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FOREWORD

Linear partial differential equations arise in various fields of science and numerous applications,
e.g., heat and mass transfer theory, wave theory, hydrodynamics, aerodynamics, elasticity, acous-
tics, electrostatics, electrodynamics, electrical engineering, diffraction theory, quantum mechanics,
control theory, chemical engineering sciences, and biomechanics.

This book presents brief statements and exact solutions of more than 2000 linear equations
and problems of mathematical physics. Nonstationary and stationary equations with constant and
variable coefficients of parabolic, hyperbolic, and elliptic types are considered. A number of new
solutions to linear equations and boundary value problems are described. Special attention is paid
to equations and problems of general form that depend on arbitrary functions. Formulas for the
effective construction of solutions to nonhomogeneousboundary value problems of various types are
given. We consider second-order and higher-order equations as well as the corresponding boundary
value problems. All in all, the handbook presents more equations and problems of mathematical
physics than any other book currently available.

For the reader’s convenience, the introduction outlines some definitions and basic equations,
problems, and methods of mathematical physics. It also gives useful formulas that enable one to
express solutions to stationary and nonstationary boundary value problems of general form in terms
of the Green’s function.

Two supplements are given at the end of the book. Supplement A lists properties of the most
common special functions (the gamma function, Bessel functions, degenerate hypergeometric func-
tions, Mathieu functions, etc.). Supplement B describes the methods of generalized and functional
separation of variables for nonlinear partial differential equations. We give specific examples and
an overview application of these methods to construct exact solutions for various classes of second-,
third-, fourth-, and higher-order equations (in total, about 150 nonlinear equations with solutions are
described). Special attention is paid to equations of heat and mass transfer theory, wave theory, and
hydrodynamics as well as to mathematical physics equations of general form that involve arbitrary
functions.

The equations in all chapters are in ascending order of complexity. Many sections can be read
independently, which facilitates working with the material. An extended table of contents will help
the reader find the desired equations and boundary value problems. We refer to specific equations
using notation like “1.8.5.2,” which means “Equation 2 in Subsection 1.8.5.”

To extend the range of potential readers with diverse mathematical backgrounds, the author
strove to avoid the use of special terminology wherever possible. For this reason, some results are
presented schematically, in a simplified manner (without details), which is however quite sufficient
in most applications.

Separate sections of the book can serve as a basis for practical courses and lectures on equations
of mathematical physics.

The author thanks Alexei Zhurov for useful remarks on the manuscript.
The author hopes that the handbook will be useful for a wide range of scientists, university

teachers, engineers, and students in various areas of mathematics, physics, mechanics, control, and
engineering sciences.

Andrei D. Polyanin
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BASIC NOTATION

Latin Characters� �
fundamental solution

Im[ � ] imaginary part of a complex quantity ��
Green’s function� � �

-dimensional Euclidean space,
� �

= {− � < � � < � ; 	 = 1, 
�
�
 , � }
Re[ � ] real part of a complex quantity �� ,  , � cylindrical coordinates, � = � � 2 + � 2 and � = � cos  , � = � sin � , � ,  spherical coordinates, � = � � 2 + � 2 + � 2 and � = � sin � cos  , � = sin � sin  , � = � cos ��

time (
� ≥ 0)� unknown function (dependent variable)� , � , � space (Cartesian) coordinates� 1, 
�
�
 , � � Cartesian coordinates in

�
-dimensional space

x
�

-dimensional vector, x = { � 1, 
�
�
 , � � }
|x| magnitude (length) of

�
-dimensional vector, |x| = � � 2

1 + � 2
2 + ����� + � 2�

y
�

-dimensional vector, y = { � 1, 
�
�
 , � � }

Greek Characters�
Laplace operator�

2 two-dimensional Laplace operator,
�

2 = � 2� � 2 + � 2� � 2�
3 three-dimensional Laplace operator,

�
3 = � 2� � 2 + � 2� � 2 + � 2� � 2� � �

-dimensional Laplace operator,
� � =

��� =1
� 2� � 2��

( � ) Dirac delta function; � �
− �

�
( � )

�
( � − � )  � =

�
( � ), where

�
( � ) is any continuous function,! > 0� � " Kronecker delta,

� � " = # 1 if
�

= $ ,
0 if

�
≠ $%

( � ) Heaviside unit step function,
%

( � ) = # 1 if � ≥ 0,
0 if � < 0

Brief Notation for Derivatives& ' � =
& �& � ,

& � � =
& �& � ,

& '(' � =
& 2 �& � 2 ,

& � � � =
& 2 �& � 2 (partial derivatives)

� )� =
 � � ,

� )*)� � =
 2 � � 2 ,

� )*)*)� � � =
 3 � � 3 ,

� ( � )� =
 � �
 � � (derivatives for

�
=

�
( � ))

Special Functions (See Also Supplement A)

Ai( � ) =
1+ � ,

0
cos - 1

3
� 3 + � �/.  � Airy function; Ai( � ) = 10 1 1

3 � 2 1 3 3 - 2
3 � 3 3 2 .

Ce2 � + 4 ( � , 5 ) = ,�� =0
� 2 � + 4

2 � + 4 cosh[(2 	 +6 ) � ] even modified Mathieu functions, where 6 = 0, 1;
Ce2 � + 4 ( � , 5 ) = ce2 � + 4 ( 78� , 5 )
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ce2 � ( � , 5 ) = ,�� =0
� 2 �

2 � cos 2 	 � even + -periodic Mathieu functions; these satisfy the
equation � )*) + ( ! − 2 5 cos 2 � ) � = 0, where ! = !

2 � ( 5 )
are eigenvalues

ce2 � +1( � , 5 ) = ,�� =0
� 2 � +1

2 � +1 cos[(2 	 +1) � ] even 2 + -periodic Mathieu functions; these satisfy the
equation � )*) + ( ! − 2 5 cos 2 � ) � = 0, where ! = !

2 � +1( 5 )
are eigenvalues9 :

=
9 :

( � ) parabolic cylinder function (see Paragraph 7.3.4-1); it
satisfies the equation � )*)

+ -8; + 1
2 − 1

4 � 2 . � = 0

erf � =
2< + � �

0
exp - − = 2 .  = error function

erfc � =
2< + � ,� exp - − = 2 .  = complementary error function

> � ( � ) = (−1)
� ? � 2  � � � - ? − � 2 .

Hermite polynomial> (1): ( � ) = @ : ( � ) + 7BA :
( � ) Hankel function of first kind, 7 2 = −1> (2): ( � ) = @ : ( � ) − 7BA :
( � ) Hankel function of second kind, 7 2 = −1C

( ! , D , E ; � ) = 1 + ,�� =1

( ! ) � ( D ) �
( E ) � � ��

!
hypergeometric function, ( ! ) � = ! ( ! + 1) 
�
�
 ( ! +

�
− 1)

F�:
( � ) = ,�� =0

( � G 2)
:

+2 ��
! H ( ; +

�
+ 1)

modified Bessel function of first kind

@ : ( � ) = ,�� =0

(−1)
�
( � G 2)

:
+2 ��

! H ( ; +
�

+ 1)
Bessel function of first kind

2 :
( � ) =

+
2

F
−
:
( � ) −

FI:
( � )

sin( + ; )
modified Bessel function of second kindJ K � ( � ) =

1�
!
� − K ? �  � � � -L� � + K ? − � . generalized Laguerre polynomialM � ( � ) =

1�
! 2 �  � � � ( � 2 − 1)

�
Legendre polynomialM "� ( � ) = (1 − � 2)

" 3 2  " � " M � ( � ) associated Legendre functions

Se2 � + 4 ( � , 5 ) = ,�� =0 N 2 � + 4
2 � + 4 sinh[(2 	 +6 ) � ] odd modified Mathieu functions, where 6 = 0, 1;

Se2 � + 4 ( � , 5 ) = − 7 se2 � + 4 ( 78� , 5 )

se2 � ( � , 5 ) = ,�� =0 N 2 �
2 � sin 2 	 � odd + -periodic Mathieu functions; these satisfy the

equation � )*) + ( ! − 2 5 cos 2 � ) � = 0, where ! = D 2 � ( 5 )
are eigenvalues

se2 � +1( � , 5 ) = ,�� =0 N 2 � +1
2 � +1 sin[(2 	 +1) � ] odd 2 + -periodic Mathieu functions; these satisfy the

equation � )*) + ( ! − 2 5 cos 2 � ) � = 0, where ! = D 2 � +1( 5 )
are eigenvalues

A :
( � ) =

@ : ( � ) cos( + ; ) − @ −
:
( � )

sin( + ; )
Bessel function of second kind

O ( P , � ) = � �
0

? − Q = R −1  = incomplete gamma function

H ( P ) = � ,
0

? − Q = R −1  = gamma functionS
( ! , D ; � ) = 1 + ,�� =1

( ! ) �
( D ) � � ��

!
degenerate hypergeometric function,
( ! ) � = ! ( ! + 1) 
�
�
 ( ! +

�
− 1)
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�
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�
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�
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�
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�
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�
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Chapter 1

Parabolic Equations
with One Space Variable

1.1. Constant Coefficient Equations

1.1.1. Heat Equation � �� � = � � 2 �� � 2

This equation is often encountered in the theory of heat and mass transfer. It describes one-
dimensional unsteady thermal processes in quiescent media or solids with constant thermal diffusiv-
ity. A similar equation is used in studying corresponding one-dimensional unsteady mass-exchange
processes with constant diffusivity.

1.1.1-1. Particular solutions ( � , � , and � are arbitrary constants).� ( � ) = � � + � ,� ( � ,
�
) = � ( � 2 + 2 � � ) + � ,� ( � ,
�
) = � ( � 3 + 6 � � � ) + � ,� ( � ,
�
) = � ( � 4 + 12 � � � 2 + 12 � 2 � 2) + � ,� ( � ,
�
) = � ( � 5 + 20 � � � 3 + 60 � 2 � 2 � ) + � ,� ( � ,
�
) = � ( � 6 + 30 � � � 4 + 180 � 2 � 2 � 2 + 120 � 3 � 3) + � ,� ( � ,
�
) = � ( � 7 + 42 � � � 5 + 420 � 2 � 2 � 3 + 840 � 3 � 3 � ) + � ,� ( � ,
�
) = � 2 � +

����
=1

(2 � )(2 � − 1) � � � (2 � − 2 � + 1)� !
( � � ) � � 2 � −2

�
,� ( � ,

�
) = � 2 � +1 +

����
=1

(2 � + 1)(2 � ) � � � (2 � − 2 � + 2)� !
( � � ) � � 2 � −2

�
+1,� ( � ,

�
) = � exp( � � 2 � ! � � ) + � ,� ( � ,
�
) = � 1" � exp # −

� 2

4 � � $ + � ,� ( � ,
�
) = � �� 3 % 2 exp # −

� 2

4 � � $ + � ,� ( � ,
�
) = � exp(− � � 2 � ) cos( � � ) + � ,� ( � ,
�
) = � exp(− � � 2 � ) sin( � � ) + � ,� ( � ,
�
) = � exp(− � � ) cos( � � − 2 � � 2 � ) + � ,� ( � ,
�
) = � exp(− � � ) sin( � � − 2 � � 2 � ) + � ,� ( � ,
�
) = � erf # �

2
" � � $ + � ,
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� ( � ,
�
) = � erfc # �

2
" � � $ + � ,� ( � ,

�
) = � &(' �) exp # −

� 2

4 � � $ −
�

2
" � erfc # �

2
" � � $ * + � ,

where � is a positive integer, erf + ≡
2" ) , -

0
exp(− . 2) / . the error function (probability integral),

and erfc + = 1 − erf + the complementary error function (complementary probability integral).
Fundamental solution: 0 0

( � ,
�
) =

1
2
" ) � � exp # −

� 2

4 � � $ .���
References: H. S. Carslaw and J. C. Jaeger (1984), A. D. Polyanin, A. V. Vyazmin, A. I. Zhurov, and D. A. Kazenin

(1998).

1.1.1-2. Formulas allowing the construction of particular solutions.

Suppose � = � ( � ,
�
) is a solution of the heat equation. Then the functions�

1 = � � (
! 1 � + 2 1,

1 2 � + 2 2),�
2 = � exp(

1 � + � 1 2 � ) � ( � + 2 � 1 � + 2 1,
� + 2 2),�

3 =
�"

| 3 + 4 � | exp & − 4 � 2

4 � ( 3 + 4 � ) * � # ! �3 + 4 � , 5 + 1 �3 + 4 � $ ,
1 3 − 4 5 = 1,

where � , 2 1, 2 2, 4 , 3 , and
1

are arbitrary constants, are also solutions of this equation. The last
formula with 4 = 1, 5 = −1, 3 = 1 = 0 was obtained with the Appell transformation.���

References: W. Miller, Jr. (1977), P. J. Olver (1986).

1.1.1-3. Infinite series solutions.

A solution involving an arbitrary function of the space variable:� ( � ,
�
) = � ( � ) + 6� � =1

( � � ) �� !
� (2 � )


( � ), � ( 7 )

( � ) =

/ 7/ � 7 � ( � ),

where � ( � ) is any infinitely differentiable function. This solution satisfies the initial condition� ( � , 0) = � ( � ). The sum is finite if � ( � ) is a polynomial.
Solutions involving arbitrary functions of time:� ( � ,

�
) = � (

�
) + 6� � =1

1� � (2 � )!
� 2 � � ( � )8 (

�
),� ( � ,

�
) = � 9 (

�
) + � 6� � =1

1� � (2 � + 1)!
� 2 � 9 ( � )8 (

�
),

where � (
�
) and 9 (

�
) are infinitely differentiable functions. The sums are finite if � (

�
) and 9 (

�
) are

polynomials. The first solution satisfies the boundary condition of the first kind � (0,
�
) = � (

�
) and

the second solution to the boundary condition of the second kind
	 
 � (0,

�
) = 9 (

�
).���

Reference: H. S. Carslaw and J. C. Jaeger (1984).
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TABLE 14
Transformations of the form . = � ( � ,

�
), � = � ( . ,

�
) � ( . ,

�
) for which the equation	 8 � −

	 
 
 � = 0 admits multiplicatively separable particular solutions with � ( . ,
�
) = : (

�
) � ( . )

No
Function. = � ( � ,

�
)

Factor� = � ( . ,
�
)

Function : = : (
�
),1

is any
Equation for� = � ( . )

1 . =
�" � � = 1 : = �<; � =><> + 1

2 . � > − 1 � = 0

2 . = � − 1
2
� 2 � = exp ? − 1

2 . �<@ : = exp ? − 1
12
� 3 + 1 �<@ � =><> + ? 1

2 . − 1 @ � = 0

3 . =
�"

1 + � 2 � = exp ? − 1
4 . 2 �<@ : =

exp(
1

arctan
�
)

(1 + � 2)1 % 4 � =><> + ? 1
4 . 2 − 1 @ � = 0

1.1.1-4. Transformations allowing separation of variables.

Table 14 presents transformations that reduce the heat equation to separable equations (the identity
transformation with . = � , � = 1 is omitted).A BDC E FHG I

In general, the solution of the equation for � in the first row of Table 14 is expressed
in terms of degenerate hypergeometric functions. In the special case

1 = 1
2 � ( � = 0, 1, 2, � � � ),

the equation admits solutions of the form � ( . ) = ( J<K 2) � L � ( JM. K 2), where L � ( + ) is the � th Hermite
polynomial, J 2 = −1. The solution of the equation for � in the second row of Table 14 is expressed
in terms of Bessel functions, and that in the third row, in terms of parabolic cylinder functions.���

References: E. Kalnins and W. Miller, Jr. (1974), W. Miller, Jr. (1977).

1.1.1-5. Domain: − N < � < N . Cauchy problem.

An initial condition is prescribed: � = � ( � ) at
� = 0.

Solution: � ( � ,
�
) =

1
2
" ) � � , 6

− 6 exp & − ( � − . )2

4 � � * � ( . ) / . .

Example 1. The initial temperatures in the domains | O | < O 0 and | O | > O 0 are constant and equal to P 1 and P 2,
respectively, i.e., Q

( O ) = R P 1 for | O | < O 0,P 2 for | O | > O 0.

Solution: P =
1
2

( P 1 − P 2) S erf T O 0 − O
2 U VXW Y + erf T O 0 + O

2 U VXW Y Z + P 2.[�\
Reference: H. S. Carslaw and J. C. Jaeger (1984).

1.1.1-6. Domain: 0 ≤ ] < N . First boundary value problem.

The following conditions are prescribed:^ = _ ( ] ) at ` = 0 (initial condition),^ = a ( ` ) at ] = 0 (boundary condition).
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Solution: ^ ( ] , ` ) =
1

2 b ) c ` , 6
0 d exp e − ( ] − . )2

4 c ` f − exp e − ( ] + g )2

4 c ` f h _ ( g ) i g
+

]
2 b ) c j k

0
exp e − ] 2

4 c ( ` − l ) f a ( l ) i l
( ` − l )3 m 2 .

Example 2. The initial temperature is linearly dependent on the space coordinate, n ( o ) = p 0 + qMo . The temperature at
the boundary is zero, r ( W ) = 0.

Solution: p = p 0 erf T o
2 U VXW Y + qMo .

The case of uniform initial temperature with n ( o ) = p 0 corresponds to the value q = 0.

Example 3. The initial temperature is zero, n ( o ) = 0. The temperature at the boundary increases linearly with time,r ( W ) = s W .
Solution: p = s W SXT 1 +

o 2

2 VXW Y erfc T o
2 U VXW Y −

oU t VXW exp T −
o 2

4 VXW Y Z .[�\
References: A. G. Butkovskiy (1979), H. S. Carslaw and J. C. Jaeger (1984).

1.1.1-7. Domain: 0 ≤ ] < u . Second boundary value problem.

The following conditions are prescribed:^ = _ ( ] ) at ` = 0 (initial condition),v w ^ = a ( ` ) at ] = 0 (boundary condition).

Solution: ^ ( ] , ` ) =
1

2 b ) c ` j 6
0 d exp e − ( ] − g )2

4 c ` f + exp e − ( ] + g )2

4 c ` f h _ ( g ) i g
− x c) j k

0
exp y − z 2

4 c ( { − l ) f | ( l )} { − l i l .

Example 4. The initial temperature is zero, n ( o ) = 0. A constant thermal flux is maintained at the boundary all the
time, r ( W ) = − ~ .

Solution: p = 2 ~ � VXWt exp � −
o 2

4 VXW � − ~ o erfc � o
2 � VXW � .���

References: A. G. Butkovskiy (1979), H. S. Carslaw and J. C. Jaeger (1984).

1.1.1-8. Domain: 0 ≤ z < u . Third boundary value problem.

The following conditions are prescribed:�
= � ( z ) at { = 0 (initial condition),v w �

− � � = | ( { ) at z = 0 (boundary condition).

Solution: �
( z , { ) = j �

0
� ( g ) � ( z , � , { ) i � − c j k

0 | ( l ) � ( z , 0, { − l ) i l ,

where� ( z , � , { ) =
1

2
} ) c { � exp y − ( z − � )2

4 c { � + exp y − ( z + � )2

4 c { � − 2 � j �
0

exp y − ( z + � + � )2

4 c { − � � � � � � .
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The improper integral may be calculated by the formula� �
0

exp y − ( z + � + � )2

4 c { − � � � � � =
} ) c { exp � c � 2 { + � ( z + � ) � erfc � z + �

2
} c { + � } c { � .

Example 5. The initial temperature is uniform, � ( � ) = � 0. The temperature of the contacting medium is zero, � ( � ) = 0.
Solution: � = � 0 � erf � �

2 � � � � + exp( � � + � � 2 � ) erfc � �
2 � � � + � � � � � � .���

References: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980), H. S. Carslaw and J. C. Jaeger (1984).

1.1.1-9. Domain: 0 ≤ z ≤ � . First boundary value problem.

The following conditions are prescribed:�
= � ( z ) at { = 0 (initial condition),�
= | 1( { ) at z = 0 (boundary condition),�
= | 2( { ) at z = � (boundary condition).

Solution: �
( z , { ) =

2� ��¡ 
=1

sin � ¢ ) z� � exp � −
c ¢ 2 ) 2 {� 2 � £  

( { ),
where £  

( { ) =
� ¤

0
� ( � ) sin � ¢ ) �� � � � +

c ¢ )� � k
0

exp � c ¢ 2 ) 2 l� 2 � � | 1( l ) − (−1)

 
| 2( l ) � � l .¥ ¦M§ ¨H©«ª ¬

Using the relations [see Prudnikov, Brychkov, and Marichev (1986)]® ¯
=1

sin ° ±° = ² − ±
2

(0 < ± < 2 ² );

® ¯
=1

(−1)

¯
−1 sin ° ±° =

±
2

(− ² < ± < ² ),

one can transform the solution to� ( � , � ) = � 1( � ) +
� ³ ´ � 2( � ) − � 1( � ) µ +

2³ ® ¯
=1

sin( ¶ ¯ � ) exp(− � ¶ 2̄ � ) · ¯ ( � ), ¶ ¯ =
° ²³ ,

where· ¯ ( � ) = ¸ ¹
0
� ( ± ) sin( ¶ ¯ ± ) º»± −

1¶ ¯ exp( � ¶ 2̄ � ) ´ � 1( � ) − (−1)

¯ � 2( � ) µ + � ¶ ¯ ¸ ¼
0

exp( � ¶ 2̄

½
)
´ � 1(

½
) − (−1)

¯ � 2(

½
) µ º ½

= ¸ ¹
0
� ( ± ) sin( ¶ ¯ ± ) º»± −

1¶ ¯ ´ � 1(0) − (−1)

¯ � 2(0) µ −
1¶ ¯ ¸ ¼

0
exp( � ¶ 2̄

½
)
´ �X¾1(

½
) − (−1)

¯ �X¾2(

½
) µ º ½ .

Note that another representation of the solution is given in Paragraph 1.1.2-5.

Example 6. The initial temperature is uniform, � ( � ) = � 0. Both ends are maintained at zero temperature, � 1( � ) =� 2( � ) = 0.
Solution: � =

4 � 0² ® ¯
=0

1
(2 ° + 1)

sin � (2 ° + 1) ² �³ � exp � − � (2 ° + 1)2 ² 2 �³
2 � .

Example 7. The initial temperature is zero, � ( � ) = 0. The ends are maintained at uniform temperatures, � 1( � ) = � 1
and � 2( � ) = � 2.

Solution: � = � 1 + ( � 2 − � 1)
� ³

+
2² ® ¯

=0

(−1)

¯ � 2 − � 1° sin ¿ ° ² �³ À
exp ¿ −

� ° 2 ² 2 �³
2

À
.Á�Â

References: H. S. Carslaw and J. C. Jaeger (1984), A. D. Polyanin, A. V. Vyazmin, A. I. Zhurov, and D. A. Kazenin
(1998).
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1.1.1-10. Domain: 0 ≤ Ã ≤ � . Second boundary value problem.

The following conditions are prescribed:�
= � ( Ã ) at Ä = 0 (initial condition),Å Æ �
= Ç 1( Ä ) at Ã = 0 (boundary condition),Å Æ �
= Ç 2( Ä ) at Ã = � (boundary condition).

Solution:�
( Ã , Ä ) = È É

0
� ( Ê ) Ë ( Ã , Ê , Ä ) Ì Ê − c È Í

0
Ç 1( l ) Ë ( Ã , 0, Ä − l ) Ì l + c È Í

0
Ç 2( l ) Ë ( Ã , Î , Ä − l ) Ì l ,

where Ë ( Ã , Ê , Ä ) =
1Î +

2Î ÏÐ¡Ñ
=1

cos Ò Ó ) ÃÎ Ô cos Ò Ó ) ÊÎ Ô exp Ò −
c Ó 2 ) 2 ÄÎ 2 Ô .Á�Â

References: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980), H. S. Carslaw and J. C. Jaeger (1984).

1.1.1-11. Domain: 0 ≤ Ã ≤ Î . Third boundary value problem ( Õ 1 > 0 and Õ 2 > 0).

The following conditions are prescribed:�
= � ( Ã ) at Ä = 0 (initial condition),Å Æ �

− Õ 1

�
= Ç 1( Ä ) at Ã = 0 (boundary condition),Å Æ �

+ Õ 2

�
= Ç 2( Ä ) at Ã = Î (boundary condition),

Solution:�
( Ã , Ä ) = È É

0
� ( Ê ) Ë ( Ã , Ê , Ä ) Ì Ê − c È Í

0
Ç 1( l ) Ë ( Ã , 0, Ä − l ) Ì l + c È Í

0
Ç 2( l ) Ë ( Ã , Î , Ä − l ) Ì l ,

where Ë ( Ã , Ê , Ä ) = ÏÐ¡Ñ
=1

1Ö»× Ñ Ö 2
× Ñ

( Ã )
× Ñ

( Ê ) exp(− c Ø 2

Ñ Ä ),× Ñ
( Ã ) = cos( Ø Ñ Ã ) +

Õ 1Ø Ñ sin( Ø Ñ Ã ),
Ö»× Ñ Ö 2 =

Õ 2

2 Ø 2

Ñ Ø 2

Ñ
+ Õ 2

1Ø 2

Ñ
+ Õ 2

2
+

Õ 1

2 Ø 2

Ñ
+

Î
2
Ò 1 +

Õ 2
1Ø 2

Ñ Ô .

Here, the Ø Ñ are positive roots of the transcendental equation
tan( Ø Î )Ø =

Õ 1 + Õ 2Ø 2 − Õ 1 Õ 2
.Á�Â

References: A. G. Butkovskiy (1979), H. S. Carslaw and J. C. Jaeger (1984).

1.1.1-12. Domain: 0 ≤ Ã ≤ Î . Mixed boundary value problems.

1 Ù . The following conditions are prescribed:�
= � ( Ã ) at Ä = 0 (initial condition),�
= Ç 1( Ä ) at Ã = 0 (boundary condition),Å Æ �
= Ç 2( Ä ) at Ã = Î (boundary condition).

Solution:�
( Ã , Ä ) = È É

0
� ( Ê ) Ë ( Ã , Ê , Ä ) Ì Ê + c È Í

0
Ç 1( l ) Ú ( Ã , Ä − Û ) Ì Û + c È Í

0
Ç 2( Û ) Ë ( Ã , Î , Ä − Û ) Ì Û ,
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where Ë ( Ã , Ê , Ä ) =
2Î ÏÐ¡Ñ

=0

sin Ü ) (2 Ó + 1) Ã
2 Î Ý sin Ü ) (2 Ó + 1) Ê

2 Î Ý exp Ü − c ) 2(2 Ó + 1)2 Ä
4 Î 2 Ý ,Ú ( Ã , Ä ) =

ÅÅ Ê Ë ( Ã , Ê , Ä ) ÞÞÞàß =0
.

2 Ù . The following conditions are prescribed:�
= � ( Ã ) at Ä = 0 (initial condition),Å Æ �
= Ç 1( Ä ) at Ã = 0 (boundary condition),�
= Ç 2( Ä ) at Ã = Î (boundary condition).

Solution:�
( Ã , Ä ) = È É

0
� ( Ê ) Ë ( Ã , Ê , Ä ) Ì Ê − c È Í

0
Ç 1( Û ) Ë ( Ã , 0, Ä − Û ) Ì Û − c È Í

0
Ç 2( Û ) á ( Ã , Ä − Û ) Ì Û ,

where Ë ( Ã , Ê , Ä ) =
2Î ÏÐ¡Ñ

=0

cos Ü ) (2 Ó + 1) Ã
2 Î Ý cos Ü ) (2 Ó + 1) Ê

2 Î Ý exp Ü − c ) 2(2 Ó + 1)2 Ä
4 Î 2 Ý ,á ( Ã , Ä ) =

ÅÅ Ê Ë ( Ã , Ê , Ä ) ÞÞÞàß = É .Note that Paragraph 1.1.2-8 also gives other forms of representation of solutions to mixed
boundary value problems.

Example 8. The initial temperature is zero, â ( ã ) = 0. The left end is heat insulated, and the right end is maintained at
a constant temperature, ä 1( å ) = 0 and ä 2( å ) = æ .

Solution: ç
= æ +

4 æè éê ¯
=0

(−1)

¯
+1

2 ° + 1
cos ë è (2 ° + 1) ã

2 ì í exp ë − î è 2(2 ° + 1)2 å
4 ì 2 í .ï�ð

References: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980), A. V. Bitsadze and D. F. Kalinichenko (1985).

1.1.1-13. Problems without initial conditions.

In applications, problems are encountered in which the process is studied at a time instant fairly
remote from the initial instant and, in this case, the initial conditions do not practically affect the
distribution of the desired quantity at the observation instant. In such problems, no initial condition
is stated, and the boundary conditions are assumed to be prescribed for all preceding time instants,
− ñ < ò . However, in addition, the boundedness condition in the entire domain is imposed on the
solution.

As an example, consider the first boundary value problem for the half-space 0 ≤ ó < ñ with the
boundary condition

�
= ô ( ò ) at ó = 0.

Solution: �
( ó , ò ) =

ó
2 õ ö ÷ È Í

− Ï
ô ( Û )

( ò − Û )3 ø 2 exp Ü − ó 2

4 ÷ ( ò − Û ) Ý Ì Û .

Example 9. The temperature at the boundary is a harmonic function of time, i.e.,ä ( å ) =

ç
0 cos( ù å + ú ).

Solution: ç
=

ç
0 exp û − ü ù

2 î ã ý cos û − ü ù
2 î ã + ù å + ú ý .ï�ð

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), A. N. Tikhonov and A. A. Samarskii (1990).
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1.1.1-14. Conjugate heat and mass transfer problems.

In such problems, one deals with two (or more) domains, þ 1 and þ 2, with interface ÿ . The domains
are filled by different media. Each of the media is characterized by its own thermal conductivity,�

1 and
�

2, and thermal diffusivity, ÷ 1 and ÷ 2. The processes in each of the media are described by
an appropriate (different) equations of heat and mass transfer. The thermal equilibrium conditions
express the equality of the temperatures and of the thermal fluxes at the interface. Below we consider
a typical example of a conjugate problem (a more detailed analysis of such problems is beyond the
scope of this handbook).

Consider two semi-infinite solids (two semi-infinite quiescent media) the temperature distribu-
tions, in which

�
1 =

�
1( ó , ò ) and

�
2 =

�
2( ó , ò ) are governed by the equations� �

1� ò = ÷ 1

� 2

�
1� ó 2 (in the range 0 < ó < ñ ),� �

2� ò = ÷ 2

� 2

�
2� ó 2 (in the range − ñ < ó < 0).

Each of the solids has its own temperature profile at the initial instant ò = 0, and at the interface ó = 0
conjugate boundary solutions are imposed, specifically,�

1 = � 1( ó ) at ò = 0 (initial condition),�
2 = � 2( ó ) at ò = 0 (initial condition),�
1 =

�
2 at ó = 0 (boundary condition),�

1
� � �

1 =
�

2
� � �

2 at ó = 0 (boundary condition).

Solution:�
1( ó , ò ) =

1
2 õ ö ÷ 1 ò È Ï0

� 1( Ê )
�

exp Ü − ( ó − Ê )2

4 ÷ 1 ò Ý + exp Ü − ( ó + Ê )2

4 ÷ 1 ò Ý � � �
− � � 1	 
 2

1 � �0
exp  − ó 2

4 � 1( ò − � ) � ô ( � ) � �� ò − � ,�
2( ó , ò ) =

1
2
� 	 � 2 ò � �0 � 2(− � ) � exp  − ( ó − � )2

4 � 2 ò � + exp  − ( ó + � )2

4 � 2 ò � � � �
+ � � 2	 
 2

2 � �0
exp  − ó 2

4 � 2( ò − � ) � ô ( � ) � �� ò − � .

The function ô ( ò ) is given byô ( ò ) =



1



2	 ( 
 1
� � 2 + 


2
� � 1 )

�� ò � �0 � ( � ) � �� � ( ò − � )
,

where

� ( ò ) =
1� � 1 � �0 � 1( � ) exp � −

� 2

4 � 1 ò � � � −
1� � 2 � �0 � 2(− � ) exp � −

� 2

4 � 2 � � � � .

Example 10. The initial temperatures are uniform, � 1( ã ) = � and � 2( ã ) = � .
Solution: �

1( ã ,  ) − �� − � = !
1 + ! " 1 +

1! erf # ã
2 $ % 1  & ' ,�

2( ã ,  ) − �� − � = !
1 + ! erfc # | ã |

2 $ % 1  & ,

where the quantity ! = ( 1( 2 ) % 2% 1
characterizes the thermal activity of the first medium with respect to the second medium.*,+

References: A. V. Lykov (1967), H. S. Carslaw and J. C. Jaeger (1984).
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1.1.2. Equation of the Form - .- / = 0 - 2 .- 1 2 + 2 ( 1 , / )
This sort of equation describes one-dimensional unsteady thermal processes in quiescent media or
solids with constant thermal diffusivity in the presence of a volume thermal source dependent on the
space coordinate and time.

1.1.2-1. Domain: − 3 < ó < 3 . Cauchy problem.

An initial condition is prescribed: � = � ( ó ) at � = 0.

Solution: � ( ó , � ) = 4 5
− 5 6 ( 7 ) 8 ( ó , 7 , � ) 9 7 + 4 :

0
4 5

− 5 ; ( 7 , < ) 8 ( ó , 7 , � − < ) 9 7 9 < ,

where 8 ( ó , 7 , � ) =
1

2 = > ? � exp @ − ( ó − 7 )2

4 ? � A .*,+
References: A. G. Butkovskiy (1979), H. S. Carslaw and J. C. Jaeger (1984).

1.1.2-2. Domain: 0 ≤ ó < 3 . First boundary value problem.

The following conditions are prescribed:B = 6 ( ó ) at � = 0 (initial condition),B = ô ( � ) at ó = 0 (boundary condition).

Solution:B ( ó , � ) = 4 5
0 6 ( 7 ) 8 ( ó , 7 , � ) 9 7 + 4 :

0
ô ( < ) C ( D , � − < ) 9 < + 4 :

0
4 5

0 ; ( 7 , < ) 8 ( D , 7 , � − < ) 9 7 9 < ,

where8 ( D , 7 , � ) =
1

2 = > ? � E exp @ − ( D − 7 )2

4 ? F A − exp @ − ( D + 7 )2

4 ? F A G , C ( D , F ) =
D

2 = > ? F 3 H 2 exp I −
D 2

4 ? F J .*,+
References: A. G. Butkovskiy (1979), H. S. Carslaw and J. C. Jaeger (1984).

1.1.2-3. Domain: 0 ≤ D < K . Second boundary value problem.

The following conditions are prescribed:B = 6 ( D ) at F = 0 (initial condition),L M B = N ( F ) at D = 0 (boundary condition).

Solution:B ( D , F ) = 4 5
0

8 ( D , 7 , F ) 6 ( 7 ) 9 7 − ? 4 :
0

N ( < ) 8 ( D , 0, F − < ) 9 < + 4 :
0

4 5
0 ; ( 7 , < ) 8 ( D , 7 , F − < ) 9 7 9 < ,

where8 ( D , 7 , F ) =
1

2 = > ? F E exp @ − ( D − 7 )2

4 ? F A + exp @ − ( D + 7 )2

4 ? F A G , 8 ( D , 0, F ) =
1= > ? F exp I −

D 2

4 ? F J .*,+
References: A. G. Butkovskiy (1979), H. S. Carslaw and J. C. Jaeger (1984).
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1.1.2-4. Domain: 0 ≤ D < K . Third boundary value problem.

The following conditions are prescribed:B = 6 ( D ) at F = 0 (initial condition),L M B − O B = N ( F ) at D = 0 (boundary condition).

Solution: B ( D , F ) = 4 5
0 6 ( 7 ) 8 ( D , 7 , F ) 9 7 − ? 4 :

0
N ( < ) 8 ( D , 0, F − < ) 9 <

+ 4 :
0

4 5
0 ; ( 7 , < ) 8 ( D , 7 , F − < ) 9 7 9 < ,

where8 ( D , 7 , F ) =
1

2 = > ? F E exp @ − ( D − 7 )2

4 ? F A + exp @ − ( D + 7 )2

4 ? F A − 2 O 4 5
0

exp @ − ( D + 7 + P )2

4 ? F − O P A 9 P G .*,+
References: A. G. Butkovskiy (1979), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

1.1.2-5. Domain: 0 ≤ D ≤ Q . First boundary value problem.

The following conditions are prescribed:B = 6 ( D ) at F = 0 (initial condition),B = N 1( F ) at D = 0 (boundary condition),B = N 2( F ) at D = Q (boundary condition).

Solution: B ( D , F ) = 4 R
0 6 ( 7 ) 8 ( D , 7 , F ) 9 7 + 4 :

0
4 R

0 ; ( 7 , < ) 8 ( D , 7 , F − < ) 9 7 9 <
+ ? 4 :

0
N 1( < ) C 1( D , F − < ) 9 < − ? 4 :

0
N 2( < ) C 2( D , F − < ) 9 < .

Two forms of representation of the Green’s function:8 ( D , 7 , F ) =
2Q 5SUT

=1

sin I V > DQ J sin I V > 7Q J exp I −
? V 2 > 2 FQ 2 J

=
1

2 = > ? F 5ST
=− 5 E exp @ − ( D − 7 + 2 V Q )2

4 ? F A − exp @ − ( D + 7 + 2 V Q )2

4 ? F A G .

The first series converges rapidly at large F and the second series at small F . The functions C 1 and C 2
are expressed in terms of the Green’s function asC 1( D , F ) =

LL 7 8 ( D , 7 , F ) WWWYX =0
, C 2( D , F ) =

LL 7 8 ( D , 7 , F ) WWWYX = R .*,+
References: A. G. Butkovskiy (1979), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980), H. S. Carslaw and

J. C. Jaeger (1984).
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1.1.2-6. Domain: 0 ≤ D ≤ Q . Second boundary value problem.

The following conditions are prescribed:B = 6 ( D ) at F = 0 (initial condition),L M B = N 1( F ) at D = 0 (boundary condition),L M B = N 2( F ) at D = Q (boundary condition).

Solution: B ( D , F ) = 4 R
0 6 ( 7 ) 8 ( D , 7 , F ) 9 7 + 4 :

0
4 R

0 ; ( 7 , < ) 8 ( D , 7 , F − < ) 9 7 9 <
− ? 4 :

0
N 1( < ) 8 ( D , 0, F − < ) 9 < + ? 4 :

0
N 2( < ) 8 ( D , Q , F − < ) 9 < .

Two forms of representation of the Green’s function:8 ( D , 7 , F ) =
1Q +

2Q 5SUT
=1

cos I V > DQ J cos I V > 7Q J exp I −
? V 2 > 2 FQ 2 J

=
1

2 = > ? F 5ST
=− 5 E exp @ − ( D − 7 + 2 V Q )2

4 ? F A + exp @ − ( D + 7 + 2 V Q )2

4 ? F A G .

The first series converges rapidly at large F and the second series at small F .*,+
References: A. G. Butkovskiy (1979), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

1.1.2-7. Domain: 0 ≤ D ≤ Q . Third boundary value problem ( O 1 > 0, O 2 > 0).

The following conditions are prescribed:B = 6 ( D ) at F = 0 (initial condition),L M B − O 1
B = N 1( F ) at D = 0 (boundary condition),L M B + O 2
B = N 2( F ) at D = Q (boundary condition).

The solution is given by the formula presented in Paragraph 1.1.1-11 with the additional term4 :
0

4 R
0 ; ( 7 , < ) 8 ( D , 7 , F − < ) 9 7 9 < ,

which takes into account the nonhomogeneity of the equation.*,+
References: A. G. Butkovskiy (1979), H. S. Carslaw and J. C. Jaeger (1984).

1.1.2-8. Domain: 0 ≤ D ≤ Q . Mixed boundary value problems.

1 Z . The following conditions are prescribed:B = 6 ( D ) at F = 0 (initial condition),B = N 1( F ) at D = 0 (boundary condition),L M B = N 2( F ) at D = Q (boundary condition).
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Solution:B ( D , F ) = 4 R
0 6 ( 7 ) 8 ( D , 7 , F ) 9 7 + 4 :

0
4 R

0 ; ( 7 , < ) 8 ( D , 7 , F − < ) 9 7 9 <
+ ? 4 :

0
N 1( < ) @ LL 7 8 ( D , 7 , F − < ) A X =0

9 < + ? 4 :
0

N 2( < ) 8 ( D , Q , F − < ) 9 < .

Two forms of representation of the Green’s function:8 ( D , 7 , F ) =
2Q 5SUT

=0

sin @ > (2 V + 1) D
2 Q A sin @ > (2 V + 1) 7

2 Q A exp @ − ? > 2(2 V + 1)2 F
4 Q 2 A

=
1

2 = > ? F 5ST
=− 5 (−1)

T
E exp @ − ( D − 7 + 2 V Q )2

4 ? F A − exp @ − ( D + 7 + 2 V Q )2

4 ? F A G .

The first series converges rapidly at large F and the second series at small F .
2 Z . The following conditions are prescribed:B = 6 ( D ) at F = 0 (initial condition),L M B = N 1( F ) at D = 0 (boundary condition),B = N 2( F ) at D = Q (boundary condition).

Solution:B ( D , F ) = 4 R
0 6 ( 7 ) 8 ( D , 7 , F ) 9 7 + 4 :

0
4 R

0 ; ( 7 , < ) 8 ( D , 7 , F − < ) 9 7 9 <
− ? 4 :

0
N 1( < ) 8 ( D , 0, F − < ) 9 < − ? 4 :

0
N 2( < ) @ LL 7 8 ( D , 7 , F − < ) A X = R 9 < .

Two forms of representation of the Green’s function:8 ( D , 7 , F ) =
2Q 5S T

=0

cos @ > (2 V + 1) D
2 Q A cos @ > (2 V + 1) 7

2 Q A exp @ − ? > 2(2 V + 1)2 F
4 Q 2 A

=
1

2 = > ? F 5ST
=− 5 (−1)

T
E exp @ − ( D − 7 + 2 V Q )2

4 ? F A + exp @ − ( D + 7 + 2 V Q )2

4 ? F A G .

The first series converges rapidly at large F and the second series at small F .*,+
References: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980), A. V. Bitsadze and D. F. Kalinichenko (1985).

1.1.3. Equation of the Form [ \[ ] = ^ [ 2 \[ _ 2 + ` \ + a ( _ , ] )

Homogeneous equations of this form describe one-dimensional unsteady mass transfer in a quiescent
medium with a first-order volume chemical reaction; the cases b < 0 and b > 0 correspond to
absorption and release of substance, respectively. A similar equation is used to analyze appropriate
one-dimensional thermal processes in which volume heat release ( b > 0) proportional to temperature
occurs in the medium. Furthermore, this equation governs heat transfer in a one-dimensional rod
whose lateral surface exchanges heat with the ambient medium having constant temperature; b > 0
if the temperature of the medium is greater than that of the rod, and b < 0 otherwise.
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1.1.3-1. Homogeneous equation ( c ≡ 0).

1 Z . Particular solutions:B ( D ) = d e f M + g e − f M , h = i − bkj l ,m ( D , F ) = ( d D + g ) e npo ,m ( D , F ) = q,d ( D 2 + 2 l F ) + g rke npo ,m ( D , F ) = q,d ( D 3 + 6 l FsD ) + g rte npo ,m ( D , F ) = q,d ( D 4 + 12 l FsD 2 + 12 l 2 F 2) + g rke npo ,m ( D , F ) = q,d ( D 5 + 20 l FsD 3 + 60 l 2 F 2 D ) + g rte npo ,m ( D , F ) = q,d ( D 6 + 30 l FsD 4 + 180 l 2 F 2 D 2 + 120 l 3 F 3) + g rte npo ,m ( D , F ) = d exp q ( l u 2 + b ) F v u D r + g e npo ,m ( D , F ) = d 1w F exp I −
D 2

4 l F + bxF J + g e npo ,m ( D , F ) = d DF 3 H 2 exp I −
D 2

4 l F + bxF J + g e npo ,m ( D , F ) = d exp q ( b − l u 2) Fyr cos( u D ) + g e npo ,m ( D , F ) = d exp q ( b − l u 2) Fyr sin( u D ) + g e npo ,m ( D , F ) = d exp(− u D + bxF ) cos( u D − 2 l u 2 F ) + g e npo ,m ( D , F ) = d exp(− u D + bxF ) sin( u D − 2 l u 2 F ) + g e npo ,m ( D , F ) = d exp(− u D ) cos( z D − 2 l z u F ), z = { u 2 + bkj l ,m ( D , | ) = d exp(− u D ) sin( z D − 2 l z u | ), z = { u 2 + bkj l ,m ( D , | ) = d e npo erf } D
2
w l | ~ + g e npo ,m ( D , | ) = d e npo erfc } D
2
w l | ~ + g e npo ,

where d , g , and u are arbitrary constants.

2 � . Fundamental solution: � �
( D , | ) =

1
2
w � l | exp } −

D 2

4 l | + �x| ~ .

1.1.3-2. Reduction to the heat equation. Remarks on the Green’s functions.

The substitution m ( D , | ) = e npoy� ( D , | ) leads to the nonhomogeneous heat equation� �� | = l � 2 �� D 2 + e − npo�� ( D , | ),
which is discussed in Subsection 1.1.2 in detail. The initial condition for the new variable � remains
the same, and the nonhomogeneous part in the boundary conditions is multiplied by e − npo . Taking this
into account, one can easily solve the original equation subject to the initial and boundary conditions
considered in Subsection 1.1.2.

In all the boundary value problems that are dealt with in the current subsection, the Green’s
function can be represented in the form� n ( D , � , | ) = � npo � 0( � , � , | ),
where

�
0( � , � , | ) is the Green’s function for the heat equation that corresponds to � = 0.
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1.1.3-3. Domain: − � < � < � . Cauchy problem.

An initial condition is prescribed: m = � ( � ) at | = 0.

Solution: �
( � , | ) = � �

− � � ( � )

�
( � , � , | ) � � + � �

0
� �

− � � ( � , � )

�
( � , � , | − � ) � � � � ,

where �
( � , � , | ) =

1
2 � � � | exp � − ( � − � )2

4
� | + �x|y� .�,+

Reference: A. G. Butkovskiy (1979).

1.1.3-4. Domain: 0 ≤ � < � . First boundary value problem.

The following conditions are prescribed:�
= � ( � ) at | = 0 (initial condition),

�
= � ( | ) at � = 0 (boundary condition).

Solution:�
( � , | ) = � �

0
� ( � )

�
( � , � , | ) � � + � �

0
� ( � ) � ( � , | − � ) � � + � �

0
� �

0
� ( � , � )

�
( � , � , | − � ) � � � � ,

where�
( � , � , | ) =

� � �
2 � � � | � exp � − ( � − � )2

4
� � � − exp � − ( � + � )2

4
� � � � , � ( � ,

�
) =

� � � �2 � � � �
3 � 2 exp } −

� 2

4
� � ~ .�,�

Reference: A. D. Polyanin, A. V. Vyazmin, A. I. Zhurov, and D. A. Kazenin (1998).

1.1.3-5. Domain: 0 ≤ � < � . Second boundary value problem.

The following conditions are prescribed:�
= � ( � ) at

�
= 0 (initial condition),�   �

= � (
�
) at � = 0 (boundary condition).

Solution:�
( � ,

�
) = � �

0

�
( � , � ,

�
) � ( � ) � � −

� � �
0

� ( � )

�
( � , 0,

�
− � ) � � + � �

0
� �

0
� ( � , � )

�
( � , � ,

�
− � ) � � � � ,

where �
( � , � ,

�
) =

� � �
2 � � � � � exp � − ( � − � )2

4
� � � + exp � − ( � + � )2

4
� � � � .

1.1.3-6. Domain: 0 ≤ � < � . Third boundary value problem.

The following conditions are prescribed:�
= � ( � ) at

�
= 0 (initial condition),�   �

− ¡ �
= � (

�
) at � = 0 (boundary condition).

The solution

�
( � ,

�
) is determined by the formula in Paragraph 1.1.3-5 where�

( � , � ,
�
) =

� � �
2 � � � � � exp � − ( � − � )2

4
� � � + exp � − ( � + � )2

4
� � � − 2 ¡ � �

0
exp � − ( � + � + P )2

4
� � − ¡ P � � P � .
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1.1.3-7. Domain: 0 ≤ � ≤ Q . First boundary value problem.

The following conditions are prescribed:�
= � ( � ) at

�
= 0 (initial condition),

�
= � 1(

�
) at � = 0 (boundary condition),

�
= � 2(

�
) at � = Q (boundary condition).

Solution: �
( � ,

�
) = � R

0
� ( � )

�
( � , � ,

�
) � � + � �

0
� R

0
� ( � , � )

�
( � , � ,

�
− � ) � � � �

+
� � �

0
� 1( � ) � 1( � ,

�
− � ) � � −

� � �
0

� 2( � ) � 2( � ,
�

− � ) � � ,

where �
( � , � ,

�
) =

2Q � � � �¢U£
=1

sin ¤ ¥ � �Q ~ sin ¤ ¥ � �Q ~ exp ¤ −
� ¥ 2

�
2
�Q 2 ~ ,� 1( � ,

�
) =

�� � �
( � , � ,

�
) ¦¦¦Y§ =0

, � 2( � ,
�
) =

�� � �
( � , � ,

�
) ¦¦¦Y§ = R .�,�

Reference: A. G. Butkovskiy (1979).

1.1.3-8. Domain: 0 ≤ � ≤ Q . Second boundary value problem.

The following conditions are prescribed:�
= � ( � ) at

�
= 0 (initial condition),�   �

= � 1(
�
) at � = 0 (boundary condition),�   �

= � 2(
�
) at � = Q (boundary condition).

Solution: �
( � ,

�
) = � R

0
� ( � )

�
( � , � ,

�
) � � + � �

0
� R

0
� ( � , � )

�
( � , � ,

�
− � ) � � � �

−
� � �

0
� 1( � )

�
( � , 0,

�
− � ) � � +

� � �
0

� 2( � )

�
( � , Q , � − � ) � � ,

where �
( � , � ,

�
) = � � � � 1Q +

2Q �¢¨£
=1

cos ¤ ¥ � �Q ~ cos ¤ ¥ � �Q ~ exp ¤ −
� ¥ 2

�
2
�Q 2 ~ � .�,�

Reference: A. G. Butkovskiy (1979).

1.1.3-9. Domain: 0 ≤ � ≤ Q . Third boundary value problem.

The following conditions are prescribed:�
= � ( � ) at

�
= 0 (initial condition),�   �

− ¡ 1

�
= � 1(

�
) at � = 0 (boundary condition),�   �

+ ¡ 2

�
= � 2(

�
) at � = Q (boundary condition).
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The solution

�
( � ,

�
) is determined by the formula in Paragraph 1.1.3-8 where�

( � , � ,
�
) = � � � �¢U£

=1

1©«ª £ © 2
ª £

( � )
ª £

( � ) exp(−
� ¬ 2

£ �
),ª £

( � ) = cos(
¬ £ � ) +

¡ 1¬ £
sin(

¬ £ � ),
©«ª £ © 2 =

¡ 2

2
¬

2

£ ¬
2

£
+ ¡ 2

1¬
2

£
+ ¡ 2

2
+

¡ 1

2
¬

2

£
+

Q
2

¤ 1 +
¡ 2

1¬
2

£ ~ .

Here, the
¬ £

are positive roots of the transcendental equation
tan(

¬ Q )¬ =
¡ 1 + ¡ 2¬
2 − ¡ 1 ¡ 2

.�,�
Reference: A. G. Butkovskiy (1979).

1.1.3-10. Domain: 0 ≤ � ≤ Q . Mixed boundary value problem.

The following conditions are prescribed:�
= � ( � ) at

�
= 0 (initial condition),

�
= � 1(

�
) at � = 0 (boundary condition),�   �

= � 2(
�
) at � = Q (boundary condition).

Solution: �
( � ,

�
) = � R

0
� ( � )

�
( � , � ,

�
) � � + � �

0
� R

0
� ( � , � )

�
( � , � ,

�
− � ) � � � �

+
� � �

0
� 1( � )  ( � ,

�
− � ) � � +

� � �
0

� 2( � )

�
( � , Q , � − � ) � � ,

where �
( � , � ,

�
) =

2Q � � � �¢ £
=0

sin � �
(2 ¥ + 1) �

2 Q � sin � �
(2 ¥ + 1) �

2 Q � exp � − � �
2(2 ¥ + 1)2

�
4 Q 2 � , ( � ,

�
) =

�� � �
( � , � ,

�
) ¦¦¦Y§ =0

.

1.1.4. Equation of the Form ® ¯® ° = ± ® 2 ¯® ² 2 + ³ ® ¯® ² + ´ ( ² , ° )
This equation is encountered in one-dimensional nonstationary problems of convective mass transfer
in a continuous medium that moves with a constant velocity; the case � ≡ 0 means that there is no
absorption or release of substance.

1.1.4-1. Homogeneous equation ( � ≡ 0).

1 µ . Particular solutions:�
( � ) = ¶ � − ·   + ¸ , ¹ = ºk» �

,
�

( ¼ ,
�
) = ¶ ¼ + ¶ º � + ¸ ,

�
( ¼ ,

�
) = ¶ ( ¼ + º � )2 + 2 ¶ � �

+ ¸ ,
�

( ¼ ,
�
) = ¶ ( ¼ + º � )3 + 6 ¶ � � ¼ + ¸ ,

�
( ¼ ,

�
) = ¶ exp ½ ( � ¬ 2 + º ¬ )

�
+

¬ ¼ ¾ + ¸ ,�
( ¼ ,

�
) = ¶ 1� � exp � − ( ¼ + º � )2

4
� � � + ¸ ,
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�
( ¼ ,

�
) = ¶ exp(−

� ¬ 2 � ) cos(
¬ ¼ + º ¬ �

) + ¸ ,
�

( ¼ ,
�
) = ¶ exp(−

� ¬ 2 � ) sin(
¬ ¼ + º ¬ �

) + ¸ ,�
( ¼ ,

�
) = ¶ exp(−

¬ ¼ ) cos ½À¿ ¼ + ¿ ( º − 2
� ¬

)
� ¾ + ¸ , ¿ = Á ¬

2 − ( ºk» �
)
¬

,Â ( ¼ ,
�
) = ¶ exp(−

¬ ¼ ) sin ½À¿ ¼ + ¿ ( º − 2
� ¬

)
� ¾ + ¸ , ¿ = Á ¬

2 − ( ºk» �
)
¬

,Â ( ¼ ,
�
) = ¶ erf ¤ ¼ + º �

2 � � � Ã + ¸ ,Â ( ¼ ,
�
) = ¶ erfc ¤ ¼ + º �

2 � � � Ã + ¸ ,

where ¶ , ¸ , and
¬

are arbitrary constants.

2 µ . Fundamental solution: Ä Ä
( ¼ ,

�
) =

1
2 � Å � � exp � − ( ¼ + º � )2

4
� � � .

1.1.4-2. Reduction to the heat equation. Remarks on the Green’s function.

1 µ . The substitution Â ( ¼ ,
�
) = exp( ¿ �

+
¬ ¼ ) Æ ( ¼ ,

�
), ¿ = −

º 2

4
� ,

¬
= −

º
2
�

leads to the nonhomogeneous heat equationÇ ÆÇ � =
� Ç 2 ÆÇ ¼ 2 + exp(− ¿ �

−
¬ ¼ ) È ( ¼ ,

�
),

which is considered in Subsection 1.1.2 in detail.

2 µ . On passing from
�
, ¼ to the new variables

�
, É = ¼ + º � , we obtain the nonhomogeneous heat

equation Ç ÂÇ � = Ê Ç 2 ÂÇ É 2 + È ( É − º � , � ),
which is treated in Subsection 1.1.2.

3 µ . For all first boundary value problems, the Green’s function can be represented asË � ( ¼ , Ì ,
�
) = exp Í º

2 Ê ( Ì − ¼ ) −
º 2

4 Ê �yÎ Ë
0( ¼ , Ì ,

�
),

where
Ë

0( ¼ , Ì ,
�
) is the Green’s function for the heat equation that corresponds to º = 0.

1.1.4-3. Domain: − Ï < ¼ < Ï . Cauchy problem.

An initial condition is prescribed: Â = Ð ( ¼ ) at Ñ = 0.

Solution: Â ( ¼ , Ñ ) = Ò Ó
− Ó Ð ( Ì )

Ë
( ¼ , Ì , Ñ ) Ô Ì + Ò Õ

0
Ò Ó

− Ó È ( Ì , Ö )
Ë

( ¼ , Ì , Ñ − Ö ) Ô Ì Ô Ö ,

where Ë
( ¼ , Ì , Ñ ) =

1
2 × Å Ê Ñ exp Í Ø ( Ì − Ù )

2 Ê − Ø 2 Ñ
4 Ê −

( Ù − Ì )2

4 Ê Ñ Î
.
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1.1.4-4. Domain: 0 ≤ Ù < Ï . First boundary value problem.

The following conditions are prescribed:Â = Ð ( Ù ) at Ñ = 0 (initial condition),Â = Ú ( Ñ ) at Ù = 0 (boundary condition).

Solution: Â ( Ù , Ñ ) = Ò Ó
0

Ð ( Ì )
Ë

( Ù , Ì , Ñ ) Ô Ì + Ê Ò Õ
0

Ú ( Ö ) Û ( Ù , Ñ − Ö ) Ô Ö
+ Ò Õ

0
Ò Ó

0
È ( Ì , Ö )

Ë
( Ù , Ì , Ñ − Ö ) Ô Ì Ô Ö ,

where Ë
( Ù , Ì , Ñ ) =

1
2 × Å Ê Ñ exp Í Ø ( Ì − Ù )

2 Ê − Ø 2 Ñ
4 Ê Î Ü

exp Í − ( Ù − Ì )2

4 Ê Ñ Î
− exp Í − ( Ù + Ì )2

4 Ê Ñ Î Ý
,Û ( Ù , Ñ ) = ÞÞ ß à ( Ù , ß , Ñ ) áááYâ =0

.

1.1.4-5. Domain: 0 ≤ Ù < Ï . Second boundary value problem.

The following conditions are prescribed:Â = Ð ( Ù ) at Ñ = 0 (initial condition),Þ ã Â = Ú ( Ñ ) at Ù = 0 (boundary condition).

Solution: Â ( Ù , Ñ ) = Ò Ó
0 à ( Ù , ß , Ñ ) Ð ( ß ) Ô ß − ä Ò Õ

0
Ú ( Ö ) à ( Ù , 0, Ñ − Ö ) Ô Ö

+ Ò Õ
0

Ò Ó
0 å ( ß , Ö ) à ( Ù , ß , Ñ − Ö ) Ô ß Ô Ö ,

where

à ( Ù , ß , Ñ ) =
1

2 × æ ä Ñ exp ç Ø ( ß − Ù )
2 ä − Ø 2 Ñ

4 ä è Ü
exp ç − ( Ù − ß )2

4 ä é è + exp ç − ( Ù + ß )2

4 ä é è Ý
.

1.1.4-6. Domain: 0 ≤ Ù < ê . Third boundary value problem.

The following conditions are prescribed:Â = ë ( Ù ) at é = 0 (initial condition),Þ ã Â − ì Â = Ú ( é ) at Ù = 0 (boundary condition).

The solution Â ( Ù , é ) is determined by the formula in Paragraph 1.1.4-5 where

à ( Ù , ß , é ) =
1

2 × æ ä é exp ç Ø ( ß − Ù )
2 ä − Ø 2 é

4 ä è Ü
exp ç − ( Ù − ß )2

4 ä é è + exp ç − ( Ù + ß )2

4 ä é è
− 2 í Ò Ó

0
exp ç − ( Ù + ß + î )2

4 ä é − í«î è Ô î Ý
, í = ì + Ø

2 ä .
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1.1.4-7. Domain: 0 ≤ � ≤
�
. First boundary value problem.

The following conditions are prescribed:� = � ( � ) at � = 0 (initial condition),� = � 1( � ) at � = 0 (boundary condition),� = � 2( � ) at � =
�

(boundary condition).

Solution: � ( � , � ) =
� �

0
� ( � ) 	 ( � , � , � ) 
 � +

� �
0

� �
0 � ( � ,  ) 	 ( � , � , � −  ) 
 � 
 

+ � � �
0

� 1(  ) � 1( � , � −  ) 
  − � � �
0

� 2(  ) � 2( � , � −  ) 
  ,

where 	 ( � , � , � ) =
2� exp � �

2 � ( � − � ) − � 2

4 � ��� ����
=1

sin � � � �� � sin � � � �� � exp � −
� � 2 � 2� 2 � � ,� 1( � , � ) = �� � 	 ( � , � , � ) ����� =0

, � 2( � , � ) = �� � 	 ( � , � , � ) ����� = � . "!
Reference: A. G. Butkovskiy (1979).

1.1.4-8. Domain: 0 ≤ � ≤
�
. Second boundary value problem.

The following conditions are prescribed:� = � ( � ) at � = 0 (initial condition),� # � = � 1( � ) at � = 0 (boundary condition),� # � = � 2( � ) at � =
�

(boundary condition).

Solution: � ( � , � ) =
� �

0
� ( � ) 	 ( � , � , � ) 
 � +

� �
0

� �
0 � ( � ,  ) 	 ( � , � , � −  ) 
 � 
 

− � � �
0

� 1(  ) 	 ( � , 0, � −  ) 
  + � � �
0

� 2(  ) 	 ( � ,
�
, � −  ) 
  ,

where	 ( � , � , � ) = �� ( $ % �'&)( − 1)
exp � � �� � +

2� exp � � ( � − � )
2 � − � 2 �

4 � � �� �
=1 *

�
( � ) *

�
( � )

1 + + 2

�
exp � −

� � 2 � 2� 2 � � ,

*
�
( � ) = cos � � � �� � + + �

sin � � � �� � , + �
= � �

2 � � � . "!
Reference: A. G. Butkovskiy (1979).
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1.1.4-9. Domain: 0 ≤ � ≤
�
. Third boundary value problem.

The following conditions are prescribed:� = � ( � ) at � = 0 (initial condition),� # � − , 1
� = � 1( � ) at � = 0 (boundary condition),� # � + , 2
� = � 2( � ) at � =

�
(boundary condition).

The solution � ( � , � ) is determined by the formula in Paragraph 1.1.4-8 where	 ( � , � , � ) = exp � � ( � − � )
2 � − � 2 �

4 � � �� �
=1

1- � *
�
( � ) *

�
( � ) exp(− � + 2

� � ),
*
�

( � ) = cos( + � � ) +
2 � , 1 + �

2 � + �
sin( + � � ),- �

=
2 � , 2 − �

4 � + 2

� 4 � 2 + 2

�
+ (2 � , 1 + � )2

4 � 2 + 2

�
+ (2 � , 2 − � )2 +

2 � , 1 + �
4 � + 2

�
+

�
2

+
�
(2 � , 1 + � )2

8 � 2 + 2

�
,

and the + �
are positive roots of the transcendental equation

tan( + �
)+ =

4 � 2( , 1 + , 2)
4 � 2 + 2 − (2 � , 1 + � )(2 � , 2 − � ) .

1.1.5. Equation of the Form . /. 0 = 1 . 2 /. 2 2 + 3 . /. 2 + 4 / + 5 ( 2 , 0 )
For � ≡ 0, this equation describes one-dimensional unsteady convective mass transfer with a first-
order volume chemical reaction in a continuous medium that moves with a constant velocity.
A similar equation is used for the analysis of the corresponding one-dimensional thermal processes
in a moving medium with volume heat release proportional to temperature.

1.1.5-1. Homogeneous equation ( � ≡ 0).

1 6 . Particular solutions:� ( � , � ) = $ 7 � ( 8 � + 8 � � +
-

),� ( � , � ) = $ 7 � 9 8 ( � + � � )2 + 2 8 � � +
- :

,� ( � , � ) = $ 7 � 9 8 ( � + � � )3 + 6 8 � � � +
- :

,� ( � , � ) = 8 $ − ; # + 7 � +
- $ 7 � , < = �>= � ,� ( � , � ) = 8 exp

9
( � + 2 + � + + ? ) � + + � :

+
- $ 7 � ,� ( � , � ) = 8 1@ � exp � − ( � + � � )2

4 � � + ?A� � +
- $ 7 � ,� ( � , � ) = 8 exp( ?A� − � + 2 � ) cos( + � + � + � ) +

- $ 7 � ,� ( � , � ) = 8 exp( ?A� − � + 2 � ) sin( + � + � + � ) +
- $ 7 � ,� ( � , � ) = 8 exp(− + � ) cos

9CB � + B
( � − 2 � + ) � : ,

B = D + 2 − ( �>= � ) + + ? = � ,� ( � , � ) = 8 exp(− + � ) sin
9CB � + B

( � − 2 � + ) � : ,
B = D + 2 − ( �>= � ) + + ? = � ,� ( � , � ) = 8 $ 7 � erf � � + � �

2
@ � � � +

- $ 7 � ,� ( � , � ) = 8 $ 7 � erfc � � + � �
2
@ � � � +

- $ 7 � ,
where 8 ,

-
, and + are arbitrary constants.
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2 6 . Fundamental solution: E E
( � , � ) =

1
2
@ � � � exp � − ( � + � � )2

4 � � + ?A��� .

1.1.5-2. Reduction to the heat equation. Remarks on the Green’s functions.

1 6 . The substitution� ( � , � ) = exp(
B � + + � ) F ( � , � ), B = ? − � 2

4 � , + = − �
2 �

leads to the nonhomogeneous heat equation� F� � = � � 2 F� � 2 + exp(− B � − + � ) � ( � , � ),
which is considered in Subsection 1.1.2 in detail.

2 6 . The transformation � ( � , � ) = $ 7 �HG ( I , � ), I = � + � � ,
leads to the nonhomogeneous heat equation� G� � = � � 2 G� I 2 + $ − 7 � � ( I − � � , � ),
which it treated in Subsection 1.1.2.

3 6 . For all first boundary value problems, the Green’s function can be represented as	 % , 7 ( � , � , � ) = exp � �
2 � ( � − � ) + � ? − � 2

4 � � ��� 	 0,0( � , � , � ),
where 	 0,0( � , � , � ) is the Green’s function for the heat equation that corresponds to � = ? = 0.

1.1.5-3. Domain: − J < � < J . Cauchy problem.

An initial condition is prescribed: � = � ( � ) at � = 0.
Solution: � ( � , � ) =

� �
− � � ( � ) 	 ( � , � , � ) 
 � +

� �
0

� �
− � � ( � ,  ) 	 ( � , � , � −  ) 
 � 
  ,

where 	 ( � , � , � ) =
1

2
@ � � � exp � �

2 � ( � − � ) + � ? − � 2

4 � � � −
( � − � )2

4 � � � .

1.1.5-4. Domain: 0 ≤ � < J . First boundary value problem.

The following conditions are prescribed:� = � ( � ) at � = 0 (initial condition),� = � ( � ) at � = 0 (boundary condition).
Solution:� ( � , � ) =

� �
0

� ( � ) 	 ( � , � , � ) 
 � + � � �
0

� (  ) K ( � , � −  ) 
  +
� �

0

� �
0 � ( � ,  ) 	 ( � , � , � −  ) 
 � 
  ,

where	 ( � , � , � ) =
1

2
@ � � � exp � � ( � − � )

2 � + � ? − � 2

4 � � ��� L exp � − ( � − � )2

4 � � � − exp � − ( � + � )2

4 � � � M ,K ( � , � ) = �� � 	 ( � , � , � ) ����� =0
.
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1.1.5-5. Domain: 0 ≤ � < J . Second boundary value problem.

The following conditions are prescribed:� = � ( � ) at � = 0 (initial condition),� # � = � ( � ) at � = 0 (boundary condition).

Solution:� ( � , � ) =
� �

0
	 ( � , � , � ) � ( � ) 
 � − � � �

0
� (  ) 	 ( � , 0, � −  ) 
  +

� �
0

� �
0 � ( � ,  ) 	 ( � , � , � −  ) 
 � 
  ,

where	 ( � , � , � ) =
1

2
@ � � � exp � � ( � − � )

2 � + � ? − � 2

4 � � ��� L exp � − ( � − � )2

4 � � � + exp � − ( � + � )2

4 � � � M .

1.1.5-6. Domain: 0 ≤ � < J . Third boundary value problem.

The following conditions are prescribed:� = � ( � ) at � = 0 (initial condition),� # � − , � = � ( � ) at � = 0 (boundary condition).

The solution � ( � , � ) is determined by the formula in Paragraph 1.1.5-5 where	 ( � , � , � ) =
1

2
@ � � � exp � � ( � − � )

2 � + � ? − � 2

4 � � ��� L exp � − ( � − � )2

4 � � � + exp � − ( � + � )2

4 � � �
− 2 N � �

0
exp � − ( � + � + O )2

4 � � − NAO � 
 O M , N = , + �
2 � .

1.1.5-7. Domain: 0 ≤ � ≤
�
. First boundary value problem.

The following conditions are prescribed:� = � ( � ) at � = 0 (initial condition),� = � 1( � ) at � = 0 (boundary condition),� = � 2( � ) at � =
�

(boundary condition).

Solution: � ( � , � ) =
� �

0
� ( � ) 	 ( � , � , � ) 
 � +

� �
0

� �
0 � ( � ,  ) 	 ( � , � , � −  ) 
 � 
 

+ � � �
0

� 1(  ) � 1( � , � −  ) 
  − � � �
0

� 2(  ) � 2( � , � −  ) 
  ,

where	 ( � , � , � ) =
2� exp � � ( � − � )

2 � + � ? − � 2

4 � � ��� �� �
=1

sin � � � �� � sin � � � �� � exp � −
� � 2 � 2� 2 � � ,� 1( � , � ) = �� � 	 ( � , � , � ) ����� =0

, � 2( � , � ) = �� � 	 ( � , � , � ) ����� = � . "!
Reference: A. G. Butkovskiy (1979).
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1.1.5-8. Domain: 0 ≤ � ≤
�
. Second boundary value problem.

The following conditions are prescribed:� = � ( � ) at � = 0 (initial condition),� # � = � 1( � ) at � = 0 (boundary condition),� # � = � 2( � ) at � =
�

(boundary condition).
Solution: � ( � , � ) =

� �
0

� ( � ) 	 ( � , � , � ) 
 � +
� �

0

� �
0 � ( � ,  ) 	 ( � , � , � −  ) 
 � 
 

− � � �
0

� 1(  ) 	 ( � , 0, � −  ) 
  + � � �
0

� 2(  ) 	 ( � ,
�
, � −  ) 
  ,

where	 ( � , � , � ) = 8 exp � � �� + ?A� � +
2� exp � � ( � − � )

2 � + � ? − � 2

4 � � ��� ����
=1 *

�
( � ) *

�
( � )

1 + + 2

�
exp � −

� � 2 � 2� 2 � � ,8 = �� ( $ % �'&)( − 1)
, *

�
( � ) = cos � � � �� � + + �

sin � � � �� � , + �
= � �

2 � � � . "!
Reference: A. G. Butkovskiy (1979).

1.1.5-9. Domain: 0 ≤ � ≤
�
. Third boundary value problem.

The following conditions are prescribed:� = � ( � ) at � = 0 (initial condition),� # � − , 1
� = � 1( � ) at � = 0 (boundary condition),� # � + , 2
� = � 2( � ) at � =

�
(boundary condition).

The solution � ( � , � ) is determined by the formula in Paragraph 1.1.5-8 where	 ( � , � , � ) = exp � � ( � − � )
2 � + � ? − � 2

4 � � ��� ����
=1

1- � *
�

( � ) *
�
( � ) exp(− � + 2

� � ),
*
�

( � ) = cos( + � � ) +
2 � , 1 + �

2 � + �
sin( + � � ),- �

=
2 � , 2 − �

4 � + 2

� 4 � 2 + 2

�
+ (2 � , 1 + � )2

4 � 2 + 2

�
+ (2 � , 2 − � )2 +

2 � , 1 + �
4 � + 2

�
+

�
2

+
�
(2 � , 1 + � )2

8 � 2 + 2

�
,

and the + �
are positive roots of the transcendental equation

tan( + �
)+ =

4 � 2( , 1 + , 2)
4 � 2 + 2 − (2 � , 1 + � )(2 � , 2 − � ) .

1.2. Heat Equation with Axial or Central Symmetry and
Related Equations

1.2.1. Equation of the Form . /. 0 = 1 P . 2 /. Q 2 + 1Q . /. Q R
This is a sourceless heat equation that describes one-dimensional unsteady thermal processes having
axial symmetry. It is often represented in the equivalent form� S� T =

� U �� U � U � S� U � .

A similar equation is used for the analysis of the corresponding one-dimensional unsteady diffusion
processes.
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1.2.1-1. Particular solutions ( 8 ,
-

, and + are arbitrary constants).S (
U
) = 8 +

-
ln

U
,S (

U
, T ) = 8 +

-
(
U

2 + 4 � T ),S (
U
, T ) = 8 +

-
(
U

4 + 16 � T U 2 + 32 � 2 T 2),S (
U
, T ) = 8 +

- � U
2

�
+

�VXW
=1

4

W
[ � ( � − 1) Y>Y>Y ( � − Z + 1)]2Z !

( � T ) W U 2 [ −2

W \
,S (

U
, T ) = ] + ^ _ 4 ` T ln

U
+

U
2 ln

U
−

U
2 a ,b ( c , d ) = ] +

^ d exp e −
c 2

4 ` d \
,b ( c , d ) = ] + ^ f g

1 h − i j kk , l =
c 2

4 ` d ,b ( c , d ) = ] + ^ exp(− ` m 2 d ) n 0( m c ),b ( c , d ) = ] + ^ exp(− ` m 2 d ) o 0( m c ),b ( c , d ) = ] +
^ d exp e −

c 2 + m 2

4 d \ p
0 e m c

2 d \
,b ( c , d ) = ] +

^ d exp e −
c 2 + m 2

4 d \ q
0 e m c

2 d \
,

where r is an arbitrary positive integer, n 0( k ) and o 0( k ) are the Bessel functions, and

p
0( k ) and

q
0( k ) are the modified Bessel functions.

Suppose b = b ( c , d ) is a solution of the original equation. Then the functionsb
1 = ] b ( s t c , t 2 d + u ),b
2 =

]v
+ w d exp x − w c 2

4 ` (
v

+ w d ) y b e s cv
+ w d , z + t dv

+ w d \
, t v

− w z = 1,

where ] , u , w ,
v
, and t are arbitrary constants, are also solutions of this equation. The second

formula usually may be encountered with w = 1, z = −1, and
v

= t = 0.{"|
Reference: H. S. Carslaw and J. C. Jaeger (1984), A. D. Polyanin, A. V. Vyazmin, A. I. Zhurov, and D. A. Kazenin

(1998).

1.2.1-2. Particular solutions in the form of an infinite series.

A solution containing an arbitrary function of the space variable:b ( c , d ) = } ( c ) + ~V [ =1

( ` d ) [r ! � [ [ } ( c )], � ≡ j 2j c 2 +
1c jj c ,

where } ( c ) is any infinitely differentiable function. This solution satisfies the initial conditionb ( c , 0) = } ( c ). The sum is finite if } ( c ) is a polynomial that contains only even powers.
A solution containing an arbitrary function of time:b ( c , d ) = � ( d ) + ~V [ =1

1
(4 ` ) [ ( r !)2 c 2 [ � ( [ )� ( d ),

where � ( d ) is any infinitely differentiable function. This solution is bounded at c = 0 and possesses
the properties b (0, d ) = � ( d ), � � b (0, d ) = 0.
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1.2.1-3. Domain: 0 ≤ c ≤ � . First boundary value problem.
The following conditions are prescribed:b = } ( c ) at d = 0 (initial condition),b = � ( d ) at c = � (boundary condition),

| b | ≠ � at c = 0 (boundedness condition).
Solution: b ( c , d ) = f �

0
} ( � ) � ( c , � , d ) j � − ` f �

0
� ( � ) � ( c , d − � ) j � .

Here,� ( c , � , d ) = ~V [ =1

2 �� 2 n 2
1 ( m [ )

n 0 e m [ c� \ n 0 e m [ �� \
exp e −

` m 2[ d� 2

\
, � ( c , d ) =

�� � � ( c , � , d ) ����� = � ,

where the m [ are positive zeros of the Bessel function, n 0( m ) = 0. Below are the numerical values
of the first ten roots:m 1 = 2.4048, m 2 = 5.5201, m 3 = 8.6537, m 4 = 11.7915, m 5 = 14.9309,m 6 = 18.0711, m 7 = 21.2116, m 8 = 24.3525, m 9 = 27.4935, m 10 = 30.6346.
The zeroes of the Bessel function n 0( m ) may be approximated by the formulam [ = 2.4 + 3.13( r − 1) ( r = 1, 2, 3, Y>Y>Y ),
which is accurate within 0.3%. As r � � , we have m [ +1 − m [ � � .

Example 1. The initial temperature of the cylinder is uniform, � ( � ) = � 0, and its lateral surface is maintained all the
time at a constant temperature, � ( � ) = � � .

Solution: � ( � , � ) − � �� 0 − � � = �� �
=1

2� � �
1( � �

)
exp � − � 2

� � �� 2 � �
0 � � � �� � .{"|

Reference: H. S. Carslaw and J. C. Jaeger (1984).

1.2.1-4. Domain: 0 ≤ c ≤ � . Second boundary value problem.
The following conditions are prescribed:b = } ( c ) at d = 0 (initial condition),� � b = � ( d ) at c = � (boundary condition),

| b | ≠ � at c = 0 (boundedness condition).
Solution: b ( c , d ) = f �

0
} ( � ) � ( c , � , d ) j � + ` f �

0
� ( � ) � ( c , � , d − � ) j � .

Here, � ( c , � , d ) =
2� 2 � +

2� 2 ~���
=1

�n 2
0 ( m �

)
n 0 e m �  � ¡ n 0 ¢ £ � �� ¡ exp ¢ − ¤ £ 2

� ¥� 2 ¡ ,

where the £ �
are positive zeros of the first-order Bessel function, ¦ 1( £ ) = 0. Below are the numerical

values of the first ten roots:£ 1 = 3.8317, £ 2 = 7.0156, £ 3 = 10.1735, £ 4 = 13.3237, £ 5 = 16.4706,£ 6 = 19.6159, £ 7 = 22.7601, £ 8 = 25.9037, £ 9 = 29.0468, £ 10 = 32.1897.
As § � � , we have £ �

+1 − £ � � � .
Example 2. The initial temperature of the cylinder is uniform, � ( � ) = � 0. The lateral surface is maintained at constant

thermal flux, � ( � ) = �¨� .
Solution: � ( � , � ) = � 0 + �©� � ª

2

� �� 2 −
1
4

+
� 2

2
� 2 − �� �

=1

2� 2

� �
0( � �

)
exp � − � 2

� � �� 2 � �
0 � � � �� � « .¬"

Reference: H. S. Carslaw and J. C. Jaeger (1984).
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1.2.1-5. Domain: 0 ≤

 
≤ ® . Third boundary value problem.

The following conditions are prescribed:¯ = ° (

 
) at

¥
= 0 (initial condition),± ² ¯ + ³ ¯ = ´ (

¥
) at

 
= ® (boundary condition),

| ¯ | ≠ µ at

 
= 0 (boundedness condition).

Solution: ¯ (

 
,

¥
) = ¶ ·

0
° ( ¸ ) ¹ (

 
, ¸ ,

¥
) º ¸ + ¤ ¶ »

0
´ ( ¼ ) ¹ (

 
, ® ,

¥
− ¼ ) º ¼ .

Here, ¹ (

 
, ¸ ,

¥
) =

2® 2 ½���
=1

£ 2

� ¸
( ³ 2 ® 2 + £ 2

�
) ¦ 2

0 ( £ �
)
¦ 0 ¢ £ �  ® ¡ ¦ 0 ¢ £ � ¸® ¡ exp ¢ − ¤ £ 2

� ¥® 2 ¡ ,

where the £ �
are positive roots of the transcendental equation£ ¦ 1( £ ) − ³ ® ¦ 0( £ ) = 0.

The numerical values of the first six roots £ �
can be found in Carslaw and Jaeger (1984).

Example 3. The initial temperature of the cylinder is uniform, � ( ¾ ) = ¿ 0. The temperature of the environment is also
uniform and is equal to ¿ À , which corresponds to Á ( Â ) = Ã ¿ À .

Solution: ¿ ( ¾ , Â ) − ¿ 0¿ À − ¿ 0
= 1 − ÄÅ Æ

=1 Ç Æ
exp È − É©Ê 2

Æ ÂË 2 Ì Í 0 È Ê Æ ¾Ë Ì , Ç Æ
=

2 Ã Ë
( Ã 2 Ë 2 + Ê 2

Æ
) Í 0( Ê Æ

)
.¬"

References: A. V. Lykov (1967), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980), H. S. Carslaw and J. C. Jaeger
(1984).

1.2.1-6. Domain: ® 1 ≤ Î ≤ ® 2. First boundary value problem.

The following conditions are prescribed:¯ = ° ( Î ) at

¥
= 0 (initial condition),¯ = ´ 1(

¥
) at Î = ® 1 (boundary condition),¯ = ´ 2(

¥
) at Î = ® 2 (boundary condition).

Solution:¯ ( Î ,

¥
) = ¶ · 2· 1

° ( ¸ ) ¹ ( Î , ¸ ,

¥
) º ¸ + ¤ ¶ »

0
´ 1( ¼ ) Ï 1( Î , Ð − ¼ ) º ¼ − Ñ ¶ »

0
´ 2( ¼ ) Ï 2( Î , Ð − ¼ ) º ¼ .

Here, ¹ ( Î , ¸ , Ð ) = Ò 2

2 ® 2
1

½Ó �
=1 Ô 2

� Õ
2
0 ( Ö Ô

�
) ¸Õ

2
0 ( Ô

�
) −

Õ
2
0 ( Ö Ô

�
) × �

( Î ) × �
( ¸ ) exp Ø −

Ñ Ô 2

� Ð® 2
1 Ù ,

× �
( Î ) = Ú 0( Ô

�
)

Õ
0 Ø Ô

� Î® 1 Ù −

Õ
0( Ô

�
) Ú 0 Ø Ô

� Î® 1 Ù , Ö =
® 2® 1

,Ï 1( Î , Ð ) =
±± ¸ ¹ ( Î , ¸ , Ð ) ÛÛÛ�Ü = · 1

, Ï 2( Î , Ð ) =
±± ¸ ¹ ( Î , ¸ , Ð ) ÛÛÛÝÜ = · 2

,

where

Õ
0( Þ ) and Ú 0( Þ ) are the Bessel functions; the Ô

�
are positive roots of the transcendental

equation
Õ

0( Ô ) Ú 0( Ö Ô ) −

Õ
0( Ö Ô ) Ú 0( Ô ) = 0.
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The numerical values of the first five roots Ô
�

= Ô
�

( Ö ) range in the interval 1.4 ≤ Ö ≤ 4.0 and can be
found in Carslaw and Jaeger (1984). See also Abramowitz and Stegun (1964).

Example 4. The initial temperature of the hollow cylinder is zero, and its interior and exterior surfaces are held all the
time at constant temperatures, Á 1( Â ) = ¿ 1 and Á 2( Â ) = ¿ 2.

Solution:¿ ( ¾ , Â ) =
1

ln ß È ¿ 1 ln
Ë

2¾ + ¿ 2 ln
¾Ë

1 Ì − à ÄÅ Æ
=1

Í 0( Ê Æ
)[ ¿ 2 Í 0( Ê Æ

) − ¿ 1 Í 0( ß Ê Æ
)]Í 2

0 ( Ê Æ
) − Í 2

0 ( ß Ê Æ
)

exp È − É©Ê 2

Æ ÂË 2
1

Ì á Æ
( ¾ ).¬"

Reference: H. S. Carslaw and J. C. Jaeger (1984).

1.2.1-7. Domain: ® 1 ≤ Î ≤ ® 2. Second boundary value problem.

The following conditions are prescribed:¯ = ° ( Î ) at Ð = 0 (initial condition),± ² ¯ = ´ 1( Ð ) at Î = ® 1 (boundary condition),± ² ¯ = ´ 2( Ð ) at Î = ® 2 (boundary condition).

Solution:¯ ( Î , Ð ) = ¶ · 2· 1

° ( ¸ ) ¹ ( Î , ¸ , Ð ) º ¸ − Ñ ¶ »
0

´ 1( ¼ ) ¹ ( Î , ® 1, Ð − ¼ ) º ¼ + Ñ ¶ »
0

´ 2( ¼ ) ¹ ( Î , ® 2, Ð − ¼ ) º ¼ .

Here, ¹ ( Î , ¸ , Ð ) =
2 ¸® 2

2 − ® 2
1

+ Ò 2

2 ® 2
1

½Ó��
=1 Ô 2

� Õ
2
1 ( Ö Ô

�
) ¸Õ

2
1 ( Ô

�
) −

Õ
2
1 ( Ö Ô

�
) × �

( Î ) × �
( ¸ ) exp Ø −

Ñ Ô 2

� Ð® 2
1 Ù ,

× �
( Î ) = Ú 1( Ô

�
)

Õ
0 Ø Ô

� Î® 1 Ù −

Õ
1( Ô

�
) Ú 0 Ø Ô

� Î® 1 Ù , Ö =
® 2® 1

,

where

Õ â
( Þ ) and Ú â

( Þ ) are the Bessel functions ( ³ = 0, 1), and the Ô
�

are positive roots of the
transcendental equation

Õ
1( Ô ) Ú 1( Ö Ô ) −

Õ
1( Ö Ô ) Ú 1( Ô ) = 0.

The numerical values of the first five roots Ô
�

= Ô
�

( Ö ) can be found in Abramowitz and Stegun
(1964).¬"

References: A. V. Lykov (1967), H. S. Carslaw and J. C. Jaeger (1984).

1.2.1-8. Domain: ® 1 ≤ Î ≤ ® 2. Third boundary value problem.

The following conditions are prescribed:¯ = ° ( Î ) at Ð = 0 (initial condition),± ² ¯ − ³ 1
¯ = ´ 1( Ð ) at Î = ® 1 (boundary condition),± ² ¯ + ³ 2
¯ = ´ 2( Ð ) at Î = ® 2 (boundary condition).

Solution:¯ ( Î , Ð ) = ¶ · 2· 1

° ( ¸ ) ¹ ( Î , ¸ , Ð ) º ¸ − Ñ ¶ »
0

´ 1( ¼ ) ¹ ( Î , ® 1, Ð − ¼ ) º ¼ + Ñ ¶ »
0

´ 2( ¼ ) ¹ ( Î , ® 2, Ð − ¼ ) º ¼ .

Here, ¹ ( Î , ¸ , Ð ) = Ò 2

2 ½Ó��
=1 ã 2

�ä �
[ ³ 2

Õ
0( ã

� ® 2) − ã
� Õ

1( ã
� ® 2)]2 ¸ å �

( Î ) å �
( ¸ ) exp(− Ñ ã 2

� Ð ),
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whereä �
= ( ã 2

�
+ ³ 2

2)[ ³ 1

Õ
0( ã

� ® 1) + ã
� Õ

1( ã
� ® 1)]2 − ( ã 2

�
+ ³ 2

1)[ ³ 2

Õ
0( ã

� ® 2) − ã
� Õ

1( ã
� ® 2)]2,å �

( Î ) = [ ³ 1 Ú 0( ã
� ® 1) + ã

� Ú 1( ã
� ® 1)]

Õ
0( ã

� Î ) − [ ³ 1

Õ
0( ã

� ® 1) + ã
� Õ

1( ã
� ® 1)] Ú 0( ã

� Î ),

and the ã
�

are positive roots of the transcendental equation

[ ³ 1

Õ
0( ã ® 1) + ã

Õ
1( ã ® 1)][ ³ 2 Ú 0( ã ® 2) − ã Ú 1( ã ® 2)]

− [ ³ 2

Õ
0( ã ® 2) − ã

Õ
1( ã ® 2)][ ³ 1 Ú 0( ã ® 1) + ã Ú 1( ã ® 1)] = 0.¬"

References: A. V. Lykov (1967), H. S. Carslaw and J. C. Jaeger (1984).

1.2.1-9. Domain: 0 ≤ Î < µ . Cauchy type problem.

This problem is encountered in the theory of diffusion wake behind a drop or a solid particle.
Given the initial condition ¯ = ° ( Î ) at Ð = 0,

the equation has the following bounded solution:¯ ( Î , Ð ) =
1

2 Ñ ¶ ½0

¸ Ð exp Ø −
Î 2 + ¸ 2

4 Ñ Ð Ù æ 0 Ø Î ¸
2 Ñ Ð Ù ° ( ¸ ) º ¸ ,

where æ 0( ¸ ) is the modified Bessel function.¬"
References: W. G. L. Sutton (1943), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980), Yu. P. Gupalo,

A. D. Polyanin, and Yu. S. Ryazantsev (1985).

1.2.1-10. Domain: ® ≤ Î < µ . Third boundary value problem.

The following conditions are prescribed:¯ = ° ( Î ) at Ð = 0 (initial condition),± ² ¯ − ³ ¯ = ´ ( Ð ) at Î = ® (boundary condition),
| ¯ | ≠ µ at Î ç µ (boundedness condition).

Solution: ¯ ( Î , Ð ) = ¶ ½· ° ( ¸ ) ¹ ( Î , ¸ , Ð ) º ¸ − Ñ ¶ »
0

´ ( ¼ ) ¹ ( Î , ® , Ð − ¼ ) º ¼ ,

where ¹ ( Î , ¸ , Ð ) = ¸ ¶ ½0
exp è − Ñ é 2 Ðëê>ì ( Î , é ) ì ( ¸ , é ) é º é ,ì ( Î , é ) =

Õ
0( é Î )[ é Ú 1( é í ) + î Ú 0( é í )] − Ú 0( é Î )[ é Õ

1( é í ) + î Õ
0( é í )]ï

[ é Õ
1( é í ) + î Õ

0( é í )]2 + [ é Ú 1( é í ) + î Ú 0( é í )]2
.ð"ñ

Reference: H. S. Carslaw and J. C. Jaeger (1984).

1.2.2. Equation of the Form ò óò ô = õ ö ò 2 óò ÷ 2 + 1÷ ò óò ÷ ø + ù ( ÷ , ô )

This equation is encountered in plane problems of heat conduction with heat release (the function ú
is proportional to the amount of heat released per unit time in the volume under consideration). The
equation describes one-dimensional unsteady thermal processes having axial symmetry.
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1.2.2-1. Domain: 0 ≤ Î ≤ í . First boundary value problem.

The following conditions are prescribed:û = ü ( Î ) at ý = 0 (initial condition),û = þ ( ý ) at Î = í (boundary condition),
| û | ≠ ÿ at Î = 0 (boundedness condition).

Solution:û ( Î , ý ) = � �
0

ü ( � ) � ( Î , � , ý ) � � − � � �
0

þ ( � ) � ( Î , ý − � ) � � + � �
0

� �
0

ú ( � , � ) � ( Î , � , ý − � ) � � � � ,

where� ( Î , � , ý ) = 	
��
=1

2 � 2 � 2
1 ( � �

)
� 0 � � � Î � � 0 � � � � � exp � −

� � 2

� ý 2 � , � ( � , ý ) = �� � � ( � , � , ý ) ����� = � .

Here, the � �
are positive zeros of the Bessel function, � 0( � �

) = 0. The numerical values of the first
ten roots � �

are given in Paragraph 1.2.1-3.

1.2.2-2. Domain: 0 ≤ � ≤


. Second boundary value problem.

The following conditions are prescribed:û = ü ( � ) at ý = 0 (initial condition),� � û = þ ( ý ) at � =


(boundary condition),
| û | ≠ ÿ at � = 0 (boundedness condition).

Solution:û ( � , ý ) = � �
0

ü ( � ) � ( � , � , ý ) � � + � � �
0

þ ( � ) � ( � ,


, ý − � ) � � + � �
0

� �
0

ú ( � , � ) � ( � , � , ý − � ) � � � � .

Here, � ( � , � , ý ) =
2 2 � +

2 2 	
��
=1

�� 2
0 ( � �

)
� 0 � � � � � � 0 � � � � � exp � −

� � 2

� ý 2 � ,

where the � �
are positive zeros of the first-order Bessel function, � 1( � ) = 0. The numerical values

of the first ten roots � �
can be found in Paragraph 1.2.1-4.���

References: A. V. Lykov (1967), H. S. Carslaw and J. C. Jaeger (1984).

1.2.2-3. Domain: 0 ≤ � ≤


. Third boundary value problem.

The following conditions are prescribed:û = ü ( � ) at ý = 0 (initial condition),� � û + � û = þ ( ý ) at � =


(boundary condition),
| û | ≠ ÿ at � = 0 (boundedness condition).

Solution:û ( � , ý ) = � �
0

ü ( � ) � ( � , � , ý ) � � + � � �
0

þ ( � ) � ( � ,


, ý − � ) � � + � �
0

� �
0

ú ( � , � ) � ( � , � , ý − � ) � � � � .

Here, � ( � , � , ý ) =
2 2 	
��

=1

� 2

� �
( � 2  2 + � 2

�
) � 2

0 ( � �
)
� 0 � � � � � � 0 � � � � � exp � −

� � 2

� ý 2 � ,

where the � �
are positive roots of the transcendental equation� � 1( � ) − �  � 0( � ) = 0.

The numerical values of the first six roots � �
can be found in Carslaw and Jaeger (1984).���

References: A. V. Lykov (1967), H. S. Carslaw and J. C. Jaeger (1984).
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1.2.2-4. Domain:


1 ≤ � ≤


2. First boundary value problem.

The following conditions are prescribed:û = ü ( � ) at ý = 0 (initial condition),û = þ 1( ý ) at � =


1 (boundary condition),û = þ 2( ý ) at � =


2 (boundary condition).

Solution: û ( � , ý ) = � � 2� 1

ü ( � ) � ( � , � , ý ) � � + � �
0

� � 2� 1

ú ( � , � ) � ( � , � , ý − � ) � � � �
+ � � �

0
þ 1( � ) � 1( � , ý − � ) � � − � � �

0
þ 2( � ) � 2( � , ý − � ) � � .

Here,� ( � , � , ý ) = 	
��
=1 � � � � �

( � ) � �
( � ) exp � −

� � 2

� ý 2
1

� , � 1( � , ý ) = � �� � ������ = � 1

, � 2( � , ý ) = � �� � ������ = � 2

,

� �
= � 2 � 2

� � 2
0 (  !� �

)
2
 2

1 " � 2
0 ( � �

) − � 2
0 (  !� �

) # , � �
( � ) = $ 0( � �

) � 0 � � � �
1

� − � 0( � �
) $ 0 � � � �

1
� ,  =


2
1

,

where � 0( % ) and $ 0( % ) are the Bessel functions, the � �
are positive roots of the transcendental

equation � 0( � ) $ 0(  !� ) − � 0(  !� ) $ 0( � ) = 0.

The numerical values of the first five roots � �
= � �

(  ) can be found in Carslaw and Jaeger (1984).

1.2.2-5. Domain:


1 ≤ � ≤


2. Second boundary value problem.

The following conditions are prescribed:û = ü ( � ) at ý = 0 (initial condition),� � û = þ 1( ý ) at � =


1 (boundary condition),� � û = þ 2( ý ) at � =


2 (boundary condition).

Solution: û ( � , ý ) = � � 2� 1

ü ( � ) � ( � , � , ý ) � � + � �
0

� � 2� 1 & ( � , � ) � ( � , � , ' − � ) � � � �
− � � �

0 ( 1( � ) � ( � ,


1, ' − � ) � � + � � �
0 ( 2( � ) � ( � ,


2, ' − � ) � � .

Here, � ( � , � , ' ) =
2 � 2

2 −
 2

1
+ � 2

2
 2

1
	
��
=1

� 2

� � 2
1 (  !� �

) �� 2
1 ( � �

) − � 2
1 (  !� �

)
� �

( � ) � �
( � ) exp � −

� � 2

� ' 2
1

� ,� �
( � ) = $ 1( � �

) � 0 � � � �
1

� − � 1( � �
) $ 0 � � � �

1
� ,  =


2
1

,

where � ) ( % ) and $ ) ( % ) are the Bessel functions of order � = 0, 1 and the � �
are positive roots of the

transcendental equation � 1( � ) $ 1(  !� ) − � 1(  !� ) $ 1( � ) = 0.

The numerical values of the first five roots � �
= � �

(  ) can be found in Abramowitz and Stegun
(1964).
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1.2.2-6. Domain:


1 ≤ � ≤


2. Third boundary value problem.

The following conditions are prescribed:*
= + ( � ) at ' = 0 (initial condition),� � * − � 1

*
= ( 1( ' ) at � =


1 (boundary condition),� � * + � 2

*
= ( 2( ' ) at � =


2 (boundary condition).

The solution is given by the formula from Paragraph 1.2.1-8 with the additional term� �
0

� � 2� 1 & ( � , � ) � ( � , � , ' − � ) � � � � ,

which takes into account the nonhomogeneity of the equation.

1.2.2-7. Domain: 0 ≤ � < , . Cauchy type problem.

The bounded solution of this equation subject to the initial condition*
= + ( � ) at ' = 0

is given by the relations*
( � , ' ) = � 	

0
� ( � , � , ' ) + ( � ) � � + � �

0
� 	

0
� ( � , � , ' − � ) & ( � , � ) � � � � ,� ( � , � , ' ) =

�
2 � ' exp � −

� 2 + � 2

4 � ' � - 0 � � �
2 � ' � ,

where - 0( % ) is the modified Bessel function.���
References: W. G. L. Sutton (1943), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

1.2.2-8. Domain:


≤ � < , . Third boundary value problem.

The following conditions are prescribed:*
= + ( � ) at ' = 0 (initial condition),� � * − � *
= ( ( ' ) at � =


(boundary condition),

|

*
| ≠ , at � . , (boundedness condition).

The solution is given by the formula from Paragraph 1.2.1-10 with the additional term� �
0

� 	� & ( � , � ) � ( � , � , ' − � ) � � � � ,

which takes into account the nonhomogeneity of the equation.

1.2.3. Equation of the Form / 0/ 1 = 2 3 / 2 0/ 4 2 + 24 / 0/ 4 5
This is a sourceless heat equation that describes unsteady heat processes with central symmetry. It
is often represented in the equivalent form� *

� ' =
�� 2 �� � � � 2 � *

� � � .

A similar equation is used for the analysis of the corresponding one-dimensional unsteady diffusion
processes.
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1.2.3-1. Particular solutions ( � , 6 , and � are arbitrary constants).*
( � ) = � + 6 1� ,*

( � , ' ) = � + 6 ( � 2 + 6 � ' ),*
( � , ' ) = � + 6 ( � 4 + 20 � '7� 2 + 60 � 2 ' 2),*
( � , ' ) = � + 6 89� 2 : +

:; ) =1

(2 < + 1)(2 < ) =>=>= (2 < − 2 � + 2)� !
( � ' ) ) � 2 : −2 ) ? ,*

( � , ' ) = � + 2 � 6 '� + 6 � ,*
( � , ' ) = � � −1 exp( � @ 2 ' A @ � ) + 6 ,*
( � , ' ) = � +

6' 3 B 2 exp C −
� 2

4 � ' � ,*
( � , ' ) = � +

6� D ' exp C −
� 2

4 � ' � ,*
( � , ' ) = � � −1 exp(− � @ 2 ' ) cos( @ � ) + 6 ,*
( � , ' ) = � � −1 exp(− � @ 2 ' ) sin( @ � ) + 6 ,*
( � , ' ) = � � −1 exp(− @ � ) cos( @ � − 2 � @ 2 ' ) + 6 ,*
( � , ' ) = � � −1 exp(− @ � ) sin( @ � − 2 � @ 2 ' ) + 6 ,*
( � , ' ) = � � erf C �

2 D � ' � + 6 ,*
( � , ' ) = � � erfc C �

2 D � ' � + 6 ,

where < is an arbitrary positive integer.

1.2.3-2. Reduction to a constant coefficient equation. Some formulas.

1 E . The substitution F ( � , ' ) = � * ( � , ' ) brings the original equation with variable coefficients to the
constant coefficient equation � F� ' = � � 2 F� � 2 ,

which is discussed in Subsection 1.1.1 in detail.

2 E . Suppose

*
=

*
( � , ' ) is a solution of the original equation. Then the functions*

1 = � *
( A G � , G 2 ' + H ),*

2 = �| I + J ' |3 B 2 exp 8 − J K 2

4 � ( I + J ' ) ? * C A KI + J ' , L + G 'I + J ' M , G I − J L = 1,

where N , H , J , I , and G are arbitrary constants, are also solutions of this equation. The second
formula may usually be encountered with J = 1, L = −1, and I = G = 0.

1.2.3-3. Infinite series particular solutions.

A solution containing an arbitrary function of the space variable:*
( K , ' ) = + ( K ) + O; : =1

( � ' ) :< ! P : " + ( K ) # , P ≡ Q 2Q K 2 +
2K QQ K ,
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where R ( K ) is any infinitely differentiable function. This solution satisfies the initial conditionS ( K , 0) = R ( K ). The sum is finite if R ( K ) is a polynomial that contains only even powers.
A solution containing an arbitrary function of time:S ( K , T ) = U ( T ) + O; : =1

1� : (2 < + 1)!
K 2 : U ( : )� ( T ),

where U ( T ) is any infinitely differentiable function. This solution is bounded at K = 0 and possesses
the properties S (0, T ) = U ( T ), V W S (0, T ) = 0.

1.2.3-4. Domain: 0 ≤ K ≤ X . First boundary value problem.

The following conditions are prescribed:S = R ( K ) at T = 0 (initial condition),S = U ( T ) at K = X (boundary condition),
| S | ≠ Y at K = 0 (boundedness condition).

Solution: S ( K , T ) =
2X O; : =1

1K sin C Z < KX M exp C −
� Z 2 < 2 TX 2 M [ : ( T ),

where [ : ( T ) = \ ]
0 ^ R ( ^ ) sin C Z < ^X M Q ^ − (−1) _ � Z < \ �

0
U ( ` ) exp C � Z 2 < 2 `X 2 M Q ` .a bdc egfih j

Using the relation [see Prudnikov, Brychkov, and Marichev (1986)]kl m
=1

(−1)

m
−1 sin n on =

o
2

(− p < o < p ),

we rewrite the solution in the formq ( r , s ) = t ( s ) +
2u r kl m

=1

sin( v m r ) exp(− w>v 2

m s ) x m
( s ), v m

=
p nu ,

where x m
( s ) = y z

0 {}| ( { ) sin( v m { ) ~ { + (−1)

m uv m t ( s ) exp( w>v 2

m s ) − (−1)

m w}p n y �
0

t ( � ) exp( w>v 2

m � ) ~!�
= y z

0 {}| ( { ) sin( v m { ) ~ { + (−1)

m uv m t (0) + (−1)

m uv m y �
0

t}�� ( � ) exp( w>v 2

m � ) ~!� .

Example 1. The initial temperature is uniform, | ( r ) = q
0, and the surface of the sphere is maintained at constant

temperature, t ( s ) = q z .
Solution: q ( r , s ) − q zq

0 − q z =
2
up r kl m

=1

(−1)

m
+1n sin � p n ru � exp � −

w}p 2 n 2 su 2 � .

The average temperature q depends on time s as follows:q − q zq
0 − q z =

6p 2

kl m
=1

1n 2 exp � −
w}p 2 n 2 su 2 � , q =

1� y � q ~!� ,

where
�

is the volume of the sphere of radius
u

.���
Reference: H. S. Carslaw and J. C. Jaeger (1984).
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1.2.3-5. Domain: 0 ≤ � ≤ � . Second boundary value problem.

The following conditions are prescribed:� = � ( � ) at � = 0 (initial condition),� � � = � ( � ) at � = � (boundary condition),
| � | ≠ � at � = 0 (boundedness condition).

Solution: � ( � , � ) = � �
0

� ( � ) � ( � , � , � ) � � + � � �
0

� ( ` ) � ( � , � , � − ` ) � ` ,

where � ( � , � , � ) =
3 � 2� 3 +

2 �� � �� _ =1 � 2_ + 1� 2_ sin � � _ �� � sin � � _ �� � exp � −
� � 2_ �� 2 � .

Here, the � _ are positive roots of the transcendental equation tan � − � = 0. The first five roots are

� 1 = 4.4934, � 2 = 7.7253, � 3 = 10.9041, � 4 = 14.0662, � 5 = 17.2208.

Example 2. The initial temperature of the sphere is uniform, | ( � ) = � 0. The thermal flux at the sphere surface is a
maintained constant,   ( ¡ ) =  £¢ .

Solution: � ( � , ¡ ) = � 0 +  }¢ ¤ ¥ 3 ¦}¡¤ 2 +
5 � 2 − 3 ¤ 2

10 ¤ 2 − §¨ ©
=1

2 ¤ª 3

©
cos( ª ©

)
1� sin « ª © �¤ ¬ exp « −

¦ ª 2

© ¡¤ 2 ¬  ,®�¯
References: A. V. Lykov (1967), A. V. Bitsadze and D. F. Kalinichenko (1985).

1.2.3-6. Domain: 0 ≤ ° ≤ ± . Third boundary value problem.

The following conditions are prescribed:² = ³ ( ° ) at ´ = 0 (initial condition),µ ¶ ² + · ² = ¸ ( ´ ) at ° = ± (boundary condition),
| ² | ≠ ¹ at ° = 0 (boundedness condition).

Solution: ² ( ° , ´ ) = º »
0

³ ( ¼ ) ½ ( ° , ¼ , ´ ) ¾ ¼ + ¿ º �
0

¸ ( À ) ½ ( ° , ± , ´ − À ) ¾ À .

Here, ½ ( ° , ¼ , ´ ) =
2 ¼± ° ÁÂ�Ã

=1 Ä 2

Ã
+ ( · ± − 1)2

Ä 2

Ã
+ · ± ( · ± − 1)

sin Å Ä
Ã °± � sin Å Ä

Ã ¼± � exp Å −
¿ Ä 2

Ã ´± 2 � ,

where the Ä
Ã

are positive roots of the transcendental equation

Ä cot Ä + · ± − 1 = 0.

The numerical values of the first six roots Ä
Ã

can be found in Carslaw and Jaeger (1984).
Example 3. The initial temperature of the sphere is uniform, | ( � ) = � 0. The temperature of the ambient medium is

zero,   ( ¡ ) = 0.
Solution: � ( � , ¡ ) =

2 Æ ¤ 2 � 0� §¨ ©
=1

sin ª ©
[ ª 2

©
+ ( Æ ¤ − 1)2]ª 2

©
[ ª 2

©
+ Æ ¤ ( Æ ¤ − 1)]

sin « ª © �¤ ¬ exp « −
¦ ª 2

© ¡¤ 2 ¬ ,®�¯
Reference: H. S. Carslaw and J. C. Jaeger (1984).
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1.2.3-7. Domain: ± 1 ≤ ° ≤ ± 2. First boundary value problem.

The following conditions are prescribed:² = ³ ( ° ) at ´ = 0 (initial condition),² = ¸ 1( ´ ) at ° = ± 1 (boundary condition),² = ¸ 2( ´ ) at ° = ± 2 (boundary condition).

Solution:² ( ° , ´ ) = º » 2» 1

³ ( ¼ ) ½ ( ° , ¼ , ´ ) ¾ ¼ + ¿ º �
0

¸ 1( À ) Ç 1( ° , ´ − À ) ¾ À − ¿ º �
0

¸ 2( À ) Ç 2( ° , ´ − À ) ¾ À ,

where ½ ( ° , ¼ , ´ ) =
2 ¼

( ± 2 − ± 1) ° ÁÂ�Ã
=1

sin È É Ê ( ° − ± 1)± 2 − ± 1 Ë sin È É Ê ( ¼ − ± 1)± 2 − ± 1 Ë exp È − É 2 Ê 2 ¿ ´
( ± 2 − ± 1)2 Ë ,Ç 1( ° , ´ ) =

µµ ¼ ½ ( ° , ¼ , ´ ) ÌÌÌ�Í = » 1
, Ç 2( ° , ´ ) =

µµ ¼ ½ ( ° , ¼ , ´ ) ÌÌÌ�Í = » 2
.

Example 4. The initial temperature is zero. The temperatures of the interior and exterior surfaces of the spherical layer
are maintained constants, Î 1( Ï ) = Ð 1 and Î 2( Ï ) = Ð 2.

Solution:Ð ( Ñ , Ï ) = Ò 1 Ð 1Ñ +
( Ñ − Ò 1)( Ò 2 Ð 2 − Ò 1 Ð 1)Ñ ( Ò 2 − Ò 1)

+
2Ñ Ó¨ © =1

(−1)

© Ò 2 Ð 2 − Ò 1 Ð 1Ô Õ sin Ö Ô Õ ( Ñ − Ò 1)Ò 2 − Ò 1  exp Ö − Ô 2 Õ 2 × Ï
( Ò 2 − Ò 1)2  .®�¯

Reference: H. S. Carslaw and J. C. Jaeger (1984).

1.2.3-8. Domain: ± 1 ≤ ° ≤ ± 2. Second boundary value problem.

The following conditions are prescribed:² = ³ ( ° ) at ´ = 0 (initial condition),µ ¶ ² = ¸ 1( ´ ) at ° = ± 1 (boundary condition),µ ¶ ² = ¸ 2( ´ ) at ° = ± 2 (boundary condition).

Solution:² ( ° , ´ ) = º » 2» 1

³ ( ¼ ) ½ ( ° , ¼ , ´ ) ¾ ¼ − ¿ º Ø
0

¸ 1( À ) ½ ( ° , ± 1, ´ − À ) ¾ À + ¿ º Ø
0

¸ 2( À ) ½ ( ° , ± 2, ´ − À ) ¾ À .

Here, ½ ( ° , ¼ , ´ ) =
3 ¼ 2± 3

2 − ± 3
1

+
2 ¼

( ± 2 − ± 1) ° ÁÂ Ã
=1

(1 + ± 2
2 Ù 2

Ã
) Ú Ã

( ° ) Ú Ã
( ¼ ) exp(− ¿ Ù 2

Ã ´ )Ù 2

Ã Û ± 2
1 + ± 2

2 + ± 1 ± 2(1 + ± 1 ± 2 Ù 2

Ã
) Ü ,Ú Ã

( ° ) = sin[ Ù Ã
( ° − ± 1)] + ± 1 Ù Ã

cos[ Ù Ã
( ° − ± 1)],

where the Ù Ã
are positive roots of the transcendental equation

( Ù 2 ± 1 ± 2 + 1) tan[ Ù ( ± 2 − ± 1)] − Ù ( ± 2 − ± 1) = 0.®�¯
Reference: H. S. Carslaw and J. C. Jaeger (1984).
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1.2.3-9. Domain: ± 1 ≤ ° ≤ ± 2. Third boundary value problem.

The following conditions are prescribed:² = ³ ( ° ) at ´ = 0 (initial condition),µ ¶ ² − · 1
² = ¸ 1( ´ ) at ° = ± 1 (boundary condition),µ ¶ ² + · 2
² = ¸ 2( ´ ) at ° = ± 2 (boundary condition).

Solution:² ( ° , ´ ) = º » 2» 1

³ ( ¼ ) ½ ( ° , ¼ , ´ ) ¾ ¼ − ¿ º Ø
0

¸ 1( À ) ½ ( ° , ± 1, ´ − À ) ¾ À + ¿ º Ø
0

¸ 2( À ) ½ ( ° , ± 2, ´ − À ) ¾ À .

Here,½ ( ° , ¼ , ´ ) =
2 ¼° ÁÂ Ã

=1

( Ý 2
2 + ± 2

2 Ù 2

Ã
) Ú Ã

( ° ) Ú Ã
( ¼ ) exp(− ¿ Ù 2

Ã ´ )
( ± 2 − ± 1)( Ý 2

1 + ± 2
1 Ù 2

Ã
)( Ý 2

2 + ± 2
2 Ù 2

Ã
) + ( Ý 1 ± 2 + Ý 2 ± 1)( Ý 1 Ý 2 + ± 1 ± 2 Ù 2

Ã
)

,Ú Ã
( ° ) = Ý 1 sin[ Ù Ã

( ° − ± 1)] + ± 1 Ù Ã
cos[ Ù Ã

( ° − ± 1)], Ý 1 = · 1 ± 1 + 1, Ý 2 = · 2 ± 2 − 1,

where the Ù Ã
are positive roots of the transcendental equation

( Ý 1 Ý 2 − ± 1 ± 2 Ù 2) sin[ Ù ( ± 2 − ± 1)] + Ù ( ± 1 Ý 2 + ± 2 Ý 1) cos[ Ù ( ± 2 − ± 1)] = 0.®�¯
Reference: H. S. Carslaw and J. C. Jaeger (1984).

1.2.3-10. Domain: 0 ≤ ° < ¹ . Cauchy type problem.

The bounded solution of this equation subject to the initial condition² = ³ ( ° ) at ´ = 0

has the form ² ( ° , ´ ) =
1

2 ° Þ É ¿ ´ º Á0
¼ ß exp È − ( ° − ¼ )2

4 ¿ ´ Ë − exp È − ( ° + ¼ )2

4 ¿ ´ Ë à ³ ( ¼ ) ¾ ¼ .®�¯
Reference: A. G. Butkovskiy (1979).

1.2.3-11. Domain: ± ≤ ° < ¹ . First boundary value problem.

The following conditions are prescribed:² = ³ ( ° ) at ´ = 0 (initial condition),² = ¸ ( ´ ) at ° = ± (boundary condition).

Solution:² ( ° , ´ ) =
1

2 ° Þ É ¿ ´ º Á» ¼ ³ ( ¼ ) ß exp È − ( ° − ¼ )2

4 ¿ ´ Ë − exp È − ( ° + ¼ − 2 ± )2

4 ¿ ´ Ë à ¾ ¼
+

2 ±° Þ É º Áá ¸ Å ´ −
( ° − ± )2

4 ¿ À 2 â exp(− À 2) ¾ À , ã =
° − ±
2 Þ ¿ ä .

Example 5. The temperature of the ambient medium is uniform at the initial instant Ï = 0 and the boundary of the
domain is held at constant temperature, that is, å ( Ñ ) = Ð 0 and Î ( Ï ) = Ð æ .

Solution: Ð − Ð 0Ð æ − Ð 0
= Ò Ñ erfc ç Ñ − Ò

2 è × Ï é ,

where erfc ê =
2è Ô ë Óì exp(− í 2) î!í is the error function.ï�ð

Reference: H. S. Carslaw and J. C. Jaeger (1984).
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1.2.4. Equation of the Form ñ òñ ó = ô õ ñ 2 òñ ö 2 + 2ö ñ òñ ö ÷ + ø ( ö , ó )

This equation is encountered in heat conduction problems with heat release; the function ù is
proportional to the amount of heat released per unit time in the volume under consideration. The
equation describes one-dimensional unsteady thermal processes having central symmetry.

The substitution ú ( û , ä ) = û ü ( û , ä ) brings the original nonhomogeneous equation with variable
coefficients to the nonhomogeneous constant coefficient equationý úý ä = ¿ ý 2 úý û 2 + û ù ( û , ä ),
which is considered in Subsection 1.1.2.

1.2.4-1. Domain: 0 ≤ û ≤ þ . First boundary value problem.

The following conditions are prescribed:ü = ÿ ( û ) at ä = 0 (initial condition),ü = � ( ä ) at û = þ (boundary condition),ü ≠ � at û = 0 (boundedness condition).

Solution:ü ( û , ä ) =
� �

0
ÿ ( � ) � ( û , � , � ) � � − ¿ � �

0
� ( 	 ) 
 ( û , � − 	 ) � 	 +

� �
0

� �
0

ù ( � , 	 ) � ( û , � , � − 	 ) � � � 	 ,

where� ( û , � , � ) =
2 �þ û ���

=1

sin � � � ûþ � sin � � � �þ � exp � −
¿ � 2 � 2 �þ 2 � , 
 ( û , � ) =

ýý � � ( û , � , � ) ����� = � .

1.2.4-2. Domain: 0 ≤ û ≤ þ . Second boundary value problem.

The following conditions are prescribed:ü = ÿ ( û ) at � = 0 (initial condition),ý � ü = � ( � ) at û = þ (boundary condition),ü ≠ � at û = 0 (boundedness condition).

Solution:ü ( û , � ) =
� �

0
ÿ ( � ) � ( û , � , � ) � � + ¿ � �

0
� ( 	 ) � ( û , þ , � − 	 ) � 	 +

� �
0

� �
0

ù ( � , 	 ) � ( û , � , � − 	 ) � � � 	 ,

where � ( û , � , � ) =
3 � 2þ 3 +

2 �þ û �� 
=1 � 2


+ 1� 2


sin � �

 ûþ � sin � �
 �þ � exp � −

¿ � 2

 �þ 2 � .

Here, the �


are positive roots of the transcendental equation tan � − � = 0. The values of the first
five roots �


can be found in Paragraph 1.2.3-5.���

References: A. V. Lykov (1967), A. V. Bitsadze and D. F. Kalinichenko (1985).
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1.2.4-3. Domain: 0 ≤ û ≤ þ . Third boundary value problem.

The following conditions are prescribed:ü = ÿ ( û ) at � = 0 (initial condition),ý � ü + � ü = � ( � ) at û = þ (boundary condition),ü ≠ � at û = 0 (boundedness condition).
Solution:ü ( û , � ) =

� �
0

ÿ ( � ) � ( û , � , � ) � � + ¿ � �
0

� ( 	 ) � ( û , þ , � − 	 ) � 	 +
� �

0

� �
0

ù ( � , 	 ) � ( û , � , � − 	 ) � � � 	 .

Here, � ( û , � , � ) =
2 �þ û ���

=1 � 2


+ ( � þ − 1)2

� 2


+ � þ ( � þ − 1)

sin � �
 ûþ � sin � �

 �þ � exp � −
¿ � 2

 �þ 2 � ,

where the �


are positive roots of the transcendental equation � cot � + � þ − 1 = 0.���
Reference: H. S. Carslaw and J. C. Jaeger (1984).

1.2.4-4. Domain: þ 1 ≤ û ≤ þ 2. First boundary value problem.

The following conditions are prescribed:ü = ÿ ( û ) at � = 0 (initial condition),ü = � 1( � ) at û = þ 1 (boundary condition),ü = � 2( � ) at û = þ 2 (boundary condition).
Solution: ü ( û , � ) =

� �
2�

1

ÿ ( � ) � ( û , � , � ) � � +
� �

0

� �
2�

1

ù ( � , 	 ) � ( û , � , � − 	 ) � � � 	
+ ¿ � �

0
� 1( 	 ) 
 1( û , � − 	 ) � 	 − ¿ � �

0
� 2( 	 ) 
 2( û , � − 	 ) � 	 ,

where � ( û , � , � ) =
2 �

( þ 2 − þ 1) û �� 
=1

sin � � � ( û − þ 1)þ 2 − þ 1 � sin � � � ( � − þ 1)þ 2 − þ 1 � exp � − � 2 � 2 ¿ �
( þ 2 − þ 1)2 � ,
 1( û , � ) =

ýý � � ( û , � , � ) ����� = �
1
, 
 2( û , � ) =

ýý � � ( û , � , � ) ����� = �
2
.���

Reference: H. S. Carslaw and J. C. Jaeger (1984).

1.2.4-5. Domain: þ 1 ≤ û ≤ þ 2. Second boundary value problem.

The following conditions are prescribed:ü = ÿ ( û ) at � = 0 (initial condition),ý � ü = � 1( � ) at û = þ 1 (boundary condition),ý � ü = � 2( � ) at û = þ 2 (boundary condition).
Solution: ü ( û , � ) =

� �
2�

1

ÿ ( � ) � ( û , � , � ) � � +
� �

0

� �
2�

1

ù ( � , 	 ) � ( û , � , � − 	 ) � � � 	
− ¿ � �

0
� 1( 	 ) � ( û , þ 1, � − 	 ) � 	 + ¿ � �

0
� 2( 	 ) � ( û , þ 2, � − 	 ) � 	 ,

where the function � ( û , � , � ) is the same as in Paragraph 1.2.3-8.���
Reference: H. S. Carslaw and J. C. Jaeger (1984).
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1.2.4-6. Domain:
�

1 ≤ � ≤
�

2. Third boundary value problem.

The following conditions are prescribed:� = � ( � ) at � = 0 (initial condition),� � � − � 1
� = � 1( � ) at � =

�
1 (boundary condition),� � � + � 2

� = � 2( � ) at � =
�

2 (boundary condition).

The solution is given by the formula of Paragraph 1.2.3-9 with the additional term	 

0

	 �
2�

1 � (  , � ) � ( � ,  , � − � ) �  � � ,

which takes into account the nonhomogeneity of the equation.

1.2.4-7. Domain: 0 ≤ � < � . Cauchy type problem.

The bounded solution of this equation subject to the initial condition� = � ( � ) at � = 0

is given by � ( � , � ) =
	 �

0
� (  ) � ( � ,  , � ) �  +

	 

0

	 �
0 � (  , � ) � ( � ,  , � − � ) �  � � ,� ( � ,  , � ) =


2 � � � � � � exp � − ( � −  )2

4 � � � − exp � − ( � +  )2

4 � � � � .���
Reference: A. G. Butkovskiy (1979).

1.2.4-8. Domain:
�

≤ � < � . First boundary value problem.

The following conditions are prescribed:� = � ( � ) at � = 0 (initial condition),� = � ( � ) at � =
�

(boundary condition).

Solution:� ( � , � ) =
	 �� � (  ) � ( � ,  , � ) �  +

	 

0

	 �� � (  , � ) � ( � ,  , � − � ) �  � � + � 	 

0

� ( � ) � ( � , � − � ) � � ,

where� ( � ,  , � ) =


2 � � � � � � exp � − ( � −  )2

4 � � � − exp � − ( � +  − 2
�

)2

4 � � � � , � ( � , � ) =
��  � ( � ,  , � ) ���� � = � .���

Reference: H. S. Carslaw and J. C. Jaeger (1984).

1.2.5. Equation of the Form ! "! # = ! 2 "! $ 2 + 1 – 2 %$ ! "! $
This dimensionless equation is encountered in problems of the diffusion boundary layer. For & = 0,& = 1

2 , or & = − 1
2 , see the equations of Subsections 1.2.1, 1.1.1, or 1.2.3, respectively.
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1.2.5-1. Particular solutions ( ' , ( , and ) are arbitrary constants).� ( * ) = ' + ( * 2 + ,� ( * , � ) = ' + 4(1 − & ) ( � + ( * 2,� ( * , � ) = ' + 16(2 − & )(1 − & ) ( � 2 + 8(2 − & ) ( �,* 2 + ( * 4,� ( * , � ) = * 2 - +
-.0/
=1

4

/
1 ! 2 - ,

/ 2 - − + ,

/ � / * 2( - −

/
), 243 ,

/
= 5 ( 5 − 1) 67676 ( 5 − 1 + 1),� ( * , � ) = ' + 4(1 + & ) ( �,* 2 + + ( * 2 + +2,� ( * , � ) = ' + ( � + −1 exp 8 −

* 2

4 � 9 ,� ( * , � ) = ' + ( * 2 +� + +1 exp 8 −
* 2

4 � 9 ,� ( * , � ) = ' + ( : 8 & ,
* 2

4 � 9 ,� ( * , � ) = ' + ( exp(− ) 2 � ) * + ; + ( ) * ),� ( * , � ) = ' + ( exp(− ) 2 � ) * + < + ( ) * ),� ( * , � ) = ' + ( * +� exp 8 −
* 2 + ) 2

4 � 9 = + 8 ) *
2 � 9 ,� ( * , � ) = ' + ( * +� exp 8 −

* 2 + ) 2

4 � 9 = − + 8 ) *
2 � 9 ,� ( * , � ) = ' + ( * +� exp 8 −

* 2 + ) 2

4 � 9 > + 8 ) *
2 � 9 ,

where ? is an arbitrary positive integer, : ( & , @ ) is the incomplete gamma function, ; + ( @ ) and < + ( @ )
are the Bessel functions, and = + ( @ ) and > + ( @ ) are the modified Bessel functions.���

References: W. G. L. Sutton (1943), A. D. Polyanin (2001a).

1.2.5-2. Infinite series solutions.

A solution containing an arbitrary function of the space variable:� ( * , � ) = � ( * ) +
�. - =1

1? !
� - A - [ � ( * )], A ≡

� 2� * 2 +
1 − 2 &* �� * ,

where � ( * ) is any infinitely differentiable function. This solution satisfies the initial condition� ( * , 0) = � ( * ). The sum is finite if � ( * ) is a polynomial that contains only even powers.
A solution containing an arbitrary function of time:� ( * , � ) = � ( � ) +

�. - =1

1
4 - ? ! (1 − & )(2 − & ) 67676 ( ? − & )

* 2 - � ( - )
 ( � ),
where � ( � ) any infinitely differentiable function. This solution is bounded at * = 0 and possesses the
properties � (0, � ) = � ( � ), � B � (0, � ) = 0.
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1.2.5-3. Formulas and transformations for constructing particular solutions.

Suppose � = � ( * , � ) is a solution of the original equation. Then the functions�
1 = ' � ( C D * , D 2 � + E ),�
2 = ' | � + F4� | + −1 exp � − F4* 2

4( � + F4� ) � � 8 C *� + F4� , G + � �� + F4� 9 , � � − F G = 1,

where ' , E , � , F , and G are arbitrary constants, are also solutions of this equation. The second
formula usually may be encountered with � = � = 0, F = 1, and G = −1.

The substitution � = * 2 + H ( * , � ) brings the equation with parameter & to an equation of the same
type with parameter − & : � H� � =

� 2 H� * 2 +
1 + 2 &* � H� * .

1.2.5-4. Domain: 0 ≤ * < � . First boundary value problem.

The following conditions are prescribed:� = � ( * ) at � = 0 (initial condition),� = � ( � ) at * = 0 (boundary condition).

Solution for 0 < & < 1:� ( * , � ) =
* +
2 � 	 �

0
� (  )  1− + exp 8 −

* 2 +  2

4 � 9 = + 8  *
2 � 9 � 

+
* 2 +

22 + +1 I ( & + 1)

	 

0

� ( � ) exp � − * 2

4( � − � ) � � �
( � − � )1+ + .

Example. For J ( K ) = L 0 and M ( N ) = L 1, where J ( K ) = const and M ( N ) = const, we haveL =
( L 0 − L 1)O

( P ) Q R P ,
K 2

4 N S + L 1, Q ( P , T ) = U V
0 W4X −1 Y − Z [ W .

Here, Q ( P , T ) is the incomplete gamma function and
O

( P ) = Q ( P , \ ) is the gamma function.]�^
Reference: W. G. L. Sutton (1943).

1.2.5-5. Domain: 0 ≤ * < _ . Second boundary value problem.

The following conditions are prescribed:`
= a ( b ) at c = 0 (initial condition),d b 1−2 e f B ` g
= h ( c ) at b = 0 (boundary condition).

Solution for 0 < i < 1:`
( b , c ) =

b e
2 c j k0

a ( l ) l 1− e exp m −
b 2 + l 2

4 c n o − e m l b
2 c n p l

−
22 e −1q
(1 − i ) j r0

h ( � ) exp s − b 2

4( c − � ) t p �
( c − � )1− e .
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1.2.5-6. Domain: 0 ≤ b < _ . Third boundary value problem.

The following conditions are prescribed:
`

= 0 at c = 0 (initial condition),u b 1−2 e f v `
+ w (

`
0 −

`
) x = 0 at b = 0 (boundary condition).

Solution for 0 < i < 1:`
( b , c ) =

`
0

22 e −1 wq
(1 − i ) j r0 y ( � ) exp s − b 2

4( c − � ) t p �
( c − � )1− e ,

where the function y ( c ) is given as the seriesy ( c ) = kz0{
=0

(− | }�~ )

{q
( � � + 1)

, | =
22 ~ −1 w q

( � )q
(1 − � )

,

which is convergent for any } .���
Reference: W. G. L. Sutton (1943).

1.2.6. Equation of the Form � �� � = � 2 �� � 2 + 1 – 2 �� � �� � + � ( � , � )
This equation is encountered in problems of a diffusion boundary layer with sources/sinks of
substance. For � = 0, � = 1

2 , or � = − 1
2 , see the equations of Subsections 1.2.2, 1.1.2, or 1.2.4,

respectively.

1.2.6-1. Domain: 0 ≤ � < � . First boundary value problem.

The following conditions are prescribed:� = � ( � ) at } = 0 (initial condition),� = � ( } ) at � = 0 (boundary condition).
Solution for 0 < � < 1:� ( � , } ) =

� ~
2 } � �0

� ( � ) � 1− ~ exp � −
� 2 + � 2

4 } � � ~ � � �
2 } � � �

+
� 2 ~

22 ~ +1 � ( � + 1) � �0
� ( � ) exp � − � 2

4( } − � ) � � �
( } − � )1+ ~

+
1
2 � �0 � �0 � ( � , � )

� ~ � 1− ~} − � exp � − � 2 + � 2

4( } − � ) � � ~ � � �
2( } − � ) � � � � � .

1.2.6-2. Domain: 0 ≤ � < � . Second boundary value problem.

The following conditions are prescribed:� = � ( � ) at } = 0 (initial condition),� � 1−2 ~ � � � � = � ( } ) at � = 0 (boundary condition).
Solution for 0 < � < 1:� ( � , } ) =

� ~
2 } � �0

� ( � ) � 1− ~ exp � −
� 2 + � 2

4 } � � − ~ � � �
2 } � � �

−
22 ~ −1� (1 − � ) � �0

� ( � ) exp � − � 2

4( } − � ) � � �
( } − � )1− ~

+
1
2 � �0 � �0 � ( � , � )

� ~ � 1− ~} − � exp � − � 2 + � 2

4( } − � ) � � − ~ � � �
2( } − � ) � � � � � .���

Reference for Subsection 1.2.6: W. G. L. Sutton (1943).
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1.3. Equations Containing Power Functions and
Arbitrary Parameters

1.3.1. Equations of the Form � �� � = � � 2 �� � 2 +   ( � , � ) �
1.3.1-1. The function � depends on the space coordinate � alone.

Such equations are encountered in problems of heat and mass transfer with heat release (or volume
chemical reaction). The one-dimensional Schrödinger equation can be reduced to this form by the
change of variable } ¡ − ¢¤£ } [the function − � ( � ) describes the potential against the space coordinate;
see Subsection 1.9.2].

1. ¥ ¦¥ § = ¨ ¥ 2 ¦¥ © 2
+ ( ª © + « ) ¦ .

This equation is a special case of equation 1.8.9 with ¬ ( � ) = 1,  ( � ) = ® , ¯ ( � ) = − °4� − ± , and � ( � , ² ) = 0.
Also, it is a special case of equation 1.8.1.6 with � ( ² ) = ° and � ( ² ) = ± .

1 ³ . Particular solutions ( ´ and µ are arbitrary constants):� ( � , ² ) = ´ exp
� °4²,� + 1

3 ® ° 2 ² 3 + ±¶² � ,� ( � , ² ) = ´ ( � + ® °4² 2) exp
� °4²,� + 1

3 ® ° 2 ² 3 + ±¶² � ,� ( � , ² ) = ´ exp ·¸� ( °4² + µ ) + 1
3 ® ° 2 ² 3 + ® °4µ ² 2 + ( ® µ 2 + ± ) ²�¹ ,� ( � , ² ) = ´ exp(− µ ² ) º � » 1 ¼ 3 � 2

3 °7½ ® � 3 ¼ 2 � , � = °4¾ + ± + µ ,¿ ( ¾ , ² ) = ´ exp(− µ ² ) º � À 1 ¼ 3 � 2
3 °7½ ® � 3 ¼ 2 � , � = °4¾ + ± + µ ,

where » 1 ¼ 3( Á ) and À 1 ¼ 3( Á ) are the Bessel functions of the first and second kind of order 1 Â 3.

2 ³ . The transformation¿ ( ¾ , ² ) = Ã ( Á , ² ) exp
� °4²,¾ + 1

3 ® ° 2 ² 3 + ±¶² � , Á = ¾ + ® °4² 2

leads to a constant coefficient equation, � � Ã = ® � Ä4Ä Ã , which is considered in Subsection 1.1.1.

3 ³ . Domain: − Å < ¾ < Å . Cauchy problem.
An initial condition is prescribed: ¿ = Æ ( ¾ ) at ² = 0.

Solution:¿ ( ¾ , ² ) =
1

2 ½ Ç ® ² exp
� °4²,¾ + 1

3 ® ° 2 ² 3 + ±¶² � � �− � exp � − ( ¾ + ® °4² 2 − � )2

4 ® ² � Æ ( � ) � � .È�É
Reference: A. D. Polyanin, A. V. Vyazmin, A. I. Zhurov, and D. A. Kazenin (1998), see also W. Miller, Jr. (1977).

2. ¥ ¦¥ § = ¨ ¥ 2 ¦¥ © 2
– ( ª © 2 + « ) ¦ , ª > 0.

This equation is a special case of equation 1.8.9 with ¬ ( ¾ ) = 1,  ( ¾ ) = ® , ¯ ( ¾ ) = °4¾ 2 + ± , and � ( ¾ , ² ) = 0.
In addition, it is a special case of equation 1.8.1.7 with Æ ( ² ) = − ± .
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1 ³ . Particular solutions ( ´ and µ are arbitrary constants):¿ ( ¾ , ² ) = ´ exp � � ½ ® ° − ± � ² +
½ °

2 ½ ® ¾ 2 � ,¿ ( ¾ , ² ) = ´ exp � − � ½ ® ° + ± � ² −
½ °

2 ½ ® ¾ 2 � ,¿ ( ¾ , ² ) = ´ exp � − µ ² −
½ °

2 ½ ® ¾ 2 � � � ± − µ
4 ½ ® ° +

1
4

,
1
2

; Ê ËÌ ¾ 2 Í ,Î ( Ï , Ð ) = Ñ exp Ò − Ó Ð − Ô Ë
2 Ô Ì Ï 2 Í Ï Õ Ò Ö − Ó

4 Ô Ì Ë +
3
4

,
3
2

; Ê ËÌ Ï 2 Í ,

where Õ ( × , Ø ; Ù ) = 1+ ÚÛÜ =1

× ( × + 1) Ý7Ý7Ý ( × + Þ − 1)Ø ( Ø + 1) Ý7Ý7Ý ( Ø + Þ − 1)
Ù ÜÞ !

is the degenerate hypergeometric function.

2 ß . In quantum mechanics the following particular solution is encountered:Î ( Ï , Ð ) = à −[ á + â ãåä (2 æ +1)] �èç æ ( é ), ç æ ( é ) =
1ê 1 ë 4 Ô 2 æ ì ! Ï 0

à − 1
2 í 2 î æ ( é ), é =

ÏÏ 0
, Ï 0 = ï Ì Ë ð 1 ë 4

,

where
î æ ( é ) = (−1) æ à í 2 ñ4òñ í ò ó à − í 2 ô

are the Hermite polynomials, ì = 0, 1, 2, Ý7Ý7Ý These solutions
satisfy the normalization condition õ Ú

− Ú | ç æ ( é )|2 ö é = 1.

3 ß . The transformation ( Ñ is any number)Î ( Ï , Ð ) = ÷ ( Ù , ø ) exp ù Ô Ë
2 Ô Ì Ï 2 + ( Ô Ì Ë − Ö ) Ð�ú , Ù = Ï exp ó 2 Ô Ì Ë Ð ô

, ø = Ô Ì
4 Ô Ë exp ó 4 Ô Ì Ë Ð ô

+ Ñ ,

leads to the constant coefficient equation û ü ÷ = û ý4ý7÷ , which is considered in Subsection 1.1.1.þ�ÿ
Reference: A. D. Polyanin, A. V. Vyazmin, A. I. Zhurov, and D. A. Kazenin (1998), see also W. Miller, Jr. (1977).

3. � �� � = � � 2 �� � 2
+ ( � � 2 – � ) � , � > 0.

This is a special case of equation 1.8.9 with � ( Ï ) = 1, � ( Ï ) = 	 , 
 ( Ï ) = Ö − �4Ï 2, and Õ ( Ï , Ð ) = 0. The
transformation Î ( Ï , Ð ) =

1� 
cos ó 2 Ô 	 � Ð ô  exp ù Ô �

2 Ô 	 Ï 2 tan ó 2 Ô 	 � Ð ô
− Ö Ð ú ÷ ( Ù , ø ),

Ù =
Ï

cos ó 2 Ô 	 � Ð ô , ø = Ô 	
2 Ô � tan ó 2 Ô 	 � Ð ô

,

leads to the constant coefficient equation û ü ÷ = û ý4ý7÷ , which is considered in Subsection 1.1.1.

4. � �� � = � � 2 �� � 2
+ ( � � 2 + � � + � ) � .

The substitution Ù = Ï + Ö � (2 � ) leads to an equation of the form 1.3.1.2 (for � < 0) or 1.3.1.3 (for� > 0).
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5. � �� � = � � 2 �� � 2
+ ó � + � � –2 ô � .

1 ß . Particular solutionsÎ ( Ï , Ð ) = à ( ä − ã�� 2) � Ô Ï �¸Ñ � � ( Ó Ï ) + � � � ( Ó Ï ) � , � 2 =
1
4

− Ö	 ,

where � � ( Ù ) and � � ( Ù ) are the Bessel functions; Ñ , � , and Ó are arbitrary constants.

2 ß . Domain: 0 ≤ Ï < � . First boundary value problem.
The following conditions are prescribed:Î = � ( Ï ) at Ð = 0 (initial condition),� = 0 at � = 0 (boundary condition).

Solution:� ( � , � ) =
à ä �2 	 �

õ Ú
0 � � é exp � −

� 2 +  2

4 	 � ! " � �  �
2 	 � ! � (  ) ö  , � 2 =

1
4

− #	 ,

where − 3
4 	 < # < 1

4 	 .

3 $ . The transformation � ( � , � ) = % & � � ' ( ( � , ) ), ) = 	 � ,
where * is a root of the quadratic equation 	 * 2 − 	 * + # = 0 , leads to an equation of the form 1.2.5:û (û ) =

û 2 (û � 2 +
2 *� û (û � .

See also Miller, Jr. (1977).

6. � �� � = � � 2 �� � 2
+ + – � � 2 + � + � � –2 , � , � > 0.

This is a special case of equation 1.8.1.2 with � ( � ) = − �-� 2 − # + * � −2. The transformation ( . is any
number)� ( � , � ) = ( ( / , ) ) exp 0 1 2

2 1 3 � 2 + ( 1 3 2 + # ) �54 , / = 6 exp + 2 1 3 2 7 , , ) =
1

4 1 3 2 exp + 4 1 3 2 7 , + . ,

leads to an equation of the form 1.3.1.5:8 (8 ) =

8
2 (8 / 2 +

*3 / −2 ( .

See also Miller, Jr. (1977).

7. 9 :9 ; = < 9 2 :9 = 2
+ ( > = 2 – ? + @ = –2) : , > > 0.

This is a special case of equation 1.8.1.2 with A ( 6 ) = 2 6 2 − # + * 6 −2. The transformationB ( 6 , 7 ) =
1C DD

cos + 2 1 3 2 7 , DD exp 0 1 2
2 1 3 6 2 tan + 2 1 3 2 7 , − #�7 4 ( ( / , ) ),

/ =
6

cos + 2 1 3 2 7 , , ) = 1 3
2 1 2 tan + 2 1 3 2 7 , ,

leads to an equation of the form 1.3.1.5:8 (8 ) =

8
2 (8 / 2 +

*3 / −2 ( .
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1.3.1-2. The function A depends on time 7 alone.

8. 9 :9 ; = < 9 2 :9 = 2
+ + > ; + ? , : .

This is a special case of equation 1.8.1.1 with A ( 7 ) = 2-7 + # .
1 $ . Particular solutions ( . , E , and F are arbitrary constants):B ( 6 , 7 ) = ( . 6 + E ) exp + 1

2 2-7 2 + #�7 , ,B ( 6 , 7 ) = . ( 6 2 + 2 3 7 ) exp + 1
2 2-7 2 + #�7 , ,B ( 6 , 7 ) = . exp GHF 6 + 1

2 2-7 2 + ( # + 3 F 2) 7JI ,B ( 6 , 7 ) = . exp G 1
2 2-7 2 + ( # − 3 F 2) 7 I cos( F 6 ),B ( 6 , 7 ) = . exp G 1
2 2-7 2 + ( # − 3 F 2) 7JI sin( F 6 ).

2 $ . The substitution B ( 6 , 7 ) = ( ( 6 , 7 ) exp + 1
2 2-7 2 + #�7 , leads to a constant coefficient equation,

8 K ( =3 8 L L ( , which is considered in Subsection 1.1.1.

9. 9 :9 ; = < 9 2 :9 = 2
+ > ;�M : .

This is a special case of equation 1.8.1.1 with A ( 7 ) = 2-7 ' .
1 $ . Particular solutions ( . , E , and F are arbitrary constants):B ( 6 , 7 ) = ( . 6 + E ) exp N 2* + 1 7 ' +1 O ,B ( 6 , 7 ) = . ( 6 2 + 2 3 7 ) exp N 2* + 1 7 ' +1 O ,B ( 6 , 7 ) = . exp NPF 6 + 3 F 2 7 + 2* + 1 7 ' +1 O ,B ( 6 , 7 ) = . exp N 2* + 1 7 ' +1 − 3 F 2 7 O cos( F 6 ),B ( 6 , 7 ) = . exp N 2* + 1 7 ' +1 − 3 F 2 7 O sin( F 6 ).

2 $ . The substitution B ( 6 , 7 ) = ( ( 6 , 7 ) exp + &' +1 7 ' +1 , leads to a constant coefficient equation,

8 K ( =3 8 L L ( , which is considered in Subsection 1.1.1.

1.3.1-3. The function A depends on both 6 and 7 .
10. 9 :9 ; = < 9 2 :9 = 2

+ ( > = + ? ; + Q ) : .

This is a special case of equation 1.8.1.6 with A ( 7 ) = 2 and R ( 7 ) = #�7 + S .
1 $ . Particular solutions ( . and F are arbitrary constants):B ( 6 , 7 ) = . exp + 2-7 6 + 1

3 3 2 2 7 3 + 1
2 #�7 2 + S 7 , ,B ( 6 , 7 ) = . ( 6 + 3 2-7 2) exp + 2-7 6 + 1
3 3 2 2 7 3 + 1

2 #�7 2 + S 7 , ,B ( 6 , 7 ) = . exp( 1
2 #�7 2 − F 7 ) T U V 1 W 3 X 2

3 2 1 3 U 3 W 2 Y , U = 2 6 + S + F ,B ( 6 , 7 ) = Z exp( 1
2 [ 7 2 − F 7 ) T U \ 1 W 3 X 2

3 2 1 3 U 3 W 2 Y , U = 2 6 + S + F ,

where V 1 W 3( U ) and \ 1 W 3( U ) are the Bessel functions of the first and second kind.
2 ] . The transformationB ( 6 , 7 ) = ^ ( _ , 7 ) exp `Ja 7 6 + 1

3 b a 2 7 3 + 1
2 [ 7 2 + S 7dc , _ = 6 + b a 7 2

leads to a constant coefficient equation,

8 K ^ = b 8 e-e ^ , which is considered in Subsection 1.1.1.
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11. 9 :9 ; = < 9 2 :9 = 2
+ = ( > ; + ? ) : .

This is a special case of equation 1.8.1.3 with A ( 7 ) = a 7 + [ .
1 ] . Particular solutions ( Z and F are arbitrary constants):B ( 6 , 7 ) = Z exp G 6 ` 1

2 a 7 2 + [ 7dc + b ` 1
20 a 2 7 5 + 1

4 a [ 7 4 + 1
3 [ 2 7 3 c I ,B ( 6 , 7 ) = Z G 6 + b ` 1

3 a 7 3 + [ 7 2 c I exp G 6 ` 1
2 a 7 2 + [ 7dc + b f ( 7 ) I ,B ( 6 , 7 ) = Z exp G 6 ` 1

2 a 7 2 + [ 7 + F c + b F ` 1
3 a 7 3 + [ 7 2 + F 7dc + b f ( 7 ) I ,

where f ( 7 ) = 1
20 a 2 7 5 + 1

4 a [ 7 4 + 1
3 [ 2 7 3.

2 ] . The transformationB ( 6 , 7 ) = ^ ( _ , 7 ) exp Gg6 ` 1
2 a 7 2 + [ 7 c + b ` 1

20 a 2 7 5 + 1
4 a [ 7 4 + 1

3 [ 2 7 3 c I , _ = 6 + b ` 1
3 a 7 3 + [ 7 2 c

leads to a constant coefficient equation,

8 K ^ = b 8 e-e ^ , which is considered in Subsection 1.1.1.

12. 9 :9 ; = < 9 2 :9 = 2
+ ( > = ; + ? = + Q ; + h ) : .

This is a special case of equation 1.8.1.6 with A ( 7 ) = a 7 + [ and R ( 7 ) = S 7 + i .

1 ] . Particular solution:B ( 6 , 7 ) = exp GH6 ` 1
2 a 7 2 + [ 7 c + b ` 1

20 a 2 7 5 + 1
4 a [ 7 4 + 1

3 [ 2 7 3 c + 1
2 S 7 2 + i 7JI .

2 ] . The transformationB ( 6 , 7 ) = ^ ( _ , 7 ) exp Gg6 ` 1
2 a 7 2 + [ 7 c + b ` 1

20 a 2 7 5 + 1
4 a [ 7 4 + 1

3 [ 2 7 3 c + 1
2 S 7 2 + i 7JI , _ = 6 + b ( a 7 2 + 2 [ 7 )

leads to a constant coefficient equation,

8 K ^ = b 8 e-e ^ , which is considered in Subsection 1.1.1.

13. 9 :9 ; = < 9 2 :9 = 2
+ (– > = 2 + ? ; + Q ) : .

This is a special case of equation 1.8.1.7 with A ( 7 ) = [ 7 + S .

1 ] . Particular solutions ( Z is an arbitrary constant):B ( 6 , 7 ) = Z exp j 1
2 k ab 6 2 +

1
2 [ 7 2 + `ml b a + S c 7 4 ,B ( 6 , 7 ) = Z 6 exp j 1

2 k ab 6 2 +
1
2 [ 7 2 + ` 3 l b a + S cn7 4 .

2 ] . The transformation ( Z is any number)B ( 6 , 7 ) = ^ ( _ , ) ) exp j 1
2 k ab 6 2 +

1
2 [ 7 2 + `ml b a + S c 7 4 ,_ = 6 exp ` 2 l b a 7dc , ) =

1
4 k ab exp ` 4 l b a 7dc + Z

leads to the constant coefficient equation

8 o ^ =

8 e-e ^ , which is considered in Subsection 1.1.1.

14. 9 :9 ; = < 9 2 :9 = 2
+ = (– > = + ? ; + Q ) : .

This is a special case of equation 1.8.1.8 with A ( 7 ) = [ 7 + S .
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15. 9 :9 ; = < 9 2 :9 = 2
+ > = ; M : .

This is a special case of equation 1.8.1.3 with A ( 7 ) = a 7qp .

1 ] . Particular solutions ( Z and F are arbitrary constants):B ( 6 , 7 ) = Z exp j a* + 1
6 7 p +1 + b a 2

( * + 1)2(2 * + 3) 7 2 p +3 4 ,B ( 6 , 7 ) = Z j 6 +
2 b a

( * + 1)( * + 2) 7 p +2 4 exp j a* + 1
6 7 p +1 + b a 2

( * + 1)2(2 * + 3) 7 2 p +3 4 ,B ( 6 , 7 ) = Z exp j a* + 1
6 7 p +1 + F 6 + b a 2

( * + 1)2(2 * + 3) 7 2 p +3 +
2 b a-F

( * + 1)( * + 2) 7 p +2 + b F 2 7 4 .

2 ] . The transformationB ( 6 , 7 ) = ^ ( _ , 7 ) exp j a* + 1
6 7 p +1 + b a 2

( * + 1)2(2 * + 3) 7 2 p +3 4 , _ = 6 +
2 b a

( * + 1)( * + 2) 7 p +2

leads to a constant coefficient equation,

8 K ^ = b 8 e-e ^ , which is considered in Subsection 1.1.1.

16. 9 :9 ; = < 9 2 :9 = 2
+ ( > = 2 ;-r + ? = ;-s + Q ;�M ) : .

This is a special case of equation 1.8.7.5 with t ( u ) = b , A ( u ) = R ( u ) = 0, v ( u ) = a-uqw , x ( u ) = [ uzy , and{ ( u ) = S u p .

1.3.2. Equations of the Form | }| ~ = � | 2 }| � 2 + � ( � , ~ ) | }| �
1. � �� � = � � 2 �� � 2

+ ( � � + � ) � �� � .

This is a special case of equation 1.8.2.1 with � ( u ) = a-u + [ .
1 ] . Particular solutions ( Z , � , and � are arbitrary constants):� ( � , u ) = 2 Z � + Z ( a-u 2 + 2 [ u ) + � ,� ( � , u ) = Z `�� + 1

2 a-u 2 + [ u c 2 + 2 b Z u + � ,� ( � , u ) = Z exp �g� � + 1
2 � a-u 2 + ( b � 2 + � [ ) u5� + � .

2 ] . The substitution _ = � + 1
2 a-u 2 + [ u leads to a constant coefficient equation, � � � = b � e-e � , which

is considered in Subsection 1.1.1.

2. � �� � = � � 2 �� � 2
+ � � � �� � .

This equation is a special case of equation 1.8.2.2 with � ( � ) = a-� and a special case of equation
1.8.2.3 with � ( u ) = a .
1 ] . Particular solutions ( Z , � , and � are arbitrary constants):� ( � ) = Z � exp � −

a
2 b � 2 � � � + � ,� ( � , u ) = Z � i � � + � ,� ( � , u ) = Z a-� 2 i 2 � � + Z b i 2 � � + � ,� ( � , u ) = Z exp ` 2 a-� � i � � + 2 b a-� 2 i 2 � � c + � .
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2 ] . On passing from u , � to the new variables ( Z and � are any numbers)� = � 2

2 a i 2 � � + � , � = � � i � � ,
for the function � ( � , � ) we obtain a constant coefficient equation, � o � = b � e-e � , which is considered
in Subsection 1.1.1.

3 � . Domain: − � < � < � . Cauchy problem.
An initial condition is prescribed: � = � ( � ) at u = 0.

Solution: � ( � , u ) = j 2 � ��  ¢¡ 2 � � − 1 £�¤ −1 ¥ 2 ¦ §
− § exp ¨ − �   � ¡ � � − © £ 2

2 �   ¡ 2 � � − 1 £ ¤ � ( © ) � © .ª¬«
References: W. Miller, Jr. (1977), A. D. Polyanin, A. V. Vyazmin, A. I. Zhurov, and D. A. Kazenin (1998).

3. � �� � = � � 2 �� � 2
+ ( � � 2 + � ) � �� � .

This is a special case of equation 1.8.2.1 with � (  ) =
�  2 + ® .

1 � . Particular solutions ( � , � , and � are arbitrary constants):� ( � ,  ) = �   � + 1
3
�  3 + ®�d£ + � ,� ( � ,  ) = �   � + 1

3
�  3 + ®�d£ 2 + 2 � �  + � ,� ( � ,  ) = � exp �g� � + 1

3 � �  3 + � ( � � + ® ) 5� + � .

2 � . On passing from  , � to the new variables  , � = � + 1
3
�  3 + ®� , we obtain a constant coefficient

equation, � � � = � � ¯-¯ � , which is considered in Subsection 1.1.1.

4. � �� � = � � 2 �� � 2
+ � ( � � + � ) � �� � .

This is a special case of equation 1.8.2.3 with � (  ) =
�  + ® .

1 � . Particular solutions ( � , � , and � are arbitrary constants):� ( � ,  ) = � � exp   1
2
�  2 + ®�d£ + � ,� ( � ,  ) = � � 2 exp   �  2 + 2 ®�°£ + 2 � � � exp   �  2 + 2 ®�°£ �  + � ,� ( � ,  ) = � exp ±²� � exp   1

2
�  2 + ®� £ + � � 2 � exp   �  2 + 2 ®� £ � J³ + � .

2 � . On passing from  , � to the new variables ( � is any number)� = � exp   �  2 + 2 ®�°£ �  + � , � = � exp   1
2
�  2 + ®�d£ ,

for the function � ( � , � ) we obtain a constant coefficient equation, � ´ � = � � ¯-¯ � , which is considered
in Subsection 1.1.1.

5. � �� � = � 2 �� � 2
+ ( � � + � � + � ) � �� � .

This is a special case of equation 1.8.2.7 with � (  ) = � and µ (  ) =
�  + ® . See also equation 1.8.2.4.
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6. � �� � = � � 2 �� � 2
+ � � � � �� � .

Ilkovič’s equation. It describes heat transfer to the surface of a growing drop that flows out of a thin
capillary into a fluid solution (the mass rate of flow of the fluid moving in the capillary is assumed
constant). This equation is a special case of equation 1.8.2.3 with � (  ) =

�n¶  .
1 � . Particular solutions ( � , � , and � are arbitrary constants):� ( � ,  ) = � � °� + � ,� ( � ,  ) = � (2

�
+ 1) � 2  2 � + 2 � �  2 � +1 + � ,� ( � ,  ) = � exp · � � d� +

� � 2

2
�

+ 1
 2 � +1 ¸ + ¹ .

2 � . On passing from  , � to the new variables� =
1

2
�

+ 1
 2 � +1, � = �  � ,

for the function º ( � , � ) we obtain a constant coefficient equation, » ´ º = � » ¯-¯nº , which is considered
in Subsection 1.1.1.

3 � . The solution of the original equation in the important special case where the drop surface has
a time-invariant temperature º s and the heat exchange occurs with an infinite medium having an
initial temperature º 0, namely,º = º 0 at  = 0 (initial condition),º = º s at � = 0 (boundary condition),º ¼ º 0 at � ¼ � (boundary condition),

is expressed in terms of the error function as follows:º − º sº 0 − º s
= erf · ½ 2

�
+ 1

2 ½ � �½  ¸ , erf © =
2½ � ¦ ¾

0
exp   − ¿ 2 £ À ¿ .ª¬«

Reference: Yu. P. Gupalo, A. D. Polyanin, and Yu. S. Ryazantsev (1985).

7. Á ÂÁ Ã = Ä Á 2 ÂÁ Å 2
+ ( Æ ÃÈÇ Å + É Ã-Ê ) Á ÂÁ Å .

This is a special case of equation 1.8.2.7 with Ë (  ) = Ì-qÍ and µ (  ) = ®� y .

8. Á ÂÁ Ã = Ä Á 2 ÂÁ Å 2
+ · É Å +

ÆÅ ¸ Á ÂÁ Å .

On passing from  , � to the new variables Î , Ï by the formulasÎ = � Ð Ñ¢Ò , Ï = Ó
2 ® Ð 2 Ñ¢Ò + const,

we obtain a simpler equation of the form 1.2.5:» º» Ï =
» 2 º» Î 2 + Ô Î » º» Î , Ô =

ÌÓ .

For Ô = 1 and Ô = 2, see also equations from Subsections 1.2.1 and 1.2.3.

9. Á ÂÁ Ã = Ä Á 2 ÂÁ Å 2
+ · É Ã-Õ Å +

ÆÅ ¸ Á ÂÁ Å .

This is a special case of equation 1.8.2.6 with Ë (  ) = ®�×Ö .
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1.3.3. Equations of the Form Ø ÙØ Ú = Û Ø 2 ÙØ Ü 2 + Ý ( Ü , Ú ) Ø ÙØ Ü + Þ ( Ü , Ú ) Ù + ß ( Ü , Ú )

1. Á ÂÁ Ã = Ä Á 2 ÂÁ Å 2
+ Æ Á ÂÁ Å + ( É Å + à ) Â .

This is a special case of equation 1.8.7.4 with á (  ) = Ó , Ë (  ) = 0, µ (  ) = Ì , â (  ) = ® , and ã (  ) = À .

1 ä . Particular solutions ( å and Ô are arbitrary constants):º ( � ,  ) = å exp ¨æ®�m� −
Ì

2 Ó � +
1
3 Ó ® 2  3 + · À −

Ì 2

4 Ó ¸ Jç ,º ( � , è ) = å ( � + Ó é è 2) exp ê é èm� −
Ì

2 Ó � +
1
3 Ó é 2 è 3 + ë À −

Ì 2

4 Ó ¸ èJç ,º ( � , è ) = å exp êì� ë é è + Ô −
Ì

2 Ó ¸ +
1
3 Ó é 2 è 3 + Ó é�Ô è 2 + ë Ó Ô 2 + À −

Ì 2

4 Ó ¸ èJç ,º ( � , è ) = å exp ë − Ô è −
Ì

2 Ó � ¸ í î ï
1 ð 3 ë 2

3 é ½ Ó î 3 ð 2 ¸ , î = é � + Ô + À −
Ì 2

4 Ó ,º ( � , è ) = å exp ë − Ô è −
Ì

2 Ó � ¸ í î ñ
1 ð 3 ë 2

3 é ½ Ó î 3 ð 2 ¸ , î = é � + Ô + À −
Ì 2

4 Ó ,

where ï
1 ð 3( î ) and ñ

1 ð 3( î ) are the Bessel functions of the first and second kind of order 1 ò 3,
respectively.

2 ä . The transformationº ( � , è ) = ó ( Î , è ) exp ê é èm� −
Ì

2 Ó � +
1
3 Ó é 2 è 3 + ë À −

Ì 2

4 Ó ¸ è ç , Î = � + Ó é è 2

leads to a constant coefficient equation, » Ò ó = Ó » ô-ônó , which is considered in Subsection 1.1.1.

2. Á ÂÁ Ã = Ä Á 2 ÂÁ Å 2
+ Æ Å Á ÂÁ Å + ( É Å + à ) Â .

This is a special case of equation 1.8.7.4 with á ( è ) = Ó , Ë ( è ) = Ì , õ ( è ) = 0, â ( è ) = é , and ã ( è ) = À .

1 ä . Particular solutions ( å and Ô are arbitrary constants):º ( ö , è ) = å exp ê − é Ì ö + ë À + Ó é 2Ì 2
¸ èJç ,º ( ö , è ) = å ë ö −

2 Ó éÌ 2
¸ exp ê − é Ì ö + ë Ì + À + Ó é 2Ì 2

¸ è ç ,º ( ö , è ) = å exp ê Ó Ô 2

2 Ì Ð 2 ÷ Ò + Ô Ð ÷ Ò ë ö −
2 Ó éÌ 2

¸ − é Ì ö + ë À + Ó é 2Ì 2
¸ èJç .

See 1.3.4.7 for more complicated solutions.

2 ä . The transformationº ( ö , è ) = ó ( Î , Ï ) exp ê − é Ì ö + ë À + Ó é 2Ì 2
¸ èJç , Ï = Ó

2 Ì Ð 2 ÷ Ò , Î = Ð ÷ Ò ë ö −
2 Ó éÌ 2

¸ ,

leads to a constant coefficient equation, » ø ó = » ô-ônó , which is considered in Subsection 1.1.1.
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3. Á ÂÁ Ã = Ä Á 2 ÂÁ Å 2
+ ( Æ Å + É ) Á ÂÁ Å + ( à Å + ù ) Â .

For Ì = 0, see equation 1.3.3.1. For Ì ≠ 0, the substitution Î = ö + é ò Ì leads to an equation of the
form 1.3.3.2: » º» è = Ó » 2 º» Î 2 + Ì�Î » º» Î + ( À Î + ú ) º , ú = Ð − é ÀÌ .

4. Á ÂÁ Ã = Á 2 ÂÁ Å 2
+ 2( Ä Å + Æ ) Á ÂÁ Å + ( Ä 2 Å 2 + 2 Ä Æ Å + É ) Â .

This equation is a special case of equation 1.8.6.5 and a special case of equation 1.8.7.5. The
substitution º ( ö , è ) = ó ( ö , è ) exp û − 1

2 Ó ö 2 − Ì-ö ü leads to a constant coefficient equation of the form
1.1.3 with ý ≡ 0, namely, » Ò ó = » þ þ ó + ( é − Ó − Ì 2) ó .

5. Á ÂÁ Ã = Á 2 ÂÁ Å 2
+ ( Ä Å + Æ ) Á ÂÁ Å + ( É Å 2 + à Å + ù ) Â .

This equation is a special case of equation 1.8.6.5 and a special case of equation 1.8.7.5.

1 ä . The substitution º ( ö , è ) = ó ( ö , è ) exp û 1
2 å ö 2 ü ,

where å is a root of the quadratic equation å 2 + Ó å + é = 0, yields an equation of the form 1.8.7.4,» ó» è =
» 2 ó» ö 2 + ÿ (2 å + Ó ) ö + Ì�� » ó» ö + ÿ ( å Ì + À ) ö + å + Ð���ó ,

which is reduced to a constant coefficient equation.

2 ä . The substitution º ( ö , è ) = ó ( ö , è ) exp û 1
2 å ö 2 + � ö + � è°ü

leads to an equation of the analogous form:� ó� è =
� 2 ó� ö 2 + ÿ (2 å + Ó ) ö + 2 � + Ì � � ó� ö

+ ÿ ( å 2 + å Ó + é ) ö 2 + (2 å � + å Ì + � Ó + À ) ö + � 2 + � Ì + å − � + Ð � ó .

By appropriately choosing the coefficients å , � , and � , one can simplify the original equation in
various ways.

6. Á ÂÁ Ã = Á 2 ÂÁ Å 2
+ ( Ä Å + Æ Ã + É ) Á ÂÁ Å + (s Å 2 + � Ã�Å + � Ã 2 + � Å + 	 Ã + 
 ) � .

This is a special case of equation 1.8.7.5.

7. � ��  = � � 2 �� � 2
+ ( �  � � + � �� ) � �� � + s �� � .

This is a special case of equation 1.8.3.6 with � ( è ) = �-è�� , õ ( è ) = é è�� , and â ( è ) = ã�è�� .

8. � ��  = � � 2 �� � 2
+

�� � �� � + ë � +
�� 2

� � .

1  . The transformation !
( ö , è ) = " #%$¢ö & ó ( ö , ' ), ' = ( è ,

where ) is a root of the quadratic equation ( ) 2 + ( � − ( ) ) + ú = 0, leads to an equation of the form
1.2.5: � ó� ' =

� 2 ó� ö 2 + ë 2 ) +
�( �

1ö � ó� ö .

Page 94



2  . If
!

( ö , è ) is a solution of the original equation, then the functions!
1 = * " # (1− + 2) ø ! ( , ( ö , ( 2 ' ), ' = è + � ,!
2 = * ' & −1 exp ë −

ö 2

4 ( ' + é ' + é( 2 ' � ! ë , ö( ' , −
1( 2 ' �

, ) =
1
2

−
�

2 ( ,

where * and � are arbitrary constants, are also solutions of this equation.

9. � ��  = � � 2 �� � 2
+

�� � �� � + ë � +
�� 2

� � + - ( � ,  ).
The transformation !

( ö , è ) = " #%$ ö & ó ( ö , ' ), ' = ( è ,
where ) is a root of the quadratic equation ( ) 2 + ( � − ( ) ) + ú = 0, leads to an equation of the form
1.2.6: � ó� ' =

� 2 ó� ö 2 + ë 2 ) +
�( �

1ö � ó� ö + . ( ö , ' ), . ( ö , ' ) =
1( " − #%$¢ö − & ý ( ö , è ).

1.3.4. Equations of the Form / 0/ 1 = ( 2 3 + 4 ) / 2 0/ 3 2 + 5 ( 3 , 1 ) / 0/ 3 + 6 ( 3 , 1 ) 0
1. � ��  = � � � 2 �� � 2

.

This is a special case of equation 1.8.6.1 with � ( 7 ) = ( 7 . See also equation 1.3.6.6 with 8 = 0.

1  . Particular solutions ( * , 9 , : , and ; are arbitrary constants):!
( 7 ) = * 7 + 9 ,!

( 7 , è ) = 2 * ( è<7 + * 7 2 + 9 ,!
( 7 , è ) = * ( 2 è 2 7 + * ( è<7 2 + 1

6 * 7 3 + 9 ,!
( 7 , è ) = 2 * ( 3 è 3 7 + 3 * ( 2 è 2 7 2 + * ( è<7 3 + 1

12 * 7 4 + 9 ,!
( 7 , è ) = 7 � +

� −1=?>
=1

[ 8 ( 8 − 1) @A@A@ ( 8 − B )]28 ( 8 − B ) B !
( ( è ) > 7 C −

>
,!

( 7 , è ) = * exp D −
7( è + 9 E + : ,!

( 7 , è ) =
* 7

( ( è + 9 )2 exp D −
7( è + 9 E + : ,!

( 7 , è ) = * ( è + * ( 7 ln 7 − 7 ) + 9 ,!
( 7 , è ) = * ( 2 è 2 + 2 * ( è ( 7 ln 7 − 7 ) + * ( 7 2 ln 7 − 5

2 7 2) + 9 ,!
( 7 , è ) = " F $HG 7 IKJ L 1 M 2G N G − ; 7 O + P Q 1 M 2G N G − ; R O S for T < 0,U ( R , V ) = W F X G R IKJ Y 1 M 2G N G T R O + P Z 1 M 2G N G T R O S for T > 0,

where L 1( [ ) and Q 1( [ ) are the Bessel functions, Y 1( [ ) and Z 1( [ ) are the modified Bessel functions.

2 \ . A solution containing an arbitrary function of the space variable:U ( R , V ) = ] ( R ) + ^= C =1

( N V ) C_ ! ` C [ ] ( R )], ` ≡ R a 2a R 2 ,

where ] ( R ) is any infinitely differentiable function. This solution satisfies the initial conditionU ( R , 0) = ] ( R ). The sum is finite if ] ( R ) is a polynomial.
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3 \ . A solution containing an arbitrary function of time:U ( R , V ) = J + R b ( V ) + ^= C =2

1_ [( _ − 1)!]2 N C −1 R C b ( C −1)X ( V ),
where b ( V ) is any infinitely differentiable function and J is an arbitrary number. This solution
possesses the properties U (0, V ) = J , c d U (0, V ) = b ( V ).
4 \ . Suppose U = U ( R , V ) is a solution of the original equation. Then the functionsU

1 = J U ( e R , e V + f ),U
2 = J exp I − g RN ( h + g V ) S U M R

( h + g V )2 , i + e Vh + g V O , e h − g i = 1,

where J , f , g , h , and e are arbitrary constants, are also solutions of the equation.

2. j kj l = m n j 2 kj n 2
+ (– o n + p ) k .

The transformationU ( R , V ) = q ( [ , r ) exp MAs tN R + uvV<O , [ = R exp w 2 G N t Vyx , r =
1
2 s N t exp w 2 G N t Vyx

leads to a simpler equation of the form 1.3.4.1:c qc r = [ c 2 qc [ 2 .

3. j kj l = m n j 2 kj n 2
+ o n l�z k .

This is a special case of equation 1.8.8.1 with ] ( V ) = N , b ( V ) = 0, { ( V ) = t V}| , and ~ ( V ) = 0.

4. j kj l = m n j 2 kj n 2
+ ( o l�z n + p l�� ) k .

This is a special case of equation 1.8.8.1 with ] ( V ) = N , b ( V ) = 0, { ( V ) = t V}| , and ~ ( V ) = uvV�� .

5. j kj l = m I ( n + o ) j 2 kj n 2
+ j kj n S .

This equation describes heat transfer in a quiescent medium (solid body) in the case of thermal
diffusivity as a linear function of the space coordinate.

1 \ . The original equation can be rewritten in a form more suitable for applications,c Uc V = N cc R I ( R + t ) c Uc R S .

2 \ . The substitution R = 1
4 [ 2 − t leads to the equationc Uc V = N M c 2 Uc [ 2 +

1[ c Uc [ O ,

which is considered in Subsection 1.2.1.
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6. j kj l = m n j 2 kj n 2
+ o n j kj n + ( p n + � ) k .

This is a special case of equation 1.8.8.1 with ] ( V ) = N , b ( V ) = t , { ( V ) = u , and ~ ( V ) = a .

7. j kj l = ( m 2 n + o 2) j 2 kj n 2
+ ( m 1 n + o 1) j kj n + ( m 0 n + o 0) k .

This is a special case of equation 1.8.6.5 with ] ( R ) = N 2 R + t 2, b ( R ) = N 1 R + t 1, { ( R ) = N 0 R + t 0, and�
≡ 0.

Particular solutions of the original equation are presented in Table 15, where the function�
( N , t ; R ) = f 1

�
( N , t ; R ) + f 2 � ( N , t ; R ), f 1, f 2 are any numbers,

is an arbitrary solution of the degenerate hypergeometric equationR � ���d d + ( t − R ) � �d − N � = 0,

and the function � �
( R ) = f 1 L � ( R ) + f 2 Q �

( R ), f 1, f 2 are any numbers,

is an arbitrary solution of the Bessel equationR 2 � ���d d + R � �d + ( R 2 − � 2) � = 0.

TABLE 15
Particular solutions of equation 1.3.4.7 for different values
of the determining parameters ( T is an arbitrary number)

Particular solution: U ( R , V ) = exp( { R − T V ) � ( � ), where � = ( R + i ) ���
Constraints { � i � ParametersN 2 ≠ 0,�

≠ 0

�
− N 1

2 N 2
− N 2�

( { ) t 2N 2

�
( N , t ; � )

N = P ( { ) � � ( { ),t = ( N 2 t 1 − N 1 t 2) N −2
2N 2 = 0,N 1 ≠ 0

− N 0N 1
1

2 t 2 { + t 1N 1

� w N , 1
2 ; � � 2 x N = P ( { ) � (2 N 1),� = − N 1 � (2 t 2)N 2 ≠ 0,N 2

1 = 4 N 0 N 2
− N 1

2 N 2
N 2 t 2N 2

� � �
2 � w g � � x � =

1
2

−
2 t 2 { + t 1

2 � 2
,g = 2 � P ( { )� 2 = � 1 = 0,� 0 ≠ 0

− t 1

2 t 2
1

4( t 0 + T ) t 2 − t 2
1

4 � 0 t 2
� 1 � 2

�
1 � 3 w�� � 3 � 2 x � =

2
3 � � 0t 2 � 1 � 2

Notation:
� 2 = � 2

1 −4 � 0 � 2,
�

( { ) = 2 � 2 { + � 1, P ( { ) = t 2 { 2 + t 1 { + t 0 + T
For the degenerate hypergeometric functions

�
( � , t ; R ) and � ( � , t ; R ), see Supplement A.9 and

books by Bateman and Erdélyi (1953, Vol. 1) and Abramowitz and Stegun (1964).
For the Bessel functions � � ( R ) and Q �

( R ), see Supplement A.6 and Bateman and Erdélyi (1953,
Vol. 2), Abramowitz and Stegun (1964), Nikiforov and Uvarov (1988), and Temme (1996).� ��� � �H  ¡

For t 2 = 0 the original equation is a special case of equation 1.8.7.4 and can be reduced
to the constant coefficient heat equation that is considered in Subsection 1.1.1. In this case, a number
of solutions are not displayed in Table 15.
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1.3.5. Equations of the Form ¢ £¢ ¤ =( ¥ ¦ 2+ § ¦ + ¨ ) ¢ 2 £¢ ¦ 2 +© ( ¦ , ¤ ) ¢ £¢ ¦ + ª ( ¦ , ¤ ) £
1. « ¬«  = ® ¯ 2 « 2 ¬« ¯ 2

+ ° ¯ « ¬« ¯ + ± ¬ .

1 ² . Particular solutions (
�

, ³ , and ´ are arbitrary constants):µ ( ¶ , · ) = ¸ � ln | ¶ | + ³ ¹ | ¶ | º exp » ( ¼ − � ½ 2) ·�¾ ,µ ( ¶ , · ) =
� ¸ 2 � · + ln2 | ¶ | ¹ | ¶ | º exp » ( ¼ − � ½ 2) ·�¾ ,µ ( ¶ , · ) =
�

| ¶ | ¿ exp » ( ¼ + � ´ 2 − 2 � ½ ´ ) ·À¾ ,
where ½ = 1

2 ( � − Á ) Â � .

2 ² . The transformationµ ( ¶ , · ) = | ¶ | º exp » ( ¼ − � ½ 2) ·�¾vÃ ( Ä , · ), Ä = ln | ¶ |, ½ =
� − Á
2 � ,

leads to a constant coefficient equation, Å Æ�Ã = � Å Ç�ÇAÃ , which is considered in Subsection 1.1.1.

2. « ¬«  = ® ¯ 2 « 2 ¬« ¯ 2
+ ( ° �È + ± ) ¬ .

This is a special case of equation 1.8.4.2 with É ( · ) = Á�· º + ¼ .
The transformation µ ( ¶ , · ) = Ã ( Ä , · ) exp Ê Á½ + 1

· º +1 + ¼v·<Ë , Ä = ln | ¶ |

leads to a constant coefficient equation of the form 1.1.4:Å ÃÅ Ì = Í Å 2 ÃÅ Ä 2 − Í Å ÃÅ Ä .

3. « ¬«  = ® ¯ 2 « 2 ¬« ¯ 2
+ ° ¯ « ¬« ¯ + ( ± ¯ Î + s) ¬ .

This is a special case of equation 1.8.6.5 with É ( ¶ ) = Í ¶ 2, Ï ( ¶ ) = Á�¶ , Ð ( ¶ ) = ¼v¶ Ñ + Ò , and Ó ≡ 0. For¼ = 0, see equation 1.3.5.1.
Particular solutions for ¼ ≠ 0:µ ( ¶ , · ) = Ô Õ − ¿ Æ ¶ Ö − ×

2 Ö Ø Ù Ê 2Ú Û ¼Í ¶ Ñ2 Ë , Ü =
1Í Ú Ý

( Í − Á )2 − 4 Í ( Ò + ´ ),µ ( ¶ , · ) = Ô Õ − ¿ Æ ¶ Ö − ×
2 Ö Þ Ù Ê 2Ú Û ¼Í ¶ Ñ2 Ë , Ü =

1Í Ú Ý
( Í − Á )2 − 4 Í ( Ò + ´ ),

where Ô and ´ are arbitrary constants, Ø Ù ( Ä ) and Þ Ù ( Ä ) are the Bessel functions.

4. « ¬«  = ® 2 ¯ 2 « 2 ¬« ¯ 2
+ ( ® 1 ¯ 2 + ° 1 ¯ ) « ¬« ¯ + ( ® 0 ¯ 2 + ° 0 ¯ + ± 0) ¬ .

This is a special case of equation 1.8.6.5 with É ( ¶ ) = Í 2 ¶ 2, Ï ( ¶ ) = Í 1 ¶ 2 + Á 1 ¶ , Ð ( ¶ ) = Í 0 ¶ 2 + Á 0 ¶ + ¼ 0,
and Ó ≡ 0.
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1 ² . Particular solutions for Í 2
1 ≠ 4 Í 0 Í 2:µ ( ¶ , · ) = Ô exp(− Ü · + ´ ¶ ) ¶ Ñ Ó ß à , 2

Ú
+

Á 1Í 2
; − á ¶ â ,µ ( ¶ , · ) = Ô exp(− Ü · + ´ ¶ ) ¶ Ñ ã ß à , 2

Ú
+

Á 1Í 2
; − á ¶ â ,

(1)

where Ô and Ü are arbitrary constants,

´ = ä Í 2
1 − 4 Í 0 Í 2 − Í 1

2 Í 2
, à =

( Á 1 + 2 Í 2

Ú
) å + Á 0 + Í 1

Ú
2 Í 2 å + Í 1

, á = 2 å +
Í 1Í 2

,Ú
=

Ú
( Ü ) is a root of the quadratic equation Í 2

Ú
2 +( Á 1 − Í 2)

Ú
+ æ 0 + Ü = 0, and Ó ( à , ç ; è ) and ã ( à , ç ; è )

are the degenerate hypergeometric functions. [For the degenerate hypergeometric functions, see
Supplement A.9 and the books by Abramowitz and Stegun (1964) and Bateman and Erdélyi (1953,
Vol. 1)].

2 é . Particular solutions for Í 2
1 = 4 Í 0 Í 2:ê ( ë , ì ) = Ô exp ß − Ü ì −

Í 1

2 Í 2
ë â ë Ñ í î Ø 2 î ï 2 Ý ð í ñ , í =

ëÍ 2
,ê ( ë , ì ) = Ô exp ß − Ü ì −

Í 1

2 Í 2
ë â ë Ñ í î Þ 2 î ï 2 Ý ð í ñ , í =

ëÍ 2
,

(2)

where Ô and Ü are arbitrary constants,ò =
1
2

−
Ú

−
Á 1

2 Í 2
,

ð = −
Í 1

2 Í 2
( Á 1 + 2 Í 2

Ú
) + Á 0 + Í 1

Ú
= 0,Ú

=
Ú

( Ü ) is a root of the quadratic equation Í 2

Ú
2 + ( Á 1 − Í 2)

Ú
+ æ 0 + Ü = 0, and Ø î ( è ) and Þ î ( è ) are

the Bessel functions. [For the Bessel functions, see Supplement A.6 and the books by Abramowitz
and Stegun (1964) and Bateman and Erdélyi (1953, Vol. 2)].ó ô�õ ö �H÷ ø

In solutions (1) and (2), the parameter ù can be regarded as arbitrary, and thenÜ = − ú 2 ù 2 − ( Á 1 − ú 2) ù − æ 0.

5. û üû ý = þ 2 ÿ 2 û 2 üû ÿ 2
+ ( þ 1 ÿ � +1 + ° 1 ÿ ) û üû ÿ + ( þ 0 ÿ 2 � + ° 0 ÿ � + ± 0) ü .

This is a special case of equation 1.8.6.5 with
�

( ë ) = ú 2 ë 2, � ( ë ) = ú 1 ë � +1+ Á 1 ë , � ( ë ) = ú 0 ë 2 � + Á 0 ë � + æ 0,
and � ≡ 0.

The substitution í = ë � leads to an equation of the form 1.3.5.4:� ê� ì = ú 2 ù 2 í 2
� 2 ê� í 2 + ù ï ú 1 í 2 + ç í ñ � ê� í + ( ú 0 í 2 + Á 0 í + æ 0) ê ,

where ç = Á 1 + ú 2( ù − 1).

6. û üû ý = ( þ ÿ 2 + ° ) û 2 üû ÿ 2
+ þ ÿ û üû ÿ + ± ü .

The substitution è =
� � ë	 ú ë 2 + Á leads to the constant coefficient equation� ê� ì =

� 2 ê� è 2 + æ ê ,

which is considered in Subsection 1.1.3.
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1.3.6. Equations of the Form 
 �
 � =  ( � ) 
 2 �
 � 2 + � ( � , � ) 
 �
 � + � ( � , � ) �
1. û üû ý = þ ÿ 3 û 2 üû ÿ 2

+ � ÿ ý � û üû ÿ + ± ý�� ü .

This is a special case of equation 1.8.8.7 with � = 3,
�

( ì ) = ú , � ( ì ) = Á�ì�� , and � ( ì ) = ævì�î .

2. û üû ý = þ ÿ 4 û 2 üû ÿ 2
+ � ü .

This is a special case of equation 1.3.7.6 with � = ò = 0.

1 é . Particular solutions ( � , � , and å are arbitrary constants):ê ( ë , ì ) = � ��� ( � ë + � ),ê ( ë , ì ) = � ��� � 2 � ú ì<ë +
� ë + � � ,ê ( ë , ì ) = � ë exp � ( � + ú  2) ! +

 " #
.

2 $ . The transformation % (
"

, ! ) =
" � ���'& ( ( , ! ), ( = 1 ) " leads to a constant coefficient equation,� � & = ú � *+* & , which is considered in Subsection 1.1.1.

3. û üû ý = ( ÿ 2 + þ 2)2 û 2 üû ÿ 2
+ , ( ÿ , ý ).

Domain: 0 ≤
"

≤ - . First boundary value problem.
The following conditions are prescribed:% =

�
(
"

) at ! = 0 (initial condition),% = � ( ! ) at
"

= 0 (boundary condition),% = � ( ! ) at
"

= - (boundary condition).

Solution: % (
"

, ! ) =
� �

0

� .
0 / (

"
, ( , ! − 0 ) � ( ( , 0 )

� ( � 0 +
� .

0 / (
"

, ( , ! ) � ( ( )
� (

+ ú 4
� �

0
� ( 0 ) 1 1(

"
, ! − 0 )

� 0 − ( ú 2 + - 2)2
� �

0
� ( 0 ) 1 2(

"
, ! − 0 )

� 0 .

Here, the Green’s function / is given by

/ (
"

, ( , ! ) = 2354
=1 6

4
(
"

) 6
4

( ( ) exp(−  2

4 ! )7 6
4 7 2( ( 2 + 8 2)2 ,  2

4
= 9 : � 8

arctan( -;) 8 ) < 2

− 8 2,

6
4

(
"

) =
	 "

2 + 8 2 sin 9 : � arctan(
" ) 8 )

arctan( -;) 8 ) < ,
7 6

4 7 2 =
arctan( -;) 8 )

2 8 ,

and the functions 1 1 and 1 2 are expressed via the Green’s function as follows:1 1(
"

, ! ) = == ( / (
"

, ( , ! ) >>> * =0
, 1 2(

"
, ! ) = == ( / (

"
, ( , ! ) >>> * = . .?A@

Reference: A. G. Butkovskiy (1979).
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4.
� �� � = ( � – � 1)2( � – � 2)2

� 2 �� � 2
– � � , � 1 ≠ � 2.

The transformation� ( � , � ) = ( � − 	 2) 
 − ���� ( � , � ), � = ln
��� � − 	 1� − 	 2

��� , � = ( 	 1 − 	 2)2 �
leads to a constant coefficient equation, � �� � =

� 2 �� � 2 −
� �� � ,

which is considered in Subsection 1.1.4.

5.
� �� � = ( � 2 � 2 + � 1 � + � 0)2

� 2 �� � 2
+ � � .

The transformation� ( � , � ) = exp � ( 	 2 	 0 − 1
4 	 2

1 + � ) ��� � | 	 2 � 2 + 	 1 � + 	 0| � ( � , � ), � = � � �	 2 � 2 + 	 1 � + 	 0

leads to a constant coefficient equation,
� � � =

� ��� � , which is considered in Subsection 1.1.1.

6.
� �� � = � � 1– � � 2 �� � 2

.

This equation is encountered in diffusion boundary layer problems (see equation 1.9.1.3) and is a
special case of 1.8.6.1 with � ( � ) = 	 � 1− � . In addition, it is a special case of equation 1.3.5.1 with = −1 and is an equation of the form 1.3.6.2 for  = −3 (in both cases the equation is reduced to a
constant coefficient equation). For  = 0, see equation 1.3.4.1.

1 ! . Particular solutions ( " , # , and $ are arbitrary constants):� ( � ) = " � + # ,� ( � , � ) = " 	  (  + 1) � + " � � +1 + # ,� ( � , � ) = " 	 (  + 1)(  + 2) �%� + " � � +2 + # ,� ( � , � ) = " &'	  (  + 1) � 2 + 2 �%� � +1 +
� 2 � +2	 (  + 1)(2  + 1) ( + # ,� ( � , � ) = " &'	 (  + 1)(  + 2) � 2 � + 2 �%� � +2 +

� 2 � +3	 (  + 1)(2  + 3) ( + # ,� ( � , � ) = " + # � − �� +1 exp & − � � +1	 (  + 1)2 � ( ,� ( � , � ) = " + # � � − � +2� +1 exp & − � � +1	 (  + 1)2 � ( ,� ( � , � ) = 
 ) ��* � &'" + 1
2 , - * − $* 	 . � ,0/ + # 1 1

2 , - * − $* 	 . � ,2/ ( for $ < 0,� ( � , � ) = 
 ) � * � &'" 3 1
2 , - * $* 	 . � , / + # 4 1

2 , - * $* 	 . � , / ( for $ > 0,

where . = 1
2 (  + 1), + 5 ( 6 ) and 1 5 ( 6 ) are the Bessel functions, and 3 5 ( 6 ) and 4 5 ( 6 ) are the modified

Bessel functions.
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Suppose 2 7 (  + 1) = 2 8 + 1, where 8 is an integer. We have the following particular solutions
( " , # , and $ are arbitrary constants):� ( � , � ) = 
 ) � � ( � 1−2 ,:9 ) ; +1 &'" exp - * $* 	 . � ,</ + # exp - − * $* 	 . � ,</ ( for 8 ≥ 0,� ( � , � ) = 
 ) � � ( � 1−2 ,:9 )

− ; &'" exp - * $* 	 . � ,</ + # exp - − * $* 	 . � ,%/ ( for 8 < 0,

where 9 = �� � , . =
 + 1

2
=

1
2 8 + 1

.

2 ! . Suppose � = � ( � , � ) is a solution of the original equation. Then the functions�
1 = " � ( = � , = � +1 � + > ),�
2 =

"
| ? + @ � | � A exp & − @ B 2 � � +1	 ( ? + @ � ) ( � - �

( ? + @ � )2 A , C + = �? + @ � / , B =
1 + 1

, = ? − @ C = 1,

where " , > , @ , ? , and = are arbitrary constants, are also solutions of the equation.

3 ! . Domain: 0 ≤ � < D . First boundary value problem.
The following conditions are prescribed:� = �

0 at � = 0 (initial condition),� = �
1 at � = 0 (boundary condition),� E �

0 at � E D (boundary condition),

where �
0 = const and �

1 = const.
Solution: � − �

1�
0 − �

1
=

1F
( B ) C - B ,

B 2 � � +1	 � / , B =
1 + 1

,

where
F

( B ) = C ( B , D ) is the gamma function and C ( B , G ) = � H
0

G A −1 
 − H � G is the incomplete gamma

function.

4 ! . The transformation � = 1
4 	 (  + 1)2 � , � = � � +1

2

leads to the equation � �� � =
� 2 �� � 2 +

1 − 2 B� � �� � , B =
1 + 1

,

which is considered in Subsection 1.2.5.

5 ! . Two discrete transformations are worth mentioning. They preserve the form of the original
equation, but the parameter  is changed.

5.1. The point transformation6 =
1� , � =

� � (transformation I )

leads to a similar equation, � �� � = 	 6 � +3
� 2 �� 6 2 . (1)

The transformation I changes the equation parameter in accordance with the rule  JK L −  −2.
The second application of the transformation I leads to the original equation.
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5.2. Using the Bäcklund transformation (see 1.8.6.1, Item 5.2)� = � � , � =
� M� � (transformation N )

and integrating the resulting equation with respect to � , we obtain� M� � = 	  2 � � −1� � 2 M� � 2 . (2)

The transformation N changes the equation parameter in accordance with the rule  OK L 1 .
The second application of the transformation N leads to the original equation.

The composition of transformations P = N Q I changes the equation parameter in accordance

with the rule  RK L −
1 + 2

.
The original equation reduces to a constant coefficient equation for  = −3 (see 1.3.6.2). Sub-

stituting  = −3 into (2) yields the equation� M� � = " � 4 S 3
� 2 M� � 2 ,

which also can be reduced to a constant coefficient equation.
Likewise, using the transformations I , P , and N , one may find some other equations of the

given type that are reduced to a constant coefficient heat equation.

7.
� �� � = � � � � 2 �� � 2

+ � � � �� � .

This is a special case of equation 1.8.4.5 with � ( � ) = � . On passing from � , � to the new variables6 = � 
 �� , � =
	� (2 −  )


 � (2− � ) � + const,

we obtain an equation of the form 1.3.6.6: � �� � = 6 � � 2 �� 6 2 .

8.
� �� � = � - � � � 2 �� � 2

+ T � � –1
� �� � / .

This equation describes heat transfer in a quiescent medium (solid body) in the case where thermal
diffusivity is a power-law function of the coordinate. The equation can be rewritten in the form� �� � = 	 �� � - � � � �� � / ,

which is more customary for applications.

1 ! . For  = 2, see equation 1.3.5.1. For  ≠ 2, by passing from � , � to the new variables � = 1
4 	 (2−  )2 � ,6 = � 2− �

2 , we obtain an equation of the form 1.2.5:� �� � =
� 2 �� 6 2 +

 
2 −  16 � �� 6 .

2 ! . The transformation � ( � , � ) = � 1− � � ( � , � ), � = � 3−2 �
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leads to a similar equation � �� � = � �� � - � 4−3 �
3−2 � � �� � / , � = 	 (3 − 2  )2.

9.
� �� � = � - � 2 U � 2 �� � 2

+ V � 2 U –1
� �� � / .

This is a special case of equation 1.8.4.7 with � ( � ) = W ( � ) = 0.
The substitution � = X 1

1 − 8 Y 1− ; if 8 ≠ 1,

ln | Y | if 8 = 1,
leads to a constant coefficient equation, Z []\ = ^ Z _�_2\ , which is considered in Subsection 1.1.1.

10. ` a` b = c d e ` 2 a` d 2
+ d ( f b U + g ) ` a` d .

This is a special case of equation 1.8.4.5 with h ( i ) = jki ; + l .
1.3.7. Equations of the Form m nm o = p ( q , o ) m 2 nm q 2 + r ( q , o ) m nm q + s ( q , o ) n
1. ` a` b = c d b ` 2 a` d 2

+ ( f d + g b e ) a .

This is a special case of equation 1.8.8.1 with h ( i ) = ^ i , t ( i ) = 0, u ( i ) = j , and v ( i ) = l0i0w .

2. ` a` b = c d b0x ` 2 a` d 2
+ f d bky ` a` d + g b e a .

This is a special case of equation 1.8.8.1 with h ( i ) = ^ i{z , t ( i ) = jki}| , u ( i ) = 0, and v ( i ) = l0i w .

3. ` a` b = d ~ c b0x ` 2 a` d 2
+ f bky ` a` d + g b e a � .

This is a special case of equation 1.8.8.1 with h ( i ) = ^ i{z , t ( i ) = jki}| , u ( i ) = l0i w , and v ( i ) = 0.

4. ` a` b = c d 2 b0x ` 2 a` d 2
+ f bky d ` a` d + g b e a .

This is a special case of equation 1.8.8.2 with h ( i ) = ^ i z , t ( i ) = jki | , and u ( i ) = l0i�w .

5. ` a` b = c d 3 b y ` 2 a` d 2
+ f d b x ` a` d + g b:�]a .

This is a special case of equation 1.8.8.7 with � = 3, h ( i ) = ^ i | , t ( i ) = jki z , and u ( i ) = l0i�� .
6. ` a` b = c d 4 b e ` 2 a` d 2

+ f b y a .

This is a special case of equation 1.8.8.4 with h ( i ) = ^ i�w and t ( i ) = jki | .

1 � . Particular solutions ( � , � , and � are arbitrary constants):\ ( Y , i ) = ( � Y + � ) exp ~ j� + 1
i | +1 � ,\ ( Y , i ) = � ~ 2 ^� + 1

i w +1 Y +
1Y � exp ~ j� + 1

i | +1 � ,\ ( Y , i ) = � Y exp ~ j� + 1
i | +1 +

^ � 2� + 1
i w +1 +

�Y � .
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2 � . The transformation\ ( Y , i ) = Y exp ~ j� + 1
i | +1 � � ( � , � ), � =

1Y , � =
^� + 1

i w +1

leads to a constant coefficient equation, Z � � = Z _�_ � , which is considered in Subsection 1.1.1.

7. ` a` b = c b e ` 2 a` d 2
+ ( f b y d + g bk� ) ` a` d + ( � b�� d + � b�� ) a .

This is a special case of equation 1.8.7.4 (hence, it can be reduced to a constant coefficient equation,
which is considered in Subsection 1.1.1).

8. ` a` b = c b e ` 2 a` d 2
+ ( f b�y d + g b � ) ` a` d + ( � b � d 2 + � b � d + s b�� ) a .

This is a special case of equation 1.8.7.5.

9. ` a` b = c d e b y ` 2 a` d 2
+ f d b x ` a` d + g b�� a .

This is a special case of equation 1.8.8.7 with h ( i ) = ^ i | , t ( i ) = jki z , and u ( i ) = l0i�� .

1.3.8. Liquid-Film Mass Transfer Equation (1 – � 2) m nm q = � m 2 nm � 2

This equation describes steady-state heat and mass transfer in a fluid film with a parabolic velocity
profile. The variables have the following physical meanings: � is a dimensionless temperature
(concentration); � and � are dimensionless coordinates measured, respectively, along and across the
film ( � = 0 corresponds to the free surface of the film and � = 1 to the solid surface the film flows
down), and Pe = 1 � � is the Peclet number. Mixed boundary conditions are usually encountered in
practical applications.

1.3.8-1. Particular solutions ( � , � ,   , and � are arbitrary constants).� ( � , � ) =   � −
 

12 � � 4 +
 

2 � � 2 + � � + � ,� ( � , � ) = � exp ¡ − � � 2 � ¢ exp ¡ − 1
2 � � 2 ¢ £ ¡ 1

4 − 1
4 � , 1

2 ; � � 2 ¢ ,� ( � , � ) = � exp ¡ − � � 2 � ¢¤� exp ¡ − 1
2 � � 2 ¢ £ ¡ 3

4 − 1
4 � , 3

2 ; � � 2 ¢ ,

where £ ( ¥ , ¦ ; § ) = 1+ ¨©| =1

¥ ( ¥ + 1) ª¤ª¤ª ( ¥ + � − 1)¦ ( ¦ + 1) ª¤ª¤ª ( ¦ + � − 1)
§ |� !

is the degenerate hypergeometric function.

1.3.8-2. Mass exchange between fluid film and gas.

The mass exchange between a fluid film and the gas above the free surface, provided that the
admixture concentration at the film surface is constant and there is no mass transfer through the
solid surface, meets the boundary conditions� = 0 at � = 0 (0 < � < 1),� = 1 at � = 0 ( � > 0),« ¬ � = 0 at � = 1 ( � > 0).
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The solution of the original equation subject to these boundary conditions is given by� ( � , � ) = 1 − ¨| =1

� | exp ¡ − � � 2| � ¢¤® | ( � ),® | ( � ) = � exp ¡ − 1
2 � | � 2 ¢ £ ¡ 3

4 − 1
4 � | , 3

2 ; � | � 2 ¢ ,

(1)

where the function ® | and the coefficients � | and � | are independent of the parameter � .
The eigenvalues � | are solutions of the transcendental equation� | £ ¡ 3

4 − 1
4 � | , 3

2 ; � | ¢ − £ ¡ 3
4 − 1

4 � | , 1
2 ; � | ¢ = 0.

The series coefficients � | are calculated from

� | = ¯ 1

0
(1 − � 2) ® | ( � ) ° �

¯ 1

0
(1 − � 2) ±²® | ( � ) ³ 2 ° � , where � = 1, 2, ª¤ª¤ª

Table 16 shows the first ten eigenvalues � | and coefficients � | .

TABLE 16
Eigenvalues � | and coefficients � | in solution (1)� � | � | � � | � |

1 2.2631 1.3382 6 22.3181 −0.1873
2 6.2977 −0.5455 7 26.3197 0.1631
3 10.3077 0.3589 8 30.3209 −0.1449
4 14.3128 −0.2721 9 34.3219 0.1306
5 18.3159 0.2211 10 38.3227 −0.1191

The solution asymptotics as � � ´ 0 is given by� = erfc ~ �
2 µ � � � ,

where erfc § = ¯ ¨¶ exp ¡ − � 2 ¢ ° � is the complementary error function.

1.3.8-3. Dissolution of a plate by a laminar fluid film.

The dissolution of a plate by a laminar fluid film, provided that the concentration at the solid surface
is constant and there is no mass flux from the film into the gas, satisfies the boundary conditions� = 0 at � = 0 (0 < � < 1),« ¬ � = 0 at � = 0 ( � > 0),� = 1 at � = 1 ( � > 0).

The solution of the original equation subject to these boundary conditions is given by� ( � , � ) = 1 − ¨| =0

� | exp ¡ − � � 2| � ¢¤· | ( � ),· | ( � ) = exp ¡ − 1
2 � | � 2 ¢ £ ¡ 1

4 − 1
4 � | , 1

2 ; � | � 2 ¢ ,

(2)
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where the functions · | and the constants � | and � | are independent of the parameter � .
The eigenvalues � | are solutions of the transcendental equation£ ¡ 1

4 − 1
4 � | , 1

2 ; � | ¢ = 0.

The following approximate relation is convenient to calculate � | :� | = 4 � + 1.68 ( � = 0, 1, 2, ª¤ª¤ª ). (3)

The maximum error of this formula is less than 0.2%.
The coefficients � | are approximated by� 0 = 1.2, � | = (−1) | 2.27 � −7 ¸ 6| for � = 1, 2, 3, ª¤ª¤ª ,

where the eigenvalues � | are defined by (3). The maximum error of the expressions for � | is less
than 0.1%.

The solution asymptotics as � � ´ 0 is given by� =
1¹ ¡ 1

3 ¢ ¹ ¡ 1
3 , 2

9 º ¢ , º =
(1 − � )3� � ,

where
¹

( ¥ , § ) = ¯ ¨¶ » − ¼ � ½ −1 ° � is the incomplete gamma function,
¹

( ¥ ) =
¹

( ¥ , 0) is the gamma

function, and
¹ ¡ 1

3 ¢ ≈ 2.679.¾²¿
References for Subsection 1.3.8: Z. Rotem and J. E. Neilson (1966), E. J. Davis (1973), A. D. Polyanin, A. M. Kutepov,

A. V. Vyazmin, and D. A. Kazenin (2001).

1.3.9. Equations of the Form p ( q , � ) À ÁÀ Â + Ã ( Â , � ) À ÁÀ � = À 2 ÁÀ � 2 + Ä ( Â , � )

1. Å Æ Ç È ÉÈ Æ + Ê Æ Ë Ì È ÉÈ Ì = È 2 ÉÈ Ì 2
.

This is a special case of equation 1.9.1.1 with Í ( � ) = � � Î and Ï ( � ) = Ðk� Ñ .
The transformationÒ

=
1� Ó exp Ô − 2 ÐÕ ( Ö − × + 1) Ø Ñ − Î +1 Ù ° ØØ Î , Ú = Û exp Ô − ÐÕ ( Ö − × + 1) Ø Ñ − Î +1 Ù

leads to a constant coefficient equation, Ü Ý]Þ = Ü ßkß¤Þ , which is considered in Subsection 1.1.1.

2. Å à á â ãâ à + ä à å æ â ãâ æ = â 2 ãâ æ 2
– ç à è ã .

This is a special case of equation 1.9.1.2 with é ( Ø ) = Õ Ø ê , ë ( Ø ) = ì Ø í , and î ( Ø ) = ï Ø ð .

3. Å à è æ á –1 â ãâ à + ä à å æ á â ãâ æ = â 2 ãâ æ 2
.

This is a special case of equation 1.9.1.3 with é ( Ø ) = Õ Ø ð and ë ( Ø ) = ì Ø í .
The transformationñ

=
1Õ Ó exp Ô − ì ( × + 1)Õ ( Ö − ò + 1) Ø í − ð +1 Ù ° ØØ ð , Ú = Û exp Ô − ìÕ ( Ö − ò + 1) Ø í − ð +1 Ù

leads to a simpler equation of the form 1.3.6.6:Ü ÞÜ ñ
= Ú 1− ê Ü 2 ÞÜ Ú 2 .

4. Å ó æô à õ á â ãâ à +
äô à ó æô à õ å â ãâ æ = â 2 ãâ æ 2

.

This is a special case of equation 1.9.1.4 with é ( Ú ) = Õ Ú ê and ë ( Ú ) = ì0Ú í .ö See Subsection 1.9.1 for other equations of this form.
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1.4. Equations Containing Exponential Functions and
Arbitrary Parameters

1.4.1. Equations of the Form ÷ ø÷ ù = ú ÷ 2 ø÷ û 2 + ü ( û , ù ) ø
1. â ãâ ý = Å â 2 ãâ à 2

+ þ]ä ÿ � �
+ ç � ã .

This is a special case of equation 1.8.1.1 with é (

ñ
) = ì�� � Ý + ï .

1 � . Particular solutions ( � , � , and 	 are arbitrary constants):Þ ( Ø ,

ñ
) = ( � Ø + � ) exp ó ì
 � � Ý + ï ñ õ ,Þ ( Ø ,

ñ
) = � ( Ø 2 + 2 Õ ñ ) exp ó ì
 � � Ý + ï ñ õ ,Þ ( Ø ,

ñ
) = � exp ó 	 Ø + Õ 	 2

ñ
+

ì
 � � Ý + ï ñ õ .

2 � . The substitution Þ ( Ø ,

ñ
) = � ( Ø ,

ñ
) exp � ì
 � � Ý + ï ñ� leads to a constant coefficient equation,Ü Ý�� = Õ Ü � � � , which is considered in Subsection 1.1.1.

2. â ãâ ý = Å â 2 ãâ à 2
+ ( ä ÿ � �

+ ç à ) ã .

This is a special case of equation 1.8.1.6 with é (

ñ
) = ï and ë (

ñ
) = ì�� � Ý .

1 � . Particular solutions ( � and 	 are arbitrary constants):Þ ( Ø ,

ñ
) = � exp ó ï Ø ñ +

ì
 � � Ý +
1
3
Õ ï 2

ñ
3 õ ,Þ ( Ø ,

ñ
) = � þ Ø + Õ ï ñ 2 � exp ó ï Ø ñ +

ì
 � � Ý +
1
3
Õ ï 2

ñ
3 õ ,Þ ( Ø ,

ñ
) = � exp Ô Ø ( ï ñ + 	 ) +

ì
 � � Ý +
1
3
Õ ï 2

ñ
3 + Õ ï�	 ñ 2 + Õ 	 2

ñ Ù .

2 � . The transformationÞ ( Ø ,

ñ
) = � ( Ú ,

ñ
) exp ó ï Ø ñ +

ì
 � � Ý +
1
3
Õ ï 2

ñ
3 õ , Ú = Ø + Õ ï ñ 2

leads to a constant coefficient equation, Ü Ý�� = Õ Ü ßkß�� , which is considered in Subsection 1.1.1.

3. â ãâ ý = Å â 2 ãâ à 2
+ ( ä ÿ � � – ç ) ã .

This is a special case of equation 1.8.1.2 with é ( Ø ) = ì�� � � − ï .
Particular solutions ( � and 	 are arbitrary constants):Þ ( Ø ,

ñ
) = � exp(− 	 ñ ) � � ó 2 � ì
 � Õ � � � � 2 õ , � =

2
 � ï − 	� ,� ( Ø ,

ñ
) = � exp(− 	 ñ ) � � ó 2 � ì
 � � � � � � 2 õ , � =

2
 � ï − 	� ,

where � � ( � ) and � � ( � ) are the Bessel functions of the first and second kind, respectively.

Page 108



4. � �� ý = Å � 2 �� � 2
+ (  � ÿ � �

+ ! ) � .

This is a special case of equation 1.8.1.6 with " ( # ) = $�� � % and & ( # ) = ' .
1 � . Particular solutions ( � and 	 are arbitrary constants):� ( Ø , # ) = � exp ( $) Ø *�+ % +

� $ 2

2
) 3 * 2 + % + '�#-, ,� ( Ø , # ) = . ( Ø +

2 � $) 2 * + % , exp ( $) Ø * + % +
� $ 2

2
) 3 * 2 + % + '�#-, ,� ( Ø , # ) = . exp / Ø ( $) *�+ % + 0 , +

� $ 2

2
) 3 * 2 + % +

2 � $10) 2 *�+ % + ( � 0 2 + ' ) #32 .

2 4 . The transformation� ( Ø , # ) = 5 ( 6 , # ) exp ( $) Ø *�+ % +
� $ 2

2
) 3 * 2 + % + '�#-, , 6 = Ø +

2 � $) 2 *�+ %
leads to a constant coefficient equation, 7 % 5 = � 7 898�5 , which is considered in Subsection 1.1.1.

5. � �� : = Å � 2 �� � 2
+ � (  ; < = + ! ) � .

This is a special case of equation 1.8.1.3 with " ( # ) = $ * + % + ' .
1 4 . Particular solutions ( . and 0 are arbitrary constants):> ( Ø , # ) = . exp / Ø ( $) *�+ % + '�#-, + ? @ ( # ) 2 ,> ( Ø , # ) = . / Ø + ? ( 2 $) 2 * + % + '�# 2 , 2 exp / Ø ( $) * + % + '�#-, + ? @ ( # ) 2 ,> ( Ø , # ) = . exp / Ø ( $) *�+ % + '�# + 0 , + ? 0 ( 2 $) 2 *�+ % + '�# 2 + 0 #-, + ? @ ( # ) 2 ,

where @ ( # ) = 1
2 $ 2 ) −3 * 2 + % + 2 $�' ) −3(

) # − 1) * + % + 1
3 ' 2 # 3.

2 4 . The transformation> ( Ø , # ) = 5 ( 6 , # ) exp / Ø ( $) * + % + '�# , + ? @ ( # ) 2 , 6 = Ø + ? ( 2 $) 2 * + % + '�# 2 ,
leads to a constant coefficient equation, 7 % 5 = ? 7 898�5 , which is considered in Subsection 1.1.1.

6. � �� : = Å � 2 �� � 2
+ � 2(  ; < = + ! ) � .

This is a special case of equation 1.8.7.5 with A ( # ) = ? , " ( # ) = & ( # ) = B ( # ) = C ( # ) = 0, and D ( # ) = $ * + % + ' .
7. � �� : = Å � 2 �� � 2

+ (  ; < = + ! ; E = ) � .

This is a special case of equation 1.8.1.1 with " ( # ) = $ * + % + ' * F % .
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1 4 . Particular solutions ( . , G , and H are arbitrary constants):> ( Ø , # ) = ( . Ø + G ) exp ( $) *�+ % +
'0 * F % , ,> ( Ø , # ) = . ( Ø 2 + 2 ? # ) exp ( $) * + % +

'0 * F % , ,> ( Ø , # ) = . exp ( H Ø + ? H 2 # +
$) *�+ % +

'0 * F % , .

2 4 . The substitution > ( Ø , # ) = 5 ( Ø , # ) exp ( $) * + % +
'0 * F % , leads to a constant coefficient equation,7 % 5 = ? 7 � � 5 , which is considered in Subsection 1.1.1.

8. � �� : = Å � 2 �� � 2
+ (  ; < � + ! ; E = + I ) � .

The substitution > ( Ø , # ) = 5 ( Ø , # ) exp J '0 * F %-K leads to an equation of the form 1.4.1.3:7 57 L = ? 7 2 57 Ø 2 + ( M *N+ � + ° ) 5 .

9. O PO : = Å O 2 PO Q 2
+ ( R ; < � + E = + S ) P .

For
)

= 0, see equation 1.4.1.1; for 0 = 0, see equation 1.4.1.3.
For

)
≠ 0, the transformation> ( Ø , L ) = 5 ( 6 , L ) * T � , 6 = Ø +

0) L , where U =
0

2 ? ) ,

leads to an equation of the form 1.4.1.3:7 57 L = ? 7 2 57 6 2 + ( M *N+ 8 + V + ? U 2) 5 .

1.4.2. Equations of the Form W XW Y = Z W 2 XW [ 2 + \ ( [ , Y ) W XW [
1. O PO : = Å O 2 PO Q 2

+ ( R ; < = + S ) O PO Q .

This is a special case of equation 1.8.2.1 with ] ( L ) = M * + ^ + V .
1 4 . Particular solutions ( . , G , and 0 are arbitrary constants):> ( Ø , L ) = . Ø + . ( M) * + ^ + V�L-, + G ,> ( Ø , L ) = . ( Ø +

M) *�+ ^ + V�L-, 2

+ 2 ? . L + G ,> ( Ø , L ) = . exp /_0 Ø + 0 M) *�+ ^ + ( ? 0 2 + V�0 ) L32 + G .

2 4 . On passing from L , Ø to the new variables L , 6 = Ø +
M) *�+ ^ + V�L , we obtain a constant coefficient

equation, 7 ^ > = ? 7 898 > , which is considered in Subsection 1.1.1.
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2. O PO : = Å O 2 PO Q 2
+ ( R ; < � + S ) O PO Q .

This is a special case of equation 1.8.2.2 with ] ( Ø ) = M * + � + V .
1 4 . Particular solutions ( . and 0 are arbitrary constants):> ( Ø , L ) = . exp(− 0 L + ` ) Ø ) a ( ` , 2 ` + 1 +

V? ) ; −
M? ) *�+ � , ,> ( Ø , L ) = . exp(− 0 L + ` ) Ø ) b ( ` , 2 ` + 1 +

V? ) ; −
M? ) * + � , ,

(1)

where ` = ` ( 0 ) is a root of the quadratic equation ? ) 2 ` 2 + V ) ` + 0 = 0; a ( c , H ; 6 ) and b ( c , H ; 6 )
are degenerate hypergeometric functions. [Regarding the degenerate hypergeometric functions, see
Supplement A.9 and the books by Abramowitz and Stegun (1964) and Bateman and Erdélyi (1953,
Vol. 1)].d e9f g hji k

In solutions (1), the parameter ` can be considered arbitrary,and then 0 =− ? ) 2 ` 2− V ) ` .

2 4 . Other particular solutions ( . and G are arbitrary constants):> ( Ø ) = . + G l m ( n ) o n , m ( n ) = exp p −
Mq r s�t u −

Vq n v ,> ( n , w ) = x q w + x l m ( n ) p l o nm ( n )
v o n ,> ( n , w ) = x q w�y ( n ) + x l m ( n ) p l y ( n ) o nm ( n )

v o n , y ( n ) = l m ( n ) o n .

3 z . The substitution { = s t u leads to an equation of the form 1.3.5.4:| >| w = q r 2 { 2
| 2 >| { 2 + r { ( }�{ + ~ + q r )

| >| { .

3. � �� : = Å � 2 �� � 2
+ � ( � ; < = + � ) � �� � .

This is a special case of equation 1.8.2.3 with � ( w ) = } s t � + ~ .
1 z . Particular solutions ( x , � , and � are arbitrary constants):> ( n , w ) = x n m ( w ) + � , m ( w ) = exp p }r s�t � + ~�w-v ,> ( n , w ) = x n 2 m 2( w ) + 2 x q l m 2( w ) o w + � ,> ( n , w ) = x exp �_� n m ( w ) + q � 2 l m 2( w ) o w3� + � .

2 z . On passing from w , n to the new variables ( x is any number)� = l m 2( w ) o w + x , { = n m ( w ), where m ( w ) = exp p }r s t � + ~�w-v ,

for the function > ( � , { ) we obtain a constant coefficient equation,
| � > = q | �9� > , which is considered

in Subsection 1.1.1.
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4. � �� : = Å � 2 �� � 2
+ ( � ; < = + � ; � = ) � �� � .

This is a special case of equation 1.8.2.1 with � ( w ) = } s t � + ~ s � � .
1 z . Particular solutions ( x , � , and � are arbitrary constants):> ( n , w ) = x n + x p }r s t � +

~� s � � v + � ,> ( n , w ) = x p n +
}r s t � +

~� s � � v 2

+ 2 q x w + � ,> ( n , w ) = x exp p � n + � }r s�t � + � ~� s � � + q � 2 w-v + � .

2 z . On passing from w , n to the new variables w , { = n +
}r s�t � +

~� s � � , we obtain a constant coefficient

equation,
| � > = q | �9� > , which is considered in Subsection 1.1.1.

5. � �� : = Å � 2 �� � 2
+ ( � ; < = + � � + � ) � �� � .

For r = 0, see equation 1.4.2.2; for � = 0, see equation 1.4.2.1.
For � ≠ 0, the substitution { = n + ( r � � ) w leads to an equation of the form 1.4.2.2:| >| w = q | 2 >| { 2 + p } s � � + ~ −

r � v | >| { .

6. � �� : = � � 2 �� � 2
+ ( � ; < = + � � ) � �� � .

This is a special case of equation 1.8.1.6 with � ( w ) = ~ and � ( w ) = } s t � .
7. � �� : = � � 2 �� � 2

+ ( � � ; < = + � ) � �� � .

This is a special case of equation 1.8.1.6 with � ( w ) = } s t � and � ( w ) = ~ .
8. � �� : = � � 2 �� � 2

+ ( � � ; < = + � ; � = ) � �� � .

This is a special case of equation 1.8.1.6 with � ( w ) = } s t � and � ( w ) = ~ s � � .
9. � �� : = � � 2 �� � 2

+ � ( � ; < = + � ; � = ) � �� � .

This is a special case of equation 1.8.2.3 with � ( w ) = } s t � + ~ s � � .
1 z . Particular solutions ( x , � , and � are arbitrary constants):> ( n , w ) = x n m ( w ) + � , m ( w ) = exp p }r s�t � +

~� s � � v ,> ( n , w ) = x n 2 m 2( w ) + 2 x q l m 2( w ) o w + � ,> ( n , w ) = x exp ��� n m ( w ) + q � 2 l m 2( w ) o w3� + � .

2 z . On passing from w , n to the new variables ( x is any number)� = l m 2( w ) o w + x , { = n m ( w ), where m ( w ) = exp p }r s�t � +
~� s � � v ,

for the function > ( � , { ) we obtain a constant coefficient equation,
| � > = q | �9� > , which is considered

in Subsection 1.1.1.
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10. � �� : = � � 2 �� � 2
+ p � � ; < = +

�� v � �� � .

This is a special case of equation 1.8.2.6 with � ( w ) = ~ s t � .
1.4.3. Equations of the Form � �� � = � � 2 �� � 2 + � ( � , � ) � �� � + � ( � , � ) �
1. � �� : = � � 2 �� � 2

+ � � �� � + ( � ; < = + s) � .

The substitution > ( n , w ) = � ( n , w ) exp � − }
2 q n +

~r s�t � + p � −
} 2

4 q v w��
leads to a constant coefficient equation,

| � � = q | u u � , which is considered in Subsection 1.1.1.

2. � �� : = � � 2 �� � 2
+ � � �� � + ( � ; < � + s) � .

The substitution > ( n , w ) = � ( n , w ) exp � − �2   n ¡ leads to an equation of the form 1.4.1.3:| �| w = q | 2 �| n 2 + p ~ s�t u + � −
} 2

4 q v � .

3. � �� ¢ = � � 2 �� � 2
+ � � �� � + ( � £ ¤ ¥ + s £ ¦ ¥ ) � .

The substitution §
( n , w ) = � ( n , w ) exp p −

}
2 q n +

~r s�t � +
�� s ¨ � −

} 2

4 q w-v
leads to a constant coefficient equation,

| � � = q | u u � , which is considered in Subsection 1.1.1.

4. � �� ¢ = � � 2 �� � 2
+ � � �� � + ( � £ ¤ � + s £ ¦ ¥ ) � .

The substitution

§
( n , w ) = � ( n , w ) exp � ©¨ s ¨ � ¡ leads to an equation of the form 1.4.3.2:| �| w = q | 2 �| n 2 + } | �| n + ~ s t u � .

5. � �� ¢ = � � 2 �� � 2
+ ª � � �� � + � £ 2 ¤ ¥ � .

On passing from w , n to the new variables ( x and � are any numbers)� =
x 2

2 r s 2 t � + � , { = x n sNt � ,
for the function

§
( � , { ) we obtain a constant coefficient equation of the form 1.1.3:| §| � = q | 2

§| { 2 + ~1x −2

§
.

6. � �� ¢ = � 2 � 2 �� � 2
+ �«� 1 £ ¤ � + � 1 ¡ � �� � + �«� 0 £ 2 ¤ � + � 0 £ ¤ � + � 0 ¡ � .

The substitution { = s t u leads to an equation of the form 1.3.5.4:| §| w = q
2
r 2 { 2

| 2

§| { 2 + r { � q 1 { + } 1 + q
2
r ¡ | §| { + � q 0 { 2 + } 0 { + ~ 0 ¡ § .
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1.4.4. Equations of the Form � �� � = � � ¬ � 2 �� � 2 + � ( � , � ) � �� � + � ( � , � ) �
1. � �� ¢ = � � � 2 �� � 2

+ �-� £ ¤ ¥ + � � ¡ � .

This is a special case of equation 1.8.8.1 with � ( w ) = q , � ( w ) = 0,  ( w ) = ~ , and � ( w ) = } s t � .
2. � �� ¢ = � � � 2 �� � 2

+ � � � £ ¤ ¥ + � ¡ � .

This is a special case of equation 1.8.8.1 with � ( w ) = q , � ( w ) = 0,  ( w ) = } s t � , and � ( w ) = ~ .
3. � �� ¢ = � � � 2 �� � 2

+ � � � �� � + �«� £ ¤ ¥ + ® ¡ � .

This is a special case of equation 1.8.8.1 with � ( w ) = q , � ( w ) = } ,  ( w ) = 0, and � ( w ) = ~ s t � + o .

4. � �� ¢ = � � 2 � 2 �� � 2
+ ��� £ ¤ ¥ + � ¡ � .

This is a special case of equation 1.8.8.2 with � ( w ) = q , � ( w ) = 0, and  ( w ) = } s t � + ~ .
5. � �� ¢ = � � 4 � 2 �� � 2

+ � � £ ¤ ¥ + � ¡ � .

This is a special case of equation 1.8.8.4 with � ( w ) = q and � ( w ) = } s t � + ~ .
6. � �� ¢ = � � ¯ � 2 �� � 2

+ � ��� £ ¤ ¥ + � ¡ � �� � .

This is a special case of equation 1.8.4.5 with � ( w ) = } s t � + ~ .
7. � �� ¢ = � � ¯ � 2 �� � 2

+ � � £ ¤ ¥ � �� � + � £ ¦ ¥ � .

This is a special case of equation 1.8.8.7 with � ( w ) = q , � ( w ) = } s t � , and  ( w ) = ~ s ¨ � .
1.4.5. Equations of the Form � �� � = � ° ± ² � 2 �� � 2 + � ( � , � ) � �� � + � ( � , � ) �
1. � �� ¢ = � £ ¤ � � 2 �� � 2

.

This is a special case of equation 1.8.6.1 with � ( n ) = q s t u .
Particular solutions ( x , � , and � are arbitrary constants):§

( n ) = x n + � ,§
( n , w ) = x � q r 2 w + s − t u ¡ + � ,§
( n , w ) = x � q r 3 w-n + r n s − t u + 2 s − t u ¡ + � ,§
( n , w ) = x � 2 q 2 r 4 w 2 + 4 q r 2 w s − t u + s −2 t u ¡ + � ,§
( n , w ) = x exp(− � w ) ³ 0 p 2r � ´

exp � − 1
2 µ ¶ ·�¸ ,¹ ( ¶ , w ) = º exp(− � w ) » 0 ¼ 2µ ½ � ´

exp � − 1
2 µ ¶ · ¸ ,

where ¾ 0( ¿ ) and » 0( ¿ ) are the Bessel functions.
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2. À ÁÀ Â = Ã Ä Å � À 2 ÁÀ Æ 2
+ Ç Á .

1 È . Particular solutions ( º , É , and � are arbitrary constants):¹ ( ¶ , w ) = Ê �_Ë ( º ¶ + É ),¹ ( ¶ , w ) = º Ê �_Ë � ´ µ 2 w + Ê − Ì Í · + É Ê �_Ë ,¹ ( ¶ , w ) = º Ê �_Ë � ´ µ 3 w ¶ + µ ¶ Ê − Ì Í + 2 Ê − Ì Í · + É Ê �_Ë ,¹ ( ¶ , w ) = º Ê �_Ë � 2 ´
2 µ 4 w 2 + 4

´ µ 2 w�Ê − Ì Í + Ê −2 Ì Í · ,¹ ( ¶ , w ) = º exp(− � w ) ¾ 0 ¼ 2µ ½ � + Î´
exp � − 1

2 µ ¶ ·�¸ ,¹ ( ¶ , w ) = º exp(− � w ) » 0 ¼ 2µ ½ � + Î´
exp � − 1

2 µ ¶ · ¸ ,

where ¾ 0( ¿ ) and » 0( ¿ ) are the Bessel functions.

2 È . The substitution ¹ ( ¶ , w ) = Ê �_Ë�Ï ( ¶ , w ) leads to an equation of the form 1.4.5.1: Ð Ë Ï =
´ Ê Ì Í Ð Í Í Ï .

3. À ÁÀ Â = Ã Ä Å � À 2 ÁÀ Æ 2
+ ( Ç Ä Ñ Ò + Ó ) Á .

1 È . Particular solutions ( º , É , � are arbitrary constants):¹ ( ¶ ) = ( º ¶ + É ) exp ¼ Î� Ê Ô Ë + Õ�w ¸ ,¹ ( ¶ , w ) = º � ´ µ 2 w + Ê − Ì Í · exp ¼ Î� Ê Ô Ë + Õ�w ¸ ,¹ ( ¶ , w ) = º � ´ µ 3 w ¶ + µ ¶ Ê − Ì Í + 2 Ê − Ì Í · exp ¼ Î� Ê Ô Ë + Õ�w ¸ ,¹ ( ¶ , w ) = º � 2 ´
2 µ 4 w 2 + 4

´ µ 2 w�Ê − Ì Í + Ê −2 Ì Í · exp ¼ Î� Ê Ô Ë + Õ�w ¸ ,¹ ( ¶ , w ) = º exp Ö Î� Ê Ô Ë + ( Õ − � ) w3× ¾ 0 ¼ 2µ ½ � ´
exp � − 1

2 µ ¶ ·�¸ ,¹ ( ¶ , w ) = º exp Ö Î� Ê Ô Ë + ( Õ − � ) w × » 0 ¼ 2µ ½ � ´
exp � − 1

2 µ ¶ ·�¸ .

2 È . The substitution ¹ ( ¶ , w ) = exp � �Ô Ê Ô Ë + Õ�w · Ï ( ¶ , w ) leads to an equation of the form 1.4.5.1:Ð Ë Ï =
´ Ê Ì Í Ð Í Í Ï .

4. À ÁÀ Â = Ã ¼ Ä Å � À 2 ÁÀ Æ 2
+ Ø Ä Å � À ÁÀ Æ ¸ .

This equation describes heat transfer in a quiescent medium (solid body) in the case where thermal
diffusivity is an exponential function of the coordinate. The equation can be rewritten in the
divergence form Ð ¹Ð w =

´ ÐÐ ¶ ¼ Ê Ì Í Ð ¹Ð ¶ ¸
that is more customary for applications.
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1 È . Particular solutions ( º , É , Ù , and � are arbitrary constants):¹ ( ¶ , w ) = º exp ¼ −
Ê − Ì Í´ µ 2 w + Ù ¸ + É ,¹ ( ¶ , w ) = º ´ µ 2 w − º ( µ ¶ + 1) Ê − Ì Í + É ,¹ ( ¶ , w ) = 2 º ´ µ 2 w�Ê − Ì Í + º Ê −2 Ì Í + É ,¹ ( ¶ , w ) = º ´

2 µ 4 w 2 − 2 º ´ µ 2 w ( µ ¶ + 1) Ê − Ì Í − º ( µ ¶ + 5
2 ) Ê −2 Ì Í + É ,¹ ( ¶ , w ) = º ´

2 µ 4 w 2 Ê − Ì Í + º ´ µ 2 w�Ê −2 Ì Í + 1
6 º Ê −3 Ì Í + É ,¹ ( ¶ , w ) = 2 º ´

3 µ 6 w 3 Ê − Ì Í + 3 º ´
2 µ 4 w 2 Ê −2 Ì Í + º ´ µ 2 w�Ê −3 Ì Í + 1

12 º Ê −4 Ì Í + É ,¹ ( ¶ , w ) = Ê − Ú Ì Í +
Ú −1ÛÝÜ

=1 Þàß ( ß − 1) á�á�á ( ß − â ) ã 2

ß ( ß − â ) â !
(
´ µ 2 w ) Ü Ê (

Ü
− Ú ) Ì Í ,¹ ( ¶ , w ) = Ê Ô Ë − 1

2 Ì Í Ö º ¾ 1 ¼ 2 ä − �µ ä ´ Ê − 1
2 Ì Í ¸ + É » 1 ¼ 2 ä − �µ ä ´ Ê − 1

2 Ì Í ¸ × for � < 0,¹ ( ¶ , w ) = Ê Ô Ë − 1
2 Ì Í Ö º å 1 ¼ 2 ä �µ ä ´ Ê − 1

2 Ì Í ¸ + É æ 1 ¼ 2 ä �µ ä ´ Ê − 1
2 Ì Í ¸ × for � > 0,

where ¾ 1( ç ) and » 1( ç ) are the Bessel functions, å 1( ç ) and æ 1( ç ) are the modified Bessel functions.

2 È . A solution containing an arbitrary function of the space variable:¹ ( ¶ , w ) = è ( ¶ ) + éÛ Ú =1

(
´ w ) Úß ! ê Ú Þ è ( ¶ ) ã , ê ≡ ëë ¶ ¼ Ê Ì Í ëë ¶ ¸ ,

where è ( ¶ ) is any infinitely differentiable function. This solution satisfies the initial condition¹ ( ¶ , 0) = è ( ¶ ).

3 È . A solution containing an arbitrary function of time:¹ ( ¶ , w ) = º + Ê − Ì Í ì ( w ) + éÛ Ú =2

1ß [( ß − 1)!]2(
´ µ 2) Ú −1 Ê − Ì Ú Í ì ( Ú −1)Ë ( w ),

where ì ( w ) is any infinitely differentiable function. If ì ( w ) is a polynomial, then the series has finitely
many terms.

4 È . The transformation ( Ù 1, Ù 2, and Ù 3 are any numbers)¹ ( ¶ , w ) = Ï ( ¿ , í ) exp Ö − Ê − Ì Í´ µ 2( w + Ù 1)
× , ¿ = ¶ −

1µ ln
Ù 2

( w + Ù 1)2 , í = Ù 3 −
Ù 2w + Ù 1

,

leads to the same equation, up to the notation,Ð ÏÐ í =
´ ÐÐ ¿ ¼ Ê Ì î Ð ÏÐ ¿ ¸ .

5 È . The substitution ç = Ê − Ì Í leads to an equation of the form 1.3.4.1:Ð ¹Ð w =
´ µ 2 ç Ð 2 ¹Ð ç 2 .

6 È . A series solution of the original equation (under constant values of ¹ at the boundary and at the
initial instant) can be found in Lykov (1967).
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5. À ÁÀ Â = Ã Ä 2 Å � À 2 ÁÀ Æ 2
+ ï Ã Ä Å � ðñï Ã Ø Ä Å � + Ç · À ÁÀ Æ .

This is a special case of equation 1.8.5.2 with è ( w )= Î and ì ( w )=0. The substitution ¿ =
1ä ´ µ (1− Ê − Ì Í )

leads to a constant coefficient equation of the form 1.1.4 with ò ≡ 0:Ð ¹Ð w =
Ð 2 ¹Ð ¿ 2 + Î Ð ¹Ð ¿ .

6. À ÁÀ Â = Ã Ä 2 Å � À 2 ÁÀ Æ 2
+ ï Ã Ä Å � ð ï Ã Ø Ä Å � + Ç Ä Ñ Ò · À ÁÀ Æ + Ó Ä ó Ò Á .

This is a special case of equation 1.8.5.2 with è ( w ) = Î�Ê Ô Ë and ì ( w ) = Õ1Ê ô Ë .
1.4.6. Other Equations

1. À ÁÀ Â = Ã Ä Å Ò À 2 ÁÀ Æ 2
+ Ç Ä Ñ Ò À ÁÀ Æ + Ó Ä ó Ò Á .

This is a special case of equation 1.8.7.3 with è ( w ) =
´ Ê Ì Ë , ì ( w ) = Î�Ê Ô Ë , and õ ( w ) = Õ1Ê ô Ë .

2. À ÁÀ Â = Ã Ä Å Ò À 2 ÁÀ Æ 2
+ Ç Æ Ä Ñ Ò À ÁÀ Æ + Ó Æ Ä ó Ò Á .

This is a special case of equation 1.8.7.4 with ß ( w ) =
´ Ê Ì Ë , è ( w ) = Î�Ê Ô Ë , ì ( w ) = 0, õ ( w ) = Õ1Ê ô Ë , andö ( w ) = 0.

3. À ÁÀ Â = Ã Ä Å � + Ñ Ò À 2 ÁÀ Æ 2
+ Ç Ä ó Ò Á .

The transformation ¹ ( ¶ , w ) = exp ¼ Î÷ Ê ô Ë ¸ Ï ( ¶ , í ), í =

´� Ê Ô Ë
leads to an equation of the form 1.4.5.1: Ð � Ï = Ê Ì Í Ð Í Í Ï .

1.5. Equations Containing Hyperbolic Functions
and Arbitrary Parameters

1.5.1. Equations Containing a Hyperbolic Cosine

1. À ÁÀ Â = Ã À 2 ÁÀ Æ 2
+ ( Ç cosh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.1.1 with è ( w ) = Î cosh

Ü ú w + Õ .
2. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ ( Ç cosh ø ù Â + Ó Æ ) Á .

This is a special case of equation 1.8.1.6 with è ( w ) = Õ and ì ( w ) = Î cosh

Ü ú w .
3. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ Æ ( Ç cosh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.1.3 with è ( w ) = Î cosh

Ü ú w + Õ .
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4. À ÁÀ Â = Ã À 2 ÁÀ Æ 2
+ ( Ó cosh ø ù Â – Ç Æ 2) Á .

This is a special case of equation 1.8.1.7 with è ( w ) = Õ cosh

Ü ú w .
5. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ ( Ç cosh ø ù Â + Ó ) À ÁÀ Æ .

This is a special case of equation 1.8.2.1 with è ( w ) = Î cosh

Ü ú w + Õ .
6. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ Æ ( Ç cosh ø ù Â + Ó ) À ÁÀ Æ .

This is a special case of equation 1.8.2.3 with è ( w ) = Î cosh

Ü ú w + Õ .
7. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ Ç À ÁÀ Æ + ( Ó cosh ø ù Â + s) Á .

This is a special case of equation 1.8.3.1 with è ( w ) = Î and ì ( w ) = Õ cosh

Ü ú w + ö .
8. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ ¼ Ó Æ cosh ø ù Â +
ÇÆ ¸ À ÁÀ Æ .

This is a special case of equation 1.8.2.6 with è ( w ) = Õ cosh

Ü ú w .
9. À ÁÀ Â = Ã Æ À 2 ÁÀ Æ 2

+ ( Ç Æ cosh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.4.1 with è ( w ) = Î cosh

Ü ú w and ì ( w ) = Õ .
10. À ÁÀ Â = Ã Æ 2 À 2 ÁÀ Æ 2

+ ( Ç cosh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.4.2 with è ( w ) = Î cosh

Ü ú w + Õ .
11. À ÁÀ Â = Ã Æ 4 À 2 ÁÀ Æ 2

+ ( Ç cosh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.8.4 with è ( w ) =
´

and ì ( w ) = Î cosh

Ü ú w + Õ .
12. À ÁÀ Â = Ã Æ û À 2 ÁÀ Æ 2

+ Æ ( Ç cosh ø ù Â + Ó ) À ÁÀ Æ .

This is a special case of equation 1.8.4.5 with è ( w ) = Î cosh

Ü ú w + Õ .
1.5.2. Equations Containing a Hyperbolic Sine

1. À ÁÀ Â = Ã À 2 ÁÀ Æ 2
+ ( Ç sinh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.1.1 with è ( w ) = Î sinh

Ü ú w + Õ .
2. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ ( Ç sinh ø ù Â + Ó Æ ) Á .

This is a special case of equation 1.8.1.6 with è ( w ) = Õ and ì ( w ) = Î sinh

Ü ú w .
3. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ Æ ( Ç sinh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.1.3 with è ( w ) = Î sinh

Ü ú w + Õ .
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4. À ÁÀ Â = Ã À 2 ÁÀ Æ 2
+ ( Ó sinh ø ù Â – Ç Æ 2) Á .

This is a special case of equation 1.8.1.7 with è ( w ) = Õ sinh

Ü ú w .
5. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ ( Ç sinh ø ù Â + Ó ) À ÁÀ Æ .

This is a special case of equation 1.8.2.1 with è ( w ) = Î sinh

Ü ú w + Õ .
6. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ Æ ( Ç sinh ø ù Â + Ó ) À ÁÀ Æ .

This is a special case of equation 1.8.2.3 with è ( w ) = Î sinh

Ü ú w + Õ .
7. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ Ç À ÁÀ Æ + ( Ó sinh ø ù Â + s) Á .

This is a special case of equation 1.8.3.1 with è ( w ) = Î and ì ( w ) = Õ sinh

Ü ú w + ö .
8. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ ¼ Ó Æ sinh ø ù Â +
ÇÆ ¸ À ÁÀ Æ .

This is a special case of equation 1.8.2.6 with è ( w ) = Õ sinh

Ü ú w .
9. À ÁÀ Â = Ã Æ À 2 ÁÀ Æ 2

+ ( Ç Æ sinh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.4.1 with è ( w ) = Î sinh

Ü ú w and ì ( w ) = Õ .
10. À ÁÀ Â = Ã Æ 2 À 2 ÁÀ Æ 2

+ ( Ç sinh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.4.2 with è ( w ) = Î sinh

Ü ú w + Õ .
11. À ÁÀ Â = Ã Æ 4 À 2 ÁÀ Æ 2

+ ( Ç sinh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.8.4 with è ( w ) = ü and ì ( w ) = Î sinh

Ü ú w + Õ .
12. À ÁÀ Â = Ã Æ û À 2 ÁÀ Æ 2

+ Æ ( Ç sinh ø ù Â + Ó ) À ÁÀ Æ .

This is a special case of equation 1.8.4.5 with è ( w ) = Î sinh

Ü ú w + Õ .
1.5.3. Equations Containing a Hyperbolic Tangent

1. À ÁÀ Â = Ã À 2 ÁÀ Æ 2
+ ( Ç tanh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.1.1 with è ( w ) = Î tanh

Ü ú w + Õ .
2. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ ( Ç tanh ø ù Â + Ó Æ ) Á .

This is a special case of equation 1.8.1.6 with è ( w ) = Õ and ì ( w ) = Î tanh

Ü ú w .
3. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ Æ ( Ç tanh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.1.3 with è ( w ) = Î tanh

Ü ú w + Õ .
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4. À ÁÀ Â = Ã À 2 ÁÀ Æ 2
+ ( Ó tanh ø ù Â – Ç Æ 2) Á .

This is a special case of equation 1.8.1.7 with è ( w ) = Õ tanh

Ü ú w .
5. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ ( Ç tanh ø ù Â + Ó ) À ÁÀ Æ .

This is a special case of equation 1.8.2.1 with è ( w ) = Î tanh

Ü ú w + Õ .
6. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ Æ ( Ç tanh ø ù Â + Ó ) À ÁÀ Æ .

This is a special case of equation 1.8.2.3 with è ( w ) = Î tanh

Ü ú w + Õ .
7. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ Ç À ÁÀ Æ + ( Ó tanh ø ù Â + s) Á .

This is a special case of equation 1.8.3.1 with è ( w ) = Î and ì ( w ) = Õ tanh

Ü ú w + ö .
8. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ ¼ Ó Æ tanh ø ù Â +
ÇÆ ¸ À ÁÀ Æ .

This is a special case of equation 1.8.2.6 with è ( w ) = Õ tanh

Ü ú w .
9. À ÁÀ Â = Ã Æ À 2 ÁÀ Æ 2

+ ( Ç Æ tanh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.4.1 with è ( w ) = Î tanh

Ü ú w and ì ( w ) = Õ .
10. À ÁÀ Â = Ã Æ 2 À 2 ÁÀ Æ 2

+ ( Ç tanh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.4.2 with è ( w ) = Î tanh

Ü ú w + Õ .
11. À ÁÀ Â = Ã Æ 4 À 2 ÁÀ Æ 2

+ ( Ç tanh ø ù Â + Ó ) Á .

This is a special case of equation 1.8.8.4 with è ( w ) = ü and ì ( w ) = Î tanh

Ü ú w + Õ .
12. À ÁÀ Â = Ã Æ û À 2 ÁÀ Æ 2

+ Æ ( Ç tanh ø ù Â + Ó ) À ÁÀ Æ .

This is a special case of equation 1.8.4.5 with è ( w ) = Î tanh

Ü ú w + Õ .
1.5.4. Equations Containing a Hyperbolic Cotangent

1. À ÁÀ Â = Ã À 2 ÁÀ Æ 2
+ ( Ç coth ø ù Â + Ó ) Á .

This is a special case of equation 1.8.1.1 with è ( w ) = Î coth

Ü ú w + Õ .
2. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ ( Ç coth ø ù Â + Ó Æ ) Á .

This is a special case of equation 1.8.1.6 with è ( w ) = Õ and ì ( w ) = Î coth

Ü ú w .
3. À ÁÀ Â = Ã À 2 ÁÀ Æ 2

+ Æ ( Ç coth ø ù Â + Ó ) Á .

This is a special case of equation 1.8.1.3 with è ( w ) = Î coth

Ü ú w + Õ .
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4.
� �� � = � � 2 �� � 2

+ ( � coth
� � �

– � � 2)
�

.

This is a special case of equation 1.8.1.7 with 	 ( 
 ) = � coth �  
 .
5.

� �� � = � � 2 �� � 2
+ ( � coth

� � �
+ � )

� �� � .

This is a special case of equation 1.8.2.1 with 	 ( 
 ) = � coth �  
 + � .
6.

� �� � = � � 2 �� � 2
+

�
( � coth

� � �
+ � )

� �� � .

This is a special case of equation 1.8.2.3 with 	 ( 
 ) = � coth �  
 + � .
7.

� �� � = � � 2 �� � 2
+ � � �� � + ( � coth

� � �
+ s)

�
.

This is a special case of equation 1.8.3.1 with 	 ( 
 ) = � and � ( 
 ) = � coth �  
 + � .
8.

� �� � = � � 2 �� � 2
+

� � � coth
� � �

+
�� � � �� � .

This is a special case of equation 1.8.2.6 with 	 ( 
 ) = � coth �  
 .
9.

� �� � = � � � 2 �� � 2
+ ( � � coth

� � �
+ � )

�
.

This is a special case of equation 1.8.4.1 with 	 ( 
 ) = � coth �  
 and � ( 
 ) = � .
10.

� �� � = � � 2
� 2 �� � 2

+ ( � coth
� � �

+ � )
�

.

This is a special case of equation 1.8.4.2 with 	 ( 
 ) = � coth �  
 + � .
11.

� �� � = � � 4
� 2 �� � 2

+ ( � coth
� � �

+ � )
�

.

This is a special case of equation 1.8.8.4 with 	 ( 
 ) = � and � ( 
 ) = � coth �  
 + � .
12.

� �� � = � � � � 2 �� � 2
+

�
( � coth

� � �
+ � )

� �� � .

This is a special case of equation 1.8.4.5 with 	 ( 
 ) = � coth �  
 + � .
1.6. Equations Containing Logarithmic Functions

and Arbitrary Parameters

1.6.1. Equations of the Form � �� � = � � 2 �� � 2 + � ( � , � ) � �� � + � ( � , � ) �
1.

� �� � = � � 2 �� � 2
+ ( � ln

�
+ � )

�
.

This is a special case of equation 1.8.1.1 with 	 ( 
 ) = � ln 
 + � .
The substitution � ( � , 
 ) = � ( � , 
 ) exp( ��
 ln 
 − ��
 + � 
 ) leads to the constant coefficient equation! " � = � ! 2# # � , which is considered in Subsection 1.1.1.
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2.
� �� � = � � 2 �� � 2

+ ( � � + � ln
�
)
�

.

This is a special case of equation 1.8.1.6 with 	 ( 
 ) = � and � ( 
 ) = � ln 
 .
3.

� �� � = � � 2 �� � 2
+

�
( � ln

� �
+ � )

�
.

This is a special case of equation 1.8.1.3 with 	 ( 
 ) = � ln � 
 + � .
4.

� �� � = � � 2 �� � 2
+ (– � � 2 + � ln

� �
)
�

.

This is a special case of equation 1.8.1.7 with 	 ( 
 ) = � ln � 
 .
5.

� �� � = � � 2 �� � 2
+ ( � ln

�
+ � )

� �� � .

The change of variable $ = � + ��
 ln 
 − ��
 + � 
 leads to the constant coefficient equation
! " � = � ! 2%�% �

that is considered in Subsection 1.1.1.

6.
� �� � = � � 2 �� � 2

+
�

( � ln
�

+ � )
� �� � .

This is a special case of equation 1.8.2.3 with 	 ( 
 ) = � ln 
 + � .
On passing from 
 , � to the new variables ( & and ' are any numbers)( = ) * 2( 
 ) + 
 + & , $ = � * ( 
 ), where * ( 
 ) = ' exp( ��
 ln 
 − ��
 + � 
 ),

we arrive at the constant coefficient equation
! , � = � ! %�% � for � ( ( , $ ); this equation is considered

in Subsection 1.1.1.

1.6.2. Equations of the Form � �� � = � � - � 2 �� � 2 + � ( � , � ) � �� � + � ( � , � ) �
1.

� �� � = � � � 2 �� � 2
+ ( � � + � ln

�
)
�

.

This is a special case of equation 1.8.8.1 with 	 ( 
 ) = � , � ( 
 ) = 0, . ( 
 ) = � , and � ( 
 ) = � ln 
 .
2.

� �� � = � � � 2 �� � 2
+ ( � � ln

�
+ � )

�
.

This is a special case of equation 1.8.8.1 with 	 ( 
 ) = � , � ( 
 ) = 0, . ( 
 ) = � ln 
 , and � ( 
 ) = � .
3.

� �� � = � � � 2 �� � 2
+ � � � �� � + ( � ln

�
+ / )

�
.

