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Preface 

In 1983, when I started to teach experimental soil mechanics to the undergradu
ate students in civil engineering at the University of Southern California, I 
thought that laboratory soil testing was well covered by textbooks. However, I 
stumbled on three unexpected but major problems when I attempted to select a 
textbook for my course: the reliance on standardized testing procedures, outdated 
data processing, and the absence of typical test results. 

In reference to the first problem, most recent textbooks describe soil testing 
as a set of standardized procedures with little reference to the theories prompting 
these tests. They are useful for training laboratory technicians in testing compa
nies but are less informative to student engineers. Any standardized testing pro
cedure is not engraved in stone-it only provides guidelines which, when 
followed carefully, guarantee the quality and repeatability of test results. As an 
educator I feel strongly th at standardized tests should not eclipse the principles 
that motivated the tests. 

In reference to the problem of outdated data processing, the textbooks on 
soil testing that I examined were filled with complicated and numerous data 
sheets. They required students to write down their measurements and calculate 
results with hand calculators and archaic nomographs, such as for the hyd rometer 
test. In this age of personal computers, such tedious data reduction is as ou tdated 
as slide rules. To update the data processing I wrote two generations of BASIC 
programs for personal computers. The first generation produced poor graphics 
and barely improved the hand calculator results. The second generation had ad
vanced graphic and input/output features but had to be sealed hermetically be
cause it was too complicated. Both versions created many difficulties in entering 
data and unnecessarily confused soil testing. I found myself asking more funda
mental questions. Does the computer improve or hinder students' understanding? 
Do students benefit from a program they do not understand? 

These concerns motivated the use of spreadsheet programs that have an 
open calculation structure (e.g., Lotus 123, Quattro Pro, and Microsoft Excel). In
itially, spreadsheets were intended for business purposes, but now they have 
mathematical functions and programmable custom functions that make them suit-
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able for engineering. They can reduce experimental data, plot grapbs, and print 
reports. The spreadsheet approach eased my apprehensions about using comput
ers in teaching experimental techniques. In fact, spreadsheets enhanced the ways 
my students understood physical phenomena and processed their measurements. 
For instance, by using Stokes' and buoyancy laws directly, instead of applying es
oteric nomographs, they better understood the principles and limitations of hy
drometer analysis. With spreadsheets, 1 was therefore capable of addressing two 
of the problems found in textbooks on soil testing: the advanced data processing 
techniques actually helped to emphasize the principles of soil mechanics. My stu
dents also benefited in other ways, enhancing their communication and presenta
tion skills, and producing well-organized laboratory reports. 

The third problem with existing textbooks is that there has been no way for 
students to know if they have performed the test correctly. In the professional 
world, we look to published experimental results constantly. If our results deviate 
significantly from normal results, we must either correct our own errors or ex
plain the discrepancy. To establish normal test results for comparison, I have com
piled typical results on soil properties from various sources, and included a few 
useful empirical correlations between soil properties. Empirical correlations are 
often discredited from the scientific point of view due to their lack of physical 
and rational explanations; however, some correlations are useful in the laboratory 
to check approximate agreement between different soil properties. With typical 
results and empirical correlations, my students have a basic knowledge of values 
for soil properties and some points of reference for discussing the validity of their 
experimental results. 

Since 1983. my students have been using the spreadsheets programs, com
paring their test results, and gaining a thorough understanding of the theories be
hind the tests. In effect, they have learned much more than basic standardized 
testing procedures. I hope that Experimental Soil Mechanics will benefit other 
teachers and students in geotechnical engineering. 

Organization of materials 

The book has nine chapters. The first seven chapters introduce the laboratory ex
periments (soil classification, density and compaction, permeability and seepage, 
consolidation, and shear strength) in the order in which most instructors present 
the material in geotechnical engineering. A systematic and consistent approach to 
each laboratory experiment covers theory, equipment, experimental procedure, 
and data processing. This presentation stresses that experiment and theory are 
meaningful only when considered together. All theories are based on experi
ments, and ·all experiments need a theory to explain and apply their results. Each 
test procedure is illustrated with photographs and line illustrations. Last are re
view questions and exercises to check understanding. 

The eighth chapter covers the basic elements of experimental techniques, 
such as dimensions and units, data modeling, error analysis, and report writing. 
The ninth chapter reviews the use of spreadsheet programs relevant to data pro
cessing and the tabular and graphical presentation of laboratory results. It is ver
satile enough to apply not only to soil testing but also to various engineering 
fields. The spreadsheet experts may skip this section, provided that their expertise 
takes them through the worked examples. 

Suggestions 

For students, the theoretical sections should be studied before the experimental 
procedure and data processing sections. J suggest developing a basic knowledge 
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of spreadsheet calculation and programming before moving on to the data pro
c.essing of soil experiments. The book covers a sufficiently large number of exper
iments to fully occupy a one-semester course. Several unprocessed d~ta sets 
included in the exercises can be used to substitute for unsuccessful experiments in 
the laboratory. 

My publisher and I have made all possible efforts to correct typographical 
mistakes. However, there may stilll be some errors in this first edition. Report 
them by using the world wide web site for Prentice Hall (http://www.prenhali .com) 
so that I can correct them in the next editions. I also welcome suggestions and com
ments which may help me to improve the quality and usefulness of this book. 
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Introduction 

In geotechnical engineering, the design and analysis of soil structures, such as 
earthdams, retaining walls, excavations, slopes, and foundations, are based on the 
theory of soil mechanics and the experimental determination of soil properties. 
~oi1 mechanics applies the principLes of mechanics including kinematics, dynamics, 
fluid mechanics, and mechanics of materials to soils. Soil mechanics identifies and 
relates the main engineering properties of soils such as their density, compressi
bility, and resistance to shear. However, aLi these theoretical developments largely 
depend on experiments on soil properties in the laboratory and in the field. 

lABORATORY SOIL TESTING 

This book is about experimental soil mechanics. It reviews the basic theory of soil 
mechanics and describes the experiments which determine soil properties in the 
laboratory. It covers the tests listed in Table 1. These tests fa ll into five major cat
egories: Soil classification, density and compaction, seepage, consolidation, and 
shear strength. Following is a breakdown of the categories and objectives of the 
experiments in 'PJ.ble L. 

Soil_Classification categorizes soils according to their probable engineering 
beha~~ the soil classification, the engineer already has a fairly 
good idea of the way the soil will behave during construction. However, a soil 
classification does not eliminate the need for detailed testing for engineering 
properties. 
~, wa ter content, void ra tio, specific gravity, etc. are elementary soil 

properties which characterize the state of soils in the laboratory and in the field. 
Some of these soil properties such as soil density can be altered by compaction to 
control and improve other types of engineering properties such as seepage, com
pressibility and shear strength . 

Seepage refers to the How of water through soils, which takes place in water
retaiBing structures such as earthdams and levees. Permeability is the primary soil 
property required to analyze seepage problems, which can be solved using meth
ods such as electrical analogy and fin ite differences. 

, 
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Consolidation is the deferred compressibility of soils following the applica
tion o~ loads. This phenomenon is primarily responsible for tbe long
term settlement of buildings with time, which may take years to be completed. 
~ includes the soil properties that characterize the ability of 

soils to withstand construction loads. Shear strength properties are used in the 
stability analysis of structures including slopes, retaining walls, and foundations. 

Field rampllng and field tertlng 

Laboratory testing relies on field sampling for taking representative samples of 
soils from the fie ld. In general, the removal of soil from its natural environment 
disturbs its natural state. Some sampling techniques minimize this disturbance 
and produce so-called undisturbed samples, which are hermetically sealed in sam
pling tubes to preserve their moisture content. Other sampling techniques yield 
disturbed samples which are broken into smaller fragments and have density and 
structures different from the soils in the field. The sampling technique to be used 
depends on the type of information required and the characteristics of the soil to 
be sampled. For classification purposes, disturbed samples are sufficient, but for 
the determination of engineering properties of soil in the laboratory, undisturbed 
samples are usually required. A description of the types of samplers available and 
their utilization can be found in Lowe and Zaccheo (1991). 

Field testing, also referred to as in-situ testing, is an efficient means to deter
mine soil properties in the field. It produces abundant and detailed information 
on soil profiles at a location, such as stratigraphy of soil layers and spatial varia
tion of their properties. The determination of soil properties from field measure
ments is generally based on empirical correlations between quantities measured 
in the field and soil properties measured in the laboratory (e.g., Kulhawy and 
Mayne, 1990). Recent dev~lopments in field testing are surveyed by Jamiolkowski 
ef al. (1985). 

Report of Laboratory Terti 
, 

Suggestions and guidelines for the preparation of soil reports can be found in 
Chapter 8-5. It is useful to compare experimental results recently obtained with 
those frQm other sources to check the validity of the results, and to understand 
possible similarities and discrepancies. This book provides some data on soil 
properties taken from various sources including Biarez and Hicher, 1994; Bowles, 
1992; Head, 1984, 1986, and 1988; Holtz and Kovacz, 1981; Lambe, 1951; Lambe 
and Whitman, 1979; and Mitchell, 1993. 

In the practice of geotechnical engineering, soil testing addresses real prob
lems. In the academic context, it is instructive to recreate such a goal-oriented ap· 
proach by posing practical yet simple problems which require the measurement 
of several soil properties. A few examples of this goal-oriented approach are 
given in· Projects. 
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TABLE 1 

Categories and objectives of the laboratory experiments in this book 

Category and main 
objectives 

Eng ineering soil 
c lassificat ion 
Categorize soils ac
cording to their prob
able engineering 
behavior 

Density and c om
paction 
Determine basic states 
of soi ls in the labora
tory and in the fie ld 

Seepage 
Calculate total head, 
water pressure, total 
flow, and hydraulic 
gradients in seepage 
problems 

Consolidation 
Calculate long term 
settlement of struc
tures 

Shear strength 
Determine the soil 
properties (undrained 
shear strength SIS' 
friction angle 4>' and 
cohesion 0') for ana 
lyzing the stability of 
foundations, excava
tions, slopes, retaining 
walls, etc. 

laboratory tests 

• Grain size analysis 
• Sieve analysis 
• Sedimentation analysis 

• Hydrometer 
• Pipette 
• Buoyancy 

• Combined analysis 

• 
; 

• liquid limit test 
• Shrinkage limit analysis 

• Mercury method 
• Wax method 

• Engineering soil classification 

• Determination of unit weight 

• Determination of specific gravity 

• Standard and improved laboratory 
compaction tests 

• Sand cone test 

• Permeability tests 

• Constant head test 
• Falling head test 

• Electrical analogy of seepage prob-
lems 

• Fin ite difference solut ion of seep-
age problems 

• Consolidation test 

• Unconfined compression test (UC) 
• Direct shear test (OS) 

• Triaxial tests 
• CD and CU triaxial tests on 

coarse-grained soils 
• CD, CU, and UU triaxial tests on 

fine-grained soils 

Specific objectives 

• Determine grain size distribution curve 
• Test for coarse-grained soils 
• Test for fine-grained soils 

• ASTM 
• British Standards 

• Combine sieve and sedimentation 
analysis 

3 

• Determine plasticity of fine-grained soils 
• Measure plastic limit Pl 
• Measure liquid limit Ll 

• Define the shrinkage and swelling po
tential of fine-grained soils 

• Identify soil group in USCS and 
AASHTO engineering soil classi f ication 
based on results of grain size analysis 
end Atterberg l imit tests 

• Determine unit weight. void ratio, degree 
of saturation, and water content of fine
grained soils 

• Determine the unit weight of soil miner.1, 
• Define the optimum water content and 

maximum density for soils 
• Control the soil density in the field after 

field compaction 

• Measure the permeability coefficient of 
soils 
• Test for coarse-grained soils 
• Test for fine -grained soils 

• Solve seepage problems (e.g., flow of 
water under a sheetpile wall ) with a 
physical means 

• Solve seepage problems with numerical 
methods and spreadsheets 

• Determine the properties of fine-grained 
soils for calculating the amplitude and 
rate of settlement of structures 
• Compressibility 
• Overconsolidation ratio and pressure 
• Consolidation coefficients (primary 

and secondary) 

• Measure rapidly but approximately SIS 
• Measure sheer strength (S", " and 0') 

on a predetermined surface of rupture 
(slopes, foundation, etc.) 

• Measure shear strength (SII' " and 0') 
under various stress conditions, includ
ing drained and undrained loadings. Bet
ter control of initial stresses and loading 
stress paths than UC and DS tests (ex
cept for UU tests) 
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STANDARD PROCEDURES FOR SOIL TErnNG 

TABLE 2 

In the United States of America, Great Britain, and many other countries. most 
of the experimental procedures in laboratory soil testing are described by stand
ards. Standards provide guidelines and minimum requirements to obtain reliable 
and repeatable test results. Tables 2 and 3 give the correspondence between the 
laboratory experiments covered in each test, and the relevant test methods and 
guides of the American Society for Testing and Materials (ASTM) and the British 
Standard Institutions (BS). Further information can be found in these guidelines 
and in Head (1984, 1986, and 1988). 

Experiments covered in this book and related ASTM tast methods JA~TM. 1995a and 1995b) 

Experiment 

Sieve a nalysis 

Hydrometer 
analysis 

Determination 
of water 
content 

Atterberg limit 
test 

Shrinkage 
limit 

Engineering 
classification 
of soils 

Determination 
of density 

Chapter 

' -2 

, -4 

2-2 

2-3 to 
2-5 

2-7 
and 
2-8 

2-9 

3-2 

ASTM 
number 

D 422-63 
D 1556-90 

D 421--85 

D 2217--85 

E 11--87 

D 422-63 
D 421--85 

E 1 ()(}'94 

D 2216-90 

D 4944-89 

D 4643-93 

D 4959-89 

D 4318-93 

o 427- 93 

D 4943-89 

D 2487-93 

D 3282-93 

D 2488-93 

o 448-86 

D 4253-93 

o 4254-91 

D 471B-S7 

ASTM description 

Test Method of Particle-Size Analysis of Soils 
Test Method for Amount of Material in Soils Finer than the 
No, 200 (75 mm) Sieve 
Practice for Dry Preparation of Soil Samples for Particle-Size 
Analysis and Determination of Soil Constants 
Practice for Wet Preparation of Soil Samples for Particle-Size 
Analysis and Determination of Soil Constants 
Specifications for Wire-Cloth Sieves for Testing Purposes 

Test Method of Particle-Size Analysis of Soils 
Practice for Dry Preparstion of Soil Samples for Particle-Size 
Analysis and Determination of Soil Constants 
Specifications for ASTM Hydrometers 

Method of laboratory Determination of Water (Moisture) Con
tent of Soil, Rock, and Soil-Aggregate Mixtures 
Test Method for Field Determination of Waler (Moisture) Con
tent of Soil by Calcium Carbide Gas Pressure Tester Method 
Test Method for Determination of Water (Moisture) Content of 
Soil by the Microwave Oven Method 
Test Method for Determination of Water (Moisture) Content of 
Soil by Direct Hesting Method 

Test Method for liquid limit. Plastic limit. and Plasticity Index 
of Soils 

Test Method for Shrinkage Factor of Soils by the Mercury 
Method 
Test Method for Shrinkage Factor of Soils by the Wax Method 

Test Method for Classification of Soils for Engineering Pur
poses (Unified Soil Classification System) 
Test Method for Classification of Soils and Soil -Aggregates 
Mixtures for Highway Construction Purposes 
Practice for Description and Identification of Soils (Vis
ual/ Manual Procedure) 
Classification for Sizes of Aggregate for Road and Bridge Con
struction 

Test Methods for Maximum Index Density and Unit Weight of 
Soils Using a Vibratory Table 
Test Methods for Minimum Index Density snd Unit Weight of 
Soils and Calculation of Relative Density 
Practice for Correction of Unit Weight and Water Content for 
Soils Containing Oversize Particles 
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TABLE 2 (cant.) 
Experiments covered in this book and related ASTM test methods (ASTM, 1995a and 1995b) 

Experiment 

Determination 
of specific 
gravity 

Compaction 
tests 

In-situ density 
determination 

Permeability 
test 

Consolidation 
tost 

Unconfined 
compression 
test 

Direct shear 
test 

Triaxial tests 

Units 

Chapter 

3-3 

3-5 

3-6 

4-2 

6-2 

7-3 

7-5 

7-8 

8-4 

ASTM 
number 

o 854-92 
C 127-88 

o 5550-94 

01140-54 

o 1557-91 

o 2168-90 

o 5080-93 

01556-90 

o 2167-94 

o 2922-91 

o 5195-91 

o 2937- 94 

o 4564-93 

o 4914-89 

o 5030-89 

o 3017-88 

o 5220-92 

o 2434-68 

o 5084-90 

D 2435-90 

D 4186-89 

o 5333-92 
'0 4546-90 

o 2166-91 

o 3080-90 

D 4767-88 

D 2850-87 

E 380 

ASTM description 

Standard Test Method for Specific Gravity of Soils 
Test Method for Specific Gravity and Absorption of Coarse 
Aggregate 
Test Method for Soil Solids by Gas Pycnometer 

Test Method for laboratory Compaction Characteristics of Soil 
Using Standard Effort (12,400 ft-lbf/ ft3 (600 kN -m/ rrtl» 
Test Method for laboratory Compaction Characteristics of Soil 
Using Modified Effort (56,000 ft-lbf/ ft3 (2700 kN-m/ m3» 
Test Method for Calibration of laboratory Mechanical Rammer 
Soil Compactors 
Test Method for Rapid Determination of Percent Compaction 

Test Method for Density of Soil In Place by the Sand-Cone 
Method 
Test Method for Density and Unit Weight of Soil In Place by 
the Rubber Balloon Method 
Test Method for Density of Soil and Soil-Aggregate In-Place 
by Nuclear Methods (Shallow Depth) 
Test Method for Density of Soil and Rock In -Place at Depths 
Below the Surface by Nuclear Methods 
Test Method for Density of Soil In Place by the Drive-Cylinder 
Method 
Test Method for Density of Soil In Place by the Sleeve 
Method 
Test Method for Density of Soil and Rock In Place by the 
Sand Replacement Method in a Test Pit 
Test Method for Density of Soil and Rock In Place by the Wa 
ter Replacement Method in a Test Pit 
Test Method for Density of Soil and Rock In· Place by Nuclear 
Methods (Shallow Depth) 
Test Method for Density of Soil and Rock In-Place by the 
Neutron Depth Probe Method 

Test Method for Permeability of Granular Soils (Constant 
Head) 
Test Method for Measurement of Hydraulic Conductivity of 
Saturated Porous Materials USing a Flexible Well Permeameter 

Test Method for One-Dimensional Consolidation Propenies of 
Soils 
Test Method for One-Dimensional Consolidation Properties of 
Soils Using Controlled-Strain l oading 
Test Method for Measurement of Collapse Potential of Soils 
Test Method for One-Dimensional Swell or Settlement Poten
tial of Cohesive Soils 

Test Method for Unconfined Compressive Strength of Cohesive 
Soils 

Test Method for Direct Shear Test of Soils Under Consolidated 
Drained Conditions 

Test Method for Consolidated-Undrained Triaxial Compression 
Test on Cohesive Soils 
Test Method for Unconsolidated. Undrained Compressive 
Strength of Cohesive Soils in Triaxial Compression 

Excerpts from Standard Practice for Use of the International 
System of ~nits (SI) (the Modernized Metric System) 
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TABLE 3 
Experiments covered in this book and related as 1377 (1975) test methods 

Experiment Chapter 

Sieve analysis 
1-2 

Test number as description 

Test Sieves (BS 410, 1969) 
Dry Sieving 
Wet Sieving 

Hydrometer analysis 
Pipette analysis 
Determination of water 
content 

1-' 
1-5 
2-2 

7B 
7A 
7D 
7C 
1A 
1B 
2B 
2C 
2A 
3 
15' 
15' 
6B 
6A 
6B 
12 
13 ,. 

Hydrometer Analysis 
Pipette Analysis 
Oven Drying 
Sand Bath Method 
Casagrande Method Atterberg limit test 2-3 to 2· 5 
Liquid Umit-Casagrande One-point Method 
Cone Penetrometer Method 
Plastic limit 

Determination of density 3-2 Water Displacement 
Weighing in Water 
Density Bottle 

Determination of specific 
gravity 

3-3 

3-5 

Gas Jar Method 
Pycnometer 

Compaction tests Ordinary Compaction Test 
Heavy Compaction 
Compaction by Vibration; Vibrating Hammer 
Method 

Consolidation test 
Unconfined compression 
test 

6-2 
7-3 

17 
20 

Oedomater Consolidation 
Autographic Unconfined Compression 

Triaxial tests 
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The following projects include several types of experiments on the same soil, and 
require comprehensive reports with recommendations and conclusions. They may 
require several weeks to be completed. 

1. Classify a soil based on the results of the sieve and sedimentation analysis, 
then determine if the soil is appropriate for the following applications: 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

1.1 Core of earthdam 
1.2 Shell of earthdam 
1.3 Fill resistant to frost heave 
1.4 Workable construction materials. 
Compare the results of hydrometer, pipette and buoyancy analyses on the 
same soil. Conclude on the pros and cons of each method. Write a recom· 
mendation for your company which is about to select one of these methods. 
In a site which has previously been compacted, compare the optimum water 
and density from laboratory tests with the corresponding values in the field. 
Conclude on the degree of compaction in the field, 
Solve one of the seepage problems of Chapters 4-4 and 4-5 for the permea
bility you measured in the laboratory, 
Solve one of the seepage problems of Chapters 4-4 and 4·5 by using both 
electrical analogy and finite difference. Superimpose and compare the How 
nets obtained from each method. 
Compare the values of permeability coefficients measured in the fixed wall 
permeameter and triaxial cell. 
Compare the values of permeability coefficients measured in the fa Uing 
head permeameter and consolidation cell. 
For a given embankment or tank, calculate the settlement for the soil prop· 
erties you measured in the laboratory. 
Compare the values of undrained shear strength on the same fine·grained 
material obtained from the unconfined compression test, direct shear test, 
and CU triaxial test. Compare your results and conclusions with those given 
in Chapter 7-2. 
For a given slope stability problem, calculate the factor of safety of the 
slope based on the laboratory test which you believe is the most appropri-
ate. 
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Grain Size Distribution 

1-1 Principles of grain size analysis 

1-2 Sieve analysis 

1-3 Principles of sedimentation analysis 

1-4 Hydrometer analysis 

1-5 Pipette analysis 

1-6 Buoyancy analysis 
1-7 Combined grain size analysis 
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SCOPE 

Principles 
of Grain Size Analysis 

As shown in Figure 1, a soil consists of particles of various shapes, sizes, and 
Quantity. The grain size analysis divides these particles into size groups and deter
mines their relative proportions by weight. Grain size analysis is a basic labora
tory test required to identify soils in engi neering soil classi fi cation systems. 

Figure 1 The particles of this soil were divided into six size groups 
in the laboratory. The largest particle shown is 15 mm in diameter. 
The largest sizes in each group from leh to right are 0.07, 0.3, 1, 2, 
5, and 15 mm, respectively. 

GROUPS OF PARTICLE SIZES 

As shown in Table 1, the engineering soil classifica tion systems such as ASTM D 
422, BS 1377, AAS HTO, and uses, divide soil particles on the basis of size into 

9 
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TABLE 2 

Chap. 1-1 / Principles of Grain Si2e Analysis 

categories~boulders, cobbles, gravel, sand, silt, and clay- with an optional subdi
vision indicating coarse, med ium and fine. Soil particles have sizes ranging from 
greater than 200 mm down to less than 0.002 mm. The ratio between these ex
tremes is lOs: 1. As the particle size D decreases, the number of particles con
tained in a unit mass of soil increases proportionally to lID 3 and their individual 
mass decreases in the same ratio. For illustration, the mass of several spheres with 
diameters ranging from 100 to Q.(X)1 mm is calculated in Table 2 for a typical min
erai unit mass Ps = 2.65 g/em 3 (unit mass is the mass per unit volume). The ratio 
of smallest and largest masses is enormous _lOIS: 1. 

Specific surface, which is the total surface area of particles per unit mass, is 
an important characteristic of small soil particles. It largely influences the interac
tion between small soil particles which depends on electrostatic forces. The di
mension of specific surface is squared length divided by mass, and its unit is 
mm2/g or m2/g. As shown in Table 2, the specific surface of spheres increases pro
portionally to liD. However, natural soil particles have much more complicated 
shapes than those of spheres, and their specific surface is even higher than those 
shown in Table 2. For instance, the specific surface of fine sand particles is about 
0.03 m2/g, while those of flat and platelike clay particles such as kaolinite and 
montmorillonite are 10 and 1000 m2/g. 

TABLE 1 

Classification of particle size in the BS 1377, USCS, AASHTO 
and ASTM engineering soil classification systems. 

BS 
[ Silt [ Sand [ Gravel l. ~s l 

loy Cobbles BouLders 
J 1 Rne 1 Medium [ Coarse 1 fine 1 Mod'uml Coa_ [ Fine [ Medum 1 c....... 1 
0002 0.00<> om 0116 0.' 0' , , W 60 "'" I Sand I Gravel I. 

Fines (s ill. clay) 
I 1 Medium leo.r.e l 

1 1 Cobbles Boulder.; 
::-.... Pi... Coaroe 

uses 
O.Q7~ O.4Z~ , 4.7~ 19 " 300 

I Sand I Gravel Clay Sill 
I I c_ I 

Boulders 
Fine 

AASHTO 

O.OO~ 0.075 0 .4Z5 , 
" 

Sand 
Gravel Cobbles Boulder.; CLay Silt I Medium [c-Fine 

ASTM 

0.001 ~ om • b: 0.1 
o 

~ M ~ 10 

Grain size (rum) 

~ 100 ~ 1000 

Particle Size, Mass, and Surface Area of Spheres. 

Equivalent Particle Particle Number of Specific 
, 

soi l size D mass m particles surface area 
m ;::; P. 6 D3 0=; mass of sphere of 

cale'gory (mm) (9) per gram (m2/g) diameter D and unit mass P. 

Cobble 100.0 1.4 x 10' 7.2 x 10- 4 2.3 X 10- 5 (P. = 2.65 gfcm3) 

Gravel 10.0 1.4 7.2 x 10- 1 2.3 X 10- 4 
~ = number of parti cles per gram Coarse sand 1.0 1.4 x 10- 3 7.2 x 10' 2.3 x 10- 3 

Fine sand 0.1 1.4 x 10-6 7.2 x 10' 2.3 x 10- 2 p.1tD 

Medium silt 0.01 1.4 x 10-9 7.2 x 10' 2.3 x 10- 1 

61tD23 = 6
D 

= specific surface of Clay 0.001 1.4 x 10- 12 7 .2 X 1011 2.3 
n:p .D P. 
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PARTlCLE SIZE DISTRIBunON CURVE 

In Table I , six categories of particle sizes were defined: boulder, cobble, gravel, 
sand, silt, and clay. However, natural soils are often made of a mixture of parti· 
c1es that do not fall entirely within only one of these size ranges covering two or 
more categories. It would be too tedious to count individually all the different 
sizes of particles because of the enormous number (see Table 2). Therefore, the 
grain distribution within the various size categories is generally represented by 
using the cumulative distribution of statistics. The grain size distribution curve is 
plotted as the percentage finer than a given size versus the particle sizes on a log
arithmic scale. Figure 2 shows a typical particle size distribution curve. Grain-size 
distribution curves are always increasing because they are cumulative distribu
tion. Plotting particle size data on a standard chart enables engineers to recognize 
instantly the grading characteristics of a soil . The position of a curve on the chart 
indicates the soil fineness or coarseness. The steepness, flatness. and general shape 
indicate the distribution or grain sizes. Other types of charts are also found in 
pract ice. For example, the horizontal axis may have an opposite orientation, with 
cobbles and grave l to the left. The vertical axis may also represent percent 
coarser by weight, instead of percent fi ner by weight. 

0.001 0.01 0. 1 10 100 1000 

CIIY Sill Gravel -100 

80 

~ 
~ 60 
E 
~ 
~ 

" 40 
u • ~ 

20 

0 
OJ)()I 100 1000 

D. Grain size (mm) 

Figu re 2 Grain size distribution chart. 

In addition to the cumulative frequency distributions, there are other graph
ical representations for particle size dislribution, such as frequency dislributions. 
In this case, the percentage by mass between certain sizes is plotted versus the 
logarithm of the grain size. These representations are used in powder technology 
(e.g., Allen, 1974). The semilogarithrnic cumulative grain size distribution curve 
remains the most commonly used representation for soils. 

APPLICATION OF GRAIN SIZE DISTRIBlinON CURVES 

Grain size distribution curves provide a means by which soils can be classified 
and their engineering properties assessed. This classification, which applies prirha
rily to sands and gravels, will be completed in Chapter 2-9. 
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Classification 0' Sands and Gravels 

Grain size distribution curves enable sands and gravels to be classified into three 
main types: uniform, well graded, and poorly graded. 

Uniform soils. In uniform soils, the majority of grains are nearly the 
same size. The grading curve is very steep, as shown by curve A in Fig. 3, which 
represents a uniform sand. The uniformity in soils is characterized by the uni
formity coefficient ell: 

(1) 

where DIO is the grain size corresponding to 10% finer and Dro is the grain size 
corresponding to 60% finer. DIO and D60 are obtained by interpolation between 
the experimental points of the grain size distribution curve (see Fig. 2). eu repre
sents the average slope of the grain size distribution between 10 and 60%. For in
stance, in Fig. 2, DIO = 0.082 mm, D (;iJ = 1.008 mm, and Cu :::: 12.35. The smallest 
possible value for Cu is equal to 1 and corresponds to a perfectly uniform assem
blage of grains of identical size. 

Well-graded soils. Well-graded soils contain a wide and even distribu
tion of particle sizes. A well-graded silty sand and gravel is shown by curve 8 in 
Fig. 3. The smooth concave upward-grading curve is typical of well-graded mate
rial. Curve 8 ' of Fig. 3 represents an idealized material in which the particles fit 
together in the densest possible state of packing (Fuller grading), as illustrated in 
Fig. 4. The interstices of the largest particles of size Dmu are filled in a regular 
pattern with smaller and smaller particles that occupy the void without holding 
the neighboring particles apart. The Fuller grading has the smooth shape shown 
in Fig. 3 and is determined using the equation 

P~l00 J D 
Dmn 

(2) 

where P is the percentage by weight of particles finer than diameter D and Dmu 
is the maximum particle size (Dmax = 75 nun in the example of Fig. 3). 

Particle size distribution can be characterized by its curvature, and more 
specifically by the coefficient of curvature Cc : 

(3) 

where D30 is the grain size corresponding to 30% finer (see Fig. 2). By definition, 
gravels are considered to be well graded when eu > 4 and 1 < Cc < 3. Sands are 
considered to be well graded when eu > 6 and 1 < C( < 3. For example, in Fig. 
2, DlO = 0.082 mm, DlO = 0.334 mm, D(;iJ :::: 1.008 mm, and Cc = 1.35. As found 
previously, eu = 12.35; therefore, the sand of Fig. 2 is well graded. 

Poorly graded soils. The term poorly graded applies to any soil, includ
ing uniform soil, which does not comply with the description of well graded. Poorly 
graded soils are deficient in certain sizes. Gap-graded materials are examples of 
poorly graded materials with missing ranges of particle sizes. For example, curve C 
in Fig. 3 bas a flat part indicating that there are only a few particles in the range 1 
to 10 mm. In practice, gap-graded materials are generally found in the coarse 
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Figure 3 Examples of grain size distribution curves for sands and 
gravels (data after Head, 1984). 

Figure 4 Idealized Fuller packing (two-dimensional representation) . 
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sand-fine gravel range. The values of D10, DlO , Dro , CN , and Ce, for materials A, B, 
and C, and FuJler packing are summarized in Table 3. 

Classification of Clays and Slits 

Soils consisting entirely of c1ay- or silt-size particles are rarely found in nature. 
Most clays contain silt-size particles, and most material described as silt includes 
some clay or some sandy material , or both. Some typical grading curves of clays 
aod silts are shown in Fig. 5. 

Curve D is described as clay, although it consists of 56% clay-and 44% silt
size particles. Curve E shows a well-graded soil consisting primarily of silt, with a 



'4 Chap. 1-1 I Principles of Grain Size Analysis 

TABLE 3 
Coefficients of , uniformitY and curvature for soils in Figs. 3 and 5. 

Grading 0 " 
curve (mm) 

A 0.148 
B 0.069 
B' 0.730 
C 0.125 

° E 0.001 
F 0.004 
G 0.001 

0" 0" 0" C. C, Description (mm) (mm) (mm) 

0,196 0.229 0.242 1.64 1.07 Uniform fine sand 
0.745 2.880 4.642 67 .10 1.73 Wen -graded silty sand and gravel 
6.551 18.750 26.203 35.89 2.24 Idealized Fuller grading 
0.332 5.068 8.971 72.03 0.10 Gap graded silty sand and gravel 

0 .001 0.003 Clay 
0.003 0.010 0.017 21.68 0 .51 Sandy and silty clay 
0.018 0.048 0.066 17.97 1.32 Sandy silt 
0.013 0 .401 1.642 2693.84 0.10 Gravelly sandy silty clay 

0.001 om 0.1 10 100 1000 

100 

"" 
.~ , 

'" ~ 
~ 

~ 
~ 

• 40 

~ 
20 

0 
0001 om 0.1 10 100 1000 

Grain size (mm) 

Figure 5 Examples of grain size distribution curves (data after 
Head, 1984) . 

clay fraction of less than 2% which is described as sandy silt with a trace of clay. 
Curve F has a mixture of clay, silt . and sand. The soil is described as silty clay 
with sand. Curve G represents a well-graded soil containing particles of all sizes 
from cobbles down to clay. It is described as gravelly sandy silty clay. This type of 
soil , which is found as glacial till, is often called boulder clay. 

The values of D IO , D30 , Df:lj, CII' and Cc for materials D, E, F, and G are 
given in Table 3. The particle size corresponding to 10% finer for material D is 
outside the range of the grain size distribution chart; DIO , Cu, and Cc cannot be 
determined for th is material. 

The clay fraction is defined as the percent by weight finer than 2 ~. Its val
ues for soils A to G are listed in Table 4. 

TRIANGULAR CLASSIFICAnON CHART 

A triangular classification cbart is an alternative representation of the grain size 
distribution of soils. Less commonly used than the semilogarithmic representa
tion, it is convenient for comparing clay-silt-sand mixtures on the proportions of 
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each constituent. As shown in Fig. 6, each side of the triangle is divided into 100 
parts, representing the percentage of three soil constituents: clay, silt, and sand. A 
point within the triangle indicates the percentage of these constituents, the sum of 
which adds up to 100%. The triangular chart can also be used to show (clay + 
silt}-sand-gravel mixtures, or any other three main constituents of soil. The trian· 
gular coordinates of samples A through G in Figs. 3 and 5, are listed in Table 4 
and are plotted as points on the triangular chart of Fig. 7. This triangular chart 
was introduced by the U.S. Bureau of Reclamation (1974). 

x+y+z=IOO% 

e· 
, 

IOO~ __ ~ ______ ~O 

o Y 100 

Sand (%) 

20 40 

Figure 6 Definition of coordinates on a 
triangular classification chart. 

Clay (%) 

60 80 100 

5ill (%) 

Fig ure 7 Representation of samples A to G of Table 3 on a trian· 
gular classification chart. 

FREOUENCY DISTRIBunONS 

As noted earlier, grain size distributions are usually represented as cumulative 
distributions in soil mechanics. Figures 8 and 9 show an alternative representa· 
tion: the frequency distributions corresponding to the samples of Figs. 3 and 5. 
The frequency It associated with a particular size dt is calculated from the cumu· 
lativ.e values Pi (e.g., percent by weight finer) by usmg the relation 

(4) 
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TABLE 4 
Coordinates of samples A to G of Table 3 for triangular 
classification chart (after Head, 1984) 

Sand fraction Silt fraction Clay fraction 
Material (%) (%) (%) 

A 100.0 0.0 0.0 
B 100.0 0.0 0.0 
B' 97 .1 2.3 O.S 
C 94.1 5.9 0.0 
D 1.4 42.9 55.7 
E 12.5 60.7 26.8 
F 43 ,0 52.7 4.3 
G 59.7 22.4 17.9 

The sum of I I should equal 100%. As shown in Fig. 8, sample A (uniform sand) 
displays a unique peak at 0.2 mm, while sample B' (Fuller material) has a contin
uous and decreasing distribution. As shown in Figs. 8 and 9, all other samples 
have a multimodal. rather than a unimodal distribution with several pea'ks. In all 
cases, their frequency distribution appears more complicated than their cumula
tive distribution. 
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, , ~."" , .' ': .

\':j \ ., \ '/ .,.<'.I! I, 

----.-~-.- ..... o~~~ __ ~ __ ~ ______ ~ 
om 0.1 10 '00 

Grain size (111m) 

Figure 8 Frequency distributions corresponding to the cumulative 
distributions of Fig. 3. 

APPUCAnONS OF GRAIN SIZE ANALYSIS 
IN ENGINEERING PRACTICE 

In geotechnical engineering, particle size analyses are useful for various practical 
applications, ranging from the selection of fi ll and aggregate materials, to road 
construction, drainage, filters, and grouting. 

Selection of Fill Materials 

Soils used for the construction of embankments and earth dams are required to 
be within specified Limits as defined by particle size distribution curves. The vari· 
ous zones of an earfh dam, for instance, have different gradation characteristics. 
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Figure 9 Frequency distributions corresponding to the cumulative 
distributions of Fig. 5. 

Selection of Aggregilte Materlills 

17 

Sands and gravels for use as concrete aggregates are divided by particle size dis
tribution curves into various types. In the exploration for sand and gravel re
sources, particle size analysis is the main criterion for selection of sites for 
potential development. 

Road Subbase Materials 

Each layer of a road or ~~}ld ru.!l.!"~ ~u~b~~ must comply to a particular grad
ing specification to provide -ai'ileChamcatS'fabTe foundation (see the description of 
the AASHTO classification system in Chapter 2-9). 

Drainage Filters 

The grading specification for a filter layer must be related in certain ways to the 
grading of the adjacent ground or of the next filter layer. This specification, re
ferred to as the filter requirement, prevents small particles from being dragged by 
seepage forces a~oggjng of pores between large particles, 

Groundwater Drainage 

The drainage characteristics of the ground depend largely on the proportion of 
fines (silts and clay-size particles) present in the soil. 

Grouting and Chemical Injection 

Grouting and chemical injections consist of injecting liquids with predefined me
chanical or chemical characteristics inside the soil interstices to decrease the 
ground permeability andlor to improve its mechanical properties. The most suita
ble grouting process and the extent to which the ground can be impregnated de· 
p~nd mainly on the grading characteristics of soils. 

\ 



\ 
18 Chap. 1 + 1 I Principles of Grain Size Analysis 

UMITATIONS OF PARTICLE SIZE ANALYSIS 

Particle size analysis helps to classify soils, especially coarse soils. It is possible to 
tell from grain size distribution analysis whether the soil consists of predomi

.nantly gravel, sand , silt, or clay. and to a limited extent, which of these size Tanges 
is likely to control the soil engineering properties. Particle size analysis is of 
greater value if supplemented by descriptive details such as color and particle 
shape. But the engineering behavior of soils also depends on factors other than 
particle sizes, such as mineral, structural, and geological history. The physical be
havior of clays, such as plastic consistency, controls more of its mechanical behav
ior than its particle size distribution, and for this the Atterberg limits test (see 
Chapters 2·3 to 2-5) provides more significant information than is provided by 
grain size analysis. 

TYPES OF GRAIN SIZE ANALYSES 

REFERENCES 

There are two separate procedures for obtaining the grain size distribution of 
soils: sieve analysis and sedimentation analysis. Sieve analysis is used for gravel· 
and sand-size particles (coarse-grained soils with grain size larger than 75 lim) but 
cannot be used for silt· and clay· size particles (fine-grained soils with grain size 
smalle r than 75 !lm). A sedimentation procedure (e.g., hydrometer, pipette, or 
buoyancy analysis) is used instead. Sieve and sedimentation analyses are com· 
bined to define the grain size distribution of soils having fine and coarse grains. 
The grai n size distribution of soils by sieving, sedimentation, and combined anal
yses are described in subsequent chapters. 
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Appendix B, Characteristics of Soil Groups Pertaining to Roads and Airfields, 
1957. 

REVIEW OUESTIONS 

L Name the six categories of particle sizes that are identified in soil mechanics. 
2. What is a specific surface? In what unit is it expressed? Can you give a typ

ical value for the specific surface of montmorillonite? 
3. What is a Fuller material? 
4. What axes do we generally use in soil mechanics to represent a grain size 
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EXERCISES 

distribution curve? Are there other types of '~l~:':.~~t~:~~~j 
S. Define coefficient of uniformity C" and the c~efficient 

are their physical meanings? 
6. Is it always possible to determine the coefficient of uniformity C" 

coefficient of curvature Cc for all types of soils.? ~~". 
7. What are the two main experimental techniques used in soil mechanics to 

determine a grain size distribution curve? Define their range of application. 
S. Is it possible for a grain size distribution curve to have a bump (i.e., to in

crease, then (0 decrease)? 
9. Define poorly graded soil and weI/-graded soil. What is a gap-graded mate

rial? 
10. Material A has C" = 1 and material B has e" = 4. Which material is a better 

filter , and which is a better drain? 
lL Explain why the percent by weight finer value always increases with the par-

ticle diameter. 
U. Calculate analytically CIl and C, for a Fuller material (P = lOOJDIDmu.). 

13. What is the coefficient CIl for a set of marbles having identical size? 
14. Draw the grain size distribution curve of an assembly of marbles knowing 

that the marbles have only two sizes. There is 1 kg of 8-mm-diameter mar
bles and 1 kg of lO-mm-diameter marbles. 

1. The result of a grain size analysis is given below. Plot the grain size distribu
tion curve, and calculate D IO , D'j(J, D(IJ, Cu. and C, . Compare your results to 
those in Fig. L 

Particle size 
(mm) 

15.00 
10.00 

6.00 
4.00 
2.80 
2.00 
1.40 
1.18 
1.00 
0.85 
0.60 
0.50 
0.36 
0.18 
0.13 
0.08 
0.05 
0.04 

Percent finer 
(%) 

100.00 
99.22 
97.67 
94.19 
88.76 
81.00 
70.00 
65.89 
59.69 
54.00 
45.00 
41.09 
31.01 
20.00 
15.00 

9.00 
6.20 
5.00 

2. The tabulated data of four grain distribution curves of sands and gravels are 
given below. Plot these grain size distribution curves by using semilogarith
mic axes as shown in Fig. 3. Calculate DIO , D 30 • D (J), Cu , and C, . 

1 
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Sample A 

Particle Percent 
size finer 

(mm) (%) 

0.425 100.0 
0.355 99.0 
0.300 83.5 
0.250 65.5 
0.212 36.1 
0.180 23 .1 
0.150 10.2 
0.106 4.7 
0.063 1.9 

Sample 0 

Particle Percent 
size finer 

(mm) (%) 

0.124 100 
0.085 100 
0.057 98 
0.043 96 
0.028 92 
0.020 87 
0.009 77 
0.006 74 
0.005 71 
0.005 69 
0.004 66 
0.003 61 
0.002 56 

Chap. 1-1 I Principles of Grain Size Analvsis 

Sample B Sample C Funer 

Particle Percent Particle Percent Particle Percent 
size finer size finer size finer 

(mm) (%) (mm) (%) (mm) (%) 

35.000 100.0 SO.OOO 100.0 75.000 100.0 
30.000 96.9 38.000 92.1 37.600 70.7 
20.000 89.4 30.000 83.1 18.750 50.0 
15.000 82.4 20.000 73.0 9 .375 35.3 
10.000 74.5 10.000 62.7 4.688 25.0 

5.000 62.0 7.000 53.7 2.344 17.6 
4.000 56.0 6 .000 52.5 1.172 12.5 
3.000 51 .0 4.750 49.0 0.586 8.8 
2.360 45.1 2.360 46.6 0.293 6.2 
1.180 35.3 1.180 45.4 0.146 4.4 
Q.600 27.5 0.710 43.5 0.073 3 .1 
0.425 24.5 0.500 38.8 0.037 2.2 
0.250 19.3 0.355 31 .3 0.Q18 1.5 
0.125 13.8 0.212 20.7 0 .009 1.1 
0.063 9.4 0.150 12,9 0.005 0 .7 

0.106 7.4 0.002 0 .5 
0.063 5.8 0.001 0 .4 

3. The tabulated data of four grain distribution curves of silts and clays are 
given below. Plot these grain size distribution curves by using semilogarith-
mic axes as shown in Fig. 5. Calculate D IO , DJlj, Dfij, C", and Cr;, and com-
pare your results to those of Table 3. 

Sample E Sample F Sample G 

Particle Percent Particle Percent Particle Percent 
size finer size finer size finer 

(mm) (%) (mm) (%) (mm) (%) 

0.289 100.0 0 .552 100.0 90.252 100.0 
0.209 99.0 0.399 97.2 63.719 94.9 
0.088 93.7 0.304 92.6 57.686 92.6 
0.055 85.9 0.209 84.4 42.804 86.7 
0.038 80.5 0.090 68.4 19.316 80.9 
0.029 73.5 0.063 58.7 9.161 76.2 
0.022 66.1 0.047 49.4 5.712 72.7 
0.010 49.8 0 .037 45.1 3.743 68.0 
0.007 45.1 0 .030 39.3 1.961 61.4 
0.006 41.2 0.022 33.0 0.930 56.2 
0.004 37.3 0.Q10 20.6 0.525 51.7 
0.003 33.4 0.006 15.1 0.389 49.8 
0.002 26.8 0.004 11 .6 0.209 46.3 

0.003 8 .5 0.090 42.8 
0.002 4.2 0.065 39.6 

0.030 35.7 
0.021 33.4 
0.009 27 .6 
0.005 23.3 
0.003 19.8 
0.002 17.8 

4. By using the tabulated data of Exercises 2 and 3, compute the sand, silt, and 
clay fractions of samples A through G. Plot these fractions, each of which 
should add up to 100%, on a triangular chart. Compare your results with 
those of Table 4 and Fig. 7. 
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S. Write a spreadsheet function that calculates the x-y Cartesian (horizontal 
and vertical) coordinates of a point to be plotted in a triangular chart. 

6. Plot the frequency distributions corresponding to the cumulative distribu
tions of samples A, B. C. B', D. E, F, and G that are given in the tables of 
Exercises 2 and 3, Compare your results to those of Figs. 8 and 9. \ 

7. Derive the equation that relates the percentage by weight finer P to the 
grain size D for a Fuller material having for maximum grain size Dmn' 

8. In the case of a Log normal distribution, calculate the analytical expression 
for the coefficients of uniformity and curvature in terms of the mean value 
IJ. and standard deviation o. 
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Sieve Analysis 

The sieve analysis determines the grain size distribution curve of soil samples by 
passing tnern ihroug!l a stack ~o(~i~es of o!~re~si!lg mesh opening sii;s and jry. 
peasurmg the we!~~.~in~n~~..£.h sieve.., The sieve analysis is generally ap· 
plied to the soil fraction larger than 75 llm. Grains smaller than 75 11m are sorted 
by using sedimentation (e.g., hydrometer or pipette analysis). Sieving can be per
fonned in either wet or dry conditions. Dry sieving is used only for soils with a 
negligible amount of plastic fines, such as gravels and clean sands, whereas wet 
sieving is applied to soils with plastic fi nes. 

The equipment used in sieve analysis includes: 

• Series of standard sieves with openings ranging from 7.5 em to 75 ).lm, in
cluding a cover plate and bottom p~ Figure 1 shows an example of ~£_~ 
of sieves. Sieves are generally constructed of '!!ire s£!.een~.!.h square Q~~ 
~ngs of standard size: Table 1 lists the number and mesh opening sizes of the 
U.S. standard sieves. Only a few sieves in Table 1 are selected fo r the sieve 
analysis. The total number and mesh sizes of the sieves are selected to cover 
the range of grai n sizes in an even distribution on a logarithmic scale. 

• Sieve shake (Fig. 2). 
• Balances sensitive to 0.1 g. 

• Soft wire brush. 
• Sampl;-splitter or riffte_ for dividing large soil samples into smaller samples 

with identical grain size distribution. 
• Mortar and rubber-cavered pestle, fo r breaking up aggregations of soi l par

ticles. 



Preparation of Soil Sample 

Figure 1 Typical stack of sieves for grain size analysis. The sieves 
are stacked by decreasing mesh opening size, with the largest mesh 
opening at the top of the stack. 

Figure 2 The stack of sieves is mounted on a mechanical shaker. 

PREPARATION OF SOIL SAMPLE 

23 

The material to be tested is first air dried. Aggregations or lumps are thoroughly 
broken up with the fingers or with the mortar and pestle. 111e specimen to be tested 
should be large enough to be representative of the soil in the fie ld. It should also 
be small enough not to overload sieves. Large soil samples are divided by using a 
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riffle to preserve their grain-size distribution. The size of a representative specimen 
depends on the maximum particle size. Table 2 gives some guidelines fo r selecting 
the minimum sample weight. 

TABLE 1 
Numbers and openings of U.S. standard sieves 

Sieve Sieve opening Sieve Sieve opening 
number (mm) number (mm) 

• 4.75 .5 0.355 
5 • 50 0.3 
6 3.35 60 0.25 
7 2.8 70 0.212 
8 2.36 80 0.18 

10 2 100 0.15 
12 1.7 120 0.125 
14 I .' 140 0.106 
16 1.18 170 0.09 
18 1 200 0.075 
20 0.85 230 0.063 
25 0.71 270 0.053 
30 0.6 325 0.045 
35 0.5 400 0.038 
40 ~5 

TABLE 2 
Approximate sample weight for sieve analysis 

Maximum particle 
size 

7.5 em 
5 em 

2.5 em 
1 em 

Finer than No.4 sieve 
Finer than No. 10 sieve 

Minimum weight 
of sample (g) 

6,000 
4,000 
2,000 
1,000 

200 
100 

There afe two different procedures for dry and wet sievings. Wet sieving is used 
when the small particles aggregate and form hard lumps, or coat the coarser par
ticles. 

Dry Sieving 

1. Oven dry the sample, allow it to cool, and measure its weight. 
2. Select a stack of sieves suitable to the soil being tested. The choice of 

sieves usually depends on experience, judgment, and the intended applications of 
grain size analysis. A stack of six or seven sieves is generally sufficient for most 
soils and applications. The top sieve shou~ave an opening slightly larger than 
the largest particles. Arrange the stack of sieves so that the largest mesh opening 
IS at the top and the smallest is at the bottom (see Fig. 1). 

3. Attach a pan at tbe bottom of the sieve stack. Pour the sample on the 
top sieve as shown in Fig. 3. Add a cover plate to avoid dust and loss of particles 
while shaking. 
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Figure 3 The soil sample is poured on the stack 
of sieves with a pan at the bottom. 

Figure 4 The soil particles stuck in the mesh 
opening of the sieves are removed with a brush. 

4. Place the stack of sieves in the mechanical shaker as shown in Fig. 2, and 
shake for about 10 min or until additional shaking does not produce appreciable 
changes in the amounts of material retained in each sieve. 

S. Remove the stack of sieves from the shaker. Beginning with the top 
sieve, transfer its contents to a piece of paper or a large recipient. Carefu lly 
empty the sieve without losing any material, and usc a brush to remove grains 
stuck in its mesh opening, as shown in Fig. 4. Measure the weight of soil retained 
in each sieve and note the corresponding sieve mesh opening and number. 

6. Repeat step 5 for each sieve. As a preliminary check, the weights re
tained on all the sieves and the bottom pan are added, and their sum is compared 
to the initial sample weight. Both weights should be within about 1 %. If the dif
ference is greater than I %, too much material was lost, and weighing andlor siev
ing should be repeated. 

Wet Sieving 

I. Weigh the dry specimen as [or dry sieving. 

2. If the sample contains plastic Ones, which tend to form hard lumps or to 
coat the coarser particles, place the oven-dried sample in a pan filled with enough 
water R> cover all the material and allow it to soak until all the soil lumps or coat
ings have disintegrated. Soaking may take 2 to 24 hours, depending on the soil. 
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3. Transfer the sample to a No. 200 .sieve, or to a set of No, 4 to No. 200 
sieves if the sample contains an appreciable amount of coarse particles. Do not 
overload the fragile No. 200 sieve. Wash the sample thoroughly through the 
sieves, discarding the material passing the No. 200 sieve. Larger particles may be 
individually washed and removed from the sieves. 

4. Oven dry the retained material, and weigh it after it has cooled. Record 
the difference between the dry weigbts before and after washing. 

S. Use the dry sample for dry sieving starting at step 2. 

COMPUTATIONS 

As shown in Table 3, a generic stack of sieves is made of n sieves baving an open
ing size decreasing from top to bottom, and numbered from 1 to n. At the bottom 
of the stack, there is a pan numbered n + 1. The weight retained on each sieve is 
Wt. Wz, ... , W". and the weight retained on the pan is Wn+lt as shown in Table 3. 
The total sample weight Wtot is the sum of all retained weights: 

(1) 

The weight W; passing the jth sieve is the sum of weights retained in the pan and 
sieves located below the jtb sieve. The weight passing the top sieve (j = 1) is 

(2) 

and tbe weight passing the jth sieve (n ~ j ~ 1) is 

(3) 

W~+l = 0 because no material passes through the pan. The percentage in weight 
of material finer than the mesh opening of the jth sieve is p{ 

W' 
p;= 100 WL (4) 

'0' 
As shown in Table 3, Pj always decreases with j because Wi decreases continu
ously with j. 

TABLE 3 
Summary of calculations for sieve analvsis 

Sieve Weight 
number retained Weight passing 

1 (top) W, 11", = Wz + W) + ... + W,,+l = WtOi - WI 

2 W, W; = W:~ + W4 + ... + W,,+l = WI - W, 

j W, Wj = WJ+I + ... + W,,+l = Wi- I - W, 

n W. w:. = w,,+t 
n + 1 (pan) W,,+l w;,+l = 0 

Percent finer 

100 Wi I Wtot 

lOOW;IWtot 

100 Wj IWtoI 

l OO w;, / WIOI 

o 

The coe cients of uniformity Cu and curvature Ce are defined from DIO , 
D30 and D(JJ. the grain size corresponding to 10, 30, and 60% by weight finer. 
DIO : D30 and D(JJ are obtained by using a semilogarithmic interpolation between , 



Computations 

the data points of the grain size distribution curve, For instance, when 
Pi<~<PiH' 

log(DIO) log(d
i
) + log(d,.,) ~ ~g(d,) (10 p,) (5) 

where dj and di + \ are the sieve openings corresponding to Pi and Pi + \. There
fore. 010 is 

(6) 

0 30 and 0 60 are calculated similarly to 0 10 , 

Error Analysis 

The results of sieve analyses are checked by comparing the accumulated weight 
WCOt and initial sample weight Woo If Wtot is smaller than Wo, material was lost or 
data were recorded incorrectly. Wtot may also be slightly larger than Woo owing to 
added measurement errors. Equation 1 implies that the error .1.Wlol on Wlot is 

(7) 

where .1.W is the scale accuracy and n is the number of sieves. Because all weights 
are measured on the same scale. the error .1.Wo on Wo is also equal 10 .1.W There
fore, the error .1.(WCOI - Wo) on Wtot - Wo is 

(8) 

If the sieve analysis was correctly performed, I WIOI - Wo l should be smaller than (n 
+ 2).1.W. The analysis should be repeated if I WIGI - Wol is larger than (n + 2).1.W. 

EXAMPLE 

Figures 5 and 6 show the results of a sieve analysis for a fine-grained sand. 
As shown in Fig. 5, the results are presented in the form of a grain size dis
tribution curve, which is obtained by plotting grain size (i.e., sieve opening) 

'00 

t 80 

1; 60 

~ 
~ 40 a 

~ 2{) 

0 ..Ii 
om 0.1 10 

Grain size (mm) 

Figure 5 Example of grain size distribution curve obtained by sieve 
analysis. 
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on the abscissa and the percent finer by weight on the ordinate. A logarith
mic scale is used for the grain size, and a linear scale is used for the percent 
finer values. 

Figure 7 shows the formulas used in Fig. 6. ~ co~fficients D l.!!.!... DJO• 

~d D6I) are calculated by usin~the ISemi~ogarithmic interpolation of -:6, 
which is perfonned by the user efined function INTER See Chapter 8-1). 

A B C 0 E 

1 Sieve analysis 
I-
~ Analyst name: Mike Kapuskar ,..;. 
f+ Test date : 13-11-1990 

f+ Sample description: San FfanCisooMarina sample 13120 (beach sand) 

rT Sample mass M 0 : 191.10 • 
US sieve Sieve opening Mos' Mass pasSIng Percent finer by 

+ number (mm) retained (R) (01 welrJht 

• d M M P 

~ 4 4.750 0.00 190.20 99.53 

10 2.000 2.10 
, 

188.10 ,8.4" * * 
20 0.850 4.60 183.50 96.02 

* 
35 0.500 15.80 167.70 87.76 

~ 60 0.250 40.90 126.80 66.35 

~ 100 0.150 122.00 4.60 2.51 

~ 200 0.075 4.70 0 .10 0.05 
17 poe 0.10 0.00 0.00 

7.- otalmaSSM .. '"' 11::1U,"'-' g 

0 '0. 0.159 mm C~'" 1.492 

To 0 30 - 0 .187 mm Cc• 0.923 

T. 0 00 :, 0.238 mm 

Figure 6 Example of data set for grain size analysis . • 

B C D E 

US sieve number Sieve opening (mm) Mass retained (g) Masspasslng(g) 
Percent finer by 

weight 

d M M P 
4 4.75 0 .. Mlot·M _(MplMO)' 100 

10 2 2.1 :010·M ",(Mp/MO)"100 

20 0.85 4.6 ",01t ·M :(MplMO)"100 

35 O.S 15.8 ",012·M =(MplMO)"100 

60 0.25 40.9 :013-M ",(MpIMOl'l00 

100 0.15 122 :014-M ",(MplMO)" 1 00 

200 0.075 4.7 :015·M ==(MplMO)"l00 

poe 0.1 :016-M .(Mp/MOl"loo 

Totaimass M ~ '" -SUM(M) 
, 

0 10 ", ,.tnler( t O,p,d) Cu '" : 0.6010.10 

0 30 = =inter(30,p,d) Co: : 0 .30"2/0.1010.60 

Oeo '" :lnter(60,p,d) 

Figure 7 Formulas used in Fig. 6. 
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See Introduction for references to ASTM procedures (pages 4 to 6). 

AASHTO T87, Sample preparation. American Association of State Highway 
Transportation Officials, Washington, DC. 

AASHTO T88, Standard test method for particle size analysis of soil. 
BS 410, 1969, Test Sieves, British Standards Institution, London. 

1. What is the purpose of grain size analysis? 
2. Under what conditions should you use wet sieving instead of dry sieving? 
3. On which basis do you select the number and opening of sieves for the sieve 

analysis of a given soil? 
4. How' can you quickly verify the results of dry sieving? 
5. What are the smallest and largest mesh openings used in practice for deter

mining grain size distribution? 
6. A mass of volcanic ashes with bighly crushable grains is brought to the lab

oratory. What precaution do you take to determine its grain size distribu
tion? 

7. On what range of particle size does the sieve analysis apply? 
8. Is it possible to carry out a sieve analysis on a sample of clay? 

1. The following masses of soil are retained on sieves. 

US Sieve No. 4 10 20 40 100 200 p,n 

Mass retained (g) 100 150 200 250 200 100 5 

Draw the grain size distribution curve and determine Cc and C". 
2. Determine the formulas that define the error on the percent by weight finer 

in terms of the retained weights and the experimental errors. Include these 
formulas in the spreadsheet calculation. 

3. Modify the spreadsheet to obtain a grain size distribution curve that has 
percent coarser by weight, as the vertical axis rather than percent finer by 
weight. 

4. In your laboratory report, calculate coefficients DIO , D30 , and D60 by using 
a linear interpolation instead of the nonlinear interpolation of Eq. 6. Com
pare the values obtained by both interpolations. 

5. Plot the following grain size distribution as a frequency distribution and a 
cumulative distribution. Calculate the range, average, and standard devia
tion of this distribution. Attempt to fit the experimental distribution with a 
lognormal distribution. 
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Sieve number 

8 
10 
20 
40 
50 
60 
80 

100 
200 
pan 

Sample me .. , 1684 g. 

Mass 
retained 

(g) 

76 
38 

374 
538 
226 
74 

142 
44 

104 
60 

Chap. 1 - 2 I Sieve Analysis 

6. Plot the following grain size distributions as cumulative distributions. Calcu
late the coefficients of uniformity and curvature. 

Mass Mass 
retained retained 

Sieve number (g) Sieve number (g) 

4 0 4 0 
8 98 9 118 

10 46 16 160 
20 394 20 184 
40 594 30 214 
50 240 40 270 
60 88 60 26. 
80 144 80 118 

100 50 100 56 
200 104 200 102 
pan 56 pan 62 

Sampl. mil", 1814 g. S.mple m .... 1560 g. 

7. Write a report on the results of the following sieve analyses. Include a dis
cussion of the experimental errors assuming that the scale accuracy is 0.5 g. 
Plot the grain size distribution curves, and classify the soils by using their 
coefficients of uniformity and curvature. 

Mass Mass 
retained retained 

Sieve number (g) Sieve number (g) 

4 0 4 0 
8 76 10 124 

10 38 16 168 
20 374 20 200 
40 638 30 240 
50 226 40 274 
60 74 60 328 
80 142 80 136 

100 44 100 52 
200 104 200 114 
pan 60 pan 58 

Sample""", 1684 g. Sample miss. 1698 g. 



OBJECTIVE 

STOK ES' LAW 

Principles of 
Sedimentation Analysis 

Sedimentation analysis (hydrometer, pipette, and buoyancy analysis) defines the 
grain size distribution curve of soils that are too fine to be tested with sieves. Sed
imentation analysis sorts soil particles by size using the physical process of sedi
mentation , a process that is described by Stokes' law (Stokes. 1891). The grain 
size is calculated from the distance of sedimentation of soil particles. The percent 
by weight finer is detennined by measuring the unit weight of the soil- fluid sus
pension. 

The rigid sphere of Fig. 1 with diameter D is immersed in a viscous fluid of vis
cosity Tl and having velocity U far away from the sphere. According to Stokes' 
law, slowly moving viscous fluids exert drag force F on the sphere: 

(I) 

• 

• 
Figure 1 Flow past a fixed sphere for low Reynolds numbers. 

31 
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The l'I.uid viscosity 1) has the dimension of mass divided by length and time, and 
its unit is generally g/cm·s. 

Stokes' law is applicable to slowly moving fluids that display the laminar 
flow patterns of Fig. 1 when the Reynolds number is smaller than 1. By definition, 
the Reynolds number R( is the dimensionless ratio of inertial and viscous forces. 
In the particular case of the flow around a sphere, R t is 

R ~pUD , ~ 
(2) 

where p is the fluid unit mass (i.e., the fluid mass in a unit volume). Stokes' law 
is no longer applicable when Rt » 1 because of the changes taking place in the 
flow pattern. 

These changes in flow patterns around a sphere are illustrated in Fig. 2 by 
considering the flow around a cylinder. After the laminar flow of Fig. 2a, a circu· 
lation appears in Fig. 2b behind the cylinder with two vortices rotating in oppo
site directions. When Re :::::: 40, there is a sudden change in the character of the 
motion. One of the vortices behind the object gets so long that it breaks off and 
Iravels downstream with the fluid . Then the fluid curls around behind the sphere 
and makes another vortex. The vortices peel off alternately on each side, so an in
stantaneous view of the flow loo)<.:s roughly like that sketched in Fig. 2c. As the 
velocity gets higher and higher, there is Jess and less time for the vorticity to dif
fuse in a larger region of fluid. When Rc ~ 10", the flow is chaotic and irregular. 
As Rc is increased further, the turbulent region moves toward the cylinder and 
forms a turbulent boundary layer. 

The drag force F defined for spheres in Eq . 1 may be generalized to o ther 
shapes by expressing it in terms of a drag coefficient Cd ti mes the stagnation pres· 
sure l pCfl and the projected area Ap of the body normal to the flow: 

In the case of a sphere, Ap and Cd are 

A =~ D2 
p 4 and 

(3) 

~ 24 C ~24 -- ~-
d P UD Rc 

(4) 

Figure 3 shows the theoretical and measured drag coefficients Cd for spheres, 
disks, and long circular cylinders. Equation 4 predicts that Cd is inversely propor· 
tional to Rco which translates into a straight line of slope equal to -1 in the log
log scale of Fig. 3. As shown in Fig. 3, Eq. 4 reproduces reasonably well the meas· 
ured values of Cd for spheres provided that R, < 1. But it breaks down when Re 
> 1 for spheres and other shapes, as indicated by departure of experimental 
points from the theoretical straight line in Fig. 3. 

APPLICATION OF STOKES' LAW TO FALLING SPHERES 

When a sphere of radius a falls at a constant velocity V in a fluid of viscosity 11. 
it is subjected to three forces: its weight, +;1ta3ys; the drag force, -61t11Ua; and 
the buoyancy force, -~1ta3'Y ... where 'Ys is the sphere unit weight and 'Y ... is the fluid 
unit weight. By definition, the unit weight is the weight of a unit volume. The 
buoyancy and drag forces are acting in tbe direction opposite to the weight that 
is arbitrarily taken positive. When the particle velocity reaches a constant velocity, 
the fo rces are in equilibrium: 



Application of Stokes' Law to Falling Spheres 

- (a) R.=1O-2 

(b) 1<.-20 

(e) R ... IOO 

(d) R.=1O' 

(e) R.= lQli 

Figure 2 Flow past a fixed cylinder for various Reynolds numbers, 

1000.---__ --------------------, 

100 

JO 

, 
\ 

\ 

--- Theory (sphere) 

- - - - - - - Experiment (sphere) 

-- - - -E;t(pcriment (disk) 

- - - - Experiment (cylinder) 

\ .. 
\ .. 

" 
.... _-----

0.1 h~_~~_ ....... '__~_+.__' 
0.001 0.1 JO 1000 100000 10000000 

Reynolds number R.. 

Figure 3 Measured and theoretical drag coefficient for spheres, 
disks, and cylinders (data after Roberson and Crowe, 1993), 
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4 4 _ lta3", - _lta3", - 61t'l'l Va = 0 3 1$ 3 110' ' I 
(5) 

The sphere velocity U is proportional to a2: 

(6) 

while Rt is proportional to a J : 

(7) 

where P ... is the fluid unit mass. 
The terminal velocity U and Rt values of spheres made of a typical soil min

erai and falling in water are given in Table 1. Stokes' law does not apply to 
spheres with a radius larger than 0.1 rom, because Re > 1. The diameter of 0.1 
mm gives an approximate upper limit of particle size (or which Eq. 6 applies. 
Equation 6 does not hold also for colloids that are particles smaller than IJ.UD. 
Colloids are influenced predominantly by the electrostatic forces acting on their 
surfaces. In this case the gravitational forces of Eq. 5, which are proportional to 
particle volume, become negligible with respect to electrostatic forces. The mo
tion of colloids is random and is referred to as Brownian. 

As a consequence of Eq. 6, the sphere of radius a initially at the Liquid sur
face at time t = 0 will reach the depth H at time t: 

TABLE 1 

Velocity and Revnolds number 
of a sphere falling in water (Ps = 2.7 g/cm3, 
Pw = 1.0 g/ cm3, 11 = 0,01 g/ cm·s) 

a (mm) U (cm/s) R, 

1.0 3.7 x 10> 7.4 .x 10' 
0.1 3.7 7.4 
0,01 3.7 x 10- 2 7.4 x 10- 3 
0.001 3.7 x 10- 4 7.4 x 10-e 

(8) 

THE SEDIMENTATION PROCESS 

The model of Fig. 4 illustrates the suspension process with four particle sizes. The 
particles are settling in a 5O-cm-high container filled with water. The particle di
ameters and terminal velocities calculated by using Eq. 6 are given in Table 2. AL
though it oversimplifies soils that contain many more particle sizes, this model is 
still useful to understand what happens in suspensions at various time intervals. 

Initially the particles are distributed uniformly by shaking the suspension. 
The sedimentation process starts at time t = 0 immediately after the suspension 
stops being shaken. All the particles are assumed to reach their terminal velocity 
with.in a very short time. At I = 10 s, the coarse silt particles A have traveled 
about 1 em, whereas the clay particles have only fallen 40 l-lm. At t = 15 min, all 
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the coarse silt particles have reached the bottom. At t = 3 h, all medium silt par
ticles have settled at the bottom. At r = 8 h, only the clay partWJ~ain in sus
pension. The sedimentation process sorts small particles by size in the same way 
that sieves separates coarse particles. . 

Instead of four sizes, soil may have n different particle sizes at . a2 • ... • all' 
where at > a2 > . .. > all' These particles when mixed with water make a soil-wa
ter mixture which is hereafter referred to as a suspension. The concentrations WI, 
Wz' ... , WII denote the total weights of particles of size alo~, ... • a" in 1 L. Wtot 
= WI + W2 + .. . + Wn is the total weight of particles. The percent Pi by weight 
finer than size aj is 

" PJ ~ ~OO I. W, (%) 
tot I_i+ l 

(9) 

In a random suspension, particles are evenly scattered. The weight of particles 
and percent fi ner for a given particle size is identical at all depths. The sedimen
tation process sorts the particles as illustrated in Fig. 4. At time r > 0, all the par
ticles above depth H have a radius smaller than a: 

(10) 

At depth H, the concentration of particles of radius a ,is constant from r = 0 until 
r = HIU, where U is the velocity of the particles of radius a. At time 1 > HIU. 

o 0 0 x c O X" 

a 0 x a 0 x 

a 0 x a 0 x 

a 0 x a 0 x 

a 0 x a 0 x 

a 0 x a 0 x 

o ---x 
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x 

x 

A 8 C 0 AB C 0 

o 

o x 
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o x 
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o x 
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o x 
a 

o x 
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IrO 

t a SIv 

x 

- "" A 8 C 0 

Figure 4 Schematic representation of the sedimentation process of 
particle sizes A, B, C, and 0 in Table 2 (after Head, 1984) . 
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there is no longer a particle of radius a at depth H. The percent by weight finer 
than a can therefore be determined from the concentration of particles of size a 
at depth H at time I. 

TA BLE 2 
Terminal velocities of particles in suspension in Fig. 4. 

Type of 
particle 

A: Coarse silt 
B: Medium silt 
C: Fine silt 
D: Clay 

Diameter 
(~m) 

35 
12 
4 
2 

Terminal velocity 
(em/s) 

0.1090 
0.Q128 
0.0014 
0.0004 

UNIT WEIGHT OF A MIXTURE OF FLUID AND PARTICLES 

HYDROMETER 

The weight of a mixture of water and soil particles is 

VYIV= X+ (V-f,)Yw (11) 

where 'Yav is the average unit weight, V is the total volume of the suspension, x the 
weight of particles in the volume V, "{, the unit weight of the solid particles, and 
"(IV the unit weight of the water. Therefore, the weight x of particles in volume V is 

(12) 

where G, is the specific gravity of soil grains: 

G - y, , - y. 
(13) 

The average unit weight "fav of the suspension is 

(14) 

Equation 14 implies that 'YIV > "f ... when "t, > "t ... . When particles settle down, x 
gradually decreases toward zero and "fav slowly decreases toward "f ... . The unit 
weight Yay of a sedimenting mixture, which varies with depth and time, can be 
measured with a hydrometer. 

As shown in Fig. 5, the hydrometer has a graduated stem and a weighted bulb. 
When it floats, its weight Wh compensates the buoyancy force: 

J
h, 

Wh = 0 S(z)y(z)dz (15) 



Hydrometer 

-

Neck of 
bulb 

Centroid of 
hydrometer bulb 

V Srem 
1 Unit weight of mixture fluid 

and soil particles 

" . . 

.... ' . 

. ' .... ; 

...... 
::.: .:::. 

Figure 5 Schematic view of the hydrometer in a sedimenting mix
ture. 
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where z is the depth measured from the free surface. S(z) the cross-sectional 
area of the hydrometer at depth z. y(z) the fluid unit weight at depth z. and hi 
the wetted length of the hydrometer at time t. The buoyancy force is the sum of 
the buoyancy forces applied to bulb and stem: 

f" f" W, = S(,)y(,)d, + So y(,)d, 
' . 0 

(16) 

where hb is the depth of the bulb neck and So is the constant cross-sectional area 
of the stem. Because the stem volume is much smaller than the bulb volume Vb. 
the second integral of Eq. 16 is small compared to the first one. Therefore, the hy
drometer measures the average unit weight 1." of the fluid between depths hb and 
h,: 

1 f" 1 f" y" = , S(,)y(,)d, = V S(z)y(,)d, 

f ' h b h 
S(z)dz b b 

'. 

(17) 

< 
As shown in Fig. 5, when the suspension density gradually varies with depth, 

1.., is approximately equal to the suspension unit weight at depth H where the 
bulb is centered. Since the hydrometer weight Wh is constant. Eq. 16 implies that 
a decrease in mixture density between depths hb and hi is balanced by an increase 
in the wetted length h,. Therefore. the hydrometer stem can be graduated to 
measure the suspension unit weight. 
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The 152H hydrometers (ASTM E 100(94) are graduated to measure the 
weight x of soil in 1 L assuming that Gs = 2.65. Whe the soil has another specific 
density Gs, the corrected weight x' of soil per liter of suspension is 

2.65-1 Gs Gs 
x' = 2.65 Gs-l x=O.6226 G

8
-1 x (18) 

DETERMINATION OF PERCENT BY WEIGHT FINER 

The hydrometer gives the weight x of particles located around the bulb centroid 
but not of those located above or below. If WI"! is the initial concentration of par
ticles, the percent by weight finer than size a is 

x 
p~- x 100 (%) 

WI01 

(19) 

As shown in Fig. 6, when the hydrometer is immersed in a burette of finite 
size, the water level rises, which changes the distance particles fall relative to the 
free surface. The water surface rises the distance VtlA, where Vb is the volume of 
the hydrometer bulb and A is the cross-sectional area of the sedimentation bu
rette, whereas the water at the elevation of the bulb centroid only rises the 
amount Vtl2A. Therefore, the particles at depth H where the bulb centroid is lo
cated have indeed fallen the distance H R: 

(20) 

The substitution of HR into Eq. 10 gives the grain size a corresponding to p in 
Eq.19. 

I.', r.,-,,-1,~,-,,-,,-... ]v.IA 

H 

v. 

Figure 6 Effect of finite size of burette on distance of sedimenta
tion. 
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UNIT MASS AND VISCOSITY OF WATER 

0.016 

0.0 14 
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~ 0.010 

" 0008 

0006 
0 

As indicated in Table 3, the unit mass Pw and the viscosity 11 of the water are 
functions of temperature T. As shown in figs. 7 and 8, the values of P ... and 11 that 
are listed in Table 3 may be fitted by using a cubic polynomial: 

~ ~ 0.0178 - 5.684 x IO-'T + 1.115 x 10-'1"' - 1.017 x 10-' 1"' (21) 

P. ~ 0.99991 + 5.202 x lO-'T -7.512 x 10-'1"' + 3.605 x 10-'1" (22) 

The values of PlIO and 11 at temperature T may also be calculated by linear inter
polation of values in Table 3. For instance, if T is between temperatures Ti and 
Ti+h then l'J is 

(23) 

where l'J ;+1 is the viscosity at temperature T;+1 and l'J1 is the viscosity at tempera
ture Ti . In a similar way, P ... at temperature T is 

(24) 

where Pi+1 is the water unit mass at temperature TiH' and Pi is the water unit 
mass at temperature Ti • 

1.(102 ,------------, 

1.000 

i 
~ 0.998 

~ 
o Measured 

--Fitted 

0.996 Cl Measured 

--Filled 

0.994l----_---_--~ 
10 20 30 o 10 20 30 

Temperature (' C) Tempe:rature (' C) 

Figure 7 Variation of viSCOsity of water with 
temperature. 

Figu re 8 Variation of unit mass of water with 
temperature. 

LlMITAnONS OF SEDIMENTAnON ANALYSIS 

The sedimentation analysis assumes that soil particles (1) are spherical, (2) have 
similar specific gravity G8t (3) are separated from one another, and (4) do not in
teract during sedimentation. These assumptions are not always verified, which 
limits the application of sedimentation principles to grain size analysis. 
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TABLE 3 
\!iscosity and density of distilled water 
at various temperatures (International Critical Tables, 1928) 

Temperature Dynamic, viscosity Unit mass 
("C) (g/s·em) (g / cm3 ) 

4.0 0.01567 1.00000 
16.0 0.01111 0.99897 
17.0 0.01083 0.99880 
18.0 0.01056 0.99862 
19.0 0.Q1 030 0.99844 
20.0 0.Q1 005 0.99823 
21.0 0.00981 0.99802 
22.0 0.00958 0.99780 
23.0 0.00936 0.99757 
24.0 0.00914 0.99733 
25.0 0.00894 0.99708 
26.0 0.00874 0.99682 
27 .0 0.00855 0.99655 
28.0 0.00836 0.99627 
29.0 0,00818 0.99598 
30.0 0.00801 0.99568 

1. As described later in Chapter 2-1, small particles such as clay and silt parti
cles are usuaUy not spherical but similar to "corn flakes." Therefore, the 
drag coefficients Cd of these non-spherical objects can be different from that 
of Stokes' law. 

2. Natural soils may consist of particles' having several minerals, different val
ues of Gs> and various tendencies to break down into small fragments. In 
this case, the particle velocity and size may not be described by using an av
erage value of G,. 

3. Particles in suspension are usually separated by using a chemical agent 
which creates repulsive forces between particles. However it is difficult to 
prevent some particles from clustering together and falling faster than indi
vidual particles. 

4. Finally, the flow patterns around fa lling particles., which are assumed to be 
laminar, may become complicated when they interact with one another. It is 
assumed that this effect is limited when the concentration of soil particles is 
smaller than 50 giL. 

In spite of these limitations, the principle of sedimentation is still used to deter
mine the grain size distribution of fi ne-grained soils in geotechnical engineering. 
It may lead to results which do not fully agree with those of more advanced tech
niques used in the powder industry (e.g., Allen, 1974). However, the sedimenta
tion analysis is not expensive to perfonn, and produces consistent results which 
are sufficient to classify soils for engineering purposes. ' 

ALLEN, T., 1974, Particle Size Measurement, Chapman & Hall, London. 
HEAD, K. H ., 1984, Manual of Soil Laboratory Testing, Vol. 1: Soil Classification 

and Compaction Tests, Pentech Press, Londo~. 
INTERNATIONAL CRITICAL TABLES, 1928, Vols. III and V, McGraw-Hill Book Co., 

New York. 
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ROBERSON. 1. A.. and C. T. CRowE, 1993. Engineering Fluid Mechantcs.~b~ Ed., 
Houghton Mifflin Company, Boston, pp. 502-508. " ~ f" ':Ift 

STOKES, '0., 1891, Mathematical and Physical Paper III. 'C!mbridge Univellity 
Pre~ Cambridge, u.K. 

, 
,;'.-.i· . 
ti'i'1. ,' .. 

L What is Stokes' law? Which physical quantities does it relate? ':~~ 
z. What is the physical dimension of the viscosity used in Stokes' lawf IB 

3. 

4. 

S. 
6. 

7. 

8. 

9. 

10. 

11. 

which unit is it usually expressed? What is the approximate value of the w~~ 
ter viscosity at 20 oC? 
State the Reynolds number of a sphere of radius R in a fluid of viscosity 1) 

and unit mass p flowing with velocity U. 
What is the approximate range of Reynolds numbers to which Stokes' law 
applies? 
What is the drag coefficient of a sphere calculated by using Stokes' law? 
What is the terminal velocity of a sphere of radius 0.2 mm and specific grav
ity G1 = 2.65 that faUs into pure water at 20oC? 
Does Stokes' law apply to the particles of medium sand falling in the sedi
mentation burette? 
Do the water viscosity and water density increase or decrease with temper
ature? 
What physical law prevents the particles smaller than 1 ~m from falling 
when they are in suspension? 
What shape is assumed for the soil particles when interpreting the results of 
a sedimentation analysis? Does this assumption apply to clay particles? 
Does the addition of salt to distilled water increase or decrease the unit 
mass of water?' 
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Hydrometer Analysis 

HY<!T~ter a~ is used to determine the grain size distribution of fine
g rained soils having particle sizes smaller than 75 J.lm ...... If soil samples have parti
'Cle sizes ranging from sand to Slit or clay, Sieving and sedimentation analysis are 
combined as explained in Chapter 1-7. The principle of hydrometer analysis is 
based on Stokes' law. It assumes that dispersed soil particles of various shapes 
and sizes fall in water under their own weight as non-interacting spheres. 

The equipment used in hydrometer analysis includes: 

• Soil hydrometer. There are two different types of hydrometers. One is grad
uated in the specific gravity of fluids and is calibrated to read l.()(X) g/cm3 in 
pure water at 20°C The other is graduated in grams of soil and is calibrated 
at 0 gIL in pure water at 20°C. The capacity and accuracy of both types of 
hydrometer are indicated in Table 1. Hereafter, we will use the 1.52H hy. 
drometer graduated in grams of soil per liter (ASTM 0422). 

TA BLE 1 
Capacity and Accuracy of Hydrometers 

Hydrometer type 

Fluid specific gravity 
Grams of soil per liter 

Capacity 

0.995-1.04 
0.0-50.0 

Accuracy 

0.001 
1.0 

Unit 

g/cnil 
giL 

'. . . ' • . Dispersion apparatus, a high·speed· mechanical stirrer equipped with an 
electric motor ... which rotates a stirring paddle 'at high speed (Fig. 1). The dis· 
persion apparatus disperses the mixture of soil, chemicals, and water. If no 
conventional stirrer is avai lable, a malt mixer or blender can be used. 



Preparation and Pretreatment of Sample 

Figure 1 Equipment for hydrometer analysis. From left to right, 
two graduated cylinders, also called sedimentation cylinders, a ther
mometer, a hydrometer, dispersion apparatus, two porcelain evapo
rating dishes, a stock solution of sodium hexametaphosphate, and a 
scale. 
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• Two sedimentation cylinders of glass, essentia lly 45 em high and 6.6 em m 
diameter, marked for a volume of 1000 mL. 

• Thermometer, ranging from 0 to 50 C, accurate to 0.5 C. 
• Stopwatch. 
• Balance accurate to 0.0 I g. 

• Measuring cylinder, 100 mL. 
• Two porcelain evaporating dishes about 100 mm in diameter. 

• Drying oven, 105°-110 C. 
• Glass rod about 12 mm in diameter and about 400 mm long. 

• 500 mL of hydrogen peroxide. 
• 500 mL of stock solution of sodium hexametaphosphate with a concentra

tion of 40 g per liter of distilled or demineralized water. This solution should 
be prepared freque ntly, and shou ld be less than a month old. 

• 3 L of distilled or demineralized water. The water should be at the temper
ature that is expected to prevail during the hydrometer tes!. 

PREPARATION AND PRETREATMENT OF SAMPLE 

1. The test specimen is obtained from the fraction of soil sample that is 
smaller than 75 ~m. The approximate weight of the dry specimen may be selected 
as shown in Table 3. 
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TABLE 2 TABLE 3 
Stock Solution for Dispersing Agent Approximate Quantity of Material 

for Sedimentation Analysis. 
Chemical Quantity 

Sodium hexame,taphosphate 
Buffered with Na2C03 
(commercial name ~Calgon~) 

Water 

40.0 

, .0 

Unit 

9 

L 

Soil type 

Fat clays 
lean clays and silty soils 

Dry weight 
(g) 

30.0 
50.0 

2. Organic soils must be treated with chemicals to remove organic matter. 
The organic matter is removed from soils by oxidation and is accomplished by 
mixing the soil sample with a solution of 30% hydrogen peroxide. The air-dried 
test specimen is placed in a lOOO-mL conical beaker, 150 mL of the hydrogen per
oxide solution is added, and the mixture is stirred gently for a few minutes with 
a glass rod. Th'e oxidation process may be accelerated by heating the mixture gen
tly. Very organic soils may require several additions of hydrogen peroxide, and 
the oxidation process may take 2 to 3 days. The oxidation process is completed 
when there are no more gas bubbles. After the pretreatment, the volume of liquid 
may be reduced to .about 50 mL by boiling. 

3. Very fine soil grains will normally tend to flocculate in a suspension (i.e., 
will adhere to each other and settle together). A dispersing agent is added to all 
samples to prevent grains from flocculating. A 125-cm3 quantity of stock solution 
of sodium hexametaphosphate (40 gIL) is usually sufficient to disperse most soils. 
After placing the dry sample in a dish, distilled or d,emineralized water is added 
until the sample is submerged; then the 125 cm3 of dispersing agent is added. The 
sample should be allowed to soak overnight or until all soil lumps have disinte
grated. 

HYDROMETER AND CYLINDER CALIBRATION 

Prior to the hydrometer test, the hydrometer and sedimentation cylinder are cal
ibrated as follows. 

1. The cross-sectional area A of the sedimentation cylinder is determined by 
measuring its internal diameter. 

2. The volume of the hydrometer bulb Vb is obtained by immersing it in a 
graduated cylinder and measuring the rise of water level. 

3. The distances between the bulb center and graduation marks 0, to, 20, 
30,40,50, and 60 giL are noted ho, h lO' !tw, h30, h4(h hso• and h~), respectively. As 
shown in Fig. 2, they are determined by adding hand N to 10,/10 , ho./30, /40, iso, 
and fro, where N is the distance between bulb neck and lowest stem mark and h 
is the distance between the bulb centroid and bulb neck. For instance, the dis
tance between the bulb center and the 30-glL graduation is h30: 

1130= 130+ N + h (1) 

For a symmetrical bulb, h is half the bulb height. Typical results of a hydrometer 
and cylinder calibration are reported in Table 3. As shown in Fig. 3, the distance 
between the graduations marks and bulb centroid are linearly related and can be 
fitted by linear regression. 
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Figure 2 Measurements for calibration of 
hydrometer. 

Figure 3 Relation between hydrometer readings and 
distance to bulb center for the hydrometers of Table 3. 

TA BLE 4 

Example of Calibration Results for Three Soil Hydrometers. 

Distance to bulb center (cm) 

Graduation Hydrometer Hydrometer Hydrometer 
mark on slem (g/ L) 1 2 3 

0 16.5 17.4 17.3 
10 14.8 1S.7 15.75 
20 13.1 14 14.2 
30 11 .5 12.4 12.65 
40 9.9 10.7 11.1 
50 8.4 9.3 9.55 
60 6.9 7.7 8 

Bulb volume (mL) 60 60 60 

Slope (cm L/g) -0.16 ·0.16 ·0.16 
Intercept (cm) 16.39 17.30 17.30 

CORRECTION OF HYDROMETER READING 

Three corrections are applied to the hydrometer reading R: Cm , the meniscus cor· 
rection; m, the temperature correction; and Cd , the dispersing agent correction. 
Cm applies to the calculations of grain size and percent by weight finer, whereas 
m and Cd apply only to the calculation of percent by weight finer. 

Meniscus Correction 

Hydrometers are calibrated to read correctly at the surface of a transparent liq
uid ... which is represented by level A in fig. 4. But soil suspensions are not trans
parent, making such a reading impossible. Therefore, the hydrometer is read 
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Reading 

Corrected reading 

,Figure 4 Reading a hydrometer. and determination of meniscus 
correction. 

systematically at the upper rim of the meniscus, which corresponds to point B in 
Fig. 4. em is determined by immersing the hydrometer in clear water and measur
ing the difference between the hydrometer reading made at points A and B. em 
is always positive and is a constant for a given hydrometer. em is equal to approx- \ 
imately O. 5 gIL for most 152H hydrometers. The corrected hydrometer reading R' 

" 
R'=R+Cm (2) 

where R is the reading above the meniscus. 

Temperature Correction 

Temperature influences the solution density and hydrometer volume (caused by 
thermal contraction or expansion) and consequently the density reading. Since the 
hydrometer is calibrated at 20"C, a temperature correction factor m must be added 
algebraically to each hydrometer reading. The following temperature correction m 
(gIL) was determined experimentally for a particular type of hydrometer 

m ~ lOOO [0.99823 - P. - 0.000025 (T - 20)] (3) 

where T is the temperature of water ("C) and PI<' is the water unit mass (glcm3) at 
temperature T. As shown in Fig. 5, the correction In is equal to zero for T = 20°C, 
and is positive or negative, depending on T. 

Dispersing Agent Correction 

The addition of a dispersing agent to water increases the liquid density. Cd is the 
hydrometer reading in water and dispersing agent. Cd is always positive and should 
be subtracted from the corrected hydrometer reading R' when calculating percent 
by weight finer. The maximum value of Cd is estimated from the concentration of 
dispersing agent as follows: 

gIL (4) 

where Xd is the concentration of dispersing agent in stock solution (gIL), and Vd 
is the volume of stock solution in 1 L. When X d = 40 giL and Vd = 125 mL, Eq. 
4 gives Cd = 5 gIL, a value which is slightly different from the measured value of 
Cd because the dispersing agent has a smaller specific density than soils. 
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Figure 5 Variation of temperature correction factor m for a partic
ular type of hydrometer. 
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Following the removal of organic matter, addition of dispersing agent, and hy
drometer and cylinder calibration, the test procedure consists of the following 
steps: 

L Determine the dispersing agent correction Cd and the meniscus correc~ 

tion em. 
2. Measure the specific gravity of solids G$' 
3. Transfer the soil- water slurry from the dish to a dispersion cup, washing 

any residue from the dish with distilled or demineralized water. As shown in 
Fig. 6, add distilled water to the dispersion cup until the water surface is 5 to 8 cm 
below the top of the cup. If the cup contains too much water, it will splash out 
while mixing. Place the cup in the dispersing machine and disperse the suspension 
for 1 to 10 min. 

4. lransfer the suspension into a lOOO-mL sedimentation cylinder and add 
distilled or demineralized water to fill the tOOO mL cyclinder (Fig. 7). 

S. About 1 min before starting the test, take the graduate in one hand and, 
using the palm of the other hand or a suitable rubber cap as a stopper, shake the 
suspension vigorously for a few seconds to mix the sediment at the bottom of the 
graduate into a uniform suspension. Repeat this agitation several times by turning 
the cylinder upside down. Sometimes it is necessary to loosen the sediment at the 
bottom of the cylinder by means of an hand agitator (Fig. 8). Sustain a uniform 
suspension until the test begins. 

6. Slowly immerse the hydrometer in the liquid 20 to 25 s before each read
ing. [mmerse and remove it very slowly, as shown in Fig. 9, to prevent disturbance 
of the suspension. 

7. Record the hydrometer reading after 1 and 2 min has elapsed from the 
time agitation has stopped (Fig. 10). As soon as the 2-min reading has been 
taken, carefully remove the hydrometer from the suspension and place it in clean 
water as shown in Fig. 11. [f a hydrometer is left in a soil suspension too long, 
material will settle on or adhere to the hydrometer bulb, and this will cause a sig-
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Figure 6 The soil sample is placed in a dispersion 
cup and the dispersing agent is added . 

Figure 8 A uniform suspension may be obtained by 
using a hand agitator. 

Chap. 1 - 4 I Hydrometer Analysis 

Figure 7 After dispersion, the soil suspension is 
poured into the sedimentation cylinder. 

Figure 9 At selected time intervals, the hydrometer 
is slowly and carefully immersed. 
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Figure 10 When the hydrometer stops moving, the 
reading is made at the top of the meniscus. 

Figure 11 Once the measurement is completed, the 
hydrometer is removed slowly and carefully, and im
mersed in a second cylinder filled with clean water. 

COMPUTATION 

nificant error in the reading. Insert the hydrometer in the suspension again and 
record readings after 4, 15,30,60, 120,240, and 1240 min. 

S. At the end of 2 min and arter each hydrometer reading. record the water 
temperature. Temperature changes of the soil suspension during the test affect 
test results. Variations in temperature can be minimized by keeping the suspen
sion away from heat sources, such as radiators, sunlight, or open windows. 

11,e corrected hydrometer reading R' = R, + Cm , where R, is the hydrometer 
reading at time ( and Cm is the meniscus correction. 111e depth of fall H is calcu
lated by linear interpolation of R'. For instance, when 20 S R' S 30 giL, H corre
sponding to R' is 

R'-20 
H = " '0 + (/730 - " '0) 30 _ 20 (5) 

where "'0 and "30 correspond to the marks 20 and 30 gIL. respectively. as defined 
in the hydrometer calibration. The corrected depth of fall H R is defined to ac
count for the rise of water level when the hydrometer is immersed: 

(6) 
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where Vb is the buJb volume,A = (n /4) d~ the cross-sectional area of the cylinder, 
and de the diameter of the cylinder. According to Stokes' equation, the particle di
ameter D (mm) is 

D = 
981(G, l)p",1 

(7) 

where t is the time (min) after the beginning of sedimentation, G, the specific 
gravity of the soil particles, P ... the unit mass of water (glcm3) at temperature T, Tl 
the viscosity of water (glcm·s) at temperature T, and HR the corrected depth of 
faU (em). 

The percentage p by weight of particles with diameter smaller than D COT

responding to R' is 

_ 0.6226 (R' C + ) G, 100 p--- - d m -- x 
Wo G,- l 

('Yo) (8) 

where Wo is the oven-dried weight of soil per liter of suspension, Cd the dispersing 
agent correction, and m the temperature correction given by Eq. 3. The unit of 
Woo R', Cd, and m is giL. 

EXAMPLE 

Figures 12 and 13 show the results o f a hydrometer analysis of a silt. As 
shown in Fig. 12, the results are presented on the same type of grain size dis
tribution curve as the sieve analysis. Figure 13 shoWi the input/output data 
corresponding to Fig. 12, and Fig. 14 shows the formulas used in Fig. 13. Fig
ure 15 lists the user-defined functions DENSI, VISCO, and M. DENSI and 
VlSCO return the water unit mass in (glcm3) and water viscosity in (glcm·s) 
at temperature T (0C). M calculates changes in the hydrometer reading as a 
function of temperature T (0C) (see Eq, 3). The user-defined function IN
TERL is also used to calculate the distance of fall by linear interpolation. 
The clay fraction, which the percent by weight finer than 2 Ilm, is calculated 
by using the user-defined INTER (see Chapter g- l ). 

100 

f. 
80 

'u , 
60 ~ 
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~ 4() • ~ 
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0.00 1 O.QI 0.1 

Grain size (mm) 

Figure 12 Example of grain size distribution obtained by hydrome
ter analysis. 
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A B C 0 E , 
1 Hydrometer analysis --,--
+ Analysl name: Mike Kspusksr 

+ Test date: 11113/90 

~ Sample description: 

+ Mass In suspension Wo. 45.00 -+- , 
~ Specffic unit weight G • • 2.65 

• Dispersing agent correction Cd • 4.00 gIL 
-fa Menlcus correction Co. a 0.50 giL 

TI Cylinder diameter ~ • 5.95 om 
T. Hydrometer bulb volume Vb "' 60 om' m-

Graduation IT\Ilrll on 
Distance to bulb hydrometer stem 

center (em) 

~ 
(gil) 

R 15 

P.+ 0 16.5 

,g 10 14.8 

rH- 20 13.1 

~ '0 11.5 

~ 40 9.9 

r¥+ 50 8A 
22 60 6.' 
2 

Hydrometer reading Corrected Grain size Pel"Cflnt finer 
Time (min) (gil) Temperature eC) distance of (mm) by weight 

t-f4- lall (cm) 
25 , AI T. HA 0 • 
# 

, 40.0 22.5 8.54 0.0388 82.2 
2 7 2 34.0 22.5 9.56 0.0290 68. 8 

~ , 32.0 22.0 9.90 0.0243 84.2 

-H- 4 30.0 22.0 10.24 0.021 4 59.7 

~ 8 27.0 22.0 10.75 0 .0155 53.1 

+!:- 15 25.0 21.5 11.09 0.0116 48.4 

# ' 0 23.0 21.5 11 .43 0.0083 43.9 

# 60 21 .0 21.5 11 .77 0.0060 39.5 

..g. 240 17.0 20.0 12.45 0.0031 30.0 
3 5 .00 14.0 19.0 12.96 0.0017 22.9 
36 CI. fraction % 24.4 

Figure 13 Example of data set. 

REFERENCE 

See Introduction fo r references on ASTM procedures (pages 4 to 6) . 

REVIEW QUESnONS 

1. _ What is the purpose of hydrometer analysis? On which physical principles is 
hydrometer analysis founded? 

2. Does hydrometer analysis detennine the size of soil particles exactly? 
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Corrected distance ollall (em) Grain size (mm) 

HR o 

Percent liner by waight 

8 I c 
Clay fraction (%) s :tNTER(O.OO2.0,p) 

Figure 14 Formulas used in Fig. 13. 

A • VISCO 1:11"0111' 01 wata, 
-RESULT(1) I:" ~emII II • lurlctlon 01 
.AAGUMENT("T',I ) Ie fe1ure T In tIA ,88 c .. ls/us 
_ AETUAN(O.O I78·5.684fl 0"4·T. ,. 11 5110"S 'P2·1.0 17110"7"T"3) 

DENSI 1~."'lty 01 .ata, 
.AESUlT(I) I:~ gr/cm3 at • lunctiol'l pi 
_ARGUMENT("r.l) lempe.atur. T I" del:l'" Ce's1U5 
.. RETU AN(O. 99991 +5.20211 0"5 'r . 7 .51211 0"6'T"2+3.805/1 0"S'T"3) 

• tamp.r.tur. correcllon 
_RESULT(! ) factor lor hydrometer 
. ARGUMENT("T',I) as I flJl'lction of temperatura T 
. RETUAN 1000' O.99823·DENSI T)-O.OOO02S' T-20m In deoIlIHI CelsIus 

Figure 16 User-defined functions VISCO, DENSI , and M used in 
Fig , 14. 

3. Why do you correct the distance of fa ll of particles during hydrometer anal
ysis? 

4. What physical quantity is read on the stem of a 152H hydrometer? In what 
unit is this quantity expressed? 

S. What corrections are made on the hydrometer reading? 
6. What modifications would be required if one wanted to cany out a hydrom

eter analysis in a 2000-mL cylinder instead of a lOOO-mL cylinder? 
7. Does the hydrometer go up or down during the sedimentation of soil parti

cles? 
8. What is the purpose of the dispersing agent? Does its use require a correc

tion? 
9. Why should you remove the hydrometer from the sedimentation burette af

ter each reading? 
10. Is there a correction fo r the specific gravity of soil particles when one uses 

a 152H hydrometer? 
11. What physical quantity does the hydrometer measure? At what location 

does it measure it? 
12. Why must you slowly insert and remove the hydrometer in the sedimenta

tion burette? 
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EXERCISES 

13. Why do you measure the water temperature during the hydrometer analy
sis? 

14. What is the purpose of the hydrometer calibration? What quantities does it 
relate? 

15. Why does the meniscus correction always have the same sign? What is this 
sign? 

16. For what reason do you agitate the suspension at the beginning of the hy
drometer test? 

17. What is the usual duration of a hydrometer analysis? Why does the sedi
mentation part take so much time? 

18. Suppose that one wants to calibrate the hydrometer analysis with an assem
bly of spherical particles having only one radius: say a = 0.05 mm. Describe 
qualitatively what wiIJ happen to the hydrometer as a function of time. Will 
it sink gradually from the beginning of the sedimentation? Sketch the vari
ation of hydrometer penetration versus time. 

1. Equation 3 was assumed to account for the effect m of temperature on the 
hydrometer reading. Verify experimentally this relation. 

2. The calibration of the hydometer requires measurement of the distances h 
for the readings R = 0, 10, 20, 30. 40. 50, and 60 gIL. By using a linear re
gression, give an approximate expression that relates Rand h for the follow
ing hydrometer: 

R (g i L) o 10 20 30 40 50 60 

h (cm) 17.4 15.7 14.0 12.4 10.7 9.3 7.7 

3. Modify the example of Fig. 13 in order to use the fitting between the hy
drometer reading R and the distance It between readings and the buJb 
center when processing the experimental results of the hydrometer test. 

4. Draw the grain size distribution curve for the following hydrometer analysis 
results. 

Hydrometer calibration Hydrometer test 

Graduation Distance to Hydrometer 
mark on stem bulb center Time reading Temperature 

Soil data (g i L) (cm) (min) (g i L) ("C) 

Mass retained on No. 200 sieve Og 0 16.5 1 20.0 2. 
Mass in suspension 30.02 g 10 14.8 2 19.5 2. 
Specific unit weight 2.65 20 13.1 • 18.7 2' 
Dispersing agent correction 3 gi L 30 11.5 15 16.0 2. 
Meniscus correction 0.5 gIL 40 9.9 30 14.5 24 
Burette diameter 5.44 cm 50 8.4 60 13.0 2. 
Bulb volume 65 cm3 60 6.9 120 12.0 23 

240 10.0 29 
1240 9.5 23.5 

• 
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So Draw the grain size distribution curve for the following hydrometer analysis 
results. 

Hydrometer calibration Hydrometer test 

Graduation Distance to Hydrometer 
mark on stem bulb center Time reading Temperature 

Soil data (gi L) (cm) (min) (gi L) (OC) 

Mass retained on No. 200 sieve o g 0 18.15 1 40.0 25 
Mass in suspension 45 g 10 16.7 2 38.5 25 
Specific unit weight 2.65 20 15.25 4 38.0 25 
Dispersing agent correction 3.5 gIL 30 13.8 15 37.5 25 
Meniscus correction 0.5 gIL 40 12.35 30 365 25 
Burette diameter 5.44 cm 50 10.9 60 35.5 25 
Bulb volume 65 crn3 60 120 33.0 24.5 

240 31.2 24 
1240 26.0 23 

60 Draw the grain size distribution curve for the following hydrometer analysis 
results. 

Hydrometer calibration Hydrometer test 

Graduation Distance to Hydrometer 
mark on stem bulb center Time reading Temperature 

Soil data (giL) (cm) (min) (giL) (OC) 

Mass retained On No. 200 sieve o 9 0 24.5 1 20.0 24 
Mass in suspension 30.02 g 10 22.9 2 19.0 24 
Specific unit weight 2.65 20 21.3 4 18.0 24 
Dispersing agent correction 3 gI L 30 19.7 15 16.0 24 
Meniscus correction 0.5 gI L 40 18.1 30 14.5 24 
Burette diameter 5.44 em 50 16.5 60 13.5 23 
Bulb volume 65 cm3 60 9.45 120 12.5 24 

240 12.0 23 
1240 9.5 23 

70 Draw the grain size distribution curve for the following hydrometer analysis 
results. 

Hydrometer calibration Hydrometer test 

Graduation Distance to Hydrometer 
mark on stem bulb center Time reading Temperature 

Soil data (9/ L) (em) (min) (giL) Pc) 

Mass retained on No. 200 sieve o g 0 17.8 1 30.0 28 
Mass in suspension 30.04 9 10 16.1 2 28.0 28 
Specific unit weight 2.65 20 14.4 4 27.0 28 
Dispersing agent correction 2.25 gI L 30 12.7 15 25.0 28 
Meniscus correction 0.5 gI L 40 " 30 23.0 28.5 
Burette diameter 5.95 50 9.3 60 20.0 25 
Bulb volume 65 crW 60 7.6 120 17.0 25 

244 15.0 24 
1059 11 .0 23 

80 Derive Eq. 4 which determines the approximate Cd dispersing agent correc
tion when a "!,oiume Vd of stock solution with a concentration Xd is used in 
a liter of soil suspension. 



OBJECTIVE 

EQUIPMENT 

Pipette Analysis 

.. 

lL~i~k~e~~~~~~~~P~ipe~tt~e~~~~~1~~~~;~~;~~~7i~1'~:~:::d is~: 75prn..: If soil samples 
particles, sieving and 

pipette analysis are combined as explained in anaJysis is based 
on Stokes' law and assumes that dispersed soil particles of various shapes and sizes 
fall in a liquid under the action of gravitational forces as noninteracting spheres. 

In the United States, pipette analysis is less commonly used than hydrome
ter analysis and is not described by ASTM. However, in the United Kingdom, the 
British Standard (BS 1377, 1975) refers to pipette analysis as the primary method 
for determining the grain size distribution of fi ne-grained soils. Pipette analysis 
gives faster results thl!!L~ydrometer analysis but requires accurate measurements 
of small weights. - . ,- - - - - - -. -,- - --

The equipment used in pipette analysis includes: 

--

• Sampling pipette, either an Andreasen pipette or a regular pipette, capable 
of measuring 10 ± 0.2 mL of liquid, with a lowering and raising support 
(Fig. 1). The Andreasen pipette shown in Figs. 1, 2 and 3 has its own sedi
mentation cylinder and its own support for adjustment of sampling depth. 
As shown in Figs. 4 and 5, a regular pipette can also be used. 

• Dispersion apparatus (same as that used for hydrometer analysis). 
• TWo sedimentation cylinders (same as those used for hydrometer analysis). 

• Thetm0!Deter, ranging from 0 to 50oC, accurate to 0.5 °C. 
• SlOpwatch. 
• Balance accurate to 0.001 g. 

56 
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Figure 1 Equipment for pipette analysis. Two sedimentation cylin
ders, a thermometer, an Andreasen pipette, a 10-mL pipette, a dis
persion apparatus, porcelain evaporating dishes, and a stock solution 
of sodium hexametaphosphate, and a 1-mg sensitive scale. 

• Measuring cylinder, 100 mL. 
• Porcelain evaporating dishes about 10 em and 5 em in diameter. 

• Drying oven, 105' -1l0°C. 
• Hand agitator about 400 mm long. 

• 500 m L of hydrogen peroxide. 
• 500 mL of stock solution of sodium hexametaphosphate prepared as in the 

hydrometer test. 

• 2 L of distilled or demineralized water. 

SAMPLE PREPARATION AND PRETREATMENT 

The test specimen is selected, pretreated for removal of organic matter, and 
mixed with a dispersing agent as described for hydrometer analysis. For the pi
pette analysis, it is recommended to use 500 mL of soil-water suspension and 65 
mL of stock solution of sodium hexametaphosphate (i.e., half the quantities used 
for hydrometer analysis). 

PIPETTE CALIBRATION 

The pipette volume V must be calibrated. This calibration does not need to be re
peated before each experiment. The pipette, which has first been cleaned and 
dried, is filled with distilled water until the bottom of the water meniscus reaches 
the graduation mark on the pipette stem. Then the pipette contents are emptied 
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Figure 2 The Andreasen pipette, its sedimentation 
cylinder, and a rubber pumping and sucking device. 

Figure 3 In the Andreasen pipette, the sample can 
be taken without removing the pipette. The 
sampling depth may be adjusted by varying the 
pipette position. 

TEST PROCEDURE 

into a dish and the mass of water is measured. The volume V in milliliters is equal 
to the mass of water in grams. Make three determinations of V, and take the av· 
erage for volume V. 

There arc two pipette methods: wet and dry. In the weI method, samples are 
weighed without being dried, whereas in the dry melhod, samples are dried prior 
to being weighed. After the removal of organic maner, addition of dispersing 
agent, and pipette calibration, the test procedures consist of the following steps: 

1. Follow steps 2 to 5 of the hydrometer analysis, except for the total volume 
of the suspension, which is now 500 mL, and the stock solution volume, 
which is now 65 mL. 

2. Pipette samples are to be taken at several specified time intervals corre
sponding to the particle size equal to 20, 10,6, and 2 !Am, as shown in Table 
I. No sampling is made for 75 and 60 (.1m because there is simply not 
enough time.lllC last sampling operation takes place about 7 h after the be-
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Figure 4 Regular pipette capable of measuring 10 
mL of liquid. It is mounted on a stand with a 
lowering and raising device. 

Graduation mark 10 mL 

J 
Stand with 

Stem lowering and 
raising device 

tC-f-
H 

Sampling 
depth 

t 
Sedimentation 
cylinder 

///////////////./ '// 

Figure 5 Regular pipette mounted on a stand 
and lowered into suspension just before sampling. 

ginning of the test. 'Iheretore, the pipette analysis can be completed three 
times faster than hydrometer analysis. The sampling times t of Table 1 are 
calculated by using the following equation for a temperature of 25 oC: 

t _ ~1c::8-,-x'-,1==0=o-8",11c:.H=-= 
- (G, -1)981p "D' 

(s) (1) 

where G, is the specific gravity of the soil particles, Pw the unit mass of the wa
ter (glcm3),11 the viscosity of the water (g/cm ·s), H the sampling depth (em), 
and D the particle size (~m). 

3. Regular pipette. Move the pipette over the sedimentation cylinder, and 
lower it until its tip touches the water surface (Fig. 6) . About 15 s before a 
sample is due, steadily lower the pipette] 00 mm into the suspension, slowly 
enough not to disturb the suspension. Draw a sample into the pipette until 
the bottom of the liquid meniscus reaches the graduation mark. A conven
ient way of drawing the sample is to use a rubber pump attachment (see 
Fig. 7). The drawing operation should take about 10 s. Then gently withdraw 
the pipette from the suspension. 
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Figure 6 The pipette is first positioned to touch 
the liquid surface. then steadily and slowly lowered 
into the suspension to the sampling depth. 

Figure 7 Open the pipette tap and draw a sample 
into the pipette until the bottom of the liquid 
meniscus reaches the graduation mark. 

Andreasen pipette. Slowly draw a sample into the pipette until the bottom of 
the liquid meniscus reaches the graduation mark. Switch the two-way valve 
to empty the pipette. 

4. Carefully empty the pipette contents, without losing a drop, into a weighing 
dish previously weighed (Figs. 8 and 9). Squeeze the rubber pump attach
ment several times to remove all sample traces from tbe pipette. 

S. Wet method. Measure the sample weight with an accuracy smaller than or 
equal to I mg. 
Dry method. Place the weighing dish and sample in an oven at 105 C, and 
weigh it when the sample is dry. Accurate weighing is important because the 
sample weights are very small. 

6. After each sampling, record the water temperature. The temperature should 
not vary excessively during the experiment. 

7. At a convenient time between samplings, the mass of dispersing agent in so
lution is measured. Take a sample of water and dispersing agent from an
other sedimentation cylinder, which contains the same amount of dispersing 
agent and water as the test cylinder but no soil. 111e sampling time is not 
crifieaI because the dispersing agent docs not settle. Empty the pipette sam
ple into a weighing dish. 
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Figure 8 The pipette is emptied into a weighing 
di5h. 

Figure 9 In contrast to a regular pipette, the 
Andreasen pipette is emptied without being removed 
from the sedimentation cylinder. 

TABLE 1 

8. WeI method. Weigh the sample of di5per5ing agent. 
Dry method. Dry the sample of dispersing agent in an oven at l05 ' C, and 
weigh it when it is dry. 

Approximate Sampling Times 

Diameter of particle (~m) 

G, 75 60 20 10 6 2 

2.5 20 5 31 s 04 min 35 5 18 min 205 50 min 57 5 07 h 38 min 
2.55 19 5 30 5 04 min 26 5 17 min 45 5 49 min 18 5 07 h 23 min 
2.6 18 5 29 5 04 min 18 5 17 min 12 5 47 min 46 5 07 h 09 min 
2.65 18 5 28 5 04 min 10 5 16 min 40 5 46 min 19 5 06 h 56 min 
2.7 175 27 5 04 min 03 5 16 min 11 5 44 min 57 5 06 h 44 min 
2.75 17 5 26 5 03 min 56 5 15 min 43 5 43 min 40 s 06 h 33 min 
2.8 16 5 25 s 03 min 495 15 min 17 5 42 min 27 5 06 h 22 min 
2.85 16 5 25 5 03 min 43 5 14 min 52 5 41 min 18 5 06 h 11 min 
2.9 15 5 24 5 03 min 37 5 14 min 29 s 40 min 13 5 06 h 01 min 
2.95 15 5 245 03 min 32 5 14 min 06 5 39 min 11 5 05 h 52 min 
3 15 5 23 5 03 min 26 5 13 min 45 5 38 min 13 5 05 h 43 min 
3.05 14 5 225 03 min 21 5 13 min 25 5 37 min 175 05 h 35 min 
3.1 14 5 225 03 min 17 5 13 min 06 5 36 min 23 5 05 h 27 min 
3.15 14 5 21 5 03 min 12 5 12 min 48 5 35 min 33 5 05 h 19 min 

3.2 13 5 21 5 .03 min 08 5 12 min 30 s 34 min 44 5 05 h 12 min 

Depth of sampling, 10 em; temperature, 25 C; G~ specific gravity. 
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COMPUTAnON 

., 

For both dry and wet pipette methods, the grain size D is 

D = 30ryH 
(G, 1)981P . ' 

(mm) (2) 

where 1 is the time (min) after the beginning of sedimentation, G, the specific 
gravity of the soil particles, Pw the unit mass of the water (glcm3) at temperature 
T, 1) the viscosity of the water in (glcm·s) at temperature T, and H the sampling 
depth (cm). 

In the dry pipette method, the percentage p by weight of particles with di
ameter smaller than D is 

(%) (3) 

where Mo is the tota(.mass of the oven-dried soil in suspension (g), Mb the mass 
of the empty weighing dish (g), M, the mass of the weighing dish and sample of 
oven·dried soil (g), VI the total volume of the suspension (mL), V the volume of 
the pipette (mL) , and Md the mass of the dispersing agent in volume V (g), The 
mass Md of the dispersing agent in volume V is measured directly. It can also be 
estimated as follows: 

(g) (4) 

where Cd is the concentration of the dispersing agent in stock solution (gIL), Vd 
the volume of the stock solution in total volume (mL), and V t the volume of the 
suspension (mL). In general, Eq. 4 slightly overestimates the measured value of 
Md when the dispersing agent is not completely dissolved. 

In the wet pipette method, the percentage p by weight of particles with di
ameter smaller than D is 

(%) (5) 

where Mo is the total mass of the oven~ry soil in suspension (g), Mb the mass of 
the empty weighing dish (g), Msw the mass of the weighing dish and sample of soil 
suspension (g), VI the total volume of suspension (mL), V the volume of the pi· 
pette (mL), p, the unit mass of the solid (i.e., Ps = G,pw) (glmL), and M dw the 
mass of water and dispersing agent in volume V (g). M dw is measured directly. It 
can also be estimated as follows: 

(g) (6) 

where G, is the specific gravity of the dispersing agent. Equation 6 slightly over
estimates the measured value of M dw for the same reason as Eq. 4. 
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Chap. 1 + 5 I Pipette Analvsis 

EXAMPLE 

_____ Hydrometer 

--0- Pipette 

Figures 10 and 12 show the results of a dry pipette analysis obtained for a 
silt from Lucerne Valley, California. As shown in Fig. 10, the results are pre
sented in a grain size distribution curve similar to that of sieve and hydrom
eter analyses. Figure 13 shows the formulas used in Fig. 12. Figures 11, 14, 
and 15 give the results, data set, and formulas of a wet pipette analysis on a 
silt from Barnard, Vermont. Both dry and wet methods use the user-defined 
functions DENSI and VISCO, which are defined in Chapter 1-4. DENSI 
and VISCO return the water unit mass (g/cm3) and water viscosity (g!em·s), 
respectively, at temperature T (oC). 

100 

]]() 

i 
60 

~ , 
~ 

E '" ~ ______ Hydrometer 

20 -D-Pipeue 

0 
0.01 0.1 0.001 0.01 0.1 

Grain size (nun) Grain size (mm) 

Figure 10 Comparison of results for hydrometer and Figure 11 Comparison of results for hydrometer and 
dry pipette analysis on a silt from Lucerne Valley, wet pipette analysis on a silt from Barnard, Vermont. 
California. 

