximated from discrete values by subtract-
ing Eq. 4 from Eq. 5:

i1 =i
&~ ®

The second-order derivative may be approximated by adding Egs. 4 and 5:

af

%fi+1 + fi-1 —2f;
dxzr.

Ax2 @

Equations 6 and 7 are second-order approximations of the first- and second-
order derivatives. The errors between the exact and approximate differentials are
proportional to Ax2. When Ax tends toward zero, the approximated differential
converges quadratically toward its exact values,

Discretization of two-dimensional problems. Equations 6 and 7
also apply to functions of two variables x and y, such as the two-dimensional dis-
tribution of total head over a spatial region. As shown in Fig. 2, the two-dimen-
sional space is discretized with a grid of points, the coordinates of which are

| RS

L) S

|
I
'
I
I
I
L}
L}
1
1
L
L
|
I

e

]
X1 X3 Xi1 X Xy Xn
Figure 1 Discrete representation of a continuous function f,
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0 ij-1
]
i
1— J ?1,_] -Di+iJ
X r'11._|+1
Figure 2 Discrete representation a two-dimensional Figure 3 Nodes contributing to Eq. 8.

region.

denoted by i and j. Curved boundaries have to be approximated with straight seg-
ments in order to be described with points.

If Ax and Ay are the nodes spacing in the x and y directions, respectively,
the discretized form of Eq. 1 at point i, j is

k k
A_::Z (Biga,j+hioq,j— 2k ) + K';Lj (Rijp1 +hijy—2h; ) =0 (8)

As shown in Fig. 3, only the values of 4 at thc nodes surrounding the node i,
contribute to Eq. 8. When Ax = Ay, Eq. 8 becomes

1

"= )

(ohypyj+oh_yj+hjq +hiy) (9
where o = k,/k,.When Ax = Ay and k, = k, (o = 1), Eq. 8 becomes
hij=3 (M j+ R+ B jer +hy o) (10)

Boundary conditions. In confined seepage, either the total head or the
total flow is precribed on the boundaries. For prescribed flow boundaries, we con-
sider only impervious boundaries and exclude prescribed flux boundaries. For an
impervious boundary, the seepage velocity is tangential to the boundary: that is,

oh

e 0 (11)
where n is the coordinate normal to the boundary as shown in Fig. 4. In the case
of a horizontal surface, » = y and Eq. 11 becomes

8 =0 (12)
The first-order differential is approximated by introducing a fictitious node, out-
side the seepage domain (see Fig. 4). Using Eq. 6, at node i, j; we obtain

dh

3y ~hij—hij1 =0 (13)
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Impervious 0 ij-1
boundary A
i Flj o g i+l
7
velocity

Figure 4 |Impervious boundary conditions.

Therefore, h; ;.1 = h;;_,. The value of total head at the fictitious node i, j + 1 is
eliminated by combining Eqgs. 10 and 13:

hij=5 (hiprj+hiyj+2h;5 ) (14)

In summary, for a horizontal impervious boundary, it is not necessary to define
fictitious nodes; however, it is necessary to replace Eq. 10 by Eq. 14. The coeffi-
cient 2 in Eq. 14 applies to the internal nodes, not to the nodes on the boundary.
Thus Eq. 14 may easily be generalized to a vertical boundary. Figure 5 gives ad-
ditional relations for the total head at grid points on inclined boundaries and at
various types of corner boundaries. In all these cases, the sum of the coefficients
is equal to 1.

Interfaces. The partial differential equations (Egs. 1 or 2) do not hold on
an interface between soils of different permeability because the permeability and
the hydraulic gradient are not continuous there. In the case of the horizontal in-

7 1l

1 1 1 1
=53 [".—,;-1 thiy+3 "'un) © hj=13 (":.,1-1 +3 "m.;)

Figure 5 Relations for corners and 45° inclined surfaces of imper-
vious boundaries.
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terface shown in Fig. 6, the discharge velocity can only be defined on each side of
the interface:

hij—hyyy 5 hij —hij
vi=k —J—Ay-L and vy=k2—jA—y—-f (15)

where v} and vZ are the y-component of the discharge velocity in medium of
permeability k; and k,, respectively. Due to the conservation of flux of water
across the interface (i.e., v} = v}), Eq. 15 becomes:

ky ky
hii =37, Mt g, M (16)
In the case of a vertical interface, Eq. 16 becomes:
ky ky
hij= e hiyj+ hisy, (17)

It can be shown that the discharge velocity changes direction abruptly at the in-
terface, and that its angle o, of incidence and angle o, of emergence are related
through:

tanoy Kk

tane, K, (18)

Seepage flow. The total quantity g of flow per unit of time may be cal-
culated from the discrete values of total head, without drawing a flow net. g is ob-
tained for any area A that cuts the flow completely:

q =I (vyn, +vyn,)dA (19)
A

where n, and n, = x and y components of a unit vector normal to surface A, and

v, and v, = x and y components of seepage velocity (Fig. 7). If the surface A is
vertical, then

g=| viaa= x2aa (20)
A A
Area A
m 0 I :
m+1 ? l;I
H H
Vs E |
bl
' H
: ]
: i
| ]
: i
n O OO
i-1 i i+l
Figure 6 Interface between soils of different Figure 7 Flow lines and calculation of total quantity

permeability.

of seepage from discrete values of total head.
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The area A of Eq. 20 may be selected arbitrarily, provided that it blocks the flow
completely. In the case of the vertical section shown in Fig. 7 (m < n), Eq. 20
may be integrated by using a trapezoidal rule:

n=1

Ax

A
q= thm + Ax z v,-d- + Txvi‘" (21)
where
k,
Vij = m(hm.;' —hi_y)) (22)

Finally, the total quantity of seepage is

k n-1
q= f [hs+1.m —hiym+2 Z (Pigr,y— Picr,) +Bigan — hi-:.n] (23)

j=m+1

Stream function and flow lines. By definition, the stream function
w(x, y) is

=y =N
V= 3y and v, N (24)
The quantity of seepage dq through the small element with sides dx and dy in
Fig. 7 is

=y —vidp = dy 4 D it =
dg=vdy —v,dx = 3y dy + o dx =dy (25)

Using Eq. 23, the quantity of seepage Ag between two nodes (i, j) and (i,j + 1) is

if k
Ag = vedy = £ (higrj— Bicj+ higy jur — Bisy j1) (26)

ihj+1

=AY =V, =V

The values of v, ; are usually set equal to zero along one of the flow lines on the
external boundary. After the calculation of total head A; ;, the values of y; ; in the
interior are calculated with Eq. 26 by moving away from the flow line where
y; ;= 0. The stream function is constant on flow lines. To draw a flow net with
equipotential and flow lines, it is useful to introduce the modified stream function
v i =W i/k. The flow net can be obtained by superimposing the contour lines of
h;jand y; ; for identical value of contour interval.

Solutions of Finite Difference Problems

The values of the total head at the grid points may be found by using either a di-
rect method or an iterative method. These methods will be illustrated by consid-
ering the example in Fig. 8, which has no direct relation to a seepage problem.
The Laplace equation holds inside the square region [0,1] by [0,1]. The function
h(xy) is prescribed on the boundary. It is equal to zero on the left, bottom, and
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h(x,1) = 4500x(1-x)

bh(0,y)=0 h(1,y)=0

h(x,0)=0 X

Figure 8 Example of boundary value problem.

right boundaries. It is equal to A(x) = 4500(1 — x) on the top boundary. The
problem is to find the distribution of 4 inside the square region.

As shown in Fig. 8, the region is coarsely discretized with a grid with 16
nodes. The value of 4 is known at the 12 nodes at the boundaries. There are only
four unknown values: hz_z. h2.3' h3.29 and h3'3.

Direct method. There are only two unknowns, 4, and h; 3, owing to
the symmetry about the line x = ], which implies that

hya=h3; and hy3=hy; (27)
These two unknowns h;; and A, ; are found by solving the two linear equations
hz‘2=£ (1000 +0+h’2,3+h2.2) a.nd h2.3=-% (0+0+h2‘2+h2.3) (28)

The matrix equation corresponding to Eq. 28 is

3 -1 h2.2]= ( 1000 (29)
“'1 3 hzl 3 0
Its solutions are h,; = 375 and h, 3 = 125. They are found by forming and solving
a matrix equation, which is a lengthy operation for more complicated grids.

Relaxation method. The relaxation method is one of the solution
methods for finite difference equations which is the most suited to spreadsheet
calculations. In the relaxation method, the unknowns are initially assigned an ar-
bitrary value. Then new values are calculated from old ones by iteratively using
Eq. 28 until their final values satisfy Eq. 28 within a specified error tolerance.

For instance, the problem of Fig. 8 can be solved by relaxation as shown in
Figs. 9 and 10. Nodes (1.,1), (1,2), ... are represented by cells Al, A2, ..., respec-
tively. The specified values of h are entered in cells Al, Bl, C1, D1, A2, A3, A4,
B4, C4, D4, D3, and D2. Equations 27 and 28 ate defined in cells B2, B3, C2, and
C3, where the function A is unknown.

As shown in Fig. 10, the relaxation solution gradually converges toward the
exact solution within 100 iterations. The iterative calculations are activated by
Options Calculation and by clicking on the iteration box. The number of itera-
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A B L6 B
1 | 0 1000 7000 0
2 | 0 =(B1+B3+A2+C2)/4 =B2 0
3 | 0 =(B2+B4+A3+C3)/4  =B3 0
A |0 0 0 0

Figure 9 Formulas used for solving Egs. 27 and 28 by relaxation.

A | B: [ € §F B
1 0 1000 1000 0
2 0 250 250 0
s 0 2 €08 0 1 iteration
4 0 0 0 0
A | B 1 & | D
1 0 1000 1000 0
2 0 376.2 375.1 0
3 0 1251 125.1 O
4 0 0 0 0 5 iterations
A B C | D |
1 0 1000 1000 0
2 0 375 375 0
3 0 125 125 0
4 0 0 0 0 100 iterations

Figure 10 Results of relaxation calculation after 1, 5, and 100 iter-
ations.

tions and the error tolerance can also be defined in the Calculation dialog box.
When the iteration option is not activated, the error message “Cannot resolve cir-
cular references” should be displayed, indicating that the formulas of Fig. 9 are
referring to each other’s values.

APPLICATION TO SEEPAGE PROBLEMS

Figure 11 defines a seepage problem with a sheet-pile wall. As shown in Fig. 12a,
only the left half of the problem will be analyzed owing to the symmetry about
the sheet-pile wall. The total head is # = 6 m on AB. Owing to the problem sym-
metry, h = 3 m on CD. In Fig. 12a the equipotential lines AB and CD, where the
total head is constant, are dashed. The flow lines AED and BC which are fol-
lowed by the water are solid. Figure 13 shows the spreadsheet representation of
the seepage problem of Fig. 12a. The finite difference nodes are evenly spaced
every 2 m in the x and y directions. There is a total of 91 nodes, 13 and 7 nodes
in the x and y directions, respectively. ,

Figure 14 shows the formulas used in Fig. 12. The prescribed total head & =
6 m is copied into cell range A2:M2, while # = 3 m is copied into range M5:M8.
The formulas for vertical impervious boundaries are entered in cell A3 and cop-
ied into range A4:A7. Those for right vertical boundaries are entered in cells M3
and M4. Equation 14 for horizontal impervious boundaries is entered in cell B8
and copied to C8:L8, Eq. 15 for a corner boundary is entered in cell A8 and
Eq. 10 is entered in B3 and copied into range B3:L7.

The iterative calculations are turned on by using Options Calculations. The
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Water surface W/ ?heet«pile wall
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Figure 11 Definition of seepage problem with a sheet-pile wall.
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— 24m Equipotential line, yk =0 D
Figure 12 Boundary conditions for (a) original seepage problem
and (b) complementary seepage problem.
A bpl g L o I B L E T & [ o 0 1.1 3 L X J L L N |
1 |Total head (m) Upstream head (m) = 6 Downstream head (m) = 3
2 6.00 6.00 6.00 6.00 6.00 6.00 6.00 6.00 6.00 6.00 6.00 6.00 6.00
3 5.92 592 5.91 5.90 5.88 5.85 5.81 5.75 5.68 5.59 5.48 5.36 5.28
4 585 585 5.83 5.80 5.76 5.71 5.63 5.53 5.39 5.21 4,97 4.68 4.41
5 5.79 5.78 5.76 5.72 5.67 5.59 5.48 5.33 5.14 4.88 4.52 3.97 3.00
6 5.74 574 57 5.66 5.59 5.49 5.36 5.19 4.95 4.65 4.24 3.70 3.00
7 571 570 5.68 5.62 5.55 5.44 5.29 5,10 4.84 4.52 4.10 3.59 3.00
8 570 5.69 5.66 5.61 5.53 5.42 5.27 5.07 4.81 4.48 4.08 3.56 3.00
9 Quantity of flow per unit of time and unit of permeability = 3.2543

Figure 13 Value of total head after 100 iterations.

results of the calculations after 100 iterations are shown in Fig. 13. The error after
100 iterations is less than 0.001 m. As shown in Figs. 13 and 14, the total quantity
of seepage g (divided by permeability k) is calculated in cell E9 by adapting Eq.
23 for the horizontal line FG passing at 4 m depth. Line FG cuts and blocks the
flow completely.

Excel has several two- and three-dimensional capabilities to represent the
distribution of total head. Figure 15 shows a two-dimensional contour plot, and
Fig. 16 shows a three-dimensional surface plot. To get those plots, select the range
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A B C D | J K L M

1 [Total head (m) 3

| 2 |=$F$1 =$F$1 =$F$1 =$F$1 =$F$1 =$F$1 =$F$1 =$F$1

3 |=(A2+A4+2°B3)/4 =(B2+A3+B4+C3)/4 =(C2+B3+C4+D3)/4 =(D2+C3+D4+E3)/4 =(J2+I3+J4+K3)/4 =(K2+J3+Kd+L3)/4 =(L2+K3+L4+M3)/4 =(M2+M4+2*L3)/4
4 |=(A3+A5+2°B4)/4 =(B3+A4+B5+CA)/4 =(C3+B4+C5+D4)/4 =(D3+CA+DS+EA)4  =(J3+14+J5+KAa)/4 =(K3+J4+K5+L4)/4 =(L3+K4+L5+M4)/4 =(M3+M5+2°L4)/4
Z=(A4-+AB+2‘BS}!4 =(B4+A5+B6+C5)/4 =(C4+B5+C6+D5)/4 =(D4+C5+DB+E5)/4  =(J4+I5+J6+K5)/4 =(K4+J5+K6+L5)/4 =(L4+K5+L6+M5)/4 =$J$1

6 |=(A5+A7+2°B6)/4 =(B5+A6+B7+C6)/4 =(C5+B6+C7+D6)/4 =(D5+C6+D7+E6)/4 =(J5+I6+J7+KB)/4 =(K5+J6+K7+L6)/4 =(L5+K6+L7+M6)/4 =$J$1
I=(A6+A8+2-B7)14 =(B6+A7+B8+C7)/4 =(C6+B7+C8+D7)/4 =(D6+C7+D8+E7)/4 =(J6+17+J8+KT7)/4 =(K6+J7+KB+L7)/4 =(L6+K7+LB+M7)/4 =8$J$1

8 |=(A7+B8)/2 =(AB+C8+2°B7)/4  =(B8+D842°C7)/4  =(CB+EB+2°D7)/4  =(I8+KB+2'J7)/4  =(JB+LB+2°K7)/4  =(KB+MB+2°'L7)/4  =$J$1

H

9 | Quantity of flow per unit of time and unit of permeability = =(A3-A5+M3-M5+2"SUM(B3:L3)-2"SUM(B5:L5))/4

Figure 14 Formulas used in Fig. 13.
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v

/|

[

I.