This is a special case of equation 1.8.8.1 with 	 ( 
 ) = � , � ( 
 ) = � , . ( 
 ) = 0, and � ( 
 ) = � ln 
 + + .

4.
� �� � = � � 2

� 2 �� � 2
+ ( � ln

�
+ � )

�
.

This is a special case of equation 1.8.8.2 with 	 ( 
 ) = � , � ( 
 ) = 0, and . ( 
 ) = � ln 
 + � .
5.

� �� � = � � 2
� 2 �� � 2

+ � ln
� �

.

This is a special case of equation 1.8.8.3 with 0 ( 
 ) = � , 	 ( 
 ) = � ( 
 ) = . ( 
 ) = 1 ( 
 ) = 0, and � ( 
 ) = � .
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6.
� �� � = � � 2

� 2 �� � 2
+ � � � ln

� �
.

This is a special case of equation 1.8.8.3 with 0 ( 
 ) = � , 	 ( 
 ) = � ( 
 ) = . ( 
 ) = 1 ( 
 ) = 0, and � ( 
 ) = ��
 � .

7.
� �� � = � � 2

� 2 �� � 2
+ � ln2 � �

.

This is a special case of equation 1.8.8.3 with 0 ( 
 ) = � , 	 ( 
 ) = � ( 
 ) = � ( 
 ) = 1 ( 
 ) = 0, and . ( 
 ) = � .
See also equation 1.8.6.5.

8.
� �� � = � � 2

� 2 �� � 2
+ � � � ln2 � �

.

This is a special case of equation 1.8.8.3 with 0 ( 
 ) = � , 	 ( 
 ) = � ( 
 ) = � ( 
 ) = 1 ( 
 ) = 0, and . ( 
 ) = ��
 � .

9.
� �� � = � � 2

� 2 �� � 2
+ 23� ln2 �

+ � ln
�

ln
�

+ / ln2 �
)
�

.

This is a special case of equation 1.8.8.3 with 0 ( 
 ) = � , 	 ( 
 ) = � ( 
 ) = 0, . ( 
 ) = � , � ( 
 ) = � ln 
 , and1 ( 
 ) = + ln2 
 .
10.

� �� � = � � 4
� 2 �� � 2

+ ( � ln
�

+ � )
�

.

This is a special case of equation 1.8.8.4 with 	 ( 
 ) = � and � ( 
 ) = � ln 
 + � .
11.

� �� � = � � � � 2 �� � 2
+ ( � ln

�
+ � )

�
.

This is a special case of equation 1.8.8.7 with 	 ( 
 ) = � , � ( 
 ) = 0, and . ( 
 ) = � ln 
 + � .
12.

� �� � = � � � � 2 �� � 2
+

�
( � ln

�
+ � )

� �� � .

This is a special case of equation 1.8.4.5 with 	 ( 
 ) = � ln 
 + � .
1.7. Equations Containing Trigonometric Functions

and Arbitrary Parameters
1.7.1. Equations Containing a Cosine

1.
� �� � = � � 2 �� � 2

+ ( � cos
� � �

+ � )
�

.

This is a special case of equation 1.8.1.1 with 	 ( 
 ) = � cos �  
 + � .
2.

� �� � = � � 2 �� � 2
+ ( � cos

� � �
+ � � )

�
.

This is a special case of equation 1.8.1.6 with 	 ( 
 ) = � and � ( 
 ) = � cos �  
 .
3.

� �� � = � � 2 �� � 2
+

�
( � cos

� � �
+ � )

�
.

This is a special case of equation 1.8.1.3 with 	 ( 
 ) = � cos �  
 + � .
4.

� �� � = � � 2 �� � 2
+ ( � cos

� � �
– � � 2)

�
.

This is a special case of equation 1.8.1.7 with 	 ( 
 ) = � cos �  
 .
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5.
� �� � = � � 2 �� � 2

+ ( � cos
� � �

+ � )
� �� � .

This is a special case of equation 1.8.2.1 with 	 ( 
 ) = � cos �  
 + � .
6.

� �� � = � � 2 �� � 2
+

�
( � cos

� � �
+ � )

� �� � .

This is a special case of equation 1.8.2.3 with 	 ( 
 ) = � cos �  
 + � .
7.

� �� � = � � 2 �� � 2
+ � � �� � + ( � cos

� � �
+ s)

�
.

This is a special case of equation 1.8.3.1 with 	 ( 
 ) = � and � ( 
 ) = � cos �  
 + � .
8.

� �� � = � � 2 �� � 2
+

� � � cos
� � �

+
�� � � �� � .

This is a special case of equation 1.8.2.6 with 	 ( 
 ) = � cos �  
 .
9.

� �� � = � � � 2 �� � 2
+ ( � � cos

� � �
+ � )

�
.

This is a special case of equation 1.8.4.1 with 	 ( 
 ) = � cos �  
 and � ( 
 ) = � .
10.

� �� � = � � 2
� 2 �� � 2

+ ( � cos
� � �

+ � )
�

.

This is a special case of equation 1.8.4.2 with 	 ( 
 ) = � cos �  
 + � .
11.

� �� � = � � 4
� 2 �� � 2

+ ( � cos
� � �

+ � )
�

.

This is a special case of equation 1.8.8.4 with 	 ( 
 ) = � and � ( 
 ) = � cos �  
 + � .
12.

� �� � = � � � � 2 �� � 2
+

�
( � cos

� � �
+ � )

� �� � .

This is a special case of equation 1.8.4.5 with 	 ( 
 ) = � cos �  
 + � .
1.7.2. Equations Containing a Sine

1.
� �� � = � � 2 �� � 2

+ ( � sin
� � �

+ � )
�

.

This is a special case of equation 1.8.1.1 with 	 ( 
 ) = � sin �  
 + � .
2.

� �� � = � � 2 �� � 2
+ ( � sin

� � �
+ � � )

�
.

This is a special case of equation 1.8.1.6 with 	 ( 
 ) = � and � ( 
 ) = � sin �  
 .
3.

� �� � = � � 2 �� � 2
+

�
( � sin

� � �
+ � )

�
.

This is a special case of equation 1.8.1.3 with 	 ( 
 ) = � sin �  
 + � .
4.

� �� � = � � 2 �� � 2
+ ( � sin

� � �
– � � 2)

�
.

This is a special case of equation 1.8.1.7 with 	 ( 
 ) = � sin �  
 .
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5.
� �� � = � � 2 �� � 2

+ ( � sin
� � �

+ � )
� �� � .

This is a special case of equation 1.8.2.1 with 	 ( 
 ) = � sin �  
 + � .
6.

� �� � = � � 2 �� � 2
+

�
( � sin

� � �
+ � )

� �� � .

This is a special case of equation 1.8.2.3 with 	 ( 
 ) = � sin �  
 + � .
7.

� �� � = � � 2 �� � 2
+ � � �� � + ( � sin

� � �
+ s)

�
.

This is a special case of equation 1.8.3.1 with 	 ( 
 ) = � and � ( 
 ) = � sin �  
 + � .
8.

� �� � = � � 2 �� � 2
+

� � � sin
� � �

+
�� � � �� � .

This is a special case of equation 1.8.2.6 with 	 ( 
 ) = � sin �  
 .
9.

� �� � = � � � 2 �� � 2
+ ( � � sin

� � �
+ � )

�
.

This is a special case of equation 1.8.4.1 with 	 ( 
 ) = � sin �  
 and � ( 
 ) = � .
10.

� �� � = � � 2
� 2 �� � 2

+ ( � sin
� � �

+ � )
�

.

This is a special case of equation 1.8.4.2 with 	 ( 
 ) = � sin �  
 + � .
11.

� �� � = � � 4
� 2 �� � 2

+ ( � sin
� � �

+ � )
�

.

This is a special case of equation 1.8.8.4 with 	 ( 
 ) = � and � ( 
 ) = � sin �  
 + � .
12.

� �� � = � � � � 2 �� � 2
+

�
( � sin

� � �
+ � )

� �� � .

This is a special case of equation 1.8.4.5 with 	 ( 
 ) = � sin �  
 + � .
1.7.3. Equations Containing a Tangent

1.
� �� � = � � 2 �� � 2

+ ( � tan
� � �

+ � )
�

.

This is a special case of equation 1.8.1.1 with 	 ( 
 ) = � tan �  
 + � .
2.

� �� � = � � 2 �� � 2
+ ( � tan

� � �
+ � � )

�
.

This is a special case of equation 1.8.1.6 with 	 ( 
 ) = � and � ( 
 ) = � tan �  
 .
3.

� �� � = � � 2 �� � 2
+

�
( � tan

� � �
+ � )

�
.

This is a special case of equation 1.8.1.3 with 	 ( 
 ) = � tan �  
 + � .
4.

� �� � = � � 2 �� � 2
+ ( � tan

� � �
– � � 2)

�
.

This is a special case of equation 1.8.1.7 with 	 ( 
 ) = � tan �  
 .
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5.
� �� � = � � 2 �� � 2

+ ( � tan
� � �

+ � )
� �� � .

This is a special case of equation 1.8.2.1 with 	 ( 
 ) = � tan �  
 + � .
6.

� �� � = � � 2 �� � 2
+

�
( � tan

� � �
+ � )

� �� � .

This is a special case of equation 1.8.2.3 with 	 ( 
 ) = � tan �  
 + � .
7.

� �� � = � � 2 �� � 2
+ � � �� � + ( � tan

� � �
+ s)

�
.

This is a special case of equation 1.8.3.1 with 	 ( 
 ) = � and � ( 
 ) = � tan �  
 + � .
8.

� �� � = � � 2 �� � 2
+

� � � tan
� � �

+
�� � � �� � .

This is a special case of equation 1.8.2.6 with 	 ( 
 ) = � tan �  
 .
9.

� �� � = � � � 2 �� � 2
+ ( � � tan

� � �
+ � )

�
.

This is a special case of equation 1.8.4.1 with 	 ( 
 ) = � tan �  
 and � ( 
 ) = � .
10.

� �� � = � � 2
� 2 �� � 2

+ ( � tan
� � �

+ � )
�

.

This is a special case of equation 1.8.4.2 with 	 ( 
 ) = � tan �  
 + � .
11.

� �� � = � � 4
� 2 �� � 2

+ ( � tan
� � �

+ � )
�

.

This is a special case of equation 1.8.8.4 with 	 ( 
 ) = � and � ( 
 ) = � tan �  
 + � .
12.

� �� � = � � � � 2 �� � 2
+

�
( � tan

� � �
+ � )

� �� � .

This is a special case of equation 1.8.4.5 with 	 ( 
 ) = � tan �  
 + � .
1.7.4. Equations Containing a Cotangent

1.
� �� � = � � 2 �� � 2

+ ( � cot
� � �

+ � )
�

.

This is a special case of equation 1.8.1.1 with 	 ( 
 ) = � cot �  
 + � .
2.

� �� � = � � 2 �� � 2
+ ( � cot

� � �
+ � � )

�
.

This is a special case of equation 1.8.1.6 with 	 ( 
 ) = � and � ( 
 ) = � cot �  
 .
3.

� �� � = � � 2 �� � 2
+

�
( � cot

� � �
+ � )

�
.

This is a special case of equation 1.8.1.3 with 	 ( 
 ) = � cot �  
 + � .
4.

� �� � = � � 2 �� � 2
+ ( � cot

� � �
– � � 2)

�
.

This is a special case of equation 1.8.1.7 with 	 ( 
 ) = � cot �  
 .
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5.
� �� � = � � 2 �� � 2

+ ( � cot
� � �

+ � )
� �� � .

This is a special case of equation 1.8.2.1 with 	 ( 
 ) = � cot �  
 + � .
6.

� �� � = � � 2 �� � 2
+

�
( � cot

� � �
+ � )

� �� � .

This is a special case of equation 1.8.2.3 with 	 ( 
 ) = � cot �  
 + � .
7.

� �� � = � � 2 �� � 2
+ � � �� � + ( � cot

� � �
+ s)

�
.

This is a special case of equation 1.8.3.1 with 	 ( 
 ) = � and � ( 
 ) = � cot �  
 + � .
8.

� �� � = � � 2 �� � 2
+

� � � cot
� � �

+
�� � � �� � .

This is a special case of equation 1.8.2.6 with 	 ( 
 ) = � cot �  
 .
9.

� �� � = � � � 2 �� � 2
+ ( � � cot

� � �
+ � )

�
.

This is a special case of equation 1.8.4.1 with 	 ( 
 ) = � cot �  
 and � ( 
 ) = � .
10.

� �� � = � � 2
� 2 �� � 2

+ ( � cot
� � �

+ � )
�

.

This is a special case of equation 1.8.4.2 with 	 ( 
 ) = � cot �  
 + � .
11.

� �� � = � � 4
� 2 �� � 2

+ ( � cot
� � �

+ � )
�

.

This is a special case of equation 1.8.8.4 with 	 ( 
 ) = � and � ( 
 ) = � cot �  
 + � .
12.

� �� � = � � � � 2 �� � 2
+

�
( � cot

� � �
+ � )

� �� � .

This is a special case of equation 1.8.4.5 with 	 ( 
 ) = � cot �  
 + � .
1.8. Equations Containing Arbitrary Functions

1.8.1. Equations of the Form � �� � = � � 2 �� � 2 + � ( � , � ) �
1.

� �� � = � � 2 �� � 2
+ 4 (

�
)
�

.

1 5 . Particular solutions ( & , ' , and 6 are arbitrary constants):� ( � , 
 ) = ( & � + ' ) exp 798 	 ( 
 ) + 
;: ,� ( � , 
 ) = & ( � 2 + 2 � 
 ) exp 7 8 	 ( 
 ) + 
;: ,� ( � , 
 ) = & exp 7<6 � + � 6 2 
 + 8 	 ( 
 ) + 
;: ,� ( � , 
 ) = & cos( 6 � ) exp 7 − � 6 2 
 + 8 	 ( 
 ) + 
;: ,� ( � , 
 ) = & sin( 6 � ) exp 7 − � 6 2 
 + 8 	 ( 
 ) + 
;: .

2 5 . The substitution � ( � , 
 ) = � ( � , 
 ) exp 7 8 	 ( 
 ) + 
;: leads to a constant coefficient equation,
! " � =� ! # # � , which is considered in Subsection 1.1.1.
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2.
� �� � = � � 2 �� � 2

+ 4 (
�

)
�

.

This is a special case of equation 1.8.9 with � ( � ) ≡ 1, 1 ( � ) = � = const, = ( � ) = − 	 ( � ), and > ≡ 0.

3.
� �� � = � � 2 �� � 2

+
� 4 (

�
)
�

.

1 5 . Particular solutions ( & and 6 are arbitrary constants):� ( � , 
 ) = & exp 7?� * ( 
 ) + � 8 * 2( 
 ) + 
;: , * ( 
 ) = 8 	 ( 
 ) + 
 ,� ( � , 
 ) = & 7@� + 2 � 8 * ( 
 ) + 
;: exp 7@� * ( 
 ) + � 8 * 2( 
 ) + 
;: ,� ( � , 
 ) = & exp 7?� * ( 
 ) + 6 � + � 6 2 
 + � 8 * 2( 
 ) + 
 + 2 � 6 8 * ( 
 ) + 
;: .

2 5 . The transformation� ( � , 
 ) = � ( $ , 
 ) exp 7 � * ( 
 ) + � 8 * 2( 
 ) + 
 : , $ = � + 2 � 8 * ( 
 ) + 
 ,
where * ( 
 ) = 8 	 ( 
 ) + 
 , leads to a constant coefficient equation,

! " � = � ! %�% � , which is considered
in Subsection 1.1.1.

4.
� �� � = � � 2 �� � 2

+
� 2 4 (

�
)
�

.

This is a special case of equation 1.8.7.5.

5.
� �� � = � � 2 �� � 2

+ A@4 (
�

) + B (
�
) C � .

1 5 . There are particular solutions in the product form ( 6 is an arbitrary constant)� ( � , 
 ) = exp 7<6 
 + 8 � ( 
 ) + 
;: D ( � ),

where the function D = D ( � ) is determined by the ordinary differential equation� D EFE# # + A@	 ( � ) − 6 CGD = 0.

2 5 . The substitution � ( � , 
 ) = � ( � , 
 ) exp 7 8 � ( 
 ) + 
;: leads to an equation of the form 1.8.1.2:! �! 
 = � ! 2 �! � 2 + 	 ( � ) � .

6.
� �� � = � � 2 �� � 2

+ A � 4 (
�
) + B (

�
) C � .

1 5 . Particular solutions ( & and 6 are arbitrary constants):� ( � , 
 ) = & exp 7@� * ( 
 ) + � 8 * 2( 
 ) + 
 + 8 � ( 
 ) + 
;: , * ( 
 ) = 8 	 ( 
 ) + 
 ,� ( � , 
 ) = & 7@� + 2 � 8 * ( 
 ) + 
;: exp 7@� * ( 
 ) + � 8 * 2( 
 ) + 
 + 8 � ( 
 ) + 
;: ,� ( � , 
 ) = exp 7@� * ( 
 ) + 6 � + � 6 2 
 + 2 � 6 8 * ( 
 ) + 
 + � 8 * 2( 
 ) + 
 + 8 � ( 
 ) + 
;: .

2 5 . The transformation� ( � , 
 ) = � ( $ , 
 ) exp 7@� * ( 
 ) + � 8 * 2( 
 ) + 
 + 8 � ( 
 ) + 
;: , $ = � + 2 � 8 * ( 
 ) + 
 ,
where * ( 
 ) = 8 	 ( 
 ) + 
 , leads to a constant coefficient equation,

! " � = � ! %�% � , which is considered
in Subsection 1.1.1.
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7.
� �� � = � � 2 �� � 2

+ A – � � 2 + 4 (
�
) C � .

1 5 . Particular solutions ( & is an arbitrary constant):� ( � , 
 ) = & exp H 1
2 I �� � 2 + J � � 
 + ) 	 ( 
 ) + 
;K ,� ( � , 
 ) = & � exp H 1

2 I �� � 2 + 3 J � � 
 + ) 	 ( 
 ) + 
;K .

2 5 . The transformation ( L is any number)� ( � , 
 ) = � ( $ , ( ) exp H 1
2 I �� � 2 + J � � 
 + ) 	 ( 
 ) + 
;K ,$ = � exp 2 2 J � � 
NM , ( =

1
4 I � � exp 2 4 J � � 
NM + L

leads to a constant coefficient equation,
! , � =

! %�% � , which is considered in Subsection 1.1.1.

8.
� �� � = � � 2 �� � 2

+
� A – � � + 4 (

�
) C � .

1 5 . Particular solution ( & and ' are arbitrary constants):� ( � , 
 ) = exp H 1
2 I �� � 2 + � * ( 
 ) + J � � 
 + � ) "O * 2( ( ) + ( K ,* ( 
 ) = exp 2 2 J � � 
NM ) "P 	 ( ( ) exp 2 −2 J � � ( M + ( .

2 5 . The transformation� ( � , 
 ) = exp
�

1
2 I �� � 2 � � ( $ , ( ), $ = � exp 2 2 J � � 
NM , ( =

1
4 J � � exp 2 4 J � � 
NM

leads to an equation of the form 1.8.1.6:! �! ( = � ! 2 �! $ 2 + H9$ > ( ( ) +
1

4 ( K � ,

where > ( ( ) =
1

( 0 ( )3 Q 2 	 �
ln ( + ln 00 � , 0 = 4 J � � .

9.
� �� � = � � 2 �� � 2

+ A � 2 4 (
�
) +

� B (
�
) + R (

�
) C � .

This is a special case of equation 1.8.7.5.

10.
� �� � = � � 2 �� � 2

+ 4 (
�

– � � ) � .

On passing from 
 , � to the new variables 
 , S = � − ��
 , we obtain an equation of the form 1.8.6.5:! �! 
 = � ! 2 �! S 2 + � ! �! S + 	 ( S ) � .
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1.8.2. Equations of the Form � �� � = � � 2 �� � 2 + � ( � , � ) � �� �
1.

� �� � = � � 2 �� � 2
+ 4 (

�
)
� �� � .

This equation describes heat transfer in a moving medium where the velocity of motion is an arbitrary
function of time.

1 5 . Particular solutions ( & , ' , and T are arbitrary constants):� ( � , 
 ) = & � + & ) 	 ( 
 ) + 
 + ' ,� ( � , 
 ) = & H<� + ) 	 ( 
 ) + 
;K 2

+ 2 � & 
 + ' ,� ( � , 
 ) = & exp H 6 � + � 6 2 
 + 6 ) 	 ( 
 ) + 
 K + ' .

2 5 . On passing from 
 , � to the new variables 
 , $ = � + ) 	 ( 
 ) + 
 , we obtain a constant coefficient

equation,
! " � = � ! %�% � , which is considered in Subsection 1.1.1.

2.
� �� � = � � 2 �� � 2

+ 4 (
�

)
� �� � .

This is a special case of equation 1.8.6.4. This equation describes heat transfer in a moving medium
where the velocity of motion is an arbitrary function of the coordinate.

1 5 . The equation has particular solutions of the form� ( � , 
 ) = U − V " � ( � ),

where the function � = � ( � ) is determined by solving the following ordinary differential equation
with parameter 6 : � � EFE# # + 	 ( � ) � E# + 6 � = 0.

Other particular solutions ( & and ' are arbitrary constants):� ( � ) = & + ' ) * ( � ) + � , * ( � ) = exp H − 1� ) 	 ( � ) + � K ,� ( � , 
 ) = & � 
 + & ) � ) + �* ( � )
� * ( � ) + � + ' ,� ( � , 
 ) = & � 
W> ( � ) + & ) � ) > ( � ) + �* ( � )

� * ( � ) + � , > ( � ) = ) * ( � ) + � .

More sophisticated solutions are specified below.

2 5 . The original equation admits particular solutions of the form� X ( � , 
 ) =
XY[Z
=0 \

Z D X ,

Z
( � ) (1)

for any ] ( � ). Substituting the expression of (1) into the original equation and matching the coef-
ficients of like powers of \ , we arrive at the following system of ordinary differential equations forD X ,

Z
= D X ,

Z
( � ): � D EFEX , X + ] ( � ) D EX , X = 0,� D EFEX ,

Z
+ ] ( � ) D EX ,

Z
= ( ^ + 1) D X ,

Z
+1; ^ = 0, 1, _G_G_ , 0 − 1,
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where the prime denotes the derivative with respect to � . Integrating these equations successively
in order of decreasing number ^ , we obtain the solution ( & and ' are any numbers):D X , X ( � ) = & + ' ) * ( � ) + � , * ( � ) = exp H − 1� ) ] ( � ) + � K ,D X ,

Z
( � ) = 0 ( 0 − 1) _G_G_ ( ^ + 1) ` X −

Za AbD X , X ( � ) C ; ^ = 0, 1, _G_G_ , 0 − 1.
(2)

Here, the integral operator ` a is introduced as follows:` a [ c ( � )] ≡
1d ) * ( � ) e f c ( g ) h gi

( g ) j h g . (3)

The powers of the operator are defined by ` Z a [ c ( g )] = ` a k ` Z
−1a [ c ( g )] l .

Formulas (1)–(3) give an exact analytical solution of the original equation for arbitrary m ( g ).
A linear combination of particular solutionsn ( g , o ) = pqsr

=0 t r n r
( g , o ) ( t r

are arbitrary constants)

is also a particular solution of the original equation.

3. u vu w = x u 2 vu y 2
+ y z ( w ) u vu y .

Generalized Ilkovič equation. The equation describes mass transfer to the surface of a growing drop
that flows out of a thin capillary into a fluid solution (the mass rate of flow of the fluid moving
through the capillary is an arbitrary function of time).

1 { . Particular solutions ( | , } , and ~ are arbitrary constants):n ( g , o ) = | g i ( o ) + } ,
i

( o ) = exp H�f m ( o ) h o;� ,n ( g , o ) = | g 2 i 2( o ) + 2 | � f i 2( o ) h o + } ,n ( g , o ) = | exp H�~ g i ( o ) + � ~ 2 f i 2( o ) h o;� + } .

2 { . On passing from o , g to the new variables ( | is any number)� = f i 2( o ) h o + | , $ = g i ( o ), where
i

( o ) = exp H�f m ( o ) h o;� ,

for the function n ( � , $ ) we obtain a constant coefficient equation,
! � n = � ! ��� n , which is considered

in Subsection 1.1.1.

3 { . Consider the special case where the heat exchange occurs with a semiinfinite medium; the
medium has a uniform temperature n

0 at the initial instant o = 0 and the boundary g = 0 is
maintained at a constant temperature n

1 all the time. In this case, the original equation subject to
the initial and boundary conditionsn = n

0 at o = 0 (initial condition),n = n
1 at g = 0 (boundary condition),n � n

0 at g � � (boundary condition)
has the solution n − n

1n
0 − n

1
= erf � $

2 � � � j , erf S =
2� � f �

0
exp � − � 2 � h � ,� = f "

0

i 2( � ) h � , $ = g i ( o ), i
( o ) = exp H�f m ( o ) h o;� ,

where erf S is the error function.
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4. u vu w = x u 2 vu y 2
+ z ( y – � w ) u vu y .

1 { . Particular solutions ( | and } are arbitrary constants):n ( g , o ) = | + } f i
( $ ) h $ ,

i
( $ ) = exp H − 1� f m ( $ ) h $ − �� $ � ,n ( g , o ) = | � o + | f � f h $i

( $ ) j i
( $ ) h $ ,n ( g , o ) = | � oW� ( $ ) + | f � f � ( $ ) h $i

( $ ) j i
( $ ) h g , � ( $ ) = f i

( $ ) h $ ,

where $ = g − � o .
2 { . On passing from o , g to the new variables o , $ = g − � o , we obtain a separable equation of the
form 1.8.2.2: ! n! o = � ! 2 n! $ 2 + k m ( $ ) + � l ! n! $ .

5. u vu w = x u 2 vu y 2
+

1� w z � y� w j u vu y .

1 { . On passing from o , g to the new variables � = ln o , � = g � � o , we obtain a separable equation of
the form 1.8.2.2: ! n! � = � ! 2 n! � 2 + k m ( � ) + 1

2 � l ! n! � .

2 { . Consider the special case where the heat exchange occurs with a semiinfinite medium; the
medium has a uniform temperature n

0 at the initial instant o = 0 and the boundary g = 0 is
maintained at a constant temperature n

1 all the time. In this case, the original equation subject to
the initial and boundary conditionsn = n

0 at o = 0 (initial condition),n = n
1 at g = 0 (boundary condition),n � n

0 at g � � (boundary condition)
has the solution n − n

0n
1 − n

0
= � �� exp k − � ( � ) l � �� �0 exp k − � ( � ) l � � , � ( � ) =

1
4 � � 2 +

1� � �
0 � ( � ) � � ,

where � = � � � � .
6. u vu w = x u 2 vu y 2

+ H y z ( w ) +
�y � u vu y .

1 { . Particular solutions ( | and } are arbitrary constants):� ( � , � ) = | � r exp H<� � � ( � ) � � � + } , � = 1 − �� ,� ( � , � ) = | � 2 � ( � ) + 2 | ( � + � ) � � ( � ) � � + } , � ( � ) = exp H 2 � � ( � ) � � � .

2 { . On passing from � , � to the new variables ( | is any number)� = � � 2( � ) � � + | , $ = � � ( � ), where � ( � ) = exp H � � ( � ) � � � ,

for the function � ( � , $ ) we obtain a simpler equation� �� � = � � 2 �� $ 2 + �$ � �� $ ,

which is considered in Subsections 1.2.1, 1.2.3, and 1.2.5.
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7. u vu w = x u 2 vu y 2
+ k y z ( w ) +   ( w ) ¡ u vu y .

The transformation ( | , } , and t are any numbers)� = � � 2( � ) � � + | , $ = � � ( � ) + � ¢ ( � ) � ( � ) � � + t , � ( � ) = } exp H � � ( � ) � � � ,

leads to a constant coefficient equation,
� � � = � � ��� � , which is considered in Subsection 1.1.1.

8. u vu w = x u 2 vu y 2
+ z ( w )y u vu y .

Particular solutions:� =
|� � exp H − � 2

4 � � −
1

2 � � � ( � )� � � � + } ,� = � 2 + 2 � � + 2 � � ( � ) � � + | ,� = � 4 + £ ( � ) � 2 + ¤ ( � ), £ ( � ) = 12 � � + 4 � � ( � ) � � + | , ¤ ( � ) = 2 � k � + � ( � ) ¡3£ ( � ) � � + } ,

where | and } are arbitrary constants. The second and third solutions are special cases of a solution
having the form � = � 2

r
+ | 2

r
−2( � ) � 2

r
−2 + ¥G¥G¥ + | 2( � ) � 2 + | 0( � ),

which contains � arbitrary constants.

9. u vu w = x u 2 vu y 2
+ H y z ( w ) +

  ( w )y � u vu y .

On passing from � , � to the new variables ( | is any number)� = � � 2( � ) � � + | , $ = � � ( � ), where � ( � ) = exp H � � ( � ) � � � ,

for the function � ( � , $ ) we obtain a simpler equation of the form 1.8.2.8:� �� � = � � 2 �� $ 2 + ¦ ( � )$ � �� $ .

The function ¦ = ¦ ( � ) is defined parametrically as

¦ = ¢ ( � )� ( � ) , � = � � 2( � ) � � + | .

1.8.3. Equations of the Form § ¨§ © = ª § 2 ¨§ « 2 + ¬ ( « , © ) § ¨§ « +  ( « , © ) ¨
1. ® ¯® ° = ± ® 2 ¯® ² 2

+ ³ ( ° ) ® ¯® ² +   ( ° ) ¯ .

This is a special case of equation 1.8.7.3.
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1 { . Particular solutions ( ´ , µ , and ¶ are arbitrary constants):� ( � , � ) = k ´ � + ´ � ( � ) + µ ¡ exp · � ¢ ( � ) � �;¸ , � ( � ) = � � ( � ) � � ,� ( � , � ) = ´ ¹ k � + � ( � ) ¡ 2 + 2 º �¼» exp · � ¢ ( � ) ½ �;¸ ,� ( � , � ) = ´ exp · º ¶ 2 � + � ¢ ( � ) ½ � ¾ ¶ � ( � ) ¾ ¶ � ¸ ,� ( � , � ) = ´ exp · − º ¶ 2 � + � ¢ ( � ) ½ �;¸ cos k ¶ � + ¶ � ( � ) ¡ ,� ( � , � ) = ´ exp · − º ¶ 2 � + � ¢ ( � ) ½ �;¸ sin k ¶ � + ¶ � ( � ) ¡ .
2 { . The transformation� ( � , � ) = ¿ ( $ , � ) exp · � ¢ ( � ) ½ �;¸ , $ = � + � � ( � ) ½ �
leads to a constant coefficient equation,

� À ¿ = º � Á�Á ¿ , which is considered in Subsection 1.1.1.

2. ® ¯® ° = ± ® 2 ¯® ² 2
+ ³ ( ² ) ® ¯® ² +   ( ° ) ¯ .

1 { . Particular solutions ( ´ and µ are arbitrary constants):� ( � , � ) = ·9´ + µ � � ( � ) ½ � ¸ Â ( � ),� ( � , � ) = ´ ·9º � + � � ( � ) Ã � ½ �� ( � ) Ä ½ � ¸ Â ( � ),� ( � , � ) = ´ ·9º �WÅ ( � ) + Æ Ç ( È ) Ã Æ Å ( È ) ½ ÈÇ ( È ) Ä ½ È ¸ Â ( � ).
The following notation is used here:Â ( � ) = exp ·�Æ É ( � ) ½ �;¸ , Ç ( È ) = exp · − 1º Æ Ê ( È ) ½ È ¸ , Å ( È ) = Æ Ç ( È ) ½ È .

2 { . The substitution � ( È , � ) = ¿ ( È , � ) exp ·�Æ É ( � ) ½ �;¸ leads to an equation of the form 1.8.2.2:Ë ¿Ë � = º Ë 2 ¿Ë È 2 + Ê ( È )
Ë ¿Ë È .

3. ® ¯® ° = ± ® 2 ¯® ² 2
+ ³ ( ² ) ® ¯® ² + Ì ( ² ) ¯ .

This is a special case of equation 1.8.6.5.

4. ® ¯® ° = ± ® 2 ¯® ² 2
+ ² ³ ( ° ) ® ¯® ² + Ì ( ° ) ¯ .

The transformation ( ´ , µ , and Í are any numbers)Î = Æ Ç 2( � ) ½ � + ´ , $ = È Ç ( � ) + Í , � ( � , È ) = ¿ ( Î , $ ) exp ·�Æ É ( � ) ½ �;¸ ,

where Ç ( � ) = µ exp ·�Æ Ê ( � ) ½ �;¸ , leads to a constant coefficient equation,
Ë Ï ¿ = º Ë Á�Á ¿ , which is

considered in Subsection 1.1.1.

Page 134



5. ® ¯® ° = ± ® 2 ¯® ² 2
+ · ² ³ ( ° ) + Ð² ¸ ® ¯® ² + Ì ( ° ) ¯ .

The substitution � ( È , � ) = ¿ ( È , � ) exp ·�Æ É ( � ) ½ �;¸ leads to an equation of the form 1.8.2.6:Ë ¿Ë � = º Ë 2 ¿Ë È 2 + ·<È Ê ( � ) + ÑÈ ¸ Ë ¿Ë È .

For the special case Ñ = 0, see equation 1.8.2.3.

6. ® ¯® ° = ± ® 2 ¯® ² 2
+ [ ² ³ ( ° ) + Ì ( ° )] ® ¯® ² + Ò ( ° ) ¯ .

The transformation ( ´ , µ , and Í are any numbers)Î = Æ Ç 2( � ) ½ � + ´ , $ = È Ç ( � ) + Æ É ( � ) Ç ( � ) ½ � + Í , � ( � , È ) = ¿ ( Î , $ ) exp ·�Æ Ó ( � ) ½ �;¸ ,

where Ç ( � ) = µ exp ·�Æ Ê ( � ) ½ �;¸ , leads to a constant coefficient equation,
Ë Ï ¿ = º Ë Á�Á ¿ , which is

considered in Subsection 1.1.1.

7. ® ¯® ° = ± ® 2 ¯® ² 2
+ [ ² ³ ( ° ) + Ì ( ° )] ® ¯® ² + [ ² Ò ( ° ) + s( ° )] ¯ .

This is a special case of equation 1.8.7.4 with � ( � ) = º .

8. ® ¯® ° = ± ® 2 ¯® ² 2
+ [ ² ³ ( ° ) + Ì ( ° )] ® ¯® ² + [ ² 2 Ò ( ° ) + ² s( ° ) + Ô ( ° )] ¯ .

This is a special case of equation 1.8.7.5 with � ( � ) = º .

9. ® ¯® ° = ± ® 2 ¯® ² 2
+

³ ( ° )² ® ¯® ² + Ì ( ° ) ¯ .

1 { . Particular solutions ( ´ , µ , and Í are arbitrary constants):� =
´Õ � exp · − È 2

4 º � −
1

2 º Æ Ê ( � )� ½ � + Æ É ( � ) ½ �;¸ ,� = ´ exp ·�Æ É ( � ) ½ �;¸ ·<È 2 + 2 º � + 2 Æ Ê ( � ) ½ � + µ ¸ ,� = ´ exp ·�Æ É ( � ) ½ �;¸ Ö È 4 + × ( � ) È 2 + Ø ( � ) Ù ,
where × ( � ) = 12 º � + 4 Æ Ê ( � ) ½ � + µ , Ø ( � ) = 2 Æ Ö º + Ê ( � ) Ù × ( � ) ½ � + Í .

2 { . The substitution � = exp ·�Æ É ( � ) ½ �;¸ ¿ ( È , � ) leads to an equation of the form 1.8.2.8 for¿ = ¿ ( È , � ).
10. Ú ÛÚ Ü = Ý Ú 2 ÛÚ Þ 2

+ · Þ ³ ( Ü ) +
Ì ( Ü )Þ ¸ Ú ÛÚ Þ + Ò ( Ü ) Û .

The substitution � = exp ·�Æ Ó ( � ) ½ �;¸ ¿ ( È , � ) leads to an equation of the form 1.8.2.9 for ¿ = ¿ ( È , � ).
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1.8.4. Equations of the Form ß àß á = â ã ä ß 2 àß ã 2 + å ( ã , á ) ß àß ã + æ ( ã , á ) à
1. Ú ÛÚ Ü = Ý Þ Ú 2 ÛÚ Þ 2

+ [ Þ ç ( Ü ) + Ì ( Ü )] Û .

This is a special case of equation 1.8.8.1.

2. Ú ÛÚ Ü = Ý Þ 2 Ú 2 ÛÚ Þ 2
+ ç ( Ü ) Û .

This is a special case of equation 1.8.8.2. The transformation� ( È , � ) = è ( $ , � ) exp é�Æ Ê ( � ) ê �;ë , $ = ln | È |

leads to a constant coefficient equation of the form 1.1.4:Ë èË Î = ì Ë 2 èË $ 2 − ì Ë èË $ .

3. Ú ÛÚ Ü = Ý Þ 2 Ú 2 ÛÚ Þ 2
+ ln Þ ç ( Ü ) Û .

This is a special case of equation 1.8.8.3.

4. Ú ÛÚ Ü = Ý Þ 2 Ú 2 ÛÚ Þ 2
+ ln2 Þ ç ( Ü ) Û .

This is a special case of equation 1.8.8.3.

5. Ú ÛÚ Ü = Ý Þ í Ú 2 ÛÚ Þ 2
+ Þ ç ( Ü ) Ú ÛÚ Þ .

1 { . Particular solutions ( î and ï are arbitrary constants):� ( È , � ) = î È exp é�Æ Ê ( � ) ê �;ë + ï ,� ( È , � ) = î È 2− ð Ç ( � ) + î ì ( � − 1)( � − 2) Æ Ç ( � ) ê � ,
where Ç ( � ) = exp é (2 − � ) Æ Ê ( � ) ê �;ë .

2 { . On passing from � , È to the new variables$ = È Ç ( � ), Î = ì Æ Ç 2− ð ( � ) ê � , Ç ( � ) = exp é�Æ Ê ( � ) ê �;ë ,

we obtain an equation of the form 1.3.6.6: Ë �Ë Î = $ ð Ë 2 �Ë $ 2 .

6. Ú ÛÚ Ü = Ý Þ í Ú 2 ÛÚ Þ 2
+ Þ ç ( Ü ) Ú ÛÚ Þ + Ð Û .

The substitution � ( È , � ) = ñ ò�ó3è ( È , ô ) leads to an equation of the form 1.8.4.5:Ë èË ô = ì È ð Ë 2 èË È 2 + È Ê ( ô ) Ë èË È .
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7. Ú ÛÚ Ü = Ý Þ 2 í Ú 2 ÛÚ Þ 2
+ õ Ý Þ í Ö õ Ý ö Þ í –1 + ç ( Ü ) Ù Ú ÛÚ Þ + Ì ( Ü ) Û .

The substitution ÷
=

1Õ ì øùFú È 1− ð
1 − û if û ≠ 1,

ln | È | if û = 1
leads to a special case of equation 1.8.7.3, namely,Ë üË ô =

Ë 2 üË ÷ 2 + Ê ( ô ) Ë üË ÷ + É ( ô ) ü .

1.8.5. Equations of the Form ß àß á = â ý þ ÿ ß 2 àß ã 2 + å ( ã , á ) ß àß ã + æ ( ã , á ) à
1. Ú ÛÚ Ü = Ý � � � Ú 2 ÛÚ Þ 2

+ ç ( Ü ) Û .

The substitution
ü

( È , ô ) = è ( È , ô ) exp é � �
( ô ) ê ô ë leads to an equation of the form 1.4.5.1:� �� ô = ì ñ�� # � 2 �� È 2 .

2. 	 
	 � = � � 2
� � 	 2 
	  2

+ � � � � � ��� � � � � � + � ( � ) � 	 
	  + � ( � ) 
 .

The substitution � =
1� Õ � � 1 − � − � � � leads to a special case of equation 1.8.7.3:� ��  =

� 2 �� � 2 +
�

(
 
)
� �� � + É (

 
)
�

.

3. 	 
	 � = � � � � 	 2 
	  2
+ � (  ) 	 
	  .

This is a special case of equation 1.8.6.4.
1 { . The equation has particular solutions of the form�

( ! ,
 
) = � − "�# � ( ! ), (1)

where the function
�

( ! ) is determined by solving the following linear ordinary differential equation
with parameter $ : � ��� � � %&%� � +

�
( ! )

� %� + $ �
= 0. (2)

2 { . Other particular solutions ( ' and ( are arbitrary constants):�
( ! ) = ' + ( � )

( ! ) * ! ,
)

( ! ) = exp + − 1� � � − � � � ( ! ) * ! , ,�
( ! ,

 
) = ' �  

+ ' � )
( ! ) - � * !� � � ) ( ! ) . * ! ,�

( ! ,
 
) = ' �  0/

( ! ) + ' � )
( ! ) - � /

( ! ) * !� � � ) ( ! ) . * ! ,
/

( ! ) =
� )

( ! ) * ! .

4. 	 
	 � = � � � � 	 2 
	  2
+ � (  ) 	 
	  + � ( � ) 
 .

This is a special case of equation 1.8.6.6.

The substitution
�

( ! ,
 
) =

�
( ! ,

 
) exp + � É (

 
) *  , leads to an equation of the form 1.8.5.3:� ��  =

� ��� � � 2 �� ! 2 +
�

( ! )
� �� ! .
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1.8.6. Equations of the Form 1 21 3 = 4 ( 5 ) 1 2 21 5 2 + 6 ( 5 , 3 ) 1 21 5 + 7 ( 5 , 3 ) 2
1. 	 
	 � = � (  ) 	 2 
	  2

.

This is an equation of the form 1.8.9 with 8 ( ! ) = 1 9 � ( ! ), : ( ! ) ≡ 1, ; ( ! ) ≡ 0, and
/

( ! ,
 
) ≡ 0.

1 { . The equation has particular solutions of the form�
( ! ,

 
) = � − "�# � ( ! ), (1)

where the function
�

( ! ) is determined by solving the following linear ordinary differential equation
with parameter $ : �

( ! )
� %&%� � + $ �

= 0. (2)

The procedure for constructing solutions to specific boundary value problems for the original
equations with the help of particular solutions of the form (1) is described in detail in Section 0.4
(Example 1).

The main problem here is to investigate the auxiliary equation (2), which is far from always ad-
mitting a closed-form solution; therefore, recourse to numerical solution methods is often necessary.
Many specific solvable equations of the form (2) can be found in the handbooks by Murphy (1960),
Kamke (1977), and Polyanin and Zaitsev (1995).

2 { . Particular solutions ( ' , ( , and ! 0 are arbitrary constants):�
( ! ) = ' ! + ( ,�

( ! ,
 
) = '  

+ ' )
( ! ),

)
( ! ) = < �� 0

! − �=
( � )

* � ,�
( ! ,

 
) = '  ! + ' > ( ! ), > ( ! ) = < �� 0

! − �=
( � )

� * � ,�
( ! ,

 
) = '  2 + 2 '  )

( ! ) + 2 ' < �� 0

! − �=
( � )

)
( � ) * � ,�

( ! ,
 
) = '  2 ! + 2 '  > ( ! ) + 2 ' < �� 0

! − �=
( � )

> ( � ) * � .

More sophisticated solutions are specified below in Item 3 { .
3 { . For any function

=
( ! ), the original equation admits exact analytical solutions of the form� ?

( ! ,
 
) =

 ?
+

?
−1@BA
=0

 ADC ?
,

A
( ! ). (3)

Substituting expression (3) into the original equation and matching the coefficients of like powers
of

 
, we arrive at the following system of ordinary differential equations for

C ?
,

A
=

C ?
,

A
( ! ):=

( ! )

C %&%?
,

A
= ( E + 1)

C ?
,

A
+1,E = 0, 1, F�F�F , G − 1;

C ?
,
?

≡ 1,

where the prime stands for the differentiation with respect to ! . Integrating these equation succes-
sively in order of decreasing number E , we obtain

C ?
,

A
( ! ) = G ( G − 1) F�F�F ( E + 1) H ?

−

AI [1]. (4)

Here, the integral operator H I is introduced as follows:H I [ J ( ! )] ≡ < - < J ( ! )=
( ! )

* ! . * ! = < �� 0

! − �=
( � )

J ( � ) * � + ' ! + ( , (5)
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where ! 0, ' , and ( are arbitrary constants. The powers of the operator are defined by the usual
relation H A I [ J ( ! )] = H I � H A

−1I [ J ( ! )] � ; generally speaking, the constants ' and ( are not the same in
repeated actions of H I in this formula.

Formulas (3) and (4) determine an exact analytical solution of the original equation for arbi-
trary

=
( ! ).

A linear combination of particular solutions (3),�
( ! ,

 
) = K@ ?

=0 L ? � ?
( ! ,

 
) ( L ?

are arbitrary constants)

is also a particular solution of the original equation.
The original equation also admits other exact analytical solutions, specifically,� ?

( ! ,
 
) =

 ? ! +

?
−1@BA
=0

 ANM ?
,

A
( ! ),

M ?
,

A
( ! ) = G ( G − 1) F�F�F ( E + 1) H ?

−

AI [ ! ],

where G is a positive integer and the operator H I is given by relation (5). A linear combination of
these solutions with a linear combination of solutions (3) is also a solution of the original equation.

For the structure of other particular solutions, see equation 1.8.6.5 (the remark in Item 3 O ).

4 O . The equation admits the following infinite-series solution that contains an arbitrary function of
the coordinate: �

( ! ,
 
) = P ( ! ) + Q@ ?

=1

1G !
 ? H ?

[ P ( ! )], H ≡
=

( ! )
* 2* ! 2 ,

where P ( ! ) is any infinitely differentiable function. This solution satisfies the initial condition�
( ! , 0) = P ( ! ).

5 O . Below are two discrete transformations that preserve the form of the original equation; the
function

=
is subject to changes.

5.1. The transformation$ =
1! , R =

� ! (point transformation)

leads to a similar equation S RS  = $ 4 = - 1$ . S
2 RS $ 2 .

5.2. First, we perform the change of variableT
= < * !=

( ! )

to obtain the equation S �S  =

SS T + ) (

T
)

S �S T , ,

where the function
)

=
)

(

T
) is defined parametrically as)

=
1=
( ! )

,

T
= < * !=

( ! )
.

Introducing the new dependent variable U = U (

T
,
 
) by the formula�

=

S US T
(Bäcklund transformation)
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and integrating the resulting equation with respect to

T
, we arrive at the desired equationS US  =

)
(

T
)

S
2 US T

2 .

(Here, the function U is defined up to an arbitrary additive term that depends on
 
.)

For power-law and exponential functions the above transformation acts as follows:=
( ! ) = VXW ? Y Z [

(

T
) = \ T ??

−1 ,=
( W ) = V^] − _ ` Y Z [

(

T
) = a T

,

where \ =
1V b V (1 − G ) c ??

−1 .

2. d ed f = g ( h ) d 2 ed h 2
+ i ( h , f ).

This is an equation of the form 1.8.9 with 8 ( W ) = 1 9 = ( W ), : ( W ) ≡ 1, and ; ( W ) ≡ 0. For j ( W , k ) ≡ 0, see
equation 1.8.6.1.

1 O . For j ( W , k ) = l ? ( W ) k ? ( G = 0, 1, 2, F�F�F )
and arbitrary functions

=
( W ) and l ?

( W ), the original equation has a particular solution of the form

¯m ?
( W , k ) =

?@BA
=0

k Aon ?
,

A
( W ). (1)

The functions

n ?
,

A
=

n ?
,

A
( W ) are calculated by the formulasn ?

,

A
( W ) = p − H I b l ? ( W ) c if E = G ,

− G ( G − 1) F�F�F ( E + 1) H ?
−

A
+1I b l ? ( W ) c if E = 0, 1, F�F�F , G − 1

(2)

with the aid of the integral operator H I that is defined by relation (5) in equation 1.8.6.1.

2 O . If the nonhomogeneous part of the equation can be represented in the formj ( W , k ) = K@ ?
=1

l ? ( W ) k ? ,

then there is a particular solution that is the sum of particular solutions of the form (1):

¯m ( W , k ) = K@ ?
=1

¯m ?
( W , k ).

For example, if j ( W , k ) = l ( W ) k + q ( W ),

where l ( W ) and q ( W ) are arbitrary functions, the original equation has a solution of the form

¯m ( W , k ) = − k n ( W ) − < `` 0

n
(

T
) + q (

T
)=

(

T
)

( W −

T
) r T ,n

( W ) = < `` 0

l (

T
)=

(

T
)
( W −

T
) r T , W 0 is any.

For the structure of particular solutions for other j ( W , k ), see equation 1.8.6.5, Item 3 O .
By summing different solutions of the homogeneous equation (see equation 1.8.6.1) and any

particular solution of the nonhomogeneous equation, one can obtain a wide class of particular
solutions of the nonhomogeneous equation.
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3.
� �� � =

�� � ���
(
�

)
� �� � � .

This is a special case of equation 1.8.6.4 with � ( 	 ) = 
 �� ( 	 ). The equation describes heat transfer
in a quiescent medium (solid body) in the case where the thermal diffusivity 
 ( 	 ) is a coordinate
dependent function.

1  . Particular solutions ( � and � are arbitrary constants):� ( 	 ) = � + � � � 	
 ( 	 )
,� ( 	 , � ) = � � + � � 	 � 	
 ( 	 )

+ � ,� ( 	 , � ) = � ��� ( 	 ) + � � � � � ( 	 ) � 	 � � 	
 ( 	 )
+ � , � ( 	 ) = � � 	
 ( 	 )

,� ( 	 , � ) = � � 2 + 2 � ��� ( 	 ) + 2 � � � � � ( 	 ) � 	 � � 	
 ( 	 )
+ � , � ( 	 ) = � 	 � 	
 ( 	 )

,� ( 	 , � ) = � � 2 � ( 	 ) + 2 � ��� ( 	 ) + 2 � � � � � ( 	 ) � 	 � � 	
 ( 	 )
+ � , � ( 	 ) = � � � � ( 	 ) � 	 � � 	
 ( 	 )

.

2  . A solution in the form of an infinite series:� ( 	 , � ) = � ( 	 ) + ����
=1

1 !
� � ! � " � ( 	 ) # ,

!
≡ �� 	 � 
 ( 	 ) �� 	 � .

It contains an arbitrary function of the space variable, � = � ( 	 ). This solution satisfies the initial
condition � ( 	 , 0) = � ( 	 ).

3  . The transformation� ( 	 , � ) = � ( 	 ) $ ( % , � ), % = − � � 2( 	 ) � 	 , � ( 	 ) = � � 	
 ( 	 )
,

leads to the analogous equation & $& � =

&& % �('
( % )

& $& % � ,

where the function
'

( % ) is defined parametrically as'
( % ) = 
 ( 	 ) � 4( 	 ), % = − � � 2( 	 ) � 	 , � ( 	 ) = � � 	
 ( 	 )

.

4  . The substitution ) = � � 	
 ( 	 )
leads to an equation of the form 1.8.6.1:& �& � = � ( ) )

&
2 �& ) 2 ,

where the function � ( ) ) is defined parametrically as� ( ) ) =
1
 ( 	 )

, ) = � � 	
 ( 	 )
.

4.
� �� � =

�
(
�

)
� 2 �� � 2

+ * (
�

)
� �� � .

1  . This equation can be rewritten in the form+ ( 	 )

& �& � =

&& 	 �-,
( 	 )

& �& 	 � , (1)

where + ( 	 ) =
1
 ( 	 )

exp
� � � ( 	 )
 ( 	 ) � 	 � ,

,
( 	 ) = exp

� � � ( 	 )
 ( 	 ) � 	 � .

For solutions of equation (1), see Subsection 1.8.9 with . ( 	 ) ≡ 0.
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2  . There are particular solutions of the form� ( 	 , � ) = / − 021 $ ( 	 ), (2)

where the function $ ( 	 ) is identified by solving the following linear ordinary differential equation
with parameter 3 : 
 ( 	 ) $ �4�� � + � ( 	 ) $ �� + 3 $ = 0. (3)

A procedure for constructing solutions to specific boundary value problems for the original equation
with the aid of particular solutions (2) is described in detail in Subsection 0.4.1. A good deal of
specific solvable equations of the form (3) can be found in Murphy (1960), Kamke (1977), and
Polyanin and Zaitsev (1995).

3  . Other particular solutions ( � and � are arbitrary constants):� ( 	 ) = � + � � '
( 	 ) � 	 ,

'
( 	 ) = exp

�
− � � ( 	 )
 ( 	 ) � 	 � ,� ( 	 , � ) = � � + � � '

( 	 ) � � � 	
 ( 	 )
'

( 	 )
� � 	 ,� ( 	 , � ) = � �65 ( 	 ) + � � '

( 	 ) � � 5 ( 	 ) � 	
 ( 	 )
'

( 	 )
� � 	 , 5 ( 	 ) = � '

( 	 ) � 	 .

More sophisticated solutions are presented below in Item 4  .

4  . For any 
 ( 	 ) and � ( 	 ), the original equation admits particular solutions of the form� �
( 	 , � ) =

��87
=0

� 7 � �
,

7
( 	 ). (4)

Substituting expression (4) into the original equation and matching the coefficients of like powers
of � , we arrive at the following system of ordinary differential equations for � �

,

7
= � �

,

7
( 	 ):
 ( 	 ) � �4�� ,

�
+ � ( 	 ) � �� ,

�
= 0,
 ( 	 ) � �4�� ,

7
+ � ( 	 ) � �� ,

7
= ( 9 + 1) � �

,

7
+1, 9 = 0, 1, :2:2: ,  − 1,

where the prime stands for the differentiation with respect to 	 . Integrating these equation succes-
sively in order of decreasing number 9 , we obtain ( � and � are any numbers)� �

,

�
( 	 ) = � + � � '

( 	 ) � 	 ,
'

( 	 ) = exp
�
− � � ( 	 )
 ( 	 ) � 	 � ,� �

,

7
( 	 ) =  (  − 1) :2:2: ( 9 + 1)

! �
−

7; " � �
,

�
( 	 ) # ; 9 = 0, 1, :2:2: ,  − 1.

(5)

Here, the integral operator

! ; is introduced as follows:! ; [ < ( 	 )] ≡ � '
( 	 ) � � < ( 	 ) � 	
 ( 	 )

'
( 	 )

� � 	 . (6)

The powers of the operator are defined as

! 7 ; [ < ( 	 )] =

! ; " ! 7
−1; [ < ( 	 )] # .

Formulas (4)–(6) determine an exact analytical solution of the original equation for arbitrary 
 ( 	 ).
A linear combination of particular solutions (4),� ( 	 , � ) = =���

=0 >
� � �

( 	 , � ) ( >
�

are arbitrary numbers),

is also a particular solution of the homogeneous equation.
For the structure of other particular solutions, see equation 1.8.6.5 (the remark in Item 3  ).
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5  . The substitution % = � � ( 	 ) � 	 , � ( 	 ) = exp
�
− � � ( 	 )
 ( 	 ) � 	 � leads to an equation of the form

1.8.6.1: & �& � =
'

( % )

&
2 �& % 2 ,

where the function
'

=
'

( % ) is determined by eliminating 	 from the relations'
= 
 ( 	 ) � 2( 	 ), % = � � ( 	 ) � 	 .

6  . An infinite series solution containing an arbitrary function of the coordinate:� ( 	 , � ) = � ( 	 ) + ��?�
=1

1 !
� � ! �

[ � ( 	 )],

!
≡ 
 ( 	 ) � 2� 	 2 + � ( 	 ) �� 	 ,

where � ( 	 ) is any infinitely differentiable function. This solution satisfies the initial condition� ( 	 , 0) = � ( 	 ).

5.
� �� � =

�
(
�

)
� 2 �� � 2

+ * (
�

)
� �� � + @ (

�
)
�

+ A (
�

,
�
).

1  . This equation can be rewritten in the form+ ( 	 )

& �& � =

&& 	 �-,
( 	 )

& �& 	 � − . ( 	 ) � + + ( 	 ) 5 ( 	 , � ), (1)

where+ ( 	 ) =
1
 ( 	 )

exp
� � � ( 	 )
 ( 	 ) � 	 � ,

,
( 	 ) = exp

� � � ( 	 )
 ( 	 ) � 	 � , . ( 	 ) = − B ( 	 )
 ( 	 )
exp

� � � ( 	 )
 ( 	 ) � 	 � .

For solutions of equation (1), see Subsection 1.8.9.

2  . Consider the homogeneous equation, i.e., the case 5 ( 	 , � ) ≡ 0.
2.1. There are particular solutions of the form� ( 	 , � ) = / − 021 $ ( 	 ),

where the function $ ( 	 ) is determined by solving the following linear ordinary differential equation
with parameter 3 : 
 ( 	 ) $ �4�� � + � ( 	 ) $ �� +

"
B ( 	 ) + 3 # $ = 0.

2.2. Suppose we know a nontrivial particular solution �
0 = �

0( 	 ) of the ordinary differential
equation 
 ( 	 ) � �4�0 + � ( 	 ) � �0 + B ( 	 ) � 0 = 0 (2)

that corresponds to the stationary case (
& 1 � ≡ 0). Then the functions� ( 	 ) = � �

0 + � �
0 � '� 2

0 � 	 ,
'

= exp � − � �
 � 	 � ,� ( 	 , � ) = � � � 0 + � �
0 � '� 2

0
� � � 2

0
 ' � 	 � � 	 ,� ( 	 , � ) = � � � 0 C + � �
0 � '� 2

0
� � � 2

0 C
 ' � 	 � � 	 , C = � '� 2
0 � 	 ,

where � and � are arbitrary constants, are also particular solutions of the original equation.
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By performing the change of variable � ( 	 , � ) = �
0( 	 ) $ ( 	 , � ), we arrive at the simpler equation& $& � = 
 ( 	 )

&
2 $& 	 2 +

�
2 
 ( 	 )

� �0( 	 )�
0( 	 )

+ � ( 	 ) � & $& 	 .

It determines a wide class of more complicated analytical solutions of the original equation.
It follows, with reference to the results of Item 4  from 1.8.6.4, that any nontrivial particular

solution of the auxiliary linear ordinary differential equation (2) generates infinitely many particular
solutions of the original partial differential equation.

For the structure of other particular solutions, see the remark at the end of Item 3  .
2.3. Let a particular nonstationary solution �

0 = �
0( 	 , � ) (

& 1 � 0 D 0) of the homogeneous equation
be known. Then the functions � �

( 	 , � ) =

& � �
0& � � ( 	 , � ),

obtained by differentiating the solution �
0 with respect to � , are also particular solutions of the

equation in question.
In addition, a new particular solution can be sought in the form

¯� ( 	 , � ) = � 11 0

�
0( 	 , E ) � E + F ( 	 ), (3)

where the unknown function F ( 	 ) is determined on substituting expression (3) into the original
equation. On constructing solution (3), one can use the above approach to construct another
solution, and so on.

2.4. Case B ( 	 ) = B = const. Particular solutions ( � and � are arbitrary constants):� ( 	 , � ) = / G 1 � � + � � '
( 	 ) � 	 � ,

'
( 	 ) = exp

�
− � � ( 	 )
 ( 	 ) � 	 � ,� ( 	 , � ) = � / G 1 � � + � '

( 	 ) � � � 	
 ( 	 )
'

( 	 )
� � 	 � ,� ( 	 , � ) = � / G 1 � � C ( 	 ) + � '

( 	 ) � � C ( 	 ) � 	
 ( 	 )
'

( 	 )
� � 	 � , C ( 	 ) = � '

( 	 ) � 	 .

The substitution � ( 	 , � ) = / G 1IH ( 	 , � ) leads to an equation of the form 1.8.6.4:& H& � = 
 ( 	 )

&
2 H& 	 2 + � ( 	 )

& H& 	 .

3  . The structure of particular solutions ¯� ( 	 , � ) of the nonhomogeneous equation 1.8.6.5 for some
functions 5 ( 	 , � ) is presented in Table 17.J KML N O6P Q

The homogeneous equation (with 5 ≡ 0) admits all the particular solutions specified
in Table 17. In this case,  should be assumed an integer and R and 3 arbitrary numbers.

6.
� �� � =

�
(
�

)
� 2 �� � 2

+ * (
�

)
� �� � + @ (

�
)
�

.

1  . Particular solutions ( � and � are arbitrary constants):� ( 	 , � ) =
� � + � � '

( 	 ) � 	 � S ( � ),� ( 	 , � ) = � � � + � '
( 	 ) � � � 	
 ( 	 )

'
( 	 )

� � 	 � S ( � ),� ( 	 , � ) = � � � C ( 	 ) + � '
( 	 ) � � C ( 	 ) � 	
 ( 	 )

'
( 	 )

� � 	 � S ( � ),
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TABLE 17
Structure of particular solutions of linear nonhomogeneous equations of special form

No Functions 5 ( 	 , � ) Form of particular solutions ¯� ( 	 , � ) Remarks

1 � ( 	 ) � �
�TU =0

� U ( 	 ) � U  is an integer; the equations
for � U ( 	 ) are solved consecutively,

starting with V =  
2 � ( 	 ) /XW 1 � ( 	 ) /XW 1 � ( 	 ) is governed by a single equation

3 � ( 	 ) � � /2W 1 / W 1 �TU =0
� U ( 	 ) � U  is an integer; the equations

for � U ( 	 ) are solved consecutively,
starting with V =  

4 � ( 	 ) sinh( R � ) � ( 	 ) / W 1 + Y ( 	 ) / − W 1 the equations for � ( 	 ) and Y ( 	 )
are independent

5 � ( 	 ) cosh( R � ) � ( 	 ) /XW 1 + Y ( 	 ) / − W 1 the equations for � ( 	 ) and Y ( 	 )
are independent

6 � ( 	 ) sin( R � ) � ( 	 ) sin( R � ) + Y ( 	 ) cos( R � ) � ( 	 ) and Y ( 	 ) are determined
by a system of equations

7 � ( 	 ) cos( R � ) � ( 	 ) sin( R � ) + Y ( 	 ) cos( R � ) � ( 	 ) and Y ( 	 ) are determined
by a system of equations

8 � ( 	 ) / 021 sin( R � ) � ( 	 ) / 021 sin( R � ) + Y ( 	 ) / 021 cos( R � ) � ( 	 ) and Y ( 	 ) are determined
by a system of equations

9 � ( 	 ) / 021 cos( R � ) � ( 	 ) / 021 sin( R � ) + Y ( 	 ) / 021 cos( R � ) � ( 	 ) and Y ( 	 ) are determined
by a system of equations

where

S ( � ) = exp
� � B ( � ) � � � ,

'
( 	 ) = exp

�
− � � ( 	 )
 ( 	 ) � 	 � , C ( 	 ) = � '

( 	 ) � 	 .

2  . The substitution � ( 	 , � ) = $ ( 	 , � ) exp
� � B ( � ) � � � leads to an equation of the form 1.8.6.4:& $& � = 
 ( 	 )

&
2 $& 	 2 + � ( 	 )

& $& 	 .

7.
� �� � =

�
(
�

)
� 2 �� � 2

+ * (
�

)
� �� � + [ @ 1(

�
) + @ 2(

�
)]

�
.

The substitution � ( 	 , � ) = $ ( 	 , � ) exp
� � B 2( � ) � � � leads to an equation of the form 1.8.6.5:& $& � = 
 ( 	 )

&
2 $& 	 2 + � ( 	 )

& $& 	 + B 1( 	 ) $ .
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8.
� �� � =

�
2(

�
)
� 2 �� � 2

+
�

(
�

)[
� Z[ (

�
) + * (

�
)]

� �� � + @ (
�
)
�

.

The change of variable % = � � 	
 ( 	 )
leads to a special case of equation 1.8.7.3:& �& � =

&
2 �& % 2 + � ( � ) & �& % + B ( � ) � .

9.
� �� � =

�
2

� 2 �� � 2
+

� \�� Z[ + 2* + ] ^ � �� � + (
� * Z[ + * 2 + * ] + _ ) ` ,

where a = a ( b ), * = * ( b ), ] = ] ( c ), _ = _ ( c ).
The transformation d

( e , � ) = $ ( % , � ) exp � − f gh i e j , k = f i eh
( e )

leads to a special case of equation 1.8.7.3:l ml n
=

l
2
ml k 2 + o (

n
)

l ml k + p (
n
)
m

.

1.8.7. Equations of the Form q rq s = t ( s ) q 2 rq u 2 + v ( u , s ) q rq u + w ( u , s ) r
1. x yx z = { ( z ) x 2 yx | 2

+ * ( z ) x yx | .

1 } . Particular solutions ( ~ , � , and � are arbitrary constants):� ( � ,
n
) = ~ � + ~ f g (

n
) i n

+ � ,� ( � ,
n
) = ~ ��� + f g (

n
) i n�� 2

+ 2 ~ f h
(
n
) i n

+ � ,� ( � ,
n
) = ~ exp ��� � + � 2 f h

(
n
) i n

+ � f g (
n
) i n��

.

2 } . On passing from
n
, � to the new variables ( ~ and � are any numbers)E = f h

(
n
) i n

+ ~ , ) = � + f g (
n
) i n

+ � ,

for the function � ( E , ) ) we obtain a constant coefficient equation,
l � � =

l �M� � , which is considered
in Subsection 1.1.1.

2. x yx z = { ( z ) x 2 yx | 2
+ | * ( z ) x yx | .

1 } . Particular solutions ( ~ , � , and � are arbitrary constants):� ( � ,
n
) = ~ � � (

n
) + � , � (

n
) = exp ��f g (

n
) i n��

,� ( � ,
n
) = ~ � 2 � 2(

n
) + 2 ~ f h

(
n
) � 2(

n
) i n

+ � ,� ( � ,
n
) = ~ exp �(� � � (

n
) + � 2 f h

(
n
) � 2(

n
) i n��

.

2 } . On passing from
n
, � to the new variables ( ~ is any number)E = f h

(
n
) � 2(

n
) i n

+ ~ , � = � � (
n
), where � (

n
) = exp ��f g (

n
) i n��

,

for the function � ( E , � ) we obtain a constant coefficient equation,
l � � =

l �M� � , which is considered
in Subsection 1.1.1.
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3. x yx z = { ( z ) x 2 yx | 2
+ � ( z ) x yx | + � ( z ) y .

This is a special case of equation 1.8.7.4.
The transformation� ( � ,

n
) =

m
( � , E ) exp ��f � (

n
) i n��

, � = � + f g (
n
) i n

, E = f h
(
n
) i n

leads to a constant coefficient equation,
l � m

=
l �M�2m

, which is considered in Subsection 1.1.1.

4. x yx z = � ( z ) x 2 yx | 2
+ � | { ( z ) + � ( z ) � x yx | + � | � ( z ) + s( z ) � y .

Let us perform the transformation� ( � ,
n
) = exp ��� � (

n
) + � (

n
) � m ( � , E ), E = o (

n
), � = � p (

n
) + � (

n
), (1)

where the unknown functions � (
n
), � (

n
), o (

n
), p (

n
), and � (

n
) are chosen so that the resulting equation

is as simple as possible. For the new dependent variable
m

( � , E ) we haveo �� l ml E = � p 2

l
2
ml � 2 + � � (

h p − p �� ) + 2 � p � + g p − � �� � l ml �
+ ��� (

h � + � − � �� ) + � � 2 + g � + � − � �� � m .

Let the unknown functions satisfy the system of ordinary differential equationso �� = � p 2, (2)p �� =
h p , (3)� �� = 2 � � p + g p , (4)� �� =
h � + � , (5)� �� = � � 2 + g � + � . (6)

Then the original equation can be reduced with the transformation (1)–(6) to the constant coefficient
equation l ml E =

l
2
ml � 2 ,

which is discussed in Subsection 1.1.1 in detail.
System (2)–(6) can be solved successively. To this end, we start with equation (3), for example,

in order (3) � (2) � (5) � (6) � (4). As a result, we obtainp = � 1 exp � f h i n j , � 1 ≠ 0,o = f � p 2 i n
+ � 2,� = p f �p i n
+ � 3 p ,� = f \ � � 2 + g � + � ^ i n

+ � 4,� = f (2 � � + g ) p i n
+ � 5,

where � 1, � 2, � 3, � 4, and � 5 are arbitrary constants.� �M�   ¡6¢ £
Likewise, one can simplify the nonhomogeneous equation with an additional term¤

( � ,
n
) on the right-hand side.
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5. x yx z = � ( z ) x 2 yx | 2
+ � | { ( z ) + � ( z ) � x yx | + � | 2 � ( z ) + | s( z ) + ¥ ( z ) � y .

The substitution � ( � ,
n
) = exp � o (

n
) � 2 � m ( � ,

n
) leads to an equationl ml n

= � l
2
ml � 2 + � � (4 � o +

h
) + g � l ml �

+ [ � 2( � + 2
h o + 4 � o 2 − o �� ) + � ( � + 2 g o ) + ¦ + 2 � o � m . (1)

We choose the function o = o (
n
) so that it is a (particular) solution of the Riccati ordinary differential

equation o �� = 4 � o 2 + 2
h o + � . (2)

Then the transformed equation (1) becomes an equation of the form 1.8.7.4:l ml n
= � l

2
ml � 2 + ��� (4 � o +

h
) + g � l ml � + [ � ( � + 2 g o ) + ¦ + 2 � o � m .

A number of specific solvable Riccati equations (2) can be found in Murphy (1960), Kamke
(1977), and Polyanin and Zaitsev (1995).

In the special case where� = § h
, � = ¨ h , with § , ¨ = const,

h
=

h
(
n
),

the roots of the quadratic equation 4 § o 2 + 2 o + ¨ = 0 ( o = const) are particular solutions of
equation (2).

1.8.8. Equations of the Form q rq s = t ( u , s ) q 2 rq u 2 + v ( u , s ) q rq u + w ( u , s ) r
1. x yx z = | { ( z ) x 2 yx | 2

+ | � ( z ) x yx | + � | � ( z ) + s( z ) � y .

Let us perform the transformation© = o (
n
), � = � p (

n
), � ( � ,

n
) =

m
( � , © ) exp ��� � (

n
) + f � (

n
) i n��

, (1)

where the unknown functions o (
n
), p (

n
), and � (

n
) are chosen so that the resulting equation is as

simple as possible. For the new dependent variable
m

( � , © ) we haveo �� l ml © = � h p l
2
ml � 2 +

�p ª 2 h p � + g p − p ��¬« l ml � +
�p ª h � 2 + g � + � − � ��¬« m .

Let the unknown functions satisfy the system of ordinary differential equationso �� =
h p , (2)p �� = 2
h � p + g p , (3)� �� =

h � 2 + g � + � . (4)

Then the original equation can be reduced with the transformation (1)–(4) to a constant coefficient
equation of the form 1.3.4.1: l ml © = � l

2
ml � 2 .

Let us solve system (2)–(4) successively, starting with equation (4) in the order (4) � (3) � (2).
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The Riccati equation (4) can be solved separately. A lot of specific solvable Riccati equations
can be found in Murphy (1960), Kamke (1977), and Polyanin and Zaitsev (1995).

Suppose a solution � = � (
n
) of equation (4) is known. Then the solutions of equations (2) and (3)

can be found in the formp (
n
) = � 1 exp �� (2 ® ¯ + ° ) ± n�²

, o (
n
) =  ® ³ ± n

+ ´ 2,

where ´ 1 and ´ 2 are arbitrary constants.µ ¶M· ¸ ¹6º »
The transformation (1)–(4) can also be used to simplify the nonhomogeneousequation

with an additional term ¼ ( ½ ,
n
) on the right-hand side.

2. x yx ¾ = ¿ 2 À ( ¾ ) x 2 yx ¿ 2
+ ¿ Á ( ¾ ) x yx ¿ + Â ( ¾ ) y .

The substitution ½ = Ã Ä Å leads to an equation of the form 1.8.7.3:Æ ÇÆ È = ® (
È
)
Æ 2 ÇÆ É 2 + Ê-° (

È
) − ® (

È
) Ë Æ ÇÆ É + Ì (

È
)
Ç

.

3. x yx ¾ = ¿ 2 Í ( ¾ ) x 2 yx ¿ 2
+ ¿ Ê À ( ¾ ) ln ¿ + Á ( ¾ ) Ë x yx ¿ + ÊÎÂ ( ¾ ) ln2 ¿ + s( ¾ ) ln ¿ + Ï ( ¾ ) Ë y .

The substitution Ð = ln ½ leads to an equation of the form 1.8.7.5:Æ ÇÆ È = Ñ (
È
)
Æ 2 ÇÆ Ð 2 + ÊÎÐ ® (

È
) + ° (

È
) − Ñ (

È
) Ë Æ ÇÆ Ð + Ê�Ð 2 Ì (

È
) + Ð Ò (

È
) + Ó (

È
) Ë Ç .

4. x yx ¾ = ¿ 4 À ( ¾ ) x 2 yx ¿ 2
+ Á ( ¾ ) y .

1 Ô . Particular solutions ( Õ , Ö , and × are arbitrary constants):Ç
( ½ ,

È
) = ( Õ ½ + Ö ) exp Ø� ° (

È
) ± È ²

,Ç
( ½ ,

È
) = Ø 2 Õ ½  ® (

È
) ± È

+ Ö ½ +
Õ ½ ²

exp Ø� ° (
È
) ± È ²

,Ç
( ½ ,

È
) = Õ ½ exp Ø�× 2  ® (

È
) ± È

+  ° (
È
) ± È

+
×½ ²

.

2 Ô . The transformationÇ
( ½ ,

È
) = ½ exp Ø� ° (

È
) ± È ² Ù

(
É
, Ú ),

É
=

1½ , Ú =  ® (
È
) ± È

leads to a constant coefficient equation,
Æ Û Ù

=
Æ Å¬Å Ù , which is considered in Subsection 1.1.1.

5. Ü ÝÜ ¾ = ( ¿ – Þ 1)2( ¿ – Þ 2)2 À ( ¾ ) Ü 2 ÝÜ ¿ 2
+ Á ( ¾ ) Ý , Þ 1 ≠ Þ 2.

The transformationÇ
( ½ ,

È
) = ( ½ − ß 2) exp Ø� ° (

È
) ± È ² Ù

(
É
, Ú ),

É
= ln àààà ½ − ß 1½ − ß 2

àààà , Ú = ( ß 1 − ß 2)2  ® (
È
) ± È

leads to a constant coefficient equation Æ ÙÆ Ú =
Æ 2

ÙÆ É 2 −
Æ ÙÆ É ,

which is considered in Subsection 1.1.4.
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6. Ü ÝÜ ¾ = ( Þ ¿ 2 + á ¿ + â )2 À ( ¾ ) Ü 2 ÝÜ ¿ 2
+ Á ( ¾ ) Ý .

The transformationÇ
( ½ ,

È
) = | ß ½ 2 + ãM½ + ä |1 å 2 exp Ø� ° (

È
) ± È ² Ù

(
É
, Ú ),

É
=  ± ½ß ½ 2 + ãM½ + ä , Ú =  ® (

È
) ± È

leads to a constant coefficient equationÆ ÙÆ Ú =
Æ 2

ÙÆ É 2 + æ�ß ä − 1
4 ã 2)

Ù
,

which is considered in Subsection 1.1.3.

7. Ü ÝÜ ¾ = ¿ ç À ( ¾ ) Ü 2 ÝÜ ¿ 2
+ ¿ Á ( ¾ ) Ü ÝÜ ¿ + Â ( ¾ ) Ý .

The transformationÇ
( ½ ,

È
) =

Ù
( Ð , Ú ) exp Ø� Ì (

È
) ± È ²

, Ð = ½ è (
È
), Ú = é ® (

È
) è 2− ê (

È
) ± È

,

where è (
È
) = exp Ø�é ° (

È
) ± È ²

, leads to an equation of the form 1.3.6.6:Æ ÙÆ Ú = Ð ê Æ 2
ÙÆ Ð 2 .

8. Ü ÝÜ ¾ = ë ì í À ( ¾ ) Ü 2 ÝÜ ¿ 2
+ Á ( ¾ ) Ý .

The transformation Ç
( ½ ,

È
) = exp Ø�é ° (

È
) ± È ² Ù

( ½ , Ú ), Ú = é ® (
È
) ± È

leads to an equation of the form 1.4.5.1: Æ ÙÆ Ú = Ä2î ï Æ 2
ÙÆ ½ 2 .

9. Ü ÝÜ ¾ = À ( ¿ )Á ( ¾ ) Ü 2 ÝÜ ¿ 2
+ Â ( ¾ ) Ý .

1 Ô . Particular solutions ( Õ , Ö , and ½ 0 are arbitrary constants):Ç
( ½ ,

È
) = ( Õ ½ + Ö ) ð (

È
),Ç

( ½ ,
È
) = Õ Êòñ (

È
) + ó ( ½ ) Ëôð (

È
),Ç

( ½ ,
È
) = Õ Êòñ (

È
) ½ + õ ( ½ ) Ëöð (

È
),Ç

( ½ ,
È
) = Õ Ø�ñ 2(

È
) + 2 ñ (

È
) ó ( ½ ) + 2 é ïï 0

½ −
É÷

(
É
)

ó (
É
) ø É ù ð (

È
),Ç

( ½ ,
È
) = Õ Ø�ñ 2(

È
) ½ + 2 ñ (

È
) õ ( ½ ) + 2 é ïï 0

½ −
É÷

(
É
)

õ (
É
) ø É ù ð (

È
).

Here we use the shorthand notationð (
È
) = exp Ø�é Ì (

È
) ø È�ù

, ñ (
È
) = é ú (

È
) ø È

, ó ( ½ ) = é ïï 0

½ −
É÷

(
É
)

ø É
, õ ( ½ ) = é ïï 0

½ −
É÷

(
É
)

É ø É
.

2 Ô . The transformation Ç
( ½ ,

È
) = exp Ø�é Ì (

È
) ø È�ù Ù

( ½ , Ú ), Ú = é ú (
È
) ø È

leads to a simpler equation Æ ÙÆ Ú =
÷

( ½ )
Æ 2

ÙÆ ½ 2 .

A wide class of exact analytical solutions to this equation is specified in 1.8.6.1.
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1.8.9. Equations of the Form û ( ü ) ý þý ÿ = ýý ü ��� ( ü ) ý þý ü � – � ( ü ) þ + � ( ü , ÿ )
Equations of this form are often encountered in heat and mass transfer theory and chemical en-
gineering sciences. Throughout this subsection, we assume that the functions � , � , � �ï , and 	 are
continuous and � > 0, � > 0, and 
 1 ≤ 
 ≤ 
 2.

1.8.9-1. General formulas for solving linear nonhomogeneous boundary value problems.

The solution of the equation in question under the initial condition� =
÷

( 
 ) at � = 0 (1)
and the arbitrary linear nonhomogeneous boundary conditionsß 1  ï � + � 1

� = ú 1( � ) at 
 = 
 1,�
2  ï � + � 2

� = ú 2( � ) at 
 = 
 2,
(2)

can be represented as the sum� ( 
 , � ) = é �
0

é ï 2ï 1 � ( � , � ) � ( 
 , � , � − � ) ø � ø � + � � 2� 1

� ( � ) � ( � ) � ( 
 , � , � ) � �
+ � ( 
 1) � �

0 � 1( � ) � 1( 
 , � − � ) � � + � ( 
 2) � �
0 � 2( � ) � 2( 
 , � − � ) � � .

(3)

Here, the modified Green’s function is given by� ( 
 , � , � ) = ����
=1 �

�
( 
 ) �

�
( � ) �

�  2 exp(− ! � � ),  �
�  2 = � � 2� 1

� ( 
 ) � 2

�
( 
 ) � 
 , (4)

where the ! �
and �

�
( 
 ) are the eigenvalues and corresponding eigenfunctions of the following

Sturm–Liouville problem for a second-order linear ordinary differential equation:
[� ( 
 ) � �� ] �� + [ ! � ( 
 ) − 	 ( 
 )] � = 0,�

1 � �� + � 1 � = 0 at 
 = 
 1,�
2 � �� + � 2 � = 0 at 
 = 
 2.

(5)

The functions � 1( 
 , � ) and � 2( 
 , � ) that occur in the integrands of the last two terms in solution (3)
are expressed via the Green’s function (4). Appropriate formulas will be given below in Paragraphs
1.8.9-3–1.8.9-7 when considering specific boundary value problems.

1.8.9-2. General properties of the Sturm–Liouville problem (5).

1 " . There are infinitely many eigenvalues. All eigenvalues are real and different and can be ordered
so that ! 1 < ! 2 < ! 3 < #$#$# , with ! � % &

as ' % &
(therefore, there can exist only finitely many

negative eigenvalues). Each eigenvalue is of multiplicity 1.

2 " . The eigenfunctions are determined up to a constant multiplier. Each eigenfunction �
�

( 
 ) has
exactly ' − 1 zeros in the open interval ( 
 1, 
 2).

3 " . Eigenfunctions �
�

( 
 ) and � ( ( 
 ), ' ≠ ) , are orthogonal with weight � ( 
 ) on the interval
 1 ≤ 
 ≤ 
 2: � � 2� 1

� ( 
 ) �
�
( 
 ) � ( ( 
 ) � 
 = 0 for ' ≠ ) .

4 " . An arbitrary function * ( + ) that has a continuous derivative and satisfies the boundary conditions
of the Sturm–Liouville problem can be expanded into an absolutely and uniformly convergent series
in eigenfunctions: * ( + ) = �� �

=1

* �
�
�

( + ), * �
=

1 �
�  2 � � 2� 1 , ( + ) * ( + ) �

�
( + ) � + ,

where the norm
 �

�  2 is defined in (4).
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5 " . If the conditions -
( + ) ≥ 0, �

1 � 1 ≤ 0, �
2 � 2 ≥ 0 (6)

are satisfied, there are no negative eigenvalues. If
-

≡ 0 and � 1 = � 2 = 0, then ! 1 = 0 is the least
eigenvalue, to which there corresponds the eigenfunction . 1 = const. Otherwise, all eigenvalues are
positive, provided that conditions (6) are satisfied.

6 " . The following asymptotic relation holds for large eigenvalues as ' % &
:! �

= / 2 ' 20 2 + 1 (1),
0

= � � 2� 1

2 , ( + )3 ( + )
� + . (7)

Special, boundary value condition-dependent properties of the Sturm–Liouville problem are
presented in Paragraphs 1.8.9-3 through 1.8.9-7.4 576 8 9;: <

Equation (5) can be reduced to one with 3 ( + ) ≡ 1 and , ( + ) ≡ 1 by the change of
variables =

= � 2 , ( + )3 ( + )
� + , > (

=
) = ? 3 ( + ) , ( + ) @ 1 A 4 � ( + ).

The boundary conditions transform into boundary conditions of the same type.

1.8.9-3. First boundary value problem: the case of �
1 = �

2 = 0 and � 1 = � 2 = 1.

The solution of the first boundary value problem with the initial condition (1) and the boundary
conditions B

= � 1( C ) at + = + 1,B
= � 2( C ) at + = + 2

is given by formulas (3)–(4) with� 1( + , C ) = DD � E ( + , � , C ) FFFHG = � 1
, � 2( + , C ) = − DD � E ( + , � , C ) FFFHG = � 2

.

Some special properties of the Sturm–Liouville problem are worth mentioning.

1 " . For ' % &
, the asymptotic relation (7) can be used to estimate eigenvalues ! �

. The corre-
sponding eigenfunctions �

�
( + ) satisfy the asymptotic relation

�
�

( + ) �
�  = I 40 2 3 ( + ) , ( + ) J 1 A 4

sin I / '0 � �� 1 K , ( + )3 ( + ) L + J + 1 M 1' N ,
0

= O P 2P 1 K Q ( R )3 ( R ) L R .

2 S . For T ≥ 0, the following upper estimate (Rayleigh principle) holds for the least eigenvalue:U
1 ≤ V P 2P 1 WYX ( R )( Z [P )2 + T ( R ) Z 2 \ L RV P 2P 1 Q ( R ) Z 2 L R , (8)

where Z = Z ( R ) is any twice differentiable function that satisfies the conditions Z ( R 1) = Z ( R 2) = 0.
The equality in (8) is attained for Z = ] 1( R ), where ] 1( R ) is the eigenfunction of the Sturm–
Liouville problem corresponding to the eigenvalue

U
1. To obtain particular estimates, one may setZ = ( R − R 1)( R 2 − R ) or Z = sin[ ^ ( R − R 1) _ ( R 2 − R 1)] in (8).
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3 S . Suppose

0 < X min ≤ X ( R ) ≤ X max, 0 < T min ≤ T ( R ) ≤ T max, 0 < Q min ≤ Q ( R ) ≤ Q max.

Then the following double-ended estimate holds for the eigenvalues:X minQ max

^ 2 ` 2

( R 2 − R 1)2 +
T minQ max

≤
U a

≤ X maxQ min

^ 2 ` 2

( R 2 − R 1)2 +
T maxQ min

.

4 S . In engineering calculations, the approximate formulaU a
=

^ 2 ` 2b 2 +
1R 2 − R 1

O P 2P 1

T ( R )Q ( R ) L R , where
b

= O P 2P 1 K Q ( R )X ( R ) L R , (9)

may be used to determine eigenvalues. This formula is exact if X ( R ) Q ( R ) = const and T ( R ) _ Q ( R ) = const
(in particular, for constant X = X 0, T = T 0, and Q = Q 0) and provides correct asymptotics (7) for anyX ( R ), T ( R ), and Q ( R ). Furthermore, for X ( R ) = const and Q ( R ) = const, relation (9) gives two correct
first terms as ` c d ; the same holds true if X ( R ) Q ( R ) = const.

5 S . Suppose X ( R ) = Q ( R ) = 1 and the function T = T ( R ) has a continuous derivative. Then the following
asymptotic relations hold for eigenvalues

U a
and eigenfunctions ] a

( R ) as ` c d :e U a
=

^ `R 2 − R 1
+

1^ ` f ( R 1, R 2) + g M 1` 2 N ,] a
( R ) = sin

^ ` ( R − R 1)R 2 − R 1
−

1^ ` W ( R 1 − R ) f ( R , R 2) + ( R 2 − R ) f ( R 1, R ) \ cos
^ ` ( R − R 1)R 2 − R 1

+ g M 1` 2 N ,

where f ( h , i ) =
1
2

O jk T ( R ) L R . (10)

1.8.9-4. Second boundary value problem: the case of �
1 = �

2 = 1 and l 1 = l 2 = 0.

The solution of the second boundary value problem with the initial condition (1) and the boundary
conditions m P n = o 1( p ) at R = R 1,m P n = o 2( p ) at R = R 2

is given by formulas (3)–(4) withq
1( R , p ) = − r ( R , R 1, p ), q

2( R , p ) = r ( R , R 2, p ).
Some special properties of the Sturm–Liouville problem are worth mentioning.

1 S . For T > 0, the upper estimate (8) holds for the least eigenvalue, with Z = Z ( R ) being any twice
differentiable function that satisfies the conditions Z [P ( R 1) = Z [P ( R 2) = 0. The equality in (8) is attained
for Z = ] 1( R ), where ] 1( R ) is the eigenfunction of the Sturm–Liouville problem corresponding to the
eigenvalue

U
1.

2 S . Suppose X ( R ) = Q ( R ) = 1 and the function T = T ( R ) has a continuous derivative. Then the following
asymptotic relations hold for eigenvalues

U a
and eigenfunctions ] a

( R ) as ` c d :e U a
=

^ ( ` − 1)R 2 − R 1
+

1^ ( ` − 1) f ( R 1, R 2) + g s 1` 2 N ,] a
( R ) = cos

^ ( ` − 1)( R − R 1)R 2 − R 1
+

1^ ( ` − 1) t ( R 1 − R ) f ( R , R 2)

+ ( R 2 − R ) f ( R 1, R ) u sin
^ ( ` − 1)( R − R 1)R 2 − R 1

+ g s 1` 2 N ,

where the function f ( h , i ) is defined by (10).
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1.8.9-5. Third boundary value problem: the case of �
1 = �

2 = 1, l 1 ≠ 0, and l 2 ≠ 0.

The solution of the third boundary value problem with the initial condition (1) and boundary
conditions (2), with �

1 = �
2 = 1, is given by relations (3)–(4) in whichq

1( R , p ) = − r ( R , R 1, p ), q
2( R , p ) = r ( R , R 2, p ).

Suppose X ( R ) = Q ( R ) = 1 and the function T = T ( R ) has a continuous derivative. Then the following
asymptotic relations hold for eigenvalues

U a
and eigenfunctions ] a

( R ) as ` c d :e U a
=

^ ( ` − 1)R 2 − R 1
+

1^ ( ` − 1) t f ( R 1, R 2) − l 1 + l 2 u + g s 1` 2 N ,] a
( R ) = cos

^ ( ` − 1)( R − R 1)R 2 − R 1
+

1^ ( ` − 1) v ( R 1 − R ) W f ( R , R 2) + l 2
\

+ ( R 2 − R ) W f ( R 1, R ) − l 1
\ w sin

^ ( ` − 1)( R − R 1)R 2 − R 1
+ g s 1` 2 x ,

where f ( h , i ) is defined by (10).

1.8.9-6. Mixed boundary value problem: the case of �
1 = l 2 = 0 and �

2 = l 1 = 1.

The solution of the mixed boundary value problem with the initial condition (1) and the boundary
conditions n = o 1( p ) at R = R 1,m P n = o 2( p ) at R = R 2

is given by relations (3)–(4) withq
1( R , p ) =

mm � r ( R , � , p ) yyyHz = P 1
,

q
2( R , p ) = r ( R , R 2, p ).

Below are some special properties of the Sturm–Liouville problem.

1 S . For T ≥ 0, the upper estimate (8) holds for the least eigenvalue, with Z = Z ( R ) being any twice
differentiable function that satisfies the conditions Z ( R 1) = 0 and Z [P ( R 2) = 0. The equality in (8) is
attained for Z = ] 1( R ), where ] 1( R ) is the eigenfunction corresponding to the eigenvalue

U
1.

2 S . Suppose X ( R ) = Q ( R ) = 1 and the function T = T ( R ) has a continuous derivative. Then the following
asymptotic relations hold for eigenvalues

U a
and eigenfunctions ] a

( R ) as ` c d :e U a
=

^ (2 ` − 1)
2( R 2 − R 1)

+
1^ (2 ` − 1) f ( R 1, R 2) + g s 1` 2 x ,] a

( R ) = sin
^ (2 ` − 1)( R − R 1)

2( R 2 − R 1)
−

2^ (2 ` − 1) W ( R 1 − R ) f ( R , R 2)

+ ( R 2 − R ) f ( R 1, R ) \ cos
^ (2 ` − 1)( R − R 1)

2( R 2 − R 1)
+ g s 1` 2 x ,

where f ( h , i ) is defined by (10).

1.8.9-7. Mixed boundary value problem: the case of �
1 = l 2 = 1 and �

2 = l 1 = 0.

The solution of the mixed boundary value problem with the initial condition (1) and the boundary
conditions m P n = o 1( p ) at R = R 1,n = o 2( p ) at R = R 2

is given by formulas (3)–(4) in whichq
1( R , p ) = − r ( R , R 1, p ), q

2( R , p ) = −

mm � r ( R , � , p ) yyyHz = P 2
.

Below are some special properties of the Sturm–Liouville problem.
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1 S . For T ≥ 0, the upper estimate (8) holds for the least eigenvalue, with Z = Z ( R ) being any twice
differentiable function that satisfies the conditions Z [P ( R 1) = 0 and Z ( R 2) = 0. The equality in (8) is
attained for Z = ] 1( R ), where ] 1( R ) is the eigenfunction corresponding to the eigenvalue

U
1.

2 S . Suppose X ( R ) = Q ( R ) = 1 and the function T = T ( R ) has a continuous derivative. Then the following
asymptotic relations hold for eigenvalues

U a
and eigenfunctions ] a

( R ) as ` c d :e U a
=

^ (2 ` − 1)
2( R 2 − R 1)

+
2^ (2 ` − 1) f ( R 1, R 2) + g s 1` 2 x ,] a

( R ) = cos
^ (2 ` − 1)( R − R 1)

2( R 2 − R 1)
+

2^ (2 ` − 1) W ( R 1 − R ) f ( R , R 2)

+ ( R 2 − R ) f ( R 1, R ) \ sin
^ (2 ` − 1)( R − R 1)

2( R 2 − R 1)
+ g s 1` 2 x ,

where the function f ( h , i ) is defined by relation (10).{}|
References for Subsection 1.8.9: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), E. Kamke (1977),

V. A. Marchenko (1986), V. S. Vladimirov (1988), B. M. Levitan, I. S. Sargsyan (1988), L. D. Akulenko and S. V. Nesterov
(1997), A. D. Polyanin (2001a).

1.9. Equations of Special Form

1.9.1. Equations of the Diffusion (Thermal) Boundary Layer

1. ~ ( � ) � �� � + � ( � ) � � �� � = � 2 �� � 2
.

This equation is encountered in diffusion boundary layer problems (mass exchange of drops and
bubbles with flow).

The transformation ( � and � are any numbers)p = � � 2( � )�
( � ) � � + � , Z = ] � ( � ), where � ( � ) = � exp � − � o ( � )�

( � ) � � � ,

leads to a constant coefficient equation,
m � n =

m �7� n , which is considered in Subsection 1.1.1.{}|
References: V. G. Levich (1962), A. D. Polyanin and V. V. Dilman (1994), A. D. Polyanin, A. M. Kutepov, A. V. Vyazmin,

and D. A. Kazenin (2001).

2. ~ ( � ) � �� � + � ( � ) � � �� � = � 2 �� � 2
– � ( � ) � .

This equation is encountered in diffusion boundary layer problems with a first-order volume chemical
reaction (usually � ≡ const).

The transformation ( � and � are any numbers)

n ( � , ] ) = h ( p , Z ) exp � − � � ( � )�
( � ) � � � , p = � � 2( � )�

( � ) � � + � , Z = ] � ( � ),

where � ( � ) = � exp � − � o ( � )�
( � ) � � � , leads to a constant coefficient equation,

m � h =
m �7� h , which is

considered in Subsection 1.1.1.{}|
Reference: Yu. P. Gupalo, A. D. Polyanin, and Yu. S. Ryazantsev (1985).
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3. ~ ( � ) � � –1 � �� � + � ( � ) � � � �� � = � 2 �� � 2
.

This equation is encountered in diffusion boundary layer problems (mass exchange of solid particles,
drops, and bubbles with flow).

The transformation ( � and � are any numbers)p = � � a
+1( � )�
( � ) � � + � , Z = ] � ( � ), where � ( � ) = � exp � − � o ( � )�

( � ) � � � ,

leads to a simpler equation of the form 1.3.6.6:m nm p = Z 1−
a m

2 nm Z 2 .{}|
References: V. G. Levich (1962), A. D. Polyanin and V. V. Dilman (1994), A. D. Polyanin, A. V. Vyazmin, A. I. Zhurov,

and D. A. Kazenin (1998), A. D. Polyanin, A. M. Kutepov, A. V. Vyazmin, and D. A. Kazenin (2001).

4. ~ s �� � x � �� � +
1� � � s �� � x � �� � = � 2 �� � 2

.

This is a generalization of the problem of thermal boundary layer on a flat plate.

1 � . By passing from � , � to the new variables p = ln � , � = � � � � , we arrive at the separable equation�
( � ) � �� � + ��o ( � ) − 1

2 � �
( � ) � � �� � = � 2 �� � 2 .

There are particular solutions of the form� ( � , � ) = � � � �¢¡
( � ),

where the function

¡
( � ) satisfies the ordinary differential equation¡ £¤£z¥z = ��o ( � ) − 1

2 � �
( � ) � ¡ £z + ¦ �

( � )

¡
.

2 � . The solution of the original equation with the boundary conditions� = 0, � = � 0; � = 0, � = � 1; � § ¨ , � § � 0

( � 0 and � 1 are some constants) is given by� − � 0� 1 − � 0
= © ªz exp � − « ( � ) � � �© ª0 exp � − « ( � ) � � � , « ( � ) = � ¬

0
� 1

2 � �
( � ) − o ( � ) � � � ,

where � = � � � � . It is assumed that the inequality � �
( � ) > 2 o ( � ) holds for � > 0.

3 � . The equation of thermal boundary layer on a flat plate corresponds to�
( � ) = Pr  £¬ ( � ), o ( � ) = 1

2 Pr � �  £¬ ( � ) −  ( � ) � ,

where  ( � ) is Blasius’ solution in the problem of translational flow past a flat plate and Pr is the
Prandtl number ( � is the coordinate measured along the plate and � is the transverse coordinate to
the plate surface). In this case the formulas in Item 2 � transform into Polhausen’s solution. See
Schlichting (1981) for details.®}¯

Reference: A. D. Polyanin, A. V. Vyazmin, A. I. Zhurov, and D. A. Kazenin (1998).
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5. ° ( ± ) ² ³² ± + �}´ ( ± ) µ – ¶µ � ² ³² µ = ² 2 ³² µ 2
.

For · = 1, equations of this sort govern the concentration distribution in the internal region of the
diffusion wake behind a moving particle or drop.

The transformation ( ¸ and ¹ are any numbers)

� = º » 2( � )�
( � ) � � + ¸ , ¼ = � » ( � ), where » ( � ) = ¹ exp ½ − º o ( � )�

( � ) � � ¾ ,

leads to an equation of the form 1.2.5: � �� � = � 2 �� ¼ 2 +
·¼ � �� ¼ .®}¯

References: Yu. P. Gupalo, A. D. Polyanin, and Yu. S. Ryazantsev (1985), A. D. Polyanin, A. V. Vyazmin, A. I. Zhurov,
and D. A. Kazenin (1998).

6. ° ( ± ) ² ³² ± + ½}´ ( ± ) µ – ¶µ ¾ ² ³² µ = ² 2 ³² µ 2
+ ¿ ( ± ) ³ .

The substitution � ( � , � ) = À ( � , � ) exp ½Áº » ( � )�
( � ) � � ¾ leads to an equation of the form 1.9.1.5:�

( � ) � À� � + ½�o ( � ) � −
·� ¾ � À� � = � 2 À� � 2 .®}¯

Reference: A. D. Polyanin, A. V. Vyazmin, A. I. Zhurov, and D. A. Kazenin (1998).

7. ° ( ± ) µ Â –1 ² ³² ± + ½�´ ( ± ) µ Â – ¶µ ¾ ² ³² µ = ² 2 ³² µ 2
.

The transformation ( ¸ and ¹ are any numbers)

� = º » a
+1( � )�
( � ) � � + ¸ , � =

2Ã + 1
�Ä� » ( � ) � a

+1
2 ,

where » ( � ) = ¹ exp ½ − º o ( � )�
( � ) � � ¾ , leads to the equation

� �� � = � 2 �� � 2 +
1 − 2 ¦� � �� � , ¦ =

1 − ·Ã + 1
,

which is considered in Subsection 1.2.5 (see also equations in Subsections 1.2.1 and 1.2.3).

1.9.2. One-Dimensional Schrödinger EquationÅ ÆÇ È ÉÈ Ê = –
ÆÇ 2

2 Ë È 2 ÉÈ Ì 2 + Í ( Ì ) É
1.9.2-1. Eigenvalue problem. Cauchy problem.

Schrödinger’s equation is the basic equation of quantum mechanics; � is the wave function, Î 2 = −1,Ï» is Planck’s constant, Ð is the mass of the particle, and Ñ ( � ) is the potential energy of the particle
in the force field.
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1 Ò . In discrete spectrum problems, the particular solutions are sought in the form� ( � , � ) = exp Ó −
ÎÕÔ aÏ» ÖÕ× Ø a

( Ù ),

where the eigenfunctions Ø a
and the respective energies Ô a

have to be determined by solving the
eigenvalue problem Ú

2 Ø aÚ Ù 2 +
2 ÐÏ» 2 Û Ô a

− Ñ ( Ù ) Ü Ø a
= 0,

Ø a § 0 at Ù § Ý Þ , º ß
− ß | Ø a

|2
Ú Ù = 1.

(1)

The last relation is the normalizing condition for Ø a
.

2 Ò . In the cases where the eigenfunctions Ø a
( Ù ) form an orthonormal basis in à 2( á ), the solution

of the Cauchy problem for Schrödinger’s equation with the initial conditionâ = ã ( Ù ) at Ö = 0 (2)

is given byâ ( Ù , Ö ) = ä ß
− ß å ( Ù , æ , Ö ) ã ( æ )

Ú æ , å ( Ù , æ , Ö ) = ßç a
=0 Ø a

( Ù ) Ø a
( æ ) exp Ó − è Ô aé» ÖÕ× .

Various potentials ê ( Ù ) are considered below and particular solutions of the boundary value
problem (1) or the Cauchy problem for Schrödinger’s equation are presented. In some cases,
nonnormalized eigenfunctions ë a

( Ù ) are given instead of normalized eigenfunctions Ø a
( Ù ); the

former differ from the latter by a constant multiplier.

1.9.2-2. Free particle: ê ( Ù ) = 0.

The solution of the Cauchy problem with the initial condition (2) is given byâ ( Ù , Ö ) =
1

2 ì èîí ï ä ß
− ß exp ½ − ( Ù − æ )2

4 èîï ð ã ( æ )
Ú æ , ï =

é» ñ
2 ò , ì èÕó = ô õ ö ÷ùø 4 ì | ó | if ó > 0,õ − ö ÷ùø 4 ì | ó | if ó < 0.ú}û

Reference: W. Miller, Jr. (1977).

1.9.2-3. Linear potential (motion in a uniform external field): ê ( Ù ) = ó Ù .

Solution of the Cauchy problem with the initial condition (2):â ( Ù , ñ ) =
1

2 ì èîí ï exp ü − è¢ý7ï Ù − 1
3 è¢ý 2 ï 3 þ ä ß

− ß exp ½ − ( Ù + ý7ï 2 − æ )2

4 èîï ð ã ( æ )
Ú æ , ï =

é» ñ
2 ò , ý =

2 ó òé» 2 .

See also Miller, Jr. (1977).

1.9.2-4. Linear harmonic oscillator: ê ( Ù ) = 1
2 ò ÿ 2 Ù 2.

Eigenvalues: � a
= é» ÿ ü�� + 1

2
þ , � = 0, 1, �����

Normalized eigenfunctions:

Ø a
( Ù ) =

1í 1 ø 4 ì 2
a � ! Ù 0

exp ü − 1
2 æ 2 þ�� a

( æ ), æ =
��
0

, �
0 =

� é�ò ÿ ,

where � a
( æ ) are the Hermite polynomials.

The functions 	 a
( � ) form an orthonormal basis in 
 2( � ).ú}û

References: S. G. Krein (1964), W. Miller, Jr. (1977), A. N. Tikhonov and A. A. Samarskii (1990).
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1.9.2-5. Isotropic free particle: ê ( � ) = ó � � 2.

Here, the variable � ≥ 0 plays the role of the radial coordinate, and ó > 0. The equation withê ( � ) = ó � � 2 results from Schrödinger’s equation for a free particle with � space coordinates if one
passes to spherical (cylindrical) coordinates and separates the angular variables.

The solution of Schrödinger’s equation satisfying the initial condition (2) has the form ( � , ñ ) =
exp � − 1

2 èîí ( � + 1) sign ñ��
2| ï |

ä �
0

ì � � exp � è � 2 + � 2

4 ï � � � � � �
2| ï | � � ( � ) � � ,

ï =
é� ñ

2 ò , � =
�

2 ó òé� 2 +
1
4

≥ 1,

where � � ( � ) is the Bessel function.ú}û
Reference: W. Miller, Jr. (1977).

1.9.2-6. Isotropic harmonic oscillator: ê ( � ) = 1
2 ò ÿ 2 � 2 + ó � −2.

Here, the variable � ≥ 0 plays the role of the radial coordinate, and ó > 0. The equation with thisê ( � ) results from Schrödinger’s equation for a harmonic oscillator with � space coordinates if one
passes to spherical (cylindrical) coordinates and separates the angular variables.

Eigenvalues:� a
= − é� ÿ (2 � + � + 1), � =

�
2 ó òé� 2 +

1
4

≥ 1, � = 0, 1, �����
Normalized eigenfunctions:	 a

( � ) = � 2 � !�
( � + 1 + � ) � 0

� 2 � +1
2 exp ü − 1

2 � 2 þ 
 �a ü�� 2 þ , � =
��
0

, �
0 =

� ��� ÿ ,

where 
 �a ( � ) is the � th generalized Laguerre polynomial with parameter � . The norm | 	 a
( � )|2 refers

to the semiaxis � ≥ 0.
The functions 	 a

( � ) form an orthonormal basis in 
 2( � + ). "!
Reference: W. Miller, Jr. (1977).

1.9.2-7. Morse potential: # ( � ) = # 0( $ −2 % &(' − 2 $ − % &(' ).

Eigenvalues: � a
= − # 0 ) 1 −

1* ( � + 1
2 ) + 2

,
*

= , - 2 � # 0�. , 0 ≤ � <
*

− 2.

Eigenfunctions:/ 0
( 1 ) = � 23$ − 4(& 2 5 (− � , 2 6 + 1, � ), � = 2

* $ − % &(' , 6 = , - −2 � � 0�. ,

where 5 ( , , ý , � ) is the degenerate hypergeometric function.
In this case the number of eigenvalues (energy levels)

� 0
and eigenfunctions

/ 0
is finite:� = 0, 1, ����� , � max. "!

References: S. G. Krein (1964), L. D. Landau and E. M. Lifshitz (1974).
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1.9.2-8. Potential with a hyperbolic function: # ( 1 ) = − # 0 cosh−2( 1 7 , ).

Eigenvalues: � 0
= −

�. 2

2 � , 2 ( 6 − � )2, 6 =
1
2 8 −1 + � 1 +

8 � # 0 , 2�. 2 9 , 0 ≤ � < 6 .
Eigenfunctions:/ 0

( 1 ) = :;;;< ;;;=
>

cosh
1 , ? −2 2A@ > *

− 6
2

, −
*

+ 6
2

,
1
2

, − sinh2 1 , ? for even � ,

sinh
1 , >

cosh
1 , ? −2 23@ >

1 +
*

− 6
2

,
1 −

*
− 6

2
,

3
2

, − sinh2 1 , ? for odd � ,

where
@

( , , ý , B , � ) is the hypergeometric function and
*

= , �. C −2 � D 0
.

The number of eigenvalues (energy levels) D 0
and eigenfunctions

/ 0
is finite in this case:� = 0, 1, ����� , � max. "!

Reference: S. G. Krein (1964).

1.9.2-9. Potential with a trigonometric function: # ( 1 ) = # 0 cot2( E 1 7 , ).

Eigenvalues:D 0
=

E 2
�. 2

2 � , 2 ( � 2 + 2 � 6 − 6 ), 6 =
1
2 8 −1 + F 1 +

8 G # 0 H 2E 2 I. 2 9 , � = 0, 1, �����
Eigenfunctions:/ 0

( 1 ) = :;;;< ;;;=
cos

E 1H >
sin

E 1H ? −2 23@ >
1 − � − 6

2
,

� + 1
2

,
3
2

, cos2 E 1H ? for even � ,>
sin

E 1H ? −2 2 @ >
−

� + 6
2

,
�
2

,
1
2

, cos2 E 1H ? for odd � ,

where
@

( H , J , B , � ) is the hypergeometric function.
In particular, if H = E I. 7 - 2 G , # 0 = 2, and � = K − 1, we haveD L = K 2 − 2,

/ L ( 1 ) = K cos
K E 1H − sin

K E 1H cot
E 1H , K = 1, 2, �����M"N

References: S. G. Krein (1964), L. D. Landau and E. M. Lifshitz (1974).
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Chapter 2

Parabolic Equations
with Two Space Variables

2.1. Heat Equation
� �� � = � � 2

�
2.1.1. Boundary Value Problems in Cartesian Coordinates
In rectangular Cartesian coordinates, the two-dimensional sourceless heat equation has the form� �� � = � 	 � 2 �� 
 2 +

� 2 �� � 2 � .

It governs two-dimensional unsteady heat transfer processes in quiescent media or solid bodies
with constant thermal diffusivity � . A similar equation is used to study analogous two-dimensional
unsteady mass transfer phenomena with constant diffusivity; in this case the equation is called a
diffusion equation.

2.1.1-1. Particular solutions:�
(



,
�

) =  
 �
+ � 1



+ � 2

�
+ � 3,�

(



,
�

,
�
) =  
 2 + � � 2 + 2 � (  + � )

�
,�

(



,
�

,
�
) =  (


 2 + 2 � �
)(

� 2 + 2 � �
) + � ,�

(



,
�

,
�
) =  exp ��� 1



+ � 2

�
+ ( � 2

1 + � 2
2) � ���

+ � ,�
(



,
�

,
�
) =  cos( � 1



+ � 1) cos( � 2

�
+ � 2) exp � −( � 2

1 + � 2
2) � ���

,�
(



,
�

,
�
) =  cos( � 1



+ � 1) sinh( � 2

�
+ � 2) exp � −( � 2

1 − � 2
2) � ���

,�
(



,
�

,
�
) =  cos( � 1



+ � 1) cosh( � 2

�
+ � 2) exp � −( � 2

1 − � 2
2) � � �

,�
(



,
�

,
�
) =  exp(− � 


− � �
) cos( � 


− 2 � � 2 � + � 1) cos( � �
− 2 � � 2 � + � 2),�

(



,
�

,
�
) =

�
−

�
0

exp � − (



−



0)2 + (
�

−
�

0)2

4 � (
�

−
�
0) � ,�

(



,
�

,
�
) =  erf

	 

−



0

2 � � � � erf
	 �

−
�

0

2 � � � � + � ,

where  , � , � 1, � 2, � 3, � 1, � 2,



0,
�

0, and
�
0 are arbitrary constants.

Fundamental solution: � �
(



,
�

,
�
) =

1
4 � � � exp

	
−


 2 +
� 2

4 � � � .

2.1.1-2. Formulas to construct particular solutions. Remarks on the Green’s functions.

1 � . Apart from usual separable solutions
�

(



,
�

,
�
) = � 1(



) � 2(

�
) � 3(

�
), the equation in question has

more sophisticated solutions in the product form�
(



,
�

,
�
) = � (



,
�
) � (

�
,
�
),
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where � = � (



,
�
) and � = � (

�
,
�
) are solutions of the one-dimensional heat equations� �� � = � � 2 �� 
 2 ,

� �� � = � � 2 �� � 2 ,

considered in Subsection 1.1.1.

2 � . Suppose
�

=
�

(



,
�

,
�
) is a solution of the heat equation. Then the functions�

1 =  �
(  � 


+ � 1,  � �
+ � 2, � 2 � + � 3),�

2 =  �
(



cos ! −
�

sin ! + � 1,



sin ! +
�

cos ! + � 2,
�

+ � 3),�
3 =  exp ��� 1



+ � 2

�
+ � ( � 2

1 + � 2
2)

���"�
(



+ 2 � � 1
�

+ � 1,
�

+ 2 � � 2
�

+ � 2,
�

+ � 3),�
4 =

#
+ ! � exp � − ! (


 2 +
� 2)

4 � (
#

+ ! �
) � � 	 
#

+ ! � ,
�#

+ ! � , $ + � �#
+ ! � � , � #

− ! $ = 1,

where  , � 1, � 2, � 3, ! ,
#
, � , � 1 and � 2 are arbitrary constants, are also solutions of this equation.

The signs at � ’s in the formula for
�

1 are taken arbitrarily, independently of each other.%�&
Reference: W. Miller, Jr. (1977).

3 � . For all two-dimensional boundary value problems discussed in Subsection 2.1.1, the Green’s
function can be represented in the product form'

(



,
�

, ( , ) ,
�
) =

'
1(



, ( ,

�
)
'

2(
�

, ) ,
�
),

where
'

1(



, ( ,
�
) and

'
2(

�
, ) ,

�
) are the Green’s functions of the corresponding one-dimensional

boundary value problems (these functions are specified in Subsections 1.1.1 and 1.1.2).
Example 1. The Green’s function of the first boundary value problem for a semiinfinite strip (0 ≤ * ≤ + , 0 ≤ , < - ),

considered in Subsection 2.1.1-12, is the product of two one-dimensional Green’s functions. The first Green’s function is
that of the first boundary value problem on a closed interval (0 ≤ * ≤ + ) presented in Subsection 1.1.2-5. The second Green’s
function is that of the first boundary value problem on a semiinfinite interval (0 ≤ , < - ) presented in Subsection 1.1.2-2,
where * and . must be renamed , and / , respectively.

2.1.1-3. Transformations that allow separation of variables.

Table 18 lists possible transformations that allow reduction of the two-dimensional heat equation to
a separable equation. All transformations of the independent variables have the form (



,
�

,
�
) 01 2

( ( , ) ,
�
). The transformations that can be obtained by interchange of independent variables,


 3 �
,

are omitted.
The anharmonic oscillator functions are solutions of the second-order ordinary differential

equation 4 565787 + ( � 9 4 + :"9 2 + ; ) 4 = 0. The Ince polynomials are the 2 � -periodic solutions of the
Whittaker–Hill equation 4 565787 + � sin 2 9 4 57 + ( � − :<� cos 2 9 ) 4 = 0; see Arscott (1964, 1967).%�&

Reference: W. Miller, Jr. (1977).

2.1.1-4. Domain: − = <



< = , − = <
�

< = . Cauchy problem.

An initial condition is prescribed: �
= � (



,
�

) at
�

= 0.

Solution: �
(



,
�

,
�
) =

1
4 � � � > ?

− ? > ?
− ? � ( ( , ) ) exp � − (



− ( )2 + (

�
− ) )2

4 � � � @ ( @ ) .

Example 2. The initial temperature is piecewise-constant and equal to A 1 in the domain | * | < * 0, | , | < , 0 and A 2 in
the domain | * | > * 0, | , | > , 0, specifically, B

( * , , ) = C A 1 for | * | < * 0, | , | < , 0,A 2 for | * | > * 0, | , | > , 0.
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TABLE 18

Transformations (



,
�

,
�
) 01 2 ( ( , ) ,

�
) that allow solutions with J -separated

variables,
�

= exp[ J ( ( , ) ,
�
)] � ( ( ) K ( ) ) L (

�
), for the two-dimensional heat

equation
� M��

=
� N N �

+
� O<O �

. Everywhere, the function L (
�
) is exponential

No Transformations Factor exp J Function � ( ( ) Function K ( ) )

1



= ( ,�
= ) J = 0 Exponential

function
Exponential

function

2



= ( ,�
= ) � |

�
| J = 0 Exponential

function Hermite function

3



= ( � |
�
|,�

= ) � |
�
| J = 0 Hermite function Hermite function

4



= 1
2 ( ( 2 − ) 2),�

= ( ) J = 0 Parabolic cylinder
function

Parabolic cylinder
function

5



= ( cos ) ,�
= ( sin ) J = 0 Bessel function Exponential

function

6



= cosh ( cos ) ,�
= sinh ( sin ) J = 0 Modified Mathieu

function
Mathieu
function

7



= � |
�
| ( cos ) ,�

= � |
�
| ( sin ) J = 0 Laguerre function Exponential

function

8



= � |
�
| cosh ( cos ) ,�

= � |
�
| sinh ( sin ) J = 0 Ince polynomial Ince polynomial

9



= ( ,�
= ) + � � 2 J = − � ) � Exponential

function
Airy function

10



= ( ,�
= ) �

+ :FP � J = − 1
4 ) 2 � + 1

2 :8) P � Exponential
function

Airy function

11



= ( ,�
= ) � 1 +

� 2 J = − 1
4 ) 2 � Exponential

function
Parabolic cylinder

function

12



= ( ,�
= ) Q |1 −

� 2|
J = − 1

4 R ) 2 � ,R = sign(1 −
� 2)

Exponential
function Hermite function

13



= ( � ,�
= ) � J = − 1

4 ( ( 2 + ) 2)
� Exponential

function
Exponential

function

14



= ( + � � 2,�
= ) + : � 2 J = −( � ( + :8) )

�
Airy function Airy function

15



= ( � + � P � ,�
= ) �

+ :FP � J = − 1
4 ( ( 2 + ) 2)

�
+ 1

2 ( � ( + :8) ) P � Airy function Airy function

16



= 1
2 ( ( 2 − ) 2)

�
,�

= ( ) � J = − 1
16 ( ( 2 + ) 2)2 � Parabolic cylinder

function
Parabolic cylinder

function

17



= ( � 1 +
� 2,�

= ) � 1 +
� 2 J = − 1

4 ( ( 2 + ) 2)
� Parabolic cylinder

function
Parabolic cylinder

function

18



= ( Q |1 −
� 2|,�

= ) Q |1 −
� 2|

J = − 1
4 R ( ( 2 + ) 2)

�
,R = sign(1 −

� 2) Hermite function Hermite function
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TABLE 18
(continued)

No Transformations Factor exp J Function � ( ( ) Function K ( ) )

19



= 1
2 ( ( 2 − ) 2) + � � 2,�

= ( ) J = − 1
2 � ( ( 2 − ) 2)

� Anharmonic
oscillator function

Anharmonic
oscillator function

20



= 1
2 ( ( 2 − ) 2)

�
+ � P � ,�

= ( ) � J = − 1
16 ( ( 2 + ) 2)2 �

+ 1
4 � ( ( 2 − ) 2) P � Anharmonic

oscillator function
Anharmonic

oscillator function

21



= ( � cos ) ,�
= ( � sin ) J = − 1

4 ( 2 � Bessel function Exponential
function

22



=
�

cosh ( cos ) ,�
=

�
sinh ( sin ) J = − 1

4 (sinh2 ( + cos2 ) )
� Modified

Mathieu function Mathieu function

23



= � 1 +
� 2 ( cos ) ,�

= � 1 +
� 2 ( sin ) J = − 1

4 ( 2 � Whittaker
function

Exponential
function

24



= Q |1 −
� 2| ( cos ) ,�

= Q |1 −
� 2| ( sin ) J = − 1

4 R ( 2 � ,R = sign(1 −
� 2)

Laguerre function Exponential
function

25



= � 1 +
� 2 cosh ( cos ) ,�

= � 1 +
� 2 sinh ( sin ) J = − 1

4 (sinh2 ( + cos2 ) )
�

Ince polynomial Ince polynomial

26



= Q |1 −
� 2| cosh ( cos ) ,�

= Q |1 −
� 2| sinh ( sin ) J = − 1

4 R (sinh2 ( + cos2 ) )
�
,R = sign(1 −

� 2)
Ince polynomial Ince polynomial

Solution: A =
1
4

( A 1 − A 2) S erf T * 0 − *
2 U H<V W + erf T * 0 + *

2 U H<V W X S erf T , 0 − ,
2 U H<V W + erf T , 0 + ,

2 U H<V W X + A 2.

If the initial temperature distribution � ( Y , Z ) is an infinitely differentiable function in both
arguments, then the solution can be represented in the series form[ ( Y , Z , \ ) = � ( Y , Z ) + ?]_^

=1

( ` \ ) ^a ! b ^ ced
( Y , Z ) f , b ≡ g 2g Y 2 + g 2g Z 2 .

Such a representation is useful for small \ .h�i
Reference: H. S. Carslaw and J. C. Jaeger (1984).

2.1.1-5. Domain: 0 ≤ Y < j , − j < Z < j . First boundary value problem.

A half-plane is considered. The following conditions are prescribed:[ =

d
( Y , Z ) at \ = 0 (initial condition),[ = k ( Z , \ ) at Y = 0 (boundary condition).

Solution: [ ( Y , Z , \ ) = l m
0

l m
− m

d
( ( , ) )

'
( Y , Z , ( , ) , \ ) n ) n (

+ ` l o
0

l m
− m k ( ) , p ) q gg ( '

( Y , Z , ( , ) , \ − p ) r s
=0

n ) n p ,
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where '

( Y , Z , ( , ) , \ ) =
1

4 z ` \ { exp q − ( Y − ( )2 + ( Z − ) )2

4 ` \ r − exp q − ( Y + ( )2 + ( Z − ) )2

4 ` \ r | .h�i
Reference: H. S. Carslaw and J. C. Jaeger (1984).

2.1.1-6. Domain: 0 ≤ Y < j , − j < Z < j . Second boundary value problem.

A half-plane is considered. The following conditions are prescribed:[ =

d
( Y , Z ) at \ = 0 (initial condition),g } [ = k ( Z , \ ) at Y = 0 (boundary condition).

Solution:[ ( Y , Z , \ ) = l m
0

l m
− m

d
( ( , ) )

'
( Y , Z , ( , ) , \ ) n ) n ( − ` l o

0
l m

− m k ( ) , p )
'

( Y , Z , 0, ) , \ − p ) n ) n p ,

where '
( Y , Z , ( , ) , \ ) =

1
4 z ` \ { exp q − ( Y − ( )2 + ( Z − ) )2

4 ` \ r + exp q − ( Y + ( )2 + ( Z − ) )2

4 ` \ r | .

2.1.1-7. Domain: 0 ≤ Y < j , − j < Z < j . Third boundary value problem.

A half-plane is considered. The following conditions are prescribed:[ =

d
( Y , Z ) at \ = 0 (initial condition),g } [ − ~ [ = k ( Z , \ ) at Y = 0 (boundary condition).

The solution [ ( Y , Z , \ ) is determined by the formula in Paragraph 2.1.1-6 where'
( Y , Z , ( , ) , \ ) =

1
4 z ` \ exp q − ( Z − ) )2

4 ` \ r { exp q − ( Y − ( )2

4 ` \ r + exp q − ( Y + ( )2

4 ` \ r
− 2 ~ l m

0
exp q − ( Y + ( + � )2

4 ` \ − ~ �8r n � | .

2.1.1-8. Domain: 0 ≤ Y < j , 0 ≤ Z < j . First boundary value problem.

A quadrant of the plane is considered. The following conditions are prescribed:[ =

d
( Y , Z ) at \ = 0 (initial condition),[ = k 1( Z , \ ) at Y = 0 (boundary condition),[ = k 2( Y , \ ) at Z = 0 (boundary condition).

Solution: [ ( Y , Z , \ ) = l m
0

l m
0

d
( ( , ) )

'
( Y , Z , ( , ) , \ ) n ( n )

+ ` l o
0

l m
0

k 1( ) , p ) q gg ( '
( Y , Z , ( , ) , \ − p ) r s

=0
n ) n p

+ ` l o
0

l m
0

k 2( ( , p ) q gg ) '
( Y , Z , ( , ) , \ − p ) r �

=0
n ( n p ,
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where'
( Y , Z , ( , ) , \ ) =

1
4 z ` \ { exp q − ( Y − ( )2

4 ` \ r −exp q − ( Y + ( )2

4 ` \ r | { exp q − ( Z − ) )2

4 ` \ r −exp q − ( Z + ) )2

4 ` \ r | .

Example 3. The initial temperature is uniform, � ( * , � ) = y 0. The boundary is maintained at zero temperature,�
1( � , � ) = �

2( * , � ) = 0.
Solution: y = y 0 erf � *

2 � w<� � erf � �
2 � w<� � .h�i

References: A. G. Butkovskiy (1979), H. S. Carslaw and J. C. Jaeger (1984).

2.1.1-9. Domain: 0 ≤ � < j , 0 ≤ � < j . Second boundary value problem.

A quadrant of the plane is considered. The following conditions are prescribed:� =

d
( � , � ) at � = 0 (initial condition),g } � = k 1( � , � ) at � = 0 (boundary condition),g � � = k 2( � , � ) at � = 0 (boundary condition).

Solution:� ( � , � , � ) = l m
0

l m
0

d
( ( , ) )

'
( � , � , ( , ) , � ) n ( n )

− ` l o
0

l m
0

k 1( ) , p )
'

( � , � , 0, ) , � − p ) n ) n p − ` l o
0

l m
0

k 2( ( , p )
'

( � , � , ( , 0, � − p ) n ( n p ,

where'
( � , � , ( , ) , � ) =

1
4 z ` � { exp q − ( � − ( )2

4 ` � r +exp q − ( � + ( )2

4 ` � r | { exp q − ( � − ) )2

4 ` � r +exp q − ( � + ) )2

4 ` � r | .

2.1.1-10. Domain: 0 ≤ � < j , 0 ≤ � < j . Third boundary value problem.

A quadrant of the plane is considered. The following conditions are prescribed:� =

d
( � , � ) at � = 0 (initial condition),g } � − ~ 1

� = k 1( � , � ) at � = 0 (boundary condition),g � � − ~ 2
� = k 2( � , � ) at � = 0 (boundary condition).

The solution � ( � , � , � ) is determined by the formula in Paragraph 2.1.1-9 where'
( � , � , ( , ) , � ) =

1
4 z ` � { exp q − ( � − ( )2

4 ` � r + exp q − ( � + ( )2

4 ` � r
− 2 ~ 1 � z ` � exp

c ` ~ 2
1 � + ~ 1( � + � ) f erfc � � + �

2 � ` � + ~ 1 � ` � � |
× { exp q − ( � − � )2

4 ` � r + exp q −
( � + � )2

4 ` � r
− 2 ~ 2 � z ` � exp

c ` ~ 2
2 � + ~ 2( � + � ) f erfc � � + �

2 � ` � + ~ 2 � ` � � | .

Example 4. The initial temperature is constant, � ( * , � ) = y 0. The temperature of the environment is zero, �
1( � , � ) =�

2( * , � ) = 0.
Solution: y = y 0 � erf � *

2 � w<� � + exp( � 1 * + wF� 2
1 � ) erfc � *

2 � w<� + � 1 � w<� � �
× � erf � �

2 � w<� � + exp( � 2 � + wF� 2
2 � ) erfc � �

2 � w<� + � 2 � w<� � � .h�i
Reference: H. S. Carslaw and J. C. Jaeger (1984).
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2.1.1-11. Domain: 0 ≤ � < j , 0 ≤ � < j . Mixed boundary value problems.

1 � . A quadrant of the plane is considered. The following conditions are prescribed:� =

d
( � , � ) at � = 0 (initial condition),� = k 1( � , � ) at � = 0 (boundary condition),g � � = k 2( � , � ) at � = 0 (boundary condition).

Solution: � ( � , � , � ) = l m
0

l m
0

d
( � , � ) � ( � , � , � , � , � ) n � n �

+ � l o
0

l m
0

k 1( � , p ) q gg � � ( � , � , � , � , � − p ) r s
=0

n � n p
− � l o

0
l m

0
k 2( � , p ) � ( � , � , � , 0, � − p ) n � n p ,

where� ( � , � , � , � , � ) =
1

4 z � � { exp q − ( � − � )2

4 � � r −exp q − ( � + � )2

4 � � r | { exp q − ( � − � )2

4 � � r +exp q − ( � + � )2

4 � � r | .

2 � . A quadrant of the plane is considered. The following conditions are prescribed:� =

d
( � , � ) at � = 0 (initial condition),g } � − ~ � = k 1( � , � ) at � = 0 (boundary condition),� = k 2( � , � ) at � = 0 (boundary condition).

Solution: � ( � , � , � ) = l m
0

l m
0

d
( � , � ) � ( � , � , � , � , � ) n � n �

− � l o
0

l m
0

k 1( � , p ) � ( � , � , 0, � , � − p ) n � n p
+ � l o

0
l m

0
k 2( � , p ) q gg � � ( � , � , � , � , � − p ) r �

=0
n � n p ,

where� ( � , � , � , � , � ) =
1

4 z � � { exp q ( � − � )2

4 � � r − exp q − ( � + � )2

4 � � r | { exp q − ( � − � )2

4 � � r + exp q − ( � + � )2

4 � � r
− 2 ~ � z � � exp ��� ~ 2 � + ~ ( � + � ) f erfc � � + �

2 � � � + ~ � � � � | .

Example 5. The initial temperature is uniform, � ( * , � ) = y 0. Heat exchange with the environment of zero temperature
occurs at one side and the other side is maintained at zero temperature: �

1( � , � ) = �
2( * , � ) = 0.

Solution: y = y 0 � erf � *
2 � w<� � + exp( � * + wF� 2 � ) erfc � *

2 � w<� + � � w<� � � erf � �
2 � w<� � .
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2.1.1-12. Domain: 0 ≤ � ≤ � , 0 ≤ � < j . First boundary value problem.

A semiinfinite strip is considered. The following conditions are prescribed:� =

d
( � , � ) at � = 0 (initial condition),� = k 1( � , � ) at � = 0 (boundary condition),� = k 2( � , � ) at � = � (boundary condition),� = k 3( � , � ) at � = 0 (boundary condition).

Solution: � ( � , � , � ) = l m
0

l �
0

d
( � , � ) � ( � , � , � , � , � ) n � n �

+ � l o
0

l m
0

k 1( � , p ) q gg � � ( � , � , � , � , � − p ) r s
=0

n � n p
− � l o

0
l m

0
k 2( � , p ) q gg � � ( � , � , � , � , � − p ) r s

= � n � n p
+ � l o

0
l �

0
k 3( � , p ) q gg � � ( � , � , � , � , � − p ) r �

=0
n � n p ,

where � ( � , � , � , � , � ) = � 1( � , � , � ) � 2( � , � , � ),� 1( � , � , � ) =
2� m�_�

=1

sin � a z �� � sin � a z �� � exp � −
� a 2 z 2 �� 2 � ,

� 2( � , � , � ) =
1

2 � z � � { exp q − ( � − � )2

4 � � r − exp q − ( � + � )2

4 � � r | .

Example 6. The initial temperature is uniform, � ( * , � ) = y 0. The boundary is maintained at zero temperature,�
1( � , � ) = �

2( � , � ) = �
3( * , � ) = 0.

Solution: y =
4 y 0� erf � �

2 � w<� � ��   =0

1
2 ¡ + 1

sin � (2 ¡ + 1) � *+ � exp � − � 2(2 ¡ + 1)2 ¢<£+ 2 � .¤�¥
Reference: H. S. Carslaw and J. C. Jaeger (1984).

2.1.1-13. Domain: 0 ≤ ¦ ≤ � , 0 ≤ § < ¨ . Second boundary value problem.

A semiinfinite strip is considered. The following conditions are prescribed:© = ª ( ¦ , § ) at « = 0 (initial condition),¬  © = ® 1( § , « ) at ¦ = 0 (boundary condition),¬  © = ® 2( § , « ) at ¦ = � (boundary condition),¬ ¯ © = ® 3( ¦ , « ) at § = 0 (boundary condition).
Solution: © ( ¦ , § , « ) = ° ±

0
° ²

0
ª ( ³ , ´ ) µ ( ¦ , § , ³ , ´ , « ) ¶ ³ ¶ ´

− · ° ¸
0

° ±
0

® 1( ´ , ¹ ) µ ( ¦ , § , 0, ´ , « − ¹ ) ¶ ´ ¶ ¹
+ · ° ¸

0
° ±

0
® 2( ´ , ¹ ) µ ( ¦ , § , º , ´ , « − ¹ ) ¶ ´ ¶ ¹

− · ° ¸
0

° ²
0

® 3( ³ , ¹ ) µ ( ¦ , § , ³ , 0, « − ¹ ) ¶ ³ ¶ ¹ ,
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where µ ( ¦ , § , ³ , ´ , « ) = µ 1( ¦ , ³ , « ) µ 2( § , ´ , « ),µ 1( ¦ , ³ , « ) =

1º +
2º ±À_Á

=1

cos Â a Ã ¦º Ä cos Â a Ã ³º Ä exp Â −
· a 2 Ã 2 «º 2 Ä ,

µ 2( § , ´ , « ) =
1

2 Å Ã · « Æ exp q − ( § − ´ )2

4 · « Ç + exp q − ( § + ´ )2

4 · « Ç È .

2.1.1-14. Domain: 0 ≤ ¦ ≤ º , 0 ≤ § < ¨ . Third boundary value problem.

A semiinfinite strip is considered. The following conditions are prescribed:© = ª ( ¦ , § ) at « = 0 (initial condition),¬  © − É 1
© = ® 1( § , « ) at ¦ = 0 (boundary condition),¬  © + É 2
© = ® 2( § , « ) at ¦ = º (boundary condition),¬ ¯ © − É 3
© = ® 3( ¦ , « ) at § = 0 (boundary condition).

The solution © ( ¦ , § , « ) is determined by the formula in Paragraph 2.1.1-13 where the Green’s
function µ ( ¦ , § , ³ , ´ , « ) is the product of the Green’s function of Subsection 1.1.1-11 and that of
Subsection 1.1.1-8; one should replace ¦ , ³ , and É by § , ´ and É 3, respectively, in the last Green’s
function.

2.1.1-15. Domain: 0 ≤ ¦ ≤ º , 0 ≤ § < ¨ . Mixed boundary value problems.

1 Ê . A semiinfinite strip is considered. The following conditions are prescribed:© = ª ( ¦ , § ) at « = 0 (initial condition),© = ® 1( § , « ) at ¦ = 0 (boundary condition),© = ® 2( § , « ) at ¦ = º (boundary condition),¬ ¯ © = ® 3( ¦ , « ) at § = 0 (boundary condition).

Solution: © ( ¦ , § , « ) = ° ±
0

° ²
0

ª ( ³ , ´ ) µ ( ¦ , § , ³ , ´ , « ) ¶ ³ ¶ ´
+ · ° ¸

0
° ±

0
® 1( ´ , ¹ ) q ¬¬ ³ µ ( ¦ , § , ³ , ´ , « − ¹ ) Ç Ë =0

¶ ´ ¶ ¹
− · ° ¸

0
° ±

0
® 2( ´ , ¹ ) q ¬¬ ³ µ ( ¦ , § , ³ , ´ , « − ¹ ) Ç Ë = ² ¶ ´ ¶ ¹

− · ° ¸
0

° ²
0

® 3( ³ , ¹ ) µ ( ¦ , § , ³ , 0, « − ¹ ) ¶ ³ ¶ ¹ ,

where µ ( ¦ , § , ³ , ´ , « ) = µ 1( ¦ , ³ , « ) µ 2( § , ´ , « ),µ 1( ¦ , ³ , « ) =
2º ±À_Á

=1

sin Â a Ã ¦º Ä sin Â a Ã ³º Ä exp Â −
· a 2 Ã 2 «º 2 Ä ,

µ 2( § , ´ , « ) =
1

2 Å Ã · « Æ exp q − ( § − ´ )2

4 · « Ç + exp q − ( § + ´ )2

4 · « Ç È .
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2 Ê . A semiinfinite strip is considered. The following conditions are prescribed:© = ª ( ¦ , § ) at « = 0 (initial condition),¬  © = ® 1( § , « ) at ¦ = 0 (boundary condition),¬  © = ® 2( § , « ) at ¦ = º (boundary condition),© = ® 3( ¦ , « ) at § = 0 (boundary condition).

Solution: © ( ¦ , § , « ) = ° ±
0

° ²
0

ª ( ³ , ´ ) µ ( ¦ , § , ³ , ´ , « ) ¶ ³ ¶ ´
− · ° ¸

0
° ±

0
® 1( ´ , ¹ ) µ ( ¦ , § , 0, ´ , « − ¹ ) ¶ ´ ¶ ¹

+ · ° ¸
0

° ±
0

® 2( ´ , ¹ ) µ ( ¦ , § , º , ´ , « − ¹ ) ¶ ´ ¶ ¹
+ · ° ¸

0
° ²

0
® 3( ³ , ¹ ) q ¬¬ ´ µ ( ¦ , § , ³ , ´ , « − ¹ ) Ç Ì =0

¶ ³ ¶ ¹ ,

where µ ( ¦ , § , ³ , ´ , « ) = µ 1( ¦ , ³ , « ) µ 2( § , ´ , « ),µ 1( ¦ , ³ , « ) =
1º +

2º ±À Á
=1

cos Â a Ã ¦º Ä cos Â a Ã ³º Ä exp Â −
· a 2 Ã 2 «º 2 Ä ,

µ 2( § , ´ , « ) =
1

2 Å Ã · « Æ exp q − ( § − ´ )2

4 · « Ç − exp q − ( § + ´ )2

4 · « Ç È .

2.1.1-16. Domain: 0 ≤ ¦ ≤ º 1, 0 ≤ § ≤ º 2. First boundary value problem.

A rectangle is considered. The following conditions are prescribed:© = ª ( ¦ , § ) at « = 0 (initial condition),© = ® 1( § , « ) at ¦ = 0 (boundary condition),© = ® 2( § , « ) at ¦ = º 1 (boundary condition),© = ® 3( ¦ , « ) at § = 0 (boundary condition),© = ® 4( ¦ , « ) at § = º 2 (boundary condition).

Solution: © ( ¦ , § , « ) = ° ² 1
0

° ² 2
0

ª ( ³ , ´ ) µ ( ¦ , § , ³ , ´ , « ) ¶ ´ ¶ ³
+ · ° ¸

0
° ² 2

0
® 1( ´ , ¹ ) q ¬¬ ³ µ ( ¦ , § , ³ , ´ , « − ¹ ) Ç Ë =0

¶ ´ ¶ ¹
− · ° ¸

0
° ² 2

0
® 2( ´ , ¹ ) q ¬¬ ³ µ ( ¦ , § , ³ , ´ , « − ¹ ) Ç Ë = ² 1 ¶ ´ ¶ ¹

+ · ° ¸
0

° ² 1
0

® 3( ³ , ¹ ) q ¬¬ ´ µ ( ¦ , § , ³ , ´ , « − ¹ ) Ç Ì =0
¶ ³ ¶ ¹

− · ° ¸
0

° ² 1
0

® 4( ³ , ¹ ) q ¬¬ ´ µ ( ¦ , § , ³ , ´ , « − ¹ ) Ç Ì = ² 2 ¶ ³ ¶ ¹ ,
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»F½ 2 ¿
whereµ ( ¦ , § , ³ , ´ , « ) =

4º 1 º 2 ±À_Á
=1

±ÀÍ =1

sin
a Ã ¦º 1 sin

a Ã ³º 1 sin Î Ã §º 2 sin Î Ã ´º 2 exp q − Ã 2 Â a 2º 21 + Î 2º 22 Ä · « Ç .

Example 7. The initial temperature is uniform, � ( * , Ï ) = ¿ 0. The boundary is maintained at zero temperature,Ð
1( Ï , £ ) = Ð

2( Ï , £ ) = Ð
3( * , £ ) = Ð

4( * , £ ) = 0.
Solution: ¿ =

16 ¿ 0Ñ 2 Ò ÓÔ Õ
=0

1
2 Ö + 1

sin × (2 Ö + 1) Ñ *+ 1 Ø exp × − Ñ 2(2 Ö + 1)2 Ù<Ú+ 21 Ø Û
× Ò ÓÔÜ =0

1
2 Ý + 1

sin × (2 Ý + 1) Ñ Ï+ 2 Ø exp × − Ñ 2(2 Ý + 1)2 Ù<Ú+ 22 Ø Û .Þ�ß
Reference: H. S. Carslaw and J. C. Jaeger (1984).

2.1.1-17. Domain: 0 ≤ à ≤ á 1, 0 ≤ â ≤ á 2. Second boundary value problem.

A rectangle is considered. The following conditions are prescribed:ã = ä ( à , â ) at å = 0 (initial condition),æ ç ã = è 1( â , å ) at à = 0 (boundary condition),æ ç ã = è 2( â , å ) at à = á 1 (boundary condition),æ é ã = è 3( à , å ) at â = 0 (boundary condition),æ é ã = è 4( à , å ) at â = á 2 (boundary condition).
Solution: ã ( à , â , å ) = ê ë 1

0
ê ë 2

0
ä ( ì , í ) î ( à , â , ì , í , å ) ï í ï ì

− ð ê ñ
0

ê ë 2
0

è 1( í , ò ) î ( à , â , 0, í , å − ò ) ï í ï ò
+ ð ê ñ

0
ê ë 2

0
è 2( í , ò ) î ( à , â , á 1, í , å − ò ) ï í ï ò

− ð ê ñ
0

ê ë 1
0

è 3( ì , ò ) î ( à , â , ì , 0, å − ò ) ï ì ï ò
+ ð ê ñ

0
ê ë 1

0
è 4( ì , ò ) î ( à , â , ì , á 2, å − ò ) ï ì ï ò ,

where î ( à , â , ì , í , å ) =
1á 1 á 2 ó 1 + 2 ôõ_ö

=1

exp ÷ − ø 2 ù 2 ð åá 21 ú cos
ù ø ûü

1
cos

ù ø ìü
1 ý

× ó 1 + 2 ôõþ =1

exp ÷ − ø 2 ÿ 2 ð �ü 2
2 ú cos

ÿ ø �ü
2

cos
ÿ ø íü

2 ý .���
Reference: H. S. Carslaw and J. C. Jaeger (1984).

2.1.1-18. Domain: 0 ≤ û ≤
ü
1, 0 ≤ � ≤

ü
2. Third boundary value problem.

A rectangle is considered. The following conditions are prescribed:� = � ( û , � ) at � = 0 (initial condition),� � � − 	 1
� = è 1( � , � ) at û = 0 (boundary condition),� � � + 	 2
� = è 2( � , � ) at û =

ü
1 (boundary condition),� é � − 	 3

� = è 3( û , � ) at � = 0 (boundary condition),� é � + 	 4
� = è 4( û , � ) at � =

ü
2 (boundary condition).
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The solution � ( û , � , � ) is determined by the formula in Paragraph 2.1.1-17 whereî ( û , � , ì , í , � ) =

 ôõ_ö

=1 �
ö

( û ) �
ö

( ì )� �
ö � 2 exp(− ð  2

ö � ) � 
 ôõþ =1 � þ ( � ) � þ ( í )� � þ � 2 exp(− ð � 2þ � ) � ,

�
ö

( û ) = cos(  ö û ) +
	 1 ö

sin(  ö û ),
� �

ö � 2 =
	 2

2  2

ö  2

ö
+ 	 2

1 2

ö
+ 	 2

2
+

	 1

2  2

ö
+

ü
1

2
÷ 1 +

	 2
1 2

ö ú ,

� þ ( � ) = cos( � þ � ) +
	 3� þ sin( � þ � ),

� � þ � 2 =
	 4

2 � 2þ � 2þ + 	 2
3� 2þ + 	 2
4

+
	 3

2 � 2þ +
ü
2

2
÷ 1 +

	 2
3� 2þ ú .

Here, the  ö
and � þ are positive roots of the transcendental equations

tan(  ü
1) =

	 1 + 	 2 2 − 	 1 	 2
,

tan( � ü
2)� =

	 3 + 	 4� 2 − 	 3 	 4
.

2.1.1-19. Domain: 0 ≤ û ≤
ü
1, 0 ≤ � ≤

ü
2. Mixed boundary value problems.

1 � . A rectangle is considered. The following conditions are prescribed:� = � ( û , � ) at � = 0 (initial condition),� = è 1( � , � ) at û = 0 (boundary condition),� = è 2( � , � ) at û =
ü
1 (boundary condition),� é � = è 3( û , � ) at � = 0 (boundary condition),� é � = è 4( û , � ) at � =
ü
2 (boundary condition).

Solution: � ( û , � , � ) = ê ë 1
0

ê ë 2
0

� ( ì , í ) î ( û , � , ì , í , � ) ï í ï ì
+ ð ê ñ

0
ê ë 2

0
è 1( í , ò ) ó �� ì î ( û , � , ì , í , � − ò ) ý � =0

ï í ï ò
− ð ê ñ

0
ê ë 2

0
è 2( í , ò ) ó �� ì î ( û , � , ì , í , � − ò ) ý � = ë 1 ï í ï ò

− ð ê ñ
0

ê ë 1
0

è 3( ì , ò ) î ( û , � , ì , 0, � − ò ) ï ì ï ò
+ ð ê ñ

0
ê ë 1

0
è 4( ì , ò ) î ( û , � , ì ,

ü
2, � − ò ) ï ì ï ò ,

where î ( û , � , ì , í , � ) =
4ü
1
ü
2 ó ôõ ö

=1

sin
ù ø ûü

1
sin

ù ø ìü
1

exp ÷ − ø 2 ù 2 ð �ü 2
1 ú ý

× ó 1
2

+ ôõþ =1

cos
ÿ ø �ü

2
cos

ÿ ø íü
2

exp ÷ − ø 2 ÿ 2 ð �ü 2
2 ú ý .

2 � . A rectangle is considered. The following conditions are prescribed:� = � ( û , � ) at � = 0 (initial condition),� = è 1( � , � ) at û = 0 (boundary condition),� � � = è 2( � , � ) at û =
ü
1 (boundary condition),� = è 3( û , � ) at � = 0 (boundary condition),� é � = è 4( û , � ) at � =
ü
2 (boundary condition).
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��� 2 �
Solution: � ( û , � , � ) = ê ë 1

0
ê ë 2

0
� ( ì , í ) î ( û , � , ì , í , � ) ï í ï ì

+ ð ê ñ
0

ê ë 2
0

è 1( í , ò ) ó �� ì î ( û , � , ì , í , � − ò ) ý � =0
ï í ï ò

+ ð ê ñ
0

ê ë 2
0

è 2( í , ò ) î ( û , � ,
ü
1, í , � − ò ) ï í ï ò

+ ð ê ñ
0

ê ë 1
0

è 3( ì , ò ) ó �� í î ( û , � , ì , í , � − ò ) ý � =0
ï ì ï ò

+ ð ê ñ
0

ê ë 1
0

è 4( ì , ò ) î ( û , � , ì ,
ü
2, � − ò ) ï ì ï ò ,

whereî ( û , � , ì , í , � ) =
4ü
1
ü
2


 ôõ ö
=0

sin ó ø (2 ù + 1) û
2
ü
1 ý sin ó ø (2 ù + 1) ì

2
ü
1 ý exp ó − ð ø 2(2 ù + 1)2 �

4
ü 2
1 ý �

×

 ôõþ =0

sin ó ø (2 ÿ + 1) �
2
ü
2 ý sin ó ø (2 ÿ + 1) í

2
ü
2 ý exp ó − ð ø 2(2 ÿ + 1)2 �

4
ü 2
2 ý � .

2.1.2. Problems in Polar Coordinates
The sourceless heat equation with two space variables in the polar coordinate system � , � has the
form � �� � = ð ÷ � 2 �� � 2 +

1� � �� � +
1� 2

� 2 �� � 2 ú , � = � û 2 + � 2.

One-dimensional problems with axial symmetry that have solutions of the form � = � ( � , � ) are
considered in Subsection 1.2.1.

2.1.2-1. Domain: 0 ≤ � < � , 0 ≤ � ≤ 2 ø . Cauchy problem.

An initial condition is prescribed: � = � ( � , � ) at � = 0.

Solution:� ( � , � , � ) =
1

4 ø ð � � 2 �
0 � ô

0  exp ! − � 2 +  2 − 2 �  cos( � − " )
4 # � ý � (  , " ) $  $ " .

2.1.2-2. Domain: 0 ≤ � ≤ % , 0 ≤ � ≤ 2 ø . First boundary value problem.

A circle is considered. The following conditions are prescribed:� = � ( � , � ) at � = 0 (initial condition),� = è ( � , � ) at � = % (boundary condition).

Solution: � ( � , � , � ) = � 2 �
0 � &0

� (  , " ) ' ( � , � ,  , " , � )  $  $ "
− # % � (0 � 2 �

0
è ( " , ) ) ! ��  ' ( � , � ,  , " , � − ) ) ý � = & $ " $ ) .
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Here,' ( � , � ,  , " , � ) =
1ø % 2 ô* ö

=0

ô*þ =1 +
ö

[ , -ö (  ö þ % )]2 , ö
(  ö þ � ) , ö

(  ö þ  ) cos[ . ( � − " )] exp(−  2

ö þ # � ),
+ 0 = 1, +

ö
= 2 ( . = 1, 2, /�/�/ ),

where , ö
(  ) are the Bessel functions (the prime denotes the derivative with respect to the argument),

and  ö þ are positive roots of the transcendental equation , ö
(  % ) = 0.���

Reference: H. S. Carslaw and J. C. Jaeger (1984).

2.1.2-3. Domain: 0 ≤ � ≤ % , 0 ≤ � ≤ 2 0 . Second boundary value problem.

A circle is considered. The following conditions are prescribed:� = � ( � , � ) at � = 0 (initial condition),� 1 � = è ( � , � ) at � = % (boundary condition).

Solution:� ( � , � , � ) = � 2 �
0 � &0

� (  , " ) ' ( � , � ,  , " , � )  $  $ " + # % � (0 � 2 �
0

è ( " , ) ) ' ( � , � , % , " , � − ) ) $ " $ ) .

Here,' ( � , � ,  , " , � ) =
10 % 2 +

10 ô*_ö
=0

ô*þ =1 +
ö  2

ö þ , ö
(  ö þ � ) , ö

(  ö þ  )
(  2

ö þ % 2 − . 2)[ , ö
(  ö þ % )]2 cos[ . ( � − " )] exp(−  2

ö þ # � ),
+ 0 = 1, +

ö
= 2 ( . = 1, 2, /�/�/ ),

where , ö
(  ) are the Bessel functions, and  ö þ are positive roots of the transcendental equation, -ö (  % ) = 0.

2.1.2-4. Domain: 0 ≤ � ≤ % , 0 ≤ � ≤ 2 0 . Third boundary value problem.

A circle is considered. The following conditions are prescribed:� = � ( � , � ) at � = 0 (initial condition),� 1 � + 	 � = è ( � , � ) at � = % (boundary condition).

The solution � ( � , � , � ) is determined by the formula in Paragraph 2.1.2-3 where' ( � , � ,  , " , � ) =
10 ô* ö

=0

ô*þ =1 +
ö  2

ö þ , ö
(  ö þ � ) , ö

(  ö þ  )
(  2

ö þ % 2 + 	 2 % 2 − . 2)[ , ö
(  ö þ % )]2 cos[ . ( � − " )] exp(−  2

ö þ # � ),
+ 0 = 1, +

ö
= 2 ( . = 1, 2, /�/�/ ).

Here, , ö
(  ) are the Bessel functions, and  ö þ are positive roots of the transcendental equation , -ö (  % ) + 	 , ö

(  % ) = 0.���
Reference: H. S. Carslaw and J. C. Jaeger (1984).
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2.1.2-5. Domain: % 1 ≤ � ≤ % 2, 0 ≤ � ≤ 2 0 . First boundary value problem.

An annular domain is considered. The following conditions are prescribed:� = � ( � , � ) at � = 0 (initial condition),� = è 1( � , � ) at � = % 1 (boundary condition),� = è 2( � , � ) at � = % 2 (boundary condition).

Solution: � ( � , � , � ) = � 2 �
0 � & 2

& 1

� (  , " ) ' ( � , � ,  , " , � )  $  $ "
+ # % 1 � (0 � 2 �

0
è 1( " , ) ) ! ��  ' ( � , � ,  , " , � − ) ) ý � = & 1

$ " $ )
− # % 2 � (0 � 2 �

0
è 2( " , ) ) ! ��  ' ( � , � ,  , " , � − ) ) ý � = & 2

$ " $ ) .

Here, ' ( � , � ,  , " , � ) =
0
2

ô* ö
=0

ô*þ =1 +
ö 2 ö þ 3 ö

(  ö þ � ) 3 ö
(  ö þ  ) cos[ . ( � − " )] exp(−  2

ö þ # � ),
+

ö
=



1 4 2 if . = 0,
1 if . ≠ 0,

2 ö þ =
 2

ö þ , 2

ö
(  ö þ % 2), 2

ö
(  ö þ % 1) − , 2

ö
(  ö þ % 2)

,3 ö
(  ö þ � ) = , ö

(  ö þ % 1) 5 ö
(  ö þ � ) − 5 ö

(  ö þ % 1) , ö
(  ö þ � ),

where , ö
( � ) and 5 ö

( � ) are the Bessel functions, and  ö þ are positive roots of the transcendental
equation , ö

(  % 1) 5 ö
(  % 2) − 5 ö

(  % 1) , ö
(  % 2) = 0.���

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

2.1.2-6. Domain: % 1 ≤ � ≤ % 2, 0 ≤ � ≤ 2 0 . Second boundary value problem.

An annular domain is considered. The following conditions are prescribed:� = � ( � , � ) at � = 0 (initial condition),� 1 � = 6 1( � , � ) at � = % 1 (boundary condition),� 1 � = 6 2( � , � ) at � = % 2 (boundary condition).

Solution: � ( � , � , � ) = � 2 �
0 � & 2

& 1

� (  , " ) ' ( � , � ,  , " , � )  $  $ "
− # % 1 � (0 � 2 �

0
6 1( " , ) ) ' ( � , � , % 1, " , � − ) ) $ " $ )

+ # % 2 � (0 � 2 �
0

6 2( " , ) ) ' ( � , � , % 2, " , � − ) ) $ " $ ) .

Here,' ( � , � ,  , " , � ) =
10 ( % 2

2 − % 2
1)

+
10 ô* ö

=0

ô*þ =1 +
ö  2

ö þ 3 ö
(  ö þ � ) 3 ö

(  ö þ  ) cos[ . ( � − " )] exp(−  2

ö þ # � )
(  2

ö þ % 2
2 − . 2) 3 2

ö
(  ö þ % 2) − (  2

ö þ % 2
1 − . 2) 3 2

ö
(  ö þ % 1)

,3 ö
(  ö þ � ) = , -ö (  ö þ % 1) 5 ö

(  ö þ � ) − 5 -ö (  ö þ % 1) , ö
(  ö þ � ),

where + 0 = 1 and +
ö

= 2 for . = 1, 2, /�/�/ ; , ö
( � ) and 5 ö

( � ) are the Bessel functions, and  ö þ are
positive roots of the transcendental equation, -ö (  % 1) 5 -ö (  % 2) − 5 -ö (  % 1) , -ö (  % 2) = 0.
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2.1.2-7. Domain: % 1 ≤ � ≤ % 2, 0 ≤ � ≤ 2 0 . Third boundary value problem.

An annular domain is considered. The following conditions are prescribed:� = � ( � , � ) at � = 0 (initial condition),� 1 � − 	 1
� = 6 1( � , � ) at � = % 1 (boundary condition),� 1 � + 	 2
� = 6 2( � , � ) at � = % 2 (boundary condition).

Solution: � ( � , � , � ) = � 2 �
0 � & 2

& 1

� (  , " ) ' ( � , � ,  , " , � )  $  $ "
− # % 1 � (0 � 2 �

0
6 1( " , ) ) ' ( � , � , % 1, " , � − ) ) $ " $ )

+ # % 2 � (0 � 2 �
0

6 2( " , ) ) ' ( � , � , % 2, " , � − ) ) $ " $ ) .

Here,' ( � , � ,  , " , � ) =
10 ô* ö

=0

ô*þ =1 +
ö  2

ö þ 3 ö
(  ö þ � ) 3 ö

(  ö þ  ) cos[ . ( � − " )] exp(−  2

ö þ # � )
( 	 2

2 % 2
2 +  2

ö þ % 2
2 − . 2) 3 2

ö
(  ö þ % 2) − ( 	 2

1 % 2
1 +  2

ö þ % 2
1 − . 2) 3 2

ö
(  ö þ % 1)

,3 ö
(  ö þ � ) = 78 ö þ , -ö (  ö þ % 1) − 	 1 , ö

(  ö þ % 1) 9:5 ö
(  ö ; � )

− 7< ö ; 5 -ö (  ö ; % 1) − 	 1 5 ö
(  ö ; % 1) 9 , ö

(  ö ; � ),

where + 0 = 1 and +
ö

= 2 for . = 1, 2, /�/�/ ; , ö
( � ) and 5 ö

( � ) are the Bessel functions, and  ö ;
are

positive roots of the transcendental equation7  , -ö (  % 1) − 	 1 , ö
(  % 1) 9 7  5 -ö (  % 2) + 	 2 5 ö

(  % 2) 9
= 7< 5 -ö (  % 1) − 	 1 5 ö

(  % 1) 9 7< , -ö (  % 2) + 	 2 , ö
(  % 2) 9 .=�>

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

2.1.2-8. Domain: 0 ≤ � < � , 0 ≤ � ≤ � 0. First boundary value problem.

A wedge domain is considered. The following conditions are prescribed:? = @ ( � , A ) at B = 0 (initial condition),? = 6 1( � , B ) at A = 0 (boundary condition),? = 6 2( � , B ) at A = A 0 (boundary condition).

Solution: ? ( � , A , B ) = � C 0

0 � ô
0

@ (  , " ) ' ( � , A ,  , " , B )  $  $ "
+ # � (0 � ô

0
6 1(  , ) )

1 ! DD " ' ( E , A ,  , " , B − ) ) F G
=0

$  $ )
− # � (0 � ô

0
6 2(  , ) )

1 ! DD " ' ( E , A ,  , " , B − ) ) F G
= C 0

$  $ ) .

Here, ' ( E , A ,  , " , B ) =
1# A 0 B exp H −

E 2 +  2

4 # B I ô* ö
=1 J ö � K C 0 L E  2 # B M sin L . 0 AA 0 M sin L . 0 "A 0 M ,

where JON ( E ) are the modified Bessel functions.=�>
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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2.1.2-9. Domain: 0 ≤ E < V , 0 ≤ A ≤ A 0. Second boundary value problem.

A wedge domain is considered. The following conditions are prescribed:? = @ ( E , A ) at B = 0 (initial condition),E −1 D C ? = 6 1( E , B ) at A = 0 (boundary condition),E −1 D C ? = 6 2( E , B ) at A = A 0 (boundary condition).

Solution: ? ( E , A , B ) = W C 0

0
W X

0
@ ( Y , Z ) ' ( E , A , Y , Z , B ) Y [ Y [ Z

− \ W (0
W X

0 ] 1( Y , ) ) ' ( E , A , Y , 0, B − ) ) [ Y [ )
+ \ W (0

W X
0 ] 2( Y , ) ) ' ( E , A , Y , A 0, B − ) ) [ Y [ ) .

Here,' ( E , A , Y , Z , B ) =
1\ A 0 B exp H −

E 2 + Y 2

4 \ B I ^ 1
2 J 0 L E Y

2 \ _ M + X`_ö
=1 J ö a Kcb 0 L E Y

2 \ _ M cos L d e ff 0 M cos L d e Zf 0 M F ,

where JON ( g ) are the modified Bessel functions.h�i
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

2.1.2-10. Domain: 0 ≤ g ≤ j , 0 ≤ f ≤ f 0. First boundary value problem.

A circular sector is considered. The following conditions are prescribed:k = l ( g , f ) at _ = 0 (initial condition),k = ] 1( f , _ ) at g = j (boundary condition),k = ] 2( g , _ ) at f = 0 (boundary condition),k = ] 3( g , _ ) at f = f 0 (boundary condition).

Solution: k ( g , f , _ ) = W b 0

0
W &0

l ( Y , Z ) ' ( g , f , Y , Z , _ ) Y [ Y [ Z
− \ j W (0

W b 0

0 ] 1( Z , ) ) ^ mm Y ' ( g , f , Y , Z , _ − ) ) n o
= & [ Z [ )

+ \ W (0
W &0 ] 2( Y , ) )

1Y ^ mm Z ' ( g , f , Y , Z , _ − ) ) n p
=0

[ Y [ )
− \ W (0

W &0 ] 3( Y , ) )
1Y ^ mm Z ' ( g , f , Y , Z , _ − ) ) n p

= b 0

[ Y [ ) .

Here,' ( g , f , Y , Z , _ ) =
4j 2 f 0

X` ö
=1

X`q =1 r
ö a s b 0 ( t ö q g ) r

ö a s b 0 ( t ö q Y )
[ r u

ö a s b 0
( t ö q j )]2 sin v d e ff 0 w sin v d e Zf 0 w exp(− t 2

ö q \ _ ),
where the r

ö a s b 0 ( g ) are the Bessel functions, and the t ö q are positive roots of the transcendental
equation r

ö a s b 0 ( t j ) = 0.
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Example. The initial temperature is uniform, x ( y , z ) = { 0. The boundary is maintained at zero temperature, | 1( z , } ) =| 2( y , } ) = | 3( y , } ) = 0.
Solution:{ =

8 { 0~ � 2 �� �
=0

1
2 � + 1

sin( � � z ) ��� =1
exp(− � 2

� � � } ) �:�<� ( � � � y )
[ � ��<� ( � � � � )]2 � �0 �:�<� ( � � � � ) � ��� , � � =

(2 � + 1) ~z 0
,

where the � � � are positive roots of the transcendental equation ���<� ( � � ) = 0.h�i
References: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980), H. S. Carslaw and J. C. Jaeger (1984).

2.1.2-11. Domain: 0 ≤ g ≤ j , 0 ≤ f ≤ f 0. Second boundary value problem.

A circular sector is considered. The following conditions are prescribed:k = l ( g , f ) at _ = 0 (initial condition),m � k = ] 1( f , _ ) at g = j (boundary condition),g −1 m b k = ] 2( g , _ ) at f = 0 (boundary condition),g −1 m b k = ] 3( g , _ ) at f = f 0 (boundary condition).

Solution: k ( g , f , _ ) = W b 0

0
W �

0
l ( Y , Z ) � ( g , f , Y , Z , _ ) Y [ Y [ Z

+ \ j W �
0

W b 0

0 ] 1( Z , � ) � ( g , f , j , Z , _ − � ) [ Z [ �
− \ W �

0
W �

0 ] 2( Y , � ) � ( g , f , Y , 0, _ − � ) [ Y [ �
+ \ W �

0
W �

0 ] 3( Y , � ) � ( g , f , Y , f 0, _ − � ) [ Y [ � .

Here, � ( g , f , Y , Z , _ ) =
2j 2 f 0

+ 4 f 0 X`��
=0

X`q =1

t 2

� q r
� a s b 0 ( t � q g ) r

� a s b 0 ( t � q Y )
( j 2 f 2

0 t 2

� q − d 2 e 2)[ r
� a s b 0( t � q j )]2

× cos v d e ff 0 w cos v d e Zf 0 w exp(− t 2

� q \ _ ),
where the r

� a s b 0 ( g ) are the Bessel functions, and the t � q are positive roots of the transcendental
equation r u

� a s b 0
( t j ) = 0.h�i

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

2.1.2-12. Domain: 0 ≤ g ≤ j , 0 ≤ f ≤ f 0. Mixed boundary value problem.

A circular sector is considered. The following conditions are prescribed:k = l ( g , f ) at _ = 0 (initial condition),m � k − � k = ] ( f , _ ) at g = j (boundary condition),m b k = 0 at f = 0 (boundary condition),m b k = 0 at f = f 0 (boundary condition).

Solution: k ( g , f , _ ) = W b 0

0
W �

0
l ( Y , Z ) � ( g , f , Y , Z , _ ) Y [ Y [ Z

+ \ j W �
0

W b 0

0 ] ( Z , � ) � ( g , f , j , Z , _ − � ) [ Z [ � .
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Here, � ( g , f , Y , Z , _ ) = X`��

=0

X`q =1 � � q r � � ( t � q g ) r � � ( t � q Y ) cos(   � f ) cos(   � Z ) exp(− t 2

� q \ _ ),  � = d ef 0
, � � q =

4 t 2

� qf 0( t 2

� q j 2 + � 2 j 2 −   2

�
) ¡ r � � ( t � q j ) ¢ 2 ,

where r � � ( g ) are the Bessel functions, and t � q are positive roots of the transcendental equationt r u� � ( t j ) + � r � � ( t j ) = 0.h�i
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

2.1.2-13. Domain: j 1 ≤ g ≤ j 2, 0 ≤ f ≤ f 0. Different boundary value problems.

Some problems for this domain were studied in Budak, Samarskii, and Tikhonov (1980).

2.1.3. Axisymmetric Problems
In the case of angular symmetry, the two-dimensional sourceless heat equation in the cylindrical
coordinate system has the form

m km _ = \ £ m 2 km g 2 +
1g m km g + m 2 km ¤ 2 ¥ , g = ¦ § 2 + ¨ 2.

This equation governs two-dimensional unsteady thermal processes in quiescent media or solid
bodies (bounded by coordinate surfaces of the cylindrical system) in the case where the initial and
boundary conditions are independent of the angular coordinate. A similar equation is used to study
analogous two-dimensional unsteady mass transfer phenomena.

2.1.3-1. Particular solutions. Remarks on the Green’s functions.

1 © . Apart from usual separable solutions k ( g , ¤ , ª ) = l 1( g ) l 2( ¤ ) l 3( ª ), the equation in question has
more sophisticated solutions in the product formk ( g , ¤ , ª ) = « ( g , ª ) ¬ ( ¤ , ª ),
where « = « ( g , ª ) and ¬ = ¬ ( ¤ , ª ) are solutions of the simpler one-dimensional equations

m «m ª =  £ m 2 «m ® 2 +
1® m «m ® ¥ (see Subsection 1.2.1-1 for particular solutions of this equation),

m ¬m ª =  m 2 ¬m ¤ 2 (see Subsection 1.1.1-1 for particular solutions of this equation).

2 © . For all two-dimensional boundary value problems considered in Subsection 2.1.3, the Green’s
function can be represented in the product form� ( ® , ¤ , Y , ¯ , ª ) = � 1( ® , Y , ª ) � 2( ¤ , ¯ , ª ),
where � 1( ® , Y , ª ) and � 2( ¤ , ¯ , ª ) are the Green’s functions of appropriate one-dimensional boundary
value problems.
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2.1.3-2. Domain: 0 ≤ ® ≤ j , 0 ≤ ¤ < ° . First boundary value problem.

A semiinfinite circular cylinder is considered. The following conditions are prescribed:k = l ( ® , ¤ ) at ª = 0 (initial condition),k = ± 1( ¤ , ª ) at ® = j (boundary condition),k = ± 2( ® , ª ) at ¤ = 0 (boundary condition).

Solution: k ( ® , ¤ , ª ) = 2 ² ³ X
0

³ �
0

Y ´ ( Y , ¯ ) � ( ® , µ , Y , ¯ , ª ) ¶ Y ¶ ¯
− 2 ²  · ³ �

0
³ X

0
± 1( ¸ , � ) ¹ mm Y � ( º , µ , Y , ¸ , » − � ) n o

= � ¶ ¸ ¶ �
+ 2 ¼ ½ ³ �

0
³ �

0
Y ¾ 2( Y , � ) ¹ mm ¸ � ( º , µ , Y , ¸ , » − � ) n ¿

=0
¶ Y ¶ � .

Here, � ( º , µ , Y , ¸ , » ) = � 1( º , Y , » ) � 2( µ , ¸ , » ),� 1( º , Y , » ) =
1¼ · 2

XÀ �
=1

1Á 2
1 ( Â �

)
Á

0 Ã Â � º· Ä Á
0 Ã Â � Y· Ä exp Ã −

½ Â 2

� »· 2 Ä ,

� 2( µ , ¸ , » ) =
1

2 Å ¼ ½ » Æ exp ¹ − ( µ − ¸ )2

4 ½ » n − exp ¹ − ( µ + ¸ )2

4 ½ » n Ç ,

where the Â �
are positive zeros of the Bessel function,

Á
0( Â �

) = 0.
Example 1. The initial temperature is the same at every point of the cylinder, È ( É , Ê ) = Ë 0. The lateral surface and the

end face are maintained at zero temperature, Ì 1( É , } ) = Ì 2( Ê , } ) = 0.
Solution: Ë ( É , Ê , } ) =

2 Ë 0� erf Í Ê
2 Î Ï:} Ð ÑÒ Ó =1 Ô 0( Õ Ó É )Õ Ó Ô 1( Õ Ó � )

exp(− Õ 2

Ó Ï:} ), Õ Ó = Ö Ó� .

Example 2. The initial temperature of the cylinder is everywhere zero, È ( É , Ê ) = 0. The lateral surface É = � is
maintained at a constant temperature Ë 0, and the end face Ê = 0 at zero temperature.

Solution: Ë ( É , Ê , } ) = Ë 0 −
Ë 0� ÑÒ Ó =1 Ô 0( Õ Ó É )Õ Ó Ô 1( Õ Ó � ) × 2 exp(− Õ 2

Ó Ï:} ) erf Í Ê
2 Î Ï:} Ð

+ exp( Õ Ó Ê ) erfc Í Ê
2 Î Ï:} + Õ Ó Î Ï:} Ð + exp(− Õ Ó Ê ) erfc Í Ê

2 Î Ï:} − Õ Ó Î Ï:} Ð Ø ,

where the Õ Ó are positive zeros of the Bessel function, Ô 0( Õ � ) = 0.Ù�Ú
References: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980), H. S. Carslaw and J. C. Jaeger (1984).

2.1.3-3. Domain: 0 ≤ º ≤ · , 0 ≤ µ < Û . Second boundary value problem.

A semiinfinite circular cylinder is considered. The following conditions are prescribed:Ü = ´ ( º , µ ) at » = 0 (initial condition),m Ý Ü = ¾ 1( µ , » ) at º = · (boundary condition),m Þ Ü = ¾ 2( º , » ) at µ = 0 (boundary condition).
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Solution: � ( � , 	 , 
 ) = 2 � � 

0

� �
0 � � ( � , � ) � ( � , 	 , � , � , 
 ) � � � �

+ 2 � � � � �
0

� 
0 � 1( � , � ) � ( � , 	 , � , � , 
 − � ) � � � �

− 2 � � � �
0

� �
0 � � 2( � , � ) � ( � , 	 , � , 0, 
 − � ) � � � � .

Here, � ( � , 	 , � , � , 
 ) = � 1( � , � , 
 ) � 2( 	 , � , 
 ),� 1( � , � , 
 ) =
1� � 2 +

1� � 2

���
=1

1� 2
0 ( � �

)
�

0 � � � �� � �
0 � � � �� � exp � −

� � 2

� 
� 2 � ,

� 2( 	 , � , 
 ) =
1

2  � � 
 ! exp " − ( 	 − � )2

4 � 
 # + exp " − ( 	 + � )2

4 � 
 # $ ,

where the � �
are positive zeros of the first-order Bessel function,

�
1( � �

) = 0.

2.1.3-4. Domain: 0 ≤ � ≤ � , 0 ≤ 	 < % . Third boundary value problem.

A semiinfinite circular cylinder is considered. The following conditions are prescribed:� = � ( � , 	 ) at 
 = 0 (initial condition),& ' � + ( 1
� = � 1( 	 , 
 ) at � = � (boundary condition),& ) � − ( 2
� = � 2( � , 
 ) at 	 = 0 (boundary condition).

The solution � ( � , 	 , 
 ) is determined by the formula in Paragraph 2.1.3-3 where� ( � , 	 , � , � , 
 ) = � 1( � , � , 
 ) � 2( 	 , � , 
 ),� 1( � , � , 
 ) =
1� � 2

���
=1

� 2

�
( ( 2

1 � 2 + � 2

�
)
� 2

0( � �
)

�
0 � � � �� � �

0 � � � �� � exp � −
� � 2

� 
� 2 � ,

� 2( 	 , � , 
 ) =
1

2  � � 
 ! exp " − ( 	 − � )2

4 � 
 # + exp " − ( 	 + � )2

4 � 
 # − 2 ( 2

� 
0

exp " − ( 	 + � + * )2

4 � 
 − ( 2 * # � * $ .

Here,
�

0( � ) is the zeroth Bessel function and the � �
are positive roots of the transcendental equation� �

1( � ) − ( 1 � �
0( � ) = 0.

Example 3. The initial temperature is the same at every point of the cylinder, + ( , , - ) = � 0. At the lateral surface and
the end face, heat exchange of the cylinder with the zero temperature environment occurs, . 1( - , / ) = . 2( , , / ) = 0.

Solution:� ( , , - , / ) =
2 � 0 0 11 2 erf 3 -

2 4 �5/ 6 + exp( 0 2 - + 0 2
2 �5/ ) erfc 3 -

2 4 �5/ + 0 2 4 �5/ 6 7 89 : =1 ; 0( < : , ) exp(− < 2

: �5/ )
( 0 2

1 + < 2

:
) ; 0( < : 1

)
,

where the < : are positive roots of the transcendental equation < ; 1( < 1
) − 0 1 ; 0( < 1

) = 0.=?>
Reference: H. S. Carslaw and J. C. Jaeger (1984).
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2.1.3-5. Domain: 0 ≤ � ≤ � , 0 ≤ 	 < % . Mixed boundary value problems.

1 @ . A semiinfinite circular cylinder is considered. The following conditions are prescribed:� = � ( � , 	 ) at 
 = 0 (initial condition),� = � 1( 	 , 
 ) at � = � (boundary condition),& ) � = � 2( � , 
 ) at 	 = 0 (boundary condition).

Solution: � ( � , 	 , 
 ) = 2 � � 
0

� �
0 � � ( � , � ) � ( � , 	 , � , � , 
 ) � � � �

− 2 � � � � �
0

� 
0 � 1( � , � ) " && � � ( � , 	 , � , � , 
 − � ) # A = � � � � �

− 2 � � � �
0

� �
0 � � 2( � , � ) � ( � , 	 , � , 0, 
 − � ) � � � � .

Here, � ( � , 	 , � , � , 
 ) = � 1( � , � , 
 ) � 2( 	 , � , 
 ),� 1( � , � , 
 ) =
1� � 2

���
=1

1� 2
1 ( � �

)
�

0 � � � �� � �
0 � � � �� � exp � −

� � 2

� 
� 2 � ,

� 2( 	 , � , 
 ) =
1

2  � � 
 ! exp " − ( 	 − � )2

4 � 
 # + exp " − ( 	 + � )2

4 � 
 # $ ,

where the � �
are positive zeros of the Bessel function,

�
0( � �

) = 0.

2 @ . A semiinfinite circular cylinder is considered. The following conditions are prescribed:� = � ( � , 	 ) at 
 = 0 (initial condition),& ' � = � 1( 	 , 
 ) at � = � (boundary condition),� = � 2( � , 
 ) at 	 = 0 (boundary condition).

Solution: � ( � , 	 , 
 ) = 2 � � 
0

� �
0 � � ( � , � ) � ( � , 	 , � , � , 
 ) � � � �

+ 2 � � � � �
0

� 
0 � 1( � , � ) � ( � , 	 , � , � , 
 − � ) � � � �

+ 2 � � � �
0

� �
0 � � 2( � , � ) " && � � ( � , 	 , � , � , 
 − � ) # B =0

� � � � .

Here, � ( � , 	 , � , � , 
 ) = � 1( � , � , 
 ) � 2( 	 , � , 
 ),� 1( � , � , 
 ) =
1� � 2 +

1� � 2

���
=1

1� 2
0 ( � �

)
�

0 � � � �� � �
0 � � � �� � exp � −

� � 2

� 
� 2 � ,

� 2( 	 , � , 
 ) =
1

2  � � 
 ! exp " − ( 	 − � )2

4 � 
 # − exp " − ( 	 + � )2

4 � 
 # $ ,

where the � �
are positive zeros of the first-order Bessel function,

�
1( � �

) = 0.
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3 @ . A semiinfinite circular cylinder is considered. The following conditions are prescribed:� = � ( � , 	 ) at 
 = 0 (initial condition),& ' � + ( � = � 1( 	 , 
 ) at � = � (boundary condition),� = � 2( � , 
 ) at 	 = 0 (boundary condition).

The solution � ( � , 	 , 
 ) is determined by the formula in Paragraph 2.1.3-5, Item 2 @ where� ( � , 	 , � , � , 
 ) = � 1( � , � , 
 ) � 2( 	 , � , 
 ),� 1( � , � , 
 )=
1� � 2

� �
=1

� 2

�
( ( 2 � 2 + � 2

�
)
� 2

0 ( � �
)

�
0 � � � �� � �

0 � � � �� � exp � −
� � 2

� 
� 2 � ,

� 2( 	 , � , 
 ) =
1

2  � � 
 ! exp " − ( 	 − � )2

4 � 
 # − exp " − ( 	 + � )2

4 � 
 # $ ,

where the � �
are positive roots of the transcendental equation� �

1( � ) − ( � �
0( � ) = 0.

Example 4. The initial temperature is the same at every point of the cylinder, + ( , , - ) = � 0. Heat exchange of the
cylinder with the zero temperature environment occurs at the lateral surface, . 1( - , / ) = 0. The end face is maintained at zero
temperature, . 2( , , / ) = 0.

Solution: � ( , , - , / ) =
2 � 0 01 erf 3 -

2 4 �5/ 6 89 : =1 ; 0( C : , )
( 0 2 + C 2

:
) ; 0( C : 1

)
exp(− C 2

: �5/ ), C :
= D :1 .

Example 5. The initial temperature of the cylinder is everywhere zero, + ( , , - ) = 0. Heat exchange of the cylinder
with the zero temperature environment occurs at the lateral surface, . 1( - , / ) = 0. The end face is maintained at a constant
temperature, . 2( , , / ) = � 0.

Solution:� ( , , - , / ) = 0 � 01 89 : =1 ; 0( C : , )
( C 2

:
+ 0 2) ; 0( C : 1

)
2 2 exp(− C : - )

+ exp( C : - ) erfc 3 C : 4 �5/ +
-

2 4 �5/ 6 − exp(− C : - ) erfc 3 C : 4 �5/ −
-

2 4 �5/ 6 7 , C :
= D :1 .=?>

Reference: H. S. Carslaw and J. C. Jaeger (1984).

2.1.3-6. Domain: 0 ≤ � ≤ � , 0 ≤ 	 ≤ E . First boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:� = � ( � , 	 ) at 
 = 0 (initial condition),� = � 1( 	 , 
 ) at � = � (boundary condition),� = � 2( � , 
 ) at 	 = 0 (boundary condition),� = � 3( � , 
 ) at 	 = E (boundary condition).

Solution: � ( � , 	 , 
 ) = 2 � � F
0

� �
0 � � ( � , � ) � ( � , 	 , � , � , 
 ) � � � �

− 2 � � � � �
0

� F
0 � 1( � , � ) " && � � ( � , 	 , � , � , 
 − � ) # A = � � � � �

+ 2 � � � �
0

� �
0 � � 2( � , � ) " && � � ( � , 	 , � , � , 
 − � ) # B =0

� � � �
− 2 � � � �

0

� �
0 � � 3( � , � ) " && � � ( � , 	 , � , � , 
 − � ) # B = F � � � � .
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Here, � ( � , 	 , � , � , 
 ) = � 1( � , � , 
 ) � 2( 	 , � , 
 ),� 1( � , � , 
 ) =
1� � 2

���
=1

1� 2
1 ( � �

)
�

0 � � � �� � �
0 � � � �� � exp � −

� � 2

� 
� 2 � ,

� 2( 	 , � , 
 ) =
2E ���

=1

sin � G � 	E � sin � G � �E � exp � −
� G 2 � 2 
E 2 � ,

where the � �
are positive zeros of the Bessel function,

�
0( � �

) = 0.

Example 6. The initial temperature is the same at every point of the cylinder, + ( , , - ) = � 0. The lateral surface and the
end faces are maintained at zero temperature, . 1( - , / ) = . 2( , , / ) = . 3( , , / ) = 0.

Solution:� =
8 � 0H I 89 : =0

1
2 J + 1

sin 2 (2 J + 1) H -K 7 exp 2 − � (2 J + 1)2 H 2 /K 2 7 L I 89 : =1

1D : ; 1( D :
) ; 0 3 D : ,1 6 exp 3 − D 2

: �5/1 2 6 L ,

where D :
are positive zeros of the Bessel function, ; 0( D :

) = 0.=?>
Reference: H. S. Carslaw and J. C. Jaeger (1984).

2.1.3-7. Domain: 0 ≤ � ≤ � , 0 ≤ 	 ≤ E . Second boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:� = � ( � , 	 ) at 
 = 0 (initial condition),& ' � = � 1( 	 , 
 ) at � = � (boundary condition),& ) � = � 2( � , 
 ) at 	 = 0 (boundary condition),& ) � = � 3( � , 
 ) at 	 = E (boundary condition).

Solution: � ( � , 	 , 
 ) = 2 � � F
0

� �
0 � � ( � , � ) � ( � , 	 , � , � , 
 ) � � � �

+ 2 � � � � �
0

� F
0 � 1( � , � ) � ( � , 	 , � , � , 
 − � ) � � � �

− 2 � � � �
0

� �
0 � � 2( � , � ) � ( � , 	 , � , 0, 
 − � ) � � � �

+ 2 � � � �
0

� �
0 � � 3( � , � ) � ( � , 	 , � , E , 
 − � ) � � � � .

Here, � ( � , 	 , � , � , 
 ) = � 1( � , � , 
 ) � 2( 	 , � , 
 ),� 1( � , � , 
 ) =
1� � 2 +

1� � 2

� �
=1

1� 2
0 ( � �

)
�

0 � � � �� � �
0 � � � �� � exp � −

� � 2

� 
� 2 � ,

� 2( 	 , � , 
 ) =
1E +

2E ���
=1

cos � G � 	E � cos � G � �E � exp � −
� G 2 � 2 
E 2 � ,

where the � �
are positive zeros of the first-order Bessel function,

�
1( � �

) = 0.
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2.1.3-8. Domain: 0 ≤ � ≤ � , 0 ≤ 	 ≤ E . Third boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:� = � ( � , 	 ) at 
 = 0 (initial condition),& ' � + ( 1
� = � 1( 	 , 
 ) at � = � (boundary condition),& ) � − ( 2
� = � 2( � , 
 ) at 	 = 0 (boundary condition),& ) � + ( 3
� = � 3( � , 
 ) at 	 = E (boundary condition).

The solution � ( � , 	 , 
 ) is determined by the formula in Paragraph 2.1.3-7 where� ( � , 	 , � , � , 
 ) = � 1( � , � , 
 ) � 2( 	 , � , 
 ),� 1( � , � , 
 ) =
1� � 2

���
=1

� 2

�
( ( 2

1 � 2 + � 2

�
)
� 2

0 ( � �
)

�
0 � � � �� � �

0 � � � �� � exp � −
� � 2

� 
� 2 � ,

� 2( 	 , � , 
 ) =
�M =1 N M ( O ) N M ( � )P N M P 2 exp(− � Q 2M R ), N M ( O ) = cos( Q M O ) +

( 2Q M sin( Q M O ),P N M P 2 =
( 3

2 Q 2M Q 2M + ( 2
2Q 2M + ( 2
3

+
( 2

2 Q 2M +
E
2 � 1 +

( 2
2Q 2M � ,

and the � �
and Q M are positive roots of the transcendental equations� �

1( � ) − ( 1 � �
0( � ) = 0,

tan( Q E )Q =
( 2 + ( 3Q 2 − ( 2 ( 3

.

2.1.3-9. Domain: 0 ≤ S ≤ � , 0 ≤ O ≤ E . Mixed boundary value problems.

1 @ . A circular cylinder of finite length is considered. The following conditions are prescribed:T = � ( S , O ) at R = 0 (initial condition),T = � 1( O , R ) at S = � (boundary condition),& ) T = � 2( S , R ) at O = 0 (boundary condition),& ) T = � 3( S , R ) at O = E (boundary condition).

Solution: T ( S , O , R ) = 2 U V F
0

V W
0 X Y ( X , � ) � ( S , O , X , � , R ) Z X Z �

− 2 U [ \ V ]
0

V F
0 ^ 1( � , _ ) ` && X � ( S , O , X , � , R − _ ) a A = W Z � Z _

− 2 U [ V ]
0

V W
0 X ^ 2( X , _ ) � ( S , O , X , 0, R − _ ) Z X Z _

+ 2 U [ V ]
0

V W
0 X ^ 3( X , _ ) � ( S , O , X , E , R − _ ) Z X Z _ .

Here, � ( S , O , X , � , R ) = � 1( S , X , R ) � 2( O , � , R ),� 1( S , X , R ) =
1U \ 2 bc�d

=1

1e 2
1 ( f d

)
e

0 g f d h
\ i e

0 g f d X\ i exp g −
[ f 2

d j
\ 2 i ,

� 2( k , l ,

j
) =

1m
+

2m bc�d
=1

cos g n o km i cos g n o lm i exp g −
[ n 2 o 2

jm
2 i ,

where the f d
are positive zeros of the Bessel function,

e
0( f d

) = 0.
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2 p . A circular cylinder of finite length is considered. The following conditions are prescribed:q = Y (

h
, k ) at

j
= 0 (initial condition),r ' q = ^ 1( k ,

j
) at

h
= \ (boundary condition),q = ^ 2(

h
,

j
) at k = 0 (boundary condition),q = ^ 3(

h
,

j
) at k =

m
(boundary condition).

Solution: q (

h
, k ,

j
) = 2 o s t0 s W

0 u v ( u , l ) � (

h
, k , u , l ,

j
) w u w l

+ 2 o x y s z0 s t0 { 1( l , | ) � (

h
, k , y , l ,

j
− | ) w l w |

+ 2 o x s z0 s W
0 u { 2( u , | ) } rr l � (

h
, k , u , l ,

j
− | ) ~ �

=0
w u w |

− 2 o x s z0 s W
0 u { 3( u , | ) } rr l � (

h
, k , u , l ,

j
− | ) ~ �

= t w u w | .

Here, � (

h
, k , u , l ,

j
) = � 1(

h
, u ,

j
) � 2( k , l ,

j
),� 1(

h
, u ,

j
) =

1o y 2 +
1o y 2 �c�d

=1

1e 2
0 ( f d

)
e

0 g f d h
y i e

0 g f d uy i exp g − x f 2

d j
y 2 i ,

� 2( k , l ,

j
) =

2m �c d
=1

sin g n o km i sin g n o lm i exp g − x n 2 o 2

jm
2 i ,

where the f d
are positive zeros of the first-order Bessel function,

e
1( f d

) = 0.

2.1.3-10. Domain: y 1 ≤

h
≤ y 2, 0 ≤ k ≤

m
. First boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:q = v (

h
, k ) at

j
= 0 (initial condition),q = { 1( k ,

j
) at

h
= y 1 (boundary condition),q = { 2( k ,

j
) at

h
= y 2 (boundary condition),q = { 3(

h
,

j
) at k = 0 (boundary condition),q = { 4(

h
,

j
) at k =

m
(boundary condition).

Solution: q (

h
, k ,

j
) = 2 o s t0 s W 2W 1 u v ( u , l ) � (

h
, k , u , l ,

j
) w u w l

+ 2 o x y 1 s z0 s t0 { 1( l , | ) } rr u � (

h
, k , u , l ,

j
− | ) ~ �

= W 1

w l w |
− 2 o x y 2 s z0 s t0 { 2( l , | ) } rr u � (

h
, k , u , l ,

j
− | ) ~ �

= W 2

w l w |
+ 2 o x s z0 s W 2W 1 u { 3( u , | ) } rr l � (

h
, k , u , l ,

j
− | ) ~ �

=0
w u w |

− 2 o x s z0 s W 2W 1 u { 4( u , | ) } rr l � (

h
, k , u , l ,

j
− | ) ~ �

= t w u w | .
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��� 2 �
Here, � (

h
, k , u , l ,

j
) = � 1( k , l ,

j
) � 2(

h
, u ,

j
),� 1( k , l ,

j
) =

2m �c�d
=1

sin g n o km i sin g n o lm i exp g − x n 2 o 2

jm
2 i ,

� 2(

h
, u ,

j
) = o4 y 2

1
�c�d
=1

f 2

d e 2
0 ( ��f d

)e 2
0 ( f d

) −
e 2

0 ( ��f d
) � d

(

h
) � d

( u ) exp g − x f 2

d j
y 2

1 i ,

� d
(

h
) = � 0( f d

)
e

0 g f d h
y 1 i −

e
0( f d

) � 0 g f d h
y 1 i , � = y 2y 1

,

where
e

0( f ) and � 0( f ) are the Bessel functions, the f d
are positive roots of the transcendental

equation e
0( f ) � 0( ��f ) −

e
0( ��f ) � 0( f ) = 0.

2.1.3-11. Domain: y 1 ≤

h
≤ y 2, 0 ≤ k ≤

m
. Second boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:q = v (

h
, k ) at

j
= 0 (initial condition),r � q = { 1( k ,

j
) at

h
= y 1 (boundary condition),r � q = { 2( k ,

j
) at

h
= y 2 (boundary condition),r � q = { 3(

h
,

j
) at k = 0 (boundary condition),r � q = { 4(

h
,

j
) at k =

m
(boundary condition).

Solution: q (

h
, k ,

j
) = 2 o s t0 s W 2W 1 u v ( u , l ) � (

h
, k , u , l ,

j
) w u w l

− 2 o x y 1 s z0 s t0 { 1( l , | ) � (

h
, k , y 1, l ,

j
− | ) w l w |

+ 2 o x y 2 s z0 s t0 { 2( l , | ) � (

h
, k , y 2, l ,

j
− | ) w l w |

− 2 o x s z0 s W 2W 1 u { 3( u , | ) � (

h
, k , u , 0,

j
− | ) w u w |

+ 2 o x s z0 s W 2W 1 u { 4( u , | ) � (

h
, k , u ,

m
,

j
− | ) w u w | .

Here, � (

h
, k , u , l ,

j
) = � 1( k , l ,

j
) � 2(

h
, u ,

j
),� 1( k , l ,

j
) =

1m
+

2m �c�d
=1

cos g n o km i cos g n o lm i exp g − x n 2 o 2

jm
2 i ,

� 2(

h
, u ,

j
) =

1o ( y 2
2 − y 2

1)
+ o4 y 2

1
�c�d
=1

f 2

d e 2
1 ( ��f d

)e 2
1 ( f d

) −
e 2

1 ( ��f d
) � d

(

h
) � d

( u ) exp g − x f 2

d j
y 2

1 i ,

� d
(

h
) = � 1( f d

)
e

0 g f d h
y 1 i −

e
1( f d

) � 0 g f d h
y 1 i , � = y 2y 1

,

where
e �

( f ) and � �
( f ) are the Bessel functions of order � = 0, 1 and the f d

are positive roots of
the transcendental equation e

1( f ) � 1( ��f ) −
e

1( ��f ) � 1( f ) = 0.
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2.1.3-12. Domain: y 1 ≤

h
≤ y 2, 0 ≤ k ≤

m
. Third boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:q = v (

h
, k ) at

j
= 0 (initial condition),r � q − � 1

q = { 1( k ,

j
) at

h
= y 1 (boundary condition),r � q + � 2

q = { 2( k ,

j
) at

h
= y 2 (boundary condition),r � q − � 3

q = { 3(

h
,

j
) at k = 0 (boundary condition),r � q + � 4

q = { 4(

h
,

j
) at k =

m
(boundary condition).

For the solution of this problem, see Subsection 2.2.3-4 with � ≡ 0.

2.2. Heat Equation with a Source � �� � = � � 2 � + � ( � , � , � )

2.2.1. Problems in Cartesian Coordinates
In the rectangular Cartesian coordinate system, the heat equation has the form� �� � = x � � 2 �� � 2 +

� 2 �� � 2   + � (
�

,
�

,
�
).

It governs two-dimensional unsteady thermal processes in quiescent media or solids with constant
thermal diffusivity in the cases where there are volume thermal sources or sinks.

2.2.1-1. Domain: − ¡ <
�

< ¡ , − ¡ <
�

< ¡ . Cauchy problem.

An initial condition is prescribed: �
= v (

�
,
�

) at
�

= 0.

Solution: �
(
�

,
�

,
�
) = s �− � s �− � v ( u , ¢ ) £ (

�
,
�

, u , ¢ ,
�
) w u w ¢

+ s z0 s �− � s �− � � ( u , ¢ , | ) £ (
�

,
�

, u , ¢ ,
�

− | ) w u w ¢ w | ,

where £ (
�

,
�

, u , ¢ ,
�
) =

1
4 ¤ x � exp } − (

�
− u )2 + (

�
− ¢ )2

4 x � ~ .¥?¦
Reference: A. G. Butkovskiy (1979).

2.2.1-2. Domain: 0 ≤
�

< ¡ , − ¡ <
�

< ¡ . First boundary value problem.

A half-plane is considered. The following conditions are prescribed:�
= v (

�
,
�

) at
�

= 0 (initial condition),�
= { (

�
,
�
) at

�
= 0 (boundary condition).

Solution: �
(
�

,
�

,
�
) = s �0 s �− � v ( u , ¢ ) £ (

�
,
�

, u , ¢ ,
�
) w ¢ w u

+ x s z0 s �− � { ( ¢ , | ) § �� u £ (
�

,
�

, u , ¢ ,
�

− | ) ¨ �
=0

w ¢ w |
+ s z0 s �0 s �− � � ( u , ¢ , | ) £ (

�
,
�

, u , ¢ ,
�

− | ) w ¢ w u w | ,

Page 188



��� 2 �
where £ (

�
,
�

, u , ¢ ,
�
) =

1
4 ¤ x �  exp } − (

�
− u )2 + (

�
− ¢ )2

4 x � ~ − exp } − (
�

+ u )2 + (
�

− ¢ )2

4 x � ~ ® .¥?¦
References: A. G. Butkovskiy (1979), H. S. Carslaw and J. C. Jaeger (1984).

2.2.1-3. Domain: 0 ≤
�

< ¡ , − ¡ <
�

< ¡ . Second boundary value problem.

A half-plane is considered. The following conditions are prescribed:�
= ¯ (

�
,
�

) at
�

= 0 (initial condition),� ° �
= ± (

�
,
�
) at

�
= 0 (boundary condition).

Solution:�
(
�

,
�

,
�
) = ² ³

0
² ³

− ³ ¯ ( ´ , ¢ ) £ (
�

,
�

, ´ , ¢ ,
�
) µ ¢ µ ´ − ¶ ² ·

0
² ³

− ³ ± ( ¢ , ¸ ) £ (
�

,
�

, 0, ¢ ,
�

− ¸ ) µ ¢ µ ¸
+ ² ·

0
² ³

0
² ³

− ³ � ( ´ , ¢ , ¸ ) £ (
�

,
�

, ´ , ¢ ,
�

− ¸ ) µ ¢ µ ´ µ ¸ ,

where £ (
�

,
�

, ´ , ¢ ,
�
) =

1
4 ¤ ¶ �  exp ¹ − (

�
− ´ )2 + (

�
− ¢ )2

4 ¶ � º + exp ¹ − (
�

+ ´ )2 + (
�

− ¢ )2

4 ¶ � º ® .

2.2.1-4. Domain: 0 ≤
�

< ¡ , − ¡ <
�

< ¡ . Third boundary value problem.

A half-plane is considered. The following conditions are prescribed:�
= ¯ (

�
,
�

) at
�

= 0 (initial condition),� ° �
− » �

= ± (
�

,
�
) at

�
= 0 (boundary condition).

The solution
�

(
�

,
�

,
�
) is determined by the formula in Paragraph 2.2.1-3 where£ (

�
,
�

, ´ , ¢ ,
�
) =

1
4 ¤ ¶ � exp ¹ − (

�
− ¢ )2

4 ¶ � º  exp ¹ − (
�

− ´ )2

4 ¶ � º + exp ¹ − (
�

+ ´ )2

4 ¶ � º
− 2 » ² ³

0
exp ¹ − (

�
+ ´ + ¼ )2

4 ¶ � − » ¼ º µ ¼ ® .

2.2.1-5. Domain: 0 ≤
�

< ¡ , 0 ≤
�

< ¡ . First boundary value problem.

A quadrant of the plane is considered. The following conditions are prescribed:�
= ¯ (

�
,
�

) at
�

= 0 (initial condition),�
= ± 1(

�
,
�
) at

�
= 0 (boundary condition),�

= ± 2(
�

,
�
) at

�
= 0 (boundary condition).

Solution: �
(
�

,
�

,
�
) = ² ³

0
² ³

0
¯ ( ´ , ¢ ) £ (

�
,
�

, ´ , ¢ ,
�
) µ ´ µ ¢

+ ¶ ² ·
0

² ³
0

± 1( ¢ , ¸ ) § �� ´ £ (
�

,
�

, ´ , ¢ ,
�

− ¸ ) ¨ ½
=0

µ ¢ µ ¸
+ ¶ ² ·

0
² ³

0
± 2( ´ , ¸ ) § �� ¢ £ (

�
,
�

, ´ , ¢ ,
�

− ¸ ) ¨ ¾
=0

µ ´ µ ¸
+ ² ·

0
² ³

0
² ³

0
� ( ´ , ¢ , ¸ ) £ (

�
,
�

, ´ , ¢ ,
�

− ¸ ) µ ´ µ ¢ µ ¸ ,
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where£ (
�

,
�

, ´ , ¢ ,
�
) =

1
4 ¤ ¶ �  exp ¹ − (

�
− ´ )2

4 ¶ � º −exp ¹ − (
�

+ ´ )2

4 ¶ � º ®  exp ¹ − (
�

− ¢ )2

4 ¶ � º −exp ¹ − (
�

+ ¢ )2

4 ¶ � º ® .¥?¦
Reference: H. S. Carslaw and J. C. Jaeger (1984).

2.2.1-6. Domain: 0 ≤
�

< ¡ , 0 ≤
�

< ¡ . Second boundary value problem.

A quadrant of the plane is considered. The following conditions are prescribed:�
= ¯ (

�
,
�

) at
�

= 0 (initial condition),� ° �
= ± 1(

�
,
�
) at

�
= 0 (boundary condition),� ¿ �

= ± 2(
�

,
�
) at

�
= 0 (boundary condition).

Solution: �
(
�

,
�

,
�
) = ² ³

0
² ³

0
¯ ( ´ , ¢ ) £ (

�
,
�

, ´ , ¢ ,
�
) µ ´ µ ¢

− ¶ ² ·
0

² ³
0

± 1( ¢ , ¸ ) £ (
�

,
�

, 0, ¢ ,
�

− ¸ ) µ ¢ µ ¸
− ¶ ² ·

0
² ³

0
± 2( ´ , ¸ ) £ (

�
,
�

, ´ , 0,
�

− ¸ ) µ ´ µ ¸
+ ² ·

0
² ³

0
² ³

0
� ( ´ , ¢ , ¸ ) £ (

�
,
�

, ´ , ¢ ,
�

− ¸ ) µ ´ µ ¢ µ ¸ ,

where£ (
�

,
�

, ´ , ¢ ,
�
) =

1
4 ¤ ¶ �  exp ¹ − (

�
− ´ )2

4 ¶ � º +exp ¹ − (
�

+ ´ )2

4 ¶ � º ®  exp ¹ − (
�

− ¢ )2

4 ¶ � º +exp ¹ − (
�

+ ¢ )2

4 ¶ � º ® .

2.2.1-7. Domain: 0 ≤
�

< ¡ , 0 ≤
�

< ¡ . Third boundary value problem.

A quadrant of the plane is considered. The following conditions are prescribed:�
= ¯ (

�
,
�

) at
�

= 0 (initial condition),� ° �
− » 1

�
= ± 1(

�
,
�
) at

�
= 0 (boundary condition),� ¿ �

− » 2
�

= ± 2(
�

,
�
) at

�
= 0 (boundary condition).

The solution
�

(
�

,
�

,
�
) is determined by the formula in Paragraph 2.2.1-6 where£ (

�
,
�

, ´ , ¢ ,
�
) =

1
4 ¤ ¶ �  exp ¹ − (

�
− ´ )2

4 ¶ � º + exp ¹ − (
�

+ ´ )2

4 ¶ � º
− 2 » 1 À ¤ ¶ �

exp Á?¶ » 2
1
�

+ » 1(
�

+ ´ ) Â erfc Ã Ä + ´
2 À ¶ � + » 1 À ¶ � Å ®

× Æ exp ¹ − ( Ç − È )2

4 ¶ � º + exp ¹ − ( Ç + È )2

4 ¶ � º
− 2 » 2 À É ¶ �

exp Á?¶ » 2
2
�

+ » 2( Ç + È ) Â erfc Ã Ç + È
2 À ¶ � + » 2 À ¶ � Å Ê

.
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Ë�Í 2 Ð
2.2.1-8. Domain: 0 ≤ Ä < Ô , 0 ≤ Ç < Ô . Mixed boundary value problem.

A quadrant of the plane is considered. The following conditions are prescribed:Õ = Ö ( Ä , Ç ) at
�

= 0 (initial condition),Õ = ± 1( Ç ,
�
) at Ä = 0 (boundary condition),× ¿ Õ = ± 2( Ä ,

�
) at Ç = 0 (boundary condition).

Solution: Õ ( Ä , Ç ,
�
) = ² ³

0
² ³

0
Ö ( ´ , È ) Ø ( Ä , Ç , ´ , È ,

�
) µ ´ µ È

+ ¶ ² ·
0

² ³
0

± 1( È , ¸ ) § ×× ´ Ø ( Ä , Ç , ´ , È ,
�

− ¸ ) ¨ ½
=0

µ È µ ¸
− ¶ ² ·

0
² ³

0
± 2( ´ , ¸ ) Ø ( Ä , Ç , ´ , 0,

�
− ¸ ) µ ´ µ ¸

+ ² ·
0

² ³
0

² ³
0 Ù ( ´ , È , ¸ ) Ø ( Ä , Ç , ´ , È ,

�
− ¸ ) µ ´ µ È µ ¸ ,

whereØ ( Ä , Ç , ´ , È ,
�
) =

1
4 É ¶ � Æ exp ¹ − ( Ä − ´ )2

4 ¶ � º −exp ¹ − ( Ä + ´ )2

4 ¶ � º Ê Æ exp ¹ − ( Ç − È )2

4 ¶ � º +exp ¹ − ( Ç + È )2

4 ¶ � º Ê
.

2.2.1-9. Domain: 0 ≤ Ä ≤ Ú , 0 ≤ Ç < Ô . First boundary value problem.

A semiinfinite strip is considered. The following conditions are prescribed:Õ = Ö ( Ä , Ç ) at
�

= 0 (initial condition),Õ = ± 1( Ç ,
�
) at Ä = 0 (boundary condition),Õ = ± 2( Ç ,

�
) at Ä = Ú (boundary condition),Õ = ± 3( Ä ,

�
) at Ç = 0 (boundary condition).

The solution is given by the formula of Subsection 2.1.1-12 with the additional term² ·
0

² Û
0

² ³
0 Ù ( ´ , È , ¸ ) Ø ( Ä , Ç , ´ , È ,

�
− ¸ ) µ È µ ´ µ ¸ ,

which takes into account the equation’s nonhomogeneity.

2.2.1-10. Domain: 0 ≤ Ä ≤ Ú , 0 ≤ Ç < Ô . Second boundary value problem.

A semiinfinite strip is considered. The following conditions are prescribed:Õ = Ö ( Ä , Ç ) at
�

= 0 (initial condition),× ° Õ = ± 1( Ç ,
�
) at Ä = 0 (boundary condition),× ° Õ = ± 2( Ç ,

�
) at Ä = Ú (boundary condition),× ¿ Õ = ± 3( Ä ,

�
) at Ç = 0 (boundary condition).

Solution:Õ ( Ä , Ç ,
�
) = ² ³

0
² Û

0
Ö ( ´ , È ) Ø ( Ä , Ç , ´ , È ,

�
) µ ´ µ È + ² ·

0
² ³

0
² Û

0 Ù ( ´ , È , ¸ ) Ø ( Ä , Ç , ´ , È ,
�
− ¸ ) µ ´ µ È µ ¸

− ¶ ² ·
0

² ³
0

± 1( È , ¸ ) Ø ( Ä , Ç , 0, È ,
�
− ¸ ) µ È µ ¸ + ¶ ² ·

0
² ³

0
± 2( È , ¸ ) Ø ( Ä , Ç , Ú , È ,

�
− ¸ ) µ È µ ¸

− ¶ ² ·
0

² Û
0

± 3( ´ , ¸ ) Ø ( Ä , Ç , ´ , 0,
�
− ¸ ) µ ´ µ ¸ ,
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where Ø ( Ä , Ç , ´ , È ,
�
) = Ø 1( Ä , ´ ,

�
) Ø 2( Ç , È ,

�
),Ø 1( Ä , ´ ,

�
) =

1Ú +
2Ú ³Ü�Ý

=1

cos Þ ß É ÄÚ à cos Þ ß É ´Ú à exp Ã −
¶ ß 2 É 2 �Ú 2 Å

,

Ø 2( Ç , È ,
�
) =

1
2 À É ¶ � Æ exp ¹ − ( Ç − È )2

4 ¶ � º + exp ¹ − ( Ç + È )2

4 ¶ � º Ê
.

2.2.1-11. Domain: 0 ≤ Ä ≤ Ú , 0 ≤ Ç < Ô . Third boundary value problem.

A semiinfinite strip is considered. The following conditions are prescribed:Õ = Ö ( Ä , Ç ) at
�

= 0 (initial condition),× ° Õ − » 1
Õ = ± 1( Ç ,

�
) at Ä = 0 (boundary condition),× ° Õ + » 2

Õ = ± 2( Ç ,
�
) at Ä = Ú (boundary condition),× ¿ Õ − » 3

Õ = ± 3( Ä ,
�
) at Ç = 0 (boundary condition).

The solution Õ ( Ä , Ç ,
�
) is determined by the formula in Paragraph 2.2.1-10 where the Green’s

function Ø ( Ä , Ç , ´ , È ,
�
) is the product of the Green’s function of Subsection 1.1.1-11 and that of

Subsection 1.1.1-8; Ä , ´ , and » in the last Green’s function must be replaced by Ç , È , and » 3,
respectively.

2.2.1-12. Domain: 0 ≤ Ä ≤ Ú , 0 ≤ Ç < Ô . Mixed boundary value problem.

A semiinfinite strip is considered. The following conditions are prescribed:Õ = Ö ( Ä , Ç ) at
�

= 0 (initial condition),Õ = ± 1( Ç ,
�
) at Ä = 0 (boundary condition),Õ = ± 2( Ç ,

�
) at Ä = Ú (boundary condition),× ¿ Õ = ± 3( Ä ,

�
) at Ç = 0 (boundary condition).

The solution is given by the formula of Subsection 2.1.1-15 (Item 1 á ) with the additional termâ ã
0

â Û
0

â ³
0 Ù ( ä , È , å ) Ø ( Ä , Ç , ä , È , æ − å ) ç È ç ä ç å ,

which takes into account the equation’s nonhomogeneity.

2.2.1-13. Domain: 0 ≤ Ä ≤ Ú 1, 0 ≤ Ç ≤ Ú 2. First boundary value problem.

A rectangle is considered. The following conditions are prescribed:Õ = Ö ( Ä , Ç ) at æ = 0 (initial condition),Õ = ± 1( Ç , æ ) at Ä = 0 (boundary condition),Õ = ± 2( Ç , æ ) at Ä = Ú 1 (boundary condition),Õ = ± 3( Ä , æ ) at Ç = 0 (boundary condition),Õ = ± 4( Ä , æ ) at Ç = Ú 2 (boundary condition).

The solution is given by the formula of Subsection 2.1.1-16 with the additional termâ ã
0

â Û 1

0

â Û 2

0 Ù ( ä , È , å ) Ø ( Ä , Ç , ä , È , æ − å ) ç È ç ä ç å ,

which takes into account the equation’s nonhomogeneity.è?é
Reference: H. S. Carslaw and J. C. Jaeger (1984).
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Ë�Í 2 Ð
2.2.1-14. Domain: 0 ≤ Ä ≤ Ú 1, 0 ≤ Ç ≤ Ú 2. Second boundary value problem.

A rectangle is considered. The following conditions are prescribed:Õ = Ö ( Ä , Ç ) at æ = 0 (initial condition),× ° Õ = ± 1( Ç , æ ) at Ä = 0 (boundary condition),× ° Õ = ± 2( Ç , æ ) at Ä = Ú 1 (boundary condition),× ê Õ = ± 3( Ä , æ ) at Ç = 0 (boundary condition),× ê Õ = ± 4( Ä , æ ) at Ç = Ú 2 (boundary condition).

Solution:Õ ( Ä , Ç , æ ) =
â Û 1

0

â Û 2

0
Ö ( ä , È ) Ø ( Ä , Ç , ä , È , æ ) ç È ç ä +

â ã
0

â Û 1

0

â Û 2

0 Ù ( ä , È , å ) Ø ( Ä , Ç , ä , È , æ − å ) ç È ç ä ç å
− ë â ã

0

â Û 2

0
± 1( È , å ) Ø ( Ä , Ç , 0, È , æ − å ) ç È ç å + ë â ã

0

â Û 2

0
± 2( È , å ) Ø ( Ä , Ç , Ú 1, È , æ − å ) ç È ç å

− ë â ã
0

â Û 1

0
± 3( ä , å ) Ø ( Ä , Ç , ä , 0, æ − å ) ç ä ç å + ë â ã

0

â Û 1

0
± 4( ä , å ) Ø ( Ä , Ç , ä , Ú 2, æ − å ) ç ä ç å ,

where Ø ( Ä , Ç , ä , È , æ ) =
1Ú 1 Ú 2 ì 1 + 2 ³Ü Ý

=1

exp Ã − É 2 ß 2 ë æÚ 21 Å
cos ß É ÄÚ 1 cos ß É äÚ 1 í

× ì 1 + 2 ³Üî =1

exp Ã − É 2 ï 2 ë æÚ 22 Å
cos

ï É ÇÚ 2 cos
ï É ÈÚ 2 í .è?é

Reference: H. S. Carslaw and J. C. Jaeger (1984).

2.2.1-15. Domain: 0 ≤ Ä ≤ Ú 1, 0 ≤ Ç ≤ Ú 2. Third boundary value problem.

A rectangle is considered. The following conditions are prescribed:Õ = Ö ( Ä , Ç ) at æ = 0 (initial condition),× ° Õ − ð 1
Õ = ± 1( Ç , æ ) at Ä = 0 (boundary condition),× ° Õ + ð 2
Õ = ± 2( Ç , æ ) at Ä = Ú 1 (boundary condition),× ê Õ − ð 3
Õ = ± 3( Ä , æ ) at Ç = 0 (boundary condition),× ê Õ + ð 4
Õ = ± 4( Ä , æ ) at Ç = Ú 2 (boundary condition).

The solution Õ ( Ä , Ç , æ ) is determined by the formula in Paragraph 2.2.1-14 whereØ ( Ä , Ç , ä , È , æ ) = Æ ³Ü Ý
=1 ñ

Ý
( Ä ) ñ

Ý
( ä )ò ñ

Ý ò 2 exp(− ë ó 2

Ý æ ) Ê Æ ³Üî =1 ô î ( Ç ) ô î ( È )ò ô î ò 2 exp(− ë õ 2î æ ) Ê
,

ñ
Ý

( Ä ) = cos( ó Ý Ä ) +
ð 1ó Ý

sin( ó Ý Ä ),
ò ñ

Ý ò 2 =
ð 2

2 ó 2

Ý ó 2

Ý
+ ð 2

1ó 2

Ý
+ ð 2

2
+

ð 1

2 ó 2

Ý
+

Ú 1
2 ö 1 +

ð 2
1ó 2

Ý ÷
,

ô î ( Ç ) = cos( õ î Ç ) +
ð 3õ î sin( õ î Ç ),

ò ô î ò 2 =
ð 4

2 õ 2î õ 2î + ð 2
3õ 2î + ð 2
4

+
ð 3

2 õ 2î +
Ú 2
2 ö 1 +

ð 2
3õ 2î ÷

.

Here, the ó Ý
and õ î are positive roots of the transcendental equations

tan( ó Ú 1)ó =
ð 1 + ð 2ó 2 − ð 1 ð 2

,
tan( õ Ú 2)õ =

ð 3 + ð 4õ 2 − ð 3 ð 4
.
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2.2.1-16. Domain: 0 ≤ ø ≤ Ú 1, 0 ≤ Ç ≤ Ú 2. Mixed boundary value problem.

A rectangle is considered. The following conditions are prescribed:Õ = Ö ( ø , Ç ) at æ = 0 (initial condition),Õ = ± 1( Ç , æ ) at ø = 0 (boundary condition),Õ = ± 2( Ç , æ ) at ø = Ú 1 (boundary condition),× ê Õ = ± 3( ø , æ ) at Ç = 0 (boundary condition),× ê Õ = ± 4( ø , æ ) at Ç = Ú 2 (boundary condition).

The solution is given by the formula of Subsection 2.1.1-19 (Item 1 á ) with the additional termâ ã
0

â Û 1

0

â Û 2

0 Ù ( ä , È , å ) Ø ( ø , Ç , ä , È , æ − å ) ç È ç ä ç å ,

which takes into account the equation’s nonhomogeneity.

2.2.2. Problems in Polar Coordinates
The heat equation with a volume source in the polar coordinate system ù , ñ is written as× Õ× æ = ë ö × 2 Õ× ù 2 +

1ù × Õ× ù +
1ù 2

× 2 Õ× ñ 2

÷
+ Ù ( ù , ñ , æ ).

Solutions of the form Õ = Õ ( ù , æ ) that are independent of the angular coordinate ñ and govern
plane thermal processes with central symmetry, are presented in Subsection 1.2.2.

2.2.2-1. Domain: 0 ≤ ù < Ô , 0 ≤ ñ ≤ 2 É . Cauchy problem.

An initial condition is prescribed: Õ = Ö ( ù , ñ ) at æ = 0.

Solution: Õ ( ù , ñ , æ ) =
â 2 ú

0

â ³
0

Ö ( ä , È ) Ø ( ù , ñ , ä , È , æ ) ä ç ä ç È
+

â ã
0

â 2 ú
0

â ³
0 Ù ( ä , È , å ) Ø ( ù , ñ , ä , È , æ − å ) ä ç ä ç È ç å ,

where Ø ( ù , ñ , ä , È , æ ) =
1

4 É ë æ exp ì − ù 2 + ä 2 − 2 ù ä cos( ñ − È )
4 ë æ í .

2.2.2-2. Domain: 0 ≤ ù ≤ û , 0 ≤ ñ ≤ 2 É . Different boundary value problems.

1 á . The solution of the first boundary value problem for a circle of radius û is given by the formula
from Subsection 2.1.2-2 with the additional termâ ã

0

â 2 ú
0

â ü
0 Ù ( ä , È , å ) Ø ( ù , ñ , ä , È , æ − å ) ä ç ä ç È ç å , (1)

which allows for the equation’s nonhomogeneity.

2 á . The solution of the second boundary value problem for a circle is given by the formula in
Paragraph 2.1.2-3 with the additional term (1).

3 á . The solution of the third boundary value problem for a circle is given by the formula in Paragraph
2.1.2-4 with the additional term (1).
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2.2.2-3. Domain: û 1 ≤ ù ≤ û 2, 0 ≤ ñ ≤ 2 É . Different boundary value problems.

1 á . The solution of the first boundary value problem for an annular domain is given by the formula
in Paragraph 2.1.2-5 with the additional termâ ã

0

â 2 ú
0

â ü
2ü

1 Ù ( ä , È , å ) Ø ( ù , ñ , ä , È , æ − å ) ä ç ä ç È ç å , (2)

which allows for the equation’s nonhomogeneity.

2 á . The solution of the third boundary value problem for an annular domain is given by the formula
in Paragraph 2.1.2-7 with the additional term (2).

2.2.2-4. Domain: 0 ≤ ù < Ô , 0 ≤ ñ ≤ ñ 0. Different boundary value problems.

1 á . The solution of the first boundary value problem for a wedge domain is given by the formula in
Paragraph 2.1.2-8 with the additional termâ ã

0

â þ
0

0

â ³
0 Ù ( ä , È , å ) Ø ( ù , ñ , ä , È , æ − å ) ä ç ä ç È ç å , (3)

which allows for the equation’s nonhomogeneity.

2 á . The solution of the second boundary value problem for a wedge domain is given by the formula
in Paragraph 2.1.2-9 with the additional term (3).

2.2.2-5. Domain: 0 ≤ ù ≤ û , 0 ≤ ñ ≤ ñ 0. Different boundary value problems.

1 á . The solution of the first boundary value problem for a sector of a circle is given by the formula
of Paragraph 2.1.2-10 with the additional termâ ã

0

â þ
0

0

â ü
0 Ù ( ä , È , å ) Ø ( ù , ñ , ä , È , æ − å ) ä ç ä ç È ç å , (4)

which allows for the equation’s nonhomogeneity.

2 á . The solution of the mixed boundary value problem for a sector of a circle is given by the formula
of Paragraph 2.1.2-11 with the additional term (4).

2.2.3. Axisymmetric Problems
In the case of axial symmetry, the heat equation in the cylindrical coordinate system is written as× Õ× æ = ë ö × 2 Õ× ù 2 +

1ù × Õ× ù +
× 2 Õ× ÿ 2

÷
+ Ù ( ù ,

ÿ
, æ ),

provided there are heat sources or sinks.
One-dimensional axisymmetric problems that have solutions of the form Õ = Õ ( ù , æ ) can be

found in Subsection 1.2.2.

2.2.3-1. Domain: 0 ≤ ù ≤ û , 0 ≤
ÿ

< Ô . Different boundary value problems.

1 á . The solution to the first boundary value problem for a semiinfinite circular cylinder of radius û
is given by the formula of Subsection 2.1.3-2 with the term

2 É â ã
0

â ³
0

â ü
0

ä Ù ( ä , È , å ) Ø ( ù ,
ÿ
, ä , È , æ − å ) ç ä ç È ç å (1)

added; this term takes into account the nonhomogeneity of the equation.
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2 á . The solution to the second boundary value problem for a semiinfinite circular cylinder is given
by the formula of Subsection 2.1.3-3 with the additional term (1).

3 á . The solution to the third boundary value problem for a semiinfinite circular cylinder is given by
the formula of Subsection 2.1.3-4 with the additional term (1).

4 á . The solutions to various mixed boundary value problems for a semiinfinite circular cylinder are
defined by formulas of Subsection 2.1.3-5 with additional terms of the form (1).

2.2.3-2. Domain: 0 ≤ ù ≤ û , 0 ≤
ÿ

≤ Ú . Different boundary value problems.

1 á . The solution to the first boundary value problem for a circular cylinder of radius û and length Ú
is given by the formula of Subsection 2.1.3-6 with the term

2 É â ã
0

â Û
0

â ü
0

ä Ù ( ä , È , å ) Ø ( ù ,
ÿ
, ä , È , æ − å ) ç ä ç È ç å , (2)

added; this term takes into account the nonhomogeneity of the equation.

2 á . The solution to the second boundary value problem for a finite circular cylinder is given by the
formula of Subsection 2.1.3-7 with the additional term (2).

3 á . The solution to the third boundary value problem for a finite circular cylinder is given by the
formula of Subsection 2.1.3-8 with the additional term (2).

4 á . The solutions to various mixed boundary value problems for a finite circular cylinder are defined
by formulas of Subsection 2.1.3-9 with additional terms of the form (2).

2.2.3-3. Domain: û 1 ≤ ù ≤ û 2, 0 ≤
ÿ

≤ Ú . First and second boundary value problems.

1 á . The solution to the first boundary value problem for a hollow circular cylinder of interior
radius û 1, exterior radius û 2, and length Ú is given by the formula of Subsection 2.1.3-10 with the
term

2 É â ã
0

â Û
0

â ü
2ü

1

ä Ù ( ä , È , å ) Ø ( ù ,
ÿ
, ä , È , æ − å ) ç ä ç È ç å (3)

added; this term takes into account the equation’s nonhomogeneity.

2 á . The solution to the second boundary value problem for a finite hollow circular cylinder is given
by the formula of Subsection 2.1.3-11 with the additional term (3).

2.2.3-4. Domain: û 1 ≤ ù ≤ û 2, 0 ≤
ÿ

≤ Ú . Third boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:Õ = Ö ( ù ,
ÿ
) at æ = 0 (initial condition),× � Õ − ð 1

Õ = �
1(

ÿ
, æ ) at ù = û 1 (boundary condition),× � Õ + ð 2

Õ = �
2(

ÿ
, æ ) at ù = û 2 (boundary condition),× � Õ − ð 3

Õ = �
3( ù , æ ) at

ÿ
= 0 (boundary condition),× � Õ + ð 4

Õ = �
4( ù , æ ) at

ÿ
= Ú (boundary condition).
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Solution: Õ ( ù ,

ÿ
, æ ) = 2 � â Û

0

â ü
2ü

1

ä Ö ( ä , � ) Ø ( ù ,
ÿ
, ä , � , æ ) ç ä ç �

− 2 � ë û 1

â ã
0

â Û
0

�
1( � , å ) Ø ( ù ,

ÿ
, û 1, � , æ − å ) ç � ç å

+ 2 � ë û 2

â ã
0

â Û
0

�
2( � , å ) Ø ( ù ,

ÿ
, û 2, � , æ − å ) ç � ç å

− 2 � ë â ã
0

â ü
2ü

1

ä � 3( ä , å ) Ø ( ù ,
ÿ
, ä , 0, æ − å ) ç ä ç å

+ 2 � ë â ã
0

â ü
2ü

1

ä � 4( ä , å ) Ø ( ù ,
ÿ
, ä , Ú , æ − å ) ç ä ç å

+ 2 � â ã
0

â Û
0

â ü
2ü

1

ä Ù ( ä , � , å ) Ø ( ù , ä ,
ÿ
, � , æ − å ) ç ä ç � ç å .

Here, the Green’s function is given byØ ( ù ,
ÿ
, ä , � , æ ) = Ø 1( ù , ä , æ ) Ø 2(

ÿ
, � , æ ),Ø 1( ù , ä , æ ) =

�
4

³Ü Ý
=1

õ 2

Ý� Ý � ð 2 � 0( õ Ý û 2) − õ Ý � 1( õ Ý û 2) � 2 	 Ý
( ù ) 	 Ý

( ä ) exp(− õ 2

Ý ë æ ),

2(

ÿ
, � , æ ) = ³�î =1 ñ î (

ÿ
) ñ î ( � )ò ñ î ò 2 exp � − ó 2î ë æ� ,

where� �
= ( õ 2� + ð 2

2)
� ð 1 � 0( õ � û 1) + õ � � 1( õ � û 1) � 2 − ( õ 2� + ð 2

1)
� ð 2 � 0( õ � û 2) − õ � � 1( õ � û 2) � 2,	 �

( ù ) =
� ð 1 � 0( õ � û 1) + õ � � 1( õ � û 1) � � 0( õ � ù ) −

� ð 1 � 0( õ � û 1) + õ � � 1( õ � û 1) � � 0( õ � ù ),

ñ î (
ÿ
) = ó î cos( ó î ÿ

) + ð 3 sin( ó î ÿ
),

ò ñ î ò 2 =
ð 4

2
ó 2î + ð 2

3ó 2î + ð 2
4

+
ð 3

2
+ �

2
� ó 2î + ð 2

3  ,� 0( õ ), � 1( õ ), � 0( õ ), and � 1( õ ) are the Bessel functions, the õ �
are positive roots of the transcendental

equation� ð 1 � 0( õ û 1) + õ � 1( õ û 1) � � ð 2 � 0( õ û 2) − õ � 1( õ û 2) �
−

� ð 2 � 0( õ û 2) − õ � 1( õ û 2) � � ð 1 � 0( õ û 1) + õ � 1( õ û 1) � = 0,

and the ó î are positive roots of the transcendental equation

tan ó �ó =
ð 3 + ð 4ó 2 − ð 3 ð 4

.è?é
Reference: A. G. Butkovskiy (1979).

2.2.3-5. Domain: û 1 ≤ ù ≤ û 2, 0 ≤
ÿ

≤ � . Mixed boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � ( ù ,
ÿ
) at æ = 0 (initial condition),� � � − ð 1

� = �
1(

ÿ
, æ ) at ù = û 1 (boundary condition),� � � + ð 2

� = �
2(

ÿ
, æ ) at ù = û 2 (boundary condition),� = �

3( ù , æ ) at
ÿ

= 0 (boundary condition),� = �
4( ù , æ ) at

ÿ
= � (boundary condition).
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Solution: � ( ù ,
ÿ
, æ ) = 2 � � �

0
� ü

2ü
1

ä � ( ä , � ) � ( ù , � , ä , � , � ) � ä � �
− 2 � � û 1 � ã

0
� �

0 � 1( � , å ) � ( ù , � , û 1, � , � − å ) � � � å
+ 2 � � û 2 � ã

0
� �

0 � 2( � , å ) � ( ù , � , û 2, � , � − å ) � � � å
+ 2 � � � ã

0
� ü

2ü
1

ä � 3( ä , å ) �   � � ( ù , � , ä , � , � − å ) ! "
=0

� # � $
− 2 � � � %

0
� ü

2ü
1

# � 4( # , $ ) �   � � ( ù , � , # , � , � − $ ) ! "
= � � # � $

+ 2 � � %
0

� �
0

� ü
2ü

1

# & ( # , � , $ ) � ( ù , # , � , � , � − $ ) � # � � � $ .

Here, � ( ù , # , � , � , � ) = � 1( ù , # , � ) 2' ()* =1

sin + � , �' -
sin + � , �' -

exp . −
� 2 , 2 � �'

2 / ,

where the expression of � 1( ù , # , � ) is specified in Subsection 2.2.3-4.0 Subsection 3.2.2 presents solutions of other boundary value problems; a more general, three-
dimensional equation is discussed there.

2.3. Other Equations
2.3.1. Equations Containing Arbitrary Parameters

1. 1 21 3 = 4 . 1 2 21 5 2
+ 1 2 21 6 2 / + ( 7 5 + 8 6 + 9 ) 2 .

The transformation:
( ; , < , � ) = = ( # , � , � ) exp

�
( >?; + @A< + B ) � + 1

3 � ( > 2 + @ 2) � 3 � , # = ; + � >?� 2, � = < + � @A� 2

leads to the two-dimensional heat equation  % = = � C  D�D = +  "E" = F .
See also Niederer (1973) and Boyer (1974).

2. 1 21 3 = 4 . 1 2 21 5 2
+ 1 2 21 6 2 / – C 7 5 2 + 7 6 2 + 9 F 2 , 7 > 0.

The transformation ( G is an arbitrary constant):
( ; , < , � ) = = ( # , � , $ ) exp H 1

2 I >� ( ; 2 + < 2) + C 2 J � > − B F �LK ,# = ; exp C 2 J � > ��F , � = < exp C 2 J � > ��F , $ =
1

4 J � > exp C 4 J � > ��F + G
leads to the two-dimensional heat equation  M = = � C  D�D = +  "E" = F .

See also Niederer (1973) and Boyer (1974).
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3. 1 21 3 = 4 . 1 2 21 5 2
+ 1 2 21 6 2 / + CL7 5 2 + 7 6 2 – 9 F 2 , 7 > 0.

The transformation:
( ; , < , � ) =

1
cos C 2 J � > � F exp H J >

2 J � tan C 2 J � > � F C ; 2 + < 2 F − B �LK = ( # , � , $ ),# =
;

cos C 2 J � > ��F , � =
<

cos C 2 J � > ��F , $ = J �
2 J > tan C 2 J � > � F

leads to the two-dimensional heat equation  M = =  D�D = +  "E" = .
See also Niederer (1973) and Boyer (1974).

4. 1 21 3 = 1 2 21 5 2
+ 1 2 21 6 2

+ C 4 5 –2 + 7 6 –2 F 2 .

This is a special case of equation 2.3.2.7. Boyer (1976) showed that this equation admits the
separation of variables into 25 systems of coordinates for � > = 0 and 15 systems of coordinates for� > ≠ 0.

5. 1 21 3 = 4 . 1 2 21 5 2
+ 1 2 21 6 2 / + ( 7 3ON 5 + 8 3?P 6 + s 3RQ ) 2 .

This is a special case of equation 2.3.2.2 with S ( T ) = >?TVU , W ( T ) = @AT * , and X ( T ) = YAT[Z .

6. 1 21 3 = 4 . 1 2 21 5 2
+ 1 2 21 6 2 / + \ – 7 ( 5 2 + 6 2) + 8 1 3?N 1 5 + 8 2 3?N 2 6 + s 3RQ � 2 .

This is a special case of equation 2.3.2.3 with S ( T ) = @ 1 T]U 1 , W ( T ) = @ 2 T]U 2 , and X ( T ) = YAT[Z .

7. 1 21 3 = 4 . 1 2 21 5 2
+ 1 2 21 6 2 / + 7 1 1 21 5 + 7 2 1 21 6 + 8 2 .

This equation describes an unsteady temperature (concentration) field in a medium moving with a
constant velocity, provided there is volume release (absorption) of heat proportional to temperature.

The substitution :
( ; , < , T ) = exp C_^ 1 ; + ^ 2 < + ` T F a ( ; , < , T ),^ 1 = −

> 1

2 b , ^ 2 = −
> 2

2 b , ` = @ −
> 2

1 + > 2
2

4 b ,

leads to the two-dimensional heat equation c % a = b d 2 a that is considered in Subsection 2.1.1.

8. 1 21 3 = 4 . 1 2 21 5 2
+ 1 2 21 6 2 / + 7 1 1 21 5 + 7 2 1 21 6 + ( 8 1 5 + 8 2 6 + 9 ) 2 .

The transformation:
( ; , < , T ) = exp \ ( @ 1 ; + @ 2 < ) T + 1

3 b ( @ 2
1 + @ 2

2) T 3 + 1
2 ( > 1 @ 1 + > 2 @ 2) T 2 + B T � a ( # , e , T ),# = ; + b @ 1 T 2 + > 1 T , e = < + b @ 2 T 2 + > 2 T

leads to the two-dimensional heat equation c % a = b ( c D�D a + c "E" a ) that is considered in Subsec-
tion 2.1.1.

9. 1 21 3 = 4 . 1 2 21 5 2
+ 1 2 21 6 2 / + 7 1 3?N 1 1 21 5 + 7 2 3?N 2 1 21 6 + ( 8 1 3?P 1 5 + 8 2 3?P 2 6 + s 3RQ ) 2 .

This is a special case of equation 2.3.2.5. The equation can be reduced to the two-dimensional heat
equation treated in Subsection 2.1.1.
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10. f gh 1 21 3 +
gh 2

2 i . 1 2 21 5 2
+ 1 2 21 6 2 / = 0.

Two-dimensional Schrödinger equation, j 2 = −1.
Fundamental solution:k k

( ; , < , T ) = −
jL,

2 l gX 2 T exp H jL,
2 gX T ( ; 2 + < 2) − j l

2
K .mon

Reference: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974).

2.3.2. Equations Containing Arbitrary Functions

1. 1 21 3 = 4 . 1 2 21 5 2
+ 1 2 21 6 2 / + p ( 3 ) 2 .

This equation describes two-dimensional thermal phenomena in quiescent media or solids with
constant thermal diffusivities in the case of unsteady volume heat release proportional to temperature.

The substitution

:
( ; , < , T ) = exp \rq S ( T ) s T �ra ( ; , < , T ) leads to the two-dimensional heat equationc t a = b ( c u u a + c vEv a ) treated in Subsection 2.1.1.

2. 1 21 3 = 4 w x 2 yx z 2
+ x 2 yx { 2 | + [ z p ( } ) + { ~ ( } ) +

h
( } )] y .

The transformation�
( � , � , T ) = � ( � , e , T ) exp ��� � ( T ) + � � ( T ) + � ( � ) + b � � 2( � ) � � + b � � 2( � ) � ��� ,� = � + 2 b � � ( � ) � � , e = � + 2 b � � ( � ) � � ,

where � ( � ) = � � ( � ) � � , � ( � ) = � � ( � ) � � , � ( � ) = � � ( � ) � � ,
leads to the two-dimensional heat equation c ��� = b �_c ���E� + c �E� � � .

3. x yx } = � w x 2 yx z 2
+ x 2 yx { 2 | + [– � ( z 2 + { 2) + � ( } ) z + ~ ( } ) { + � ( } )] y .

1 � . Case � > 0. The transformation�
( � , � , � ) = � ( � , e , � ) exp � 1

2 � �b ( � 2 +   2) � ,¡
= � exp � 2 ¢ b � £�� , e =   exp � 2 ¢ ¤ � £�� , � =

1
4 ¢ ¤ � exp � 4 ¢ ¤ � £��

leads to an equation of the form 2.3.2.2:¥ ¦¥ £ = ¤ § ¥ 2 ¦¥ ¡ 2 +
¥ 2 ¦¥ ¨ 2 © + ª«� ( � )

¡
+ ¬ ( � )

¨
+  ( � ) ® ¦ ,� ( � ) =

1
( ¯A� )3 ° 2 � § ln( ¯A� )¯ © , ¬ ( � ) =

1
( ¯A� )3 ° 2 � § ln( ¯A� )¯ © ,  ( � ) =

1¯A� � § ln( ¯A� )¯ © +
1

2 � , ¯ = 4 ¢ ¤ � .
2 � . Case � < 0. The transformation±

( � ,   , £ ) = ² ( ¯¡ , ¯
¨

, ¯� ) exp ³ ¢ − �
2 ¢ ¤ tan � 2 ¢ − ¤ � £�� ( � 2 +   2) � ,

¯¡ =
�

cos � 2 ¢ − ¤ � £�� , ¯
¨

=
 

cos � 2 ¢ − ¤ � £�� , ¯� =
1

2 ¢ − ¤ � tan � 2 ¢ − ¤ � £ �
also leads to an equation of the form 2.3.2.2 (the transformed equation is not written out here).
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4.
� �� � = � 1(

�
)
� 2 �� � 2

+ � 2(
�
)
� 2 �� � 2

+ � (
�

,
�

,
�
).

This is a special case of equation 2.3.2.8. Let 0 < � 1( � ) < 	 and 0 < � 2( � ) < 	 .
For the first, second, third, and mixed boundary value problems treated in rectangular, finite, or

infinite domains ( 
 1 ≤ 
 ≤ 
 2, � 1 ≤ � ≤ � 2), the Green’s function can be represented in the product
form �

( 
 , � ,  , � , � , � ) =
�

1( 
 ,  , � 1)
�

2( � , � , � 2),� 1 =
� �� � 1( � ) � � , � 2 =

� �� � 2( � ) � � .

Here,
�

1 =
�

1( 
 ,  , � ) is the auxiliary Green’s function that corresponds to the one-dimensional
heat equation for � 1( � ) = 1, � 2( � ) = 0, and � ( 
 , � , � ) = 0 with homogeneous boundary conditions
at 
 = 
 1 and 
 = 
 2 (the

�
1’s for various boundary value problems can be found in Subsections

1.1.1 and 1.1.2). Similarly,
�

2 =
�

2( � , � , � ) is the auxiliary Green’s function that corresponds to
the one-dimensional heat equation for � 1( � ) = 0, � 2( � ) = 1, and � ( 
 , � , � ) = 0 with homogeneous
boundary conditions at � = � 1 and � = � 2. Note that the Green’s functions

�
1 and

�
2 are introduced

for � = 0.
See Subsection 0.8.1 for solution of various boundary value problems with the help of the

Green’s function.
Example 1. Domain: − � < � < � , − � < � < � . Cauchy problem.

An initial condition is prescribed: �
= � ( � , � ) at � = 0.

Solution:�
( � , � , � ) = � �

0
� �

− � � �
− � � (  , ! , " ) # ( � , � ,  , ! , � , " ) $% $%! $%" + � �

− � � �
− � � (  , ! ) # ( � , � ,  , ! , � , 0) $% $%! ,

where # ( � , � ,  , ! , � , " ) =
1

4 & ' ( 1 ( 2
exp ) − ( � −  )2

4 ( 1
−

( � − ! )2

4 ( 2 * , ( 1 = � �+ , 1( ! ) $%! , ( 2 = � �+ , 2( ! ) $%! .

Example 2. Domain: 0 ≤ � < � , 0 ≤ � < � . Second boundary value problem.
The following conditions are prescribed:�

= � ( � , � ) at � = 0 (initial condition),-/. �
= 0 1( � , � ) at � = 0 (boundary condition),-/1 �
= 0 2( � , � ) at � = 0 (boundary condition).

Solution:�
( � , � , � ) = � �

0
� �

0
� �

0 � (  , ! , " ) # ( � , � ,  , ! , � , " ) $% $%! $%" + � �
0

� �
0

� (  , ! ) # ( � , � ,  , ! , � , 0) $% $%!
− � �

0
� �

0 , 1( " ) 0 1( ! , " ) # ( � , � , 0, ! , � , " ) $%! $%" − � �
0

� �
0 , 2( " ) 0 2(  , " ) # ( � , � ,  , 0, � , " ) $% $%" ,

where # ( � , � ,  , ! , � , " ) = # 1( � ,  , ( 1) # 2( � , ! , ( 2),# 1( � ,  , ( 1) =
1

2 ' & ( 1 2 exp ) − ( � −  )2

4 ( 1 * + exp ) − ( � +  )2

4 ( 1 * 3 , ( 1 = � �+ , 1( ! ) $%! ,# 2( � , ! , ( 2) =
1

2 ' & ( 2 2 exp ) − ( � − ! )2

4 ( 2 * + exp ) − ( � + ! )2

4 ( 2 * 3 , ( 2 = � �+ , 2( ! ) $%! .

Example 3. Domain: 0 ≤ � ≤ 4 1, 0 ≤ � ≤ 4 2. First boundary value problem.
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The following conditions are prescribed:�
= � ( � , � ) at � = 0 (initial condition),�
= 0 1( � , � ) at � = 0 (boundary condition),�
= 0 2( � , � ) at � = 4 1 (boundary condition),�
= 5 1( � , � ) at � = 0 (boundary condition),�
= 5 2( � , � ) at � = 4 2 (boundary condition).

Solution:�
( � , � , � ) = � �

0
� 6 1

0
� 6 2

0 � (  , ! , " ) # ( � , � ,  , ! , � , " ) $%! $% $%" + � 6 1
0

� 6 2
0

� (  , ! ) # ( � , � ,  , ! , � , 0) $%! $% 
+ � �

0
� 6 2

0 , 1( " ) 0 1( ! , " ) ) --  # ( � , � ,  , ! , � , " ) * 7 =0
$%! $%" − � �

0
� 6 2

0 , 1( " ) 0 2( ! , " ) ) --  # ( � , � ,  , ! , � , " ) * 7 = 6 1 $%! $%"
+ � �

0
� 6 1

0 , 2( " ) 5 1(  , " ) ) -- ! # ( � , � ,  , ! , � , " ) * 8 =0
$% $%" − � �

0
� 6 1

0 , 2( " ) 5 2(  , " ) ) -- ! # ( � , � ,  , ! , � , " ) * 8 = 6 2 $% $%" ,

where # ( � , � ,  , ! , � , " ) = # 1( � ,  , ( 1) # 2( � , ! , ( 2),# 1( � ,  , ( 1) =
24 1 �9 :

=1

sin ; < & �4 1 = sin ; < &  4 1 = exp ; − < 2 & 2 ( 14 12 = , ( 1 = � �+ , 1( ! ) $%! ,# 2( � , ! , ( 2) =
24 2 �9 :

=1

sin ; < & �4 2 = sin ; < & !4 2 = exp ; − < 2 & 2 ( 24 22 = , ( 2 = � �+ , 2( ! ) $%! .

5.
� �� � = � 1(

�
)
� 2 �� � 2

+ � 2(
�
)
� 2 �� � 2

+ [ > 1(
�
)
�

+ ? 1(
�
)]

� �� �
+ [ > 2(

�
)
�

+ ? 2(
�
)]

� �� � + [s1(
�
)
�

+ s2(
�
)
�

+ @ (
�
)]

�
.

The transformationA ( 
 , � , � ) = exp BDC 1( � ) 
 + C 2( � ) � + E ( � ) F%G (  , � , � ),  = H 1( � ) 
 + I 1( � ), � = H 2( � ) � + I 2( � ),
where H J ( � ) = K J exp L � M J ( � ) � �ON ,C J ( � ) = H J ( � ) � P J ( � )H J ( � ) � � + Q J H J ( � ),I J ( � ) =

� B 2 � J ( � ) C J ( � ) + RSJ ( � ) F H J ( � ) � � + T J ,E ( � ) =
� B � 1( � ) C 2

1 ( � ) + � 2( � ) C 2
2 ( � ) + R 1( � ) C 1( � ) + R 2( � ) C 2( � ) + U ( � ) F � � + V ,

( W = 1, 2; K J , Q J , T J , and V are arbitrary constants), leads to an equation of the form 2.3.2.4:X GX � = � 1( � ) H 2
1( � ) X 2 GX  2 + � 2( � ) H 2

2( � ) X 2 GX � 2 .

6.
� �� � = � 1(

�
)
� 2 �� � 2

+ � 2(
�
)
� 2 �� � 2

+ [ > 1(
�
)
�

+ ? 1(
�
)]

� �� � + [ > 2(
�
)
�

+ ? 2(
�
)]

� �� �
+ [s1(

�
)
� 2 + s2(

�
)
� 2 + @ 1(

�
)
�

+ @ 2(
�
)
�

+ Y (
�
)]

�
.

The substitution A ( 
 , � , � ) = exp B C 1( � ) 
 2 + C 2( � ) � 2 F G ( 
 , � , � ),
where the functions C 1 = C 1( � ) and C 2 = C 2( � ) are solutions of the Riccati equationsC Z1 = 4 � 1( � ) C 2

1 + 2
M

1( � ) C 1 +
P

1( � ),C Z2 = 4 � 2( � ) C 2
2 + 2

M
2( � ) C 2 +

P
2( � ),

leads to an equation of the form 2.3.2.5 for G = G ( 
 , � , � ).
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7.
� �� � = � 1(

�
)
� 2 �� � 2

+ � 2(
�

)
� 2 �� � 2

+ > 1(
�

)
� �� � + > 2(

�
)
� �� � + [ ? 1(

�
) + ? 2(

�
)]

�
+ � (

�
,
�

,
�
).

Domain: 
 1 ≤ 
 ≤ 
 2, � 1 ≤ � ≤ � 2. Different boundary value problems:A = C ( 
 , � ) at � = 0 (initial condition),P
1
X [ A − W 1

A = E 1( � , � ) at 
 = 
 1 (boundary condition),P
2
X [ A + W 2

A = E 2( � , � ) at 
 = 
 2 (boundary condition),P
3
X \ A − W 3

A = E 3( 
 , � ) at � = � 1 (boundary condition),P
4
X \ A + W 4

A = E 4( 
 , � ) at � = � 2 (boundary condition).