A B C D E F G 

r-'- Pipette analysis 
2 

~ Analyst name: O/ang Huang 

c+- Test date: 16·Feb-92 , Semple description: P. V. No.1 silt from LUC6me Valley, California 
~ r,- Dry method r,- Total mass In suspension Mo t 25.017 9 r,- Soli specific density G. '" 2.65 r.o Volume of pipette V .. 10 mL 
ii- Total volume 01 suspensIon VI '" 500 mL -;;- Mass of dry agent and bottle Md .. 45.968 9 
""ii- Mass of bottle Mbd "" 45.950 9 T.-

Depth of 
Temperature Mass 01 

Mass of dry 
Percent liner by 

Time (min) sampling rei bottle (g) 
sample and GraIn size (mm) 

weight 

7- (cm) bottle (g) 
t H T M M D P 

-?- 4 10.0 23.0 44.5987 44.8772 0.0209 52.06 

T 40 10.0 23.0 47.7586 47.9397 0.0066 32.60 
410 10.0 23.8 43.2441 43.3748 0.0020 22.52 -

Figure 12 Example of data set for dry pipette analysis. 
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F G 

Grain size (mm) Percent liner by weight 

-!?-16 0 p 

17 -20'SQRT 4.S·VISCO(l e)'H/((Gs-1 'DENSI Te '9B1'60"m _100" Ms-Mb·Md+Mbd)/MO·VW 

Figure 13 Formulas used in Fig. 12. 

A • I c 0 E F I G 

f2-- Pipette analysis 

r+- Analyst: Henry T. Guapo 

c+- Test dale: 8·Ff1b·93 

r+- Sample: Silt from Barnard, Vermont 

e+- Wet method ~ 
f+- Total mass In suspension Mo '" 25.020 , 
+ Soil specific density G. '" 2.65 

...,!- Volume 01 pipette V '"' 9.900 mL 
10 Total volume of suspension Vj '" 500 mL -;.- Mass of sampled water, agent and bottle Mdw '" 54.442 , 

T Mass of bottle Mt.a .= 44.530 g 
"""ii"" 

Sampling Temperature r Mass of bottle Mass 01 Grain size Pereel'lt 
Time (min) sample and finer by 

+ deplh (em) C) (,) bottle (g) (mm) weight 
~ t H T M M 0 • 
+ 0.5 10.0 23 16.960 27.180 0.0591 100.07 

...g.... 4.2 10.0 23 16.000 26.200 0.0205 93.58 

4- •. 3 5.0 2S 86.790 96.920 0.0102 70.83 

4- 15.0 5.0 2S 45. 160 55.280 0 .0076 67 .58 

~ 23.1 5.0 2S 45.950 56.060 0.0061 64.33 
2t 180.5 5.0 2S 47.080 57.100 0.0022 35.09 

Figure 14 Example of data sel for wet pipette analysis. 

F G 

Grain size (mm) Percent finer by weight 

~ ~ 0 • 
~ ",20"SCRT 4.S"VISCO e"HI 05·1 "DENSI e "981"SO"t .tOO" Msw·Mb-Mdw+Mbd MO"VV V· Mdw·Mbd GslDENSI • 

Figure 15 Formulas used in Fig. 14. 

COMPARISON OF HYDROMETER AND PIPETTE ANALYSES 

Pipette analysis has several advantages over hydrometer analysis. It takes less 
time because the sampling depth is adjustable. whereas it is fixed in hydrometer 
analysis. The calculations are also simpler and there is no need to account for the 
correctK>n of meniscus or hydrometer dilation. However, compared to hydrome
ter analysis. pipette analysis is less adapted to the conditions encountered in a 
field laboratory. It requires accurate weight measurement. As shown in Figs. 10 
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REVIEW QUESTIONS 

EXERCISES 

Chap. 1-5 / Pipette Analysis 

and 11, hydrometer and pipette analyses give similar grain size distribution 
curves. This similarity is not surprising because both analyses are based on sedi
mentation (Stokes' law)and sample preparation is identicaL 

1. What is the purpose of pipette analysis? On which physical principle is pi
pette analysis founded? 

2. Does pipette analysis determine the size of soil particles exactly? 
3. Compare pipette analysis and hydrometer analysis based on their principles 

and experimental procedures. 
4. What is the purpose of a dispersing agent? Does its use require a correction 

in pipette analysis? 
5. Wby is a constant temperature required during the sedimentation process? 
6. What is the purpose of pipette calibration? Do you have to repeat it before 

each sampling? 
7. For what reason do you agitate the suspension at the beginning of a pipette 

test? 
8. When does the analysis time start in pipette analysis? 
9. If one wanted to sample at a depth of 5 em (instead of 10 em) during pi

pette analysis, what would be the effect of this change? 
10. What is the average duration of a pipette analysis? Why does pipette analy

sis require less time than hydrometer analysis? 
11. Why is it difficult to measure the particles with a diameter larger than 75 ~m 

by using pipette analysis? 

1. Using a spreadsheet program, construct a table of sampling times similar to 
Table 1, but for H = 15 em and T= 20"C instead of H = 10 em and T= 25"C. 

2. Derive Eqs. 4 and 6, which estimate the mass of dispersing agent in the pi
pette for the dry and wet methods. 



OBJEcnVE 

EQUIPM ENT 

Buoyancy Analysis 

The buoyancy analysis is based on the same physical principles as hydrometer 
and pipette analyses. The buoyancy analysis can be used to determine the grain 
size distribution of fi ne-gra ined soils having particle size smaller than 75J.1ffi. If 
soil samples have fine and coarse particles including sand , silt and clay particles, 
sieving and buoyancy analyses are combined as explained in Chapter 1-7. 

To OUT knowledge, the buoyancy analysis is a new type of experiment fo r 
grain size analysis. Compared to the hydrometer analysis, it gives faster results 
~ut requires accurate weight measurement. Compared to the pipette analysis, it 
has fewer and less complicated experimental steps. 

The equipment of the buoyancy analysis includes the following: 

• Teflon sphere about 2.5 cm in diameter attached to a 0.1 mm thick nylon 
line by using a small point of rapid glue. As shown in Fig. 1 the line is at
tached to a light frame which can si t on the platen of a sensitive scale. 

• Dispersion apparatus (same as for hydrometer analysis). 
• l wo 1000 mL sedimentation cylinders (same as for hydrometer analysis). 
• Thermometer, ranging from 0 to 50oC, accurate to O.5°C 
• Stop-watch. 
• Balance accurate to 1 mg mounted on a canti lever support as shown in Fig. l. 

• Measuring cylinder, 100 mL. 
• Drying oven. 
• Hand agitator about 400 mm long. 
• 500 mL of Hydrogen peroxide. 
• 1000 mL of stock solution of sodium hexametaphosphate prepared as in hy

drometer test. 

65 
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Chap. 1·6 / Buoyancy Analysis 

Sedimenwion 
cylinder 

Soil suspension 

Figure 1 Equipment for buoyancy analysis. A sphere about 2.5 em 
in diameter is attached 10 a nylon line and a light frame. 

SAMPLE PREPARATION AND PRETREATMENT 

The test specimen is selected, pretreated for removal of organic matter, and 
mixed with a dispersing agent as described in Cbapter 1-4. 

INSTRUMENT CALIBRATION 

Before each experiment, the following calibration steps are performed: 

1. Clean and dry the sphere and measure its mass Ma suspended in the air 
(Fig. 20). 

Z. Immerse the sphere in water and measure its mass M ", and the water tem
perature (Fig:..2b). 

3. Pour 125 mL of stock solution of sodium hexametaphosphate into a 1000 mL 
graduate, and add distilled or demineralized water to reach the 1000 mL 
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lEST PROCEDURE 

f··· ·· ""~ 
H 

Depth of 
sampling 

J. 

(a) (b) (c) (d) 

Figure 2 Measurements of mass M •• Mw. M,. and MI , and defini
tion of corrected sampling depth during the buoyancy analysis. 
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mark. Immerse the sphere in the graduate, and measure its mass M. and the 
temperature of the dispersing agent solution (Fig. 2c). The temperature 
sbould be similar to thc water temperature in step 2. 

After the removal of organic mauer, addition of dispersing agent (see Chapter 1-4), 
and calibration, the test procedures consist of the following steps: 

1. Follow steps 2 to 5 of the hydrometer analysis. 
2. At the following times t after the beginn ing of sedimentation: t = 0.5, 1, 2, 

4, IS, 30, 60, 120, 240, and 480 minutes, slowly immerse the sphere in the 
soil suspension to a depth H = 10 cm, and measure mass M, (Fig. 2d). The 
sampling depth and time series defined above shou ld cover grain sizes rang
ing from 1 to 75 Ilm. The time t and depth H of sampling are related to 
grain size 1> as follows: 

3<h]H ( . ) 
1 )981 P ... D2 mm 

(1) 

where G, is the specific gravity of soil particles, P ... the unit mass of water 
(gfcm 3) , " the viscosity of water (gfcmls) , H the sampling depth (em), and 
D the grain size (mm). There should be no air circulation around the scale 
to avoid fluctuation in readout. 

3. After each sampling, me86ure the water temperature T,. which should not 
~ vary excessively during the experiment. [f T f is largely different from the 

temperature at which MG, M.,.. and Mr were measured then these quantities 
must be measured again at temperature T,. 
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COMPUTAnON 

EXAMPLE 

Chap. '-6 I Buoyancy Analysis 

4. After removing the sphere from the soil suspension, use a wash bottle to 
clean it of soil particles which may be attached to it. Then immerse the 
sphere in water at the same temperature as the soil suspension. 

The grain size D (mm) is: 

D ~ 3Ol1HR 
(G, t )98tp . t 

(2) 

where t is the time (min) after the beginning of sedimentation, G, the specific 
gravity of soil particles, p"" the unit mass of water (glcm3) at temperature Tt> and 
7J the viscosity of water (glcmls) at temperature Tlo The corrected sampling depth 
HR (em). which accounts for the rise in water level when the sphere is immersed 
in the suspension, is 

(3) 

where H is the sampling depth (em), de the internal diameter of the sedimenta
tion cylinder (em), M,., the mass of the sphere in water (g). and Mil the mass of 
the sphere in air (g). The volume of the spbere can also be calculated from its di
ameter. 
The percentage p by weight of particles with diameter smaller than Dis: 

p.G,(M, - M,) x tOO (%) 
l)M" G~M..,+Mr 

(4) 

where MfOf is the total mass of oven-dry soil in suspension (g), V faf the total vol
ume of suspension (mL), p.., the unit mass of water (glcm.l) at temperature T

" 
G, 

the specific gravity of soil particles, Mf the mass of sphere in suspension at time t 
(g), and M.., the mass of sphere in water and dispersing agent (g). 

Figures 3 and 4 show the results of buoyancy analysis obtained for a silt from 
Los Angeles, California. The results are presented in a grain-size distribution 

100 
__ Suoymcy 

80 -0- Hydromefer 
f. , 
• .. .. 
• ~ .. • 
~ .. 

0 
0001 0»1 0.1 

Grain l iIe (nun) 

Figure 3 Comparison of results for buoyancy and hydrometer anal
yses on a silt from Los Angeles, Californ ia. 
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curve similar to that of hydrometer analyses. Figure 5 shows the formulas used in 
Fig, 3. Figures 3 and 6 give the results of a hydrometer analysis performed on 
the same material as the buoyancy analysis. Both analyses use the user-defined 
functions DENS) and VISCO (see Chapter 1-4), DENSI and VISCO return the 
water unit mass (glcm3) and water viscosity (glcmls), respectively, at temperature 
T (' C). 

A B C D E F 

I Buoyancy analysis 
t--

~ Analyst name: Ju/18 Young 

~ Test date: 10-Feb-96 

P- Sample description: sm from Los Angeles, CA 

....L Depth of sampling H s 12.6 om 

...;... Specific gravity G. ,. 2 ,65 

-+- Total mass 01 soli In suspension M~ .. 50 , 
• Total volume 01 suspension VtD! '" 1000 om' -, Mass 01 sphere in air M. '" 25.593 , 
~ Mass of sphere In water M .. ,. 17.035 9 -;;-- Mass 01 sphere In water and dispersing agent M,,. 17.019 9 T Diameter 01 sedimentation cycIlnder d ,. 5.95 om -'<-

~ Unit mass of water and dispersing agent r, "- 0.999 glcm' 

~ Volume of sphere V ,. 8.58 cm' 

+-" Mass 01 
Time sphere In 

Temperature CC) Grain size (mm) 
Percent liner 

(min) suspension by weight 

7- (,) 
t M T 

~ I 16.827 24.5 0.046 71.94 
>l 2 16.858 24.5 0.032 60.33 

ft- 4 16.9 24.5 0.023 44.59 
7- 15 16.943 24.5 0.012 28.48 
-F- 30 16.95 24.5 0.008 25.86 
T 60 16.956 24.5 0.006 23.61 
~ 1300 16.975 24.5 0.001 16.49 

Figure 4 Example of data set for buoyancy analysis. 

D E F 

Unit mass of water and dispersing agent r,. =(Ma-Mr)N 

Volume of sohere V ;; ;;(Ma-MwIIDENSI/24.51 

Graln size (mm) Perceot tiner by weight 

F igure 5 Formulas used in Fig . 4 . 
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COMPARISON OF BUOYANCY,. HYDROMETER 
AND PIPETTE ANALYSES 

REFERENCES 

The buoyancy analysis offers advantages over the hydrometer and pipette analy
ses. It takes less time to complete than the hydrometer analysis, and requires 
fewer and less complicated steps than the pipette analysis. However, like the pi
pette ana lysis and in contrast to the hydrometer analysis, the buoyancy analysis 
requires accurate weight measurement As shown in Fig. 3, the buoyancy and hy
dromete r analyses give similar grain size distribution curves. This similarity is not 
surprising because both analyses are based on the same physical principle (i.e., 
Stokes' law). and sample preparation. 

See Introd uction for references to ASTM procedures (pages 4 to 6). 
BS 1370, ~975. Methods of tests for soil for civil engineering purposes, British 

Standards Insti tution, London, UK, 

REVIEW QUESnONS 

1. What is the purpose of the buoyancy analysis? On wh ich physica l principle 
is this analysis based? 

2. Does the buoyancy analysis determine exactly the size of soil particles? 
3. Compare the principle and experimental procedure of the buoyancy, pipette 

and hydrometer analyses. 
4. What is the purpose of the dispersing agent? Does its use require' a correc

tion in lhe buoyancy analysis? 
5. Why is a constant temperature required during the sedimentation process? 
6. For what reason do you agitate the suspension at the beginning of the buoy

ancy test? 



OaJECTIVE 

EOUIPMENT 

Combined Grain 
Analysis 

Size 

A combined grain size analysis is required when neither the fraction of soil parti
cles smaller t m nor that with articles lar er than 7 m can be ne
g eete . ~ sieve analysis is performed on the --!letion with particles larger than 75 
).Lm. and a sedimentation h drometer . ue. Of b'y'QY~!lCY} analYSjs is 3t: 
orme on Wllh articles smaller than 75 j,lm. The combined analysis 

gives a grain size distribution curve over a WI e range 0 In SlZe • 
. _._---_ ... _- ----.--

The equipment {or the combined analysis is identical to that used for sedimenta
tion and sieve analyses. 

PREPARAnON OF SAMPLE 

PROCEDURE 

~otal amount of the sample should be sufficient to yield tht:, required amounts 
2i .JIlllteriaJ for bOth sieve and sedjmentation analyses. Samples of sorIs having 
fines with little or no plasticity are oven dried, weighed, and then separated on a 
No. 200 sieve. Samples of soils having plastic fines are soaked in water as ex
plained (or wet sieving (see Chapter 1-2), then washed over a No. 200 sieve. 

L Perfonn a sieve analysis on a representative portion of the sample, and 
measure the weight passing through a No. 200 sieve. 

2,. Perform a sedimentation (hydrometer, pipette, or buoyancy) analysis on a 
sample passing through a No. 200 sieve. 

71 
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COMPUTAnON 

" . 

EXAMPLE 

REFERENCE 

Chap. 1· 7 I Combined Grain Size Analvsis 

Combined anaJysis and sieve analysis have identical grain size d istribution curves 
for particles retained in No. 200 sieves. However, for particles tested in the sedi
mentation analysis, the total percent by weight finer becomes: 

w,., 
p= - p, 

W.~ 
(I ) 

where W200 is the weight of dry sample passing a No. 200 sieve, WIOI the weight of 
total dry sample in sieve analysis, and Ph the percent by weight finer calculated in 
sedimentation analysis alone. The clay fraction, which is the percent by weight 
finer than 211m, should be calculated by using the combined percent by weight 
finer calculation of Eq. 1. 

The results of the combined analysis are presented on a grain size distribution 
curve similar to the o ne used for sieve and sedimentation analyses. As shown in 
Fig.!. the curves obtained from sieve and sedimentation analyses may not con
nect smoothly. This offset is caused partly by the breakdown of Stokes' law for 
ar e articles in hvdrometer anal is and the di{ficuit of wet-sieving fine parti

cles in the presence of surficial tension In the sieve anal is. As s own In Ig. • 
bot curves are Joine y constructing a smooth curve between them. The data of 
Fig. 1 are listed in Fig. 2. and Fig. 3 shows the formulas used in Fig. 2. 

<0. 

80 

~ 
• 60 .l1' , 
~ 

40 , 
~ 
~ 

20 

• oro. 

~Sieve 

-t-Hydrometer 

- -Combined 

0 .. 0 .1 <0 

Gn.in size (mm) 

Fi gu re 1 Grain size distribution curves from sieve and hydrometer 
analyses (after lambe, 1951). 

See Introduction fat references to ASTM procedures (pages 4 to 6). 
LAMBE, T. w., 1951. Soil Testing for Engineers, John Wiley & Sons, New York. 
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REVIEW OUESTIONS 

A • C D E 

Combined analysis 

Analyst name: T. W. Lambe 
TItS! data: 14-Oct-49 

Sample description: Silty sand: graytsh browrt; well graded. 

Separate Combined 
Grain size percent 

percent liner 
(mm) by weight l iner by 

" walghl 
d p " Ste",. InaIY • • 1 " .760 100.00 100.00 

Mass passing No. 200 sieve WJ<l200 (g) • 67.6 2.380 100.00 100.00 

TOla! sample mass w~ (gl . 424.7 0.840 79.16 79.16 
0.420 60.8 1 60.8 1 
0. 150 22.75 22.75 
0.075 15.92 15.92 

Hydrometer Inalyl' l 0.0845 53.97 8.59 
0.0604 50.74 8.08 
0.0440 42.45 6.76 
0.0321 33.56 5.34 
0.0210 22.84 3 .84 

0.Q151 16.98 2 .70 
0,0108 12.13 1.93 
0.0077 9.30 1.48 
0.0062 8.09 1.29 
0.0046 6.06 0.97 
0.0015 2.99 0.48 
0.0013 2.43 0.39 

CI. fractiOn % '" 0.5 

Figure 2 Example of date set for combined analysis (after Lambe, 
1951), 

E 

Combined percent finer 
by weight 

-.;.... 
8 Po 

-!.:- -p .. .p -;;- .p 
~ .p 
~ .p 
T.- .p 

G ::p·WN200IWtol 

T.- ",p·WN200IWtol 
f,- ""p·WN200IWlol 

o E 
Clay fraction (%) _ INTEA{O.OO2,d,pc) 

Figure 3 Formulas used in Fig. 2. 

1. What is the purpose of a combined grain size analysis? On what type of 
- soils do you need to carry out a combined grain size analysis? 

2. Is it possible for the grain size distribution curves of sieve and sedimenta
tion analyses to overlap? 
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Plasticity, Shrinkage, 
and Soil Classification 

2-1 Principles of liquid and p lastic limits tests 

2-2 Determination of water content 

2-3 Uquid limit test 

2-4 One-point liquid limit test 

2-5 Plastic limit test 

2-6 Principles of shrinkage limit analysis 
2-7 Shrinkage limit analysis with mercury 
2-8 Shrinkage limit analysis w ith wax 

2-9 Engineering classification of soils 
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Principles of Liquid 
and Plastic Limits Tests 

WATER CONTENT 

The engineering behavior of fine-grained soils depends on factors other than par
ticle size distribution. It is influenced primarily by their mineral and structural 
composition and the amount of water they contain, which is referred to as waler 
content (or moisture content). The liquid and plastic limits tests characte rize the 
effects of water content on fined-grained soils and help to classify fine-grained 
soils and to assess their mineral composition and engineering properties. 

Soils are made of solid particles with voids between. These voids are generally 
filled with air and water. The water content w of a soil is 

w. 
w ~ - x 1()() 

W, 
(%) (1) 

where Ww is the weight of water removed from the soil by oven drying at 105° to 
110°C and W& is the weight of the dried soil. A soil is considered to be dry when 
its mass does not change by oven drying, which may usually require about 12 to 
24 h. 

Oven drying removes the water completely from soils without clay particles, 
but partially from soils with clay particles. Clay particles are made of clay minerals 
and have plate-like shapes smaller than 2 j.lm. Table 1 lists four common clay min
erals and typical values of their specific surfaces. Kaolinite, the largest clay mineral, 
has a thickness or edge dimension of about 1 ).lIn. while montmorillonite, one of 
the smallest clay minerals, has a thickness of only a few nanometers. 

The clay minerals relate to water in several complex ways, which give three 
main categories of water around a clay particle as shown in Fig. 1: 

1. Adsorbed water, held on the particle surface by powerful electrical forces 
and virtually in a solid state. This layer is about two water molecules thick 

76 
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TABLE 1 

Average values of relative sizes, thicknesses, and specific surfaces of four 
common clay minerals (aher Yang and Warkentin, 1975) . 

Typical thickness 
Clay mineral (11m) 

Montmorillonite 0.003 

Illite and 0.03 Chlorite 

Kaolinite 0.05-2 

A"''''''''' I"y" (O.llOO".m thick) 

0. 1 I1JIl t 
! 

I"", 

Typical diameter 
I.m) 

0.1-1 

10 

0.3-4 

Clay 

Specific surface 
(m2/g) 

800 

80 

15 

Double layer 
(O.04).1.lT1 thick) 

Figure 1 Schematic side-view representation of a typical particle of 
kaolinite, with its adsorbed layer and double layer. 

(i.e., 0.0005 ~un) . The adsorbed wate r cannot be removed hy oven drying at 
UO°C and is considered to be part of the soil particles. 

2. Chemically combined water, in the form of water of hydration within the 
crystal structure. This layer is referred to as the double layer. Its thick
ness varies with clay minerals, type, and concentration of ions in the wa
ter, and other factors (Yeung, 1992). As shown in Fig. 1, the double 
layer is about 0.04 ~m thick for a kaolinite clay particle. Except for gyp
sum and some tropical clays, this water is not generally removable by 
oven drying. 

3. Interstitial water, not so tightly held as chemically combined and adsorbed 
waters. It can be removed by drainage, air drying, or oven drying. 

LlaUID AND PLASTIC UMITS 

The mechanical properties of a clay are altered by changing the water content. A 
clay softens when water is added, and with sufficient water, forms a slurry that 
behaves as a viscous liquid; this is known as the liquid state. If the water content 
is gradually reduced by drying it slowly, the clay eventually begins to hold to
gether and to offer some resistance to deformation; this is the plastic state. With 
further loss of water, the clay shrinks and its stiffness increases until it becomes 
brittle; this is the semisolid state. As drying continues, the clay continues to shrink 
until it reaches a constant minimum volume. Beyond that point, further drying 
causes no further decrease in volume; this is the solid state. These four states are 
shown in Fig. 2. The change from one state to the next is not abrupt, but gradual. 
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PLASTICITY CHART 
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;j Water content 

PIwe Solid Semi-solid Plastic Liquid Suspension 
st." stale st ... st ... 

·ption H"" Workable Sticky SlurT)' Water-held 
10 stiff suspension 

Shear strength (kPa) .. 170. - 0 . 

Figure 2 Variation of consistency of fine-grained soils with water 
content. 

These smooth transitions are empirically defined by introducing the liquid limit 
LL, plastic limit PL, and shrinkage limit SL. The moisture content between PL 
and LL is the plasticity index PI: 

PI=LL-PL (2) 

Pi is a measure of the plasticity of a clay. 
The liquid and plastic limit tests provide a means of measuring and describ

ing the plasticity range of clay soils. Liquid and plastic limits are also referred to 
as Atterberg limits, after the Swedish scientist A. Atterberg, who first defined 
them for the classification of agricultural soils in 1911. Originally, the limits were 
determined by simple tests using an evaporating dish (Bauer, 1959). The proce
dures were defined more precisely for engineering purposes by Casagrande 
(1932). The mechanical device he designed for determining the liquid limit is still 
known as the Casagrande apparatus (Casagrande, 1958). A cone penetrometer 
apparatus can also be used instead of the Casagrande apparatus, but we will not 
describe this technique. 

Sedimentation tests (e.g., hydrometer tests) give the clay fraction but unfortu
nately, no information about the type of clay. Clay particles are too small to be 
examined visually except by using an electron microscope. The identification of 
clay minerals in soils with x-ray diffration would also be too lengthy and expen
sive for engineering practices. The liquid and plastic limit tests are two basic en
gineering experiments that enable the classification of clay soils and assessment of 
their probable types of clay minerals. 

F'me-grained soils are usually classified by using the plasticity chart. The 
plasticity chart is a graphical plot of the liquid limit LL against the plasticity in
dex PI. The standard plasticity chart is shown in Fig. 3. When the values of LL 
and Pi for inorganic clays are plotted on this chart, most of the points lie just 
above the line marked A-line and in a ·narrow band parallel to it. The A·line is 
defined by the relationship 

PI =O. 73 (LL - 20) (3) 

where Pi and LL are in percent. The A·line is a reference line de(ived from ex· 
perimental observations. It does not represent a well-defined boundary between 
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Figure 3 Plasticity chart. 

soil types. The U-line of fig. 3 is a tentative upper limit fo r all soils, which was 
also drawn from experimental data. The U-line has the equation 

PI ~O.9(LL-8) (4) 

Table 2 provides us with a few examples of liquid limits. plastic limits and 
plastic indexes for various clay minerals and soils. The data points of Table 1 are 
plotted by using two different scales in Figs. 4 and 5. Most points are lined up 
along the A·line. 

Based on a compilation of experimental results on the Atterberg limits of 
various clay minerals, Holtz and Kovacs (I981) observed that the clay minerals 
can be detennined by using the Atterherg limits and the plasticity chart (see 
Fig. 6). As shown in Figs. 4 and 5, montmorillonites are very high on the chart, 
close to the U-line, whereas illites and kaolinites are close to the A-line. 

800 ,------------------------. 

600 
g 

Lo 
" :g 
E 
""200 

/ 
/ 

/ 
/ . 

/ 6 

/ 

200 400 

/ 

/ 

Liquid limit (%) 

/ 

///'" 

600 

---U-line 
----A-line 

/// • Ill ite 
Kaolinite .. 

0 Boston blue clay 
X Aardvack clay 

0 Beverly clayey silt 

0 Morganza Louisiana clay 

• Montmorillonite 
6 Attapulgite 

• Mexico City clay 

800 

Figure 4 Representation of various clay minerals and natura l soi ls 
on the plasticity chart (0 < LL < 800%). 
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150------------, __ _ T U-line 

!tlOO 

~ 
'" ~ SO 

-- - -A-line 

• Illite 
• Kaolinite 
o Boston blue clay 
X Aarovack clay 
o Beverly clayey silt 
<> MorganZQ Louisiana clay 

• Montmorilloni te 

o 

• ,. 100 ISO 

Liquid limit (%) 

Figure 5 Representation of various clay minerals and nalural soils 
on the plasticity chart (0 < II < 200%). 

5. 
~ 

I 

0: 40 

" ] 
30 

'E ·0 

£ 2. 

10 Halloysi\e!i 

0 
0 40 80 100 

Liquid limit LL(%) 

Figure 6 Location of common clay minerals on the plasticity chart 
(after Holtz and KOllacs, 1981). 

CONSISTENCY OF CLAYS 

The state of a clay cannot be defined solely by its water content. Two different 
clays with identical water content may exhibit quite different characteristics. It is 
therefore preferable to characterize the state of a clay by the liquidity index LI, 
which relates its water content to its liquid and plastic limits as follows: 

w -PL w-PL 
Ll = LL PL = PI (5) 

L1 provides us with a normalized representation of water content in relation to 
the plasticity range. Below the plastic range (i.e., w ~ PL), Ll is negative. At the 
liquid limit (i.e., Ll = 1), a slowly drying slurry first begins to show a small but 
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TABLE 2 
Typical ranges of index propenies of some common clay minerals and natural soils 
(after Lambe and Whitman, 1979; and lambe, 1951). 

Mineral Exchangeable liquid Plastic Plastic 
ion limit (%) limit (%) index (%) 

Montmorillonite N. 710 54 656 
K 660 98 562 
C. 510 81 429 
Mg 410 60 350 
Fe 290 75 215 

Illite N. 120 53 67 
K 120 60 60 
C. 100 45 55 
MiJ 95 46 49 
Fe 110 49 61 

Kaolinite N. 53 32 21 
K 49 29 20 
C. 38 27 11 
M9 54 31 23 
Fe 59 37 22 

Attapulgite H 270 150 120 
Mexico City clay 388 226 162 
Boston blue clay (illite) 41 25 16 
Aardvack clay 30.6 19.6 1 1 
Morganza louisiana clay 104 74.8 29.2 
Beverly clayey silt (illite) 19.5 16.3 3.2 

definite shear strength. As the moisture content decreases and LI approaches 
zero, the shear strength increases considerably, and at the plastic limit (LI = 0) 
the shear strength may be 100 times greater than at the liquid limit LL. 

ACTIVITY OF CLAYS 

The Atterberg limits are related to the combined effects of particle size and min
eral composition. In Fig. 7, Skempton (1953) showed that the plasticity index de
pends on the clay fractjon~percent by weight of particles finer than 2 J.Ull~and 
that the plasticity index/clay fraction ratio was constant for a given clay mineral. 

o 20 " 100 

OAy fractioJl (<Jf.) 

Figure 7 Relation between plasticity index and clav fraction (after 
Skempton. 1953). 
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The slope of the linear relationship between PI and the clay fraction of a partic
ular clay is called the activity A: 

A = Pl (%) 
clay fraction (%) 

(6) 

On the basis of their A values, clays can be classified into the four groups of 
Table 3. Approximate values of A for some clay minerals are listed in Table 4. 
Montmorillonites are highly active because they have very small particles and 
large plasticity indices. 

TABlE 3 
Activity of clays 

Description 

Inactive 
Normal 
Active 
Highly active 

(e.g .. bentonite) 

TABlE 4 
Activity 01 various minerals 

Activity 

< 0.75 
0.75--1.25 
1.25--2. 
> 2 
6 or more 

(alter Skempton. 1953; and M itchell, 1993) 

Mineral 

Na-montmorillonite 
Ca-montmorillonite 
Illite 
Kaolinite 
Hal10ysite (dehydrated) 
Ha ltoysite (hydrated) 
Attapulgite 
Allophane 
Mica (muscovite) 
Calcite 
Quartz 

Activity 

4-7 
1.5 
0.5-1.3 
0.3-0.5 
0.5 
0.1 
0.5-1.2 
0.5-1.2 
0.2 
0.2 
o. 
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REVIEW QUESTIONS 

EXERCISES 

Chap. 2·' I Principles of Liquid and Plastic Limits Tests 

/Ilternational Conference on Soil Mechanics and Foundalion Engineering, Vol. 1, 
pp.57-6l. 

YeUNG, A. T., 1992, Diffuse double layer equations in SI units," Journal of Geo
techllical Engineering, ASCE, Vol. 118, No 12, pp. 2000--2005. 

YONG, R. N., and B. P. WARKENTIN, 1975, Soil Properties, and Behavior, Elsevier 
Scientific Publishing Co., New York, 449 p. 

1. 

2. 

3. 

4. 

5. 

6. 

7. 
8. 
9. 

10. 

11. 

12. 

Why do we use Atterberg limits to characterize fine-grained soils? Why is 
the result of the hydrometer analysis insufficient for this purpose? 
Define water content? Give an example of a maximum value for the water 
content in soils. 
How many categories of water can we distinguish around clay particles? 
Can you name these categories? 
What are the definitions of liquid and plastic limits? Are these definitions 
based on theoretical or empirical concepts? 
Does the shear strength increase or decrease with water content in fine
grained soils? 
Is it possible for a soil to have a liquid limit and a plasticity index both 
equal to 30%? Why? 
Define activity of clays. What is it used for? 
Is it meaningful to define the activity of a sand? 
Define clay fraction. 
A sample of wet clay and its container weigh 102 g. After oven drying. the 
sample and the container weigh 60 g. What is the water content? 
It is possible for a sample of clay to have a water content equal to 700%? 
Can you give an example? 
Which clay mineral has tbe largest activity? Why is it so active? 

1. Calculate the activity of the clay from the following test results. 

Clay fraction Plasticity Clay fraction Plasticity 
Soils (%) index (%) Soils (%) index (%) 

Shell haven 59.3 85.2 london clay 70.1 61.4 
60.6 81.3 64.9 62.5 
58.9 78.4 61 .0 55.1 
50.2 68.8 63.7 55.1 
51 .1 61.4 54.5 53.4 
50.2 58.0 55.0 49.4 
39.4 50.6 53.2 48.3 
36.4 48.3 51.1 47 .7 
34.2 42.6 49.8 48.9 
26.0 34.1 47 .6 48.3 
25.1 31.3 48.9 44.3 

48.9 42.0 
45.0 42 .0 
42.4 41 .5 
43.3 39.2 
41.1 37.5 
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2. Calculate the activity of lhe clay from the following test resul~ 

Soils 
Clay fraction Plasticity Clay fraction PI8Ji$;, ..... ',:~~ 

(%) index (%) Soils (%) ind8¥:<%) : . , , 

Weald clay 69.3 40.3 Harten 48,9 18.2 , ' ' , 
64.5 37.5 41.6 15.9 < 
55.8 35.2 40.7 14.2 
35.9 21.0 37.2 15.9 
29.9 19.3 37.7 14.2 
27.7 18.2 33.3 , 2.5 
22.5 15.9 
21.2 12.5 
14.7 11 .9 
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Determination 
of Water Content 

By definition, water content, W, is the ratio of the weight of water in a given soil 
mass to the weight of solid particles. The standard and recommended method for 
determining the water content of soils is the oven-drying method with a drying 
temperature of 105° to llOoC. A lternative methods include the sand bath 
method, the carbide method , and the alcohol method. Detailed instructions on 
these alternative procedures are given by Head (1984). 

The equipment for determining water content includes: 

• Thermostatically controlled drying oven, capable of maintaining a tempera
ture of 105° to 110° C. A microwave oven may be used for fast and approxi
mate determination of water content (see ASTM D6643). 

• Balance accurate to 0.2% of the sample weight . 
• Small metal containers with lids. ~ntainers and lids ~hould be as light as 

practicable in relation to J!le a!!19l,LqLot maM:ti!!J. Th~Y...Mt0.l!!d be washed 
_clea_n and driedthoroughly before use. - - --. 

1. Clean, dry, and weigh the container and its tid. Make sure that both have 
the same labels. 

2. Select the test sample to be representative of the soil from which it is 
taken. It is recommended to determine two or three separate moisture contents 
and to average them. However, if only a very small quantity of soil is available, it 
is better to use it all for one measurement. It is recommended to select the ap
proximate mass of the specimen depending on soil types as follows: 
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Soil type 

Homogeneous clay and silts 
Medium·grained soils 
Coarse-grained soils 

30 g 
300 9 
3 kg 
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3. Place the specimen in the container and immediately determine the 
weight of !.he container, lid , and wet soiL Each sample should be weighed as soon 
as possible. If weighing is delayed, the lid must be fitted tightly to avoid loss of 
water by evaporation. 

4. Before placing the specimen in the oven, remove the lid and place it un
der or next to the container in the oven. Leave the specimen in the oven until it 
has dried to reach a constant weight. The time required for drying will vary de
pending on the type of soil , size of specimen, and type of oven. It takes a few 
minutes in the microwave oven but can take several hours in a standard oven. 

5. When the specimen is estimated to be dry, remove its container from the 
oven and close it with its lid. Allow the container to cool until it can be handled 
comfortably with bare hands, then determine its dry weight. If the specimen is 
not weighed immediately after cooling, it must be placed in the oven again to re
move the moisture that it has absorbed from the atmosphere. 

The water content w is calculated as follows: 

(%) (1) 

where We is the weight of the container, W", the weight of the container and wet 
soil, and Wd lhe weight of the container and dry soil. If two or three separate 
measurements have been made on the same soil specimen, the average value of 
w is then calculated. 

See Introduction for references to ASTM procedures (pages 4 to 6). 
HEAD, K. H., Manual of Soil Laboratory Testing, Pentech Press, London, 1984. 

REVIEW QUESnONS 

L Why is it not recommended to leave an oven-dried sample in the open air 
for a long time before measuring its dry weigbt? 

2. Excluding oven drying, are there other methods to determine the water con
tent of soils? 

3. Is it possible to measure the water content of sands? 
4. Why do we use a fi xed temperature range to dry soils? What is the effect on 

soils of microwave drying? 
5. What is the function of the container lid when determining the water con

tent of a soil? 
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Liquid Limit Test 

The liquid limit test determines the liquid limit of a soil. By convention, (he liquid 
limit is defined as me water content at which the groove cut into the soil pal in 
the standard liquid limit device requires 25 blows to close along a distance of 13 
mm. 

The equipment for the liquid limit test includes: 

• Mechanical device shown in Fig. 1. The cup must fall free ly from a height 
eq ual to 10 ± 0.2 mm above the base. The material and construction must 
conform to ASTM D4318-93 . 

• Grooving tool as illustrated in Fig. 2. The V-groove profile must not differ 
more than O. 25mm from those specified in Fig. 2. The gage for checking the 
height of drop of the cup is to be 10 ± 0.2 mm. 

Locking screw 

PiV()( -FOliower ___ :~~~~1 
Handle 

c~~~o; J ______ """_ ~~ 
r---~----~------'---~ IOmm r----

s.. 1 
L.. _________ -' Direction of '-_________ --' 

rotation 

Figure 1 Side-view of Casagrande apparatus. 



Procedure 

PROCEDURE 

- ~ ~~ ; ~~- - - l 
131-- 11·· 11 40 . ---_L---___ - -...:.~,- 50 

, _~- -- l j 
..... ___ -LJ~ _ _ ~ _ ___ _ _ _ 

, , , 

H 
8 

45° " 

{ .1::::=1 ::::!::::::====::f=·5 =, :s:::::,.;-, 

Figure 2 Grooving tool for Casagrande apparatus (dimensions in 
mm). 

• Spatula, with a blade about 10 cm long and about 2 cm wide. 
• Mixing dish or bowl. 
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• Specimen containers. Metal containers with lids are recommended. The con
tainers should be resistant to corrosion. Containers approximately 2 cm high 
by 5 em in diameter are adequate. 

• Balance, sensitive to 0.01 g. 
• Drying oven. 
• Sieve, U.S. Standard No. 40 (0.42 mm). 

L The liquid limit device must first be calibrated. Its bowl must be clean, dry, 
and oil-free. The height of drop is checked by using the spacer gage on the 
grooving tool handle (see Fig. 2). This to-mm-thick steel block should just 
pass between cup and base when the cup is at its maximum height (see 
Fig. I). The locknut is tightened after adjustment and the maximum height 
rechecked with the gage. 

2. Whenever possible, the soil used for Atterberg limits tests should not be 
dried prior to testing. Oven-drying alters the index properties of soils, espe
cially of organic clays. The test material should be free from coarse particles 
(e.g., larger than 425 1-lfTl). If sieving is required, the soil may be air dried 
before testing. About 250 g of dry soil is needed for both the liquid and 
plastic limit tests. An essential step in the sample preparation is thorough 
mixing of the soil with water. Natural or distilled water is preferable to tap 
water, to avoid ion exchange between soil and water impurities, which may 
affect the soil plasticity. Water and soil are mixed on a glass plate by using 
a spatula until the mixture is uniform and behaves as a soft paste that can 
be shaped with a spatula. 

3. Place 50 to 80 g of tbe specimen in tbe bowl and level it off to a depth of 
approximately 1 cm. The surface of the soil paste should be smoothed off 
level and parallel to the base, giving a depth at the greatest thickness of 10 
mrn (Fig. 3). 
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Level surface 

JO ...... ,L--' 

Figure 3 $oil placed in a Casagrande bowl. Figure 4 A groove ;s cut through the sample 
from back to front. 

COMPUTATION 

4. A s shown in Fig. 4, a groove is cut through the sample from back to front , 
dividing it into two equal halves. Starting near the hinge, draw the grooving 
tool toward the front in a continuo us movement with a circular mOlion, 
keeping the tool normal to the cup surface and its chamfered edge in the di
rection of movement. The tip of the 1001 should scrape the bowl lightly. The 
completed groove must be clean and sharp. 

5. Turn the crank hand le at a steady ratc of two revolutions per second, so 
that the bowl is lifted and dropped. Conti nue turning until the two halves o f 
the soil pat come in contact at the ballam of the groove along a distance of 
13 mm, as shown in Fig. 5. During the test, the soil should slump and flow 
plastically in the bowl. It should not slide on the bowl surface. Record the 
number of blows required to close the groove. 

6. Remove 5 to 10 g of soil from the sample and use it to determine the water 
content of the complete specimen. 

7. Repeat the run. Transfer the soil remaining in the cup to the mixing dish, 
and repeat steps 3 to 6 fo r three additional specimens with various water 
contents. The water content can be lowered by drying the specimen through 
continued mixing wit h a spatula and a hair dryer. It is recommended that 
the water content be adjusted to obtain two specimens between 15 and 25 
blows, and two others between 25 and 35 blows. Material left over in the 
mixin g dish should be preserved for the plastic limit test. 

The water content Wj corresponding to the blow counts Ni is calculated as in 
Chapter 2·2. The line passing through n data points (log N i , Wi) is determined by 
linear regression, 

w=A logN+ B (\) 

where the slope A and intercept B are 
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Figure 5 For the liquid limit, the groove is assumed to be closed 
w hen the two soil parts come in contact along a distance of 13 mm. 

"L IV; 10gN; - L IV; L 10gN, 
A = i. l i . l I ",,] 

"it. (logNi)' -(t , 10gNJ 

8 ~ Ci.~' __ ~i.~'~ ______ ~i~.~'~ __ -"i~.~,c> ____ __ 

"it.oogN;l'-(t , logNJ 

The liquid limit corresponds to N = 25 on the line IV = A log N + B 

LL ~ A 10g(25) + B 
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(2) 

(3) 

As shown in Figs. 6 to 8, four different specimens of a particular cl ay were used 
lO flOd the liquid limit. In Fig. 6 the logarithmic horizontal axis represents the 
number of blows N .. and the vertical axis represents the corresponding moisture 
content Wj. In Fig. 6. the straigh t line drawn through the experimental points was 
defined by using a lincar regression on four data points (log N j , Wi)' All the for
mulas used in Fig. 7 arc listed in Fig. 8. The liquid limit is calculated by using Eq. 
3 calibrated with the coefficients A and B found by linear regression. 

Figure 9 shows additional examples of results for the liquid limit tests on 
several clays (data after Casagrande, 1932). The points (N, w) are lined up along 
straight lines. even fo r a wide range of N values. 
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3'r------------------------, 
• • Experiment 

---Fitted , 
---- _. - LL 

'9 +-------__ ~ ____________ ~ 
10 100 

Blow count 

Figure 6 Example of linear regression for finding the flow line. 

1 Liquid limit r-
~ Analyst name: HBnry T. Guapo 

rl. Test date: 2O-FetJ.94 

1+ Sample description: Aardvark modeling clay , 
Set Tare Tare with wet 

T.", 
Blow 

Water Waler 
with dry conlent content 

number mass (g) soil (g) count 
-.!.. 

soU (g) 1%) fitted (%) 

7 W W W N w 

+ I 47.72 59.89 57.05 2. 30.44 30.70 

~ 2 43.21 59. 76 55.95 31 29.91 29.76 

~ 3 45.17 61,25 57.45 22 30.94 31 .02 
U • 45.81 58.26 55.26 

" 
31.75 31.56 

* 
Liquid limit (%) • 30.55 

13 Siooe Of flow line • 0.119 

Fig ure 7 Example of data set for liquid limit test. 

F G 

Water contant (%) Water content fitted (%) 

,..!. 
7 w 

~ ",100·(Ww-Wd)/(Wd·Wc) _ TAEND(w,LOG10(N),l OG10(E8» 

9 .100"(Ww-Wd)/IWd-Wc) • TRENO(W.LOG 1 OIN).LOG 1 0IE9)) 

B C 
~ Uquid limit (%) ... TREND(w,lOG10(N),LQG10({25))) 

13 Slope of flow line _ __ SLOPE(LOG(w),LOG(N)) 

Figure 8 Formulas used in Fig. 7. 
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Figure 9 Additional examples of results for liquid limit tests on 
several clays (data after Casagrande. 1932). 

91 

See Introduction for references to ASTM procedures (pages 4 to 6). 
CASAORANDE, A ., 1932, Research on the Atterberg limits of soils." Public Roads, 

Vol. 8, pp. 121- 136. 

1. What is the purpose of the liquid limit test? 
2. How do you define liquid limit? 
3. Why do you use a special cup and cranking device to determine the liquid 

limit? Why not use another shape for the cup? 
4. Should you add or remove water to obtain a lower blow count? 
S. What is the minimum number of data points required to determine the Iiq· 

uid limit? 
6. What is the purpose of calibration of the Atterberg device? 
7. Under what conditions would you use seawater to moisten a clay sample? 
8. Is there is a typical value for tbe liquid limit for clean fine sand? Justi fy your 

answer. 

L Determine the liquid limit from the fo llowing experimental results. 

Tare with Tare with 
SOl Tare mass wet soil dry soil Blow 

number (g) (g) (g) count 

1 47.11 73.87 67.86 3. 
2 47 .11 82.44 73.86 2. 
3 47.07 75.70 69.09 20 

• 47.07 76.99 69.41 14 
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One-point Liquid 
Limit Test 

The one-point liquid limit test is a quick means of determining the liquid limit of a 
soil. It requires one moisture content measurement instead of four measurements 
as in the standard liquid limit test in Chapter 2-3. However, the one-point liquid 
limit test is likely to be less reliable than the standard liquid limit test. 

In the test results of Fig. 1 obtained for various types of soil, the points (log tv, 
log w) are lined up along parallel straight lines having a constant inclination. These 
straight lines are called flow lines. Therefore, log(w) and log(N) are related through 

log(w) =A' 10g(N) + B" (1) 

where A' is the constant slope of flow lines. Because Eq. 1 applies to point 
(25 , LL); 

log(w) - A' log(N) = 10g(LL) - A' 10g(25) (2) 

onc obtains the following relation between liquid limit LL, water content w, and 
number of blows N: 

LL=W(~r (3) 

For most soils, A' was found approximately equal to 0.104. Therefore, LL can be 
determined by using Eq. 3 for only one point (N, w). This is the shortcut used by 
the one-point limit test. As shown in Table 1, the liquid limits calculated by using 
Eq. 3 and A ' = 0.104 are generally close to those determined with the standard 
liquid limit test. 

, 



Equipment and Preparation of Sample 

10 100 

Number of blows 

Figura 1 Examples of log (N) - log (w) curves (data after Casa
grande, 1932). 

TABLE 1 
Measured liquid limits. calculated one-point liquid limits, 
and slope of flow lines for several clays 
(data after Casagrande, 1932) 

liquid One point Slope of Error Set limit liquid limit 
(%) (%) flow line (%) 

t 83.4 83.6 0.103 0.2 
2 75.9 76.9 0.182 1.4 
3 75.0 76.2 0.110 1.6 
4 70.3 70.1 0.110 0.4 
5 59.6 60.7 0.123 2.0 
6 53.3 53.2 0.102 0.1 
7 51 .4 49.7 0.084 3.3 
8 45.0 44.5 0.091 0.9 
9 39.4 38.0 0.073 3.7 

to 38.2 38.9 0.093 1.8 
11 37.1 37.1 0.080 0.0 
t2 34.6 34.5 0.094 0.3 

EQUIPMENT AND PREPARATION OF SAMPLE 
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The equipment and sample preparation are the same as for the standard liquid 
limit test, except for the soil sample, which is prepared slightly more plastic. 
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Chap. 2· 4 lOne-point Liquid Limit Test 

Same as fOT the standard liquid limit test in Chapter 2-3. The number of blows 
should be between 20 and 30. 

The liquid limit is calculated using Eq. 3 and A' = 0.104. A liquid limit value should 
be computed for two trials of water content determination, and the average of the 
two is taken as the final liquid limit. The test is considered valid when the difference 
between the two liquid limit values is less than 2% of their average. , 

CASAGRANDE, A., 1932, Research on the Atterberg limits of soils, Public Roads, 
Vol. 8, pp. 121-136. 

1. What is the purpose of the one-point liquid limit test? What is the main dif
ference between the one-point liquid limit test and the usual liquid limit 
test? 

1. Verify Eq. 1 from the results of your standard liquid limit tests and calculate 
the slope of the flow line. 

2. Verify Eq. 3 for the following results of standard liquid limit tests. Calculate 
the slope of the flow li ne. Compare the liquid limits calculated by the four
point and one-point methods. 

Set Number Water Set Number Water 
number of blows content (%) number of blows content (%) 

11 90.8 6 8 59.7 
16 87.9 13 56.8 
27 83.2 21 54.7 
30 80.0 24 53.4 
49 77.8 24 52.8 
87 73.4 26 53.6 

2 10 88.9 7 5 58.6 
13 85.7 13 54.2 
18 80.1 18 52 .6 
20 78.6 26 51.4 
30 72.6 37 49.9 
37 71.0 53 47 .8 

3 8 86.1 8 14 47.5 
8 84 .4 23 45.1 
14 80.1 59 41.7 
16 78.7 76 40.4 
21 76.0 
25 74.7 
31 73.2 
43 70.4 
46 70.2 
48 69.6 
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3. For the following test results, compare the liquid limits calculated by the 
four-point and one point methods. 

Set Number Water Set Number Water 
number of blows content (%) number of blows content (%) 

• 8 79.2 9 " 41.4 
t. 76.1 '6 40.9 
22 70.9 2' 39.7 
25 69.6 46 37.9 
33 68.8 '0 '0 43.0 
58 63.7 9 41 .8 

5 9 67.8 '5 39 .5 
'6 64.1 '6 39.2 
'5 63.0 20 38.4 
17 62.4 29 38.1 
24 61 .1 29 37.3 
23 60.9 38 37.5 
2' 60.4 7' 34.5 
25 60.0 
23 59.4 
23 58.6 Sot Number Water 
25 58.1 number of blows content (%) 
29 57.9 
3' 57.5 " ,. 39.5 
36 57.8 14 38.8 
37 57.5 '6 38.5 
36 56.0 17 38.6 
47 55.0 17 37.9 

20 37.8 
25 37.2 
25 36.8 
27 37.1 
26 36.S 
27 36.4 
27 36.3 
3' 36.8 
32 36.5 
'0 36.0 

'2 '2 37.1 ,. 36.4 
23 34.9 
2. 34.9 
26 34.6 
29 34.5 
35 33.4 
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Plastic Limit Test 

The plastic limit test is used to determine the lowest moisture content at which 
the soil behaves plasticaUy. Il is carried out only on the soil fraction passing No. 
40 sieve (425 ~m) and is usually performed in conjunction with the liquid limit 
test. By convention, the plast ic limit of a soil is defined as the water content at 
which the soil begins to crumble when rolled into a thread 3 mm in diameter. 

The equipmen t for the plastic limit test includes: 

• Surface for rolling the thread, such as a glass or plastic plate or smooth Ii· 
noleum tabletop. 

• Short metal rod of 3 mm diameter. 
• Spatula with a blade about 10 em long and about 2 em wide. 
• Specimen containers for determination of water content (see Chapter 2-3). 

• Balance sensi tive to 0.01 g. 

• Hair dryer. 
• Drying oven. 

I. About 20 g of soil is prepared as for the liquid limit test. The sample may 
be obtained by air drying and sieving through a No. 40 sieve o r by taking 
the nat ural soil and removing coarse particles by hand. If it is initially too 
wet, the sample should be allowed to dry partially in air on the glass plate 
until the right consistency is achieved. Drying may be accelerated by mixing 
with a spatula and by using a hair dryer. 
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Figure 1 The soil specimen is rolled under the fingers into a 
thread 3 mm in diameter. 

Figure 2 The 3-mm-diameter soil thread crumbles when the water 
content is equal to the plastic limit. 

2. When the soil is plastic enough, it is kneaded and shaped into a I- to 2-cm
di ameter ball. The material should be plastic enough not to stick to the fin
gers when squeezed. 

3. The ball is formed into a thread by rolling it unde r the fingers against the 
test surface (Fig. I). Use just enough pressure to roll the soil into a thread 
3 mm in diameter as shown in Fig. 2. Gage this diameter by using metal rod 
3 mm in diameter as reference. The pressure required fo r rolling the thread 
varies greatly depending on the soil toughness. Some tough clays may re
quire fi rm pressure as they become harder near the plastic limit. Very silty 
and organic clays that have a soft and spongy consistency at the plastic limit 
must be rolled gently. If the thread diameter gets smaller than 3 mm with
out crumbling, fold and knead the thread into a ball again and repeat the 
rolling process. Knead and roll the soil thread until it has dried to the point 
of crumbling and breaking into numerous pieces about 3 to 9 mm in length 
when the thread diameter reaches approximately 3 mm. As shown in Fig. 2, 
the crumbling of the soil thread, which corresponds to longitudinal and 
transverse cracking, should be the result of the decrease in water content, 
not the result of excessive hand pressure. 

4. As soon as the soil thread crumbles, collect part of it and determine its wa
ter content. Repeat steps 2 and 3 with another portion of the prepared rna· 
terial, and check that two successive runs give approximately the same 
plastic limit. If the two test values vary more than 5% from the average, ad
ditional tests should be performed. 
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Chap. 2-5 I Plastic Limit Test 

The plastic limit PL is reported as the average of two similar values. If it is not 
possible to obtain a plastic limit in the plastic limit test, the soil is reported as 
nooplastic. This also applies if P L ~ LL. Erro~ in computing the liquid or plastic 
limits can be detected by plotting the point (LL, PI) on the plasticity chart. This 
point should fall under the U-line. 

An example of plastic limit determination is given in Figs. 3 to 5. Figure 3 sum
marizes the measured plastic limits, and Fig. 5 lists the formulas used in Fig. 4. In 
this example, four measurements were made. The plastic limit is the average of 
these four measurements. As shown in Fig. 3, all these measurements vary by less 
than 5% from their mean value, and two tests would have been sufficient to de
termine the plastic limit. 

~ r-----------------

• ------.. ---------------. ------

Set number 

Figure 3 Variation of the plastic 1i~its in four different tests_ 

A • 
t2- Plastic limit 

r+ Analyst name: Mike Kapuskar 

r+ Test date: 11/13/90 

~ Sample description: Aardvaf!c modeling clay , 
Mass of 

Mass of Mass 01 
Water 

Set number container 
container container 

content 
(9) 

with wet with dry soil 
(%) 

~ soll(Q) (Q) 

M M. M w 

~ 1 20.10 30.00 28.40 19.28 , 2 22.40 29.30 28. 10 21 .05 
f-io 3 21 .20 31.00 29.40 19.51 
I-ii" 4 23 35.80 33.80 16.52 

12 Plastic limit (%) = 19.59 

Figure 4 Data set for plastic limit test. 



Exercises 

REFERENCE 

EXERCISES 

E 

Water content (%) 

,..;.. 
7 w 

• :: Mw·Md I Md·McI·100 

• 
11 Plastic limit % - .. AVERAGE w 

Figure 5 Formulas used in Fig. 4. 

See Introduction for references to ASTM procedures (pages 4 to 6). 

1. Determine the plastic limit from the experimental results of Table El. 

TABLE E1 

Tare with Tare with 
Set Tare mass wet soil dry soil 

number (0) (0) (0) 

1 47.12 77.12 71.44 
2 45.67 75.67 69.94 
3 45.66 75.66 70.05 
4 45.67 75.67 69 .68 

2. Same as Exercise 1 but for the experimental results of Table E2. 

TABLE E2 

Tare with Tare with 
Set Tare mass wet soil dry soil 

number (0) (0) (0) 

1 47.11 48.63 48.47 
2 43.21 44.96 44.75 
3 47.12 48.71 48.47 
4 104.19 106.49 106.19 

3. Same as Exercise 1 but for the experimental results of Table E3. 

TABLE E3 

Set 
number 

1 
2 
3 
4 

Tare mass 
(0 ) 

47.12 
46.69 
45.61 
45.81 

Tare with 
wet soil 

(0) 

54.70 
47.84 
47.03 
47.77 

Tare with 
dry soil 

(0) 

53.59 
47.63 
46.66 
47.49 

99 
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4. Same as Exercise 1 but for the experimental results of Table E4. 

TABLE E4 

Tare w ith Tare with 
Set Tare mass wet soil dry soil 

nUn:'ber (g) (g) (g) 

1 46.70 49.14 48.85 
2 47.72 51 .60 51.02 
3 47.08 49.33 49.05 
4 47.72 50,17 49.82 
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Principles of Shrinkage 
Limit Analysis 

Fine·grained soi~ _~h.rffik CO!ltinuQuslL'YEen ~ wale! co~-!~nt .fI~~~l1:!ltil !h~ 
water content reaches the shrinkage limit. At that M int t,be_@iLp.8Jticles.£.in 
Close oo~~~nd th'LSQiL'lolume£ru) nQJo!lg~dec..r..eA§..e, ev:en if the water .CQ!!
tent is reduced further .. p~s are mme susceptible to shrinkage than are silts and 
sands. In most cohesive sOilS;' the shrinka~e limit IS appreclaOly smaller than Uie 
p lashc limit, except for silts, which have similar shrinkage and plastic Iimi1!-

Shrinkage Umlt 

Figure 1 shows the typical variation of volume measured for clays when the water 
content decreases. The volume change decreases proportionally to the loss of wa
ter content w between points A and B. where w > PL. However, between points 
C and D, where w < PL, there is no further decrease in volume as the soil dries. 
The shrinkage limit SL is the water content at the intersection of lines AB and 
CD. The intercept of line AB (i.e., point F) corresponds to the total volume of 
dry soil particles. 

Shrinkage Ratio 

Related to Fig. 1, Fig. 2 shows the corresponding variation of volume ratio VI Vo, 
where V is the total soil volume and Vo is the dry soil volume. The shrinkage ratio 
SR is the slope of line AF in Fig. 2: 

(J) 

where VI is the volume corresponding to water content W1 and V 2 is the volume 
corresponding to water content W2. The columns of Fig. 2 illustrate the variation 
of the volumes of soil and its air, water, and solid constituents at various drying 

101 
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80 ,-----;:;:==----=.-, Shrinkage 
A 

limit 
A 

~ 70 

S Constant 
~ D volume 
• 60 ii''---1I--'!;--;.C 
§ C 
~ 

J 50 
• fupcrimenl 

F 

, , , , , , , , 
LL 

Water 
F 

SL : :PL 
~ +---~~~~~-_r-~-

Solid 

o \0 20 30 ~ 

Water oonlenl (%) Water content (%) 

Fi gure 1 Typical shrinkage curve for clay soil (data 
after Head, 1984). 

Figure 2 Definition of shrinkage ratio SR. 

stages. For large water content, the soil is fully saturated, and its volume varies 
linearly with w. The volume of the solid fraction is always constant and equal to 
the volume at point F. At point E the soil particles cannot get closer together 
even though water is being removed, and air starts to fill voids as drying contin
ues. When VI and V2 are both larger that Vo, the water content decreases linearly 
with the volume change: 

(2) 

where p", is the water unit mass and Mo is the mass of dry soil. Therefore, SR is 

Linear Shrinkage 

SR= Mo 
p",Vo 

(3) 

The linear shrinkage ratio LS characterizes the change in length induced by dry
ing a cylindrical sample of soil initially about its liquid limit. LS is 

L -Lo 
LS = -L- x 100 ('Yo) (4) 

where L is the original length of the sample at about the liquid limit and Lu is the 
length of the dry sample. LS gives an indication on the amount of axial strain that 
drying may cause to soil samples. LS can also be determined from volume 
changes provided that the soil shrinks uniformily in all directions: 

('Yo) (5) 

where V is the initial soil volume close to the liquid limit and Vo is the dry soil vol
ume. In the case of most British soils (Head, 1984), LS was found to be approxi-
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mately related to the plasticity index PI through 

PI=2.13LS (%) (6) 

TYPICAL VALUES FOR SHRINKAGE LIMIT 

Table 1 lists some typical values of shrinkage limits for clay minerals and soils. 

TA BLE 1 
Liquid, plastic, and shrinkage limits for several clay minerals and natural soils 
(after Lambe and Whitman, 1979; and Lambe, 1951) 

Shrinkage Shrinkage 
limit limit 

Liquid Plastic Plasticity Shrinkage calculated calculated 
Exchangeable limit limit index limit by method 1 by method 2 

Min81'al 100 (%) (%) (%) (%) (%) (%) 

Montmorillonite N. 710 54 656 9.9 -132.3 6.2 
K 660 9B 562 9.3 -74.8 10.1 
C. 510 B, 429 10.5 -51.3 10.5 
M. 410 60 350 14.7 -45.3 9.5 
F. 290 75 215 10.3 2.1 15.7 

Illite N. 120 53 67 16.4 26.0 23.4 
K 120 60 60 17.5 33.0 27.8 
C. 100 45 55 16.8 23.4 22.1 
MB 95 46 49 14.7 25.8 23.8 
F. 110 49 61 15.3 24.7 22.8 

Kaolinite N. 53 32 21 26.8 23.1 22.9 
K 49 29 20 21.2 21.1 
C. 3B 27 11 24.5 22.1 22.4 
M. 54 31 23 28.7 21 .8 21.7 
F. 59 37 22 49.2 26.6 26.0 

Attapulgite H 270 150 120 7.6 82.5 43.9 
Mexico City clay 3BB 226 152 43 126.6 52.5 
Boston blue clay (illite) 41 25 16 18.7 19.3 19.3 
Aardvack clay 30.6 19.6 11 12.17 16.7 16.4 
Morganza Louisiana clay 104 74.8 29.2 13.7 52.1 47.0 
Beverly clayey silt (illite) 19.5 16.3 3.2 13.3 16.4 15.4 

APPROXIMATE DETERMINAnON OF SHRINKAGE UMIT 

There are two empirical methods to estimate SL from the liquid and plastic lim
its. 

Method 1 

The shrinkage limit SL is estimated as follows (Holtz and Kovacs, 1981): 

SL = 5.4 + O.73LL - PI (%) (7) 

where LL is the liquid limit and PI is the plasticity index. Table 1 compares tbe 
measured shrinkage limits with those estimated using Eq. 7. Eq. 7 is a very crude 
approximation of the measured shrinkage limits. Equation 7 even predicts an un
realistic negative value of the shrinkage limit for monnnorillonite. 
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Figure 3 Method 2 for estima ting the sh rin kage limit from liquid 
and plastic limits. 

Method 2 

As shown in Fig. 3, the U- and A-tines of the plasticity chart intersect at point 0 
with coordina tes - 43.53 and - 46.38. The shrinkage limit SL of a soil with liquid 
limit LL and plasticity index PI can be estimated as the liquid limit of the inter
section point B between line OA and the liquid limit axis, where A has for coor
dinates LL and PI (Holtz and Kovacs, 1981). This graphical construction 
corresponds to 

SL ~ 4638 LL + 43.53 -4353 
. PI +46.38 . (%) (8) 

where LL is the liquid limit (%) and PI is the plastic index (%). As shown in Ta· 
ble I, Eq. 8 provides a more accurate approximation of measured shrinkage limits 
than does Eq. 7. 

ENGINEERING SIGNIFICANCE OF SHRINKAGE 

The effects of shrinJcage of fine·grained soils are of considerable sign ificance from 
a geotechnical engineering point of view. Shrinkage cracks are caused by the 
evaporation from the surfa~~ in dry climates and lowering the groundwater table. 
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REVIEW QUESnONS 

1. D efine shrinkage limit. What is the position of the shrinkage limit with re-
spect to the liquid and plastic limits? 

2. Define shrinkage ratio. 
3. Is it meaningful to define a shrinkage limit for sands? 
4. Is the shrinkage limit larger or smaller than the plastic limit? 
5. Which methods are used to estimate the sh rinkage limits from liquid and 

plastic limits? 
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. Shrinkage Limit 
Analysis with Mercury 

Shrinkage limit analysis determines_the sbrinkage limit and shrinkage ratio of 
fine-grained soils. The shrinkage limit is the water content below which a soil un
dergoes no further volume change. The shrinkage ratio provides an estimate of 
the amount of volume change during drying and wetting. There are two methods 
to determine the shrinkage limit: the mercury method and the wax method. The 
mercury method is-described in this chapler, the wax method in Chapter 2.s. 

The equipment for shrinkage limit analysis with mercury includes: 

• Shrinkage dish, porcelain or me tal, about 42 rom in diameter and 12 mm 
deep (Fig, 1). 

• Immersion glass cup about 57 nun in diameter and 38 rom deep, with the 
rim ground flat. 

• Prong plate, transparent, fitted with three prongs and large enough to cover 
the immersion glass cup. 

• Mercury, a little more than 1 kg, to fill the glass cup completely. Mercury is 
a harmful substance-avoid direct skin contact with mercury. After the ex
periment, pour the mercury back into its container without leaving any mer
cury trace on the laboratory equipment, bench, or floor. Handling of 
mercury can be hazardous unless the appropriate precautionary measures 
are taken. Mercury vapour is poisonous when its concentration exceeds 100 
)J.g1m3. It is important to control the surface area of mercury exposed to the 
air (absolutely no spillage of mercury on the floor or laboratory bench) and 
have a normal ventilation in the room. 

• Large evaporating dish and tray, to prevent mercury from spilling. 
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TEST PROCEDURE 

Figure 1 Equipment for shrinkage li mit analysis. Shrinkage dish, 
prong plate, conta iner of mercury, petroleum jelly. spatula, large 
eva porating dish, and large tray. 

• Pe troleum je lly, silicon grease, or Teflon powder spray to lubricate shrin kage 
dish. 

• Balance accurate to 0.0 1 g. 
• Measuring cylinder, 100 mL. 

• Drying oven. 

• Straight-edge spa tul a. 

1. Take abo ut 40 g of the mate rial used for the liquid and plastic limit tests. 
This mate ria l should pass a No. 40 sieve. Place the soil in an eva po rat ing 
dish and , use a spatula to mix thoroughly with distilled water to obtai n a 
soil paste with a water content higher than the liquid limit. 

2. Measure the weights of th e shrinkage limit dish, first dry, then fill ed with 
water, to determine its volume. 

3. Lightly coat the inside o f the d ish with pe troleum jelly or silicon grease (Fig. 
2) . This coatiJ1g will prevent the soil from sticking to th e dish o r forming 
cracks upon drying. Measure the weight of the coated d ish. 

4. Fill about one·third o f th e dish with the soil paste (Fig. 3) . Tap the dish with 
the spa tula handle to cause the soil pas te to fto w to the edges o f the d ish 
and to re lease air bubbles. Add a second layer of soil , about the same size 
as the first, and aga in tap the sample to release entrapped a ir. Add more 
soil and overtop the dish sl ightly. Strike o ff the excess soil with a straight
edge and clea n off adhering soil from the outside o f the shri nkage dish. 
Measure the weight of the wet soil and dish. 

5. Leave the soil in the shri nkage d ish to dry in the labora tory until the soil 
surface changes to a light color (abo ut 5 to 6 h). Place it in the oven at 105 
to II DoC and dry it to constant weight (abou t 12 to 18 h). Measure the 
weight of the dry soil and contai ner. 

6. R emove the dried soi l-pat carefully from the shrinkage dish. It sho ul d be 
- intact if it was adequa te ly air dried before oven drying. Place the immersion 

cup in a clean evaporati ng dish, itself loca ted inside a large tray (Fig. 4). Fill 
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Figure 2 Linghtly coat the inside of the shnnkage 
limit dish with petroleum jelly or silicon grease. 

Figure 4 Place the immersion cup In a clean 
evaporating dish. itself located inside a large 
tray_ Place the dry soil pat on the mercury 
surface. 

Chap. 2-7 I Shrinkage Limit Analysis with Mercury 

Figure 3 The shrinkage dish is filled with soil 
paste. The dish is tapped with a spatula handle 
to cause the soil to flow to the edges of the 
dish. When the dish is completely filled with 
an excess standing out, strike off the excess 
with a straightedge 

Figure 5 Press the three prongs of the 
prong plate carefully onto the sample and 
force it under the mercury. 
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Evaporating dish 

Figure 6 The three prongs push the dry soil pat into the mercury, 
and displace mercury from the immersion cup to the evaporating 
dish. 
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the cup to overflowing with mercury, and remove the mercury excess by 
pressing the glass prong plate firmly on the top of the cup. Press slowly to 
avoid trapping air under the glass plate. Carefully remove the prong plate. 
Transfer the excess mercury collected in the evaporating dish into its origi
nal container without spilling. 

7. Place the soil pat on the mercury surface (Fig. 4). The soil pat will float be
cause the mercury is much denser than any soil. Press the three prongs of tbe 
prong plate carefully on the sample and force it under the mercury (Fig. 5). 
Avoid trapping any air. Press the plate firmly onto the dish. Displaced mer
cury will be held in the evaporating dish. Brush off any droplets of mer:cury 
adbering to the cup into the evaporating dish (Fig. 6). Transfer all the dis
placed mercury to tbe measuring cylinder and measure the weight of dis
placed mercury. The volume of displaced mercury is equal to the volume of 
the dry soil pat. 

8. Transfer the mercury back into its original container, by working above a 
large tray, without spilling. 

The initial water content w of the wet soil pat is 

w = _M,-... M."o 
Mo 

(I) 

where M is the mass of the wet soil and Mo is the mass of the dry soil. The shrink
age limit SL is calculated from w by removing the change in water content from 
V to Yo: 

V-Vo 
SL=w-p -• Mo (2) 

where V is the volume of the wet soil pat, Vo the volume of the dry soil pat, and 
P ... the unit mass of water. V is equal to the volume of the mold where the pat is 
formed. 

Vo is equal to the volume of mercury that is displaced by immersion of the 
dry pat into the mercury bowl: 

(3) 
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where MHg is the mass of the displaced mercury and PHg is the unit mass of the 
mercury = 13.6 glcm3• The shrinkage ratio is 

Mo 
SR= -

P .. ,vo 
(4) 

The linear shrinkage ratio LS is 

(5) 

EXAMPLE 

15 r,; 
If," 
Cii" r,;-

Figure 7 shows an example of input/output data for the shrinkage limit test, 
and Fig. 8 shows the formulas used in Fig. 7. 

A 

1 Shrinkage Test 
T 
-T Analyst name: Henry Guapo 
"t- Test date: 2122/93 
7 Sample description: Aardvark modeling clay 7 
-'-

7 
MERCURY METHOD Sample 1 Sample 2 

~ Mass of coated dish Me (9) 17.51 15.64 , Mass of coaled dish and wei soli M", (g) 78.07 76.47 r;;- Mass of coaled dish and dry soil Md (9) 64.4 , 62.56 r,;- Volume 01 wei soil V (em') 32.42 32.85 

Iu Mass 01 dish Mt (9) 130.00 130.00 

Cii" ass 01 dish and displaced mercury MHg (g) 462.00 466.00 

~ Unit mass of Mercury PHg (gfcm~ 13.60 

~ Volume 01 dry soli Vo (cm~ 24.41 24.71 Average 

~ Iniflal water conlent w 29.13% 29.64% 29.38% 

~ Shrinkage limit SL 12.06% 12.28% 12.17% 

~ Shrinkage ratio SR 1.92 1.90 1.91 
19 Linear Shrlnkaae LS 9.02% 9.06% 9.04% 

Figure 7 Example of data set. 

Volume 01 dry soil Vo (cm~ ,,(MHg-Mt)JrHg ::(MHg-Mt)JrHg Average 

InlUal water content w _(Mw·Md)J(Md_Mc) :(Mw.Md)l(Md-Mc) _AVERAGE(w) 
Shrinkage limit SL : w.(V-VO)/(Md-Mc) :w-(V.VO)J(Md-Mc) :AVERAGE(SL) 

Shrinkage raUo SR =(Md·Mc)NO :(Md·Mc)NO :AVERAGE(SR) 
Linear Shrinkage LS 1.(l-{VON),,(113)) _(1_(VON)"(113)) :AVERAGE(LS) 

Figure 8 list of formulas used in Fig. 7. 
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1. What is the purpose of the shrinkage limit? 
Z. Why do we use mercury in the shrinkage limit test? Is there another tech

nique to define the shrinkage limit? Which one? 
3. Why do we coat the shrinkage dish with petroleum jelly or silicon grease? 

1. Calculate the ratio between the plasticity index PI and linear shrinkage ra
tio LS. Compare your value to that found for British soils CPII LS = 2.13). 

2. Calculate the shrinkage limit, shrinkage ratio, and linear shrinkage ratio 
from the following test results. 

Mass of coated dish (g) 
Mass of coated dish + wet soil (g) 
Mass of coated dish + dry soil (g) 
Volume of wet soil (cm3) 
Mass of dish (g) 
Mass of dish + displaced mercury (g) 
Unit mass of mercury 

Mass of coated dish (g) 
Mass of coated dish + wet soil (g) 
Mass of coated dish + dry soil (g) 
Volume of wet soil (cm3) 
Mass of dish (g) 
Mass of dish + displaced mercury (g) 
Unit mass of mercury 

Sample , 
17.04 
74.24 
56.61 
32.41 

134.00 
400.00 

13.60 

Sample , 
17.51 
78.07 
64.41 
32.42 

0.00 
316.00 

13.60 

Sample 
2 

13.61 
68.88 
51 .62 
34.96 

134.00 
438.00 

13.60 

Sample 
2 

13.97 
72.97 
59.80 
34.95 

0.00 
355.00 

13.60 
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EQUIPMENT 

Shrinkage Limit 
Analysis with Wax 

The shrinkage limit analysis with wax has the same objective as the shrinkage limit 
analysis with mercury (Chapter 2·7). It determines the shrinkage limit and shrink
age ratio of fine-grained soils by using wax instead of mercury. Because wax is less 
!Qxic than mercury. this methOd is recommended in an academic environment. 1 he 
wax method assumes that wax, similar to mercury, does not wet or expand dry soils. 

The equipment for shrinkage Limit analysis with wax includes: 

• Shrin~age dish, porcelain or metal, about 42 mm in diameter and 12 mm 
deep. 

• Petroleum jeUy, silicon grease, or Teflon powder spray to lubricate shrinkage 
dish. 

• Straight-edge spatula. 
• Balance accurate to 0.01 g. 
• Support frame for suspending the sample below the balance (see Chapter 3-2). 

• Paraffin wax and wax bath. 
• Container filled with water. 

• Drying oven. 
• Evaporating dish. 

lEST PROCEDURE 

11 2 

The procedure combines several steps of the shrinkage limit analysis with mer
cury and the deternlination of the unit weight of cohesive soils (refer to Chapters 
2-7 and 3-2 for details). 
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1. Construct the soil pat and dry it as specifi ed in steps 1 to and 4 of the test 
procedure in Chapter 2·7. Measure the weight of the coated dish, the weight 
of the coated dish and wet soil, the weight of the coated dish and dry soil, 
and the volume of wet soil. 

2. Measure the volume of the dry soil pat as specified in steps 2 to and 6 of the 
determination of the unit weight of cohesive soils in Chapter 3-2. If the pat 
has a tendency to crumble, apply thin layers of hot wax on it with a brush 
before immersing it completely in the heated wax bath. Measure the total 
and buoyant weights of the dry pat and wax. 

3. The wax unit mass should be determined as described in Chapter 3-2. 

The moisture content w of the initial wet soil pat, the shrinkage limit SL, the 
shrinkage ratio SR, and the tinear shrinkage ratio LS are given in Eqs. t. 2, 4, and 
5 of Chapter 2-7. However, in the wax method, Vo is calculated from the weight 
of displaced water corrected for the additional volume of wax: 

( \ ) 

where MJp is the mass of the dry soil covered with wax, Mbsp the buoyant mass of 
the dry soil covered with wax, Mp the mass of wax covering the dry pat, P ... the 
unit mass of water, and Pp the unit mass of wax. 

EXAMPLE 

Figure 1 shows an example of input/output data for the shrinkage limit anal
ysis with wax, and Fig. 2 shows the formulas used in Fig. 1. 

A • C D 

I Shri nkage Test r-
I Anatyst name: Henry Guspo 

~ Test date: 2122193 

r+ Sample description: A/lreNerfr modeling cJsy 

~ 
6 WAX METHOD Sample 1 Sampla 2 

,.;. Mass of coated dish Me (g) 15.64 13.90 

~ ass or coated dish and wet soil M". (g) 76.47 76.08 

e!.- ass 01 coated dish and dry soil M~ (g) 62.56 61.43 

r!!. Volume 01 wet soil V (em") 32.85 33.75 
U Mass 01 soil and WaJ( Mo., (g) 51.85 48.40 

" l.IOYanl mass of 80~ and wax Mbop (g) 22.05 22.70 

U Unit mass of wax Pwt.>: (glem3
) 0.95 0.95 

" Volume 01 dry soil Vo (em 24 .61 24.78 Average 

" Initial water content w 29.64% 30.63% 30.23% 

• Shrinkage limit SL 12.06% 11 .96"10 12.02% 

* 
Shrinkage ratio SA 1.91 1.92 1.91 

Unear Shrinkage LS 9.17% 9.76"- 9.46% 

Figure 1 Example of data set. 
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Volume of dry soil 

Initial water content 

Shrinkage limit SL =w.-.\~ 
. ratio SR 

• (Msp-(Md-MclVrwax - (Msp-(Md-Mc))Jrwax i:A1~~~ 

U"... . ' LS 

Figure 2 Formulas used in Fig. 1. 

COMPARISON OF WAX AND MERCURY METHODS 

The shrinkage limit analyses with wax and mercury were performed sucessively 
fo r some particular soils and were found to yield similar results. The volume of a 
dry soil pat can be measured by using first mercury, then wax. As shown in Fig. 3, 
SL = 12.06 and 12,28% for the mercury method. while SL = 12.08 and 11.96% 
for the wax method. 

REVIEW OUESTIONS 

Shrinkage Test 
Analyst name: Henry GUllpo 

Test date: 2122193 
Sample I i 

Mass of coated dish and wei soil 

Unit mass 01 
I 

Sample 1 Sample 

13.60 

24.41 
12.06% 

1.92 

76.47 
62.56 

466.00 

13.60 

24.71 
12.28% 

1.90 

76.08 
61 .43 

22.05 22.70 

12.08% 11.96% 
Shrinkage ratio 1.91 1.92 

Figure 3 Comparison of shrinkage limits obtained bV using the 
wax and mercury methods. 

1. What are the differences between the wax and mercury methods of deter· 
mining the shrinkage limit? 

2. How do you determine the unit weight of wax? 
3. What is the main function of the wax in the wax method? 
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1. Calculate the shrinkage limit, shrinkage ratio, and linear shrinkage ratio 
from the following test results obtained from the wax and mercury methods. 
Compare the results obtained by the wax method aod mercury method. , 

Sample Sample Sample Sample 
1 2 3 4 

Mass of coated dish (g) 17.51 13.97 0.00 0.00 
Mass of coated dish + wet soil (g) 78.07 72.97 60.56 59.00 
Mass of coated dish + dry soil (g) 64.41 59.80 47 .20 45.8d · 
Volume of wet soil (cm3) 32.42 34.95 33.75 33.75 

Mercury method 

Mass of dish (g) 0.00 0.00 
Mass of dish + displaced mercury (g) 316.00 355.00 
Unit mass of Mercury (g/cm3) 13.60 13.60 

Wax method 

Mass of soil and wax (g) 54.55 53.75 
Buoyant weight of soil and waK (0) 22 .10 20.40 
Unit mass of wax (g/cm3) 0.95 0.95 



INTRODUCTION 

Engineering 
Classification of Soils 

Soil classification systems attribute to soils a label or designation that represents 
their most significant properties for specific engineering applications. They are 
based on measurable paramete!'St such as coefficient of uniformity. clay fraction, 
activity, and liquid limit. Several soil classification systems were developed to 
meet specific engineering needs. Some examples in the United States are the 
AASHTO classification system (ASTM D 3282) and the Unified Soil Classifica
tion System (ASTM D 2487). These engineering soil classifications are based on 
the results of Atterberg limits tests and grain size analyses. 

UNIFIED SOIL ClASSIFICATION SYSTEM 

11 6 

The Unified Soil Classifi cation System (USCS), originally developed by Casa
grande, is one of the most commonly used systems. It classifies soils into groups 
defined by a primary and a secondary letter. The letters and their meanings are 
given in Table 1. Normally, two letters are used. For example. SW indicates well
graded sand. However, soils having the characteristics of two groups are classified 
using dual symbols (e.g., CL-CH). The flowchart of Fig. 1 specifies the steps for 
classifying soils. Coarse-grained soils (e.g., sands and gravels) are classified using 
their grain size distribution curve, whereas fine-grained soils (e.g., silts and clays) 
are classified using their liquid and plastic limits. Under the uses, many soils fall 
within one of two general categories. Coarse-grained soils, which include sands 
and gravels, have either G or S for the first letter and W, P, M. or C for the sec
ond . Fine-grained soils have M, C. or 0 for the first letter and Lor H for the sec
ond . A third group of soils-highly organic soils, or Pt--consists of peat, muck, 
and so on. They are typically spongy, crumbly, and compressible and are undesir
able for use in supporting structures. 
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I TABLE 1 
Primary and secondary letters used in the Unified Soil 
Classification System. 

Primary letter 

G 
S 
M 
C 
o 
PI 

Gravel 
Sand 
Silt 
Clay 
Organic 
Peat 

w 
P 
M 
C 
L 
H 

Secondary letter 

Welt graded 
Poorly graded 
With non plastic fines 
With plastic fines 
Of low plasticity (lL < 50%) 
Of high plasticity (Ll > 50%) 
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EXAMPLE 

The results of grain size analysis and the Atterberg limit (or a soil are as fol 
lows: 

U.S . sieve size 

No. 4 
No. 10 
No. 40 
No. 200 
Liquid limit 
Plastic limit 

Percent passing 

100 
85.6 
72.3 
58.8 

LL = 46 .2% 
PL = 21 .9% 

The plasticity index is PI = LL-PL = 46.2 - 21.9 == 24.3%. 
The soil is fine-grained (right brancb of Fig. 1) because more than 50% 

passes a No. 200 sieve. Its liquid limit LL = 46.2% is less than 50%. The 
point (LL, Pf) = (46.2,24.3) falls above the A-line of the plasticity chart. The 
soil is classified as CL. 

AASHTO CLASSIFICATION SYSTEM 

"AASHTO" stands for the "American Association of State Highway and Trans
portation Officials." This classification system is widely used in highway work. The 
system intends to indicate a soil's acceptability as a highway and road subgrade 
and base course, partially by the use of a numerica l measure of the soil quality, 
termed the group index GI. 

AASHTQ classifies soils by using the results of grain size analysis and liquid 
and plastic limit tests. The necessary parameters are listed in the first column of 
Table 2. With the values of these parameters known, one enters the column of Ta
ble 2 labeled A-la and determines whether or not the parameters meet the Jimit
ing values of that column. If they do, the soil classification is A-la. [f they do not, 
one enters the next column to the right and determines whether or not the pa
rameters meet the limiting values of that column. The procedure is repeated until 
the parameters meet all the limiting values of a column. The soil classification is 
given at the top of that particular column. In addition to its group name, a soil is 
further classified by its group index G I: 

GI = (F-3S)[O.2 + O.OOS(LL-40)] + om (F·1S)(PI-10) (1) 

where F is the percentage of soil passing a No. 200 sieve, LL the liquid limit, and 
PI the plasticity index. GI is rounded off to the nearest whole number and, if 
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ilsoil aample obviously h.ighly OfJanic, with odor, leaves, twigs. ctc.? y" 
Classify as PI 

(peat) 

Pined grained roil 

No 

CL.MJ..,orOL 
dependin, on 
pt"u.,..PLand 
LL 

LOO 

20 '" 

No 

A sieve test i$ made on !he entire sample and !he 
pen:eo~ie pauing the No,200 lieve i$ noted P200 

y" No 

Coarse grained soil 

P4 Pera:ntage pasIIini the No.4 sieve 
P4 >.5O'l>? 

y" 
No 

CH,MH,orOH 
dependin, on 
PJ"LL-PL and L 

OIl 80 100 120 

Sandy soils 
SW,SP,SMorSC 

Cu >4 for gravels? 
Cu>6 for sands? 
l<Cc<3 for both ? 

y~ No 

OW GP 
m m 
Sw SP 

Gravelly lIOils 
GW,GP,GM,orGC 

y" No 

Borderline 
0w0I 
"",bo" 

Below A-line 
or PI<4%? 

Liquid limit LL (%0) 

OM 
m 
SM 

OC Borderline 
or Dual 
SC symbols 

Figure 1 Flowchart of Unified Soil Classification System. 

negative, set equal to zero. The result of the AASH'IU classification is reported 
by appending GI in parentheses to the group designation. 

EXAMPLE 

With 85.6% passing a No. 10 sieve, 72.3% passing a No. 40 sieve, 58.8% 
passing a No. 200 sieve, a liquid limit of 42.6%, and a plasticity index of 
24.3%, one proceeds across Table 2 from lert to right until the first column 
is reached in which these parameters meet the limiting values in that col
umn. The result is A-7. The group index is determined using Eq. 1. 

Gl = (58.8 - 35)[0.2 + 0.005(46.2 - 40)] + 0.01(58.8 - 15)(24.3 - 10) = 11.8'" 12 

Therefore, this soil is classified as A-7 (12). 
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TABLE 2 
AASHTO classification of soils and soil-aggregate mixtures 

General classification Granular materials Silt-clay materials 
(35% or less passing .075 mm) (more than 35% passing .075 mm) 

Group A-1 A-3 A -2 A-4 A-5 A-6 A-7 
classification A-7-5 

A-1a A-1b A-2-4 A-2 -5 A-2-S A-2-7 A-7-S 

Percent passing 
2.00 mm (No.1 0) 50 max. 
0.425 mm (No. 40) 30 max. 50 max. 51 max. 
0.075 mm (No. 200) 15 max. 25 max. 10 max. 

35 max. 35 max. 35 max. 35 max. 36 min . 36 min. 36 min . 36 min. 

Fraction passing 
0.425 mm (No. 40) 
Liquid limit 40 max. 41 min. 40 max. 41 min. 40 max. 41 min. 40 max. 41 min. 
Plasticity index 6 max. N.P. 10 max. 10 max. 11 min. 11 min. 10 max. 10 max. 11 min. , 1 min. 

Usual types of 
Slone fragments Fine Clayey soils significant constituent Gravel and sand saod Silty or clayey gravel sand Silty soils 

materials 

General rating as 
Excellent to good Fair to poor subgrade 

Oassifiation procedure: Given tbe required test dall. proceed from left to niht in cb.an; the correct group will be found by tbe process of elimination. The fint group fTom tile left consistent witb tbe test 
data is the QO)rrect dusification. The A-7 group is subdivided into A-7-S or A-7-6, depending on the pLastic Limit. For PL ... 30, \he dassificlotiQn is A-7-6; for PL > 30, A·7·S. N.P. denotes ~nonplastic:. ~ 
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COMPARISON OF uses AND AASHTO 
CLASSIFICAnON SYSTEMS 

TA BLE 3 

There are significant differences between the uses sand AASHTO soil classifica
tion systems, which result from their different histories and purposes. Tables 3 and 
4 compare the two systems in terms of the probable corresponding soil groups. 

Comparable soil groups in the AASHTO and uses systems (after liu, 1970) 

Soil group 
in uses Most probable 

Comparable soil groups in AASHTO system 

Possible Possible but improbable 

GW 
GP 
GM 

GC 
SW 
SP 
SM 

SC 

ML 
CL 
OL 

MH 
CH 
OH 
PI 

TABLE 4 

A·' a 
A·' a 
A·lb, A·2· 4, 
A·2·S, A-2-7 
A-l -6, A-2-7 
A· lb 
A-3, A-lb 
A-1b, A-24, 
A-2-S, A-2-7 
A-2-G, A-2-7 

A-4, A-5 
A·G, A-7-S 
A·4, A·5 

A -7-5, A-5 
A -7-S 
A·7·S, A-5 

A·lb 
A-2-G 

A-2-4, A-6 
A-l a 
A-' a 
A-2-G, A-4, 

A -2-4, A-B, 
A-4, A-7-B 
A-B, A-7-5 
A-4 
A·B, A· 7·5, 
A-7·S 

A-7-5 

A-2·4, A-2-5, A -2-S, A -2-7 
A-3, A-2-4, A-2-5, A ·2· S, A·2· 7 
A-4, A-5, A·S, A·7 ·5, A-7·S, A-1a 

A-4, A-7-B, A-7-5 
A-3, A-2-4, A-2-5, A-2-B, A-2-7 
A-2-4, A-2-5, A-2-B, A -2-7 
A-B, A-7-5, A-5, A-7- B, A-1a 

A-7- 5 

A-7-B 

A-7-B 

Comparable soil groups in the AASHTO and USCS systems (after liu, 1970) 

Soil group in 
Comparable soil groups in USCS system 

AASHTO system Most probable Possible Possible but improbable 

A-' a GW, GP SW, SP GM, SM 
A-1 b SW, SP, GM, SM GP 
A-3 SP SW, GP 
A-2·4 GM, SM GC, SC GW, GP, SW, SP 
A-2-5 GM, SM GW, GP 
A-2-B GC, SC GM, SM GW, GP 
A-2-7 GM, GC, SM, SC GW, GP, SW, SP 
A-4 ML OL CL, SM, SC GM, GC 
A-5 OH, MH, ML, OL SM, GM 
A-6 CL ML, OL, SC GC, GM, SM 
A-7-5 OH, MH ML, OL, CH GM, SM, GC, SC 
A-7-B CH, CL ML, OL, SC OH, MH, GC, GM, SM 

EXAMPLE OF UNIFIED SOIL CLASSIFICAnON 

An example of classification with the uses is given in Figs. 2 to 5. The formulas 
used in Fig. 2 are listed in Fig. 3. Figure 4 sbows the user-defined function for 
uses. The input data in Fig. 2 are given in the arguments of the USC function. 
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Example of Unified Soil Classification '2' 
In fig. 2 the soil is classified as CL (i.e. , a clay of low plasticity) , The results of the 
USC function can be verified by plotting the point (LL,Pl) on the plasticity chart 
of Fig. 5. In this case the point (LL,PI) is not a borderline case because it is far 
from the boundaries between two classifications . 

1 
1,·,0) 

.0) 

A B r+ Exampkt of Unified Soli Cla •• lfle.tlon r+. Clean Sand (Si8l1e analysis) SP 
J Clay sample CL 
~ Liquid limit (%) = 34 

S Plastic limit t%l ,... 20 

Figure 2 Example of Unified Soi l 
Classification . 

I.LL.PL 

~~:~r~f~~~~~i~~;;!;~:;,% palsing No.4 must be larger than "" paning No.200")) 

I-
I: 
I: 

: liquid limit must be larger or &qual to plastic limit')) . 
IF(AND(Al 0>0,S'(LL-8),Al0>7.3),AETUANj'EAA: above U lil'l8ln plalilcity chari')) 

IF(OA(Al0<-O.73'(LL-20),Al 0<-41) 

IF(ll>50,IF(Organic<.' ,AETUAN('MH'),RETURNr OH' ))) 
IF(Organicool,RETURN('ML'),AETUAN('OL' ») 

ELSE.lF(Al0> .. 7.3) 

IF(Ll>50,RETUANrCHj,AETUAN("Cl ")) I-I_ ElSE.lF(AND(Al0>4,A10< .. 7.3)) 

I_ AETUAN(' CL-ML' ) 
I_ ENDJFO 

" " 
IF(AND(A1O>Q.9' (lL-8),A10>7.3),RETURN(' EAA: abova U lin, In plasticily chalt')) 
tF(AND(AIO>O.73'(LL·20),Al 0>7),IF(pl4<50,RETUAN(' GC'),AETUAN(' SC'»)) 
IF(OA(A10<-o.73' (Ll-20),A10<4),IF(pf4c50.RETUAN('GM'),AETUAN('SM'))) 

tF(pf4<5Q,AETUAN('GM-GC'j,AETURN('SM·SC')) 

[liJ-EL.SEO 
Il'lr~ I AI'TI IAI /,(':. must be greater than or equal to I')) 
I 

IF(AND(Cu>6,C<:> I ,Cc<3),AETUAN('SW'j,AETUAN('SP')) 

ELSEO 

IF(ANO(Cu>4.Cc>I ,Cc<3),AETUAN("GW'},AETUAN('GP' ») 

END.lFO 
.1 

B 
2... ",USC(O,99,0.05,1.48,0.96,0,o) 

J .. uscio 100,100 0 O,54,B5} 

Figure 3 Formulas used in 
Fig . 2. 

I~""""'" 1 I 
' . (USC) 

,I ~an~. matter in% 
14 ,Ieve 

I perC&n~_~~~ln.~, .1t200 ,leva 
I unl10rmlly 

roNaNr. 

~~"='I'~'ex'%~---------1 
ErTOf messages 

Purely orvaniC clay or aUt 
ClaslOily acoording to plaaticity chari 

AboVe U line 

Under A line 

Figure 4 User-defined function for Unified Soil Classification. 
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50 

! 40 
~ 
K 

~ 30 

" :g 

~20 

" 

• 
0 

Chap. 2-9 I Engineering Classification of Soils 

• Oaysamplc 

• Light brown. l8Ildy and 
' ilty clay 

X Dan; brown, , illy day, 
tnlCe of p wl 

X Uu &. Evttt u ample 

CL 

Liquid limit LL ("l» 

MH&:OH 

80 100 

Figure 5 Posilion of uses and AASHTO classification examples 
of Figs. 2 and 7 on plasticity chart. 

EXAMPLE OF AASHTO SOIL CLASSIFICATION 

~ 

~ ..!!. 
~ 
~ 
~ 
~ 
r? 
r? 
~ 
~ 
~ ~ 
~ ~ 
~ S 

~ • 
~ 
~ 

Figure 6 lists the user-defined function fo r AASHTO classification, Fig. 7 is an ex
ample of AASHTO soil classification, and Fig. 8 lists the formulas used in Fig. 7. 
This function exactly follows the instructions of Table 2. 

• B 
"ASHTO AASHTO C .... lllc.llon Syatern 
. AESULT(2) RetUrN a Claeaifbllon Code 
_AAGUMENT(' PP10',I ) Percent Paning NO.IO Sieve 
_AAGUMENT('PP4Q' , I ) Peroent Passing No.40 Sieve 
.. ARGUMENT("PP200·,1 ) Parcent Passlr.g NO.200 Slave 
. ARGUMENT(' l L' ,I ) L1qu~ Liml1 in % 
_AR(3UMENT('PL' ,1) Plastic limit In % 

. LL· PL Plasticity Irldex 

. ·C· & TEXTCMAX(lNT{(PP2()()' 3S)· (0.2..o.005·CLL·4O))~.O I ' { PP2O(). 1 S)' (A47·1 0».01."0')& .). Group Index 

. IF(PP10<PP4O,RETURN(,ERROR: % paulng No.l0 mus, be larver !hall % passing No.4O')) 
cIFCPP4O<PP200,RETURNr ERROR: % putj"ll 1"0.40 mus' be large< 1h8n % puMlg No.2OOj) 

.IFCLL<PL,RETURN(,ERROR: Iquid IrnIt mUI' be larger Of equal plastic Iimh')) 

.. IF(AND(PP10<50.PP4O<30,PP2OCkIS,M7<6),RETURN(·A·I,'») . 

. IF(AND(PP40<50,PP200<2S,M7 <6),RETURN(' A·l b')) 

. IF(AND(PP4O<SI ,PP200<10,PL<-cl),AETVRN('A-3' )) 

.IF(AND{PP2OO<3S,LL<4O,A47<IO),RETURN(' A-2-4' &A4S») 
. IF(AND(PP200<3S,LL>41.A47 .. 1 O).RETUAN(' A-2-S ' &A48)) 

. ' F{AND(PP200 .. 3S,LL<40,A47> 11 ),RETURN(' A-2-6' U48» 

.IF{AND(PP2OO<35,Ll>41 ,A47>11 ).RETURNC·A·2·7·&A48)) 

. IF(AND(PP200>-36,LL .. 40,A47 .(10),RETURN(' A ... ·U48» 

. IF(ANO(PP200-:36,Ll>41 ,A47 .. 1 O),RETURNr A-S'U48)) 

.IF(AND(PP200>-36,LL<4O,A47 .. 11 ).AETURN{·A-6' &A48)) 

.IF(AND(PP2OIho..36,l1>41,M7 .. , 1 ,PL>30),RETURN C'A-7 -S'&A48)) 

. IF(AND(PP2OIhoa36,Ll>41,M7> 11 ,PL.(30),RETURN(' A·7 -6'SA48)) 

. AETVRN ·N.C"I 

Figure 6 User-defined fu nction for AASHTO classi fication. 



USE OF SOIL CLASSIFICAnON 

A • 
+ Example of AASHTO Classification + light brown, sandy and sllty clay A·2.e(O) + Liquid limit (%)" 34.8 
.L Plastic limit ('¥o),., 17.5 

10 Dark brown, silty clay, trace 01 gravel A-7-5(10) * Liquid limit ('¥o) z 54.S 
2!. Plastic limit ('¥o) ., 30.7 

~ tum brown, very gravelly, coarse sand A-lb 

~ Liu & Even example A-7-6(11) * Liquid limit ('¥o)" 46.2 
J6 Plastic limit (%') " 21 .9 

Figure 7 Result of AASHTO classification . 

• 
~ .. AASHTO(S6.5 ,38.1 , 18.1 ,B6,89) 

~ 34.8 
r-?:- 17.5 

P.!: ;~SHTO(79.5.69,54.3 .Bll ,812) 

r£ 30. 7 

~ =AASHTO(59.1 ,38.5,5.1 ,0 ,0) 

W =AASHTO(85.6,72.3,58.8,BI 5,BI6l 

Figu re 8 Formulas used in Fig. 7. 
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Table 5 gives a general indication of engineering properties such as permeability 
(Chapler 4-1), compressibility (Chapter 6-1), and strength (Chapter 7-1) of the 
various soil groups in USCS. Table 5 also gives an indication of the relative desir
ability of each group for use in earth dams, canal sections, foundations and runa
ways. Table 6 lists some typical va lues of engineering properties for compacted 
soils (Chapter 3-4) which may be used for preliminary analysis. However, fo r final 
analysis, the engineering soi l properties must be determined from laboratory or 
fie ld tests. 

Soil classification is a valuable tool which provides the soil engineer with 
some empirical guidance through the results of field experience. However, as 
pointed out by Lambe and Whitman (1979). solving flow, compression, and stabil
ity problems merely on the basis of soil classification can lead to disastrous re
sults. Empirical correlations between index properties and fundamental soil 
behavior have many large deviations. 



- TABLE 5 
~ Engineering use chart based on results of uses classification (after lambe and Whitman, 1979; and Wagner, 1957). 

Importlnt Pfopenin Relative desirability for v.lou. "'_ (No. 1 is considered the best. No. 14 the 1_1 desirable) 

Rolled tanh dams Canal MC1ion. Foundation. Roadw.v-

ShNllng Compt8S$l - Fill, Surfacing 
slrenglh bility 

."" - WClfklbililY Homage- ,,~ 

P.,mubility compacted cOOlpaeled u. "~ Compaeled ....... ,",W -Typical nlmes and soil Group .... " "'" .... construction embank- Erosion """ "''''' ~ 00' ""-
liI'ouPS ..... "" compolCted U lulated satulated materi.1 ~". C~. Shell resistance lining import.nt important possible poMible 

Well graded gf.velS. GW P_iou, Excellent Negligible Excellent J 
g,....e!·und miJclUrft. lim, 
or no fil"lClS 

Poorly graGed g • ...".., GP Very ~ious Good Negligible Good 2 2 J J J 
""vel-und m;!!IUles, linle 
or 00 lin" 
Silty g . ... els, poorly greded OM Somiperviou, Good Negligible Good 2 • • • • • 9 5 
" ...... -sand-ailt miKIures to impervious 

CI.yev grlvell. poorly GC fmp«Yioua Good V", <ow Good J 2 • 5 , 
graded gravel ' Hnd-silt 10 Illr 
mbet .... "" 
Well graded .. nd., gflMlllV SW Pervious Excellent Negligible E~ceUent 3 il 6 2 2 2 • sanda, HnIe or no fines ,,'lIvelIV 
Poorfy graded sands, ~ .... - SP PeIViou. Good Vrsvlow Fiil " " 5 6 • 811'1' sands. linle Ot no llnell "fI",elly ",tllflIIV 
Silty sandi. poorlV "fade(! SM Semi,*"iOUI Good L~ Fair • 6 8 if 5 ... 0I;on J 7 • 10 6 
IIInd -sih mixtures to impervious gflvelly critical 
CI.Vev sands, poorlV SC ImperviotJI Good L~ Good J 2 5 2 • • 7 • 2 
"raded und-elllv mixtures to I.i, 
Inorganic: ";ttI .nd very AM. 5e<nipefyioul Fair Medium Fair 6 6 5 erosion • 9 10 " line sand •• rock flou •• siltV to impe<viou. crilical 
Ot clavov line unds with 
alight plasticitv 
Inorganic c~VI of low to "'- Imperviou. Fair Medium Good 5 J 9 J 5 10 9 7 7 
medium plasticity. " . iJ\I8I/y 10 Fair 
clays, sandy elt'(S. silty 
elt'(S. lean cliVI 
O' (Jllnic sill. I nd Ofganlc 0<. Semipervioul ,~ Medium Fair • • 1 ... 0I;on 7 " " 12 
silt -claVI 01 low plasticity to Impervious Cfilical 
Inorganic lilb, ~eous WI 5emlpervious Fai, 10 pOOl' High ,~ 9 9 • 12 12 13 
or diatomaceous fine to impervious 
sandy Ot siltV lOlls, elastic 
. iltl 

Inorgan ic claVI 01 high CH ImperlllOUI ,~ High ,~ 7 7 10 8 vofume 9 13 13 • plasticity. III cIa.,.. change 
clilical 

O.ganic clt'(S of medium OH Impervious ,~ High ,~ 10 10 10 .. .. .. 
to high plast icity. lat clt'(S 

Pelt and other highlV Of- '" (JIInic soils 



TABLE 6 
Typical properties of compacted soils based on results of USCS classification (aher NAVFAC, 1982). 

T~I v.lue 
of compo'KSibility 

(l I MP.) Typical strength char_mica 
R.AIJe of R."",. of Typical 
~ximum optimum CohMion Col'Ie$ion Effecti..., COIffic"nt 
dry unit moistu •• 0' .. 0' .. '"- of 

Group - COfltent ... " ... " compacted utu •• ted ~'"'- parM.bility 
TvpM:.1 n.met .nd lIOit grou~ .".,bol (kN/m') (%, 140 kP. 350 kPa {kPI, (kP.) .. (deQ) {em/s, 

Well g.aded g ..... I •• g •• veI-IIIAd mlxtu.otI. linl. Of no fines GW 19.6 -21.2 8-11 0 .02 0.02 0 0 , 38 0.03 

Poorly g.1ded g.evel •• g •• vel -IIInd mixtu,otI, linl. Of no tirMIS GP 18_1-19.6 11 -14 0_03 0.03 0 0 ,37 0 .06 

Silty g •• vel., poorly g.aded g.avel_und_silt mbcturotl GM 18.9-21.2 8-12 0.04 0_03 , ,, :> 11 ,, 10-' 

CI/lyey g./IVIls. poorly g •• cIed g •• vel_IInd_.i lt milctulotl GC 18.1-20.4 9-14 0.06 0_05 , 31 :>lIx l o-t 

Well grllded , .nd •• g •• v$lly lind •• linl. Of no lines SW 17.3-20.4 9-16 0.04 0_03 0 0 38 :> (j " 10"" 

Poorly g.lIded .. nd l, g,ev.jly .. nd •• linl. Of no lines SP 15.7·18.9 12-21 0.06 0.04 0 0 37 :> (j " 10"" 

Silty U ndl, poorly "aded IInd·,ill miKlu~s SM 17.3 -19.6 11 .16 0 .06 0.06 '" 20 34 :>3,, 10"1 

Sind-liit -cl. y milctur, with slightly plBltic finll SM-SC 17.3-20_4 11 -15 0.06 0.04 '" 14 33 :> 1 x 1 a--
CI~y IIndl. poorly graded IInd-cl.y mixlUres SC 16_6-19.6 11 -19 0.08 0.06 74 11 31 :> 3)( 10-' 

Inorganic .ilU .nd vetY line 1In.ds, lock llou •• silty or cl.yey ML 14.9-18.9 12-24 006 0 .06 67 11 J2 :> 5 )( 'o-t 
fine send. with slight pLnticity 

Mixtu~ of inorg.nic si lt and cllY ML-CL 15.7-18.9 12-22 0_07 0 .06 6S 9 J2 :> 3)('0-' 

Inorgln ic cll.,.. 01 low to medium pllaticity. g.aveHy clays. '" 14.9-18.9 12-24 0.09 0 .07 6S 22 28 :> 5 )( lo-t 
IIndy clays. silty el • .,... I .. n cI..,.. 

Organic sitt. Ind orgllnic , ilt _cl..,.. of low plesticity 0< 12.6 -16.7 21 -33 86 13 

lnorg,nic sillS, micllceous or di'lomIC4IOUI line IIndy or silty MH " .0-14.9 24-40 0.14 0.11 " 20 25 :> 3 " , 0-' 
lIOils, elastic .itt. 

InOfglnic cI..,.. 01 high plillicity. ' . 1 clays CH 11.8- '6.5 19-36 0.19 0.11 ' 03 11 19 :> 5x l o-t 

a.g.nic cl.y:I of medium to high pl.aticity. I.t clays OH '0_2-' 5.7 21 -45 

-t;: 
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1. What is the purpose of a soil classification? How many soil classification sys
tems can you name? 

2. In the uses, what material properties are used to classify coarse-grained 
soils? 

3. In the uses, what material properties are used to classify fine-grained 
soils? 

1. The results of particle size analyses, and where appropriate, limit tests on sam
ples of four soils are given below. Classify each soil according to the uses. 

Particle size Soil A 

63 mm 100 
20 mm 64 
6.3 mm 39 

2 mm 2. 
600 J.lm 12 
212 J.llTl 5 
63 I-lm 0 
20 Ilm 

6 "m 
2 "m 

liquid limit 
Plastic index 

Percentage smaller 

Soil B Soil C 

100 
76 

100 65 
98 59 
90 54 

9 47 
3 3. 

23 ,. 
7 

26 
9 

Soil 0 

100 
95 
69 
46 
31 
'2 
18 

2. Same as Exercise 2 but for the AASHTO classification system. 
3. Determine the extreme values of soil parameters that give OW in the uses. 

You may find the necessary parameters and their extreme values by working 
the flowchart of Fig. t backward or by using the custom function of the uses. 
Having determined the necessary parameters and their extreme values, use 
those to determine the possible AASHTO classifications. Compare your re
sults with those in Table 3. 
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4. Repeat Exercise 4 for one of the following uses classifications: GP, OM, Gc, 
SW, SP, SM, SC, ML, CL, 0, MH, CH, and OH. Compare your results with 
those in Table ·3. 

S. Determine the extreme values of soil parameters that give A-la in the 
AASHTO classification system. You may find the necessary parameters and 
their extreme values in Table 2. Having determined the necessary parameters 
and their extreme values, use those to determine the possible uses classifi
cations. Compare your results with those in Table 4. 

6. Repeat Exercise 5 for one of the following AASHTO classifications: A-lb, 
A-3, A-2-4, A-2-5, A-2-6, A-2-7, A-4, A-5, A-6. A-7-5, and A-7-6. Compare 
your results with those in Table 4. 
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Density and Compaction 

3- 1 Weight-volume relationships 

3-2 Unit weight o f cohesive salls 

3-3 Determination of specific gravity 

3-4 Principles of compaction 

3-5 Compaction tests 

3-6 Sand cone method 



DEFINITIONS 

i 
f 

Weight-Volume 
Relatic:.nships 

, 

As i1Justrated in Fig. la, soi!s are made of solid particles with voids in between. For 
most soils the particles are made of soil minerals, and the voids are fi lled with air 
and water. Soils are three-phase materials with solid, liquid, and air constituents. 
Figure la shows a soil sample of total volume V and weight W. In Fig. lb, the vol ~ 

urnes and weight of its solid , water, and air consti tuents are related through 

w=w ... +w, V=V .. +V, =V,,+V ... +V, V,, = V,,+V ... (1) 

where W, is the weight of solid grains, W ... the weight of water, VI the volume of 
soil grains, V w the volume of water, Va the volume of air, and V" the volume of 
voids occupied by water and air. It is assumed that the weight of air W" is negli
gible (Le., Wa = 0). 

The unit weights of the water constituent and solid constituent are denoted 
"{wand "{St respectively, where 

Weight 

(a) 

w, 
Y,=v , and 

W. 
'Yw=-y-

• 

Volume 

I 
V, 

J 

(b) 
Figure 1 Definition of (a) the weight and volume of a soil sample, 
and (b) the weights and voluines of its solid, water, and air constit
uents. 

(2) 

129 



130 Chap. 3-1 I Weight-Volume Relationships 

The specific gravity G$ is the ratio of the solid and water unit weights: 

The total or bulk unit weight 'Y of the sample of Fig. la is 

w r=V 

(3) 

(4) 

When the sample of Fig. Ib has no water but the same total volume V. its dry unit 
weight 'Yd is 

(5) 

When the sample has its voids fi lled completely with water, it. is said to be fully 
saturated. When its total volume V is still equal to V after saturation, its saturated 
unit weight 'Ysat is 

W, + V~'Yw 
Yilt = V (6) 

In soil mechanics, it is also common to define the buoyant unit weight 'Yb. which 
is the unit weight of the saturated soils immersed in water (i.e" uplifted by the 
buoyancy force = 'Yw V): 

W, + V~'Y ... - Vy ... 
'Yo = V =1581-1 ... (7) 

The total unit mass p. dry unit mass Pd. saturated unit mass Ptah buoyant unit 
mass Po. water unit mass p...,. and solid unit mass Ps are related to their unit weight 
counterparts through 

y=pg. Ys = Psg. Y .. =P .. g. Y,.(=p,.(g, Yd=Pdg . and Yb=Pbg (8) 

where g is the earth gravity acceleration (i.e., g = 9.81 m/s2) . The dimensions of 
unit weight is force divided by volume, whereas the dimension of unit mass is 
mass divided by volume: 

[rJ = [r,J = [r. J = [ry,J = [r,J = [r,J = FL -3 = MLT- 'L -3 = MT-'L- ' 

[PJ = [P,J = [P.J = [pg,J = [P,J = [P,J = M L-3 (9) 

where F, M, L , and T represent the dimension of force, mass, length. and time, re~ 
spectively. The metric unit generally used for all unit weights is kN/m3, whereas 
the units for unit mass can be glcrn3, kglm3, or tons/m3. 

In soil mechanics, the proportions of the solid. liquid . and air constituents 
are characterized by five additional dimensionless quantities: e, n, w, S" and Dr 
The void ratio e is the ratio of the volume of voids to the solid volume: 

V. 
e=

V, 
(10) 
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RELATIONS 

The porosity n is the ratio of the volume of voids to the total volume: 

V. 
n=-V 

The water conten t w is the ratio of the weight of water to the dry weight: 

w. 
w = W x 100 , (%) 
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(11) 

(12) 

The degree of saturation Sr is the ratio of the volume of water to the volume of 
voids: 

V. 
Sr= V x 100 

• 
(%) (13) 

In the case of coarse-grained soils, the relative density Dr is defined to character
ize the degree of compaction: 

(%) (14) 

where emu is the maximum void ratio, emin the minimum void ratio, and e the 
present void ratio. D, varies from 0 when e = emu to 100% when e = emin' In re
ali ty, emin and emu are not the absolute maximum and minimum void ratios of a 
soil, respectively. They are just index void ratios obtained by standard procedures. 
In general, the values of w, Sf> and D r are expressed in percent, whereas those of 
e and n are expressed as decimal numbers. 

Various relations can be obtained directly between y, Yd, Y,al> Yb. GJ • e, n, w. and S, 
by using Fig. 2, whe re all the volumes and weights ofFig.1b are divided by the 
solid volume V, (I.e .• by selecti ng VJ = 1). The following relations were also used in 
obtaining Fig. 2: 

w'" W'" W, V = W V = wy, = wO,Y", and 
, " 

v'" V", W", wGJy", - =--=-- = wO 
V, W", VI 'Y", ' 

WeightlVs Volume/Vs 
". ~ ~ -~ ----~ ~ r-"'----T ~ ~ ~ ~ ~ ~ ~ t ~ -~ 

o 
t;;<j~y~~~~ -~:r ' I y -' "'~-~~ ~r"'G,~,,~~~ 

Gs'Yw I 

~~ ~~~~ -L 
Figure 2 Schematic definition of the weight and volume for 8 soil 
sample having a unit solid volume (V. = 1). 

(15) 



132 

TYPICAL VALUES 

REFERENCES 

Chap. 3-1 I Weight -Volume Relationships 

A few useful relations are 

e n=--
1 +< 

and 
n 

e=-
l - n 

G,w 
S,=e 

G,(1 + w) 0 , + 5,e 0,(1 + w) 
Y=Yw l+ e ="(,,, l +e = Yw l+G,(wIS,) 

- ~-~ 
Yd- Yw l+e-l+w 

G, 
= 'fw 1 + G, (wIS,) 

G,+e 0,(1 +w) 
1" 1=1", l +e =Yw 1+0 w , 

(16) 

(17) 

(18) 

(19) 

(20) 

Table 1 lists some additional useful relations that were obtained after some alge
braic manipulations. Note that the water content w in Table 1 is the saturated wa
ter content, which is required to get a futl saturation (Le. , Sf = 100%). When 
using Eqs. 16 to 20 and those of Table 1, make sure to use decimal values (e.g., 
0.1) and not percents (e.g., 10%) (or w, S" and Dr 

By definition, Sf Do nd Dr must be between 0 and 100%. They cannot be negative 
or larger than 100%. S, = 0% corresponds to a dry soil, whereas S, = 100% cor
responds to a fully saturated soil. Dr = 0% corresponds to the loosest state of a 
coarse-grained soil, whereas Dr = 100% corresponds to its densest state. Tables 2 
and 3 list some values of specific gravity of solids for minerals and typical soils. 
Table 4 and 5 list some values of dry unit weight, bulk (or natural) unit weight, 
saturated unit weight, porosity, and void ratio for typical soils. 

DJOENAIDI, w.J., 1985, A compendium of soil properties and correlations, M. Eng. 
Sci. thesis, University of Sydney, Sydney, Australia. 

JUMIKIS, A.R., 1962, Soil Mechanics, Van Nostrand Co., Princeton, NJ, pp. 90--91. 
KEDZI, A., 1974, Handbook of Soil Mechanics, Vol. I: Soil Physics, Elsevier Pub

lishing Co., Amsterdam, 294 pp. 
LAMBE, T.W., and R.V. WHITMAN, 1979. Soil Mechanics, SI Version, John Wiley & 

Sons, New York, 553 pp. 

REVIEW QUEmONS 

1. Define specific gravity of soil. 
2. Define total weight, dry weight, and saturated unit weight. 
3. Define void ratio, porosity, and relative density. 
4. What are typical values of specific gravity for soils? 

Continues on page 134 



Review Questions 

TABLE 1 
Aelation between G., rd, rSl1' saturated W, n, and 9 (After Jumikis, 1962) 

G,,1SlI 

G"n 

G"e 

YSlI' n 

w,n 

w,e 

G, 

(l-n)y", 

(l+e)Yd 
1. 

YO• 1 

1.., + w(lU\ Y..,) 

Y,OI - ny .. 
(1 n)l .. 