W3.00-3.50 H3.50-4.00 E4.00-4.50
04.50-5.00 0O5.00-5.50 0O5.50-6.00

Figure 15 Two-dimensional contour representation Figure 16 Three-dimensional surface representation
of total head for seepage problem of Fig. 11. of total head for seepage problem of Fig. 11.

A2:M2 with the mouse, and select the appropriate three-dimensional chart type
by using the Chart Wizard. Change the scale of the third axis to select the con-
tour values. Inverse the second axis to display the contour in the right upward di-
rection. Add the contour values by using the Insert Legend option. As shown in
Fig. 17, the equipotential lines, which are the lines along which the total head is
a constant, can be drawn using the three-dimensional chart type without the fill-
ing option.
The water pressure u is related to the total head A through

u=",(h-y) (30)

where v, is the water unit weight and y is the elevation with respect to the datum.
The distribution of water pressure which corresponds to the total head in Fig. 15
is shown in Fig. 17, Figure 18 shows the formulas that are used to calculate the
water pressure from the total head and the vertical mesh spacing. As shown in
Fig. 17, the water pressure, which is hydrostatic away from the pile, becomes
lower in the vicinity of the pile, owing to the water flow.

050.0-750 ®75.0-1000 W 100.0-1250
O1250-1500 m150.0-1750

Figure 17 Distribution of water pressure (kPa) in seepage problem
of Fig. 11.



228

Chap. 4-5 / Finite Difference Solutions of Seepage Problems

A

F

I €]

Water pressure (kPa

sure (kPa)
=0.8°(A2+(ROW(A11)-ROW($A$11)) 8GS10)

=9,8*(A3+(ROW(A12)-ROW($A$11))*$G§10)

=9,8*(A4+(ROW(A13)-ROW($A$11))*$G$10)

4 |=9.8"(A5+(ROW(A14)-ROW($A$11))*$G$10)

=9.8*(A6+(ROW(A15)-ROW($A$11))*$G$10)
=9.8(A7+(ROW(A16)-ROW(SAS11))*$G$10)
=9,8" (AB+(ROW(A17)-ROW($A$11))"$G$10)

Vertical mesh spacing (m)= 2
=0.8'(F2+(ROW(F11)-ROW(SAS11))'8G810)

=9.8"(F3+(ROW(F12)-ROW($A$11))*$G$10)
=0.8"(F4+(ROW(F13)-ROW($A$11))*$G$10)
=9.8"(F5+(ROW(F14)-ROW($A$11))"$G$10)
=9.8*(F6+(ROW(F15)-ROW($A$11))*$G$10)
=0.8*(F7+(ROW(F16)-ROW($A$11))"$G$10)
=9.8°(FB8+(ROW(F17)-ROW($A$11))*$G$10)

=0.8"(G2+(ROW(G11)-ROW($AS11))'$G$10) |
=0.8*(G3+(ROW(G12)-ROW($A$11))*$G$10)
=9.8*(G4+(ROW(G13)-ROW($A$11))*$G$10)
=0.8*(G5+(ROW(G14)-ROW($A$11))*$G$10)
=9.8"(G6+(ROW(G15)-ROW(3A$11))*$G$10)
=9.8*(G7+(ROW(G16)-ROW($A$11))*$G$10)

=9.8°(G8+(ROW(G17)-ROW(SA$11))*$G$10)

Figure 18 Formulas used to calculate
Fig. 17 from the total head of Fig. 13.

the water pressure (kPa) of

[T T TI
EEE A
AT
SRR
A TR

Figure 19 Flow net for seepage problem of Fig. 11.

As shown in Fig. 19, the tlow lines, which represent the water trajectory, can
be obtained by Eq. 26, They can also be obtained by using the same method as
for the equipotential lines, but by solving the complementary seepage problem
(Fig. 20). In the complementary seepage problem, boundary flow lines become
equipotential boundaries, while equipotential boundaries become flow lines. The
total head h(x,y) is also replaced by the modified flow function ' =y(x, y)/k,
which must also obey the Laplace equation (i.e., Eq. 2). Therefore, the flow lines
of the initial problem are transformed into prescribed y’-value lines, It is conven-
ient to set '’ equal to zero on one of those lines and g/k on the other line, where
q is the total seepage flow, calculated using Eq. 23.

Figure 20 shows the value of y’ as calculated by the formulas of Fig. 21. As
shown in Fig. 19, the flow lines, where ' is constant, can be plotted by using two-
dimensional contours. The flow net is obtained by manually superimposing the
two-dimensional contours of h and ' with identical interval values along the
third axis. One can verify that the flow lines intersect the equipotential lines at
right angles and that these lines form curvilinear squares. The ratio between the
number Ny of flow channels and the number N, of equipotential drops should
also be equal to g/(k Ah), where q is the seepage flow calculated from Eq. 23 and
Ah is the total head drop.

The finite difference technique described earlier can be applied to solve
many practical seepage problems. Some examples of seepage problems are given
in the exercises. In the case of thin sheet piles as shown in Fig. 22, an extra col-
umn of nodes must be inserted at the location of the sheet pile. As shown in Fig.
23, this additional column is required to have different total head on the front
and back of the sheet pile. Beneath the sheet pile, the nodes are set to have the
same total head. As shown in Fig. 24, this additional row unfortunately distorts
the flow net in the vicinity of the sheet pile. This distortion was removed in
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Al B|] C]|D]| E | F G H | 1| J | K | L | ™
19 |Flow lines (complementary problem) Upstream value (m) = 3.2543 Downstream value (m) = 0
20(3.25 3.17 3.08 2.98 2.86 2.71 2.52 229 2,00 1.63 147 0.62 0.00
21(3.25 3.17 3.09 2.99 2.87 2.73 2.55 232 2.04 1.67 1.21 0.65 0.00
221325 3.18 3.10 3.01 2.91 2.78 2.62 2.41 2.15 1.8 1.36 0.77 0.00
231325 3.19 3.13 3.06 2.97 2.87 2.73 256 234 2.05 1.66 1.06 0.00
24| 3.25 321 3.17 3.12 3.05 2.98 2.89 277 261 2.41 2.15 1.83 1.53
25|13.25 3.23 3.21 3.18 3.15 3.1 3.06 3.00 292 282 2.70 2.56 2.48
26|3.25 325 3.25 3.25 3.25 3.25 3.25 325 325 3.25 3.25 3.25 3.25
Figure 20 Values of y’ after 100 iterations.
A | B | C | D | K | L | M
[ 20 |=$H$19 =(A20+C20+2°B21)/4 =(B20+D20+2°C21)/4 =(C20+E20+2°D21)/4 =(J20+L20+2°K21)/4 =(K20+M20+2°L21)/4 =$L$19
21 |=§H$19 =(B20+A21+B22+C21)/4 =(C20+B21+C22+D21)/4 =(D20+C21+D22+E21)/4 =(K20+J214K22+L21)/4 =(L20+K21+L22+M21)/4 =$L$19
[ 22 |=§H$19 =(B21+A22+B23+C22)/4 =(C21+B22+C23+D22)/4 =(D21+C22+D23+E22)/4 =(K21+J22+K23+L22)/4 =(L21+K22+L23+M22)/4 =$L$19
| 23 |=$H$19 =(B22+A23+B24+C23)/4 =(C22+B23+C24+D23)/4 =(D22+C23+D24+E23)/4 =(K22+J23+K24+L23)/4 =(L22+K23+L24+M23)/4 =$L$19
| 24 |=$H$19 =(B23+A24+B25+C24)/4 =(C23+B24+C25+D24)/4 =(D23+C24+D25+E24)/4 =(K23+J24+K25+L24)/4 =(L23+K24+L25+M24)/4 =(M23+M25+2°L24)/4
25 [=$H$19 =(B24+A25+B26+C25)/4 =(C24+B25+C26+D25)/4 =(D24+C25+D26+E25)/4 =(K24+J25+K26+L25)/4 =(L24+K25+L26+M25)/4 =(M24+M26+2'L25)/4
(26 | =$H$19 =$H$19 =$H$19 =$H$19 =$H$19 =$H$19 =§H$19
Figure 21 Formulas used in Fig. 20.
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18 m

. — I —3

% 1!.5m

200%

12 m

Figure 22 Seepage problem with a cofferdam and a sheet-pile wall.

Fig. 25 after replotting the numerical results of Fig. 24 with a more advanced
contouring program. Figures 26 and 27 show the distributions of water pressure
on the bottom surface of the cofferdam and on the front and back of the sheet
pile wall.

The present method is limited to confined seepage problems for which the
boundary conditions have known positions. In its present form it does not apply
to unconfined seepage problems such as those in earth dams, where the free sur-
face is undefined. The determination of the position of unknown boundaries with
finite difference is possible but requires that additional equations be solved.

One of the major limitations of the finite difference method is the difficulty
encountered in describing curved boundary conditions and complicated layer ge-
ometries. For this reason, another numerical technique, referred to as the finite ele-
ment method, is often preferred. Seepage problems of infinite size, such as
cofferdams on soil strata extending to infinity, are also difficult to analyze by using a
grid of finite size. In this case the infinite size can be approximated by taking a length
equal to three to six times the stratum thickness. It is recommended this length be
varied in order to assess its effects on the solution of the seepage problem.

1. What is the purpose of the finite difference method? How is it applied to
confined seepage problems?

2. What is the partial differential equation that controls the distribution of to-
tal head for anisotropic and isotropic permeability?

3. What is the principal numerical technique used to solve the equations of fi-
nite difference methods?

4. Why does the grid spacing control the accuracy of the solution of a seepage
problem with finite difference?

5. How do you represent curved boundaries in finite difference methods?

6. What is the main limitation of finite difference when dealing with seepage
problems?
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A | L e M N B 0 | Z AA AL
| 2 |=3GS$1 =$GS$1 =5G$1 =$L$1 =5L$1
[ 3 |=(A2+A4+2°B3)/4  =(L2+K3+L4+M3)/4  =(M2+M4+2°L3)/4 =(03+N4)/2 =(N3+P3+2°04)/4 =(Y3+AA3+2'Z4)/4  =(AA4+AB3+AA2/2+Z3/2)/3 =(AL2+AL4+2°AK3)/4
| 4 [=(A3+A542°B4)/4  =(L3+K4+L5+M4)/4  =(M3+M5+2°L4)/4 =(N3+N5+2°04)/d =(03+N4+05+P4)/4 =(Z3+Yd+Z5+AA4)/4 =(AA3+Z4+AAS+AB4)/4 =(AL3+AL5+2"AK4)/4
[ 5 |=(A4+AB+2°B5)/4  =(L4+K5+LE6+MS)/4  =(M4+MB+2°L5)/4  =(N4+NB+2°05)/4 =(O4+NS+O6+P5)/4 =(Z4+Y5+Z6+AAS)4 =(AA4+Z5+AAG+ABS)4 =(AL4+AL6+2°AK5)/4
| 6 |=(A5+A9+2'BB)/4  =(L5+KB+L7+MB)/4  =(M5+M7+2"L6)/4 =(N5+N742°06)/4 =(O5+N6+07+P6)/4 =(Z5+Y6+Z7+AAB)4 =(AA5+Z6+AAT+ABE)/4 =(AL5+AL7+2"AKE)/4
| 7 |=(A6+A10+42°B7)/4 =(L6+K7+LB+M7)/4 =(N7+L7+MB+O7)/4 =M7 =(06+N7+0B+P7)/4 =(Z6+Y7+ZB+AA7)/4 =(AAB+Z7+AAB+ABT)/4 =(AL6+ALB+2"AK7)/4
| 8 |=(A5+A9+2°BB)/4 =(L7+KB+L9+MB)/4 =(M7+L8+M9+08)/4 =M8 =(07+NB+09+P8)/4 =(Z7+YB+Z9+AAB)/4 =(AA7+ZB8+AAI+ABS)/4 =(AL7+AL9+2"AK8)/4
9 |=(AB+A10+2°B9)/4 =(LB+K9+L10+M8)/4 =(MB+L9+M10+09)/4 =M9 =(0B+N9+010+P9)/4 =(ZB+Y9+Z10+AA9)/4 =(AAB+Z9+AA10+ABY)/4  =(ALB+AL10+2°AKS)/4
10 |=(A9+B10)/2 =(K10+M10+2°L8)/4  =(L10+010+2°M9)/4 =M10 =(N10+P10+2°09)/4  =(Y10+AA10+2°Z9)/4 =(Z10+AB10+2°AAG)/4 =(AL9+AK10)/2

Figure 23 Formulas used in solving the seepage problem of Fig. 22.
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Figure 24 Flow net of the seepage problem in Fig. 22.
|
] .
Figure 256 Flow net of Fig. 24 redrawn with a more sophisticated
contouring package.
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Figure 26 Distribution of water pressure along the
horizontal surface of the cofferdam of Fig. 22.

EXERCISES

Figure 27 Distribution of water pressure on the
front and back of the sheet pile of Fig. 22.

Generalize Eq. 9 in the case of non-evenly spaced nodes.
Calculate the hydraulic gradient vector in terms of discrete head values.
Find the distribution of total head and flow net for one of the problems (a)

to (f) in Exercise 2 of Chapter 4-4.
Find the distribution of total head and flow net for one of the problems (g),

to (i) shown below.
Find the distribution of pressures on one of the structures (sheet-pile wall

and/or cofferdam) defined in Exercises 3 and 4.
Plot the water pressure applied to the structure for one of the problems of

Exercises 3 and 4.
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7. Calculate the maximum hydraulic gradient and its location for one of the
problems of Exercises 3 and 4.

8. Compare the distributions of total head obtained by using two different grid
spacings for one of the problems of Exercises 3 and 4.

9. Compare the distribution of total head obtained by the electrical analogy
methods and the finite difference method for one of the problems in
Exercise 3.
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5-1 Stress in Soils

Departing from solid mechanics, soil mechanics defines the concept of stress in a
slightly different way to consider the particulate structure of soils. Here we re-
view the concepts of Cauchy and Mohr stresses for describing the stress-strain re-
sponse of soils in laboratory experiments.