By choosing appropriate parameters
P%]

, W ]
( ^ = 1, 2, 3, 4), one obtains the first, second, third, or

mixed boundary value problem. If the domain is infinite, say, 
 2 = 	 , the corresponding boundary
condition should be omitted; this is also valid for 
 1 = − 	 , � 1 = − 	 , or � 2 = 	 .

The Green’s function admits incomplete separation of variables; specifically, it can be repre-
sented in the product form �

( 
 , � ,  , � , � ) =
�

1( 
 ,  , � ) � 2( � , � , � ).
Here,

�
1 =

�
1( 
 ,  , � ) and

�
2 =

�
2( � , � , � ) are auxiliary Green’s functions that are determined by

solving the following simpler one-dimensional problems with homogeneous boundary conditions:X �
1X � = � 1( 
 )

X 2 �
1X 
 2 +

M
1( 
 )

X �
1X 
 + R 1( 
 )

�
1,

X �
2X � = � 2( � )

X 2 �
2X � 2 +

M
2( � )

X �
2X � + R 2( � )

�
2,�

1 = _ ( 
 −  ) at � = 0,P
1
X [ �

1 − W 1
�

1 = 0 at 
 = 
 1,P
2
X [ �

1 + W 2
�

1 = 0 at 
 = 
 2,

�
2 = _ ( � − � ) at � = 0,P

3
X \ �

2 − W 3
�

2 = 0 at � = � 1,P
4
X \ �

2 + W 4
�

2 = 0 at � = � 2,

where  and � are free parameters, and _ ( 
 ) is the Dirac delta function.
The equation for

�
1 coincides with equation 1.8.6.5, which is reduced to the equation of

Subsection 1.8.9 (where the expression of the Green’s function can also be found). In the general
case, the equation for

�
2 differs from the equation for

�
1 in only notation.

8. ` a` b = c 1( d , b ) ` 2 a` d 2
+ c 2( e , b ) ` 2 a` e 2

+ > 1( d , b ) ` a` d
+ > 2( e , b ) ` a` e + [ ? 1( d , b ) + ? 2( e , b )] a + f ( d , e , b ).

Suppose this equation is subject to the same initial and boundary conditions as equation 2.3.2.7.
Then the Green’s function for this problem can be represented in the product formg

( h , i , j , k , l , m ) =
g

1( h , j , l , m )
g

2( i , k , l , m ).

Here,
g

1 =
g

1( h , j , l , m ) and
g

2 =
g

2( i , k , l , m ) are auxiliary Green’s functions that are determined
by solving the following simpler boundary value problems with homogeneous boundary conditions:- # 1- n = , 1( o ,

n
)
- 2 # 1- o 2 + p 1( o ,

n
)
- # 1- o + q 1( o ,

n
) # 1,

- # 2- n = , 2( r ,
n
)
- 2 s

2- r 2 + p 2( r ,
n
)
- s

2- r + q 2( r ,
n
) s 2,s

1 = t ( o − u ) at
n

= v ,w
1
-/. s

1 − x 1
s

1 = 0 at o = o 1,w
2
-/. s

1 + x 2
s

1 = 0 at o = o 2,

s
2 = t ( r − y ) at

n
= v ,w

3 z/{ s 2 − x 3
s

2 = 0 at r = r 1,w
4 z/{ s 2 + x 4

s
2 = 0 at r = r 2,

where j , k , and m are free parameters, and _ ( h ) is the Dirac delta function, l ≥ m .
See Subsection 0.8.1 for the solution of boundary value problems with the help of the Green’s

function.
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Chapter 3

Parabolic Equations with
Three or More Space Variables

3.1. Heat Equation | }| ~ = � � 3 }
3.1.1. Problems in Cartesian Coordinates
The three-dimensional sourceless heat equation in the rectangular Cartesian system of coordinates
has the form � �� l = � � �

2
�� h 2 +

�
2
�� i 2 +

�
2
�� �
2 � .

It governs three-dimensional thermal phenomena in quiescent media or solids with constant thermal
diffusivity. A similar equation is used to study the corresponding three-dimensional unsteady
mass-exchange processes with constant diffusivity.

3.1.1-1. Particular solutions:�
( � , � ,

�
, l ) = � � 2 + � � 2 + � �

2 + 2 � ( � + � + � ) � ,�
( � , � ,

�
, � ) = � ( � 2 + 2 � � )( � 2 + 2 � � )( � 2 + 2 � � ) + � ,�

( � , � ,
�
, � ) = � exp ��� 1 � + � 2 � + � 3

�
+ ( � 2

1 + � 2
2 + � 2

3) � ��� + � ,�
( � , � ,

�
, � ) = � cos( � 1 � + � 1) cos( � 2 � + � 2) cos( � 3

�
+ � 3) exp � −( � 2

1 + � 2
2 + � 2

3) � � � ,�
( � , � ,

�
, � ) = � cos( � 1 � + � 1) cos( � 2 � + � 2) sinh( � 3

�
+ � 3) exp � −( � 2

1 + � 2
2 − � 2

3) � ��� ,�
( � , � ,

�
, � ) = � cos( � 1 � + � 1) cos( � 2 � + � 2) cosh( � 3

�
+ � 3) exp � −( � 2

1 + � 2
2 − � 2

3) � � � ,�
( � , � ,

�
, � ) = � exp(− � 1 � − � 2 � − � 3

�
) cos( � 1 � − 2 � � 2

1 � ) cos( � 2 � − 2 � � 2
2 � ) cos( � 3

�
− 2 � � 2

3 � ),�
( � , � ,

�
, � ) =

�
( � − � 0)3 � 2 exp � − ( � − � 0)2 + ( � − � 0)2 + (

�
−

�
0)2

4 � ( � − � 0) � ,�
( � , � ,

�
, � ) = � erf � � − � 0

2 � � � � erf � � − � 0

2 � � � � erf � �
−

�
0

2 � � � � + � ,

where � , � , � , � 1, � 2, � 3, � 1, � 2, � 3, � 0, � 0,
�

0, and � 0 are arbitrary constants.
Fundamental solution:� �

( � , � ,
�
, � ) =

1
8( � � � )3 � 2 exp � −

� 2 + � 2 +
�

2

4 � � � .

3.1.1-2. Formulas to construct particular solutions. Remarks on the Green’s functions.

1 � . Apart from usual solutions with separated variables,�
( � , � ,

�
, � ) = � 1( � ) � 2( � ) � 3(

�
) � 4( � ),
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the equation in question admits more sophisticated solutions in the product form�
( � , � ,

�
, � ) = � 1( � , � ) � 2( � , � ) � 3(

�
, � ),

where the functions � 1 = � 1( � , � ), � 2 = � 2( � , � ), and � 3 = � 3( � , � ) are solutions of the one-dimensional
heat equations � � 1� � = � �

2 � 1� � 2 ,

� � 2� � = � �
2 � 2� � 2 ,

� � 3� � = � �
2 � 3� �

2 ,

treated in Subsection 1.1.1.

2 � . Suppose
�

=
�

( � , � ,
�
, � ) is a solution of the three-dimensional heat equation. Then the functions�

1 = � �
( � � � + � 1, � � � + � 2, � � �

+ � 3, � 2 � + � 4),�
2 = � exp � � 1 � + � 2 � + � 3

�
+ ( � 2

1 + � 2
2 + � 2

3) � � � � ( � + 2 � � 1 � , � + 2 � � 2 � , �
+ 2 � � 3 � , � ),�

3 =
�

| � + � � |3 � 2 exp � − � ( � 2 + � 2 +
�

2)
4 � ( � + � � ) � � � �� + � � ,

�� + � � ,

�� + � � , � + � �� + � � � , � � − � � = 1,

where � , � 1, � 2, � 3, � 4, � , � 1, � 2, � 3, � , and � are arbitrary constants, are also solutions of this
equation. The signs at � in the formula for

�
1 can be taken independently of one another.

3 � . For the three-dimensional boundary value problems considered in Subsection 3.1.1, the Green’s
function can be represented in the product form 

( � , � ,
�
, ¡ , ¢ , £ , � ) =

 
1( � , ¡ , � )   2( � , ¢ , � )   3(

�
, £ , � ),

where
 

1( � , ¡ , � ),  
2( � , ¢ , � ),  

3(
�
, £ , � ) are the Green’s functions of the corresponding one-

dimensional boundary value problems; these functions can be found in Subsections 1.1.1 and
1.1.2.

Example 1. The Green’s function of the mixed boundary value problem for a semiinfinite layer (− ¤ < ¥ < ¤ ,
0 ≤ ¦ < ¤ , 0 ≤ § < ¨ ) presented in Paragraph 3.1.1-14 is the product of three one-dimensional Green’s functions from
Paragraph 1.1.2-1 (Cauchy problem for − ¤ < ¥ < ¤ ), Paragraph 1.1.2-2 (first boundary value problem for 0 ≤ ¦ < ¤ ),
and Paragraph 1.1.2-6 (second boundary value problem for 0 ≤ § < ¨ ), in which one needs to carry out obvious renaming of
variables.

3.1.1-3. Domain: − © < � < © , − © < � < © , − © <
�

< © . Cauchy problem.

An initial condition is prescribed: �
= � ( � , � ,

�
) at � = 0.

Solution:�
( � , � ,

�
, � ) =

1
8( � � � )3 � 2 ª «

− « ª «
− « ª «

− « � ( ¡ , ¢ , £ ) exp � − ( � − ¡ )2 + ( � − ¢ )2 + (
�

− £ )2

4 � � � ¬ ¡ ¬ ¢ ¬ £ .

Example 2. The initial temperature is constant and is equal to  1 in the domain | ¥ | < ¥ 0, | ¦ | < ¦ 0, | § | < § 0 and is equal
to  2 in the domain | ¥ | > ¥ 0, | ¦ | > ¦ 0, | § | > § 0; specifically,®

( ¥ , ¦ , § ) = ¯  1 for | ¥ | < ¥ 0, | ¦ | < ¦ 0, | § | < § 0, 2 for | ¥ | > ¥ 0, | ¦ | > ¦ 0, | § | > § 0.

Solution:  =
1
8

(  1 −  2) ° erf ± ¥ 0 − ¥
2 ² ³µ´ ¶ + erf ± ¥ 0 + ¥

2 ² ³µ´ ¶ ·
× ° erf ± ¦ 0 − ¦

2 ² ³µ´ ¶ + erf ± ¦ 0 + ¦
2 ² ³µ´ ¶ · ° erf ± § 0 − §

2 ² ³µ´ ¶ + erf ± § 0 + §
2 ² ³µ´ ¶ · +  2.¸D¹

Reference: H. S. Carslaw and J. C. Jaeger (1984).
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º/¼
3.1.1-4. Domain: 0 ≤ ¾ < © , − © < ¿ < © , − © < À < © . First boundary value problem.

A half-space is considered. The following conditions are prescribed:Á = � ( ¾ , ¿ , À ) at � = 0 (initial condition),Á = Â ( ¿ , À , � ) at ¾ = 0 (boundary condition).

Solution:Á ( ¾ , ¿ , À , � ) = ª «
− « ª «

− « ª «
0

� ( ¡ , ¢ , £ )
 

( ¾ , ¿ , À , ¡ , ¢ , £ , � ) ¬ ¡ ¬ ¢ ¬ £
+ Ã ª Ä

0
ª «

− « ª «
− « Â ( ¢ , £ , Å ) � ÆÆ ¡  

( ¾ , ¿ , À , ¡ , ¢ , £ , Ç − Å ) � È =0 ¬ ¢ ¬ £ ¬ Å ,

where 
( ¾ , ¿ , À , ¡ , ¢ , £ , Ç ) =

1
8( � Ã Ç )3 É 2 Ê exp Ë − ( ¾ − ¡ )2

4 Ã Ç Ì −exp Ë − ( ¾ + ¡ )2

4 Ã Ç Ì Í exp Ë − ( ¿ − ¢ )2+ ( À − £ )2

4 Ã Ç Ì .¸D¹
References: A. G. Butkovskiy (1979), H. S. Carslaw and J. C. Jaeger (1984).

3.1.1-5. Domain: 0 ≤ ¾ < © , − © < ¿ < © , − © < À < © . Second boundary value problem.

A half-space is considered. The following conditions are prescribed:Á = � ( ¾ , ¿ , À ) at Ç = 0 (initial condition),Æ Î Á = Â ( ¿ , À , Ç ) at ¾ = 0 (boundary condition).

Solution: Á ( ¾ , ¿ , À , Ç ) = ª «
− « ª «

− « ª «
0

� ( ¡ , ¢ , £ )
 

( ¾ , ¿ , À , ¡ , ¢ , £ , Ç ) ¬ ¡ ¬ ¢ ¬ £
− Ã ª Ä

0
ª «

− « ª «
− « Â ( ¢ , £ , Å )

 
( ¾ , ¿ , À , 0, ¢ , £ , Ç − Å ) ¬ ¢ ¬ £ ¬ Å ,

where 
( ¾ , ¿ , À , ¡ , ¢ , £ , Ç ) =

1
8( � Ã Ç )3 É 2 Ê exp Ë − ( ¾ − ¡ )2

4 Ã Ç Ì +exp Ë − ( ¾ + ¡ )2

4 Ã Ç Ì Í exp Ë − ( ¿ − ¢ )2+ ( À − £ )2

4 Ã Ç Ì .¸D¹
Reference: A. G. Butkovskiy (1979).

3.1.1-6. Domain: 0 ≤ ¾ < © , − © < ¿ < © , − © < À < © . Third boundary value problem.

A half-space is considered. The following conditions are prescribed:Á = � ( ¾ , ¿ , À ) at Ç = 0 (initial condition),Æ Î Á − Ï Á = Â ( ¿ , À , Ç ) at ¾ = 0 (boundary condition).

The solution Á ( ¾ , ¿ , À , Ç ) is determined by the formula in Paragraph 3.1.1-5 where 
( ¾ , ¿ , À , ¡ , ¢ , £ , Ç ) =

1
8( � Ã Ç )3 É 2 exp Ë − ( ¿ − ¢ )2 + ( À − £ )2

4 Ã Ç Ì Ê exp Ë − ( ¾ − ¡ )2

4 Ã Ç Ì + exp Ë − ( ¾ + ¡ )2

4 Ã Ç Ì
− 2 Ï Ð Ñ Ã Ç exp Ò�Ï 2 Ã Ç + Ï ( ¾ + Ó ) Ô erfc Õ ¾ + Ó

2 Ð Ã Ç + Ï Ð Ã Ç Ö Í .×DØ
Reference: H. S. Carslaw and J. C. Jaeger (1984).
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3.1.1-7. Domain: − Ù < Ú < Ù , − Ù < Û < Ù , 0 ≤ Ü ≤ Ý . First boundary value problem.

An infinite layer is considered. The following conditions are prescribed:Þ = ß ( Ú , Û , Ü ) at à = 0 (initial condition),Þ = á 1( Ú , Û , à ) at Ü = 0 (boundary condition),Þ = á 2( Ú , Û , à ) at Ü = Ý (boundary condition).

Solution:Þ ( Ú , Û , Ü , à ) = â ã
0

â ä
− ä â ä

− ä ß ( Ó , å , æ ) ç ( Ú , Û , Ü , Ó , å , æ , à ) è Ó è å è æ
+ Ã â Ä

0
â ä

− ä â ä
− ä á 1( Ó , å , Å ) é êê æ ç ( Ú , Û , Ü , Ó , å , æ , à − Å ) ë ì

=0
è í è å è Å

− Ã â Ä
0

â ä
− ä â ä

− ä á 2( í , å , Å ) é êê æ ç ( Ú , Û , Ü , í , å , æ , à − Å ) ë ì
= ã è í è å è Å ,

whereç ( Ú , Û , Ü , í , å , æ , à ) =
1

2 î Ã Ýïà exp é − ( Ú − í )2 + ( Û − å )2

4 Ã à ë äðòñ
=1

sin
^ î ÜÝ sin

^ î æÝ exp ó −
^ 2 î 2 Ã àÝ 2 Ö ,

or ç ( Ú , Û , Ü , í , å , æ , à ) =
1

8( î Ã à )3 ô 2 exp é − ( Ú − í )2 + ( Û − å )2

4 Ã à ë
× äðñ

=− ä
õ

exp é − (2 ^ Ý + Ü − æ )2

4 Ã à ë − exp é − (2 ^ Ý + Ü + æ )2

4 Ã à ë ö .×DØ
Reference: H. S. Carslaw and J. C. Jaeger (1984).

3.1.1-8. Domain: − Ù < Ú < Ù , − Ù < Û < Ù , 0 ≤ Ü ≤ Ý . Second boundary value problem.

An infinite layer is considered. The following conditions are prescribed:Þ = ß ( Ú , Û , Ü ) at à = 0 (initial condition),ê ÷ Þ = á 1( Ú , Û , à ) at Ü = 0 (boundary condition),ê ÷ Þ = á 2( Ú , Û , à ) at Ü = Ý (boundary condition).

Solution: Þ ( Ú , Û , Ü , à ) = â ã
0

â ä
− ä â ä

− ä ß ( í , å , æ ) ç ( Ú , Û , Ü , í , å , æ , à ) è í è å è æ
− Ã â Ä

0
â ä

− ä â ä
− ä á 1( í , å , Å ) ç ( Ú , Û , Ü , í , å , 0, à − Å ) è í è å è Å

+ Ã â Ä
0

â ä
− ä â ä

− ä á 2( í , å , Å ) ç ( Ú , Û , Ü , í , å , Ý , à − Å ) è í è å è Å ,

where ç ( Ú , Û , Ü , í , å , æ , à ) =
1

4 î Ã Ýïà exp é − ( Ú − í )2 + ( Û − å )2

4 Ã à ë
× é 1 + 2 äðøñ

=1

cos
^ î ÜÝ cos

^ î æÝ exp ó −
^ 2 î 2 Ã àÝ 2 Ö ë ,
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or ç ( Ú , Û , Ü , í , å , æ , à ) =

1
(2 ÿ î Ã à )3

exp é − ( Ú − í )2 + ( Û − å )2

4 Ã à ë
× äðñ

=− ä
õ

exp é − ( Ü − æ + 2 ^ Ý )2

4 Ã à ë + exp é − ( Ü + æ + 2 ^ Ý )2

4 Ã à ë ö .×DØ
Reference: H. S. Carslaw and J. C. Jaeger (1984).

3.1.1-9. Domain: − Ù < Ú < Ù , − Ù < Û < Ù , 0 ≤ Ü ≤ Ý . Third boundary value problem.

An infinite layer is considered. The following conditions are prescribed:Þ = ß ( Ú , Û , Ü ) at à = 0 (initial condition),ê ÷ Þ − � 1
Þ = á 1( Ú , Û , à ) at Ü = 0 (boundary condition),ê ÷ Þ + � 2
Þ = á 2( Ú , Û , à ) at Ü = Ý (boundary condition).

The solution Þ ( Ú , Û , Ü , à ) is determined by the formula in Paragraph 3.1.1-8 whereç ( Ú , Û , Ü , í , å , æ , à ) =
1

4 î Ã à exp é − ( Ú − í )2 + ( Û − å )2

4 Ã à ë äðòñ
=1

� ñ
( Ü ) � ñ

( æ )� � ñ � 2 exp(− Ã � 2

ñ à ),� ñ
( Ü ) = cos( � ñ Ü ) +

� 1� ñ
sin( � ñ Ü ),

� � ñ � 2 =
� 2

2 � 2

ñ � 2

ñ
+ � 2

1� 2

ñ
+ � 2

2
+

� 1

2 � 2

ñ
+

Ý
2

ó 1 +
� 2

1� 2

ñ Ö .

Here, the � ñ
are positive roots of the transcendental equation

tan( � Ý )� =
� 1 + � 2� 2 − � 1 � 2

.

3.1.1-10. Domain: − Ù < Ú < Ù , − Ù < Û < Ù , 0 ≤ Ü ≤ Ý . Mixed boundary value problem.

An infinite layer is considered. The following conditions are prescribed:Þ = ß ( Ú , Û , Ü ) at à = 0 (initial condition),Þ = á 1( Ú , Û , à ) at Ü = 0 (boundary condition),ê ÷ Þ = á 2( Ú , Û , à ) at Ü = Ý (boundary condition).
Solution:Þ ( Ú , Û , Ü , à ) = â ã

0
â ä

− ä â ä
− ä ß ( í , å , æ ) ç ( Ú , Û , Ü , í , å , æ , à ) è í è å è æ

+ Ã â Ä
0

â ä
− ä â ä

− ä á 1( í , å , Å ) é êê æ ç ( Ú , Û , Ü , í , å , æ , à − Å ) ë ì
=0

è í è å è Å
+ Ã â Ä

0
â ä

− ä â ä
− ä á 2( í , å , Å ) ç ( Ú , Û , Ü , í , å , Ý , à − Å ) è í è å è Å ,

where ç ( Ú , Û , Ü , í , å , æ , à ) =
1

2 î Ã Ýïà exp é − ( Ú − í )2 + ( Û − å )2

4 Ã à ë
× äðòñ

=0

sin é (2 ^ + 1) î Ü
2 Ý ë sin é (2 ^ + 1) î æ

2 Ý ë exp é − (2 ^ + 1)2 î 2 Ã à
4 Ý 2 ë ,

or ç ( Ú , Û , Ü , í , å , æ , à ) =
1

(2 ÿ î Ã à )3
exp é − ( Ú − í )2 + ( Û − å )2

4 Ã à ë
× äðñ

=− ä (−1)

ñ õ
exp é − ( Ü − æ + 2 ^ Ý )2

4 Ã à ë − exp é − ( Ü + æ + 2 ^ Ý )2

4 Ã à ë ö .×DØ
Reference: A. G. Butkovskiy (1979).
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3.1.1-11. Domain: − Ù < Ú < Ù , 0 ≤ Û < Ù , 0 ≤ Ü ≤ Ý . First boundary value problem.

A semiinfinite layer is considered. The following conditions are prescribed:Þ = ß ( Ú , Û , Ü ) at à = 0 (initial condition),Þ = á 1( Ú , Ü , à ) at Û = 0 (boundary condition),Þ = á 2( Ú , Û , à ) at Ü = 0 (boundary condition),Þ = á 3( Ú , Û , à ) at Ü = Ý (boundary condition).

Solution:Þ ( Ú , Û , Ü , à ) = â ã
0

â ä
0

â ä
− ä ß ( í , å , æ ) ç ( Ú , Û , Ü , í , å , æ , à ) è í è å è æ

+ Ã â Ä
0

â ã
0

â ä
− ä á 1( í , æ , Å ) é êê å ç ( Ú , Û , Ü , í , å , æ , à − Å ) ë �

=0
è í è æ è Å

+ Ã â Ä
0

â ä
0

â ä
− ä á 2( í , å , Å ) é êê æ ç ( Ú , Û , Ü , í , å , æ , à − Å ) ë ì

=0
è í è å è Å

− Ã â Ä
0

â ä
0

â ä
− ä á 3( í , å , Å ) é êê æ ç ( Ú , Û , Ü , í , å , æ , à − Å ) ë ì

= ã è í è å è Å ,

where ç ( Ú , Û , Ü , í , å , æ , à ) =
1

2 î Ã Ýïà exp é − ( Ú − í )2

4 Ã à ë õ
exp é − ( Û − å )2

4 Ã à ë − exp é − ( Û + å )2

4 Ã à ë ö
× äðòñ

=1

sin
^ î ÜÝ sin

^ î æÝ exp ó −
^ 2 î 2 Ã àÝ 2 Ö .

3.1.1-12. Domain: − Ù < Ú < Ù , 0 ≤ Û < Ù , 0 ≤ Ü ≤ Ý . Second boundary value problem.

A semiinfinite layer is considered. The following conditions are prescribed:Þ = ß ( Ú , Û , Ü ) at à = 0 (initial condition),ê � Þ = á 1( Ú , Ü , à ) at Û = 0 (boundary condition),ê ÷ Þ = á 2( Ú , Û , à ) at Ü = 0 (boundary condition),ê ÷ Þ = á 3( Ú , Û , à ) at Ü = Ý (boundary condition).

Solution: Þ ( Ú , Û , Ü , à ) = â ã
0

â ä
0

â ä
− ä ß ( í , å , æ ) ç ( Ú , Û , Ü , í , å , æ , à ) è í è å è æ

− Ã â Ä
0

â ã
0

â ä
− ä á 1( í , æ , Å ) ç ( Ú , Û , Ü , í , 0, æ , à − Å ) è í è æ è Å

− Ã â Ä
0

â ä
0

â ä
− ä á 2( í , å , Å ) ç ( Ú , Û , Ü , í , å , 0, à − Å ) è í è å è Å

+ Ã â Ä
0

â ä
0

â ä
− ä á 3( í , å , Å ) ç ( Ú , Û , Ü , í , å , Ý , à − Å ) è í è å è Å ,

where ç ( Ú , Û , Ü , í , å , æ , à ) =
1

4 î Ã Ýïà exp é − ( Ú − í )2

4 Ã à ë õ
exp é − ( Û − å )2

4 Ã à ë + exp é − ( Û + å )2

4 Ã à ë ö
× é 1 + 2 äð ñ

=1

cos
^ î ÜÝ cos

^ î æÝ exp ó −
^ 2 î 2 Ã àÝ 2 Ö ë .
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3.1.1-13. Domain: − Ù < Ú < Ù , 0 ≤ Û < Ù , 0 ≤ Ü ≤ Ý . Third boundary value problem.

A semiinfinite layer is considered. The following conditions are prescribed:Þ = ß ( Ú , Û , Ü ) at à = 0 (initial condition),ê � Þ − � 1
Þ = á 1( Ú , Ü , à ) at Û = 0 (boundary condition),ê ÷ Þ − � 2
Þ = á 2( Ú , Û , à ) at Ü = 0 (boundary condition),ê ÷ Þ + � 3
Þ = á 3( Ú , Û , à ) at Ü = Ý (boundary condition).

The solution Þ ( Ú , Û , Ü , à ) is determined by the formula in Paragraph 3.1.1-12 whereç ( Ú , Û , Ü , í , å , æ , à ) =
1

4 î Ã à exp é − ( Ú − í )2

4 Ã à ë � ( Û , å , à ) äðòñ
=1

� ñ
( Ü ) � ñ

( æ )� � ñ � 2 exp(− Ã � 2

ñ à ),� ( Û , å , à ) = exp é − ( Û − å )2

4 Ã à ë + exp é − ( Û + å )2

4 Ã à ë − 2 � 1 â ä
0

exp é − ( Û + å + � )2

4 Ã à − � 1 � ë è � .

Here, � ñ
( Ü ) = cos( � ñ Ü ) +

� 2� ñ
sin( � ñ Ü ),

� � ñ � 2 =
� 3

2 � 2

ñ � 2

ñ
+ � 2

2� 2

ñ
+ � 2

3
+

� 2

2 � 2

ñ
+

Ý
2

ó 1 +
� 2

2� 2

ñ Ö ;

the � ñ
are positive roots of the transcendental equation

tan( � Ý )� =
� 2 + � 3� 2 − � 2 � 3

.

3.1.1-14. Domain: − Ù < Ú < Ù , 0 ≤ Û < Ù , 0 ≤ Ü ≤ Ý . Mixed boundary value problems.

1 � . A semiinfinite layer is considered. The following conditions are prescribed:Þ = ß ( Ú , Û , Ü ) at à = 0 (initial condition),Þ = á 1( Ú , Ü , à ) at Û = 0 (boundary condition),ê ÷ Þ = á 2( Ú , Û , à ) at Ü = 0 (boundary condition),ê ÷ Þ = á 3( Ú , Û , à ) at Ü = Ý (boundary condition).

Solution:Þ ( Ú , Û , Ü , à ) = â ã
0

â ä
0

â ä
− ä ß ( í , å , æ ) ç ( Ú , Û , Ü , í , å , æ , à ) è í è å è æ

+ Ã â Ä
0

â ã
0

â ä
− ä á 1( í , æ , Å ) é êê å ç ( Ú , Û , Ü , í , å , æ , à − Å ) ë �

=0
è í è æ è Å

− Ã â Ä
0

â ä
0

â ä
− ä á 2( í , å , Å ) ç ( Ú , Û , Ü , í , å , 0, à − Å ) è í è å è Å

+ Ã â Ä
0

â ä
0

â ä
− ä á 3( í , å , Å ) ç ( Ú , Û , Ü , í , å , Ý , à − Å ) è í è å è Å ,

where ç ( Ú , Û , Ü , í , å , æ , à ) =
1

4 î Ã Ýïà exp é − ( Ú − í )2

4 Ã à ë õ
exp é − ( Û − å )2

4 Ã à ë − exp é − ( Û + å )2

4 Ã à ë ö
× é 1 + 2 äðòñ

=1

cos
^ î ÜÝ cos

^ î æÝ exp ó −
^ 2 î 2 Ã àÝ 2 Ö ë .
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2 � . A semiinfinite layer is considered. The following conditions are prescribed:Þ = ß ( Ú , Û , Ü ) at à = 0 (initial condition),ê � Þ = á 1( Ú , Ü , à ) at Û = 0 (boundary condition),Þ = á 2( Ú , Û , à ) at Ü = 0 (boundary condition),Þ = á 3( Ú , Û , à ) at Ü = Ý (boundary condition).

Solution:Þ ( Ú , Û , Ü , à ) = â ã
0

â ä
0

â ä
− ä ß ( í , å , æ ) ç ( Ú , Û , Ü , í , å , æ , à ) è í è å è æ

− Ã â Ä
0

â ã
0

â ä
− ä á 1( í , æ , Å ) ç ( Ú , Û , Ü , í , 0, æ , à − Å ) è í è æ è Å

+ Ã â Ä
0

â ä
0

â ä
− ä á 2( í , å , Å ) é êê æ ç ( Ú , Û , Ü , í , å , æ , à − Å ) ë ì

=0
è í è å è Å

− Ã â Ä
0

â ä
0

â ä
− ä á 3( í , å , Å ) é êê æ ç ( Ú , Û , Ü , í , å , æ , à − Å ) ë ì

= ã è í è å è Å ,

where ç ( Ú , Û , Ü , í , å , æ , à ) =
1

2 î Ã Ýïà exp é − ( Ú − í )2

4 Ã à ë õ
exp é − ( Û − å )2

4 Ã à ë + exp é − ( Û + å )2

4 Ã à ë ö
× äðòñ

=1

sin
^ î ÜÝ sin

^ î æÝ exp ó −
^ 2 î 2 Ã àÝ 2 Ö .

3.1.1-15. Domain: 0 ≤ Ú < Ù , 0 ≤ Û < Ù , 0 ≤ Ü < Ù . First boundary value problem.

An octant is considered. The following conditions are prescribed:Þ = ß ( Ú , Û , Ü ) at à = 0 (initial condition),Þ = á 1( Û , Ü , à ) at Ú = 0 (boundary condition),Þ = á 2( Ú , Ü , à ) at Û = 0 (boundary condition),Þ = á 3( Ú , Û , à ) at Ü = 0 (boundary condition).

Solution:Þ ( Ú , Û , Ü , à ) = â ä
0

â ä
0

â ä
0

ç ( Ú , Û , Ü , í , å , æ , à ) ß ( í , å , æ ) è í è å è æ
+ Ã â Ä

0
â ä

0
â ä

0
á 1( å , æ , Å ) é êê í ç ( Ú , Û , Ü , í , å , æ , à − Å ) ë 	

=0
è å è æ è Å

+ Ã â Ä
0

â ä
0

â ä
0

á 2( í , æ , Å ) é êê å ç ( Ú , Û , Ü , í , å , æ , à − Å ) ë �
=0

è í è æ è Å
+ Ã â Ä

0
â ä

0
â ä

0
á 3( í , å , Å ) é êê æ ç ( Ú , Û , Ü , í , å , æ , à − Å ) ë ì

=0
è í è å è Å ,

where ç ( Ú , Û , Ü , í , å , æ , à ) =
1


2 ÿ î Ã à � 3 � ( Ú , í , à ) � ( Û , å , à ) � ( Ü , æ , à ),� ( Ú , í , à ) = exp é − ( Ú − í )2

4 Ã à ë − exp é − ( Ú + í )2

4 Ã à ë .
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� ÄExample 3. The initial temperature is uniform, � ( � , � , � ) = þ 0. The faces are maintained at zero temperature,�
1 = �

2 = �
3 = 0.

Solution: þ = þ 0 erf � �
2 � ü�� � erf � �

2 � ü�� � erf � �
2 � ü�� � .×DØ

Reference: H. S. Carslaw and J. C. Jaeger (1984).

3.1.1-16. Domain: 0 ≤ Ú < Ù , 0 ≤ Û < Ù , 0 ≤ Ü < Ù . Second boundary value problem.

An octant is considered. The following conditions are prescribed:Þ = ß ( Ú , Û , Ü ) at à = 0 (initial condition),ê � Þ = á 1( Û , Ü , à ) at Ú = 0 (boundary condition),ê � Þ = á 2( Ú , Ü , à ) at Û = 0 (boundary condition),ê ÷ Þ = á 3( Ú , Û , à ) at Ü = 0 (boundary condition).

Solution: Þ ( Ú , Û , Ü , à ) = â ä
0

â ä
0

â ä
0

ç ( Ú , Û , Ü , í , å , æ , à ) ß ( í , å , æ ) è í è å è æ
− � â �

0
â ä

0
â ä

0
á 1( å , æ , � ) ç ( Ú , Û , Ü , 0, å , æ , à − � ) è å è æ è �

− � â �
0

â ä
0

â ä
0

á 2( í , æ , � ) ç ( Ú , Û , Ü , í , 0, æ , à − � ) è í è æ è �
− � â �

0
â ä

0
â ä

0
á 3( í , å , � ) ç ( Ú , Û , Ü , í , å , 0, à − � ) è í è å è � ,

where ç ( Ú , Û , Ü , í , å , æ , à ) =
1


2 ÿ î � à � 3 � ( Ú , í , à ) � ( Û , å , à ) � ( Ü , æ , à ),� ( Ú , í , à ) = exp é − ( Ú − í )2

4 � à ë + exp é − ( Ú + í )2

4 � à ë .

3.1.1-17. Domain: 0 ≤ Ú < Ù , 0 ≤ Û < Ù , 0 ≤ Ü < Ù . Third boundary value problem.

An octant is considered. The following conditions are prescribed:Þ = ß ( Ú , Û , Ü ) at à = 0 (initial condition),ê � Þ − � 1
Þ = á 1( Û , Ü , à ) at Ú = 0 (boundary condition),ê � Þ − � 2
Þ = á 2( Ú , Ü , à ) at Û = 0 (boundary condition),ê ÷ Þ − � 3
Þ = á 3( Ú , Û , à ) at Ü = 0 (boundary condition).

The solution Þ ( Ú , Û , Ü , à ) is determined by the formula in Paragraph 3.1.1-16 whereç ( Ú , Û , Ü , í , å , æ , à ) =
1


2 ÿ î � à � 3 � ( Ú , í , à ; � 1) � ( Û , å , à ; � 2) � ( Ü , æ , à ; � 3),� ( Ú , í , à ; � ) = exp é − ( Ú − í )2

4 � à ë + exp é − ( Ú + í )2

4 � à ë
− 2 � ÿ î � à exp ��� � 2 à + � ( Ú + í ) � erfc ó Ú + í

2 ÿ � à + � ÿ � à  .
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Example 4. The initial temperature is uniform, � ( � , � , � ) = þ 0. The temperature of the contacting media is zero,�
1 = �

2 = �
3 = 0.

Solution: þ = þ 0 ! erf � �
2 � ü�� � + exp( " 1 � + " 2

1 ü�� ) erfc � �
2 � ü�� + " 1 � ü�� � #

× ! erf � �
2 � ü�� � + exp( " 2 � + " 2

2 ü�� ) erfc � �
2 � ü�� + " 2 � ü�� � #

× ! erf � �
2 � ü�� � + exp( " 3 � + " 2

3 ü�� ) erfc � �
2 � ü�� + " 3 � ü�� � # .$�%

Reference: H. S. Carslaw and J. C. Jaeger (1984).

3.1.1-18. Domain: 0 ≤ & < ' , 0 ≤ ( < ' , 0 ≤ ) < ' . Mixed boundary value problems.

1 � . An octant is considered. The following conditions are prescribed:* = + ( & , ( , ) ) at , = 0 (initial condition),* = - 1( ( , ) , , ) at & = 0 (boundary condition),. � * = - 2( & , ) , , ) at ( = 0 (boundary condition),. ÷ * = - 3( & , ( , , ) at ) = 0 (boundary condition).
Solution:* ( & , ( , ) , , ) = / 0

0
/ 0

0
/ 0

0 1 ( & , ( , ) , 2 , 3 , 4 , , ) + ( 2 , 3 , 4 ) 5 2 5 3 5 4
+ 6 / 7

0
/ 0

0
/ 0

0
- 1( 3 , 4 , 8 ) 9 .. 2 1 ( & , ( , ) , 2 , 3 , 4 , , − 8 ) : ;

=0
5 3 5 4 5 8

− 6 / 7
0

/ 0
0

/ 0
0

- 2( 2 , 4 , 8 ) 1 ( & , ( , ) , 2 , 0, 4 , , − 8 ) 5 2 5 4 5 8
− 6 / 7

0
/ 0

0
/ 0

0
- 3( 2 , 3 , 8 ) 1 ( & , ( , ) , 2 , 3 , 0, , − 8 ) 5 2 5 3 5 8 ,

where1 ( & , ( , ) , 2 , 3 , 4 , , ) =
1<

2 = > 6 ? @ 3 A exp 9 − ( B − 2 )2

4 6 ? : − exp 9 − ( B + 2 )2

4 6 ? : C D ( E , 3 , ? ) D ( F , 4 , ? ),D ( E , 3 , ? ) = exp 9 − ( E − 3 )2

4 6 ? : + exp 9 − ( E + 3 )2

4 6 ? : .

2 G . An octant is considered. The following conditions are prescribed:H = I ( B , E , F ) at ? = 0 (initial condition),H = J 1( E , F , ? ) at B = 0 (boundary condition),H = J 2( B , F , ? ) at E = 0 (boundary condition),K L H = J 3( B , E , ? ) at F = 0 (boundary condition).
Solution:H ( B , E , F , ? ) = / 0

0
/ 0

0
/ 0

0 1 ( B , E , F , 2 , 3 , 4 , ? ) I ( 2 , 3 , 4 ) 5 2 5 3 5 4
+ 6 / 7

0
/ 0

0
/ 0

0
J 1( 3 , 4 , 8 ) 9 KK 2 1 ( B , E , F , 2 , 3 , 4 , ? − 8 ) : ;

=0
5 3 5 4 5 8

+ 6 / 7
0

/ 0
0

/ 0
0

J 2( 2 , 4 , 8 ) 9 KK 3 1 ( B , E , F , 2 , 3 , 4 , ? − 8 ) : M
=0

5 2 5 4 5 8
− 6 / 7

0
/ 0

0
/ 0

0
J 3( 2 , 3 , 8 ) 1 ( B , E , F , 2 , 3 , 0, ? − 8 ) 5 2 5 3 5 8 ,
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where1 ( B , E , F , 2 , 3 , 4 , ? ) =

1<
2 = > 6 ? @ 3 D ( B , 2 , ? ) D ( E , 3 , ? ) A exp 9 − ( F − 4 )2

4 6 ? : + exp 9 − ( F + 4 )2

4 6 ? : C ,D ( B , 2 , ? ) = exp 9 − ( B − 2 )2

4 6 ? : − exp 9 − ( B + 2 )2

4 6 ? : .

3.1.1-19. Domain: 0 ≤ B ≤ U 1, 0 ≤ E ≤ U 2, − V < F < V . First boundary value problem.

An infinite cylindrical domain of a rectangular cross-section is considered. The following conditions
are prescribed: H = I ( B , E , F ) at ? = 0 (initial condition),H = J 1( E , F , ? ) at B = 0 (boundary condition),H = J 2( E , F , ? ) at B = U 1 (boundary condition),H = J 3( B , F , ? ) at E = 0 (boundary condition),H = J 4( B , F , ? ) at E = U 2 (boundary condition).

Solution:H ( B , E , F , ? ) = / 0
− 0 / W 2

0
/ W 1

0
I ( 2 , 3 , 4 ) 1 ( B , E , F , 2 , 3 , 4 , ? ) 5 2 5 3 5 4

+ 6 / 7
0

/ 0
− 0 / W 2

0
J 1( 3 , 4 , 8 ) 9 KK 2 1 ( B , E , F , 2 , 3 , 4 , ? − 8 ) : ;

=0
5 3 5 4 5 8

− 6 / 7
0

/ 0
− 0 / W 2

0
J 2( 3 , 4 , 8 ) 9 KK 2 1 ( B , E , F , 2 , 3 , 4 , ? − 8 ) : ;

= W 1 5 3 5 4 5 8
+ 6 / 7

0
/ 0

− 0 / W 1
0

J 3( 2 , 4 , 8 ) 9 KK 3 1 ( B , E , F , 2 , 3 , 4 , ? − 8 ) : M
=0

5 2 5 4 5 8
− 6 / 7

0
/ 0

− 0 / W 1
0

J 4( 2 , 4 , 8 ) 9 KK 3 1 ( B , E , F , 2 , 3 , 4 , ? − 8 ) : M
= W 2 5 2 5 4 5 8 ,

where 1 ( B , E , F , 2 , 3 , 4 , ? ) =
1

2 = > 6 ? exp 9 − ( F − 4 )2

4 6 ? : D 1( B , 2 , ? ) D 2( E , 3 , ? ),D 1( B , 2 , ? ) =
2U 1 0XZY

=1

sin [ > \ BU 1 ] sin [ > \ 2U 1 ] exp [ −
> 2 \ 2 6 ?U 21 ] ,D 2( E , 3 , ? ) =

2U 2 0XZY
=1

sin [ > \ EU 2 ] sin [ > \ 3U 2 ] exp [ −
> 2 \ 2 6 ?U 22 ] .

3.1.1-20. Domain: 0 ≤ B ≤ U 1, 0 ≤ E ≤ U 2, − V < F < V . Second boundary value problem.

An infinite cylindrical domain of a rectangular cross-section is considered. The following conditions
are prescribed: H = I ( B , E , F ) at ? = 0 (initial condition),K ^ H = J 1( E , F , ? ) at B = 0 (boundary condition),K ^ H = J 2( E , F , ? ) at B = U 1 (boundary condition),K _ H = J 3( B , F , ? ) at E = 0 (boundary condition),K _ H = J 4( B , F , ? ) at E = U 2 (boundary condition).
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Solution: H ( B , E , F , ? ) = / 0
− 0 / W 2

0
/ W 1

0
I ( 2 , 3 , 4 ) 1 ( B , E , F , 2 , 3 , 4 , ? ) 5 2 5 3 5 4

− 6 / 7
0

/ 0
− 0 / W 2

0
J 1( 3 , 4 , 8 ) 1 ( B , E , F , 0, 3 , 4 , ? − 8 ) 5 3 5 4 5 8

+ 6 / 7
0

/ 0
− 0 / W 2

0
J 2( 3 , 4 , 8 ) 1 ( B , E , F , U 1, 3 , 4 , ? − 8 ) 5 3 5 4 5 8

− 6 / 7
0

/ 0
− 0 / W 1

0
J 3( 2 , 4 , 8 ) 1 ( B , E , F , 2 , 0, 4 , ? − 8 ) 5 2 5 4 5 8

+ 6 / 7
0

/ 0
− 0 / W 1

0
J 4( 2 , 4 , 8 ) 1 ( B , E , F , 2 , U 2, 4 , ? − 8 ) 5 2 5 4 5 8 ,

where 1 ( B , E , F , 2 , 3 , 4 , ? ) =
1

2 = > 6 ? exp 9 − ( F − 4 )2

4 6 ? : D 1( B , 2 , ? ) D 2( E , 3 , ? ),D 1( B , 2 , ? ) =
1U 1 9 1 + 2 0XZY

=1

cos [ > \ BU 1 ] cos [ > \ 2U 1 ] exp [ −
> 2 \ 2 6 ?U 21 ] : ,D 2( E , 3 , ? ) =

1U 2 9 1 + 2 0XZY
=1

cos [ > \ EU 2 ] cos [ > \ 3U 2 ] exp [ −
> 2 \ 2 6 ?U 22 ] : .

3.1.1-21. Domain: 0 ≤ B ≤ U 1, 0 ≤ E ≤ U 2, − V < F < V . Third boundary value problem.

An infinite cylindrical domain of a rectangular cross-section is considered. The following conditions
are prescribed: H = I ( B , E , F ) at ? = 0 (initial condition),K ^ H − ` 1

H = J 1( E , F , ? ) at B = 0 (boundary condition),K ^ H + ` 2
H = J 2( E , F , ? ) at B = U 1 (boundary condition),K _ H − ` 3
H = J 3( B , F , ? ) at E = 0 (boundary condition),K _ H + ` 4
H = J 4( B , F , ? ) at E = U 2 (boundary condition).

The solution H ( B , E , F , ? ) is determined by the formula in Paragraph 3.1.1-20 where1 ( B , E , F , 2 , 3 , 4 , ? ) =
1

2 = > 6 ? exp 9 − ( F − 4 )2

4 6 ? : D 1( B , 2 , ? ) D 2( E , 3 , ? ),D 1( B , 2 , ? ) = 0XZY
=1 a

Y
( B ) a

Y
( 2 )b a

Y b 2 exp(− 6 c 2

Y ? ), D 2( E , 3 , ? ) = 0Xd =1 e d ( E ) e d ( 3 )b e d b 2 exp(− 6 f 2d ? ).
Here,

a
Y

( B ) = cos( c Y B ) +
` 1c Y

sin( c Y B ),
b a

Y b 2 =
` 2

2 c 2

Y c 2

Y
+ ` 2

1c 2

Y
+ ` 2

2
+

` 1

2 c 2

Y
+

U 1
2

[ 1 +
` 2

1c 2

Y ] ,

e d ( E ) = cos( f d E ) +
` 3f d sin( f d E ),

b e d b 2 =
` 4

2 f 2d f 2d + ` 2
3f 2d + ` 2
4

+
` 3

2 f 2d +
U 2
2

[ 1 +
` 2

3f 2d ] ;

the c Y
and f d are positive roots of the transcendental equations

tan( c U 1)c =
` 1 + ` 2c 2 − ` 1 ` 2

,
tan( f U 2)f =

` 3 + ` 4f 2 − ` 3 ` 4
.
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NPQ
3.1.1-22. Domain: 0 ≤ B ≤ U 1, 0 ≤ E ≤ U 2, − V < F < V . Mixed boundary value problem.

An infinite cylindrical domain of a rectangular cross-section is considered. The following conditions
are prescribed: H = I ( B , E , F ) at ? = 0 (initial condition),H = J 1( E , F , ? ) at B = 0 (boundary condition),H = J 2( E , F , ? ) at B = U 1 (boundary condition),K _ H = J 3( B , F , ? ) at E = 0 (boundary condition),K _ H = J 4( B , F , ? ) at E = U 2 (boundary condition).

Solution:H ( B , E , F , ? ) = g h
− h g W 2

0
g W 1

0
I ( i , j , k ) l ( B , E , F , i , j , k , ? ) m i m j m k

+ n g 7
0

g h
− h g W 2

0
J 1( j , k , 8 ) 9 KK i l ( B , E , F , i , j , k , ? − 8 ) o p

=0
m j m k m 8

− n g 7
0

g h
− h g W 2

0
J 2( j , k , 8 ) 9 KK i l ( B , E , F , i , j , k , ? − 8 ) o p

= W 1 m j m k m 8
− n g 7

0
g h

− h g W 1
0

J 3( i , k , 8 ) l ( B , E , F , i , 0, k , ? − 8 ) m i m k m 8
+ n g 7

0
g h

− h g W 1
0

J 4( i , k , 8 ) l ( B , E , F , i , U 2, k , ? − 8 ) m i m k m 8 ,

wherel ( B , E , F , i , j , k , ? ) =
2U 1 U 2 = > n ? exp 9 − ( F − k )2

4 n ? o 9 hXZY
=1

sin [ > \ BU 1 ] sin [ > \ iU 1 ] exp [ −
> 2 \ 2 n ?U 21 ] o

× 9 1
2

+ hXd =1

cos [ > q BU 2 ] cos [ > q iU 2 ] exp [ −
> 2 q 2 n ?U 22 ] o .

3.1.1-23. Domain: 0 ≤ B ≤ U 1, 0 ≤ E ≤ U 2, 0 ≤ F < V . First boundary value problem.

A semiinfinite cylindrical domain of a rectangular cross-section is considered. The following
conditions are prescribed:H = I ( B , E , F ) at ? = 0 (initial condition),H = J 1( E , F , ? ) at B = 0 (boundary condition),H = J 2( E , F , ? ) at B = U 1 (boundary condition),H = J 3( B , F , ? ) at E = 0 (boundary condition),H = J 4( B , F , ? ) at E = U 2 (boundary condition),H = J 5( B , E , ? ) at F = 0 (boundary condition).
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Solution:H ( B , E , F , ? ) = g h
0

g W 2
0

g W 1
0

I ( i , j , k ) l ( B , E , F , i , j , k , ? ) m i m j m k
+ n g 7

0
g h

0
g W 2

0
J 1( j , k , 8 ) 9 KK i l ( B , E , F , i , j , k , ? − 8 ) o p

=0
m j m k m 8

− n g 7
0

g h
0

g W 2
0

J 2( j , k , 8 ) 9 KK i l ( B , E , F , i , j , k , ? − 8 ) o p
= W 1 m j m k m 8

+ n g 7
0

g h
0

g W 1
0

J 3( i , k , 8 ) 9 KK j l ( B , E , F , i , j , k , ? − 8 ) o M
=0

m i m k m 8
− n g 7

0
g h

0
g W 1

0
J 4( i , k , 8 ) 9 KK j l ( B , E , F , i , j , k , ? − 8 ) o M

= W 2 m i m k m 8
+ n g 7

0
g W 2

0
g W 1

0
J 5( i , j , 8 ) 9 KK k l ( B , E , F , i , j , k , ? − 8 ) o r

=0
m i m j m 8 ,

where l ( B , E , F , i , j , k , ? ) = l 1( B , i , ? ; U 1) l 1( E , j , ? ; U 2) l 2( F , k , ? ),l 1( B , i , ? ; U ) =
2U hXZY

=1

sin [ > \ BU ] sin [ > \ iU ] exp [ −
> 2 \ 2 n ?U 2 ] ,l 2( F , k , ? ) =

1
2 s t n u v exp 9 − ( w − k )2

4 n u o − exp 9 − ( w + k )2

4 n u o x .

3.1.1-24. Domain: 0 ≤ y ≤ z 1, 0 ≤ { ≤ z 2, 0 ≤ w < | . Second boundary value problem.

A semiinfinite cylindrical domain of a rectangular cross-section is considered. The following
conditions are prescribed:}

= ~ ( y , { , w ) at u = 0 (initial condition),� ^ }
= � 1( { , w , u ) at y = 0 (boundary condition),� ^ }
= � 2( { , w , u ) at y = z 1 (boundary condition),� _ }
= � 3( y , w , u ) at { = 0 (boundary condition),� _ }
= � 4( y , w , u ) at { = z 2 (boundary condition),� � }
= � 5( y , { , u ) at w = 0 (boundary condition).

Solution: }
( y , { , w , u ) = g h

0
g � 2

0
g � 1

0
~ ( i , j , k ) l ( y , { , w , i , j , k , u ) m i m j m k

− n g 7
0

g h
0

g � 2
0

� 1( j , k , 8 ) l ( y , { , w , 0, j , k , u − 8 ) m j m k m 8
+ n g 7

0
g h

0
g � 2

0
� 2( j , k , 8 ) l ( y , { , w , z 1, j , k , u − 8 ) m j m k m 8

− n g 7
0

g h
0

g � 1
0

� 3( i , k , 8 ) l ( y , { , w , i , 0, k , u − 8 ) m i m k m 8
+ n g 7

0
g h

0
g � 1

0
� 4( i , k , 8 ) l ( y , { , w , i , z 2, k , u − 8 ) m i m k m 8

− n g 7
0

g � 2
0

g � 1
0

� 5( i , j , 8 ) l ( y , { , w , i , j , 0, u − 8 ) m i m j m 8 ,
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�P�
wherel ( y , { , w , i , j , k , u ) =

1
2 s t n u v exp 9 − ( w − k )2

4 n u o + exp 9 − ( w + k )2

4 n u o x l 1( y , i , u ) l 2( { , j , u ),l 1( y , i , u ) =
1z 1 9 1 + 2 h�Z�

=1

cos � t � yz 1 � cos � t � iz 1 � exp � −
t 2 � 2 n uz 21 � o ,

l 2( { , j , u ) =
1z 2 � 1 + 2 ��Z�

=1

cos � t � {z 2 � cos � t � �z 2 � exp � −
t 2 � 2 � uz 22 � � .

3.1.1-25. Domain: 0 ≤ y ≤ z 1, 0 ≤ { ≤ z 2, 0 ≤ w < | . Third boundary value problem.

A semiinfinite cylindrical domain of a rectangular cross-section is considered. The following
conditions are prescribed: }

= ~ ( y , { , w ) at � = 0 (initial condition),� � }
− � 1

}
= � 1( { , w , � ) at y = 0 (boundary condition),� � }

+ � 2

}
= � 2( { , w , � ) at y = z 1 (boundary condition),� � }

− � 3

}
= � 3( y , w , � ) at { = 0 (boundary condition),� � }

+ � 4

}
= � 4( y , w , � ) at { = z 2 (boundary condition),� � }

− � 5

}
= � 5( y , { , � ) at w = 0 (boundary condition).

The solution

}
( y , { , w , � ) is determined by the formula in Paragraph 3.1.1-24 where�

( y , { , w , � , � , � , � ) = � 1( y , � , � ) � 2( { , � , � ) � 3( � , � , � ),� 3( � , � , � ) =
1

2 � � � � � exp � − ( � − � )2

4 � � � + exp � − ( � + � )2

4 � � � �
− � 5 exp  ¡� 2

5
� � + � 5( � + � ) ¢ erfc � � + �

2 � � � + � 5 � � � � ,

and the functions � 1( £ , � , � ) and � 2( ¤ , � , � ) can be found in Paragraph 3.1.1-21.

3.1.1-26. Domain: 0 ≤ £ ≤ ¥ 1, 0 ≤ ¤ ≤ ¥ 2, 0 ≤ � < ¦ . Mixed boundary value problems.

1 § . A semiinfinite cylindrical domain of a rectangular cross-section is considered. The following
conditions are prescribed:̈

= © ( £ , ¤ , � ) at � = 0 (initial condition),
¨

= ª 1( ¤ , � , � ) at £ = 0 (boundary condition),
¨

= ª 2( ¤ , � , � ) at £ = ¥ 1 (boundary condition),
¨

= ª 3( £ , � , � ) at ¤ = 0 (boundary condition),
¨

= ª 4( £ , � , � ) at ¤ = ¥ 2 (boundary condition),« ¬ ¨
= ª 5( £ , ¤ , � ) at � = 0 (boundary condition).
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Solution:¨
( £ , ¤ , � , � ) =  �

0
 ® 2

0
 ® 1

0
© ( � , � , � )

�
( £ , ¤ , � , � , � , � , � ) ¯ � ¯ � ¯ �

+ �  °
0

 �
0

 ® 2
0

ª 1( � , � , ± ) � «« � �
( £ , ¤ , � , � , � , � , � − ± ) � ² =0

¯ � ¯ � ¯ ±
− �  °

0
 �

0
 ® 2

0
ª 2( � , � , ± ) � «« � �

( £ , ¤ , � , � , � , � , � − ± ) � ² = ® 1 ¯ � ¯ � ¯ ±
+ �  °

0
 �

0
 ® 1

0
ª 3( � , � , ± ) � «« � �

( £ , ¤ , � , � , � , � , � − ± ) � ³ =0
¯ � ¯ � ¯ ±

− �  °
0

 �
0

 ® 1
0

ª 4( � , � , ± ) � «« � �
( £ , ¤ , � , � , � , � , � − ± ) � ³ = ® 2 ¯ � ¯ � ¯ ±

− �  °
0

 ® 2
0

 ® 1
0

ª 5( � , � , ± )
�

( £ , ¤ , � , � , � , 0, � − ± ) ¯ � ¯ � ¯ ± ,

where�
( £ , ¤ , � , � , � , � , � ) =

1
2 � � � � � exp � − ( � − � )2

4 � � � + exp � − ( � + � )2

4 � � � � � ( £ , � , � ; ¥ 1) � ( ¤ , � , � ; ¥ 2),� ( £ , � , � ; ¥ ) =
2¥ �´Zµ

=1

sin ¶ � · £¥ ¸ sin ¶ � · �¥ ¸ exp ¶ −
� 2 · 2 � �¥ 2 ¸ .

2 § . A semiinfinite cylindrical domain of a rectangular cross-section is considered. The following
conditions are prescribed:̈

= © ( £ , ¤ , � ) at � = 0 (initial condition),« � ¨
= ª 1( ¤ , � , � ) at £ = 0 (boundary condition),« � ¨
= ª 2( ¤ , � , � ) at £ = ¥ 1 (boundary condition),« � ¨
= ª 3( £ , � , � ) at ¤ = 0 (boundary condition),« � ¨
= ª 4( £ , � , � ) at ¤ = ¥ 2 (boundary condition),

¨
= ª 5( £ , ¤ , � ) at � = 0 (boundary condition).

Solution:¨
( £ , ¤ , � , � ) =  �

0
 ® 2

0
 ® 1

0
© ( � , � , � )

�
( £ , ¤ , � , � , � , � , � ) ¯ � ¯ � ¯ �

− �  °
0

 �
0

 ® 2
0

ª 1( � , � , ± )
�

( £ , ¤ , � , 0, � , � , � − ± ) ¯ � ¯ � ¯ ±
+ �  °

0
 �

0
 ® 2

0
ª 2( � , � , ± )

�
( £ , ¤ , � , ¥ 1, � , � , � − ± ) ¯ � ¯ � ¯ ±

− �  °
0

 �
0

 ® 1
0

ª 3( � , � , ± )
�

( £ , ¤ , � , � , 0, � , � − ± ) ¯ � ¯ � ¯ ±
+ �  °

0
 �

0
 ® 1

0
ª 4( � , � , ± )

�
( £ , ¤ , � , � , ¥ 2, � , � − ± ) ¯ � ¯ � ¯ ±

+ �  °
0

 ® 2
0

 ® 1
0

ª 5( � , � , ± ) � «« � �
( £ , ¤ , � , � , � , � , � − ± ) � ¹ =0

¯ � ¯ � ¯ ± ,
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������ �
where�

( � , 	 , 
 , � , � ,  , � ) =
1

2 � � � � �
exp � − ( 
 −  )2

4 � � � − exp � − ( 
 +  )2

4 � � � � � ( � , � , � ; � 1) � ( 	 , � , � ; � 2),

� ( � , � , � ; � ) =
1� � 1 + 2 ����

=1

cos � � � �� � cos � � � �� � exp � −
� 2 � 2 � �� 2 � � .

3.1.1-27. Domain: 0 ≤ � ≤ � 1, 0 ≤ 	 ≤ � 2, 0 ≤ 
 ≤ � 3. First boundary value problem.

A rectangular parallelepiped is considered. The following conditions are prescribed:� =  ( � , 	 , 
 ) at � = 0 (initial condition),� = ! 1( 	 , 
 , � ) at � = 0 (boundary condition),� = ! 2( 	 , 
 , � ) at � = � 1 (boundary condition),� = ! 3( � , 
 , � ) at 	 = 0 (boundary condition),� = ! 4( � , 
 , � ) at 	 = � 2 (boundary condition),� = ! 5( � , 	 , � ) at 
 = 0 (boundary condition),� = ! 6( � , 	 , � ) at 
 = � 3 (boundary condition).

Solution:� ( � , 	 , 
 , � ) = " # 3

0
" # 2

0
" # 1

0
 ( � , � ,  )

�
( � , 	 , 
 , � , � ,  , � ) $ � $ � $ 

+ � " %
0

" # 3

0
" # 2

0
! 1( � ,  , & ) � '' � �

( � , 	 , 
 , � , � ,  , � − & ) � ( =0
$ � $  $ &

− � " %
0

" # 3

0
" # 2

0
! 2( � ,  , & ) � '' � �

( � , 	 , 
 , � , � ,  , � − & ) � ( = # 1

$ � $  $ &
+ � " %

0
" # 3

0
" # 1

0
! 3( � ,  , & ) � '' � �

( � , 	 , 
 , � , � ,  , � − & ) � ) =0
$ � $  $ &

− � " %
0

" # 3

0
" # 1

0
! 4( � ,  , & ) � '' � �

( � , 	 , 
 , � , � ,  , � − & ) � ) = # 2

$ � $  $ &
+ � " %

0
" # 2

0
" # 1

0
! 5( � , � , & ) � ''  �

( � , 	 , 
 , � , � ,  , � − & ) � * =0
$ � $ � $ &

− � " %
0

" # 2

0
" # 1

0
! 6( � , � , & ) � ''  �

( � , 	 , 
 , � , � ,  , � − & ) � * = # 3

$ � $ � $ & ,

where �
( � , 	 , 
 , � , � ,  , � ) =

�
1( � , � , � ) � 2( 	 , � , � ) � 3( 
 ,  , � ),�

1( � , � , � ) =
2� 1 ����

=1

sin � � � �� 1 � sin � � � �� 1 � exp � −
� 2 � 2 � �� 2

1 � ,�
2( 	 , � , � ) =

2� 2 ����
=1

sin � � � 	� 2 � sin � � � �� 2 � exp � −
� 2 � 2 � �� 2

2 � ,�
3( 
 ,  , � ) =

2� 3 ����
=1

sin � � � 
� 3 � sin � � � � 3 � exp � −
� 2 � 2 � �� 2

3 � .+-,
Reference: H. S. Carslaw and J. C. Jaeger (1984).
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3.1.1-28. Domain: 0 ≤ � ≤ � 1, 0 ≤ 	 ≤ � 2, 0 ≤ 
 ≤ � 3. Second boundary value problem.

A rectangular parallelepiped is considered. The following conditions are prescribed:� =  ( � , 	 , 
 ) at � = 0 (initial condition),' . � = ! 1( 	 , 
 , � ) at � = 0 (boundary condition),' . � = ! 2( 	 , 
 , � ) at � = � 1 (boundary condition),' / � = ! 3( � , 
 , � ) at 	 = 0 (boundary condition),' / � = ! 4( � , 
 , � ) at 	 = � 2 (boundary condition),' 0 � = ! 5( � , 	 , � ) at 
 = 0 (boundary condition),' 0 � = ! 6( � , 	 , � ) at 
 = � 3 (boundary condition).

Solution: � ( � , 	 , 
 , � ) = " # 3

0
" # 2

0
" # 1

0
 ( � , � ,  )

�
( � , 	 , 
 , � , � ,  , � ) $ � $ � $ 

− � " %
0

" # 3

0
" # 2

0
! 1( � ,  , & )

�
( � , 	 , 
 , 0, � ,  , � − & ) $ � $  $ &

+ � " %
0

" # 3

0
" # 2

0
! 2( � ,  , & )

�
( � , 	 , 
 , � 1, � ,  , � − & ) $ � $  $ &

− � " %
0

" # 3

0
" # 1

0
! 3( � ,  , & )

�
( � , 	 , 
 , � , 0,  , � − & ) $ � $  $ &

+ � " %
0

" # 3

0
" # 1

0
! 4( � ,  , & )

�
( � , 	 , 
 , � , � 2,  , � − & ) $ � $  $ &

− � " %
0

" # 2

0
" # 1

0
! 5( � , � , & )

�
( � , 	 , 
 , � , � , 0, � − & ) $ � $ � $ &

+ � " %
0

" # 2

0
" # 1

0
! 6( � , � , & )

�
( � , 	 , 
 , � , � , � 3, � − & ) $ � $ � $ & ,

where �
( � , 	 , 
 , � , � ,  , � ) =

�
1( � , � , � ) � 2( 	 , � , � ) � 3( 
 ,  , � ),�

1( � , � , � ) =
1� 1 � 1 + 2 ����

=1

cos � � � �� 1 � cos � � � �� 1 � exp � −
� 2 � 2 � �� 2

1 � � ,�
2( 	 , � , � ) =

1� 2 � 1 + 2 ����
=1

cos � � � 	� 2 � cos � � � �� 2 � exp � −
� 2 � 2 � �� 2

2 � � ,�
3( 
 ,  , � ) =

1� 3 � 1 + 2 �� �
=1

cos � � � 
� 3 � cos � � � � 3 � exp � −
� 2 � 2 � �� 2

3 � � .

3.1.1-29. Domain: 0 ≤ � ≤ � 1, 0 ≤ 	 ≤ � 2, 0 ≤ 
 ≤ � 3. Third boundary value problem.

A rectangular parallelepiped is considered. The following conditions are prescribed:� =  ( � , 	 , 
 ) at � = 0 (initial condition),' . � − 1 1
� = ! 1( 	 , 
 , � ) at � = 0 (boundary condition),' . � + 1 2
� = ! 2( 	 , 
 , � ) at � = � 1 (boundary condition),' / � − 1 3
� = ! 3( � , 
 , � ) at 	 = 0 (boundary condition),' / � + 1 4
� = ! 4( � , 
 , � ) at 	 = � 2 (boundary condition),' 0 � − 1 5
� = ! 5( � , 	 , � ) at 
 = 0 (boundary condition),' 0 � + 1 6
� = ! 6( � , 	 , � ) at 
 = � 3 (boundary condition).
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The solution � ( � , 	 , 
 , � ) is determined by the formula in Paragraph 3.1.1-28 where�

( � , 	 , 
 , � , � ,  , � ) = � 1( � , � , � ) � 2( 	 , � , � ) � 3( 
 ,  , � ).
The functions � 1( � , � , � ) and � 2( 	 , � , � ) can be found in Paragraph 3.1.1-21, and the function� 3( 
 ,  , � ) is given by

� 3( 
 ,  , � ) = ����
=1 2

�
( 
 ) 2

�
(  )3 2

� 3 2 exp(− � 4 2

� � ),
2

�
( � ) = cos( 4 � � ) +

1 54 �
sin( 4 � � ),

3 2
� 3 2 =

1 6

2 4 2

� 4 2

�
+ 1 2

54 2

�
+ 1 2

6
+

1 5

2 4 2

�
+

� 3
2

� 1 +
1 2

54 2

� � ,

where the 4 �
are positive roots of the transcendental equation

tan( 4 � 3)4 =
1 5 + 1 64 2 − 1 5 1 6

.

3.1.1-30. Domain: 0 ≤ � ≤ � 1, 0 ≤ 	 ≤ � 2, 0 ≤ 
 ≤ � 3. Mixed boundary value problems.

1 5 . A rectangular parallelepiped is considered. The following conditions are prescribed:� =  ( � , 	 , 
 ) at � = 0 (initial condition),� = ! 1( 	 , 
 , � ) at � = 0 (boundary condition),� = ! 2( 	 , 
 , � ) at � = � 1 (boundary condition),� = ! 3( � , 
 , � ) at 	 = 0 (boundary condition),� = ! 4( � , 
 , � ) at 	 = � 2 (boundary condition),' 0 � = ! 5( � , 	 , � ) at 
 = 0 (boundary condition),' 0 � = ! 6( � , 	 , � ) at 
 = � 3 (boundary condition).

Solution:� ( � , 	 , 
 , � ) = " # 3

0
" # 2

0
" # 1

0
 ( � , � ,  )

�
( � , 	 , 
 , � , � ,  , � ) $ � $ � $ 

+ � " %
0

" # 3

0
" # 2

0
! 1( � ,  , & ) � '' � �

( � , 	 , 
 , � , � ,  , � − & ) � ( =0
$ � $  $ &

− � " %
0

" # 3

0
" # 2

0
! 2( � ,  , & ) � '' � �

( � , 	 , 
 , � , � ,  , � − & ) � ( = # 1

$ � $  $ &
+ � " %

0
" # 3

0
" # 1

0
! 3( � ,  , & ) � '' � �

( � , 	 , 
 , � , � ,  , � − & ) � ) =0
$ � $  $ &

− � " %
0

" # 3

0
" # 1

0
! 4( � ,  , & ) � '' � �

( � , 	 , 
 , � , � ,  , � − & ) � ) = # 2

$ � $  $ &
− � " %

0
" # 2

0
" # 1

0
! 5( � , � , & )

�
( � , 	 , 
 , � , � , 0, � − & ) $ � $ � $ &

+ � " %
0

" # 2

0
" # 1

0
! 6( � , � , & )

�
( � , 	 , 
 , � , � , � 3, � − & ) $ � $ � $ & ,
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where �
( � , 	 , 
 , � , � ,  , � ) =

�
1( � , � , � ) � 2( 	 , � , � ) � 3( 
 ,  , � ),�

1( � , � , � ) =
2� 1 �� �

=1

sin � � � �� 1 � sin � � � �� 1 � exp � −
� 2 � 2 � �� 2

1 � ,�
2( 	 , � , � ) =

2� 2 ��76
=1

sin � � 1 	� 2 � sin � � 1 �� 2 � exp � −
� 2 1 2 � �� 2

2 � ,�
3( 
 ,  , � ) =

1� 3 +
2� 3 ��8 =1

cos � � 9 
� 3 � cos � � 9 � 3 � exp � −
� 2 9 2 � �� 2

3 � .

2 5 . A rectangular parallelepiped is considered. The following conditions are prescribed:� =  ( � , 	 , 
 ) at � = 0 (initial condition),� = ! 1( 	 , 
 , � ) at � = 0 (boundary condition),� = ! 2( 	 , 
 , � ) at � = � 1 (boundary condition),' / � = ! 3( � , 
 , � ) at 	 = 0 (boundary condition),' / � = ! 4( � , 
 , � ) at 	 = � 2 (boundary condition),' 0 � = ! 5( � , 	 , � ) at 
 = 0 (boundary condition),' 0 � = ! 6( � , 	 , � ) at 
 = � 3 (boundary condition).

Solution:� ( � , 	 , 
 , � ) = " # 3

0
" # 2

0
" # 1

0
 ( � , � ,  )

�
( � , 	 , 
 , � , � ,  , � ) $ � $ � $ 

+ � " %
0

" # 3

0
" # 2

0
! 1( � ,  , & ) � '' � �

( � , 	 , 
 , � , � ,  , � − & ) � ( =0
$ � $  $ &

− � " %
0

" # 3

0
" # 2

0
! 2( � ,  , & ) � '' � �

( � , 	 , 
 , � , � ,  , � − & ) � ( = # 1

$ � $  $ &
− � " %

0
" # 3

0
" # 2

0
! 3( � ,  , & )

�
( � , 	 , 
 , � , 0,  , � − & ) $ � $  $ &

+ � " %
0

" # 3

0
" # 1

0
! 4( � ,  , & )

�
( � , 	 , 
 , � , � 2,  , � − & ) $ � $  $ &

− � " %
0

" # 2

0
" # 1

0
! 5( � , � , & )

�
( � , 	 , 
 , � , � , 0, � − & ) $ � $ � $ &

+ � " %
0

" # 2

0
" # 1

0
! 6( � , � , & )

�
( � , 	 , 
 , � , � , � 3, � − & ) $ � $ � $ & ,

where �
( � , 	 , 
 , � , � ,  , � ) =

�
1( � , � , � ) � 2( 	 , � , � ) � 3( 
 ,  , � ),�

1( � , � , � ) =
2� 1 ����

=1

sin � � � �� 1 � sin � � � �� 1 � exp � −
� 2 � 2 � �� 2

1 � ,�
2( 	 , � , � ) =

1� 2 +
2� 2 ��76

=1

cos � � 1 	� 2 � cos � � 1 �� 2 � exp � −
� 2 1 2 � �� 2

2 � ,�
3( 
 ,  , � ) =

1� 3 +
2� 3 ��8 =1

cos � � 9 
� 3 � cos � � 9 � 3 � exp � −
� 2 9 2 � �� 2

3 � .
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3.1.2. Problems in Cylindrical Coordinates
The three-dimensional sourceless heat equation in the cylindrical coordinate system has the form' �' � = � � 1: '' : � : ' �' : � +

1:
2 ' 2 �' ; 2 + ' 2 �' 
 2 � ,

:
= < � 2 + 	 2.

It is used to describe nonsymmetric unsteady processes in moving media or solids with cylindrical or
plane boundaries. A similar equation is used to study the corresponding three-dimensional unsteady
mass-exchange processes with constant diffusivity.

One-dimensional problems with axial symmetry that have solutions of the form � = � (
:
, � )

are discussed in Subsection 1.2.1. Two-dimensional problems whose solutions have the form� = � (
:
, ; , � ) or � = � (

:
, 
 , � ) are considered in Subsections 2.1.2 and 2.1.3.

3.1.2-1. Remarks on the Green’s functions.

For the three-dimensional problems dealt with in Subsection 3.1.2, the Green’s function can be
represented in the product form�

(
:
, ; , 
 , � , � ,  , � ) =

�
1(

:
, ; , � , � , � ) � 2( 
 ,  , � ),

where
�

1(
:
, ; , � , � , � ) is the Green’s function of the two-dimensional boundary value problem (such

functions are presented in Subsection 2.1.2), and
�

2( 
 ,  , � ) is the Green’s function of the correspond-
ing one-dimensional boundary value problem (such functions can be found in Subsections 1.1.1 and
1.1.2).

Example. The Green’s function of the first boundary value problem for a semiinfinite circular cylinder (0 ≤ = ≤ > ,
0 ≤ ? ≤ 2 @ , 0 ≤ A < B ) of Paragraph 3.1.2-5 is the product of the two-dimensional Green’s function of the first boundary
value problem of Paragraph 2.1.2-2 (0 ≤ = ≤ > , 0 ≤ ? ≤ 2 @ ) and the one-dimensional Green’s function of the first boundary
value problem of Paragraph 1.1.2-2 (0 ≤ A < B ), in which one should perform obvious renaming of variables.

General formulas that enable one to obtain solutions of basic boundary value problems with the
help of the Green’s function can be found in Subsection 0.8.1.

3.1.2-2. Domain: 0 ≤
:

≤ C , 0 ≤ ; ≤ 2 � , − D < 
 < D . First boundary value problem.

An infinite circular cylinder is considered. The following conditions are prescribed:� =  (
:
, ; , 
 ) at � = 0 (initial condition),� = ! ( ; , 
 , � ) at

:
= C (boundary condition).

Solution:� (
:
, ; , 
 , � ) = " �

− � " 2 E
0

" F
0

�  ( � , � ,  )
�

(
:
, ; , 
 , � , � ,  , � ) $ � $ � $ 

− � C " %
0

" �
− � " 2 E

0
! ( � ,  , & ) � '' � �

(
:
, ; , 
 , � , � ,  , � − & ) � ( = F $ � $  $ & .

Here, �
(
:
, ; , 
 , � , � ,  , � ) =

�
1(

:
, ; , � , � , � ) � 2( 
 ,  , � ),�

1(
:
, ; , � , � , � ) =

1� C 2 �� �
=0

��8 =1 G
�

[ H I� ( J � 8 C )]2 H �
( J � 8 :

) H �
( J � 8 � ) cos[ � ( ; − � )] exp(− J 2

� 8 � � ),�
2( 
 ,  , � ) =

1
2 � � � � exp � − ( 
 −  )2

4 � � � , G
�

=
�

1 for � = 0,
2 for � = 1, 2, K�K�K ,

where the H �
( � ) are the Bessel functions (the prime denotes the derivative with respect to the

argument) and the J � 8 are positive roots of the transcendental equation H �
( J C ) = 0.+-,

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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3.1.2-3. Domain: 0 ≤
:

≤ C , 0 ≤ ; ≤ 2 � , − D < 
 < D . Second boundary value problem.

An infinite circular cylinder is considered. The following conditions are prescribed:� =  (
:
, ; , 
 ) at � = 0 (initial condition),' L � = ! ( ; , 
 , � ) at

:
= C (boundary condition).

Solution:� (
:
, ; , 
 , � ) = " �

− � " 2 E
0

" F
0

�  ( � , � ,  )
�

(
:
, ; , 
 , � , � ,  , � ) $ � $ � $ 

+ � C " %
0

" �
− � " 2 E

0
! ( � ,  , & )

�
(
:
, ; , 
 , C , � ,  , � − & ) $ � $  $ & .

Here, �
(
:
, ; , 
 , � , � ,  , � ) =

�
1(

:
, ; , � , � , � ) � 2( 
 ,  , � ),�

1(
:
, ; , � , � , � ) =

1� C 2 +
1� �� �

=0

��8 =1 G
� J 2

� 8 H �
( J � 8 :

) H �
( J � 8 � )

( J 2

� 8 C 2 − � 2)[ H �
( J � 8 C )]2 cos[ � ( ; − � )] exp(− J 2

� 8 � � ),�
2( 
 ,  , � ) =

1
2 � � � � exp � − ( 
 −  )2

4 � � � , G
�

=
�

1 for � = 0,
2 for � = 1, 2, K�K�K ,

where the H �
( � ) are the Bessel functions and the J � 8 are positive roots of the transcendental equationH I� ( J C ) = 0.+-,

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

3.1.2-4. Domain: 0 ≤
:

≤ C , 0 ≤ ; ≤ 2 � , − D < 
 < D . Third boundary value problem.

An infinite circular cylinder is considered. The following conditions are prescribed:� =  (
:
, ; , 
 ) at � = 0 (initial condition),' L � + 1 � = ! ( ; , 
 , � ) at

:
= C (boundary condition).

The solution � (
:
, ; , 
 , � ) is determined by the formula in Paragraph 3.1.2-3 where�

(
:
, ; , 
 , � , � ,  , � ) =

�
1(

:
, ; , � , � , � ) � 2( 
 ,  , � ),�

1(
:
, ; , � , � , � ) =

1� ����
=0

��8 =1 G
� J 2

� 8 H �
( J � 8 :

) H �
( J � 8 � )

( J 2

� 8 C 2 + 1 2 C 2 − � 2)[ H �
( J � 8 C )]2 cos[ � ( ; − � )] exp(− J 2

� 8 � � ),�
2( 
 ,  , � ) =

1
2 � � � � exp � − ( 
 −  )2

4 � � � , G
�

=
�

1 for � = 0,
2 for � = 1, 2, K�K�K

Here, the H �
( � ) are the Bessel functions and the J � 8 are positive roots of the transcendental equationJ H I� ( J C ) + 1 H �

( J C ) = 0.+-,
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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3.1.2-5. Domain: 0 ≤

:
≤ C , 0 ≤ ; ≤ 2 � , 0 ≤ 
 < D . First boundary value problem.

A semiinfinite circular cylinder is considered. The following conditions are prescribed:� =  (
:
, ; , 
 ) at � = 0 (initial condition),� = ! 1( ; , 
 , � ) at

:
= C (boundary condition),� = ! 2(

:
, ; , � ) at 
 = 0 (boundary condition).

Solution:� (
:
, ; , 
 , � ) = " �

0
" 2 E

0
" F

0
�  ( � , � ,  )

�
(
:
, ; , 
 , � , � ,  , � ) $ � $ � $ 

− � C " %
0

" �
0

" 2 E
0

! 1( � ,  , & ) � '' � �
(
:
, ; , 
 , � , � ,  , � − & ) � ( = F $ � $  $ &

+ � " %
0

" 2 E
0

" F
0

� ! 2( � , � , & ) � ''  �
(
:
, ; , 
 , � , � ,  , � − & ) � * =0

$ � $ � $ & .

Here, �
(
:
, ; , 
 , � , � ,  , � ) =

�
1(

:
, ; , � , � , � ) � 2( 
 ,  , � ),�

1(
:
, ; , � , � , � ) =

1� C 2 ����
=0

��8 =1 G
�

[ H I� ( J � 8 C )]2 H �
( J � 8 :

) H �
( J � 8 � ) cos[ � ( ; − � )] exp(− J 2

� 8 � � ),�
2( 
 ,  , � ) =

1
2 � � � � �

exp � − ( 
 −  )2

4 � � � − exp � − ( 
 +  )2

4 � � � � , G
�

=
�

1 for � = 0,
2 for � = 1, 2, K�K�K ,

where the H �
( � ) are the Bessel functions (the prime denotes the derivative with respect to the

argument) and the J � 8 are positive roots of the transcendental equation H �
( J C ) = 0.+-,

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

3.1.2-6. Domain: 0 ≤
:

≤ C , 0 ≤ ; ≤ 2 � , 0 ≤ 
 < D . Second boundary value problem.
A semiinfinite circular cylinder is considered. The following conditions are prescribed:� =  (

:
, ; , 
 ) at � = 0 (initial condition),' L � = ! 1( ; , 
 , � ) at

:
= C (boundary condition),' 0 � = ! 2(

:
, ; , � ) at 
 = 0 (boundary condition).

Solution:� (
:
, ; , 
 , � ) = " �

0
" 2 E

0
" F

0
�  ( � , � ,  )

�
(
:
, ; , 
 , � , � ,  , � ) $ � $ � $ 

+ � C " %
0

" �
0

" 2 E
0

! 1( � ,  , & )
�

(
:
, ; , 
 , C , � ,  , � − & ) $ � $  $ &

− � " %
0

" 2 E
0

" F
0

� ! 2( � , � , & )
�

(
:
, ; , 
 , � , � , 0, � − & ) $ � $ � $ & .

Here, �
(
:
, ; , 
 , � , � ,  , � ) =

�
1(

:
, ; , � , � , � ) � 2( 
 ,  , � ),�

1(
:
, ; , � , � , � ) =

1� C 2 +
1� ����

=0

��8 =1 G
� J 2

� 8 H �
( J � 8 :

) H �
( J � 8 � )

( J 2

� 8 C 2 − � 2)[ H �
( J � 8 C )]2 cos[ � ( ; − � )] exp(− J 2

� 8 � � ),�
2( 
 ,  , � ) =

1
2 � � � � �

exp � − ( 
 −  )2

4 � � � + exp � − ( 
 +  )2

4 � � � � , G
�

=
�

1 for � = 0,
2 for � = 1, 2, K�K�K ,

where the H �
( � ) are the Bessel functions and the J � 8 are positive roots of the transcendental equationH I� ( J C ) = 0.+-,

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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3.1.2-7. Domain: 0 ≤
:

≤ C , 0 ≤ ; ≤ 2 � , 0 ≤ 
 < D . Third boundary value problem.

A semiinfinite circular cylinder is considered. The following conditions are prescribed:� =  (
:
, ; , 
 ) at � = 0 (initial condition),' L � + 1 1

� = ! ( ; , 
 , � ) at
:

= C (boundary condition),' 0 � − 1 2
� = ! 2(

:
, ; , � ) at 
 = 0 (boundary condition).

The solution � (
:
, ; , 
 , � ) is determined by the formula in Paragraph 3.1.2-6 where�

(
:
, ; , 
 , � , � ,  , � ) =

�
1(

:
, ; , � , � , � ) � 2( 
 ,  , � ),�

1(
:
, ; , � , � , � ) =

1� ����
=0

��8 =1 G
� J 2

� 8 H �
( J � 8 :

) H �
( J � 8 � )

( J 2

� 8 C 2 + 1 2
1 C 2 − � 2)[ H �

( J � 8 C )]2 cos[ � ( ; − � )] exp(− J 2

� 8 � � ),�
2( 
 ,  , � ) =

1
2 � � � � �

exp � − ( 
 −  )2

4 � � � +exp � − ( 
 +  )2

4 � � � −2 1 2 " �
0

exp � − ( 
 +  + M )2

4 � � − 1 2 M � $ M � .

Here, G 0 = 1 and G
�

= 2 for � = 1, 2, K�K�K ; the H �
( � ) are the Bessel functions and the J � 8 are

positive roots of the transcendental equationJ H I� ( J C ) + 1 1 H �
( J C ) = 0.

3.1.2-8. Domain: 0 ≤
:

≤ C , 0 ≤ ; ≤ 2 � , 0 ≤ 
 < D . Mixed boundary value problems.

1 5 . A semiinfinite circular cylinder is considered. The following conditions are prescribed:� =  (
:
, ; , 
 ) at � = 0 (initial condition),� = ! 1( ; , 
 , � ) at

:
= C (boundary condition),' 0 � = ! 2(

:
, ; , � ) at 
 = 0 (boundary condition).

Solution:� (
:
, ; , 
 , � ) = " �

0
" 2 E

0
" F

0
�  ( � , � ,  )

�
(
:
, ; , 
 , � , � ,  , � ) $ � $ � $ 

− � C " %
0

" �
0

" 2 E
0

! 1( � ,  , & ) � '' � �
(
:
, ; , 
 , � , � ,  , � − & ) � ( = F $ � $  $ &

− � " %
0

" 2 E
0

" F
0

� ! 2( � , � , & )
�

(
:
, ; , 
 , � , � , 0, � − & ) $ � $ � $ & .

Here, �
(
:
, ; , 
 , � , � ,  , � ) =

�
1(

:
, ; , � , � , � ) � 2( 
 ,  , � ),�

1(
:
, ; , � , � , � ) =

1� C 2 ����
=0

��8 =1 G
�

[ H I� ( J � 8 C )]2 H �
( J � 8 :

) H �
( J � 8 � ) cos[ � ( ; − � )] exp(− J 2

� 8 � � ),�
2( 
 ,  , � ) =

1
2 � � � � �

exp � − ( 
 −  )2

4 � � � + exp � − ( 
 +  )2

4 � � � � , G
�

=
�

1 for � = 0,
2 for � = 1, 2, K�K�K ,

where the H �
( � ) are the Bessel functions (the prime denotes the derivative with respect to the

argument) and the J � 8 are positive roots of the transcendental equation H �
( J C ) = 0.
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2 5 . A semiinfinite circular cylinder is considered. The following conditions are prescribed:� =  (

:
, ; , 
 ) at � = 0 (initial condition),' L � = ! 1( ; , 
 , � ) at

:
= C (boundary condition),� = ! 2(

:
, ; , � ) at 
 = 0 (boundary condition).

Solution:� (
:
, ; , 
 , � ) = " �

0
" 2 E

0
" F

0
�  ( � , � ,  )

�
(
:
, ; , 
 , � , � ,  , � ) $ � $ � $ 

+ � C " %
0

" �
0

" 2 E
0

! 1( � ,  , & )
�

(
:
, ; , 
 , C , � ,  , � − & ) $ � $  $ &

+ � " %
0

" 2 E
0

" F
0

� ! 2( � , � , & ) � ''  �
(
:
, ; , 
 , � , � ,  , � − & ) � * =0

$ � $ � $ & .

Here, �
(
:
, ; , 
 , � , � ,  , � ) =

�
1(

:
, ; , � , � , � ) � 2( 
 ,  , � ),�

1(
:
, ; , � , � , � ) =

1� C 2 +
1� ����

=0

��8 =1 G
� J 2

� 8 H �
( J � 8 :

) H �
( J � 8 � )

( J 2

� 8 C 2 − � 2)[ H �
( J � 8 C )]2 cos[ � ( ; − � )] exp(− J 2

� 8 � � ),�
2( 
 ,  , � ) =

1
2 � � � � �

exp � − ( 
 −  )2

4 � � � − exp � − ( 
 +  )2

4 � � � � , G
�

=
�

1 for � = 0,
2 for � = 1, 2, K�K�K ,

where the H �
( � ) are the Bessel functions and the J � 8 are positive roots of the transcendental equationH I� ( J C ) = 0.

3.1.2-9. Domain: 0 ≤
:

≤ C , 0 ≤ ; ≤ 2 � , 0 ≤ 
 ≤ � . First boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:� =  (
:
, ; , 
 ) at � = 0 (initial condition),� = ! 1( ; , 
 , � ) at

:
= C (boundary condition),� = ! 2(

:
, ; , � ) at 
 = 0 (boundary condition),� = ! 3(

:
, ; , � ) at 
 = � (boundary condition).

Solution:� (
:
, ; , 
 , � ) = " #

0
" 2 E

0
" F

0
�  ( � , � ,  )

�
(
:
, ; , 
 , � , � ,  , � ) $ � $ � $ 

− � C " %
0

" #
0

" 2 E
0

! 1( � ,  , & ) � '' � �
(
:
, ; , 
 , � , � ,  , � − & ) � ( = F $ � $  $ &

+ � " %
0

" 2 E
0

" F
0

� ! 2( � , � , & ) � ''  �
(
:
, ; , 
 , � , � ,  , � − & ) � * =0

$ � $ � $ &
− � " %

0
" 2 E

0
" F

0
� ! 3( � , � , & ) � ''  �

(
:
, ; , 
 , � , � ,  , � − & ) � * = # $ � $ � $ & .

Here, �
(
:
, ; , 
 , � , � ,  , � ) =

�
1(

:
, ; , � , � , � ) � 2( 
 ,  , � ),�

1(
:
, ; , � , � , � ) =

1� C 2 ����
=0

��8 =1 G
�

[ H I� ( J � 8 C )]2 H �
( J � 8 :

) H �
( J � 8 � ) cos[ � ( ; − � )] exp(− J 2

� 8 � � ),�
2( 
 ,  , � ) =

2� ����
=1

sin � � � 
� � sin � � � � � exp � −
� � 2 � 2 �� 2 � , G

�
=

�
1 for � = 0,
2 for � = 1, 2, K�K�K ,
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where the H �
( � ) are the Bessel functions (the prime denotes the derivative with respect to the

argument) and the J � 8 are positive roots of the transcendental equation H �
( J C ) = 0.

3.1.2-10. Domain: 0 ≤
:

≤ C , 0 ≤ ; ≤ 2 � , 0 ≤ 
 ≤ � . Second boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:� =  (
:
, ; , 
 ) at � = 0 (initial condition),' L � = ! 1( ; , 
 , � ) at

:
= C (boundary condition),' 0 � = ! 2(

:
, ; , � ) at 
 = 0 (boundary condition),' 0 � = ! 3(

:
, ; , � ) at 
 = � (boundary condition).

Solution: � (
:
, ; , 
 , � ) = " #

0
" 2 E

0
" F

0
�  ( � , � ,  )

�
(
:
, ; , 
 , � , � ,  , � ) $ � $ � $ 

+ � C " %
0

" #
0

" 2 E
0

! 1( � ,  , & )
�

(
:
, ; , 
 , C , � ,  , � − & ) $ � $  $ &

− � " %
0

" 2 E
0

" F
0

� ! 2( � , � , & )
�

(
:
, ; , 
 , � , � , 0, � − & ) $ � $ � $ &

+ � " %
0

" 2 E
0

" F
0

� ! 3( � , � , & )
�

(
:
, ; , 
 , � , � , � , � − & ) $ � $ � $ & .

Here, �
(
:
, ; , 
 , � , � ,  , � ) =

�
1(

:
, ; , � , � , � ) � 2( 
 ,  , � ),�

1(
:
, ; , � , � , � ) =

1� C 2 +
1� �� �

=0

��8 =1 G
� J 2

� 8 H �
( J � 8 :

) H �
( J � 8 � )

( J 2

� 8 C 2 − � 2)[ H �
( J � 8 C )]2 cos[ � ( ; − � )] exp(− J 2

� 8 � � ),�
2( 
 ,  , � ) =

1� +
2� ����

=1

cos � � � �� � cos � � � �� � exp � −
� � 2 � 2 �� 2 � , G

�
=

�
1 for � = 0,
2 for � = 1, 2, K�K�K ,

where the H �
( � ) are the Bessel functions and the J � 8 are positive roots of the transcendental equationH I� ( J C ) = 0.

3.1.2-11. Domain: 0 ≤
:

≤ C , 0 ≤ ; ≤ 2 � , 0 ≤ 
 ≤ � . Third boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:� =  (
:
, ; , 
 ) at � = 0 (initial condition),' L � + 1 1

� = ! ( ; , 
 , � ) at
:

= C (boundary condition),' 0 � − 1 2
� = ! 2(

:
, ; , � ) at 
 = 0 (boundary condition),' 0 � + 1 3

� = ! 3(
:
, ; , � ) at 
 = � (boundary condition).

The solution � (
:
, ; , 
 , � ) is determined by the formula in Paragraph 3.1.2-10 where�

(
:
, ; , 
 , � , � ,  , � ) =

�
1(

:
, ; , � , � , � ) ��ON

=1 P
N
( 
 ) P

N
(  )3 P

N 3 2 exp(− � Q 2

N � ),�
1(

:
, ; , � , � , � ) =

1� ����
=0

��8 =1 G
� J 2

� 8 H �
( J � 8 :

) H �
( J � 8 � )

( J 2

� 8 C 2 + 1 2
1 C 2 − � 2)[ H �

( J � 8 C )]2 cos[ � ( ; − � )] exp(− J 2

� 8 � � ),
P

N
( 
 ) = cos( Q N 
 ) +

1 2Q N
sin( Q N 
 ),

3 P
N 3 2 =

1 3

2 Q 2

N Q 2

N
+ 1 2

2Q 2

N
+ 1 2

3
+

1 2

2 Q 2

N
+

�
2

� 1 +
1 2

2Q 2

N � .
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Here, G 0 = 1 and G

�
= 2 for � = 1, 2, K�K�K ; the H �

( � ) are the Bessel functions; and the J � 8 and Q N
are positive roots of the transcendental equationsJ H I� ( J C ) + 1 1 H �

( J C ) = 0,
tan( Q � )Q =

1 2 + 1 3Q 2 − 1 2 1 3
.

3.1.2-12. Domain: 0 ≤
:

≤ C , 0 ≤ ; ≤ 2 � , 0 ≤ 
 ≤ � . Mixed boundary value problems.

1 5 . A circular cylinder of finite length is considered. The following conditions are prescribed:� =  (
:
, ; , 
 ) at � = 0 (initial condition),� = ! 1( ; , 
 , � ) at

:
= C (boundary condition),' 0 � = ! 2(

:
, ; , � ) at 
 = 0 (boundary condition),' 0 � = ! 3(

:
, ; , � ) at 
 = � (boundary condition).

Solution:� (
:
, ; , 
 , � ) = " #

0
" 2 E

0
" F

0
�  ( � , � ,  )

�
(
:
, ; , 
 , � , � ,  , � ) $ � $ � $ 

− � C " %
0

" #
0

" 2 E
0

! 1( � ,  , & ) � '' � �
(
:
, ; , 
 , � , � ,  , � − & ) � ( = F $ � $  $ &

− � " %
0

" 2 E
0

" F
0

� ! 2( � , � , & )
�

(
:
, ; , 
 , � , � , 0, � − & ) $ � $ � $ &

+ � " %
0

" 2 E
0

" F
0

� ! 3( � , � , & )
�

(
:
, ; , 
 , � , � , � , � − & ) $ � $ � $ & .

Here, �
(
:
, ; , 
 , � , � ,  , � ) =

�
1(

:
, ; , � , � , � ) � 2( 
 ,  , � ),�

1(
:
, ; , � , � , � ) =

1� C 2 ����
=0

��8 =1 G
�

[ H I� ( J � 8 C )]2 H �
( J � 8 :

) H �
( J � 8 � ) cos[ � ( ; − � )] exp(− J 2

� 8 � � ),�
2( 
 ,  , � ) =

1� +
2� ����

=1

cos � � � 
� � cos � � � � � exp � −
� � 2 � 2 �� 2 � , G

�
=

�
1 for � = 0,
2 for � = 1, 2, K�K�K ,

where the H �
( � ) are the Bessel functions (the prime denotes the derivative with respect to the

argument) and the J � 8 are positive roots of the transcendental equation H �
( J C ) = 0.

2 5 . A circular cylinder of finite length is considered. The following conditions are prescribed:� =  (
:
, ; , 
 ) at � = 0 (initial condition),' L � = ! 1( ; , 
 , � ) at

:
= C (boundary condition),� = ! 2(

:
, ; , � ) at 
 = 0 (boundary condition),� = ! 3(

:
, ; , � ) at 
 = � (boundary condition).

Solution:� (
:
, ; , 
 , � ) = " #

0
" 2 E

0
" F

0
�  ( � , � ,  )

�
(
:
, ; , 
 , � , � ,  , � ) $ � $ � $ 

+ � C " %
0

" #
0

" 2 E
0

! 1( � ,  , & )
�

(
:
, ; , 
 , C , � ,  , � − & ) $ � $  $ &

+ � " %
0

" 2 E
0

" F
0

� ! 2( � , � , & ) � ''  �
(
:
, ; , 
 , � , � ,  , � − & ) � * =0

$ � $ � $ &
− � " %

0
" 2 E

0
" F

0
� ! 3( � , � , & ) � ''  �

(
:
, ; , 
 , � , � ,  , � − & ) � * = # $ � $ � $ & .
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Here, �
(
:
, ; , 
 , � , � ,  , � ) =

�
1(

:
, ; , � , � , � ) � 2( 
 ,  , � ),�

1(
:
, ; , � , � , � ) =

1� C 2 +
1� �� �

=0

��8 =1 G
� J 2

� 8 H �
( J � 8 :

) H �
( J � 8 � )

( J 2

� 8 C 2 − � 2)[ H �
( J � 8 C )]2 cos[ � ( ; − � )] exp(− J 2

� 8 � � ),�
2( 
 ,  , � ) =

2� �� �
=1

sin � � � 
� � sin � � � � � exp � −
� � 2 � 2 �� 2 � , G

�
=

�
1 for � = 0,
2 for � = 1, 2, K�K�K ,

where the H �
( � ) are the Bessel functions and the J � 8 are positive roots of the transcendental equationH I� ( J C ) = 0.

3.1.2-13. Domain: C 1 ≤
:

≤ C 2, 0 ≤ ; ≤ 2 � , − D < 
 < D . First boundary value problem.

An infinite hollow circular cylinder is considered. The following conditions are prescribed:� =  (
:
, ; , 
 ) at � = 0 (initial condition),� = ! 1( ; , 
 , � ) at

:
= C 1 (boundary condition),� = ! 2( ; , 
 , � ) at

:
= C 2 (boundary condition).

Solution:� (
:
, ; , 
 , � ) = " �

− � " 2 E
0

" F 2F 1

 ( � , � ,  )
�

(
:
, ; , 
 , � , � ,  , � ) � $ � $ � $ 

+ � C 1 " %
0

" �
− � " 2 E

0
! 1( � ,  , & ) � '' � �

(
:
, ; , 
 , � , � ,  , � − & ) � ( = F 1

$ � $  $ &
− � C 2 " %

0
" �

− � " 2 E
0

! 2( � ,  , & ) � '' � �
(
:
, ; , 
 , � , � ,  , � − & ) � ( = F 2

$ � $  $ & .

Here, �
(
:
, ; , 
 , � , � ,  , � ) =

1
2 � � � � exp � − ( 
 −  )2

4 � � � �
1(

:
, ; , � , � , � ),�

1(
:
, ; , � , � , � ) =

�
2

�� �
=0

��8 =1 G
� R � 8 S �

( J � 8 :
) S �

( J � 8 � ) cos[ � ( ; − � )] exp(− J 2

� 8 � � ),
G

�
=

�
1 T 2 for � = 0,
1 for � ≠ 0,

R � 8 =
J 2

� 8 H 2

�
( J � 8 C 2)H 2

�
( J � 8 C 1) − H 2

�
( J � 8 C 2)

,S �
( J � 8 :

) = H �
( J � 8 C 1) U �

( J � 8 :
) − U �

( J � 8 C 1) H �
( J � 8 :

),

where the H �
(
:
) and U �

(
:
) are the Bessel functions and the J � 8 are positive roots of the transcen-

dental equation H �
( J C 1) U �

( J C 2) − U �
( J C 1) H �

( J C 2) = 0.

3.1.2-14. Domain: C 1 ≤
:

≤ C 2, 0 ≤ ; ≤ 2 � , − D < 
 < D . Second boundary value problem.

An infinite hollow circular cylinder is considered. The following conditions are prescribed:� =  (
:
, ; , 
 ) at � = 0 (initial condition),' L � = ! 1( ; , 
 , � ) at

:
= C 1 (boundary condition),' L � = ! 2( ; , 
 , � ) at

:
= C 2 (boundary condition).
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Solution:� (

:
, ; , 
 , � ) = " �

− � " 2 E
0

" F 2F 1

 ( � , � ,  )
�

(
:
, ; , 
 , � , � ,  , � ) � $ � $ � $ 

− � C 1 " %
0

" �
− � " 2 E

0
! 1( � ,  , & )

�
(
:
, ; , 
 , C 1, � , � ,  , � − & ) $ � $  $ &

+ � C 2 " %
0

" �
− � " 2 E

0
! 2( � ,  , & )

�
(
:
, ; , 
 , C 2, � ,  , � − & ) $ � $  $ & .

Here, �
(
:
, ; , 
 , � , � ,  , � )=

1
2 � � � � exp � − ( 
 −  )2

4 � � � �
1(

:
, ; , � , � , � ),�

1(
:
, ; , � , � , � )=

1� ( C 2
2− C 2

1)
+

1� �� �
=0

��8 =1 G
� J 2

� 8 S �
( J � 8 :

) S �
( J � 8 � ) cos[ � ( ; − � )] exp(− J 2

� 8 � � )
( J 2

� 8 C 2
2− � 2) S 2

�
( J � 8 C 2)−( J 2

� 8 C 2
1− � 2) S 2

�
( J � 8 C 1)

,S �
( J � 8 :

)= H I� ( J � 8 C 1) U �
( J � 8 :

)− U I� ( J � 8 C 1) H �
( J � 8 :

),

where G 0 = 1 and G
�

= 2 for � = 1, 2, K�K�K ; the H �
(
:
) and U �

(
:
) are the Bessel functions (the

prime denotes the derivative with respect to the argument); and the J � 8 are positive roots of the
transcendental equation H I� ( J C 1) U I� ( J C 2) − U I� ( J C 1) H I� ( J C 2) = 0.

3.1.2-15. Domain: C 1 ≤
:

≤ C 2, 0 ≤ ; ≤ 2 � , − D < 
 < D . Third boundary value problem.

An infinite hollow circular cylinder is considered. The following conditions are prescribed:� =  (
:
, ; , 
 ) at � = 0 (initial condition),' L � − 1 1

� = ! 1( ; , 
 , � ) at
:

= C 1 (boundary condition),' L � + 1 2
� = ! 2( ; , 
 , � ) at

:
= C 2 (boundary condition).

The solution � (
:
, ; , 
 , � ) is given by relations in Paragraph 3.1.2-14 in which�
(
:
, ; , 
 , � , � ,  , � ) =

1
2 � � � � exp � − ( 
 −  )2

4 � � � �
1(

:
, ; , � , � , � ),�

1(
:
, ; , � , � , � ) =

1� �� �
=0

��8 =1 G
� J 2

� 8 S �
( J � 8 :

) S �
( J � 8 � ) cos[ � ( ; − � )] exp(− J 2

� 8 � � )
( 1 2

2 C 2
2 + J 2

� 8 C 2
2 − � 2) S 2

�
( J � 8 C 2)− ( 1 2

1 C 2
1 + J 2

� 8 C 2
1 − � 2) S 2

�
( J � 8 C 1)

,S �
( J � 8 :

) = VWJ � 8 H I� ( J � 8 C 1)− 1 1 H �
( J � 8 C 1) XYU �

( J � 8 :
)

− VZJ � 8 U I� ( J � 8 C 1)− 1 1 U �
( J � 8 C 1) X H �

( J � 8 :
).

Here, G 0 = 1 and G
�

= 2 for � = 1, 2, K�K�K ; H �
(
:
) and U �

(
:
) are the Bessel functions; and the J � 8

are positive roots of the transcendental equationVZJ H I� ( J C 1) − 1 1 H �
( J C 1) X VWJ U I� ( J C 2) + 1 2 U �

( J C 2) X
= VZJ U I� ( J C 1) − 1 1 U �

( J C 1) X VZJ H I� ( J C 2) + 1 2 H �
( J C 2) X .
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3.1.2-16. Domain: C 1 ≤
:

≤ C 2, 0 ≤ ; ≤ 2 � , 0 ≤ [ < D . First boundary value problem.

A semiinfinite hollow circular cylinder is considered. The following conditions are prescribed:� =  (
:
, ; , [ ) at \ = 0 (initial condition),� = ! 1( ; , [ , \ ) at

:
= C 1 (boundary condition),� = ! 2( ; , [ , \ ) at

:
= C 2 (boundary condition),� = ! 3(

:
, ; , \ ) at [ = 0 (boundary condition).

Solution:� (
:
, ; , [ , \ ) = " �

0
" 2 E

0
" F 2F 1

 ( ] , ^ , _ ) ` (
:
, ; , [ , ] , ^ , _ , \ ) ] $ ] $ ^ $ _

+ a C 1 " %
0

" �
0

" 2 E
0

! 1( ^ , _ , & ) b '' ] ` (
:
, ; , [ , ] , ^ , _ , \ − & ) c ( = F 1

$ ^ $ _ $ &
− a C 2 " %

0
" d

0
" 2 E

0
! 2( ^ , _ , & ) b '' ] ` (

:
, ; , [ , ] , ^ , _ , \ − & ) c ( = F 2

$ ^ $ _ $ &
+ a " %

0
" 2 E

0
" F 2F 1

! 3( ] , ^ , & ) b '' _ ` (
:
, ; , [ , ] , ^ , _ , \ − & ) c * =0

] $ ] $ ^ $ & .

Here, ` (
:
, ; , [ , ] , ^ , _ , \ ) =

1
2 e f a \ g exp b − ( [ − _ )2

4 a \ c − exp b − ( [ + _ )2

4 a \ c h ` 1( i , j , ] , ^ , \ ),` 1( i , j , ] , ^ , \ ) =
f
2

dk�l
=0

dkm =1 n l o l m p l
( q l m i ) p l

( q l m ] ) cos[ r ( j − ^ )] exp(− q 2

l m s t ),
n l

= g 1 u 2 for r = 0,
1 for r ≠ 0,

o l m =
q 2

l m v 2

l
( q l m w 2)v 2

l
( q l m w 1) − v 2

l
( q l m w 2)

,p l
( q l m i ) = v l

( q l m w 1) U l
( q l m i ) − U l

( q l m w 1) v l
( q l m i ),

where the v l
( i ) and U l

( i ) are the Bessel functions and the q l m are positive roots of the transcen-
dental equation v l

( q w 1) U l
( q w 2) − U l

( q w 1) v l
( q w 2) = 0.

3.1.2-17. Domain: w 1 ≤ i ≤ w 2, 0 ≤ j ≤ 2 x , 0 ≤ y < z . Second boundary value problem.

A semiinfinite hollow circular cylinder is considered. The following conditions are prescribed:{ = | ( i , j , y ) at t = 0 (initial condition),} ~ { = � 1( j , y , t ) at i = w 1 (boundary condition),} ~ { = � 2( j , y , t ) at i = w 2 (boundary condition),} � { = � 3( i , j , t ) at y = 0 (boundary condition).
Solution:{ ( i , j , y , t ) = � �

0
� 2 �

0
� � 2� 1

| ( ] , ^ , _ ) � ( i , j , y , ] , ^ , _ , t ) ] � ] � ^ � _
− s w 1 � %

0
� �

0
� 2 �

0
� 1( ^ , _ , � ) � ( i , j , y , w 1, ^ , _ , t − � ) � ^ � _ � �

+ s w 2 � %
0

� �
0

� 2 �
0

� 2( ^ , _ , � ) � ( i , j , y , w 2, ^ , _ , t − � ) � ^ � _ � �
− s � %

0
� 2 �

0
� � 2� 1

� 3( ] , ^ , � ) � ( i , j , y , ] , ^ , 0, t − � ) ] � ] � ^ � � .
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���
Here, � ( i , j , y , ] , ^ , _ , t )=

1
2 � x s t � exp � − ( y − _ )2

4 s t � +exp � − ( y + _ )2

4 s t � h � 1( i , j , ] , ^ , t ),� 1( i , j , ] , ^ , t )=
1x ( w 2
2− w 2

1)
+

1x �k�l
=0

�km =1
n l q 2

l m p l
( q l m i ) p l

( q l m ] ) cos[ r ( j − ^ )] exp(− q 2

l m s t )
( q 2

l m w 2
2− r 2) p 2

l
( q l m w 2)−( q 2

l m w 2
1− r 2) p 2

l
( q l m w 1)

,p l
( q l m i )= v �l ( q l m w 1) U l

( q l m i )− U �l ( q l m w 1) v l
( q l m i ),

where n 0 = 1 and n l
= 2 for r = 1, 2, ����� ; the v l

( i ) and U l
( i ) are the Bessel functions; and theq l m are positive roots of the transcendental equationv �l ( q w 1) U �l ( q w 2) − U �l ( q w 1) v �l ( q w 2) = 0.

3.1.2-18. Domain: w 1 ≤ i ≤ w 2, 0 ≤ j ≤ 2 x , 0 ≤ y < z . Third boundary value problem.

A semiinfinite hollow circular cylinder is considered. The following conditions are prescribed:{ = | ( i , j , y ) at t = 0 (initial condition),} ~ { − � 1
{ = � 1( j , y , t ) at i = w 1 (boundary condition),} ~ { + � 2
{ = � 2( j , y , t ) at i = w 2 (boundary condition),} � { − � 3
{ = � 3( i , j , t ) at y = 0 (boundary condition).

The solution { ( i , j , y , t ) is determined by the formula in Paragraph 3.1.2-17 where� ( i , j , y , ] , ^ , _ , t ) = � 1( y , _ , t ) � 2( i , j , ] , ^ , t ),� 1( y , _ , t ) =
1

2 � x s t � exp � − ( y − _ )2

4 s t � +exp � − ( y + _ )2

4 s t � −2 � 3 � �
0

exp � − ( y + _ + � )2

4 s t − � 3 � � � � h ,� 2( i , j , ] , ^ , t ) =
1x �k�l

=0

�km =1
n l q 2

l m p l
( q l m i ) p l

( q l m ] ) cos[ r ( j − ^ )] exp(− q 2

l m s t )
( � 2

2
w 2

2+ q 2

l m w 2
2− r 2) p 2

l
( q l m w 2)−( � 2

1
w 2

1+ q 2

l m w 2
1− r 2) p 2

l
( q l m w 1)

,p l
( q l m i ) = ��q l m v �l ( q l m w 1)− � 1 v l

( q l m w 1) �YU l
( q l m i )

− �Wq l m U �l ( q l m w 1)− � 1 U l
( q l m w 1) � v l

( q l m i ).

Here, n 0 = 1 and n l
= 2 for r = 1, 2, ����� ; the v l

( i ) and U l
( i ) are the Bessel functions; and theq l m are positive roots of the transcendental equation�Zq v �l ( q w 1) − � 1 v l

( q w 1) � �Wq U �l ( q w 2) + � 2 U l
( q w 2) �

= �Zq U �l ( q w 1) − � 1 U l
( q w 1) � �Zq v �l ( q w 2) + � 2 v l

( q w 2) � .

3.1.2-19. Domain: w 1 ≤ i ≤ w 2, 0 ≤ j ≤ 2 x , 0 ≤ y < z . Mixed boundary value problems.

1 � . A semiinfinite hollow circular cylinder is considered. The following conditions are prescribed:{ = | ( i , j , y ) at t = 0 (initial condition),{ = � 1( j , y , t ) at i = w 1 (boundary condition),{ = � 2( j , y , t ) at i = w 2 (boundary condition),} � { = � 3( i , j , t ) at y = 0 (boundary condition).
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Solution:{ ( i , j , y , t ) = � �
0

� 2 �
0

� � 2� 1

| ( ] , ^ , _ ) � ( i , j , y , ] , ^ , _ , t ) ] � ] � ^ � _
+ s w 1 � %

0
� �

0
� 2 �

0
� 1( ^ , _ , � ) � }} ] � ( i , j , y , ] , ^ , _ , t − � ) � � = � 1

� ^ � _ � �
− s w 2 � %

0
� �

0
� 2 �

0
� 2( ^ , _ , � ) � }} ] � ( i , j , y , ] , ^ , _ , t − � ) � � = � 2

� ^ � _ � �
− s � %

0
� 2 �

0
� � 2� 1

� 3( ] , ^ , � ) � ( i , j , y , ] , ^ , 0, t − � ) ] � ] � ^ � � .

Here, � ( i , j , y , ] , ^ , _ , t ) =
1

2 � x s t � exp � − ( y − _ )2

4 s t � + exp � − ( y + _ )2

4 s t � h � 1( i , j , ] , ^ , t ),� 1( i , j , ] , ^ , t ) =
x
2

�k�l
=0

�km =1 n l o l m p l
( q l m i ) p l

( q l m ] ) cos[ r ( j − ^ )] exp(− q 2

l m s t ),
n l

= � 1 u 2 for r = 0,
1 for r ≠ 0,

o l m =
q 2

l m v 2

l
( q l m w 2)v 2

l
( q l m w 1) − v 2

l
( q l m w 2)

,p l
( q l m i ) = v l

( q l m w 1) U l
( q l m i ) − U l

( q l m w 1) v l
( q l m i ),

where the v l
( i ) and U l

( i ) are the Bessel functions and the q l m are positive roots of the transcen-
dental equation v l

( q w 1) U l
( q w 2) − U l

( q w 1) v l
( q w 2) = 0.

2 � . A semiinfinite hollow circular cylinder is considered. The following conditions are prescribed:{ = | ( i , j , y ) at t = 0 (initial condition),} ~ { = � 1( j , y , t ) at i = w 1 (boundary condition),} ~ { = � 2( j , y , t ) at i = w 2 (boundary condition),{ = � 3( i , j , t ) at y = 0 (boundary condition).

Solution:{ ( i , j , y , t ) = � �
0

� 2 �
0

� � 2� 1

| ( ] , ^ , _ ) � ( i , j , y , ] , ^ , _ , t ) ] � ] � ^ � _
− s w 1 � %

0
� �

0
� 2 �

0
� 1( ^ , _ , � ) � ( i , j , y , w 1, ^ , _ , t − � ) � ^ � _ � �

+ s w 2 � %
0

� �
0

� 2 �
0

� 2( ^ , _ , � ) � ( i , j , y , w 2, ^ , _ , t − � ) � ^ � _ � �
+ s � %

0
� 2 �

0
� � 2� 1

� 3( ] , ^ , � ) � }} _ � ( i , j , y , ] , ^ , _ , t − � ) � � =0
] � ] � ^ � � .

Here, � ( i , j , y , ] , ^ , _ , t )=
1

2 � x s t � exp � − ( y − _ )2

4 s t � −exp � − ( y + _ )2

4 s t � h � 1( i , j , ] , ^ , t ),� 1( i , j , ] , ^ , t )=
1x ( w 2
2− w 2

1)
+

1x �k�l
=0

�km =1
n l q 2

l m p l
( q l m i ) p l

( q l m ] ) cos[ r ( j − ^ )] exp(− q 2

l m s t )
( q 2

l m w 2
2− r 2) p 2

l
( q l m w 2)−( q 2

l m w 2
1− r 2) p 2

l
( q l m w 1)

,p l
( q l m i )= v �l ( q l m w 1) U l

( q l m i )− U �l ( q l m w 1) v l
( q l m i ),
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��� �
where n 0 = 1 and n l

= 2 for r = 1, 2, ����� ; the v l
( i ) and U l

( i ) are the Bessel functions (the
prime denotes the derivative with respect to the argument); and the q l m are positive roots of the
transcendental equation v �l ( q w 1) U �l ( q w 2) − U �l ( q w 1) v �l ( q w 2) = 0.

3.1.2-20. Domain: w 1 ≤ i ≤ w 2, 0 ≤ j ≤ 2 x , 0 ≤ y ≤ � . First boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:{ = | ( i , j , y ) at t = 0 (initial condition),{ = � 1( j , y , t ) at i = w 1 (boundary condition),{ = � 2( j , y , t ) at i = w 2 (boundary condition),{ = � 3( i , j , t ) at y = 0 (boundary condition),{ = � 4( i , j , t ) at y = � (boundary condition).
Solution:{ ( i , j , y , t ) = � �

0
� 2 �

0
� � 2� 1

| ( ] , ^ , _ ) � ( i , j , y , ] , ^ , _ , t ) ] � ] � ^ � _
+ s w 1 � %

0
� �

0
� 2 �

0
� 1( ^ , _ , � ) � }} ] � ( i , j , y , ] , ^ , _ , t − � ) � � = � 1

� ^ � _ � �
− s w 2 � %

0
� �

0
� 2 �

0
� 2( ^ , _ , � ) � }} ] � ( i , j , y , ] , ^ , _ , t − � ) � � = � 2

� ^ � _ � �
+ s � %

0
� 2 �

0
� � 2� 1

� 3( ] , ^ , � ) � }} _ � ( i , j , y , ] , ^ , _ , t − � ) � � =0
] � ] � ^ � �

− s � %
0

� 2 �
0

� � 2� 1

� 4( ] , ^ , � ) � }} _ � ( i , j , y , ] , ^ , _ , t − � ) � � = � ] � ] � ^ � � .

Here, � ( i , j , y , ] , ^ , _ , t ) = � 1( i , j , ] , ^ , t ) � 2� �k�l
=1

sin � r x y� � sin � r x _� � exp � −
s r 2 x 2 t� 2 � � ,

� 1(   , ¡ , ] , ^ , t ) =
x
2

�k�l
=0

�km =1 n l o l m p l
( q l m   ) p l

( q l m ] ) cos[ r ( ¡ − ^ )] exp(− q 2

l m s t ),
n l

= � 1 u 2 for r = 0,
1 for r ≠ 0,

o l m =
q 2

l m v 2

l
( q l m w 2)v 2

l
( q l m w 1) − v 2

l
( q l m w 2)

,p l
( q l m   ) = v l

( q l m w 1) U l
( q l m   ) − U l

( q l m w 1) v l
( q l m   ),

where the v l
(   ) and U l

(   ) are the Bessel functions and the q l m are positive roots of the transcen-
dental equation v l

( q w 1) U l
( q w 2) − U l

( q w 1) v l
( q w 2) = 0.

3.1.2-21. Domain: w 1 ≤   ≤ w 2, 0 ≤ ¡ ≤ 2 x , 0 ≤ y ≤ � . Second boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:{ = | (   , ¡ , y ) at t = 0 (initial condition),} ~ { = � 1( ¡ , y , t ) at   = w 1 (boundary condition),} ~ { = � 2( ¡ , y , t ) at   = w 2 (boundary condition),} � { = � 3(   , ¡ , t ) at y = 0 (boundary condition),} � { = � 4(   , ¡ , t ) at y = � (boundary condition).
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Solution:{ (   , ¡ , y , t ) = � �
0

� 2 �
0

� � 2� 1

| ( ] , ^ , _ ) � (   , ¡ , y , ] , ^ , _ , t ) ] � ] � ^ � _
− s w 1 � %

0
� �

0
� 2 �

0
� 1( ^ , _ , � ) � (   , ¡ , y , w 1, ^ , _ , t − � ) � ^ � _ � �

+ s w 2 � %
0

� �
0

� 2 �
0

� 2( ^ , _ , � ) � (   , ¡ , y , w 2, ^ , _ , t − � ) � ^ � _ � �
− s � %

0
� 2 �

0
� � 2� 1

� 3( ] , ^ , � ) � (   , ¡ , y , ] , ^ , 0, t − � ) ] � ] � ^ � �
+ s � %

0
� 2 �

0
� � 2� 1

� 4( ] , ^ , � ) � (   , ¡ , y , ] , ^ , � , t − � ) ] � ] � ^ � � .

Here,� (   , ¡ , y , ] , ^ , _ , t )= � 1(   , ¡ , ] , ^ , t ) � 1� +
2� �k�l

=1

cos � r x y� � cos � r x _� � exp � −
s r 2 x 2 t� 2 � � ,

� 1(   , ¡ , ] , ^ , t )=
1x ( w 2
2− w 2

1)
+

1x �k�l
=0

�km =1
n l q 2

l m p l
( q l m   ) p l

( q l m ] ) cos[ r ( ¡ − ^ )] exp(− q 2

l m s t )
( q 2

l m w 2
2− r 2) p 2

l
( q l m w 2)−( q 2

l m w 2
1− r 2) p 2

l
( q l m w 1)

,p l
( q l m   )= v �l ( q l m w 1) U l

( q l m   )− U �l ( q l m w 1) v l
( q l m   ),

where n 0 = 1 and n l
= 2 for r = 1, 2, ����� ; the v l

(   ) and U l
(   ) are the Bessel functions (the

prime denotes the derivative with respect to the argument); and the q l m are positive roots of the
transcendental equation v �l ( q w 1) U �l ( q w 2) − U �l ( q w 1) v �l ( q w 2) = 0.

3.1.2-22. Domain: w 1 ≤   ≤ w 2, 0 ≤ ¡ ≤ 2 x , 0 ≤ y ≤ � . Third boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:{ = | (   , ¡ , y ) at t = 0 (initial condition),} ~ { − � 1
{ = � 1( ¡ , y , t ) at   = w 1 (boundary condition),} ~ { + � 2
{ = � 2( ¡ , y , t ) at   = w 2 (boundary condition),} � { − � 3
{ = � 3(   , ¡ , t ) at y = 0 (boundary condition),} � { + � 4
{ = � 4(   , ¡ , t ) at y = � (boundary condition).

The solution { (   , ¡ , y , t ) is determined by the formula in Paragraph 3.1.2-21 where� (   , ¡ , y , ] , ^ , _ , t ) = � 1(   , ¡ , ] , ^ , t ) � 2( y , _ , t ).
Here, the first factor has the form� 1(   , ¡ , ] , ^ , t ) =

1x �k l
=0

�km =1
n l q 2

l m p l
( q l m   ) p l

( q l m ] ) cos[ r ( ¡ − ^ )] exp(− q 2

l m s t )
( � 2

2 w 2
2 + q 2

l m w 2
2 − r 2) p 2

l
( q l m w 2)− ( � 2

1 w 2
1 + q 2

l m w 2
1 − r 2) p 2

l
( q l m w 1)

,p l
( q l m   ) = �Wq l m v �l ( q l m w 1)− � 1 v l

( q l m w 1) �YU l
( q l m   )

− �Zq l m U �l ( q l m w 1)− � 1 U l
( q l m w 1) � v l

( q l m   ),
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���
where n 0 = 1 and n l

= 2 for r = 1, 2, ����� ; the v l
(   ) and U l

(   ) are the Bessel functions; and theq l m are positive roots of the transcendental equation�Zq v �l ( q w 1) − � 1 v l
( q w 1) � �Wq U �l ( q w 2) + � 2 U l

( q w 2) �
= �Zq U �l ( q w 1) − � 1 U l

( q w 1) � �Zq v �l ( q w 2) + � 2 v l
( q w 2) � .

The second factor is given by� 2( y , _ , t ) = �kO¢
=1 £

¢
( y ) £

¢
( _ )¤ £

¢ ¤ 2 exp(− s ¥ 2

¢ t ),
£

¢
( y ) = cos( ¥ ¢ y ) +

� 3¥ ¢
sin( ¥ ¢ y ),

¤ £
¢ ¤ 2 =

� 4

2 ¥ 2

¢ ¥ 2

¢
+ � 2

3¥ 2

¢
+ � 2

4
+

� 3

2 ¥ 2

¢
+

�
2

� 1 +
� 2

3¥ 2

¢ � ,

where the ¥ ¢
are positive roots of the transcendental equation

tan( ¥ � )¥ =
� 3 + � 4¥ 2 − � 3 � 4

.

3.1.2-23. Domain: w 1 ≤   ≤ w 2, 0 ≤ ¡ ≤ 2 x , 0 ≤ y ≤ � . Mixed boundary value problems.

1 � . A circular cylinder of finite length is considered. The following conditions are prescribed:{ = | (   , ¡ , y ) at t = 0 (initial condition),{ = � 1( ¡ , y , t ) at   = w 1 (boundary condition),{ = � 2( ¡ , y , t ) at   = w 2 (boundary condition),} � { = � 3(   , ¡ , t ) at y = 0 (boundary condition),} � { = � 4(   , ¡ , t ) at y = � (boundary condition).

Solution:{ (   , ¡ , y , t ) = � �
0

� 2 �
0

� � 2� 1

| ( ¦ , § , ¨ ) � (   , ¡ , y , ¦ , § , ¨ , t ) ¦ � ¦ � § � ¨
+ s w 1 � %

0
� �

0
� 2 �

0
� 1( § , ¨ , � ) � }} ¦ � (   , ¡ , y , ¦ , § , ¨ , t − � ) � � = � 1

� § � ¨ � �
− s w 2 � %

0
� �

0
� 2 �

0
� 2( § , ¨ , � ) � }} ¦ � (   , ¡ , y , ¦ , § , ¨ , t − � ) � � = � 2

� § � ¨ � �
− s � %

0
� 2 �

0
� � 2� 1

� 3( ¦ , § , � ) � (   , ¡ , y , ¦ , § , 0, t − � ) ¦ � ¦ � § � �
+ s � %

0
� 2 �

0
� � 2� 1

� 4( ¦ , § , � ) � (   , ¡ , y , ¦ , § , � , t − � ) ¦ � ¦ � § � � .

Here,� (   , ¡ , y , ¦ , § , ¨ , t ) = � 1(   , ¡ , ¦ , § , t ) � 1� +
2� �k l

=1

cos � r x y� � cos � r x ¨� � exp � −
s r 2 x 2 t� 2 � � ,

� 1(   , ¡ , ¦ , § , t ) =
x
2

�k l
=0

�km =1 n l o l m p l
( q l m   ) p l

( q l m ¦ ) cos[ r ( ¡ − § )] exp(− q 2

l m s t ),
n l

= � 1 u 2 for r = 0,
1 for r ≠ 0,

o l m =
q 2

l m v 2

l
( q l m w 2)v 2

l
( q l m w 1) − v 2

l
( q l m w 2)

,p l
( q l m   ) = v l

( q l m w 1) U l
( q l m   ) − U l

( q l m w 1) v l
( q l m   ),
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where the v l
(   ) and U l

(   ) are the Bessel functions and the q l m are positive roots of the transcen-
dental equation v l

( q w 1) U l
( q w 2) − U l

( q w 1) v l
( q w 2) = 0.

2 � . A circular cylinder of finite length is considered. The following conditions are prescribed:{ = | (   , ¡ , y ) at t = 0 (initial condition),} ~ { = � 1( ¡ , y , t ) at   = w 1 (boundary condition),} ~ { = � 2( ¡ , y , t ) at   = w 2 (boundary condition),{ = � 3(   , ¡ , t ) at y = 0 (boundary condition),{ = � 4(   , ¡ , t ) at y = � (boundary condition).
Solution:{ (   , ¡ , y , t ) = � �

0
� 2 �

0
� � 2� 1

| ( ¦ , § , ¨ ) � (   , ¡ , y , ¦ , § , ¨ , t ) ¦ � ¦ � § � ¨
− s w 1 � %

0
� �

0
� 2 �

0
� 1( § , ¨ , � ) � (   , ¡ , y , w 1, § , ¨ , t − � ) � § � ¨ � �

+ s w 2 � %
0

� �
0

� 2 �
0

� 2( § , ¨ , � ) � (   , ¡ , y , w 2, § , ¨ , t − � ) � § � ¨ � �
+ s � %

0
� 2 �

0
� � 2� 1

� 3( ¦ , § , � ) � }} ¨ � (   , ¡ , y , ¦ , § , ¨ , t − � ) � � =0
¦ � ¦ � § � �

− s � %
0

� 2 �
0

� � 2� 1

� 4( ¦ , § , � ) � }} ¨ � (   , ¡ , y , ¦ , § , ¨ , t − � ) � � = � ¦ � ¦ � § � � .

Here, � (   , ¡ , y , ¦ , § , ¨ , t )= � 1(   , ¡ , ¦ , § , t ) � 2� �k l
=1

sin � r x y� � sin � r x ¨� � exp � −
s r 2 x 2 t� 2 � � ,

� 1(   , ¡ , ¦ , § , t )=
1x ( w 2
2− w 2

1)
+

1x �k l
=0

�km =1
n l q 2

l m p l
( q l m   ) p l

( q l m ¦ ) cos[ r ( ¡ − § )] exp(− q 2

l m s t )
( q 2

l m w 2
2− r 2) p 2

l
( q l m w 2)−( q 2

l m w 2
1− r 2) p 2

l
( q l m w 1)

,p l
( q l m   )= v �l ( q l m w 1) U l

( q l m   )− U �l ( q l m w 1) v l
( q l m   ),

where n 0 = 1 and n l
= 2 for r = 1, 2, ����� ; the v l

(   ) and U l
(   ) are the Bessel functions (the

prime denotes the derivative with respect to the argument); and the q l m are positive roots of the
transcendental equation v �l ( q w 1) U �l ( q w 2) − U �l ( q w 1) v �l ( q w 2) = 0.

3.1.2-24. Domain: 0 ≤   < z , 0 ≤ ¡ ≤ ¡ 0, − z < y < z . First boundary value problem.

A dihedral angle is considered. The following conditions are prescribed:{ = | (   , ¡ , y ) at t = 0 (initial condition),{ = � 1(   , y , t ) at ¡ = 0 (boundary condition),{ = � 2(   , y , t ) at ¡ = ¡ 0 (boundary condition).
Solution:{ (   , ¡ , y , t ) = � �

− � � © 0

0
� �

0
| ( ¦ , § , ¨ ) � (   , ¡ , y , ¦ , § , ¨ , t ) ¦ � ¦ � § � ¨

+ s � %
0

� �
− � � �

0
� 1( ¦ , ¨ , � )

1¦ � }} § � (   , ¡ , y , ¦ , § , ¨ , t − � ) � ª =0
� ¦ � ¨ � �

− s � %
0

� �
− � � �

0
� 2( ¦ , ¨ , � )

1¦ � }} § � (   , ¡ , y , ¦ , § , ¨ , t − � ) � ª = © 0

� ¦ � ¨ � � .
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������ �
Here, �

( � , 	 , 
 , � , � ,  , � ) =
1

2 � � � � exp
�
−

( 
 −  )2

4 � � � �
1( � , 	 , � , � , � ),�

1( � , 	 , � , � , � ) =
1� 	 0 � exp � −

� 2 + � 2

4 � � � ����
=1 � � � ���

0 � � �
2 � � � sin � � � 		 0 � sin � � � �	 0 � ,

where the �! ( � ) are the modified Bessel functions.

3.1.2-25. Domain: 0 ≤ � < " , 0 ≤ 	 ≤ 	 0, − " < 
 < " . Second boundary value problem.

A dihedral angle is considered. The following conditions are prescribed:# = $ ( � , 	 , 
 ) at � = 0 (initial condition),� −1 % � # = & 1( � , 
 , � ) at 	 = 0 (boundary condition),� −1 % � # = & 2( � , 
 , � ) at 	 = 	 0 (boundary condition).

Solution: # ( � , 	 , 
 , � ) = ' �− � '
�

0

0
' �0

$ ( � , � ,  )
�

( � , 	 , 
 , � , � ,  , � ) � ( � ( � ( 
− � ' )

0
' �− � ' �0

& 1( � ,  , * )
�

( � , 	 , 
 , � , 0,  , � − * ) ( � (  ( *
+ � ' )

0
' �− � ' �0

& 2( � ,  , * )
�

( � , 	 , 
 , � , 	 0,  , � − * ) ( � (  ( * .

Here, �
( � , 	 , 
 , � , � ,  , � )=

1
2 � � � � exp

�
−

( 
 −  )2

4 � � � �
1( � , 	 , � , � , � ),�

1( � , 	 , � , � , � )=
1� 	 0 � exp � −

� 2+ � 2

4 � � � �
1
2 � 0 � � �

2 � � � + ����
=1 � � � ���

0 � � �
2 � � � cos � � � 		 0 � cos � � � �	 0 � � ,

where the �! ( � ) are the modified Bessel functions.

3.1.2-26. Domain: 0 ≤ � < " , 0 ≤ 	 ≤ 	 0, 0 ≤ 
 < " . First boundary value problem.

The upper half of a dihedral angle is considered. The following conditions are prescribed:# = $ ( � , 	 , 
 ) at � = 0 (initial condition),# = & 1( � , 
 , � ) at 	 = 0 (boundary condition),# = & 2( � , 
 , � ) at 	 = 	 0 (boundary condition),# = & 3( � , 	 , � ) at 
 = 0 (boundary condition).

Solution:# ( � , 	 , 
 , � ) = ' �0
'

�
0

0
' �0

$ ( � , � ,  )
�

( � , 	 , 
 , � , � ,  , � ) � ( � ( � ( 
+ � ' )

0
' �0

' �0
& 1( � ,  , * )

1� � %% � �
( � , 	 , 
 , � , � ,  , � − * ) � + =0

( � (  ( *
− � ' )

0
' �0

' �0
& 2( � ,  , * )

1� � %% � �
( � , 	 , 
 , � , � ,  , � − * ) � + =

�
0

( � (  ( *
+ � ' )

0
'

�
0

0
' �0

& 3( � , � , * )
� %%  �

( � , 	 , 
 , � , � ,  , � − * ) � , =0
� ( � ( � ( * .
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Here, �
( � , 	 , 
 , � , � ,  , � ) =

1
2 � � � � - exp

�
−

( 
 −  )2

4 � � � − exp
�
−

( 
 +  )2

4 � � � . �
1( � , 	 , � , � , � ),�

1( � , 	 , � , � , � ) =
1� 	 0 � exp � −

� 2 + � 2

4 � � � �� �
=1 � � � ���

0 � � �
2 � � � sin � � � 		 0 � sin � � � �	 0 � ,

where the �! ( � ) are the modified Bessel functions.

3.1.2-27. Domain: 0 ≤ � < " , 0 ≤ 	 ≤ 	 0, 0 ≤ 
 < " . Second boundary value problem.

The upper half of a dihedral angle is considered. The following conditions are prescribed:# = $ ( � , 	 , 
 ) at � = 0 (initial condition),� −1 % � # = & 1( � , 
 , � ) at 	 = 0 (boundary condition),� −1 % � # = & 2( � , 
 , � ) at 	 = 	 0 (boundary condition),% / # = & 3( � , 	 , � ) at 
 = 0 (boundary condition).

Solution: # ( � , 	 , 
 , � ) = ' �0
'

�
0

0
' �0

$ ( � , � ,  )
�

( � , 	 , 
 , � , � ,  , � ) � ( � ( � ( 
− � ' )

0
' �0

' �0
& 1( � ,  , * )

�
( � , 	 , 
 , � , 0,  , � − * ) ( � (  ( *

+ � ' )
0

' �0
' �0

& 2( � ,  , * )
�

( � , 	 , 
 , � , 	 0,  , � − * ) ( � (  ( *
− � ' )

0
'

�
0

0
' �0

& 3( � , � , * )
�

( � , 	 , 
 , � , � , 0, � − * ) � ( � ( � ( * .

Here, �
( � , 	 , 
 , � , � ,  , � ) =

1
2 � � � � - exp

�
−

( 
 −  )2

4 � � � +exp
�
−

( 
 +  )2

4 � � � . �
1( � , 	 , � , � , � ),�

1( � , 	 , � , � , � ) =
1� 	 0 � exp � −

� 2+ � 2

4 � � � �
1
2 � 0 � � �

2 � � � + �� �
=1 � � � ���

0 � � �
2 � � � cos � � � 		 0 � cos � � � �	 0 � � ,

where the �! ( � ) are the modified Bessel functions.

3.1.2-28. Domain: 0 ≤ � < " , 0 ≤ 	 ≤ 	 0, 0 ≤ 
 < " . Mixed boundary value problems.

1 0 . The upper half of a dihedral angle is considered. The following conditions are prescribed:# = $ ( � , 	 , 
 ) at � = 0 (initial condition),# = & 1( � , 
 , � ) at 	 = 0 (boundary condition),# = & 2( � , 
 , � ) at 	 = 	 0 (boundary condition),% / # = & 3( � , 	 , � ) at 
 = 0 (boundary condition).
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Solution:# ( � , 	 , 
 , � ) = ' �0

'
�

0

0
' �0

$ ( � , � ,  )
�

( � , 	 , 
 , � , � ,  , � ) � ( � ( � ( 
+ � ' )

0
' �0

' �0
& 1( � ,  , * )

1� � %% � �
( � , 	 , 
 , � , � ,  , � − * ) � + =0

( � (  ( *
− � ' )

0
' �0

' �0
& 2( � ,  , * )

1� � %% � �
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�
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− � ' )

0
'

�
0

0
' �0

& 3( � , � , * )
�

( � , 	 , 
 , � , � , 0, � − * ) � ( � ( � ( * .

Here, �
( � , 	 , 
 , � , � ,  , � ) =

1
2 � � � � - exp

�
−

( 
 −  )2

4 � � � + exp
�
−

( 
 +  )2

4 � � � . �
1( � , 	 , � , � , � ),�

1( � , 	 , � , � , � ) =
1� 	 0 � exp � −

� 2 + � 2

4 � � � �� �
=1 � � � ���

0 � � �
2 � � � sin � � � 		 0 � sin � � � �	 0 � ,

where the �! ( � ) are the modified Bessel functions.

2 0 . The upper half of a dihedral angle is considered. The following conditions are prescribed:# = $ ( � , 	 , 
 ) at � = 0 (initial condition),� −1 % � # = & 1( � , 
 , � ) at 	 = 0 (boundary condition),� −1 % � # = & 2( � , 
 , � ) at 	 = 	 0 (boundary condition),# = & 3( � , 	 , � ) at 
 = 0 (boundary condition).

Solution:# ( � , 	 , 
 , � ) = ' �0
'

�
0

0
' �0

$ ( � , � ,  )
�

( � , 	 , 
 , � , � ,  , � ) � ( � ( � ( 
− � ' )

0
' �0

' �0
& 1( � ,  , * )

�
( � , 	 , 
 , � , 0,  , � − * ) ( � (  ( *

+ � ' )
0

' �0
' �0

& 2( � ,  , * )
�

( � , 	 , 
 , � , 	 0,  , � − * ) ( � (  ( *
+ � ' )

0
'

�
0

0
' �0

& 3( � , � , * )
� %%  �

( � , 	 , 
 , � , � ,  , � − * ) � , =0
� ( � ( � ( * .

Here, �
( � , 	 , 
 , � , � ,  , � ) =

1
2 � � � � - exp

�
−

( 
 −  )2

4 � � � −exp
�
−

( 
 +  )2

4 � � � . �
1( � , 	 , � , � , � ),�

1( � , 	 , � , � , � ) =
1� 	 0 � exp � −

� 2+ � 2

4 � � � �
1
2 � 0 � � �

2 � � � + �� �
=1 � � � ���

0 � � �
2 � � � cos � � � 		 0 � cos � � � �	 0 � � ,

where the �! ( � ) are the modified Bessel functions.
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3.1.2-29. Domain: 0 ≤ � < " , 0 ≤ 	 ≤ 	 0, 0 ≤ 
 ≤ 1 . First boundary value problem.

A wedge domain of finite thickness is considered. The following conditions are prescribed:# = $ ( � , 	 , 
 ) at � = 0 (initial condition),# = & 1( � , 
 , � ) at 	 = 0 (boundary condition),# = & 2( � , 
 , � ) at 	 = 	 0 (boundary condition),# = & 3( � , 	 , � ) at 
 = 0 (boundary condition),# = & 4( � , 	 , � ) at 
 = 1 (boundary condition).

Solution:# ( � , 	 , 
 , � ) = ' 2
0

'
�

0

0
' �0

$ ( � , � ,  )
�

( � , 	 , 
 , � , � ,  , � ) � ( � ( � ( 
+ � ' )

0
' 2

0
' �0

& 1( � ,  , * )
1� � %% � �

( � , 	 , 
 , � , � ,  , � − * ) � + =0
( � (  ( *

− � ' )
0

' 2
0

' �0
& 2( � ,  , * )

1� � %% � �
( � , 	 , 
 , � , � ,  , � − * ) � + =

�
0

( � (  ( *
+ � ' )

0
'

�
0

0
' �0

& 3( � , � , * )
� %%  �

( � , 	 , 
 , � , � ,  , � − * ) � , =0
� ( � ( � ( *

− � ' )
0

'
�

0

0
' �0

& 4( � , � , * )
� %%  �

( � , 	 , 
 , � , � ,  , � − * ) � , = 2 � ( � ( � ( * .

Here, �
( � , 	 , 
 , � , � ,  , � ) =

�
1( � , 	 , � , � , � ) �

21 �� �
=1

sin � � � 
1 � sin � � � 1 � exp � −
� � 2 � 2 �1 2 � � ,�

1( � , 	 , � , � , � ) =
1� 	 0 � exp � −

� 2 + � 2

4 � � � �� �
=1 � � � ���

0 � � �
2 � � � sin � � � 		 0 � sin � � � �	 0 � ,

where the �! ( � ) are the modified Bessel functions.

3.1.2-30. Domain: 0 ≤ � < " , 0 ≤ 	 ≤ 	 0, 0 ≤ 
 ≤ 1 . Second boundary value problem.

A wedge domain of finite thickness is considered. The following conditions are prescribed:# = $ ( � , 	 , 
 ) at � = 0 (initial condition),� −1 % � # = & 1( � , 
 , � ) at 	 = 0 (boundary condition),� −1 % � # = & 2( � , 
 , � ) at 	 = 	 0 (boundary condition),% / # = & 3( � , 	 , � ) at 
 = 0 (boundary condition),% / # = & 4( � , 	 , � ) at 
 = 1 (boundary condition).
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Solution: # ( � , 	 , 
 , � ) = ' 2
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�

( � , 	 , 
 , � , � ,  , � ) � ( � ( � ( 
− � ' )

0
' 2

0
' �0
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�

( � , 	 , 
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+ � ' )

0
' 2

0
' �0
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0
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�
0

0
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0
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�
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 , � , � , 1 , � − * ) � ( � ( � ( * .

Here, �
( � , 	 , 
 , � , � ,  , � ) =

�
1( � , 	 , � , � , � ) � 2( 
 ,  , � ),�

1( � , 	 , � , � , � ) =
1� 	 0 � exp � −

� 2+ � 2

4 � � � �
1
2 � 0 � � �

2 � � � + �� �
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0 � � �
2 � � � cos � � � 		 0 � cos � � � �	 0 � � ,�

2( 
 ,  , � ) =
11 +

21 �� �
=1

cos � � � 
1 � cos � � � 1 � exp � −
� � 2 � 2 �1 2 � ,

where the �! ( � ) are the modified Bessel functions.

3.1.2-31. Domain: 0 ≤ � < " , 0 ≤ 	 ≤ 	 0, 0 ≤ 
 ≤ 1 . Mixed boundary value problems.

1 0 . A wedge domain of finite thickness is considered. The following conditions are prescribed:# = $ ( � , 	 , 
 ) at � = 0 (initial condition),# = & 1( � , 
 , � ) at 	 = 0 (boundary condition),# = & 2( � , 
 , � ) at 	 = 	 0 (boundary condition),% / # = & 3( � , 	 , � ) at 
 = 0 (boundary condition),% / # = & 4( � , 	 , � ) at 
 = 1 (boundary condition).

Solution:# ( � , 	 , 
 , � ) = ' 2
0

'
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0
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�
0
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0
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�
0

0
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0
'

�
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0
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& 4( � , � , * )
�
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Here, �
( � , 	 , 
 , � , � ,  , � ) =

�
1( � , 	 , � , � , � ) � 2( 
 ,  , � ),
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�
1( � , 	 , � , � , � ) =

1� 	 0 � exp � −
� 2 + � 2

4 � � � ����
=1 � � � ���

0 � � �
2 � � � sin � � � 		 0 � sin � � � �	 0 � ,�

2( 
 ,  , � ) =
11 +

21 ����
=1

cos � � � 
1 � cos � � � 1 � exp � −
� � 2 � 2 �1 2 � ,

where the �! ( � ) are the modified Bessel functions.

2 0 . A wedge domain of finite thickness is considered. The following conditions are prescribed:# = $ ( � , 	 , 
 ) at � = 0 (initial condition),� −1 % � # = & 1( � , 
 , � ) at 	 = 0 (boundary condition),� −1 % � # = & 2( � , 
 , � ) at 	 = 	 0 (boundary condition),# = & 3( � , 	 , � ) at 
 = 0 (boundary condition),# = & 4( � , 	 , � ) at 
 = 1 (boundary condition).

Solution:# ( � , 	 , 
 , � ) = ' 2
0
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0
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0
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0
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0
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0
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'
�
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0
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 , � , � ,  , � − * ) � , = 2 � ( � ( � ( * .

Here, �
( � , 	 , 
 , � , � ,  , � ) =

�
1( � , 	 , � , � , � ) �

21 �� �
=1

sin � � � 
1 � sin � � � 1 � exp � −
� � 2 � 2 �1 2 � � ,�

1( � , 	 , � , � , � ) =
1� 	 0 � exp � −

� 2+ � 2
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1
2 � 0 � � �

2 � � � + �� �
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0 � � �
2 � � � cos � � � 		 0 � cos � � � �	 0 � � ,

where the �! ( � ) are the modified Bessel functions.

3.1.2-32. Domain: 0 ≤ � ≤ 3 , 0 ≤ 	 ≤ 	 0, − " < 
 < " . First boundary value problem.

An infinite cylindrical sector is considered. The following conditions are prescribed:# = $ ( � , 	 , 
 ) at � = 0 (initial condition),# = & 1( 	 , 
 , � ) at � = 3 (boundary condition),# = & 2( � , 
 , � ) at 	 = 0 (boundary condition),# = & 3( � , 
 , � ) at 	 = 	 0 (boundary condition).
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Here, �
( � , 	 , 
 , � , � ,  , � )=

1
2 � � � � exp
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[ 7 9
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0
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� 6 � � ),
where the 7

� � ���
0 ( � ) are the Bessel functions and the 8 � 6 are positive roots of the transcendental

equation 7
� � ���

0 ( 8 3 ) = 0.

3.1.2-33. Domain: 0 ≤ � ≤ 3 , 0 ≤ 	 ≤ 	 0, 0 ≤ 
 < " . First boundary value problem.

A semiinfinite cylindrical sector is considered. The following conditions are prescribed:# = $ ( � , 	 , 
 ) at � = 0 (initial condition),# = & 1( 	 , 
 , � ) at � = 3 (boundary condition),# = & 2( � , 
 , � ) at 	 = 0 (boundary condition),# = & 3( � , 
 , � ) at 	 = 	 0 (boundary condition),# = & 4( � , 	 , � ) at 
 = 0 (boundary condition).
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 , � , � ,  , � − * ) � + =0

( � (  ( *
− � ' )

0
' �0

' 4
0

& 3( � ,  , * )
1� � %% � �

( � , 	 , 
 , � , � ,  , � − * ) � + =

�
0

( � (  ( *
+ � ' )

0
'

�
0

0
' 4

0
& 4( � , � , * )

� %%  �
( � , 	 , 
 , � , � ,  , � − * ) � , =0

� ( � ( � ( * .

Here, �
( � , 	 , 
 , � , � ,  , � )=

1
2 � � � � - exp

�
−

( 
 −  )2

4 � � � −exp
�
−

( 
 +  )2

4 � � � . �
1( � , 	 , � , � , � ),�

1( � , 	 , � , � , � )=
43 2 	 0 �� �

=1
��6 =1 7

� � ���
0( 8 � 6 � ) 7

� � ���
0( 8 � 6 � )

[ 7 9
� � ���

0
( 8 � 6 3 )]2 sin � � � 		 0 � sin � � � �	 0 � exp(− 8 2

� 6 � � ),
where the 7

� � ���
0 ( � ) are the Bessel functions and the 8 � 6 are positive roots of the transcendental

equation 7
� � ���

0 ( 8 3 ) = 0.
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3.1.2-34. Domain: 0 ≤ � ≤ 3 , 0 ≤ 	 ≤ 	 0, 0 ≤ 
 < " . Mixed boundary value problem.

A semiinfinite cylindrical sector is considered. The following conditions are prescribed:# = $ ( � , 	 , 
 ) at � = 0 (initial condition),# = & 1( 	 , 
 , � ) at � = 3 (boundary condition),# = & 2( � , 
 , � ) at 	 = 0 (boundary condition),# = & 3( � , 
 , � ) at 	 = 	 0 (boundary condition),% / # = & 4( � , 	 , � ) at 
 = 0 (boundary condition).

Solution:# ( � , 	 , 
 , � ) = ' �0
'

�
0

0
' 4

0
$ ( � , � ,  )

�
( � , 	 , 
 , � , � ,  , � ) � ( � ( � ( 

− � 3 ' )
0

' �0
'

�
0

0
& 1( � ,  , * )

� %% � �
( � , 	 , 
 , � , � ,  , � − * ) � 5 = 4 ( � (  ( *

+ � ' )
0

' �0
' 4

0
& 2( � ,  , * )

1� � %% � �
( � , 	 , 
 , � , � ,  , � − * ) � + =0

( � (  ( *
− � ' )

0
' �0

' 4
0

& 3( � ,  , * )
1� � %% � �

( � , 	 , 
 , � , � ,  , � − * ) � + =

�
0

( � (  ( *
− � ' )

0
'

�
0

0
' 4

0
& 4( � , � , * )

�
( � , 	 , 
 , � , � , 0, � − * ) � ( � ( � ( * .

Here, �
( � , 	 , 
 , � , � ,  , � )=

1
2 � � � � - exp

�
−

( 
 −  )2

4 � � � +exp
�
−

( 
 +  )2

4 � � � . �
1( � , 	 , � , � , � ),�

1( � , 	 , � , � , � )=
43 2 	 0 ����

=1
��6 =1 7

� � ���
0( 8 � 6 � ) 7

� � ���
0( 8 � 6 � )

[ 7 9
� � ���

0
( 8 � 6 3 )]2 sin � � � 		 0 � sin � � � �	 0 � exp(− 8 2

� 6 � � ),
where the 7

� � ���
0 ( � ) are the Bessel functions and the 8 � 6 are positive roots of the transcendental

equation 7
� � ���

0 ( 8 3 ) = 0.

3.1.2-35. Domain: 0 ≤ � ≤ 3 , 0 ≤ 	 ≤ 	 0, 0 ≤ 
 ≤ 1 . First boundary value problem.

A cylindrical sector of finite thickness is considered. The following conditions are prescribed:# = $ ( � , 	 , 
 ) at � = 0 (initial condition),# = & 1( 	 , 
 , � ) at � = 3 (boundary condition),# = & 2( � , 
 , � ) at 	 = 0 (boundary condition),# = & 3( � , 
 , � ) at 	 = 	 0 (boundary condition),# = & 4( � , 	 , � ) at 
 = 0 (boundary condition),# = & 5( � , 	 , � ) at 
 = 1 (boundary condition).
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Solution:# ( � , 	 , 
 , � ) = ' 2

0
'

�
0

0
' 4

0
$ ( � , � ,  )

�
( � , 	 , 
 , � , � ,  , � ) � ( � ( � ( 

− � 3 ' )
0

' 2
0

'
�

0

0
& 1( � ,  , * )

� %% � �
( � , 	 , 
 , � , � ,  , � − * ) � 5 = 4 ( � (  ( *

+ � ' )
0

' 2
0

' 4
0

& 2( � ,  , * )
1� � %% � �

( � , 	 , 
 , � , � ,  , � − * ) � + =0
( � (  ( *

− � ' )
0

' 2
0

' 4
0

& 3( � ,  , * )
1� � %% � �

( � , 	 , 
 , � , � ,  , � − * ) � + =

�
0

( � (  ( *
+ � ' )

0
'

�
0

0
' 4

0
& 4( � , � , * )

� %%  �
( � , 	 , 
 , � , � ,  , � − * ) � , =0

� ( � ( � ( *
− � ' )

0
'

�
0

0
' 4

0
& 5( � , � , * )

� %%  �
( � , 	 , 
 , � , � ,  , � − * ) � , = 2 � ( � ( � ( * .

Here, �
( � , 	 , 
 , � , � ,  , � )=

�
1( � , 	 , � , � , � ) � 2( 
 ,  , � ),�

1( � , 	 , � , � , � )=
43 2 	 0 �� �

=1
��6 =1 7

� � ���
0( 8 � 6 � ) 7

� � ���
0( 8 � 6 � )

[ 7 9
� � ���

0
( 8 � 6 3 )]2 sin � � � 		 0 � sin � � � �	 0 � exp(− 8 2

� 6 � � ),�
2( 
 ,  , � )=

21 �� �
=1

sin � � � 
1 � sin � � � 1 � exp � −
� � 2 � 2 �1 2 � ,

where the 7
� � ���

0 ( � ) are the Bessel functions and the 8 � 6 are positive roots of the transcendental
equation 7

� � ���
0 ( 8 3 ) = 0.

3.1.2-36. Domain: 0 ≤ � ≤ 3 , 0 ≤ 	 ≤ 	 0, 0 ≤ 
 ≤ 1 . Mixed boundary value problem.

A cylindrical sector of finite thickness is considered. The following conditions are prescribed:# = $ ( � , 	 , 
 ) at � = 0 (initial condition),# = & 1( 	 , 
 , � ) at � = 3 (boundary condition),# = & 2( � , 
 , � ) at 	 = 0 (boundary condition),# = & 3( � , 
 , � ) at 	 = 	 0 (boundary condition),% / # = & 4( � , 	 , � ) at 
 = 0 (boundary condition),% / # = & 5( � , 	 , � ) at 
 = 1 (boundary condition).
Solution:# ( � , 	 , 
 , � ) = ' 2

0
'

�
0

0
' 4

0
$ ( � , � ,  )

�
( � , 	 , 
 , � , � ,  , � ) � ( � ( � ( 

− � 3 ' )
0

' 2
0

'
�

0

0
& 1( � ,  , * )

� %% � �
( � , 	 , 
 , � , � ,  , � − * ) � 5 = 4 ( � (  ( *

+ � ' )
0

' 2
0

' 4
0

& 2( � ,  , * )
1� � %% � �

( � , 	 , 
 , � , � ,  , � − * ) � + =0
( � (  ( *

− � ' )
0

' 2
0

' 4
0

& 3( � ,  , * )
1� � %% � �

( � , 	 , 
 , � , � ,  , � − * ) � + =

�
0

( � (  ( *
− � ' )

0
'

�
0

0
' 4

0
& 4( � , � , * )

�
( � , 	 , 
 , � , � , 0, � − * ) � ( � ( � ( *

+ � ' )
0

'
�

0

0
' 4

0
& 5( � , � , * )

�
( � , 	 , 
 , � , � , 1 , � − * ) � ( � ( � ( * .
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Here,�
( � , 	 , 
 , � , � ,  , � )=

�
1( � , 	 , � , � , � ) �

11 +
21 �� �

=1

cos � � � 
1 � cos � � � 1 � exp � −
� � 2 � 2 �1 2 � � ,�

1( � , 	 , � , � , � )=
43 2 	 0 �� �

=1
��6 =1 7

� � ���
0( 8 � 6 � ) 7

� � ���
0( 8 � 6 � )

[ 7 9
� � ���

0
( 8 � 6 3 )]2 sin � � � 		 0 � sin � � � �	 0 � exp(− 8 2

� 6 � � ),
where the 7

� � ���
0 ( � ) are the Bessel functions and the 8 � 6 are positive roots of the transcendental

equation 7
� � ���

0 ( 8 3 ) = 0.

3.1.3. Problems in Spherical Coordinates
The heat equation in the spherical coordinate system has the form% #% � = � �

1� 2

%% � � � 2
% #% � � +

1� 2 sin : %% : � sin : % #% : � +
1� 2 sin2 : % 2 #% 	 2 � , � = ; < 2 + = 2 + 
 2.

This representation is convenient to describe three-dimensional heat and mass exchange phenomena
in domains bounded by coordinate surfaces of the spherical coordinate system.

One-dimensional problems with central symmetry that have solutions of the form # = # ( � , � )
are discussed in Subsection 1.2.3.

3.1.3-1. Domain: 0 ≤ � ≤ 3 , 0 ≤ : ≤ � , 0 ≤ 	 ≤ 2 � . First boundary value problem.

A spherical domain is considered. The following conditions are prescribed:# = $ ( � , : , 	 ) at � = 0 (initial condition),# = & ( : , 	 , � ) at � = 3 (boundary condition).

Solution:# ( � , : , 	 , � ) = ' 2

�
0

'
�

0
' 4

0
$ ( � , � ,  )

�
( � , : , 	 , � , � ,  , � ) � 2 sin � ( � ( � ( 

− � 3 2 ' )
0

' 2

�
0

'
�

0
& ( � ,  , * )

� %% � �
( � , : , 	 , � , � ,  , � − * ) � 5 = 4 sin � ( � (  ( * ,

where�
( � , : , 	 , � , � ,  , � ) =

1
2 � 3 2 � � � �� �

=0
��6 =1

��?>
=0 @ > A � 6 >

7
�

+1

�
2( B � 6 � ) 7

�
+1

�
2( B � 6 � )

× C >�
(cos : ) C >�

(cos � ) cos[ D ( 	 −  )] exp(− B 2

� 6 � � ),
@ >

= - 1 for D = 0,
2 for D ≠ 0,

A � 6 >
=

(2 � + 1)( � − D )!

( � + D )! E 7 9
�

+1

�
2( B � 6 3 ) F 2 .

Here, the 7
�

+1

�
2( � ) are the Bessel functions, the C >�

( 8 ) are the associated Legendre functions
expressed in terms of the Legendre polynomials C �

( 8 ) as follows:C >�
( 8 ) = (1 − 8 2)

>G�
2 ( >

( 8 > C �
( 8 ), C �

( 8 ) =
1� ! 2

� ( �
( 8 �

( 8 2 − 1)

�
;

and the B � 6 are positive roots of the transcendental equation 7
�

+1

�
2( B 3 ) = 0.HJI

References: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980), H. S. Carslaw and J. C. Jaeger (1984).
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3.1.3-2. Domain: 0 ≤ � ≤ 3 , 0 ≤ : ≤ � , 0 ≤ 	 ≤ 2 � . Second boundary value problem.

A spherical domain is considered. The following conditions are prescribed:# = $ ( � , : , 	 ) at � = 0 (initial condition),% K # = & ( : , 	 , � ) at � = 3 (boundary condition).

Solution:# ( � , : , 	 , � ) = ' 2

�
0

'
�

0
' 4

0
$ ( � , � ,  )

�
( � , : , 	 , � , � ,  , � ) � 2 sin � ( � ( � ( 

+ � 3 2 ' )
0

' 2

�
0

'
�

0
& ( � ,  , * )

�
( � , : , 	 , 3 , � ,  , � − * ) sin � ( � (  ( * ,

where�
( � , : , 	 , � , � ,  , � ) =

3
4 � 3 3 +

1
2 � � � � �� �

=0
��6 =1

��?>
=0 @ > A � 6 >

7
�

+1

�
2( B � 6 � ) 7

�
+1

�
2( B � 6 � )

× C >�
(cos : ) C >�

(cos � ) cos[ D ( 	 −  )] exp(− B 2

� 6 � � ),
@ >

= - 1 for D = 0,
2 for D ≠ 0,

A � 6 >
=

B 2

� 6 (2 � + 1)( � − D )!

( � + D )! E 3 2 B 2

� 6 − � ( � + 1) F E 7
�

+1

�
2( B � 6 3 ) F 2 .

Here, the 7
�

+1

�
2( � ) are the Bessel functions, the C >�

( 8 ) are the associated Legendre functions (see
Paragraph 3.1.3-1), and the B � 6 are positive roots of the transcendental equation

2 B 3 7 9
�

+1

�
2( B 3 ) − 7

�
+1

�
2( B 3 ) = 0.

3.1.3-3. Domain: 0 ≤ � ≤ 3 , 0 ≤ : ≤ � , 0 ≤ 	 ≤ 2 � . Third boundary value problem.

A spherical domain is considered. The following conditions are prescribed:# = $ ( � , : , 	 ) at � = 0 (initial condition),% K # + D # = & ( : , 	 , � ) at � = 3 (boundary condition).

The solution # ( � , : , 	 , � ) is determined by the formula in Paragraph 3.1.3-2 where�
( � , : , 	 , � , � ,  , � ) =

1
2 � � � � �� �

=0
��6 =1

��ML
=0 @ L A � 6 L

7
�

+1

�
2( B � 6 � ) 7

�
+1

�
2( B � 6 � )

× C L�
(cos : ) C L�

(cos � ) cos[ N ( 	 −  )] exp(− B 2

� 6 � � ),
@ L

= - 1 for N = 0,
2 for N ≠ 0,

A � 6 L
=

B 2

� 6 (2 � + 1)( � − N )!

( � + N )! E 3 2 B 2

� 6 + ( D 3 + � )( D 3 − � − 1) F E 7
�

+1

�
2( B � 6 3 ) F 2 .

Here, the 7
�

+1

�
2( � ) are the Bessel functions, the C L�

( 8 ) are the associated Legendre functions (see
Paragraph 3.1.3-1), and the B � 6 are positive roots of the transcendental equationB 3 7 9

�
+1

�
2( B 3 ) + OPD 3 − 1

2 Q 7
�

+1

�
2( B 3 ) = 0.HJI

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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3.1.3-4. Domain: 3 1 ≤ � ≤ 3 2, 0 ≤ : ≤ � , 0 ≤ 	 ≤ 2 � . First boundary value problem.

A spherical layer is considered. The following conditions are prescribed:# = $ ( � , : , 	 ) at � = 0 (initial condition),# = & 1( : , 	 , � ) at � = 3 1 (boundary condition),# = & 2( : , 	 , � ) at � = 3 2 (boundary condition).

Solution:# ( � , : , 	 , � ) = ' 2

�
0

'
�

0
' 4 24 1

$ ( � , � ,  )
�

( � , : , 	 , � , � ,  , � ) � 2 sin � ( � ( � ( 
+ � 3 2

1 ' )
0

' 2

�
0

'
�

0
& 1( � ,  , * )

� %% � �
( � , : , 	 , � , � ,  , � − * ) � 5 = 4 1

sin � ( � (  ( *
− � 3 2

2 ' )
0

' 2

�
0

'
�

0
& 2( � ,  , * )

� %% � �
( � , : , 	 , � , � ,  , � − * ) � 5 = 4 2

sin � ( � (  ( * ,

where�
( � , : , 	 , � , � ,  , � ) =

�
8 � � � �� �

=0
��6 =1

��R>
=0 @ > A � 6 > S �

+1

�
2( B � 6 � )

S �
+1

�
2( B � 6 � )

× C >�
(cos : ) C >�

(cos � ) cos[ D ( 	 −  )] exp(− B 2

� 6 � � ).
Here, S �

+1

�
2( B � 6 � ) = 7

�
+1

�
2( B � 6 3 1) T �

+1

�
2( B � 6 � ) − T �

+1

�
2( B � 6 3 1) 7

�
+1

�
2( B � 6 � ),

@ >
= - 1 for D = 0,

2 for D ≠ 0,

A � 6 >
=

B 2

� 6 (2 � + 1)( � − D )! 7 2

�
+1

�
2( B � 6 3 2)

( � + D )! E 7 2

�
+1

�
2( B � 6 3 1) − 7 2

�
+1

�
2( B � 6 3 2) F ,

where the 7
�

+1

�
2( � ) are the Bessel functions, the C >�

( 8 ) are the associated Legendre functions
expressed in terms of the Legendre polynomials C �

( 8 ) as follows:C >�
( 8 ) = (1 − 8 2)

>G�
2 ( >

( 8 > C �
( 8 ), C �

( 8 ) =
1� ! 2

� ( �
( 8 �

( 8 2 − 1)

�
;

and the B � 6 are positive roots of the transcendental equationS �
+1

�
2( B 3 2) = 0.HJI

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

3.1.3-5. Domain: 3 1 ≤ � ≤ 3 2, 0 ≤ : ≤ � , 0 ≤ 	 ≤ 2 � . Second boundary value problem.

A spherical layer is considered. The following conditions are prescribed:# = $ ( � , : , 	 ) at � = 0 (initial condition),% K # = & 1( : , 	 , � ) at � = 3 1 (boundary condition),% K # = & 2( : , 	 , � ) at � = 3 2 (boundary condition).

Solution:# ( � , : , 	 , � ) = ' 2

�
0

'
�

0
' 4 24 1

$ ( � , � ,  )
�

( � , : , 	 , � , � ,  , � ) � 2 sin � ( � ( � ( 
− � 3 2

1 ' )
0

' 2

�
0

'
�

0
& 1( � ,  , * )

�
( � , : , 	 , 3 1, � ,  , � − * ) sin � ( � (  ( *

+ � 3 2
2 ' )

0
' 2

�
0

'
�

0
& 2( � ,  , * )

�
( � , : , 	 , 3 2, � ,  , � − * ) sin � ( � (  ( * ,
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where�

( � , : , 	 , � , � ,  , � ) =
3

4 � ( 3 3
2 − 3 3

1)
+

1
4 � � � � �� �

=0
��6 =1

��?>
=0

@ >A � 6 > S �
+1

�
2( B � 6 � )

S �
+1

�
2( B � 6 � )

× C >�
(cos : ) C >�

(cos � ) cos[ D ( 	 −  )] exp(− B 2

� 6 � � ).
Here,

@ >
= - 1 for D = 0,

2 for D ≠ 0,

A � 6 >
=

( � + D )!
(2 � + 1)( � − D )!

' 4 24 1

� S
2

�
+1

�
2( B � 6 � ) ( � ,S �

+1

�
2( B � ) =

� B 7 9
�

+1

�
2( B 3 1) −

1
2 3 1 7

�
+1

�
2( B 3 1) � T �

+1

�
2( B � )

−
� B T 9

�
+1

�
2( B 3 1) −

1
2 3 1

T �
+1

�
2( B 3 1) � 7

�
+1

�
2( B � ),

where the 7
�

+1

�
2( � ) and T �

+1

�
2( � ) are the Bessel functions, the C >�

( 8 ) are the associated Legendre
functions (see Paragraph 3.1.3-4), and the B � 6 are positive roots of the transcendental equationB S

9
�

+1

�
2( B 3 2) −

1
2 3 2

S �
+1

�
2( B 3 2) = 0.

The integrals that determine the coefficients

A � 6 >
can be expressed in terms of the Bessel

functions and their derivatives; see Budak, Samarskii, and Tikhonov (1980).

3.1.3-6. Domain: 3 1 ≤ � ≤ 3 2, 0 ≤ : ≤ � , 0 ≤ 	 ≤ 2 � . Third boundary value problem.

A spherical layer is considered. The following conditions are prescribed:# = $ ( � , : , 	 ) at � = 0 (initial condition),% K # − D 1
# = & 1( : , 	 , � ) at � = 3 1 (boundary condition),% K # + D 2
# = & 2( : , 	 , � ) at � = 3 2 (boundary condition).

The solution # ( � , : , 	 , � ) is determined by the formula in Paragraph 3.1.3-5 where�
( � , : , 	 , � , � ,  , � ) =

1
4 � � � � �� �

=0
��6 =1

��ML
=0

@ LA � 6 L S �
+1

�
2( B � 6 � )

S �
+1

�
2( B � 6 � )

× C L�
(cos : ) C L�

(cos � ) cos[ N ( 	 −  )] exp(− B 2

� 6 � � ).
Here,

@ L
= - 1 for N = 0,

2 for N ≠ 0,

A � 6 L
=

( � + N )!
(2 � + 1)( � − N )!

' 4 24 1

� S
2

�
+1

�
2( B � 6 � ) ( � ,S �

+1

�
2( B � ) =

� B 7 9
�

+1

�
2( B 3 1) − � D 1 +

1
2 3 1 � 7

�
+1

�
2( B 3 1) � T �

+1

�
2( B � )

−
� B T 9

�
+1

�
2( B 3 1) − � D 1 +

1
2 3 1 � T �

+1

�
2( B 3 1) � 7

�
+1

�
2( B � ),

where the 7
�

+1

�
2( � ) and T �

+1

�
2( � ) are the Bessel functions, the C L�

( 8 ) are the associated Legendre
functions (see Paragraph 3.1.3-4), and the B � 6 are positive roots of the transcendental equationB S

9
�

+1

�
2( B 3 2) + � D 2 −

1
2 3 2 � S �

+1

�
2( B 3 2) = 0.

The integrals that determine the coefficients

A � 6 L
can be expressed in terms of the Bessel

functions and their derivatives.HJI
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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3.1.3-7. Domain: 0 ≤ � < " , 0 ≤ : ≤ : 0, 0 ≤ 	 ≤ 2 � . First boundary value problem.

A cone is considered. The following conditions are prescribed:# = $ ( � , : , 	 ) at � = 0 (initial condition),# = & ( � , 	 , � ) at : = : 0 (boundary condition).

Solution:# ( � , : , 	 , � ) = ' 2

�
0

' U 0

0
' �0

$ ( � , � ,  )
�

( � , : , 	 , � , � ,  , � ) � 2 sin � ( � ( � ( 
− � ' )

0
' 2

�
0

' �0
& ( � ,  , * )

�
sin � %% � �

( � , : , 	 , � , � ,  , � − * ) � + = U 0

( � (  ( * ,

where �
( � , : , 	 , � , � ,  , � ) = −

1
4 � � � � � � ��6 =0

�  @ 6 (2 V + 1)
A 6  exp � −

� 2 + � 2

4 � � � �  +1

�
2 � � �

2 � � �
× C − 6 (cos : ) C − 6 (cos � ) cos[ W ( 	 −  )],

@ 6 = - 1 for W = 0,
2 for W ≠ 0,

A 6  =
�
(1 − 8 )2 (( 8 C − 6 ( 8 )

(( V C − 6 ( 8 ) � X =cos U 0

.

Here, C − 6 ( 8 ) is the modified Legendre function expressed asC − 6 ( 8 ) =
1Y

(1 + W )
� 1 − 8

1 + 8 � 6 �
2 Z O − V , V + 1, 1 + W ; 1

2 − 1
2 8 Q ,

where
Z

( � , [ , \ ; 8 ) is the Gaussian hypergeometric function and
Y

( ] ) is the gamma function. The
summation with respect to V is performed over all roots of the equation C − 6 (cos : 0) = 0 that are
greater than −1 ^ 2.HJI

Reference: H. S. Carslaw and J. C. Jaeger (1984).

3.2. Heat Equation with Source _ `_ a = b c 3 ` + d ( e , f , g , a )

3.2.1. Problems in Cartesian Coordinates
In the Cartesian coordinate system, the three-dimensional heat equation with a volume source has
the form h ih j = k l h

2
ih m
2 +

h
2
ih n
2 +

h
2
ih ] 2 o + p (

m
,
n

, ] ,
j
).

It describes three-dimensional unsteady thermal phenomena in quiescent media or solids with
constant thermal diffusivity. A similar equation is used to study the corresponding three-dimensional
mass transfer processes with constant diffusivity.

3.2.1-1. Domain: − " <
m

< " , − " <
n

< " , − " < ] < " . Cauchy problem.

An initial condition is prescribed: i
= q (

m
,
n

, ] ) at
j

= 0.
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Solution:i

(
m

,
n

, } ,
j
) = ~ �

− � ~ �
− � ~ �

− � q ( � , � , � ) � (
m

,
n

, } , � , � , � ,
j
) � � � � � �

+ ~ �
0

~ �
− � ~ �

− � ~ �
− � p ( � , � , � , � ) � (

m
,
n

, } , � , � , � ,
j

− � ) � � � � � � � � ,

where � (
m

,
n

, } , � , � , � ,
j
) =

1
8( � k j

)3 � 2 exp � − (
m

− � )2 + (
n

− � )2 + ( } − � )2

4 k j � .�J�
References: A. G. Butkovskiy (1979).

3.2.1-2. Domain: 0 ≤
m

< � , − � <
n

< � , − � < } < � . Different boundary value problems.

1 � . The solution of the first boundary value problem for a half-space is given by the formula in
Paragraph 3.1.1-4 with the additional term~ �

0
~ �

− � ~ �
− � ~ �

0
p ( � , � , � , � ) � (

m
,
n

, } , � , � , � ,
j

− � ) � � � � � � � � , (1)

which allows for the equation’s nonhomogeneity.

2 � . The solution of the second boundary value problem for a half-space is given by the formula in
Paragraph 3.1.1-5 with the additional term (1).

3 � . The solution of the third boundary value problem for a half-space is given by the formula in
Paragraph 3.1.1-6 with the additional term (1).�J�

References: A. G. Butkovskiy (1979), H. S. Carslaw and J. C. Jaeger (1984).

3.2.1-3. Domain: − � <
m

< � , − � <
n

< � , 0 ≤ } ≤ � . Different boundary value problems.

1 � . The solution of the first boundary value problem for an infinite layer is given by the formula in
Paragraph 3.1.1-7 with the additional term~ �

0
~ �

0
~ �

− � ~ �
− � p ( � , � , � , � ) � (

m
,
n

, } , � , � , � ,
j

− � ) � � � � � � � � , (2)

which allows for the equation’s nonhomogeneity.

2 � . The solution of the second boundary value problem for an infinite layer is given by the formula
in Paragraph 3.1.1-8 with the additional term (2).

3 � . The solution of the third boundary value problem for an infinite layer is given by the formula in
Paragraph 3.1.1-9 with the additional term (2).

4 � . The solution of a mixed boundary value problem for an infinite layer is given by the formula in
Paragraph 3.1.1-10 with the additional term (2).

3.2.1-4. Domain: − � <
m

< � , 0 ≤
n

< � , 0 ≤ } ≤ � . Different boundary value problems.

1 � . The solution of the first boundary value problem for a semiinfinite layer is given by the formula
in Paragraph 3.1.1-11 with the additional term~ �

0
~ �

0
~ �

0
~ �

− � p ( � , � , � , � ) � (
m

,
n

, } , � , � , � ,
j

− � ) � � � � � � � � , (3)

which allows for the equation’s nonhomogeneity.
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2 � . The solution of the second boundary value problem for a semiinfinite layer is given by the
formula in Paragraph 3.1.1-12 with the additional term (3).
3 � . The solution of the third boundary value problem for a semiinfinite layer is given by the formula
in Paragraph 3.1.1-13 with the additional term (3).
4 � . The solutions of mixed boundary value problems for a semiinfinite layer are given by the
formulas in Paragraph 3.1.1-14 with additional terms of the form (3).�J�

References: A. G. Butkovskiy (1979), H. S. Carslaw and J. C. Jaeger (1984).

3.2.1-5. Domain: 0 ≤
m

< � , 0 ≤
n

< � , 0 ≤ } < � . Different boundary value problems.
1 � . The solution of the first boundary value problem for the first octant is given by the formula in
Paragraph 3.1.1-15 with the additional term~ �

0
~ �

0
~ �

0
~ �

0
p ( � , � , � , � ) � (

m
,
n

, } , � , � , � ,
j

− � ) � � � � � � � � , (4)

which allows for the equation’s nonhomogeneity.
2 � . The solution of the second boundary value problem for the first octant is given by the formula
in Paragraph 3.1.1-16 with the additional term (4).
3 � . The solution of the third boundary value problem for the first octant is given by the formula in
Paragraph 3.1.1-17 with the additional term (4).
4 � . The solutions of mixed boundary value problems for the first octant are given by the formulas
in Paragraph 3.1.1-18 with additional terms of the form (4).

3.2.1-6. Domain: 0 ≤
m

≤ � 1, 0 ≤
n

≤ � 2, − � < } < � . Different boundary value problems.
1 � . The solution of the first boundary value problem in an infinite rectangular domain is given by
the formula in Paragraph 3.1.1-19 with the additional term~ �

0
~ �

− � ~ � 2

0
~ � 1

0
p ( � , � , � , � ) � (

m
,
n

, } , � , � , � ,
j

− � ) � � � � � � � � , (5)

which allows for the equation’s nonhomogeneity.
2 � . The solution of the second boundary value problem in an infinite rectangular domain is given
by the formula in Paragraph 3.1.1-20 with the additional term (5).
3 � . The solution of the third boundary value problem in an infinite rectangular domain is given by
the formula in Paragraph 3.1.1-21 with the additional term (5).
4 � . The solution of a mixed boundary value problem in an infinite rectangular domain is given by
the formula in Paragraph 3.1.1-22 with the additional term (5).

3.2.1-7. Domain: 0 ≤
m

≤ � 1, 0 ≤
n

≤ � 2, 0 ≤ } < � . Different boundary value problems.
1 � . The solution of the first boundary value problem in a semiinfinite rectangular domain is given
by the formula of Paragraph 3.1.1-23 with the additional term~ �

0
~ �

0
~ � 2

0
~ � 1

0
p ( � , � , � , � ) � (

m
,
n

, } , � , � , � ,
j

− � ) � � � � � � � � , (6)

which allows for the equation’s nonhomogeneity.
2 � . The solution of the second boundary value problem in a semiinfinite rectangular domain is given
by the formula in Paragraph 3.1.1-24 with the additional term (6).
3 � . The solution of the third boundary value problem in a semiinfinite rectangular domain is given
by the formula in Paragraph 3.1.1-25 with the additional term (6).
4 � . The solutions of mixed boundary value problems in a semiinfinite rectangular domain are given
by the formulas in Paragraph 3.1.1-26 with additional terms of the form (6).
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3.2.1-8. Domain: 0 ≤

m
≤ � 1, 0 ≤

n
≤ � 2, 0 ≤ } ≤ � 3. Different boundary value problems.

1 � . The solution of the first boundary value problem for a rectangular parallelepiped is given by the
formula in Paragraph 3.1.1-27 with the additional term~ �

0
~ � 3

0
~ � 2

0
~ � 1

0
p ( � , � , � , � ) � (

m
,
n

, } , � , � , � ,
j

− � ) � � � � � � � � , (7)

which allows for the equation’s nonhomogeneity.

2 � . The solution of the second boundary value problem for a rectangular parallelepiped is given by
the formula in Paragraph 3.1.1-28 with the additional term (7).

3 � . The solution of the third boundary value problem for a rectangular parallelepiped is given by
the formula in Paragraph 3.1.1-29 with the additional term (7).

4 � . The solutions of mixed boundary value problems for a rectangular parallelepiped are given by
the formulas in Paragraph 3.1.1-30 with additional terms of the form (7).�J�

References: A. G. Butkovskiy (1979), H. S. Carslaw and J. C. Jaeger (1984).

3.2.2. Problems in Cylindrical Coordinates
In the cylindrical coordinate system, the heat equation with a volume source is written ash ih j = k � 1� hh � l � h ih � o +

1�
2

h
2
ih �
2 +

h
2
ih } 2

� + p (
�
,
�

, } ,
j
).

This representation is used to describe nonsymmetric unsteady thermal (diffusion) processes in
quiescent media or solids bounded by cylindrical surfaces and planes.

3.2.2-1. Domain: 0 ≤
�

≤ � , 0 ≤
�

≤ 2 � , − � < } < � . Different boundary value problems.

1 � . The solution of the first boundary value problem for an infinite circular cylinder is given by the
formula in Paragraph 3.1.2-2 with the additional term~ �

0
~ �

− � ~ 2 �
0

~ �
0

p ( � , � , � , � ) � (
�
,
�

, } , � , � , � ,
j

− � ) � � � � � � � � � , (1)

which allows for the equation’s nonhomogeneity.

2 � . The solution of the second boundary value problem for an infinite circular cylinder is given by
the formula in Paragraph 3.1.2-3 with the additional term (1).

3 � . The solution of the third boundary value problem for an infinite circular cylinder is the sum of
the solution presented in Paragraph 3.1.2-4 and expression (1).

3.2.2-2. Domain: 0 ≤
�

≤ � , 0 ≤
�

≤ 2 � , 0 ≤ } < � . Different boundary value problems.

1 � . The solution of the first boundary value problem for a semiinfinite circular cylinder is given by
the formula in Paragraph 3.1.2-5 with the additional term~ �

0
~ �

0
~ 2 �

0
~ �

0
p ( � , � , � , � ) � (

�
,
�

, } , � , � , � ,
j

− � ) � � � � � � � � � , (2)

which allows for the equation’s nonhomogeneity.

2 � . The solution of the second boundary value problem for a semiinfinite circular cylinder is given
by the formula in Paragraph 3.1.2-6 with the additional term (2).

3 � . The solution of the third boundary value problem for a semiinfinite circular cylinder is the sum
of the solution presented in Paragraph 3.1.2-7 and expression (2).

4 � . The solutions of mixed boundary value problems for a semiinfinite circular cylinder are given
by the formulas in Paragraph 3.1.2-8 with additional terms of the form (2).
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3.2.2-3. Domain: 0 ≤
�

≤ � , 0 ≤
�

≤ 2 � , 0 ≤ } ≤ � . Different boundary value problems.

1 � . The solution of the first boundary value problem for a circular cylinder of finite length is given
by the formula in Paragraph 3.1.2-9 with the additional term~ �

0
~ �

0
~ 2 �

0
~ �

0
p ( � , � , � , � ) � (

�
,
�

, } , � , � , � ,
j

− � ) � � � � � � � � � , (3)

which allows for the equation’s nonhomogeneity.

2 � . The solution of the second boundary value problem for a circular cylinder of finite length is
given by the formula in Paragraph 3.1.2-10 with the additional term (3).

3 � . The solution of the third boundary value problem for a circular cylinder of finite length is the
sum of the solution presented in Paragraph 3.1.2-11 and expression (3).

4 � . The solutions of mixed boundary value problems for a circular cylinder of finite length are given
by the formulas in Paragraph 3.1.2-12 with additional terms of the form (3).

3.2.2-4. Domain: � 1 ≤
�

≤ � 2, 0 ≤
�

≤ 2 � , − � < } < � . Different boundary value problems.

1 � . The solution of the first boundary value problem for an infinite hollow cylinder is given by the
formula in Paragraph 3.1.2-13 with the additional term~ �

0
~ �

− � ~ 2 �
0

~ � 2� 1

p ( � , � , � , � ) � (
�
,
�

, } , � , � , � ,
j

− � ) � � � � � � � � � , (4)

which allows for the equation’s nonhomogeneity.

2 � . The solution of the second boundary value problem for an infinite hollow cylinder is given by
the formula in Paragraph 3.1.2-14 with the additional term (4).

3 � . The solution of the third boundary value problem for an infinite hollow cylinder is the sum of
the solution presented in Paragraph 3.1.2-15 and expression (4).

3.2.2-5. Domain: � 1 ≤
�

≤ � 2, 0 ≤
�

≤ 2 � , 0 ≤ } < � . Different boundary value problems.

1 � . The solution of the first boundary value problem for a semiinfinite hollow cylinder is given by
the formula in Paragraph 3.1.2-16 with the additional term~ �

0
~ �

0
~ 2 �

0
~ � 2� 1

p ( � , � , � , � ) � (
�
,
�

, } , � , � , � ,
j

− � ) � � � � � � � � � , (5)

which allows for the equation’s nonhomogeneity.

2 � . The solution of the second boundary value problem for a semiinfinite hollow cylinder is given
by the formula in Paragraph 3.1.2-17 with the additional term (5).

3 � . The solution of the third boundary value problem for a semiinfinite hollow cylinder is the sum
of the solution presented in Paragraph 3.1.2-18 and expression (5).

4 � . The solutions of mixed boundary value problems for a semiinfinite hollow cylinder are given
by the formulas in Paragraph 3.1.2-19 with additional terms of the form (5).
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3.2.2-6. Domain: � 1 ≤

�
≤ � 2, 0 ≤

�
≤ 2 � , 0 ≤ } ≤ � . Different boundary value problems.

1 � . The solution of the first boundary value problem for a hollow cylinder of finite length is given
by the formula in Paragraph 3.1.2-20 with the additional term~ �

0
~ �

0
~ 2 �

0
~ � 2� 1

p ( � , � , � , � ) � (
�
,
�

, } , � , � , � ,
j

− � ) � � � � � � � � � , (6)

which allows for the equation’s nonhomogeneity.

2 � . The solution of the second boundary value problem for a hollow cylinder of finite length is given
by the formula in Paragraph 3.1.2-21 with the additional term (6).

3 � . The solution of the third boundary value problem for a hollow cylinder of finite length is the
sum of the solution specified in Paragraph 3.1.2-22 and expression (6).

4 � . The solutions of mixed boundary value problems for a hollow cylinder of finite length are given
by the formulas in Paragraph 3.1.2-23 with additional terms of the form (6).

3.2.2-7. Domain: 0 ≤
�

< � , 0 ≤
�

≤
�

0, − � < } < � . Different boundary value problems.

1 � . The solution of the first boundary value problem for an infinite wedge domain is given by the
formula in Paragraph 3.1.2-24 with the additional term~ �

0
~ �

− � ~ � 0

0
~ �

0
p ( � , � , � , � ) � (

�
,
�

, } , � , � , � ,
j

− � ) � � � � � � � � � , (7)

which allows for the equation’s nonhomogeneity.

2 � . The solution of the second boundary value problem for an infinite wedge domain is given by
the formula in Paragraph 3.1.2-25 with the additional term (7).

3.2.2-8. Domain: 0 ≤
�

< � , 0 ≤
�

≤
�

0, 0 ≤ } < � . Different boundary value problems.

1 � . The solution of the first boundary value problem for a semiinfinite wedge domain is given by
the formula in Paragraph 3.1.2-26 with the additional term~ �

0
~ �

0
~ � 0

0
~ �

0
p ( � , � , � , � ) � (

�
,
�

, } , � , � , � ,
j

− � ) � � � � � � � � � , (8)

which allows for the equation’s nonhomogeneity.

2 � . The solution of the second boundary value problem for a semiinfinite wedge domain is given
by the formula in Paragraph 3.1.2-27 with the additional term (8).

3 � . The solutions of mixed boundary value problems for a semiinfinite wedge domain are given by
the formulas in Paragraph 3.1.2-28 with additional terms of the form (8).

3.2.2-9. Domain: 0 ≤
�

< � , 0 ≤
�

≤
�

0, 0 ≤ } ≤ � . Different boundary value problems.

1 � . The solution of the first boundary value problem for a wedge domain of finite height is given
by the formula in Paragraph 3.1.2-29 with the additional term~ �

0
~ �

0
~ � 0

0
~ �

0
p ( � , � , � , � ) � (

�
,
�

, } , � , � , � ,
j

− � ) � � � � � � � � � , (9)

which allows for the equation’s nonhomogeneity.

2 � . The solution of the second boundary value problem for a wedge domain of finite height is given
by the formula in Paragraph 3.1.2-30 with the additional term (9).

3 � . The solutions of mixed boundary value problems for a wedge domain of finite height are given
by the formulas in Paragraph 3.1.2-31 with additional terms of the form (9).
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3.2.2-10. Different boundary value problems for a cylindrical sector.

1 � . The solution of the first boundary value problem for an unbounded cylindrical sector (0 ≤
�

≤ � ,
0 ≤

�
≤

�
0, − � < } < � ) is given by the formula in Paragraph 3.1.2-32 with the additional term~ �

0
~ �

− � ~ � 0

0
~ �

0
p ( � , � , � , � ) � (

�
,
�

, } , � , � , � ,
j

− � ) � � � � � � � � � ,

which allows for the equation’s nonhomogeneity.

2 � . The solution of the first boundary value problem for a semibounded cylindrical sector (0 ≤
�

≤ � ,
0 ≤

�
≤

�
0, 0 ≤ } < � ) is given by the formula in Paragraph 3.1.2-33 with the additional term~ �

0
~ �

0
~ � 0

0
~ �

0
p ( � , � , � , � ) � (

�
,
�

, } , � , � , � ,
j

− � ) � � � � � � � � � , (10)

which allows for the equation’s nonhomogeneity.

3 � . The solution of the mixed boundary value problem for a semibounded cylindrical sector
(0 ≤

�
≤ � , 0 ≤

�
≤

�
0, 0 ≤ } < � ) is given by the formula in Paragraph 3.1.2-34 with the

additional term (10).

4 � . The solution of the first boundary value problem for a cylindrical sector of finite height (0 ≤
�

≤ � ,
0 ≤

�
≤

�
0, 0 ≤ } ≤ � ) is given by the formula in Paragraph 3.1.2-35 with the additional term~ �

0
~ �

0
~ � 0

0
~ �

0
p ( � , � , � , � ) � (

�
,
�

, } , � , � , � ,
j

− � ) � � � � � � � � � , (11)

which allows for the equation’s nonhomogeneity.

3 � . The solution of a mixed boundary value problem for a cylindrical sector of finite height is given
by the formula in Paragraph 3.1.2-36 with the additional term (11).

3.2.3. Problems in Spherical Coordinates
In the spherical coordinate system, the heat equation with a volume source has the formh ih j = k � 1�

2

hh � l �
2

h ih � o +
1�

2 sin � hh � l sin � h ih � o +
1�

2 sin2 � h
2
ih �
2

� + p (
�
, � ,

�
,
j
).

One-dimensional problems with central symmetry that have solutions of the form
i

=
i

(
�
,
j
) are

discussed in Subsection 1.2.4.

3.2.3-1. Domain: 0 ≤
�

≤ � , 0 ≤ � ≤ � , 0 ≤
�

≤ 2 � . Different boundary value problems.

1 � . The solution of the first boundary value problem for a spherical domain is given by the formula
in Paragraph 3.1.3-1 with the additional term~ �

0
~ 2 �

0
~ �

0
~ �

0
p ( � , � , � , � ) � (

�
, � ,

�
, � , � , � ,

j
− � ) � 2 sin � � � � � � � � � , (1)

which allows for the equation’s nonhomogeneity.

2 � . The solution of the second boundary value problem for a spherical domain is given by the
formula in Paragraph 3.1.3-2 with the additional term (1).

3 � . The solution of the third boundary value problem for a spherical domain is the sum of the
solution specified in Paragraph 3.1.3-3 and expression (1).
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3.2.3-2. Domain:
�

1 ≤ � ≤
�

2, 0 ≤ � ≤ � , 0 ≤ � ≤ 2 � . Different boundary value problems.

1 � . The solution of the first boundary value problem for a spherical layer is given by the formula in
Paragraph 3.1.3-4 with the additional term� �

0

� 2 �
0

� �
0

� 	
2	

1 
 ( � , � ,  , � ) � ( � , � , � , � , � ,  , � − � ) � 2 sin � � � � � �  � � , (2)

which allows for the equation’s nonhomogeneity.

2 � . The solution of the second boundary value problem for a spherical layer is given by the formula
in Paragraph 3.1.3-5 with the additional term (2).

3 � . The solution of the third boundary value problem for a spherical layer is the sum of the solution
specified in Paragraph 3.1.3-6, and expression (2).

3.2.3-3. Domain: 0 ≤ � < � , 0 ≤ � ≤ � 0, 0 ≤ � ≤ 2 � . First boundary value problem.

The solution of the first boundary value problem for an infinite cone is given by the formula in
Paragraph 3.1.3-7 with the additional term� �

0

� 2 �
0

� �
0

0

� �
0 
 ( � , � ,  , � ) � ( � , � , � , � , � ,  , � − � ) � 2 sin � � � � � �  � � ,

which allows for the equation’s nonhomogeneity.

3.3. Other Equations with Three Space Variables
3.3.1. Equations Containing Arbitrary Parameters

1. � �� � = � � � 2 �� � 2
+ � 2 �� � 2

+ � 2 �� � 2 � + ( � 1 � + � 2 � + � 3 � + � ) � .

The transformation 
( ! , " , # , � ) = exp $ ( % 1 ! + % 2 " + % 3 # ) � + 1

3 & ( % 2
1 + % 2

2 + % 2
3) � 3 + '(�*)(+ ( � , � ,  , � ),� = ! + & % 1 � 2, � = " + & % 2 � 2,  = # + & % 3 � 2

leads to the three-dimensional heat equation , � + = & ( , -.-/+ + , 0/0 + + , 1213+ ) that is dealt with in
Subsection 3.1.1.

2. � �� � = � � � 2 �� � 2
+ � 2 �� � 2

+ � 2 �� � 2 � – $4� ( � 2 + � 2 + � 2) + � ) � , � > 0.

The transformation ( 5 is any number) 
( ! , " , # , � ) = exp 6 7 & %

2 & ( ! 2 + " 2 + # 2) + 8 3 7 & % − '39 �*: + ( � , � ,  , � ),� = ! exp 8 2 7 & % �.9 , � = " exp 8 2 7 & % �.9 ,  = # exp 8 2 7 & % �.9 , � =
1

4 7 & % exp 8 4 7 & % �.9 + 5
leads to the three-dimensional heat equation , ; + = & ( , -.-/+ + , 0/0 + + , 121 + ) that is dealt with in
Subsection 3.1.1.

3. � �� � = � � � 2 �� � 2
+ � 2 �� � 2

+ � 2 �� � 2 � + $ – � ( � 2 + � 2 + � 2) + � 1 � + � 2 � + � 3 � + s ) � .

This is a special case of equation 3.3.2.3 with < = ( � ) = '>= , ? ( � ) = @ .
Page 261



4. � �� � = � � � 2 �� � 2
+ � 2 �� � 2

+ � 2 �� � 2 � + � 1 � �� � + � 2 � �� � + � 3 � �� � + � � .

This equation governs the nonstationary temperature (concentration) field in a medium moving with
a constant velocity, provided there is volume release (absorption) of heat proportional to temperature
(concentration).

The substitution  
( ! , " , # , � ) = exp 8A5 1 ! + 5 2 " + 5 3 # + B �.9 C ( ! , " , # , � ),

where 5 1 = −
% 1

2 & , 5 2 = −
% 2

2 & , 5 3 = −
% 3

2 & , B = ' −
1

4 & 8*% 2
1 + % 2

2 + % 2
3 9 ,

leads to the three-dimensional heat equation , � C = & D 3 C that is considered in Subsection 3.1.1.

5. � �� � = � � � 2 �� � 2
+ � 2 �� � 2

+ � 2 �� � 2 � – � � � �� � .

This equation is encountered in problems of convective heat and mass transfer in a simple shear
flow.

Fundamental solution:E E
( ! , " , # , � , � ,  , � ) =

1

(4 � & � )3 F 2 8 1+ 1
12 % 2 � 2 9 1 F 2 exp G −

$H! − � − 1
2 %2� ( " + � ) ) 2

4 & � 8 1+ 1
12 % 2 � 2 9 −

( " − � )2+ ( # −  )2

4 & � I .J4K
Reference: E. A. Novikov (1958).

6. � �� � = � � � 2 �� � 2
+ � 2 �� � 2

+ � 2 �� � 2 � + � 1 � � �� � + � 2 � � �� � + � 3 � � �� � + L ( � , � , � , � ).
This equation is encountered in problems of convective heat and mass transfer in a linear shear flow.

Domain: − � < ! < � , − � < " < � , − � < # < � . Cauchy problem.
An initial condition is prescribed:  

= < ( ! , " , # ) at � = 0.

Solution: 
( ! , " , # , � ) =

� �
− � � �

− � � �
− � < ( � , � ,  ) � ( ! , " , # , � , � ,  , � ) � ! � " � #

+
� �

0

� �
− � � �

− � � �
− � 
 ( � , � ,  , � ) � ( ! , " , # , � , � ,  , � − � ) � ! � " � # � � ,

where � ( ! , " , # , � , � ,  , � ) = M ( ! , � , � ; % 1) M ( " , � , � ; % 2) M ( # ,  , � ; % 3),M ( ! , � , � ; % ) = 6 2 � &% ( N 2 O � − 1) : −1 F 2

exp 6 − % 8P! N O � − � 9 2

2 & ( N 2 O � − 1)
: .

7. � �� � = � � � 2 �� � 2
+ � 2 �� � 2

+ � 2 �� � 2 � + ( � 1 � + � 1) � �� � + ( � 2 � + � 2) � �� �
+ ( � 3 � + � 3) � �� � + (s1 � + s2 � + s3 � + Q ) � .

This is a special case of equation 3.3.2.5.
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8. R ST � �� � +
ST 2

2 U � � 2 �� � 2
+ � 2 �� � 2

+ � 2 �� � 2 � = 0.

Three-dimensional Schrödinger equation, V 2 = −1.
Fundamental solution:E E

( ! , " , # , � ) = −
VSW � X

2 � SW � � 3 F 2

exp 6YV X
2 SW � ( ! 2 + " 2 + # 2) − V 3 �

4
: .J4K

Reference: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974).

9. � �� � = �� � � � � Z � �� � � + �� � � � � [ � �� � � + �� � � � � \ � �� � � .

This equation describes unsteady heat and mass transfer processes in inhomogeneous (anisotropic)
media. It admits separable solutions, as well as solutions with incomplete separation of variables
(see Subsection 0.9.2-1). In addition, for ] ≠ 2, X ≠ 2, ^ ≠ 2 there are particular solutions of the
form  

=

 
( � , � ), � 2 = 4 6 ! 2− _& (2 − ] )2 +

" 2− `% (2 − X )2 +
# 2− =' (2 − ^ )2 : ,

where the function

 
( � , � ) is determined by the one-dimensional nonstationary equation,  , � =

, 2

 , � 2 +
5 � ,  , � , 5 = 2 � 1

2 − ] +
1

2 − X +
1

2 − ^ � − 1.

For solutions of this equation, see Subsections 1.2.1, 1.2.3, and 1.2.5.

3.3.2. Equations Containing Arbitrary Functions

1. � �� � = � � � 2 �� � 2
+ � 2 �� � 2

+ � 2 �� � 2 � + a ( � ) � .

This equation describes three-dimensional unsteady thermal phenomena in quiescent media or solids
with constant thermal diffusivity, provided there is unsteady volume heat release proportional to
temperature.

The substitution

 
( ! , " , # , � ) = exp $3b < ( � ) � �c)3C ( ! , " , # , � ) leads to the usual heat equation, d.C = & D 3 C that is dealt with in Subsection 3.1.1.

2. � �� � = � � � 2 �� � 2
+ � 2 �� � 2

+ � 2 �� � 2 � + $ � a 1( � ) + � a 2( � ) + � a 3( � ) + e ( � ) ) � .

The transformation 
( ! , " , # , � ) = exp G ! f 1( g ) + " f 2( g ) + # f 3( g ) + & h i f 2

1 ( g ) + f 2
2 ( g ) + f 2

3 ( g ) j k g + h l ( g ) k g m n ( o , p , q , g ),o = r + 2 s h f 1( g ) k g , p = t + 2 s h f 2( g ) k g , q = u + 2 s h v 3( w ) k w , v x ( w ) = h y x ( w ) k w ,
leads to the three-dimensional heat equation z d*n = s {Az |.|/n + z 0/0 n + z 1213n } that is dealt with in
Subsection 3.1.1.
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3. ~ �~ � = � � ~ 2 �~ � 2
+ ~ 2 �~ � 2

+ ~ 2 �~ � 2 � + i – � ( � 2+ � 2+ � 2)+ � � 1( � )+ � � 2( � )+ � � 3( � )+ � ( � ) j � .

1 � . Case � > 0. The transformation�
( r , t , u , w ) = n ( o , p , q , � ) exp � � s �

2 s {Pr 2 + t 2 + u 2 }(� ,o = r exp { 2 � s � w.} , p = t exp { 2 � s � w.} , q = u exp { 2 � s � w.} , � =
1

4 � s � exp { 4 � s � w.} + 5 ,

where 5 is an arbitrary constant, leads to an equation of the form 3.3.2.2:z nz w = s � z 2 nz o 2 +
z 2 nz p 2 +

z 2 nz q 2 � + i o v 1( � ) + p v 2( � ) + q v 3( � ) + � ( � ) j/n ,v x ( � ) =
1

( �(� )3 � 2 y x � ln( �(� )� � , � ( � ) =
1�(� l � ln( �(� )� � +

3
4 � , � = 4 � s � , � = 1, 2, 3.

2 � . Case � < 0. The transformation�
( r , t , u , w ) = � ( o 1, p 1, q 1, � 1) exp � � − s �

2 s ( r 2 + t 2 + u 2) tan { 2 � − s � w.}(� ,o 1 =
r

cos { 2 � − s � w.} , p 1 =
t

cos { 2 � − s � w.} , q 1 =
u

cos { 2 � − s � w.} , � 1 =
1

2 � − s � tan { 2 � − s � w.}
also leads to an equation of the form 3.3.2.2 for � = � ( o 1, p 1, q 1, � 1) (the equation for � is not written
out here).

4. ~ �~ � = � 1( � ) ~ 2 �~ � 2
+ � 2( � ) ~ 2 �~ � 2

+ � 3( � ) ~ 2 �~ � 2
+ � ( � , � , � , � ).

Here, 0 < s x ( w ) < � ; � = 1, 2, 3.
Domain: − � < r < � , − � < t < � , − � < u < � . Cauchy problem.

An initial condition is prescribed: �
= y ( r , t , u ) at w = 0.

Solution:�
( r , t , u , w ) = h d

0
h �

− � h �
− � h �

− � �
( o , p , q , � ) � ( r , t , u , o , p , q , w , � ) k o k p k q k �

+ h �
− � h �

− � h �
− � y ( o , p , q ) � ( r , t , u , o , p , q , w , 0) k o k p k q ,

where � ( r , t , u , o , p , q , w , � ) =
1

8 � 3 � 2 � � 1 � 2 � 3
exp � − ( r − o )2

4 � 1
−

( t − p )2

4 � 2
−

( u − q )2

4 � 3
� ,

� 1 = h d� s 1( � ) k � , � 2 = h d� s 2( � ) k � , � 3 = h d� s 3( � ) k � .

See also the more general equation 3.4.3.3, where other boundary value problems are considered.

Page 264



5. ~ �~ � = � 1( � ) ~ 2 �~ � 2
+ � 2( � ) ~ 2 �~ � 2

+ � 3( � ) ~ 2 �~ � 2
+ i � 1( � ) � + � 1( � ) j ~ �~ �

+ i � 2( � ) � + � 2( � ) j ~ �~ � + i � 3( � ) � + � 3( � ) j ~ �~ � + i s1( � ) � +s2( � ) � +s3( � ) � + � ( � ) j � .

The transformation
�

( r , t , u , w ) = exp i y 1( w ) r + y 2( w ) t + y 3( w ) u + l ( w ) j(n ( o , p , q , w ),o = ¡ 1( w ) r + ¢ 1( w ), p = ¡ 2( w ) t + ¢ 2( w ), q = ¡ 3( w ) u + ¢ 3( w ),
where ¡ x ( w ) = 5 x exp � h � x ( w ) k wc� ,y x ( w ) = ¡ x ( w ) h £ x ( w )¡ x ( w ) k w + ¤ x ¡ x ( w ),¢ x ( w ) = h i 2 s x ( w ) y x ( w ) + � x ( w ) j ¡ x ( w ) k w + ¥ x ,l ( w ) = h 3¦ x =1

i s x ( w ) y 2x ( w ) + � x ( w ) y x ( w ) j k w + § ¨ ( © ) k © + ª ,

( � = 1, 2, 3; « ¬ , ¤ ¬ , ¥ ¬ , ª are arbitrary constants) leads to an equation of the form 3.3.2.4:z z © = ® 1( © ) ¡ 2
1( © ) z 2 z ¯ 2 + ® 2( © ) ° 2

2( © ) z 2 z ± 2 + ® 3( © ) ° 2
3( © ) z 2 z ² 2 .

6. ³ ´³ µ = ¶ 1( µ ) ³ 2 ´³ · 2
+ ¶ 2( µ ) ³ 2 ´³ ¸ 2

+ ¶ 3( µ ) ³ 2 ´³ ¹ 2
+ º » 1( µ ) · + ¼ 1( µ ) ½ ³ ´³ · + º4» 2( µ ) ¸ + ¼ 2( µ ) ½ ³ ´³ ¸

+ º4» 3( µ ) ¹ + ¼ 3( µ ) ½ ³ ´³ ¹ + º s1( µ ) · 2+s2( µ ) ¸ 2+s3( µ ) ¹ 2+ ¾ 1( µ ) · + ¾ 2( µ ) ¸ + ¾ 3( µ ) ¹ + ¿ ( µ ) ½ ´ .

The substitution À
( Á , Â , Ã , © ) = exp º Ä 1( © ) Á 2 + Ä 2( © ) Â 2 + Ä 3( © ) Ã 2 ½/ ( Á , Â , Ã , © ),

where the functions Ä ¬ = Ä ¬ ( © ) are solutions of the respective Riccati equationsÄ Å¬ = 4 ® ¬ ( © ) Ä 2¬ + 2 ÆÇ¬ ( © ) Ä ¬ + È2¬ ( © ) ( É = 1, 2, 3),
leads to an equation of the form 3.3.2.5 for  =  ( Á , Â , Ã , © ).
7. ³ ´³ µ +

2Ê Ë
=1

ºÍÌ Ë ( µ ) + Î Ë
( µ ) · 3 ½ ³ ´³ · Ë

– ¶ ³ ´³ · 3
=

2ÊË
, Ï =1 Ð Ë Ï ( µ ) ³ 2 ´³ · Ë ³ · Ï + Ð 33( µ ) ³ 2 ´³ · 2

3
.

Equation of turbulent diffusion. It describes the diffusion of an admixture in a horizontal stream
whose velocity components are linear functions of the height.

Fundamental solution:Ñ Ñ
( Á 1, Á 2, Á 3, ¯ 1, ¯ 2, ¯ 3) =

1
(4 Ò )3 Ó 2 Ô det | Õ |

exp Ö − 1
4

3Ê×
, Ø =1

Õ −1× Ø ( © ) Â × Â Ø(Ù , Õ × Ø ( © ) = § d
0 Ú × Ø ( Û ) Ü Û .

Here, the following notation is used ( Ý , Þ = 1, 2):Â ß = Á ß − ¯3ß − à ß ( © ) − Á 3 á ß ( © ) − ® § d
0

( © − Û ) â ß ( Û ) Ü Û , Â 3 = Á 3 − ¯ 3 + ® © ,Ú ß ã ( © ) = ä ß ã ( © ) + ä 33( © ) á ß ( © ) á ã ( © ), Ú ß 3( © ) = Ú 3 ß ( © ) = − ä 33( © ) á ß ( © ),Ú 33( © ) = ä 33( © ), à ß ( © ) = § d
0

Ä ß ( © ) Ü © , á ß ( © ) = § d
0

â ß ( © ) Ü © ,
det | Õ | is the determinant of the matrix T with entries Õ × Ø ( © ), Õ −1× Ø ( © ) are the entries of the inverse
of T. The inequalities Õ 11( © ) > 0, Õ 11( © ) Õ 22( © ) − Õ 2

12( © ) > 0, and det | Õ | > 0 are assumed to hold.å4æ
Reference: E. A. Novikov (1958).
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3.3.3. Equations of the Formç ( è , é , ê ) ë ìë í = div[ î ( è , é , ê )∇ ì ] – ï ( è , é , ê ) ì + ð ( è , é , ê , í )

Equations of this form are often encountered in the theory of heat and mass transfer. For brevity,
the following notation is used:

div º4® (r)∇
À ½ = ññ Á Öò® (r) ñ Àñ Á Ù + ññ Â Öò® (r) ñ Àñ Â Ù + ññ Ã Öò® (r) ñ Àñ Ã Ù , r = { Á , Â , Ã }.

The problems presented in this subsection are assumed to refer to a simply connected bounded
domain ó with smooth boundary Ú . It is also assumed that ô (r) > 0, ® (r) > 0, and õ (r) ≥ 0.

3.3.3-1. First boundary value problem.

The following conditions are prescribed:À
= Ä (r) at ö = 0 (initial condition),À
= â (r, ö ) for r ÷ Ú (boundary condition).

Solution: À
(r, ö ) =

d
0 ø ù ú ( û , Û ) ü (r, û , ý − Û ) þ ÿ � þ Û + ø ù �

( û ) � ( û ) ü (r, û , ý ) þ ÿ �
− ø d

0 ø � � ( û , Û ) ® ( û )
� �� � � ü (r, û , ý − Û ) Ù þ Ú � þ Û . (1)

Here, the modified Green’s function is given byü (r, û , ý ) = �	�

=1

 

(r)  


( û )�  
 � 2 exp(−  
 ý ), �  
 � 2 = ø ù � (r)  2



(r) þ ÿ , û = { � 1, � 2, � 3}, (2)

where the  

and  


(r) are the eigenvalues and corresponding eigenfunctions of the Sturm–Liouville
problem for the following elliptic second-order equation with a homogeneous boundary condition
of the first kind:

div �4® (r)∇  � − � (r)  +  � (r)  = 0, (3) = 0 for r � Ú . (4)

The integration in solution (1) is carried out with respect to � 1, � 2, � 3; �� � � denotes the derivative
along the outward normal to the surface Ú with respect to � 1, � 2, and � 3.

General properties of the Sturm–Liouville problem (3)–(4):

1 � . There are countably many eigenvalues. All eigenvalues are real and can be ordered so that 1 ≤  2 ≤  3 ≤ ����� , with  
 � �
as � � �

; consequently, there can exist only finitely many
negative eigenvalues.

2 � . For � (r) > 0, ® (r) > 0, and � (r) ≥ 0, all eigenvalues are positive:  

> 0.

3 � . The eigenfunctions are defined up to a constant multiplier. Any two eigenfunctions  

(r) and � (r) corresponding to different eigenvalues  


and  � are orthogonal with weight � (r) in the
domain ÿ : ø ù � (r)  


(r)  � (r) þ ÿ = 0 for � ≠ � .
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4 � . An arbitrary function � (r) that is twice continuously differentiable and satisfies the boundary
condition of the Sturm–Liouville problem ( � = 0 for r � Ú ) can be expanded into an absolutely and
uniformly convergent series in the eigenvalues:� (r) = �	�


=1

� 
  

(r), � 


=
1�  
 � 2 ø ù � (r) � (r)  


(r) þ ÿ ,

where the formula for
�  
 � 2 is given in (2).�  "! # $&% '

In a three-dimensional problem, to each eigenvalue  

there generally correspond

finitely many linearly independent eigenfunctions  (1)



,  (2)



, (�(�( ,  ( � )



. These function can always be

replaced by their linear combinations
¯ ( ¬ )



= « ¬ ,1  (1)



+ ����� + « ¬ , ¬ −1  ( ¬ −1)



+  ( ¬ )



, ) = 1, 2, (�(�( , � ,

such that ¯ (1)



, ¯ (2)



, (�(�( , ¯ ( � )



are now pairwise orthogonal. Thus, without loss of generality, we

assume that all eigenfunctions are orthogonal.

3.3.3-2. Second boundary value problem.
The following conditions are prescribed:* =

�
(r) at ý = 0 (initial condition),� *� � = � (r, ý ) for r � + (boundary condition).

Solution: * (r, ý ) = ø d
0 ø ù ú ( û , , ) ü (r, û , ý − , ) þ ÿ � þ , + ø ù �

( û ) � ( û ) ü (r, û , ý ) þ ÿ �
+ ø d

0 ø � � ( û , , ) ® ( û ) ü (r, û , ý − , ) þ + � þ , . (5)

Here, the modified Green’s function is given by (2), where the  

and  


(r) are the eigenvalues
and corresponding eigenfunctions of the Sturm–Liouville problem for the elliptic second-order
equation (3) with a homogeneous boundary condition of the second kind,� � � = 0 for r � + . (6)

For � (r) > 0 the general properties of the eigenvalue problem (3), (6) are the same as for the first
boundary value problem (with all  


> 0).

3.3.3-3. Third boundary value problem.
The following conditions are prescribed:* =

�
(r) at ý = 0 (initial condition),� *� � + ) (r) * = � (r, ý ) for r � + (boundary condition).

The solution of the third boundary value problem is given by formulas (5) and (2), where the 

and  


(r) are the eigenvalues and corresponding eigenfunctions of the Sturm–Liouville problem
for the second-order elliptic equation (3) with a homogeneous boundary condition of the third kind,� � � + ) (r)  = 0 for r � + . (7)

For � (r) ≥ 0 and ) (r) > 0 the general properties of the eigenvalue problem (3), (7) are the same
as for the first boundary value problem (see Paragraph 3.3.3-1).

Let ) (r) = ) = const. Denote the Green’s functions of the second and third boundary value
problems by - 2(r, û , ý ) and - 3(r, û , ý , ) ), respectively. If � (r) > 0, then the following limiting
relation holds: - 2(r, û , ý ) = lim¬/. 0

- 3(r, û , ý , ) ).021
References for Subsection 3.3.3: V. S. Vladimirov (1988), A. D. Polyanin (2000a, 2000c).
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3.4. Equations with 3 Space Variables

3.4.1. Equations of the Form 4 54 6 = 7 8 9 5 + : ( ; 1, < < < , ; 9 , 6 )

This is an � -dimensional nonhomogeneous heat equation. In the Cartesian system of coordinates, it
is represented as � *� ý = ® 
	 ¬ =1

� 2 *� = 2¬ + ú (x, ý ), x = {
=

1, (�(�( , = 

}.

The solutions of various problems for this equation can be constructed on the basis of incomplete
separation of variables (see Paragraphs 0.6.1-2 and 0.9.2-1) taking into account the results of
Subsections 1.1.1 and 1.1.2. Some examples of solving such problems can be found below in
Paragraphs 3.4.1-2 through 3.4.1-4.

3.4.1-1. Homogeneous equation ( ú ≡ 0).

1 � . Particular solutions:* (x, ý ) = « exp > 
	� =1

) � = � + ® ý 
	� =1

) 2� ? ,* (x, ý ) = « exp > − ® ý 
	� =1

) 2� ?

@� =1

cos( ) � = � + A � ),* (x, B ) = C exp > −


	� =1

) � = � ?

@� =1

cos( ) � = � − 2 ® ) 2� B + A � ),* (x, B ) =
C

( B − B 0)


 D
2 exp

�
−

1
4 ® ( B − B 0)


	� =1

(
= � − A � )2 E ,* (x, B ) = C 
@� =1

erf > = � − A �
2 F ® B ? ,

where x = {
=

1, (�(�( , = 

}; C , ) � , A � , and B 0 are arbitrary constants.

2 � . Fundamental solution:G G
(x, B ) =

1H
2 F I ® B J�K exp > −

|x|2

4 ® B ? , |x|2 = KLNM
=1 O 2

M
.

3 P . Suppose Q = Q ( O 1, (�(�( , O K , B ) is a solution of the homogeneous equation. Then the functionsQ 1 = C Q ( R S O 1 + A 1, (�(�( , R S O K + A K , S 2 B + A K +1),Q 2 = C exp T KLUM
=1

S M O M
+ V B KLNM

=1

S 2

M W Q ( O 1 + 2 V S 1 B + A 1, (�(�( , O K + 2 V S K B + A K , B + A K +1),Q 3 =
C

| X + Y B | K D
2 exp Z − Y

4 V ( X + Y [ ) KLNM
=1 O 2

M E Q T O 1X + Y [ , (�(�( , O KX + Y [ , \ + S [X + Y [ W
, S X − Y \ = 1,

where ] , ^ 1, (�(�( , ^ K +1, S , S 1, (�(�( , S K Y , and X are arbitrary constants, are also solutions of the
equation. The signs at S in the formula for Q 1 can be taken independently of one another.
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3.4.1-2. Domain: ` K = {− a < O M
< a ; b = 1, (�(�( , c }. Cauchy problem.

An initial condition is prescribed: Q = d (x) at [ = 0.

Solution:Q (x, [ )=
1H

2 e I V [ J�K f g h d (y) exp T −
|x−y|2

4 V [ W i
y+ f d

0 f g h j (y, k )H
2 e I V ( [ − k ) J�K exp T −

|x−y|2

4 V ( [ − k )

W i
y

i k ,

where y = { l 1, (�(�( , l K }, |x − y| = m ( O 1 − l 1)2 + n�n�n + ( O K − l K )2,

i
y =

i l 1

i l 2 (�(�( i l K .o2p
Reference: V. S. Vladimirov (1988).

3.4.1-3. Domain: q ={0 ≤ O M
≤ r M ; b = 1, (�(�( , c }. First boundary value problem.

The following conditions are prescribed:Q = d (x) at [ = 0 (initial condition),Q = s M
(x, [ ) at O M

= 0 (boundary conditions),Q = t M
(x, [ ) at O M

= r M (boundary conditions).

Solution: Q (x, [ ) = f d
0 f u j (y, k ) v (x, y, [ − k )

i
y

i k + f u d (y) v (x, y, [ ) i
y

+ V wL M
=1 f d

0 f x ( y )
Zzs M

(y, k ) {{ l M v (x, y, [ − k ) | } y =0

i ~
(

M
)} i k

− V wLNM
=1 f d

0 f x ( y )
Z�t M

(y, k ) {{ l M v (x, y, [ − k ) | } y = � y i ~
(

M
)} i k ,

where the following notation is used:i ~
(

M
)}

=

i l 1 (�(�( i l M
−1

i l M
+1 (�(�( i l w ,

~
(

M
) = {0 ≤ l � ≤ r�� for � = 1, (�(�( , b −1, b +1, (�(�( , c }.

The Green’s function can be represented in the product formv (x, y, [ ) = w� M
=1

v M
( O M

, l M
, [ ), (1)

where the v M
( O M

, l M
, [ ) are the Green’s functions of the respective one-dimensional boundary value

problems (see Paragraph 1.1.2-5):v M
( O M

, l M
, [ ) =

2r M ��� =1

sin � � � �r�� � sin � � � �r�� � exp � − � � 2 � 2 �r 2� � .

3.4.1-4. Domain: q = {0 ≤ � � ≤ r�� ; � = 1, (�(�( , � }. Second boundary value problem.

The following conditions are prescribed:Q = � (x) at � = 0 (initial condition),{ � y Q = s � (x, � ) at � � = 0 (boundary conditions),{ � y Q = t � (x, � ) at � � = r�� (boundary conditions).
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Solution: Q (x, � ) = � d
0

� � � (y, � ) � (x, y, � − � ) � y � � + � � � (y) � (x, y, � ) � y

− � �� � =1

� d
0

� �
( � ) ��� � (y, � ) � (x, y, � − � )   } � =0 � ¡ ( � )} � �

+ � �� � =1

� d
0

� �
( � ) �£¢ � (y, � ) � (x, y, � − � )   } � = ¤ � � ¡ ( � )} � � . (2)

The Green’s function can be represented as the product (1) of the corresponding one-dimensional
Green’s functions of the form (see Paragraph 1.1.2-6)� � ( � � , ¥ � , � ) =

1¦ � +
2¦ � §¨© =1

cos � ª � �¦ � � cos � ª � �¦ � � exp � − � ª 2 � 2 �¦ 2� � .

3.4.2. Other Equations Containing Arbitrary Parameters

1. « ¬«  = ® ¯¨�°
=1

« 2 ¬« ± 2

°
+ � ² + ¯¨�°

=1 ³ ° ± ° � ¬ .

This is a special case of equation 3.4.3.1. The transformation´ ( � 1, (�(�( , � � , � ) = exp � � �¨ � =1 µ � � � + 1
3 � � 3 �¨ � =1 µ 2� + ¶ � � · ( � 1, (�(�( , � � , � ), � � = � � + � µ � � 2

leads to the � -dimensional heat equation ¸ ¹ · = � �º� =1
¸ » � » � · that is dealt with in Subsection 3.4.1.

2. « ¬«  = ® ¯¨�°
=1

« 2 ¬« ± 2

°
– ¼ ² + ³ ¯¨�°

=1
± 2

° ½ ¬ , ³ > 0.

The transformation ( ¾ is any number)´ ( � 1, (�(�( , � � , ¿ ) = · ( À 1, (�(�( , À � , � ) exp Á 1
2 Â µÃ �¨NÄ

=1

� 2

Ä
+ Å�Æ Ç Ã µ − ¶�È ¿ÊÉ ,À 1 = � 1 exp Å 2 Ç Ã µ ¿ È , (�(�( , À � = � � exp Å 2 Ç Ã µ ¿ È , � =

1
4 Ç Ã µ exp Å 4 Ç Ã µ ¿ È + ¾

leads to the Æ -dimensional heat equation ¸ Ë · = Ã �ºÄ =1
¸ » � » � · that is dealt with in Subsection 3.4.1.

3. « ¬«  = ® ¯¨ °
=1

« 2 ¬« ± 2

°
+ ¼ – ³ ¯¨ °

=1
± 2

°
+ ¯¨ °

=1

² ° ± °
+ s

½ ¬ .

This is a special case of equation 3.4.3.2 with Ì Ä
( ¿ ) = ¶ Ä

and � ( ¿ ) = Í .

4. « ¬«  = ® ¯¨�°
=1

« 2 ¬« ± 2

°
+ ¯¨�°

=1 ³ ° « ¬« ± °
+ ² ¬ .

The substitution´ ( � 1, (�(�( , � � , ¿ ) = exp ¼ ¾ ¿ −
1

2 Ã �¨ Ä
=1 µ Ä � Ä ½ Î

( � 1, (�(�( , � � , ¿ ), where ¾ = ¶ −
1

4 Ã �¨ Ä
=1 µ 2

Ä
,

leads to the Æ -dimensional heat equation ¸ ¹ Î = Ã Ï �
Î

that is dealt with in Subsection 3.4.1.
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5. « ¬«  = ® ¯¨�°
=1

« 2 ¬« ± 2

°
+ ¯¨�°

=1

Å ³ ° ± °
+ ² ° È « ¬« ± °

+ ¼ ¯¨Ñ°
=1

s

° ± °
+ Ò ½ ¬ .

This is a special case of equation 3.4.3.4.

6. Ó ÔÕ « ¬«  +
ÔÕ 2

2 Ö ¯¨ °
=1

« 2 ¬« ± 2

°
= 0.

This is the n-dimensional Schrödinger equation, × 2 = −1.
Fundamental solution:Ø Ø

(x, ¿ ) = −
×ÔÙ ¼ ª

2 � ÔÙ ¿ ½ Ú Û
2

exp ¼ × ª
2 ÔÙ ¿ |x|2 − × � Æ

4

½
, |x|2 = � 2

1 + Ü�Ü�Ü + � 2Ú .Ý2Þ
Reference: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974).

3.4.3. Equations Containing Arbitrary Functions

1. ß àß á = â ãä�å
=1

ß 2 àß æ 2

å
+ Á ãä�å

=1
æ å ç å

( á ) + è ( á ) É à .

The transformationé
( ê 1, (�(�( , ê Ú , ¿ ) = exp Á ÚäNÄ

=1

ê Ä ë Ä
( ¿ ) + Ã ÚäNÄ

=1 ì ë
2

Ä
( í ) î í + ï ( í ) ð ñ ( ò 1, (�(�( , ò Ú , í ),ò Ä

= ê Ä
+ 2 ó ì ë Ä

( í ) î í , ë Ä
( í ) = ì ô Ä

( í ) î í , ï ( í ) = ì õ ( í ) î í ,
leads to the Æ -dimensional heat equation ö ÷Êñ = ó øùÄ

=1
ö úüûýúüû ñ that is discussed in Subsection 3.4.1.

2. ß àß á = â ãä�å
=1

ß 2 àß æ 2

å
+ þ – ÿ ãä�å

=1
æ 2

å
+ ãäÑå

=1
æ å ç å

( á ) + è ( á ) ð à .

1 � . Case
�

> 0. The transformationé
( ê 1, (�(�( , ê ø , í ) = ñ ( ò 1, (�(�( , ò ø , � ) exp

�
1
2 � �ó ø�NÄ

=1

ê 2

Ä �
,ò 1 = ê 1 exp Å 2 � ó � í	� , (�(�( , ò ø = ê ø exp 
 2 � ó � í	� , � =

1
4 � ó � exp 
 4 � ó � í	� + � ,

where � is an arbitrary constant, leads to an equation of the form 3.4.3.1:ö ñö í = ó ø��
=1

ö 2 ñö ò 2

�
+ þ ø��

=1

ò � ë �
( � ) + ï ( � ) ð ñ ,ë �

( � ) =
1

( ��� )3 � 2 ô � �
ln( ��� )� �

, ï ( � ) =
1��� õ �

ln( ��� )� �
+

Æ
4 � , � = 4 � ó �

.

2 � . Case
�

< 0. The transformationé
( ê 1, (�(�( , ê ø , í ) = � ( � 1, (�(�( , � ø , � ) exp þ � −

�
2 � ó tan 
 2 � − ó � í	� ø� �

=1

ê 2

� ð ,� 1 =
ê 1

cos 
 2 � − ó � í � , (�(�( , � ø =
ê øcos 
 2 � − ó � í � , � =

1
2 � − ó � tan 
 2 � − ó � í	�

also leads to an equation of the form 3.4.3.1 (this equation is not specified here).
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3. � �� � = ����
=1 � �

( � ) � 2 �� � 2

�
+ � ( � 1, � � � , � � , � ).

The solutions of various problems for this equation can be constructed on the basis of incomplete
separation of variables (see Paragraphs 0.6.1-2 and 0.9.2-1) taking into account the results of
Subsections 1.1.1 and 1.1.2. Some examples of solving such problems are given below. It is
assumed that 0 < ó �

( í ) < � , � = 1, (�(�( , Æ .

1 � . Domain: � ø = {− � < ê �
< � ; � = 1, (�(�( , Æ }. Cauchy problem.

An initial condition is prescribed:
é

= ô (x) at í = 0.

Solution: é
(x, í ) =  !

0
 " # $ (y, % ) & (x, y, ' , % ) ( y ( % +  " # ô (y) & (x, y, ' , 0) ( y,

where & (x, y, ' , % ) =
1

2 ) * ) � 2 � + 1 + 2 (�(�( + ) exp , − )� �
=1

( ê �
− - �

)2

4 + � .
, + �

=  !/ 0 �
( 1 ) ( 1 ,

x = { ê 1, (�(�( , ê ) }, y = { - 1, (�(�( , - ) }, ( y = ( - 1 ( - 2 (�(�( ( - ) .

2 2 . Domain: 3 ={0 ≤ 4 �
≤ 5 � ; � = 1, (�(�( , Æ }. First boundary value problem.

The following conditions are prescribed:6 = ô (x) at ' = 0 (initial condition),6 = õ �
(x, ' ) at 4 �

= 0 (boundary conditions),6 = 7 �
(x, ' ) at 4 �

= 5 � (boundary conditions).

Solution: 6 (x, ' ) =  !
0

 8 $ (y, % ) & (x, y, ' , % ) ( y ( % +  8 ô (y) & (x, y, ' ) ( y

+
)� �
=1

 !
0

 9
( : ) 0 �

( % ) , õ �
(y, % ) ;; - � & (x, y, ' , % )

. } : =0
( < (

�
)} ( %

−
)=�
=1

 !
0

 9
( : ) 0 �

( % ) , 7 �
(y, % ) ;; - � & (x, y, ' , % )

. } : = > : ( < (

�
)} ( % ,

where the following notation is used:( < (

�
)}

= ( - 1 (�(�(?( - �
−1 ( - �

+1 (�(�(?( - ) , < (

�
) = {0 ≤ - @ ≤ 5A@ for B = 1, (�(�( , � −1, � +1, (�(�( , C }.

The Green’s function can be represented in the product form& (x, y, ' , % ) =
)D E
=1

& E
( 4 E

, - E
, ' , % ), (1)

where the & E
( 4 E

, - E
, ' , % ) are the Green’s functions of the respective boundary value problems,& E

( 4 E
, - E

, ' , % ) =
25 E F=@ =1

sin G B * 4 E5 E H
sin G B * - E5 E H

exp G −
B 2 * 2 + E5 2E H

, + E
=  !/ 0 E

( I ) ( I . (2)

3 2 . Domain: 3 ={0 ≤ 4 E
≤ 5 E ; J = 1, (�(�( , C }. Second boundary value problem.
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The following conditions are prescribed:6 = L (x) at ' = 0 (initial condition),; M : 6 = N E
(x, ' ) at 4 E

= 0 (boundary conditions),; M : 6 = 7 E
(x, ' ) at 4 E

= 5 E (boundary conditions).
Solution: 6 (x, ' ) =  !

0
 8 $ (y, % ) & (x, y, ' , % ) ( y ( % +  8 L (y) & (x, y, ' ) ( y

−
)= E
=1

 !
0

 9
( : ) 0 E

( % ) OPN E
(y, % ) & (x, y, ' , % ) QSR : =0 ( < (

E
)R ( %

+
)= E
=1

 !
0

 9
( : ) 0 E

( % ) O 7 E
(y, % ) & (x, y, ' , % ) Q R : = > : ( < (

E
)R ( % .

The Green’s function can be represented as the product (1) of the corresponding one-dimensional
Green’s functions& E

( 4 E
, - E

, ' , % ) =
15 E +

25 E F=@ =1

cos G B * 4 E5 E H
cos G B * - E5 E H

exp G −
B 2 * 2 + E5 2E H

, + E
=  !/ 0 E

( I ) ( I .TVU
Reference: A. D. Polyanin (2000a, 2000b).

4. W XW Y = Z=�[
=1 \ [

( Y ) W 2 XW ] 2

[
+ Z=�[

=1

OV^ [
( Y ) ] [

+ _ [
( Y ) Q W XW ] [

+ , Z=�[
=1

s

[
( Y ) ] [

+ ` ( Y )
. X .

Let us perform the transformation6 ( 4 1, (�(�( , 4 ) , ' ) = exp , )= E
=1

L E
( ' ) 4 E

+ N ( ' ) . a
( b 1, (�(�( , b ) , ' ), b E

= 7 E
( ' ) 4 E

+ c E
( ' ),

where the functions L E
( ' ), N ( ' ), 7 E

( ' ), and c E
( ' ) are given by ( d E

, e E
, f E

, and g are arbitrary
constants): 7 E

( h ) = d E
exp ikj l E ( h ) m hon ,L E

( h ) = p E
( h ) j q E ( h )p E

( h ) m h + e E p E
( h ),c E

( h ) = j O 2 r E
( h ) L E

( h ) + s E
( h ) Q p E

( h ) m h + f E
,N ( h ) = j iut ( h ) + vwx

=1

r x
( h ) L 2

x
( h ) + vwx

=1

s x
( h ) L x

( h ) n m h + g .

As a result, we arrive at an equation of the form 3.4.3.3 for the new dependent variable y =y ( b 1, (�(�( , b v , h ): z yz h = vwx
=1

r x
( h ) p 2

x
( h ) z

2 yz b 2

x
.

5. { |{ } = ~w��
=1 � �

( } ) { 2 |{ � 2

�
+ ~w��

=1 �V� �
( } ) � �

+ � �
( } ) � { |{ � �

+ i ~w��
=1

s

�
( } ) � 2

�
+ ~w��

=1 � �
( } ) � �

+ � ( } ) n | .

The substitution �
( � 1, ����� , � v , � ) = exp i vw x

=1

L x
( � ) � 2

x n y ( � 1, ����� , � v , � ),
where the functions L x

= L x
( � ) are solutions of the Riccati equationL �x = 4 r x

( � ) L 2

x
+ 2 l x

( � ) L x
+ q x ( � ) ( � = 1, ����� , � ),

leads to an equation of the form 3.4.3.4 for y = y ( � 1, ����� , � v , � ).
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6. { |{ } – ~w��
=1 ��� �

( � �
, } ) { 2 |{ � 2

�
+ � �

( � �
, } ) { |{ � �

+ � �
( � �

, } ) | n = � ( � 1, � � � , � ~ , } ).
Here, 0 < r x

( � x
, � ) < � for all � . We introduce the notation x = { � 1, ����� , � v }, y = { � 1, ����� , � v } and

consider the domain � = { � x
≤ � x

≤ � x
, � = 1, ����� , � }, which is an � -dimensional parallelepiped.

1 � . First boundary value problem. The following conditions are prescribed:�
= L (x) at � = 0 (initial condition),�
= � x

(x, � ) at � x
= � x

(boundary conditions),�
= p x

(x, � ) at � x
= � x

(boundary conditions).

Solution:�
(x, � ) = j �

0
j � � (y, � ) � (x, y, � , � ) m y m � + � � L (y) � (x, y, � , 0)   y

+ vwx
=1

� �
0

� ¡
( ¢ ) £ x

( � x
, � ) � � x

(y, � )

zz � x � (x, y, � , � ) ¤ ¥ ¢ = ¦ ¢   § (

x
)¥   �

− vwx
=1

� �
0

� ¡
( ¢ ) £ x

( � x
, � ) ��¨ x

(y, � )

zz � x � (x, y, � , � ) ¤ ¥ ¢ = © ¢   § (

x
)¥   � ,

where   y =   � 1   � 2 �����   � v ,   § (

x
)¥

=   � 1 �����?  � x
−1   � x

+1 �����	  � v ,§ (

x
) = { � ª ≤ � ª ≤ � ª for « = 1, ����� , � −1, � +1, ����� , � }.

The Green’s function can be represented in the product form� (x, y, � , � ) = v¬ x
=1

� x
( � x

, � x
, � , � ). (1)

Here, the � x
= � x

( � x
, � x

, � , � ) are auxiliary Green’s functions that, for � > � ≥ 0, satisfy the
one-dimensional linear homogeneous equationsz � xz � − £ x

( � x
, � ) z

2 � xz � 2

x
−  x ( � x

, � ) z � xz � x
− ® x

( � x
, � ) � x

= 0 ( � = 1, ����� , � ) (2)

with nonhomogeneous initial conditions of a special form,� x
= ¯ ( � x

− � x
) at � = � , (3)

and homogeneous boundary conditions of the first kind,� x
= 0 at � x

= � x
,� x

= 0 at � x
= � x

.

In determining the function � x
, the quantities � x

and � play the role of parameters; ¯ ( � ) is the Dirac
delta function.

2 � . The second and third boundary value problems. The following conditions are prescribed:�
= L (x) at � = 0 (initial condition),z M ¢ �

− ° x �
= � x

(x, � ) at � x
= � x

(boundary conditions),z M ¢ �
+ ± x �

= ¨ x
(x, � ) at � x

= � x
(boundary conditions).

The second boundary value problem corresponds to ° x
= ± x

= 0.
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Solution: �
(x, � ) = � �

0
� � � (y, � ) � (x, y, � , � )   y   � + � � L (y) � (x, y, � , 0)   y

− vw³x
=1

� �
0

� ¡
( ¢ ) £ x

( � x
, � ) � � x

(y, � ) � (x, y, � , � ) � ¥ ¢ = ¦ ¢   § (

x
)¥   �

+ vw x
=1

� �
0

� ¡
( ¢ ) £ x

( � x
, � ) �´¨ x

(y, � ) � (x, y, � , � ) � ¥ ¢ = © ¢   § (

x
)¥   � .

The Green’s function can be represented as the product (1) of the corresponding one-dimensional
Green’s functions satisfying the linear equations (2) with the initial conditions (3) and the homogen-
eous boundary conditions z M ¢ � x

− ° x � x
= 0 at � x

= � x
,z M ¢ � x

+ ± x � x
= 0 at � x

= � x
.µV¶

Reference: A. D. Polyanin (2000a, 2000b).

7. { |{ } = ~w·
,̧ =1

{{ � · �A� · ¸ ( � 1, � � � , � ~ ) { |{ � ¸ ¤ – � ( � 1, � � � , � ~ ) | + � ( � 1, � � � , � ~ , } ).
The problems considered below are assume to refer to a bounded domain � with smooth surface § .
We introduce the brief notation x = { � 1, ����� , � v } and assume that the conditionvw¹

, º =1
£ ¹ º (x) » ¹ » º ≥ ® vw ¹

=1

» 2¹ , ® > 0,

is satisfied; this condition imposes the requirement that the differential operator on the right-hand
side of the equation is elliptic.

1 � . First boundary value problem. The following conditions are prescribed:�
= L (x) at � = 0 (initial condition),�
= � (x, � ) for x ¼ § (boundary condition).

Solution: �
(x, � ) = � �

0
� � � (y, � ) � (x, y, � − � )   � ¥   � + � � L (y) � (x, y, � )   � ¥

− � �
0

� ¡ � (y, � ) � zz ½ ¥ � (x, y, � − � ) ¤   § ¥   � . (1)

Here, the Green’s function is given by� (x, y, � ) = ¾¿ v =1 À v (x) À v (y)Á À v Á 2 exp(− » v Â ), Á À v Á 2 = � � À 2v (x)   Ã , y = { Ä 1, Å�Å�Å , Ä v }, (2)

where the » v and À v (x) are the eigenvalues and corresponding eigenfunctions of the Sturm–Liouville
problem for the following elliptic second-order equation with homogeneous boundary condition of
the first kind: v¿¹

, º =1 ÆÆ Ç ¹ È £ ¹ º (x) Æ ÀÆ Ç º ¤ − É (x) À + » À = 0, (3)

À = 0 for x ¼ § . (4)
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The integration in solution (1) is carried out with respect to Ä 1, Å�Å�Å , Ä Ê ; ËË Ì Í is the differential
operator defined as Æ ÎÆ ½ ¥ ≡

Ê¿¹
, º =1 Ï ¹ º (y) Ð º Æ ÎÆ Ä ¹ , (5)

where N = { Ð 1, Å�Å�Å , Ð Ê } is the unit outward normal to the surface Ñ . In the special case whereÏ ¹´¹ (x) = 1 and Ï ¹ º (x) = 0 for Ò ≠ Ó , the operator of (5) coincides with the usual operator of differentiation
along the direction of the outward normal to the surface Ñ .

General properties of the Sturm–Liouville problem (3)–(4):
1. There are countably many eigenvalues. All eigenvalues are real and can be ordered so that» 1 ≤ » 2 ≤ » 3 ≤ Ô�Ô�Ô , with » Ê Õ � as Ö Õ � ; consequently, there can exist only finitely many

negative eigenvalues.
2. For É (x) ≥ 0 all eigenvalues are positive: × Ê > 0.
3. The eigenfunctions are defined up to a constant multiplier. Any two eigenfunctions À Ê (x)

and À Ø (x) corresponding to different eigenvalues × Ê and × Ø are orthogonal in the domain Ã :Ù � À Ê (x) À Ø (x) Ú Ã = 0 for Ö ≠ Û .Ü ÝSÞ ß à?á â
To each eigenvalue × Ê there generally correspond finitely many linearly indepen-

dent eigenfunctions À (1)Ê , À (2)Ê , Å�Å�Å , À ( Ø )Ê . These functions can always be replaced by their linear
combinations

¯À ( ã )Ê = ä ã ,1 À (1)Ê + Ô�Ô�Ô + ä ã , ã −1 À ( ã −1)Ê + À ( ã )Ê , å = 1, 2, Å�Å�Å , Û ,

such that ¯À (1)Ê , ¯À (2)Ê , Å�Å�Å , ¯À ( Ø )Ê are now pairwise orthogonal. Thus, without loss of generality, we
assume that all eigenfunctions are orthogonal.

2 � . Second boundary value problem. The following conditions are prescribed:æ = ç (x) at Â = 0 (initial condition),Æ æ
Æ è é = � (x, Â ) for x ê Ñ (boundary condition).

Here, the left-hand side of the boundary condition is determined with the help of (5), where Î , Ä , y,
and Ä ã must be replaced by æ , Ç , x, and Ç ã , respectively.

Solution: æ (x, Â ) =
Ù �

0

Ù � ë (y, ì ) Î (x, y, Â − ì ) Ú Ã í Ú ì +
Ù � ç (y) Î (x, y, Â ) Ú Ã í

+
Ù �

0

Ù î � (y, ì ) Î (x, y, Â − ì ) Ú Ñ í Ú ì . (6)

Here, the Green’s function is defined by (2), where the × Ê and À Ê (x) are the eigenvalues and corre-
sponding eigenfunctions of the Sturm–Liouville problem for the elliptic second-order equation (3)
with a homogeneous boundary condition of the second kind:

Æ ÀÆ è é = 0 for x ê Ñ . (7)

For É (x) > 0 the general properties of the eigenvalue problem (3), (7) are the same as for the
first boundary value problem (see Item 1 � ). For É (x) ≡ 0 the zero eigenvalue × 0 = 0 arises which
corresponds to the eigenfunction À 0 = const.

It should be noted that the Green’s function of the second boundary value problem can be
expressed in terms of the Green’s function of the third boundary value problem (see Item 3 � ).
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3 � . Third boundary value problem. The following conditions are prescribed:æ = ç (x) at Â = 0 (initial condition),Æ æ
Æ è é + å (x) æ = � (x, Â ) for x ê Ñ (boundary condition).

The solution of the third boundary value problem is given by relations (6) and (2), where the × Ê
and À Ê (x) are the eigenvalues and corresponding eigenfunctions of the Sturm–Liouville problem for
the second-order elliptic equation (3) with a homogeneous boundary condition of the third kind:

Æ ÀÆ è é + å (x) À = 0 for x ê Ñ . (8)

For É (x) ≥ 0 and å (x) > 0, the general properties of the eigenvalue problem (3), (8) are the same
as for the first boundary value problem (see Item 1 � ).

Let å (x) = å = const. Denote the Green’s functions of the second and third boundary value
problems by Î 2(x, y, Â ) and Î 3(x, y, Â , å ), respectively. Then the following relations hold:

Î 2(x, y, Â ) = ðñPò limãôó 0 Î 3(x, y, Â , å ), if É (x) > 0;

1Ã 0
+ limãôó 0 Î 3(x, y, Â , å ), if É (x) ≡ 0;

where Ã 0 =
Ù � Ú Ã is the volume of the domain in question.õVö

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), A. D. Polyanin (2000a, 2000b).
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Chapter 4

Hyperbolic Equations
with One Space Variable

4.1. Constant Coefficient Equations

4.1.1. Wave Equation ÷ 2 ø÷ ù 2 = ú 2 ÷ 2 ø÷ û 2

This equation is also known as the equation of vibration of a string. It is often encountered in
elasticity, aerodynamics, acoustics, and electrodynamics.

4.1.1-1. General solution. Some formulas.

1 ü . General solution: æ ( Ç , ý ) = þ ( ÿ + Ï ý ) + � ( ÿ − Ï ý ),
where þ ( ÿ ) and � ( ÿ ) are arbitrary functions. Physical interpretation: The solution represents two
traveling waves that propagate, respectively, to the left and right along the ÿ -axis at a constant
speed Ï .