(1 +e) 1111_ e 
1. 

n 
(1 n )w 

, 
W 

1 + wG 1. , 

G, 
1 +e 1.., 

1111 
l+w 

YSlt - ny .. 

e 
1'01 - 1 + e 1 .. 

" ;;;1 .. 

e 
(1 e)w 1 .. 

Y., Saturated w 

1. 1 
Y4 - G, 

" 
l-~ 

G,l .. 

1 .. - l "I/G, 

1'01 1 .. 
G'-Y"'I/Y" 

G, 1 
wG, 

(G, - n(G, - 1)y .. 

G, +e 
1"+7 1 .. 

(1 + Wh'4 

Y4 + ny .. 

(1 + w)e 
(1 + e)w 1 .. 

TABLE 2 

" (1 - n)G, 
, 
G, 

1'01 - 1 
1, 

1"'1 + e(Y"1 1 .. ) 

Specific gravity of minerals 
(after Lambe and Whitman, 1979) 

1 +wG, 

, 
\ +e 

1 ... 1 -14 

1. 
1, w -
1. 

Mineral Specific gravity 

Quartz 
K-feldspers 
Na-Ca-feldspars 
Calcite 
Dolomite 
Muscovite 
Biotite 
Chlorite 
Pyrophyllite 
Serpentine 
Kaolinite 
Halloysite 
Illite 
Montmorillonite 
Attapulgite 

2.65 
2.54-2.57 
2.62- 2.76 
2.72 
2.85 
2.7- 3.2 
2.8-3.2 
2.6-2.9 
2.84 
2.2- 2.7 
2.62- 2.66 
2.55 
2.60-2.86 
2.75-2.78 
2.30 
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, 
G,y.., -1 
1, 

G,Y.., -1111 

1"1 1 .. 

wG, 

1111 -14 

14 +Y.. 1111 
wy, 

"f.. W'fd 

n 
1-n 

1.., W(lsaI -1 ... ) 

" \ - " 

" 1-" 



TABLE 3 
Typical values of specific gravity of various soils (after Djoenaidi. 1985) 

Inorganic 

Inorganic 

Organic 

TABLE 4 

Type of soil 

Gravel 
Coarse and medium sand 
Fine sand (silty) 
loess, rock flour, sandy silt 
Slightly clayey sand 
Sandy silt 
Silt 
Clayey sand 
Clayey sandy silt 
Clayey silt 
Sand-day 
Sand- silt--clay 
Silt--clay 
Sandy clay 
Silty clay 
Lean clay 
Clay 
Silts with traces of organic matter 
Organic alluvial muds 
Peat 

Specific gravity 

2.65 
2.65 
2:65 
2.67 
2.65 
2.66 
2.67-2.70 
2.67 
2.67 
2.68 
2.68 
2.69 
2.71 
2.70 
2.75 
2.75 
2.72-2.80 
2.30 
2.13-2.60 
1.50-2.15 

Maximum and minimum values of void ratio and dry unit weight 
for granular soils (after Lambe and Whitman, 1979) 

Description 

Uniform spheres 
Standard Ottawa sand 
Clean Uniform sand 
Uniform inorganic silt 
Silty sand 
Fine to coarse sand 
Micaceous sand 
Silty sand and gravel 

Void ratio 

,~, 

0.92 
0,80 
1.0 
1.1 
0.9 
0.95 
1.2 
0.85 

0,35 
0.50 
0.4 
0.4 
0.3 
0.2 
0.4 
0.14 

Dry unit weight (kN/In') 

'Ydmin 

14.5 
13.0 
12.6 
13.7 
13.4 
11 .9 
14.0 

17.3 
18.5 
18.5 
20.0 
21.7 
18.9 
22.9 

REVIEW QUEsnONS cont. 

EXERCISES 
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5. What are typical values of total, dry, and saturated unit weights? 
6. What are typical values of void ratio for sands and clays? 
7. Define degree of saturation. Is it possible for a soil to have a degree of sat

uration of 120%? 

1. For a moist soil, given V = 1.2 m3; W = 23.04 kN; w = 8.6%; and Gs = 2.71, 
determine the bulk unit weight, dry unit weight, void ratio, porosity. degree 
of saturation, and volume of water V W' 

2. The following laboratory measurement were made on a sample of soft clay 
taken under the water table: total volume V = 31.3 cm3; total weight 
W = 0.47 N; weight after oven drying Wdry = 0.258 N; and specific gravity 
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TABLE 5 
Range of values of void ratio, porosity and unit weight of typical soils (after Kedzi, 1974) 

Soil type 

Sandy gravel 

Coarse sand, medium sand 

Uniform fine sand 

Coarse silt 

Silt 

Lean clay 

Fat clay 

Porosity 
Unit weight (kN/ml) 

State of soil (%) Void ratio Dry Natural Saturated Buoyant 

Loose 38-42 0.61--0.72 14-17 18-20 18-21 8-11 
Dense 18-25 0.22--0.33 19-21 20-23 21- 23 12-14 

Loose 4<>-45 0.67--0.82 13-15 16-19 17-19 8-10 
Dense 25-32 0.33-0.47 17- 18 18-21 20-21 10-11 

Loose 4&-48 0.82--0.92 14-15 15-19 19-20 8-10 
Dense 33-36 0.49-0.56 17-18 18-21 21-22 11 - 12 

Loose 45-55 0.82-1 .22 13-15 15-19 18-20 8-10 
Dense 3&-40 0.54-0.67 16-17 17- 21 20-21 10-11 

Soft 45-50 0.82-1.00 13-15 16- 20 18-20 8-10 
Slightly plastic 3&-40 0.54-0.67 16-17 17- 21 20-21 10-11 
Hard 30-35 0.43-0.54 18-19 18-19 21 - 22 12-13 

Soft 50-55 1.00-1.22 13-14 15-18 18-19 8-9 
Slightly plastic 3&-45 0.54-0.82 15-18 17- 21 19-22 10-13 
Hard 30-35 0.43-0.54 18-19 18-22 21 - 22 12-13 

Soh 60-70 1.50-2.33 8-15 12- 18 16-22 6-12 
Slightly plastic 40-55 0.67-1 .22 15-18 15-20 20-23 10-13 
Hard 3<>-40 0.43-0.67 18-20 17- 22 22- 24 12-14 

G, = 2.7. Determine the the bulk unit weight, water content, void ratio, po
rosity. and degree of saturation. 

3. For a given soil, the in situ void ratio e is 0.8 and the soil specific gravity G, 
is 2.7. Calculate the porosity, dry unit weight, and saturated unit weight. 
What would the bulk unit weight be when the soil is 60% saturated? 

4. A base course for a highway is compacted to a unit weight of 18.25 kN/m' 
at a water content of 14.6%. The specific gravity G, of the soil is 2.81. Spec
ifications require compaction to achieve a void ratio of no greater than 0.80. 
Has this specification been met? 

S. A soil sample has a mass of 129.1 g and a volume of 56.4 cm3. The mass of 
the soil grains is 121.5 g. The soil grains' specific gravity G, is 2.7. Find the 
water content w, the void ratio e, and the degree of saturation Sr 

6. A cylinder contains 500 cm3 of loose dry sand, which weighs 750 g. The vol
ume is reduced by vibration to 10% of the original volume. Assume that the 
specific gravity of the sand grains is G, = 2.65. For loose sand, compute the 
void ratio, porosity, and dry unit weight. Compute the same quantities for 
vibrated sand. 

7. The total volume of a soil specimen is 85 cm3• Its weight is 155 g. The dry 
weight of the specimen is 122 g. The density of the solid G, is 2.75 . Calculate 
the water content, void ratio, porosity, degree of saturation, bulk unit 
weight, and dry unit weight. 

8. A soil has a unit weight of 19.93 kN/m3, a specific density G, of 2.67, and a 
water con tent w of 12.6%. Determine its dry unit weight, void ratio, poros
ity, and degree of saturation. What is the weight of water needed to fully 
saturate 1 m3 of this soil? 

9. Soil has been compacted in an embankment at a bulk unit weight of 21.09 
kN/m3 and a water content of 12%. The value of soil specific gravity G, is 
2.65. Calculate the dry unit weight, void ratio, and degree of saturation. 
Would it be possible to compact this soil at a water content of 13.5% to a 
dry unit weight of 19.62 kN/m3? Justify your answer. 



OBJECTIVE 

EOU/PMENT 

Unit Weight 
of Cohesive Soils 

LJ 

The unit weight of cohesive soils is determined by either measuring the weight of 
sa~~med to measurable volumes or by weighing ifLWater. TheIa«er 
method applies to specimens of irregular shapes that cannot be trimmed easily. ----.. - --- -_._---:---

The equipment for measuring the unit weight of cohesive soils (Fig. 1) by trim
ming is listed below. 

• Balance accurate to 0.01 g. 
• Ring with cutting "edge (about 5 em in diameter and 2 em high). 

• Calipers. 
• Wire saw. 
• Drying oven. 
• Evaporating dish. 

The following equipment is also required for weighing in water: 

• Support frame for suspending the sample to a line attached to the balance. 
• Wax and pan to melt wax. Blocks of solidified wax are readily available 

from most hardware stores. 
• Container filled with about 1 L of water. 

TEST PROCEDURE 
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Trimming 

1. Measure the weight of the clean cutting ring, and determine its internal 
diameter and height by using a caliper. 



Test Procedure 

Figure 1 Equipment for measurement of unit weight of cohesive 
soils. Balance accurate to 0.01 g, solidified wax block, and wax 
bath, container filled with water, and evaporating dish 
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2. Gently push the cutting ring completely into the cohesive soil. With the 
help of a knife. cut a larger block containing the cutting ring and the sample soil. 

3. Cut the excess soil on both ends or the ring by using a wire saw as shown 
in Fig. 2. Also clean the sides of the cutting ring from any excess soil. 

4. Weigh the ring with the soil inside. 

5. Oven dry it and measure its dry weight. 

Weighing in Water 

I. Trim the specimen to a convenient bulky shape about 5 cm in size. Avoid 
having sharp corners or holes, as those create air pockets when coating the spec
imen with wax . 

2. Attach the specimen to 50 cm of fishing line and weigh the specimen as 
shown in Fig. 3a. 

3. Immerse the specimen in a bath of hot wax as shown in Fig. 4. The wax 
must be heated to just above its melting point. Repeat the immersion process sev
eral times to obtain a specimen continuously coated by wax. H the sam pic is rrag
ile and has a tendency to disintegrate, use a brush to coat it with wax before 
immersing completely it in the wax bath. 

4. After the wax has solidified on the sample, allach the waxed sample to 
the scale and weigh it again as shown in Figs. 3a and 5. 

5. Lift the waxed specimen, put a bucket of water right under the scalc, and 
immerse the specimcn in the water as shown in Figs. 3b and 6. Record its im
mersed weight. 
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COMPUTATION 

Chap. 3-2 I Unit Weight of Cohesive Soi ls 

Figure 2 The unit weight of a cohesive soil can be determined by 
measuring the weight of a sample of measurable volume. The sample 
is cut using a ring with a cutting edge, then its ends are trimmed 
using a wire saw. 

6. Remove the samp le from the weighing bath, remove the excess water 
with a rag, and cut a smaller sample that is free of wax for water determination. 
Measure its weight, oven dry it. and measure its dry weight. 

Determination of Wax Unit Weight 

When weighing in water, the wax unit weight Y, needs to be determined, but only 
once for a series of tests. Because wax is lighter than water. it does not sink into 
water and needs to be ballasted. As shown in Fig. 7, (a) measure the submerged 
weight WI of a metal block heavy enough to sink the wax piece in water, (b) 
measure the weight W, of the wax piece alone, and (c) measure the total buoyant 
unit weight W, of both metal and wax pieces. TIle wax unit weight is 

W2 
Yp = y" "'WC7I-+~Wc:7'2'--""'W""'3 

where y" is the water unit mass. A typical value for Yp is 9.32 kN/nl'. 

Trimming 

The total unit weight is calculated as follows: 

Y= 
W - Wring 

11/4 D211 

(1 ) 

(2) 



Computation 

scale 

Sample 

C>O:: :: 

Figure 3 Use of buoyancy to measure 
volume. 

Figure 5 The sample is weighed by suspending 
it to a fishing line attached to the balance. 

Figure 4 The specimen is immersed in a bath of 
melted wax. 
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Figure 6 The waxed soil sample is immersed in 
water and its buoyant weight is measured. 
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String 
attached to 
scale 

IrOn , 
- " blcek· 

Wax 

Figure 7 Steps to determine the unit weight of a body righter 
than water. 

where W is the weight of the sample and ring, Wring the weight of the sampling 
ring, D the diameter of the ring, and H the height of the ring. The water content 
is 

W= W ... - Wd x 100 (%) 
Wd Wdi1h 

(3) 

where W ... is the weight of the soil sample and weighing dish, Wd the weight of the 
oven-dried soil sample and weighing dish, and W dish the weight of the weighing 
dish. The soil dry unit weight is 

Weighing In Water 

---Y-
l+w 

The total unit weight of the soil is calculated as follows: 

(4) 

(5) 

where W is the weight of the soil sample, W p the weight of the waxed soil sample, 
WI the immersed weight of the waxed soil sample, "fit! the water unit weight, and 
'Yp the wax unit weight. The water content and dry unit weight are calculated us
ing Eqs. 3 and 4. 

EXAMPLE 

Figure 8 slTows an example for the measurement of soil unit weight by 
weighing in water. The formulas used In Fig. 8 are shown in Fig. 9. 
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REVIEW QUESTIONS 

EXERCISE 
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1 Unit weight of soils - , 

+ Analyst name: J.P. Bardet 

-+- Test date: 11/13/90 

+ Sample description: BlOwn Clay 

SOIL UNIT WEIGHT Sample 1 Sample 2 Sample • 3 
7 Mass of soil sample (g) M 511.40 --.-- Mass of waxed soil (g) Mp 519.50 

T Mass 01 immersed soil (g) ~ 215.50 

To Mass of trimmed sample (9) M, 41.2 

T. Mass 01 dry sample (9) M 37.1 

..g.. Bulk unit weight 10.1 = 16.53 kNlm3 

..g. Water content w .. 11.05% 

~ Dry unit weight 1" :0- 14.89 kNlm' 
1 5 

16 
WAX UNIT WEIGHT Sample 1 Sample 2 sa~Ple 

1 7 Mass 01 immersed iron block (g) M.. 51.40 51.40 
I-;s Mass of wax block (g) M., 72.10 81.65 

f-i-i" Mass of Immersed Iron and wax blocks (g) M'IItj 48.50 47.56 

2. Unit weight of wax 1. - 9.42 kN/m3 

Figure 8 Example of data set for measurement of soil unit weight. 

A B c 
1 2 Bulk unit weight 1 .. ," _AVERAGE(MI(Mp-MI_(MpoM)/B20)"9.8) kNlm3 

11 3 Water content w = =AVEAAGE«Mt-Md)jMd) 

1 • D'Y""" ~ghl" • =.",V(l+w) kNlm' 

A B 
I 2 0 I Unit weight of wax y .. :AVERAG E(9.8'Mwb/(Mwl+Mwb-Mwbl)) 

Figure 9 Formulas used in Fig. 8. 

1. What is the simplest method for measuring the unit weight of cohesive soils? 
Under what conditions do we use weighing in water to determine unit weight? 

2. What precaution should you take if you must measure the unit weight of 
soils with many air pockets? Should you or not fill and coat these holes with 
wax? 

3. Can you apply the technique described in this chapter to measure the unit 
weight of sands? Why? 

4. Derive Eq. 1. which determines the unit weight of a sample lighter than 
water. 

1. Calculate the unit weight of a cohesive soil sample by trimming and weigh
ing in water, and compare the results. 



OBJECTIVE 

EQUIPMENT 

Determination 
of Specific Gravity 

The specific m.Yi!x....a. pCa solUs the ratio between the unit mass~ of soil parti
~s and water. GJ is useful for determining weight-volume relationships. -

6
6

, 'is'5_ 

'Ow 

The equipment for determination of specific gravity includes: 

• Volumetric flasks (250 or 500 mL) with stoppers, numbered and calibrated 
(Fig. 1). 

• Vacuum pump. 
• Balance accurate to 0.01 g. 
• Distilled deaired water. 
• ~rmometer , ranging from 0 to 50"C, accurate to O.S°c. 

• J?rying ave.!!:. 
• Evae..0rating dish. 

DEAlRING WATER AND FLASK CALIBRAnON 
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The test water must be deaired and the volumetric flask calibrated. The f'l.ask cal
ibration does not need to be repeated before eac,h experiment. 

1. As shown in Fig. 2, water is deaired in the flask which is three-fourths 
filled by applying vacuum through the stopper. While water is deaired, bubbles 
appear because the ~reduced air pressure causes the water to boil. Deaired water 
should be stored in airtight bottles. 
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Figure 1 Equipment for measurement of specific density. Balance 
sensitive to 0.01 g, 500-mL volumetric flask, evaporating dish , supply 
of deaired water, and thermometer. 

Fi g ure 2 Water is deaired b~ filling the 
flask about three-fourths and applying 
vacuum through the stopper. 

Figure 3 Dunng the flask calibration, the 
flash is carefully filled with deaired water up 
to its mark. 
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TEST PROCEDURE 

COMPUTATION 

Flask stem 

Meniscus 

Chap. 3-3 I Determination of Specific Gravity 

Fig .... re 4 The volumetric flask is filled 
when the bottom of the water meniscus is 
aligned with the marX on its stem. 

2. The volumetric flask is calibrated by measuring its weight when it is filled 
with deaired water. Wash the volumetric flask. As shown in Fig. 3, carefully fill it 
to the volume mark with deaired water, without splashing to introduce air bub
bles. The flask is filled correctly when the mark on its stem is at the bottom of the 
water meniscus. as shown in Fig. 4. Put the stopper on the volumetric flask, and 
measure its weight Wfw Measure the water temperature T. The bottle should be 
calibrated at the same temperature as during the test. Any change in water tem
etature modifies the flask volume. 

1. Take a sample of 100 to 120 g of air-dried soil. For fine-grained soils, mix 
the sample with water in an evaporating dish to make about 200 mL of soil-water 
mixture. For clays, transfer the soil-water mixture into a malt mixer container 
and mix it for about 5 to 10 min. No soaking is required for sand and fine gravel. 
However, the aggregates should be broken into pieces small enough to go into 
the volumetric fl ask. 

2. Transfer the soil-water mixlUre from the evaporating dish into the volu
metric flask. Wash any remaining soil into the flask using a wash bottle. Add suf
ficient water to fi ll the flask two-thirds to three-fourths full. Do not fill it 
completely. because its contents must be agitated under vacuum. 

3. Attach the flask to a vacuum line and for at least 10 min gently agitate 
the mixture while keeping it away from the flask stopper. The reduced air pres
sure should cause the water to boil. 

4. When the deairing process is complete, add deaired water to fiJI the cali
brated flask volume (see Fig. 3). 

5. Measure the weight of the flask. Measure the water temperature, which 
should be close to that of the temperature of fl ask calibration. 

6. Empty the flask and its contents into a deep evaporating dish and oven 
dry. Measure the weight of dry soil. . 

7. Repeat the test to calculate additional values of G. until the values of G. 
are within 2% of each other. 

The specific gravity 0 , of a soil is calculated as follows: 

G _ W, 
I - W, + WIll' WI' 

(1) 

where W, is the weight of the dry soil, W" the weight of the flask fill ed with soil 
and water, and W "" the weight of the fl ask filled with deaired water only. 
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Figure 5 The flask is attached to a vacuum line, and its mixture is 
gently agitated by turning the flask for at least 10 min. 

EXAMPLE 
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Figure 6 shows an example of a data set [or the specific gravity o[ soils. The 
formulas used in Fig. 6 are shown in Fig. 7. 

A R I C 

I Specific Gravity -

~ Analyst name: J.E. Bowles 

2- Test date: 11113190 

....!.. Sample description: 

-+ 6 Sample 1 Sample 2 

7 Mass of flask and water (g) M!w 693.27 693.27 

"'8 Mass of flask , soil and water (g) Mis 753.66 754.69 

"'9 Mass of evaporating dish (g) Me 254.52 270.52 

10 Mass of evaporating dish and dry soil (g) Md 350. 11 368.49 

It Specific Gravity Gs 2.72 2.68 

U Average Specific Gravity Gs = 2.70 

Figure 6 Example of data set for measurement of specific gravity. 
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REFERENCE 

REVIEW QUESTIONS 

A • c . 
U Specific Gravity G. I=-(Md-Mc)/(Md·MC+Mfw-Mfs) 1=(Md·Mc)/(Md·MC+Mfw-Mfs) 

U Average Specific Gravity G ..... AVERAGE(Gs) 

Figure 7 Formulas used in Fig. 6. 

See Introduction for references to ASTM procedures (pages 4 to 6). 

1. Define specific gravity of soil. 
1. What are typical values of the specific gravity for soils? 
3. Can you apply the technique described in this section to measure the spe

cific gravity of material lighter than water? 
4. Why do we use vacuum while determining the specific gravity of soils? 
S. What is the effect of water temperature on the determination of the specific 

gravity of soils? 



INTRODUCTION 

DEFINITIONS 

The Principles 
of Compaction 

For many civil cngineering projects, soils have to be compacted to a dcnser state 
to improve the ir engineering prope rties. They arc compacted by mechan ical 
means with rolling, ramming, or vibrati ng cq uipment . The soil density to be ob
tained by field compaction is defined by mea ns of two basic laboratory compac
tion tests: the standard and mod ified compaction tes!.S. In 1933, Proctor 
introduced a laboratory test to control soil compaction, which later became 
known as the standard Proctor compaction test. The other compaction test, the 
modified AASHTO test, was laler introduccd to simulate the compaction of 
heavy eq uipment, which produces higher compaction energy. 

Soil compaction consists of closely packing the soil particles together by mechan
ica l means, thus increasi ng the soil dry unit weight. As illustrated in Fig. la, soils 
are made of solid grains with voids fill ed with air and wa ter. The proportion of 
solid. liquid, and air is represented in Fig. lb. As shown in Fig. Ie, compaction 
only reduces the air fraction. It barely changes the water content and has no e f
fect on the solid volume. In theory, the most efficient compact ion process should 
remove Ihe air fraction completely. However, in practice, compaction cannot 
complete ly eliminate the air fraction, but only reduces il 10 a minimum, provided 
that appropriate techniques arc used. 

Compaction should not be confused with consolidation. which corresponds 
to the drainage of water from soils subjected to static loads. In most soils, com
paction is too rapid 10 allow time for drainage. 

As illustrated in the typical compaction curve of Fig. 2, water has an impor
tant effect on soil compaction. Even at low water content, the soil grains are sur
rounded by a thin film of water. A small increase in water content lends to 
increase the repulsion of particles and to facilitate their orderly arrangement. Un-

147 
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(a) (b) (c) 

Figure 1 Principle of soil compaction. 
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Figure 2 Typical compaction curve (after Lambe, 1951). 

til the optimum water content is reached, the addition of water expells more air 
from soils, and enables to reach iarger dry unit weight. The densest soil is ob
tained at the optimum water content. When the water content exceeds this opti
mum value, the water pushes the grains apart. Since water is much more 
incompressible than the grain assembly and has no time to drain, the dry unit 
weight starts to decrease. 

Saturation Lines 

The dry unit weight Yd. total unit weight V. water content w, degree of saturation 
S" and specific gravity Gs are related through 

y G, 
Yd=1+w= Yw 1+G w / S , , (1) 

When S" V"" and Gs are given, Eq. 1 defines the saturation lines. Figure 3 shows 
the saturation lines corresponding to S, = 100%,90% and 70% for Gs = 2.65 and 
y", = 9.8 kN/ml. Yd decreases with w but increases with S,. Because S, ::: 100%, all 
measured points (w, Vd) must be below the 100% saturation line. The 100% satu
ration line defines the upper limit of compaction curves. No data point can be be
yond this line. As shown in Fig. 2, the descending branch of the measured 
compaction curve falls between the 100% and 90% saturation lines. The dry unit 
weight decreases with water content because water filled the soil voids before 
drying. The 100% saturation line is commonly plotted next to compaction curves 
while reporting the result of compaction tests. 
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Figure 3 Variation of dry unit weight versus water content for 
constant degree of saturation Sf = 1 00%, 90%, and 70%. 

Compacting Efforts 

149 

The methods used for various standard types of compaction tests are summarized 
in Table 1. The compaction methods vary depending on the rammer weight, ram
mer drop. size and height of mold, and the Dumber of layers and blows per layer. 
The work done E by the rammer per unit volume of soil is 

(2) 

where W, is the rammer weight, H the rammer drop, V the volume of compacted 
soil, Na the number of blows per layer, and Nl,. the number of layers. As shown in 
Table 1, the work done E in the mod ified compaction test is about 4.5 times as much 
as that in the standard test. According to ASTM the larger mold is used for coarser 
soils having particles larger than 9.5 mm but smaller than 19 mm. As shown in Fig. 
4, the relation between density and water content is influenced by the compactive 

I. 

18 

{17 

~ f l' 
'~ I' 
g --0--" blowt --+- 26 b10wJ 

I . -0-- 12 blows 
-+-6blowl 

\3 , 10 I' 20 " Water content (~) 

Figure 4 Compaction curves for a silty clay subjected to different 
numbers of blows per layer in modified compaction test (after Turn
bull and Foster, 1956). 
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TABLE 1 
Summary of compaction procedures (ASTM 0698 and 01557) 

Type of 1est 

Standard compaction 
ASTM 0 698 

Modified compact ion 
ASTM 0 1557 

w, H N, N. D L 
E 

Work done 
Rammer Hammer Number Number of Diameter Haight 

per unit weight drop of blows per of mold of mold volume of soil (NI (mm) layers Layer (em) (em) 
(kJ/""1 

24.4 305 3 25 10.2 11.6 592 
24.4 305 3 56 15.2 11 .6 589 
44.5 457 5 25 10.2 11 .6 2695 
44.5 457 5 56 15.2 11.6 2683 

effort, higher compactive efforts giving denser soils. Modified compaction tests 
yield denser soils than standard compaction tests. 

Influence of soli compaction on soli properties 

The nature and magnitude of compaction in fine-grained soils significantly influ
ences their mechanical behavior. A few effects are illustrated in Figs. 5 and 6. For 
additional information refer to Mitchell et al. (1965), and Hili (1991). 
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Figure 5 Compaction-permeability tests on Siburua clay (Lambe, 
1962). 
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Figure 6 Influence of water content on the stress--strain relation
ship for compacted samples of kaolinite (a) stress versus strain rela
tionships for compacted samples, (b) dry unit weight versus water 
content (from Seed and Chan, 1959). 
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J 

As shown in Fig. 5, an increase in water content W during compaction 
causes a decrease in permeability k when w is smaller than the optimum water 
content W OPI ' and a slight increase in k when w > W OPI ' Compaction modifies the 
permeability by decreasing the voids available for flow, and reorienting soil parti
cles. 

Fig. 6 shows the influence of compaction water COntent w on the stress
strain response of compacted samples of kaolinite subjected to triaxial tests (see 
Chapter 7-6). Samples compacted with w < WOPI tend to be more rigid and stron
ger than samples compacted with w > WOPI ' 

As pointed by Lambe and Whitman (1969), the engineer must consider the 
behavior of the soil not only as compacted. Many changes can occur in the com
pacted soil, such as changes in saturation due to permeating water, which ulti
mately determine its shear strength and compressibility. 
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REVIEW QUESTIONS 

EXERCISES 

1. What is the compaction of soils? How is it different from consolidation? Il
lustrate your answer with a diagram showing the variation of air, water and 
soil fractions of soil samples during compaction and during consolidation. 

2. Who introduced the standard compaction test? 
3. What is the main difference between standard and modified compaction 

tests? 
4. What is a compaction curve? 
S. What is the 100% saturation line? How is it related to compaction curves? 
6. What is the influence of compactive effort on compaction curve? 
7. Why do we compact soils in civil engineering? 

1. Find the maximum dry unit weight and optimum water content for the com
paction test results of Table El (data from Lambe, 1962). Plot the data points 
and the 100% and 90% saturation lines (G, = 2.65 and y .. = 9.8 kN/ml). 

TABLE E1 

Water content 
(%) 

5.75 
6.95 
8.90 

10.97 
14.19 
15.90 
18.21 

Dry unit weight 
(kN/ml) 

17.34 
17.72 
18.10 
18.81 
18.54 
17.88 
17.33 



Exercises 153 

2. Find the maximum dry unit weight and optimum water content for the com
paction test results of Table E2 on Siburua clay (data from Lambe, 1962). 
Plot the data points and the 100% and 90% saturation lines (G, = 2.85 and 
"(",, = 9.8 kN/ml). Plot the variation of permeability versus water conteot, 
and comment on the effect of compaction on permeability. 

TABLE E2 

Water content 
1%) 

8.47 
9.37 

10.99 
11 .46 
11 .85 
12.17 
13.32 
13.93 
14.22 
14.40 

Dry unit weight 
(kN /m3 ) 

18.83 
19.74 
20.22 
20.23 
20.08 
20.08 
19.74 
19.03 
19.03 
18.88 

Water content 
1%) 

8.27 
9.17 

10.98 
12.39 
14.34 

3. Same as Exercise 1 for the results of Table E3. 

TABLE E3 

Water content 
1%) 

22.87 
24.78 
27.04 
28.75 
29.96 
31 .62 

Dry unit weight 
(kN/m3) 

13.36 
13.70 
14.53 
14.22 
14.12 
13.78 

'. 

Permeability 
(em / s) 

3.7 x 10-& 
1.2 x 10~ 
2.0 X 10- 9 
1.8 x 10- 9 

2.6 >s" 10-9 

4. Find the maximum dry unit weight and optimum water content for the re
sults of four different compaction tests in Table E4. Plot the data points on 
the same graph, and draw the 100% saturation line (G, = 2.65 and "(",, = 9.8 
kN/m' ). 

TABLE E4 

Modified 
55 blows per layer 

Modified 
26 blows per layer 

Water content 
1%) 

10.19 
12.14 
13.25 
13.95 
15.39 
17.20 
17.66 
20.17 

10.09 
12.55 
13.53 
14.37 
15.34 
16.41 
17.57 
18.41 

Dry unit weight 
·(kN / m3) 

17.20 
17.77 
17.98 
18.30 
18.24 
17.52 
17.28 
16.60 

16.09 
16.89 
17.14 
17.36 
17.50 
17.46 
17.13 
16.99 
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TABLE E4 (CO NT.) 

Modified 
6 blows per layer 

Modified 
12 blows per layer 

Chap. 3· 4 I The Principles of Compaction 

Water content 
(%) 

19.15 

10.42 
11 .76 
12.14 
15.90 
16.87 
18.22 
18.92 
19.20 
20.03 
21 .15 

11 .07 
, 2.69 
13.95 
16.13 
17.57 
19.85 
21 .01 
21 .75 
23.10 

Dry unit weight 
(kN / m3) 

16.71 

15.04 
15.48 
, 5.64 
16.19 
16.50 
16.46 
16.30 
16.32 
16.17 
16.03 
14.04 
14.53 
14.82 
15.37 
15.62 
15.80 
15.66 
15.64 
15.52 



.1 

OBJECTIVE 

EQUIPMENT 

Compaction Tests 

Laboratory compaction tests are used to determine the relation between water 
content and dry unit weight and to find the maximum dry unit weight and opti
mum water content. 

The equipment used in compaction tests includes: 

• Cylindrical metal mold , internal dimension 105 mm in diameter and 115 mm 
high (volume 1000 cm' ). The mo ld is fill ed with a detachable base plate and 
a removable extension collar (Figs. 1 to 3) . A split mold (Fig. 4) may be 
used when an extractor is not available. 

• For the standard compaction test, metal ram.mer with 50-mm-diameter face, 
weighing 24.4 kN, sliding freely in a tube that controls the height of drop to 
300 mm (Fig. 5). For the modified compaction test, the rammer weight is 
44.5 kN and the height of drop is 460 mm. 

• Extractor apparatus for removing compacted material from the mold (see 
Figs. 11 and 12). 

• Scoop or trowel. 
• Stee l straightedge, 30 cm long. 

• No.4 sieve. 
• Balance, 10 kg capacity, accurate to 1.0 g. 
• Drying oven, and evaporating dishes for moisture content determination. 

• Ruler and vernier caliper. 

155 
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Figure 1 Equipment for compaction test. Cylindrical mold, ram-
mer, scoop, steel straightedge, 10 kg capacity scale, and extractor, 

Figure 2 Base. mold body, and extension collar of cylindrical mold 
for compaction test. 

PREPARATION OF EQUIPMENT 

The exact volume of the standard compaction mold is measured before the com
paction test Clean and dry the mold, extension coliar, and base plate. Weigh the 
mold body without the base plate and extension coll ar. Measure the intern al di
ameter D and height H of the mold body. The mold volume V is 

• V =_ D2/-1 
4 

(1) 

Check the rammer to ensure th at it fa lls freely through the correct height of drop 
(Table 1 of Chapter 3-4) . 



Preparation of Soil Sample 

Extension 
collar 

Mold 
body __ ~: 

l ---/I05 mm- --jjl 

r,y"::r~ 
'FIL 

115.5mm 

Figure 3 Dimensions and pans of a standard compaction mold. 

Figure 4 Split mold for compaction test. In contrast to the standard 
mold, the split mold can be split open to remove the compacted soil 
sample, and does not require the use of an extruding device. 

PREPARAnON OF SOIL SAMPLE 

157 

The original buLk sample is air dried and weighed. The large particles are removed 
by passing the sample through a NO. 4 sieve. The mass of material required for the 
test is about 3 kg when the same soil is used in all the test points. ASTM recom
mends using a fresh soil sample for each test point, which requires about 15 kg of 
soBs fo r fi ve test points. 
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Chap. 3·5 I Compaction Tests 

350 
mm 

52 
mm 

60mm 

330 
mm 

25mm 

>------; 
50mm 

Figure 5 Rammer for standard compaction test. 

Standard compaction test 

1. To obtain five well-placed points on the compaction curve, the water co~~, 
tent is selected low for the first test point and is gradually increased for the other 
points. It should be ahout 4 to 5% below the optimum water content for the first 
point, and 4 to 5% above the optimum water content for the fifth and last point. 

2. Add a suitable amount of water and mix thoroughly. Thorough mixing of 
soil and water is essential. The weight of water W w to be added to achieve the wa
ter content w in percent may be estimated as follows: 

(2) 

where Wo is the previous water content (%) and WJ is the weight of dry soil. 
3. Place the mold assembly on a solid base such as a concrete Hoor. Add 

loose soil to the mold so that it is about half full (Fig. 6). Compact the soil by 
applying 25 blows of tbe rammer dropped from the controlled height of 300 mm 
(Fig. 7). The rammer should be positioned properly before releasing. The guide 
tube must be held vertically. Place tbe tube gently on the soil surface; the ram
mer does the compaction, nOI the lube. To avoid injury, the hand that holds the 
tube must be kept clear from the falling hammer. As shown in Fig. 8, the ram
mer should be positioned to evenly distribute the compaction energy into the 
soil. 

4. Place a second, approximately equal layer of soil in the mold, and com· 
pact it with 25 blows as before. Repeat with a third layer, which should bring the 



Test Procedure 

Figure 6 The compaction mold is half-filled 
with loose soil. 

8 

7 

2 
6 

to 

Figure 8 Sequence of blows using hand rammer. 
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Figure 7 The soil is compacted by applying 
25 blows with the rammer. 

Extension 
collar .,,-------'" 

Mold 
body 

Baseplate 

1:'.""" 

Compacted soi I 

L.,yer No.3 

Layer No.2 

Layer No.1 

Figure 9 At the end of the compaction 
phases. the compacted soil level should be just 
above the mold body. 
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Screw 

Soil 
sample 

Figure 10 The excess soil is cut away by 
leveling off the top of the mold . 

Fig ure 11 Extractor for removing compacted soil 
samp les. 

COMPUTATION 

compacted soil level in the extension collar to about 6 mm above the level of the 
mold body, as shown in Fig. 9. If the compacted soil level in the extension collar 
is much higher, the test becomes inaccurate because the compacting energy per 
unit volume of soil is no longer constant. 

5. Remove the extension collar carefully. Cut away the excess soil and level 
off to the top of the mold (Fig. 10). Any small cavity resulting from the removal 
of stones should be filled with fine materials. 

6. Remove the base plate carefully, and weigh soil and mold. 
7. Fit the mold on the extractor and extract the soil from the mold (Figs. 11 

and 12). 
8. Immediately take up to three representative samples to determine the 

sample water content (Fig. 13). 
9. Break up the material on the tray and add an increment of water to 

achieve a desirable water content (refer to Eq. 2). 
10. Go to step 2 and repeat to obtain five compaction points. 

Modified compaction test 

Follow the same procedure as thc standard compaction test, but use the heavier 
rammer (44.5 kN instead of 24.4 kN) with a larger height of drop (457 mm in
stead of 305 mm). Also compact the soil in 5 layers (instead of 3) by applying 56 
blows per layer (instead of 25). 

The bulk unit weight y is calculated as follows: 

(3) 
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where W is the weight of the soil and mold, W m the weight of the empty mold, 
and V the volume of the mold . The dry unit weight "fd is 

Y - y 
d-l+wl lOO 

where w is the water content (%). 

Figure 12 The compacted soil may become very hard; it is re
moved from the compaction mold by using an extractor. 

EXAMPLE 

(4) 

Figures 14 and 15 show an example of a compaction test. The results are pre
sented in the form of a compaction curve: dry unit weight "fa versus water 
content w (%). This curve is obtained by plotting the data points for each 
compacted sample and connecting these points by a smooth curve. The 100% 
and 90% saturation lines are also plotted next to the compaction curve. They 
are obtained by using Eq. 1 of Chapter 3-4 for Gs = 2.65. All the experimen
tal data points fall under the 100% saturation line, and some fall on the 90% 
saturation line. Figure 16 shows the formulas used in Figs. 14 and 15, and Fig. 
17 shows the user-defined functions used in Fig. 15. These user-defined func
tions use functions FIT'2 and FIT3, which are defined in Chapter 8-l. FIT2 
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Figure 13 Take up to three representative samples to determine 
the moisture content of the sample. 

and FIT3 perform a quadratic and a polynomial regression, respectively. The 
maximum unit weight and optimum water content are determined by using 
two differcnt methods. referred to as A and B. Method A uses the user-de
fined function OPTIM UM3, which returns the maxi mum dry unit weight and 
optimum water con lent by filling all data points with the cubic polynomial 
regression of function FlTI. The optimum of method A is plotted as a solid 
triangle in Fig. 14. Method B uses the user-defined function OPTIMUM2, 
which returns tbe maximum dry unit weight and optimum water content by 
fitting only three data points with the quadratic polynomia l regression of 
function FITI. The th ree data points are selected close to the maximum. The 
optimum of method B is plotted as a solid circlc. Method B is equiva lent to 
the one specified by ASTM 0 5080. In the example of Fig. 14, method B 
probably gives a beuer optimum than method A. 
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Figure 14 Ex.ample of compaction curve with 100% and 90% sat· 
urat ion lines. 
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A B C D E 

~ (.;ompactlon test 

r?- Analyst name: K. TIel 

r+ Test date: 311 /1993 

~ Sample description: Kaprlelian soil 

1+ Diameter of mold d = 10.14 om 

~ Helghl of mold h '" 11.67 om 

~ Mess of mold M m :o. 4250.00 g 

~ Specirlc gravltyG . = 2.65 

Mass 01 soil 
Mass o! Mass of 

Mass of Water 

and mold (g) can and can and dry can (g) content 

~ wet soil (g) soil (9) I" ) 
12 M M M 

I+l 6070.00 81.42 79.18 46.58 6.67 

~ 95.56 92.19 45.50 7.22 

~ 90.20 87.49 47.44 ' .IT 

~ 6274.00 185.76 In.tO 104.90 11 .99 

...g 171 .66 164.54 104.20 , 1.80 

~ 165.30 156.63 82.46 11 .69 

~ 6218.00 94.21 90.07 " .56 9.52 ,. 106.93 101 .50 45.50 9.70 
Iii 85.04 81 .80 47.44 ' .43 IT, 6248.00 169.50 162.56 104.90 12.04 Iii 214.50 201 .79 104.20 13.02 
~ 163.45 153.75 82.46 13.61 r,; 6232.00 82.80 78.27 " .56 14.29 

~ 90.33 84.22 45.50 15.78 
27 85.45 80.23 47.44 15.92 

" 
Masso/soil 

Average Dry unit 
water weight 

and mold (g) 
content (%) (kNfm3

) 

~ M w 0, 

~ 6070.00 6.95 17.70 

r¥. 6274.00 11 .83 18,82 

r# 8218.00 9.55 18.68 
34 6248.00 12.89 18,40 
ff, 6232.00 15.33 17.87 

~ 
Method A Method B 

rE. Optimum moisture (%) = 10.55 10.91 

38 MaxImum dry unit weight (kNlm 3) = 18.80 18.93 

Figu re 15 Example of data set. 

L How many data points are necessary to construct a standard compaction 
curve? 

2. Why is it important for the final level of compacted soil to be just above the 
mold body? 

3. How do you select the water content for the five samples in the compaction 
test? 
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I A'"".go Wiler 
(%) 

Ory unit WeiQhl (kNfm~ 

Water contEH1t (%) 

Optimum moisture 

Figure 16 Formulas used in Fig. 15. 

A 
I PTIMUM3 IT .. RESULT(54) 

/ rT .ARGUMENT('W· ,64) 

rt- ~RGUMENT('GD',64) :::t "SET. VALUE{B5:E5,TRANSPOSE(FlT3(W,GD))) 

...!.. ",(·D5+SQRT(D5"2·3"ES'C5»)l3lE5 

T ,,(·05-SQRT(D5"2-3·ES'C5»)/3/E5 

T _IF(AND{A6>-MIN(Wl,W ... MAX(W)),SET.VAlUE(B9,A6)) 

::t~ =IF(ANO(A7,..MIN(W),Wc"w,x(W)j,SET,VALUE(89,A7}) 
.SET,VALUE(Bl0,ES"B9"3+0S"B9"2+CS'B9+B5) 
"AETURN(B9:Bl0) 

U 
j QDF1T3 
W .. RESUl T(I ) 
j! =ARGUMENT("WroeW",I) 

16 "ARGUMENT("W,64) 
;; "ARGUMENT("GO' ,64) 

-ii .. SET.VAlUE(BI8:EI8,TRANSPOSE(FIT3(W,GD))) 
~ .. RETURN(E1S·Wnew"3+DlS'WnaW"'2+CI8'Wnlw+B18) 

rif OPTIMUM2 
ri .. RESULT(64) 

rE .. AROUMENT("W'.64) 

~ =ARGUMENT("GO',64) 
L!!. . SET.VALUE(B25:D2S,TRANSPOSE(FIT2(W,GO»)) t:!: -C25J2ID2S t:!: ,,02S' A2&"2+C25 ' A26+B25 

~ ,.AETUAN(A26:A21) 

19 
~ GDF1T2 
fir .. RESULT(I) t!: ..... AGUMENT(·Wr,ew·. l ) t!: .... AGUMENT('W'.64) 
rn _AAGUMENT(' GO',64) 

~ "SET. VALUE(B35:035,TAANSPOSE(FIT2(W.GO))) 
JIi "REruRN{0 35·Wne ........ 2+C35·Wnew+B35) 

• Optlmum wal., content 

and M8xlmum un" -'~I 
with a cubic fining 

'" 5.1563464204955-4 

10.5521561311323 
18.1914176669129 

Un it -'ghl cortMpOftdlng 
10 wat.r contenl 
wItto a cubic "tUng 

AO 
5.15834642049554 

Optimum water content 
and MexJmum unit _Igtol 
with a qul!dratlc Irttlng 
AO 
2.1489589616301 1 

Un" _Igtol correepondln; 
10 watar conlanl 
with a quadratic Ilttlng 

'" 2.7489589616301 1 

Figure 17 User-defined functions OPTIMUM3 and GDFIT3 for cu
bic fitting, and OPTIMUM2 and GOFIT2 for quadratic fitting. 

4. Will you obtain the same optimum water content and maximum density for 
the standard and modified compaction tests? How would you expect the 
values to be different? 
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EXERCISE ( 

1. Calculate the optimum water content and the maximum dry unit weight 
from the data 

Diameter of mold (cm) 10.07 
Height of mold (cm) 11.54 
Mass of mold (g) 4258 .00 

Mass of 
can and Mass of 

Mass of soil and mold wet soil can and dry Mass of 
(g) (g) soi l (g) can (g) 

6070.00 98.03 94.65 46.67 
95.13 91 .56 45.67 

105.80 101 .67 45.61 
6274.00 88.29 84.76 46.69 

72.27 70.07 45.67 
79.00 76.08 45.61 

6218.00 73.22 70.29 46.69 
77.32 73.73 45.67 
84.36 77.84 46.61 

6248.00 62.62 60.46 46.69 
75.95 71 .64 45.67 
62.68 60.33 45.61 

6232 .00 90.35 83.68 46.69 
82.73 77.09 45.67 
86.33 80.34 45.61 

Diameter of mold (cm) , 0.16 
Height of mold (cm) 11.65 
Mass of mold (g) 4256.00 

Mass of 
can and Mass of 

Mass of soil and mold wet soil can and dry Mass of 
(g) (g) soil (g) can (g) 

6178.00 171.79 166.2 104.87 
129.50 126.14 89.05 
145.91 142.32 104.17 

6318.00 145.00 140.93 104.87 
148.26 142.21 89.05 
141.11 137.42 104.17 

6318.00 161 .02 154.46 104.87 
133.16 128.06 89.05 
135.69 132.06 104.17 

6274.00 162.90 155.53 104.87 
131.99 126.53 89.05 
164.55 156.93 104.17 

6212.00 169.49 160.41 104.87 
147.39 139.33 89.05 
171 .19 162.02 104.17 

tEFERENCES 

See Introduction for references to ASlM procedures (pages 4 to 6). 



PRINCIPLE 

166 

The Sand Cone Method 

The sand cone method is used to determine soil density in the field and to control 
the results of field compaction in earth embankments, road fill , and structural 
backfill. Figure 1 illustrates the principle of the sand cone method and two other 
techniques: balloon density and nuclear methods. In the sand cone method shown 
in Fig. l a, a soil sample is excavated manually and its weight W measured (Fig. 2). 
The volume V of excavated soil is determined from the volume of fine sand re
quired to fill the hole. The bulk unit weight y and dry unit weight 'Yd of the in
place soil is 

w 
Y= V ' aDd • - Y 

'd-l +wl100 (1) 

where w is the water content (%), which is usually determined in the laboratory. 
The volume of fine sand is determined by measuring its weight, which assumes 
that it has a well-known density. 

As shown in Fig. lb, the rubber balloon method is based on the same prin
ciple as the sand cone method but uses a balloon inflated with water to fill the ex
cavated hole. The volume of the hole, which is equal to the volume of injected 
water, is measured directly on the graduated cylinder of the rubber balloon de
vice. 

As shown in Fig. lc, the nuclear density method measures both soil density 
and water content by using two types of radioactive sources. The radium or ce
sium isotope source generates gamma radiation, which is scattered by soil parti
cles, whereas the americium- beryllium isotopes source emits neutrons that are 
scattered by the hydrogen atoms of the soil water. In the field, the radioactive 
sources, which are stored in a protective container during transport, are pushed at 
the end of a rod into the soil. The amounts of scatter between sources and detec
tors are measured by a Geiger counter and are related to soil density and water 
content after calibration. Nuclear methods have increased in popularity during 
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(a) Sand cone 

(b) Balloon densilY apparatus 

Gradualed 
(c) Nuclear density apparatus 

Figure 1 Three methods of determining the unit weight of soils in 
the f ield. 
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the past twenty years, owing to their advantages over traditional techniques. They 
are conducted rapidly and yield results within minutes. However, their disadvan
tages include high initial cost and potential danger of radioactive exposure. Strict 
radiation safety standards, such as carrying safety badges with radiation-sensitive 
fi lm~ mu!;t he enforced for these methods. 

Only the sand cone method is described hereafter. Although it is not the 
most efficient and rapid test method, this basic test illustrates well the principle of 
the determination of density of soil in the fie ld. 

w~ Weight 
of sand lost 

w~ Weight of sand 
ti!ling cone and 
base plate 

v = (W,-WcYrSOMd 
Volume of hole 
"fJiMtd Unit weight of sand 

hoi, 

Figure 2 PrinCiple of sand cone method. 
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EQUIPMENT 

Chap. 3-6 / The Sand Cone Method 

The equipment for the sand cone method includes: 

• Sand cone with filted valve (Fig. 3). The metal funnel is screwed on a 3.83-L 
plastic jar. (Fig. 4). 

• Base plate about 30 em wide. 
• Uniform fine sand. About 1 kg of sand is required for each field measure

ment. 

Figure 3 Equipment for sand cone method. Sand cone, 3.83-L 
plastic jar, digging tools, airtight container, base plate, brush, and 
compaction mold. 

A 
I 

137 nun 

I 

Valve 

Metal 
funnel 

"'--171mm-~ 
Base plate 

r;:ss:ss:, 6SSSSSI 
30.5 mm Figure 4 Sand cone (ASTM dimension) 
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• Digging tools (large spoons and screwdriver) to dig a hole in the soil. 
• Airtight plastic bag or container to collect soi l samples. 
• Balance, 10 to 25 kg capacity, accurate to 1.0 g. A rugged field balance with 

leveling capabilities is recommended. 
• Drying oven and evaporati ng dishes for moisture content determination. 

CALIBRATION OF EOUIPMENT 

The sa nd cone method uses a fine uniform sand that passes through a No.20 sieve 
but is retained on a No. 30 sieve. The sand grain size ranges from 0.85 to 0.6 mm. Its 
uniformity helps to keep a consta nt density, which is a requirement when volumes 
are to be determined from weight measurements. ASTM requires a coefficient of 
uniformity C, smaller than 2, all particle sizes smaller than 2.0 mill, and no more 
than 3% smaller than 0.25 mm. The sand cone equipment is calibrated as follows. 

Determination of Sand Unit Weight 

1. Measure the weight W", of a standard compact ion mold, which includes 
the mold body and base plate but not its extension collar. Calculate its internal 
volume V after having measured its internal height and diameter. 

2. As shown in Fig. 5, pour sand into the mold by using a scoop. Ideally, 
the pouring of sand in the laboratory should be similar to that in the field. Do not 
shake or vibrate the mold , which may increase the sand density. Fill the mold 
completely and strike off the excess sand with a stra ightedge, as shown in Fig. 6. 
Measure the weight W of the mold and sand. 

3. Repeat step 2 until two weight readings are in good agreement , within 10 
g. TIle sand unit weight Ysand is 

W - Wm 
Y sand = v 

Figure 5 Filling the mold with sand using a scoop to determine the 
sand unit weight. 

(2) 
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Figure 6 After filling the mold completely. strike off the 
excess sand with a straightedge. 

Figure 7 The sand weight required to fill 
the volumes of cone and base plate is 
measured in the laboratory. 

TEST PROCEDURE 

Determination of Weight of Sand to Fill Jar, 
Cone, and Base 

1. Fi ll the iar completely with sand. and measure its weight Wf 
2. Place the base plate on a nat tray. The groove along the circular hole of 

the base plate should be faci ng up. as shown in Fig. 7. Turn the sand cone upside 
down with the valve closed, and position the metal funnel on the base plate. 
Open the valve to let the sa nd fill the funneL Close it when the sand stops flow
ing. Measure the weight Wh of the partially empty bottle. The difference WI - Wb 
is the sand weight W, required to fill the cone and base plate. 

3. Repeat steps 1 and 2 unti l two weight readings are in good agreement. 

1. At the location where the density is to be determined. level off the 
ground surface and position the baseplate horizontally. By using a screwdriver. 
mark lhe base plale openi ng on the ground as shown in Fig. 8. Remove the base 
plate. and dig a hole with an opening size slightly larger than the base plate open-
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Figure 8 In the field. level off the ground surface. 
position the base plate, and mark the base plate 
opening using a screwdriver. 

Figure 9 A hole is excavated with an opening size 
slightly larger than the base plate opening. 

COMPUTATION 

ing as shown in Fig. 9. The volume of the excavated hole shou ld be smaller than 
3830 cm3• the full capacity of the sand cone jar. As a gu ide. ASTM suggests the 
following volumes for the holes: 

Maximum grain size 
(mm) 

4.75 
12.7 
25.0 
50.0 

Volume of test hole 
(cm3 ) 

700 
1400 
2100 
2800 

2. Carefu lly place all the soil removed from the hole into the airtight plastic 
bag or container. It is important not to lose any material. A loss of material 
would introduce substantial error in the determination of the unit weight for such 
a relatively small sample. 

3. Measure the weight Wf of the full jar on the field scale. 

4. Center the base plate above the hole (see Fig. 10). The base plate open
ing shou ld be facing up. If necessary. brush soi l off the base plate. Turn the sand 
cone upside down with the valve closed. and position the metal funnel on the 
groove of the base plate (see Fig. II). Open the valve to let the sand fill the hole. 
Close it when the sand stops flowing. Measure the weight W, of the partially 
empty jar and the weight W of the soil sample. 

5. Salvage as much sand from the hole as possible. 

6. After returning from the field. determine the water content of the soil 
samples. 

As shown in Fig. 2. the volume V of the sampling hole is calculated as follows: 

Wf - W - W 
V = e c 

Y,and 
(3) 
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Figure 10 Face up, the base plate is centered above the hole and 
cleaned up by using a brush. 

Figure 11 During the actual field test. the valve of the the sand 
cone is opened and the sand flows down to fill the excavated hole. 
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jar partially empty, Wt the sand weight required to fill the cone and base plate, 
and 'Ysand the sand unit weight. The bulk unit weight 'Y and dry unit weight 'Yd of 
the field sample are calculated as follows: 

Y-wandy- r 
- V d-1+wI100 (4) 

where W is the weight of the sample collected and w is the water content of the 
sample (%). 

EXAMPLE 

The reported test results of the sand cone method should clearly indicate 
the bulk unit weight 'Y, dry unit weight 'Yd, and water content w (%). The 
point (w, 'Yd) should be ploued on the compaction curve obtained in a labo
ratory compaction test to compare the field values to the optimum water 
content and maximum dry unit weight. Then one can easily verify whether 
or not the compacted soil in the field meelS the compaction requirement. 
Figure 12 shows an example of (he sand cone method test, and Fig. 13 
shows the formulas used in Fig. 12. 

A 8 C 

~ 
Sand cone method 

ft Analyst name: KatyP. T18I 

4 Test date: 3/1/1993 

f:t Sample description: $anyJIe from Kapriellatt Hall 

1+ Me •• urement In the field 

I-f- Mass 01 jar and sand belore use M ,- 6804.00 g 

t+ Mass of jar and sand after use M •• 4384.00 g 

• Mass 01 ooIlect9d scil M .. 1181.69 g 

~ 1\ Water content In the labor. tory 

~ Mass 01 can and wet BOA (g)M - , .... , .. "'0 

i+l Mass 01 can and dry &011 (g) M • 165.52 184.05 

~ Mass of can (g) M I 104.79 104.19 

" Water content w 7.06"10 7.07"10 

t-!-! Average water content w. 7.07"10 

t-!1 Bulk unit weigrt 1 • 20.12 kNlm3 

+! Dry unit weigM ..,... 18.79 kNIm~ 

.g 
C.llbriHlon In the labor.lory ~ 

+l Diameter of mold D '" 10.14 on 

.g Height of mold H • 11.87 on 

-?l 
" ~1 ~2 

-¥. Mass 01 mold and sand (Q) M m, 5570.0 5580.0 

:jf Mass 01 empty mold (g) M • 4242.0 4256.0 
Mass 01 jar and sand before flllnQ cone 4946.0 

Mass of Jar and sand aftarfiRIna oane~~) 3336.0 
To "0' w.h dfkNIm \" 13.81 13.77 

~ 
Average unit weight 01 sand y_. 13.79 kNlm 3 

31 I, 0'" ". • 1810.0 Q 

Figure 12 Example of data set. 
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REVIEW QUESTIONS 

EXERCISES 

Chap. 3·6 I The Sand Cone Method 

Bulk unit weight y ... M/{Mf-Me-Mc) ' gsand kNlm3 

I 

Figure 13 Formulas used in Fig. 12. 

L State the objective and principle of the sand cone method. 
2. Why is it important not to lose any soil from the excavated hole during the 

sand cone method? 
3. Why do we use a particular sand fo r the sand cone method? Why not use 

any sand? 
4. Can you name two other test methods that are used to define soil density in 

the fie ld? 

1. Measure the internal dimension of the cone and base plate and calculate the 
volumes of the cone and base plate. Compare with the weight found during 
the equipment calibration. 

2. Measure exactly the volume of the I-gallon jar by measuring its weight 
empty and fill ed with water. After drying the jar, fill it with sand and weigh 
it. Verify that the sand unit weight is approximately equal to the sand den
sity determined during the equipment calibration. 

3. Calculate the in situ density from the fo llowing results obtained from a sand 
cone test. 

Determination of sand unit mass 
In the laboratory 

Diameter of mold (cm) 
Height of mold (cm) 

Mass of mold and sand (g) 
Mass of mold (g) 

10.13 
11.65 
5602 
4252 

Determination of sand mass 
to l iII cone 

In place measurement 

Determination of water content 
in the laboratory 

Mass 01 jar and sand belore filling cone (g) 
Mass of jar and sand after filling cone (g) 

Mass of jar and sand befora use (g) 
Mass of jar and sand aher use (g) 

Mass of collected soil (g) 

Mess of can and wet soi l (g) 
Mass of can and dry soi l (g) 

Mass 01 can (g) 

3516 
1934 

6542 
4334 

865.52 

Trial 1 

146.54 
144.63 
113.65 

Trial 2 

142.52 
140.27 
104.89 

Trial 3 

147.32 
144.83 
104.18 



Exercises 

4. 

Determination of lind unit mass 
in the laboratory 

Determination of sand mass 
to fill cone 

In place measurement 

Determination of water content 
in the laboratory 
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Calculate the in situ density from the following results obtained from a sand 
cone test. 

Diameter of mold (cm) 
Height of mold (cm) 

Mass 01 mold and sand (g) 
Mass 01 mold (g) 

Mass of Jar and sand before filling cone (g) 
Mass of jar and sand after filling cone (g) 

Mass of jar and sand before use (g) 
Mass of jar and sand aher use (g) 

Mass of collected soil (g) 

Mass of can and wet soil (g) 
Mass of can and dry soil (g) 

Mass of can (g) 

10.16 
11 .65 
5596 
4246 

6122 
4460 

6314 
3594 
1552 

Trial 1 

106 
104 
82 

Trial 2 Trial 3 

130 122 
128 120 
104 104 
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Permeability 
and Seepage 

4-1 Principles of permeability tests 

4-2 Constant head permeability test 

4-3 Falling head permeability test 

4-4 Electrical analogy of seepage problems 

4-5 Finite difference solutions of seepage problems 



INTRODUCTION 

DEFINITIONS 

Principles 
of Permeability Tests 

Soils are permeable to water because the voids between soil particles are inteT
connected. The degree of permeability is characterized by the permeability coef
fi cien t k . also referred to as hydraulic conductivity. In the laboratory, k is 
measured by using either the constant head test for soils of high pe rmeability 
(e.g. , sands), or the fa lling head l~t {or soils of intermediate and low permeabil
ity (e.g., silts and clays). Before describing the test procedures, the basic concepts 
of seepage are reviewed. 

Fluid Velocity 

Figure 1 illustrates a How of water through an inclined tube fi lled with soil . The 
water molecules moving from cross sections A to 8 follow a tortuous path around 
the soil particles and through the voids. As shown in the cross section of Fig. 2, 
the velocity of wate r, denoted by the vector VI' is only defined in the voids 
through which water travels, and it varies from void to void. 

Seepage Quantity 

In fig. 2, the seepage quanti ty q is th e volume of water passing through a tube 
cross section during a unit time interval. q is the ft.u" of water: 

(I) 

where VIis the component of VI parallel to the tube axis and S is the total cross* 
sectional area of the tube. VI is assumed equal to zero at the particle locations. 

177 
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Discharge Velocity 

The discbarge velocity v paraliel to the tuhe axis is defined as 

(2) 

It is smaller than the average Huid velocity vI on cross-sectional area S, only oc

cupied by water. v and vI are related through 

and 
V. 

n= V (3) 

where n is the porosity and V~ is the volume of voids in volume V between cross 
sections A and B of Fig. 1. As shown in Figs. 1 and 2, v averages the real water 
flow. The smoothed trajectory of water particles, which is tangent to the discharge 
velocity, is called a flow line. 

Elevation 
hood, 

r 

Figure 1 Flow of water through soil. 

Fluid velocity , DischMge velocilJ; 

, 
/ / 

Figure 2 Fluid velocity and discharge velocity. 

Toul 

""'" 
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Total H ead 

[n hydrostatics (Le., when the water does not move), the total head h is the sum 
of the pressure head ulyw. and the elevation head z: 

u h = -+z 
1. 

(4) 

where u is the pore water pressure, 1w is the fluid unit weight, and z the elevation 
above a given datum. As shown in Fig. 1, pressure, elevation, and total heads 
must always have the same datum. When water moves at velocity vI' the total 
head is defined using the Bernouilli equation: 

(5) 

where g is the earth gravity. For most soil flow problem~ v]l2g is negligible com
pared to the pressure and elevation head, because vI is much smaller than t mls. 
Therefore, the total head in soils is given by Eq. 4. 

Piezometric Head 

In hydrostatics, the total head Ii is equal to the e levation of the free surface of 
water above the datum. This elevation is called the piezometric head. In Fig. 1, 
the total (or piezometric) head is the elevation above the datum of the water 
level in the pipes. The total head is constant at all points of the same cross section 
in Fig. 1 (e.g., points A , A ', and A" of Fig. 1). 

Hydraulic Gradient 

The hydraulic gradient i is the gradient of total head. In Fig. 1. the hydraulic gra
dient between sections A and B is equal to the head drop liB • hA divided by the 
dista nce L = AB where the head drop takes place: 

(6) 

where hA is the total head in section A and h B is the total head in section B. The 
hydraulic gradient i is a dimensionless number because hand L have the same di
mension. In Fig. 3, i is the slope of the variation of h versus distance x. 

Darq~ Law 

As described in Chaper 1-3, fluid flows can be laminar, turbulent, or transitional, 
depending on the Reynolds number. In laminar flows, the fluid flows in parallel 
layers without mixing. [n turbulent flows, random velocity fl uctuations result in 
mixing and internal energy dissipation. In transitional flows, the Hows are be· 
tween the laminar and turbulent regimes. These different flow regimes are also 
found in soils and influence the relation between discharge velocity and hydraulic 
gradient. As shown in Fig. 4. i varies linearly with v in the laminar regime but 
varies nonlinearly and irreversibly with v in the transitional and turbulent zones. 

For most flows in soils, v is so small that v is proportional to i; that is, 
Darcy's law (Darcy, 1856) applies: 

v=ki (7) 
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Laminar Transition Turbulent 

, 
: ' 

Discharge velocity v 

Figure 3 Variation of total head h versus distance x. Figure 4 Zones of laminar and turbulent flows (aher 
Taylor, 1948). 

where k is a the coefficient of permeability. The coefficient of penneability k is 
defined as the rate of discharge of water under conditions of laminar flow 
through a unit cross-sectional area of a soil subjected to a unit hydraulic gradient. 
The dimension of k is velocity (i.e., [k] = LT-l ), and its unit is usually em/s. 

Experiments have shown that Darcy's law (Eq. 7) is valid for a wide range 
of soil types and hydraulic gradients. However, Darcy's law no longer applies for 
large hydraulic gradients in clean gravels and rock fills where flows may be turbu· 
lent. It also breaks down for very small hydraulic gradients in clays. As shown in 
Fig. 5, in Swedish clays, Hansbo (1960) found a nonlinear relation between v and 
i for very small hydraulic gradients (i.e., i < lo), and a linear relation with an off· 
set for larger hydraulic gradients (i,e., i 2: 4J). 

Critical Hydraulic Gradient 

When the water flows upward, frictional drag tends to lift the particles and force 
them apart, The hydraulic gradient that breaks contact between particles is the 

> 

Y = k,(i- ;,) 

Ii 

Hydraulic gradient 

Figure 6 Deviation from Darcy's law observed in Swedish clays 
(after Hansbo. 1960). 
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critical hydraulic gradient i,: 

. Y, 
1=
, Y. 
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(8) 

where 1b = 1$&t - 1", is the submerged (or buoyant) unit weight of the soil,1", the 
unit weight of the water, and 1$&1 the saturated unit weight of the soil . For most 
soils. 1b ~ 1w; the refore, ic ~ 1. The loss of contact between soil grains results in 
the quick condition, in which soi ls behave as liquids. A quick condition can occur 
in any cohesionless soil when the upward hydraulic gradient exceeds i,. A hy
draulic gradient in excess of i, is also responsible for the boiling of sand at the 
bottom of excavations and subsurface erosion known as piping. 

EMPIRICAL RELATIONSHIPS 

The permeability of a soil depends primarily on the size and shape of grains, 
shape and arrangement of voids, void ratio, degree of saturation, and tempera
ture. Several equations were proposed to calculate the permeability of soils, espe
cially sands, from their physical characteristics. Two correlations are given below. 

Hazen~ Formula 

Based on experimental work with fine unifonn sand, Hazen (1892) related per
meability k and effective particle size Dw (cm) as follows: 

(cmJs) (9) 

where C1 ~ 100 for fine uniform sand. As shown in Table I, C1 is not a constant 
but varies with soi l types. Its average value in Table 1 is 16. Figure 6 suggests that 
k is related to not only the particle size D w but also the void ratio e. 

'0.-------------------------, 

~ 
'" ~ 

f 
0'< 

0.' , 
0,01 0.5 

(,( 0 .3 
o Experiment 

0.00 1 
0 .< 10 

D. (mm) 

Figu re 6 Variation of coefficient of permeability with particle size 
D,o (aher NAVFAC, 1982) . 
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Chap. 4-' / Principles of Permeability Tests 

TABLE 1 

Permeability test data (after lane and Washburn, 1946; 
and Lambe and Whitman, 1979) 

Particle Permeability 2 
Soil type size 0'0 C, = k/ D,o 

(em) ("",/5) (cm- 1s- 1 ) 

Coarse gravel 0.0820 1100 17 
Sandy gravel 0.0200 160 40 
Fine gravel 0.0300 71 8 
Silty gravel 0.0060 4.6 13 
Coarse sand 0.01' 0 1 .1 1 
Medium sand 0.0020 0.29 7 
Fine sand 0.0030 0.096 1 
Silt 0.0006 0.15 42 

Kozeny-Carman Formula 

The Kozeny-Carman formula (Kozeny, 1927; and Carman, 1939) is 

(10) 

where e is the void ratio, and Tl the dynamic viscosity of water. The coefficient f 
depends on pore shape: f = 1.1 fo r rounded grains, f = 1.25 fo r subrounded 
grains, and f = 1.4 for angular grains (Loudon, 1952). The specific surface area S 
(Le., the surface area per unit volume of grains) is obtained from the equation 

(11) 

where dmax is the maximum grain diameter (mm) and dmin is the minimum grain 
diameter (mm). 

Effect 0' Temperature on Permeability Coefficient 

Equation 10 shows that k is not a constant for a given soil but varies with 11 , 
which in turn varies with temperature T. The permeability at temperature T, kr, is 
reduced to that at 20"C, /vwoc, by using 

~ T 
k2O"C = - - kr = RkT 

~ ,..c 
(12) 

where 1120"C is the viscosity of water at 20°C, Tl T the viscosity of water at temper
ature T, and R = f1 T/Tl20"C . The variation of R with temperature is shown in Fig. 7. 

There are two main types of laboratory permeability tests: constant head test and 
falling head test. 

Constant Head Test 

As schematized in Fig. 8, in the constant head test, a constant head drop is ap-
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,,------------------, 

05+---__ ----__ ----__ --~ 

o to 20 

Temperature (' C) 

Figure 7 Variation of correction factor R versus temperature T. 

plied to the soil sample, and the resulting seepage quantity is measured. The con
stant head test is used primarily fo r coarse-grained soils (clean sands and gravels) 
with k 2::. 10-1 Cm/s. For fine-grained soils. the seepage quantity becomes too smaU 
to be measured accurately. 

The coefficient of permeability kr at temperature Tis 

(13) 

where q is the volume of water collected in a burette during time interval f , L the 
length of the specimen, hJ the head at the left end of the specimen, h2 the bead 
at the right end of the specimen, and A the cross-sectional area of the specimen. 

Failing Head Test 

As illustrated in Fig, 9, the falling head test does not fix the total head. It lets it 
fall in the standpipe connected to the upper part of the specimen, The falling 

Overflow 

Figure 8 Principle of conSlant head test. 
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Cross section 
area a 

Chap. 4-1 I Principles of Permeability Tests 

Figure 9 Principle of falling head test. 

head test is generally used for less permeable soils (fine sands to fat clays) with 
k ~ 10- 3 em/s. It is not practical for soils with k > 10- 3 cmls because the head 
falls too rapidly to be measured. The coefficient of permeability kr at tempera
ture T is ca lculated as follows: 

aL ho 
kr = A, log h

f 
(14) 

where a is the cross-sectional area of the standpipe, A the cross-sectional area of 
the specimen, L the length of the specimen, ho the elevation above the datum of 
water in the standpipe at the beginning of the experiment ( t = 0), and hI the el
evation above the datum of water in the standpipe at time I. 

TYPICAL VAl.UES FOR PERMEABILITY 

Table 2 gives some typical values of penneability for various types of soil, and clas
sify them on the basis of permeability. Figures 10 and 11 present permeabili ty data 
on a variety of soils with different void ratios. The range of permeability covered 
by Figs. 10 and 11 is 1 cm!s to 10-10 cmJs. As shown in Fig. 12. the permeability 
of clay vary with void ratio, plasticity index PI, and clay fraction CF. As shown in 
Fig. 13, the permeability coefficient is almost isotropic in most clays (i.e., the hor
izontal permeability kll is practically equal to the vertical permeability k~) except 
for varved clay and stratifed deposits where the ratio k"'k~) can exceed 10. 

TABLE 2 
Classification of soils accord ing to their coefficients of permeabili ty 
(after Kulhawy and Mayne. 1990; and Terzaghi and Peck, 1967) 

Coefficient of Degree of Soil permeability k 
(cm!s) permeability 

Gravel Over 10- 1 High 
Sandy gravel, 10- L to 10- 3 Medium 

clean sand, 
fine sand 

Sand, dirty sand, 10-3 to 10-$ Low 
silty sand 

Silt, silty clay 10-$ to 10-7 Very low 
Clay l ess than 10-7 Practically 

impermeable 
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• Champlain clays 

o Other Canadian clays 

::t:: Other clays 

... Triaxial tests 
- Seriesl 

0_1 

o 

o 
• New Liskeard 

~~d'Y 

New Jersey 
varved clay 

Permeability k" (10" crnJs) 

Figure 12 Variation of vertical coefficient of 
permeability with void ratio, plasticity index PI , and 
clay fraction CF for clay (after Tavenas et at.. 1983), 

Figure 13 Permeability anisotropy for various natural 
clays (Tavenas and Lerauei!, 1987). 
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TAYLOR, D. W., 1948, Fundamentals of Soil Mechanics, John Wiley & Sons, New 
York ,700 p. 

TERZAOHI, K., and R. B. PECK, 1967, Soil Mechanics in Engineering Practice, 2nd 
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1. Define the total head in terms of water pressure, elevation, and unit weight 
of water. What is the physical meaning of total head? 

2. Why do we use the hydrostatic definition of total head instead of the Ber
noulli definition of total head? 

3. Why do we neglect the term v212g in defining the total head in soil? (v is 
the fluid velocity and g is the earth gravity.) Justify you answer with num
b.rs. 

4. Define soil permeability. What are the dimensions and units of permeability? 
S. Does the permeability increase or decrease with temperature? 
6. Name two laboratory tests used for determining soil permeability. For which 

types of soils are they used? 
7. Is the fluid velocity larger or smaller than the discharge velocity? What is 

the relationship between these velocities? 
8. What is the critical hydraulic gradient? 
9. Can you name several empirical relationships that relate soil permeability to 

physical parameters? 
10. Derive the expression for permeability in a constant head test. 
11. Derive the expression for permeability for a falling head test. 
U. What is a typical range of permeability for gravels, sands, silts, and clays? 

1.. Plot permeability versus void ratio for the silts of Table El, and define the 
coefficient of the Kozeny-Carman equation. 

TA BLE E1 

Soil type k (cm/s) Void ratio 8 

Silty sand 7.E-09 0.29 
1.E-OB 0.30 
3.E-OB 0.3B 

Silt, Boston 2.E-OB 0.74 
1.E-06 1.09 
1.E-OB 2.00 
2.E-OB 2.95 
6.E-OS 3.94 
5.£-08 1.52 
5.E-07 2.96 
2.E-06 3.92 

Silt.. North Carolina 6.E-07 0.67 
2.E-06 0.79 
3.E-06 0.70 
3.E-05 0.S9 
B.E-05 0.S9 
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2. Same as Exercise 1 but for Table E2. 
3. Same as Exercise 1 but for Table E3. 

TABLE E2 TABLE E3 

Soil type k (em/s) Void ratio e Soil type k (em/s) Void ratio 8 

Beach sand 8.E-02 0.65 Sandy clay 3.E-l0 0.41 
1.E-01 0.75 4.E- l 0 0.42 
1.E-Ol 0.75 3.E-' 0 0 .48 
1. f -Ol 0.76 Compacted Boston 
1.E-Ol 0.79 
2.E-01 0.83 

blue clay 1.E-08 0.53 
1.E-08 0.56 

Ottawa sand 5.E-03 0.63 1.E-08 0.59 
6.E·03 0.66 3.E-OB 0.67 

Sand, Franklin Falls 9.E-04 0.78 3.E-OB 0.68 

1.E-03 0.86 3.E-08 0.65 
1.E-03 0.78 Vicksburg 

Sand, Scituate 4.E-03 0.54 buckshot clay , .E-09 0.97 

5.E-03 0.54 7.E-10 0.84 

7.E-03 0.59 3.E-10 0.61 

B.E·03 0.67 Sandy clay 5.E-05 1.08 

Sand, Plum Island 2. E-02 0.69 9.E-05 1.1 6 

2.E-02 0.74 2.E-04 1.18 
2.E-04 1.31 

Sand, Fort Peck 2.E-03 0.63 
3.E-03 0.65 Loess 4.E-09 0.68 

3.E-03 0.67 5.E-09 0.72 

3.E-03 0.67 5. E-09 0.78 

Sand, Union Falls 4.E-02 0.49 Lean clav 2.E-09 0.44 

6.E-02 0.57 1.E-08 0.49 

9.E-02 0.69 3.E-08 0.56 

Sand from dike 2.E-04 0.68 Sodium Boston 

2.E-03 1.20 blue clay 2.E-l0 0.51 
9.E-10 1.1 8 
8. E-09 1.80 
1.E-07 2.66 

Calcium kaolinite 2.E-OB 1.24 
7.E-OS 1.51 
1.E-05 1.68 

Sodium montmorillonite 2.E-08 2.31 
2.E-08 3.91 



SCOPE 

EQUIPM ENT 

Constant Head 
Permeability Test 

The constant head permeability test (Fig. 1) is used for determining the permea
bility of samples of coarse-grained soils. Here we describe the constant head per
mability test for sand and gravel samples. 

The equipment for the constant head permeability test includes: 

W,.., 
supply 

eros, 
section area 
A 

Figure 1 Experimental setup for constant head permeability test. 

18. 
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Piston 

__ O_,;ng se,] 

Figure 2 Permeameter cell. 

Porous disk 

Figure 3 Piezometric tap of Fig. 1. 

• Permeameter cell similar to that shown schematically in Fig. 2. Its cylinder 
is transparent to allow observation of the sample and to permit checking the 
saturation. As shown in Fig. 3, piezometer taps are located along the side of 
the permeameter cell for measuring the total head loss along a given sample 
length. This type of permeameter which encases the soil sample in a rigid 
cylinder is called a fixed wall permeameter. There is also another type of 
permeameter with a flexible wall to examine the effect of confining pressure 
on permeability. Its experimental setup is similar to the one of the triaxial 
test (see Chapter 7-6). 

• Perforated metal or plastic disks. porous stones, or circular wire screens, cut 
for a close fit inside the permeameter. 

• Glass tubing 2 to 4 mm in diameter (piezometer) mounted on a panel. 

• Flexible transparent hoses and screw clamps necessary to connect piezome-
ters and water supply. 

• Constant-pressure supply device for water supply, as described later. 
• Deaired distilled water prepared as described later. 

• TIming device. 
• Graduated cylinder, 100 mL. 
• Thermometer, range 0 to 50oC, accurate to 0.1°C. 
• Silicon or vacuum grease. 
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• Balance sensitive to 0.1 g. 

• Oven. 
• Ruler. 

PREPARAnON OF WATER FOR PERMEABILITY TEST 

Ideally, the water used in the permeability test should be identical to that of the 
soils in the field. Since such water is rarely available, deaired tap water is gener· 
ally used. When flowing between soil particles, untreated tap water would release 
air bubbles that would impede the flow of water, thereby giving erroneously low 
measurements of permeability. Figure 4 shows an arrangement for deairing water. 
A fine spray of water is sent into the vessel under internal vacuum. The vacuum 
pump is protected from water inflow by a water trap. Deaired water can also be 
prepared by boiling it on a heat source, and cooling it in a vessel sealed from the 
atmosphere to prevent it from dissolving air again. 

Water 
supply 

Figure 4 Deairing water with vacuum. 

WATER SUPPLY AT CONSTANT PRESSURE 

Figures 5 and 6 show two types of devices which can be used to supply water to 
the permeameter ceU at a constant pressure. As shown in Fig. 5, the overflow 
maintains the level A constant, and therefore the pressure at B does not depend 
on the water level in the main supply tank. 

As shown in Fig. 6, a tube is inserted and lowered to a selected depth in the 
container, which is hermetically sealed. When the water attempts to flow, the wa· 
ter level goes down in the tube and stops at point A . The water pressure at point 
A stays at atmospheric pressure, independently of the water level in the rest of 
the tank, provided that this level remains above point A. Therefore, the tank de· 
livers water at constant pressure, which is controlled by the position of point A. 
Point A is chosen as low as possible to maximize the tank capacity. A constant 
pressure tank uses less deaired water than the device of Fig. 5. 
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Variable level 

u ="( H 
A W 

Figure 5 Suspended tank with constant water level for supplying 
water at constant pressure. 

-------.--------

Water at constant 
pressure Us "" 'Yw H 

• 
Figure 6 Constant-pressure tank. 

1. Measure the inside diameter of the permeameter cell and the distance 
between piezometer taps. 

2. Clean the cell base, apply silicon or vacuum grease on the lower gasket, 
place a porous stone on the base, and mount the permeameter cylinder. 
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Funnel 

Rubber 
tubing 
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Figure 7 A loose specimen is obtained by using a 
funnel and a flexible nozzle. Denser specimens are ob
tained by tapping or vibrating loose sampl es. 

Figure 8 Dry, loose specimens are prepared by us
ing a funnel and flexible tu bing. 

3. Mix th e dry soil material to be tested in a large pan, and measure its 
weight. The specimen can be prepared using dry or wet pluviation. In the dry plu
vial ion melhod the soil is poured in the permea meter as shown in Figs 7 and 8. It 
fa lls from a constant height through the flexible tubing and funnel system, making 
a speci men of uniformly low density. The specimen density may be controlled by 
measuring ils height and weight of soil left over in the pan. Denser specimens are 
obtained by tapping the sa mple sides. In the weI pluvilllion melhod, the permeater 
cell is first fi lled wi th a few centimeters of water. Then by using a spoon. the soil 
is gently poured a few centimeters away fTom the water surface, which is gradu
ally raised. Wet pluvia tion produces saturated specimens of uniformly low density, 
the density of which can be controlled and increased as in the dry pluviation 
method. 

4. Measure the weight of material left over in the pan to com pule the spec
imen weight. 

5. Apply vacuum or sil icon grease to the top rubber gasket , mount the per
meater cap, and tighten its bolts. As shown in Fig. 9, lower the permeameter pis
ton so that it slightly touches the specimen. During the test, the piston will 
maintain th e sample in place and fix its height. 

6. As shown in Figs. 10 and J1, connect the permeameter inlet valve to the 
constant p ressure tan k with a Rexible hose, and attach a 50-em-long transparent 
hose to each permeameter tap. Two per mea meter taps are usually suffici ent. 
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Figure 9 The permeater cell is closed. 

Chap. 4-2 / Constant Head Permea bility Test 

Figure 10 Constant head permeability test in 
progress. 

Open the inlet valve to creale a gentle upward flow of water inside the sample. 
The water flow should displace and flush the air within the sample and piezome
ter hoses. When there are no more air bubbles in the hoses, connect them to the 
piezometric tubes. The piezometric tubes are glass tubes with an internal diame
ter of 2 to 4 mm. The sand specimen should be fully saturated, and no air bubbles 
should be seen in the transparent hoses. After saturation , measure the sample 
height through the transparent cylinder. 

7. When the permeameter outlet valve is closed , there should be no flow in
side the sample, and the water levels in all the piezometric tubes should be iden
tical. The elevation of their water column gives the total heads at the 
permeameter taps. When the outlet is opened, the piezometric levels should first 
fall , then stabilize. When the piezometer levels stop moving, measure the vertical 
distance between their meniscus bottoms. This distance is equal to the total head 
drop. 

8. Adjust the outlet va lve and/or the water pressure of the supply tank to 
obtain the desired head drop. While the water flows at a steady rate and the pie
zometer levels are constant, collect water in a container at convenient intervals. 
Measure the water temperature and the weight of the water collected to deter
mine its volume. 

9. Repeat step 8 for various head drops. Compute the coefficient of perme
abili ty for each measurement. 
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Figure 11 Close- up view of piezometric 
tubes of Fig. 10. 

The dry unit weight Yd and void ratio e of the soil specimen are 

y" = (11: 14) D2H 
w (1) and 

where H is the sample height, D the sample diameter, W the dry sample weight, 
G, the soil specific density, and Yw the water unit weight. The discharge velocity v, 
hydraulic gradient i, and coefficient of permeability kT at temperature Tare 

v = Q, 
A, 

. Ill! 
l=y ' and 

V 
kT= ~ 

I 
(2) 

where L is the distance between piezometer taps, Ilh the distance between free 
surfaces in the piezometer tubes, A = rrD2/4 is the cross-sectional area of the 
specimen, and Q the volume of water collected during time t. The coefficient of 
permeability k at 20 C is 

(3) 

where l1200c is the viscosity of water at 20 C and 11 T is the viscosity of water at 
temperature T 
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Chap. 4-2 I Constant Head Permeability Test 

EXAMPLE 

Figures 12 and 14 show the results of a constant head permeabitity test. As 
shown in Fig. 12, the input data are italicized. Figure 13 lists the formulas 
used in Fig. 12, and Fig. 14 shows the variation of the discharge velocity v 
versus the hydraulic gradient i. Darcy's law is verified in the range of ap
plied hydraulic gradient, because v varies linearly with i, The slope of the 
linear v-i relation is equal to the permeability coefficient k at ambient tem
perature. The permeability coefficient is then calculated at 20°C to compen
sate for the change in water viscosity with temperature. 

A • F 

Constant Head Permeability 
Analyst Name: Kery P. Tiel, J. S. Tkach, E. Davidson, and H. Guapo 

Test Date: 311/93 
Soil Sample: Loose sand mixture 

SpecifIc gravity G . .. 2.65 

Specimen dry mass ~ '" 874.00 • 
Specimen height H .. 14.50 em 

Specimen diameter 0 • 6.22 em 
Piezometer tap distance L _ 10.35 em 

Initial void ratio e • 0.73 

Dry unit weight Yd '" 14.99 kN/m3 

"oj 1 2 3 4 
Plezol'Mter level distance (cm) .1h 4.75 13.60 25.30 36. 10 

Duration of sampling (5) t 60 60 60 60 
Mass 01 waler COllected & container (g) M.., 484.0 630.0 782.0 964.0 

Mass 01 container (g) Me 398.0 396.0 390.0 398.0 
Water temperature (,Cl T 21 .8 22 21 .5 21 .5 

Hydraulic gradient I O.S 1.3 2.' 3 .S 
Discharge velocity (cmls) v 0.047 0.128 0.215 0.310 

Permeability at ambient temperature (em/5) kT 0.103 0.098 0.088 0.089 

Permeability at 20'C (em/s) k 0.098 0.093 0.085 0.086 
Average permeability at ambient _ 0.094 emls 

Average permeability at 20'C • 0.090 emfs 

Figure 12 Example of data set for the constant head permeability 
test. 

~ Initial void ratio e ... Gs/gd'S.81·' 

U Dry unit weight Yd __ MdlH/PIO'4fDA2'9.81 kNlm3 

A 
Hydraulic gradient I -DhiL DhiL 

Discharge velocity (cmls) v -(Mwc·Mc)N{PIO'O"214) -(Mwc-Mc)N{PIO'O"214) 
21 Permeability at ambient temperature (em/s) kT -,' -,' 
" Permeability at 2O'C (cmls) k :kT' VISCO(T e)NISCO{20) =kT"VISCO(Te)NISCO(20) 

~ Average permeability at ambient", -AVERAGE(kn eml, 
lO Aversoe oermeabilitv at 20'C '" _AVERAGEikl . eml, 

-
Figure 13 Formulas used in Fig. 12. 
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k 
(cm/s) 

0.0943 
0.0428 
0.0140 
0.0045 
0.1934 
0.1033 

0',-----------------------, 
o Experiment 

"",0.4 --Fit 

i f 0.3 

f02 
• is 0.1 

O¥---------------------~ 

° 2 3 4 , 
Hydraulic gradient 

Figure 14 Variation of discharge velocity versus hydraulic gradient. 

Indirect Calculation of Permeability from Grain Size 
Distribution Curve 
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Figures 15 and 16 show the variation of the permeability coefficient k versus the 
void ratio e for the same material. The permeability decreases with the void ratio. 

A grain size distribution is required to calculate k with Hazen's or 
Kozeny-Carman's equations (Eqs. 9 and 10 of Chapter 4-1). The grain size anal
ysis results for the soil tested in Fig. 16 are reported in Figs. 17 and 18 (see Chap
ter 1-2 for details). Hazen's formula neglects the effect of void ratio on k, wbicb 
corresponds to a vertical dashed line in Fig. 16, and overestimates the measured 
values. For Kozeny-Carman's formula, as shown in Fig. 17, we assume that grains 
larger than 0.25 are subrounded (i.e . .! = 1.25) and those smaller than 0.25 mm 
are rounded (i.e . .! = 1.1). The total value of jS2 is the weigbed sum of jS2 which 
is calculated independently for each grain size range. Figure 19 shows the details 
of these calculations. Kozeny-Carman's formula is slightly in better agreement 
with measured values than is Hazen's formula. It accounts for the decrease in 
permeability with void ratio. 

• 
0.73 
0.61 
0.75 
0.44 
0.77 
0.62 

0.' ,--------r--,--- -, 
j, 

0.7 

.~ 
'" 0.6 

~ 

0.3 

• 

• • I 
I 
I 
I 
I 

• I 
I 
I 
I 
I 
I 
I 
I 
I 

Penneability (cml.) 

Figure 15 Measured variation of ..,permeability 
with void ratio. 

Figure 16 Measured variation of permeability with 
void ratio and values of permeability predicted by 
Hazen's and Kozeny-Carman'S equations. 
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Chap. 4-2 / Constant Head Permeabil ity Test 

G 

Calculation of permeability coefficient with empirical relations 

Analyst: J. 5. Tkach 

Test date: 2·Feb·93 
Soli type: Sand Mixture 

Percent Specific 
Angularity 

Grain size (mm) finer by Frequency surface 
weicht Imm· ... lactor 

d ,I , S 1 
0.42 100.0 35.% 16.90 1.25 

0.3 65.2 11 .% 21.91 1.25 
0.25 53.9 22.% 28.52 1.10 
0.1 77 32.0 7.% 36.82 1.1 0 
0. 15 25.2 16 .% 56.57 1. 10 
0.075 9.' 9.% 

0'0'" 0.078 mm eli - 3.558 
0 30 .0.169 mm C,_ 1.328 

OfJO = 0.276 mm Kozeny-Carman c,,:E 0.185 em/a 

Penn • • blllty co.tnclent 
Hazen, k (emfs) 0.006 

Void rallo e 0.730 0.610 0.440 0.750 0.770 I 0.620 
Kozen -Carman k em/s 0 .042 0.026 0.01 1 0.045 0.048 0.027 

Figure 17 Resu lts of grain size analvsis and calculation of perme
ability coefficient with Hazen's and Kozeny-Carrnan's equations, 

100 

80 

j 
~ .. • • > 
~ .. 
] 

>l 

0 
OD! 0.1 

Grain size (mm) 

Figure 18 Grain size distribution curve of materials tested in Fig, 16. 

REVIEW OUESnONS 

1. What is the purpose of the constant head permeability test? 
2. What is the smallest value of permeability coefficient that can be measured 

in the constant head permeability test? What other test do you apply to the 
soils of smaller permeabiJity? 

3. Is the permeability coefficient of sands influenced by their void ratio? What 
is the trend? 
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Frequency 

+ • , 
r{o - (89-810)/100 

: (8 10·81 1)/100 
fir : (811-812)1100 
fir : (812-813 )/100 

~ =(8 13·814)/100 
~ :::(814/100) 

A 
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D 

Specific suriace 
(mm·1) 

S 
=6ISOAT(A9'Al0) 
:::6/S0AT(Al0'Al1 ) 
:6ISOAT(A1 "A12) 
:::6/S0AT(A 1 2' A 13) " Hazen, k (cmls) _100' (0 10/10)"2 

,.6/S0AT(A1 3' A 14) '" Void ratio e 0.73 0.61 0.44 
11 KOle -Cannan k cmfs -Ck'&'I3/ 1+e ",Ck'8"'3I l +e "Ck' 8"'3I l +8 

B D E 
Cu :: _0_60/0 _10 

Cc :: =0_3CY'21D_ 10/0_60 

0 10 ~ _INTER(10,pf,d) 

OX! '" _INTEA(30,pf,d) 

0 &1) - =INTEA(SO,pf,d) Kozeny·Cannan c,.. .. _(9.811(S' VISCO(20) ' SUMPAODUCT(p,f,S,S))) 

Figure 19 Formulas used in Fig. 17. 

4. Can you give a relation that accounts for permeability change versus void 
ratio? 

S. Explain the principle of the constant-pressure tank shown in Fig. 6. 
6. Why do you use deaired water instead of tap water for the permeability 

test? 
7. How do you remove air from water? 
8. Does the measurement of permeability increase or decrease with the air 

content of the test water? 
9. What technique do you use to get a loose specimen of sand in the per

meameter cell? 
10. Does the permeability coefficient increase or decrease with water tempera

ture? Why? 

L Calculate the void ratio and average permeability coefficient from the test 
results in Table E1. Verify that the discharge velocity varies linearly with the 
hydraulic gradient. 

TABLE E1 

Specific gravity 
Specimen dry mass (g) 
Specimen heigh, (cm) 
Specimen diameter (em) 
Piezometer tap distance (em) 

Trial 

Piezometer reading, inlet (em) 
Piezometer reading, outlet (cm) 
Duration of sampling (sec) 
Mass of water collected and container (g) 
Mass of container (g) 
Water Temperature (cC) 

2.65 
674.00 

13.48 
6.22 

10.35 

89.90 
42 .70 
60 

766.0 
396.0 

21 .8 

2 

57.40 
27.70 
60 

614.0 
390.0 

21.9 

3 

44.90 
23.00 
60 

560.0 
398.0 

21.9 

4 

22.00 
15.50 
60 

438.0 
390.0 

22.2 
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2. Same as Ex.ercise 1 but for Table E2. 

TABLE E2 

Specific gravity 
Specimen dry mass (g) 
Specimen height (em) 
Specimen diameter (cm) 
Piezometer tap distance (cm) 

Trial 

Piezometer reading, inlet (em) 
Piezometer reading, outlet (em) 
Duration of sampling (5) 
Mass of water collected and container (g) 
Mass of container (g) 
Water temperature (eC) 

2.65 
712.00 
15.50 
6.21 

10.33 

54.60 
9.10 

150 
670.0 
396.8 

22.5 

3. Same as Ex.ercise 1 but for Table E3. 

TABLE E3 

Specific gravity 
Specimen dry mass (gr) 
Specimen height (cm) 
Specimen diameter (cm) 
Piezometer tap distance (cm) 

Trial 

Piezometer reading. inlet (em) 
Piezometer reading, outlet (cm) 
Duration of sampling (5) 

2.65 
712.00 

12.80 
6.21 

10.33 

Mass of water collected and container (g) 
Mass of container (g) 

86.90 
6.40 

90 
494 .0 
396.8 
22 Water temperature (0C) 

4. Same as Exercise 1 but for Table E4. 

TABLE E4 

Specific gravity 
Specimen dry mass (g) 
Specimen height (cm) 
Specimen diameter (cm) 
Piezometer tap distance (cm) 

Trial 

Piezometer reading, inlet (cm) 
Piezometer Reading, outlet (cm) 
Duration of sampling (5) 

2.65 
698.00 

15.30 
6.22 

10.30 

2 

16.60 
5.50 

150 
470.0 
396.8 

22.5 

2 

2 

67.20 
5.90 

90 
468.0 
396.S 

22 

46.40 
30.00 
90 

Mass of water collected and container (g) 
Mass of container (g) 
Water temperature (0C) 

19.10 
11 .50 
60 

656.0 
390.0 

21 

1214.0 
390.0 

21 

3 

63.90 
10.20 
90 

594.0 
396.8 

22.5 

3 

48.40 
5.70 

lS0 
492.0 
396.8 

22 

3 

62 .40 
41 .80 
60 

1094.0 
390.0 

21 

4 

74.80 
11 .30 
90 

620.0 
396.8 

22.5 

4 

25:40 
5.50 

lS0 
448.0 
396.8 

22 

4 

72.20 
48.70 
60 

1174.0 
390.0 

21 
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5. Same as Exercise 1 but for Table E5. 
TABLE E5 

Specific gravity 
Specimen dry mass (g) 
Specimen height (cm) 
Specimen diameter (cm) 
Piezometer tap distance (cm) 

Trial 

Piezometer reading, inlet (cm) 
Piezometer reading, outlet (cm) 
Duration of sampling (s) 
Mass of water collected and container (g) 
Mass of container (g) 
Water temperature (0C) 

2.65 
698.00 

14.00 
6.22 

10.30 

18.20 
7.20 

60 
608.0 
390.0 

21 

2 

52.10 
22.10 
60 

936.0 
390.0 

21 

3 

64.80 
28.30 
60 

1034.0 
390.0 

21 

4 

80.40 
35.90 
60 

1146.0 
390.0 

21 
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Falling Head 
Permeability Test 

The falling head permeability test is used for determining the permeability of soil 
samples that have a penneability less than about 10- 3 cmls. 

The equipment for the falling head permeability test includes: 

• Permeameter similar to that shown schematically in Fig. L 
• Perforated metal or plastic disks, circular wire screens, or porOllS stones. 
• Glass standpipe wit h its support. 
• Transparent flexible hoses, screw clamps, and so on. 

• Deaired d istilled water. 
• Watch or clock. 
• Thermometers, range 0 to 50°C. accurate to 0.1 °C 
• Balance sensitive to 0.1 g. 

• Oven. 
• Ruler. 

1. Dry specimens are prepared as fo r the constant head test. Wet specimens 
may be trimmed and fitted into the permeameter mold as described in Chapter 7-2. 

2. Measure the specimen height, diameter, and dry weight. Determine the 
standpipe internal diameter by measuring the volume of water contained in a 
standpipe section of given height. 
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1bermometer 

Graduate 

Figure 1 Setup of fal1ing head permeability device. 

3. Saturate the specimen by immersing it in water for several days. It is im
portant that the specimen be fully saturated; otherwise, the falli ng bead test will 
give erroneous results. 

4. Fill the standpipe with deaired water well above the discharge level of 
the permeameter cell. If the water level falls slowly and the test lasts a few days, 
it is recommended that a few drops of oil be added on the water surface in the 
standpipe to prevent water from evaporating. 

5. Begin the test by opening the inlet valve A simultaneously and starting 
the timer. As the water flows through the specimen, measure the water elevation 
above the datum and the water temperature at various times t. 

PERMEABILITY lEST WITH CONSOLIDOMETER 

COMPUTAnONS 

Soil permeabili ty can also be measured during the consolidation test by using ei
ther the falling head method or the rate of settlement. The former method is de
scribed below, the latter in Chapter 7-2. 

Figure 2 shows the falling head permeability test during a consolidation test. 
The specimen in the rigid container is squeezed by a constant vertical load. The 
standpipe is attached to the consolidation cell and forces water through the spec
imen. The specimen is subjected to the falling head test after being consolidated. 
The permeability is computed using Eq. 1. 

For dry samples, the void ratio and dry unit weight are calculated as for the con
stant head test. For wet samples, the water content is and dry sample weight is 
obtained as in Chapter 7-2. 

The coefficient of permeability kT is calculated as follows: 

aL ho 
kT= At log h

f 
(1) 
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Burette ,,,,,,d 

h 

Chap. 4-3 / Falling Head Permeability Test 

Figure 2 Falling head permeability test during consolidation test. 

where a = 1td2/4 is the inside area of the standpipe, A = 1tD2/4 is the cross-sec
tional area of the specimen, L the length of the specimen, d the internal diameter 
of the standpipe, D the diameter of the sample, ho the elevation of water in the 
standpipe above the discharge level at time t = 0, and hI the elevation of water 
in the standpipe above the discharge level at time t. The coefficient of permeabil
ity kzooc is calculated as for the constant head test. 

For small-diameter standpipes, the capillary rise he may Dot be neglected 
compared to Ito and hI . In this case, Eq. 1 becomes 

aL ho - he 
kT= At1ogh,_hc (2) 

EXAMPLE 

Figure 3 shows the results of a falling head permeability test. The formulas 
used in Fig. 3 are listed in Fig. 4. Figure 5 shows the variation of k computed 
by using Eq. 1 for different times and also shows the mean value of k calcu
lated by using average and linear regression. The average method consists of 
averaging the values of k calculated at each sampling time. The linear re
gression method consists of fitting the variation of water height for the com
plete test duration. By using Eq. 1. the water column height hi varies with 
time t as follows: 

(3) 

The value of k can therefore be computed from the slope S of the linear re
gression passing through the data points (ti. In(h i )), i = 1, ... , n: 

k = _ SaL = _ d' SL 
A D' 

(4) 

where d is the diameter of the standpipe and D is the diameter of the sample. 
As shown in Fig. 6. the average and regression methods give similar results. 
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A C D E 

~ Falling Head Permeability 

+ Analyst Name: Kate Allison, Paul Murphy, Francis Chin, LP Chua 

+ Test Date: 6/8/95 

~ Soli Sample: Sample 4, Westport sand, New BrlQhton sand and silica flour lOG 

5 Specific gravity G. _ 2.65 ,.. 
Specimen dry mass M .. 1756.00 9 T Specimen height H '" 12.18 em 

T Specimen diameter 0 _ 10.09 em r.- Diameter of standpipe d ... 0.95 em 

ffo Initial height In standpipe ho '" 141 .90 em 
I-ii" Initial void ratio e '" 0.47 

~ Dry unit weight Yd _ 17.69 kN/m3 

f-T-i-
Height 01 

Height Height 

TIme water In Temperatur Permeability 
Permeability . predicted predicted 

(min) standpipe e r C) (emfS) 
at20 'C by by 

(cm) 
(cmls) average regression 

~ (em) (em) 

1 5 t h T k k 

f.H-
, 134.1 16.5 1.02E·04 1.11E-04 134.47 134.BB 

2 127.3 16.5 9.77E·05 1.07E·04 127.43 127.79 
f-j-i" 3 120.7 16.5 9.71 E·05 1.0BE-04 120.76 121 .27 
rrt 4 114.3 t6.5 9.73E·05 1.0BE·Q4 114.44 115.0S 
fit 5 108.3 16.5 9.73E·05 1.06E·Q4 10S.44 109.21 rn- • 102.8 16.5 9.67E·05 1.06E·Q4 102.77 103.64 

f-IT 7 97. 7 16.5 9.S0E·05 1.05E·04 97.39 98.35 
-IT B 92.7 16.5 9.SSE·OS 1.0SE·04 92 .29 93.33 
it 9 88.2 16.5 9.51E·05 1.04E-04 87.46 88.57 -rr '0 83.7 16.5 9.50E·05 1.04E-04 82.88 84.05 -rr " 79.4 16.5 9.50E·OS 1.04E-04 7S.54 79.76 

.g Permeability calculated by average kra 9.6SE·05 eml • 
, 8 Permeability calculated by regr&SSion kTt = 9.43E·05 eml. 

29 Permeability calculated by average k 20'C = 1.06E-04 eml. 

Figure 3 Example of data set for the falling head permeability test. 

C D 

..!...!- Initial void ratio e '" _Gslgd-9.S1_1 
1 , Dry unit weight Yd . =MlHlPI()"4/Dh2-9.61 kN/m3 . 

, 
Permeability (Cmll) Parmeability at 20 . C (cm'.) 

Height predicted by average Height precliCled by regrassiOn 
I (on) (on) 

:* , , 
t* -dS"2'HIO"21(t-60)"LN(hOIhI) akrvISCO(Te)IVISCO(2O) _hQ"EXP(-ltTa"D"2JdV-2/H-I"60) -h(j"EXP(·kTr"D-'21d&"2IH<t-60) 
. t7 wd&"2"HiD"21t"60 "LNfhO/tlt .. krvISCOITeW ISCO 2() -tlO"EXPf ·kTa"O"21dl"2lH-t"80 -hO"EXP ·kTr"D-'21ds"2/H<t·601 

D E F 
27 Permeability calculated by average kT. '" RAVEAAGE(kn eml. 

Ts Permeability calculated by regression kT, " __ SLOPE(LN(ht),t)'dS"2ID"2'Hl60 eml. . To Permeability calculate<lby average 'wc. ",AVERAGE(k) eml • 

Figure 4 Formulas used for the falling head test. 
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InE-04 n,---------
I " 

I.OE-04 • Experiment 

.... 1.0£.04 

19.9E-05 

---Fit by average 

- - - - - - - Fit by regression 

~ 

] 9.8E-OS • 

j 9.7&05 1---'-"---------...----
9.6E-05 •• 

9.5E-OS ••• 

9.4'-0' .r..;.:--c:.--:.:-.::- -c:.- -:.:-.;:- -c:.- :.:- -.:.;- -:.:- :.:- -.:.;- -:.:- :.:- -.:.;- -,--_ 

o 5 10 15 

Time (min) 

Figure 5 Permeability coefficient computed at vari
:)us t ime intervals, and average permeability coeffi
:ient calculated by average and linear regression. 

130 

~ 
~ 110 • 
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• Experiment 

--_- Fit by average 

- - - - - - - Fit by regression 

70 l---~--_---
o .5 10 15 

Time (min) 

Figure 6 Variation of height of water column versus 
time predicted by the average and linear regression 
methods. 

. , 



DEFINmON 

Electrical Analogy 
of Seepage Problems 

The steady-state flow of a fluid through a porous medium is analogous to the 
steady-state flow of an electric current through a current-conducting medium. The 
electrical analogy method solves seepage problems by constructing an analog 
problem with resistive papers and by measuring voltage instead of total head. 

ELECTRICAL ANALOGY OF WATER FLOW 

Seepage Theory 

When water flows steadiJy through a two-dimensional saturated soil of isotropic 
permeability, the distribution of total head h(x,y) obeys Laplace's equation: 

il'h il'h -, +-2 =0 or V'lh =0 ax ay (1) 

where x and yare spatial coordinates. Laplace's equation is not only found in the 
steady-state flow of water but in many other branches of engineering and physics. 
1n particular, it describes the steady flow of electricity through resistive paper. 

Conduction Theory 

One-dimensional Ohm's law. As shown in Figs. 1 and 2, if two elec
trical potentials VI and V:z are applied to the extremities of resistance R, the cur
rent i obeys Ohm's law: 

i= (2) 

207 
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- --I:::X2 -XI----

Figure 1 One-dimensional resistance of finite length. 

dv(x) 
v(x} v(x+dx)=v(x)+ -d, 

j~--bt:0'7'l' M77~7:-z;'7:00"f--7 \ d< 

, 
Figure 2 One-dimensional resistance of infinitesimal length. 

The resistance r per unit of length is 

R R 
r= -=---

I Xl -XI 
(3) 

where I = xl - Xl is the resistance length. The conductivity 0' is the inverse of R 
(Le., a = l /R). When I « 1; 

(4) 

and Ohm's law becomes 

. 1 dV dV 
1= -- - = -0'- = - a grad V 

r dx dx 
(5) 

Ohm's law for two-dimensional flow of electricity. For tbe two
dimensional flow of current in an isotropically resistive paper, Ohm's law becomes 

. W 
I = - 0'
x ax' 

. W 
1= - 0-
Y 8y (6) 

where iz and iy are components of current intensity in the x and y directions. 0' is 
the conductivity of the resistive paper, and V(x,y) is an electric potential depend
ing on the x and y coordinates. When no electricity is stored or lost in the infini
tesimal element of Fig. 3, the conservation of electricity implies that 
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y+dy 

y 

(iy+~dy)d:\ 
-------- - - 1"7C~"".ay 

idx 
y 

Figure 3 Flow of current through an infinitesimal element of two
dimensional resistance. 

Equation 7 simplifies to 

By substituting Eq. 6 into Eq. 8, V(x, y) also satisfies Laplace 's equation: 

or V2V=O 

Analogy between Seepage and Conduction Theories 
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(7) 

(8) 

(9) 

Table 1 presents the correspondence between the variables and relations of water 
seepage in soils and electric current flow in resistive papers. Allhough the ftow of 
water through a porous medium and the flow of e lectrons through a resistive me
dium are different in nature, they are described by similar variables and govern
ing equations. These two physical phenomena are said to be analogous. The 
analogy between seepage flow and current flow permits us to determine the total 
head h (x,y) in soils by measuring V(x, y) directly on resistive paper. 

TABLE 1 
Correspondence between seepage and flow of electrical current 

Flow of water 

h total head 
k coeff icient of permeability 
v discharge velocity 
Darcy's law: v == - k grad h 
V2h = 0 
Equipotential Jines: h = constant 

Impervious boundary; ah = 0 an 

Flow of electrical current 

V voltage 
o conductivity (0 = 1/,) 
i current 
Ohm's Jaw: I = - 0 grad V 
V2V = 0 
Equipotential lines: V = constant 

av 
Insulated boundary: an = 0 
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APPUCATION OF ANALOGY TO SEEPAGE PROBLEM 

Figures 4 to 6 show a seepage problem and its electrical analog. In Figs. 5 and 6, 
the electrical analog is cut out in a large sheet of resistive paper. Compared to 
the seepage problem of Fig. 4, the electrical analog has the same geometric pro
portions but is 100 times smaller. One meter in the field corresponds to 1 centim
eter in the analog model. The thin slot in the resistive paper is an electric barrier 
representing the impervious sheet-pile wall. The conductive electrodes A and B 
represent the equipotential lines on the upstream aDd downstream boundaries of 
Fig. 4. The 6-V differential voltage applied between A and B corresponds to the 
total head drop of 6 m in Fig. 4. Each volt in Fig. 5 conveniently corresponds to 
1 m of total head in Fig. 4. One voltmeter pin is connected to electrode 8, which 
is equivalent to choosing the datum along the downstream surface of Fig. 4. The 
voltmeter indicates 6 V and 0 V on electrodes A and B, respectively. The equipo~ 
tential line along which the total bead is equal to 5 m can therefore be con
structed point by point by tracking the places on the resistive paper where the 
voltmeter probe indicates 5 V. The equipotential lines for h = 1, 2, 3, and 4 m can 
be drawn in a similar way. 

The flow lines can be obtained either by sketching the flow net by hand or 
by using the complementary electrical analog. In the former case, the flow lines 
are sketched by hand over the equipotential lines by ensuring that equipotential 
and flow lines intersect at right angles and generate curvilinear squares. In the lat
ter case, the complementary electrical analog must be defined. In the complemen~ 
lary problem, boundary flow lines become equipotential boundaries, while 

Water surface .. Shcet·pile wall 

~,.,." ' ''''' , ,"", , ""', , ,J.., , ,,.,.,, , .,-:-:, , ,-:7, , ~f 
6m 

......... : :tdJm :· • Datum 
A 61 Bt-____ 24m' _ ____ ~' 

'I-----'l<"""m'---=l:c:;<;,1 
Jm 

Figure 4 Definition of the geometry for the original seepage prob
lem with a sheet -pile wall. 

Electrode painted A 

.......... w"' 011 . 

6VoII 
Adjustable OC pO_ supply 

~t :: 6cni:: N ....... h CUlill . . . . . ·1· .. . y..,'" . ~ . ........ ~ . . . ..... . ••• -:r 
., " 6, 'f ""_ " " ., ., ., : 1 ::::::: PriXio:i :: 

48cm 

Figure 5 Electrical analogy of the problem in Fig. 4. 

., 
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Fig ure 6 Electrical analogV setup. The resistive paper is cut as 
shown in Fig. 5. The notch in the paper represents the sheet -pile 
wall. 

,--------1111-------, 
VoltmelCf 

Figure 7 Complementary seepage problem to obtain flow lines and 
flow net. 

CE---CD 

o 
F 

Figure 8 Determination of the 
differential voltage between two 
complementarv flow lines for the 
construction of flow nets. 

equipotential boundaries become flow lines. As shown in Fig. 7, the complemen
tary analog has the same size as the original model but has complemen tary 
boundaries. The differential voltage between electrodes A and B is se t arbitraril y 
to the same value as in Fig. 5. The differential voltage .1.V between two consecu
tive flow lines is determined as illustrated in Fig. 8. The distance CD between two 
consecutive equipotential lines is measured with a compass in the region of Fig. 5 
where the equipotential lines are almost parallel. Point E is then drawn in Fig. 7 
on the sa me equipotential line as C so that CD = CEo The differential voltage 
.1.V = V c - V £ is measured. TIle Dow lines are then traced for the differential volt-
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ages that are multiples of llV. The flow net is finally obtained by superimposing 
equipotential and flow lines on the same piece of paper. 

The following equipment is needed: 

• Voltmeter with high input impedance. The high input impedance prevents 
the voltage measurements from interfering with the flow of electricity in the 
analog model. 

• DC voltage supply with an' adjus,table voltage between 0 and 15 V. 
• Resistive paper. This graphi~e~coated paper is an excellent material for use 

as an el'ectrica1-analogy cutout. Although its conductivity may vary slightly 
between tbc x and y djrections,.'these differences in conductivity are of neg
ligible importance}C!f the soluti-op. of mpst seepage problems. The resistive 
paper should be handled and stored carefully because its conducting quali
ties become erratic when it is perforated or crumpled. 

• Silver- or nickel-based paint to make etectrodes. The electrodes should be 
much more conductive than the resistive paper. These metallic paints are 
available from electronic supply stores. These paints are used to mend heat
sensitive printed circuit boards that cannot be soldered. 

• Scissors and rulers. 

1. Identify the flow lines (impervious boundaries) and equipotential lines 
(prescribed total head) that form the boundaries of the confined seepage prob
lem. Make a scaled cutout of the seepage problem with the resistive paper. Be
fore cutting the paper, add a 3- to 5-mm-wide strip along the equipotential 
boundaries of the analog model. This strip will be reserved for painting elec
trodes. 

2. Carefully paint the electrodes on the cutout with the conductive paint. 
The electrodes simulate the boundaries with a constant total bead but are not 
part of the soil itself. The electrodes should be painted as straight as possible to 
form a continuous 3- to 5-mm-wide strip. The electrodes should be bighly conduc
tive with respect to the resistive paper. Their conductivity may be checked by 
measuring the voltage at several locations. The voltage should be almost constant 
along a highly conductive electrode. You may apply several coats of conductive 
paint to increase the electrode conductivity. 

3. Apply a voltage across the upstream and dowstream electrodes of the 
cutout. The voltage should be chosen to have a basic correspondence between 
voltage and total head. Trace at least 10 equipotential lines on the model by using 
the voltmeter probe. Lightly mark the points where the voltage is constant with a 
soft lead pencil. Do not perforate the paper since holes will change the model 
conductivity. 

4. Make a tracing of the cutout and equipotential line locations and com
plete the flow net either by freehand sketching of the flow paths or by solving the 
complementary problem. 



Limitations of Electrical Analogy 2'3 

UMITAnONS OF ELECTRICAL ANALOGY 

Unconfined Seepage 

In contrast to water, electrons are not affected by gravity. Hence the electrical 
analogy is limited to confined seepage problems and cannot be applied directly to 
unconfined seepage problems such as those found in earth dams. For instance, the 
earth dam of Fig. 9 must be represented by the cutout of Fig. 10, the upper 
boundary of which is constructed by the Casagrande method. Casagrande (1940) 
represents the top How line with the fo llowing parabola: 

(10) 

where d is the horizontal distance between points A and G of Fig. 11. Point G is 
defined so that 

EG=O.3EF (11) 

For the seepage problem of Fig. 9, the calculation results are listed in Table 
1. The toe drain correction corresponding to P _ 300 is An/a = 0.36 (Fig. 12). The 
distance a = AH is found by drawing the parabola of Eq. 10 in Fig. 10. The top 
How line is corrected as shown in Fig. 10, and cut out as shown in Fig. 12. 

I 
t.S--' 

135m 

6m 
~ 

15m 

, Impervious 

Figure 9 Seepage problem for an earth dam on an impervious base. 

Adjustable DC I power supply 

13.5 Volt 

.'.;.;.;.:.:.;.;.;.:.; ;.:.:.: .... 
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w,-____________________________________ --, 

C B 
F G • 

' -. -.. H" -'- _ a .. --" :---
I ' .• ~ 

o 
O~ __ ~~----__________________ ~ ____ ~----~ 
-60 -50 .)0 -20 -\0 0 10 

Di'taDee (m) 

Figure" Construction of the top flow line by the Terzaghi-Casa-
grande method. 

0 .• ,------------, 

0.3 

~ 0.2 

) ... 
0.1 II 0.36 

(JJ 0.32 
daJa. -8E~' - 0.000811+ O.3!J4 OJ 0.26 

120 0. 18 
ISO 0.1 

o~ __________ --______ ~ 

'" o JO 120 150 180 

II (deg) "" 0 

Figure 12 Toe-drain correction proposed by Casagrande (1937) . 

TABLE 2 

Calculation for seepage problem of Fig. 9 

Inclination of upstream slope = 1.5 
Inclination of downstream slope = 1.5 

Dam height = 15 m 
Water level = 13.5 m 
Crest width = 6 m 

Inclination of drain = 33.69· 
d = 36.83 m 
S = 2.40 
8 = 14.27 m 

.68 = 5.11 m 

x (m) 

A 0.00 
B -22.50 
C - 28.50 
0 - 51 .00 
e -30.75 
F -36.83 
G -51 .00 
H - 11.87 
I - 7.62 

Seepage with In'lnlte Dimension and Anisotropic 
Permeability 

y (m) 

0.00 
15.00 
15.00 
0.00 

13.50 
13.50 
13.50 
7.92 
5.08 

The seepage problems with soil layers of infinite extent are difficu lt to model with 
an electrical analog of finite size. The effects of infinite size can be approximated 
by selecting a model three to six times longer than its height. It is recommended 
that this length, be varied to assess its effects on the solution of the seepage problem. 
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The electrical paper has an isotropic resistivity. When the electrical analog is 
to be used to model seepage problems with an anisotropic permeability (i.e. , 
kx #; ky), the electrical model must be defi ned after scaling either the x or y coor
dinates as follows: 

x,=xR or Y/=Y~ (12) 

CASAGRANDE, A., 1937, "Seepage through dams," Contribution to Soil Mechanics, 
BSCE, 1925-1940 (Paper fi rst published in 1. New England Water Works Asso
ciation, June 1937). 