BODY FORCES AND CONTACT FORCES

As illustrated in Fig. 1a, a soil mass B is made of soil particles of various sizes.
The voids between the grains may be partially or fully saturated with water. This
solid—water—air system is considered to be homogeneous. The forces acting on el-
ement A of Fig. 1b are divided into two categories:

e The body forces acting on the volume of A
e The surface forces acting on the surface of A

Body Forces

In soils, body forces are created by earth gravity, buoyancy, and water seepage.
Their intensity is proportional to the volume on which they act. The resultant
body force F acting on volume V is the volume integral of the body force X per
unit volume:

F:Lde )

The X and Y components of X have the dimension of force per unit volume. [X]
= [Y] = ML-2T-2%, where M, L, and T indicate the dimension of mass, length,
and time, respectively. The body force of the earth gravity is

X=0, Y=-pg @)
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where g is the earth gravitational acceleration (i.e., g = 9.81 m/s?) and p is the
mass per unit volume. If the body is immersed in water, X for buoyancy is

X=0, Y=p,g (3)

where p,, is the unit mass of water, If water seeps through the soil interstices, X
for seepage is

X=pugix, Y=pygi 4
where i, and i, are the x and y components of hydraulic gradient i.

Contact Forces

The small element A of Fig. 1b is not only subjected to body forces, but also in-
teracts with its exterior through its surface. Consider the surface AS, of Fig. 1b
with unit normal vector n pointing inside the element. The exterior of A exerts
the force AF and moment Am on surface AS,. Both AF and Am are functions of
AS, and n. As AS, tends toward zero, AF/AS,, is assumed to tend toward the vec-
tor T,, whereas Am/AS, is assumed to become negligible. The subscript n of AS,
and T, denotes the normal vector n. T, called the stress (or traction) vector, rep-
resents the force per unit area acting on surface AS,,.

As shown in Fig. 2, on the vertical surface AS, with (n,, n,) = (1,0), the
components of the stress vector T, are 6, and T,,. On the horizontal surface AS,
with (n,, ny) = (0,1), the components of the stress vector T, are 1, and o,,. These
stress components are tabulated in the following matrix:

Component of stress

X Y
Surface normal to x Oxx Tay
Surface normal to y Tyx Oy

The components o,, and o,, are called normal stresses, whereas 1,, and 1,
are called shear stresses. The dimension of o,,, G,,, T\, and T,, is force per unit
area (ie., [o.] = [0,,] = [ty,] = [1,.] = ML-'T-?). g,, and oy, are also denoted
as o, and o,. The physical origins of contact forces in soils are discussed later.

Figure 1 (a) Two-dimensional representation of a soil mass and
(b) its idealization.
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Figure 2 Stress vectors and their
components on horizontal and vertical
X surfaces.

Equilibrium of Forces and Moments
If the soil mass B of Fig. 1b is in a static equilibrium, the total force that results

from body forces on volume V and contact forces on the surface §' enclosmg vol-
ume V is equal to zero:

L T,dS + wa =0 5)

where T, is the stress vector acting on surface dS with normal vector n. The total

torque about the space origin resulting from body and surface forces is also equal
to zero:

J’:@T,,ds+j r® XdV =0 ©)
S v

where r is a position vector and ® is the cross product between two vectors.
Equations of Stress Equilibrium

In general, o,, Gy, T,,, and t,, are not constant throughout the soil mass but vary
with the x and y coordinates. By applying the equilibrium of forces (i.e., Eq. 5)
and moments (i.e., Eq. 6) to the small element of Fig. 3, it can be shown that o,,
Oy, Tyx, and T,, obey the following equations:

do, 01,
il K s
=t ol =X @
3‘r a0
s S
— - 3y =Y (8)
e 9

Equations 7 to 9 are called the stress-equilibrium equations. Equation 9 implies
that there are only three independent stress components: o,, ©,, and Tay . The
stress-equilibrium equations are widely used in soil mechanics.
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CAUCHY REPRESENTATION OF STRESS

In the Cauchy representation, the stress vector is defined in a fixed x- and y-co-
ordinate system. The stress vector has the same sign convention as the coordi-
nates. In contrast to solid mechanics, soil mechanics imposes that the unit vector
n normal to the surface points inward to the material surface (see Fig. 4).

Stress Acting on an Inclined Surface

Consider the uniform stress state within the material element of Fig. 4. By defini-
tion, the uniform stress state implies that o,, o,, and ,, are independent of x and
y. There are no body forces (i.e., X = Y = 0) in Egs. 7 and 8. As shown in Fig. 4,
the stresses o,, and o, acting on surface AB inclined at angle 6 with respect to
the x axis can be calculated from o,, o, and t,, by writing the equilibrium of
forces acting on element AOB in the x and y directions:

0. ABsin 6 +1,,AB cos 8 + ABo,, = 0 - (10)
oyABcos 0 +1,,ABsin® +ABo,, = 0 (11)
Because the unit vector pointing inside the surface AB is n = (n,, n,) = (—sin 6,

—cos 0), the stresses o, and o,, acting on the surface with unit vector n can be
obtained by multiplying the stress matrix by n:

Ony Try Oyl \ Ny
Note that the orientation of n with respect to the surface implies that o, and o, |
are positive for compression and negative for tension. This sign convention elim-

inates a lot of negative signs in soils, which, in contrast to metals, undergo mostly
compressive stress.

Principal Stress

By definition, the principal surfaces are free of shear stress. The stress vector act-
ing on principal surfaces is thus collinear to their normal unit vector (n., n,).

o,+do, A
A y Tyx+ dtyx A y TY" 7. drl"x
ady = NN +d
y+dy ) \r:xﬁ dr,, y+dy T+ dT,
LS b
Ty o,+ do,
¥ -cmesie , . y
=1 .
o 5
i -‘- L}
X X +dx X X +dx

Figﬁre 3 Small element used for the calculation of equilibrium of
(a) forces and (b) moment.
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Figure 4 Determination of stress acting on segment AB.

Their direction is found by solving the following eigenvalue problem:

Ty Oy /\Ny ny
where o is the principal stress value. ¢ is obtained by solving the following quad-
ratic equation:

¢? —o(o, +0,) +0,0,— 12, =0 (14)

There are always two principal stresses: the major and minor principal stresses:

o1= }(0,+0,) + /0, -0, +12, (15)

0, = %(Ux 2 Gy) = J‘l‘ (G, — Gy)z + Tchy

The principal stresses are equal when ¢, = o, and t,, = 0, which is the hydro-
static pressure case. The orientation of the principal surfaces is found by setting
equal to oy or 6, in Eq. 13 and by solving for n, and n,:

n g,—0C
2 =tan @ = = (16)
ny txy

where 6 is the inclination of n with respect to the horizontal direction. Equation
16 does not apply to hydrostatic pressure, for which any direction is principal.

MOHR REPRESENTATION OF STRESS

Mohr and Cauchy represent stresses in different ways. The Mohr representation,
which is the most commonly used in geotechnical engineering, provides us with a
graphical determination of stresses. In contrast to Cauchy, who uses fixed axes,
Mohr defines the stresses in reference to the surface on which they act.
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o X
6>0 a<0 eX
% % 1<0
Compression Tension '
E E <0
>0 c<0 : ox . ox : Y

Figure 5 Sign convention for Mohr representation of stresses in
soil mechanics.

Sign Convention for Stress

Figure 5 defines the sign convention of Mohr in soil mechanics. This sign conven-
tion is different from that of solid mechanics. Because normal stresses are usually
compressive in soils, they are assigned a positive sign to avoid the profusion of
negative signs. As shown in Fig.'5, compressive normal stresses are positive and
tensile normal stresses are negative. The sign convention for shear stress 1 is more
arbitrary than for normal stress. As shown in Fig. 5, if © acting on the surface pro-
duces a clockwise moment about a point X located at the exterior of the material
surface, T is positive. If the moment about the point X is counterclockwise, T is
negative. As shown in Fig. 5, the Mohr stresses on surfaces facing each other are
identical, although the corresponding stress vectors have opposite direction.

Stress Acting on an Inclined Surface

Consider the uniform state of stress within the element of Fig. 6. The stresses ¢
and 7 acting on AB can be calculated from o,, 6,, and 1., by writing the equilib-

A
y ¥
B
T g
Wi
X 0 A
O 51 %
GY
.
\—/ X
xf

Figure 6 Determination of stress acting on segment AB.
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rium of forces in the x’ and y’ directions, which are parallel and normal to seg-
ment AB, respectively. As shown in Fig, 6, in the Mohr representation, the shear
stresses acting on surfaces OA and OB must have opposite signs. The equilibrium
of forces acting on element AOB in the y’ direction is

6,08 sin 6 +1,,0B cos 8 +6,0A cos ® +7,,0A sin —ABo=0 (17)
Note that the shear stress acting on the vertical surface is negative in the Mohr
representation but produces a positive force in the y’ direction. The equilibrium
of forces in the x’ direction implies that
6,0B cos 8 —1,,0Bsin® —6,0A sin® +1,,0A cos 6 —ABt1=0 (18)
From Fig. 6 we have
AO=ABcos® and BO=ABsin#0 -‘ (19)
Using Eq. 19, Egs. 17 and 18 become
o= o, sin@ + o, cos?6 + 21, sin O cos O (20)
T= 0, 8in 6 cos 6 — g, sin 6 cos & +1,,(cos?6 — sin26)
Using the relations:
0,=3(0,+0,)+3(0,—0,) and o,=;(0,+0,)—;(05,—0,) (21)
Eq. 20 becomes
o= ;(6,+0,) +3(c, —0,) c0s20 +1,, sin 20 (22)
t= j(o,—0,) sin 28 +1,, cos 20
Mohr Circle

When 8 varies from -90° to 90°, ¢ and 7 of Eq. 22 describe a circle in the space
(o, 1), which has the equation

[ —}(0, +0) +12=} (0, — 0, +12, (23)
The (o, T) space is called the Mohr stress space. As shown in Fig, 7, the circle of

Eq. 23 is called the Mohr circle. It is centered at position (0,,, 0) on the ¢ axis
and has radius R:

0,=3(0,+0,) and R= Ji (o, — 0,)? + ‘tiy (24)

The stress states (o,, — T,,) and (o,, T;,) are represented by points B and A in
the Mohr space of Fig. 7, respectively. Points A and B are diametrically opposite
on the Mohr circle and are used to construct the Mohr circle. The circle diameter
is AB, and its center is the intersection between the ¢ axis and the segment AB.
In conclusion, given a uniform stress state, the stresses acting on inclined surfaces
are located on the circle of radius R centered at position (0, 0,,).
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Figure 7 Construction of the Mohr circle in the Mohr space.

Principal Stress

Using Eq. 22, the shear stress becomes zero for the following surface inclination
6:

2
tan20 = ——2_ (25)
8] g

* T Yy
For every set of o,, ©,, and 1,,, there are two values of 6 that satisfy Eq. 25.
These two angles characterize the principal directions. By substituting Eq. 25 into
Eq. 22, the principal stresses are

o= 1o+ c,) + «/i (o, — 0,2 +15, (26)

6= }(0,+0,)—Ji(0,—0,2 +1%
where o, is the major principal stress and o, is the minor principal stress, as for
the Cauchy representation. In the Mohr space, the principal stresses are the inter-
sections of the Mohr circle with the ¢ axis.
Relation between Stress and Surface Orientation
Equation 22, which gives the stresses o and t acting on an inclined surface, may

be rewritten

6, — 0 T
- R+ s NG oo
G—0, = R( SR CoS 20 + 5% Sin 29) 27)

g, —C T
=R( £ sin 20 +-2—;%00529)

After introducing the angle o shown in Fig. 8, Eq. 27 becomes
G — G,, = R(cos o cos 20 + sin o sin 26) = R cos(o. — 20) (28)
T = R(— cos o.sin 26 + sin o cos 20) = R sin (o — 28) (29)

By using Eqgs. 28 and 29, ¢ and 1 on any inclined surface can be calculated from
R and o, provided that the surface inclination 0 is known.
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Pole of the Mohr Circle

In contrast to the physical stress states, which have three independent compo-
nents—ao,, G,, and T,,—the Mohr circle has only two variables—R and ©,,. There-
fore, there is no unique correspondence between the Mohr circle and physical
stresses. In fact, a particular Mohr circle corresponds to an infinite number of
stress states. This problem is solved by adding a third variable, the pole.

The pole is constructed as shown in Fig. 8. (1) Draw points B and A with co-
ordinates (o,, —T,,) and (o, T,,), respectively. (2) Draw the Mohr circle centered
on the ¢ axis and passing through A and B. (3) Through A, draw the line parallel
to the surface on which (o, T,,) acts. This horizontal line intersects the circle at
points A and P. (4) Through B, draw the line parallel to the surface on which
(Ox, —T,y) acts. This vertical line intersects the circle at points B and P. Lines AP
and BP intersect at point P on the Mohr circle. Point P is the pole.

The pole is used to determine stresses on inclined surfaces graphically. Draw
a straight line passing through the pole and parallel to the surface on which
stresses need to be defined. This line intersects the Mohr circle at the desired nor-
mal and shear stresses. The pole can also be used to find the orientation of a sur-
face on which is acting a given stress state ¢ and 1. Draw the line through the
pole and point (o, T) on the Mohr circle. That line is parallel to the surface on
which ¢ and 1 are acting.

The pole property derives from Eqs. 28 and 29. The graphical pole construc-
tion uses 6 instead of 26 as in Eq. 27. As shown in Fig. 8, both angles AQM and
APM intersect chord AM, and therefore AQM = 20 = 2APM.

The pole may be used to calculate the principal stress directions as shown in
Fig. 9. The Mohr circle and its pole are first constructed from points A and B, as
explained in Fig. 8. The line passing through P and (o, 0) gives the orientation 6,
of the surface on which o, is acting. The line passing through P and (o,, 0) gives
the orientation 6, of the surface on which o, is acting. The orientation of surfaces
where the shear stress is maximum (i.e., T = Tp,y) is found by drawing the two
lines passing through the pole and points (G, & Tpa) on the Mohr circle.

Figure 8 Construction of the Mohr circle and its pole in the Figure 9 Determination of principal

Mohr space.

stress direction by using the pole.
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TOTAL AND EFFECTIVE STRESSES

Stresses in soils are more difficult to describe than in other materials because
soils are a mixture of solid, water, and air. We restrict our presentation of stresses
to two-phase (i.e., fully saturated) soils. Three-phase (i.e., unsaturated) soils are
beyond the scope of this book.

Fillunger-Terzaghi Postulate

In saturated soils, the contact forces are distributed on soil grains and interstitial
water. Fillunger (1915) and Terzaghi (1943) introduced the concept of effective
stress to distinguish the contact forces acting on the soil grains from those acting
on water, They postulated that the total stress vector T, acting on a surface with
unit normal vector n is the sum of the effective stress T, and porewater pressure u:

T,=T,+ un (30)
In the Mohr representation, Eq. 30 is written as
o=0'+u and 1=7 (31)

where ¢ and 1 are the normal and shear components of T, and ¢’ and 1’ are nor-
mal and shear components of T}. The physical meaning of T} and o’ is explained
as follows. As shown in Fig. 10, the total normal stress acting on surface A is-

Al AH-'
= AT A G2

where A, is the solid-solid contact area, A, the water-water contact area, o, the
average normal stress on A, (i.e., granular stress), and u the average pore pressure
onA,.A = A + A, because the material has only two phases. The tangential to-
tal force acting on surface A is transmitted only through the solid-solid contact
because water does not transmit any shear:

7= 1 (33)

Grain to grain contact

‘Water to water contact

Figure 10 Grain—grain and water—water contacts in soils.
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where T, is the average shear stress on A;. If surfaces A, and A are the same for
all cross sections, then

where n is the porosity. Therefore,
oc=(1-n)o,+nu and 1= (1-—n) (35)
Using Egs. 31 and 35,
oc=0'+u=((1-n)o,+nu (36)

Therefore, the effective stress is related to o, and u through
o'=(1—-n)(o;,—u) and v'=1=(1-n)T7; (37)

As shown in Eq. 37, the effective stress o’ depends on o; and w. In the case when
o, > u, ¢’ becomes equal to the distributed granular stress (1 — n)o,.