2 ü . Fundamental solution:� �
( ÿ , ý ) =

1
2 Ï � � Ï ý − | ÿ | � ,

�
( � ) = � 0 for � < 0,

1 for � > 0.
3 ü . Infinite series solutions containing arbitrary functions of the space variable:æ ( ÿ , ý ) = ç ( ÿ ) + ��
	

=1

( � ý )2

	
(2 Ö )!

ç (2

	
)é ( ÿ ), ç ( Ø )é ( ÿ ) =

Ú ØÚ ÿ Ø ç ( ÿ ),æ ( ÿ , ý ) = ý� ( ÿ ) + ý ��
	
=1

( � ý )2

	
(2 Ö + 1)!

� (2

	
)é ( ÿ ),

where ç ( ÿ ) and � ( ÿ ) are any infinitely differentiable functions. The first solution satisfies the initial
conditions æ ( ÿ , 0) = ç ( ÿ ) and � � æ ( ÿ , 0) = 0, and the second æ ( ÿ , 0) = 0 and � � æ ( ÿ , 0) = � ( ÿ ). The
sums are finite if ç ( ÿ ) and � ( ÿ ) are polynomials.

4 ü . Infinite series solutions containing arbitrary functions of time:æ ( ÿ , ý ) = ç ( ý ) + �� 	
=1

1� 2

	
(2 Ö )!

ÿ 2

	 ç (2

	
)� ( ý ), ç ( Ø )� ( ý ) =

Ú ØÚ ý Ø ç ( ý ),æ ( ÿ , ý ) = ÿ � ( ý ) + ÿ �� 	
=1

1� 2

	
(2 Ö + 1)!

ÿ 2

	 � (2

	
)� ( ý ),

where ç ( ý ) and � ( ý ) are any infinitely differentiable functions. The sums are finite if ç ( ý ) and � ( ý )
are polynomials. The first solution satisfies the boundary condition of the first kind æ (0, ý ) = ç ( ý ),
and the second solution to the boundary condition of the second kind � é æ (0, ý ) = � ( ý ).
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5 ü . If æ ( ÿ , ý ) is a solution of the wave equation, then the functionsæ
1 = ä æ ( � × ÿ + � 1, � � ý + � 2),æ
2 = ä æ � ÿ − � ý�

1 − ( � � � )2
,

ý − � � −2 ÿ�
1 − ( � � � )2 � ,�

3 = � � � �� 2 − � 2 � 2 ,
�� 2 − � 2 � 2 � ,

are also solutions of the equation everywhere these functions are defined ( � , � 1, � 2, � , and � are
arbitrary constants). The signs at � ’s in the formula for �

1 are taken arbitrarily, independently of
each other. The function �

2 results from the invariance of the wave equation under the Lorentz
transformations.���

References: G. N. Polozhii (1964), A. V. Bitsadze and D. F. Kalinichenko (1985).

4.1.1-2. Domain: − � < � < � . Cauchy problem.

Initial conditions are prescribed: � =  ( � ) at � = 0,� � � = � ( � ) at � = 0.

Solution (D’Alembert’s formula):� ( � , � ) =
1
2

[  ( � + � � ) +  ( � − � � )] +
1

2 � ! " + #%$
" − #%$ & ( ' ) ( ' .

4.1.1-3. Domain: 0 ≤ � < � . First boundary value problem.

1 ) . Problem with a homogeneous boundary condition:� =  ( � ) at � = 0 (initial condition),* $ � = & ( � ) at � = 0 (initial condition),� = 0 at � = 0 (boundary condition).

Solution: � ( � , � ) = +,,- ,,.
1
2

[  ( � + / � ) +  ( � − / � )] +
1

2 / ! " + #%$
" − #%$ & ( ' ) ( ' for � < � / ,

1
2

[  ( � + / � ) −  ( / � − � )] +
1

2 / ! " + #%$#%$ − " & ( ' ) ( ' for � > � / .

2 ) . Problem with a nonhomogeneous boundary condition:� =  ( � ) at � = 0 (initial condition),* $ � = & ( � ) at � = 0 (initial condition),� = 0 ( � ) at � = 0 (boundary condition).

Solution:� ( � , � ) = +,,- ,,.
1
2

[  ( � + / � ) +  ( � − / � )] +
1

2 / ! " + #%$
" − #%$ & ( ' ) ( ' for � < � / ,

1
2

[  ( � + / � ) −  ( / � − � )] +
1

2 / ! " + #%$#%$ − " & ( ' ) ( ' + 0 1 � − � / 2 for � > � / .

In the domain � < � 3 / the boundary conditions have no effect on the solution and the expression
of � ( � , � ) coincides with D’Alembert’s solution for an infinite line (see Paragraph 4.1.1-2).���

Reference: A. N. Tikhonov and A. A. Samarskii (1990).
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4.1.1-4. Domain: 0 ≤ � < � . Second boundary value problem.

1
�
. Problem with a homogeneous boundary condition:� =

�
( � ) at � = 0 (initial condition),� � � = � ( � ) at � = 0 (initial condition),� 	 � = 0 at � = 0 (boundary condition).

Solution:� ( � , � ) =


�� � 1
2

[
�

( � + � � ) +
�

( � − � � )] +
1

2 � [ � ( � + � � ) − � ( � − � � )] for � <
� � ,

1
2

[
�

( � + � � ) +
�

( � � − � )] +
1

2 � [ � ( � + � � ) + � ( � � − � )] for � >
� � ,

where � ( � ) = � �
0

� ( � ) � � .

2
�
. Problem with a nonhomogeneous boundary condition:� =

�
( � ) at � = 0 (initial condition),� � � = � ( � ) at � = 0 (initial condition),� 	 � = � ( � ) at � = 0 (boundary condition).

Solution:� ( � , � ) =


�� � 1
2

[
�

( � + � � )+
�

( � − � � )]+
1

2 � [ � ( � + � � )− � ( � − � � )] for � <
� � ,

1
2

[
�

( � + � � )+
�

( � � − � )]+
1

2 � [ � ( � + � � )+ � ( � � − � )]− � � ��� −
� � � for � >

� � ,

where � ( � ) = � �
0

� ( � ) � � and � ( � ) = � �
0

� ( � ) � � . In the domain � < � � � the boundary conditions

have no effect on the solution, and the expression of � ( � , � ) coincides with D’Alembert’s solution
for an infinite line (see Paragraph 4.1.1-2).���

Reference: B. M. Budak, A. N. Tikhonov, and A. A. Samarskii (1980).

4.1.1-5. Domain: 0 ≤ � ≤ � . First boundary value problem.

1
�
. Vibration of a string with rigidly fixed ends. The following conditions are prescribed:� =

�
( � ) at � = 0 (initial condition),� � � = � ( � ) at � = 0 (initial condition),� = 0 at � = 0 (boundary condition),� = 0 at � = � (boundary condition).

Solution: � ( � , � ) = � "!
=1 #�$

!
cos( % ! � � ) + & !

sin( % ! � � ) ' sin( % ! � ), % !
= ( )� ,

$
!

=
2� � *

0

�
( � ) sin( % ! � ) � � , & !

=
2� ( ) � *

0
� ( � ) sin( % ! � ) � � .

Example 1. The initial shape of the string is a triangle with base 0 ≤ + ≤ , and height - at + = . , i.e.,/
( + ) = 012 13 - +. for 0 ≤ + ≤ . ,- ( , − + ), − . for . ≤ + ≤ , .
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The initial velocities of the string points are zero, 4 ( + ) = 0.
Solution: 5

( + , 6 ) =
2 - , 27 2 . ( , − . ) 89 : =1

1; 2 sin < ; 7 ., = sin < ; 7 +, = cos < ; 7 > 6, = .

Example 2. Initially, the string has the shape of a parabola symmetric about the center of the string with elevation - ,
so that /

( + ) =
4 -, 2 + ( , − + ).

The initial velocities of the string points are zero, 4 ( + ) = 0.
Solution: 5

( + , 6 ) =
32 -7 3 89 : =0

1
(2 ; + 1)3 sin ? (2 ; + 1) 7 +, @ cos ? (2 ; + 1) 7 > 6, @ .

2
�
. For the solution of the first boundary value problem with a nonhomogeneous boundary condition,

see Paragraph 4.1.2-4 with A ( � , � ) ≡ 0.���
References: B. M. Budak, A. N. Tikhonov, and A. A. Samarskii (1980), A. V. Bitsadze and D. F. Kalinichenko (1985).

4.1.1-6. Domain: 0 ≤ � ≤ � . Second boundary value problem.

1
�
. Longitudinal vibration of an elastic rod with free ends. The following conditions are prescribed:� =

�
( � ) at � = 0 (initial condition),� � � = � ( � ) at � = 0 (initial condition),� 	 � = 0 at � = 0 (boundary condition),� 	 � = 0 at � = � (boundary condition).

Solution: � ( � , � ) = $ 0 + & 0 � + � "!
=1 #�$

!
cos( % ! � � ) + & !

sin( % ! � � ) ' cos( % ! � ),

% !
= ( )� , $ 0 =

1� � *
0

�
( � ) � � , & 0 =

1� � *
0

� ( � ) � � ,

$
!

=
2� � *

0

�
( � ) cos( % ! � ) � � , & !

=
2� ( ) � *

0
� ( � ) cos( % ! � ) � � .

2
�
. For the solution of the second boundary value problem with a nonhomogeneous boundary

condition, see Paragraph 4.1.2-5 with A ( � , � ) ≡ 0.���
Reference: A. V. Bitsadze and D. F. Kalinichenko (1985).

4.1.1-7. Domain: 0 ≤ � ≤ � . Third boundary value problem.

1
�
. Longitudinal vibration of an elastic rod with clamped ends in the case of equal stiffness coeffi-

cients. The following conditions are prescribed:� =
�

( � ) at � = 0 (initial condition),� � � = � ( � ) at � = 0 (initial condition),� 	 � − B � = 0 at � = 0 (boundary condition),� 	 � + B � = 0 at � = � (boundary condition).

Solution: � ( � , � ) = � C!
=1 #�$

!
cos( % ! � � ) + & !

sin( % ! � � ) ' sin( % ! � + D !
),
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where

$
!

=
1EGF ! E 2 � *

0
sin( % ! � + D !

)
�

( � ) � � , & !
=

1� % ! EGF ! E 2 � *
0

sin( % ! � + D !
) � ( � ) � � ,D !

= arctan
% !
B ,

EGF ! E 2 = � *
0

sin2( % ! � + D !
) � � =

�
2

+
BB 2 + % 2

!
;

the % !
are positive roots of the transcendental equation cot( % � ) =

1
2 H % B −

B% I .

2
�
. Longitudinal vibration of an elastic rod with clamped ends in the case of different stiffness

coefficients. The following conditions are prescribed:� =
�

( � ) at � = 0 (initial condition),� � � = � ( � ) at � = 0 (initial condition),� 	 � − B 1
� = 0 at � = 0 (boundary condition),� 	 � + B 2
� = 0 at � = � (boundary condition).

Solution: � ( � , � ) = � !
=1 #�$

!
cos( % ! � � ) + & !

sin( % ! � � ) ' sin( % ! � + D !
),

where

$
!

=
1EGF ! E 2 � *

0
sin( % ! � + D !

)
�

( � ) � � , & !
=

1� % ! EGF ! E 2 � *
0

sin( % ! � + D !
) � ( � ) � � ,D !

= arctan
% !
B 1

,
EGF ! E 2 = � *

0
sin2( % ! � + D !

) � � =
�
2

+
( % 2

!
+ B 1 B 2)( B 1 + B 2)

2( % 2

!
+ B 2

1)( % 2

!
+ B 2

2)
;

the % !
are positive roots of the transcendental equation cot( % � ) =

% 2 − B 1 B 2% ( B 1 + B 2)
.

3
�
. For the solution of the third boundary value problem with nonhomogeneous boundary conditions,

see Paragraph 4.1.2-6 with A ( � , � ) ≡ 0.���
Reference: B. M. Budak, A. N. Tikhonov, and A. A. Samarskii (1980).

4.1.1-8. Domain: 0 ≤ � ≤ � . Mixed boundary value problem.

1
�
. Longitudinal vibration of an elastic rod with one end rigidly fixed and the other free. The

following conditions are prescribed:� =
�

( � ) at � = 0 (initial condition),� � � = � ( � ) at � = 0 (initial condition),� = 0 at � = 0 (boundary condition),� 	 � = 0 at � = � (boundary condition).

Solution:� ( � , � ) = � C!
=0 # $

!
cos( % ! � � ) + & !

sin( % ! � � ) ' sin( % ! � ), % !
= ( (2 ) + 1)

2 � ,

$
!

=
2� � *

0

�
( � ) sin( % ! � ) � � , & !

=
2� �J% ! � *

0
� ( � ) sin( % ! � ) � � .

2
�
. For the solution of the mixed boundary value problem with nonhomogeneous boundary condi-

tions, see Paragraph 4.1.2-7 with A ( � , � ) ≡ 0.���
References: M. M. Smirnov (1975), A. V. Bitsadze and D. F. Kalinichenko (1985).
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4.1.1-9. Goursat problem.

The boundary conditions are prescribed to the equation characteristics:� =
�

( � ) for � − � � = 0 (0 ≤ � ≤ K ),� = � ( � ) for � + � � = 0 (0 ≤ � ≤ L ),
where

�
(0) = � (0).

Solution: � ( � , � ) =
� H � + � �

2 I + � H � − � �
2 I −

�
(0).

The solution propagation domain is bounded by four lines:� − � � = 0, � + � � = 0, � − � � = 2 L , � + � � = 2 K .���
Reference: A. V. Bitsadze and D. F. Kalinichenko (1985).

4.1.2. Equations of the Form M 2 NM O 2 = P 2 M 2 NM Q 2 + R ( Q , O )

4.1.2-1. Domain: − S < T < S . Cauchy problem.

Initial conditions are prescribed: U
= V ( T ) at W = 0,X Y U
= Z ( T ) at W = 0.

Solution:U
( T , W ) =

1
2

[ V ( T − [ W ) + V ( T + [ W )] +
1

2 [ \ + ] Y^
\ − ] Y Z ( _ ) ` _ +

1
2 [ Y^

0
\ + ] (

Y
− a )^

\ − ] (
Y
− a )

A ( _ , b ) ` _ ` b .

4.1.2-2. Domain: 0 ≤ T < S . First boundary value problem.

The following conditions are prescribed:U
= V ( T ) at W = 0 (initial condition),X Y U
= Z ( T ) at W = 0 (initial condition),U
= c ( W ) at T = 0 (boundary condition).

Solution: U
( T , W ) =

U
1( T , W ) +

1
2 [ U

2( T , W ),
where U

1( T , W ) =

deeeeeef eeeeeeg
1
2

[ V ( T + [ W ) + V ( T − [ W )] +
1

2 [ \ + ] Y^
\ − ] Y Z ( _ ) ` _ for W <

T [ ,

1
2

[ V ( T + [ W ) − V ( [ W − T )] +
1

2 [ \ + ] Y^] Y − \
Z ( _ ) ` _ + c h�i − j k l for i > j k ,

U
2( j , i ) =

deeeeeeef eeeeeeeg
m^

0

n + o (
m − a )^n − o (

m − a )

A ( _ , b ) ` _ ` b for i < j k ,m − n p o^
0

n + o (
m − a )^o (

m − a )− n A ( _ , b ) ` _ ` b +

m^m − n p o
n + o (

m − a )^n − o (
m − a )

A ( _ , b ) ` _ ` b for i > j k .���
Reference: A. V. Bitsadze and D. F. Kalinichenko (1985).
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4.1.2-3. Domain: 0 ≤ j < q . Second boundary value problem.

The following conditions are prescribed:U
= r ( j ) at i = 0 (initial condition),s m U = t ( j ) at i = 0 (initial condition),s n U
= c ( i ) at j = 0 (boundary condition).

Solution: U
( j , i ) =

U
1( j , i ) +

1
2
k U

2( j , i ),
where

U
1( j , i ) =

deeeeeeeeeeeeef eeeeeeeeeeeeeg
1
2

[ r ( j +
k i ) + r ( j −

k i )] +
1

2
k n + o m^n − o m t ( _ ) ` _ for i < j k ,

1
2

[ r ( j +
k i ) + r (

k i − j )] +
1

2
k n + o m^

0

t ( _ ) ` _
+

1
2
k o m − n^

0

t ( _ ) ` _ −
k m − n p o^

0

c ( _ ) ` _ for i > j k ,

U
2( j , i ) =

deeeeeeeeeeeeeef eeeeeeeeeeeeeeg

m^
0

n + o (
m − a )^n − o (

m − a )

A ( _ , b ) ` _ ` b for i < j k ,m − n p o^
0

n + o (
m − a )^

0

A ( _ , b ) ` _ ` b +

m − n p o^
0

o (
m − a )− n^
0

A ( _ , b ) ` _ ` b
+

m^m − n p o
n + o (

m − a )^n − o (
m − a )

A ( _ , b ) ` _ ` b for i > j k .u�v
Reference: A. V. Bitsadze and D. F. Kalinichenko (1985).

4.1.2-4. Domain: 0 ≤ j ≤ w . First boundary value problem.

The following conditions are prescribed:U
= r 0( j ) at i = 0 (initial condition),s m U = r 1( j ) at i = 0 (initial condition),U
= t 1( i ) at j = 0 (boundary condition),U
= t 2( i ) at j = w (boundary condition).

Solution:U
( j , i ) =

ss i ^ x
0

r 0( _ ) y ( j , _ , i ) ` _ +
^ x

0
r 1( _ ) y ( j , _ , i ) ` _ +

^ m
0

^ x
0

A ( _ , b ) y ( j , _ , i − b ) ` _ ` b
+

k 2
^ m

0
t 1( b ) z ss _ y ( j , _ , i − b ) { |

=0
` b −

k 2
^ m

0
t 2( b ) z ss _ y ( j , _ , i − b ) { |

= x ` b ,

where y ( j , _ , i ) =
2k } ~�C�

=1

1� sin h � } jw l sin h � } _w l sin h � } k iw l .
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4.1.2-5. Domain: 0 ≤ j ≤ w . Second boundary value problem.
The following conditions are prescribed:U

= r 0( j ) at i = 0 (initial condition),s m U = r 1( j ) at i = 0 (initial condition),s n U
= t 1( i ) at j = 0 (boundary condition),s n U
= t 2( i ) at j = w (boundary condition).

Solution:U
( j , i ) =

ss i ^ x
0

r 0( _ ) y ( j , _ , i ) ` _ +
^ x

0
r 1( _ ) y ( j , _ , i ) ` _ +

^ m
0

^ x
0

A ( _ , b ) y ( j , _ , i − b ) ` _ ` b
−

k 2
^ m

0
t 1( b ) y ( j , 0, i − b ) ` b +

k 2
^ m

0
t 2( b ) y ( j , w , i − b ) ` b ,

where y ( j , _ , i ) =
i w +

2k } ~� �
=1

1� cos h � } jw l cos h � } _w l sin h � } k iw l .

4.1.2-6. Domain: 0 ≤ j ≤ w . Third boundary value problem.
The following conditions are prescribed:U

= r 0( j ) at i = 0 (initial condition),s m U = r 1( j ) at i = 0 (initial condition),s n U
− B 1

U
= t 1( i ) at j = 0 (boundary condition),s n U

+ B 2

U
= t 2( i ) at j = w (boundary condition).

The solution
U

( j , i ) is determined by the formula in Paragraph 4.1.2-5 wherey ( j , _ , i ) =
1k ~� �

=1

1� � �G� � �
2 sin(

� � j + D �
) sin(

� � _ + D �
) sin(

� � k i ),
D �

= arctan
� �
B 1

,

�G� � �
2 =

w
2

+
(
� 2

�
+ B 1 B 2)( B 1 + B 2)

2(
� 2

�
+ B 2

1)(
� 2

�
+ B 2

2)
;

the
� �

are positive roots of the transcendental equation cot(
� w ) =

� 2 − B 1 B 2�
( B 1 + B 2)

.

4.1.2-7. Domain: 0 ≤ j ≤ w . Mixed boundary value problem.

The following conditions are prescribed:U
= r 0( j ) at i = 0 (initial condition),s m U = r 1( j ) at i = 0 (initial condition),U
= t 1( i ) at j = 0 (boundary condition),s n U
= t 2( i ) at j = w (boundary condition).

Solution:U
( j , i ) =

ss i ^ x
0

r 0( _ ) y ( j , _ , i ) ` _ +
^ x

0
r 1( _ ) y ( j , _ , i ) ` _ +

^ m
0

^ x
0

A ( _ , b ) y ( j , _ , i − b ) ` _ ` b
+

k 2
^ m

0
t 1( b ) z ss _ y ( j , _ , i − b ) { |

=0
` b +

k 2
^ m

0
t 2( b ) y ( j , w , i − b ) ` b ,

where y ( j , _ , i ) =
2k w ~�C�

=1

1� �
sin(

� � j ) sin(
� � _ ) sin(

� � k i ), � �
=

}
(2 � + 1)

2 w .
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4.1.3. Equation of the Form � 2 �� � 2 = P 2 � 2 �� Q 2 – � � + � ( Q , � )
This equation with � ( j , i ) ≡ 0 and � > 0 is encountered in quantum field theory and a number of
applications and is referred to as the Klein–Gordon equation.

4.1.3-1. Solutions of the homogeneous equation ( � ≡ 0).

1 � . Particular solutions:U
( j , i ) = exp( � � i )( � j + � ), � = − � 2,U
( j , i ) = exp( � � j )( � i + � ), � =

k 2 � 2,U
( j , i ) = cos(

� j )[ � cos( � i ) + � sin( � i )], � = −
k 2 � 2 + � 2,U

( j , i ) = sin(
� j )[ � cos( � i ) + � sin( � i )], � = −

k 2 � 2 + � 2,U
( j , i ) = exp( � � i )[ � cos(

� j ) + � sin(
� j )], � = −

k 2 � 2 − � 2,U
( j , i ) = exp( � � j )[ � cos( � i ) + � sin( � i )], � =

k 2 � 2 + � 2,U
( j , i ) = exp( � � j )[ � exp( � i ) + � exp(− � i )], � =

k 2 � 2 − � 2,U
( j , i ) = � � 0( _ ) + � � 0( _ ), _ = � �k � k 2( i + � 1)2 − ( j + � 2)2, � > 0,U
( j , i ) = � � 0( � ) + � � 0( � ), � = � − �k � k 2( i + � 1)2 − ( j + � 2)2, � < 0,

where � , � , � 1, and � 2 are arbitrary constants, � 0( � ) and � 0( � ) are the Bessel functions, and � 0( � )
and � 0( � ) are the modified Bessel functions.

2 � . Fundamental solutions:� �
( j , i ) = � (

k i − | j |)
2
k � 0 h �k � k 2 i 2 − j 2 l for � = � 2 > 0,� �

( j , i ) = � (
k i − | j |)

2
k � 0 h �k � k 2 i 2 − j 2 l for � = − � 2 < 0,

where � ( � ) is the Heaviside unit step function ( � = 0 for � < 0 and � = 1 for � ≥ 0), � 0( � ) is the
Bessel function, and � 0( � ) is the modified Bessel function.u�v

Reference: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974).

4.1.3-2. Some formulas and transformations of the homogeneous equation ( � ≡ 0).

1 � . Suppose � = � ( j , i ) is a solution of the Klein–Gordon equation. Then the functions� 1 = � � ( j + � 1, � i + � 2),� 2 = � � (− j + � 1, � i + � 2),� 3 = � � � � −   ¡� 1 − (   ¢ £ )2
,

¡ −   £ −2 �� 1 − (   ¢ £ )2 ¤ ,

where � , � 1, � 2, and   are arbitrary constants, are also solutions of this equation.

2 � . Table 19 lists transformations of the independent variables that allow separation of variables in
the Klein–Gordon equation.

Notation: � ¥ ( � ) and � ¥ ( � ) are the Bessel functions, �¦¥ ( � ) and � ¥ ( � ) are the modified Bessel
functions, and § ¨ ( � ) is the parabolic cylinder function.©�ª

References: E. Kalnins (1975), W. Miller, Jr. (1977).
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TABLE 19
Orthogonal coordinates « = « ( � , ¡ ),   =   ( � , ¡ ) admitting separable solutions � = ¬ ( « )  (   )

of the Klein–Gordon equation ( £ = 1; ® 1, ® 2, ¯ 1, ¯ 2, and ° are arbitrary constants)

No
Relation between� , ¡ and « ,   Function ¬ = ¬ ( « )

(differential equation)
Function  =  (   )

(differential equation)

1 � = « , ¡ =   ¬ = ® 1 ± ² ³ ¨ + ´ + ® 2 ± − ² ³ ¨ + ´  = ¯ 1 ± µ¶³ ¨ + ¯ 2 ± − µ¶³ ¨
2 � = « sinh   ,¡ = « cosh   ¬ = · « ¸�® 1 ¹ ¥ º»« · ¼ ½ + ® 2 ¾ ¥ º»« · ¼ ½G¿ ,À = 1

2
· 1+ ° 2  = ¯ 1 ± ¨ µ + ¯ 2 ± − ¨ µ

3 � = «   ,¡ = 1
2 ( « 2 +   2)

¬ = ® 1 § ¨ ( Á « )+ ® 2 § ¨ (− Á « ),Á = (−4 ¼ )1 Â 4
 = ¯ 1 § ¨ ( Á   )+ ¯ 2 § ¨ (− Á   ),Á = (−4 ¼ )1 Â 4

4 � = 1
2 ( « 2 +   2),¡ = «   ¬ = ® 1 § ¨ ( Á « )+ ® 2 § ¨ (− Á « ),Á = (4 ¼ )1 Â 4

 = ¯ 1 § ¨ ( Á   )+ ¯ 2 § ¨ (− Á   ),Á = (4 ¼ )1 Â 4

5 � =− 1
2 ( « −   )2+ « +   ,¡ = 1

2 ( « −   )2+ « +   ¬ = · Ã ¸ ® 1 ¹ 1
3
( Ä )+ ® 2 ¾ 1

3
( Ä ) ¿ ,Ã = « + ° , Ä = 2

3
· ¼ Ã 3 Â 2

 = · Å ¸ ¯ 1 ¹ 1
3
( Æ ) + ¯ 2 ¾ 1

3
( Æ ) ¿ ,Å =   + ° , Æ = 2

3
· ¼ Å 3 Â 2

6
¡ + � = cosh ¸ 1

2 ( « −   ) ¿ ,¡ − � = sinh ¸ 1
2 ( « +   ) ¿ ¬ ÇÈÇ +( ° + ¼ sinh « ) ¬ = 0  ÇÈÇ +( ° + ¼ sinh   )  = 0

7 � =sinh( « −   )− 1
2 ± ² + µ ,¡ =sinh( « −   )+ 1
2 ± ² + µ ¬ = ® 1 ¹ ¨ ( Á ± ² )+ ® 2 ¾ ¨ ( Á ± ² ),Á = · ¼  = ¯ 1 É ¨ ( Á ± µ )+ ¯ 1 Ê ¨ ( Á ± µ ),Á = · ¼

8 � =cosh( « −   )− 1
2 ± ² + µ ,¡ =cosh( « −   )+ 1
2 ± ² + µ ¬ = ® 1 ¹ ¨ ( Á ± ² )+ ® 2 ¾ ¨ ( Á ± ² ),Á = · ¼  = ¯ 1 ¹ ¨ ( Á ± µ )+ ¯ 1 ¾ ¨ ( Á ± µ ),Á = · ¼

9 � = cosh « sinh   ,¡ = sinh « cosh   ¬ ÇÈÇ +( ° + 1
2
¼ cosh 2 « ) ¬ = 0,

modified Mathieu equation
 ÇÈÇ +( ° − 1

2
¼ cosh 2   )  = 0,

modified Mathieu equation

10 � = sinh « sinh   ,¡ = cosh « cosh   ¬ ÇÈÇ +( ° + 1
2
¼ cosh 2 « ) ¬ = 0,

modified Mathieu equation
 ÇÈÇ +( ° + 1

2
¼ cosh 2   )  = 0,

modified Mathieu equation

11 � = sin « sin   ,¡ = cos « cos   ¬ ÇÈÇ +( ° − 1
2
¼ cos 2 « ) ¬ = 0,

Mathieu equation
 ÇÈÇ +( ° − 1

2
¼ cos 2   )  = 0,

Mathieu equation

4.1.3-3. Domain: − Ë < � < Ë . Cauchy problem.

Initial conditions are prescribed: Ì
= Í ( � ) at ¡ = 0,Î Ï Ì
= Ð ( � ) at ¡ = 0.

Solution for ¼ = − Ñ 2 < 0:Ì
( � , ¡ ) =

1
2

[ Í ( � + £ ¡ ) + Í ( � − £ ¡ )] +
ÑG¡
2 £ Ò Ó + Ô Ï

Ó − Ô Ï É 1 º Ñ Õ ¡ 2 − ( � − Ä )2¢ £ 2 ½Õ ¡ 2 − ( � − Ä )2¢ £ 2
Í ( Ä ) Ö Ä

+
1

2 £ Ò Ó + Ô Ï
Ó − Ô Ï É 0 º Ñ × Ø 2 − ( Ù − Ä )2Ú Û 2 ½ Ð ( Ä ) Ö Ä

+
1

2 Û Ò Ï
0 Ò Ó + Ô (

Ï
− Ü )

Ó − Ô (
Ï
− Ü )

É 0 º Ñ × ( Ø − Ý )2 − ( Ù − Ä )2Ú Û 2 ½ Þ ( Ä , Ý ) Ö Ä Ö Ý ,

where É 0( ß ) and É 1( ß ) are the modified Bessel functions of the first kind.
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Solution for ¼ = Ñ 2 > 0:Ì
( Ù , Ø ) =

1
2

[ Í ( Ù + Û Ø ) + Í ( Ù − Û Ø )] −
ÑGØ
2 Û Ò Ó + Ô Ï

Ó − Ô Ï ¹ 1 º Ñ Õ Ø 2 − ( Ù − Ä )2Ú Û 2 ½Õ Ø 2 − ( Ù − Ä )2Ú Û 2
Í ( Ä ) Ö Ä

+
1

2 Û Ò Ó + Ô Ï
Ó − Ô Ï ¹ 0 º Ñ × Ø 2 − ( Ù − Ä )2Ú Û 2 ½ Ð ( Ä ) Ö Ä

+
1

2 Û Ò Ï
0 Ò Ó + Ô (

Ï
− Ü )

Ó − Ô (
Ï
− Ü )

¹ 0 º Ñ × ( Ø − Ý )2 − ( Ù − Ä )2Ú Û 2 ½ Þ ( Ä , Ý ) Ö Ä Ö Ý ,

where ¹ 0( ß ) and ¹ 1( ß ) are the Bessel functions of the first kind.©�ª
Reference: B. M. Budak, A. N. Tikhonov, and A. A. Samarskii (1980).

4.1.3-4. Domain: 0 ≤ Ù ≤ à . First boundary value problem.

The following conditions are prescribed:Ì
= Í 0( Ù ) at Ø = 0 (initial condition),Î Ï Ì
= Í 1( Ù ) at Ø = 0 (initial condition),Ì
= Ð 1( Ø ) at Ù = 0 (boundary condition),Ì
= Ð 2( Ø ) at Ù = à (boundary condition).

Solution:Ì
( Ù , Ø ) =

ÎÎ Ø Ò á0
Í 0( Ä )  ( Ù , Ä , Ø ) Ö Ä + Ò á0

Í 1( Ä )  ( Ù , Ä , Ø ) Ö Ä + Ò Ï
0 Ò á0

Þ ( Ä , Ý )  ( Ù , Ä , Ø − Ý ) Ö Ä Ö Ý
+ Û 2 Ò Ï

0
Ð 1( Ý ) â ÎÎ Ä ã ( Ù , Ä , Ø − Ý ) ä å

=0
Ö Ý − Û 2 Ò Ï

0
Ð 2( Ý ) â ÎÎ Ä ã ( Ù , Ä , Ø − Ý ) ä å

= á Ö Ý ,

where ã ( Ù , Ä , Ø ) =
2à æçCè

=1

sin( é è Ù ) sin( é è ê
)

sin º Ø�ë Û 2 é 2

è
+ ì íë Û 2 é 2

è
+ ì , é è

= î ïà .ð ñóò ô õ÷ö ø
Let ì < 0 and Û 2 é 2

è
+ ì < 0 for ï = 1, ù¶ù¶ù , ú and Û 2 é 2

è
+ ì > 0 for ï = ú + 1, ú + 2, ù¶ù¶ù

In this case the Green’s function is modified and acquires the form

ã ( Ù ,

ê
, Ø ) =

2à ûç è
=1

sin( é è Ù ) sin( é è ê
)

sinh º»Ø�ë | Û 2 é 2

è
+ ì | íë | Û 2 é 2

è
+ ì |

+
2à æçè

= û +1

sin( é è Ù ) sin( é è ê
)

sin º»Ø�ë Û 2 é 2

è
+ ì íë Û 2 é 2

è
+ ì , é è

= î ïà .

Analogously, the Green’s functions for the second, third, and mixed boundary value problems are
modified in similar cases.ü�ý

Reference: A. G. Butkovskiy (1979).

4.1.3-5. Domain: 0 ≤ Ù ≤ à . Second boundary value problem.

The following conditions are prescribed:Ì
= þ 0( Ù ) at Ø = 0 (initial condition),ÿ � Ì
= þ 1( Ù ) at Ø = 0 (initial condition),ÿ � Ì
= � 1( Ø ) at Ù = 0 (boundary condition),ÿ � Ì
= � 2( Ø ) at Ù = à (boundary condition).
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Solution:Ì
( Ù , Ø ) =

ÿÿ Ø � �
0

þ 0(

ê
) � ( � ,

ê
, � ) � ê +

� �
0

þ 1(

ê
) � ( � ,

ê
, � ) � ê +

� �
0

� �
0 	 (

ê
, 
 ) � ( � ,

ê
, � − 
 ) � ê � 


− � 2
� �

0
� 1( 
 ) � ( � , 0, � − 
 ) � 
 + � 2

� �
0

� 2( 
 ) � ( � , � , � − 
 ) � 
 ,

where� ( � ,

ê
, � ) =

1�� ì sin ���  ì í +
2� �ç è

=1

cos( é è � ) cos( é è ê
)

sin � ��ë � 2 é 2

è
+ ì íë � 2 é 2

è
+ ì , é è

= î ï� .

4.1.3-6. Domain: 0 ≤ � ≤ � . Third boundary value problem.

The following conditions are prescribed:Ì
= þ 0( � ) at � = 0 (initial condition),ÿ � Ì
= þ 1( � ) at � = 0 (initial condition),ÿ � Ì

− � 1

Ì
= � 1( � ) at � = 0 (boundary condition),ÿ � Ì

+ � 2

Ì
= � 2( � ) at � = � (boundary condition).

The solution

Ì
( � , � ) is determined by the formula in Paragraph 4.1.3-5 where� ( � ,

ê
, � ) = �çCè

=1 �
è
( � ) �

è
(

ê
) sin ����ë � 2 é 2

è
+ ì í� �

è � 2 ë � 2 é 2

è
+ ì ,

�
è

( � ) = cos( é è � ) +
� 1é è

sin( é è � ),
� �

è � 2 =
� 2

2 é 2

è é 2

è
+ � 2

1é 2

è
+ � 2

2
+

� 1

2 é 2

è
+

�
2 � 1 +

� 2
1é 2

è �
.

Here, the é è
are positive roots of the transcendental equation

tan( é � )é =
� 1 + � 2é 2 − � 1 � 2

.

4.1.3-7. Domain: 0 ≤ � ≤ � . Mixed boundary value problem.

The following conditions are prescribed:Ì
= þ 0( � ) at � = 0 (initial condition),ÿ � Ì
= þ 1( � ) at � = 0 (initial condition),Ì
= � 1( � ) at � = 0 (boundary condition),ÿ � Ì
= � 2( � ) at � = � (boundary condition).

Solution:Ì
( � , � ) =

ÿÿ � � �
0

þ 0(

ê
) � ( � ,

ê
, � ) � ê +

� �
0

þ 1(

ê
) � ( � ,

ê
, � ) � ê +

� �
0

� �
0 	 (

ê
, 
 ) � ( � ,

ê
, � − 
 ) � ê � 


+ � 2
� �

0
� 1( 
 ) � ÿÿ ê � ( � ,

ê
, � − 
 ) � �

=0
� 
 + � 2

� �
0

� 2( 
 ) � ( � , � , � − 
 ) � 
 ,

where � ( � ,

ê
, � ) =

2� ����
=0

sin( � � � ) sin( � � � )
sin ��� � � 2 � 2

�
+ ! "� � 2 � 2

�
+ ! , � � = # (2 $ + 1)

2 � .
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4.1.4. Equation of the Form % 2 &% ' 2 = ( 2 % 2 &% ) 2 – * % &% ) + + ( ) , ' )
4.1.4-1. Reduction to the nonhomogeneous Klein–Gordon equation.

The substitution

Ì
( � , � ) = exp � 1

2 !,� - � 2 " . ( � , � ) leads the nonhomogeneous Klein–Gordon equation/ 2 ./ � 2 = � 2
/ 2 ./ � 2 −

! 2

4 � 2 . + exp � −
!,�

2 � 2

� 	 ( � , � ),
which is discussed in Subsection 4.1.3.

4.1.4-2. Domain: − 0 < � < 0 . Cauchy problem.

Initial conditions are prescribed: Ì
= þ ( � ) at � = 0,/ 1 Ì
= 2 ( � ) at � = 0.

Solution:Ì
( � , � ) =

1
2

þ ( � + � � ) exp � −
!,�
2 � �

+
1
2

þ ( � − � � ) exp � !,�
2 � �

− 3 �
2 � exp � !,�

2 � 2

� 4 5 + 6 15 − 6 1 exp 7 −
! �

2 8 2 9 : 1 ; 3 � � 2 − ( � −

�
)2- 8 2 "� � 2 − ( � −

�
)2- 8 2

þ (

�
) � �

+
1

2 8 exp 7 !,�
2 8 2 9 4 5 + 6 15 − 6 1 exp 7 −

! �
2 8 2 9 : 0 ; 3 < � 2 − ( � −

�
)2- 8 2 "=2 (

�
) � �

+
1

2 8 4 1
0

4 5 + 6 (
1
− > )5 − 6 (

1
− > )

exp ? ! ( � −

�
)

2 8 2 @ : 0 ; 3 < ( � − A )2 − ( � −

�
)2- 8 2 " B (

�
, A ) � � � A ,

where : 0( C ) and : 1( C ) are the Bessel functions of the first kind, and 3 = 1
2 | ! | - 8 .

4.1.4-3. Domain: 0 ≤ � ≤ D . First boundary value problem.

The following conditions are prescribed:Ì
= þ 0( � ) at � = 0 (initial condition),/ 1 Ì
= þ 1( � ) at � = 0 (initial condition),Ì
= 2 1( � ) at � = 0 (boundary condition),Ì
= 2 2( � ) at � = D (boundary condition).

Solution:Ì
( � , � ) =

// � 4 E
0

þ 0(

�
) � ( � ,

�
, � ) � � +

4 E
0

þ 1(

�
) � ( � ,

�
, � ) � � +

4 1
0

4 E
0

B (

�
, A ) � ( � ,

�
, � − A ) � � � A

+ 8 2
4 1

0
2 1( A ) ? // � � ( � ,

�
, � − A ) @ F

=0
� A − 8 2

4 1
0

2 2( A ) ? // � � ( � ,

�
, � − A ) @ F

= E � A ,

where� ( � ,

�
, � ) =

2D exp ? !
2 8 2 ( � −

�
) @ G���

=1

sin 7 # $ �D 9 sin 7 # $ �D 9 sin ; � � � "� � , � � = H 8 2 # 2 $ 2D 2 + I 2

4 8 2 .JLK
Reference: A. G. Butkovskiy (1979).
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4.1.4-4. Domain: 0 ≤ � ≤ D . Second boundary value problem.

The following conditions are prescribed:Ì
= þ 0( � ) at � = 0 (initial condition),M N Ì
= þ 1( � ) at � = 0 (initial condition),M 5 Ì = O 1( � ) at � = 0 (boundary condition),M 5 Ì = O 2( � ) at � = D (boundary condition).

Solution:Ì
( � , � ) =

MM � P E
0

þ 0( Q ) R ( � , Q , � ) � Q + P E
0

þ 1( Q ) R ( � , Q , � ) � Q + P N
0 P E

0
B ( Q , A ) R ( � , Q , � − A ) � Q � A

− S 2 P N
0

O 1( A ) R ( � , 0, � − A ) � A + S 2 P N
0

O 2( A ) R ( � , D , � − A ) � A ,

whereR ( � , Q , � ) = I �S 2 T 1 − exp(− I D�U S 2) V exp W − I QS 2 X +
2Y

exp Z I
2 S 2 ( � − Q ) [ \]�^

=1 _
^

( � ) _
^

( Q ) sin( ` ^ � )` ^ (1 + a 2̂ )
,

_
^

( � ) = cos W b $ �Y X − I Y
2 S 2 b $ sin W b $ �Y X , ` ^ = H S 2 b 2 $ 2Y

2 + I 2

4 S 2 , a ^ = I Y
2 S 2 b $ .JLK

Reference: A. G. Butkovskiy (1979).

4.1.4-5. Domain: 0 ≤ � ≤
Y
. Third boundary value problem.

The following conditions are prescribed:Ì
= þ 0( � ) at � = 0 (initial condition),M N Ì
= þ 1( � ) at � = 0 (initial condition),M c Ì

− d 1

Ì
= O 1( � ) at � = 0 (boundary condition),M c Ì

+ d 2

Ì
= O 2( � ) at � =

Y
(boundary condition).

The solution

Ì
( � , � ) is determined by the formula in Paragraph 4.1.4-4 whereR ( � , Q , � ) = exp Z I ( � − Q )

2 S 2 [ \]�^
=1 _

^
( � ) _

^
( Q ) sin( S ` ^ � )S ` ^ e ^

.

Here,

_
^

( � ) = cos( a ^ � ) +
2 S 2 d 1 − I

2 S 2 a ^ sin( a ^ � ), ` ^ = H a 2̂ + I 2

4 S 4 ,e ^
=

2 S 2 d 2 + I
4 S 2 a 2̂

4 S 4 a 2̂ + (2 S 2 d 1 − I )2

4 S 4 a 2̂ + (2 S 2 d 2 + I )2 +
2 S 2 d 1 − I

4 S 2 a 2̂ +

Y
2

+

Y
(2 S 2 d 1 − I )2

8 S 4 a 2̂ ,

where the a ^ are positive roots of the transcendental equation

tan( a Y )a =
4 S 4( d 1 + d 2)

4 S 4 a 2 − (2 S 2 d 1 − I )(2 S 2 d 2 + I ) .JLK
Reference: A. G. Butkovskiy (1979).
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4.1.5. Equation of the Form % 2 &% f 2 = g 2 % 2 &% h 2 + i % &% h + j & + k ( h , f )
4.1.5-1. Reduction to the nonhomogeneous Klein–Gordon equation.

The substitution

Ì
( l , m ) = exp n − 1

2 S −2 I l o p ( l , m ) leads to the equationM 2 pM m 2 = S 2
M 2 pM l 2 + nrq − 1

4 S −2 s 2 o p + exp n 1
2 S −2 s l o t ( l , m ),

which is discussed in Subsection 4.1.3.

4.1.5-2. Domain: − u < l < u . Cauchy problem.

Initial conditions are prescribed: Ì
= þ ( l ) at m = 0,v wyx
= z ( l ) at m = 0.

Solution for q − 1
4 S −2 s 2 = { 2 > 0:x

( l , m ) =
1
2

þ ( l + S m ) exp W s m
2 S X +

1
2

þ ( l − S m ) exp W −
s m
2 S X

+
{ m
2 S exp W −

s l
2 S 2 X P c

+ | wc
− | w exp W s Q

2 S 2 X } 1 n { ~ m 2 − ( l − Q )2U S 2 o~ m 2 − ( l − Q )2U S 2
þ ( Q ) � Q

+
1

2 S exp W −
s l

2 S 2 X P c
+ | wc

− | w exp W s Q
2 S 2 X } 0 n�{ � m 2 − ( l − Q )2U S 2 o=z ( Q ) � Q

+
1

2 S � w
0 � c

+ | (
w
− � )c

− | (
w
− � )

exp � s ( � − l )
2 � 2 � } 0 nr{ � ( m − � )2 − ( l − � )2� � 2 o t ( � , � ) � � � � ,

where } 0( � ) and } 1( � ) are the modified Bessel functions of the first kind.
Solution for q − 1

4 � −2 s 2 = − { 2 < 0:x
( l , m ) =

1
2 � ( l + � m ) exp � �,�

2 � � +
1
2 � ( � − � � ) exp � − �,�

2 � �
− � �

2 � exp � − � �
2 � 2 � � � + � w

� − � w exp � � �
2 � 2 � � 1 � � � � 2 − ( � − � )2� � 2 �� � 2 − ( � − � )2� � 2 � ( � ) � �

+
1

2 � exp � − � �
2 � 2 � � � + � w

� − � w exp � � �
2 � 2 � � 0 � � � � 2 − ( � − � )2� � 2 �=� ( � ) � �

+
1

2 � � w
0 � � + � (

w
− � )

� − � (
w
− � )

exp � � ( � − � )
2 � 2 � � 0 � � � ( � − � )2 − ( � − � )2� � 2 � � ( � , � ) � � � � ,

where � 0( � ) and � 1( � ) are the Bessel functions of the first kind.�L�
Reference: A. N. Tikhonov and A. A. Samarskii (1990).

4.1.5-3. Domain: 0 ≤ � ≤ � . First boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� w � = � 1( � ) at � = 0 (initial condition),� = � 1( � ) at � = 0 (boundary condition),� = � 2( � ) at � = � (boundary condition).
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Solution:� ( � , � ) = � w
0 �  0

� ( � , � ) ¡ ( � , � , � − � ) � � � � +
�� � �  0 � 0( � ) ¡ ( � , � , � ) � � + �  0 � 1( � ) ¡ ( � , � , � ) � �

+ � 2 � w
0

� 1( � ) � �� � ¡ ( � , � , � − � ) � ¢
=0

� � − � 2 � w
0

� 2( � ) � �� � ¡ ( � , � , � − � ) � ¢
=   � � .

Let � 2 £ 2 + 1
4 � −2 � 2 � 2 − ¤ � 2 > 0. Then¡ ( � , � , � ) =
2� exp � � ( � − � )

2 � 2 � ¥¦�§
=1

sin � £ ¨ �� � sin � £ ¨ �� � sin � �ª© « § �© « § , « § =
� 2 £ 2 ¨ 2� 2 + � 2

4 � 2 − ¤ .
Let � 2 £ 2 ¨ 2 + 1

4 � −2 � 2 � 2 − ¤ � 2 ≤ 0 at ¨ = 1, ¬¬¬ , ® ;� 2 £ 2 ¨ 2 + 1
4 � −2 � 2 � 2 − ¤ � 2 > 0 at ¨ = ® + 1, ® + 2, ¬¬¬

Then ¡ ( � , � , � ) =
2� exp � � ( � − � )

2 � 2 � ¯¦�§
=1

sin � £ ¨ �� � sin � £ ¨ �� � sinh � � © ° § �© ° §
+

2� exp ± � ( ² − � )
2 ³ 2 � ¥¦§

= ¯ +1

sin � £ ¨ �� � sin � £ ¨ ²� � sin � �ª© « § �© « § ,

° § = ¤ −
³ 2 £ 2 ¨ 2� 2 − � 2

4 ³ 2 , « § =
³ 2 £ 2 ¨ 2� 2 + � 2

4 ³ 2 − ¤ .
For ° § = 0 the ratio sinh � � © ° § � � © ° § must be replaced by � .�L�

Reference: A. G. Butkovskiy (1979).

4.1.5-4. Domain: 0 ≤ � ≤ � . Second boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� w � = � 1( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (boundary condition),� � � = � 2( � ) at � = � (boundary condition).
Solution:� ( � , � ) = ´ w

0
´  0

� ( ² , � ) ¡ ( � , ² , � − � ) � ² � � +
�� � ´  0 µ 0( ² ) ¡ ( � , ² , � ) � ² + ´  0 µ 1( ² ) ¡ ( � , ² , � ) � ²

− ³ 2 ´ w
0

� 1( � ) ¡ ( � , 0, � − � ) � � + ³ 2 ´ w
0

� 2( � ) ¡ ( � , � , � − � ) � � .

For ¤ < 0,¡ ( � , ² , � ) = �³ 2 �r¶ ·  ¹¸ � 2 − 1 � exp � � ²³ 2 � sin � � © | ¤ | �© | ¤ | +
2� exp ± � ( ² − � )

2 ³ 2 º ¥¦ §
=1 »

§
( � ) »

§
( ² )

1 + ¼ 2

§ sin � � © « § �© « § ,

« § =
³ 2 £ 2 ¨ 2� 2 + � 2

4 ³ 2 − ¤ , »
§

( � ) = cos � £ ¨ �� � + ¼ § sin � £ ¨ �� � , ¼ § = � �
2 ³ 2 £ ¨ .

For ¤ > 0,¡ ( � , ² , � ) = �³ 2 �r¶ ·  ¹¸ � 2 − 1 � exp � � ²³ 2 � sinh � � © ¤ �© ¤ +
2� exp ± � ( ² − � )

2 ³ 2 º ¥¦ §
=1 »

§
( � ) »

§
( ² )

1 + ¼ 2

§ sin � � © « § �© « § ,

where the « § , »
§

( � ), and ¼ § were specified previously. If the inequality « § < 0 holds for several
first values ¨ = 1, ¬¬¬ , ® , then the © « § in the corresponding terms of the series should be replaced
by © | « § |, and the sines by the hyperbolic sines.
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4.1.5-5. Domain: 0 ≤ � ≤ � . Third boundary value problem.

The following conditions are prescribed:� = µ 0( � ) at � = 0 (initial condition),� w � = µ 1( � ) at � = 0 (initial condition),� � � − ½ 1
� = � 1( � ) at � = 0 (boundary condition),� � � + ½ 2
� = � 2( � ) at � = � (boundary condition).

The solution � ( � , � ) is determined by the formula in Paragraph 4.1.5-4 where¡ ( � , ² , � ) = exp ± � ( ² − � )
2 ³ 2 º ¥¦�§

=1 »
§

( � ) »
§

( ² ) sin � �ª© « § �¾ § © « § .

Here,

»
§

( � ) = cos( ¼ § � ) +
2 ³ 2 ½ 1 + �

2 ³ 2 ¼ § sin( ¼ § � ), « § = ³ 2 ¼ 2

§
+ � 2

4 ³ 2 − ¤ ,¾ §
=

2 ³ 2 ½ 2 − �
4 ³ 2 ¼ 2

§ 4 ³ 4 ¼ 2

§
+ (2 ³ 2 ½ 1 + � )2

4 ³ 4 ¼ 2

§
+ (2 ³ 2 ½ 2 − � )2 +

2 ³ 2 ½ 1 + �
4 ³ 2 ¼ 2

§
+

�
2

+
� (2 ³ 2 ½ 1 + � )2

8 ³ 4 ¼ 2

§
,

where the ¼ § are positive roots of the transcendental equation

tan( ¼ � )¼ =
4 ³ 4( ½ 1 + ½ 2)

4 ³ 4 ¼ 2 − (2 ³ 2 ½ 1 + � )(2 ³ 2 ½ 2 − � ) .

4.2. Wave Equation with Axial or Central Symmetry

4.2.1. Equations of the Form ¿ 2 À¿ Á 2 = Â 2 Ã ¿ 2 À¿ Ä 2 + 1Ä ¿ À¿ Ä Å
This is the one-dimensional wave equation with axial symmetry, where Æ = � � 2 + » 2 is the radial
coordinate. In the problems considered in Paragraphs 4.2.1-1 through 4.2.1-3, the solutions bounded
at Æ = 0 are sought (this is not specially stated below).

4.2.1-1. Domain: 0 ≤ Æ ≤ Ç . First boundary value problem.

The following conditions are prescribed:� = µ 0( Æ ) at È = 0 (initial condition),� É � = µ 1( Æ ) at È = 0 (initial condition),� = � ( È ) at Æ = Ç (boundary condition).

Solution:� ( Æ , È ) =
�� È ´ Ê

0 µ 0( ² ) ¡ ( Æ , ² , È ) � ² + ´ Ê
0 µ 1( ² ) ¡ ( Æ , ² , È ) � ² − ³ 2 ´ É

0

� ( � ) ± �� ² ¡ ( Æ , ² , È − � ) º ¢
= Ê � � ,

where ¡ ( Æ , ² , È ) =
2 ²³ Ç ¥¦ §

=1

1« § Ë 2
1 ( « § )

Ë
0 Ì « § ÆÇ Í Ë

0 Ì « § ²Ç Í sin Ì « § ³ ÈÇ Í .

Here, the « § are positive zeros of the Bessel function,

Ë
0( « ) = 0. The numerical values of the first

ten « § are specified in Paragraph 1.2.1-3.ÎLÏ
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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4.2.1-2. Domain: 0 ≤ Æ ≤ Ç . Second boundary value problem.

The following conditions are prescribed:� = µ 0( Æ ) at È = 0 (initial condition),� É � = µ 1( Æ ) at È = 0 (initial condition),� Ð � = Ñ ( È ) at Æ = Ç (boundary condition).

Solution:� ( Æ , È ) =
�� È ´ Ê

0 µ 0( ² ) Ò ( Æ , ² , È ) Ó ² + ´ Ê
0 µ 1( ² ) Ò ( Æ , ² , È ) Ó ² + ³ 2 ´ É

0
Ñ ( � ) Ò ( Æ , Ç , È − � ) Ó � ,

where Ò ( Æ , ² , È ) =
2 Èy²Ç 2 +

2 ²³ Ç ÔÕ�Ö
=1

1× Ö Ë 2
0 (

× Ö
)

Ë
0 Ì × Ö ÆÇ Í Ë

0 Ì × Ö ØÇ Í sin Ì × Ö Ù ÈÇ Í .

Here, the
× Ö

are positive zeros of the first-order Bessel function,

Ë
1(
×

) = 0. The numerical values
of the first ten roots

× Ö
are specified in Paragraph 1.2.1-4.ÎLÏ

References: M. M. Smirnov (1975), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

4.2.1-3. Domain: 0 ≤ Æ ≤ Ç . Third boundary value problem.

The following conditions are prescribed:� = µ 0( Æ ) at È = 0 (initial condition),� É � = µ 1( Æ ) at È = 0 (initial condition),� Ð � + ½ � = Ñ ( È ) at Æ = Ç (boundary condition).

The solution � ( Æ , È ) is determined by the formula in Paragraph 4.2.1-2 whereÒ ( Æ ,

Ø
, È ) =

2

ØÙ Ç ÔÕ�Ö
=1

× Ö
( ½ 2 Ç 2 +

× 2

Ö
)

Ë
2
0 (

× Ö
)

Ë
0 Ì × Ö ÆÇ Í Ë

0 Ì × Ö ØÇ Í sin Ì × Ö Ù ÈÇ Í .

Here, the
× Ö

are positive roots of the transcendental equation× Ë
1(
×

) − ½ Ç Ë
0(
×

) = 0.

The numerical values of the first six roots
× Ö

can be found in Carslaw and Jaeger (1984); see also
Abramowitz and Stegun (1964).

4.2.1-4. Domain: Ç 1 ≤ Æ ≤ Ç 2. First boundary value problem.

The following conditions are prescribed:� = µ 0( Æ ) at È = 0 (initial condition),� É � = µ 1( Æ ) at È = 0 (initial condition),� = Ñ 1( È ) at Æ = Ç 1 (boundary condition),� = Ñ 2( È ) at Æ = Ç 2 (boundary condition).

Solution:� ( Æ , È ) =
�� È ´ Ê 2Ê 1 µ 0(

Ø
) Ò ( Æ ,

Ø
, È ) Ó Ø + ´ Ê 2Ê 1 µ 1(

Ø
) Ò ( Æ ,

Ø
, È ) Ó Ø

+

Ù
2 ´ É

0
Ñ 1( Ú ) Û �� Ø Ò ( Æ ,

Ø
, È − Ú ) º Ü

= Ê 1

Ó Ú −

Ù
2 Ý Þ

0
Ñ 2( Ú ) Û �� Ø Ò ( ß ,

Ø
, à − Ú ) á Ü

= â 2

Ó Ú .
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Here, Ò ( ß ,

Ø
, à ) = ÔÕ�Ö

=1 ã Ö Ø ä Ö
( ß )

ä Ö
(

Ø
) sin å × Ö Ù àæ

1 ç , ã Ö
= è 2 × Ö é 2

0 ( ê × Ö )
2

Ù æ
1 ë é 2

0 (
× Ö

) −

é
2
0 ( ê × Ö ) ì ,ä Ö

( ß ) = í 0( î ï )

é
0 å î ï ßæ

1 ç −

é
0( î ï ) í 0 å î ï ßæ

1 ç , ê =
æ

2æ
1

,

where

é
0( ð ) and í 0( ð ) are the Bessel functions, the î ï are positive roots of the transcendental

equation
é

0( î ) í 0( êî ) −

é
0( êî ) í 0( î ) = 0.

The numerical values of the first five roots î ï = î ï ( ê ) can be found in Abramowitz and Stegun
(1964) and Carslaw and Jaeger (1984).

4.2.1-5. Domain:
æ

1 ≤ ß ≤
æ

2. Second boundary value problem.

The following conditions are prescribed:ñ = ò 0( ß ) at à = 0 (initial condition),ó Þ ñ = ò 1( ß ) at à = 0 (initial condition),ó Ð ñ = Ñ 1( à ) at ß =
æ

1 (boundary condition),ó Ð ñ = Ñ 2( à ) at ß =
æ

2 (boundary condition).

Solution: ñ ( ß , à ) =
óó à Ý â 2â 1

ò 0( ô ) õ ( ß , ô , à ) ö ô + Ý â 2â 1

ò 1( ô ) õ ( ß , ô , à ) ö ô
− ÷ 2 Ý Þ

0
Ñ 1( ø ) õ ( ß ,

æ
1, à − ø ) ö ø + ÷ 2 Ý Þ

0
Ñ 2( ø ) õ ( ß ,

æ
2, à − ø ) ö ø .

Here,õ ( ß , ô , à ) =
2 àyôæ 2

2 −
æ 2

1
+ ùú ï =1 ã ï ô ä ï ( ß )

ä ï ( ô ) sin å î ï ÷ àæ
1 ç , ã ï = è 2 î ï é 2

1 ( êî ï )
2 ÷ æ 1 ë é 2

1 ( î ï ) −

é
2
1 ( êî ï ) ì ,ä ï ( ß ) = í 1( î ï )

é
0 å î ï ßæ

1 ç −

é
1( î ï ) í 0 å î ï ßæ

1 ç , ê =
æ

2æ
1

,

where

é û
( ð ) and í û ( ð ) are the Bessel functions ( ü = 0, 1); the î ï are positive roots of the transcen-

dental equation
é

1( î ) í 1( êî ) −

é
1( êî ) í 1( î ) = 0.

The numerical values of the first five roots î ï = î ï ( ê ) can be found in Abramowitz and Stegun
(1964).

4.2.1-6. Domain:
æ

1 ≤ ß ≤
æ

2. Third boundary value problem.

The following conditions are prescribed:ñ = ò 0( ß ) at à = 0 (initial condition),ó Þ ñ = ò 1( ß ) at à = 0 (initial condition),ó Ð ñ − ü 1
ñ = Ñ 1( à ) at ß =

æ
1 (boundary condition),ó Ð ñ + ü 2

ñ = Ñ 2( à ) at ß =
æ

2 (boundary condition).
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The solution ñ ( ß , à ) is determined by the formula in Paragraph 4.2.1-5 whereõ ( ß , ô , à ) = è 2

2 ÷ ùú ï =1 ý ïþ ï ë ü 2

é
0( ý ï æ 2) − ý ï

é
1( ý ï æ 2) ì 2 ô ÿ ï ( ß ) ÿ ï ( ô ) sin( ý ï ÷ à ).

Here,þ ï = ( ý 2ï + ü 2
2) ë ü 1

é
0( ý ï æ 1) + ý ï

é
1( ý ï æ 1) ì 2 − ( ý 2ï + ü 2

1) ë ü 2

é
0( ý ï æ 2) − ý ï

é
1( ý ï æ 2) ì 2,ÿ ï ( ß ) = ë ü 1 í 0( ý ï æ 1) + ý ï í 1( ý ï æ 1) ì é 0( ý ï ß ) − ë ü 1

é
0( ý ï æ 1) + ý ï

é
1( ý ï æ 1) ìí 0( ý ï ß );é û

( ð ) and í û ( ð ) are the Bessel functions ( ü = 0, 1); and the ý ï are positive roots of the transcendental
equationë ü 1

é
0( ý æ 1) + ý

é
1( ý æ 1) ì ë ü 2 í 0( ý æ 2) − ý í 1( ý æ 2) ì

− ë ü 2

é
0( ý æ 2) − ý

é
1( ý æ 2) ì ë ü 1 í 0( ý æ 1) + ý í 1( ý æ 1) ì = 0.

4.2.2. Equation of the Form ¿ 2 �¿ � 2 = � 2 � ¿ 2 �¿ � 2 + 1� ¿ �¿ � � + � ( � , � )
4.2.2-1. Domain: 0 ≤ ß ≤

æ
. Different boundary value problems.

1 � . The solution to the first boundary value problem for a circle of radius
æ

is given by the formula
from Paragraph 4.2.1-1 with the additional termÝ Þ

0

Ý â
0 � ( ô , ø ) õ ( ß , ô , à − ø ) ö ô ö ø , (1)

which allows for the equation’s nonhomogeneity.

2 � . The solution to the second boundary value problem for a circle of radius
æ

is given by the
formula from Paragraph 4.2.1-2 with the additional term (1).

3 � . The solution to the third boundary value problem for a circle of radius
æ

is the sum of the
solution presented in Paragraph 4.2.1-3 and expression (1).

4.2.2-2. Domain:
æ

1 ≤ ß ≤
æ

2. Different boundary value problems.

1 � . The solution to the first boundary value problem for an annular domain is given by the formula
from Paragraph 4.2.1-4 with the additional termÝ Þ

0

Ý â 2â 1 � ( ô , ø ) õ ( ß , ô , à − ø ) ö ô ö ø , (2)

which allows for the equation’s nonhomogeneity.

2 � . The solution to the second boundary value problem for an annular domain is given by the
formula from Paragraph 4.2.1-5 with the additional term (2).

3 � . The solution to the third boundary value problem for an annular domain is the sum of the
solution presented in Paragraph 4.2.1-6 and expression (2).

4.2.3. Equation of the Form ¿ 2 �¿ � 2 = � 2 � ¿ 2 �¿ � 2 + 2� ¿ �¿ � �
This is the equation of one-dimensional vibration of a gas with central symmetry, where ß =	 


2 + � 2 + ð 2 is the radial coordinate. In the problems considered in Paragraphs 4.2.3-1 through
4.2.3-3, the solutions bounded at ß = 0 are sought; this is not specially stated below.
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4.2.3-1. General solution: ñ ( à , ß ) = � (  + ÷ � ) + � (  − ÷ � ) ,

where � (  1) and � (  2) are arbitrary functions.

4.2.3-2. Reduction to a constant coefficient equation.

The substitution � (  , � ) =  ñ (  , � ) leads to the constant coefficient equationó 2 �ó � 2 = ÷ 2
ó 2 �ó  2 ,

which is discussed in Subsection 4.1.1.

4.2.3-3. Domain: 0 ≤  < � . Cauchy problem.

Initial conditions are prescribed: ñ = ò (  ) at � = 0,ó � ñ = Ñ (  ) at � = 0.

Solution:ñ (  , � ) =
1
2  ë (  − ÷ � ) ò � |  − ÷ � | � + (  + ÷ � ) ò � |  + ÷ � | �,ì +

1
2 ÷  � � + ���

� − ��� � Ñ � | � | � � � .

Solution at the center  = 0: �
(0, � ) = � � � ! ( � � ) + � ( � � ) + �#" ( � � ).$&%

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

4.2.3-4. Domain: 0 ≤  ≤ ' . First boundary value problem.

The following conditions are prescribed:�
= � 0(  ) at � = 0 (initial condition),( � � = � 1(  ) at � = 0 (initial condition),�
= " ( � ) at  = ' (boundary condition).

Solution:�
(  , � ) =

(( � � )0
� 0( � ) * (  , � , � ) � � + � )0

� 1( � ) * (  , � , � ) � � − � 2 � �
0

" ( + ) , (( � * (  , � , � − + ) - .
= ) � + ,

where * (  , � , � ) =
2 �/ �  01 ï =1

12 sin 3 2 / ' 4 sin 3 2 / �' 4 sin 3 � 2 / �' 4 .

4.2.3-5. Domain: 0 ≤  ≤ ' . Second boundary value problem.

The following conditions are prescribed:�
= � 0(  ) at � = 0 (initial condition),( � � = � 1(  ) at � = 0 (initial condition),( �

�
= " ( � ) at  = ' (boundary condition).
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Solution:�
(  , � ) =

(( � � )0
� 0( � ) * (  , � , � ) � � + � )0

� 1( � ) * (  , � , � ) � � + � 2 � �
0

" ( + ) * (  , ' , � − + ) � + ,

where * (  , � , � ) =
3 � � 2' 3 +

2 ��  01 ï =1 5 2ï + 1

5 3ï sin 3 5 ï ' 4 sin 3 5 ï �' 4 sin 3 5 ï � �' 4 .

Here, the 5 ï are positive roots of the transcendental equation tan 5 − 5 = 0. The numerical values
of the first five roots 5 ï are specified in Paragraph 1.2.3-5.

4.2.3-6. Domain: 0 ≤  ≤ ' . Third boundary value problem.

The following conditions are prescribed:�
= � 0(  ) at � = 0 (initial condition),( � � = � 1(  ) at � = 0 (initial condition),( �

�
+ 6 � = " ( � ) at  = ' (boundary condition).

The solution

�
(  , � ) is determined by the formula in Paragraph 4.2.3-5 where* (  , � , � ) =

2 ��  01 ï =1 5 2ï + ( 6 ' − 1)2

5 ï 7 5 2ï + 6 ' ( 6 ' − 1) 8 sin 3 5 ï ' 4 sin 3 5 ï �' 4 sin 3 5 ï � �' 4 .

Here, the 5 ï are positive roots of the transcendental equation

5 cot 5 + 6 ' − 1 = 0.

The numerical values of the first six roots 5 ï can be found in Carslaw and Jaeger (1984).

4.2.3-7. Domain: ' 1 ≤  ≤ ' 2. First boundary value problem.

The following conditions are prescribed:�
= � 0(  ) at � = 0 (initial condition),( � � = � 1(  ) at � = 0 (initial condition),�
= " 1( � ) at  = ' 1 (boundary condition),�
= " 2( � ) at  = ' 2 (boundary condition).

Solution:�
(  , � ) =

(( � � ) 2

) 1

� 0( � ) * (  , � , � ) � � + � ) 2

) 1

� 1( � ) * (  , � , � ) � �
+ � 2 � �

0
" 1( + ) , (( � * (  , � , � − + ) - .

= ) 1

� + − � 2 � �
0

" 2( + ) , (( � * (  , � , � − + ) - .
= ) 2

� + ,

where * (  , � , � ) =
2 �/ �  01 ï =1

12 sin , / 2 (  − ' 1)' 2 − ' 1
- sin , / 2 ( � − ' 1)' 2 − ' 1

- sin 3 / 2 � �' 2 − ' 1 4 .
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4.2.3-8. Domain:
�

1 ≤ � ≤
�

2. Second boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (initial condition),� � � = � 1( � ) at � =
�

1 (boundary condition),� � � = � 2( � ) at � =
�

2 (boundary condition).

Solution: � ( � , � ) =
�� � 	 


2

1

� 0( � ) � ( � , � , � )  � +
	 


2

1

� 1( � ) � ( � , � , � )  �
− � 2

	 �
0

� 1( � ) � ( � ,
�

1, � − � )  � + � 2
	 �

0
� 2( � ) � ( � ,

�
2, � − � )  � ,

where � ( � , � , � ) =
3 ��� 2� 3
2 −

� 3
1

+
2 �� (

�
2 −

�
1) � ����

=1

(1 +
� 2

2 � 2

�
) � �

( � ) � �
( � ) sin( � � � � )� 3

� � � 2
1 +

� 2
2 +

�
1
�

2(1 +
�

1
�

2 � 2

�
) � ,� �

( � ) = sin[ � �
( � −

�
1)] +

�
1 � �

cos[ � �
( � −

�
1)].

Here, the � �
are positive roots of the transcendental equation

( � 2 �
1
�

2 + 1) tan[ � (
�

2 −
�

1)] − � (
�

2 −
�

1) = 0.

4.2.3-9. Domain:
�

1 ≤ � ≤
�

2. Third boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (initial condition),� � � − � 1
� = � 1( � ) at � =

�
1 (boundary condition),� � � + � 2

� = � 2( � ) at � =
�

2 (boundary condition).

The solution � ( � , � ) is determined by the formula in Paragraph 4.2.3-8 where� ( � , � , � ) =
2 �� (

�
2 −

�
1) � ����

=1

1� �
( � 2

2 +
� 2

2 � 2

�
) � �

( � ) � �
( � ) sin( � � � � )

( � 2
1 +

� 2
1 � 2

�
)( � 2

2 +
� 2

2 � 2

�
) + ( � 1

�
2 + � 2

�
1)( � 1 � 2 +

�
1
�

2 � 2

�
)

,� �
( � ) = � 1 sin[ � �

( � −
�

1)] +
�

1 � �
cos[ � �

( � −
�

1)], � 1 = � 1
�

1 + 1, � 2 = � 2
�

2 − 1.

Here, the � �
are positive roots of the transcendental equation

( � 1 � 2 −
�

1
�

2 � 2) sin[ � (
�

2 −
�

1)] + � (
�

1 � 2 +
�

2 � 1) cos[ � (
�

2 −
�

1)] = 0.

4.2.4. Equation of the Form � 2 �� � 2 = � 2  � 2 �� ! 2 + 2! � �� ! " + # ( ! , � )

4.2.4-1. Reduction to a nonhomogeneous constant coefficient equation.

The substitution $ ( � , � ) = � � ( � , � ) leads to the nonhomogeneous constant coefficient equation� 2 $� � 2 = � 2
� 2 $� � 2 + � % ( � , � ),

which is discussed in Subsection 4.1.2.
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4.2.4-2. Domain: 0 ≤ � < & . Cauchy problem.

Initial conditions are prescribed: � = � ( � ) at � = 0,� � � = � ( � ) at � = 0.

Solution:� ( � , � ) =
1
2 � �

( � − � � ) � ' | � − � � | ( + ( � + � � ) � ' | � + � � | ()� +
1

2 � � 	 �
+ * ��

− * � � � ' | � | (  �
+

1
2 � � 	 �

0
 � 	 �

+ * (
�
− + )�

− * (
�
− + )

� % ' | � |, � (  � .,.-
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

4.2.4-3. Domain: 0 ≤ � ≤
�

. Different boundary value problems.

1 / . The solution to the first boundary value problem for a sphere of radius
�

is given by the formula
from Paragraph 4.2.3-4 with the additional term	 �

0

	 

0

% ( � , � ) � ( � , � , � − � )  �  � , (1)

which allows for the equation’s nonhomogeneity.

2 / . The solution to the second boundary value problem for a sphere of radius
�

is given by the
formula from Paragraph 4.2.3-5 with the additional term (1).

3 / . The solution to the third boundary value problem for a sphere of radius
�

is the sum of the
solution presented in Paragraph 4.2.3-6 and expression (1).

4.2.4-4. Domain:
�

1 ≤ � ≤
�

2. Different boundary value problems.

1 / . The solution to the first boundary value problem for a spherical layer is given by the formula
from Paragraph 4.2.3-7 with the additional term	 �

0

	 

2


1

% ( � , � ) � ( � , � , � − � )  �  � , (2)

which allows for the equation’s nonhomogeneity.

2 / . The solution to the second boundary value problem for a spherical layer is given by the formula
from Paragraph 4.2.3-8 with the additional term (2).

3 / . The solution to the third boundary value problem for a spherical layer is the sum of the solution
presented in Paragraph 4.2.3-9 and expression (2).

4.2.5. Equation of the Form � 2 �� � 2 = � 2  � 2 �� ! 2 + 1! � �� ! " – 0 � + # ( ! , � )

For � > 0 and % ≡ 0, this is the Klein–Gordon equation describing one-dimensional wave phenomena
with axial symmetry. In the problems considered in Paragraphs 4.2.5-1 through 4.2.5-3, the solutions
bounded at � = 0 are sought; this is not specially stated below.
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4.2.5-1. Domain: 0 ≤ � ≤
�

. First boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (initial condition),� = � ( � ) at � =
�

(boundary condition).

Solution:� ( � , � ) =
�� � 	 


0
� 0( � ) � ( � , � , � )  � +

	 

0

� 1( � ) � ( � , � , � )  �
− � 2

	 �
0

� ( � ) 1 �� � � ( � , � , � − � ) 2 3
= 
  � +

	 �
0

	 

0

% ( � , � ) � ( � , � , � − � )  �  � .

Here, � ( � , � , � ) =
2 �� 2 �� �

=1

14 2
1 ( 5 �

)
4

0 6 5 � �� 7 4
0 6 5 � �� 7 sin '8�:9 � � (9 � �

, � �
=

� 2 5 2

�� 2 + � ,
where the 5 �

are positive zeros of the Bessel function,
4

0( 5 ) = 0. The numerical values of the first
ten 5 �

are specified in Paragraph 1.2.1-3.

4.2.5-2. Domain: 0 ≤ � ≤
�

. Second boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (initial condition),� � � = � ( � ) at � =
�

(boundary condition).

Solution:� ( � , � ) =
�� � 	 


0
� 0( � ) � ( � , � , � )  � +

	 

0

� 1( � ) � ( � , � , � )  �
+ � 2

	 �
0

� ( � ) � ( � ,
�

, � − � )  � +
	 �

0

	 

0

% ( � , � ) � ( � , � , � − � )  �  � .

Here,� ( � , � , � ) =
2 � sin '8� 9 � (� 2 9 � +

2 �� 2 ����
=1

14 2
0 ( 5 �

)
4

0 6 5 � �� 7 4
0 6 5 � �� 7 sin '8�:9 � � (9 � �

, � �
=

� 2 5 2

�� 2 + � ,
where the 5 �

are positive zeros of the first-order Bessel function,
4

1( 5 ) = 0. The numerical values
of the first ten 5 �

are specified in Paragraph 1.2.1-4.

4.2.5-3. Domain: 0 ≤ � ≤
�

. Third boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (initial condition),� � � + � � = � ( � ) at � =
�

(boundary condition).
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The solution � ( � , � ) is determined by the formula in Paragraph 4.2.5-2 where� ( � , � , � ) =
2� 2 �� �

=1

5 2

� �
( � 2 � 2 + 5 2

�
)
4 2

0 ( 5 �
)
4

0 6 5 � �� 7 4
0 6 5 � �� 7 sin '8�:9 � � (9 � �

, � �
=

� 2 5 2

�� 2 + � .
Here, the 5 �

are positive roots of the transcendental equation5 4
1( 5 ) − � � 4

0( 5 ) = 0.

The numerical values of the first six roots 5 �
can be found in Abramowitz and Stegun (1964) and

Carslaw and Jaeger (1984).

4.2.5-4. Domain:
�

1 ≤ � ≤
�

2. First boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (initial condition),� = � 1( � ) at � =
�

1 (boundary condition),� = � 2( � ) at � =
�

2 (boundary condition).

Solution:� ( � , � ) =
	 �

0

	 

2


1

% ( � , � ) � ( � , � , � − � )  �  �
+

�� � 	 

2


1

� 0( � ) � ( � , � , � )  � +
	 


2

1

� 1( � ) � ( � , � , � )  �
+ � 2

	 �
0

� 1( � ) 1 �� � � ( � , � , � − � ) 2 3
= 
 1

 � − � 2
	 �

0
� 2( � ) 1 �� � � ( � , � , � − � ) 2 3

= 
 2

 � .

Here, � ( � , � , � ) = ; 2

2
� 2

1 �� �
=1

5 2

� 4 2
0 ( <)5 �

) �4 2
0 ( 5 �

) −
4 2

0 ( <)5 �
)
� �

( � ) � �
( � )

sin ' �:9 � � (9 � �
, � �

=
� 2 5 2

�� 2
1

+ � ,� �
( � ) = = 0( 5 �

)
4

0 6 5 � ��
1

7 −
4

0( 5 �
) = 0 6 5 � ��

1
7 , < =

�
2�
1

,

where
4

0( > ) and = 0( > ) are the Bessel functions and the 5 �
are positive roots of the transcendental

equation 4
0( 5 ) = 0( <)5 ) −

4
0( <)5 ) = 0( 5 ) = 0.

The numerical values of the first five roots 5 �
= 5 �

( < ) can be found in Abramowitz and Stegun
(1964) and Carslaw and Jaeger (1984).

4.2.5-5. Domain:
�

1 ≤ � ≤
�

2. Second boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (initial condition),� � � = � 1( � ) at � =
�

1 (boundary condition),� � � = � 2( � ) at � =
�

2 (boundary condition).
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Solution: � ( � , � ) =
	 �

0

	 

2


1

% ( � , � ) � ( � , � , � − � )  �  �
+

�� � 	 

2


1

� 0( � ) � ( � , � , � )  � +
	 


2

1

� 1( � ) � ( � , � , � )  �
− � 2

	 �
0

� 1( � ) � ( � ,
�

1, � − � )  � + � 2
	 �

0
� 2( � ) � ( � ,

�
2, � − � )  � .

Here, � ( � , � , � ) =
2 � sin ' � 9 � (
(
� 2

2 −
� 2

1) 9 � + ; 2

2
� 2

1 �� �
=1

5 2

� 4 2
1 ( <)5 �

) �4 2
1 ( 5 �

) −
4 2

1 ( <)5 �
)
� �

( � ) � �
( � )

sin ' �:9 � � (9 � �
,� �

( � ) = = 1( 5 �
)
4

0 6 5 � ��
1

7 −
4

1( 5 �
) = 0 6 5 � ��

1
7 , � �

=
� 2 5 2

�� 2
1

+ � , < =
�

2�
1

,

where
4 ?

( > ) and = ?
( > ) are the Bessel functions ( � = 0, 1); the 5 �

are positive roots of the transcen-
dental equation 4

1( 5 ) = 1( <)5 ) −
4

1( <)5 ) = 1( 5 ) = 0.

The numerical values of the first five roots 5 �
= 5 �

( < ) can be found in Abramowitz and Stegun
(1964).

4.2.5-6. Domain:
�

1 ≤ � ≤
�

2. Third boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (initial condition),� � � − � 1
� = � 1( � ) at � =

�
1 (boundary condition),� � � + � 2

� = � 2( � ) at � =
�

2 (boundary condition).

The solution � ( � , � ) is determined by the formula in Paragraph 4.2.5-5 where� ( � , � , � ) = ; 2

2 �� �
=1 @ 2

�A � B � 2 @ 2

�
+ � � � 2

4
0( @

� �
2) − @

� 4
1( @

� �
2) � 2 � C �

( � ) C �
( � ) sin '8�ED � 2 @ 2

�
+ � ( .

Here, A �
= ( @ 2

�
+ � 2

2)

� � 1
4

0( @
� �

1) + @
� 4

1( @
� �

1) � 2 − ( @ 2

�
+ � 2

1)

� � 2
4

0( @
� �

2) − @
� 4

1( @
� �

2) � 2,C �
( � ) =

� � 1 = 0( @
� �

1) + @
� = 1( @

� �
1) � 4

0( @
� � ) −

� � 1
4

0( @
� �

1) + @
� 4

1( @
� �

1) � = 0( @
� � ),

where the @
�

are positive roots of the transcendental equation� � 1
4

0( @ �
1) + @ 4

1( @ �
1) � � � 2 = 0( @ �

2) − @ = 1( @ �
2) �

−

� � 2
4

0( @ �
2) − @ 4

1( @ �
2) � � � 1 = 0( @ �

1) + @ = 1( @ �
1) � = 0.

4.2.6. Equation of the Form � 2 �� � 2 = � 2  � 2 �� ! 2 + 2! � �� ! " – 0 � + # ( ! , � )

For � > 0 and % ≡ 0, this is the Klein–Gordon equation describing one-dimensional wave phenomena
with central symmetry. In the problems considered in Paragraphs 4.2.6-1 through 4.2.6-3, the
solutions bounded at � = 0 are sought; this is not specially stated below.

Page 305



4.2.6-1. Domain: 0 ≤ � ≤
�

. First boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (initial condition),� = � ( � ) at � =
�

(boundary condition).

Solution:� ( � , � ) =
�� � 	 


0
� 0( � ) � ( � , � , � )  � +

	 

0

� 1( � ) � ( � , � , � )  �
− � 2

	 �
0

� ( � ) 1 �� � � ( � , � , � − � ) 2 3
= 
  � +

	 �
0

	 

0

% ( � , � ) � ( � , � , � − � )  �  � ,

where � ( � , � , � ) =
2 �� � ����

=1

sin 6 F ; �� 7 sin 6 F ; �� 7 sin '8� 9 � � (9 � �
, � �

=
� 2 ; 2 F 2� 2 + � .

4.2.6-2. Domain: 0 ≤ � ≤
�

. Second boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (initial condition),� � � = � ( � ) at � =
�

(boundary condition).

Solution:� ( � , � ) =
�� � 	 


0
� 0( � ) � ( � , � , � )  � +

	 

0

� 1( � ) � ( � , � , � )  �
+ � 2

	 �
0

� ( � ) � ( � ,
�

, � − � )  � +
	 �

0

	 

0

% ( � , � ) � ( � , � , � − � )  �  � ,

where� ( � , � , � ) =
3 � 2 sin ' � 9 � (� 3 9 � +

2 �� � ����
=1

5 2

�
+ 15 2

� 9 � �
sin 6 5 � �� 7 sin 6 5 � �� 7 sin '8� B � � ( , � �

=
� 2 5 2

�� 2 + � .
Here, the 5 �

are positive roots of the transcendental equation tan 5 − 5 = 0; for the numerical values
of the first five roots 5 �

, see Paragraph 1.2.3-5.

4.2.6-3. Domain: 0 ≤ � ≤
�

. Third boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (initial condition),� � � + � � = � ( � ) at � =
�

(boundary condition).

The solution � ( � , � ) is determined by the formula in Paragraph 4.2.6-2 where� ( � , � , � ) =
2 �� � ����

=1

5 2

�
+ ( � �

− 1)25 2

�
+ � �

( � �
− 1)

sin 6 5 � �� 7 sin 6 5 � �� 7 sin '8� 9 � � (9 � �
, � �

=
� 2 5 2

�� 2 + � .
Here, the 5 �

are positive roots of the transcendental equation 5 cot 5 + � �
− 1 = 0. The numerical

values of the six five roots 5 �
can be found in Carslaw and Jaeger (1984).
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4.2.6-4. Domain:
�

1 ≤ � ≤
�

2. First boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (initial condition),� = � 1( � ) at � =
�

1 (boundary condition),� = � 2( � ) at � =
�

2 (boundary condition).

Solution:� ( � , � ) =
	 �

0

	 

2


1

% ( � , � ) � ( � , � , � − � )  �  �
+

�� � 	 

2


1

� 0( � ) � ( � , � , � )  � +
	 


2

1

� 1( � ) � ( � , � , � )  �
+ � 2

	 �
0

� 1( � ) 1 �� � � ( � , � , � − � ) 2 3
= 
 1

 � − � 2
	 �

0
� 2( � ) 1 �� � � ( � , � , � − � ) 2 3

= 
 2

 � ,

where� ( � , � , � ) =
2 �

(
�

2 −
�

1) � ����
=1

sin 1 ; F ( � −
�

1)�
2 −

�
1

2 sin 1 ; F ( � −
�

1)�
2 −

�
1

2 sin '8� 9 � � (9 � �
, � �

=
� 2 ; 2 F 2

(
�

2 −
�

1)2 + � .
4.2.6-5. Domain:

�
1 ≤ � ≤

�
2. Second boundary value problem.

The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (initial condition),� � � = � 1( � ) at � =
�

1 (boundary condition),� � � = � 2( � ) at � =
�

2 (boundary condition).

Solution: � ( � , � ) =
	 �

0

	 

2


1

% ( � , � ) � ( � , � , � − � )  �  �
+

�� � 	 

2


1

� 0( � ) � ( � , � , � )  � +
	 


2

1

� 1( � ) � ( � , � , � )  �
− � 2

	 �
0

� 1( � ) � ( � ,
�

1, � − � )  � + � 2
	 �

0
� 2( � ) � ( � ,

�
2, � − � )  � .

Here,� ( � , � , � ) =
3 � 2 sin '8� 9 � (
(
� 3

2 −
� 3

1) 9 � +
2 �

(
�

2 −
�

1) � �� �
=1

(1 +
� 2

2 � 2

�
) � �

( � ) � �
( � ) sin '8� B � 2 � 2

�
+ � (� 2

� � � 2
1 +

� 2
2 +

�
1
�

2(1 +
�

1
�

2 � 2

�
) � B � 2 � 2

�
+ � ,� �

( � ) = sin[ � �
( � −

�
1)] +

�
1 � �

cos[ � �
( � −

�
1)],

where the � �
are positive roots of the transcendental equation

( � 2 �
1
�

2 + 1) tan[ � (
�

2 −
�

1)] − � (
�

2 −
�

1) = 0.
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4.2.6-6. Domain:
�

1 ≤ � ≤
�

2. Third boundary value problem.
The following conditions are prescribed:� = � 0( � ) at � = 0 (initial condition),� � � = � 1( � ) at � = 0 (initial condition),� � � − � 1

� = � 1( � ) at � =
�

1 (boundary condition),� � � + � 2
� = � 2( � ) at � =

�
2 (boundary condition).

The solution � ( � , � ) is determined by the formula in Paragraph 4.2.6-5 where� ( � , � , � ) =
2 �� �� �

=1

( � 2
2 +

� 2
2 � 2

�
) � �

( � ) � �
( � ) sin '8� B � 2 � 2

�
+ � (�

(
�

2 −
�

1)( � 2
1 +

� 2
1 � 2

�
)( � 2

2 +
� 2

2 � 2

�
)+ ( � 1

�
2 + � 2

�
1)( � 1 � 2 +

�
1
�

2 � 2

�
) � B � 2 � 2

�
+ � ,� �

( � ) = � 1 sin[ � �
( � −

�
1)]+

�
1 � �

cos[ � �
( � −

�
1)], � 1 = � 1

�
1 +1, � 2 = � 2

�
2 −1.

Here, the � �
are positive roots of the transcendental equation
( � 1 � 2 −

�
1
�

2 � 2) sin[ � (
�

2 −
�

1)] + � (
�

1 � 2 +
�

2 � 1) cos[ � (
�

2 −
�

1)] = 0.

4.3. Equations Containing Power Functions and
Arbitrary Parameters

4.3.1. Equations of the Form � 2 �� � 2 = ( � G + 0 ) � 2 �� G 2 + H � �� G + I � + # ( G , � )

1. J 2 KJ L 2
= M 2 JJ N 6 N J KJ N 7 + O ( N , L ).

For % ( P , Q )≡0, this equation governs small-amplitude free vibration of a hanging heavy homogeneous
thread ( � 2 is the acceleration due to gravity, R the deflection of the thread from the vertical axis, andP the vertical coordinate).
1 / . The substitution P = 1

4 S 2 leads to the equationT 2 RT Q 2 = � 2 6 T 2 RT S 2 +
1S T RT S 7 + % ' 1

4 S 2, QU( ,

which is discussed in Subsections 4.2.1–4.2.2.
2 / . Domain: 0 ≤ P ≤ V . First boundary value problem.
The following conditions are prescribed:R = W 0( P ) at Q = 0 (initial condition),T X R = W 1( P ) at Q = 0 (initial condition),R = Y ( Q ) at P = V (boundary condition),R ≠ & at P = 0 (boundedness condition).

Solution:R ( P , Q ) =
TT Q Z [0 \ 0( ] ) ^ ( _ , ] , ` ) a ] + Z [0 \ 1( ] ) ^ ( _ , ] , ` ) a ]

− b 2 V Z c0 d ( e ) f gg ] ^ ( _ , ] , ` − e ) h i
= [ a e + Z c0 Z [0 j ( ] , e ) ^ ( _ , ] , ` − e ) a ] a e ,

where ^ ( _ , ] , ` ) =
2b k V lm�n =1

1o n p
2
1 ( o n

)

p
0 q o n r _ V s p

0 q o n r ] V s sin q o n b `
2 k V s .

Here, the o n
are positive zeros of the Bessel function,

p
0( o ) = 0. The numerical values of the first

ten roots o n
are specified in Paragraph 1.2.1-3.t.-

Reference: M. M. Smirnov (1975).
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3 / . Domain: 0 ≤ _ ≤ V . Second boundary value problem.
The following conditions are prescribed:u = \ 0( _ ) at ` = 0 (initial condition),g c u = \ 1( _ ) at ` = 0 (initial condition),g v u = d ( ` ) at _ = V (boundary condition),u ≠ w at _ = 0 (boundedness condition).

Solution:u ( _ , ` ) = gg ` Z [0 \ 0( ] ) ^ ( _ , ] , ` ) a ] + Z [0 \ 1( ] ) ^ ( _ , ] , ` ) a ]
+ b 2 V Z c0 d ( e ) ^ ( _ , V , ` − e ) a e + Z c0 Z [0 j ( ] , e ) ^ ( _ , ] , ` − e ) a ] a e ,

where ^ ( _ , ] , ` ) =
` V +

2b k V lm�n =1

1o n p
2
0 ( o n

)

p
0 q o n r _ V s p

0 q o n r ] V s sin q o n b `
2 k V s .

Here, the o n
are positive zeros of the first-order Bessel function,

p
1( o ) = 0. The numerical values

of the first ten roots o n
are specified in Paragraph 1.2.1-4.

4 / . Domain: 0 ≤ _ ≤ V . Third boundary value problem.
The following conditions are prescribed:u = \ 0( _ ) at ` = 0 (initial condition),g c u = \ 1( _ ) at ` = 0 (initial condition),g v u + x u = d ( ` ) at _ = V (boundary condition),u ≠ w at _ = 0 (boundedness condition).

The solution u ( _ , ` ) is given by the formula in Item 3 / with^ ( _ , ] , ` ) =
2b k V lm�n =1

o n
(4 x 2 V + o 2

n
)

p
2
0 ( o n

)

p
0 q o n r _ V s p

0 q o n r ] V s sin q o n b `
2 k V s .

Here, the o n
are positive roots of the transcendental equationo p

1( o ) − 2 x k V p
0( o ) = 0.

The numerical values of the first six roots o n
can be found in Carslaw and Jaeger (1984).

2. y 2 zy { 2
= | 2 yy } q } y zy } s – ~ z + � ( } , { ).

For � < 0 and j ( _ , ` ) ≡ 0, this equation describes small-amplitude vibration of a heavy homogeneous
thread that rotates at a constant angular velocity � = k | � | about the vertical axis ( b 2 is the acceleration
due to gravity).

1 / . The substitution _ = 1
4 � 2 leads to the equationg 2 ug ` 2 = b 2 q g 2 ug � 2 +

1� g ug � s − � u + j � 1
4 � 2, `U� ,

which is discussed in Subsection 4.2.5.

Page 309



2 / . Domain: 0 ≤ _ ≤ V . First boundary value problem.
The following conditions are prescribed:u = \ 0( _ ) at ` = 0 (initial condition),g c u = \ 1( _ ) at ` = 0 (initial condition),u = d ( ` ) at _ = V (boundary condition),u ≠ w at _ = 0 (boundedness condition).

Solution:u ( _ , ` ) = gg ` Z [0 \ 0( ] ) ^ ( _ , ] , ` ) a ] + Z [0 \ 1( ] ) ^ ( _ , ] , ` ) a ]
− b 2 V Z c0 d ( e ) f gg ] ^ ( _ , ] , ` − e ) h i

= [ a e + Z c0 Z [0 j ( ] , e ) ^ ( _ , ] , ` − e ) a ] a e .

Here, ^ ( _ , ] , ` ) =
1V lm n =1

1p
2
1 ( o n

)

p
0 q o n r _ V s p

0 q o n r ] V s sin � ` k � n �k � n
, � n

=
b 2 o 2

n
4 V + � ,

where the o n
are positive zeros of the Bessel function,

p
0( o ) = 0.t.-

Reference: M. M. Smirnov (1975).

3 / . Domain: 0 ≤ _ ≤ V . Second boundary value problem.
The following conditions are prescribed:u = \ 0( _ ) at ` = 0 (initial condition),g c u = \ 1( _ ) at ` = 0 (initial condition),g v u = d ( ` ) at _ = V (boundary condition),u ≠ w at _ = 0 (boundedness condition).

Solution:u ( _ , ` ) = gg ` Z [0 \ 0( ] ) ^ ( _ , ] , ` ) a ] + Z [0 \ 1( ] ) ^ ( _ , ] , ` ) a ]
+ b 2 V Z c0 d ( e ) ^ ( _ , V , ` − e ) a e + Z c0 Z [0 j ( ] , e ) ^ ( _ , ] , ` − e ) a ] a e .

Here,^ ( � , ] , ` ) =
sin � `:k � �V�k � +

1V lm�n =1

1p
2
0 ( o n

)

p
0 q o n r _ V s p

0 q o n r ] V s sin � ` k � n �k � n
, � n

=
b 2 o 2

n
4 V + � ,

where the o n
are positive zeros of the first-order Bessel function,

p
1( o ) = 0. The numerical values

of the first ten roots o n
are specified in Paragraph 1.2.1-4.

4 / . Domain: 0 ≤ _ ≤ V . Third boundary value problem.
The following conditions are prescribed:u = \ 0( _ ) at ` = 0 (initial condition),g c u = \ 1( _ ) at ` = 0 (initial condition),g v u + x u = d ( ` ) at _ = V (boundary condition).

The solution u ( _ , ` ) is given by the formula in Item 3 / with^ ( � , ] , ` ) =
1V lm�n =1

o 2

n
(4 x 2 V + o 2

n
)

p
2
0 ( o n

)

p
0 q o n r _ V s p

0 q o n r ] V s sin � ` k � n �k � n
, � n

=
b 2 o 2

n
4 V + � .

Here, the o n
are positive roots of the transcendental equationo p

1( o ) − 2 x k V p
0( o ) = 0.

The numerical values of the first six roots o n
can be found in Abramowitz and Stegun (1964) and

Carslaw and Jaeger (1984).
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3. y 2 zy { 2
= | 2 yy } f ( � – } ) y zy } h .

This equation governs small-amplitude free vibration of a heavy homogeneous thread of length V
( b 2 is the acceleration due to gravity, u the deflection of the thread from the vertical axis, and _ the
vertical coordinate). The change of variable � = V − _ leads a special case of equation 4.3.1.1 with� = 0 and j ≡ 0.

4. y 2 zy { 2
= | 2 q 2

2 � + 1 } y 2 zy } 2
+ y zy } s , � = 1, 2, � � �

General solution:u ( _ , ` ) = g n
−1g _ n
−1 f j ( k 2(2 � + 1) _ + b ` ) + � ( k 2(2 � + 1) _ − b ` )k _ h ,

where j and � are arbitrary functions.t.-
Reference: M. M. Smirnov (1975).

5. y 2 zy { 2
= ( | } + ~ ) y 2 zy } 2

+ | y zy } + � z + � ( } , { ).
The substitution � = b _ + � leads to an equation of the form 4.3.1.2:g 2 ug ` 2 = b 2 gg � q � g ug � s + � u + j q � − �b , ` s .

6. y 2 zy { 2
= ( | } + ~ ) y 2 zy } 2

+
1
2

| y zy } + � z + � ( } , { ).
The substitution � = 2 k b _ + � leads to the equationg 2 ug ` 2 = b 2 g 2 ug � 2 + � u + j q � 2 − 4 �

4 b , ` s ,

which is considered in Subsection 4.1.3.

7. y 2 zy { 2
= ( | 2 } + ~ 2) y 2 zy } 2

+ ( | 1 } + ~ 1) y zy } + ( | 0 } + ~ 0) z .

This is a special case of equation 4.5.3.4 with \ ( _ ) = b 2 _ + � 2, d ( _ ) = b 1 _ + � 1, � ( _ ) = b 0 _ + � 0, andj ≡ 0.
Particular solutions:u ( _ , ` ) = exp( x _ ) � q _ + �� s �.� sin � ` k o � + � cos � ` k o �)� for o > 0,u ( _ , ` ) = exp( x _ ) � q _ + �� s � � sinh � ` k − o � + � cosh � ` k − o �E� for o < 0.

Here, � , � , and o are arbitrary constants; the coefficients x , � , � and the function � = � ( ] ) are
listed in Table 20, where�

( � , � ; � ) = � 1 � ( � , � ; � ) + � 2 � ( � , � ; � ), � 1, � 2 are any numbers,

is an arbitrary solution of the degenerate hypergeometric equation � � ���v v + ( � − � ) � �v − � � = 0, and  ¡
( � ) = � 1

p ¡
( � ) + � 2 = ¡

( � ), � 1, � 2 are any numbers,

is an arbitrary solution of the Bessel equation � 2 � ���v v + � � �v + ( � 2 − ¢ 2) � = 0.
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TABLE 20
The coefficients x , � , � and the function � = � ( £ ) determining the form of

particular solutions to equation 4.3.1.7. Notation: ¤ ( x ) = � 2 x 2 + � 1 x + � 0 + o
Conditions x � � � = � ( £ ) Parameters¥
2 ≠ 0, ¦ ≠ 0¦ ≡ ¥ 2

1 −4 ¥
0
¥

2 § ¦ − ¥
1

2 ¥
2

−
¥

2

2 ¥
2 x + ¥

1

� 2¥
2

�
( � , � ; £ )

� = ¤ ( x ) ¨ (2 ¥
2 x + ¥

1),� = ( ¥ 2 � 1 − ¥
1 � 2) ¥ −2

2¥
2 = 0,¥
1 ≠ 0

−
¥

0¥
1

1
2 � 2 x + � 1¥

1

� � � , 1
2 ; © £ 2 � � = ¤ ( x ) ¨ (2 ¥

1),© = − ¥
1 ¨ (2 � 2)¥

2 ≠ 0,¥ 2
1 = 4 ¥

0
¥

2
−

¥
1

2 ¥
2

¥
2

� 2¥
2

£ ª  
2 ª � © « £ � � =

1
2

−
2 � 2 x + � 1

2 ¥
2

,© = 2 « ¤ ( x )¥
2 = ¥

1 = 0,¥
0 ≠ 0

−
� 1

2 � 2
1

4( � 0 + ¬ ) � 2 − � 2
1

4 ¥
0 � 2

£ 1  2  
1  3 � © £ 3  2 � © =

2
3 ® ¥

0� 2 ¯ 1  2

For the degenerate hypergeometric functions � ( ¥ , � ; � ) and � ( ¥ , � ; � ), see Supplement A.9 and
the books by Abramowitz and Stegun (1964) and Bateman and Erdélyi (1953, Vol. 1). For the Bessel
functions ° ¡

( � ) and ± ¡
( � ), see Supplement A.6 and the books by Abramowitz and Stegun (1964)

and Bateman and Erdélyi (1953, Vol. 2).

4.3.2. Equations of the Form ² 2 ³² ´ 2 = ( µ ¶ 2 + · ) ² 2 ³² ¶ 2 + ¸ ¶ ² ³² ¶ + ¹ ³ + º ( ¶ , ´ )

1. » 2 ¼» ½ 2
= ¾ 2 » 2 ¼» ¾ 2

+ ¿ ( ¾ , ½ ).
This is a special case of equation 4.3.2.2 with ¥ = 1 and À = Á = 0.

1 Â . Domain: 1 ≤ � ≤ ¥ . First boundary value problem.
The following conditions are prescribed:Ã = Ä 0( � ) at Å = 0 (initial condition),Æ Ç Ã = Ä 1( � ) at Å = 0 (initial condition),Ã = È 1( Å ) at � = 1 (boundary condition),Ã = È 2( Å ) at � = ¥ (boundary condition).

Solution:Ã ( � , Å ) = É Ç
0

É Ê
1 Ë ( Ì , Í ) Î ( Ï , Ì , Å − Í ) Ð Ì Ð Í

+
ÆÆ Å É Ê

1
Ä 0( Ì ) Î ( Ï , Ì , Å ) Ð Ì + É Ê

1
Ä 1( Ì ) Î ( Ï , Ì , Å ) Ð Ì

+ É Ç
0

È 1( Í ) Ñ ÆÆ Ì Î ( Ï , Ì , Å − Í ) Ò Ó
=1

Ð Í − Ô 2 É Ç
0

È 2( Í ) Ñ ÆÆ Ì Î ( Ï , Ì , Å − Í ) Ò Ó
= Ê Ð Í ,

whereÎ ( Ï , Ì , Å ) =
2 Õ ÏÌ 3  2 ln Ô Ö×�Ø

=1

1Ù Ø
sin( Ú Ø

ln Ï ) sin( Ú Ø
ln Ì ) sin(

Ù Ø Û
), Ú Ø

= Ü Ý
ln Ô ,

Ù Ø
= Þ Ú 2

Ø
+ 1

4 .
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2 Â . Domain: 1 ≤ Ï ≤ Ô . Second boundary value problem.
The following conditions are prescribed:Ã = ß 0( Ï ) at

Û
= 0 (initial condition),à á Ã = ß 1( Ï ) at

Û
= 0 (initial condition),à â Ã = ã 1(

Û
) at Ï = 1 (boundary condition),à â Ã = ã 2(

Û
) at Ï = Ô (boundary condition).

Solution: Ã ( Ï ,

Û
) = É á

0
É Ê

1 Ë ( Ì , Í ) Î ( Ï , Ì ,

Û
− Í ) Ð Ì Ð Í

+
àà Û É Ê

1
ß 0( Ì ) Î ( Ï , Ì ,

Û
) Ð Ì + É Ê

1
ß 1( Ì ) Î ( Ï , Ì ,

Û
) Ð Ì

− É á
0

ã 1( Í ) Î ( Ï , 1,

Û
− Í ) Ð Í + Ô 2 É á

0
ã 2( Í ) Î ( Ï , Ô ,

Û
− Í ) Ð Í ,

where Î ( Ï , Ì ,

Û
) =

Ô Û
( Ô − 1) Ì 2 +

8 Õ ÏÌ 3  2 ln Ô Ö×�Ø
=1

Ú 2

ØÙ Ø
(1 + Ú 2

Ø
) ä Ø

( Ï ) ä Ø
( Ì ) sin(

Ù Ø Û
),

ä Ø
( Ï ) = cos( Ú Ø

ln Ï ) −
1

2 Ú Ø
sin( Ú Ø

ln Ï ), Ú Ø
= Ü Ý

ln Ô ,
Ù Ø

= Þ Ú 2

Ø
+ 1

4 .å.æ
Reference: A. G. Butkovskiy (1979).

2. ç 2 èç é 2
= ê ë 2 ç 2 èç ë 2

+ ì ë ç èç ë + í è + î ( ë , é ).
The substitution Ï = ï ð ñ ( ï ≠ 0) leads to the constant coefficient equation

à áòá Ã = Ô à ñóñ Ã +( ô − Ô )
à ñ Ã +Á Ã + Ë ( ï ð ñ ,

Û
), which is discussed in Subsection 4.1.5.

3. ç 2 èç é 2
= ( ê ë 2 + ì ) ç 2 èç ë 2

+ ê ë ç èç ë + í è .

The substitution õ = É Ð ÏÕ Ô Ï 2 + ô leads to the constant coefficient equation
à áòá Ã =

à ñóñ Ã + Á Ã ,

which is discussed in Subsection 4.1.3.

4. ç 2 èç é 2
= ê 2 çç ë Ñ ( ö 2 – ë 2) ç èç ë Ò + î ( ë , é ).

Domain: 0 ≤ Ï ≤ ÷ . First boundary value problem.
The following conditions are prescribed:Ã = ß 0( Ï ) at

Û
= 0 (initial condition),à á Ã = ß 1( Ï ) at

Û
= 0 (initial condition),Ã = ã (

Û
) at Ï = 0 (boundary condition),Ã ≠ ø at Ï = ÷ (boundedness condition).

Solution:Ã ( Ï ,

Û
) =

àà Û É ù
0

ß 0( Ì ) Î ( Ï , Ì ,

Û
) Ð Ì + É ù

0
ß 1( Ì ) Î ( Ï , Ì ,

Û
) Ð Ì

+ Ô 2 ÷ 2 É á
0

ã ( Í ) Ñ àà Ì Î ( Ï , Ì ,

Û
− Í ) Ò Ó

=0
Ð Í + É á

0
É ù

0 Ë ( Ì , Í ) Î ( Ï , Ì ,

Û
− Í ) Ð Ì Ð Í .
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Here, Î ( Ï , Ì ,

Û
) =

1Ô ÷ Ö×�Ø
=1

4 Ý − 1Ù Ø ú
2

Ø
−1 û Ï ÷ ü ú

2

Ø
−1 û Ì ÷ ü sin(

Ù Ø Ô Û
),

Ù Ø
= ý 2 Ý (2 Ý − 1),

where
ú þ

( ÿ ) =
1

2

þ ï ! � þ
� ÿ þ �

( ÿ 2 − 1)

þ��
are the Legendre polynomials.å.æ

Reference: M. M. Smirnov (1975).

4.3.3. Other Equations

1. ç 2 èç é 2
= ê 2 � ç 2 èç � 2

+
2� ç èç � – � ( � + 1)� 2

è � , � = 1, 2, 3, � � �
General solution: 	

( 
 ,

Û
) = 
 Ø û 1
 àà 
 ü

Ø � � ( 
 + Ô Û
) + � ( 
 − Ô Û

)
 � ,

where � ( 
 1) and � ( 
 2) are arbitrary functions.å.æ
Reference: M. M. Smirnov (1975).

2. ç 2 èç é 2
= ç 2 èç ë 2

+  ë ç èç ë .

The hyperbolic Euler–Poisson–Darboux equation.

1 � . For � = 1 and � = 2, see Subsections 4.2.1–4.2.4. For � ≠ 1, the substitution õ = ÿ 1− � leads to
an equation of the form 4.5.3.1: à 2

	à Û
2 = (1 − � )2 õ 2 �� −1

à 2

	à õ 2 .

2 � . Suppose

	 � =
	 � ( ÿ ,

Û
) is a solution of the equation in question for a fixed value of the

parameter � . Then the functions �	 � defined by the relations�	 � =
à 	 �à Û

,�	 � = ÿ à 	 �à ÿ +

Û à 	 �à Û
,�	 � = 2 ÿ Û à 	 �à ÿ + ( ÿ 2 +

Û
2)

à 	 �à Û
+ � Û 	 �

are also solutions of this equation.
3 � . Suppose

	 � =
	 � ( ÿ ,

Û
) is a solution of the equation in question for a fixed value of the

parameter � . Using this

	 � , one can construct solutions of the equation with other values of the
parameter by the formulas 	

2− � = ÿ � −1

	 � ,	 � −2 = ÿ à 	 �à ÿ + ( � − 1)

	 � ,	 � −2 = ÿ Û à 	 �à ÿ + ÿ 2
à 	 �à Û

+ ( � − 1)

Û 	 � ,	 � −2 = ÿ ( ÿ 2 +

Û
2)

à 	 �à ÿ + 2 ÿ 2

Û à 	 �à Û
+

� ÿ 2 + ( � − 1)

Û
2

� 	 � ,	 � +2 =
1ÿ à 	 �à ÿ ,	 � +2 =

Û
ÿ à 	 �à ÿ +

à 	 �à Û
,	 � +2 =

ÿ 2 +

Û
2ÿ à 	 �à ÿ + 2

Û à 	 �à Û
+ � 	 � .å.æ

The results of Items 2 � and 3 � were obtained by A. V. Aksenov (2001).
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3. ç 2 èç é 2
= ç 2 èç ë 2

+
2 êë ç èç ë + ì 2 è , 0 < 2 ê < 1.

General solution: 	
( ÿ ,

Û
) = � 1

0

� ��� + ÿ (2 � − 1) �
[ � (1 − � )]1− � ¯� � −1 � 2 �óÿ ý � (1 − � ) � � �

+ ÿ 1−2 � � 1

0

� ��� + ÿ (2 � − 1) �
[ � (1 − � )] � ¯� − � � 2 �óÿ ý � (1 − � ) � � � ,

where � ( � 1) and � ( � 2) are arbitrary functions; ¯� −
¡
( � ) = � (1 − ¢ )2−

¡ � ¡ �
−
¡
( � );

�
−
¡
( � ) is the Bessel

function.�! 
Reference: M. M. Smirnov (1975).

4. " 2 #" é 2
= ê ë 4 " 2 #" ë 2

+ $ ( ë , é ).
The transformation � = 1 % ÿ , & =

	 % ÿ leads to the equation' 2 &' � 2 = Ô ' 2 &' � 2 + � � ( 1� , �*) ,

which is discussed in Subsection 4.1.2.

5. " 2 #" é 2
= ( ê ë + ì )4 " 2 #" ë 2

.

The transformation & =

	Ô + + � , � = Ô � +
1Ô + + � , , = − Ô � +

1Ô + + �
leads to the equation

' -/. & = 0. Thus, the general solution of the original equation has the form	
= ( Ô + + � )[ 0 ( � ) + 1 ( , )],

where 0 = 0 ( � ) and 1 = 1 ( , ) are arbitrary functions.�! 
Reference: N. H. Ibragimov (1994).

6. " 2 #" é 2
= ( ê 2 – ë 2)2 " 2 #" ë 2

+ $ ( ë , é ).
Domain: − 2 ≤ + ≤ 2 . First boundary value problem.
The following conditions are prescribed:	

= 0 ( + ) at � = 0 (initial condition),' 3 	
= 1 ( + ) at � = 0 (initial condition),	
= 0 at + = 2 (boundary condition),	
= 0 at + = − 2 (boundary condition).

Solution for 0 < 2 < Ô :	
( + , � ) =

'' � � 4
− 4 0 ( � ) 5 ( + , � , � ) 6 � + � 4

− 4 1 ( � ) 5 ( + , � , � ) 6 � + � 3
0

� 4
− 4 7 ( � , 8 ) 5 ( + , � , � − 8 ) 6 � 6 8 ,

where 5 ( + , � , � ) =
2 Ô9

( � 2 − Ô 2)2 :;=<
=1

1> < ? <
( + )

? <
( � ) sin(

> < � ),? <
( + ) = @ Ô 2 − + 2 sin ( A B2 + A B2

9 ln
Ô + +Ô − + ) ,

> <
=

Ô9 @ A 2 B 2 +
9 2,

9
= ln

Ô + 2Ô − 2 .�! 
Reference: A. G. Butkovskiy (1979).
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7. " 2 #" C 2
= ( D – E 1)2( D – E 2)2 " 2 #" D 2

, E 1 ≠ E 2.

The transformation 	
( + , � ) = ( + − Ô 2) & ( � , 8 ), � = ln FFFF + − Ô 1+ − Ô 2

FFFF , 8 = | Ô 1 − Ô 2| �
leads to the constant coefficient equation

' G G & =
' HIH & −

' H & , which is discussed in Subsection 4.1.4.

8. " 2 #" C 2
= ( E D 2 + J D + í )2 " 2 #" D 2

.

The transformation 	
( + , � ) = & ( � , � ) K | Ô + 2 + �/+ + L |, � = M 6 +N + 2 + O/+ + L

leads to the constant coefficient equation P 3Q3SR
= P -/-�R

+ T N L − 1
4 O 2 � R , which is discussed in Subsec-

tion 4.1.3.

9. U 2 VU C 2
= E 2 UU D W D X U VU D ) + Y ( D , C ).

1 Z . Domain: 0 ≤ + ≤ 2 . First boundary value problem.
The following conditions are prescribed:

1.1. Case 0 < [ < 1: 	
= 0 0( + ) at � = 0 (initial condition),P 3 	
= 0 1( + ) at � = 0 (initial condition),	
= 0 at + = 0 (boundary condition),	
= 1 ( � ) at + = 2 (boundary condition).

Solution:	
( + , � ) =

PP � M 4
0

0 0( � ) 5 ( + , � , � ) 6 � + M 4
0

0 1( � ) 5 ( + , � , � ) 6 �
− N 2 2�\ M 3

0
1 ( 8 ) ] PP � 5 ( + , � , � − 8 ) ^ H

= 4 6 8 + M 3
0

M 4
0 7 ( � , 8 ) 5 ( + , � , � − 8 ) 6 � 6 8 . (1)

Here, 5 ( + , � , � ) = :;=<
=1

, < ( + ) , <
( � ) sin(

> < N � )N _ , < _ 2 > <
,

> <
= ` <

2
(2 − [ ) 2 \ −2

2 , (2)

where a <
( b ) = b 1− \2 c d W ` < e b f g 2− \2 h , _ a i _ 2 = M j

0

a
2

i
( b ) k b , l = FFFF 1 − [

2 − [ FFFF ;the ` i
are positive zeros of the Bessel function, c d ( ` ) = 0.

1.2. Case 1 ≤ [ < 2: 	
= m 0( b ) at � = 0 (initial condition),P n 	 = m 1( b ) at � = 0 (initial condition),	
≠ o at b = 0 (boundedness condition),	
= p ( � ) at b =

f
(boundary condition).

The solution is given by the formulas presented in Item 1.1.q!r
Reference: M. M. Smirnov (1975).
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2 Z . Domain: 0 ≤ b ≤
f
. Mixed boundary value problem.

The following conditions are prescribed:	
= m 0( b ) at s = 0 (initial condition),P n 	 = m 1( b ) at s = 0 (initial condition),

( b \ P t 	 ) = 0 at b = 0 (boundary condition),	
= p ( s ) at b =

f
(boundary condition).

The solution for 0 < [ < 1 is given by relations (1) and (2) witha i
( b ) = b 1− \2 c − d W ` i e b f g 2− \2 h , _ a i _ 2 = M j

0

a
2

i
( b ) k b , l =

1 − [
2 − [ ;

the ` i
are positive zeros of the Bessel function, c − d ( ` ) = 0.

3 Z . For u ≡ 0, the change of variable v = b 1− \ leads to an equation of the form 4.3.3.10:P 2

	P s 2 = N 2(1 − [ )2 v \\ −1
P 2

	P v 2 .

10. U 2 VU w 2
= x 2 y X U 2 VU y 2

.

1 Z . Particular solutions ( z 1, z 2, { 1, { 2, and ` are arbitrary constants):	
( b , s ) = | b }~z 1 c 1

2 � T ` b ��� + z 2 � 1
2 � T ` b ����� � { 1 sin( N � ` s ) + { 2 cos( N � ` s ) � ,	

( b , s ) = | b }~z 1 � 1
2 � T ` b � � + z 2 � 1

2 � T ` b � ��� � { 1 sinh( N � ` s ) + { 2 cosh( N � ` s ) � ,
where � = 1

2 (2 − [ ); c � ( v ) and � � ( v ) are the Bessel functions; � � ( v ) and � � ( v ) are the modified
Bessel functions.

2 Z . Below are discrete transformations that preserve the form of the original equation; what changes
is the parameter � .

2.1. The point transformationv =
1b ,

R
=

	 b (transformation � )

leads to a similar equation �
2 �� s 2 = � 2 v 4− \ �

2 �� v 2 .

The transformation � changes the equation parameter in accordance with the rule [ �� � 4− � .
The double application of the transformation � yields the original equation.

2.2. Suppose

	
=

	
( b , s ) is a solution of the original equation. Then the function � = � ( � , � ),

which is related to the solution

	
=

	
( b , s ) by the Bäcklund transformation� ( � , � ) =

�� b 	
( b , s ), b = � 1

1− � , � = |1 − � | s (transformation � ),

is a solution of a similar equation �
2 �� � 2 = � 2 � �� −1

�
2 �� � 2 .

The transformation � changes the equation parameters in accordance with the rule � �� ��� − 1
. The double application of the transformation � yields the original equation.
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2.3. The composition of transformations � = � � � changes the equation parameter as follows:� �� � 4 − �
3 − � �� � 8 − 3 �

5 − 2 � �� � 12 − 5 �
7 − 3 � �� � 16 − 7 �

9 − 4 � �� � �����
The � -fold application of the transformation � yields the equation with parameter� � �� � 4 � − (2 � − 1) �

2 � + 1 − � � . (1)

2.4. The composition of transformations � = � � � changes the equation parameter as follows:� �� � 4 − 3 �
1 − � �� � 8 − 5 �

3 − 2 � �� � 12 − 7 �
5 − 3 � �� � 16 − 9 �

7 − 4 � �� � �����
The � -fold application of the transformation � yields the equation with parameter� � �� � 4 � − (2 � + 1) �

2 � − 1 − � � . (2)

2.5. Setting � = 0 in (1) and (2), we arrive at two families of equations�
2

	� s 2 = � 2   4

i
2

i
+1

�
2

	�   2 at � = 1, 2, ����� ;�
2

	� s 2 = � 2   4

i
2

i
−1

�
2

	�   2 at � = 1, 2, ����� ;
whose solutions can be obtained with the aid of the wave equation; for this constant coefficient wave
equation, see Subsection 4.1.1.

3 ¡ . Below are some useful transformations that lead to other equations.
3.1. The substitution � =   1− � leads to an equation of the form 4.3.3.9:�

2

	� s 2 = � 2(1 − � )2

�� � ¢ � �� −1

� 	� � £ .

3.2. The transformation � = 1
2 � |2 − � | s , � =   2− �

2 leads to an equation of the form 4.3.3.3:�
2

	� � 2 =

�
2

	� � 2 +
�� − 2

1� � 	� � .

11. ¤ 2 ¥¤ w 2
= w/¦ ¤ 2 ¥¤ y 2

.

1 ¡ . Domain: − § <   < § . Cauchy problem.
Initial conditions are prescribed: 	

= ¨ (   ) at © = 0,� ª 	
= « (   ) at © = 0.

Solution for � > 0:	
(   , © ) = ¬ (2  )¬ 2(  ) ® 1

0
¨ ¢ ¯ +

2° + 2
© ± +2

2 (2 ² − 1) £ [ ² (1 − ² )] ³ −1 ´ ²
+ ¬ (2 − 2  )¬ 2(1 −  )

© ® 1

0
« ¢ ¯ +

2° + 2
© ± +2

2 (2 ² − 1) £ [ ² (1 − ² )]− ³ ´ ² ,

where  =
°

2( ° + 2)
, ¬ ( µ ) = ® ¶0 · − ¸*¹»º −1 ´ ¹ .¼!½

Reference: M. M. Smirnov (1975).
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2 ¾ . Domain: 0 ≤ ¯ ≤ ¿ . First boundary value problem.
The following conditions are prescribed:	

= ¨ ( ¯ ) at © = 0 (initial condition),À ª 	
= « ( ¯ ) at © = 0 (initial condition),	
= 0 at ¯ = 0 (boundary condition),	
= 0 at ¯ = ¿ (boundary condition).

Solution for ° > −1:	
( ¯ , © ) = Á © ¶Â=Ã

=1 Ä~Å Ã Æ
− Ç È 2É Ê Ã © 1

2 Ç Ë + Ì Ã Æ Ç È 2É Ê Ã © 1
2 Ç Ë Í sin( Ê Ã ¯ ),

Å Ã
= ¬ (1 − É )( Ê Ã É ) Ç 2¿ ® Î0 Ï ( ¯ ) sin( Ê Ã ¯ ) ´ ¯ , É =

1° + 2
,Ì Ã

= Ð (1 + É )( Ê Ã É )− Ç 2¿ ® Î0 Ñ ( ¯ ) sin( Ê Ã ¯ ) ´ ¯ , Ê Ã
= Ò Ó¿ ,

where Ð (É ) is the gamma function.¼!½
Reference: M. M. Smirnov (1975).

12. Ô 2 ÕÔ Ö 2
= Ö/× Ô 2 ÕÔ Ø 2

+ Ù Ö × –2
2 Ô ÕÔ Ø , Ú ≥ 2.

Domain: − Û < ¯ < Û . Cauchy problem.
Initial conditions are prescribed: 	

= Ï ( ¯ ) at Ü = 0,À Ý 	
= Ñ ( ¯ ) at Ü = 0.

1 ¾ . Solution for | Þ | < 1
2
° :	

( ¯ , Ü ) =
Ð ( ß + à )Ð ( ß ) Ð ( à ) ® 1

0 Ï á ¯ +
2° + 2

Ü ± +2
2 (2 ² − 1) â ² ³ −1(1 − ² ) ã −1 ´ ²

+
Ð (2 − ß − à )Ð (1 − ß ) Ð (1 − à )

Ü ® 1

0 Ñ á ¯ +
2° + 2

Ü ± +2
2 (2 ² − 1) â ² − ã (1 − ² )− ³ ´ ² ,

where ß =
° − 2 Þ

2( ° + 2)
, à =

° + 2 Þ
2( ° + 2)

, Ð ( µ ) = ® ¶0 · − ¸ ¹ º −1 ´ ¹ .
2 ¾ . Solution for Þ = 1

2
° :ä ( ¯ , Ü ) = Ï á ¯ +

2° + 2
Ü ± +2

2 â +
2 Ü° + 2 ® 1

0 Ñ á ¯ +
2° + 2

Ü ± +2
2 (2 ² − 1) â (1 − ² )− ±± +2 ´ ² .

3 ¾ . Solution for Þ = − 1
2
° :ä ( ¯ , Ü ) = Ï á ¯ −
2° + 2

Ü ± +2
2 â +

2 Ü° + 2 ® 1

0 Ñ á ¯ +
2° + 2

Ü ± +2
2 (2 ² − 1) â (1 − ² )− ±± +2 ´ ² .¼!½

Reference: M. M. Smirnov (1975).

13. ( Ù + Ø )2 Ô 2 ÕÔ Ö 2
= å 2 ÔÔ Ø æ ( Ù + Ø )2 Ô ÕÔ Ø ç .

General solution: ä ( ¯ , Ü ) = Ï ( ¯ + è Ü ) + Ñ ( ¯ − è Ü )Þ + ¯ ,

where Ï ( é ) and Ñ ( µ ) are arbitrary functions.
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4.4. Equations Containing the First Time Derivative

4.4.1. Equations of the Form ê 2 ëê ì 2 + í ê ëê ì = î 2 ê 2 ëê ï 2 + ð ê ëê ï + ñ ë + ò ( ï , ì )

1. Ô 2 ÕÔ Ö 2
+ ó Ô ÕÔ Ö = å 2 Ô 2 ÕÔ Ø 2

+ ô ( Ø , Ö ).
For õ ( ö , Ü ) ≡ 0, this equation governs free transverse vibration of a string, and also longitudinal
vibration of a rod in a resisting medium with a velocity-proportional resistance coefficient.

1 ÷ . The substitution ä ( ö , Ü ) = exp ø − 1
2 ù ÜIú»û ( ö , Ü ) leads to the equationü 2 ûü Ü 2 = è 2
ü 2 ûü ö 2 + 1

4 ù 2 û + exp ø 1
2 ù ÜIú õ ( ö , Ü ),

which is considered in Subsection 4.1.3.

2 ÷ . Fundamental solution:ý ý
( ö , Ü ) =

1
2 è þ øÿè Ü − | ö | ú exp ø − 1

2 ù ÜIú�� 0 ø 1
2 ù � Ü 2 − ö 2� è 2 ú ,

where þ ( � ) is the Heaviside unit step function and � 0( � ) is the modified Bessel function.���
Reference: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974).

3 ÷ . Domain: − Û < ö < Û . Cauchy problem.
Initial conditions are prescribed: ä = � ( ö ) at Ü = 0,ü Ý ä = Ñ ( ö ) at Ü = 0.

Solution:ä ( ö , Ü ) = 1
2 exp ø − 1

2 ù Ü ú 	 � ( ö + è Ü ) + � ( ö − è Ü ) 

+ ù Ü

4 è exp ø − 1
2 ù Ü ú � � + ��

� − �� � 1 ø 1
2 ù � � 2 − ( � − � )2� � 2 �
� � 2 − ( � − � )2� � 2

� ( � ) � �
+

1
2 � exp � − 1

2 � � � � � + ��
� − �� � 0 � 1

2 � � � 2 − ( � − � )2� � 2 � ��� ( � ) + 1
2 � � ( � ) � � �

+
1

2 � � �
0

� � +  ( � −  )

� −  ( � −  )
exp � − 1

2 � ( � − ! ) � � 0 � 1
2 � � ( � − ! )2 − ( � − � )2� � 2 � " ( � , ! ) � � � ! ,

where � 0( # ) and � 1( # ) are the modified Bessel functions of the first kind.

4 $ . Domain: 0 ≤ � ≤ % . First boundary value problem.
The following conditions are prescribed:& = � 0( � ) at � = 0 (initial condition),' � & = � 1( � ) at � = 0 (initial condition),& = � 1( � ) at � = 0 (boundary condition),& = � 2( � ) at � = % (boundary condition).

Solution:& ( � , � ) = � �
0

� (
0

" ( � , ! ) ) ( � , � , � − ! ) � � � !
+

'' � � (
0

� 0( � ) ) ( � , � , � ) � � + � (
0

� � 1( � ) + � � 0( � ) �*) ( � , � , � ) � �
+ � 2 � �

0

� 1( ! ) + '' � ) ( � , � , � − ! ) , -
=0

� ! − � 2 � �
0

� 2( ! ) + '' � ) ( � , � , � − ! ) , -
= ( � ! ,
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where�
( � , � , � ) =

2�
exp

�
− � �

2 � �	�

=1

sin
� �  �� � sin

� �  �� � sin( � 
 � )� 

, � 


= � � 2
�

2


2�
2 − � 2

4
.

Example. Consider the homogeneous equation ( � ≡ 0). The initial shape of the string is a triangle with base 0 ≤ � ≤ �
and height � at � = � , that is, �

( � ) = ��� �� � �� for 0 ≤ � ≤ � ,� ( � − � )� − � for � ≤ � ≤ � .
The initial velocities of the string points are zero, � ( � ) = 0.

Solution: �
( � , � ) =

2 � � 2� 2 � ( � − � )
exp � − 1

2  �"! #$ %
=1

1& 2 sin ' & � �� ( sin ' & � �� ( ) %
( � ),

where

) %
( � ) =

�������� �������
cos( * % � ) +  

2 * %
sin( * % � ) for  <

2 � & +� ,

1 +  �
2

for  =
2 � & +� ,

cosh( * % � ) +  
2 * %

sinh( * % � ) for  >
2 � & +� ,

* %
= , ---- + 2 & 2 � 2� 2 −  2

4
---- ..0/

References: M. M. Smirnov (1975), B. M. Budak, A. N. Tikhonov, and A. A. Samarskii (1980).

5 1 . For the second and third boundary value problems on the interval 0 ≤ � ≤
�
, see equation 4.4.1.2

(Items 5 1 and 6 1 with 2 = 0).

2. 3 2 43 5 2
+ 6 3 43 5 = 7 2 3 2 43 8 2

+ 9 4 + : ( 8 , 5 ).
Telegraph equation (with � > 0, 2 < 0, and ; ( � , � ) ≡ 0).

1 1 . The substitution < ( � , � ) = exp = − 1
2 � �?>A@ ( � , � ) leads to the equationB 2 @B � 2 = � 2

B 2 @B � 2 + ( 2 + 1
4 � 2) @ + exp = 1

2 � � > ; ( � , � ),
which is considered in Subsection 4.1.3.

2 1 . Fundamental solutions:C C
( � , � ) =

1
2 � D = � � − | � | > exp = − 1

2 � � >AE 0 =GF H � 2 − � 2I � 2 > for 2 + 1
4 � 2 = F 2 > 0,C C

( � , � ) =
1

2 � D = � � − | � | > exp = − 1
2 � �?> J 0 = F H � 2 − � 2I � 2 > for 2 + 1

4 � 2 = − F 2 < 0,

where D ( K ) is the Heaviside unit step function, J 0( K ) and J 1( K ) are the Bessel functions, and E 0( K )
and E 1( K ) are the modified Bessel functions.

3 1 . Domain: − L < � < L . Cauchy problem.
Initial conditions are prescribed: < = M ( � ) at � = 0,B N < = O ( � ) at � = 0.
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Solution for 2 + 1
4 � 2 = F 2 > 0:< ( � , � ) = 1

2 exp = − 1
2 � �?> PQM ( � + � � ) + M ( � − � � ) R

+
F �
2 � exp = − 1

2 � � > S + TVUS − TVU W 1 XGY Z [ 2 − ( \ − ] )2̂ _ 2 >Z [ 2 − ( \ − ] )2̂ _ 2 ` ( ] ) a ]
+

1
2 _ exp X − 1

2 b [ > c S + TVUS − TVU W 0 XGY Z [ 2 − ( \ − ] )2̂ _ 2 > dfe ( ] ) + 1
2 b ` ( ] ) g a ]

+
1

2 _ c U
0

c S + T ( U − h )S − T ( U − h )
exp d − 1

2 b ( [ − i ) g W 0 XGY Z ( [ − i )2 − ( \ − ] )2̂ _ 2 > j ( ] , i ) a ] a i .

Solution for k + 1
4 b 2 = − Y 2 < 0:l ( \ , [ ) = 1

2 exp X − 1
2 b [ > d ` ( \ + _ [ ) + ` ( \ − _ [ ) g

− Ym[
2 _ exp X − 1

2 b [ > c S + TVUS − TVU n 1 XGY Z [ 2 − ( \ − ] )2̂ _ 2 >Z [ 2 − ( \ − ] )2̂ _ 2 ` ( ] ) a ]
+

1
2 _ exp X − 1

2 b [ > c S + TVUS − TVU n 0 XGY Z [ 2 − ( \ − ] )2̂ _ 2 > doe ( ] ) + 1
2 b ` ( ] ) g a ]

+
1

2 _ c U
0

c S + T ( U − h )S − T ( U − h )
exp d − 1

2 b ( [ − i ) g n 0 X Y Z ( [ − i )2 − ( \ − ] )2̂ _ 2 > j ( ] , i ) a ] a i .

4 p . Domain: 0 ≤ \ ≤ q . First boundary value problem.
The following conditions are prescribed:l = ` 0( \ ) at [ = 0 (initial condition),B U l = ` 1( \ ) at [ = 0 (initial condition),l = e 1( [ ) at \ = 0 (boundary condition),l = e 2( [ ) at \ = q (boundary condition).

Solution:l ( \ , [ ) = c U
0

c r
0

j ( ] , i ) s ( \ , ] , [ − i ) a ] a i
+

BB [ c r
0 ` 0( ] ) s ( \ , ] , [ ) a ] + c r

0
d ` 1( ] ) + b ` 0( ] ) gAs ( \ , ] , [ ) a ]

+ _ 2 c U
0

e 1( i ) t BB ] s ( \ , ] , [ − i ) u v
=0

a i − _ 2 c U
0

e 2( i ) t BB ] s ( \ , ] , [ − i ) u v
= r a i .

Let _ 2 w 2 − kmq 2 − 1
4 b 2 q 2 > 0. Thens ( \ , ] , [ ) =

2q exp x − b [
2 y z{�


=1

sin x w | \q y sin x w | ]q y sin X [~} � 
 >} � 

, � 


=
_ 2 w 2 | 2q 2 − k − b 2

4
.

Let _ 2 w 2 | 2 − kmq 2 − 1
4 b 2 q 2 ≤ 0 for | = 1, ����� , � and _ 2 w 2 | 2 − kmq 2 − 1

4 b 2 q 2 > 0 for | = � + 1, � + 2, �����
Then s ( \ , ] , [ ) =

2q exp x − b [
2 y �{ 


=1

sin x w | \q y sin x w | ]q y sinh X [ } � 
 >} � 

+

2q exp x − b [
2 y z{


= � +1

sin x w | \q y sin x w | ]q y sin X [~} � 
 >} � 

,� 


= k + b 2

4
−

_ 2 w 2 | 2q 2 , � 

=

_ 2 w 2 | 2q 2 − k − b 2

4
.
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5 p . Domain: 0 ≤ \ ≤ q . Second boundary value problem.
The following conditions are prescribed:l = ` 0( \ ) at [ = 0 (initial condition),B U l = ` 1( \ ) at [ = 0 (initial condition),B S l = e 1( [ ) at \ = 0 (boundary condition),B S l = e 2( [ ) at \ = q (boundary condition).

Solution: l ( \ , [ ) = c U
0

c r
0

j ( ] , i ) s ( \ , ] , [ − i ) a ] a i
+

BB [ c r
0 ` 0( ] ) s ( \ , ] , [ ) a ] + c r

0
d ` 1( ] ) + b ` 0( ] ) gAs ( \ , ] , [ ) a ]

− _ 2 c U
0

e 1( i ) s ( \ , 0, [ − i ) a i + _ 2 c U
0

e 2( i ) s ( \ , q , [ − i ) a i .

For � = k + 1
4 b 2 < 0,s ( \ , ] , [ ) = exp X − 1

2 b [ > t sin X�[ } |� | >q } |� |
+

2q z{�

=1

cos( � 
 \ ) cos( � 
 ] )
sin X�[ Z _ 2 � 2



− � >Z _ 2 � 2



− � u , � 


=
w |q .

For � = k + 1
4 b 2 > 0,s ( \ , ] , [ ) = exp X − 1

2 b [ > t sinh X�[ } � >q } � +
2q z{�


=1

cos( � 
 \ ) cos( � 
 ] )
sin X�[ Z _ 2 � 2



− � >Z _ 2 � 2



− � u , � 


=
w |q .

If the inequality _ 2 � 2



− � < 0 holds for several first values | = 1, ����� , � , then the expressionsZ _ 2 � 2



− � should be replaced by Z | _ 2 � 2



− � | and the sines by the hyperbolic sines in the corre-

sponding terms of the series.

6 p . Domain: 0 ≤ \ ≤ q . Third boundary value problem.
The following conditions are prescribed:l = ` 0( \ ) at [ = 0 (initial condition),B U l = ` 1( \ ) at [ = 0 (initial condition),B S l − � 1

l = e 1( [ ) at \ = 0 (boundary condition),B S l + � 2
l = e 2( [ ) at \ = q (boundary condition).

The solution l ( \ , [ ) is determined by the formula in Item 5 p withs ( \ , ] , [ ) = exp X − 1
2 b [ > z{ 


=1 �



( \ ) �



( ] ) sin X�[ Z _ 2 � 2



− � >� 
 Z _ 2 � 2



− � , � = k + 1

4 b 2,

�



( \ ) = cos( � 
 \ ) +
� 1� 


sin( � 
 \ ),
� 


=
� 2

2 � 2


 � 2



+ � 2

1� 2



+ � 2

2
+

� 1

2 � 2



+

q
2

x 1 +
� 2

1� 2


 y .

Here, the � 

are positive roots of the transcendental equation

tan( � q )� =
� 1 + � 2� 2 − � 1 � 2

.

If the inequality _ 2 � 2



− � < 0 holds for several first values | = 1, ����� , � , then the expres-

sions Z _ 2 � 2



− � should be replaced by Z | _ 2 � 2



− � | and the sines by the hyperbolic sines in the

corresponding terms of the series.
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3. � 2 �� � 2
+ � � �� � = � 2 � 2 �� � 2

+ � � �� � + � � + � ( � , � ).
1 p . The substitution l ( \ , [ ) = exp X − 1

2
_ −2 kV\ − 1

2 b [?�A� ( \ , [ ) leads to the equation� 2 �� [ 2 = _ 2
� 2 �� \ 2 + XGY + 1

4 b 2 − 1
4
_ −2 k 2 � � + exp X 1

2
_ −2 kV\ + 1

2 b [ � j ( \ , [ ),
which is discussed in Subsection 4.1.3.

2 p . Fundamental solutions:� �
( \ , [ ) =

1
2 _ � X _ [ − | \ | � exp x −

kV\
2 _ 2 − b [

2 y W 0 x � � [ 2 −
\ 2_ 2 y if Y + b 2

4
−

k 2

4 _ 2 = � 2 > 0,� �
( \ , [ ) =

1
2 _ � X _ [ − | \ | � exp x −

kV\
2 _ 2 − b [

2 y n 0 x � � [ 2 −
\ 2_ 2 y if Y + b 2

4
−

k 2

4 _ 2 = − � 2 < 0,

where � ( � ) is the Heaviside unit step function, n 0( � ) and n 1( � ) are the Bessel functions, and W 0( � )
and W 1( � ) are the modified Bessel functions.

3 p . Domain: − � < \ < � . Cauchy problem.
Initial conditions are prescribed: l = ` ( \ ) at [ = 0,� � l = e ( \ ) at [ = 0.

Solution for � + 1
4 b 2 − 1

4
_ −2 k 2 = � 2 > 0:l ( \ , [ ) =

1
2

exp x − b [
2 y t ` ( \ + _ [ ) exp x k [

2 _ y + ` ( \ − _ [ ) exp x −
k [
2 _ y u

+
� [
2 _ exp x −

kV\
2 _ 2 − b [

2 y c � +   �� −   � exp x kV]
2 _ 2 y ¡ 1 ¢ � £ ¤ 2 − ( ¥ − ¦ )2§ ¨ 2 �£ ¤ 2 − ( ¥ − ¦ )2§ ¨ 2 © ( ¦ ) ª ¦

+
1

2 ¨ exp x − « ¥
2 ¨ 2 − ¬ ¤

2 y  � +   �� −   � exp ® « ¦
2 ¨ 2 ¯ ° 0 ±G² ³ ´ 2 − ( µ − ¶ )2· ¸ 2 ¹ ºf» ( ¶ )+ 1

2 ¼ ½ ( ¶ ) ¾ ¿ ¶
+

1
2 ¸  �

0  � +   (
�
− À )� −   (

�
− À )

exp Á Â ( ¶ − µ )
2 ¸ 2 − ¼ ( ´ − Ã )

2 Ä ° 0 ± ² ³ ( ´ − Ã )2 − ( µ − ¶ )2· ¸ 2 ¹ Å ( ¶ , Ã ) ¿ ¶ ¿ Ã .

Solution for � + 1
4 ¼ 2 − 1

4
¸ −2 Â 2 = − ² 2 < 0:Æ ( µ , ´ ) =

1
2

exp ® − ¼
2́ ¯ Á ½ ( µ + ¸ ´ ) exp ® Â ´

2 ¸ ¯ + ½ ( µ − ¸ ´ ) exp ® − Â ´
2 ¸ ¯ Ä

− ² ´
2 ¸ exp ® − Â µ

2 ¸ 2 − ¼
2́ ¯  � +   �� −   � exp ® Â ¶

2 ¸ 2 ¯ Ç 1 ±G² ³ ´ 2 − ( µ − ¶ )2· ¸ 2 ¹³ ´ 2 − ( µ − ¶ )2· ¸ 2 ½ ( ¶ ) ¿ ¶
+

1
2 ¸ exp ® − Â µ

2 ¸ 2 − ¼
2́ ¯  � +   �� −   � exp ® Â ¶

2 ¸ 2 ¯ Ç 0 ±G² ³ ´ 2 − ( µ − ¶ )2· ¸ 2 ¹ ºo» ( ¶ )+ 1
2 ¼ ½ ( ¶ ) ¾ ¿ ¶

+
1

2 ¸  �
0  � +   (

�
− À )� −   (

�
− À )

exp Á Â ( ¶ − µ )
2 ¸ 2 − ¼ ( ´ − Ã )

2 Ä Ç 0 ±G² ³ ( ´ − Ã )2 − ( µ − ¶ )2· ¸ 2 ¹ Å ( ¶ , Ã ) ¿ ¶ ¿ Ã .È0É
Reference: A. N. Tikhonov and A. A. Samarskii (1990).
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4 Ê . Domain: 0 ≤ µ ≤ Ë . First boundary value problem.
The following conditions are prescribed:Æ = ½ 0( µ ) at ´ = 0 (initial condition),Ì � Æ = ½ 1( µ ) at ´ = 0 (initial condition),Æ = » 1( ´ ) at µ = 0 (boundary condition),Æ = » 2( ´ ) at µ = Ë (boundary condition).

Solution:Æ ( µ , ´ ) =  �
0  Í0

Å ( ¶ , Ã ) Î ( µ , ¶ , ´ − Ã ) ¿ ¶ ¿ Ã
+

ÌÌ ´  Í0
½ 0( ¶ ) Î ( µ , ¶ , ´ ) ¿ ¶ +  Í0

º ½ 1( ¶ ) + ¼ ½ 0( ¶ ) ¾AÎ ( µ , ¶ , ´ ) ¿ ¶
+ ¸ 2  �

0

» 1( Ã ) Á ÌÌ ¶ Î ( µ , ¶ , ´ − Ã ) Ä Ï =0
¿ Ã − ¸ 2  �

0

» 2( Ã ) Á ÌÌ ¶ Î ( µ , ¶ , ´ − Ã ) Ä Ï = Í ¿ Ã .

Let ¸ 2 Ð 2 + 1
4
¸ −2 Â 2 Ë 2 − �AË 2 − 1

4 ¼ 2 Ë 2 > 0. ThenÎ ( µ , ¶ , ´ ) =
2Ë exp Á Â ( ¶ − µ )

2 ¸ 2 − ¼
2́ Ä ÑÒ�Ó

=1

sin ® Ð Ô µË ¯ sin ® Ð Ô ¶Ë ¯ sin ± ´~Õ Ö Ó ¹Õ Ö Ó
,Ö Ó

=
¸ 2 Ð 2 Ô 2Ë 2 + Â 2

4 ¸ 2 − � − ¼ 2

4
.

Let ¸ 2 Ð 2 Ô 2 + 1
4
¸ −2 Â 2 Ë 2 − �AË 2 − 1

4 ¼ 2 Ë 2 ≤ 0 for Ô = 1, ×�×�× , � ;¸ 2 Ð 2 Ô 2 + 1
4
¸ −2 Â 2 Ë 2 − �AË 2 − 1

4 ¼ 2 Ë 2 > 0 for Ô = � + 1, � + 2, ×�×�×
Then Î ( µ , ¶ , ´ ) =

2Ë exp Á Â ( ¶ − µ )
2 ¸ 2 − ¼

2́ Ä �Ò�Ó
=1

sin ® Ð Ô µË ¯ sin ® Ð Ô ¶Ë ¯ sinh ±�´ Õ Ø Ó ¹Õ Ø Ó
+

2Ë exp Á Â ( ¶ − µ )
2 ¸ 2 − ¼

2́ Ä ÑÒÓ
= � +1

sin ® Ð Ô µË ¯ sin ® Ð Ô ¶Ë ¯ sin ±�´ Õ Ö Ó ¹Õ Ö Ó
,

where Ø Ó
= � + ¼ 2

4
−

¸ 2 Ð 2 Ô 2Ë 2 − Â 2

4 ¸ 2 and Ö Ó
=

¸ 2 Ð 2 Ô 2Ë 2 + Â 2

4 ¸ 2 − � − ¼ 2

4
.È0É

Reference: A. G. Butkovskiy (1979).

5 Ê . Domain: 0 ≤ µ ≤ Ë . Second boundary value problem.
The following conditions are prescribed:Æ = ½ 0( µ ) at ´ = 0 (initial condition),Ì � Æ = ½ 1( µ ) at ´ = 0 (initial condition),Ì � Æ = » 1( ´ ) at µ = 0 (boundary condition),Ì � Æ = » 2( ´ ) at µ = Ë (boundary condition).

Solution: Æ ( µ , ´ ) =  �
0  Í0

Å ( ¶ , Ã ) Î ( µ , ¶ , ´ − Ã ) ¿ ¶ ¿ Ã
+

ÌÌ ´  Í0
½ 0( ¶ ) Î ( µ , ¶ , ´ ) ¿ ¶ +  Í0

º ½ 1( ¶ ) + ¼ ½ 0( ¶ ) ¾AÎ ( µ , ¶ , ´ ) ¿ ¶
− ¸ 2  �

0

» 1( Ã ) Î ( µ , 0, ´ − Ã ) ¿ Ã + ¸ 2  �
0

» 2( Ã ) Î ( µ , Ë , ´ − Ã ) ¿ Ã .
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For Ù = � + 1
4 ¼ 2 < 0,Î ( µ , ¶ , ´ ) = Ú exp ® Â ¶¸ 2 − ¼

2́ ¯ sin ±�´ Õ |Ù | ¹Õ |Ù |
+

2Ë exp Á Â ( ¶ − µ )
2 ¸ 2 − ¼

2́ Ä ÑÒ�Ó
=1 Û

Ó
( µ ) Û

Ó
( ¶ )

1 + Ü 2

Ó sin ±�´ Õ Ö Ó ¹Õ Ö Ó
,

where Ú = Â¸ 2 ±GÝ Þ ÍQßVà 2 − 1 ¹ , Ö Ó
=

¸ 2 Ð 2 Ô 2Ë 2 + Â 2

4 ¸ 2 − á − ¼ 2

4
,

Û
Ó

( µ ) = cos ® Ð Ô µË ¯ + Ü Ó
sin ® Ð Ô µË ¯ , Ü Ó

= Â Ë
2 ¸ 2 Ð Ô .

For Ù = á + 1
4 ¼ 2 > 0,Î ( µ , ¶ , ´ ) = Ú exp ® Â ¶¸ 2 − ¼

2́ ¯ sinh ± ´ Õ Ù ¹Õ Ù +
2Ë exp Á Â ( ¶ − µ )

2 ¸ 2 − ¼
2́ Ä ÑÒ�Ó

=1 Û
Ó

( µ ) Û
Ó

( ¶ )
1 + Ü 2

Ó sin ± ´~Õ Ö Ó ¹Õ Ö Ó
,

where the coefficient Ú , Ö Ó
, Ü Ó

and the functions Û
Ó

( µ ) remain as before. If the inequality Ö Ó
< 0

holds for several first values Ô = 1, ×�×�× , � , then the expressions Õ Ö Ó
must be replaced by Õ | Ö Ó

| and
the sines by the hyperbolic sines in the corresponding terms of the series.

6 Ê . Domain: 0 ≤ µ ≤ Ë . Third boundary value problem.
The following conditions are prescribed:Æ = ½ 0( µ ) at ´ = 0 (initial condition),Ì â Æ = ½ 1( µ ) at ´ = 0 (initial condition),Ì ã Æ − ä 1

Æ = » 1( ´ ) at µ = 0 (boundary condition),Ì ã Æ + ä 2
Æ = » 2( ´ ) at µ = Ë (boundary condition).

The solution Æ ( µ , ´ ) is determined by the formula in Item 5 Ê withÎ ( µ , ¶ , ´ ) = exp Á Â ( ¶ − µ )
2 ¸ 2 − ¼

2́ Ä ÑÒ�Ó
=1 Û

Ó
( µ ) Û

Ó
( ¶ ) sin ±G´ Õ Ö Ó ¹å Ó Õ Ö Ó

.

Here, Û
Ó

( µ ) = cos( Ü Ó µ ) +
2 ¸ 2 ä 1 + Â

2 ¸ 2 Ü Ó
sin( Ü Ó µ ), Ö Ó

= ¸ 2 Ü 2

Ó
+ Â 2

4 ¸ 2 − á − ¼ 2

4
,å Ó

=
2 ¸ 2 ä 2 − Â

4 ¸ 2 Ü 2

Ó 4 ¸ 4 Ü 2

Ó
+ (2 ¸ 2 ä 1 + Â )2

4 ¸ 4 Ü 2

Ó
+ (2 ¸ 2 ä 2 − Â )2 +

2 ¸ 2 ä 1 + Â
4 ¸ 2 Ü 2

Ó
+

Ë
2

+
Ë (2 ¸ 2 ä 1 + Â )2

8 ¸ 4 Ü 2

Ó
,

where the Ü Ó
are positive roots of the transcendental equation

tan( Ü Ë )Ü =
4 ¸ 4( ä 1 + ä 2)

4 ¸ 4 Ü 2 − (2 ¸ 2 ä 1 + Â )(2 ¸ 2 ä 2 − Â ) .

4.4.2. Equations of the Formæ 2 çæ è 2 + é æ çæ è = ê ( ë )
æ 2 çæ ë 2 + ì ( ë )

æ çæ ë + í ( ë ) ç + î ( ë ,
è
)

1. ï 2 ðï ñ 2
+ ò ï ðï ñ = ó 2 ô ï 2 ðï õ 2

+
1õ ï ðï õ ö .

This equation describes vibration of a circular membrane in a resisting medium with velocity-
proportional resistance coefficient.
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1 ÷ . Domain: 0 ≤ ø ≤ ù . First boundary value problem.
The following conditions are prescribed:ú = û ( ø ) at ü = 0 (initial condition),ý þ ú = ÿ ( ø ) at ü = 0 (initial condition),ú = 0 at � = ù (boundary condition).

Solution:ú ( ø , ü ) = exp
�
− 1

2 � ü�� Ñ� � =1

�	� � cos( 
 � ü ) + � � sin( 
 � ü ) �  0 � � � øù ö , 
 � = � � 2 � 2�ù 2 − � 2

4
.

Here,� � =
2ù 2  2
1 ( � � ) � �0

û ( ø )  0 � � � øù ö ø � ø , � � =
� � �
2 
 � +

2
 � ù 2  2
1 ( � � ) � �0

ÿ ( ø )  0 � � � øù ö ø � ø ,

where the � � are positive zeros of the Bessel function,  0( � ) = 0.

2 ÷ . For the solution of the second and third boundary value problems, see equation 4.4.2.2 (Items 3 ÷
and 4 ÷ with � = 0).�	�

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

2. � 2 �� � 2
+ � � �� � = � 2 � � 2 �� � 2

+
1� � �� � � – � � +  ( � , � ).

1 ! . The substitution " ( # , ü ) = exp
�
− 1

2 � ü �%$ ( # , & ) leads to the equationý 2 $ý & 2 = � 2 � ý 2 $ý # 2 +
1# ý $ý # � −

� � − 1
4 � 2 � $ + exp

� 1
2 � &�� ' ( # , & ),

which is discussed in Subsection 4.2.5.

2 ! . Domain: 0 ≤ # ≤ ( . First boundary value problem.
The following conditions are prescribed:" = ) 0( # ) at & = 0 (initial condition),* + " = ) 1( # ) at & = 0 (initial condition)," = , ( & ) at # = ( (boundary condition).

Solution:" ( # , & ) =
** & � �0

) 0( - ) . ( # , - , & ) � - + � �0

� ) 1( - ) + / ) 0( - ) �0. ( # , - , & ) � -
− � 2 � +

0
, ( 1 ) 2 ** - . ( # , - , & − 1 ) 3 4

= � � 1 + � +
0 � �0

' ( - , 1 ) . ( # , - , & − 1 ) � - � 1 .

Here,. ( # , - , & ) = exp 5 − 1
2 / &�6 7� � =1

2 -( 2  2
1 ( � � )

 0 � � � #( �  0 � � � -( � sin 58&:9 
 � 69 
 � , 
 � = � 2 � 2�( 2 + � −
/ 2

4
,

where the � � are positive zeros of the Bessel function,  0( � ) = 0. The numerical values of the first
ten � � are specified in Paragraph 1.2.1-3.
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3 ! . Domain: 0 ≤ # ≤ ( . Second boundary value problem.
The following conditions are prescribed:" = ) 0( # ) at & = 0 (initial condition),* + " = ) 1( # ) at & = 0 (initial condition),* ; " = , ( & ) at # = ( (boundary condition).

Solution:" ( # , & ) =
** & � �0

) 0( - ) . ( # , - , & ) � - + � �0

� ) 1( - ) + / ) 0( - ) � . ( # , - , & ) � -
+ � 2 � +

0
, ( 1 ) . ( # , ( , & − 1 ) � 1 + � +

0 � �0
' ( - , 1 ) . ( # , - , & − 1 ) � - � 1 .

Here,. ( # , - , & ) = exp 5 − 1
2 / &�6 2 2 - sin 5<&:9 
 0 6( 2 9 
 0

+
2( 2 7� � =1

- 2
0 ( � � )

 0 � � � #( �  0 � � � -( � sin 58&:9 
 � 69 
 � 3 ,

where 
 0 = � − 1
4 / 2; 
 � = � 2 � 2� ( −2 + � − 1

4 / 2; the � � are positive zeros of the first-order Bessel
function,  1( � ) = 0. The numerical values of the first ten roots � � are specified in Paragraph 1.2.1-4.

4 ! . Domain: 0 ≤ # ≤ ( . Third boundary value problem.
The following conditions are prescribed:" = ) 0( # ) at & = 0 (initial condition),* + " = ) 1( # ) at & = 0 (initial condition),* ; " + =%" = , ( & ) at # = ( (boundary condition).

The solution " ( # , & ) is given by the formula in Item 3 ! with. ( # , - , & ) =
2( 2 exp 5 − 1

2 / & 6 7� � =1
� 2� -

( = 2 ( 2 + � 2� )  2
0 ( � � )

 0 � � � #( �  0 � � � -( � sin 58&:9 
 � 69 
 � .

Here, 
 � = � 2 � 2� ( −2 + � − 1
4 / 2 and the � � are positive roots of the transcendental equation�  1( � ) − =0(  0( � ) = 0.

The numerical values of the first six roots � � can be found in Abramowitz and Stegun (1964) and
Carslaw and Jaeger (1984).

3. � 2 �� � 2
+ � � �� � = � 2 � � 2 �� � 2

+
2� � �� � � – � � +  ( � , � ).

1 ! . The substitution " ( # , & ) = exp 5 − 1
2 / &�6 $ ( # , & ) leads to the equation* 2 $* & 2 = � 2 � * 2 $* # 2 +

2# * $* # � − 5>� − 1
4 / 2 6 $ + exp 5 1

2 / &�6 ' ( # , & ),
which is discussed in Subsection 4.2.6.
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2 ! . Domain: 0 ≤ # ≤ ( . First boundary value problem.
The following conditions are prescribed:" = ) 0( # ) at & = 0 (initial condition),* + " = ) 1( # ) at & = 0 (initial condition)," = , ( & ) at # = ( (boundary condition).

Solution:" ( # , & ) =
** & � �0

) 0( - ) . ( # , - , & ) � - � �0

� ) 1( - ) + / ) 0( - ) �0. ( # , - , & ) � -
− � 2 � +

0
, ( 1 ) 2 ** - . ( # , - , & − 1 ) 3 4

= � � 1 + � +
0 � �0

' ( - , 1 ) . ( # , - , & − 1 ) � - � 1 ,

where. ( # , - , & ) =
2 -( # exp 5 − 1

2 / &�6 7� � =1

sin � ? @ #( � sin � ? @ -( � sin 5<&:9 
 � 69 
 � , 
 � = � 2 @ 2 ? 2( 2 + � −
/ 2

4
.

3 ! . Domain: 0 ≤ # ≤ ( . Second boundary value problem.
The following conditions are prescribed:" = ) 0( # ) at & = 0 (initial condition),* + " = ) 1( # ) at & = 0 (initial condition),* ; " = , ( & ) at # = ( (boundary condition).

Solution:" ( # , & ) =
** & � �0

) 0( - ) . ( # , - , & ) � - � �0

� ) 1( - ) + / ) 0( - ) �0. ( # , - , & ) � -
+ � 2 � +

0
, ( 1 ) . ( # , ( , & − 1 ) � 1 + � +

0 � �0
' ( - , 1 ) . ( # , - , & − 1 ) � - � 1 ,

where. ( # , - , & ) = exp 5 − 1
2 / &�6 2 3 - 2 sin 5 & 9 
 0 6( 3 9 
 0

+
2 -( # 7� � =1

� 2� + 1� 2� 9 
 � sin � � � #( � sin � � � -( � sin 58&0A 
 � 6%3 .

Here, 
 0 = � − 1
4 / 2; 
 � = � 2 � 2� ( −2+ � − 1

4 / 2; and the � � are positive roots of the transcendental equation
tan � − � = 0. The numerical values of the first five roots � � are specified in Paragraph 1.2.1-5.

4 ! . Domain: 0 ≤ # ≤ ( . Third boundary value problem.
The following conditions are prescribed:" = ) 0( # ) at & = 0 (initial condition),* + " = ) 1( # ) at & = 0 (initial condition),* ; " + =%" = , ( & ) at # = ( (boundary condition).

The solution " ( # , & ) is given by the formula in Item 3 ! with. ( # , - , & ) =
2 -( # exp 5 − 1

2 / &�6 7� � =1
� 2� + ( =0( − 1)2� 2� + =0( ( =0( − 1)

sin � � � #( � sin � � � -( � sin 58& 9 
 � 69 
 � .

Here, 
 � = � 2 � 2� ( −2 + � − 1
4 / 2 and the � � are positive roots of the transcendental equation � cot � +=0( − 1 = 0. The numerical values of the first six roots � � can be found in Carslaw and Jaeger (1984).
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4. � 2 �� � 2
+ � � �� � = � 2 �� B � B � �� B � – � � +  ( B , � ).

1 ! . The substitution " ( # , & ) = exp 5 − 1
2 / &�6 $ ( # , & ) leads to an equation of the form 4.3.1.2:* 2 $* & 2 = � 2

** C � C * $* C � − 5>� − 1
4 / 2 6 $ + exp 5 1

2 / &�6 ' (
C

, & ).
2 ! . Domain: 0 ≤

C
≤ D . First boundary value problem.

The following conditions are prescribed:" = ) 0(
C

) at & = 0 (initial condition),* + " = ) 1(
C

) at & = 0 (initial condition)," = , ( & ) at
C

= D (boundary condition)," ≠ E at
C

= 0 (boundedness condition).

Solution:" (
C

, & ) =
** & � F0

) 0( - ) . (
C

, - , & ) � - + � F0

� ) 1( - ) + / ) 0( - ) �0. (
C

, - , & ) � -
− � 2 D � +

0
, ( 1 ) 2 ** - . (

C
, - , & − 1 ) 3 4

= F � 1 + � +
0 � F0

' ( - , 1 ) . (
C

, - , & − 1 ) � - � 1 ,

where . (
C

, - , & ) =
1D exp 5 − 1

2 / &�6 7GIH
=1

1J 2
1 ( K H

)
J

0 L K H M C D N J
0 L K H M O D N sin P8&:Q R H SQ R H

.

Here, R H
= 1

4 T 2 K 2

H D −1 + U − 1
4 / 2; the K H

are positive zeros of the Bessel function,
J

0( K ) = 0.

3 V . Domain: 0 ≤
C

≤ D . Second boundary value problem.
The following conditions are prescribed:W = X 0(

C
) at & = 0 (initial condition),Y Z W = X 1(

C
) at & = 0 (initial condition),Y [ W = \ ( & ) at

C
= D (boundary condition),W ≠ E at

C
= 0 (boundedness condition).

Solution:W (
C

, & ) =
YY & ] ^0

X 0(
O
) . (

C
,
O
, & ) _ O + ] ^0 ` X 1(

O
) + / X 0(

O
) a _ O

+ T 2 D ] Z
0

\ ( 1 ) . (
C

, D , & − 1 ) _ 1 + ] Z
0 ] ^0 b (

O
, 1 ) . (

C
,
O
, & − 1 ) _ O _ 1 ,

where. ( c ,
O
, & ) = exp P − 1

2 / & S d
sin P8& Q R 0

SD Q R 0
+

1D efIg
=1

1h 2
0 ( i g

)
h

0 L i g M C D N h
0 L i g M O D N sin P8&:Q R g SQ R g j

.

Here, R 0 = U − 1
4 / 2; R g

= 1
4 T 2 i 2

g D −1 + U − 1
4 / 2; the i g

are positive zeros of the first-order Bessel
function,

h
1( i ) = 0. The numerical values of the first ten roots i g

are specified in Paragraph 1.2.1-5.
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4 V . Domain: 0 ≤
C

≤ D . Third boundary value problem.
The following conditions are prescribed:W = X 0(

C
) at & = 0 (initial condition),Y Z W = X 1(

C
) at & = 0 (initial condition),Y [ W + / W = \ ( & ) at

C
= D (boundary condition).

The solution W (
C

, & ) is given by the formula in Item 3 V with. ( c ,
O
, & ) =

1D exp P − 1
2 / & S ef g

=1

i 2

g
(4 / 2 D + i 2

g
)
h 2

0 ( i g
)
h

0 L i g M C D N h
0 L i g M O D N sin P8&:Q R g SQ R g

.

Here, R g
= 1

4 T 2 i 2

g D −1 + U − 1
4 / 2, and the i g

are positive roots of the transcendental equationi h
1( i ) − 2 / Q D h

0( i ) = 0.
The numerical values of the first six roots i g

can be found in Abramowitz and Stegun (1964) and
Carslaw and Jaeger (1984).

5. k 2 lk m 2
+ n k lk m = ( o p q + r ) k 2 lk p 2

+
1
2

o s p q –1 k lk p + t l .

The substitution u = ] _ CQ T C v
+ U leads to a constant coefficient equation of the form 4.4.1.2:Y ZwZ W + / Y Z W =

Y xyx W + z W .

4.4.3. Other Equations

1. k 2 lk m 2
+

n – 1m k lk m = k 2 lk p 2
.

Darboux equation. Domain: − E <
C

< E . Cauchy problem.
Initial conditions are prescribed: W = X (

C
) at { = 0,Y Z W = 0 at { = 0.

Solution: W (
C

, { ) = | P }2 SQ ~ | P }2 − 1
2

S ] 1

−1
X (

C
+ { O )(1 −

O
2) } −3

2 _ O ( / > 1).�	�
Reference: R. Courant and D. Hilbert (1989).

2. k 2 lk m 2
+

2 om k lk m = k 2 lk p 2
– r 2 l .

Domain: − E <
C

< E . Cauchy problem.
Initial conditions are prescribed: W = X (

C
) at { = 0,{ 2 � Y Z W = \ (

C
) at { = 0.

Solution for 0 < 2 T < 1:W (
C

, { ) = | (2 T )| 2( T ) ] 1

0
X P C + { (2 O

− 1)

S
¯h � −1 P 2 Uy{0� O

(1 −
O
)

S O � −1(1 −
O
) � −1 _ O

+ | (2 − 2 T )
(1 − 2 T ) | 2(1 − T )

{ 1−2 � ] 1

0
\ P C + { (2 O

− 1)

S
¯h − � P 2 Uy{0� O

(1 −
O
)

S O
− � (1 −

O
)− � _ O ,

where
¯h �

( u ) = 2
� | (1 + � ) u −

� h �
( u ), | ( � ) = ] e0 � − ��� � −1 _ � .�	�

Reference: M. M. Smirnov (1975).
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3. k 2 lk m 2
+

2 om k lk m = m q k 2 lk p 2
.

Domain: − E <
C

< E . Cauchy problem.
Initial conditions are prescribed: W = X (

C
) at { = 0,{ 2 � Y Z W = \ (

C
) at { = 0.

Solution for 0 ≤ 2 T < 1 and � > 0:W (
C

, { ) = | (2 � )| 2( � ) ] 1

0
X � C

+
2

2 + � { 2+ v
2 (2

O
− 1) N O �

−1(1 −
O
)
�

−1 _ O
+ | (2 − 2 � )

(1 − 2 T ) | 2(1 − � )
{ 1−2 � ] 1

0
\ � C

+
2

2 + � { 2+ v
2 (2

O
− 1) N O

−
�

(1 −
O
)−

� _ O ,

where � =
� + 4 T

2( � + 2)
, | ( u ) = ] e0 � − � � x −1 _ � .�	�

Reference: M. M. Smirnov (1975).

4. m 2 k 2 lk m 2
+ n m k lk m = o 2 k 2 lk p 2

+ r k lk p + t l .

The substitution { = � � � ( � ≠ 0) leads to a constant coefficient equation of the form 4.4.1.3:Y 2 WY 1 2 + ( � − 1)
Y WY 1 = T 2

Y 2 WY C 2 + U Y WY C + z W .

5. m 2 k 2 lk m 2
+ n m k lk m = o 2 p 2 k 2 lk p 2

+ r p k lk p + t l .

The transformation { = � � � ,
C

= � � � ( � ≠ 0, � ≠ 0)

leads to a constant coefficient equation of the form 4.4.1.3:Y 2 WY 1 2 + ( � − 1)
Y WY 1 = T 2

Y 2 WY O
2 + ( U − T 2)

Y WY O
+ z W .

6. m q k 2 lk m 2
+ o m q –1 k lk m = k 2 lk p 2

, 0 < s < 2.

Domain: − � < � < � . Cauchy problem.
Initial conditions are prescribed: W = X ( � ) at { = 0,{ � Y Z W = \ ( � ) at { = 0.

1 V . Solution for 1
2 � < T < 1:W ( � , { ) = | (2 � )| 2( � ) ] 1

0
X � � +

2
2 − � { 2− v

2 (2
O

− 1) N O �
−1(1 −

O
)
�

−1 _ O
+ | (2 − 2 � )

(1 − T ) | 2(1 − � )
{ 1− � ] 1

0
\ � � +

2
2 − � { 2− v

2 (2
O

− 1) N O
−
�

(1 −
O
)−

� _ O ,
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where � =
2 T − �

2(2 − � )
, | ( u ) = ] e0 � − � � x −1 _ � .

2 V . Solution for T = 1
2 � : W ( � , { ) =

X ( � ) + X ( u )
2

+
1
2 ] �x \ (

O
) _ O ,� = � −

2
2 − � { 2− v

2 , u = � +
2

2 − � { 2− v
2 .�	�

Reference: M. M. Smirnov (1975).

7. ( m q + n ) k 2 lk m 2
+

1
2

s m q –1 k lk m = o k 2 lk p 2
+ r k lk p + t l .

The substitution 1 = ] _ {Q { v + � leads to the equation
Y � � W = T Y [ [ W + U Y [ W + z W , which is

discussed in Subsection 4.1.5.

4.5. Equations Containing Arbitrary Functions

4.5.1. Equations of the Form � ( � ) � 2 �� � 2 = �� � ��� ( � ) � �� � � – � ( � ) � +   ( � , � )

It is assumed that the functions � , ¡ , ¡ ¢£ , and ¤ are continuous and the inequalities � > 0, ¡ > 0 hold
for � 1 ≤ � ≤ � 2.

4.5.1-1. General relations to solve linear nonhomogeneous boundary value problems.

The solution of the equation in question under the general initial conditions¥ = ¦ 0( � ) at { = 0,§ ¨ ¥ = ¦ 1( � ) at { = 0
(1)

and the arbitrary linear nonhomogeneous boundary conditions©
1
§ £ ¥ + ª 1

¥ = « 1( { ) at � = � 1,©
2
§ £ ¥ + ª 2

¥ = « 2( { ) at � = � 2
(2)

can be represented as the sum¥ ( � , { ) = ¬ ¨
0

¬ £
2£

1  ( ® , ¯ ) ° ( ± , ® , ² − ¯ ) ³ ® ³ ¯
+

§§ ² ¬ £
2£

1 ´ ( ® ) ¦ 0( ® ) ° ( ± , ® , ² ) ³ ® + ¬ £
2£

1 ´ ( ® ) ¦ 1( ® ) ° ( ± , ® , ² ) ³ ®
+ ¡ ( ± 1) ¬ ¨

0
« 1( ¯ ) µ 1( ± , ² − ¯ ) ³ ¯ + ¡ ( ± 2) ¬ ¨

0
« 2( ¯ ) µ 2( ± , ² − ¯ ) ³ ¯ . (3)

Here, the modified Green’s function is determined by° ( ± , ® , ² ) = ¶·I¸
=1 ¹

¸
( ± ) ¹

¸
( ® ) sin º8²:» ¼ ¸ ½¾ ¹
¸ ¾ 2 » ¼ ¸

,
¾ ¹

¸ ¾ 2 = ¬ ¿ 2¿ 1 ´ ( ± ) ¹ 2

¸
( ± ) ³ ± , (4)
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where the ¼ ¸
and ¹

¸
( ± ) are the eigenvalues and corresponding eigenfunctions of the Sturm–Liouville

problem for the second-order linear ordinary differential equation

[À ( ± ) ¹ Á¿ ] Á¿ + [ ¼ ´ ( ± ) − Â ( ± )] ¹ = 0,©
1 ¹ Á¿ + ª 1 ¹ = 0 at ± = ± 1,©
2 ¹ Á¿ + ª 2 ¹ = 0 at ± = ± 2.

(5)

The functions µ 1( ± , ² ) and µ 2( ± , ² ) that occur in the integrands of the last two terms in solution (3)
are expressed in terms of the Green’s function of (4). The corresponding formulas will be specified
below in studying specific boundary value problems.

General properties of the Sturm–Liouville problem (5):

1 Ã . There are finitely many eigenvalues ¼ 1 < ¼ 2 < ¼ 3 < ÄÅÄÅÄ , with ¼ ¸ Æ Ç
as È Æ Ç

; hence the
number of negative eigenvalues is finite.

2 Ã . Any two eigenfunctions ¹
¸

( ± ) and ¹ É ( ± ) for È ≠ Ê are orthogonal to each other with weight ´ ( ± )
on the interval ± 1 ≤ ± ≤ ± 2; specifically,¬ ¿ 2¿ 1 ´ ( ± ) ¹

¸
( ± ) ¹ É ( ± ) ³ ± = 0 at È ≠ Ê .

3 Ã . If the conditions Â ( ± ) ≥ 0, Ë 1 Ì 1 ≤ 0, Ë 2 Ì 2 ≥ 0 (6)

are satisfied, then there are no negative eigenvalues. If Â ≡ 0 and Ì 1 = Ì 2 = 0, the least eigenvalue is¼ 1 = 0 and the corresponding eigenfunction is Í 1 = const. In the other cases where conditions (6)
are satisfied, all eigenvalues are positive.Î ÏyÐ Ñ Ò:Ó Ô

More detailed information about the properties of the Sturm–Liouville problem (5)
can be found in Subsection 1.8.9. Asymptotic and approximate formulas for eigenvalues and
eigenfunctions are also presented there.

4.5.1-2. First boundary value problem (case Ë 1 = Ë 2 = 0, Ì 1 = Ì 2 = 1).

The solution of the first boundary value problem for the equation in question with the initial
conditions (1) and the boundary conditionsÕ

= Ö 1( ² ) at ± = ± 1,Õ
= Ö 2( ² ) at ± = ± 2

is given by relations (3) and (4) in whichµ 1( ± , ² ) = ×× ® ° ( ± , ® , ² ) ØØØ � = ¿ 1
, µ 2( ± , ² ) = − ×× ® ° ( ± , ® , ² ) ØØØ � = ¿ 2

.

4.5.1-3. Second boundary value problem (case Ë 1 = Ë 2 = 1, Ì 1 = Ì 2 = 0).

The solution of the second boundary value problem for the equation in question with the initial
conditions (1) and the boundary conditions× ¿ Õ = Ö 1( ² ) at ± = ± 1,× ¿ Õ = Ö 2( ² ) at ± = ± 2

is given by relations (3) and (4) withµ 1( ± , ² ) = − ° ( ± , ± 1, ² ), µ 2( ± , ² ) = ° ( ± , ± 2, ² ).
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4.5.1-4. Third boundary value problem (case Ë 1 = Ë 2 = 1, Ì 1 ≠ 0, Ì 2 ≠ 0).

The solution of the third boundary value problem for the equation in question with the initial
conditions (1) and the boundary conditions (2) with Ë 1 = Ë 2 = 1 is given by relations (3) and (4) in
which µ 1( ± , ² ) = − ° ( ± , ± 1, ² ), µ 2( ± , ² ) = ° ( ± , ± 2, ² ).
4.5.1-5. Mixed boundary value problem (case Ë 1 = Ì 2 = 0, Ë 2 = Ì 1 = 1).

The solution of the mixed boundary value problem for the equation in question with the initial
conditions (1) and the boundary conditionsÕ

= Ö 1( ² ) at ± = ± 1,× ¿ Õ = Ö 2( ² ) at ± = ± 2

is given by relations (3) and (4) withµ 1( ± , ² ) = ×× ® ° ( ± , ® , ² ) ØØØ � = ¿ 1
, µ 2( ± , ² ) = ° ( ± , ± 2, ² ).

4.5.1-6. Mixed boundary value problem (case Ë 1 = Ì 2 = 1, Ë 2 = Ì 1 = 0).

The solution of the mixed boundary value problem with the initial conditions (1) and the boundary
conditions × ¿ Õ = Ö 1( ² ) at ± = ± 1,Õ

= Ö 2( ² ) at ± = ± 2

is given by relations (3) and (4) withµ 1( ± , ² ) = − ° ( ± , ± 1, ² ), µ 2( ± , ² ) = − ×× ® ° ( ± , ® , ² ) ØØØ � = ¿ 2
.Ù	Ú

References for Subsection 4.5.1: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin et al. (1964), V. A. Marchenko (1986),
V. S. Vladimirov (1988), A. D. Polyanin (2000a).

4.5.2. Equations of the FormÛ 2 ÜÛ Ý 2 + Þ (
Ý
)
Û ÜÛ Ý = ß (

Ý
) à ÛÛ á â�ã (

á
)
Û ÜÛ á ä – å (

á
) Ü æ + ç (

á
,
Ý
)

It is assumed that the functions À , À Á¿ , and Â are continuous and À > 0 for ± 1 ≤ ± ≤ ± 2.

4.5.2-1. General relations to solve linear nonhomogeneous boundary value problems.

The solution of the equation in question under the general initial conditionsÕ
= è 0( ± ) at ² = 0,× é Õ = è 1( ± ) at ² = 0

(1)

and the arbitrary linear nonhomogeneous boundary conditions´ 1 × ¿ Õ + ê 1

Õ
= Ö 1( ² ) at ± = ± 1,´ 2 × ¿ Õ + ê 2

Õ
= Ö 2( ² ) at ± = ± 2

(2)
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can be represented as the sumÕ
( ± , ² ) = ¬ é

0
¬ ¿ 2¿ 1  ( ® , ¯ ) ë ( ± , ® , ² , ¯ ) ³ ® ³ ¯

− ¬ ¿ 2¿ 1

è 0( ® ) ì ×× ¯ ë ( ± , ® , ² , ¯ ) í î
=0

³ ® + ï ð 2ð 1 ñ è 1( ò ) + ó (0) è 0( ò ) ô0ë ( õ , ò , ö , 0) ÷ ò
+ ø ( õ 1) ï ù

0 ú 1( û ) ü ( û ) ý 1( õ , ö , û ) ÷ û + ø ( õ 2) ï ù
0 ú 2( û ) ü ( û ) ý 2( õ , ö , û ) ÷ û . (3)

Here, the modified Green’s function is determined byþ
( õ , ò , ö , û ) = ÿ� � =1 ¹ � ( õ ) ¹ � ( ò )� ¹ � � 2 � � ( ö , û ),

� ¹ � � 2 = ï ð 2ð 1 ¹ 2� ( õ ) ÷ õ , (4)

where the � � and ¹ � ( õ ) are the eigenvalues and corresponding eigenfunctions of the Sturm–Liouville
problem for the following second-order linear ordinary differential equation with homogeneous
boundary conditions:

[ø ( õ ) ¹ �ð ]
�ð + [ � − � ( õ )] ¹ = 0,�

1 ¹ �ð + � 1 ¹ = 0 at õ = õ 1,�
2 ¹ �ð + � 2 ¹ = 0 at õ = õ 2.

(5)

The functions � � = � � ( ö , û ) are determined by solving the Cauchy problem for the linear ordinary
differential equation � �	�� + ó ( ö ) � �� + � � ü ( ö ) � � = 0,� � 

 ù = � = 0, � �� 

 ù = � = 1.

(6)

The prime denotes the derivative with respect to ö , and û is a free parameter occurring in the initial
conditions.

The functions ý 1( õ , ö ) and ý 2( õ , ö ) that occur in the integrands of the last two terms in solution (3)
are expressed in terms of the Green’s function of (4). The corresponding formulas will be specified
below when studying specific boundary value problems.

The properties of the Sturm–Liouville problem (5) are detailed in Subsection 1.8.9. Asymptotic
and approximate formulas for eigenvalues and eigenfunctions are also presented there.

4.5.2-2. First, second, third, and mixed boundary value problems.

1 � . First boundary value problem. The solution of the equation in question with the initial condi-
tions (1) and boundary conditions (2) for �

1 = �
2 = 0 and � 1 = � 2 = 1 is given by relations (3) and (4),

where ý 1( õ , ö , û ) =  ò þ
( õ , ò , ö , û ) 


�� = ð 1

, ý 2( õ , ö , û ) = −  ò þ
( õ , ò , ö , û ) 


�� = ð 2

.

2 � . Second boundary value problem. The solution of the equation with the initial conditions (1) and
boundary conditions (2) for �

1 = �
2 = 1 and � 1 = � 2 = 0 is given by relations (3) and (4) withý 1( õ , ö , û ) = −
þ

( õ , õ 1, ö , û ), ý 2( õ , ö , û ) =
þ

( õ , õ 2, ö , û ).

3 � . Third boundary value problem. The solution of the equation with the initial conditions (1) and
boundary conditions (2) for �

1 = �
2 = 1 and � 1 � 2 ≠ 0 is given by relations (3) and (4) in whichý 1( õ , ö , û ) = −
þ

( õ , õ 1, ö , û ), ý 2( õ , ö , û ) =
þ

( õ , õ 2, ö , û ).

4 � . Mixed boundary value problem. The solution of the equation with the initial conditions (1) and
boundary conditions (2) for �

1 = � 2 = 0 and �
2 = � 1 = 1 is given by relations (3) and (4) withý 1( õ , ö , û ) =  ò þ

( õ , ò , ö , û ) 


�� = ð 1
, ý 2( õ , ö , û ) =

þ
( õ , õ 2, ö , û ).
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5 � . Mixed boundary value problem. The solution of the equation with the initial conditions (1) and
boundary conditions (2) for �

1 = � 2 = 1 and �
2 = � 1 = 0 is given by relations (3) and (4) withý 1( õ , ö , û ) = −

þ
( õ , õ 1, ö , û ), ý 2( õ , ö , û ) = −  ò þ

( õ , ò , ö , û ) 


�� = ð 2
.���

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin et al. (1964), A. V. Bitsadze and D. F. Kalinichenko (1985),
A. D. Polyanin (2000a).

4.5.3. Other Equations

1. � 2 �� � 2
= � ( � ) � 2 �� � 2

.

This is a special case of the equation of Subsection 4.5.1 with � ( õ ) = 1 � � ( õ ), ø ( õ ) = 1, and � =  = 0.

1 � . Particular solutions:� = � 1 õ ö + � 2 ö + � 3 õ + � 4,� = � 1 ö 2 + � 2 õ ö + � 3 ö + � 4 õ + 2 � 1 ï ð� õ − ò� ( ò )
÷ ò + � 5,� = � 1 ö 3 + � 2 õ ö + � 3 ö + � 4 õ + 6 � 1 ö ï ð� õ − ò� ( ò )
÷ ò + � 5,� = ( � 1 õ + � 2) ö 2 + � 3 õ ö + � 4 ö + � 5 õ + 2 ï ð� ( õ − ò )

( � 1 ò + � 2)� ( ò )
÷ ò + � 6,

where � 1, � 2, � 3, � 4, � 5, and � 6 are arbitrary constants, and ó is an arbitrary real number.

2 � . Separable particular solution: � = ( � 1 � � ù + � 2 � − � ù )  ( õ ),
where � 1, � 2, and � are arbitrary constants, and the function  =  ( õ ) is determined by the ordinary
differential equation � ( õ )  �	�ð ð − � 2  = 0.

3 � . Separable particular solution:� = [ � 1 sin( � ö ) + � 2 cos( � ö )] ! ( õ ),
where � 1, � 2, and � are arbitrary constants, and the function ! = ! ( õ ) is determined by the ordinary
differential equation � ( õ ) ! �	�ð ð + � 2 ! = 0.

4 � . Particular solutions with even powers of ö :� =
��#"
=0 $

"
( õ ) ö 2

"
,

where the functions $
"

= $
"
( õ ) are defined by the recurrence relations$ � ( õ ) = % � õ + & � ,

$
"

−1( õ ) = % " õ + & "
+ 2 � (2 � − 1) ï ð� ( õ − ò ) $

"
( ò )� ( ò )

÷ ò ,

where % "
, & "

are arbitrary constants ( � = ' , ()()( , 1).

5 � . Particular solutions with odd powers of ö :� =
�� "
=0

* "
( õ ) ö 2

"
+1,

where the functions
* "

=
* "

( õ ) are defined by the recurrence relations* � ( õ ) = % � õ + & � ,* "
−1( õ ) = % " õ + & "

+ 2 � (2 � + 1) ï ð� ( õ − ò )
* "

( ò )� ( ò )
÷ ò ,

where % "
, & "

are arbitrary constants ( � = ' , ()()( , 1).
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2. � 2 �� � 2
= �� � + � ( � ) � �� � , .

This is a special case of the equation of Subsection 4.5.1 with � ( õ ) = 1, ø ( õ ) = � ( õ ), and � =  = 0.

1 � . Particular solutions:� = � 1 ö 2 + � 2 ö + 2 ï � 1 õ + � 3� ( õ )
÷ õ + � 4,� = � 1 ö 3 + � 2 ö + 6 ö ï � 1 õ + � 3� ( õ )
÷ õ + � 4,� = [ � 1  ( õ ) + � 2] ö + � 3  ( õ ) + � 4,  ( õ ) = ï ÷ õ� ( õ )

,� = [ � 1  ( õ ) + � 2] ö 2 + � 3  ( õ ) + � 4 + 2 ï - 1� ( õ )
ï [ � 1  ( õ ) + � 2] ÷ õ . ÷ õ ,

where � 1, � 2, � 3, � 4, and � 5 are arbitrary constants.

2 � . Separable particular solution: � = ( � 1 � � ù + � 2 � − � ù )  ( õ ),

where � 1, � 2, and � are arbitrary constants, and the function  =  ( õ ) is determined by the ordinary
differential equation [ � ( õ )  �ð ]

�ð − � 2  = 0.

3 � . Separable particular solution:� = [ � 1 sin( � ö ) + � 2 cos( � ö )] ! ( õ ),

where � 1, � 2, and � are arbitrary constants, and the function ! = ! ( õ ) is determined by the ordinary
differential equation [ � ( õ ) ! �ð ]

�ð + � 2 ! = 0.

4 � . Particular solutions with even powers of ö :� =
��#"
=0 /

"
( õ ) ö 2

"
,

where the functions /
"

= /
"
( õ ) are defined by the recurrence relations

/ � ( õ ) = % �  ( õ ) + & � ,  ( õ ) = ï ÷ õ� ( õ )
,

/
"

−1( õ ) = % "  ( õ ) + & "
+ 2 � (2 � − 1) ï 1� ( õ )

- ï /
"
( õ ) ÷ õ . ÷ õ ,

where % "
, & "

are arbitrary constants ( � = ' , ()()( , 1).

5 � . Particular solutions with odd powers of ö :� =
��#"
=0 0

"
( õ ) ö 2

"
+1,

where the functions 0
"

= 0
"
( õ ) are defined by the recurrence relations

0 � ( õ ) = % �  ( õ ) + & � ,  ( õ ) = ï ÷ õ� ( õ )
,

0
"

−1( õ ) = % "  ( õ ) + & "
+ 2 � (2 � + 1) ï 1� ( õ )

- ï 0
"
( õ ) ÷ õ . ÷ õ ,

where % "
, & "

are arbitrary constants ( � = ' , ()()( , 1).
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3. � 2 �� � 2
= � ( � ) � 2 �� � 2

+ 1 ( � ) � �� � + 2 ( � , � ), 0 < � ( � ) < 3 .

This equation can be rewritten in the form of the equation from Subsection 4.5.1 with � ( õ ) ≡ 0:� ( õ )  2 � ö 2 =  õ 4 ø ( õ )  � õ 5 + � ( õ )  ( õ , ö ),
where � ( õ ) =

1� ( õ )
exp 4 ï ú ( õ )� ( õ )

÷ õ 5 , ø ( õ ) = exp 4 ï ú ( õ )� ( õ )
÷ õ 5 .

4. � 2 �� � 2
= � ( � ) � 2 �� � 2

+ 1 ( � ) � �� � + 6 ( � ) � + 2 ( � , � ).
This equation can be rewritten in the form of the equation from Subsection 4.5.1:� ( õ )  2 � ö 2 =  õ 4 ø ( õ )  � õ 5 − � ( õ ) � + � ( õ )  ( õ , ö ),
where� ( õ ) =

1� ( õ )
exp 4 ï ú ( õ )� ( õ )

÷ õ 5 , ø ( õ ) = exp 4 ï ú ( õ )� ( õ )
÷ õ 5 , � ( õ ) = − 7 ( õ )� ( õ )

exp 4 ï ú ( õ )� ( õ )
÷ õ 5 .

5. � 2 �� � 2
= � ( � ) � 2 �� � 2

+ 1 ( � ) � �� � + ñ 6 1( � ) + 6 2( � ) ô � .

1 � . There are separable solutions in the product form � ( õ , ö ) = $ ( õ )
*

( ö ), where the functions$ = $ ( õ ) and
*

=
*

( ö ) satisfy the ordinary differential equations ( � is an arbitrary constant):� ( õ ) $ �	�ð ð + ú ( õ ) $ �ð + ñ � + 7 1( õ ) ô $ = 0,
* �	�ùwù + ñ � − 7 2( ö ) ô * = 0.

2 � . For the solution of various boundary value problems for the original equation, see Subsec-
tions 0.4.1 and 0.4.2.

6. � 2 �� � 2
= � ( � ) � 2 �� � 2

+
1
2

� 8 ( � ) � �� � + 9 � .

The substitution : = ï ÷ õ; � ( õ )
leads to the constant coefficient equation  ùwù � =  <=< � + ü � that is

discussed in Subsection 4.1.3.

7. � 2 �� � 2
= � 2 � 2 �� � 2

+ � ( � 8> + 21 ) � �� � + ( � 1 8> + 1 2) � , � = � ( � ), 1 = 1 ( � ).

The transformation � ( õ , ö ) = ? ( ò , ö ) exp @ − A BC D E F , G = A D EC
( E )

leads to the wave equation H IJIK? = H LML)? that is discussed in Subsection 4.1.1.

8. � 2 N� O 2
+ P � N� O = Q ( R ) � 2 N� R 2

+
1
2

Q S ( R ) � N� R + T N .

The substitution U = A D EV C
( E )

leads to a constant coefficient equation of the form 4.4.1.2:H IJIKW + X H IYW = H Z=Z)W + [=W .
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9. Q ( O ) � 2 N� O 2
+

1
2

Q S ( O ) � N� O = P � 2 N� R 2
+ T � N� R + \ N .

The substitution ] = A D ^V C
( ^ ) leads to the equation H _ _ W = X H ð ð W + [`H ð W + a`W that is discussed

in Subsection 4.1.5.

10. Q ( O ) � 2 N� O 2
+

1
2

Q S ( O ) � N� O = b ( R ) � 2 N� R 2
+

1
2

b S ( R ) � N� R + \ N .

The transformation ] = A D ^V C
( ^ ) , U = A D EV B ( E )

leads to the constant coefficient equationH _ _ W = H Z=Z W + a`W that is discussed in Subsection 4.1.3.
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Chapter 5

Hyperbolic Equations
with Two Space Variables

5.1. Wave Equation
� 2 �� � 2 = � 2 �

2 �
5.1.1. Problems in Cartesian Coordinates
The wave equation with two space variables in the rectangular Cartesian system of coordinates has
the form �

2 �� �
2 = � 2 	 �

2 �� 

2 +

�
2 �� �

2 � .

5.1.1-1. Particular solutions and some relations.

1  . Particular solutions:� (



,
�

,
�
) = � exp � � 1



+ � 2

� � � ��� � 2
1 + � 2

2 � ,� (



,
�

,
�
) = � sin( � 1



+ � 1) sin( � 2

�
+ � 2) sin � � ��� � 2

1 + � 2
2 � ,� (



,
�

,
�
) = � sin( � 1



+ � 1) sin( � 2

�
+ � 2) cos ��� ��� � 2

1 + � 2
2 � ,� (



,
�

,
�
) = � sinh( � 1



+ � 1) sinh( � 2

�
+ � 2) sinh � � ��� � 2

1 + � 2
2 � ,� (



,
�

,
�
) = � sinh( � 1



+ � 1) sinh( � 2

�
+ � 2) cosh � � ��� � 2

1 + � 2
2 � ,� (



,
�

,
�
) = � (



sin � +

�
cos � + � � ) + � (



sin � +

�
cos � − � � ),

where � , � 1, � 2, � 1, � 2, and � are arbitrary constants, and � ( � ) and � ( � ) are arbitrary functions.

2  . Particular solutions that are expressed in terms of solutions to simpler equations:� (



,
�

,
�
) = ��� cos( � � ) + � sin( � � ) � � (



,
�
), where

� !"! � = � 2
� # # � − � 2 � 2 � , (1)� (



,
�

,
�
) = � � cosh( � � ) + � sinh( � � ) � � (



,
�
), where

� !"! � = � 2
� # # � + � 2 � 2 � , (2)� (



,
�

,
�
) = ��� cos( � � ) + � sin( � � ) �$� (



,
�

), where
� # # � +

� %�% � = −( � & � )2 � , (3)� (



,
�

,
�
) = � � cosh( � � ) + � sinh( � � ) � � (



,
�

), where
� # # � +

� %�% � = ( � & � )2 � , (4)� (



,
�

,
�
) = exp 	 � � � �

2 ' � � (



, ( ), ( =
� � ) �

2
, where

� * � = ' � # # � . (5)

For particular solutions of equations (1) and (2) for the function � (



,
�
), see the Klein–Gordon

equation 4.1.3. For particular solutions of equations (3) and (4) for the function � (



,
�

), see
Subsection 7.3.2. For particular solutions of the heat equation (5) for the function � (



, ( ), see

Subsection 1.1.1.
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3  . Fundamental solution:+ +
(



,
�

,
�
) = , ( � � − - )

2 . � / � 2
�
2 − - 2

, , ( � ) = 0 1 for � ≥ 0,
0 for � < 0,

where - =
� 


2 +
�

2.

4  . Infinite series solutions that contain arbitrary functions of the space variables:� (



,
�

,
�
) = 1 (



,
�

) + 2354
=1

( � � )2

4
(2 6 )! 7 4 1 (



,
�

), 7 ≡
�

2� 

2 +

�
2� �
2 ,� (



,
�

,
�
) =

�98
(



,
�

) +
� 2354

=1

( � � )2

4
(2 6 + 1)! 7 4 8

(



,
�

),

where 1 (



,
�

) and
8

(



,
�

) are any infinitely differentiable functions. The first solution satisfies
the initial conditions � (



,
�

, 0) = 1 (



,
�

),
� ! � (



,
�

, 0) = 0 and the second solution to the initial
conditions � (



,
�

, 0) = 0,
� ! � (



,
�

, 0) =
8

(



,
�

). The sums are finite if 1 (



,
�

) and
8

(



,
�

) are
bivariate polynomials.:<;

Reference: A. V. Bitsadze and D. F. Kalinichenko (1985).

5  . A wide class of solutions to the wave equation with two space variables are described by the
formulas � (



,
�

,
�
) = Re = ( > ) and � (



,
�

,
�
) = Im = ( > ). (6)

Here, = ( > ) is an arbitrary analytic function of the complex argument > related to the variables (



,
�

,
�
)

by the implicit relation � � − (



−



0) > + (
�

−
�

0) / 1 − > 2 = ? ( > ), (7)

where ? ( > ) is any analytic function and



0,
�

0 are arbitrary constants. Solutions of the forms (6), (7)
find wide application in the theory of diffraction. If the argument > obtained by solving (7) with
a prescribed ? ( > ) is real in some domain @ , then one should set Re = ( > ) = = ( > ) in relation (6)
everywhere in @ .:<;

Reference: V. I. Smirnov (1974, Vol. 3, Pt. 2).

6  . Suppose � = � (



,
�

,
�
) is a solution of the wave equation. Then the functions�

1 = � � (
� A 


+ � 1,
� A �

+ � 2,
� A �

+ � 3),�
2 = � � 	 


− B ��
1 − ( B & � )2

,
�

,

�
− B � −2


�
1 − ( B & � )2 � ,�

3 =
��

| - 2 − � 2
�
2|
� 	 
- 2 − � 2

�
2 ,

�- 2 − � 2
�
2 ,

�- 2 − � 2
�
2 � ,�

4 =
�/ C � 	 


+ � 1( � 2
�
2 − - 2)C ,

�
+ � 2( � 2

�
2 − - 2)C ,

� � + � 3( � 2
�
2 − - 2)� C � ,- 2 =



2 +

�
2, C = 1 − 2( � 1



+ � 2

�
− � � 3

�
) + ( � 2

1 + � 2
2 − � 2

3)( - 2 − � 2
�
2),

where � , � 1, � 2, � 3, � 1, � 2, � 3, B , and
A

are arbitrary constants, are also solutions of the equation.
The signs at

A
in the expression of �

1 can be taken independently of one another. The function �
2

results from the invariance of the wave equation under the Lorentz transformation.
More detailed information about particular solutions and transformations of the wave equation

with two space variables can be found in the references cited below.:<;
References: E. Kalnins and W. Miller, Jr. (1975, 1976), W. Miller, Jr. (1977).
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2 ED�F 2 2 H
5.1.1-2. Domain: − J <



< J , − J <

�
< J . Cauchy problem.

Initial conditions are prescribed: � = 1 (



,
�

) at
�

= 0,� ! � =
8

(



,
�

) at
�

= 0.

Solution (Poisson’s formula):� (



,
�

,
�
) =

1
2 . � �� � K KL MON 1 ( P , Q ) R P R Q� � 2

�
2 − ( P −



)2 − ( Q −

�
)2

+
1

2 . � K KL MON 8
( P , Q ) R P R Q� � 2

�
2 − ( P −



)2 − ( Q −

�
)2

,

where the integration is performed over the interior of the circle of radius � � with center at (



,
�

).:<;
References: N. S. Koshlyakov, E. B. Gliner, and M. M. Smirnov (1970), A. N. Tikhonov and A. A. Samarskii (1990).

5.1.1-3. Domain: 0 ≤



≤ S 1, 0 ≤
�

≤ S 2. First boundary value problem.

A rectangle is considered. The following conditions are prescribed:� = 1 0(



,
�

) at
�

= 0 (initial condition),� ! � = 1 1(



,
�

) at
�

= 0 (initial condition),� =
8

1(
�

,
�
) at



= 0 (boundary condition),� =

8
2(
�

,
�
) at



= S 1 (boundary condition),� =

8
3(



,
�
) at

�
= 0 (boundary condition),� =

8
4(



,
�
) at

�
= S 2 (boundary condition).

Solution:� (



,
�

,
�
) =

�� � K T 1
0

K T 2
0

1 0( P , Q ) ? (



,
�

, P , Q ,
�
) R Q R P + K T 1

0

K T 2
0

1 1( P , Q ) ? (



,
�

, P , Q ,
�
) R Q R P

+ � 2 K !
0

K T 2
0

8
1( Q , ( ) U �� P ? (



,
�

, P , Q ,
�

− ( ) V W
=0

R Q R (
− X 2 K !

0

K T 2
0

8
2( Q , ( ) U YY P ? ( Z , [ , P , Q , \ − ( ) V W

= T 1 R Q R (
+ X 2 K !

0

K T 1
0

8
3( P , ( ) U YY Q ? ( Z , [ , P , Q , \ − ( ) V ]

=0
R P R (

− X 2 K !
0

K T 1
0

8
4( P , ( ) U YY Q ? ( Z , [ , P , Q , \ − ( ) V ]

= T 2 R P R ( ,

where ? ( Z , [ , P , Q , \ ) =
4X S 1 S 2 23 4

=1

23^ =1

1A 4 ^ sin(_ 4 Z ) sin( ` ^ [ ) sin(_ 4 P ) sin( ` ^ Q ) sin( X A 4 ^ \ ),_ 4 =
6 .S 1 , ` ^ = a .S 2 ,

A 4 ^ = b _ 2c + ` 2^ .

The problem of vibration of a rectangular membrane with sides S 1 and S 2 rigidly fixed in its
contour is characterized by homogeneous boundary conditions, d e ≡ 0 ( f = 1, 2, 3, 4).g<h

References: M. M. Smirnov (1964), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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5.1.1-4. Domain: 0 ≤ Z ≤ i 1, 0 ≤ [ ≤ i 2. Second boundary value problem.

A rectangle is considered. The following conditions are prescribed:j = k 0( Z , [ ) at \ = 0 (initial condition),Y l j = k 1( Z , [ ) at \ = 0 (initial condition),Y m j = d 1( [ , \ ) at Z = 0 (boundary condition),Y m j = d 2( [ , \ ) at Z = i 1 (boundary condition),Y n j = d 3( Z , \ ) at [ = 0 (boundary condition),Y n j = d 4( Z , \ ) at [ = i 2 (boundary condition).

Solution:j ( Z , [ , \ ) = YY \ o p 10 o p 20
k 0( q , r ) s ( t , u , q , r , v ) w r w q + o p 10 o p 20

k 1( q , r ) s ( t , u , q , r , v ) w r w q
− X 2 o l

0 o p 20
d 1( r , x ) s ( t , u , 0, r , v − x ) w r w x

+ X 2 o l
0 o p 20

d 2( r , x ) s ( t , u , i 1, r , v − x ) w r w x
− X 2 o l

0 o p 10
d 3( q , x ) s ( t , u , q , 0, v − x ) w q w x

+ X 2 o l
0 o p 10

d 4( q , x ) s ( t , u , q , i 2, v − x ) w q w x ,

wheres ( t , u , q , r , v ) =
vi 1 i 2 +

2X i 1 i 2 yz c =0 yz{ =0 | c {} c { cos(~ c t ) cos( � { u ) cos(~ c q ) cos( � { r ) sin( X } c { v ),
~ c = � �i 1 , � { = � �i 2 ,

} c { = b ~ 2c + � 2{ , | c { = � 0 for � = � = 0,
1 for � � = 0 ( � ≠ � ),
2 for � � ≠ 0,g<h

References: A. G. Butkovskiy (1979), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

5.1.1-5. Domain: 0 ≤ t ≤ i 1, 0 ≤ u ≤ i 2. Third boundary value problem.

A rectangle is considered. The following conditions are prescribed:j = k 0( t , u ) at v = 0 (initial condition),Y l j = k 1( t , u ) at v = 0 (initial condition),Y m j − � 1
j = d 1( u , v ) at t = 0 (boundary condition),Y m j + � 2
j = d 2( u , v ) at t = i 1 (boundary condition),Y n j − � 3
j = d 3( t , v ) at u = 0 (boundary condition),Y n j + � 4
j = d 4( t , v ) at u = i 2 (boundary condition).

The solution j ( t , u , v ) is determined by the formula in Paragraph 5.1.1-4 wheres ( t , u , q , r , v ) =
4X yz c =1 yz{ =1

1� c { � � 2c + � 2{ sin( � c t + � c ) sin( � { u + � { )

× sin( � c q + � c ) sin( � { r + � { ) sin ��X v�b � 2c + � 2{ � ,� c = arctan
� ci 1 , � { = arctan

� {i 2 ,
� c { = �"i 1 +

( � 1 � 2 + � 2c )( � 1 + � 2)
( � 2

1 + � 2c )( � 2
2 + � 2c ) � ��i 2 +

( � 3 � 4 + � 2{ )( � 3 + � 4)
( � 2

3 + � 2{ )( � 2
4 + � 2{ ) � ,
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2 ���� 2 2 �
where the � c and � { are positive roots of the transcendental equations� 2 − � 1 � 2 = ( � 1 + � 2) � cot( i 1 � ), � 2 − � 3 � 4 = ( � 3 + � 4) � cot( i 2 � ).g<h

References: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

5.1.1-6. Domain: 0 ≤ t ≤ i 1, 0 ≤ u ≤ i 2. Mixed boundary value problems.

1 � . A rectangle is considered. The following conditions are prescribed:j = k 0( t , u ) at v = 0 (initial condition),Y l j = k 1( t , u ) at v = 0 (initial condition),j = d 1( u , v ) at t = 0 (boundary condition),j = d 2( u , v ) at t = i 1 (boundary condition),Y n j = d 3( t , v ) at u = 0 (boundary condition),Y n j = d 4( t , v ) at u = i 2 (boundary condition).

Solution:j ( t , u , v ) = YY v o p 10 o p 20
k 0( q , r ) s ( t , u , q , r , v ) w r w q + o p 10 o p 20

k 1( q , r ) s ( t , u , q , r , v ) w r w q
+ X 2 o l

0 o p 20
d 1( r , x ) � YY q s ( t , u , q , r , v − x ) � W =0

w r w x
− X 2 o l

0 o p 20
d 2( r , x ) � YY q s ( t , u , q , r , v − x ) � W = p 1 w r w x

− X 2 o l
0 o p 10

d 3( q , x ) s ( t , u , q , 0, v − x ) w q w x
+ X 2 o l

0 o p 10
d 4( q , x ) s ( t , u , q , i 2, v − x ) w q w x ,

where s ( t , u , q , r , v ) =
2X i 1 i 2 yz c =1 yz{ =0 | {} c { sin(~ c t ) cos( � { u ) sin(~ c q ) cos( � { r ) sin( X } c { v ),~ c = � �i 1 , � { = � �i 2 ,

} c { = b ~ 2c + � 2{ , | { = � 1 for � = 0,
2 for � ≠ 0.

2 � . A rectangle is considered. The following conditions are prescribed:j = k 0( t , u ) at v = 0 (initial condition),Y l j = k 1( t , u ) at v = 0 (initial condition),j = d 1( u , v ) at t = 0 (boundary condition),Y m j = d 2( u , v ) at t = i 1 (boundary condition),j = d 3( t , v ) at u = 0 (boundary condition),Y n j = d 4( t , v ) at u = i 2 (boundary condition).
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Solution:j ( t , u , v ) = YY v o p 10 o p 20
k 0( q , r ) s ( t , u , q , r , v ) w r w q + o p 10 o p 20

k 1( q , r ) s ( t , u , q , r , v ) w r w q
+ X 2 o l

0 o p 20
d 1( r , x ) � YY q s ( t , u , q , r , v − x ) � W =0

w r w x
+ X 2 o l

0 o p 20
d 2( r , x ) s ( t , u , i 1, r , v − x ) w r w x

+ X 2 o l
0 o p 10

d 3( q , x ) � YY r s ( t , u , q , r , v − x ) � � =0
w q w x

+ X 2 o l
0 o p 10

d 4( q , x ) s ( t , u , q , i 2, v − x ) w q w x ,

where s ( t , u , q , r , v ) =
4X i 1 i 2 yz c =0 yz{ =0

1} c { sin(~ c t ) sin( � { u ) sin(~ c q ) sin( � { r ) sin( X } c { v ),~ c = � (2 � + 1)
2 i 1 , � { = � (2 � + 1)

2 i 2 ,
} c { = b ~ 2c + � 2{ .

5.1.2. Problems in Polar Coordinates
The wave equation with two space variables in the polar coordinate system has the formY 2 jY v 2 = X 2 � Y 2 jY � 2 +

1� Y jY � +
1� 2 Y 2 jY � 2 � , � = � t 2 + u 2.

One-dimensional solutions � = � ( � , v ) that are independent of the angular coordinate � are
considered in Subsection 4.2.1.

5.1.2-1. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 2 � . First boundary value problem.

A circle is considered. The following conditions are prescribed:� =   0( � , � ) at v = 0 (initial condition),Y ¡ � =   1( � , � ) at v = 0 (initial condition),� = d ( � , v ) at � = � (boundary condition).
Solution:� ( � , � , v ) = YY v o 2 ¢

0 o £0
  0( q , r ) s ( � , � , q , r , v ) q w q w r + o 2 ¢

0 o £0
  1( q , r ) s ( � , � , q , r , v ) q w q w r

− ¤ 2 � o ¡
0 o 2 ¢

0
d ( r , x ) � ¥¥ q s ( � , � , q , r , v − x ) � ¦ = £ w r w x .

Here,s ( � , � , q , r , v ) =
1� ¤ � 2 yz¨§ =0 yz{ =1 |

§� § { [ © ª§ ( � § { � )]2 © § ( � § { � ) © § ( � § { q ) cos[ � ( � − r )] sin( � § { ¤ v ),
| 0 = 1, |

§
= 2 ( � = 1, 2, «�«�« ),

where the © § ( q ) are the Bessel functions (the prime denotes the derivative with respect to the
argument) and the � § { are positive roots of the transcendental equation © § ( � � ) = 0.

The problem of vibration of a circular membrane of radius � rigidly fixed in its contour is
characterized by the homogeneous boundary condition, d ( � , v ) ≡ 0.¬<

References: N. S. Koshlyakov, E. B. Gliner, and M. M. Smirnov (1970), A. G. Butkovskiy (1979), B. M. Budak,
A. A. Samarskii, and A. N. Tikhonov (1980).
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2 ���� 2 2 �
5.1.2-2. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 2 � . Second boundary value problem.

A circle is considered. The following conditions are prescribed:� =   0( � , � ) at v = 0 (initial condition),¥ ¡ � =   1( � , � ) at v = 0 (initial condition),¥ ® � = d ( � , v ) at � = � (boundary condition).

Solution:� ( � , � , v ) = ¥¥ v o 2 ¢
0 o £0

  0( q , r ) s ( � , � , q , r , v ) q w q w r + o 2 ¢
0 o £0

  1( q , r ) s ( � , � , q , r , v ) q w q w r
+ ¤ 2 � o ¡

0 o 2 ¢
0

d ( r , x ) s ( � , � , � , r , v − x ) w r w x .

Here,s ( � , � , q , r , v ) =
v� � 2 +

1� ¤ yz5§ =0 yz{ =1 |
§ � § { © § ( � § { � ) © § ( � § { q )

( � 2

§ { � 2 − � 2)[ © § ( � § { � )]2 cos[ � ( � − r )] sin( � § { ¤ v ),
| 0 = 1, |

§
= 2 ( � = 1, 2, «�«�« ),

where the © § ( q ) are the Bessel functions and the � § { are positive roots of the transcendental equation© ª§ ( � � ) = 0.¬<
References: A. G. Butkovskiy (1979), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

5.1.2-3. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 2 � . Third boundary value problem.

A circle is considered. The following conditions are prescribed:� =   0( � , � ) at v = 0 (initial condition),¥ ¡ � =   1( � , � ) at v = 0 (initial condition),¥ ® � + � � = d ( � , v ) at � = � (boundary condition).

The solution � ( � , � , v ) is determined by the formula in Paragraph 5.1.2-2 wheres ( � , � , q , r , v ) =
1� ¤ yz5§ =0 yz{ =1 |

§ � § { © § ( � § { � ) © § ( � § { q )
( � 2

§ { � 2 + � 2 � 2 − � 2)[ © § ( � § { � )]2 cos[ � ( � − r )] sin( � § { ¤ v ),
| 0 = 1, |

§
= 2 ( � = 1, 2, «�«�« ).

Here, the © § ( q ) are the Bessel functions and the � § { are positive roots of the transcendental equation� © ª§ ( � � ) + � © § ( � � ) = 0.

5.1.2-4. Domain: � 1 ≤ � ≤ � 2, 0 ≤ � ≤ 2 � . First boundary value problem.

An annular domain is considered. The following conditions are prescribed:� =   0( � , � ) at v = 0 (initial condition),¥ ¡ � =   1( � , � ) at v = 0 (initial condition),� = d 1( � , v ) at � = � 1 (boundary condition),� = d 2( � , v ) at � = � 2 (boundary condition).
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Solution:� ( � , � , v ) = ¥¥ v o 2 ¢
0 o £ 2

£ 1

  0( q , r ) s ( � , � , q , r , v ) q w q w r + o 2 ¢
0 o £ 2

£ 1

  1( q , r ) s ( � , � , q , r , v ) q w q w r
+ ¤ 2 � 1 o ¡

0 o 2 ¢
0

d 1( r , x ) � ¥¥ q s ( � , � , q , r , v − x ) � ¦ = £ 1

w r w x
− ¤ 2 � 2 o ¡

0 o 2 ¢
0

d 2( r , x ) � ¥¥ q s ( � , � , q , r , v − x ) � ¦ = £ 2

w r w x .

Here, s ( � , � , q , r , v ) = �
2 ¤ yz5§ =0 yz{ =1 |

§ ¯ § { ° §
( � § { � ) ° §

( � § { q ) cos[ � ( � − r )] sin( � § { ¤ v ),
|
§

= ± 1 ² 2 for � = 0,
1 for � ≠ 0,

¯ § { =
� § { © 2

§
( � § { � 2)© 2

§
( � § { � 1) − © 2

§
( � § { � 2)

,° §
( � § { � ) = © § ( � § { � 1) ³ § ( � § { � ) − ³ § ( � § { � 1) © § ( � § { � ),

where the © § ( � ) and ³ § ( � ) are the Bessel functions, and the � § { are positive roots of the transcen-
dental equation © § ( � � 1) ³ § ( � � 2) − ³ § ( � � 1) © § ( � � 2) = 0.

5.1.2-5. Domain: � 1 ≤ � ≤ � 2, 0 ≤ � ≤ 2 � . Second boundary value problem.

An annular domain is considered. The following conditions are prescribed:� =   0( � , � ) at ´ = 0 (initial condition),¥ ¡ � =   1( � , � ) at ´ = 0 (initial condition),¥ ® � = d 1( � , ´ ) at � = � 1 (boundary condition),¥ ® � = d 2( � , ´ ) at � = � 2 (boundary condition).

Solution:� ( � , � , ´ ) = ¥¥ ´ µ 2 ¢
0 µ £ 2

£ 1

  0( ¶ , · ) ¸ ( ¹ , � , ¶ , · , ´ ) ¶ º ¶ º · + µ 2 ¢
0 µ £ 2

£ 1

  1( ¶ , · ) ¸ ( ¹ , � , ¶ , · , ´ ) ¶ º ¶ º ·
− ¤ 2 »

1 µ ¼0 µ 2 ½
0

d 1( · , ¾ ) ¸ ( ¹ , � , » 1, · , ´ − ¾ ) º · º ¾
+ ¿ 2 »

2 µ ¼0 µ 2 ½
0

d 2( · , ¾ ) ¸ ( ¹ , � , » 2, · , ´ − ¾ ) º · º ¾ .

Here,¸ ( ¹ , � , ¶ , · , ´ ) =
´� ( » 2

2 − » 2
1)

+
1� ¿ ÀÁ5Â

=0
ÀÁÃ =1 Ä

Â Å Â Ã Æ Â
(

Å Â Ã ¹ ) Æ Â
(

Å Â Ã ¶ ) cos[ � ( � − · )] sin(

Å Â Ã ¿ ´ )
(

Å
2

Â Ã » 2
2 − � 2) Æ 2

Â
(

Å Â Ã »
2)− (

Å
2

Â Ã » 2
1 − � 2) Æ 2

Â
(

Å Â Ã »
1)

,Æ Â
(

Å Â Ã ¹ ) = Ç ÈÂ (

Å Â Ã »
1) ³ Â (

Å Â Ã ¹ )− ³ ÈÂ (

Å Â Ã »
1) Ç Â (

Å Â Ã ¹ ),

where Ä 0 = 1 and Ä
Â

= 2 for � = 1, 2, É�É�É ; the Ç Â ( ¹ ) and ³ Â ( ¹ ) are the Bessel functions; and the
Å Â Ã are positive roots of the transcendental equationÇ ÈÂ (

Å »
1) ³ ÈÂ (

Å »
2) − ³ ÈÂ (

Å »
1) Ç ÈÂ (

Å »
2) = 0.
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5.1.2-6. Domain: »

1 ≤ ¹ ≤ »
2, 0 ≤ � ≤ 2 � . Third boundary value problem.

An annular domain is considered. The following conditions are prescribed:Ð = Ñ 0( ¹ , � ) at Ò = 0 (initial condition),Ó ¼ Ð = Ñ 1( ¹ , � ) at Ò = 0 (initial condition),Ó Ô Ð − Õ 1
Ð = d 1( � , Ò ) at ¹ = »

1 (boundary condition),Ó Ô Ð + Õ 2
Ð = d 2( � , Ò ) at ¹ = »

2 (boundary condition).

The solution Ð ( ¹ , � , Ò ) is determined by the formula in Paragraph 5.1.2-5 where¸ ( ¹ , � , ¶ , · , Ò ) =
1� ¿ ÀÁ5Â

=0
ÀÁÃ =1 Ä

Â Å Â Ã Æ Â
(

Å Â Ã ¹ ) Æ Â
(

Å Â Ã ¶ ) cos[ � ( � − · )] sin(

Å Â Ã ¿ Ò )
( Õ 2

2
» 2

2 +

Å
2

Â Ã » 2
2 − � 2) Æ 2

Â
(

Å Â Ã »
2)− ( Õ 2

1
» 2

1 +

Å
2

Â Ã » 2
1 − � 2) Æ 2

Â
(

Å Â Ã »
1)

,Æ Â
(

Å Â Ã ¹ ) = Ö Å Â Ã Ç ÈÂ (

Å Â Ã »
1)− Õ 1 Ç Â (

Å Â Ã »
1) ×�Ø Â (

Å Â Ã ¹ )

− Ö Å Â Ã Ø ÈÂ (

Å Â Ã »
1)− Õ 1 Ø Â (

Å Â Ã »
1) × Ç Â (

Å Â Ã ¹ ).

Here, Ä 0 = 1 and Ä
Â

= 2 for Ù = 1, 2, É�É�É ; the Ç Â ( ¹ ) and Ø Â ( ¹ ) are the Bessel functions; and the
Å Â Ã are positive roots of the transcendental equationÖ Å Ç ÈÂ (

Å »
1) − Õ 1 Ç Â (

Å »
1) × Ö Å Ø ÈÂ (

Å »
2) + Õ 2 Ø Â (

Å »
2) ×

= Ö Å Ø ÈÂ (

Å »
1) − Õ 1 Ø Â (

Å »
1) × Ö Å Ç ÈÂ (

Å »
2) + Õ 2 Ç Â (

Å »
2) × .

5.1.2-7. Domain: 0 ≤ ¹ ≤ » , 0 ≤ � ≤ � 0. First boundary value problem.

A circular sector is considered. The following conditions are prescribed:Ð = Ñ 0( ¹ , � ) at Ò = 0 (initial condition),Ó ¼ Ð = Ñ 1( ¹ , � ) at Ò = 0 (initial condition),Ð = d 1( � , Ò ) at ¹ = » (boundary condition),Ð = d 2( ¹ , Ò ) at � = 0 (boundary condition),Ð = d 3( ¹ , Ò ) at � = � 0 (boundary condition).

Solution:Ð ( ¹ , � , Ò ) =
ÓÓ Ò µ Ú 0

0 µ Û0
Ñ 0( ¶ , · ) ¸ ( ¹ , � , ¶ , · , Ò ) ¶ º ¶ º · + µ Ú 0

0 µ Û0
Ñ 1( ¶ , · ) ¸ ( ¹ , � , ¶ , · , Ò ) ¶ º ¶ º ·

− ¿ 2 » µ ¼0 µ Ú 0

0
d 1( · , ¾ ) Ü ÓÓ ¶ ¸ ( ¹ , � , ¶ , · , Ò − ¾ ) Ý Þ

= Û º · º ¾
+ ¿ 2 µ ¼0 µ Û0

d 2( ¶ , ¾ )
1¶ Ü ÓÓ · ¸ ( ¹ , � , ¶ , · , Ò − ¾ ) Ý ß

=0
º ¶ º ¾

− ¿ 2 µ ¼0 µ Û0
d 3( ¶ , ¾ )

1¶ Ü ÓÓ · ¸ ( ¹ , � , ¶ , · , Ò − ¾ ) Ý ß
= Ú 0

º ¶ º ¾ .

Here,¸ ( ¹ , � , ¶ , · , Ò ) =
4¿ » 2 � 0 ÀÁ Â

=1
ÀÁÃ =1

Ç Â ½ à Ú 0(

Å Â Ã ¹ ) Ç Â ½ à Ú 0(

Å Â Ã ¶ )Å Â Ã [ Ç ÈÂ ½ à Ú 0
(

Å Â Ã » )]2 sin á Ù â �� 0 ã sin á Ù â ·� 0 ã sin(

Å Â Ã ¿ Ò ),
where the Ç Â ½ à Ú 0 ( ¹ ) are the Bessel functions and the

Å Â Ã are positive roots of the transcendental
equation Ç Â ½ à Ú 0 (

Å » ) = 0.
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5.1.2-8. Domain: 0 ≤ ¹ ≤ » , 0 ≤ � ≤ � 0. Second boundary value problem.

A circular sector is considered. The following conditions are prescribed:Ð = Ñ 0( ¹ , � ) at Ò = 0 (initial condition),Ó ¼ Ð = Ñ 1( ¹ , � ) at Ò = 0 (initial condition),Ó Ô Ð = d 1( � , Ò ) at ¹ = » (boundary condition),¹ −1 Ó Ú Ð = d 2( ¹ , Ò ) at � = 0 (boundary condition),¹ −1 Ó Ú Ð = d 3( ¹ , Ò ) at � = � 0 (boundary condition).

Solution:Ð ( ¹ , � , Ò ) =
ÓÓ Ò µ Ú 0

0 µ Û0
Ñ 0( ¶ , · ) ¸ ( ¹ , � , ¶ , · , Ò ) ¶ º ¶ º · + µ Ú 0

0 µ Û0
Ñ 1( ¶ , · ) ¸ ( ¹ , � , ¶ , · , Ò ) ¶ º ¶ º ·

+ ¿ 2 » µ ¼0 µ Ú 0

0
d 1( · , ¾ ) ¸ ( ¹ , � , » , · , Ò − ¾ ) º · º ¾

− ¿ 2 µ ¼0 µ Û0
d 2( ¶ , ¾ ) ¸ ( ¹ , � , ¶ , 0, Ò − ¾ ) º ¶ º ¾

+ ¿ 2 µ ¼0 µ Û0
d 3( ¶ , ¾ ) ¸ ( ¹ , � , ¶ , � 0, Ò − ¾ ) º ¶ º ¾ .

Here, ¸ ( ¹ , � , ¶ , · , Ò ) =
2 Ò» 2 � 0

+
4 � 0¿ ÀÁ Â

=0
ÀÁÃ =1

Å Â Ã Ç Â ½ à Ú 0 (

Å Â Ã ¹ ) Ç Â ½ à Ú 0 (

Å Â Ã ¶ )

( » 2 � 2
0

Å
2

Â Ã − Ù 2 â 2) ÖäÇ Â ½ à Ú 0 (

Å Â Ã » ) × 2

× cos á Ù â �� 0 ã cos á Ù â ·� 0 ã sin(

Å Â Ã ¿ Ò ),
where the Ç Â ½ à Ú 0 ( ¹ ) are the Bessel functions and the

Å Â Ã are positive roots of the transcendental
equation Ç ÈÂ ½ à Ú 0

(

Å » ) = 0.

5.1.2-9. Domain: 0 ≤ ¹ ≤ » , 0 ≤ � ≤ � 0. Mixed boundary value problem.

A circular sector is considered. The following conditions are prescribed:Ð = Ñ 0( ¹ , � ) at Ò = 0 (initial condition),Ó ¼ Ð = Ñ 1( ¹ , � ) at Ò = 0 (initial condition),Ó Ô Ð + Õ Ð = d ( � , Ò ) at ¹ = » (boundary condition),Ó Ú Ð = 0 at � = 0 (boundary condition),Ó Ú Ð = 0 at � = � 0 (boundary condition).

Solution:Ð ( ¹ , � , Ò ) =
ÓÓ Ò µ Ú 0

0 µ Û0
Ñ 0( ¶ , · ) ¸ ( ¹ , � , ¶ , · , Ò ) ¶ º ¶ º · + µ Ú 0

0 µ Û0
Ñ 1( ¶ , · ) ¸ ( ¹ , � , ¶ , · , Ò ) ¶ º ¶ º ·

+ ¿ 2 » µ ¼0 µ Ú 0

0
d ( · , ¾ ) ¸ ( ¹ , � , » , · , Ò − ¾ ) º · º ¾ .

Here, ¸ ( ¹ , � , ¶ , · , Ò ) = ÀÁ Â
=0

ÀÁÃ =1 Ä
Â Ã Ç eäå (

Å Â Ã ¹ ) Ç eäå (

Å Â Ã ¶ ) cos( f Â � ) cos( f Â · ) sin(

Å Â Ã ¿ Ò ),f Â =
Ù â� 0

, Ä
Â Ã =

4

Å Â Ã¿ � 0(

Å
2

Â Ã » 2 + Õ 2 » 2 − f 2

Â
) Ö Ç eäå (

Å Â Ã » ) × 2 ,
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where the Ç eäå ( ¹ ) are the Bessel functions and the

Å Â Ã are positive roots of the transcendental
equation

Å Ç Èeäå (

Å » ) + Õ Ç eäå (

Å » ) = 0.

5.1.3. Axisymmetric Problems
In the axisymmetric case the wave equation in the cylindrical system of coordinates has the formÓ 2 ÐÓ Ò 2 = ¿ 2 á Ó 2 ÐÓ ¹ 2 +

1¹ Ó ÐÓ ¹ +
Ó 2 ÐÓ æ 2 ã , ¹ = ç è 2 + é 2.

One-dimensional problems with axial symmetry that have solutions Ð = Ð ( ¹ , Ò ) are considered in
Subsection 4.2.1.

In the solution of the problems considered below, the modified Green’s function ê ( ¹ ,
æ
, ¶ , · , Ò ) =

2 â ¶ ¸ ( ¹ ,
æ
, ¶ , · , Ò ) is used for convenience.

5.1.3-1. Domain: 0 ≤ ¹ ≤ » , 0 ≤
æ

≤ ë . First boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:Ð = Ñ 0( ¹ ,
æ
) at Ò = 0 (initial condition),Ó ¼ Ð = Ñ 1( ¹ ,

æ
) at Ò = 0 (initial condition),Ð = d 1(

æ
, Ò ) at ¹ = » (boundary condition),Ð = d 2( ¹ , Ò ) at

æ
= 0 (boundary condition),Ð = d 3( ¹ , Ò ) at

æ
= ë (boundary condition).

Solution:Ð ( ¹ ,
æ
, Ò ) =

ÓÓ Ò µ ì0 µ Û0
Ñ 0( ¶ , · ) ê ( ¹ ,

æ
, ¶ , · , Ò ) º ¶ º · + µ ì0 µ Û0

Ñ 1( ¶ , · ) ê ( ¹ ,
æ
, ¶ , · , Ò ) º ¶ º ·

− ¿ 2 µ ¼0 µ ì0 í 1( · , ¾ ) Ü ÓÓ ¶ ê ( ¹ ,
æ
, ¶ , · , Ò − ¾ ) Ý Þ

= Û º · º ¾
+ ¿ 2 î ¼0

î Û0 í 2( ï , ¾ ) Ü ÓÓ ð ê ( ñ ,
æ
, ï ,

ð
, Ò − ¾ ) Ý ß

=0 ò ï ò ¾
− ¿ 2 î ¼0

î Û0 í 3( ï , ¾ ) Ü ÓÓ ð ê ( ñ ,
æ
, ï ,

ð
, Ò − ¾ ) Ý ß

= ì ò ï ò ¾ .

Here,ê ( ñ ,
æ
, ï ,

ð
, Ò ) =

4 ïó 2 ë ôÁ Â
=1

ôÁÃ =1

1Ç 2
1(

Å Â
)
Ç 0 á Å Â ñó ã Ç 0 á Å Â ïó ã sin á õ â æë ã sin á õ â ðë ã sin ö�÷ Òùø ú Â Ã û÷ ø ú Â Ã ,ú Â Ã =

Å
2

Âó 2 +
â 2 õ 2ë 2 ,

where the

Å Â
are positive zeros of the Bessel function, Ç 0(

Å
) = 0.

5.1.3-2. Domain: 0 ≤ ñ ≤
ó

, 0 ≤
æ

≤ ë . Second boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:Ð = Ñ 0( ñ ,
æ
) at Ò = 0 (initial condition),Ó ü Ð = Ñ 1( ñ ,

æ
) at Ò = 0 (initial condition),Ó Ô Ð = í 1(

æ
, Ò ) at ñ =

ó
(boundary condition),Ó ý Ð = í 2( ñ , Ò ) at

æ
= 0 (boundary condition),Ó ý Ð = í 3( ñ , Ò ) at

æ
= ë (boundary condition).
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Solution:Ð ( ñ ,
æ
, Ò ) =

ÓÓ Ò î ì0

î Û0
Ñ 0( ï ,

ð
) ê ( ñ ,

æ
, ï ,

ð
, Ò ) ò ï ò ð + î ì0

î Û0
Ñ 1( ï ,

ð
) ê ( ñ ,

æ
, ï ,

ð
, Ò ) ò ï ò ð

+ ÷ 2 î ü
0

î ì0 í 1(
ð

, þ ) ê ( ñ ,
æ
,
ó

,
ð

, Ò − þ ) ò ð ò þ
− ÷ 2 î ü

0

î Û0 í 2( ï , þ ) ê ( ñ ,
æ
, ï , 0, Ò − þ ) ò ï ò þ

+ ÷ 2 î ü
0

î Û0 í 3( ï , þ ) ê ( ñ ,
æ
, ï , ë , Ò − þ ) ò ï ò þ .

Here, ê ( ñ ,
æ
, ï ,

ð
, Ò ) =

2 Òÿïó 2 ë +
2 ïó 2 ë ô� � =0

ô�� =0

� � �� 2
0 ( � � )

�
0 � � � ñó � �

0 � � � ïó �
× cos � õ � 	
 � cos � õ � ð
 � sin ö�÷ � ø ú � � û÷ ø ú � � ,ú � � =

� 2�ó 2 + � 2 õ 2
 2 ,
� � � = � 0 for õ = 0,  = 0,

1 for õ = 0,  > 0,
2 for õ > 0,

where the � � are zeros of the first-order Bessel function,
�

1( � ) = 0 ( � 0 = 0).

5.1.3-3. Domain: 0 ≤ ñ ≤
ó

, 0 ≤ 	 ≤


. Third boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , 	 ) at � = 0 (initial condition),� ü � = � 1( � , 	 ) at � = 0 (initial condition),� � � + � 1
� = � 1( 	 , � ) at � = � (boundary condition),� ý � − � 2
� = � 2( � , � ) at 	 = 0 (boundary condition),� ý � + � 3
� = � 3( � , � ) at 	 =



(boundary condition).

The solution � ( � , 	 , � ) is determined by the formula in Paragraph 5.1.3-2 where�
( � , 	 , � , � , � ) =

2 �� 2 �� � =1
��� =1

� 2�
( � 2

1 � 2 + � 2� )
� 2

0( � � )
�

0 � � � �� � �
0 � � � �� � � � ( 	 ) � � ( � )� � � � 2

sin ��� � � ! � � "� � ! � � ,

! � � =
� 2�� 2 + # 2� , � � ( 	 ) = cos( # � 	 ) +

� 2# � sin( # � 	 ),� � � � 2 =
� 3

2 # 2� # 2� + � 2
2# 2� + � 2
3

+
� 2

2 # 2� +


2 � 1 +

� 2
2# 2� � .

Here, the � � and # � are positive roots of the transcendental equations

� �
1( � ) − � 1 � �

0( � ) = 0,
tan( # 


)# =
� 2 + � 3# 2 − � 2 � 3

.
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5.1.3-4. Domain: 0 ≤ � ≤ � , 0 ≤ 	 ≤



. Mixed boundary value problems.

1 + . A circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , 	 ) at � = 0 (initial condition),� , � = � 1( � , 	 ) at � = 0 (initial condition),� = � 1( 	 , � ) at � = � (boundary condition),� - � = � 2( � , � ) at 	 = 0 (boundary condition),� - � = � 3( � , � ) at 	 =



(boundary condition).

Solution:� ( � , 	 , � ) =
�� � . ì0 . /0

� 0( � , � )
�

( � , 	 , � , � , � ) 0 � 0 � + . ì0 . /0
� 1( � , � )

�
( � , 	 , � , � , � ) 0 � 0 �

− � 2 . ,
0 . ì0

� 1( � , 1 ) 2 �� � �
( � , 	 , � , � , � − 1 ) 3 4

= /
0 � 0 1

− � 2 . ,
0 . /0

� 2( � , 1 )
�

( � , 	 , � , 0, � − 1 ) 0 � 0 1
+ � 2 . ,

0 . /0
� 3( � , 1 )

�
( � , 	 , � ,



, � − 1 ) 0 � 0 1 .

Here,�
( � , 	 , � , � , � ) =

2 �� 2 
 �5 � =1
�5� =0

� �6 2
1( 7 � )

6
0 � 7 � �� � 6

0 � 7 � �� � cos � 8 � 	
 � cos � 8 � �
 � sin � � � � ! � � "� � ! � � ,

! � � =
7 2�� 2 + � 2 8 2
 2 ,

� � = 9 1 for 8 = 0,
2 for 8 > 0,

where the 7 � are positive zeros of the Bessel function,
6

0( 7 ) = 0.

2 + . A circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , 	 ) at � = 0 (initial condition),� , � = � 1( � , 	 ) at � = 0 (initial condition),� � � = � 1( 	 , � ) at � = � (boundary condition),� = � 2( � , � ) at 	 = 0 (boundary condition),� = � 3( � , � ) at 	 =



(boundary condition).

Solution:� ( � , 	 , � ) =
�� � . ì0 . /0

� 0( � , � )
�

( � , 	 , � , � , � ) 0 � 0 � + . ì0 . /0
� 1( � , � )

�
( � , 	 , � , � , � ) 0 � 0 �

+ � 2 . ,
0 . ì0

� 1( � , 1 )
�

( � , 	 , � , � , � − 1 ) 0 � 0 1
+ � 2 . ,

0 . /0
� 2( � , 1 ) 2 �� � �

( � , 	 , � , � , � − 1 ) 3 :
=0

0 � 0 1
− � 2 . ,

0 . /0
� 3( � , 1 ) 2 �� � �

( � , 	 , � , � , � − 1 ) 3 :
= ì 0 � 0 1 .
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Here,�
( � , 	 , � , � , � ) =

4 �� 2 
 �5 � =0
�5� =1

16 2
0 ( 7 � )

6
0 � 7 � �� � 6

0 � 7 � �� � sin � 8 � 	
 � sin � 8 � �
 � sin ��� � � ! � � "� � ! � � ,

! � � =
7 2�� 2 + � 2 8 2
 2 ,

where the 7 � are zeros of the first-order Bessel function,
6

1( 7 ) = 0 ( 7 0 = 0).

5.1.3-5. Domain: � 1 ≤ � ≤ � 2, 0 ≤ 	 ≤


. First boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , 	 ) at � = 0 (initial condition),� , � = � 1( � , 	 ) at � = 0 (initial condition),� = � 1( 	 , � ) at � = � 1 (boundary condition),� = � 2( 	 , � ) at � = � 2 (boundary condition),� = � 3( � , � ) at 	 = 0 (boundary condition),� = � 4( � , � ) at 	 =



(boundary condition).
Solution:� ( � , 	 , � ) =

�� � . ì0 . / 2

/ 1

� 0( � , � )
�

( � , 	 , � , � , � ) 0 � 0 � + . ì0 . / 2

/ 1

� 1( � , � )
�

( � , 	 , � , � , � ) 0 � 0 �
+ � 2 . ,

0 . ì0
� 1( � , 1 ) 2 �� � �

( � , 	 , � , � , � − 1 ) 3 4
= / 1

0 � 0 1
− � 2 . ,

0 . ì0
� 2( � , 1 ) 2 �� � �

( � , 	 , � , � , � − 1 ) 3 4
= / 2

0 � 0 1
+ � 2 . ,

0 . / 2

/ 1

� 3( � , 1 ) 2 �� � �
( � , 	 , � , � , � − 1 ) 3 :

=0
0 � 0 1

− � 2 . ,
0 . / 2

/ 1

� 4( � , 1 ) 2 �� � �
( � , 	 , � , � , � − 1 ) 3 :

= ì 0 � 0 1 .

Here,�
( � , 	 , � , � , � ) = � 2 �� 2

1

 �5 � =1

�5� =1

7 2� 6 2
0( ;<7 � )6 2

0( 7 � )−
6 2

0( ;<7 � ) = � ( � ) = � ( � ) sin � 8 � 	
 � sin � 8 � �
 � sin � � � � ! � � "� � ! � � ,

= � ( � ) = > 0( 7 � )
6

0 � 7 � �� 1
� −

6
0( 7 � ) > 0 � 7 � �� 1

� , ; =
� 2� 1

, ! � � =
7 2�� 2

1
+ � 2 8 2
 2 ,

where
6

0( 7 ) and > 0( 7 ) are the Bessel functions, and the 7 � are positive roots of the transcendental
equation 6

0( 7 ) > 0( ;<7 ) −
6

0( ;<7 ) > 0( 7 ) = 0.

5.1.3-6. Domain: � 1 ≤ � ≤ � 2, 0 ≤ 	 ≤


. Second boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , 	 ) at � = 0 (initial condition),� , � = � 1( � , 	 ) at � = 0 (initial condition),� � � = � 1( 	 , � ) at � = � 1 (boundary condition),� � � = � 2( 	 , � ) at � = � 2 (boundary condition),� - � = � 3( � , � ) at 	 = 0 (boundary condition),� - � = � 4( � , � ) at 	 =



(boundary condition).
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Solution:� ( � , 	 , � ) =

�� � . C0 . / 2

/ 1

� 0( � , � )
�

( � , 	 , � , � , � ) 0 � 0 � + . C0 . / 2

/ 1

� 1( � , � )
�

( � , 	 , � , � , � ) 0 � 0 �
− � 2 . ,

0 . C0
� 1( � , 1 )

�
( � , 	 , � 1, � , � − 1 ) 0 � 0 1 + � 2 . ,

0 . C0
� 2( � , 1 )

�
( � , 	 , � 2, � , � − 1 ) 0 � 0 1

− � 2 . ,
0 . / 2

/ 1

� 3( � , 1 )
�

( � , 	 , � , 0, � − 1 ) 0 � 0 1 + � 2 . ,
0 . / 2

/ 1

� 4( � , 1 )
�

( � , 	 , � ,


, � − 1 ) 0 � 0 1 .

Here,�
( � , 	 , � , � , � ) =

2 �D�
( � 2

2 − � 2
1)

 +

4 �� � ( � 2
2 − � 2

1) �5� =1

18 cos � 8 � 	
 � cos � 8 � �
 � sin � 8 � � �
 �
+ � 2 �

2 � 2
1

 �5 � =1

�5� =0

� � 7 2� 6 2
1 ( ;<7 � )6 2

1 ( 7 � ) −
6 2

1 ( ;<7 � ) = � ( � ) = � ( � ) cos � 8 � 	
 � cos � 8 � �
 � sin � � � � ! � � "� � ! � � ,

where

= � ( � ) = > 1( 7 � )
6

0 � 7 � �� 1
� −

6
1( 7 � ) > 0 � 7 � �� 1

� , ; =
� 2� 1

,� � = 9 1 for 8 = 0,
2 for 8 > 1,

! � � =
7 2�� 2

1
+ � 2 8 2
 2 ;6 E

( 7 ) and > E ( 7 ) are the Bessel functions ( � = 0, 1); and the 7 � are positive roots of the transcendental
equation 6

1( 7 ) > 1( ;<7 ) −
6

1( ;<7 ) > 1( 7 ) = 0.

5.2. Nonhomogeneous Wave EquationF 2 GF H 2 = I 2 J
2 G + K ( L , M ,

H
)

5.2.1. Problems in Cartesian Coordinates

5.2.1-1. Domain: − N < O < N , − N < P < N . Cauchy problem.

Initial conditions are prescribed: � = Q ( O , P ) at R = 0,S , � = T ( O , P ) at R = 0.

Solution:� ( O , P , R ) =
1

2 U V SS R W WX ≤ Y , Q ( Z , [ ) \ Z \ [] V 2 R 2 − ^ 2
+

1
2 U V W WX ≤ Y , T ( Z , [ ) \ Z \ [] V 2 R 2 − ^ 2

+
1

2 U V W ,
0 _ W WX ≤ Y (

,
− ` ) a ( Z , [ , b ) \ Z \ [] V 2( R − b )2 − ^ 2 c \ b , ^ 2 = ( Z − O )2 + ( [ − P )2.

dfe
Reference: N. S. Koshlyakov, E. B. Gliner, and M. M. Smirnov (1970).
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5.2.1-2. Domain: 0 ≤ O ≤ g 1, 0 ≤ P ≤ g 2. First boundary value problem.

A rectangle is considered. The following conditions are prescribed:h = Q 0( O , P ) at R = 0 (initial condition),S , h = Q 1( O , P ) at R = 0 (initial condition),h = T 1( P , R ) at O = 0 (boundary condition),h = T 2( P , R ) at O = g 1 (boundary condition),h = T 3( O , R ) at P = 0 (boundary condition),h = T 4( O , R ) at P = g 2 (boundary condition).

The solution h ( O , P , R ) is given by the formula in Paragraph 5.1.1-3 with the additional term

W ,
0 W C 10 W C 20 a ( Z , [ , b ) i ( O , P , Z , [ , R − b ) \ [ \ Z \ b ,

which allows for the equation’s nonhomogeneity; this term is the solution of the nonhomogeneous
equation with homogeneous initial and boundary conditions.dfe

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

5.2.1-3. Domain: 0 ≤ O ≤ g 1, 0 ≤ P ≤ g 2. Second boundary value problem.

A rectangle is considered. The following conditions are prescribed:h = Q 1( O , P ) at R = 0 (initial condition),S , h = Q 2( O , P ) at R = 0 (initial condition),S j h = T 1( P , R ) at O = 0 (boundary condition),S j h = T 2( P , R ) at O = g 1 (boundary condition),S k h = T 3( O , R ) at P = 0 (boundary condition),S k h = T 4( O , R ) at P = g 2 (boundary condition).

The solution h ( O , P , R ) is given by the formula in Paragraph 5.1.1-4 with the additional term
specified in Paragraph 5.2.1-2 (the Green’s function is taken from Paragraph 5.1.1-4).dfe

References: A. G. Butkovskiy (1979), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

5.2.1-4. Domain: 0 ≤ O ≤ g 1, 0 ≤ P ≤ g 2. Third boundary value problem.

A rectangle is considered. The following conditions are prescribed:h = Q 1( O , P ) at R = 0 (initial condition),S , h = Q 2( O , P ) at R = 0 (initial condition),S j h − l 1
h = T 1( P , R ) at O = 0 (boundary condition),S j h + l 2
h = T 2( P , R ) at O = g 1 (boundary condition),S k h − l 3
h = T 3( O , R ) at P = 0 (boundary condition),S k h + l 4
h = T 4( O , R ) at P = g 2 (boundary condition).

The solution h ( O , P , R ) is the sum of the solution to the homogeneous equation with non-
homogeneous initial and boundary conditions (see Paragraph 5.1.1-5) and the solution to the
nonhomogeneous equation with homogeneous initial and boundary conditions. This solution is
given by the formula in Paragraph 5.2.1-2 in which one should substitute the Green’s function of
Paragraph 5.1.1-5).dfe

References: A. G. Butkovskiy (1979), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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5.2.1-5. Domain: 0 ≤ O ≤ g 1, 0 ≤ P ≤ g 2. Mixed boundary value problems.

1 s . A rectangle is considered. The following conditions are prescribed:h = Q 1( O , P ) at R = 0 (initial condition),S t h = Q 2( O , P ) at R = 0 (initial condition),h = T 1( P , R ) at O = 0 (boundary condition),h = T 2( P , R ) at O = g 1 (boundary condition),S k h = T 3( O , R ) at P = 0 (boundary condition),S k h = T 4( O , R ) at P = g 2 (boundary condition).

The solution h ( O , P , R ) is given by the formula in Paragraph 5.1.1-6, Item 1 s , with the additional
term specified in Paragraph 5.2.1-2.

2 s . A rectangle is considered. The following conditions are prescribed:h = Q 1( O , P ) at R = 0 (initial condition),S t h = Q 2( O , P ) at R = 0 (initial condition),h = T 1( P , R ) at O = 0 (boundary condition),S j h = T 2( P , R ) at O = g 1 (boundary condition),h = T 3( O , R ) at P = 0 (boundary condition),S k h = T 4( O , R ) at P = g 2 (boundary condition).

The solution h ( O , P , R ) is given by the formula in Paragraph 5.1.1-6, Item 2 s , with the additional
term specified in Paragraph 5.2.1-2.

5.2.2. Problems in Polar Coordinates
A nonhomogeneous wave equation in the polar coordinate system has the formS 2 hS R 2 = V 2 u v 2 hv w 2 +

1w v hv w +
1w 2

v 2 hv x 2 y + a ( w , x , z ), w =
] {

2 + | 2.

One-dimensional boundary value problems independent of the angular coordinate x are consid-
ered in Subsection 4.2.2.

5.2.2-1. Domain: 0 ≤ w ≤ } , 0 ≤ x ≤ 2 ~ . First boundary value problem.

A circle is considered. The following conditions are prescribed:h = � 0( w , x ) at z = 0 (initial condition),v t h = � 1( w , x ) at z = 0 (initial condition),h = � ( x , z ) at w = } (boundary condition).