1. What is the purpose of the electrical analogy test? On what analogy is this 
test based? 

2. What quantities correspond to water head and permeability in the flow of 
electrical current? What physical law corresponds to Darcy's law? 

3. Do painted electrodes represent flow lines or equipotential lines? 
4. How can you check the high conductivity of painted electrodes? 
S. Write down the partial differential equation that governs the steady-state 

flow of water in two-dimensional problems with isotropic permeability. 
What is the name of this partial differential equation? Can you name some 
other fields of physics and engineering where this equation is found? 

6. Why is it important not to fold, perforate, or kink the resistive paper? 
7. Does perforation increase or decrease the conductivity of resistive paper? 

Can you suggest an application for carefully perforated holes? 
8. Should the nickel-based paint have low or high conductivity? 
9. Are painted electrodes strictly parts of the soil where water flows? 

10. Is it possible to obtain the top flow lines from the electrical analogy? How? 
11. Is it possible to obtain the top ft.ow lines of unconfined seepage problems by 

using the electrical analogy directly? How do you define the electrical ana
log of an unconfined seepage problem? 

12. What technique do you use to model an anisotropic seepage problem with 
an electrical analog model? 

1. Determine the distribution of total head and ft. ow net for one of the seepage 
problems [(a) to (f)] shown below using the electrical analogy method. 

2. Determine the distribution of water pressure on the structure (cofferdam 
andlor sheet-pile wall) of one of the seepage problems shown below by us
ing the electrical analogy method. 
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DEFINmON 

Finite Difference 
Solutions 
of Seepage Problems 

The finite difference method is a numerical approach to solving partial differen
tial equations such as those governing the two-dimensional steady-state flow of a 
fluid through a porous medium. In the case of confined problems with simple ge
ometry and boundary conditions, the finite difference method can easily be imple
mented in spreadsheet programs. The method can be applied to multiple layers 
and anisotropic cases. 

FINITE DIFFERENCE SOLUTION OF SEEPAGE PROBLEMS 

Seepage Theory 

When water flows steadily through a two-dimensional porous soil with an aniso
tropic permeability (kJl -# ky), the distribution of total head h (x,y) within the satu
rated soil obeys the following partial differential· equation: 

(\) 

Equation 1. becomes Laplace's equation in the case of isotropic permeability 
(k. ~ k, ): 

(2) 

In the case of confined seepage problems, the total head or the fluid velocity is 
prescribed on the boundaries. In mathematical terms, the boundary conditions 
are prescribed in either total head or gradients of tolal head. 

2'7 
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Principles of Finite Differences 

Discretization o f funct ion derivatives. As shown in Fig. 1, a contin
uous function /(x) may be defined in terms of d iscrete values /; corresponding to 
values X j spaced along the x axis. Assuming that the function f is differentiable, 
the function may be expanded by using a Taylor expansion about x: 

fIx + 6x ) = fIx) + <I[(X) 6 X +! <El(X)6X2 +! <El(X)6X3 +... (3) 
dx 2! dx2 3! dxl 

Equation 3 may be written for x = Xj : 

(4) 

(5) 

The first-order d ifferential may be approximated from discrete va lues by subtract
ing Eq. 4 from Eq. 5: 

<1[1 "" /;+, - f i- , 
dx i 2Ax 

(6) 

The second-order derivative may be approximated by adding Eqs. 4 and 5: 

<Ell "" fi+' +k, - 2/; 
dx2 . AX2 , 

(7) 

Equations 6 and 7 are second-order approximations of the first- and second
order derivatives. The errors between the exact and approximate diffe rentials are 
proportional to .:1x2• When .:1x tends toward zero, the approximated differential 
converges quadratically toward its exact values. 

Discre tization of two-d im e nsional p ro blems. Equations 6 and 7 
also apply to functions of two variables x and y, such as the two-dimensional dis
tribution of total head over a spatial region. As shown in Fig. 2, the two-dimen
sional space is discretized with a grid of points, the coordinates of which are 

- - - - - -:.:;- -~ .. 
f, 

Figure 1 Discrete representation of a continuous function f. 
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0 . . I 

'J+ 

Figure 2 Discrete representation a two -dimensional 
region, 

Figure 3 Nodes contributing to Eq. 8. 

denoted by i and j, Curved boundaries have to be approximated with straight seg
ments in order to be described with points. 

If Ax and l:J.y are the nodes spacing in the x and y directions, respectively, 
the discretized form of Eq. 1 at point i , j is 

kx (lI ' I .+h ' I . - 21z . .)+~(h"+1+h ./ 1- 211 .. ) = 0 (8) I:J.x2 1+ ,) 1- ,) I., l:J. y2 1,/ I. - I., 
As shown in Fig. 3, only the values of h Ilt the nodes surrounding the node i .j 
contribute to Eq. 8. When Ax = l:J.y, Eq. 8 becomes 

where a = k.Jk,.When Ax = l:J.y and kx = k, (a = 1), Eq . 8 becomes 

II .. = ! (h ·+1 . +h'_1 / +h,/+ , +h. '_ 1) I,J ~ I ,) I , " I.J 

(9) 

(10) 

Bound~ry conditions. In confined seepage, either the total head or the 
total flow is precribed on the boundaries. For prescribed flow boundaries, we con
sider only impervious boundaries and exclude prescribed flux boundaries. For an 
impervious boundary, the seepage velocity is tangential to the boundary: that is, 

(11) 

where " is the coordinate normal to the boundary as shown in Fig. 4. In the case 
of a horizontal surface, n = y and Eq. 11 becomes 

(12) 

The first-order differential is approximated by introducing a fictitious node, out
side the seepage domain (see Fig. 4). Using Eq. 6, at node i, j; we obtain , 

ah 
- ~ h··+I - h .. I~O oy 1,/ ',/ - (13) 
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Impervious 
boundary 

o ij-I , 
i-lj :i j i+tj 

ij+l 

Figure 4 Impervious boundary conditions. 

Therefore, hi,}+1 = h~j_I' The value of total head at the fictitious node i, j + 1 is 
eliminated by combining Eqs. 10 and 13: 

(14) 

In summary, for a horizontal impervious boundary, it is not necessary to define 
fictitious nodes; however, it is necessary to replace Eq. 10 by Eq. 14. The coeffi
cient 2 in Eq. 14 applies to the internal nodes. not to Lhe nodes on the boundary. 
Thus Eq. 14 may easily be generalized to a vertical boundary. Figure 5 gives ad
ditional relations for the total head at grid points on inclined boundaries and at 
various types of corner boundaries. In all these cases, the sum of the coefficients 
is equal to 1. 

Interfaces. The partial differential equations (Eqs. 1 or 2) do not hold on 
an interface between soils of different permeability because the permeability and 
Lhe hydraulic gradient are not continuous there. In the case of the horizontal in-

~
,ij-I 

---0 
i-lJ Xij i+lJ 

~~ 
/ 

~r-~ 
i-~ij i+lJ 

iJ+l 

1 
(b) hfJ= i (hl+l,,+h~/_I) 

~ij-~ 

i-l.i+l j 

ij+l 

1 ( 1 1 ) (e) hi.; = 3: hL1_1 + h 1tlJ + 2 h i_ I" + 2 hLi+1 

(d) hfJ = 2~S (h;,,_l + hal" + ~ hfJ+I) (e) hl.l = 1~5 (h~'_1 +! " I+IJ) 

Figure 5 Relations for corners and 45° inclined surfaces of imper
vious boundaries. 

J 
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terface shown in Fig. 6, the discharge velocity can only be defined on each side of 
the interface: 

Vi = k h~/- h/,I_ I 
y I .6.y and vZ = k h/,j+l - hi,; 

y Z .1y (15) 

where v! and v; are the y-component of tbe discharge velocity in medium of 
permeability kl and /VZ , respectively. Due to the conservation of flux of water 
across tbe interface (Le., v~ = v;), Eq. 15 becomes: 

kl kz 
h i•i = kl + ~ h;.j-t + k\ + ~ hi,j+1 (16) 

In the case of a vertical interface, Eq. 16 becomes: 

k, Ie, 
hi.j = k

t 
+ ~ hi_l.j + k\ + k

z 
h /+ I,J (17) 

It can be shown that the discharge velocity changes direction abruptly at the in· 
terface, and that its angle (XI of incidence and angle Ctz of emergence are related 
through: 

(18) 

Seepage flow. The total quantity q of How per unit of time may be cal· 
culated from the discrete values of total head, without drawing a flow net. q is ob· 
tained fo r any area A that cuts the flow completely: 

q = t (vx"z + v.I'ny) dA (19) 

where nz and ny = x and y components of a unit vector normal to surface A, and 
Vz and Vy = x and y components of seepage velocity (Fig. 7). If the surface A is 
vertical, then 

Figure 6 Interface between soils of different 
permeability. 

IIIB 

m 0 , , 
m+l 0 

" 0 
j·1 

(20) 

o 
j+l 

Figure 7 Flow lines and calculation of total quantity 
of seepage from discrete values of total head. 
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The area A of Eq. 20 may be selected arbitrarily, provided that it blocks the flow 
completely. In the case of the vertical section shown in Fig. 7 (m < n). Eq. 20 
may be integrated by using a trapezoidal rule: 

(21) 

where 

k, 
y· ·=-(h, I , - h · 1/) 

I,J 2.6.x '+.J ,- . (22) 

Finally, the total quantity of seepage is 

(23) 

Stream function and flow lines. By definition, the stream function 
'I'(x, y) is 

II == ~ and II =-~ 
.r 8y "ax (24) 

The quantity of seepage dq through the small e lement with sides dx and dy in 
Fig. 7 is 

dq = v-rdy - v, dx = ~dy + ~dx = dlV (25) 

Using Eq. 23, the quantity of seepage 6q between two nodes (i,n and (i,l' + 1) is 

f
i'; k 

6.q = II dy = 2(h '+1 . - h '_ I ' + h '+1 '+ 1 - h '_1 '+1) x 4, ,/1 ,/1 ./ '.J 
i.i+ l 

(26) 

= d'V = WI,} - \Vi,HI 

The values of 'Vi.} are usually set equal to zero along one of the How lines on the 
external boundary. After the calculation of total head hi•l• the values of 'Vi. j in the 
interior are calculated with Eq. 26 by moving away from the How line where 
'Vj,j = O. The stream function is constant on flow lines. To draw a flow net with 
equipotential and How lines, it is useful to introduce the modified stream function 
'V ~ . = '1'1 /I k. The flow net can be obtained by superimposing the contour lines of ,.) . 
hi " and 'V ~ . for identical value of contour interval. . "/ 

Solutions 0' Finite Difference Problems 

The values of the total head at the grid points may be found by using either a di
rect method or an iterative method. These methods will be illustrated by consid
ering the example in Fig. 8, which has no direct relation to a seepage problem. 
The Laplace equation holds inside the square region [O,l} by [0,1]. The function 
h(x,y) is prescribed on the boundary. It is equal to zero on the left, bottom, and 
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y y 

h(x, I) '" 45OOx(l-x) 

1.1 ,2.1 ,3,1 4,1 , , , , 
---- -<>- --- -<>----- 4,2 

h(O,y~ h(l,yFQ 1,2 ,2,2 , 3,2 , , , , , , 
-----~-----~-----1,3 ,2,3 , 3.3 4,3 

, , , , 
;, ;, 

h(x,O):O , 1,4 2,4 3,4 4,4 , 
Figure 8 Example of boundary value problem. 

right boundaries. It is equal to h(x) = 4500(1 - x) on the top boundary. The 
problem is to find the distribution of h inside the square region. 

As shown in Fig. 8, the region is coarsely discretized with a grid with 16 
nodes. The value of h is known at the 12 nodes at the boundaries. There are only 
four unknown values: ~,2' /tz,), 11),2, and II ),), 

Direct method. There are only two unknowns, h2,2 and h2,), owing to 
the symmetry about the line x = i. which implies that 

These two unknowns h2,2 and h2,3 are found by solving the two linear equations 

The matrix equation corresponding to Eq. 28 is 

(29) 

Its solutions are /tz,2 = 375 and h1,3 = 125, They are found by forming and solving 
a matrix equation, which is a lengthy operation for more complicated grids. 

Relaxation method. The relaxation method is one of the solution 
methods for finite difference equations which is the most suited to spreadsheet 
calculations. In the relaxation method, the unknowns are initially assigned an ar· 
bitrary value, Then new values are calculated from old ones by iteratively using 
Eq. 28 until their fi nal values satisfy Eq. 28 within a specified error tolerance. 

For instance, the problem of ,Fig. 8 can be solved by relaxation as shown in 
Figs. 9 and 10. Nodes (1,1), (1,2), ... are ·represented by cells AI, A2, "' , respec
tively. The specified values of h are entered in cells A1, Bl, Cl~ 01 , A2, A3, A4, 
84, C4, 04, 03, and D2. Equations 27 and 28 ace defined in cells 82, B3, C2, and 
C3, where the function h is unknown. 

As shown in Fig. to, the relaxation solution gradually converges toward the' 
exact solution within 100 iterations. The iterative calculations are activated by 
Options Calculation and by clicking on the iteration box. The number of itera· 
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A B C I 0 

~ 0 1000 1000 0 

~ 0 =( 81 +B3+A2+C2) / 4 =82 0 

--4-- 0 =(B2+B4+A3+C3) / 4 =83 0 
4 0 0 0 0 

Figure 9 Formulas used for solving Eqs. 27 and 28 bV relaxation. 
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1 

c 
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250 
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1 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

o 
o 
o 
o 

1 iteration 

5 iu.rations 

100 iterations 

Figure 10 Results of relaxation calculation after 1. 5, and 100 iter
ations. 

tions and the error tolerance can also be defined in the Calculation dialog box. 
When the iteration option is not activated, the error message "Cannot resolve cir
cular references" should be displayed, indicating that the formulas of Fig. 9 are 
referring to each other's values. 

APPLICATION TO SEEPAGE PROBLEMS 

Figure 11 defines a seepage problem with a sheet-pile wall. As shown in Fig. 12a, 
only the left half of the problem will be analyzed owing to the symmetry about 
the sheet-pile wall. The total head is h = 6 m on AB. Owing to the problem sym
metry, h := 3 m on CD. In Fig. 12a the equipotential lines AB and CD. where the 
total head is constant, are dashed. The flow lines AED and BC which are fol
lowed by the water are solid. Figure 13 shows the spreadsheet representation of 
the seepage problem. of Fig. 12a. The finite difference nodes are evenly spaced 
every 2 m in the x and y directions. There is a total of 91 nodes, 13 and 7 nodes 
in the x and y directions, respectively. 

Figure 14 shows the formulas used in Fig. 12. The prescribed total head h = 
6 m is copied into cell range A2:M2, while h = 3 m is copied into range M5:M8. 
The formulas for vertical impervious boundaries are entered in cell A3 and cop
ied into range A4:A7. Those for right vertical boundaries are entered in cells M3 
and M4. Equation 14 for horizontal impervious boundaries is entered in cell B8 
and copied to C8:L8, Eq. 15 for a corner boundary is entered in cell A8 and 
Eq.lO is entered in B3 and copied into range B3:L7. 

The iterative calculations are turned on by using Options Calculations. The 
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WaItT surface .. Sheet·pile wal l 

'T':~: : .,..,.;: : :"": :""': : ""' ... """ .. h. : .~ .• ~ •• ~ . .• ~ •• .,.,. 1 
6m 

h..o.m 
A h06 m B 

Sand 6m 1----- -24 m-----~ 

~---24m'---"'Lc:.;-G··1 
6 m 

E 

Impervious \. 

Figure 11 Definition of seepage problem with a sheet-pile w all. 
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• Total head (m) 
6.00 6.00 
5.92 5.92 
5.85 5.85 
5.79 5.78 
5.74 5.74 
5.71 5.70 
5.70 5.69 

Figure 12 Boundary conditions for (a) original seepage problem 
and (b) complementary seepage problem . 

F 
Ups tream head (m) '" 6 Downstream head (m) " 3 

6 .00 6-.00 6.00 6.00 6.00 6.00 6 .00 6.00 6.00 6.00 
5.9 1 5.90 5.88 5.85 5.81 5.75 5.68 5.59 5.48 5.36 
5.83 5 .80 5.76 5.71 5. 63 5.53 5.39 5.21 4.97 4.68 
5.76 5.72 5.67 5.59 5.48 5.33 5.14 4.88 4.52 3.97 
5.71 5.66 5.59 5.49 5.36 5.1 9 4.95 4.65 4.24 3.70 
5.68 ?62 5.55 5.44 5.29 5.10 4.84 4.52 4.10 3.59 
5.66 5.61 5.53 5.42 5.27 5.07 4.81 4.48 4.06 3.56 

6.00 
5.28 
4.41 
3.00 
3.00 
3.00 
3.00 

Quanti 01 ftow r unit 01 time and unit of rmeabl j - 3.2543 

Figure 13 Value of to tal head after 100 itera tions. 

results of the ca lculations after 100 iterations are shown in Fig. 13. The error after 
100 iterations is less than O.lX)'I m. As shown in Figs. 13 and 14, the total quantity 
of seepage q (divided by permeability k) is calculated in cell E9 by adapting Eq. 
23 for Ihe horizontal line FG passing at 4 m depth. Line FG cuts and blocks the. 
flow completely. 

Excel has several two- and three-dimensional capabilities to represent the 
distribution of total head. Figure 15 shows a two-dimensional contour plot, and 
Fig. 16 shows a three-dimensional surface plot. To get those plots, select the range 
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Figure 14 Formulas used in Fig. 13. 
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Figure 15 Two-dimensional contour representation 
of total head for seepage problem of Fig . 11 . 

Figure 16 Three-d imensional surface representation 
of total head for seepage problem of Fig. 11 . 

A2:M2 with the mouse, and select the appropriate three-dimensional chart type 
by using the Chart Wizard. Change the scale of the third axis to select the con
tour values. Inverse the second axis to display the contour in the right upward di
rection. Add the contour values by using the Insert Lege nd option . As shown in 
Fig. 17, the equipotential lines, which are the lines along which the total head is 
(I constant, can be d rawn using the three-dimensiollal chart type without the fi ll
ing option. 

The water pressure Ii is related to the total head II through 

u ~y.(h- y) (30) 

where 1.., is the water unit weight and y is the elevation with respect to the datum. 
The distribution of water pressure which corresponds to the total head in Fig. 15 
is shown in Fig. 17. Figure 18 shows the fo rmulas that are used to calcu late the 
water pressure from the total head and the ve rtical mesh spacing. As shown in 
Fig. 17, the water pressure, which is hydrostatic away from the pile, becomes 
lower in the vicinity of the pi le, owing to the water flow. 

D50.0-7~ .o . 75.0-100.0 • l00J).12~.o 
o 125J).15O.o .15O.0-I7S.0 

Figure 17 Distribution of w ater pressure (kPa) in seepage problem 
of Fig. 11 . 
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_9.B"(F3+(ROW(F1 2)·ROW(SA$11 ))'$0$ 1 0) ..g.B"(G3+(AOW(G 12)·ROW($A$11 )) '$0$1 0) 

_9.8"(F4+(ROW(F13)_AQW(SA$11 ))'$6$10) _9.6"(G4+{ROW(G 13)·ROW(SA$1 1 ))"$6$10) 
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Figure 18 Formulas used to calculate the water pressure (kPa) of 
Fig. 17 from the total head of Fig . 13. 
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Figure 19 Flow net for seepage problem of Fig. 11. 

As shown in Fig. 1!J, the tlow lines. which represent the water trajectory, can 
be obtained by Eq. 26. They can also be obtained by using the same method as 
for the equipotential lines, but by solving the complementary seepage problem 
(Fig. 20). In the complementary seepage problem, boundary flow lines become 
equipotential boundaries, white equipotential boundaries become flow lines. The 
total head lI (xS) is also replaced by the modified flow function 'V' = 'V(x, y)Jk. 
which must also obey the Laplace equation (Le., Eq. 2). Therefore, the flow lines 
of the initial problem are transformed into prescribed 'V'-value lines. It is conven
ient to set 'V' equal to zero on one of those lines and q/k on the other line, where 
q is the total seepage flow, calculated using Eq. 23. 

Figure 20 shows the value of 'V' as calculated by the form ulas of Fig. 21. As 
shown in Fig. 19, the flow lines, where 1( is constant, can be plotted by using two
dimensional contours. The flow net is obtained by manually superimposing the 
two..<fimensional contours of hand 1( with identical interval values along the 
third axis. O ne can verify that the flow lines intersect the equipotential lines at 
right angles and that these lines form curvilinear squares. The ratio between the 
number Nt of flow channels and the number Nd of equipotential drops should 
also be equal to ql(k MI), where q is the seepage flow calculated from Eq. 23 and 
MI is the total head drop. 

The finite difference technique described earlier can be applied to solve 
many practical seepage problems. Some examples of seepage problems are given 
in the exercises. In the case of thin sheet piles as shown in Fig. 22, an extra col
umn of nodes must be inserted at the location of the sheet pile. As shown in Fig. 
23, this additional column is required to have different total head on the front 
and back of the sheet pile. Beneath the sheet pile, the nodes are set to have the 
same total head. As shown in Fig. 24. this additional row unfortunately distorts 
the flow net in the vicinity of the sheet pile. lltis distortion was removed in 
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19 Flow lines (complementary problem) Upstream value (m) - 3.2543 Downstream value (m) - 0 
20 3.25 3.17 3.08 2.98 2.86 2.71 2.52 2.29 2.00 1.63 1.17 0 .62 0.00 

121 3.25 3.17 3.09 2.99 2.87 2 .73 2.55 2 .32 2.04 1.67 1.21 0 .65 0.00 
rz2 3.25 3.18 3.10 3.01 2.91 2.78 2.62 2.41 2.15 1.81 1.36 0 .77 0.00 
~ 3.25 3.19 3.13 3.06 2.97 2.87 2.73 2.56 2.34 2.05 1.66 1.06 0 .00 
Z4 3.25 3.21 3 .17 3 .12 3.05 2.98 2.89 2.77 2 .61 2.41 2.15 1.83 1.53 
-tr 3.25 3.23 3 .21 3.18 3.15 3.11 3.06 3.00 2 .92 2.82 2.70 2.56 2.48 
~ 3 .25 3.25 3.25 3.25 3.25 3.25 3.25 3.25 3.25 3.25 3.25 3.25 3.25 

- -- -_. - -_. 

Figure 20 Values of 'V' after 100 iterations. 

A B C D K L .. ,. -$H$19 .,(A20+C20+2°B21 )14 - (B20+D20+2"C21 )14 _(C20+E20+2"021 )/4 .. (J20+l20.2'K21 )14 (K20 ... M20+2"L21 )/4 _SLSt9 
Zl -$HS19 .. (B20+A21+B22+C21)/4 =(C20+B21+C22 ... 021 )14 _(020 ... C21+0 22+E21)/4 =(K20+J21+K22 ... L21)14 -=(12O+K21+L22+M21 )/4 .. SLSt9 

" _SH$t9 =(B21.A22+B23+C22)/4 ",(C21+B22 ... C23+022)/4 _(021+C22+023+E22)14 .. (K21+J22+K23+l22)/4 =(121+K22+123+M22)/4 :o:$L$t 9 
13 _SHSt9 =(B22+A23+B24+C23)/4 .. (C22+B23+C24+D23)/4 _(D22+C23+D24+E23)14 "(K22+J23+K24+L23)/4 =(122+K23+L24+M23)14 .. SLSt9 
2A _$HSt9 .. (B23+A24+B25+C24)/4 :(C23+B24+C25+D24)/4 . (D23+C24+D25+E24)/4 =(K23+J24+K25-tL24)/4 =(L23-tK24-tL25-tM24)14 ~(M23-tM25-t2"L24)/4 

" _$H$19 .. (824-tA25-t826-tC25)/4 :(C24-t825-tC26-tD25)/4 _(D24-tC25-t026-tE25)/4 :(K24-tJ25-tK26-tL25)/4 =(l24-tK25-tL26-tM25)/4 .. (M24-tM26-t2"L25)/4 

26 .. $H$19 .,$H$19 =$H$19 .:$H$19 =$H$19 4H$19 :$H$19 

Figure 21 Formulas used in Fig. 20. 

~ 
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" m 

____ -1 ________ ~m ______________ __ 

Figure 22 Seepage problem with a cofferdam and a sheet-pile wall. 

Fig.25 after replotting the numerical results of Fig. 24 with a more advanced 
contouring program. Figures 26 and 27 show the distributions of water pressure 
on the bottom surface of the cofferdam and on the front and back of the sheet 
pile waU. 

The present method is limited to confined seepage problems for which the 
boundary conditions have known positions. In its present form it does not apply 
to unconfined seepage problems such as those in earth dams, where the free sur
face is undefined. The determination of the position of unknown boundaries with 
finite difference is possible but requires that additional equations be solved. 

One of the major limitations of the finite difference method is the difficulty 
encountered in describing curved boundary conditions and complicated layer ge· 
ometries. For lhis reason, another numerical technique, referred to as the finite ele· 
ment method, is often preferred. Seepage problems of infinite size, such as 
cofferdams on soil strata extending to infinity, are also difficult to analyze by using a 
grid of finite size. In this case the infinite size can be approximated by taking a length 
equal to three to six times the stratum thickness. It is recommended this length be 
varied in order to assess its effects on the solution of the seepage problem. 

REVIEW QUESTIONS 

1. What is the purpose of the finite difference melhod? How is it applied to 
confined seepage problems? 

2. What is the partial differential equation that controls the distribution of to
tal head for anisotropic and isotropic permeability? 

3. What is the principal numerical technique used to solve the equations of fi· 
nite difference methods? 

4. Why does the grid spacing control the accuracy of the solution of a seepage 
problem with finite difference? 

S. How do you represent curved boundaries in finite difference methods? 
6. What is the main limitation of finite difference when dealing wilh seepage 

problems? 
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10 _ A9-+-Bl0 _ K l0+Ml0+2'L9 4 _ L10+0l0+2'M.9)'4 . Ml 0 ",(Nl0+P10+2'09)1-L .. (Y10i:AA10+2'Z_9)14 "'~O+AB-'Q+2'M9)14 _ _ (AL9-+-AK10)J2 

Figure 23 Formulas used in solving Ihe seepage problem of Fig. 22. 
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Chap. 4 -5 I Finite Difference Solutions of Seepage Problems 

Figure 24 Flow net of the seepage problem in Fig. 22. 

Figure 25 Flow net of Fig. 24 redrawn with a more sophisticated 
contouring package. 
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Figure 26 Distribution of water pressure along the 
horizontal surface of the cofferdam of Fig. 22. 

Figure 27 Distribution of water pressure on the 
front and back of the sheet pile of Fig. 22. 

EXERCISES 

1. Generalize Eq. 9 in the case of non-evenly spaced nodes. 
2. Calculate the hydraulic gradient vector in terms of discrete head values. 
3. Find the distribution of total head and flow net for one of the problems (a) 

to (f) in Exercise 2 of Chapter 4-4. 
4. Find the distribution of total head and flow net for one of the problems (g), 

to (i) shown below. 
5. Find the distribution of pressures on one of the structures (sheet-pile wall 

andior cofferdam) defined in Exercises 3 and 4. 
6. Plot the water pressure applied to the structure for one of the problems of 

Exercises 3 and 4. 
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7. Calculate the maximum hydraulic gradient and its location for one of the 
problems of Exercises 3 and 4. 

8. Compare the distributions of total head obtained by using two different grid 
spacings for one of the problems of Exercises 3 and 4. 

9. Compare the distribution of total head obtained by the electrical analogy 
methods and the finite difference method for one or the problems in 
Exercise 3. 
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Stress-Strain-Strength 
Properties 

5-1 Stress in soils 

5-2 Strain in soils 

5-3 Stress-strain relations 

5-4 Laboratory tests for determination of stress-strain-strength of soils 
5-5 Elastic properties of soils 



Stress • In Soils 

Departing from solid mechanics, soil mechanics defines the concept of stress in a 
slightly different way to consider the particuJate structure of soils. Here we re
view the concepts of Cauchy and Mohr stresses for describing the stress-strain re
sponse of soils in laboratory experiments. 

BODY FORCES AND CONTACT FORCES 

As illustrated in Fig. la, a soil mass B is made of soil particles of various sizes. 
The voids between the grains may be partially or fu lly saturated with water. This 
solid-water-air system is considered to be homogeneous. The forces acting on el
ement A of Fig. I b are divided into two categories: 

• The body forces acting on the volume of A 
• The surface forces acting on the surface of A 

Body Forces 

In soils. body forces are created by earth gravity, buoyancy, and water seepage. 
Their intensity is proportional to the volume on which they act. The resultant 
body fo rce F acting on volume V is the vo lume integral of the body force X per 
unit volume: 

(1) 

The X and Y components of X have the dimension of fo rce per unit volume. [X] 
= [Y] = M L - 2 T - 2, where M, L, and T indicate the dimension of mass, length, 
and time, respectively. The body force of the earth gravity is 

x ~o, y ~ -pg (2) 
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where g is the earth gravitational acceleration (Le., g = 9.81 m/s1) and p is the 
mass per unit volume. If the body is immersed in water, X for buoyancy is 

(3) 

where p ... is the unit mass of water. If water seeps through the soil interstices, X 
(or seepage is 

X = P ... gi..:. (4) 

where ix and i,. are the x and y components of hydraulic gradient I . 

Contact Forces 

The smaIl element A of Fig. lb is not only subjected to body forces, but also in· 
teracts with its exterior through its surface. Consider the surface .6.S" of Fig. 1 b 
with unit normal vector n pointing inside the element. The exterior of A exerts 
the force dF and moment run on surface 65" . Both .6.F and .:1m are functions of 
.6.S" and n. As .6.S11 tends toward zero, 6.F/.6.S" is assumed to tend toward the vec
tor Til. whereas &nJa5" is assumed to become negligible. The subscript n of .1S" 
and T" denotes the normal vector n. T", called the Slress (or traction) vector, rep
resents the force per unit area acting on surface .6.S". 

As shown in Fig. 2, on the vertical surface as .. with (n .. , n, ) = (1,0), the 
components of the stress vecto r T .. are a.u and l .ry . On the horizontal surface .1.S, 
with (n .. , n, ) = (0,1), the components of the stress vector T, are 1:, .. and cr" . These 
sfress components are tabulated in the following matrix: 

Surface nonnal to x 
Surface normal to y 

Component of stress 

, y 

The components a.u and a" are called normal stresses, whereas 1 .. , and 1, .. 

are called shear stresses. The dimension of au , cr", 1 .. " and t , .. is force per unit 
area (Le., [a.u1 = [0',,1 = [t .. , ] = [t, .. ] = ML- 1r-2). au and a" are also denoted 
as a .. and 0,. The physical origins of contact forces in soils are discussed later . 

• 

Figure 1 (a) Two-dimensional representation of a soil mass and 
(b) its idealization. 
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, 
Figure 2 Stress vectors and their 
components on horizontal and vertical 
surfaces. 

) ; 

Equilibrium of Forces and Moments 

If the soil mass B of Fig. Ib is in a static equilibrium, the total force tbat results 
from body forces on volume V and contact forces on the surface S'endosing vol-
ume V is equal to zero: .... 

t TlldS + Iv XdV= 0 (5) 

where Til is the stress vector acting on surface dS with normal vector n. The total 
torque about the space origin resulting from body and surface forces is also equal 
to zero: 

(6) 

where r is a position vector and €I is the cross product between two vectors. 

Equations of Stress Equilibrium 

In general, 0 .. , 0'" '1', .. , and '1' .. , are not constant throughout the soil mass but vary 
with the x and y coordinates. By applying the equilibrium of forces (i.e., Eq. 5) 
and moments (Le., Eq. 6) to the small element of Fig. 3, it can be shown that 0 .. , 
(1Y' '1', .. , and '1' .. , obey the following equations: 

aa.. a-t .. , 
(7) -+ =x ax 8y 

3't, .. +~ = y 
ax ay (8) 

1'.1:)' = '1', .. (9) 

Equations 7 to 9 are called the stress-equilibrium equations. Equation 9 implies 
that there are only three independent stress components: 0' .. , 0'" and 't"Y' The 
stress-equilibrium equations are widely used in soil mechanics. 
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CAUCHY REPRESENTATION OF STRESS 

In the Cauchy representation, the stress vector is defined in a fixed x- and y-co
ordinate system. The stress vector has the same sign convention as the coordi
nates. In contrast to solid mechanics, soil mechanics imposes that the unit vector 

< 
n normal to the surface points inward to the material surface (see Fig. 4). 

Stress Acting on an Inclined Surface 

Consider the uniform stress state within the material element of Fig. 4. By defini- . 
tion, the uniform stress state implies that Ox . 0 y, and "txy are independent of x and 
y. There are no body forces (Le., X == Y = 0) in Eqs. 7 and 8. As shown in Fig. 4, 
the stresses 0 tl.t and any acting on surface AB inclined at angle e with respect to ,'\. 
the x axis can be calculated from ax> ay, and "txy by writing the equilibrium of 
fo rces acting on element AOB in the x and y directions: 

axAB sin S + "txyAB cos S + ABa"x = 0 

ayABcosS+'txyABsinS +ABa"y = 0 

(10) 0 

(11 ) 

Because the unit vector pointing inside the surface AB is n = (nx, ny) == (-sin e, 
-cos 6) , the stresses a llX and a"y acting on the surface with unit vector n can be 
obtained by multiplying the stress matrix by n: 

(12) 

Note that the orientation of n with respect to the surface implies that ax and ay 
are positive for compression and negative for tension. This sign convention elim
inates a lot of negative signs in soils, which , in contrast to metals, undergo mostly 
compressive stress. 

Principal Stress 

By definition , the principal surfaces are free of shear stress. The stress vector act
ing on principal surfaces is thus collinear to their normal unit vector (nx, ny). 

YMY 

y 

y "tyx + ch:yx 

y 

---- --. - t'"+ch;,, 
"t

xy 
• 

--- -- --
:'tyx: : , , 

YMY 

, x + dx , x+dx 

, 
Figure 3 Small element used for the calculation of equilibrium of 
(a) forces and (b) moment. 



Mohr Representation of Stress 239 

\ 

y 

0 ., 
B 

'" OM 
0 , • 

A 0 '., 0 , 

x 

Figure 4 Determination of stress acting on segment AB. 

Their direction is found by solving the following eigenvaJue problem: 

(

0 , 

t" 

t,,)(n,) (n,) 
cr, n, = cr ", I 

(13) 

where a is the principal stress value. 0' is obtained by solving the following quad
ratic equation: 

(14) 

There are always two principal stresses: the major and minor principal stresses: 

(15) 

The principal stresses are equal when O'z = 0', and 'tx, = 0, which is the hydro
static pressure case. The orientation of the principal surfaces is found by setting a 
equal to 01 or 0'2 in Eq. 13 and by solving for n", and n,: 

n 0' - a 
::1= tan8 =-'-_ 
nz 'tx, 

(16) 

where 8 is the inclination of n with respect to the horizontal direction. Equation 
16 does not apply to hydrostatic pressure, fo r which any direction is principal. 

MOHR REPRESENTAnON OF STRESS 

Mohr and Cauchy represent stresses in different ways. The Mohr representation, 
which is the most commonly used in geotechnical engineering, provides us with a 
graphical determination of stresses. In contrast to Cauchy. who uses fixed axes, 
Mohr defines the stresses in reference to the surface on which they act. 
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Compression Tension 

Figure 5 Sign convention for Mohr representation of stresses in 
soil mechanics. 

Sign Convention for Stress 

Figure 5 defines the sign convention of Mohr in soil mechanics. This sign conven
tion is -different from that of solid mechanics. Because normal stresses are usually 
compressive in soils, they are assigned a positive sign to avoid the profusion of 
negative signs. As shown in Fig. IS, compressive normal stresses are positive and 
tensile normai stresses are negative. The sign convention for shear stress 't is more 
arbitrary than for normal stress. As shown in Fig. 5, if '[ acting on the surface pro
duces a clockwise moment about a point X located at the exterior of the material 
surface, 't is positive. If the moment about the point X is counterclockwise, t is 
negative. As shown in Fig. 5, the Mohr stresses on surfaces facing each other are 
identical, although the corresponding stress vectors have opposite direction. 

Stress Acting on an Inclined Surface 

Consider the uniform state of stress within the element of Fig. 6. The stresses (j 
and ~ acting on AB can be calculated from 0 .... Oy, and txy, by writing the equilib-

y 
y' 

• A 

x 

x' 

Figure 6 Determination of stress acting on segment AB. 
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, \ 

rium of forces in the x ' and y ' directions, which are parallel and normal to seg
ment AB, respectively. As shown in ·Fig. 6, in the Mohr representation, the shear 
stresses acting on surfaces OA and DB must have opposite signs. The equilibrium 
of forces acting on element AOB in the y l direction is 

Note that the shear stress acting .on the vertical surface is negative in the Mohr 
representation but produces a positive force in the y' direction. The equilibrium 
of forces in the Xl direction implies that 

From Fig. 6 we have 

\AO=ABcos9 and BO=AB sin9 (19) 
, 
Using Eq. 19, Eqs. 17 and 18 become 

0= oxsin 19 + Oy cos19 +2t xy sin 9 cos 9 (20) 

"t = ax sin 9 cos 9 - Oy sin 9 cos 9 + t xy(cos 2 9 - sin 2 9) 

Using the relations: 

Eq. 20 becomes 

(22) 

Mohr Circle 

When 9 varies from _90° to 90°, a and t of Eq. 22 describe a circle in the space 
(cr, t), which has the equation 

(23) 

The (cr, 't) space is called the Mohr stress space. As shown in Fig. 7, the circle of 
Eq.23 is caUed the Mohr circle. It is centered at position (am, 0) on the a axis 
and has radius R: 

(24) 

The stress states (ax, - tx,,) and (Oy. 'tx,,) are represented by points B and A in 
the Mohr space of Fig. 7, respectively. Points A and B are diametrically opposite 
on the Mohr circle and are used to construct the Mohr circle. The circle diameter 
is AB, and its center is the intersection between the a axis and the segment AB. 
In conclusion, given a unifo rm stress state, the stresses acting on inclined surfaces 
are located on the circle of radius R centered at position (0, am). 
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cr, e 
R 

cr, B 

Figure 7 Construction of the Mohr circle in the Mohr space. 

Principal Stress 

Using Eq. 22, the shear stress becomes zero for the following surface inclination 
e: 

(25) 

For every set of a x. 0Y' and '[xy. there are two values of e that satisfy Eq. 25. 
These two angles characterize the principal directions. By substituting Eq. 25 into 
Eq. 22, the principal stresses are 

(26) 

, 
where 0"1 is the major principal stress and (J2 is the minor principal stress, as for 
the Cauchy representation. In the Mohr space, the principal stresses are the inter
sections of the Mohr circle with the 0' axis. 

Relation between Stress and Surface Orientation 

Equation 22, which gives the stresses 0" and 't acting on an inclined surface, may 
be rewritten 

(
cr-cr t ) cr-om = R x

2R 
y cos 29 +~ sin 29 (27) 

I (
Ox -Oy 'tx.. ) 

't = R 2R sin 29 +2'R cos 29 

After introducing the angle (X shown in Fig. 8. Eq. 27 becomes 

0- om = R(cos a cos 29 + sin a sin 29) = R cos (a - 29) (28) 

"[ = R(- cos a sin 29 + sin a cos 29) = R sin (a - 29) (29) 

By using Eqs. 28 and 29, 0 and "[ on any inclined surface can be calculated from 
R and a., provided that the surface inclination 9 is known. 

, 
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Pole or the Mohr Circle 

In contrast to the physical stress states, which have three independent compo
nents-<J .... a ,. , and 1X)'-the Mohr circle has only two variables--R and am. There
fore, there is no unique correspondence between the Mohr circle and physical 
stresses. In fact. a particular Mohr circle corresponds to an infinite number of 
stress states. This problem is solved by adding a third variable, the pole. 

The pole is constructed as shown in Fig. 8. (1) Draw points B and A with co
ordinates (a ... , -1..,,.) and (a,., 1..,,.), respectively. (2) Draw the Mohr circle centered 
on the a axis and passing through A and B. (3) Through A , draw the line parallel 
to the surface on which (a, .1X)') acts. This horizontal line intersects the circle at 
points A and P. (4) Through B, draw the line parallel to the surface on which ... 
(a ... , -1 ... ,) acts. This vertical line intersects the circle at points Band P. Lines AP 
and BP intersect at point P on the Mohr circle. Point P is the pole. 

The pole is used to determine stresses on inclined surfaces graphically. Draw 
a straight line passing through the pole and parallel to the surface on which 
stresses need to be defined. This line intersects the Mohr circle at the desired nor
mal and shear stresses. The pole can also be used to find the orientation of a sur
face on which is acting a given stress state a and 'to Draw the line through the 
pole and point (a, 't) on the Mohr circle. That line is parallel to the surface on 
which a and 't are acting. 

The pole property derives from Eqs. 28 and 29. The graphical pole construc
tion uses 9 instead of 29 as in Eq. 27. As shown in Fig. 8, both angles AQM and 
APM intersect chord AM, and therefore AQM = 29 = 2APM. 

The pole may be used to calculate the principal stress directions as shown in 
Fig. 9. The Mohr circle and its pole are first constructed from points A and B, as 
explained in Fig. 8. The line passing through P and (aJ, 0) gives the orientation 91 

of the surface on which a l is acting. The line passing through P and (a2. 0) gives 
the orientation 92 of the surface on which a2 is acting. The orientation of surfaces 
where the shear stress is maximum (i.e., 't = 'tmu:> is found by drawing the two 
lines passing through the pole and points (am, ± 'tmax ) on the Mohr circle. 

a. 
a. 

, 

--'t" 

a. 0 a a, 
o 

--'t., 
-'t., ..... . ... . . . 

B 

Figure 8 Construction of the Mohr circle end its pole in the 
Mohr space. 

Figure 9 Determination of principal 
stress direction by using the pole. 
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tOTAL AND EFFEcnvE STRESSES 

Stresses in soils are more difficult to describe than in other materials because 
soils are a mixture of solid, water, and air. We restrict our presentation of stresses 
to two-phase (Le., fully saturated) soils. Three-phase (Le., unsaturated) soils are 
beyond the scope of this book. 

Fillunger-Terzaghl Postulate 

In saturated soils, the contact forces are distributed on soil grains and interstitial 
water. Fillunger (1915) and Terzaghi (1943) introduced the concept of effective 
stress to distinguish the contact forces acting on the soil grains from those acting 
on water. They postulated that the total stress vector Til acting on a surface with 
unit normal vector n is the sum of the effective stress T~ and porewater pressure u: 

(30) 

[n the Mohr representation, Eq. 30 is written as 

a=a' +u and t =t' (31) 

where a and t are the normal and shear components of Til and a' and t ' are nor
mal and shear components of T~, The physical meaning of T~ and a' is explained 
as follows. As shown in Fig. 10. the total normal stress acting on surface A is ' 

A A 
a = I a, + II' U 

A ... +A, All' + A, 
(32) 

where Al is the solid-solid contact area, All' the water-water contact area, a, the 
average normal stress on A, (i.e., granular stress), and u the average pore pressure 
on A",. A = A, + All' because the material has only two phases. The tangentiaJ to
tal force acting on surface A is transmitted only through the solid- solid contact 
because water does not transmit any shear: 

(33) 

~6tl~J~CJS:i'7-'---1~icGrain to grain contact 

~ Watcr to waler contact 

Figure 10 Grain-grain and water- water contacts in soils. 
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where t , is the average shear stress on AI' If surfaces A", and A, are the same for 
all cross sections. then 

(34) 

where n is the porosity. Therefore, 

0'= (1 - 11) 0', + IIU and t= (1 - n)ts (35) 

Using Eqs.. 31 and 35, 

O'=O" + u=(I -n)O',+ nu (36) 

Therefore, the effective stress is related to 0', and U through 

O"=(1-n)(O',-u) and t '= t =(I -II)t, (37) 

As shown in Eq. 37, the effective stress 0" depends on 0', and u. In the case when 
0'$» u , a ' becomes equal to the distributed granlliar stress (1 - n)O', . 

Cauchy Representation 01 Total and Effective Stresses 

In the Cauchy representation, Eq. 30 becomes 

( 
O. 

t., 
t;,)+(u 
0 ' 0 , (38) 

where the first matrix represents the total stress, and the second matrix, the effec
tive stress. 

Mohr RepresentatJon 01 Total and Effective Stresses 

Like total stresses, effective stresses have a Mohr circle. As shown in Fig. 11, the 
Mohr circles of effective and total stresses have the same diameter because of Eq. 
31. The center and pole of the Mohr circle of effective stress are obtained from 
those of total stress by a translation in the amount -Il along the 0' axis.. 

0.-

t., 
-'to 

a'.+u 

O'y=O" y+u 

Oy=o'y+U 

-'to 

0, =0 . 

t., 

+u 
-t., 

fective 

Figure" Mohr circles and poles of effective and total stresses. 
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.$.T REPRESENTATION 

The evolution of the Mohr circle during a loading process can be defined in terms 
of s and I, where s is the a -coordinate of the Mohr circle center and t is the Mohr 
circle radius: 

(39) 

where 0' , is the major principal stress and 0'3 is the minor principal stress. The ef· 
fective coord inates s' and I' are: 

(40) 

The So t and s-t' components are referred to as the MIT stress system. Using Eq. 
31. S, t, $', and t' are related through 

s= s' +u and 1=( (41) 

Figure 12 schematizes the evolution of the effec!ive and total Mohr circles during 
an arbitrary loading process. The Mohr circles of total and effective stress and 
their corresponding points in the Nand s-c spaces are shown in Fig. 12. The 
Mohr circles A and A ' have the same radius, but their centers are separated by 
pore pressure UA' Points A' and A have identical t (Le., tA = I~), but different s 
(Le., SA = s~ + UA)' 

THREE-DIMENSIONAL $TRESS 

Stresses are three·dimensional in the fie ld and in the laboratory. We discuss 
briefl y the three·dimensional representations of Cauchy and Mohr. Additional in· 
formation can be found in Chen and Saleeb (1982). 

Effective Total 

c 

" Uj, : :J 
:-;--UR -: : 
: :-11_----;-: 

t '" ""t,; " , , , . ' 
, , , 

..... ~ ' .a .• .•• •.... ' 

c 

------f-f ' c _______ :(c : 

- _ • •• ' - --- - --- - - •• _._.. A 
A ' 

(a) 

" 

(b) 

s 
s' 

Figure 12 Evolution of the Mohr circle of effective and total 
stresses, and their representation in the s-f and S'·t spaces. 
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Cauchy Representation 

In three dimensions, tbe stress vector (o /U" a "" o"z) acting on the surface with 
normal unit vector (nx, ny, n~) is given by the Cauchy stress tensor 

(42) 

The principal stresses 0 1, oz, and 0 3 are found by solving the following eigen
value problem: 

(43) 

which is equivalent to solving tbe following cubic equation: 

(44) 

where l it Iz• and 13 are tbe stress invariants 

(45) 

Equation 44 can be solved ana1ytically as follows: 

(46) 

where 9 is given by 

(47) 

The stress invariants of Eq. 45 can also be expressed in terms of principal 
stresses: 
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Figure 13 Mohr representation of three
dimensional stresses. 

The principal stress directions are found by setting (} equal to at. 02, .or 0'3 in 
Eq.43. 

Mohr Representation 

As shown in Fig. 13, in three dimensions, the stress point (0, t) describes the 
shaded area between the three circles passing through points (01) 0), (02) 0), and 
(a3. 0) where Ott 02. and OJ are the principal stresses. The geometrical determi
nation of point (0,1) in this area is impractical because it is much more compli
cated than in two dimensions. When the intermediate principal stress 02 is equal 
to the major or minor principal stress (Le., 0'2 = 0'1, or 0'2 = 0'3), the shaded area 
becomes a circle, and the three-dimensional Mohr representation Coincides with 
the two-dimensional representation. This is the case of axisymmetric stresses, for 
which 

(49) 

Therefore, axisymmetric stresses can be described by using the Mohr representa
tion. 

P-o REPRESENTAnON 

In the case of axisymmetric stress states (Eq. 49). it is convenient to introduce the 
mean effective pressure p' and the deviator stress q 

(50) 

where a; are oJ the axial and radial effective stress, respectively, and 01 and 0'3 
are their total stress counterparts. The total mean pressure p corresponding to pi 
is p = ~ (0'1 + 20'3) = pi + u. The p-q and p'-q components are referred to as the 
Cambridge stress system. Using Eq. 39, 

s' = P' +~ and t=~ (51) 

Note that s' = p' and t = q = 0 when c:r; = oJ. and that s' '# p' and t '# q other
wise. Table 1 summarizes the definitions of the MIT and Cambridge stress sys
tems. p and q are also related to the stress invariants through 

(52) 



Exercises 

REFERENCES 

REVIEW OUESTIONS 

EXERCISES 

TABLE 1 
The MIT and Cambridge stress ·.notations 

Principal stresses 

0 1 = o~ + u 

o'l = OI- U 

03= 0 ; +11 

0;= 03- U 

. 
a; 
a; 

MIT notation 
s·t and S'·t stresses 

s == H OI +- ( 3) == s' + U 

s' = 1<0; + 0;) = s - u 

t= HoI- (3) 

t'= t ==Ho; - 0;> 
0; =3'+1 

0;=s'-1 

p = HOI +20» = p' + u 

p'=i<o; +20;)= p - 1I 

q=01- 03 

q'= q = 0; -0; 
a;=p'+j q 
, ~ , 

o)= y - J q 
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1. What are the main types of force a~ting on a soil element? 
1. Define three different types of body forces acting in soils. 
3. What is the physical dimension of stress? 
4. Define th~ Cauchy representation of stresses. How does it relate stress ma

trix and stress vector on an inclined surface? 
5. Define principal stresses. 
6. Define the sign convention for the Cauchy and Mohr representations of 

stress. 
7. What does the Mohr circle represent? 
8. Define the radius and center position of the Mohr circle from arbitrary 

stresses acting on a square e lement. 
9. De.fine the pole of the Mohr circle. Why do we introduce the pole of the 

Mohr circle? 
10. What is the principle of the pole of the Mohr circle? 
1L What are the effective stress and total stress? 
11. What is the difference between effective stress and distributed granular 

stress? Under what condi tions are these stresses equal? 
13. Define the sand t coordinates. Why are they useful? 
14. Why does the Mohr circle have a limited use in three dimensions? 
15. What are the stress invariants? 

1. Derive the stress equilibrium equations (Eqs. 7 to 9) by using Fig. 3. 
1. (a)Draw the Mohr circle and its pole for the fo llowing stress state. 
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'" 
0 --<" 

A 

0 , 

0 

--<., 

'., 
0 , 

(b)And the stresses acting on a surface inclined at 300 with respect to the 
horizontal direction. 

a x ::::: 20 kPa, O"y = 100 kPa, t xy = 10 kPa 

3. (a)Draw the Mohr circle and its pole for the following stress state,' 
(b)Find the stresses acting on a surface inclined at 30° with respect to the 
horizontal direction. 
(c)Find the values and inclinations of the principal stresses by using the 
pole. 

a x ::::: 20 kPa. cry ::::: 100 kPa, 'txy ::::: 10 kPa, e == 30° 

4. (a)Find stress a Ct O"A , and 'tA on the triangular element in order to have an 
equilibrium. 
(b)Plot the Mohr circle and its pole. 
(c)Verify that the stress points (Ott , tAl, (0'8 . t8), and (oe . tc) are on the 

O'c Mohr circle and are obtained by using the pole. 

'tc B 

c 

5. 

'tB = 20 kPa, as = 100 kPa, t c = 10 kPa 

In a triaxial test at constant confining pressure, only the major principal 
stress 0 l varies from 50 to 100 kPa, whereas stresses 0 2 and 0 3 remain equal 
to 50 kPa. Draw the corresponding s-t stress path. , 

1 , 



INTRODUCTION 

Strain in Soils 

In the following section we review the concepts of strain for describing the stress
strain response of soils in laboratory experiments. Strains are first presented in 
two dimensions, using the tensor and Mohr representations, and then in three di
mensions. 

TWO-DIMENSIONAL DISPLACEMENT AND STRAIN IN SOIU 

As shown in Fig. 1, the soil mass H defonns from its initial to fina l positions when 
it is subjected 10 external loads (e.g., weight of a building) or internal forces (e.g., 
the soil's own weight). The small element QACB located within soil mass H de
forms as shown in Fig, 2. Like stresses, strains are defined by assuming that soils 
are continuous materials. Figure 2 shows the initial position of element OACB 
and its final position Q"AI/C"B", 

The displacement of point a from its initial position (x, y) is characterized 
by the displacement vector (u, v). The components u and v are assumed to be 
continuous functions of x and y. Therefore, in the close proximity of point 0, U 

and v may be approximated by using Taylor expansions: 

au au 
u(x + dr,y + dy) = u (x,y) + ax (x,y)dx + ay<x,y}dy + ... (I) 

av av 
v(x + dx,y + dy) = v (x,y) + ax (x,y)dx + ay<x,y)dy + ... (2) 

As listed in Table 1, the coordinates of the displacement vectors of points A, B, 
and C may be calculated by using Eqs. 1 and 2 and their position relative to point 
O. The displacements of 0 , A, B, and C are represented in Fig. 3. The element 
O"A'e'B' is obtained by translating OACB purely, wi thout deforming or rotating it. 

251 ., 
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TABLE 1 

Chap. 5-2 I Strain in Soils 

, 
B" C" 

B C 0" A~ 

0 A ) H 

Final 

H 
Initial 

, 
Figure 1 Initial and final positions of a soil mass during a defor
mation process. 

FioaJ 

Figure 2 Deformation of the small element of Fig. 1 from initial to 
final positions. 

Coordinates of initial positions of points 0 , A, B, and C and coordinates of their displacement 

Point 

0 

A 

B 

c 

Initial position Final position Displacement 

x y Point x y 

x y 0" u , 
x + dx 

au a, 
y A" u+axdx v + axdx 

x y + dy B" u + ~;dy v + :;dY 
x + dx y + dy C' 

au au (Jv 8v 
u + -dx+-dy v+-dx+-dy ax ay ax 8y 

Axial Strain 

The material fiber OA, which is made of the soil particles between 0 and A, be
comes D"A" after the deformation process. The elongation of OA in the x direc
tion is 
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• 

O"D - OA =u+ ~dx -u = ~~ dx (3) 

Because OA is equal to dx, the elongation of OA per unit length in the x direc
tion is 

O"D - OA au 
OA = ax = -Ex (4) 

where ex is the axial strain in the x direction, by definition. Owing to the sign con
vention of soil mechanics, Ex is positive in compression, which justifies the negative 
sign in Eq. 4. Similarly, the elongation of fiber OB per unit length in the y direc
tion per unit length is 

O"E - OB av 
OB = 8y = -E, 

where Ey is the axial strain in the y direction, by definition. 

Shear Strain 

(5) 

As shown in Fig, 3, the rotations of fibers OA and OB are equal to the angles 

A'O"A II and B'O"B" , respectively. A'O"A II can be approximated by using 
Fig. 3: 

aV
d - x 

A 'O"A "~ tan (A'O"A ") = ax ~ av 
dx +audx ax 

ax 

where lau/axl is assumed much smaller than 1. B'O"B" is 

aU d - y 
B'O"B" ~ tan (B'O"B") _ ay ~ au 

- dy + ~dY ay 

(6) 

(7) 

where I av/ay I is also assumed much smaller than 1. The angular distortion of 

AOB is 

AOB _ A"O"B" ~ au + all = _y = -2e 8y ax x, x, (8) 

where Ex, is the shear strain and yry is tbe engineering shear strain, by definition. 
From a physical point of view, the shear strain Yx, is the angular distortion of two 
fibe rs that are initially perpendicular. 

Volumetric Strain 

As shown in Fig. 3, the area OABC = S = dx dy becomes the area Ol/A"B"C" = 
SI/. It can be shown that the area change per unit of area is 

S _ SIt 
-S- =Ex+e,=e v (9) 
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where Ev is the volumetric strain. Eq. 9 assumes that the absolute values of au/ax 
and iJv/ay are much smaller than 1. The volumetric strain E~ is positive when S de
creases, and negative when S increases. 

Rigid-Body Rotation 

As shown in Fig. 3, OC transforms into O"C" and rotates by the angle C'O"C", 
where 

c'o"e" = ~ A'O"A /I - ~ B'O"B" (10) 

Therefore, 

J (au a,) C'O"CII ~ 2 oy - ax = - ro (11) 

where co is the angle of rigid-body rotation about point 0 ", by definition. In gen
eral, a rigid rotation ro about the origin creates the following displacement: 

( U ) ~(~SO>-l -sino> )(x) 
v SlOm cosO) - 1 Y 

(12) 

In the case of infinitesimal rotations (i.e. , Iml « 1). Eq. 12 becomes 

(13) 

which implies that points A , B, and C are subjected to rigid-body rotation of an
gle ro about point 0 ". As the translation for 0 to 0", the rigid-body rotation cre
ates no axial and shear strain in the element OACB. 

/ , , /. • COO 

/ ./ . / 
/ 

, _:-.gdy-: 
:11 ,8" 

~d'l B: :::(:~ ------- ; 

1 ~ 
1 0 {)··~=:t:;;=='f~!l~d' 

• , 
~d' 

Figure 3 Infinitesimal displacement of points A, B, and C, neigh
bors of 0. 
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/ 
y / 

______ ___ ___ :I-: ___ __ B" __ --/C- / C" 

B 

1 
I 

l " 
~ .. ~ , , 

0 
, 

A 

'-u- , 
Figure 4 Phvsical interpretation of strains ex. £y. Y"Y' and rotation ro. 

Summary 

As shown in Fig. 4, ex and Ey represent the length change per unit length in the 
horizontal and vertical directions, respectively, whereas Yxy represents the angular 
distortion of two segments that are initially perpendicular. The angle ro of rigid
body rotation represents the rotation of the diagonals about 0". Note that the 
foregoing relations between strain and displacement are v:'I lid only for infinitesi
mal deformation (Le .• ldu/dxJ, Idv/dyl, Jdu/dyl. and lav/dxl « 1). The description 
of large strain is beyond the scope of this book. 

VARlAnON OF STRAIN WITH DIRECTION 

Axial and shear strains may be calculated for elements oriented in any direction. 
As shown in Fig. 5. when the x' and y' axes are obtained from the x and y axes 
by a - 9 rotation. the x-y and x'-y' coordinates are related through 

Equation 14 applies also to the displacement vectors: 

(u')=(oo,e -'ine )(u) 
v , sm 9 cos 9 v 

(15) 

The small element aacb within DACB is aligned along the x ' and y' axes. The de
formed element is a"a"c"b". By using the previous definitions, the axial strain in 
the x, and y ' directions and the shear strain are 

au' 
E", ' = - ox" 

au' av' ----ay' ax' 
(16) 
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Using Eqs. 14 and 15, the following relations are obtained: 

ax =2l.= au =~ =cos8 
ax' oy' au' 8v' 

and ax = _ 2l ~ _ au' = Bv' = sin e (17) 
oy' oX' 8v au 

Using Eq. 17 and the 'chain rule of differentiation yields 

au' ax au' 8v au' OU ' . e ,= _____ .::..L =--cos8 + -s108 
x ax oX' oy ox' oX oy 

(18) 

~ _(au /au + (Ju IOV ) cos e + (8U 1oU + aU ICV ) sin e 
oX ax oV ax au oy 8v oy 

Finally, the axial and shear strains of element aabe are 

£yl = Ex sin '2 e + £, cos 2 e + Yxy sin e cos e 

"(x'y' = 2E;r sin e cos e - 2Ey sin e cos e + Yxy (cos 2 e - sin l 9) (19) 

Equat:Jon 19 i's similar to Eq. 20.5-1 defining the .stresses on an inclined surface. 
The variation of strain with direction may be described by using two different ap
proaches: strain tensor and Mohr circle. 

J 

tENSOR REPRESENTATION OF STRAIN 

The strain tensor is defined as the stress tensor. It gives the projections £11.\" and £", 
of the strains £.r'. €y" and £"'y' on the x and y axes. 

Strain Tensor 

As shown in Fig. 6, the unit vector normal to the surface be is n = (n.t> ny), and 
the unit vector tangent to be is t = (n" -n .. ). The strains £nx and E"y along the di
rection n are obtained from the strain matrix: 

C" 

y " C" 
, " 

, 
A" 8,--+-1"--.' 

o 

• • " O·'-___ ~ O'-___ '-A 

Figure 6 Initial and deformed elements. Figure 6 Strain on an inclined element. 
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" 
t (20) 

The unit vector n points inside the surface be to obtain positive axial strain in 
compression and negative axial strain in tension. The normal strain £" along the n 
direction is obtained by projecting (£nr, £", ) onto "the n direction: 

and the corresponding shear strain 11 by projecting (£11.0 en, ) onto the t direction: 

When n is normal to surface ac [i.e., (nx, n, ) = (-cos e, sin 9)1! Eqs. 21 and 22 be~ 
come 

Ell = Ex cos2 e + £, sin2 e - yxy sin e cos e = EZI 

11 = - 2£ .. sin e cos e + 2ey sin e cos e - "(xy (cos2 e - sin2 9) = - Yx'Y' (23) 

and when n is normal to surfacF be [Le., (n,,,, n,) = (-sin at -cos 9)]: 

En = £x sinl e + e,. cos2 e + "tIlY sin e cos e = £" 

11 = 2ex sin e cos e - 2Ey sin e cos e + 'Yxy (cos1 e - sinl 9) = "f"'J' (24) 

Equations 23 and 24 give the same strains as Eq. 19. The strain tensor therefore 
represents strain along various directions. 

Principal Strain 

By definition, the principal surfaces remain perpendicular to each other during a 
deformation process. Therefore, their normals (n.1:> ny) are found by solving the 
following eigenvalue problem: 

(e. e.,)(n.)=e(n.) 
Exy Ey n y n y 

(25) 

where E is the principal strain values. £ is obtained by solving the fo llowing quad
ratic equation: 

(26) 

The major and minor principal strains are 

(27) 

The principal strains are equal when E;.. = £y and Exy = 0, which is the case of 
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purely volumetric deformation. The principal surface directions are found as for 
the principal stress directions. 

MOHR REPRESENTATION OF STRAIN 

Like stresses, strains can be represented by using the Mohr circle. 

Sign Conventions for Strain 

Figure 7 defines the sign convention of strains for Mohr representation. As shown 
in Fig. 7, compressive strains are positive and tensile strains are negative. The sign 
of angular distortion is defined as that of shear stress. 

Mohr Circle 

Because strain components obey Eq. 23, when a varies from _90° to 9(}0, the point 
(£, "(/2) describes the following circle in the space (E, ,,//2): 

(28) 

The (E, r/2) space is caUed the Mohr Slrain space. As shown in Fig. 8, the Mohr 
circle of Eq. 28 is centered on the E axis at position em and has radius R: 

(29) 

The strains (E.", -Exy ) and (£y, Exy) are represented by points B and A in the Mohr 
plane of Fig. 8, respectively. Given a uniform strain state, the normal and shear 
strains along any direction are located on the circle with center position (0, Em) 
and radius R. The principal strains are the intersections of the Mohr circle with 
the E axis (Eq. 27). 

The definition and properties of the pole of strain are identical to that of 
stress (see Fig. 8). The pole can be used to calculate the principal $train directions 
and to find the orientation of the element undergoing the maximum angular dis
tortion. 

Compression Tension 

• 

Figure 7 Sign conventions for Mohr representations of strains in 
soil mechanics. 
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2.Y , 
e, 

A e.,. e.,. 

- e.,. -E.~ e,;; 
e, 0 e e, 8 

" 
- e.,. 

e, 

Figure 8 Construction of Mohr circle of strain in Mohr space. 

THREE-DIMENSIONAL STRAIN 

As mentioned previously, soils undergo three-dimensional strains in the fie ld and 
the laboratory. We discuss briefly the three-dimensional representations. ]n three 
dimensions, the strain tensor gives the x, y, and z projections (tlU • £/1)', £/ll) of 
strain along the unit vector (nx, n" nz): 

(30) 

The strain components are defined from the derivatives of the displacement com
ponents u, v, and w, in the x, y, and z directions: 

au 
t x = -ax' 

au av 
Yx~ = 2tx)'=-ay-ax' 

aw 
£ =-, a, (31) 

ow au 
Yx), = 2txI = -ax - az 

The principal strains tlo Ez. and t3 are found by solving the following eigenvalue 
problem: ,J 

(32) 

which leads to the same cubic equation and invariants as for stress. 
As in tile case of stress, the three-dimensional Mohr representation of strain 

is complicated. When two principal strains coincide, it becomes identical to the 
two-dimensional Mohr representation. 

The volumetric strain which is equal to (Vo - Vo)I Vo, where Vo is the initial 
volume and V the deformed volume, can be related to the strain components as 
follows 

Vo- V 
t~ = -v-- = tx+t)' +£z 

o 
(33) 
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REVIEW QUESTIONS 

EXERCISE 

Chap. 5-2 / Strain in Soils 

1. What is the sign convention for strain in soil mechanics? 
2. What are the relations between strain and displacement? In what range do 

these equations apply? 
3. What are the physical meanings of axial strain and shear strain? 
4. What is the relation between volumetric strain and normal strain in two and 

three dimensions? 
5. Do rigid-body rotation and translation create strain? 
6. What is the physical meaning of principal strains? 
7. What are the two representations that are used for strains? 
8. Calculate the center and radius of the Mohr circle of two-dimensional strain 

in terms of £.1::> £y, and Exy ' 

9. Define the pole of the Mohr circle of strain. What is the use of the pole? 
10. Under which condition is the Mohr representation useful in three dimen

sions? 

1. Show that the area change e.,. of a unit area is equal to Ex + E,. . where Ex and 
E,. are axial strains in the x and y directions. 



INTRODUCTION 

Stress-strain Relations 

When soils are subjected to stress changes in the laboratory and in the field, they 
deform in complicated ways which can be represented in terms of stress-strain re
lationships. To describe the stress-strain relations of soils, we fi rst survey some ba
sic models. 

FUNDAMENTALS OF STRESS-STRAIN RELAnONS 

Figure 1 shows three major types of idealized stress-strain curves for materials 
subjected to loading and unloading. In the one-dimensional case, loading corre
sponds to an increase in applied strain or stress, while unloading is associated 
with a removal of strain or stress. Figure la shows identical responses during 
loading OA and unloading AD. The strain is fully recovered when the stress is re
moved. This reversibility characterizes elastic materials. The elastic material is lin
ear when the stress-strain curve is straight (Fig. Ib), and nonlinear when it is 
curved (Fig. la). As shown in Fig. lc, when a significant amount of strain is not 
recovered upon unloading, the material behavior is irreversible (or elastopJastic). 
The responses of nonlinear-elastic and elastoplastic models are different during 
unloading, but may be identical during loading. In one-dimension, the elastic and 
irreversible behaviors are distinguishable only after an unloading. 

Figure 2 shows several types of irreversible behavior that are observed for 
soils. In all cases, the behavior is considered elastic below the yield stress 0° and 
irreversible beyond a" . The yield stress a"' marks the transition between reversi
ble and irreversible behaviors. The detennination of 0" is not always trivial and 
may be subject to interpretations. In Fig. 2a. the material is strain hardening-it is 
stronger during the reloading Be than during the previous loading OA. The load
ing OA has hardened the material, thus the term strain hardening. In Fig. 2c, the 
material is strain softening-it is softer during the reloading Be than during load
ing OA. The previous loading OA has weakened the material of Fig. 2c. In Fig. 
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Figure 1 Idealized types of stress-strain behaviors: (a) nonlinear 
elastic model. (b) linearly elastic model, and (el elastoplastic model. 
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Figure 2 Various types of elastoplastic behaviors: (a) strain hard
ening, (b) perfectly plastic, (e) strain softening, and (d) combination 
olatoc. 

2b, the material does not .harden or soften-it is per[ectly plastic. The stress re
mains constant as the strain becomes very large. The curves OA and Be are sim
ilar, and are not influenced by previous loadings. As shown in Fig. 2d, soils may 
be strain hardening, strain softening, then perfectly plastic. This behavior, which 
is complicated to describe and to measure in the laboratory, is generally simpli
fied for engineering purposes. 

Figure 3 shows three simplified models used in soil mechanics: (a) rigid-per
fectly plastic, (b) elastic-perfectly plastic, and (c) elastic-strain hardening. The 
rigid-perfectly plastic model of Fig. 3a is useful in stability analysis, to calculate 
the maximum load sustainable by a soil mass. However, this model provides only 
the failure stress, and cannot be used to calculate strain or displacement. The fail
ure stress of soils, also referred to as shear strength, is described in Chapter 7-1. 
As shown in Fig. 3b, the elastic-perfectly plastic model first behaves elastically for 
stress 0' smaller than 0'., then becomes perfectly plastic when 0' reaches (J* (i.e., 



Fundamentals of Stress-Strain Relations 263 

a remains constant with strain). The rigid-perfectly plastic model is a particular 
case of elastic-perfectly plastic model with a very stiff elastic response. As shown 
in Fig. 3c, in contrast to perfectly-plastic models, the elastic-strain hardening 
model has a yield stress that depends on the loading history. InitiaUy, the yield 
stress is equal to a~, and becomes a~ after the loading OA. Strain hardening is 
used in Chapter 6-1 to describe the irreversible behavior of clays during consoli
dation tests. 

The behaviors in Figs. 1 to 3 are rate independent (or inviscid): they do not 
depend on the rate of loading or unloading. Rate dependency is generaUy ne
glected in most practical applications, except for the long-term settlement of fine
grained soils. In contrast to inviscid materials, rate-dependent (or viscous) materi
als depend on the rate of loading. As shown in Fig. 4, when the applied stress is 
constant, the strain increases with time (creep) fo r a viscous material but remains 
constant for an inviscid material. As shown in Fig. 5, when the applied strain is 
constant, the stress decreases with time (relaxation) for a viscous material but re-

(.) Rigid perfectly plastic (b) ElHtic-perfectly pIasIic 

a 

A 
a·r----->--cT-~-e 

C 

o L ___ ....<::Bc.,,-;.. 

E 
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o L-_-,B,-,-_c+ 
E 

(c) ~ hardeoins 
a A C 

c 

Figure 3 Idealized behaviors common Iv used in soil mechanics. 
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Figure 4 Creep effect in rate-dependent materials. 
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Figure 5 Stress-relexation effect in rate-dependent materials. 
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mains constant for an inviscid material. Some features of the rate dependent be
havior of soils are presented in C):lapter 6-1. 

CONSTITUTIVE EOUATIONS FOR SOILS 
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Laboratory Tests 
for Determination 
of Stress;....Strain-Strength 
of Soils 

STRESSES IN THE FJELD 

Most geotechnical engineering analyses have to determine: (1) the initial stress 
state and stress history of the soil prior to any construction activity, and (2) the 
deformation and stability of soils resulting from the changes in stresses imposed 
by construction. 

Initial Stresses 

The initial stresses in the field , also referred to as in-silu stresses, must first be de
fined due to their effects on nonlinear soil behavior. As shown in Fig. I, for hor
izontal ground conditions, the in-situ stresses are expressed in terms of the 
effective vertical stress cr~o and effective horizontal stresses a~ and a~o: 

cr~o = "It. - Uo and cr~ = 0';.0 = Ko cr~o (1) 

where r is the average total unit weight of soil above depth z, Uo the water pres
sure at depth z. and Ko the coerficient of lateral earth pressure at rest. The value 
of Ko depends on soil properties and loading history. The stress caused by the 
weight of soils above a given depth is called overburden stress. As shown in Fig. 
1, the initial stress state can be represented in terms G' - 1" and s' - t. Point A is 
on the tine passing through the origin and having for slope (1 - Ko)/(! + Ko). 
The total vertical stress CS:o and total horizontal stresses CS..o and CS,o correspond
ing to cs~o. ori. and 0;0 are 

O:o= "(Z=O~o+ Uo and o..o = oyO= Ko o~o+l~ (2) 

Stress Changes Applied by Engineered Constructions 

As illustrated in Fig. 1. various types of constructions impose different stress 
changes to soils in the field. For all these loadings. the approximate changes in to
tal and effective stresses are represented in cs' - f and s' - t spaces. In s' - t 
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space, point A represents the initial dfective stress state before construction. Seg
ments AB and AB' represent the change in total stress and effective stress due to 
construction, respectively. Points B and 8 ' have the same t component, but their 
s components are related through S8 = S8' + UB where UB is the excess pore pres
sure induced by external loading. Points Band 8 ' coincide when " 8 = 0, but dif
fer otherwise. Figure 1 shows the effective stress Mohr circles corresponding to 
points A and B, assuming that Un = O. Point B indicates a change in total stress, 
and not an absolute value of total stress; it does not account for the initial water 
pressure uo. 

The position of points 8 and 8 ' varies depending on the type of construc
tion and the location of the soil element. As shown in Fig. lb, the soil element be
neath the tank is subjected to an increase in vertical stress dO l' whicb is 
represented by AB in s - ( space. If the loadi ng generates an excess pore pres
sure, the effective stress change is represented by AB' instead of AB. When the 
stress increment dO l remains constant, point B' will move toward point B as the 
excess pore pressure dissipates with time. Behind the retaining wall of Fig. l c (ac
tive case), the soil element is subjected to an increase in lateral stress L1a.r while 
the vertical stress ~ remains constant. In front of the anchor of Fig. Id (passive 
case), the soil element endures an increase in lateral stress dO ... . Beneath the 
center of the excavation of Fig. Ie, the soil is subjected to a decrease in vertical 
stress d O l' As shown in Fig. H, the change in stress on a soil element depends on 
its position. Element C is subjected to an increase in vertical stress dO l' e lement 
o to an increase in shear stress d't.rt. and e lement E to a decrease in vertical 
stress dOl' 

LABORATORY lEmNG OF SOILS 

Figure 1 illustrates the variety of loadings which constructions apply to soils. The 
objective of laboratory soil testing is to determine the stress-strain response and 
shear strength of soil samples by subjecting them to stress paths with direction 
and initial state similar to those in the fie ld. The initial state of soil samples is 
generally altered after they have been removed from the field , transported to the 
laboratory, and cut into laboratory specimens. Reliable laboratory tests attempt 
first to reproduce the initial state. especially density. then to recreate the initi al 
stresses and loading history by performing an isotropic or Ko consolidation. 

We now briefly introduce the laboratory tests for determining the stress
strain-strength properties of soils, and describe the loading they apply to soil sam
ples in terms of stress paths. 

Isotropic Test 

The isotropic (est simulates approximately the effects of overburden pressure on 
soils in the field by assuming Ko = I. As shown in Fig. 2, the isotropic test applies 
pressure Oc to soil samples, generally in the triaxial cell (Fig. 8). The effective 
stresses are 

O~ = <1). = a~ = Oc and 't .. ),= 'ty~= tu = O (3) 

Figure 2 shows the stress path o f the isotropic load ing in a ' - f and s' - I spaces. 
In a ' - t space, the Mohr circle is reduced to a point. In s' - ( space. s' = Oc and 
t = O. In both spaces, the stress path is horizontal and the stress point moves 
with at. 
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Figure 1 Initial in -situ stresses, and stress changes resulting from 
some typical constructions in geotechnical engineering. 

a'z = Gc 

~ a', = 

~ I---' /' 

I>J ~, 1 t.a - O'O~O'c 
• • • • ., ., A B 

Figure 2 Stresses acting on samples, and stress paths in 0" - t 
and $ - t spaces during an isotropic test. 
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Figura 3 Stresses and strains applied to sample, and stress paths 
in 0"' - 't and ~ and t spaces during a Ko test. 

Ko Test 

s' 

The Ko test simulates an increase of overburden, and recreates the loading history 
and initial stress states of soils in the field. The loading conditions are 

O"~ = 0'~, 1X.l'= 't .l'l= 'tU= O, and £ ... =e,.= O (4) 

In contrast to the isotropic test, the Ko test applies different lateral and vertical 
stresses (i.e., cr~ #- <Yx). This anisotropic loading can be performed in the triaxial 
test (Fig. 8) by controlling simultaneously the variation of axial stress O" t and coo
fining pressure ax so that the soil sample does not deform laterally. 

Confined Compression Test 

The confined compression test, also referred to as oedometer and consolidation 
test (see Chapter 6·1), is used to calculate the settlement of footings, tanks and 
embankments. It simulates the vertica1loading applied to soils in the fie ld, includ· 
ing the overburden and changes in vertical stress due to constructions. As shown 
in Fig. 4, the soil sample, which is confined in a stiff ring, is loaded axially. The 
stiff ring prevents the sample from expanding radially, a condition which prevails 
for the soil element under the tank of Fig. lb. Except for the axial strain €z, all 
strain components are assumed to be equal to zero: 

E ... =€y= 'Y ... y = "fyz= "ft.t= 0 (5) 

During the consolidation test, the axial stress o t is varied in abrupt steps, and the 
resulting variation of €~ is measured with time. The excess pore pressure gener· 
ated by these abrupt loads dissipates gradually with time. The effective stress 
path, which cannot be represented exactly because the effective lateralvstress is 
not measured, is assumed to be similar to the Ko stress path . 

a, 

Figure 4 Consolidation cell, and strains and stresses applied to 
samples during the confined compression test. 



Laboratory Testing of Soils 

cr, r 

cr= 

~ V 
, o 

Figure 5 Stresses acting on sample, and stress paths in 0" - 't and 
s - t spaces during unconfined compression tests. 

Unconfined Compression Test 

289 

The unconfined compression test (see Chapters 7-2 and 7-3) is a rapid means to 
obtain approximate values of the shear strength of fine-grained soils. As shown in 
Fig. 11, the total axial stress a l is applied to the sample which has no radial con
finement. The total stresses are all equal to zero, except for axial stress a z: 

(6) 

Figure 5 shows the stress paths in a - 't and s - t spaces. The Mohr circle expands 
about A with a z' The effective stress path cannot be represented because the in
itial and excess pore pressures are undefined. 

Direct Shear Test 

The direct shear test (see Chapters 7-4 and 7-5) simulates the effects of shear 
loads acting on a predetermined failure surface (e.g., the circular failure surface 
under the embankment of Fig. If). As shown in Fig. 6, the soil sample which is 
confined by two rigid boxes is subjected to the normal load N, and is sheared by 
the shear force T. If A is the area of surface CD, the shear stress acting on CD is 
'tXl = TIA, and the normal stress is a l = NIA. The stress path or Mohr circle can
not be drawn because a x is not defined. The strains are not uniform, and cannot 
be measured. The direct shear test is useful to determine the shear strength of 
soils, but not their stress-strain response. 

As shown in Fig. 7a, the predecessor of the direct shear device-the double 
direct shear apparatus-was initiaUy devised by Collin in 1846. The soil is placed 
in a split box, the central part of which is sheared by hanging weights. In the tor
sional direct shear test of Fig. 7b, the soil sample fills an annulus confined be
tween two hollow annular caps. The torsional direct shear device allows us to 
apply larger shear displacement than the direct shear apparatus because the area 
of the shear surface remains constant. 

Resultant force 

Surface A l ,1, <J. 
a, 

Figure 6 Direct shear cell and variation of stress on surface CD. 

, 
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(b) Torsional direct shear test 

Figure 7 Double and torsional direct shear devices. 

Triaxial Test 

The triaxial test (see Chapters 7-6 and 7-8) is one of the most reliable and useful 
laboratory tests for determining the stress-strain-strength characteristics of soils. 
It is more reliable than the unconfined compression test and direct shear test. 

As shown in Fig. 8, the cylindrical soil specimen is encased within a rubber 
sleeve. The lower and upper caps are equipped with porous disks, and are con
nected to the drainage system. The lateral stress 0 3 is applied by adjusting the 
confining pressure inside the triaxial chamber, and the axial stress 0] is applied 
by pushing the piston. 

The triaxial test is unconsolidated or consolidated, depending on whether 
the soil sample is consolidated or not before being sheared. During the consolida
tion phase, the stresses are increased gradually to recreate the initial stresses of 
specimens in the field. The samples can be isotropically or Ko consolidated. 

During the shear phase following the consolidation phase, the stresses are 
varied to simulate the loadings applied to soils by constructions. The shear phase 
may be either drained or undrained . The test is drained when the drainage valves 
(A and B in Fig. 8) are open, so that water can drain without change in pore pres
sure. The test is undrained when the drainage valves are closed, so no water is al
lowed to drain from the sample. During undrained tests. there is excess pore 
pressure, and the total and effective stresses do not coincide. During drained 
tests, there is no pore pressure, and effective and total stresses are equal. 

To summarize the consolidation and shear phases., the triaxial tests are la
beled by using several letters including C or U for the consolidation phase (Con
solidated or Unconsolidated) , and D or U for drainage conditions during the 
shear phase (Drained or Undrained). Table 1 identifies additional tests., which 
combine several possible types of consolidation (none, isotropic, or Ko), drainage 
conditions (drained or undrained), and variation of axial and lateral stresses (con
stant, increasing or decreasing). Drained tests are always consolidated. 

The axial stress 0t and lateral stress 0 3 acting on the triaxial sample can be 
decreased, increased, or kept constant separately. This produces the s - I stress 
paths of Fig. 9 which are referred to as Triaxial Compression (TC), Lateral Exten
sion (LE), Triaxial Extension (TE), and Lateral Compression (LC). Hereafter we 
describe only the stress paths during triaxial tests with isotropic consolidation. 
Those with Ko consolidated triaxial tests have already been shown in Fig.!. 

During the isotropicaUy consolidated triaxial compression (TC), the axial 
stress 0 z is increased while the radial stress O x = 0 y is kept constant: 

Ox = Oy = o~, and "[xy = "[yZ = "[~X = 0 (7) 
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Figure 8 Experimental setup of triaxial test. 
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Figure 9 Stress paths in o){ - Gz and s - t spaces during isotrop 
ically and Ko consolidated triaxial compression (Te ), triaxial exten· 
si.on (TEl. lateral triaxial compression (lC). and lateral triaxial 
extension (lE). 
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TABLE 1 

Various types of triaxial test 

Appelations 
Type of Drainage Axial Lateral 

Full name consolidation cond it ions stress stress 

CD, CID, or CIDC Isotropic Drained Increasing Constant Consolidated drained triaxial compression 
CDE, or CIDE Isotropic Decreasing Consolidated drained triaxial extension 
CKoDC .. Increasing Ko consolidated drained triaxial compression 
C"DE .. Decreasing Ko consolidated drained triaxial extension 
COLe or CIDLe Isotropic Constant Increasing Consolidated drained lateral triaxial compression 
COLE or CID LE Isotropic Decreasing Consolidated drained lateral triaxial extension 
CKoDlC .. Increasing Ko consolidated drained lateral triaxial compression 
CKoD lE .. Decreasing Ko consol idated drained lateral triaxial extension 
CU, CIU, or CIUC Isotropic Undrained Increasing Constant Consol idated undrained triaxial compression 
CKoU or CKoUC .. Increasing Constant Ko consolidated undrained triaxial compression 
CUE or ClUE Isotropic Decreasing Constant Consolidated undrained triaxial extension 

C"U E .. Decreasing Constant Ko consolidated undrained triaxial extension 
CULC or CIULC Isotropic Constant Increasing Consolidated undrained lateral triaxial compression 
CULE or CIULE lsotropt<; Decreasing Consolidated undrained lateral triaxial extension 
CKoULC .. Increasing Ko consolidated undrained lateral triaxial compression 
CKoULE .. Decreasing Ko consolidated undrained lateral triaxial extension 
UU or UUC None Increasing Constant Unconsolidated undrained triaxial compression 
UUE None Decreasing Constant Unconsolidated undrained triaxial extension 
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Figure 10 Stress changes applied to samples and stress paths in 
0 ' - t and S' - t spaces during isotropically consolidated drained 
and undrained triaxial compression (Te) and extension (TE) tests. 
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Figure 11 Stress changes applied to samples and stress paths in 
0 ' - 't and S' - t spaces during isotropically consolidated drained 
and undrained lateral triaxial compression (LC) and extension (LE) 
tests. 

s' • 

Equation 7 also holds during triaxial extension (TE), in which the axial stress a l 

is decreased. Figure 10 shows the TC and TE stress paths in a ' - 't and s' - t 
spaces. Point A represents the initial stress state, segment AB the change in total 
stress, and segment AB' the change in effective stress. Band B' coincide for 
drained tests, but differ for undrained tests due to excess pore pressure. For both 
loadings, the Mohr circle varies with ~ but keeps a fixed point (i.e., o~ = 0;. = 
O'o). The s' - t stress paths follow a straight line inclined at 45°. 

Equation 7 applies also to lateral triaxial extension (LE) and lateral triaxial 
compression (LC), in which the axial stress <1 I is kept constant while the radial 
stress 0 .1' = Oy varies. figure 11 shows the LC and LE stress paths in a' - 't and 
s' - t spaces. The s' - t stress paths fo llow a straight line inclined at _ 45°. 

Simple Shear Test 

The simple shear test is an improved version of the direct shear test, which gener
ates uniform stress and strain and is suitable for determining the stress-strain re-
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bacldng plate 

(a) NGI simple !.hear apparuus (b) Direction Shear'CeIi (DSC) 

Figure 12 Simple shear devices. 

sponse of soils. In the simple shear apparatus of Fig. 12a, the cylindrical sample is 
confined in a rubber sleeve reinforced by a spiral wire. The confining pressure is 
transmitted to the soil sample through the rubber sleeve. The spiral wire prevents 
the sample from expanding radially, but not from being sheared. 

Like the triaxial test, the simple shear test has a consolidation and shear 
phase. During the shear phase, O n Oy, and at are kept equal to 0 0 and the shear 
stress t yt is increased: 

(8) 

Figure 13 shows the corresponding stress path in (J - 't and s - t spaces. 
In the simple shear device of Fig. 12b, also referred to as direct simple shear 

(Arthur et a1., 1981), the rectangular sample is confined between two rigid bound
aries, and four flexible boundaries. The normal stresses (} x and (} l are applied by 
pressure bags. The shear stre;ss "tXt is applied by rubber strips attached to pulling 
sheets. There is no deformation in the y direction (i.e., E. , = 0), a condition which 
is known as plane strain. As shown in Fig. 12b, the controUed variation of lateral 
and shear stresses a1lows one to vary the orientation of the principal stresses. 

~ 
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0, 
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Figure 13 Strains applied to samples, and stress paths in (J - 't 

and s' - t spaces during the Simple shear test of Fig. 128. 
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(a) Torsional shear lest 

O-ring 
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(b) Hollow lOC!iionai shear ~t 

Figure 14 Torsional shear devices. Figure 15 State of stress in 
hollow torsional apparatus (after 
Saada and Townsend. 1981). 

Torlilonal Test 

In the torsional shear test of Fig. 14a, the soil cylinder is subjected to a twisting 
moment, which is applied through the ribbed top and bottom caps. The lateral 
confining pressure is applied to the specimen through the flexible rubber sleeve. 
The hollow torsional device of Fig. 14b is an improved version of the torsional de
vice which maintains uniform strain across the specimen. There are inner and 
outer rubber sleeves that transmit the lateral pressure to both sides of the hollow 
soil specimen. As shown in Fig. IS, the axial and lateral stress and shear stress can 
be controlled in the hollow cylinder, which allows one to incline the orientation 
of the principal stresses. (Saada and Townsend, 1981) . 

Plane Strain Compression Test 

Plane strain experiments (e.g., Fig. 12b) are used to determine the properties of 
soils under plane-strain conditions (i.e., £y = 0), which are found in the analysis 
of very long structures. Figure 16 shows another example of a plane strain appa
ratus where the soil sample which is encased in a flexible membrane is confined 
between two parallel glass plates and two loading platens. 

True Triaxial Apparatus 

The true triaxial apparatus allows one to control independently the three normal 
stresses applied to cubical samples of soils. The term "true" is used to avoid con
fusion with the triaxial test which controls only stresses along two axes. Figure 17 
shows the principle of a true trixial apparatus with rigid platens. The cubical soil 
sample is encased in a rubber membrane. The six platens are activated by me
chanical means so that they generate a rectangular shape. There is also an appa
ratus with a flexible membrane and a combination of both (e.g., Lade and 
Duncan, 1913). The true triaxial apparatus is a research tool which has been used 
to investigate three·dimensional soil behavior. It is rarely used in the practice of 
geotechnical engineering. 
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Glass plate 

Figure 16 Plane strain compression 
apparatus. 

Figure 17 True triaxial apparatus with rigid platens. 

REFERENCES 

ARmuR, J. R. F., S. BEKENSTEIN, 1. T. GERMAINE, and C. C. LADD, 1981, Stress 
path with controlled rotation of principaJ stress directionSt in Laboratory Shear 
Strength of Soils, ASTM Special Technical Publication 740, R. N. Ya ng and F. C. 
Townsend, eds., American Society for Testing and Materials, Philadephia, PA. 

CoLUN, A. t 1856, Experimental lnvesligation on Sliding in Clay Slopes, Translated 
from French by W. R. Schriever, University of Toronto Press, 1956. Toronto. 
Canada. 

LADE, P. V., and 1. M. DUNCAN, 1973, Cubical triaxial tests on cohesionless soils, 
1. Soil Mech. Found. Eng. Div., ASCE, Vol. 99, No. 10, pp. 793-812. 

SAADA, A. S., and F. C. TOWNSEND, 1981, State-of-the-Art: Laboratory strength 
testing of soils, in Laboratory Shear Strength of Soils, ASTM Special Technical 
Publication 740, R. N. Yong and F. C. Townsend, eds., American Society for 
Testing and Materials, Philadephia , PA, pp. 7-77. 



Elastic Properties 
of Soils 

Many constitutive models have been proposed to describe the behavior of soils 
observed in the laboratory. Linear isotropic elasticity is certainly the most ele
mentary and convenient stress-strain relationsh ip to use for describing the defor
mation of soi ls before they fail. 

ELASTICITY AND ELASTIC PROPERTIES 

The isotropic linearly-elastic stress-strain 
law) is defined as follows: 

relationship (or generalized Hooke's 

_3!: 
Ex)' - 2G 

and (1) 

where E is Young's modulus. v the Poisson ratio, and G the shear modulus 

= 2( 1 E+ v) . Equation 1 can be inverted so that the stresses are functions of strains: 

Ox = A. £ ~ + 2Ge... 't x)' = 2G£x), 

o, =)"£v+2Ge, and t yt = 2Geyt 
(2) 

where £~ is the volumetric strain (£~ = Ex + £, + ell, and ;t is Lame's modulus 

(A = (1 + V;(~ 21.1» )' Using Eq. 1, the mean pressure p is proportional to e,.: 
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(3) 

where B is the bulk modulus (B = 3(1 E 2V»). An additional elastic constant

the constrained modulus M- relates axial strain and stress during a confined 
compression test where Ex = E)' = 0: 

(4) 

For isotropic linearly elastic materials, there are six material constants: E, v, G, A, 
B, and M. However, there are only two independent constants. The moduli E, v, 
G, A, B and M can be expressed in tenns of two other moduli as given in Table 1. 

Relations among elastic moduli E, G, B, v, .t, and M 

G,E 

G, M 

G, B 

G,A 

G,' 

E, B 

E, , 

B,A 

B, M 

Shear 
modulus G 

G 

G 

G 

G 

G 

3BE 
98-£ 

E 
2(1 + \I ) 
3 2 (B -A) 

3 
. (M-B) 

380-2v) 
2(1 + v) 

Young's 
modulus E 

E 

G(3M - 4G) 
M G 
9GB 

38 +0 

G(JA +2G) 
A+G 

20(1 + v) 

E 

E 

9B (8 - ).) 
3B X 

9B (M - B) 
3B +M 

3B(l - 2v) 

Constrained 
modulus M 

G(4G - E) 
3G E 

M 

B +~G 
3 

). + 2G 

2G( I -v) 
1 2, 

B (9B +3E) 
9B E 

£(1- v) 
(1 + v)(1 2v) 

38 - 2.t 

M 

38(1 - II) 
1 +> 

Homogeneity and Isotropy 

Bulk 
modulus B 

GE 
90-3£ 

4 
M- 3 G 

B 

.t+~G 
3 

20(1 +v) 
3(1 2v) 

B 

E 
3(1 2v) 

B 

B 

B 

Lame 
modulus ). 

G(E - 2G) 
3G E 

M-2G 

), 

2G, 
1 -2v 

B(9B - 3E) 
9B E 

,E 
(1 + v)( 1 2v) 

), 

Poisson 
ratio v 

£-20 
2G 
M-2G 

2(M G) 

38-20 
2(38 + G) 

A 
2()' + G) 

3B-E 
6B 

A 
38 -). 

3B {2M-l)+M 
3B (2M + 1) M 

Equation 1 assumes that the samples are homogeneous and isotropic. Homogene
ity specifies that the elastic properties are the same everywhere in the laboratory 
samples. This assumption holds for uniform samples with particles relatively small 
compared to the whole sample, but not for those with heterogeneous composition 
containing a few large particles. Isotropy postulates that the elastic properties are 
the same in an directions. This assumption applies to remolded laboratory sam
ples constructed under isotropic conditions, but not to the soil samples which ac
quired directional, laminated and varved structures during their natural 
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deposition and stress history in the field. [n this case, it may be preferable to use 
anisotropic, instead of isotropic, elasticity (see Chen and Seeb, 1982) to describe 
their directional behavior, at the cost of determining additionaJ soil properties. 
Hereafter, we only use the isotropic linearly-elastic model and assume homogene
ous samples. Homogeneity and isotropy are convenient assumptions to character
ize the deformation properties of soils with a minimum number of parameters. 

ELASnc RESPONSES IN CONVENTlONAL 
LABORATORY tESTS 

L 

The relations of elasticity can be simplified in the case of soil laboratory tests in
troduced in Chapter 5-3, namely, the isotropic, consolidation, triaxial, unconfined 
compression, and simple shear tests. 

Isotropic Test 

For the isotropic test (Eq. 3.5-4), Eq. 1 gives the following elastic strains: 

1 -2v 
£.1' = £y=£t= -E- 0 , (5) 

where (Jc is the applied pressure. Equation 5 implies that £~ and (Jc are linearly re
lated through 

(6) 

where B is the bulk modulus. As shown in Fig. 1, Eq. 6 predicts a linear relation 
between (Jc and £~, while experiments generally produce nonlinear relations. The 
experimentaJ response can be fitted with straight lines. either tangent at the ori
gin, which produces the initial bulk modulus Bft or over a larger range of pres
sure, which gives the secant bulk modulus B, . Only B can be measured in the 
isotropic test. E and v cannot be defined individually. 

Figure 2 shows the experimental response of the dense Sacramento River 
sand during an isotropic loading ABO, and two cycles of unloading - reloading 
BCB and OED. The response during loading is softer than that during the cycles 
of unloading and reloading. The straight lines defined by Bi and B, crudely ap
proximate the nonlinear stress-strain response. As shown in Fig. 3, B, is calcu
lated at points A, C and E of Fig. 2 for the loading and unloading - reloading 
cycles. B, approximately increases with the square root of pressure. 

Experimental 

Figure 1 Experimental response, and 
initial and secant bulk moduli during an 
isotropic test. 
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Figure 2 Experimental stress-strain response, 
initial and secant bulk moduli during isotropic 
loading (solid points) and two cycles of 
unloading - reloading (hollow points) on dense 
Sacramento Aiver sand (data after Lee and 
Seed,1967). 

Figure 3 Variation of secant bulk modulus S. with 
pressure at points A, C, and E for the test of Fig. 2. 

Unconfined Compression Test 

For the unconfined compression test (Eq. 6.5-4), Eq. 1 implies that cr z and Ez are 
linearly related and gives the following elastiC strains, 

(7) 

As shown in Fig. 4, the experimental response may be approximated by drawing 
a straight line ' through the origin to obtain the initial Young's modulus E{, or over 
a larger strain range to get a secant Young's modulus E~. Figure 5 shows the 
measu"red response of a remolded clay during the unconfined compression test 
(E j = 4. MPa, and El = 0.5 MPa at Et = 16%). As shown in Fig. 6, Es decreases 
gradually from Ei to zero with Ez. 'J1le Poisson ratio v cannot be calculated from 
the unconfined compression test. 

Drained Trl~xlal Compression Test 

It is convenient to reset the ~tresses and strains to zero at the beginning of shear, 
and to introduce the stress changes aO"n aO"y , and aO"t: 

(8) 

where 0"0 is the confining pressure. Equation 9.5-4 implies that .1.O"x = .1.O"y = O. 
Using Eq. 8, the triaxial test gives the same elastic strain and linear relations as 
the unconfined compression: 

(9) 
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Figure 4 Experimental stress-strain 
response, and initial and secant Young's 
moduli during an unconfined compression 
test. 
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Figure 5 Measured stress-strain response, initial 
and secant Young's moduli during unconfined 
compression of remolded Aardvack clay. 

Figure 6 Variation of secant Young's modulus 
E. versus axial strain in the test of Fig. 5. 

and tv = Ex + ey + £t = (1 - 2v) £t. As shown in Fig. 7, the slope of the theoret
ical straight line is E fo r the stress-strain response and 1-2v for tbe volumetric re
sponse. lpe experimental response may be aPl?roximated with straight lines 
either tangent at the origin, which produces the initial moduli Ei and Vi, or over 
a larger strain range, which gives the secant moduli E, and v, . The volume change 
of the soil sample is measured directly in the drained triaxial test. For theoretical 
and practical reasons, the values of V must be kept between 0 and 0.5. 

Figures 8 and 9 show the stress-strain and volumetric responses of dense 
Sacramento River sand during a drained triaxial compression test at constant 
confining pressure 0;. As shown in Fig. 9, the axial stress O'~ is divided by 0';. 
The initial moduli are Ei = 375 MPa and Vi = 0.25; and the secant moduli are 
E, = 50 MPa and v, = 0.6 for axial strain Ez = 5%. As shown in Figs. 10 and 11, 
E, decreases from its maximum value E; with Et , while v, increases from V/ and 
exceeds 0.5 when Et > 2%. The fact that Vi > 0.5 is caused by the dilatation of 
the soil specimen during shear. Due to theoretical considerations, the va1ues of Vs 

larger than 0.5 cannot be used in engineering analysis; they would produce nega
tive values for the secant bulk modulus, constrained modulus, and Lame's modu
lus (see Table 1). 
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Figure 8 Measured stress-strain response of 
dense Sacramento River sand, initial and secant 
Young's moduli during drained triaxial 
compression at 588 kPa confining pressure (data 
after l ee and Seed, 1967). 

Figure 9 Measured volumetric response of dense 
Sacramento River sand, initial and secant Poisson 
ratios during the test of Fig. 8. 

Confined Compression Test 

For the confined compression test (Eq. 5.5-4), Eq. 1 gives the following elastic 
strain and linear relations: 

1 
and 

E(1 - v) 
£v =£z= MOO~ M~ (1 +v)(1 2v) (10) 

a' = a' = Keoo, x Y a t and K ' _ _ v_ 
0- 1-v 

where Ko is the elastic coefficient of lateral earth pressure at rest, and M is the 
constrained modulus. 

-' 

, , 
I 
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Figure 10 Variation of secant Young's modulus 
with axial strain in the test of Fig. 8. 

Figure 11 Variation of secant Poisson ratio with 
axial strain in the test of Fig. 8. 

As shown in Fig. 12, the initial constrained modulus M; and secant modulus 
M$ approximate the experimental response at the origin, and over a larger strain 
range, respectively. Figure 13a shows the measured stress~strain response of San 
Francisco Bay mud subjected to confined compression test. M; = 0.14 MPa, and 
M, = 0.09 MPa at E{ = 25%. As shown in Fig. 13b, M, first decreases then in
creases with axial strain, due to an increase in radial stress. 

Simple Shear Test 

For the simple shear test (Eq. 8.5-4), Eq. 1 gives tht following elastic strain and 
linear relations: 

(11) 

where G is the elastic shear modulus. 
As shown in Fig. 14, the initial shear modulus G; and secant shear modulus 

G, approximate the experimental response at the origin, and over a larger strain 
range, respectively. 

TYPICAL VALUES OF ELASTIC CONSTANTS 

Tables 2 to 4 list typical ranges of values of Young's modulus E and Poisson ratio 
v (or various soils, rocks, and other materials. 

The values of E for rocks in Table 2 are computed at confining pressures be
tween 300 and 500 MPa. E varies from 7 GPa for partially decomposed granite to 
200 GPa for steel. In contrast to rocks and metals, soils have a much broader 
range of E values. In Table 3, the lowest values (or E (0.4 MPa) are observed for 
soft clay and peat; the largest (1.4 GPa) for dense gravels and glacial till. Loose 
sands, silts and clays have generally smaller values of E than rocks. However, 
dense gravels and hard clays may have values of E similar to those of weathered 
and decomposed sedimentary rocks. The values of elastic properties listed in Ta
bles 2 and 3 should be considered as estimates that may vary widely from actual 
values. The elastic properties of soils are influenced by a number of factors, which 
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Figure 12 Experimental responses, initial 
and secant constrained moduli during a 
confined compression test. 
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Fi gure 13 Results of confined compression of San Francisco 
Bay mud: (8) measured stress-strain response, initial and secant 
constrained moduli, and (b) variation of secant constrained mod
ulus M, with axial strain (data after Holtz and Kovacs, 1981) . 
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Figure 14 Experimental responses, initial and secant shear moduli 
during a simple shear test. 
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TABLE 2 
Va lues of Young's modulus and Poisson ratio for various materials. 

Amphibolite 
Anhydrite 
Diabase 
Diorite 
Dolomite 
Dunite 

Material 

Feldspathic Gneiss 
Gabbro 
Granite 
limestone 
Marble 
Mica Schist 
Obsidian 
Oligoclasite 
Quartzite 
Rock salt 
Slate 
Ic. 
Aluminium 
Steel 

Granite sound 

Young's modulus 
(GPa) 

93-121 
68 

87- 117 
75-108 

110-121 
149-183 

83-118 
89-127 
7:Hl6 
87- 108 
87-108 
79-101 
6!H!0 
8(}..85 
82-97 

35 
79-112 

7.1 
55-76 
200 

Poisson ratio References 

0.28-0.30 Lambe and Whitman (1979) 
0.30 

0.27-0.30 
0.26-0.29 

0.30 
0.26-0.28 
0.15--0.20 
0.27-0.31 
0.23-0.27 
0.27-0.30 
0.27-0.30 
0.15--0.20 
0.12-0.18 

0.29 
0.12-0.15 

0.25 
0.15-0.20 

0.36 ,-
0.34--0.36 
0.28-0.29 

Granite partially decomposed 
limestone 

31 - 57 
7- 14 

21--48 

0.15--0.24 Converse (1962) 
0.15--0.24 
0.16-0.23 

Sound, intact igneous and metamorphics 
Sound, intact sandstone and limestone 
Sound intact shale 

57-96 
38-76 
10-40 
10-20 

0.25--0.33 Hunt (1986) 
0.25-0.33 
0.25-0.33 

Coal 

include type of soil, water content, density, void ratio, fabric anisotropy, tempera
ture, time, stress history, consolidation stress, applied shear stress, initial stress 
state, rate of strain, degree of sample disturbance, testing condition~ amplitude, 
and direction of stress changes. 

As shown in Table 3, the Poisson ratio v has a small range of variation (i.e., 
o to 0.45). When v = 0.5, the material is incompressible, G = E/3 and B -+ 00. 

Variation 0' Initial Shear Modulus with Pressure .. 
Overconsolidation Ratio and Void Ratio 

Figure 15 shows the variation of secant shear modulus G, with shear strain ampli
tude 'Y which was obtained from resonant column tests on Nevada sand. Resonant 
column tests are dynamic tests which are described in Kramer (1996). ~uring 
these dynamic tests, G~ is first equal to the initial modulus Gi , which is also re
ferred to as Gm.x> then decreases when 'Y exceeds 0.001 %. 

As shown in Fig. 16, Gmu varies with the mean effective pressure pi [pI = 
(0; + cr; + a; )/3). Several empirical models have been proposed for the initial 
shear modulus G mu . Hardin and Dmevich (1972) and Hardin (1978) proposed 
that 

Gmu = 0.3 ~~.7e2 OCRkjp. (MPa) (11) 
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TABLE 3 
Approximate values of Young's modulus in M Pa for various soils 

Soil group Soil type Bowles Cern ica Converse Hallam at Hunt 
(1988) (1995) (1962) at (1978) (1986) 

Organic soil Muck 0.5-3.5 
Peat 0.4-1 

0.8-2 

Clay Very soft 2-15 
Soh 2-25 3 1-3 2-4 
Medium 15-50 7 
Stiff 2.5-5 8-19 
Weak plastic 1.4-4 
Stiff plastic 4.2-8 
Semi- f irm 5-10 
Semi-solid 6.9-14 
Hard 50-100 ,. 8- 19 
Sandy 25-250 36 
Boulder clay, solid 30-100 

Silt Silt 2-20 3-10 2-1 9 
Soft, slightly clayey sea silt 2-5 
Soft, very strongly clayey silt 0.5-3 
Soft 4-8 
Semi-firm 5-20 

Sand l oose 10-25 15 10-21 20-80 10-29 
Medium 50-150 29-48 
Dense 50-81 80 52-83 49-78 48--77 
Silty 5-20 

Gravel Loose 50-150 100 29-77 
Dense 100-200 150 102-204 96-192 

Gravel Gravel without sand 100-200 
Coarse gravel. sharp edged 150-300 

l oess 14-60 14--58 

Glacial till loose 10-150 
Dense 150-720 
Very dense 500-1440 

Not.: Actusl valuM may vary wid.ly from I1100e I llown. 

TABLE 4 
Approximate values of Poisson ratio for various soils 

Soil group Soil type 
Bowles Cernica Converse Hunt Poulos 
(1988) (1995) (1962) (1986) (1975) 

Clay Soh 0 .• 
Medium 0.3 0.3-0.35 
Hard 0.25 
Stiff plast ic 0.4--0.45 
Saturated 0.4--0.5 
Unsaturated 0.1 --0.3 
Soh normally consolidated 0.35--0.45 
Stiff overconsolidated 0 .1 --0.3 
Sandy 0.2--0.3 0.25 

Silt 0.3-0.35 0 .3-0.35 

loess 0.1--0.3 0 .1--0.3 

Sand l oose 0.2 0.2--0.35 0 .35--0.4 
Medium 0.3-0.35 
Dense 0.3--0.4 0 .3 0.3-0.36 0 .3--0.4 0.25--0.3 

Gravel Loose 0.2 
Dense 0.3 
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Figure 16 Variation of secant shear modulus G. with shear strain 
amplitude during resonant column tests at various confining pres
sures for Nevada sand at 40 and 60% relative density (data after 
Arulmoli at al " 1992) . 

where e is the void ratio, OCR tbe overconsolidation ratio, k an overconsolida
tion ratio exponent given in Table 5, and pi the mean effective pressure in MPa. 
OCR = P'mu1p' where P'mu is the largest value of pi that the soil underwent in its 
past. OCR = 1 for normally consolidated clay and OCR > 1 for overconsolidated 
soils (see Chapter 6-1). Iamiolkowski et al (1991) suggested that 

(12) 

Seed and Idriss (1970) proposed that 

(13) 

where K is given in Table 6. As shown in Fig. 16, Eqs. 11 to 13 are equally capa
ble of describing the variation of Gmu for Nevada sand at relative density 
Dr = 40 and 60% (e = 0.736 and 0.661). respectively. 

TABLE 6 
Overconsolidation ra tio 
exponent k (after Hardin and 
Drnevich, 1972) . 

Plasticity index (%) k 

o 0.00 
20 0.18 
40 0.30 
60 0.41 
80 0.48 

2: 100 0.60 
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Figure 16 Variation of initial ~hear modulus G1 with mean effective 
pressure p' measured in the tests of Fig. 15. 

TABLE 6 
Estimation of K (adapted 
from Seed and Idriss, 1970). 

e K Dr{%) K 

0.4 484 30 235 
0.5 415 40 277 
0,6 353 45 298 
0.7 304 60 360 
0.8 270 75 408 
0.9 235 90 484 

Variation or Elastic Properties with Strain 

The variation of shear modulus G with shear strain can also be represented in the 
static triaxial test conditions by introducing the equivalent shear strain E z - Ex : 

During the triaxial test, Eq. 1 becomes: 

where Ex is related to volumetric strain Ev through 

(15) 

Based on this definition of equivalent shear strain, the stress-strain relations of 
Figs. 17a and b have identical slope G and maximum stress. Figure 18 shows the 
variation of G~ IGi with axial strain during drained triaxial tests at constant mean 
pressure pi where Gi is obtaine~ from Fig. 16. The static values of Gs IGi are not 
represented for Ez - Ex < 0.02% due to the scatter in data caused by inaccurate 
measurement of small strain, but are replaced by the dynamic values of GJ IGi 
measured during the resonant column test of Fig. 15. The results of Fig. 18 fall 
within the range of typical values obtained by Seed and ldriss (1970). 
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cant shear modulus G. during (a) cyclic or dynamic simple shear 
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Figure 18 Variation of G.lG, versus shear strain calculated from 
dynamic resonant column test, and static drained triaxial test at con 
stant mean pressures on Nevada sand at 40 and 60% relative density 
(data after Arulmoli at aI., 1992). 

2.9 

The determination of the elastic properties of soils and soft rocks during 
static tests requires measuring strain smaller than 0.001 %, which can only be ac
complished by using local strain measurement, away from the loading platens 
where displacement transducers are usually located (e.g., Jardine et ai., 1984; Kim 
et aI., 1994; LoPresti et aI., 1993; Tatsuoka et al., 1994; and Tatsuoka and Kohata, 
1996). As shown in Fig. 19. the axial strain Ez during the triaxial test is usually 
equal to 6.HIHo where I1H is the displacement measured by the external dis
placement transd ucer, and Ho is the initial sample height. In contrast to t z, the 
local strain t~, is taken equal to 6."IH~ where 6." is the local displacement 
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Figure 19 Measurement of axial strain of soil samples (a) with ex
ternal displacement transducer. and (b) local displacement transducer 
(after Tatsuoka and Kohata. 1995) 

measured by the flexible bending element of initial length Ho which is attached 
to the soil specimen. 

Figure 20 shows an example of local strain measurement during a drained 
triaxial test at 300 kPa confining pressure on normaUy consolidated white clay. 
The strain-strain response and secant YoungfS modulus E, were represented by 
using linear and logarithmic scales to emphasize the small strain behavior. As 
shown in Fig. 20<:1 , when E ~ < 0.003%, Es is constant and equal to Eit and the rna· 
terial is linear elastic. As shown in Fig. 21, in fine·grained soils, the typical varia· 
tion of Gs/G j with shear strain depends on plasticity index PI, and is bounded by 
the variation of Gs/G j for sands for which PI = O. 

Local strain measurements in static tests reveal tbat soils are much stiffer at 
small strains than previously obtained from conventional strain measurement. 
Such a finding closes the gap between the dynamic and static measurement of 
ground stiffness. In the past, dynamic measurement of Young's modulus, or shear 
modulus, have given results so much higher than static values determined in the 
laboratory that the dynamic values have been discounted. However in a number 
of recent cases, the accurately determined static small·strain values of stiffness 
have been found to be very close to the values measured by dynamic methods 
(Burland, 1989). 
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13. 

14. 

15. 

1. 

Define nonlinear-elastic, linear-elastic, and elastoplastic materials by using 
stress-strain curves. 
Define strain hardening, perfectly plastic, and strain softening materials by 
using stress-strain curves. 
Define rigid-perfectly plastic, and elastic-perfectly plastic materials by using 
stress-strain curves. 
What is the yield stress for an elastoplastic material? 
What is a viscous material? 
Define creep and relaxation. 
What is the number of independent material constants in the isotropic lin-
ear theory of elasticity? \ 
What is tbe relation between the bulk modulus, Young's modulus, and the 
Poisson ratio? 
What is the relation between the shear modulus, Young's modulus, and the 
Poisson ratio? 
What is the constrained modulus? 
What are the theoretical constraints on Young's modulus and the Poisson 
ratio? 
What is the state of stress during the isotropic test? What is the elastic rela
tion between volumetric strain and pressure? 
What is the state of stress during the unconfined compression test? What is 
the elastic relation between axial strain and axial stress? 
What is the Slate of stress during the drained triaxial test? Whal are the 
elastic relations between axial strain and axial stress, and between volumet
ric stress and axial strain? 
What is the state of stress during the confined compression test? 

From the results of the isotropic test on dense Sacramento River sand in Ta
ble EI, plot the volumetric strain versus pressure. Calculate the initial bulk 
modulus at 78 kPa, and plot the variation of secant bulk modulus versus 
pressure. 
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TABLE E1 

2 

Pressure 
Void ratio Volumetric Pressure Void ratio Volumetric 

(kPa) strain (%) (kPa) strain (%) 

78 0.608 0.06 11925 0.506 6.40 
196 0.604 0.31 9081 0.509 6.22 
392 0.600 0.56 7708 0.511 6.09 
5BB 0.596 0.81 5531 0.513 5.97 

1069 0.590 1.18 4119 0.518 5.66 
2167 0.581 1.74 3285 0.521 5.47 
3285 0.572 2.30 2157 0.524 5.28 
4021 0.566 2.67 1079 0.527 5.10 
2216 0.572 2.30 5BB 0.533 4.72 

981 0.577 1.99 392 0.537 4.47 
392 0.584 1.55 9B 0.547 3.85 

7B 0.591 1.12 392 0.541 4.23 
392 0.584 1.55 5BB 0.538 4.41 
981 0.578 1.93 1079 0.532 4.79 

2216 0.572 2.30 2157 0.524 5.28 
4021 0.563 2.B6 3285 0.521 5.47 
5492 0.556 3.29 4119 0.518 5.66 
7708 0.540 4.29 5531 0.513 5.97 
9081 0.532 4.79 7708 0.508 6.28 

10395 0.523 5.34 90B1 0.506 6.40 
11925 0.515 5.64 11964 0.499 6.84 
13729 0.503 6.59 13729 0.493 7.21 

Initial void ratio .. 0.609 

2. From the results of the unconfined compression of a remolded clay in Table 
E2, calculate the initial Young's modulus. Plot the variation of secant 
Young's modulus versus axial strain. 

TABLE E2 

Axial strain Axial 

(%) 
stress 
(k.Pa) 

0.0 0.0 
1.0 B.7 
1.9 13.8 
2.9 20.2 
5.0 31.6 
5.8 35.2 
6.9 40.6 
7.8 45.5 
B.B 50.2 
9.9 56.1 

11.0 58.3 
12.0 60.8 
13.4 63.0 
14.1 64.7 
15.0 65.3 
16.0 66.7 
18.0 67.3 
20.1 69.7 
21.1 70.1 

3. From the results of the confined compression test on San Francisco Bay 
mud in Table E3, calculate the initial constrained modulus. Plot the varia
tion of secant constrained modulus versus axial strain, 
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TABLE E3 

Axial stress 
(kPa) 

1 
3 

• 10 
21 ., 
82 
22 
6 

Axial strain 
(%) 

1 .1 
2.2 

••• 
14.3 
23.7 
31 .3 
38.2 
37.0 
34.2 
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4. From the results of the drained triaxial compression test of a sand in Table 
E4, calculate the initial Young's modulus and Poisson ratio. Plot the varia· 
tion of secant Young's modulus and Poisson ratio versus axial strain. 