Cauchy Representation of Total and Effective Stresses
In the Cauchy representation, Eq. 30 becomes

O Ty |_| O T +(“ 0] (38)
Txy Oy i o 0 u

xy Y

where the first matrix represents the zotal stress, and the second matrix, the effec-
tive stress.

Mohr Representation of Total and Effective Stresses

Like total stresses, effective stresses have a Mohr circle. As shown in Fig. 11, the
Mohr circles of effective and total stresses have the same diameter because of Eq.
31. The center and pole of the Mohr circle of effective stress are obtained from
those of total stress by a translation in the amount -u along the ¢ axis.

Figure 11 Mohr circles and poles of effective and total stresses.
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S-T REPRESENTATION

The evolution of the Mohr circle during a loading process can be defined in terms
of s and ¢, where s is the o-coordinate of the Mohr circle center and ¢ is the Mohr
circle radius:

§= %(01 +0;) and = %(Ul —03) (9)

where o, is the major principal stress and o5 is the minor principal stress. The ef-
fective coordinates s’ and ¢’ are:

= %(0’1 +0;) and (= %(c’l —03) (40)

The s-t and s'-f' components are referred to as the MIT stress system. Using Eq.
31,5 ¢, ¢, and ¢ are related through

s=8+u and t=¢ (41)

Figure 12 schematizes the evolution of the effective and total Mohr circles during
an arbitrary loading process. The Mohr circles of total and effective stress and
their corresponding points in the s-f and s'-t spaces are shown in Fig. 12. The
Mohr circles A and A’ have the same radius, but their centers are separated by
pore pressure uy. Points A’ and A have identical ¢ (ie., 14 = ), but different s
(e, 54 = 8 + uy).

THREE-DIMENSIONAL STRESS

Stresses are three-dimensional in the field and in the laboratory. We discuss
briefly the three-dimensional representations of Cauchy and Mohr. Additional in-
formation can be found in Chen and Saleeb (1982).

T

Effective

S =R, |

Figure 12 Evolution of the Mohr circle of effective and total
stresses, and their representation in the s-t and s&'-t spaces.
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Cauchy Representation

In three dimensions, the stress vector (G, G,y, ©,;) acting on the surface with
normal unit vector (n,, n,, n,) is given by the Cauchy stress tensor

Onx Gy Ty Tu|| M )
oy =l% o tul|lm (42)
Oe T

xz 1)’2 02 nz

The principal stresses 6, 65, and 6; are found by solving the following eigen-
value problem:

O, Ty Ty x By
= 4
Ty O, Ty |l n,|=9]n (43)
sz t)"z 0: nz nl

which is equivalent to solving the following cubic equation:

o3-lLol+Lo—-5L=0 (44)
where I, I5, and I5 are the stress invariants

I=o,+0,+0,

— 2 2 2
I,= 0,06,+0,0, +0,0, —T5, — Ty, — T3 (45)

= 2 2 2
L= ©,0,0,—-0.%,, —0,T;, —O,Ty, +27,,7,,T,,

Equation 44 can be solved analytically as follows:
L 2
0= 3+3 ﬂ? — 31, cos 6

I
0r= 2 +5 JE=3 cos (% o) (46)

I
O3= §l+§ “ﬁl ‘-3[2 COs (ZSE +9)

where 6 is given by

2!’? _— 91112 + 2713
- 47
cos 36 2(‘(%“312)3,,2 (47)

The stress invariants of Eq. 45 can also be expressed in terms of principal
stresses:

I =0, +0,+4+03;, LL,=0,0,+0,03+ 0,03, and I;=0,0,0; (48)
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Figure 13 Mohr representation of three-
dimensional stresses.

The principal stress directions are found by setting ¢ equal to 6, 65, or o3 in
Eq. 43.

Mohr Representation

As shown in Fig. 13, in three dimensions, the stress point (o, t) describes the
shaded area between the three circles passing through points (o4, 0), (55, 0), and
(o3, 0) where o4, 0,, and o5 are the principal stresses. The geometrical determi-
nation of point (o, T) in this area is impractical because it is much more compli-
cated than in two dimensions. When the intermediate principal stress ¢, is equal
to the major or minor principal stress (i.e., 0, = 0y, Or 0, = 03), the shaded area
becomes a circle, and the three-dimensional Mohr representation coincides with
the two-dimensional representation. This is the case of axisymmetric stresses, for
which

0,=0y, and T,,=1,,=T,=0 (49)

Therefore, axisymmetric stresses can be described by using the Mohr representa-
tion.

P-Q REPRESENTATION

In the case of axisymmetric stress states (Eq. 49), it is convenient to introduce the
mean effective pressure p’ and the deviator stress g

p'=}(0]+20,) and g=0,-0;,=0, -0} (50)

where o) are o} the axial and radial effective stress, respectively, and o, and o;
are their total stress counterparts. The total mean pressure p corresponding to p’
is p = ;(0; + 203) = p’ + u. The p-q and p’-g components are referred to as the
Cambridge stress system. Using Eq. 39,

| i 3
s p+6 and ¢ 5 (51)

Note that s’ = p’ and t = ¢ = 0 when o] = 03, and that s’ # p’ and ¢ # q other-

wise. Table 1 summarizes the definitions of the MIT and Cambridge stress sys-
tems. p and g are also related to the stress invariants through

p-—.%h and q=m (52)

P S
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TABLE 1
The MIT and Cambridge stress.notations
nd MIT notation Cambridge_notation.
Priricipal strasses s-t and s'-t stresses p-qand p’-g stresses
oy =0, +u s=i(o,+0)=5+u p=i(oy+20;)=p' +u
0, =0y —u s'=i(C;+0y)=s—u p=i(0}+20) =p-u
Oy = Oy +u t=3(c, —03) g =0,— 0,
0, =0C3—u ¢ =t=;(c; —03) q’=q=cr’,—c;
0| o) =5+t o, =p +iq
o} o, =8 ~1t o,=p -3¢

CHEN, W. F, and A. F. SALEEB, 1982, Constitutive Equations for Engineering Ma-
terials, Vol. 1, John Wiley & Sons, New York, pp. 48-108.

FILLUNGER, P, 1915, Versuche iber die Zugfestigkeit bei Allseitigem Wasser-
druck, Osterr. Wochenschr. Offentl. Baudienst, Vol. H.29, pp. 443448,

TeRzAGH], K., 1943, Theoretical Soil Mechanics, John Wiley & Sons, New York.

9‘

10.
1L

13.
14,
15.

N

What are the main types of force acting on a soil element?

Define three different types of body forces acting in soils.

What is the physical dimension of stress?

Define the Cauchy representation of stresses. How does it relate stress ma-
trix and stress vector on an inclined surface?

Define pnncxpaf Stresses.

Define the sign convention for the Cauchy and Mohr representations of
stress.

What does the Mohr circle represent?

Define the radius and center position of the Mohr circle from arbitrary
stresses acting on a square element.

Define the pole of the Mohr circle. Why do we introduce the pole of the
Molir circle?

What is the principle of the pole of the Mohr circle?

What are the effective stress and total stress?

What is the difference between effective stress and distributed granular
stress? Under what conditions are these stresses equal?

Define the s and f coordinates. Why are they useful?

Why does the Mohr circle have a limited use in three dimensions?

What are the stress invariants?

Derive the stress equilibrium equations (Egs. 7 to 9) by using Fig. 3.
(a)Draw the Mohr circle and its pole for the following stress state.
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(b)Find the stresses acting on a surface inclined at 30° with respect to the
horizontal direction.

o,=20kPa, o,=100kPa, t,,=10kPa

3. (a)Draw the Mohr circle and its pole for the following stress state.

(b)Find the stresses acting on a surface inclined at 30° with respect to the
horizontal direction.

(c)Find the values and inclinations of the principal stresses by using the
pole.

o, =20kPa, o,=100kPa, T,,= 10kPa, 6 =30°

4. (a)Find stress 6, 64, and T4 on the triangular element in order to have an
equilibrium.
(b)Plot the Mohr circle and its pole.
(c)Verify that the stress points (04, T4), (Op, Tg), and (¢, T¢) are on the

‘GC Mohr circle and are obtained by using the pole.
A TC B 13 =20kPa, ©3=100kPa, t-=10kPa

5. In a triaxial test at constant confining pressure, only the major principal
stress o; varies from 50 to 100 kPa, whereas stresses 0, and 63 remain equal
to 50 kPa. Draw the corresponding s—t stress path. \



Strain Iin Soils

INTRODUCTION

In the following section we review the concepts of strain for describing the stress-
strain response of soils in laboratory experiments. Strains are first presented in
two dimensions, using the tensor and Mohr representations, and then in three di-
mensions.

TWO-DIMENSIONAL DISPLACEMENT AND STRAIN IN SOILS

As shown in Fig. 1, the soil mass H deforms from its initial to final positions when
it is subjected to external loads (e.g., weight of a building) or internal forces (e.g.,
the soil’s own weight). The small element OACB located within soil mass H de-
forms as shown in Fig. 2. Like stresses, strains are defined by assuming that soils
are continuous materials. Figure 2 shows the initial position of element OACB
and its final position O”A"C"B".

The displacement of point O from its initial position (x, y) is characterized
by the displacement vector (i, v). The components # and v are assumed to be
continuous functions of x and y. Therefore, in the close proximity of point O, u
and v may be approximated by using Taylor expansions:

u(e+ d,y +dy) = u(y) + 5 ) dx + Sy dy + - &
av v
v(x +dx,y +dy)= v(x,y) + Ez(x.y)dx +@(x,y)dy + oo 2)

As listed in Table 1, the coordinates of the displacement vectors of points A, B,
and C may be calculated by using Egs. 1 and 2 and their position relative to point
O. The displacements of O, A, B, and C are represented in Fig. 3. The element
O"A'C'B' is obtained by translating OACB purely, without deforming or rotating it.

251
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S
-

X

Figure 1 |Initial and final positions of a soil mass during a defor-
mation process.

AL
‘J.a‘- v,

Initial

Y

Figure 2 Deformation of the small element of Fig. 1 from initial to
final positions.

TABLE 1
Coordinates of initial positions of points O, A, B, and C and coordinates of their displacement

Initial position Final position Displacement

Point X y Point X y
o X y oY u v
A X +dx y A u+@dx v+a—vdx
ax ax
B x y+dy B u+a—udy v+@dy
ay ay
u u v v
7 ko baalitug kil i
(3 X+ dx y+dy c u+axdx+aydy v+axdx+aydy

Axial Strain

The material fiber OA, which is made of the soil particles between O and A, be-
comes O”A” after the deformation process. The elongation of OA in the x direc-
tion is
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D - O =i B i = B
0"D OA_u+3xdx u-.-axdx 3)
Because OA is equal to dx, the elongation of OA per unit length in the x direc-
tion is
O"D —0OA _du _
TO0A “mo o @

where ¢, is the axial strain in the x direction, by definition. Owing to the sign con-
vention of soil mechanics, £ is positive in compression, which justifies the negative
sign in Eq. 4. Similarly, the elongation of fiber OB per unit length in the y direc-
tion per unit length is

O"E— OB _av _ _
—0F -9 )

where ¢, is the axial strain in the y direction, by definition.
Shear Strain

As shown in Fig. 3, the rotations of fibers OA and OB are equal to the angles

A'O"A" and B'O"B” ,respectively. A’O”A” can be approximated by using
Fig. 3:

Efdx

AOAT  tan (FOTA) = —E 2 ©)

where |du/dx| is assumed much smaller than 1. B’O”B” is

i
B'O"B” ~ tan(B'O"B") = _l’..a_v_ ~ % ()
dy + 3y dy
where |dv/dy| is also assumed much smaller than 1. The angular distortion of
AOB is
AOB-A0B ~% ¥y — 2 ®)
Jy ax VT xy

where ¢,, is the shear strain and y,, is the engineering shear strain, by definition.
From a physical point of view, the shear strain y,, is the angular distortion of two
fibers that are initially perpendicular.

Volumetric Strain

As shown in Fig. 3, the area OABC = S = dx dy becomes the area O”A”B"C" =
S”. It can be shown that the area change per unit of area is

S_SH'-
S =

e, +e,=¢€, 9)
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where g, is the volumetric strain. Eq. 9 assumes that the absolute values of du/dx

and dv/dy are much smaller than 1. The volumetric strain €, is positive when S de-
creases, and negative when S increases.

Rigid-Body Rotation

As shown in Fig. 3, OC transforms into O”C” and rotates by the angle C'O"C”,
where

ClOCH = %A’O”A "— % B'O"B" (10)
Therefore,
== L fam
IO e | 2 | = —
cocr~; (ay 3x) ® (11)

where o is the angle of rigid-body rotation about point O, by definition. In gen-
eral, a rigid rotation m about the origin creates the following displacement:

[u}:[cosm—l —sinw ](x] (12)
v sin® cosm —1 )\ y

In the case of infinitesimal rotations (i.e., |®| < 1), Eq. 12 becomes

(-2 )) o

which implies that points A, B, and C are subjected to rigid-body rotation of an-
gle o about point O”. As the translation for O to O”, the rigid-body rotation cre-
ates no axial and shear strain in the element OACB.

b3

dx: > —1 X

Figure 3 Infinitesimal displacement of points A, B, and C, neigh-
bors of O.
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S
=

X

Figure 4 Physical interpretation of strains g, €,, Yy, and rotation w.

Summary

As shown in Fig. 4, €, and ¢, represent the length change per unit length in the
horizontal and vertical directions, respectively, whereas ¥,, represents the angular
distortion of two segments that are initially perpendicular. The angle ® of rigid-
body rotation represents the rotation of the diagonals about O”. Note that the
foregoing relations between strain and displacement are valid only for infinitesi-
mal deformation (i.e., |du/dx|, |dv/dy|, |du/dy), and |dv/dx| « 1). The description
of large strain is beyond the scope of this book.

VARIATION OF STRAIN WITH DIRECTION
Axial and shear strains may be calculated for elements oriented in any direction.