The solution h ( w , x , z ) is given by the formula in Paragraph 5.1.2-1 with the additional term

W t
0 W 2 �

0 W �0 a ( Z , [ , b ) i ( w , x , Z , [ , z − b ) Z \ Z \ [ \ b , (1)

which allows for the equation’s nonhomogeneity; this term is the solution of the nonhomogeneous
equation with homogeneous initial and boundary conditions.dfe

References: N. S. Koshlyakov, E. B. Gliner, and M. M. Smirnov (1970), B. M. Budak, A. A. Samarskii, and
A. N. Tikhonov (1980).
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5.2.2-2. Domain: 0 ≤ w ≤ } , 0 ≤ x ≤ 2 ~ . Second boundary value problem.

A circle is considered. The following conditions are prescribed:h = � 0( w , x ) at z = 0 (initial condition),v t h = � 1( w , x ) at z = 0 (initial condition),v � h = � ( x , z ) at w = } (boundary condition).

The solution h ( w , x , z ) is given by the formula in Paragraph 5.1.2-2 with the additional term (1).dfe
References: A. G. Butkovskiy (1979), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

5.2.2-3. Domain: 0 ≤ w ≤ } , 0 ≤ x ≤ 2 ~ . Third boundary value problem.

A circle is considered. The following conditions are prescribed:h = � 0( w , x ) at z = 0 (initial condition),v t h = � 1( w , x ) at z = 0 (initial condition),v � h + l h = � ( x , z ) at w = } (boundary condition).

The solution h ( w , x , z ) is the sum of the solution to the homogeneous equation with nonho-
mogeneous initial and boundary conditions (see Paragraph 5.1.2-3) and the solution to the nonho-
mogeneous equation with homogeneous initial and boundary conditions [this solution is given by
formula (1) in which one should substitute the Green’s function in Paragraph 5.1.2-3].dfe

References: A. G. Butkovskiy (1979), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

5.2.2-4. Domain: } 1 ≤ w ≤ } 2, 0 ≤ x ≤ 2 ~ . First boundary value problem.

An annular domain is considered. The following conditions are prescribed:h = � 0( w , x ) at z = 0 (initial condition),v t h = � 1( w , x ) at z = 0 (initial condition),h = � 1( x , z ) at w = } 1 (boundary condition),h = � 2( x , z ) at w = } 2 (boundary condition).

The solution h ( w , x , z ) is given by the formula in Paragraph 5.1.2-4 with the additional term

W t
0 W 2 �

0 W � 2

� 1 a ( Z , [ , b ) i ( w , x , Z , [ , z − b ) Z \ Z \ [ \ b , (2)

which allows for the equation’s nonhomogeneity; this term is the solution of the nonhomogeneous
equation with homogeneous initial and boundary conditions.

5.2.2-5. Domain: } 1 ≤ w ≤ } 2, 0 ≤ x ≤ 2 ~ . Second boundary value problem.

An annular domain is considered. The following conditions are prescribed:h = � 0( w , x ) at z = 0 (initial condition),v t h = � 1( w , x ) at z = 0 (initial condition),v � h = � 1( x , z ) at w = } 1 (boundary condition),v � h = � 2( x , z ) at w = } 2 (boundary condition).

The solution h ( w , x , z ) is given by the formula in Paragraph 5.1.2-5 with the additional term (2).
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5.2.2-6. Domain: } 1 ≤ w ≤ } 2, 0 ≤ x ≤ 2 ~ . Third boundary value problem.

An annular domain is considered. The following conditions are prescribed:h = � 0( w , x ) at z = 0 (initial condition),v t h = � 1( w , x ) at z = 0 (initial condition),v � h − l 1
h = � 1( x , z ) at w = } 1 (boundary condition),v � h + l 2
h = � 2( x , z ) at w = } 2 (boundary condition).

The solution h ( w , x , z ) is the sum of the solution to the homogeneous equation with nonho-
mogeneous initial and boundary conditions (see Paragraph 5.1.2-6) and the solution to the nonho-
mogeneous equation with homogeneous initial and boundary conditions [this solution is given by
formula (2) in which one should substitute the Green’s function in Paragraph 5.1.2-6].

5.2.2-7. Domain: 0 ≤ w ≤ } , 0 ≤ x ≤ x 0. First boundary value problem.

A circular sector is considered. The following conditions are prescribed:h = � 0( w , x ) at z = 0 (initial condition),v t h = � 1( w , x ) at z = 0 (initial condition),h = � 1( x , z ) at w = } (boundary condition),h = � 2( w , z ) at x = 0 (boundary condition),h = � 3( w , z ) at x = x 0 (boundary condition).

The solution h ( w , x , z ) is given by the formula in Paragraph 5.1.2-7 with the additional term

W t
0 W � 0

0 W �0 a ( Z , [ , b ) i ( w , x , Z , [ , z − b ) Z \ Z \ [ \ b , (3)

which allows for the equation’s nonhomogeneity.

5.2.2-8. Domain: 0 ≤ w ≤ } , 0 ≤ x ≤ x 0. Second boundary value problem.

A circular sector is considered. The following conditions are prescribed:h = � 0( w , x ) at z = 0 (initial condition),v t h = � 1( w , x ) at z = 0 (initial condition),v � h = � 1( x , z ) at w = } (boundary condition),w −1 v � h = � 2( w , z ) at x = 0 (boundary condition),w −1 v � h = � 3( w , z ) at x = x 0 (boundary condition).

The solution h ( w , x , z ) is given by the formula in Paragraph 5.1.2-8 with the additional term (3).

5.2.2-9. Domain: 0 ≤ w ≤ } , 0 ≤ x ≤ x 0. Mixed boundary value problem.

A circular sector is considered. The following conditions are prescribed:h = � 0( w , x ) at z = 0 (initial condition),v t h = � 1( w , x ) at z = 0 (initial condition),v � h + l h = � ( x , z ) at w = } (boundary condition),v � h = 0 at x = 0 (boundary condition),v � h = 0 at x = x 0 (boundary condition).

The solution h ( w , x , z ) is given by the formula in Paragraph 5.1.2-9 with the additional term (3).
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5.2.3. Axisymmetric Problems
In the axisymmetric case, a nonhomogeneous wave equation in the cylindrical system of coordinates
has the form v 2 hv z 2 = � 2 u v 2 hv w 2 +

1w v hv w + v 2 hv � 2 y + a ( w , � , z ), w =
] {

2 + | 2.

5.2.3-1. Domain: 0 ≤ w ≤ } , 0 ≤ � ≤ g . First boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:h = � 0( w , � ) at z = 0 (initial condition),v t h = � 1( w , � ) at z = 0 (initial condition),h = � 1( � , z ) at w = } (boundary condition),h = � 2( w , z ) at � = 0 (boundary condition),h = � 3( w , z ) at � = g (boundary condition).

The solution h ( w , � , z ) is given by the formula in Paragraph 5.1.3-1 with the additional term

W t
0 W C0 W �0 a ( Z , [ , b ) � ( w , � , Z , [ , z − b ) \ Z \ [ \ b , (1)

which allows for the equation’s nonhomogeneity; this term is the solution of the nonhomogeneous
equation with homogeneous initial and boundary conditions.

5.2.3-2. Domain: 0 ≤ w ≤ } , 0 ≤ � ≤ g . Second boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:h = � 0( w , � ) at z = 0 (initial condition),v t h = � 1( w , � ) at z = 0 (initial condition),v � h = � 1( � , z ) at w = } (boundary condition),v � h = � 2( w , z ) at � = 0 (boundary condition),v � h = � 3( w , z ) at � = g (boundary condition).

The solution h ( w , � , z ) is given by the formula in Paragraph 5.1.3-2 with the additional term (1).

5.2.3-3. Domain: 0 ≤ w ≤ } , 0 ≤ � ≤ g . Third boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:h = � 0( w , � ) at z = 0 (initial condition),v t h = � 1( w , � ) at z = 0 (initial condition),v � h + l 1
h = � 1( � , z ) at w = } (boundary condition),v � h − l 2
h = � 2( w , z ) at � = 0 (boundary condition),v � h + l 3
h = � 3( w , z ) at � = g (boundary condition).

The solution h ( w , � , z ) is the sum of the solution to the homogeneous equation with nonho-
mogeneous initial and boundary conditions (see Paragraph 5.1.3-3) and the solution to the nonho-
mogeneous equation with homogeneous initial and boundary conditions [this solution is given by
formula (1) in which one should substitute the Green’s function in Paragraph 5.1.3-3].
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5.2.3-4. Domain: 0 ≤ � ≤ � , 0 ≤  ≤ � . Mixed boundary value problems.

1 � . A circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � ,  ) at � = 0 (initial condition),� � � = � 1( � ,  ) at � = 0 (initial condition),� = � 1(  , � ) at � = � (boundary condition),� � � = � 2( � , � ) at  = 0 (boundary condition),� � � = � 3( � , � ) at  = � (boundary condition).

The solution � ( � ,  , � ) is given by the formula in Paragraph 5.1.3-4, Item 1 � , with the additional
term (1).

2 � . A circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � ,  ) at � = 0 (initial condition),� � � = � 1( � ,  ) at � = 0 (initial condition),� � � = � 1(  , � ) at � = � (boundary condition),� = � 2( � , � ) at  = 0 (boundary condition),� = � 3( � , � ) at  = � (boundary condition).

The solution � ( � ,  , � ) is given by the formula in Paragraph 5.1.3-4, Item 2 � , with the additional
term (1).

5.2.3-5. Domain: � 1 ≤ � ≤ � 2, 0 ≤  ≤ � . First boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � ,  ) at � = 0 (initial condition),� � � = � 1( � ,  ) at � = 0 (initial condition),� = � 1(  , � ) at � = � 1 (boundary condition),� = � 2(  , � ) at � = � 2 (boundary condition),� = � 3( � , � ) at  = 0 (boundary condition),� = � 4( � , � ) at  = � (boundary condition).

The solution � ( � ,  , � ) is given by the formula in Paragraph 5.1.3-5 with the additional term� �
0

� �
0

� �
2�

1 � ( � , � , � ) � ( � ,  , � , � , � − � )  �  �  � , (2)

which allows for the equation’s nonhomogeneity; this term is the solution of the nonhomogeneous
equation with homogeneous initial and boundary conditions.

5.2.3-6. Domain: � 1 ≤ � ≤ � 2, 0 ≤  ≤ � . Second boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � ,  ) at � = 0 (initial condition),� � � = � 1( � ,  ) at � = 0 (initial condition),� � � = � 1(  , � ) at � = � 1 (boundary condition),� � � = � 2(  , � ) at � = � 2 (boundary condition),� � � = � 3( � , � ) at  = 0 (boundary condition),� � � = � 4( � , � ) at  = � (boundary condition).

The solution � ( � ,  , � ) is given by the formula in Paragraph 5.1.3-6 with the additional term (2).

Page 361



5.3. Equations of the Form ! 2 "! # 2 = $ 2 %
2 " – & " + ' ( ( , ) , # )

5.3.1. Problems in Cartesian Coordinates
The two-dimensional nonhomogeneous Klein–Gordon equation with two space variables in the
rectangular Cartesian coordinate system is written as� 2 �� � 2 = * 2 + � 2 �� , 2 +

� 2 �� - 2 . − / � + � (
,

,
-

, � ).
5.3.1-1. Fundamental solutions.

1 � . Case / = − 0 2 < 0:1 1
(
,

,
-

, � ) = 2 ( * � − � )
2 3 * 2

cosh 450 6 � 2 − � 27 * 2 86 � 2 − � 27 * 2
, � = 6 , 2 +

- 2,

where 2 (  ) is the Heaviside unit step function.

2 � . Case / = 0 2 > 0:1 1
(
,

,
-

, � ) = 2 ( * � − � )
2 3 * 2

cos 490 6 � 2 − � 27 * 2 86 � 2 − � 27 * 2
, � = 6 , 2 +

- 2.:<;
References: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974), B. M. Budak, A. A. Samarskii, and

A. N. Tikhonov (1980).

5.3.1-2. Domain: − = <
,

< = , − = <
-

< = . Cauchy problem.

Initial conditions are prescribed: � = � (
,

,
-

) at � = 0,� � � = � (
,

,
-

) at � = 0.

1 � . Solution for / = − * 2 > 2 < 0:� (
,

,
-

, � ) =
1

2 3 * �� � � �? ≤ @ � � ( � , � )
cosh 4 > 6 * 2 � 2− A 2 86 * 2 � 2− A 2

 �  � +
1

2 3 * � �? ≤ @ � � ( � , � )
cosh 4 > 6 * 2 � 2− A 2 86 * 2 � 2− A 2

 �  �
+

1
2 3 * � �

0
 � � �? ≤ @ (

�
− B ) � ( � , � , � )

cosh 4 > 6 * 2( � − � )2− A 2 86 * 2( � − � )2− A 2
 �  � , A = 6 (

,
− � )2+(

-
− � )2.

2 � . Solution for / = * 2 > 2 > 0:� (
,

,
-

, � ) =
1

2 3 * �� � � �? ≤ @ � � ( � , � )
cos 4 > 6 * 2 � 2 − A 2 86 * 2 � 2 − A 2

 �  � +
1

2 3 * � �? ≤ @ � � ( � , � )
cos 4 > 6 * 2 � 2 − A 2 86 * 2 � 2 − A 2

 �  �
+

1
2 3 * � �

0
 � � �? ≤ @ (

�
− B ) � ( � , � , � )

cos 4 > 6 * 2( � − � )2 − A 2 86 * 2( � − � )2 − A 2
 �  � , A = 6 (

,
− � )2 + (

-
− � )2.:<;

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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5.3.1-3. Domain: 0 ≤

,
≤ � 1, 0 ≤

-
≤ � 2. First boundary value problem.

A rectangle is considered. The following conditions are prescribed:� = � 0(
,

,
-

) at � = 0 (initial condition),� � � = � 1(
,

,
-

) at � = 0 (initial condition),� = � 1(
-

, � ) at
,

= 0 (boundary condition),� = � 2(
-

, � ) at
,

= � 1 (boundary condition),� = � 3(
,

, � ) at
-

= 0 (boundary condition),� = � 4(
,

, � ) at
-

= � 2 (boundary condition).

Solution:� (
,

,
-

, � ) =
�� � � �

1

0

� �
2

0
� 0( � , � ) D (

,
,
-

, � , � , � )  �  � +
� �

1

0

� �
2

0
� 1( � , � ) D (

,
,
-

, � , � , � )  �  �
+ * 2

� �
0

� �
2

0
� 1( � , � ) E �� � D (

,
,
-

, � , � , � − � ) F G
=0

 �  �
− * 2

� �
0

� �
2

0
� 2( � , � ) E �� � D (

,
,
-

, � , � , � − � ) F G
= � 1  �  �

+ * 2
� �

0

� �
1

0
� 3( � , � ) E �� � D (

,
,
-

, � , � , � − � ) F H
=0

 �  �
− * 2

� �
0

� �
1

0
� 4( � , � ) E �� � D (

,
,
-

, � , � , � − � ) F H
= � 2  �  �

+
� �

0

� �
1

0

� �
2

0 � ( � , � , � ) D (
,

,
-

, � , � , � − � )  �  �  � ,

where D (
,

,
-

, � , � , � ) =
4� 1 � 2 IJLK =1 IJM =1

1N K M sin(O K ,
) sin( P M -

) sin(O K � ) sin( P M � ) sin(
N K M � ),O K

= Q 3� 1 , P M = R 3� 2 ,
N K M = S * 2 O 2

K
+ * 2 P 2M + / .

5.3.1-4. Domain: 0 ≤
,

≤ T 1, 0 ≤
-

≤ T 2. Second boundary value problem.

A rectangle is considered. The following conditions are prescribed:U = V 0(
,

,
-

) at W = 0 (initial condition),X Y U = V 1(
,

,
-

) at W = 0 (initial condition),X Z U = [ 1(
-

, W ) at
,

= 0 (boundary condition),X Z U = [ 2(
-

, W ) at
,

= T 1 (boundary condition),X \ U = [ 3(
,

, W ) at
-

= 0 (boundary condition),X \ U = [ 4(
,

, W ) at
-

= T 2 (boundary condition).
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Solution:U (
,

,
-

, W ) =
XX W ] ^ 10 ] ^ 20

V 0( _ , ` ) a (
,

,
-

, _ , ` , W ) b ` b _ + ] ^ 10 ] ^ 20
V 1( _ , ` ) a (

,
,
-

, _ , ` , W ) b ` b _
− c 2 ] Y

0 ] ^ 20
[ 1( ` , d ) a (

,
,
-

, 0, ` , W − d ) b ` b d
+ c 2 ] Y

0 ] ^ 20
[ 2( ` , d ) a (

,
,
-

, T 1, ` , W − d ) b ` b d
− c 2 ] Y

0 ] ^ 10
[ 3( _ , d ) a (

,
,
-

, _ , 0, W − d ) b _ b d
+ c 2 ] Y

0 ] ^ 10
[ 4( _ , d ) a (

,
,
-

, _ , T 2, W − d ) b _ b d
+ ] Y

0 ] ^ 10 ] ^ 20 e ( _ , ` , d ) a (
,

,
-

, _ , ` , W − d ) b ` b _ b d ,

wherea (
,

,
-

, _ , ` , W ) =
sin fgWih j kl

1
l
2 h j +

2l
1
l
2 mnLo =0 mnM =0 p

o MN o M cos(O o ,
) cos( P M -

) cos(O o _ ) cos( P M ` ) sin(
N o M q ),

O o
= Q rl

1
, P M = s rl

2
,

N o M = t c 2O 2

o
+ c 2 P 2M + j , p

o M = u 0 for Q = s = 0,
1 for Q s = 0 ( Q ≠ s ),
2 for Q s ≠ 0.

5.3.1-5. Domain: 0 ≤ v ≤
l
1, 0 ≤

-
≤

l
2. Third boundary value problem.

A rectangle is considered. The following conditions are prescribed:w = x 0( v ,
-

) at q = 0 (initial condition),X Y w = x 1( v ,
-

) at q = 0 (initial condition),X Z w − y 1
w = [ 1(

-
, q ) at v = 0 (boundary condition),X Z w + y 2

w = [ 2(
-

, q ) at v =
l
1 (boundary condition),X \ w − y 3

w = [ 3( v , q ) at
-

= 0 (boundary condition),X \ w + y 4
w = [ 4( v , q ) at

-
=

l
2 (boundary condition).

The solution w ( v ,
-

, q ) is determined by the formula in Paragraph 5.3.1-3 wherea ( v ,
-

, _ , ` , q ) = 4 mn o =1 mnM =1

1z o M t c 2 { 2

o
+ c 2 | 2M + j sin( { o v + } o ) sin( | M -

+ ~ M )

× sin( { o _ + } o ) sin( | M ` + ~ M ) sin f q t c 2 { 2

o
+ c 2 | 2M + j k ,} o = arctan

{ ol
1

, ~ M = arctan
| Ml

2
,

z o M = � l 1 +
( y 1 y 2 + { 2

o
)( y 1 + y 2)

( y 2
1 + { 2

o
)( y 2

2 + { 2

o
) � � l 2 +

( y 3 y 4 + | 2M )( y 3 + y 4)
( y 2

3 + | 2M )( y 2
4 + | 2M ) � .

Here, the { o
and | M are positive roots of the transcendental equations{ 2 − y 1 y 2 = ( y 1 + y 2) { cot(

l
1 { ),| 2 − y 3 y 4 = ( y 3 + y 4) | cot(

l
2 | ).�<�

References: A. G. Butkovskiy (1979), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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2 ���� 2 �
5.3.1-6. Domain: 0 ≤ v ≤

l
1, 0 ≤

-
≤

l
2. Mixed boundary value problems.

1 � . A rectangle is considered. The following conditions are prescribed:w = x 0( v ,
-

) at q = 0 (initial condition),X Y w = x 1( v ,
-

) at q = 0 (initial condition),w = [ 1(
-

, q ) at v = 0 (boundary condition),w = [ 2(
-

, q ) at v =
l
1 (boundary condition),X \ w = [ 3( v , q ) at

-
= 0 (boundary condition),X \ w = [ 4( v , q ) at

-
=

l
2 (boundary condition).

Solution: w ( v ,
-

, q ) =
XX q ] ^ 10 ] ^ 20

x 0( _ , ` ) a ( v ,
-

, _ , ` , q ) b ` b _
+ ] ^ 10 ] ^ 20

x 1( _ , ` ) a ( v ,
-

, _ , ` , q ) b ` b _
+ c 2 ] Y

0 ] ^ 20
[ 1( ` , d ) � XX _ a ( v ,

-
, _ , ` , q − d ) � � =0

b ` b d
− c 2 ] Y

0 ] ^ 20
[ 2( ` , d ) � XX _ a ( v ,

-
, _ , ` , q − d ) � � = ^ 1 b ` b d

− c 2 ] Y
0 ] ^ 10

[ 3( _ , d ) a ( v ,
-

, _ , 0, q − d ) b _ b d
+ c 2 ] Y

0 ] ^ 10
[ 4( _ , d ) a ( v ,

-
, _ ,

l
2, q − d ) b _ b d

+ ] Y
0 ] ^ 10 ] ^ 20 e ( _ , ` , d ) a ( v ,

-
, _ , ` , q − d ) b ` b _ b d ,

where a ( v ,
-

, _ , ` , q ) =
2l
1
l
2 mn o =1 mnM =0 p MN o M sin(O o v ) cos( P M -

) sin(O o _ ) cos( P M ` ) sin(
N o M q ),O o

= Q rl
1

, P M = s rl
2

,
N o M = t c 2 O 2

o
+ c 2 P 2M + j , p M = � 1 for s = 0,

2 for s ≠ 0.

2 � . A rectangle is considered. The following conditions are prescribed:w = x 0( v ,
-

) at q = 0 (initial condition),X Y w = x 1( v ,
-

) at q = 0 (initial condition),w = [ 1(
-

, q ) at v = 0 (boundary condition),X Z w = [ 2(
-

, q ) at v =
l
1 (boundary condition),w = [ 3( v , q ) at

-
= 0 (boundary condition),X \ w = [ 4( v , q ) at

-
=

l
2 (boundary condition).
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Solution:w ( v ,
-

, q ) =
XX q ] ^ 10 ] ^ 20

x 0( _ , ` ) a ( v ,
-

, _ , ` , q ) b ` b _ + ] ^ 10 ] ^ 20
x 1( _ , ` ) a ( v ,

-
, _ , ` , q ) b ` b _

+ c 2 ] Y
0 ] ^ 20

[ 1( ` , d ) � XX _ a ( v ,
-

, _ , ` , q − d ) � � =0
b ` b d

+ c 2 ] Y
0 ] ^ 20

[ 2( ` , d ) a ( v ,
-

,
l
1, ` , q − d ) b ` b d

+ c 2 ] Y
0 ] ^ 10

[ 3( _ , d ) � XX ` a ( v ,
-

, _ , ` , q − d ) � � =0
b _ b d

+ c 2 ] Y
0 ] ^ 10

[ 4( _ , d ) a ( v ,
-

, _ ,
l
2, q − d ) b _ b d

+ ] Y
0 ] ^ 10 ] ^ 20 e ( _ , ` , d ) a ( v ,

-
, _ , ` , q − d ) b ` b _ b d ,

where a ( v ,
-

, _ , ` , q ) =
4l
1
l
2 mnLo =0 mn� =0

1� o � sin(� o v ) sin( � � -
) sin(� o _ ) sin( � � ` ) sin(

� o � q ),� o
= r (2 Q + 1)

2
l
1

, � � = r (2 s + 1)
2
l
2

,
� o � = � c 2 � 2

o
+ c 2 � 2� + j .

5.3.2. Problems in Polar Coordinates
A nonhomogeneous Klein–Gordon equation with two space variables in the polar coordinate system
has the formX 2 wX q 2 = c 2 � � 2 w� � 2 +

1� � w� � +
1� 2

� 2 w� � 2 � − � w + � ( � , � , � ), � = � v 2 +
- 2.

One-dimensional solutions w = w ( � , � ) independent of the angular coordinate � are considered
in Subsection 4.2.5.

5.3.2-1. Domain: 0 ≤ � ≤   , 0 ≤ � ≤ 2 ¡ . First boundary value problem.

A circle is considered. The following conditions are prescribed:¢ = £ 0( � , � ) at � = 0 (initial condition),� Y ¢ = £ 1( � , � ) at � = 0 (initial condition),¢ = [ ( � , � ) at � =   (boundary condition).

Solution:¢ ( � , � , � ) = �� � ¤ 2 ¥
0 ¤ ¦0

£ 0( § , ¨ ) © ( � , � , § , ¨ , � ) § ª § ª ¨ + ¤ 2 ¥
0 ¤ ¦0

£ 1( § , ¨ ) © ( � , � , § , ¨ , � ) § ª § ª ¨
− « 2   ¤ Y

0 ¤ 2 ¥
0

[ ( ¨ , ¬ )  �� § © ( � , � , § , ¨ , � − ¬ ) ® ¯
= ¦ ª ¨ ª ¬

+ ¤ Y
0 ¤ 2 ¥

0 ¤ ¦0
� ( § , ¨ , ¬ ) © ( � , � , § , ¨ , � − ¬ ) § ª § ª ¨ ª ¬ .
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°�² 2 µ
Here,*© ( � , � , § , ¨ , � ) =

1¡   2 »¼L½
=0

»¼¾ =1 ¿
½

[ À Á½ ( Â ½ ¾   )]2 À ½
( Â ½ ¾ Ã ) À ½

( Â ½ ¾ § ) cos[ Ä ( Å − ¨ )]
sin ÆgÇÉÈ « 2 Â 2

½ ¾ + Ê ËÈ « 2 Â 2

½ ¾ + Ê ,

¿ 0 = 1, ¿
½

= 2 ( Ä = 1, 2, Ì�Ì�Ì ),
where the À ½

( § ) are the Bessel functions (the prime denotes the derivative with respect to the
argument) and the Â ½ ¾ are positive roots of the transcendental equation À ½

( Â   ) = 0.

5.3.2-2. Domain: 0 ≤ Ã ≤   , 0 ≤ Å ≤ 2 ¡ . Second boundary value problem.

A circle is considered. The following conditions are prescribed:¢ = £ 0( Ã , Å ) at Ç = 0 (initial condition),Í Y ¢ = £ 1( Ã , Å ) at Ç = 0 (initial condition),Í Î ¢ = [ ( Å , Ç ) at Ã =   (boundary condition).

Solution:¢ ( Ã , Å , Ç ) =
ÍÍ Ç ¤ 2 ¥

0 ¤ ¦0
£ 0( § , ¨ ) © ( Ã , Å , § , ¨ , Ç ) § ª § ª ¨ + ¤ 2 ¥

0 ¤ ¦0
£ 1( § , ¨ ) © ( Ã , Å , § , ¨ , Ç ) § ª § ª ¨

+ « 2   ¤ Y
0 ¤ 2 ¥

0
[ ( ¨ , ¬ ) © ( Ã , Å ,   , ¨ , Ç − ¬ ) ª ¨ ª ¬

+ ¤ Y
0 ¤ 2 ¥

0 ¤ ¦0 Ï ( § , ¨ , ¬ ) © ( Ã , Å , § , ¨ , Ç − ¬ ) § ª § ª ¨ ª ¬ .

Here,© ( Ã , Å , § , ¨ , Ç ) =
sin ÆgÇiÐ Ê Ë¡   2 Ð Ê

+
1¡ »¼L½

=0
»¼¾ =1 ¿

½ Â 2

½ ¾ À ½
( Â ½ ¾ Ã ) À ½

( Â ½ ¾ § )
( Â 2

½ ¾   2 − Ä 2)[ À ½
( Â ½ ¾   )]2 cos[ Ä ( Å − ¨ )]

sin Æ Ç È « 2 Â 2

½ ¾ + Ê ËÈ « 2 Â 2

½ ¾ + Ê ,

where ¿ 0 = 1 and ¿
½

= 2 for Ä = 1, 2, Ì�Ì�Ì ; the À ½
( § ) are the Bessel functions; and the Â ¾ are

positive roots of the transcendental equation À Á½ ( Â   ) = 0.

5.3.2-3. Domain: 0 ≤ Ã ≤   , 0 ≤ Å ≤ 2 ¡ . Third boundary value problem.

A circle is considered. The following conditions are prescribed:¢ = £ 0( Ã , Å ) at Ç = 0 (initial condition),Í Y ¢ = £ 1( Ã , Å ) at Ç = 0 (initial condition),Í Î ¢ + Ñ ¢ = [ ( Å , Ç ) at Ã = Ò (boundary condition).

The solution Ó ( Ã , Å , Ç ) is determined by the formula in Paragraph 5.3.2-2 where© ( Ã , Å , § , ¨ , Ç ) =
1Ô »¼L½

=0
»¼¾ =1 ¿

½ Â 2

½ ¾ À ½
( Â ½ ¾ Ã ) À ½

( Â ½ ¾ § )
( Â 2

½ ¾ Ò 2 + Ñ 2 Ò 2 − Ä 2)[ À ½
( Â ½ ¾ Ò )]2 cos[ Ä ( Å − ¨ )]

sin ÆgÇ È « 2 Â 2

½ ¾ + Ê ËÈ « 2 Â 2

½ ¾ + Ê ,

¿ 0 = 1, ¿
½

= 2 ( Ä = 1, 2, Ì�Ì�Ì ).
Here, the À ½

( § ) are the Bessel functions and the Â ¾ are positive roots of the transcendental equationÂ À Á½ ( Â Ò ) + Ñ À ½
( Â Ò ) = 0.

* In the expressions of the Green’s functions specified in Subsection 5.3.2, the ratios sin ÕÖºØ× ³ 2 Ù 2Ú Û + ¶ ÜiÝ × ³ 2 Ù 2Ú Û + ¶
must be replaced by sinh ÕÞºØ× | ³ 2 Ù 2Ú Û + ¶ | ÜiÝ × | ³ 2 Ù 2Ú Û + ¶ | if ³ 2 Ù 2Ú Û + ¶ < 0.
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5.3.2-4. Domain: Ò 1 ≤ Ã ≤ Ò 2, 0 ≤ Å ≤ 2 Ô . First boundary value problem.

An annular domain is considered. The following conditions are prescribed:Ó = ß 0( Ã , Å ) at Ç = 0 (initial condition),Í Y Ó = ß 1( Ã , Å ) at Ç = 0 (initial condition),Ó = [ 1( Å , Ç ) at Ã = Ò 1 (boundary condition),Ó = [ 2( Å , Ç ) at Ã = Ò 2 (boundary condition).

Solution:Ó ( Ã , Å , Ç ) =
ÍÍ Ç ¤ 2 ¥

0 ¤ ¦ 2

¦ 1

ß 0( § , ¨ ) © ( Ã , Å , § , ¨ , Ç ) § ª § ª ¨ + ¤ 2 ¥
0 ¤ ¦ 2

¦ 1

ß 1( § , ¨ ) © ( Ã , Å , § , ¨ , Ç ) § ª § ª ¨
+ « 2 Ò 1 ¤ Y

0 ¤ 2 ¥
0

[ 1( ¨ , ¬ )  ÍÍ § © ( Ã , Å , § , ¨ , Ç − ¬ ) ® ¯
= ¦ 1

ª ¨ ª ¬
− « 2 Ò 2 ¤ Y

0 ¤ 2 ¥
0

[ 2( ¨ , ¬ )  ÍÍ § © ( Ã , Å , § , ¨ , Ç − ¬ ) ® ¯
= ¦ 2

ª ¨ ª ¬
+ ¤ Y

0 ¤ 2 ¥
0 ¤ ¦ 2

¦ 1 Ï ( § , ¨ , ¬ ) © ( Ã , Å , § , ¨ , Ç − ¬ ) § ª § ª ¨ ª ¬ .

Here,© ( Ã , Å , § , ¨ , Ç ) =
Ô
2 »¼ ½

=0
»¼¾ =1 ¿

½ à ½ ¾ á ½
( Â ½ ¾ Ã ) á ½

( Â ½ ¾ § ) cos[ Ä ( Å − ¨ )]
sin ÆgÇ È « 2 Â 2

½ ¾ + Ê ËÈ « 2 Â 2

½ ¾ + Ê ,

¿
½

= â 1 ã 2 for Ä = 0,
1 for Ä ≠ 0,

à ½ ¾ =
Â 2

½ ¾ À 2

½
( Â ½ ¾ Ò 2)À 2

½
( Â ½ ¾ Ò 1) − À 2

½
( Â ½ ¾ Ò 2)

,á ½
( Â ½ ¾ Ã ) = À ½

( Â ½ ¾ Ò 1) ä ½
( Â ½ ¾ Ã ) − ä ½

( Â ½ ¾ Ò 1) À ½
( Â ½ ¾ Ã ),

where the À ½
( Ã ) and ä ½

( Ã ) are the Bessel functions, and the Â ½ ¾ are positive roots of the transcen-
dental equation À ½

( Â Ò 1) ä ½
( Â Ò 2) − ä ½

( Â Ò 1) À ½
( Â Ò 2) = 0.

5.3.2-5. Domain: Ò 1 ≤ Ã ≤ Ò 2, 0 ≤ Å ≤ 2 Ô . Second boundary value problem.

An annular domain is considered. The following conditions are prescribed:Ó = ß 0( Ã , Å ) at Ç = 0 (initial condition),Í Y Ó = ß 1( Ã , Å ) at Ç = 0 (initial condition),Í Î Ó = [ 1( Å , Ç ) at Ã = Ò 1 (boundary condition),Í Î Ó = [ 2( Å , Ç ) at Ã = Ò 2 (boundary condition).

Solution:Ó ( Ã , Å , Ç ) =
ÍÍ Ç ¤ 2 ¥

0 ¤ ¦ 2

¦ 1

ß 0( § , ¨ ) © ( Ã , Å , § , ¨ , Ç ) § ª § ª ¨ + ¤ 2 ¥
0 ¤ ¦ 2

¦ 1

ß 1( § , ¨ ) © ( Ã , Å , § , ¨ , Ç ) § ª § ª ¨
− « 2 Ò 1 ¤ Y

0 ¤ 2 ¥
0

[ 1( ¨ , ¬ ) © ( Ã , Å , Ò 1, ¨ , Ç − ¬ ) ª ¨ ª ¬
+ « 2 Ò 2 ¤ Y

0 ¤ 2 ¥
0

[ 2( ¨ , ¬ ) © ( Ã , Å , Ò 2, ¨ , Ç − ¬ ) ª ¨ ª ¬
+ ¤ Y

0 ¤ 2 ¥
0 ¤ ¦ 2

¦ 1 Ï ( § , ¨ , ¬ ) © ( Ã , Å , § , ¨ , Ç − ¬ ) § ª § ª ¨ ª ¬ .
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°�² µ
Here,© ( Ã , Å , § , ¨ , Ç ) =

sin ÆgÇiÐ Ê ËÔ ( Ò 2
2 − Ò 2

1) Ð Ê
+

1Ô »¼ ½
=0

»¼¾ =1 ¿
½ Â 2

½ ¾ á ½
( Â ½ ¾ Ã ) á ½

( Â ½ ¾ § ) cos[ Ä ( Å − ¨ )] sin Æ5Ç È « 2 Â 2

½ ¾ + Ê Ëå
( Â 2

½ ¾ Ò 2
2 − Ä 2) á 2

½
( Â ½ ¾ Ò 2) − ( Â 2

½ ¾ Ò 2
1 − Ä 2) á 2

½
( Â ½ ¾ Ò 1) æ È « 2 Â 2

½ ¾ + Ê ,

whereá ½
( Â ½ ¾ Ã ) = À Á½ ( Â ½ ¾ Ò 1) ä ½

( Â ½ ¾ Ã ) − ä Á½ ( Â ½ ¾ Ò 1) À ½
( Â ½ ¾ Ã ), ¿

½
= â 1 for Ä = 0,

2 for Ä > 0,

the À ½
( Ã ) and ä ½

( Ã ) are the Bessel functions, and the Â ½ ¾ are positive roots of the transcendental
equation À Á½ ( Â Ò 1) ä Á½ ( Â Ò 2) − ä Á½ ( Â Ò 1) À Á½ ( Â Ò 2) = 0.

5.3.2-6. Domain: Ò 1 ≤ Ã ≤ Ò 2, 0 ≤ Å ≤ 2 Ô . Third boundary value problem.

An annular domain is considered. The following conditions are prescribed:Ó = ß 0( Ã , Å ) at Ç = 0 (initial condition),Í Y Ó = ß 1( Ã , Å ) at Ç = 0 (initial condition),Í Î Ó − Ñ 1 Ó = [ 1( Å , Ç ) at Ã = Ò 1 (boundary condition),Í Î Ó + Ñ 2 Ó = [ 2( Å , Ç ) at Ã = Ò 2 (boundary condition).

The solution Ó ( Ã , Å , Ç ) is determined by the formula in Paragraph 5.3.2-5 where© ( Ã , Å , § , ¨ , Ç ) =
1Ô »¼L½

=0
»¼¾ =1 ¿

½ Â 2

½ ¾ á ½ ¾ ( Ã ) á ½ ¾ ( § ) cos[ Ä ( Å − ¨ )] sin( ç ½ ¾ Ç )ç ½ ¾ å
( Ñ 2

2 Ò 2
2 + Â 2

½ ¾ Ò 2
2 − Ä 2) á 2

½ ¾ ( Ò 2) − ( Ñ 2
1 Ò 2

1 + Â 2

½ ¾ Ò 2
1 − Ä 2) á 2

½ ¾ ( Ò 1) æ ,á ½ ¾ ( Ã ) =
å Â ½ ¾ À Á½ ( Â ½ ¾ Ò 1) − Ñ 1 À ½

( Â ½ ¾ Ò 1) æ ä ½
( Â ½ ¾ Ã )

−
å Â ½ ¾ ä Á½ ( Â ½ ¾ Ò 1) − Ñ 1 ä ½

( Â ½ ¾ Ò 1) æ À ½
( Â ½ ¾ Ã ).

Here, ¿ 0 = 1 and ¿
½

= 2 for Ä = 1, 2, Ì�Ì�Ì ; ç ½ ¾ = È « 2 Â 2

½ ¾ + Ê ; the À ½
( Ã ) and ä ½

( Ã ) are the Bessel
functions; and the Â ½ ¾ are positive roots of the transcendental equationå Â À Á½ ( Â Ò 1) − Ñ 1 À ½

( Â Ò 1) æ å Â ä Á½ ( Â Ò 2) + Ñ 2 ä ½
( Â Ò 2) æ

=
å Â ä Á½ ( Â Ò 1) − Ñ 1 ä ½

( Â Ò 1) æ å Â À Á½ ( Â Ò 2) + Ñ 2 À ½
( Â Ò 2) æ .

5.3.2-7. Domain: 0 ≤ Ã ≤ Ò , 0 ≤ Å ≤ Å 0. First boundary value problem.

A circular sector is considered. The following conditions are prescribed:Ó = ß 0( Ã , Å ) at Ç = 0 (initial condition),Í Y Ó = ß 1( Ã , Å ) at Ç = 0 (initial condition),Ó = [ 1( Å , Ç ) at Ã = Ò (boundary condition),Ó = [ 2( Ã , Ç ) at Å = 0 (boundary condition),Ó = [ 3( Ã , Ç ) at Å = Å 0 (boundary condition).

Page 369



Solution:Ó ( Ã , Å , Ç ) =
ÍÍ Ç ¤ è 0

0 ¤ ¦0
ß 0( § , ¨ ) © ( Ã , Å , § , ¨ , Ç ) § ª § ª ¨ + ¤ è 0

0 ¤ ¦0
ß 1( § , ¨ ) © ( Ã , Å , § , ¨ , Ç ) § ª § ª ¨

− « 2 Ò ¤ Y
0 ¤ è 0

0
[ 1( ¨ , ¬ )  ÍÍ § © ( Ã , Å , § , ¨ , Ç − ¬ ) ® ¯

= ¦ ª ¨ ª ¬
+ « 2 ¤ Y

0 ¤ ¦0
[ 2( § , ¬ )

1§  ÍÍ ¨ © ( Ã , Å , § , ¨ , Ç − ¬ ) ® é
=0

ª § ª ¬
− « 2 ¤ Y

0 ¤ ¦0
[ 3( § , ¬ )

1§  ÍÍ ¨ © ( Ã , Å , § , ¨ , Ç − ¬ ) ® é
= è 0

ª § ª ¬
+ ¤ Y

0 ¤ è 0

0 ¤ ¦0 Ï ( § , ¨ , ¬ ) © ( Ã , Å , § , ¨ , Ç − ¬ ) § ª § ª ¨ ª ¬ .

Here,© ( Ã , Å , § , ¨ , Ç ) =
4Ò 2 Å 0 »¼L½

=1
»¼¾ =1

À ½ ¥ ê è 0( Â ½ ¾ Ã ) À ½ ¥ ê è 0( Â ½ ¾ § )
[ À Á½ ¥ ê è 0

( Â ½ ¾ Ò )]2 sin ë Ä Ô ÅÅ 0 ì sin ë Ä Ô ¨Å 0 ì sin Æ9ç ½ ¾ ÇíËç ½ ¾ ,

where the À ½ ¥ ê è 0 ( Ã ) are the Bessel functions and the Â ½ ¾ are positive roots of the transcendental
equation À ½ ¥ ê è 0 ( Â Ò ) = 0, and ç ½ ¾ = È « 2 Â 2

½ ¾ + Ê .
5.3.2-8. Domain: 0 ≤ Ã ≤ Ò , 0 ≤ Å ≤ Å 0. Second boundary value problem.

A circular sector is considered. The following conditions are prescribed:Ó = ß 0( Ã , Å ) at Ç = 0 (initial condition),Í Y Ó = ß 1( Ã , Å ) at Ç = 0 (initial condition),Í Î Ó = [ 1( Å , Ç ) at Ã = Ò (boundary condition),Ã −1 Í è Ó = [ 2( Ã , Ç ) at Å = 0 (boundary condition),Ã −1 Í è Ó = [ 3( Ã , Ç ) at Å = Å 0 (boundary condition).
Solution:Ó ( Ã , Å , Ç ) =

ÍÍ Ç î ï 0

0 î ð0 ñ 0( ò , ó ) ô ( õ , Å , ò , ó , ö ) ò ÷ ò ÷ ó + î ï 0

0 î ð0 ñ 1( ò , ó ) ô ( õ , Å , ò , ó , ö ) ò ÷ ò ÷ ó
+ ø 2 ù î Y

0 î ï 0

0
[ 1( ó , ú ) ô ( õ , Å , ù , ó , ö − ú ) ÷ ó ÷ ú

− ø 2 î Y
0 î ð0

[ 2( ò , ú ) ô ( õ , Å , ò , 0, ö − ú ) ÷ ò ÷ ú
+ ø 2 î Y

0 î ð0
[ 3( ò , ú ) ô ( õ , Å , ò , Å 0, ö − ú ) ÷ ò ÷ ú

+ î Y
0 î ï 0

0 î ð0 û ( ò , ó , ú ) ô ( õ , Å , ò , ó , ö − ú ) ò ÷ ò ÷ ó ÷ ú .

Here,ô ( õ , Å , ò , ó , ö ) =
2 sin ügöiý þ ÿù 2 Å 0 ý þ + 4 Å 0 »� � =0

»�� =1

� 2� � � � � � ï 0(
� � � õ ) � � � � ï 0 ( � � � ò )

( ù 2 Å 2
0
� 2� � − � 2 Ô 2)

å � � � � ï 0(
� � � ù ) æ 2

× cos � � Ô ÅÅ 0 	 cos � � Ô ó

0 	 sin ügö�� ø 2 � 2� � + þ ÿ� ø 2 � 2� � + þ ,

where the � � � � ï 0 ( õ ) are the Bessel functions and the � � � are positive roots of the transcendental
equation � � � � ï 0

( � ù ) = 0.

Page 370



��� �
5.3.2-9. Domain: 0 ≤ õ ≤ ù , 0 ≤ 
 ≤ 


0. Mixed boundary value problem.

A circular sector is considered. The following conditions are prescribed:Ó = ñ 0( õ , 
 ) at ö = 0 (initial condition),� Y Ó = ñ 1( õ , 
 ) at ö = 0 (initial condition),� � Ó + � Ó = [ ( 
 , ö ) at õ = ù (boundary condition),� ï Ó = 0 at 
 = 0 (boundary condition),� ï Ó = 0 at 
 = 

0 (boundary condition).

Solution: Ó ( õ , 
 , ö ) =
�� ö î ï 0

0 î ð0 ñ 0( ò , ó ) ô ( õ , 
 , ò , ó , ö ) ò ÷ ò ÷ ó
+ î ï 0

0 î ð0 ñ 1( ò , ó ) ô ( õ , 
 , ò , ó , ö ) ò ÷ ò ÷ ó
+ ø 2 ù î Y

0 î ï 0

0
[ ( ó , ú ) ô ( õ , 
 , ù , ó , ö − ú ) ÷ ó ÷ ú

+ î Y
0 î ï 0

0 î ð0 û ( ò , ó , ú ) ô ( õ , 
 , ò , ó , ö − ú ) ò ÷ ò ÷ ó ÷ ú .

Here,ô ( õ , 
 , ò , ó , ö ) = »� � =0
»�� =1 � � � � ��� ( � � � õ ) � ��� ( � � � ò ) cos( � � 
 ) cos( � � ó ) sin ü ö� ø 2 � 2� � + þ ÿ ,� � =

� !

0

, � � � =
4 � 2� �


0( � 2� � ù 2 + � 2 ù 2 − � 2� )
å � ��� ( � � � ù ) æ 2 � ø 2 � 2� � + þ ,

where the � ��� ( õ ) are the Bessel functions and the � � � are positive roots of the transcendental
equation � � ��� ( � ù ) + � � ��� ( � ù ) = 0.

5.3.3. Axisymmetric Problems
In the axisymmetric case, a nonhomogeneous Klein–Gordon equation in the cylindrical system of
coordinates has the form� 2 "� ö 2 = ø 2 � � 2 "� õ 2 +

1õ � "� õ +
� 2 "� # 2 	 − þ " + û ( õ ,

#
, ö ), õ = � $ 2 + % 2.

In the solutions of the problems considered below, the modified Green’s function & ( õ ,
#
, ò , ó , ö ) =

2 ! ò ô ( õ ,
#
, ò , ó , ö ) is used for convenience.

5.3.3-1. Domain: 0 ≤ õ ≤ ù , 0 ≤
#

≤ ' . First boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:" = ñ 0( õ ,
#
) at ö = 0 (initial condition),� Y " = ñ 1( õ ,

#
) at ö = 0 (initial condition)," = [ 1(

#
, ö ) at õ = ù (boundary condition)," = [ 2( õ , ö ) at

#
= 0 (boundary condition)," = [ 3( õ , ö ) at

#
= ' (boundary condition).
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Solution: " ( õ ,
#
, ö ) =

�� ö î (0 î ð0 ñ 0( ò , ó ) & ( õ ,
#
, ò , ó , ö ) ÷ ò ÷ ó

+ î (0 î ð0 ñ 1( ò , ó ) & ( õ ,
#
, ò , ó , ö ) ÷ ò ÷ ó

− ø 2 î Y
0 î (0

[ 1( ó , ú ) ) �� ò & ( õ ,
#
, ò , ó , ö − ú ) * +

= ð ÷ ó ÷ ú
+ ø 2 î Y

0 î ð0
[ 2( ò , ú ) ) �� ó & ( õ ,

#
, ò , ó , ö − ú ) * ,

=0
÷ ò ÷ ú

− ø 2 î Y
0 î ð0

[ 3( ò , ú ) ) �� ó & ( õ ,
#
, ò , ó , ö − ú ) * ,

= ( ÷ ò ÷ ú
+ î Y

0 î (0 î ð0 û ( ò , ó , ú ) & ( õ ,
#
, ò , ó , ö − ú ) ÷ ò ÷ ó ÷ ú .

Here,& ( õ ,
#
, ò , ó , ö ) =

4 òù 2 ' »� � =1
»�� =1

1� 2
1 ( � � )

� 0 � � � õù 	 � 0 � � � òù 	 sin � - ! #' 	 sin � - ! ó' 	 sin ügö ý ç � � ÿý ç � � ,ç � � =
ø 2 � 2�ù 2 +

ø 2 ! 2 - 2' 2 + þ ,
where the � � are positive zeros of the Bessel function, � 0( � ) = 0.

5.3.3-2. Domain: 0 ≤ õ ≤ ù , 0 ≤
#

≤ ' . Second boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:" = ñ 0( õ ,
#
) at ö = 0 (initial condition),� Y " = ñ 1( õ ,

#
) at ö = 0 (initial condition),� � " = [ 1(

#
, ö ) at õ = ù (boundary condition),� . " = [ 2( õ , ö ) at

#
= 0 (boundary condition),� . " = [ 3( õ , ö ) at

#
= ' (boundary condition).

Solution: " ( õ ,
#
, ö ) =

�� ö î (0 î ð0 ñ 0( ò , ó ) & ( õ ,
#
, ò , ó , ö ) ÷ ò ÷ ó

+ î (0 î ð0 ñ 1( ò , ó ) & ( õ ,
#
, ò , ó , ö ) ÷ ò ÷ ó

+ ø 2 î Y
0 î (0

[ 1( ó , ú ) & ( õ ,
#
, ù , ó , ö − ú ) ÷ ó ÷ ú

− ø 2 î Y
0 î ð0

[ 2( ò , ú ) & ( õ ,
#
, ò , 0, ö − ú ) ÷ ò ÷ ú

+ ø 2 î Y
0 î ð0

[ 3( ò , ú ) & ( õ ,
#
, ò , ' , ö − ú ) ÷ ò ( ÷ ú

+ î Y
0 î (0 î ð0 û ( ò , ó , ú ) & ( õ ,

#
, ò , ó , ö − ú ) ÷ ò ÷ ó ÷ ú .
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Here,& ( õ ,

#
, ò , ó , ö ) =

2 ò sin ügö ý þ ÿù 2 '9ý þ
+

2 òù 2 ' »� � =0
»�� =0

� � �� 2
0( � � )

� 0 � � � õù 	 � 0 � � � òù 	 cos � - ! #' 	 cos � - ! ó' 	 sin ügö ý ç � � ÿý ç � � ,

ç � � =
ø 2 � 2�ù 2 +

ø 2 ! 2 - 2' 2 + þ , � � � = / 0 for - = 0, � = 0,
1 for - = 0, � > 0,
2 for - > 0,

where the � � are zeros of the first-order Bessel function, � 1( � ) = 0 ( � 0 = 0).

5.3.3-3. Domain: 0 ≤ õ ≤ ù , 0 ≤
#

≤ ' . Third boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:" = ñ 0( õ ,
#
) at ö = 0 (initial condition),� Y " = ñ 1( õ ,

#
) at ö = 0 (initial condition),� � " + � 1

" = [ 1(
#
, ö ) at õ = ù (boundary condition),� . " − � 2

" = [ 2( õ , ö ) at
#

= 0 (boundary condition),� . " + � 3
" = [ 3( õ , ö ) at

#
= ' (boundary condition).

The solution " ( õ ,
#
, ö ) is determined by the formula in Paragraph 5.3.3-2 where

& ( õ ,
#
, ò , ó , ö ) =

2 òù 2 »� � =1
»�� =1

� 2�
( � 2

1
ù 2 + � 2� ) � 2

0( � � )
� 0 � � � õù 	 � 0 � � � òù 	 
 � (

#
) 
 � ( ó )0 
 � 0 2

sin ügö ý ç � � ÿý ç � � ,ç � � =
ø 2 � 2�ù 2 + ø 2 1 2� + þ , 
 � (

#
) = cos( 1 � #

) +
� 21 � sin( 1 � #

),0 
 � 0 2 =
� 3

2 1 2� 1 2� + � 2
21 2� + � 2
3

+
� 2

2 1 2� +
'
2

� 1 +
� 2

21 2� 	 .

Here, the � � and 1 � are positive roots of the transcendental equations� � 1( � ) − � 1
ù � 0( � ) = 0,

tan( 1 ' )1 =
� 2 + � 31 2 − � 2 � 3

.

5.3.3-4. Domain: 0 ≤ õ ≤ ù , 0 ≤
#

≤ ' . Mixed boundary value problems.

1 2 . A circular cylinder of finite length is considered. The following conditions are prescribed:" = 3 0( õ ,
#
) at ö = 0 (initial condition),� Y " = 3 1( õ ,

#
) at ö = 0 (initial condition)," = [ 1(

#
, ö ) at õ = ù (boundary condition),� . " = [ 2( õ , ö ) at

#
= 0 (boundary condition),� . " = [ 3( õ , ö ) at

#
= ' (boundary condition).
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Solution: " ( õ ,
#
, ö ) =

�� ö 4 (0 4 50
3 0( 6 , 7 ) & ( 8 ,

#
, 6 , 7 , 9 ) : 6 : 7

+ 4 (0 4 50
3 1( 6 , 7 ) & ( 8 ,

#
, 6 , 7 , 9 ) : 6 : 7

− ; 2 4 Y
0 4 (0

[ 1( 7 , < ) ) �� 6 & ( 8 ,
#
, 6 , 7 , 9 − < ) * +

= 5 : 7 : <
− ; 2 4 Y

0 4 50
[ 2( 6 , < ) & ( 8 ,

#
, 6 , 0, 9 − < ) : 6 : <

+ ; 2 4 Y
0 4 50

[ 3( 6 , < ) & ( 8 ,
#
, 6 , ' , 9 − < ) : 6 : <

+ 4 Y
0 4 (0 4 50 = ( 6 , 7 , < ) & ( 8 ,

#
, 6 , 7 , 9 − < ) : 6 : 7 : < .

Here,& ( 8 ,
#
, 6 , 7 , 9 ) =

2 6> 2 ' »?A@
=1

»?B =0
� BC 2
1( D @

)
C

0 E D @ 8> F C
0 E D @ 6> F cos E G H IJ F cos E G H 7J F sin KL9NM O @ B PM O @ B ,O @ B =

; 2 D 2

@> 2 +
; 2 H 2 G 2J 2 + Q , � B = R 1 for G = 0,

2 for G > 0,
where the D @

are positive zeros of the Bessel function,
C

0( D ) = 0.

2 S . A circular cylinder of finite length is considered. The following conditions are prescribed:T = U 0( 8 , I ) at 9 = 0 (initial condition),V Y T = U 1( 8 , I ) at 9 = 0 (initial condition),V W T = [ 1( I , 9 ) at 8 =
>

(boundary condition),T = [ 2( 8 , 9 ) at I = 0 (boundary condition),T = [ 3( 8 , 9 ) at I =
J

(boundary condition).
Solution:T ( 8 , I , 9 ) =

VV 9 4 X0 4 50
U 0( 6 , 7 ) Y ( 8 , I , 6 , 7 , 9 ) : 6 : 7 + 4 X0 4 50

U 1( 6 , 7 ) Y ( 8 , I , 6 , 7 , 9 ) : 6 : 7
+ ; 2 4 Y

0 4 X0
[ 1( 7 , < ) Y ( 8 , I ,

>
, 7 , 9 − < ) : 7 : <

+ ; 2 4 Y
0 4 50

[ 2( 6 , < ) Z VV 7 Y ( 8 , I , 6 , 7 , 9 − < ) [ \
=0

: 6 : <
− ; 2 ] Y

0

] 50
[ 3( 6 , ^ ) Z VV 7 Y ( 8 , I , 6 , 7 , _ − ^ ) [ \

= X ` 6 ` ^+ ] Y
0

] X0

] 50 a ( 6 , 7 , ^ ) Y ( 8 , I , 6 , 7 , _ − ^ ) ` 6 ` 7 ` ^ .

Here,Y ( 8 , I , 6 , 7 , _ ) =
4 6b 2 J c? @

=0

c?B =1

1C 2
0 ( D @

)
C

0 E D @ 8b F C
0 E D @ 6b F sin E G H IJ F sin E G H 7J F sin KL_ M O @ B PM O @ B ,O @ B = d 2 D 2

@b 2 + d 2 H 2 G 2J 2 + Q ,
where the D @

are zeros of the first-order Bessel function,
C

1( D ) = 0 ( D 0 = 0).

Page 374



e�g j
5.3.3-5. Domain:

b
1 ≤ 8 ≤

b
2, 0 ≤ I ≤

J
. First boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:T = U 0( 8 , I ) at _ = 0 (initial condition),V Y T = U 1( 8 , I ) at _ = 0 (initial condition),T = [ 1( I , _ ) at 8 =
b

1 (boundary condition),T = [ 2( I , _ ) at 8 =
b

2 (boundary condition),T = [ 3( 8 , _ ) at I = 0 (boundary condition),T = [ 4( 8 , _ ) at I =
J

(boundary condition).

Solution: T ( 8 , I , _ ) =
VV _ ] X0

] 5 2

5 1

U 0( 6 , 7 ) Y ( 8 , I , 6 , 7 , _ ) ` 6 ` 7+ ] X0

] 5 2

5 1

U 1( 6 , 7 ) Y ( 8 , I , 6 , 7 , _ ) ` 6 ` 7+ d 2 ] Y
0

] X0
[ 1( 7 , ^ ) Z VV 6 Y ( 8 , I , 6 , 7 , _ − ^ ) [ p

= 5 1 ` 7 ` ^− d 2 ] Y
0

] X0
[ 2( 7 , ^ ) Z VV 6 Y ( 8 , I , 6 , 7 , _ − ^ ) [ p

= 5 2 ` 7 ` ^+ d 2 ] Y
0

] 5 2

5 1

[ 3( 6 , ^ ) Z VV 7 Y ( 8 , I , 6 , 7 , _ − ^ ) [ \
=0 ` 6 ` ^− d 2 ] Y

0

] 5 2

5 1

[ 4( 6 , ^ ) Z VV 7 Y ( 8 , I , 6 , 7 , _ − ^ ) [ \
= X ` 6 ` ^+ ] Y

0

] X0

] 5 2

5 1 a ( 6 , 7 , ^ ) Y ( 8 , I , 6 , 7 , _ − ^ ) ` 6 ` 7 ` ^ .

Here,Y ( 8 , I , 6 , 7 , _ ) = H 2 6b 2
1
J c? @

=1

c?B =1

D 2

@ C 2
0( qrD @

)C 2
0 ( D @

) −
C 2

0( qrD @
) s @

( 8 ) s @
( 6 ) sin E G H IJ F sin E G H 7J F sin KL_ M O @ B PM O @ B ,

s @
( 8 ) = t 0( D @

)
C

0 E D @ 8b
1

F −
C

0( D @
) t 0 E D @ 8b

1
F , q =

b
2b
1

, O @ B = d 2 D 2

@b 2
1

+ d 2 H 2 G 2J 2 + Q ,
where

C
0( D ) and t 0( D ) are the Bessel functions, and the D @

are positive roots of the transcendental
equation C

0( D ) t 0( qrD ) −
C

0( qrD ) t 0( D ) = 0.

5.3.3-6. Domain:
b

1 ≤ 8 ≤
b

2, 0 ≤ I ≤
J
. Second boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:T = U 0( 8 , I ) at _ = 0 (initial condition),V Y T = U 1( 8 , I ) at _ = 0 (initial condition),V W T = [ 1( I , _ ) at 8 =
b

1 (boundary condition),V W T = [ 2( I , _ ) at 8 =
b

2 (boundary condition),V u T = [ 3( 8 , _ ) at I = 0 (boundary condition),V u T = [ 4( 8 , _ ) at I =
J

(boundary condition).
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Solution: T ( 8 , I , _ ) =
VV _ ] X0

] 5 2

5 1

U 0( 6 , 7 ) Y ( 8 , I , 6 , 7 , _ ) ` 6 ` 7+ ] X0

] 5 2

5 1

U 1( 6 , 7 ) Y ( 8 , I , 6 , 7 , _ ) ` 6 ` 7− d 2 ] Y
0

] X0
[ 1( 7 , ^ ) Y ( 8 , I ,

b
1, 7 , _ − ^ ) ` 7 ` ^+ d 2 ] Y

0

] X0
[ 2( 7 , ^ ) Y ( 8 , I ,

b
2, 7 , _ − ^ ) ` 7 ` ^− d 2 ] Y

0

] 5 2

5 1

[ 3( 6 , ^ ) Y ( 8 , I , 6 , 0, _ − ^ ) ` 6 ` ^+ d 2 ] Y
0

] 5 2

5 1

[ 4( 6 , ^ ) Y ( 8 , I , 6 ,
J
, _ − ^ ) ` 6 ` ^+ ] Y

0

] X0

] 5 2

5 1 a ( 6 , 7 , ^ ) Y ( 8 , I , 6 , 7 , _ − ^ ) ` 6 ` 7 ` ^ .

Here,Y ( 8 , I , 6 , 7 , _ ) =
2 6 sin KL_ M Q P

(
b 2

2 −
b 2

1)
J M Q +

4 6
(
b 2

2 −
b 2

1)
J cvB =1

cos E G H IJ F cos E G H 7J F sin KL_ M w B PM w B
+ H 2 6

2
b 2

1
J cvAx

=1

cvB =0 y B z 2

x C 2
1 ( q z x

)C 2
1 ( z x

) −
C 2

1 ( q z x
) s x

( 8 ) s x
( 6 ) cos { G H IJ F cos { G H 7J F sin KL_NM O x B PM O x B ,

where s x
( 8 ) = t 1( z x

)
C

0 { z x 8b
1

F −
C

1( z x
) t 0 { z x 8b

1
F , q =

b
2b
1

,

y B = R 1 for G = 0,
2 for G > 1,

w B = d 2 H 2 G 2J 2 + Q , O x B = d 2 z 2

xb 2
1

+ d 2 H 2 G 2J 2 + Q ;C |
( z ) and t |

( z ) are the Bessel functions ( } = 0, 1); and the z x
are positive roots of the transcendental

equation C
1( z ) t 1( q z ) −

C
1( q z ) t 1( z ) = 0.

5.4. Telegraph Equation~ 2 �~ � 2 + � ~ �~ � = � 2 �
2 � – � � + � ( � , � ,

�
)

5.4.1. Problems in Cartesian Coordinates
A two-dimensional nonhomogeneous telegraph equation in the rectangular Cartesian coordinate
system is written as �

2 �� �
2 + } � �� �

= � 2 { �
2 �� �

2 +

�
2 �� �

2 � − � � + � (
�

,
�

,
�
).

5.4.1-1. Reduction to the two-dimensional Klein–Gordon equation.

The substitution � (
�

,
�

,
�
) = exp � − 1

2 } �����
(
�

,
�

,
�
) leads to the equation�

2
�� �
2 = � 2 { �

2
�� �
2 +

�
2
�� �
2 � − ��� − 1

4 } 2
���

+ exp � 1
2 } ��� � (

�
,
�

,
�
),

which is discussed in Subsection 5.3.1.
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5.4.1-2. Fundamental solutions.

1 ¢ . Case � − 1
4 £ 2 = ¤ 2 > 0:¥ ¥

(
�

,
�

,
�
) = ¦ ( � �

− 8 ) exp � − 1
2 £ ���

cos �§¤ ¨ �
2 − 8 2© � 2

�
2 ª � 2 ¨ �

2 − 8 2© � 2
,

where 8 = ¨ �
2 +

�
2 and ¦ ( « ) is the Heaviside unit step function.

2 ¢ . Case � − 1
4 £ 2 = − ¤ 2 < 0:¥ ¥

(
�

,
�

,
�
) = ¦ ( � �

− 8 ) exp � − 1
2 £ � �

cosh ��¤ ¨ �
2 − 8 2© � 2

�
2 ª � 2 ¨ �

2 − 8 2© � 2
.¬®

Reference: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974).

5.4.1-3. Domain: − ¯ <
�

< ¯ , − ¯ <
�

< ¯ . Cauchy problem.

Initial conditions are prescribed: � = ° (
�

,
�

) at
�

= 0,� ± � = ² (
�

,
�

) at
�

= 0.

Solution:� (
�

,
�

,
�
) = exp � − 1

2 £ ��� �� � ³ ³´ ≤ µ ± ° ( 6 , 7 ) ¶ (
�

,
�

, 6 , 7 ,
�
) · 6 · 7

+ exp � − 1
2 £ � � ³ ³´ ≤ µ ± ¸ ² ( 6 , 7 ) + 1

2 £ ° ( 6 , 7 ) ¹�¶ (
�

,
�

, 6 , 7 ,
�
) · 6 · 7

+
³ ±

0
· º ³ ³´ ≤ µ (

±
− » ) exp ¸ − 1

2 £ (
�

− º ) ¹ � ( 6 , 7 , º ) ¶ (
�

,
�

, 6 , 7 ,
�

− º ) · 6 · 7 .

Here,

¶ (
�

,
�

, 6 , 7 ,
�
) = ¼½½½½¾ ½½½½¿

cos �§¤ ¨ �
2 − À 2© � 2

�
2 ª � 2 ¨ �

2 − À 2© � 2
for � − 1

4 £ 2 = ¤ 2 > 0,

cosh � ¤ ¨ �
2 − À 2© � 2

�
2 ª � 2 ¨ �

2 − À 2© � 2
for � − 1

4 £ 2 = − ¤ 2 < 0,

where À = ¨ (
�

− Á )2 + (
�

− Â )2.

5.4.1-4. Domain: 0 ≤
�

≤ Ã 1, 0 ≤
�

≤ Ã 2. First boundary value problem.

A rectangle is considered. The following conditions are prescribed:� = ° 0(
�

,
�

) at
�

= 0 (initial condition),� ± � = ° 1(
�

,
�

) at
�

= 0 (initial condition),� = ² 1(
�

,
�
) at

�
= 0 (boundary condition),� = ² 2(

�
,
�
) at

�
= Ã 1 (boundary condition),� = ² 3(

�
,
�
) at

�
= 0 (boundary condition),� = ² 4(

�
,
�
) at

�
= Ã 2 (boundary condition).
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Solution: � (
�

,
�

,
�
) =

�� � ³ Ä 1
0

³ Ä 2
0

° 0( Á , Â ) Å (
�

,
�

, Á , Â ,
�
) · Â · Á

+
³ Ä 1

0

³ Ä 2
0

¸ ° 1( Á , Â ) + £ ° 0( Á , Â ) ¹ Å (
�

,
�

, Á , Â ,
�
) · Â · Á

+ � 2 ³ ±
0

³ Ä 2
0

² 1( Â , º ) Æ �� Á Å (
�

,
�

, Á , Â ,
�

− º ) Ç È
=0

· Â · º
− � 2 ³ ±

0

³ Ä 2
0

² 2( Â , º ) Æ ÉÉ Á Å (
�

,
�

, Á , Â ,
�

− º ) Ç È
= Ä 1 · Â · º

+ � 2 ³ ±
0

³ Ä 1
0

² 3( Á , º ) Æ ÉÉ Â Å (
�

,
�

, Á , Â ,
�

− º ) Ç Ê
=0

· Á · º
− � 2 ³ ±

0

³ Ä 1
0

² 4( Á , º ) Æ ÉÉ Â Å (
�

,
�

, Á , Â ,
�

− º ) Ç Ê
= Ä 2 · Á · º

+
³ ±

0

³ Ä 1
0

³ Ä 2
0

� ( Á , Â , º ) Å (
�

,
�

, Á , Â ,
�

− º ) · Â · Á · º ,

whereÅ (
�

,
�

, Á , Â ,
�
) =

4Ã 1 Ã 2 exp � − 1
2 £ ��� ËÌAÍ

=1

ËÌÎ =1

1Ï Í Î sin(Ð Í Ñ
) sin( Ò Î Ó ) sin(Ð Í Á ) sin( Ò Î Â ) sin(

Ï Í Î Ô ),Ð Í
= Õ ªÃ 1 , Ò Î = Ö ªÃ 2 ,

Ï Í Î = × Ø 2Ð 2

Í
+ Ø 2 Ò 2Î + Ù − 1

4 Ú 2.

5.4.1-5. Domain: 0 ≤

Ñ
≤ Ã 1, 0 ≤ Ó ≤ Ã 2. Second boundary value problem.

A rectangle is considered. The following conditions are prescribed:Û = Ü 0(

Ñ
, Ó ) at Ô = 0 (initial condition),É Ý Û = Ü 1(

Ñ
, Ó ) at Ô = 0 (initial condition),É Þ Û = ß 1( Ó , Ô ) at

Ñ
= 0 (boundary condition),É Þ Û = ß 2( Ó , Ô ) at

Ñ
= Ã 1 (boundary condition),É à Û = ß 3(

Ñ
, Ô ) at Ó = 0 (boundary condition),É à Û = ß 4(

Ñ
, Ô ) at Ó = Ã 2 (boundary condition).

Solution:Û (

Ñ
, Ó , Ô ) = ÉÉ Ô á â 10 á â 20

Ü 0( ã , ä ) å ( æ , ç , ã , ä , è ) é ä é ã
+ á â 10 á â 20 ê Ü 1( ã , ä ) + Ú Ü 0( ã , ä ) ë�å ( æ , ç , ã , ä , è ) é ä é ã
− Ø 2á Ý

0 á â 20
ß 1( ä , ì ) å ( æ , ç , 0, ä , è − ì ) é ä é ì + Ø 2á Ý

0 á â 20
ß 2( ä , ì ) å ( æ , ç , í 1, ä , è − ì ) é ä é ì

− Ø 2á Ý
0 á â 10

ß 3( ã , ì ) å ( æ , ç , ã , 0, è − ì ) é ã é ì + Ø 2á Ý
0 á â 10

ß 4( ã , ì ) å ( æ , ç , ã , í 2, è − ì ) é ã é ì
+ á Ý

0 á â 10 á â 20 î ( ã , ä , ì ) å ( æ , ç , ã , ä , è − ì ) é ä é ã é ì .
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ï�ñ ðï�ñ õ
Here, å ( æ , ç , ã , ä , è ) = exp ú − 1

2 Ú è�û ü sin ú Ï 00 è�ûí 1 í 2 Ï 00

+
2í 1 í 2 ýþAÿ =0 ýþÎ =0 �

ÿ ÎÏ ÿ Î cos(Ð ÿ æ ) cos( � Î ç ) cos(Ð ÿ ã ) cos( � Î ä ) sin(
Ï ÿ Î è ) � ,

whereÐ ÿ
= � �í 1 , � Î = � �í 2 ,

Ï ÿ Î = � � 2 Ð 2

ÿ
+ � 2 � 2Î + � − 1

4 	 2, �
ÿ Î = 
 0 for � = � = 0,

1 for � � = 0 ( � ≠ � ),
2 for � � ≠ 0.

5.4.1-6. Domain: 0 ≤ æ ≤ í 1, 0 ≤ ç ≤ í 2. Third boundary value problem.

A rectangle is considered. The following conditions are prescribed:Û = Ü 0( æ , ç ) at è = 0 (initial condition),� Ý Û = Ü 1( æ , ç ) at è = 0 (initial condition),� � Û −  1
Û = � 1( ç , è ) at æ = 0 (boundary condition),� � Û +  2
Û = � 2( ç , è ) at æ = í 1 (boundary condition),� � Û −  3
Û = � 3( æ , è ) at ç = 0 (boundary condition),� � Û +  4
Û = � 4( æ , è ) at ç = í 2 (boundary condition).

The solution Û ( æ , ç , è ) is determined by the formula in Paragraph 5.4.1-5 whereå ( æ , ç , ã , ä , è ) = 4 exp ú − 1
2 	 è û ýþAÿ =1 ýþÎ =1

1� ÿ Î � � 2 � 2

ÿ
+ � 2 � 2Î + � − 1

4 	 2
sin( � ÿ æ + � ÿ ) sin( � Î ç + � Î )

× sin( � ÿ ã + � ÿ ) sin( � Î ä + � Î ) sin ��è�� � 2 � 2

ÿ
+ � 2 � 2� + � − 1

4 	 2 � .

Here,� ÿ = arctan
� ÿ
í 1 , � � = arctan

� �í 2 ,
� ÿ � = ü í 1 +

(  1  2 + � 2

ÿ
)(  1 +  2)

(  2
1 + � 2

ÿ
)(  2

2 + � 2

ÿ
)

� ü í 2 +
(  3  4 + � 2� )(  3 +  4)
(  2

3 + � 2� )(  2
4 + � 2� )

�
;

the � ÿ
and � � are positive roots of the transcendental equations� 2 −  1  2 = (  1 +  2) � cot( í 1 � ), � 2 −  3  4 = (  3 +  4) � cot( í 2 � ).

5.4.1-7. Domain: 0 ≤ æ ≤ í 1, 0 ≤ ç ≤ í 2. Mixed boundary value problems.

1 ¢ . A rectangle is considered. The following conditions are prescribed:Û = Ü 0( æ , ç ) at è = 0 (initial condition),� Ý Û = Ü 1( æ , ç ) at è = 0 (initial condition),Û = � 1( ç , è ) at æ = 0 (boundary condition),Û = � 2( ç , è ) at æ = í 1 (boundary condition),� � Û = � 3( æ , è ) at ç = 0 (boundary condition),� � Û = � 4( æ , è ) at ç = í 2 (boundary condition).

Page 379



Solution: Û ( æ , ç , è ) =
�� è á â 10 á â 20

Ü 0( ã , ä ) å ( æ , ç , ã , ä , è ) é ä é ã
+ á â 10 á â 20 ê Ü 1( ã , ä ) + 	 Ü 0( ã , ä ) ë å ( æ , ç , ã , ä , è ) é ä é ã
+ � 2 á Ý

0 á â 20
� 1( ä , ì ) ü �� ã å ( æ , ç , ã , ä , è − ì )

� �
=0

é ä é ì
− � 2 á Ý

0 á â 20
� 2( ä , ì ) ü �� ã å ( æ , ç , ã , ä , è − ì )

� �
= â 1 é ä é ì

− � 2 á Ý
0 á â 10

� 3( ã , ì ) å ( æ , ç , ã , 0, è − ì ) é ã é ì
+ � 2 á Ý

0 á â 10
� 4( ã , ì ) å ( æ , ç , ã , í 2, è − ì ) é ã é ì

+ á Ý
0 á â 10 á â 20 î ( ã , ä , ì ) å ( æ , ç , ã , ä , è − ì ) é ä é ã é ì ,

whereå ( æ , ç , ã , ä , è ) =
2í 1 í 2 exp ú − 1

2 	 è�û ýþ ÿ =1 ýþ� =0 � �� ÿ � sin(� ÿ æ ) cos( � � ç ) sin(� ÿ ã ) cos( � � ä ) sin(
� ÿ � è ),� ÿ

= � �í 1 , � � = � �í 2 ,
� ÿ � = � � 2� 2

ÿ
+ � 2 � 2� + � − 1

4 	 2, � � = � 1 for � = 0,
2 for � ≠ 0.

2 ¢ . A rectangle is considered. The following conditions are prescribed:Û = Ü 0( æ , ç ) at è = 0 (initial condition),� Ý Û = Ü 1( æ , ç ) at è = 0 (initial condition),Û = � 1( ç , è ) at æ = 0 (boundary condition),� � Û = � 2( ç , è ) at æ = í 1 (boundary condition),Û = � 3( æ , è ) at ç = 0 (boundary condition),� � Û = � 4( æ , è ) at ç = í 2 (boundary condition).

Solution: Û ( æ , ç , è ) =
�� è � � 10 � � 20

Ü 0( � ,  ) ! ( " , # , � ,  , $ ) %  % �
+ � � 10 � � 20 & Ü 1( � ,  ) + 	 Ü 0( � ,  ) '(! ( " , # , � ,  , $ ) %  % �
+ � 2 � Ý

0 � � 20
� 1(  , ) ) * �� � ! ( " , # , � ,  , $ − ) )

� �
=0

%  % )
+ � 2 � +0 � � 20

� 2(  , ) ) ! ( " , # , , 1,  , $ − ) ) %  % )
+ � 2 � +0 � � 10

� 3( � , ) ) * ��  ! ( " , # , � ,  , $ − ) )
� -

=0
% � % )

+ � 2 � +0 � � 10
� 4( � , ) ) ! ( " , # , � , , 2, $ − ) ) % � % )

+ � +0 � � 10 � � 20 . ( � ,  , ) ) ! ( " , # , � ,  , $ − ) ) %  % � % ) ,
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� ��� � ���� �
where

( � , � , � , � , � ) =
4�
1
�
2

exp � − 1
2 � ��� �� � =0

��� =0

1� � � sin(� � � ) sin( � � � ) sin(� � � ) sin( � � � ) sin(
� � � � ),� � = � (2  + 1)

2
�
1

, � � = � (2 ! + 1)
2
�
2

,
� � � = " # 2� 2� + # 2 � 2� + $ − 1

4 � 2.

5.4.2. Problems in Polar Coordinates
A two-dimensional nonhomogeneous telegraph equation in the polar coordinate system has the form% 2 &% � 2 + � % &% � = # 2 ' % 2 &% ( 2 +

1( % &% ( +
1( 2

% 2 &% ) 2 * − $ & + + (
(
,
)

, � ), (
= , � 2 + � 2.

For one-dimensional solutions & = & (
(
, � ), see equation 4.4.2.2.

5.4.2-1. Domain: 0 ≤
(

≤ - , 0 ≤
)

≤ 2 � . First boundary value problem.

A circle is considered. The following conditions are prescribed:& = . 0(
(
,
)

) at � = 0 (initial condition),% / & = . 1(
(
,
)

) at � = 0 (initial condition),& = 0 (
)

, � ) at
(

= - (boundary condition).

Solution: & (
(
,
)

, � ) =
%% � 1 2 2

0 1 30
. 0( � , � )


(
(
,
)

, � , � , � ) � 4 � 4 �
+ 1 2 2

0 1 30 5 . 1( � , � ) + � . 0( � , � ) 6  (
(
,
)

, � , � , � ) � 4 � 4 �
− # 2 - 1 /

0 1 2 2
0

0 ( � , 7 ) 8 %% � 
(
(
,
)

, � , � , � − 7 ) 9 :
= 3 4 � 4 7

+ 1 /
0 1 2 2

0 1 30
+ ( � , � , 7 )


(
(
,
)

, � , � , � − 7 ) � 4 � 4 � 4 7 .

Here,
(
(
,
)

, � , � , � ) =
1� - 2 exp � − 1

2 � ��� �� � =0

��� =1 ; � < � ( = � � (
) < � ( = � � � )

[ < >� ( = � � - )]2 cos[  (
)

− � )]
sin �?�A@ � � � �@ � � � ,� � � = # 2 = 2� � + $ − 1

4 � 2, ; 0 = 1, ; � = 2 (  = 1, 2, B�B�B ),
where the < � ( � ) are the Bessel functions (the prime denotes the derivative with respect to the
argument) and the = � � are positive roots of the transcendental equation < � ( = - ) = 0.

5.4.2-2. Domain: 0 ≤
(

≤ - , 0 ≤
)

≤ 2 � . Second boundary value problem.

A circle is considered. The following conditions are prescribed:& = . 0(
(
,
)

) at � = 0 (initial condition),% / & = . 1(
(
,
)

) at � = 0 (initial condition),% C & = 0 (
)

, � ) at
(

= - (boundary condition).
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Solution: & (
(
,
)

, � ) =
%% � 1 2 2

0 1 30
. 0( � , � )


(
(
,
)

, � , � , � ) � 4 � 4 �
+ 1 2 2

0 1 30 5 . 1( � , � ) + � . 0( � , � ) 6  (
(
,
)

, � , � , � ) � 4 � 4 �
+ # 2 - 1 /

0 1 2 2
0

0 ( � , 7 )


(
(
,
)

, - , � , � − 7 ) 4 � 4 7
+ 1 /

0 1 2 2
0 1 30

+ ( � , � , 7 )


(
(
,
)

, � , � , � − 7 ) � 4 � 4 � 4 7 .

Here, 
(
(
,
)

, � , � , � ) = exp � − 1
2 � ��� D sin �?� , $ − � 2E 4 �� - 2 , $ − � 2E 4

+
1� �� � =0

��� =1 ; � = 2� � < � ( = � � (
) < � ( = � � � )

( = 2� � - 2 −  2)[ < � ( = � � - )]2 cos[  (
)

− � )]
sin � � @ � � � �@ � � � F ,� � � = # 2 = 2� � + $ − 1

4 � 2, ; 0 = 1, ; � = 2 (  = 1, 2, B�B�B ),
where the < � ( � ) are the Bessel functions and the = � are positive roots of the transcendental equation< >� ( = - ) = 0.

5.4.2-3. Domain: 0 ≤
(

≤ - , 0 ≤
)

≤ 2 � . Third boundary value problem.

A circle is considered. The following conditions are prescribed:& = . 0(
(
,
)

) at � = 0 (initial condition),% / & = . 1(
(
,
)

) at � = 0 (initial condition),% C & + G & = 0 (
)

, � ) at
(

= - (boundary condition).

The solution & (
(
,
)

, � ) is determined by the formula in Paragraph 5.4.2-2 where
(
(
,
)

, � , � , � ) =
1� exp � − 1

2 � ��� �� � =0

��� =1 ; � = 2� � < � ( = � � (
) < � ( = � � � ) cos[  (

)
− � )] sin �?�A@ � � � �

( = 2� � - 2 + G 2 - 2 −  2)[ < � ( = � � - )]2 @ � � � ,� � � = # 2 = 2� � + $ − 1
4 � 2, ; 0 = 1, ; � = 2 (  = 1, 2, B�B�B ).

Here, the < � ( � ) are the Bessel functions and the = � are positive roots of the transcendental equation= < >� ( = - ) + G < � ( = - ) = 0.

5.4.2-4. Domain: - 1 ≤
(

≤ - 2, 0 ≤
)

≤ 2 � . First boundary value problem.

An annular domain is considered. The following conditions are prescribed:& = . 0(
(
,
)

) at � = 0 (initial condition),% / & = . 1(
(
,
)

) at � = 0 (initial condition),& = 0 1(
)

, � ) at
(

= - 1 (boundary condition),& = 0 2(
)

, � ) at
(

= - 2 (boundary condition).
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Solution: & (

(
,
)

, � ) =
%% � 1 2 2

0 1 3 2

3 1

. 0( � , � )


(
(
,
)

, � , � , � ) � 4 � 4 �
+ 1 2 2

0 1 3 2

3 1 5 . 1( � , � ) + � . 0( � , � ) 6  (
(
,
)

, � , � , � ) � 4 � 4 �
+ # 2 - 1 1 /

0 1 2 2
0

0 1( � , 7 ) 8 %% � 
(
(
,
)

, � , � , � − 7 ) 9 :
= 3 1

4 � 4 7
− # 2 - 2 1 /

0 1 2 2
0

0 2( � , 7 ) 8 %% � 
(
(
,
)

, � , � , � − 7 ) 9 :
= 3 2

4 � 4 7
+ 1 /

0 1 2 2
0 1 3 2

3 1

+ ( � , � , 7 )


(
(
,
)

, � , � , � − 7 ) � 4 � 4 � 4 7 .

Here,
(
(
,
)

, � , � , � ) = �
2

exp � − 1
2 � ��� �� � =0

��� =1 ; � H � � I � ( = � � (
) I � ( = � � � ) cos[  (

)
− � )]

sin �?� @ � � � �@ � � � ,

; � = J 1 E 2 for  = 0,
1 for  ≠ 0,

H � � =
= 2� � < 2� ( = � � - 2)< 2� ( = � � - 1) − < 2� ( = � � - 2)

,I � ( = � � (
) = < � ( = � � - 1) K � ( = � � (

) − K � ( = � � - 1) < � ( = � � (
),

� � � = # 2 = 2� � + $ − 1
4 � 2,

where the < � (
(
) and K � (

(
) are the Bessel functions, and the = � � are positive roots of the transcen-

dental equation < � ( = - 1) K � ( = - 2) − K � ( = - 1) < � ( = - 2) = 0.

5.4.2-5. Domain: - 1 ≤
(

≤ - 2, 0 ≤
)

≤ 2 � . Second boundary value problem.

An annular domain is considered. The following conditions are prescribed:& = . 0(
(
,
)

) at � = 0 (initial condition),% / & = . 1(
(
,
)

) at � = 0 (initial condition),% C & = 0 1(
)

, � ) at
(

= - 1 (boundary condition),% C & = 0 2(
)

, � ) at
(

= - 2 (boundary condition).

Solution: & (
(
,
)

, � ) =
%% � 1 2 2

0 1 3 2

3 1

. 0( � , � )


(
(
,
)

, � , � , � ) � 4 � 4 �
+ 1 2 2

0 1 3 2

3 1 5 . 1( � , � ) + � . 0( � , � ) 6  (
(
,
)

, � , � , � ) � 4 � 4 �
− # 2 - 1 1 /

0 1 2 2
0

0 1( � , 7 )


(
(
,
)

, - 1, � , � − 7 ) 4 � 4 7
+ # 2 - 2 1 /

0 1 2 2
0

0 2( � , 7 )


(
(
,
)

, - 2, � , � − 7 ) 4 � 4 7
+ 1 /

0 1 2 2
0 1 3 2

3 1

+ ( � , � , 7 )


(
(
,
)

, � , � , � − 7 ) � 4 � 4 � 4 7 .
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Here,
(
(
,
)

, � , � , � ) = exp � − 1
2 � ��� D sin �?� , $ − � 2E 4 �� ( - 2

2 − - 2
1) , $ − � 2E 4

+
1� �� � =0

��� =1 ; � = 2� � I � ( = � � (
) I � ( = � � � ) cos[  (

)
− � )] sin �?� , # 2 = 2� � + $ − � 2E 4 �5 ( = 2� � - 2

2 −  2) I 2� ( = � � - 2) − ( = 2� � - 2
1 −  2) I 2� ( = � � - 1) 6 , # 2 = 2� � + $ − � 2E 4 F ,

whereI � ( = � � (
) = < >� ( = � � - 1) K � ( = � � (

) − K >� ( = � � - 1) < � ( = � � (
), ; � = J 1 for  = 0,

2 for  > 0,

the < � (
(
) and K � (

(
) are the Bessel functions, and the = � � are positive roots of the transcendental

equation < >� ( = - 1) K >� ( = - 2) − K >� ( = - 1) < >� ( = - 2) = 0.

5.4.2-6. Domain: - 1 ≤
(

≤ - 2, 0 ≤
)

≤ 2 � . Third boundary value problem.

An annular domain is considered. The following conditions are prescribed:& = . 0(
(
,
)

) at � = 0 (initial condition),% / & = . 1(
(
,
)

) at � = 0 (initial condition),% C & − G 1
& = 0 1(

)
, � ) at

(
= - 1 (boundary condition),% C & + G 2

& = 0 2(
)

, � ) at
(

= - 2 (boundary condition).

The solution & (
(
,
)

, � ) is determined by the formula in Paragraph 5.4.2-5 where
(
(
,
)

, � , � , � ) =
1� exp � − 1

2 � ��� �� � =0

��� =1 ; � = 2� �H � � � � � I � ( = � � (
) I � ( = � � � ) cos[  (

)
− � )] sin(

� � � � ).
Here,

; � = J 1 for  = 0,
2 for  > 0,

� � � = " # 2 = 2� � + $ − 1
4 � 2,H � � = ( G 2

2 - 2
2 + = 2� � - 2

2 −  2) I 2� ( = � � - 2) − ( G 2
1 - 2

1 + = 2� � - 2
1 −  2) I 2� ( = � � - 1),I � ( = � � (

) = 5 = � � < >� ( = � � - 1) − G 1 < � ( = � � - 1) 6LK � ( = � � (
)

− 5 = � � K >� ( = � � - 1) − G 1 K � ( = � � - 1) 6 < � ( = � � (
),

where the < � (
(
) and K � (

(
) are the Bessel functions, and the = � � are positive roots of the transcen-

dental equation5 = < >� ( = - 1) − G 1 < � ( = - 1) 6 5 = K >� ( = - 2) + G 2 K � ( = - 2) 6
= 5 = K >� ( = - 1) − G 1 K � ( = - 1) 6 5 = < >� ( = - 2) + G 2 < � ( = - 2) 6 .

5.4.2-7. Domain: 0 ≤
(

≤ - , 0 ≤
)

≤
)

0. First boundary value problem.

A circular sector is considered. The following conditions are prescribed:& = . 0(
(
,
)

) at � = 0 (initial condition),% / & = . 1(
(
,
)

) at � = 0 (initial condition),& = 0 1(
)

, � ) at
(

= - (boundary condition),& = 0 2(
(
, � ) at

)
= 0 (boundary condition),& = 0 3(

(
, � ) at

)
=

)
0 (boundary condition).
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Solution: & (

(
,
)

, � ) =
%% � 1 M 0

0 1 30
. 0( � , � )


(
(
,
)

, � , � , � ) � 4 � 4 �
+ 1 M 0

0 1 30 5 . 1( � , � ) + � . 0( � , � ) 6  (
(
,
)

, � , � , � ) � 4 � 4 �
− # 2 - 1 /

0 1 M 0

0
0 1( � , 7 ) 8 %% � 

(
(
,
)

, � , � , � − 7 ) 9 :
= 3 4 � 4 7

+ # 2 1 /
0 1 30

0 2( � , 7 )
1� 8 %% � 

(
(
,
)

, � , � , � − 7 ) 9 N
=0

4 � 4 7
− # 2 1 /

0 1 30
0 3( � , 7 )

1� 8 %% � 
(
(
,
)

, � , � , � − 7 ) 9 N
= M 0

4 � 4 7
+ 1 /

0 1 M 0

0 1 30
+ ( � , � , 7 )


(
(
,
)

, � , � , � − 7 ) � 4 � 4 � 4 7 .

Here,
(
(
,
)

, � , � , � ) =
4- 2 ) 0

exp � − 1
2 � ��� �� � =1

��� =1

< � 2 O M 0 ( = � � (
) < � 2 O M 0 ( = � � � )

[ < >� 2 O M 0
( = � � - )]2

× sin '  � ))
0 * sin '  � �)

0 * sin �?� , # 2 = 2� � + $ − � 2E 4 �, # 2 = 2� � + $ − � 2E 4
,

where the < � 2 O M 0 (
(
) are the Bessel functions and the = � � are positive roots of the transcendental

equation < � 2 O M 0 ( = - ) = 0.

5.4.2-8. Domain: 0 ≤
(

≤ - , 0 ≤
)

≤
)

0. Second boundary value problem.

A circular sector is considered. The following conditions are prescribed:& = . 0(
(
,
)

) at � = 0 (initial condition),% / & = . 1(
(
,
)

) at � = 0 (initial condition),% C & = 0 1(
)

, � ) at
(

= - (boundary condition),( −1 % M & = 0 2(
(
, � ) at

)
= 0 (boundary condition),( −1 % M & = 0 3(

(
, � ) at

)
=

)
0 (boundary condition).

Solution: & (
(
,
)

, � ) =
%% � 1 M 0

0 1 30
. 0( � , � )


(
(
,
)

, � , � , � ) � 4 � 4 �
+ 1 M 0

0 1 30 5 . 1( � , � ) + � . 0( � , � ) 6  (
(
,
)

, � , � , � ) � 4 � 4 �
+ # 2 - 1 /

0 1 M 0

0
0 1( � , 7 )


(
(
,
)

, - , � , � − 7 ) 4 � 4 7
− # 2 1 /

0 1 30
0 2( � , 7 )


(
(
,
)

, � , 0, � − 7 ) 4 � 4 7
+ # 2 1 /

0 1 30
0 3( � , 7 )


(
(
,
)

, � ,
)

0, � − 7 ) 4 � 4 7
+ 1 /

0 1 M 0

0 1 30
+ ( � , � , 7 )


(
(
,
)

, � , � , � − 7 ) � 4 � 4 � 4 7 .
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Here,
(
(
,
)

, � , � , � ) = exp � − 1
2 � ��� D 2 sin �?� , $ − � 2E 4 �- 2 ) 0 , $ − � 2E 4

+ 4
)

0

�� � =0

��� =1

= 2� � < � 2 O M 0 ( = � � (
) < � 2 O M 0 ( = � � � )

( - 2 ) 2
0 = 2� � −  2 � 2) < 2� 2 O M 0

( = � � - )

× cos '  � ))
0 * cos '  � �)

0 * sin �?� , # 2 = 2� � + $ − � 2E 4 �, # 2 = 2� � + $ − � 2E 4 F ,

where the < � 2 O M 0 (
(
) are the Bessel functions and the = � � are positive roots of the transcendental

equation < >� 2 O M 0
( = - ) = 0.

5.4.2-9. Domain: 0 ≤
(

≤ - , 0 ≤
)

≤
)

0. Mixed boundary value problem.

A circular sector is considered. The following conditions are prescribed:& = . 0(
(
,
)

) at � = 0 (initial condition),% / & = . 1(
(
,
)

) at � = 0 (initial condition),% C & + P & = 0 (
)

, Q ) at
(

= - (boundary condition),% M & = 0 at
)

= 0 (boundary condition),% M & = 0 at
)

=
)

0 (boundary condition).

Solution: & (
(
,
)

, Q ) =
%% Q 1 M 0

0 1 30
. 0( R , S ) T (

(
,
)

, R , S , Q ) R 4 R 4 S
+ 1 M 0

0 1 30 5 . 1( R , S ) + U . 0( R , S ) 6LT (
(
,
)

, R , S , Q ) R 4 R 4 S
+ # 2 - 1 /

0 1 M 0

0
0 ( S , 7 ) T (

(
,
)

, - , S , Q − 7 ) 4 S 4 7
+ 1 /

0 1 M 0

0 1 30
+ ( R , S , 7 ) T (

(
,
)

, R , S , Q − 7 ) R 4 R 4 S 4 7 .

Here,T (
(
,
)

, R , S , Q ) = exp V − 1
2 U Q�W XY[Z

=0

XY\ =1 ;
Z \ < ]_^ ( = Z \ ` ) < ]_^ ( = Z \ R ) cos( G Z a

) cos( G Z S ) sin Vcb Z \ Q�W ,G Z = d ea
0

, f Z \ =
4 g 2

Z \a
0( g 2

Z \ h 2 + P 2 h 2 − G 2

Z
) i_j ]_^ ( g Z \ h ) k 2 b Z \ , b Z \ = l # 2 g 2

Z \ + $ − 1
4 U 2,

where the j ]_^ ( ` ) are the Bessel functions and the g Z \ are positive roots of the transcendental
equation g j m]_^ ( g h ) + P j ]_^ ( g h ) = 0.

5.4.3. Axisymmetric Problems
In the axisymmetric case, a nonhomogeneous telegraph equation in the cylindrical coordinate system
has the form% 2 n% Q 2 + U % n% Q = # 2 o % 2 n% ` 2 +

1` % n% ` +
% 2 n% p 2 q − $ n + r ( ` ,

p
, Q ), ` = s t 2 + u 2.
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v�x wv�x = z − } |
In the solutions of the problems considered below, the modified Green’s function � ( ` ,

p
, � , � , Q ) =

2 e � � ( ` ,
p
, � , � , Q ) is used for convenience.

5.4.3-1. Domain: 0 ≤ ` ≤ h , 0 ≤
p

≤ � . First boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:n = � 0( ` ,
p
) at Q = 0 (initial condition),% � n = � 1( ` ,

p
) at Q = 0 (initial condition),n = � 1(

p
, Q ) at ` = h (boundary condition),n = � 2( ` , Q ) at

p
= 0 (boundary condition),n = � 3( ` , Q ) at

p
= � (boundary condition).

Solution: n ( ` ,
p
, Q ) =

%% Q � �0 � �0
� 0( � , � ) � ( � ,

p
, � , � , Q ) � � � �

+ � �0 � �0 � � 1( � , � ) + � � 0( � , � ) ��� ( � ,
p
, � , � , Q ) � � � �

− � 2 � �
0 � �0

� 1( � , � ) � %% � � ( � ,
p
, � , � , Q − � ) � �

= � � � � �
+ � 2 � �

0 � �0
� 2( � , � ) � %% � � ( � , � , � , � , Q − � ) � �

=0
� � � �

− � 2 � �
0 � �0

� 3( � , � ) � %% � � ( � , � , � , � , Q − � ) � �
= � � � � �

+ � �
0 � �0 � �0

r ( � , � , � ) � ( � , � , � , � , Q − � ) � � � � � � .

Here,� ( � , � , � , � , Q ) =
4 � � − � �?� 2� 2 � ��[�

=1
��  =1

1¡ 2
1( ¢ �

)
¡

0 £ ¢ � �� ¤ ¡
0 £ ¢ � ¥� ¤ sin £ ¦ e �§ ¤ sin £ ¦ e ¨§ ¤ sin( © �   ª )© �   ,© �   = « � 2 ¢ 2

�� 2 +
� 2 e 2 ¦ 2§ 2 + $ −

� 2

4
,

where the ¢ �
are positive zeros of the Bessel function,

¡
0( ¢ ) = 0.

5.4.3-2. Domain: 0 ≤ � ≤
�

, 0 ≤ � ≤
§
. Second boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:¬ =  0( � , � ) at ª = 0 (initial condition),% ® ¬ =  1( � , � ) at ª = 0 (initial condition),% ¯ ¬ = ° 1( � , ª ) at � =
�

(boundary condition),% ± ¬ = ° 2( � , ª ) at � = 0 (boundary condition),% ± ¬ = ° 3( � , ª ) at � =
§

(boundary condition).
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Solution: ¬ ( � , � , ª ) =
%% ª � �0 � �0

 0(

¥
, ¨ ) ² ( � , � ,

¥
, ¨ , ª ) � ¥ � ¨

+ ³ ´
0

³ �0 µ  1(

¥
, ¨ ) + ¶  0(

¥
, ¨ ) ·L² ( � , � ,

¥
, ¨ , ª ) ¸ ¥ ¸ ¨

+ ¹ 2 ³ ®
0

³ ´
0

° 1( ¨ , º ) ² ( � , � ,
�

, ¨ , ª − º ) ¸ ¨ ¸ º
− ¹ 2 ³ ®

0
³ �0

° 2(

¥
, º ) ² ( � , � ,

¥
, 0, ª − º ) ¸ ¥ ¸ º

+ ¹ 2 ³ ®
0

³ �0
° 3(

¥
, º ) ² ( � , � ,

¥
,
§
, ª − º ) ¸ ¥ ¸ º

+ ³ ®
0

³ ´
0

³ �0 » (

¥
, ¨ , º ) ² ( � , � ,

¥
, ¨ , ª − º ) ¸ ¥ ¸ ¨ ¸ º .

Here,² ( � , � ,

¥
, ¨ , ª ) = 2

¥
exp ¼ − 1

2 ¶ ª�½ ¾ sin ¼ ªA¿ À ½� 2 § ¿ À +
1� 2 § ÁÂ[Ã

=0

ÁÂÄ =0 Å
Ã ÄÆ 2

0 ( Ç Ã
)
Æ

0 È Ç Ã �� É Æ
0 È Ç Ã Ê� É

× cos È Ë Ì �Í É cos È Ë Ì ÎÍ É sin ¼?Ï ¿ Ð Ã Ä ½¿ Ð Ã Ä Ñ ,

where À = Ò −
¶ 2

4
, Ð Ã Ä =

¹ 2 Ç 2

Ã� 2 +
¹ 2 Ì 2 Ë 2Í 2 + Ò −

¶ 2

4
, Å

Ã Ä = Ó 0 for Ë = 0, Ô = 0,
1 for Ë = 0, Ô > 0,
2 for Ë > 0,

and the Ç Ã
are zeros of the first-order Bessel function,

Æ
1( Ç ) = 0 ( Ç 0 = 0).

5.4.3-3. Domain: 0 ≤ Õ ≤
�

, 0 ≤ � ≤
Í
. Third boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:Ö = × 0( Õ , Ø ) at Ï = 0 (initial condition),Ù Ú Ö = × 1( Õ , Ø ) at Ï = 0 (initial condition),Ù Û Ö + Ü 1
Ö = Ý 1( Ø , Ï ) at Õ = Þ (boundary condition),Ù ß Ö − Ü 2
Ö = Ý 2( Õ , Ï ) at Ø = 0 (boundary condition),Ù ß Ö + Ü 3
Ö = Ý 3( Õ , Ï ) at Ø =

Í
(boundary condition).

The solution Ö ( Õ , Ø , Ï ) is determined by the formula in Paragraph 5.4.3-2 whereà
( Õ , Ø ,

Ê
, Î , Ï ) =

2

ÊÞ 2 exp ¼ − 1
2 á Ï ½ ÁÂ Ã

=1

ÁÂÄ =1 Å
Ã Æ

0 È Ç Ã ÕÞ É Æ
0 È Ç Ã ÊÞ É â Ä ( Ø ) â Ä ( Î )ã â Ä ã 2

sin ¼?Ï ¿ Ð Ã Ä ½¿ Ð Ã Ä .

Here,

Å
Ã

=
Ç 2

Ã
( Ü 2

1 Þ 2 + Ç 2

Ã
)
Æ 2

0 ( Ç Ã
)

, Ð Ã Ä = ä 2 Ç 2

ÃÞ 2 + ä 2 å 2Ä + Ò − á 2

4
,

â Ä ( Ø ) = cos( å Ä Ø ) +
Ü 2å Ä sin( å Ä Ø ),

ã â Ä ã 2 =
Ü 3

2 å 2Ä å 2Ä + Ü 2
2å 2Ä + Ü 2
3

+
Ü 2

2 å 2Ä +
Í
2 È 1 +

Ü 2
2å 2Ä É ;

the Ç Ã
and å Ä are positive roots of the transcendental equationsÇ Æ

1( Ç ) − Ü 1 Þ Æ
0( Ç ) = 0,

tan( å Í
)å =

Ü 2 + Ü 3å 2 − Ü 2 Ü 3
.
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æ�è çæ�è = ê − í ì
5.4.3-4. Domain: 0 ≤ Õ ≤ Þ , 0 ≤ Ø ≤

Í
. Mixed boundary value problems.

1 ò . A circular cylinder of finite length is considered. The following conditions are prescribed:Ö = × 0( Õ , Ø ) at Ï = 0 (initial condition),Ù Ú Ö = × 1( Õ , Ø ) at Ï = 0 (initial condition),Ö = Ý 1( Ø , Ï ) at Õ = Þ (boundary condition),Ù ß Ö = Ý 2( Õ , Ï ) at Ø = 0 (boundary condition),Ù ß Ö = Ý 3( Õ , Ï ) at Ø =
Í

(boundary condition).

Solution:Ö ( Õ , Ø , Ï ) =
ÙÙ Ï ó ô0 ó õ0

× 0(

Ê
, Î )

à
( Õ , Ø ,

Ê
, Î , Ï ) ö Ê ö Î

+ ó ô0 ó õ0 ÷ × 1(

Ê
, Î ) + á × 0(

Ê
, Î ) ø à ( Õ , Ø ,

Ê
, Î , Ï ) ö Ê ö Î

− ä 2 ó Ú
0 ó ô0

Ý 1( Î , ù ) ú ÙÙ Ê à
( Õ , Ø ,

Ê
, Î , Ï − ù ) û ü

= õ ö Î ö ù
− ä 2 ó Ú

0 ó õ0
Ý 2(

Ê
, ù )

à
( Õ , Ø ,

Ê
, 0, Ï − ù ) ö Ê ö ù + ä 2 ó Ú

0 ó õ0
Ý 3(

Ê
, ù )

à
( Õ , Ø ,

Ê
,
Í
, Ï − ù ) ö Ê ö ù

+ ó Ú
0 ó ô0 ó õ0 ý (

Ê
, Î , ù )

à
( Õ , Ø ,

Ê
, Î , Ï − ù ) ö Ê ö Î ö ù .

Here,à
( Õ , Ø ,

Ê
, Î , Ï )=

2

Ê þ
− ÿ Ú�� 2Þ 2 Í �� � =1

��� =0 Å �Æ 2
1( Ç � )

Æ
0 � Ç � ÕÞ É Æ

0 � Ç � ÊÞ É cos � Ë Ì ØÍ É cos � Ë Ì ÎÍ É sin( Ð � � Ï )Ð � � ,Ð � � = � ä 2 Ç 2�� 2 + ä 2 Ì 2 Ë 2	 2 + 
 − � 2

4
, � � =  1 for Ë = 0,

2 for Ë > 0,

where the � � are zeros of the Bessel function, � 0( � ) = 0.

2 � . A circular cylinder of finite length is considered. The following conditions are prescribed:� = × 0( � , � ) at � = 0 (initial condition),� � � = × 1( � , � ) at � = 0 (initial condition),� � � = � 1( � , � ) at � =
�

(boundary condition),� = � 2( � , � ) at � = 0 (boundary condition),� = � 3( � , � ) at � =
	

(boundary condition).

Solution:� ( � , � , � ) =
�� � � �0 � �0

× 0( � , � ) � ( � , � , � , � , � ) � � � �
+ � �0 � �0  × 1( � , � ) + � × 0( � , � ) !"� ( � , � , � , � , � ) � � � � + ä 2 � �

0 � �0
� 1( � , # ) � ( � , � ,

�
, � , � − # ) � � � #

+ ä 2 � �
0 � �0

� 2( � , # ) $ �� � � ( � , � , � , � , � − # ) % &
=0

� � � #
− ä 2 � �

0 � �0
� 3( � , # ) $ �� � � ( � , � , � , � , � − # ) % &

= � � � � #
+ � �

0 � �0 � �0 ' ( � , � , # ) � ( � , � , � , � , � − # ) � � � � � # .
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Here,� ( � , � , � , � , � ) =
4 � ( − ÿ ��� 2� 2 	 �)+*

=0

�), =1

1� 2
0( � *

)
� 0 - � * �� . � 0 - � * �� . sin - / Ì �	 . sin - / Ì �	 . sin( 0 * , � )0 * , ,

0 * , = 1 2 2 � 2

*� 2 + 2 2 Ì 2 / 2	 2 + 3 − 4 2

4
,

where the � *
are zeros of the first-order Bessel function, � 1( � ) = 0 ( � 0 = 0).

5.4.3-5. Domain:
�

1 ≤ � ≤
�

2, 0 ≤ � ≤
	
. First boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = 5 0( � , � ) at � = 0 (initial condition),� � � = 5 1( � , � ) at � = 0 (initial condition),� = � 1( � , � ) at � =
�

1 (boundary condition),� = � 2( � , � ) at � =
�

2 (boundary condition),� = � 3( � , � ) at � = 0 (boundary condition),� = � 4( � , � ) at � =
	

(boundary condition).

Solution: � ( � , � , � ) =
�� � � �0 � � 2

� 1

5 0( � , � ) � ( � , � , � , � , � ) � � � �
+ � �0 � � 2

� 1  5 1( � , � ) + 4 5 0( � , � ) !"� ( � , � , � , � , � ) � � � �
+ 2 2 � �

0 � �0
� 1( � , # ) $ �� � � ( � , � , � , � , � − # ) % 6

= � 1

� � � #
− 2 2 � �

0 � �0
� 2( � , # ) $ �� � � ( � , � , � , � , � − # ) % 6

= � 2

� � � #
+ 2 2 � �

0 � � 2

� 1

� 3( � , # ) $ �� � � ( � , � , � , � , � − # ) % &
=0

� � � #
− 2 2 � �

0 � � 2

� 1

� 4( � , # ) $ �� � � ( � , � , � , � , � − # ) % &
= � � � � #

+ � �
0 � �0 � � 2

� 1 ' ( � , � , # ) � ( � , � , � , � , � − # ) � � � � � # .

Here,� ( � , � , � , � , � ) = Ì 2 �� 2
1
	 ( − ÿ ��� 2

�) *
=1

�), =1

� 2

* � 2
0( 78� *

) 9 *
( � ) 9 *

( � )� 2
0( � *

)− � 2
0( 78� *

)
sin - / Ì �	 . sin - / Ì �	 . sin :��<; 0 * , =; 0 * , ,

9 *
( � ) = > 0( ? *

) @ 0 - ? * A�
1

. − @ 0( ? *
) > 0 - ? * A�

1
. , 7 =

�
2�
1

, 0 * , = 2 2 ? 2

*� 2
1

+ 2 2 Ì 2 / 2	 2 + 3 − 4 2

4
,

where @ 0( ? ) and > 0( ? ) are the Bessel functions, and the ? *
are positive roots of the transcendental

equation @ 0( ? ) > 0( 78? ) − @ 0( 78? ) > 0( ? ) = 0.
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5.5. Other Equations with Two Space Variables

1. B 2 CB D 2
+ E B CB D = F 2 - B 2 CB G 2

+ B 2 CB H 2
. + I 1 B CB G + I 2 B CB H + J C .

The transformation K
( L , M , N ) = O ( L , M , # ) exp - −

1
2 4 N −

3 1 L + 3 2 M
2 2 2 . , # = 2 N

leads to the equation from Subsection 5.1.3:P 2 OP Q 2 =
P 2 OP L 2 +

P 2 OP M 2 + å O , å = R2 2 + 4 2

4 2 2 −
1

4 2 4 ( 3 2
1 + 3 2

2).

2. DTS B 2 CB D 2
+ U

2 DVS –1 B CB D = B 2 CB G 2
+ B 2 CB H 2

.

Domain: − W < L < W , − W < M < W . Cauchy problem.
Initial conditions are prescribed: K

= 5 ( L , M ) at N = 0,N , X 2 P Y K
= Z ( L , M ) at N = 0.

Solution for 1 ≤ / < 2:K
( L , M , N ) =

1
2 [ N , X 2

PP N \ \] ^ 5 ( _ , ` ) a _ a `b 4 2c N 2−
c

− d 2
+

1
2 [ \ \] ^ Z ( _ , ` ) a _ a `b 4 2c N 2−

c
− d 2

,

4 c =
2

2 − e , d =
b

( L − _ )2 + ( M − ` )2,

where f Y
= { d 2 ≤ 4 2c N 2−

c
} is the circle with center at ( L , M ) and radius 4 c N 1 XVgVh .ikj

Reference: M. M. Smirnov (1975).
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Chapter 6

Hyperbolic Equations
with Three or More Space Variables

6.1. Wave Equation l 2 ml n 2 = o 2 p
3 m

6.1.1. Problems in Cartesian Coordinates
The wave equation with three space variables in the rectangular Cartesian coordinate system has the
form P 2

KP N 2 = q 2 r s 2 ts u 2 + s 2 ts v 2 + s 2 ts w 2 x .

This equation is of fundamental importance in sound propagation theory, the propagation of elec-
tromagnetic fields theory, and a number of other areas of physics and mechanics.

6.1.1-1. Particular solutions and their properties.

1 y . Particular solutions:t ( u , v , w , z ) = { exp | } 1 u + } 2 v + } 3 w ~ q z b } 2
1 + } 2

2 + } 2
3 � ,t ( u , v , w , z ) = { sin( } 1 u + f 1) sin( } 2 v + f 2) sin( } 3 w + f 3) sin |"q z b } 2

1 + } 2
2 + } 2

3 � ,t ( u , v , w , z ) = { sin( } 1 u + f 1) sin( } 2 v + f 2) sin( } 3 w + f 3) cos | q z b } 2
1 + } 2

2 + } 2
3 � ,t ( u , v , w , z ) = { sinh( } 1 u + f 1) sinh( } 2 v + f 2) sinh( } 3 w + f 3) sinh |"q z b } 2

1 + } 2
2 + } 2

3 � ,t ( u , v , w , z ) = { sinh( } 1 u + f 1) sinh( } 2 v + f 2) sinh( } 3 w + f 3) cosh |"q z b } 2
1 + } 2

2 + } 2
3 � ,

where { , f 1, f 2, f 3, } 1, } 2, and } 3 are arbitrary constants.

2 y . Fundamental solution:� �
( u , v , w , z ) =

1
2 � q � ( q 2 z 2 − � 2), � = � u 2 + v 2 + w 2,

where � ( � ) is the Dirac delta function.�k�
Reference: V. S. Vladimirov (1988).

3 y . Infinite series solutions containing arbitrary functions of space variables:t ( u , v , w , z ) = � ( u , v , w ) + ��+�
=1

( � z )2

�
(2 � )! �

� � ( u , v , w ), � ≡ s 2s u 2 + s 2s v 2 + s 2s w 2 ,t ( u , v , w , z ) = z�� ( u , v , w ) + z ��+�
=1

( � z )2

�
(2 � + 1)! �

� � ( u , v , w ),
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where � ( u , v , w ) and � ( u , v , w ) are any infinitely differentiable functions. The first solution satisfies
the initial conditions t ( u , v , w , 0) = � ( u , v , w ), s � t ( u , v , w , 0) = 0, and the second solution initial
conditions t ( u , v , w , 0) = 0, s � t ( u , v , w , 0) = � ( u , v , w ). The sums are finite if � ( u , v , w ) and � ( u , v , w )
are polynomials in u , v , w .�k�

Reference: A. V. Bitsadze and D. F. Kalinichenko (1985).

4 y . Suppose t = t ( u , v , w , z ) is a solution of the wave equation. Then the functionst
1 = { t ( ~ � u + � 1, ~ � v + � 2, ~ � w + � 3, ~ � z + � 4),t
2 = { t r u − � z� 1 − ( � � � )2

, v , w ,
z − � � −2 u� 1 − ( � � � )2 x ,t

3 =
{� 2 − � 2 z 2

t r u� 2 − � 2 z 2 , v� 2 − � 2 z 2 , w� 2 − � 2 z 2 ,
z� 2 − � 2 z 2 x ,

where { , � �
, � , and � are arbitrary constants, are also solutions of the equation. The signs at � in

the expression of t
1 can be taken independently of one another. The function t

2 is a consequence
of the invariance of the wave equation under the Lorentz transformation.�k�

References: G. N. Polozhii (1964), W. Miller, Jr. (1977), A. V. Bitsadze and D. F. Kalinichenko (1985).

6.1.1-2. Domain: − � < u < � , − � < v < � , − � < w < � . Cauchy problem.

Initial conditions are prescribed: t = � ( u , v , w ) at z = 0,s � t = � ( u , v , w ) at z = 0.

Solution (Kirchhoff’s formula):t ( u , v , w , z ) =
1

4 � � ss z � � � ��� � ( � , � , � )� � � +
1

4 � � � � � ��� � ( � , � , � )� � � ,� = � ( � − u )2 + ( � − v )2 + ( � − w )2,

where the integration is performed over the surface of the sphere of radius � z with center at ( u , v , w ).�k�
References: N. S. Koshlyakov, E. B. Glizer, and M. M. Smirnov (1970), A. N. Tikhonov and A. A. Samarskii (1990).

6.1.1-3. Domain: 0 ≤ u ≤   1, 0 ≤ v ≤   2, 0 ≤ w ≤   3. First boundary value problem.

A rectangular parallelepiped is considered. The following conditions are prescribed:t = � 0( u , v , w ) at z = 0 (initial condition),s � t = � 1( u , v , w ) at z = 0 (initial condition),t = � 1( v , w , z ) at u = 0 (boundary condition),t = � 2( v , w , z ) at u =   1 (boundary condition),t = � 3( u , w , z ) at v = 0 (boundary condition),t = � 4( u , w , z ) at v =   2 (boundary condition),t = � 5( u , v , z ) at w = 0 (boundary condition),t = � 6( u , v , z ) at w =   3 (boundary condition).
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Solution:t ( u , v , w , z ) = ss z � § 30 � § 20 � § 10

� 0( � , � , � ) ¨ ( u , v , w , � , � , � , z ) � � � � � �
+ � § 30 � § 20 � § 10

� 1( � , � , � ) ¨ ( u , v , w , � , � , � , z ) � � � � � �
+ � 2 � �

0 � § 30 � § 20
� 1( � , � , © ) ª «« � ¨ ( ¬ ,  , ® , � , � , � , ¯ − © ) ° ±

=0 � � � � � ©
− � 2 � �

0 � § 30 � § 20
� 2( � , � , © ) ª «« � ¨ ( ¬ ,  , ® , � , � , � , ¯ − © ) ° ±

= § 1 � � � � � ©
+ � 2 � �

0 � § 30 � § 10
� 3( � , � , © ) ª «« � ¨ ( ¬ ,  , ® , � , � , � , ¯ − © ) ° ²

=0 � � � � � ©
− � 2 � �

0 � § 30 � § 10
� 4( � , � , © ) ª «« � ¨ ( ¬ ,  , ® , � , � , � , ¯ − © ) ° ²

= § 2 � � � � � ©
+ � 2 � �

0 � § 20 � § 10
� 5( � , � , © ) ª «« � ¨ ( ¬ ,  , ® , � , � , � , ¯ − © ) ° ³

=0 � � � � � ©
− � 2 � �

0 � § 20 � § 10
� 6( � , � , © ) ª «« � ¨ ( ¬ ,  , ® , � , � , � , ¯ − © ) ° ³

= § 3 � � � � � © .

Here, ¨ ( ¬ ,  , ® , � , � , � , ¯ ) =
8�   1   2   3 �� �

=1

��´ =1

��¶µ
=1

1� � ´ µ
sin( · � ¬ ) sin( ¸ ´  ) sin( ¹ µ ® )

× sin( · � � ) sin( ¸ ´ � ) sin( ¹ µ � ) sin( � � � ´ µ ¯ ),
where · �

=
� º  1 , ¸ ´ = » º  2 , ¹ µ

= ¼ º  3 ,� � ´ µ
= ½ · 2

�
+ ¸ 2´ + ¹ 2

µ
.

6.1.1-4. Domain: 0 ≤ ¬ ≤   1, 0 ≤  ≤   2, 0 ≤ ® ≤   3. Second boundary value problem.

A rectangular parallelepiped is considered. The following conditions are prescribed:¾ = � 0( ¬ ,  , ® ) at ¯ = 0 (initial condition),« � ¾ = � 1( ¬ ,  , ® ) at ¯ = 0 (initial condition),« ¿ ¾ = � 1(  , ® , ¯ ) at ¬ = 0 (boundary condition),« ¿ ¾ = � 2(  , ® , ¯ ) at ¬ =   1 (boundary condition),« À ¾ = � 3( ¬ , ® , ¯ ) at  = 0 (boundary condition),« À ¾ = � 4( ¬ , ® , ¯ ) at  =   2 (boundary condition),« Á ¾ = � 5( ¬ ,  , ¯ ) at ® = 0 (boundary condition),« Á ¾ = � 6( ¬ ,  , ¯ ) at ® =   3 (boundary condition).
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Solution: ¾ ( ¬ ,  , ® , ¯ ) = «« ¯ � § 30 � § 20 � § 10
� 0( � , � , � ) ¨ ( ¬ ,  , ® , � , � , � , ¯ ) � � � � � �

+ � § 30 � § 20 � § 10
� 1( � , � , � ) ¨ ( ¬ ,  , ® , � , � , � , ¯ ) � � � � � �

− � 2 � �
0 � § 30 � § 20

� 1( � , � , © ) ¨ ( ¬ ,  , ® , 0, � , � , ¯ − © ) � � � � � ©
+ � 2 � �

0 � § 30 � § 20
� 2( � , � , © ) ¨ ( ¬ ,  , ® ,   1, � , � , ¯ − © ) � � � � � ©

− � 2 � �
0 � § 30 � § 10

� 3( � , � , © ) ¨ ( ¬ ,  , ® , � , 0, � , ¯ − © ) � � � � � ©
+ � 2 � �

0 � § 30 � § 10
� 4( � , � , © ) ¨ ( ¬ ,  , ® , � ,   2, � , ¯ − © ) � � � � � ©

− � 2 � �
0 � § 20 � § 10

� 5( � , � , © ) ¨ ( ¬ ,  , ® , � , � , 0, ¯ − © ) � � � � � ©
+ � 2 � �

0 � § 20 � § 10
� 6( � , � , © ) ¨ ( ¬ ,  , ® , � , � ,   3, ¯ − © ) � � � � � © ,

where¨ ( ¬ ,  , ® , � , � , � , ¯ ) =
¯  1   2   3 +

1�   1   2   3 ��+�
=0

��´ =0

�� µ
=0 Â

�
Â ´ Â

µ
� � ´ µ

cos( · � ¬ ) cos( ¸ ´  ) cos( ¹ µ ® )

× cos( · � � ) cos( ¸ ´ � ) cos( ¹ µ � ) sin( � � � ´ µ ¯ ),· �
=

� º  1 , ¸ ´ = » º  2 , ¹ µ
= ¼ º  3 , � � ´ µ

= ½ · 2

�
+ ¸ 2´ + ¹ 2

µ
, Â

�
= Ã 1 for � = 0,

2 for � > 0.

The summation here is performed over the indices satisfying the condition � + » + ¼ > 0; the term
corresponding to � = » = ¼ = 0 is singled out.

6.1.1-5. Domain: 0 ≤ ¬ ≤   1, 0 ≤  ≤   2, 0 ≤ ® ≤   3. Third boundary value problem.

A rectangular parallelepiped is considered. The following conditions are prescribed:¾ = Ä 0( ¬ ,  , ® ) at ¯ = 0 (initial condition),« � ¾ = Ä 1( ¬ ,  , ® ) at ¯ = 0 (initial condition),« ¿ ¾ − Å 1
¾ = � 1(  , ® , ¯ ) at ¬ = 0 (boundary condition),« ¿ ¾ + Å 2
¾ = � 2(  , ® , ¯ ) at ¬ =   1 (boundary condition),« À ¾ − Å 3
¾ = � 3( ¬ , ® , ¯ ) at  = 0 (boundary condition),« À ¾ + Å 4
¾ = � 4( ¬ , ® , ¯ ) at  =   2 (boundary condition),« Á ¾ − Å 5
¾ = � 5( ¬ ,  , ¯ ) at ® = 0 (boundary condition),« Á ¾ + Å 6
¾ = � 6( ¬ ,  , ¯ ) at ® =   3 (boundary condition).

The solution ¾ ( ¬ ,  , ® , ¯ ) is determined by the formula in Paragraph 6.1.1-4 where¨ ( ¬ ,  , Æ , � , ¯ ) =
8� Ç�+�

=1
Ç�´ =1

Ç�¶µ
=1

1È � ´ µ ½ · 2

�
+ ¸ 2´ + ¹ 2

µ
sin( · � ¬ + É �

) sin( ¸ ´  + Ê ´ ) sin( ¹ µ ® + Ë µ
)

× sin( · � Æ + É �
) sin( ¸ ´ � + Ê ´ ) sin( ¹ µ � + Ë µ

) sin Ì"� ¯ ½ · 2

�
+ ¸ 2´ + ¹ 2

µ Í
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with É �

= arctan
· �
  1 , Ê ´ = arctan

¸ ´  2 , Ë µ
= arctan

¹ µ
  3 ,È � ´ µ

= ªÎ  1 +
( Å 1 Å 2 + · 2

�
)( Å 1 + Å 2)

( Å 2
1 + · 2

�
)( Å 2

2 + · 2

�
)

° ªÎ  2 +
( Å 3 Å 4 + ¸ 2´ )( Å 3 + Å 4)
( Å 2

3 + ¸ 2´ )( Å 2
4 + ¸ 2´ )

° ªÎ  3 +
( Å 5 Å 6 + ¹ 2

µ
)( Å 5 + Å 6)

( Å 2
5 + ¹ 2

µ
)( Å 2

6 + ¹ 2

µ
)

° .

Here, the · �
, ¸ ´ , and ¹ µ

are positive roots of the transcendental equations· 2 − Å 1 Å 2 = ( Å 1 + Å 2) · cot(   1 · ), ¸ 2 − Å 3 Å 4 = ( Å 3 + Å 4) ¸ cot(   2 ¸ ), ¹ 2 − Å 5 Å 6 = ( Å 5 + Å 6) ¹ cot(   3 ¹ ).

6.1.1-6. Domain: 0 ≤ ¬ ≤   1, 0 ≤  ≤   2, 0 ≤ ® ≤   3. Mixed boundary value problems.

1 Ï . A rectangular parallelepiped is considered. The following conditions are prescribed:¾ = Ä 0( ¬ ,  , ® ) at ¯ = 0 (initial condition),« � ¾ = Ä 1( ¬ ,  , ® ) at ¯ = 0 (initial condition),¾ = � 1(  , ® , ¯ ) at ¬ = 0 (boundary condition),¾ = � 2(  , ® , ¯ ) at ¬ =   1 (boundary condition),« À ¾ = � 3( ¬ , ® , ¯ ) at  = 0 (boundary condition),« À ¾ = � 4( ¬ , ® , ¯ ) at  =   2 (boundary condition),« Á ¾ = � 5( ¬ ,  , ¯ ) at ® = 0 (boundary condition),« Á ¾ = � 6( ¬ ,  , ¯ ) at ® =   3 (boundary condition).

Solution:¾ ( ¬ ,  , ® , ¯ ) = «« ¯ � § 30 � § 20 � § 10
Ä 0( Æ , � , � ) ¨ ( ¬ ,  , ® , Æ , � , � , ¯ ) � Æ � � � �

+ � § 30 � § 20 � § 10
Ä 1( Æ , � , � ) ¨ ( ¬ ,  , ® , Æ , � , � , ¯ ) � Æ � � � �

+ � 2 � �
0 � § 30 � § 20

� 1( � , � , © ) ª «« Æ ¨ ( ¬ ,  , ® , Æ , � , � , ¯ − © ) ° ±
=0 � � � � � ©

− � 2 � �
0 � § 30 � § 20

� 2( � , � , © ) ª «« Æ ¨ ( ¬ ,  , ® , Æ , � , � , ¯ − © ) ° ±
= § 1 � � � � � ©

− � 2 � �
0 � § 30 � § 10

� 3( Æ , � , © ) ¨ ( ¬ ,  , ® , Æ , 0, � , ¯ − © ) � Æ � � � ©
+ � 2 � �

0 � § 30 � § 10
� 4( Æ , � , © ) ¨ ( ¬ ,  , ® , Æ ,   2, � , ¯ − © ) � Æ � � � ©

− � 2 � �
0 � § 20 � § 10

� 5( Æ , � , © ) ¨ ( ¬ ,  , ® , Æ , � , 0, ¯ − © ) � Æ � � � ©
+ � 2 � �

0 � § 20 � § 10
� 6( Æ , � , © ) ¨ ( ¬ ,  , ® , Æ , � ,   3, ¯ − © ) � Æ � � � © .

Here, ¨ ( ¬ ,  , ® , Æ , � , � , ¯ ) =
2�   1   2   3 ÇÐ+Ñ

=1
ÇÐ´ =0

ÇÐ µ
=0 Â ´ Â

µÒ Ñ ´ µ
sin( · Ñ ¬ ) cos( ¸ ´  ) cos( ¹ µ ® )

× sin( · Ñ Æ ) cos( ¸ ´ Ó ) cos( ¹ µ Ô
) sin( � Ò Ñ ´ µ ¯ ),
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where · Ñ
=

� ºÕ
1

, ¸ ´ = » ºÕ
2

, ¹ µ
= ¼ ºÕ

3
,Ò Ñ ´ µ

= ½ · 2

Ñ
+ ¸ 2´ + ¹ 2

µ
, Â ´ = Ã 1 for » = 0,

2 for » > 0.

2 Ï . A rectangular parallelepiped is considered. The following conditions are prescribed:¾ = Ä 0( ¬ ,  , ® ) at ¯ = 0 (initial condition),« Ö ¾ = Ä 1( ¬ ,  , ® ) at ¯ = 0 (initial condition),¾ = × 1(  , ® , ¯ ) at ¬ = 0 (boundary condition),« ¿ ¾ = × 2(  , ® , ¯ ) at ¬ =
Õ
1 (boundary condition),¾ = × 3( ¬ , ® , ¯ ) at  = 0 (boundary condition),« À ¾ = × 4( ¬ , ® , ¯ ) at  =
Õ
2 (boundary condition),¾ = × 5( ¬ ,  , ¯ ) at ® = 0 (boundary condition),« Á ¾ = × 6( ¬ ,  , ¯ ) at ® =
Õ
3 (boundary condition).

Solution:¾ ( ¬ ,  , ® , ¯ ) = «« ¯ Ø Ù 30 Ø Ù 20 Ø Ù 10
Ä 0( Æ , Ó ,

Ô
) Ú ( ¬ ,  , ® , Æ , Ó ,

Ô
, Û ) Ü Æ Ü Ó Ü Ô

+ Ø Ù 30 Ø Ù 20 Ø Ù 10
Ä 1( Æ , Ó ,

Ô
) Ú ( ¬ ,  , ® , Æ , Ó ,

Ô
, Û ) Ü Æ Ü Ó Ü Ô

+ � 2 Ø Ö
0 Ø Ù 30 Ø Ù 20

× 1( Ó ,

Ô
, Ý ) Þ ßß à Ú ( ¬ ,  , ® , à , Ó ,

Ô
, Û − Ý ) á â

=0
Ü Ó Ü Ô Ü Ý

+ � 2 Ø Ö
0 Ø Ù 30 Ø Ù 20

× 2( Ó ,

Ô
, Ý ) Ú ( ¬ ,  , ® ,

Õ
1, Ó ,

Ô
, Û − Ý ) Ü Ó Ü Ô Ü Ý

+ � 2 Ø Ö
0 Ø Ù 30 Ø Ù 10

× 3( à ,

Ô
, Ý ) Þ ßß Ó Ú ( ¬ ,  , ® , à , Ó ,

Ô
, Û − Ý ) á ã

=0
Ü à Ü Ô Ü Ý

+ � 2 Ø Ö
0 Ø Ù 30 Ø Ù 10

× 4( à ,

Ô
, Ý ) Ú ( ¬ ,  , ® , à ,

Õ
2,

Ô
, Û − Ý ) Ü à Ü Ô Ü Ý

+ � 2 Ø Ö
0 Ø Ù 20 Ø Ù 10

× 5( à , Ó , Ý ) Þ ßß Ô Ú ( ¬ ,  , ® , à , Ó ,

Ô
, Û − Ý ) á ä

=0
Ü à Ü Ó Ü Ý

+ å 2 Ø Ö
0 Ø Ù 20 Ø Ù 10

× 6( à , Ó , Ý ) Ú ( ¬ ,  , ® , à , Ó ,
Õ
3, Û − Ý ) Ü à Ü Ó Ü Ý .

Here, Ú ( ¬ ,  , ® , à , Ó ,

Ô
, Û ) =

8å Õ
1
Õ
2
Õ
3 æÐ+Ñ =1 æÐç =1 æÐ¶è =1

1Ò Ñ ç è
sin( é Ñ ¬ ) sin( ê ç  ) sin( ¹ è ® )

× sin( é Ñ à ) sin( ê ç Ó ) sin( ¹ è Ô
) sin( å Ò Ñ ç è Û ),

where é Ñ
=

º (2 ë + 1)
2
Õ
1

, ê ç =
º (2 » + 1)

2
Õ
2

, ¹ è
=

º (2 ¼ + 1)
2
Õ
3

,
Ò Ñ ç è

= ì é 2í + ê 2ç + ¹ 2

è
.
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6.1.2. Problems in Cylindrical Coordinates
The three-dimensional wave equation in the cylindrical coordinate system is written asß 2 ôß Û 2 = å 2 Þ 1õ ßß õ ö õ ß ôß õ ÷

+
1õ
2 ß 2 ôß ø 2 + ß 2 ôß ù 2 á ,

õ
= ú û 2 + ü 2.

One-dimensional problems with axial symmetry that have solutions ô = ô (
õ
, Û ) are considered

in Subsection 4.2.1. Two-dimensional problems whose solutions have the form ô = ô (
õ
, ø , Û ) orô = ô (

õ
, ù , Û ) are discussed in Subsections 5.1.2 and 5.1.3.

6.1.2-1. Domain: 0 ≤
õ

≤ ý , 0 ≤ ø ≤ 2 þ , 0 ≤ ù ≤ ÿ . First boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:ô = � 0(
õ
, ø , ù ) at Û = 0 (initial condition),ß � ô = � 1(

õ
, ø , ù ) at Û = 0 (initial condition),ô = � 1( ø , ù , Û ) at

õ
= ý (boundary condition),ô = � 2(

õ
, ø , Û ) at ù = 0 (boundary condition),ô = � 3(

õ
, ø , Û ) at ù = ÿ (boundary condition).

Solution:ô (
õ
, ø , ù , Û ) = ßß Û Ø Ù0 Ø 2 �

0 Ø �
0 à � 0( à , Ó , � ) Ú (

õ
, ø , ù , à , Ó , � , Û ) Ü à Ü Ó Ü �

+
� �

0

� 2 �
0

� �
0 à � 1( à , Ó , � ) � (

õ
, ø , ù , à , Ó , � , 	 ) Ü à Ü Ó Ü �

− å 2 ý � �
0

� �
0

� 2 �
0

� 1( Ó , � , Ý ) 
 �� � � (
õ
, ø , ù , � , Ó , � , 	 − Ý )  �

=
� Ü Ó Ü � Ü Ý

+ � 2
� �

0

� 2 �
0

� �
0 � � 2( � , Ó , Ý ) 
 �� � � (

õ
, ø , ù , � , Ó , � , 	 − Ý )  �

=0
Ü � Ü Ó Ü Ý

− � 2
� �

0

� 2 �
0

� �
0 � � 3( � , Ó , Ý ) 
 �� � � (

õ
, ø , ù , � , Ó , � , 	 − Ý )  �

= � Ü � Ü Ó Ü Ý .

Here,� (
õ
, ø , ù , � , Ó , � , 	 ) =

2þ � ý 2 ÿ æ� í =0 æ�ç =1 æ��� =1 � í
[ � �í ( � í ç ý )]2 � � í ç � � í ( � í ç õ

) � í ( � í ç � )

× cos[ � ( ø − � )] sin
ö � þ ùÿ ÷

sin
ö � þ �ÿ ÷

sin ��� 	 ú � í ç � �
,� í ç �

= � 2í ç +
� 2 þ 2ÿ 2 , � í =  1 for � = 0,

2 for � > 0,
where the � ! ( � ) are the Bessel functions (the prime denotes the derivative with respect to the
argument) and the � ! ç are positive roots of the transcendental equation � ! ( � ý ) = 0.

6.1.2-2. Domain: 0 ≤
õ

≤ ý , 0 ≤ " ≤ 2 þ , 0 ≤ # ≤ ÿ . Second boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:$ = � 0(
õ
, " , # ) at 	 = 0 (initial condition),� � $ = � 1(

õ
, " , # ) at 	 = 0 (initial condition),� % $ = � 1( " , # , 	 ) at

õ
= & (boundary condition),� ' $ = ( 2(

õ
, " , 	 ) at # = 0 (boundary condition),� ' $ = ( 3(

õ
, " , 	 ) at # = ) (boundary condition).
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Solution:$ (
õ
, " , # , 	 ) = �� 	 � �

0

� 2 *
0

� +
0 � , 0( � , � , - ) � (

õ
, " , # , � , � , - , 	 ) Ü � Ü � Ü -

+
� �

0

� 2 *
0

� +
0 � , 1( � , � , - ) � (

õ
, " , # , � , � , - , 	 ) Ü � Ü � Ü -

+ � 2 & � .
0

� �
0

� 2 *
0

( 1( � , - , Ý ) � (
õ
, " , # , & , � , - , 	 − Ý ) Ü � Ü - Ü Ý

− � 2
� .

0

� 2 *
0

� +
0 � ( 2( � , � , Ý ) � (

õ
, " , # , � , � , 0, 	 − Ý ) Ü � Ü � Ü Ý

+ � 2
� .

0

� 2 *
0

� +
0 � ( 3( � , � , Ý ) � (

õ
, " , # , � , � , ) , 	 − Ý ) Ü � Ü � Ü Ý .

Here,� (
õ
, " , # , � , � , - , 	 ) =

	/ & 2 ) +
2/ 2 � & 2 æ�0� =1

1� cos 1 � / 2) 3 cos 1 � / �) 3 sin 1 � � / 4) 3
+

1/ ) æ� ! =0 æ�ç =1 æ��� =0 � ! �
� � 2! ç � ! ( � ! ç õ

) � ! ( � ! ç � )
( � 2! ç & 2 − � 2)[ � ! ( � ! ç & )]2 cos[ � ( " − � )] cos 1 � / 2) 3 cos 1 � / �) 3 sin( � ! ç � 4 )� ! ç �

,� ! ç �
= � 5 6 2! ç + 7 2 / 2) 2 , � ! =  1 for 8 = 0,

2 for 8 > 0,

where the 9 ! ( : ) are the Bessel functions and the 6 ! ç are positive roots of the transcendental equation9 ;! ( 6 & ) = 0.

6.1.2-3. Domain: 0 ≤ < ≤ & , 0 ≤ " ≤ 2 / , 0 ≤ # ≤ ) . Third boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:$ = , 0( < , " , # ) at 4 = 0 (initial condition),= . $ = , 1( < , " , # ) at 4 = 0 (initial condition),= % $ + 7 1
$ = ( ( " , # , 4 ) at < = & (boundary condition),= ' $ − 7 2
$ = ( 2( < , " , 4 ) at # = 0 (boundary condition),= ' $ + 7 3
$ = ( 3( < , " , 4 ) at # = ) (boundary condition).

The solution $ ( < , " , # , 4 ) is determined by the formula in Paragraph 6.1.2-2 where>
( < , " , # , : , ? , - , 4 ) =

1/ æ@BA =0 æ@ç =1 æ@DC =1 �
A 6 2

A ç 9 A
( 6 A ç < ) 9 A

( 6 A ç : ) cos[ 8 ( " − ? )] E C
( # ) E C

( - ) sin( F A ç C 4 )
( 6 2

A ç G 2 + 7 2
1 G 2 − 8 2)[ 9 A

( 6 A ç G )]2 H E C H 2 F A ç C
,

F A ç C
= I J 6 2

A ç + K 2

C
, E C

( # ) = cos( K C # )+ 7 2K C
sin( K C # ), H E C H 2 = 7 3

2 K 2

C K 2

C
+ 7 2

2K 2

C
+ 7 2

3
+ 7 2

2 K 2

C
+ L

2 M 1+ 7 2
2K 2

C N
.

Here, � 0 = 1 and �
A

= 2 for 8 = 1, 2, OPOPO ; the 9 A
( : ) are the Bessel functions; and the 6 A ç and K C

are positive roots of the transcendental equations6 9 ;A ( 6 G ) + 7 1 9 A
( 6 G ) = 0,

tan( K L )K = 7 2 + 7 3K 2 − 7 2 7 3
.
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6.1.2-4. Domain: 0 ≤ � ≤ � , 0 ≤ 	 ≤ 2 
 , 0 ≤ � ≤ � . Mixed boundary value problems.
1  . A circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , 	 , � ) at � = 0 (initial condition),� � � = � 1( � , 	 , � ) at � = 0 (initial condition),� = � 1( 	 , � , � ) at � = � (boundary condition),� � � = � 2( � , 	 , � ) at � = 0 (boundary condition),� � � = � 3( � , 	 , � ) at � = � (boundary condition).

Solution:� ( � , 	 , � , � ) =
�� � � �

0

� 2 �
0

� �
0 � � 0( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � �

+
� �

0

� 2 �
0

� �
0 � � 1( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � �

− � 2 � � �
0

� �
0

� 2 �
0

� 1( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! "
= � � � � � � �

− � 2
� �

0

� 2 �
0

� �
0 � � 2( � , � , � ) � ( � , 	 , � , � , � , 0, � − � ) � � � � � �

+ � 2
� �

0

� 2 �
0

� �
0 � � 3( � , � , � ) � ( � , 	 , � , � , � , � , � − � ) � � � � � � .

Here,� ( � , 	 , � , � , � , � , � ) =
1
 � � 2 � #$&%

=0
#$' =1

#$)(
=0 *

%
*

(
[ + ,% ( - % ' � )]2 . / % ' ( + %

( - % ' � ) + %
( - % ' � )

× cos[ 0 ( 	 − � )] cos 1 2 
 �� 3 cos 1 2 
 �� 3 sin 45� �76 / % ' ( 8
,/ % ' (

= - 2

% ' + 2 2 
 2� 2 , *
%

= 9 1 for 0 = 0,
2 for 0 > 0,

where the + %
( � ) are the Bessel functions (the prime denotes the derivative with respect to the

argument) and the - % ' are positive roots of the transcendental equation + %
( - � ) = 0.

2  . A circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , 	 , � ) at � = 0 (initial condition),� � � = � 1( � , 	 , � ) at � = 0 (initial condition),� : � = � 1( 	 , � , � ) at � = � (boundary condition),� = � 2( � , 	 , � ) at � = 0 (boundary condition),� = � 3( � , 	 , � ) at � = � (boundary condition).
Solution:� ( � , 	 , � , � ) =

�� � � �
0

� 2 �
0

� �
0 � � 0( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � �

+
� �

0

� 2 �
0

� �
0 � � 1( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � �

+ � 2 � � �
0

� �
0

� 2 �
0

� 1( � , � , � ) � ( � , 	 , � , � , � , � , � − � ) � � � � � �
+ � 2

� �
0

� 2 �
0

� �
0 � � 2( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! ;

=0
� � � � � �

− � 2
� �

0

� 2 �
0

� �
0 � � 3( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! ;

= � � � � � � � .
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Here,� ( � , 	 , � , � , � , � , � ) =
2
 2 � � 2 #$)(

=1

12 sin 1 2 
 �� 3 sin 1 2 
 �� 3 sin 1 2 
 � �� 3
+

2
 � � #$ %
=0

#$' =1
#$)(
=1 *

% - 2

% '
( - 2

% ' � 2 − 0 2)[ + %
( - % ' � )]2 . / % ' ( + %

( - % ' � ) + %
( - % ' � )

× cos[ 0 ( 	 − � )] sin 1 2 
 �� 3 sin 1 2 
 �� 3 sin 45� � 6 / % ' ( 8
,/ % ' (

= - 2

% ' + 2 2 
 2� 2 , *
%

= 9 1 for 0 = 0,
2 for 0 > 0,

where the + %
( � ) are the Bessel functions and the - % ' are positive roots of the transcendental equation+ ,% ( - � ) = 0.

6.1.2-5. Domain: � 1 ≤ � ≤ � 2, 0 ≤ 	 ≤ 2 
 , 0 ≤ � ≤ � . First boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , 	 , � ) at � = 0 (initial condition),� � � = � 1( � , 	 , � ) at � = 0 (initial condition),� = � 1( 	 , � , � ) at � = � 1 (boundary condition),� = � 2( 	 , � , � ) at � = � 2 (boundary condition),� = � 3( � , 	 , � ) at � = 0 (boundary condition),� = � 4( � , 	 , � ) at � = � (boundary condition).

Solution:� ( � , 	 , � , � ) =
�� � � �

0

� 2 �
0

� �
2�

1

� 0( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � � �
+

� �
0

� 2 �
0

� �
2�

1

� 1( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � � �
+ � 2 � 1

� �
0

� �
0

� 2 �
0

� 1( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! "
= �

1

� � � � � �
− � 2 � 2

� �
0

� �
0

� 2 �
0

� 2( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! "
= �

2

� � � � � �
+ � 2

� �
0

� 2 �
0

� �
2�

1

� 3( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! ;
=0 � � � � � � �

− � 2
� �

0

� 2 �
0

� �
2�

1

� 4( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! ;
= � � � � � � � � .

Here,� ( � , 	 , � , � , � , � , � ) =


2 � #$<%

=0
#$' =1

#$ (
=1 *

% - 2

% ' + 2

%
( - % ' � 2)+ 2

%
( - % ' � 1) − + 2

%
( - % ' � 2) = % ' ( � ) = % ' ( � )

× cos[ 0 ( 	 − � )] sin 1 2 
 �� 3 sin 1 2 
 �� 3 sin 45� � . / % ' ( 8
� . / % ' (

,

*
%

= 9 1 for 0 = 0,
2 for 0 ≠ 0,

/ % ' (
= - 2

% ' + 2 2 
 2� 2 ,= % ' ( � ) = + %
( - % ' � 1) > %

( - % ' � ) − > %
( - % ' � 1) + %

( - % ' � ),
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��� 2 = � 2 �
where the + %

( � ) and > %
( � ) are the Bessel functions, and the - % ' are positive roots of the transcen-

dental equation + %
( - � 1) > %

( - � 2) − > %
( - � 1) + %

( - � 2) = 0.

6.1.2-6. Domain: � 1 ≤ � ≤ � 2, 0 ≤ 	 ≤ 2 
 , 0 ≤ � ≤ � . Second boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , 	 , � ) at � = 0 (initial condition),� � � = � 1( � , 	 , � ) at � = 0 (initial condition),� : � = � 1( 	 , � , � ) at � = � 1 (boundary condition),� : � = � 2( 	 , � , � ) at � = � 2 (boundary condition),� � � = � 3( � , 	 , � ) at � = 0 (boundary condition),� � � = � 4( � , 	 , � ) at � = � (boundary condition).

Solution:� ( � , 	 , � , � ) =
�� � � �

0

� 2 �
0

� �
2�

1

� 0( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � � �
+

� �
0

� 2 �
0

� �
2�

1

� 1( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � � �
− � 2 � 1

� �
0

� �
0

� 2 �
0

� 1( � , � , � ) � ( � , 	 , � , � 1, � , � , � − � ) � � � � � �
+ � 2 � 2

� �
0

� �
0

� 2 �
0

� 2( � , � , � ) � ( � , 	 , � , � 2, � , � , � − � ) � � � � � �
− � 2

� �
0

� 2 �
0

� �
2�

1

� 3( � , � , � ) � ( � , 	 , � , � , � , 0, � − � ) � � � � � � �
+ � 2

� �
0

� 2 �
0

� �
2�

1

� 4( � , � , � ) � ( � , 	 , � , � , � , � , � − � ) � � � � � � � .

Here,� ( � , 	 , � , � , � , � , � ) =
�
 ( � 2

2 − � 2
1) � +

2
 2 � ( � 2
2 − � 2

1) #$)(
=1

12 cos 1 2 
 �� 3 cos 1 2 
 �� 3 sin 1 2 
 � �� 3
+

1
 � #$ %
=0

#$' =1
#$)(
=0 *

%
*

( - 2

% ' = % ' ( � ) = % ' ( � )
( - 2

% ' � 2
2 − 0 2) = 2

% ' ( � 2) − ( - 2

% ' � 2
1 − 0 2) = 2

% ' ( � 1)

× cos[ 0 ( 	 − � )] cos 1 2 
 �� 3 cos 1 2 
 �� 3 sin 4 � � . / % ' ( 8
� . / % ' (

,

where

*
%

= 9 1 for 0 = 0,
2 for 0 ≠ 0,

/ % ' (
= - 2

% ' + 2 2 
 2� 2 ,= % ' ( � ) = + ,% ( - % ' � 1) > %
( - % ' � ) − > ,% ( - % ' � 1) + %

( - % ' � );

the + %
( � ) and > %

( � ) are the Bessel functions, and the - % ' are positive roots of the transcendental
equation + ,% ( - � 1) > ,% ( - � 2) − > ,% ( - � 1) + ,% ( - � 2) = 0.
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6.1.2-7. Domain: � 1 ≤ � ≤ � 2, 0 ≤ 	 ≤ 2 
 , 0 ≤ � ≤ � . Third boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , 	 , � ) at � = 0 (initial condition),� � � = � 1( � , 	 , � ) at � = 0 (initial condition),� : � − 2 1
� = � 1( 	 , � , � ) at � = � 1 (boundary condition),� : � + 2 2
� = � 2( 	 , � , � ) at � = � 2 (boundary condition),� � � − 2 3
� = � 3( � , 	 , � ) at � = 0 (boundary condition),� � � + 2 4
� = � 4( � , 	 , � ) at � = � (boundary condition).

The solution � ( � , 	 , � , � ) is determined by the formula in Paragraph 6.1.2-6 where

� ( � , 	 , � , � , � , � , � ) =
1
 � #$&%

=0
#$' =1

#$@?
=1 *

% - 2

% 'A�B ? A 2 6 - 2

% ' + / 2

?
× = % ' ( � ) = % ' ( � ) cos[ 0 ( 	 − � )]

B ?
( � )

B ?
( � ) sin 45� � 6 - 2

% ' + / 2

? 8
( 2 2

2 � 2
2 + - 2

% ' � 2
2 − 0 2) = 2

% ' ( � 2) − ( 2 2
1 � 2

1 + - 2

% ' � 2
1 − 0 2) = 2

% ' ( � 1)
.

Here,

*
%

= 9 1 for 0 = 0,
2 for 0 ≠ 0,

= % ' ( � ) = CD- % ' + ,% ( - % ' � 1) − 2 1 + %
( - % ' � 1) E7> %

( - % ' � )

− CD- % ' > ,% ( - % ' � 1) − 2 1 > %
( - % ' � 1) E + %

( - % ' � ),B ?
( � ) = cos( / ? � ) + 2 3/ ?

sin( / ? � ),
A�B ? A 2 = 2 4

2 / 2

? / 2

?
+ 2 2

3/ 2

?
+ 2 2

4
+ 2 3

2 / 2

?
+

�
2

1 1 + 2 2
3/ 2

? 3 ,

where the + %
( � ) and > %

( � ) are the Bessel functions; the - % ' are positive roots of the transcendental
equationC - + ,% ( - � 1) − 2 1 + %

( - � 1) E C - > ,% ( - � 2) + 2 2 > %
( - � 2) E

= C - > ,% ( - � 1) − 2 1 > %
( - � 1) E C - + ,% ( - � 2) + 2 2 + %

( - � 2) E ;

and the / ?
are positive roots of the transcendental equation

tan( / � )/ = 2 3 + 2 4/ 2 − 2 3 2 4
.

6.1.2-8. Domain: � 1 ≤ � ≤ � 2, 0 ≤ 	 ≤ 2 
 , 0 ≤ � ≤ � . Mixed boundary value problems.

1  . A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , 	 , � ) at � = 0 (initial condition),� � � = � 1( � , 	 , � ) at � = 0 (initial condition),� = � 1( 	 , � , � ) at � = � 1 (boundary condition),� = � 2( 	 , � , � ) at � = � 2 (boundary condition),� � � = � 3( � , 	 , � ) at � = 0 (boundary condition),� � � = � 4( � , 	 , � ) at � = � (boundary condition).
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��� 2 = �
Solution:� ( � , 	 , � , � ) =

�� � � �
0

� 2 �
0

� �
2�

1

� 0( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � � �
+

� �
0

� 2 �
0

� �
2�

1

� 1( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � � �
+ � 2 � 1

� �
0

� �
0

� 2 �
0

� 1( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! "
= �

1

� � � � � �
− � 2 � 2

� �
0

� �
0

� 2 �
0

� 2( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! "
= �

2

� � � � � �
− � 2

� �
0

� 2 �
0

� �
2�

1

� 3( � , � , � ) � ( � , 	 , � , � , � , 0, � − � ) � � � � � � �
+ � 2

� �
0

� 2 �
0

� �
2�

1

� 4( � , � , � ) � ( � , 	 , � , � , � , � , � − � ) � � � � � � � .

Here,� ( � , 	 , � , � , � , � , � ) =


4 � #$ %

=0
#$' =1

#$)(
=0 *

%
*

( - 2

% ' + 2

%
( - % ' � 2)+ 2

%
( - % ' � 1) − + 2

%
( - % ' � 2) = % ' ( � ) = % ' ( � )

× cos[ 0 ( 	 − � )] cos 1 2 
 �� 3 cos 1 2 
 �� 3 sin 4 � � . / % ' ( 8
� . / % ' (

,

*
%

= 9 1 for 0 = 0,
2 for 0 ≠ 0,

/ % ' (
= - 2

% ' + 2 2 
 2� 2 ,= % ' ( � ) = + %
( - % ' � 1) > %

( - % ' � ) − > %
( - % ' � 1) + %

( - % ' � ),
where the + %

( � ) and > %
( � ) are the Bessel functions, and the - % ' are positive roots of the transcen-

dental equation + %
( - � 1) > %

( - � 2) − > %
( - � 1) + %

( - � 2) = 0.
2  . A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , 	 , � ) at � = 0 (initial condition),� � � = � 1( � , 	 , � ) at � = 0 (initial condition),� : � = � 1( 	 , � , � ) at � = � 1 (boundary condition),� : � = � 2( 	 , � , � ) at � = � 2 (boundary condition),� = � 3( � , 	 , � ) at � = 0 (boundary condition),� = � 4( � , 	 , � ) at � = � (boundary condition).

Solution:� ( � , 	 , � , � ) =
�� � � �

0

� 2 �
0

� �
2�

1

� 0( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � � �
+

� �
0

� 2 �
0

� �
2�

1

� 1( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � � �
− � 2 � 1

� �
0

� �
0

� 2 �
0

� 1( � , � , � ) � ( � , 	 , � , � 1, � , � , � − � ) � � � � � �
+ � 2 � 2

� �
0

� �
0

� 2 �
0

� 2( � , � , � ) � ( � , 	 , � , � 2, � , � , � − � ) � � � � � �
+ � 2

� �
0

� 2 �
0

� �
2�

1

� 3( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! ;
=0 � � � � � � �

− � 2
� �

0

� 2 �
0

� �
2�

1

� 4( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! ;
= � � � � � � � � .
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Here,� ( � , 	 , � , � , � , � , � ) =
2
 2 � ( � 2
2 − � 2

1) #$)(
=1

12 sin 1 2 
 �� 3 sin 1 2 
 �� 3 sin 1 2 
 � �� 3
+

2
 � #$&%
=0

#$' =1
#$ (
=1 *

% - 2

% ' = % ' ( � ) = % ' ( � )
( - 2

% ' � 2
2 − 0 2) = 2

% ' ( � 2) − ( - 2

% ' � 2
1 − 0 2) = 2

% ' ( � 1)

× cos[ 0 ( 	 − � )] sin 1 2 
 �� 3 sin 1 2 
 �� 3 sin 45� � . / % ' ( 8
� . / % ' (

,

where

*
%

= 9 1 for 0 = 0,
2 for 0 ≠ 0,

/ % ' (
= - 2

% ' + 2 2 
 2� 2 ,= % ' ( � ) = + ,% ( - % ' � 1) > %
( - % ' � ) − > ,% ( - % ' � 1) + %

( - % ' � );

the + %
( � ) and > %

( � ) are the Bessel functions, and the - % ' are positive roots of the transcendental
equation + ,% ( - � 1) > ,% ( - � 2) − > ,% ( - � 1) + ,% ( - � 2) = 0.

6.1.2-9. Domain: 0 ≤ � ≤ � , 0 ≤ 	 ≤ 	 0, 0 ≤ � ≤ � . First boundary value problem.

A cylindrical sector of finite thickness is considered. The following conditions are prescribed:� = � 0( � , 	 , � ) at � = 0 (initial condition),� � � = � 1( � , 	 , � ) at � = 0 (initial condition),� = � 1( 	 , � , � ) at � = � (boundary condition),� = � 2( � , � , � ) at 	 = 0 (boundary condition),� = � 3( � , � , � ) at 	 = 	 0 (boundary condition),� = � 4( � , 	 , � ) at � = 0 (boundary condition),� = � 5( � , 	 , � ) at � = � (boundary condition).

Solution:� ( � , 	 , � , � ) =
�� � � �

0

� F
0

0

� �
0

� 0( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � � �
+

� �
0

� F
0

0

� �
0

� 1( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � � �
− � 2 � � �

0

� �
0

� F
0

0
� 1( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! "

= � � � � � � �
+ � 2

� �
0

� �
0

� �
0

� 2( � , � , � )
1�  �� � � ( � , 	 , � , � , � , � , � − � ) ! G

=0
� � � � � �

− � 2
� �

0

� �
0

� �
0

� 3( � , � , � )
1�  �� � � ( � , 	 , � , � , � , � , � − � ) ! G

= F
0

� � � � � �
+ � 2

� �
0

� F
0

0

� �
0

� 4( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! ;
=0 � � � � � � �

− � 2
� �

0

� F
0

0

� �
0

� 5( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! ;
= � � � � � � � � .
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� ���
Here,� ( � , 	 , � , � , � , � , � ) =

8� 2 �H	 0 #$&%
=1

#$' =1
#$)(
=1

+ % � I F
0 ( - % ' � ) + % � I F

0 ( - % ' � )
[ + ,% � I F

0
( - % ' � )]2 sin 1 0 
 		 0 3 sin 1 0 
 �	 0 3

× sin 1 2 
 �� 3 sin 1 2 
 �� 3 sin 45� � 6 - 2

% ' + 2 2 
 2J � 2

8
� 6 - 2

% ' + 2 2 
 2J � 2
,

where the + % � I F
0 ( � ) are the Bessel functions and the - % ' are positive roots of the transcendental

equation + % � I F
0 ( - � ) = 0.

6.1.2-10. Domain: 0 ≤ � ≤ � , 0 ≤ 	 ≤ 	 0, 0 ≤ � ≤ � . Mixed boundary value problem.

A cylindrical sector of finite thickness is considered. The following conditions are prescribed:� = � 0( � , 	 , � ) at � = 0 (initial condition),� � � = � 1( � , 	 , � ) at � = 0 (initial condition),� = � 1( 	 , � , � ) at � = � (boundary condition),� = � 2( � , � , � ) at 	 = 0 (boundary condition),� = � 3( � , � , � ) at 	 = 	 0 (boundary condition),� � � = � 4( � , 	 , � ) at � = 0 (boundary condition),� � � = � 5( � , 	 , � ) at � = � (boundary condition).

Solution:� ( � , 	 , � , � ) =
�� � � �

0

� F
0

0

� �
0

� 0( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � � �
+

� �
0

� F
0

0

� �
0

� 1( � , � , � ) � ( � , 	 , � , � , � , � , � ) � � � � � � �
− � 2 � � �

0

� �
0

� F
0

0
� 1( � , � , � )  �� � � ( � , 	 , � , � , � , � , � − � ) ! "

= � � � � � � �
+ � 2

� �
0

� �
0

� �
0

� 2( � , � , � )
1�  �� � � ( � , 	 , � , � , � , � , � − � ) ! G

=0
� � � � � �

− � 2
� �

0

� �
0

� �
0

� 3( � , � , � )
1�  �� � � ( � , 	 , � , � , � , � , � − � ) ! G

= F
0

� � � � � �
− � 2

� �
0

� F
0

0

� �
0

� 4( � , � , � ) � ( � , 	 , � , � , � , 0, � − � ) � � � � � � �
+ � 2

� �
0

� F
0

0

� �
0

� 5( � , � , � ) � ( � , 	 , � , � , � , � , � − � ) � � � � � � � .

Here,� ( � , 	 , � , � , � , � , � ) =
4� 2 �H	 0 #$&%

=1
#$' =1

#$ (
=0 *

( + % � I F
0( - % ' � ) + % � I F

0( - % ' � )
[ + ,% � I F

0
( - % ' � )]2 sin 1 0 
 		 0 3 sin 1 0 
 �	 0 3

× cos 1 2 
 �� 3 cos 1 2 
 �� 3 sin 45� � 6 - 2

% ' + 2 2 
 2J � 2

8
� 6 - 2

% ' + 2 2 
 2J � 2
,

where * 0 = 1 and *
(

= 2 for 2 ≥ 1; the + % � I F
0 ( � ) are the Bessel functions; and the - % ' are positive

roots of the transcendental equation + % � I F
0( - � ) = 0.

Page 407



6.1.3. Problems in Spherical Coordinates
The three-dimensional wave equation in the spherical coordinate system is represented as� 2 �� � 2 = � 2  1� 2

�� � 1 � 2
� �� � 3 +

1� 2 sin K �� K 1 sin K � �� K 3 +
1� 2 sin2 K � 2 �� 	 2 ! , � = 6 L 2 + M 2 + � 2.

One-dimensional problems with central symmetry that have solutions � = � ( � , � ) are considered
in Subsection 4.2.3.

6.1.3-1. Domain: 0 ≤ � ≤ � , 0 ≤ K ≤ 
 , 0 ≤ 	 ≤ 2 
 . First boundary value problem.

A spherical domain is considered. The following conditions are prescribed:� = � 0( � , K , 	 ) at � = 0 (initial condition),� � � = � 1( � , K , 	 ) at � = 0 (initial condition),� = � ( K , 	 , � ) at � = � (boundary condition).

Solution:� ( � , K , 	 , � ) =
�� � � 2 �

0

� �
0

� �
0

� 0( � , � , � ) � ( � , K , 	 , � , � , � , � ) � 2 sin � � � � � � �
+

� 2 �
0

� �
0

� �
0

� 1( � , � , � ) � ( � , K , 	 , � , � , � , � ) � 2 sin � � � � � � �
− � 2 � 2

� �
0

� 2 �
0

� �
0

� ( � , � , � )  �� � � ( � , K , 	 , � , � , � , � − � ) ! "
= � sin � � � � � � � ,

where� ( � , K , 	 , � , � , � , � ) =
1

2 
 � � 2 . � � #$&%
=0

#$' =1

%$)(
=0 *

( N % ' ( + %
+1 I 2( / % ' � ) + %

+1 I 2( / % ' � )

× O (%
(cos K ) O (%

(cos � ) cos[ 2 ( 	 − � )] sin( / % ' � � ),
*

(
= 9 1 for 2 = 0,

2 for 2 ≠ 0,

N % ' (
=

(2 0 + 1)( 0 − 2 )!

( 0 + 2 )! CP+ ,% +1 I 2( / % ' � ) E 2 / % ' .

Here, the + %
+1 I 2( � ) are the Bessel functions, the O (%

( - ) are the associated Legendre functions
expressed in terms of the Legendre polynomials O %

( - ) asO (%
( - ) = (1 − - 2)

( I 2 � (
� - ( O %

( - ), O %
( - ) =

10 ! 2

% � %
� - %

( - 2 − 1)

%
,

and the / % ' are positive roots of the transcendental equation + %
+1 I 2( / � ) = 0.

6.1.3-2. Domain: 0 ≤ � ≤ � , 0 ≤ K ≤ 
 , 0 ≤ 	 ≤ 2 
 . Second boundary value problem.

A spherical domain is considered. The following conditions are prescribed:� = � 0( � , K , 	 ) at � = 0 (initial condition),� � � = � 1( � , K , 	 ) at � = 0 (initial condition),� : � = � ( K , 	 , � ) at � = � (boundary condition).
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� ���
Solution:� ( � , K , 	 , � ) =

�� � � 2 �
0

� �
0

� �
0

� 0( � , � , � ) � ( � , K , 	 , � , � , � , � ) � 2 sin � � � � � � �
+

� 2 �
0

� �
0

� �
0

� 1( � , � , � ) � ( � , K , 	 , � , � , � , � ) � 2 sin � � � � � � �
+ � 2 � 2

� �
0

� 2 �
0

� �
0

� ( � , � , � ) � ( � , K , 	 , � , � , � , � − � ) sin � � � � � � � ,

where� ( � , K , 	 , � , � , � , � ) =
3 �

4 
 � 3 +
1

2 
 � . � � #$&%
=0

#$' =1

%$Q(
=0 *

( N % ' ( + %
+1 I 2( / % ' � ) + %

+1 I 2( / % ' � )

× O (%
(cos K ) O (%

(cos � ) cos[ 2 ( 	 − � )] sin( / % ' � � ),
*

(
= 9 1 for 2 = 0,

2 for 2 ≠ 0,

N % ' (
=

/ % ' (2 0 + 1)( 0 − 2 )!

( 0 + 2 )! C � 2 / 2

% ' − 0 ( 0 + 1) E C + %
+1 I 2( / % ' � ) E 2 .

Here, the + %
+1 I 2( � ) are the Bessel functions, the O (%

( - ) are the associated Legendre functions (see
Paragraph 6.1.3-1), and the / % ' are positive roots of the transcendental equation

2 / � + ,% +1 I 2( / � ) − + %
+1 I 2( / � ) = 0.RTS

Reference: M. M. Smirnov (1975).

6.1.3-3. Domain: 0 ≤ � ≤ � , 0 ≤ K ≤ 
 , 0 ≤ 	 ≤ 2 
 . Third boundary value problem.

A spherical domain is considered. The following conditions are prescribed:� = � 0( � , K , 	 ) at � = 0 (initial condition),� � � = � 1( � , K , 	 ) at � = 0 (initial condition),� : � + 2 � = � ( K , 	 , � ) at � = � (boundary condition).

The solution � ( � , K , 	 , � ) is determined by the formula in Paragraph 6.1.3-2 where� ( � , K , 	 , � , � , � , � ) =
1

2 
 � . � � #$ %
=0

#$' =1

%$ ?
=0 *

? N % ' ? + %
+1 I 2( / % ' � ) + %

+1 I 2( / % ' � )

× O ?%
(cos K ) O ?%

(cos � ) cos[ U ( 	 − � )] sin( / % ' � � ),
*

?
= 9 1 for U = 0,

2 for U ≠ 0,

N % ' ?
=

/ % ' (2 0 + 1)( 0 − U )!

( 0 + U )! C � 2 / 2

% ' + ( 2 � + 0 )( 2 � − 0 − 1) E C + %
+1 I 2( / % ' � ) E 2 .

Here, the + %
+1 I 2( � ) are the Bessel functions, the O ?%

( - ) are the associated Legendre functions (see
Paragraph 6.1.3-1), and the / % ' are positive roots of the transcendental equation/ � + ,% +1 I 2( / � ) + 4 2 � − 1

2

8 + %
+1 I 2( / � ) = 0.

6.1.3-4. Domain: � 1 ≤ � ≤ � 2, 0 ≤ K ≤ 
 , 0 ≤ 	 ≤ 2 
 . First boundary value problem.

A spherical layer is considered. The following conditions are prescribed:� = � 0( � , K , 	 ) at � = 0 (initial condition),� � � = � 1( � , K , 	 ) at � = 0 (initial condition),� = � 1( K , 	 , � ) at � = � 1 (boundary condition),� = � 2( K , 	 , � ) at � = � 2 (boundary condition).
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Solution:� ( � , K , 	 , � ) =
�� � � 2 �

0

� �
0

� �
2�

1

� 0( � , � , � ) � ( � , K , 	 , � , � , � , � ) � 2 sin � � � � � � �
+

� 2 �
0

� �
0

� �
2�

1

� 1( � , � , � ) � ( � , K , 	 , � , � , � , � ) � 2 sin � � � � � � �
+ � 2 � 2

1

� �
0

� 2 �
0

� �
0

� 1( � , � , � )  �� � � ( � , K , 	 , � , � , � , � − � ) ! "
= �

1

sin � � � � � � �
− � 2 � 2

2

� �
0

� 2 �
0

� �
0

� 2( � , � , � )  �� � � ( � , K , 	 , � , � , � , � − � ) ! "
= �

2

sin � � � � � � � ,

where� ( � , K , 	 , � , � , � , � ) =



8 � . � � #$&%
=0

#$' =1

%$)(
=0 *

( N % ' ( = %
+1 I 2( / % ' � ) = %

+1 I 2( / % ' � )

× O (%
(cos K ) O (%

(cos � ) cos[ 2 ( 	 − � )] sin( / % ' � � ).
Here, = %

+1 I 2( / % ' � ) = + %
+1 I 2( / % ' � 1) > %

+1 I 2( / % ' � ) − > %
+1 I 2( / % ' � 1) + %

+1 I 2( / % ' � ),

*
(

= 9 1 for 2 = 0,
2 for 2 ≠ 0,

N % ' (
=

/ % ' (2 0 + 1)( 0 − 2 )! + 2

%
+1 I 2( / % ' � 2)

( 0 + 2 )! C + 2

%
+1 I 2( / % ' � 1) − + 2

%
+1 I 2( / % ' � 2) E ,

where the + %
+1 I 2( � ) are the Bessel functions, the O (%

( - ) are the associated Legendre functions
expressed in terms of the Legendre polynomials O %

( - ) asO (%
( - ) = (1 − - 2)

( I 2 � (
� - ( O %

( - ), O %
( - ) =

10 ! 2

% � %
� - %

( - 2 − 1)

%
,

and the / % ' are positive roots of the transcendental equation = %
+1 I 2( / � 2) = 0.

6.1.3-5. Domain: � 1 ≤ � ≤ � 2, 0 ≤ K ≤ 
 , 0 ≤ 	 ≤ 2 
 . Second boundary value problem.

A spherical layer is considered. The following conditions are prescribed:� = � 0( � , K , 	 ) at � = 0 (initial condition),� � � = � 1( � , K , 	 ) at � = 0 (initial condition),� : � = � 1( K , 	 , � ) at � = � 1 (boundary condition),� : � = � 2( K , 	 , � ) at � = � 2 (boundary condition).

Solution:� ( � , K , 	 , � ) =
�� � � 2 �

0

� �
0

� �
2�

1

� 0( � , � , � ) � ( � , K , 	 , � , � , � , � ) � 2 sin � � � � � � �
+

� 2 �
0

� �
0

� �
2�

1

� 1( � , � , � ) � ( � , K , 	 , � , � , � , � ) � 2 sin � � � � � � �
− � 2 � 2

1

� �
0

� 2 �
0

� �
0

� 1( � , � , � ) � ( � , K , 	 , � 1, � , � , � − � ) sin � � � � � � �
+ � 2 � 2

2

� �
0

� 2 �
0

� �
0

� 2( � , � , � ) � ( � , K , 	 , � 2, � , � , � − � ) sin � � � � � � � ,
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� ���
where� ( � , K , 	 , � , � , � , � ) =

3 �
4 
 ( � 3

2 − � 3
1)

+
1

4 
 � . � � #$&%
=0

#$' =1

%$)(
=0 *

(N % ' ( = %
+1 I 2( / % ' � ) = %

+1 I 2( / % ' � )

× O (%
(cos K ) O (%

(cos � ) cos[ 2 ( 	 − � )] sin( / % ' � � ),
*

(
= 9 1 for 2 = 0,

2 for 2 ≠ 0,

N % ' (
=

/ % ' ( 0 + 2 )!
(2 0 + 1)( 0 − 2 )!

� �
2�

1

� = 2

%
+1 I 2( / % ' � ) � � ,

= %
+1 I 2( / % ' � ) =  / % ' + ,% +1 I 2( / % ' � 1) −

1
2 � 1

+ %
+1 I 2( / % ' � 1) ! > %

+1 I 2( / % ' � )

−  / % ' > ,% +1 I 2( / % ' � 1) −
1

2 � 1
> %

+1 I 2( / % ' � 1) ! + %
+1 I 2( / % ' � ).

Here, the + %
+1 I 2( � ) and > %

+1 I 2( � ) are the Bessel functions, the O (%
( - ) are the associated Legendre

functions (see Paragraph 6.1.3-4), and the / % ' are positive roots of the transcendental equation/ = ,% +1 I 2( / � 2) −
1

2 � 2 = %
+1 I 2( / � 2) = 0.

6.1.3-6. Domain: � 1 ≤ � ≤ � 2, 0 ≤ K ≤ 
 , 0 ≤ 	 ≤ 2 
 . Third boundary value problem.

A spherical layer is considered. The following conditions are prescribed:� = � 0( � , K , 	 ) at � = 0 (initial condition),� � � = � 1( � , K , 	 ) at � = 0 (initial condition),� : � − 2 1
� = � 1( K , 	 , � ) at � = � 1 (boundary condition),� : � + 2 2
� = � 2( K , 	 , � ) at � = � 2 (boundary condition).

The solution � ( � , K , 	 , � ) is determined by the formula in Paragraph 6.1.3-5 where� ( � , K , 	 , � , � , � , � ) =
1

4 
 � . � � #$&%
=0

#$' =1

%$@?
=0 *

?N % ' ? = %
+1 I 2( / % ' � ) = %

+1 I 2( / % ' � )

× O ?%
(cos K ) O ?%

(cos � ) cos[ U ( 	 − � )] sin( / % ' � � ).
Here,

*
?

= 9 1 for U = 0,
2 for U ≠ 0,

N % ' ?
=

/ % ' ( 0 + U )!
(2 0 + 1)( 0 − U )!

� �
2�

1

� = 2

%
+1 I 2( / % ' � ) � � ,

= %
+1 I 2( / � ) =  / + ,% +1 I 2( / � 1) − 1 2 1 +

1
2 � 1 3 + %

+1 I 2( / � 1) ! > %
+1 I 2( / � )

−  / > ,% +1 I 2( / � 1) − 1 2 1 +
1

2 � 1 3 > %
+1 I 2( / � 1) ! + %

+1 I 2( / � ),

where the + %
+1 I 2( � ) and > %

+1 I 2( � ) are the Bessel functions, the O ?%
( - ) are the associated Legendre

functions (see Paragraph 6.1.3-4), and the / % ' are positive roots of the transcendental equation/ = ,% +1 I 2( / � 2) + 1 2 2 −
1

2 � 2 3 = %
+1 I 2( / � 2) = 0.
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6.2. Nonhomogeneous Wave EquationV 2 WV X 2 = Y 2 Z
3 W + [ ( \ , ] , ^ ,

X
)

6.2.1. Problems in Cartesian Coordinates

6.2.1-1. Domain: − _ < L < _ , − _ < M < _ , − _ < ` < _ . Cauchy problem.

Initial conditions are prescribed: a
= b ( L , M , ` ) at c = 0,d e a
= f ( L , M , ` ) at c = 0.

Solution:a
( L , M , ` , c ) =

1
4 g h dd c i i:

= j e b ( k , l , m )n o p +
1

4 g h i i:
= j e f ( k , l , m )n o p

+
1

4 g h 2 i i i:
≤ j e 1n q r k , l , m , c −

nh s o k o l o m , n = t ( k − u )2 + ( l − v )2 + ( m − ` )2,

where the integration is performed over the surface of the sphere ( n = h c ) and the volume of the
sphere ( n ≤ h c ) with center at ( u , v , ` ).wTS

Reference: N. S. Koshlyakov, E. B. Glizer, and M. M. Smirnov (1970).

6.2.1-2. Domain: 0 ≤ u ≤ x 1, 0 ≤ v ≤ x 2, 0 ≤ ` ≤ x 3. Different boundary value problems.

1 y . The solution of the first boundary value problem for a parallelepiped is given by the formula
from Paragraph 6.1.1-3 with the additional term

i e
0 i z 1

0 i z 2

0 i z 3

0
q ( k , l , m , { ) | ( u , v , ` , k , l , m , c − { ) o m o l o k o { ,

which allows for the equation’s nonhomogeneity; this term is the solution of the nonhomogeneous
equation with homogeneous initial and boundary conditions.

2 y . The solution of the second boundary value problem for a parallelepiped is given by the formula
from Paragraph 6.1.1-4 with the additional term specified in Paragraph 6.2.1-2, Item 1 y ; the Green’s
function is taken from Paragraph 6.1.1-4.

3 y . The solution of the third boundary value problem for a parallelepiped is the sum of the so-
lution of the homogeneous equation with nonhomogeneous initial and boundary conditions (see
Paragraph 6.1.1-5) and the solution of the nonhomogeneous equation with homogeneous initial and
boundary conditions. The latter solution is given by the formula from Paragraph 6.2.1-2, Item 1 y ,
in which one should substitute the Green’s function from Paragraph 6.1.1-5.

4 y . The solutions of mixed boundary value problems for a parallelepiped are given by the formulas
from Paragraph 6.1.1-6 to which one should add the term specified in Paragraph 6.2.1-2, Item 1 y .

6.2.2. Problems in Cylindrical Coordinates
A three-dimensional nonhomogeneous wave equation in the cylindrical coordinate system is written
as d 2

ad c 2 = h 2 } 1n dd n ~ n d ad n � +
1n 2

d 2

ad � 2 +
d 2

ad ` 2 � + q ( n ,
�

, ` , c ).
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���
6.2.2-1. Domain: 0 ≤ n ≤ � , 0 ≤

�
≤ 2 � , 0 ≤ � ≤ x . Different boundary value problems.

1 y . The solution of the first boundary value problem for a circular cylinder of finite length is given
by the formula from Paragraph 6.1.2-1 with the additional term

i �0 i z0 i 2 �
0 i �0

q ( k , l , m , { ) | ( n ,
�

, � , k , l , m , � − { ) k o k o l o m o { , (1)

which allows for the equation’s nonhomogeneity.

2 y . The solution of the second boundary value problem for a circular cylinder of finite length is
given by the formula from Paragraph 6.1.2-2 with the additional term (1).

3 y . The solution of the third boundary value problem for a circular cylinder of finite length is the
sum of the solution specified in Paragraph 6.1.2-3 and expression (1).

4 y . The solutions of mixed boundary value problems for a circular cylinder of finite length are given
by the formulas from Paragraph 6.1.2-4 with additional terms of the form (1).

6.2.2-2. Domain: � 1 ≤ n ≤ � 2, 0 ≤
�

≤ 2 � , 0 ≤ � ≤ x . Different boundary value problems.

1 y . The solution of the first boundary value problem for a hollow cylinder of finite dimensions is
given by the formula from Paragraph 6.1.2-5 with the additional term

i �0 i z0 i 2 �
0 i � 2

� 1
q ( k , l , m , { ) | ( n ,

�
, � , k , l , m , � − { ) k o k o l o m o { , (2)

which allows for the equation’s nonhomogeneity.

2 y . The solution of the second boundary value problem for a hollow cylinder of finite dimensions
is given by the formula from Paragraph 6.1.2-6 with the additional term (2).

3 y . The solution of the third boundary value problem for a hollow cylinder of finite dimensions is
the sum of the solution specified in Paragraph 6.1.2-7 and expression (2).

4 y . The solutions of mixed boundary value problems for a hollow cylinder of finite dimensions are
given by the formulas from Paragraph 6.1.2-8 with additional terms of the form (2).

6.2.2-3. Domain: 0 ≤ n ≤ � , 0 ≤
�

≤
�

0, 0 ≤ � ≤ x . Different boundary value problems.

1 y . The solution of the first boundary value problem for a cylindrical sector of finite thickness is
given by the formula from Paragraph 6.1.2-9 with the additional term

i �0 i z0 i � 0

0 i �0
q ( k , l , m , { ) | ( n ,

�
, � , k , l , m , � − { ) k o k o l o m o { , (3)

which allows for the equation’s nonhomogeneity.

2 y . The solution of a mixed boundary value problem for a cylindrical sector of finite thickness is
given by the formula from Paragraph 6.1.2-10 with the additional term (2).

6.2.3. Problems in Spherical Coordinates
A three-dimensional nonhomogeneous wave equation in the spherical coordinate system is repre-
sented as� 2 �� � 2 = � 2 } 1n 2

�� n ~ n 2
� �� n � +

1n 2 sin � �� � ~ sin � � �� � � +
1n 2 sin2 � � 2 �� � 2 � + q ( n , � ,

�
, � ).
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6.2.3-1. Domain: 0 ≤ n ≤ � , 0 ≤ � ≤ � , 0 ≤
�

≤ 2 � . Boundary value problem.

1 y . The solution of the first boundary value problem for a sphere is given by the formula from
Paragraph 6.1.3-1 with the additional term

i �0 i 2 �
0 i �

0 i �0
q ( k , l , m , { ) | ( n , � ,

�
, k , l , m , � − { ) k 2 sin l o k o l o m o { , (1)

which allows for the equation’s nonhomogeneity.

2 y . The solution of the second boundary value problem for a sphere is given by the formula from
Paragraph 6.1.3-2 with the additional term (1).

3 y . The solution of the third boundary value problem for a sphere is the sum of the solution specified
in Paragraph 6.1.3-3 and expression (1).

6.2.3-2. Domain: � 1 ≤ n ≤ � 2, 0 ≤ � ≤ � , 0 ≤
�

≤ 2 � . Boundary value problems.

1 y . The solution of the first boundary value problem for a spherical layer is given by the formula
from Paragraph 6.1.3-4 with the additional term

i �0 i 2 �
0 i �

0 i � 2

� 1
q ( k , l , m , { ) | ( n , � ,

�
, k , l , m , � − { ) k 2 sin l o k o l o m o { , (2)

which allows for the equation’s nonhomogeneity.

2 y . The solution of the second boundary value problem for a spherical layer is given by the formula
from Paragraph 6.1.3-5 with the additional term (2).

3 y . The solution of the third boundary value problem for a spherical layer is the sum of the solution
specified in Paragraph 6.1.3-6 and expression (2).

6.3. Equations of the Form
V 2 �V � 2 = � 2 �

3 � – � � + � ( � ,   , ¡ ,
�
)

6.3.1. Problems in Cartesian Coordinates
A three-dimensional nonhomogeneous Klein–Gordon equation in the rectangular Cartesian system
of coordinates has the form� 2 �� � 2 = � 2 ~ � 2 �� u 2 +

� 2 �� v 2 +
� 2 �� � 2 � − ¢ � + £ ( u , v , � , � ).

6.3.1-1. Fundamental solutions.

1 y . For ¢ = − ¤ 2 < 0,¥ ¥
( u , v , � , � ) =

1
4 � � 2

} ¦ ( � − § ¨ � )§ −
¤� © 1 ª ¤ « � 2 − § 2̈ � 2 ¬« � 2 − § 2̈ � 2  ( � − § ¨ � ) � ,

where § = « ® 2 + ¯ 2 + � 2, ¦ ( ° ) is the Dirac delta function,  ( ° ) is the Heaviside unit step function,
and © 1( � ) is the modified Bessel function.
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��� �
2 ² . For ¢ = ¤ 2 > 0,¥ ¥

( ® , ¯ , � , � ) =
1

4 � � 2 ³ ¦ ( � − § ¨ � )§ −
¤� ´ 1 ª ¤ « � 2 − § 2̈ � 2 ¬« � 2 − § 2̈ � 2  ( � − § ¨ � ) � ,

where ´ 1( � ) is the Bessel function.µT¶
Reference: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974).

6.3.1-2. Domain: − · < ® < · , − · < ¯ < · , − · < � < · . Cauchy problem.

Initial conditions are prescribed: � = ¸ ( ® , ¯ , � ) at � = 0,� � � = ¹ ( ® , ¯ , � ) at � = 0.

Let � = 1 and £ ( ® , ¯ , � , � ) ≡ 0.

1 ² . Solution for ¢ = − ¤ 2 < 0:� ( ® , ¯ , � , � ) =
�� � ³ 1� �� � º »0

§ 2 © 0 ª ¤ ¼ � 2 − § 2 ¬7½ ¾ ¿ ¸ ( ® , ¯ , À ) Á Â § Ã
+

1� �� � º »0
§ 2 © 0 ª ¤ ¼ � 2 − § 2 ¬ ½ ¾ ¿ ¹ ( ® , ¯ , À ) Á Â § .

Here, © 0( À ) is the modified Bessel function and ½ ¾ ¿TÄ ( ® , ¯ , À ) Á is the average of Ä ( ® , ¯ , À ) over the
spherical surface with center at ( ® , ¯ , À ) and radius § :½ ¾ ¿ Ä ( ® , ¯ , À ) Á =

1
4 Å º 2 �

0 º �
0

Ä ( ® + § sin Æ cos Ç , ¯ + § sin Æ sin Ç , À + § cos Æ ) sin Æ Â Æ Â Ç .

2 ² . Solution for È = É 2 > 0:Ê ( ® , ¯ , À , � ) =
�� � ³ 1� �� � º »0 Ë 2 ´ 0 ª É ¼ � 2 − Ë 2 ¬ ½ ¾ ¿ ¸ ( ® , ¯ , À ) Á Â Ë Ã

+
1� �� � º »0 Ë 2 ´ 0 ª É ¼ � 2 − Ë 2 ¬ ½ ¾ ¿ ¹ ( ® , ¯ , À ) Á Â Ë ,

where ´ 0( À ) is the Bessel function.µT¶
Reference: V. I. Smirnov (1974, Vol. 2).

6.3.1-3. Domain: 0 ≤ ® ≤ Ì 1, 0 ≤ ¯ ≤ Ì 2, 0 ≤ À ≤ Ì 3. First boundary value problem.

A rectangular parallelepiped is considered. The following conditions are prescribed:Ê = ¸ 0( ® , ¯ , À ) at � = 0 (initial condition),� » Ê = ¸ 1( ® , ¯ , À ) at � = 0 (initial condition),Ê = ¹ 1( ¯ , À , � ) at ® = 0 (boundary condition),Ê = ¹ 2( ¯ , À , � ) at ® = Ì 1 (boundary condition),Ê = ¹ 3( ® , À , � ) at ¯ = 0 (boundary condition),Ê = ¹ 4( ® , À , � ) at ¯ = Ì 2 (boundary condition),Ê = ¹ 5( ® , ¯ , � ) at À = 0 (boundary condition),Ê = ¹ 6( ® , ¯ , � ) at À = Ì 3 (boundary condition).
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Solution:Ê ( ® , ¯ , À , � ) =
�� � º Í 3

0 º Í 2

0 º Í 1

0
¸ 0( ° , Î , Ï ) Ð ( ® , ¯ , À , ° , Î , Ï , � ) Â ° Â Î Â Ï

+ º Í 3

0 º Í 2

0 º Í 1

0
¸ 1( ° , Î , Ï ) Ð ( ® , ¯ , À , ° , Î , Ï , � ) Â ° Â Î Â Ï

+ Ñ 2 º »0 º Í 3

0 º Í 2

0
¹ 1( Î , Ï , Ò ) ³ �� ° Ð ( ® , ¯ , À , ° , Î , Ï , � − Ò ) Ã Ó

=0
Â Î Â Ï Â Ò

− Ñ 2 º »0 º Í 3

0 º Í 2

0
¹ 2( Î , Ï , Ò ) ³ �� ° Ð ( ® , ¯ , À , ° , Î , Ï , � − Ò ) Ã Ó

= Í 1

Â Î Â Ï Â Ò
+ Ñ 2 º »0 º Í 3

0 º Í 1

0
¹ 3( ° , Ï , Ò ) ³ �� Î Ð ( ® , ¯ , À , ° , Î , Ï , � − Ò ) Ã Ô

=0
Â ° Â Ï Â Ò

− Ñ 2 º »0 º Í 3

0 º Í 1

0
¹ 4( ° , Ï , Ò ) ³ �� Î Ð ( ® , ¯ , À , ° , Î , Ï , � − Ò ) Ã Ô

= Í 2

Â ° Â Ï Â Ò
+ Ñ 2 º »0 º Í 2

0 º Í 1

0
¹ 5( ° , Î , Ò ) ³ �� Ï Ð ( ® , ¯ , À , ° , Î , Ï , � − Ò ) Ã Õ

=0
Â ° Â Î Â Ò

− Ñ 2 º »0 º Í 2

0 º Í 1

0
¹ 6( ° , Î , Ò ) ³ �� Ï Ð ( ® , ¯ , À , ° , Î , Ï , � − Ò ) Ã Õ

= Í 3

Â ° Â Î Â Ò
+ º »0 º Í 3

0 º Í 2

0 º Í 1

0 Ö ( ° , Î , Ï , Ò ) Ð ( ® , ¯ , À , ° , Î , Ï , � − Ò ) Â ° Â Î Â Ï Â Ò .

Here,

Ð ( ® , ¯ , À , ° , Î , Ï , � ) =
8Ì 1 Ì 2 Ì 3 ×Ø&Ù =1 ×ØÚ =1 ×Ø)Û =1

1¼ Ü Ù Ú Û
sin( Ý Ù Þ

) sin( ß Ú à ) sin( á Û À )

× sin( Ý Ù â
) sin( ß Ú Î ) sin( á Û Ï ) sin ãH�7ä Ü Ù Ú Û ¬ ,

where Ý Ù
= å ÅÌ 1 , ß Ú = æ ÅÌ 2 , á Û

= ç ÅÌ 3 , Ü Ù Ú Û
= Ñ 2( Ý 2

Ù
+ ß 2Ú + á 2

Û
) + È .

6.3.1-4. Domain: 0 ≤

Þ
≤ Ì 1, 0 ≤ à ≤ Ì 2, 0 ≤ À ≤ Ì 3. Second boundary value problem.

A rectangular parallelepiped is considered. The following conditions are prescribed:Ê = è 0(

Þ
, à , À ) at é = 0 (initial condition),ê » Ê = è 1(

Þ
, à , À ) at é = 0 (initial condition),ê ë Ê = ì 1( à , À , é ) at

Þ
= 0 (boundary condition),ê ë Ê = ì 2( à , À , é ) at

Þ
= Ì 1 (boundary condition),ê í Ê = ì 3(

Þ
, À , é ) at à = 0 (boundary condition),ê í Ê = ì 4(

Þ
, À , é ) at à = Ì 2 (boundary condition),ê î Ê = ì 5(

Þ
, à , é ) at À = 0 (boundary condition),ê î Ê = ì 6(

Þ
, à , é ) at À = Ì 3 (boundary condition).
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ï�ñ ô
Solution:Ê (

Þ
, à , À , é ) =

êê é û ü 3

0 û ü 2

0 û ü 1

0
è 0(

â
, ý , þ ) ÿ (

Þ
, à , � ,

â
, ý , þ , é ) � â � ý � þ

+ û ü 3

0 û ü 2

0 û ü 1

0
è 1(

â
, ý , þ ) ÿ (

Þ
, à , � ,

â
, ý , þ , é ) � â � ý � þ

− � 2 û �
0 û ü 3

0 û ü 2

0
ì 1( ý , þ , � ) ÿ (

Þ
, à , � , 0, ý , þ , é − � )

� ý � þ � �
+ � 2 û �

0 û ü 3

0 û ü 2

0
ì 2( ý , þ , � ) ÿ (

Þ
, à , � , � 1, ý , þ , é − � )

� ý � þ � �
− � 2 û �

0 û ü 3

0 û ü 1

0
ì 3(

â
, þ , � ) ÿ (

Þ
, à , � ,

â
, 0, þ , é − � )

� â � þ � �
+ � 2 û �

0 û ü 3

0 û ü 1

0
ì 4(

â
, þ , � ) ÿ (

Þ
, à , � ,

â
, � 2, þ , é − � )

� â � þ � �
− � 2 û �

0 û ü 2

0 û ü 1

0
ì 5(

â
, ý , � ) ÿ (

Þ
, à , � ,

â
, ý , 0, é − � )

� â � ý � �
+ � 2 û �

0 û ü 2

0 û ü 1

0
ì 6(

â
, ý , � ) ÿ (

Þ
, à , � ,

â
, ý , � 3, é − � )

� â � ý � �
+ û �

0 û ü 3

0 û ü 2

0 û ü 1

0 Ö (

â
, ý , þ , � ) ÿ (

Þ
, à , � ,

â
, ý , þ , é − � )

� â � ý � þ � � ,

whereÿ (

Þ
, à , � ,

â
, ý , þ , é ) =

sin ãHé � � ¬� 1 � 2 � 3 � � +
1� 1 � 2 � 3 ×� Ù =0 ×�Ú =0 ×� Û =0

	 Ù 	 Ú 	 Û� 
 Ù Ú Û
cos( � Ù �

) cos(  Ú � ) cos( � Û � )

× cos( � Ù �
) cos(  Ú ý ) cos( � Û þ ) sin ����� 
 Ù Ú Û ¬ ,� Ù

= � �� 1 ,  Ú = � �� 2 , � Û
= ç �� 3 ,


 Ù Ú Û
= � 2( � 2

Ù
+  2Ú + � 2

Û
) +

�
,

	 Ù
= � 1 for � = 0,

2 for � > 0.
The summation is performed over the indices satisfying the condition � + � + ç > 0; the term
corresponding to � = � = ç = 0 is singled out.

6.3.1-5. Domain: 0 ≤

�
≤ � 1, 0 ≤ � ≤ � 2, 0 ≤ � ≤ � 3. Third boundary value problem.

A rectangular parallelepiped is considered. The following conditions are prescribed:� = � 0(

�
, � , � ) at � = 0 (initial condition),� � � = � 1(

�
, � , � ) at � = 0 (initial condition),� � � − � 1

� = � 1( � , � , � ) at

�
= 0 (boundary condition),� � � + � 2

� = � 2( � , � , � ) at

�
= � 1 (boundary condition),�  � − � 3

� = � 3(

�
, � , � ) at � = 0 (boundary condition),�  � + � 4

� = � 4(

�
, � , � ) at � = � 2 (boundary condition),� ! � − � 5

� = � 5(

�
, � , � ) at � = 0 (boundary condition),� ! � + � 6

� = � 6(

�
, � , � ) at � = � 3 (boundary condition).

The solution � (

�
, � , � , � ) is determined by the formula in Paragraph 6.3.1-4 whereÿ (

�
, � ,

�
, ý , � ) = 8 ×�&Ù =1 ×�Ú =1 ×�)Û =1

1" Ù Ú Û � 
 Ù Ú Û
sin( � Ù �

+ # Ù
) sin(  Ú � + $ Ú ) sin( � Û � + % Û

)

× sin( � Ù �
+ # Ù

) sin(  Ú ý + $ Ú ) sin( � Û þ + % Û
) sin ����� 
 Ù Ú Û ¬ ,
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# Ù
= arctan

� Ù
� 1 , $ Ú = arctan

 Ú� 2 , % Û
= arctan

� Û
� 3 ,


 Ù Ú Û
= � 2( � 2

Ù
+  2Ú + � 2

Û
) +

�
," Ù Ú Û

= &'� 1 +
( � 1 � 2 + � 2

Ù
)( � 1 + � 2)

( � 2
1 + � 2

Ù
)( � 2

2 + � 2

Ù
) ( &'� 2 +

( � 3 � 4 +  2Ú )( � 3 + � 4)
( � 2

3 +  2Ú )( � 2
4 +  2Ú ) ( &'� 3 +

( � 5 � 6 + � 2

Û
)( � 5 + � 6)

( � 2
5 + � 2

Û
)( � 2

6 + � 2

Û
) ( .

Here, the � Ù
,  Ú , and � Û

are positive roots of the transcendental equations� 2 − � 1 � 2 = ( � 1 + � 2) � cot( � 1 � ),  2 − � 3 � 4 = ( � 3 + � 4)  cot( � 2  ), � 2 − � 5 � 6 = ( � 5 + � 6) � cot( � 3 � ).

6.3.1-6. Domain: 0 ≤

�
≤ � 1, 0 ≤ � ≤ � 2, 0 ≤ � ≤ � 3. Mixed boundary value problems.

1 ) . A rectangular parallelepiped is considered. The following conditions are prescribed:� = � 0(

�
, � , � ) at � = 0 (initial condition),� � � = � 1(

�
, � , � ) at � = 0 (initial condition),� = � 1( � , � , � ) at

�
= 0 (boundary condition),� = � 2( � , � , � ) at

�
= � 1 (boundary condition),�  � = � 3(

�
, � , � ) at � = 0 (boundary condition),�  � = � 4(

�
, � , � ) at � = � 2 (boundary condition),� ! � = � 5(

�
, � , � ) at � = 0 (boundary condition),� ! � = � 6(

�
, � , � ) at � = � 3 (boundary condition).

Solution:� (

�
, � , � , � ) =

�� � û ü 3

0 û ü 2

0 û ü 1

0
� 0(

�
, ý , þ ) ÿ (

�
, � , � ,

�
, ý , þ , � ) � � � ý � þ

+ û ü 3

0 û ü 2

0 û ü 1

0
� 1(

�
, ý , þ ) ÿ (

�
, � , � ,

�
, ý , þ , � ) � � � ý � þ

+ � 2 û �
0 û ü 3

0 û ü 2

0
� 1( ý , þ , � ) & �� � ÿ (

�
, � , � ,

�
, ý , þ , � − � ) ( * =0

� ý � þ � �
− � 2 û �

0 û ü 3

0 û ü 2

0
� 2( ý , þ , � ) & �� � ÿ (

�
, � , � ,

�
, ý , þ , � − � ) ( * = ü 1

� ý � þ � �
− � 2 û �

0 û ü 3

0 û ü 1

0
� 3(

�
, þ , � ) ÿ (

�
, � , � ,

�
, 0, þ , � − � )

� � � þ � �
+ � 2 û �

0 û ü 3

0 û ü 1

0
� 4(

�
, þ , � ) ÿ (

�
, � , � ,

�
, � 2, þ , � − � )

� � � þ � �
− � 2 û �

0 û ü 2

0 û ü 1

0
� 5(

�
, ý , � ) ÿ (

�
, � , � ,

�
, ý , 0, � − � )

� � � ý � �
+ � 2 û �

0 û ü 2

0 û ü 1

0
� 6(

�
, ý , � ) ÿ (

�
, � , � ,

�
, ý , � 3, � − � )

� � � ý � �
+ û �

0 û ü 3

0 û ü 2

0 û ü 1

0 Ö (

�
, ý , þ , � ) ÿ (

�
, � , � ,

�
, ý , þ , � − � )

� � � ý � þ � � .

Here, ÿ (

�
, � , � ,

�
, ý , þ , � ) =

2� 1 � 2 � 3 ×� Ù =1 ×�Ú =0 ×� Û =0

	 Ú 	 Û� 
 Ù Ú Û
sin( � Ù �

) cos(  Ú � ) cos( � Û � )

× sin( � Ù �
) cos(  Ú ý ) cos( � Û þ ) sin ����� 
 Ù Ú Û ¬ ,
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+.- 1
where 	 Ú = 8 1 for � = 0,

2 for � > 0,
	 Û

= 8 1 for ç = 0,
2 for ç > 0,� Ù

= � �� 1 ,  Ú = � �� 2 , � Û
= ç �� 3 ,


 Ù Ú Û
= � 2( � 2

Ù
+  2Ú + � 2

Û
) +

�
.

2 ) . A rectangular parallelepiped is considered. The following conditions are prescribed:� = � 0(

�
, � , � ) at � = 0 (initial condition),� � � = � 1(

�
, � , � ) at � = 0 (initial condition),� = � 1( � , � , � ) at

�
= 0 (boundary condition),� � � = � 2( � , � , � ) at

�
= � 1 (boundary condition),� = � 3(

�
, � , � ) at � = 0 (boundary condition),�  � = � 4(

�
, � , � ) at � = � 2 (boundary condition),� = � 5(

�
, � , � ) at � = 0 (boundary condition),� ! � = � 6(

�
, � , � ) at � = � 3 (boundary condition).

Solution:� (

�
, � , � , � ) =

�� � 9 : 30 9 : 20 9 : 10
� 0(

�
, ; , < ) = (

�
, � , > ,

�
, ; , < , � ) ? � ? ; ? <

+ 9 : 30 9 : 20 9 : 10
� 1(

�
, ; , < ) = (

�
, � , > ,

�
, ; , < , � ) ? � ? ; ? <

+ @ 2 9 A0 9 : 30 9 : 20
� 1( ; , < , B ) & �� � = (

�
, � , > ,

�
, ; , < , � − B ) ( * =0

? ; ? < ? B
+ @ 2 9 A0 9 : 30 9 : 20

� 2( ; , < , B ) = (

�
, � , > , C 1, ; , < , � − B ) ? ; ? < ? B

+ @ 2 9 A0 9 : 30 9 : 10
� 3(

�
, < , B ) & �� ; = (

�
, � , > ,

�
, ; , < , � − B ) ( D =0

? � ? < ? B
+ @ 2 9 A0 9 : 30 9 : 10

� 4(

�
, < , B ) = (

�
, � , > ,

�
, C 2, < , � − B ) ? � ? < ? B

+ @ 2 9 A0 9 : 20 9 : 10
� 5(

�
, ; , B ) & �� < = (

�
, � , > ,

�
, ; , < , � − B ) ( E =0

? � ? ; ? B
+ @ 2 9 A0 9 : 20 9 : 10

� 6(

�
, ; , B ) = (

�
, � , > ,

�
, ; , C 3, � − B ) ? � ? ; ? B

+ 9 A0 9 : 30 9 : 20 9 : 10 F (

�
, ; , < , B ) = (

�
, � , > ,

�
, ; , < , � − B ) ? � ? ; ? < ? B .

Here, = (

�
, � , > ,

�
, ; , < , � ) =

8C 1 C 2 C 3 G� Ù =1 G�Ú =1 G� Û =1

1� 
 Ù Ú Û
sin( � Ù �

) sin(  Ú � ) sin( � Û > )

× sin( � Ù �
) sin(  Ú ; ) sin( � Û < ) sin ����� 
 Ù Ú Û H

,

where � Ù
= � (2 � + 1)

2 C 1 ,  Ú = � (2 � + 1)
2 C 2 , � Û

= � (2 I + 1)
2 C 3 ,
 Ù Ú Û

= @ 2( � 2

Ù
+  2Ú + � 2

Û
) +

�
.
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6.3.2. Problems in Cylindrical Coordinates
A nonhomogeneous Klein–Gordon equation in the cylindrical coordinate system is written as� 2 �� � 2 = @ 2 & 1J �� J K J � �� J L

+
1J
2

� 2 �� M 2 +
� 2 �� > 2 ( −

� � + F (
J
,
M

, > , � ), J
= � �

2 + � 2.

One-dimensional problems with axial symmetry that have solutions � = � (
J
, � ) are treated in

Subsection 4.2.5. Two-dimensional problems whose solutions have the form � = � (
J
,
M

, � ) or� = � (
J
, > , � ) are considered in Subsections 5.3.2 and 5.3.3.

6.3.2-1. Domain: 0 ≤
J

≤ N , 0 ≤
M

≤ 2 � , 0 ≤ > ≤ C . First boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0(
J
,
M

, > ) at � = 0 (initial condition),� A � = � 1(
J
,
M

, > ) at � = 0 (initial condition),� = � 1(
M

, > , � ) at
J

= N (boundary condition),� = � 2(
J
,
M

, � ) at > = 0 (boundary condition),� = � 3(
J
,
M

, � ) at > = C (boundary condition).

Solution:� (
J
,
M

, > , � ) =
�� � 9 :0 9 2 O

0 9 P0

� � 0(

�
, ; , < ) = (

J
,
M

, > ,

�
, ; , < , � ) ? � ? ; ? <

+ 9 :0 9 2 O
0 9 P0

� � 1(

�
, ; , < ) = (

J
,
M

, > ,

�
, ; , < , � ) ? � ? ; ? <

− @ 2 N 9 A0 9 :0 9 2 O
0

� 1( ; , < , B ) & �� � = (
J
,
M

, > ,

�
, ; , < , � − B ) ( * = P ? ; ? < ? B

+ @ 2 9 A0 9 2 O
0 9 P0

� � 2(

�
, ; , B ) & �� < = (

J
,
M

, > ,

�
, ; , < , � − B ) ( E =0

? � ? ; ? B
− @ 2 9 A0 9 2 O

0 9 P0

� � 3(

�
, ; , B ) & �� < = (

J
,
M

, > ,

�
, ; , < , � − B ) ( E = : ?

� ? ; ? B
+ 9 A0 9 :0 9 2 O

0 9 P0

� F (

�
, ; , < , B ) = (

J
,
M

, > ,

�
, ; , < , � − B ) ? � ? ; ? < ? B .

Here,= (
J
,
M

, > ,

�
, ; , < , � ) =

2� N 2 C GQ Ù =0 GQÚ =1 GQ Û =1 R
Ù

[ S TÙ ( U Ù Ú N )]2
� V Ù Ú Û S Ù

( U Ù Ú J
) S Ù

( U Ù Ú W )

× cos[ X (
M

− ; )] sin
K I Y >C L

sin
K I Y <C L

sin Z�[�\ V Ù Ú Û H
,

where V Ù Ú Û
= @ 2 U 2

Ù Ú +
@ 2 I 2 Y 2C 2 + ] , R

Ù
= ^ 1 for X = 0,

2 for X > 0,

the S Ù
( W ) are the Bessel functions (the prime denotes the derivative with respect to the argument),

and the U Ù Ú are positive roots of the transcendental equation S Ù
( U _ ) = 0.
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� ��� �
6.3.2-2. Domain: 0 ≤  ≤ � , 0 ≤ � ≤ 2 � , 0 ≤ � ≤ � . Second boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0(  , � , � ) at � = 0 (initial condition),� � � = � 1(  , � , � ) at � = 0 (initial condition),� � � = � 1( � , � , � ) at  = � (boundary condition),� � � = � 2(  , � , � ) at � = 0 (boundary condition),� � � = � 3(  , � , � ) at � = � (boundary condition).

Solution:� (  , � , � , � ) =
�� � � �

0

� 2 �
0

� �
0 � � 0( � ,  , ! ) " (  , � , � , � ,  , ! , � ) # � #  # !

+
� �

0

� 2 �
0

� �
0 � � 1( � ,  , ! ) " (  , � , � , � ,  , ! , � ) # � #  # !

+ $ 2 � � �
0

� �
0

� 2 �
0

� 1(  , ! , % ) " (  , � , � , � ,  , ! , � − % ) #  # ! # %
− $ 2

� �
0

� 2 �
0

� �
0 � � 2( � ,  , % ) " (  , � , � , � ,  , 0, � − % ) # � #  # %

+ $ 2
� �

0

� 2 �
0

� �
0 � � 3( � ,  , % ) " (  , � , � , � ,  , � , � − % ) # � #  # %

+
� �

0

� �
0

� 2 �
0

� �
0 � & ( � ,  , ! , % ) " (  , � , � , � ,  , ! , � − % ) # � #  # ! # % .

Here," (  , � , � , � ,  , ! , � ) =
sin '(�*) + ,� � 2 � ) + +

2� � 2 � -.0/
=1

1) 1 /
cos 2 3 � 4� 5 cos 2 3 � �� 5 sin ' �76 1 / ,

+
1� � -.98

=0
-.: =1

-. /
=0 ;

8
;

/=<
2

8 : > 8
(

< 8 :  ) > 8
(

< 8 : � )
(

<
2

8 : � 2 − ? 2)[ > 8
(

< 8 : � )]2 cos[ ? ( � −  )] cos 2 3 � 4� 5 cos 2 3 � �� 5 sin( @ 8 : / � )@ 8 : /
,

1 /
=

$ 2 3 2 � 2� 2 + + , @ 8 : /
= A $ 2

<
2

8 : +
$ 2 3 2 � 2� 2 + + , ;

8
= B 1 for ? = 0,

2 for ? > 0,

where the > 8
( � ) are the Bessel functions and the

< 8 : are positive roots of the transcendental equation> C8 (

< � ) = 0.

6.3.2-3. Domain: 0 ≤  ≤ � , 0 ≤ � ≤ 2 � , 0 ≤ � ≤ � . Third boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0(  , � , � ) at � = 0 (initial condition),� � � = � 1(  , � , � ) at � = 0 (initial condition),� � � + 3 1
� = � ( � , � , � ) at  = � (boundary condition),� � � − 3 2
� = � 2(  , � , � ) at � = 0 (boundary condition),� � � + 3 3
� = � 3(  , � , � ) at � = � (boundary condition).

The solution � (  , � , � , � ) is determined by the formula in Paragraph 6.3.2-2 where" (  , � , � , � ,  , ! , � ) =
1� -.98

=0
-.: =1

-.ED
=1 ;

8 <
2

8 : > 8
(

< 8 :  ) > 8
(

< 8 : � ) cos[ ? ( � −  )] F D
( � ) F D

( ! ) sin( @ 8 : D � )
(

<
2

8 : � 2 + 3 2
1 � 2 − ? 2)[ > 8

(

< 8 : � )]2 G F D G 2 @ 8 : D
.
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Here,

;
8

= B 1 for ? = 0,
2 for ? > 0,

@ 8 : D
= H $ 2

<
2

8 : + $ 2 1 2

D
+ + ,F D

( � ) = cos( 1 D � ) + 3 21 D
sin( 1 D � ), G F D G 2 = 3 3

2 1 2

D 1 2

D
+ 3 2

21 2

D
+ 3 2

3
+ 3 2

2 1 2

D
+

�
2

2 1 + 3 2
21 2

D 5 ,

the > 8
( � ) are the Bessel functions, and the

< 8 : and 1 D
are positive roots of the transcendental

equations < > C8 (

< � ) + 3 1 > 8
(

< � ) = 0,
tan( 1 � )1 = 3 2 + 3 31 2 − 3 2 3 3

.

6.3.2-4. Domain: 0 ≤  ≤ � , 0 ≤ � ≤ 2 � , 0 ≤ � ≤ � . Mixed boundary value problems.

1 I . A circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0(  , � , � ) at � = 0 (initial condition),� � � = � 1(  , � , � ) at � = 0 (initial condition),� = � 1( � , � , � ) at  = � (boundary condition),� � � = � 2(  , � , � ) at � = 0 (boundary condition),� � � = � 3(  , � , � ) at � = � (boundary condition).

Solution:� (  , � , � , � ) =
�� � � �

0

� 2 �
0

� �
0 � � 0( � ,  , ! ) " (  , � , � , � ,  , ! , � ) # � #  # !

+
� �

0

� 2 �
0

� �
0 � � 1( � ,  , ! ) " (  , � , � , � ,  , ! , � ) # � #  # !

− $ 2 � � �
0

� �
0

� 2 �
0

� 1(  , ! , % ) J �� � " (  , � , � , � ,  , ! , � − % ) K L
= � #  # ! # %

− $ 2
� �

0

� 2 �
0

� �
0 � � 2( � ,  , % ) " (  , � , � , � ,  , 0, � − % ) # � #  # %

+ $ 2
� �

0

� 2 �
0

� �
0 � � 3( � ,  , % ) " (  , � , � , � ,  , � , � − % ) # � #  # %

+
� �

0

� �
0

� 2 �
0

� �
0 � & ( � ,  , ! , % ) " (  , � , � , � ,  , ! , � − % ) # � #  # ! # % .

Here," (  , � , � , � ,  , ! , � ) =
1� � 2 � -.98

=0
-.: =1

-.0/
=0 ;

8
;

/
[ > C8 (

< 8 : � )]2 ) @ 8 : / > 8
(

< 8 :  ) > 8
(

< 8 : � )

× cos[ ? ( � −  )] cos 2 3 � �� 5 cos 2 3 � !� 5 sin ' � 6 @ 8 : / , ,@ 8 : /
= $ 2

<
2

8 : +
$ 2 3 2 � 2� 2 + + , ;

8
= B 1 for ? = 0,

2 for ? > 0,

where the > 8
( � ) are the Bessel functions (the prime denotes the derivative with respect to the

argument) and the

< 8 : are positive roots of the transcendental equation > 8
(

< � ) = 0.
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� ��� �
2 I . A circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0(  , � , � ) at � = 0 (initial condition),� � � = � 1(  , � , � ) at � = 0 (initial condition),� � � = � 1( � , � , � ) at  = � (boundary condition),� = � 2(  , � , � ) at � = 0 (boundary condition),� = � 3(  , � , � ) at � = � (boundary condition).

Solution:� (  , � , � , � ) =
�� � � �

0

� 2 �
0

� �
0 � � 0( � ,  , ! ) " (  , � , � , � ,  , ! , � ) # � #  # !

+
� �

0

� 2 �
0

� �
0 � � 1( � ,  , ! ) " (  , � , � , � ,  , ! , � ) # � #  # !

+ $ 2 � � �
0

� �
0

� 2 �
0

� 1(  , ! , % ) " (  , � , � , � ,  , ! , � − % ) #  # ! # %
+ $ 2

� �
0

� 2 �
0

� �
0 � � 2( � ,  , % ) J �� ! " (  , � , � , � ,  , ! , � − % ) K M

=0
# � #  # %

− $ 2
� �

0

� 2 �
0

� �
0 � � 3( � ,  , % ) J �� ! " (  , � , � , � ,  , ! , � − % ) K M

= � # � #  # %
+

� �
0

� �
0

� 2 �
0

� �
0 � & ( � ,  , ! , % ) " (  , � , � , � ,  , ! , � − % ) # � #  # ! # % .

Here," (  , � , � , � ,  , ! , � ) =
2� � 2 � -.0/

=1

1) 1 /
sin 2 3 � �� 5 sin 2 3 � !� 5 sin '(�76 1 / ,

+
2� � -.98

=0
-.: =1

-.N/
=1 ;

8 <
2

8 :
(

<
2

8 : � 2 − ? 2)[ > 8
(

< 8 : � )]2 ) @ 8 : / > 8
(

< 8 :  ) > 8
(

< 8 : � )

× cos[ ? ( � −  )] sin 2 3 � �� 5 sin 2 3 � !� 5 sin ' � 6 @ 8 : / , ,1 /
=

$ 2 3 2 � 2� 2 + + , @ 8 : /
= $ 2

<
2

8 : +
$ 2 3 2 � 2� 2 + + , ;

8
= B 1 for ? = 0,

2 for ? > 0,

where the > 8
( � ) are the Bessel functions and the

< 8 : are positive roots of the transcendental equation> C8 (

< � ) = 0.

6.3.2-5. Domain: � 1 ≤  ≤ � 2, 0 ≤ � ≤ 2 � , 0 ≤ � ≤ � . First boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0(  , � , � ) at � = 0 (initial condition),� � � = � 1(  , � , � ) at � = 0 (initial condition),� = � 1( � , � , � ) at  = � 1 (boundary condition),� = � 2( � , � , � ) at  = � 2 (boundary condition),� = � 3(  , � , � ) at � = 0 (boundary condition),� = � 4(  , � , � ) at � = � (boundary condition).
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Solution:� (  , � , � , � ) =
�� � � �

0

� 2 �
0

� �
2�

1

� 0( � ,  , ! ) " (  , � , � , � ,  , ! , � ) � # � #  # !
+

� �
0

� 2 �
0

� �
2�

1

� 1( � ,  , ! ) " (  , � , � , � ,  , ! , � ) � # � #  # !
+ $ 2 � 1

� �
0

� �
0

� 2 �
0

� 1(  , ! , % ) J �� � " (  , � , � , � ,  , ! , � − % ) K L
= �

1

#  # ! # %
− $ 2 � 2

� �
0

� �
0

� 2 �
0

� 2(  , ! , % ) J �� � " (  , � , � , � ,  , ! , � − % ) K L
= �

2

#  # ! # %
+ $ 2

� �
0

� 2 �
0

� �
2�

1

� 3( � ,  , % ) J �� ! " (  , � , � , � ,  , ! , � − % ) K M
=0 � # � #  # %

− $ 2
� �

0

� 2 �
0

� �
2�

1

� 4( � ,  , % ) J �� ! " (  , � , � , � ,  , ! , � − % ) K M
= � � # � #  # %

+
� �

0

� �
0

� 2 �
0

� �
2�

1 & ( � ,  , ! , % ) " (  , � , � , � ,  , ! , � − % ) � # � #  # ! # % .

Here," (  , � , � , � ,  , ! , � ) =
�
2 � -.98

=0
-.: =1

-.0/
=1 ;

8 <
2

8 : > 2

8
(

< 8 : � 2)> 2

8
(

< 8 : � 1) − > 2

8
(

< 8 : � 2) O 8 : (  ) O 8 : ( � )

× cos[ ? ( � −  )] sin 2 3 � �� 5 sin 2 3 � !� 5 sin ' � ) @ 8 : / ,) @ 8 : /
,

where

;
8

= B 1 for ? = 0,
2 for ? ≠ 0,

@ 8 : /
= $ 2

<
2

8 : +
$ 2 3 2 � 2� 2 + + ,O 8 : (  ) = > 8

(

< 8 : � 1) P 8
(

< 8 :  ) − P 8
(

< 8 : � 1) > 8
(

< 8 :  );

the > 8
(  ) and P 8

(  ) are the Bessel functions, and the

< 8 : are positive roots of the transcendental
equation > 8

(

< � 1) P 8
(

< � 2) − P 8
(

< � 1) > 8
(

< � 2) = 0.

6.3.2-6. Domain: � 1 ≤  ≤ � 2, 0 ≤ � ≤ 2 � , 0 ≤ � ≤ � . Second boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0(  , � , � ) at � = 0 (initial condition),� � � = � 1(  , � , � ) at � = 0 (initial condition),� � � = � 1( � , � , � ) at  = � 1 (boundary condition),� � � = � 2( � , � , � ) at  = � 2 (boundary condition),� � � = � 3(  , � , � ) at � = 0 (boundary condition),� � � = � 4(  , � , � ) at � = � (boundary condition).
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� ��� �
Solution:� (  , � , � , � ) =

�� � � �
0

� 2 �
0

� �
2�

1

� 0( � ,  , ! ) " (  , � , � , � ,  , ! , � ) � # � #  # !
+

� �
0

� 2 �
0

� �
2�

1

� 1( � ,  , ! ) " (  , � , � , � ,  , ! , � ) � # � #  # !
− $ 2 � 1

� �
0

� �
0

� 2 �
0

� 1(  , ! , % ) " (  , � , � , � 1,  , ! , � − % ) #  # ! # %
+ $ 2 � 2

� �
0

� �
0

� 2 �
0

� 2(  , ! , % ) " (  , � , � , � 2,  , ! , � − % ) #  # ! # %
− $ 2

� �
0

� 2 �
0

� �
2�

1

� 3( � ,  , % ) " (  , � , � , � ,  , 0, � − % ) � # � #  # %
+ $ 2

� �
0

� 2 �
0

� �
2�

1

� 4( � ,  , % ) " (  , � , � , � ,  , � , � − % ) � # � #  # %
+

� �
0

� �
0

� 2 �
0

� �
2�

1 & ( � ,  , ! , % ) " (  , � , � , � ,  , ! , � − % ) � # � #  # ! # % .

Here," (  , � , � , � ,  , ! , � ) =
sin ' � ) + ,� ( � 2

2 − � 2
1) �Q) + +

2� ( � 2
2 − � 2

1) � -.0/
=1

cos 2 3 � �� 5 cos 2 3 � !� 5 sin ' � ) 1 / ,) 1 /
+

1� � -. 8
=0

-.: =1
-.0/
=0 ;

8
;

/ <
2

8 : O 8 : (  ) O 8 : ( � )
(

<
2

8 : � 2
2 − ? 2) O 2

8 : ( � 2) − (

<
2

8 : � 2
1 − ? 2) O 2

8 : ( � 1)

× cos[ ? ( � −  )] cos 2 3 � �� 5 cos 2 3 � !� 5 sin '(� ) @ 8 : / ,) @ 8 : /
,

where

;
8

= B 1 for ? = 0,
2 for ? ≠ 0, 1 /

=
$ 2 3 2 � 2� 2 + + , @ 8 : /

= $ 2

<
2

8 : +
$ 2 3 2 � 2� 2 + + ,O 8 : (  ) = > C8 (

< 8 : � 1) P 8
(

< 8 :  ) − P C8 (

< 8 : � 1) > 8
(

< 8 :  );

the > 8
(  ) and P 8

(  ) are the Bessel functions, and the

< 8 : are positive roots of the transcendental
equation > C8 (

< � 1) P C8 (

< � 2) − P C8 (

< � 1) > C8 (

< � 2) = 0.

6.3.2-7. Domain: � 1 ≤  ≤ � 2, 0 ≤ � ≤ 2 � , 0 ≤ � ≤ � . Third boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0(  , � , � ) at � = 0 (initial condition),� � � = � 1(  , � , � ) at � = 0 (initial condition),� � � − 3 1
� = � 1( � , � , � ) at  = � 1 (boundary condition),� � � + 3 2
� = � 2( � , � , � ) at  = � 2 (boundary condition),� � � − 3 3
� = � 3(  , � , � ) at � = 0 (boundary condition),� � � + 3 4
� = � 4(  , � , � ) at � = � (boundary condition).
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The solution � (  , � , � , � ) is determined by the formula in Paragraph 6.3.2-6 where" (  , � , � , � ,  , ! , � ) =
1� -.98

=0
-.: =1

-.RD
=1 ;

8 <
2

8 :G F D G 2 6 $ 2

<
2

8 : + $ 2 @ 2

D
+ +

× O 8 : (  ) O 8 : ( � ) cos[ ? ( � −  )] F D
( � ) F D

( ! ) sin ' � 6 $ 2

<
2

8 : + $ 2 @ 2

D
+ + ,

( 3 2
2 � 2

2 +

<
2

8 : � 2
2 − ? 2) O 2

8 : ( � 2) − ( 3 2
1 � 2

1 +

<
2

8 : � 2
1 − ? 2) O 2

8 : ( � 1)
.

Here,O 8 : (  ) = S < 8 : > C8 (

< 8 : � 1) − 3 1 > 8
(

< 8 : � 1) T7P 8
(

< 8 : U )

− S < 8 : P C8 (

< 8 : V 1) − 3 1 P 8
(

< 8 : V 1) T > 8
(

< 8 : U ),

;
8

= B 1 for ? = 0,
2 for ? ≠ 0,

F D
( W ) = cos( @ D W ) + 3 3@ D

sin( @ D W ), G F D G 2 = 3 4

2 @ 2

D @ 2

D
+ 3 2

3@ 2

D
+ 3 2

4
+ 3 3

2 @ 2

D
+ X

2
2 1 + 3 2

3@ 2

D 5 ,

where the > 8
( U ) and P 8

( U ) are the Bessel functions, and the

< 8 : are positive roots of the transcen-
dental equationS < > C8 (

< V 1) − 3 1 > 8
(

< V 1) T S < P C8 (

< V 2) + 3 2 P 8
(

< V 2) T
= S < P C8 (

< V 1) − 3 1 P 8
(

< V 1) T S < > C8 (

< V 2) + 3 2 > 8
(

< V 2) T ,

and the @ D
are positive roots of the transcendental equation

tan( @ X )@ = 3 3 + 3 4@ 2 − 3 3 3 4
.

6.3.2-8. Domain: V 1 ≤ U ≤ V 2, 0 ≤ Y ≤ 2 Z , 0 ≤ W ≤ X . Mixed boundary value problems.

1 I . A hollow circular cylinder of finite length is considered. The following conditions are prescribed:[ = \ 0( U , Y , W ) at ] = 0 (initial condition),^ _ [ = \ 1( U , Y , W ) at ] = 0 (initial condition),[ = ` 1( Y , W , ] ) at U = V 1 (boundary condition),[ = ` 2( Y , W , ] ) at U = V 2 (boundary condition),^ a [ = ` 3( U , Y , ] ) at W = 0 (boundary condition),^ a [ = ` 4( U , Y , ] ) at W = X (boundary condition).

Solution:[ ( U , Y , W , ] ) =
^^ ] b c0 b 2 d

0 b e 2

e 1

\ 0( f , g , h ) i ( U , Y , W , f , g , h , ] ) f j f j g j h
+ b c0 b 2 d

0 b e 2

e 1

\ 1( f , g , h ) i ( U , Y , W , f , g , h , ] ) f j f j g j h
+ k 2 V 1 b _

0 b c0 b 2 d
0

` 1( g , h , l ) J ^^ f i ( U , Y , W , f , g , h , ] − l ) K L
= e 1

j g j h j l
− k 2 V 2 b _

0 b c0 b 2 d
0

` 2( g , h , l ) J ^^ f i ( U , Y , W , f , g , h , ] − l ) K L
= e 2

j g j h j l
− k 2 b _

0 b 2 d
0 b e 2

e 1

` 3( f , g , l ) i ( U , Y , W , f , g , 0, ] − l ) f j f j g j l
+ k 2 b _

0 b 2 d
0 b e 2

e 1

` 4( f , g , l ) i ( U , Y , W , f , g , X , ] − l ) f j f j g j l
+ b _

0 b c0 b 2 d
0 b e 2

e 1 m ( f , g , h , l ) i ( U , Y , W , f , g , h , ] − l ) f j f j g j h j l .
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n�p s
Here,i ( U , Y , W , f , g , h , ] ) =

Z
4 X z{9| =0 z{} =1 z{0~ =0 �

|
�

~ �
2

| } � 2

|
(

� | } � 2)� 2

|
(

� | } � 1) − � 2

|
(

� | } � 2) � | } ( � ) � | } ( f )

× cos[ � ( � − g )] cos � � � �� 5 cos � � � h� 5 sin �(� ) � | } ~ �
) � | } ~

,

where

�
|

= � 1 for � = 0,
2 for � ≠ 0, � | } ~

= k 2

�
2

| } +
k 2 � 2 � 2� 2 + � ,� | } ( � ) = � |

(

� | } � 1) � |
(

� | } � ) − � |
(

� | } � 1) � |
(

� | } � );

the � |
( � ) and � |

( � ) are the Bessel functions, and the

� | } are positive roots of the transcendental
equation � |

(

� � 1) � |
(

� � 2) − � |
(

� � 1) � |
(

� � 2) = 0.

2 � . A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , � , � ) at � = 0 (initial condition),� � � = � 1( � , � , � ) at � = 0 (initial condition),� � � = � 1( � , � , � ) at � = � 1 (boundary condition),� � � = � 2( � , � , � ) at � = � 2 (boundary condition),� = � 3( � , � , � ) at � = 0 (boundary condition),� = � 4( � , � , � ) at � =
�

(boundary condition).

Solution:� ( � , � , � , � ) =
�� � b c0 b 2 d

0 b e 2

e 1

� 0( f , g , h ) i ( � , � , � , f , g , h , � ) f j f j g j h
+ b c0 b 2 d

0 b e 2

e 1

� 1( f , g , h ) i ( � , � , � , f , g , h , � ) f j f j g j h
− k 2 � 1 b �

0 b c0 b 2 d
0

� 1( g , h , l ) i ( � , � , � , � 1, g , h , � − l ) j g j h j l
+ k 2 � 2 b �

0 b c0 b 2 d
0

� 2( g , h , l ) i ( � , � , � , � 2, g , h , � − l ) j g j h j l
+ k 2 b �

0 b 2 d
0 b e 2

e 1

� 3( f , g , l ) � �� h i ( � , � , � , f , g , h , � − l ) � �
=0

f j f j g j l
− k 2 b �

0 b 2 d
0 b e 2

e 1

� 4( f , g , l ) � �� h i ( � , � , � , f , g , h , � − l ) � �
= c f j f j g j l

+ b �
0 b c0 b 2 d

0 b e 2

e 1 m ( f , g , h , l ) i ( � , � , � , f , g , h , � − l ) f j f j g j h j l .

Here,i ( � , � , � , f , g , h , � ) =
2� ( � 2

2 − � 2
1)

� z{0~ =1

sin � � � �� � sin � � � h� � sin �(� ) � ~ �
) � ~

+
2� � z{9| =0 z{} =1 z{ ~ =1 �

| �
2

| } � | } ( � ) � | } ( f )
(

�
2

| } � 2
2 − � 2) � 2

| } ( � 2) − (

�
2

| } � 2
1 − � 2) � 2

| } ( � 1)

× cos[ � ( � − g )] sin � � � �� � sin � � � h� � sin �(� ) � | } ~ �
) � | } ~

,
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where

�
|

= � 1 for � = 0,
2 for � ≠ 0, � ~

=
k 2 � 2 � 2� 2 + � , � | } ~

= k 2

�
2

| } +
k 2 � 2 � 2� 2 + � ,� | } ( � ) = � �| (

� | } � 1) � |
(

� | } � ) − � �| (

� | } � 1) � |
(

� | } � );

the � |
( � ) and � |

( � ) are the Bessel functions, and the

� | } are positive roots of the transcendental
equation � �| (

� � 1) � �| (

� � 2) − � �| (

� � 1) � �| (

� � 2) = 0.

6.3.2-9. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ � 0, 0 ≤ � ≤
�
. First boundary value problem.

A cylindrical sector of finite thickness is considered. The following conditions are prescribed:� = � 0( � , � , � ) at � = 0 (initial condition),� � � = � 1( � , � , � ) at � = 0 (initial condition),� = � 1( � , � , � ) at � = � (boundary condition),� = � 2( � , � , � ) at � = 0 (boundary condition),� = � 3( � , � , � ) at � = � 0 (boundary condition),� = � 4( � , � , � ) at � = 0 (boundary condition),� = � 5( � , � , � ) at � =
�

(boundary condition).

Solution:� ( � , � , � , � ) =
�� �   c0   ¡ 0

0   e0
� 0( f , g , ¢ ) £ ( � , � , � , f , g , ¢ , � ) f ¤ f ¤ g ¤ ¢

+   c0   ¡ 0

0   e0
� 1( f , g , ¢ ) £ ( � , � , � , f , g , ¢ , � ) f ¤ f ¤ g ¤ ¢

− ¥ 2 �   �
0   c0   ¡ 0

0
� 1( g , ¢ , ¦ ) � �� f £ ( � , � , � , f , g , ¢ , � − ¦ ) � §

= e ¤ g ¤ ¢ ¤ ¦
+ ¥ 2   �

0   c0   e0
� 2( f , ¢ , ¦ )

1f � �� g £ ( � , � , � , f , g , ¢ , � − ¦ ) � ¨
=0

¤ f ¤ ¢ ¤ ¦
− ¥ 2   �

0   c0   e0
� 3( f , ¢ , ¦ )

1f � �� g £ ( � , � , � , f , g , ¢ , � − ¦ ) � ¨
= ¡ 0

¤ f ¤ ¢ ¤ ¦
+ ¥ 2   �

0   ¡ 0

0   e0
� 4( f , g , ¦ ) � �� ¢ £ ( � , � , � , f , g , ¢ , � − ¦ ) � �

=0
f ¤ f ¤ g ¤ ¦

− ¥ 2   �
0   ¡ 0

0   e0
� 5( f , g , ¦ ) � �� ¢ £ ( � , � , � , f , g , ¢ , � − ¦ ) � �

= c f ¤ f ¤ g ¤ ¦
+   �

0   c0   ¡ 0

0   e0 © ( f , g , ¢ , ¦ ) £ ( � , � , � , f , g , ¢ , � − ¦ ) f ¤ f ¤ g ¤ ¢ ¤ ¦ .

Here,£ ( � , � , � , f , g , ¢ , � ) =
8� 2 � � 0 ª«9¬ =1 ª« =1 ª«0® =1 ¯

¬ d ° ¡ 0 ( ± ¬  ² ) ¯
¬ d ° ¡ 0 ( ± ¬  f )

[ ¯ �¬ d ° ¡ 0
( ± ¬  ³ )]2 sin ´ µ ¶ ·· 0 ¸ sin ´ µ ¶ g· 0 ¸

× sin ´ ¹ ¶ º» ¸ sin ´ ¹ ¶ ¢» ¸ sin ¼(½7¾ ¥ 2 ± 2

¬  + ¥ 2 ¹ 2 ¶ 2 » −2 + ¿ À¾ ¥ 2 ± 2

¬  + ¥ 2 ¹ 2 ¶ 2 » −2 + ¿ ,

where the ¯
¬ d ° ¡ 0 ( ² ) are the Bessel functions and the ± ¬  are positive roots of the transcendental

equation ¯
¬ d ° ¡ 0 ( ± ³ ) = 0.
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Á�Ã Æ
6.3.2-10. Domain: 0 ≤ ² ≤ ³ , 0 ≤ · ≤ · 0, 0 ≤ º ≤

»
. Mixed boundary value problem.

A cylindrical sector of finite thickness is considered. The following conditions are prescribed:� = � 0( ² , · , º ) at ½ = 0 (initial condition),Ì Í � = � 1( ² , · , º ) at ½ = 0 (initial condition),� = Î 1( · , º , ½ ) at ² = ³ (boundary condition),� = Î 2( ² , º , ½ ) at · = 0 (boundary condition),� = Î 3( ² , º , ½ ) at · = · 0 (boundary condition),Ì Ï � = Î 4( ² , · , ½ ) at º = 0 (boundary condition),Ì Ï � = Î 5( ² , · , ½ ) at º =
»

(boundary condition).

Solution:� ( ² , · , º , ½ ) =
ÌÌ ½ Ð Ñ0 Ð Ò 0

0 Ð e0
� 0( f , g , Ó ) Ô ( ² , · , º , f , g , Ó , ½ ) f Õ f Õ g Õ Ó

+ Ð Ñ0 Ð Ò 0

0 Ð e0
� 1( f , g , Ó ) Ô ( ² , · , º , f , g , Ó , ½ ) f Õ f Õ g Õ Ó

− Ö 2 ³ Ð Í
0 Ð Ñ0 Ð Ò 0

0
Î 1( g , Ó , × ) Ø ÌÌ f Ô ( Ù , · , º , f , g , Ó , ½ − × ) Ú Û

= e Õ g Õ Ó Õ ×
+ Ö 2 Ð Í

0 Ð Ñ0 Ð e0
Î 2( f , Ó , × )

1f Ø ÌÌ g Ô ( Ù , · , º , f , g , Ó , ½ − × ) Ú Ü
=0

Õ f Õ Ó Õ ×
− Ö 2 Ð Í

0 Ð Ñ0 Ð e0
Î 3( f , Ó , × )

1f Ø ÌÌ g Ô ( Ù , · , º , f , g , Ó , ½ − × ) Ú Ü
= Ò 0

Õ f Õ Ó Õ ×
− Ö 2 Ð Í

0 Ð Ò 0

0 Ð e0
Î 4( f , g , × ) Ô ( Ù , · , º , f , g , 0, ½ − × ) f Õ f Õ g Õ ×

+ Ö 2 Ð Í
0 Ð Ò 0

0 Ð e0
Î 5( f , g , × ) Ô ( Ù , · , º , f , g ,

»
, ½ − × ) f Õ f Õ g Õ ×

+ Ð Í
0 Ð Ñ0 Ð Ò 0

0 Ð e0 Ý ( f , g , Ó , × ) Ô ( Ù , · , º , f , g , Ó , ½ − × ) f Õ f Õ g Õ Ó Õ × .

Here,Ô ( Ù , · , º , f , g , Ó , ½ ) =
4³ 2 » · 0 Þß9à =1 Þßá =1 Þß0â =0 ã

â
¯
à d ä Ò 0 ( å à á Ù ) ¯

à d ä Ò 0 ( å à á f )
[ ¯ æ

à d ä Ò 0
( å à á ç )]2 sin ´ µ ¶ ·· 0 ¸ sin ´ µ ¶ g· 0 ¸

× cos ´ ¹ ¶ º» ¸ cos ´ ¹ ¶ Ó» ¸ sin ¼(½7¾ Ö 2 å 2

à á + Ö 2 ¹ 2 ¶ 2 » −2 + ¿ À¾ Ö 2 å 2

à á + Ö 2 ¹ 2 ¶ 2 » −2 + ¿ ,

where ã 0 = 1 and ã
â

= 2 for ¹ ≥ 1; the ¯
à d ä Ò 0 ( Ù ) are the Bessel functions; and the å à á are positive

roots of the transcendental equation ¯
à d ä Ò 0( å ç ) = 0.

6.3.3. Problems in Spherical Coordinates
A nonhomogeneous Klein–Gordon equation in the spherical coordinate system is written asÌ 2 èÌ ½ 2 = Ö 2 Ø 1Ù 2

ÌÌ Ù ´ Ù 2
Ì èÌ Ù ¸ +

1Ù 2 sin é ÌÌ é ´ sin é Ì èÌ é ¸ +
1Ù 2 sin2 é Ì 2 èÌ · 2 Ú − ¿ è + Ý ( Ù , é , · , ½ ).

One-dimensional problems with central symmetry that have solutions of the form è = è ( Ù , ½ )
are treated in Subsection 4.2.6.
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430 HYPERBOLIC EQUATIONS WITH THREE OR MORE SPACE VARIABLES

6.3.3-1. Domain: 0 ≤ Ù ≤ ç , 0 ≤ é ≤ ¶ , 0 ≤ · ≤ 2 ¶ . First boundary value problem.

A spherical domain is considered. The following conditions are prescribed:è = ê 0( Ù , é , · ) at ½ = 0 (initial condition),Ì Í è = ê 1( Ù , é , · ) at ½ = 0 (initial condition),è = Î ( é , · , ½ ) at Ù = ç (boundary condition).

Solution:è ( Ù , é , · , ½ ) =
ÌÌ ½ Ð 2 d

0 Ð d
0 Ð e0

ê 0( f , g , Ó ) Ô ( Ù , é , · , f , g , Ó , ½ ) f 2 sin g Õ f Õ g Õ Ó
+ Ð 2 d

0 Ð d
0 Ð e0

ê 1( f , g , Ó ) Ô ( Ù , é , · , f , g , Ó , ½ ) f 2 sin g Õ f Õ g Õ Ó
− Ö 2 ç 2 Ð Í

0 Ð 2 d
0 Ð d

0
Î ( g , Ó , × ) Ø ÌÌ f Ô ( Ù , é , · , f , g , Ó , ½ − × ) Ú Û

= e sin g Õ g Õ Ó Õ ×
+ Ð Í

0 Ð 2 d
0 Ð d

0 Ð e0 Ý ( f , g , Ó , × ) Ô ( Ù , é , · , f , g , Ó , ½ − × ) f 2 sin g Õ f Õ g Õ Ó Õ × .

Here,Ô ( Ù , é , · , f , g , Ó , ½ ) =
1

2 ¶ ç 2 ë Ù f Þß à =0 Þßá =1

àß0â
=0 ã

â ì à á â
¯
à

+1 ä 2( í à á Ù ) ¯
à

+1 ä 2( í à á f )

× î âà
(cos é ) î âà

(cos g ) cos[ ¹ ( · − Ó )] sin ¼(½7ï Ö 2 í 2

à á + ð ñ ,

where

ã
â

= ò 1 for ó = 0,
2 for ó ≠ 0,

ì à á â
=

(2 ô + 1)( ô − ó )!
( ô + ó )! [ õ æ

à
+1 ä 2( í à á ç )]2 ö ÷ 2 í 2

à á + ð ;

the õ à
+1 ä 2( ø ) are the Bessel functions, the î âà

( å ) are the associated Legendre functions expressed
in terms of the Legendre polynomials î à

( å ) asî âà
( å ) = (1 − å 2)

â ä 2 ù úù å ú î û ( å ), î û ( å ) =
1ô ! 2 û ù ûù å û ( å 2 − 1) û ,

and the í û ü are positive roots of the transcendental equation õ û +1 ý 2( í þ ) = 0.

6.3.3-2. Domain: 0 ≤ ø ≤ þ , 0 ≤ ÿ ≤ � , 0 ≤ � ≤ 2 � . Second boundary value problem.

A spherical domain is considered. The following conditions are prescribed:� = � 0( ø , ÿ , � ) at � = 0 (initial condition),Ì Í � = � 1( ø , ÿ , � ) at � = 0 (initial condition),Ì � � = � ( ÿ , � , � ) at ø = þ (boundary condition).

Solution:� ( ø , ÿ , � , � ) =
ÌÌ � � 2 �

0

� �
0

� 	
0

� 0( 
 , g , � ) � ( ø , ÿ , � , 
 , g , � , � ) 
 2 sin g ù 
 ù g ù �
+

� 2 �
0

� �
0

� 	
0

� 1( 
 , g , � ) � ( ø , ÿ , � , 
 , g , � , � ) 
 2 sin g ù 
 ù g ù �
+ ÷ 2 þ 2

� Í
0

� 2 �
0

� �
0

� ( g , � ,  ) � ( ø , ÿ , � , þ , g , � , � −  ) sin g ù g ù � ù 
+

� Í
0

� 2 �
0

� �
0

� 	
0 � ( 
 , g , � ,  ) � ( ø , ÿ , � , 
 , g , � , � −  ) 
 2 sin g ù 
 ù g ù � ù  .
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6.3. EQUATIONS OF THE FORM � 2 ���� 2 = � 2 �
3 � − � � + � ( � , � , � , Ë ) 431

Here,� ( ø , ÿ , � , 
 , g , � , � ) =
3 sin ����� ð ñ

4 � þ 3 � ð +
1

2 � � ø 
 � û =0
� ü =1

û ú =0 ! ú " û ü úö ÷ 2 # 2û ü + ð õ û +1 ý 2( # û ü ø ) õ û +1 ý 2( # û ü 
 )

× $ úû (cos ÿ ) $ úû (cos g ) cos[ ó ( � − � )] sin ���7ï ÷ 2 # 2û ü + ð ñ ,

where

! ú = ò 1 for ó = 0,
2 for ó ≠ 0, " û ü ú =

# 2û ü (2 ô + 1)( ô − ó )!

( ô + ó )! % þ 2 # 2û ü − ô ( ô + 1) & % õ û +1 ý 2( # û ü þ ) & 2 ;

the õ û +1 ý 2( ø ) are the Bessel functions, the $ úû ( ' ) are the associated Legendre functions (see Paragraph
6.3.3-1), and the # û ü are positive roots of the transcendental equation

2 # þ õ (û +1 ý 2( # þ ) − õ û +1 ý 2( # þ ) = 0.

6.3.3-3. Domain: 0 ≤ ø ≤ þ , 0 ≤ ÿ ≤ � , 0 ≤ � ≤ 2 � . Third boundary value problem.

A spherical domain is considered. The following conditions are prescribed:� = � 0( ø , ÿ , � ) at � = 0 (initial condition),) * � = � 1( ø , ÿ , � ) at � = 0 (initial condition),) � � + ó � = � ( ÿ , � , � ) at ø = þ (boundary condition).

The solution � ( ø , ÿ , � , � ) is determined by the formula in Paragraph 6.3.3-2 where� ( ø , ÿ , � , 
 , g , � , � ) =
1

2 � � ø 
 � û =0
� ü =1

û ,+
=0 !

+ " û ü +ö ÷ 2 # 2û ü + ð õ û +1 ý 2( # û ü ø ) õ û +1 ý 2( # û ü 
 )

× $ +û (cos ÿ ) $ +û (cos g ) cos[ - ( � − � )] sin ���/. ÷ 2 # 2û ü + 0 1 .

Here,

!
+

= 2 1 for - = 0,
2 for - ≠ 0, " û ü +

=
# 2û ü (2 3 + 1)( 3 − - )!

( 3 + - )! % þ 2 # 2û ü + ( 4 þ + 3 )( 4 þ − 3 − 1) & %65 û +1 ý 2( # û ü þ ) & 2 ;

the 5 û +1 ý 2( ø ) are the Bessel functions, the $ +û ( ' ) are the associated Legendre functions (see
Paragraph 6.3.3-1), and the # û ü are positive roots of the transcendental equation# þ 5 (û +1 ý 2( # þ ) + �74 þ − 1

2 1 5 û +1 ý 2( # þ ) = 0.

6.3.3-4. Domain: þ 1 ≤ ø ≤ þ 2, 0 ≤ ÿ ≤ � , 0 ≤ � ≤ 2 � . First boundary value problem.