TABLE E4 

Axial 
Volumetric ct,/a; 0, - 0 3 strain (k Pa) 

(%) 
strain (%) 

1.00 0.0 0.00 0.00 
1.39 229.5 0.06 0.03 
1.78 459.0 0.15 0.09 
2.08 635.5 0.30 0 .1 5 
2.82 1070.9 0.58 0.24 
3.25 1323.9 0.88 0.27 
3.87 1688.7 1.46 0.22 
4.24 1906.4 2.19 0.03 
4.42 2012.3 2.92 - 0.24 
4.56 2094.7 4.38 - 0.91 
4.55 2088.8 5.85 - 1.61 
4.45 2030.0 8.77 -2.85 
4.26 1918.2 11 .70 - 3.80 
4.18 1871 .1 14.60 - 4.46 
3.94 1729.9 17.55 - 4.91 
3.72 1600.6 20.00 - 5.05 

Confining Prnaure _ 688 kPi 
Inltlll void R.tio _ 0.596 
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Consolidation 

6-1 Principles of consolidation 

6-2 Consolidation test 



INTRODUCTION 

Principles 
of Consolidation 

When fine-grained soils are subjected to changes in load due to construction, they 
deform in a way different from that of coarse-grained materials. Their deforma
tion takes place not only at the time of the load application, but also continues 
for very long time periods which may last several years. The long-term settlement 
of fine-grained soil layers is primarily controlled by consolidation, a physical proc
ess in which the interstitial water that is under excess pressure slowly diffuses 
through the compressible matrix of soil particles. After the excess pore pressure 
has completely dissipated , fine-grained soils can also deform due to their viscous 
nature. The properties that characterize the amplitude and rate of deformation 
for fine-grained soils are determined in the consolidation test. 

NONUNEAR AND IRREVERSIBLE COMPRESSIBILITY 

One-Dimensional TesU 

The basic setup of the consolidation test is shown in Fig. L The soil sample is in
side a stiff ring which blocks its lateral expansion, and between two porous disks, 
which drains its porewater. The sample is completely immersed in water and re
mains fully saturated during the test. When the axial stress cr is applied ~ the sam
ple of initial height 110 deforms verti~ally with time. It ultimately settles the 
amount /I.h when the excess porewater pressure is completely dissipated (i.e., 
when the internal effective stress cr' becomes equal to the externally applied 
stress cr). The corresponding axial strain Ez is 

(1) 
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a 

Porous disks 

Figure 1 Basic experimental setup of consolidation cell. 

Because the stiff ring prohibits lateral strain (i.e., Ex = £)1 = 0), the volumetric 
strain £,. is equal to the axial strain: 

(2) 

The volumetric strain is also 

v o-v VoI V, -VI V, t o -I! 

Ev =-V-
O
- = Vo/V, =l + eo (3) 

where e is the present void ratio, eo the initial void ratio, V the present volume, 
Vo the initial volume, and V, the total volume of soil particles alone. Therefore, e 
is related to llh through 

tJ.h 
e = eo - £,. (1 + eo) = eo - II (1 + eo) 

o 
(4) 

Figure 2 shows an experimental result that is representative of the response of 
fine-grained soils subjected to a loading-unloading cycle in the consolidation test. 
The same experimental results are plotted in two different ways: vertical strain El 

versus effective stress a ' and void ratio e versus a '. The a ' axis has a linear scale 
in Fig. 2a but a logarithmic scale in Fig. 2b. As shown in Fig. 2b, e decreases from 
the initial state A as a ' is increased. From point A to B, the relation between e 
and a ' is nonlinear. The material behaves differently during loading (from A to 
B) and unloading (from B to C). which indicates that the nonlinear e-o' relation 
is also irreversible. 

it 
i .. 
. " c 
0 
> 

0 2.6 
A (.) (b) A 

10 2.2 

0 

21) ! 
" ~ 

> 

JO e IA e 
B 

B 

'" 0 so 100 10 100 

Effective Sb'eSS (kPa) Effe<:tive s~ss (kPa) 

Figure 2 Consolidation test results on San Francisco bay mud: 
{al vertical strain versus effective stress in linear scale, and (b) void 
ratio versus effective stress in semilogarithmic scale (after Holtz and 
Kovacs, 1981). 



Nonlinear and Irreversible Compressibility 

om 

~ 0." 

c 
d 0.012 

C UnIoadln, 

~ ;g roo, 
0D04 

c 
0 

0 :so 100 

Effective fIIaI; (tPa) 

Figure 3 Variation of the compressibility of Fig. 2 with stress level 
and loading direction. 

Coefficient of Compressibility 

299 

Within the small stress interval from 0; to 0;, the Et-a' curve is characterized by 
the coefficient of compressibility m~ : 

E~l - Ev2 
m~ 

v cr' _ 0 ' 
2 1 

(5) 

where £"1 is the volumetric strain at effective stress cr; and, £v2 is the volumetric 
strain at 0; . Since E~ = Ell, my = 11M, where M is the constrained modulus of elas
ticity (see Chapter 5-5). my is inversely proportional to stress [my] = F- IL2, where 
Land F represent the dimension of length and force, respectively. m. is also com
puted from the e-a' curve using Eq. 4: 

(6) 

where el is the void ratio at 01 and ezis the void ratio at 02. As shown in Fig. 3, 
m" varies with the stress level and the loading direction. m. is generally used to 
calculate the vertical settlement s of a layer of initial thickness ho subjected to the 
increased flcr ' in vertical effective stress: 

s = m y ho fla ' (7) 

Caution should be exercised in the calculation and use of my. The value of my de
pends not only on the stress level but also on the loading direction (Le., loading 
or unloading). Equation 7 applies provided that the soils in the laboratory and 
the field undergo a similar stress level, stress increment, and loading direction. 

e-o' Curves lor Clays 

Figure 2b shows that e varies linearly with log cr' in some parts, whereas Fig. 2a 
displays a complicated nonlinear relation between Ez and cr'. The void ratio e is 
therefore more convenient than E;: to represent consolidation results. 
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Chap. 6-1 I Principles of Consolidation 

Figures 4 to 6 show a few examples of consolidation results covering a wide 
variety of soils. Figure 4 shows the consolidation curves for glacial lake silty clays 
(Rutledge, 1944). Sample CPt is an undisturbed sample taken from the field, 
sample en is artificiaUy remolded from sample CPI , and sample CP3 is in tum 
remolded from sample CP2. As shown in Fig. 4, the consolidation curves of sam
ples CPI , en. and CP3, although they retained a similar shape, are inftuenced by 
remolding. 

Figure 5 shows the consolidation curves that are typical of soils from the 
lower Mississippi River Valley near Baton Rouge, Louisiana (Kaufman and Sher
man, 1964). These soils are made of silts and sandy silts with clay strata and are 
classified as CH and CL-clay of high and low plasticity, respectively. During the 
deposition process in the Mississippi River Valley, they have been subjected to 
wetting and drying cycles. The consolidation curves of these clays are also com
pared to that of a poorly graded sand. As shown in Fig. 5, sand is much less com
pressible than clay and undergoes smaller changes in void ratio. 

Figure 6 shows the consolidation curves of Mexico City clay (Rutledge, 
1944). This soil was previously thought to be a volcanic ash that had been weath
ered and had become an aJlophane clay mineraJ. Indeed, Mexico City clay is not 
really a clay mineraJ, but is composed primarily of porous microfossils and dia
toms, which are responsible for very high void ratio, water content, and compress
ibility (Holtz and Kovacs, 1981). As shown in Fig. 6, the solid and dashed lines 
represent the response of undisturbed and remolded samples taken from differ
ent locations. The difference in undisturbed responses illustrates the difficulty in 
obtaining reproducible results on clays having such a large void ratio. As ex
pected, remolding almost completely destroys the preconsolidation effects. 

EI.stoplntle Modeling of ...a' Respons.s 

Figure 7 shows the consolidation curve of clay tills (MacDonald and Sauer, 1970), 
a typicaJ response for fine-grained soils. The relation between e and a' is nonlin
ear and irreversible. The material behaves differently during loading (A to C, or 

",--------------------, 
_ CH-elay,soft 
-0-- CH-<: Iay with silt 
--+- CL-<:lay, finn 
--"-CL-<:Iay, sofl .--_--O .... L..-·--O-SP.sand 

• 12 
.g , 
:g 
> 

" 
02~ __________ ~ __ ~ 0.6 l ___ -.:.::::i;~:;;!~ __ J 

10 100 1000 10000 10 100 1000 10000 

Effective Siress (kPa) Effective stress (kPa) 

Figure 4 Consolidation test results on Ch icago 
and Indiana clays (after Rutledge, 1944). 

Figure 5 Consolidation test results on nearly normally 
consolidated clays and silts (after Kaufman and Sherman, 
, 964). 
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Figure 6 Consolidation test results on Mexico City clay (after 
Rutledge, 1944). 
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D to E) and unloading (C to D. or E to F). The material response of Fig. 7 is not 
elastic but is elastoplastic. 

Figure g illustrates the elastoplastic modeling of the response e-Iog a' of 
Fig. 7. Starting from point A. e varies linearly with log a ' when a ' is increased 
from O'~ to (J~: 

(8) 

where Cs is the swelling index, fA. the void ratio at point At and O'~ the effective 
stress at point A. Equation 8 is valid until a ' reaches stress a~ , at which point the 
e-<J' curve abruptly becomes steeper than the branch AB. When a' > cr~, e varies 
again linearly with log a ' but with a steeper slope: 

(9) 

where Cc is the compression index, eB the void ratio at point B and a~ the effec
tive stress at point B. When 0 ' is decreased from ~ to o~ , the point (e-Iog 0 ') 
follows the unloading branch CD, which is parallel to AB and has the same swell
ing index. But Eq. 8 is now referenced about C instead of A: 

a' e=ec-C, 1og, 
Oc 

(10) 

When 0 ' is increased again, the point (e-Iog 0 ') follows the branch CD in the op
posite direction and moves toward E on the branch that extends Be When 0' is 
finally decreased from E to F. the point (e-Iog 0 ') follows the branch EF parallel 
to AB and CD. The branch BCE is called the virgin compression line (VeL). The 
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branches AB, CD, and EF are swelling Jines. A particular clay has only one virgin 
consolidation curve but an indefi nite number of swelling branches. The swelling 
branches are always to the left of VeL. The point (e-log a ') cannot go to the 
right of VeL. 

The stress-strain relations specified by Eqs. 8 to 10 are nonlinear because e 
is a logarithmic function of a ', They are also irreversible because it is not possible 
to return to point A once a' has exceeded O"~. The threshold of irreversibility is 
defined by the largest effective stress applied, which is also referred to as the pre
consolidation pressure a~. When [he stress state is smaller than 0;, the response 
is described by a swelling branch. When the stress state is equal to O'~ , the re
sponse follows the VCL for loading and a swelling line for unloading. The precon
solidation pressure a~ either increases or remains constant but never decreases. 
During the loading ABC of Fig. 8, a~ moves from a~ to a~ . a~ is constant dur
ing the unloading CD and reloading DC but increases again during the loading 
CEo 

Compression and Swelling Indices and Compressibility 

The compression index Cc is the slope of the virgin consolidation line (VCL) in 
the e-Iog a' axes, whereas the swelling index C, is the slope of a swelling curve. 
These indices are 

and (11) 

where B and C are two points on the VeL, and C and D are two points on a 
swelling line as shown in Fig. 8. Both Cc and C, are positive dimensionless 
number, and C, is always smaller than Ce. In contrast to m v, Cc and C, are con
stant for a soil. As mentioned previously, m. depends on the loading direction 
and the position relative to the VCL. For very small loading steps, the compress
ibility coefficient In" is related to C, and C, through 

1 de 
m~ = - (l +e)ln (l O) daJ = 

0.435 C, 
1 + e a' 

0.435 C, 
1+e<J' 

for loading on VCL 

otherwise 

Overconsolidation Ratio, Normally Consolidated and 
Overconsolldated Clays 

(12) 

The overconsolidation ratio OCR characterizes the position of the present state 
(e, aJ) relative to the preconsolidation pressure a~ : 

OCR =~ (13) 

When the excess pore pressure is dissipated comple tely, OCR is always larger or 
equal than 1. Based on the overconsolidation ratio, clays are divided into nor
mally consolidated and overconsolidated. 

Normally consolidated clays have never been subjected to an effective stress 
greater than the present effective stress (OCR = 1). Examples of normally con-
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Figura 7 Typical experimental results during one
dimensional compression tests on clay tills (data after 
MacDonald and Sauer, 1970). 

Figure 8 Idealized representation of stress-strain 
response of Fig. 7. 

solidated clays are geologically recent aUuvial deposits which have never been 
eroded. Normally consolidated clays are sensitive to the effects of disturbances, 
which influence the e-o' relationship. 

Overconsolidated clays have been subjected to an effective stress greater than 
the present effective stress (OCR > 1). This past loading could have been the result 
of deposits of soils and rocks, perhaps 2 to 3 km thick, which were subsequently 
eroded away in the course of geological time or by a great thickness of ice during 
periods of glaciation. Other factors such as aging, dessication, and Huctuation in 
water level, may also contribute to modify the mechanical bahavior of clays. 

Determination of Preconsolldatlon Pressure 

There are primarily two ways to determine the preconsolidation pressure (J~, 
which is the largest effective stress undergone by the soil. Both methods detect 
(J~ from the e- Iog 0 ' curve·. 

Method 8 (Casagrande. 1936; and ASTM 2435) 

• Choose the point of minimum curvature on the consolidation curve (point A 
in Fig. 9). 

• Draw the horizontal line AB from point A. 
~ Draw the line AC tangent to the curve at point A. 

• Draw the line AD so that the angles BAD and DAC are equal. 

• Extend the straight portion EF of the virgin compression curve as shown in 
Fig. 9. 

• The preconsolidation stress (J~ is the intersection point M between EF and 
AD. 

Method b 

• Extend the straight portion EF of the virgin compression curve as shown in 
Fig. 9. 
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Figure 9 Determination of preconsolidation pressure with methods 
a and b . 

• Extend the straight portion GH of the compression curve as shown in Fig. 9 . 

• The preconsoJidation stress (J~ is the intersection point N between EF and 
GH_ 

As shown in Fig. 9, methods a and b predict only slightly different preconsolida
ticD pressure. They give similar results for practical purpos~s. 

Typical Values and Correlation' 
'or Compressibility Indices 

Table 1 lists the values of compression index C,. swelling index CJ • and Atterberg 
Limits for various clays. The values of C, vary from 2.6 fo r montmorillonite (Na - ) 
to 0.08 for clay till, whereas those of C, range from 0.01 to 0.5l. 
Many different correlations have been published for correlating C, and C, to the 
index properties of soils (Djoenaidi, 1985). Figure 10 shows three types of corre
lations between Cc and the liquid limit, initial void ratio, and natural water con
tent. The correlations between Cc and the natural water content appear to be 
more consistent than the others. One of these correlations still in use today is due 
to Terzaghi and Peck (1967): 

C, = 0.009 (LL - 10) (14) 

where LL is the liquid limit in percent. As shown in Fig. 11, Eq. 14 describes the 
measured values of Cc for some, but not all clays. Based on the critical state 
model (see Chapter 7-1), Wroth and Wood (1978) showed that: 

PI 
Cc = G, 200 and C, = C,(l - A) (15) 

1 
i 
I 

, 
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TABLE 1 
Values of compression and swelling indices and Atterberg limit for vairous clay minerals 
and natural soils. 

Undisturbed Remolded Swelling Liquid Plastic Plasticity Type of clays limit limit References C, C, C, (%) (%) 
index (%) 

Boston blue clay 0.32 0.21 0.07 41 20 21 1 
Chicago clay 0.42 0.22 58 21 37 1,2 
Louisiana clay 0.33 0.29 0.05 74 26 48 1,2 
New Orleans clay 0.29 0.26 0.04 79 26 53 1,2 
Fort Union clay 0.26 0.04 89 20 69 1 
Delaware organic silty clay 0.95 84 46 38 1 
Indiana silty clay 
Fore River clay 
Beauharnois clay 
Cincinnati clay 
5t Lawrence clay 
5iburua clay 
CL-clay, soft 
CL-clay, fi rm 
ML-sandy silt 
CH-clay, soh 
CH-clay with silt strata 
Montmorillonite, Na+ 
Montmorillonite, K+ 
Montmorillonite, Ca+2 
Montmorillonite, H+ 
Montmorillonite, Mg+2 
Montmorillonite, Fe+3 

Illite, Na+ 
Illite, K+ 
lI1ite, Ca+2 
Illite, H+ 
Ill ite, Mg+2 
Ill ite, Fe+3 
Kaolinite, Na+ 
Kaolinite, K+ 
Kaolinite, Ca+2 
Kaolinite, H+ 
Kaolinite, Mg+2 
Kaolinite, Ftl t 3 

Attapulgite, Mg+2 
Clay till , 

References 
' Wiolerkorn .nd W'og, 1975 
3 Mitchel~ 1976 
J L,",~ end Whil",.n, 1979 
4K, ufm, n ,00 Sh,rman. 1964 

' MacDooald aoo Sluer. 1970 

0.21 0.12 36 20 16 1 
0.36 0.25 0.09 49 21 28 1 
0.55 0.01 56 22 34 1 
0.17 0.02 30 12 18 1 
0.84 0.04 55 22 33 1 
0.21 0.08 70 26 44 1 
0.34 41 24 17 4 
0.44 50 23 27 4 
0.16 31 25 6 4 
0.84 81 25 56 4 
0.52 71 28 43 4 
2.6 710 54 656 3 
1 660 98 562 3 
2.2 0.51 510 81 429 3 
1.9 0.34 440 55 385 3 
1.9 0.44 410 60 350 3 
1.6 0.03 290 75 215 3 
1 .1 0.15 120 53 67 3 
0.62 0.27 120 60 60 3 
0.86 0.21 100 45 55 3 
0.61 0.10 100 51 49 3 
0.56 0.18 94 46 48 3 

0.15 110 49 61 3 
0.26 53 32 21 3 

0.06 49 29 20 3 
0.21 0.06 38 27 11 3 
0.23 0.05 53 25 28 3 
0.24 0.08 54 31 23 3 
0.24 0.06 59 37 22 3 
0.77 0.24 270 150 120 3 
0.08 24 12 12 5 

where GJ is the soil specific density and A a critical state material constant. For 
GJ = 2.7 and A = 0,8, Eq. 15 becomes 

PI 
Ce = 74 and 

PI 
C, = 370 (16) 

As shown in Fig. 12, there is a general agreement between the measured 
values of Ct and C, and tbose calculated from Eq. 16. The measured values of the 
swelling index C, are generally about 5 times smaller than Cu as predicted by Eq. 
16. As shown in Fig. 13, Lambe and Whitman (1979) suggest that the representa-
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tion of C.:I(l + eo) versus the natural water content reduces the data scatter, 
where eo is the initial void ratio. 

As shown in Fig. 14, the sensitivity SI of clays, which is the ratio between 
their undrained shear strengths in undisturbed and remolded states (see Chapter 
7·1), influences strongly the compressibility index of clays. especially marine clays 
(Leroueil et aI., 1983). An example of the effect of disturbance on the compress· 
ibility of sensitive soils can also be found in Fig. 6. 

RATE OF CONSOUDAnON 

Def inition 

When a load is applied to a specimen of saturated soil in the consolidation 
test, it is initially carried by the porewater, which is much less compressible 
than the assembly of soil particles. The resulting porewater pressure, in excess 
of the hydrostatic water pressure, is termed excess porewater pressure. When 
water drains from the soil pores, the load is gradually shifted from water to 
soil particles. For fully saturated soils, the load transfer is accompanied by a 
volume change equal to the volume of drained water. This process is known 
as consolidation. 

The consolidation process is illustrated with the spring analogy of Fig. 15. 
As shown in Fig. 15a, the assembly of soil grains is modeled with a spring. If the 
weight W is placed on the model with the valve closed, W is carried entirely by 
the water, which is stiffer than the spring. If the valve is opened and the water 
is allowed to escape, the load will eventually be carried entirely by the spring 
(Fig. 15c). The time required to transfer W from water to spring depends on 
how rapidly the water escapes through the valve. In soils, the rate of volume 
change and porewater diffusion is related to the soil permeability. In most sands 
the permeability is so large that the consolidation time is negligible, whereas in 
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(a) (b) (e) 

w 

Figure 15 Spring analogy to soil consolidation. 

clays, tbe permeability is smaU and slows down the rate of consolidation consid
erably. 

Consolidation Theory 

Figure 16 shows a layer of soil which is consolidating. The soil layer of thickness 
H is loaded by two porous boundaries which aUow water to drain. The soil layer 
is infinitely wide so that the soil deformation and flow of water can be assumed 
one-dimensional and in the vertical y direction. 

When the water flows only in the y direction, there is no discharge velocity 
in the x and z directions (te., Vx = v: = 0). If the fl.ow obeys Darcy's law, the dis
charge velocity Vy in the y direction is 

v~ _koh (17) 
y oy 

where k is the permeability coefficient, h = ~ + Y the total head, u the water 
. 1. 

HWWcr 

y + dy .. - - - - - - ",;";17:;;17;".,,.,' (Vy+ dVy}dx x I 

y ........ !'4LLfeL.fLLf~, 'I"'" 1 

" 
: x+dx 

tttttttt cr 
Figure 16 Small element of a soil layer undergoing consolidation. 
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pressure, and rIO' the unit weight of water. For the small element sbown in Fig. 16, 
the incoming and outgoing volume of water during a unit time interval is 

av 
vydx x I , and (vy + ~ dy)dx x 1, respectively. Therefore the volume of water 

V 10' stored or lost by the element per unit of time is 

dV. ( av ) av il'h dt = vy+=jffdy dx x I-vydx x 1 = iff dydx = -k &y2 dxdy (18) 

The water pressure u can be defined as the sum of static pore pressure u, and ex
cess pore pressure Ue (Le., U = u, + ue). The second-order derivative of U1 is equal 

( ' ;Pu, ) 8 to 0 I.e., &y2 = 0 because u, varies linearly with respect to y. Eq, 1 becomes 

(19) 

If the soil behaves elastically, the change in void ratio resulting from the change 
in effective stress do' is 

-1 de = m", dcr' 
+eo 

(20) 

where eo is the initial void ratio and m" the soil compressibility. The change in 
void ratio is related to the initial volume Vo, solid volume V, and void volume V" 
through 

de d (V~ + V,) dV" dV" 
1 + eo = Vo = Vo = dx x dy x 1 

(21) 

where the soil particles are assumed incompressible (Le., dV, = 0). The change in 
the void volume dV" per time dt is 

dV, acr' 
-=m -dxdy dt y at 

(22) 

If h 1 " (" ikJ ikJ' au 0) h " d" " " f f t e tota stress a IS constant I.e., at = at + at = , t e tune envatJve 0 e· 

fective stress is 

(23) 

au 
because u, is time independent (Le., a/ = 0). Equation 22 becomes: 

dVy aUt - =-m -dxdy 
dt " at 

(24) 
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When the soil element remains fully saturated, the volume of voids and intersti
tial water changes at the same rate: 

(25) 

Equations 19,24 and 25 give the consolidation equation: 

(26) 

where Cv is the coefficient of consolidation: 

(27) 

Cv has the dimension of OT-l and its units are generally m2/yr. The assumptions 
of the consolidation theory are summarized as follows: 

• The layer of soil is homogeneous and is laterally confined. 
• The soil is fully saturated. 
• Soil particles and water are incompressible. 
• The flow of water is one-dimensional. 
• Darcy's law describes the flow of water through soiL 
• The permeability coefficient k remains constant. 
• The relationship between e and (1 ' is Linear during a stress increment. 
• The soil's own weight has negligible effects. 

Consolidation of a 5011 Layer under Constant Load 

Equation 26 is a partial differential equation with two variables, time t and posi
tion y. The unknown function is the excess pore water pressure, noted hereafter 
as u(y, t). Equation 26 can be solved for the particular boundary and initial con
ditions of Fig. 17, which represents the consolidation test. As shown in Fig. 17b, 
when the layer is drained at the top and bottom, the boundary conditions are 

u(O,t) = u(H,t) = 0 for t~ ° (28) 

When the initial excess pressure is uniform in the layer at time t = 0, the initial 
conditions are . 

u(y,O) =Uj forO <y < H (29) 

The analytical solution of Eqs. 26 to 29 is 

~ 

() '" 4 . [ Y J _(2n+l)2n
2

T /4 
U Y,t = Ui ~(2n + 1)1t SID (2n + 1)1t He· 

.. 0 

(30) 

Ct 
where T~ == ;. is the dimensionless time factor, and d == HI2 is the drainage dis-

tance. Equation 30 applies when the water drains at both top and bottom surfaces 
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(a) Single drainage 

(b) Double drainage 

.. :Drainage ::::: : Soil " 
" direction """" _ _ Iayu " 

Figure 17 Definition of (a) single- and (b) double-drainage con
solidation problems. 
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(double drainage, Fig. 17a). When the water drains at only one surface (single 
drainage, Fig. 17b). Eq. 30 can also be applied by using d = H. In the standard 
consolidation test, the sample is between two porous disks (i.e., d = Hl2). 

When the change in total stress Il.a applied to the layer is kept constant, 
the change in effective stress L1cr'(y, t) and excess pore pressure u(y, t) in the layer 
are related through 

"" = u, = 60'(Y.I) + u(y.l) (31) 

At the beginning of consolidation, Il.a' (y, t) = 0 and u(y, t) = U j . At the end of 
consolidation, Il.a' (y, t) = Il.a and u(y, t) = O. The progress of consolidation at po
sition y and time I is then characterized by introducing the degree Uy of consoli
dation 

U _ U j - 1I(y, t ) _ "6,,a~' (LY'-' I,,) 
y - II; - Il.a (32) 

where Uy = 0 at the beginning of consolidation and Uy = 1, at the end of consol
idation. The settlement of a small element of thickness dy is ds, after consolida
tion, and ds(t) at time t during consolidation 

as,= m,6ady and as(l) = m,6a' (y, I) dy = m, 6a U, dy (33) 

Using Eq. 33, the total settlement of the layer of thickness H after and during 
consolidation are 

H 

s, = fds, =m~Hll.a 
o 

H H 

and s(t)= Jds(t)=~ JUydY= S,U (34) 

o 0 
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15 

where U is the average degree of consolidation of the entire layer, 

Using Eq. 30, Eq. 35 becomes: 

(35) 

(36) 

Figure 18 shows the variation of U with Tv which is given by Eq. 36. U varies 
from ,0 at the beginning of consolidation (Tv = 0) and tends toward 1 at the end 
of consolidation (Tv -+ oc). Eq. 36 can be approximated as follows: 

for Tv < 0.2827 
U(T,) ~ (37) 

for Tv ::: 0.2827 

or inversely, 

{ Tl (U)=~4lJ2 forU<O.6 
T,(U) ~ 

T, (U) ~ -0.085 - 0.933 log (1 - U) for U'? 0.6 
(38) 

'Several methods for determining the coefficient of consolidation from experimen
tal results are based on Eqs. 34 to 38. These methods are described later in this 
chapter. 
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Equation 26 describes the time-dependent deformation of soils that results from 
the diffusion of water. However, this phenomenon, hereafter referred to as the 
primary consolidation or primary compression, is not the only phenomenon tak
ing place during the consolidation test; it is accompanied by initial and secondary 
compressions. Figure 19 introduces these different compressions by using a typical 
variation of dial reading with time during consolidation test. The dial reading in
dicates the settlement of the soil sample. 

As shown in Fig. 19, the dial reading do at the beginning of primary consol
idation (I.e., U = 0%) is different from the dial reading de at r = 0, due to the in· 
itial compression, which takes place before the primary consolidation, almost 
instantaneously with the load application. The initial compression corresponds to 
an abrupt settlement unexplained by the primary consolidation, and is due partly 
to the compression of small pockets of gas within the pore spaces, and partly to 
the elastic compression of soil grains. 

As shown in Fig. 19, the secondary compression, also referred to as creep, 
continues after the primary consolidation is completed and the excess pore pres
sure is dissipated. The" final dial reading d, is larger than d100 corresponding to U 
= 100%. The secondary compression is caused by the particle movements and re
adjustments without a change in effective stress. For most soils, it also takes place 
during primary compression to a negligible extent, and becomes only noticeable 
near the completion of the primary compression. The secondary compression 
phenomenon will be covered in more detail later. 

The relative magnitude of initial, primary and secondary phases is expressed 
in terms of the initial compression ratio rhprimary compression ratio rp ' and sec
ondary compression ratio r,: 

_ d1oo- d[ 
r,_ d d 

, f 
and 

... 
Initial 

-
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- H 
H • 

f 
a 

0 

. 

""""'" 
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Figure 19 Initial, primary, and secondary compressions during the 
consolidation test. 

(39) 
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TABLE 2 

Chap. 6-1 I Principles of Consolidation 

where d, is the initial dial reading, df the final dial reading, do the dial reading at 
the beginning of primary consolidation, and d100 the dial reading at the end of 
primary consolidation. The compression ratios ' i, 'p . and '$ are the proportions of 
initial (i.e., de - do) , primary (i.e., do - dlOO), and secondary (i.e., d ux) - dj } com
pressions to the total compression (i.e., d, - df ). r,', 'p o and '5 are dimensionless, 
and 'i + 'p + 's = 1. For most inorganic clays, the primary compression ratio 'p is 
larger than ' j and ' 3' Several methods for determining the compression ratios are 
described later in this chapter. ' 

lYplcal Values and Correlations for Consolidation 
Coefficients 

Table 2 lists the values of consolidation coefficients CII for various soils and indi
cates their range of variation. The smallest value for CII is equal to 0.1 m2/yr in 
the case of sensitive Swedish clay, whereas the largest value is about 30,000 m2/yr 
which implies a very rapid rate of consolidation. Sands and gravels may have 
even larger consolidation coefficients due to their large permeability coefficient. 
Figure 20 shows the approximate relation between the coefficient of consolidation 
with the liquid limit in cases of undisturbed and remolded samples of fine-grained 
soils. 

Values of consolidation coeff icient for various soils. 

Type of soil 

Mexico City clay (M H) 
Boston blue clay 

(C l , marine deposit glacial clay, illite) 
Organic silt (OH) 
Glacial lake clays (Cl ) 
Chicago silty clay (CL) 
Swedish medium-sensitive clays (C l -CH) 
San Francisco Bay mud (C l ) 
Ma ine clay (silty, glacial clay, partially illite) 
Normally consolidated stuarine silty clay 
Stiff red clay 
Sandy clay 
Silt 
l ondon clay 
Shell haven postglacial clay 
Tilbury postglacial clay 
Calcareous silt (normally consolidated) 
Carbonate silt 
Marine clay 
Bou lder clay 
Bou lder clay and residual clay 

ALTERNATE CONSOLIDATION tESTS 

Coefficient of 
consolidation 

(m2/yr) 

0.9-1 .5 
.;->8 

0.6--3 .0 
2.0--2.7 

2.70 
0.1--0.2 
0.6-1.2 
6.3-13 

3.17-32 
3.17 

32-317 
317-31710 
1.90--6.34 
1.27-3.81 
2.85-3.49 

1015 
222 

634--6342 
63--634 

3.17--630 

Coefficient of 
consolidation 
(10- 4 cm2/ s) 

0.28-0.47 
1.89-5.68 

0.19--0.95 
0.6:Hl.85 

0.85 
0.03-0.06 
0.19--0.38 
1.99-3.97 

1- 10 
1 

10-100 
100-10000 
0.6-2.0 
0.4-1.2 
0.9-1 .1 

320 
70 

200-2000 
20-200 

1-20 

References 

Leonards and Girau lt (1961) 
ladd and Luscher (1965) 

lowe et a!. (1964) 
Wallace and Otto (1964) 
Terzaghi and Peck (1967) 
Holtz and Broms (1972) 

Lee et al. (1983) 

Skempton and Henkel (1957) 
Skempton and Henkel (1953) 

Poulos (1980) 

Bishop and Henkel (1962) 

One of the major disadvantages of the consolidation test is the length of time re
quired for completion. A typical test can take up to two weeks (see Chapter 6-2). 
To reduce the testing period, several alternate methods have been proposed. 



Alternate Consolidation Tests 

100,--,---------, 
Re molding (lower bound) 

Remolding (upper bound) 

Virgin 
compression 

0.1 h ___ ____ _ _ ~ 

20 60 100 140 

Liquid limit (%) 

Figure 20 Approximate correlation of the coefficient of consolida
tion with liquid limit (after NAVFAC, 1982) . 
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The principles of the alternate consolidation test can be explained by using the 
experimental setup of Fig. 21. The soil sample in the consolidation cell is sub
jected to the total stress G which is applied by the piston moving at a control rate 
of either displacement or load. The water is allowed to drain through the upper 
face of the sample, and is kept at the back pressure Us. On the lower side of the 
sample, there is no drainage and a pore pressure transducer records the pore 
pressure UA' The settlement llh of the sample is recorded by a displacement 
transducer. 

Using Figs. 21 and 22, the various consolidation methods can be summarized 
as follows: 

(a) Conventional incremental loading: the total stress (} is kept constant during 
each loading segment. 

(b) Constant rate of strain (eRS): the vertical deformation llil is applied at a 
constant rate. 

(c:) Constant rate of loading: the applied total stress (} is increased at a constant 
rate. 

(d) Constant pore pressure gradient: the difference in pore pressure UA - Us be
tween the upper and lower faces of the sample is kept constant. 

(e) Constant ratio of pore pressure to load: the loading is applied such that the 
pore pressure "A is always a fixed proportion of the totaJ stress G. 

(t') Consolidation with back pressure control: the back pressure Us is initially 
equal to the pore pressure "A in the sample and is steadily reduced to a 
constant final value. 

We will only briefly summarize the constant rate of strain consolidation, which is 
covered by ASTM 4186. The description of other procedures can be found in 
Head (1986) and Lowe et al. (1969). 

Constant Rate 0' Strain Consolidation 

During the constant rate of strain (CRS) consolidatiofl tests, the vertical defonna
tion llh is applied at a constant rate, and the pore pressure UA and total stress (} 
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Figura 21 Experimental setup for alternate consolidation test (after 
Head, 1986) . 
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Figure 22 Representation of loading patterns for consolidation 
tests; (a) conventional incremental loading, (b) constant rate of 
strain, (e) constant rate of loading, (d) constant pore pressure gra
dient, (e) constant pore pressure ratio, and (f) back pressure control. 
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are measured at specified time intervals. The back pressure UB is set equal to zero. 
The spatial distribution of pore pressure within the layer of thickness h is as
sumed to be parabolic, that is 

(40) 

and obeys the following boundary conditions 

u(O, t) = UA (t), u(h, t) = Us = 0, and :~ (0, t) = 0 (41) 

The layer thickness is ho at time t = 0, and decreases at the constant rate r spec
ified during the test. The average pore pressure excess in the layer is 

1 J' 2 u(t)=ji 0 U(I, l)dl=3 uA (t) (42) 

The rate of change in volume of water is 

dVw k (12u 
-=--A= 
dt 'Ywal2 

(43) . 

where A is the surface area of the soil sample. The average effective stress in the 
layer is: 

(f /(1) = a(t) - .u (I) = (J (t) - ~ /I A (I) (44) 

The rate of change in volume of solid is 

dVy = -m ao"A=_m (da_~dUA)A=_rA 
dt y at ~ dt 3 dt 

(45) 

Therefore the consolidation coefficient is: 

k 1 (da 2 dUA) h' 
Cv(t) = 'Yw m v = 2: dt - 3: Tt uA(I) (46) 

Replacing the time derivative by small increment, Eq. 46 becomes 

/,' ( 2 ) Cy ~ 2u
A

lit lia - 3: liUA (47) 

where fit is the time interval between two measurements, Ii the average height 
during St, uA the average excess pore pressure during fit, &a the change in applied 
total stress during fit, and &lA the change in excess pore pressure during fit. The 
average coefficient of consolidation in a time interval can also be calculated as 
follows (ASTM 4186) 
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(48) 

where 0"1 is the total stress at time II, 0"2 the total stress at time 12 = (\ + ~t, Ii the 
average beight during at, and a the average total stress during &. The average ef· 
fective stress cr' in the layer during & is 

_ _ 2_ 
0'= 0- 3 UA 

and the corresponding void ratio e is 

where eo is the initial void ratio and ho the initial sample height. 

(49) 

(50) 

Like the conventional consolidation test, the CRS consolidation test gives 
the variation of effective stress and coefficient of consolidation with void ratio. 
However, the CRS consolidation does not last as long as the conventional test be
cause it does not wait for the complete dissipation of pore pressure. The duration 
of the test is controlled by the strain rate. ASTM 4186 recommends to select a 
strain rate so that the excess pore pressure remains between 3 and 30% of the ap
plied stress at any time during the test. One of the disadvantages of the CRS con
solidation test is to require the measurement of pore pressure and force. 

Figure 23 shows the results of a CRS consolidation test at constant strain 
rates of 0.024 and 0.06% per min on Masena clay (Smith and Wahls, 1969). The 
CRS consolidation results are in good agreement with those of conventional tests, 
especially at lower strain rate. 
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Figure 23 Results of constant rate of strain consolidation tests at 
0.024 and 0.06% per min on Masena clay and comparison with 
standard tests (after Smith and Wahls, 1969). 
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SECONDARY COMPRESSION 

As mentioned previously, the settlement of fine-grained soils in the consolidation 
test is caused not only by primary consolidation but also by secondary compres
sion. In contrast to primary consolidation, secondary compression takes place at 
constant effective stress and without a diffusion of excess pore pressure. 

Theory 

[n general, while the excess pore pressure is still dissipating, both primary and 
secondary compressions take place simultaneously, which complicates interpreta
tion of the consolidation test results. Hereafter, secondary compression is as
sumed to be negligible during primary compression, and is identified after 
primary consolidation is completed. 

Secondary compression is reported by using expressions similar to those used 
for primary compression. The change in void ratio tt.e, resulting from secondary com
pression from time c, to time tis described as follows (Mesri and Godlewski, 1977): 

(51) 

where Ca is the secondary compression index. The secondary compression axial 
strain E, corresponding to l1e, is 

(52) 

where C(lE is the modified secondary compression index, which is related to Ca 
using Eq. 4: 

c. c =-
~ 1 +e, (53) 

e, is the void at the beginning ot the secondary compression. e, may also be set 
equal to eo without introducing substantial errors. Using Eq. 41, the secondary 
compression settlement is 

s, = h, CU. IOglO(t) 

where h,lis the sample height al the beginning of secondary compression. 

lYplcal Values and Correlations for Coefficient 
of Secondary Compression 

(54) 

Table 3 lists values of the ratio between the coefficient Caof secondary compres
sion and the compression index Ce. Values of Ca may be obtained by using the 
values of C, listed in Table 1. As shown in Table 3, the ratio CalC, is almost con
stant for a given soil, and varies from 0.025 to 0.1 for all soils. 

As shown in Fig. 24, C .. has been correlated to the natural water content 
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for a wide variety of clays. Based on Fig. 24, the following relation was suggested 
for normally consolidated clays 

Cae = 0.0001 Wn 

where WI! is the natural water content in percent. 

~ 

·~8§ 
~ 0.1 

f 
'3 ODl • . " E 
~ 

Orol ~ ____________ ~ ____ ~ 

10 100 1000 10000 

NatUI8l water conlen! (%) 

Figure 24 Variation of coefficient of secondary compression Cal! 
with natural water content (Mesri, 1973). 

TABLE 3 

Values of secondary consolidation coefficient 
for various soils {after Mesri and Godlewski, 1977}. 

Type of soil 

Whangamarino clay 
Norfolk organic silts 
Calcareous organic silt 
Amorphous and fibrous peat 
Canadian Muskeg 
Leda clay (Canada) 
Peat 
Post glacial organic clay 
Soft blue clay 
Organic clays and sills 
Sensitive clay, Portland 
San Francisco Bay Mud 
New liskeard varved clav (Canada) 
Mexico City day 
~udson River silt 
New Haven organic day silt 

0.03-0.04 
0.03 

0.035-{).06 
0.035-0.083 

0.09-0.10 
0.03-0.06 

0.075-0.085 
0.05-0.07 

0.026 
0.04--0.06 

0.025-0.055 
0.04-0.06 
M3-M6 
0.03-0.035 
0.03-0.06 
0.04--0.075 

(55) 

DETERMINATION OF CONSOUDATION COEFFICIENTS 

As derived in Eq. 34, during primary consolidation, the settlement s(t) of soil 
samples at time I is 

and (56) 
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where sf is the final settlement, C~ the coefficient of consolidation, dm the average 
drainage distance, T" the dimensionless time factor, and U(T,, } the function of T" 
given in Eqs. 36 to 38. During the consoljdation test, the settlement s(r) is contin
uously monitored by the displacement dial reading d(t}. In this case, Eq. 56 be
comes 

S(I) ~ d(l) - do ~ sf U(T.) ~ (d, ,,, - do) U(T.) (57) 

where do is the dial reading at the beginning of consolidation (U = O%), and d100 
is the dial reading after completion of consolidation (U = 100%). The dial read
ing d(r) at time r is therefore 

(58) 

The average drainage distance dm = 1112 for samples between two porous disks 
(double drainage), and dm = h for single drainage wbere h is the average sample 
height during consolidation. In the case of double drainage, the average drainage 
distance dm is 

(59) 

where ho is the initial sample height corresponding to dial reading d j • dm also cor
responds to U = 50%. 

The coefficient of consolidation C" is determined by matching Eq. 58 with 
tbe data points that are relevant only to the primary consolidation. Four methods 
for determining C" are presented, including two traditional procedures-the log
time and square-root-time methods-and two other methods based on regression 
analysis. 

Log-11me Method 

In the log-time method, the theoretical curve U(T,,) is plotted by using a logarith
mic scale for Tv. as shown in Fig. 25, and is matched with the experimental data 
points of primary consolidation by determining C", do, and dJ(X! ' As shown in Fig. 
26, do is determined by selecting two experimental data points A and B that are 
both on the theoretical curve T" = Tl(U) for U < 0.6: 

(60) 

where dA. is the dial reading time at point A , lA the time at point A, T~ the time 
factor at point A, and VA the degree of consolidation at point A. Similar defini
tions apply for points B. By using Eq. 60, do is 

(61) 

It is a common practice to choose 1,4 :I::l 1 min and tB :I::l 4 1,4 so that Eq. 61 be
comes do = 2d,4 - dB' 

d100 is calculated by determining the end of primary consolidation (i.e., U = , 
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Figure 26 Theoretical relation U(Tv ) ploned with a logarithmic scale 
for Tv. 
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Figure 26 Determination of Cv with-log -time method. 

100%). As shown in Fig. 25, the theoretical curve has a point of inflection 1 at 
U ~ 75%. At point I, the curve has a different curvature and the steepest slope. 
As shown in Fig. 26, the intersection point J of the tangent point I with the back
ward extension of the secondary compression line defines the point where U = 
100%. The middle dso of segment do d lOO is 

(62) 

and corresponds to U = 50% and time tso, which is thus obtained from the exper
imental curve. By using Eq. 17 with U = 50%, T~ = 0.197 and Cv is 

d' 
C~ = 0.197....!!! 

'" 
(63) 
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Fig ure 27 Determination of Cv with log-time method. 

Example of e lf Determination with Log·nme Method 

323 

Figure 27 to 30 show the experimental and fitted results, the calculation details, 
and the fannulas used for the consolidation test. The straight lines C and D of 
Fig. 27 are tangent to tbe experimental curve on each side of the inflection point. 
They are determined by using a linear regression through selected data points 
and give the intersection point (tlOo, dlOO ), which corresponds to V = 100%. The 
time !so corresponding to dso is calculated by using the user-defined function IN· 
TER, which performs a linear interpolation on the points (lOglOli. dj ) (see Chap
ter 8-1). The fitted data points are determined by using Eq. 58. U(Tv) is 
implemented in the user-defined function V of Fig. 30. As shown in Fig. 27. there 
is a very good agreement between the experimental and fitted points, which im
plies that Cv is defined correctly. 

Squa~oot·nme Method 

The function U(Tv) is plotted in Fig. 31 versus the square root of Tv' The square
root-time method determines do, d1oo• and Cv so that the theoretical curve of fig. 
31 falls as closely as possible to the experimental data points relevant to the pri· 
mary consolidation. The dial reading is ploUed against the square root of time as 
shown in Fig. 32. do is given by the intercept D of line D 8 passing through the 
straight part of the experimental curve. 

The next step is to find 190 and dfJO corresponding to V = 90%. Using Eq. 38 
for U = Vs, we obtain 

(64) 

When V, = 0.9, Eq. 64 becomes 

<>(0.9) ~ 1.1545 (65) 
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0.0635 0.0639 Dial reading at l ime I e. dB = 0 .0782 em 

0.0762 0.0763 Dial reading al beginning of primary consolidation do = 0 .0340 em , 

0.0912 0.0928 Init ial height ho = 1.905 em 

0. 1067 0. 1084 Initial dial reading dr = o em 
0.1173 0. 11 89 Time at 100% of primary consolidation 1100 = 34.79 min 
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Initial compntSSion ratio rl = 27.3% 

Primary compression ratio rp = 70.1 % 

Secondary compression ratio r. '" 2.6% 

Figure 28 Example of data set for determination of Cv w ith log
t ime method. 
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Figure 29 Formulas used in Fig. 28. 
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.IF(T>O.2827 .RETUAN(1-8IPIO"2IEXP(PI(Y'2"T/<4»,RETURN(SQRT(4'TfPIO))) 

Figure 30 User-defined function U used in Fig. 29 . 

.fr. 
0 0> I.S 

0 

02 

0.' 

~ 

0.' 

n. 

Figure 31 Theoretical relation U( Tv ) plotted versus the square root 
of T". 

The time t90 corresponding to U = 90% is found by drawing the straight line DC, 
the slope of which is 1/1.1545 times the slope of line DB. The straight line DC cuts 
the experimental consolidation curve at point E, which corresponds to U = 90% 

and has for coordinates d90 and .[i;o. Using Eqs. 37 and 51, C~ and d lOO are 

ell = 0.848 tf2 and 

'''' 
Generalized Square-Root-nme Method 

(66) 

The square-root method can be generalized to values of V, between 0.6 and 1. 
The slope of line DC is now Ua(U,) times the slope of line DB. This generalized 
square-root method is implemented in the user-defined function CONSO. The 
first step is to select m data points and to fit them by linear regression with line 
DB, 

(67) 

where do is the intercept and ~ is the slope. The second step is to find the inter
section beween the data points and line DC: 

(68) 

, 

I 
I 

1 
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Figure 32 Determination of Cv with square-root-time method . 

The n data points (di , fi) fonn jointed segments, each having the equation 

The segment connecting points i and i + 1 is intersected by line DC when 

The coordinates of the intersection point are 

Th~refore, the consolidation coefficient Cv and d lOo are 

User-Deflned Function CONSO 

(69) 

(70) 

(71) 

(72) 

Figure 33 lists the user-defined function CONSO for the generalized square-root
time method . CONSO determines the following quantities: Is is the time at 
U = U~ , ds the dial reading at U = Us, do the dial reading at U = 0%, d lOo the dial 
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Figure 33 User-defined function CONSO for determination of con 
solidation coefficient and compression ratios. 

reading at U = 100%, d", the average drainage length, C" the consolidation coef
ficient, r, the initial compression ratio, rp the primary compression ratio, and rs the 
secondary compression ratio. The input data are: (ti' j = 1, ... , n) is the time se
ries, (db j = 1 •... , n) the dial reading series, ho the sample height at dial reading 
di• tb the starting time for fitting line DB, It the ending time for fitting line DB, 
and V, the fitting degree of consolidation (0.6 < Vs < 1). All input data with the 
same dimension should have the same unit. The time series should be increasing 
and starting at 1\ = O. Times Ib and I~ select lhe data points for fining line DB. In 
general,lb is selected equal to 1 min to eliminate initial compression. (~ is selected 
large enough to have at least three data points between Ib and teo 
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Example of e" Determination with Square-Root-Time 
Methods 

Figures 34 and 36 show the experimental results of Fig. 27 which are fitted by us
ing the square-root-time method for VI = 90% and 99%. Figures 35 to 38 com
pare the experimental and fitted curves, and list the formulas used in the 
calculation. The calculations are performed by the user-defined function CONSO. 
Times tb and 't select the data points for fitting line DB. Both square-raot-time 
methods give similar results for C", 'i, 'P' and ,~. These values are also close to 
those found by the log-time method. The generalized method (Vs = 99%) fits the 
data points slightly better than the conventional method (Us = 90%) . 

Nonlinear Optimization with Constraints 

Nonlinear optimization with constraints (see Chapter 8-1) can be applied to opti
mize the following three variables: do. d lOO, and C: = C"ld~ with the following 
constraints: 

(73) 

where d t is the first dial reading, and d" is the last dial reading. The function to 
minimize is the error E between the experimental dial reading dj and fitted dial 
reading d; = do + (dloo - do) V(C~ti) at time (j: 

E= L, (d;-di)' (74) 
j; I 

C D E F 
uaro root-tlmo mothod 

Elapsed 
Displacement ,. Fitted 

dial gage displacement 
(min) 

(em) 
(v'min) 

loml 

• d 
0.0 0.0000 0.0 0.0336 Initial heiQht h,,:;:: 1.905 em 
0.3 0.0445 0.5 0.0442 Starling time for fitting, t. = 0.3 min 
0.5 0.0463 0.7 0.0486 Ending time for fitting, t. = 4.0 min 
1.0 0.0551 1.0 0.0549 D~ree of consolidation 01 method U. = .9% 
2.0 0.0635 I.' 0.0637 TIme corresponding to U" t. = 36.86 min 
' .0 0.0762 2.0 0.0761 Dial reading corresponding to U" Ii, = 0.1185 em 
8.0 0.0912 2.8 0.0926 Dial reading at beginning of primary consolidation d., = 0.0336 em 
15.0 0. 1067 3 .• 0.1077 Dial reading at 100% of primary consolidation d,oo :C 0.1 193 cm 
30.0 0.1173 5.5 0.1174 Average drainage distance dOl = 0.9143 em 
80.0 0.1217 7.7 0.1193 Coefficient of consolidation c.. '" 0.0404 cm>/mln 
120.0 0.1232 11.0 0.1193 Initial compression ratio r, = 27.0% 
240.0 0.1245 15.5 0.1193 Primary compression ratio r. :I: ".9% 
400.0 0.1245 21.9 0.1193 S&condary compression ratio r. = 4.1% 
1440.0 0.1245 37.9 0.1193 

ini tial slope _ 0.021 0.00 0.0336 
10.00 0.2463 

modified slope = 0.014 0.00 0.0336 
10.00 0.1734 

intersection point 0.00 0.1185 
6.07 0.1165 

Figure 34 Data set for square-mot-time method (Us = 90%). 
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Figure 36 Experimental and fitted data points for the square-root
time method (U. = 90%). 

E F G 
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Inltlal height ho " 1.905 em -+ 7 Starting ijme for tlttlng. t., .. 0.3 min 

Ending time IOf lilting, t ... 4.0 min 

ft Degree 01 consolidation 01 method u ... '''' 
~ TIme corresponding to U .. to .. 36.86 min 

r.!. Dlel readng corresponding to u .. do .. O.'1a5cm 

~ 8l reading al btoglnnlng 01 primary consolidation d~ .. 0.0336 em 

r!!- OIal reading al 100% 01 primary consolidation duX! .. 0.1193 em 

~ Average drainage distance drn .. 0.9143 em 

~ Coef1lcient 01 consolidation C. .. 0.0404 cml'mln 

~ Initial compfesalon ratio II" 27.0% 

~ 
PJmery compreaslon ratio Ip" 68.9% 

Secondafy COO1p,euion ratio r . .. 4.1% 

Figure 36 Data set for determination of consolidation coefficient and com
pression ratios with the generalized square-reot- time method (U. = 99%) . 
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Figure 37 Experimental and fined data points for the generalized 
square· root- time method (U. = 99%). 
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+ 2-

" I ("min) Filled displacement (em) 

..;. =SORT(I) _dO+(<t-10G-dO)'U(Cv'VdI1'l"2) 

5 =SORT(I) "dO+(d 100-dO)'U(Cv'UdI1'l"2) 

E 
TIme corresponding 10 U., to .... Conso(l ,d,hO,tb,le,Us) min 

Dial reading oorresponding 10 U., d.," =Conso(l,d,hO,lb ,te,Us) cm 

Dial reading at beginning of primary consolidation do = .. Conso(l,d,hO,tb,le,Us) cm 

Dial reading at 100% of primary consolidation d'00 '" =Conso(l,d,hO,tb,te,Us) cm 

Average drainage distance dm'" _Conso(l,d,hO,lb,te,Us) em 

Coefficient 01 consolidation Cv "" ::Conso(t,d,hO,lb,te,Us) em2/mln 

Initial compression ratio r, = =Conso(l,d,hO,lb,te,Us) 

Primary oompresslon ratio rp" .Conso(l ,d,hO,tb ,te,Us) 

Secondary oompresslon ratio r. = =Conso{l,d,hO,tb,te,Us) 

Figure 38 Formulas used in Figs. 34 and 36. 

Once the optimal values of do, d1oo• and c: are found, dm is given by Eq. 59, and 
C~ = C:d~, Equation 73 applies when the dial readings increase with time, and 
for a decreasing series becomes 

(75) 

Figures 39 and 40 show the same data set as that used for the square·root· 
time and log·time methods, and Fig. 41 lists the fonnulas used in Fig. 39. In 
Excel, the nonlinear optimization with constraints is performed by using 
SOLVER (see Chapter 8·1). Note that the first point is omitted in calculating 
E in order to remove the initial compression. At the beginning of the calcula· 
tions, 4, do. and dlOO were set equal to 0.01. d" and dl'1' As shown in Fig. 39, 
SOLVER generally produces results that are more accurate than the log·time 
and square·rooHime methods. In most cases the optimization converges with· 
out a problem when the variables 4. do. and dlOO are properly constrained 
and initialized. 

Comparison of Methods 

As shown in Table 4, all methods for determining C" work well and give similar 
results. Compared to the log-time method, the square·rooHime method can de· 
teet the beginning and end of primary compression during the consolidation test. 
It can also be used to start the next loading step automatically as soon as the pri· 
mary consolidation is almost completed. 
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Figure 39 Experimental data points and fitting for nonlinear opti
mization with constraints. 

B E 
$olver method onl rima con.olld_llon) 

n~ 
ulsplacemen "'" 

(min) 
I dial gage dlaplacemen 

'''''I I (em) , d d' lial reading al beginning 01 primary oonsolldation do • 0.0350 em 

0.0 0.0000 0.0350 Dial reading 81100% 01 primary consolidallon dUlO. 0. 1234 em 

F 

~ 
0.3 0.0445 0.0449 Coofficient c/~ ... 0.0400 l /min 

~ 0.' 0.0483 0.0491 Error E. . 0.0012 cm2 

.1.. 1.0 0.0561 0.0549 In"lal height ho • 1.905 om 

+ 2.0 0.0635 0.0632 Coefficient 01 consolidation C •• 0.0333 cm2/min 

+ ' .0 0.0782 0.0748 Average drainage distance d ... 0.9129 em 

~ 8.0 0.0912 0.0908 Initial compression ratio f l _ 28.1% 
T,- 15.0 O. I~7 0.1070 Primary compression ratio fp • 71.0% -;;- 30.0 0. 1173 0.1196 Secondary compression ratio r •• 0.9% 

~ 60.0 0. 12 17 0.1232 
f." 120.0 0.1232 0.1234 -;; 240.0 0.1245 0.1234 

* 
480.0 0. 1245 0 .1234 
1440.0 0.1245 0.1234 

Figure 40 Data set and results of nonlinear optimization with con 
straints. 

TABLE 4 
Comparison of results obtained bV log-time, square-root- time (U.=90% and 99%), 
and SOLVER methods 

Method 

Dial reading at beginning of primary consolidation (cm) ~ 
Dial reading at 100% of primary consolidation (cm) ~oo 
Coefficient of consolidation (cm2/min) Cv 
Initial compression ratio rl (%) 
Primary compression ratio rp (%) 
Secondary compression ratio '. (%) 

Log 

0.0340 
0.1212 
0.038 

27.3 
70.1 

2.6 

U.=90% U.=99% 

0.0336 0.0336 
0.11 59 0.1193 
0.044 0.040 

27.0 27.0 
66.1 68.9 

6.9 4.1 

SOLVER 

0.0350 
0.1234 
0.033 

28.1 
71.0 

0.9 
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Fitted displacement (em) 

+ 3 d' 

• ::dO+(d_ ' OO-dO)"U(Cv"tJdm"2) ,. 
_dO+(d_100-dO)"U(Cv"tJdf1Vl2) 

D E 

~ Error E _ ",SUMPAODUCT(d-dP,d-dp) 

..L IniUal height ho:: 1.905 

+ Coefficient 01 consolidation Cy '" ::ES"dITl"2 , A\lerage drainage distance dm = .. (hO+B4-(dO+d_100)l2)12 

W Initial compression ratio rl = =(B4-dO)l(B4-B17) 

"ii" Primary compression ratio rp = =(dO-d_100)/(B4-B17j 

"ii" Seoondary compression ratio r. '" .. 1-ri-rp 

Figure 41 Formulas used in Fig. 40. 

Determination of Coefficient of Secondary 
Compression 

F 

om' 
om 
cm2/mln 

om 

Figures 42 and 43 show an example of consolidation test results obtained on a 
silt. Figure 44 lists the fo rmulas used in Fig. 43. SOLVER is first used to define 
the primary compression parameters C~, do, and dtoo . The first and last five data 
points are excluded from the SOLVER optimization, because they are attributed 
to the initial and secondary compressions. Using Eq. 54, the dial reading during 
the secondary compression is written as 

e 
'" ~ • ~ 
] 
~ • ! 

! 
is 

1 
d = d, + h,Ca~ log 10 - = A log 10(1) + B 

I, 

0.631 

0.63 

• Experiment 
• - - - - - - Primary 
--Primary and secondary 

0.629 
0.1 10 

Time (min) 

100 

Figure 42 Experimental data and fittings for primary compression 
alone, and primary with secondary compressions. 

(76) 



w 
~ 

Time (min) dial gage displacement ,,,,,",,,,~ 

(~) (~) (~) 

Prim.ry eompression 

Dial reading al beginning of prirmuy consolidation do" 0.6309 em 

O. to O.6$(J7 0.6308 0.6308 Dial reading all00% 01 primary consolidation d100 .. 0.6299 em 

0.25 0.6307 0.6307 0.6307 CootticIent C' y'" CJrP m .. 0.2164 lImin 
0.57 0.6306 0.6305 0.6305 Error E .. 0.8579 

1.00 0.6304 0.6304 0.6304 Initial compression ration 'I . 14.5% 

1.57 0.6302 0 .6303 0.6303 Primary compression ratio fp "' 51.0% 

2.25 0.6301 0.6302 0.6302 Seoondafy compression ratio r. _ 34.5% 

3.07 0.6300 0.6301 0.6301 Initial height ho " 1.899 em 

4.00 0.6300 0.6300 0.6300 Dial reading at sample height ~, dl .. 0.635 em 
6.25 0.6299 0.6299 0.6299 Average clrainage distance dm .. 0.9518 em 

9.00 0.6299 0.6299 0.6299 Coefficient of consolidation C. .. 0.1961 cm 2/min 

12.25 0.6299 0 .6299 0.6299 Secondary compression 
16.00 0.6299 0.6299 0.6299 Slope s = -0.0012 
25.00 0.6299 0.6299 0.6299 Intercept I .. 0.6316 

36.00 0.6298 0.6299 0.6298 Sample heighl al beginning of secondary compression '" .. 1.9041 em 

49.00 0.6297 0.6299 0.6296 Starting lime for secondary compression to '" 27.73 min 

64.00 0.6294 0.6299 0.6295 Modified secondary compression index C .. '" 0.063% 

Figure 4J Example of consolidation data set for determination of Ca.:. 
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E 
Error E .. .. SUMPAOoUCT(d-dp,d-dp)'1000000 

Inlllal compression ration rl " .. (BS-dO)l(BS-B22) 

Primary comprasslon ratio rp" z (dO-<L l00)l(B5-B22) 

Secondary compression ratio r. _ .. l-ri-rp 

Initial height ho _ , .899 om 
Dial raadlng at samp~ height 110. dl .. 0.635 om 

Average dralnaga distance dm _ .. (hO+tlI-(dO+(UOO)/2)12 om 
Coefficient 01 consolidation C. __ Cvp'dm"2 cm

2
/mln 

Secondlry .comprel.lon 
Slope s _ .. SLOPE(B18:B22,LoG(A18:A22)) 

Intercept I _ _ INTERCEPT(BI8:B22,LOG(AI8:A22)) 

Sample height at beginning 01 seoondary compression h o- _hO+dl_d_l00 om 
Starting time lor 8econdary comprassion t. _ - lCJ1'((d_1OQ-I)Js) min 

Modified eecondalY compression Index C"," _ .. ABS(s/ha) 

C 0 

Fitted displacement (cm) Primary and secondary (cm) 

..;. 
4 d' 

~ 
_dO+(d_l00-dO)"U(Cv't/dm"2) zIF(t>t8,dp-ha 'Caa'LOG(tlta),dp) 

_dO+(d_l00-dO)'U(Cv'tldm"2) .. IF(t>ta,dp-ha'Caa'LOG(tlta),dp) 

Figure 44. Formulas used in Fig . 43. 

where ds is the dial reading at time 1s when the secondary compression starts, and 
the coefficients A and Bare 

(77) 

In the formulas of Fig. 44, the secondary compression is assumed negligible when 
t < tr The slope A and intercept B were calculated by linear regression. The dial 
reading at the beginning of secondary compression was set equal to d100 and the 
time ts was calculated as follows: 

(78) 

As shown in Fig. 42, there is a good agreement between the experimental and fit· 
ted data points. 
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REVIEW QUE$TlONS 

1. Which soil properties are measured during a consolidation test? 
2. To what kinds of soils is the consolidation test applicable? 
3. Which strain and stress components vary during a consolidation test? 
4. What is the relation between volumetric strain and void ratio? Derive this 

re lation. 
S. Which is the most common system of coordinates to report the compressi-

bility of soils? 
6. Define coefficient of compressibility (m~). 
7. Why does m~ depend o n the size and direction of the load increment? 
8. How does m~ relate to the calculation of settlement? 
9. What are the preconsolidation pressure and overconsolidation ratio? 

10. Define virgin consolidation line. 
11. What is a swelling line? 
12. Define compression index (Co:) and swelling index (Cs). 
13. What are two ways to define the preconsolidation pressure? 
14. What are normally and overconsolidated clays? 
15. Are there approximate relations to calculate the compression index in terms 

of the liquid limit? 
16. What are the minimum and maximum values for Co: and swelling index Cs in 

soils? 
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EXERCISES 

TABLE E1 

Effective stress 
(kPa) 

1 
3 
4 

10 
21 
41 
82 
22 

6 

tnili.l void lalio. 2.6. 

17. 

18. 
19. 
20. 
ZL 

Zz. 

D. 

Z4. 

Z5. 
26. 
Z7. 
28. 

Z9. 

30. 

3L 
3Z. 

1. 

Z. 

Chap. 6·' I Principles of Consolidation 

Write the consolidation equation. Which variables does it relate? Which ma
terial parameters control the porewater pressure diffusion? 
What is the dimensionless time factor Tv? 
What is the average degree of consolidation U? 
Which basic relation relates Tv and U when U < 0.61 
How many phases are distinguished during the consolidation tests? Which 
parameters characterize the relative importance of these phases? 
What aTe primary and secondary compressions? What is their primary dif
ference? 
Define the initial, primary, and secondary compression ratios in terms of 
dial reading. What is the meaning of these ratios? 
What methods are commonly used to determine the consolidation coeffi
cient Cv? 
Briefly explain the log-time method. 
BrieOy explain the square-root-time method. 
On which mathematical principle is the SOLVER method based? 
How do you detect the secondary compression during the consolidation 
test? 
What are log-time and square-root-time methods? What are the corrections 
introduced in these methods? Why do we need to introduce these correc
tions? 
What are typical values for the coefficient of consolidation? In what units is 
it generally expressed? 
Is there a relation between Ca and Cc? 
What is the relation between coefficients of consolidation and penneability? 
Does the coefficient of consolidation increase or decrease with permeability? 

For the data of Table El, plot the e-o' curve and detennine the preconsoli
dation pressure and compression and swelling indices. Plot the variation of 
compressibility m~ versus effective stress. 
Same as Exercise 1 but for the data of Table E2. 

TABLE E2 

Vertical strain 
Void ratio 

Liquid Effective Void 
(%) Soil type limit stress ratio e 

2.56 
(%) (OPa) 

1.1 
2.2 2.52 CH-clay with silt 11 1.5 1.167 
4.4 2.44 27.5 1.157 

14.3 2.08 56.0 1.153 
23.7 1.75 202.2 1.121 
31.3 1.47 344.5 1.100 
38.2 1.22 210.3 1.103 
37.0 1.27 337.7 1.095 
34.2 1.37 .... 3 0.879 

1605.9 0.722 
2.0 1.062 

3. Same as Exercise 1 but for the data of Table E3. 
4. Same as Exercise 1 but for the data of Table E4. 
5. Same as Exercise 1 but for the data of Table ES. 
6. Same as Exercise 1 but for the data of Table E6. 
7. Same as Exercise 1 but for the data of Table E7. 
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TABLE E3 TABLE E4 

liquid Effective Void 
liquid Effective 

Void Soil type limit stress ratio 9 Soil type limit stress ratio 8 
(%) (kPa) (%) (kPa) 

CH -ciay, soft 41 1.5 1.350 Cl-clay. firm 50 1.5 1.005 
28.7 1.335 26.0 0.991 
53.9 1.326 186.8 0.947 

101 .3 1.301 107.5 0.953 
214.5 1.260 53.9 0.960 
312.1 1.236 27.0 0.963 
218.8 1.242 16.2 0.968 
107.5 1.259 53 .9 0.966 
210.3 1.248 256.2 0.937 
312.1 1.231 463.1 0.882 
445.2 1.184 1574.5 0.643 

1772.4 0.746 436.5 0.658 
445.2 0.821 101 .3 0.694 

1.5 1.189 1.5 0.815 

TABLE E5 TABLE E7 

liquid Effective Void Effective Void Soil type limit stress ratio 8 
Soil type stress ratio 8 

(%) (kPa) (kPa) 

CL-clay. soft 81 1.5 0.920 H28-1-1 CP2 2.0 13.926 
25.5 0.905 13.7 13.946 

190.5 0.835 25.4 13.864 
56.0 0.839 49.9 13.659 
10.9 0.858 114.9 12.982 
24.0 0.858 140.2 11 .547 
99.3 0.842 164.3 10.337 

277 .2 0.820 204.4 8.942 454.1 0.779 393.6 6.399 871 .0 0.674 
1637.9 0.604 385.9 6.296 

445.2 0.611 204.4 6.460 

105.4 0.638 47 .0 6.850 
1.5 0.805 25.4 7.055 

2.0 7.609 
13.2 7.527 

TABLE E6 45.2 7.301 
102.0 7.096 

liquid Effective Void 200.4 6.789 
Soil type limit stress ratio e 378.3 6.235 

(%) (kPa) 820.7 4.656 

ML-sandy silt 31 1.5 0.841 
335.8 4.840 
100.0 5.230 

1.9 0.835 42.6 5.373 9.5 0.821 
24.5 0.810 23.5 5.537 

53.9 0.794 11.9 5.620 

99.3 0.780 2.0 5.763 
202.2 0.760 
256.2 0.750 
107.5 0.752 

65.6 0.754 
190.5 0.752 
271 .8 0.745 
436.5 0.723 

1605.9 0.623 
436.5 0.637 

91 .8 0.645 
1.3 0.718 
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TABLE E8 

Soil type 

H28- '-2 CP1 

Chap. 6-1 / Principles of Consolidation 

Effective 
stress 
(kPa) 

2.0 
15.5 
28.6 
57.3 

129.5 
230.3 
443.4 
221.3 
129.5 

12.2 
1.8 

Void 
ratio 8 

11.772 
11 .731 
11 .690 
11.547 
10.439 

7.117 
5.250 
5 .291 
5.373 
6.009 
6.460 

TABLE E9 

Soil type 

H28-'-2 CP1 

8. Same as Exercise 1 but for the data of Table E8. 
9. Same as Exercise 1 but for the data of Table E9. 

Effective 
Void stress 

ratio 8 (kPa) 

1.8 6.686 
26.4 6.460 
50.9 6.276 

119.6 5.948 
221.3 5.537 
452.3 5.004 
981.3 3.733 

1816.1 2.564 
3567.5 1.846 
5100.3 1.641 
1375.3 1.661 

672.9 1.702 
292.2 1.805 

96.1 1.928 
13.2 2.010 

2.0 2.010 

10. By using the equations of linear isotropic elasticity, derive the elastic rela
tion between void ratio and effective stress for the one-dimensional loading 
of the consolidation test. What is the relation between the compressibility 
coefficient, Young's modulus, and the Poisson ratio? 

11. Plot the following e-a' curves and determine the preconsolidation pressures 
and compression and swelling indices. CP3 is a remolded sample from CPl. 
What is the effect of remolding on the consolidation properties? 

Soil Effective 
Void Soil Effective 

Void 
type stress ratio 8 type stress ratio 8 (kPa) (kPa ) 

CP1 1.8 0.954 CP3 1.8 0.639 
15.3 0.916 7.9 0.634 
29.5 0.898 16.1 0.629 
69.6 0.867 30.5 0.620 

129.8 0.812 74.5 0.607 
272.1 0.748 151 .0 0.573 
580.3 0.663 322.0 0.513 

1099.8 0.590 652.8 0.459 
1137.4 0.583 1258.2 0.394 

590.1 0.596 2728.4 0.340 
281.5 0.605 1196.3 0.346 
136.5 0.620 316.6 0.365 

31 .1 0.653 78.4 0.382 
1.8 0.743 33.8 0.39~ 

17.2 0.408 
1.7 0.447 

12. Plot the following e-o' curve and determine the preconsolidation pressures 
and compression and swelling indices. By using the Casagrande method, de
termine the pteconsolidation pressure in the reloading section of the e--o' 
curve and compare it to the stress where unloading took place. 

13. Plot the compression index versus liquid limit for the data in Table 1, and 
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TA BLE E1 0 

Elapsed 
time 
(min) 

0.00 
0.10 
0.25 
0.57 
1.00 
1.57 
2.25 
3.07 
4.00 
6.25 
9.00 

12.25 
16.00 
25.00 
36.00 
49.00 
64.00 

100.00 

341 

Effective 
stress Void ratio 6 
(kPa) 

58.3 0.368 
105.0 0.365 
203 .5 0.359 
424.3 0.347 
792.4 0.335 

1714.1 0.310 
3201 .3 0.284 
1682.9 0.283 
837.3 0.285 
373.1 0.289 
792.4 0.289 

1622.2 0.287 
3260.6 0.274 
5762.9 0.250 

12933.1 0.223 
5762.9 0.228 
3445.4 0.233 
1652.3 0.238 

25.5 0.256 

compare the data points to the approximate relations between compression 
index and liquid limit. 

14. For the data of Table EIO, calculate the consolidation coefficient C~ and sec· 
ondary compression coeffcient Cat:. The initial height is 1.899 cm and corre· 
sponds to the dial reading equal to 0.6350. Use the both square·root·time 
and log·time methods. 

IS. Same as Exercise 14 but for the data set of Table Ell. 
16. For the data afTable El2, calculate the consolidation coefficient Cv and sec· 

ondary compression coeffcient Cot.. The initial height is 1.899 em and corre· 
sponds to a dial reading of 0.6350. Use the generalized square-rooHime 
method with V, = 90% and 99%. 

17. Same as Exercise 16 but for the data set of Table E13. 

TABLE E11 TABLE E1 2 

Displacement Elapsed Displacement Elapsed Displacement 
dial gage t ime dial gage time dial gage 

(em) (min) (cm) (min) (cm) 

0.6350 0.00 0.5288 0.00 0.6312 
0.6342 0.25 0.5161 0.10 0.6307 
0.6340 0.57 0.5118 0.25 0.6307 
0.6337 1.00 0.5077 0.57 0.6306 
0.6335 1.57 0.5033 1.00 0.6304 
0.6333 2.25 0.4994 1.57 0.6302 
0.6332 3.07 0.4959 2.25 0.6301 
0.6330 4.00 0.4931 3.07 0.6300 
0.6328 6.25 0.4883 4.00 0.6300 
0.6327 9.00 0.4851 6.25 0.6299 
0.6325 12.25 0.4826 9.00 0.6299 
0.6324 16.00 0.4806 12.25 0.6299 
0.6323 25.00 0.4778 16.00 0.6299 
0.6322 36.00 0.4757 25.00 0.6299 
0.6320 49 .00 0.4737 36.00 0.6298 
0.6318 - '- 64.00 0.4722 49.00 0.6297 
0.6315 100.00 0.4700 64.00 0.6294 
0.6312 100.00 0.6292 



342 Chap. 6-1 I Principles of Consolidation 

TABLE E13 TABLE E14 TABLE E15 

Elapsed Displacement Elapsed Displacement Elapsed Displacement 
time dial gage time dial gage time dial gage 
(min) (em) (min) (em) (min) (em) 

0.00 0.6292 0 0.6224 0.00 0.5983 
0.10 0.6279 0.25 0.6199 0.25 0.5921 
0.25 0.6276 0.57 0.6193 0.57 0.6916 
0.57 0.6271 1.00 0.6186 1.00 0.5906 
1.00 0.6266 1.57 0 .6181 1.57 0.5895 
1.57 0 .6261 2.25 0.6175 2.25 0.5880 
2.25 0.6259 3.07 0.6172 3.07 0.5872 
3.07 0.6256 4.00 0.6161 4.00 0.6867 
4.00 0.6252 6.25 0.6161 6.25 0.5860 
6.25 0.6248 9.00 0.6157 9.00 0.5853 
9.00 0.6246 12.25 0.6152 12.25 0.6850 

12.25 0.6243 16.00 0.6149 16.00 0.5847 
16.00 0.6241 25.00 0.6144 25.00 0.5843 
25.00 0.623$ 36.00 0.6142 36.00 0.5838 
36.00 0.6229 49.00 0.6140 49.00 0.5835 
49.00 0.6228 64.00 0.6139 64.00 0.5834 
64.00 0.6227 100.00 0.6137 100.00 0.5829 

100.00 0.6227 120.00 0.6137 
900.00 0.6224 200.00 0.6131 

18. Same as Exercise 16 bui for the data set of Table E14. 
19. Same as Exercise 16 but for the data set of Table E15. 
ZO. For the data of Table E16, calculate the consolidation coefficient C~ and sec-

ondary compression Wt;:ffI.;ient C .. (or the foUowing data set. The initial 
height is 1.899 em and corresponds to a dial reading of 0.6350. Calculate the 
compression ratios. 

21. Same as Exercise 20 but for the data of Table E17. 
22- Same as Exerc;:ise 20 but for the data of Table E18. 

TABLE E16 TABLE E17 TABLE E18 

Elapsed Displacement Elapsed Displacement Elapsed Displacement 
time dial gage time dial gage time diel gage 
(min) (em) (min) (em) (min) (cm) 

0.00 0.5829 0.00 0.5916 0.00 0.2986 
0.25 0.5867 0.25 0.5875 0.10 0.2796 
0.57 0.5872 0.57 0.5861 0.25 0.2764 
1.00 0.5871 1.00 0.5848 0.57 0.2690 
1.57 0.5878 1.57 0.5838 1.00 0.2619 
2.25 0.5880 2.25 0.5829 1.57 0.2553 
3.07 0.5883 3.07 0.5824 2.25 0.2494 
4.00 0.5884 4.00 0.5820 3.07 0.2440 
6.25 0.5886 6.25 0.5814 4.00 0.2398 
9.00 0.5887 9.00 0.5810 6.25 0.2337 

12.25 0.5887 12.25 0.5834 9.00 0.2298 
16.00 0.5888 16.00 0.5806 12.25 0.2272 
25.00 0.5890 25.00 '. 0.5804 16.00 0.2254 
36.00 0.5890 36.00 0.5801 25.00 0.2228 
49.00 0.5891 49.00 0.5799 36.00 0.2210 
64.00 0.5891 64.00 0.5799 49.00 0.2190 

100.00 0.5892 10'1.00 0.5797 64.00 0.2178 
900.00 0.5892 110.00 0.5796 100.00 0.2161 

940.00 0.5789 1000.00 0.2060 



OBJECTIVE 

EQUIPMENT 

Consolidation Test 

The consolidation (oedomeler) test is used to determine the compression index 
Cn swelling index e .. and preconsolidation pressure o~, which define the soil 
compressibility; the coefficient of consolidation C~. which characterizes the rate 
of primary compression; and the secondary compression coefficient Co., which de
fines the creep properties. We present only the conventional consolidation test 
(ASTM 2435). 

The equipment for the consolidation test includes: 

• Consolidation loading device (see Figs. 1 and 2) 

• Consolidation cell (see Figs. 3 and 4). 
• Specimen trimmer and accessories (miter box, wire saw, and knives). 
• Device for placing specimen in container. 
• Balance sensitive to 0.1 g. 
• Drying oven. 
• Dial indicator or displacement transducer with a range of 10 mm and an ac

curacy of 0.002 mm. 

• Timer. 
• Moisture content cans. 

Loading Devices 

The most commonly used load ing devices are the beam-and-weight mechanism 
and the pneumatic device (Fig. 1). Both devices apply a sudden axial load to the 
specimen and maintain it constant after that. Figure 2 shows the operating princi-

343 
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Figure 1 Equipment for the consolidation test. 

pie of the pneumatic device of Fig. 1. The pressurized piston squeezes the sample 
against the reaction beam. The air pressure is adjusted with the pressure regulator 
and is controlled with the pressure gage. The toggle valve is useful to control the 
load increments. When the toggle valve is closed, the incoming air pressure is ad
justed to the desired value with the air regulator. while the air pressure inside the 
piston remains constan t. Then the toggle valve is released to transmil the new 
pressure to the sample. 

Consolidation Cells 

As shown in Figs. 3 and 4, there are two commonly used types of consolidation 
cells: fi xed-ring and floating-ring cells. In the fixed-ring celJ of Fig. 3, the specimen 
moves downward in relation to the ring, which generates friction drag on the 
sidewall. As described in Chapter 4-3, the fixed-ring cell may also be used as a 
fa lling head permeameter fo r measuring the soi l permeability. In the floating-ring 
container of Fig. 4, compression occurs toward the middle from both top and bot
tom. The effect of friction between the container wall and the soil specimen is 
smaller than that of the fixed-ring container. However, unlike the fixed-ring con
tainer, the Hoating-ring cell cannot be used fo r permeability tests. 
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Figure 2 Pneumatic loading device for the consolidation test. 

",,'"'' '~'8-H+-~ 

Figure 3 Fixed-ring consolidation cell. Figure 4 Floating -ring consolidation cell. The dial indicator 
can also be replaced by a displacement transducer. 

PREPARAnON OF SPECIMENS 

Several types of devices may be used to trim and place the test specimen in the 
consolidation cell . Figures 5 to 8 show an example of sample preparation. 

Measuring Devices 

Dial indicators can be replaced by displacement transducers (e.g., LVDT) with 
similar or even better range aDd accuracy. Displacement transducers are usually 
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Figure 5 A stack of rings of identical 
diameter is pushed into the soil mass. The 
lowest ring has a cutting edge. The other 
cvlinders are oedemetar floating rings. 

Figure 7 A small coating of vacuum Of silicon 
grease is applied to the upper and lower edges of 
the ring, and the two external rings are added. 

Chap. 6-2 / Consolidation Test 

Figure 6 After removing the slack of rings f illed with soil, 
the wire saw is inserted in the interstices between two 
rings, and the soil excess is cut off. 

Figure 8 Filter papers are added to the top and 
bottom surfaces of the specimen. Then the 
floating ring is placed on the bottom porous stone 
and the top porous stone is positioned. 
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connected to a signal conditioner which supplies and processes electrical signals, 
aod a readout unit which displays the transducer output. They can also be con
nected to an AnalogfDigital (AID) converter for computer data acquisition. It is 
very important that displacement transducers be calibrated and positioned in 
their normal working range. Their output must vary linearly with the displace
ment that is measured from a dial indicator. When a readout unit or AID con
verter is available, it is recommended to scale the displacement transducers 
output so it can easily be interpreted in terms of length (e.g., 1 output unit = 
1 mm). 

SELECTION OF LOADING SEQUENCE 

PROCEDURE 

The loading sequence of the consolidation test depends not only on the soils 
tested but also on the types of engineering applications. As shown in Fig. 9, a typ
icalloading sequence generally has a low initial value. which increases logarithmi
cally to a maximum value and then decreases rapidly toward zero. For the 
particular sequence of Fig. 9, the applied stresses are 50, 100,200, 400, BOO, 1600, 
400, and SO kPa. In general, the range of applied stress should completely cover 
the effective stresses that are needed for settlement calculations. This range 
should encompass the smallest and largest effective stresses in the field, which de
pend 00 depth, foundation loads. and excavations. 

The duration of each load application depends on the rate of consolidation 
of the soil. Ideally, the load should only be changed after the degree of consoli
dation U reaches 100%. In practice, the load is changed at convenient times pro
vided that U exceeds 90%. When the soil exhibits a large amount of secondary 
compression, the load should be sustained even longer to detennioe the second
ary compression coefficient. 

L Measure the weight Wring and diameter D of consolidation ring. 
2. Measure the initial height flo of the specimen and the weight W...o of the 

initial specimen and ring. 

1.,-------------------------, 

~ 

I.' 
1.4 

~12 
H 1 

i 0.8 

~O.6 
< 

0. 

02 

-

-

o~~~ ________ ~~ 

o 2 3 4 5 , 7 8 

Time (day) 

Figure 9 Example of loading sequence for consolidation test. 
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Figure 10 The floating. ri ng cell is mounted on the 
loading plate. A rigid cap and a steel ball are added 
on top of the porous stone. The plate of the 
pneumatic oedometar is raised very slowly by 
increasing the air pressure and is adjusted so that the 
ball slightly touches the reaction beam. 

Figure" The load on the sample is changed by 
closing the toggle valve, adjusting the air pressure to 
the desired value with the pressure regulator. and 
then releasing the toggle valve. 

3. Mount the consolidation cell in the load ing unit. Set the venical displace
ment dial so that its full range is available during compression (see Fig. 10). 

4. Adj ust the loading pressure to the first value of the pressure series (see 
Fig. 11) and measure the vertical displacement at selected time intervals. The ver
tical displacement gage should be measured at time intervals of 0, 0.1 , 0.25, 0.5, I, 
2, 4,8, 15, 30, 60 min and 2, 4,8, and 24 h after application of the load increment. 
In practice, readings can be Slopped when the degree of consolidation U exceeds 
90% (U = 90% may be detected by using the square-root-time method). 

5. Afler 24 h, or after U exceeds 90%, the applied load can be changed to 
its next value, and the vertical displacement is measured as in step 4. 

6. Repeal step 5 until all the loading steps are completed. 
7. After unloading the specimen completely, record the fi nal dial reading. 
8. Quickly dismantle the consolidometer cell and weigh the wet sample. 
9. Dry the specimen in the oven and measure its dry weight W". 
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Soli Characteristics 

The initial state of the soil is characterized by its initial water content wo, void ra
tio eo, degree of saturation S,o, and dry unit weight 'YdO' The initial dry unit weight 
'YdO and initial void ratio eoare 

and (1) 

where Wd is the weight of the dry sample and ring, Wrillj the weight of the ring, 
Vo = 1tD2ho /4 the initial sample volume, D the sample diameter, IJQ the initial 
sample height, G, the soil specific gravity, and 'Yw the unit weight of water. The in
itial water content Wo is 

WwO - Wd 
Wo = W W . x 100 (%) 

d nne 
(2) 

where WwO is the weight of initial wet sample and ring. The initial degree of satu
ration S.o is 

S 
_ G,wo 

"'---
'0 

(3) 

S,o should be close to 100% for fully saturated specimens. If S,o is much smaller 
than 100%, the results for the first consolidation loading steps (lrc doubtful. 

The water content WI and void ratio e, after the consolidation test are ca1cu
lated similarly to the initial quantities by using the sample height h and weight 
W wI of wet sample after the test. h, is obtained after completely removing the 
load, and letting the sample expand freely while keeping it covered with water. 

The specific gravity GJ is calculated by assuming that the sample is com
pletely saturatea after the test (Le., SrI = 100%): 

(4) 

where 'Ydl = 'YdOho1h, is the final dry unit weight. 

Amplttude of Settlement 

The sample height h at time t is 

h = ho - d" + d(t) - hot") (5) 

where ho is the initial height of sample, do the dial reading corresponding to the 
sample height hot d(f ) the dial reading at time f, and he: the correction due to 
loading-frame compliance. he: (a) , which accounts for the defonnation of the load
ing frame when the applied load varies, is obtained by loading a very rigid steel 
block and recording the variation of dial reading he: with pressure a. For rigid 
loading frames and small pressures, he: is negligible compared to d(t). 

The void ratio e of the specimen of height h is 

I 
1 
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ho -h 
e = eo - -h-(l + eo) 

o 

where eo is the initial void ratio fo r h = ho. 

Rate of Settlement 

(6) 

The coefficient of primary consolidation C~ and secondary compression Cae are 
calculated for a few selected steps by using one of the procedures (e.g., square-
root-time or log-time method) described in Chapter 6-1. ' 

Determination of Permeability 

As described in Eq. 27.6-1, the permeability k is related to m" and Cy through 

(7) 

Therefore, k can be determined from the measured values of C" . and the com
pression and swelling indices C~ and Cs- However, this indirect method for deter
mining k gives less accurate values of k than the fa lling-head permeability test 
(see Chapter 4-3). 

PRESENTATION OF RESULTS 
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The consolidation test report presents the log a '--e curve, the swelling index Cs , 

the compression index Ce• the preconsolidation pressure a~, and the variation of 
lht: I,;unsulitlatiun wt:ffldent C~ versus effective stress oj. The compression ratios 
ri, rp ' and rs are also reported to indicate the relative proportion of the initial, pri
mary, and secondary compressions. When the secondary compression ratio ra is 
large, the secondary compression coefficient Cn is also reported. The calculations 
of C" Cc> a~. C~, rj, rp. r, . and C", are detailed in Chapter 6-1. The compressibil
ity mv and permeability coefficient k may also be reported for particular stresses. 

EXAMPLES 

Figures 12 to 24 cover parts of a complete data set of the consolidation test 
of a silty clay. The rest of the data set is unprocessed in Table E1. Figure 14 

4000 6000 8000 

Time (min) 

0.7,-----------_-----; 

0.6~L~. 
~ 
"" 0.5 

~ 
!: 0.4 • 6 

0.3 

o 2000 4000 6000 8000 

Time (min) 

Figure 12 Loading sequence of consolidation 
test of Fig. 14. 

Figure 13 Dial reading corresponding to the loading 
sequence of Fig. 14. 



Presentation of results 35' 

C D G 

...:. Consolidation test 

+ Analyst : Shlva Karimi 

.l. Test date: 11· 12-1986 

+ Sample description: Boston gray silty gray (13.5 m depth) 

+ Initial sample height ho • 1.899 om 

+ Sample dlemeter do ~ 6.314 om 

..; Initial sample weight W-o " 113.08 , 
+ Final sample weight W" '" 108.46 , 
• Anal weight 01 dry sample Wd• 80.83 9 

fio Inilial dlel raadlog dl. 0.635 om r.;- Final dial raadlog dr • 0.438 om r;;- Inltlel water content wo . 39.90% r;;- Initial dfy unit weight ldo. 13.32 kNlm' r,;- Initial void ratio eo . 1.316 r;;- Initial degree 01 saturation S.o. 95.44% 

I-i" Assumed IInal degree of saturation S, "' 100.00" r;;- Estimated specific gravity G • • 3.15 

I-i" Final water contenl II( • 34.18"1" c;- Final dry unit welgnt 'Yd .. 14.86 kNlm' 

I-i" Final void ratlo e .. 1.076 

~ Uquld limit LL • 55.30" 

.§- Plastic limlt PL .. 24.20" 

.:!. Pr800nsoliOatlon pressura op" 3t3.91 ,p, 

~ 
Compression Index Co" 0.47 

~ Swelling index C • • 0.03 

" Vertical 
Olal reading 

System Vertical V"" C. 
Elapsed 

loed number .,~ 

1=) 
,,,..,"" """ "Iio (cm2/sec) 

C .. (%) time 

-i- (kPa) 1 10m) I'" (min) , ho '" 
~ 1 5. ' 0.63122 0.00025 0.2t 1.3 11 0.00208 0.07 100 

" 2 9.' 0.62921 0.00040 0.33 1.309 0.00309 0.05 100 
T. 3 19.2 0.62243 0.00080 0.70 1.300 0.00218 0.04 90. 
~ , 38.3 0.61311 0.00135 1.22 1.288 0 .00189 0.07 20. 
'F 5 76.6 0.59830 0.00230 2.05 1.269 0.00166 0.09 10. 

~ , 134. 1 0.58293 0.00325 2.91 1.249 0.00208 0.10 10. , 67.0 0.58918 0.00270 2.56 1.257 0.00231 0.01 900 

~ 8 17.2 0.60201 0.00225 1.86 1.273 0.00199 0 .07 120 

~ 9 34.5 0.59888 0.00222 2.02 1.270 0.00220 0.02 18. 
~ 10 67.0 0.59157 0.00194 2.39 1.261 0.00240 0.04 10. 

~ 11 134. 1 0.57887 0.00282 3.10 1.244 0.00281 0.05 94. ., 12 229.8 0.56007 0.00445 4.18 1.220 0 .00183 0.17 200 
rt. 13 383.0 0.52883 0.00550 5.88 1.180 0.00159 0.27 10. r.r " 651 .2 0.47003 0.00705 9.06 1.107 0.00124 0.69 10. 

~ 15 1149.1 0.38354 0.00915 13.72 0.998 0.00131 0.83 10. 

~ 16 1915.2 0.29972 0.01150 18.26 0.893 0.00154 0.66 10 • .. 17 3255.8 0.20599 0.01500 23.38 0.775 0.00220 0.65 100. 

~ 18 1627.9 0.22492 0.01205 22.23 0.801 0.00246 0.03 840 

~ 19 407.0 0.27064 0.00795 19.61 0.862 0.00171 0.13 10. .. 2. 95.8 0.32896 0.00540 16.40 0.936 0.00067 0.49 10 • 

~ 21 •. , 0.41351 0.00340 1/.84 1.042 0.00014 0.44 1000 
22 I.' 0.43818 0.00290 10.52 1.073 0.00003 0.62 1315 

~ 
Preconsollclallon pressure wllh Casagrande method 

Slope .. 0.07 
PreconsoliOatlon pressure .. 409.4 kPa 

Figure 14 Example of data set for the consolidation lest. 
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Figure 15 Consolidation curve for Fig. 14. Figure 16 System deflection versus applied pressure. 

~ 
" r; 

r.s r; 
r,;-r; 
~ r,; 
r;r 

" 2J 

~ 

~ r.r 

• E 
Initial water coolant Wo .. ",(WwO-Wd)rNd 

Initial dry unll weight reID" .WdI(hO· PI()J4°d0"2)"9.8 kN/m' 

Initial void ratio 80" "Gs'PIO"d0A2f4°hOlWd-! 

Inilial degree of saturaUoo SrO" .. Gs"wOJaO 

Assumed tlnal degree of saturation S, .. 1 

estimated specific gravity G • ., .,gd/(9.8-w"gd) 

A nal water content w .... (Ww-Wd)/Wd 

Final dry unit welght )'II" .. gdO"hOJ(hO-di+CIlj kNlm3 

Final void ratio e .. -Gs'w 
Uquicl limit LL .. 0.553 

Plastic Ilmh PL .. 0.242 
Preconsolldatlon pressure (Jp" .. 1 ()t\( F4S+Cc"LOG(845)-F29-Cs"LOO(B29))f(Cc-Cs)) ,p, 

Compression Index Co ... ·SLOPE(F42:F45,LOG(B42:B45)) 

Swelling Index C " .-SLOPE(F34:F39,LOG(B34:B39)) 

E F 

Vertical sirain (%) Void rallo 

~ ,po 

. ~ .. • dl-o+I>C'I_nU" ~ =e~-eps.'-'~·l'+eO) 
.(dl-d+hciIhO" OO zeO·eps/' 00'(' +eO) 

C • 
PreconsolidaUon pressure with Casagrande melhod . 

Slope. ..-SLOPE(F39:F41,LOO(B39:B41))/2 

Preconsolidallon pressure •• 1 ~(F45..cc·LOG(B45)-F40-052·LOG(B40))I(CC-D52)) 

Figure 17 Formulas uS{!d in Fig. 14. 

summarizes the experimental measurements and processed results. The liq
uid and plastic limits were obtained from tests which are nQt repoded here, 

As shown in Fig. 12, the consolidation test lasted for about 6 days and 
had 22 loading steps (i.e., more steps than usual tests). The soil sample was 
taken from the field at a depth of 13.5 m. Assuming that the water table in 
the field is at the ground surface, the initial vertical effective stress <Ty at 
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A B D , F 
Measured Ined dis lacernent 

L~d -Dlaplacemool Primary only PrimlllY and 

(kPoo) (min) dial gage 
(~) """"" (~) (~) , d " dp. Prlmlry conld~tlon 

5.' 0.00 0.63$0 0.6344 0.6344 Inftlal height no .. 
0.10 0.6342 0 .8341 0.6341 Starling time lor fining. t., .. 

0.25 0.6340 0.6340 0.6340 Endll'lg time lor fitting, t . .. 

0.57 0.6337 0.6337 0.6337 D&gree ot consolldallon of method U." 

' .00 0.6335 0.6335 0.6335 TIme corresponding to U., t. .. 
1.57 0.6333 0.8333 0.8333 Dial reading ~ 10 U., 0. " 
2.25 0.8332 0.8331 0.6331 Dial reading at beginning 04 primary COOIOIldation do .. 
3.07' 0.6330 0.8329 0.6329 OIal reading It 100% ot primary ooneo\Idation dulO" 

' .00 0.6328 0.6328 0.6328 Average drllnage distance do. .. 

6.25 0.6327' 0.6326 0.6326 Coerr~t 01 consolidation C. " 

9.00 0.6325 0.6325 0.6325 Initial compreulon rallon II .. 

12.25 0.6324 0.6324 0.6324 Primary compression ratio Ip " 

16.00 0.6323 0 .832" 0.632" 5eeondary comptesslon ratio (." 

25.00 0.8322 0.832" 0 .6321 secondary COI'IMIIcl8tlon 
38.00 0.8320 0.832" 0.6319 Slope 01 ~ry compression ss .. 
49.00 0.8318 0.6324 0.6317 Inl8n;ep1 01 secondary compression" .. 
64.00 0.6315 0.632" 0 .6316 HeIght at beglrVling 01 S8QOf108ry oompra$Slon h ... 

100.00 0.6312 0.632" 0.6313 Tim. al beginning 01 secondary compression" .. 

Coefficient 01 secondary compression C", .. 

Figure 18 Experimental and calculated data for the first loading 
step of the consolidation leSl in Fig. 14. 

B C D , F 

Measured Fitted dis lacemenl 

Time 
(min) 

, 
0.00 
0.10 

0.25 

0.57 
1.'00 

1.57 

2.25 

3.07 

4.00 

6.25 

9.00 

12.25 

16.00 
25.00 
36.00 
49.00 

64.00 

100.00 

120.00 

Dlsplaceman 
Primary 

Primary ,,' I dial gage 
only (cm) secondary 

(=) 
(=) 

d d, d,. Primary consolidation 

0.5892 0.5910 0.5910 Initial height ho .. 

0.5921 0.5923 0.5923 Starting tima lor littlng. Ig .. 

0.5929 0.5930 0.5930 Ending tlma lor l itting. ' ... 

0.5942 0.5940 0.5940 Degrea of consolidation 01 method U," 

0.5949 0.5950 0.5950 Time cotrespondlng 10 U •• 10" 

0.5959 0.5960 0.5960 Dial raading corresponding to u •. do " 
0.5968 0.5969 0.5969 Dial raading at beginning 01 primary consolidation do" 

0.5975 0.5978 0.5978 Dla' r.ading 81 100% 01 prima/Y consolidation dl(lO" 

0.5981 0.5985 0 .5985 A .... rage drainage distance dm " 

0.5990 0.5996 0 .5996 CoeMicient of consolidation c..,,, 
0.5997 0.6001 0.6002 Initial compression ration (I" 

0.6003 0.6004 0.6006 Primary compression ratiO fp" 

0.6008 0.6005 0.S008 Secondary compreSSion ratio r, .. 

0.6012 0.6005 0.8012 Secondary conSOlidation 

0.6015 0.6005 0 .6014 Slope of seconcIary compr.ssiOn sa '" 
0.6016 0.6005 0 .6016 Int.rcept 01 seconda/y compression is '" 

0:6018 0.6005 0 .6017 Height at beginning of secondary compression h, '" 

0.6020 0.6005 0 .6026 TIme at beginning of secondary compression '-,. 

0.6020 0.6005 0 .6021 Coefficient 01 secondary compressiOn C .. " 

Figure 19 Experimental and calculated data fOf the fi rst unloading 
step of the consolidation test in Fig. 14. 

H 

1.899 om 
0.' m" , .. m" 

99.0" 
11.86 min 

0.6324 em 

0.'1344 em 
0.6324 em 

0.9503 em 

0.1358 cm'fmi 

18.1% 
52.1 % 

31 .8% 

-0.001" 
0.8Ml 

1.898" cm 
15.29 min 

0.073% 

C H 

1.8532 om 
0.3 m', 
t .• m', 

99.0" 
13.09 min 

0.8004 cm 

0.5910 cm 

0.6005 cm 

0.9233 cm 

0. 1159 cm2/min 

14.5% 

73.9% 

11 .8% 

0 .0014 
0 .5992 

1.8646 cm 

6 .79 min 

0 .077% 
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Figure 20 Experimental and fitted data for the first 
loading step. 

Figure 21 Experimental and fitted data for the first 
unloading step. 
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Primary con.olldatlon 

Inl~8J height ho • 1.899 om 
Starting time for fitting , tc .. =86 ml" 
Ending time for fitting, t." _89 ml" 

D&!lree of consolidation of method U ... 0.99 
Time corresponding to U .. t. ... Conso(t,d,hO,tb,le,Us) mlo 

Dial reading corresponding to U • • d." .. Conso(t,d,hO,tb,te,Us) om 
Dial reading at beginning of primary consclidatlon do" -Conso(t,d,hO,tb,te,Us) om 

Dial reading at 100% of prlmary oonsolldation dIDO " .. Conso(t,d,hO,lb,te,Us) om 
Average drainage distance dm ... Conso(t,d,hO,tb,te,Us) om 
Coefficient 01 consolidation C ••• Con90(t,d,hO,tb,te,Us) cmz/mln 

Initial compression ration rl" .. Conso(t,d,hO,tb,te,Us) 

Pnmary compression ratio rp" .. Conso(t,d,hO,tb,te,Us) 

Secondary compres'slon ratio r .. .. Conso(t.d,hO,tb,te,Us) 

Secondary con.olldatlon 
Slope of secondary compression ss ... SLOPE(CI6:C21,LOG(BI6:B21)) 

Intercept 01 second8IY compression Is .... INTERCEPT(CI6:C21,LOG(BI6:B21)) 

Height at beginning of saoondary compression h, z .. ho-INDEX(d,I)+d_,OO om 
Time at beginning of secondary compression t, .. " 'QA(d_1QO-ls)/ss) ml" 

Coefficient 01 secondary compression C .... ABS(sslhs) 

D 
1 Fitted dis racemenl 

Pnmary only (cm) Prlmary and secondary (em) 

+ d d , 

+ ",dO+(d_l0Q-dO}*U(Cv"Vdm"2) .1 F(t>ts,dp-Cae'hs"LOG(tIts),dp) 
S ~O+(d_ 1 QO-dO)"U(Cv"tldm"2) . 1 F(t>\s,dp-Cae'hs"LOG(tIta),dp) 

Figure 22 Formulas used in Fig. 18. 

13.5 m depth is about 123 kPa for this soil. which has a saturated unit 
weight of 18.9 kN/m3. In the consolidation test, the lowest pressure was 5.7 
kPa and the largest pressure was 3256 kPa. A small unloading was per
formed at 134.1 kPa. Each load was maintained for at least 100 min and for 
a few loading steps was kept constant during 1000 min (:::::: 17 h). 

Figure 13 shows the variation of dial reading during the entire test. 
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Figure 23 Variation of consolidation coeff icient 
versus effective stress, 

Figure 24 Variation of secondary compression 
coefficient C,. versus effective stress. 

REFERENCES 

Figure 15 shows the consOlidation curve corresponding to the data points of 
Fig. 13. Each point corresponds to the dial readings after each loading step. 
The system deHection h(a) shown in Fig. 16 was obtained by subjecting a 
very stiff dummy sample to the same loading sequence as the soil sample. 
hc(a) is nonlinear and slightly irreversible. Figure 17 lists the formulas used 
in Fig. 14 to calculate the compression and swelling indices Cc and Cs and 
the preconsoJidation pressure ~ . ~ was calculated using methods a and b 
described in Chapter 6-1. Method a gives a~ = 409 kPa, whereas method b 
yields a;, = 314 kPa. Both values are higher than the estimated vertical ef
fective stress a~ = 123 kPa. 

The coefficient of consolidation C~ was calculated for each loading 
step (Le., 22 times). Figures 18 to 21 show only two particular determina
tions of C~, at the first loading and unloading. C", and the initial, primary, 
and secondary compression ratios are calculated by using the generalized 
square-root-time method with Us = 99% and the user-defined function 
CONSo. The secondary compression coefficient C(It. is calculated using lin
ear regression after the end of the primary compression. The dial reading ds 
at the beginning of the secondary compression is assumed to be equal to 
d iOO• In Figs. 18 and 19, the fitted dial readings include the primary consoli
dation only and the cumulated primary and secondary compressions. As 
shown in Figs. 20 and 21, there is very good agreement between the experi
mental and fitted values, which indicates that the coefficients Cv and C(It. are 
determined completely. As shown in Fig. 23, C", varies from 0.0013 to 0.003 
cm2/s during loading and becomes as small as 0.0003 cm2/s during unloading. 
As shown in Fig. 24, Cat. varies from 0.01 to 0.82%. The secondary compres
sion cannot be neglected for this particular silty clay. 

See Introduction for references to ASTM procedures (pages 4 to 6). 
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REVIEW QUESTIONS 

EXERCISES 

TABLE E1 

load Elapsed 

(kPa) time 
(min) 

5.7 0.00 
0 .1 0 
0.25 
0.57 
1.00 
1.57 
2.25 
3.07 
4.00 
6.25 
9.00 

12.25 
16.00 
25.00 
36.00 
49.00 
64.00 

100.00 

L Which material parameters are measured in the consolidation test? 
2. What are the log-time and square-root-time methods? 
3. Describe two different types of consolidation cells. What are their respective 

advantages and shortcomings? 
4. Name two common types of loading devices used in the consolidation test. 
S. On which basis should a loading sequence in the consolidation test be de

fined? 
6. What is the typical time distribution of readings for determining the consol

idation coefficient? Why such a sequence? 
7. Why do we measure the final height of the sampIe after the consolidation 

test? 
8. Why do we have to keep the sample fully saturated during the consolidation 

test? 
9. What is the effect of the system deflection during the consolidation test? 

1. Calculate the coefficients of consolidation and secondary compression for 
one of the loading steps in the data set of Table El. This data set completes 
the one in Fig. 14. Refer to Fig, '14 for additional data. 

2. By using the square-root-time and log-time methods. calculate the coeffi
cient of consolidation for one of the loading steps in the data set of Table 
El. This data set completes the one in Fig. 14. Compare your results. 

Displacement 
Load 

Elapsed Displacement 
Load Elapsed Displacement 

dial gage 
(kPa) time dial gage (kPa) time dial gage 

(em) (min) (cm) (min) (em) 

0.6350 9.6 0.00 0.6312 19.2 0.00 0.6292 
0.6342 0.10 0.6307 0.10 0.6279 
0.6340 0.25 0.6307 0.25 0.6276 
0.6337 0.57 0.6306 0.57 0.6271 
0.6335 1.00 0.6304 1.00 0.6266 
0.6333 1.57 0.6302 1.57 0.6261 
0.6332 2.25 0.6301 2.25 0.6259 
0.6330 3.07 0.6300 3.07 0.6256 
0.6328 4.00 0.6300 4.00 0.6252 
0.6327 6.25 0.6299 6.25 0.6248 
0.6325 9.00 0.6299 9.00 0.6246 
0.6324 12.25 0.6299 12.25 0.6243 
0.6323 16.00 0.6299 16.00 0.6241 
0.6322 25.00 0.6299 25.00 0.6238 
0.6320 36.00 0.6298 36.00 0.6229 
0.6318 49.00 0.6297 49.00 0.6228 
0.6315 64.00 0.6294 64.00 0.6227 
0.6312 100.00 0.6292 100.00 0.6227 

900.00 0.6224 



TABLE El (cont.) 

Load 
Elapsed Displacement 

Load 
Elapsed Displacement Load 

Elapsed Displacement 

(kPa) time dial gage (kPa) time dial gage (cm) (kPa) time dial gage 
(min) (cm) (min) (min) (cm) 

38.3 0.00 0.6224 67.0 0.00 0.5829 67.0 0.00 0.5989 
0.25 0.6199 0.25 0.5867 0.25 0.5964 
0.57 0.6193 0.57 0.5872 0.57 0.5959 
1.00 0.6186 1.00 0.5871 1.00 0.5950 , .57 0.6181 1.57 0.5878 , .57 0.5944 
2.25 0.6175 2.25 0.5880 2.25 0.6939 
3.07 0.6172 3.07 0.5883 3.07 0.6933 4.00 0.6167 4.00 0.5884 4.00 0.5931 6.25 0.6161 6.25 0.5886 6.25 0.5928 9.00 0.6157 9.00 0.5887 

12.25 0.6152 12.25 0.5887 9.00 0.5926 
16.00 0.6149 16.00 0.5888 12.25 0.5924 
25.00 0.6144 25.00 0.5890 16.00 0.5923 
36.00 0.6142 36.00 0.5890 25.00 0.6921 
49.00 0.6140 49.00 0.5891 36.00 0.5919 
64.00 0.6139 64.00 0.5891 49.00 0.5918 

100.00 0.6137 100.00 0.5892 64.00 0.5918 
120.00 0.6137 900.00 0.5892 100.00 0.5916 
200.00 0.6131 

Elapsed Elapsed Displacement Load Displacement Load 
Load Elapsed Displacement 

(kPa) time dial gage (cm) (kPa) time dial gage 
time dial gage (min) (min) (cm) (kPa) (min) (cm) 

17.2 0.00 0.5892 134.1 0.00 0.5916 
76.6 0.00 0.6131 0.10 0.5921 0.25 0.5875 

0.25 0.6074 0.25 0.5929 0.57 0.5861 
0.57 0.6063 0.57 0.5942 1.00 0.5848 
1.00 0.6053 1.00 0.5949 1.57 0.5838 1.57 0.6045 1.57 0.5959 2.25 0.5829 2.25 0.6035 2.25 0.5968 3.07 0.5824 3.07 0.6027 3.07 0.5975 
4.00 0.6022 4.00 0.5981 4.00 0.5820 
6.25 0.6012 6.26 0.6990 6.25 0.5814 
9.00 0.6005 9.00 0.5997 9.00 0.6810 

12.25 0.6001 12.25 0.6003 12.25 0.5834 
16.00 0.5998 16.00 0.6008 16.00 0.5806 
25.00 0.5994 25.00 0.6012 25.00 0.5804 
36.00 0.5991 36.00 0.6015 36.00 0.5801 
49.00 0.5989 49.00 0.6016 49.00 0.5799 
64.00 0.5987 64.00 0.6018 64.00 0.5799 

100.00 0.5983 100.00 0.6020 100.00 0.5797 
120.00 0.6020 110.00 0.5796 

940.00 0.5789 

Displacement 
Elapsed 

Load dial Load Elapsed Displacement 
(kPa) t ime time Elapsed Displacement gage (kPa) dial gage (cm) Load (min) (cm) (min) (kPa) time dial gage 

(min) (cm) 
134.1 0.00 0.5983 34.5 0.00 0.6020 

0.25 0.5921 0.25 0.6013 229.8 0.00 0.5789 
0.57 0.5916 0.57 0.6010 0.25 0.5745 
1.00 0.5906 1.00 0.6006 0.57 0.5729 
1.57 0.5895 1.57 0.6003 1.00 0.5715 
2.25 0.5880 2.25 0.6001 1.57 0.5699 
3.07 0.5872 3.07 0.5999 2.25 0.5689 
4.00 0.5867 4.00 0.5997 3.07 0.5676 
6.25 0.5860 6.25 0.5995 4.00 0.5669 9.00 0.5853 9.00 0.5994 

6.25 0.5655 12.25 0.5850 12.25 0.5994 
16.00 0.5847 16.00 0.5992 9.00 0.5648 

25.00 0.5843 25.00 0.5992 12.25 0.5644 
36.00 0.5838 36.00 0.5992 16.00 0.5639 
49.00 0.5835 49.00 0.5991 25.00 0.5631 
64.00 0.5834 64.00 0.5990 36.00 0.5624 

100.00 0.5829 100.00 0.5989 49.00 0.5620 
120.00 0.5989 64.00 0.5617 
140.00 0.5989 100.00 0.5609 
160.00 0.5989 200.00 0.5601 
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TABLE El (cont.) 

Load Elapsed Displacement 
Load Elapsed Displacement 

Load 
Elapsed Displacement 

(kPa) t ime dial gage (kPa) time dial gage 
(kPa) time dial gage 

(min) (cm) (min) (cm) (min) (cm) 

383.0 0.00 0.5601 1915.2 0.00 0.3835 407.0 0.00 0.2249 
0.25 0.5527 0.25 0.3660 0.25 0.2457 
0.57 0 .5502 0.57 0.3556 0.57 0.2464 
1.00 0.5476 1.00 0.3518 1.00 0.2497 
1.57 0.5453 1.57 0.3477 1.57 0.2530 
2.25 0.5432 2.25 0.3401 2.25 0.2560 
3.07 0.5413 3.07 0.3325 3.07 0.2586 
4.00 0.5398 4.00 0.3284 4.00 0.2607 
6.25 0.5377 6.25 0.3213 6.25 0.2638 
9.00 0.5357 9.00 0.3165 9.00 0.2659 

12.25 0.5344 12.25 0.3131 12.25 0.2672 
16.00 0.5335 16.00 0.3106 16.00 0.2680 
25.00 0.5321 25.00 0.3073 25.00 0.2689 
36.00 0.5310 36.00 0.3051 36.00 0.2695 
49.00 0.5302 49 .00 0.3034 49.00 0.2698 
64.00 0.5293 64.00 0.3022 64.00 0.2701 

100.00 0.5288 100.00 0.2997 100.00 0.2706 

Load Elapsed Displacement 
Load Elapsed Displacement 

Load Elapsed Displacement 
time dial gage time dial gage time dial gage (kPa) (min) (cm) (kPa) (min) (cm) (kPa) (min) (cm) 

651 .2 0.00 0.5288 3255.8 0.00 0.2986 95.8 0.00 0.2706 
0.25 0.5161 0.10 0.2796 0.25 0.2823 
0.57 0.5118 0.25 0.2764 0.57 0.2840 1.00 0.5077 0.57 0.2690 1.00 0.2870 1.57 0.5033 1.00 0.2619 1.57 0.2901 2.25 0.4994 1.57 0.2553 2.25 0.2932 
3.07 0.4959 2.25 0.2494 3.07 0.2963 
4.00 0.4931 3.07 0.2440 4.00 0.2992 6.25 0.4883 4.00 0.2398 6.25 0.3047 9.00 0.4851 6.25 0.2337 9.00 0.3094 

12.25 0.4826 9.00 0.2298 12.25 0.3134 16.00 0.4806 12.25 0.2272 16.00 0.3168 25.00 0.4778 16.00 0.2254 25.00 0.3200 
36.00 0 .4757 25.00 0.2228 36.00 0.3246 49.00 0.4737 36.00 0.2210 49.00 0.3265 64.00 0 .4722 49.00 0.2190 64.00 0.3276 

100.00 0.4700 64.00 0.2178 100.00 0.3290 
100.00 0.2161 

1000.00 0.2060 

Load Elapsed Displacement 
Load Elapsed Displacement 

(kPa) t ime dial gage 
(kPa) l ime dial gage 

(min) (cm) Load Elapsed Displacement (min) (cm) 
(kPa) time dial gage 

1149.1 0.00 0.4700 (min ) (cm) 9.6 0.00 0.3290 0.25 0.4470 0.25 0.3376 
0.57 0.4412 1627.9 0.00 0.2060 0.57 0.3383 
1.00 0.4382 0.25 0.2202 1.00 0.3403 
1.57 0.4298 0.57 0.2212 1.57 0.3424 2.25 0.4239 1.00 0.2220 2.25 0.3444 3.07 0.4191 1.57 0.2225 3.07 0.3467 
4.00 0.4145 2.25 0.2228 4.00 0.3489 6.25 0.4079 3.07 0.2230 6.25 0.3534 9.00 0.4026 4.00 0.2231 9.00 0.3581 

12.25 0.4006 6.25 0.2234 12.25 0.3627 
16.00 0.3980 9.00 0.2235 16.00 0.3666 
25.00 0.3928 12.25 0.2236 25.00 0.3744 
36.00 0.3903 16.00 0.2238 36.00 0.3815 49.00 0.3882 25.00 0.2240 49.00 0.3876 64.00 0.3866 36.00 0.2240 64.00 0.3927 

100.00 0.3835 49.00 0.2242 100.00 0.3999 
64.00 0.2242 200.00 0.4074 

100.00 0.2243 1000.00 0.4135 
200.00 0.2245 
840.00 0.2249 
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Exercises 369 

TABLE E1 (cont.) 

Load Elapsed Displacement 

(kPa) time dial gage 
(min) (em) 

, .0 0.00 0.4135 
0.25 0.4141 
0.57 0.4144 
1.00 0.4146 
1.57 0.4149 
2.25 0.4151 
3.07 0.4153 
4.00 0.4155 
6.25 0.4161 
9.00 0.4166 

12.25 0.4171 
16.00 0.4178 
25.00 0.4191 
36.00 0.4199 
49.00 0.4211 
64.00 0 .4219 

100.00 0.4242 
300.00 0.4300 
400.00 0.4324 

1275.00 0.4372 

seating 1315.00 0.4382 
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Shear Strength 

7-1 Shear strength of soils 
7-2 Principles o f the unconfined compression test 

7-3 Unconfined compression test 
7-4 Principles of direct shear tests 
7-5 Direct shear test 

7-6 Principles of triaxial tests 

7-7 Triaxial tests on coarse-grained soils 
7-8 Triaxial tests on fine-grained soils 



1 Shear Strength of Soils 

INTRODUCTION 

FAILURE THEORY 

Soils like any other materials fail at some point when they are subjected to in
creasing shear stresses. They cannot withstand a shear stress larger than their 
shear strength and deform extensively when the applied shear stress approaches 
their shear strength. Shear strength is a very important soil property to determine 
the stability of foundations, retain ing walls, slopes, and embankments. 

Peak and Residual Failures of Soils 

Figure 1 illustrates the typical stress-strain response of soils during the unconfi ned 
compression test (Chapter 7-3) . The sample, which has no lateral support. is com
pressed by grad ually increasing the axial displacement (displacement-controlled 
loading). When the axial strain E is increased, the axial stress 0 first increases., 
reaches a maximum value, and then decreases to a residual value. From this 
stress-strain curve, two types of failure are defined: peak fa ilure and residual fail
ure. The peak failu re corresponds to the peak strengtl! op at point A. The residual 
failure corresponds to the residual strength o r at point B sustain able at large 
strain . 

If the axial load, instead of the axial displacement, is gradually increased 
(load-controlled loading), the sample of Fig. 1 becomes unstable at the peak fail
ure (segment AC). For instance, when subjected to the increasing weight of Fig. 
Ie, the sample cannot withstand the applied load and collapses at peak failure. 
The soil residual strength cannot be measured with such a load-controlled system. 

The strength of soils is usually described in te rms of the Mohr- Coulomb 
theory, which originates from the Coulomb friction theory (Coulomb, 1776) . 

36' 
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Figure 1 Typical stress-strain responses of soil sample during the 
unconfined compression test with displacement control and load 
control. 