As shown in Fig. 5, when the x’ and y’ axes are obtained from the x and y axes
by a —0 rotation, the x—y and x'-y’ coordinates are related through

x'|_[cos® —sin®|[x| . |[x|_| cos® sin® ||x (14)
y' sin 6 cos© )y y —sin® cos® /|y’

Equation 14 applies also to the displacement vectors:

u'|_|cos® —sin® |[u (15)
v/ sin 0 cos B /| v
The small element oach within OACB is aligned along the x’ and y’ axes. The de-

formed element is 0”a”c”b”. By using the previous definitions, the axial strain in
the x’ and y’ directions and the shear strain are

ou’ av’ du’ oy’
E = £ ,= —

% —@, y —@, and Y.t'y,= _@ —ax, (16)
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Using Eqgs. 14 and 15, the following relations are obtained:

ox _dy du _ dv ax ay du’  ov' ;
—_ = == = ] d —= == —-—"—F=— = 1
ax' 8y’ du' dv’ EEEL ay’ ax’ T § @0

Using Eq. 17 and the chain rule of differentiation yields

ou'dx du’'dy ou’ u'
T S kv s, 2] v 3]
=TS Gyox B U gy uB (18)

ou'du au’av.) (3u’3u Bu’av) ;
ey (UL OBV Loy g (SO0, DU OV o
(8x T aver) oy Tyl ™

Finally, the axial and shear strains of element oabc are

€, = & cos? @ +:—:y sin? @ —y,, sin 8 cos O
€, = € sin?6 +&, cos? @ +7,, sin 6 cos 6
Vergr = 2e, sin O cos 6 —2¢,, sin 6 cos 6 + Yoy (€082 6 — sin2 0) (19)

Equation 19 is similar to Eq. 20.5-1 defining the stresses on an inclined surface.
The variation of strain with direction may be described by using two different ap-
proaches: strain tensor and Mohr circle.

TENSOR REPRESENTATION OF STRAIN

The strain tensor is defined as the stress tensor. It gives the projections €,, and &,
of the strains &,, €., and &, on the x and y axes.

Strain Tensor
As shown in Fig. 6, the unit vector normal to the surface bc is n = (n,, n,), and
the unit vector tangent to bc is t = (n,, —n,). The strains &,, and &,, along the di-

rection n are obtained from the strain matrix:

Cn

A (@]

Figure 5 Initial and deformed elements. Figure 6 Strain on an inclined element.



?aor Representation of Strain 257

Eny Exy Ey J\ My
The unit vector n points inside the surface bc to obtain positive axial strain in

compression and negative axial strain in tension. The normal strain €, along the n
direction is obtained by projecting (&, €,,) onto the n direction:

€

€, =&, N, +E, N, =En; +e 0 + 28, nn =ent+en+y,nn, (21)
and the corresponding shear strain v, by projecting (€,,, €,,) onto the t direction:
Y =2¢,= 2(Enx"y T snynx) = 2£.tn.\'ny = zeynxny + 'ny(l'I; - nazr) (22)

When n is normal to surface ac [i.e., (n,, n,) = (—cos 6, sin 8)], Eqs. 21 and 22 be-
come

€, = €, C0s? 0 + €,5in>0 — 7, sin 6 cos O =€,/
Y= —2¢, sin O cos 8 + 2¢, sin 0 cos 6 — v, (cos? @ —sin? 0) = —Y,,  (23)
and when n is normal to surfacg be [ie., (ny, n,) = (—sin 6, —cos 6)]:
€, = €, 8in* 0 + €, cos> 0 + y,, sin B cos 6 =g,/
Y. = 2¢, sin 6 cos 6 — 2g, sin 6 cos  + ¥y, (cos? B — sin? B) = v,/ (24)

Equations 23 and 24 give the same strains as Eq. 19. The strain tensor therefore
represents strain along various directions.

Principal Strain
By definition, the principal surfaces remain perpendicular to each other during a

deformation process. Therefore, their normals (n,, n,) are found by solving the
following eigenvalue problem:

e, &, /\n, n,
where ¢ is the principal strain values. € is obtained by solving the following quad-
ratic equation:

el —e(e,+e,)+e.8,—~ek, =0 (26)

The major and minor principal strains are

ey =} (e, +&,) +J} (e, —¢, ) +¢2,

e3=1 (e, +e)— /L (e, —¢ )2 +€2 (27)

The principal strains are equal when €, = ¢, and €,, = 0, which is the case of
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purely volumetric deformation. The principal surface directions are found as for
the principal stress directions.

MOHR REPRESENTATION OF STRAIN
Like stresses, strains can be represented by using the Mohr circle.

Sign Conventions for Strain
Figure 7 defines the sign convention of strains for Mohr representation. As shown
in Fig. 7, compressive strains are positive and tensile strains are negative. The sign

of angular distortion is defined as that of shear stress.

Mohr Circle

Because strain components obey Eq. 23, when 6 varies from —90° to 90°, the point
(g, v/2) describes the following circle in the space (g, y/2):

le —3(e, +e)P+iv2=1(e, —& )2 +e (28)

The (g, 7/2) space is called the Mohr strain space. As shown in Fig. 8, the Mohr
circle of Eq. 28 is centered on the € axis at position €,, and has radius R:

en=3(,+e,) and R=[l(e,—g )2 +¢€2 (29)

The strains (g,, —¢,,) and (g, &,,) are represented by points B and A in the Mohr
plane of Fig. 8, respectively. Given a uniform strain state, the normal and shear
strains along any direction are located on the circle with center position (0, €,,)
and radius R. The principal strains are the intersections of the Mohr circle with
the ¢ axis (Eq. 27).

The definition and properties of the pole of strain are identical to that of
stress (see Fig. 8). The pole can be used to calculate the principal strain directions
and to find the orientation of the element undergoing the maximum angular dis-
tortion.

Compression Tension

£<0
€>0

£>0

€<0

Figure 7 Sign conventions for Mohr representations of strains in
soil mechanics.
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Figure 8 Construction of Mohr circle of strain in Mohr space.

THREE-DIMENSIONAL STRAIN

As mentioned previously, soils undergo three-dimensional strains in the field and
the laboratory. We discuss briefly the three-dimensional representations. In three
dimensions, the strain tensor gives the x, y, and z projections (g, €,y, €,,) of
strain along the unit vector (n,, ny, n.):

€ x Ex Eyy Eyg n,
ty|=| 8y & 8 |=|n, (30)
Enz €2 By € n,

The strain components are defined from the derivatives of the displacement com-
ponents u, v, and w, in the x, y, and z directions:

ou av aw
Ex = _'a'}" Ey = _3_}" z _a_Z (31)
g —_ou_dv =i = W =24 =W,
ny = xy = ay ax’ PR E T 9z ay’ ny T ax 0z

The principal strains €, €, and &; are found by solving the following eigenvalue
problem:

X Tx) Fxr x X

=E
€xy By Eye y ny (2
Eyz Eyz €, n, n,

which leads to the same cubic equation and invariants as for stress.

As in the case of stress, the three-dimensional Mohr representation of strain
is complicated. When two principal strains coincide, it becomes identical to the
two-dimensional Mohr representation.

The volumetric strain which is equal to (Vy — V)/V, where V), is the initial
volume and V the deformed volume, can be related to the strain components as
follows

(33)
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What is the sign convention for strain in soil mechanics?

What are the relations between strain and displacement? In what range do
these equations apply?

What are the physical meanings of axial strain and shear strain?

What is the relation between volumetric strain and normal strain in two and
three dimensions?

Do rigid-body rotation and translation create strain?

What is the physical meaning of principal strains?

What are the two representations that are used for strains?

Calculate the center and radius of the Mohr circle of two-dimensional strain
in terms of g, €, and €.

Define the pole of the Mohr circle of strain. What is the use of the pole?

Under which condition is the Mohr representation useful in three dimen- '

sions?

Show that the area change €, of a unit area is equal to &, + €,, where g, and

g, are axial strains in the x and y directions.



Stress-strain Relations

INTRODUCTION

When soils are subjected to stress changes in the laboratory and in the field, they
deform in complicated ways which can be represented in terms of stress-strain re-
lationships. To describe the stress-strain relations of soils, we first survey some ba-
sic models.

FUNDAMENTALS OF STRESS-STRAIN RELATIONS

Figure 1 shows three major types of idealized stress-strain curves for materials
subjected to loading and unloading. In the one-dimensional case, loading corre-
sponds to an increase in applied strain or stress, while unloading is associated
with a removal of strain or stress. Figure 1a shows identical responses during
loading OA and unloading AO. The strain is fully recovered when the stress is re-
moved. This reversibility characterizes elastic materials. The elastic material is lin-
ear when the stress-strain curve is straight (Fig. 1b), and nonlinear when it is
curved (Fig. 1a). As shown in Fig. 1c, when a significant amount of strain is not
recovered upon unloading, the material behavior is irreversible (or elastoplastic).
The responses of nonlinear-elastic and elastoplastic models are different during
unloading, but may be identical during loading. In one-dimension, the elastic and
irreversible behaviors are distinguishable only after an unloading.

Figure 2 shows several types of irreversible behavior that are observed for
soils. In all cases, the behavior is considered elastic below the yield stress o* and
irreversible beyond o*. The yield stress ¢* marks the transition between reversi-
ble and irreversible behaviors. The determination of ¢* is not always trivial and
may be subject to interpretations. In Fig. 2a, the material is strain hardening—it is
stronger during the reloading BC than during the previous loading OA. The load-
ing OA has hardened the material, thus the term strain hardening. In Fig. 2c, the
material is strain softening—it is softer during the reloading BC than during load-
ing OA. The previous loading OA has weakened the material of Fig. 2c. In Fig.

261
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A (a) Nonlinear elastic A (b) Linear elastic A (c) Elastoplastic
g g g
A A A
0 e 0 o 0
o £ €

Figure 1 Idealized types of stress-strain behaviors: (a) nonlinear
elastic model, (b) linearly elastic model, and (c) elastoplastic model.

(a) Strain hardening A C \(b} Perfectly plastic
A

N
ag g
A €
o S
& | ot - - -
0 B . @ B o
e €
(c) Strain softening (d) Combined hardening
\ 3
o’ o/ swain o~ Strain
hardening ' Softening
A ! Perfectly
o - ; plastic
C -(—)-:
\ l
Ll
e €

Figure 2 Various types of elastoplastic behaviors: (a) strain hard-
ening, (b) perfectly plastic, (c) strain softening, and (d) combination
of a to c.

2b, the material does not harden or soften—it is perfectly plastic. The stress re-
mains constant as the strain becomes very large. The curves OA and BC are sim-
ilar, and are not influenced by previous loadings. As shown in Fig. 2d, soils may
be strain hardening, strain softening, then perfectly plastic. This behavior, which
is complicated to describe and to measure in the laboratory, is generally simpli-
fied for engineering purposes.

Figure 3 shows three simplified models used in soil mechanics: (a) rigid-per-
fectly plastic, (b) elastic-perfectly plastic, and (c) elastic-strain hardening. The
rigid-perfectly plastic model of Fig. 3a is useful in stability analysis, to calculate
the maximum load sustainable by a soil mass. However, this model provides only
the failure stress, and cannot be used to calculate strain or displacement. The fail-
ure stress of soils, also referred to as shear strength, is described in Chapter 7-1.
As shown in Fig. 3b, the elastic-perfectly plastic model first behaves elastically for
stress ¢ smaller than ¢*, then becomes perfectly plastic when ¢ reaches o* (i.e.,
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o remains constant with strain). The rigid-perfectly plastic model is a particular
case of elastic-perfectly plastic model with a very stiff elastic response. As shown
in Fig. 3c, in contrast to perfectly-plastic models, the elastic-strain hardening
model has a yield stress that depends on the loading history. Initially, the yield
stress is equal to of, and becomes o, after the loading OA. Strain hardening is
used in Chapter 6-1 to describe the irreversible behavior of clays during consoli-
dation tests.

The behaviors in Figs. 1 to 3 are rate independent (or inviscid): they do not
depend on the rate of loading or unloading. Rate dependency is generally ne-
glected in most practical applications, except for the long-term settlement of fine-
grained soils. In contrast to inviscid materials, rate-dependent (or viscous) materi-
als depend on the rate of loading. As shown in Fig. 4, when the applied stress is
constant, the strain increases with time (creep) for a viscous material but remains
constant for an inviscid material. As shown in Fig. 5, when the applied strain is
constant, the stress decreases with time (relaxation) for a viscous material but re-

A (a) Rigid perfectly plastic 2z (b) Elastic-perfectly plastic A (c) Elastic-strain hardening
o] o] o\ . A c
c*
A A
o* > > - e C [o*
7 Y
A A
0 Bl 10 B - 0 B o=
g & €

Figure 3 Idealized behaviors commonly used in soil mechanics.
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-
>

Time

Figure 4 Creep effect in rate-dependent materials.
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Figure 5 Stress-relaxation effect in rate-dependent materials.
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mains constant for an inviscid material. Some features of the rate dependent be-
havior of soils are presented in Chapter 6-1.

CONSTITUTIVE EQUATIONS FOR SOILS
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-4 Laboratory Tests

|| for Determination

of Stress-Strain-Strength
of Soils

STRESSES IN THE FIELD

Most geotechnical engineering analyses have to determine: (1) the initial stress
state and stress history of the soil prior to any construction activity, and (2) the
deformation and stability of soils resulting from the changes in stresses imposed
by construction.

Initial Stresses

The initial stresses in the field, also referred to as in-sifu stresses, must first be de-
fined due to their effects on nonlinear soil behavior. As shown in Fig. 1, for hor-
izontal ground conditions, the in-situ stresses are expressed in terms of the
effective vertical stress o7 and effective horizontal stresses o}y and ojy:

G;g - 'YZ — Uy and 0;0 = C;,(:, = Kq] G:‘,O (1)

where 7 is the average total unit weight of soil above depth z, i, the water pres-
sure at depth z, and K the coefficient of lateral earth pressure at rest. The value
of K, depends on soil properties and loading history. The stress caused by the
weight of soils above a given depth is called overburden stress. As shown in Fig.
1, the initial stress state can be represented in terms ¢’ — 7 and s’ — 1. Point A is
on the line passing through the origin and having for slope (1 — Kj)/(1 + Kj).
The total vertical stress 6,9 and total horizontal stresses 6,9 and ¢ correspond-
ing to G%, O}, and o}, are

O, =7YZ= O,y + Up and Gxg=0y0=Kn G;G + uy (2)
Stress Changes Applied by Engineered Constructions
As illustrated in Fig. 1, various types of constructions impose different stress

changes to soils in the field. For all these loadings, the approximate changes in to-
tal and effective stresses are represented in ¢’ — 7 and & — ¢ spaces. In &' — ¢
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space, point A represents the initial effective stress state before construction. Seg-
ments AB and AB’ represent the change in total stress and effective stress due to
construction, respectively. Points B and B’ have the same ¢ component, but their
s components are related through sz = sp + uy where up is the excess pore pres-
sure induced by external loading. Points B and B’ coincide when uy = 0, but dif-
fer otherwise. Figure 1 shows the effective stress Mohr circles corresponding to
points A and B, assuming that ugz = 0. Point B indicates a change in total stress,
and not an absolute value of total stress; it does not account for the initial water
pressure u.