A spherical layer is considered. The following conditions are prescribed:� = � 0( ø , ÿ , � ) at � = 0 (initial condition),) * � = � 1( ø , ÿ , � ) at � = 0 (initial condition),� = � 1( ÿ , � , � ) at ø = þ 1 (boundary condition),� = � 2( ÿ , � , � ) at ø = þ 2 (boundary condition).
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432 HYPERBOLIC EQUATIONS WITH THREE OR MORE SPACE VARIABLES

Solution:� ( ø , ÿ , � , � ) =
)) � � 2 �

0

� �
0

� 	
2	

1

� 0( 
 , g , � ) � ( ø , ÿ , � , 
 , g , � , � ) 
 2 sin g ù 
 ù g ù �
+

� 2 �
0

� �
0

� 	
2	

1

� 1( 
 , g , � ) � ( ø , ÿ , � , 
 , g , � , � ) 
 2 sin g ù 
 ù g ù �
+ ÷ 2 þ 2

1

� *
0

� 2 �
0

� �
0

� 1( g , � ,  ) 8 )) 
 � ( ø , ÿ , � , 
 , g , � , � −  ) 9 :
= 	

1

sin g ù g ù � ù 
− ÷ 2 þ 2

2

� *
0

� 2 �
0

� �
0

� 2( g , � ,  ) 8 )) 
 � ( ø , ÿ , � , 
 , g , � , � −  ) 9 :
= 	

2

sin g ù g ù � ù 
+

� *
0

� 2 �
0

� �
0

� 	
2	

1 � ( 
 , g , � ,  ) � ( ø , ÿ , � , 
 , g , � , � −  ) 
 2 sin g ù 
 ù g ù � ù  ,

where� ( ø , ÿ , � , 
 , g , � , � ) =
�

8 � ø 
 � û =0
� ü =1

û ú =0 ! ú " û ü ú; <
2 # 2= > + 0 ? =

+1 @ 2( # = > A ) ? =
+1 @ 2( # = > 
 )

× $ ú= (cos B ) $ ú= (cos g ) cos[ 4 ( C − � )] sin ���/. <
2 # 2= > + 0 1 .

Here, ? =
+1 @ 2( # = > A ) = 5 =

+1 @ 2( # = > D
1) E =

+1 @ 2( # = > A ) − E =
+1 @ 2( # = > D

1) 5 =
+1 @ 2( # = > A ),

! ú = 2 1 for 4 = 0,
2 for 4 ≠ 0, " = > ú =

# = > (2 3 + 1)( 3 − 4 )! 5 2=
+1 @ 2( # = > D

2)

( 3 + 4 )! [ 5 2=
+1 @ 2( # = > D

1) − 5 2=
+1 @ 2( # = > D

2)]
,

where the 5 =
+1 @ 2( A ) are the Bessel functions, the $ ú= ( ' ) are the associated Legendre functions

expressed in terms of the Legendre polynomials $ = ( ' ) as$ ú= ( ' ) = (1 − ' 2) ú @ 2 F úF ' ú $ = ( ' ), $ = ( ' ) =
13 ! 2

= F =F ' = ( ' 2 − 1)
=

,

and the # = > are positive roots of the transcendental equation ? =
+1 @ 2( # D

2) = 0.

6.3.3-5. Domain: D
1 ≤ A ≤ D

2, 0 ≤ B ≤ G , 0 ≤ C ≤ 2 G . Second boundary value problem.
A spherical layer is considered. The following conditions are prescribed:H = I 0( A , B , C ) at J = 0 (initial condition),) * H = I 1( A , B , C ) at J = 0 (initial condition),) K H = L 1( B , C , J ) at A = D

1 (boundary condition),) K H = L 2( B , C , J ) at A = D
2 (boundary condition).

Solution:H ( A , B , C , J ) =
)) J M 2 N

0 M N
0 M O 2

O 1

I 0( P , Q , R ) S ( A , B , C , P , Q , R , J ) P 2 sin Q F P F Q F R
+ M 2 N

0 M N
0 M O 2

O 1

I 1( P , Q , R ) S ( A , B , C , P , Q , R , J ) P 2 sin Q F P F Q F R
− T 2 D 2

1 M U0 M 2 N
0 M N

0
L 1( Q , R , V ) S ( W , X , C , D

1, Q , R , J − V ) sin Q F Q F R F V
+ T 2 D 2

2 M U0 M 2 N
0 M N

0
L 2( Q , R , V ) S ( W , X , C , D

2, Q , R , J − V ) sin Q F Q F R F V
+ M U0 M 2 N

0 M N
0 M O 2

O 1 Y ( P , Q , R , V ) S ( W , X , Z , P , Q , R , J − V ) P 2 sin Q F P F Q F R F V ,
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whereS ( W , X , Z , P , Q , R , J ) =
3 sin f�J�g h i

4 j ( k 3
2 − k 3

1) g h +
1

4 j g W P lmon
=0

lmp =1

nmrq
=0 s

qt n p q u n
+1 v 2( w n p W )

u n
+1 v 2( w n p P )

× x qn
(cos X ) x qn

(cos Q ) cos[ y ( Z − R )]
sin f�z/{ T 2 w 2

n p + h i{ T 2 w 2

n p + h .

Here,

s
q

= | 1 for y = 0,
2 for y ≠ 0,

t n p q
=

( } + y )!
(2 } + 1)( } − y )! M O 2

O 1

W u
2

n
+1 v 2( w n p W ) ~ W ,u n

+1 v 2( w n p W ) = ��w n p � �n +1 v 2( w n p k 1) −
1

2 k 1
� n

+1 v 2( w n p k 1) � � n
+1 v 2( w n p W )

− ��w n p � �n +1 v 2( w n p k 1) −
1

2 k 1
� n

+1 v 2( w n p k 1) � � n
+1 v 2( w n p W ),

where the � n
+1 v 2( W ) and � n

+1 v 2( W ) are the Bessel functions, the x qn
( � ) are the associated Legendre

functions (see Paragraph 6.3.3-4), and the w n p are positive roots of the transcendental equationw u �n +1 v 2( w k 2) −
1

2 k 2

u n
+1 v 2( w k 2) = 0.

6.3.3-6. Domain: k 1 ≤ W ≤ k 2, 0 ≤ X ≤ j , 0 ≤ Z ≤ 2 j . Third boundary value problem.

A spherical layer is considered. The following conditions are prescribed:� = � 0( W , X , Z ) at z = 0 (initial condition),� U � = � 1( W , X , Z ) at z = 0 (initial condition),� � � − y 1
� = � 1( X , Z , z ) at W = k 1 (boundary condition),� � � + y 2
� = � 2( X , Z , z ) at W = k 2 (boundary condition).

The solution � ( W , X , Z , z ) is determined by the formula in Paragraph 6.3.3-5 whereS ( W , X , Z , P , Q , R , z ) =
1

4 j g W P lm�n
=0

lmp =1

nm,�
=0 s

�t n p � u n
+1 v 2( w n p W )

u n
+1 v 2( w n p P )

× x �n
(cos X ) x �n

(cos Q ) cos[ � ( Z − R )]
sin f�z/{ T 2 w 2

n p + h i{ T 2 w 2

n p + h .

Here,

s
�

= | 1 for � = 0,
2 for � ≠ 0,

t n p �
=

( } + � )!
(2 } + 1)( } − � )! M O 2

O 1

W u
2

n
+1 v 2( w n p W ) ~ W ,u n

+1 v 2( w W ) = ��w � �n +1 v 2( w k 1) − � y 1 +
1

2 k 1 � � n
+1 v 2( w k 1) � � n

+1 v 2( w W )

− ��w � �n +1 v 2( w k 1) − � y 1 +
1

2 k 1 � � n
+1 v 2( w k 1) � � n

+1 v 2( w W ),

where the � n
+1 v 2( W ) and � n

+1 v 2( W ) are the Bessel functions, the x �n
( � ) are the associated Legendre

functions (see Paragraph 6.3.3-4), and the w n p are positive roots of the transcendental equationw u �n +1 v 2( w k 2) + � y 2 −
1

2 k 2 � u n
+1 v 2( w k 2) = 0.
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6.4. Telegraph Equation� 2 �� � 2 + � � �� � = � 2 �
3 � – � � + � ( � , � , � ,

�
)

6.4.1. Problems in Cartesian Coordinates
A three-dimensional nonhomogeneous telegraph equation in the rectangular Cartesian system of
coordinates has the form� 2 �� � 2 + � � �� � = � 2 � � 2 �� � 2 +

� 2 �� � 2 +
� 2 ��   2 � − ¡ � + ¢ (

�
,
�

,
 
,
�
).

6.4.1-1. Reduction to the three-dimensional Klein–Gordon equation.

The substitution � (
�

,
�

,
 
,
�
) = exp £ − 1

2 � �¥¤/¦
(
�

,
�

,
 
,
�
) leads to the equation� 2 ¦� � 2 = � 2 � � 2 ¦� � 2 +

� 2 ¦� � 2 +
� 2 ¦�   2 � − £7¡ − 1

4 � 2 ¤/¦
+ exp £ 1

2 � �¥¤ ¢ (
�

,
�

,
 
,
�
),

which is discussed in Subsection 6.3.1.

6.4.1-2. Domain: 0 ≤
�

≤ § 1, 0 ≤
�

≤ § 2, 0 ≤
 

≤ § 3. First boundary value problem.

A rectangular parallelepiped is considered. The following conditions are prescribed:¨ = © 0(
�

,
�

,
 
) at

�
= 0 (initial condition),ª « ¨ = © 1(

�
,
�

,
 
) at

�
= 0 (initial condition),¨ = ¬ 1(

�
,
 
,
�
) at

�
= 0 (boundary condition),¨ = ¬ 2(

�
,
 
,
�
) at

�
= § 1 (boundary condition),¨ = ¬ 3(

�
,
 
,
�
) at

�
= 0 (boundary condition),¨ = ¬ 4(

�
,
 
,
�
) at

�
= § 2 (boundary condition),¨ = ¬ 5(

�
,
�

,
�
) at

 
= 0 (boundary condition),¨ = ¬ 6(

�
,
�

,
�
) at

 
= § 3 (boundary condition).

Solution:¨ (
�

,
�

,
 
,
�
) =

ªª �  ® 3
0

 ® 2
0

 ® 1
0

© 0( ¯ , ° , ± ) ² (
�

,
�

,
 
, ¯ , ° , ± ,

�
) ³ ¯ ³ ° ³ ±

+  ® 3
0

 ® 2
0

 ® 1
0 ´ © 1( ¯ , ° , ± ) + � © 0( ¯ , ° , ± ) µ/² (

�
,
�

,
 
, ¯ , ° , ± ,

�
) ³ ¯ ³ ° ³ ±

+ � 2  «
0

 ® 3
0

 ® 2
0

¬ 1( ° , ± , ¶ ) · ªª ¯ ² (
�

,
�

,
 
, ¯ , ° , ± ,

�
− ¶ ) ¸ ¹

=0
³ ° ³ ± ³ ¶

− � 2  «
0

 ® 3
0

 ® 2
0

¬ 2( ° , ± , ¶ ) · ªª ¯ ² (
�

,
�

,
 
, ¯ , ° , ± ,

�
− ¶ ) ¸ ¹

= ® 1 ³ ° ³ ± ³ ¶
+ � 2  «

0
 ® 3

0
 ® 1

0
¬ 3( ¯ , ± , ¶ ) · ªª ° ² (

�
,
�

,
 
, ¯ , ° , ± ,

�
− ¶ ) ¸ º

=0
³ ¯ ³ ± ³ ¶

− � 2  «
0

 ® 3
0

 ® 1
0

¬ 4( ¯ , ± , ¶ ) · ªª ° ² (
�

,
�

,
 
, ¯ , ° , ± ,

�
− ¶ ) ¸ º

= ® 2 ³ ¯ ³ ± ³ ¶
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+ � 2  «
0

 ® 2
0

 ® 1
0

¬ 5( ¯ , ° , ¶ ) · ªª ± ² (
�

,
�

,
 
, ¯ , ° , ± ,

�
− ¶ ) ¸ È

=0
³ ¯ ³ ° ³ ¶

− � 2  «
0

 ® 2
0

 ® 1
0

¬ 6( ¯ , ° , ¶ ) · ªª ± ² (
�

,
�

,
 
, ¯ , ° , ± ,

�
− ¶ ) ¸ È

= ® 3 ³ ¯ ³ ° ³ ¶
+  «

0
 ® 3

0
 ® 2

0
 ® 1

0
¢ ( ¯ , ° , ± , ¶ ) ² (

�
,
�

,
 
, ¯ , ° , ± ,

�
− ¶ ) ³ ¯ ³ ° ³ ± ³ ¶ .

Here,² (
�

,
�

,
 
, ¯ , ° , ± ,

�
) =

8§ 1 § 2 § 3 exp £ − 1
2 � � ¤ ÉÊ�Ë

=1

ÉÊÌ =1

ÉÊ,Í
=1

1Î Ï Ë Ì Í
sin( Ð Ë �

) sin( Ñ Ì �
) sin( Ò Í  

)

× sin( Ð Ë ¯ ) sin( Ñ Ì ° ) sin( Ò Í ± ) sin £ �/Ó Ï Ë Ì Í Ô
,

where Ð Ë
= Õ Ö×

1
, Ñ Ì = Ø Ö×

2
, Ò Í

= ÙÚÖ×
3

,
Ï Ë Ì Í

= Û 2( Ð 2

Ë
+ Ñ 2Ì + Ò 2

Í
) + Ü − 1

4 Ý 2.

6.4.1-3. Domain: 0 ≤ Þ ≤
×
1, 0 ≤ ß ≤

×
2, 0 ≤ à ≤

×
3. Second boundary value problem.

A rectangular parallelepiped is considered. The following conditions are prescribed:á = â 0( Þ , ß , à ) at ã = 0 (initial condition),ä å á = â 1( Þ , ß , à ) at ã = 0 (initial condition),ä æ á = ç 1( ß , à , ã ) at Þ = 0 (boundary condition),ä æ á = ç 2( ß , à , ã ) at Þ =
×
1 (boundary condition),ä è á = ç 3( Þ , à , ã ) at ß = 0 (boundary condition),ä è á = ç 4( Þ , à , ã ) at ß =

×
2 (boundary condition),ä é á = ç 5( Þ , ß , ã ) at à = 0 (boundary condition),ä é á = ç 6( Þ , ß , ã ) at à =
×
3 (boundary condition).

Solution:á ( Þ , ß , à , ã ) =
ää ã ê ë 30 ê ë 20 ê ë 10

â 0( ì , í , î ) ï ( Þ , ß , à , ì , í , î , ã ) ð ì ð í ð î
+ ê ë 30 ê ë 20 ê ë 10 ñ â 1( ì , í , î ) + Ý â 0( ì , í , î ) òÚï ( Þ , ß , à , ì , í , î , ã ) ð ì ð í ð î
− Û 2 ê å

0 ê ë 30 ê ë 20
ç 1( í , î , ó ) ï ( Þ , ß , à , 0, í , î , ã − ó ) ð í ð î ð ó

+ Û 2 ê å
0 ê ë 30 ê ë 20

ç 2( í , î , ó ) ï ( Þ , ß , à ,
×
1, í , î , ã − ó ) ð í ð î ð ó

− Û 2 ê å
0 ê ë 30 ê ë 10

ç 3( ì , î , ó ) ï ( Þ , ß , à , ì , 0, î , ã − ó ) ð ì ð î ð ó
+ Û 2 ê å

0 ê ë 30 ê ë 10
ç 4( ì , î , ó ) ï ( Þ , ß , à , ì ,

×
2, î , ã − ó ) ð ì ð î ð ó

− Û 2 ê å
0 ê ë 20 ê ë 10

ç 5( ì , í , ó ) ï ( Þ , ß , à , ì , í , 0, ã − ó ) ð ì ð í ð ó
+ Û 2 ê å

0 ê ë 20 ê ë 10
ç 6( ì , í , ó ) ï ( Þ , ß , à , ì , í ,

×
3, ã − ó ) ð ì ð í ð ó

+ ê å
0 ê ë 30 ê ë 20 ê ë 10 ô ( ì , í , î , ó ) ï ( Þ , ß , à , ì , í , î , ã − ó ) ð ì ð í ð î ð ó ,
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whereï ( Þ , ß , à , ì , í , î , ã ) = õ − ö å�÷ 2×
1
×
2
×
3 ø sin ù�ã�ú û Ô

ú û +
Éü�ý
=0

Éüþ =0

Éü,ÿ
=0 �

ý
� þ �

ÿ
ú � ý þ ÿ

cos( Ð ý Þ ) cos( Ñ þ � ) cos( Ò ÿ � )

× cos( Ð ý ì ) cos( Ñ þ í ) cos( Ò ÿ î ) sin ù�� � � ý þ ÿ �	�
,

�
ý

= 
 1 for � = 0,
2 for � > 0,

Ð ý
=

� �
1

, Ñ þ = � �
2

, Ò ÿ
= � �

3
,û = Ü − 1

4 Ý 2, � ý þ ÿ
= Û 2( Ð 2

ý
+ Ñ 2þ + Ò 2

ÿ
) + Ü − 1

4 Ý 2.

The summation is performed over the indices satisfying the condition � + � + � > 0; the term
corresponding to � = � = � = 0 is singled out.

6.4.1-4. Domain: 0 ≤ Þ ≤

1, 0 ≤ � ≤


2, 0 ≤ � ≤


3. Third boundary value problem.

A rectangular parallelepiped is considered. The following conditions are prescribed:� = � 0( Þ , � , � ) at � = 0 (initial condition),� � � = � 1( Þ , � , � ) at � = 0 (initial condition),� � � − � 1
� = � 1( � , � , � ) at Þ = 0 (boundary condition),� � � + � 2
� = � 2( � , � , � ) at Þ =


1 (boundary condition),� � � − � 3

� = � 3( Þ , � , � ) at � = 0 (boundary condition),� � � + � 4
� = � 4( Þ , � , � ) at � =


2 (boundary condition),� � � − � 5

� = � 5( Þ , � , � ) at � = 0 (boundary condition),� � � + � 6
� = � 6( Þ , � , � ) at � =


3 (boundary condition).

The solution � ( Þ , � , � , � ) is determined by the formula in Paragraph 6.4.1-3 where

ï ( Þ , � , ì , í , � ) = 8 exp ù − 1
2 Ý � � �ü�ý

=1

�ü��
=1

�ü��
=1

1� ý � � � � ý � �
sin( Ð ý Þ + � ý

) sin( Ñ � � + � �
) sin( Ò � � +  �

)

× sin( Ð ý ì + � ý
) sin( Ñ � í + � �

) sin( Ò � î +  �
) sin ù!� � � ý � � �

.

Here,� ý
= arctan

Ð ý
1

, � �
= arctan

Ñ �
2

,  �
= arctan

Ò �
3

, � ý � �
= Û 2( Ð 2

ý
+ Ñ 2

�
+ Ò 2

�
) + Ü − 1

4 Ý 2,� ý � �
= ø  1 +

( � 1 � 2 + Ð 2

ý
)( � 1 + � 2)

( � 2
1 + Ð 2

ý
)( � 2

2 + Ð 2

ý
)

� ø  2 +
( � 3 � 4 + Ñ 2

�
)( � 3 + � 4)

( � 2
3 + Ñ 2

�
)( � 2

4 + Ñ 2

�
)

� ø  3 +
( � 5 � 6 + Ò 2

�
)( � 5 + � 6)

( � 2
5 + Ò 2

�
)( � 2

6 + Ò 2

�
)

�
,

where the Ð ý
, Ñ �

, and Ò �
are positive roots of the transcendental equationsÐ 2 − � 1 � 2 = ( � 1 + � 2) Ð cot(


1 Ð ),Ñ 2 − � 3 � 4 = ( � 3 + � 4) Ñ cot(


2 Ñ ),Ò 2 − � 5 � 6 = ( � 5 + � 6) Ò cot(


3 Ò ).
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6.4.1-5. Domain: 0 ≤ Þ ≤

1, 0 ≤ � ≤


2, 0 ≤ � ≤


3. Mixed boundary value problems.

1 0 . A rectangular parallelepiped is considered. The following conditions are prescribed:� = � 0( Þ , � , � ) at � = 0 (initial condition),� � � = � 1( Þ , � , � ) at � = 0 (initial condition),� = � 1( � , � , � ) at Þ = 0 (boundary condition),� = � 2( � , � , � ) at Þ =

1 (boundary condition),� � � = � 3( Þ , � , � ) at � = 0 (boundary condition),� � � = � 4( Þ , � , � ) at � =

2 (boundary condition),� � � = � 5( Þ , � , � ) at � = 0 (boundary condition),� � � = � 6( Þ , � , � ) at � =

3 (boundary condition).

Solution:� ( Þ , � , � , � ) =
�� � ê ë 30 ê ë 20 ê ë 10

� 0( ì , í , î ) ï ( Þ , � , � , ì , í , î , � ) ð ì ð í ð î
+ ê ë 30 ê ë 20 ê ë 10 ñ � 1( ì , í , î ) + Ý � 0( ì , í , î ) ò ï ( Þ , � , � , ì , í , î , � ) ð ì ð í ð î
+ Û 2 ê �

0 ê ë 30 ê ë 20
� 1( í , î , ó ) ø �� ì ï ( Þ , � , � , ì , í , î , � − ó )

� 1
=0

ð í ð î ð ó
− Û 2 ê �

0 ê ë 30 ê ë 20
� 2( í , î , ó ) ø �� ì ï ( Þ , � , � , ì , í , î , � − ó )

� 1
= ë 1 ð í ð î ð ó

− Û 2 ê �
0 ê ë 30 ê ë 10

� 3( ì , î , ó ) ï ( Þ , � , � , ì , 0, î , � − ó ) ð ì ð î ð ó
+ Û 2 ê �

0 ê ë 30 ê ë 10
� 4( ì , î , ó ) ï ( Þ , � , � , ì ,


2, î , � − ó ) ð ì ð î ð ó

− Û 2 ê �
0 ê ë 20 ê ë 10

� 5( ì , í , ó ) ï ( Þ , � , � , ì , í , 0, � − ó ) ð ì ð í ð ó
+ Û 2 ê �

0 ê ë 20 ê ë 10
� 6( ì , í , ó ) ï ( Þ , � , � , ì , í ,


3, � − ó ) ð ì ð í ð ó

+ ê �
0 ê ë 30 ê ë 20 ê ë 10 ô ( ì , í , î , ó ) ï ( Þ , � , � , ì , í , î , � − ó ) ð ì ð í ð î ð ó ,

whereï ( Þ , � , � , ì , í , î , � ) =
2

1

2

3

exp ù − 1
2 Ý � � �ü�ý

=1

�üþ =0

�ü,ÿ
=0 � þ �

ÿ
ú � ý þ ÿ

sin( 2 ý Þ ) cos( 3 þ � ) cos( 4 ÿ � )

× sin( 2 ý ì ) cos( 3 þ í ) cos( 4 ÿ î ) sin ù�� � � ý þ ÿ �
,

� þ = 
 1 for � = 0,
2 for � > 0,

2 ý
=

� �
1

, 3 þ = � �
2

, 4 ÿ
= � �

3
,� ý þ ÿ

= Û 2( 2 2

ý
+ 3 2þ + 4 2

ÿ
) + Ü − 1

4 Ý 2.
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2 0 . A rectangular parallelepiped is considered. The following conditions are prescribed:� = � 0( Þ , � , � ) at � = 0 (initial condition),� � � = � 1( Þ , � , � ) at � = 0 (initial condition),� = � 1( � , � , � ) at Þ = 0 (boundary condition),� � � = � 2( � , � , � ) at Þ =

1 (boundary condition),� = � 3( Þ , � , � ) at � = 0 (boundary condition),� � � = � 4( Þ , � , � ) at � =


2 (boundary condition),� = � 5( Þ , � , � ) at � = 0 (boundary condition),� � � = � 6( Þ , � , � ) at � =

3 (boundary condition).

Solution:� ( Þ , � , � , � ) =
�� � 5 6 30 5 6 20 5 6 10

� 0( 7 , 8 , 9 ) : ( ; , � , � , 7 , 8 , 9 , � ) < 7 < 8 < 9
+ 5 6 30 5 6 20 5 6 10 = � 1( 7 , 8 , 9 ) + > � 0( 7 , 8 , 9 ) ?	: ( ; , � , � , 7 , 8 , 9 , � ) < 7 < 8 < 9
+ @ 2 5 �

0 5 6 30 5 6 20
� 1( 8 , 9 , A ) B �� 7 : ( ; , � , � , 7 , 8 , 9 , � − A )

� 1
=0

< 8 < 9 < A
+ @ 2 5 �

0 5 6 30 5 6 20
� 2( 8 , 9 , A ) : ( ; , � , � ,


1, 8 , 9 , � − A ) < 8 < 9 < A

+ @ 2 5 �
0 5 6 30 5 6 10

� 3( 7 , 9 , A ) B �� 8 : ( ; , � , � , 7 , 8 , 9 , � − A )

� C
=0

< 7 < 9 < A
+ @ 2 5 �

0 5 6 30 5 6 10
� 4( 7 , 9 , A ) : ( ; , � , � , 7 ,


2, 9 , � − A ) < 7 < 9 < A

+ @ 2 5 �
0 5 6 20 5 6 10

� 5( 7 , 8 , A ) B �� 9 : ( ; , � , � , 7 , 8 , 9 , � − A )

� D
=0

< 7 < 8 < A
+ @ 2 5 �

0 5 6 20 5 6 10
� 6( 7 , 8 , A ) : ( ; , � , � , 7 , 8 ,


3, � − A ) < 7 < 8 < A

+ 5 �
0 5 6 30 5 6 20 5 6 10 ô ( 7 , 8 , 9 , A ) : ( ; , � , � , 7 , 8 , 9 , � − A ) < 7 < 8 < 9 < A ,

where: ( ; , � , � , 7 , 8 , 9 , � ) =
8

1

2

3

exp E − 1
2 > � � �F�G

=1 HFI =1 HFKJ =1

1L � G I J
sin( 2 G ; ) sin( M I � ) sin( N J � )

× sin( 2 G 7 ) sin( M I 8 ) sin( N J 9 ) sin E�OQP � G I J R
,2 G

= S (2 T + 1)
2 U 1 , M I = S (2 V + 1)

2 U 2 , N J
= S (2 W + 1)

2 U 3 , � G I J
= @ 2( 2 2

G
+ M 2I + N 2

J
) + X − 1

4 > 2.

6.4.2. Problems in Cylindrical Coordinates
A three-dimensional nonhomogeneous telegraph equation in the cylindrical coordinate system is
written asY 2 ZY O 2 + > Y ZY O = @ 2 B 1[ YY [ \ [ Y ZY [ ]

+
1[
2

Y 2 ZY ^ 2 +
Y 2 ZY � 2 _ − X Z + ` (

[
,
^

, � , O ), [
= P a 2 + � 2.

One-dimensional problems with axial symmetry that have solutions Z = Z (
[
, O ) are treated in

Subsection 4.4.2. Two-dimensional problems whose solutions have the form Z = Z (
[
,
^

, O ) orZ = Z (
[
, � , O ) are considered in Subsections 5.4.2 and 5.4.3.
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6.4.2-1. Domain: 0 ≤
[

≤ m , 0 ≤
^

≤ 2 S , 0 ≤ � ≤ U . First boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:Z = n 0(
[
,
^

, � ) at O = 0 (initial condition),Y o Z = n 1(
[
,
^

, � ) at O = 0 (initial condition),Z = p 1(
^

, � , O ) at
[

= m (boundary condition),Z = p 2(
[
,
^

, O ) at � = 0 (boundary condition),Z = p 3(
[
,
^

, O ) at � = U (boundary condition).

Solution:Z (
[
,
^

, � , O ) =
YY O q r0 q 2 s

0 q t0 u n 0( u , v , w ) x (
[
,
^

, � , u , v , w , O ) y u y v y w
+ q r0 q 2 s

0 q t0 u z n 1( u , v , w ) + { n 0( u , v , w ) |Qx (
[
,
^

, � , u , v , w , O ) y u y v y w
− } 2 m q o

0 q r0 q 2 s
0

p 1( v , w , ~ ) � YY u x (
[
,
^

, � , u , v , w , � − ~ ) _ �
= t y v y w y ~

+ } 2 q o
0 q 2 s

0 q t0 u p 2( u , v , ~ ) � YY w x (
[
,
^

, � , u , v , w , � − ~ ) _ �
=0

y u y v y ~
− } 2 q o

0 q 2 s
0 q t0 u p 3( u , v , ~ ) � YY w x (

[
,
^

, � , u , v , w , � − ~ ) _ �
= r y u y v y ~

+ q o
0 q r0 q 2 s

0 q t0 u ` ( u , v , w , ~ ) x (
[
,
^

, � , u , v , w , � − ~ ) y u y v y w y ~ .

Here,x (
[
,
^

, � , u , v , w , � ) =
2 � − � o�� 2S m 2 U ����

=0
��� =1

��K�
=1 �

�
[ � �� ( � � � m )]2 � �

( � � � � ) � �
( � � � u ) cos[ � (

^
− v )]

× sin
\ �	� �� ]

sin
\ �	� w� ] sin ����� � � � � �� � � � �

,

where � � � �
= } 2 � 2

� � +
} 2 � 2 � 2� 2 + � − 1

4 { 2, �
�

= � 1 for � = 0,
2 for � > 0,

the � �
( u ) are the Bessel functions (the prime denotes the derivative with respect to the argument),

and the � � � are positive roots of the transcendental equation � �
( � m ) = 0.

6.4.2-2. Domain: 0 ≤ � ≤ m , 0 ≤
^

≤ 2 � , 0 ≤ � ≤
�
. Second boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:� = n 0( � ,
^

, � ) at � = 0 (initial condition),� o � = n 1( � ,
^

, � ) at � = 0 (initial condition),� � � = p 1(
^

, � , � ) at � = m (boundary condition),� � � = p 2( � ,
^

, � ) at � = 0 (boundary condition),� � � = p 3( � ,
^

, � ) at � =
�

(boundary condition).
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Solution:� ( � ,
^

, � , � ) =
�� � q r0 q 2 s

0 q t0 u n 0( u , v , w ) x ( � ,
^

, � , u , v , w , � ) y u y v y w
+ q r0 q 2 s

0 q t0 u z n 1( u , v , w ) + { n 0( u , v , w ) | x ( � ,
^

, � , u , v , w , � ) y u y v y w
+ } 2 m q o

0 q r0 q 2 s
0

p 1( v , w , ~ ) x ( � ,
^

, � , m , v , w , � − ~ ) y v y w y ~
− } 2 q o

0 q 2 s
0 q t0 u p 2( u , v , ~ ) x ( � ,

^
, � , u , v , 0, � − ~ ) y u y v y ~

+ } 2 q o
0 q 2 s

0 q t0 u p 3( u , v , ~ ) x ( � ,
^

, � , u , v ,
�
, � − ~ ) y u y v y ~

+ q o
0 q r0 q 2 s

0 q t0 u ` ( u , v , w , ~ ) x ( � ,
^

, � , u , v , w , � − ~ ) y u y v y w y ~ .

Here,x ( � ,
^

, � , u , v , w , � ) = exp � − 1
2 { � � � sin � � �   �� m 2 � �   +

2� m 2 � ��K�
=1

1� ¡ �
cos ¢ �	� £� ¤ cos ¢ �	� ¥� ¤ sin ���Q¦ ¡ � �

+
1� � �� �

=0
��� =1

�� �
=0 �

�
�

� � 2

� � � �
( � � � � ) � �

( � � � ¥ )
( � 2

� � § 2 − � 2)[ � �
( � � � § )]2 cos[ � ( ¨ − © )] cos ¢ �	� £� ¤ cos ¢ �	� ¥� ¤ sin( � � � � � )� � � � ª

,  = � − « 2

4
, ¡ �

= ¬ 2 � 2 � 2� 2 + � − « 2

4
, � � � �

=  ¬ 2 � 2

� � + ¬ 2 � 2 � 2� 2 + � − « 2

4
, �

�
= � 1 for � = 0,

2 for � > 0,

where the � �
( ¥ ) are the Bessel functions and the � � � are positive roots of the transcendental equation� �� ( � § ) = 0.

6.4.2-3. Domain: 0 ≤ � ≤ § , 0 ≤ ¨ ≤ 2 � , 0 ≤ � ≤
�
. Third boundary value problem.

A circular cylinder of finite length is considered. The following conditions are prescribed:� = ® 0( � , ¨ , � ) at ¯ = 0 (initial condition),� ° � = ® 1( � , ¨ , � ) at ¯ = 0 (initial condition),� � � + � 1
� = ± ( ¨ , � , ¯ ) at � = § (boundary condition),� � � − � 2
� = ± 2( � , ¨ , ¯ ) at � = 0 (boundary condition),� � � + � 3
� = ± 3( � , ¨ , ¯ ) at � =

�
(boundary condition).

The solution � ( � , ¨ , � , ¯ ) is determined by the formula in Paragraph 6.4.2-2 where²
( � , ¨ , � , ¥ , © , ³ , ¯ ) =

1� exp � − 1
2 « ¯ � ´µ�¶

=0

´µ· =1

´µ�¸
=1 ¹

¶ º
2

¶ · » ¶
(

º ¶ · ¼ ) » ¶
(

º ¶ · ¥ )
(

º
2

¶ · § 2 + ½ 2
1 § 2 − ¾ 2)[ » ¶

(

º ¶ · § )]2

× cos[ ¾ ( ¨ − © )] ¿ ¸
( À ) ¿ ¸

( ³ )Á ¿ ¸ Á 2
sin Â�¯ ¦ Ã ¶ · ¸ Ä

¦ Ã ¶ · ¸
.

Here, the » ¶
( ¥ ) are the Bessel functions,

¹
¶

= Å 1 for ¾ = 0,
2 for ¾ > 0, Ã ¶ · ¸

= ¬ 2

º
2

¶ · + ¬ 2 Æ 2

¸
+ Ç − 1

4 « 2,

¿ ¸
( À ) = cos( Æ ¸ À ) +

½ 2Æ ¸
sin( Æ ¸ À ),

Á ¿ ¸ Á 2 =
½ 3

2 Æ 2

¸ Æ 2

¸
+ ½ 2

2Æ 2

¸
+ ½ 2

3
+

½ 2

2 Æ 2

¸
+ È

2 É 1 +
½ 2

2Æ 2

¸ Ê
;
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the � � � and � � are positive roots of the transcendental equations� � �� ( � � ) + � 1 � � ( � � ) = 0,
tan( � � )� =

� 2 + � 3� 2 − � 2 � 3
.

6.4.2-4. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 2 � , 0 ≤ � ≤ � . Mixed boundary value problems.

1 � . A circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , � , � ) at � = 0 (initial condition), ! � = � 1( � , � , � ) at � = 0 (initial condition),� = " 1( � , � , � ) at � = � (boundary condition), # � = " 2( � , � , � ) at � = 0 (boundary condition), # � = " 3( � , � , � ) at � = � (boundary condition).

Solution:� ( � , � , � , � ) =
  � $ %

0

$ 2 &
0

$ '
0 ( � 0( ( , ) , * ) + ( � , � , � , ( , ) , * , � ) , ( , ) , *

+
$ %

0

$ 2 &
0

$ '
0 ( - � 1( ( , ) , * ) + . � 0( ( , ) , * ) /0+ ( � , � , � , ( , ) , * , � ) , ( , ) , *

− 1 2 � $ !
0

$ %
0

$ 2 &
0

" 1( ) , * , 2 ) 3   ( + ( � , � , � , ( , ) , * , � − 2 ) 4 5
= ' , ) , * , 2

− 1 2
$ !

0

$ 2 &
0

$ '
0 ( " 2( ( , ) , 2 ) + ( � , � , � , ( , ) , 0, � − 2 ) , ( , ) , 2

+ 1 2
$ !

0

$ 2 &
0

$ '
0 ( " 3( ( , ) , 2 ) + ( � , � , � , ( , ) , � , � − 2 ) , ( , ) , 2

+
$ !

0

$ %
0

$ 2 &
0

$ '
0 ( 6 ( ( , ) , * , 2 ) + ( � , � , � , ( , ) , * , � − 2 ) , ( , ) , * , 2 .

Here,+ ( � , � , � , ( , ) , * , � ) =
1� � 2 � exp 7 − 1

2 . �98 :; � =0

:;� =1

:;=<
=0 > � >

<
[ � �� ( � � � � )]2 ? @ � � < � � ( � � � � ) � � ( � � � ( )

× cos[ A ( � − ) )] cos B �C� �� D cos B �C� *� D sin 7E�0F @ � � < 8 ,@ � � <
= 1 2 � 2� � +

1 2 � 2 � 2� 2 + G − 1
4 . 2, > � = H 1 for A = 0,

2 for A > 0,

where the � � ( ( ) are the Bessel functions (the prime denotes the derivative with respect to the
argument) and the � � � are positive roots of the transcendental equation � � ( � � ) = 0.

2 � . A circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , � , � ) at � = 0 (initial condition), ! � = � 1( � , � , � ) at � = 0 (initial condition), I � = " 1( � , � , � ) at � = � (boundary condition),� = " 2( � , � , � ) at � = 0 (boundary condition),� = " 3( � , � , � ) at � = � (boundary condition).
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Solution:� ( � , � , � , � ) =
  � $ %

0

$ 2 &
0

$ '
0 ( � 0( ( , ) , * ) + ( � , � , � , ( , ) , * , � ) , ( , ) , *

+
$ %

0

$ 2 &
0

$ '
0 ( - � 1( ( , ) , * ) + . � 0( ( , ) , * ) / + ( � , � , � , ( , ) , * , � ) , ( , ) , *

+ 1 2 � $ !
0

$ %
0

$ 2 &
0

" 1( ) , * , 2 ) + ( � , � , � , � , ) , * , � − 2 ) , ) , * , 2
+ 1 2

$ !
0

$ 2 &
0

$ '
0 ( " 2( ( , ) , 2 ) 3   * + ( � , � , � , ( , ) , * , � − 2 ) 4 J

=0
, ( , ) , 2

− 1 2
$ !

0

$ 2 &
0

$ '
0 ( " 3( ( , ) , 2 ) 3   * + ( � , � , � , ( , ) , * , � − 2 ) 4 J

= % , ( , ) , 2
+

$ !
0

$ %
0

$ 2 &
0

$ '
0 ( 6 ( ( , ) , * , 2 ) + ( � , � , � , ( , ) , * , � − 2 ) , ( , ) , * , 2 .

Here,+ ( � , � , � , ( , ) , * , � ) =
2� � 2 � exp 7 − 1

2 . � 8 :; <
=1

1? � <
sin B �C� �� D sin B �C� *� D sin 7 � F � < 8

+
2� � exp 7 − 1

2 . �98 :; � =0

:;� =1

:; <
=1 > � � 2� �

( � 2� � � 2 − A 2)[ � � ( � � � � )]2 � � ( � � � � ) � � ( � � � ( )

× cos[ A ( � − ) )] sin B �C� �� D sin B �C� *� D sin 7E� ? @ � � < 8? @ � � <
,� <

=
1 2 � 2 � 2� 2 + G − 1

4 . 2, > � = H 1 for A = 0,
2 for A > 0,@ � � <

= 1 2 � 2� � +
1 2 � 2 � 2� 2 + G − 1

4 . 2,

where the � � ( ( ) are the Bessel functions and the � � � are positive roots of the transcendental equation� �� ( � � ) = 0.

6.4.2-5. Domain: � 1 ≤ � ≤ � 2, 0 ≤ � ≤ 2 � , 0 ≤ � ≤ � . First boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , � , � ) at � = 0 (initial condition), ! � = � 1( � , � , � ) at � = 0 (initial condition),� = " 1( � , � , � ) at � = � 1 (boundary condition),� = " 2( � , � , � ) at � = � 2 (boundary condition),� = " 3( � , � , � ) at � = 0 (boundary condition),� = " 4( � , � , � ) at � = � (boundary condition).
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Solution:� ( � , � , � , � ) =
  � $ %

0

$ 2 &
0

$ '
2'

1

� 0( ( , ) , * ) + ( � , � , � , ( , ) , * , � ) ( , ( , ) , *
+

$ %
0

$ 2 &
0

$ '
2'

1 - � 1( ( , ) , * ) + . � 0( ( , ) , * ) /0+ ( � , � , � , ( , ) , * , � ) ( , ( , ) , *
+ 1 2 � 1

$ !
0

$ %
0

$ 2 &
0

" 1( ) , * , 2 ) 3   ( + ( � , � , � , ( , ) , * , � − 2 ) 4 5
= ' 1

, ) , * , 2
− 1 2 � 2

$ !
0

$ %
0

$ 2 &
0

" 2( ) , * , 2 ) 3   ( + ( � , � , � , ( , ) , * , � − 2 ) 4 5
= ' 2

, ) , * , 2
+ 1 2

$ !
0

$ 2 &
0

$ '
2'

1

" 3( ( , ) , 2 ) 3   * + ( � , � , � , ( , ) , * , � − 2 ) 4 J
=0 ( , ( , ) , 2

− 1 2
$ !

0

$ 2 &
0

$ '
2'

1

" 4( ( , ) , 2 ) 3   * + ( � , � , � , ( , ) , * , � − 2 ) 4 J
= % ( , ( , ) , 2

+
$ !

0

$ %
0

$ 2 &
0

$ '
2'

1 6 ( ( , ) , * , 2 ) + ( � , � , � , ( , ) , * , � − 2 ) ( , ( , ) , * , 2 .

Here,+ ( � , � , � , ( , ) , * , � ) =
�
2 � exp 7 − 1

2 . �98 :; � =0

:;� =1

:; <
=1 > � � 2� � � 2� ( � � � � 2)� 2� ( � � � � 1) − � 2� ( � � � � 2) K � � ( � ) K � � ( ( )

× cos[ A ( � − ) )] sin B �C� �� D sin B �C� *� D sin 7 � ? @ � � < 8? @ � � <
,

> � = H 1 for A = 0,
2 for A ≠ 0,

@ � � <
= 1 2 � 2� � +

1 2 � 2 � 2� 2 + G − 1
4 . 2,K � � ( � ) = � � ( � � � � 1) L � ( � � � � ) − L � ( � � � � 1) � � ( � � � � ),

where the � � ( � ) and L � ( � ) are the Bessel functions, and the � � � are positive roots of the transcen-
dental equation � � ( � � 1) L � ( � � 2) − L � ( � � 1) � � ( � � 2) = 0.

6.4.2-6. Domain: � 1 ≤ � ≤ � 2, 0 ≤ � ≤ 2 � , 0 ≤ � ≤ � . Second boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , � , � ) at � = 0 (initial condition), ! � = � 1( � , � , � ) at � = 0 (initial condition), I � = " 1( � , � , � ) at � = � 1 (boundary condition), I � = " 2( � , � , � ) at � = � 2 (boundary condition), # � = " 3( � , � , � ) at � = 0 (boundary condition), # � = " 4( � , � , � ) at � = � (boundary condition).
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Solution:� ( � , � , � , � ) =
  � $ %

0

$ 2 &
0

$ '
2'

1

� 0( ( , ) , * ) + ( � , � , � , ( , ) , * , � ) ( , ( , ) , *
+

$ %
0

$ 2 &
0

$ '
2'

1 - � 1( ( , ) , * ) + . � 0( ( , ) , * ) /0+ ( � , � , � , ( , ) , * , � ) ( , ( , ) , *
− 1 2 � 1

$ !
0

$ %
0

$ 2 &
0

" 1( ) , * , 2 ) + ( � , � , � , � 1, ) , * , � − 2 ) , ) , * , 2
+ 1 2 � 2

$ !
0

$ %
0

$ 2 &
0

" 2( ) , * , 2 ) + ( � , � , � , � 2, ) , * , � − 2 ) , ) , * , 2
− 1 2

$ !
0

$ 2 &
0

$ '
2'

1

" 3( ( , ) , 2 ) + ( � , � , � , ( , ) , 0, � − 2 ) ( , ( , ) , 2
+ 1 2

$ !
0

$ 2 &
0

$ '
2'

1

" 4( ( , ) , 2 ) + ( � , � , � , ( , ) , � , � − 2 ) ( , ( , ) , 2
+

$ !
0

$ %
0

$ 2 &
0

$ '
2'

1 6 ( ( , ) , * , 2 ) + ( � , � , � , ( , ) , * , � − 2 ) ( , ( , ) , * , 2 .

Here,+ ( � , � , � , ( , ) , * , � ) = M − N !EO 2� ( � 2
2 − � 2

1) � 3 sin 7E� ? P 8? P + 2 :; <
=1

cos B �C� �� D cos B �C� *� D sin 7E� ? � < 8? � < 4
+ M − N !EO 2� � :; � =0

:;� =1

:; <
=0 > � >

< � 2� � K � � ( � ) K � � ( ( )
( � 2� � � 2

2 − A 2) K 2� � ( � 2) − ( � 2� � � 2
1 − A 2) K 2� � ( � 1)

× cos[ A ( � − ) )] cos B �C� �� D cos B �C� *� D sin 7Q� ? @ � � < 8? @ � � <
,

where

> � = H 1 for A = 0,
2 for A ≠ 0,

P = G − 1
4 . 2, � <

=
1 2 � 2 � 2� 2 + G − 1

4 . 2, @ � � <
= 1 2 � 2� � +

1 2 � 2 � 2� 2 + G − 1
4 . 2,K � � ( � ) = � �� ( � � � � 1) L � ( � � � � ) − L �� ( � � � � 1) � � ( � � � � );

the � � ( � ) and L � ( � ) are the Bessel functions, and the � � � are positive roots of the transcendental
equation � �� ( � � 1) L �� ( � � 2) − L �� ( � � 1) � �� ( � � 2) = 0.

6.4.2-7. Domain: � 1 ≤ � ≤ � 2, 0 ≤ � ≤ 2 � , 0 ≤ � ≤ � . Third boundary value problem.

A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , � , � ) at � = 0 (initial condition), ! � = � 1( � , � , � ) at � = 0 (initial condition), I � − � 1
� = " 1( � , � , � ) at � = � 1 (boundary condition), I � + � 2
� = " 2( � , � , � ) at � = � 2 (boundary condition), # � − � 3
� = " 3( � , � , � ) at � = 0 (boundary condition), # � + � 4
� = " 4( � , � , � ) at � = � (boundary condition).
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The solution � ( � , � , � , � ) is determined by the formula in Paragraph 6.4.2-6 where+ ( � , � , � , ( , ) , * , � ) =
1� exp 7 − 1

2 . �98 :; � =0

:;� =1

:; � =1 > � � 2� �R�S � R 2 F 1 2 � 2� � + 1 2 @ 2� + G − . 2T 4

× K � � ( � ) K � � ( ( ) cos[ A ( � − ) )]
S � ( � )

S � ( * ) sin 7E� F 1 2 � 2� � + 1 2 @ 2� + G − . 2T 4 8
( � 2

2 � 2
2 + � 2� � � 2

2 − A 2) K 2� � ( � 2) − ( � 2
1 � 2

1 + � 2� � � 2
1 − A 2) K 2� � ( � 1)

.

Here,K � � ( � ) = - � � � � �� ( � � � � 1) − � 1 � � ( � � � � 1) / L � ( � � � � )

− - � � � L �� ( � � � � 1) − � 1 L � ( � � � � 1) / � � ( � � � � ),

> � = H 1 for A = 0,
2 for A ≠ 0,

S � ( � ) = cos( @ � � )+
� 3@ � sin( @ � � ),

R�S � R 2 =
� 4

2 @ 2� @ 2� + � 2
3@ 2� + � 2
4

+
� 3

2 @ 2� +
�
2

B 1+
� 2

3@ 2� D ,

where the � � ( � ) and L � ( � ) are the Bessel functions, the � � � are positive roots of the transcendental
equation- � � �� ( � � 1) − � 1 � � ( � � 1) / - � L �� ( � � 2) + � 2 L � ( � � 2) /

= - � L �� ( � � 1) − � 1 L � ( � � 1) / - � � �� ( � � 2) + � 2 � � ( � � 2) / ,

and the @ � are positive roots of the transcendental equation
tan( @ � )@ =

� 3 + � 4@ 2 − � 3 � 4
.

6.4.2-8. Domain: � 1 ≤ � ≤ � 2, 0 ≤ � ≤ 2 � , 0 ≤ � ≤ � . Mixed boundary value problems.

1 � . A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , � , � ) at � = 0 (initial condition), ! � = � 1( � , � , � ) at � = 0 (initial condition),� = " 1( � , � , � ) at � = � 1 (boundary condition),� = " 2( � , � , � ) at � = � 2 (boundary condition), # � = " 3( � , � , � ) at � = 0 (boundary condition), # � = " 4( � , � , � ) at � = � (boundary condition).

Solution:� ( � , � , � , � ) =
  � $ %

0

$ 2 &
0

$ '
2'

1

� 0( ( , ) , * ) + ( � , � , � , ( , ) , * , � ) ( , ( , ) , *
+

$ %
0

$ 2 &
0

$ '
2'

1 - � 1( ( , ) , * ) + . � 0( ( , ) , * ) /0+ ( � , � , � , ( , ) , * , � ) ( , ( , ) , *
+ 1 2 � 1

$ !
0

$ %
0

$ 2 &
0

" 1( ) , * , 2 ) 3   ( + ( � , � , � , ( , ) , * , � − 2 ) 4 5
= ' 1

, ) , * , 2
− 1 2 � 2

$ !
0

$ %
0

$ 2 &
0

" 2( ) , * , 2 ) 3   ( + ( � , � , � , ( , ) , * , � − 2 ) 4 5
= ' 2

, ) , * , 2
− 1 2

$ !
0

$ 2 &
0

$ '
2'

1

" 3( ( , ) , 2 ) + ( � , � , � , ( , ) , 0, � − 2 ) ( , ( , ) , 2
+ 1 2

$ !
0

$ 2 &
0

$ '
2'

1

" 4( ( , ) , 2 ) + ( � , � , � , ( , ) , � , � − 2 ) ( , ( , ) , 2
+

$ !
0

$ %
0

$ 2 &
0

$ '
2'

1 6 ( ( , ) , * , 2 ) + ( � , � , � , ( , ) , * , � − 2 ) ( , ( , ) , * , 2 .
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Here,+ ( � , � , � , ( , ) , * , � ) =
�
4 � exp 7 − 1

2 . �98 :; � =0

:;� =1

:; <
=0 > � >

< � 2� � � 2� ( � � � � 2)� 2� ( � � � � 1) − � 2� ( � � � � 2) K � � ( � ) K � � ( ( )

× cos[ A ( � − ) )] cos B �C� �� D cos B �C� *� D sin 7 � ? @ � � < 8? @ � � <
,

> � = H 1 for A = 0,
2 for A ≠ 0,

@ � � <
= 1 2 � 2� � +

1 2 � 2 � 2� 2 + G − 1
4 . 2,K � � ( � ) = � � ( � � � � 1) L � ( � � � � ) − L � ( � � � � 1) � � ( � � � � ),

where the � � ( � ) and L � ( � ) are the Bessel functions, and the � � � are positive roots of the transcen-
dental equation � � ( � � 1) L � ( � � 2) − L � ( � � 1) � � ( � � 2) = 0.

2 � . A hollow circular cylinder of finite length is considered. The following conditions are prescribed:� = � 0( � , � , � ) at � = 0 (initial condition), ! � = � 1( � , � , � ) at � = 0 (initial condition), I � = " 1( � , � , � ) at � = � 1 (boundary condition), I � = " 2( � , � , � ) at � = � 2 (boundary condition),� = " 3( � , � , � ) at � = 0 (boundary condition),� = " 4( � , � , � ) at � = � (boundary condition).

Solution:� ( � , � , � , � ) =
  � $ %

0

$ 2 &
0

$ '
2'

1

� 0( ( , ) , * ) + ( � , � , � , ( , ) , * , � ) ( , ( , ) , *
+

$ %
0

$ 2 &
0

$ '
2'

1 - � 1( ( , ) , * ) + . � 0( ( , ) , * ) / + ( � , � , � , ( , ) , * , � ) ( , ( , ) , *
− 1 2 � 1

$ !
0

$ %
0

$ 2 &
0

" 1( ) , * , 2 ) + ( � , � , � , � 1, ) , * , � − 2 ) , ) , * , 2
+ 1 2 � 2

$ !
0

$ %
0

$ 2 &
0

" 2( ) , * , 2 ) + ( � , � , � , � 2, ) , * , � − 2 ) , ) , * , 2
+ 1 2

$ !
0

$ 2 &
0

$ '
2'

1

" 3( ( , ) , 2 ) 3   * + ( � , � , � , ( , ) , * , � − 2 ) 4 J
=0 ( , ( , ) , 2

− 1 2
$ !

0

$ 2 &
0

$ '
2'

1

" 4( ( , ) , 2 ) 3   * + ( � , � , � , ( , ) , * , � − 2 ) 4 J
= % ( , ( , ) , 2

+
$ !

0

$ %
0

$ 2 &
0

$ '
2'

1 6 ( ( , ) , * , 2 ) + ( � , � , � , ( , ) , * , � − 2 ) ( , ( , ) , * , 2 .

Here,+ ( � , � , � , ( , ) , * , � ) =
2 M − N !EO 2� ( � 2

2 − � 2
1) � :; <

=1

sin B �C� �� D sin B �C� *� D sin 7 � ? � < 8? � <
+

2 M − N !EO 2� � :; � =0

:;� =1

:; <
=1 > � � 2� � K � � ( � ) K � � ( ( )

( � 2� � � 2
2 − A 2) K 2� � ( � 2) − ( � 2� � � 2

1 − A 2) K 2� � ( � 1)

× cos[ A ( � − ) )] sin B �C� �� D sin B �C� *� D sin 7E� ? @ � � < 8? @ � � <
,
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where

> � = H 1 for A = 0,
2 for A ≠ 0,

� <
=

1 2 � 2 � 2� 2 + G − 1
4 . 2, @ � � <

= 1 2 � 2� � +
1 2 � 2 � 2� 2 + G − 1

4 . 2,K � � ( � ) = � �� ( � � � � 1) L � ( � � � � ) − L �� ( � � � � 1) � � ( � � � � );

the � � ( � ) and L � ( � ) are the Bessel functions, and the � � � are positive roots of the transcendental
equation � �� ( � � 1) L �� ( � � 2) − L �� ( � � 1) � �� ( � � 2) = 0.

6.4.2-9. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ � 0, 0 ≤ � ≤ � . First boundary value problem.

A cylindrical sector of finite thickness is considered. The following conditions are prescribed:� = � 0( � , � , � ) at � = 0 (initial condition), ! � = � 1( � , � , � ) at � = 0 (initial condition),� = " 1( � , � , � ) at � = � (boundary condition),� = " 2( � , � , � ) at � = 0 (boundary condition),� = " 3( � , � , � ) at � = � 0 (boundary condition),� = " 4( � , � , � ) at � = 0 (boundary condition),� = " 5( � , � , � ) at � = � (boundary condition).

Solution:� ( � , � , � , � ) =
  � $ %

0

$ U
0

0

$ '
0

� 0( ( , ) , * ) + ( � , � , � , ( , ) , * , � ) ( , ( , ) , *
+

$ %
0

$ U
0

0

$ '
0 - � 1( ( , ) , * ) + . � 0( ( , ) , * ) /0+ ( � , � , � , ( , ) , * , � ) ( , ( , ) , *

− 1 2 � $ !
0

$ %
0

$ U
0

0
" 1( ) , * , 2 ) 3   ( + ( � , � , � , ( , ) , * , � − 2 ) 4 5

= ' , ) , * , 2
+ 1 2

$ !
0

$ %
0

$ '
0

" 2( ( , * , 2 )
1( 3   ) + ( � , � , � , ( , ) , * , � − 2 ) 4 V

=0
, ( , * , 2

− 1 2
$ !

0

$ %
0

$ '
0

" 3( ( , * , 2 )
1( 3   ) + ( � , � , � , ( , ) , * , � − 2 ) 4 V

= U 0

, ( , * , 2
+ 1 2

$ !
0

$ U
0

0

$ '
0

" 4( ( , ) , 2 ) 3   * + ( � , � , � , ( , ) , * , � − 2 ) 4 J
=0 ( , ( , ) , 2

− 1 2
$ !

0

$ U
0

0

$ '
0

" 5( ( , ) , 2 ) 3   * + ( � , � , � , ( , ) , * , � − 2 ) 4 J
= % ( , ( , ) , 2

+
$ !

0

$ %
0

$ U
0

0

$ '
0 6 ( ( , ) , * , 2 ) + ( � , � , � , ( , ) , * , � − 2 ) ( , ( , ) , * , 2 .

Here,+ ( � , � , � , ( , ) , * , � ) =
8 M − N !EO 2� 2 �E� 0

:; � =1

:;� =1

:; <
=1

� � & O U
0( � � � � ) � � & O U

0 ( � � � ( )
[ � �� & O U

0
( � � � � )]2 sin B A � �� 0 D sin B A � )� 0 D

× sin B �C� �� D sin B �C� *� D sin 7E� F 1 2 � 2� � + 1 2 � 2 � 2 � −2 + G − . 2T 4 8F 1 2 � 2� � + 1 2 � 2 � 2 � −2 + G − . 2T 4
,

where the � � & O U
0 ( � ) are the Bessel functions and the � � � are positive roots of the transcendental

equation � � & O U
0 ( � � ) = 0.
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6.4.2-10. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ � 0, 0 ≤ � ≤ � . Mixed boundary value problem.

A cylindrical sector of finite thickness is considered. The following conditions are prescribed:� = � 0( � , � , � ) at � = 0 (initial condition), ! � = � 1( � , � , � ) at � = 0 (initial condition),� = " 1( � , � , � ) at � = � (boundary condition),� = " 2( � , � , � ) at � = 0 (boundary condition),� = " 3( � , � , � ) at � = � 0 (boundary condition), # � = " 4( � , � , � ) at � = 0 (boundary condition), # � = " 5( � , � , � ) at � = � (boundary condition).

Solution:� ( � , � , � , � ) =
  � $ %

0

$ U
0

0

$ '
0

� 0( ( , ) , * ) + ( � , � , � , ( , ) , * , � ) ( , ( , ) , *
+

$ %
0

$ U
0

0

$ '
0 - � 1( ( , ) , * ) + . � 0( ( , ) , * ) / + ( � , � , � , ( , ) , * , � ) ( , ( , ) , *

− 1 2 � $ !
0

$ %
0

$ U
0

0
" 1( ) , * , 2 ) 3   ( + ( � , � , � , ( , ) , * , � − 2 ) 4 5

= ' , ) , * , 2
+ 1 2

$ !
0

$ %
0

$ '
0

" 2( ( , * , 2 )
1( 3   ) + ( � , � , � , ( , ) , * , � − 2 ) 4 V

=0
, ( , * , 2

− 1 2
$ !

0

$ %
0

$ '
0

" 3( ( , * , 2 )
1( 3   ) + ( � , � , � , ( , ) , * , � − 2 ) 4 V

= U 0

, ( , * , 2
− 1 2

$ !
0

$ U
0

0

$ '
0

" 4( ( , ) , 2 ) + ( � , � , � , ( , ) , 0, � − 2 ) ( , ( , ) , 2
+ 1 2

$ !
0

$ U
0

0

$ '
0

" 5( ( , ) , 2 ) + ( � , � , � , ( , ) , � , � − 2 ) ( , ( , ) , 2
+

$ !
0

$ %
0

$ U
0

0

$ '
0 6 ( ( , ) , * , 2 ) + ( � , � , � , ( , ) , * , � − 2 ) ( , ( , ) , * , 2 .

Here,+ ( � , � , � , ( , ) , * , � ) =
4 M − N !EO 2� 2 �E� 0

:; � =1

:;� =1

:;W<
=0 >

< � � & O U
0 ( � � � � ) � � & O U

0 ( � � � ( )
[ � �� & O U

0
( � � � � )]2 sin B A � �� 0 D sin B A � )� 0 D

× cos B �C� �� D cos B �C� *� D sin 7E� F 1 2 � 2� � + 1 2 � 2 � 2 � −2 + G − . 2T 4 8F 1 2 � 2� � + 1 2 � 2 � 2 � −2 + G − . 2T 4
,

where > 0 = 1 and >
<

= 2 for � ≥ 1; the � � & O U
0 ( � ) are the Bessel functions; and the � � � are positive

roots of the transcendental equation � � & O U
0( � � ) = 0.

6.4.3. Problems in Spherical Coordinates
A three-dimensional nonhomogeneous telegraph equation in the spherical coordinate system is
written as 2 � � 2 + .  � � = 1 2 3 1� 2

  � B � 2
 � � D +

1� 2 sin X   X B sin X  � X D +
1� 2 sin2 X  2 � � 2 4 − G � + 6 ( � , X , � , � ).
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6.4.3-1. Domain: 0 ≤ � ≤ � , 0 ≤ X ≤ � , 0 ≤ � ≤ 2 � . First boundary value problem.

A spherical domain is considered. The following conditions are prescribed:� = � 0( � , X , � ) at � = 0 (initial condition), ! � = � 1( � , X , � ) at � = 0 (initial condition),� = " ( X , � , � ) at � = � (boundary condition).

Solution:� ( � , X , � , � ) =
  � $ 2 &

0

$ &
0

$ '
0

� 0( ( , ) , * ) + ( � , X , � , ( , ) , * , � ) ( 2 sin ) , ( , ) , *
+

$ 2 &
0

$ &
0

$ '
0 - � 1( ( , ) , * ) + . � 0( ( , ) , * ) / + ( � , X , � , ( , ) , * , � ) ( 2 sin ) , ( , ) , *

− 1 2 � 2
$ !

0

$ 2 &
0

$ &
0

" ( ) , * , 2 ) 3   ( + ( � , X , � , ( , ) , * , � − 2 ) 4 5
= ' sin ) , ) , * , 2

+
$ !

0

$ 2 &
0

$ &
0

$ '
0 6 ( ( , ) , * , 2 ) + ( � , X , � , ( , ) , * , � − 2 ) ( 2 sin ) , ( , ) , * , 2 ,

where+ ( � , X , � , ( , ) , * , � ) =
1

2 � � 2 ? � ( exp 7 − 1
2 . �98 :; � =0

:;� =1

�;W<
=0 >

<ZY � � < � � +1
O

2( @ � � � ) � � +1
O

2( @ � � ( )

× [ <� (cos X ) [ <� (cos ) ) cos[ � ( � − * )]
sin 7E� F 1 2 @ 2� � + G − . 2T 4 8F 1 2 @ 2� � + G − . 2T 4

,

>
<

= H 1 for � = 0,
2 for � ≠ 0,

Y � � <
=

(2 A + 1)( A − � )!

( A + � )! - � �� +1
O

2( @ � � � ) / 2 .

Here, the � � +1
O

2( � ) are the Bessel functions, the [ <� ( � ) are the associated Legendre functions
expressed in terms of the Legendre polynomials [ � ( � ) as[ <� ( � ) = (1 − � 2)

< O
2 , <
, � < [ � ( � ), [ � ( � ) =

1A ! 2 � , �, � � ( � 2 − 1) � ,

and the @ � � are positive roots of the transcendental equation � � +1
O

2( @ � ) = 0.

6.4.3-2. Domain: 0 ≤ � ≤ � , 0 ≤ X ≤ � , 0 ≤ � ≤ 2 � . Second boundary value problem.

A spherical domain is considered. The following conditions are prescribed:� = � 0( � , X , � ) at � = 0 (initial condition), ! � = � 1( � , X , � ) at � = 0 (initial condition), I � = " ( X , � , � ) at � = � (boundary condition).

Solution:� ( � , X , � , � ) =
  � $ 2 &

0

$ &
0

$ '
0

� 0( ( , ) , * ) + ( � , X , � , ( , ) , * , � ) ( 2 sin ) , ( , ) , *
+

$ 2 &
0

$ &
0

$ '
0 - � 1( ( , ) , * ) + . � 0( ( , ) , * ) / + ( � , X , � , ( , ) , * , � ) ( 2 sin ) , ( , ) , *

+ 1 2 � 2
$ !

0

$ 2 &
0

$ &
0

" ( ) , * , 2 ) + ( � , X , � , � , ) , * , � − 2 ) sin ) , ) , * , 2
+

$ !
0

$ 2 &
0

$ &
0

$ '
0 6 ( ( , ) , * , 2 ) + ( � , X , � , ( , ) , * , � − 2 ) ( 2 sin ) , ( , ) , * , 2 ,
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where+ ( � , X , � , ( , ) , * , � ) =
3 M − N !EO 2

4 � � 3
sin 7E� ? P 8? P + M − N !EO 2

2 � ? � ( :; � =0

:;� =1

�; <
=0 >

<\Y � � < � � +1
O

2( @ � � � )

× � � +1
O

2( @ � � ( ) [ <� (cos X ) [ <� (cos ) ) cos[ � ( � − * )]
sin 7E� F 1 2 @ 2� � + P 8F 1 2 @ 2� � + P ,

>
<

= H 1 for � = 0,
2 for � ≠ 0,

Y � � <
=

@ 2� � (2 A + 1)( A − � )!

( A + � )! - � 2 @ 2� � − A ( A + 1) / - � � +1
O

2( @ � � � ) / 2 , P = G − 1
4 . 2.

Here, the � � +1
O

2( � ) are the Bessel functions, the [ <� ( � ) are the associated Legendre functions (see
Paragraph 6.4.3-1), and the @ � � are positive roots of the transcendental equation

2 @ � � �� +1
O

2( @ � ) − � � +1
O

2( @ � ) = 0.

6.4.3-3. Domain: 0 ≤ � ≤ � , 0 ≤ X ≤ � , 0 ≤ � ≤ 2 � . Third boundary value problem.

A spherical domain is considered. The following conditions are prescribed:� = � 0( � , X , � ) at � = 0 (initial condition), ! � = � 1( � , X , � ) at � = 0 (initial condition), I � + � � = " ( X , � , � ) at � = � (boundary condition).

The solution � ( � , X , � , � ) is determined by the formula in Paragraph 6.4.3-2 where+ ( � , X , � , ( , ) , * , � ) = M − N !EO 2

2 � ? � ( :; � =0

:;� =1

�; % =0 > % Y � � % � � +1
O

2( @ � � � ) � � +1
O

2( @ � � ( )

× [ %� (cos X ) [ %� (cos ) ) cos[ � ( � − * )]
sin 7E� F 1 2 @ 2� � + G − . 2T 4 8F 1 2 @ 2� � + G − . 2T 4

,

> % = H 1 for � = 0,
2 for � ≠ 0,

Y � � % =
@ 2� � (2 A + 1)( A − � )!

( A + � )! - � 2 @ 2� � + ( �0� + A )( �0� − A − 1) / - � � +1
O

2( @ � � � ) / 2 .

Here, the � � +1
O

2( � ) are the Bessel functions, the [ %� ( � ) are the associated Legendre functions (see
Paragraph 6.4.3-1), and the @ � � are positive roots of the transcendental equation@ � � �� +1

O
2( @ � ) + 7 �0� − 1

2 8 � � +1
O

2( @ � ) = 0.

6.4.3-4. Domain: � 1 ≤ � ≤ � 2, 0 ≤ X ≤ � , 0 ≤ � ≤ 2 � . First boundary value problem.

A spherical layer is considered. The following conditions are prescribed:� = � 0( � , X , � ) at � = 0 (initial condition), ! � = � 1( � , X , � ) at � = 0 (initial condition),� = " 1( X , � , � ) at � = � 1 (boundary condition),� = " 2( X , � , � ) at � = � 2 (boundary condition).
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Solution:� ( � , X , � , � ) =
  � $ 2 &

0

$ &
0

$ '
2'

1

� 0( ( , ) , * ) + ( � , X , � , ( , ) , * , � ) ( 2 sin ) , ( , ) , *
+

$ 2 &
0

$ &
0

$ '
2'

1 - � 1( ( , ) , * ) + . � 0( ( , ) , * ) / + ( � , X , � , ( , ) , * , � ) ( 2 sin ) , ( , ) , *
+ 1 2 � 2

1

$ !
0

$ 2 &
0

$ &
0

" 1( ) , * , 2 ) 3   ( + ( � , X , � , ( , ) , * , � − 2 ) 4 5
= ' 1

sin ) , ) , * , 2
− 1 2 � 2

2

$ !
0

$ 2 &
0

$ &
0

" 2( ) , * , 2 ) 3   ( + ( � , X , � , ( , ) , * , � − 2 ) 4 5
= ' 2

sin ) , ) , * , 2
+

$ !
0

$ 2 &
0

$ &
0

$ '
2'

1 6 ( ( , ) , * , 2 ) + ( � , X , � , ( , ) , * , � − 2 ) ( 2 sin ) , ( , ) , * , 2 ,

where+ ( � , X , � , ( , ) , * , � ) =
� M − N !EO 2

8 ? � ( :; � =0

:;� =1

�; <
=0 >

<ZY � � < K � +1
O

2( @ � � � ) K � +1
O

2( @ � � ( )

× [ <� (cos X ) [ <� (cos ) ) cos[ � ( � − * )]
sin 7E� F 1 2 @ 2� � + G − . 2T 4 8F 1 2 @ 2� � + G − . 2T 4

,K � +1
O

2( @ � � � ) = � � +1
O

2( @ � � � 1) L � +1
O

2( @ � � � ) − L � +1
O

2( @ � � � 1) � � +1
O

2( @ � � � ),

>
<

= H 1 for � = 0,
2 for � ≠ 0,

Y � � <
=

@ � � (2 A + 1)( A − � )! � 2� +1
O

2( @ � � � 2)

( A + � )! - � 2� +1
O

2( @ � � � 1) − � 2� +1
O

2( @ � � � 2) / .

Here, the � � +1
O

2( � ) are the Bessel functions, the [ <� ( � ) are the associated Legendre functions
expressed in terms of the Legendre polynomials [ � ( � ) as[ <� ( � ) = (1 − � 2)

< O
2 , <
, � < [ � ( � ), [ � ( � ) =

1A ! 2 � , �, � � ( � 2 − 1) � ,

and the @ � � are positive roots of the transcendental equation K � +1
O

2( @ � 2) = 0.

6.4.3-5. Domain: � 1 ≤ � ≤ � 2, 0 ≤ X ≤ � , 0 ≤ � ≤ 2 � . Second boundary value problem.

A spherical layer is considered. The following conditions are prescribed:� = � 0( � , X , � ) at � = 0 (initial condition), ! � = � 1( � , X , � ) at � = 0 (initial condition), I � = " 1( X , � , � ) at � = � 1 (boundary condition), I � = " 2( X , � , � ) at � = � 2 (boundary condition).
Solution:� ( � , X , � , � ) =

  � $ 2 &
0

$ &
0

$ '
2'

1

� 0( ( , ) , * ) + ( � , X , � , ( , ) , * , � ) ( 2 sin ) , ( , ) , *
+

$ 2 &
0

$ &
0

$ '
2'

1 - � 1( ( , ) , * ) + . � 0( ( , ) , * ) / + ( � , X , � , ( , ) , * , � ) ( 2 sin ) , ( , ) , *
− 1 2 � 2

1

$ !
0

$ 2 &
0

$ &
0

" 1( ) , * , 2 ) + ( � , X , � , � 1, ) , * , � − 2 ) sin ) , ) , * , 2
+ 1 2 � 2

2

$ !
0

$ 2 &
0

$ &
0

" 2( ) , * , 2 ) + ( � , X , � , � 2, ) , * , � − 2 ) sin ) , ) , * , 2
+

$ !
0

$ 2 &
0

$ &
0

$ '
2'

1 6 ( ( , ) , * , 2 ) + ( � , X , � , ( , ) , * , � − 2 ) ( 2 sin ) , ( , ) , * , 2 ,
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where+ ( � , X , � , ( , ) , * , � ) =
3 M − N !EO 2 sin 7E� ? P 8
4 � ( � 3

2 − � 3
1) ? P + M − N !EO 2

4 � ? � ( :; � =0

:;� =1

�; <
=0 >

<Y � � < K � +1
O

2( @ � � � ) K � +1
O

2( @ � � ( )

× [ <� (cos X ) [ <� (cos ) ) cos[ � ( � − * )]
sin 7E� F 1 2 @ 2� � + P 8F 1 2 @ 2� � + P .

Here,

>
<

= H 1 for � = 0,
2 for � ≠ 0,

Y � � <
=

( A + � )!
(2 A + 1)( A − � )!

$ '
2'

1

� K 2� +1
O

2( @ � � � ) , � , P = G − 1
4 . 2,K � +1

O
2( @ � � � ) = 3 @ � � � �� +1

O
2( @ � � � 1) −

1
2 � 1

� � +1
O

2( @ � � � 1) 4 L � +1
O

2( @ � � � )

− 3 @ � � L �� +1
O

2( @ � � � 1) −
1

2 � 1
L � +1

O
2( @ � � � 1) 4 � � +1

O
2( @ � � � ),

where the � � +1
O

2( � ) and L � +1
O

2( � ) are the Bessel functions, the [ <� ( � ) are the associated Legendre
functions (see Paragraph 6.4.3-4), and the @ � � are positive roots of the transcendental equation@ K �� +1

O
2( @ � 2) −

1
2 � 2 K � +1

O
2( @ � 2) = 0.

6.4.3-6. Domain: � 1 ≤ � ≤ � 2, 0 ≤ X ≤ � , 0 ≤ � ≤ 2 � . Third boundary value problem.

A spherical layer is considered. The following conditions are prescribed:� = � 0( � , X , � ) at � = 0 (initial condition), ! � = � 1( � , X , � ) at � = 0 (initial condition), I � − � 1
� = " 1( X , � , � ) at � = � 1 (boundary condition), I � + � 2
� = " 2( X , � , � ) at � = � 2 (boundary condition).

The solution � ( � , X , � , � ) is determined by the formula in Paragraph 6.4.3-5 where+ ( � , X , � , ( , ) , * , � ) = M − N !EO 2

4 � ? � ( :; � =0

:;� =1

�; % =0 > %Y � � % K � +1
O

2( @ � � � ) K � +1
O

2( @ � � ( )

× [ %� (cos X ) [ %� (cos ) ) cos[ � ( � − * )]
sin 7E� F 1 2 @ 2� � + P 8F 1 2 @ 2� � + P .

Here,

> % = H 1 for � = 0,
2 for � ≠ 0,

Y � � % =
( A + � )!

(2 A + 1)( A − � )! $ '
2'

1

� K 2� +1
O

2( @ � � � ) , � , P = G − 1
4 . 2,K � +1

O
2( @ � ) = 3 @ � �� +1

O
2( @ � 1) − B � 1 +

1
2 � 1 D � � +1

O
2( @ � 1) 4 L � +1

O
2( @ � )

− 3 @ L �� +1
O

2( @ � 1) − B � 1 +
1

2 � 1 D L � +1
O

2( @ � 1) 4 � � +1
O

2( @ � ),

where the � � +1
O

2( � ) and L � +1
O

2( � ) are the Bessel functions, the [ %� ( � ) are the associated Legendre
functions (see Paragraph 6.4.3-4), and the @ � � are positive roots of the transcendental equation@ K �� +1

O
2( @ � 2) + B � 2 −

1
2 � 2 D K � +1

O
2( @ � 2) = 0.
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6.5. Other Equations with Three Space Variables
6.5.1. Equations Containing Arbitrary Parameters

1. ] 2 ^] _ 2
= ]] ` B a ` b ] ^] ` D + ]] c B d c e ] ^] c D + ]] f B g f h ] ^] f D .

This equation admits separable solutions. In addition, for A ≠ 2, i ≠ 2, and . ≠ 2, there are particular
solutions of the formj

=

j
( ( , k ), ( 2 = 4 3 l 2− m1 (2 − A )2 + n 2− oG (2 − i )2 + p 2− NP (2 − . )2 4 ,

where

j
( ( , k ) is determined by the one-dimensional nonstationary equationq 2

jq k 2 =
q 2

jq r 2 + > r q jq r , > = 2 B 1
2 − A +

1
2 − i +

1
2 − . D − 1.

2. ] 2 ^] _ 2
+ s ] ^] _ = a 2 B ] 2 ^] ` 2

+ ] 2 ^] c 2
+ ] 2 ^] f 2 D + d 1 ] ^] ` + d 2 ] ^] c + d 3 ] ^] f + g ^ .

The transformationj
( l , n , p , k ) = t ( l , n , p , u ) exp B −

1
2 v k −

G 1 l + G 2 n + G 3 p
2 w 2 D , u = w k

leads to the equation in Subsection 6.3.1:q 2 tq u 2 =
q 2 tq l 2 +

q 2 tq n 2 +
q 2 tq p 2 + x t , x =

Pw 2 + v 2

4 w 2 −
1

4 w 4 y G 2
1 + G 2

2 + G 2
3 z .

6.5.2. Equation of the Form{ ( | , } , ~ ) � 2 �� � 2 = div[ � ( | , } , ~ )∇ � ] – � ( | , } , ~ ) � + � ( | , } , ~ , � )

Such equations are encountered when studying vibration of finite volumes. The equation is written
using the notation

div ��w (r)∇

j �
=

qq l � w (r)
q jq l � +

qq n � w (r)
q jq n � +

qq p � w (r)
q jq p � , r = { l , n , p }.

The problems for the equation in question are considered below for the interior of a bounded
domain � with smooth surface � . In what follows, it is assumed that � (r) > 0, w (r) > 0, and � (r) ≥ 0.

6.5.2-1. First boundary value problem.

The solution of the equation in question with the initial conditionsj
= � 0(r) at k = 0,q � j
= � 1(r) at k = 0

(1)

and the nonhomogeneous boundary conditions of the first kindj
= � (r, k ) for r � � (2)
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can be written as the sumj
(r, k ) =

qq k � � � 0( � ) � ( � ) � (r, � , � ) � � � + � � � 1( � ) � ( � ) � (r, � , � ) � � �
− � �

0 � � � ( � , � ) � ( � ) � �� � � � (r, � , � − � ) � � � � � � + � �
0 � � � ( � , � ) � (r, � , � − � ) � � � � � . (3)

Here, the modified Green’s function is expressed as� (r, � , � ) = � ¢¡
=1

1£ ¤ ¡ ¥C¦ ¡ ¥
2

¦ ¡
(r)

¦ ¡
( � ) sin( § ¤ ¡ � ),¥C¦ ¡ ¥

2 = � � ¨ (r)

¦
2

¡
(r) � © , � = {

r
1,

r
2,

r
3},

(4)

where the
¤ ¡

and

¦ ¡
(r) are the eigenvalues and corresponding eigenfunctions of the Sturm–Liouville

problem for the following second-order elliptic equation with homogeneous boundary conditions of
the first kind:

div ª�� (r)∇

¦ «
− ¬ (r)

¦
+

¤ ¨ (r)

¦
= 0, (5)¦

= 0 for r  ® . (6)

The integration in solution (3) is performed with respect to ¯ 1, ¯ 2, and ¯ 3; °° ± ² is the derivative along
the outward normal to the surface ® with respect to ¯ 1, ¯ 2, and ¯ 3.

General properties of the Sturm–Liouville problem (5)–(6):

1 ³ . There are finitely many eigenvalues. All eigenvalues are real and can be ordered so that¤
1 ≤

¤
2 ≤

¤
3 ≤ ´�´�´ and

¤ ¡ µ ¶
as · µ ¶

; therefore the number of negative eigenvalues is finite.

2 ³ . If ¨ (r) > 0, � (r) > 0, and ¬ (r) ≥ 0, then all eigenvalues are positive,
¤ ¡

> 0.

3 ³ . An eigenfunction is determined up to a constant multiplier. Two eigenfunctions

¦ ¡
(r) and

¦ ¸
(r)

corresponding to different eigenvalues
¤ ¡

and
¤ ¸

are orthogonal with weight ¨ (r) in the domain © ,
that is, � � ¨ (r)

¦ ¡
(r)

¦ ¸
(r) � © = 0 for · ≠ ¹ .

4 ³ . An arbitrary function º (r) twice continuously differentiable and satisfying the boundary con-
dition of the Sturm–Liouville problem ( º = 0 for r  ® ) can be expanded into an absolutely and
uniformly convergent series in the eigenfunctions:º (r) = �  ¡

=1

º ¡ ¦ ¡
(r), º ¡

=
1¥C¦ ¡ ¥

2 � � º (r) ¨ (r)

¦ ¡
(r) � © ,

where

¥C¦ ¡ ¥
2 is defined in (4).» ¼¾½ ¿ ÀÂÁ Ã

In a three-dimensional problem, finitely many linearly independent eigenfunctions
¦

(1)

¡
, Ä�Ä�Ä , ¦

(

¸
)

¡
generally correspond to each eigenvalue

¤ ¡
. These functions can always be replaced

by their linear combinations

¯

¦
( Å )

¡
= Æ Å ,1

¦
(1)

¡
+ ´�´�´ + Æ Å , Å −1

¦
( Å −1)

¡
+

¦
( Å )

¡
, Ç = 1, Ä�Ä�Ä , ¹ ,

so that ¯

¦
(1)

¡
, Ä�Ä�Ä , ¯

¦
(

¸
)

¡
are now orthogonal pairwise. For this reason, without loss of generality, all

eigenfunctions can be assumed orthogonal.
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6.5.2-2. Second boundary value problem.

The solution of the equation with the initial conditions (1) and nonhomogeneousboundary conditions
of the second kind, � É� � = Ê (r, � ) for r  ® ,

can be represented as the sum

É (r, � ) = �� � � � Ë 0( � ) ¨ ( � ) � (r, � , � ) � © � + � � Ë 1( � ) ¨ ( � ) � (r, � , � ) � © �
+ � Ì0 � � Ê ( � , � ) � ( � ) � (r, � , � − � ) � ® � � � + � Ì0 � � � ( � , � ) � (r, � , � − � ) � © � � � . (7)

Here, the modified Green’s function � is given by relation (4), the
¤ ¡

and

¦ ¡
(r) are the eigenvalues

and corresponding eigenfunctions of the Sturm–Liouville problem for the second-order elliptic
equation (5) with homogeneous boundary conditions of the second kind,

�
¦

� � = 0 for r  ® . (8)

For ¬ (r) > 0, the general properties of the eigenvalue problem (5), (8) are the same as those of
the first boundary value problem (all

¤ ¡
are positive).

6.5.2-3. Third boundary value problem.

The solution of the equation with the initial conditions (1) and nonhomogeneousboundary conditions
of the third kind, � É� � + Ç (r) É = Ê (r, � ) for r  ® ,

is determined by relations (7) and (4), where the
¤ ¡

and

¦ ¡
(r) are the eigenvalues and eigenfunc-

tions of the Sturm–Liouville problem for the second-order elliptic equation (5) with homogeneous
boundary conditions of the third kind,

�
¦

� � + Ç (r)

¦
= 0 for r  ® . (9)

If ¬ (r) ≥ 0 and Ç (r) > 0, the general properties of the eigenvalue problem (5), (9) are the same
as those of the first boundary value problem (see Paragraph 6.5.2-1).

Suppose Ç (r) = Ç = const. Denote the Green’s functions of the second and third boundary value
problems by Í 2(r, � , � ) and Í 3(r, � , � , Ç ), respectively. If ¬ (r) > 0, the limit relation Í 2(r, � , � ) =
limÅ0Î 0

Í 3(r, � , � , Ç ) holds.Ï�Ð
References for Subsection 6.5.2: V. S. Vladimirov (1988), A. D. Polyanin (2000a).

6.6. Equations with Ñ Space Variables
Throughout this section the following notation is used:Ò ¡

É =

¡ÓÅ =1 � 2 É� Ô 2Å , x = { Ô 1, Ä�Ä�Ä , Ô
¡

}, y = { Õ 1, Ä�Ä�Ä , Õ ¡
}, |x| = Ö Ô 2

1 + ´�´�´ + Ô 2

¡
.
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6.6.1. Wave Equation × 2 Ø× Ù 2 = Ú 2 Û Ü Ø
6.6.1-1. Fundamental solution:

Ý Ý
(x, Þ ) =

ßàààààá àààààâ (−1)

¡
−2
2

2 ã ä ¡
+1
2 å æ · − 1

2 ç è ( ã Þ − |x|)

( ã 2 Þ 2 − |x|2) é −1
2

if ê ≥ 2 is even;

1
2 ä ã æ 1

2 ä ã 2 Þ ëë Þ ç é −3
2 ì

( ã 2 Þ 2 − |x|2) if ê ≥ 3 is odd;

where è ( í ) is the Heaviside unit step function and
ì
( í ) is the Dirac delta function.î�ï

Reference: V. S. Vladimirov (1988).

6.6.1-2. Properties of solutions.

Suppose ð ( ñ 1, ò�ò�ò , ñ é , Þ ) is a solution of the wave equation. Then the functionsð 1 = ó ð ( ô õ ñ 1 + ö 1, ò�ò�ò , ô õ ñ é + ö é , ô õ Þ + ö é +1),ð 2 = ó ð æ ñ 1 − ÷ Þø
1 − ( ÷ ù ú )2

, ñ 2, ò�ò�ò , ñ é , û − ÷ ú −2 ñ 1ø
1 − ( ÷ ù ú )2 ç ,ð 3 = ó üþý 2 − ú 2 û 2 ü − é −1

2 ð ÿ ñ 1ý 2 − ú 2 û 2 , ò�ò�ò , ñ éý 2 − ú 2 û 2 , ûý 2 − ú 2 û 2 ç , ý = |x|,

are also solutions of this equation everywhere they are defined; ó , ö 1, ò�ò�ò , ö é +1, ÷ , and õ are
arbitrary constants. The signs at õ in the expression of ð 1 can be taken independently of one
another.

6.6.1-3. Domain: − � < ñ � < � ;
�

= 1, ò�ò�ò , ê . Cauchy problem.

Initial conditions are prescribed: ð = � (x) at û = 0,ë � ð = � (x) at û = 0.

Solution: ð (x, û ) =
1ú é −1( ê − 2)! ë é −1ë û é −1

� � �
0 � ú 2 û 2 − ý 2 	 é −3

2 ý 
 � [ � (x)] � ý
+

1ú é −1( ê − 2)! ë é −2ë û é −2

� � �
0 � ú 2 û 2 − ý 2 	 é −3

2 ý 
 � [ � (x)] � ý .

Here, 
 � [ � (x)] is the average of � over the surface of the sphere of radius ý with center at x:
 � [ � (x)] ≡
1 é ý é −1

�
|x−y|= � � (y) � � � ,  é =

2 � é � 2�
( ê ù 2)

,

where  é ý é −1 is the area of the surface of an ê -dimensional sphere of radius ý , � � � is the area
element of this surface, and |x − y|2 = ( ñ 1 − � 1)2 + ����� + ( ñ é − � é )2.

For odd ê , the solution can be alternatively represented asð (x, û ) =
1

1 × 3 ò�ò�ò ( ê − 2) ëë û ÿ 1û ëë û ç é −3
2 � û é −2 
 � � [ � (x)] 	

+
1

1 × 3 ò�ò�ò ( ê − 2)
ÿ 1û ëë û ç é −3

2 � û é −2 
 � � [ � (x)] 	 .
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For even ê , the solution can be alternatively represented asð (x, û ) =
1

2 × 4 ò�ò�ò ( ê − 2) ú é −1 ëë û ÿ 1û ëë û ç é −2
2

� � �
0


 � [ � (x)]
ý é −1 � ý� ú 2 û 2 − ý 2

+
1

2 × 4 ò�ò�ò ( ê − 2) ú é −1 ÿ 1û ëë û ç é −2
2

� � �
0


 � [ � (x)]
ý é −1 � ý� ú 2 û 2 − ý 2

.î�ï
References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), R. Courant and D. Hilbert (1989), D. Zwillinger

(1998).

6.6.1-4. Domain: 0 ≤ ñ � ≤ ��� ;
�

= 1, ò�ò�ò , ê . Boundary value problems.

For solutions of the first, second, third, and mixed boundary value problems with nonhomoge-
neous conditions of general form, see Paragraphs 6.6.2-2, 6.6.2-3, 6.6.2-4, and 6.6.2-5 for � ≡ 0,
respectively.

6.6.2. Nonhomogeneous Wave Equation� 2 �� � 2 = � 2 �  � + ! ( " 1, # # # , "  ,
�
)

6.6.2-1. Domain: − � < ñ � < � ;
�

= 1, ò�ò�ò , ê . Cauchy problem.

Initial conditions are prescribed: ð = � (x) at û = 0,ë � ð = � (x) at û = 0.

Solution:ð (x, û ) =
1ú é −1( ê − 2)! ë é −1ë û é −1

� � �
0 � ú 2 û 2 − ý 2 	 é −3

2 ý 
 � [ � (x)] � ý
+

1ú é −1( ê − 2)! ë é −2ë û é −2

� � �
0 � ú 2 û 2 − ý 2 	 é −3

2 ý 
 � [ � (x)] � ý
+

1ú é −1( ê − 2)! ë é −2ë û é −2

� � �
0

� $ � �&%
0 � ú 2 $ 2 − ý 2 	 é −3

2 ý 
 � [ � (x, û − $ )] � ý .

Here, 
 � [ � (x)] is the average of � over the spherical surface of radius ý with center at x:
 � [ � (x)] ≡
1 é ý é −1

�
|x−y|= � � (y) � � � ,  é =

2 � é � 2�
( ê ù 2)

,

where  é ý é −1 is the area of the surface of an ê -dimensional sphere of radius ý and � � � is the area
element of this surface.î�ï

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), R. Courant and D. Hilbert (1989).

6.6.2-2. Domain: ' ={0 ≤ ñ � ≤ ��� ;
�

= 1, ò�ò�ò , ê }. First boundary value problem.

The following conditions are prescribed:ð = � 0(x) at û = 0 (initial condition),ë � ð = � 1(x) at û = 0 (initial condition),ð = � � (x, û ) at ñ � = 0 (boundary conditions),ð = ( � (x, û ) at ñ � = ��� (boundary conditions).
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Solution: ð (x, û ) =
� �

0

� ) � (y, $ ) * (x, y, û − $ ) � y � $
+ ëë û � ) � 0(y) * (x, y, û ) � y +

� ) � 1(y) * (x, y, û ) � y

+ ú 2 é+ � =1

� �
0

� ,
( - ) . � � (y, $ ) // � � * (x, y, û − $ ) 0 � - =0

� � ( � )� � $
− ú 2 1+ � =1

� �
0

� ,
( - ) . ( � (y, $ ) // � � * (x, y, û − $ ) 0 � - = 2 - � � ( � )� � $ ,

where

x = { 3 1, 4�4�4 , 3 1 }, y = { � 1, 4�4�4 , � 1 }, � y = � � 1 � � 2 4�4�45� � 1 , � � ( � )� = � � 1 4�4�45� � � −1 � � � +1 4�4�46� � 1 ,� ( � ) = {0 ≤ � 7 ≤ �87 for 9 = 1, 4�4�4 , �
− 1,

�
+ 1, 4�4�4 , : }.

Green’s function:* (x, y, ; ) =
2 1� 1 � 2 4�4�45� 1 <+ =

1=1

<+ =
2=1

4�4�4 <+=?>
=1

sin( @ =
1 3 1) sin( @ =

2 3 2) 4�4�4 sin( @ =?> 3 1 )

× sin( @ =
1 � 1) sin( @ =

2 � 2) 4�4�4 sin( @ =?> � 1 )
sin �BA ;DC @ 2

=
1

+ ����� + @ 2

=?> 	A C @ 2

=
1

+ ����� + @ 2

=?>
,

where @ =
1 = E 1 �� 1 , @ =

2 = E 2 �� 2 , 4�4�4 , @ =?>
= E 1 �� 1 .

6.6.2-3. Domain: ' ={0 ≤ 3 F ≤ ��F ; G = 1, 4�4�4 , : }. Second boundary value problem.

The following conditions are prescribed:H = I 0(x) at ; = 0 (initial condition),/ J H = I 1(x) at ; = 0 (initial condition),/ K - H = L F (x, ; ) at 3 F = 0 (boundary conditions),/ K - H = ( F (x, ; ) at 3 F = ��F (boundary conditions).

Solution: H (x, ; ) = M J
0

M N O (y, $ ) P (x, y, ; − $ ) Q y Q $
+ M N I 0(y) P (x, y, ; ) Q y + M N I 1(y) P (x, y, ; ) Q y

− A 2 1+ F =1

M J
0

M ,
( - ) R L F (y, $ ) P (x, y, ; − $ ) S�T - =0 Q U ( F )T Q $

+ A 2 1+ F =1

M J
0

M ,
( - ) RWV F (y, $ ) P (x, y, ; − $ ) S T - = 2 - Q U ( F )T Q $ .

Here,P (x, y, ; ) =
;X

1
X
2 4�4�4 X 1 +

1X
1
X
2 4�4�4 X 1 <+ =

1=0

<+ =
2=0

4�4�4 <+=?>
=0 Y

=
1 Y

=
2 4�4�4 Y

=?>
A C @ 2

=
1

+ ����� + @ 2

=?>
sin Z A ;DC @ 2

=
1

+ ����� + @ 2

=?> [
× cos( @ =

1 3 1) cos( @ =
2 3 2) 4�4�4 cos( @ =?> 3 1 ) cos( @ =

1 � 1) cos( @ =
2 � 2) 4�4�4 cos( @ =?> � 1 ),
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6.6. EQUATIONS WITH � SPACE VARIABLES 459

where@ =
1 = E 1 \X

1
, @ =

2 = E 2 \X
2

, 4�4�4 , @ =?>
= E 1 \X 1 ; Y

=?]
= ^ 1 for _`7 = 0,

2 for _`7 ≠ 0, a = 1, 2, 4�4�4 , b .

The summation is performed over the indices satisfying the condition _ 1 + ����� + _`c > 0; the term
corresponding to _ 1 = ����� = _`c = 0 is singled out.

6.6.2-4. Domain: ' = {0 ≤ 3 d ≤
X d ; e = 1, 4�4�4 , b }. Third boundary value problem.

The following conditions are prescribed:H = f 0(x) at g = 0 (initial condition),h i H = f 1(x) at g = 0 (initial condition),h j k H − lDd H = m d (x, g ) at 3 d = 0 (boundary conditions),h j k H + n�d H = V d (x, g ) at 3 d =
X d (boundary conditions).

The solution H (x, g ) is determined by the formula in Paragraph 6.6.2-3 whereP (x, y, g ) = 2 c op q
1=1

op q
2=1

4�4�4 opq?r
=1

sin ZBs gDt u 2

q
1

+ u 2

q
2

+ ����� + u 2

q?r [
s v q

1v q
2 4�4�4 v q?r t u 2

q
1

+ u 2

q
2

+ ����� + u 2

q?r
× sin( u q

1 3 1 + w q
1 ) sin( u q

2 3 2 + w q
2 ) 4�4�4 sin( u q?r 3 c + w q?r

)
× sin( u q

1 x 1 + w q
1 ) sin( u q

2 x 2 + w q
2 ) 4�4�4 sin( u q?r x c + w q?r

).

Here, w q?]
= arctan

u q?]X 7 , v q?]
=

X 7 +
( l&7 nD7 + u 2

q?]
)( ly7 + nD7 )

( l 27 + u 2

q?]
)( n 27 + u 2

q?]
)

, a = 1, 2, 4�4�4 , b ;

the u q?]
are positive roots of the transcendental equations

1l&7 + nD7 z u −
l&7 nD7u { = cot( |}7 u ), a = 1, 2, 4�4�4 , b .

6.6.2-5. Domain: ' ={0 ≤ 3 d ≤ |�d ; e = 1, 4�4�4 , b }. Mixed boundary value problem.

The following conditions are prescribed:H = f 0(x) at g = 0 (initial condition),h i H = f 1(x) at g = 0 (initial condition),H = m d (x, g ) at 3 d = 0 (boundary conditions),h j k H = ~ d (x, g ) at 3 d = |�d (boundary conditions).

Solution: H (x, g ) = � i
0

� � � (y, $ ) � (x, y, g − $ ) � y � $
+

hh g � � f 0(y) � (x, y, g ) � y + � � f 1(y) � (x, y, g ) � y

+ s 2
cp d =1

� i
0

� �
(

k
) � m d (y, $ )

hh x d � (x, y, g − $ ) � � k
=0

� U ( d )� � $
+ s 2

cp d =1

� i
0

� �
(

k
) � ~ d (y, $ ) � (x, y, g − $ ) � � k

= � k � U ( d )� � $ ,

Page 459



460 HYPERBOLIC EQUATIONS WITH THREE OR MORE SPACE VARIABLES

where� (x, y, g ) =
2 c| 1 | 2 4�4�45|8c op q

1=1

op q
2=1

4�4�4 opq?r
=1

sin( u q
1 3 1) sin( u q

2 3 2) 4�4�4 sin( u q?r 3 c )

× sin( u q
1 x 1) sin( u q

2 x 2) 4�4�4 sin( u q?r x c )
sin � s gDt u 2

q
1

+ ����� + u 2

q?r �
s t u 2

q
1

+ ����� + u 2

q?r
,u q

1 = � (2 _ 1 + 1)
2 | 1 , u q

2 = � (2 _ 2 + 1)
2 | 2 , 4�4�4 , u q?r

= � (2 _`c + 1)
2 |8c .

6.6.3. Equations of the Form � 2 �� � 2 = � 2 � � � – � � + � ( � 1, � � � , � � , � )

6.6.3-1. Domain: − � < 3 � < � ; � = 1, 4�4�4 , � . Cauchy problem.
Initial conditions are prescribed: �

= � (x) at � = 0,� � �
= � (x) at � = 0,

where x = { 3 1, 4�4�4 , 3   }.

1 ¡ . Let ¢ = − £ 2 < 0 and � ≡ 0. The solution is sought by the descent method in the form�
(x, � ) =

1
exp( £&3   +1) ¤ (x, 3   +1, � ), (1)

where ¤ is the solution of the Cauchy problem for the auxiliary ( � + 1)-dimensional wave equation� 2 ¤� � 2 = ¥   +1 ¤ (2)

with the initial conditions ¤ = exp( £&3   +1) � (x) at � = 0,� � ¤ = exp( £&3   +1) � (x) at � = 0.
(3)

For the solution of problem (2), (3), see Paragraph 6.6.1-3.
2 ¡ . Let ¢ = £ 2 > 0 and � ≡ 0. In this case the function exp( £&3   +1) in (1) and (3) must be replaced
by cos( £&3   +1).¦¨§

Reference: R. Courant and D. Hilbert (1989).

6.6.3-2. Domain: © ={0 ≤ 3 � ≤ |�� ; � = 1, 4�4�4 , � }. First boundary value problem.
The following conditions are prescribed:�

= � 0(x) at � = 0 (initial condition),� � �
= � 1(x) at � = 0 (initial condition),�
= � � (x, � ) at 3 � = 0 (boundary conditions),�
= ~ � (x, � ) at 3 � = |�� (boundary conditions).

Solution: �
(x, � ) = � �

0
� � � (y, ª ) � (x, y, � − ª ) � y � ª

+
�� � � � � 0(y) � (x, y, � ) � y + � � � 1(y) � (x, y, � ) � y

+ « 2
 ¬ � =1

� �
0

� �
(  ) � � � (y, ª )

�� ® � � (x, y, � − ª ) � �  =0
� ¯ ( � )� � ª

− « 2
 ¬ � =1

� �
0

� �
(  ) � ~ � (y, ª )

�� ® � � (x, y, � − ª ) � �  = �  � ¯ ( � )� � ª ,
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where

x = { � 1, ����� , � � }, y = { � 1, ����� , � � }, � y = � � 1 � � 2 ������� � � , � � ( 	 )
 = � � 1 ������� � 	 −1 � � 	 +1 ������� � � ,� ( 	 ) = {0 ≤ � � ≤ �� for � = 1, ����� , � − 1, � + 1, ����� , � }.

Green’s function:�
(x, y, � ) =

2 � 1  2 �������� �� �
1=1

�� �
2=1

����� ����� =1

sin( � �
1 � 1) sin( � �

2 � 2) ����� sin( � ��� � � )

× sin( � �
1 � 1) sin( � �

2 � 2) ����� sin( � ��� � � )
sin ����� � 2( � 2�

1
+ ����� + � 2��� ) +  !� � 2( � 2�

1
+ ����� + � 2��� ) +  ,

where � �
1 = " 1 # 1 , � �

2 = " 2 # 2 , ����� , � ��� = " � #�� .

6.6.3-3. Domain: $ ={0 ≤ � 	 ≤  	 ; � = 1, ����� , � }. Second boundary value problem.

The following conditions are prescribed:% = & 0(x) at � = 0 (initial condition),' ( % = & 1(x) at � = 0 (initial condition),' ) * % = + 	 (x, � ) at � 	 = 0 (boundary conditions),' ) * % = , 	 (x, � ) at � 	 =  	 (boundary conditions).

Solution: % (x, � ) = - (
0

- . / (y, 0 )
�

(x, y, � − 0 ) � y � 0
+ - . & 0(y)

�
(x, y, � ) � y + - . & 1(y)

�
(x, y, � ) � y

− � 2
�� 	 =1

- (
0

- 1
(

*
) 2 + 	 (y, 0 )

�
(x, y, � − 0 ) 3 
 * =0 � � ( 	 )
 � 0

+ � 2
�� 	 =1

- (
0

- 1
(

*
) 2 , 	 (y, 0 )

�
(x, y, � − 0 ) 3 
 * = 4 * � � ( 	 )
 � 0 .

Here,�
(x, y, � ) =

1 1  2 �������� �� �
1=0

�� �
2=0

����� ����� =0 5 �
1 5 �

2 ����� 5 ��� cos( � �
1 � 1) cos( � �

2 � 2) ����� cos( � ��� � � )

× cos( � �
1 � 1) cos( � �

2 � 2) ����� cos( � ��� � � )
sin � � � � 2( � 2�

1
+ ����� + � 2��� ) +  !� � 2( � 2�

1
+ ����� + � 2��� ) +  ,

where� �
1 = " 1 # 1 , � �

2 = " 2 # 2 , ����� , � ��� = " � #�� ; 5 ��6 = 7 1 for " � = 0,
2 for " � ≠ 0,

� = 1, 2, ����� , � .
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6.6.3-4. Domain: $ ={0 ≤ � 	 ≤  	 ; � = 1, ����� , � }. Third boundary value problem.

The following conditions are prescribed:% = & 0(x) at � = 0 (initial condition),' ( % = & 1(x) at � = 0 (initial condition),' ) * % −  	 % = + 	 (x, � ) at � 	 = 0 (boundary conditions),' ) * % + 8 	 % = , 	 (x, � ) at � 	 =  	 (boundary conditions).
The solution % (x, � ) is determined by the formula in Paragraph 6.6.3-3 where�

(x, y, � ) = 2 � �� �
1=1

�� �
2=1

����� ����� =1

sin � � � � 2( � 2�
1

+ � 2�
2

+ ����� + � 2��� ) +  !9 �
1

9 �
2 ����� 9 ��� � � 2( � 2�

1
+ � 2�

2
+ ����� + � 2��� ) +  

× sin( � �
1 � 1 + : �

1 ) sin( � �
2 � 2 + : �

2 ) ����� sin( � ��� � � + : ��� )
× sin( � �

1 � 1 + : �
1 ) sin( � �

2 � 2 + : �
2 ) ����� sin( � ��� � � + : ��� ).

Here, : ��6 = arctan
� ��6�� ,

9 ��6 = �� +
(  ;� 8�� + � 2��6 )(  <� + 8�� )
(  2� + � 2��6 )( 8 2� + � 2��6 )

, � = 1, 2, ����� , � ;

the � ��6 are positive roots of the transcendental equations
1 ;� + 8�� = � −

 ;� 8��� > = cot( ?� � ), � = 1, 2, ����� , � .

6.6.3-5. Domain: $ ={0 ≤ � 	 ≤  	 ; � = 1, ����� , � }. Mixed boundary value problem.

The following conditions are prescribed:% = & 0(x) at � = 0 (initial condition),' ( % = & 1(x) at � = 0 (initial condition),% = + 	 (x, � ) at � 	 = 0 (boundary conditions),' ) * % = , 	 (x, � ) at � 	 =  	 (boundary conditions).
Solution: % (x, � ) = - (

0
- . / (y, 0 )

�
(x, y, � − 0 ) � y � 0

+
'' � - . & 0(y)

�
(x, y, � ) � y + - . & 1(y)

�
(x, y, � ) � y

+ � 2
�� 	 =1

- (
0

- 1
(

*
) @ + 	 (y, 0 )

'' � 	 �
(x, y, � − 0 ) A 
 * =0

� � ( 	 )
 � 0
+ � 2

�� 	 =1

- (
0

- 1
(

*
) @ , 	 (y, 0 )

�
(x, y, � − 0 ) A 
 * = 4 * � � ( 	 )
 � 0 .

Here,�
(x, y, � ) =

2 � 1  2 �������� �� �
1=1

�� �
2=1

����� ����� =1

sin( � �
1 � 1) sin( � �

2 � 2) ����� sin( � ��� � � )

× sin( � �
1 � 1) sin( � �

2 � 2) ����� sin( � ��� � � )
sin � � � � 2( � 2�

1
+ ����� + � 2��� ) +  !� � 2( � 2�

1
+ ����� + � 2��� ) +  ,

where � �
1 = # (2 " 1 + 1)

2  1 , � �
2 = # (2 " 2 + 1)

2  2 , ����� , � ��� = # (2 " � + 1)
2 �� .
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6.6.4. Equations Containing the First Time Derivative

1. B 2 CB D 2
+ E B CB D = F 2 G H C – I C + J ( K 1, L L L , K H , D ).

Nonhomogeneous telegraph equation with � space variables.

1 M . The substitution % = exp � − 1
2 N � !�O leads to the equation' 2 O' � 2 = � 2 P � O − �  − 1

4 N 2 !�O + exp � 1
2 N � ! / ( � 1, ����� , � � , � ),

which is considered in Subsection 6.6.3.

2 M . Domain: $ ={0 ≤ � 	 ≤  	 ; � = 1, ����� , � }. First boundary value problem.
The following conditions are prescribed:% = & 0(x) at � = 0 (initial condition),' ( % = & 1(x) at � = 0 (initial condition),% = + 	 (x, � ) at � 	 = 0 (boundary conditions),% = , 	 (x, � ) at � 	 =  	 (boundary conditions).

Solution: % (x, � ) = - (
0

- . / (y, 0 )
�

(x, y, � − 0 ) � y � 0
+

'' � - . & 0(y)
�

(x, y, � ) � y + - . 2 & 1(y) + N & 0(y) 3 � (x, y, � ) � y

+ � 2
�� 	 =1

- (
0

- 1
(

*
) @ + 	 (y, 0 )

'' � 	 �
(x, y, � − 0 ) A 
 * =0

� � ( 	 )
 � 0
− � 2

�� 	 =1

- (
0

- 1
(

*
) @ , 	 (y, 0 )

'' � 	 �
(x, y, � − 0 ) A 
 * = 4 * � � ( 	 )
 � 0 ,

where

x = { � 1, ����� , � � }, y = { � 1, ����� , � � }, � y = � � 1 � � 2 ������� � � , � � ( 	 )
 = � � 1 ������� � 	 −1 � � 	 +1 ������� � � ,� ( 	 ) = {0 ≤ � � ≤ �� for � = 1, ����� , � − 1, � + 1, ����� , � }.

Green’s function:�
(x, y, � ) =

2 � Q − R (�S 2 1  2 �������� �� �
1=1

�� �
2=1

����� ����� =1

sin( � �
1 � 1) sin( � �

2 � 2) ����� sin( � ��� � � )

× sin( � �
1 � 1) sin( � �

2 � 2) ����� sin( � ��� � � )
sin � � � � 2( � 2�

1
+ ����� + � 2��� ) +  − N 2T 4 !� � 2( � 2�

1
+ ����� + � 2��� ) +  − N 2T 4

,

where � �
1 = " 1 # 1 , � �

2 = " 2 # 2 , ����� , � ��� = " � #�� .

3 M . Domain: $ ={0 ≤ � 	 ≤  	 ; � = 1, ����� , � }. Second boundary value problem.
The following conditions are prescribed:% = & 0(x) at � = 0 (initial condition),' ( % = & 1(x) at � = 0 (initial condition),' ) * % = + 	 (x, � ) at � 	 = 0 (boundary conditions),' ) * % = , 	 (x, � ) at � 	 =  	 (boundary conditions).
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Solution: % (x, � ) = - (
0

- . / (y, 0 )
�

(x, y, � − 0 ) � y � 0
+ - . & 0(y)

�
(x, y, � ) � y + - . 2 & 1(y) + N & 0(y) 3 � (x, y, � ) � y

− � 2
�� 	 =1

- (
0

- 1
(

*
) 2 + 	 (y, 0 )

�
(x, y, � − 0 ) 3 
 * =0 � � ( 	 )
 � 0

+ � 2
�� 	 =1

- (
0

- 1
(

*
) 2 , 	 (y, 0 )

�
(x, y, � − 0 ) 3 
 * = 4 * � � ( 	 )
 � 0 .

Here,�
(x, y, � ) =

Q − R (�S 2 1  2 �������� �� �
1=0

�� �
2=0

����� ����� =0 5 �
1 5 �

2 ����� 5 ��� cos( � �
1 � 1) cos( � �

2 � 2) ����� cos( � ��� � � )

× cos( � �
1 � 1) cos( � �

2 � 2) ����� cos( � ��� � � )
sin � � � � 2( � 2�

1
+ ����� + � 2��� ) +  − N 2T 4 !� � 2( � 2�

1
+ ����� + � 2��� ) +  − N 2T 4

,

where� �
1 = " 1 # 1 , � �

2 = " 2 # 2 , ����� , � ��� = " � #�� ; 5 ��6 = 7 1 for " � = 0,
2 for " � ≠ 0,

� = 1, 2, ����� , � .

4 M . Domain: $ ={0 ≤ � 	 ≤  	 ; � = 1, ����� , � }. Third boundary value problem.
The following conditions are prescribed:% = & 0(x) at � = 0 (initial condition),' ( % = & 1(x) at � = 0 (initial condition),' ) * % −  	 % = + 	 (x, � ) at � 	 = 0 (boundary conditions),' ) * % + 8 	 % = , 	 (x, � ) at � 	 =  	 (boundary conditions).

The solution % (x, � ) is given by the formula in Item 3 M with�
(x, y, � ) = 2 � Q − R (�S 2

�� �
1=1

�� �
2=1

����� ����� =1

sin � � � � 2( � 2�
1

+ � 2�
2

+ ����� + � 2��� ) +  − N 2T 4 !9 �
1

9 �
2 ����� 9 ��� � � 2( � 2�

1
+ � 2�

2
+ ����� + � 2��� ) +  − N 2T 4

× sin( � �
1 � 1 + : �

1 ) sin( � �
2 � 2 + : �

2 ) ����� sin( � ��� � � + : ��� )
× sin( � �

1 � 1 + : �
1 ) sin( � �

2 � 2 + : �
2 ) ����� sin( � ��� � � + : ��� ).

Here, : ��6 = arctan
� ��6�� ,

9 ��6 = �� +
(  ;� 8�� + � 2��6 )(  <� + 8�� )
(  2� + � 2��6 )( 8 2� + � 2��6 )

, � = 1, 2, ����� , � ;

the � ��6 are positive roots of the transcendental equation

1 ;� + 8�� = � −
 ;� 8��� > = cot( ?� � ), � = 1, 2, ����� , � .
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5 M . Domain: $ ={0 ≤ � 	 ≤  	 ; � = 1, ����� , � }. Mixed boundary value problem.
The following conditions are prescribed:% = & 0(x) at � = 0 (initial condition),' ( % = & 1(x) at � = 0 (initial condition),% = + 	 (x, � ) at � 	 = 0 (boundary conditions),' ) * % = , 	 (x, � ) at � 	 =  	 (boundary conditions).

Solution: % (x, � ) = - (
0

- . / (y, 0 )
�

(x, y, � − 0 ) � y � 0
+

'' � - . & 0(y)
�

(x, y, � ) � y + - . 2 & 1(y) + N & 0(y) 3 � (x, y, � ) � y

+ � 2
�� 	 =1

- (
0

- 1
(

*
) U + 	 (y, 0 )

'' � 	 �
(x, y, � − 0 ) V 
 * =0

� � ( 	 )
 � 0
+ � 2

�� 	 =1

- (
0

- 1
(

*
) U , 	 (y, 0 )

�
(x, y, � − 0 ) V 
 * = 4 * � � ( 	 )
 � 0 ,

where�
(x, y, � ) =

2 � Q − R (�S 2 1  2 �������� �� �
1=1

�� �
2=1

����� ����� =1

sin( � �
1 � 1) sin( � �

2 � 2) ����� sin( � ��� � � )

× sin( � �
1 � 1) sin( � �

2 � 2) ����� sin( � ��� � � )
sin � � � � 2( � 2�

1
+ ����� + � 2��� ) +  − N 2T 4 !� � 2( � 2�

1
+ ����� + � 2��� ) +  − N 2T 4

,� �
1 = # (2 " 1 + 1)

2  1 , � �
2 = # (2 " 2 + 1)

2  2 , ����� , � ��� = # (2 " � + 1)
2 �� .

2. B 2 CB D 2
+ E B CB D = F 2 G H C +

H�XW
=1

I W B CB K W
+ Y C .

The transformation% ( � 1, ����� , � � , � ) = O ( � 1, ����� , � � , 0 ) exp = −
1
2 N � −

1
2 � 2

�� 	 =1

 	 � 	 > , 0 = � �
leads to the equation ' 2 O' 0 2 = P � O + � O , � =

8� 2 + N 2

4 � 2 −
1

4 � 4

�� 	 =1

 2	 ,

which is considered in Subsection 6.6.3.Z\[
Reference: R. Courant and D. Hilbert (1989).

3. B 2 CB D 2
+ ] – 1D B CB D = G H C .

Darboux equation. Cauchy problem.
Initial conditions are prescribed: % = & (x) at � = 0,' ( % = 0 at � = 0.
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Solution: % (x, � ) =
1^ _ � _ −1 -

|x−y|=
( & (y) ` a b , ^ _ =

2 # _ S
2c

( d T 2)
,

where ^ _ e _ −1 is the area of the surface of an d -dimensional sphere of radius e , and ` a b is the area
element of this surface (i.e., the solution % is the average of the function & over the sphere for
radius e with center at x).Z\[

Reference: R. Courant and D. Hilbert (1989).
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Chapter 7

Elliptic Equations
with Two Space Variables

7.1. Laplace Equation f 2 g = 0
The Laplace equation is often encountered in heat and mass transfer theory, fluid mechanics,
elasticity, electrostatics, and other areas of mechanics and physics. For example, in heat and mass
transfer theory, this equation describes steady-state temperature distribution in the absence of heat
sources and sinks in the domain under study.

A regular solution of the Laplace equation is called a harmonic function. The first boundary
value problem for the Laplace equation is often referred to as the Dirichlet problem, and the second
boundary value problem as the Neumann problem.

Extremum principle: Given a domain h , a harmonic function i in h that is not identically
constant in h cannot attain its maximum or minimum value at any interior point of h .

7.1.1. Problems in Cartesian Coordinate System
The Laplace equation with two space variables in the rectangular Cartesian system of coordinates is
written as j

2 ij k
2 +

j
2 ij l

2 = 0.

7.1.1-1. Particular solutions and a method for their construction.

1 M . Particular solutions:i (
k

,
l

) = m k
+ n l

+ o ,i (
k

,
l

) = m (
k

2 −
l

2) + n k l
,i (

k
,
l

) = m (
k

3 − 3
k l

2) + n (3
k

2
l

−
l

3),i (
k

,
l

) =
m k

+ n lk
2 +

l
2 + o ,i (

k
,
l

) = exp( p q k
)( m cos q l

+ n sin q l
),i (

k
,
l

) = ( m cos q k
+ n sin q k

) exp( p q l
),i (

k
,
l

) = ( m sinh q k
+ n cosh q k

)( o cos q l
+ h sin q l

),i (
k

,
l

) = ( m cos q k
+ n sin q k

)( o sinh q l
+ h cosh q l

),i (
k

,
l

) = m ln r ( k −
k

0)2 + (
l

−
l

0)2 s + n ,

where m , n , o , h ,
k

0,
l

0, and q are arbitrary constants.

2 M . Fundamental solution: t t
(
k

,
l

) =
1

2 u ln
1v

,
v

= w k
2 +

l
2.
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468 ELLIPTIC EQUATIONS WITH TWO SPACE VARIABLES

3 x . If i (
k

,
l

) is a solution of the Laplace equation, then the functionsi 1 = m i ( p y k
+ o 1, p y l

+ o 2),i 2 = m i (
k

cos z +
l

sin z , −
k

sin z +
l

cos z ),i 3 = m i { kk
2 +

l
2 ,

lk
2 +

l
2 | ,

are also solutions everywhere they are defined; m , o 1, o 2, z , and y are arbitrary constants. The
signs at y in i 1 are taken independently of each other.

4 x . A fairly general method for constructing particular solutions involves the following. Let } ( ~ ) =� (
k

,
l

) + ��� (
k

,
l

) be any analytic function of the complex variable ~ =
k

+ � l ( � and � are real
functions of the real variables

k
and

l
; � 2 = −1). Then the real and imaginary parts of } both satisfy

the two-dimensional Laplace equation,�
2
� = 0,

�
2 � = 0.

Recall that the Cauchy–Riemann conditionsj �j k =
j �j l ,

j �j l = −
j �j k

are necessary and sufficient conditions for the function } to be analytic. Thus, by specifying
analytic functions } ( ~ ) and taking their real and imaginary parts, one obtains various solutions of
the two-dimensional Laplace equation.�\[

References: M. A. Lavrent’ev and B. V. Shabat (1973), A. G. Sveshnikov and A. N. Tikhonov (1974), A. V. Bitsadze
and D. F. Kalinichenko (1985).

7.1.1-2. Specific features of stating boundary value problems for the Laplace equation.

1 x . For outer boundary value problems on the plane, it is (usually) required to set the additional
condition that the solution of the Laplace equation must be bounded at infinity.

2 x . The solution of the second boundary value problem is determined up to an arbitrary additive
term.

3 x . Let the second boundary value problem in a closed bounded domain h with piecewise smooth
boundary � be characterized by the boundary condition*j ij � = } (r) for r � � ,

where � �� � is the derivative along the (outward) normal to � . The necessary and sufficient condition
of solvability of the problem has the form � � } (r) � � = 0.� ��� � ��� �

The same solvability condition occurs for the outer second boundary value problem
if the domain is infinite but has a finite boundary.�\[

Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964).

* More rigorously, � must satisfy the Lyapunov condition [see Babich, Kapilevich, Mikhlin, et al. (1964) and Tikhonov
and Samarskii (1990)].
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7.1.1-3. Domain: − � < � < � , 0 ≤ � < � . First boundary value problem.

A half-plane is considered. A boundary condition is prescribed:� = } ( � ) at � = 0.

Solution: � ( � , � ) =
1� � �

−

� � } ( � ) � �
( � − � )2 + � 2 =

1� �   ¡
2

−

  ¡
2
} ( � + � tan ¢ ) � ¢ .�\[

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), H. S. Carslaw and J. C. Jaeger (1984).

7.1.1-4. Domain: − � < � < � , 0 ≤ � < � . Second boundary value problem.

A half-plane is considered. A boundary condition is prescribed:£ ¤ � = } ( � ) at � = 0.

Solution: � ( � , � ) =
1� � �

−

� } ( � ) ln w ( � − � )2 + � 2 � � + ¥ ,

where ¥ is an arbitrary constant.�\[
Reference: V. S. Vladimirov (1988).

7.1.1-5. Domain: 0 ≤ � < � , 0 ≤ � < � . First boundary value problem.

A quadrant of the plane is considered. Boundary conditions are prescribed:� = } 1( � ) at � = 0, � = } 2( � ) at � = 0.

Solution:� ( � , � ) =
4� � � � �

0

} 1( ¦ ) ¦ � ¦
[ � 2 + ( � − ¦ )2][ � 2 + ( � + ¦ )2]

+
4� � � � �

0

} 2( � ) � � �
[( � − � )2 + � 2][( � + � )2 + � 2]

.�\[
Reference: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974).

7.1.1-6. Domain: − � < � < � , 0 ≤ � ≤ § . First boundary value problem.

An infinite strip is considered. Boundary conditions are prescribed:� = } 1( � ) at � = 0, � = } 2( � ) at � = § .

Solution: � ( � , � ) =
1

2 § sin { � �§ | � �
−

� } 1( � ) � �
cosh[ � ( � − � ) ¨ § ] − cos( � � ¨ § )

+
1

2 § sin { � �§ | � �
−

� } 2( � ) � �
cosh[ � ( � − � ) ¨ § ] + cos( � � ¨ § )

.�\[
Reference: H. S. Carslaw and J. C. Jaeger (1984).

7.1.1-7. Domain: − � < � < � , 0 ≤ � ≤ § . Second boundary value problem.

An infinite strip is considered. Boundary conditions are prescribed:£ ¤ � = } 1( � ) at � = 0,
£ ¤ � = } 2( � ) at � = § .

Solution: � ( � , � ) =
1

2 � � �
−

� } 1( � ) ln © cosh[ � ( � − � ) ¨ § ] − cos( � � ¨ § ) ª � �
−

1
2 � � �

−

� } 2( � ) ln © cosh[ � ( � − � ) ¨ § ] + cos( � � ¨ § ) ª � � + ¥ ,

where ¥ is an arbitrary constant.
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7.1.1-8. Domain: 0 ≤ � < � , 0 ≤ � ≤ § . First boundary value problem.

A semiinfinite strip is considered. Boundary conditions are prescribed:� = } 1( � ) at � = 0, � = } 2( � ) at � = 0, � = } 3( � ) at � = § .

Solution:� ( � , � ) =
2§

�«X¬
=1

exp { −  � �§ | sin {  � �§ | � ®
0

} 1( ¦ ) sin {  � ¦§ | � ¦
+

1
2 § sin { � �§ | � �

0 ¯ 1
cosh[ � ( � − � ) ¨ § ]−cos( � � ¨ § )

−
1

cosh[ � ( � + � ) ¨ § ]−cos( � � ¨ § ) ° ± 2( � ) � �
+

1
2 § sin ² � �§ ³

� �
0 ¯ 1

cosh[ � ( � − � ) ¨ § ]+cos( � � ¨ § )
−

1
cosh[ � ( � + � ) ¨ § ]+cos( � � ¨ § ) ° ± 3( � ) � � .

Example. Consider the first boundary value problem for the Laplace equation in a semiinfinite strip with ´ 1( µ ) = 1 and´ 2( ¶ ) = ´ 3( ¶ ) = 0.
Using the general formula and carrying out transformations, we obtain the solution� ( ¶ , µ ) =

2· arctan ¸ sin( · µ ¹�º )
sinh( · ¶ ¹�º ) » .¼\[

Reference: H. S. Carslaw and J. C. Jaeger (1984).

7.1.1-9. Domain: 0 ≤ � ≤ § , 0 ≤ � ≤ ½ . First boundary value problem.

A rectangle is considered. Boundary conditions are prescribed:� = ± 1( � ) at � = 0, � = ± 2( � ) at � = § ,� = ± 3( � ) at � = 0, � = ± 4( � ) at � = ½ .
Solution:� ( � , � ) =

�«X¬
=1 ¾ ¬

sinh ¿  �½ ( § − � ) À sin ²  �½ � ³ +

�«X¬
=1 Á ¬

sinh ²  �½ � ³ sin ²  �½ � ³
+

�«X¬
=1

¥ ¬
sin ²  �§ � ³ sinh ¿  �§ ( ½ − � ) À +

�«X¬
=1 Â ¬

sin ²  �§ � ³ sinh ²  �§ � ³ ,

where the coefficients ¾ ¬
, Á ¬

, ¥ ¬
, and Â ¬

are expressed as

¾ ¬
=

2Ã ¬ Ä Å
0 ± 1( Æ ) sin ²  Ç Æ½ ³ È Æ , Á É =

2Ã É Ä Å
0 ± 2( Æ ) sin ²  Ç Æ½ ³ È Æ ,Ê É =

2Ë É Ä ®
0 ± 3( Æ ) sin ²  Ç ÆÌ ³ È Æ , Â É =

2Ë É Ä ®
0 ± 4( Æ ) sin ²  Ç ÆÌ ³ È Æ ,Ã É = ½ sinh ²  Ç Ì½ ³ , Ë É = Ì sinh ²  Ç ½Ì ³ .¼\[

References: M. M. Smirnov (1975), H. S. Carslaw and J. C. Jaeger (1984).
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7.1.1-10. Domain: 0 ≤ Ï ≤ Ì , 0 ≤ Ð ≤ ½ . Second boundary value problem.

A rectangle is considered. Boundary conditions are prescribed:£ Ñ Ò
= ± 1( Ð ) at Ï = 0,

£ Ñ Ò
= ± 2( Ð ) at Ï = Ì ,£ ¤ Ò

= ± 3( Ï ) at Ð = 0,
£ ¤ Ò

= ± 4( Ï ) at Ð = ½ .
Solution:Ò
( Ï , Ð ) = − ¾ 0

4 Ì ( Ï − Ì )2 + Á 0

4 Ì Ï 2 −
Ê

0

4 ½ ( Ï − ½ )2 + Â 0

4 ½ Ð 2 + Ó
− ½ ÔÕ É =1 Ö É× É cosh Ø  ÇÙ ( Ì − Ï ) Ú cos Û  ÇÙ Ð Ü +

Ù ÔÕ É =1 Ý É× É cosh Û  ÇÙ Ï Ü cos Û  ÇÙ Ð Ü
− Ì ÔÕ É =1

Ê ÉË É cos Û  ÇÌ Ï Ü cosh Ø  ÇÌ (
Ù

− Ð ) Ú + Ì ÔÕ É =1
Â ÉË É cos Û  ÇÌ Ï Ü cosh Û  ÇÌ Ð Ü ,

where Ó is an arbitrary constant, and the coefficients Ö É , Ý É ,
Ê É , Â É ,

× É , and Ë É are expressed as

Ö É =
2Ù Ä Å

0 Þ 1( Æ ) cos Û  Ç ÆÙ Ü È Æ , Ý É =
2Ù Ä Å

0 Þ 2( Æ ) cos Û  Ç ÆÙ Ü È Æ ,Ê É =
2Ì Ä ®

0 Þ 3( Æ ) cos Û  Ç ÆÌ Ü È Æ , Â É =
2Ì Ä ®

0 Þ 4( Æ ) cos Û  Ç ÆÌ Ü È Æ ,× É =  Ç sinh Û  Ç ÌÙ Ü , Ë É =  Ç sinh Û  Ç ÙÌ Ü .

The solvability condition for the problem in question has the form (see Paragraph 7.1.1-2,
Item 3 ß ) Ä Å

0 Þ 1( Ð ) È Ð +
Ä Å

0 Þ 2( Ð ) È Ð −
Ä ®

0 Þ 3( Ï ) È Ï −
Ä ®

0 Þ 4( Ï ) È Ï = 0.

7.1.1-11. Domain: 0 ≤ Ï ≤ Ì , 0 ≤ Ð ≤
Ù
. Third boundary value problem.

A rectangle is considered. Boundary conditions are prescribed:£ Ñ Ò
− à 1

Ò
= Þ 1( Ð ) at Ï = 0,

£ Ñ Ò
+ à 2

Ò
= Þ 2( Ð ) at Ï = Ì ,£ ¤ Ò

− à 3
Ò

= Þ 3( Ï ) at Ð = 0,
£ ¤ Ò

+ à 4
Ò

= Þ 4( Ï ) at Ð =
Ù
.

For the solution, see Paragraph 7.2.2-14 with á ≡ 0.

7.1.1-12. Domain: 0 ≤ Ï ≤ Ì , 0 ≤ Ð ≤
Ù
. Mixed boundary value problems.

1 ß . A rectangle is considered. Boundary conditions are prescribed:£ Ñ Ò
= Þ ( Ð ) at Ï = 0,

£ Ñ Ò
= â ( Ð ) at Ï = Ì ,Ò

= ã ( Ï ) at Ð = 0,
Ò

= ä ( Ï ) at Ð =
Ù
.

Solution:Ò
( Ï , Ð ) = −

ÙÇ ÔÕ É =1
Þ É × É cosh Ø Ç Ù ( Ì − Ï ) Ú sin Û Ç  ÐÙ Ü +

ÙÇ ÔÕ É =1

â É × É cosh Û Ç  ÏÙ Ü sin Û Ç  ÐÙ Ü
+ ÔÕ É =1

ã ÉË É cos Û Ç  ÏÌ Ü sinh Ø Ç Ì (
Ù

− Ð ) Ú + ÔÕ É =1

ä ÉË É cos Û Ç  ÏÌ Ü sinh Û Ç  ÐÌ Ü
+

Ù
− ÐÌ Ù Ä ®

0
ã ( Ï ) È Ï +

ÐÌ Ù Ä ®
0

ä ( Ï ) È Ï ,
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472 ELLIPTIC EQUATIONS WITH TWO SPACE VARIABLES

where

Þ É =
2Ù Ä Å

0 Þ ( Æ ) sin Û Ç  ÆÙ Ü È Æ , â É =
2Ù Ä Å

0
â ( Æ ) sin Û Ç  ÆÙ Ü È Æ ,ã É =

2Ì Ä ®
0

ã ( Æ ) cos Û Ç  ÆÌ Ü È Æ , ä É =
2Ì Ä ®

0
ä ( Æ ) cos Û Ç  ÆÌ Ü È Æ ,× É = sinh Û Ç  ÌÙ Ü , Ë É = sinh Û Ç  ÙÌ Ü ,å\[

Reference: M. M. Smirnov (1975).

2 ß . A rectangle is considered. Boundary conditions are prescribed:Ò
= Þ ( Ð ) at Ï = 0,

£ Ñ Ò
= â ( Ð ) at Ï = Ì ,Ò

= ã ( Ï ) at Ð = 0,
£ ¤ Ò

= ä ( Ï ) at Ð =
Ù
,

where Þ (0) = ã (0).
Solution:Ò

( Ï , Ð ) = ÔÕ É =0
Þ Écosh

× É cosh Û × É Ì − ÏÌ Ü sin Û × É Ð Ì Ü + Ì ÔÕ É =0

â É× É cosh
× É sinh Û × É Ï Ì Ü sin Û × É Ð Ì Ü

+ ÔÕ É =0

ã Écosh Ë É sin Û Ë É Ï Ù Ü cosh Û Ë É Ù
− ÐÙ Ü +

Ù ÔÕ É =0

ä ÉË É cosh Ë É sin Û Ë É Ï Ù Ü sinh Û Ë É Ð Ù Ü ,

where

Þ É =
2Ù æ ç

0 Þ ( è ) sin Ø é (2 ê + 1)Ù è Ú ë è , â ì =
2Ù æ ç

0
â ( è ) sin Ø é (2 ê + 1)Ù è Ú ë è ,ã ì =

2í æ î
0

ã ( è ) sin Ø é (2 ê + 1)í è Ú ë è , ä�ì =
2í æ î

0
ä ( è ) sin Ø é (2 ê + 1)í è Ú ë è ,× ì = é (2 ê + 1)

í
2
Ù , ï ì = é (2 ê + 1)

Ù
2
í

.å\[
Reference: M. M. Smirnov (1975).

7.1.2. Problems in Polar Coordinate System
The two-dimensional Laplace equation in the polar coordinate system is written as

1ð ££ ð Û ð £ Ò£ ð Ü +
1ð
2

£ 2 Ò£ ñ 2 = 0,
ð

= ò Ï 2 + Ð 2.

7.1.2-1. Particular solutions:Ò
(
ð
) = Ö ln

ð
+ Ý ,Ò

(
ð
,
ñ

) = Û Ö ð ó
+ Ýð ó Ü ( ô cos õ ñ

+ Â sin õ ñ
),

where õ = 1, 2, ö�ö�ö ; Ö , Ý , ô , and Â are arbitrary constants.
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7.1.2-2. Domain: 0 ≤
ð

≤ ù or ù ≤
ð

< ú . First boundary value problem.

The condition Ò
= Þ (

ñ
) at

ð
= ù

is set at the boundary of the circle; Þ (
ñ

) is a given function.

1 ß . Solution of the inner problem (
ð

≤ ù ):Ò
(
ð
,
ñ

) =
1

2 é æ 2 û
0 Þ ( ü )

ù 2 −
ð

2ð
2 − 2 ù ð

cos(
ñ

− ü ) + ù 2 ë ü .

This formula is conventionally referred to as the Poisson integral.
Solution of the outer problem in series form:Ò

(
ð
,
ñ

) =

í
0

2
+ ýÕ ì =1

Û ðù Ü ì
(
í ì cos ê ñ

+
Ù ì sin ê ñ

),í ì =
1é æ 2 û

0 Þ ( ü ) cos( ê ü ) ë ü , ê = 0, 1, 2, ö�ö�ö ,Ù ì =
1é æ 2 û

0 Þ ( ü ) sin( ê ü ) ë ü , ê = 1, 2, 3, ö�ö�ö
2 ß . Bounded solution of the outer problem (

ð
≥ ù ):Ò

(
ð
,
ñ

) =
1

2 é æ 2 û
0 Þ ( ü )

ð
2 − ù 2ð

2 − 2 ù ð
cos(

ñ
− ü ) + ù 2 ë ü .

Bounded solution of the outer problem in series form:Ò
(
ð
,
ñ

) =

í
0

2
+ ýÕ ì =1

Û ù ð Ü ì
(
í ì cos ê ñ

+
Ù ì sin ê ñ

),

where the coefficients
í

0,
í ì , and

Ù ì are defined by the same relations as in the inner problem.

In hydrodynamics and other applications, outer problems are sometimes encountered in which
one has to consider unbounded solutions for

ð þ ú .
Example. The potential flow of an ideal (inviscid) incompressible fluid about a circular cylinder of radius ÿ with a

constant incident velocity � at infinity is characterized by the following boundary conditions for the stream function:ø = 0 at � = ÿ , ø � � � sin � as � � � .

Solution: ø ( � , � ) = � � � −
ÿ 2� � sin � .å\[

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), A. N. Tikhonov and A. A. Samarskii (1990).

7.1.2-3. Domain: 0 ≤
ð

≤ ù or ù ≤
ð

< ú . Second boundary value problem.

The condition £ ��Ò
= Þ (

ñ
) at

ð
= ù

is set at the boundary of the circle. The function Þ (
ñ

) must satisfy the solvability conditionæ 2 û
0 Þ (

ñ
) ë ñ = 0.
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1 ß . Solution of the inner problem (
ð

≤ ù ):Ò
(
ð
,
ñ

) =
ù
2 é æ 2 û

0 Þ ( ü ) ln

ð
2 − 2 ù ð

cos(
ñ

− ü ) + ù 2ù 2 ë ü + ô ,

where ô is an arbitrary constant; this formula is known as the Dini integral.
Series solution of the inner problem:Ò

(
ð
,
ñ

) = ý� ì =1

ù ê 	 ðù 
 ì
(
í ì cos ê ñ

+ �<ì sin ê ñ
) + ô ,í ì =

1é æ 2 û
0 � ( ü ) cos( ê ü ) ë ü , � ì =

1é æ 2 û
0 � ( ü ) sin( ê ü ) ë ü ,

where ô is an arbitrary constant.

2  . Solution of the outer problem (
ð

≥ ù ):� (
ð
,
ñ

) = −
ù
2 é æ 2 û

0 � ( ü ) ln

ð
2 − 2 ù ð

cos(
ñ

− ü ) + ù 2ð
2 ë ü + ô ,

where ô is an arbitrary constant.
Series solution of the outer problem:� (

ð
,
ñ

) = − ý� ì =1

ù ê 	 ù ð 
 ì
(
í ì cos ê ñ

+ �<ì sin ê ñ
) + ô ,

where the coefficient
í ì and �<ì are defined by the same relations as in the inner problem, and ô is

an arbitrary constant.�\[
Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964).

7.1.2-4. Domain: 0 ≤
ð

≤ ù or ù ≤
ð

< ú . Third boundary value problem.

The condition � � � + � � = � (
ñ

) at
ð

= ù .

is set at the circle boundary; � (
ñ

) is a given function.

1  . Solution of the inner problem (
ð

≤ ù ):� (
ð
,
ñ

) =

í
0

2 � + ý� ì =1

ù� ù + ê 	 ðù 
 ì
(
í ì cos ê ñ

+ �<ì sin ê ñ
),í ì =

1é � 2 �
0 � ( � ) cos( � � ) � � , � = 0, 1, 2, ����� ,��� =

1� � 2 �
0 � ( � ) sin( � � ) � � , � = 1, 2, 3, �����

2  . Solution of the outer problem (
ð

≥ � ):� (
ð
,
ñ

) = � 0

2 � + �� � =1

�� � − � 	 � ð 
 �
( � � cos � ñ

+ ��� sin � ñ
),

where the coefficient � 0, � � , and ��� are defined by the same relations as in the inner problem.�\[
Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964).
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7.1.2-5. Domain: � 1 ≤
ð

≤ � 2. First boundary value problem.

An annular domain is considered. Boundary conditions are prescribed:� = � 1(
ñ

) at
ð

= � 1, � = � 2(
ñ

) at
ð

= � 2.

Solution:� (
ð
,
ñ

) = " 0 + # 0 ln
ð

+ �� � =1

ð � ( " � cos � ñ
+ # � sin � ñ

) + �� � =1

1ð � ( $ � cos � ñ
+ % � sin � ñ

),

where the coefficient " 0, # 0, " � , # � , $ � , and % � are expressed as" 0 =
1
2

� (1)
0 ln � 2 − � (2)

0 ln � 1

ln � 2 − ln � 1
," � =

� �
2 � (2)� − � �

1 � (1)�� 2 �
2 − � 2 �

1
,$ � = ( � 1 � 2) � � �

2 � (1)� − � �
1 � (2)�� 2 �

2 − � 2 �
1

,

# 0 =
1
2

� (2)
0 − � (1)

0
ln � 2 − ln � 1

,# � =
� �

2 � (2)� − � �
1 � (1)�� 2 �

2 − � 2 �
1

,% � = ( � 1 � 2) � � �
2 � (1)� − � �

1 � (2)�� 2 �
2 − � 2 �

1
.

Here, the � ( & )� and � ( & )� ( ' = 1, 2) are the coefficients of the Fourier series expansions of the functions� 1(
ñ

) and � 2(
ñ

): � ( & )� =
1� � 2 �

0 � & ( � ) cos( � � ) � � , � = 0, 1, 2, ����� ,� ( & )� =
1� � 2 �

0 � & ( � ) sin( � � ) � � , � = 1, 2, 3, ������)(
Reference: M. M. Smirnov (1975).

7.1.2-6. Domain: � 1 ≤
ð

≤ � 2. Second boundary value problem.

An annular domain is considered. Boundary conditions are prescribed:� * � = � 1(
ñ

) at
ð

= � 1,
� * � = � 2(

ñ
) at

ð
= � 2.

Solution:� (
ð
,
ñ

) = # ln
ð

+ �� � =1

ð � ( " � cos � ñ
+ # � sin � ñ

) + �� � =1

1ð � ( $ � cos � ñ
+ % � sin � ñ

) + + .

Here, the coefficients # , " � , # � , $ � , and % � are expressed as# =
1
2

� 1 � (1)
0 , " � =

� � +1
2 � (2)� − � � +1

1 � (1)�� ( � 2 �
2 − � 2 �

1 )
, # � =

� � +1
2 � (2)� − � � +1

1 � (1)�� ( � 2 �
2 − � 2 �

1 )
,$ � = ( � 1 � 2) � +1 � � −1

1 � (2)� − � � −1
2 � (1)�� ( � 2 �

2 − � 2 �
1 )

, % � = ( � 1 � 2) � +1 � � −1
1 � (2)� − � � −1

2 � (1)�� ( � 2 �
2 − � 2 �

1 )
,

where the constants � ( & )� and � ( & )� ( ' = 1, 2) are defined by the same relations as in the first boundary
value problem; + is an arbitrary constant., -/. 0 132 4

Note that the condition � (1)
0 � 1 = � (2)

0 � 2 must hold; this relation is a consequence of
the solvability condition for the problem,

� *
= 5 1 � 1 � 6 − � *

= 5 2 � 2 � 6 = 0.
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TABLE 21
Two-dimensional Laplace operator in some curvilinear orthogonal systems of coordinates

Coordinates Transformation ( 7 > 0) Laplace operator, 8 2
�

Parabolic coordinates9 , : ; = 7 9 : , < = 1
2 7 ( : 2 − 9 2)

− = < 9 < = , 0 ≤ : < = 17 2( 9 2 + : 2) > ? 2 �
? 9 2 + ? 2 �

? : 2 @
Elliptic coordinatesA

, B ; = 7 cosh
A

cos B , < = 7 sinh
A

sin B
0 ≤

A
< = , 0 ≤ B < 2 � 17 2(sinh2 A

+sin2 B ) > ? 2 �
? A 2 + ? 2 �

? B 2 @
Bipolar coordinatesC , D ; =

7 sinh D
cosh D −cos C , < =

7 sin C
cosh D −cos C

0 ≤ C < 2 � , − = < D < = 17 2 (cosh D −cos C )2 > ? 2 �
? C 2 + ? 2 �

? D 2 @
7.1.2-7. Domain: � 1 ≤ E ≤ � 2. Mixed boundary value problem.

An annular domain is considered. Boundary conditions are prescribed:

? * � = F 1( G ) at E = � 1, � = F 2( G ) at E = � 2.

Solution:� ( E , G ) = 1
2 � (2)

0 + 1
2 � (1)

0 � 1 ln
E� 2

+ �H � =1

E � ( " � cos � G + # � sin � G ) + �H � =1

1E � ( $ � cos � G + % � sin � G ).

Here, the coefficients " � , # � , $ � , and % � are expressed as" � =
� � �

2 � (2)� + � � +1
1 � (1)�� ( � 2 �

2 + � 2 �
1 )

, # � =
� � �

2 I (2)� + � � +1
1 I (1)�� ( � 2 �

2 + � 2 �
1 )

,$ � = � � +1
1 � �

2
� � � −1

1 � (2)� − � �
2 � (1)�� ( � 2 �

2 + � 2 �
1 )

, % � = � � +1
1 � �

2
� � � −1

1 I (2)� − � �
2 I (1)�� ( � 2 �

2 + � 2 �
1 )

,

where the constants � ( & )� and I ( & )� ( ' = 1, 2) are defined by the same formulas as in the first boundary
value problem.J)(

Reference: M. M. Smirnov (1975).

7.1.3. Other Coordinate Systems. Conformal Mappings Method

7.1.3-1. Parabolic, elliptic, and bipolar coordinate systems.

In a number of applications, it is convenient to solve the Laplace equation in other orthogonal
systems of coordinates. Some of those commonly encountered are displayed in Table 21. In all the
coordinate systems presented, the Laplace equation 8 2

� = 0 is reduced to the equation considered
in Paragraph 7.1.1-1 in detail (particular solutions and solutions to boundary value problems are
given there).

The orthogonal transformations presented in Table 21 can be written in the language of complex
variables as follows:

; + 'K< = − 1
2 'L7 ( 9 + 'K: )2 (parabolic coordinates),; + 'K< = 7 cosh(

A
+ 'KB ) (elliptic coordinates),; + 'K< = 'L7 cot M 1

2 ( C + 'KD ) N (bipolar coordinates).
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The real parts, as well as the imaginary parts, in both sides of these relations must be equated to
each other ( ' 2 = −1).

Example. Plane hydrodynamic problems of potential flows of ideal (inviscid) incompressible fluid are reduced to the
Laplace equation for the stream function. In particular, the motion of an elliptic cylinder with semiaxes Q and R at a velocity �
in the direction parallel to the major semiaxis ( Q > R ) in ideal fluid is described by the stream functionP ( S , T ) = − � R U Q + RQ − R V 1 W 2 XZY

sin T , [ 2 = Q 2 − R 2,

where S and T are the elliptic coordinates.J)\
References: G. Lamb (1945), J. Happel and H. Brenner (1965), G. Korn and T. Korn (1968).

7.1.3-2. Domain of arbitrary shape. Method of conformal mappings.
1  . Let ] = ] ( ^ ) be an analytic function that defines a conformal mapping from the complex plane^ = _ + `Ka into a complex plane ] = b + `Kc , where b = b ( _ , a ) and c = c ( _ , a ) are new independent
variables. With reference to the fact that the real and imaginary parts of an analytic function satisfy
the Cauchy–Riemann conditions, we have ? d b = ? e c and ? e b = − ? d c , and hence? 2 f

? _ 2 + ? 2 f
? a 2 = gh] i ( ^ ) g 2 > ? 2 f

? b 2 + ? 2 f
? c 2 @ .

Therefore, the Laplace equation in the _ a -plane transforms under a conformal mapping into the
Laplace equation in the b c -plane.
2 j . Any simply connected domain k in the _ a -plane with a piecewise smooth boundary can be
mapped, with appropriate conformal mappings, onto the upper half-plane or into a unit circle in theb c -plane. Consequently, a first and a second boundary value problem for the Laplace equation in k
can be reduced, respectively, to a first and a second boundary value problem for the upper half-space
or a circle; such problems are considered in Subsections 7.1.1 and 7.1.2.

Subsection 7.2.4 presents conformal mappings of some domains onto the upper half-plane or
a unit circle. Moreover, examples of solving specific boundary value problems for the Poisson
equation by the conformal mappings method are given there; the Green’s functions for a semicircle
and a quadrant of a circle are obtained.

A large number of conformal mappings of various domains can be found, for example, in the
references cited below.J)\

References: V. I. Lavrik and V. N. Savenkov (1970), M. A. Lavrent’ev and B. V. Shabat (1973), V. I. Ivanov and
M. K. Trubetskov (1994).

7.1.3-3. Reduction of the two-dimensional Neumann problem to the Dirichlet problem.
Let the position of any point ( _ l , a l ) located on the boundary m of a domain k be specified by
a parameter n , so that _ l = _ l ( n ) and a l = a l ( n ). Then a function of two variables, F ( _ , a ), is
determined on m by the parameter n as well, F ( _ , a ) gpo = F ( _ l ( n ), a l ( n )) = F l ( n ).

The solution of the two-dimensional Neumann problem for the Laplace equation q 2
f = 0 in k

with the boundary condition of the second kind? f
? r = F l ( n ) for r s m

can be expressed in terms of the solution of the two-dimensional Dirichlet problem for the Laplace
equation q 2 b = 0 in k with the boundary condition of the first kindb = t l ( n ) for r s m ,

where t l ( n ) = u v l ( n ) w n , as follows:f ( _ , a ) = u dd 0 x b
x a ( y , a 0) w y − u ee 0 x b

x _ ( _ , y ) w y + z .

Here, ( _ 0, a 0) are the coordinates of any point in k , and z is an arbitrary constant.J)\
Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964).
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7.2. Poisson Equation { 2 | = – } (x)
7.2.1. Preliminary Remarks. Solution Structure
Just as the Laplace equation, the Poisson equation is often encountered in heat and mass transfer
theory, fluid mechanics, elasticity, electrostatics, and other areas of mechanics and physics. For
example, it describes steady-state temperature distribution in the presence of heat sources or sinks
in the domain under study.

The Laplace equation is a special case of the Poisson equation with ~ ≡ 0.
In what follows, we consider a finite domain � with a sufficiently smooth boundary � . Let r s �

and � s � , where r = { _ , a }, � = { � , � }, |r − � |2 = ( _ − � )2 + ( a − � )2.

7.2.1-1. First boundary value problem.

The solution of the first boundary value problem for the Poisson equationq 2
f = − ~ (r) (1)

in the domain � with the nonhomogeneous boundary conditionf = v (r) for r s �
can be represented as f (r) = u � ~ ( � ) � (r, � ) w � � − u � v ( � ) x �

x r � w � � . (2)

Here, � (r, � ) is the Green’s function of the first boundary value problem, � �� � � is the derivative
of the Green’s function with respect to � , � along the outward normal N to the boundary � . The
integration is performed with respect to � , � , with w � � = w � w � .

The Green’s function � = � (r, � ) of the first boundary value problem is determined by the
following conditions.

1 j . The function � satisfies the Laplace equation in _ , a in the domain � everywhere except for the
point ( � , � ), at which � has a singularity of the form 1

2 � ln 1
|r− � | .

2 j . With respect to _ , a , the function � satisfies the homogeneous boundary condition of the first
kind at the domain boundary, i.e., the condition � |

�
= 0.

The Green’s function can be represented in the form� (r, � ) =
1

2 � ln
1

|r − � |
+ b , (3)

where the auxiliary function b = b (r, � ) is determined by solving the first boundary value problem
for the Laplace equation q 2 b = 0 with the boundary condition b g � = − 1

2 � ln 1
|r− � | ; in this problem,� is treated as a two-dimensional free parameter.

The Green’s function is symmetric with respect to its arguments: � (r, � ) = � ( � , r).� �/� � �3� � �
When using the polar coordinate system, one should set

r = { � , � }, � = { � , � }, |r − � |2 = � 2 + � 2 − 2 � � cos( � − � ), w � � = � w � w �
in relations (2) and (3).

Page 478



7.2. POISSON EQUATION � 2 � = − � (x) 479

7.2.1-2. Second boundary value problem.

The second boundary value problem for the Poisson equation (1) is characterized by the boundary
condition x f

x r = v (r) for r s � .

The necessary solvability condition for this problem isu � ~ (r) w � + u � v (r) w � = 0. (4)

The solution of the second boundary value problem, provided that condition (4) is satisfied, can
be represented as f (r) = u � ~ ( � ) � (r, � ) w � � + u � v ( � ) � (r, � ) w � � + z , (5)

where z is an arbitrary constant.
The Green’s function � = � (r, � ) of the second boundary value problem is determined by the

following conditions:

1 j . The function � satisfies the Laplace equation in _ , a in the domain � everywhere except for the
point ( � , � ), at which � has a singularity of the form 1

2 � ln 1
|r− � | .

2 j . With respect to _ , a , the function � satisfies the homogeneous boundary condition of the second
kind at the domain boundary: x �

x r
���� � =

1� 0
,

where � 0 is the length of the boundary of � .
The Green’s function is unique up to an additive constant.� �/� � �3� � �

The Green’s function cannot be determined by condition 1 j and the homogeneous
boundary condition � �� � �� � = 0. The point is that the problem is unsolvable for � in this case,
because, on representing � in the form (3), for � we obtain a problem with a nonhomogeneous
boundary condition of the second kind for which the solvability condition (4) now is not satisfied.

7.2.1-3. Third boundary value problem.

The solution of the third boundary value problem for the Poisson equation (1) in the domain � with
the nonhomogeneous boundary condition

x f
x r + �   = v (r) for r s �

is given by formula (5) with z = 0, where � = � (r, � ) is the Green’s function of the third boundary
value problem and is determined by the following conditions:

1 ¡ . The function � satisfies the Laplace equation in ¢ , £ in the domain � everywhere except for the
point ( � , � ), at which � has a singularity of the form 1

2 � ln 1
|r− � | .

2 ¡ . With respect to ¢ , £ , the function � satisfies the homogeneous boundary condition of the third
kind at the domain boundary, i.e., the condition ¤ � �� � + � � ¥ � = 0.

The Green’s function can be represented in the form (3); the auxiliary function � is identified by
solving the corresponding third boundary value problem for the Laplace equation ¦ 2 � = 0.

The Green’s function is symmetric with respect to its arguments: � (r, � ) = � ( � , r).§)¨
References for Subsection 7.2.1: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), N. S. Koshlyakov,

E. B. Gliner, and M. M. Smirnov (1970).
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7.2.2. Problems in Cartesian Coordinate System
The two-dimensional Poisson equation in the rectangular Cartesian coordinate system has the form

x 2  
x ¢ 2 + x 2  

x £ 2 + ~ ( ¢ , £ ) = 0.

7.2.2-1. Particular solutions of the Poisson equation with a special right-hand side.

1 ¡ . If ~ ( ¢ , £ ) = ©ª«
=1

©ª¬
=1  «®¬ exp( ¯ « ¢ + ° ¬ £ ), the equation has solutions of the form

  ( ¢ , £ ) = − ©± «
=1

©± ¬
=1

 «®¬¯ 2« + ° 2¬ exp( ¯ « ¢ + ° ¬ £ ).

2 ¡ . If ~ ( ¢ , £ ) = ©ª«
=1

©ª¬
=1  «®¬ sin( ¯ « ¢ + ² « ) sin( ° ¬ £ + ³ ¬ ), the equation admits solutions of the form

  ( ¢ , £ ) = ©± «
=1

©± ¬
=1

 «®¬¯ 2« + ° 2¬ sin( ¯ « ¢ + ² « ) sin( ° ¬ £ + ³ ¬ ).

7.2.2-2. Domain: − ´ < ¢ < ´ , − ´ < £ < ´ .

Solution:   ( ¢ , £ ) =
1

2 � µ ¶− ¶ µ ¶− ¶ ~ ( � , � ) ln
1·

( ¢ − � )2 + ( £ − � )2 ¸ � ¸ � .

7.2.2-3. Domain: − ´ < ¢ < ´ , 0 ≤ £ < ´ . First boundary value problem.

A half-plane is considered. A boundary condition is prescribed:  = ¹ ( ¢ ) at £ = 0.

Solution:  ( ¢ , £ ) =
1� µ ¶− ¶

£ ¹ ( º ) ¸ º
( ¢ − º )2 + £ 2 +

1
2 � µ ¶0 µ ¶− ¶

»
( º , ¼ ) ln

·
( ¢ − º )2 + ( £ + ¼ )2·
( ¢ − º )2 + ( £ − ¼ )2 ¸ º ¸ ¼ .§)¨

Reference: A. G. Butkovskiy (1979).

7.2.2-4. Domain: − ´ < ¢ < ´ , 0 ≤ £ < ´ . Second boundary value problem.

A half-plane is considered. A boundary condition is prescribed:½ ¾   = ¹ ( ¢ ) at £ = 0.

Solution:  ( ¢ , £ ) =
1¿ µ ¶− ¶ ¹ ( º ) ln

·
( ¢ − º )2 + £ 2 ¸ º

+
1

2 ¿ µ ¶0 µ ¶− ¶
»

( º , ¼ ) À ln 1·
( ¢ − º )2 + ( £ − ¼ )2

+ ln
1·

( ¢ − º )2 + ( £ + ¼ )2 Á ¸ º ¸ ¼ + Â ,

where Â is an arbitrary constant.§)¨
Reference: V. S. Vladimirov (1988).
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7.2.2-5. Domain: − � < � < � , 0 ≤ � ≤ � . First boundary value problem.

An infinite strip is considered. Boundary conditions are prescribed:� = � 1( � ) at � = 0, � = � 2( � ) at � = � .

Solution:� ( � , � ) =
1

2 � sin
	 
 �� � � −  � 1( � ) � �

cosh[



( � − � ) � � ] − cos(

 � � � )

+
1

2 � sin
	 
 �� � � −  � 2( � ) � �

cosh[



( � − � ) � � ] + cos(

 � � � )

+
1

4

 � �0 � −  �

( � , � ) ln
cosh[



( � − � ) � � ] − cos[



( � + � ) � � ]

cosh[



( � − � ) � � ] − cos[



( � − � ) � � ]
� � � � .���

Reference: H. S. Carslaw and J. C. Jaeger (1984).

7.2.2-6. Domain: − � < � < � , 0 ≤ � ≤ � . Second boundary value problem.

An infinite strip is considered. Boundary conditions are prescribed:� � � = � 1( � ) at � = 0,
� � � = � 2( � ) at � = � .

Solution: � ( � , � ) = − � −  � 1( � ) � ( � , � , � , 0) � � + � −  � 2( � ) � ( � , � , � , � ) � �
+ � �0 � −  �

( � , � ) � ( � , � , � , � ) � � � � + � .

Here,� ( � , � , � , � ) =
1

4

 ln

1
cosh[



( � − � ) � � ]−cos[



( � − � ) � � ]

+
1

4

 ln

1
cosh[



( � − � ) � � ]−cos[



( � + � ) � � ]

,

where � is an arbitrary constant.

7.2.2-7. Domain: − � < � < � , 0 ≤ � ≤ � . Third boundary value problem.

An infinite strip is considered. Boundary conditions are prescribed:� � � − � 1
� = � 1( � ) at � = 0,

� � � + � 2
� = � 2( � ) at � = � .

The solution � ( � , � ) is determined by the formula in Paragraph 7.2.2-6 where� ( � , � , � , � ) =
1
2 ���

=1 �
�

( � ) �
�
( � ) �

�  2 ! �
exp " − ! �

| � − � | # ,

�
�

( � ) = ! �
cos( ! � � ) + � 1 sin( ! � � ),

 �
�  2 =

1
2

( ! 2

�
+ � 2

1) $%� +
( � 1 + � 2)( ! 2

�
+ � 1 � 2)

( ! 2

�
+ � 2

1)( ! 2

�
+ � 2

2) & .

Here, the ! �
are positive roots of the transcendental equation tan( ! � ) =

( � 1 + � 2) !! 2 − � 1 � 2
.
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7.2.2-8. Domain: − � < � < � , 0 ≤ � ≤ � . Mixed boundary value problem.

An infinite strip is considered. Boundary conditions are prescribed:� = � 1( � ) at � = 0,
� � � = � 2( � ) at � = � .

Solution: � ( � , � ) = � −  � 1( � ) $ �� � � ( � , � , � , � ) & ' =0
� � + � −  � 2( � ) � ( � , � , � , � ) � �

+ � �0 � −  �
( � , � ) � ( � , � , � , � ) � � � � ,

where � ( � , � , � , � ) =
1� � �

=0

1! �
exp " − ! �

| � − � | # sin( ! � � ) sin( ! � � ), ! �
=



(2 ( + 1)

2 � .

7.2.2-9. Domain: 0 ≤ � < � , 0 ≤ � ≤ � . First boundary value problem.

A semiinfinite strip is considered. Boundary conditions are prescribed:� = � 1( � ) at � = 0, � = � 2( � ) at � = 0, � = � 3( � ) at � = � .

Solution:� ( � , � ) = � �0
� 1( � ) $ �� � � ( � , � , � , � ) & ) =0

� � + � 0
� 2( � ) $ �� � � ( � , � , � , � ) & ' =0

� �
− � 0

� 3( � ) $ �� � � ( � , � , � , � ) & ' = � � � + � �0 � 0

�
( � , � ) � ( � , � , � , � ) � � � � ,

where� ( � , � , � , � ) =
1

4

 ln

cosh[



( � − � ) � � ]−cos[



( � + � ) � � ]
cosh[



( � − � ) � � ]−cos[



( � − � ) � � ]

−
1

4

 ln

cosh[



( � + � ) � � ]−cos[



( � + � ) � � ]
cosh[



( � + � ) � � ]−cos[



( � − � ) � � ]

.

Alternatively, the Green’s function can be represented in the series form� ( � , � , � , � ) =
1� � �

=1

1* � +
exp " − * � | � − � | # − exp " − * � | � + � | #-, sin( * � � ) sin( * � � ), * � =


 (� .���
References: N. N. Lebedev, I. P. Skal’skaya, and Ya. S. Uflyand (1955), A. G. Butkovskiy (1979).

7.2.2-10. Domain: 0 ≤ � < � , 0 ≤ � ≤ � . Third boundary value problem.

A semiinfinite strip is considered. Boundary conditions are prescribed:� . � − � 1
� = � 1( � ) at � = 0,

� � � − � 2
� = � 2( � ) at � = 0,

� � � + � 3
� = � 3( � ) at � = � .

Solution: � ( � , � ) = � �0 � 0

�
( � , � ) � ( � , � , � , � ) � � � � − � �0

� 1( � ) � ( � , � , 0, � ) � �
− � 0

� 2( � ) � ( � , � , � , 0) � � + � 0
� 3( � ) � ( � , � , � , � ) � � ,
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where � ( � , � , � , � ) = � �
=1 �

�
( � ) �

�
( � ) �

�  2 ! �
( ! �

+ � 1) / �
( � , � ),

�
�

( � ) = ! �
cos( ! � � ) + � 2 sin( ! � � ),

 �
�  2 =

1
2

( ! 2

�
+ � 2

2) $%� +
( � 2 + � 3)( ! 2

�
+ � 2 � 3)

( ! 2

�
+ � 2

2)( ! 2

�
+ � 2

3) & ,

/ �
( � , � ) = 0 exp(− ! � � )

+ ! �
cosh( ! � � ) + � 1 sinh( ! � � ) , for � > � ,

exp(− ! � � )
+ ! �

cosh( ! � � ) + � 1 sinh( ! � � ) , for � > � .

Here, the ! �
are positive roots of the transcendental equation tan( ! � ) =

( � 2 + � 3) !! 2 − � 2 � 3
.

7.2.2-11. Domain: 0 ≤ � < � , 0 ≤ � ≤ � . Mixed boundary value problems.

1 1 . A semiinfinite strip is considered. Boundary conditions are prescribed:� = � 1( � ) at � = 0,
� � � = � 2( � ) at � = 0,

� � � = � 3( � ) at � = � .

Solution: � ( � , � ) = � �0
� 1( � ) $ �� � � ( � , � , � , � ) & ) =0

� � − � 0
� 2( � ) � ( � , � , � , 0) � �

+ � 0
� 3( � ) � ( � , � , � , � ) � � + � �0 � 0

�
( � , � ) � ( � , � , � , � ) � � � � ,

where � ( � , � , � , � ) =
1

2 � � �
=0 2

�* � +
exp " − * � | � − � | # − exp " − * � | � + � | #-, cos( * � � ) cos( * � � ),* � =


 (� , 2 = 3 1 for ( = 0,
2 for ( ≠ 0.

2 1 . A semiinfinite strip is considered. Boundary conditions are prescribed:� . � = � 1( � ) at � = 0, � = � 2( � ) at � = 0, � = � 3( � ) at � = � .

Solution:� ( � , � ) = − � �0
� 1( � ) � ( � , � , 0, � ) � � + � 0

� 2( � ) $ �� � � ( � , � , � , � ) & ' =0
� �

− � 0
� 3( � ) $ �� � � ( � , � , � , � ) & ' = � � � + � �0 � 0

�
( � , � ) � ( � , � , � , � ) � � � � ,

where� ( � , � , � , � ) =
1� � �

=1

1* � +
exp " − * � | � − � | # + exp " − * � | � + � | #-, sin( * � � ) sin( * � � ), * � =


 (� .

7.2.2-12. Domain: 0 ≤ � < � , 0 ≤ � < � . First boundary value problem.

A quadrant of the plane is considered. Boundary conditions are prescribed:� = � 1( � ) at � = 0, � = � 2( � ) at � = 0.

Solution:� ( � , � ) =
4
 � � � 0

� 1( � ) � � �
[ � 2 + ( � − � )2][ � 2 + ( � + � )2]

+
4
 � � � 0

� 2( � ) � � �
[( � − � )2 + � 2][( � + � )2 + � 2]

+
1

2

 � 0 � 0

�
( � , � ) ln 4 ( � − � )2 + ( � + � )2 4 ( � + � )2 + ( � − � )24 ( � − � )2 + ( � − � )2 4 ( � + � )2 + ( � + � )2

� � � � .���
References: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974), A. G. Butkovskiy (1979).
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7.2.2-13. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 5 . First boundary value problem.

A rectangle is considered. Boundary conditions are prescribed:� = � 1( � ) at � = 0, � = � 2( � ) at � = � ,� = � 3( � ) at � = 0, � = � 4( � ) at � = 5 .
Solution:� ( � , � ) = � �0 � 60

�
( � , � ) � ( � , � , � , � ) � � � �

+ � 60
� 1( � ) $ �� � � ( � , � , � , � ) & ) =0

� � − � 60
� 2( � ) $ �� � � ( � , � , � , � ) & ) = � � �

+ � �0
� 3( � ) $ �� � � ( � , � , � , � ) & ' =0

� � − � �0
� 4( � ) $ �� � � ( � , � , � , � ) & ' = 6 � � .

Two forms of representation of the Green’s function:� ( � , � , � , � ) =
2� � �

=1

sin(7 � � ) sin(7 � � )7 �
sinh(7 � 5 ) / �

( � , � ) =
25 �8 =1

sin( * 8 � ) sin( * 8 � )* 8 sinh( * 8 � ) 9 8 ( � , � ),

where 7 �
=


 (� , / �
( � , � ) = 0 sinh(7 � � ) sinh[7 �

( 5 − � )] for 5 ≥ � > � ≥ 0,
sinh(7 � � ) sinh[7 �

( 5 − � )] for 5 ≥ � > � ≥ 0,* 8 =

 :5 , 9 8 ( � , � ) = 0 sinh( * 8 � ) sinh[ * 8 ( � − � )] for � ≥ � > � ≥ 0,

sinh( * 8 � ) sinh[ * 8 ( � − � )] for � ≥ � > � ≥ 0.
The Green’s function can be written in form of a double series:� ( � , � , � , � ) =

4� 5 � �
=1

�8 =1

sin(7 � � ) sin( * 8 � ) sin(7 � � ) sin( * 8 � )7 2

�
+ * 28 , 7 �

=

 (� , * 8 =


 :5 .���
Reference: A. G. Butkovskiy (1979).

7.2.2-14. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 5 . Third boundary value problem.

A rectangle is considered. Boundary conditions are prescribed:� . � − � 1
� = � 1( � ) at � = 0,

� . � + � 2
� = � 2( � ) at � = � ,� � � − � 3

� = � 3( � ) at � = 0,
� � � + � 4

� = � 4( � ) at � = 5 .
Solution: � ( � , � ) = � �0 � 60

�
( � , � ) � ( � , � , � , � ) � � � �

− � 60
� 1( � ) � ( � , � , 0, � ) � � + � 60

� 2( � ) � ( � , � , � , � ) � �
− � �0

� 3( � ) � ( � , � , � , 0) � � + � �0
� 4( � ) � ( � , � , � , 5 ) � � .

Here, � ( � , � , � , � ) = � �
=1

�8 =1 �
�

( � ) �
�

( � ) ; 8 ( � ) ; 8 ( � ) �
�  2  ; 8  2( ! 2

�
+ < 28 )

,

�
�

( � ) = cos( ! � � ) +
� 1! �

sin( ! � � ),
 �

�  2 =
� 2

2 ! 2

� ! 2

�
+ � 2

1! 2

�
+ � 2

2
+

� 1

2 ! 2

�
+

�
2

	
1 +

� 2
1! 2

� � ,; 8 ( � ) = cos( < 8 � ) +
� 3< 8 sin( < 8 � ),

 ; 8  2 =
� 4

2 < 28 < 28 + � 2
3< 28 + � 2
4

+
� 3

2 < 28 +
5
2

	
1 +

� 2
3< 28 � ,
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where the ! �
and < 8 are positive roots of the transcendental equations

tan( ! � )! =
� 1 + � 2! 2 − � 1 � 2

,
tan( < 5 )< =

� 3 + � 4< 2 − � 3 � 4
.

7.2.2-15. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 5 . Mixed boundary value problem.

A rectangle is considered. Boundary conditions are prescribed:� = � 1( � ) at � = 0,
� . � = � 2( � ) at � = � ,� = � 3( � ) at � = 0,
� � � = � 4( � ) at � = 5 .

Solution: � ( � , � ) = � �0 � 60

�
( � , � ) � ( � , � , � , � ) � � � �

+ � 60
� 1( � ) $ �� � � ( � , � , � , � ) & ) =0

� � + � 60
� 2( � ) � ( � , � , � , � ) � �

+ � �0
� 3( � ) $ �� � � ( � , � , � , � ) & ' =0

� � + � �0
� 4( � ) � ( � , � , � , 5 ) � � .

Two forms of representation of the Green’s function:� ( � , � , � , � ) =
2� � �

=0

sin(7 � � ) sin(7 � � )7 �
cosh(7 � 5 ) / �

( � , � ) =
25 �8 =0

sin( * 8 � ) sin( * 8 � )* 8 cosh( * 8 � ) 9 8 ( � , � ),

where 7 �
=



(2 ( + 1)� , / �

( � , � ) = 0 sinh(7 � � ) cosh[7 �
( 5 − � )] for 5 ≥ � > � ≥ 0,

sinh(7 � � ) cosh[7 �
( 5 − � )] for 5 ≥ � > � ≥ 0,* 8 =



(2

:
+ 1)5 , 9 8 ( � , � ) = 0 sinh( * 8 � ) cosh[ * 8 ( � − � )] for � ≥ � > � ≥ 0,

sinh( * 8 � ) cosh[ * 8 ( � − � )] for � ≥ � > � ≥ 0.

The Green’s function can be written in form of a double series:� ( � , � , � , � ) =
4� 5 � �

=0
�8 =0

sin(7 � � ) sin( * 8 � ) sin(7 � � ) sin( * 8 � )7 2

�
+ * 28 ,7 �

=



(2 ( + 1)
2 � , * 8 =



(2

:
+ 1)

2 5 .

7.2.3. Problems in Polar Coordinate System
The two-dimensional Poisson equation in the polar coordinate system is written as

1= �� = 	 = � �� = � +
1=
2

� 2 �� � 2 +
�

(
=
, � ) = 0,

=
= 4 � 2 + � 2.

7.2.3-1. Domain: 0 ≤
=

≤ > , 0 ≤ � ≤ 2



. First boundary value problem.

A circle is considered. A boundary condition is prescribed:� = � ( � ) at
=

= > .
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Solution:� (
=
, � ) =

1
2

 � 2 ?

0
� ( � )

> 2 −
=

2=
2 − 2 > =

cos( � − � ) + > 2 � � + � 2 ?
0 � @0

�
( � , � ) � (

=
, � , � , � ) � � � � � ,

where � (
=
, � , � , � ) =

1
2

 ln

1
|r − r0|

−
1

2

 ln

>=
0|( > � =

0)2r0 − r|
,

r = { � , � }, � =
=

cos � , � =
=

sin � ,

r0 = { � 0, � 0}, � 0 = � cos � , � 0 = � sin � .

The magnitude of a vector difference is calculated as | � r − 5 r0|2 = � 2
=

2 − 2 � 5 = � cos( � − � ) + 5 2 � 2

( � and 5 are any scalars). Thus, we obtain� (
=
, � , � , � ) =

1
4

 ln

=
2 � 2 − 2 > 2

= � cos( � − � ) + > 4> 2[
=

2 − 2
= � cos( � − � ) + � 2]

.���
References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), A. G. Butkovskiy (1979).

7.2.3-2. Domain: 0 ≤
=

≤ > , 0 ≤ � ≤ 2



. Third boundary value problem.

A circle is considered. A boundary condition is prescribed:� A � + � � = � ( � ) at
=

= > .

Solution:� (
=
, � ) = > � 2 ?

0
� ( � ) � (

=
, � , > , � ) � � + � 2 ?

0 � @0

�
( � , � ) � (

=
, � , � , � ) � � � � � ,

where � (
=
, � , � , � ) =

1
 � �
=0

�8 =1 B
� C �

( ! � 8 =
)

C �
( ! � 8 � )

( ! 2

� 8 > 2 + � 2 > 2 − ( 2)[

C �
( ! � 8 > )]2 cos[ ( ( � − � )],

B 0 = 1, B
�

= 2 ( ( = 1, 2, DEDED ).
Here, the

C �
( � ) are the Bessel functions and the ! � 8 are positive roots of the transcendental equation! C F�

( ! > ) + � C �
( ! > ) = 0.

7.2.3-3. Domain: > ≤
=

< � , 0 ≤ � ≤ 2



. First boundary value problem.

The exterior of a circle is considered. A boundary condition is prescribed:� = � ( � ) at
=

= > .

Solution:� (
=
, � ) =

1
2

 � 2 ?

0
� ( � )

=
2 − > 2=

2 − 2 > =
cos( � − � ) + > 2 � � + � 2 ?

0 � @ �
( � , � ) � (

=
, � , � , � ) � � � � � ,

where the Green’s function � (
=
, � , � , � ) is defined by the formula presented in Paragraph 7.2.3-1.���

Reference: A. G. Butkovskiy (1979).
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7.2.3-4. Domain: > 1 ≤
=

≤ > 2, 0 ≤ � ≤ 2



. First boundary value problem.

An annular domain is considered. Boundary conditions are prescribed:� = � 1( � ) at
=

= > 1, � = � 2( � ) at
=

= > 2.

Solution:� (
=
, � ) = > 1 � 2 ?

0
� 1( � ) $ �� � � (

=
, � , � , � ) & ) = @ 1

� � − > 2 � 2 ?
0

� 2( � ) $ �� � � (
=
, � , � , � ) & ) = @ 2

� �
+ � 2 ?

0 � @ 2

@ 1

�
( � , � ) � (

=
, � , � , � ) � � � � � .

Here, � (
=
, � , � , � ) =

1
2

 ���

=0

	
ln

1= �
− ln

> 1� = H� � ,

where =
2

�
=

=
2 + I 2

�
− 2

= I �
cos( � − � ), (

= H�
)2 =

=
2 + ( I H�

)2 − 2
= I H�

cos( � − � ),I �
= 0 ( > 1 � > 2)2 J � for ( = 2 � ,

( > 2 � > 1)2 J +2 � for ( = 2 � + 1,
I H�

=
> 2

1I �
.���

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

7.2.3-5. Domain: 0 ≤
=

≤ > , 0 ≤ � ≤



. First boundary value problem.

A semicircle is considered. Boundary conditions are prescribed:� = � 1( � ) at
=

= > , � = � 2(
=
) at � = 0, � = � 3(

=
) at � =



.

Solution:� (
=
, � ) = − > � ?

0
� 1( � ) $ �� � � (

=
, � , � , � ) & ) = @ � � + � @0

� 2( � )
1� $ �� � � (

=
, � , � , � ) & ' =0

� �
− � @0

� 3( � )
1� $ �� � � (

=
, � , � , � ) & ' = ? � � + � ?

0 � @0

�
( � , � ) � (

=
, � , � , � ) � � � � � ,

where� (
=
, � , � , � ) =

1
4

 ln

=
2 � 2 − 2 > 2

= � cos( � − � ) + > 4> 2[
=

2 − 2
= � cos( � − � ) + � 2]

−
1

4

 ln

=
2 � 2 − 2 > 2

= � cos( � + � ) + > 4> 2[
=

2 − 2
= � cos( � + � ) + � 2]

.

See also Example 2 in Paragraph 7.2.4-2.���
References: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974), B. M. Budak, A. A. Samarskii, and

A. N. Tikhonov (1980).

7.2.3-6. Domain: 0 ≤
=

≤ > , 0 ≤ � ≤

 � 2. First boundary value problem.

A quadrant of a circle is considered. Boundary conditions are prescribed:� = � 1( � ) at
=

= > , � = � 2(
=
) at � = 0, � = � 3(

=
) at � =


 � 2.

Solution:� (
=
, � ) = − > � ? K 2

0
� 1( � ) $ �� � � (

=
, � , � , � ) & ) = @ � � + � @0

� 2( � )
1� $ �� � � (

=
, � , � , � ) & ' =0

� �
− � @0

� 3( � )
1� $ �� � � (

=
, � , � , � ) & ' = ? K 2

� � + � ? K 2

0 � @0

�
( � , � ) � (

=
, � , � , � ) � � � � � ,
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where� (
=
, � , � , � ) = � 1(

=
, � , � , � ) − � 1(

=
, � , � , 2



− � ) − � 1(

=
, � , � ,



− � ) + � 1(

=
, � , � ,



+ � ),� 1(

=
, � , � , � ) =

1
4

 ln

=
2 � 2 − 2 > 2

= � cos( � − � ) + > 4> 2[
=

2 − 2
= � cos( � − � ) + � 2]

.

See also Example 3 in Paragraph 7.2.4-2.���
References: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974), B. M. Budak, A. A. Samarskii, and

A. N. Tikhonov (1980).

7.2.3-7. Domain: 0 ≤
=

≤ > , 0 ≤ � ≤ L . First boundary value problem.

A circular sector is considered. Boundary conditions are prescribed:� = � 1( � ) at
=

= > , � = � 2(
=
) at � = 0, � = � 3(

=
) at � = L .

Solution:� (
=
, � ) = − > � M0

� 1( � ) $ �� � � (
=
, � , � , � ) & ) = @ � � + � @0

� 2( � )
1� $ �� � � (

=
, � , � , � ) & ' =0

� �
− � @0

� 3( � )
1� $ �� � � (

=
, � , � , � ) & ' = M � � + � M0 � @0

�
( � , � ) � (

=
, � , � , � ) � � � � � .

1 1 . For L =

 � ( , where ( is a positive integer, the Green’s function is expressed as� (

=
, � , � , � ) =

�
−1� J =0

+ � 1(
=
, � , � , 2 � L + � ) − � 1(

=
, � , � , 2 � L − � ) , ,� 1(

=
, � , � , � ) =

1
4

 ln

=
2 � 2 − 2 > 2

= � cos( � − � ) + > 4> 2[
=

2 − 2
= � cos( � − � ) + � 2]

.���
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

2 1 . For arbitrary L , the Green’s function is given by� (
=
, � , � , � ) =

1
2

 ln NNPO ? K M − ¯Q ? K M NN NN > 2 ? K M − ( ¯Q O ) ? K M NNNN O ? K M −

Q ? K M NN NN > 2 ? K M − (
Q O ) ? K M NN ,where O =

= R SUT
,
Q

= � R S '
, ¯Q = � R

−
S '

, and V 2 = −1.

7.2.3-8. Domain: 0 ≤
=

< � , 0 ≤ � ≤ L . First boundary value problem.

A wedge domain is considered. Boundary conditions are prescribed:� = � 1(
=
) at � = 0, � = � 2(

=
) at � = L .

Solution:� (
=
, � ) = � 0

� 1( � )
1� $ �� � � (

=
, � , � , � ) & ' =0

� � − � 0
� 2( � )

1� $ �� � � (
=
, � , � , � ) & ' = M � �

+ � M0 � 0

�
( � , � ) � (

=
, � , � , � ) � � � � � ,

where � (
=
, � , � , � ) =

1
4

 ln

=
2 ? K M − 2(

= � ) ? K M cos[



( � + � ) � L ] + � 2 ? K M=
2 ? K M − 2(

= � ) ? K M cos[



( � − � ) � L ] + � 2 ? K M .

Alternatively, the Green’s function can be represented in the complex form� (
=
, � , � , � ) =

1
2

 ln NNPO ? K M − ¯Q ? K M NNNNWO ? K M −

Q ? K M NN , O =
= R SUT

,
Q

= � R S '
, ¯Q = � R

−
S '

, V 2 = −1.
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7.2.4. Arbitrary Shape Domain. Conformal Mappings Method

7.2.4-1. Description of the method. Tables of conformal mappings.
Any simply connected domain [ in the \ ] -plane with a piecewise smooth boundary can be mapped
in a mutually unique way, with an appropriate conformal mapping, onto the upper half-plane or
into a unit circle in a ^ _ -plane. Under a conformal mapping, a Poisson equation in the \ ] -plane
transforms into a Poisson equation in the ^ _ -plane; what is changed is the function

�
, as well as the

function ` in the boundary condition. Consequently, a first and a second boundary value problem
for the plane domain [ can be reduced, respectively, to a first and a second boundary value problem
for the upper half-plane or a unit circle. The latter problems are considered above (see Subsections
7.2.2 and 7.2.3).

A large number of conformal mappings (mappings defined by analytic functions) of various
domains onto the upper half-plane or a unit circle can be found, for example, in Lavrik and Savenkov
(1970), Lavrent’ev and Shabat (1973), and Ivanov and Trubetskov (1994).

Table 22 presents conformal mappings of some domains [ in the complex plane O onto the upper
half-plane Im a ≥ 0 in the complex plane a . In the relations involving square roots, it is assumed
that b Q

= b |
Q
|
+
cos " 1

2 � # + V sin " 1
2 � #-, , where � = arg

Q
(i.e., the first branch of b Q

is taken).
Table 23 presents conformal mappings of some domains [ in the complex plane O onto the unit

circle | a | ≤ 1 in the complex plane a .

7.2.4-2. General formula for the Green’s function. Example boundary value problems.
Let a function a = a ( O ) define a conformal mapping of a domain [ in the complex plane O onto
the upper half-plane in the complex plane a . Then the Green’s function of the first boundary value
problem in [ for the Poisson (Laplace) equation is expressed as� ( \ , ] , � , � ) =

1
2 c ln NNNN a ( O ) − ¯a (

Q
)a ( O ) − a (

Q
) NNNN , O = \ + Vd] ,

Q
= � + Vd� , (1)

where a ( O ) = ^ ( \ , ] ) + Vd_ ( \ , ] ) and ¯a ( O ) = ^ ( \ , ] ) − Vd_ ( \ , ] ).
The solution of the first boundary value problem for the Poisson equation is determined by the

above Green’s function in accordance with formula (2) specified in Paragraph 7.2.1-1.
Example 1. Consider the first boundary value problem for the Poisson equation in the strip − e < f < e , 0 ≤ g ≤ h .

The function that maps this strip onto the upper half-plane has the form i ( j ) = exp( k jElmh ) (see the second row of Table 22).
Substituting this expression into relation (1) and performing elementary transformations, we obtain the Green’s functionn

( f , g , o , p ) =
1

4 k ln
cosh[ k ( f − o ) lmh ] − cos[ k ( g + p ) lmh ]
cosh[ k ( f − o ) lmh ] − cos[ k ( g − p ) lmh ]

.

Example 2. Consider the first boundary value problem for the Poisson equation in a semicircle of radius h such thatq
= { f 2+ g 2 ≤ h 2 , g ≥ 0}. The domain

q
is conformally mapped onto the upper half-plane by the function i ( j ) = −( jElmh + h lmj )

(see the sixth row in Table 22). Substituting this expression into (1), we arrive at the Green’s functionn
( f , g , o , p ) =

1
2 k ln r j − ¯s rtr h 2 − j ¯s rr j −

s rur h 2 − j s r , j = f + vUg ,
s

= o + vUp .

Example 3. Consider the first boundary value problem for the Poisson equation in a quadrant of a circle of radius h , so
that

q
= { f 2 + g 2 ≤ h 2, f ≥ 0, g ≥ 0}. The conformal mapping of the domain

q
onto the upper half-plane is performed

with the function i ( j ) = −( jElmh )2 − ( h lmj )2 (see the seventh row of Table 22). Substituting this expression into (1) yieldsn
( f , g , o , p ) =

1
2 k ln r j 2 − ¯s 2 rtr h 4 − j 2 ¯s 2 rr j 2 −

s 2 rtr h 4 − j 2 s 2 r , j = f + vUg ,
s

= o + vUp .

3 1 . Let a function a = a ( O ) define a conformal mapping of a domain [ in the complex plane O onto
the unit circle wxa w ≤ 1 in the complex plane a . Then the Green’s function of the first boundary value
problem in [ for the Laplace equation is given byy

( \ , ] , z , { ) =
1

2 c ln NNNN 1 − ¯a (
Q
) a ( O )a ( O ) − a (

Q
) NNNN , O = \ + Vd] ,

Q
= z + Vd{ . (2)|�}

References for Subsection 7.2.4: N. N. Lebedev, I. P. Skal’skaya, and Ya. S. Uflyand (1955), A. G. Sveshnikov and
A. N. Tikhonov (1974).
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TABLE 22
Conformal mapping of some domains [ in the O -plane onto the upper

half-plane Im a ≥ 0 in the a -plane. Notation: O = \ + Vd] and a = ^ + Vd_
No Domain [ in the O -plane Transformation

1
First quadrant:

0 ≤ \ < ~ , 0 ≤ ] < ~ a = � 2 O 2 + 5 ,� , 5 are real numbers

2
Infinite strip of width � :
− ~ < \ < ~ , 0 ≤ ] ≤ � a = exp( c O � � )

3
Semiinfinite strip of width � :

0 ≤ \ < ~ , 0 ≤ ] ≤ � a = cosh( c O � � )

4 Plane with the cut
in the real axis

a = b O
5

Interior of an infinite sector with angle L :
0 ≤ arg O ≤ L , 0 ≤ | O | < ~ (0 < L ≤ 2 c ) a = O ? K M

6
Upper half of a circle of radius � :\ 2 + ] 2 ≤ � 2, ] ≥ 0 a = − O� −

� O
7

Quadrant of a circle of radius � :\ 2 + ] 2 ≤ � 2, \ ≥ 0, ] ≥ 0 a = − O 2� 2 −
� 2O 2

8
Sector of a circle of radius � with angle L :\ 2 + ] 2 ≤ � 2, 0 ≤ arg O ≤ L a = − � O � � ? K M − � �O � ? K M

9
Upper half-plane with a circular domain

or radius � removed: ] ≥ 0, \ 2 + ] 2 ≥ � 2 a = O� +
�O

10
Exterior of a parabola:] 2 − 27 \ ≥ 0 a = � O − 1

2 � − �-� 1
2 �

11
Interior of a parabola:� 2 − 2� � ≤ 0 � = � cosh � c � 1

2 O � � − 1
4 �

7.3. Helmholtz Equation � 2 � + � � = – � (x)
Many problems related to steady-state oscillations (mechanical,acoustical, thermal, electromagnetic,
etc.) lead to the two-dimensional Helmholtz equation. For � < 0, this equation describes mass transfer
processes with volume chemical reactions of the first order. Moreover, any elliptic equation with
constant coefficients can be reduced to the Helmholtz equation.

7.3.1. General Remarks, Results, and Formulas

7.3.1-1. Some definitions.

The Helmholtz equation is called homogeneous if � = 0 and nonhomogeneous if � ≠ 0. A
homogeneous boundary value problem is a boundary value problem for the homogeneous Helmholtz
equation with homogeneous boundary conditions; a particular solution of a homogeneous boundary
value problem is � = 0.

The values � � of the parameter � for which there are nontrivial solutions (solutions other
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TABLE 23
Conformal mapping of some domains � in the O -plane onto the unit circle
| � | ≤ 1. Notation: O = � + � � , � = � + �d� , O 0 = � 0 + � � 0, and ¯O 0 = � 0 − � � 0

No Domain � in O -plane Transformation

1
Upper half-plane:

− � < � < � , 0 ≤ � < � � =
R SU� O − O 0O − ¯O 0

,� is a real number

2
A circle of unit radius:� 2 + � 2 ≤ 1 � =

R SU� O − O 0

1 − ¯O 0 O ,� is a real number

3
Exterior of a circle of radius � :� 2 + � 2 ≥ � 2 � =

� O
4

Infinite strip of width � :
− � < � < � , 0 ≤ � ≤ � � =

exp( c O � � ) − exp( c O 0 � � )
exp( c O � � ) − exp( c ¯O 0 � � )

5
Semicircle of radius � :� 2 + � 2 ≤ � 2, � ≥ 0 � = � O 2 + 2 � O − � 2O 2 − 2 � O − � 2

6
Sector of a unit circle with angle � :

| O | ≤ 1, 0 ≤ arg O ≤ � � =
(1 + O � �t� )2 − � (1 − O � �t� )2

(1 + O � �t� )2 + � (1 − O � �t� )2

7
Exterior of an ellipse with semiaxes � and   :

( � � � )2 + ( � �   )2 ≥ 1 O =
1
2 ¡ ( � −   ) � +

� +  � ¢
than identical zero) of the homogeneous boundary value problem are called eigenvalues and the
corresponding solutions, � = � � , are called eigenfunctions of the boundary value problem.

In what follows, the first, second, and third boundary value problems for the two-dimensional
Helmholtz equation in a finite two-dimensional domain £ with boundary ¤ are considered. For the
third boundary value problem with the boundary condition¥ �¥ ¦ + § � = 0 for r ¨ ¤ ,

it is assumed that § > 0. Here, © ª© « is the derivative along the outward normal to the contour ¤ , and
r = { � , � }.

7.3.1-2. Properties of eigenvalues and eigenfunctions.

1 ¬ . There are infinitely many eigenvalues { � � }; the set of eigenvalues forms a discrete spectrum
for the given boundary value problem.

2 ¬ . All eigenvalues are positive, except for the eigenvalue � 0 = 0 existing in the second boundary
value problem (the corresponding eigenfunction is � 0 = const). We number the eigenvalues in order
of increasing magnitudes, � 1 < � 2 < � 3 < EE .
3 ¬ . The eigenvalues tend to infinity as the number ® increases. The following asymptotic estimate
holds:

lim� ¯ ° ®� � =
£ 2

4 c ,

where £ 2 is the area of the two-dimensional domain under study.
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4 ¬ . The eigenfunctions � � = � � ( � , � ) are defined up to a constant multiplier. Any two eigenfunctions
corresponding to different eigenvalues, � � ≠ � ± , are orthogonal:² ³ � � � ± ´ £ = 0.

5 ¬ . Any twice continuously differentiable function µ = µ (r) that satisfies the boundary conditions of
a boundary value problem can be expanded into a uniformly convergent series in the eigenfunctions
of the boundary value problem:µ =

°¶ � =1

µ � � � , where µ � =
1· � � · 2

² ³ µ � � ´ £ ,
· � � · 2 =

² ³ � 2� ´ £ .

If µ is square summable, then the series converges in mean.

6 ¬ . The eigenvalues of the first boundary value problem do not increase if the domain is extended.¸ ¹mº » ¼¾½ ¿ À
In a two-dimensional problem, generally correspond to each eigenvalue � � finitely

many linearly independent eigenfunctions � (1)� , � (2)� , ÁEÁEÁ , � ( Â )� . These functions can always be
replaced by their linear combinations

¯� ( Ã )� = Ä Ã ,1 � (1)� + EE + Ä Ã , Ã −1 � ( Ã −1)� + � ( Ã )� , Å = 1, 2, ÁEÁEÁ , Æ ,

so that the new eigenfunctions ¯� (1)� , ¯� (2)� , ÁEÁEÁ , ¯� ( Â )� now are pairwise orthogonal. Therefore, without
loss of generality, we assume that all the eigenfunctions are orthogonal.Ç�È

Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964).

7.3.1-3. Nonhomogeneous Helmholtz equation with homogeneous boundary conditions.

Three cases are possible.

1 ¬ . If the equation parameter � is not equal to any one of the eigenvalues, then there exists the series
solution � =

°¶ � =1 É ÊË Ê −
Ë Ì Ê , where É Ê =

1· Ì Ê · 2

² ³ Í Ì Ê ´ £ ,
· Ì Ê · 2 =

² ³ Ì 2Ê ´ £ .

2 ¬ . If
Ë

is equal to some eigenvalue,
Ë

=
Ë ± , then the solution of the nonhomogeneous problem

exists only if the function
Í

is orthogonal to Ì ± , i.e.,² ³ Í Ì ± ´ £ = 0.

In this case the system is expressed asÌ =
± −1¶
Ê =1 É ÊË Ê −

Ë ± Ì Ê +
°¶

Ê = ± +1 É ÊË Ê −
Ë ± Ì Ê + Î Ì ± , É Ê =

1· Ì Ê · 2

² ³ Í Ì Ê ´ £ ,

where
· Ì Ê · 2 =

² ³ Ì 2Ê ´ £ , and Î is an arbitrary constant.

3 ¬ . If
Ë

=
Ë ± and

² ³ Í Ì ± ´ £ ≠ 0, then the boundary value problem for the nonhomogeneous

equation does not have solutions.¸ ¹mº » ¼¾½ Ï À
If Æ Ê mutually orthogonal eigenfunctions Ì ( Ã )Ê (Å = 1, 2, ÁEÁEÁ , Æ Ê ) correspond to

each eigenvalue
Ë Ê , then, for

Ë
≠

Ë Ê , the solution is written asÌ =
°¶
Ê =1

ÂEÐ¶ Ã =1 É ( Ã )ÊË Ê −
Ë Ì ( Ã )Ê , where É ( Ã )Ê =

1· Ì ( Ã )Ê · 2

² ³ Í Ì ( Ã )Ê ´ Ñ ,
· Ì ( Ã )Ê · 2 =

² ³ Ò Ì ( Ã )Ê Ó 2 ´ Ñ .Ç�È
Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964).
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7.3.1-4. Solution of nonhomogeneous boundary value problem of general form.

1 Ø . The solution of the first boundary value problem for the Helmholtz equation with the boundary
condition Ì = µ (r) for r Ù Ú
can be represented in the formÌ (r) = Û Ü Í

( Ý )
y

(r, Ý ) Þ Ñ ß − Û à á ( Ý ) ââ ã ß y
(r, Ý ) Þ Ú ß . (1)

Here, r = { ä , å } and Ý = { æ , ç } (r Ù Ñ , Ý Ù Ñ ); èè é ê denotes the derivative along the outward normal
to the contour Ú with respect to the variables æ and ç . The Green’s function is given by the seriesy

(r, Ý ) = ë¶ Ê =1

Ì Ê (r) Ì Ê ( Ý )· Ì Ê · 2(
Ë Ê −

Ë
)

,
Ë

≠
Ë Ê , (2)

where the Ì Ê and
Ë Ê are the eigenfunctions and eigenvalues of the homogeneous first boundary

value problem.

2 Ø . The solution of the second boundary value problem with the boundary conditionâ Ìâ ã = á (r) for r Ù Ú
can be written as Ì (r) = Û Ü Í

( Ý )
y

(r, Ý ) Þ Ñ ß + Û à á ( Ý )
y

(r, Ý ) Þ Ú ß . (3)

Here, the Green’s function is given by the seriesy
(r, Ý ) = −

1Ñ 2
Ë + ë¶ Ê =1

Ì Ê (r) Ì Ê ( Ý )· Ì Ê · 2(
Ë Ê −

Ë
)

,
Ë

≠
Ë Ê , (4)

where Ñ 2 is the area of the two-dimensional domain under consideration, and the
Ë Ê and Ì Ê are the

positive eigenvalues and the corresponding eigenfunctions of the homogeneous second boundary
value problem. For clarity, the term corresponding to the zero eigenvalue

Ë
0 = 0 ( Ì 0 = const) is

singled out in (4).

3 Ø . The solution of the third boundary value problem for the Helmholtz equation with the boundary
condition â Ìâ ã + ì Ì = á (r) for r Ù Ú
is given by formula (3), where the Green’s function is defined by series (2), which involves the
eigenfunctions Ì Ê and eigenvalues

Ë Ê of the homogeneous third boundary value problem.

7.3.1-5. Boundary conditions at infinity in the case of an infinite domain.

In what follows, the function
Í

is assumed to be finite or sufficiently rapidly decaying as í î ï .

1 Ø . For
Ë

< 0, in the case of an infinite domain, the vanishing condition of the solution at infinity is
set, Ì î 0 as í î ï .
2 Ø . For

Ë
> 0, if the domain is unbounded, the radiation conditions (Sommerfeld conditions) at

infinity are used. In two-dimensional problems, these conditions are written as

limðmñ ë ò í Ì = const, limðmñ ë ò í ó â Ìâ í + ô ò Ë Ì õ = 0,

where ô 2 = −1.
To identify a single solution, the principle of limit absorption and the principle of limit amplitude

are also used.ö�÷
Reference: A. N. Tikhonov and A. A. Samarskii (1990).
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7.3.2. Problems in Cartesian Coordinate System
A two-dimensional nonhomogeneous Helmholtz equation in the rectangular Cartesian system of
coordinates has the form â 2 Ìâ ä 2 + â 2 Ìâ å 2 +

Ë Ì = −
Í

( ä , å ).

7.3.2-1. Particular solutions and some relations.
1 Ø . Particular solutions of the homogeneous equation (

Í
≡ 0):Ì = ( É ä + ø )( Î cos ù å + ú sin ù å ), û = ù 2,ü = ( ý ä + ø )( Î cosh ù å + ú sinh ù å ), û = − ù 2,ü = ( ý cos ù ä + ø sin ù ä )( Î å + ú ), û = ù 2,ü = ( ý cosh ù ä + ø sinh ù ä )( Î å + ú ), û = − ù 2,ü = ( ý cos ù 1 ä + ø sin ù 1 ä )( Î cos ù 2 å + ú sin ù 2 å ), û = ù 2

1 + ù 2
2,ü = ( ý cos ù 1 ä + ø sin ù 1 ä )( Î cosh ù 2 å + ú sinh ù 2 å ), û = ù 2

1 − ù 2
2,ü = ( ý cosh ù 1 ä + ø sinh ù 1 ä )( Î cos ù 2 å + ú sin ù 2 å ), û = − ù 2

1 + ù 2
2,ü = ( ý cosh ù 1 ä + ø sinh ù 1 ä )( Î cosh ù 2 å + ú sinh ù 2 å ), û = − ù 2

1 − ù 2
2,

where ý , ø , Î , and ú are arbitrary constants.
2 Ø . Fundamental solutions: þ þ

( ä , å ) =
1

2 ÿ � 0( �-í ) if û = − � 2 < 0,þ þ
( ä , å ) =

ô
4

� (1)
0 ( ì í ) if û = ì 2 > 0,þ þ

( ä , å ) = −
ô
4

� (2)
0 ( ì í ) if û = ì 2 > 0,

where í =
� ä 2 + å 2, � 0( � ) is the modified Bessel function of the second kind,

� (1)
0 ( � ) and

� (2)
0 ( � )

are the Hankel functions of the first and second kind of order 0, ä 0 and å 0 are arbitrary constants,
and ô 2 = −1. The leading term of the asymptotic expansion of the fundamental solutions, as í î 0,
is given by 1

2 � ln 1ð .

3 Ø . Suppose ü = ü ( ä , å ) is a solution of the homogeneous Helmholtz equation. Then the functionsü
1 = ü ( ä + � 1, � å + � 2),ü
2 = ü (− ä + � 1, � å + � 2),ü
3 = ü ( ä cos � + å sin � + � 1, − ä sin � + å cos � + � 2),

where � 1, � 2, and � are arbitrary constants, are also solutions of the equation.ö�÷
Reference: A. N. Tikhonov and A. A. Samarskii (1990).

7.3.2-2. Domain: − ï < ä < ï , − ï < å < ï .

1 	 . Solution for û = − � 2 < 0:ü ( ä , å ) =
1

2 ÿ Û ë
− ë Û ë

− ë 

( æ , ç ) � 0( � � ) Þ æ Þ ç , � =

�
( ä − æ )2 + ( å − ç )2.

2 	 . Solution for û = ì 2 > 0:ü ( ä , å ) = −
ô
4

� 
−  � 

−  

( � , � )

� (2)
0 ( � � ) � � � � , � =

�
( � − � )2 + ( � − � )2.

The radiation conditions (Sommerfeld conditions) at infinity were used to obtain this solution (see
Paragraph 7.3.1-5, Item 2 	 ).ö�÷

References: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980), A. N. Tikhonov and A. A. Samarskii (1990).
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7.3.2-3. Domain: − ï < � < ï , 0 ≤ � < ï . First boundary value problem.

A half-plane is considered. A boundary condition is prescribed:ü = � ( � ) at � = 0.

Solution:ü ( � , � ) =
� 

−  � ( � ) � �� � � ( � , � , � , � ) � �
=0

� � +
� 

0

� 
−  


( � , � ) � ( � , � , � , � ) � � � � .

1 	 . The Green’s function for û = − � 2 < 0:

� ( � , � , � , � ) =
1

2 ÿ ��� 0( � � 1) − � 0( � � 2) � ,� 1 =
�

( � − � )2 + ( � − � )2, � 2 =
�

( � − � )2 + ( � + � )2.

2 	 . The Green’s function for û = � 2 > 0:

� ( � , � , � , � ) = − �
4 � � (2)

0 ( � � 1) −
� (2)

0 ( � � 2) � .

The radiation conditions at infinity were used to obtain this relation (see Paragraph 7.3.1-5, Item 2 	 ).ö�÷
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

7.3.2-4. Domain: − ï < � < ï , 0 ≤ � < ï . Second boundary value problem.

A half-plane is considered. A boundary condition is prescribed:�  ü = � ( � ) at � = 0.

Solution:ü ( � , � ) = −
� 

−  � ( � ) � ( � , � , � , 0) � � +
� 

0

� 
−  


( � , � ) � ( � , � , � , � ) � � � � .

1 	 . The Green’s function for û = − � 2 < 0:

� ( � , � , � , � ) =
1

2 ÿ ��� 0( � � 1) + � 0( � � 2) � ,� 1 =
�

( � − � )2 + ( � − � )2, � 2 =
�

( � − � )2 + ( � + � )2.

2 	 . The Green’s function for û = � 2 > 0:

� ( � , � , � , � ) = − �
4 � � (2)

0 ( � � 1) +
� (2)

0 ( � � 2) � .

The radiation conditions at infinity were used to obtain this relation (see Paragraph 7.3.1-5, Item 2 	 ).ö�÷
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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7.3.2-5. Domain: 0 ≤ � < ï , 0 ≤ � < ï . First boundary value problem.

A quadrant of the plane is considered. Boundary conditions are prescribed:ü = � 1( � ) at � = 0, ü = � 2( � ) at � = 0.

Solution:ü ( � , � ) =
� 

0
� 1( � ) � �� � � ( � , � , � , � ) � !

=0
� � +

� 
0

� 2( � ) � �� � � ( � , � , � , � ) � �
=0

� �
+

� 
0

� 
0



( � , � ) � ( � , � , � , � ) � � � � .

1 	 . The Green’s function for û = − � 2 < 0:

� ( � , � , � , � ) =
1

2 ÿ �"� 0( � � 1) − � 0( � � 2) − � 0( � � 3) + � 0( � � 4) � ,� 1 =
�

( � − � )2 + ( � − � )2, � 2 =
�

( � − � )2 + ( � + � )2,� 3 =
�

( � + � )2 + ( � − � )2, � 4 =
�

( � + � )2 + ( � + � )2.

2 	 . The Green’s function for û = � 2 > 0:

� ( � , � , � , � ) = − �
4 � � (2)

0 ( � � 1) −
� (2)

0 ( � � 2) −
� (2)

0 ( � � 3) +
� (2)

0 ( � � 4) � .

7.3.2-6. Domain: 0 ≤ � < ï , 0 ≤ � < ï . Second boundary value problem.

A quadrant of the plane is considered. Boundary conditions are prescribed:� # ü = � 1( � ) at � = 0, �  ü = � 2( � ) at � = 0.

Solution: ü ( � , � ) = −
� 

0
� 1( � ) � ( � , � , 0, � ) � � −

� 
0

� 2( � ) � ( � , � , � , 0) � �
+

� 
0

� 
0



( � , � ) � ( � , � , � , � ) � � � � .

1 	 . The Green’s function for û = − � 2 < 0:

� ( � , � , � , � ) =
1

2 ÿ �"� 0( � � 1) + � 0( � � 2) + � 0( � � 3) + � 0( � � 4) � ,� 1 =
�

( � − � )2 + ( � − � )2, � 2 =
�

( � − � )2 + ( � + � )2,� 3 =
�

( � + � )2 + ( � − � )2, � 4 =
�

( � + � )2 + ( � + � )2.

2 	 . The Green’s function for û = � 2 > 0:

� ( � , � , � , � ) = − �
4 � � (2)

0 ( � � 1) +
� (2)

0 ( � � 2) +
� (2)

0 ( � � 3) +
� (2)

0 ( � � 4) � .
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7.3.2-7. Domain: − ï < � < ï , 0 ≤ � ≤ $ . First boundary value problem.

An infinite strip is considered. Boundary conditions are prescribed:ü = � 1( � ) at � = 0, ü = � 2( � ) at � = $ .

Solution:ü ( � , � ) =
� 

−  � 1( � ) � �� � � ( � , � , � , � ) � �
=0

� � −
� 

−  � 2( � ) � �� � � ( � , � , � , � ) � �
= % � �

+
� %

0

� 
−  


( � , � ) � ( � , � , � , � ) � � � � .

Green’s function:

� ( � , � , � , � ) =
1$ &('

=1

1) '
exp * − ) '

| � − � | + sin( , ' � ) sin( , ' � ), , '
= - .$ ,

) '
= / , 2

'
− 0 .

Alternatively, the Green’s function for 0 = − 1 2 < 0 can be represented as

� ( � , � , � , � ) =
1

2 - &'
=−  �"2 0( 1 3 1

'
) − 2 0( 1 3 2

'
) � ,3 '

1 = 4 ( � − � )2 + ( � − � − 2 . $ )2, 3 '
2 = 4 ( � − � )2 + ( � + � + 2 . $ )2.

7.3.2-8. Domain: − ï < � < ï , 0 ≤ � ≤ $ . Second boundary value problem.

An infinite strip is considered. Boundary conditions are prescribed:�  5 = � 1( � ) at � = 0, �  5 = � 2( � ) at � = $ .

Solution: 5 ( � , � ) = −
� 

−  � 1( � ) � ( � , � , � , 0) � � +
� 

−  � 2( � ) � ( � , � , � , $ ) � �
+

� %
0

� 
−  6 ( � , � ) � ( � , � , � , � ) � � � � .

Green’s function:

� ( � , � , � , � ) =
1

2 $ &('
=0 7

') '
exp * − ) '

| � − � | + cos( , ' � ) cos( , ' � ),, '
= - .$ ,

) '
= / , 2

'
− 0 , 7 = 8 1 for . = 0,

2 for . ≠ 0.

Alternatively, the Green’s function for 0 = − 1 2 < 0 can be represented as

� ( � , � , � , � ) =
1

2 - &'
=−  �"2 0( 1 3 1

'
) + 2 0( 1 3 2

'
) � ,3 '

1 = 4 ( � − � )2 + ( � − � '
1)2, � '

1 = 2 . $ + � ,3 '
2 = 4 ( � − � )2 + ( � − � '

2)2, � '
2 = 2 . $ − � .9�:

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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7.3.2-9. Domain: − ; < < < ; , 0 ≤ = ≤ $ . Third boundary value problem.

An infinite strip is considered. Boundary conditions are prescribed:�  5 − > 1 5 = ? 1( < ) at = = 0, @  5 + > 2 5 = ? 2( < ) at = = $ .

The solution 5 ( < , = ) is determined by the formula in Paragraph 7.3.2-8 whereA
( < , = , B , C ) =

1
2 D& '

=1 E
'

( = ) E
'

( C )F E
' F 2 ) '

exp * − ) '
| < − B | + ,

) '
= / ù 2

'
− 0 ,

E
'

( = ) = ù '
cos( ù ' = ) + > 1 sin( ù ' = ),

F E
' F 2 =

1
2

( ù 2

'
+ > 2

1) GIH +
( > 1 + > 2)( ù 2

'
+ > 1 > 2)

( ù 2

'
+ > 2

1)( ù 2

'
+ > 2

2) J .

Here, the ù '
are positive roots of the transcendental equation tan( ù H ) =

( > 1 + > 2) ùù 2 − > 1 > 2
.

7.3.2-10. Domain: − ; < < < ; , 0 ≤ = ≤ H . Mixed boundary value problem.

An infinite strip is considered. Boundary conditions are prescribed:5 = ? 1( < ) at = = 0, @ K 5 = ? 2( < ) at = = H .

Solution: 5 ( < , = ) = L D− D ? 1( B ) G @@ C A
( < , = , B , C ) J M =0 N B + L D− D ? 2( B )

A
( < , = , B , H ) N B

+ L O
0

L D− D 6 ( B , C )
A

( < , = , B , C ) N B N C ,

whereA
( < , = , B , C ) =

1H D&('
=0

1) '
exp * − ) '

| < − B | + sin( , ' = ) sin( , ' C ), , '
= - (2 . + 1)

2 H ,
) '

= / , 2

'
− 0 .

7.3.2-11. Domain: 0 ≤ < < ; , 0 ≤ = ≤ H . First boundary value problem.

A semiinfinite strip is considered. Boundary conditions are prescribed:5 = ? 1( = ) at < = 0, 5 = ? 2( < ) at = = 0, 5 = ? 3( < ) at = = H .

Solution:5 ( < , = ) = L O
0

L D0 6 ( B , C )
A

( < , = , B , C ) N B N C + L O
0

? 1( C ) G @@ B A
( < , = , B , C ) J P =0 N C

+ L D0
? 2( B ) G @@ C A

( < , = , B , C ) J M =0 N B − L D0
? 3( B ) G @@ C A

( < , = , B , C ) J M = O N B ,

where A
( < , = , B , C ) =

1H D& '
=1

1) ' Q
exp * − ) '

| < − B | + − exp * − ) '
| < + B | +SR sin( , ' = ) sin( , ' C ),, '

= - .H ,
) '

= / , 2

'
− 0 .
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7.3.2-12. Domain: 0 ≤ < < ; , 0 ≤ = ≤ H . Second boundary value problem.

A semiinfinite strip is considered. Boundary conditions are prescribed:@ X 5 = ? 1( = ) at < = 0, @ K 5 = ? 2( < ) at = = 0, @ K 5 = ? 3( < ) at = = H .

Solution: 5 ( < , = ) = L O
0

L D0 6 ( B , C )
A

( < , = , B , C ) N B N C − L O
0

? 1( C )
A

( < , = , 0, C ) N C
− L D0

? 2( B )
A

( < , = , B , 0) N B + L D0
? 3( B )

A
( < , = , B , H ) N B ,

where A
( < , = , B , C ) =

1
2 H DY(Z

=0 7
Z[ Z Q

exp \ − [ Z
| < − B | ] + exp \ − [ Z

| < + B | ]SR cos( ^ Z = ) cos( ^ Z C ),^ Z
= _ `H ,

[ Z
= / ^ 2

Z
− 0 , 7 = 8 1 for ` = 0,

2 for ` ≠ 0.

7.3.2-13. Domain: 0 ≤ < < ; , 0 ≤ = ≤ H . Third boundary value problem.

A semiinfinite strip is considered. Boundary conditions are prescribed:@ X 5 − > 1 5 = ? 1( = ) at < = 0, @ K 5 − > 2 5 = ? 2( < ) at = = 0, @ K 5 + > 3 5 = ? 3( < ) at = = H .

The solution 5 ( < , = ) is determined by the formula in Paragraph 7.3.2-12 whereA
( < , = , B , C ) = DY Z

=1 E
Z

( = ) E
Z

( C )F E
Z F 2 [ Z

(
[ Z

+ > 1) a Z
( < , B ),

[ Z
= b ù 2

Z
− c ,

E
Z

( = ) = ù Z
cos( ù Z = ) + > 2 sin( ù Z = ),

F E
Z F 2 =

1
2

( ù 2

Z
+ > 2

2) GIH +
( > 2 + > 3)( ù 2

Z
+ > 2 > 3)

( ù 2

Z
+ > 2

2)( ù 2

Z
+ > 2

3) J ,

a Z
( < , B ) = d exp(−

[ Z e
)
Q [ Z

cosh(
[ Z B ) + > 1 sinh(

[ Z B ) R for

e
> B ,

exp(−
[ Z B )

Q [ Z
cosh(

[ Z e
) + > 1 sinh(

[ Z e
) R for B >

e
.

Here, the ù Z
are positive roots of the transcendental equation tan( ù H ) =

( > 2 + > 3) ùù 2 − > 2 > 3
.

7.3.2-14. Domain: 0 ≤

e
< f , 0 ≤ = ≤ H . Mixed boundary value problems.

1 g . A semiinfinite strip is considered. Boundary conditions are prescribed:h = i 1( = ) at

e
= 0, j K h = i 2(

e
) at = = 0, j K h = i 3(

e
) at = = k .

Solution: h (

e
, = ) = L O

0
i 1( l ) m jj n o (

e
, = , n , l ) p q

=0 r l − s t
0

i 2( n ) o (

e
, = , n , 0) r n

+ s t
0

i 3( n ) o (

e
, = , n , k ) r n + s u

0
s t

0 v ( n , l ) o (

e
, = , n , l ) r n r l ,

where o (

e
, = , n , l ) =

1
2 k tw(x

=0 y
x[ x z

exp \ − [ x
|

e
− n | ] − exp \ − [ x

|

e
+ n | ]S{ cos( ^ x = ) cos( ^ x l ),^ x

= _ `k ,
[ x

= b ^ 2

x
− c , y = | 1 for ` = 0,

2 for ` ≠ 0.
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2 g . A semiinfinite strip is considered. Boundary conditions are prescribed:j } h = i 1( = ) at

e
= 0, h = i 2(

e
) at = = 0, h = i 3(

e
) at = = k .

Solution:h (

e
, = ) = − s u

0
i 1( l ) o (

e
, = , 0, l ) r l + s t

0
i 2( n ) m jj l o (

e
, = , n , l ) p ~

=0 r n
− s t

0
i 3( n ) m jj l o (

e
, = , n , l ) p ~

= u r n + s u
0

s t
0 v ( n , l ) o (

e
, = , n , l ) r n r l ,

where o (

e
, = , n , l ) =

1k tw x
=1

1[ x z
exp \ − [ x

|

e
− n | ] + exp \ − [ x

|

e
+ n | ]S{ sin( ^ x = ) sin( ^ x l ),^ x

= _ `k ,
[ x

= b ^ 2

x
− c .

7.3.2-15. Domain: 0 ≤

e
≤ k , 0 ≤ = ≤ � . First boundary value problem.

A rectangle is considered. Boundary conditions are prescribed:h = i 1( = ) at

e
= 0, h = i 2( = ) at

e
= k ,h = i 3(

e
) at = = 0, h = i 4(

e
) at = = � .

1 g . Eigenvalues of the one-dimensional problem (it is convenient to label them with a double
subscript): c x �

= _ 2 � ` 2k 2 + � 2� 2 � ; ` = 1, 2, ����� ; � = 1, 2, �����
Eigenfunctions and the norm squared:h x �

= sin � ` _ e
k � sin � � _ =� � , � h x � � 2 =

k �
4

.���
References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and

A. N. Tikhonov (1980).

2 g . Solution for � ≠ � x �
:h (

e
, � ) = s u

0
s �

0 v ( n , l ) o (

e
, � , n , l ) r l r n

+ s �
0

i 1( l ) m jj n o (

e
, � , n , l ) p q

=0 r l − s �
0

i 2( l ) m jj n o (

e
, � , n , l ) p q

= u r l
+ s u

0
i 3( n ) m jj l o (

e
, � , n , l ) p ~

=0 r n − s u
0

i 4( n ) m jj l o (

e
, � , n , l ) p ~

= � r n .

Two forms of representation of the Green’s function:o (

e
, � , n , l ) =

2k tw(x
=1

sin(� x e
) sin(� x n )[ x

sinh(
[ x � ) � x

( � , l ) =
2� tw�

=1

sin( ^ � � ) sin( ^ � l )� �
sinh( � � k ) � �

( � , n ),

where� x
= _ `� ,

[ x
= � � 2

x
− � , � x

( � , � ) = � sinh(
[ x � ) sinh[

[ x
( � − � )] for � ≥ � > � ≥ 0,

sinh(
[ x � ) sinh[

[ x
( � − � )] for � ≥ � > � ≥ 0,^ �

= _ �� , � �
= � ^ 2

�
− � , � �

( � , � ) = � sinh( � � � ) sinh[ � �
( � − � )] for � ≥ � > � ≥ 0,

sinh( � � � ) sinh[ � �
( � − � )] for � ≥ � > � ≥ 0.

Alternatively, the Green’s function can be written as the double series�
( � , � , � , � ) =

4� � tw x
=1

tw�
=1

sin(� x � ) sin( ^ � � ) sin(� x � ) sin( ^ � � )� 2

x
+ ^ 2

�
− � , � x

= _ `� , ^ �
= _ �� .
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7.3.2-16. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ � . Second boundary value problem.

A rectangle is considered. Boundary conditions are prescribed:� 	 

= � 1( � ) at � = 0,

� 	 

= � 2( � ) at � = � ,� � 


= � 3( � ) at � = 0,
� � 


= � 4( � ) at � = � .
1  . Eigenvalues of the homogeneous problem:� � �

= � 2 � � 2� 2 + � 2� 2 � ; � = 0, 1, 2, ����� ; � = 0, 1, 2, �����
Eigenfunctions and the norm squared:
 � �

= cos � � � �� � cos � � � �� � , � 
 � � � 2 =
� �
4

(1 + � � 0)(1 + � � 0), � � 0 = � 1 for � = 0,
0 for � ≠ 0.���

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and
A. N. Tikhonov (1980).

2  . Solution for
�

≠
� � �

:

( � , � ) = � �

0
�  

0 ! ( " , # ) $ ( � , � , " , # ) % # % "
− �  

0
� 1( # ) $ ( � , � , 0, # ) % # + �  

0
� 2( # ) $ ( � , � , � , # ) % #

− � �
0

� 3( " ) $ ( � , � , " , 0) % " + � �
0

� 4( " ) $ ( � , � , " , � ) % " .

Two forms of representation of the Green’s function:$ ( � , � , " , # ) =
1� &' �

=0 ( � cos() � � ) cos() � " )* �
sinh(

* � � ) + �
( � , # ) =

1� &'�
=0 ( � cos( , � � ) cos( , � # )- �

sinh( - � � ) . �
( � , " ),

where ) �
=

� �� , + �
( � , # ) = / cosh(

* � # ) cosh[
* �

( � − � )] for � > # ,
cosh(

* � � ) cosh[
* �

( � − # )] for # > � ,, � =
� �� , . �

( � , " ) = / cosh( - � " ) cosh[ - �
( � − � )] for � > " ,

cosh( - � � ) cosh[ - �
( � − " )] for " > � ,* �

= 0 ) 2� −
�

, - �
= 0 , 2� −

�
, ( � = � 1 for � = 0,

2 for � ≠ 0.

The Green’s function can also be written as the double series$ ( � , � , " , # ) =
1� � &' �

=0
&'�
=0 ( � ( � cos() � � ) cos( , � � ) cos() � " ) cos( , � # )) 2� + , 2� −

� , ) �
=

� �� , , � =
� �� .

1 In Paragraphs 7.3.2-17 through 7.3.2-20, only the eigenvalues and eigenfunctions of homoge-
neous boundary value problems for the homogeneous Helmholtz equation (with ! ≡ 0) are given.
The solutions of the corresponding nonhomogeneous problems can be constructed using formulas
presented in Paragraphs 7.3.1-3 and 7.3.1-4.
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7.3.2-17. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ � . Third boundary value problem.

A rectangle is considered. Boundary conditions are prescribed:� 	 

− 2 1



= 0 at � = 0,

� 	 

+ 2 2



= 0 at � = � ,� � 


− 2 3



= 0 at � = 0,
� � 


+ 2 4



= 0 at � = � .
Eigenvalues: � � �

= - 2� + 3 2� ,

where the - �
and 3 � are positive roots of the transcendental equations

tan( - � ) =
( 2 1 + 2 2) -- 2 − 2 1 2 2

, tan( 3 � ) =
( 2 3 + 2 4) 33 2 − 2 3 2 4

.

Eigenfunctions:
 � �
= ( - �

cos - � � + 2 1 sin - � � )( 3 � cos 3 � � + 2 3 sin 3 � � ).

The square of the norm of an eigenfunction:� 
 � � � 2 =
1
4

( - 2� + 2 2
1)( 3 2� + 2 2

3) 45� +
( 2 1 + 2 2)( - 2� + 2 1 2 2)
( - 2� + 2 2

1)( - 2� + 2 2
2) 6 45� +

( 2 3 + 2 4)( 3 2� + 2 3 2 4)
( 3 2� + 2 2

3)( 3 2� + 2 2
4) 6 .���

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

7.3.2-18. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ � . Mixed boundary value problems.

1  . A rectangle is considered. Boundary conditions are prescribed:

= 0 at � = 0,



= 0 at � = � ,� � 


= 0 at � = 0,
� � 


= 0 at � = � .
Eigenvalues: � � �

= � 2 � � 2� 2 + � 2� 2 � ; � = 1, 2, 3, ����� ; � = 0, 1, 2, �����
Eigenfunctions and the norm squared:
 � �

= sin � � � �� � cos � � � �� � , � 
 � � � 2 =
� �
4

(1 + � � 0), � � 0 = � 1 for � = 0,
0 for � ≠ 0.

2  . A rectangle is considered. Boundary conditions are prescribed:

= 0 at � = 0,

� 	 

= 0 at � = � ,


= 0 at � = 0,
� � 


= 0 at � = � .
Eigenvalues:� � �

=
� 2

4
4 (2 � + 1)2� 2 +

(2 � + 1)2� 2 6 ; � = 0, 1, 2, ����� ; � = 0, 1, 2, �����
Eigenfunctions and the norm squared:
 � �

= sin 4 � (2 � + 1) �
2 � 6 sin 4 � (2 � + 1) �

2 � 6 , � 
 � � � 2 =
� �
4

.���
References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and

A. N. Tikhonov (1980).
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7.3.2-19. First boundary value problem for a triangular domain.

The sides of the triangle are defined by the equations� = 0, � = 0, � = � − � .

The unknown quantity is zero for these sides.
Eigenvalues: � � �

=
� 2� 2 7 ( � + � )2 + � 2 8 ; � = 1, 2, ����� ; � = 1, 2, �����

Eigenfunctions:
 � �
= sin 4 � � ( � + � ) � 6 sin � � � � � � − (−1)

�
sin � � � � � � sin 4 � � ( � + � ) � 6 .���

Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964).

7.3.2-20. Second boundary value problem for a triangular domain.

The sides of the triangle are defined by the equations� = 0, � = 0, � = � − � .

The normal derivative of the unknown quantity for these sides is zero.
Eigenvalues: � � �

=
� 2� 2 7 ( � + � )2 + � 2 8 ; � = 0, 1, ����� ; � = 0, 1, �����

Eigenfunctions:
 � �
= cos 4 � � ( � + � ) � 6 cos � � � � � � − (−1)

�
cos � � � � � � cos 4 � � ( � + � ) � 6 .

7.3.3. Problems in Polar Coordinate System
A two-dimensional nonhomogeneous Helmholtz equation in the polar coordinate system is written
as

19 �� 9 � 9 � 
� 9 � +
19
2

� 2 
� : 2 +
� 


= − ! (
9
,
:

, ; ),
9

= < � 2 + � 2.

7.3.3-1. Particular solutions of the homogeneous equation ( ! ≡ 0):

= [ = > 0( - 9

) + ? @ 0( - 9
)]( A :

+ B ),
�

= - 2,

= [ = C 0( - 9

) + ? D 0( - 9
)]( A :

+ B ),
�

= − - 2,

= [ = > � ( - 9

) + ? @ �
( - 9

)]( A cos � :
+ B sin � :

),
�

= - 2,

= [ = C � ( - 9

) + ? D �
( - 9

)]( A cos � :
+ B sin � :

),
�

= − - 2,

where � = 1, 2, ����� ; = , ? , A , B are arbitrary constants; the > �
( - ) and @ �

( - ) are the Bessel
functions; and the C � ( - ) and D �

( - ) are the modified Bessel functions.1 In Paragraphs 7.3.3-2 through 7.3.3-11, only the eigenvalues and eigenfunctions of homoge-
neous boundary value problems for the homogeneous Helmholtz equation (with ! ≡ 0) are given.
The solutions of the corresponding nonhomogeneous problems can be constructed using formulas
presented in Paragraphs 7.3.1-3 and 7.3.1-4.
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7.3.3-2. Domain: 0 ≤
9

≤ E . First boundary value problem.

A circle is considered. A boundary condition is prescribed:

= 0 at

9
= E .

Eigenvalues: � � �
=

- 2� �E 2 ; � = 0, 1, 2, ����� ; � = 1, 2, 3, �����
Here, the - � �

are positive zeros of the Bessel functions, > �
( - ) = 0.

Eigenfunctions:
 (1)� � = > � F 9 < � � � G
cos � :

,

 (2)� � = > � F 9 < � � � G

sin � :
.

Eigenfunctions possessing the axial symmetry property:

 (1)

0
� = > 0

F 9 H I
0 J G

.
The square of the norm of an eigenfunction is given by�LK ( M )N J � 2 = 1

2 O E 2(1 + � N 0)[ > PN ( - N J )]2, 2 = 1, 2; �RQTS = / 1 for U = V ,
0 for U ≠ V .���

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

7.3.3-3. Domain: 0 ≤
9

≤ E . Second boundary value problem.

A circle is considered. A boundary condition is prescribed:W X K = 0 at
9

= E .

Eigenvalues: I N J =
- 2N JE 2 ,

where the - N J are roots of the transcendental equation > PN ( - ) = 0.
Eigenfunctions:K (1)N J = > N (

9 < I N J ) cos Y :
, K (2)N J = > N (

9 < I N J ) sin Y :
.

Here, Y = 0, 1, 2, Z�Z�Z ; for Y ≠ 0, the parameter [ assumes the values [ = 1, 2, 3, Z�Z�Z ; for Y = 0,
a root -

00 = 0 (the corresponding eigenfunction is K 00 = 1).
Eigenfunctions possessing the axial symmetry property: K (1)

0 J = > 0
F 9 H I

0 J G
.

The square of the norm of an eigenfunction is given by\ K ( M )N J \ 2 = O 2 E 2(1 + ] N 0)
2 - 2N J ( - 2N J − Y 2)[ > N ( - N J )]2,

\ K 00
\ 2 = O E 2,

where 2 = 1, 2; ] QTS = / 1 for U = V ,
0 for U ≠ V .^�_

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and
A. N. Tikhonov (1980).
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7.3.3-4. Domain: 0 ≤
9

≤ E . Third boundary value problem.

A circle is considered. A boundary condition is prescribed:W X K + 2 K = 0 at
9

= E .

Eigenvalues: I N J =
- 2N JE 2 ; Y = 0, 1, 2, Z�Z�Z ; [ = 1, 2, 3, Z�Z�Z

Here, the - N J is the [ th root of the transcendental equation - > PN ( - ) + 2 E > N ( - ) = 0.
Eigenfunctions:K (1)N J = > N F 9 < I N J G

cos Y :
, K (2)N J = > N F 9 < I N J G

sin Y :
.

The square of the norm of an eigenfunction is given by\ K (1)N J \ 2 =
\ K (2)N J \ 2 = O E 2(1 + ] N 0)

2 - 2N J ( 2 2 E 2 + - 2N J − Y 2)[ > N ( - N J )]2, ]�QTS = / 1 for U = V ,
0 for U ≠ V .^�_

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and
A. N. Tikhonov (1980).

7.3.3-5. Domain: E 1 ≤
9

≤ E 2. First boundary value problem.

An annular domain is considered. Boundary conditions are prescribed:K = 0 at
9

= E 1, K = 0 at
9

= E 2.

Eigenvalues: I N J = - 2N J ; Y = 0, 1, 2, Z�Z�Z ; [ = 1, 2, 3, Z�Z�Z
Here, the - N J are positive roots of the transcendental equation> N ( - E 1) @ N ( - E 2) − > N ( - E 2) @ N ( - E 1) = 0.

Eigenfunctions:K (1)N J = [ > N ( - N J 9
) @ N ( - N J E 1) − > N ( - N J E 1) @ N ( - N J 9

)] cos Y :
,K (2)N J = [ > N ( - N J 9

) @ N ( - N J E 1) − > N ( - N J E 1) @ N ( - N J 9
)] sin Y :

.

The square of the norm of an eigenfunction is given by\ K (1)N J \ 2 =
\ K (2)N J \ 2 =

2(1 + ] N 0)O - 2N J > 2N ( - N J E 1) − > 2N ( - N J E 2)> 2N ( - N J E 2)
, ]�QTS = / 1 for U = V ,

0 for U ≠ V .^�_
References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and

A. N. Tikhonov (1980).

7.3.3-6. Domain: E 1 ≤
9

≤ E 2. Second boundary value problem.

An annular domain is considered. Boundary conditions are prescribed:W X K = 0 at
9

= E 1,
W X K = 0 at

9
= E 2.

Eigenvalues: I N J = - 2N J ; Y = 0, 1, 2, Z�Z�Z ; [ = 0, 1, 2, Z�Z�Z
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Here, the - N J are roots of the transcendental equation> PN ( - E 1) @ PN ( - E 2) − > PN ( - E 2) @ PN ( - E 1) = 0.

If Y = 0, there is a root -
00 = 0 and the corresponding eigenfunction is K (1)

00 = 1.
Eigenfunctions:K (1)N J = [ > N ( - N J 9

) @ PN ( - N J E 1) − > PN ( - N J E 1) @ N ( - N J 9
)] cos Y :

,K (2)N J = [ > N ( - N J 9
) @ PN ( - N J E 1) − > PN ( - N J E 1) @ N ( - N J 9

)] sin Y :
.

The square of the norm of an eigenfunction is given by\ K (1)N J \ 2 =
\ K (2)N J \ 2 =

2(1 + ] N 0)O - 2N J / d 1 −
Y 2E 2

2 e 2N J f g h PN ( e N J i 1)h PN ( e N J i 2) j 2

− d 1 −
Y 2i 2

1 e 2N J f k ,l K (1)
00

l 2 = m ( i 2
2 − i 2

1); npoTq = r 1 for s = t ,
0 for s ≠ t .u�v

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

7.3.3-7. Domain: i 1 ≤ w ≤ i 2. Third boundary value problem.

An annular domain is considered. Boundary conditions are prescribed:x y K − z K = 0 at w = i 1,
x y K + z K = 0 at w = i 2.

Eigenvalues: { | J = e 2
| J ; } = 0, 1, 2, ~�~�~ ; � = 1, 2, 3, ~�~�~ ;

where the e | J are positive roots of the transcendental equation�
1( e i 1) � 2( e i 2) −

�
2( e i 2) � 1( e i 1) = 0.

Here, we use the notation�
1( e i ) = h �| ( e i ) −

ze h | ( e i ), � 1( e i ) = � �| ( � i ) −
z� � |

( � i ),�
2( � i ) = h �| ( � i ) +

z� h | ( � i ), � 2( � i ) = � �| ( � i ) +
z� � |

( � i ).

Eigenfunctions:K (1)
| J = [ � 1( � | J i 1) h | ( � | J w ) −

�
1( � | J i 1) � |

( � | J w )] cos } :
,K (2)

| J = [ � 1( � | J i 1) h | ( � | J w ) −
�

1( � | J i 1) � |
( � | J w )] sin } :

.

The square of the norm of an eigenfunction is given by ( � = 1, 2)l K ( � )| J l 2 = 1
2 m � | i 2

2 r ��� �| J ( i 2) � 2 + � 1 −
} 2i 2

2 � 2
| J f � 2

| J ( i 2) k
− 1

2 m � | i 2
1 r ��� �| J ( i 1) � 2 + � 1 −

} 2i 2
1 � 2

| J f � 2
| J ( i 1) k ,� | J ( w ) = � 1( � | J i 1) h | ( � | J w ) −

�
1( � | J i 1) � |

( � | J w ), � oTq = r 2 for s = t ,
1 for s ≠ t .u�v

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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7.3.3-8. Domain: 0 ≤ w ≤ i , 0 ≤ � ≤ � . First boundary value problem.
A circular sector is considered. Boundary conditions are prescribed:K = 0 at w = i , K = 0 at � = 0, K = 0 at � = � .

Eigenvalues: { | J =
� 2
| Ji 2 ; } = 1, 2, 3, ~�~�~ ; � = 1, 2, 3, ~�~�~

Here, the � | J are positive zeros of the Bessel functions, h | �� ( � ) = 0.
Eigenfunctions: K | J = h | �� � � | J wi f sin � } m� � f .

The square of the norm of an eigenfunction is given byl K | J l 2 =
� i 2

4 � h � | �� ( � | J ) � 2
.u�v

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and
A. N. Tikhonov (1980).

7.3.3-9. Domain: 0 ≤ w ≤ i , 0 ≤ � ≤ � . Second boundary value problem.
A circular sector is considered. Boundary conditions are prescribed:x y K = 0 at w = i ,

x � K = 0 at � = 0,
x � K = 0 at � = � .

Eigenvalues: { | J =
� 2
| Ji 2 ; } = 0, 1, 2, ~�~�~ ; � = 0, 1, 2, ~�~�~

Here, the � | J are roots of the transcendental equation h � | �� ( � ) = 0.

Eigenfunctions: K | J = h | �� � � | J wi � cos � } m� � � , K 00 = 1.

The square of the norm of an eigenfunction is given byl K | J l 2 =
� i 2

4
(1 + n | 0) � 1 −

} 2� 2
| J f � h | �� ( � | J ) � 2

,
l K 00

l 2 =
� i 2

2
.u�v

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

7.3.3-10. Domain: 0 ≤ w ≤ i , 0 ≤ � ≤ � . Third boundary value problem.
A circular sector is considered. Boundary conditions are prescribed:x y K + z 1 K = 0 at w = i ,

x � K − z 2 K = 0 at � = 0,
x � K + z 3 K = 0 at � = � .

Eigenvalues: { | J =
� 2
| Ji 2 ; } = 1, 2, 3, ~�~�~ ; � = 1, 2, 3, ~�~�~

Here, the � | J are positive roots of the transcendental equation � h ���� ( � ) + z 1 i h ��� ( � ) = 0; the � |
are positive roots of the transcendental equation tan( � � ) =

( z 2 + z 3) �� 2 − z 2 z 3
.

Eigenfunctions: K | J = h ��� � � | J wi � � | cos( � | � ) + z 2 sin( � | � )� � 2
|

+ z 2
2

.

The square of the norm of an eigenfunction is given byl K | J l 2 = � 2

4   � +
( z 2 + z 3)( � 2

|
+ z 2 z 3)

( � 2
|

+ z 2
2)( � 2

|
+ z 2

3) ¡ � 1 +
z 2

1 � 2 − � 2
|� 2

| ¢ � £ 2��� ( � | ¢
).u�v

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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7.3.3-11. Domain: � 1 ≤ w ≤ � 2, 0 ≤ � ≤ � . First boundary value problem.

Boundary conditions are prescribed:¤
= 0 at w = � 1,¤
= 0 at � = 0,

¤
= 0 at w = � 2,¤
= 0 at � = � .

Eigenvalues: { | ¢
= � 2

| ¢
,

where the � | ¢
are positive roots of the transcendental equation£ ��� ( � � 1) � ��� ( � � 2) − £ ��� ( � � 2) � ��� ( � � 1) = 0, � | =

} m� .

Eigenfunctions:¤ | ¢
= � £ ��� ( � | ¢ w ) � ��� ( � | ¢ � 1) − £ ��� ( � | ¢ � 1) � ��� ( � | ¢ w ) � sin( � | � ).

The square of the norm of an eigenfunction is given byl ¤ | ¢ l 2 =
�m 2 � 2
| ¢ � £ ��� ( � | ¢ � 1) � 2 − � £ ��� ( � | ¢ � 2) � 2� £ ��� ( � | ¢ � 2) � 2 .u�v

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and
A. N. Tikhonov (1980).

7.3.4. Other Orthogonal Coordinate Systems. Elliptic Domain
In Paragraphs 7.3.4-1 and 7.3.4-2, two other orthogonal systems of coordinates are described in
which the homogeneous Helmholtz equation admits separation of variables.

7.3.4-1. Parabolic coordinate system.

In the parabolic coordinates that are introduced by the relations¥ = 1
2 ( ¦ 2 − § 2), ¨ = ¦ § (0 ≤ ¦ < © , − © < § < © ),

the Helmholtz equation has the formx 2

¤x ¦ 2 +
x 2

¤x § 2 +
{

( ¦ 2 + § 2)

¤
= 0.

Setting

¤
= ª ( ¦ ) « ( § ), we arrive at the following linear ordinary differential equations for ª = ª ( ¦ )

and « = « ( § ): ª �¬� + (
{ ¦ 2 + z ) ª = 0, « �¬� + (

{ § 2 − z ) « = 0,

where z is the separation constant. The general solutions of these equations are given byª ( ¦ ) =
�

1  ® −1 ¯ 2( ° ¦ ) +
�

2  ® −1 ¯ 2(− ° ¦ ), « ( § ) = � 1  − ® −1 ¯ 2( ° § ) + � 2  − ® −1 ¯ 2(− ° § ),� = 1
2 z (−

{
)−1 ¯ 2, ° = (−4

{
)1 ¯ 4.

Here,
�

1, � 1,
�

2, and � 2 are arbitrary constants, and  � ( ± ) is the parabolic cylinder function, � ( ± ) = 21 ¯ 2 exp ² − 1
4 ± 2 ³   ´ ² 1

2
³

´ ² 1
2 −

�
2
³ µ ² − �

2 , 1
2 ; 1

2 ± 2 ³ + 2−1 ¯ 2 ´ ² − 1
2
³

´ ² − �
2
³ ± µ ² 1

2 −
�
2 , 3

2 ; 1
2 ± 2 ³ ¡ .

For � = } = 0, 1, 2, ~�~�~ , we have |
( ± ) = 2−

| ¯ 2 exp ² − 1
4 ± 2 ³�¶ | ² 2−1 ¯ 2 ± ³ , where ¶ |

( ± ) = (−1)

|
exp ² ± 2 ³ · |± | exp ² − ± 2 ³ .u�v

References: M. Abramowitz and I. Stegun (1964), W. Miller, Jr. (1977).
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7.3.4-2. Elliptic coordinate system.

In the elliptic coordinates that are introduced by the relations¥ = ¸ cosh ¹ cos º , ¨ = ¸ sinh ¹ sin º (0 ≤ ¹ < © , 0 ≤ º < 2 » , ¸ > 0),

the Helmholtz equation is expressed asx 2

¤x ¦ 2 +
x 2

¤x § 2 + ¸ 2
{

(cosh2 ¹ − cos2 º )

¤
= 0.

Setting

¤
= � ( ¹ ) ¼ ( º ), we arrive at the following linear ordinary differential equations for� = � ( ¹ ) and ¼ = ¼ ( º ):� ½¬½ + ² 1

2 ¸ 2 ¾ cosh 2 ¹ − ¿ ³�À = 0, ¼ ½¬½ − ² 1
2 ¸ 2 ¾ cos 2 º − ¿ ³ ¼ = 0,

where ¿ is the separation constant. The solutions of these equations periodic in º are given byÀ ( ¹ ) = Á Ce Â ( ¹ , Ã ),
Se Â ( ¹ , Ã ), ¼ ( º ) = Á ce Â ( º , Ã ),

se Â ( º , Ã ), Ã = 1
4 ¸ 2 ¾ ,

where Ce Â ( ¹ , Ã ) and Se Â ( ¹ , Ã ) are the modified Mathieu functions, and ce Â ( º , Ã ) and se Â ( º , Ã ) are
the Mathieu functions; to each value of Ã there is a corresponding ¿ = ¿ Â ( Ã ).Ä�Å

References: M. Abramowitz and I. Stegun (1964), W. Miller, Jr. (1977).

7.3.4-3. Domain: ( ¥ Æ ¸ )2 + ( ¨ Æ Ç )2 ≤ 1. First boundary value problem.

The unknown quantity is zero at the boundary of the elliptic domain:¤
= 0 if ( ¥ Æ ¸ )2 + ( ¨ Æ Ç )2 = 1 ( ¸ ≥ Ç ).

The first three eigenvalues and eigenfunctions are given by the approximate relations¾
1 = È 2

10
2 É 1¸ 2 +

1Ç 2 Ê , Ë 1( Ì ) = Í 0( È 10 Ì ),¾ (c)
2 = È 2

11
4 É 3Î 2 +

1Ç 2 Ê , Ë (c)
2 ( Ì , Ï ) = Í 1( È 11 Ì ) cos Ï ,¾ (s)

2 = È 2
11
4 É 1Î 2 +

3Ç 2 Ê , Ë (s)
2 ( Ì , Ï ) = Í 1( È 11 Ì ) sin Ï ,

where È 10 = 2.4048 and È 11 = 3.8317 are the first roots of the Bessel functions Í 0 and Í 1, i.e.,Í 0( È 10) = 0 and Í 1( È 11) = 0; Ì = Ð ( Ñ Æ Î )2 + ( Ò Æ Ç )2.
The above relations were obtained using the generalized (nonorthogonal) polar coordinates Ì , Ï

defined by Ñ = Î Ì cos Ï , Ò = Ç Ì sin Ï (0 ≤ Ì ≤ 1, 0 ≤ Ï ≤ 2 Ó )

and the variational method.
For Ô = Ð 1 − ( Ç�Æ Î )2 ≤ 0.9, the above formulas provide an accuracy of 1% for ¾

1 and 2% for ¾ (c)
2

and ¾ (s)
2 . For Ô ≤ 0.5, the errors in calculating ¾

1 and ¾ (c)
2 do not exceed 0.01%, and the maximum

error in determining ¾ (s)
2 is 0.12%. In the limit case Ô = 0 that corresponds to a circular domain, the

above formulas are exact.Ä�Å
Reference: L. D. Akulenko and S. V. Nesterov (2000).
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TABLE 24
Transformations reducing equation 7.4.1.3 to the Helmholtz equation Õ 2 ÖÕ�× 2 + Õ 2 ÖÕ Ø 2 = Ç Ë

No Exponent ¿ Transformation Factor Ç
1 ¿ = 1 Ù = 1

2 ( Ñ 2 − Ò 2), Ú = Ñ Ò Ç = Î
2 ¿ = 2 Ù = 1

3 Ñ 3 − Ñ Ò 2, Ú = Ñ 2 Ò − 1
3 Ò 3 Ç = Î

3 ¿ = −1 Ù = 1
2 ln( Ñ 2 + Ò 2), Ú = arctan

ÒÑ Ç = Î
4 ¿ = −2 Ù = −

ÑÑ 2 + Ò 2 , Ú =
ÒÑ 2 + Ò 2

Ç = Î
5 ¿ = − 1

2 Ñ = 1
2 ( Ù 2 − Ú 2), Ò = Ù Ú Ç = 2 Î

6 ¿ = Û 3, Û 4, Ü�Ü�Ü Ù =
( Ñ + ÝÞÒ ) ß +1 + ( Ñ − ÝÞÒ ) ß +1

2( ¿ +1)
, Ú =

( Ñ + ÝÞÒ ) ß +1 − ( Ñ − ÝÞÒ ) ß +1

2( ¿ +1) Ý Ç = Î
7

¿ is any
( ¿ ≠ −1)

Ù = à ß +1 cos[( ¿ + 1) Ï ]¿ + 1
, Ú = à ß +1 sin[( ¿ + 1) Ï ]¿ + 1Ñ = à cos Ï , Ò = à sin Ï Ç = Î

7.4. Other Equations
7.4.1. Stationary Schrödinger Equation á 2 â = ã ( ä , å ) â
1. æ 2 çæ è 2

+ æ 2 çæ é 2
= ê ( è 2 + é 2) ç .