Coulomb Friction Theory 

Figure 2a illustrates the Coulomb friction theory by considering two wooden 
blocks subjected to the normal force N and the shear force T. N is a constant 
force applied by a dead weight. and T is gradually increased. At first, the top 
block does not move when T is small; then starts to slide when T exceeds some 
particular value Tmu' The experiment can be repeated for various values of N, 
and the corresponding T mIX can be measured. As shown in Fig. 2b. the points (N, 
T mu) are aligned along a straight line that intercepts the T axis at C and makes 
the slope J.1 with the N axis: 

(a) 

, , 
: : Shear displacement 
r----.' 

Tmax = C + J.1N 

(b) 

T 

c 

"m~ 
-1 - - - .' 

N 

Figure 2 Coulomb friction theory with (a) sliding blocks and (b) 
possible states in N-T space. 

(1) 



Failure Theory 3.3 

The cohesive force C is the value of T that is required to obtain sliding when 
N = O. The friction coefficient ~ is dimensionless and characterizes the increase in 
Tmn with N. The friction angle, is defined as, = tan- 1(J,l). 

Both parameters C and , depend on the material and the surface texture of 
the sliding blocks. In general, large values of C and , correspond to rough sur· 
faces and hard materials, whereas low values of C and, are associated with 
smooth surfaces and weak materials. The largest absolute value of T is independ· 
ent of the loading direction; I TI never exceeds T rrw. = C + N tan $. The point (N, 
T) always stays between the lines T = C + N tan, and T = - C - N tan $. The 
impossible domain for point (N, T) is shaded in Fig. 2b. When C = 0, the vertical 
inclination of the resultant force acting on the block is always smaUer or equal to 
.p (Le., tan-I (TIN) ~ $). 

Mohr-CouJomb Failure Theory 

The Mohr-Coulomb failure theory generalizes the Coulomb friction theory in 
O'-'t' space. The normal stress 0' and shear stress tare 

N T 
cr=Aandt=A (2) 

where A is the contact area. Using stresses instead of fo rces, Eq. 1 becomes 

t max = C + 0' tan, (3) 

where t mu is the shear strength, c = CIA is the cohesion, or cohesion intercept, 
and ¢ is the friction angle. The Mohr-Coulomb failure theory requires that 
I'll::: 'tmRx ' As shown in Chapter 5·1. the point (0', 't) generates the Mohr circle 
when the surface inclination varies. Therefore, l't I ::: tmu is verified on any sur· 
face, provided that the Mohr circle is entirely located between the lines 
't = ±(c + 0' tan Q). 

As shown in Fig. 3, when the Mohr circle is strictly included between the 
failure lines, there is no surface on which 't is large enough to create a slip (i.e., 
I'll < 't mall.). When the Mohr circle intersects the failure lines, there are several 
surfaces on which I'll ~ t mn , which is unacceptable in the Mohr-Coulomb theory. 

Figure 3 Acceptable, fai lure, and unacceptable Mohr citcles in 
Mohr-Coulomb failure theory. 
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,~ 

a, 

Figure 4 Inclination of failure planes in Mohr-Coulomb failure the-
0'Y. 

As shown in Fig. 4, in the limiting case when the Mohr circle is tangent to the 
failure lines at points M and M' (i.e., 111 = 't max ), the failure takes place on sur
faces parallel to PM and PM', where P is the pole of the Mohr circle. 

The failure line (Eq. 3) can also be expressed in terms of the major and mi
nor principal stresses 01 and 0"3 as follows 

(4) 

When c = 0, Eq. 4 becomes 

(5) 

MOHR-COULOMB FAILURE IN S-T SPACE 

As described in Chapter 5-1, the Mohr circle is also defined in 5-' space. There
fore, tbe failure line (Eq. 3) can be represented in s~t space as well. As shown in 
Fig. 5, the failure envelope is defined by points D and E in s-t space, and by 
points A and B in 0-1: space. In s-t space the failure line is 

Itl=a+s tan~ (6) 

where 

tan~ = sin4l and a=ccos$ (7) 

The s-t and O-'t fai lure lines have different slopes aDd intercepts but have a com
mon intersection point F with the horizontal axis. 
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Figure 6 Mohr-Coulomb fai lure line in (a) O"-t space and (b) 9-1 
space. 

Mohr-Coulomb Failure In p-q Space 

, 

As described in Chapter 5-1, stresses can be represented in terms of p and q under 
axisymmetric conditions. In p-q space, the Mohr-Coulomb failure Line becomes 

_ 6sinqt + 6cost 
q-3 sin4\!P 3 sin4\!c 

=_ 6sint _ 6cost C 

q 3+sin$P 3+sin$ 

ifq >O (8) 

if q < 0 

In contrast to 0'-1: and s- t failure lines, the p-q failure lines in compression 
(q > 0) and tension (q < 0) are not symmetric about the p axis. 

Three-dImensional Mohr-Coulomb Failure Surface 

The Mohr-Coulomb failure line (Eq. 4) can be generalized into a failure surface 
for three-dimensional stress states which are difficult to represent with the Mohr 
circle (see Chapter 5-1). The shear strength is assumed to be independent of the 
intennediate principal stress 0"2, After expressing the major and minor principal 
stresses 0'1 and OJ in terms of the stress invariants 11 , hand 13 (see Eq. 46.5-1) , 
the Mohr-Coulomb surface is 

where e is given in Eq. 47.5·1. In the case of purely cohesive materials with 
0:> = 0, Eq. 9 becomes 

J 11- 3/, sin (9 + ./3) = .{3c (10) 

which is referred to as the nesca failure surface. The von Mises surface is another 
failure surface for purely cohesive materials 

J/ ~ 3/2 = 2c (11) 

Figure 6 shows the surfaces of Eqs. 9 to 11 in the principal stress space of coordi
nates 0'10 0"2 and OJ. The Mohr-Coulomb surface is a cone with six faces when 
C/l =f:. 0, and becomes the 'fresca hexagonal cylinder centered on the axis 
O' t = 0'2 = O"J when C/l = O. The von Mises surface is a circular cylinder centered on 
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(a) 
(b) 

", 
Figure 6 Failure surfaces in principal stress space: (a) Mohr- Cou
lomb and (b) von Mises. 

", 
von Mises 

Figure 7 View of Mohr-Coulomb, Tresca and von Mises failure 
surfaces in deviatoric plane. 

the axis O'L = 0'2 = 0'3 and contains the Tresca surface. Figure 7 shows a deviatoric 
view of these three surfaces (i.e. , their intersection with a plane perpendicular to 
the axis 0"1 = 0 2 = 0'3)' 

Failure Envelope 01 Solis 

The failure envelope (or shear strength envelope) of a soil describes the boundary 
between the stress states it can sustain and those it cannot sustain. This envelope 
can be expressed in terms of total and effective stresses (see Chapter 5-1). Here
after, it is defined in terms of effective stress; this approach is more versatile and 
reliable than the total stress description presented at the end of this section. To 
avoid confusion between effective and total stresses, we denote the effective cohe
sion intercept by c', and the effective friction angle by 41'. The effective shear 
strength envelope is defined in s'-t space by introducing the parameter 0' and ~' 
which are related to c' and 41' through Eq. 7. We also introduce the peak friction 
angle 4J~ and the residual friction angle ¢I; whicb corresponds to the peak and re
sidual failures, respectively, as defined in Fig .1. 

The shear strength envelope of soils can be determined by using various 
types of laboratory experiments, including direct shear tests, triaxial tests, simple 
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TABLE 1 
Relations between MIT, Cambridge and principal stress notations. 

Parameter 
or function 

First component 
of total stress 

- effective stress 

Second component 
of total stress 

- effective stress 

Major principal 
effective stress 

Minor principal 
effective stress 

Mohr-Coulomb 
failure line 
in compression 

Stress path during Ko 
consolidation 

Stress path during 
isotropic test 

Stress path 
during drained 
triaxial compression 

Principal stress space 

a'1=O,-U 

o)=o) + u 

0; =0)- u 

a; 

a' , 

o j (1 - sin 41') 

- 0 ) (1 + sin 41') = 2C 005 ¢' 

MIT notation 
s-t and s'-t space 

s' = 1(01 + 0') = s - u 

r =l<o,- oJ) 

( = 1 = l (o~ - 0 3) 

0, =s'+1 

0] =s'- I 

1 = c' cos+, + s' sin +' 
1=a' +s' lan ~' 

I - Kn 
t~ -- ,. 

I +Ko 

(=0 

(=So+s' 

Cambridge notation 
p-q and p'-q space 

p' = 1(01 +203) = p - u 

q = 0 , - 0 ) 

q'=q=oj -oJ 
o,=p'+J q 

O;= pl_~ q 

q = MP' + qe 

= 6 sin 41 ' p' + 6005$' c' 
q 3-sin$' 3 sin 41 ' 

i -Ko 
q=3 1 +2Ko P' 

q=O 

shear, cubical. and torsional tests (see Chapter 5-4). It can be represented in the 
0 '-,[, sI-c, and pI-q spaces. Table 1 summarizes some useful relations between sI-t 
and p'-q notations. 

Failure Envelope In a'-t Space 

Figure 8 shows the effective shear strength envelopes of various types of soils in 
(J'-'t space. As illustrated in Fig. 9a for the particular case of London clay, the 

" so' 

. .,. 

Figure 8 Failure envelopes in o '....-'t space for various soils (Bishop, 
, 966) . 
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Figure 9 Shear strength envelope of undisturbed london clay in 
a'-'t space: (a) approximation of curved envelope with segments and 
power relation, and (b) corresponding variations of C' and 1ft' w ith 0 ' 
(data after Bishop, 1966). 

(J '--'t failure line is constructed as the envelope of the Mohr circles at failure for 
various ranges of effective normal stress a', 

As shown in Fig. 8, over a large range of a', the failure envelope is curved, 
and not straight as assumed in Eq. 3. The curved failure litie can be approximated 
by several straight segments, each having a different slope (i.e., tan ~/) and cohe
sion intercept c. As shown in Fig. 9b and Table 1, in 'the case of London clay, c 
and 41' must vary abruptly with 0 ' to fit the curved envelope. . 

TABLE 2 
Variation of cohesion c', friction angle 4t', and parameters ~' and a' w ith normal 
effective stress 0', for undisturbed l ondon clay (data after Bishop, 1966) 

0' (M Pa) C'(M Pa ) 41'(deg) 8'(MPa) ,'(dog) 

0<0'<1 0.14 30.8 0.12 27 ,1 
1<0' < 2.9 '0.42 17.5 0.40 16.8 

2.9 < 0' <. 8 .7 0.79 10.6 0.77 10.4 
8.7 -< 0' 0.00 15.5 0.00 15.0 

An alternate way to approximate curved failure envelope' is to use 'nonlinear re
lations such as the power relation 

(12) 

As shown in Fig. 9, Eq. 12 applies to London clay with m = 0.6, and A = 0.69. ]n 
this case, ¢l' and c over a small stress range about 0 ' are 

tan 41' = d't = Amcr'm-I 
do' 

and (13) 
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As shown in Fig. 9b, in contrast to c' and 9' obtained by linear interpolation, c' 
and ¥ calculated from Eq. 13 varies continuously with (1 ' . 

A third way to describe curved failure surfaces is to introduce the friction 
angle 4>' as follows 

tan 41' = .!. 
a' 

(14) 

and to ass.ume that c' = O. Figure 10 shows the variation of ¥ with (1 ' which Eq. 
14 gives for London clay. The variation of 4Y with a' is comparable to those in Fig. 
9b, except for small values of rt at which 41' becomes excessively large. 

In summary, the shear strength of soils varies nonlinearly with the effective 
nonnal stress a'. There are different ways to define the friction angle ¥ and cohe
sion intercept c', which yield similar fajlure (1 '-t envelopes. Over a large range of 
(1 ', 4>' and c' vary with 0 ' to approximate the nonlinear shear strength of soils. It 
is only in a limited range of a' that constant values of 41' and c' can be used to de
scribe nonlinear shear strength envelopes. 

Soils are cohesionless when their curved failure envelope goes through the 
stress origin (i.e., 0 ' = "t = 0), and cohesive when their curved failure envelope in· 
tercepts the"t axis above the origin. Co.arse grained soils withoui plastic fines are 
usually cohesionless. For most cohesive soils, at the exception of cemented soils, 
partially saturated soils, and heavily consolidated clays, the intercept of the 
curved failure envelope with the"t axis is generally small. 

Failure Envelope In st-t Space 

Like the 0 '-'[ failure envelope, the s'-t failure envelope is also curved. As shown 
in Fig: 11, it is constructed from points B which are obtained from the Mohr cir· 
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Figure 11 Definition of failure envelope in 
5'_1 space based on failure line in a'-'t space. 

Figura 12 Shear strength envelope of undisturbed 
london clay in 8'-1 space: (a) construction of curved 
envelope from data points B, and (b) corresponding 
variations of 8 ' and ~ ' with 5' (data after Bishop, 1966). 

cles at failure. IT the u '--"t failure envelupe is given by the relation 't = 't(o'), then 
the s'-t envelope is generated by varying 0' as follows 

s'=o'+ "t(o'):~ , and t='t(a')Jl+(:~f (15) 

In a few cases such as a straight failure line (Eq. 3), 0' can be eliminated from 
Eq. 15 to yield an explicit relation between s' and t. Figure 12a shows the con
struction of the failure line by using points B in s'-t space, and its approximation 
with segments for London clay. The corresponding values of a' and l;' are listed in 
Table 2 and plotted in Fig. 12b. 

Failure Envelope In ,p '_q Space 

The failure envelope of soils can be constructed in the p'-q space. As shown in 
Fig. 13 for London clay, it is curved like the failure lines in a '-'t and s'-l spaces. 
The friction angle +" can be computed from the p'-q failure envelope by using 
Eq.B. 

SHEAR STRENGTH OF COARSE-GRAINED SOILS 

The shear strength characteristics of coarse-grained soils (e.g., sands and gravels) 
are introduced by examining the stress-strain response of a particular sand-Sacra
mento river sand-which was extensively tested in the laboratory under CD and 
CU triaxial compressions. 
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Isotropic Compression on Sacramento River Sand 
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In the triaxial tests, the shear loading is usually preceded by a consolidation phase 
such an isotropic loading to recreate in the laboratory the initial stresses in the 
field (see Chapter 5-4). Figure 11 shows the change in void ratio of loose and 
dense Sacramento River sands subjected to loading-unloading cycles of isotropic 
pressure. The sand response is nonlinear and irreversible like that of fi ne-grained 
soils subjected to consolidation tests (see Chapter 6-1). 

CD Triaxial Compression on Sacra mento River Sand 

Figures 15 and 16 show the results of CD triaxial compression tests on loose and 
dense samples of Sacramento River sand, The initial void ratio eo and relative 
density Dr of the dense sand samples are eo = 0.61 and Dr = 100%, and those of 
the loose sand samples are eo = 0.87 and Dr = 38%. Each test has a different 
confining pressure 03 ranging from 0. 1 to 11 .8 MPa, a very large range of pres
sure which corresponds to depths from 10 to 1()(M) m. 

The peak failure, which is noticeable in all dense samples, appears only in 
loose samples for aJ < 1.9 Mpa. The value of 0"1/0"3 at peak failure depends on 
density and decreases with cr3 . However, the value of al ia; at residual failure 
is independent of 0 3 and density. The loose and dense specimens share the same 
residual strength . 

The loose samples except for those at 0.1 and 0.2 MPa compact in contrast 
to the dense samples which all dilate. This compaction and dilation is caused by 
shear and depends on the initial density and confining pressure. The dilatation is 
the largest in dense sand at low confi ning pressure, while the compaction is the 
largest in loose sands at high confining pressure. Figure 17 shows another repre
sentation of the variation of void ratio during triaxial compressions. At the begin
ning of each test, the state (p'~) is initially on the isotropic compression curves 
of Fig. 14. During shear, the points (p'~) move away from the isotropic compres
sion line and tend toward a common line. which is referred to as the critical state 
line or steady state line. In Fig. 7, the complete convergence to the critical state 
line is not observed due to the inaccuracy in the measurement of volume changes 
in sands. Recent experimental results (e.g. , Biarez and Hicher, 1994; and Ishihara, 
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Figure 14 Variation of void ratio versus confining pressure during 
isotropic test on loose and dense Sacramento River sand (Lee and 
Seed, 1967). 
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TABLE 3 
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Figure 17 Variation of void ratio with mean effective pressure dur
ing the drained triaxial compression tests of Figs. 15 and 16. 

As shown in Figs. 18, the failure envelopes of dense and loose Sacramento 
River sand are generated by the Mohr circles at the peak failure states of Figs. 15 
and 16. These failure envelopes are both curved over a large range of normal ef
fective stress a', but can be approximated by straight segments in smaller ranges 
of a'. The values of cohesion intercept c, friction angle 4l~ and stress ranges a' 
are listed in Table 3. For 6.5 < a' < 35 MPa, c is equal to 0.2 MPa to fit the 
curved failure envelope, which does not imply that the sand is cohesive as fine
grained materials. The dense sand has a larger and more curved failure envelope 
than loose sand in the lower a' range, but about the same strength in the higher 
a' range, as loose sands become denser under large pressure. 

The failure envelope of Sacramento River sand can also be defined in s'-t 
space. This envelope is curved and can be approximated by straight segments de
fined by the values of ; ' and a' in Table 3. As shown in Fig. 19, the failure enve
lope in p'-q space is also slightly curved, and is larger fo r dense sand than for 
loose sand for p' < 4 Mpa. Figure 20 represents the variation of C/l~ calculated by 
using Eq. 5 with the mean pressure PI at peak failure fo r the dense and loose 
sands. For PI < 10 MPa, 41; linearly varies with the logarithm of PI and depends 
on the sand density. However, for PI > 10 MPa, 41; coincides for dense and 
loose sands. 

Variation of cohesion e'. friction angle q,~, and parameters 1;' and a' with normal 
effective stress 0' for loose and dense Sacramento River sand . 

Effective Friction Cohesion <' .' State normal stress angle q,~ c' 
(MPa) (d",,) (kPa) (d",,) (kPa) 

Loose 0.(}-6.5 33.0 0 28.6 0 
6.5-35.0 29.7 207 26.4 180 

Dense 0.0-3.0 37.2 0 31 .2 0 
3.0-10.0 30.2 393 26.7 340 

10.0-35.0 32.7 0 28.4 0 
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Undrained nlaxial Tests on Sacramento River Sand 

Figures 21 and 23 show the stress-strain response, variation of excess pore pres
sure, and effective p'_q stress paths for the loose and dense Sacramento River 
sand subjected to CU triaxial compression tests at various confining pressures 0 3' 

As shown in Figs. 15 and 21, the stress-strain responses of loose Sacramento 
River sand are quite different during CU and CD tests performed at the same 
cell pressure. For instance, for CD and CU tests at 0 3 = 1.2 MPa, the maximum 
value of q is about 2.9 and 1.1 MFa, respectively. As shown in Fig. 22, this reduc
tion in strength in CU tests is caused by the increase in pore pressure and de
crease in p', compared to CD tests in which there is no pore pressure and pi 
increases. 

As shown in Fig. 23, in the case of dense sands. the p'-q effective stress 
paths are also curved due to changes in pore pressure. However, the shear 
strength increases because pi increases due to a decrease in pore pressure. During 
the undrained tests at 0" ) = 0.1, 1., and 1.5 MPa, the pore pressure becomes equal 
to minus atmospheric pressure (i.e., -0.1 MPa), which puts the water under vac-
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Figure 21 Resul ts of CU triaxial compression tests on loose Sacra
mento River sand at various confin ing pressu res: (a) effective stress 
paths, (b) variation of deviator stress q versus ax ial strain, and (c) 
variation of pore pressure versus axial strain (data after Seed and 
l ee, 1967). 
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uum. The pore pressure can no longer decrease because air bubbles form in water 
due to cavitation. When the pore pressure reaches -0.1 MPa, the CU triaxial test 
is no longer undrained. but drained as cavitation allows for volume changes. Cav
itation may be avoided by increasing the back pressure (see Chapter 7-6). 

Figures 19 and 20 compare the peak fa ilure envelope obtained from CD and 
CU triaxial tests for the loose and dense Sacramento River sands. Both drained 
and undrained failure envelopes coincide. In term of effective stress, the failure 
envelopes of the Sacramento River sand are identical during drained and und
rained conditions. This remark reconciles the apparent difference between the 
drained and undrained shear strength of sands. and demonstrates the advantage 
of expressing the failure of soils in terms of effective stress. 

Undrained TrIaxial Tests on Ban~lng Sand 

Figure 24 shows the suess-strain response and pore-pressure response of Banding 
sand subjected to CU triaxial compression tests, and compare them to drained re
sponses during CD tests. The CU tes~s are performed at three different relative 
densities Dr = 30%, 44% , and 47%, and the CD test at Dr = 30%. All tests are 
performed at the same confining pressure 003 = 400 kPa. The undrained shear 
strength is smaUer than the drained shear strength for Dr = 30% and 44%, but 
becomes larger for Dr = 47%. For Dr = 30%, the residual undrained shear 
strength is very small, which corresponds to the catastrophic phenomenon of liq
uefaction. Additional infonnation on liquefaction can be found in Ishihara (1993). 
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Figu re 24 Stress-strain and pore pressure responses of three CU 
tests and one CD test on Banding sand with various relative density 
Df but identical confining pressure 03 = 400 kPa (after Castro, 
'969) . 
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TABLE 4 

Chap. 7-1 I Shear Strength of Soils 

lYplcal Characteristics for Shear Strength 
of Coarse-<iralned Solis 

The shear strength of sands and gravels are influenced by many factors, including 
mean effective pressure, void ratio, particle shape, grain size distribution, water, 
particle size, intermediate principal stress, and overconsolidation pressure. 

Table 4 shows an early attempt to tabulate the variation of friction angle 
with density. The peak friction angle $ ~ varies from 28 to 480 depending on den
sity. The residual friction angle $; varies from 26 to 36°, independen tly of density. 
Table 5 includes the additional effects of void ratio, grain angularity, grain size 
and coefficient of uniformity on ~~ for various soils, and extends the range of 
variation of 4> ~ fJ:om 28 and 60°. Well-graded soils have a larger $~ than poorly
graded soils. In Tables 3 and 4, $~ increases with the grain angularity and density. 

, 

Peak and residual friction angle of cohesion less soils (after Hough, 1957). 

Friction angle Ijl~ at peak strength Friction angle Ijl ~ at 
Classification (deg) ultimate strength 

Medium dense Dense 
(deg) 

Silt (nonplastic) 28-32 30--34 2&-30 
Uniform fine to medium sand 30--34 32-36 26--30 
Well -graded sand 34-40 38-46 30--34 
Sand and gravel 36-42 40-48 32-36 

TABLE 5 
Friction angle of cohesionless soils (Holtz and Kovacs, 19B1). 

0 " Co l oose Dense 
(mm) 

Soil type Grain shape 

• .; 
(deg) e .; 

(deg) 

Ottaw a standard sand Well rounded 0.56 1.2 0.7 28 0.5 35 
Sand from 5t Peter sandstone Rounded 0.16 1.7 0.69 31 0.5 37 
Beach sand from Plymouth, MA Rounded 0.18 1.5 0.89 29 
Silty sand from Franklin Falls dam Subrounded 0.03 2.1 0.85 33 0.7 37 

site, NH 
Silty sand from vicinity of John Subangular 0.04 4.1 0.65 36 0.5 40 

Martin dam, CO to subrounded 
Slightly silty sand, Ft, Peck dam, Subangular 0.13 1.8 0.84 34 0.5 42 

MT to subrounded 
Screened glacial sand. Manchester, Subangular 0.22 1.4 0.85 33 0.6 43 

NH 
Beach sand of hydraulic fill dam, Subangular 0.07 2.7 0.81 35 0.5 46 

Quabbin Project, MA 
Artificia l, well-graded mixture of Subangular 0.16 68 0.41 42 0.1 57 

gravel with sands to subrounded 
Sand from Great Salt Lake fill Angular 0.07 4.5 0.82 3B 0.5 47 

(dust gritty) 
Well -graded, compacted crushed Angular 0.2 60 

rock 

Figures 25 to 27 show that $~ is significantly influenced by void ratio e, As 
shown in Fig. 25 , 4> ~ decreases from 40 to 32° when e increases, but remains 
larger than the fr iction angle between particles (e.g., $1' = 26°). Similar influence 
of void ratio on $~ is observed for various types of granular soils including grav-
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figure 25 Variation of friction angle versus void ratio for several 
granular soils (data after Lambe and Whitman, 1979; and Rowe, 
1962). 
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Figure 26 Variation of friction angle fp with relative density Dr 
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els and fine sands. As shown in Fig. 26, 4'~ varies with relative density D, and co
efficient of uniformity. As shown in Fig. 27, 4'~ can be correlated to dry unit 
weight, relative density, and uses classification. 

Figure 28 shows the effects of confining pressure 0'3 on 4'~ in coarse-grained 
soils subjected to triaxial compression tests. Theses effects which were noticed for 
loose and dense Sacramento River sand are also observed in other sands, and can 
account for a decrease in 4'~ from 45 to 32°. 

Using a database of clean sands, Bolton (1986) shows that the peak and re
sidual friction angles $~ and $; are related through 

$~ = $; +<x max{O, D,[Q - Ln(pi )] - RI (16) 

where ex depends on the type of loading (3 triaxial compression, and 5 for plane 
strain compression), D, is the relative density, Q the soil mineralogy and com
pressibility coefficient (10 for quartz and feldspar, 8 for limestone, 7 for anthra-
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Figure 28 Variation of friction angle with confining pressure in tri
axial compression test (data after Leslie, 1963). 

cite,5.5 for chalk), R a fitting coefficient (equal to 1 for the data of Fig. 29), and 
PI = (a~ + a; + a;)/3 the mean effective pressure at failure. As shown in Fig. 
29, Eq. 16 is capable of describing the variation of 41 ~ - .~ with density and 
mean pressure for loose and dense Sacramento River sands. 

The residual friction angle ,~ in Eq. 16 can be evaluated from the relation 
proposed by Koerner (1970): 

(17) 

where ~¢lh 6+z, 6.¢IJ, 6'4, and A,s depend on the grain shape, grain size. grada· 
tion, density and mineral hardness as specified in Table 6. By decreasing order of 
importance, the facton; influencing • ~ are particle size, particle shape. mineral 
hardness, density, and gradation. 
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Figure 29 Variation of $~ ~ $~ with effective mean pressure P't 
at failure (Bolton, 1986). 

Variation of fr iction angle ,~ with particle shape, grain size, gradation, density, and 
mineral (Koerner. 1970). 

Factor 

Particle shape 

Grain size 

Gradation 

Density 

Mineral 

Correction factor (deg) 

Description .$, 0$, ." 0$. ." 
Low sphericitiy and angular shape 2 
High sphericity and subfounded shape -6 
Fine sand. 0.2 :> D,o > 0.06 mm 0 
M&cIium sand, 0.6 > D,o > 0.2 mm -4 
Coarse sand, 2.0 > D,o > 0.6 mm -9 
Gravel, D,o > 2 mm -11 
Poorly-graded soil, c.. < 2 0 
Medium uniformity, c.. = 10 -, 
Well-grad&cl soil, Cu > 2 -2 
Loosest packing, 0 < Dr < 50% -, 
Medium density, 50 < D, < 76% 0 
Densel packing, D, > 75% 4 
Quartz 0 
Feldspar, calcite, chlorite 4 
Muscovi te, mica 6 

Influence of intermediate principal stress. The effect of interme
diate principal stress cr2 on shear strength can be characterized by introducing 
the parameter b 

b=02-03 
°1-0) 

(18) 

where 0) and oJ are the major and minor principal effective stress, respectively. 
b varies from 0 to 1 when cr2 varies from 0) to 01 , b = 0 in triaxial compression 
tests (cr2 = 0') )r and b = 1 in triaxial extension tests (°2 = 01 ). 

The investigation of the effect of 02 on friction angle tP' requires advanced 
testing apparatus, some of which are described in Chapter 5-4. As shown in Fig. 
30 for various sands, b inHuences the friction angle tP~ calculated from the meas
ured values of 0'1 and oJ (Eq. 5). It is minimum for b = 0, sharply increases for 
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Figure 30 Variation of friction angle 41 ~ with 
parameter b measured on various sands (after Biarez 
and Hicher, 1994). 

Figure 31 Variation of normalized friction angle ~~ / 
41~o with parameter b corresponding to Fig. 30. 

o < b < 0.3, then keeps increasing or start to decrease depending on data sets. Bi
arez and Hicher (1994) attributed this scatter in experimental results to the diver
sity of testing conditions. In most cases, $~ is larger in extension (b :::: 1) than in 
compression (b :::: 0). Figure 31 shows the variation of 4>~ /¢I~=o with b, in which 
¢I~ is normalized by its values $/'=0 in triaxial compression (b = 0). 4>~ can be 
15% larger than $1,=0' 

The effect of intermediate principal stress 0"2 on ~ is not accounted for in 
the three-dimensional Mohr-Coulomb failure surface (Eq. 9). To account for this 
effect , Lade and Duncan (1975) suggested the following failure envelope: 

(19) 

while Matsuoka and Nakai (1974) proposed: 

(20) 

where h, 12 and h are the stress invariants defined in Chapter 5-1 , and 1\1 ' is cal
culated for b = O. In the 0"1-02-03 principal stress space of Fig. 6a, the failure 
surfaces of Eqs. 19 and 20 are smooth cones which encompass the angular 
Mohr-Coulomb surface. As shown in the deviatoric plane of Fig. 32, these failure 
surfaces have similar cross-sections. 

Figure 33 and 34 shows the variations of 1\1' and <\l~ fl\l~=o with b which are 
calculated by introducing b in Eqs. 19 and 20. The variations corresponding to 
Mohr-Coulomb are not represented; they are horizontal lines. Equation 20 pre
dicts the· measured variation of 41' better than Eq. 19. However, Eq. 20 does not 
describe the change in 41' observed between triaxial compression and extension. In 
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Figure 32 Failure surfaces in deviatoric plane: Mohr- Coulomb, von 
Mises, Lade-Duncan, and Matsuoka- Nakai. 
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Figure 33 Variation of friction angle" with 
parameter b predicted by Lade and Matsuoka-Nakai 
failure surface for various friction angle in triaxial 
compression. 

Figure 34 Variation of normalized friction angle 
t'J'b-.o with parameter b corresponding to Fig. 33. 

addition to Eqs. 19 and 20, there are other failure envelopes (e.g., Bardet. 1990) 
which can account for the effects of b on 41 ' . 

SHEAR STRENGTH OF FINE-GRAINED SOILS 

The shear strength characteristics of fine-grained soils (e.g.,clays and silts) are intro
duced by examining the stress-strain response of a particular clay-Weald clay-which 
was extensively tested under CD and CU triaxial compressions. 
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IS01ropic Consolidation 01 Weald Clay 

Figure 35 shows the result of an isotropic consolidation test on Weald clay. Start· 
ing from the value 0.8, the void ratio e decreases linearly with the logarithm of ef· 
fective mean pressure p'. The point (pi, e) moves on the virgin consolidalion line 
(VeL), which has the equation 

e = X - )./n(p') (21) 

where)" is the VeL slope, and X is the void ratio at p' = 1 kPa. As described in 
Chapter 6-1 , the soil response is irreversible after a loading reversal, When p' is 
decreased from PI , the point (p, e) moves away from the VeL along a swelling 
line defined by 

(22) 

where K is the average swelling slope, and el is the void ratio at pi '? PI . The pa
rameter ).. and K are related to the compression indices Cc and Cs defined in 
Chapter 6-1 through 

).. = 0.434 C( and K = 0.434 C, (23) 

where the coefficient 0.434 results from the conversion from decimal to natural 
logarithm. For Weald clay, ).. = 0.092 and K = 0.032. 

The degree of overconsolidation of a clay is characterized by the overcon
solidation ratio OCR which is 

, 
OCR=~ Po (24) 

where Po is the present mean effective pressure, and P~ is the preconsolidation 
pressure, which is the largest effective pressure applied in the past. OCR is always 
larger or equal to 1. When the point (Po, e) is on the VeL, the clay is normally 
consolidated and OCR = 1. When it is on a swelling line, the clay is overconsoli-

O. 
0.7 

~ 0.7 
2 
~ 

~ 0.6 

0.6 

0' 
10 100 

p' (kPa) 

- . - vCL 
-o-- S~Uing 

1000 

Figure 35 Results of isotropic consolidation on Weald clay (data 
after Parry, 1960). 



Shear Strength of Fine-Grained Soils 385 

... (a) 

... 

dated and OCR > 1. For instance, a clay with an OCR = 30 and Po = 30 kPa was 
first isotropically loaded to 900 kPa, before being unloaded to 30 kPa. 

CD 'h'laxlal Compression Tests on Weald Clay 

Figure 36 shows the results of CD triaxial tests on normally consolidated and 
overconsolidated samples of Weald clay. At 69 kPa confining pressure. the shear 
strength of the overconsolidated (OCR = 12) sample is almost twice that of the 
normally consolidated sample. The overconsolidated samples initia1ly compact 
then dilate during shear, whereas the normally consolidated samples compact un
til they fail. A similar behavior was observed for dense and loose Sacramento 
River sands. As shown in Fig. 36a, the failure envelope is not straight, but curved 
at small preSsures. 

CU 'h'JaxlaJ Compression Tests on Weald Clay 

Figure 37 shows the results of CU triaxial tests on normally and over-consoli
dated samples of Weald clay at two different total confining pressures 0 3- In p'-q 
space, the normally consolidated stress-path moves toward the origin, whereas 
the overconsolidated stress-path goes away from the origin, which increases p i, 
and makes the overconsofidated sample at 0 3 = 35 kPa almost as strong as the 
normally consolidated sample at 0 3 = 2\17 kPa. 

... 
p'(kP.) 

_69th,OCR_1 
.......... 207 kPa, OCR - I 
-+-- 690 kPa, OCR - I 
-0-- 69 kPlI. OCR _ 11 
-I:r- 35 th. OCR _ 24 

(b) 

, 10 " '" 
Figure 36 Results of CD triaxial tests at various confining pres 
sures on normally consolidated (OCR = 1) and overconsolidated 
(OCR = , 2 and 24) samples of Weald clay; (a) effective P'-q stress 
paths, (b) stress-strain response. and (c) volumetric response (data 
after Parry. 1960) . 

" 

" 
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Figura 37 Results of CU triaxial tests on normally consolidated 
(207 kPa, OCR = 1) and ovarconsolidated sample (35 kPa, OCR = 
24) of Weald clay: (a) stress-strain response, and (b) effective P'-q 
stress path (data after Parry, 1960) . 
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Figure 38 Effective p'-q stress paths for samples of Weald clay 
with the same void ratio but different overconsolidation ratios (data 
after Parry. 1960). 
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As shown in Fig. 38, the p'-q stress paths that are associated with the same 
void ratio but different overconsolidation ratios from 1 to 126 converge toward a 
common point. The undrained shear strength of Weald clay is largely determined 
by its initial void ratio. 

Crftlcal State Theory for Clays 

The critical state theory (Schofield and Wroth, 1968) extends the Mohr-Coulomb 
failure theory by describing the variation of shear strength with void ratio. One of 
its major achievement is to relate the drained and undrained behaviors of fine
grained soils. and to predict their undrained shear strength. 

In the critical state theory, soils reach their critical state when they undergo 
a residual failure at constant volume. The critical state is associated with residual 
failure, but not with peak failure, which is generally accompanied with a volume 
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change. The projection of the critical state line (CSL) onto the p'-q space is 

q=Mp' (25) 

where M is related to the residual friction angle through: 

, _ . _\ (~) _ 6 sin cjl~ 
cjlr - Sin 6 M' and M - 3 . I + - slfi4l r 

(26) 

The projection of the critical state line in the p'-e space is parallel to the virgin 
compression line 

,~ r - A/n(p' ) (27) 

where r is the critical void ratio at p' = 1 kPa. The CSL void ratio rand VCL 
void ratio X at p' = 1 kPa are related through 

r ~ X - (A - K) /1I (r) (28) 

where the parameter r is usually selected equal to 2. 
As shown in Figs. 39 and 40, the critical state is identical for the drained and 

undrained responses of normally consolidated and overconsolidated samples of 
Weald clay. The point (p', q, e) tends to move closer to the critical state during 
shear loading. A material denser than the critical void ratio dilates to reach the 
critical state, whereas a material looser that the critical void ratio compacts to 
reach the critical state. 

The critical state theory has four material constants: A.. 1( , 41' and r. The val
ues of these constants are listed in Table 7 for London clay, Weald clay, and kao
lin, along with their liquid and plastic limits. specific gravity and the void ratios 
corresponding to plastic and liquid limits. 

Undrained Shear Strength from Critical State Theory 

By definition, the undrained shear strength Su is the shear stress at failure during 
undrained loadings. During undrained triaxial compression tests, Su is 

(29) 

0.7' 
0, 
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Figure 39 Critical state in P'-q space from drained 
and undrained triaxial test results on Weald clay (data 
after Parry, 1960). 

Figure 40 Critical state in p'-e space from drained 
and undrained triaxial test results on Weald clay (data 
after Parry, 1960). 
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TABLE 7 
Critical state parameters and plasticity indices for london clay, Weald clay, and kaolin 
(Schofield and Wroth, 1968) 

Material constams London clay Weald clay Kaolin 

Slope of critical state line (CSL) , ). 0.161 0.093 0.260 
Void ratio on CSl at 1 kPa, r 1.759 1.060 2.767 
Slope of critical state in pl_q space, M 0.88 0.95 1.02 
Friction angle 41' at critical state (deg) 22.6 24.2 25.8 
Slope of swelling line, IC 0.062 0.035 0 .050 
Parameter A = (l. - 1(.) / ').. 0.615 0 .624 0.808 
liquid limit LL (%) 78 .3 7. 
Plastic limit PL (%) 26 '8 .2 
Plasticity index PI (%) 52 25 32 
Specific gravity G. 2.75 2.75 2.61 
Void ratio at lL 2.145 1.183 1.931 
Void ratio at PL 0.715 0.495 1.096 

At the critical state, S" is therefore related to the effective mean pressure PI 
through 

(30) 

During undrained tests, the void ratio e is constant (Le., e = eo) and is related to 
PI through Eq. 27, that is 

(31) 

Therefore Eq. 30 becomes 

M (r -eo) 
Su= '2 exp -.- (32) 

Su can also be expressed in terms of the liquidity index Ll. By definition, the li
quidity index LI is 

LI=w - PL 
PI 

(33) 

where w is the water content, PL the plastic limit, PI the plasticity index 
(PI = LL - PL), and LL the liquid limit. LI = 1 when w = LL and LI = 0 when 
w = PL. For saturated soils, the void ratio eo is related to the water content 
through 

(34) 

Therefore Eq. 32 becomes 

M [r -G,(PL + PI x L/)] 
Su=Zexp A (35) 

The undrained shear strength Su becomes the following function of plasticity in
dex LI 

(36) 
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where SuPL and SuLL are the undrained shear strength at plastic limit PL and liq
uid Limit LL, respectively: 

M 
S""L = "2 exp(r - G, PL)/).j and S"LL = S"PLexp(- G,PII).j (37) 

Schofield and Wroth (1968) observed that the ratio SuPLISuLL is practically equal 
to 100, which implies that the slope of the critical can approximately be related to 
specific graviy and plasticity index 

G,PI 
).= L (S IS I "' O.217G, Pl 

n uPL uLL 
(38) 

Su can also be expressed in terms of OCR. An overconsolidated clay with the in
itial state (Po , eo) corresponds to the normally consolidated state (p~ , ep ) which 
is on the VeL 

P' 
ep=eo -Kln~ =eo-KlnOCR=X-'A.ln(OCRpo) (39) 

Po 

Therefore eo is 

eo = X - (A. - K)lnOCR - 'A.lnpo 

Eq. 32 becomes 

S" M (r -X) ,-< -=-exp -- OCRT 
Po 2 A 

and using Eq. 28, 

S"=M(OCR)' 
Po 2 r 

where the parameter A is 

). - < 
A=-).-

(40) 

(41) 

(42) 

(43) 

The value of A is limited to be between 0 and I, and is typically about 0.8. As 
mentionned previously. r depends on r and X and is usually selected equal to 2. 
The undrained shear strengths of overconsolidated and normally consolidated 
clays are therefore related through 

S" = (S") OCR' 
Po Po OCR_ l 

The undrained shear strength of normally consolidated clays 
mated as 

(S") 1.72 sin ~; 
., Rl 0.29 M= . , 
P o OCR_ ] 3 sm ' r 

(44) 

can be approxi-

(45) 
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The undrained shear strength predicted by Eqs. 36, 42, 44, and 45 is compared to 
experimental results later. 

The normalization of Eq. 44 sets the basis of the SHANSEP procedure (Ladd 
and Foott,1974). SHANSEp, which is the acronym for Stress History and Normal· 
ized Soil Engineering Properties, assumes the normalization of the undrained 
stress-strain response and undrained shear strength of normally and overconsoli
dated soils. This normalization is convenient to determine the undrained shear 
strength at various initial stresses Po and overconsolidation ratios OCR by per
forming a relatively small number of tests with different values of Po and OCR. 
Additional information on SHANSEP can be found in Jamiolkowski et al. (1985) 
and Ladd (1991). 

Drained Shear Strength of Flne-gralned Solis 

As shown in Fig. 41, at low effective normal stress a ', the failure envelope of 
overconsolidated fine-grained soils is usually more curved and larger than the 
fa ilure envelope of normally consolidated material which is practically linear. As 
illustrated in Fig. 42, this bump EDC in the failure envelope originates from over
consolidation, which is represented by unloading CDE in the ct-l! space. ABCF 
represents the failure envelope of normaUy consolidated clays, while EDCF de
notes that of overconsolidated clays. 

Table 8 gives typical values of effective cohesion intercept c' and effective 
friction angle 41' for various fine-grained soils. The values of c' range from 0 to 150 
kPa, and those of 4Y from 5 to 38°. As described previously, the failure envelope 
of fine-grained soils is curved, and the cohesion intercept c' varies with the range 
of a '. For normally consolidated clays, c' is practically equal to zero (see Fig. 41). 
For overconsoJidated clays. c' depends nonlinearly on a' and OCR. In most fine
grained soils, at the exception of cemented soils, partially saturated soils., and 
heavily consolidated clays. the intercept of the curved failure envelope with the t 

axis is small. 
As shown in Figs. 43 and 44, the friction angle 4Y of fine·grained soils de

creases from 40° to 20° when the plasticity index PI varies from 20% to 100%. In 
the particular case on montmorillonite clay with extremely large water content 
(1000%}, 4Y decreases to the low value of 5°. As shown in Fig. 44, the residual 
friction angle ,~ decreases from 33 to 5° with the clay fraction (percent by weight 
finer than 2 !lm obtained from grain-size distribution curve). Figures 45 and 46 
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Figure 41 Failure envelopes of normally consolidated and overcon 
solidated clays (data from Singh et at, 1973). 
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Figure 42 Effect of overconsolidation on failure envelope of fine
grained soils . 
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Figure 43 Relation between friction angle V' and plasticity index PI 
on fine-grained soils (data after Kenney. 1959; Ladd et aI., 1977; 
Masri and Abdel·Ghaffar. 1993; and Mitchell, 1993). 
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show the effect of the intermediate principal stress on 41'. Like coarse grained 
soils, fined grained soils have a friction angle 11" that depends on the coefficient b, 
and may vary as much as 20% with b. 

Undrained Shear Strength or Flne-gralned Solis 

The undrained shear strength Su is a widely used soil parameters in geotecbni~al 
engineering. However, Su is not a fundamental soil property like the effective 
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Figure 44 Relation between residual friction angle 9~ and clay 
fraction from ring shear tests and field studies (Skempton, 1985) . 
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Figure 45 Variation of friction angle $~ with param
eter b measured on various clays (after Biarez and 
Hicher, 1994) . 

Figure 46 Variation of normalized friction angle 
I\l~ I $~o with parameter b corresponding to Fig. 45. 

friction angle tit. Su is influenced by many factors including the mode of testing. 
rate of loading, confining stress level, initial stress states, and other variables. 
Hereafter, we present typical values of Su obtained in a standard or reference 
test--CU triaxial tests with isotropic consolidation-and examine the relations 
between Su and p!asticity index, overconsolidation ratio, liquidity index, and sen
sitivity. 

Table 9 lists values of Su for various soils as well as additional properties, in
cluding liquid and plastic limits ·and water content. The values for Su in Table 9 
range from 10 to 300 kPa. 
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TABLE 8 
Values of cohesion intercept c' and friction angle " obtained for various soils (Mesri and Abdel·Ghaffar, 1993) 

Plasticity 
Water Liquidity 

Case record index PI d (kP,) 41' (deg) content (%) index LI (%) 

Kimola Canal 53 27 1 4.9 28 
Lake Michigan bluffs 2- 14 Stiff 8-20 31-35 
Trondheim embankment 22-25 3-7 , 1 22 28 
Seines landsl ide 34 5 3.4 4.9 28 
Seines landsl ide 7 1 14.9 28 
Voitagio landslide 8 10 - 1.1 20 25 
Slope failure in China 22 20 0.05 11.8 38 
Saguling power station 15 Stiff 26 22 
Slope failure in Sri-Lanka 24 Stiff 10.4 31 
Slope failures in varigated clay shale 20 24 --0.58 7.4 24 
Slope failures in varigated clay shale 5.3 25 
Jackfield landslide 30 25 0.4 7.2 21 
Selset landslide 12 13 -0.8 8.6 32 
Lodalen slide 31 17 0.75 9.8-12 27-32 
Drammen River slide 32-38 17 1 0-2 33 
Ullensaker landslide 30 6 1.3 1.5-2.3 32-34 
S. Barbara coal mine 43 35 -0.6 150 20 
Carsington Dam 40 43 0.19 10 20 
Shell mouth test fill 3. 38 0.48 12.4 26 
Seven Sisters Dikes 48 67 0.27 13.8 15 
North Ridge Dam 37 51 0.31 24.8 22 
London clay failures 31 52 0 12 20 
Lias clav failures. weathered 18-28 31-41 <0 17 23 
Field test in Oslo clay 30-38 23 > 0.5 8.8 24 
Lesueur landslide 170 Stiff 29 17 
Failu re at Wettern 88 0 8 25 
Amuay slides 15-20 40 0.15 6.' 38 
Bosse-Galine test cut 55 51 0.61 10-12 26-31 
River Albedosa slide 29 26 0.17 55 29 
Genesse embankment 20-45 45 0.2--0.4 10-20 21 
Otford test embankment 31 54 0 10 24 

Influence or Test Conditions 

As mentioned in Chapter 5·4, the soil samples are not consolidated before being 
sheared in UU triaxial tests. In Table 9, the undrained shear strength measured 
from UU tests is denoted S .. (UU) , and that measured from CU tests is denoted 
by S .. , assuming that the CU tests are the reference laboratory tests to determine 
the undrained shear strength. M shown in Fig. 47, at the exception of a few cases, 
S .. (UU) is systematically smaller than S ... Detailed studies (e.g., Ladd et aI., 1977) 
have shown that the UU tests are often in gross error because of sampling distur
bance effects and omission of reconsolidation phase. 

Influence of PI. Various empirical correlations were proposed to relate 
the undrained shear strength Su and plasticity index Pl. The most common carre· 
lation for normally consolidated clays (Skempton, 1957) is 

s. 
--; = 0.11 + 0.0037 PI 
0 0 

(46) 

where 0'0 is the effective vertical stress, and PI the plasticity index. M shown in 
Fig. 48, Eq. 46 applies to the soils tested by Bjerrum (1954) and Leonards (1962), 
but not to those of Osterman (1960) which have large plasticity index, and are 
difficult to sample in the field and test in the laboratory. 
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TABLE 9 (CONT_) 

Database for undrained shear strength of various clays from CU and UU tests (Chen and Kulhawy, 1993) 

Total 
unit 

Soil LL PL w weight Depth 5" Su(UU) 
Site description (%) (%) (%) (k.N/m3 ) Sensitivity (m) OCR (kPa) IS" SU la'o 

Island 55 27 25 15-18 1.1 13. 0.47 0.51 
St Alban Soh to me- 48 23 100 15,3 21 2.1 16.3 0.89 0.99 

dium silty 
clay 40 18 82 17 55 2.3 27.4 0.89 0.85 

30 14 48 16.8 7.2 2.4 37 1.02 0.93 
Boston lean and 38 18 5-10 18 0.87 1.7 

moderately 
sensitive blue 38 18 5-10 12 1.07 1.' 
clay 

38 18 5-10 3.2 0.75 0.72 
38 18 5-10 1 0.56 0.32 

Labora- Overconsoli- .5 35 • 125 1.09 1.28 
to,", dated 
results kaolinite 45 35 • 101 0.74 1.03 
Hacken- Varved clay 44 • 7.S-15 1.8 61.6 0.98 0 .• 
sack 
Valley 
Santa Firm Pleis- .3 28 .5 20-<0 1.6 85 0.75 0.36 
Barbara tocene clay 
channel Hard silty clay 55 27 30 100-140 12 225 0,64 0.26 
Lakeland Cohesive 32 22 32 18.8 C>-33 U 100 0.45 0.41 

slimes 
San Fran- Salt gray clay 88 .3 .2 ,. 6.-10 1.' 27 0.77 0.43 
cisco (new 
Bay mud Bay mud) 90 .5 .5 14.7 10-15 1.3 35 0.77 0.44 
San Fran- Sandy clay 83 .5 .2 14.5 6.-9 1 .. 38 0,71 0.55 
cisco 

Soft gray clay 70 40 72 15 9-12 1.2 43 0.75 0.49 
Boston Marine illitic ., 20 4 0.68 0.91 

blue 
clay " 20 2 0.65 0.55 

41 20 1 0.61 0.31 
Anacostia Dark. organic 67 32 60 15,7 4-6 2.1 34.2 0.53 0.46 

silty 
clay 83 57 80 13.6 6.-. 2.1 59.7 0.38 0.32 

Tuckerton Dark gray 42 22 42 16 8 130 1.08 2.03 
plastic clay 

57 37 55 17 5.2 86 0,86 1,17 
Darle. gray 78 28 58 18-23 4 118 0.85 1.16 
plastic clay 

Ottawa Leda clay - 46 ,. 72 26 6.-. 3.1 97 .5 1.18 1.08 
moderately 33 8 68 80 9-12 2.2 117,5 0.93 1.02 
preconsoli- 3. • 51 11. 2-15 2 125 0.62 0.95 
dated clay 
with high plas- 27 5 36 128 15-18 2 1.5 0.73 0.7 
ticity 
and sensitivity 38 28 52 8. 18-21 1.6 ", 0.65 0,68 

Mading- Gray fissure .7 23 31 18.4 3-4 20 103 0.93 2,33 
I·V Gault 

clay with 68 2. 30 18.6 4-6 18 132 0.99 2.27 
heavily 
overconsoli· 74 2. 29 18.8 6.-7 14 ,.0 0.99 2 
dated clay 

South- Very stiff clay .7 30 30 15.2 6.5 175,5 1.03 0,87 
eastern with 
Texas high plasticity 64 23 23 18.3 5.8 170 0.71 0.75 

61 12 26 21.3 2.' ,., 0.83 0.64 
Empire Fine gray clay 83 2. 45 36.6 12 86.1 0.53 0.27 
Chicago Hard silty clay 2. ,. 13 19.6 10 22 285 1.22 2.35 
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Figure 49 Relation between liquidity index and undrained shear 
strength 51./ of clays (experimental data after Skempton and Northey, 
1952; and Carrier and Beckman, 1984) . 

Influence of LI . As shown in fig. 49. Su. decreases from about 100 to 0.1 
kPa when Ll increases from 0 to 2. Remarkably, Su is almost 100 times larger at 
the plastic limit (L I = 0) than at the liquid limit (LJ = 1). Su is practically smaller 
than 1 kPa when LI > 1. The critical state theory (Eq. 36) describes the variation 
of 5 .. with LI as fo llows 

(47) 

where S"PL is the undrained shear strength at plastic limit, which is seJected equal 
to 170 kPa in Fig. 49. As shown in Fig. 49, the values of Su predicted by Eq. 47 
are in agreement with measured values. 

Influence of OCR. Figure 50 shows the var' ion of S"lco with overcon
solidation ratio OCR. Jamiolkowski et al. (1985) su ested the following relation 

s. ~ (0.23 ± 0.04) OCR" 

'" 
(48) 

where 00 is the initial vertical effective stress in the fie ld. Eq. 48 can be obtained 
from Eq. 44 when A = 0.8, 41~ varies from 17 to 240

, and aD is assumed equal to 
the mean effective pressure Po' As shown in Fig. 50, Eq. 48 slightly overpredicts 
the measured variation of S,,/oo with OCR. As shown in Fig. 51, assuming that 
aD = Po , Eq. 44 predicts well the measured variation of normalized undrained 
shear strength with OCR. 

Influence of Sensitivity. As shown in Fig. 52, the undrained shear 
strength is lower for remolded samples than for undisturbed samples. This cbange 
in Su is characterized by the sensitivity S" which is the ratio of undrained shear 
strengths in the undisturbed and remolded states at the same water content: 

(49) 
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Figure 60 Variation of Su /a'o with overconsolida
tion ratio OCR for overconsolidated clays (data from 
Chen and Kul hawy, 1993, and Ladd et aI., 1977). 

Figure 61 Variation of normalized ~/crO with 
overconsolidation ratio OCR (data from ladd et 
aI., 1977; and theory of Eq. 44). 
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Figure 52 Relation between undrained shear strength ~ and wa
ter content for various undisturbed (solid lines) and remolded 
(dashed lines) samples of Japanese clays (Yoshinari. 1967). 
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Figur. 63 Relation between sensitivity and liquidity index for 
Scandinavian, British, Canadian, and some U.S. clays (after Holtz 
and Kovacs, 1981) . 

As shown in Fig. 53, ~f increases rapidly with liquidity index LJ. Sf is gener
ally less than 10 when Ll is less than 1. Table 10 indicates the ranges of S, com
monly found in the United States. where highly sensitive clays are rare, and in 
eastern Canada and Scandinavia, where sensitive clays are more common. 

TABLE 10 

Typical values of sensitivity 5, 
(after Holtz and Kovacs, 1981) 

Range of 5, 

Condition 

Low sensitive 
Medium sensitive 
Highly sensitive 
Quick 
Extra quick 

United States 

2-4 
4--8 
8-16 
16 

Sweden 

< 10 
1<>-30 
> 30 
> 50 
> 100 

Relation between Elastic modulus and Undrained 
Shear Strength 

The elastic Young's modulus can be compared to the undrained shear strength. 
As shown in Fig. 54, the ratio EmaxIS,. for four different clays varies between 2500 
and 500, where Emax is the elastic Young's modulus obtained fo r strain amplitudes 
smaUer than 0.001 'Yo. The ratio EnuuIS,. may become smaller than 500 when 
Young's modulus is determined for larger strain amplitude (see Chapter 5·5). 

TOTAL STRESS FAILURE CRITERION 

The failure envelopes of soils, which have been described in terms of effective 
stress until now, can also be represented in terms of total stress. In this case they 
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Figure 64 Aelation between Young's modulus E,,* measured at 
small strain amplitude « 10-3%) and undrained shear slrength $" for 
several clays (after Tatsuo1<8 and Shibuya, 1992). 

399 

are referred to as apparent. The apparent failure envelope in 0'-'( space are con· 
structed by enveloping the Mohr circles of total stress at failure during undrained 
tests, for instance as shown in Fig. 55 by enveloping circles A, Band C. 

As shown in Fig. 55 , in the case of CU tests, the apparent failure envelope 
has an apparent cohesion c .. and apparent friction angle 41 .. which characterizes 
the increase in undrained shear strength S" with the total normal stress a (i.e., S" 
= c .. + a tan 4111)' When the pore pressures uA.' UB . and Uc are known at failure, 
the effective failure envelope can also be constructed by drawing the effective 
stress circles A', B' and C' from the total stress Mohr circles A, B, and C. This con· 
struction is impossible without pore pressure measurement. 

In the case of UU tests, the apparent failure envelope can be constructed in 
the same way as for CU tests, for instance by using the circles A, D and E of Fig. 
56. The apparent UU failure envelope is generally a straight horizontal line, and 
S" is independent. of a. In the UU tests, the external pressure, which is applied to 
the saturated soil samples, is entirely taken by the pore pressure, and not by the 
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Figure 66 Apparent failure envelope constructed from CU tests, 
and effective failure envelope. 
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REVIEW QUESTIONS 

1. What is the most commonly used theory to describe the failure of soils? 
2. Describe the Mohr-Coulomb theory. 
3. Draw the evolution of 1he Mohr circle during an unconfined compression 

test. 
4. Define peak and residual failures. 
5. How does the Mohr-Coulomb theory define the orientation of the failure 

surfaces? '-
6. Among all the factors influencing the friction angle of coarse-grained soils, 

which factor has the largest effect? 
7. Does the friction angle increase or decrease when the void ratio increases? 
8. What is the r,ange of variation for the friction angle in coarse-grained soils? 
9. What is the effect of grain angularity on the friction angle of coarse-grained 

soils? 
10. Is the failure envelope of soil strictly obeying the Mohr-Coulomb theory? 
11. Define the sand t coordinates, and express the Mohr-Coulomb failure line 

in terms of sand t. 
12. What is the relation between the parameters of the Mohr-Coulomb failure 

line in O'-'t' and s-t spaces. 
13. Which is the most reliable conventional laboratory test to determine the 

failure envelope of soils? 
14. Sketch the principles of the triaxial test. 
15. What are the different types of triaxial tests? 
16. What is the purpose of the consolidation phase in the CD and CU triaxial 

tests? 
17. Define CD, CU and UU triaxial tests. 
18. What is the relation between the total and effective stress paths? 
19. What are the minimum and maximum values for the friction angle in 

coarse-grained soils? 
20. Is the friction angle different in drained and undrained triaxial tests on 

coarse-grained soils? 
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21. Rank the following factors by decreasing order of their influence on the 
friction angle-confining pressure, void ratio, angularity. and grain size distri
bution curve. 

22. What is the virgin consolidation line? 
23. Define the critical state theory. 
24. What is the difference between the critical state theory and the Mohr-Cou-

lomb theory? 
25. Which are tbe material parameters of the critical state theory? 
26. Give a range of va1ue for the undrained shear strength of fine-grained soils. 
27. Does the friction angle increase or decrease with the plasticity index? 
28. What is the effect of the liquidity index on the shear strength of fine-grained 

soils? 
29. What is the meaning of apparent and true failure criteria? 
30. Draw the typical apparent failure line obtained from UU tests. 



DEFINmON 

Principles 
of the Unconfined 
Compression Test 

As introduced in Chapter 54, the unconfined compression test is a rapid means to 
obtain an approximate value of undrained shear strength S .. for fine-grained soils. 
As shown in Fig. la, the cylindrical soil specimen is loaded axially without a lateral 
support. The top and bottom areas are assumed to be frictionless (i.e., free of shear 
stress) and transmit only the axial stress at> while the lateral surface is free of 
stress. As schematized in Fig. lb, a small cubical element inside the specimen un
dergoes a compressive axial stress 01 and no lateral stresses (i.e., 0"2 = 0"3 = 0). In 
practice, the stresses are not uniform within the sample, mainly due to the effects 
of shear stresses on the loading caps which are not friction less. Using Fig. 2, the ax
ial strain £1 and axial total stress al are defined as positive in compression: 

F 
and al= A (1) 

where Ho is the initial sample beight, H the present sample height,llH = Ho - H 
the cbange in sample height, F the applied axial load, and A the average cross
section area of sample. 

The soil samples which are tested in unconfined compression are usually 
made of fine-grained soils, fully or partially saturated, with low permeability. 
When these soils are loaded rapidly, they deform practically at constant volume 
under undrained conditions, and undergo pore pressure changes that do not bave 
enough time to dissipate. The unconfined compression test is a particular uncon
solidated undrained (UU) triaxial test without confining pressure. 

FAILURE DURING UNCONFINED COMPRESSION lEST 

404 

Figure 3a shows a typical stress-strain response of soils subjected to unconfined 
compression tests. At the beginning of loading, the axial stress and strain are both 
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Figure 1 Stresses within a soil sample subjected to the uncon
fined compression test. 

Figure 2 Initial height and change in 
height of sample. 

equal to zero, and the Mohr circle is reduced to point 0 in Fig. 3b. When the ax
ial stress cr1 is increased, the sample deforms. At points A, B, and C, the Mohr cir
cle passes through point 0 and gradually increases size until cr 1 reaches the 
maximum value 2Su at point C. During loading, pole 0 of Mohr circle does not 
move. The unconfined compression test provides only one Mohr circle at failure, 
which is insufficient to determine the failure envelope in cr-'t space. It is also ir
relevan t to determine the effective fail ure envelope because no pore pressure is 
measured. 

When the failure envelope is assumed to be purely cohesive (i.e., 4> = 0) as 
shown in Fig. 3b, the Mohr circle at failure is tangent to the horizontal line 
1 = Suo Using pole 0 as shown in Fig. 3c. the fai lure surfaces are inclined at 45° 
with respect to the horizontal direction, and cr = 1 = S" on the fa ilure surface. As 
shown in Fig. 3d, the Mohr circle of effective stress at fa ilure is obtained by shift
ing the Mohr circle of total stress by the pore pressure Il, the value of which can 
only be assumed since it is not measured. As established in Chapter 7-1, the ef
fective failure envelope of soils is not purely cohesive. The effective stress Mohr 
circle at failure is tangent to a failure line of slope tan 41' at points (crf. 1/) where 
of and 'tf are the effective normal and shear stresses acting on the failure sur
face. The inclination of the failure surfaces which is found from pole 0 and point 
(crf , 1f ) is 45° + 41'/2 instead of 45°. Therefore, the fai lure planes which are ob
served in unconfined compression tests are not inclined at 45° as is commonly as
sumed in practice. Unfortunately. the failure planes are influenced by many 
factors and do not provide a reliable assessment of ¢I '. 

TYPICAL VALUES OF UNDRAINED SHEAR STRENGTH FROM 
UNCONFINED COMPRESSION lEST 

Table 1 classifies the consistency of soils in terms of their undrained shear 
strength SUo SOl varies from 3 kPa for soils close to their liquid state, to more than 
400 kPa for very hard soils. Table 2 shows compiled results on the undrained 
shear strength of various clays measured in the unconfined compression (UC) 
tests, unconsolidated undrained (UU) triaxial tests, and consolidated undrained 
(CU) triaxial tests. In Table 2, Su(CU) = Su, Su(UU), and Su(UC) are the und
rained shear strength in CU, UU, and UC tests, respectively. Su(UC) is also re
ferred to as the unconfined shear strength. 
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Figure 3 (a) A typical stress-strain response during the unconfined 
compression test, (b) the corresponding evolution of the Mohr circle 
in the total stress space, (c) the Mohr circle of effective stress at 
failure, and (d) the total and effective ,stresses on the failure planes. 

As shown in Fig. 4, S .. (uq and Sut UU) are similar, because the data points 
fall close to the line S,,(UU) = Su(UC). This result is expected because the un
confined compression test is a UU test without confining pressure. As shown in 
Fig. 5, S,,(UC) is generally smaller than the undrained shear strength S .. measured 
from CU triaxial tests. Most points with coordinates Sw(UC) and Sw fall beneath 
the Line Sw = Sw(UC). Sw(UC) is only larger than Sw for some exceptional cases in 
which soil samples may not have been fully saturated, and had gained strength by 
drying out. 

There can be considerable error in evaluating the undrained shear strength 
of soils from unconfined compression tests because of sample disturbance and 
omission of reconsolidation during testing (e.g., Ladd and Lambe, 1963; Noorany 
and Seed. 1965; Ladd et al., 1977; Ladd, 1991; and Tavenas and Leroueil, 1987). 
However, in many circumstances such as in the evaluation of older case histories 
with limited data, the results of more accurate tests (e.g., CU tests) are not avail
able, and the only data available is the unconfined shear strength. 

, , 
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Figure 4 Comparison of the undrained shear 
strengths 8" measured from unconfined compression 
(Ue) tests and CU triaxial tests (data after Chen and 
Kulhawy. 1993). 

Figura 5 Comparison of the undrained shear 
strengths Su measured from unconfined compression 
(Ue) tests and UU triaxial tests (data after Chen and 
Kulhawy, 1993). 

TABLE 1 

Typical values of undrained 
shear strength from unconfined 
compression tests (Karol. 1969) 

Relative 
consistency 

Liquid 'imit 
Very soft 
Medium soft 
8all moisture 
Firm or stiff 
Medium hard 
Hard 
Very hard 

EFFECT OF DISTURBANCE ON UNDRAINED 
SHEAR STRENGTH 

Su (kPa) 

3 
5 

5-10 
48 

48-96 
96-192 

192-383 
> 383 

Figure 6 shows an example of stress-strain responses for undisturbed and 
remolded clay samples (Lambe, 1951) in the unconfined compression test. The 
undisturbed sample is stronger and much stiffer than the remolded sample. The 
variation in undrained shear strength is characterized by sensitivity SI> which is 
the ratio of the undrained shear strengths in the undisturbed and remolded states 
at the same water content. In Fig. 6, Sf is equal to 7.6, corresponding to the und
rained shear strength of 76 and 10 kPa for the undisturbed and remolded speci
mens, respectively. Additional information on the effect of sensitivity on 
undrained shear strength can be found in Chapter 7-1. 

h 
I: 
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g TABLE 2 .. 
Database for the undrained shear strength of various clays measured from unconfined compression tests, and UU and 
UC triaxial tests (Chen and Kulhawy, 1993). 

Site Soil description LL PL w Sensitivity Depth OCR S. (UC) S. S.(UU) 
(%) (%) (%) (m) (kPa) (kPa) (kPa) 

Gulf of Soft plastic clay ", 31 71 2-3 (H; 3.5 26.4 33 
Mexico Firm to stiff plastic 73 23 43 2-3 18-32 1.1 39.1 76.6 

clay with silt and sand 85 20 43 2- 3 32- 50 1.2 52.8 107.7 

Skabo Plastic clay with high salt 5 10.6-16 1.2 32.2 46 
content 

Gana valley Lilla Edet clay: 68 50 4-<;.8 12 40.8 48 
marine late glacial 58 25 78 50 10-12.3 1.8 34.2 58 
plastic clay with 58 29 70 50 16.2- 18 1.5 46.2 70 
high sensitivity 52 15 74 50 10.8-13 1.5 13.1 32 

Drammen Soft silty clay with 31 16 34 9 5-12 1.3 36.0 45 
thin seams of silt and fine 33 19 32 9 18 1 .1 24.0 60 
",nd 

Sault Ste Varved glacial' lake clay 51 23 45 8 9 1.2 24.0 48 
Marie with flocculent structure 

Hamilton Firm to stiff grey 36 24 33 5 3.2 57.8 47.8 39.2 
silty clay (surface 28 16 26 7 2.5 50.2 50.2 
desiccated and 45 25 32 11 1.5 52.9 78.9 73.4 
fissured) 46 27 36 15 1 .1 51.6 77 42.4 

South Padre Medium to stiff clay 57 26 29 8 1.2 38.2 95.5 58.3 
Island 55 27 25 15 1.2 65.3 136 63.9 

57 29 24 19 6.4 112.7 161 
Kars Cemented Leda clay 51 23 45 2.5-6 7 52.7 62 

dark gray plastic clay 56 38 65 6-12 2.5 39.8 48 
Ottawa Leda clay: 46 14 72 26 5-9 3.1 80.0 97.5 115.1 

moderately 33 8 68 80 9-12 2.2 82.3 117.5 109.3 
preconsolidated clay 34 9 51 114 12- 15 2 95.0 125 77.5 
with high plasticity 27 5 36 128 15-18 2 81 .9 105 76.7 
and sensitivity 38 28 52 84 18-21 1.6 88.6 115 74.8 

Southeastern Very stiff clay w ith 67 30 30 15.2 6.5 145.8 175.7 181.0 
Texas high plasticity 64 23 23 18.3 5.8 159.8 170 120.7 

61 12 26 21 .3 2.9 88.6 161 133.6 

Empire Fine gray clay 83 26 46 36.6 1.2 38.7 86.1 45.6 

Chicago Hard silty clay 31 14 43 3.7 17 179.4 195 
29 16 13 9 20 286.2 270 329.4 
23 14 10 11 .6 39 360.0 300 
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and remolded samples of gray silty clay (data after Lambe, 1951 ) . 
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1. What soil properties are determined from the unconfined compression test? 
2. Draw the evolution of the Mohr circle in parallel to a typical stress-strain 

curve during an unconfined compression test. 
3. Does the pole of the Mohr circle move during the unconfined compression 

test? 
4. What is the theoretical inclination of failure planes predicted for purely co

hesive material during an unconfined compression test? 
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EXERCISES 

Chap. 7-2 I Principles of the Unconfined Compression Test 

5. Define the axial strain from the displacement and sample height. 
6. What is the range of unconfined shear strength for soils? 
7. What is the relation between the unconfined shear strength and the und

rained shear strength measured from UU and CD triaxial compression 
tests? 

8. What is the effect of the water content on the unconfined shear strength? 
9. Define the sensitivity Sr of a clay. What is the range of S,? Which clays give 

the largest values of SI? 
10. How can Young's modulus be calculated from the results of unconfined 

compression tests? 

L Calculate the unconfined shear strengths from the foUowing unconfined 
compression test results on undisturbed and remolded samples of gray silty 
clay (data after Lambe, 1951). 

Undisturbed Rmolded 

Axial strain Axial stress Axial strain Axial stress 
1%) (kPa) 1%) IkPa) 

0.00 0 0.00 0 
0.30 19 1.45 1 
0.60 44 3.36 2 
0.90 56 4.74 5 
1.10 111 5.90 7 
1.43 135 7.27 8 
1.70 148 8.78 10 
2.00 152 10.34 11 
2.30 152 12.03 13 
2.60 148 13.63 14 
2.90 144 14.69 15 
3.10 141 16.20 17 
3.40 139 17.62 17 
3.70 136 19.36 19 
4.00 134 21.18 20 
4.30 132 

2. CalculateYoung's modulus for the undisturbed and remolded samples of 
gray silty clay from the unconfined compression results of Exercise 1. Com
pare your results with those reported in Chapter 5-5. 

j , 
.i 



OBJECTIVE 

EQUIPMENT 

Unconfined 
Compression Test 

The unconfined compression test is used to measure the unconfined shear 
strength of fine-grained soils, which is an approximate value of their undrained 
shear strength. 'Ibis test is applicable only to cohesive materials such as saturated 
clays or cemented soils that retain an intrinsic strength without a confi ning pres
sure. It is not applicable to dry or cohesionless soils, such as gravels and sands. 

The equipment for the unconfined compression test includes: 

• Loading device (see Fig. 12), either hand operated or machine driven, capa
ble of providing rates of loading in the range 0.5 10 5 mm/min and with a 
maximum load capacity of 5 kN. 

• Loading ring with 2 kN capacity, accurate to 1 N. The loading ring is 
equipped with a dial indicator or a LVDT transducer for computer data ac
quisition. 

• Dial ind icator or LVDT transducer for measuring axial displacement, having 
a full range of 25 mm and accurate to 0.01 mm. 

• Vernier calipers, suitable for measuring the dimensions of the specimens to 
the nearest 0.1 mm. 

• Trimming frame. A typical trimming frame for 3.5-cm-diameter specimens is 
shown in Fig. 1. A motorized soil lathe may also be used. 

• Sampling tube with extractor with cutting edges to prepare cylindrical spec-
imens. 

• Wire saws and knives. 
• Miter box or cradle (see Fig. 3) for cutting specimens. 
• Watch or clock. 

411 



4'2 Chap. 7-3 I Unconfined Compression Test 

Figure 1 The sample is installed on a trimming 
frame. The vert ical guides are adjusted to obtain the 
desired sample diameter. 

Figure 2 Fragments and scraps from cutting are 
used to determine the sample water content. 

• Balances, sensitive to 0.1 g . 

• Equipment necessary to determine water content. 

PREPARAnON OF SPECIMENS 

The test specimens are cut into cylinders which are usually 3.5 em in diameter. 
Specimens of larger diameter (e.g., 7 em) are recommended for undisturbed soils 
with stratifi cation and cracks. The largest particle in the test specimens should be 
smaller than 6 mm. The height-to-diameter ratio of the sample should be larger 
than 2. The specimens may be undisturbed or remolded. 

Undisturbed Specimens 

Undisturbed specimens are prepared from undisturbed samples of larger size 
taken in the field. Undisturbed samples are carefully transported and handled in 
sealed containers that retain the field water content. The test specimens are cui 
into cylinders by trimming or extruding them: 

Trimming specimens 

1. Cut a chunk from the undisturbed soil mass which is large enough to cut 
a specimen. Make a note about the orientation of the vertical direction in the 
field. 

2. Trim the specimen to the required diameter using a trimming device 
(Fig. J). The specimen is trimmed by pressing the wire saw against the adj ustable 
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Figure 3 The top and bottom surfaces are cut 
perpendicular to the specimen axis using a wire saw. 

Figure 4 The sample is marked to the desired 
height. 

edges of the trimming frame and by sliding it down. For stiff clays, move the wire 
saw from the top and bottom toward the middle of the specimen to prevent 
breaking off pieces at the ends. Remove any small pebbles and fi ll voids in the 
specimen with soil from the trimmings. TIle trimmed specimen is shown in Fig. 2. 

3. Cut the specimen to the required length (usually 7 to 9 em for 3.5-cm-di
ameter specimens) by using a miter box (Figs. 3 and 4). 

4. Measure the weight , height, and diameter of the sample. 
5. Test the specimen immediately to prevent loss of moisture. 

Extruding specimens 

1. Push into the soil the sampling tube, which has a lower cutting edge (Fig. 
5), and then remove it with a twisting motion. The soil specimen should now be 
in the sampling tube (Fig. 6). 

Figure 5 The sampling tube with a cUlling edge is 
pushed into the soil. 

Figure 6 The soil specimen is now in the sampling 
tube. 
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Figure 7 The extractor is assembled to extrude the 
soi l from the sampling tube. 

Figure 8 After extruding about 1 em of soil from the 
sampling tube, the bottom surface of the sample is cut 
with a wire saw. 

2. Reassemble the extractor and extrude the sample from the sampling tube 
(Fig. 7). 

3. After extrud ing about 1 em of soil from the sampling tube, cut the bot
tom surface of the sample by using a wire saw (Fig. 8). 

4. Cut the sample to the desired length by extruding the right amount from 
the sampling tube (Fig. 9). 

5. Sam!:: as stt:ps 4 anu 5 rUT trimllling Sp t:l: illlCIIS. 

Remolded Specimens 

Remolded specimens arc prepared from remolded fi eld samples or specimens 
that have already been tested. For a meaningful comparison of undisturbed and 
remolded responses, their water content should be si milar to that of the undis
turbed specimens. 

Figure 9 The sample, w hich is extruded from the 
sampling tube, is cut to the desired length . 

Figure 10 The remolded specimen. which has been 
compacted in the compaction cylinder, is cut to the 
desired length. 



Test Procedure 

lEST PROCEDURE 
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1. Knead the specimen with the fingers to remold it completely. Avoid trap
ping air in the specimen. 

2. Compact the soil in a cylindrical mold having the internal diameter of the 
test specimen. 

3. Carefully extrude the specimen from the mold, preferably by means of a 
piston, and plane off the top and bottom of the specimen (Fig. 10). 

4. Same as steps 4 and 5 for trimming specimens. 

The remolded sample may also be prepared in compaction molds which are 
larger than the test specimen, and then trimmed and cut as for undisturbed sam
ples. 

1. Measure the water content of the specimen by using the soil trimmings 
(see Fig. 2), and measure the specimen weight. 

2. Measure the height and diameter of the specimen. When the sample is 
well trimmed, its diameter Do is measured only at its center. When the sample is 
more irregular, as shown in Fig. 11 , the average diameter Do is 

(1) 

where D 1, D2 , and D 3 are the diameters measured at the top, center, and bottom, 
respectively, of the specimen. 

3. Without delay, to avoid loss of water content, place the specimen on the 
loading device (Fig. 12). Lower the upper platen or raise the bottom platen so 
that the upper platen barely touches the specimen and triggers a slight response 
of the load sensor. Attach the dial indicator or LVDT transducer to the loading 
device to measure the axial deformation of tlJe specimen. 

4. Adjust the rate of axial displacement to obtain a strain rate of about 1 % 
per minute. The complete loading lasts about 20 min to apply 20% of axial strain, 
which is generally sufficient to reach the unconfined shear strength. Very stiff or 
brittle materials that fai l for small deformations may be tested at a slower rate of 
strain. 

S. As shown in Fig. 13, record simultaneously the axial displacement and 
load at close time intervals at the beginning, and then at larger intervals. Stop the 
test when the axial load remains constant or after 20% axial strain. 

Figure 11 Determination of average 
diameter of test specimen. 
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Figure 12 Typical unconfined compression test 
apparatus. The specimen is placed on the loading 
frame. and the displacement and force dial gages are 
adjusted and initialized. 

Figure 13 The loading platen is raised by turning 
the crank al constant speed. Both displacement and 
force d ial read ings are recorded at representative time 
intervals. 

COMPUTATION 

6. Record the time to reach the peak strength and the type of failure pattern 
(e.g., shear or bulge failure) , and sketch the failed specimen. Determine the incli
nation and spacing of the shear bands, if any, in the specime n (Figs. 14 and 15). 

7. A fter the test, determine the water content using the en tire specimen or 
a representative portion of it. 

The initial Slate of the tested soil is identified by its water content, total and dry 
unit weights, void ratio, and degree of saturation . The water con tent w is 

W ,- Wd 
W = 'w x l OO , (%) (2) 

where Wj is the initial weight and Wd is the dry weight of the complete sample or 
some sample trimmings. The total unit weight 'Y is 

w, 
r=V , (3) 
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Figure 14 When a shear plane occu rs, its ang le 
should be recorded. Other modes of failure may also 
occur and should be reported. 

Figure 15 A closer look at the failure plane of the 
sample of Fig. 14 alter lilting up the top part of the 
sample. 

wherc WI is the initial sample weight, and Vi is the initial sample volume. TIle dry 
unit weight 'Yd, void ratio e, and degree of saturation S, arc 

G,'Yw 
<=-- - 1, 

Yd 
and 

G,w s=-, < 

where G, is the soil specifi c gravity. The axial strain e is 

6 H 
E = - x 100 

Ifo 
(%) 

(4) 

(5) 

where Ho is the initial sample height and ilH is the change of sample height. The 
compressive axial stress 0' is 

F 
0'=- and 

A, 
A 

A = - ', l - e (6) 

where F is tbe axial load applied to the sample, A c the corrected area, A I the ini
tial cross-sectional area of the soil sample, and e the axial strain in real value (not 
in %). The cross-sectional area of the sample changes during the compression test 
and is corrected assuming that the sa mple volume is constan t. The unconfined 
compressive strength of the specimen is the maximum or peak of compressive 

.', 
j 
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stress. When the unconfined shear strength is measured for undistulbed and 
remolded samples, the sensitivity ratio S, is also calculated. 

EXAMPLE 

Figure 16 shows the stress-strain response curves obtained for the uncon
fined compression test of a clay sample, Fig. 17 shows the input/output data 
of Fig. 16, and Fig. 18 shows the fofmulas used in Fig. 17. In reports. th'e fail
ure mode of the sample should also be sketched. If a failure plane is ob
served, its orientation must be measured and reported. 

OJ 

10 
o~ ____________ ~ 

o , 10 " 20 

Axial strain (Ok) 

Figure 16 Stress-strain response curve obtained in an unconfined 
compression test. 

REVIEW QUESTIONS 

EXERCISE 

1. What is the purpose of the unconfined compression test? 
2. To which types of soil is the unconfined compression test applicable? 
3. What are undisturbed and remolded samples? 
4. What method can you use to prepare undisturbed samples? 
S. What is the typical loading rate for the unconfined compression test? 

1. Derive the relation between the corrected area, initial area, and axial strain 
(Eq.6) 

) . 



Exercise 4'9 

A B D 

~ Unconfined compression test 

f+ Analyst name: 58sn Smith 

f+ Test date: 4/ 13/ 1993 

1+ Sample description: Asrdvack modelling clay 

~ Initial height ho • 7.28 
~ em 

t-!- Initial diameter do =: 3.39 em 

~ Mass of wet sample and tare M1"" 593.80 9 

• Mass of dry sample and tare Mil '" 572.80 9 t-;o Mass of tare M.- 466.30 • t-t. SpecifIC gravity G. IE 2.65 
f-ii Initial water content w '" 19.72% r;; Initial unit weight y '" 19.09 kN/m3 

17- Inllial dry unit weight Yo '" 15.95 kNlm3 

~ Initial void ralio eo '"' 0.63 

~ Inllial degree of saturation S, '" 83.12% 
IT, Young's modulus E .. 616.54 kP, 

r.i Unconfined shear strength Sw IE: 35 .03 kP, 
Ii' 

Displacement (mm) Force (N) Strain (%) Stress 

t-?! (kPa) 
21 6h F • $ 

~ 0.00 0.00 0.0 0.0 

~ 0.37 4.68 0.5 5.2 

~ 0.62 6 .08 0.' 6.7 

~ 1.02 8.88 1.. 9 .7 

~ 1.37 12.62 1.9 13.8 

~ 1.75 15.90 2.' 17.2 

~ 2.09 18.70 2 .' 20.2 

~ 2.49 21.31 3 ' 22.9 ., 2.98 23.37 . 
' .1 24.9 

ITt 3.37 25.45 ••• 27 .0 
~ 3.96 29.11 5.' 30.6 
~ 4.00 29.92 5.5 31.4 
~ 4.49 33.53 6.2 34.9 
~ 4.99 36.93 6.9 38.2 
~ 5.90 44.41 8.1 45.3 
~ 6.78 53.29 9.3 53.7 
~ 7.97 58.90 11.0 58.3 
~ 8.98 63./1 12.3 61.4 r.; 9.99 66.38 13.7 63.6 r.;- 10.93 69.19 15.0 65.3 r.i' 11.91 72.93 16.4 67.7 
~ 13.06 71 .99 17.9 65.8 r.; 14.08 77. 14 19.4 69.1 
I-i 15.09 79.01 20.7 69 .5 
~ 16.05 79.01 22.1 86.4 
~ 16.67 81 .81 22.9 70.1 

Figure 17 Example of data set for an unconfined compression test. 
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B D 

~ InlUal water content w (MI-Md)J(Md-Mt) 

~ Initial unit weight "t = =(MI-Mt)/(hO·PIO'd(}fl2l4)"9.81 kN/m3 

.; Initial dry unit weight "fd = =g/(1 +w) kN/m3 

~ Initial void ratio 90 '= =Gs"9.8Jgd-l 

~ Initia l degree of saturation Sf = =Gs'w!eO 

~ Young's modulus E = =SLOPE(D22:D30,C22:C30) '1 00 kP, 
18 Unconfined shear strength Su - .. MAX(s)12 kP, 

D 

r? 
Strain (%) Stress (kPa) 

2! e , 
r§. =OhlhO'10 =F/(PI()"dO"214)"( l-e/ l 00)'1 0 

Zl =Dh/hO'10 -F/{PIC\'dOA2I4i·; l-e/l ooi'l 0 

Figure 18 Formulas used in Fig. 17. 



Principles 
of the Direct Shear Test 

DIRECT SHEAR lEST 

As introduced in Chapter 5-4, the direct shear test is used to determine the shear 
strength of soils on predetermined {aiJure surfaces. The principles of the direct 
shear test is illustrated in Fig. 1. The soil sample confined inside the upper and 
lower rigid boxes is subjected to the normal load N and is sheared by the shear 
force T. If A is the area of surface CD, the shear stress t acting on surface CD is 
equal to r iA, and the normal stress a is equal to NIA. The soil shear strength is 
the shear stress t that causes the soil to slip on surface CD. It can be defined by 
Mohr-Coulomb theory: 

t==c + atan~ (1) 

where c is the cohesion and $ is the friction angle. 

STRESS IN THE DIRECT SHEAR lEST 

During the direct shear test, the stress state is not completely defined: (1 and t are 
only measured on the horizontal surface, but are undetermined on other surfaces. 
Therefore, the stress path during direct shear test cannot be represented in s-t 
space. However, the Mohr circle can be drawn at failure, assuming that the fail
ure plane is horizontal and the stress state is uniform. As shown in Fig. 2, point 
M represents the stress on the horizontal surface, and point N the stress on the 
vertical surface. Pole P is on the same horizontal line as point M when the failure 
plane is horizontal. The Mohr circle at failure is tangent to AM, and its center B 
is given by line MB perpendicular to AM. Therefore, the normal stresses o r and 
Ox acting on horizontal and vertical surfaces, respectively, are related through 

Ox = 2c tan$ + Ksor and K, = 1 + 2 tan2$ (2) 

As shown in Fig. 3, K, is larger than 1, increases with (I , but remains smaller than 

421 
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Nanna! force N 

Surface A 

Figure 1 Soil sample in the direct shear box. 

cr, 

f~~:'":J"-- p , 

A -----c -
O~ ____ ~ __ ~ __ ~B~~~ __ ~~ 

cry Om : a.. 

--:: ~>: ------------

, , , 

, 
__ __________ 't>! ' 

Figure 2 St~ess state at failure in direct shear test and its Mohr 
representation . 
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Figure 3 Variation of coefficients K6 and Kp with frict ion angle. 



Stress in the Direct Shear Test 
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Figure 4 Corrected area for the calculation of shear and normal 
stresses. 
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the coefficient Kp of the Rankine theory for passive earth pressure (Kp = (1 + 
' ;n(» /(1 - ,;n$» . 

As shown in Fig. 4, the contact area between the two specimen halves varies 
with the relative displacement 6 between the lower and upper ooxes. The cor
rected area A c of the sheared specimen is for the square box of length D, 

Ac=a(a-S) (3) 

and for the cylindrical box of internal diameter D, 

A =- 9--sine D' ( B ) 
' 2 D 

(4) 

where e = cos - I (~) in radians. 

The shear stress 1: and normal stress (J on the horizontal surface are calcu
lated from the corrected area Ae. measured lateral force T. and normal force N: 

T 
1: =

A, 
N ando=
A, 

(5) 

The error on the stresses resulting from the error on the contact area is for a 
square box (A = aZ), 

(6) 
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and for a cylindrical box (A = 1t~2), 

6.A A - A c 29 20. 
= =1 - - +-sm9 

A A 1t 1tD 
(7) 

For a typical sample diameter D = 6.3 em, the error on shear and normal stresses 
may reach 20% when S = 1 em. 

STRAIN IN THE DIRECT SHEAR TEST 

In the direct shear test, the material response is reported versus shear displace
ment instead of shear strain, because it is not possible to evaluate shear strain. 
The direct shear test is therefore not suited for studying the stress-strain relation
ships of soils. 

Figure 5a shows the specimen in its initial state before it is sheared in the 
direct shear test. The vertical lines in Fig. 5 represent the initial and distorted po
sitions of soil grains which are marked to stand out from the rest of the sample. 
if the shear strain was uniform, the sheared specimen would become uniformly 
slanted, as in Fig. 5b. However, the shear strains are never uniform in the direct 
shear test. As shown in Fig. 5c and d, the deformation is concentrated within the 
thick or thin shear zones at the interface between the upper and lower boxes. The 
soil fails at the edges of the box before it fails at the specimen center. 

I III III /////// 
(a) Original sample (b) Ideal uniform strain 

(c) Thick shear zone (d) Thin shear zone 

Figure 5 Idealized and observed displacements in the direct shear 
test (after Lambe, 1951 ). 

DIRECT SHEAR OF COARSE-GRAINED SOILS 

Figure 6 shows the typical response of a loose sand subjected to direct shear test. 
It represents the variation of 't la with shear displacement and the corresponding 
variation of normal displacement. The sand first compacts then dilates under shear. 

Figure 7 illustrates the effect of density on the soil response during direct 
shear tests. For sma1l shear displacement, dense sands have a larger shear 
strength than loose sands. However, after undergoing a peak failure, dense sands 
soften with shear strain until they gradually get the same residual strength as 
loose sands. The peak failure is characterized by the peak friction angle 4lp , and 
the residual fa ilure by the residual friction angle 41,. The peak friction angle 4lp is 

4lp = tan - \ C~u) = tan -1 (T NU) (8) 



Direct Shear of Coarse-Grained Soils 
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Figure 6 Typical results from a direct shear test on a loose sand 
( lambe. 1951). 
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where 'tmn is the maximum shear stress, a the normal stress, T mu the maximum 
shear force, and N the nonnal load. The residual friction angle 41, is 

(9) 

where 't. is the residual shear stress and T, is the corresponding residual shear 
force at large lateral displacement. 't /o is also equal to TIN, which eliminates cal
culation of the corrected area A c. 

The influence of soil density on 41p is described by the concept of critical 
void ratio. By definition, the void ratio is critical when the soil fails without a vol
ume change, as shown in Fig. 7. When the void ratio is smaller than critical (e.g., 
a dense soil), the soil dilates at peak failure. With increasing shear displacement. 
the void ratio increases until it becomes critical, and the shear stress decreases 
and gradually merges with tbe residual shear strength . When the void ratio is 
larger than critical (e.g., a loose soil) , the soil compacts until the void ratio be
comes critical, and the shear stress reaches the residual shear strength. 

The peak friction angle 41p of coarse-grained soils is also influenced by the 
normal load amplitude, grain size and shape, grain mineral, and grain size distri-

Peak failure 

___ ':::::===Residual 
Criti~~failU~ 

Loo.e 

Shear displacement Shear displacement 

Figure 7 Influence of density on the response of soils subjected to 
direct shear tests. 
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butien. Smoothness. rounded corners, and uniform size of the soil grains tend to 
give lower friction angles. The contributions of these various factors, and typical 
vaJues of friction angles are presented in Chapter 7-1. 

DIRECT SHEAR OF FINE-GRAINED SOILS 

Figure g shows the typical responses of undisturbed and remolded samples of in
organic clay from Maine which were subjected to the unconsolidated undrained 
(UU) direct shear test. The samples were sheared in 7 min., which left little time 
for the excess pore pressure to dissipate. The tests were performed under und
rained conditions, without measuring the pore pressure. The undrained shear 
strength Su of the remolded and undisturbed specimen is 5 and 40 kPa 
(Su = 'tmuJ The value of the sensitivity 51 is 8. 

In the case of consolidated drained (CD) direct shear tests, the shearing rate 
can be selected by following ASTM guidelines (ASTM 3080). The minimum time 
If required to reach failure is 

If= 50 Iso = 11.7190 (10) 

where Iso and '90 are the times to complete 50 and 90% of the primary compression, 
respectively. Iso and 190 are determined before the application of shear loading, by 
measuring the settlement of soil samples with time under the constant normal load 
(see Chapter 6-.1). Once lfis calculated, the lateral displacement 0 that is required 
to reach the soil peak strength is estimated to be 1 to 2 mm for hard clay, 2 to 5 
mm for stiff clay, and 8 to 10 mm for plastic clay. The maximum rate v of shearing 
displacement is then chosen so that it takes at least the time If to reach the lateral 
displacement 6.'IYpical values of the undrained shear strength, friction angle, and 
cohesion intercept for various soils can be obtained from Chapter '-1. 

FRICTION ANGLE IN DIRECT SHEAR TEST 

Many comparisons have been made between the values of 41 ' measured from di
rect shear and triaxial tests. Earlier studies (e.g., Taylor, 1939) indicate that the 
friction angle I/l~s during direct shear is generally greater by about 20 that the 
peak friction angle ,~ during triaxial compression. especially for dense sands. Re-

o , 

_ Undisturbed 

-0- Remolded 

10 

S~ displacement (mm) " 
Figure 8 Typical results from a direct shear test on undisturbed 
and remolded samples of clay ( l ambe, 1951). 
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cent studies (e.g., Rowe, 1969; and Kulhawy and Mayne, 1990) show that 4l~s is 
related to 4l~ through 

4l~s = tan - 1 [tan (1.12 4l~) cos 4l~] (10) 

where ~~ is the residual friction angle. In the case of sands, 4l~ can be related to 
4l~, relative density Dr and stress level as explained in Chapter 7-1. Figure 9 
shows the variation of 4l~s - 4l~ with 4l~ , where 4l~s is calculated from Eq. 10, for 
various constant values of 4l~ - 4l~. For small values of 4l~ , 4l~s can be 2° larger 
than $~ , but for larger values of 4l~, 4ll~s can become 6° smaller than 4l~. There
fore, the friction angle during triaxial compression may be larger or smaller than 
the friction angle during direct shear, depending on the values of 4ll~, relative den
sity and stress level. 

There are pros and cons for measuring the shear strength of soils with the 
direct shear test. The direct shear is inexpensive and reliable for simulating the 
long term drained failure of fine-grained soils on predetennined failure surfaces. 
However, it is less reliable for fine-grained soils under undrained conditions, be
cause it does not allow a complete control of the drainage conditions. 

See Introduction for references to ASTM procedures (pages 4 to 6). 
KULHAWY, F. H., and P. W. MAYNE, 1990, Manllal on Estimating Soil Properties 

for Foundations Design, Report EL-9800 to Electric Power Research Institute, 
Cornell University, Ithaca, New York. 
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ROWE, P. w., 1969, The relation between the shear strength of sands in triaxial 
compression, plane strain and direct shear, Geotechniqlle, Vol. 19, No.1, pp. 
75--86. 

TAYLOR, D. w., 1939, A comparison of results of direct shear and cylindrical com
pression tests, Proc. ASTM. 



428 

REVIEW OUESTIONS 

1. 

2-
3. 

4. 

S. 

6. 

7. 

8. 
9. 

10. 

EXERCISES 
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Chap. 7-4 I Principles of the Direct Shear Test 

For which types of engineering analyses do you need the results of direct 
shear tests? 
Why is the shear strength of dense sands higher than that of loose sands? 
Is it possible to plot the evolution of the Mohr stress circle during a direct 
shear test? 
Is it possible to determine the state of strain of the tested sample during the 
direct shear test? _ 
Under which assumptions can we determine the nonnal failure stress on the 
vertical surface of a sheared sample? 
What is the effect of the change in the contact area during a direct shear 
test? 
In which parts of the soil sample are the strains concentrated during a direct 
shear test? 
What is the effect of density on the friction angle of sands? 
Define peak and residual friction angles. 
What is the critical state theory in the case of the direct shear test on sand? 

Plot the shear stress and normal displacement versus shear displacement 
from the direct shear test results on a loose sand shown in Table El. Calcu
late the friction angle. 

TABLE El 

Shear 
displacement 

(mm) 

0.04 
0.12 
0.25 
0.57 
0.85 
1.07 
1.50 
1.97 
2.39 
3.04 
3.49 
3.96 
4.53 
4.85 
5.43 
6.07 
6.62 
7.04 
7.54 
7.94 
8.41 
8.83 
9.25 
9.77 

10.37 
10.82 
11 .41 

Normal 
'f l o displacement 

(mm) 

0.02 0.005 
0.13 0.Q16 
0.31 0.035 
0.40 0.076 
0.46 0.081 
0.54 0.107 
0.60 0.117 
0.64 0.117 
0.68 0.100 
0.70 0.055 
0.71 0.041 
0.72 0.030 
0.72 0.021 
0.72 0.Q18 
0.72 0.010 
0.71 0.007 
0.71 0.005 
0.71 0.006 
0.70 0.007 
0.70 0.008 
0.70 0.009 
0.70 0.009 
0.70 0.009 
0.70 0.009 
0.71 0.009 
0.71 0.008 
0.71 0.007 
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2. Given the direct shear test results of Table El, calculate the normal and 
shear stresses that are acting at failure on the horizontal and vertical sur
faces, provided that the failure plane is horizontal and that the stresses are 
uniform. The normal stress on the horizontal surface is 50 kPa. 

3. Derive the relation between the normal stresses on vertical and horizontal 
surfaces at failure assuming that the stress state is uniform, and that the fail
ure plane is horizontal. 

4. Plot the relative error on the contact area versus the shear displacement for 
a circular shear box of 6.35 mm diameter. Define the range of displacement 
for which the relative error on the contact area is less than 5%. 

S. Calculate the undrained shear strength of the undisturbed and remolded 
samples whose direct shear test results are shown in Table E2. 

TABLE E2 

Undisturbed 

Shear 
displacement 

(mm) 

0.00 
0.49 
0.57 
0.68 
1.26 
1.68 
2.10 
2.63 
3.01 
3.57 
4.11 
4.64 
5.07 
5.68 
6.34 
6.87 
7.49 
7.88 
8.34 
8.79 
9.29 
9.74 

10.22 
10.73 
11 .31 
11 .94 
12.45 
12.98 

Shear stress 
(kPa) 

0.00 
16.82 
23.54 
28.91 
36.89 
39.39 
39.31 
38.10 
36.78 
34.75 
33.13 
32.12 
31 .74 
30.74 
30.16 
29.77 
29.29 
28.69 
28.51 
28.23 
28.05 
27.66 
27.17 
26.58 
26.62 
26.24 
25.96 
25.99 

Normal Itfeu. 31 .92 kP. 

Remolded 

Shear 
displacement 

(mm) 

0.00 
1.48 
2.16 
2.59 
3.06 
3.38 
3.88 
4.41 
4.96 
5.41 
6.05 
6.60 
7.13 
7.63 
8.08 
8.51 
8.90 
9.35 
9.86 

10.44 
10.89 
11 .58 
12.11 
12.66 
13.11 

Shear stress 
('Pa) 

0.00 
0.67 
1.32 
1.45 
1.89 
2.11 
2.35 
2.58 
2.72 
2.95 
3.30 
3.43 
3.67 
3.69 
3.82 
3.95 
4.08 
4.20 
4.13 
4.27 
4.60 
4.64 
4.67 
4.80 
4.93 
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Direct Shear Test 

The direct shear lest is used to measure the friction angle, cohesion, and und
rained shear strength of soils for stability analysis of foundations, slo pes, and re
taining walls. 

The equipment for the direct shear test includes: 

• Direct shear loading machine with a counterbalance system for the applica
tion of nOTmal load (see Figs. 1 and 6). 

• Direct shear box (see Figs. 3 to 5). 
• Assortment of slotted weights for applying the normal load. The total 

weight should be at least 100 kg. For the typical 6.35-cm-diameter shear 
box, it takes a mass of 32.3 kg to create a normal stress equal to 100 kPa. 

• 1'wo dial gages for measuring ve rlical and horizontal displacements sensitive 
10 om mm with a full range of 2.5 em. The dial gages may be replaced by 
calibrated LVDT transducers of similar range and sensitivity. 

• One calibrated load ring for measuring the shear force. A capacity of 2 kN 
is su itable for most purposes. A larger capacity (e.g., 5 or 10 kN) may be re
quired for larger normal loads. The load ring may be replaced by a load 
transducer of similar range. 

• A 2.5-cm ball bearing fo r applying the normal load to the sample cap. 
• Specimen cutter for trimming samples of cohesive soil. 
• Tamper for compacting cohesion less soil. 
• Balance, sensitive to O.lg. 
• Timer and calipers. 
• Spoons and straightedge. 
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Figure 1 General view of the direct shear equipment. 

Direct Shear Box 

As shown in Figs. 2 and 3, the direct shear box is made of a lower part (base) and 
an upper part with a swan neck yoke. The sample is be tween two porous stones, 
which are toothed or serrated as shown in Fig. 4 to minimize the slippage at the 
interface between soil and shear box and to improve the transfer of the shear 
load to the soil. The porous stones are also used to drain water (rom saturated 
samples. The sctscrews are used to adj ust the spacing between the upper and 
lower parts of the shear box. 'TWo mounting pins maintain the position of these 
two parts during the sample fabrica tion and are removed before the beginning of 
the shear phase. The base is fixed to the load ing fra me and occasionally contains 
water when the soi l sample is to remain saturated. The normal load is applied to 
the soil sample through a ball bearing and a rigid cap. The latera l load is appl ied 
to the upper part through the swan neck yoke. 

As shown in Fig. 5, some particular shear boxes are designed to simplify 
preparation of cohesive soil samples. They take samples right out of the fie ld sam-

Porous stones 

Sw," 
""ck 
yoke 

Fi gure 2 Schematic view of the direct shear box. 
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Figure 3 Shear box components. 

~(a) 

~(b) 

Field sampling lUbe 

Figure 4 Detail of (a) serrated and (b) 
toothed porous stones for the direct shear 
box. 

Direct shear box 

Figure 5 Shear box assorted to f ield sampling tube. 

piing tubes. During field exploration, a stack of rings is first placed in the field 
sampling tube. which becomes fill ed with the soil to be tested when it is pushed 
into the ground . In the laboratory, two fuJI rings are sliced from the fie ld sample 
using a wire saw and are directly mounted in the shear box. 

Loading Unit 

The direct shear lest can be controlled by either displacement or force, When it is 
force controlled, the shear force is gradually increased at a prescribed rate and 
the resulting displacement is measured. When displacement controlled, the upper 
part of the shear box: is laterally pushed at a specified rate and the resulting shear 
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Figure 6 The loading unit and its counterweight mechanism. 

force is measured. Displacement-controlled units are preferred because they give 
the residual shear strength of soils. 

Good displacement-controlled equipment has a controllable rate of lateral 
displacement ranging from 5 to 0.0005 mm /min and a full displacement of about 
10 mm. With this range of speed, it takes from 2 min to about 14 days to move 
10 mm. A rate of 0.5 to 1 mm /min is appropriate to perform a quick test in 10 to 
20 min. The rate of displacement is generally controlled by an electrical motor 
and a gearbox. As shown in Fig. 6, the shear force is measured by the proving 
ring attached to the yoke of the direct shear box. The lateral and vertical dis
placements are measured with dial gages or LVDT transducers. 

As shown in Fig. 6, the loading unit also applies normal force to the soil 
specimen. The counterweight system is balanced so that the empty weight hanger 
applies no normal force to the sample. The normal load is then obtained directly 
by adding weights suspended on a weight hanger. 

There are two different test procedures, depending on whether the soil to be 
tested is coarse grained (e.g., sands), or fine gained (e.g., clays and silts). 

Coarse-Gralned Soli 

1. Measure the internal diameter of the cylindrical cell (or the internal side 
length for square cell). 

2. Balance the counterweight system so that it applies a small but negligible 
normal force. 
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: [-_-~- ~--:~HH" 
' "0 [ soil sample -1 

Figure 7 Determination of the initial height Ho of sample. 

3. Weigh the cap and the ball bearing, as their weight is not counterbal
anced by the counterweight mechanism and must be added to the weights on the 
weight hanger. 

4. Assemble the direct shear box, and mount it on the direct shear machine. 
Insert the mounting pins to align the upper and lower parts of the direct shear 
box. 

5. Adjust the gap between the two parIs of the shear box by turning the set
screws. In theory, the spacing should be larger than the diameter of the largest 
particle to prevent the top part from riding up on the grains that get caught in the 
gap. In practice, a spacing of approximately 0.5 mm is satisfactory. Too close a 
spacing is indicated by a snapping and crushing of grains, accompanied by jerky 
readings. 

6. Measure the depth /-/2 of the shear box and the height H3 of the top eap 
as shown in Fig. 7. 

7. Weigh the dish filled with the sand to be tested. 

8. While the pins hold the two parts of the shear box together, pour in the 
sand slowly to obtain a loose specimen (Fig. 8) . Compact the sand with a tamper 
or vibrate the container to obtain denser specimens. The cell should be filled with 
enough material so that the top cap is quite above the shear plane (Fig. 9). 

Figure 8 Fining the shear box with sand. 
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Figure 9 The specimen should be thick enough for the bottom of 
the loading cap to be quite above the plane separating the upper 
and lower parts of the shear box. 

435 

9. Weigh the dish and the leftover sand to determine tbe weight of the soil 
used in the test. 

10. Level the soil surface inside the shear cell, put on the cap and ball bear
ing, and position the counterweight system (Figs. lO and 11). 

11. Put the amount of dead weight on the balanced mechanism which is re
quired to apply the desired normal load. 

12. Measure the initial height Ho of the soil specimen by measuring the dis
tance HI as shown in Fig. 7. 

13. Attach the dial gages or displacement I'ransducers that measure shear 
and normal displacements as shown in Fig. 10. 

Dial indicator of 
venic.aJ 

Dial indicator of 
lateral displacement 

Loading bar 

Figure 10 The shear box and the dial gages, 
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Figure 11 The shear box is assembled and the two mount ing pins 
are removed. 

14. Before beginning the shear loading, carefully check that DO pin or screw 
is left to hold the two parts of the shear box together. 

15. Adjust the rate of shear displacement to approximately 1 mm/min. If 
dial gages are used to measure displacement and forces, select a rate of shearing 
that is convenient for reading the dial gages simultaneously. For a maximum lat
eral displacement of 1 em and a rate of 1 mm/min , the test duration is 10 min . 
For sands, the effect of the displacement rate on the friction angle is genera lly 
negligible within the range 3 to 0.1 mm/min. 

16. Start the loading. Measure the shear fo rce, time, and shear and normal 
displacements at convenient time intervals. Continue the test until the ho rizontal 
displacement becomes approximately 1 cm or until the shear force becomes con
stant, whichever comes first. 

Flne-Gralned Soil 

In the case of fi ne-grained soils, the direct shear test can be performed under CU 
or CD conditions (see Chapter 5-4). In the CU test, the sample is fi rst consoli
dated under the action of the normal load , and then quickly sheared. In th e CD 
test, the sample is consolidated as for the CU test, but is sheared very slowly so 
that no excess pore pressure builds up. 

CU test 

1. Same as steps 1 to 4 fo r coarse-grained soils. 
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2. Thrn the set screws so that there is no gap at all between the two parts of 
the shear box. 

3. Measure the depth H2 of the shear box and the height H3 of the top cap as 
shown in Fig. 7. 

4. Put the amount of dead weight on the balanced mechanism to apply the de
sired normal load. 

5. Measure the initial height Ho of the soil specimen by measuring the distance 
HI as shown in Fig. 7. 

6. Add water in the direct shear box to cover the soil specimen completely. 
7. Attach the dial gages or displacement transducers that measure shear and 

normal displacements (Fig. 10), and record their initial readings. 
8. Measure the vertical settlement of the sample with time until the end of the 

primary consolidation is detected (see Chapter 6-1). 
9. Adjust the gap between the two parts of the shear box to the smallest pos

sible selling that minimizes the friction resistance between these two parts. 
10. Check that no pin or screw holds together the two parts of the shear box. 
1L Adjust the rate of shearing displacement to approximately 1 mm/min. The 

loading rate should be fast enough to approach the undrained condition. 
U. Start the shear loading. Measure the shear force, time, and shear and nor

mal displacements at convenient time intervals. Continue the test until the 
horizontal displacement becomes approximately 1 cm. 

CD test . The CD test is similar to the CU test, except for the determina
tion of the shearing rate that prevents the excess pore pressure from building up 
in the sample. 

L Same as steps 1 to 7 of the CU test. 
2. Measure tbe vertical settlement of the sample with time. and determine the 

time 190 to reach 90% of the primary consolidation (see Chapter 6-1). 
3. Same as steps 9 to 10 of the CU test. 
4. Estimate the lateral displacement 0 required to reach the soil peak strength. 

lYpically, 5 = 1 to 2 mm for hard clay,S = 2 to 5 mm for stiff clay, and 0 = 
8 to 10 mm for plastic clay. Calculate the minimum time If requirt:d fur fail
ure by using the empirical relation If = 11.7 190 (ASTM 0 308O). Calculate 
the maximum rate v of shearing displacement so that it takes the time If to 
reach the lateral displacement 0 (i.e., v = oltf ). Select the shearing rate of 
the equipment that is closest to v. 

S. Start the shear loading. Measure the shear force, time, and shear and nor
mal displacements at convenient time intervals. Continue the test until the 
lateral displacement becomes approximately 1 cm or until the shear force 
becomes constant, whichever comes first . 

The results of the direct shear test should identify the characteristics of the tested 
soil. For dry soil specimens of coarse grain, the dry unit weight 'Yd and void ratio 
e Me 

and (1) 
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where "(,,, is the water unit weight, Wi the initial sample weight, VI the initial sam
ple volume, and G$ the soil specific gravity. For wet specimens of fine-grained 
soils, the water content w is 

(%) (2) 

where Wi is the initial weight and Wd is the dry weight of the complete sample or 
some sample trimmings. The total unit weight y, dry unit weight 'Yd. void ratio e, 
and degree of saturation S, of wet soil samples are 

Y 
'Yd=l+w' 

e=G/'1""_l 
Y, ' 

and 
G,w s=, e (3) 

For coarse-grained soils and fine-grained soils tested under CD conditions, 
the results of a direct shear test should include the peak and residual friction an
gles, the shear displacements at which they are observed, and the graphs t/o and 
normal displacement versus shear displacement. The shear stress t, normal stress 
cr, and ratio t /a are 

N a-- A' , 
T 

t=X' , and 
, T 
-=- (4) 
a N 

where T is the measured lateral force, N the normal force, and Ac the corrected 
area of the sheared specimen, which is a function of the shear displacement .s. In 
contrast to t and a , t /a is determined without A c. The peak friction angle !jlp and 
residua 1 friction angle ¢lr are 

T 
... = tan - I ~ 
Yp N and 

I T, 
¢I,= tan - N 

where T IDn is the maximum shear force and T,. is the residual shear force. 

(5) 

For fine-grained soils tested under eu conditions. the results of the direct 
shear test should include the undrained shear strength, the shear displacements at 
which it is observed, and graphs of 'r /a versus shear displacement. 

EXAMPLE 

Figures 12 to 15 show results obtained for a dense fine uniform sand. Fig
ures 12 and 13 show graphs of 'r/a and normal displacement versus shear 
displacement, Fig. 14 shows the corresponding input/output data, and Fig. 
15 lists the formulas used in Fig. 14. During shear, the dense material first 
compacts, then dilates. 

See Introduction for references to ASTM procedures (pages 4 to 6). 
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Figure 12 Variation of t/o with lateral displacement 
during a direct shear test of dense fine sand. 

Figure 13 Variation of vertical displacement with 
lateral displacement corresponding to Fig. 12. 

REVIEW QUEmONS 

B D 

+ MISS of speelman M • 84 , 
+ Vertical load N •• '9.392"9.8 N 

~ Spee/11c gravity G • • 2 .85 

~ 
Initial height ho. 1.545 om 

2!. Diameter do. 8.33 om " .. '" U Dry unit weight ld •• M·9.81 /(PIO·HO·oey.214) kNlm' 

! ~ Void ratio e •• Os·9.8IgII-1 ., 
~ 

Maximum Irtctlon angle *" •• ATAN(MAX(ratlo» ·18CVPIO d., -? . TIN 

~ Displacement at peak lip •• INDEX(d,MATCH(MAX(ratlo),ratio.O» mm " . TIN 

~ 
Aesldual friction angle t , • • ATAN(D61 )·1801PIO d., 

~ 
Displacement at residual &, •• AS1 mm 

Normal stress (J •• N·9.81 /(PIO· 00"214) kPo 

Figure 15 Formulas used in Fig. 14. 

,. 

1. What is the purpose of a direct shear test? Which soil properties does it 
measure? 

Z. Why do we use mounting pins in a direct shear test? Can you predict what 
will happen if you do not remove them during the test? 

3. Why are the porous stones of a direct shear box serrated or provided with 
teeth? 

4. What is the rationale for determining the spacing between the two parts of 
a direct shear box? What are the effects of a poorly selected spacing? 

S. What is the purpose of the counterweight mechanism in direct shear appa
ratus? 

6. What is the range of the rate of shear displacement that is typically achiev
able with a direct shear loading device? 

7. Under which circumstances and for which soils should a very slow shearing 
speed be used? 

8. Give an approximate duration for a very slow direct shear test. 
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A • C 

r-'- Direct Shear Test 

1-+ Analyst name: Robertus 8, Kurniawan 

i-!- Tast dale: Aprll20, 1993 

1-+ Sample Oescflptlon; DerMa lHIiform sand 

~ MIl$II 01 spee/men M • 84.00 

i-!- V,rtlcalload N . 190.04 

~ Spedflc gravity 0. . 2.65 

~ Inttlal halght ho . 1.55 

~ Diameter do . 6.33 

f!!. Dry unH wtllgtrt Td. 16.95 

f% Void 111110 e • 0 .53 
Maximum friclio!'1 angle • •• 51.11 r,;- Displacement al peak &.,. 1.35 r.. Aeaidual fricllon angle .,. 41.73 

I-i Displacement at rNklual ~. 5,74 

~ Nanna! SIr..- (J . 59.24 

Lateral dlsplacem8!'1t . venlCal 
Later.' 

(mm) 
displacement 

lorce (N) 

~ (mm) 

~ d T 

~ 0.00 0.00 0 .0 

~ 0.02 -0.02 13.7 

~ 0.05 -0.04 30.8 

~ 0.08 -0.05 48.5 

~ 0.09 -0.06 52.4 

~ 0. 12 -0.0' 61 .5 

~ 0. 15 -0.08 72.8 

~ 0.151 ·0.06 88 .• 

~ 0.23 ·0.06 99.5 

~ 0.27 -0.06 110.8 

t4 0.31 -O.OS 122.4 
1I 0,35 -0.05 132.9 

~ 0.39 -0.04 145.3 

~ 0.46 -C.03 157.7 

~ 0.50 -C.02 188.2 

~ 0.55 -0.01 114.1 
~ 0.59 0.0' 182.6 g 0.64 0.02 190.5 
~ 0.70 0.05 200.9 

~ 0.79 0.06 211.4 

~ 0.88 0. 12 2111.3 
C 1.00 0. 17 227. 1 

~ f.f4 0.24 233.0 
~ 1.35 0.32 235.6 

~ 1.55 0.39 235.6 

~ 1.97 0 .54 229.1 ., 2.25 0.62 225.1 

~ 2 .45 0.67 219.3 .. 2.62 0.70 213.4 

~ 2 .87 0.74 207.5 
3.07 0.76 201 .8 

~ 
3.27 0.78 198.3 
3.47 0.79 190.5 
3.68 0.79 184.6 

~ 
3.91 0 .79 179.3 
4. '2 0.79 173.4 
4.42 0.80 169.5 
4.72 0.79 188.2 .. 5.02 0.77 168.2 

~ 5.33 0. 77 168.8 
5.74 0.75 189.5 

D 

, 
N 

om 
om 

'NIm' 
do, 
mm 
do, 
mm 
,Po 

R,Ilo 

", 
0 .00 
0.07 
0 .16 
0 .24 
0.28 
0.32 
0 .38 
0.45 
0 .52 
0 .58 
0.84 
0.70 
0.76 
0.83 
0.87 
0.92 
0.96 
1.00 
1.06 
1.11 
1.15 
1.20 
1.23 
1.24 
1.24 
1.21 
1.18 
1.15 
1.12 
1.09 
1.06 
1.03 
1.00 
0.97 
0.94 
0.91 
0.89 
0.89 
0.89 
0.89 
0.89 
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Figure 14 Example of data set for a 
direct shear test. 
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l 
! 
j 
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EXERCISES 

lateral 
displacement 

(mm) 

0.00 
0.02 
0.04 
0.06 
0.08 
0.10 
0.14 
0.20 
0.26 
0.30 
0.34 
0.40 
0.44 
0.54 
0.60 
0.68 
0.74 
0.80 
0.89 
0.99 
1.09 
1.29 
1.48 
1.58 
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9. Is the shear strength of coarse-grained soils influenced by the rate of shear
ing in a direct shear test? On what basis is the rate of shearing selected for 
coarse-grained soils? 

10. How many and which types of direct shear tests are possible to perform on 
fine-grained soils? 

11. What are the basic steps of a CU direct shear test on a fine-grained soil? 
12. What are the basic steps of a CD direct shear test on a fine-grained soil? 
13. How is the shearing rate determined for the CD direct shear tests of fine

grained soils? 

1. Plot the exact and approximate variation of area correction and define the 
range of displacement for which the error on the contact area is less than 
5%. 