The position of points B and B’ varies depending on the type of construc-
tion and the location of the soil element. As shown in Fig. 1b, the soil element be-
neath the tank is subjected to an increase in vertical stress Ac,, which is
represented by AB in s —  space. If the loading generates an excess pore pres-
sure, the effective stress change is represented by AB’ instead of AB. When the
stress increment Ac, remains constant, point B’ will move toward point B as the
excess pore pressure dissipates with time. Behind the retaining wall of Fig. 1c (ac-
tive case), the soil element is subjected to an increase in lateral stress Ao, while
the vertical stress ¢/, remains constant. In front of the anchor of Fig. 1d (passive
case), the soil element endures an increase in lateral stress Ac,. Beneath the
center of the excavation of Fig, le, the soil is subjected to a decrease in vertical
stress Ac,. As shown in Fig. 1f, the change in stress on a soil element depends on
its position. Element C is subjected to an increase in vertical stress Ac,, element
D to an increase in shear stress At,,, and element E to a decrease in vertical
stress AG,.

LABORATORY TESTING OF SOILS

Figure 1 illustrates the variety of loadings which constructions apply to soils. The
objective of laboratory soil testing is to determine the stress-strain response and
shear strength of soil samples by subjecting them to stress paths with direction
and initial state similar to those in the field. The initial state of soil samples is
generally altered after they have been removed from the field, transported to the
laboratory, and cut into laboratory specimens. Reliable laboratory tests attempt
first to reproduce the initial state, especially density, then to recreate the initial
stresses and loading history by performing an isotropic or K, consolidation.

We now briefly introduce the laboratory tests for determining the stress-
strain-strength properties of soils, and describe the loading they apply to soil sam-
ples in terms of stress paths.

Isotropic Test

The isotropic test simulates approximately the effects of overburden pressure on
soils in the field by assuming K, = 1. As shown in Fig. 2, the isotropic test applies
pressure o, to soil samples, generally in the triaxial cell (Fig. 8). The effective
stresses are

O, =0,=0, =0, and T,y=71,,=T,=0 3)

Figure 2 shows the stress path of the isotropic loading in ¢’ — 7 and §' — ¢ spaces.
In 6’ — 7 space, the Mohr circle is reduced to a point. In &' — ¢ space, s = 6, and
t = 0. In both spaces, the stress path is horizontal and the stress point moves
witho,.
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Figure 1 Initial in-situ stresses, and stress changes resulting from
some typical constructions in geotechnical engineering.

Figure 2 Stresses acting on samples, and stress paths in o' — t
and § — t spaces during an isotropic test.
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Figure 3 Stresses and strains applied to sample, and stress paths
in 6’ — 1 and s’ and t spaces during a K test.

K, Test

The K| test simulates an increase of overburden, and recreates the loading history
and initial stress states of soils in the field. The loading conditions are

Cr = O}, Ty =Ty; =T =0, and g, =g, =0 (4)

In contrast to the isotropic test, the K| test applies different lateral and vertical
stresses (i.e., o, # o} ). This anisotropic loading can be performed in the triaxial
test (Fig. 8) by controlling simultaneously the variation of axial stress 6, and con-
fining pressure G, so that the soil sample does not deform laterally.

Confined Compression Test

The confined compression test, also referred to as oedometer and consolidation
test (see Chapter 6-1), is used to calculate the settlement of footings, tanks and
embankments. It simulates the vertical loading applied to soils in the field, includ-
ing the overburden and changes in vertical stress due to constructions. As shown
in Fig. 4, the soil sample, which is confined in a stiff ring, is loaded axially. The
stiff ring prevents the sample from expanding radially, a condition which prevails
for the soil element under the tank of Fig. 1b. Except for the axial strain €,, all
strain components are assumed to be equal to zero:

=8 =Yy ="Ty=TYu=0 ®)

During the consolidation test, the axial stress o, is varied in abrupt steps, and the
resulting variation of €, is measured with time. The excess pore pressure gener-
ated by these abrupt loads dissipates gradually with time. The effective stress
path, which cannot be represented exactly because the effective lateral stress is
not measured, is assumed to be similar to the K| stress path.

GZ.
, : . ol [«2=0
//(r.t:f’f:?.f'fzf OS2 1
AN \\\\\\“\ ———

Figure 4 Consolidation cell, and strains and stresses applied to
samples during the confined compression test.
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Figure 5 Stresses acting on sample, and stress paths in ¢ — © and
s — t spaces during unconfined compression tests.

Unconfined Compression Test

The unconfined compression test (see Chapters 7-2 and 7-3) is a rapid means to
obtain approximate values of the shear strength of fine-grained soils. As shown in
Fig. 11, the total axial stress o, is applied to the sample which has no radial con-
finement. The total stresses are all equal to zero, except for axial stress o,:

Oy =0y="Tyy =Ty, = Ty = 0 (6)

Figure 5 shows the stress paths in 6 — T and s — ¢ spaces. The Mohr circle expands
about A with ¢,. The effective stress path cannot be represented because the in-
itial and excess pore pressures are undefined.

Direct Shear Test

The direct shear test (see Chapters 7-4 and 7-5) simulates the effects of shear
loads acting on a predetermined failure surface (e.g., the circular failure surface
under the embankment of Fig. 1f). As shown in Fig. 6, the soil sample which is
confined by two rigid boxes is subjected to the normal load N, and is sheared by
the shear force T. If A is the area of surface CD, the shear stress acting on CD is
T,, = I/A, and the normal stress is 6, = N/A. The stress path or Mohr circle can-
not be drawn because o, is not defined. The strains are not uniform, and cannot
be measured. The direct shear test is useful to determine the shear strength of
soils, but not their stress-strain response.

As shown in Fig. 7a, the predecessor of the direct shear device—the double
direct shear apparatus—was initially devised by Collin in 1846. The soil is placed
in a split box, the central part of which is sheared by hanging weights. In the tor-
sional direct shear test of Fig. 7b, the soil sample fills an annulus confined be-
tween two hollow annular caps, The torsional direct shear device allows us to
apply larger shear displacement than the direct shear apparatus because the area
of the shear surface remains constant.

Normal force N c: Resultant force

>
=X

w0
g :
é/ﬂ/ﬂﬁ/f/”////////#///I/I//I/

Figure 6 Direct shear cell and variation of stress on surface CD.
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(a) Double direct shear test (b) Torsional direct shear test

Figure 7 Double and torsional direct shear devices.

Triaxial Test

The triaxial test (see Chapters 7-6 and 7-8) is one of the most reliable and useful
laboratory tests for determining the stress-strain-strength characteristics of soils.
It is more reliable than the unconfined compression test and direct shear test.

As shown in Fig. 8, the cylindrical soil specimen is encased within a rubber
sleeve. The lower and upper caps are equipped with porous disks, and are con-
nected to the drainage system. The lateral stress o3 is applied by adjusting the
confining pressure inside the triaxial chamber, and the axial stress o, is applied
by pushing the piston.

The triaxial test is unconsolidated or consolidated, depending on whether
the soil sample is consolidated or not before being sheared. During the consolida-
tion phase, the stresses are increased gradually to recreate the initial stresses of
specimens in the field. The samples can be isotropically or K consolidated.

During the shear phase following the consolidation phase, the stresses are
varied to simulate the loadings applied to soils by constructions. The shear phase
may be either drained or undrained. The test is drained when the drainage valves
(A and B in Fig. 8) are open, so that water can drain without change in pore pres-
sure. The test is undrained when the drainage valves are closed, so no water is al-
lowed to drain from the sample. During undrained tests, there is excess pore
pressure, and the total and effective stresses do not coincide. During drained
tests, there is no pore pressure, and effective and total stresses are equal.

To summarize the consolidation and shear phases, the triaxial tests are la-
beled by using several letters including C or U for the consolidation phase (Con-
solidated or Unconsolidated), and D or U for drainage conditions during the
shear phase (Drained or Undrained). Table 1 identifies additional tests, which
combine several possible types of consolidation (none, isotropic, or Ky), drainage
conditions (drained or undrained), and variation of axial and lateral stresses (con-
stant, increasing or decreasing). Drained tests are always consolidated.

The axial stress oy and lateral stress o5 acting on the triaxial sample can be
decreased, increased, or kept constant separately. This produces the s — ¢ stress
paths of Fig. 9 which are referred to as Triaxial Compression (TC), Lateral Exten-
sion (LE), Triaxial Extension (TE), and Lateral Compression (LC). Hereafter we
describe only the stress paths during triaxial tests with isotropic consolidation.
Those with K consolidated triaxial tests have already been shown in Fig. 1.

During the isotropically consolidated triaxial compression (TC), the axial
stress o, is increased while the radial stress o, = o, is kept constant:

0;=0,=0, and T,y=7T,=T,=0 (7)
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Figure 9 Stress paths in oy, — 0, and s — t spaces during isotrop-
ically and K, consolidated triaxial compression (TC), triaxial exten-
sion (TE), lateral triaxial compression (LC), and lateral triaxial

extension (LE).
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TABLE 1
Various types of triaxial test
. T of Draina Axial Lateral
Appelations con:;}?dalion conditig:s stress stress e
CD, CID, or CIDC Isotropic Drained Increasing Constant Consolidated drained triaxial compression
CDE, or CIDE Isotropic — Decreasing — Consolidated drained triaxial extension
CKqDC Ko — Increasing — Ko consolidated drained triaxial compression
CKoDE Ko — Decreasing — Ko consolidated drained triaxial extension
CDLC or CIDLC Isotropic - Constant Increasing  Consolidated drained lateral triaxial compression
CDLE or CIDLE Isotropic - — Decreasing Consolidated drained lateral triaxial extension
CKoDLC Ko — - Increasing - Ky consolidated drained lateral triaxial compression
CKoDLE Ko — — Decreasing K, consolidated drained lateral triaxial extension
CU, CIU, or CIUC Isotropic Undrained Increasing Constant Consolidated undrained triaxial compression
CKoU or CKyzuC Ko — Increasing Constant Ko consolidated undrained triaxial compression
CUE or CIUE Isotropic — Decreasing  Constant Consolidated undrained triaxial extension
CKoUE Ko — Decreasing  Constant Ko consolidated undrained triaxial extension
CULC or CIULC Isotropic — Constant Increasing  Consolidated undrained lateral triaxial compression
CULE or CIULE Isotropic — — Decreasing Consolidated undrained lateral triaxial extension
CKgULC Ko — — Increasing Ky consolidated undrained lateral triaxial compression
CKoULE Ko — — Decreasing K consolidated undrained lateral triaxial extension
UU or UUC None — Increasing Constant Unconsolidated undrained triaxial compression
UUE None — Decreasing  Constant Unconsolidated undrained triaxial extension
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Figure 10 Stress changes applied to samples and stress paths in
¢’ —1 and s’ — t spaces during isotropically consolidated drained
and undrained triaxial compression (TC) and extension (TE) tests.
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Figure 11 Stress changes applied to samples and stress paths in
o’—1 and & — t spaces during isotropically consolidated drained
and undrained lateral triaxial compression (LC) and extension (LE)
tests.

Equation 7 also holds during triaxial extension (TE), in which the axial stress o,
is decreased. Figure 10 shows the TC and TE stress paths in 6’ — t and &/ — ¢
spaces. Point A represents the initial stress state, segment AB the change in total
stress, and segment AB’ the change in effective stress. B and B’ coincide for
drained tests, but differ for undrained tests due to excess pore pressure. For both
loadings, the Mohr circle varies with o/ but keeps a fixed point (i.e., o = o, =
O,). The s’ — 1 stress paths follow a straight line inclined at 45°,

Equation 7 applies also to lateral triaxial extension (LE) and lateral triaxial
compression (LC), in which the axial stress o, is kept constant while the radial
stress 0, = ©, varies. Figure 11 shows the LC and LE stress paths in ¢’ — t and
s’ — t spaces. The s’ — ¢ stress paths follow a straight line inclined at — 45°.

Simple Shear Test

The simple shear test is an improved version of the direct shear test, which gener-
ates uniform stress and strain and is suitable for determining the stress-strain re-
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Figure 12 Simple shear devices.

sponse of soils. In the simple shear apparatus of Fig. 12a, the cylindrical sample is
confined in a rubber sleeve reinforced by a spiral wire. The confining pressure is
transmitted to the soil sample through the rubber sleeve. The spiral wire prevents
the sample from expanding radially, but not from being sheared.

Like the triaxial test, the simple shear test has a consolidation and shear
phase. During the shear phase, o,, 6,, and o, are kept equal to 6, and the shear
stress T,, is increased:

0;=0,=0,=0,, and Ty,=7T,=0 (8)

Figure 13 shows the corresponding stress path in ¢ — © and s — ¢ spaces.

In the simple shear device of Fig. 12b, also referred to as direct simple shear
(Arthur et al., 1981), the rectangular sample is confined between two rigid bound-
aries, and four flexible boundaries. The normal stresses 6, and o, are applied by
pressure bags, The shear stress t,, is applied by rubber strips attached to pulling
sheets. There is no deformation in the y direction (i.e., &, = 0), a condition which
is known as plane strain. As shown in Fig. 12b, the controlled variation of lateral
and shear stresses allows one to vary the orientation of the principal stresses.

Figure 13 Strains applied to samples, and stress paths in 0 — 1
and s’ — t spaces during the simple shear test of Fig. 12a.
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(a) Torsional shear test (b) Hollow torsional shear test

Figure 14 Torsional shear devices. Figure 15 State of stress in
hollow torsional apparatus (after
Saada and Townsend, 1981).

Torsional Test

In the torsional shear test of Fig. 14a, the soil cylinder is subjected to a twisting
moment, which is applied through the ribbed top and bottom caps. The lateral
confining pressure is applied to the specimen through the flexible rubber sleeve.
The hollow torsional device of Fig. 14b is an improved version of the torsional de-
vice which maintains uniform strain across the specimen. There are inner and
outer rubber sleeves that transmit the lateral pressure to both sides of the hollow
soil specimen. As shown in Fig. 15, the axial and lateral stress and shear stress can
be controlled in the hollow cylinder, which allows one to incline the orientation
of the principal stresses. (Saada and Townsend, 1981).

Plane Strain Compression Test

Plane strain experiments (e.g., Fig. 12b) are used to determine the properties of
soils under plane-strain conditions (i.e., €, = 0), which are found in the analysis
of very long structures. Figure 16 shows another example of a plane strain appa-
ratus where the soil sample which is encased in a flexible membrane is confined
between two parallel glass plates and two loading platens.

True Triaxial Apparatus

The true triaxial apparatus allows one to control independently the three normal
stresses applied to cubical samples of soils. The term “true” is used to avoid con-
fusion with the triaxial test which controls only stresses along two axes. Figure 17
shows the principle of a true trixial apparatus with rigid platens. The cubical soil
sample is encased in a rubber membrane. The six platens are activated by me-
chanical means so that they generate a rectangular shape. There is also an appa-
ratus with a flexible membrane and a combination of both (e.g., Lade and
Duncan, 1973). The true triaxial apparatus is a research tool which has been used
to investigate three-dimensional soil behavior. It is rarely used in the practice of
geotechnical engineering.
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-
Figure 16 Plane strain compression Figure 17 True triaxial apparatus with rigid platens.
apparatus.
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-5 Elastic Properties
I of Soils

Many constitutive models have been proposed to describe the behavior of soils
observed in the laboratory. Linear isotropic elasticity is certainly the most ele-
mentary and convenient stress-strain relationship to use for describing the defor-
mation of soils before they fail.