The transformation ë
= 1

2 ( Ñ 2 − Ò 2), ì = Ñ Ò
leads to the Helmholtz equation í

2 Ëí ë
2 +

í
2 Ëí ì 2 − Î Ë = 0,

which is discussed in Subsection 7.3.2.

2. æ 2 çæ è 2
+ æ 2 çæ é 2

= ê ( è 2 + é 2)2 ç .

The transformation ë
= 1

3 Ñ 3 − Ñ Ò 2, ì = Ñ 2 Ò − 1
3 Ò 3

leads to the Helmholtz equation í
2 Ëí ë

2 +

í
2 Ëí ì 2 − Î Ë = 0,

which is discussed in Subsection 7.3.2.

3. æ 2 çæ è 2
+ æ 2 çæ é 2

= ê ( è 2 + é 2) î ç .

This is a special case of equation 7.4.1.7 for ï ( ð ) = Î ð ß . Table 24 presents transformations that
reduce this equation to the Helmholtz equation that is discussed in Subsection 7.3.2; the sixth row
involves the imaginary unit, Ý 2 = −1.
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4. æ 2 çæ è 2
+ æ 2 çæ é 2

= ê ñ ò ó ç .

The transformationð ( Ñ , Ò ) = exp ô 1
2 õ Ñ ö cos ô 1

2 õ Ò ö , ÷ ( Ñ , Ò ) = exp ô 1
2 õ Ñ ö sin ô 1

2 õ Ò ö
leads to the Helmholtz equation í

2 Ëí ð 2 +

í
2 Ëí ÷ 2 = 4 Î õ −2 Ë ,

which is discussed in Subsection 7.3.2.

5. æ 2 çæ è 2
+ æ 2 çæ é 2

= ø ñ ù ó + úüû ç .

The transformation Ù = Î Ñ + ýþÒ , Ú = ýþÑ − Î Ò
leads to an equation of the form 7.4.1.4:í

2 Ëí Ù 2 +

í
2 Ëí Ú 2 = ÿÎ 2 + ý 2 � × Ë .

6. æ 2 çæ è 2
+ æ 2 çæ é 2

=
�

( ê è + � é ) ç .

This is a special case of equation 7.4.1.9 for � ( ð ) = 0. Particular solutions:Ë ( Ñ , Ò ) = � � 1 cos[ ÿ ( ýþÑ − Î Ò )] + � 2 sin[ ÿ ( ýþÑ − Î Ò )] � Ï ( Î Ñ + ýþÒ ),

where � 1, � 2, and ÿ are arbitrary constants, and the function Ï = Ï ( Ù ) is determined by the ordinary
differential equation Ï ���×�× − 	 1Î 2 + ý 2 ï ( Ù ) + ÿ 2 
 Ï = 0.

7. æ 2 çæ è 2
+ æ 2 çæ é 2

=
�

( è 2 + é 2) ç .

1 � . This equation admits separation of variables in the polar coordinates à , Ï ( Ñ = à cos Ï , Ò = à sin Ï ).
Particular solution: Ë ( Ñ , Ò ) = �� 1 cos( ÿ Ï ) + � 2 sin( ÿ Ï ) � � ( à ),

where � 1, � 2, and ÿ are arbitrary constants, and the function � = � ( à ) is determined by the ordinary
differential equation à ( à � �� ) �� − � ÿ 2 + à 2 ï ( à 2) � � = 0.

2 � . The transformation ë
= 1

2 ( Ñ 2 − Ò 2), ì = Ñ Ò
leads to a similar equationí

2 Ëí ë
2 +

í
2 Ëí ì 2 = � (

ë
2 + ì 2) Ë , � ( ð ) =

ï (2 � ð )
2 � ð .

In the special case ï ( ð ) = 2 Î , we have � ( ð ) = Î � � ð . For ï ( ð ) = ýþð 3, we obtain an equation of the
form 7.4.1.1 with � ( ð ) = 4 ýþð .
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8. æ 2 çæ è 2
+ æ 2 çæ é 2

= [
�

( è ) + � ( é )] ç .

A particular separable solution: �
( Ñ , Ò ) = Ï ( Ñ ) � ( Ò ),

where the functions Ï ( Ñ ) and � ( Ò ) are determined by the second-orderordinary differential equationsÏ ���� � − [ ï ( Ñ ) − � ] Ï = 0, � ������ − [ � ( Ò ) + � ] � = 0,

where � is an arbitrary constant.

9. æ 2 çæ è 2
+ æ 2 çæ é 2

= [
�

( ê è + � é ) + � ( � è – ê é )] ç .

The transformation Ù = Î Ñ + ýþÒ , Ú = ýþÑ − Î Ò
leads to an equation of the form 7.4.1.8:í

2
�í Ù 2 +

í
2
�í Ú 2 = 	 ï ( Ù )Î 2 + ý 2 +

� ( Ú )Î 2 + ý 2

 �

.

10. æ 2 çæ è 2
+ æ 2 çæ é 2

= ( è 2 + é 2)[
�

( è 2 – é 2) + � ( è é )] ç .

The transformation ë
= 1

2 ( Ñ 2 − Ò 2), ì = Ñ Ò
leads to an equation of the form 7.4.1.8:í

2
�í ë
2 +

í
2
�í ì 2 = [ ï (2

ë
) + � ( ì )]

�
.

7.4.2. Convective Heat and Mass Transfer Equations

1. æ 2 çæ è 2
+ æ 2 çæ é 2

= � æ çæ è .

This is a convective heat and mass transfer equation. It describes a stationary temperature (concen-
tration) field in a continuous medium moving with a constant velocity along the Ñ -axis. In particular,
it models convective-molecular heat transfer from a heated flat plate in a flow of a thermal-transfer
ideal fluid moving along the plate. This occurs, for example, if a liquid-metal coolant flows past a
flat plate or if a plate is in a seepage flow through a granular medium.

In the sequel, it is assumed that the equation is written in dimensionless variables Ñ , Ò related to
the characteristic length (for a flat plate of length 2 � , the characteristic length is taken to be � ).

1 � . The substitution
�

( Ñ , Ò ) = exp ô 1
2 � Ñ ö � ( Ñ , Ò ) brings the original equation to the Helmholtz

equation í
2 �í Ñ 2 +

í
2 �í Ò 2 =

1
4 � 2 � .

Particular solutions of this equation in Cartesian and polar coordinates can be found in Subsections
7.3.2 and 7.3.3.
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2 � . In the elliptic coordinates Ñ = cosh ì cos Ú , Ò = sinh ì sin Ú
a wide class of particular solutions (vanishing as ì � � ) can be indicated; this class of solutions of
the original equation is represented in series form as�

= exp ô 1
2 � Ñ ö � ! =0 " ! ce ! ( # , − $ ) Fek ! ( ì , − $ ), $ = − 1

16 � 2,

where the " ! are arbitrary constants, the ce ! ( # , − $ ) are the Mathieu functions, and the Fek ! ( ì , − $ )
are the modified Mathieu functions [e.g., see McLachlan (1947) and Bateman and Erdélyi (1955)].

3 � . Consider the first boundary value problem in the upper half-plane (− � < % < � , 0 ≤ & < � ).
We assume that the surface of a plate of finite length is maintained at a constant temperature

�
0 and

the medium has a temperature
� � = const far away from the plate:�

=
�

0 for & = 0, | % | < 1,í � �
= 0 for & = 0, | % | > 1,� � � � for % 2 + & 2 � � .

The solution of this problem in the elliptic coordinates ì , # (see Item 2 � ) has the form�
( # , ì ) =

� � + (
�

0 −
� � ) exp ô 1

2 � cos # cosh ì ö � ! =0 ' ! ce ! ( # , − $ )
Fek ! ( ( , − $ )
Fer ! (0, − $ )

,

where ' 2 ) = 2
ce2 ) (0, − $ )
ce2 ) (0, $ ) " (2 ) )

0 , ' 2 ) +1 = −
1
2

ce2 ) +1(0, − $ )
ce2 ) +1(0, $ ) � * (2 ) +1)

1 , $ = −
1
16 � 2.

Here, the " (2 ) )
0 and * (2 ) +1)

1 are the coefficients in the series expansions of the Mathieu functions;
these can be found in McLachlan (1947).

4 � . Consider the second boundary value problem in the upper half-plane (− � < % < � , 0 ≤ & < � ).
We assume that a thermal flux is prescribed on the surface of a plate of finite length and the medium
has a constant temperature far away from the plate:+ � �

= , ( % ) for & = 0, | % | < 1,+ � �
= 0 for & = 0, | % | > 1,� � � � as % 2 + & 2 � � .

The solution of this problem in the Cartesian coordinates has the form�
( % , & ) =

� � −
1- . 1

−1
, ( / ) exp 0 1

2 1 ( % − / ) 2�3 0 4 1
2 1 5 ( 6 − / )2 + 7 2 8 9 / ,

where 3 0( : ) is the modified Bessel function of the second kind.;=<
References: P. V. Cherpakov (1975), A. A. Borzykh and G. P. Cherepanov (1978).

2. > 2 ?> @ 2
+ > 2 ?> A 2

= B > ?> @ + C > ?> A + D ? .

This equation describes a stationary temperature field in a medium moving with a constant velocity,
provided there is volume release heat (or absorption) proportional to temperature.

The substitution E
( 6 , 7 ) = exp 0 1

2 ( 1 6 + F 7 ) 2 G ( 6 , 7 )
brings the original equation to the Helmholtz equationH 2 GH 6 2 +

H 2 GH 7 2 = IKJ + 1
4 1 2 + 1

4 F 2 L G ,

which is discussed in Subsections 7.3.1 through 7.3.3.
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3. > 2 ?> @ 2
+ > 2 ?> A 2

= Pe (1 – A 2) > ?> @ .

The Graetz–Nusselt equation. It governs steady-state heat exchange in a laminar fluid flow with a
parabolic velocity profile in a plane channel. The equation is written in terms of the dimensionless
Cartesian coordinates 6 , 7 related to the channel half-width M ; Pe = G M N O is the Peclet number andG is the fluid velocity at the channel axis ( 7 = 0). The walls of the channel correspond to 7 = P 1.

1 Q . Particular solutions: E
( 7 ) = R + S 7 ,E

( 6 , 7 ) = 12 R 6 + R Pe (6 7 2 − 7 4) + S ,E
( 6 , 7 ) = TUWV

=1

R V
exp X − Y 2

V
Pe

6 Z [ V
( 7 ).

Here, R , S , R V
, and Y V

are arbitrary constants, and the functions [ V
are defined by[ V

( 7 ) = exp I − 1
2 Y V 7 2 L \ I 1 V

, 1
2 ; Y V 7 2 L , 1 V

= 1
4 − 1

4 Y V
− 1

4 Y 3

V
Pe−2, (1)

where \ ( 1 , F ; / ) = 1 + ]^_
=1 ` ( ` +1) ababa ( ` +

_
−1)c

(
c

+1) ababa ( c +
_

−1) dfe_ ! is the degenerate hypergeometric function.

2 Q . Let the walls of the channel be maintained at a constant temperature,
E

= 0 for 6 < 0 and
E

=
E

0
for 6 > 0. Due to the symmetry of the problem about the 6 -axis, it suffices to consider only half of
the domain, 0 ≤ 7 ≤ 1. The boundary conditions are written as7 = 0,

H EH 7 = 0; 7 = 1,
E

= g 0 for 6 < 0,E
0 for 6 > 0;6 h − i ,

E h 0; 6 h i ,
E h E

0.

The solution of the original equation under these boundary conditions is sought in the formE
( 6 , 7 ) =

E
0 ]UWV

=1

S V
exp X j 2

V
Pe

6 Z k V
( 7 ) for 6 < 0,E

( 6 , 7 ) =
E

0 l 1 − ]UWV
=1

R V
exp X − Y 2

V
Pe

6 Z [ V
( 7 ) m for 6 > 0.

The series coefficients must satisfy the matching conditions at the boundary:E
( 6 , 7 ) nnpo q 0, o <0 −

E
( 6 , 7 ) nnpo q 0, o >0 = 0,H o E

( 6 , 7 ) nnpo q 0, o <0 −
H o E

( 6 , 7 ) nnpo q 0, o >0 = 0.

For 6 > 0, the function [ V
( 7 ) is defined by relation (1), where the eigenvalues Y V

are roots of
the transcendental equation\ Isr V

, 1
2 ; Y V L = 0, where r V

= 1
4 − 1

4 Y V
− 1

4 Y 3

V
Pe−2.

For Pe h i , it is convenient to use the following approximate relation to identify the Y V
:Y V

= 4( t − 1) + 1.68 ( t = 1, 2, 3, uvuvu ). (2)

The error of this formula does not exceed 0.2%. The corresponding numerical values of the
coefficients R V

are rather well approximated by the relationsR 1 = 1.2, R V
= 2.27 (−1)

V
−1 Y −7 w 6

V
for t = 2, 3, 4, uvuvu ,

whose maximum error is less than 0.1%, provided that the Y V
are calculated by (2).

For Pe h 0, the following asymptotic relations hold:Y V
= x y z{t − 1

2 | Pe, } V
=

4(−1)

V
−1y 2(2 t − 1)2 , [ V

( ~ ) = cos �by zst − 1
2 | ~ � ( t = 1, 2, 3, uvuvu ).

No results for � < 0 are given here, because they are of secondary importance in applications.
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3 � . Let a constant thermal flux be prescribed at the walls for � > 0 and let, for � < 0, the walls be
insulated from heat and the temperature vanishes as � h − i . Then the boundary conditions have
the form~ = 0,

H �H ~ = 0; ~ = 1,
H �H ~ = g 0 for � < 0,� for � > 0; � h − i ,

� h 0.

In the domain of thermal stabilization, the asymptotic behavior of the solution (as � h i ) is as
follows: �

( � , ~ ) = � � 3
2

�
Pe

+
3
4

~ 2 −
1
8

~ 4 +
9

4 Pe2 −
39
280 � .�=�

References: L. Graetz (1883), W. Nusselt (1910), C. A. Deavours (1974), A. D. Polyanin, A. M. Kutepov, A. V. Vyazmin,
and D. A. Kazenin (2001).

4. � 2 �� � 2
+

1� � �� � + � 2 �� � 2
= Pe (1 – � 2) � �� � .

This equation governs steady-state heat exchange in a laminar fluid flow with parabolic (Poiseuille’s)
velocity profile in a circular tube. The equation is written in terms of the dimensionless cylindrical
coordinates � , ~ related to the tube radius � ; Pe = � � � � is the Peclet number and � is the fluid
velocity at the tube axis (at � = 0). The walls of the tube correspond to � = 1.

1 � . Particular solutions: �
( � ) = } + � ln � ,�

( � , : ) = 16 } : + } Pe (4 � 2 − � 4) + � ,�
( � , : ) = ��W�

=1

} �
exp � − � 2

�
Pe � � � �

( � ).

Here, } , � , } �
, and � �

are arbitrary constants, and the functions � �
are defined by� �

( � ) = exp z − 1
2 � � � 2 | \ zs� �

, 1; � � � 2 | , � �
= 1

2 − 1
4 � �

− 1
4 � 3

�
Pe−2, (1)

where \ ( � , � ; � ) is the degenerate hypergeometric function (see equation 7.4.2.3, Item 1 � ).

2 � . Let the tube wall be maintained at a constant temperature such that
�

= 0 for � < 0 and
�

=
�

0
for � > 0. The boundary conditions are written as� = 0,

H �H � = 0; � = 1,
�

= � 0 for � < 0,�
0 for � > 0;� � − � ,

� � 0; � � � ,
� � �

0.

The solution of the original equation under these boundary conditions is sought in the form�
( � , � ) =

�
0 ]� �

=1

� �
exp � � 2

�
Pe � �   �

( � ) for � < 0,�
( � , � ) =

�
0 ¡ 1 − ]� �

=1

} �
exp � − � 2

�
Pe � � � �

( � ) ¢ for � > 0.

The series coefficients must satisfy the matching conditions at the boundary,�
( � , � ) ££�¤¦¥ 0, ¤ <0 −

�
( � , � ) ££�¤¦¥ 0, ¤ >0 = 0,§ ¤ � ( � , � ) ££p¤¦¥ 0, ¤ <0 −

§ ¤ � ( � , � ) ££�¤¦¥ 0, ¤ >0 = 0.

For � > 0, the functions � �
( � ) are defined by relations (1), where the eigenvalues � �

are roots of
the transcendental equation\ zs� �

, 1; � � | = 0, where � �
= 1

2 − 1
4 � �

− 1
4 � 3

�
Pe−2.
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For Pe � � , it is convenient to use the following approximate relation to identify the � �
:� �

= 4 ( ¨ − 1) + 2.7 ( ¨ = 1, 2, 3, ©v©v© ). (2)

The error of this formula does not exceed 0.3%. The corresponding numerical values of the
coefficients } �

are rather well approximated by the relations} �
= 2.85 (−1)

�
−1 � −2 ª 3

�
for ¨ = 1, 2, 3, ©v©v© ,

whose maximum error is 0.5%,
No results for � < 0 are given here, since they are of secondary importance in applications.

3 � . Let a constant thermal flux be prescribed at the wall for � > 0 and let, for � < 0, the tube surface
be insulated from heat and the temperature vanishes as � � − � . Then the boundary conditions
have the form� = 0,

§ �§ � = 0; � = 1,
§ �§ � = � 0 for � < 0,� for � > 0; � � − � ,

� � 0.

In the domain of thermal stabilization, the asymptotic behavior of the solution (as � � � ) is as
follows: �

( � , � ) = � � 4 �
Pe

+ � 2 −
1
4

� 4 +
8

Pe2 −
7
24 � .�=�

References: C. A. Deavours (1974), A. D. Polyanin, A. M. Kutepov, A. V. Vyazmin, and D. A. Kazenin (2001).

5. � 2 �� « 2
+ � 2 �� ¬ 2

=  ( ¬ ) � �� « .

This equation describes steady-state heat exchange in a laminar fluid flow with an arbitrary velocity
profile � = � ( ~ ) in a plane channel.

1 � . Particular solutions: �
( � , ~ ) = } � + } ® ¯¯ 0

( ° − � ) � ( � ) ± � + � ° + ² , (1)³ ( ´ , ° ) = � + �� �
=1

} �
exp(− � � ´ ) µ �

( ° ). (2)

Here, } , � , ² , ° 0, } �
, and � �

are arbitrary constants, and the functions µ �
= µ �

( ° ) are determined
by the second-order linear ordinary differential equation± 2 µ �

± ° 2 + ¶·� � � ( ° ) + � 2

� ¸ µ �
= 0.

2 ¹ . Solution (1) describes the temperature distribution far away from the inlet section of the tube, in
the domain of thermal stabilization, provided that a constant thermal flux is prescribed at the channel
walls.

6. º » ¼ 2 ½¼ « 2
+ ¼ 2 ½¼ ¬ 2 ¾ = ¿ 1( « , ¬ ) ¼ ½¼ « + ¿ 2( « , ¬ ) ¼ ½¼ ¬ .

This is an equation of steady-state convective heat and mass transfer in the Cartesian coordinate
system. Here, À 1 = À 1( ´ , ° ) and À 2 = À 2( ´ , ° ) are the components of the fluid velocity that are
assumed to be known from the solution of the hydrodynamic problem.
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1 ¹ . In plane problems of convective heat exchange in liquid metals modeled by an ideal fluid, as
well as in describing seepage (filtration) streams employing the model of potential flows, the fluid
velocity components À 1( ´ , ° ) and À 2( ´ , ° ) can be expressed in terms of the potential Á = Á ( ´ , ° ) and
stream function Â = Â ( ´ , ° ) as follows:À 1 =

§ Á§ ´ = −
§ Â§ ° , À 2 =

§ Á§ ° =
§ Â§ ´ . (1)

The function Á is determined by solving the Laplace equation Ã Á = 0. In specific problems, the
potential Á and stream function Â may be identified by invoking the complex variable theory [e.g.,
see Lavrent’ev and Shabat (1973) and Sedov (1980)].

By passing in the convective heat exchange equation from ´ , ° to the new variables Á , Â
(Boussinesq transformation) and taking into account (1), we arrive a simpler equation with constant
coefficients of the form 7.4.2.1: § 2 ³§ Á 2 +

§ 2 ³§ Â 2 =
1Ä § ³§ Á . (2)

The Boussinesq transformation brings any plane contour in a potential flow to a cut in the Á -axis,
simultaneously with the reduction of the original equation to the form (2). Consequently, the heat
transfer problem of a potential flow about this contour is reduced to the heat exchange problem of a
longitudinal flow of an ideal fluid past a flat plate (see equation 7.4.2.1, Items 3 ¹ and 4 ¹ ).

2 ¹ . Asymptotic analyses of plane problems on heat/mass exchange of bodies of various shape with
laminar translational and shear flows of a viscous (and ideal) incompressible fluid for large and
small Peclet numbers were carried out in the references cited below. In the thermal boundary layer
approximation, the solution of the heat exchange problem for a flat plate in a longitudinal translational
flow of a viscous incompressible fluid at large Reynolds numbers is presented in 1.9.1.4, Item 3 ¹ .Å=Æ

References: V. G. Levich (1962), P. V. Cherpakov (1975), A. A. Borzykh and G. P. Cherepanov (1978), Yu. P. Gupalo,
A. D. Polyanin, and Yu. S. Ryazantsev (1985), A. D. Polyanin, A. M. Kutepov, A. V. Vyazmin, and D. A. Kazenin (2001).

7.
1Ç 2

¼¼ Ç » Ç 2 ¼ ½¼ Ç ¾ +
1Ç 2 sin È ¼¼ È » sin È ¼ ½¼ È ¾ = cos È ¼ ½¼ Ç –

sin ÈÇ ¼ ½¼ È .

This is a special case of equation 7.4.1.8 with
Ä

= 1, À É = cos Ê , and À Ë = − sin Ê . This equation is
obtained from the equation Ì Í Í ³ + Ì ¯�¯ ³ + Ì ÎfÎ ³ = Ì Í ³ by the passage to the spherical coordinate
system in the axisymmetric case.

The general solution satisfying the decay condition ( ³ Ï 0 as Ð Ï Ñ ) is expressed as³ ( Ð , Ê ) = Ò Ó Ð Ô 1 Õ 2
exp Ò Ð cos Ê

2 Ô Ö×WØ
=0 Ù

Ø Ú Ø
+ 1

2
Ò Ð

2 Ô Û Ø
(cos Ê ),

where the Ù
Ø

are arbitrary constants. The Legendre polynomials Û Ø
( Ü ) and the modified Bessel

functions

Ú Ø
+ 1

2
( Ý ) are given by

Û Ø
( Ü ) =

1Þ ! 2

Ø ß Øß Ü Ø
( Ü 2 − 1)

Ø
,

Ú Ø
+ 1

2
Ò Ð

2 Ô = Ò Ó Ð Ô 1 Õ 2
exp Ò −

Ð
2 Ô

Ø×à =0

( Þ + á )!
( Þ − á )! á ! Ð à .Å=Æ

Reference: P. L. Rimmer (1968).

8. â ã 1Ç 2
¼¼ Ç » Ç 2 ¼ ½¼ Ç ¾ +

1Ç 2 sin È ¼¼ È » sin È ¼ ½¼ È ¾ ä = ¿ å ¼ ½¼ Ç +
¿ æÇ ¼ ½¼ È .

This equation is often encountered in axisymmetric problems of convective heat and mass exchange
of solid particles, drops, and bubbles with a flow of a viscous incompressible fluid. The fluid
velocity components À É = À É ( Ð , Ê ) and À Ë = À Ë ( Ð , Ê ) can be expressed in terms of the stream functionÂ = Â ( Ð , Ê ) as À É =

1Ð 2 sin Ê Ì ÂÌ Ê , À Ë = −
1Ð sin Ê Ì ÂÌ Ð . (1)
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Asymptotic analyses for a wide class of axisymmetric problems on heat/mass exchange of
solid particles, drops, and bubbles of various shape with a laminar translational or straining flow
of a viscous incompressible fluid at large and small Peclet numbers Pe = ç è é Ä

are performed
in the books cited below. The Peclet number is written in terms of the characteristic velocity ç
(e.g., the unperturbed fluid velocity far away from the particle in the case of translation flow),
the characteristic size of the particle è (e.g., the radius for a spherical particle), and the thermal
conductivity or diffusion coefficient

Ä
.

The following boundary conditions are usually specified:ê = ê
0 at Ð = è , ê Ï ê Ö as Ð Ï Ñ , (2)

where è is the particle radius, ê
0 the temperature at the particle surface, and ê Ö the temperature

far away from the particle ( ê 0 and ê Ö are constant).
Convective mass transfer problems are characterized by large Peclet numbers. To solve such

problems, the diffusion boundary layer approximation is often used; in this case, the left-hand side of
the equation takes into account only the diffusion mass transfer in the normal direction to the particle
surface (the tangential mass transfer is neglected). The convective terms on the right-hand side are
partially preserved—the fluid velocity components are approximated by their leading terms of the
asymptotic expansion near the phase surface. Presented below are some important results obtained
by solving the original equation under the boundary conditions (2) in the diffusion boundary layer
approximation.

Example 1. For the translational Stokes flow of a viscous incompressible fluid about a spherical bubble, the stream
function is expressed as ë

( ì , í ) = 1
2 î ì ( ì − ï ) sin2 í .

Here, î is the unperturbed fluid velocity in the incident flow, ï the bubble radius (the value í = ð corresponds to the front
critical point at the bubble surface).

In this case, the solution of the convective heat/mass transfer equation with the boundary conditions (2) for Pe =î ï ñfò ó 1 in the diffusion boundary layer approximation is given byô ( ì , í ) = ô
0 + ( ô õ − ô

0) erf ö , ö = ÷ 3
8 Pe ø ìï − 1 ù 1 − cos íú

2 − cos í ,

where erf ö is the error function.

Example 2. For the translational Stokes flow of a viscous incompressible fluid about a solid spherical particle, the
stream function is expressed as ë

( ì , í ) =
1
4 î ( ì − ï )2 ø 2 +

ï ì ù sin2 í .

Here, the notation is the same as in the case of a bubble above.
For a solid particle, the solution of the convective heat/mass transfer equation with the boundary conditions (2) for

Pe = î ï ñfò ó 1 in the diffusion boundary layer approximation is given byô ( ì , í ) = ô
0 + ( ô õ − ô

0) ûpü ý 1
3 þ ÿ −1 � ý 1

3 , ö þ , ö =
Pe ( ì − ï )3 sin3 í

3 ï 3 ý ð − í + 1
2 sin 2 í þ ,

where ü ( � ) is the gamma function and � ( � , ö ) =
� �

0 � − ���
	 −1 ��� is the incomplete gamma function.��
References: V. G. Levich (1962), Yu. P. Gupalo, A. D. Polyanin, and Yu. S. Ryazantsev (1985), A. D. Polyanin,

A. M. Kutepov, A. V. Vyazmin, and D. A. Kazenin (2001).

7.4.3. Equations of Heat and Mass Transfer in Anisotropic Media

1. �� � � â � � � �� � � + �� � � � � � � �� � � = 0.

This is a two-dimensional equation of the heat and mass transfer theory in a inhomogeneous
anisotropic medium. Here, � 1( � ) = � � � and � 2( � ) = ��� � are the principal thermal diffusivities.
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1 � . Particular solutions (  , ! , " are arbitrary constants):# ( � , � ) =  � 1− � + ! � 1− � + " ,# ( � , � ) =  $ � 2− �� (2 − % )
−

� 2− �� (2 − & ) ' + ! ,# ( � , � ) =  � 1− � � 1− � + ! .

2 � . For % ≠ 2 and & ≠ 2, there are particular solutions of the form# = # ( ( ), ( = )�� (2 − & )2 � 2− � + � (2 − % )2 � 2− � * 1 + 2.

The function # = # ( ( ) is determined by the ordinary differential equation# ,-,./. +
 ( # ,. = 0,  =

4 − % &
(2 − % )(2 − & )

. (1)

The general solution of equation (1) is given by# ( ( ) = 0 " 1 ( 1− 1 + " 2 for  ≠ 1," 1 ln ( + " 2 for  = 1,

where " 1 and " 2 are arbitrary constants.

3 � . There are multiplicatively separable particular solutions in the form# ( � , � ) = 2 ( � ) 3 ( � ), (2)

where 2 ( � ) and 3 ( � ) are determined by the following second-order linear ordinary differential
equations (  1 is an arbitrary constant):

( � � � 2 ,4 ) ,4 = −  1 2 , (3)
( ��� � 3 ,5 ) ,5 =  1 3 . (4)

The solution of equation (3) is given by

2 ( � ) = 678 79
� 1− �2 : " 1 ; < =?> � 2− �2 @ + " 2 A < =?> � 2− �2 @ B for  1 > 0,� 1− �2 : " 1 C?< =�> � 2− �2 @ + " 2 D < =?> � 2− �2 @ B for  1 < 0,E =

|1 − % |
2 − % , > =

2
2 − % F |  1|� ,

where " 1 and " 2 are arbitrary constants, ; < ( G ) and A < ( G ) are the Bessel functions, and C < ( G ) andD < ( G ) are the modified Bessel functions.
The solution of equation (4) is expressed as

3 ( � ) = 678 79
� 1− �2 : " 1 ; H =�I � 2− �2 @ + " 2 A H =?I � 2− �2 @ B for  1 < 0,� 1− �2 : " 1 C�H =?I � 2− �2 @ + " 2 D H =?I � 2− �2 @ B for  1 > 0,J =

|1 − & |
2 − & , I =

2
2 − & F |  1|� ,

where " 1 and " 2 are arbitrary constants.
The sum of solutions of the form (2) corresponding to different values of the parameter  1 is

also a solution of the original equation; the solutions of some boundary value problems may be
obtained by separation of variables.

4 � . See equation 7.4.3.3, Item 4 � , for K = 0.
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2. LL M N O M P L QL M � + LL � N � � � L QL � � = R .

This is a two-dimensional equation of the heat and mass transfer theory with constant volume
release of heat in an inhomogeneous anisotropic medium. Here, � 1( � ) = � � � and � 2( � ) = ��� � are
the principal thermal diffusivities.

1 � . For % ≠ 2 and & ≠ 2, there are particular solutions of the form# = # ( ( ), ( = ) � (2 − & )2 � 2− � + � (2 − % )2 � 2− � * 1 + 2. (1)

The function # = # ( ( ) is determined by the ordinary differential equation# ,-,./. +
 ( # ,. = ! , (2)

where  =
4 − % &

(2 − % )(2 − & )
, ! =

4 K� � (2 − % )2(2 − & )2 . (3)

The general solution of equation (2) is given by# ( ( ) = 678 79
" 1 ( 1− 1 + " 2 + S2( 1 +1) ( 2 for  ≠ T 1," 1 ln ( + " 2 + 1

4 ! ( 2 for  = 1," 1 ( 2 + " 2 + 1
2 ! ( 2 ln ( for  = −1,

where " 1 and " 2 are arbitrary constants.

2 � . The substitution # ( � , � ) = U ( � , � ) +
K� (2 − % )

� 2− �
leads to a homogeneous equation of the form 7.4.3.1:VV � N � � � V UV � W +

VV X N Y X Z V UV X W = 0.

3. LL M N O M P L QL M W + LL [ N � [ � L QL [ W = R Q .

This is a two-dimensional equation of the heat and mass transfer theory with a linear source in an
inhomogeneous anisotropic medium.

1 \ . For ] ≠ 2 and & ≠ 2, there are particular solutions of the form^ = ^ ( _ ), _ = ` Y (2 − & )2 a 2− b + � (2 − ] )2 X 2− Z c 1 d 2.

The function ^ = ^ ( _ ) is determined by the ordinary differential equation^ e-ef/f + g _ ^ ef = h ^ , (1)

where g =
4 − ] &

(2 − ] )(2 − & )
, h =

4 K� Y (2 − ] )2(2 − & )2 .

The general solution of equation (1) is given by^ ( _ ) = _ 1− i
2 jlk 1 m n o _ p | h | q + k 2 r n o _ p | h | q
s for h < 0,^ ( _ ) = _ 1− i
2 jlk 1 t?n o _ u h q + k 2 v n o _ u h q
s for h > 0,

where w = 1
2 |1 − g |; k 1 and k 2 are arbitrary constants; m n ( x ) and r n ( x ) are the Bessel functions; andt?n ( x ) and v n ( x ) are the modified Bessel functions.
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2
�
. There are multiplicatively separable particular solutions of the form� ( � , � ) = � ( � ) � ( � ),

where � ( � ) and � ( � ) are determined by the following second-order linear ordinary differential
equations ( � 1 is an arbitrary constant):

( � � � � 	
 ) 	
 = � 1 � , ( ���  � 	� ) 	� = ( � − � 1) � . (2)

The solutions of equations (2) are expressed in terms of the Bessel functions (or modified Bessel
functions); see equation 7.4.3.1, Item 3

�
.

3
�
. There are additively separable particular solutions of the form� ( � , � ) = � ( � ) + � ( � ),

where � ( � ) and � ( � ) are determined by the following second-order linear ordinary differential
equations ( � 2 is an arbitrary constant):

( � � � � 	
 ) 	
 − ��� = � 2, ( ���  � 	� ) 	� − ��� = − � 2. (3)

The solutions of equations (3) are expressed in terms of the Bessel functions (or modified Bessel
functions).

4
�
. The transformation (specified by A. I. Zhurov, 2001)� 2− �2 = � � cos � , � 2− 2 = � � sin � ,

where � 2 = � (2 − � )2 and � 2 = � (2 − � )2, leads to the equation� 2 �� � 2 +
4 − � �

(2 − � )(2 − � )
1� � �� � +

1� 2

� 2 �� � 2 −
2� 2

( � � − � − � ) cos 2 � + ( � − � )
(2 − � )(2 − � ) sin 2 � � �� � = 4 � � ,

which admits separable solutions of the form � ( � , � ) = � 1( � ) � 2( � ).

4.
�� � ���

(
�

+ � )  � !� � " +
�� # ��$

(
#

+ s) % � !� # " = & .

The transformation ' = � + ( , ) = � + * leads to an equation of the form 7.4.3.2:�� ' + � ' � � �� ' , +
�� ) + ��)  � �� ) , = � .

5.
�� � ���

(
�

+ � )  � !� � " +
�� # ��$

(
#

+ s) % � !� # " = & !
.

The transformation ' = � + ( , ) = � + * leads to an equation of the form 7.4.3.3:�� ' + � ' � � �� ' , +
�� ) + ��)  � �� ) , = � � .

6.
�� � + � - . / � !� � , +

�� # + $ - 0 1 � !� # , = 0.

This is a two-dimensional equation of the heat and mass transfer theory in an inhomogeneous
anisotropic medium. Here, � 1( � ) = � 243 
 and � 2( � ) = �52 6 � are the principal thermal diffusivities.
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522 ELLIPTIC EQUATIONS WITH TWO SPACE VARIABLES

1
�
. Particular solutions ( � , � , 7 are arbitrary constants):� ( � , � ) = � 2 − 3 
 + � 2 − 6 � + 7 ,� ( � , � ) =

�� 8 2 ( 8 � + 1) 2 − 3 

−

���9 2 ( 9 � + 1) 2 − 6 � + � ,� ( � , � ) = � 2 − 3 
 − 6 � + � .

2
�
. There are multiplicatively separable particular solutions of the form� ( � , � ) = � ( � ) � ( � ), (1)

where � ( � ) and � ( � ) are determined by the following second-order linear ordinary differential
equations ( � 1 is an arbitrary constant):

( � 2 3 
 � 	
 ) 	
 = − � 1 � , (2)
( �52 6 � � 	� ) 	� = � 1 � . (3)

The solution of equation (2) is given by� ( � ) = : 2 − 3 
 ; 2 < 7 1 = 1 > ( 2 − 3 
 ; 2 ? + 7 2 @ 1 > ( 2 − 3 
 ; 2 ?5A for � 1 > 0,2 − 3 
 ; 2 < 7 1 B 1 > ( 2 − 3 
 ; 2 ? + 7 2 C 1 > ( 2 − 3 
 ; 2 ?5A for � 1 < 0,

where ( = −(2 D 8 ) E | � 1| D � ; 7 1 and 7 2 are arbitrary constants; = 1( F ) and @ 1( F ) are the Bessel
functions; and B 1( F ) and C 1( F ) are the modified Bessel functions.

The solution of equation (3) is given by� ( � ) = : 2 − 6 � ; 2 < 7 1 = 1 > *G2 − 6 � ; 2 ? + 7 2 @ 1 > *G2 − 6 � ; 2 ?5A for � 1 < 0,2 − 6 � ; 2 < 7 1 B 1 > *G2 − 6 � ; 2 ? + 7 2 C 1 > *G2 − 6 � ; 2 ?5A for � 1 > 0,

where * = −(2 D 9 ) E | � 1| D � ; 7 1 and 7 2 are arbitrary constants.
The sum of solutions of the form (1) corresponding to different values of the parameter � 1 is

also a solution of the original equation.

3
�
. See equation 7.4.3.8, Item 3

�
, for � = 0.

7.
�� � + � - . / � !� � , +

�� # + $ - 0 1 � !� # , = & .

This is a two-dimensional equation of the heat and mass transfer theory with constant volume release
of heat in an inhomogeneous anisotropic medium. Here, � 1( � ) = � 2 3 


and � 2( � ) = �52 6 � are the
principal thermal diffusivities.

The substitution � ( � , � ) = H ( � , � ) −
�� 8 2 ( 8 � + 1) 2 − 3 


leads to a homogeneous equation of the form 7.4.3.6:�� � + � 2 3 
 � H� � , +
�� � + �52 6 � � H� � , = 0.

8.
�� � + � - . / � !� � , +

�� # + $ - 0 1 � !� # , = & !
.

This is a two-dimensional equation of the heat and mass transfer theory with a linear source in an
inhomogeneous anisotropic medium.
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1
�
. For 8 9 ≠ 0, there are particular solutions of the form� = � ( I ), I = > ��9 2 2 − 3 


+ � 8 2 2 − 6 � )1 ; 2.

The function � = � ( I ) is determined by the ordinary differential equation� 	J	KLK −
1I � 	K = � � , � =

4 �� ��8 2 9 2 .

For the solution of this equation, see 7.4.3.3 (Item 1
�

for � = −1).

2
�
. The original equation admits multiplicatively (and additively) separable solutions. See equation

7.4.3.12 with � ( � ) = � 2 3 
 and � ( � ) = �52 6 � .

3
�
. The transformation (specified by A. I. Zhurov, 2001)2 − 3 
 ; 2 = � � cos � , 2 − 6 � ; 2 = � � sin � ,

where � 2 = � 8 2 and � 2 = ��9 2, leads to the equation� 2 �� � 2 −
1� � �� � +

1� 2

� 2 �� � 2 −
2� 2 cot 2 � � �� � = 4 � � ,

which admits separable solutions of the form � ( � , � ) = � 1( � ) � 2( � ).

9.
�� � + � �  � !� � , +

�� # + $ - . 1 � !� � , = & !
.

1
�
. For � ≠ 2 and 8 ≠ 0, there are particular solutions of the form� = � ( � ), � 2 =

� 2− �� (2 − � )2 +
2 − 3 ���8 2 .

The function � = � ( � ) is determined by the ordinary differential equation� 2 �� � 2 +
�

2 − � 1� � �� � = 4 � � .

For the solution of this equation, see 7.4.3.3 (Item 1
�
).

2
�
. The original equation admits multiplicatively (and additively) separable solutions. See equation

7.4.3.12 with � ( � ) = � � � and � ( � ) = �52M3 �
.

3
�
. The transformation (specified by A. I. Zhurov, 2001)� 1− 1

2 � = � � cos � , 2 − 1
2 3 �

= � � sin � ,

where � 2 = � (2 − � )2 and � 2 = ��8 2, leads to the equation� 2 �� � 2 +
�

2 − � 1� � �� � +
1� 2

� 2 �� � 2 −
2� 2

(1 − � ) cos 2 � + 1
(2 − � ) sin 2 � � �� � = 4 � � ,

which admits separable solutions of the form � ( � , � ) = � 1( � ) � 2( � ).

10.
�� � �ON

(
�

)
� !� � " +

� 2 !� # 2
= 0.

1
�
. Particular solutions:� = 7 1 � 2 + 7 2 � − 2 P 7 1 � + 7 3� ( � ) Q � + 7 4,� = 7 1 � 3 + 7 2 � − 6 � P 7 1 � + 7 3� ( � ) Q � + 7 4,� = [ 7 1 R ( � ) + 7 2] � + 7 3 R ( � ) + 7 4, R ( � ) = P Q �� ( � )

,� = [ 7 1 R ( � ) + 7 2] � 2 + 7 3 R ( � ) + 7 4 − 2 P S 1� ( � )
P [ 7 1 R ( � ) + 7 2] Q � T Q U ,

where V 1, V 2, V 3, V 4, and V 5 are arbitrary constants.
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524 ELLIPTIC EQUATIONS WITH TWO SPACE VARIABLES

2 W . Separable particular solution: X
= ( V 1 Y Z [ + V 2 Y − Z [ ) \ ( U ),

where V 1, V 2, and ] are arbitrary constants, and the function \ = \ ( U ) is determined by the ordinary
differential equation [ ^ ( U ) \ _` ] _` + ] 2 \ = 0.

3 W . Separable particular solution:X
= [ V 1 sin( ] a ) + V 2 cos( ] a )] b ( U ),

where V 1, V 2, and ] are arbitrary constants, and the function b = b ( U ) is determined by the ordinary
differential equation [ ^ ( U ) b _` ] _` − ] 2 b = 0.

4 W . Particular solutions with even powers of a :X
= cdfe

=0 g e ( U ) a 2

e
,

where the functions g e = g e ( U ) are defined by the recurrence relations

g c ( U ) = h c i ( U ) + j c , i ( U ) = k l U^ ( U )
,

g e −1( U ) = h e i ( U ) + j e
− 2 m (2 m − 1) k 1^ ( U ) n k g e ( U ) l U T l U ,

where h e
and j e

are arbitrary constants ( m = o , p�p�p , 1).

5 W . Particular solutions with odd powers of a :X
= cd e

=0

) e
( U ) a 2

e
+1,

where the functions ) e
= ) e

( U ) are defined by the recurrence relations) c ( U ) = h c i ( U ) + j c , i ( U ) = k l U^ ( U )
,) e

−1( U ) = h e i ( U ) + j e
− 2 m (2 m + 1) k 1^ ( U ) n k ) e

( U ) l U T l U ,

where h e
and j e

are arbitrary constants ( m = o , p�p�p , 1).

11. qq r sOt ( r ) q uq r v + qq w syx ( w ) q uq w v = 0.

This is a two-dimensional sourceless equation of the heat and mass transfer theory in an inho-
mogeneous anisotropic medium. The functions ^ = ^ ( U ) and z = z ( a ) are the principal thermal
diffusivities.

1 W . Particular solutions: X
( U , a ) = h 1 k l U^ ( U )

+ j 1 k l az ( a )
+ V 1,X

( U , a ) = h 2 k U l U^ ( U )
− h 2 k a l az ( a )

+ j 2,X
( U , a ) = h 3 k l U^ ( U )

k l az ( a )
+ j 3,

where the h e
, j e

, and V 1 are arbitrary constants. A linear combination of these solutions is also a
solution of the original equation.
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2 W . There are multiplicatively separable particular solutions of the formX
( U , a ) = { ( U ) | ( a ), (1)

where { ( U ) and | ( a ) are determined by the following second-order linear ordinary differential
equations ( h is an arbitrary constant):

( ^ { _` ) _` = h { , ^ = ^ ( U ),
( z | _[ ) _[ = − h | , z = z ( a ).

(2)

The sum of solutions of the form (1) corresponding to different values of the parameter h in (2)
is also a solution of the original equation (the solutions of some boundary value problems may be
obtained by separation of variables).

12. qq r sOt ( r ) q uq r v + qq w syx ( w ) q uq w v = } u .

This is a two-dimensional equation of the heat and mass transfer theory with a linear source in an
inhomogeneous anisotropic medium. The functions ^ = ^ ( U ) and z = z ( a ) are the principal thermal
diffusivities.

1 W . There are multiplicatively separable particular solutions of the formX
( U , a ) = { ( U ) | ( a ), (1)

where { ( U ) and | ( a ) are determined by the following second-order linear ordinary differential
equations ( h is an arbitrary constant):

( ^ { _` ) _` = h { , ^ = ^ ( U ),
( z | _[ ) _[ = ( ~ − h ) | , z = z ( a ).

(2)

The sum of solutions of the form (1) corresponding to different values of the parameter h in (2)
is also a solution of the original equation; the solutions of some boundary value problems may be
obtained by separation of variables.

2 W . There are additively separable particular solutions of the formX
( U , a ) = i ( U ) + � ( a ),

where i ( U ) and � ( a ) are determined by the following second-order linear ordinary differential
equations ( V is an arbitrary constant):

( ^ i _` ) _` − ~ i = V , ^ = ^ ( U ),
( z � _[ ) _[ − ~ � = − V , z = z ( a ).

In the special case ~ = 0, the solutions of these equations can be represented as

i ( U ) = V k U l U^ ( U )
+ h 1 k l U^ ( U )

+ j 1,� ( a ) = − V k a l az ( a )
+ h 2 k l az ( a )

+ j 2,

where h 1, h 2, j 1, and j 2 are arbitrary constants.
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7.4.4. Other Equations Arising in Applications

1. w q 2 uq r 2
+ q 2 uq w 2

= 0.

Tricomi equation. It is used to describe near-sonic flows of gas.

1 W . Particular solutions: X
= h U a + j U + V a + � ,X
= h (3 U 2 − a 3) + j ( U 3 − U a 3) + V (6 a U 2 − a 4),

where h , j , V , and � are arbitrary constants.

2 W . Particular solutions with even powers of U :X
= cd e

=0

{ e
( a ) U 2

e
,

where the functions { e
= { e

( a ) are defined by the recurrence relations{ c ( a ) = h c a + j c , { e
−1( a ) = h e a + j e

− 2 m (2 m − 1) k [
0

( a − � ) ��{ e
( � ) l � ,

where h e
and j e

are arbitrary constants ( m = o , p�p�p , 1).

3 W . Particular solutions with odd powers of U :X
= cd�e

=0

| e
( a ) U 2

e
+1,

where the functions | e
= | e

( a ) are defined by the recurrence relations| c ( a ) = h c a + j c , | e
−1( a ) = h e a + j e

− 2 m (2 m + 1) k [
0

( a − � ) ��| e
( � ) l � ,

where h e
and j e

are arbitrary constants ( m = o , p�p�p , 1).

4 W . Separable particular solutions:X
( U , a ) = �yh sinh(3 ] U ) + j cosh(3 ] U ) � � a �yV � 1 � 3(2 ] a 3 � 2) + � � 1 � 3(2 ] a 3 � 2) � ,X
( U , a ) = �yh sin(3 ] U ) + j cos(3 ] U ) � � a �yV � 1 � 3(2 ] a 3 � 2) + � � 1 � 3(2 ] a 3 � 2) � ,

where h , j , V , � , and ] are arbitrary constants, � 1 � 3( F ) and � 1 � 3( F ) are the Bessel functions, and� 1 � 3( F ) and � 1 � 3( F ) are the modified Bessel functions.

5 W . For a > 0, see also equation 7.4.4.2 with o = 1. For a < 0, the change of variable a = − � leads
to an equation of the form 4.3.3.11 with o = 1.�y�

Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964).

2. w � q 2 uq r 2
+ q 2 uq w 2

= 0.

1 W . Particular solutions:
X

= h U a + j U + V a + � ,X
= h U 2 −

2 h
( o + 1)( o + 2)

a c +2,X
= h U 3 −

6 h
( o + 1)( o + 2) U a c +2,X

= h a U 2 −
2 h

( o + 2)( o + 3)
a c +3,

where h , j , V , and � are arbitrary constants.
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2 W . Particular solutions with even powers of U :X
= �dfe

=0

{ e
( a ) U 2

e
,

where the functions { e
= { e

( a ) are defined by the recurrence relations{ � ( a ) = h � a + j � , { e
−1( a ) = h e a + j e

− 2 m (2 m − 1) k [� ( a − � ) � c { e
( � ) l � ,

where h e
and j e

are arbitrary constants ( m = � , p�p�p , 1), � is any number.

3 W . Particular solutions with odd powers of U :X
= �d�e

=0

| e
( a ) U 2

e
+1,

where the functions | e
= | e

( a ) are defined by the recurrence relations| � ( a ) = h � a + j � , | e
−1( a ) = h e a + j e

− 2 m (2 m + 1) k [� ( a − � ) � c | e
( � ) l � ,

where h e
and j e

are arbitrary constants ( m = � , p�p�p , 1), � is any number.

4 W . Separable particular solutions:X
( U , a ) = � h sinh( ] � U ) + j cosh( ] � U ) � � a � V � 1

2 � ( ] a � ) + � � 1
2 � ( ] a � ) � , � = 1

2 ( o + 2),X
( U , a ) = � h sin( ] � U ) + j cos( ] � U ) � � a � V � 1

2 � ( ] a � ) + � � 1
2 � ( ] a � ) � ,

where h , j , V , � , and ] are arbitrary constants, � � ( F ) and � � ( F ) are the Bessel functions, and � � ( F )
and � � ( F ) are the modified Bessel functions.

5 W . Fundamental solutions (for a > 0):X
1( � , a , � 0, a 0) = m 1( � 2

1)− � � ( ~ , ~ , 2 ~ ; 1 − � ), ~ =
o

2( o + 2)
, � =

� 2
2� 2
1

,�
2( � , a , � 0, a 0) = m 2( � 2

1)− � (1 − � )1−2 � � (1 − ~ , 1 − ~ , 2 − 2 ~ ; 1 − � ).

Here, � ( � , � , � ; � ) is the hypergeometric function and� 2
1 = ( � − � 0)2 +

4
( o + 2)2   a c +2

2 + a c +2
2

0 ¡ , m 1 =
1

4 ¢   4o + 2 ¡ 2 � £ 2( ~ )£ (2 ~ )
,� 2

2 = ( � − � 0)2 +
4

( o + 2)2   ¤ ¥ +2
2 − ¤ ¥ +2

2
0 ¡ , m 2 =

1
4 ¢   4o + 2 ¡ 2 � £ 2(1 − ~ )£ (2 − 2 ~ )

,

where £ ( ~ ) is the gamma function; � 0 and ¤ 0 are arbitrary constants.
The fundamental solutions satisfy the conditions¦ § �

1 ¨¨ § =0 = 0, �
2 ¨¨ § =0 = 0 ( � and � 0 are any, ¤ 0 > 0).

The solutions of some boundary value problems can be found in the first book cited below.�y�
Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), A. D. Polyanin (2001a).
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528 ELLIPTIC EQUATIONS WITH TWO SPACE VARIABLES

3. q 2 uq © 2
+ ª © q uq © + q 2 uq « 2

= 0.

Elliptic analogue of the Euler–Poisson–Darboux equation.

1 ¬ . For  = 1, see Subsections 8.1.2 and 8.2.3 with � = � ( � , F ). For  ≠ 1, the transformation� = (1 −  ) F , ¤ = � 1− ® leads to an equation of the form 7.4.4.1:¤ 2 ®
1− ® ¦ 2 �¦ � 2 +

¦ 2 �¦ ¤ 2 = 0.

2 ¬ . Suppose � ® = � ® ( � , F ) is a solution of the equation in question for a fixed value of the
parameter  . Then the functions ¯� ® defined by the relations¯� ® =

¦ � ®¦ F ,¯� ® = � ¦ � ®¦ � + F ¦ � ®¦ F ,¯� ® = 2 � F ¦ � ®¦ � + ( F 2 − � 2)
¦ � ®¦ F +  F � ®

are also solutions of this equation.

3 ¬ . Suppose � ® = � ® ( � , F ) is a solution of the equation in question for a fixed value of the
parameter  . Using this � ® , one can construct solutions of the equation with other values of the
parameter by the formulas�

2− ® = � ® −1 � ® ,� ® −2 = � ¦ � ®¦ � + (  − 1) � ® ,� ® −2 = � F ¦ � ®¦ � − � 2
¦ � ®¦ F + (  − 1) F � ® ,� ® −2 = � ( � 2 − F 2)

¦ � ®¦ � + 2 � 2 F ¦ � ®¦ F + �°� 2 − (  − 1) F 2 � � ® ,� ® +2 =
1� ¦ � ®¦ � ,� ® +2 =
F� ¦ � ®¦ � −

¦ � ®¦ F ,� ® +2 =
� 2 − F 2� ¦ � ®¦ � + 2 F ¦ � ®¦ F +  � ® .�y�

Reference: A. V. Aksenov (2001).

4. q 2 uq r 2
+ t ( r ) q 2 uq w 2

= 0.

1 ¬ . Particular solutions:� = ± 1 � ¤ + ± 2 ¤ + ± 3 � + ± 4,� = ± 1 ¤ 2 + ± 2 � ¤ + ± 3 ¤ + ± 4 � − 2 ± 1 ² ³� ( ´ − µ ) ¶ ( µ ) · µ + ± 5,¸ = ± 1 ¤ 3 + ± 2 ´ ¤ + ± 3 ¤ + ± 4 ´ − 6 ± 1 ¤ ² ³� ( ´ − µ ) ¶ ( µ ) · µ + ± 5,¸ = ( ± 1 ´ + ± 2) ¤ 2 + ± 3 ´ ¤ + ± 4 ¤ + ± 5 ´ − 2 ² ³� ( ´ − µ )( ± 1 µ + ± 2) ¶ ( µ ) · µ + ± 6,

where ± 1, ± 2, ± 3, ± 4, ± 5, and ± 6 are arbitrary constants, � is any number.
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2 ¬ . Separable particular solution: ¸ = ( ± 1 ¹ º § + ± 2 ¹ − º § ) » ( ´ ),

where ± 1, ± 2, and ¼ are arbitrary constants, and the function » = » ( ´ ) is determined by the ordinary
differential equation » ½J½³ ³ + ¼ 2 ¶ ( ´ ) » = 0.

3 ¬ . Separable particular solution:¸ = [ ± 1 sin( ¼ ¤ ) + ± 2 cos( ¼ ¤ )] ¾ ( ´ ),

where ± 1, ± 2, and ¼ are arbitrary constants, and the function ¾ = ¾ ( ´ ) is determined by the ordinary
differential equation ¾ ½J½³ ³ − ¼ 2 ¶ ( ´ ) ¾ = 0.

4 ¬ . Particular solutions with even powers of ¤ :¸ = ¥¿fÀ
=0 Á À

( ´ ) Â 2

À
,

where the functions Á À
= Á À

( ´ ) are defined by the recurrence relations

Á Ã ( ´ ) = Ä Ã ´ + Å Ã , Á À
−1( ´ ) = Ä À ´ + Å À

− 2 Æ (2 Æ − 1) ² ³� ( ´ − µ ) ¶ ( µ ) Á À
( µ ) · µ ,

where Ä À
and Å À

are arbitrary constants ( Æ = Ç , p�p�p , 1), � is any number.

5 È . Particular solutions with odd powers of Â :¸ = Ã¿ À
=0 É À

( ´ ) Â 2

À
+1,

where the functions É À
= É À

( ´ ) are defined by the recurrence relations

É Ã ( ´ ) = Ä Ã ´ + Å Ã , É À
−1( ´ ) = Ä À ´ + Å À

− 2 Æ (2 Æ + 1) ² ³� ( ´ − µ ) ¶ ( µ ) É À
( µ ) · µ ,

where Ä À
and Å À

are arbitrary constants ( Æ = Ç , p�p�p , 1), and � is any number.

5. qq r ÊOË 1( r ) q Ìq r Í + qq Î ÊOË 2( Î ) q Ìq Î Í + Ï ÐÒÑ 1( r ) + Ñ 2( Î ) Ó Ì = 0.

This equation is encountered in the theory of vibration of inhomogeneous membranes. Its separable
solutions are sought in the form ¸ ( ´ , Â ) = Á ( ´ ) É ( Â ).

The article cited below presents an algorithm for accelerated convergence of solutions to eigen-
value boundary value problems for this equation.ÔyÕ

Reference: L. D. Akulenko and S. V. Nesterov (1999).

7.4.5. Equations of the FormÖ ( × ) Ø 2 ÙØ × 2 + Ø 2 ÙØ Ú 2 + Û ( × ) Ø ÙØ × + Ü ( × ) Ù = – Ý ( × , Ú )

7.4.5-1. Statements of boundary value problems. Relations for the Green’s function.

Consider two-dimensional boundary value problems for the equationÞ ( ´ ) ß 2 ¸ß ´ 2 + ß 2 ¸ß Â 2 + à ( ´ ) ß ¸ß ´ + á ( ´ ) ¸ = − â ( ´ , Â ) (1)
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530 ELLIPTIC EQUATIONS WITH TWO SPACE VARIABLES

with general boundary conditions in ´ ,ã
1 ß ³ ¸ − Æ 1

¸ = ¶ 1( Â ) at ´ = ´ 1,ã
2 ß ³ ¸ + Æ 2

¸ = ¶ 2( Â ) at ´ = ´ 2,
(2)

and different boundary conditions in Â . We assume that the coefficients of equation (1) and the
boundary conditions (2) meet the requirementÞ ( ´ ), à ( ´ ), á ( ´ ) are continuous functions ( ´ 1 ≤ ´ ≤ ´ 2); Þ > 0, | ã 1| + | Æ 1| > 0, | ã 2| + | Æ 2| > 0.

In the general case, the Green’s function can be represented asä
( ´ , Â , å , æ ) = ç ( å ) è¿ Ã =1 é Ã ( ´ ) é Ã ( å )ê é Ã ê 2 ë Ã ( Â , æ ; ¼ Ã ). (3)

Here, ç ( ´ ) =
1Þ ( ´ )

exp ÊOì à ( í )Þ ( í ) î í Í ,
ê é Ã ê 2 = ì ï 2

ï 1

ç ( í ) é 2Ã ( í ) î í , (4)

and the ð Ã and é Ã ( í ) are the eigenvalues and eigenfunctions of the homogeneous boundary value
problem for the ordinary differential equationÞ ( í ) é ½J½ï ï + à ( í ) é ½ï + [ ð + á ( í )] é = 0, (5)ã

1 é ½ï − Æ 1 é = 0 at í = í 1, (6)ã
2 é ½ï + Æ 2 é = 0 at í = í 2. (7)

The functions ë Ã for various boundary conditions in Â are specified in Table 25.
Equation (5) can be rewritten in self-adjoint form as

[ñ ( í ) é ½ï ] ½ï + [ ð ç ( í ) − ò ( í )] é = 0, (8)

where the functions ñ ( í ) and ò ( í ) are given byñ ( í ) = exp ÊOì à ( í )Þ ( í ) î í Í , ò ( í ) = −
á ( í )Þ ( í )

exp ÊOì à ( í )Þ ( í ) î í Í ,

and ç ( í ) is defined in (4).
The eigenvalue problem (8), (6), (7) possesses the following properties:

1 È . All eigenvalues ð 1, ð 2, p�p�p are real and ð Ã ó ô as Ç ó ô .

2 È . The system of eigenfunctions { é 1( í ), é 2( í ), p�p�p } is orthogonal on the interval í 1 ≤ í ≤ í 2 with
weight ç ( í ), that is, ì ï 2

ï 1

ç ( í ) é Ã ( í ) é õ ( í ) î í = 0 for Ç ≠ ö .

3 È . If the conditions ò ( í ) ≥ 0, ã
1 Æ 1 ≥ 0, ã

2 Æ 2 ≥ 0 (9)

are satisfied, there are no negative eigenvalues. If ò ≡ 0 and Æ 1 = Æ 2 = 0, then the least eigenvalue isð 0 = 0 and the corresponding eigenfunction is é 0 = const; in this case, the summation in (3) must
start with Ç = 0. In the other cases, if conditions (9) are satisfied, all eigenvalues are positive; for
example, the first inequality in (9) holds if á ( í ) ≤ 0.
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TABLE 25
The functions ë Ã in (3) for various boundary conditions.* Notation: ÷ Ã = ø ð Ã

Domain Boundary conditions Function ë Ã ( Â , æ ; ð Ã )

− ô < Â < ô | ù | < ô for Â ó ú ô 1
2 û ü ý − û ü | þ − ÿ |

0 ≤ � < ô ù = 0 for � = 0 1û ü � ý − û üGþ sinh( ÷ � æ ) for � > æ ,ý − û üGÿ sinh( ÷ � � ) for æ > �
0 ≤ � < ô ß þ ù = 0 for � = 0 1û ü � ý − û üGþ cosh( ÷ � æ ) for � > æ ,ý − û üGÿ cosh( ÷ � � ) for æ > �
0 ≤ � < ô ß þ ù − � 3 ù = 0 for � = 0 1û ü ( û ü + � 3)

� ý − û üGþ [ ÷ � cosh( ÷ � æ )+ � 3 sinh( ÷ � æ )] for � > æ ,ý − û üGÿ [ ÷ � cosh( ÷ � � )+ � 3 sinh( ÷ � � )] for æ > �
0 ≤ � ≤ � ù = 0 at � = 0,ù = 0 at � = � 1û ü sinh( û ü � )

�
sinh( ÷ � æ ) sinh[ ÷ � ( � − � )] for � > æ ,
sinh( ÷ � � ) sinh[ ÷ � ( � − æ )] for æ > �

0 ≤ � ≤ � ß þ ù = 0 at � = 0,ß þ ù = 0 at � = � 1û ü sinh( û ü�� )

�
cosh( ÷ � æ ) cosh[ ÷ � ( � − � )] for � > æ ,
cosh( ÷ � � ) cosh[ ÷ � ( � − æ )] for æ > �

0 ≤ � ≤ � ù = 0 at � = 0,ß þ ù = 0 at � = � 1û ü cosh( û ü � )

�
sinh( ÷ � æ ) cosh[ ÷ � ( � − � )] for � > æ ,
sinh( ÷ � � ) cosh[ ÷ � ( � − æ )] for æ > �

Subsection 1.8.9 presents some relations for estimating the eigenvalues ð � and eigenfunc-
tions é � ( í ).

The Green’s function of the two-dimensional third boundary value problem (1)–(2) augmented
by the boundary conditionsß ùß � − � 3 ù = 0 at � = 0, ß ùß � + � 4 ù = 0 at � = �
is given by relation (3) with

ë � ( � , æ ; ð � )= �			
 			�
� ÷ � cosh( ÷ �  )+ � 3 sinh( ÷ �  ) � � ÷ � cosh[ ÷ � ( � − � )]+ � 4 sinh[ ÷ � ( � − � )] �÷ � � ÷ � ( � 3+ � 4) cosh( ÷ � � )+( ÷ 2� + � 3 � 4) sinh( ÷ � � ) � for � >  ,� ÷ � cosh( ÷ � � )+ � 3 sinh( ÷ � � ) � � ÷ � cosh[ ÷ � ( � −  )]+ � 4 sinh[ ÷ � ( � −  )] �÷ � � ÷ � ( � 3+ � 4) cosh( ÷ � � )+( ÷ 2� + � 3 � 4) sinh( ÷ � � ) � for � <  .

7.4.5-2. Representation of solutions to boundary value problems using the Green’s function.

1 � . The solution of the first boundary value problem for equation (1) with the boundary conditionsù = � 1( � ) at í = í 1, ù = � 2( � ) at í = í 2,ù = � 3( í ) at � = 0, ù = � 4( í ) at � = �
* For unbounded domains, the condition of boundedness of the solution as � � � � is set; in Table 25, this condition is

omitted.
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532 ELLIPTIC EQUATIONS WITH TWO SPACE VARIABLES

is expressed in terms of the Green’s function asù ( í , � ) = � ( í 1) ì �
0

� 1(  ) � �� � � ( � , � , � ,  ) � �
= � 1   − � ( � 2) ! �

0
� 2(  ) � �� � � ( � , " , � ,  ) � �

= � 2  
+ ! � 2� 1

� 3( � ) � ��  � ( � , " , � ,  ) � #
=0  � − ! � 2� 1

� 4( � ) � ��  � ( � , " , � ,  ) � #
= �  �

+ ! � 2� 1

! �
0 $ ( � ,  ) � ( � , " , � ,  )    � .

2 � . The solution of the second boundary value problem for equation (1) with boundary conditions� � % = � 1( " ) at � = � 1, � � % = � 2( " ) at � = � 2,� & % = � 3( � ) at " = 0, � & % = � 4( � ) at " = �
is expressed in terms of the Green’s function as% ( � , " ) = − � ( � 1) ! �

0
� 1(  ) � ( � , " , � 1,  )   + � ( � 2) ! �

0
� 2(  ) � ( � , " , � 2,  )  

− ! � 2� 1

� 3( � ) � ( � , " , � , 0)  � + ! � 2� 1

� 4( � ) � ( � , " , � , � )  �
+ ! � 2� 1

! �
0 $ ( � ,  ) � ( � , " , � ,  )    � .

3 � . The solution of the third boundary value problem for equation (1) in terms of the Green’s
function is represented in the same way as the solution of the second boundary value problem (the
Green’s function is now different).
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Chapter 8

Elliptic Equations
with Three or More Space Variables

8.1. Laplace Equation ' 3 ( = 0
The three-dimensional Laplace equation is often encountered in heat and mass transfer theory, fluid
mechanics, elasticity, electrostatics, and other areas of mechanics and physics. For example, in heat
and mass transfer theory, this equation describes stationary temperature distribution in the absence
of heat sources and sinks in the domain under study.

A regular solution of the Laplace equation is called a harmonic function. The first boundary
value problem for the Laplace equation is often referred to as the Dirichlet problem, and the second
boundary value problem, as the Neumann problem.

Extremum principle: Given a domain ) , a harmonic function % in ) that is not identically
constant in ) cannot attain its maximum or minimum value at any interior point of ) .

8.1.1. Problems in Cartesian Coordinates
The three-dimensional Laplace equation in the rectangular Cartesian system of coordinates is writ-
ten as � 2 %� � 2 + � 2 %� " 2 + � 2 %� * 2 = 0.

8.1.1-1. Particular solutions and some relations.

1 � . Particular solutions:% ( � , " , * ) = + � + , " + - * + ) ,% ( � , " , * ) = + � 2 + , " 2 − ( + + , ) * 2 + - � " + ) � * + . " * ,% ( � , " , * ) = cos( / 1 � + / 2 " ) exp( 0 / * ),% ( � , " , * ) = sin( / 1 � + / 2 " ) exp( 0 / * ),% ( � , " , * ) = exp( / 1 � + / 2 " ) cos( / * + + ),% ( � , " , * ) = exp( 0 / � ) cos( / 1 " + + ) cos( / 2 * + , ),% ( � , " , * ) = cosh( / 1 � ) cosh( / 2 " ) cos( / * + , ),% ( � , " , * ) = cosh( / 1 � ) sinh( / 2 " ) cos( / * + , ),% ( � , " , * ) = cosh( / � ) cos( / 1 " + + ) cos( / 2 * + , ),% ( � , " , * ) = sinh( / 1 � ) sinh( / 2 " ) sin( / * + , ),% ( � , " , * ) = sinh( / � ) sin( / 1 " + + ) sin( / 2 * + , ),

where + , , , - , ) , . , / 1, and / 2 are arbitrary constants, and / = 1 / 2
1 + / 2

2.

2 2 . Fundamental solution: 3 3
( � , " , * ) =

1
4 4 1 � 2 + " 2 + * 2

.
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534 ELLIPTIC EQUATIONS WITH THREE OR MORE SPACE VARIABLES

3 2 . Suppose % = % ( � , " , * ) is a solution of the Laplace equation. Then the functions% 1 = + % ( 0 5 � + - 1, 0 5 " + - 2, 0 5 � + - 3),% 2 =
+ 6 % 7 �6

2 ,
"6
2 , *6 2 8 ,

6
= 1 � 2 + " 2 + * 2,% 3 =

+9 : % 7 � − ; 6 2: ,
" − < 6 2: , * − = 6 2: 8 ,

:
= 1 − 2( ; � + <>" + = * ) + ( ; 2 + < 2 + = 2)

6
2,

where + , - ? , ; , < , = , and 5 are arbitrary constants, are also solutions of this equation. The signs
at 5 in the expression of % 1 can be taken independently of one another.@BA

References: W. Miller, Jr. (1977), R. Courant and D. Hilbert (1989).

8.1.1-2. Domain: − C < D < C , − C < " < C , 0 ≤ * < C . First boundary value problem.

A half-space is considered. A boundary condition is prescribed:% = E ( D , " ) at * = 0.

Solution: % ( D , " , * ) =
1

2 4 ! F
− F ! F

− F * E ( G , H )  G  HI
( D − G )2 + ( " − H )2 + * 2 J 3 K 2 .@BA

Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964).

8.1.1-3. Domain: − C < D < C , − C < " < C , 0 ≤ * < C . Second boundary value problem.

A half-space is considered. A boundary condition is prescribed:L M % = E ( D , " ) at * = 0.

Solution: % ( D , " , * ) = −
1

2 4 ! F
− F ! F

− F E ( G , H ) N G N H1 ( D − G )2 + ( " − H )2 + * 2
+ - ,

where - is an arbitrary constant.@BA
Reference: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974).

8.1.1-4. Domain: 0 ≤ D ≤ ; , 0 ≤ " ≤ < , 0 ≤ * ≤ = . First boundary value problem.

A rectangular parallelepiped is considered. Boundary conditions are prescribed:% = E 1( " , * ) at D = 0, % = E 2( " , * ) at D = ; ,% = E 3( D , * ) at " = 0, % = E 4( D , * ) at " = < ,% = E 5( D , " ) at * = 0, % = E 6( D , " ) at * = = .
Solution:% ( D , " , * ) = FO ? =1

FOP =1

E 2? P sinh( 5 1? P D ) + E 1? P sinh[ 5 1? P ( ; − D )]
sinh( 5 1? P ; )

sin Q 4 R S< T sin Q 4 U *= T
+ FO ? =1

FOP =1

E 4? P sinh( 5 2? P S ) + E 3? P sinh[ 5 2? P ( < − S )]
sinh( 5 2? P < ) sin Q 4 R D; T sin Q 4 U *= T

+ FO ? =1

FOP =1

E 6? P sinh( 5 3? P * ) + E 5? P sinh[ 5 3? P ( = − * )]
sinh( 5 3? P = ) sin Q 4 R D; T sin Q 4 U S< T ,
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8.1. LAPLACE EQUATION V 3 W = 0 535

where the constant coefficients are given by5 1? P = 4 X R 2< 2 +
U 2= 2 , 5 2? P = 4 X R 2; 2 +

U 2= 2 , 5 3? P = 4 X R 2; 2 +
U 2< 2 ,

E Y? P =

Z[[[[[[[\ [[[[[[[]
4<^= _ `0 _ a0 b Y ( c , d ) sin e 4 f c< g sin e 4 h d= g N c N d for i = 1, 2;

4j = _ k0 _ a0 b Y ( l , d ) sin e 4 f lj g sin e 4 h d= g N l N d for i = 3, 4;

4j < _ k0 _ `0 b Y ( l , c ) sin e 4 f lj g sin e 4 h c< g N l N c for i = 5, 6.

Example. The planes m = 0 and m = n have constant temperatures W 1 and W 2, respectively. The other planes are
maintained at zero temperature ( o 3 = o 4 = o 5 = o 6 = 0).

Solution: W =
16p 2 qr s

=1
qrt =1

W 2 sinh( u s t m ) + W 1 sinh[ u s t ( n − m )]
(2 v + 1)(2 w + 1) sinh( u s t n )

sin(x s y ) sin( z t { ),x s =
p (2 v + 1)| , z t =

p (2 w + 1)} , u s t = ~ x 2

s
+ z 2t .�B�

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and
A. N. Tikhonov (1980), H. S. Carslaw and J. C. Jaeger (1984).� For the solution of other boundary value problems for the three-dimensional Laplace equation
in the Cartesian coordinate system, see Subsection 8.2.2 for � ≡ 0.

8.1.2. Problems in Cylindrical Coordinates
The three-dimensional Laplace equation in the cylindrical coordinate system is written as�

3 � ≡
1� LL � � � L �L � �

+
1�
2

L 2 �L � 2 +
L 2 �L d 2 = 0,

�
= � l 2 + c 2.

8.1.2-1. Particular solutions:� (
�
,
�

, d ) =
� � � �

+ �� � �
( � cos h �

+ � sin h �
)( � + � d ),� (

�
,
�

, d ) = � � ( � �
)(
�

cos h �
+ � sin h �

)( � cosh � d + � sinh � d ),� (
�
,
�

, d ) = � �
( � �

)(
�

cos h �
+ � sin h �

)( � cosh � d + � sinh � d ),� (
�
,
�

, d ) = � � ( � �
)(
�

cos h �
+ � sin h �

)( � cos � d + � sin � d ),� (
�
,
�

, d ) = � �
( � �

)(
�

cos h �
+ � sin h �

)( � cos � d + � sin � d ),

where h = 0, 1, 2, ����� ; �
, � , � , � , � , � , and � are arbitrary constants; the � � ( � ) and � �

( � ) are
the Bessel functions; and the � � ( � ) and � �

( � ) are the modified Bessel functions.

8.1.2-2. Domain: 0 ≤
�

≤ j , 0 ≤
�

≤ 2 4 , − � < d < � . First boundary value problem.

An infinite circular cylinder is considered. A boundary condition is prescribed:� = b (
�

, d ) at
�

= j .

Solution:� (
�
,
�

, d ) = −
1j �� ? =0

���
=1

� ? ( � ? � �
)� �? ( � ? � j ) � �− �

�B  ? ( ¡ ) cos ¢ £ + � ? ( ¡ ) sin ¢ £ ¤ exp ¥ − ¦ ? § | ¡ − ¨ | © ª ¡ ,
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where the « ? ( ¬ ) are the Bessel functions and ¦ § ? are positive roots of the transcendental equation« ? (  ¦ ) = 0. The functions
  ? ( ¨ ) and � ? ( ¨ ) are the coefficients of the Fourier series expansion

of ® ( £ , ¨ ),   ? ( ¨ ) = ¯ ?4 � 2 °
0

® ( £ , ¨ ) cos( ¢ £ ) ª £ , � ? ( ¨ ) =
14 � 2 °

0
® ( £ , ¨ ) sin( ¢ £ ) ª £ ,

where ¯ 0 = 1 ± 2 and ¯ ? = 1 for ¢ = 1, 2, ²�²�²
If the surface temperature is independent of £ , i.e., ® ( ¨ , £ ) = ® ( ¨ ), then the solution takes the

form ³
( ¬ , £ , ¨ ) =

1 �´§ =1

« 0( ¦ § ¬ )« 1( ¦ §  ) � �0

� ® ( ¨ + µ ) + ® ( ¨ − µ ) ¤ exp ¥ − ¦ § µ © ª µ ,

where the ¦ § are positive roots of the transcendental equation « 0(  ¦ ) = 0.¶B·
Reference: H. S. Carslaw and J. C. Jaeger (1984).

8.1.2-3. Domain: 0 ≤ ¬ ≤  , 0 ≤ £ ≤ 2 4 , 0 ≤ ¨ ≤ ¸ . First boundary value problem.

A circular cylinder of finite length is considered. Boundary conditions are prescribed:³
= ® ( £ , ¨ ) at ¬ =  ,

³
= ¹ 1( ¬ , £ ) at ¨ = 0,

³
= ¹ 2( ¬ , £ ) at ¨ = ¸ .

Solution:³
( ¬ , £ , ¨ ) = �´ ? =0

�´§ =1 º ? » ¼ ½ ¬¸ ¾
º ? » ¼ ½ ¸ ¾ ¥   ? § cos ¢ £ + � ? § sin ¢ £ © sin » ¼ ½ ¨¸ ¾

+ �´ ? =0
�´§ =1

« ? » ¿ § ? ¬ ¾ ¥ÁÀ (1)? § cos ¢ £ + Â (1)? § sin ¢ £ © sinh » ¿ § ? ( ¸ − ¨ ) ¾
sinh » ¿ § ? ¸ ¾

+ �´ ? =0
�´§ =1

« ? » ¿ § ? ¬ ¾ ¥ÁÀ (2)? § cos ¢ £ + Â (2)? § sin ¢ £ © sinh » ¿ § ? ¨ ¾
sinh » ¿ § ? ¸ ¾ ,

where the « ? ( ¬ ) are the Bessel functions, the º ? ( ¬ ) are the modified Bessel functions, and ¿ § ? is
the ½ th root of the equation « ? ( ¿ ) = 0. The coefficients

  ? § , � ? § , À ( Ã )? § , and Â ( Ã )? § are defined by  ? § = ¯ ?¼ ¸ � 2 °
0 � Ä0

® ( £ , ¨ ) cos( ¢ £ ) sin » ¼ ½ ¨¸ ¾ ª £ ª ¨ ,

� ? § =
2¼ ¸ � 2 °

0 � Ä0
® ( £ , ¨ ) sin( ¢ £ ) sin » ¼ ½ ¨¸ ¾ ª £ ª ¨ ,À ( Ã )? § = ¯ ?¼  2[ « Å? ( ¿ § ? )]2 � 2 °

0 � Æ0
¹ Ã ( ¬ , £ ) cos( ¢ £ ) « ? » ¿ § ? ¬ ¾ ¬ ª ¬ ª £ ,Â ( Ã )? § =

2¼  2[ « Å? ( ¿ § ? )]2 � 2 °
0 � Æ0

¹ Ã ( ¬ , £ ) sin( ¢ £ ) « ? » ¿ § ? ¬ ¾ ¬ ª ¬ ª £ ,

¯ ? = Ç 1 for ¢ = 0,
2 for ¢ ≠ 0, È = 1, 2.¶B·

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and
A. N. Tikhonov (1980).É For the solution of other boundary value problems for the three-dimensional Laplace equation
in the cylindrical coordinate system, see Subsection 8.2.3 for Ê ≡ 0.
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8.1.3. Problems in Spherical Coordinates
The three-dimensional Laplace equation in the spherical coordinate system is written as

1¬ 2 ÌÌ ¬ Í ¬ 2 Ì ³
Ì ¬ Î +

1¬ 2 sin Ï ÌÌ Ï Í sin Ï Ì ³
Ì Ï Î +

1¬ 2 sin2 Ï Ì 2

³
Ì £ 2 = 0, ¬ = Ð Ñ 2 + Ò 2 + ¨ 2.

8.1.3-1. Particular solutions:³
( ¬ ) =

 
+ Ó ¬ ,³

( ¬ , Ï ) = Í   ¬ Ô + Ó¬ Ô +1 Î Õ Ô (cos Ï ),³
( ¬ , Ï , £ ) = Í   ¬ Ô + Ó¬ Ô +1 Î Õ §Ô (cos Ï )( À cos ½ £ + Â sin ½ £ ),

where ¢ = 0, 1, 2, ²�²�² ; ½ = 0, 1, 2, ²�²�² , ¢ ;
 

, Ó , À , Â are arbitrary constants; the Õ Ô ( ¡ ) are the
Legendre polynomials; and the Õ §Ô ( ¡ ) are the associated Legendre functions that are expressed as

Õ Ô ( Ñ ) =
1¢ ! 2 Ô ª Ôª Ñ Ô ( Ñ 2 − 1) Ô , Õ §Ô ( Ñ ) = (1 − Ñ 2) § Ö 2 ª §ª Ñ § Õ Ô ( Ñ ).

8.1.3-2. Domain: 0 ≤ ¬ ≤ × or × ≤ ¬ < Ø . First boundary value problem.

A boundary condition at the sphere surface is prescribed:³
= ® ( Ï , £ ) at ¬ = × .

1 Ù . Solution of the inner problem (for ¬ ≤ × ):³
( ¬ , Ï , £ ) =

×
4 ¼ � 2 °

0 � °
0

® ( Ï 0, £ 0)
× 2 − ¬ 2

( ¬ 2 − 2 × ¬ cos Ú + × 2)3 Ö 2 sin Ï 0 ª Ï 0 ª £ 0,

cos Ú = cos Ï cos Ï 0 + sin Ï sin Ï 0 cos( £ − £ 0).

This formula is conventionally called the Poisson integral for a sphere.
Series solution:³
( ¬ , Ï , £ ) = �´ Ô =0

Í ¬× Î Ô Û Ô ( Ï , £ ),
Û Ô ( Ï , £ ) =

Ô´§ =0

(
  Ô § cos ½ £ + Ó Ô § sin ½ £ ) Õ §Ô (cos Ï ),

where  
00 =

1
4 ¼ � 2 °

0 � °
0

® ( Ï , £ ) sin Ï ª Ï ª £ ,  Ô § =
(2 ¢ + 1)( ¢ − ½ )!

2 ¼ ( ¢ + ½ )! � 2 °
0 � °

0
® ( Ï , £ ) Õ §Ô (cos Ï ) cos ½ £ sin Ï ª Ï ª £ ,

Ó Ô § =
(2 ¢ + 1)( ¢ − ½ )!

2 ¼ ( ¢ + ½ )! � 2 °
0 � °

0
® ( Ï , £ ) Õ §Ô (cos Ï ) sin ½ £ sin Ï ª Ï ª £ .

2 Ù . Solution of the outer problem (for ¬ ≥ × ):³
( ¬ , Ï , £ ) =

×
4 ¼ � 2 °

0 � °
0

® ( Ï 0, £ 0)
¬ 2 − × 2

( ¬ 2 − 2 × ¬ cos Ú + × 2)3 Ö 2 sin Ï 0 ª Ï 0 ª £ 0,

where cos Ú is expressed in the same way as in the inner problem.
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Series solution: ³
( ¬ , Ï , £ ) = �´ Ô =0

Í × ¬ Î Ô +1 Û Ô ( Ï , £ ),Û Ô ( Ï , £ ) =
Ô´§ =0

(
  Ô § cos ½ £ + Ó Ô § sin ½ £ ) Õ §Ô (cos Ï ),

where the coefficients
  Ô § and Ó Ô § are defined by the same relations as in the inner problem.¶B·

References: G. N. Polozhii (1964), V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak,
A. A. Samarskii, and A. N. Tikhonov (1980), A. N. Tikhonov and A. A. Samarskii (1990).

8.1.3-3. Domain: 0 ≤ ¬ ≤ × or × ≤ ¬ < Ø . Second boundary value problem.

A boundary condition at the sphere surface is prescribed:

Ì ³
Ì ¬ = ® ( Ï , £ ) at ¬ = × .

The function ® ( Ï , £ ) must satisfy the solvability condition

� 2 °
0 � °

0
® ( Ï , £ ) sin Ï ª Ï ª £ = 0.

1 Ù . Solution of the inner problem (for ¬ ≤ × ):³
( ¬ , Ï , £ ) =

×
4 ¼ � 2 °

0 � °
0

® ( Ï 0, £ 0) Ü 1× ln( × + ¬ 1 − ¬ cos Ú ) −
2¬ 1 Ý sin Ï 0 ª Ï 0 ª £ 0,¬ 1 = Ð ¬ 2 − 2 × ¬ cos Ú + × 2, cos Ú = cos Ï cos Ï 0 + sin Ï sin Ï 0 cos( £ − £ 0).

Series solution:³
( ¬ , Ï , £ ) = �´ Ô =1

Ô´§ =0

× ¢ Í ¬× Î Ô
(
  Ô § cos ½ £ + Ó Ô § sin ½ £ ) Õ §Ô (cos Ï ) + À ,

where the coefficients
  Ô § and Ó Ô § are expressed in the same way as in the inner first boundary

value problem (see Paragraph 8.1.3-2), and À is an arbitrary constant.

2 Ù . Solution of the outer problem (for ¬ ≥ × ):³
( ¬ , Ï , £ ) = −

×
4 ¼ � 2 °

0 � °
0

® ( Ï 0, £ 0) Ü 1× ln
× + ¬ 1 − ¬ cos Ú¬ (1 − cos Ú )

−
2¬ 1 Ý sin Ï 0 ª Ï 0 ª £ 0,¬ 1 = Ð ¬ 2 − 2 × ¬ cos Ú + × 2, cos Ú = cos Ï cos Ï 0 + sin Ï sin Ï 0 cos( £ − £ 0).

Series solution:³
( ¬ , Ï , £ ) = − �´ Ô =0

Ô´§ =0

×¢ + 1 Í × ¬ Î Ô +1

(
  Ô § cos ½ £ + Ó Ô § sin ½ £ ) Õ §Ô (cos Ï ) + À ,

where the coefficients
  Ô § and Ó Ô § are expressed in the same way as in the inner first boundary

value problem, and À is an arbitrary constant.
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3 Ù . Outer boundary value problems where unbounded solutions as ¬ ß Ø are sought are also
encountered in applications.

Example. A potential translational flow of an ideal incompressible fluid about a sphere of radius à is governed by the
Laplace equation with the boundary conditions:á�â W = 0 at ã = à , | W − ä ã cos å | æ 0 as ã æ ç ,

where è is the potential, ä the unperturbed flow velocity at infinity; the fluid velocity is expressed in terms of the potential
as v = ∇ é .

Solution: è = ä ã ê 1 +
à 3

2 ã 3 ë cos å .

This solution is a special case of the second formula from Paragraph for 8.1.3-1 for ì = 1.¶B·
References: G. N. Polozhii (1964), V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak,

A. A. Samarskii, and A. N. Tikhonov (1980), L. G. Loitsyanskii (1996).É For the solution of other boundary value problems for the three-dimensional Laplace equation in
the spherical coordinate system, see Subsection 8.2.4 for Ê ≡ 0.

8.1.4. Other Orthogonal Curvilinear Systems of Coordinates

The three-dimensional Laplace equation admits separation of variables in the eleven orthogonal
coordinate systems that are listed in Table 26.

For the general ellipsoidal and conical coordinate systems, the functions ® , ¹ , and í are deter-
mined by Lamé equations that involve the Jacobian elliptic function sn ¨ = sn( ¨ , î ). The solutions
of these equations under some conditions can be represented in the form of finite series called Lamé
polynomials. For details about the Lamé equation and its solutions, see Whittaker and Watson
(1963), Bateman and Erdélyi (1955), Arscott (1964), and Miller, Jr. (1977).

There are also coordinate systems that allow the so-called ï -separation of variables of the
three-dimensional Laplace equation. Such solutions in the new coordinate system, ¿ , ð , ñ , can be
represented in the form ò = ó ï ( ô , ð , ñ ) õ ( ô ) ö ( ð ) í ( ñ ). Coordinates that allow the ï -separation of
variables are listed in Table 27.

Only the bicylindrical and toroidal coordinate systems are fairly widely used in applications.
In three subsequent coordinate systems, the functions õ = õ ( ô ) and ö = ö ( ñ ) are determined by
identical equations. With the change of variables ô = sn2( ÷ , î ), ñ = sn2( ø , î ), where î = ù −1 Ö 2, these
equations are reduced to Lamé equations ( ÷ and ø are the new independent variables).úBû

References for Subsection 8.1.4: M. Bôcher (1894), F. M. Morse and H. Feshbach (1953, Vols. 1–2), N. N. Lebedev,
I. P. Skal’skaya, and Ya. S. Uflyand (1955), P. Moon and D. Spencer (1961), A. Makarov, J. Smorodinsky, K. Valiev, and
P. Winternitz (1967), W. Miller, Jr. (1977).

8.2. Poisson Equation ü 3 ý + þ (x) = 0

8.2.1. Preliminary Remarks. Solution Structure

Like the three-dimensional Laplace equation, the three-dimensional Poisson equation is often en-
countered in heat and mass transfer theory, fluid mechanics, elasticity, electrostatics, and other areas
of mechanics and physics. In particular, the Poisson equation describes stationary temperature
distribution in the presence of thermal sources or sinks in the domain under consideration.

The Laplace equation is a special case of the Poisson equation with ÿ ≡ 0.
Throughout this section, we consider a three-dimensional bounded domain � with a sufficiently

smooth boundary � . We assume that r � � and � � � , where r = { � , � , � } and � = { � , � , 	 }.
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TABLE 26
Orthogonal coordinates ¯� , ¯� , ¯� that allow separable solutions of the formò = õ ( ¯� ) ö ( ¯� ) 
 ( ¯� ) for the three-dimensional Laplace equation � 3 � = 0

Coordinates Transformations Particular solutions (or equations for õ , ö , 
 )

Cartesian� , � , � � = � ,� = � ,� = �
� = cos(  1 � + � 1) cos(  2 � + � 2) cosh(  3 � + � 3),

where  2
1 +  2

2 =  2
3 ;

see also Paragraph 8.1.1-1

Cylindrical�
, � , � � =

�
cos � ,� =

�
sin � ,� = �

� = [ � � Ô (  � ) + � � Ô (  � )] cos( � � + � ) exp( �  � ),� Ô ( � ) and � Ô ( � ) are the Bessel functions;
see also Paragraph 8.1.2-1

Parabolic
cylindrical� , � , �

� = 1
2 ( � 2 − � 2),� = � � ,� = �

� = � � −1 � 2( � � � ) � − � −1 � 2( � � � ) cos(  � + � ),
where � = ó 2  , � � ( � ) is the parabolic

cylinder function

Elliptic
cylindrical�

, � , �
� = ù cosh

�
cos � ,� = ù sinh

�
sin � ,� = �

� =
�

Ce Ô (
�

, − � ) ce Ô ( � , − � ) cos(  � + � ),
Se Ô (

�
, − � ) se Ô ( � , − � ) cos(  � + � ),

Ce Ô and Se Ô are the modified Mathieu functions,
ce Ô and se Ô are the Mathieu functions, � = 1

4 ù 2  2

Spherical�
,  , � � =

�
sin  cos � ,� =

�
sin  sin � ,� =
�

cos  
� = ( � � Ô + � �

− Ô −1) ! "Ô (cos  ) cos(  � + � ),! "Ô ( � ) are the associated Legendre functions,
see also Paragraph 8.1.3-1

Prolate
spheroidal�

, � , �
� = ù sinh

�
sin � cos � ,� = ù sinh

�
sin � sin � ,� = ù cosh
�

cos � � = ! "Ô (cosh
�

) ! "Ô (cos � ) cos(  � + � ),! "Ô ( � ) are the associated Legendre functions

Oblate
spheroidal�

, � , �
� = ù cosh

�
sin � cos � ,� = ù cosh

�
sin � sin � ,� = ù sinh
�

cos � � = ! "Ô (− # sinh
�

) ! "Ô (cos � ) cos(  � + � ),! "Ô ( � ) are the associated Legendre functions

Parabolic� , � , � � = ù � � cos � ,� = ù � � sin � ,� = 1
2 ù ( � 2 − � 2)

� = $&% " ( ' � ) � % " ( ' � ) cos(  � + � ),� " ( � ) are the Bessel functions,$ " ( � ) are the modified Bessel functions

Paraboloidal�
, � , �

� = 2 ( cosh
�

cos � sinh � ,� = 2 ( sinh
�

sin � cosh � ,� = 1
2 ( (cosh 2

�
+ cos 2 � − cosh 2 � )

� =
�

Ce Ô (
�

, − ) ) ce Ô ( � , − ) ) Ce Ô ( � + #+* , 2, − ) ),
Se Ô (

�
, − ) ) se Ô ( � , − ) ) Se Ô ( � + #+* , 2, − ) ),) = 1

2 ( ' ; ce Ô and se Ô are the Mathieu functions,
Ce Ô and Se Ô are the modified Mathieu functions

General
ellipsoidal-

, . , /
� = 0 ( � − 1 )( 2 − 1 )( 3 − 1 )1 ( 1 −1) ,

� = 0 ( � −1)( 2 −1)( 3 −1)
1− 1 ,� = 4 � 2531

6 7879:9 + ( ' 2 + ' 1 sn2 � )
6

= 0 (Lamé equation),; 787<5< + ( ' 2 + ' 1 sn2 � ) ; = 0 (Lamé equation),
 787=&= + ( ' 2 + ' 1 sn2 	 ) ; = 0 (Lamé equation),-
=sn2( � ,  ), . =sn2( � ,  ), / =sn2( 	 ,  ),  = ( −1 � 2

Conical/ ,
-

, .
� = / 0 ( 1 � −1)( 152 −1)

1− 1 ,

� = / 0 1 ( � −1)( 2 −1)1 −1 ,� = / > ( - .

6
( / ) = � / Ô + � / − Ô −1, � = 0, 1, ?@?@? ,; 7879:9 + [ ' − � ( � +1)  2 sn2 � ] ; = 0 (Lamé equation),
 787<5< + [ ' − � ( � +1)  2 sn2 � ] 
 = 0 (Lamé equation),

where
-

= sn2( � ,  ), . = sn2( � ,  ),  = ( 1 � 2,; and 
 are expressed in terms of the Lamé polynomials
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TABLE 27
Coordinates ¯� , ¯� , ¯� that allow � -separated solutions of the form� = � � ( ¯� , ¯� , ¯� ) 	 ( ¯� ) 
 ( ¯� ) � ( ¯� ) for the three-dimensional Laplace equation � 3

� = 0

New coordinates,
function � Transformations

of coordinates
Functions 	 , 
 , �

(equations for 	 , 
 , � )

Bicylindrical
coordinates  , � , � ,� = cosh � −cos 

� = ��� −1 sin  cos � ,� = ��� −1 sin  sin � ,� = ��� −1 sinh � ;
0 ≤  ≤ � , � is any,

0 ≤ � < 2 �
	 (  ) = � 1 � �� (cos  )+ � 2 � �� (cos  ),
 ( � ) = � 1 cosh � ( � + 1

2 ) � � + � 2 sinh � ( � + 1
2 ) � � ,� ( � ) = � 1 cos( � � )+ � 2 sin( � � ),� = 0, 1, 2, ����� ; � = 0, 1, 2, �����

Toroidal
coordinates  , � , � ,� = cosh  −cos � � = ��� −1 sinh  cos � ,� = ��� −1 sinh  sin � ,� = ��� −1 sin � ; ≥ 0, − � ≤ � ≤ � , 0≤ � < 2 �

	 (  ) = � 1 � �� −1  2(cosh  )+ � 2 � �� −1  2(cosh  ),
 ( � ) = � 1 cos( � � )+ � 2 sin( � � ),� ( � ) = � 1 cos( � � )+ � 2 sin( � � ),� = 0, 1, 2, ����� ; � = 0, 1, 2, �����
Coordinates ! , " , � ,� = # ( $ − % )( % − & )% ( % −1)

− # ( $ −1)(1− & )% −1

� = � −1 cos � ,� = � −1 sin � ,� = � −1 ' − ! " ( ) ;! > ) >1, " < 0, 0≤ � < 2 �
� * ( ! ) [ � * ( ! ) 	 + ] + + � ( 1

4 − � 2) ! − , ��	 = 0,� * ( " ) [ � * ( " ) 
 + ] + + � ( 1
4 − � 2) " − , ��
 = 0,� ( � ) = � 1 cos( � � )+ � 2 sin( � � ),* ( - ) = 4 - ( - −1)( - − ) )

Coordinates ! , " , � ,� = ' $ &%
+ # ( $ −1)( & −1)% −1

� = � −1 cos � ,� = � −1 sin � ,� = � −1 # ( $ − % )( % − & )% ( % −1) ;
1 < " < ) < ! , 0 ≤ � < 2 �

� * ( ! ) [ � * ( ! ) 	 + ] + + � ( 1
4 − � 2) ! − , ��	 = 0,� * ( " ) [ � * ( " ) 
 + ] + + � ( 1
4 − � 2) " − , ��
 = 0,� ( � ) = � 1 cos( � � )+ � 2 sin( � � ),* ( - ) = 4 - ( - −1)( - − ) )

Coordinates ! , " , � ,� = 2 Re # . ( $ − % )( & − % )% ( % − / ) ,) = 0̄ =  + 12� , , � are real numbers

� = � −1 cos � ,� = � −1 sin � ,� = � −1 ' − ! " ( ( ) 0 );! > 0, " < 0, 0 ≤ � < 2 �
� * ( ! ) [ � * ( ! ) 	 + ] + + � ( 1

4 − � 2) ! − , ��	 = 0,� * ( " ) [ � * ( " ) 
 + ] + + � ( 1
4 − � 2) " − , ��
 = 0,� ( � ) = � 1 cos( � � )+ � 2 sin( � � ),* ( - ) = 4 - ( - − ) )( - − 0 )

Coordinates ! , 3 , " ,� = 1+ ' $ 45&%5/
� = � −1 # ( $ − % )( 4 − % )( & − % )

( / − % )( % −1) % ,� = � −1 # ( $ − / )( 4 − / )( & − / )
( % − / )( / −1) / ,� = � −1 # ( $ −1)( 4 −1)( & −1)
( % −1)( / −1) ;

0 < " < 1 < 3 < 0 < ! < )
� * ( ! ) [ � * ( ! ) 	 + ] + −(3 ! 2+ , 1 ! + , 2) 	 = 0,� * ( 3 ) [ � * ( 3 ) 
 + ] + −(3 3 2+ , 1 3 + , 2) 
 = 0,� * ( " ) [ � * ( " ) � + ] + −(3 " 2+ , 1 " + , 2) � = 0,* ( - ) = 16 - ( - −1)( - − ) )( - − 0 )

Coordinates ! , 3 , " ,� = 2 Re # ( $ − % )( 4 − % )( & − % ). % ( % −1)( % − / ) ,) = 0̄ =  + 12� , , � are real numbers

� = � −1 # ( $ −1)( 4 −1)( & −1)
( % −1)( / −1) ,� = � −1 ' − $ 45&%5/ ,� = � −1;" < 0 < ! < 1 < 3

� * ( ! ) [ � * ( ! ) 	 + ] + −(3 ! 2+ , 1 ! + , 2) 	 = 0,� * ( 3 ) [ � * ( 3 ) 
 + ] + −(3 3 2+ , 1 3 + , 2) 
 = 0,� * ( " ) [ � * ( " ) � + ] + −(3 " 2+ , 1 " + , 2) � = 0,* ( - ) = 16 - ( - −1)( - − ) )( - − 0 )
8.2.1-1. First boundary value problem.

The solution of the first boundary value problem for the Poisson equation� 3
� + 6 (r) = 0 (1)

in a domain 7 with the nonhomogeneous boundary condition� = 	 (r) for r 8 9
Page 541



542 ELLIPTIC EQUATIONS WITH THREE OR MORE SPACE VARIABLES

TABLE 28
The volume elements and distances occurring in relations (2)

and (5) in some coordinate systems. In all cases, : = { ; , < , = }

Coordinate
system

Volume
element, > 7 & Gradient, ∇&�?

(|i @ | = |i A | = |i B | = 1)
Distance,> = |r − : |

Cartesian
r={ � , � , � } > ; > < > = i @ C DC @ + i A C DC A + i B C DC B > = ' ( � − ; )2 + ( � − < )2 + ( � − = )2

Cylindrical
r={ E , � , � } ; > ; > < > = i @ C DC @ + i A 1@ C DC A + i B C DC B > = ' E 2 + ; 2 −2 E ; cos( � − < )+ ( � − = )2

Spherical
r={ E , F , � } ; 2 sin < > ; > < > = i @ C DC @ + i A 1@ C DC A + i B 1@ sin A C DC B > = ' E 2 + ; 2 − 2 E ; cos G , where

cos G =cos F cos < +sin F sin < cos( � − = )

can be represented in the form� (r) = H I 6 ( : ) J (r, : ) > 7 & − H K 	 ( : ) L JL M & > 9 & . (2)

Here, J (r, : ) is the Green’s function of the first boundary value problem, C NC O P is the derivative
of the Green’s function with respect to ; , < , = along the outward normal N the boundary 9 of the
domain 7 . Integration is everywhere with respect to ; , < , = .

The volume elements in solution (2) for basic coordinate systems are presented in Table 28. In
addition, the expressions of the gradients are given, which enable one to find the derivative along
the normal in accordance with the formula C NC O P = (N ⋅ ∇& J ).

The Green’s function J = J (r, : ) of the first boundary value problem is determined by the
following conditions:

1 Q . The function J satisfies the Laplace equation with respect to � , � , � in the domain 7 everywhere
except for the point ( ; , < , = ), at which it can have a singularity of the form 1

4 R 1
|r− S | .

2 Q . The function J , with respect to � , � , � , satisfies the homogeneous boundary condition of the
first kind at the boundary, i.e., the condition J T K = 0.

The Green’s function can be represented asJ (r, : ) =
1

4 � 1
|r − : |

+ ? , (3)

where the auxiliary function ? = ? (r, : ) is determined by solving the first boundary value problem
for the Laplace equation � 3 ? = 0 with the boundary condition ? T K = − 1

4 R 1
|r− S | ; the vector quantity :

in this problem is treated as a three-dimensional free parameter.
The Green’s function possesses the symmetry property with respect to their arguments: J (r, : ) =J ( : , r).
The construction of Green’s functions is discussed in Paragraphs 8.3.1-4 and 8.3.1-6 through

8.3.1-8 for , = 0.U V�W X Y[Z \ ]
For outer first boundary value problems for the Laplace equation, the following

condition is usually set at infinity: | ^ | < � ( |r| (|r| _ ` , a = const).

8.2.1-2. Second boundary value problem.

The second boundary value problem for the Poisson equation (1) is characterized by the boundary
condition L ^L M = b (r) for r 8 9 .

Page 542



8.2. POISSON EQUATION c 3 d + e (x) = 0 543

Necessary condition solvability of the inner problem:H I 6 (r) > r + H K b (r) > 9 = 0. (4)

The solution of the second boundary value problem can be written as^ (r) = H I 6 ( : ) J (r, : ) > 7 & + H K b ( : ) J (r, : ) > 9 & + f , (5)

where f is an arbitrary constant, provided that the solvability condition is met.
The Green’s function J = J (r, : ) of the second boundary value problem is determined by the

following conditions:

1 Q . The function J satisfies the Laplace equation with respect to g , h , i in the domain 7 everywhere
except for the point ( ; , < , = ) at which it has a singularity of the form 1

4 R 1
|r− S | .

2 Q . The function J , with respect to g , h , i , satisfies the homogeneous condition of the second kind
at the boundary, i.e., the condition L JL M jjjj K =

19 0
,

where 9 0 is the area of the surface 9 .

The Green’s function is unique up to an additive constant.U V�W X Y[Z k ]
The Green’s function cannot be identified with condition 1 Q and the homogeneous

boundary condition C NC O jj K = 0; this problem for J has no solution, because, on representing J in
the form (3), for ? we obtain a problem with a nonhomogeneous boundary condition of the second
kind, for which the solvability condition (2) is not met.U V�W X Y[Z l ]

Condition (4) is not extended to the outer second boundary value problem (for
infinite domain).

8.2.1-3. Third boundary value problem.

The solution of the third boundary value problem for the Poisson equation (1) in a bounded domain 7
with the nonhomogeneous boundary conditionL ^L M + m ^ = b (r) for r 8 9
is given by relation (5) with f = 0, where J = J (r, : ) is the Green’s function of the third boundary
value problem; the Green’s function is determined by the following conditions:

1 Q . The function J satisfies the Laplace equation with respect to g , h , i in 7 everywhere except for
the point ( ; , < , = ) at which it has a singularity of the form 1

4 R 1
|r− S | .

2 Q . The function J , with respect to g , h , i , satisfies the homogeneous boundary condition of the
third kind at the boundary, i.e., the condition n C NC O + m J o K = 0.

The Green’s function can be represented in the form (3), where the auxiliary function ? is
determined by solving the corresponding third boundary value problem for the Laplace equationp

3 q = 0.
The construction of Green’s functions is discussed in Paragraphs 8.3.1-4 and 8.3.1-6 through

8.3.1-8 for r = 0.sut
References for Subsection 8.2.1: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), N. S. Koshlyakov,

E. B. Gliner, and M. M. Smirnov (1970).
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8.2.2. Problems in Cartesian Coordinates
The three-dimensional Poisson equation in the rectangular Cartesian system of coordinates has the
form L 2 ^L g 2 + L 2 ^L h 2 + L 2 ^L i 2 + v ( g , h , i ) = 0.

8.2.2-1. Domain: − ` < g < ` , − ` < h < ` , − ` < i < ` .

Solution: ^ ( g , h , i ) =
1

4 w x y− y x y− y x y− y v ( z , { , | ) } z } { } |~
( g − z )2 + ( h − { )2 + ( i − | )2

.sut
Reference: R. Courant and D. Hilbert (1989).

8.2.2-2. Domain: − ` < g < ` , − ` < h < ` , 0 ≤ i < ` . First boundary value problem.

A half-space is considered. A boundary condition is prescribed:� = b ( g , h ) at i = 0.

Solution: � ( g , h , i ) =
1

2 w x y− y x y− y i b ( z , { ) } z } {n ( g − z )2 + ( h − { )2 + i 2 o 3 � 2

+
1

4 w x y0 x y− y x y− y
�

1�
−

−
1�

+ � v ( z , { , | ) } z } { } | ,

where �
− =

~
( � − z )2 + ( � − { )2 + ( � − | )2,

�
+ =

~
( � − z )2 + ( � − { )2 + ( � + | )2.sut

References: A. G. Butkovskiy (1979), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

8.2.2-3. Domain: − � < � < � , − � < � < � , 0 ≤ � < � . Third boundary value problem.

A half-space is considered. A boundary condition is prescribed:� � � − � � = � ( � , � ) at � = 0.

Solution: � ( � , � , � ) = − x y− y x y− y � ( z , { ) � ( � , � , � , z , { , 0) } z } {
+ x y0 x y− y x y− y v ( z , { , | ) � ( � , � , � , z , { , | ) } z } { } | ,

where� ( � , � , � , z , { , | ) =
1

4 w � 1~
( � − z )2 + ( � − { )2 + ( � − | )2

+
1~

( � − z )2 + ( � − { )2 + ( � + | )2

− 2 � x y0

exp(− � � ) } �~
( � − z )2 + ( � − { )2 + ( � + | + � )2 � .
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8.2.2-4. Domain: − � < � < � , 0 ≤ � < � , 0 ≤ � < � . First boundary value problem.

A dihedral angle is considered. Boundary conditions are prescribed:� = � 1( � , � ) at � = 0, � = � 2( � , � ) at � = 0.

Solution: � ( � , � , � ) = x y0 x y− y � 1( z , | ) � �� { � ( � , � , � , z , { , | ) � � =0
} z } |

+ x y0 x y− y � 2( z , { ) � �� | � ( � , � , � , z , { , | ) � � =0
} z } {

+ x y0 x y0 x y− y v ( z , { , | ) � ( � , � , � , z , { , | ) } z } { } | ,

where� ( � , � , � , z , { , | ) =
1

4 w � 1~
( � − z )2 + ( � − { )2 + ( � − | )2

−
1~

( � − z )2 + ( � − { )2 + ( � + | )2

−
1~

( � − z )2 + ( � + { )2 + ( � − | )2
+

1~
( � − z )2 + ( � + { )2 + ( � + | )2 � .sut

References: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974), A. G. Butkovskiy (1979).

8.2.2-5. Domain: 0 ≤ � < � , 0 ≤ � < � , 0 ≤ � < � . First boundary value problem.

An octant is considered. Boundary conditions are prescribed:� = � 1( � , � ) at � = 0, � = � 2( � , � ) at � = 0, � = � 3( � , � ) at � = 0.

Solution: � ( � , � , � ) = x y0 x y0
� 1( { , | ) � �� z � ( � , � , � , z , { , | ) � � =0

} { } |
+ x y0 x y0

� 2( z , | ) � �� { � ( � , � , � , z , { , | ) � � =0
} z } |

+ x y0 x y0
� 3( z , { ) � �� | � ( � , � , � , z , { , | ) � � =0

} z } {
+ x y0 x y0 x y0

v ( z , { , | ) � ( � , � , � , z , { , | ) } z } { } | ,

where� ( � , � , � , z , { , | ) =
1

4 w � 1~
( � − z )2 + ( � − { )2 + ( � − | )2

−
1~

( � − z )2 + ( � − { )2 + ( � + | )2

−
1~

( � − z )2 + ( � + { )2 + ( � − | )2
+

1~
( � − z )2 + ( � + { )2 + ( � + | )2

−
1~

( � + z )2 + ( � − { )2 + ( � − | )2
+

1~
( � + z )2 + ( � − { )2 + ( � + | )2

+
1~

( � + z )2 + ( � + { )2 + ( � − | )2
−

1~
( � + z )2 + ( � + { )2 + ( � + | )2 � .sut

References: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974), A. G. Butkovskiy (1979).
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8.2.2-6. Domain: − � < � < � , − � < � < � , 0 ≤ � ≤ � . First boundary value problem.

An infinite layer is considered. Boundary conditions are prescribed:� = � 1( � , � ) at � = 0, � = � 2( � , � ) at � = � .

Solution: � ( � , � , � ) = x y− y x y− y � 1( z , { ) � �� | � ( � , � , � , z , { , | ) � � =0
} z } {

− x y− y x y− y � 2( z , { ) � �� | � ( � , � , � , z , { , | ) � � = � } z } {
+ x �

0 x y− y x y− y v ( z , { , | ) � ( � , � , � , z , { , | ) } z } { } | .

Green’s function: � ( � , � , � , z , { , | ) =
1

4 w y�� =− y
�

1� � 1
−

1� � 2 � ,

where � � 1 =
~

( � − z )2 + ( � − { )2 + ( � − | − 2 � � )2,� � 2 =
~

( � − z )2 + ( � − { )2 + ( � + | − 2 � � )2.�u�
References: A. G. Butkovskiy (1979), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

8.2.2-7. Domain: − � < � < � , − � < � < � , 0 ≤ � ≤ � . Mixed boundary value problem.

An infinite layer is considered. Boundary conditions are prescribed:� = � 1( � , � ) at � = 0,
� � � = � 2( � , � ) at � = � .

Solution: � ( � , � , � ) = x y− y x y− y � 1( z , { ) � �� | � ( � , � , � , z , { , | ) � � =0
} z } {

+ x y− y x y− y � 2( z , { ) � ( � , � , � , z , { , � ) } z } {
+ x �

0 x y− y x y− y �
( z , { , | ) � ( � , � , � , z , { , | ) } z } { } | .

Green’s function: � ( � , � , � , z , { , | ) =
1

4 � y�� =− y
�

1� � 1
−

1� � 2 � ,

where � � 1 =
~

( � − z )2 + ( � − { )2 + [ � − (−1) � | − 2 � � ]2,� � 2 =
~

( � − z )2 + ( � − { )2 + [ � + (−1) � | − 2 � � ]2.�u�
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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8.2.2-8. Domain: 0 ≤ � < � , − � < � < � , 0 ≤ � ≤ � . First boundary value problem.

A semiinfinite layer is considered. Boundary conditions are prescribed:� = � 1( � , � ) at � = 0, � = � 2( � , � ) at � = 0, � = � 3( � , � ) at � = � .

Solution: � ( � , � , � ) = x �
0 x y− y � 1( { , | ) � �� z � ( � , � , � , z , { , | ) � � =0

} { } |
+ x y− y x y0

� 2( z , { ) � �� | � ( � , � , � , z , { , | ) � � =0
} z } {

− x y− y x y0
� 3( z , { ) � �� | � ( � , � , � , z , { , | ) � � = � } z } {

+ x �
0 x y− y x y0

�
( z , { , | ) � ( � , � , � , z , { , | ) } z } { } | .

Green’s function:� ( � , � , � , z , { , | ) =
1

4 � y�� =− y
�

1� � 1
−

1� � 2
−

1� � 3
+

1� � 4 � ,

where � � 1 =
~

( � − z )2 + ( � − { )2 + ( � − | − 2 � � )2,� � 2 =
~

( � − z )2 + ( � − { )2 + ( � + | − 2 � � )2,� � 3 =
~

( � + z )2 + ( � − { )2 + ( � − | − 2 � � )2,� � 4 =
~

( � + z )2 + ( � − { )2 + ( � + | − 2 � � )2.�u�
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

8.2.2-9. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ � , − � < � < � . First boundary value problem.

An infinite cylindrical domain of a rectangular cross-section is considered. Boundary conditions
are prescribed: � = � 1( � , � ) at � = 0, � = � 2( � , � ) at � = � ,� = � 3( � , � ) at � = 0, � = � 4( � , � ) at � = � .

Solution: � ( � , � , � ) = x �0 x y− y � 1( { , | ) � �� z � ( � , � , � , z , { , | ) � � =0
} | } {

− x �0 x y− y � 2( { , | ) � �� z � ( � , � , � , z , { , | ) � � = � } | } {
+ x �

0 x y− y � 3( z , | ) � �� { � ( � , � , � , z , { , | ) � � =0
} | } z

− x �
0 x y− y � 4( z , | ) � �� { � ( � , � , � , z , { , | ) � � = � } | } z

+ x �
0 x �0 x y− y �

( z , { , | ) � ( � , � , � , z , { , | ) } | } { } z .

Green’s function:� ( � , � , � , z , { , | ) =
2� � y� � =1

y�  =1

1¡ �   sin(¢ � � ) sin( £   � ) sin(¢ � z ) sin( £   { ) exp(−
¡ �   | � − | |),¢ � =

� �� , £   = ¤ �� ,
¡ �   = ¥ ¢ 2� + £ 2  .
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Alternatively, the Green’s function can be represented as� ( � , � , � , z , { , | ) =
1

4 � y�� =− y y�  =− y
�

1� (1)�   −
1� (2)�   −

1� (3)�   +
1� (4)�   � ,

where � (1)�   =
~

( � − z − 2 � � )2 + ( � − { − 2 ¤ � )2 + ( � − | )2,� (2)�   =
~

( � + z − 2 � � )2 + ( � − { − 2 ¤ � )2 + ( � − | )2,� (3)�   =
~

( � − z − 2 � � )2 + ( � + { − 2 ¤ � )2 + ( � − | )2,� (4)�   =
~

( � + z − 2 � � )2 + ( � + { − 2 ¤ � )2 + ( � − | )2.

8.2.2-10. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ � , − � < � < � . Third boundary value problem.

An infinite cylindrical domain of a rectangular cross-section is considered. Boundary conditions
are prescribed:� ¦ � − � 1

� = � 1( � , � ) at � = 0,
� ¦ � + � 2

� = � 2( � , � ) at � = � ,� § � − � 3
� = � 3( � , � ) at � = 0,

� § � + � 4
� = � 4( � , � ) at � = � .

Solution:� ( � , � , � ) = − ¨ �0
¨ y− y � 1( { , | ) � ( � , � , � , 0, { , | ) } | } { + ¨ �0

¨ y− y � 2( { , | ) � ( � , � , � , � , { , | ) } | } {
− ¨ �

0
¨ y− y � 3( z , | ) � ( � , � , � , z , 0, | ) } | } z + ¨ �

0
¨ y− y � 4( z , | ) � ( � , � , � , z , � , | ) } | } z

+ ¨ �
0

¨ �0
¨ y− y �

( z , { , | ) � ( � , � , � , z , { , | ) } | } { } z .

Green’s function:� ( � , � , � , z , { , | ) =
1
2 y� � =1

y�  =1 © �   ( � , � ) © �   ( z , { )ª © �   ª 2 ¡ �   exp(−
¡ �   | � − | |),

where« �   ( � , � ) = ( ¬ � cos ¬ � � + � 1 sin ¬ � � )(    cos    � + � 3 sin    � ),
¡ �   = ¥ ¬ 2� +  2  ,ª « �   ª 2 =

1
4

( ¬ 2� + � 2
1)(  2  + � 2

3) � � +
( � 1 + � 2)( ¬ 2� + � 1 � 2)
( ¬ 2� + � 2

1)( ¬ 2� + � 2
2) � � � +

( � 3 + � 4)(  2  + � 3 � 4)
(  2  + � 2

3)(  2  + � 2
4) � .

Here, the ¬ � and    are positive roots of the transcendental equations

tan( ¬ � ) =
( � 1 + � 2) ¬¬ 2 − � 1 � 2

, tan(  � ) =
( � 3 + � 4)  2 − � 3 � 4

.

8.2.2-11. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ � , − � < � < � . Mixed boundary value problems.

1 ® . An infinite cylindrical domain of a rectangular cross-section is considered. Boundary conditions
are prescribed: «

= � 1( � , � ) at � = 0,
� ¦ «

= � 2( � , � ) at � = � ,
«

= � 3( � , � ) at � = 0,
� § «

= � 4( � , � ) at � = � .
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Solution: «
( � , � , � ) = ¨ �0

¨ y− y � 1( { , | ) � �� z � ( � , � , � , z , { , | ) � � =0
} | } {

+ ¨ �0
¨ y− y � 2( { , | ) � ( � , � , � , � , { , | ) } | } {

+ ¨ �
0

¨ y− y � 3( z , | ) � �� { � ( � , � , � , z , { , | ) � � =0
} | } z

+ ¨ �
0

¨ y− y � 4( z , | ) � ( � , � , � , z , � , | ) } | } z
+ ¨ �

0
¨ �0

¨ y− y �
( z , { , | ) � ( � , � , � , z , { , | ) } | } { } z .

Green’s function:� ( � , � , � , z , { , | ) =
2� � y� � =0

y�  =0

1¡ �   sin(¢ � � ) sin( £   � ) sin(¢ � z ) sin( £   { ) exp(−
¡ �   | � − | |),

where ¢ � =
(2 � + 1) �

2 � , £   =
(2 ¤ + 1) �

2 � ,
¡ �   = ¥ ¢ 2� + £ 2  .

2 ® . An infinite cylindrical domain of a rectangular cross-section is considered. Boundary conditions
are prescribed:

«
= � 1( � , � ) at � = 0,

«
= � 2( � , � ) at � = � ,� § «

= � 3( � , � ) at � = 0,
� § «

= � 4( � , � ) at � = � .
Solution: «

( � , � , � ) = ¨ �0
¨ y− y � 1( { , | ) � �� z � ( � , � , � , z , { , | ) � � =0

} | } {
− ¨ �0

¨ y− y � 2( { , | ) � �� z � ( � , � , � , z , { , | ) � � = � } | } {
− ¨ �

0
¨ y− y � 3( z , | ) � ( � , � , � , z , 0, | ) } | } z

+ ¨ �
0

¨ y− y � 4( z , | ) � ( � , � , � , z , � , | ) } | } z
+ ¨ �

0
¨ �0

¨ y− y �
( z , { , | ) � ( � , � , � , z , { , | ) } | } { } z .

Green’s function:� ( � , � , � , z , { , | ) =
1� � y� � =1

y�  =0 ±  ¡ �   sin(¢ � � ) cos( £   � ) sin(¢ � z ) cos( £   { ) exp(−
¡ �   | � − | |),

where ¢ � =
� �� , £   = ¤ �� ,

¡ �   = ¥ ¢ 2� + £ 2  , ±   = ² 1 for ¤ = 0,
2 for ¤ ≠ 0.³ Paragraphs 8.2.2-12 through 8.2.2-17 present only Green’s functions; the complete solution is

constructed with the formulas given in Paragraphs 8.2.1-1 through 8.2.1-3.

8.2.2-12. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ � , − � < � < � . First boundary value problem.

An infinite cylindrical domain of triangular cross-section is considered. Boundary conditions are
prescribed:

«
= � 1( � , � ) at � = 0,

«
= � 2( � , � ) at � = 0,

«
= � 3( � , � ) at � = � .
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Green’s function:� ( � , � , � , z , { , | ) = ´ ( � , � , � , z , { , | ) − ´ ( � , � , � , { , z , | ),

where´ ( � , � , � , z , { , | ) =
2� 2 y� � =1

y�  =1

1¡ �   sin(¢ � � ) sin(¢   � ) sin(¢ � z ) sin(¢   { ) exp(−
¡ �   | � − | |),¢ � =

� �� , ¢   = ¤ �� ,
¡ �   = ¥ ¢ 2� + ¢ 2  .

An alternative representation of the Green’s function can be obtained by setting´ ( � , � , � , z , { , | ) =
1

4 � y�� =− y y�  =− y
µ

1� (1)�   −
1� (2)�   −

1� (3)�   +
1� (4)�   ¶ ,

where the functions · ( ¸ )¹ º ( » = 1, 2, 3, 4) are specified in Paragraph 8.2.2-9 for ¼ = � .½u¾
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

8.2.2-13. Domain: 0 ≤ ¿ ≤ ¼ , 0 ≤ À ≤ � , 0 ≤ � < � . First boundary value problem.

A semiinfinite cylindrical domain of a rectangular cross-section is considered. Boundary conditions
are prescribed:

«
= Á 1( À , � ) at ¿ = 0,

«
= Á 2( À , � ) at ¿ = ¼ ,

«
= Á 3( ¿ , � ) at À = 0,

«
= Á 4( ¿ , � ) at À = � ,«

= Á 5( ¿ , À ) at � = 0.

Green’s function:Â
( ¿ , À , � , Ã , Ä , Å ) =

4¼ � ÆÇ ¹ =1
ÆÇº =1

1È ¹ º sin(É ¹ ¿ ) sin( Ê º À ) sin(É ¹ Ã ) sin( Ê º Ä ) Ë ¹ º ( Ì , Å ),É ¹ = Í Î¼ , Ê º = Ï Î� ,
È ¹ º = Ð É 2¹ + Ê 2º ,Ë ¹ º ( Ì , Å ) = Ñ exp(−

È ¹ º Ì ) sinh(
È ¹ º Å ) for Ì > Å ≥ 0,

exp(−
È ¹ º Å ) sinh(

È ¹ º Ì ) for Å > Ì ≥ 0.

An alternative representation of the Green’s function:Â
( ¿ , À , Ì , Ã , Ä , Å ) =

1
4 Î ÆÇ¹ =− Æ ÆÇº =− Æ

µ
1· (1)¹ º −

1· (2)¹ º −
1· (3)¹ º +

1· (4)¹ º −
1· (5)¹ º +

1· (6)¹ º +
1· (7)¹ º −

1· (8)¹ º ¶ ,

where · (1)¹ º = Ò ( ¿ − Ã − 2 Í ¼ )2 + ( À − Ä − 2 Ï � )2 + ( Ì − Å )2,· (2)¹ º = Ò ( ¿ + Ã − 2 Í ¼ )2 + ( À − Ä − 2 Ï � )2 + ( Ì − Å )2,· (3)¹ º = Ò ( ¿ − Ã − 2 Í ¼ )2 + ( À + Ä − 2 Ï � )2 + ( Ì − Å )2,· (4)¹ º = Ò ( ¿ + Ã − 2 Í ¼ )2 + ( À + Ä − 2 Ï � )2 + ( Ì − Å )2,· (5)¹ º = Ò ( ¿ − Ã − 2 Í ¼ )2 + ( À − Ä − 2 Ï � )2 + ( Ì + Å )2,· (6)¹ º = Ò ( ¿ + Ã − 2 Í ¼ )2 + ( À − Ä − 2 Ï � )2 + ( Ì + Å )2,· (7)¹ º = Ò ( ¿ − Ã − 2 Í ¼ )2 + ( À + Ä − 2 Ï � )2 + ( Ì + Å )2,· (8)¹ º = Ò ( ¿ + Ã − 2 Í ¼ )2 + ( À + Ä − 2 Ï � )2 + ( Ì + Å )2.
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8.2.2-14. Domain: 0 ≤ ¿ ≤ ¼ , 0 ≤ À ≤ � , 0 ≤ Ì < Ö . Third boundary value problem.

A semiinfinite cylindrical domain of a rectangular cross-section is considered. Boundary conditions
are prescribed:× Ø «

− » 1

«
= Á 1( À , Ì ) at ¿ = 0,

× Ø «
+ » 2

«
= Á 2( À , Ì ) at ¿ = ¼ ,× Ù «

− » 3

«
= Á 3( ¿ , Ì ) at À = 0,

× Ù «
+ » 4

«
= Á 4( ¿ , Ì ) at À = � ,× Ú «

− » 5

«
= Á 5( ¿ , À ) at Ì = 0.

Green’s function:Â
( ¿ , À , Ì , Ã , Ä , Å ) = ÆÇ ¹ =1

ÆÇº =1 Û ¹ º ( ¿ , À ) Û ¹ º ( Ã , Ä )ª Û ¹ º ª 2 Ë ¹ º ( Ì , Å ),

where « ¹ º ( ¿ , À ) = ( Ü ¹ cos Ü ¹ ¿ + » 1 sin Ü ¹ ¿ )( Ý º cos Ý º À + » 3 sin Ý º À ),ª « ¹ º ª 2 =
1
4

( Ü 2¹ + » 2
1)( Ý 2º + » 2

3) Þß¼ +
( » 1 + » 2)( Ü 2¹ + » 1 » 2)
( Ü 2¹ + » 2

1)( Ü 2¹ + » 2
2) à Þß� +

( » 3 + » 4)( Ý 2º + » 3 » 4)
( Ý 2º + » 2

3)( Ý 2º + » 2
4) à ,

Ë ¹ º ( Ì , Å ) = áââã ââä
exp(−

È ¹ º Ì ) å È ¹ º cosh(
È ¹ º Å ) + » 5 sinh(

È ¹ º Å ) æÈ ¹ º (
È ¹ º + » 5)

for Ì > Å ,

exp(−
È ¹ º Å ) å È ¹ º cosh(

È ¹ º Ì ) + » 5 sinh(
È ¹ º Ì ) æÈ ¹ º (

È ¹ º + » 5)
for Å > Ì ,

È ¹ º = Ð Ü 2¹ + Ý 2º .

Here, the Ü ¹ and Ý º are positive roots of the transcendental equations

tan( Ü ¼ ) =
( » 1 + » 2) ÜÜ 2 − » 1 » 2

, tan( Ý � ) =
( » 3 + » 4) ÝÝ 2 − » 3 » 4

.

8.2.2-15. Domain: 0 ≤ ¿ ≤ ¼ , 0 ≤ À ≤ � , 0 ≤ Ì < Ö . Mixed boundary value problems.

1 ç . A semiinfinite cylindrical domain of a rectangular cross-section is considered. Boundary
conditions are prescribed:«

= Á 1( À , Ì ) at ¿ = 0,

«
= Á 2( À , Ì ) at ¿ = ¼ ,

«
= Á 3( ¿ , Ì ) at À = 0,

«
= Á 4( ¿ , Ì ) at À = � ,× Ú «

= Á 5( ¿ , À ) at Ì = 0.

Green’s function:Â
( ¿ , À , Ì , Ã , Ä , Å ) =

4¼ � ÆÇ ¹ =1
ÆÇº =1

1È ¹ º sin(É ¹ ¿ ) sin( Ê º À ) sin(É ¹ Ã ) sin( Ê º Ä ) Ë ¹ º ( Ì , Å ),É ¹ = Í Î¼ , Ê º = Ï Î� ,
È ¹ º = Ð É 2¹ + Ê 2º ,Ë ¹ º ( Ì , Å ) = Ñ exp(−

È ¹ º Ì ) cosh(
È ¹ º Å ) for Ì > Å ≥ 0,

exp(−
È ¹ º Å ) cosh(

È ¹ º Ì ) for Å > Ì ≥ 0.

2 ç . A semiinfinite cylindrical domain of a rectangular cross-section is considered. Boundary
conditions are prescribed:× Ø «

= Á 1( À , Ì ) at ¿ = 0,

× Ø «
= Á 2( À , Ì ) at ¿ = ¼ ,× Ù «

= Á 3( ¿ , Ì ) at À = 0,

× Ù «
= Á 4( ¿ , Ì ) at À = � ,«

= Á 5( ¿ , À ) at Ì = 0.
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Green’s function:Â
( ¿ , À , Ì , Ã , Ä , Å ) =

1¼ � ÆÇ ¹ =0
ÆÇº =0 è ¹ è ºÈ ¹ º cos(É ¹ ¿ ) cos( Ê º À ) cos(É ¹ Ã ) cos( Ê º Ä ) Ë ¹ º ( Ì , Å ),É ¹ = Í Î¼ , Ê º = Ï Î� ,

È ¹ º = Ð É 2¹ + Ê 2º , è ¹ = Ñ 1 for Í = 0,
2 for Í ≠ 0,Ë ¹ º ( Ì , Å ) = Ñ exp(−

È ¹ º Ì ) sinh(
È ¹ º Å ) for Ì > Å ≥ 0,

exp(−
È ¹ º Å ) sinh(

È ¹ º Ì ) for Å > Ì ≥ 0.

8.2.2-16. Domain: 0 ≤ ¿ ≤ ¼ , 0 ≤ À ≤ � , 0 ≤ Ì ≤ é . First boundary value problem.

A rectangular parallelepiped is considered. Boundary conditions are prescribed:«
= Á 1( À , Ì ) at ¿ = 0,

«
= Á 2( À , Ì ) at ¿ = ¼ ,

«
= Á 3( ¿ , Ì ) at À = 0,

«
= Á 4( ¿ , Ì ) at À = � ,«

= Á 5( ¿ , À ) at Ì = 0,

«
= Á 6( ¿ , À ) at Ì = é .

1 ç . Representation of the Green’s function in the form of a double series:Â
( ¿ , À , Ì , Ã , Ä , Å ) =

4¼ � ÆÇ ¹ =1
ÆÇº =1

sin(É ¹ ¿ ) sin( Ê º À ) sin(É ¹ Ã ) sin( Ê º Ä ) ê ¹ º ( Ì , Å ),

ê ¹ º ( Ì , Å ) = áââã ââä
sinh(

È ¹ º Å ) sinh[
È ¹ º ( é − Ì )]È ¹ º sinh(
È ¹ º é ) for é ≥ Ì > Å ≥ 0,

sinh(
È ¹ º Ì ) sinh[

È ¹ º ( é − Å )]È ¹ º sinh(
È ¹ º é ) for é ≥ Å > Ì ≥ 0,É ¹ = Î Í¼ , Ê º = Î Ï� ,

È ¹ º = Ð É 2¹ + Ê 2º .

This relation can be used to obtain two other representations of the Green’s function by means of
the following cyclic permutations:

( ¿ , Ã , ¼ )ë ì
( Ì , Å , é ) í î ( À , Ä , � )

2 ç . Representation of the Green’s function in the form of a triple series:Â
( ¿ , À , Ì , Ã , Ä , Å ) =

8¼ �ïé ÆÇ ¹ =1
ÆÇº =1

ÆÇ ¸ =1

sin(É ¹ ¿ ) sin( Ê º À ) sin( ð ¸ Ì ) sin(É ¹ Ã ) sin( Ê º Ä ) sin( ð ¸ Å )É 2¹ + Ê 2º + ð 2¸ ,É ¹ = Î Í¼ , Ê º = Î Ï� , ð ¸ = Î »é .

3 ç . An alternative representation of the Green’s function in the form of a triple series:Â
( ¿ , À , Ì , Ã , Ä , Å ) =

1
4 Î ÆÇ¹ =− Æ ÆÇº =− Æ ÆÇ¸ =− Æ

ñ
1ò (1)ó ô õ −

1ò (2)ó ô õ −
1ò (3)ó ô õ +

1ò (4)ó ô õ
−

1ò (5)ó ô õ +
1ò (6)ó ô õ +

1ò (7)ó ô õ −
1ò (8)ó ô õ ö ,
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where ò (1)ó ô õ = Ò ( ÷ − ø − 2 Í ¼ )2 + ( ù − ú − 2 Ï � )2 + ( Ì − û − 2 ü é )2,ò (2)ó ô õ = Ò ( ÷ + ø − 2 Í ¼ )2 + ( ù − ú − 2 Ï � )2 + ( Ì − û − 2 ü é )2,ò (3)ó ô õ = Ò ( ÷ − ø − 2 Í ¼ )2 + ( ù + ú − 2 Ï � )2 + ( Ì − û − 2 ü é )2,ò (4)ó ô õ = Ò ( ÷ + ø − 2 Í ¼ )2 + ( ù + ú − 2 Ï � )2 + ( Ì − û − 2 ü é )2,ò (5)ó ô õ = Ò ( ÷ − ø − 2 Í ¼ )2 + ( ù − ú − 2 Ï � )2 + ( Ì + û − 2 ü é )2,ò (6)ó ô õ = Ò ( ÷ + ø − 2 Í ¼ )2 + ( ù − ú − 2 Ï � )2 + ( Ì + û − 2 ü é )2,ò (7)ó ô õ = Ò ( ÷ − ø − 2 Í ¼ )2 + ( ù + ú − 2 Ï � )2 + ( Ì + û − 2 ü é )2,ò (8)ó ô õ = Ò ( ÷ + ø − 2 Í ¼ )2 + ( ù + ú − 2 Ï � )2 + ( Ì + û − 2 ü é )2.

8.2.2-17. Domain: 0 ≤ ÷ ≤ ¼ , 0 ≤ ù ≤ � , 0 ≤ Ì ≤ é . Third boundary value problem.

A rectangular parallelepiped is considered. Boundary conditions are prescribed:× Ø ý
− ü 1

ý
= þ 1( ù , Ì ) at ÷ = 0,

× Ø ý
+ ü 2

ý
= þ 2( ù , Ì ) at ÷ = ¼ ,× Ù ý

− ü 3

ý
= þ 3( ÷ , Ì ) at ù = 0,

× Ù ý
+ ü 4

ý
= þ 4( ÷ , Ì ) at ù = � ,× Ú�ý

− ü 5

ý
= þ 5( ÷ , ù ) at Ì = 0,

× Ú�ý
+ ü 6

ý
= þ 6( ÷ , ù ) at Ì = é .

Green’s function:ÿ
( ÷ , ù , Ì , ø , ú , û ) = �� ó =1

��ô =1

�� � =1

� ó ( ÷ ) � ó ( ø ) � ô ( ù ) � ô ( ú ) � � ( � ) � � ( û )� � ó � 2 � � ô � 2 � � � ( û )
� 2( � 2ó + 	 2ô + 
 2� )

,� ó ( ÷ ) = cos( � ó ÷ ) +
ü 1� ó sin( � ó ÷ ),

� � ó � 2 =
ü 2

2 � 2ó � 2ó + ü 2
1� 2ó + ü 2
2

+
ü 1

2 � 2ó + �
2

ñ
1 +

ü 2
1� 2ó ö ,

� ô ( ù ) = cos( 	 ô ù ) +
ü 3	 ô sin( 	 ô ù ),

� � ô � 2 =
ü 4

2 	 2ô 	 2ô + ü 2
3	 2ô + ü 2
4

+
ü 3

2 	 2ô +
�
2

ñ
1 +

ü 2
3	 2ô ö ,

� � ( � ) = cos( 
 � � ) +
ü 5
 � sin( 
 � � ),

� � � � 2 =
ü 6

2 
 2� 
 2� + ü 2
5
 2� + ü 2
6

+
ü 5

2 
 2� + �
2

ñ
1 +

ü 2
5
 2� ö ,

where the � ó , 	 ô , and 
 � are positive roots of the transcendental equations

tan( � � )� =
ü 1 + ü 2� 2 − ü 1 ü 2

,
tan( 	 � )	 =

ü 3 + ü 4	 2 − ü 3 ü 4
,

tan( 
 � )
 =
ü 5 + ü 6
 2 − ü 5 ü 6

.

8.2.2-18. Domain: 0 ≤ ÷ ≤ � , 0 ≤ ù ≤ � , 0 ≤ � ≤ � . Mixed boundary value problem.

A rectangular parallelepiped is considered. Boundary conditions are prescribed:ý
= þ 1( ù , � ) at ÷ = 0,

× Ø ý
= þ 2( ù , � ) at ÷ = � ,ý

= þ 3( ÷ , � ) at ù = 0,

×  ý = þ 4( ÷ , � ) at ù = � ,ý
= þ 5( ÷ , ù ) at � = 0,

× � ý = þ 6( ÷ , ù ) at � = � .
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Solution:ý
( ÷ , ù , � ) = � �

0
� �

0
� �

0 � ( ø , ú , û )

ÿ
( ÷ , ù , � , ø , ú , û ) � û � ú � ø

+ � �
0

� �
0

þ 1( ú , û ) � ×× ø
ÿ

( ÷ , ù , � , ø , ú , û ) � �
=0

� � � � + � �
0

� �
0 � 2( � , � ) � ( � , � , � , � , � , � ) � � � �

+ � �
0

� �
0 � 3( � , � ) � ×× � � ( � , � , � , � , � , � ) � �

=0
� � � � + � �

0
� �

0 � 4( � , � ) � ( � , � , � , � , � , � ) � � � �
+ � �

0
� �

0 � 5( � , � ) � ×× � � ( � , � , � , � , � , � ) �  
=0

� � � � + � �
0

� �
0 � 6( � , � ) � ( � , � , � , � , � , � ) � � � � .

1 ! . A double-series representation of the Green’s function:� ( � , � , � , � , � , � ) =
4� � "�$#

=0
"�% =0

sin(& # � ) sin( ' % � ) sin(& # � ) sin( ' % � ) ê # % ( � , � ),

ê # % ( � , � ) = ())* ))+
sinh( , # % � ) cosh[ , # % ( � − � )], # % cosh( , # % � )

for � ≥ � > � ≥ 0,

sinh( , # % � ) cosh[ , # % ( � − � )], # % cosh( , # % � )
for � ≥ � > � ≥ 0,& #

= - (2 . + 1)
2 � , ' % = - (2 / + 1)

2 � , , # % = 0 & 2

#
+ ' 2% .

This relation can be used to obtain two other representations of the Green’s function by means of
the following cyclic permutations:

( � , � , � )1 2
( � , � , � ) 3 4 ( � , � , � )

2 ! . A triple series representation of the Green’s function:� ( � , � , � , � , � , � ) =
8� � � "�$#

=0
"�% =0

"�65
=0

sin(& # � ) sin( ' % � ) sin( 7 5 � ) sin(& # � ) sin( ' % � ) sin( 7 5 � )& 2

#
+ ' 2% + 7 2

5
,& #

= - (2 . + 1)
2 � , ' % = - (2 / + 1)

2 � , 7 5 = - (2 8 + 1)
2 � .

8.2.3. Problems in Cylindrical Coordinates
The three-dimensional Poisson equation in the cylindrical coordinate system is written as

19 :: 9 ; 9 : <: 9 =
+

19
2

: 2 <: � 2 +
: 2 <: � 2 = − � (

9
, � , � ),

9
= > � 2 + � 2.

8.2.3-1. Domain: 0 ≤
9

≤ ? , 0 ≤ @ ≤ 2 - , − A < B < A . First boundary value problem.

An infinite circular cylinder is considered. A boundary condition is prescribed:< = � ( @ , B ) at
9

= ? .

Solution: < (
9
, @ , B ) = − ? C 2 D

0
C "− " � ( � , � ) E :: � � (

9
, @ , B , � , � , � ) � �

= F G � G �
+ C F

0
C 2 D

0
C "− "

H
( � , � , � ) � (

9
, @ , B , � , � , � ) � G � G � G � .
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Green’s function:� (
9
, @ , B , � , � , L ) =

1
2 - ? 2 "M$N

=0 OMP =1 Q
N R N

( S N P 9
)

R N
( S N P T )U R VN

( S N P ? ) W 2 S N P cos[ X ( @ − Y )] exp Z − S N P | B − L | [ ,

where Q 0 = 1 and Q
N

= 2 for X ≠ 0; the

R N
( T ) are the Bessel functions; and the S N P are positive

roots of the transcendental equation

R N
( S ? ) = 0.

8.2.3-2. Domain: 0 ≤ \ ≤ ? , 0 ≤ @ ≤ 2 ] , − A < B < A . Third boundary value problem.

An infinite circular cylinder is considered. A boundary condition is prescribed:^ _a`
+ b `

= � ( @ , B ) at \ = ? .

Solution: `
( \ , @ , B ) = ? C 2 D

0
C O− O � ( Y , L ) c ( \ , @ , B , ? , Y , L ) G L G Y

+ C F
0

C 2 D
0

C O− O
H

( T , Y , L ) c ( \ , @ , B , T , Y , L ) T G L G Y G T .

Green’s function:c ( \ , @ , B , T , Y , L ) =
1

2 ] OM$N =0 OMP =1 Q
N S N P R N

( S N P \ )

R N
( S N P T ) cos[ X ( @ − Y )]

( S 2

N P ? 2 + b 2 ? 2 − X 2)

R
2

N
( S N P ? )

exp Z − S N P | B − L | [ ,

where Q 0 = 1 and Q
N

= 2 for X ≠ 0; the

R N
( T ) are the Bessel functions; and the S N P are positive

roots of the transcendental equation S R VN
( S ? ) + b R N

( S ? ) = 0.

8.2.3-3. Domain: 0 ≤ \ ≤ ? , 0 ≤ @ ≤ 2 ] , 0 ≤ B < A . First boundary value problem.

A semiinfinite circular cylinder is considered. Boundary conditions are prescribed:`
= � 1( @ , B ) at \ = ? ,

`
= � 2( \ , @ ) at B = 0.

Solution: `
( \ , @ , B ) = − ? C 2 D

0
C O0 � 1( Y , L ) E ^^ T c ( \ , @ , B , T , Y , L ) d e

= F G L G Y
+ C 2 D

0
C F

0 � 2( T , Y ) E ^^ L c ( \ , @ , B , T , Y , L ) d f
=0

T G T G Y
+ C F

0
C 2 D

0
C O0

H
( T , Y , L ) c ( \ , @ , B , T , Y , L ) T G L G Y G T .

Green’s function:c ( \ , @ , B , T , Y , L ) =
1

2 ] ? 2 OM N =0 OMP =1 Q
N R N

( S N P \ )

R N
( S N P T )U R VN

( S N P ? ) W 2 S N P cos[ X ( @ − Y )] g N P ( B , L ),g N P ( B , L ) = exp(− S N P | B − L |) − exp(− S N P | B + L |), Q
N

= h 1 for X = 0,
2 for X ≠ 0,

where the S N P are positive roots of the transcendental equation

R N
( S ? ) = 0.
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8.2.3-4. Domain: 0 ≤ \ ≤ ? , 0 ≤ @ ≤ 2 ] , 0 ≤ B < A . Third boundary value problem.

A semiinfinite circular cylinder is considered. Boundary conditions are prescribed:^ _i`
+ b 1

`
= � 1( @ , B ) at \ = ? ,

^ jk`
− b 2

`
= � 2( \ , @ ) at B = 0.

Solution: `
( \ , @ , B ) = ? C 2 D

0
C O0 � 1( Y , L ) c ( \ , @ , B , ? , Y , L ) G L G Y

− C 2 D
0

C F
0 � 2( T , Y ) c ( \ , @ , B , ? , Y , 0) T G T G Y

+ C F
0

C 2 D
0

C O0

H
( T , Y , L ) c ( \ , @ , B , T , Y , L ) T G L G Y G T .

Green’s function:c ( \ , @ , B , T , Y , L ) =
1] OM$N =0 OMP =1 Q

N S 2

N P R N
( S N P \ )

R N
( S N P T ) cos[ X ( @ − Y )]

( S 2

N P ? 2 + b 2
1 ? 2− X 2)

R
2

N
( S N P ? )

g N P ( B , L ),

Q
N

= h 1 for X = 0,
2 for X ≠ 0,

g N P ( B , L ) = lmmn mmo
exp(− S N P B )

U S N P cosh( S N P L )+ b 2 sinh( S N P L ) WS N P ( S N P + b 2)
for B > L ,

exp(− S N P L )
U S N P cosh( S N P B )+ b 2 sinh( S N P B ) WS N P ( S N P + b 2)

for L > B ,

where the

R N
( T ) are the Bessel functions and the S N P are positive roots of the transcendental

equation S R VN
( S ? ) + b 1

R N
( S ? ) = 0.

8.2.3-5. Domain: 0 ≤ \ ≤ ? , 0 ≤ @ ≤ 2 ] , 0 ≤ B < A . Mixed boundary value problem.

A semiinfinite circular cylinder is considered. Boundary conditions are prescribed:`
= � 1( @ , B ) at \ = ? ,

^ jk`
= � 2( \ , @ ) at B = 0.

Solution: `
( \ , @ , B ) = − ? C 2 D

0
C O0 � 1( Y , L ) E ^^ T c ( \ , @ , B , T , Y , L ) d e

= F G L G Y
− C 2 D

0
C F

0 � 2( T , Y ) c ( \ , @ , B , T , Y , 0) T G T G Y
+ C F

0
C 2 D

0
C O0

H
( T , Y , L ) c ( \ , @ , B , T , Y , L ) T G L G Y G T .

Green’s function:c ( \ , @ , B , T , Y , L ) =
1

2 ] ? 2 OM$N =0 OMP =1 Q
N R N

( S N P \ )

R N
( S N P T )U R VN

( S N P ? ) W 2 S N P cos[ X ( @ − Y )] g N P ( B , L ),

g N P ( B , L ) = exp(− S N P | B − L |) + exp(− S N P | B + L |), Q
N

= h 1 for X = 0,
2 for X ≠ 0,

where the

R N
( T ) are the Bessel functions and the S N P are roots of the transcendental equation

R N
( S ? ) = 0.p Paragraphs 8.2.3-6 through 8.3.3-10 present only Green’s functions; the complete solution is

constructed with the formulas given in Subsection 8.2.1. See also Paragraphs 8.3.1-4 and 8.3.1-8
for q = 0.
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8.2.3-6. Domain: 0 ≤ \ ≤ ? , 0 ≤ @ ≤ 2 ] , 0 ≤ B ≤ r . First boundary value problem.

A circular cylinder of finite length is considered. Boundary conditions are prescribed:`
= � 1( @ , B ) at \ = ? ,

`
= � 2( \ , @ ) at B = 0,

`
= � 3( \ , @ ) at B = r .

A double series representation of the Green’s function:c ( \ , @ , B , T , Y , L ) =
1] ? 2 OM N =0 OMP =1 Q

N R N
( S N P \ )

R N
( S N P T )U R VN

( S N P ? ) W 2 S N P sinh( S N P r )
cos[ X ( @ − Y )] g N P ( B , L ),g N P ( B , L ) = h sinh( S N P L ) sinh[ S N P ( r − B )] for r ≥ B > L ≥ 0,

sinh( S N P B ) sinh[ S N P ( r − L )] for r ≥ L > B ≥ 0, Q
N

= h 1 for X = 0,
2 for X ≠ 0,

where the

R N
( T ) are the Bessel functions (the prime denotes the derivative with respect to the

argument) and the S N P are positive roots of the transcendental equation

R N
( S ? ) = 0.

A triple series representation of the Green’s function:c ( \ , @ , B , T , Y , L ) =
2 r] ? 2 OM N =0 OMP =1 OM6s =1 Q

N
[

R VN
( S N P t )]2

U
( r S N P )2 + ( ] b )2 W R N

( S N P \ )

R N
( S N P T )

× cos[ X ( @ − Y )] sin u b ] vr w sin u b ] Lr w .

8.2.3-7. Domain: 0 ≤ \ ≤ t , 0 ≤ x ≤ 2 ] , 0 ≤ v ≤ r . Third boundary value problem.

A circular cylinder of finite length is considered. Boundary conditions are prescribed:^ _i`
+ b 1

`
= � 1( x , v ) at \ = t ,^ j `

− b 2
`

= � 2( \ , x ) at v = 0,^ j `
+ b 3

`
= � 3( \ , x ) at v = r .

Green’s function:c ( \ , x , v , T , Y , L ) =
1] OM$N =0 OMP =1 OMzy =1 Q

N S 2

N P R N
( S N P \ )

R N
( S N P T ) cos[ X ( x − Y )] { y

( v ) { y
( L )

( S 2

N P t 2 + b 2
1 t 2 − X 2)( S 2

N P + q 2

y
)[

R N
( S N P t )]2 | { y | 2 ,

{ y
( v ) = cos( q y v ) +

b 2q y
sin( q y v ), | { y | 2 =

b 3

2 q 2

y q 2

y
+ b 2

2q 2

y
+ b 2

3
+

b 2

2 q 2

y
+

r
2

u 1 +
b 2

2q 2

y w .

Here, Q 0 = 1 and Q
N

= 2 for X ≠ 0; the

R N
( T ) are the Bessel functions; and the S N P and q y

are
positive roots of the transcendental equationsS R VN

( S t ) + b 1

R N
( S t ) = 0,

tan( q r )q =
b 2 + b 3q 2 − b 2 b 3

.

8.2.3-8. Domain: 0 ≤ \ ≤ t , 0 ≤ x ≤ 2 ] , 0 ≤ v ≤ r . Mixed boundary value problem.

A circular cylinder of finite length is considered. Boundary conditions are prescribed:`
= � 1( x , v ) at \ = t ,

^ jk`
= � 2( \ , x ) at v = 0,

^ j `
= � 3( \ , x ) at v = r .

Green’s function:c ( \ , x , v , T , Y , L ) =
r] t 2 OM N =0 OMP =1 OM6s =1 Q

N
Q

s
[

R VN
( S N P t )]2

U
( r S N P )2 + ( ] b )2 W R N

( S N P \ )

R N
( S N P T )

× cos[ X ( x − Y )] cos u b ] vr w cos u b ] Lr w ,

where Q 0 = 1 and Q
N

= 2 for X ≠ 0; the

R N
( T ) are the Bessel functions (the prime denotes the

derivative with respect to the argument); and the S N P are positive roots of the transcendental
equation

R N
( S t ) = 0.
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8.2.3-9. Domain: 0 ≤ \ ≤ t , 0 ≤ x ≤ x 0, 0 ≤ v ≤ r . First boundary value problem.

A cylindrical sector of finite thickness is considered. Boundary conditions are prescribed:`
= � 1( \ , v ) at x = 0,

`
= � 2( \ , v ) at x = x 0,

`
= � 3( x , v ) at \ = t ,`

= � 4( \ , x ) at v = 0,
`

= � 5( \ , x ) at v = r .

Green’s function:c ( \ , x , v , T , Y , L ) =
8 rt 2 x 0 OM N =1 OMP =1 OM6s =1

R N } ~��
0( S N P \ )

R N } ~��
0 ( S N P T )

[

R VN } ~��
0
( S N P t )]2

U
( r S N P )2 + ( ] b )2 W

× sin u X ] xx 0 w sin u X ] Yx 0 w sin u b ] vr w sin u b ] Lr w ,

where the

R N } ~��
0 ( \ ) are the Bessel functions and the S N P are positive roots of the transcendental

equation

R N } ~��
0 ( S t ) = 0.

8.2.3-10. Domain: 0 ≤ \ ≤ t , 0 ≤ x ≤ x 0, 0 ≤ v ≤ r . Mixed boundary value problem.

A cylindrical sector of finite thickness is considered. Boundary conditions are prescribed:`
= � 1( \ , v ) at x = 0,

`
= � 2( \ , v ) at x = x 0,

`
= � 3( x , v ) at \ = t ,^ jk`

= � 4( \ , x ) at v = 0,
^ j `

= � 5( \ , x ) at v = r .

Green’s function:c ( \ , x , v , T , Y , L ) =
4 rt 2 x 0 OM$N =1 OMP =1 OM s =0 Q

s R N } ~��
0 ( S N P \ )

R N } ~��
0 ( S N P T )

[

R VN } ~��
0
( S N P t )]2

U
( r S N P )2 + ( ] b )2 W

× sin u X ] xx 0 w sin u X ] Yx 0 w cos u b ] vr w cos u b ] Lr w ,

where Q 0 = 1 and Q
s

= 2 for b ≠ 0; the

R N } ~��
0 ( \ ) are the Bessel functions; and the S N P are positive

roots of the transcendental equation

R N } ~��
0( S t ) = 0.

8.2.4. Problems in Spherical Coordinates
The three-dimensional Poisson equation in the spherical coordinate system is written as

1\ 2

^^ \ u \ 2
^ `^ \ w +

1\ 2 sin � ^^ � u sin � ^ `^ � w +
1\ 2 sin2 � ^ 2 `^ x 2 = − � ( \ , � , x ), \ = � � 2 + � 2 + v 2.p Only Green’s functions are presented below; the complete solutions can be constructed with the

formulas given in Subsection 8.2.1.

8.2.4-1. Domain: 0 ≤ \ ≤ t , 0 ≤ � ≤ ] , 0 ≤ x ≤ 2 ] . First boundary value problem.

A spherical domain is considered. A boundary condition is prescribed:`
= � ( x , � ) at \ = t .

Green’s function:c ( \ , � , x , T , Y , � ) =
1

4 ] � \ 2 − 2 \ T cos � + T 2
−

1
4 ] � \ 2 T 2 − 2 t 2 \ T cos � + t 4

,

cos � = cos � cos Y + sin � sin Y cos( x − � ).

Page 558



8.2. POISSON EQUATION � 3 � + � (x) = 0 559

An alternative representation of the Green’s function:c (r, r0) =
1

4 ] 1
|r − r0|

−
1

4 ] t\ 0|( t � \ 0)2r0 − r|
, \ 0 = |r0|,

where
r = { � , � , v }, � = \ sin � cos x , � = \ sin � sin x , v = \ cos �

r0 = { � 0, � 0, v 0}, � 0 = T sin Y cos � , � 0 = T sin Y sin � , v 0 = T cos Y .���
References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and

A. N. Tikhonov (1980).

8.2.4-2. Domain: 0 ≤ \ ≤ t , 0 ≤ � ≤ ] , 0 ≤ x ≤ 2 ] . Second boundary value problem.

A spherical domain is considered. A boundary condition is prescribed:^ _i`
= � ( x , � ) at \ = t .

Green’s function:c ( \ , � , x , T , Y , � ) =
1

4 ] h 1
|r − r0|

+
t

|r0| |r1|
+

1t ln
2 t 2t 2 + |r0| |r1| − (r ⋅ r0) � ,

where

|r − r0| = � \ 2 − 2 \ T cos � + T 2, |r0| |r1| = � \ 2 T 2 − 2 t 2 \ T cos � + t 4,
|r0| = T , (r ⋅ r0) = \ T cos � , cos � = cos � cos Y + sin � sin Y cos( x − � ).

For a solution of the second boundary value problem to exist the solvability condition must be
satisfied (see Paragraph 8.2.1-2).���

Reference: N. S. Koshlyakov, E. B. Gliner, and M. M. Smirnov (1970).

8.2.4-3. Domain: 0 ≤ \ ≤ t , 0 ≤ � ≤ ] , 0 ≤ x ≤ 2 ] . Third boundary value problem.

A spherical domain is considered. A boundary condition is prescribed:^ _i`
+ b `

= � ( � , x ) at \ = t .

Green’s function:c ( \ , � , x , T , Y , � ) =
1

2 ] � \ T O��� =0 O�� =1

��zy
=0 �

y�� � � y�� �
+1

~
2( � � � � )

� �
+1

~
2( � � � � )

× � �� (cos � ) � �� (cos Y ) cos[ � (   − � )],

� � = ¡ 1 for � = 0,
2 for � ≠ 0,

� � � � =
(2 ¢ + 1)( ¢ − � )!

( ¢ + � )! £�¤ 2 � 2

� � + ( ¥ ¤ + ¢ )( ¥ ¤ − ¢ − 1) ¦ £ � �
+1 § 2( � � � ¤ ) ¦ 2 .

Here, the

� �
+1 § 2( � ) are the Bessel functions, the � �� ( ¨ ) are the associated Legendre functions that

are expressed in terms of the Legendre polynomials � �
( ¨ ) as� �� ( ¨ ) = (1 − ¨ 2) � § 2 © �© ¨ � � �

( ¨ ), � �
( ¨ ) =

1¢ ! 2

� © �
© ¨ �

( ¨ 2 − 1)

�
,

and the � � � are positive roots of the transcendental equation� ¤ � ª�
+1 § 2( � ¤ ) + Z«¥ ¤ − 1

2 ¬ � �
+1 § 2( � ¤ ) = 0.
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8.2.4-4. Domain: ¤ ≤ � <  , 0 ≤ ® ≤ ¯ , 0 ≤   ≤ 2 ¯ . First boundary value problem.
Three-dimensional space with a spherical cavity is considered. A boundary condition is prescribed:° = ± (   , ® ) at � = ¤ .

The Green’s function of the outer first boundary value problem is given by the same relation as
that for the inner first boundary value problem (see Paragraph 8.2.4-1), except that � ≥ ¤ and � ≥ ¤ .

8.2.4-5. Domain: ¤ ≤ � <  , 0 ≤ ® ≤ ¯ , 0 ≤   ≤ 2 ¯ . Second boundary value problem.
Three-dimensional space with a spherical cavity is considered. A boundary condition is prescribed:² ³ ° = ± (   , ® ) at � = ¤ .

Green’s function:´
( � , ® ,   , � , Y , µ ) =

1
4 ¯ ¡ 1

|r − r0|
+

¤
|r0| |r1|

+
1¤ ln

(1 − cos ¶ )|r| |r0|¤ 2 + |r0| |r1| − (r ⋅ r0) · ,

where
|r| = � , |r0| = � , |r − r0| = ¸ � 2 − 2 � � cos ¶ + � 2, |r0| |r1| = ¸ � 2 � 2 − 2 ¤ 2 � � cos ¶ + ¤ 4,

(r ⋅ r0) = � � cos ¶ , cos ¶ = cos ® cos ¹ + sin ® sin ¹ cos(   − µ ).º�»
Reference: N. S. Koshlyakov, E. B. Gliner, and M. M. Smirnov (1970).

8.2.4-6. Domain: ¤ 1 ≤ � ≤ ¤ 2, 0 ≤ ® ≤ ¯ , 0 ≤   ≤ 2 ¯ . First boundary value problem.
A spherical layer is considered. Boundary conditions are prescribed:° = ± 1( ® ,   ) at � = ¤ 1, ° = ± 2( ® ,   ) at � = ¤ 2.

Green’s function:´
( � , ® ,   , � , ¹ , µ ) =

¯
8 ¼ � � O� � =0 O�� =1

��6½
=0 �

½ � � � ½ ¾ �
+1 § 2( � � � � )

¾ �
+1 § 2( � � � � )

× � ½�
(cos ® ) � ½�

(cos ¹ ) cos[ ¥ (   − µ )],
where ¾ �

+1 § 2( � � � � ) =

� �
+1 § 2( � � � ¤ 1) ¿ �

+1 § 2( � � � � ) − ¿ �
+1 § 2( � � � ¤ 1)

� �
+1 § 2( � � � � ),

�
½

= ¡ 1 for ¥ = 0,
2 for ¥ ≠ 0,

� � � ½
=

(2 ¢ + 1)( ¢ − ¥ )!

�
2

�
+1 § 2( � � � ¤ 2)

( ¢ + ¥ )! £ � 2

�
+1 § 2( � � � ¤ 1) −

�
2

�
+1 § 2( � � � ¤ 2) ¦ ;

the

� �
+1 § 2( � ) are the Bessel functions, the � ½�

( ¨ ) are the associated Legendre functions (see Paragraph
8.2.4-3), and the � � � are positive roots of the transcendental equation

¾ �
+1 § 2( � ¤ 2) = 0.

8.2.4-7. Domain: 0 ≤ � ≤ ¤ , 0 ≤ ® ≤ ¯ À 2, 0 ≤   ≤ 2 ¯ . First boundary value problem.

A hemisphere is considered. Boundary conditions are prescribed:° = ± 1(   , ® ) at � = ¤ , ° = ± 2( � ,   ) at ® = ¯ À 2.
Green’s function in the spherical coordinate system:´

( � , ® ,   , � , ¹ , µ ) =
´

s( � , ® ,   , � , ¹ , µ ) −
´

s( � , ® ,   , � , ¯ − ¹ , µ ),
where

´
s( � , ® ,   , � , ¹ , µ ) is the Green’s functions for a sphere; see Paragraph 8.2.4-1, where

´
must

be replaced by
´

s.
Green’s function in the Cartesian coordinate system:´

( Á , Â , Ã , Á 0, Â 0, Ã 0) =
1

4 ¯ Ä 1
|r − r0|

−
¤

|r0| |r − r Å0 | Æ −
1

4 ¯ Ä 1
|r − r1|

−
¤

|r0| |r − r Å1 | Æ ,

r = { Á , Â , Ã }, r0 = { Á 0, Â 0, Ã 0}, r1 = { Á 0, Â 0, − Ã 0}, r Å½ = ( ¤ À � 0)2r

½
, ¥ = 0, 1.º�»

References: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974), B. M. Budak, A. A. Samarskii, and
A. N. Tikhonov (1980).

Page 560



8.3. HELMHOLTZ EQUATION
�

3 � + � � = − � (x) 561

8.2.4-8. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ � � 2, 0 ≤ 	 ≤ � . First boundary value problem.

A quarter of a sphere is considered. Boundary conditions are prescribed:
 = � 1( 	 , � ) at � = � , 
 = � 2( � , 	 ) at � = � � 2,
 = � 3( � , � ) at 	 = 0, 
 = � 4( � , � ) at 	 = � .

Green’s function in the spherical coordinate system:�
( � , � , 	 ,  , � , � ) =

�
s( � , � , 	 ,  , � , � ) −

�
s( � , � , 	 ,  , � − � , � )

+
�

s( � , � , 	 ,  , � − � , 2 � − � ) −
�

s( � , � , 	 ,  , � , 2 � − � ),

where
�

s( � , � , 	 ,  , � , � ) is the Green’s function for a sphere; see Paragraph 8.2.4-1, where
�

must
be replaced by

�
s.

Green’s function in the Cartesian coordinate system:�
( � , � , � , � 0, � 0, � 0) =

1
4 � 1�� , � =0

(−1)
� + � � 1

|r − r � � |
−

�
|r0| |r − r �� � | � ,

r = { � , � , � }, r0 = { � 0, � 0, � 0}, r � � = { � 0, (−1)
� � 0, (−1) � � 0}, r �� � = ( � � � 0)2r � � ,

where � 0 = |r0|; � = 0, 1; � = 0, 1.���
References: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974), B. M. Budak, A. A. Samarskii, and

A. N. Tikhonov (1980).

8.3. Helmholtz Equation � 3 � +  � = – ! (x)
A variety of problems related to steady-state oscillations (mechanical, acoustic, thermal, electro-
magnetic, etc.) lead to the three-dimensional Helmholtz equation with " > 0. This equation governs
mass transfer phenomena with volume chemical reaction of the first order for " < 0. Any elliptic
equation with constant coefficients can be reduced to the Helmholtz equation.

8.3.1. General Remarks, Results, and Formulas

8.3.1-1. Some definitions.

The Helmholtz equation is called homogeneous if # = 0 and nonhomogeneous if # ≠ 0. A homo-
geneous boundary value problem is a boundary value problem for a homogeneous equation with
homogeneous boundary conditions; 
 = 0 is a particular solution of a homogeneous boundary value
problem.

The values " � of the parameter " for which there are nontrivial solutions (i.e., not identically zero
solutions) of a homogeneous boundary value problem are called eigenvalues. The corresponding
solutions, 
 = 
 � , are called eigenfunctions of this boundary value problem.

In what follows, we consider simultaneously the first, second, and third boundary value prob-
lems for the three-dimensional Helmholtz equation in a finite three-dimensional domain $ with a
sufficiently smooth surface % . It is assumed that � > 0 for the third boundary value problem with
the boundary condition & 
& ' + � 
 = 0 for r ( % ,

where ) *) + is the derivative along the outward normal to the surface % , and r = { � , � , � }.
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8.3.1-2. Properties of eigenvalues and eigenfunctions.

1 , . There are infinitely many eigenvalues { " � }; they form a discrete spectrum of the boundary
value problem.

2 , . All eigenvalues are positive, except for one eigenvalue " 0 = 0 of the second boundary value
problem (the corresponding eigenfunction is 


0 = const). The eigenvalues are assumed to be ordered
so that " 1 < " 2 < " 3 < -.-.- .
3 , . The eigenvalues tend to infinity as the number � increases. The following asymptotic estimate
holds:

lim� / 0 �" 3 1 2� =
$ 3

6 � 2 ,

where $ 3 is the volume of the domain under consideration.

4 , . The eigenfunctions are defined up to a constant multiplier. Any two eigenfunctions, 
 � and 
 2 ,
that correspond to different eigenvalues " � ≠ " 2 are orthogonal, that is,3 4 
 � 
 2 5 $ = 0.

5 , . Any twice continuously differentiable function � = � (r) that satisfies the boundary conditions of
a boundary value problem can be expanded into a uniformly convergent series in the eigenfunctions
of this boundary value problem, specifically,� =

0� � =1 6 � 
 � , where 6 � =
17 
 � 7 2

3 4 � 
 � 5 $ ,
7 
 � 7 2 =

3 4 
 2� 5 $ .

If � is square summable, then the series is convergent in mean.

6 , . The eigenvalues of the first boundary value problem do not increase if the domain is extended.8 9;: < =?> @ A
In a three-dimensional problem, to each eigenvalue " � finitely many linearly inde-

pendent eigenfunctions 
 (1)� , B.B.B , 
 ( C )� generally correspond. These functions can always be replaced
by their linear combinations

¯
 ( D )� = E D ,1 
 (1)� + -.-.- + E D , D −1

 ( D −1)� + 
 ( D )� , F = 1, 2, B.B.B , G ,

such that ¯
 (1)� , B.B.B , ¯
 ( C )� are now pairwise orthogonal. Therefore, without loss of generality, we
assume that all eigenfunctions are orthogonal.���

Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1984).

8.3.1-3. Nonhomogeneous Helmholtz equation with homogeneous boundary conditions.

Three cases are possible.

1 , . If " is not equal to any one of the eigenvalues, then the solution of the problem is given by
 =
0� � =1 H �" � − " 
 � , where H � =

17 
 � 7 2

3 4 # 
 � 5 $ ,
7 
 � 7 2 =

3 4 
 2� 5 $ .

2 , . If " coincides with one of the eigenvalues, " = " 2 , then the condition of the orthogonality of
the function # to the eigenfunction 
 2 , 3 4 # 
 2 5 $ = 0,

is a necessary condition for a solution of the nonhomogeneous problem to exist. The solution is
then given by
 =

2
−1� � =1 H �" � − " 2 
 � +

0�� =
2

+1 H �" � − " 2 
 � + I 
 2 , H � =
17 
 � 7 2

3 4 # 
 � 5 $ ,

where I is an arbitrary constant and
7 
 � 7 2 = J 4 
 2� 5 $ .
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3 , . If " = " 2 and J 4 # 
 2 5 $ ≠ 0, then the boundary value problem for the nonhomogeneous
equation has no solution.8 9;: < =?> K A

If to each eigenvalue " � there are corresponding G � mutually orthogonal eigen-
functions 
 ( D )� ( F = 1, B.B.B , G � ), then the solution is written as
 =

0� � =1

C.L� D =1 H ( D )�" � − " 
 ( D )� , where H ( D )� =
17 
 ( D )� 7 2

3 4 # 
 ( D )� 5 $ ,
7 
 ( D )� 7 2 =

3 4 M 
 ( D )� N 2 5 $ ,

provided that " ≠ " � .���
Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1984).

8.3.1-4. Solution of nonhomogeneous boundary value problems of general form.

1 , . The solution of the first boundary value problem for the Helmholtz equation with the boundary
condition 
 = � (r) for r ( %
can be represented in the form
 (r) =

3 4 # ( O )
�

(r, O ) 5 $ P −
3 Q � ( O )

&& ' P �
(r, O ) 5 % P . (1)

Here, r = { � , � , � }, O = {  , � , � } (r ( $ , O ( $ ); )) + R denotes the derivative along the outward
normal to the surface % with respect to  , � , � . The Green’s function is given by the series�

(r, O ) =
0� � =1


 � (r) 
 � ( O )7 
 � 7 2( " � − " )
, " ≠ " � , (2)

where the 
 � and " � are the eigenfunctions and eigenvalues of the homogeneous first boundary
value problem.

2 , . The solution of the second boundary value problem with the boundary condition& 
& ' = � (r) for r ( %
can be represented in the form
 (r) =

3 4 # ( O )
�

(r, O ) 5 $ P +
3 Q � ( O )

�
(r, O ) 5 % P . (3)

Here, the Green’s function is given by the series�
(r, O ) = −

1$ 3 " +
0� � =1


 � (r) 
 � ( O )7 
 � 7 2( " � − " )
, (4)

where $ 3 is the volume of the three-dimensional domain under consideration, and the " � and 
 � are
the positive eigenvalues and corresponding eigenfunctions of the homogeneous second boundary
value problem. For clarity, the term corresponding to the zero eigenvalue " 0 = 0 ( 
 0 = const) is
singled out in (4). It is assumed that " ≠ 0 and " ≠ " � .

3 , . The solution of the third boundary value problem for the Helmholtz equation with the boundary
condition & 
& ' + � 
 = � (r) for r ( %
is given by relation (3) in which the Green’s function is defined by series (2) with the eigenfunc-
tions 
 � and eigenvalues " � of the homogeneous third boundary value problem.
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4 , . Let nonhomogeneous boundary conditions of various types be set on different portions % S of

the surface % =
2TS =1

% S , U S [ 
 ] = � S (r) for r ( % S .
Then the solution of the corresponding mixed boundary value problem can be written as
 (r) =

3 4 # ( O )
�

(r, O ) 5 $ P +

2� S =1

3 Q V � S ( O ) W S (r, O ) 5 % ( S )P ,

whereW S (r, O ) = XY[Z −

&& ' P \ (r, O ) if a first-kind boundary condition is set on % S ,\ (r, O ) if a second- or third-kind boundary condition is set on % S .
The Green’s function is expressed by series (2) that involves the eigenfunctions ] ^ and eigenval-
ues " ^ of the homogeneous mixed boundary value problem.

8.3.1-5. Boundary conditions at infinity in the case of an unbounded domain.

Below it is assumed that the function # is finite or sufficiently rapidly decaying as _ ` a .

1 , . If " < 0 and the domain is unbounded, the additional condition that the solution must vanish at
infinity is set: ] ` 0 as _ ` a .

2 , . If " > 0, the radiation conditions (Sommerfeld conditions) are often used at infinity. In three-
dimensional problems, these conditions are expressed as

limb;/ 0 _ ] = const, limb;/ 0 _ c d ]d _ + egf h ] i = 0,

where e 2 = −1.
The principle of limit absorption and the principle of limit amplitude are also employed to

separate a single solution.j��
Reference: A. N. Tikhonov and A. A. Samarskii (1990).

8.3.1-6. Green’s function for an infinite cylindrical domain of arbitrary cross-section.

Consider the three-dimensional Helmholtz equationk
3 ] + h ] = − l (r) (5)

inside an infinite cylindrical domain m = {( n , o ) p q , − a < r < a } with arbitrary cross-section q .
On the surface of this domain, let s = {( n , o ) p t , − a < r < a }, where t is the boundary of q ,
the homogeneous boundary condition of general formu d vd ' + w v = 0 for r p s (6)

be set, with u w ≥ 0. By appropriately choosing the constants u and w in (6), one can obtain boundary
conditions of the first ( u = 0, w = 1), second ( u = 1, w = 0), and third ( u w ≠ 0) kind.

The Green’s function of the first or third boundary value problem can be represented in the
form*x

( n , o , r , y , z , { ) =
1
2 |}�~

=1 �
~

( n , o ) �
~
( y , z )� �

~ � 2 f � ~
− h � − f � � − � | � − � |,

� �
~ � 2 = � � � 2

~
( n , o ) � n � o , (7)

* In Paragraphs 8.3.1-6 through 8.3.1-8, the cross-section � is assumed to have finite dimensions.
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where the � ~
and �

~
are the eigenvalues and eigenfunctions of the corresponding two-dimensional

boundary value problem in q , k
2 � + � � = 0 for ( n , o ) p q ,u � �� � + w � = 0 for ( n , o ) p t .

(8)

Recall that all � ~
are positive.

In the second boundary value problem, the zero eigenvalue � 0 = 0 appears, and hence the
summation in (7) must start with � = 0. In this case, � 0 = 1 and

� � 0
� 2 = q 2, where q 2 is the area

of the cross-section q .j��
References: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980), A. N. Tikhonov and A. A. Samarskii (1990).

8.3.1-7. Green’s function for a semiinfinite cylindrical domain.

1 � . The Green’s function of the three-dimensional first boundary value problem for equation (5) in
a semiinfinite cylindrical domain m = {( n , o ) p q , 0 ≤ r < � } with arbitrary cross-section q is
given by x

( n , o , r , y , z , { ) = |}�~
=1 �

~
( n , o ) �

~
( y , z )� �

~ � 2 � ~
( r , { ), (9)

where � ~
( r , { ) =

1
2 � ~ �

exp(− � ~
| r − { | ) − exp(− � ~

| r + { | ) �
= ��� ��

1� ~
exp(− � ~ r ) sinh( � ~ { ) for r > { ≥ 0,

1� ~
exp(− � ~ { ) sinh( � ~ r ) for { > r ≥ 0,

� ~
= � � ~

− � .
(10)

Relations (9) and (10) involve the eigenfunctions �
~

and eigenvalues � ~
of the two-dimensional

first boundary value problem (8) with u = 0 and w = 1.

2 � . The Green’s function of the three-dimensional second boundary value problem for equation (5)
in a semiinfinite cylindrical domain m = {( n , o ) p q , 0 ≤ r < � } with arbitrary cross-section q is
given by x

( n , o , r , y , z , { ) =
1q 2 � 0( r , { ) + |}�~

=1 �
~

( n , o ) �
~
( y , z )� �

~ � 2 � ~
( r , { ), (11)

where � ~
( r , { ) =

1
2 � ~ �

exp(− � ~
| r − { | ) + exp(− � ~

| r + { | ) �
= ��� ��

1� ~
exp(− � ~ r ) cosh( � ~ { ) for r > { ≥ 0,

1� ~
exp(− � ~ { ) cosh( � ~ r ) for { > r ≥ 0,

� ~
= � � ~

− � .
(12)

Relations (11) and (12) involve the eigenfunctions �
~

and eigenvalues � ~
of the two-dimensional

second boundary value problem (8) with u = 1 and w = 0. Note that in (11) the term corresponding
to the zero eigenvalue � 0 = 0 is specially singled out; q 2 is the area of the cross-section q .
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3 � . The Green’s function of the three-dimensional third boundary value problem for equation (5)
with the boundary conditions� v� r − w 1 v = 0 for r = 0, � v� � + w 2 v = 0 for r p s
in a semiinfinite cylindrical domain m = {( n , o ) p q , 0 ≤ r < � } with arbitrary cross-section q
and lateral surface s is given by relation (9) with

� ~
( r , { ) = ���� ���

exp(− � ~ r )
� � ~

cosh( � ~ { ) + w 1 sinh( � ~ { ) �� ~
( � ~

+ w 1)
for r > { ≥ 0,

exp(− � ~ { )
� � ~

cosh( � ~ r ) + w 1 sinh( � ~ r ) �� ~
( � ~

+ w 1)
for { > r ≥ 0,

� ~
= � � ~

− � .

(13)
Relations (9) and (13) involve the eigenfunctions �

~
and eigenvalues � ~

of the two-dimensional
third boundary value problem (8) with u = 1 and w = w 2.

4 � . The Green’s function of the three-dimensional mixed boundary value problem for equation (5)
with a second-kind boundary condition at the end face and a first-kind boundary condition at the
lateral surface is given by relations (9) and (12), where the � ~

and �
~

are the eigenvalues and
eigenfunctions of the two-dimensional first boundary value problem (8) with u = 0 and w = 1.

The Green’s functions of other mixed boundary value problems can be constructed likewise.

8.3.1-8. Green’s function for a cylindrical domain of finite dimensions.

1 � . The Green’s function of the three-dimensional first boundary value problem for equation (5) in
a cylindrical domain of finite dimensions m = {( n , o ) p q , 0 ≤ r ≤   } with arbitrary cross-section q
is given by relation (9) with

� ~
( r , { ) = ���� ���

sinh( � ~ { ) sinh[ � ~
(   − r )]� ~

sinh( � ~   )
for   ≥ r > { ≥ 0,

sinh( � ~ r ) sinh[ � ~
(   − { )]� ~

sinh( � ~   )
for   ≥ { > r ≥ 0,

� ~
= � � ~

− � . (14)

Relations (9) and (14) involve the eigenfunctions �
~

and eigenvalues � ~
of the two-dimensional

first boundary value problem (8) with u = 0 and w = 1.
Another representation of the Green’s function:x

( n , o , r , y , z , { ) =
2  |}�~

=1
|}¡ =1 �

~
( n , o ) �

~
( y , z ) sin( ¢ ¡ r ) sin( ¢ ¡ { )� �

~ � 2( � ~
+ ¢ 2¡ − � )

, ¢ ¡ = £ ¤  .

It is a consequence of formula (2).

2 � . The Green’s function of the three-dimensional second boundary value problem for equation (5)
in a cylindrical domain of finite dimensions ¥ = {( ¦ , § ) ¨ © , 0 ≤ ª ≤   } with arbitrary cross-section ©
is given by relation (11) with

� ~
( ª , { ) = ���� ���

cosh( � ~ { ) cosh[ � ~
(   − ª )]� ~

sinh( � ~   )
for   ≥ ª > { ≥ 0,

cosh( � ~ ª ) cosh[ � ~
(   − { )]� ~

sinh( � ~   )
for   ≥ { > ª ≥ 0,

� ~
= � � ~

− � . (15)

Relations (11) and (15) involve the eigenfunctions �
~

and eigenvalues � ~
of the two-dimensional

second boundary value problem (8) with « = 1 and ¬ = 0.
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Another representation of the Green’s function:x
( ¦ , § , ª , y , z , { ) =

1  |} ~
=0

|}¡ =0  ¡ �
~
( ¦ , § ) �

~
( y , z ) cos( ¢ ¡ ª ) cos( ¢ ¡ { )� �

~ � 2( � ~
+ ¢ 2¡ − � )

,¢ ¡ = £ ¤  ,  ¡ = ® 1 for ¤ = 0,
2 for ¤ ≠ 0, � 0 = 0, � 0 = 1.

It is a consequence of formula (4).¯��
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

3 � . The Green’s function of the three-dimensional third boundary value problem for equation (5)
with the boundary conditions� °� ª − ¬ 1 ° = 0 at ª = 0, � °� ª + ¬ 2 ° = 0 at ª =   , � °� � + ¬ 3 ° = 0 for r ¨ ±
in a cylindrical domain of finite dimensions ¥ = {( ¦ , § ) ¨ © , 0 ≤ ª ≤   } with arbitrary cross-section ©
and lateral surface ± is given by relation (9) with

� ² ( ª , ³ ) = ����� ����
[ � ² cosh( � ² ³ )+ ¬ 1 sinh( � ² ³ )] ´ � ² cosh[ � ² (   − ª )]+ ¬ 2 sinh[ � ² (   − ª )] µ� ² [ � ² ( ¬ 1+ ¬ 2) cosh( � ²   )+( � 2² + ¬ 1 ¬ 2) sinh( � ²   )]

for ª > ³ ,

[ � ² cosh( � ² ª )+ ¬ 1 sinh( � ² ª )] ´ � ² cosh[ � ² (   − ³ )]+ ¬ 2 sinh[ � ² (   − ³ )] µ� ² [ � ² ( ¬ 1+ ¬ 2) cosh( � ²   )+( � 2² + ¬ 1 ¬ 2) sinh( � ²   )]
for ª < ³ ,

(16)

� ² = � ¶ ² − � (0 ≤ ª ≤   , 0 ≤ ³ ≤   ).

Relations (9) and (16) involve the eigenfunctions · ² and eigenvalues ¶ ² of the two-dimensional
third boundary value problem (8) with « = 1 and ¬ = ¬ 3.

4 � . The Green’s function of the three-dimensional mixed boundary value problem for equation (5)
with second-kind boundary conditions at the end faces and a first-kind boundary condition at the
lateral surface is given by relations (9) and (15), where the ¶ ² and · ² are the eigenvalues and
eigenfunctions of the two-dimensional first boundary value problem (8) with « = 0 and ¬ = 1.

The Green’s function of the three-dimensional mixed boundary value problem for equation (5)
with the boundary conditions° = 0 for ª = 0, � ¸ ° = 0 for ª =   , ° = 0 for r ¨ ±
in a cylindrical domain of finite dimensions ¥ = {( ¦ , § ) ¨ © , 0 ≤ ª ≤   } with arbitrary cross-section ©
and lateral surface ± is given by relation (9) with

� ² ( ª , ³ ) = ���� ���
sinh( � ² ³ ) cosh[ � ² (   − ª )]� ² cosh( � ²   )

for   ≥ ª > ³ ≥ 0,

sinh( � ² ª ) cosh[ � ² (   − ³ )]� ² cosh( � ²   )
for   ≥ ³ > ª ≥ 0,

� ² = � ¶ ² − � . (17)

Relations (9) and (17) involve the eigenfunctions · ² and eigenvalues ¶ ² of the two-dimensional
first boundary value problem (8) with « = 0 and ¬ = 1.

The Green’s functions of other mixed boundary value problems can be constructed likewise.

8.3.2. Problems in Cartesian Coordinates
The three-dimensional nonhomogeneous Helmholtz equation in the rectangular Cartesian system of
coordinates has the form � 2 °� ¦ 2 + � 2 °� § 2 + � 2 °� ª 2 + � ° = − ¹ ( ¦ , § , ª ).
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8.3.2-1. Particular solutions of the homogeneous equation ( ¹ ≡ 0):° = ( º 1 cos ¬ ¦ + º 2 sin ¬ ¦ )( » 1 cos ¤ § + » 2 sin ¤ § )( ¼ 1 ª + ¼ 2), � = ¬ 2 + ¤ 2;° = ( º 1 cos ¬ ¦ + º 2 sin ¬ ¦ )( » 1 cosh ¤ § + » 2 sinh ¤ § )( ¼ 1 ª + ¼ 2), � = ¬ 2 − ¤ 2;° = ( º 1 cos ¬ ¦ + º 2 sin ¬ ¦ )( » 1 cos ¤ § + » 2 sin ¤ § )( ¼ 1 cos � ª + ¼ 2 sin � ª ), � = ¬ 2 + ¤ 2+ � 2;° = ( º 1 cosh ¬ ¦ + º 2 sinh ¬ ¦ )( » 1 cos ¤ § + » 2 sin ¤ § )( ¼ 1 cos � ª + ¼ 2 sin � ª ), � = − ¬ 2+ ¤ 2+ � 2;° = ( º 1 cosh ¬ ¦ + º 2 sinh ¬ ¦ )( » 1 cosh ¤ § + » 2 sinh ¤ § )( ¼ 1 cos � ª + ¼ 2 sin � ª ), � = − ¬ 2− ¤ 2+ � 2;° = ( º 1 cosh ¬ ¦ + º 2 sinh ¬ ¦ )( » 1 cosh ¤ § + » 2 sinh ¤ § )( ¼ 1cosh � ª + ¼ 2sinh � ª ), � =− ¬ 2− ¤ 2− � 2,

where º 1, º 2, » 1, » 2, ¼ 1, and ¼ 2 are arbitrary constants.
Fundamental solutions:½ ½

( ¦ , § , ª ) =
1

4 £ ¾ exp(− ¬ ¾ ), � = − ¬ 2 < 0,½ ½
( ¦ , § , ª ) =

1
4 £ ¾ exp(¿ ÀÁ¬ ¾ ), � = ¬ 2 > 0,

where ¾ = � ¦ 2 + § 2 + ª 2, ¬ > 0, À 2 = −1.

8.3.2-2. Domain: − � < ¦ < � , − � < § < � , − � < ª < � .

1 � . Solution for � = − ¬ 2 < 0:° ( ¦ , § , ª ) =
1

4 £ Â Ã− Ã Â Ã− Ã Â Ã− Ã ¹ ( Ä , Å , ³ )
exp Æ − Ç È ( É − Ä )2 + ( Ê − Å )2 + ( Ë − ³ )2 �È ( É − Ä )2 + ( Ê − Å )2 + ( Ë − ³ )2 Ì Ä Ì Å Ì ³ .

2 Í . Solution for Î = Ç 2 > 0:° ( É , Ê , Ë ) =
1

4 Ï Â Ã− Ã Â Ã− Ã Â Ã− Ã ¹ ( Ä , Å , ³ )
exp Æ − ÀÁÇ È ( É − Ä )2 + ( Ê − Å )2 + ( Ë − ³ )2 �È ( É − Ä )2 + ( Ê − Å )2 + ( Ë − ³ )2 Ì Ä Ì Å Ì ³ .

This solution was obtained taking into account the radiation condition at infinity (see Paragraph
8.3.1-5, Item 2 Í ).Ð�Ñ

Reference: A. N. Tikhonov and A. A. Samarskii (1990).

8.3.2-3. Domain: − Ò < É < Ò , − Ò < Ê < Ò , 0 ≤ Ë < Ò . First boundary value problem.

A half-space is considered. A boundary condition is prescribed:Ó = Ô ( É , Ê ) at Ë = 0.

Solution: Ó ( É , Ê , Ë ) = Â Ã− Ã Â Ã− Ã Ô ( Ä , Å ) Õ ÖÖ × Ø ( É , Ê , Ë , Ä , Å , × ) Ù Ú
=0 Ì Ä Ì Å

+ Â Ã0 Â Ã− Ã Â Ã− Ã
Û

( Ä , Å , × ) Ø ( É , Ê , Ë , Ä , Å , × ) Ì Ä Ì Å Ì × .

Green’s function for Î = − Ç 2 < 0:

Ø ( É , Ê , Ë , Ä , Å , × ) =
exp(− Ç Ü 1)

4 Ï Ü 1
−

exp(− Ç Ü 2)
4 Ï Ü 2

,Ü 1 = È ( É − Ä )2 + ( Ê − Å )2 + ( Ë − × )2, Ü 2 = È ( É − Ä )2 + ( Ê − Å )2 + ( Ë + × )2.Ð�Ñ
Reference: A. N. Tikhonov and A. A. Samarskii (1990).
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8.3.2-4. Domain: − Ò < É < Ò , − Ò < Ê < Ò , 0 ≤ Ë < Ò . Second boundary value problem.
A half-space is considered. A boundary condition is prescribed:Ö á Ó = Ô ( É , Ê ) at Ë = 0.

Solution: Ó ( É , Ê , Ë ) = − Â Ã− Ã Â Ã− Ã Ô ( Ä , Å ) Ø ( É , Ê , Ë , Ä , Å , 0) Ì Ä Ì Å
+ Â Ã0 Â Ã− Ã Â Ã− Ã

Û
( Ä , Å , × ) Ø ( É , Ê , Ë , Ä , Å , × ) Ì Ä Ì Å Ì × .

Green’s function for Î = − Ç 2 < 0:Ø ( É , Ê , Ë , Ä , Å , × ) =
exp(− Ç Ü 1)

4 Ï Ü 1
+

exp(− Ç Ü 2)
4 Ï Ü 2

,Ü 1 = È ( É − Ä )2 + ( Ê − Å )2 + ( Ë − × )2, Ü 2 = È ( É − Ä )2 + ( Ê − Å )2 + ( Ë + × )2.Ð�Ñ
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

8.3.2-5. Domain: − Ò < É < Ò , 0 ≤ Ê < Ò , 0 ≤ Ë < Ò . First boundary value problem.
A dihedral angle is considered. Boundary conditions are prescribed:Ó = Ô 1( É , Ë ) at Ê = 0, Ó = Ô 2( É , Ê ) at Ë = 0.

Solution: Ó ( É , Ê , Ë ) = Â Ã0 Â Ã− Ã Ô 1( Ä , × ) Õ ÖÖ Å Ø ( É , Ê , Ë , Ä , Å , × ) Ù â
=0 Ì Ä Ì ×

+ Â Ã0 Â Ã− Ã Ô 2( Ä , Å ) Õ ÖÖ × Ø ( É , Ê , Ë , Ä , Å , × ) Ù Ú
=0 Ì Ä Ì Å

+ Â Ã0 Â Ã0 Â Ã− Ã
Û

( Ä , Å , × ) Ø ( É , Ê , Ë , Ä , Å , × ) Ì Ä Ì Å Ì × .

Green’s function for Î = − Ç 2 < 0:Ø ( É , Ê , Ë , Ä , Å , × ) =
exp(− Ç Ü 1)

4 Ï Ü 1
−

exp(− Ç Ü 2)
4 Ï Ü 2

−
exp(− Ç Ü 3)

4 Ï Ü 3
+

exp(− Ç Ü 4)
4 Ï Ü 4

,Ü 1 = È ( É − Ä )2 + ( Ê − Å )2 + ( Ë − × )2, Ü 2 = È ( É − Ä )2 + ( Ê − Å )2 + ( Ë + × )2,Ü 3 = È ( É − Ä )2 + ( Ê + Å )2 + ( Ë − × )2, Ü 4 = È ( É − Ä )2 + ( Ê + Å )2 + ( Ë + × )2.

8.3.2-6. Domain: − Ò < É < Ò , 0 ≤ Ê < Ò , 0 ≤ Ë < Ò . Second boundary value problem.
A dihedral angle is considered. Boundary conditions are prescribed:Ö ã Ó = Ô 1( É , Ë ) at Ê = 0, Ö á Ó = Ô 2( É , Ê ) at Ë = 0.

Solution: Ó ( É , Ê , Ë ) = − Â Ã0 Â Ã− Ã Ô 1( Ä , × ) Ø ( É , Ê , Ë , Ä , 0, × ) Ì Ä Ì ×
− Â Ã0 Â Ã− Ã Ô 2( Ä , Å ) Ø ( É , Ê , Ë , Ä , Å , 0) Ì Ä Ì Å
+ Â Ã0 Â Ã0 Â Ã− Ã

Û
( Ä , Å , × ) Ø ( É , Ê , Ë , Ä , Å , × ) Ì Ä Ì Å Ì × .

Green’s function for Î = − Ç 2 < 0:Ø ( É , Ê , Ë , Ä , Å , × ) =
exp(− Ç Ü 1)

4 Ï Ü 1
+

exp(− Ç Ü 2)
4 Ï Ü 2

+
exp(− Ç Ü 3)

4 Ï Ü 3
+

exp(− Ç Ü 4)
4 Ï Ü 4

,Ü 1 = È ( É − Ä )2 + ( Ê − Å )2 + ( Ë − × )2, Ü 2 = È ( É − Ä )2 + ( Ê − Å )2 + ( Ë + × )2,Ü 3 = È ( É − Ä )2 + ( Ê + Å )2 + ( Ë − × )2, Ü 4 = È ( É − Ä )2 + ( Ê + Å )2 + ( Ë + × )2.
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8.3.2-7. Domain: − Ò < É < Ò , − Ò < Ê < Ò , 0 ≤ Ë ≤ ä . First boundary value problem.

An infinite layer is considered. Boundary conditions are prescribed:Ó = Ô 1( É , Ê ) at Ë = 0, Ó = Ô 2( É , Ê ) at Ë = ä .

Solution: Ó ( É , Ê , Ë ) = Â Ã− Ã Â Ã− Ã Ô 1( Ä , Å ) Õ ÖÖ × Ø ( É , Ê , Ë , Ä , Å , × ) Ù Ú
=0 Ì Ä Ì Å

− Â Ã− Ã Â Ã− Ã Ô 2( Ä , Å ) Õ ÖÖ × Ø ( É , Ê , Ë , Ä , Å , × ) Ù Ú
= å Ì Ä Ì Å

+ Â å
0 Â Ã− Ã Â Ã− Ã

Û
( Ä , Å , × ) Ø ( É , Ê , Ë , Ä , Å , × ) Ì Ä Ì Å Ì × .

Green’s function for Î = − Ç 2 < 0:

Ø ( É , Ê , Ë , Ä , Å , × ) = Ãæç =− Ã
Õ exp(− Ç Ü ç 1)

4 Ï Ü ç 1
−

exp(− Ç Ü 2 ç )
4 Ï Ü 2 ç Ù ,Ü 1 ç = È ( É − Ä )2 + ( Ê − Å )2 + ( Ë − × − 2 è ä )2,Ü 2 ç = È ( É − Ä )2 + ( Ê − Å )2 + ( Ë + × − 2 è ä )2.

8.3.2-8. Domain: − Ò < É < Ò , − Ò < Ê < Ò , 0 ≤ Ë ≤ ä . Second boundary value problem.

An infinite layer is considered. Boundary conditions are prescribed:Ö á Ó = Ô 1( É , Ê ) at Ë = 0, Ö á Ó = Ô 2( É , Ê ) at Ë = ä .

Solution: Ó ( É , Ê , Ë ) = − Â Ã− Ã Â Ã− Ã Ô 1( Ä , Å ) Ø ( É , Ê , Ë , Ä , Å , 0) Ì Ä Ì Å
+ Â Ã− Ã Â Ã− Ã Ô 2( Ä , Å ) Ø ( É , Ê , Ë , Ä , Å , ä ) Ì Ä Ì Å
+ Â å

0 Â Ã− Ã Â Ã− Ã
Û

( Ä , Å , × ) Ø ( É , Ê , Ë , Ä , Å , × ) Ì Ä Ì Å Ì × .

Green’s function for Î = − Ç 2 < 0:

Ø ( É , Ê , Ë , Ä , Å , × ) = Ãæç =− Ã
Õ exp(− Ç Ü ç 1)

4 Ï Ü ç 1
+

exp(− Ç Ü 2 ç )
4 Ï Ü 2 ç Ù ,Ü 1 ç = È ( É − Ä )2 + ( Ê − Å )2 + ( Ë − × − 2 è ä )2,Ü 2 ç = È ( É − Ä )2 + ( Ê − Å )2 + ( Ë + × − 2 è ä )2.Ð�Ñ

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

8.3.2-9. Domain: 0 ≤ É ≤ ä , 0 ≤ Ê ≤ é , − Ò < Ë < Ò . First boundary value problem.

An infinite cylindrical domain of a rectangular cross-section is considered. Boundary conditions
are prescribed: Ó = Ô 1( Ê , Ë ) at É = 0, Ó = Ô 2( Ê , Ë ) at É = ä ,Ó = Ô 3( É , Ë ) at Ê = 0, Ó = Ô 4( É , Ë ) at Ê = é .
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Solution: Ó ( É , Ê , Ë ) = Â ê0 Â Ã− Ã Ô 1( Å , × ) Õ ÖÖ Ä Ø ( É , Ê , Ë , Ä , Å , × ) Ù ë
=0 Ì × Ì Å

− Â ê0 Â Ã− Ã Ô 2( Å , × ) Õ ÖÖ Ä Ø ( É , Ê , Ë , Ä , Å , × ) Ù ë
= å Ì × Ì Å

+ Â å
0 Â Ã− Ã Ô 3( Ä , × ) Õ ÖÖ Å Ø ( É , Ê , Ë , Ä , Å , × ) Ù â

=0 Ì × Ì Ä
− Â å

0 Â Ã− Ã Ô 4( Ä , × ) Õ ÖÖ Å Ø ( É , Ê , Ë , Ä , Å , × ) Ù â
= ê Ì × Ì Ä

+ Â å
0 Â ê0 Â Ã− Ã

Û
( Ä , Å , × ) Ø ( É , Ê , Ë , Ä , Å , × ) Ì × Ì Å Ì Ä .

Green’s function:

Ø ( É , Ê , Ë , Ä , Å , × ) =
2ä é Ãæ ç =1 Ãæì =1

1í ç ì sin(î ç É ) sin( ï ì Ê ) sin(î ç Ä ) sin( ï ì Å ) exp(−
í ç ì | Ë − × |),î ç =

è Ïä , ï ì = ð Ïé ,
í ç ì = ñ î 2ç + ï 2ì − Î .Ð�Ñ

Reference: A. N. Tikhonov and A. A. Samarskii (1990).

8.3.2-10. Domain: 0 ≤ É ≤ ä , 0 ≤ Ê ≤ é , − Ò < Ë < Ò . Second boundary value problem.

An infinite cylindrical domain of a rectangular cross-section is considered. Boundary conditions
are prescribed: Ö ò Ó = Ô 1( Ê , Ë ) at É = 0, Ö ò Ó = Ô 2( Ê , Ë ) at É = ä ,Ö ã Ó = Ô 3( É , Ë ) at Ê = 0, Ö ã Ó = Ô 4( É , Ë ) at Ê = é .

Solution:Ó ( É , Ê , Ë ) = − Â ê0 Â Ã− Ã Ô 1( Å , × ) Ø ( É , Ê , Ë , 0, Å , × ) Ì × Ì Å + Â ê0 Â Ã− Ã Ô 2( Å , × ) Ø ( É , Ê , Ë , ä , Å , × ) Ì × Ì Å
− Â å

0 Â Ã− Ã Ô 3( Ä , × ) Ø ( É , Ê , Ë , Ä , 0, × ) Ì × Ì Ä + Â å
0 Â Ã− Ã Ô 4( Ä , × ) Ø ( É , Ê , Ë , Ä , é , × ) Ì × Ì Ä

+ Â å
0 Â ê0 Â Ã− Ã

Û
( Ä , Å , × ) Ø ( É , Ê , Ë , Ä , Å , × ) Ì × Ì Å Ì Ä .

Green’s function:

Ø ( É , Ê , Ë , Ä , Å , × ) =
1

2 ä é Ãæ ç =0 Ãæì =0 ó ç ó ìí ç ì cos(î ç É ) cos( ï ì Ê ) cos(î ç Ä ) cos( ï ì Å ) exp(−
í ç ì | Ë − × |),î ç =

è Ïä , ï ì = ð Ïé ,
í ç ì = ñ î 2ç + ï 2ì − Î , ó ç = ô 1 for è = 0,

2 for è ≠ 0.Ð�Ñ
Reference: A. N. Tikhonov and A. A. Samarskii (1990).

8.3.2-11. Domain: 0 ≤ É ≤ ä , 0 ≤ Ê ≤ é , − Ò < Ë < Ò . Third boundary value problem.

An infinite cylindrical domain of a rectangular cross-section is considered. Boundary conditions
are prescribed:Ö ò Ó − Ç 1

Ó = Ô 1( Ê , Ë ) at É = 0, Ö ò Ó + Ç 2
Ó = Ô 2( Ê , Ë ) at É = ä ,Ö ã Ó − Ç 3

Ó = Ô 3( É , Ë ) at Ê = 0, Ö ã Ó + Ç 4
Ó = Ô 4( É , Ë ) at Ê = é .
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The solution Ó ( É , Ê , Ë ) is determined by the formula in Paragraph 8.3.2-10 where

Ø ( É , Ê , Ë , Ä , Å , × ) =
1
2 Ãæ ç =1 Ãæì =1 õ ç ì ( É , Ê ) õ ç ì ( Ä , Å )ö õ ç ì ö 2 í ç ì exp(−

í ç ì | Ë − × |).

Here,Ó ç ì ( É , Ê ) = ( ÷ ç cos ÷ ç É + Ç 1 sin ÷ ç É )( ø ì cos ø ì Ê + Ç 3 sin ø ì Ê ),
í ç ì = ñ ÷ 2ç + ø 2ì − Î ,ö Ó ç ì ö 2 =

1
4

( ÷ 2ç + Ç 2
1)( ø 2ì + Ç 2

3) Õùä +
( Ç 1 + Ç 2)( ÷ 2ç + Ç 1 Ç 2)
( ÷ 2ç + Ç 2

1)( ÷ 2ç + Ç 2
2)

Ù Õúé +
( Ç 3 + Ç 4)( ø 2ì + Ç 3 Ç 4)
( ø 2ì + Ç 2

3)( ø 2ì + Ç 2
4)

Ù ,

where the ÷ ç and ø ì are positive roots of the transcendental equations

tan( ÷ ä ) =
( Ç 1 + Ç 2) ÷÷ 2 − Ç 1 Ç 2

, tan( ø é ) =
( Ç 3 + Ç 4) øø 2 − Ç 3 Ç 4

.

8.3.2-12. Domain: 0 ≤ É ≤ ä , 0 ≤ Ê ≤ é , − Ò < Ë < Ò . Mixed boundary value problems.

1 Í . An infinite cylindrical domain of a rectangular cross-section is considered. Boundary conditions
are prescribed: Ó = Ô 1( Ê , Ë ) at É = 0, Ö ò Ó = Ô 2( Ê , Ë ) at É = ä ,Ó = Ô 3( É , Ë ) at Ê = 0, Ö ã Ó = Ô 4( É , Ë ) at Ê = é .

Solution: Ó ( É , Ê , Ë ) = Â ê0 Â Ã− Ã Ô 1( Å , × ) Õ ÖÖ Ä Ø ( É , Ê , Ë , Ä , Å , × ) Ù ë
=0 Ì × Ì Å

+ Â ê0 Â Ã− Ã Ô 2( Å , × ) Ø ( É , Ê , Ë , ä , Å , × ) Ì × Ì Å
+ Â å

0 Â Ã− Ã Ô 3( Ä , × ) Õ ÖÖ Å Ø ( É , Ê , Ë , Ä , Å , × ) Ù â
=0 Ì × Ì Ä

+ Â å
0 Â Ã− Ã Ô 4( Ä , × ) Ø ( É , Ê , Ë , Ä , é , × ) Ì × Ì Ä

+ Â å
0 Â ê0 Â Ã− Ã

Û
( Ä , Å , × ) Ø ( É , Ê , Ë , Ä , Å , × ) Ì × Ì Å Ì Ä .

Green’s function:

Ø ( É , Ê , Ë , Ä , Å , × ) =
2ä é Ãæ ç =0 Ãæì =0

1í ç ì sin(î ç É ) sin( ï ì Ê ) sin(î ç Ä ) sin( ï ì Å ) exp(−
í ç ì | Ë − × |),î ç =

(2 è + 1) Ï
2 ä , ï ì =

(2 ð + 1) Ï
2 é ,

í ç ì = ñ î 2ç + ï 2ì − Î .

2 Í . An infinite cylindrical domain of a rectangular cross-section is considered. Boundary conditions
are prescribed: Ó = Ô 1( Ê , Ë ) at É = 0, Ó = Ô 2( Ê , Ë ) at É = ä ,Ö ã Ó = Ô 3( É , Ë ) at Ê = 0, Ö ã Ó = Ô 4( É , Ë ) at Ê = é .
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Solution: Ó ( É , Ê , Ë ) = Â ê0 Â Ã− Ã Ô 1( Å , × ) Õ ÖÖ Ä Ø ( É , Ê , Ë , Ä , Å , × ) Ù ë
=0 Ì × Ì Å

− Â ê0 Â Ã− Ã Ô 2( Å , × ) Õ ÖÖ Ä Ø ( É , Ê , Ë , Ä , Å , × ) Ù ë
= å Ì × Ì Å

− Â å
0 Â Ã− Ã Ô 3( Ä , × ) Ø ( É , Ê , Ë , Ä , 0, × ) Ì × Ì Ä

+ Â å
0 Â Ã− Ã Ô 4( Ä , × ) Ø ( É , Ê , Ë , Ä , é , × ) Ì × Ì Ä

+ Â å
0 Â ê0 Â Ã− Ã

Û
( Ä , Å , × ) Ø ( É , Ê , Ë , Ä , Å , × ) Ì × Ì Å Ì Ä .

Green’s function:

Ø ( É , Ê , Ë , Ä , Å , × ) =
1ä é Ãæ ç =1 Ãæì =0 ó ìí ç ì sin(î ç É ) cos( ï ì Ê ) sin(î ç Ä ) cos( ï ì Å ) exp(−

í ç ì | Ë − × |),î ç =
è Ïä , ï ì = ð Ïé ,

í ç ì = ñ î 2ç + ï 2ì − Î , ó ì = ô 1 for ð = 0,
2 for ð ≠ 0.

8.3.2-13. Domain: 0 ≤ É ≤ ä , 0 ≤ Ê ≤ é , 0 ≤ Ë < Ò . First boundary value problem.

A semiinfinite cylindrical domain of a rectangular cross-section is considered. Boundary conditions
are prescribed: Ó = Ô 1( Ê , Ë ) at É = 0, Ó = Ô 2( Ê , Ë ) at É = ä ,Ó = Ô 3( É , Ë ) at Ê = 0, Ó = Ô 4( É , Ë ) at Ê = é ,Ó = Ô 5( É , Ê ) at Ë = 0.

Solution: Ó ( É , Ê , Ë ) = Â ê0 Â Ã0
Ô 1( Å , × ) Õ ÖÖ Ä Ø ( É , Ê , Ë , Ä , Å , × ) Ù ë

=0 Ì × Ì Å
− Â ê0 Â Ã0

Ô 2( Å , × ) Õ ÖÖ Ä Ø ( É , Ê , Ë , Ä , Å , × ) Ù ë
= å Ì × Ì Å

+ Â å
0 Â Ã0

Ô 3( Ä , × ) Õ ÖÖ Å Ø ( É , Ê , Ë , Ä , Å , × ) Ù â
=0 Ì × Ì Ä

− Â å
0 Â Ã0

Ô 4( Ä , × ) Õ ÖÖ Å Ø ( É , Ê , Ë , Ä , Å , × ) Ù â
= ê Ì × Ì Ä

+ Â å
0 Â ê0

Ô 5( Ä , Å ) Õ ÖÖ × Ø ( É , Ê , Ë , Ä , Å , × ) Ù Ú
=0 Ì Å Ì Ä

+ Â å
0 Â ê0 Â Ã0

Û
( Ä , Å , × ) Ø ( É , Ê , Ë , Ä , Å , × ) Ì × Ì Å Ì Ä .

Green’s function:

Ø ( É , Ê , Ë , Ä , Å , × ) =
4ä é Ãæ ç =1 Ãæì =1

1í ç ì sin(î ç É ) sin( ï ì Ê ) sin(î ç Ä ) sin( ï ì Å ) û ç ì ( Ë , × ),î ç =
è Ïä , ï ì = ð Ïé ,

í ç ì = ñ î 2ç + ï 2ì − Î ,û ç ì ( Ë , × ) = ü exp(−
í ç ì Ë ) sinh(

í ç ì × ) for Ë > × ≥ 0,
exp(−

í ç ì × ) sinh(
í ç ì Ë ) for × > Ë ≥ 0.
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8.3.2-14. Domain: 0 ≤ É ≤ ä , 0 ≤ Ê ≤ é , 0 ≤ Ë < Ò . Second boundary value problem.

A semiinfinite cylindrical domain of a rectangular cross-section is considered. Boundary conditions
are prescribed: Ö ò Ó = Ô 1( Ê , Ë ) at É = 0, Ö ò Ó = Ô 2( Ê , Ë ) at É = ä ,Ö ã Ó = Ô 3( É , Ë ) at Ê = 0, Ö ã Ó = Ô 4( É , Ë ) at Ê = é ,Ö á Ó = Ô 5( É , Ê ) at Ë = 0.

Solution:Ó ( É , Ê , Ë ) = ý å
0

ý ê0
ý Ã0

Û
( Ä , þ , × ) Ø ( ÿ , � , � , Ä , þ , × ) � × � þ � Ä

− ý ê0
ý Ã0

Ô 1( þ , × ) Ø ( ÿ , � , � , 0, þ , × ) � × � þ + ý ê0
ý Ã0

Ô 2( þ , × ) Ø ( ÿ , � , � , ä , þ , × ) � × � þ
− ý å

0
ý Ã0

Ô 3( Ä , × ) Ø ( ÿ , � , � , Ä , 0, × ) � × � Ä + ý å
0

ý Ã0
Ô 4( Ä , × ) Ø ( ÿ , � , � , Ä , é , × ) � × � Ä

− ý å
0

ý ê0
Ô 5( Ä , þ ) Ø ( ÿ , � , � , Ä , þ , 0) � þ � Ä .

Green’s function:

Ø ( ÿ , � , � , Ä , þ , × ) =
1ä é Ãæ ç =0 Ãæì =0 ó ç ó ìí ç ì cos(î ç ÿ ) cos( ï ì � ) cos(î ç Ä ) cos( ï ì þ ) û ç ì ( � , × ),î ç =

è �ä , ï ì = ð �é ,
í ç ì = ñ î 2ç + ï 2ì − � , ó ç = ü 1 for è = 0,

2 for è ≠ 0,û ç ì ( � , × ) = ü exp(−
í ç ì � ) cosh(

í ç ì × ) for � > × ≥ 0,
exp(−

í ç ì × ) cosh(
í ç ì � ) for × > � ≥ 0.

8.3.2-15. Domain: 0 ≤ ÿ ≤ ä , 0 ≤ � ≤ é , 0 ≤ � < Ò . Third boundary value problem.

A semiinfinite cylindrical domain of a rectangular cross-section is considered. Boundary conditions
are prescribed:Ö ò Ó − � 1

Ó = Ô 1( � , � ) at ÿ = 0, Ö ò Ó + � 2
Ó = Ô 2( � , � ) at ÿ = ä ,Ö ã Ó − � 3

Ó = Ô 3( ÿ , � ) at � = 0, Ö ã Ó + � 4
Ó = Ô 4( ÿ , � ) at � = é ,Ö á Ó − � 5

Ó = Ô 5( ÿ , � ) at � = 0.
The solution Ó ( ÿ , � , � ) is determined by the formula in Paragraph 8.3.2-14 where

Ø ( ÿ , � , � , Ä , þ , × ) = Ãæ ç =1 Ãæì =1 õ ç ì ( ÿ , � ) õ ç ì ( Ä , þ )ö õ ç ì ö 2 û ç ì ( � , × ).

Here, Ó ç ì ( ÿ , � ) = ( ÷ ç cos ÷ ç ÿ + � 1 sin ÷ ç ÿ )( ø ì cos ø ì � + � 3 sin ø ì � ),ö Ó ç ì ö 2 =
1
4

( ÷ 2ç + � 2
1)( ø 2ì + � 2

3) Õ ä +
( � 1 + � 2)( ÷ 2ç + � 1 � 2)
( ÷ 2ç + � 2

1)( ÷ 2ç + � 2
2)

Ù Õúé +
( � 3 + � 4)( ø 2ì + � 3 � 4)
( ø 2ì + � 2

3)( ø 2ì + � 2
4)

Ù ,

û ç ì ( � , × ) =

��� �	 exp(−
í ç ì � )[

í ç ì cosh(
í ç ì × )+ � 5 sinh(

í ç ì × )]í ç ì (
í ç ì + � 5)

for � > × ,

exp(−
í ç ì × )[

í ç ì cosh(
í ç ì � )+ � 5 sinh(

í ç ì � )]í ç ì (
í ç ì + � 5)

for × > � ,

í ç ì = ñ ÷ 2ç + ø 2ì − � ,

where the ÷ ç and ø ì are positive roots of the transcendental equations

tan( ÷ ä ) =
( � 1 + � 2) ÷÷ 2 − � 1 � 2

, tan( ø é ) =
( � 3 + � 4) øø 2 − � 3 � 4

.
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8.3.2-16. Domain: 0 ≤ ÿ ≤ ä , 0 ≤ � ≤ é , 0 ≤ � < Ò . Mixed boundary value problems.

1 
 . A semiinfinite cylindrical domain of a rectangular cross-section is considered. Boundary
conditions are prescribed:Ó = Ô 1( � , � ) at ÿ = 0, Ó = Ô 2( � , � ) at ÿ = ä ,Ó = Ô 3( ÿ , � ) at � = 0, Ó = Ô 4( ÿ , � ) at � = é ,Ö á Ó = Ô 5( ÿ , � ) at � = 0.

Solution: Ó ( ÿ , � , � ) = ý ê0
ý Ã0

Ô 1( þ , × ) Õ ÖÖ Ä Ø ( ÿ , � , � , Ä , þ , × ) Ù ë
=0

� × � þ
− ý ê0

ý Ã0
Ô 2( þ , × ) Õ ÖÖ Ä Ø ( ÿ , � , � , Ä , þ , × ) Ù ë

= å � × � þ
+ ý å

0
ý Ã0

Ô 3( Ä , × ) Õ ÖÖ þ Ø ( ÿ , � , � , Ä , þ , × ) Ù â
=0

� × � Ä
− ý å

0
ý Ã0

Ô 4( Ä , × ) Õ ÖÖ þ Ø ( ÿ , � , � , Ä , þ , × ) Ù â
= ê � × � Ä

− ý å
0

ý ê0
Ô 5( Ä , þ ) Ø ( ÿ , � , � , Ä , þ , 0) � þ � Ä

+ ý å
0

ý ê0
ý Ã0

Û
( Ä , þ , × ) Ø ( ÿ , � , � , Ä , þ , × ) � × � þ � Ä .

Green’s function:

Ø ( ÿ , � , � , Ä , þ , × ) =
4ä é Ãæ ç =1 Ãæì =1

1í ç ì sin(î ç ÿ ) sin( ï ì � ) sin(î ç Ä ) sin( ï ì þ ) û ç ì ( � , × ),î ç =
è �ä , ï ì = ð �é ,

í ç ì = ñ î 2ç + ï 2ì − � ,û ç ì ( � , × ) = ü exp(−
í ç ì � ) cosh(

í ç ì × ) for � > × ≥ 0,
exp(−

í ç ì × ) cosh(
í ç ì � ) for × > � ≥ 0.

2 
 . A semiinfinite cylindrical domain of a rectangular cross-section is considered. Boundary
conditions are prescribed:Ö ò Ó = Ô 1( � , � ) at ÿ = 0, Ö ò Ó = Ô 2( � , � ) at ÿ = ä ,Ö ã Ó = Ô 3( ÿ , � ) at � = 0, Ö ã Ó = Ô 4( ÿ , � ) at � = é ,Ó = Ô 5( ÿ , � ) at � = 0.

Solution:Ó ( ÿ , � , � ) = ý å
0

ý ê0
ý Ã0

Û
( Ä , þ , × ) Ø ( ÿ , � , � , Ä , þ , × ) � × � þ � Ä

− ý ê0
ý Ã0

Ô 1( þ , × ) Ø ( ÿ , � , � , 0, þ , × ) � × � þ + ý ê0
ý Ã0

Ô 2( þ , × ) Ø ( ÿ , � , � , ä , þ , × ) � × � þ
− ý å

0
ý Ã0

Ô 3( Ä , × ) Ø ( ÿ , � , � , Ä , 0, × ) � × � Ä + ý å
0

ý Ã0
Ô 4( Ä , × ) Ø ( ÿ , � , � , Ä , é , × ) � × � Ä

+ ý å
0

ý ê0
Ô 5( Ä , þ ) Õ ÖÖ × Ø ( ÿ , � , � , Ä , þ , Ä ) Ù Ú

=0
� þ � Ä .
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Green’s function:Ø ( ÿ , � , � , Ä , þ , × ) =
1ä é Ãæ ç =0 Ãæì =0 ó ç ó ìí ç ì cos(î ç ÿ ) cos( ï ì � ) cos(î ç Ä ) cos( ï ì þ ) û ç ì ( � , × ).

Here, î ç =
è �ä , ï ì = ð �é ,

í ç ì = ñ î 2ç + ï 2ì − � , ó ç = ü 1 for è = 0,
2 for è ≠ 0,û ç ì ( � , × ) = ü exp(−

í ç ì � ) sinh(
í ç ì × ) for � > × ≥ 0,

exp(−
í ç ì × ) sinh(

í ç ì � ) for × > � ≥ 0.� Paragraphs 8.3.2-17 through 8.3.2-23 present only the eigenvalues and eigenfunctions of ho-
mogeneous boundary value problems for the homogeneous Helmholtz equation (with

Û
≡ 0). The

solutions of the corresponding nonhomogeneous boundary value problems (with
Û �

0) can be
constructed by the relations specified in Paragraphs 8.3.1-4 and 8.3.1-8.

8.3.2-17. Domain: 0 ≤ ÿ ≤ ä , 0 ≤ � ≤ é , 0 ≤ � ≤  . First boundary value problem.

A rectangular parallelepiped is considered. Boundary conditions are prescribed:Ó = Ô 1( � , � ) at ÿ = 0, Ó = Ô 2( � , � ) at ÿ = ä ,Ó = Ô 3( ÿ , � ) at � = 0, Ó = Ô 4( ÿ , � ) at � = é ,Ó = Ô 5( ÿ , � ) at � = 0, Ó = Ô 6( ÿ , � ) at � =  .
1 
 . Eigenvalues of the homogeneous problem:� ç ì � = � 2 � è 2ä 2 + ð 2é 2 +

� 2 2 � ; � , � , � = 1, 2, 3, �����
Eigenfunctions and the norm squared:� � � � = sin � � � ÿä � sin � � � �� � sin � � � � � ,

ö � � � � ö 2 =
ä � 
8

.

2 
 . A double-series representation of the Green’s function:�
( ÿ , � , � , Ä , þ , � ) =

4ä � Ã� � =1 Ã�� =1

sin(� � ÿ ) sin( � � � ) sin(� � � ) sin( � � þ ) � � � ( � , � ),

� � � ( � , � ) =

���� ��	 sinh(  � � � ) sinh[  � � (  − � )] � � sinh(  � �  )
for  ≥ � > � ≥ 0,

sinh(  � � � ) sinh[  � � (  − � )] � � sinh(  � �  )
for  ≥ � > � ≥ 0,� � =

� �ä , � � =
� �� ,  � � = ! � 2� + � 2� − � .

This relation can be used to obtain two other representations of the Green’s function with the aid of
the cyclic permutations of triples:

( ÿ , � , ä )" #
( � , � ,  ) $ % ( � , þ ,

�
)

A triple series representation of the Green’s function:�
( ÿ , � , � , � , þ , � ) =

8ä �  &� �
=1

&��
=1

&� � =1

sin(� � ÿ ) sin( � � � ) sin( ' � � ) sin(� � � ) sin( � � þ ) sin( ' � � )� 2� + � 2� + ' 2� − � ,� � =
� �ä , � � =

� �� , ' � =
� � .(*)

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and
A. N. Tikhonov (1980).
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8.3.2-18. Domain: 0 ≤ ÿ ≤ ä , 0 ≤ / ≤
�
, 0 ≤ 0 ≤ 1 . Second boundary value problem.

A rectangular parallelepiped is considered. Boundary conditions are prescribed:2 3 � = 4 1( / , 0 ) at ÿ = 0,
2 3 � = 4 2( / , 0 ) at ÿ = ä ,2 ã � = 4 3( ÿ , 0 ) at / = 0,
2 ã � = 4 4( ÿ , 0 ) at / =

�
,2 5 � = 4 5( ÿ , / ) at 0 = 0,

2 5 � = 4 6( ÿ , / ) at 0 = 1 .

1 6 . Eigenvalues of the homogeneous problem:7 � � 8 = 9 2 � � 2ä 2 +
� 2� 2 + : 21 2 � ; � , � , : = 0, 1, 2, �����

Eigenfunctions: � � � 8 = cos � 9 � ÿä � cos � 9 � /� � cos � 9 : 01 � .

The square of the norm of an eigenfunction is defined as; � � � 8 ; 2 =
ä � 1
8

(1 + < � 0)(1 + < � 0)(1 + < 8 0), < � 0 = = 1 for � = 0,
0 for � ≠ 0.

2 6 . A double series representation of the Green’s function:�
( ÿ , / , 0 , � , > , � ) =

1? � &� �
=0

&��
=0 @ � @ � cos(� � ÿ ) cos( � � / ) cos(� � � ) cos( � � > ) � � � ( 0 , � ),

� � � ( 0 , � ) = ABBC BBD
cosh(  � � � ) cosh[  � � ( 1 − 0 )] � � sinh(  � � 1 )

for 1 ≥ 0 > � ≥ 0,

cosh(  � � 0 ) cosh[  � � ( 1 − � )] � � sinh(  � � 1 )
for 1 ≥ � > 0 ≥ 0,� � =

9 �? , � � =
9 �� ,  � � = ! � 2� + � 2� −

7
, @ � = = 1 for � = 0,

2 for � ≠ 0.

This relation can be used to obtain two other representations of the Green’s function with the aid of
the cyclic permutations:

( ÿ , � , ? )" #
( 0 , � , 1 ) $ % ( / , > ,

�
)

A triple series representation of the Green’s function:�
( ÿ , / , 0 , � , > , � ) =

1? � 1 &� �
=0

&��
=0

&� 8
=0

@ � @ � @ 8 cos(� � ÿ ) cos( � � / ) cos( ' 8 0 ) cos(� � � ) cos( � � > ) cos( ' 8 � )� 2� + � 2� + ' 28 −
7 ,� � =

9 �? , � � =
9 �� , ' 8 =

9 :1 .(*)
References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and

A. N. Tikhonov (1980).

8.3.2-19. Domain: 0 ≤ ÿ ≤ ? , 0 ≤ / ≤
�
, 0 ≤ 0 ≤ 1 . Third boundary value problem.

A rectangular parallelepiped is considered. Boundary conditions are prescribed:2 3 � − : 1
� = 4 1( / , 0 ) at ÿ = 0,

2 3 � + : 2
� = 4 2( / , 0 ) at ÿ = ? ,2 E � − : 3

� = 4 3( ÿ , 0 ) at / = 0,
2 E � + : 4

� = 4 4( ÿ , 0 ) at / =
�
,2 5 � − : 5

� = 4 5( ÿ , / ) at 0 = 0,
2 5 � + : 6

� = 4 6( ÿ , / ) at 0 = 1 .
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Eigenvalues of the homogeneous problem:7 � � F = G 2� + H 2� + I 2F ; � , � , J = 1, 2, 3, �����
Here, the G � , H � , and I F are positive roots of the transcendental equations

tan( G ? ) =
( : 1 + : 2) GG 2 − : 1 : 2

, tan( H �
) =

( : 3 + : 4) HH 2 − : 3 : 4
, tan( I 1 ) =

( : 5 + : 6) II 2 − : 5 : 6
.

Eigenfunctions:� � � F =
1K � L � M F ( G N cos G N ÿ + : 1 sin G N ÿ )( H O cos H O / + : 3 sin H O / )( I F cos I F 0 + : 5 sin I F 0 ),K N = ! G 2N + : 2

1 , L O = ! H 2O + : 2
3 , M F = ! I 2F + : 2

5 .

The square of the norm of an eigenfunction is defined as;QP N O F ; 2 =
1
8 R ? +

( : 1 + : 2)( G 2N + : 1 : 2)
( G 2N + : 2

1)( G 2N + : 2
2) S RUT +

( : 3 + : 4)( H 2O + : 3 : 4)
( H 2O + : 2

3)( H 2O + : 2
4) S R 1 +

( : 5 + : 6)( I 2F + : 5 : 6)
( I 2F + : 2

5)( I 2F + : 2
6) S .(*)

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

8.3.2-20. Domain: 0 ≤ ÿ ≤ ? , 0 ≤ / ≤ T , 0 ≤ 0 ≤ 1 . Mixed boundary value problems.

1 6 . A rectangular parallelepiped is considered. Boundary conditions are prescribed:P
= 4 1( / , 0 ) at ÿ = 0,

P
= 4 2( / , 0 ) at ÿ = ? ,P

= 4 3( ÿ , 0 ) at / = 0,
P

= 4 4( ÿ , 0 ) at / = T ,2 5 P
= 4 5( ÿ , / ) at 0 = 0,

2 5 P
= 4 6( ÿ , / ) at 0 = 1 .

Eigenvalues of the homogeneous problem:7 N O 8 = 9 2 V W 2? 2 + X 2T 2 + : 21 2 Y ; W , X = 1, 2, 3, Z�Z�Z ; : = 0, 1, 2, Z�Z�Z
Eigenfunctions: P N O 8 = sin V 9 W ÿ? Y sin V 9 X /T Y cos V 9 : 01 Y .

The square of the norm of an eigenfunction is defined as;QP N O 8 ; 2 =
? T 1
8

(1 + < 8 0), < 8 0 = = 1 for : = 0,
0 for : ≠ 0.

2 6 . A rectangular parallelepiped is considered. Boundary conditions are prescribed:P
= 4 1( / , 0 ) at ÿ = 0,

P
= 4 2( / , 0 ) at ÿ = ? ,2 E P

= 4 3( ÿ , 0 ) at / = 0,
2 E P

= 4 4( ÿ , 0 ) at / = T ,2 5 P
= 4 5( ÿ , / ) at 0 = 0,

2 5 P
= 4 6( ÿ , / ) at 0 = 1 .

Eigenvalues of the homogeneous problem:7 N O 8 = 9 2 V W 2? 2 + X 2T 2 + : 21 2 Y ; W = 1, 2, 3, Z�Z�Z ; X , : = 0, 1, 2, Z�Z�Z
Eigenfunctions: P N O 8 = sin V 9 W ÿ? Y cos V 9 X /T Y cos V 9 : 01 Y .

The square of the norm of an eigenfunction is defined as;QP N O 8 ; 2 =
? T 1
8

(1 + <[O 0)(1 + < 8 0), <[O 0 = = 1 for X = 0,
0 for X ≠ 0.
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8.3.2-21. Domain: 0 ≤ ÿ ≤ ? , 0 ≤ / ≤ ÿ , 0 ≤ 0 ≤ 1 . First boundary value problem.
A right prism whose base is an isosceles right-angled triangle is considered. Boundary conditions
are prescribed:P

= 4 1( / , 0 ) at ÿ = 0,
P

= 4 2( ÿ , 0 ) at / = 0,
P

= 4 3( ÿ , 0 ) at / = ÿ ,P
= 4 4( ÿ , / ) at 0 = 0,

P
= 4 5( ÿ , / ) at 0 = 1 .

Eigenvalues of the homogeneous problem:7 N O 8 =
9 2? 2 \ ( W + X )2 + X 2 ] +

9 2 : 21 2 ; W , X , : = 1, 2, 3, Z�Z�Z
Eigenfunctions:P N O 8 = ^ sin R 9 ? ( W + X ) ÿ S sin V 9 ? X / Y − (−1) N sin V 9 ? X ÿ Y sin R 9 ? ( W + X ) / S _ sin V 9 : 01 Y .

8.3.2-22. Domain: 0 ≤ ÿ ≤ ? , 0 ≤ / ≤ ÿ , 0 ≤ 0 ≤ 1 . Second boundary value problem.
A right prism whose base is an isosceles right-angled triangle is considered. Boundary conditions
are prescribed:2 3 P

= 4 1( / , 0 ) at ÿ = 0,
2 E P

= 4 2( ÿ , 0 ) at / = 0,
2 ` P

= 4 3( ÿ , 0 ) at / = ÿ ,2 5 P
= 4 4( ÿ , / ) at 0 = 0,

2 5 P
= 4 5( ÿ , / ) at 0 = 1 ,

where
2 ` P

= N ⋅ ∇
P

= 1a
2

(
2 3 P

+
2 E P

).
Eigenvalues of the homogeneous problem:7 N O 8 =

9 2? 2 \ ( W + X )2 + X 2 ] +
9 2 : 21 2 ; W , X , : = 0, 1, 2, Z�Z�Z

Eigenfunctions:P N O 8 = ^ cos R 9 ? ( W + X ) ÿ S cos V 9 ? X / Y − (−1) N cos V 9 ? X ÿ Y cos R 9 ? ( W + X ) / S _ cos V 9 : 01 Y .

8.3.2-23. Domain: 0 ≤ ÿ ≤ ? , 0 ≤ / ≤ ÿ , 0 ≤ 0 ≤ 1 . Mixed boundary value problems.
1 6 . A right prism whose base is an isosceles right-angled triangle is considered. Boundary conditions
are prescribed:P

= 4 1( / , 0 ) at ÿ = 0,
P

= 4 2( ÿ , 0 ) at / = 0,
P

= 4 3( ÿ , 0 ) at / = ÿ ,2 5 P
= 4 4( ÿ , / ) at 0 = 0,

2 5 P
= 4 5( ÿ , / ) at 0 = 1 .

Eigenvalues of the homogeneous problem:7 N O 8 =
9 2? 2 \ ( W + X )2 + X 2 ] +

9 2 : 21 2 ; W , X = 1, 2, 3, Z�Z�Z ; : = 0, 1, 2, Z�Z�Z
Eigenfunctions:P N O 8 = ^ sin R 9 ? ( W + X ) ÿ S sin V 9 ? X / Y − (−1) N sin V 9 ? X ÿ Y sin R 9 ? ( W + X ) / S _ cos V 9 : 01 Y .

2 6 . A right prism whose base is an isosceles right-angled triangle is considered. Boundary conditions
are prescribed:2 3 P

= 4 1( / , 0 ) at ÿ = 0,
2 E P

= 4 2( ÿ , 0 ) at / = 0,
2 ` P

= 4 3( ÿ , 0 ) at / = ÿ ,P
= 4 4( ÿ , / ) at 0 = 0,

P
= 4 5( ÿ , / ) at 0 = 1 .

Eigenvalues of the homogeneous problem:7 N O 8 =
9 2? 2 \ ( W + X )2 + X 2 ] +

9 2 : 21 2 ; W , X = 0, 1, 2, Z�Z�Z ; : = 1, 2, 3, Z�Z�Z
Eigenfunctions:P N O 8 = ^ cos R 9 ? ( W + X ) ÿ S cos V 9 ? X / Y − (−1) N cos V 9 ? X ÿ Y cos R 9 ? ( W + X ) / S _ sin V 9 : 01 Y .
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8.3.3. Problems in Cylindrical Coordinates
The three-dimensional nonhomogeneous Helmholtz equation in the cylindrical coordinate system is
written as

1b 22 b V b 2 P2 b Y +
1b
2

2 2 P2 c 2 +
2 2 P2 0 2 +

7 P
= − d (

b
,
c

, 0 ),
b

= e ÿ 2 + f 2.

8.3.3-1. Particular solutions of the homogeneous equation ( d ≡ 0):P
= \ K g

0 h b i j k
+ l m 0 h b i j k ] ( n 1

c
+ o 1)( n 2 p + o 2),q =

g r h b e j
− s 2

k
( t cos X c

+ l sin X c
)( n cos s p + o sin s p ),

j
> s 2,q = m r h b e j

− s 2
k
( t cos X c

+ l sin X c
)( n cos s p + o sin s p ),

j
> s 2,q =

g r h b e j
+ s 2

k
( t cos X c

+ l sin X c
)( n cosh s p + o sinh s p ),

j
> − s 2,q = m r h b e j

+ s 2
k
( t cos X c

+ l sin X c
)( n cosh s p + o sinh s p ),

j
> − s 2,q = u r h b e s 2 −

j k
( t cos X c

+ l sin X c
)( n cos s p + o sin s p ),

j
< s 2,q = m r h b e s 2 −

j k
( t cos X c

+ l sin X c
)( n cos s p + o sin s p ),

j
< s 2,

where X = 0, 1, 2, Z�Z�Z ; t , l , n , o , n 1, n 2, o 1, o 2, and s are arbitrary constants; the
g r

( v ) andm r
( v ) are the Bessel functions; and the u r ( v ) and w r

( v ) are the modified Bessel functions.

8.3.3-2. Domain: 0 ≤
b

≤ x , 0 ≤
c

≤ 2 y , − z < p < z . First boundary value problem.

An infinite circular cylinder is considered. A boundary condition is prescribed:q = { (
c

, p ) at
b

= x .

Solution: q (
b
,
c

, p ) = − x | 2 }
0

| &− & { ( ~ , � ) � �� v � (
b
,
c

, p , v , ~ , � ) � �
= � � � � ~

+ | �
0

| 2 }
0

| �
− � � ( v , ~ , � ) � ( � , � , p , v , ~ , � ) v � � � ~ � v .

Here,

� ( � , � , p , v , ~ , � ) =
1

2 y x 2
����
=0

��r
=1

t � g �
( s � r � )

g �
( s � r v )� g ��

( s � r x ) � 2 � � r cos[ � ( � − ~ )] exp h − � � r
| p − � |

k
,� � r

= � s 2

� r −
j

, t �
= � 1 for � = 0,

2 for � ≠ 0,

where the
g �

( v ) are the Bessel functions and the s � r
are positive roots of the transcendental equationg �

( s x ) = 0.�*�
Reference: A. N. Tikhonov and A. A. Samarskii (1990).

8.3.3-3. Domain: 0 ≤ � ≤ x , 0 ≤ � ≤ 2 y , − z < p < z . Second boundary value problem.

An infinite circular cylinder is considered. A boundary condition is prescribed:� � q = { ( � , p ) at � = x .
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Solution: � ( � , � , � ) = � 	 2 

0

	 �
− � � (  , � ) � ( � , � , � , � ,  , � ) � � � 

+
	 �

0

	 2 

0

	 �
− � � ( � ,  , � ) � ( � , � , � , � ,  , � ) � � � �  � � .

Here,� ( � , � , � , � ,  , � ) =
exp � − � − � | � − � | �

2 � � 2 � − �
+

1
2 � ����

=0

��� =1 �
� �

2

� � � �
(

� � � � ) � �
(

� � � � ) cos[  ( � −  )]
(

�
2

� � � 2 −  2) � 2

�
(

� � � � ) ! � � exp � − ! � � | � − � | � ,! � � = " �
2

� � − � , �
�

= # 1 for  = 0,
2 for  ≠ 0,

where the � �
( � ) are the Bessel functions and the

� � � are positive roots of the transcendental equation� $� (

� � ) = 0.%'&
Reference: A. N. Tikhonov and A. A. Samarskii (1990).

8.3.3-4. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 2 � , − ( < � < ( . Third boundary value problem.

An infinite circular cylinder is considered. A boundary condition is prescribed:) * � + + � = � ( � , � ) at � = � .

Solution: � ( � , � , � ) = � 	 2 

0

	 �
− � � (  , � ) � ( � , � , � , � ,  , � ) � � � 

+
	 �

0

	 2 

0

	 �
− � � ( � ,  , � ) � ( � , � , � , � ,  , � ) � � � �  � � .

Here,� ( � , � , � , � ,  , � ) =
1

2 � �� �
=0

��� =1 �
� �

2

� � � �
(

� � � � ) � �
(

� � � � ) cos[  ( � −  )]
(

�
2

� � � 2 + + 2 � 2 −  2) � 2

�
(

� � � � ) ! � � exp � − ! � � | � − � | � ,! � � = " �
2

� � − � , �
�

= # 1 for  = 0,
2 for  ≠ 0,

where the � �
( � ) are the Bessel functions and the

� � � are positive roots of the transcendental
equation

� � $� (

� � ) + + � �
(

� � ) = 0.

8.3.3-5. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 2 � , 0 ≤ � < ( . First boundary value problem.

A semiinfinite circular cylinder is considered. Boundary conditions are prescribed:� = � 1( � , � ) at � = � , � = � 2( � , � ) at � = 0.
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Solution: � ( � , � , � ) = − � 	 2 

0

	 �
0 � 1(  , � ) , )) � � ( � , � , � , � ,  , � ) - .

= � � � � 
+

	 2 

0

	 �
0 � 2( � ,  ) , )) � � ( � , � , � , � ,  , � ) - /

=0
� � � � 

+
	 �

0

	 2 

0

	 �
0 � ( � ,  , � ) � ( � , � , � , � ,  , � ) � � � �  � � .

Here, � ( � , � , � , � ,  , � ) =
1

2 � � 2

�� �
=0

��� =1 �
� � �

(

� � � � ) � �
(

� � � � )0 � $� (

� � � � ) 1 2 ! � � cos[  ( � −  )] 2 � � ( � , � ),2 � � ( � , � ) = exp(− ! � � | � − � |) − exp(− ! � � | � + � |), ! � � = " �
2

� � − � , �
�

= # 1 for  = 0,
2 for  ≠ 0,

where the � �
( � ) are the Bessel functions and the

� � � are positive roots of the transcendental equation� �
(

� � ) = 0.

8.3.3-6. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 2 � , 0 ≤ � < ( . Second boundary value problem.

A semiinfinite circular cylinder is considered. Boundary conditions are prescribed:) * � = � 1( � , � ) at � = � ,
) 3 � = � 2( � , � ) at � = 0.

Solution: � ( � , � , � ) = � 	 2 

0

	 �
0 � 1(  , � ) � ( � , � , � , � ,  , � ) � � � 

−
	 2 


0

	 �
0 � 2( � ,  ) � ( � , � , � , � ,  , 0) � � � � 

+
	 �

0

	 2 

0

	 �
0 � ( � ,  , � ) � ( � , � , � , � ,  , � ) � � � �  � � .

Here, � ( � , � , � , � ,  , � ) =
exp � − � − � | � − � | � + exp � − � − � | � + � | �

2 � � 2 � − �
+

1
2 � �� �

=0

��� =1 �
� �

2

� � � �
(

� � � � ) � �
(

� � � � ) cos[  ( � −  )]
(

�
2

� � � 2 −  2) � 2

�
(

� � � � ) ! � � 2 � � ( � , � ),2 � � ( � , � ) = exp(− ! � � | � − � |) + exp(− ! � � | � + � |), ! � � = " �
2

� � − � , �
�

= # 1 for  = 0,
2 for  ≠ 0,

where the � �
( � ) are the Bessel functions and the

� � � are positive roots of the transcendental equation� $� (

� � ) = 0.

8.3.3-7. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 2 � , 0 ≤ � < ( . Third boundary value problem.

A semiinfinite circular cylinder is considered. Boundary conditions are prescribed:) * � + + 1
� = � ( � , � ) at � = � ,

) 3 � − + 2
� = � 2( � , � ) at � = 0.
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Solution: � ( � , � , � ) = � 	 2 

0

	 �
0 � 1(  , � ) � ( � , � , � , � ,  , � ) � � � 

−
	 2 


0

	 �
0 � 2( � ,  ) � ( � , � , � , � ,  , 0) � � � � 

+
	 �

0

	 2 

0

	 �
0 � ( � ,  , � ) � ( � , � , � , � ,  , � ) � � � �  � � .

Here, � ( � , � , � , � ,  , � ) =
1� �� �

=0

��� =1 �
� �

2

� � � �
(

� � � � ) � �
(

� � � � ) cos[  ( � −  )]
(

�
2

� � � 2 + + 2
1 � 2−  2) � 2

�
(

� � � � )
2 � � ( � , � ),

�
�

= # 1 for  = 0,
2 for  ≠ 0,

2 � � ( � , � ) = 4556 557
exp(− ! � � � )[ ! � � cosh( ! � � � )+ + 2 sinh( ! � � � )]! � � ( ! � � + + 2)

for � > � ,

exp(− ! � � � )[ ! � � cosh( ! � � � )+ + 2 sinh( ! � � � )]! � � ( ! � � + + 2)
for � > � ,

where the � �
( � ) are the Bessel functions, ! � � = 8 �

2

� � − � , and the

� � � are positive roots of the
transcendental equation

� � $� (

� � ) + + 1 � �
(

� � ) = 0.

8.3.3-8. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 2 � , 0 ≤ � < ( . Mixed boundary value problem.

A semiinfinite circular cylinder is considered. Boundary conditions are prescribed:� = � 1( � , � ) at � = � ,
) 3 � = � 2( � , � ) at � = 0.

Solution: � ( � , � , � ) = − � 	 2 

0

	 �
0 � 1(  , � ) , )) � � ( � , � , � , � ,  , � ) - .

= � � � � 
−

	 2 

0

	 �
0 � 2( � ,  ) � ( � , � , � , � ,  , 0) � � � � 

+
	 �

0

	 2 

0

	 �
0 � ( � ,  , � ) � ( � , � , � , � ,  , � ) � � � �  � � .

Here, � ( � , � , � , � ,  , � ) =
1

2 � � 2

����
=0

��� =1 �
� � �

(

� � � � ) � �
(

� � � � )0 � $� (

� � � � ) 1 2 ! � � cos[  ( � −  )] 2 � � ( � , � ),2 � � ( � , � ) = exp(− ! � � | � − � |) + exp(− ! � � | � + � |), ! � � = " �
2

� � − � , �
�

= # 1 for  = 0,
2 for  ≠ 0,

where the � �
( � ) are the Bessel functions and the

� � � are positive roots of the transcendental equation� �
(

� � ) = 0.9 Paragraphs 8.3.3-9 through 8.3.3-16 present only the eigenvalues and eigenfunctions of homoge-
neous boundary value problems for the homogeneous Helmholtz equation (with � ≡ 0). The solutions
of the corresponding nonhomogeneous boundary value problems ( � : 0) can be constructed by the
relations specified in Paragraphs 8.3.1-4 and 8.3.1-8.
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8.3.3-9. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 2 � , 0 ≤ � ≤ ; . First boundary value problem.

A circular cylinder of finite length is considered. Boundary conditions are prescribed:� = 0 at � = � , � = 0 at � = 0, � = 0 at � = ; .

Eigenvalues: � � � < =
� 2 + 2; 2 +

�
2

� �� 2 ;  = 0, 1, =>=>= ; ? , + = 1, 2, =>=>=
Here, the

� � � are positive zeros of the Bessel functions, � �
(

�
) = 0.

Eigenfunctions: � (1)

� � < = � � @ � � � �� A cos(  � ) sin

@ � + �; A ,� (2)

� � < = � � @ � � � �� A sin(  � ) sin

@ � + �; A .

Eigenfunctions possessing the axial symmetry property:� (1)
0 � < = � 0

@ �
0 � �� A sin

@ � + �; A .

The square of the norm of an eigenfunction is defined asB � (1)

� � < B 2 =
B � (2)

� � < B 2 =
� � 2 ;

4
(1 + C � 0)

0 � $� (

� � � ) 1 2, C � � = D 1 for  = ? ,
0 for  ≠ ? .%'&

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and
A. N. Tikhonov (1980).

8.3.3-10. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 2 � , 0 ≤ � ≤ ; . Second boundary value problem.

A circular cylinder of finite length is considered. Boundary conditions are prescribed:) * � = 0 at � = � ,
) 3 � = 0 at � = 0,

) 3 � = 0 at � = ; .

Eigenvalues:� 000 = 0, � � � < =
� 2 + 2; 2 +

�
2

� �� 2 ;  = 0, 1, =>=>= ; + , ? = 0, 1, =>=>=
Here, the

� � � are roots of the transcendental equation � $� (

�
) = 0.

Eigenfunctions: � (1)

� � < = � � @ � � � �� A cos(  � ) cos

@ � + �; A , � (1)
000 = 1,� (2)

� � < = � � @ � � � �� A sin(  � ) cos

@ � + �; A .