2. Process the fo llowing results of a direct shear test on a loose and a dense 
sample of fine sand. 

Sample description 

Weight of specimen 
Vertical load 
Specific gravity 
Initial height 
Initial diameter 
Normal stress 

Dense un (form sand 

Vertical Lateral 
displacement force <la 

(mm) (N) 

0.00 0.00 0.00 
0.00 15.05 0.08 
0.00 29.46 0.15 
0.00 45.16 0.24 
0.00 54.98 0.29 
0.00 66.76 0.35 
0.00 85.08 0.45 
0.00 103.41 0.54 

- 0.01 117.81 0.62 
- 0.02 130.24 0.69 
-0.03 138.10 0.73 
- 0.04 147.92 0.78 
- 0.04 153.81 0.81 
- 0.06 163.62 0.86 
- 0.07 167.55 0.88 
- 0.10 173.44 0.91 
- 0.11 177.37 0.93 
- 0.12 179.33 0.94 
- 0.14 183.26 0.96 
- 0.17 183.91 0.97 
-0.20 185.22 0.97 
- 0.25 , 85.22 0.97 
- 0.30 185.88 0.98 
- 0.32 185.88 0.98 

Dense uniform sand loose uniform sand 

84.00 g 
190.04 N 

2,65 
1.53 em 
6.35 em 

58.92 kPa 

68.00 9 
190.04 N 

2.65 
1.51 cm 
6.35 cm 

58.92 kPa 

Loose uniform sand 

Lateral Vertical l ateral 
displacement displacement force 

(mm) (mm) (N) 

0.00 0.00 0.00 
0.05 0.01 17.02 
0.09 0.D1 29.45 
0.14 0.01 41 .89 
0.18 0.01 50.40 
0.23 0.01 61 .52 
0.30 0.01 75.92 
0.40 O.Ql 93.59 
0.49 0.00 107.99 
0.53 0.00 121.74 
0.55 0.00 129.59 
0.60 0.00 140.06 
0.63 0.00 145.95 
0.70 - om 155.77 
0.72 - 0.02 159.70 
0.76 -0.03 165.59 
0.80 -0.04 169.51 
0.82 - 0.04 171 .48 
0.86 - 0.04 175.40 
0.88 -0.05 177.37 
0.90 -0.05 179.33 
0.96 -0.07 183.26 
1.12 - 0.10 186.53 
1.16 - 0.11 188.49 

, fa 

0.00 
0.09 
0.15 
0.22 
0.27 
0.32 
0.40 
0.49 
0.57 
0.64 
0.68 
0.74 
0.77 
0.82 
0.84 
0.87 
0.89 
0.90 
0.92 
0.93 
0.94 
0.96 
0.98 
0.99 
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(cont.) 

Dense uniform sand loose uniform sand 

Lateral Vertical lateral Lateral Vertical lateral 
displacement displacement force ' /0 displacement displacement force ' /0 

(mm) (mm) (N) (mm) (mm) (N) 

1.79 -0.36 187.18 0.98 1.31 -0.15 187.84 0.99 
1.89 -0.38 186.53 0.98 1.42 -0.17 187.18 0.98 
2.01 -0.40 182.60 0.96 1.66 -0.20 184.57 0.97 
2.13 -0.41 179.33 0.94 1.69 -0.22 180.64 0 .95 
2.33 -0.43 176.71 0 .93 1.86 -0.25 176.71 0.93 
2.51 - 0.45 172.13 0.91 2.06 -0.25 171.48 0.90 
2.74 - 0.47 168.20 0.89 2.23 -0.27 166.90 0.88 
2.89 - 0.48 166.24 0.87 2.51 -0.27 159.04 0.B4 
2.99 - 0 .49 166.24 0.87 2.62 -0.28 157.73 0.83 



INTRODUCTION 

Principles 
of Triaxial Tests 

As introduced in Chapter 5·4, the triaxi al test is used to determine the stress
strain-strength characteristics of soils under drained or undrained conditions. This 
test reproduces in the laboratory the initial effective stresses and stress changes of 
soils in the field, in a more realistic way than unconfined compression and direct 
shear tests. Here we review the principles of triaxial teslS, check the saturation of 
triaxial specimens, and select the loading rate of triaxial tests. Typical triaxial test 
results can be found in Chapter 7-1. 

TYPES OF TRIAXIAL TEST 

As shown in Fig. 1, in a triaxial test the cylindrical soil specimen is encased within 
a rubber sleeve inside a pressure chamber. The lower and upper loading platens 
have porous disks connected to the drainage system for saturating and/or drain
ing the soil specimen. The confining pressure 0 ) is applied by adjusting the cham
ber pressure, and the axial stress 0 I is applied by pushing the piston. There are 
three main types of triaxial test, wh ich are labeled CO, VU, and Cu. The first let
ter, C or V, refers to the consolidation stage and stands for consolidated or un
consolidated. The second letter, 0 or V, refers to the drainage condition during 
shear and stands for drained or undrained. Herefter we present only the CD, CV 
and UU triaxial compression tests with isotropic consolidation. Infonnation on 
other types of triaxial test in Chapter 5-4 can be found in Head (1986). 

During CD and CU tests, the soil sample is first consolidated to an initial ef
fective stress state. Consolidation is an important step in testing frictional materi
als, whose elastic properties and shear strength depend largely on effective 
stresses. As shown in Fig. I, during an isotropic consolidation, the soil specimen is 
subjected to hydrostatic pressure. The drainage is opened, and the interstitial wa
ter filling the soil voids can drain free ly. The time required to complete consolida
tion is almost negligible for coarse-grained soils with high permeability, but can 
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AJlialload 

Drainage 

Drainage B c 

Figure 1 Experimental setup of triaxial test. 

be long for fi ne-grained soils with low permeability. 

disk 

Confining 

"'-

Figure 2 schematizes the stress loading in o-'t and S-l spaces during the ax
ial compression after consolidation. As shown in Fig. 2, the axial stress 0"1 is in
creased while 0 3 is kept constant. The Mohr circle of total stress expands from 
point A (Fig. 2b) and the corresponding total stress path is AS in s-t space 
(Fig.2c). 

During CD tests, the drainage is opened and the excess pore pressure re
mains equal to zero. The total stress path AB is also an effective stress path. For 
fine-grained soils, the axial loading must be applied very slowly so that the excess 
pore pressure has time to dissipate through the drainage system. 

CU triaxial tests are similar to CD tests except for the drainage which is 
closed during axial compression. This lack of drainage constrains the volume 
change of fully saturated specimens and creates an excess pore pressure. As 
shown in Fig. 2c, the prescribed total stress path AB does not coincide with the 
nonlinear effective stress path AB'. The effective stress path AB' and effective 
Mohr circles are related to their total stress counterparts through the measured 
excess pore pressure as shown in Fig. 2b and c. 

During UU triaxial tests, the consolidation phase is omitted and the sample 
is sheared without knowing its effective stress, but the compression phase is the 
same as that of CU tests. 

SATURAnON OF SPECIMENS 

The triaxial specimen must be fully saturated to measure its volume change in 
drained tests and to generate pore pressure in undrained tests. Its degree of satu
ration Sr is checked directly in the triaxial ceO by detennining the coefficient B 



Saturation of Specimens 

(a) ", (b) r B' B - - Effective (CU) - - ( A TOI~ - -"",- 4-(>, ", " - - (e) t' , / - -- - Elf<Clive (C~i~ I B" -"'- I 
: B J 

A . I , . 
'" Figure 2 CU and CD triaxial compressions: (a) applied stresses, 

(b) effective and total stress Mohr circles in (J-'t space, and (c) ef
fective and total stress paths in s-t space. 

B = l1u 
A", (3) 

where 1103 is a small increase in confining pressure applied to the sample. and l1u 
is the resulting change in pore pressure measured under undrained conditions. 
1103 should be small enough (e.g .• 5 to 10 kPa) to prevent the consolidation of 
partially saturated specimens. During the total stress increase 1103. the volume 
change 11 V1A: of the sample is equal to the volume change 11 V, of interstitial water 

(4) 

where 110; is the change in effective stress, Vsk the initial volume of soil. B, the 
bulk modulus of soil, V, = nV,k the initial volume of water. B, the bulk modulus 
of interstitial water. and n the porosity. Using Eq. 4. B is 

1 
B _ B 

1 +n....!. Bf 

(5) 

The interstitial water of nearly saturated soils is a mixture of water and gas which 
has the following bulk modulus B, (Bardet and Sayed, 1993): 

1 1 1 - S, -=- +- -B, B", Ps 
(6) 

where Sr is the degree of saturation, B", the bulk modulus of pure water (2,200 
MPa), and Ps the absolute fluid pressure. also referred to as backpressure. Ps = 
101 kPa for water at atmospheric pressure. As shown in Fig. 3, Eq. 6 predicts that 
B, is strongly influenced by Sr. Using Eqs. 5 and 6, and neglecting B, compared 
to B .... B and S, are related through 

1 
B '" --.;''----B, 

I+n- (I -S) 
PB ' 

and S =1-- --I PB (1 ) 
, nB, B (7) 
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Figure 4 shows the effect of Sf on 8 at various ratios B,'pB' These effects are es
pecially important for soils with large bulk modulus. Under undrained conditions. 
this effect is reduced, but not eliminated with large back pressure Ps. 

Eq. 7 implies that the sample is fully saturated when B = 1. In practice, 
B ~ 99.5% is satisfactory for undrained tests, and B ::: 98% is acceptable for 
drained tests. When B is too small, Sf can be increased under drained conditions 
by increasing the back pressure Ps and introducing additional deaired water into 
the voids. which will forces some air to be absorbed into solution. Ps and (1) 

should be simultaneously increased so that tbe differential pressure across the tri
axial membrane does not change. The increase in backpressure Lip B required to 
increase S, from an initial value So to a final value Sf is given by Lowe and John
son (1960): 

t.PH _ 0.98 (Sr So) 
PH - 100 0.98 Sf 

(8) 

where PB is the initial back pressure, and S, and So are in percent. For instance, 
Eq. 9 indicates that the backpressure PB should be increased by 495 kPa to get a 
final saturation S, = 100%, when So = 90% and PB was initially atmosphe ric 
(PH = 101 kPa). 

10000,----------------------------, 

100II 

---1M" 
·, ,·"-IOOkPa 
----IOkPa 

---
-·--- lkPa 

/
--- / - / 

- / 
/ 

/ /' ///// / /,/ 

&:periment 

" / ,/ 
/ 

/ 

,~ // 

~' //// / /,/ 

/ / 
/ / 

0.1 4-_~'-_....,..;_-------l 
100 10 0.1 

100·5. (") 

ODI 000 1 

Figure 3 Variation of bulk modulus of water with water pressure 
and degree of saturation Sr (after Bardet and Sayed, 1993). 

RATE OF LOADING FOR CU AND CD tESTS 

In CU and CD triaxial tests, the loading rate is selected so that the pore pressure 
remains uniform within the tested specimen. 

In the CD test, the excess pore pressure should remain negligible. The load
ing rate must be slow enough to allow for the excess pore pressure to dissipate 
through the pervious boundaries. The loading rate of the CD triaxial test is se
lected by first determining the time t, required to reach fa ilure by from Table 1 
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(after Head, 1986). In Table 1, tuX! is the time to complete the primary compres
sion, which can be determined by measuring the volume change during the con
solidation phase of the triaxial test (see Chapter 6-1 for the determination of 
ttoo). The side drain of Table 1 refers to a thin filter paper which is wrapped 
around the sample to shorten the duration of the consolidation phase. 

The axial strain Ep required to reach the soil peak strength is then esti
mated. The maximum rate v of axial displacement is chosen so that axial strain Ep 

is reached after time tr= 

where Ho is the initial sample height. 

TABLE 1 
Time tf to reach failure (after Head, 1986) 

Type of test 

CU 
CD 

No side drain 

0.51 X 1100 
8.5 X t100 

With side drain 

(9) 

In the CU test, the pore pressure should be distributed uniformly, although 
its overall value varies when the sample is sheared. The loading rate is deter
mined by using Table 1 as for CD tests. The loading rate of CU tests is about 10 
times faster than those of CD tests. During CU tests, the pore water is practically 
immobile, and the excess pore pressure is more rapidly and uniformly distributed 
that during CD tests. 

BARDET, 1. P., and H. SAYED, 1993, Velocity and attenuation of compressional 
waves in nearly saturated soils. Soil Dyn. Earthquake Eng. , Vol. 12, No.7, pp. 
391-402. 
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REVIEW QUESTIONS 

Chap. 7-6 I Principles of Triaxial Tests 

BISHOP, A. w., and D. 1. HENKBL, 1962, The Measurement of Soil Properties in the 
Triaxial Test, 2nd ed., Edward Arnold, London, pp. 228. 

HEAD, K. H" 1986, Manual of Soil Laboratory Testing, Volume 3: Effective Stress 
Tests, John Wiley & Sons, New York, pp. 951-956, 1001- 1053. 

H OLTZ, R. D., and W. D, KOVAcs. 1981, An Introduction to Geotechnical Engi
neering, Prentice-HaD, Englewood Cliffs, NJ, pp. 449-519. 

LAMBE. T. w., and R. V. WHITMAN, 1979. Soil Mechanics, SI Version. John Wiley 
& Son~ pp. 116-121, 135-150. 

loWE, J., and T. C. JOHNSON, 1960, Use of backpressure to increase degree of sat
uration of triaxial test specimens, Proceedings of the ASCE Research Confer
ence on Shear Strength of Cohesive Soils, Boulder, CO, pp. 819-836. 

L How many types of triaxial tests are there? 
2. Define UU, CU, and CD triaxial tests. 
3. Sketch a typical triaxial cell witb its basic components. 
4. Define the B coefficient. What is it used for? 
S. How is the rate of loading defined for CD triaxial tests? 



OBJECTIVE 

EQUIPMENT 

Triaxial Tests 
on Coarse-Grained Soils 

There are two main types of triaxial tests for coarse-grained soils: CU and CD tests. 
CD tests are used to determine the cohesion and friction angle for various densities 
and confining pressures, while CU tests are used to calculate the undrained shear 
strength . UU triaxial tests are not performed on coarse-grained soils. 

The equipment for triaxial tests on coarse-grained soils includes: 

• Loading frame with a 50 kN capacity (Fig. 1). Strain- or stress-<::ontrolled 
loading devices may be used to load the soil specimen. Strain-controlled de
vices compress the specimen at a predetermined rate of displacement, 
whereas stress-controlled devices vary the axial load at a fixed rate. Strain
controlled devices are preferable because they are capable of detecting the 
strain-softening properties of soils. Strain-controlled devices should have a 
loading speed of about 1 mm/min. 

• Triaxial cell. As shown in Fig. 2, the triaxial cell consists primarily of a head 
plate, a baseplate, and a transparent plastic cylinder. The baseplate has an 
inlet to pressurize the chamber and two inlets to saturate and drain the 
specimen through its base and cap. The head plate has a vent valve to let air 
out when the chamber is fi lled with fluid. The cylinder, head plate, and base
plate are tightly held together by tie rods, and their joints are sealed with 
rubber gaskets. The piston friction is reduced using linear ball bushings. 
Leakage around the piston is reduced by means of O-rings. For cohesionless 
soils, the sample diameter is about 7.5 cm. 

• Calibrated load ring for measuring the axial force. A capacity of 20 leN is 
suitable for most purposes. A larger capacity (e.g., 50 kN) may be required 
fo; high confining pressure. The load ring may be replaced by a load traos
ducer of similar capacity. 

449 



450 Chap. 7-7 / Triaxial Tests on Coarse-Grained Soils 

Figure 1 Loading frame device and triaxial test equipment. On the 
left table, the dismantled triaxial cell includes the upper and lower 
caps, the head plate, the base plate, and the transparent plastic cyl
inder reinforced with a steel mesh. On the left table, the equipment 
for the sample fabrication includes the split mold, membranes and 0-
rings, vacuum grease. funnels of various sizes, and a scale. 

Rubber 
membrane 

Air pressure 

Friction-free 
bushing 

Aexible 
tubing 

Pressure 
cell 

Figure 2 Components of the triaxial cell. 
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• Pressure transducer for measuring the pore pressure during CU tests. The 
transducer range should be 0 to 1000 kPa. It should have a bleed valve for 
saturation. 

• Two pressure gages for measuring the confining pressure and backpressure, 
with a capacity of 1000 kPa. 

• Dial gage for measuring the axial displacements sensitive to om mm and 
having a full range of 2.5 em. The dial gage may be replaced by a calibrated 
LVDT transducer having similar range and sensitivity. 

• Base and head caps. These are constructed of a lightweight noncorrosive 
material and have porous stones and drainage connections. 

• Rubber sleeves. These encase the specimen and provide a reliable protec
tion against leakage, with the minimum lateral restraint to the specimen. 
Membrane thickness ranges from 0.05 to 0.25 mm. They should be carefully 
inspected prior to use and should be discarded if they have flaws or pin
holes. 

• Four O-rings of diameter slightly smaller than the base and head caps are 
required to fasten ~he membrane. 

• Equipment for preparing specimens. A split mold is required to hold the 
rubber sleeve and construct cohesionless soils (see Fig. 4). The internal di
ameter of the mold (e.g., 7.5 cm) will give the approximate diameter nf the 
specimen. A funnel or spoon for placing the material inside the mold, and a 
tamping hammer or vibratory equipment are also necessary. 

• Saturation equipment. An air regulator and a pressure gage for controlling 
the backpressure, similar to those used to control the chamber pressure. A 
calibrated burette or standpipe capable of measuring volume changes. This 
burette, which is connected to the backpressure line, measures the volume 
change of the specimen during the isotropic and shear phases of the triaxial 
test. 

Other items of equipment are as follows: 

• Deaired water produced as in Chapter 4-2. 
• Vacuum grease. 
• Vacuum and air pressure supply. 
• Balance sensitive to 0.01 g. 
• Equipment necessary to determine specific gravity. 

PREPARAnON OF SPECIMENS 

1. Weigh an amount of material slightly larger than the one to be used for 
the test specimen. 

2. Place the membrane with two O-rings on the bottom platen, then assem
ble and mount the split mold. Fold back the membrane on the top rim of the 
mold as shown in Fig. 3. 

3. Evacuate the air between the membrane and the membrane stretcher us
ing a vacuum pump (see Fig. 3). 

4. Pour the sand inside the forming jacket by means of a funnel or a spoon 
(see Fig. 4 and the sample construction in Chapter 4-2). The desired density may 
be achieved by vibrating the specimen. A specimen that is properly formed gen
erally deforms in a symmetric way when it is tested. 

, , 
'I 

" 

, 

" 

" 



452 Chap. 7-7 / Triaxial Tests on Coarse-Grained Soils 

Figure 3 The split mold is mounted on the bottom 
cap. The membrane is stretched in place by applying 
vacuum. 

Figure 4 Loose samples are constructed by pouring 
sand into the mold with a funnel Denser samples are 
obtained by tamping or vibrating. 

5. Weigh the unused material to calculate the dry sample weight. 
6. After having filled the forming jacket with sand to the desired height. 

place the specimen cap on top of specimen, roll the membrane over the specimen 
cap and base. and fasten it with O-rings (see Fig. 5). 

7. As shown in Fig. 6, open valve D, close valve E. and connect connector I 
to the vacuum line. This applies vacuum to the inside of the sample through valve 
D. If there is a leak or hole in the membrane, bubbles will keep forming in the 
bubble trap. If the leak is too important. the sample must be discarded and a new 
sample must be prepared. In the absence of bubbles, open and remove the spilt 
mold (see Fig. 7) . 111e sample is now held together by an internal vacuum. Its in
itial height and diameter are now measured. The vacuum intensity should be kept 
to a small value (e.g., -20 kPa) to avoid the consolidation of the specimen. 

S. Assemble the triaxial chamber (see Fig. 8) and place it on the loading de-
vice. 

9. Disconnect connector G and open valve F to fill the triaxial cell with wa
ter (Fig. 9). 
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Figure 5 After placing the cap on top of the 
specimen, the membrane is rolled over the top 
cap and is fastened by using O- rings. 

Bubble trap to detect 
leaks in the rubber 
membrane 

Valves D, E and F 

o open 

• closed 

t Vacuum 

Quick 
connector 

D 

Figure 6 Application of vacuum inside the sample. 

453 

Figure 7 Once the vacuum is applied internally to 
the sample. the spilt mold is removed. 

Figure 8 The triaxial cell is assembled by adding the 
transparent chamber and the top plate, and by 
securing the mounting bolts firmly. 
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Valves D, E and F 

o ""'" • ao.oo 
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-... regulator 

vacuum t 
Pressure gauge 1h= '5I. 

Bubble trap 

Quick -
o 

G quick 
connector 

F 

Figure 9 Filling of triaxial cell with water, and application of 8 
small confining pressure to hold the sample together. 

10. When the triaxial chamber is almost completely filled with water, close 
valve F and connect the G connector. ' 

11. Apply a small amount of confining pressure with the pressure regulator 
(e.g.,2O kPa). then close valve D. At this stage the sample is held together by the 
external confining pressure, no longer by the internal vacuum. 

SATURATION OF SPECIMENS 

The triaxial samples for CU and CD triaxiaJ tests must be fully saturated before 
being isotropically consolidated and sheared. The saturation is tested by closing 
the drainage system, by applying a small increase 60'3 in confining pressure, and 
by measuring the resulting change in pore pressure 6u. The sample is fully satu
rated when the coefficient B = 6u/60'3 = 1, and partially saturated when B < l. 

For CU tests. complete saturation (B ~ 99.5%) is required to generate a 
meaningful pore pressure. Otherwise, a partial saturation results in erroneous 
pore pressure and undrained shear strength. The degree of saturation can be in
creased by increasing the backpressure and confining pressure simultaneously so 
that the soil effective stress and differential pressure across the sample membrane 
do not change. 

For CD tests, saturation is not as critical as for CU tests because it is used 
only to measure volume change. Partial saturation leads only to slightly underes
timating the volume change. B ~ 98% is satisfactory for drained tests. 

The drainage fmes and porous disks should be fully saturated with deaired 
water. The drainage lines are as short as possible and made of thick-walled, small-
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Figure 10 Triaxial cell and volume-change and saturation burette. 

bore tubing to ensure nUTIlmum changes in volume when the applied pressure 
varies. During the saturation phase, the chamber pressure should be only slightly 
higher tban the back pressure (e.g., 20 kPa) in order to hold the specimen without 
consolidating it. The specimen is saturated as follows: 

1. Fill tbe saturation burette (Fig. 10) with deaired water. As shown in Fig. 11, 
disconnect connector 11, close valve 8 , and open va lve A. Close valve A 
when the saturation burette is almost full. 

2. Open valves E and D and close valve C. Reconnect connector H to the 
backpressure line and apply 20 kPa of backpressure. Open valve 8. As 
shown in Fig. II , the water of the saturation burette is pushed through the 
soil specimen until there are no more air bubbles in the saturation line. If 
necessary, the saturation burette may be refilled with deaired water. 

3. To check the saturation, close valves 8 , D, and E, increase the confining 
pressure by 10 kPa, measure the resulting increase in pore pressure "'u , and 
calculate the B coefficient. I f its value is not satisfactory, repeat steps I and 
2. 

4. If the repetition of steps I and 2 does not increase the 8 coefficient, open 
valves E and 8 and apply equal increments of confining pressure and back
pressure simul taneously. Check the 8 coefficient again and if necessary, in
crease confining and backpressures within reasonable limits. The 
back pressure must always remain slightly smaller than the confining pres
sure: otherwise, the sample either consolidates or collapses. If the value of 
B is not satisfactory, repcat steps 2 to 4. One may also saturate the samples 
after the consolidation phase. 

5. Open valve A to adjust the water level at the middle of tbe volume-change 
burette. Close valve A, open valves C and E, and record the level in the 
measuring burette. The saturation phase is now completed. 
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Valves A,B,C,D, E and f 

0""," 
• Closed 
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Air supply 

Confining 
"..,... 

bjl 
D 

Air pressure 
regulator 

Figure 11 Schematic diagram showing the saturation of soil sam
ple. 

CONSOLIDAnON PHASE 

, 
SHEAR PHASE 

After saturation, the sample can be isotropically or Ko consolidated. 
For isotropic consolidation, keep the backpressure constant, and increase 

the cell pressure until the difference between the cell pressure and backpressure 
becomes equal to the desired confining pressure. Open valves C and E. and let 
the specimen consolidate under the applied confining pressure. Measure the vol
ume change in the volume-change burette. 

For Ko consolidation, the vertical effective stress ~ is increased with the ra
dial effective stress a; to reach the initial effective stress state at which a; = Ko 
0'3 where Ko is the coefficient of earth pressure at rest. Ko consolidation is Dot 
covered in this book. Additional information can be found in Head (1986). 

For drained triaxial tests, valves B and D are closed and valves C and E are open. 
The volume change of the sample is measured in the volume-change burette. For 
undrained tests, varves D and E are closed and the pore pressure is measured us
ing the pore pressure transducer. 
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1. Select a loading rate, about 0.5% of axial strain per minute. 
2. Start loading and record simultaneously the applied axial load, piston dis

placement, and volume change for drained tests (porewater pressure for undrained 
tests). 

3. After having completed the axial loading (20 to 25% axial strain), release 
the back pressure and decrease the confining pressure to 30 kPa. Open valve F to 
flush the pressure fluid gently from the pressure cell. Close valve F when the 
chamber is empty, remove the confining pressure, and then dismantle the triaxial 
cell. 

Figure 12 shows the height, average area, and total volume of the sample after 
construction, after saturation. after consolidation. and during shear. 

After Construction 

The initial dry density '(dO and void ratio eo of the sample are 

W 
'(dO = V and 

o 

G,'(", 
eo=---I 

1dO 
(I) 

where W is the dry weight of the sample. Vo= HoAo the initial sample volume,Ao 
= 1t D~ 14 the average cross-sectional area of the initial sample, Do the initial di
ameter, G, the soil specific gravity, and '(W the water unit weight. 

After Saturation 

During the saturation phase, the sample size is assumed to be constant. There is 
no accurate way to measure its volume change while it is saturated. As shown in 
Fig. 12, the heights, average areas, and volumes of the samples are the same after 
construction and after saturation. As mentioned previously, the upward flow of 
interstitial water must be slow to prevent the sample frQ m expanding or compact
ing while it is saturated. 

After Consolidation 

The volume Vc of the sample after the isotropic consolidation is 

."'Ao r r ... 

" ."'110 H,,=Ho-AH, A 

V",Vc-!:N L Vc=Vrr!J.Vc I 
V 1",VO Vo 

(a) After construction (b) After saluralion (e) Afterconsol.idation (d) During shear 

Figure 12 Height. average area, and volume of sample after the 
construction phase, saturation phase, and consolidation phase, and 
during the shear phase. 

(2) 
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where 6,V" is the volume change caused by consolidation and measured on the 
volume-change burette. The specimen height He and average area At" after consol
idation are calculated by assuming that axial and radial strains are equa1: 

After consolidation, the dry unit weight "ide and void ratio t c are 

During Shear 

W 
'YdC=V and 

< 

During the shear phase, tbe volume V and height H of the specimen are 

V=Vc-AV and H=Hc-Mf 

(3) 

(4) 

(5) 

where AV is the volume change and All is the beight change. Both .1.V and tJ{ 

are measured from the beginning of the shear phase. AV is positive when the 
sample compacts, and t:Jl is positive when the sample shortens. The axial strain E\ 

and volumetric strain Ev are 

dH 
£\ =F and 

< 

The average cross-sectional area A of the sample is 

The shear stress t and normal stress s are 

and 

(6) 

(7) 

(8) 

where P is the net applied axial load, <JI the axial stress, and 0 3 the constant con
fining pressure. P = 0 at the beginning of the shear phase. During the drained 
test, total and effective stresses are equal because there is no pore pressure (Le., 
II = 0): 

$' =s and ,'=( (9) 

Young's modulus is calculated from the initial slope of the t - £1 curve: 

(10) 

where Il.r is the increase in t corresponding to the increase 6£1 in £1- The Poisson 
ratio is calculated from the initial slope of the tv - £} curve: 

(11) 
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where &~ is the increase in tv corresponding to &1. The residual and peak fric· 
tion angles are calculated using the following relation (assuming r! = 0): 

¢I ' =sin -1(a: -03)=sin - t(! )=Sin-1( ') (12) a: +03 s' t +0'3 u 

During the undrained triaxial test (e.~ = 0), Eq. 7 becomes 

(13) 

The effective shear stress t' and normal stress s' are 

s'=s-u, and t'= t (14) 

The shear modulus G is calculated from the initial slope of the t - £1 curve: 

(15) 

where at is the increase in I corresponding to &1. The peak friction angle is cal· 
culated from the maximum ratio t'ls' by using the following relation: 

(16) 

Example of a Drained TrIaxial Test 

The results of the drained triaxial test are summarized by reporting the initial dry 
unit weight and void ratio of the specimen and by plotting the variation of shear 
stress I and volumetric strain £ v versus axial strain £t . The results should include 
the initial Young's modulus and Poisson ratio, the peak and residual friction an
gles, the failure modes of the specimen, and the inclination of shear bands, if any. 

Figures 13 to 15 show an example of drained triaxial test results on a fine 
uniform sand in a loose state. Figure 13 show the stress-strain and volumetric re
sponses versus axial strain, Fig. 14 shows the input/output data, and Fig. 15 lists 
the formulas used in Fig. 14. 

Example of a Undrained Triaxial Test 

The results of the undrained triaxial test are summarized by reporting the initial 
dry unit weight and void ratio of the specimen and by plotting the variation of 
shear stress t and pore pressure u versus axial strain £1, and the S'-I stress path. The 
results should include the initial shear modulus, the peak and residual undrained 
shear strengths, the peak and residual friction angles $~ and ¢I~, the failure modes 
of the specimen, and the inclination of shear bands, if any. 

Figures 16 to 18 show an example of undrained triaxial test results on a fine 
uniform sand in a loose state. Figure 16 shows the stress-strain and pore pressure 
responses versus axial strain, and the effective s'-c stress path, Fig. 17 shows the 
input/output data, and Fig. 18 lists the formulas used in Fig. 17. As shown in Fig. 
16, the loose sand undergoes a peak failure, softens, and then hardens as the pore 
pressnre decreases. The residual undrained shear strength is larger than the peak 
undrained shear strength. 
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Figure 13 Stress-strain and volumetric responses of loose Hastun 
sand during drained triaxial tast. 

• 

1. Which soil properties afe determined from CD and CU triaxial tests on 
coarse-grained sand? 

2. Describe brieHy the preparation of a sand specimen. 
3. What is the purpose of the split mold? 
4. Why do we use a rubber membrane in triaxial tests? 
5. How is it possible to detect a smaU leak in a rubber membrane? 
6. Why should the vacuum be kept to a low level during sample construction? 
7. How is saturation checked in triaxial tests? 
8. Why should the sample be saturated in CU and CD tests? 
9. How is the corrected area defined in a CD triaxial test? 
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A B C 0 E F 

, Drained triaxial test r-
f+ Analyst name: A Ccmte/ 

f+ Date: Apr·78 

~ Sample Identlflcallon: Loose HOB/un sand 

t+ Weight 01 dry sample W = 1164 ~ 
, 

7 Initial height 01 sample ho .. 19.5 om t-;- Initial sampJa diameter Do .. 6.95 om r,- SoH specific gravity G. '" 2 .65 r.o Confining pressure 03 • 200 ,p, r;;- Back pressure 0b" 0 ,p, 
I-;;" Saturation coefficient B .. 99 % I-fr Rate of loading y .. 2 mm/mln t-;; Inilial void ratio eo " 0.684 

I-is Initial dry unit weight 1dO" 15.42 kNJm3 

t-; Volume change during consolidation lJ.Ve = 1.00 em' 

~ Void ratio after consolidation ee '" 0.682 

~ Dry unit weight after consolidallon 'Yd " 15.44 kNlm3 

'" Height after consolidation ho .. 19.49 em 

I-il Volume after consolidation Ve e 738.77 cm3 

t-;;" Area after consolidation Ac = 37.90 em2 

I-fr Initial Young's rnooulus E = 37.14 MPa 

~ Initial Polsson ratio y = 0 .30 
t-;; Peak fl1ctlon angle +p ., 31 .19 deg 

~ Residual friction angle 'r" 31.19 deg 
~ 

Axial displacement Axial 
Volume Axial Shear Volumetric 

(mm) force (kN) 
change strain stress strain (%) 

t-f (cm~ (%) (kPa) 

" . h F .v .po , • 
~ 0.00 0.000 0.00 0.00 0.0 0.00 

~ 0.02 0. 127 -0.36 0. 12 16 .8 0.05 

~ 
0.04 0.319 -0.67 0.22 42.0 0. 09 
0.08 0.529 -1 .36 0.43 69.6 0.18 

~ 0. 14 0.692 -2.43 0.71 91.0 0.33 

'" 0. 18 0.799 -3. 17 0.94 104.8 0.43 

~ 0.24 0.915 -4.01 1.23 119.9 0.54 

~ 0.29 1.003 -4.82 1.51 131 .2 0.65 

4 0.37 1. 112 -5.58 1.89 145 .0 0.76 

~ 0.45 1.212 -6.24 2.33 157.6 0.84 

~ 0.59 1.317 ·7.22 3.05 170.1 0.96 .. 0.72 1.412 -7.91 3.67 181.4 1.07 
~ 0.79 1.446 ·8.33 4.06 185.1 1.13 
'ii 0.91 1.513 ·8.76 4 .67 192.6 1.19 
4J 1.03 1.571 -9. 16 5 .27 198.8 t .24 ii 1.19 1.614 -9.59 6 .12 202.6 1.30 
fi 1.32 1.665 -9.84 6 .76 207.5 1.33 r.; 1.48 1.699 -9.97 7.58 21 0.0 1.35 
~ 1.63 1. 733 -10.03 8 .36 212.4 1.36 r.; 1.76 1. 746 -10.01 9 .02 212.4 1.36 P.i I .S3 1.774 -9.99 9040 214.9 1.35 
f-ii 1.97 1.787 -9.95 10.10 214.8 1.35 

Figure 14 Example of data set for drained triaxial test on sand. 
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0 E F 

Inmal void ratio eo •• as'9.SlgdO- ' 

Imial d'Y unit weight lIfO •• W/(PIO'dO"2/4'hO) '9.8 kNlm' 

Volume change during consolidation INc. , ",,' 

Void ratio atlar consolidation e .... Gs'9.SJgd-' 

Ory unit weight alter consolidation '1d •• W/(PIO' d0"2WhO-QVc)'9.8 kN/m~ 

Height after consolidation he. _hO' (1_DVcI(hO' PIO'dO"214jf3j om 
Volume aftar consolidation v •• _hO·Plo-cM)I'I2I4·DVc om' 

Area aftar consolidation A" •• Vc/hc om' 
Initial Young'. modulus e •• SlOPE(E29:E31,029:D31)'2110 MP. 

Inilial Poisson ratio v. _(I_SLOPE(F29:F31,029:031))12 

Peak trietlon angle.p. _ASIN(MAX(qY(MAX(q)+sc))" 1801P1() d., 
Residual fl'Iction angla ~r. _ASIN(E5OI(E50+sc))'l8O/PIO d., 

0 E F 

Axial strain ("'I Shear stress (kPa) Volumetric strain ("'I 

~ 
" • p. • .. 
r? .. Oh/t1.c' ,OO .F/At' ( l-ap"1 OO)l( l -av/l 00)12" 0000 .·DVNe'tOO ., .Oh/tlc' l00 ",F/Ac'! '-ap&l1 OOl'("8v/1 00)12' 1 0000 .·DVN c"100 

Figure 15 Formulas used in Fig. 14. 
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Figure 16 Stress-strain and pore pressure responses, and effective 
S'-t stress pa~h of loose Hostun sand during undrained triaxial test. 
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f2- Undrained triaxial test 

P.: 
ArIaJyIt ~: A Comlel 

Date: /\pr·78 

1+ Sample ldenUllcallon: LOOH Hoslun sand 

I-l- Weight 01 dry lampl, W • 1185 1+ , 
1+ Inttlal height 01 sample hg • 20. 1 om 

I-l- Initial sample diameter 0 0 • 6.92 om 

~ Sol specific graYlt)! a •• 2.85 

~ CooIWng PfMlUr. ~ • '00 <P. 
U Back preeeure 0., • o kPa 

Hi Salufatlon ooetf\d.." e • 99 % 

~ 
Rat. 01 Iotodirlg ¥ • 2 mmlmln 

Initial void ratio . 0 • 0.69' 

~ Initial dry unII weight YdO • 15.36 kNfml 

~ 
Volume cflange during c:onaoIklatlon 4 V, • 2.00 ems 

Void ratio after corlSOlltlation t •• 0,686 

~ Dry unit weight after con8Oliclation "I~ . 15.40 kNlm' 

~ Height after consolidation h •• 20.08 em 

f.!! Volume after consolidation v •• 153.96 em' 

• Arb aftIII' consolidation "" • 37.54 em? 

~ Shear modulus G • 14.45 MPa 

~ Peak ITk;tion ..... 25.14 deo 

~ Residual rrlcl!on angle ••• 23.20 deg 

~ Peak undralned shear strength s.. • 197.09 kPa 
» R~I unc:ln\ined shear strength s... • 197.09 kPa 
n 

"'"' """ Alela' Shu, EtfectiYe 

dlaplacemen 
A,,,, 

,tr,ln IIrlSS 
~~, 

V.' force (kN) 
pressure 

stress 

~ 
I (mm) (kPa) (%, (kP., 

(kPa) 

'" F " -'P' , .' ratio 

~ 0,00 0,000 0,00 0.00 0 ,0 600.0 0.00 

~ 
0.01 0.252 20.80 0.04 33.6 612.8 0.05 
0.01 0.486 38.29 0.07 64.8 628.3 0. 10 

~ 
0.02 0. 700 87.28 0 .12 93.1 605.8 O. HI 
0.03 0.905 118.72 0 .15 120.3 801 .6 0.20 

~ 
0.04 1. 114 171. 12 0 .22 148.0 578.9 0.28 
0.04 1.228 173.14 0.22 183.2 590.1 0.28 

f!?, 0.07 1.323 236.03 0 .35 175.8 539.6 0.33 

~ 0. 10 1.399 278.99 0.52 185.3 508.3 0.38 

~ 0. 12 lAI3 286.83 0.59 187.0 500.2 0 .37 

~ 
0.17 1.397 314. 12 0.85 184.5 470.4 0.39 
0.20 1.373 326.23 uil 181.0 454.8 OAO 

~ 
0.28 1.329 350.02 1.38 174.5 424.5 0.41 
0.36 1.280 364.59 1.17 187.4 402.8 0."2 

~ 0.42 1.245 376.39 2.10 182.3 385.9 0.42 .. 0.49 1.215 383. 18 2.44 157.9 374.7 0.42 .. 0.58 1. 194 387.56 2.88 154.5 388.9 0 .42 

~ 
0.88 1. 188 390.58 3.28 153.1 362.5 0."2 
0.74 I.In 391. 78 3.89 15 1.0 359.2 0.42 

~ 
0.88 1. 194 391.00 4.29 152.2 361.2 0.42 
0.94 1.216 389.66 4.88 154.4 364.7 0.42 

• 1.01 1.243 387. 17 5.05 157.2 370.0 0.42 
g 1. 11 1.270 381.83 5.55 159.8 317.9 0.42 

~ 
1.22 1.297 374.22 8.05 \82.2 388.0 0.42 
1.33 1.333 387. 74 8.81 185.7 398.0 0.42 
IA2 1.355 380.89 7.08 187.7 406.8 0.41 

M 1.51 1.401 351.01 7.53 172.5 421.5 0 .41 
n 1.61 1,446 340.13 8.00 117.2 437.1 0.41 

~ 
1.72 1.492 328.77 8.54 181 .7 453.0 0.40 
1.88 1.546 315A9 9.24 188.9 471.4 0 .40 

~ 
1.95 1.588 305.09 9.89 191.0 485.9 0.39 
' ,DO 1.815 301.25 11.117 \93.7 492.4 0 .39 

Q 2.09 1.852 296.85 10.40 197.1 500.2 0.39 

Figure 17 Example of data set for undrained triaxial test on sand. 
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EXERCISES 

Chap. 7-7 / Triaxial Tests on Coarse-Grained Soils 

D E 
Initial void ratio 90 _ ",Gs'9.S/gdO·' 

Initial dry unit weight "(dO :: .. W/(PI()'OCY-2WhO)"9.8 

Volume change during consolidation AVe: 2 

Void ratio after consolidation 9c '" "Gs'9.8/gd·l 

Dry unit weight after consolidation 'Yd '" .,W/(PI0"D<Y"214'hO-DVc)'9.8 

Height after consolidation he= =hO'(I-DVcI(hO'PIO'00'l2l4)J3) 

Volume after consolidation Vc " "hO'PI()"O()l'214-DVc 

Area after consolidation Ac :: "Vc/Hc 

Sheaf modulus G = .. SLOPE(E30:E32,D30:D32)/6Il0 

Peak friction angle t p = =ASIN(MAX(mllo))'1801PIO 

Residual frict ion angle •• '" :ASIN(G62)'1801PIO 

Peak undrained shear strength Sy:- .. MAX(q) 

Residual undrained shear strength Su. '" :E62 

D • F 
Effective 

Axial strain (oto) Shear stress (kPa) normal stress 

f? (kPa) 

1!1 e., t " 

G 

"" 
rallo 

" _OhIHc'100 aF/Ac' ( 1-epS/1 00)*1 0000/2 _sc+q_u - q/p 
ff. aFI Ac' (1-eps/1 00i'1 0000/2 :OhiHc'100 =SC+Q-U :,/. 

Figure 18 Formulas used in Fig. 17. 

"-

F 

kNlm' 

om' 

kN/m3 

om 

om' 

om' 
MP. 

de, 
de, 
kP, 
kP • 

I . From elasticity theory, derive the relation between Young's modul us E and 
the Poisson ratio v and the initial slopes of the t-£l and £ ,,-£, curves for 
CD triaxial tests. 

2. From elasticity theory, derive the relation between shear modulus G and the 
initial slope of the r-£ , curve for CU triaxial tests. 



OBJECTIVE 

EQUIPMENT 

Triaxial Tests 
on Fine-Graillled Soils 

There are three different types of triaxial tests for fine-grained soils: UU, CU, and 
CD tests. The CD tests are used to detennine the friction angle for various den-

t., sities and confining pressures, while UU and CU tests are used to define the un
drained shear strength. 

The equipment fo r fine-grained soils is similar to that of coarse-grained soils de
scribed in Chapter 7-7. The differences are 

• Loading devices. For CU and UU tests, the loading rate is about 0.05 to 2 
mm/min. For CD tests, the loading speed should cover a wider range (i.e., 1 
to 0.0005 mm/min). 

• Triaxial cell. Smaller than for cohesionless soils. The sample diameter is 
about 2.5 to 3 em. 

• Membrane stretcher (Fig. 1). 
• Trimming equipment similar to that used for the unconfined compression 

test. 

PREPARATION OF SPECIMENS 

The test specimen is trimmed into a cylinder as described in Chapter 7·3. As 
shown in Fig. la. two O·rings are mounted 0 0 the suction membrane stretcher, 
and the rubber membrane is placed as shown in Fig. lb. The rubber membrane is 
drawn tightly to the membrane by applying suction (Fig. Ic) and is lowered 
around the soil sample (Fig. 1 d). When the membrane stretcher is at the position 
shown in Fig. Id , the suction is released so that the membrane sticks to the spec· 
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Membrane stretcher Rubber membrnne 

(0) (b) (0) 

Figure 1 Successive stages to fit the rubber membrane to the cy
lindrical soil specimen. 

imen. The membrane is rolled on the head and base caps and fastened on the 
base cap with an O-ring (Fig. Ie). The membrane stretcher is removed and the 
upper O·ring positioned on the head plate. 

SATURATION OF SPECIMENS 

The triaxial samples for UU, CU, and CD triaxial tests must be fully saturated be
fore being isotropically consolidated and sheared. The saturation phase of fine
grained soils is simpler than that of coarse-grained soils, provided that the speci
mens were initially saturated and remain saturated during trimming. The satura
tion of partially saturated specimens may be extremely tedious otherwise. The 
saturation is checked as for cohesionless soils, by calculating the B coefficient 
from an isotropic increment. For CU tests, B ::: 99.5% is required to generate 
meaningful pore pressure. For CD and UU tests, the saturation is not as critical 
as for CU tests. B > 98% is considered satisfactory for drained tests. 

UU. CU AND CD TRIAXIAL tESTS 

EXAMPLE 

The consolidation and shear phases of the CU and CD tests for fine-grained soils 
are similar to those of coarse-grained soils. In UU tests, the consolidation phase 
is performed rapidly, with closed rather than opened drainage. The pore pressure 
is generally not recorded during UU tests. 

The results of CU tests are summarized by reporting the initial dry unit weight, 
water content. and void ratio of the specimen, and by plotting the variation of 
shear stress t and pore pressure u versus axial strain e .. and the S'-I stress path. 
The results should include the initial shear modulus. the peak and residua1 und
rained shear strengths, the failure modes of the specimen, and the inclination of 
shear bands, if any. The results of UU tests are reported as those of CU tests but 
without the pore pressure variation and effective stress paths. The results of CD 
tests are reported as those for coarse-grained soils. 
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Figure 2 Stress-strain response, pore pressure response, and effec
tive stress path of kaolinite during CU triaxial test. 

4<lO 

Figures 2 to 4 show an example of CU triaxial test results on a normally 
consolidated clay. Figure 2 shows the stress-strain response, pore pressure re
sponse, and effective s'-t stress path, Fig. 3 shows the input/output data, and Fig. 
4 Lists the formulas used in Fig. 3. 



A B C D E , G 

-# Saturation coefficient B • 99 " ~ Rate 01 loading v • 0.5 mmfmln 

~ Initial void ratio eo . 0.696 

~ Initial wet density Yo • 19.30 kNlm3 , 
15.37 kNlm3 2!. Initial dry unit weight YdO" 

cE Inilial water content Wo .. 25.55% 

~ Volume change during consolidation INc. DAD om' 

2! Void ratio after consolidation ge .. 0.686 

~ Dry unit weight alter consolidation Yd • 15.46 kNlm3 

~ Height after consolidation h., • 7.09 em 

~ Volume after consolidation Ve '" 65.97 cm3 

~ Area after consolidation Ac • 9.31 cm2 

~ Shear modulus G .. 1.49 MPa 

2! Peak friction angle +p • 34.41 deg 

~ Residual frIctJon angle .t" 29.43 deg 

~ Peak undrained shear strength Su ;; 159.80 kPa 

~ Residual undrained shear strength Slit. 151 .S5kPa 

'" 
Axial displacement Axial fon;:e Pore pressure 

Axial strain ('%oj 
Shear stress Effective normal V,' (mm) (kN) (kPa) (kPa) stress (kPa) 

fl! 
31 4h F " 'P' t " ralio 

~ 0.00 0.000 0.0 0.00 0 .0 200.0 0.00 
31 0.01 0.026 14. 1 0.18 13.8 199.7 0.07 

~ 0.03 0.059 23.0 0.35 3 1.7 208.7 0.15 

~ 0.04 0.089 33.4 0.57 47.7 214.3 0.22 

i-l!l 0.06 O. I 16 43.9 0.87 61 .7 217 .8 0.28 

~ 0.08 0.138 53.2 1.18 73.4 220.3 0.33 

~ 0./1 0.166 62.3 1.58 87.8 225.5 0.39 

t11 0.15 0.192 69.9 2 .08 100.8 230.9 0.44 

~ 
0. 19 0.215 78.1 2.64 11 2.7 234.6 0.48 
0.22 0.231 83.3 3.07 120.2 236.9 0.5 1 P.i 0.25 0.243 87.8 3.59 125.8 238.0 0 .53 

~ 0.30 0.252 89.9 4.17 129.7 239.9 0 .54 
r.i 0.34 0.259 91.3 4.84 132.6 241.3 0.55 
~ 0.38 0.270 90.9 5.40 137.3 246.4 0 .56 
~ 0.43 0.279 90.2 6.04 140.7 250.5 0 .56 
~ 0.48 0.288 88.8 6.72 144.3 255.5 0.56 
~ 0.54 0.299 85.7 7.54 148.5 262.8 0.57 ii 0.59 0.306 82.1 8.24 151.0 268.9 0 .56 
~ 0.64 0.313 78.8 9.02 153.1 274.3 0 .56 
~ 0.71 0.321 73.9 10 .06 155.0 281.1 0 .55 -;; 0. 77 0.328 67.8 10.85 156.9 289 .1 0 .54 1\ 0.85 0.334 63.6 11. 95 158.1 294 .4 0.54 ii 0.90 0.339 59.9 12.71 159.1 299.2 0 .53 
~ 0.95 0.343 56.4 13.33 159.5 303.0 0 .53 
~ 1.02 0.347 53.7 14.35 159.4 305.8 0.52 
~ 1.09 0.351 51 .2 15.29 159.8 308.6 0.52 ~ 1.13 0.353 50.4 15.97 159.5 309. 1 0.52 r.; 1.19 0.355 49.2 16 .72 158.7 309.5 0.51 fij 1.25 0.356 47.8 17.54 157.6 309 .8 0 .51 r.; 1.29 0.357 4504 18.20 157.0 311.7 0 .50 
~ 1.33 0.358 44.9 18.79 156.0 31 1.1 0.50 r.1 lAO 0.358 44.0 19.67 154.3 3 10.2 0.50 ii 1.45 0.359 43.7 20.37 153.6 309.9 0.50 

~ 1048 0.360 -43.5 20.91 152.9 309.4 0 .49 .. 1.55 0.361 43. I 21.86 151.6 308 .5 0 .49 

Figure 3 Example of data set for CU triaxial test on clay. 
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~ 
Initlal .... oId ratio ao •• GS"S.8JgdO-t 

~ Initial wet density 10 •• Ww/(P I~0CI:"2WhO)"S.8 kNlm' 
16 Initial dry unit weight 1110. _WdI(PIO·OQl\2/4"hO)"S.8 kNlm3 

rr Initlal waler content Wo - -fY"w.Wd)PNd 
"""-

Volume change during consolidation 4V'Q~' O\~ ' ·:~t~ < ,~ cm' ~ 
~ 

Void ratio after consolidation 8e _ .Gs·S:8JgdJ!t. ., 

~ Dry unit weight after COnsolldat~n}lt •• Wr(e'~Q~04·h9"PVC)"9.8 kNlm3 

21 Height after consoildaUQCI ,be. _hO"(,t·DVQ/(b01!'IO"0C>"214V3) cm 

" Volume after consolidation Ve. =hO'PI()"OC>"214-DVc cm' 
"ii" Area after consolidation At; •• Vc/hc cm' 
ir Shear modulus G •• SLOPE(E32:E34,D32:D34)/6/10 MPa 
~ Peak Irlctlon angle ojIp •• ASIN(MAX(G32:G66j)"t80/PIO da. 
-:;; Resldual lrlctlon angle ojI." _ASIN(G68)"t8OlPIO de. 

7 Peak undrained shear strength S ..... MAX(E32:E66) kPa 

""i" Residual undrained shear strength S .... ;. ;.E66 kPa 

D E F G 

Axial strain (%) Shear stress (kPa) 
Eflectl .... e normal stress V,' 

~ 
(kPa) 

31 ep' t " ratio 

~ .DhlhO·100 .F/Ac·( t·epslt 00)" t 0000/2 .sc+q-u :qtp 
II · OhlhO·100 • FI 'C·I'·.Ds!' 00)· ' 0000/2 o:SC+<l-U . qtD 

Figure 4 Formulas used in Fig . 3. 
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INTRODUCTION 

Review 
of Data Modeling 

The modeling of data is a common exercise in engineering and science. It consists 
of determining the parameters of theoretical relations that give the best agreement 
between theoretical and experimental results. Four methods are presented here: 
linear regression, polynomial regression, interpolation, and nonlinear optimization. 

UNEAR REGRESSION 

Linear regression finds the straight line that best fits a set of data points, thus pro
viding a linear relationship between two variables. Linear regression consists of 
fitting a ~t of n~ata points (Xi, Yi) ~~!.he2.!~~~t.linen:ioder----

y~A.t+B (1) 

where A is the slope and P !! the int!t[cept of the straight line with the y axis. The 
accuracy of fit between the straight line and data points can be evaluated by de
fining the total deviation E, which is the sum of the squared distances between 
data points and fitted points: 

" 
E=L(AXi + B - yl (2) 

i_ l 

The best fit is obtained when E is minimum, that is, when 

and (3) 

Equations 2 and 3 imply that 

" aE ~ 
aA = 2 k.J Xi (Axj + B - Yi) = 0 and (4) 

/. , 
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472 Chap. 8-1 I Review of Data Modeling 

Equation 4 is a system of two linear equations with two unknowns, A and B: 

• • • 
AL,.x;+BL,.x; = LXjYi 

;",,1 1= 1 

(5) 
• • 

A L,.Xi + BfI = LYi 
1",1 1=1 

The values of A and Bare 

• • • • • • • 

(6) 

In Excel, linear regression is carried out by using the built-in functions SLOPE, 
INTERCEPT, and LINEST. 

POLYNOMIAL REGRESSION 

Linear regression analysis is generalized to nonlinear regression by using polyno
mials of order m: 

(7) 

where the m + 1 coefficients am. a"'_I' .. "' ai , and no define a polynomial of order 
m. Equation 7 may also be written 

m 

P(x) = I. ajxi 
j"O 

(8) 

PoJ'y!!'Q.n~j~I~~~sLQ.~ 59!l.§i.~ts _of fit!!,!g _~ set of n data points \!i.0'lLto a polyno
"mial model. Linear regression is a particular polynomial regression corresponding 
to m 1, A = ai, and B = ao. The accuracy of the fit between the polynomial 
line and data points is evaluated by the sum E of the squared distances between 
data points and fitted points: 

• 
(9) 

The best fit is obtained when E is minimum, that is, when the following m + 1 
equations are satisfied: 

forj=O, l , ... ,m / (10) 
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Equation 10 implies that 

" ... ap(.,) 
",,[P(x,) - y;l a;;- = 0 
1_1 j 

forj=O,l, ... ,m (11) 

Equation 11 becomes. after some algebraic manipulations: 

forj = O,l, ... , m (12) 

Equation 12 can also be written 

forj=O,l, ... ,m (13) 

" " 
where Gjk = 
comes 

"'" k+j "" x, and HJ = L yjx! "By using a matrix notation, Eq. 13 be· 
1>=1 

GA=H (14) 

The polynomial coefficients are therefore 

A = G-I H (15) 

where G- I is the inverse matrix of G, and AJ = ai" For a quad!atic E.olY!lomial, 
----.... - -

" " " 
n LX, LX; I. YI 

A{:} 
1",1 I- I 1 .. \ 

" " .' " " G= LX, L xf Lxi and H= L XiYi (16) 

I- I i _I I-I I-I 

" " " " L X; Lxl L X: Lx;yj 
I- I i_I 1=1 1=1 

and for a cubic polynomial, 
. -

" " " " 
n LX, ~>f L,xl I. y, 

I-I i _ I i:o1 i", 1 

" " " " " ao LX, LX; Lxi L X: L XiYi 
A= al G= I- I j,.,1 I-I j",,1 and H= i,d (17) 

a, " " " " " L xf L X? ~>: ~>~ LxfYj a, 
i~ 1 i_I i_ I i_I ;=1 

" " " " " L xi I. .t LX~ LX~ L xlYI 
i~1 i_I i_ I ;..,\ i-I 
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Besides E. the R2 values are used to measure the quality of fitting: 

" 
L [y,- P(X,l]' 

R' = 1-i.~H(tY,J 

R2 varies from 0 to 1, the best fitting corresponding to R2 = 1. 

EXAMPLE OF REGRESSION USING 
BUILT-IN AND USER-DEFINED FUNCTIONS 

(18) 

Figure 1 shows a series of data points. The x coordinate is the tempera
ture, and the y coordinate is the water unit mass. In Excel, regression 
analysis may be performed by using built-in functions or user-defined 
functions. 

Figure 2 shows the linear, quadratic, and cubic fits of the data points of 
Fig. 1. which were obtained by using the built-in function Trendline. Trend
line is based on Eqs. 1 to 18. The optimum regression coefficients and the R2 
values are also shown in Fig. 2. The quadratic and cubic regressions fit data 
better than the linear regression. In Fig. 2, their fitted results are so similar 
that they can only be distinguished by their R2 values. which indicate a small 
advantage for the cubic regression. 

A 

Tempereture 

r+ 
('e) 

, , 
f+ 4 

+ " + 17 

+ " 7 19 
T 20 -;- 21 
-i; 22 
-IT '3 -E 24 
-IT " ""i'i 26 
~ 27 

~ 28 

fi " 3. 

8 

Unit mass 

(gI=~ , 
1.00000 
0.99897 
0.99880 
0.99862 
0.99644 
0.99823 
0.99802 
0 .99780 
0 .99757 
0.99733 

0.99708 
0.99682 
0.99655 
0.99627 
0.99598 
0.99568 

Figure 1 Example of series of data point for 
regression analysis. 

The calculations of linear, quadratic, and cubic regression analysis ar~ 
detailed in the user-defined functions FITt, FITI, and FITJ of Fig. 3. The' 
arrays X and Y represent the cell ranges containing the x and y data, respec
tively. The coefficients of G and H are calculated using the built-in functions 
COUNT, SUM, and SUMPRODU~ then 



Interpolation 

1.001,---,-----------, 

1.000 

'10999 
:!! i 0:998 

•• ::J 0.997 

0.996 

o n.a 
- --Unear(a) 
- - - -Quadratic (b) 
- - _ •• - - Cubic (c) 

(a)y_-ODOO2x ... 1.001S 

R' :0.9207 

(b) y - -6H-06x' ... 2£-OS)[ ... I 

R' =O.9999 

(c) y. 46-08x' - 8£-06x' ... SE-OSx ... 0.9999 

'. 0.995 l--_-_-""'-'-~-_-__' 

° 
, 10 I' 30 

Temperature x r C) 

Figure 2 Regression analysis wi th Trendline. 

n = COUNT(X), ~> = SUM (X) , L.x; = SUMPRODUCT(X, X), 
i.1 

L.x,y, = SUMPRODUCT(X, Y) , and L.x;y, = SUMPRODUCT(X,X, Y), elc. 
i_I 
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(19) 

The matrix G is inverted using the built-in function MINVERSE, and G- i 
and H are multiplied using MMULT. Figure 4 shows the coefficients calcu
lated using FITl , FIT2, and FIT3, and Fig. 5 shows lhe formulas of Fig. 4. 
FITl, FIn. and FIT3 determine exactly the same coefficients as Trendline. 

INTERPOLATION 

In some engineering calculations, it is only necessary to interpolate a set of tabu
lated data, without the need for a regression analysis. The problem is to find y 
corresponding to a known value x, based on n tabulated data points (x;, Yi), 
where Xi either continuously increases (i.e., XI :5 x-z:::: ... :::: Xn_1 :s xn) or de
creases (i.e., XI ~ x-z ~ ... ~ Xn _1 ~ xn)' The linearly interpolated value of Y cor
responding to X is 

In some instances, such as the determination of grain size corresponding to 10% 
by weight finer on a grain size distribution curve, the linear interpolation is car
ried oUJ on a semilogarithmic graph havin a 10 arithmic Y-1'xis. In this case, re-
ferred to as semilog mterpo a lon, becomes 
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~ I 
I 

,~~, 

om:, 
I 

~ 

oIlunc11on Is an IlTlIy 
X-8ITl1Y 

X1+X2+ ... +Xn 
Yl+Y2+ .. .• Yn 
X,'Xl.)(2' Y2 •. .. +Xn'Xn 
X,'V1.)(2'Y2 •...• Xn·Yn 

--
'. , 
~ _11nur r.grnalon 

8231 

201889 

Fom ~,", 
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;~~~89 ~~;::3 
-f,tm\~ .. "~ 

5095943 131889249 

'.' "" 

. 
• 

. 

FOfTIl vector 

:::.-, 

Figure 3 I)ser-defined functions for linear (FIT1) . quadratic (FIT2) , 
and cubic (FIT3) regressions. 



Interpolation 

3J 

~ 
~ 
~ >I 

4n 

A B C D 
3J FITl FIT, FIT, 

~ 
a, 1.001S42072 1.000000202 0 .999910033 

~ 
a, .().OOO179121 2.43481 E'()S S.20192E'()S 

~ a, -S.63002E-06 -7.S1229E-06 

>I a, ii', . 3.60S16E·08 
. , ~; . 

Figure 4, ,R' ,I ults, of regr ... ow' .• nelysis with FIT1 , FIT2, and FIT3. 

A B C D 
Fin FIT2 FlT3 

" _FIT1(x,y) _FIT2(x,y) .FlT3{x,Y) 

" _FIT1(x,y) .. FIT2(x,y) _FIT3(x,y) 

" =FIT2(x,y) _FIT3(x,y) 

" _FIT3(x,y) 

Figure 5 Formulas used in Fig . 4. 

I ( ) _ I ( ) + In (Y'+l) -In (y,) ( ) n y _ n YI x -Xi 
Xi+1 XI 

ir(X-Xi )(X-XI+ I) ~ O and Xj¢Xi+ 1 (21) 

Equation 21 can also be written 

(22) 

or equivalently. 

(23) 

EXAMPLE OF INTERPOLATION 

In Table 1 there are seven data points. The x component is the grain size, 
and the Y component is the percent finer. In Fig. 6, the data are plotted us
ing semilog axes. The problem is to find the grain size D30 corresponding to 
30 percent finer. The solution is given in Table I, and the EXCEL formulas 
are given in Fig. 7. The user-defined functions INTER].. and ~ that 
perform the linear and semilog interpolation are listed in Fig. 8. Both IN
TERL and INTER check first that the input arrays are defined in columns, 
search the two components that bracket the input Value, and finally, perform 
a linear interpolation for the entry Value. As shown in Table 1 and Fig. 6, 
the linear and semilog interpolations give slightly different results. In con
trast to the linear interpolation. the semilog interpolation gives an interpo
lated point that is exactly on one of the segments of Fig. 6. 

7 
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100 

80 

t 
60 }; 

] 
40 

---- ---O--Data J 
20 'I 'I 

-'- )(---lmER 

" 
- -l:r- - INTERL 

0.1 
Grain sll.C (mm) 

Figure 6 Graph corresponding to data of Table 1, and linear and 
semilinear interpolation. 

A • 
r!!- 5amilog Interpolatlon 

~ 030 '" =INTER(30,B2:B8,A2:A8) 

U 
0 linear Interpolation r;; 0 30 = .. INTERL(30,B2:B8,A2:A8) 

~ 
Figure 7 Formulas used in Fig. 6. 

TABLE 1 
Data set for interpolation 

A • 
Grain size 

Percent finer 
I rmml 

f4 4.750 100.00 

t-? 2.000 98.90 

1-4- 0.650 96.48 

f-!- 0.500 88.17 

f-l- 0.250 66.67 

f2- 0.150 2.52 

t+ 0.075 0.05 
9 0.00 

t-.!!. Semilog lnterpola1\on 

14 030 '" 0.187 mm 
U 

j-£ Unear interpolation 

~ 
0 30 - 0.193 mm 

NONLINEAR OPTIMIZATION WITH CONSTRAINTS 

Some spreadsheet programs have the capabilities of performing nonlinear optimi
zation with constraints. In principle, constrained optimization consists of finding 
the values of m variables PI> P2, """' Pm that minimize the function [(PI> P2, """' 
Pm), with inequality or equality constraints on Pl, P2. """' Pm" In general, the con-
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I 

K: 
tt 
~ 
~ M 

:& 
! 
:! 
~ 
~ 

~ 
~ "1!" 

A B 

I'"'~ LIn .. r Interpoldoo 

_RESULT(1) Alturnt Interpolated ,"ult 

-AFIGUMENT("VaJue', I ) . InO 10 Vllue gillen 
.... RGllt.4ENT('X· ,&t) two IrraY' X and V In coIunY'll 

_ARGUMENTrV',&t) x-looV axla) 

_IF(OR(ROWS(X)<>ROWS(V),COLUMNSP{» 1,COlUMNS(V»I),RET\JRN('VALUEI)) 
_FOR('I',l ,RQWS(X}-I ) 
_ IF(AND(iNOEX(X,I+ . )·VaJue) ' (INOEX(X,I}-Villue)<-o,INOEX(X,I+ 1)<>INOEX(X,I))) 

• RETURN(INOEX(Y,I)"(INOEx(y,I+ I)11NOEX(Y ,1)l"((V .... INOEX{X,I)ytINOEX(X,I+ 1}-INOEX(X,I)))) 

• END.lFO 
-NEXT() 
_RET\JRN{,VALUEI) 

INTUIL UnNrl~ 

aRESULT(. ) retUIT\I interpolated ,"ult 
aARGUMENT('Vllu,',I) corresponding to Value given 

aAAGUMENTr X',64) two '",VI X and V In cotumne 
-ARGUMENTrv',64) 
- IROR(FIOWS(X)<>AOWS(Y),COlUt.1NS(X» t ,COlUMNS(V» 1 ),RETURN('VALUEI)) 
_FORr l',I,ROWS(X)- . ) 

a IF(ANO{(IND€X(X, I+ I }-Valu.)'{tNOEX(X,I}-Vllue)"..o.INOEX(X,I+ 1 )<>INOEX(X.I))) 

• RETURN(INOEX(Y.I)+{INDEX(Y ,1+ 1 )-INOEX(y.I))' «(Value·INOEX(X,t))I(INOEX(X,I+ 1 }-INOEX(X,I)))) 

• ENO.lFO 
oNElITO 
_RETURN('VALUEl) 

Figu re 8 User·defined functions INTER and INTERl for linear and 
semilinear interpolations. 

straints assign an admissible range of values for the variables, which eliminates 
unrealistic solutions. A detailed description of these numerical techniques is be· 
yond the scope of this book. We only present an example relevant to soil mechan-
ics. 

In the case of the consolidation test, the problem is to find the values of pa
rameters Pt = do , P2 = d lOO, and P3 = Cv (i,e., m = 3) that minimize the error 
function E(P\ , P2,P): 

, 
E ~ L(d, - df)2 (24) 

i_ I 

between n experimental dial readings d l at time (I, i = 1, ... , n, and the corre
sponding fitted dial readings df: 

U(x) ~ ffx if x < 0.2827 
and (25) 

1- :2exp (_~2x) if x ::: 0.2827 

We impose the following constraint on do, duX! , and C~ : 

(26) 

where d r-represents the first dial readings, and dn represents the last dial readings. 
Figure 9 shows the data points to be fitted, and Fig. 10 lists the fo rmuJas used in 
Fig. 9, Figure 11 compares the experimental and fitted data points. 
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A B C D • • 
Time Displecemen Fitted 

I 
(min) t (em) diS~I~:~en 

~ 0.0 0.0000 0.0350 do'" 0.0350 em 

r;- 0.3 0.0445 0.0449 dl00 '" 0 .1234 em 
0.5 0.0483 0.0491 C'. '" 0 .0400 1Imin 

ft 1.0 0.0551 0.0549 Error E '" 0.0000 

• 2.0 0.0635 0.0632 

ft 4.0 0.0762 0.0748 

• ••• 0.0912 0.0908 

~ 15.0 0.1067 0.1070 

W 30.0 0 ,1173 0.1196 

* 60.0 0.1217 0.1232 

U 120.0 0.1232 0 .1234 :g: 240.0 0.1245 0.1234 

* 
480.0 0.1245 0 .1234 
1440.0 0.1245 0.1234 

. 
Figure 9 Data sat and results of no~linear optimization with con
straints. 

c 

Fitted dlsplace~enl (em) 
I 

~ =E2+(ES-E2)"U(E4'A2) 

~ =~2+(E3-E2)'U(E4'A3) 
4 =E2+(E3-E2j"U(E4'A4) 

ft =E2+(E3-E2)"U(E4'A5) 

• =E2+(E3-E2)'U(E4'A6) 

ft =E2+(E3-E2)'U(E4'A7) 

• =E2+(El-E2)"U(E4' AS) 

~ =E2+(E3-E2)'U(E4"A9) 

W =E2+ (~3-E2)'U(E4' A 1 0) 

~ :;:E2+(E3-E2),U(E4;'A1 1) 

4 :E2+(E3-E2)'U(E4'A12) 
13 :;:E2+(E3-E2)'U(E4'A 13) 

"i'i" :;:E2+(E3-E2}'U(E4'A14) 
"il' :;:E2+iE3-E2)'UiE4'A 15) 

D E , Error E ,. .. SUMPROOUCT B3:B15-C3:C15,B3:B15-C3:C15 

Figura 10 Formulas used in Fig. 9. 

In Excel, the .nonlinear optimization with constraints is performed using 
SOLVER. The parameters q. do, and dl OO to be optimized are. in cells E2, E3. 
and E4, and the function to minimize is in cell E5. At the beginning of the calcu
lation CI do, and dloo were set equal to 0.01 d l , and dn. When SOLVER is 
called, it displays t e· Win ow of ig. 1. et the. cell to be optimized (e.g., E5), 
and select the minimum option. Define the cells to be changed by separating 
them with a comma, then add the constraints of Eq. 26. When all the input is per
formed, start the optimization. The calculation may take a few minutes, depend
ing on the ,computer speed and the number of data points. In most cases. with the 
SOLVER default options, the optimization converges without a problem when 
the variables are properly constrained and initialized. SOLVER provides addi
tional options for difficult optimizations (refer to the Microsoft Excel User's 
Manual for the options available). 
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REVIEW OUESnONS 

0.15.----~~~ _____ _, 

• E~periment 

--Fitting 

o~ ________________ ~ 

0.1 10 100 1000 10000 

Time (min) 

, 
" 
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Flgure'1 Comparison of experimental and fitted data points. 

Solver Parameters 

SeI CeIl: I 'E$5 I t Solve ] 
Equal to: 0 Max ., Min o Value of 10 1 ( Close ) 
By changing Cells: 

ISE$2,SE$3,'ES4 1 ( Guess ) 
Subject to the constraints: ( Options ... J 

SE$2<:: $ES3 ( Add ... J 
SE$2>:: $8$2 

( ) ( ) SES3<:", $8$15 Change ... ResetAIJ 
$E$4 >= 0 

( Delete J ( Help J 
Figure 12 SOLVER's window. 

1. What is the difference between interpolation, linear regression, and Donlin· 
ear optimization? 

2. What is the principle of Linear regression? 
3. Which quantity measures the accuracy of a linear regression fitting? 
4. By using a linear interpolation, find the value of y corresponding to x be· 

tween data points (x\,y,) and (~'Y2)' 
S. Name the EXCEL functions that are used to perform linear regression. 



Review of Statistics 

In this chapter, we review some basic definitions in statistics and introduce statis
tical concepts re levant to grain size distributions of soils. 

HISTOGRAM. FREOUENCY PLOT. 
AND CUMULAnVE FREOUENCY 

TABLE 1 

Table 1 displays the distribution of glass beads. The glass beads are sorted in size 
categories; each is characterized by a minimum and a maximum size. For instance. 
there are 148 particles having a diameter between 12 and 14 mm, and the corre
sponding mass is 340.5 g. The total number of particles is 1565, and the total mass 

Distribution of a set of glass beads 

Cumulative Cumulative 
Weight Quantity weight quantity 

Size Number of Weight distribution distribution distribution distribution 
(mm) glass beads (9) (%) (%) (%) (%) 

0 0 0 .00 0.0 0.00 0.00 0.00 
2 141 3.99 0.2 9.0 1 0.20 9.01 
4 183 23.95 1.2 11 .69 1.40 20.70 
6 362 130.03 6.5 23.13 7.90 43.83 
8 325 248.11 12.4 20.77 20.30 64.60 

10 230 320.58 16.0 14.70 36.32 79.30 
12 148 340.50 17.0 9.46 53.34 88.75 
14 85 300.41 15.0 5.43 68.36 94.19 
16 47 241 .81 12.1 3.00 80.44 97 .19 
18 24 172.39 8 .6 1.53 89.06 98.72 
20 13 126.08 6.3 0.83 95.36 99.55 
22 6 76.45 3.8 0.38 99.18 99.94 
24 1 16.36 0.8 0.06 100.00 100.00 
26 0 0.00 0.0 0.00 100.00 100.00 

1565 2000.65 
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Histogram. FrequencV Pl ot, and Cumulative Frequency 

~,-------------------------, 

. Quantity 

aWeigh! 

, 
0+---_ JL 

o 2 4 6 8 10 12 14 16 18 W n ~ u 
Siu (mm) 

Figure 1 The histograms for the distribut ions of quantity and 
weight of the set of glass beads. 
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Figure 2 The histogram and frequency plot representations for the 
weight distribution of Table 1. 

.83 

is 2000.65 g. The distributions of weigh t and quantity are expressed in percent. 
They are obtained by dividing the quantity, or mass, in each size category by the 
total quantity, or mass. 

A distribu tion may be represented by using several graphical means. Figure 
1. shows the histogram plot for the weight and quantity distributions. The fourth 
size range contains the largest number of beads, whereas the seventh size range 
has the largest mass. Distribution may also be represented as a frequency plot 
(continuous line) instead of a histogram (Fig. 2). The continuous li ne of the fre
quency plot connects the average size of each size category. 

Figure 3 shows the cumulative distribution of weight and quantity. The cu
mulative distribution for a given size x is obtained by addi ng all the distributions 
fo r the category size smaller than x. While the distributions of weight and quan
tity vary up and down, the cumulative distributions always increase from 0 to 100. 

In contrast to sets of glass beads, real soils have particles whose size varies 
from 0.001 to 100 mm. The smalJest clay particles may reach a total number 1010 

times larger than the number of coarser gravel particles. This large disparity in 
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Figure 3 Cumulative frequency plots of the distri 
tity and weight of the set of glass beads. 

the quantity of particle sizes and the impossibility of COUI 

are the main reasons for selecting a weight distribution . 
size distribution of soils. 

~D STANDARD DEVIATION , 
A distribution is generally characterized by three stati: 
mean, and standard deviation. The range is the differen 
and largest values in the data set. It is a measure of the d 
For instance, the range is 24 mm for the distribution of gJ 
a data set sorted in M groups, each group having Ii e 
value mi, the mean or average value I! is 

M 

Imji 
I! -_ .::.;:i ~~:-:--

Iii 
i=l 

In the case of glass beads, mi and Ii are the average size ~ 
a particle size range, respectively. For instance, in tHe cas 
tion of Table 1, m6 = 11 mm and 16 = 16% for the sixth I 
tion 1 may be simplified because the sum of coefficients 

M 
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Figure 4 An example of bimodal distribu1 

M 

When L Ii = 1 , Eq. 3 becomes 
i=l 

M M 

cr = L (m i - J..l)2 fi = Lm;fi - J..l : 
i=l i=l 

By applying Eq. 4 to the data of Table 1, cr = 4.43 mm. 
The mean, range, and standard deviation are general 

terize distributions that have a unique peak. The distribut 
unimodal. However, the mean, range, and standard deviati 
ingful for describing complicated distributions with several 
an example of a bimodal distribution (i.e., two peaks), whi 
mixing a uniform gravel and a uniform fine sand, for instc 
tribution is defined more accurately with two values for mt 
ation than with a single value for mean and standard devic 

rRIBUTION 

Several functions have been proposed to describe 1 

Only a few examples available in spreadsheet programs ar 

EXPONENTIAL DISTRIBUTION 

The exponential distribution is ( 

I (x, A.) = A.e-AX 
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WEmULL DISTRIBUTIONS 

The WeibuJl distribution is 

(8) 

Its cumulative distribution is 

F (x, (x , 11 ) = J: f (t)dr = 1 - e-(.>:.IP)O (9) 

When a = 1, the Weibull distribution becomes the exponential distribution 
with A = lip. 

NORMAL AND LOGNORMAL 
DIsTRmunoNs 

" 

The Donnal distribution is 

(10) 

~ognormal dis~butio!!j!_obt~~d ~r. r~'p' lacm.g_x by In(x)J.n Eq. 10. 
As shown in Figs. 5 and 6, the normal distribuiior"-fits the weight dis

tribution of Table 1. Fig. 7 gives the data set, and Fig. 8 lists the formulas 
used in Fig. 7. The average and standard deviation are calculated using Eqs. 
2 and 4. 

tOO 

~ 
" 80 0 .• 
E 0 
Ii '" ~ 0 

i • 40 
0 

0 D •• 
~ --N""",, • • 0 .. 20 0 
E a 

0 
20 2S 30 0 , to " 20 2S 30 

Si~(mm) Size (mm) 

Figure 5 Weight distribution of Table 1 fined by 
normal distribution. 

Figure 6 Weight distribution of Table 1 fitted by 
cumulative normal distribution. 

OTHER D1STRmUTIONS 

Besides exponential, Weibull, and normal distributions, there are other 
types of distributions, such as gamma, Poisson, and Student-to 
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REVIEW QUEmON$ 

"" Weight weight 
(mm) distribution (%) distribution 

3 0 .20 0.20 0.89 0 .67 , 1.20 1.40 2.48 2.16 
7 8.50 7 .90 5.52 5.82 , 12.40 20.30 10.13 13.16 

" 18.02 36.32 15.15 25.21 
13 17.02 53.34 18.50 41.41 
15 15.02 68.38 18.43 59.2" 
17 12 .09 80.44 1".98 75.32 

" 8 .82 89.08 9.94 87.20 
21 6.30 95.36 5.38 94.37 
23 3 .82 99.18 2.38 97.92 

" 0 .82 100.00 0.86 99 .36 

Figure 7 Examples of weight distribution fitted by a normal distri· 
bution. 

0 E 

Normal NOlTTlat cumulative 

1+ , 
rT :IOO1EXP«d-my.2I2J .... 2)ISQRT(2·PIO··) "'NORMOI~~~~ ,m , . ,TRUe) ·I00 

IIt l OO1EXpi id-."Y-WS"2iISQATf2'pio·Sl :NOAMOIST d,m,s,TRUeJ'tOO 

B c o 
..!! Average alze)1 - .. SUMPROOUCT(I,d)fl00 mm 
. 19 Standard dev (J " -SORT(SUMPRODUCT(d,d,f)ll()()..m11.2) mm 

Figure 8 Formulas used in Fig . 7. 

1. Define histogram and frequency plots of a distribution. 
2. What is the relation between a distribution and a cumulative distribution? 

Assuming that f(x) is a continuous distribution. define the cumulative distri
bution F(x). Conversely, assuming that F(x) is a cumulative distribution. de
fine the distribution f(x) . 

3. Why is a weight distribution preferable to a quantity distribution when char
acterizing the grain size distribution of real soils? 

4. Assume that a data set is sorted in M groups of data, each having an aver· 
age value XI and each containing m i elements. Define the average and stand· 
ard deviation of the data set. 

S. Same as question above but assume that mi represents the percentage of el
ements instead of the number of components. Simplify the definitions of the 
average and standard deviation of the complete data set. 

6. What are unimodal and bimodal distributions? 
7. Name three probabatity distributions. 
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EXERCISES 

Chap. 8-2 I Review of Statistics 

L Define a weight distribution and a quantity distribution for the following set 
of glass beads: 

5 beads of 3 mm diameter 
10 beads of 5 mm diameter 

20 beads of 7 mm diameter 
10 beads of 9 mm diameter 
5 beads of 9 mm diameter 

Assume the same unit mass for all glass beads. 
2. Define a cumulative weight distribution and a cumulative quantity distribu

tion for the set of glass beads in Exercise l. 
3. Plot the distribution and cumulative distribution of a bimodal distribution 

that has the following averages and standard deviations: J11 = 10 mm, <11 = 5 
mql, and J.h = 100 mm, 0'1 = 10 mm. Identify the shape of a gap-graded grain 
size distribution curve. 



Error Analysis 
, . 

CAUSES AND TYPES OF EXPERIMENTAL ERRORS 

Errors creep into all experiments regardless of the care that is exerted. Some er
rors are of a random nature, and some are due to gross blunders on the part of 
the experimenter. The latter type may be detected and fixed after scrutinizing the 
experimental results, especially when they show a gross deviation from expected 
results. The former type of error may be systematic, which causes the readings to 
be incorrect by the same amount for some unknown reason, or random errors, 
which result from fluctuations in the measuring instruments. The random errors in 
reading a well-calibrated and operational instrument aTe generally comparable to 
the instrument accuracy. 

UNCERTAINlY ANALYSIS 

Kline and McClintock (1953) presented a method of estimating the uncertainties 
of experimental results based on the uncertainties of various primary experimen
tal measurements. Consider that the result y is a function of n independent van
abies Xl, Xl, ... , Xn: 

y=y(XI,X1.···,X,,) (1) 

The variables XI, Xl • .•. • X" are considered independent when they are separately 
measured (Le., they are not calculated one from the other). The uncertainties in 
the measurement of Xj are denoted axi' For instance, if Xi is a weight, the uncer
tainty axj is the scale accuracy at which the weight XI can be measured. The accu
racy of an instrument is generally specified by its manufacturer. When the 
uncertainties of all the independent variables are given, the uncertainity of the re
sult is 

Ay~ (2) 
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One may also evaluate 6y by using the following alternative formula: 

(3) 

[0 both formulas, the errors generated by each independent variable add up. The 
more variables there are, the larger is the error. By definition, ay is called the ab
solute error on J, whereas Ilyfy is called the relative error 00 y. The relative error 
is dimensionless and is expressed in percent, while the absolute value has the 
same dimension as y (i.e., [.1.y} = [yD. 

EXAMPLES 

Equations 2 and 3 apply to the determination of water content w in the 
plastic limit test. The result y = w is calculated as follows: 

W",-Wd 
W = W W )( 100 

d , 
(%) (4) 

where W," is the weight of the container, W", the weight of the container and 
wet soil, and Wd the weight of the container and dry soil. The independent 
variables are Xl = W e. Xi = W",. and X3 = Wd because We. W",. and Wd are 
measured independently. The partial derivatives of w with respect to We. 
Ww• and Wd are 

aw W", -Wd W 

aWe = (Wd - Wc)2 = W d W ' , 
I 

W' , and 
aw We- W", 

aWd = (Wd - Wc)2 

Since We. W"" and Wd are measured using the same scale, 

Applying Eq. 2 to w. one obtains the relative error of w: 

_ "W JI ,(W. - w W + w + W 
d, d 

W,), 
W, 

(5) 

(6) 

(7) 

As shown in Eq. 7, the error on w is proportional to the error of the weight 
measurement . Figure 1 shows an example of experimental results for the 
liquid limit test. In this case, the error in weight measurement is set equal to 
the scale accuracy (Le., llW = 0.01 g). The relative and absolute errors for 
each determination of ware given in Fig. 1. Figure 2 lists the formulas used 
in Fig. 1. 

The error can also be calculated using Eq. 3 instead of Eq. 2. First, it 
is convenient to take the logarithm of w: 

In(",) ~ In(W. - Wd) - In(Wd - W,) (8) 

then to differentiate it: 
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(9) 

The infinitesimal variations dWe, dW ... , and dWd are then replaced by the er
rors .1.Wc, .1.W ... , and .1.Wd that are all set equal to .1.W, and the relative error 
on w becomes 

(10) 

Because Wd > We, W ... > Wd, and W ... > We, Eq. 10 becomes 

(11) 

As shown in Fig. 1, Eq. 3 generates larger errors than Eq. 2 and therefore is 
a more conservative error estimate. 

In Fig. 3, the absolute errors are represented by using vertical bars 
centered on the data points. The height of each error bar is equal to the ab
solute error on w. In Excel, these error bars are plotted by selecting the 
graph, by using Insert Error B~ and by entering the range of absolute er
ror on w as Y Error Bars. 

Another example may be taken from the one-point liquid limit test. In 
this simplified procedure, the liquid limit LL is calculated from the water 
content w associated with N blows: 

(12) 

where A' is the slope of flow line. The error of N can be taken to be zero, 
because it is improbable that the number of blows be miscounted. The inde
pendent variables are Xl = wand XJ: = A'. The partial derivatives of LL with 
respect to wand A ' are 

aLL LL and 
Tw=-W 

Therefore, the error of LL is 

aLL=LLln N 
aA' 25 

(13) 

(14) 

When N = 25, .1.LLI LL = .1.wlw. Figure 4 shows .1.LLI LL calculated by us
ing .1.wlw = 1% and four values of .1.A' (i.e., .1.A' = 0.01, 0.02, 0.05, and 
0.08). As illustrated in Fig. 4, error analysis can be used to assess the effects 
of each measurement on the final results and to select the optimal measure
ment conditions, which produce the smallest errors. In the one-point liquid 
limit test, it is recommended to select a blow count N as close as possible to 
25jn order to decrease the error on LL. It is clear that the liquid limit can
not be determined more accurately than the water content itself. 
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~ 
Liquid limit 

r+ Analyst name; Henry T. Guapo 

r+ Sample descliptlon: A8rt:Wa'* modeling clay 

• Scale 8CCUtlICY A W 0.01 E . 2 E .3 .. , Contal ... 
Mass of wei 

Mass of dry soil Number 01 Water Relative error on Absolute 91TOr Relative error Absolute error 
Water content "'" ... on water on waler on waler 

number mass (g) container (g) 
and container (g) ..... content {%oj water content content (%J content content (%) fitled (%l 

~ • w w W N w ""Iw 6wlw 
1 1 47.72 59.89 57.05 2' 30.44 0.18% 0.05 0.92% 0.28 30.70 

=* 
2 43.21 59.76 55.95 31 29.91 0.13% 0.04 0.68% 0.20 29.76 

• 3 45. 17 61.25 57.45 22 30.94 0.14% 0.04 0.69% 0.21 31.02 
To- 4 45.81 58.26 55.28 I. 31.75 0.18% 0.06 0.88% 0.28 31 .56 

Figure 1. Example of error ca lculation for liquid limit test. 
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Absolute error on water 
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Absolute error on 
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• .. 100·Cww-wd)l(wd-Wci d)W"saRTiiww-wd}"2+(Wd-WcY.2.t{Ww-WcY.2~(wd-WcY-2 -GS'w =2'DW'{Ww-Wc)l{Ww-WdY{w~Wc) .. 18·w 

Figure 2. Formulas used in Fig. 1. 



Exercises 493 

33.-------________________ ~ , 
X fuperiment 

---Fitted 

I ' 
I , I &A' 32 
I ---om I iF 

~4 \ - - - - - - - 0.Q2 

~ 3 

I I -----0,05 
, I ----0.08 I \ /' 

\ \ ./ 
, \ ./ 

2 \\ /' --, ',\ /' --/":: .......... -..... "-~ -, ..... \. "" ..... - ------------

~ ! 31 

~ 
30 

29 
10 100 o 20 60 

Number of blows Number of blows 

Figure 3 Error in water content resulting from 
error in the measurement of weight (Eq. 3). 

Figure 4 Variation of relative error of liquid limit 
versus number of blows N for various errors of 
coefficient A' (/lA' = 0.01, 0.02, 0.05, and 0.08). 

REFERENCE 

EXERCISES 

KUNE, S. 1., and F. A. MCCLINTOCK, 1953, Describing uncertainties in single-sam
ple experiments, Mech. Eng., January, p. 3. 

1. Define two different types of errors in experiments. Illustrate your general 
definitions with an example of your choice. 

2. Define relative error and absolute error. 
3. What is the purpose of error analysis? 
4. How can error analysis be used to improve an experimental procedure? 
5. In pipette analysis, the grain size D (mm) is calculated as follows: 

D ~ h,.---"3~O ~!\iH:h-:---: 
(G, 1)981pw I 

where t is the time (min) after the beginning of sedimentation, Gs the spe
cific gravity of soil particles, p", the unit mass of water (g/cm3 ) at tempera
ture T, 1\ the viscosity of water (g/cm . s) at temperature r. and H the 
sampling depth (cm). Calculate the relative error of D as a function of the 
error of each variable. 

6. In pipette analysis (dry method), the percentage p by weight of particles 
with diameter smaller than D is 

where Mo is the total mass of oven-dried soil in suspension, Mb the mass of 
empty bottle used to collect the pipette sample, Ms the mass of bottle and 
sample of oven-dried soil, Vt the total volume of suspension, V the volume 
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of the pipette, and Md the mass of the dispersing agent in volume V. Calcu
late the relative error of p as a function of the error of each variable. 

7. In pipette analysis (wet method), the percentage p by weight of particles 
with diameter smaller than D is 

(%) 

where MI) is the total mass of oven-dried soil in suspension, Mb the mass of 
the empty bottle used to collect sample, Msw the mass of the bottle and sam
ple of soil suspension, Vt the total volume of suspension, V the volume of 
the pipette. p, the unit mass of solids, and M d", the mass of water and dis
persing agent in volume V. Calculate the relative error of p as a function of 
the error of each variable. 

8. In the determination of unit weight by the buoyancy method, the total unit 
mass of soil is 

where M is the mass of the soil. M p the mass of the soil and paraffin wax, 
M/ the immersed mass of the soil and wax, p", the unit mass of water 
(p", ~ 1.0 g/cm3 ) , and pp the unit mass of wax. Calculate the relative error 
of p as a function of the error of each variable. 



DIMENSIONS 

Dimensions and Units 

The comparison of experimental results obtained from di ffe rent sources requires 
certain standard units of length, weight, time, temperature, and electrical quanti
ties. The National Institute of Standards and Technologies has the primary re
sponsibility of maintaining these standards in the United States. In this section we 
present the dimensions, units, and unit conversions that are useful in soil mechan
j", 

A dimension is a physical variable used to describe tbe behavior or nature of a 
physical system. For instance, the length of a rod is a dimension. Dimensions aTe 
not to be confused with units. When the rod is said to be 2 meters long, the length 
dimension was measured with the unit meter. Most of the physical quantities used 
in soil mechanics can be expressed in terms of the following dimensions: length, 
mass, time, force, and temperature. Their notations are listed in Table 1. 

TABLE 1 
Notation of phvsical dimensions used in soil mechanics 

Notation Dimension 

L length 
M m,,. 
T time 
e temperature 
F force 

DIMENSIONAL ANALYSIS 

Physi6al variables can be related by physical laws. Their relations can be derived 
by using dimensional analysis, a simplified form of calculus that we illustrate with 
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UNITS 

Chap. 8-4 I Dimensions and Units 

a few examples. In dimensional analysis, the dimension of variable x is noted [x). 
When x has no dimension, [xl = l. 

In Table 1, L, M, T, and e are independent dimensions, but F is related to 
other dimensions. Using Newton's second law of motion, the mass m moving with 
acceleration a is subjected to the force f: 

/=ma (1) 

The dimension of f is force (i.e., [fJ = F). Similarly, [m] = M. By using dimen
sional analysis, 

[f] = [mila] (2) 

Because the acceleration a is the second-order derivative of displacement x with 
respect to time t, the acceleration dimension is 

[
d2x] raj = - = [x] [,] - 2 = LT-2 d,2 

where [xl = Land [t] = T. Therefore, F is related to M, L, and T through 

F=MLT-2 

(3) 

(4) 

As another example, consider Stokes' law, which gives the drag force f applied by 
a fluid moving with velocity vanta a sphere of radius d: 

f=3n~vd (5) 

where 11 is the fluid viscosity. Using dimensional analysis, 

[fJ = [~J[vJ[dJ (6) 

[31t] =:: 1 because 31t is dimensionless. The dimension of velocity v is 

[v] = LT-l (7) 

Therefore, the dimension of 11 is mass divided by length and time: 

Units are not be confused with dimensions. Units are used to report the measure
ment of dimensions. In general, there are several units for the same dimension. 
For instance, the length of a rod may be 2 meters, or 200 centimeters. One of the 
most common systems of units is the International System of units, referred to as 
the SI units system. Table 2 lists the names and notations of basic SI units. Table 
3 gives a list of derived SI units for the physical quantities in soil mechanics. 

Table 4 lists tlie standard multiplier prefixes used in the SI system. For in
stance, l x 1()6 N =:: 1000 kN =:: 1 MN, or 1 x 10- 6 m = 1 ~. 
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., 

TABLE 2 

TABLE 3 
Derived SI units 

Dimension 

Area 
Volume 
Unit mass 
Frequency 
Velocity 
Angular velocity 
Acceleration 

Basic SI units 

Dimension 

length 
Mass 
Time 
Electric current 
Temperature 
luminous intensity 
Plane angle 
Solid angle 

Unit 

square meter 
cubic meter 

Unit 

meter 
kilogram 
second 
ampere 
kelvin 
candela 
radian 
steradian 

kilogram per cubic meter 
he", 
meter per second 
radian per second 

Angular acceleration 
Volumetric lIow rate 
Force 

meter per squared second 
radian per squared second 
cubic meter per second 
newton 

Symbol 

m 
kg , 
A 
K 
Cd 
"d 
sr 

Pressure 
Surface tension 
Work 

newton per squared meter, Pascal 
newton per meter 
joule, newton meter 

Diffusivity meter squared per second 

TABLE 4 
Standard prefixes and multiples 
in SI units (aher Holman and Gadja, 1984) 

Multiple / 
Symbol submultiple Prefix 

1012 tera T 
1Q9 giga G 
10' meg. M 
1()3 kilo k 
10' hecto h 
10 deka de 
10- 1 deci d 
10- 2 centi c 
10- l mini m 
10-e micro " 10- 9 nano n 
10- 12 pico P 
10- 16 femto f 
10- 18 atto e 

Symbol 

m' 
m' 
kg/m' 
Hz (or s-') 
ml' 
rad/s 
m/ s2 

rad/ s2 

m'/ s 
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N (or kg m/ s2) 
N/ m2, Pa 
N/m 
J, N · m 
ml/s 

CONVERSION OF UNITS 

A physical quantity can be reported in tenns of several units. It is common to 
convert a physical quantity from one unit system to another. For instance, a pres
sure can be converted from Pa to atm (atmospheric pressure). Erroneous unit 
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conversions can generate dramatic engineering mistakes, such as errors of several 
orders of magnitude. In soil mechanics in the United States, British units (e.g., 
pound, quart, foot, or inch) are still commonly used, although the SI units are 
recommended in engineering practice and required in technical publications. 

Unit conversions can easily be performed with spreadsheets. The user-de
fined function UN ITS in Chapter 9-3 performs such a conversion task. It was 
used in the appendix to generate the conversion factors for the units of length, 
area, volume, time, velocity, force stress, unit weight, and diffusivity. 

HOLMAN, J. P., and W. 1. GADJA, Jr., 1984, Experimental Methods for Engineers, 
McGraw-Hili Book Company, New York. 

REVIEW QUEmONS 

L Define dimension and unit. Give an example of a dimension and a unit. 
2. Name five basic dimensions. 
3. Which is the most commonly used systems of units? 
4. List 10 different units for length. 
5. Find the basic dimensions of energy by using dimensional ·analysis. 



INTRODUCTION 

Report Writing 

Many books have been written 00 the subject of report writing (e.g., Tarabian 
1973). Here, we only review some basic requirements for a good report for engi
neering and academic purposes. The importance of good report writing and data 
representation cannot be overemphasized. The best experiment or the most bril
liant discovery is worthless unless the information is communicated effectively to 
other people. In report writing. as in any communication exercise, the author 
must first identify bis or her relative position to the reader with whom he or she 
intends to share the information. The author could be a student writing to the 
laboratory instructor. a laboratory technician to an engineering company, or an 
engineer to a client. The following presentation pertains primarily to the first sit· 
uation, where a student has to write a report to a laboratory instructor. 

ORGANIZAnON OF REPORTS 

The organization of a report depends largely on its volume; a lO-page report gen· 
eraIly requires Jess structure than a lOOO-page doctoral dissertation. Our recom
mendations apply to the laboratory reports that students will write to their 
laboratory instructor and supervisor, those reports involving generally less than a 
total of 10 pages. Our comments are also adapted to the generation of reports ac
companied with spreadsheet results. 

A carefully constructed outline is always the best starting point to write a 
report. It will help the writer to make sure that all pertinent information is in
cluded. The writer may decide to omit some elements of the recommended oul
line in particular circumstances. 

Front matter includes the title page, with the author's name and affi liation, date 
of the work, sponsor of the report if any, a table of contents, and an optional list 
of nomenclature., tables, and figures. 
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• 'The title page should contain the minimum, but necessary. amount of infor
mation. Its main function is to identify the report. It is generally typed in 
larger characters that are clearly laid out. 

• The table of contents should list the main headings and subheadings of the 
report. It is a good practice to number each page of the report and to indi
cate the heading page numbers in the table of contents. 

• A list of nomenclature should be included when the author uses abbrevia
tions and mathematical notations that are not common knowledge. 

• A list of tables and a list of figures afe required when there are numerous 
figures and tables throughout the text, a profusion of which may confuse 
everybody, including the au.tbor. 

Abstracts 

The abstract summarizes the main points of a report and should reflect in a few 
words the outcome of the work. Keep in mind that an abstract is often what peo
ple read first. Although the abstract comes first, it is generally written after the 
body of the report has been completed. 

Introduction 

The purpose of an introduction is to lay down the background of the problem 
tbat is to be solved in the report. A reference to past work on similar subjects is 
strongly encouraged. A good introduction should explain why a particular report 
has been written. It should always spell out the objectives of the present work. In 
practice, the objectives are generally specified by the instructor or by the client. 

Experimental Apparatus and Procedure 

The description of the experimental equipment and procedure may be extremely 
brief (e.g., ASTM 0-854). It tells the reader how the test was performed. There is 
no need to copy a well-known procedure except when there have been deviations 
from it. 

Results of Experiments 

The results should be in clear tabular and graphical presentations. The spread
sheet programs provide added presentation benefits, of which the author should 
take full advantage. As a golden rule, all numbers should be reported with their 
units. A number without a unit implicitly assumes that tbe corresponding variable 
is dimensionless. Would you like to be paid 100 cents rather than 100 dollars? The 
same rule applies to the labels along the vertical and horizontal axes of a graph. 
Always remember that a good graph or table should stand on its own without the 
need for additional information. 

Interpreutlon of Results 

The interpretation of experimental results always engages the responsibility of 
the author, who has to answer the following question: Are my results in agree
ment with existing theories., or are they contradicting them? Again, remember 
that the experiment has been performed for a specific objective. This section 
should tell if the experimental results fail , meet, or exceed expectations. The rea
sons for failure or success should be made as clear as possible. In cases where the 
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author would develop an challenging or apologetic mood, it is recommended that 
there be a separate section entitled "Discussion." You may include in a discussion 
section what you did not like, or what you believe should be done. 

Conclusions 

An honest conclusion collects only the main points that have been made in the 
body of the report. It should make sure that all the objectives of the report that 
were spelled out in the introduction have been addressed properly. It should not 
bring a new topic or problem, which is bound to confuse the reader. Many read
ers win read only the abstract and the conclusion. In general, the conclusion and 
the abstract are always the la,t sections to be written in a report. But avoid cop
ying the same sentences in the abstract and conclusion, at the risk of testing the 
patience of your readers. 
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Reterences 

Rare, and generally poor, are the technical reports that contain no references to 
past work. References may be cited in the text in various ways. We recommend 
referring to the work by the author's last name followed by the publication year 
(e.g., Terzaghi 1943). Numbering the references in the text is another recognized 
practice. The references should be listed alphabetically in a separate section after 
the conclusion. They should be typed in a consistent format. You may refer to the 
format of the references typed in this book. 

Appendix 

To keep a report clear and concise, it is very often necessary to open a separate 
section after the main body of the report: the appendix or appendices. An appen
dix may contain data or graphs that are useful but not fundamental to compre
hending the report. In the appendix you may include the calibration of measuring 
instruments, or details of the formulas you have used to perform the calculations 
in the spreadsheets. 

EXAMPLE 

Most computer programs have a wealth of features for preparing reports, 
which should be used sparingly with the sole goal of clarifying the report. 
The author should try to refrain from abusing the bells and whistles of these 
computer programs, an excess of which may obscure the main message. A 
report should have a consistent style throughout the headings. text, num
bers, and figures. 

Hereafter, we provide an example of a clear and well-organized re
port, which should meet the requirements of most instructors. It was ob
tained by combining the use of a word processor and a spreadsheet 
program: namely Microsoft Word and Excel. The word processor is used to 
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generate and paginate the report, and the spreadsheet program is used to 
perfonn all calculations and graphics. Once all the data have been processed 
into the spreadsheet, it is copied and inserted into the report for the final 
presentation. The report is listed in Fig. 1. The cover page is a title page, the 
function of which is to identify the report by stating the experiment title, 
name of student, date, and so on. Following the cover page, the first page 
contains the table of contents. the abstract, the introduction, and the exper
imental equipment and procedure. It accounts for the selection of a particu
lar sieving technique (e.g.. dry versus wet technique). The second page 
combines the experimental results and their interpretation. The measured 
and calculated data are reported in tables and figures that are numbered 
(e.g., Table 1 and Fig. 1) and that are referred to in the text by using these 
numbers (e.g., Table 1 and Fig. 1). All the tables and figures should have a 
caption that identifies them and describes their contents concisely. All the 
numbers in the tables have a unit (e.g., grain size in mm) unless if they are 
dimensionless (e.g., coefficient of uniformity). The third page presents the 
experimental results as a graph, with labeled axes, and gives the discussion, 
conclusion, and references. The fourth and fifth pages are the appendices. 
They contain the details of the calculations that are useful to detect the pos
sible errors of measurement and/or data processing. 

TuRABIAN, K. L., 1973, A ManlUJl for Writers, 4th ed., University of Chicago 
Press, Chicago. 

L Name the 10 different sections in a weli-organized report. 
%. What is the purpose of a table of contents? 
3. What is the function of an introduction? 
4. What is the main difference between an abstract and a conclusion? 



Exercises 

Grain size analysis with sieve 

CE468L laboratory report No.1 

by M. Kapuskar 

7 September 1996 

Civil Engineering Department 
University of Southern California 

Los Angeles CA 90089-2531 

Figure 1 Example of a laboratory report. 
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Un of variables used in Table 1 

Variable name -1 Cell(s) location 

Custom functions used in formulas of Table 1 

2 _RESULT(I) 
3 _AAGUMENT("Value",1) 
4 -AAGUMENT('X".64) 

• 

d =810:816 
0 .10 =819 
0 .30 : 820 
0 .60 ", 821 

M :::C10:C17 
MO =B6 
Mp =010:0 17 

Mtot =C18 
p =E10:E16 

_AAGUMENT('Y".84) 

. 'F(OA(AOWS(X}oAOWS(Y).AOWS(X)<I .ROWS(Y}c:l ),AETUAN('VALUE')) 
_FOA("." .1.AOWS(X)· I) 

IF(AND(lNO£X(X,' ''' I}-V.tue)"(INOEX(x" j-Valuej<..o.INDEX(X,I ... '}<>'NDEXIX,I))) 
AETUAN(INOEX(Y.I)"(INOEXCV .1 ... I)11NOEXCV .i))II(CV ...... ,NOEX(X.I))I(INOEX(X ..... , HNOEX(X.'»))) 

END.lfQ 
_NEX'Tij 

12 _AETVAN(.VALUEI) 

• 4 • 

Figure 1 (cont.) 
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Data Processing 
with Spreadsheets 

9-1 Basics of spreadsheets 
9-2 User-defined functions 

9-3 Worked examples 



INTRODUcnON 

Basics of Spreadsheets 

Spreadsheet programs such as Lotus 123 and Microsoft Excel are common soft
ware for personal computers. Originally intended for business applications, 
spreadsheets afe now capable of performing sophisticated calculations in engi
neering and science. Spreadsheets are convenient for entering and processing 
data and displaying it as two- and three-dimensional graphs. Intuitively mastered 
after a few hours of training, spreadsheets are becoming the most used technique 
for processing data in the geotechnical laboratory. In this book. we selected Excel 
(Microsoft Corp. 1994a,b) because it works on Apple and Wmdows computers. 
However, OUf spreadsheet approach to data processing is general enough to be 
adapted to other spreadsheet programs. 

In the following section, we introduce some basic spreadsbeet definitions 
and review their features relevant to the processing of laboratory data. This sec
tion, which may be too elementary for experienced users, ends with a list of exer· 
cises and questions to probe basic knowledge of spreadsheets. These questions 
may help users test their understanding and identify the features they should 
know. The text here applies to both the Macintosh and Windows versions of Ex· 
cel. The only difference is that the COMMAND key, denoted . for Macintosh, 
should be replaced by the C~n Windows. 

WORKSHEETS AND WORKBOOKS 

As shown in Fig. 1,.il s readsheet or worksheet) is a matrix of cells to enter data, 
text or formulas. The columns are numbered from A to , t en to 
and the rows are numbered from 1 to 16384. Cells are referenced by column then 
by row. For example, cell B2 is located in column B and row 2. 'Jbe active cell 
where the action takes place is highlighted and its name is displayed in the refer· 
ence area'": A cell range is a group of connected cells, columns, and rows. Ranges 
are referred to by the cells at their extremities (e.g., B:O, 5:7, B2:E5, or C2:F2). 
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Menu bar 

Chap. 9-1 I Basics of Spreadsheets 

Ch", 
wizard Resizing icons 

~~lI!!!!II!!!!~--E\!l 

'H ••••••• " 

........ : 

Tool bar 

., 

." " .. Scroll bar 

~. ... .... ,-. . . j 
+ . 
. ' 
, 

W",_", ",me 

Figure 1 Tvpical Excel window and some of its parts. 

Excel collects several worksheets into workbooks. As shown in Fig. I, the 
worksheets are displayed by clicking on their names once and are renamed by 
clicking twjce. Workbooks are useful to organize related materials (e.g., specific 
types of experiments and projects). 

Figure 1 identifies several elements of a workbook. The menu bar displays 
several pull-down menus (e.g .• View) with their specific commands. Some of these 
commands are listed in Table I. The title bar displays the name of the workbook. 
The formula bar displays the data or formula in the active cell. The scroll bars are 
used to display the rest of the worksheet. The status bar displays various meso 
sages or information about the current command. The tool bar contains several 
icons of commonly used commands. The window may be resized by dragging its 
lower right corner or double clicking on the icon at the upper right corner. 

By definition, a formula is a mathematical expression that calculates a result from 
two or more values. Formulas consist of numbers, mathematical operators (+,-, 
., /, "), functions (e.g., COS, SIN). and references to other cells (e.g. , 8 2) or 
range_ref~.!!.~~.-Ce.g., 8 2:010). Cells and cell ranges may be called by using 
names (e.g. , A). All formulas must be' with an e ual si n. They are en tered and 
edi ted as text or num ers. The ollowing are examples of formulas: 

= 84 
= 84/82 
= 84 + 82 

The cell containing the formula takes the values in cell 84. 
Divides the contents of cell 8 4 by that of cell 82. 
Adds the contents of cell 84 with that of cell 82. 

The mathl!,ITlatical operators obey the common rule of operator precedence. 
The order of the calculation is %, ", • and /, +, and- . You may use parentheses 
to overrule this operator precedence. The result of a formula is calculated and 
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TABLE 1 

Main functions of pull-down menus of the Macintosh version of Excel. In Windows, 
the COMMAND (e) key should be replaced by the Control (CTRL) key 

Name 

File Save 
File Save As ... 

File New 
File Open 
File Close 

File Quit 

File Print 
Edit Redo 
Edit Undo 
Edit Copy 

Edit Paste .. 

Edit Cut 

Edit Insert 
Edit Clear 

Edit Delete 

Insert Name Paste 

Insert Name 

Shortcut Definitions 

e5 To save an existing workbook or to save and name a new one. 
To save the workbook under a different name or in a different foldar or 

floppy disk. 
eN To open a new workbook. 
eO To open an existing workbook. 
ew To cJose the workbook, which can also be done by clicking on the close 

icon. 
eo To finish using Excel. Remember to save your work from time to time 

ep 
ev 
ez 
ec 
eV 

ex 

e' e. 
eK 

e' 
eL 

when working and before dosing it. 
To print a worksheet. 
To repeat the last action. 
To undo the last action. 
To copy a cell or cell range to another location. You may also copy by 

dragging the selection with the mouse while pressing the Option key. 
To paste a cell or cell range that was copied to another location. You may 

also paste by dragging the selection with the mouse while pressing the 
Option key 

To cut and copy a cell or cell range that is to be pasted somewhere else. 
You may also move the selection by dragging it with the mouse. 

To insert 8 single cell or whole rows and columns. 
To clear data quickly. You can completely remove the cell contents, format, 

formula. or attached notes by using the options of Edit Clear. 
To delete cells or cell ranges. Erroneous deletions can be rectified by using 

Undo. 
To display the names of all defined variables or arrays. 
To swilCh between the dIsplays of formulas and results. 
To name a variable or array. 

Enter To enter an array formula. 

displayed in the active ceD. You switch between the display of form was and re
sults by using e'. 

When a formula is copied or moved from one cell to another, the cells that 
it references are adjusted to compensate for the movement. For instance, as 
shown in Fig. 2, the formula = A4 + 85 in cell 84 becomes = C8 + 09 when 
copied to cell 08. The column leUer and row number are both shifted, in most 
cases avoiding the redefinition of the formula. 

When the cell reference is to remain unchanged after copying, absolute ceD 
references are used instead of relative references. Absolute references are defined 
by adding $ before the column letter andlor row number. As shown in Fig. 2, 
SA$4 is not changed by copying from cell 86 to cell 011, whereas B5 is changed. 
A mixed reference is partially absolute and partially relative (e.g., $A4 in ceU 
88). As shown in Fig. 2, the row number changes, but not the column letter, when 
cell 88 is copied to cell 014. 

Formulas having cells or cell ranges (e.g., 843 + C2 or SUM(A3:B40» are 
more difficult to read than mathematical relations with simpler variable names 
(e.g., = x + t or SUM(T». Cells or cell ranges can be assigned a name by using 
• L If the ri bl a lies only to the present worksheet its name should be 
preceded by the worksheet name an . e.g., Examplelx for variable x in work· 
sheet Example). The names used in the workbook are defined in the pulldown 
menu of the reference cell. They can also be listed with their locations by using 
the list option of Insert Name Paste ... The use of variables is highly recom
mended because it greatly simplifies formulas. 
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A 

=A4+BS 

'$A$4+B~ 
.... +B7~.c .. 09 

Chap. 9-1 I Basics of Spreadsheets 

~ =$A$4+010 

=$A10.D13 

Figure 2 Effect of copying formulas in 
spreadsheets. 

BUILT·IN FUNCTIONS 

TABLE 2 

Excel provides built·in functions to construct complex formulas, some of which 
are listed in Table 2 by categories. The mathematical, trigonometric, and statistical 
functions are the most commonly used in processing laboratory measurements. 
]he built-in funct ions may be entered directly or by using the Formula Wizard. 
The Formula Wizard displays the available functions and their arguments to be 
completed. Additional help on built-in functions can be obtained from the inter
active help. 

list of functions available in Excel 

(a) Mathematical and trigonometric functions 

.... ABS(number 
number) 

ACOSH(number) 
ASIN(number) 
ASINH(number) 
ATAN(number) 
ATAN2(x....num,y_num) 
ATANH(number) 
COS(numbe1. 
COSH (number) 
EV£N(number) . 
£XP(number) 
FACT(numOOr) 
I 

absolute valua of a number 
arccosine of a number (in radian) 
inverse hyperbolic cosine of a number 
arcsine of a number (in radian) 
inverse hyperbolic sine of a number 
arctangent of a number 
arctangent from x- and y- coordinates 
inverse hyperbolic tangent of a number 
cosine of a number 
hyperbolic cosine of a number 
rounds a number to the nearest integer 
exponential of a number 
factorial of a number 
rounds a number down to the nearest integer 
logarithm of a number to a specified base 
base-10 logarithm of a number 
matrix determinant of an array 
matrix inverse of an array 
matrix product of two arrays 
value pi 
random number between 0 and 1 
sign of a number 
sine of a number 
hyperbolic sina of a number 
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TABLE 2 (cont. ) 

List of functions available in Excel 

(a) Mathematical and trigonometric functions 

SORT(number) 
SU M (number1 ,number2, .... ) 
'SO"MPR6DOC I (array' ,array2;::-.. ) 
TA~ (number) 
IAN H(numb8r)-

(b) Information functions 

ISBLANK(value) 
ISLOGICAL(value) 
ISNUMBER(value) 
ISTEXT(value) 

(cl Statistical functions 

AVERAGE(numberl ,number2, .. . ) 
COUNT(value1 ,value2 ..... ) 
CO U NTA( val ue 1 ,value2, .... ) 
G R OWT H (knowrL y' s,known_x' s,new -->c 's,const) 
II NEST (knowrL y' s, known_x' s,const,stat) 
LOG EST (known_y' s,known_x' s,cons\,stat) 
~iNXinumber1 ,number2, .... ) 

number1 ,number2, ... . ) 
~E(known_y's,known_x 's) 
.I NT E RC E PT (known_ y' ss,knovnJ:' s) 
TREN O{known y's,knownJ:'s,newJ:'s,const) 

(d) Lookup and reference functions 

COLUMNS(arrey) 
INOEX(array, row_num;column_num) 
ROWS(array) 
TRANSPOSE(array) 

(e) Logica l functions 

ANO~OgiCall, logicaI2, ... . ) 
FAL 0 
117IOgrcall , valuejUrue,value_iUalse) 
lWT(logical) 
O~logical1 , logicaI2, .... ) 
TRUEO 

(f) Text functions 

CHAR(number) 
EXACT(textl ,text2) 
FIND(find_text. withiruex\,start) 
LEFT(text, nUrTLchars) 
LEN (text) 
LOWER(text) 
R1GHT (text, num_chars) 
TRIM (text) 
UPPER (text) 

ARRAY FORMULAS 

square root of a number 
add the arguments 
sum of the products of corresponding components 
tangent of a number 
hyperbolic tangent of a number 

TRUE if the value is blank 
TAUE if the value is a logical value 
TA UE if the value is a number 
TRUE if the value is text 

averaga of the arguments 
counts how many numbers are in the lists of arguments 
counts how many values are in the lists of arguments 
raturns values of an exponential trend 

I 
;;-ii(in'~~~i\fa, trend 

maximum value in e list of arguments 
minimum value in a list of arguments 
slope of the linear regression line 
'tiePt of the-lIn"!"ar regression line 
ratur va a 0 r tran 

returns the number of columns of an array 
chooses a component of an array 
returns the number of rows of an array 
returns the transpose of an array 

returns TRUE if all its arguments are TRUE 
returns the logical value FALSE -
TRUE if the value is not text 
reverses the logic of its arguments 
returns TRUE if any argument is TRUE 
returns the logical value TRUE 

returns the character specified by the code number 
check to see if two text values are identical 
finds one text value within another (case sensitive) 
returns the leftmost characters from a text string 
returns the number of characters in a text string 
convert text to lower case 
returns the rightmost characters from a text string 
removes spaces from text 
convert text to upper case 

ft.n array f9rmula produces an output array (i.e., a cell range). For instance, the 
built-in linear regression function LINES I fiUs in several cells for output instead 
of a single cell. Array formulas are displayed in the formula bar between braces 
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A 8 A 8 

c!- , y 
~ 

, y 

r+ 1 -1.00 + 1 -RAND() 

1+ 2 -0.64 + 2 - RAND() 

1+ 3 ·0.1a -} 3 -RAND() 

1+ 4 -0.79 -+ 4 -RAND() 

r!- 5 ·tt07 c+ 5 -RAND() 

c!- • .0.02 -+ • ..-RANO() 

t+ 7 -0.31 '-!- 7 _ RANDO 

cP:- • -0.25 
~ • =-RAND() 

rl1- • -0.22 

~ 
9 -RAND() 

~ 
, 0 -0,01 10 - RANO() 

rl? Slope y-Intercepl 
~ 

Slope y-fnleroepl 
IJ 0.080 -0.783 - LINESnB2:Bt O, A2:AtOl .. LINESTC82:Bl0, A2:Al0\ 

Figure 3 Example of results and array formula for linear regression . 

I) [e.g., (= LINEST(B2:Bll.A2:All»)] . Array formulas are edited by selecting a 
cell range, entering the formula, and using . Enter instead of Enter. As shown in 
Fig. 3, the array formula t= L1NEST(B2:Bl1,A2:Al1)} in cells A13:B13 calculates 
the slope and intercept of a linear regression for a series of x and )I data. The left 
agurc shows the resUlts, and the right one displays the formulas. 