ELASTICITY AND ELASTIC PROPERTIES

The isotropic linearly-elastic stress-strain relationship (or generalized Hooke’s
law) is defined as follows:

1 T
B~ E{cgr —-v(o, +0,)) €y = Z—‘G”
__1 d __T)'Z 1
ay—E(cy—v(0:+ox)) an 6”_27}' (1)
1 T.‘Z
EZ:E(Gi—v(O'I+Gy}) E‘t‘.'=2_G

where E is Young’s modulus, v the Poisson ratio, and G the shear modulus

= I_Z_(IE_-l-vj . Equation 1 can be inverted so that the stresses are functions of strains:
o, =Ag, +2Ge, T,y = 2GE,,
= o 2
o,=Ae,+2Ge, and T, =2Ge,, )
o, =Ag, +2Ge, T,, =2Ge,,

where €, is the volumetric strain (g, = €, + €, + €;), and A is Lame’s modulus

(l = Hﬁﬁ] Using Eq. 1, the mean pressure p is proportional to g,:
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p=3(0,+0,+0,) = Be, 3)
where B is the bulk modulus (B = ﬁ) An additional elastic constant—
the constrained modulus M—relates axial strain and stress during a confined
compression test where g, =€, = (:
- ___EQd-v)
o,=Me, and M= T =29 (4)
For isotropic linearly elastic materials, there are six material constants: E, v, G, A,
B, and M. However, there are only two independent constants. The moduli E, v,
G, A, B and M can be expressed in terms of two other moduli as given in Table 1.
TABLE 1
Relations among elastic moduli E, G, B, v, A, and M
Shear Young's Constrained Bulk Lame Poisson
modulus G modulus E modulus M modulus B modulus A ratio v
G(4G - E) GE G(E-2G) E-2G
G G R 3G—F 5G-3F  3G-E 3G
G(3M —4G) 4 B M-2G
G.M G T M M-3G M -2G SI—C)
9GB 4 2 3B -2G
G, B G B G B+§G B B—§G 5GB+0)
G (3 +2G) 2 A
G, A G s = A+ 2G ?u+§G A 2—_(1+G)
_ 2G(1—v) 2G(1 +v) 2Gv
G» & 200+ ) i-2 301 —2v) T—2v ¥
3BE B(9B + 3E) B(9B — 3E) 3B—-E
EB 98B - E B 9B - E B 98B —E 6B
E E(1—v) E VE
Eyv 0 +v) g A+vd-2v) 30-2» ({d+vd-2v Y
. I 9B(B —A) _ 2
Bi 3B-1» Sp 3B - 24 B A 3B—2
¢ B 9B(M — B) 3B-M 3B2M —1) + M
RE  ZM=E) 3B+M M B 3 BEMTD)—M
3B(1 —-2v) . 3B(1 —v) 3Bv
B ¥ 2(L+v) 2B =20 1+v B T+v :

Homogeneity and Isotropy

Equation 1 assumes that the samples are homogeneous and isotropic, Homogene-
ity specifies that the elastic properties are the same everywhere in the laboratory
samples, This assumption holds for uniform samples with particles relatively small
compared to the whole sample, but not for those with heterogeneous composition
containing a few large particles. Isotropy postulates that the elastic properties are
the same in all directions, This assumption applies to remolded laboratory sam-
ples constructed under isotropic conditions, but not to the soil samples which ac-
quired directional, laminated and varved structures during their natural
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deposition and stress history in the field. In this case, it may be preferable to use
anisotropic, instead of isotropic, elasticity (see Chen and Seeb, 1982) to describe
their directional behavior, at the cost of determining additional soil properties.
Hereafter, we only use the isotropic linearly-elastic model and assume homogene-
ous samples. Homogeneity and isotropy are convenient assumptions to character-
ize the deformation properties of soils with a minimum number of parameters,

ELASTIC RESPONSES IN CONVENTIONAL
LABORATORY TESTS

The relations of elasticity can be simplified in the case of soil laboratory tests in-
troduced in Chapter 5-3, namely, the isotropic, consolidation, triaxial, unconfined
compression, and simple shear tests.

Isotropic Test

For the isotropic test (Eq. 3.5-4), Eq. 1 gives the following elastic strains:

E,=E,=E, = E O, &)

where o, is the applied pressure. Equation 5 implies that €, and 6. are linearly re-
lated through

3(1-2 1
%0“=§G‘ (6)

€, =& TE +E =
where B is the bulk modulus. As shown in Fig. 1, Eq. 6 predicts a linear relation
between o, and £, while experiments generally produce nonlinear relations. The
experimental response can be fitted with straight lines, either tangent at the ori-
gin, which produces the initial bulk modulus B;, or over a larger range of pres-
sure, which gives the secant bulk modulus B;. Only B can be measured in the
isotropic test. E and v cannot be defined individually.

Figure 2 shows the experimental response of the dense Sacramento River
sand during an isotropic loading ABD, and two cycles of unloading - reloading
BCB and DED. The response during loading is softer than that during the cycles
of unloading and reloading. The straight lines defined by B; and B, crudely ap-
proximate the nonlinear stress-strain response. As shown in Fig. 3, B, is calcu-
lated at points A, C and E of Fig. 2 for the loading and unloading - reloading
cycles. B; approximately increases with the square root of pressure.

Figure 1 Experimental response, and
initial and secant bulk moduli during an
> isotropic test.
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Figure 2 Experimental stress-strain response, Figure 3 Variation of secant bulk modulus B with
initial and secant bulk moduli during isotropic pressure at points A, C, and E for the test of Fig. 2.

loading (solid points) and two cycles of
unloading — reloading (hollow points) on dense
Sacramento River sand (data after Lee and

Seed, 1967).

Unconfined Compression Test

For the unconfined compression test (Eq. 6.5-4), Eq. 1 implies that o, and ¢, are
linearly related and gives the following elastic strains,

14

g = Oz, £x=ay=_E G, = —VE; (7)

tyl—=

As shown in Fig. 4, the experimental response may be approximated by drawing
a straight line through the origin to obtain the initial Young’s modulus E;, or over
a larger strain range to get a secant Young's modulus E;. Figure 5 shows the
measured response of a remolded clay during the unconfined compression test
(E; = 4. MPa, and E; = 0.5 MPa at ¢, = 16%). As shown in Fig. 6, E, decreases
gradually from E; to zero with g,. The Poisson ratio v cannot be calculated from
the unconfined compression test.

Drained Triaxial Compression Test

It is convenient to reset the stresses and strains to zero at the beginning of shear,
and to introduce the stress changes Ac,, Ac,, and AG,:

Ao, =0}, — 0y, A6, =0, —0), and Ac,=0;,—0 (8)

where o is the confining pressure. Equation 9.5-4 implies that Ao, = Ao, = 0.

Using Eq. 8, the triaxial test gives the same elastic strain and linear relations as
the unconfined compression:

1
g, =+ AC,,E, =&, = —

5 Ac, = —ve, 9

¥y
E
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Figure 6 Measured stress-strain response, initial Figure 6 Variation of secant Young’'s modulus
and secant Young's moduli during unconfined E, versus axial strain in the test of Fig. 5.

compression of remolded Aardvack clay.

and g, = &, + €, + &, = (1 — 2v) &,. As shown in Fig. 7, the slope of the theoret-
ical straight line is E for the stress-strain response and 1-2v for the volumetric re-
sponse, The experimental response may be approximated with straight lines
either tangent at the origin, which produces the initial moduli E; and v;, or over
a larger strain range, which gives the secant moduli E; and v,. The volume change
of the soil sample is measured directly in the drained triaxial test. For theoretical
and practical reasons, the values of v must be kept between 0 and 0.5.

Figures 8 and 9 show the stress-strain and volumetric responses of dense
Sacramento River sand during a drained triaxial compression test at constant
confining pressure o). As shown in Fig. 9, the axial stress o) is divided by o.
The initial moduli are E; = 375 MPa and v; = 0.25; and the secant moduli are
E, = 50 MPa and v, = 0.6 for axial strain &, = 5%. As shown in Figs. 10 and 11,
E; decreases from its maximum value E; with £,, while v, increases from v; and
exceeds 0.5 when &, > 2%. The fact that v; > 0.5 is caused by the dilatation of
the soil specimen during shear. Due to theoretical considerations, the values of v,
larger than 0.5 cannot be used in engineering analysis; they would produce nega-
tive values for the secant bulk modulus, constrained modulus, and Lame’s modu-
lus (see Table 1).
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Experimental

Figure 7 Experimental responses, and initial and secant Young's
modulus and Poisson ratio during a drained triaxial compression test.

Axial strain (%)

Figure 8 Measured stress-strain response of
dense Sacramento River sand, initial and secant
Young’'s moduli during drained triaxial
compression at 588 kPa confining pressure (data
after Lee and Seed, 1967).

Volumetric strain (%)
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Figure 9 Measured volumetric response of dense

Sacramento River sand, initial and secant Poisson
ratios during the test of Fig. 8.

Confined Compression Test

For the confined compression test (Eq. 5.5-4), Eq. 1 gives the following elastic
strain and linear relations:

E, =€, =

o, = o, =Ko, and K;:1

where Kg is the elastic coefficient of lateral earth pressure at rest, and M is the

constrained modulus.

1

M

E( —v)

% wmd M= i

v
==

(10)

maais s
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with axial strain in the test of Fig. 8.

axial strain in the test of Fig. 8.

As shown in Fig. 12, the initial constrained modulus M; and secant modulus
M, approximate the experimental response at the origin, and over a larger strain
range, respectively. Figure 13a shows the measured stress-strain response of San
Francisco Bay mud subjected to confined compression test. M; = 0.14 MPa, and
M; = 0.09 MPa at e, = 25%. As shown in Fig. 13b, M, first decreases then in-
creases with axial strain, due to an increase in radial stress.

Simple Shear Test

For the simple shear test (Eq. 8.5-4), Eq. 1 gives the following elastic strain and
linear relations:

1
Y=g he A4 &=8=8="Y:=Y;=0 an

where G is the elastic shear modulus.

As shown in Fig. 14, the initial shear modulus G; and secant shear modulus
G, approximate the experimental response at the origin, and over a larger strain
range, respectively.

TYPICAL VALUES OF ELASTIC CONSTANTS

Tables 2 to 4 list typical ranges of values of Young’s modulus E and Poisson ratio
v for various soils, rocks, and other materials.

The values of E for rocks in Table 2 are computed at confining pressures be-
tween 300 and 500 MPa. E varies from 7 GPa for partially decomposed granite to
200 GPa for steel. In contrast to rocks and metals, soils have a much broader
range of E values. In Table 3, the lowest values for E (0.4 MPa) are observed for
soft clay and peat; the largest (1.4 GPa) for dense gravels and glacial till. Loose
sands, silts and clays have generally smaller values of E than rocks. However,
dense gravels and hard clays may have values of E similar to those of weathered
and decomposed sedimentary rocks. The values of elastic properties listed in Ta-
bles 2 and 3 should be considered as estimates that may vary widely from actual
values. The elastic properties of soils are influenced by a number of factors, which
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Values of Young’'s modulus and Poisson ratio for various materials.

Young's modulus

Material (GPa) Poisson ratio References
Amphibolite 93-121 0.28-0.30 Lambe and Whitman (1979)
Anhydrite 68 0.30 —
Diabase 87117 0.27-0.30 —
Diorite 75-108 0.26-0.29 —
Dolomite 110121 0.30 -
Dunite 149-183 0.26-0.28 —
Feldspathic Gneiss 83-118 0.15-0.20 —
Gabbro 89-127 0.27-0.31 —
Granite 73-86 0.23-0.27 —_
Limestone 87-108 0.27-0.30 —
Marble 87-108 0.27-0.30 —
Mica Schist 79-101 0.15-0.20 -
Obsidian 65-80 0.12-0.18 —
Oligoclasite 80-85 0.29 —
Quartzite 82-97 0.12-0.15 —
Rock salt 356 0.25 -
Slate 79-112 0.15-0.20 —_
Ice g | 0.36 —
Aluminium 55-76 0.34-0.36 —_
Steel 200 0.28-0.29 —_
Granite sound 31-57 0.15-0.24 Converse (1962)
Granite partially decomposed 7-14 0.15-0.24 —_
Limestone 21-48 0.16-0.23 —
Sound, intact igneous and metamorphics 57-96 0.25-0.33 Hunt (1986)
Sound, intact sandstone and limestone 38-76 0.25-0.33 -
Sound intact shale 10-40 0.25-0.33 —
Coal 10-20

include type of soil, water content, density, void ratio, fabric anisotropy, tempera-
ture, time, stress history, consolidation stress, applied shear stress, initial stress
state, rate of strain, degree of sample disturbance, testing conditions, amplitude,
and direction of stress changes.

As shown in Table 3, the Poisson ratio v has a small range of variation (i.e.,
0 to 0.45). When v = 0.5, the material is incompressible, G = E/3 and B — oo.

Variation of Initial Shear Modulus with Pressure,
Overconsolidation Ratio and Void Ratio

Figure 15 shows the variation of secant shear modulus G, with shear strain ampli-
tude y which was obtained from resonant column tests on Nevada sand. Resonant
column tests are dynamic tests which are described in Kramer (1996). During
these dynamic tests, G, is first equal to the initial modulus G;, which is also re-
ferred to as Gy, then decreases when 7y exceeds 0.001%.

As shown in Fig. 16, G, varies with the mean effective pressure p’ [p’ =
(0] + o, + o3)/3]. Several empirical models have been proposed for the initial
shear modulus Gp,,. Hardin and Drnevich (1972) and Hardin (1978) proposed
that

i k [nt '
03107220 CR Jp’ (MPa) (as

Gmar =
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TABLE 3
Approximate values of Young’s modulus in MPa for various soils
. ; Bowles Cernica Converse Hallam et Hunt
Soll group Soil type (1988)  (1995)  (1962)  al. (1978)  (1986)
Organic soil Muck S — 0.5-35 — —
Peat — — - 0.4-1 —
— — — 0.8-2 —
Clay Very soft 2-15 — —_ — —_
Soft 2-25 3 — 1-3 2-4
Medium 15-50 7 — — —_—
Stiff — — — 255 8-19
Weak plastic - —_ 1.4-4 — —
Stiff plastic — - 42-8 — —
Semi-firm — - - 5-10 -
Semi-solid — — 6.9-14 — —
Hard 50-100 14 — —- 8-19
Sandy 25-250 36 - — —
Boulder clay, solid - — == 30-100 —
Silt Silt 2-20 - = 3-10 2-19
Soft, slightly clayey sea silt — — - 2-5 —
Soft, very strongly clayey silt — — e 0.5- —
Soft — - - 4-8 —
Semi-firm — .- = 5-20 —
Sand Loose 10-25 15 10-21 20-80 10-29
Medium — - — 50-150 29-48
Dense 50-81 80 52-83 49-78 48-77
Silty 5-20 - - —_ — —
Gravel Loose 50-150 100 - e 29-77
Dense 100-200 160 102-204 - 96-192
Gravel Gravel without sand — - — 100-200 —
Coarse gravel, sharp edged — — — 150-300 —
Loess 14-60 — — — 14-58
Glacial till Loose 10-150 - — — —
Dense 160-720 — == — -
Very dense 500-1440 — — — —
Note: Actual values may vary widely from those shown.
TABLE 4
Approximate values of Poisson ratio for various soils
; : Bowles Cernica Converse Hunt Poulos
Soll group Soil type (1988)  (1995)  (1962) (1986) (1975)
Clay Soft - 0.4 — — —_—
Medium - 0.3 — — 0.3-0.35
Hard - 0.25 - — —
Stiff plastic - - 0.4-0.45 —— —
Saturated 0.4-0.5 - — e —
Unsaturated 0.1-0.3 — — — —
Soft normally consolidated - — — - 0.35-0.45
Stiff overconsolidated — — —_ — 0.1-0.3
Sandy 0.2-0.3 0.25 o — —
Silt 0.3-0.35 - o 0.3-0.35 -
Loess 0.1-0.3 - — 0.1-0.3 -
Sand Loose — 0.2 — 0.2-0.35 0.35-0.4
Medium — — — — 0.3-0.35
Dense 0.3-0.4 03 0.3-0.36 0.3-0.4 0.25-0.3
Gravel Loose — 0.2 — — —
Dense - 0.3 — - —




|

b

!