The column width and row height may be adjusted by dragging the pointer at the 
top right edge of the column heading (or bottom edge of the row heading). The 
column width (or row height) may be optimized by double clicking. Columns or 
rows may also be hidden by using Format Row Hide or Format Column Hide. 

As shown in Table 3, numbers can be displayed by using various formats of 
Format Cells Numbers. When ####### is displayed, the column width is too nar
row for the selected format. The text alignment may be defined by using the left, 
right, or center options of the Format Cells Alignment. The overwriting of cells 
may be prevented by selecting the Wrap option of AUgnment. 

TABLE 3 
Examples of formats for numbers 

Format 

O.ooE+oo 
0.00 

#,##0.00 
UItO.OO% 

0.0 Om" 

Display 

1.23E+03 
1234.00 
1,234.00 

123,400.00% 
1234.0 m 

The style (e.g., bold, italic), font (e.g., Geneva, Time, Symbol), size of font 
12 14 pt), and color of cells can be modified by using the options of..!!!:

Borders and shading can also be added by using Format Cells 
grid lines are displayed on the spreadsheet screen. They may 

6e1iTcfd,,, by options in Tools Options View. Shading and various gray levels can 
also be addeQ by using Format Cells Pattern . ... 
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PRINTING YOUR WORKSHEET 

CREATING CHARTS 

REFERENCES 

EXERCISES 

In the dialog box of FUe Page Setup ... you may select the landscape or portrait 
orientations, paper size, margin positions, scaling, and range of pages to be 
printed. You may center horizontally andlor vertically your print on each page. 
You may add or delete the row and column headings, grid lines, headers (e.g., ti
tles), and footers (e.g., page numbers). You may print a smaller area of the work
sheet by using File PageSetup Set Print Area ... and define your own page breaks 
by using Insert Page Break. You may preview the print on the screen by using 
File Print Preview .... While previewing, you may interactively setup the pages 
and margins. You may select the page range and number of copies to be printed 
in the Print dialog box. 

Excel offers several types of two- or three-dimensional charts, including pie, bar, 
column, area, and line graphs. Charts are created by using the Chart Wizard as 
follows. Click on the Chart Wizard Icon. open a plotting window in the worksheet 
with the mouse, and enter the input as required by the Chart Wizard. 

Charts can be copied, moved. and resized. They are edited by double click
ing on them. A title is added to the chart or the axes by using Insert TItles. The 
font, size, orientation. and alignment of axis labels, scales, tick marks, ~Iine thick
nesses, number fo rmats, fonts, and patterns may be changed by double clicking on 
the axis. The same technique also applies to change the minimum and maximum 
intervals along the axis, to reposition the x and y axes, and to select a logarithmic 
axis. - Two-dimensio al x- line graphs and are Lhe most 

nl used for representin ults. The line styles and data point 
symbols are c ange y ouble clicking on them. New data sets may be added to 
the same chart by using Insert New Data .... The series can also be reordered. 
Multiple data sets may be labeled with legends by using Insert Legend. The leg
ends may be repositioned by dragging them to a new position. 

Microsoft Corporation, 1994a, Microsoft Excel, User's Guide, Version 5. 
Microsoft Corporation, 1994b, Microsoft Excel, Visual Basic User's Guide, 

Version 5. 

1. Name 10 different parts in a spreadsheet. 
2. Do you know how to: 

Resize and move a worksheet window? 
Save a worksheet with the same name or with a new name? 
Open a new or existing workbook? 
Move between worksheets? 
Close a workbook? 
Enter and edit text, numbers, dates and times? 
Fill in a series of data? 

I' 
I: 

\ , 
I 
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Use undo and redo? 
Select a cell range? 
Copy, move, and erase data? 

Chap. 9-1 I Basics of Spreadsheets 

Copy or move a work.sheet to another workbook? 
losert and delete individual cells., rows, and columns? 
Write and enter formulas? 
Display formulas instead of their results? 
Copy formulas? 
Use the formula wizard? 
Enter an array formula? 
Format and align numbers? 
Define names for variables and arrays that are local to a worksheet? 
Enter formulas with named variables? 
List all the variables defined in the workbook? 
Rename a variable? 
Change the display format? 
Change alignment? 
Center text over multiple columns? 
Change the font? 
Add a border around a cell or cell range? 
Shade a cell range? 
Change column width and row height? 
Apply existing styles to a cell range? 
Change the default display fonnat and alignment? 
Create styles? 
Change the print setup? 
Choose the print area? 
Adjust page breaks? 
Preview a print job? 
Print a worksheet? 
Create and save charts? 
Choose the chart type? 
Print a chart? 
Resize a chart? 
Add a title and legend to a chart? 
Format text on a chart? 
Change scale and tick marks? 
Select a logarithmic axis and change the axis intersection? 

3. What are relative and absolute cell references (addresses)? 
4. What are styles for Excel spreadsheets? What are their advantages? 
5. What is an array formula? 
6. What are worksheets and workbooks? 
7. Which is the easiest way to define a formulas with built-in functions? 
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User-defined Functions 
I 

A user-defined function is created b combinin fa nd built-in functions, 
and is use as other built-in functioDs..A user-defined function may be created by 
UsIHg a macrosheet or Visual Basic. A macrosheet looks like a spreadsheet but 
contains functions and commands instead of input data. It is the original pro
gramming language of spreadsheets. Visual Basic is a more recent and advanced 
programming language that is similar to Basic and other computer languages. For 
instance, Fig. 1 shows the user-defined function SIND, which calculates the sine of 
angles in degrees, in the macrosheet language and Visual Basic. 

MACROSHEET USER-DEFINED FUNcnONS 

In a rnacrosheet. a user-defined function is a succession of formulas, ordered in a 
column with a specific structure. The first line contains its name (e.g., SIND in 
Fig. 1). The second line defines its output type, which may be a number, a text, a 
logical, a reference. an error message. an array, or a combination of the above. 
The output type is defined by RESULT followed by a data type. The various data 
types are listed in Table 1. If the result is a number or a text, the data type is 3. 
RESULT must come before any other fonnulas. If you omit the data type, the 
data type is assumed to be 7 by default (i.e., a number. a text, or a logical).ln the 
example of Fig. 1, the result of SIND is a number. 

1 SIND rr .RESULT(1) 

rt ",ARGUMENT("X',1) 
17 .AETUAN(SIN(PIO"Xll80)) 

Const Pi = 3.141592654 
Function Sind(x) 
Sind = Sin(Pi • x / 180) 
End Function 

~ Figur. 1 EKampie of user-defined function in a macrosheet (left) 
and Visual Basic (right) . 

617 
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TABLE 1 
Data type for functions 
ARGUMENT and RESULT 

Value Data type 

1 Number 
2 Text 
4 logical 
8 Reference 

16 Error 
64 Array 

Like built-in funct ions, user-defined functions have input variables. Each in
put variable must individually be defined by using ARGUMENT in the column 
under RESULT. ARGUMENT specifies the name and type of each input varia
ble name. The name is entered as text between double quote marks. For instance, 
in Fig. 1, the angle in degree is named X. ARGUMENT specifies the data type in 
a similar way to RESULT. This type may be a number, a text, a logical, a refer
ence, an eITor message, an array, or a combination of the above. 

Following ARGUMENT, the users define the formulas that perform the 
main operation of their function. These formulas may invoke cell references 
within the worksheet and names of variables defined by ARGUMENT or . L. 
For instance, the calculation is performed in cell A4 of Fig. 1 by using the variable 
named X by ARGUMENT. A user-defined function is terminated by using RE
TURN, which branches the calculation back to the worksheet. 

Writing a Uset-Deflned Function 

There are two steps in defining a user-defined function: (1) creating it and (2) 
naming it. A new macrosheet is created within a workbook by choosing Insert 
Macro MS Excel 4.0 Macro. The same macrosheet may contain several user-de
fined functions. A user-defined function is named by selecting its first cell, by 
choosing Insert Name Define (or .L), by entering the function name in the 
Name box, and by selecting the Function option. 

Using a Use~lned Function In a Worksheet 

You may use a user-defined function by using the Function Wizard, which lists the 
active user-defined functions after the built-in functions. In the window of the 
Function Wizard, replace the arguments of the user-defined function with ceU(s) 
or cell range(s). When the desired user-defined functions do not appear in this 
list, check that their names have been defined with .L and tbat their maCTosheet 
is open. 

VISUAL BASIC USER-DEFINED FUNCTIONS 

In Visual Basic, a user-defined function is created within a workbook by Insert 
Modul!:. It starts with Function followed by the function name and ends withEna 
Function. The funct ion type can be Single or Variant, depending on whether it re
turns a number or an array (other types besides Single and Variant are also avail
able as specified in the Visual Basic User's Guide). On the line after Function, 
the types of the Nnction arguments should be defined. When the arguments are 
undefined, they are considered as Variant. Visual Basic has its own built-in func-



Exercises 

REFERENCE 

EXERCISES 

Function MyLinest(X,Y) As Variant 
Slope ~ Application.SLOPE(y,x) 

Intercept = Application.lNTERCEPT(Y,X) 
MyLinest = Array(Slope,lntercept) 

End Function 

Figure 2 Example of Visual Basic function using built-in macro
sheet functions. 

tions. which in most cases have spellings similar to those of macrosheet built-in 
functions. Some built-in macrosheet functions are called from within Visual Basic 
by using the prefix Application (F'ig.1). Visual B-asiCis a poweifUl language that 
extends the capaoilities oi"'inaCri5sheets. Its functjons are linked automaticaUy to 
the workbook and do not need to be defined with . L. 

Microsoft Corporation, 1994, Microsoft Excel, Visual Basic Users Guide, 
Version 5. 

1. What is a user-defined function? 
2. What is a macrosheet'! What is the main difference between a worksheet 

and a rnacrosheet? 
3. What is the basic structure of a user-defined function in a macrosheet? 
4. How do you use an existing user-defined function? 
S. How do you define the input and output of a user-defined function? 
6. Write a user-defined function that calculates the cosine of an angle in de

grees. 
7. What is Visual Basic? 
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EXAMPLE 1: SUPERIMPOSED GRAPHS 

tJ -\80 

520 

EXERCISE 

Plot functions sin(Z9) and cos(29) on the same graph when angle e varies 
from 0 to 1M", Format the graph as shown in Fig. 1 and tabulate the data 
as shown in Fig. 2. 

STEPS 

The table of Fig. 't is obtained as follows: 

• Create a new workbook with FLle New. 
• Enter the table headings in cells A3, 83, and C3. 
• Enter 0 in cell A4. 
• Select range A4:A40 with the mouse. 
• In the dialog box of Edit flU Serie~ enter 5 for step value. Cells A4 to 

A40 now display the 9 values. 
• Press aL and enter Examplellq to name the range A4:A40 (or abcd!q 

if abed is the name of your worksheet). q stands for the Greek symbol 
e, which cannot be used. 

• Enter = sm(Z*Pi0I180·q) in cell 84 and = cos(2*PiOIlSO·q) in cell 
C4 (Fig. 3). 

• Select ceUs B4:C4 and press aC 
• Select range B4:C40 and press a v. All the number of Fig. 1 should 

now be displayed. 
• Move to cell A43 and list the names and locations of the variables in 

the workbook by using Insert ' Name Paste ... Paste Link. 
• Adjust the column widths by double clicking on the edges of the col

umn headings or by dragging them. 
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• Select the range B4:C40 use Format Cells Numbers ... , or a 1, and en· 
ter the format 0.00. 

• Select the range A3:C40 and choose the horizontal centering option of 
Format Cells Alignment ..•. 

• Edit cells A3. B3. and C3 to obtain the symbol e with Fonnat Cells 
Font. 

• Define the table border with Fonnat Cells Border so that your table 
looks like that of Fig. 1. 

The chart of Fig. 2 is obtained as follows: 

• Click on the Chart Wizard leon and open a plotting window by drag-
ging the mouse on the spreadsheet. 

• Select the range A3:C40 by using the mouse, then press Next >. 
• Select the XY scatter chart type, then press Next >. 

• Select the option with connected points and linear axes, then press 
Next >. 

A B C 

3 • d. sin 291 cos 29l 
4 0 0.00 1.00 

+ , 0.17 0.98 

+ 10 0 .34 0.9. 

:t 15 0 .50 0.87 
20 0.6. 0.77 

~ 
25 0 .77 0.64 
30 0.87 0.50 

"* 
35 0.94 0.34 

-!? " 0.98 0.17 
D 45 1.00 0.00 

~ 50 0.98 -0.17 
~ " 0 .94 -0.34 

~ 60 0.87 -0.50 

. ..g 65 0.77 -0.64 

~ 70 0 .64 -0.77 

~ 75 0.50 -0.87 

~ 80 0.34 -0.94 

~ " 0.17 -0.98 

~ 90 0.00 -1 .00 

r¥. 95 -0.17 -0.98 

~ 100 -0.34 -0.94 

~ 105 -0.50 -0.87 

~ 110 -0.64 -0.77 

..g 115 -0.77 -0.64 

~ 120 -0.87 -0.50 

~ 12' -0.94 -0.34 

rJ1l 130 -0.98 -0.17 

t-! 135 -1.00 0.00 

i-!! 140 -0.98 0.17 

r!l 145 -0.94 0.34 

rJ1l 150 -0.87 0.50 

~ '" -0.77 0.6. 

-! , .0 -0.84 0.77 

..g ,., -0.50 0.87 

-! 170 -0.34 0.94 

.,! 175 -0.17 0.98 .. ,.0 0.00 1.00 

Figure 1 Variation of 5in(29) and c05(28) with 8. 



522 

\ 

Chap. 9-3 I Worked Examples 
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- -- -Cosine' 
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I 
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/ 

/ 

\ , 
- I +--_---">...L----''-<'-----1 

o 90 

Angle a (deg) 

Figure 2 Plots of sin(2e) and cos(29) . 

180 

• Assign the data series in columns, using the first column for X data. 
Assign the legend in the first row, enter "Angle (deg)" for the X-cate
gory axis title and "Cosine or Sine" for the Y-values axis title, then 
press Finish. 

A chart should now be displayed in Excel's built-in format. In the fol
lowing steps, you will modify this graph so that it looks like Fig. 2. 

• Select the chart by double clicking on it. 
• Double click on the shaded area to display the Format Plot Area dia

log box. Select a border and no area, then press OK. 
• Double click on the vertical axis to display the Format Axis dialog 

box. In Patterns, select outside major tick marks and no minor tick 
marks. Move to Scale and enter 0.5 for major unit and - 1 for the 
value at which the X axis crosses the vertical axis. Move to Font and 
select lO-pt Tunes. 

• Double click on the horizontal axis to display the Format Axis dialog 
box. In Patterns. select outside major tick marks and no minor tick 
marks. Move to Scale and enter 180 for maximum and 45 for major 
unit. Move to Font and select lO-pt limes. 

• Double click on the series of Cosine data points to display the Format 
Data Series dialog box. In Patterns, select a solid line and no marker. 
In Names and Values, enter Cosine for name. then press OK. 

• Double click on the series of Si ne data points to display the Format 
Data Series dialog box. In Patterns, select a dashed line and no 
marker. In Names and Values, enter Sine for name, then press OK. 

• Drag the box containing the series labels to the location shown in Fig. 
2. 

• Double click on the box to display the Format Labels dialog box. Se
lect no border and no area, then press OK. 

• Double click on the horizontal axis title to edit it and introduce the 
symbol 9. 'TYPe the letter q, select it, and change its font from Tunes to 
Symbol. Note that you cannot edit graph labels that are set equal to 
the contents of spreadsbeet cells. 
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J , ("""I sin 29 cos(29 

• 0 .. SIN 2'PI lao· -COS 2'PI 1180' 

Figure 3 Formulas used in Fig. 1. 

• Double click on the vertical axis title to edit it and introduce q as 
shown in Fig. 2. 

• You may drag the chart and scale it by using its edge points. 

EXAMPLE Z: FJn1NG OF DATA POINTS 
WITH A POWER RELATION 

I V 

EXERCISE 

Fmd the power relation between U.S. sieve number N and mesh opening d 
in Fig. 4, and compare the fitted and original results on a log-log graph. Use 
the built-in functions TREND, SLOPE, INTERCEPT, and LINEST, and fit 
data by using Trendline. 

STEPS 

• In a new workbook, enter column headings in cells A8:C9 and num
bers in cell range AIO: 'B38, and format them as shown in Fig. 4. 

• Assign the name N to the range AIO:A38, using e L. In the same way, 
assign the name d to the range BlO:B38. You may use the reference 
area or Insert Name Paste ... Paste' Lint to verify the names. 

• Select the range CIO:C38. type the formula as shown in cell CIO of 
Fig. 5, and press e Enter. The cell range CIO:C38 should be filled as 
shown in Fig. 4. 

• Use the Chart Wizard, to plot the ranges CIO:C38 versus AIO:A38 as 
a solid line and the ranges B10:B38 versus AIO:A38 as discrete points. 
Select logarithmic axes and define titles for axes as shown in Fig. 6. 

• Select the range C4l :D41, type the formula wi~ in cell C41 
as shown in Fig. 1, and press e Enter. ne- results of Fig. 8 should be 
displayed. The final result is[d _ l()bNa:tvhere d is the mesh opening 
(mm). N.the U.s. sieve numbe:eihe slope of linear regression (0 = 
-1.085), ~nd®Lhe intercept of lmear regression (b = 1.360). 

• In cells C42 and C43. enter the formuJas of Fig. 1 to obtain a and b by 
using SLOPE and INTERCEPT. 

• Use the Chart Wizard to plot the ranges BIO:B38 versus AIO:A38 as 
discrete points. Format the graph as sbown in Fig. 9. 

• Select the data points and use Insert Trendlloe .... In Options, select to 
display the equation and R2 value on the chart. In Type, select the 

relation. You Sh"UI,d· (>btl.irr-thqiYOi~-ofl'ijpr;'iimi~~"'Ul!:: 

1\ . '"., 
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A B C 

US sieve Sieve Fitted sieve 

number 
opening opening 

rf 
(mm) (mm) 

N d 
1<1 4 4.750 5.098 

~ 5 4.000 4.002 
U 6 3.350 3.284 

~ 7 2.800 2.778 

" 
, 2.360 2.404 

~ 10 2.000 1.887 
~ 12 1.700 1.548 

~ 14 1.400 1.310 
~ 16 1.180 1. 133 

~ " 1.000 0.997 

~ 20 0.850 0.890 

~ 25 0.710 0.699 

Hl 30 0.600 0.573 

~ 35 0.500 0.485 

~ 40 0.425 0.420 

~ " 0.355 0.369 

~ 50 0.300 0.329 

~ eo 0.250 0.270 

~ 70 0 .212 0.229 ,. 60 0.180 0.198 
I-i) 100 0 .1 50 0.155 
t1i 120 0 .125 0.127 
~ 140 0 .106 0.108 
Iii 170 0 .090 0.087 
~ 200 0.075 0.073 
I-i 230 0 .063 0.063 
~ 270 0 .053 0.053 
~ 325 0 .045 0.043 
~ 400 0.038 0.035 

c 

Fined &leve opening (mm) 

t1 
1<1 . , QIITRENO(LOG 1 O(d),LOG 1 O{N),lOG 1 O(A 1 0)) 

tiT . , O"TRENO(lOG 1 O(cI),LOG 1 O{N),LOG 1 O(A 11)) 
Hi . l ()11TREND(LOO1 0(d),LOG10(N .L.OG10{A~ 

Figure 4 U.S. sieve number, sieve 
opening, and fitted values. 

Figure 6 Formula for defining fined points 
for chart. 

10 
-, 

• Measured 

I 
--Predicted 

-, 
~ , , 0,1 • 

0.,+-__________________________ --" 
10 100 1000 

us Sieve number 

Figura 6 Comparison of data points and results fitted by using 
TRENO. 
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BCD 
Slope, intercept ... UNEST(LOG.10(d),LOG10(N» . U NEST{LOG10(ct),LOG10(N» 

Slope. _SLOPE(LOG(d),LOQ(N» 
tnt.recept c _INTERCEPT(Loa(d),LOG(N» 

Figure 7 Formulas used in Fig. 8. 

ABC D 
~ Ruult of IIn •• r .-gru.lon .nalvele uelng LlNESTI 
~ Slope, Intercept _ -1.08461 1,38039 

42 Slope _ -1,08481 
~ IntereceDt _ 1,38039 

Figure 8 Results of linear regression analysis with built- in 
functions LlNEST, SLOPE, and INTERCEPT, 

10 

• Measured 
--Power (Measured) 

I 
~ 

l , 
0.1 •• ~ 

q ;> y . 22,~~-

~ • 
0,01 

10 100 1000 

us Sieve IUlmber 

Figure 9 Comparison of data points and results fitted by using 
Trend'ine. 

EXAMPLE 3: CUBIC POLYNOMIAl. FITTING OF DATA POINTS 

EXERCISE 

Find the two cubic polynomials that describe the variations of water viscos
ity and water unit mass with temperature. The data measured are listed in 
Fig, 10, Plot the fitted and measured viscosity and unit mass versus temper
ature (Fig, 11), Use the method in Chapter 8-1 to determine the polynomial 
coefficients, and compare your results with those obtained by lrendline, 

STEPS 

• In a new workbook, enter and format the heading and data of the tao 
ble in Fig, 10, 

• Assign the names T, hw, and rw to cell ranges A8:A23, B8:B23. and 
C8:C23, UnfQrtu~ately, neither t\le_Greek symbols 1'\ and p nor super
scripts or subscripts can be used for variable names. 
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A B C 
Temperature Viscosity Unit mass 

f!!- Cc) (gis/em) (g/em) ., T 

7t- 1.0 0.0 172 1 0.99995 
2.0 0 .0 1668 0.99998 

~ 3.0 0 .016 16 1.00000 

~ 4.0 0.01567 1.00000 

~ 5.0 0.01520 0.99999 

~ 6.0 0.01474 0.99996 

A B C 
Temperature Viscosity Unit mass 

ff re) (gis/em) (g/cmJ ) 

T " ~ 

P.; 
4.0 0.01567 1.00000 
16 .0 0 .01 1 1 1 0.99897 

~ 
17 .0 0.01083 0.99880 
18 .0 0.01056 0.99862 
19 .0 0.01030 0.99844 
20.0 0.01005 0.99823 

~ 7.0 0.01430 0.99992 

~ 8.0 0.01389 0 .99986 

~ 9.0 0.01348 0.99980 

~ 10.0 0.01310 0 .99972 

~ 
11.0 0.01273 0.99962 
12.0 0.01238 0.99951 

~ 13.0 0.01204 0 .99940 

~ 14.0 0,01172 0.99926 

~ 15.0. , 0.0 1141 0.999 12 

~ 16.0 0.0111r 0.99897 

~ 17.0 0.01083 0.99880 

~ 18.0 0.01056 0.99862 

~ 19.0 0.01030 0.99843 
20.0 0.0 1005 0.99823 ~ 

~ 
21.0 0.00981 0.99802 
22.0 0.00956 0.99780 

~ 
23.0 0.00936 0.99757 

~ 
~ 21.0 0.0098 1 0.99802 

,z!.. 22.0 0.00958 0.99780 

~ 23.0 0.00936 0.99757 
24.0 0.00914 0.99733 24.0 0.009 14 0.99733 

~ 
25.0 0 .00694 0.99708 
26.0 0 .00874 0.99682 

~ 
27.0 0.00655 0.99655 

~ 
~ 25.0 0.00894 0.99708 

~ 26.0 0.00874 0.99682 

~ 27.0 0.00855 0.99655 
28.0 0.00838 0.99627 28.0 0.00836 0.99627 

~ 29.0 0.00818 0.99598 
Z3 30.0 0.00801 0.99568 

,z!.. 
~ 29.0 0.00818 0.99598 

" 30.0 0.00801 

Figure 10 Measured variations of 
water viscosity and water unit mass 
w ith temperatura. 

0 .99568 

Figure 11 Fined variations of water 
viscosity and water unit mass. 

• Define the 16 entries of matrix A in cell range A25:D28. as shown in 
Fig. 12, and assign the name A to this range by using tiL. 

• Select the range A30:D33, type the formula of cell A30 shown in Fig. 
12, and press CEnter. Assign the name AI to the range A30:D33 by 
using tiL. 

• Enter the formulas for the vectors Bh and Br in cell ranges A36:A39 
and A42:A45. as shown in Fig. 12, and assign the names Bh and Br to 
these ranges by using ttL. 

• Select the range C36:C39, type the contents of cell C36 shown in Fig. 
12, and press CEnter. The coefficients of the cubic polynomial should 
be as shown in Fig. 13. Assign the names A_O, A_t, A_2, and A_3 to 
cells C36 to C39 by using CL. The names aI , a2, and a3 cannot be 
used because they confict with cell names. 

• Select the range C42:C45, type the contents of cell C42 shown in Fig. 
12, and press CEnter. Assign the names B_O, B_1, B...J., and B_3 to 
cells C42 to C45. 

• Define the table of Fig. 11 showing cells A48:C79. Use the edit Fill se
ries to ge"iterate the temperature data. Enter the formulas in cells 850 
and CSO, as shown in Fig. 14, and copy them to range 8 50:C79. 
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" " ~ 
~ 
" f? 
~ 
~ 
" " 
~ 
~ 
~ .. .. 
" 
~ 
~ 
~ .. 

A • C D 
Matrix A 
.. COUNT(T} "SUM(T} .. SUMPRODUCT(T,T) "SUMPAODUCT(T,T,T) 
_625 .. C25 . D25 "SUMPAODUCT(T,T,T,T) 
_B26 _C26 .026 .SUMPROOUCT(T,T,T,T,T) 
_B27 ",C27 .027 aSUMPAODUCT(r,T,T,T,T,T) 

Inverse matrix A·1 

_MINVEASE1A) ",MINVERSE1A) . MINVEASE{A) .MINVERSE(A) 
_MINVEASE{A) zMINVERSE{A) . MINVERSE{A) .MINVEASE(A) 
_MINVEASE(A) 
.. MINVERSE(A) 

=MINVERSE(A) 
",MINVEASE(A) 

",MINVERSE(A) 
;;MINVEASE(A) 

. MINVEASE(A) 

.MINVERSE(Ai 
Nonlln .. r r re .. lon for vleco. cubic , 
vector Bh Polynomial coeHicients 
.. SUM(hw) ag .. _MMULT{AI,Bh) 

",SUMPAODUCT(T,hw) a 1 - ",MMUL.T(AI,Bh) 

",SUMPROOUCT(T,T,hw) a2 - .. MMUL.T(AI,Bh) 

sSUMPRODUCT(T,T,T,hw) a~ _ .. MMUlT(AI,Bh) 

Nonll,...r ..... Ion for unit m ... cubk 
Vector Br 
.. SUM(IW) 

,.SUMPAODUCT(T,IW) 

aSUMPROOUCT(T,T,IW) 

aSUMPROOUCT(T,T,T,rw) 

Polynomial coatflclents 

bo - "'MMUL.T(AI,Br) 

b 1 - _MMUlT(AI,Br) 

b2 .... MMUl T(A1,Br) 

b3 - ",MMU~T{AI,Br) 

Figure 12 Formulas used in Fig . 13. 

A • C D 

" Matrix A 

~ " 349 8231 201889 

~ 349 8231 201889 5095943 

~ 
823 1 201889 5095943 131689249 

201889 5095943 131689249 3470452391 

" Invarse matrix A' 1 

f? 6.975278585 · 1.6770185 0.1042623 ·0.0018996 

~ ·1.677018533 0.4732953 ·0.031107 0.000582945 

r? 0.104262304 -0.0311065 0.0020889 ·3.g854E-05 
13 -0.001899598 0.0005829 ·3.97E·05 7.595E·07 

" Nonlinear regr.eelon for vlecoeity (cubic) 

" Vector Bh Polynomial coefficients 

~ 
0.15719 aD ;; 0.0177717 

~ 
3.25593 0,' -0.000568 

~ 74.93481 a2 ;; 1.115E-OS .. 1808.32571 a3 " -1.02E·07 .. Nonnn .. r regrHelon for unit ma •• (cubic) 
41 Vect:or Br Polynomial coe fficients 

.; 15.982 16 bo ;; 0.99991 

~ 
348.06384 b, . 5.202 E·05 .. 8207.227 b, • ·7.51 E·06 .. 201271.7513 b, • 3.605E-08 

Figure 13 Results of cubic polynomial regression . 

• Use the Chart Wizard to plot the measured and fitted data, as shown 
in Figs. 15 and 16. 

~bic polynomial fitting with Trendline . 

• Use the Chari Wizard to plot the measured data, as shown in Figs. 17 
and 18. 
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A B C 

Temperature Viscosity (~sJcm) Unit mass (glcm ') 

~ rei .. T 

~ 1 .. ~o-+~ I"T 1I+"-2"r .... 2+A_3·r eA3 _8_0+8_1'1 e .. SJ!"T &'I2+8_3"r fII'3 

~ 2 ""A O-+"-'"Te .. A 2"1&",2+"-3"T&"3 ",B 0+8 ,'T8+8 2'1&,,2+8 3'T&"3 

Figure 14 Formulas used in Fig . 2. 

0.G16.-,,-------- ----, 
1.002,--________ ---, 

0.014 

~ 
~ 0.012 

.1! 
.~ 0.010 
> 

ooos o M ...... 
--Fitted 

1.000 
~ 

~ 
~ 0.998 

'2 
~ 

0.996 CI Measured 
--Fitted 

0.006 '---_---_-----' 0.994 '-___ ---_-----' 
o to 30 o to 20 30 

Temperature (" C) Temperature C c) 

Figure 15 Variation of measured and fitted 
viscosity with temperature. 

Figure 16 Variation of measured and fined unit 
mass with temperature. 

• Select the data points, and use Insert Trendline. In Options, select the 
display of equation and R2 value, and in Type, select the polynomial 
fitting with a degree equal to 3. The results obtained by Trendline 
should be Identlcal to those obtained in the preceding section. 

O.QJ6 

0.014 

I 0,012 

~ 
.1! 
~ omo 
;;; 

0.008 

0.006 
0 , 

o Measured 

--Poly. (Measwtd) 

y •• 1E-0'7:11;' + IE-05x ' - 0.0006:11; + 0.0178 

R'_ I 

10 I' 
Tempcnt.tuIe ('C) 

30 

Figure 17 Variation of water viscosity wi th temperatu re fined by 
using Trendllne. 
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IDnr-------------------------, 

Il100 

1 
~ 0.998 CJ McasuRlOi 

--- Poly. (Measured) 

~ 
0.996 

y '" 4£.08x' - 8E-06x' + 5B-05K +0.9999 

R' :] 
0.994 +----__ -_--__ -_--__ --J 

o , 10 I' 
,. 30 

Temperature ("C) 

Figure 18 Variation of water unit mass with temperature fitted bv 
using Trendline. 

EXAMPLE 4: USER-DEFINED FUNcnONS FOR UNIT MASS 
AND VISCOSITY OF WATER 

EXERCISE 

Write two user-defined functions to calculate the water viscosity 1'\ in g/cm·s 
and the water unit mass P ... (g/cmJ ) as a function of the temperature T (oC). 

1'\ =0.0178-5.684 x 1O- 4T+1.115 x 10- 51'2-1.017 x 1O- 7TJ 

p .. =0.99991 +5.202 x 10-5 T -7.512 x 1O-6T2+3.605 x 10-8]"3 

Write a user-defined function in tbe macrosheet and Visual Basic languages. 
Plot the variations of water viscosity and water unit mass on the same graph 
with primary and secondary vertical axes. 

STEPS 

• in a new workbook, use Insert Macro MS Excel 4.0 Macro to create a 
new macrosheet. 

• 'lYpe the formulas as shown in Fig. 19. 
• Assign the name VISCO and DENSI to cells Al and A6 by using aL. 

In both cases, check the Function option when naming macros. 
• Use Insert Module to create the Visual Basic functions VBvisco and 

VBdensi shown in Fig. 20. The functions are given different names in 
order not to conflict with the corresponding macrosbeet functions. You 
do not need to define the function names because this is automatically 
done by Visual Basic. 

• In a worksheet created by using Insert Worksheet, define the beading 
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A • VISCO Vl.coalty 01 watw In glem/. 
>'RESULT(1) 
.. ARGUMENT("T".lj ITemoeratullii In dearees Celsius 
.. AETURN(O.OI18·S.684ll (Y>4·r +- 1. 1 15/1 0"S'T"2-1 .017/10"7"T"3) 

DENSI Den.1ty of w.t« In glcm 
=RESULT( l ) 
=ARGUMENT('T", I ) Temperature in degrees Celsiua 
"RETURNi~.9999 1 +S.202I10"S·T -7 .5 1211 0"6°T"2+3.605Il 0"8·T"3\ 

Figure 19 Macrosheet user-defined function for water viscosity 
and water unit mass. 

Viscosity o f wII. t er in ~/=I .. a t tomper ll.ture T in dell're" Cellliu. 
Function VBviscolTI 

VBvi eco " 0 . 0178 - S.684/10~4 ·T .. 1. llS/ l O"S· T"2 _ l.O l 7/l0"7 °T"3 
End Function 

'Unit 1M .. " of water in \llem3 at t emper ature T in degr ee Celsius 
Function VBdensi IT) 

VSdensi " 0.99991 .. 5.2021 1 0"S"T _ 7 . S12110"6 "T A 2 .. 3.60S/tO"S OT") 
End Function 

Figure 20 Visual Basic user-defined function for water viscosity 
and water unit mass. 

and column A of Fig. 21 (the formulas used in Fig. 21 are listed in Fig. 
22). Use Edit Fill Series to generate the temperature data. Assign the 
name T to cells AB:A37 by using WL. 

• Enter the formulas shown in cells BB and CB, and copy them onto 
cells 89.:C37. 

• Use the Chart Wizard to create the graph of Fig. 23. Introduce the sec
ondary axis for the water viscosity, add legends, and format the graph 
so that it looks like Fig. 23. 

• After having tested the macrosheet functions VISCO and DENSI, you 
may test the Visual Basic functions. Replace VISCO and DENSI with 
VBvisco and VBdensi by using .H. 

EXAMPLE 5: USER-DEFINED FUNCTION 
FOR LINEAR REGRESSION 

EXERCISE 

Write a user-defined function that performs a linear regression in the same 
way as the built-in function LINEST. Write the user-defined function in the 
macrosheet and Visual Basic languages. Compare the results of LINEST 
and your own function in the case of a random series. 

STEPS 

• In a new Forkbook, use Insert Macro MS Excel 4.0 Macro to create a 
new macrosheet. 

• 1)rpe the formuJas as shown in Fig. 24. 



Example 5: User- Defined Function for linear Regression 

A B C 
Temperature Vl"",,,, Unit mass 

~ 
rCI (gllIem) (g/em~ 

7 T 

~ 1.0 0 .01724 0.99995 

c!: 2.0 0.01671 0.99996 

~ 3.0 0.01619 1.00000 

rl!: '.0 0 .01570 1.00000 

e.g 5.0 0.01522 0.99999 

:-# 6 .0 0.Q1477 0.99996 

~ 7 .0 0.01433 0.99992 

:-# 6 .0 0.01391 0.99986 
~ ' .0 0.01351 0.99980 
~ 10 .0 0.01313 0.99972 
7 11.0 0.01276 0.99962 
~ 12 .0 0.0124 1 0.99951 r.; 13.0 0.01207 0.99940 
Pn 14.0 O.ot175 0.99926 r,; HI.O 0 .0 11 44 0.99912 
Pn 16.0 0.01114 0.99897 r,; 17 .0 0 .0 1086 0.99880 r,; 18.0 0.01059 0.99862 r.; 19.0 0.01033 0.99643 
Pn 20.0 0 .01008 0.99823 
I'ii 21.0 0.00984 0.99802 

~ 22 .0 0.00961 0.99780 
l) 23 .0 0 .00939 0.99757 

~ 24.0 0.00917 0.99733 

~ 25.0 0.00897 0.99708 

~ 26 .0 0.00877 0.99682 

~ 27.0 0.00858 0.99655 

~ 28.0 0.00839 0.99827 

~ 29 .0 0 .0082 1 0.99598 

'" 30.0 0.00804 0.99568 

Figure 21 Variation of water unit 
mass and viscosity with tempera· 
ture. 

A 

Temperature 
r C) 

T 

B v_ 
(gis/an) 

531 

C 

Unit mass 

(glem~ 

. OENSI(T) 

.OEN§!in 

Figure 22 Formulas used in Fig. 21 . 

• Assign the name MYLINESTto cell Bl by using tiL. Check the Fun . 
tion option when defining the name. Assign the names n, Ax, A Y, Au, 
Axy, and D to cells AS to A10. These names should be preceded by 
the macrosheet name and ! for these local variables to be declared 
only in the macrosheet. 

• Use Insert Module and create the Visual Basic function VB LlNEST of 
Fig. 25. You do not need to name it. 

• In a new worksheet created with Insert Worksheet, type cells A5:A15 
and 85 as shown in Fig. 26. 

• Enter the formula of Fig. 27 in cell 8 6 and copy it in range 86:815, as 
shown in Fig. 26. Assign the names x and y to the ranges A6:A15 and 
B6:815 by using tiL. 

• Select range C17:D17, use the Function Wizard to call LIN EST, com
plete the arguments as shown in Fig. 27, and press tiEnter. 

• Select range C19:D19, use the Function Wizard to call MYLINEST, 
complete the arguments as shown in Fig. 27, and press tiEnter. The re
sults of MYLINEST and LINEST should be identical. 
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i-! 
~ 
~ 
~ 
j.2. 
~ 
~ 
~ 
r!., 
f.!!! 
~ 
f¥. 
~ 14 

A 

" A, 
Ay 

1.010 0.020 

• Measured ullit mass 

- - - Fitted ullit mass 
0.oI6 

100' lJ. Measured viscosity 

- - - - - - - FItted viscosity 

0.
012 1 

orosI 
0.995 

0004 

0.990 1--_-_-_-_-_----1 OJlOO 
o 5 10 15 W ~ W 

Temperature (" C) 

Figure 23 Variation of w ater unit mass and water viscosity with 
temperature. 

B C 
MYLINEST name of function 
=RE5UlT(64) result of function is an array 
=ARGUMENT(' Y',64) input array y 
=ARGUMENT(' X',64) input array x 
=COUNT(X) n_ number of element in arrays X and Y 
=5UM(X) X, +X2+ ... +Xn 
=5UM(Y) Y'+Y2+ ... +Yn 

A" =5UMPROOUCT(X,X) X,·X'+X2·Y2+ ... +Xn'Xn 

A" =5UMPROOUCT(X,Y) X '·Yl+X2·Y2+ .. . +Xn'Yn 
D =n'Axx-Ax"2 

=IF(O=O,RETURN("ERR'» 
=(n'Axy-Ax'AY)lO 
=(Ay'Axx-Ax' Axy)lO 

RETURNITRANSPOSEfB12:B13\\ return slone and intercent on the same row 

Figure 24 Macrosheet user-defined function MYlINE$T for linear 
regression . 

• After having tested the macrosheet function MYLINEST, you may 
test the Visual Basic function VBlinest. Replace MYLYNEST with 
VBtinest by using .tH. 



Example 5: User- Defined Function for linear Regression 

Funct i on VBlinest{Yarray, Xarray) As Vari ant 
Dim N As Integer, x As single, y As Single, 
xx As Single , xy As Single, S l ope As Single , 
Interce pt As Single 
N '" 0 
x '" 0 
y '" 0 
xx '" 0 
xy '" 0 
For Eac h c In Xarray 

Next 

N '" N + 1 
x = x 
y • y 
xx = 
xy = 

• 
• 

xx 
xy 

Xarr ay{ N) 
Yarray( N) 

... Xarray{ N) "2 
+ Xa rray{N) *Yarray{N) 

Slope = (N* xy x *y) I (N*xx - x"2) 
I n tercept '" (y*xx - x · xy) I (N*xx - x " 2) 
VBlinest '" Array{Slope, Intercept) 

End Func t ion 

Figure 25 Visual basic user-defined function VBlinest for linear re
gression. 

A B C 0 , , 
h1-

, 0.397 

t+ 2 0.503 

• 3 0.91. 

ft 4 0.680 .. 5 0.062 

~ • 0.268 
U 7 0.867 

~ • 0.528 

HF 9 0.809 ,. 0.271 
M Result of built-In function LlNEST 

~ Slope, Intercept '" ·0.00090043 0.535050.22 

~ 
Result of user-defined function MYLtNEST 

Siooe, Interce t" ·0 .00090043 0.535050422 

Figure 26 Results of linear regression w ith lIN EST and user-de
fined function MYLINEST. 

A B B c o , , Slope, Intercept _ -LINEST(y,x) =LlNEST(y,x) 

+' "RANDO 
7 2 .,..,,00 Slope, Intercept " -MYUNEST(y,x) :MYLINEST(y,x 

Figure 27 Formulas used in Fig. 26. 
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EXAMPLE 6: USER-DEFINED FUNcnON 
FOR UNIT CONVERSION 

EXERCISE 

Write the user-defined function UNITS that converts the number X from a 
system of unit U into another unit V. Dimensions and UNITS are covered in 
Chapter 8-4. 

PRINCIPLES OF UNIT CONVERSION 

The user-defined function UNITS converts the value X initially in unit U 
into another compatible unit, V. The unit dimensions include length, area, 
volume, force, stress, unit weight, time, velocity, and diffusivity. Most metric 
and English units are considered. The converted value Y in new unit V of 
the value X in original unit U is obtained as follows: 

y = X, UNITS (U, V) (9) 

where U is the case-insensitive spelling of the old unit and V is the case-in
sensitive spelling of the new unit. The spelling of all the units is defined in 
Fig. 28. For instance, to convert 10 atm into kPa, enter tbe following for
mula: 

= t<rUNITS("atm", "kPa") (10) 

Figure 28 also gives the basic conversion factors used by UNITS. 
When AU and AV are the conversion factors of units U and V, respectively, 
then 

Y =X'AV I AU (11) 

Figure 29 and 30 show the macrosheet and Visual Basic versions of the 
user-defined function for unit conversion. New units may be added provided 
that the new units names are spelt in lowercase, and that the extreme left 
column and bottom row of the table of unit names and conversion factors is 
left blank. 

STEPS 

• In a new workbook, use Insert Macro MS Excel 4.0 Macro to create a 
new macrosheet. 

• 1)rpe the formulas and data as shown in Figs. 28 and 29. Assign the 
name UNITS to cell At by using aL. Check the function option when 
naming UNITS. Assign the name A to range E2:R20 of Fig. 28. Also 
assign the names i, j , and Av to cells CS, C6, and B1O. The variable 
names A , i, j, and Av should be preceded by the macrosheet name and 
! for having local variables (e.g., Macros!A). 

• Use Insert Module to create the Visual Basic function VBUNITS 
shown in~Fig. 30. You do not need to define the function name. The 
third argument of function VBUNITS is the table defined in UNITS. 



D E F G I H I I J 
1 DIMENSION Table 1 

r+ length inch • ang m_ mm om 

r+ 1 0.083333333333 254000000 25400 25.4 2.54 

r4- "ea inCh2 ft2 om2 m2 ha """ r+ 1 0.0069444 6.4516 0 .00064516 0.000000064516 0.000000159423 

r4- volume Inch3 ft3 om3 m3 gal quart 

~ 1 0.0005787037 18.387064 0.000016387064 0 .004329 0.017316 

r4- ,- kg dyoe gl pound toni ton 
9 1 980685 1000 2.2046223 0.00096420653 0.0011023 11 3 

'To- slress atm bal cmhg mmhg ftwaler kglcm2 
t-IT- 1 1.0133 76 760 33.899 1.03323 
ffr unit weight gr/cm3 Um3 kg/rn3 pO pO kn/m3 
f-fr 1 1 1000 0.036127292 62.427961 9.8039 
To- time m, e mn hI day month 
Ts 1 0.001 0.00001666666 0.00000027777777 0.000000011574074 0.00000000038057 
To velocity om/, micronls m/mn IUmn mllelhr ft/yl 
f," 1 '0000 0.6 1.9685 0.022369 1034643.6 
Ts" consolidation cm2Js cm2/month cm2fyr m2/month m2Jyl inch2ls 
To 1 2628000 31536000 262 .8 3153.6 0.155 

D K L I M N 0 I p I Q 
1 DIMENSION 

+ length m "" mile km 

+ 0.0254 0 .02777771 0.0000157 0.0000254 

+ area mile2 

+ 0 .000000000249098 

+ volume pint I "' + 0.034632 0.0163852 16.3852 

-4- force "p I n ko ounce 

9 0.0022046223 0.001 9.80665 0.00980665 32.1512 
To stress gr/cm2 kglm2 Um2 "" pol 10n/ft2 kpa 
it 1033.23 10332.3 10.3323 2116 .22 14.696 1.0581 101 .325 
"if unit weight 
T, 
T. time 'fI Ts 0.00000000003171416 

ff." velocity 
CW 
ITs consolidation Inch2/month loch2/yr ft2lmonth fl2tyl 
To 4151600 4868200 2882.998 33944.7 

Figure 2B Table of data used in user-defined function UNITS. 
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A • C 
I ..... c.n __ 

~ 
.. AESULT(3) on. unit to another 
_ARGUMENT("OlO',2) New unit name In •• 

t:!: .. ARGUMENT("NEW",2) Old unl, name In •• 
.SET.VALUE(I,1) , 

~ .WHILE{NOT(ISBLANK(INDEX(A), l »))) " · SET.VALUE(j,I) AboYa space .. reserved 
I-j- · WHtLE(NOT(ISBLANK(INDEX(A,IJ») ) for counters I and J. 

ht · IF(EXACT(INDEX(A)J},LOWER{NEW))) For Input, check IPeOIno 
AV · INDEX("",'.1J) oj unII namn In Tlible 1 

~ · SET.VALUE(j.1) Unitt I'IIIIY btl ,«*I 

! · WHILE(NOT(ISBLANK(INOEX(AJJ)))) Into Table 1. ~r 

· IF(EXACT(iJIIOEX(A.IJ).LOWER(OLD») the named array A 

~ · RETURN(AVIINOEX(A,I+1J) should have one mora 

* · ELSEO row and column thin 

~ · SET.VALUEUJ+l) Table I. The un" 

i · ENO.IFO nimH should be In lower 

· NEXT() caM In Tabla 1. 

~ · RETURN('EAROR") 
>I · ELSEQ 

i · SET,W.LUeOJ .. l) 

· ENO.lFO 

· NEXTO 

:! · SET.VALUE(I.l+2) 
,,"EXTO 

ii" _AETURNrEAAOA'} 

Figure 29 User-defined function UNITS for unit conversion. 

Funct.ion VBunits (OldUnit, NewtJnit, AllUnits) 
Dim x, i, j 
i • 1 
Do Until IsEmpty(AllUnits(i, i ll 

j ,. 1 

Loop 

Do Until IsEmpty (AIIUnits (i, j I) 

Loop 

If AI IUnits(i, j) .. LCase(NewUnit) Then 
x • AllUnits(i .. I, j) 

Else 

j .. 1 
Do Until IsEmpty(AllUnits(i, j») 

Loop 

If AllUnits(i, j) • LCase(OldUnit) The 
VBunits ; x / AllUnits(i .. 1, j) 

Exit Function 
Else 

j j.. 1 
End If 

Mag-Box ·Check the units· 
Exit Function 

j ; j .. 1 
End If 

i = i .. 2 

MsgBox ·Check the units· 
End Function 

Figure 30 "Visual Basic user-defined function for unit conversion. 
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A B C 0 E F G H G 
~ Enmpll;. of unit con.,.,..lon with UNITS 
L...!.. From 188110 em X.. 12.4 ft .. 377.95 

...!. =OS'UNITS(ES,HS) 
~ .. 06"UNrTS(E6,H6) 

~ =07"UNITS(E7,H7) 

8 .. OB'UNITS(E6,HB) 

~ From pa' 10 kPa X = 50 pal .. ·2.39 

~ From pel 10 kNlm3 X .. 120 pet .. 18.85 

8 From m/a2 10 rt11yr X .. 0 em2'1 ~ 33.94 

Flgur. 31 Example for user-defined function UNITS. 

• In a new worksheet, define the table and Connulas of Fig. 31. You 
should find the results of Fig. 31. 

• After having tested the macrosheet function UNITS, you may test the 
Visual Basic function VBunits. Replace UNITS with VBunits by using 
CH. You will also need to add the third argument of Vbunits, which 
contains the table of Fig. 28 [e.g., DS·VBunits(ES,HS,Macros!A) in 
cell GS of Fig. 31]. 

EXAMPLE 7: USER..oEFINED FUNcnON 
FOR GRADE ASSIGNMENT 

EXERCISE 

Write a user-defined function that gives the course grade for numeric grades 
between 0 and 100. The custom function should specify the lower limit to 
get an A, B, C, and D and should automatically assign + and - in each 
grade category. 

STEPS 

• In a new workbook, use Insert Macro MS Excel 4.0 Macro to create a 
new macrosheet. 

• Type the formulas as shown in Fig. 32. At, Bt, Ct, and DJ are the lower 

A B 

:l: Grade Gr.dtng progrlm 

.RESULT(2) re\l,Imt • Ieller gracle 

-+ .. ARGUMENTr G",I) Nl.IlI'Iber belwe«o 0 and 100 

'i- . ARGUMENT(' A1'. I ) Lower IImli 10 gel A 
" ARGUMENT('B/'.I) Lower IImi1Io gel B 

ft -.ARGUMENT('O' ,I ) Lower 1imI1 10 gill C 

1 . ARGUMENTrOr, l) Lower nmlt 10 081 0 

ff- .. 1F(G,..(2"10013+AII3),RETURN('A+ ' » 

rW .. IF(G-tl00'3+2'AII3),RETURNr A1) 

.IF(G>-.Al.RETURNi'A-'» 

f¥,: . 1F(G,. .. (2" AV3+BV3),RETUAN("B+ 'J) 

f#- . 1F(G-tAll3+2'BV3),AeTlJRNre'» 

H?- . tF(G,..aI,RETlJRN("8-' ») 

~ . tF(G,.. (2"BV3+CV3),RETURN('C+'») 

H?- .IF{G,.-(BV3+2"CW1,RETUAN("C1) 

~ . tF{CbeCI,AETUAN("G-1) 

~ .IF(O»(2"CIf3+DV3),AETURNrD+ 'J) 

~ .1F(<b-(CV3+2"DV3),RETURNr 01) 

~ 
-IF(<b-0I.RETURN('O-11 
.RETURtf'F") 

Figure 32 User· defined function for grade assignment. 
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A 8 C 

Exam grade Cow" 

• Student Name (/1(,0) I grade 

-?- Mary Absent 10 F 

.f Joo Doe 85 B+ 

-+ Kathy Greats 90 A-

-+ Paul Reagan 70 C+ 

• Ian Smith 85 C 

Figure 33 Example for user-defined function Grade and formulas 
used to call it. 

limits to get an A, B, C. and D. Assign the name Grade to cell At by 
using .L. 

• In a new worksheet, define the example of Fig. 33 and enter the for
mulas of Fig. 33 to get the course grade. 

EXAMPLE 8: USER-DEFINED FUNcnON FOR CUBIC 
POLYNOMIAl. REGRESSION 

EXERCISE 

Write a user-defined function that calculates the coefficients of cubic poly
nomial regression. Compare the results obtained with your function with 
those of Example 3 in the case of the variation of the viscosity and unit 
mass of water with temperature. 

STEPS 

• In a new workbook, use Insert Macro MS Excel 4.0 Macro to create a 
new macrosbeet. 

• Type the fonnulas and data as shown in Fig. 34. Assign the name FIn 

A 8 
It CUDIC poIynom • .. • RESULT(64) 

* 
by linear ,.. .... ton 

. ARGUMENT('X·,64) Input X'8n-ay 

.ARGUMENTiY',64) Input y.array 

(Xl '" 
~ -SUM(X) 8231 

~ 
-SUMPROOUCT(X,X} 201889 
-SUMPAOOUCT(X,x,X} 5095943 

~ .:~. A~~~ { ~~~~ .. orm matrtx 

~ . SET. VALUE(C23,A25) .. ..SET. VALUE(D23,A28) 

i .SET. VALUE(B24,A25) 

.SET .VALUE(C24,A28) 

-SET. VALUE(D24,SUMPRODUCT(X,x.X,X») 

:! .SET.VALUE(B25.A28) 
.SET.VALUE(C25,D24) 

~ .. SET. VALUE(D25,SUMPRODUCT(X.X,x,x,X») 

.SET.VAlUE(828.D24) 

if .SET.VALUE(C28,D25) 

~ . SET.VALUE(D26,SUMPRODUCT(X,X,X,X,X.X)) 
. SET.VALUE(E23,SUM(Y)) 

~ -SET.VALUE(E24.SUMPROOUCT(X,y) Form vecior 

~ 
.SET.'MLUE(E2s.SUMPRODUCT(X,X. Y)) 
-SET.VALUE(E28.SUMPRODUCT(X.X,x, Y)) 
. RETllRN(MMULT(MINVERSE(A23:D26) ,E23:E26)) 

Figure 34 User-defined function for cubic fitting. 
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+ 
+ + ~ 
* .g.. 

"* * ~ * ~ .; 
~ 
~ 
~ 
~ 

~ 
~ 
~ 
~ rI 

~ 
~ .. 
Si-r,;-

to cell A19 by using .L, Do not forget to check the function option 
when naming user-defined functions. 

• In a new worksheet, enter and format the heading and data of the ta
ble in Fig. 35. 

• Assign the names T, hw, and rw to cell ranges A7:A22, B7:B22, and 
C7:C22 by using a L. 

• Select the range B24:B27, type the formula of cell B24 shown in Fig. 
36, and press . Enter. Same thing for the range B29:B32. You should 
find the same coefficients as in Example 3. 

A B C 

Temperature Viscosity Unit mass 

rC) (Wslcm) (g/",,~ 

T n. 
4.0 0.01567 1.00000 
16.0 0.01111 0.99897 
17.0 0.01083 0.99880 
18.0 0.01056 0.99862 
19.0 0.01030 0.99844 

20.0 0.01005 0.99823 
21.0 0.00981 0.99802 

22.0 0.00958 0.99780 
23.0 0.00936 0.99757 
24.0 0.00914 0.99733 
25.0 0.00894 0.99708 

26.0 0.00874 0.99682 
27.0 0.00855 0.99855 
28.0 0.00836 0.99627 
29.0 0.00818 0.99598 
30.0 0.00801 0.99568 

Nonllnur regr.,,'on for vlecoelty (cubic) 
80: 0.01777 1671 

81"' -0.000568441 

at" 1.1 1479E-05 

a,,- -1.01686E-07 

NonUn .. r ragre •• 'on for unit m ... (cubic) 

bo' 0.999910033 

b, _ 5.20192E-05 
b, _ -7.51229E-06 
b _ 

3.60518E-oS 

A B 

lJ Nonllnur 
~ 80. _FIT3{T,hw) 

~ al • _FIT3(T,hw) 

~ at. _F1T3(T .hw) 

~ a~. _FIT3{T,hw) 

f.!. NonUnur 
~ ~ • ; FIT3(T,rw) 

r;;- b, ~ .FIT3(T,rw) 

~ ba • EFIT3(T,rw) 

~ b .. ",FIT3(T,rw) 

Figure 35 Results of cubic polynomial 
regression for unit mass and viscosity of 

Figure 38 Formulas 
used in Fig. 35. 



Appendix: 
Conversion Factors 

LENGTH 

To the uni t ~Iow. multiply by 

inch ft '"' micron mm om m ", mile km 

.e inch , 0.08333333 254.000E+6 25400 25.4 2.54 0.0254 0.02777777 16.700E-S 25.400E-S 0 , 
h " 1 3.048E+9 304800 304.8 30.48 0.3048 0.33333324 0.000168 0.0003048 

• '"' 3.937E-9 328.084E-12 1 0.0001 l00,OOQE·9 IE-OS H-IO 109.361e·12 6.1SE-14 , OO.OOOE- 15 
~ micron 39.370E-S 3.281 E-B 10.000E+3 1 0.001 0.0001 0.000001 , .094E-6 a ,ISE·tO 1.000E-9 
E mm 0.03937 0.00328084 10.000E+6 '000 , 0.1 0.001 0 .00109361 B.ISE-07 0.000001 
~ om 0.393701 0,0326084 l00.000E+6 10000 10 1 0.01 0.01093613 6.18e-06 0 .00001 
e m 39.37008 3.2808399 IO.OOOE+9 1000000 1000 100 1 1.09361299 0.000618 0.001 
~ ,,' 36.00001 3.000£+0 9.144E+9 914400.3 914.400256 91.44003 0.9144 1 0.000565 0 ,0009144 0 
Q milll 63694.27 5307.85563 16.178E+12 , .SI8E+9 1617834.39 161783.4 1617.634 1769.28471 1 1.617834395 0 

0 km 39370.08 3280.8399 , E+13 1.000E+9 1000000 100000 1000 1093.61299 0.61811 1 r 

AREA 

To the unit below, multiply by 

inch2 "' em' m' h, acre mile2 

E inch2 1 0.0069444 6.4516 • 0.000645 64.516E-9 159.423E-9 249.098E-12 

,g "' 144.00092 1 929.036346 0.092904 9.290E-6 22.957E-6 35.870E-9 
em' 0.155000 0.0010764 1 0.0001 10.000E-9 24.711 E-9 3R610E-12 

e m' 1550.0031 10.763842 10000 1 0.0001 0.0002471 386. 1 03E-9 • > 
h' 15500031 107638.42 1oo.000E+6 10000 1 2.4710614 0.003861027 c 

0 
0 acre 6272620.6 43559.587 40.468E+6 4046.844 0.4046844 1 0.001562497 
0 mile2 4.014E+9 27.878E+6 25.9OOE+9 2.590E+6 258.99847 640.00112 1 .... 

540 
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VOLUME 

To the unit below, multiply by 

inch3 h' om' m' g" quart pint ml 

·c inch' 0.0005787 16.3871 16.387E-6 0.004329 0.01732 0.03463 0.01639 16.3852 , It' 1728 , 28316.8 0.02831685 7.480512 29.922 59.8441 28.3136 28313.626 
• om' 0.06102 35.315E·6 :s 0.000001 0.0002642 0.00106 0.00211 0.001 

E m' 61023.7 35.314666 1000000 264.17179 1056.69 2113.375 '000 1.00E+6 
.g g.' 23' 0.1336807 3785.42 0.00378542 , 4 8 3.78498 3784.985 
t quart 57.7501 0.0334202 946.354 0.00094635 0.25 , 2 0.9462425 946.24625 • > c pint 28.875 0.Q167101 473.177 0.00047318 0.125 0.5 0.47312 473.12312 0 
0 I 61 .0307 0.0353187 '000 0.00100011 0.2642018 1.05681 2.11361 , 1000 
~ ml 0.06103 35.319E-6 1 1.oooE-6 264.202E-6 1.057E·3 0.00211 0.001 

nME 

To the unit below, multiply by 

ms s mn h' d,V month V' 
E ms 1 0.001 16.667E-6 277.778E·9 " .574E-9 380.570E-12 31. 714E-12 g 

1000 1 0.0166667 0.00027778 " .574E·6 380.570E-9 31, 714E-9 
t s 
• mn 60000.024 60.00002 1 0,0166667 0.00069444 22834E-6 1, 903E-6 > c h' 3600000.1 3600 59.999978 1 0.04166667 0.001370052 0.0001142 0 
0 day 86400001 86400 1439.9994 23.9999995 1 0.032881248 0.0027401 
0 month 2.628E+9 2627637 43793.941 729.899283 30.4124708 , 0.0833333 .... 

V' 31.532E+9 31531657 525527.4 8758.79323 364.949726 1200000252 1 

VELOCITY 

To the unit below, multiply by 

cm!s micron/ s m/ mn h! mn mile/ hr ft /yr 

15 
em! s 10000 0.6 1.9685 0.022369 1034644 .. micron! s 0.000' 0.00006 0.000197 224E-06 103.4644 

t m! mn 1.666667 16666.67 1 3.280833 0.037282 1724406 • > fUmn 0.508001 5080.01 0.304801 , 0.011363 525600 c 
0 
0 mile! hr 44.70473 447047.3 26.82284 88.00125 1 46253458 
~ ft /yr 9.67E·07 0.009665 5.8E-07 1.9E·06 216E-08 
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FORCE 

kg 

kg 
dyne 

.!!! gr 
-= pound 

toni 

1 
1.020E-6 

0.001 
0.453592 
1016.047 

ton 907.1847 
kip 453.5924 

, 1000 I N 0.101972 
kN 101.9716 

{!. ounce 0.031'03 

dyne 

980665 
1 

980.665 
444822.2 
996.4E+6 
BS9.SE+6 
444.8E+6 
980.7E+6 

100000 
lOO.Oh6 
30501 .66 

g' 

1000 
0.00102 

1 
453.5924 
1016047 

907184.7 
453692.4 
1000000 
101 .9716 
101971.6 
31.10304 

STRESS AND PRESSURE 

pound 

2.204622 
2.248E-6 
0.002205 

1 
2240 
2000 
1000 

2204.622 
0 .224809 
224.8089 

0.06857 

To the unit below. multiply by 

toni 

0.0009842 
, .OO4E-9 

984.207E-S 
0.0004464 

1 
0,8928572 
0.4464266 
0.9842065 
0 .0001004 
0,1003611 
30.612E-6 

"" 
0.0011023 
1,124E·09 

l ,102E·6 
0.0005 

1.12 
1 

0 .5000001 
1.1023113 
0.0001124 
0 ,1124045 
34.285E-6 

kip 

0.002206 
2.24BE-9 
2.205E·S" 

0.001 
2.24 

2 
1 

2.204622 
0.000225 
0.224809 

68.670E-6 

Appendix I Conversion Factors 

1.000E-3 
1.020E-9 
0,000001 

0.0004636 
1.0160469 
0.9071847 
0.4535924 

1 
0.000102 

0.1019716 
31 .103E-6 

N 

9.80665 
0.00001 

0.009807 
4.448222 
9964.016 
8896.443 
4448.222 

9806.66 
1 

1000 
0.306017 

kN 

0.0098067 
10.oooE-9 

9.807E-6 
0.0044482 
9.9640164 
8.8964433 
4.4482223 

9.80685 
0.001 

1 
0.000305 

ounce 

32.161E+0 
32.786E-6 
0.0321512 
14.683641 
32667.127 
29167.078 
14583.541 

32161 .2 
3.27851 
3278.51 

1 

To the unit below, multiplv bV 

"', cmHg mmHg ftwater kg/ cm2 gr/ cm2 kg/m2 "I psi ton / ft2 kP. 

atm 1 1.0133 76 760 33.899 1.0332 1033.2 10332 10.3323 2116.2 14.696 1.0581 101 .32 
bar 0.986875 1 75.002 750.02 33.454 1.0197 1019.7 10197 10.1967 2088.4 14.503 1.04421 99.995 

cmHg 0.013158 0.0133329 1 10 0.446 0.0136 13.595 136.95 136.0E-3 27.845 0.1934 0.01392 1.3332 
.§: mmHg 0.001316 0.0013333 0.1 1 0.0446 0.0014 1.3596 13.595 0.0136 2.7845 0.0193 1.392E-3 0.1333 
.!:? l!Water 0.029499 0.0298917 2.242 22.42 1 0.0305 30.48 304.8 0.3048 62.427 0.4335 0.03121 2.989 
-5 kg / cm2 0.967839 0.98071 1 73.556 735.556 32.809 1 1000 10000 10 2048.2 14.223 1.02407 98.066 
E gr/ cm2 967.8E-6 980.7E-6 0.0736 0.7356 0.0328 0.001 1 10 0.01 2.0482 0.0142 0.00102 0.0981 
g kg/ m2 96.784E-6 98.071E-6 0.0074 0.0736 0.0033 0.0001 0.1 1 0.001 0.2048 0.0014 0.0001 0.0098 
.. 11m2 0.096784 98.071E-3 7.3566 73.556 3.2809 0.1 100 1000 1 204.82 1.4223 0.10241 9.8066 
~ psi 472.5E-6 478.825E-6 0.0369 0.3591 0.016 0.0005 0.4882 4.8824 0.00488 1 0.0069 0.0005 0.0479 

psi 68.046E-3 0.0689507 6.1715 51 .715 2.3067 0.0703 70.307 703.07 0.70307 144 1 0.072 6.8947 8 ton/ ft2 0.94509 0.95766 71.827 718.27 32.038 0.9765 976.6 9765 9.76496 2000 13.889 1 95.761 

~ kPaL-~O~.OOO::9:6~~1~O~.OCO::E~-:3~O~.7~6:000~ __ 7~. 5:000::~O~3:34:6~:O.:O~'O:2C-'~O~. ':9~7~':O'~_9:7~~O~.'~O~'9:7~2~O~.8:9:5 __ :0.~':45~~O~.O~':04:4~ __ ~'_ 

UNIT WEIGHT 

gr/cm3 

t /m3 

kg/ m3 

pci 

pof 

kN/ m3 

gr/ cm3 

1 

0.001 
27.6799 

0.016018 

0.102 

1 
1 

0.001 
27.6799 

0.Q16018 

0.102 

To the unit below, multiply by 

kg/m3 

1000 
1000 

1 
27679.9 

16.01846 
102.0002 

pci 

0.036127 
0.036127 

3.61273E-05 

1 
0.000579 
0.003685 

pel 

62.42796 
62.42796 
0.062428 

1728 
1 

6.367666 

kN /m3 

9.8039 
9.8039 

0.009804 

271 .3714 
0.157043 
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DIFFUSIVJTY 

To the unit below, multiply bV 

cmzl. cm2/ monlh cm2/yr mZ/ month m'/", Inchl/ s Inchl/monlh inchl/ yr ftl/month ft2/yr 

em2/ _ 2628000 31536000 262,8 3153,6 0,165 4151600 4888200 2882,998 33944,7 
.< 
0 em2/ month 3BO,518E·9 1 12 0,0001 0,0012 58,980E-9 1,579766 1,860046 0,001097 0,012917 , 
•• em2/vr 31,710E·9 0,083333 8,333E·6 0,0001 4,915E-9 0,1 31646 0,155004 91 ,419E·6 0,001076 • m2/ month 0,0038062 10000 120000 12 589.802E·6 16797,66 18600,46 10,97031 129,1655 

g m'/", 0,0003171 833,3333 10000 0.083333 49,I60E·6 1316.464 1550,038 0,914193 10,76379 

< inch2/1 6,4516129 16954839 203,458E+6 1695,484 20346,81 1 26784516 31636774 18699,99 218998,1 

! inchl/ monlh 240,871E-9 0,633009 7,69610762 63,301E·6 0,00076 37,335E·9 1,177426 0,000694 0,008176 

8 inch1/vr 204,574E·9 0,537621 6,46145462 53,762E·6 0,000645 31 ,709E· 9 0,849311 0,000589 0,006944 

~ fti/month 0,0003469 911 ,661 1 10938,6132 0,091155 1,093861 53,763E·6 1440,029 1695.527 11 ,7141 
fl21vr 2,94597E·06 71.42004 929,040469 0,007742 0,092904 4,666E·6 122.3048 144,0046 0.084932 
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Data Sheets 

• Sieve analysis 

• Hydrometer analysis 

• Pipette analysis 

• Buoyancy analysis 

• Uquid limit test 

• Plastic limit test 

• Shrinkage test 

• Determination of unit weight of soils 

• Specific gravity test 
• Compaction test 

• Sand cone method 

• Constant head permeability test 

• Falling head permeability test 

• Consolidation test 

• Unconfined compression test 

• Direct shear test 

• Drained triaxial test 

• Undrained triaxial test 

Note: Additional dawsheets can be primed from the Excel datafiles on the floppy disk 
provided with Experimental Soil Mechanics. 



DATA SHEET 

Sieve analysis 

Analyst name: ________ _ 
Test date: ________ _ 

Sample description: ________ _ 
Total sample mass = _____ 9 

Sieve 
Mass US sieve number opening 

retained (9) 
(mm) 

-
._.-

.. 
. 

--
_.- ... 

. _ . --
- - . 

-
... 
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DATA SHEET (cont.' 

Sieve analysis 

Analyst name: _________ _ 
Test date: _________ _ 

Sample description: _________ _ 
Total sample mass = _____ 9 

ASTMSieve Sieve opening Mass retained 
number (rrm) (g) 

4 4.750 
5 4 .000 
6 3 .350 
7 2.800 
8 2.360 
10 2.000 
12 1.700 
14 1.400 
16 1. 180 
18 1.000 
20 0.850 
25 0.710 
30 0.600 
35 0.500 
40 0.425 
45 0.355 
50 0.300 
60 0.250 
70 0.212 
80 0. 180 
100 0. 150 
120 0.125 
140 0.106 
170 0.090 
200 0.075 
230 0.063 
270 0.053 
325 0.045 
400 0.038 
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DATA SHEET 

Hydrometer analysis 

Analyst name: _________ _ 
Test date: ___ _____ _ 

Sample description: _________ _ 

Mass in suspension Wo = _____ 9 
Specific unit weight G. = ____ _ 

Dispersing agent correction Cd = gil 
Menicus correction em = gIL 

Cylinder diameter de = em 
Hydrometer bulb volume Vb = cm3 

Graduation 
Distance to maf1(on 

hydrometer 
bulb center 

stem (gil) (em) 

R, H. 
0 
10 
20 
30 
40 
50 
60 

Time (min) Hydrometer Temperature 
reading(g/l) (OC) 

t P, T. 

547 



DATA SHEET Icont.) 

Hydrometer analysis 

Analyst name: ________ _ 
Test dale: _________ _ 

Sample description: _________ _ 

Mass in suspension = 9 
Specific unit weight = ___ _ 

Dispersing agent correction = __ giL 
Menicus correction = giL 

Cylinder diameter = em 
Hydrometer number = ___ _ 

Hydrometer 
Temperature Time (min) reading 

(giL) (OC) 

_._-- -----
---- ._-

-- --._-
--. 
- --
- -
-------
-- --_. ---
---
---- ------_. 
--. 
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DATA SHEET 

I· 

Pipette analysis 

Analyst name: 
Test date: 

Sample description: ____ ______ _ 

Dry method 
Total mass in suspension = _ _ .... ___ 9 

Soil specific density - __ _ 
Volume of pipette mL 

Total volume of suspension - mL 
Mass of dry agent and bottle = _ 9 

Mass of bottle - 9 

Depth of Temperature Mass of 
Mass of dry 

Time (min) sampling 
("C) bortle (g) 

sample and 
(em) bottle (g) 

. .. 

- -

-
-

- --
.- .. --

. - -
- . ._-
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DATA SHEET (cont .1 

Pipette analysis 

Analyst ______________ _ 
Test date: _____________ _ 

Sample: ______________ _ 

Wet method 
Total soil mass in suspension = 9 

Soil specific gravity = ___ _ 
pipene volume = mL 

Total volume of suspension = mL 
Mass of sampled water, agent and bottle = 9 

Mass of bottle = 9 

Sampling Mass of 
Temperature Mass of sample Time (min) depth 

("CI bottle (gl and bottle 
(em) 

(gl 
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DATA SHEET 

Buoyancy analysis 

Analyst name: ________ _ 
Test date: 

Sample description: ---------

Depth of sampling H = an 
Specific gravity G, = -----

Total mass of soil in suspension Mtot = _ ____ 9 
Total volume of suspension Viol. = cm3 

Mass of sphere in air M. = 9 
Mass of sphere in water Mw = 9 

Mass of sphere in water and dispersing agent M, = 9 
Diameter of sedimentation cyclinder d = em 

Mass of 

Time (min) sphere in Temperature 
suspension ('C) 

(9) 
t t.\ T. 
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DATA SHEET (cont.1 

Buoyancy analysis 

Analyst name: ________ _ 
Test date: ________ _ 

Sample description: ________ _ 

Depth of sampling H = _____ em 
Specific gravity G. = ____ _ 

Total mass of soil in suspension Mtw: = 9 
Total volume of suspension VtfI, = cm3 

Mass of sphere in air M. = 9 
Mass of sphere In water Mw = 9 

Mass of sphere in water and dispersing agent M, = 9 
Diameter of sedimentation cycHnder d = em 

Mass of 

Time (min) sphere in Temperature 
suspension ("C) 

(g) 
t M T. 

-
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DATA SHEET 

Liquid limit 
Analyst name: _· _________ _ ~ __ 

Test date: _______ ~ _____ ~ 
Sample description: ____ _________ ~ 

Tare Tare with Blow Set number Tare mass (g) 
wet soil 

w~h dry 
count 

(9) 
soil (9) 

Plastic limit 
Analyst name: _ ____ ____ __ _ 

Test date: 
Sample description:--- ------ ---

Mass of Mass 01 Mass of 
container container Set number container 
with wet with dry soil 

(g) soil (g) (gi 

-
-
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DATA SHEET Icont.) 

Liquid limit 
Analyst name: ______________ _ 

Test date: ______________ _ 
Sample description: ______________ _ 

Tare 
Tare with Blow Set number Tare mass (9) wet soil with dry count 

(9) 
soil (g) 

Plastic limit 
Analyst name: ____________ _ 

Test date: ____________ _ 
Sample description: ____________ _ 

Mass of 
Mass of Mass of 

Set number container container container 
with wet With!7 S0il 

(9) soil Inl 

-
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DATA SHEET l.1lo!>Ol'''''' IoT"O 

Shrinkage Test 
Analyst name: ___ _________ _ 

Test date: 
Sample description: ------------ -

WI>:X METHOD Sample No.1 Sample No.2 

Mass of coated dish (g) 
Mass of coated dish + wet soil (g) 
Mass of coated dish + dry soil (9) 

Volume of wet soil (cm3
) . 

Mass of soil and wax (9) 
Buoyant Mass of 5011 and wax (9) 

Unit mass of wax (glcm3 

Shrinkage Test 
Analyst name: ___________ _ _ 

Test date: ____________ _ 
Sample description: _____ _ ____ __ _ 

WI>:X METHOD Sample No.1 Sample No.2 

Mass of coated dish (9) 
Mass of coated dish + wet soil (9) 
Mass of coated dish + dry soil (9) 

Volume of wet soil (emS) 
Mass of soil and wax (9) 

Buoyant Mass of soil and wax (9) 
Unit mass of wax 

555 



DATA SHEET (cont.' 

Shrinkage Test 

Analyst name: --========== Test date: _ 
Sample description: _________ _ 

MERCURY METHOD Sample No.1 Sample No.2 

Mass of coated dish (g) 
Mass of coated dish + wet soil (g) 
Mass of coated dish + dry soil (g) 

Volume of wet soil (cm~ 
Mass of dish (9) 

Mass of dish + displaced mercury ~~ 
Unit mass of Mercury la/em 

Shrinkage Test 
Analyst name: _________ _ 

Test date: 
Sample description:----------

MERCURY METHOD Sample No.1 Sample No.2 

Mass of coated dish (g) 
Mass of coated dish + wet soil (g) 
Mass of coated dish + dry soil (9) 

Volume of wet soil (cm3) 
• Mass of dish (9) 

Mass of dish + displaced mercury (g) 
Unit mass of Mercurv (cv'cm3J 
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DATA SHEET 

Unit Weight of soils 
Analyst name: ________ _ 

'Test date: 
Sample doscriptlon': ~--------

SOIL UNIT WEIGHT 
Sample Sample Sample I , 

t 2 3 , 

Mass of soil sample (g) 
Mass of waxed soil (9) 

Mass of immersed soli (g) 
Mass of trimmed sample (9) 

Mass of dry samPle iiii , 

WfV( UNIT WEIGHT 
Sample Sample 

t 2 
Mass of immersed iron block (g) 

Mass of wax block (g) 
Mass of immersed iron and wax bloc~ loi 

Unit Weight of soils 
Analyst name: ___ ___ _ _ _ 

Test date: 
Sample description: ---------

SOIL UNIT WEIGHT 
Sample Sample Sample 

t 2 3 
Mass of soil sample (9) 
Mass of waxed soil (g) 

Mass of Immersed soU (9) 
Mass of trimmed sample (g) 

Mass of dry samOie (a) 

WfV( UNIT WEIGHT 
Sample Sample 

t 2 
Mass of immersed iron block (g) 

Mass of wax block (g) 
Mass of immersed iron and wax blocks (g) I 
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DATA SHEET 

Unit Weight of soils 

Analyst name: _________ _ 
Test date: 

Sample description: ----------

SOIL UNIT WEIGHT 
Sample Sample Sample 

1 2 3 
Mass of soil sample (9) 
Mass of waxed soil (9) 

Mass of immersed soil (9) 
Mass of trimmed sample (9) 

Mass of drY samole (a) 

WAX UNIT WEIGHT 
Sample Sample 

1 2 
Mass of immersed iron block (9) 

Mass of wax block (9) 
Mass of immersed Iron and wax blocks (q) 

Unit Weight of soils 

Analyst name: _________ _ 
Test date: _________ _ 

Sample description: _________ _ 

SOIL UNIT WEIGHT 
Sample Sample Sample 

1 2 3 
Mass of soil sample (9) 
Mass of waxed soil (9) 

Mass of immersed soil (9) 
Mass of trimmed sample (9) 

Mass of dry sample ,iii 

WAX UNIT WEIGHT 
Sample Sample 

1 2 
Mass of immersed iron block (9) 

Mass of wax block (9) 
Mass of immersed iron and wax blocks ioi 
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DATA SHEET 

Specific Gravi~y 
Analyst name: ________ _ 

Test date: ________ _ 
Sample description: ________ _ 

Sample 1 Sample 2 
Mass of flask and water (g) 

Mass olllask, ""I and water (g) 
Mass of evaporating dish (9) 

Mass 01 evaporating dish and dry soil iiii 

Specific Gravity 
Analyst name: ________ _ 

Test date: ___ ____ _ _ 
Sample description: _ _ _ ____ _ _ 

Sample 1 Sample 2 
Mass of flask and water (9) 

Mass of flask, soU and water (9) 
Mass of evaporating dish (9) 

Mass of evaporating dish and dry soil (g) 

Specific Gravity 

Anelyst name: _ _ _ _ ____ _ 
Test date: 

Sample description: ---------

Sample 1 Sample 2 
Mass of flask and water (g) 

Mass of flask, soil and water (9) 
Mass of evaporating dish (g) 

Mass 01 evaporating dish and dry soil iiii 
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DATA SHEET (cont .) 

Specific Gravity 
Analyst name: ________ _ 

Test date: 
Sample description: -~-------

Sample 1 Sample 2 
Mass of flask and water (g) 

Mass of flask, soil and water (9) 
Mass of evaporating dish (g) 

Mass of 6vaporatinQ dish alid dry soil iQ) 

Specific Gravity 
Analyst name: ________ _ 

Test date: ________ _ 
Sample description: ________ _ 

Sample 1 Sam Ie 2 
Mass of flask and water (g) 

Mass of flask, soil and water (g) 
Mass of evaporating dish (g) 

Mass of evaporating dish and dry soil (g) 

Specific Gravity 
Analyst name: ________ _ 

Test date: ____ _ 
Sample description: ________ _ 

Sam Ie 1 Sample 2 
Mass of flask and water (g) 

Mass of flask, soil and water (g) 
Mass of evaporating dish (g) 

Mass of evaporating dish and dry soil (g) 
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DATA SHEET 

Compaction test 

Analyst name: ________ _ 
Test date: ________ _ 

Sample description: ________ _ 

Diameter of mold (em) 
Height of mold (em) =---

Massof mold (g) = __ _ 
S T ityG peel Ie gray .= 

Mass of Mass of Mass Mass of soil and mold can and can and 
(g) wet soil .dry soil 

ofean 
(9) (g) (g) 
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DATA SHEET (cont.) 

Compaction test 

Analyst name: ~ _______ _ 
Test date: 

Sample description:~--------

Diameter of mold (em) ~ __ _ 
Height of mold (em) =~ __ _ 

Massof mold (g) = 
Specific gravity G - ~---,-

Mass of Mass of 
Mass Mass of soH and mold can and can and 
ofean (g) wet soil dry soil 

(g) (g) (g) 
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DATA SHEET 

Sand cone method 
Analyst name: __________ _ 

Test data: 
Sample description: ----------

Measurement In the field 
Mass of jar and sand before use Mr = _____ 9 

Mass of jar and sand after usa M. = 9 
Mass of collected soil M = 9 

Water content In the laboratory 

• Mass of can and wet soil (9) M 
Mass of can and dry soil (9) M 

Mass of can (9) M 
• , 

Calibration in the laboratory 

Sample 1 Sample 2 

Diameter of mold 0 = ______ an 
Height of mold H = em 

Mass of mold and sand (9) M .... 
Mass of empty mold (9) Mm 

Mass of jar and sand before fi lling cone (g) M 
Mass of jar and sand after filling cone (9) M • • 

Sample 1 Sample 2 
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DATA SHEET 

Sand cone method 
Analyst name: _________ _ 

Test date: 
Sample description: ----------

Measurement In the field 
Mass of jar and sand before use M, = ______ 9 

Mass of jar and sand after use M. = 9 
Mass of collected soil M = 9 

Water content In the laboratory 
Mass of can and wet soil (9) M 
Mass of can and dry soil (g) M 

Mass of can (g) M. 

• 
• 

Calibration In the laboratory 

Sarnols 1 Samole 2 

Diameter of mold D = _____ em 
Height of mold H = em 

Mass of mold and sand (g) Ml1'II 
Mass of empty mold (g) Mm 

Mass of jar and sand before filling cone (9) M 
Mass of jar and sand after filling cone (g) M • • 

Sam Ie 1 Sam le2 



DATA SHEET 

Constant Head Permeability 
Analyst name: _______________ _ 

Test date: 
Soit sample:----------------

Specific gravity G. = ___ _ 
Specimen dry mass M.:s = 9 

Specimen height H = em 
Specimen diameter 0 = em 

Piezometer tap distance L em = 

TriaJ t 2 3 4 
Piezometer level distance (em).6.h 

Duration of sampling (s) t 
Mass of water collected & container (g) Mwc 

Mass of container (9) Me 
Water temperature (iC) T 

Constant Head Permeability 
Analyst name: _______________ _ 

Test date: _______________ _ 
Soil sample: _______________ _ 

Specific gravity G. = ___ _ 
Specimen dry mass M.:s = 9 

Specimen height H = an 
Specimen diameter 0 = em 

Piezometer tap distance L em = 

TriaJ 1 2 3 4 
Piezometer level distance (em).6.h 

Duration of sampling (s) t 
Mass of water collected & container (g) M...,; 

Mass of container (g) M., 
Water tel!!QElrature & T 



DATA SHEET 

Constant Head Permeability 
Analystname: _______________ _ 

Test date: 
Soil sample:----------------

Specific gravity G. = ___ _ 

Specimen dry mass ~ = 9 
Specimen height H = em 

Specimen diameter 0 = em 
Piezometer tap distance L - em -

Trial 1 2 3 4 
Piezometer level distance (em) Ah 

Duration of sampling (s) t 
Mass of water collected & container (9) M"", 

Mass of container (g) Me 
Water temperature (OC) T 

Constant Head Permeability 

Analyst name: _______________ _ 
Test date: 

Soli sample:----------------

Specific gravity G. = ___ _ 
Specimen dry mass Md = 9 

Specimen height H = em 
Specimen diameter D = em 

Piezometer tap distance L - em -
Trial 1 2 3 4 

Piezometer level distance (em) Ah 
Duration of sampling (s) t 

Mass of water collected & container (g) M...:: 
Mass of container (g) Me 

Water temperature (0'(;) T 
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DATA SHEET 

Falling Head Permeability 
Analyst Name: _ ___________ _ 

Test OaI9: _ ___________ _ 
5011 Sample: _ ___________ _ 

Specffic gravity G. = ____ _ 
Specimen dry mass M - 9 

Specimen height H - em 
Specimen diameter 0 - em 

Diameter of standpipe d. - em 
Initial height in standpipe ho - em 

Height of 
Time water in Temperature 
(min) standpipe ('C) 

(em) 
t 10 T 
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DATA SHEET-

Falling Head Permeability 
Analyst Name: ____________ _ 

Test Date: 
Soil Sample: - ------------

Specific gravity G. - ____ _ 
Specimen dry mass M 9 

Specimen height H - em 
Specimen diameter D - em 

Diameter of standpipe d. em 
Initial height in standpipe ho em 

Height of 
Time water in Temperature 
(min) standpipe ('C) 

(an) 
t h, T. 
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DATA SHEET 

Analyst :========== Test date: 
Sample description: 

Initial sample height = em 
Sample diameter = em 

Initial sample mass = 9 
Flnal sample mass = 9 

Final mass of dry sample = 9 
Initial dial reading = em 
Final dial reading = em 

Applied 
Elapsed Displacement 

~~r~:~ time (min) (em) kPa 

... 



DATA SHEET (cont.) 

Consolidation test 

Analyst : _________ _ 
Test date: _ ________ _ 

Sample description: _ ___ = ____ _ 
Initial sample height = em 

Sample diameter - em 
Initial sample mass - 9 
Final sample mass = ___ 9 

Final mass of dry sample = 9 
Initial dial reading = em 
Final dial reading = em 

Applied 
Elapsed Displacement stress 

(kPa) time (min) (em) 
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DATA SHEET 

Unconfined compression test 

Analyst name:-============== Test date: _ 
Sample description: _____________ _ 

I T lh " ht ho nlla · '9 
Initial diameter do-

Mass of wet sample and tare M _ 
Mass of dry sample and tare Md = 

Mass of tare Mt = 
Specific gravity G. = 

Displacement (mm) FolCe (N) 
Ah F 

--
-

em 
em 
9 
9 
9 
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DATA SHEET (cont.) 

572 

Unconfined compression test 
Analyst name: _____________ _ 

Test date: 
Sample description:--------------

Initial height ho = em 
Initial diameter do = ----- cm 

Mass of wet sample and tare Mi = 9 
Mass of dry sample and tare Md = 9 

Mass of tare MI = 9 
SpecifIC gravity G. = ____ _ 

Displacement (mm) 
<l.h 

Force (N) 
F 



\ 

DATA SHEET 

Direct Shear Test 

Analyst name:=============== Test date: 
Sample Description: 

Mass of specimen M = ______ 9 
Vertical load N = N 

Specific gravity G. = 
Initial height ho =- ----- cm 

Diameter do - em -

Lateral displacement 
Vertical 

displacement Lateral force (N) 
(mm) 

(mm) 
d T 

-

-
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/ 
DATA SHEET Icont.) 

Direct Shear Test 

Analyst name: ::============== Test date: 
Sample Description: _ _________ ___ _ 

Mass of specimen M = ______ 9 

Vertical load N = ====== N Specific gravity G. = 
Initial height he = em 

Diameter d em ,-

Lateral displacement Vertical 
displacement Lateral force (N) (mml (mm) 

d T 

57. 



DATA SHEET 

Drained triaxial test 

Analyst name:_~~~~~~~~~_ 
Dat.: ~~ _ _ _ ~ _ _ _ ~ 

Sample identification: ~~~~~~~~~~_ 

Weight of dry sample W = ~ _ _ _ 9 
Initial height of sample ho = em 
Initial sample diameter Do - em 

Soil specific gravity G. -, _~~~ 
Confining pressure 0"3 _ kPa 

Back pressure O"b _ kPa 
Saturation qoefficient B = % 

Rate of loading v = mm/min 
Volume change during consolidation L1 Vc = em3 

Axial 
Axial Volume displacement 

force (kN) change (cm3) (mm) 
ah F aV 
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DATA SHEET icont.) 

Drained triaxial test 
Analyst name: _ _________ _ 

Oale: __________ _ 
Sample identification: __________ _ 

Weight of dry sample W - _ ___ 9 
Initial height of sample ho = em 
Initial sample diameter 00 = em 

Soil specific gravity G. = ___ _ 
Confining pressure 0"3 = kPa 

Back pressure O"b = kPa 
Saturation coefficient B - % 

Rate of loading v = mm/min 
Volume change during consolidation & Vc = cm3 

Axial 
Axial Volume displacement 

force (kN) change (cm3) 
(mm) 
~h F ~V 
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DATA SHEET 

Un9rained triaxial test 
Analyst name: ___________ _ 

Date: 
Sample identification: -----------

Weight of dry sample W = ___ g 
Initial height of sample ho = em 
Initial sample diameter Do = em 

Soil specific gravity G. = 
Confining pressure 0"3 = --- kPa 

Back pressure O"b = kPa 
Saturation coefficient B = % 

Rate of loading v = mmlmin 
Volume change during consolidation 6. Vc = cm3 

Axial 
Axial force Pore 

displacement 
(leN) 

pressure 
(1lV11) (kPa) 
.;. h F u 

. 
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DATA SHEET (cont.) 

Undrained triaxial test 

Analyst name: ========= ======== = Date: 
Sample identification: 

Weight of wet sample Ww - ____ 9 
Weight of dry sample Wd g 
Initial height of sample ho - em 
Initial sample diameter Do - em 

Soil specific gravity Ge 

Confining pressure 0 3 kPa 
Back pressure Ob - ____ kPa 

Saturation coefficient B - % 
Rate of loading v _ mmlmin 

Volume change during consolidation .6. Vc _ cm3 

Axial 
Axial force Pore pressure displacement 

(mm) 
(kN) (kPa) 

ah F u 

. 
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A-Jlbe, 77 
AASHTO classification 

system, 116-119 
Absolute error, 490 
Abstracts (see Report writing) 
Accuracy of measurement . 489 
Acknowledgments (see Report 

writing) 
Active cell, S09 
Activity of clays, 80 

value.s,81 
Adsorbed water, 75 
Alcohol method, 84 
Alternate consolidation tests, 314 
American Society forTesting and 

Materials, 4-6 
AnaloglDigi tal (AID) 

converter, 363 
Analogy (see Electrical analogy) 
Andreasen pipette, 55-57 
Angular distortion, 253 
Apparent failure envelope, 399 
Appendix (see Report wri ting) 
Array formulas. 513 
ASTM,4-6 
Atterberg limits, 75-100 
ASTM.4.6 

values, SO 
Average. 484 
Axial strain, 252 

Bad!: pltiSure, 377, 446, 454 
BlIolloon dell$ity a pporatus.166, 167 
Bandingsand,3TI 
Beam-and-weight mechanism. 343 
Bernoulli equation. 179 
Bimodal distribution, 485 
Blow counts, 88 
Body forces. 235 
Boiling. lSI 
Boulders, 10 
Boundary condi tions, 219 
British Standard Institutions (BS), 4 
Brownian motion. 34 
Built-in functions. 512 
Bulk modulus 

soils, 278-280 
water (see Water) 

Bulk unit weight (see Uni t weight) 
Buoyancy analysis. 65-73 
Buoyant unit weight (see Unit 
weight) 

Caldum carbkle metltod, 4 
Cambridge notation, 248, 367 
CapiUary rise.204 
Casagrande 

appararus, n, 86 
method,213 

Cauchy representation of stress, 
238-239,245 

Cavitation, 377 
CD triaxial test (see Triaxial test) 
CeIIs,S09 
Chemically combine<! water, 76 
Chlorite, 76 
Clay fraction, 14, 81, 184, 392 

IN,DEX 

Cla~10,14,7S-76,80 
Oay-silt-sand minul"C;!., 14 
Coarse-grained soils. 10, 116, 189 
Cobbles, 10 
Coefficient 

8,444,454 
compressibility, 299, 309 
consolidation, 310-312, 317, 

320---333 
values, 181-182. 314 
correlation,315 
curvature, 12, 14 
lateral earth pressure at rest, 265, 

282 
permeability, 179, lS1-184, 195, 

203-204 
values, 184-186 

Cofferdam, 230 
Cohesion, 363, 367,373,390--392 

values, 393 
Cohesionless soils, 369 
Cohesive soils, 369 
CoUoids,34 
Columns, 509 
Combined grain size analysis. 71 
Compacted soils, 125 
Compaction, 147-165 

ASTM,5,6 
curve, 148 
energy, 149 

Complementary seepage 
problem,211 

Compr~sion index, 301, 304 
values 304-306 

Computer data acquisition, 363 
Concentration, 35 
Conclusion (see Report wri ting) 
Conduction theory, 2rf7 
Conductivity,208 
Cone penetrometer apparatus. n 
Confined compression test, 268, 

282-283 
Consistency of clays, 79 
CONSO, 327. 371 
Consolidated tests (see Triaxial 

tests) 
Consolidation phase (see Triaxial 

tests) 
Consolidation test, 296-375 

ASTM,5,6 
cdl, 298, 343-4 
loading device, 343 
theory, 308--310 

Consolidometer,203 
Constant head permeability 

lest, 182, 189--201 
Constant rate of strain 

consolidation, 315, 318 
CoostaDt-pressure tank, 192 
Constitutive equations, 264 
Constrained modulus, 278, 282--283, 

299 
Contour plot, 22S 
Conversion 

factors, 540 
units, 497 

Correlations, 123--125 

compressibilitY,304-306 
consolkiatlon, 314 
friction angle,"379-381, 426-427 
penneability,181-182 
secoDdary compre55ion, 319--320 
shear modu1~285,287, 29 1 
&hrinkage, 10~104 
undrained shear strength, 

393-398 
Coulomb friction theory, 361 
CQUNT, 474 ' 
Counterweight system, 433 
Creating charts, 515 
Creep,263 
Cri tical hydraulic gradient, 180 
Critical state 

line, 371 ,373, 387 
parameters, 388 
theory, 386-389 

Critical void ratio, 425 
CRS consolidation, 315,318 
CU triaxialteslS (see Triaxial test) 
Cumulative distribution, 11,483 
Current (electrical), 209 
Cutting edges, 411 

010,12, 17, 28, 191 
0 30,060, 12,27,28 
Darcy's Law, 179 
Data modeling. 471 
Datum, 179 
Deaired water, 191,454 
Deformation, 252 
Degree of consolidation, 311 
Degree of satuntion, 131, 445 
DENSI,5O,62,69 
Density, 1,4,6 
Dial indicator, 343 
Diffusivity,543 
Dimensional analysis, 495 
Dimensions, 495 
Direct shear test, 5, 269, 421-442 

box, 430 
device, 269, 430 

Direction shear cell, 274 
Discharge velocity, 178, 195 
Discretization, 218 
Dispersing agent, 44, 46, 56, 67 
Dispersion apparatus, 42 
Displacement transducer, 343 
Displacement-tOntroUed 

loading. 361, 432 
Distributed granular stress, 24S 
Distribution, 483 
Disturbed samples, 2, 291, 393 
Double direct shear apparatus, 269 
Double dninage, 31 1 
Double layer,76 
Drag coefficient, 32--3 
Orag force,31-2 
Drainage distance, 310 
Drainage filters, 17 
Drained &hear strength (see Shear 
strength) 

Drained triaxial test (see triaxial 
test) 

Dry sieving, 22, 24 

679 
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Dry unit mass, 130 
Dry unit weight (see Unit weight) 
Dry-pluviation method. 193 
Dynamic elastic properties. 290 

values, 285-288 

Elnh gravity,135 
Effective cohesion and friction (see 

Cohesion and Friction angle) 
Effective stress.,244 
Elastic properties, 261, 277-278 

rclations, 278 
values.,283 

Elastic-perfectly plastic, 262 
Elastic-strain hardening, 263 
Elasticity,277 
Elaslopiasticity.261 
Electric potential, 208 
Electrical analogy, 207-216 
Elevation head. 179 
Elongation, 253 
Engineering classification oC soils 

(see Soil classification) 
Equilibrium 

forces and momenU, 237 
stresses, 237 

Eqwpoteotiallines, 209 
Error analysjs, 489-494 
Excess pore waler pressure, 307 
Experimental apparatus and 

procedure (see Report writing) 
Experimental errors, 489 
Exponential distribution. 485 
Extractor, IS5, 160-161 
Extruding specimens. 413 

Failure 
envelope, 366-390 
plane,40S,418 
surfaces. 366, 383 
theory, 361-370 

Falling head permeability test,IS3, 
202-206 

Field compaction, 166-167 
Field sampling, 2, 416 
field testing, 2 
FUiunger-Terzaghi Postulate, 244 
Filler papers, 362, 447 
Riter requirements, 17 
Rnes, 10 
Rne-grained soiis,42, 116 
Fmite difference,217-233 

direct method.223 
relaxation, 223--224 

Rnite element, 264 
FITl ,474 
FIn, fIT3, 161,474 
FIXed wall penneameter, 190 
Flexible wall permeameter, 190 
Floating-ring, J60 
F1occulated,44 
flow line, 90, 178, 222 
Flow net, 222, 228, 232 
Fluid unit weight, 179 
Fluid velocity, In 
format,514 
Fonnula,510,512 
frequency 

distributions. IS 
plot,483 

friction 
angle, 363, 366, 390, 426 

coefficient, 363 
values, 373,378, 393 

front matter (see Report writing) 
fuller, 12 
Fully saturated, 130, 444-446 

G.,..paded, U 
GDFIT2, GDFIT3, 164 
Generalized square-foot-time 

metbod,326 
Grain size analysis, 9--73 
Granular stress. 244 
Gravel, IO 
Grid,218 
Grooving tool, 86 
Groundwater drainage, 17 
Grouting and chemical injection, 17 

Hazell's Formul., 181. 197 
Histogram, 483 
Hollow torsional shear test, 275 
Homogeneity, 278 
Hooke's law, 1:17 
Hydraulic 

conductivity, In 
gradient, 179, 194, 195,236 

Hydrosratic pressure, 239 
Hydrometer analysis, 42-54 

ASTM,4,6 
152H,4,38 

lillie, 76, 78 
Impervious boundary, 209 
In-situ 

density, 5 
stresses, 265 
testing. 2 

Infinitesimal 
rorations, 254 
strains. 252-2S4 

Initial compression, 313 
Initial stresses, 265 
INTER, 28,SO,4n 
INTERCEPT, 472, 523 
Interfaces, 220 
INTERL,SO, 4n 
Intermediate principal stress, 381 
International System of unils, 496 
Interpolation. 475 
Interpretation of results (see Report 

writing) 
Interstitial water, 76 
InlIoduction (see Report writing) 
Inviscid, 263 
Irreversible, 261 
Isotropic compression, 371 
lsollopic consolidation, 384, 456 
Isollopie test, 266, 279--280 
Isotropy, 278 
Iteration, 223 

KaoUIlite, 76, 78 
Kozeny-Carman's formula, 182, 197 

Laboratory tado, oIlOlls, 266 
Lade and Dunean,382 
Laplace's equation, 1IJ7 
Linear regressKm, 471, 530 
Linear shrinkage, 102 
Linear behavior, 261 
LINEST, 472,513, 523, 530 
Liquefaction,3n 

Liquid limit, n. 66--95 
values, 80 

Liquid state, 76 
Liquidity index, 79, 388 
Load ring, 411,430, 449 
Load-controlled loading, 361 
Loading device, 411. 432, 449 

compliance,365 

Index 

Local strain measurement, 289, 290 
Log-time method,321 
Lognormal distribution, 486 
London clay, 367 
Long-term settlement. 297 
LVDT transducer, 411, 430 

M,SO 
Macrosheet user-defined 

function, SOl 
Major principal stress, 239, 242 
Marine clays, J06 
Matsuoka and N.kai, 382 
Maximum dry unit weight, 155 
Maximum void "tio.131 
Mean,468 
Mcehanica1lh.aker,23 
Medium, IO 
Membrane stretcher, 449 
Meniscw; correction, 45 
Mercury, 106 
Mexico City clay, 300 
Microwave oven, 4, 84 
Minimum void ratio, 131 
Minor principal stress, 239, 242 
MINVERSE, 475 
MIT notation, 246. 367 
Mixture of water and soil 

particles, 36 
Modified compaction test, 155, 160 
Modified fl.ow function, 228 
Modified secondary compression 

index,319 
Mohr circle, 241 
Mohr representation, 239, 245 
Mohr strain space, 258 
Mohr stress space, 241 
Mohr-Coulomb failure 

surface, 365. 382 
Mohr-Coulomb theory, 361 
Montmorillonite, 76, 78 
Mortar. 22 
Mounting pins, 436 

NeVldlIlAd,287,189 
NGI simple shear apparatus, 274 
Nickel-based paint, 212 
NMULT,475 
Nonlinear optimization, 329, 478 
Nonlinear behavior, 261 
Norm.1 distribution, 486 
Normal strems, 236 
Nonnally consolidated, 302-303, 

385 
Nuclear methods, 166-167 

Oedometer. 268. 343 
Ohm's law,207,208,209 
One-dimeosional tests, 297 
One-point liquid limit test,92-95 
Optimum w.ter content, 148, lSI , 
m 

OPTIMUM2, OYnMUM3, 161, 
164 



Index 

Organic soils. 44, 116 
Organization of report (sec Report 

writing) 
Oven drying, 75 
Overburden stress, 265 
OvercoDsolidated, 302-303, 38.5 
Overconsolidation ratio, 28.5, 302, 

368 
Oxidation process, 44 

p'-q streM Pi ths, 348, 370 
M representation, 248 
Paraffin wax, 112 
Panially saturated specimens. 445 
Passive earth pressure. 423 
Peak failure. 361. 424 
Peak friction angle, 366, 424, 438 
Peat, 116 
Percent coarser by weight, 11 
Percent finer by weight, 11 
Perfectly plastic, 262 
Permeability, I n-206 

ASIM,S 
anisotropy, 186 
correlation, 181-182 
influence of compaction, ISO 
values, 184-186 

Permeameter, 190, 194, 202 
Pestle, 22 
Pycnometer. 5 
Piezometric head. 179 
Piezometric tap, 190 
Pipette analysis, 6, 55-64 
B~' 

Piping, 181 
Plane strain compression test, 275 
Plastic limit, n. 96-100 

values. 80 
Plastic slale,76 
Plasticity chari, n 
Plasticity index, 78,184,374 
Pneumatic device, 359, 361 
Poisson ratio, 2n, 283, 28S 

valucs,286 
Pole of Mohr ci rcle, 243 
Polynomial regression, 472, 52S, 538 
Poorly graded soils, 12 
Pore water pressure. 179, 244 
Porosity, 131, 135 
Porous boundaries, 308 
Porous stODeJ, 190, 415, 416 
Power relation,368 
Preconsolidation pressure, 302,303, 

384 
Pressure head, 179 
Pressure transducer, 45 1 
Pretreatment of sample, 43, 44 
Primary compression 

(consolidation),313 
Principal directions, 242 
Principal main,257 
Principal stress, 238, 242. 247 
Prong plate, 106 
Pull-down menus, 510 

Quick, 181, 382 

Ri mmer, l!s, l58 
Rangc,484 
Rate independent, 263 
Rate of deformation, 297 

Rate ot loading, 426, 436,446--447, 
457 

Rate of seulement,366 
Ratc-dependent,263 
References (see Report writing) 
Regression analysis, 474 
Relative density, 131 
Relative error, 490 
Relaxation, 263 
Relaxation method, 223 
Remolded, 291, 414 
Report writing, 499-507 
Residual tallure.. 461 
Residual friction angle..366, 424 

values, 378--380 
Residual shear strength, 361, 425 
Resistance, 208 
Resistive paper, 212 
RESULT,517 
Results of experiment (see Report 

writing) 
Reynolds number, 32 
RillIe.22 
Rigid-body rotation,2S4 
Rigid-perfectly plastic, 262 
Road subbase materials, 17 
Rows, 509 
Rubber balloon method, 166 
Rubber memhrane, 451, 465 

sot repre5en .. tio., 246. 364 
Sacramento River sand,279, 

282-283,371-373,375-377 
Sample splitter, 22 
Sampling tube, 411 
San Francisco bay mud, 298 
Sand bath method, 84 
Sand cone method, 166-175 
Sand,1O 
Saturated unit weight (sec Unit 

weight) 
Saturation, 444, 454, 457, 466 

burette. 455 
line, 148 

Secant moduli,281,283 
shear modulus, 283, 285 
Young's modulus. 280, 290 

Secondary compression, 313, 
319-320,333 

index, 319 
ratio, 313 
values, 320 

Sedimentation analysis, 31-70 
cylinder,43 

Seepage, 1 
flow. 221, 228 
quantity, In 
theory, 207, 217 

S<1tttion 
aggregate materiais.17 
fill materials, 16 

Semisolid state. 76 
Sensitivity, 306, 396, 398, 426 
SHANSEp, 390 
Shear modulus, 277, 283, 

correlations, 28.5, 287, 291 
initial and secant, 283 

Shear strain, 253 
Shear strength envelope, 366 
Shear strength, 2, 360--403 

coarse-grained soils, 37(}"'386 
envelope, 366 

5B' 

finc.grained soill, 383, 390-391 
Shear stress, 236, 240 
Shear zone; 424 
Sheet-pile wall,-22!I 
Shear strai!li25,3 
Shrinkage limh, 77,.101, 104, 

106-115 ~ _,: 
ASTM,4 ,"', 
correlations, lQ~l~ 
mercury m~U>6-111 
shrinkage ra'tibl;101 
wax method, 112-115 
values, 104 

SI unit system, 496 
Sieve analysis, 9--30 

ASTM.4 
B~' 
sieves, 22 

Sign convention --"" strain,258 
Silt, 10 
Simple shear test, 273, 283 
Single drainage, 311 
SLOPE, 472, 523 
Soaking, 25 
Sodium hexametaphosphatc,43 
Soil classification, 1, 116-126 

AASHrO,117-119 
ASTM,4 
UScs,II6-118 

Soil bydroDlCter,42 
Solid state, 76 
Solid unit mass. 130 
SOLVER,331,480 
Specific gravity, 36, 132, 142 

values, 133-134 
Specific surface, 10 
Specific surface area, 182 
Split mold, 155, 157, 45 1 
Spreadsheet, 509 
Spring analogy, 307 
Squarc.Root-Time method, 323 
Stagnation pressure, 32 
Standard (Proctor) compaction 

tesl, ISO, 155, ISS 
Standard deviation, 484 
Statistics, 482--488 
Steady state line. 371 
Stokes, Law,31 
Strain hardening, 261 
Strain softening. 261 
Strain,215-260 

tensor,256 
Stream function, 222 
Stress. 235-250 

invariant, 247 
vector, 236 

Stress-path, 267-274, 38.S 
SUM,474 
SUMPRODUcr, 474 
Suspension, 34 
Swelling 

index, 301. 304 
line, 302, 384 
slope, 384, 388 
values,30S 

Tayior expaasIo .. 218 
Teflon sphere. 6S 
Temperature correction, 46 
TI:rminal veloCities, 36 
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Three-dimensional . 
Mohr-Coulomb failure 

surface, 225, 365 
strain, 259 
slress,246 

Torsional shear test, 269, Z75 
1rotalhead,179,227 
Total stress failure criterion, 398 
Total stress, 244 
~q!',~t. mass, 130 
TREN'ri,S23 
Trendline, 523, 525 
li"e:>ea surface, 36S 
11'i.angular classification, 14 
Triaxial lest, 270,-273, 280-282, 404, 

443-469 
ASTM 5--6 
cell, 449,452, 46S 
compression,.l70,385 
consolidated dr.ai{le.d (GO), 272, 

444,447,449-469 
consolidated:undraioed (CLI:).-

272,449-=-469 " 
coDsolidati~ .. c4S6. 
equipmoni;'tsp· 
extension, 210 
unoonsoli~aied undrained (UU), 

272,449-469 
1Hrnming, 1)p, 4a,412, 465 
True triaxial apparaws, 275 

O-llae,78 
u.s. standard sieves. 24 
Uocertainty, . .489 

Unconfiried cOmpression test,S, 6, 
269,280,404-:420 

Unconfined compressive 
strengtb, 405, 417 

Unconfined seepage, 213 
Unconsolidated (see Triaxial test) 
Undisturbed samples, 2, 291, 412 
Undrained shear strength, 387-389, 

391,394-405,404-405,408 
Undrained triaxial test (see Triaxial 

test) 
Unified soil classification 

system, 116-118 
Uniform soils, 12 
Unimodal distribution, 16,485 
Unit conversion, 534 
Unit mass (see Unit weight) . 
Unit weight, 135-136,542 

bulk, 130,166, 173 
buoyant, 130 
dry.t3O, 134, t66, 173 
saturated,13O 
values, 135 

Units, 5, 495 
UNITS, 498 
User-defined functions, 517 
uu triaxial tests (see triaxial tests) 

Vacuam 1lne.451 
Vertical settlement, 299 
Virgin compression line, 301,387 
Virgin consolidation line,384 
VISCO, 50, 62, 69 
Viscosity (see Water) 

ViScous behavior, 263 
Visual Basic user-defined 

function, 518 
Void ratio, 130, 135, 184 

values, 134-135 
Voltage, 209 

Index 

Volume-cbange burette, 455 
Volumetric strain, 253, 259, 298 
Von Mises surface, 365 

Waler, 
bulk modulus, 44 .. 5-446 
unit mass, 39 
viscosity, 31, 39, 181 

Water content, 75,'84-85, 131 

wa~e~~~22'~~ , 
Wax unit weight, 138 
Weald clay, 383, .3~ 
We,ibull distributi.oq,~ 
Weight-volum,e:relaqonships. 129 
Well,graded soU . 
Wet sieving, 22;.'25 
Wet-pluviatioo'rqethod,193 
Wile saw, 362 " 7' 

Workbooks, 509 . 
Worksbeet, S09 

YlekS stress, 261 
Young's modulus, 277, 283,458 

initial and secant, 281-282 
relation to undrained shear 

strength,398-399 
values, 285 

-,' .. '--. 
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1 ~i Sieve analysis Sievu:l~ 
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'·5 Pipette analysis PiPette:"ls 
1-5 8uoYllncy analysis SuoYan.xls 
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2-3 Uquid limit test Llquld.Kla 
2-5 Plastic limit test Plaad~kls 
2-7 & 2-8 Shrinkage limit analYSM with marcury and waK Shr",,~.xls 
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3-2 Unit weight of cohesive soils Uweight:Kls 
3-3 Determination of specific gravity Specific-.KI. 
3-5 Compaction t9slS Compac.KI. 
3-8 Sand cone method Conu:l, 
4-2 Constant head permeability test Permcona.Kls 
4-3 Falling head permeability test PermtalLKls 
4-4 Electrical analogy of seepage problems Elect.Kla 
4-5 Finite difference aolutiona 01 seepage problems Finite.xls 
8-2 Consolidation test ConsoLxls 
7-3 Unconfined compression tast Unconf.xls 
7-5 Direct shear test Direct.xls 
7-7 & 7-8 Triaxial drained and undrained tests TriaxiaLxls 
9-3 Worked examples Examples.xla 

The additional workbook AREADME.XLS describes the contents of these workbooks, and provides users with a f"""'i\ilo!!~' 
how to use them. 
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Prendre H,II 

YOU SHOULD CAREFULLY READ THE FOLLOWING TERMS AND CONDITIONS BEFORE OPENING 11IIS DlSKEITE 
PACKAGE. OPENING THIS DlSKETIE PACKAGE INDICATES YOUR ACCEPTANCE OF THESE TERMS AND 
CONDITIONS. IF YOU DO.NOT AGREE WITH THEM, YOU SHOULD PROMPTLY RETURN THE PACKAGE 
UNOPENED, AND YOUR MONEY WILL BE REFUNDED. 

IT IS A VIOLATION OF COPYRIGHT LAWS TO MAKE A COPY OFTHE ACCOMPANYING SOFIWARE EXCEPT FOR 
BACKUP PURPOSES TO GUARD AGAINST ACCIDENTAL LOSS OR DAMAGE. 

Prentice-Hall, Inc. provides this program and licenses its use. 
You assume responsibility for the select ion of (be program to 
achieve your intended results, and for the installation, use, and 
results obtained from the program. This license extends only to 
use of the program in the United States or countries in which the 
program is marketed by duly authorized distributors. 

LICENSE 

You may: 

a. use the program; 
b. copy the program iOlo any machine· 

readable form without limit; 
c.. modify the program and/or merge it into 

another program in support of your use of 
the program. 

UMITEDWARRANTY 

THE PROGRAM IS PROVIDED "AS IS~ WITHOUT 
WARRANTY OF ANY KIND, EITIlER EXPRESSED OR 
IMPLIED, INCLUDING, BlIT NOT LIMITED TO, THE 
IMPLIED WARRANTIES OFMERCHANTABlLlTY AND 
FITNESS FOR A PARTICULAR PURPOSE. THE ENTIRE 
RISK AS TO THE QUALITY AND PERFORMANCE OF 
THE PROGRAM IS WITH YOu. SHOULD THE 
PROGRAM PROVE DEFECI1VE, YOU (AND NOT 
PRENTICE-HALL, INC. OR ANY AUTHORIZED 
DISTRlBUTOR) ASSUME THE ENTIRE COST OF ALL 
NECESSARY SERVICING, REPAIR, OR CORRECTION. 

SOME STATES DO NOT ALLOW THE EXCLUSION OF 
IMPLIED WARRANTIES, SOTHE ABOVE EXCLUSION 
MAY NOT APPLY TO YOu. THlSWARRANTYGIVES 
YOU SPECIFIC LEGAL RIGHTS AND YOU MAY ALSO 
HAVE OTHER RIG HTS TIIAT VARY FROM STATETQ 
STATE. 

Prentice-Hail, Inc. does not warrant that the functions contained 
in the program will meet your requirements or that the 
operation of the program will be uninterrupted or error free. 

However, Prentice-Hall, Inc .. warrants the diskene(s) on which 
Ihe program is furnished to be free from defects in materials and 
workmanship under normal use for a period of ninety (90) days 
from the date of delivery to you s evidenced by a copy of your 
receipt. 

LIMITATIONS OF REMEDIES 

Prentice-Hall's entire liability and your exclusive remedy shall 
be, 

1. the replacement of any diskette not 
meeting Prentice-Hall 's ' Limited 
Warranty ' and that is returned to Prentice
Hall with a copy of your purchase order, or ~ 

2. if Prentice-Hall is unable to deliver a 
replacement diskette or cassette that is free 
of defects in materials or workmanship, 
you may tenninate this Agreemem by 
returning the program, and your money 
will be refunded. 

IN NO EVENT WILL PRENTICE-HALL BE LIABLE TO 
YOU FOR ANY DAMAGES, INCLUDING ANY LOST 
PROFITS, LOST SAVINGS, OR OTHER INCIDENTAL OR 
CONSEQUENTIAL DAMAGES ARISING OUT OFTHE 
USE OR INABIUTYTO USE SUCH PROGRAM EVEN IF 
PRENTICE-HALL, OR AN AUTIIORIZED 
DISTRIBUTOR HAS BEEN ADVISED OF THE 
POSSIBILITY OF SUCH DAMAGES, OR FOR ANY 
CLAIM BY ANY OTHER PARTY. 

SOME STATES DO NOT ALLOW THE LIMITATION OR 
EXCLUSION OF LIABILITY FOR INCIDENTAL OR 
CONSEQUENTIAL DAMAGES, SO THE ABOVE 
LIMITATION OR EXCLUSION MAY NOT APPLY TO 
YOu. 

GENERAL 

You may not sublicense, assign, or transfer the license or the 
program except as expressly provided in this Agreement. Any 
attempt otherwise to sublicense, assign, or transfer any of the 
rights, duties, or obligations hereunder is void. 

This Agreement will be governed by the laws of the Slate of 
New York. 

Should you have any questions concerning this Agreement, you 
may contact Prentice-Hall, Inc., by writing to: 

Prentice Hall 
College Division 
Upper Saddle River, NJ 07458 

YOU ACKNOWLEDGE THAT YOU HAVE READ THIS 
AGREEMENT, UNDERSTAND IT,AND AGREE TO BE 
BOUND BY ITS TERMS AND CONDmONS. YOU 
FURTHER AGREE THAT IT IS THE COMPLETE AND 
EXCLUSIVE STATEMENT OF THE AGREEMENT 
BETWEEN US TIlAT SUPERSEDES ANY PROPOSAL OR 
PRIOR AGREEMENT. ORAL OR WRlTIEN. AND ANY 
OTHER COMMUNICATIONS BETWEEN US RELATING 
TO THE SUBJECT MAlTER OFTHIS AGREEMENT. 
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