Typical Values of Elastic Constants 287

180

160 ._._._'-“‘-. —O—40%, 40 kPa
~ 140 —x—40%, 80 kPa
% 120 —{—40%, 160 kPa
a —{3—40%, 320 kPa
© 100
@ —8—60%, 40 kPa
2 w0 —A—60%, 80 kPa
B & ——60%, 160 kPa
E ﬂ"&m ——60%, 320 kPa
8 [ —

20

0 . - r

0.00001 0.0001 0.001 001 0.1

Shear strain y (%)

Figure 16 Variation of secant shear modulus Gs; with shear strain
amplitude during resonant column tests at various confining pres-
sures for Nevada sand at 40 and 60% relative density (data after
Arulmoli et al., 1992).

where e is the void ratio, OCR the overconsolidation ratio, k an overconsolida-
tion ratio exponent given in Table 5, and p’ the mean effective pressure in MPa.
OCR = pl..«/p’ where pi... is the largest value of p’ that the soil underwent in its
past. OCR = 1 for normally consolidated clay and OCR > 1 for overconsolidated
soils (see Chapter 6-1). Jamiolkowski et al (1991) suggested that

Gy = l—f_% OCRk.Jp' (MPa) (12)

Seed and Idriss (1970) proposed that

G ax = KAlp' (MPa) 13)

where K is given in Table 6. As shown in Fig. 16, Eqs. 11 to 13 are equally capa-
ble of describing the variation of Gy, for Nevada sand at relative density
D, =40 and 60% (e = 0.736 and 0.661), respectively.

TABLE 5

Overconsolidation ratio
exponent k (after Hardin and
Drnevich, 1972).

Plasticity index (%) k

0 0.00
20 0.18
40 0.30
60 0.41
80 0.48

> 100 0.60
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Figure 16 Variation of initial shear modulus G; with mean effective
pressure p’ measured in the tests of Fig. 15.

TABLE 6

Estimation of K (adapted
from Seed and Idriss, 1970).

e K Dy (%) K

04 484 30 235
05 415 40 277
06 353 45 298
07 304 60 360
08 270 75 408
09 235 90 484

Variation of Elastic Properties with Strain

The variation of shear modulus G with shear strain can also be represented in the
static triaxial test conditions by introducing the equivalent shear strain ¢, - &,.
During the triaxial test, Eq. 1 becomes:

1
'z'(oz —0,)=G(e; — &), &= €y, and Yoy =Yy =Vzx= 0 (14)

where g, is related to volumetric strain e, through

1
Ex=8y‘—"§ (Ev_sz) (15)

Based on this definition of equivalent shear strain, the stress-strain relations of
Figs. 17a and b have identical slope G and maximum stress. Figure 18 shows the
variation of G, /G; with axial strain during drained triaxial tests at constant mean
pressure p’ where G; is obtained from Fig. 16. The static values of G, /G; are not
represented for €, — €, < 0.02% due to the scatter in data caused by inaccurate
measurement of small strain, but are replaced by the dynamic values of G, /G;
measured during the resonant column test of Fig. 15. The results of Fig. 18 fall
within the range of typical values obtained by Seed and Idriss (1970).
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Figure 17 Determination of initial shear modulus G; and and se-
cant shear modulus G, during (a) cyclic or dynamic simple shear
tests, and (b) static triaxial tests.
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Figure 18 Variation of G./G; versus shear strain calculated from
dynamic resonant column test, and static drained triaxial test at con-
stant mean pressures on Nevada sand at 40 and 60% relative density
(data after Arulmoli et al., 1992).

The determination of the elastic properties of soils and soft rocks during
static tests requires measuring strain smaller than 0.001%, which can only be ac-
complished by using local strain measurement, away from the loading platens
where displacement transducers are usually located (e.g., Jardine et al., 1984; Kim
et al., 1994; LoPresti et al., 1993; Tatsuoka et al., 1994; and Tatsuoka and Kohata,
1996). As shown in Fig. 19, the axial strain €, during the triaxial test is usually
equal to AH/H, where AH is the displacement measured by the external dis-
placement transducer, and Hj is the initial sample height. In contrast to €,, the
local strain €}, is taken equal to AH/H;, where AH' is the local displacement
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Figure 19 Measurement of axial strain of soil samples (a) with ex-
ternal displacement transducer, and (b) local displacement transducer
(after Tatsuoka and Kohata, 1995)

measured by the flexible bending element of initial length H{ which is attached
to the soil specimen.

Figure 20 shows an example of local strain measurement during a drained
triaxial test at 300 kPa confining pressure on normally consolidated white clay.
The strain-strain response and secant Youngss modulus E; were represented by
using linear and logarithmic scales to emphasize the small strain behavior. As
shown in Fig. 20d, when &, < 0.003%, E; is constant and equal to E;, and the ma-
terial is linear elastic. As shown in Fig. 21, in fine-grained soils, the typical varia-
tion of G,;/G; with shear strain depends on plasticity index PI, and is bounded by
the variation of G,/G; for sands for which PI = 0.

Local strain measurements in static tests reveal that soils are much stiffer at
small strains than previously obtained from conventional strain measurement.
Such a finding closes the gap between the dynamic and static measurement of
ground stiffness. In the past, dynamic measurement of Young’s modulus, or shear
modulus, have given results so much higher than static values determined in the
laboratory that the dynamic values have been discounted. However in a number
of recent cases, the accurately determined static small-strain values of stiffness
have been found to be very close to the values measured by dynamic methods
(Burland, 1989).
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Figure 20 Example of local strain measurement during drained tri-
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Define nonlinear-elastic, linear-elastic, and elastoplastic materials by using
stress-strain curves.

Define strain hardening, perfectly plastic, and strain softening materials by
using stress-strain curves.

Define rigid-perfectly plastic, and elastic-perfectly plastic materials by using
stress-strain curves,

What is the yield stress for an elastoplastic material?

What is a viscous material?

Define creep and relaxation.

What is the number of independent material constants in the isotropic lin-
ear theory of elasticity? .

What is the relation between the bulk modulus, Young’s modulus, and the
Poisson ratio?

What is the relation between the shear modulus, Young’s modulus, and the
Poisson ratio?

What is the constrained modulus?

What are the theoretical constraints on Young’s modulus and the Poisson
ratio?

What is the state of stress during the isotropic test? What is the elastic rela-
tion between volumetric strain and pressure?

What is the state of stress during the unconfined compression test? What is
the elastic relation between axial strain and axial stress?

What is the state of stress during the drained triaxial test? What are the
elastic relations between axial strain and axial stress, and between volumet-
ric stress and axial strain?

What is the state of stress during the confined compression test?

From the results of the isotropic test on dense Sacramento River sand in Ta-
ble El, plot the volumetric strain versus pressure. Calculate the initial bulk
modulus at 78 kPa, and plot the variation of secant bulk modulus versus
pressure.
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TABLE E1
1 2

Pressure ; g Volumetric Pressure ; " Volumetric

(kPa) ~ Voidratio  goin (%) (kPa) ~ voidratio  goin (%)
78 0.608 0.06 11925 0.506 6.40
196 0.604 0.31 9081 0.509 6.22
392 0.600 0.56 7708 0.511 6.09
588 0.596 0.81 55631 0.513 5.97
1069 0.590 1.18 4119 0.518 5.66
2167 0.581 1.74 3285 0.521 5.47
3285 0.572 2.30 2157 0.524 5.28
4021 0.566 2.67 1079 0.527 510
2216 0.572 2.30 588 0.533 4.72
981 0.577 1.99 392 0.537 4.47
392 0.584 1.55 | 98 0.547 3.85
78 0.591 112 392 0.5641 4,23
392 0.584 1.65 588 0.538 4.41
981 0.578 1.93 1079 0.532 4,79
2216 0.572 2.30 2157 0.524 528
4021 0.563 2.86 3285 0.521 5.47
5492 0.556 3.29 4119 0.518 5.66
7708 0.540 4.29 5531 0.513 .97
9081 0.632 4.79 7708 0.508 6.28
10395 0.523 5.34 9081 0.506 6.40
11925 0.515 5.84 11964 0.499 6.84
13729 0.503 6.59 13729 0.493 7.21

Initial void ratio = 0.609

2. From the results of the unconfined compression of a remolded clay in Table
E2, calculate the initial Young’s modulus. Plot the variation of secant
Young’s modulus versus axial strain.

TABLE E2

. ; Axial
Axlatl%s}ram s
(kPa)

0.0 0.0
1.0 8.7
1.9 13.8
2.9 20.2
5.0 31.6
5.8 35.2
6.9 40.6
7.8 45.5
8.8 50.2
9.9 56.1
11.0 58.3
12.0 60.8
13.4 63.0
141 64.7
15.0 65.3
16.0 66.7
18.0 67.3
201 69.7
21.1 70.1

3. From the results of the confined compression test on San Francisco Bay
mud in Table E3, calculate the initial constrained modulus. Plot the varia-
tion of secant constrained modulus versus axial strain.
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TABLE E3
Axial stress Axial strain

(kPa) (%)

1 14

3 2.2

4 4.4

10 14.3

21 23.7

a1 31.3

82 38.2

22 37.0

6 34.2

4. From the results of the drained triaxial compression test of a sand in Table
E4, calculate the initial Young’s modulus and Poisson ratio. Plot the varia-
tion of secant Young’s modulus and Poisson ratio versus axial strain,

TABLE E4
Axial :
L fou Gy — © : Volumetric
0,/0, (kPa) i strain (%)
(%)
1.00 0.0 0.00 0.00
1.39 2295 0.06 0.03
1.78 459.0 0.15 0.09
2.08 635.5 0.30 0.15
282 1070.9 0.58 0.24
3.26 1323.9 0.88 0.27
3.87 1688.7 1.46 0.22
4,24 1906.4 219 0.03
4,42 20123 292 —-0.24
4.56 2094.7 4,38 -0.91
455 2088.8 5.85 -1.61
4.45 2030.0 8.77 -2.85
4.26 1918.2 11.70 -3.80
418 18711 14.60 —4.46
3.94 1729.9 17.55 —-4.91
3.72 1600.56 20.00 —5.056

Confining Pressure = 588 kPa
Initial void Ratio = 0.596
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6-1 Principles of consolidation
6-2 Consolidation test
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Principles
of Consolidation

INTRODUCTION

When fine-grained soils are subjected to changes in load due to construction, they
deform in a way different from that of coarse-grained materials. Their deforma-
tion takes place not only at the time of the load application, but also continues
for very long time periods which may last several years. The long-term settlement
of fine-grained soil layers is primarily controlled by consolidation, a physical proc-
ess in which the interstitial water that is under excess pressure slowly diffuses
through the compressible matrix of soil particles. After the excess pore pressure
has completely dissipated, fine-grained soils can also deform due to their viscous
nature. The properties that characterize the amplitude and rate of deformation
for fine-grained soils are determined in the consolidation test.

NONLINEAR AND IRREVERSIBLE COMPRESSIBILITY

One-Dimensional Tests

The basic setup of the consolidation test is shown in Fig. 1. The soil sample is in-
side a stiff ring which blocks its lateral expansion, and between two porous disks,
which drains its porewater. The sample is completely immersed in water and re-
mains fully saturated during the test. When the axial stress ¢ is applied, the sam-
ple of initial height hy deforms vertically with time. It ultimately settles the
amount Ak when the excess porewater pressure is completely dissipated (i.e.,
when the internal effective stress ¢’ becomes equal to the externally applied
stress ©). The corresponding axial strain €, is

Ah
E’z = 'h_ﬂ (1)
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Py

Figure 1 Basic experimental setup of consolidation cell.

Because the stiff ring prohibits lateral strain (i.e., & = &, = 0), the volumetric
strain g, is equal to the axial strain:

t-:,,=lzj,ﬂ:,.+e:z=r-:z=éhﬁ (2)
0

The volumetric strain is also

Gl VoV, T+e

where e is the present void ratio, e, the initial void ratio, V' the present volume,
Vj the initial volume, and V; the total volume of soil particles alone. Therefore, e
is related to Ah through

Ah
8=€o—€v(1+eo)=eo—h—0(1+¢n) (4)

Figure 2 shows an experimental result that is representative of the response of
fine-grained soils subjected to a loading-unloading cycle in the consolidation test.
The same experimental results are plotted in two different ways: vertical strain &,
versus effective stress ¢’ and void ratio e versus ¢’. The o’ axis has a linear scale
in Fig. 2a but a logarithmic scale in Fig. 2b. As shown in Fig. 2b, e decreases from
the initial state A as ¢’ is increased. From point A to B, the relation between e
and ¢’ is nonlinear. The material behaves differently during loading (from A to
B) and unloading (from B to C), which indicates that the nonlinear e-¢’ relation
is also irreversible.

A (b)

Vertical strain (%)

1 10 100
Effective stress (kPa) Effective stress (kPa)

Figure 2 Consolidation test results on San Francisco bay mud:
(a) vertical strain versus effective stress in linear scale, and (b) void
ratio versus effective stress in semilogarithmic scale (after Holtz and
Kovacs, 1981).
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0.02
g 0016 —8—Loading
:é'. 0012 O Usloading
0,008
0.004
u}
0 = n.
0 50 100
Effective stress (kPa)

Figure 3 Variation of the compressibility of Fig. 2 with stress level
and loading direction.

Coefficient of Compressibility

Within the small stress interval from o] to o, the -6’ curve is characterized by
the coefficient of compressibility m,:

_ & —Ep

m., =
v Y4 ’
0 —G

)

where &, is the volumetric strain at effective stress 0'; and g, is the volumetric
strain at o, . Since €, = &, m, = 1/M