The square of the norm of an eigenfunction is defined asB � (1)

� � < B 2 =
B � (2)

� � < B 2 =
� � 2 ;
4

�
2

� � (1 + C � 0)(

�
2

� � −  2)
0 � �

(

� � � ) 1 2,
B � (1)

000
B 2 = � � 2 ; ,

where C � 0 is the Kronecker delta.%'&
References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and

A. N. Tikhonov (1980).
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8.3.3-11. Domain: 0 ≤ � ≤ � , 0 ≤ � ≤ 2 � , 0 ≤ � ≤ ; . Third boundary value problem.

A circular cylinder of finite length is considered. Boundary conditions are prescribed:) * � + + 1
� = 0 at � = � ,

) 3 � − + 2
� = 0 at � = 0,

) 3 � + + 3
� = 0 at � = ; .

Eigenvalues: � � � E = F 2E +

�
2

� �� 2 ,

where the F E and

� � � are positive roots of the transcendental equations

tan( F ; ) =
( + 2 + + 3) FF 2 − + 2 + 3

,

� � $� (

�
) + � + 1 � �

(

�
) = 0.

Eigenfunctions: � (1)

� � E = � � @ � � � �� A cos(  � )
F E cos F E � + + 2 sin F E �" F 2E + + 2

2

,� (2)

� � E = � � @ � � � �� A sin(  � )
F E cos F E � + + 2 sin F E �" F 2E + + 2

2

.

The square of the norm of an eigenfunction is defined asB � ( G )� � E B 2 =
� � 2

4

�
2

� � (1 + C � 0)( � 2 + 2
1 +

�
2

� � −  2)
0 � �

(

� � � ) 1 2 ,H; +
( + 2 + + 3)( F 2E + + 2 + 3)
( F 2E + + 2

2)( F 2E + + 2
3)

- ,

where C � 0 is the Kronecker delta.

8.3.3-12. Domain: � 1 ≤ � ≤ � 2, 0 ≤ � ≤ 2 � , 0 ≤ � ≤ ; . First boundary value problem.

A hollow circular cylinder of finite length is considered. Boundary conditions are prescribed:� = 0 at � = � 1, � = 0 at � = � 2,� = 0 at � = 0, � = 0 at � = ; .

Eigenvalues:� � � < =
� 2 + 2; 2 +

�
2

� � ;  = 0, 1, 2, =>=>= ; ? , + = 1, 2, 3, =>=>=
Here, the

� � � are positive roots of the transcendental equation� �
(

� � 1) I �
(

� � 2) − � �
(

� � 2) I �
(

� � 1) = 0.

Eigenfunctions:� (1)

� � < = [ � �
(

� � � � ) I �
(

� � � � 1) − � �
(

� � � � 1) I �
(

� � � � )] cos(  � ) sin

@ � + �; A ,� (2)

� � < = [ � �
(

� � � � ) I �
(

� � � � 1) − � �
(

� � � � 1) I �
(

� � � � )] sin(  � ) sin

@ � + �; A .

The square of the norm of an eigenfunction is defined asB � (1)

� � < B 2 =
B � (2)

� � < B 2 =
;� �
2

� � (1+ C � 0)
[ � �

(

� � � � 1) 1 2 − [ � �
(

� � � � 2) 1 2

[ � �
(

� � � � 2) 1 2 , C GKJ = # 1 for L = M ,
0 for L ≠ M .%'&

References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and
A. N. Tikhonov (1980).
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8.3.3-13. Domain: � 1 ≤ � ≤ � 2, 0 ≤ � ≤ 2 � , 0 ≤ � ≤ ; . Second boundary value problem.

A hollow circular cylinder of finite length is considered. Boundary conditions are prescribed:) * � = 0 at � = � 1,
) * � = 0 at � = � 2,) 3 � = 0 at � = 0,
) 3 � = 0 at � = ; .

Eigenvalues: � � � < =
� 2 + 2; 2 +

�
2

� � ;  , ? , + = 0, 1, 2, =>=>=
Here, the

� � � are roots of the transcendental equation� $� (

� � 1) I $� (

� � 2) − � $� (

� � 2) I $� (

� � 1) = 0.

Eigenfunctions:� (1)

� � < = [ � �
(

� � � � ) I $� (

� � � � 1) − � $� (

� � � � 1) I �
(

� � � � )] cos(  � ) cos

@ � + �; A ,� (2)

� � < = [ � �
(

� � � � ) I $� (

� � � � 1) − � $� (

� � � � 1) I �
(

� � � � )] sin(  � ) cos

@ � + �; A .

To the zero eigenvalue � 000 = 0 there is a corresponding eigenfunction � (1)
000 = 1.

The square of the norm of an eigenfunction is defined asB � (1)

� � < B 2 =
B � (2)

� � < B 2 =
; (1 + C � 0)(1 + C < 0)� �

2

� � # @
1 −

 2� 2
2

�
2

� � A , � $� (

� � � � 1)� $� (

� � � � 2)
- 2

−

@
1 −

 2� 2
1

�
2

� � A N ,

where C � 0 is the Kronecker delta.%'&
References: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964), B. M. Budak, A. A. Samarskii, and

A. N. Tikhonov (1980).

8.3.3-14. Domain: O 1 ≤ P ≤ O 2, 0 ≤ Q ≤ 2 � , 0 ≤ R ≤ ; . Mixed boundary value problems.

1 S . A hollow circular cylinder of finite length is considered. Boundary conditions are prescribed:T = 0 at P = O 1, T = 0 at P = O 2,) 3 T = 0 at R = 0,
) 3 T = 0 at R = ; .

Eigenvalues:� � � < =
� 2 + 2; 2 +

�
2

� � ;  , + = 0, 1, 2, =>=>= ; ? = 1, 2, 3, =>=>=
Here, the

� � � are roots of the transcendental equation� �
(

� O 1) I �
(

� O 2) − � �
(

� O 2) I �
(

� O 1) = 0.

Eigenfunctions:T (1)

� � < = [ � �
(

� � � P ) I �
(

� � � O 1) − � �
(

� � � O 1) I �
(

� � � P )] cos(  Q ) cos

@ � + R; A ,T (2)

� � < = [ � �
(

� � � P ) I �
(

� � � O 1) − � �
(

� � � O 1) I �
(

� � � P )] sin(  Q ) cos

@ � + R; A .

The square of the norm of an eigenfunction is defined asB T (1)

� � < B 2 =
B T (2)

� � < B 2 =
; U � U <� �

2

� � [ � �
(

� � � O 1)]2 − [ � �
(

� � � O 2)]2

[ � �
(

� � � O 2)]2 , U �
= D 2 for  = 0,

1 for  ≠ 0.
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2 S . A hollow circular cylinder of finite length is considered. Boundary conditions are prescribed:) * T = 0 at P = O 1,
) * T = 0 at P = O 2,T = 0 at R = 0, T = 0 at R = ; .

Eigenvalues:� � � < =
� 2 + 2; 2 +

�
2

� � ;  = 0, 1, 2, =>=>= ; ? , + = 1, 2, 3, =>=>=
Here, the

� � � are roots of the transcendental equation� $� (

� O 1) I $� (

� O 2) − � $� (

� O 2) I $� (

� O 1) = 0.
Eigenfunctions:T (1)

� � < = [ � �
(

� � � P ) I $� (

� � � O 1) − � $� (

� � � O 1) I �
(

� � � P )] cos(  Q ) sin

@ � + R; A ,T (2)

� � < = [ � �
(

� � � P ) I $� (

� � � O 1) − � $� (

� � � O 1) I �
(

� � � P )] sin(  Q ) sin

@ � + R; A .

The square of the norm of an eigenfunction is defined asB T (1)

� � < B 2 =
B T (2)

� � < B 2 =
; U �

� �
2

� � # @
1 −

 2O 2
2

�
2

� � A , � $� (

� � � O 1)� $� (

� � � O 2)
- 2

−

@
1 −

 2O 2
1

�
2

� � A N ,

where U �
is defined in Item 1 S .

8.3.3-15. Domain: 0 ≤ P ≤ O , 0 ≤ Q ≤ Q 0, 0 ≤ R ≤ ; . First boundary value problem.
A cylindrical sector of finite thickness is considered. Boundary conditions are prescribed:T = 0 at Q = 0, T = 0 at Q = Q 0, T = 0 at P = O ,T = 0 at R = 0, T = 0 at R = ; .

Eigenvalues: � � � < =
� 2 + 2; 2 +

�
2

� �O 2 ;  , ? , + = 1, 2, 3, =>=>=
Here, the

� � � are positive roots of the transcendental equation � � Z []\
0 (

�
) = 0.

Eigenfunctions: T � � < = � � Z []\
0

@ � � � PO A sin

@  � QQ 0 A sin

@ + � R; A .

The square of the norm of an eigenfunction is defined asB T � � < B 2 = 1
8 ; O 2 Q 0

0 � $� Z []\
0
(

� � � ) 1 2.

8.3.3-16. Domain: 0 ≤ P ≤ O , 0 ≤ Q ≤ Q 0, 0 ≤ R ≤ ; . Mixed boundary value problem.
A cylindrical sector of finite thickness is considered. Boundary conditions are prescribed:T = 0 at Q = 0, T = 0 at Q = Q 0, T = 0 at P = O ,) 3 T = 0 at R = 0,

) 3 T = 0 at R = ; .
Eigenvalues:� � � < =

� 2 + 2; 2 +

�
2

� �O 2 ;  , ? = 1, 2, 3, =>=>= ; + = 0, 1, 2, =>=>=
Here, the

� � � are positive roots of the transcendental equation � � Z []\
0 (

�
) = 0.

Eigenfunctions: T � � < = � � Z []\
0

@ � � � PO A sin

@  � QQ 0 A cos

@ + � R; A .

The square of the norm of an eigenfunction is defined asB T � � < B 2 = 1
8 ; O 2 Q 0(1 + C < 0)

0 � $� Z []\
0
(

� � � ) 1 2, C < 0 = D 1 for + = 0,
0 for + ≠ 0.
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8.3.4. Problems in Spherical Coordinates
The three-dimensional homogeneous Helmholtz equation in the spherical coordinate system is
written as

1P 2

)) P @ P 2
) T) P A +

1P 2 sin ^ )) ^ @
sin ^ ) T) ^ A +

1P 2 sin2 ^ ) 2 T) Q 2 + _ T = 0, P = 8 ` 2 + a 2 + R 2.

8.3.4-1. Particular solutions:T =
1P ( � sin

� P + b cos

� P ), _ =

�
2,T =

1P ( � sinh

� P + b cosh

� P ), _ = −

�
2,T =

1c P d e +1

[
2( f P ) g he (cos ^ )( i cos ? Q + b sin ? Q ), _ = f 2,T =

1c P I e +1

[
2( f P ) g he (cos ^ )( i cos ? Q + b sin ? Q ), _ = f 2,T =

1c P j e +1

[
2( f P ) g he (cos ^ )( i cos ? Q + b sin ? Q ), _ = − f 2,T =

1c P k e +1

[
2( f P ) g he (cos ^ )( i cos ? Q + b sin ? Q ), _ = − f 2,

where l , ? = 0, 1, 2, =>=>= ; i and b are arbitrary constants; d m ( n ) and I m ( n ) are the Bessel
functions; j m ( n ) and k m ( n ) are the modified Bessel functions; and the g he ( n ) are the associated
Legendre functions that are expressed in terms of the Legendre polynomials g e ( n ) asg he ( n ) = (1 − n 2) h [

2 o ho n h g e ( n ), g e ( n ) =
1l ! 2 e o eo n e ( n 2 − 1) e .

8.3.4-2. Domain: 0 ≤ P ≤ O . First boundary value problem.

1 S . A spherical domain is considered. A homogeneous boundary condition is prescribed,T = 0 at P = O .

Eigenvalues: _ e < =
f 2e <O 2 ; l = 0, 1, 2, =>=>= ; p = 1, 2, 3, =>=>=

Here, the f e < are positive zeros of the Bessel functions, d e +1

[
2( f ) = 0. Note that the d e +1

[
2( f ) can

be expressed in terms of elementary functions, see Bateman and Erdélyi (1953, Vol. 2).
Eigenfunctions:T (1)e h < =

1c P d e +1

[
2

@ f e < PO A g he (cos ^ ) cos ? Q , ? = 0, 1, 2, =>=>= ;T (2)e h < =
1c P d e +1

[
2

@ f e < PO A g he (cos ^ ) sin ? Q , ? = 1, 2, 3, =>=>=
Here, the g he ( n ) are the associated Legendre functions.

Eigenfunctions possessing central symmetry (i.e., independent of ^ and Q ):T (1)
00 < = d 1

[
2

@ f 0 < PO A .
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Eigenfunctions possessing axial symmetry (i.e., independent of Q ):T (1)e 0 < = d e +1

[
2

@ f e < PO A g e (cos ^ ).

The square of the norm of an eigenfunction:B T (1)e h < B 2 = q O 2(1 + C h 0)( l + r )!
(2 l + 1)( l − r )! sHd te +1

[
2( f e u ) v 2, C h 0 = w 1 for r = 0,

0 for r ≠ 0,x T (1)e h u x 2 =
x T (2)e h u x 2, r = 1, 2, 3, y>y>y

2 S . A spherical domain is considered. A nonhomogeneous boundary condition is prescribed,T = z ( ^ , Q ) at P = O .
Solution:T ( P , ^ , Q ) = {| e =0

e|h =− e z e h } e ( ~ � � )} � ( � � � ) � �� ( � , � ), } � ( � ) =
1� � � � +1 � 2( � ),

where z � � =
1x � �� x � 2 �

0
� �

0
z ( � , � ) � �� ( � , � ) sin � o � o � ,

x � �� x
=

2 � U �2 � + 1
( � + � )!
( � − � )!

,

� �� ( � , � ) = ���� � � (cos � ) for � = 0,� �� (cos � ) sin � � for � = 1, 2, �>�>� ,� | � |� (cos � ) cos � � for � = −1, −2, �>�>� , U � = � 2 for � = 0,
1 for � ≠ 0.

The solution was written out under the assumption that � � +1 � 2( � � � ) ≠ 0 for � = 0, 1, 2, �>�>��'�
References: M. M. Smirnov (1975), A. N. Tikhonov and A. A. Samarskii (1990).� Paragraphs 8.3.4-3 through 8.3.4-6 present only the eigenvalues and eigenfunctions of homoge-

neous boundary value problems for the homogeneous Helmholtz equation (with � ≡ 0). The solutions
of the corresponding nonhomogeneous boundary value problems ( � � 0) can be constructed by the
relations specified in Paragraph 8.3.1-4.

8.3.4-3. Domain: 0 ≤ ~ ≤ � . Second boundary value problem.

A spherical domain is considered. A boundary condition is prescribed:� ���
= 0 at ~ = � .

Eigenvalues: � 00 = 0, � � � =   2� �� 2 ; � = 0, 1, 2, �>�>� ; p = 1, 2, 3, �>�>�
Here, the   � � are roots of the transcendental equation

2   � ¡� +1 � 2(   ) − � � +1 � 2(   ) = 0.
Eigenfunctions:� (1)

000 = 1,
� (1)� � � =

1� ~ � � +1 � 2 ¢   � � ~� £ � �� (cos � ) cos � � , � = 0, 1, 2, �>�>� ;� (2)� � � =
1� ~ � � +1 � 2 ¢   � � ~� £ � �� (cos � ) sin � � , � = 1, 2, 3, �>�>�

The square of the norm of an eigenfunction:¤ � (1)
000

¤ 2 = 4
3 � � 3,

¤ � (1)� � � ¤ 2 =
� � 2 ¥ � ( � + � )!
(2 � + 1)( � − � )! ¦ 1 −

� ( � + 1)  2� �
§ � 2� +1 � 2(   � � ),¤ � (1)� � � ¤ 2 =

¤ � (2)� � � ¤ 2, � = 1, 2, 3, �>�>� ,
where ¥ � = � 2 for � = 0,

1 for � ≠ 0.�'�
Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964).
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8.3.4-4. Domain: 0 ≤ ~ ≤ � . Third boundary value problem.

A spherical domain is considered. A boundary condition is prescribed:� ���
+ ¨ � = 0 at ~ = � .

Eigenvalues: � � � =   2� �� 2 ; � = 0, 1, 2, �>�>� ; p = 1, 2, 3, �>�>�
Here, the   � � are positive roots of the transcendental equation

2   � ¡� +1 � 2(   ) − (1 − 2 � ¨ ) � � +1 � 2(   ) = 0.

Eigenfunctions:� (1)� � � =
1� ~ � � +1 � 2 ¢   � � ~� £ � �� (cos � ) cos � � , � = 0, 1, 2, �>�>� ;� (2)� � � =
1� ~ � � +1 � 2 ¢   � � ~� £ � �� (cos � ) sin � � , � = 1, 2, 3, �>�>�

Here, the � �� ( n ) are the associated Legendre functions.
The square of the norm of an eigenfunction:¤ � (1)� � � ¤ 2 =

� � 2 ¥ � ( � + � )!
(2 � + 1)( � − � )! ¦ 1 +

( � ¨ + � )( � ¨ − � − 1)  2� �
§ � 2� +1 � 2(   � � ), ¥ � = © 2 for � = 0,

1 for � ≠ 0,¤ � (1)� � � ¤ 2 =
¤ � (2)� � � ¤ 2, � = 1, 2, 3, �>�>��'�

Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964).

8.3.4-5. Domain: � ≤ ~ < ª . First boundary value problem.

A spherical cavity is considered and the dependent variable is prescribed at its surface:�
= « ( � , � ) at ¬ = � ,

and the radiation conditions are prescribed at infinity (see Paragraph 8.3.1-5, Item 2  ).
Solution for � = p 2 > 0:�

( ¬ , � , � ) = ®¯ � =0

�¯° =− � « � ° ± � ( p ¬ )± � ( p � ) ² °� ( ³ , ´ ), ± � ( µ ) =
1¶ µ · (2)� +1 ¸ 2( µ ),

where · (2)� +1 ¸ 2( µ ) is the Hankel function of the second kind and the other quantities are defined just
as in Paragraph 8.3.4-2, Item 2  .�'�

Reference: A. N. Tikhonov and A. A. Samarskii (1990).

8.3.4-6. Domain: � 1 ≤ ¬ ≤ � 2. First boundary value problem.

A spherical layer is considered. Boundary conditions are prescribed:�
= 0 at ¬ = � 1,

�
= 0 at ¬ = � 2.

Eigenvalues: ¹ � � =   2� � ; � = 0, 1, 2, �>�>� ; º = 1, 2, 3, �>�>�
Here, the   � � are positive roots of the transcendental equation» � +1 ¸ 2(   � 1) ² � +1 ¸ 2(   � 2) −

» � +1 ¸ 2(   � 2) ² � +1 ¸ 2(   � 1) = 0.
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Eigenfunctions:� (1)� ° � =
1¶ ¬ À � +1 ¸ 2(   � � ¬ ) � °� (cos ³ ) cos Á ´ , Á = 0, 1, 2, �>�>� ;� (2)� ° � =
1¶ ¬ À � +1 ¸ 2(   � � ¬ ) � °� (cos ³ ) sin Á ´ , Á = 1, 2, 3, �>�>�

Here, the � °� ( Â ) are the associated Legendre functions andÀ � +1 ¸ 2(   ¬ ) =
» � +1 ¸ 2(   � 1) ² � +1 ¸ 2(   ¬ ) − ² � +1 ¸ 2(   � 1)

» � +1 ¸ 2(   ¬ ).

The square of the norm of an eigenfunction:¤ � (1)� ° � ¤ 2 =
4 ¥ ° ( Ã + Á )!Ä (2 Ã + 1)( Ã − Á )!

» 2� +1 ¸ 2(   � � � 1) −
» 2� +1 ¸ 2(   � � � 2)  2� � » 2� +1 ¸ 2(   � � � 2)

, ¥ ° = © 2 for Á = 0,
1 for Á ≠ 0,¤ � (1)� ° � ¤ 2 =

¤ � (2)� ° � ¤ 2, Á = 1, 2, 3, �>�>�
8.3.5. Other Orthogonal Curvilinear Coordinates
The homogenous three-dimensional Helmholtz equation admits separation of variables in the eleven
orthogonal systems of coordinates listed in Table 29.

For the parabolic cylindrical system of coordinates, the multipliers « and Å are expressed in
terms of the parabolic cylinder functions as« ( Â ) = Æ 1 Ç È −1 ¸ 2( É Â ) + Æ 2 Ç È −1 ¸ 2(− É Â ), Å ( Ê ) = b 1 Ç − È −1 ¸ 2( É Ê ) + b 2 Ç − È −1 ¸ 2(− É Ê ),  = 1

2 Ë ( º 2 −
¹

)−1 ¸ 2, É = Ì 4( º 2 −
¹

) Í 1 ¸ 4,

where Æ 1, b 1, Æ 2, and b 2 are arbitrary constants.
For the elliptic cylindrical system of coordinates, the functions « and Å are determined by the

modified Mathieu equation and Mathieu equation, respectively, so that« ( Î ) = © Ce � ( Î , Ï ),
Se � ( Î , Ï ), Å ( Ð ) = © ce � ( Ð , Ï ),

se � ( Ð , Ï ), Ï = 1
4 Ñ 2(

¹
− º 2),

where Ce � ( Î , Ï ) and Se � ( Î , Ï ) are the modified Mathieu functions, and ce � ( Ð , Ï ) and se � ( Ð , Ï ) are
the Mathieu functions; to each value of the parameter Ï there are certain corresponding eigenvaluesË = Ë � ( Ï ) [see Abramowitz and Stegun (1964)].

In the prolate and oblate spheroidal systems of coordinates, the equations for « and Å are different
forms of the spheroidal wave equation, whose bounded solutions are given by« ( Î ) = Ps| Ò |� (cosh Î , Ñ 2

¹
), Å ( Î ) = Ps| Ò |� (cos Ð , Ñ 2

¹
) for prolate spheroid,« ( Î ) = Ps| Ò |� (− Ó sinh Î , Ñ 2

¹
), Å ( Î ) = Ps| Ò |� (cos Ð , − Ñ 2

¹
) for oblate spheroid,º is an integer, Ã = 0, 1, 2, Ô>Ô>Ô , − Ã ≤ º ≤ Ã ,

where Ps Ò� ( Õ , Ñ ) are the spheroidal wave functions; see Bateman and Erdélyi (1955, Vol. 3), Arscott
(1964), and Meixner and Schäfke (1965). The separation of variables for the Helmholtz equation
in modified prolate and oblate spheroidal systems of coordinates, as well as the spheroidal wave
functions, are discussed in Abramowitz and Stegun (1964).

In the parabolic coordinate system, the solutions of the equations for « and Å are expressed in
terms of the degenerate hypergeometric functions [see Miller, Jr. (1977)] as follows:« ( Â ) = Â Ò exp ÖØ× 1

2 Ù Â 2 Ú Û Ü − Ë
4 Ù +

º + 1
2

, º + 1; Ý Ù Â 2 Þ , Ù =
¶

−
¹

,Å ( Ê ) = Ê Ò exp ÖØ× 1
2 Ù Ê 2 Ú Û Ü Ë

4 Ù +
º + 1

2
, º + 1; Ý Ù Ê 2 Þ .
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592 ELLIPTIC EQUATIONS WITH THREE OR MORE SPACE VARIABLES

TABLE 29
Orthogonal coordinates ¯ß , ¯à , ¯Õ that allow separable solutions of the formá = â ( ¯ß ) Å ( ¯à ) ã ( ¯Õ ) for the three-dimensional Helmholtz equation ä 3

á +
¹ á = 0

Coordinates Transformations Particular solutions (or equations for â , Å , ã )

Cartesianß , à , Õ ß = ß ,à = à ,Õ = Õ á = cos( º 1
ß + å 1) cos( º 2

à + å 2) cos( º 3 Õ + å 3),
where º 2

1 + º 2
2 + º 2

3 =
¹

;
see also Paragraph 8.3.2-1

Cylindricalæ
, ´ , Õ ß =

æ
cos ´ ,à =

æ
sin ´ ,Õ = Õ á = [ Æ » ç

( Ë æ
)+ b ² ç

( Ë æ
)] cos( Ã ´ + è ) cos( º Õ + å ),

where º 2 + Ë 2 =
¹

, see also Paragraph 8.3.3-1
(
» ç

and ² ç
are the Bessel functions)

Parabolic
cylindricalÂ , Ê , Õ ß = 1

2 ( Â 2 − Ê 2),à = Â Ê ,Õ = Õ á = â ( Â ) Å ( Ê ) cos( º Õ + å ),â é�é + [(
¹

− º 2) Â 2 + Ë ] â = 0,Å é�é + [(
¹

− º 2) Ê 2 − Ë ] Å = 0

Elliptic
cylindricalÎ , Ð , Õ ß = Ñ cosh Î cos Ð ,à = Ñ sinh Î sin Ð ,Õ = Õ á = â ( Î ) Å ( Ð ) cos( º Õ + å ),â é�é + [ 1

2 Ñ 2(
¹

− º 2) cosh 2 Î − Ë ] â = 0,Å é�é − [ 1
2 Ñ 2(

¹
− º 2) cos 2 Ð − Ë ] Å = 0

Sphericalæ
, ³ , ´ ß =

æ
sin ³ cos ´ ,à =

æ
sin ³ sin ´ ,Õ =
æ

cos ³ á =
æ

−1 ¸ 2 » ç
+1 ¸ 2( Ë æ

) ê ëç (cos ³ ) cos( Á ´ + å ),á =
æ

−1 ¸ 2 ² ç
+1 ¸ 2( Ë æ

) ê ëç (cos ³ ) cos( Á ´ + å ),
where

¹
= Ë 2; see also Paragraph 8.3.4-1

Prolate
spheroidalÎ , Ð , ´ ß = Ñ sinh Î sin Ð cos ´ ,à = Ñ sinh Î sin Ð sin ´ ,Õ = Ñ cosh Î cos Ð á = â ( Î ) Å ( Ð ) cos( º ´ + å ),â é�é + â é coth Î + (− Ë + Ñ 2

¹
sinh2 Î − º 2ì sinh2 Î ) â = 0,Å é�é + Å é cot Ð + ( Ë + Ñ 2

¹
sin2 Ð − º 2ì sin2 Ð ) Å = 0

Oblate
spheroidalÎ , Ð , ´ ß = Ñ cosh Î sin Ð cos ´ ,à = Ñ cosh Î sin Ð sin ´ ,Õ = Ñ sinh Î cos Ð á = â ( Î ) Å ( Ð ) cos( º ´ + å ),â é�é + â é tanh Î + (− Ë + Ñ 2

¹
cosh2 Î + º 2ì cosh2 Î ) â = 0,Å é�é + Å é cot Ð + ( Ë − Ñ 2

¹
sin2 Ð − º 2ì sin2 Ð ) Å = 0

ParabolicÂ , Ê , ´ ß = Â Ê cos ´ ,à = Â Ê sin ´ ,Õ = 1
2 ( Â 2 − Ê 2)

á = â ( Â ) Å ( Ê ) cos( º ´ + å ),Â 2 â é�é + Â â é + (
¹ Â 4 − Ë Â 2 − º 2) â = 0,Ê 2 Å é�é + Ê Å é + (
¹ Ê 4 + Ë Ê 2 − º 2) Å = 0

ParaboloidalÎ , Ð , ´ ß = 2 Ñ cosh Î cos Ð sinh ´ ,à = 2 Ñ sinh Î sin Ð cosh ´ ,Õ = 1
2 Ñ (cosh 2 Î
+ cos 2 Ð − cosh 2 ´ )

â é�é + (− º − Ñ Ë cosh 2 Î + 1
2 Ñ 2

¹
cosh 4 Î ) â = 0,Å é�é + ( º + Ñ Ë cos 2 Ð − 1

2 Ñ 2
¹

cos 4 Ð ) Å = 0,ã é�é + (− º + Ñ Ë cosh 2 ´ − 1
2 Ñ 2

¹
cosh 4 ´ ) ã = 0

General
ellipsoidalí

, î , ï
ß = ð ( ñ − ò )( ó − ò )( ô − ò )ò ( ò −1) ,à = ð ( ñ −1)( ó −1)( ô −1)

1− ò ,õ = ö ñ ó�ôò
4 ÷ ø (

í
) [ ÷ ø (

í
) â é ] é + ( ù í

2 + ú 1

í
+ ú 2) â = 0,

4 ÷ ø ( î ) [ ÷ ø ( î ) û é ] é + ( ù î 2 + ú 1 î + ú 2) û = 0,
4 ÷ ø ( ï ) [ ÷ ø ( ï ) ã é ] é + ( ù ï 2 + ú 1 ï + ú 2) ã = 0,ø ( ü ) = ü ( ü − 1)( ü − ý )

Conicalï ,
í

, î ß = ï ð ( òþñ −1)( ò�ó −1)
1− ò ,à = ï ð ò ( ñ −1)( ó −1)ò −1 ,õ = ï ÷ ý í î

á = ï −1 ÿ 2 � �
(
ç

+1 ÿ 2)
� ï ÷ ù �þû ( � ) � ( � ),û ��� + [ ú − 	 ( 	 + 1) 
 2 sn2 � ] û = 0,� ��� + [ ú − 	 ( 	 + 1) 
 2 sn2 � ] � = 0,

where � = sn2( � , 
 ), � = sn2( � , 
 ), 
 = ÷ ý
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In the case of the paraboloidal coordinate system, the equations for  , û , and � are reduced to
the Whittaker–Hill equation� ������ +

� � + 1
8 � 2 + ��� cos 2 � − 1

8 � 2 cos 4 � � � = 0.

Denote by gc � ( � ; � , � ) and gs � ( � ; � , � ), respectively, the even and odd 2 � -periodic solutions of
the Whittaker–Hill equation, which is a generalization of the Mathieu equation. The subscript	 = 0, 1, 2, ����� labels the discrete eigenvalues � = � � . Each of the solutions gc � and gs � can
be represented in the form of an infinite convergent trigonometric series in cos 	 � and sin 	 � ,
respectively; see Urvin and Arscott (1970). The functions  , û , and � can be expressed in terms of
the periodic solutions of the Whittaker–Hill equation as follows [Miller, Jr. (1977)]: ( Î ) =

�
gc � ��� Î ; 2 ý � , 1

2 ú � � � ,

gs � � � Î ; 2 ý � , 1
2 ú � � � ,

û ( � ) =

�
gc � � � ; 2 ý � , 1

2 ú � � � ,
gs � � � ; 2 ý � , 1

2 ú � � � ,
� ( ø ) =

�
gc � ��� ø + �2 ; 2 ý � , 1

2 ú � � � ,

gs � � � ø + �2 ; 2 ý � , 1
2 ú � � � ,

where � = ÷ ù and 
 = � � − 1
2 ý 2 ù .

For the general ellipsoidal coordinates, the functions  , û , and � are expressed in terms of the
ellipsoidal wave functions; for details, see Arscott (1964) and Miller, Jr. (1977).

For the conical coordinate system, the functions û and � are determined by the Lamé equations
that involve the Jacobian elliptic function sn õ = sn( õ , 
 ).

The unambiguity conditions for the transformation yield 	 = 0, 1, 2, ����� It is known that, for any
positive integer 	 , there exist exactly 2 	 +1 solutions corresponding to 2 	 +1 different eigenvalues ú .
These solutions can be represented the form of finite series known as Lamé polynomials. For more
details about the Lamé equation and its solutions, see Whittaker and Watson (1963), Arscott (1964),
Bateman and Erdélyi (1955), and Miller, Jr. (1977).

Unlike the Laplace equation, there are no nontrivial transformations for the three-dimensional
Helmholtz equation that allow the  -separation of variables.!#"

References for Subsection 8.3.5: F. M. Morse and H. Feshbach (1953, Vols. 1–2), P. Moon and D. Spencer (1961),
A. Makarov, J. Smorodinsky, K. Valiev, and P. Winternitz (1967), W. Miller, Jr. (1977).

8.4. Other Equations with Three Space Variables
8.4.1. Equations Containing Arbitrary Functions

1. $ 2 %$ & 2
+ $ 2 %$ ' 2

+ $ 2 %$ ( 2
+ ) * + + , - % = 0,

, 2 = & 2 + ' 2 + ( 2.

Schrödinger’s equation. It governs the motion of an electron in the Coulomb field of a nucleus
( ý > 0).

The desired solutions must satisfy the normalizing condition. /
− / . /

− / . /
− / | 0 ( 1 , 2 , õ )|2 3 1 3 2 3 õ = 1.

Eigenvalues: ù � = −
ý 2

4 	 2 ; 	 = 1, 2, 3, �����
Normalized eigenfunctions (in the spherical coordinate system 4 , � , ø ):0 � 5 6 = ) 2	 - 3 ÿ 2 7 (2 8 + 1)( 8 − 9 )! ( : − 8 − 1)!

4 � ; < : ( : + 8 )! ( 9 + 8 )! = > ?: @ A exp = − > ?2 : @ B 2 A +1� − A −1 = > ?: @ C ( < )A ( � , D ),: = 1, 2, 3, ����� ; 9 = 0, E 1, E 2, ����� , E 8 ; 8 = 0, 1, 2 ����� , : − 1;
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594 ELLIPTIC EQUATIONS WITH THREE OR MORE SPACE VARIABLES

where ; < = F 2 for 9 = 0,
1 for 9 ≠ 0, C ( < )A ( � , D ) = GH�I J A (cos � ) for 9 = 0,J <A (cos � ) sin 9 D for 9 = 1, 2, ����� ,J | < |A (cos � ) cos 9 D for 9 = −1, −2, ����� ,B K A ( 1 ) =

18 !
1 − KML N O AO 1 A P 1 A + KQL − N R , J <A ( 1 ) = (1 − 1 2) < S 2 O <O 1 < J A ( 1 ), J A ( 1 ) =

18 ! 2 A O AO 1 A ( 1 2 − 1) A .

These relations involve the generalized Laguerre polynomials B K A ( 1 ) and the associated Legendre
functions J <� ( T ); the J � ( T ) are the Legendre polynomials.U#V

References: G. Korn and T. Korn (1968), A. N. Tikhonov and A. A. Samarskii (1990).

2. $ 2 %$ & 2
+ $ 2 %$ ' 2

+ $ 2 %$ W 2
= X ' $ %$ & .

This equation is encountered in problems of convective heat and mass transfer in a simple shear
flow.

Fundamental solution:Y Y
( 1 , Z , [ , T , \ , ] ) =

1
(4 ^ )3 S 2 _ `

0
exp F −

[ 1 − T − 1
2 > a ( Z + \ )]2

4 a (1+ 1
12 > 2 a 2)

−
( Z − \ )2+ ( [ − ] )2

4 a b O ac a 3(1+ 1
12 > 2 a 2)

.U#V
References: E. A. Novikov (1958), D. E. Elrick (1962).

3. d 2 ed & 2
+ d 2 ed ' 2

+ d 2 ed W 2
+ X 1 & d ed & + X 2 ' d ed ' + X 3 W d ed W = 0.

This equation is encountered in problems of convective heat and mass transfer in a straining flow.
Fundamental solution:Y Y

( f , Z , [ , T , \ , ] ) = _ `
0 g ( f , T , a ; > 1) g ( Z , \ , a ; > 2) g ( [ , ] , a ; > 3) O a ,g ( f , T , a ; > ) = h 2 ^> P L 2 i�j − 1 R�k −1 S 2

exp h − > ( f L i�j − T )2

2( L 2 i�j − 1) k .

4. d 2 ed & 2
1

+ d 2 ed & 2
2

+ d 2 ed & 2
3

=
3lm , n =1

X m n & m d ed & n .

This equation is encountered in problems of convective heat and mass transfer in an arbitrary linear
shear flow.

The solution that corresponds to a source of unit power at the origin of coordinates is given byo ( f 1, f 2, f 3) =
1

(4 ^ )3 p 2 _ `
0

exp h − 3lq , r =1 s q r ( a ) f q f r
4 t ( a ) k u av t ( a ) .

Here, t = t ( a ) is the determinant of the matrix B = { w q r }; the s q r = s q r ( a ) are the cofactors
of the entries w q r = w q r ( a ); the w q r are determined by solving the following system of ordinary
differential equations with constant coefficients:u w q ru a = x q r +

3ly =1 z q y w r y +
3ly =1 z r y w q y ,w q r { x q r a as a { 0 (initial conditions),

where x q q = 1 and x q r = 0 if | ≠ } .~#�
Reference: G. K. Batchelor (1979).
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8.4. OTHER EQUATIONS WITH THREE SPACE VARIABLES 595

5. dd � h�� 1( � ) d ed � k + dd � h�� 2( � ) d ed � k + dd � h�� 3( � ) d ed � k = � e .

This is a three-dimensional linear equation of heat and mass transfer theory with a source in an
inhomogeneous anisotropic medium. Here, � 1 = � 1( f ), � 2 = � 2( � ), and � 3 = � 3( � ) are the principal
thermal diffusivities.

1 � . The equation admits multiplicatively separable solutions, o ( f , � , � ) = � 1( f ) � 2( � ) � 3( � ).

2 � . There are also additively separable solutions, o ( f , � , � ) = � 1( f ) + � 2( � ) + � 3( � ).

3 � . If � 1 = z f q
, � 2 = s � y , and � 3 = ��� r ( | ≠ 2, � ≠ 2, } ≠ 2), there are particular solutions of the

form o = o ( � ), � 2 = 4 h � 2− qz (2 − | )2 +
� 2− ys (2 − � )2 +

� 2− r� (2 − } )2 k ,

where the function o ( � ) is determined by the ordinary differential equationu 2 ou � 2 + � � u ou � = � o , � = 2 � 1
2 − | +

1
2 − � +

1
2 − } � − 1,

whose solutions are expressed in terms of the Bessel functions.

8.4.2. Equations of the Form
div [ � ( � , � , � )∇ � ] – � ( � , � , � ) � = – � ( � , � , � )

Equations of this sort are often encountered in heat and mass transfer theory. For brevity, the
equation is written using the notation

div[ z (r)∇ o ] = �� � � z (r) � o� � � + �� � � z (r) � o� � � + �� � � z (r) � o� � � , r = { � , � , � }.

In what follows, the problems for the equation in question will be considered in a bounded
domain � with a sufficiently smooth surface   . It is assumed that z (r) > 0 and ¡ (r) ≥ 0.

8.4.2-1. First boundary value problem.

The following boundary condition of the first kind is imposed:o = � (r) for r ¢   .

Solution: o (r) = £ ¤ ¥ ( ¦ ) § (r, ¦ ) u � ¨ − £ © � ( ¦ ) z ( ¦ ) �� ª ¨ § (r, ¦ ) u   ¨ . (1)

Here, the Green’s function is given by§ (r, ¦ ) = «¬ q =1  q (r)  q ( ¦ )®  q ® 2 ¯ q ,
®  q ® 2 = ° ±  2q (r) ² ³ , ´ = { µ , ¶ , · }, (2)

where the ¯ q and  q (r) are the eigenvalues and eigenfunctions of the Sturm–Liouville problem for
the following second-order elliptic equation with a homogeneous boundary condition of the first
kind:

div ¸#¹ (r)∇  º − » (r)  + ¯  = 0, (3) = 0 for r ¼ ½ . (4)

The integration in (1) is performed with respect to µ , ¶ , · ; ¾¾ ¿ À denotes the derivative along the
outward normal to the surface ½ with respect to µ , ¶ , · .

General properties of the Sturm–Liouville problem (3)–(4):
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596 ELLIPTIC EQUATIONS WITH THREE OR MORE SPACE VARIABLES

1 Á . There are countably many eigenvalues. All eigenvalues are real and can be ordered so that¯ 1 ≤ ¯ 2 ≤ ¯ 3 ≤ Â�Â�Â , with ¯ q Ã Ä as Å Ã Ä ; therefore the number of negative eigenvalues is finite.

2 Á . If ¹ (r) > 0 and » (r) ≥ 0, all eigenvalues are positive, ¯ q > 0.

3 Á . The eigenfunctions are defined up to a constant multiplier. Any two eigenfunctions,  q (r) and Æ (r), corresponding to different eigenvalues, ¯ q and ¯ Æ , are orthogonal to each other in ³ :° ±  q (r)  Æ (r) ² ³ = 0 for Å ≠ � .

4 Á . An arbitrary function Ç (r) that is twice continuously differentiable and satisfies the boundary
condition of the Sturm–Liouville problem ( Ç = 0 for r ¼ ½ ) can be expanded into an absolutely and
uniformly convergent series in the eigenfunctions; specifically,Ç (r) = È¬ q =1

Ç q  q (r), Ç q =
1®  q ® 2 ° ± Ç (r)  q (r) ² ³ ,

where the norm squared
®  q ® 2 is defined in (2).É Ê�Ë Ì ÍÏÎ Ð

In a three-dimensional problem, to each eigenvalue ¯ q finitely many linearly inde-
pendent eigenfunctions  (1)q , Ñ�Ñ�Ñ ,  ( Æ )q generally correspond. These functions can always be replaced
by their linear combinations

¯ ( r )q = Ò r ,1  (1)q + Â�Â�Â + Ò r , r −1  ( r −1)q +  ( r )q , Ó = 1, 2, Ñ�Ñ�Ñ , Ô ,

such that ¯ (1)q , Ñ�Ñ�Ñ , ¯ ( Æ )q are now pairwise orthogonal. Therefore, without loss of generality, we can
assume that all eigenfunctions are orthogonal.

8.4.2-2. Second boundary value problem.

A boundary condition of the second kind is imposed,Õ ÖÕ × = Ø (r) for r ¼ ½ .

It is assumed that » (r) > 0.
Solution: Ö

(r) = ° ± Ù ( ´ ) Ú (r, ´ ) ² ³ Û + ° Ü Ø ( ´ ) ¹ ( ´ ) Ú (r, ´ ) ² ½ Û . (5)

Here, the Green’s function is defined by relation (2), where the ¯ q and  q (r) are the eigenvalues
and eigenfunctions of the Sturm–Liouville problem for the second-order elliptic equation (3) with
the following homogeneous boundary condition of the second kind:Õ Õ × = 0 for r ¼ ½ . (6)

If » (r) > 0, the general properties of the eigenvalue problem (3), (6) are the same as those of the
first boundary value problem (see Paragraph 8.4.2-1).

8.4.2-3. Third boundary value problem.

The following boundary condition of the third kind is set:Õ ÖÕ × + Ó (r)
Ö

= Ø (r) for r ¼ ½ .

The solution of the third boundary value problem is given by relations (5) and (2), where
the ¯ q and  q (r) are the eigenvalues and eigenfunctions of the Sturm–Liouville problem for the
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second-order elliptic equation (3) with the following homogeneous boundary condition of the third
kind: Õ Õ × + Ó (r)  = 0 for r ¼ ½ . (7)

If » (r) ≥ 0 and Ó (r) > 0, the general properties of the eigenvalue problem (3), (7) are the same
as those of the first boundary value problem (see Paragraph 8.4.2-1).

Let Ó (r) = Ó = const. Denote the Green’s functions of the second and third boundary value
problems by Ú 2(r, ´ ) and Ú 3(r, ´ , Ó ), respectively. For » (r) > 0, the following limit relation holds:Ú 2(r, ´ ) = limr�Þ 0

Ú 3(r, ´ , Ó ).

8.5. Equations with ß Space Variables
8.5.1. Laplace Equation à á â = 0
The Å -dimensional Laplace equation in the rectangular Cartesian system of coordinates ã 1, Ñ�Ñ�Ñ , ã q
has the form Õ 2 ÖÕ ã 2

1
+

Õ 2 ÖÕ ã 2
2

+ Â�Â�Â +
Õ 2 ÖÕ ã 2q = 0.

For Å = 2 and Å = 3, see Subsections 7.1.1 and 8.1.1.
A regular solution of the Laplace equation is called a harmonic function.

In what follows we use the notation: x = { ã 1, Ñ�Ñ�Ñ , ã q } and |x| = ä ã 2
1 + Â�Â�Â + ã 2q .

8.5.1-1. Particular solutions.

1 Á . Fundamental solution:å å
(x) = −

1
( Å − 2) æ q |x| q −2 , æ q =

2 ç q p 2è
( Å é 2)

( Å ≥ 3).

2 Á . Solution containing arbitrary functions of Å − 1 variables:Ö
( ã 1, Ñ�Ñ�Ñ , ã q ) = È¬ r =0

(−1) r ê ã 2 rq
(2 Ó )! ë r Ø ( ã 1, Ñ�Ñ�Ñ , ã q −1) +

ã 2 r +1q
(2 Ó + 1)! ë r ì ( ã 1, Ñ�Ñ�Ñ , ã q −1) í ,

where Ø ( ã 1, Ñ�Ñ�Ñ , ã q −1) and ì ( ã 1, Ñ�Ñ�Ñ , ã q −1) are arbitrary infinitely differentiable functions.

3 Á . Let
Ö

( ã 1, Ñ�Ñ�Ñ , ã q ) be a harmonic function. Then the functionsÖ
1 = Ò Ö

( î ¯ ã 1 + ï 1, Ñ�Ñ�Ñ , î ð ã q + ï q ),Ö
2 =

Ò
|x| q −2

Ö ñ ã 1

|x|2
, Ñ�Ñ�Ñ , ã q

|x|2 ò ,

are also harmonic functions everywhere they are defined; Ò , ï 1, Ñ�Ñ�Ñ , ï q , and ð are arbitrary
constants. The signs at ð in the expression of

Ö
1 can be taken independently of one another.ó#ô

References: A. V. Bitsadze and D. F. Kalinichenko (1985), R. Courant and D. Hilbert (1989).

8.5.1-2. Domain: − õ < ã 1 < õ , ö�ö�ö , − õ < ã q −1 < õ , 0 ≤ ã q < õ .

The first boundary value problem for an ÷ -dimensional half-space is considered. A boundary
condition is prescribed: Ö

= Ø ( ã 1, ö�ö�ö , ã q −1) at ã q = 0.
Solution:Ö
( ã 1, ö�ö�ö , ã q ) =

è
( ÷ é 2)ç q p 2 ø ù

− ù ö�ö�ö ø ù
− ù ê q −1úr =1

( û r − ü r )2 + ü 2q ý − q þ 2 ü q ÿ ( û 1, ö�ö�ö , û q −1) � û 1 ö�ö�ö�� û q −1,

where � ( � ) is the gamma function.ó#ô
Reference: A. V. Bitsadze and D. F. Kalinichenko (1985).
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8.5.1-3. Domain: |x| ≤ 1. First boundary value problem.

A sphere of unit radius in the ÷ -dimensional space is considered. A boundary condition is prescribed:� = ÿ (x) for |x| = 1.

Solution (Poisson integral):� (x) =
� ( ÷ � 2)
2 � q þ 2 ø

|y|=1

1 − |x|2

|y − x| q ÿ (y) � � y.ó#ô
Reference: A. V. Bitsadze and D. F. Kalinichenko (1985).

8.5.2. Other Equations

1. � 	 
 = – � ( � 1,    , � 	 ).
This is the Poisson equation in ÷ independent variables. For ÷ = 2 and ÷ = 3, see Sections 7.2
and 8.2.

1 � . Solution: � ( ü 1, ö�ö�ö , ü q ) =
� ( ÷ � 2)

2( ÷ − 2) � q þ 2 ø � � �
( û 1, ö�ö�ö , û q ) � û 1 ö�ö�ö � û q�

( ü 1 − û 1)2 + ����� + ( ü q − û q )2 � q −2
2

.ó#ô
Reference: S. G. Krein (1972).

2 � . Domain: 0 ≤ ü r ≤ � r ; � = 1, ö�ö�ö , ÷ . First boundary value problem.
A rectangular parallelepiped is considered. Boundary conditions are prescribed:� = ÿ r ( ü 1, ö�ö�ö , ü r −1, ü r +1, ö�ö�ö , ü q ) at ü r = 0,� = � r ( ü 1, ö�ö�ö , ü r −1, ü r +1, ö�ö�ö , ü q ) at ü r = � r .

Green’s function:�
( ü 1, ö�ö�ö , ü q , û 1, ö�ö�ö , û q ) =

2
q� 1 ö�ö�ö�� q ù� r 1=1

ö�ö�ö ù�r � =1

sin(� r 1 ü 1) sin(� r 1 û 1) ö�ö�ö sin(� r � ü q ) sin(� r � û q )� 2r 1
+ ����� + � 2r � ,

� r 1 =
� � 1� 1

, � r 2 =
� � 2� 2

, ö�ö�ö , � r � =
� � q� q .

3 � . Domain: 0 ≤ ü r ≤ � r ; � = 1, ö�ö�ö , � . Mixed boundary value problem.
A rectangular parallelepiped is considered. Boundary conditions are prescribed:� = ÿ r ( ü 1, ö�ö�ö , ü r −1, ü r +1, ö�ö�ö , ü q ) at ü r = 0,� � � � = � r ( ü 1, ö�ö�ö , ü r −1, ü r +1, ö�ö�ö , ü q ) at ü r = � r .

Green’s function:�
( ü 1, ö�ö�ö , ü q , û 1, ö�ö�ö , û q ) =

2
q� 1 ö�ö�ö � q ù�r 1=0

ö�ö�ö ù�r � =0

sin(� r 1 ü 1) sin(� r 1 û 1) ö�ö�ö sin(� r � ü q ) sin(� r � û q )� 2r 1
+ ����� + � 2r � ,

� r 1 =
� (2 � 1 + 1)

2 � 1
, � r 2 =

� (2 � 2 + 1)
2 � 2

, ö�ö�ö , � r � =
� (2 � q + 1)

2 � q .

2. � 	 
 + ! 
 = 0.
This is the Helmholtz equation in � independent variables. For � = 2 and � = 3, see Sections 7.3
and 8.3.
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1 � . Fundamental solution for # = � 2 > 0:$ $
(x, y) =

� q −2
2

4(2 � )
q −2

2 % −
q −2

2 & q −2
2

( � % ), % = |x − y| for even � ,

$ $
(x, y) =

� q −2
2

4(2 � )
q −2

2 sin ' 1
2 � � ( % −

q −2
2 ) −

q −2
2

( � % ) for odd � ,

where ) * ( � ) and & * ( � ) are the Bessel functions.

2 � . Domain: 0 ≤ ü r ≤ � r ; � = 1, ö�ö�ö , � . First boundary value problem.
A rectangular parallelepiped is considered. Boundary conditions are prescribed:� = ÿ r ( ü 1, ö�ö�ö , ü r −1, ü r +1, ö�ö�ö , ü q ) at ü r = 0,� = � r ( ü 1, ö�ö�ö , ü r −1, ü r +1, ö�ö�ö , ü q ) at ü r = � r .

Green’s function:�
( ü 1, ö�ö�ö , ü q , û 1, ö�ö�ö , û q ) =

2
q� 1 � 2 ö�ö�ö � q ù�r 1=1

ö�ö�ö ù�r � =1

sin(� r 1 ü 1) sin(� r 1 û 1) ö�ö�ö sin(� r � ü q ) sin(� r � û q )� 2r 1
+ ����� + � 2r � − # ,

� r 1 =
� � 1� 1

, � r 2 =
� � 2� 2

, ö�ö�ö , � r � =
� � q� q .

3 � . Domain: 0 ≤ ü r ≤ � r ; � = 1, ö�ö�ö , � . Second boundary value problem.
A rectangular parallelepiped is considered. Boundary conditions are prescribed:� � � � = ÿ r ( ü 1, ö�ö�ö , ü r −1, ü r +1, ö�ö�ö , ü q ) at ü r = 0,� � � � = � r ( ü 1, ö�ö�ö , ü r −1, ü r +1, ö�ö�ö , ü q ) at ü r = � r .

Green’s function:�
( ü 1, ö�ö�ö , ü q , û 1, ö�ö�ö , û q ) = ù�r 1=0

ö�ö�ö ù�r � =0

+ r 1 r 2 ,-,-, r � cos(� r 1 ü 1) cos(� r 1 û 1) ö�ö�ö cos(� r � ü q ) cos(� r � û q )� 2r 1
+ ����� + � 2r � − # ,+ r 1 r 2 ,-,-, r � = . r 1 . r 2 ö�ö�ö . r �� 1 � 2 ö�ö�ö � q , � r 1 =

� � 1� 1
, � r 2 =

� � 2� 2
, ö�ö�ö , � r � =

� � q� q , . / = 0 1 for 1 = 0,
2 for 1 ≠ 0.

4 � . Domain: 0 ≤ ü r ≤ � r ; � = 1, ö�ö�ö , � . Mixed boundary value problem.
A rectangular parallelepiped is considered. Boundary conditions are prescribed:� = ÿ r ( ü 1, ö�ö�ö , ü r −1, ü r +1, ö�ö�ö , ü q ) at ü r = 0,� � � � = � r ( ü 1, ö�ö�ö , ü r −1, ü r +1, ö�ö�ö , ü q ) at ü r = � r .

Green’s function:�
( ü 1, ö�ö�ö , ü q , û 1, ö�ö�ö , û q ) =

2
q� 1 � 2 ö�ö�ö � q ù�r 1=0

ö�ö�ö ù�r � =0

sin(� r 1 ü 1) sin(� r 1 û 1) ö�ö�ö sin(� r � ü q ) sin(� r � û q )� 2r 1
+ ����� + � 2r � − # ,

� r 1 =
� (2 � 1 + 1)

2 � 1
, � r 2 =

� (2 � 2 + 1)
2 � 2

, ö�ö�ö , � r � =
� (2 � q + 1)

2 � q .2#ô
Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964).
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3.
	�3

,4 =1 5 3 4 6 2 
6 � 3 6 � 4 = 0.

It is assumed that for any real numbers û 1, ö�ö�ö , û q the relation 777 qú8
, 9 =1

� 8 9 û 8 û 9 777 ≥ � qú8
=1

û 28 holds, where� is some positive constant.
Fundamental solution:

$ $
( ü 1, ö�ö�ö , ü q , û 1, ö�ö�ö , û q ) =

:;;;;;;< ;;;;;;=
� ( � � 2)

2( � − 2) � q þ 2 > + ? q�8
, 9 =1 s 8 9 ( ü 8 − û 8 )( ü 9 − û 9 ) ý −

q −2
2

for � ≥ 3,

1
2 � > + ln ? 2�8

, 9 =1 s 8 9 ( ü 8 − û 8 )( ü 9 − û 9 ) ý −1 þ 2

for � = 2,

where
+

is the determinant of the matrix A = { � 8 9 } and the s 8 9 are the entries of the inverse of A.2#ô
Reference: V. M. Babich, M. B. Kapilevich, S. G. Mikhlin, et al. (1964).

4.
	 –1� 3

=1
6 2 
6 � 23 + 66 � 	 @ � A 	 6 
6 � 	 B + ! 
 = 0.

Domain: � 8 ≤ ü 8 ≤ s 8 ( C = 1, ö�ö�ö , � − 1), 0 ≤ ü q ≤ D .
1 � . Case 0 < E < 1. First boundary value problem. The condition � = 0 is set on the entire boundary
of the domain.

Eigenvalues and eigenfunctions:

# r 1 , ,-,-, , r � −1, / =
q −1� 8
=1

� 28 � 2

( s 8 − � 8 )2 +
(2 − E )2 F * /

4 D 2− G ,

� H
1 , ,-,-, , H � −1, / = ü 1− G

2I ) * @ F * / J ü I� K 2− G
2 B I −1L 8

=1

sin M 8ON ( P 8 − Q 8 )R 8 − Q 8 ,

where F * / is the 1 th positive root of the equation ) * ( F ) = 0,

M 1, ö�ö�ö , M I −1 = 1, 2, ö�ö�ö ; 1 = 1, 2, ö�ö�ö ; S =
1 − E
2 − E .

2 T . Case 1 ≤ E < 2. Boundary conditions: the solution must be bounded at P I = 0, and the condition� = 0 must hold on the rest of the boundary of the domain.
The eigenvalues and eigenfunctions of this problem are given by the relations of Item 1 T withS = ( E − 1) U (2 − E ).2#ô

Reference: M. M. Smirnov (1975).
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Chapter 9

Higher-Order Partial Differential Equations

9.1. Third-Order Partial Differential Equations

1.
� �� � +

� 3 �� � 3
= 0.

Linearized Corteveg–de Vries equation.

1 � . Particular solutions:� ( � , � ) = � ( � 3 − 6 � ) + 	
� 2 + ��� +  ,� ( � , � ) = � ( � 5 − 60 � 2 � ) + 	 ( � 4 − 24 � � ),� ( � , � ) = � sin( � � + � 3 � ) + 	 cos( � � + � 3 � ) + � ,� ( � , � ) = � sinh( � � − � 3 � ) + 	 cosh( � � − � 3 � ) + � ,� ( � , � ) = exp � − � 3 ��� ��� exp ��� � � + 	 exp � − 1
2 � � � sin � � 3

2 � � + ����� ,

where � , 	 , � ,  , and � are arbitrary constants.

2 � . Domain: − � < � ≤ 0. Boundary value problem.
Initial and boundary conditions are prescribed:� = 0 at � = 0, � = � ( � ) at � = 0, � � 0 as � � − � .

Solution: � ( � , � ) = −
3
2

� �
0

Ai ��� � �
( � −  )1 ! 3 " � (  )� −  #  ,

where Ai ��� ( $ ) is the second derivative of the Airy function.

3 � . Domain: 0 ≤ � < � . The function� ( � , � ) = 3
� �

0
Ai ��� � �

( � −  )1 ! 3 " � (  )� −  #  ,

satisfies the equation and the first two conditions specified in Item 2 � .%�&
Reference: A. V. Faminskii (1999).

2.
� �� � = ' � 6

� 3 �� � 3
.

The transformation (
( $ ,  ) = � � −2, $ = 1 ) � ,  = � �

leads to a constant coefficient equation of the form 9.1.1:* (*  = −
* 3

(* $ 3 .
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602 HIGHER-ORDER PARTIAL DIFFERENTIAL EQUATIONS

3.
� �� � = + (

�
)
� 3 �� � 3

+ � � ,
(
�
) + - (

�
) � � �� � + . (

�
)
�

.

The transformation� ( � , � ) =
(

( $ ,  ) exp / � 0
( � ) # �21 , $ = � 3 ( � ) +

� 4
( � ) 3 ( � ) # � ,  =

�  ( � ) 3 3( � ) # � ,
where 3 ( � ) = exp / � � ( � ) # �21 , leads to a constant coefficient equation of the form 9.1.1:* (*  =

* 3
(* $ 3 .

4.
� �� � = ( ' � 2 + 5 �

+ 6 )3
� 3 �� � 3

.

This is a special case of equation 9.6.4.4 with  = 1 and 7 = 3. The transformation� ( � , � ) =
(

( $ , � )( � � 2 + 	
� + � ), $ =
� # �� � 2 + 	
� + �

leads to the constant coefficient equation* (* � =
* 3

(* $ 3 + (4 � � − 	 2)
* (* $ .

5.
� 2 �� � 2

= ' � 6
� 3 �� � 3

.

The transformation $ = 1 ) � ,
(

= � � −2 leads to the constant coefficient equation* 2
(* � 2 = − � * 3

(* $ 3 .

6.
� 2 �� � 2

= ( ' � 2 + 5 �
+ 6 )3

� 3 �� � 3
.

This is a special case of equation 9.6.4.4 with  = 2 and 7 = 3. The transformation� ( � , � ) =
(

( $ , � )( � � 2 + 	
� + � ), $ =
� # �� � 2 + 	
� + �

leads to the constant coefficient equation* 2
(* � 2 =

* 3
(* $ 3 + (4 � � − 	 2)

* (* $ .

9.2. Fourth-Order One-Dimensional Nonstationary
Equations

9.2.1. Equations of the Form 8 98 : + ; 2 8 4 98 < 4 = = ( < , : )

9.2.1-1. Particular solutions of the homogeneous equation ( > ≡ 0):� ( � ) = ? � 3 + @ � 2 + A � + B ,� ( � , � ) = ? ( � 5 − 120 � 2 � � ) + @ ( � 4 − 24 � 2 � ),� ( � , � ) = � ? sin( � � ) + @ cos( � � ) + A sinh( � � ) + B cosh( � � ) � exp(− � 4 � 2 � ),
where ? , @ , A , B , and � are arbitrary constants.
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9.2. FOURTH-ORDER ONE-DIMENSIONAL NONSTATIONARY EQUATIONS 603

9.2.1-2. Domain: 0 ≤ � ≤ C . Solution in terms of the Green’s function.

1 � . We consider problems on an interval 0 ≤ � ≤ C with the general initial condition� = � ( � ) at � = 0

and various homogeneous boundary conditions. The solution can be represented in terms of the
Green’s function as� ( � , � ) =

� D
0

� ( E ) F ( � , E , � ) # E +
� �

0

� D
0

> ( E ,  ) F ( � , E , � −  ) # E #  .

2 � . Paragraphs 9.2.1-3 through 9.2.1-10 present the Green’s functions for various types of boundary
conditions. The Green’s functions can be evaluated from the formulaF ( � , E , � ) = GHJI

=1 K
I

( � ) K
I

( E )L K
I L 2 exp(− � 4

I � 2 � ), (1)

where the � I
and K

I
( � ) are determined by solving the self-adjoint eigenvalue problem for the

fourth-order ordinary differential equation

K ������� − � 4 K = 0

subject to appropriate boundary conditions; the prime denotes differentiation with respect to � . The
norms of eigenfunctions can be calculated by the formulaL K

I L 2 =
� D

0 K 2

I
( � ) # � =

C
4 K 2

I
( C ) +

C
4 � 4

I � K ���I ( C ) � 2 −
C

2 � 4

I K �I ( C ) K �����I ( C ). (2)

Relations (1) and (2) are written under the assumption that � = 0 is not an eigenvalue.

9.2.1-3. The function and its first derivative are prescribed at the boundaries:� =
* M � = 0 at � = 0, � =

* M � = 0 at � = C .
Green’s function: F ( � , E , � ) =

4C GHJI
=1

� 4

I� K ���I ( C ) � 2 K
I

( � ) K
I

( E ) exp(− � 4

I � 2 � ),
where

K
I

( � )= � sinh( � I C )−sin( � I C ) � � cosh( � I � )−cos( � I � ) � − � cosh( � I C )−cos( � I C ) � � sinh( � I � )−sin( � I � ) � ;

the � I
are positive roots of the transcendental equation cosh( � C ) cos( � C ) = 1. The numerical values

of the roots can be calculated from the formulas given in Paragraph 9.2.3-2.

9.2.1-4. The function and its second derivative are prescribed at the boundaries:� =
* M M � = 0 at � = 0, � =

* M M � = 0 at � = C .
Green’s function:F ( � , E , � ) =

2C GH I
=1

sin( � I � ) sin( � I E ) exp(− � 4

I � 2 � ), � I
= N 7C .
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604 HIGHER-ORDER PARTIAL DIFFERENTIAL EQUATIONS

9.2.1-5. The first and third derivatives are prescribed at the boundaries:* M � =
* M M M � = 0 at � = 0,

* M � =
* M M M � = 0 at � = C .

Green’s function:F ( � , E , � ) =
1C +

2C GHJI
=1

cos( � I � ) cos( � I E ) exp(− � 4

I � 2 � ), � I
= N 7C .

9.2.1-6. The second and third derivatives are prescribed at the boundaries:� M M
=

* M M M � = 0 at � = 0, � M M
=

* M M M � = 0 at � = C .
Green’s function:F ( � , E , � ) =

1C +
3C 3 (2 � − C )(2 E − C ) +

4C GHJI
=1 K

I
( � ) K

I
( E )K 2

I
( C ) exp(− � 4

I � 2 � ),
where

K
I

( � )= � sinh( � I C )−sin( � I C ) � � cosh( � I � )+cos( � I � ) � − � cosh( � I C )−cos( � I C ) � � sinh( � I � )+sin( � I � ) � ;

the � I
are positive roots of the transcendental equation cosh( � C ) cos( � C ) = 1. The numerical values

of the roots can be calculated from the formulas given in Paragraph 9.2.3-2.

9.2.1-7. Mixed conditions are prescribed at the boundaries (case 1):� =
* M � = 0 at � = 0, � =

* M M � = 0 at � = C .
Green’s function: F ( � , E , � ) =

2C GHJI
=1

� 4

I K
I

( � ) K
I

( E )
| K �I ( C ) K �����I ( C )| exp(− � 4

I � 2 � ),
where

K
I

( � )= � sinh( � I C )−sin( � I C ) � � cosh( � I � )−cos( � I � ) � − � cosh( � I C )−cos( � I C ) � � sinh( � I � )−sin( � I � ) � ;

the � I
are positive roots of the transcendental equation tan( � C ) − tanh( � C ) = 0.

9.2.1-8. Mixed conditions are prescribed at the boundaries (case 2):� =
* M � = 0 at � = 0,

* M M � =
* M M M � = 0 at � = C .

Green’s function: F ( � , E , � ) =
4C GHJI

=1 K
I

( � ) K
I

( E )K 2

I
( C ) exp(− � 4

I � 2 � ),
where

K
I

( � )= � sinh( � I C )+sin( � I C ) � � cosh( � I � )−cos( � I � ) � − � cosh( � I C )+cos( � I C ) � � sinh( � I � )−sin( � I � ) � ;

the � I
are positive roots of the transcendental equation cosh( � C ) cos( � C ) = −1.
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9.2. FOURTH-ORDER ONE-DIMENSIONAL NONSTATIONARY EQUATIONS 605

9.2.1-9. Mixed conditions are prescribed at the boundaries (case 3):� =
* M M � = 0 at � = 0,

* M � =
* M M M � = 0 at � = C .

Green’s function:F ( � , E , � ) =
2C GH I

=0

sin( � I � ) sin( � I E ) exp(− � 4

I � 2 � ), � I
= N (2 7 + 1)

2 C .

9.2.1-10. Mixed conditions are prescribed at the boundaries (case 4):� =
* M M � = 0 at � = 0,

* M M � =
* M M M � = 0 at � = C .

Green’s function: F ( � , E , � ) =
4C GHJI

=1 K
I

( � ) K
I

( E )K 2

I
( C ) exp(− � 4

I � 2 � ),
where K

I
( � ) = sin( � I C ) sinh( � I � ) + sinh( � I C ) sin( � I � );

the � I
are positive roots of the transcendental equation tan( � C ) − tanh( � C ) = 0.

9.2.2. Equations of the Form 8 2 98 : 2 + ; 2 8 4 98 < 4 = 0
This equation is encountered in studying transverse vibration of elastic rods.

9.2.2-1. Particular solutions:� ( � , � ) = ( ? � 3 + @ � 2 + A � + B ) � + ? 1 � 3 + @ 1 � 2 + A 1 � + B 1,� ( � , � ) = �O? sin( � � ) + @ cos( � � ) + A sinh( � � ) + B cos( � � ) � sin( � 2 � � ),� ( � , � ) = �O? sin( � � ) + @ cos( � � ) + A sinh( � � ) + B cos( � � ) � cos( � 2 � � ),
where ? , @ , A , B , ? 1, @ 1, A 1, B 1, and � are arbitrary constants.

9.2.2-2. Domain: − � < � < � . Cauchy problem.

Initial conditions are prescribed:� = � ( � ) at � = 0,
* � � = � 4 ��� ( � ) at � = 0.

Boussinesq solution:� ( � , � ) =
1P
2 N � G

− G � � � − 2 E P � � � � cos E 2 + sin E 2 � # E
+

1� P
2 N � G

− G 4 � � − 2 E P � � � � cos E 2 − sin E 2 � # E .%�&
Reference: I. Sneddon (1951).

9.2.2-3. Domain: 0 ≤ � < � . Free vibration of a semiinfinite rod.

The following conditions are prescribed:� = 0 at � = 0,
* � � = 0 at � = 0 (initial conditions),� = � ( � ) at � = 0,

* M M � = 0 at � = 0 (boundary conditions).
Boussinesq solution:� ( � , � ) =

1P N � GM ! � 2 Q � � � � −
� 2

2 � E 2 " � sin
E 2

2
+ cos

E 2

2 " # E .%�&
Reference: I. Sneddon (1951).
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606 HIGHER-ORDER PARTIAL DIFFERENTIAL EQUATIONS

9.2.2-4. Domain: 0 ≤ � ≤ C . Boundary value problems.

For solutions of various boundary value problems, see Subsection 9.2.3 for > ≡ 0.

9.2.3. Equations of the Form 8 2 98 : 2 + ; 2 8 4 98 < 4 = = ( < , : )
This equation is encountered in studying forced (transverse) vibration of elastic rods.

9.2.3-1. Domain: 0 ≤ � ≤ C . Solution in terms of the Green’s function.

1 � . We consider boundary value problems on an interval 0 ≤ � ≤ C with the general initial condition� = � ( � ) at � = 0,
* � � =

4
( � ) at � = 0

and various homogeneous boundary conditions. The solution can be represented in terms of the
Green’s function as� ( � , � ) =

** � � D
0

� ( E ) F ( � , E , � ) # E +
� D

0

4
( E ) F ( � , E , � ) # E +

� �
0

� D
0

> ( E ,  ) F ( � , E , � −  ) # E #  .

2 � . Paragraphs 9.2.3-2 through 9.2.3-9 present the Green’s functions for various types of boundary
conditions. The Green’s functions can be evaluated from the formulaF ( � , E , � ) =

1� GH I
=1 K

I
( � ) K

I
( E )� 2

I L K
I L 2 sin( � 2

I � � ), (1)

where the � I
and K

I
( � ) are determined by solving the self-adjoint eigenvalue problem for the

fourth-order ordinary differential equation

K ������� − � 4 K = 0

subject to appropriate boundary conditions; the prime denotes differentiation with respect to � . The
norms of eigenfunctions can be calculated by Krylov’s formula [see Krylov (1949)]:L K

I L 2 =
� D

0 K 2

I
( � ) # � =

C
4 K 2

I
( C ) +

C
4 � 4

I � K ���I ( C ) � 2 −
C

2 � 4

I K �I ( C ) K �����I ( C ). (2)

Relations (1) and (2) are written under the assumption that � = 0 is not an eigenvalue.

9.2.3-2. Both ends of the rod are clamped.

Boundary conditions are prescribed:� =
* M � = 0 at � = 0, � =

* M � = 0 at � = C .
Green’s function: F ( � , E , � ) =

4� C GHJI
=1

� 2

I� K ���I ( C ) � 2 K
I

( � ) K
I

( E ) sin( � 2

I � � ),
where

K
I

( � )= � sinh( � I C )−sin( � I C ) � � cosh( � I � )−cos( � I � ) � − � cosh( � I C )−cos( � I C ) � � sinh( � I � )−sin( � I � ) � ;

the � I
are positive roots of the transcendental equation cosh( � C ) cos( � C ) = 1. The numerical values

of the roots can be calculated from the formulas� I
= R IC , where R 1 = 1.875, R 2 = 4.694, R I

= N
2

(2 7 − 1) for 7 ≥ 3.%�&
Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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9.2. FOURTH-ORDER ONE-DIMENSIONAL NONSTATIONARY EQUATIONS 607

9.2.3-3. Both ends of the rod are hinged.

Boundary conditions are prescribed:� =
* M M � = 0 at � = 0, � =

* M M � = 0 at � = C .
Green’s function:F ( � , E , � ) =

2 C� N 2 GHJI
=1

17 2 sin( � I � ) sin( � I E ) sin( � 2

I � � ), � I
= N 7C .%�&

References: A. N. Krylov (1949), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

9.2.3-4. Both ends of the rod are free.

Boundary conditions are prescribed:� M M
=

* M M M � = 0 at � = 0, � M M
=

* M M M � = 0 at � = C .
Green’s function:F ( � , E , � ) =

� C +
3 �C 3 (2 � − C )(2 E − C ) +

4� C GH I
=1 K

I
( � ) K

I
( E )� 2

I
K 2

I
( C ) sin( � 2

I � � ),
where

K
I

( � )= � sinh( � I C )−sin( � I C ) � � cosh( � I � )+cos( � I � ) � − � cosh( � I C )−cos( � I C ) � � sinh( � I � )+sin( � I � ) � ;

the � I
are positive roots of the transcendental equation cosh( � C ) cos( � C ) = 1. For the numerical

values of the roots, see Paragraph 9.2.3-2.
The first two terms in the expression of the Green’s function correspond to the zero eigenvalue� 0 = 0, to which two orthogonal eigenfunctions � (1)

0 = 1 and � (2)
0 = 2 � − C correspond with

L � (1)
0

L 2 = C
and

L � (2)
0

L 2 = 1
3 C 3.%�&

Reference: A. N. Krylov (1949).

9.2.3-5. One end of the rod is clamped and the other is hinged.

Boundary conditions are prescribed:� =
* M � = 0 at � = 0, � =

* M M � = 0 at � = C .
Green’s function: F ( � , E , � ) =

2� C GH I
=1

� 2

I K
I

( � ) K
I

( E )
| K �I ( C ) K �����I ( C )| sin( � 2

I � � ),
where

K
I

( � )= � sinh( � I C )−sin( � I C ) � � cosh( � I � )−cos( � I � ) � − � cosh( � I C )−cos( � I C ) � � sinh( � I � )−sin( � I � ) � ;

the � I
are positive roots of the transcendental equation tan( � C ) − tanh( � C ) = 0.
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608 HIGHER-ORDER PARTIAL DIFFERENTIAL EQUATIONS

9.2.3-6. One end of the rod is clamped and the other is free.

Boundary conditions are prescribed:� =
* M � = 0 at � = 0,

* M M � =
* M M M � = 0 at � = C .

Green’s function: F ( � , E , � ) =
4� C GHJI

=1 K
I

( � ) K
I

( E )� 2

I
K 2

I
( C ) sin( � 2

I � � ),
whereK

I
( � )= � sinh( � I C )+sin( � I C ) � � cosh( � I � )−cos( � I � ) � − � cosh( � I C )+cos( � I C ) � � sinh( � I � )−sin( � I � ) � ;

the � I
are positive roots of the transcendental equation cosh( � C ) cos( � C ) = −1.

9.2.3-7. One end of the rod is hinged and the other is free.

Boundary conditions are prescribed:� =
* M M � = 0 at � = 0,

* M M � =
* M M M � = 0 at � = C .

Green’s function: F ( � , E , � ) =
4� C GHJI

=1 K
I

( � ) K
I

( E )� 2

I
K 2

I
( C ) sin( � 2

I � � ),
where K

I
( � ) = sin( � I C ) sinh( � I � ) + sinh( � I C ) sin( � I � );

the � I
are positive roots of the transcendental equation tan( � C ) − tanh( � C ) = 0.

9.2.3-8. The first and third derivatives are prescribed at the ends:* M � =
* M M M � = 0 at � = 0,

* M � =
* M M M � = 0 at � = C .

Green’s function:F ( � , E , � ) =
� C +

2� C GHJI
=1

1� 2

I
cos( � I � ) cos( � I E ) sin( � 2

I � � ), � I
= N 7C .

9.2.3-9. Mixed boundary conditions are prescribed at the ends:� =
* M M � = 0 at � = 0,

* M � =
* M M M � = 0 at � = C .

Green’s function:F ( � , E , � ) =
2� C GHJI

=0

1� 2

I
sin( � I � ) sin( � I E ) sin( � 2

I � � ), � I
= N (2 7 + 1)

2 C .

9.2.4. Equations of the Form 8 2 98 : 2 + ; 2 8 4 98 < 4 + S 9 = = ( < , : )

9.2.4-1. Particular solutions of the homogeneous equation ( > ≡ 0):� ( � , � ) = ( ? � 3 + @ � 2 + A � + B ) sin �T� P  � ,� ( � , � ) = ( ? � 3 + @ � 2 + A � + B ) cos �T� P  � ,� ( � , � ) = � ? sin( � � ) + @ cos( � � ) + A sinh( � � ) + B cos( � � ) � sin � � P � 2 � 4 +  � ,� ( � , � ) = � ? sin( � � ) + @ cos( � � ) + A sinh( � � ) + B cos( � � ) � cos � � P � 2 � 4 +  � ,
where ? , @ , A , B , and � are arbitrary constants.
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9.2. FOURTH-ORDER ONE-DIMENSIONAL NONSTATIONARY EQUATIONS 609

9.2.4-2. Domain: 0 ≤ � ≤ C . Solution in terms of the Green’s function.

1 � . We consider boundary value problems on an interval 0 ≤ � ≤ C with the general initial condition� = � ( � ) at � = 0,
* � � =

4
( � ) at � = 0

and various homogeneous boundary conditions. The solution can be represented in terms of the
Green’s function as� ( � , � ) =

** � � D
0

� ( E ) F ( � , E , � ) # E +
� D

0

4
( E ) F ( � , E , � ) # E +

� �
0

� D
0

> ( E ,  ) F ( � , E , � −  ) # E #  .

2 � . Paragraphs 9.2.4-3 through 9.2.4-10 present the Green’s functions for various types of boundary
conditions. The Green’s functions can be evaluated from the formulaF ( � , E , � ) = GHJI

=1 K
I

( � ) K
I

( E )L K
I L 2

sin �T�VU � 2 � 4

I
+  �U � 2 � 4

I
+  ,

where the � I
and K

I
( � ) are determined by solving the self-adjoint eigenvalue problem for the fourth-

order ordinary differential equation K ������� − � 4 K = 0 subject to appropriate boundary conditions. The
norms of eigenfunctions can be calculated by formula (2) from Paragraph 9.2.3-1.

9.2.4-3. The function and its first derivative are prescribed at the ends:� =
* M � = 0 at � = 0, � =

* M � = 0 at � = C .
Green’s function:F ( � , E , � ) =

4C GHJI
=1

� 4

I K
I

( � ) K
I

( E )� K ���I ( C ) � 2
sin � �VU � 2 � 4

I
+  �U � 2 � 4

I
+  , K ���I ( � ) = # 2 K

I
# � 2 ,

where

K
I

( � )= � sinh( � I C )−sin( � I C ) � � cosh( � I � )−cos( � I � ) � − � cosh( � I C )−cos( � I C ) � � sinh( � I � )−sin( � I � ) � ;

the � I
are positive roots of the transcendental equation cosh( � C ) cos( � C ) = 1.

9.2.4-4. The function and its second derivative are prescribed at the ends:� =
* M M � = 0 at � = 0, � =

* M M � = 0 at � = C .
Green’s function:F ( � , E , � ) =

2C GHJI
=1

sin( � I � ) sin( � I E )
sin �T�VU � 2 � 4

I
+  �U � 2 � 4

I
+  , � I

= N 7C .

9.2.4-5. The first and third derivatives are prescribed at the ends:* M � =
* M M M � = 0 at � = 0,

* M � =
* M M M � = 0 at � = C .

Green’s function:F ( � , E , � ) =
sin �T� P  �C P  +

2C GH I
=1

cos( � I � ) cos( � I E )
sin �T�VU � 2 � 4

I
+  �U � 2 � 4

I
+  , � I

= N 7C .
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610 HIGHER-ORDER PARTIAL DIFFERENTIAL EQUATIONS

9.2.4-6. The second and third derivatives are prescribed at the ends:� M M
=

* M M M � = 0 at � = 0, � M M
=

* M M M � = 0 at � = C .
Green’s function:F ( � , E , � ) = / 1 +

3C 2 (2 � − C )(2 E − C ) 1 sin � � P  �C P  +
4C GHJI

=1 K
I

( � ) K
I

( E )K 2

I
( C ) sin � �VU � 2 � 4

I
+  �U � 2 � 4

I
+  ,

where

K
I

( � )= � sinh( � I C )−sin( � I C ) � � cosh( � I � )+cos( � I � ) � − � cosh( � I C )−cos( � I C ) � � sinh( � I � )+sin( � I � ) � ;

the � I
are positive roots of the transcendental equation cosh( � C ) cos( � C ) = 1. For the numerical

values of the roots, see Paragraph 9.2.3-2.

9.2.4-7. Mixed boundary conditions are prescribed at the ends (case 1):� =
* M � = 0 at � = 0, � =

* M M � = 0 at � = C .
Green’s function: F ( � , E , � ) =

2C GHJI
=1

� 4

I K
I

( � ) K
I

( E )
| K �I ( C ) K �����I ( C )| sin �T�VU � 2 � 4

I
+  �U � 2 � 4

I
+  ,

where

K
I

( � )= � sinh( � I C )−sin( � I C ) � � cosh( � I � )−cos( � I � ) � − � cosh( � I C )−cos( � I C ) � � sinh( � I � )−sin( � I � ) � ;

the � I
are positive roots of the transcendental equation tan( � C ) − tanh( � C ) = 0.

9.2.4-8. Mixed boundary conditions are prescribed at the ends (case 2):� =
* M � = 0 at � = 0,

* M M � =
* M M M � = 0 at � = C .

Green’s function: F ( � , E , � ) =
4C GHJI

=1 K
I

( � ) K
I

( E )K 2

I
( C ) sin �T�VU � 2 � 4

I
+  �U � 2 � 4

I
+  ,

where

K
I

( � )= � sinh( � I C )+sin( � I C ) � � cosh( � I � )−cos( � I � ) � − � cosh( � I C )+cos( � I C ) � � sinh( � I � )−sin( � I � ) � ;

the � I
are positive roots of the transcendental equation cosh( � C ) cos( � C ) = −1.

9.2.4-9. Mixed boundary conditions are prescribed at the ends (case 3):� =
* M M � = 0 at � = 0,

* M � =
* M M M � = 0 at � = C .

Green’s function:F ( � , E , � ) =
2C GHJI

=0

sin( � I � ) sin( � I E )
sin �T�VU � 2 � 4

I
+  �U � 2 � 4

I
+  , � I

= N (2 7 + 1)
2 C .
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9.2. FOURTH-ORDER ONE-DIMENSIONAL NONSTATIONARY EQUATIONS 611

9.2.4-10. Mixed boundary conditions are prescribed at the ends (case 4):� =
* M M � = 0 at � = 0,

* M M � =
* M M M � = 0 at � = C .

Green’s function: F ( � , E , � ) =
4C GH I

=1 K
I

( � ) K
I

( E )K 2

I
( C ) sin � �VU � 2 � 4

I
+  �U � 2 � 4

I
+  ,

where K
I

( � ) = sin( � I C ) sinh( � I � ) + sinh( � I C ) sin( � I � );

the � I
are positive roots of the transcendental equation tan( � C ) − tanh( � C ) = 0.

9.2.5. Other Equations

9.2.5-1. Equations containing the first derivative with respect to � .
1.

� �� � + ' 2
� 4 �� � 4

+ + �
= W (

�
,
�
).

The change of variable � ( � , � ) = X − Y � ( ( � , � ) leads to the equation* (* � + � 2
* 4

(* � 4 = X Y � > ( � , � ),
which is discussed in Subsection 9.2.1.

2. Z [Z \ = ' ] 8 Z 4 [Z ] 4
.

This is a special case of equation 9.6.4.2 with ^ = 1 and 7 = 4.

3. Z [Z \ = + ( \ ) Z 4 [Z ] 4
+ [ ] ,

( \ ) + - ( \ )] Z [Z ] + . ( \ ) [ .

This is a special case of equation 9.6.4.1 with 7 = 4. The transformation_ ( ` , a ) =
(

( $ ,  ) exp /cb d ( a ) e a2f , $ = ` g ( a ) + b 4
( a ) g ( a ) e a , h = b ^ ( a ) g 4( a ) e a ,

where g ( a ) = exp icb j ( a ) e a2f , leads to the constant coefficient equationk lk h =
k 4 lk $ 4 ,

which is discussed in Subsection 9.2.1.

4. Z [Z \ = ( m ] 2 + 5 ] + 6 )4 n 4 on p 4
.

This is a special case of equation 9.6.4.4 with q = 1 and 7 = 4.
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612 HIGHER-ORDER PARTIAL DIFFERENTIAL EQUATIONS

9.2.5-2. Equations containing the second derivative with respect to r .
5. n 2 on s 2

+ t n on s + m 2 n 4 on p 4
= W ( p , s ).

With u ( v , r ) ≡ 0 this equation governs transverse vibration of an elastic rod in a resisting medium
with velocity-proportional resistance coefficient.

The change of variable w ( v , r ) = exp x − 1
2 q r�y l ( v , r ) leads to the equationk 2 lk r 2 + z 2

k 4 lk v 4 − 1
4 q 2 l = exp x 1

2 q r�y u ( v , r ),
which is discussed in Subsection 9.2.4.

6. n 2 on s 2
= m p 8 n 4 on p 4

.

This is a special case of equation 9.6.4.2 with q = 2 and 7 = 4.

7. n 2 on s 2
= ( m p 2 + 5 p + 6 )4 n 4 on p 4

.

This is a special case of equation 9.6.4.4 with q = 2 and 7 = 4.

8. { nn s – n 2n p 2 | 2 o = 0.

1 } . General solution (two representations):w ( v , r ) = r l 1( v , r ) +
l

0( v , r ),w ( v , r ) = v l
1( v , r ) +

l
0( v , r ),

where
l ~

=
l ~

( v , r ) is an arbitrary function satisfying the heat equation
k ��l ~

−
k � � l ~

= 0; q = 1, 2.

2 } . Fundamental solution: � �
( v , r ) = � r

2 � � exp { −
v 2

4 r | .

3 } . Domain: − � < v < � . Cauchy problem.
Initial conditions are prescribed:w = 0 at r = 0,

k � w = j ( v ) at r = 0.
Solution: w ( v , r ) = � r

2 � � b �
− � exp i − ( v − E )2

4 r f j ( E ) e E .��&
Reference: G. E. Shilov (1965).

9. n 4 on s 4
– n 4 on p 4

= 0.

1 } . Fundamental solution:� �
( v , r ) =

1
2 � � r ln � v 2 + r 2 − v arctan

v r −
1
2

( r + v ) ln | r + v |

−
1
2

( r − v ) ln | r − v | +
1
8

| r + v | +
1
8

| r − v | � .

2 } . Domain: − � < v < � . Cauchy problem.
Initial conditions are prescribed:w = 0 at r = 0,

k � w = 0 at r = 0,
k ��� w = j ( v ) at r = 0.

Solution: w ( v , r ) = b �
− �

� �
( v − E , r ) j ( E ) e E .��&

Reference: G. E. Shilov (1965).
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9.3. TWO-DIMENSIONAL NONSTATIONARY FOURTH-ORDER EQUATIONS 613

10. n 4 on s 4
– 2 n 4 on s 2 n p 2

+ n 4 on p 4
= 0.

General solution (three representations):w ( v , r ) = j 1( r − v ) + j 2( r + v ) + r ��� 1( r − v ) + � 2( r + v ) � ,w ( v , r ) = j 1( r − v ) + j 2( r + v ) + v � � 1( r − v ) + � 2( r + v ) � ,w ( v , r ) = j 1( r − v ) + j 2( r + v ) + ( r + v ) � 1( r − v ) + ( r − v ) � 2( r + v ),

where j 1( � ), j 2( � ), � 1( � ), and � 2( � ) are arbitrary functions.��&
Reference: A. V. Bitsadze and D. F. Kalinichenko (1985).

9.3. Two-Dimensional Nonstationary Fourth-Order
Equations

9.3.1. Equations of the Form � �� � + � 2 � � 4 �� � 4 + � 4 �� � 4 � = � ( � , � , � )

9.3.1-1. Domain: 0 ≤ v ≤ � 1, 0 ≤ � ≤ � 2. Solution in terms of the Green’s function.

We consider boundary value problems in a rectangular domain 0 ≤ v ≤ � 1, 0 ≤ � ≤ � 2 with the general
initial condition w = j ( v , � ) at r = 0

and various homogeneous boundary conditions. The solution can be represented in terms of the
Green’s function asw ( v , � , r ) = b � 1

0
b � 2

0
j ( � , � ) � ( v , � , � , � , r ) e � e � + b �

0
b � 1

0
b � 2

0
u ( � , � , h ) � ( v , � , � , � , r − h ) e � e � e h .

Below are the Green’s functions for various types of boundary conditions.

9.3.1-2. The function and its first derivatives are prescribed at the sides of a rectangle:w =
k � w = 0 at v = 0, w =

k � w = 0 at v = � 1,w =
k � w = 0 at � = 0, w =

k � w = 0 at � = � 2.

Green’s function:� ( v , � , � , � , r ) =
16� 1 � 2 ��J�

=1

��  =1 ¡ 4

� ¢
4 �O£ ¤�¤� ( � 1) ¥ ¤�¤  ( � 2) � 2 £ �

( v ) ¥   ( � ) £ �
( � ) ¥   ( � ) exp � −(¡ 4

�
+

¢
4  ) z 2 r�� ,£ ¤�¤� ( v ) = ¦ 2 £ �

¦ v 2 , ¥ ¤�¤  ( � ) = ¦ 2 ¥  ¦ � 2 .

Here, £ �
( v ) = � sinh(¡

� � 1) − sin(¡
� � 1) � � cosh(¡

� v ) − cos(¡
� v ) �

− � cosh(¡
� � 1) − cos(¡

� � 1) � � sinh(¡
� v ) − sin(¡

� v ) � ,¥   ( � ) = � sinh(

¢   � 2) − sin(

¢   � 2) � � cosh(

¢   � ) − cos(

¢   � ) �
− � cosh(

¢   � 2) − cos(

¢   � 2) � � sinh(

¢   � ) − sin(

¢   � ) � ,

where the ¡
�

and

¢   are positive roots of the transcendental equations

cosh(¡ � 1) cos(¡ � 1) = 1, cosh(

¢ � 2) cos(

¢ � 2) = 1 (

¢   = ¡   � 1 § � 2).
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614 HIGHER-ORDER PARTIAL DIFFERENTIAL EQUATIONS

9.3.1-3. The function and its second derivatives are prescribed at the sides of a rectangle:w = ¨ � � w = 0 at v = 0, w = ¨ � � w = 0 at v = � 1,w = ¨ �V� w = 0 at � = 0, w = ¨ �V� w = 0 at � = � 2.

Green’s function:� ( v , � , � , � , r ) =
4� 1 � 2 �� �

=1

��  =1

sin(¡
� v ) sin(

¢   � ) sin(¡
� � ) sin(

¢   � ) exp � −(¡ 4

�
+

¢
4  ) z 2 r � ,

¡
�

= � ©� 1 ,

¢   = � ª� 2 .

9.3.1-4. The first and third derivatives are prescribed at the sides of a rectangle:w �
= ¨ � � � w = 0 at v = 0, w �

= ¨ � � � w = 0 at v = � 1,w �
= ¨ �V�V� w = 0 at � = 0, w �

= ¨ �V�V� w = 0 at � = � 2.

Green’s function:� ( v , � , � , � , « ) =
1� 1 � 2 ��J�

=0

��  =0 ¬ � ¬   cos(¡
� 

) sin(

¢   � ) cos(¡
� � ) cos(

¢   � ) exp � −(¡ 4

�
+

¢
4  ) z 2 «�� ,

¡
�

= � ©� 1 ,

¢   = � ª� 2 , ¬ �
= ® 1 for © = 0,

2 for © ≠ 0.

9.3.1-5. The second and third derivatives are prescribed at the sides of a rectangle:¯ � �
= ¨ � � � ¯ = 0 at


= 0, ¯ � �

= ¨ � � � ¯ = 0 at


= � 1,¯ �V�

= ¨ �V�V� ¯ = 0 at � = 0, ¯ �V�
= ¨ �V�V� ¯ = 0 at � = � 2.

Green’s function: � (


, � , � , � , « ) = � 1(


, � , « ) � 2( � , � , « ),� 1(


, � , « ) =

1� 1 +
3� 31 (2


− � 1)(2 � − � 1) +

4� 1 �� �
=1

£ �
(


) £ �

( � )£ 2

�
( � 1)

exp(−¡ 4

� z 2 « ),
� 2( � , � , « ) =

1� 2 +
3� 32 (2 � − � 2)(2 � − � 2) +

4� 2 ��  =1

¥   ( � ) ¥   ( � )¥ 2  ( � 2)
exp(−

¢
4  z 2 « ).

Here, £ �
(


) = � sinh(¡

� � 1) − sin(¡
� � 1) � � cosh(¡

� 
) + cos(¡

� 
) �

− � cosh(¡
� � 1) − cos(¡

� � 1) � � sinh(¡
� 

) + sin(¡
� 

) � ,¥   ( � ) = � sinh(

¢   � 2) − sin(

¢   � 2) � � cosh(

¢   � ) + cos(

¢   � ) �
− � cosh(

¢   � 2) − cos(

¢   � 2) � � sinh(

¢   � ) + sin(

¢   � ) � ,

where the ¡
�

and

¢   are positive roots of the transcendental equations

cosh(¡ � 1) cos(¡ � 1) = 1, cosh(

¢ � 2) cos(

¢ � 2) = 1.
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9.3.1-6. Mixed boundary conditions are prescribed at the sides of a rectangle:¯ = ¨ � � ¯ = 0 at


= 0, ¨ � ¯ = ¨ � � � ¯ = 0 at


= � 1,¯ = ¨ �V� ¯ = 0 at � = 0, ¨ � ¯ = ¨ �V�V� ¯ = 0 at � = � 2.

Green’s function:� (


, � , � , � , « ) =

4� 1 � 2 �� �
=0

��  =0

sin(¡
� 

) sin(

¢   � ) sin(¡
� � ) sin(

¢   � ) exp � −(¡ 4

�
+

¢
4  ) z 2 «�� ,

¡
�

= � (2 © + 1)
2 � 1 ,

¢   = � (2 ª + 1)
2 � 2 .

9.3.2. Two-Dimensional Equations of the Form � 2 �� � 2 + � 2 ° ° � = 0
This equation governs two-dimensional free transverse vibration of a thin elastic plate; the un-
known ¯ is the deflection (transverse displacement) of the plate’s midplane points relative to the
original plane position. Here, ± ± = ± 2 and ± is the Laplace operator that is defined as± = ² ³ 2³ ´ 2 + ³ 2³ � 2 in the Cartesian coordinate system,³ 2³ µ 2 + 1µ ³³ µ + 1µ 2 ³ 2³ ¶ 2 in the polar coordinate system.

9.3.2-1. Particular solutions:¯ (


, · , « ) = ¸�¹ 1 sin( º 1


) + » 1 cos( º 1


) ¼ ¸�¹ 2 sin( º 2 · ) + » 2 cos( º 2 · ) ¼ sin ¸ ( º 2

1 + º 2
2) z «�¼ ,¯ (


, · , « ) = ¸�¹ 1 sin( º 1


) + » 1 cos( º 1


) ¼ ¸�¹ 2 sin( º 2 · ) + » 2 cos( º 2 · ) ¼ cos ¸ ( º 2

1 + º 2
2) z «�¼ ,¯ (


, · , « ) = ¸�¹ 1 sinh( º 1


) + » 1 cosh( º 1


) ¼ ¸�¹ 2 sinh( º 2 · ) + » 2 cosh( º 2 · ) ¼ sin ¸ ( º 2

1 + º 2
2) z «�¼ ,¯ (


, · , « ) = ¸�¹ 1 sinh( º 1


) + » 1 cosh( º 1


) ¼ ¸�¹ 2 sinh( º 2 · ) + » 2 cosh( º 2 · ) ¼ cos ¸ ( º 2

1 + º 2
2) z «�¼ ,¯ ( ½ , ¾ , « ) = ¸�¹ 1 ¿ À ( º ½ ) + ¹ 2 Á À ( º ½ ) + ¹ 3 ÂVÀ ( º ½ ) + ¹ 4 Ã À ( º ½ ) ¼ cos( Ä ¾ ) sin( º 2 Å Æ ),Ç ( ½ , ¾ , Æ ) = ¸�¹ 1 ¿ À ( º ½ ) + ¹ 2 Á À ( º ½ ) + ¹ 3 ÂVÀ ( º ½ ) + ¹ 4 Ã À ( º ½ ) ¼ sin( Ä ¾ ) cos( º 2 Å Æ ),

where ¹ 1, ¹ 2, ¹ 3, ¹ 4, » 1, » 2, º , º 1, º 2 are arbitrary constants, the ¿ À ( È ) and Á À ( È ) are the Bessel
functions of the first and second kind, the Â À ( È ) and Ã À ( È ) are the modified Bessel functions of the
first and second kind, ½ = É Ê 2 + · 2, and Ä = 0, 1, 2, Ë�Ë�Ë
9.3.2-2. Domain: − Ì < Ê < Ì , − Ì < · < Ì . Cauchy problem.

Initial conditions are prescribed:Ç = Í ( Ê , · ) at Æ = 0, Î Ï Ç = Ð ( Ê , · ) at Æ = 0.

Poisson solution:Ç ( Ê , · , Æ ) =
1Ñ Ò Ó

− Ó Ò Ó
− Ó Í ÔÕÊ + 2 È Ö Å Æ , · + 2 × Ö Å Æ Ø sin ÔTÈ 2 + × 2 Ø Ù È Ù ×

+
1Ñ Ò Ï

0

Ù Ú Ò Ó
− Ó Ò Ó

− Ó Ð ÔTÊ + 2 È Ö Å Ú , · + 2 × Ö Å Ú Ø sin ÔTÈ 2 + × 2 Ø Ù È Ù × .

Green’s function: Û
( Ê , · , È , × , Æ ) =

1
4 Ñ Å Ò Ï

0
sin Ü ( Ê − È )2 + ( · − × )2

4 Å Ú Ý Ù ÚÚ .Þ�ß
References: A. N. Krylov (1949), I. Sneddon (1951), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).
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616 HIGHER-ORDER PARTIAL DIFFERENTIAL EQUATIONS

9.3.2-3. Domain: 0 ≤ Ê ≤ à 1, 0 ≤ · ≤ à 2. Solution in terms of the Green’s function.

We consider boundary value problems in a rectangular domain 0 ≤ Ê ≤ à 1, 0 ≤ · ≤ à 2 with the general
initial conditions Ç = Í ( Ê , · ) at Æ = 0, Î Ï Ç = Ð ( Ê , · ) at Æ = 0

and various homogeneous boundary conditions. The solution can be represented in terms of the
Green’s function asÇ ( Ê , · , Æ ) =

ÎÎ Æ Ò á 1
0

Ò á 2
0

Í ( È , × )

Û
( Ê , · , È , × , Æ ) Ù × Ù È + Ò á 1

0
Ò á 2

0
Ð ( È , × )

Û
( Ê , · , È , × , Æ ) Ù × Ù È .

Paragraphs 9.3.2-4 through 9.3.2-6 present the Green’s functions for three types of boundary
conditions.

9.3.2-4. Domain: 0 ≤ Ê ≤ à 1, 0 ≤ · ≤ à 2. All sides of the plate are hinged.

Boundary conditions are prescribed:Ç = Î ´ ´ Ç = 0 at Ê = 0, Ç = Î ´ ´ Ç = 0 at Ê = à 1,Ç = Î �V� Ç = 0 at · = 0, Ç = Î �V� Ç = 0 at · = à 2.

Green’s function:Û
( Ê , · , È , × , Æ ) =

4Å à 1 à 2 Óâ À =1
Óâã =1

sin(ä À Ê ) sin( å ã · ) sin(ä À È ) sin( å ã × )
sin( æ À ã Å Æ )æ À ã ,ä À =

Ñ Äà 1 , å ã =
Ñ çà 2 , æ À ã = ä 2À + å 2ã .

9.3.2-5. Domain: 0 ≤ Ê ≤ à 1, 0 ≤ · ≤ à 2. The 1st and 3rd derivatives are prescribed at the sides:Î ´ Ç = Î ´ ´ ´ Ç = 0 at Ê = 0, Î ´ Ç = Î ´ ´ ´ Ç = 0 at Ê = à 1,Î è Ç = Î èVèVè Ç = 0 at · = 0, Î è Ç = Î èVèVè Ç = 0 at · = à 2.

Green’s function:Û
( Ê , · , È , × , Æ ) =

1Å à 1 à 2 Óâ À =0
Óâã =0 é À é ã cos(ä À Ê ) cos( å ã · ) cos(ä À È ) cos( å ã × )

sin( æ À ã Å Æ )æ À ã ,ä À =
Ñ Äà 1 , å ã =

Ñ çà 2 , æ À ã = ä 2À + å 2ã , é À = ê 1 for Ä = 0,
2 for Ä ≠ 0.

If Ä = ç = 0, the ratio sin( æ À ã Å Æ ) ë æ À ã must be replaced by Å Æ .
9.3.2-6. Domain: 0 ≤ Ê ≤ à 1, 0 ≤ · ≤ à 2. Mixed boundary conditions are set at the sides:Ç = Î ´ ´ Ç = 0 at Ê = 0, Ç = Î ´ ´ Ç = 0 at Ê = à 1,Î è Ç = Î èVèVè Ç = 0 at · = 0, Î è Ç = Î èVèVè Ç = 0 at · = à 2.

Green’s function:Û
( Ê , · , È , × , Æ ) =

2Å à 1 à 2 Óâ À =1
Óâã =0 é ã sin(ä À Ê ) cos( å ã · ) sin(ä À È ) cos( å ã × )

sin( æ À ã Å Æ )æ À ã ,ä À =
Ñ Äà 1 , å ã =

Ñ çà 2 , æ À ã = ä 2À + å 2ã , é ã = ê 1 for ç = 0,
2 for ç ≠ 0.
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9.3.2-7. Domain: 0 ≤ ½ < Ì , 0 ≤ ¾ ≤ 2 Ñ . Cauchy problem.

Initial conditions for the symmetric case in the polar coordinate system:Ç = Í ( ½ ) at Æ = 0, Î Ï Ç = 0 at Æ = 0.

Solution: Ç ( ½ , Æ ) =
1

2 Å Æ Ò Ó
0

È Í ( È ) ¿ 0 ì È ½
2 Å Æ í sin ì È 2 + ½ 2

4 Å Æ í Ù È ,

where ¿ 0( î ) is the zeroth Bessel function.Þ�ß
References: I. Sneddon (1951), B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

9.3.2-8. Domain: 0 ≤ ½ ≤ ï , 0 ≤ ¾ ≤ 2 Ñ . Transverse vibration of a circular plate.

Initial and boundary conditions for symmetric transverse vibrations of a circular plate of radius ï
with clamped contour in the polar coordinate system:Ç = Í ( ½ ) at Æ = 0, Î Ï Ç = Ð ( Æ ) at Æ = 0;Ç = 0 at ½ = ï , Î µ Ç = 0 at ½ = ï .

Solution: Ç ( ½ , Æ ) = Óâ À =1

¸ ¹ À cos( Å º 2À Æ ) + » À sin( Å º 2À Æ ) ¼ ð À ( ½ ),ð À ( ½ ) = Â 0( º À ï ) ¿ 0( º À ½ ) − ¿ 0( º À ï ) Â 0( º À ½ ),

where the º À are positive roots of the transcendental equation (the prime denotes the derivative)¿ 0( º ï ) Â ñ0( º ï ) − Â 0( º ï ) ¿ ñ0( º ï ) = 0,

and the coefficients ¹ À and » À are given by¹ À =
1ò ð À ò 2 Ò ó

0
Í ( ½ ) ð À ( ½ ) ½ Ù ½ , » À =

1Å º 2À ò ð À ò 2 Ò ó
0

Ð ( ½ ) ð À ( ½ ) ½ Ù ½ ,ò ð À ò 2 = 1
4 ï 6 ¸ ð ñ�ñÀ ( ï ) ¼ 2 = ï 2 ¿ 2

0 ( º À ï ) Â 2
0 ( º À ï ).Þ�ß

Reference: B. M. Budak, A. A. Samarskii, and A. N. Tikhonov (1980).

9.3.3. Three- and ô -Dimensional Equations of the Formõ 2 öõ ÷ 2 + ø 2 ù ù ö = 0

9.3.3-1. Three-dimensional case. Cauchy problem.

Domain: − Ì < Ê < Ì , − Ì < ú < Ì , − Ì < î < Ì . Initial conditions are prescribed:Ç = Í ( Ê , ú , î ) at Æ = 0, Î Ï Ç = 0 at Æ = 0.

Solution:Ç ( Ê , ú , î , Æ ) =
1Ô 2 Ö Ñ Å Æ Ø 3 Ò Ó

− Ó Ò Ó
− Ó Ò Ó

− Ó Í ( Ê + È , ú + × , î + û ) cos ì È 2 + × 2 + û 2

4 Å Æ −
3 Ñ
4 í Ù È Ù × Ù û .Þ�ß

Reference: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974).
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618 HIGHER-ORDER PARTIAL DIFFERENTIAL EQUATIONS

9.3.3-2. Three-dimensional case. Boundary value problem.

Domain: 0 ≤ Ê ≤ à 1, 0 ≤ ú ≤ à 2, 0 ≤ î ≤ à 3 (rectangular parallelepiped).
Initial conditions: Ç = Í ( Ê , ú , î ) at Æ = 0, Î Ï Ç = Ð ( Ê , ú , î ) at Æ = 0.

Boundary conditions:Ç = Î ü ü Ç = 0 at Ê = 0, Ç = Î ü ü Ç = 0 at Ê = à 1,Ç = Î èVè Ç = 0 at ú = 0, Ç = Î èVè Ç = 0 at ú = à 2,Ç = Î ý
ý Ç = 0 at î = 0, Ç = Î ý
ý Ç = 0 at î = à 3.

Solution: Ç ( Ê , ú , î , Æ ) =
ÎÎ Æ Ò á 1

0
Ò á 2

0
Ò á 3

0
Í ( È , × , û )

Û
( Ê , ú , î , È , × , û , Æ ) Ù û Ù × Ù È

+ Ò á 1
0

Ò á 2
0

Ò á 3
0

Ð ( È , × , û )

Û
( Ê , ú , î , È , × , û , Æ ) Ù û Ù × Ù È ,

where Û
( Ê , ú , î , È , × , û , Æ ) =

8Å à 1 à 2 à 3 ÓâJþ
=1

Óâã =1
Óâ ÿ
=1

1æ þ ã ÿ
sin(ä þ Ê ) sin( å ã ú ) sin( � ÿ î )

× sin(ä þ È ) sin( å ã × ) sin( � ÿ û ) sin( æ þ ã ÿ Å Æ ),ä þ
=

Ñ Äà 1 , å ã =
Ñ çà 2 , � ÿ =

Ñ �à 3 , æ þ ã ÿ
= ä 2

þ
+ å 2ã + � 2

ÿ
.

9.3.3-3. � -dimensional case. Cauchy problem.

Domain: � þ
= {− Ì < Ê ÿ

< Ì ; � = 1, Ë�Ë�Ë , � }. Initial conditions are prescribed:� = Í (x) at � = 0, Î Ï � = 0 at � = 0,

where x = { Ê 1, Ë�Ë�Ë , Ê þ
}.

Solution: � (x, � ) =
1Ô 2 Ö Ñ � � Ø þ Ò � 	 


(y) cos ì |x − y|
4 � � −

Ñ �
4 í Ù y,

where y = { ú 1, ����� , ú þ
} and Ù y = Ù ú 1 ����� Ù ú þ

.Þ�ß
Reference: V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974).

9.3.3-4. � -dimensional case. Boundary value problem.

Domain:  = {0 ≤ � ÿ
≤ à ÿ ; � = 1, 2, ����� � } ( � -dimensional rectangular parallelepiped).

Initial conditions: � =



(x) at � = 0, � � � = � (x) at � = 0.

Boundary conditions:� = � ü ��ü � � = 0 at � ÿ
= 0, � = � ü ��ü � � = 0 at � ÿ

= à ÿ .

Solution: � (x, � ) =
�� � � � 


(y)

Û
(x, y, � ) Ù y +

� � � (y)

Û
(x, y, � ) Ù y,
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whereÛ
(x, y, � ) =

2

þ
� �

1
�
2 ����� � þ ���

1=1

���
2=1

����� ��� 	 =1

1æ �
1,
�

2, ����� , � 	 sin(� �
1 � 1) sin(� �

2 � 2) ����� sin(� � 	 � � )

× sin(� �
1 � 1) sin(� �

2 � 2) ����� sin(� � 	 � � ) sin ��æ �
1 ,
�

2, ����� , � 	  !#" ,� �
1 = $ % 1�

1
, � �

2 = $ % 2�
2

, ����� , � � 	 = $ % �� � , æ �
1 ,
�

2, ����� , � 	 = � 2�
1

+ � 2�
2

+ &�&�& + � 2� 	 .

9.3.4. Equations of the Form ' 2 (' ) 2 + ø 2 ù ù ( + * ( = + ( , , - , ) )

9.3.4-1. Domain: 0 ≤ � ≤ �
1, 0 ≤ � ≤ �

2. Solution in terms of the Green’s function.

We consider boundary value problems in a rectangular domain 0 ≤ � ≤ �
1, 0 ≤ � ≤ �

2 with the general
initial conditions .

=



( � , � ) at ! = 0, / 0 . = 1 ( � , � ) at ! = 0

and various homogeneous boundary conditions. The solution can be represented in terms of the
Green’s function as.

( � , � , ! ) =
// ! � 2

1

0

� 2
2

0



( 3 , 4 ) 5 ( � , � , 3 , 4 , ! ) 6 4 6 3 +

� 2
1

0

� 2
2

0
1 ( 3 , 4 ) 5 ( � , � , 3 , 4 , ! ) 6 4 6 3

+
� 0

0

� 2
1

0

� 2
2

0 7 ( 3 , 4 , 8 ) 5 ( � , � , 9 , 3 , 4 , : , ! − 8 ) 6 4 6 3 6 8 .

Paragraphs 9.3.4-2 through 9.3.4-4 present the Green’s functions for three types of boundary
conditions.

9.3.4-2. The function and its second derivatives are prescribed at the sides of a rectangle:.
= / ; ; . = 0 at � = 0,

.
= / ; ; . = 0 at � = �

1,.
= / <=< . = 0 at � = 0,

.
= / <=< . = 0 at � = �

2.

Green’s function:5 ( � , � , 3 , 4 , ! ) =
4�
1
�
2

�� � =1

��> =1

sin(� � � ) sin( ? > � ) sin(� � 3 ) sin( ? > 4 )
sin( @ � > ! )@ � > ,

� � = $ A�
1

, ? > = $ B�
2

, @ � > = C  2(� 2� + ? 2> )2 + % .

9.3.4-3. The first and third derivatives are prescribed at the sides of a rectangle:/ ; . = / ; ; ; . = 0 at � = 0, / ; . = / ; ; ; . = 0 at � = �
1,/ < . = / <=<=< . = 0 at � = 0, / < . = / <=<=< . = 0 at � = �
2.

Green’s function:5 ( � , � , 3 , 4 , ! ) =
1�
1
�
2

�� � =0

��> =0 D � D > cos(� � � ) cos( ? > � ) cos(� � 3 ) cos( ? > 4 )
sin( @ � > ! )@ � > ,

� � = $ A�
1

, ? > = $ B�
2

, @ � > = C  2(� 2� + ? 2> )2 + % , D � = E 1 for A = 0,
2 for A ≠ 0.
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620 HIGHER-ORDER PARTIAL DIFFERENTIAL EQUATIONS

9.3.4-4. Mixed boundary conditions are prescribed at the sides of a rectangle:.
= / ; ; . = 0 at � = 0,

.
= / ; ; . = 0 at � = F 1,/ < . = / <=<=< . = 0 at � = 0, / < . = / <=<=< . = 0 at � = F 2.

Green’s function:5 ( � , � , 3 , 4 , ! ) =
2F 1 F 2 G� � =1 G�> =0 D > sin(� � � ) cos( ? > � ) sin(� � 3 ) cos( ? > 4 )

sin( @ � > ! )@ � > ,

� � = $ AF 1 , ? > = $ BF 2 , @ � > = C  2(� 2� + ? 2> )2 + % , D > = E 1 for B = 0,
2 for B ≠ 0.

9.3.5. Equations of the Form ' 2 (' ) 2 + ø 2 H ' 4 (' , 4 + ' 4 (' - 4 I + * ( = + ( , , - , ) )

9.3.5-1. Domain: 0 ≤ � ≤ F 1, 0 ≤ � ≤ F 2. Solution in terms of the Green’s function.

We consider boundary value problems in a rectangular domain 0 ≤ � ≤ F 1, 0 ≤ � ≤ F 2 with the general
initial conditions .

=



( � , � ) at ! = 0, / 0 . = 1 ( � , � ) at ! = 0

and various homogeneous boundary conditions. The solution can be represented in terms of the
Green’s function as.

( � , � , ! ) =
// ! J 2

1

0 J 2
2

0



( 3 , 4 ) 5 ( � , � , 3 , 4 , ! ) 6 4 6 3 + J 2

1

0 J 2
2

0
1 ( 3 , 4 ) 5 ( � , � , 3 , 4 , ! ) 6 4 6 3

+ J 0
0 J 2

1

0 J 2
2

0 7 ( 3 , 4 , 8 ) 5 ( � , � , 9 , 3 , 4 , : , ! − 8 ) 6 4 6 3 6 8 .

Paragraphs 9.3.5-2 through 9.3.5-4 present the Green’s functions for three types of boundary
conditions.

9.3.5-2. The function and its first derivatives are prescribed at the sides of a rectangle:.
= / ; . = 0 at � = 0,

.
= / ; . = 0 at � = F 1,.

= / < . = 0 at � = 0,
.

= / < . = 0 at � = F 2.

Green’s function:5 ( � , � , 3 , 4 , ! ) =
16F 1 F 2 G� � =1 G�> =1

� 4� ? 4>KML NON� ( F 1) P NON> ( F 2) Q 2

L � ( � ) P > ( � )
L � ( 3 ) P > ( 4 )

sin( @ � > ! )@ � > ,

@ � > = C  2(� 4� + ? 4> ) + % ,
L NON� ( � ) =

6 2
L �6 � 2 , P NON> ( � ) =

6 2 P >6 � 2 .

Here, L � ( � ) =
K
sinh(� � F 1) − sin(� � F 1) Q K

cosh(� � � ) − cos(� � � ) Q
−

K
cosh(� � F 1) − cos(� � F 1) Q K

sinh(� � � ) − sin(� � � ) Q ,P > ( � ) =
K
sinh( ? > F 2) − sin( ? > F 2) Q K

cosh( ? > � ) − cos( ? > � ) Q
−

K
cosh( ? > F 2) − cos( ? > F 2) Q K

sinh( ? > � ) − sin( ? > � ) Q ,

where the � � and ? > are positive roots of the transcendental equations

cosh(� F 1) cos(� F 1) = 1, cosh( ? F 2) cos( ? F 2) = 1.
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9.3.5-3. The function and its second derivatives are prescribed at the sides of a rectangle:� =
� � � � = 0 at � = 0, � =

� � � � = 0 at � = � 1,� =
� ��� � = 0 at � = 0, � =

� ��� � = 0 at � = � 2.

Green’s function:�
( � , � , 	 , 
 , � ) =

4� 1 � 2 � � =1

�� =1

sin(� � � ) sin( � � � ) sin(� � 	 ) sin( � � 
 )
sin( � � � � )� � � ,� � = � �� 1 , � � = � �� 2 , � � � = � � 2(� 4� + � 4� ) + � .

9.3.5-4. The first and third derivatives are prescribed at the sides of a rectangle:� � � =
� � � � � = 0 at � = 0,

� � � =
� � � � � = 0 at � = � 1,� � � =

� ����� � = 0 at � = 0,
� � � =

� ����� � = 0 at � = � 2.

Green’s function:�
( � , � , 	 , 
 , � ) =

1� 1 � 2 � � =0

�� =0 � � � � cos(� � � ) cos( � � � ) cos(� � 	 ) cos( � � 
 )
sin( � � � � )� � � ,� � = � �� 1 , � � = � �� 2 , � � � = � � 2(� 4� + � 4� ) + � , � � = � 1 for � = 0,

2 for � ≠ 0.

9.4. Fourth-Order Stationary Equations
9.4.1. Biharmonic Equation � � � = 0
The biharmonic equation is encountered in plane problems of elasticity ( � is the Airy stress function).
It is also used to describe slow flows of viscous incompressible fluids ( � is the stream function).

All solutions of the Laplace equation � � = 0 (see Sections 7.1 and 8.1) are also solutions of the
biharmonic equation.

9.4.1-1. Two-dimensional equation. Particular solutions.

In the rectangular Cartesian system of coordinates, the biharmonic operator has the form� � ≡ � 2 =
� 4� � 4 + 2

� 4� � 2 � � 2 +
� 4� � 4 .

1 � . Particular solutions:� ( � , � ) = � � 3 +  � 2 � + ! � � 2 + " � 3 + � � 2 + #$� � + %&� 2 + ' � + ( � + ) ,� ( � , � ) = ( � cosh ( � +  sinh ( � + ! � cosh ( � + " � sinh ( � )( � cos ( � + # sin ( � ),� ( � , � ) = ( � cos ( � +  sin ( � + ! � cos ( � + " � sin ( � )( � cosh ( � + # sinh ( � ),� ( � , � ) = � * 2 ln * +  * 2 + ! ln * + " , * = + ( � − � )2 + ( � − # )2,� ( � , � ) = ( � � +  � + ! )( " cosh ( � + , sinh ( � )( � cos ( � + # sin ( � ),� ( � , � ) = ( � � +  � + ! )( " cosh ( � + , sinh ( � )( � cos ( � + # sin ( � ),� ( � , � ) = ( � 2 + � 2)( " cosh ( � + , sinh ( � )( � cos ( � + # sin ( � ),� ( � , � ) = ( � 2 + � 2)( " cosh ( � + , sinh ( � )( � cos ( � + # sin ( � ),

where � ,  , ! , " , , , � , # , % , ' , ( , and ) are arbitrary constants.
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TABLE 30
Particular solutions of the biharmonic equation in some orthogonal curvilinear

coordinate systems; � ,  , ! , " , � , # , and � are arbitrary constants

Transformation Particular solutions

Polar coordinates * , - :� = * cos - , � = * sin - � = ( � * 2+ . +  * 2− . + ! * . + " * − . )( � cos � - + # sin � - ),� = � * 2 ln * +  * 2 + ! ln * + " (at � = 0)

Bipolar coordinates 	 , 
 :� =
% sinh 	

cosh 	 − cos 
 , � =
% sin 


cosh 	 − cos 
 � =
1

cosh 	 − cos 
 / � cosh( � + 1) 	 +  sinh( � + 1) 	
+ ! cosh( � − 1) 	 + " sinh( � − 1) 	 0 ( � cos � 
 + # sin � 
 )

Degenerate bipolar
coordinates 1 , 2 :� =

11 2 + 2 2 , � = −
21 2 + 2 2

� =
1

( 1 2 + 2 2)2 / � cosh( � 1 ) +  sinh( � 1 )

+ ! 1 cosh( � 1 ) + " 1 sinh( � 1 ) 0 / � cos( � 2 ) + # sin( � 2 ) 0
2 � . Fundamental solution: 3 3

( � , � ) =
1

8 � * 2 ln * , * = + � 2 + � 2.

3 � . Particular solutions of the biharmonic equation in some orthogonal curvilinear coordinate sys-
tems are listed in Table 30.465

Reference: N. N. Lebedev, I. P. Skal’skaya, and Ya. S. Uflyand (1972).

9.4.1-2. Two-dimensional equation. Various representations of the general solution.

1 � . Various representations of the general solution in terms of harmonic functions:� ( � , � ) = � 1 1( � , � ) + 1 2( � , � ),� ( � , � ) = � 1 1( � , � ) + 1 2( � , � ),� ( � , � ) = ( � 2 + � 2) 1 1( � , � ) + 1 2( � , � ),

where 1 1 and 1 2 are arbitrary functions satisfying the Laplace equation � 1 7 = 0 ( � = 1, 2).465
Reference: A. N. Tikhonov and A. A. Samarskii (1990).

2 � . Complex form of representation of the general solution:� ( � , � ) = Re / 8 9 ( 8 ) + : ( 8 ) 0 ,
where 9 ( 8 ) and : ( 8 ) are arbitrary analytic functions of the complex variable 8 = � + ;<� ; 8 = � − ;<� ,; 2 = −1. The symbol Re[ � ] stands for the real part of the complex quantity � .465

Reference: A. V. Bitsadze and D. F. Kalinichenko (1985).

9.4.1-3. Two-dimensional boundary value problems for the upper half-plane.

1 � . Domain: − = < � < = , 0 ≤ � < = . The desired function and its derivative along the normal are
prescribed at the boundary:� = 0 at � = 0,

� � � = 9 ( � ) at � = 0.

Solution: � ( � , � ) = > �
− � 9 ( 	 )

�
( � − 	 , � ) ? 	 ,

�
( � , � ) =

1� � 2� 2 + � 2 .465
Reference: G. E. Shilov (1965).
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2 � . Domain: − = < � < = , 0 ≤ � < = . The derivatives of the desired function are prescribed at the
boundary: � � � = 9 ( � ) at � = 0,

� � � = : ( � ) at � = 0.

Solution:� ( � , � ) =
1� > �

− � 9 ( 	 ) @ arctan A � − 	� B +
� ( � − 	 )

( � − 	 )2 + � 2 C ? 	 +
� 2� > �

− � : ( 	 ) ? 	
( � − 	 )2 + � 2 + ! ,

where ! is an arbitrary constant.
Example. Let us consider the problem of a slow (Stokes) inflow of a viscous fluid into the half-plane through a slit of

width 2 D with a constant velocity E that makes an angle F with the normal to the boundary (the angle is reckoned from the
normal counterclockwise).

With the stream function G introduced by the relations HJI = − KMLKMN and H N = KMLK I ( H&I and H N are the fluid velocity
components), the problem is reduced to the special case of the previous problem withO

( P ) = Q E cos F for | P | < D ,
0 for | P | > D , R ( P ) = Q E sin F for | P | < D ,

0 for | P | > D .

Dean’s solution:G ( P , S ) =
E T U

( P − D ) cos F + S sin F V arctan W SP − D X −
E T U

( P + D ) cos F + S sin F V arctan W SP + D X + Y .465
Reference: I. Sneddon (1951).

9.4.1-4. Two-dimensional boundary value problem for a circle.

Domain: 0 ≤ * ≤ � , 0 ≤ - ≤ 2 Z . Boundary conditions in the polar coordinate system:[ = 9 ( - ) at * = \ , ] ^ [ = : ( - ) at * = \ .

Solution:[ ( * , - ) =
1

2 Z \ ( * 2 − \ 2)2 @_> 2 `
0

[ \ − * cos( a − - )] 9 ( a ) ? a
[ * 2 + \ 2 − 2 \ * cos( a − - )]2 −

1
2

> 2 `
0

: ( a ) ? a* 2 + \ 2 − 2 \ * cos( a − - ) C .465
Reference: A. N. Tikhonov and A. A. Samarskii (1990).

9.4.1-5. Three-dimensional equation.

In the rectangular Cartesian coordinate system, the three-dimensional biharmonic operator is ex-
pressed as � � ≡ � 2 =

] 4] b 4 +
] 4] c 4 +

] 4] 8 4 + 2
] 4] b 2 ] c 2 + 2

] 4] b 2 ] 8 2 + 2
] 4] c 2 ] 8 2 .

1 d . Particular solutions in the Cartesian coordinate system:[ ( b , c , 8 ) = e f 2 + g f + h + i f , f = j ( b − \ )2 + ( c − k )2 + ( l − m )2,[ ( b , c , l ) = noe b sin( p b ) + g sin( p b ) + h b cos( p b ) + i cos( p b ) q sin( r c ) exp sut l j p 2 + r 2 v ,[ ( b , c , l ) = n e b sin( p b ) + g sin( p b ) + h b cos( p b ) + i cos( p b ) q cos( r c ) exp s t l j p 2 + r 2 v ,[ ( b , c , l ) = n e b sin( p b ) + g sin( p b ) + h b cos( p b ) + i cos( p b ) q sinh( r c ) exp s t l j p 2 − r 2 v ,[ ( b , c , l ) = n e b sin( p b ) + g sin( p b ) + h b cos( p b ) + i cos( p b ) q cosh( r c ) exp s t l j p 2 − r 2 v ,[ ( b , c , l ) = n e b sinh( p b ) + g sinh( p b ) + h b cosh( p b ) + i cosh( p b ) q sinh( r c ) sin s l j p 2 + r 2 v ,[ ( b , c , l ) = n e b sinh( p b ) + g sinh( p b ) + h b cosh( p b ) + i cosh( p b ) q cosh( r c ) cos s l j p 2 + r 2 v ,

where e , g , h , i , p , and r are arbitrary constants.
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2 d . Particular solutions in the cylindrical coordinate system s f = j b 2 + c 2 v :[ ( f , w , l ) = x y ( r f )( e f cos w + g f sin w + h )( \ 1 cos z w + k 1 sin z w )( \ 2 cosh r l + k 2 sinh r l ),[ ( f , w , l ) = { y ( r f )( e f cos w + g f sin w + h )( \ 1 cos z w + k 1 sin z w )( \ 2 cosh r l + k 2 sinh r l ),[ ( f , w , l ) = |}y ( r f )( e f cos w + g f sin w + h )( \ 1 cos z w + k 1 sin z w )( \ 2 cos r l + k 2 sin r l ),[ ( f , w , l ) = ~ y ( r f )( e f cos w + g f sin w + h )( \ 1 cos z w + k 1 sin z w )( \ 2 cos r l + k 2 sin r l ),[ ( f , w , l ) = x y ( r f )( e cos z w + g sin z w )( \ 1 cosh r l + k 1 sinh r l + \ 2 l cosh r l + k 2 l sinh r l ),[ ( f , w , l ) = { y ( r f )( e cos z w + g sin z w )( \ 1 cosh r l + k 1 sinh r l + \ 2 l cosh r l + k 2 l sinh r l ),[ ( f , w , l ) = |}y ( r f )( e cos z w + g sin z w )( \ 1 cos r l + k 1 sin r l + \ 2 l cos r l + k 2 l sin r l ),[ ( f , w , l ) = ~ y ( r f )( e cos z w + g sin z w )( \ 1 cos r l + k 1 sin r l + \ 2 l cos r l + k 2 l sin r l ),
where z = 0, 1, 2, �M�M� ; e , g , h , \ 1, \ 2, k 1, k 2, and r are arbitrary constants; the x y ( � ) and { y ( � )
are the Bessel functions; and the | y ( � ) and ~ y ( � ) are the modified Bessel functions.
3 d . Particular solutions in the spherical coordinate system s f = j b 2 + c 2 + l 2 v :[ ( f ) = e f 2 + g f + h + i f −1,[ ( f , � ) = s e f y +2 + g f y + h f 1− y + i f −1− y vM� y (cos � ),[ ( f , � , w ) = s e f y +2 + g f y + h f 1− y + i f −1− y vM� �y (cos � )( \ cos � w + k sin � w ),
where z = 0, 1, 2, �M�M� ; � = 0, 1, 2, �M�M� , z ; e , g , h , i , \ , and k are arbitrary constants; the� y ( � ) are the Legendre polynomials; and the � �y ( � ) are the associated Legendre functions defined
by � y ( b ) =

1z ! 2 y � y� b y ( b 2 − 1) y , � �y ( b ) = (1 − b 2) � � 2 � �� b � � y ( b ).

4 d . Fundamental solution: � �
( b , c , l ) = −

1
8 Z j b 2 + c 2 + l 2.

5 d . Representations of solutions to the biharmonic equation in terms of harmonic functions:[ ( b , c , l ) = b � 1( b , c , l ) + � 2( b , c , l ),[ ( b , c , l ) = ( b 2 + c 2 + l 2) � 1( b , c , l ) + � 2( b , c , l ),
where � 1 and � 2 are arbitrary functions satisfying the three-dimensional Laplace equation � 3 � � = 0
( � = 1, 2). The coefficient b of � 1 in the first formula can be replaced by c or l .�6�

Reference: A. V. Bitsadze and D. F. Kalinichenko (1985).

9.4.1-6. z -dimensional equation.
1 d . Particular solutions:[ (x) =

y��
, � , � =1

e � � � b � b � b � +
y��

, � =1

g � � b � b � +
y� �
=1

h � b � + i ,� (x) = e f 2 + g + h f 4− y + i f 2− y , f 2 =
y� � =1

( b � − � � )2,� (x) = ( e + g f 2− y ) � y� �
=1

h � b � + i � , � 2 =
y� � =1

( b � − � � )2,� (x) = exp s t b y j � y v � y� �
=1 � � b � + � � y −1� � =1

sin( � � b � + p � ), � y =
y −1� � =1

� 2� ,� (x) = � y� �
=1 � � b � + � � � � −1� � =1

sin( � � b � + p � ) � � y�� = � sinh( � � b � ) � ,
� −1� � =1

� 2� −
y�� = � � 2� = 0,

where the � � � � , � � � , � � , � � , � , � , � , � , � � , � � , and � � are arbitrary constants.
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2 d . Fundamental solution:� �
(x) =  ¡¢ ¡£

¤
( ¥ ¦ 2)|x|4− §

4 ¨ § © 2( ¥ − 2)( ¥ − 4)
for ¥ = 3, 5, 6, 7, ªMªMª ;

−
1

8 ¨ 2 ln |x| for ¥ = 4.

For ¥ = 2, see Paragraph 9.4.1-1, Item 2 d .«6¬
Reference: G. E. Shilov (1965).

3 d . Various representations of solutions to the biharmonic equation in terms of harmonic functions:� (x) = b ¯® 1(x) + ® 2(x), ° = 1, 2, ªMªMª , ¥ ;� (x) = |x|2 ® 1(x) + ® 2(x), |x|2 =
§�²±
=1

b 2

±
,

where ® 1 and ® 2 are arbitrary functions satisfying the ¥ -dimensional Laplace equation ³ § ® ´ = 0
( µ = 1, 2).«6¬

Reference: A. V. Bitsadze and D. F. Kalinichenko (1985).

9.4.2. Equations of the Form ¶ ¶ · = ¸ ( ¹ , º )
Nonhomogeneous biharmonic equation. It is encountered in plane problems of elasticity and
hydrodynamics.

9.4.2-1. Domain: − » < ¼ < » , − » < ½ < » .

Solution:¾
( ¼ , ½ ) = ¿ À

− À ¿ À
− À Á ( Â , Ã ) Ä Ä ( ¼ − Â , ½ − Ã ) Å Â Å Ã , Ä Ä ( ¼ , ½ ) =

1
8 ¨ ( ¼ 2 + ½ 2) ln Æ ¼ 2 + ½ 2.«6¬

Reference: A. V. Bitsadze and D. F. Kalinichenko (1985).

9.4.2-2. Domain: − » < ¼ < » , 0 ≤ ½ < » . Boundary value problem.

The upper half-plane is considered. The derivatives are prescribed at the boundary:Ç È ¾
= É ( ¼ ) at ½ = 0,

Ç Ê ¾
= Ë ( ¼ ) at ½ = 0.

Solution:¾
( ¼ , ½ ) =

1¨ ¿ À
− À É ( Â ) Ì arctan Í ¼ − Â½ Î +

½ ( ¼ − Â )
( ¼ − Â )2 + ½ 2 Ï Å Â +

½ 2¨ ¿ À
− À Ë ( Â ) Å Â

( ¼ − Â )2 + ½ 2

+
1

8 ¨ ¿ À
− À Å Â ¿ À

0
Ì 1
2

( Ð 2
+ − Ð 2

−) − Ð 2
− ln

Ð +Ð − Ï Á ( Â , Ã ) Å Ã + Ñ ,

where Ñ is an arbitrary constant,Ð 2
+ = ( ¼ − Â )2 + ( ½ + Ã )2, Ð 2

− = ( ¼ − Â )2 + ( ½ − Ã )2.«6¬
Reference: I. Sneddon (1951).
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9.4.2-3. Domain: 0 ≤ ¼ ≤ Ò 1, 0 ≤ ½ ≤ Ò 2. The sides of the plate are hinged.

A rectangle is considered. Boundary conditions are prescribed:¾
=

Ç È È ¾
= 0 at ¼ = 0,

¾
=

Ç È È ¾
= 0 at ¼ = Ò 1,

¾
=

Ç Ê�Ê ¾
= 0 at ½ = 0,

¾
=

Ç Ê�Ê ¾
= 0 at ½ = Ò 2.

Solution:
¾

( ¼ , ½ ) = ¿ Ó 1
0

¿ Ó 2
0 Á ( Â , Ã ) Ô ( ¼ , ½ , Â , Ã ) Å Ã Å Â ,

where Ô ( ¼ , ½ , Â , Ã ) =
4Ò 1 Ò 2 ÀÕ×Ö

=1

ÀÕØ =1

1
(Ù 2

Ö
+ Ú 2Ø )2 sin(Ù Ö Û

) sin( Ú Ø Ü ) sin(Ù Ö Ý
) sin( Ú Ø Þ ),Ù Ö

= ß àÒ 1 , Ú Ø = ß µÒ 2 .

9.4.3. Equations of the Form á á â – ã â = ä ( å , æ )

9.4.3-1. Homogeneous equation ( ç ≡ 0).

This equation describes the shapes of two-dimensional free transverse vibrations of a thin elastic
plate; the function

¾
defines the deflection (transverse displacement) of the plate’s midplane points

relative to the original plane position and è = é 1 ê 4 is the frequency parameter. Here, ë ë = ë 2 is
the biharmonic operator and ë is the Laplace operator defined asë = ì í 2í î 2 + í 2í ï 2 in the Cartesian coordinate system,í 2í ð 2 + 1ð íí ð + 1ð 2 í 2í ñ 2 in the polar coordinate system.

1 d . Particular solutions ( ò 1, ò 2, ò 3, ò 4, ó 1, and ó 2 are arbitrary constants):¾
(

Û
, Ü ) = ô6ò 1 sin( è 1

Û
) + ó 1 cos( è 1

Û
) õ ô6ò 2 sin( è 2 Ü ) + ó 2 cos( è 2 Ü ) õ , é = ( è 2

1 + è 2
2)2,

¾
(

Û
, Ü ) = ô6ò 1 sin( è 1

Û
) + ó 1 cos( è 1

Û
) õ ô6ò 2 sinh( è 2 Ü ) + ó 2 cosh( è 2 Ü ) õ , é = ( è 2

1 − è 2
2)2,

¾
(

Û
, Ü ) = ô6ò 1 sinh( è 1

Û
) + ó 1 cosh( è 1

Û
) õ ô6ò 2 sin( è 2 Ü ) + ó 2 cos( è 2 Ü ) õ , é = ( è 2

1 − è 2
2)2,

¾
(

Û
, Ü ) = ô6ò 1 sinh( è 1

Û
) + ó 1 cosh( è 1

Û
) õ ô6ò 2 sinh( è 2 Ü ) + ó 2 cosh( è 2 Ü ) õ , é = ( è 2

1 + è 2
2)2,

¾
( � , ö ) = ô6ò 1 ÷ Ö

( è � ) + ò 2 ø Ö
( è � ) + ò 3 ù Ö ( è � ) + ò 4 ú Ö

( è � ) õ cos( à ö ), é = è 4 > 0,
¾

( � , ö ) = ô6ò 1 ÷ Ö
( è � ) + ò 2 ø Ö

( è � ) + ò 3 ù Ö ( è � ) + ò 4 ú Ö
( è � ) õ sin( à ö ), é = è 4 > 0,

where the ÷ Ö
(

Ý
) and ø Ö

(

Ý
) are the Bessel functions of the first and second kind, the ù Ö (

Ý
) and ú Ö

(

Ý
)

are the modified Bessel functions of the first and second kind, � = û Û
2 + Ü 2, and à = 0, 1, 2, üMüMü

2 d . General solution:
¾

(

Û
, Ü ) = ý 1(

Û
, Ü ) + ý 2(

Û
, Ü ),

where ý 1 and ý 2 are arbitrary functions satisfying the Helmholtz equationsë ý 1 + þ é ý 1 = 0, ë ý 2 − þ é ý 2 = 0.

For solutions to these equations, see Section 7.3.
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9.4.3-2. Domain: 0 ≤

Û
≤ ÿ 1, 0 ≤ Ü ≤ ÿ 2. Boundary value problem.

A rectangle is considered. Boundary conditions are prescribed:
¾

= � î î
¾

= 0 at

Û
= 0,

¾
= � î î

¾
= 0 at

Û
= ÿ 1,

¾
= � ï�ï

¾
= 0 at Ü = 0,

¾
= � ï�ï

¾
= 0 at Ü = ÿ 2.

Solution:
¾

(

Û
, Ü ) =

� �
1

0

� �
2

0
ç (

Ý
, Þ ) � ( � , � ,

Ý
, Þ ) � Þ � Ý

,

where� ( � , � ,

Ý
, Þ , � ) =

4ÿ 1 ÿ 2 �	�
 =1 �	� =1

sin( 
 � ) sin( � � � ) sin( 
 Ý
) sin( � � Þ )

( 2



+ � 2� )2 − � ,  


= ß �ÿ 1 , � � = ß �ÿ 2 .

9.4.3-3. Domain: 0 ≤ � ≤ � , 0 ≤ ö ≤ 2 ß . Eigenvalue problem with � ≡ 0.

The unknown and its normal derivative are zero on the boundary of a circular domain:� =
� �� � = 0 at � = � .

Eigenvalues: � 
 � = � 4


 �� 4 , � = 0, 1, 2, üMüMü , � = 1, 2, 3, üMüMü ,
where the � 
 � are positive roots of the transcendental equation÷ 


( � ) ù �
 ( � ) − ù 
 ( � ) ÷ �
 ( � ) = 0.

Numerical values of some roots:�
01 = 3.196,

�
02 = 6.306,

�
03 = 9.439,

�
04 = 12.58;�

11 = 4.611,
�

12 = 7.799,
�

13 = 10.96,
�

14 = 14.11;�
21 = 5.906,

�
22 = 9.197,

�
23 = 12.40,

�
24 = 15.58,�

31 = 7.144,
�

32 = 10.54,
�

33 = 13.79,
�

34 = 17.01.

Eigenvalues:� (c)


 � ( � , ö ) = � ù 
 ( � 
 � ) � 
 � � 
 � �� � − � 

( � 
 � ) � 
 � � 
 � �� � � cos( � � ),� (s)


 � ( � , � ) = � � 
 ( � 
 � ) � 
 � � 
 � �� � − � 

( � 
 � ) � 
 � � 
 � �� � � sin( � � ).�! 

Reference: V. V. Bolotin (1978).

9.4.3-4. Domain: ( � " # )2 + ( � " $ )2 ≤ 1. Eigenvalue problem with � ≡ 0.

The unknown and its normal derivative are zero on the boundary of an elliptic domain:� = % �% & = 0 on ( � " # )2 + ( � " $ )2 = 1 ( # ≥ $ ).
Eigenvalues and eigenfunctions (approximate formulas):� 01 = � 4

01
8

�
3# 4 +

3$ 4 +
2# 2 $ 2 � , �

01( ' ) = � 0( � 01) � 0( � 01 ' ) − � 0( � 01) � 0( � 01 ' ),� (c)
11 = � 4

11
8

�
5# 4 +

1$ 4 +
2# 2 $ 2 � , � (c)

11 ( ' , � ) = ()� 1( � 11) � 1( � 11 ' ) − � 1( � 11) � 1( � 11 ' ) * cos � ,� (s)
11 = � 4

11
8

�
1# 4 +

5$ 4 +
2# 2 $ 2 � , � (s)

11 ( ' , � ) = ( � 1( � 11) � 1( � 11 ' ) − � 1( � 11) � 1( � 11 ' ) * sin � ,
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where ' = + ( � " # )2 + ( � " $ )2, and � 01 = 3.196 and � 11 = 4.611 are the least roots of the transcendental
equations � 0( � ) � 1( � ) + � 1( � ) � 0( � ) = 0,� 1( � ) � �1( � ) − � �1( � ) � 1( � ) = 0.

The above formulas were obtained with the aid of generalized (nonorthogonal)polar coordinates' , � defined by � = # ' cos � , � = $,' sin � (0 ≤ ' ≤ 1, 0 ≤ � ≤ 2 ß )

and the variational method.
The maximum error in the eigenvalue � 1 for - = + 1 − ( $." # )2 ≤ 0,86 is less than 1%. The errors

in � (c)
11 and � (s)

11 for - ≤ 0,6 do not exceed 2%. In the limit case - = 0 that corresponds to a circular
domain, the formulas provide exact results.�! 

Reference: L. D. Akulenko, S. V. Nesterov, and A. L. Popov (2001).

9.4.4. Equations of the Form / 4 0/ 1 4 + / 4 0/ æ 4 = 2 ( 1 , æ )

9.4.4-1. Homogeneous equation ( � ≡ 0).

1 3 . Particular solutions:� ( � , � ) = ()4 sin( � � ) + 5 cos( � � ) + 6 sinh( � � ) + 7 cosh( � � ) * exp 8 19
2
� : ; sin 8 19

2
� : ; ,� ( < , : ) = ()4 sin( � < ) + 5 cos( � < ) + 6 sinh( � < ) + 7 cosh( � < ) * exp 8 19

2
� : ; cos 8 19

2
� : ; ,� ( < , : ) = ()4 sin( � < ) + 5 cos( � < ) + 6 sinh( � < ) + 7 cosh( � < ) * exp 8 − 19

2
� : ; sin 8 19

2
� : ; ,� ( < , : ) = ()4 sin( � < ) + 5 cos( � < ) + 6 sinh( � < ) + 7 cosh( � < ) * exp 8 − 19

2
� : ; cos 8 19

2
� : ; ,

where 4 , 5 , 6 , 7 , and � are arbitrary constants.

2 3 . General solution: � ( < , : ) = Re (!= ( > 1) + ? ( > 2) * .

Here, = ( > 1) and ? ( > 2) are arbitrary analytic functions of the complex variables > 1 = < − 19
2

(1 + @ ) :
and > 2 = < + 19

2
(1 + @ ) : . The symbol Re[ 4 ] stands for the real part of the complex quantity 4 .�! 

Reference: A. V. Bitsadze end D. F. Kalinichenko (1985).

3 3 . Domain: − A < < < A , 0 ≤ : < A . Boundary value problem.
The upper half-space is considered. Boundary conditions are prescribed:� = 0 at : = 0, % B � = = ( < ) at : = 0.

Solution: � ( < , : ) = C D
− D E ( F ) G ( < − F , H ) I F ,

where G ( < , H ) =
1J K 2 L arctan M 1 −

< K 2H N + arctan M 1 +
< K 2H N O .P!Q

Reference: G. E. Shilov (1965).
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9.4.4-2. Nonhomogeneous equation. Boundary value problems in a rectangle.

We consider problems in a rectangular domain 0 ≤ < ≤ R 1, 0 ≤ H ≤ R 2 with different homogeneous
boundary conditions. The solution can be expressed in terms of the Green’s function asS ( < , H ) = C T 1

0
C T 2

0 U ( F , V ) G ( < , H , F , V ) I V I F .

Below are the Green’s functions for two types of boundary conditions.

1 3 . The function and its first derivatives are prescribed at the sides of the rectangle:S = % W S = 0 at < = 0, S = % W S = 0 at < = R 1,S = % X S = 0 at H = 0, S = % X S = 0 at H = R 2.

Green’s function:G ( < , H , F , V ) =
16R 1 R 2 DY�Z

=1

DY[ =1 \ 4

Z ]
4[ ^ Z

( < ) _ [ ( H ) ^ Z
( F ) _ [ ( V )

(\ 4

Z
+

]
4[ ) ` ^ abaZ ( R 1) _ aba[ ( R 2) c 2 .

Here, ^ Z
( < ) = ` sinh(\

Z R 1) − sin(\
Z R 1) c ` cosh(\

Z < ) − cos(\
Z < ) c

− ` cosh(\
Z R 1) − cos(\

Z R 1) c ` sinh(\
Z < ) − sin(\

Z < ) c ,_ [ ( H ) = ` sinh(

] [ R 2) − sin(

] [ R 2) c ` cosh(

] [ H ) − cos(

] [ H ) c
− ` cosh(

] [ R 2) − cos(

] [ R 2) c ` sinh(

] [ H ) − sin(

] [ H ) c ,

where the \
Z

and

] [ are positive roots of the transcendental equations

cosh(\ R 1) cos(\ R 1) = 1, cosh(

] R 2) cos(

] R 2) = 1.

2 3 . The function and its second derivatives are prescribed at the sides of the rectangle:S = d W W S = 0 at < = 0, S = d W W S = 0 at < = R 1,S = d XeX S = 0 at H = 0, S = d XeX S = 0 at H = R 2.

Green’s function:G ( < , H , F , V ) =
4R 1 R 2 DY Z

=1

DY[ =1

1\ 4

Z
+

]
4[ sin(\

Z < ) sin(

] [ H ) sin(\
Z F ) sin(

] [ V ),

\
Z

=
J fR 1 ,

] [ =
J gR 2 .

9.4.5. Equations of the Form h 4 ih j 4 + h 4 ih k 4 + l i = m ( j , k )

9.4.5-1. Particular solutions of the homogeneous equation ( U ≡ 0):S ( < , H ) = `)n sin( o < ) + p cos( o < ) + q sinh( o < ) + r cosh( o < ) c exp( s H ) sin( s H ),S ( < , H ) = `)n sin( o < ) + p cos( o < ) + q sinh( o < ) + r cosh( o < ) c exp( s H ) cos( s H ),S ( < , H ) = `)n sin( o < ) + p cos( o < ) + q sinh( o < ) + r cosh( o < ) c exp(− s H ) sin( s H ),S ( < , H ) = `)n sin( o < ) + p cos( o < ) + q sinh( o < ) + r cosh( o < ) c exp(− s H ) cos( s H ),

where s = 1t
2

( o 4 + u )1 v 4; n , p , q , r , and o are arbitrary constants.
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9.4.5-2. Domain: 0 ≤ < ≤ R 1, 0 ≤ H ≤ R 2. Boundary value problems.

1 w . We consider problems in a rectangular domain with different homogeneous boundary conditions.
The solution can be expressed in terms of the Green’s function asS ( < , H ) = C T 1

0
C T 2

0 U ( F , V ) G ( < , H , F , V ) I V I F .

Below are the Green’s functions for two types of boundary conditions.

2 w . The function and its first derivatives are prescribed at the sides of the rectangle:S = d W S = 0 at < = 0, S = d W S = 0 at < = R 1,S = d X S = 0 at H = 0, S = d X S = 0 at H = R 2.

Green’s function:G ( < , H , F , V ) =
16R 1 R 2 DY�Z

=1

DY[ =1 \ 4

Z ]
4[ ^ Z

( < ) _ [ ( H ) ^ Z
( F ) _ [ ( V )

(\ 4

Z
+

]
4[ + u ) ` ^ abaZ ( R 1) _ aba[ ( R 2) c 2 .

Here, ^ Z
( < ) = ` sinh(\

Z R 1) − sin(\
Z R 1) c ` cosh(\

Z < ) − cos(\
Z < ) c

− ` cosh(\
Z R 1) − cos(\

Z R 1) c ` sinh(\
Z < ) − sin(\

Z < ) c ,_ [ ( H ) = ` sinh(

] [ R 2) − sin(

] [ R 2) c ` cosh(

] [ H ) − cos(

] [ H ) c
− ` cosh(

] [ R 2) − cos(

] [ R 2) c ` sinh(

] [ H ) − sin(

] [ H ) c ,

where the \
Z

and

] [ are positive roots of the transcendental equations

cosh(\ R 1) cos(\ R 1) = 1, cosh(

] R 2) cos(

] R 2) = 1.

3 w . The function and its second derivatives are prescribed at the sides of the rectangle:S = d W W S = 0 at < = 0, S = d W W S = 0 at < = R 1,S = d XeX S = 0 at H = 0, S = d XeX S = 0 at H = R 2.

Green’s function:G ( < , H , F , V ) =
4R 1 R 2 DY�Z

=1

DY[ =1

1\ 4

Z
+

]
4[ + u sin(\

Z < ) sin(

] [ H ) sin(\
Z F ) sin(

] [ V ),

\
Z

=
J fR 1 ,

] [ =
J gR 2 .

9.4.6. Stokes Equation (Axisymmetric Flows of Viscous Fluids)

9.4.6-1. Stokes equation for the stream function in the spherical coordinate system.

The Stokes equation for the stream function in the axisymmetric case is written asx 2(
x 2 S ) = 0,

x 2 ≡
d 2d y 2 +

sin zy 2
dd z M 1

sin z dd z N .

It governs slow axisymmetric flows of viscous incompressible fluids, with S being the stream
function, y and z the spherical coordinates. The components of the fluid velocity are related to the

stream function by { | =
1y 2 sin z d Sd z and { } = −

1y sin z d Sd y .

Page 630



9.4. FOURTH-ORDER STATIONARY EQUATIONS 631

General solution ( n Z
, p Z

, q Z
, r Z

, ~n Z
, ~p Z

, ~q Z
, and ~r Z

are arbitrary constants):S ( y , z ) = DY�Z
=0 � n Z y Z

+ p Z y 1−

Z
+ q Z y Z

+2 + r Z y 3−

Z ; � Z
(cos z )

+ DY Z
=2

( ~n Z y Z
+ ~p Z y 1−

Z
+ ~q Z y Z

+2 + ~r Z y 3−

Z ;e� Z
(cos z ),

(1)

where the � Z
( � ) and � Z

( � ) are the Gegenbauer functions of the first and second kind, respectively.
These are linearly related to the Legendre functions � Z

( � ) and � Z
( � ) by� Z

( � ) =
� Z

−2( � ) − � Z
( � )

2 f − 1
, � Z

( � ) =
� Z

−2( � ) − � Z
( � )

2 f − 1
( f ≥ 2).

The Gegenbauer functions of the first kind are represented in the form of a finite power series as� Z
( � ) = −

1
( f − 1)!

M II � N
Z

−2 M � 2 − 1
2 N

Z
−1

=
1 ⋅ 3 �.�.� (2 f − 3)

1 ⋅ 2 �.�.� f L �
Z

−
f ( f − 1)
2(2 f − 3)

� Z
−2 +

f ( f − 1)( f − 2)( f − 3)
2 ⋅ 4(2 f − 3)(2 f − 5)

� Z
−4 − �.�.� O .

In particular, � 0( � ) = 1, � 1( � ) = − � , � 2( � ) = 1
2 (1 − � 2), � 3( � ) = 1

2 � (1 − � 2),� 4( � ) = 1
8 (1 − � 2)(5 � 2 − 1), � 5( � ) = 1

8 � (1 − � 2)(7 � 2 − 3).

The Gegenbauer functions of the second kind are defined as� 0( � ) = − � , � 1( � ) = −1, � Z
( � ) =

1
2

� Z
( � ) ln

1 + �
1 − � + � Z

( � ) at f ≥ 2,

where the functions � Z
( � ) are expressed in terms of the Gegenbauer functions of the first kind as� Z

( � ) = −

1
2

Z
≤ � ≤ 1

2

Z
+ 1

2Y � (2 f − 4 u + 1)
(2 u − 1)( f − u ) L 1 −

(2 u − 1)( f − u )f ( f − 1) O � Z
−2 � +1( � );

the series start with � 0 or � 1, depending on whether f is odd or even. In particular,� 2( � ) = 1
2 � , � 3( � ) = 1

6 (3 � 2 − 2), � 4( � ) = 1
24 � (15 � 2 − 13), � 5( � ) = 1

120 (105 � 4 − 115 � 2 + 16).

For f ≥ 2, the Gegenbauer functions of the second kind assume infinite values at the points� = � 1, which correspond to z = 0 and z = J . Therefore, if physically there are no singularities
in the problem, then the quantities in (1) labeled with a tilde must be set equal to zero. In the
overwhelming majority of problems on the flow about particles, drops, or bubbles, the stream
function in the spherical coordinates is given by formula (1) withn 1 = n 0 = p 1 = p 0 = q 1 = q 0 = r 1 = r 0 = 0; ~n Z

= ~p Z
= ~q Z

= ~r Z
= 0 for f = 2, 3, �.�.�

Example 1. In the problem on the translational Stokes flow about a solid spherical particle, the following boundary
conditions are imposed on the stream function � :� = 0 at � = � , �.��� = 0 at � = � , � � 1

2 � � 2 sin2 � as � � � ,

where � is the radius of the particle and � is the unperturbed fluid velocity at infinity.
Stokes solution: � ( � , � ) =

1
4 � ( � − � )2 � 2 +

� � � sin2 � .

Here, only the terms for � = 2 in the first sum of (1) remain.
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Example 2. In the problem on the axisymmetric straining Stokes flow about a solid spherical particle, the following
boundary conditions are imposed on the stream function � :� = 0 at � = � , �.��� = 0 at � = � , � � 1

2 � � 3 sin2 � cos � as � � � ,

where � is the radius of the particle and � is the shear coefficient.
Solution: � ( � , � ) =

1
2 � � 3 � � 3� 3 −

5
2

+
3
2

� 2� 2 � sin2 � cos � .

Here, only the terms for � = 3 in the first sum of (1) remain.

Example 3. Solving the problem of the translational Stokes flow about a spherical drop (or bubble) is reduced to solving
the Stokes equation outside and inside the drop. The boundary condition at infinity is specified in example 1. Conjugate
boundary conditions are set at the drop surface; these conditions can be found in the references cited below and are not
written out here.

Hadamard–Rybczynski solution:� ( � , � ) =
1
4 � � 2 � 2 −

3 � + 2� + 1
� � +

�� + 1
� 3� 3 � sin2 � for � > � ,� ( � , � ) = �

4( � + 1)
� 2 � � 2� 2 − 1 � sin2 � for � < � ,

where � is the radius of the drop, � the unperturbed fluid velocity at infinity, � the ratio of the dynamic viscosities of the
fluids inside and outside the drop (the value � = 0 corresponds to a gas bubble and � = � to a solid particle).

Example 4. Solving the problem of the axisymmetric straining Stokes flow about a spherical drop (or bubble) is reduced
to solving the Stokes equation outside and inside the drop. The boundary condition at infinity is specified in example 2.
Conjugate boundary conditions are set at the drop surface; these conditions can be found in the references cited below and
are not written out here.

Taylor solution: � ( � , � ) =
1
2 � � 3 � � 3� 3 −

1
2

5 � + 2� + 1
+

3
2

�� + 1
� 2� 2 � sin2 � cos � for � > � ,� ( � , � ) =

3
4

� � 3� + 1
� 3� 3

� � 2� 2 − 1 � sin2 � cos � for � < � ,

where � is the drop radius, � the shear coefficient, � the ratio of the dynamic viscosities of the fluids inside and outside the
drop (the value � = 0 corresponds to a gas bubble and � = � to a solid particle).�!�

References: G. I. Taylor (1932), V. G. Levich (1962), J. Happel and H. Brenner (1965), A. D. Polyanin, A. M. Kutepov,
A. V. Vyazmin, and D. A. Kazenin (2001).

9.4.6-2. Stokes equation in the bipolar coordinate system.

When studying axisymmetric problems of a flow about two spherical particles (drops, bubbles),
one uses the bipolar coordinates � , � ; these are related to the cylindrical coordinates � = y cos z ,� = y sin z by � = � sin �

cosh � − cos � , � = � sinh �
cosh � − cos � .

The general solution of the equation
x 2(

x 2 S ) = 0 in the bipolar coordinate system has the formS ( � , � ) =
1

(cosh � − cos � )3 v 2   ¡¢�£
=0 ¤ £

+1(cos � ) ¥ £
( � ) + ¡¢�£

=0 ¦ £
+1(cos � ) § £

( � ) ¨ ,¥ £
( � ) = © £

cosh ` ( ª − 1
2 ) � « + p £

sinh ` ( ª − 1
2 ) � « + q £

cosh ` ( ª + 3
2 ) � « + ¬ £

sinh ` ( ª + 3
2 ) � « ,§ £

( � ) = © £
cosh ` ( ª − 1

2 ) � « + p £
sinh ` ( ª − 1

2 ) � « + q £
cosh ` ( ª + 3

2 ) � « + ¬ £
sinh ` ( ª + 3

2 ) � « ,

where the © £
, p £

, q £
, ¬ £

, © £
, p £

, q £
, and ¬ £

are arbitrary constants and the ¤ £
( ® ) and ¦ £

( ® )
are the Gegenbauer functions.�!�

Reference: J. Happel and H. Brenner (1965).
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9.4.6-3. Stokes equation in the oblate spheroidal coordinate system.

When studying axisymmetric problems of flows about spheroidal particles, one uses the oblate
spheroidal coordinates � , � ; these are related to the cylindrical coordinates � = ¯ cos ° , � = ¯ sin ° by� = ± cosh � sin � , � = ± sinh � cos � .

The solution of the equation ² 2( ² 2 ³ ) = 0 that describes the flow of a fluid about a prolate spheroid
in the direction parallel to the spheroid axis is expressed as³ =

1
2 ´ ± 2 cosh2 µ sin2 ¶ · 1−

[ ¸ ¹ ( ¸ 2 +1)]− [( ¸ 2
0−1) ¹ ( ¸ 2

0+1)] arccot ¸
[ ¸ 0 ¹ ( ¸ 2

0+1)]− [( ¸ 2
0−1) ¹ ( ¸ 2

0+1)] arccot ¸ 0 º , ¸ = sinh µ , ¸ 0 = sinh µ
0.

Here, ³ is the stream function, ´ is the fluid velocity at infinity, ± and ¸ 0 are the constants related
to the spheroid semiaxes » and ¼ ( » > ¼ ) by ± = ½ » 2 − ¼ 2 and ¸ 0 = ¼.¹ ± .¾!¿

Reference: J. Happel and H. Brenner (1965).

9.5. Higher-Order Linear Equations with Constant
CoefficientsÀ Throughout Section 9.5 the following notation is used:

x = { Á 1, Â.Â.Â , Á £
}, y = { H 1, Â.Â.Â , H £

}, Ã = { Ä 1, Â.Â.Â , Ä £
}, Å = { µ

1, Â.Â.Â , µ £
},

|x| = Æ Á 2
1 + Ç.Ç.Ç + Á 2

£
, | Ã | = Æ Ä 2

1 + Ç.Ç.Ç + Ä 2

£
, Ã ⋅ x = Ä 1 Á 1 + Ç.Ç.Ç + Ä £ Á £

.

9.5.1. Fundamental Solutions. Cauchy Problem

9.5.1-1. Domain: È £
= {− É < Á Ê < É ; Ë = 1, Â.Â.Â , ª }.

Let � be a constant coefficient linear differential operator such that� Ì ÍÍ Á 1
, Â.Â.Â , ÍÍ Á £ Î

≡ Ï¢ÑÐ
=0

» Ð
1, ÒÓÒÓÒ , ÐÕÔ Í Ð

Í Á Ð
1

1 Â.Â.Â Í Á ÐÕÔ£
, Ö = Ö 1 + Ç.Ç.Ç + Ö £ ,

where Ö 1, Â.Â.Â , Ö £ are nonnegative integers, » Ð
1, ÒÓÒÓÒ , ÐÕÔ are some constants, and × is the order of the

operator. A generalized function (distribution) Ø Ø (x) = Ø Ø ( Á 1, Â.Â.Â , Á £
) that satisfies the equationÙ Ì ÍÍ Á 1

, Â.Â.Â , ÍÍ Á £ Ú Ø Ø (x) = Û (x),

where Û (x) = Û ( Á 1) Â.Â.ÂÜÛ ( Á £
) is the Dirac delta function in the ª -dimensional Euclidian space, is

called the fundamental solution corresponding to the operator
Ù

.
Any constant coefficient linear differential operator has a fundamental solution Ø Ø (x). The

fundamental solution is not unique — it is defined up to an additive term ³
0(x) that is an arbitrary

solution of the homogeneous equation
Ù Ý ÞÞ ß

1
, Â.Â.Â , ÞÞ ß Ô à ³

0(x) = 0.
The solution of the nonhomogeneous equationÙ Ì ÍÍ Á 1

, Â.Â.Â , ÍÍ Á £ Ú ³ = á (x)

with an arbitrary right-hand side has the form³ (x) = Ø Ø (x) â á (x), Ø Ø (x) â á (x) = ã ä Ô Ø Ø (x − y) á (y) å y.

Here, å y = å H 1 Â.Â.Â,å H £
and the convolution Ø Ø â á is assumed to be meaningful.¾!¿

References: G. E. Shilov (1965), S. G. Krein (1972), L. Hörmander (1983), V. S. Vladimirov (1988).
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9.5.1-2. Domain: 0 ≤ æ < É , − É < Á Ê < É ; Ë = 1, Â.Â.Â , ç . Cauchy problem.

Now let
Ù Ý ÞÞ.è ,

ÞÞ ß
1
, Â.Â.Â , ÞÞ ß Ô à

be a constant coefficient linear differential operator of order é with
respect to æ . Then a distribution Ø Ø ( æ , x) = Ø Ø ( æ , Á 1, Â.Â.Â , Á £

), which is a solution of the equationÙ Ì ÍÍ æ , ÍÍ Á 1
, Â.Â.Â , ÍÍ Á £ Ú Ø Ø ( æ , x) = 0

and satisfies the initial conditions*Ø Ø êê è =0 = 0, Í Ø ØÍ æ êêêê è =0
= 0, Â.Â.Â , Í ë −2 Ø ØÍ æ ë −2

êêêê è =0
= 0, Í ë −1 Ø ØÍ æ ë −1

êêêê è =0
= Û (x), (1)

is called a fundamental solution of the Cauchy problem corresponding to the operators
Ù

.
The solution of the Cauchy problem for the linear differential equationÙ Ì ÍÍ æ , ÍÍ Á 1

, Â.Â.Â , ÍÍ Á £ Ú ì
= 0 (2)

with the special initial conditionsì êê è =0 = 0, Í ì
Í æ êêêê è =0

= 0, Â.Â.Â , Í ë −2
ì

Í æ ë −2
êêêê è =0

= 0, Í ë −1
ì

Í æ ë −1
êêêê è =0

= í (x)

is given by ì
( æ , x) = Ø Ø ( æ , x) â í (x), Ø Ø ( æ , x) â í (x) ≡ ã ä Ô Ø Ø ( æ , x − y) í (y) å y.¾!¿

Reference: S. G. Krein (1972).

9.5.1-3. Solution of the Cauchy problem for general initial conditions.

If the general initial conditionsì êê è =0 = í 0(x), Í ìÍ æ êêêê è =0
= í 1(x), Â.Â.Â , Í ë −2

ìÍ æ ë −2
êêêê è =0

= í ë −2(x), Í ë −1
ìÍ æ ë −1

êêêê è =0
= í ë −1(x) (3)

are set, the solution of equation (2) is sought in the formì
( æ , x) = Ø Ø ( æ , x) â î 0(x) + Í Ø Ø ( æ , x)Í æ â î 1(x) + Ç.Ç.Ç + Í ë −1 Ø Ø ( æ , x)Í æ ë −1 â î ë −1(x). (4)

Each term in (4) satisfies equation (2), and the functions î ë −1, î ë −2, Â.Â.Â , î 0 are determined
successively from the linear systemí 0(x) = î ë −1(x),í 1(x) = î ë −2(x) + Í ë Ø Ø (0, x)Í æ ë â î ë −1(x),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅í Ê (x) = î ë − Ê −1(x) + Í ë Ø Ø (0, x)Í æ ë â î ë − Ê (x) + Ç.Ç.Ç + Í ë + Ê −1 Ø Ø (0, x)Í æ ë + Ê −1 â î ë −1(x), Ë = 2, Â.Â.Â , é − 1.

This system of equations is obtained by successively differentiating relation (4) followed by substi-
tuting æ = 0 and taking into account the initial conditions (1) and (3).¾!¿

Reference: G. E. Shilov (1965).

* The number of initial conditions can be less than ï (see Paragraph 9.5.4-1).
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9.5.2. Elliptic Equations

9.5.2-1. Homogeneous elliptic differential operator.

A constant coefficient linear homogeneous differential operator of order Ë has the formÙ Ê Ì ÍÍ Á 1
, Â.Â.Â , ÍÍ Á £ Ú

≡ ð ñ Ð
1, ÒÓÒÓÒ , ÐÕÔ ò óó Á 1 ô

Ð
1 Â.Â.Â ò óó Á £ ô

ÐÕÔ
,

£
ðöõ

=1

Ö õ = ÷ ,

where Ö 1, Â.Â.Â , Ö £ are nonnegative integers. From now on, we adopt the notationò óó Á 1 ô
Ð

1 Â.Â.Â ò óó Á £ ô
ÐÕÔ

≡

ó Ð
1+ øÓøÓø + ÐÕÔó Á Ð

1
1 Â.Â.Â ó Á ÐÕÔ£

.

A linear homogeneous differential operator of order ÷ possesses the propertyù ú ò û óó Á 1
, Â.Â.Â , û óó Á £ ô =

û ú ù ú ò óó Á 1
, Â.Â.Â , óó Á £ ô ,

û
≠ 0 is an arbitrary constant.

A linear homogeneous differential operator
ù ú

is called elliptic if, on replacing in
ù ú

the symbolsüü ý
1
, Â.Â.Â , üü ý Ô

by variables þ 1, Â.Â.Â , þ £
, one obtains a polynomial

ù ú
( þ 1, Â.Â.Â , þ £

) that does not vanish
if Ã ≠ 0, i.e., ù ú

( þ 1, Â.Â.Â , þ £
) ≡ ð ñ Ð

1, ÒÓÒÓÒ , ÐÕÔ þ Ð
1

1 Â.Â.Âÿþ ÐÕÔ£
≠ 0 if | Ã | ≠ 0.

A linear differential equationù ú ò óó Á 1
, Â.Â.Â , óó Á £ ô ì

≡ ð ñ Ð
1, ÒÓÒÓÒ , ÐÕÔ ó Ð

1+ øÓøÓø + ÐÕÔ ìó Á Ð
1

1 Â.Â.Â ó Á ÐÕÔ£
= 0,

£
ð õ

=1

Ö õ = ÷ (1)

is called elliptic if the linear homogeneous differential operator
ù ú

is elliptic.

9.5.2-2. Elliptic differential operator of general form.

In general, a constant coefficient linear differential operator of order ÷ has the form� � ú ò óó Á 1
, Â.Â.Â , óó Á £ ô =

ù ú ò óó Á 1
, Â.Â.Â , óó Á £ ô +

ú
−1ðöõ
=0

ù õ ò óó Á 1
, Â.Â.Â , óó Á £ ô ,

where
ù ú

is the leading part of the operator and
ù �

(� = 0, 1 Â.Â.Â , ÷ ) is a linear homogeneous
differential operator of order � . The operator

� � ú
is said to be elliptic if its leading part

ù ú
is elliptic.

A linear differential equation � � ú ò óó Á 1
, Â.Â.Â , óó Á £ ô ì

= 0 (2)

is called elliptic if the linear differential operator
� � ú

is elliptic.� ��� � �
	 �
A linear elliptic operator and a linear elliptic differential equation can only be of even

order ÷ = 2 é , where é is a positive integer.
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9.5.2-3. Fundamental solution of a homogeneous elliptic equation.

The fundamental solution of the homogeneous elliptic equation (1) with ÷ = 2 é is given by� �
(x) =

(−1)

£
−1
2

4(2  )

£
−1(2 é − ç )!

� � Ô
| Ã ⋅ x|2 � −

£ å � £ù
2 � ( Ã )

if ç is odd and 2 � ≥ ç ;� �
(x) =

(−1)

£
−2
2

(2  )

£
(2 � − ç )!

� � Ô
| Ã ⋅ x|2 � −

£
ln | Ã ⋅ x|

å � £ù
2 � ( Ã )

if ç is even and 2 � ≥ ç ;� �
(x) =

(−1)

£
−1
2

2(2  )

£
−1
2

� � Ô �
(

£
−2 � −1)( Ã ⋅ x)

å � £ù
2 � ( Ã )

if ç is odd and 2 � < ç ;� �
(x) =

(−1)

£
2 ( ç − 2 � − 1)!

(2  )

£ � � Ô
| Ã ⋅ x|2 � −

£ å � £ù
2 � ( Ã )

if ç is even and 2 � < ç .

Here, the integration is performed over the surface of the ç -dimensional sphere � £
of unit radius

defined by the equation | Ã | = 1; Ã ⋅ x = þ 1 Á 1 + ����� + þ £ Á £
and

ù
2 � ( Ã ) =

ù
2 � ( þ 1, Â.Â.Â , þ £

).
A fundamental solution is an ordinary function, analytic at any point x ≠ 0; this function is

described, in a neighborhood of the origin of coordinates (as |x| � 0), by the relations� �
(x) = � û £

, � |x|2 � −

£
if ç is odd or ç is even and ç > 2 � ;� £

, � |x|2 � −

£
ln |x| if ç is even and ç ≤ 2 � .

Here,

û £
, � and � £

, � are some nonzero constants. If 2 � > ç , the fundamental solution has continuous
derivatives up to order 2 � − ç − 1 inclusive at the origin.

9.5.2-4. Fundamental solution of a general elliptic equation.

The fundamental solution of the general elliptic equation (2) with ÷ = 2 � is determined from the
relation � �

(x) =
� � Ô � �

( Ã ⋅ x, − ç ) å � £
, (3)

where � �
( � , � ) =

1� £  £
−1
2 � �  +1

2 ! � "
− " # ( � − $ , Ã )| $ |  å $ , � £

=
2  £ %

2� ( ç & 2)
.

Here, the function # ( � , Ã ) is a fundamental solution of the constant coefficient linear ordinary
differential equation � �

2 � ò þ 1
åå � , Â.Â.Â , þ £ åå � ô # ( � , Ã ) =

�
( � ).

If ç is odd, the fundamental solution (3) can be represented as� �
(x) = ' £ � � ( ) ó £

−1ó � £
−1 # ( � , Ã ) * å � + , ' + =

(−1)
+ −1

2

1 × 3 Â.Â.Â ( ç − 2) � + (2  )
+ −1

2
.,.-

References: I. M. Gel’fand, G. E. Shilov (1959), S. G. Krein (1972).
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9.5.3. Hyperbolic Equations
Let

ù � üü è ,
üü ý

1
, Â.Â.Â , üü ý ( ! be a constant coefficient linear homogeneous differential operator of

order � with respect to æ . The operator
ù

is called hyperbolic if for any numbers þ 1, Â.Â.Â , þ + such

that
+/0 =1

þ 20 = 1, the � th-order algebraic equationù
( � , þ 1, Â.Â.Â , þ + ) = 0

with respect to � has � different real roots.
Fundamental solution of the Cauchy problem for � ≥ ç − 1:� �

( æ , x) =
(−1)

+ +1
2

2(2  ) + −1( � − ç − 1)!

�1
=0

( 2 ⋅ x + æ ) � − + −1 [sign( 2 ⋅ x + æ )] � −1

|∇ 3 | sign( 2 ⋅ ∇ 3 )
å � 1 if ç is odd;� �

( æ , x) =
2(−1)

+
2

(2  ) + ( � − ç − 1)!

�1
=0

( 2 ⋅ x + æ ) � − + −1

|∇ 3 | sign( 2 ⋅ ∇ 3 )
ln 4444 2 ⋅ x + æ2 ⋅ x

4444 å � 1 if ç is even,

where3 =
ù

(1, � 1, Â.Â.Â , �5+ ), |∇ 3 | = 6 7 8 38 � 1 9 2

+ ����� + 7 8 38 ��+ 9 2

, 2 ⋅ ∇ 3 = � 1 8 38 � 1
+ ����� + �5+ 8 38 ��+ ,

and å � 1 is the element of the surface 3 = 0.
Fundamental solution of the Cauchy problem for � < ç − 1:� �

( æ , x) =
(−1)

+ +1
2

(2  ) + −1 :;
=0 < ( = − > )( ? ⋅ x + æ )

|∇ @ | sign( ? ⋅ ∇ @ )
å A ; if ç is odd;B B

( C , x) =
(−1)

=
2 ( D − E )!
(2 F ) = :;

=0

( ? ⋅ x + C ) > − = −1

|∇ @ | sign( ? ⋅ ∇ @ ) G A ; if D is even.H.I
References: I. M. Gel’fand, G. E. Shilov (1959), S. G. Krein (1972).

9.5.4. Regular Equations. Number of Initial Conditions
in the Cauchy Problem

9.5.4-1. Equations with two independent variables (0 ≤ C < J , − J < K < J ).

1 L . Consider the constant coefficient linear differential equationM > NM C > =
> −1O ú

=0 P ú Q R MM K S M ú NM C ú , (1)

where P ú
( T ) is a polynomial of degree ÷ ,

R 2 = −1. Let U = U ( A ) be the number of roots (taking into
account their multiplicities) of the characteristic equationV > −

> −1O ú
=0 P ú

( A )
V ú

= 0 (2)

whose real parts are nonpositive (or bounded above) for given a A . If U is the same (up to a set of
measure zero) for all A W (− J , J ), the equation (1) will be called regular with regularity index U .

Classical equations such as the heat, wave, and Laplace equations are regular.
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2 L . In the Cauchy problem for the regular equation (1), one should set U initial conditions of the
formN XXZY =0 = [ 0( K ),

M NM C XXXX\Y =0
= [ 1( K ), Â.Â.Â , M ] −2 NM C ] −2

XXXXZY =0
= [ ] −2( K ),

M ] −1 NM C ] −1

XXXX\Y =0
= [ ] −1( K ). (3)

It should be emphasized that the regularity index U can, in general, differ from the equation orderE with respect to C . In particular, for the two-dimensional Laplace equation
M Y^Y N = −

M _ _ N , we haveU = 1 and E = 2; here, H is replaced by C and the first boundary value problem in the upper half-planeC ≥ 0 is considered. For the heat equation
M Y N =

M _ _ N and the wave equation
M Y^Y N =

M _ _ N , we haveU = E = 1 and U = E = 2, respectively.
Example 1. Below are the regularity indices for some fourth-order equations:` 2 a` b 2 − c 2

` 4 a` d 4 = 0 ( e = 1, f = 2);
` 2 a` b 2 + c 2

` 4 a` d 4 = 0 ( e = 2, f = 2);g ` 2` b 2 +
` 2` d 2 h 2 a = 0 ( e = 2, f = 4);

` 4 a` b 4 − c 2
` 4 a` d 4 = 0 ( e = 3, f = 4).

3 L . The special solution
B B

=
B B

( C , K ) that satisfies the initial conditionsB B XXZY =0 = 0,
M B BM C XXXXZY =0

= 0, Â.Â.Â , M ] −2 B BM C ] −2

XXXX\Y =0
= 0,

M ] −1 B BM C ] −1

XXXXZY =0
= < ( K ) (4)

is called fundamental.
The fundamental solution can be found by applying the Fourier transform in the space variable

to equation (1) (with N =
B B

) and the initial conditions (4).
Example 2. Consider the polyharmonic equation:g ` 2` b 2 +

` 2` d 2 h i a = 0. (5)

Taking into account the representation j 2j�k 2 = − lnm jj�k o 2, we rewrite the characteristic equation (2) in the form

( p 2 − q 2) i = 0.

It has only one solution whose real part is nonpositive, specifically, p = −| q |. Considering the multiplicity of the root, we
find that the regularity index e is equal to r .

In equation (5) with a =
B B

and the initial conditions (4) with e = r , we perform the Fourier transform with respect to
the space variable, s

(
b
, q ) = t u

− u v
wyx k B B
(
b
,
d

) z d .

As a result, we arrive at the ordinary differential equationg z 2z b 2 − q 2 h i s
= 0 (6)

and the initial conditions s {{}|
=0 = 0,

s ~| {{\|
=0 = 0, ����� , s

( i −2)
| {{\|

=0 = 0,

s
( i −1)
| {{\|

=0 = 1. (7)

The bounded solution of problem (6), (7) is given bys
(
b
, q ) =

b i −1

( r − 1)! v −| x |

|
.

By applying the inverse Fourier transform, we obtain the fundamental solution of the polyharmonic equation in the formB B
(
b
,
d

) =
1

2 � t u
− u v − wyx k s

(
b
, q ) z�q =

1
2 � b i −1

( r − 1)!
t u

− u v − wyx k −| x |

| z�q
=

1
2 � b i −1

( r − 1)!

g t u
0 v − wyx k − x | z�q + t 0

− u v − wyx k + x | z�q h
=

1
2 � b i −1

( r − 1)!

g
1b

+ m d +
1b

− m d h =
1� b i −1

( r − 1)!

bb 2 +
d 2 .
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4 L . For general initial conditions of the form (3), the solution of equation (1) is determined on the
basis of the fundamental solution from the relationN ( C , K ) =

B B
( C , K ) � � 0( K ) +

M B B
( C , K )M C � � 1( K ) + ����� +

M ] −1 B B
( C , K )M C ] −1 � � ] −1( K ). (8)

Each term in (8) satisfies equation (1), and the functions � ] −1, � ] −2, Â.Â.Â , � 0 are calculated succes-
sively by solving the linear system[ 0( K ) = � ] −1( K ),[ 1( K ) = � ] −2( K ) +

M ] B B
(0, K )M C ] � � ] −1( K ),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .[ ú
( K ) = � ] −

ú
−1( K ) +

M ] B B
(0, K )M C ] � � ] −

ú
( K ) + ����� +

M ] +
ú

−1 B B
(0, K )M C ] +

ú
−1 � � ] −1( K ), ÷ = 2, Â.Â.Â , U − 1.

This system of equations is obtained by successively differentiating relation (8) followed by substi-
tuting C = 0 and taking into account the initial conditions (3) and (4).

In the special case [ 0( K ) = [ 1( K ) = ����� = [ ] −2( K ) = 0, one should set � 0( K ) = [ ] −1( K ) and� 1( K ) = ����� = � ] −1( K ) = 0 in (8).H.I
Reference: G. E. Shilov (1965).

9.5.4-2. Equations with many independent variables (0 ≤ C < J , x W � = ).

Solving the Cauchy problem for the constant coefficient linear differential equationù Q MM C ,
MM K 1

, Â.Â.Â , MM K = S N = 0 (9)

with arbitrarily many space variables K 1, Â.Â.Â , K = can be reduced to solving the Cauchy problem for
an equation with one space variable � . We take an auxiliary linear differential operatorù � Q MM C ,

MM � S ≡
ù Q MM C , � 1

MM � , Â.Â.Â , � = MM � S
that depends on two independent variables C and � so that the Cauchy problem for the equationù � Q MM C ,

MM � S � = 0 (10)

is well posed. Then the fundamental solution of the Cauchy problem for the original equation (9) is
given by B B

( C , x) = : � � � � ( C , Ã ⋅ x, − D ) G � = .

Here, � � ( C , � ,
V

) =
1A = F = −1

2 � � � +1
2 � � �− �

� �
( � , � − � )| � | � � � , � � =

2 � � � 2�
(   ¡ 2)

,

where
� �

( � , � ) is the fundamental solution of the Cauchy problem for the auxiliary equation (10).
If the number of space variables is odd, one can use the simpler formula¢ ¢

( � , x) =
(−1)

� −1
2 £ � −1

2 ¤ !� � � � −1
2 (   − 1)! � ¥ ¦ § � � −1� � � −1

� �
( � , � ) ¨ � © � , � = Ã ⋅ x.ª «�¬  ®
¯ °

The above relations hold for all equations for which the Cauchy problem is well
posed.±.²

References: I. M. Gel’fand, G. E. Shilov (1959), S. G. Krein (1972).
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9.5.4-3. Stationary homogeneous regular equations (x W ³ � ).

A linear differential operator ´ µ £ ¶¶ · 1
, ¸�¸�¸ , ¶¶ · ¦ ¤ is called regular if it is homogeneous and if the

gradient of the function ´ µ ( ¹ 1, ¸�¸�¸ , ¹ � ) on the set defined by the equation ´ µ ( ¹ 1, ¸�¸�¸ , ¹ � ) = 0 is
everywhere nonzero whenever | º | ≠ 0.

The fundamental solution of the linear regular differential equation ´ µ £ ¶¶ · 1
, ¸�¸�¸ , ¶¶ · ¦ ¤�» = 0

generated by the linear regular differential operator ´ µ is expressed as¢ ¢
(x) = � ¥ ¦ ¼ � µ ( º ⋅ x)´ µ ( º )

� © � , (11)

where the function ¼ � µ ( ½ ) is defined by

¼ � µ ( ½ ) =
(−1)

� −2
2

(2 � ) � ( ¾ −   )!
½ µ − � ln | ½ | if   is even and ¾ ≥   ;

¼ � µ ( ½ ) =
(−1)

� +2 µ
2 (   − ¾ − 1)!

(2 � ) � ½ µ − � if   is even and ¾ <   ;

¼ � µ ( ½ ) =
(−1)

� −1
2

4(2 � ) � −1( ¾ −   )!
½ µ − � sign ½ if   is odd and ¾ ≥   ;

¼ � µ ( ½ ) =
(−1)

� −1
2

2(2 � ) � −1 ¿ ( � − µ −1)( ½ ) if   is odd and ¾ <   .

The integral in (11) is understood in the sense of its regularized value, i.e.,¢ ¢
(x) = limÀ
Á 0

¢ ¢ À (x),
¢ ¢ À (x) = � ¥ ( Â )¦ ¼ � µ ( º ⋅ x)´ µ ( º )

� © ( À )� ,

where © ( À )� is the set of points on a sphere of unit radius for which | ´ µ ( º )| > Ã .±.²
References: I. M. Gel’fand, G. E. Shilov (1959), S. G. Krein (1972).

9.5.5. Some Special-Type Equations

1. Ä ÅÄ Æ = Ç È É Ê ÄÄ Ë Ì Å , Ç È ( Í ) = Î È Í È + Ï Ï Ï + Î 1 Í + Î 0, Ê 2 = –1.

The condition Re ´ � ( ½ ) ≤ Ð < Ñ is assumed to be met for all real ½ .

1 Ò . Domain: − Ñ < Ó < Ñ . Cauchy problem.
An initial condition is prescribed: » = Ô ( Ó ) at � = 0. (1)

Solution:» ( Ó , � ) = � �− �
�

( Ó − � , � ) Ô ( � ) � � ,
�

( Ó , � ) =
1

2 � � �− � exp ÕÖ��´ � ( × ) − ØÙÓ × Ú � × .

2 Ò . The solution of the Cauchy problem with the initial condition (1) for the nonhomogeneous
equation Û »Û � = ´ � É Ø ÛÛ Ó Ì » + Ü ( Ó , � )
is given by » ( Ó , � ) = � �− �

�
( Ó − � , � ) Ô ( � ) � � + � Ý0 � �− �

�
( Ó − � , � − Þ ) Ü ( � , Þ ) � � � Þ ,

where the function
�

( Ó , � ) is defined in Item 1 Ò .±.²
References: S. G. Krein (1972), V. S. Vladimirov, V. P. Mikhailov, A. A. Vasharin, et al. (1974).
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2.
� �� � – � �� � � � � = 0, � = 1, 2, 	 	 	

1 
 . General solution (two representations):�
( � ,  ) = � −1���

=0

 � � �
( � + �  ),�

( � ,  ) = � −1���
=0

� � � �
( � + �  ),

where the

� �
=

� �
( � ) are arbitrary functions.

2 
 . Fundamental solution: � �
( � ,  ) =

 � −1

( � − 1)! � ( � + �  ).
3.

� �� � –
� 2� � 2 � � � = 0, � = 1, 2, 	 	 	

1 
 . General solution (two representations):�
( � ,  ) = � −1���

=0

 � � �
( � ,  ),�

( � ,  ) = � −1���
=0

� � � �
( � ,  ),

where the

� �
=

� �
( � ,  ) are arbitrary functions that satisfy the heat equations � � � �

− � � � � �
= 0.

2 
 . Fundamental solution: � �
( � ,  ) =

1
2 � � ( � − 1)!

 � −3 � 2 exp
�

−
� 2

4  � .

3 
 . Domain: − � < � < � . Cauchy problem.
Initial conditions are prescribed:�   � =0 = 0,

� �
� 

    � =0
= 0, !"!"! , � � −2

�
�  � −2

    � =0
= 0,

� � −1

�
�  � −1

    � =0
=

�
( � ).

Solution:
�

( � ,  ) = # $
− $

�
( % )

� �
( � − % ,  ) & % .')(

Reference: G. E. Shilov (1965).

4.
� � 2� � 2

–
� 2� � 2 � � � = 0, � = 1, 2, 	 	 	

1 
 . General solution (two representations):�
( � ,  ) = � −1���

=0

 � *+� �
( � +  ) + , �

( � −  ) - ,�
( � ,  ) = � −1� �

=0

� � *)� �
( � +  ) + , �

( � −  ) - ,

where the

� �
=

� �
( . ) and , �

= , �
( � ) are arbitrary functions.
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2 
 . Fundamental solution:� �
( � ,  ) =

(−1) � −1

4 � ( � − 1)! / sign( � −  ) � −1���
=0

(2  ) � ( � −  )2 � −

�
−20

!( � −
0

− 1)!

+ (−1) � sign( � +  ) � −1���
=0

(−2  ) � ( � +  )2 � −

�
−20

!( � −
0

− 1)! 1 .')(
Reference: G. E. Shilov (1965).

5.
� � 2� � 2

+
� 2� 2 2 � � � = 0, � = 1, 2, 	 	 	

This is the polyharmonic equation of order � with two independent variables.

1 
 . General solution (two representations):�
( � , . ) = � −1���

=0 3 2

� � �
( � , . ), 3 = 4 � 2 + . 2,�

( � , . ) = � −1���
=0

� � � �
( � , . ),

where the

� �
( � , . ) are arbitrary harmonic functions ( 5 � �

= 0). In the second relation, � �
can be

replaced by . �
.

2 
 . Domain: − � < � < � , − � < . < � . Fundamental solution:� �
( � , . ) =

1� 22 � −1

*
( � − 1)! - 2 3 2 � −2 ln 3 , 3 = 4 � 2 + . 2.

3 
 . Domain: − � < � < � , 0 ≤ . < � . Boundary value problem.
Boundary conditions are prescribed:�   76

=0 = 0,
� �
� .

    76
=0

= 0, !"!"! , � � −2

�
� . � −2

    76
=0

= 0,
� � −1

�
� . � −1

    86
=0

=

�
( � ).

Solution: �
( � , . ) = # $

− $
�

( % ) 9 ( � − % , . ) & % , 9 ( � , . ) =
1� ( � − 1)!

. �� 2 + . 2 .

See also Example 2 in Paragraph 9.5.4-1.')(
References: G. E. Shilov (1965), L. D. Faddeev (1998).

6.
� � 2� � 2

+
� 2� 2 2 � � � = : (

�
,
2

), � = 1, 2, 	 	 	
This is a nonhomogeneous polyharmonic equation of order � with two independent variables.

Particular solution:�
( � , . ) =

1� 22 � [( � − 1)!]2 # $
− $ # $

− $ ; ( % , < )[( � − % )2 + ( . − < )2] � −1 ln[( � − % )2 + ( . − < )2] & % & < .

The general solution is given by the sum of any particular solution of the nonhomogeneous equation
and the general solution of the homogeneous equation (see equation 9.5.5.5, Item 1 
 ).
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7. = >� � = 0, = � = ��@?
=1

� 2� � 2

?
.

This is the polyharmonic equation of order A with � independent variables. For A = 1, see
Sections 7.1 and 8.1. For A = 2, see Subsection 9.4.1. For � = 2, see equations 9.5.5.5 and 9.5.5.6.

1 
 . Particular solutions: �
(x) = B −1�DC

=0

� CE � C
(x), F = 1, 2, !"!"! , � ,

where the

� C
(x) are arbitrary harmonic functions ( 5 �

� C
= 0).

2 
 . Fundamental solution for A ≥ 1 and � ≥ 3:� �
(x) = G H � , B |x|2 B − � if � is odd or � is even and � > 2 A ;I � , B |x|2 B − � ln |x| if � is even and � ≤ 2 A .

Here,H � , B = J ( � K 2)
2 B ( A − 1)! � � � 2(2 − � )(4 − � ) !"!"! (2 A − � )

,I � , B = J ( � K 2)
2 B ( A − 1)! � � � 2(2 − � )(4 − � ) !"!"! (2 A 0 − 2 − � )(2 A 0 + 2 − � )(2 A 0 + 4 − � ) !"!"! (2 A − � )

,

where A 0 = � K 2. The expression of the coefficient I � , B can be obtained formally from the expression
of H � , B by removing the multiplier (2 A 0 − � ) equal to zero from the denominator.')(

Reference: G. E. Shilov (1965).

8.
>� ?
=0

� ? = ? � = 0, = ≡
� 2� � 2

+
� 2� 2 2

.

Particular solutions:
�

( � , . ) = B� � =1

�
� ( � , . ),

where the

�
� are solutions of the Helmholtz equations 5 �

� − L �
�

� = 0 and the L � are roots of the

characteristic equation BM�
=0

� � L �
= 0.')(

Reference: A. V. Bitsadze and D. F. Kalinichenko (1985).

9.
>�@?
=0

� ? N ?
[ � ] = 0.

Here, O is any constant coefficient linear differential operator with arbitrarily many independent
variables � 1, !"!"! , � � .

Particular solutions:
�

( � 1, !"!"! , � � ) = B�DC
=1 P C � C

( � 1, !"!"! , � � ),

where the

� C
are solution of the equations O [

� C
] − L C � C

= 0 the L C
are roots of the characteristic

equation BM�
=0

� � L �
= 0, and the P C

are arbitrary constants.
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9.6. Higher-Order Linear Equations with Variable
Coefficients

9.6.1. Equations Containing the First Time Derivative

9.6.1-1. Statement of the problem for an equation with two independent variables.

Consider the linear nonhomogeneous partial differential equation� �
�  − O � , � [ � ] = ; ( � ,  ), (1)

where O � , � is a general linear differential operator of order � with respect to the space variable � ,O � , � [ � ] ≡ �� �
=0

� �
( � ,  ) � � �

� � �
, (2)

whose coefficients � �
= � �

( � ,  ) are sufficiently smooth functions of both arguments for  ≥ 0 and� 1 ≤ � ≤ � 2. The subscripts � and  indicate that the operator O � , � is dependent on the variables �
and  .

We set the initial condition

�
=

�
( � ) at  = 0 (3)

and the general nonhomogeneous boundary conditions

J (1)B [

�
] ≡ � −1���

=0
H (1)B �

(  ) � � �
� � �

= , (1)B (  ) at � = � 1 ( A = 1, !"!"! , Q ),

J (2)B [

�
] ≡ � −1���

=0
H (2)B �

(  ) � � �
� � �

= , (2)B (  ) at � = � 2 ( A = Q + 1, !"!"! , � ),

(4)

where Q ≥ 1 and � ≥ Q +1. We assume that both sets of the boundary forms J (1)B [

�
] ( A = 1, !"!"! , Q ) andJ (2)B [

�
] ( A = Q + 1, !"!"! , � ) are linearly independent, which means that for any nonzero R B = R B (  )

the following relations hold:
C�B =1

R B (  ) J (1)B [

�
] S 0, ��B =

C
+1

R B (  ) J (2)B [

�
] S 0.

In what follows, we deal with the nonstationary boundary value problem (1), (3), (4).

9.6.1-2. The case of general homogeneous boundary conditions. The Green’s function.

The solution of equation (1) with the initial condition (3) and the homogeneous boundary conditionsJ (1)B [

�
] = 0 at � = � 1 ( A = 1, !"!"! , Q ),J (2)B [

�
] = 0 at � = � 2 ( A = Q + 1, !"!"! , � )

(5)

can be written as�
( � ,  ) = # � 2� 1

�
( . ) 9 ( � , . ,  , 0) & . + # �

0
# � 2� 1 ; ( . , T ) 9 ( � , . ,  , T ) & . & T . (6)

Here, 9 ( � , . ,  , T ) is the Green’s function that satisfies, for  > T ≥ 0, the homogeneous equation� 9�  − O � , � [ 9 ] = 0 (7)
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with the special nonhomogeneous initial condition9 = � ( � − . ) at  = T (8)

and the homogeneous boundary conditionsJ (1)B [ 9 ] = 0 at � = � 1 ( A = 1, !"!"! , Q ),J (2)B [ 9 ] = 0 at � = � 2 ( A = Q + 1, !"!"! , � ).
(9)

The quantities . and T appear in problem (7)–(9) as free parameters ( � 1 ≤ . ≤ � 2), and � ( � ) is the
Dirac delta function.

It should be emphasized that the Green’s function 9 is independent of the functions ; ( � ,  ), �
( � ),, (1)B (  ), and , (2)B (  ) that characterize various nonhomogeneities of the boundary value problem. If the

coefficients � �
, H (1)B �

, and H (2)B �
determining the differential operator (2) and boundary conditions (4)

are independent of time  , then the Green’s function depends only on three arguments, 9 ( � , . ,  , T ) =9 ( � , . ,  − T ).')(
Reference: Mathematical Encyclopedia (1977, Vol. 1).

9.6.1-3. The case of nonhomogeneous boundary conditions. Preliminary transformations.

To solve the problem with nonhomogeneous boundary conditions (1), (3), (4), we choose a suffi-
ciently smooth “test function” U = U ( � ,  ) that satisfies the same boundary conditions as the unknown
function; thus, J (1)B [ U ] = , (1)B (  ) at � = � 1 ( A = 1, !"!"! , Q ),J (2)B [ U ] = , (2)B (  ) at � = � 2 ( A = Q + 1, !"!"! , � ).

(10)

Otherwise the choice of the “test function” U is arbitrary and is not linked to the solution of the
equation in question; there are infinitely many such functions.

Let us pass from V = V ( W , X ) to the new unknown Y = Y ( W , X ) by the relationV ( W , X ) = Y ( W , X ) + Z ( W , X ). (11)

Substituting (11) into (1), (3), and (4), we arrive at the problem for an equation with a modified right-hand side,[ Y[ X − \ ] , ^ [ Y ] = _ ( W , X ), _ ( W , X ) = _ ( W , X ) −
[ Z[ X + \ ] , ^ [ Z ], (12)

subject to the nonhomogeneous initial conditionY = ` ( W ) − Z ( W , 0) at X = 0 (13)

and the homogeneous boundary conditionsa
(1)b [ Y ] = 0 at W = W 1 ( c = 1, deded , f ),a
(2)b [ Y ] = 0 at W = W 2 ( c = f + 1, dedgd , h ).

(14)

The solution of problem (12)–(14) can be found using the Green’s function by formula (6) in which one should replaceV by Y , _ ( W , X ) by _ ( W , X ), and ` ( W ) by ` ( W ) = ` ( W ) − Z ( W , 0). Taking into account relation (11), for V we obtain the
representation V ( W , X ) = i ] 2] 1

` ( j ) k ( W , j , X , 0) lmj + i ^
0

i ] 2] 1

_ ( j , n ) k ( W , j , X , n ) lmj lmn + Z ( W , X )
− i ] 2] 1

Z ( j , 0) k ( W , j , X , 0) lmj − i ^
0

i ] 2] 1

[ Z[ n ( j , n ) k ( W , j , X , n ) lmj lmn
+ i ^

0
i ] 2] 1

k ( W , j , X , n ) \ o , p [ Z ( j , n )] lmj lmn . (15)

Changing the order of integration and integrating by parts with respect to n , we find, with reference to the initial
condition (8) for the Green’s function,i ^

0

[ Z[ n k lmn = Z ( j , X ) q ( W − j ) − Z ( j , 0) k ( W , j , X , 0) − i ^
0

Z ( j , n )
[ k[ n ( W , j , X , n ) lmn . (16)
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We transform the inner integral of the last term in (15) using the Lagrange–Green formula [see Kamke (1977)] to obtaini ] 2] 1

k \ o , p [ Z ] lmj = i ] 2] 1

Z \ ro , p [ k ] lmj + s s [ Z , k ] tt o = ] 2o = ] 1
, (17)\ ro , p [ k ] ≡ uvxw

=0

(−1)

w y wy j w z8{ w
( j , n ) k | , s s [ } , k ] ≡ u −1vx~

=0

v� + � =

~
(−1)

� y � }y j � y �y j � z7{ ~
+1( j , n ) k | ,

where � r� , � [ � ] is the differential form adjoint with � � , � [ � ] of (2); } = } ( j , n ); and � and � are nonnegative integers.

Using relations (16) and (17), we rewrite solution (15) in the form� ( � , � ) = � � 2� 1 � ( � ) � ( � , � , � , 0) � � + � �
0

� � 2� 1 � ( � , � ) � ( � , � , � , � ) � � � � + � �
0

s s [ � , � ] ��8� = � 2� = � 1
� � . (18)

This formula was derived taking into account the fact that the Green’s function with respect to �
and � satisfies the adjoint equation* � �� � + � �� , � [ � ] = 0.

For subsequent analysis, it is convenient to represent the bilinear differential form s s [ � , � ] ass s [ � , � ] = � −1���
=0

� � �� � � � �
[ � ],

� �
[ � ] = � −

�
−1��C

=0

(−1)

C � C� � C �¡  C
+

�
+1( � , � ) � ¢ . (19)

Note that in the special case where operator (2) is binomial,� � , � [ � ] =

  �
� � �� � � +

 
0( � , � ) � ,

  � = const,

the differential forms in (19) are written as£ £
[ � , � ] =

  � � −1� �
=0

(−1) � −

�
−1

� � �� � � � � −

�
−1 �� � � −

�
−1 ,

� �
[ � ] =

  � (−1) � −

�
−1

� � −

�
−1 �� � � −

�
−1 .

9.6.1-4. The case of special nonhomogeneous boundary conditions.

Consider the following nonhomogeneous boundary conditions of special form that are often encoun-
tered in applications: � �¥¤ �� � �¥¤

= ¦ (1)

�¥¤
( � ) at � = � 1 ( A = 1, !"!"! , § ),� �¥¤ �� � �¥¤

= ¦ (2)

�¥¤
( � ) at � = � 2 ( A = § + 1, !"!"! , ¨ ).

(20)

Without loss of generality, we assume that the following inequalities hold:¨ − 1 ≥ © 1 > © 2 > ª"ª"ª > © C
, ¨ − 1 ≥ © C

+1 > © C
+2 > ª"ª"ª > © � .

The Green’s function satisfies the corresponding homogeneous boundary conditions that can be
obtained from (20) by replacing � by � and setting ¦ (1)

�¥¤
( � ) = ¦ (2)

�¥¤
( � ) = 0.

* This equation can be derived by considering the case of homogeneous initial and boundary conditions and using
arbitrariness in the choice of the test function } = } ( « , ¬ ); it should be taken into account that the solution itself must be
independent of the specific form of } , because } does not occur in the original statement of the problem. By appropriately
selecting the test function, one can also derive the boundary conditions (21).
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The adjoint homogeneous boundary conditions, with respect to (20), which must be met by the
Green’s function with respect to � and � have the form� �®

[ � ] = 0 at � = � 1 ( © ¯ ≠ © B , ° = § + 1, !"!"! , ¨ ; ± = 1, !"!"! , § ),� �®
[ � ] = 0 at � = � 2 ( © ¯ ≠ © ² , ° = 1, !"!"! , § ; ± = § + 1, !"!"! , ¨ ).

(21)

These conditions involve the linear differential forms

� �
[ � ] defined in (19). For each endpoint of

the interval in question, the set { © ¯ } of the indices in the boundary operators (21) together with the
set { © ² } of the orders of derivatives in the boundary conditions (20) make up a complete set of
nonnegative integers from 0 to ¨ − 1.

Taking into account the fact that the test function � must satisfy the boundary conditions (20)
and the Green’s function � to conditions (21), we rewrite solution (18) to obtain� ( � , � ) = � � 2� 1 � ( � ) � ( � , � , � , 0) � � + � �

0
� � 2� 1 � ( � , � ) � ( � , � , � , � ) � � � �

− ³�² =1

� �
0

¦ (1)

�¥¤
( � )

� �¥¤
[ � ] �� � = � 1

� � + ��² = ³ +1

� �
0

¦ (2)

�¥¤
( � )

� �¥¤
[ � ] �� � = � 2

� � , (22)

where the

� �¥¤
[ � ] are differential operators with respect to � , which are defined in (19).

If the Green’s function is known, formula (22) can be used to immediately obtain the solution
of the nonhomogeneous boundary value problem (1), (3), (20) for arbitrary � ( � , � ), � ( � ), ¦ (1)

�¥¤
( � )

( ± = 1, !"!"! , § ), and ¦ (2)

�¥¤
( � ) ( ± = § + 1, !"!"! , ¨ ).

9.6.1-5. The case of general nonhomogeneous boundary conditions.

On solving (4) for the highest derivatives, we reduce the boundary conditions (4) to the canonical
form

� �¥¤ �� � �¥¤
+

�¥¤
−1�µ´

=0 ¶ (1)² ´
( � ) � ´ �� � ´

= · (1)

�¥¤
( � ) at � = � 1 ( ± = 1, !"!"! , § ),� �¥¤ �� � �¥¤

+

�¥¤
−1�µ´

=0 ¶ (2)² ´
( � ) � ´ �� � ´

= · (2)

�¥¤
( � ) at � = � 2 ( ± = § + 1, !"!"! , ¨ ),

(23)

where the leading terms in different boundary conditions are different,¨ − 1 ≥ © 1 > © 2 > ª"ª"ª > © ³ , ¨ − 1 ≥ © ³ +1 > © ³ +2 > ª"ª"ª > © � .

The sums in (23) do not contain the derivatives of orders © 1, !"!"! , © ³ (for � = � 1) and © ³ +1, !"!"! , © �(for � = � 2); thus, ¶ (1)² ´
( � ) = 0 at ¸ = © E (¹ = 1, !"!"! , § ),¶ (2)² ´
( � ) = 0 at ¸ = © E (¹ = § + 1, !"!"! , ¨ ).

It can be shown that the solution of problem (1), (3), (23) is given by� ( � , � ) = � � 2� 1 � ( � ) � ( � , � , � , 0) � � + � �
0

� � 2� 1 � ( � , � ) � ( � , � , � , � ) � � � �
− ³�² =1

� �
0

· (1)

�¥¤
( � )

� �¥¤
[ � ] �� � = � 1

� � + ��² = ³ +1

� �
0

· (2)

�¥¤
( � )

� �¥¤
[ � ] �� � = � 2

� � , (24)

where the

� �¥¤
[ � ] are differential operators with respect to � ,which are defined in (19). Relation (24)

is similar to (22) but contains the Green’s function satisfying the more complicated boundary
conditions that can be obtained from (23) by substituting � for � and setting · (1)

�¥¤
( � ) = · (2)

�¥¤
( � ) = 0.
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9.6.2. Equations Containing the Second Time Derivative

9.6.2-1. The case of homogeneous initial and boundary conditions.

Consider the linear nonhomogeneous differential equation�
2 �� � 2 + º ( � , � ) � �� � − �� �

=0

  �
( � , � ) � � �� � �

= � ( � , � ). (1)

We set the homogeneous initial conditions� = 0 at � = 0,� � � = 0 at � = 0
(2)

and the homogeneous boundary conditions» (1)² [ � ] = 0 at � = � 1 ( ± = 1, !"!"! , § ),» (2)² [ � ] = 0 at � = � 2 ( ± = § + 1, !"!"! , ¨ ),
(3)

where the boundary operators
» (1)² [ � ] and

» (2)² [ � ] are defined in Paragraph 9.6.1-1.
The solution of problem (1)–(3) can be represented in the form*� ( � , � ) = � �

0
� � 2� 1 � ( � , � ) � ( � , � , � , � ) � � � � . (4)

Here, � = � ( � , � , � , � ) is the Green’s function; for � > � ≥ 0, it satisfies the homogeneous equation�
2 �� � 2 + º ( � , � ) � �� � − �� �

=0

  �
( � , � ) � � �� � �

= 0 (5)

with the special semihomogeneous initial conditions� = 0 at � = � ,� � � = ¼ ( � − � ) at � = � (6)

and the corresponding homogeneous boundary conditions» (1)² [ � ] = 0 at � = � 1 ( ± = 1, !"!"! , § ),» (2)² [ � ] = 0 at � = � 2 ( ± = § + 1, !"!"! , ¨ ).
(7)

The quantities � and � appear in problem (5)–(7) as free parameters ( � 1 ≤ � ≤ � 2), and ¼ ( � ) is the
Dirac delta function.

One can verify by direct substitution into the equation and the initial and boundary conditions
(1)–(3) that formula (4) is correct, taking into account the properties (5)–(7) of the Green’s function.

9.6.2-2. The case of nonhomogeneous initial and boundary conditions.

Consider the linear nonhomogeneous differential equation (1) with the general nonhomogeneous
initial conditions � = � 0( � ) at � = 0,� � � = � 1( � ) at � = 0

(8)

* Problem (1)–(3) is assumed to be well posed.
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and the nonhomogeneous boundary conditions, reduced to the canonical form (see Paragraph
9.6.1-5): � �¥¤ �� � �¥¤

+

�¥¤
−1� ´

=0 ¶ (1)² ´
( � ) � ´ �� � ´

= · (1)

�¥¤
( � ) at � = � 1 ( ± = 1, !"!"! , § ),� �¥¤ �� � �¥¤

+

�¥¤
−1� ´

=0 ¶ (2)² ´
( � ) � ´ �� � ´

= · (2)

�¥¤
( � ) at � = � 2 ( ± = § + 1, !"!"! , ¨ ).

(9)

Introducing a test function � = � ( � , � ) that satisfies the nonhomogeneous initial and boundary
conditions (8), (9) and using the same line of reasoning as in Paragraph 9.6.1-3 for a simpler equation,
we arrive at the solution of problem (1), (8), (9) in the form� ( � , � ) = � �

0
� � 2� 1 � ( � , � ) � ( � , � , � , � ) � � � �

− � � 2� 1 � 0( � )

�� � ½ � ( � , � , � , � ) ¾ � =0
� � + � � 2� 1

� � 1( � ) + � 0( � ) º ( � , 0) ¢¥� ( � , � , � , 0) � �
− ³�² =1

� �
0

· (1)

�¥¤
( � )

� �¥¤
[ � ] �� � = � 1

� � + ��² = ³ +1

� �
0

· (2)

�¥¤
( � )

� �¥¤
[ � ] �� � = � 2

� � , (10)

where the

� �¥¤
[ � ] are differential operators with respect to � , which are defined in relations (19),

Paragraph 9.6.1-3.¿ À¥Á Â Ã®Ä Å
If the coefficients of equation (1) and those of the boundary conditions (9) are time

independent, i.e., º = º ( � ),

  �
=

  �
( � ), ¶ (1)² ´

= const, ¶ (2)² ´
= const,

then in solution (10) one should set� ( � , � , � , � ) = Æ� ( � , � , � − � ),

�� � � ( � , � , � , � ) ��� � =0
= −

�� � Æ� ( � , � , � ).
9.6.3. Nonstationary Problems with Many Space Variables

9.6.3-1. Equations with the first-order partial derivative with respect to � .
Consider the following linear differential operator with respect to variables � 1, !"!"! , � � :Ç

x, � [ � ] ≡
� È �

1 , ÉÊÉÊÉ , �¥Ë
( � 1, !"!"! , � � , � ) � �

1+ ÌÊÌÊÌ + �¥Ë �� � �
1

1 !"!"! � � �¥Ë
� . (1)

The coefficients
È �

1, ÉÊÉÊÉ , �¥Ë
of the operator are assumed to be sufficiently smooth functions of� 1, !"!"! , � � and � (and also bounded if necessary). The coefficients of the highest derivatives

are assumed to be everywhere nonzero.

1 Í . Cauchy problem ( � ≥ 0, x Î Ï � ). The solution of the Cauchy problem for the linear nonhomo-
geneous parabolic differential equation with variable coefficients� �� � −

Ç
x, � [ � ] = � (x, � ) (2)

under the initial conditions � = � (x) at � = 0 (3)

Page 649



650 HIGHER-ORDER PARTIAL DIFFERENTIAL EQUATIONS

is given by� (x, � ) = � �
0

� Ð Ë � (y, � ) Ñ Ñ (x, y, � , � ) � y � � + � Ð Ë � (y) Ñ Ñ (x, y, � , 0) � y, � y = � � 1 !"!"! � � � . (4)

Here, Ñ Ñ = Ñ Ñ (x, y, � , � ) is the fundamental solution of the Cauchy problem, which satisfies for � > � ≥ 0
the equation

� Ñ Ñ� � −
Ç

x, � [ Ñ Ñ ] = 0 (5)

and the special initial condition Ñ Ñ �� � = � = ¼ (x − y). (6)

The quantities y and � appear in problem (5), (6) as free parameters (y Î Ï � ), and ¼ (x) is the¨ -dimensional Dirac delta function.
If the coefficients

È �
1, ÉÊÉÊÉ , �¥Ë

of operator (1) are independent of time � , then the fundamental
solution depends on only three arguments, Ñ Ñ (x, y, � , � ) = Ñ Ñ (x, y, � − � ). If the coefficients of
operator (1) are constants, then Ñ Ñ (x, y, � , � ) = Ñ Ñ (x − y, � − � ).

2 Í . Boundary value problems ( � ≥ 0, x Î Ò ). The solutions of linear boundary value problems in a
spatial domain Ò for equation (2) with initial condition (3) and homogeneous boundary conditions
for x Î � Ò (these conditions are not written out here) are given by formula (4) in which the domain
of integration Ï � should be replaced by Ò . Here, by Ñ Ñ we mean the Green’s function that must
satisfy, apart from equation (5) and the boundary condition (6), the same homogeneous boundary
conditions for x Î � Ò as the original equation (2). For boundary value problems, the parameter y
belongs to the same domain as x, i.e., y Î Ò .Ó)Ô

Reference: Mathematical Encyclopedia (1977, Vol. 1).

9.6.3-2. Equations with the second-order partial derivative with respect to Õ .
1 Í . Cauchy problem ( Õ ≥ 0, x Î Ï � ). The solution of the Cauchy problem for the linear nonhomo-
geneous differential equation with variable coefficients�

2 Ö� Õ 2 −
Ç

x, � [ Ö ] = � (x, Õ ) (7)

under the initial conditions Ö = � (x) at Õ = 0,� � Ö = ¦ (x) at Õ = 0
(8)

is given by Ö (x, Õ ) = × Ø
0

× Ù Ú Û (y, Ü ) Ý Ý (x, y, Õ , Ü ) Þ y Þ Ü
− × Ù Ú ß (y) à áá Ü Ý Ý (x, y, â , Ü ) ã ä

=0
Þ y + × Ù Ú å (y) Ý Ý (x, y, â , 0) Þ y.

Here, Ý Ý = Ý Ý (x, y, â , Ü ) is the fundamental solution of the Cauchy problemá 2 Ý Ýá â 2 − æ x, Ø [ Ý Ý ] = 0,Ý Ý çç Ø = ä = 0, á Ý Ýá â çççç Ø = ä = è (x − y),

where y and Ü play the role of parameters.
If the coefficients é ê 1, ëÊëÊë , ê Ú of operator (1) are independent of time â , then the fundamen-

tal solution depends on only three arguments, Ý Ý (x, y, â , Ü ) = Ý Ý (x, y, â − Ü ), and the relationìì ä Ý Ý (x, y, â , Ü ) çç ä =0 = −
ìì Ø Ý Ý (x, y, â ) holds. If the coefficients of operator (1) are constants, thenÝ Ý (x, y, â , Ü ) = Ý Ý (x − y, â − Ü ).
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2 í . The solution of the Cauchy problem for the more complicated linear nonhomogeneous differ-
ential equation with variable coefficientsá 2 îá â 2 + ï (x, â ) á îá â − æ x, Ø [ î ] = Û (x, â )
with initial conditions (8) is expressed asî (x, â ) = × Ø

0
× Ù Ú Û (y, Ü ) Ý Ý (x, y, â , Ü ) Þ y Þ Ü

− × Ù Ú ß (y) à áá Ü Ý Ý (x, y, â , Ü ) ã ä
=0

Þ y + × Ù Ú ð7å (y) + ï (y, 0) ß (y) ñ Ý Ý (x, y, â , 0) Þ y. (9)

Here, Ý Ý (x, y, â , Ü ) is the corresponding fundamental solution of the Cauchy problem,á 2 Ý Ýá â 2 + ï (x, â ) á Ý Ýá â − æ x, Ø [ Ý Ý ] = 0,Ý Ý çç Ø = ä = 0, á Ý Ýá â çççç Ø = ä = è (x − y).

3 í . Boundary value problems ( â ≥ 0, x ò ó ). The solutions of linear boundary value problems in a
spatial domain ó for equation (7) with initial condition (8) and homogeneous boundary conditions
for x ò á ó (these conditions are not written out here) are given by formula (9) in which the domain of
integration ô õ should be replaced by ó . Here, by Ý Ý we mean the Green’s function that must satisfy,
apart from equation (7) and the initial conditions (8), the same homogeneous boundary conditions
as the original equation (7).

9.6.4. Some Special-Type Equations

1. ö ÷ö ø = ù ( ø ) ö ú ÷ö û ú + ð û ü ( ø ) + ý ( ø ) ñ ö ÷ö û + þ ( ø ) ÷ .

The transformationî ( ÿ , â ) = � ( � , Ü ) exp à × �
( â ) Þ â ã , � = ÿ � ( â ) + × å ( â ) � ( â ) Þ â , Ü = × � ( â ) � õ ( â ) Þ â ,

where � ( â ) = exp à × ß ( â ) Þ â ã , leads to the simpler constant coefficient equationá �á Ü = á õ �á � õ .

2. ö � ÷ö ø � = � û 2 ú ö ú ÷ö û ú .

The transformation � = 1 � ÿ , � = î ÿ 1− õ leads to the constant coefficient equationá ê �á â ê = � (−1) õ á õ �á � õ .

3. ö � ÷ö ø � = ú	
 =0

� 
 û 
 ö 
 ÷ö û 
 .

The change of variable � = ln | ÿ | leads to a constant coefficient equation.
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4. ö � ÷ö ø � = ( � û 2 + � û + � ) ú ö ú ÷ö û ú .

The transformation î ( ÿ , â ) = � ( � , â )| � ÿ 2 + ¥ÿ + � | õ −1
2 , � = × Þ ÿ� ÿ 2 + ¥ÿ + �

leads to a constant coefficient equation.

5. � öö ø – � � � ú ÷ = 0, � = 1, 2, � � �
Here, � � is a linear differential operator of any order with respect to the space variable ÿ whose
coefficients can depend on ÿ .

1 í . General solution: î ( ÿ , â ) =
õ −1	 ê =0

â ê � ê ( ÿ , â ),
where the � ê = � ê ( ÿ , â ) are arbitrary functions that satisfy the original equation with � = 1:
( á Ø − � � ) � ê = 0.

2 í . Fundamental solution: Ý Ý õ ( ÿ , â ) =
âeõ −1

( � − 1)!
Ý Ý 1( ÿ , â ),

where Ý Ý 1( ÿ , â ) is the fundamental solution of the equation with � = 1.� �¥Á Â ��� �
The linear differential operator � � can involve arbitrarily many space variables.

6. � ö 2ö ø 2
– � � � ú ÷ = 0, � = 1, 2, � � �

Here, � � is a linear differential operator of any order with respect to the space variable ÿ whose
coefficients can depend on ÿ .

1 í . General solution: î ( ÿ , â ) =
õ −1	 ê =0

â ê � ê ( ÿ , â ),
where the � ê = � ê ( ÿ , â ) are arbitrary functions that satisfy the original equation with � = 1:
( á Ø Ø − � � ) � ê = 0.

2 í . Suppose that the Cauchy problem for the special case of the equation with � = 1 is well posed
if only one initial condition is set at â = 0; this means that the constant coefficient differential
operator � � is such that the equation with � = 1 is regular with regularity index � = 1. Then the
fundamental solution of the original equation can be found by the formulaÝ Ý õ ( ÿ , â ) =

âeõ −1

( � − 1)!
Ý Ý 1( ÿ , â ),

where Ý Ý 1( ÿ , â ) is the fundamental solution for � = 1.� �¥Á Â ��� �
The linear differential operator � � can involve arbitrarily many space variables.
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7.

	 �
=0

� � � �
[ ÷ ] = 0.

Here, � is any linear differential operator with arbitrarily many independent variables ÿ 1, !"!"! , ÿ õ .
Particular solutions: î ( ÿ 1, !"!"! , ÿ õ ) = �	! 

=1 "  �  
( ÿ 1, !"!"! , ÿ õ ),

where the �  
are solutions of the equations � [ �  

] − #  �  
= 0, the #  

are roots of the characteristic

equation �$ê =0
� ê # ê = 0, and the "  

are arbitrary constants.

Page 653



Supplement A

Special Functions and Their Properties

Throughout Supplement A it is assumed that � is a positive integer, unless otherwise specified.

A.1. Some Symbols and Coefficients
A.1.1. Factorials
Definitions and some properties:

0! = 1! = 1, � ! = 1 ⋅ 2 ⋅ 3 !"!"! ( � − 1) � , � = 2, 3, !"!"! ,
(2 � )!! = 2 ⋅ 4 ⋅ 6 !"!"! (2 � − 2)(2 � ) = 2 õ � !,

(2 � + 1)!! = 1 ⋅ 3 ⋅ 5 !"!"! (2 � − 1)(2 � + 1) =
2 õ +1% & ' ( � +

3
2 ) ,� !! = * (2 + )!! if � = 2 + ,

(2 + + 1)!! if � = 2 + + 1,
0!! = 1.

A.1.2. Binomial Coefficients
Definition:

" ,- =
� !+ !( � − + )!

, where + = 1, !"!"! , � ,

" ,. = (−1) , (− / ) ,+ !
=

/ ( / − 1) !"!"! ( / − + + 1)+ !
, where + = 1, 2, !"!"!

General case:

" 0. =
' ( / + 1)' ( 1 + 1) ' ( / − 1 + 1)

, where ' ( 2 ) is the gamma function.

Properties: " 0. = 1, " ,- = 0 for + = −1, −2, !"!"! or + > 3 ," 0 +1. =
/1 + 1 " 0. −1 =

/ − 11 + 1 " 0. , " 0. + " 0 +1. = " 0 +1. +1,

" -
−1 4 2 =

(−1)
-

22 - 5 -
2 - = (−1)

- (2 3 − 1)!!
(2 3 )!!

,5 -
1 4 2 =

(−1)
- −13 22 - −1 5 - −1

2 - −2 =
(−1)

- −13 (2 3 − 3)!!
(2 3 − 2)!!

,5 2 - +1- +1 4 2 = (−1)
-
2−4 - −1 5 -

2 - , 5 -
2 - +1 4 2 = 2−2 - 5 2 -

4 - +1,5 1 4 2- =
22 - +1& 5 -

2 - , 5 - 4 2- =
22 -& 5 ( - −1) 4 2- .
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A.1.3. Pochhammer Symbol
Definition and some properties ( + = 1, 2, !"!"! ):

( / ) - = / ( / + 1) !"!"! ( / + 3 − 1) =
' ( / + 3 )' ( / )

= (−1)
- ' (1 − / )' (1 − / − 3 )

,

( / )0 = 1, ( / ) - + , = ( / ) - ( / + 3 ) , , ( 3 ) , =
( 3 + + − 1)!

( 3 − 1)!
,

( / )− - =
' ( / − 3 )' ( / )

=
(−1)

-
(1 − / ) - , where / ≠ 1, !"!"! , 3 ;

(1) - = 3 !, (1 6 2) - = 2−2 - (2 3 )!3 !
, (3 6 2) - = 2−2 - (2 3 + 1)!3 !

,

( / + 7 + ) - , =
( / ) 8 , + - ,( / ) 8 , , ( / + 3 ) - =

( / )2 -
( / ) - , ( / + 3 ) , =

( / ) , ( / + + ) -
( / ) - .

A.1.4. Bernoulli Numbers
Definition: 29 : − 1

= ;< - =0 = - 2 -3 !
.

The numbers:= 0 = 1, = 1 = − 1
2 , = 2 = 1

6 , = 4 = − 1
30 , = 6 = 1

42 , = 8 = − 1
30 , = 10 = 5

66 , !"!"! ,= 2 8 +1 = 0 for 7 = 1, 2, !"!"!
A.2. Error Functions and Exponential Integral
A.2.1. Error Function and Complementary Error Function
Definitions:

erf 2 =
2% & > :

0
exp(− ? 2) @ ? , erfc 2 = 1 − erf 2 =

2% & > ;: exp(− ? 2) @ ? .
Expansion of erf 2 into series in powers of 2 as 2 A 0:

erf 2 =
2% & ;< , =0

(−1) , 2 2 , +1

( + )!(2 + + 1)
=

2% & exp B − 2 2 C ;< , =0

2 , 2 2 , +1

2 + + 1)!!
.

Asymptotic expansion of erfc 2 as 2 A D :

erfc 2 =
1% & exp B − 2 2 C E F −1<8 =0

(−1) 8 B 1
2
C 82 2 8 +1 + G B | 2 |−2 F −1 CIH , J = 1, 2, !"!"!

A.2.2. Exponential Integral
Definition:

Ei( 2 ) = > :
− ; 9 K? @ ? for 2 < 0,

Ei( 2 ) = limL�M +0 N > − L
− ; 9 K? @ ? + > :L 9 K? @ ?PO for 2 > 0.
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Other integral representations:

Ei(− 2 ) = − 9 − : > ;
0

2 sin ? + ? cos ?2 2 + ? 2 @ ? for 2 > 0,

Ei(− 2 ) = 9 − : > ;
0

2 sin ? − ? cos ?2 2 + ? 2 @ ? for 2 < 0,

Ei(− 2 ) = − 2 > ;
1

9 − : K ln ? @ ? for 2 > 0.

Expansion into series in powers of 2 as 2 A 0:

Ei( 2 ) =

QRRRRS RRRRT U
+ ln(− 2 ) + ;< , =1

2 ,+ ⋅ + !
if 2 < 0,U

+ ln 2 + ;< , =1

2 ,+ ⋅ + !
if 2 > 0,

where
U

= 0.5772 !"!"! is the Euler constant.
Asymptotic expansion as 2 A D :

Ei(− 2 ) = 9 − : -<
, =1

(−1) , ( + − 1)!2 , + V - , V - <
3 !2 - .

A.2.3. Logarithmic Integral
Definition:

li( 2 ) =

QRRS RRT > :
0

@ ?
ln ? = Ei(ln 2 ) if 0 < 2 < 1,

limL�M +0 N > 1− L
0

@ ?
ln ? + > :

1+ L @ ?
ln ? O if 2 > 1.

For small 2 ,
li( 2 ) ≈

2
ln(1 6 2 )

.

Asymptotic expansion as 2 A 1:

li( 2 ) =
U

+ ln |ln 2 | + ;< , =1

ln , 2+ ⋅ + !
.

A.3. Sine Integral and Cosine Integral. Fresnel Integrals
A.3.1. Sine Integral
Definition:

Si( 2 ) = > :
0

sin ?? @ ? , si( 2 ) = − > ;: sin ?? @ ? = Si( 2 ) − W
2

.

Specific values:
Si(0) = 0, Si( D ) = W

2
, si( D ) = 0.

Properties:
Si(− 2 ) = − Si( 2 ), si( 2 ) + si(− 2 ) = − W , lim: M − ; si( 2 ) = − W .
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Expansion into series in powers of 2 as 2 A 0:

Si( 2 ) = ;< , =1

(−1) , +1 2 2 , −1

(2 + − 1) (2 + − 1)!
.

Asymptotic expansion as 2 A D :

si( 2 ) = − cos 2 E F −1<8 =0

(−1) 8 (2 7 )!2 2 8 +1 + G B | 2 |−2 F −1 CIH + sin 2 E X −1<8 =1

(−1) 8 (2 7 − 1)!2 2 8 + G B | 2 |−2 X CIH ,

where J , Y = 1, 2, !"!"!
A.3.2. Cosine Integral
Definition:

Ci( 2 ) = − > ;: cos ?? @ ? =
U

+ ln 2 + > :
0

cos ? − 1? @ ? , U
= 0.5772 !"!"!

Expansion into series in powers of 2 as 2 A 0:

Ci( 2 ) = 5 + ln 2 + ;< , =1

(−1) , 2 2 ,2 + (2 + )!
.

Asymptotic expansion as 2 A D :

Ci( 2 ) = cos 2 E F −1<8 =1

(−1) 8 (2 7 − 1)!2 2 8 + G B | 2 |−2 F C H + sin 2 E X −1<8 =0

(−1) 8 (2 7 )!2 2 8 +1 + G B | 2 |−2 X −1 C H ,

where J , Y = 1, 2, !"!"!
A.3.3. Fresnel Integrals
Definitions: Z

( 2 ) =
1[
2 W > :

0

sin ?[ ? @ ? = \ 2W > ] ^
0

sin ? 2 @ ? ,5 ( _ ) =
1[
2 W > ^

0

cos ?[ ? @ ? = \ 2W > ] ^
0

cos ? 2 @ ? .
Expansion into series in powers of _ as _ A 0:Z

( _ ) = \ 2W _ `acb
=0

(−1)

b _ 2

b
+1

(4 d + 3) (2 d + 1)!
,5 ( _ ) = \ 2W _ `acb

=0

(−1)

b _ 2

b
(4 d + 1) (2 d )!

.

Asymptotic expansion as _ e f :Z
( _ ) =

1
2

−
cos _[

2 W _ g ( _ ) −
sin _[

2 W _ h ( _ ),5 ( _ ) =
1
2

+
sin _[

2 W _ g ( _ ) −
cos _[

2 W _ h ( _ ),

g ( _ ) = 1 −
1 ⋅ 3
(2 _ )2 +

1 ⋅ 3 ⋅ 5 ⋅ 7
(2 _ )4 − ijiji , h ( _ ) =

1
2 _ −

1 ⋅ 3 ⋅ 5
(2 _ )3 + ijiji .
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A.4. Gamma and Beta Functions
A.4.1. Gamma Function

A.4.1-1. Definition. Integral representations.

The gamma function, ' ( k ), is an analytic function of the complex argument k everywhere, except
for the points k = 0, −1, −2, !"!"!

For Re k > 0, ' ( k ) = l `
0 mon −1 p − q r m .

For −( s + 1) < Re k < − s , where s = 0, 1, 2, !"!"! ,t
( k ) = l `

0 u p − q − vaw =0

(−1)
wx ! y mon −1 r m .

A.4.1-2. Some formulas.

Euler formula t
( k ) = limv z ` s ! s nk ( k + 1) !"!"! ( k + s )

( k ≠ 0, −1, −2, !"!"! ).
Simplest properties: t

( k + 1) = k t
( k ),

t
( s + 1) = s !,

t
(1) =

t
(2) = 1.

Symmetry formulas: t
( k )

t
(− k ) = − {k sin( { k )

,
t

( k )
t

(1 − k ) = {
sin( { k )

,t | 1
2

+ k } t | 1
2

− k } = {
cos( { k )

.

Multiple argument formulas:t
(2 k ) =

22 n −1[ { t
( k )

t | k +
1
2

} ,t
(3 k ) =

33 n −1 ~ 2

2 { t
( k )

t | k +
1
3

} t | k +
2
3

} ,t
( s k ) = (2 { )(1− v ) ~ 2 s v n −1 ~ 2 v −1� b

=0

t | k +
ds } .

Fractional values of the argument:t | 1
2

} = � { ,t |
−

1
2

} = −2 � { ,

t | s +
1
2

} = � {
2 v (2 s − 1)!!,t | 1

2
− s } = (−1) v 2 v � {

(2 s − 1)!!
.

Asymptotic expansion (Stirling formula):t
( k ) = � 2 { p − n k n −1 ~ 2 � 1 + 1

12 k −1 + 1
288 k −2 + � ( k −3) � (|arg | k < { ).
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A.4.1-3. Logarithmic derivative of the gamma function.

Definition: �
( k ) =

r ln
t

( k )r k =
t �n ( k )t

( k )
.

Functional relations: �
( k ) −

�
(1 + k ) = −

1k ,�
( k ) −

�
(1 − k ) = − { cot( { k ),�

( k ) −
�

(− k ) = − { cot( { k ) −
1k ,� �

1
2 + k � −

� �
1
2 − k � = { tan( { k ),�

( x k ) = ln x +
1x w −1a�b

=0

� | k +
dx } .

Integral representations (Re k > 0):�
( k ) = l `

0

��p − q − (1 + m )− n � m −1 r m ,�
( k ) = ln k + l `

0

� m −1 − (1 − p − q )−1 � p − q n r m ,�
( k ) = − � + l 1

0

1 − m n −1

1 − m r m ,
where � = −

�
(1) = 0.5772 !"!"! is the Euler constant.

Values for integer argument:�
(1) = − � ,

�
( s ) = − � + v −1a�b

=1

d −1 ( s = 2, 3, !"!"! )
A.4.2. Beta Function
Definition: �

( _ , � ) = l 1

0 m ^ −1(1 − m ) � −1 r m ,
where Re _ > 0 and Re � > 0.

Relationship with the gamma function:�
( _ , � ) =

t
( _ )

t
( � )t

( _ + � )
.

A.5. Incomplete Gamma and Beta Functions
A.5.1. Incomplete Gamma Function
Definitions (integral representations):�

( � , _ ) = l ^
0

p − q m�� −1 r m , Re � > 0,t
( � , _ ) = l `^ p − q m � −1 r m =

t
( � ) −

�
( � , _ ).
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Recurrent formulas: � ( � + 1, � ) = � � ( � , � ) − � � � − � ,�
( � + 1, � ) = � �

( � , � ) + � � � − � .

Asymptotic expansions as � � 0:� ( � , � ) =
�	 
 =0

(−1)

 � � + 
� ! ( � + � )

,�
( � , � ) =

�
( � ) −

�	 
 =0

(−1)

 � � + 
� ! ( � + � )

.

Asymptotic expansions as � � � :� ( � , � ) =
�

( � ) − � � −1 � − �  � −1	� =0

(1 − � ) �
(− � ) � + � � | � |− � ��� ,�

( � , � ) = � � −1 � − �  � −1	� =0

(1 − � ) �
(− � ) � + � � | � |− � � � � − 3

2 � < arg � < 3
2 � .

Integral functions related to the gamma function:

erf � =
1� � � � 1

2
, � 2 � , erfc � =

1� � � � 1
2

, � 2 � , Ei(− � ) = −
�

(0, � ).

A.5.2. Incomplete Beta Function
Definition: � � (� , � ) = � 1

0 ��� −1(1 − � )  −1 ! � ,
where Re � > 0 and Re " > 0.

A.6. Bessel Functions
A.6.1. Definitions and Basic Formulas

A.6.1-1. The Bessel functions of the first and the second kinds.

The Bessel function of the first kind, # $ ( � ), and the Bessel function of the second kind, % $ ( � ) (also
called the Neumann function), are solutions of the Bessel equation� 2 " &'&� � + � " &� + ( � 2 − ( 2) " = 0

and are defined by the formulas# $ ( � ) =
�	*)
=0

(−1)

)
( � + 2) $ +2

),
!
�

( ( +
,

+ 1)
, % $ ( � ) =

# $ ( � ) cos � ( − # − $ ( � )
sin � ( . (1)

The formula for % $ ( � ) is valid for ( ≠ 0, - 1, - 2, ././. (the cases ( ≠ 0, - 1, - 2, ././. are discussed in
what follows).

The general solution of the Bessel equation has the form 0 $ ( � ) = 1 1 # $ ( � ) + 1 2 % $ ( � ) and is
called the cylinder function.
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A.6.1-2. Some formulas.

2 ( 0 $ ( � ) = � [ 0 $ −1( � ) + 0 $ +1( � )],!! � 0 $ ( � ) =
1
2

[ 0 $ −1( � ) − 0 $ +1( � )] = - 2 (� 0 $ ( � ) − 0 $43 1( � ) 5 ,!! � [ � $ 0 $ ( � )] = � $ 0 $ −1( � ),
!! � [ � − $ 0 $ ( � )] = − � − $ 0 $ +1( � ),6

1� !! � 7 

[ � $ # $ ( � )] = � $ − 
 # $ − 
 ( � ),

6
1� !! � 7 


[ � − $ # $ ( � )] = (−1)

 � − $ − 
 # $ + 
 ( � ),# − 
 ( � ) = (−1)


 # 
 ( � ), % − 
 ( � ) = (−1)

 % 
 ( � ), � = 0, 1, 2, ././.

A.6.1-3. The Bessel functions for ( = - � - 1
2 , where � = 0, 1, 2, ././. :# 1 8 2( � ) = 9 2� � sin � ,# 3 8 2( � ) = 9 2� � 6

1� sin � − cos � 7 ,

# −1 8 2( � ) = 9 2� � cos � ,# −3 8 2( � ) = 9 2� � 6
−

1� cos � − sin � 7 ,

# 
 +1 8 2( � ) = 9 2� �  sin � � −
� �
2

� [ 
 8 2]	*)
=0

(−1)

)
( � + 2

,
)!

(2
,

)! ( � − 2
,

)! (2 � )2

)
+ cos � � −

� �
2

� [( 
 −1) 8 2]	*)
=0

(−1)

)
( � + 2

,
+ 1)!

(2
,

+ 1)! ( � − 2
,

− 1)! (2 � )2

)
+1 � ,

# − 
 −1 8 2( � ) = 9 2� �  cos � � +
� �
2

� [ 
 8 2]	*)
=0

(−1)

)
( � + 2

,
)!

(2
,

)! ( � − 2
,

)! (2 � )2

)
− sin � � +

� �
2

� [( 
 −1) 8 2]	*)
=0

(−1)

)
( � + 2

,
+ 1)!

(2
,

+ 1)! ( � − 2
,

− 1)! (2 � )2

)
+1 � ,

% 1 8 2( � ) = − 9 2� � cos � ,% 
 +1 8 2( � ) = (−1)

 +1 # − 
 −1 8 2( � ),

% −1 8 2( � ) = 9 2� � sin � ,% − 
 −1 8 2( � ) = (−1)

 # 
 +1 8 2( � ).

A.6.1-4. The Bessel functions for ( = - � , where � = 0, 1, 2, ././.
Let ( = � be an arbitrary integer. The relations# − 
 ( � ) = (−1)


 # 
 ( � ), % − 
 ( � ) = (−1)

 % 
 ( � )

are valid. The function # 
 ( � ) is given by the first formula in (1) with ( = � , and % 
 ( � ) can be
obtained from the second formula in (1) by proceeding to the limit ( � � . For nonnegative � , % 
 ( � )
can be represented in the form% 
 ( � ) =

2� # 
 ( � ) ln
�
2

−
1� 
 −1	:)

=0

( � −
,

−1)!,
!

� 2� � 
 −2

)
−

1� �	*)
=0

(−1)

) � �
2

� 
 +2

) ;
(
,

+1)+

;
( � +

,
+1),

! ( � +
,

)!
,

where

;
(1) = − < ,

;
( � ) = − < +


 −1=)
=1

, −1, < = 0.5772 ././. is the Euler constant,

;
( � ) = [ln

�
( � )] &� is the

logarithmic derivative of the gamma function.
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A.6.1-5. Wronskians and similar formulas:>
( # $ , # − $ ) = −

2� � sin( � ( ),
>

( # $ , % $ ) =
2� � ,# $ ( � ) # − $ +1( � ) + # − $ ( � ) # $ −1( � ) =

2 sin( � ( )� � , # $ ( � ) % $ +1( � ) − # $ +1( � ) % $ ( � ) = −
2� � .

Here, the notation
>

( ? , @ ) = ? @ &� − ? &� @ is used.

A.6.2. Integral Representations and Asymptotic Expansions

A.6.2-1. Integral representations.

The functions # $ and % $ can be represented in the form of definite integrals (for � > 0):� # $ ( � ) = � A
0

cos( � sin B − ( B ) ! B − sin � ( � �
0

exp(− � sinh � − ( � ) ! � ,� % $ ( � ) = � A
0

sin( � sin B − ( B ) ! B − � �
0

( � $DC + � − $DC cos � ( ) � − � sinh C ! � .
For | ( | < 1

2 , � > 0, # $ ( � ) =
21+ $ � − $� 1 8 2 �

( 1
2 − ( )

� �
1

sin( � � ) ! �( � 2 − 1) $ +1 8 2 ,% $ ( � ) = −
21+ $ � − $� 1 8 2 �

( 1
2 − ( )

� �
1

cos( � � ) ! �( � 2 − 1) $ +1 8 2 .

For ( > − 1
2 ,# $ ( � ) =

2( � + 2) $� 1 8 2 �
( 1

2 + ( )
� A 8 2

0
cos( � cos � ) sin2 $ � ! � (Poisson’s formula).

For ( = 0, � > 0,# 0( � ) =
2� � �

0
sin( � cosh � ) ! � , % 0( � ) = −

2� � �
0

cos( � cosh � ) ! � .
For integer ( = � = 0, 1, 2, ././. ,# 
 ( � ) =

1� � A
0

cos( � � − � sin � ) ! � (Bessel’s formula),# 2 
 ( � ) =
2� � A 8 2

0
cos( � sin � ) cos(2 � � ) ! � ,# 2 
 +1( � ) =

2� � A 8 2

0
sin( � sin � ) sin[(2 � + 1) � ] ! � .

A.6.2-2. Integrals with Bessel functions:� �
0

� E # $ ( � ) ! � =
� E + $ +1

2 $ ( F + ( + 1) G ( ( + 1) H � F + ( + 1
2

,
F + ( + 3

2
, ( +1; − I 2

4
� , Re( F + ( ) > −1,

where H ( J , K , L ; I ) is the hypergeometric series (see Section 10.9 of this supplement),� M
0 I E % $ ( I ) ! I = −

cos( ( � ) G (− ( )
2 $ � ( F + ( + 1) I E + $ +1 H � F + ( + 1

2
, ( + 1,

F + ( + 3
2

, − I 2

4
�

−
2 $ G ( ( )F − ( + 1 I E − $ +1 H � F − ( + 1

2
, 1 − ( ,

F − ( + 3
2

, − I 2

4
� , Re F > |Re ( | − 1.
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A.6.2-3. Asymptotic expansions as | I | N O :

# $ ( I ) = 9 2� I P cos Q 4 I − 2 ( R − R
4 S TVU −1WX =0

(−1)
X

( Y , 2 Z )(2 I )−2 X + [ (| I |−2 U ) \
− sin Q 4 I − 2 Y R − R

4 S T U −1WX =0

(−1)
X

( Y , 2 Z + 1)(2 I )−2 X −1 + [ (| I |−2 U −1) \ ] ,^ _
( I ) = ` 2R a P sin Q 4 a − 2 Y R − R

4 S T U −1WX =0

(−1)
X

( Y , 2 Z )(2 a )−2 X + [ (| a |−2 U ) \
+ cos Q 4 a − 2 Y R − R

4 S T U −1WX =0

(−1)
X

( Y , 2 Z + 1)(2 a )−2 X −1 + [ (| a |−2 U −1) \ ] ,

where ( Y , Z ) =
1

22 X Z !
(4 Y 2 − 1)(4 Y 2 − 32) b/b/b [4 Y 2 − (2 Z − 1)2] = c ( 1

2 + Y + Z )Z ! c ( 1
2 + Y − Z )

.

For nonnegative integer d and large a ,e R a f 2 g ( a ) = (−1) g (cos a + sin a ) + [ ( a −2),e R a f 2 g +1( a ) = (−1) g +1(cos a − sin a ) + [ ( a −2).

A.6.2-4. Asymptotic for large Y ( Y N O ):f _
( a ) h 1e

2 R Y Q i a
2 Y S _

,
^ _

( a ) h − ` 2R Y Q i a
2 Y S −

_
,

where a is fixed, f _
( Y ) h 21 j 3

32 j 3 c (2 k 3)
1Y 1 j 3 ,

^ _
( Y ) h −

21 j 3

31 j 6 c (2 k 3)
1Y 1 j 3 .

A.6.3. Zeros and Orthogonality Properties of Bessel Functions

A.6.3-1. Zeros of Bessel functions.

Each of the functions f _
( a ) and

^ _
( a ) has infinitely many real zeros (for real Y ). All zeros are

simple, except possibly for the point a = 0.
The zeros l X of f 0( a ), i.e., the roots of the equation f 0( l X ) = 0, are approximately given byl X = 2.4 + 3.13 ( Z − 1) ( Z = 1, 2, b/b/b ),

with maximum error 0.2%.

A.6.3-2. Orthogonality properties of Bessel functions.

1 m . Let n = n X be positive roots of the Bessel function f _
( n ), where Y > −1 and Z = 1, 2, 3, b/b/b

Then the set of functions f _
( n X o k p ) is orthogonal on the interval 0 ≤ o ≤ p with weight o :q r

0
f _ s n X op t f _ s n u op t o v o = w 0 if Z ≠ x ,

1
2 p 2 y f z_ ( n X ) { 2 = 1

2 p 2 f 2_
+1( n X ) if Z = x .
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2 m . Let n = n X be positive zeros of the Bessel function derivative f z_ ( n ), where Y > −1 andZ = 1, 2, 3, b/b/b Then the set of functions f _
( n X o k p ) is orthogonal on the interval 0 ≤ o ≤ p with

weight o : q r
0

f _ s n X op t f _ s n u op t o v o = |}'~ 0 if Z ≠ x ,
1
2 p 2 s

1 −
Y 2n 2X t f 2_ ( n X ) if Z = x .

3 m . Let n = n X be positive roots of the transcendental equation n f z_ ( n ) + � f _
( n ) = 0, where Y > −1

and Z = 1, 2, 3, b/b/b Then the set of functions f _
( n X o k p ) is orthogonal on the interval 0 ≤ o ≤ p

with weight o :q r
0

f _ s n X op t f _ s n u op t o v o = |} ~ 0 if Z ≠ x ,
1
2 p 2 s

1 +
� 2 − Y 2n 2X t f 2_ ( n X ) if Z = x .

4 m . Let n = n X be positive roots of the transcendental equationf _
( � X � ) ^ _

( � X p ) − f _
( � X p )

^ _
( � X � ) = 0 ( Y > −1, Z = 1, 2, 3, b/b/b ).

Then the set of functions� _
( � X o ) = f _

( � X o )
^ _

( � X p ) − f _
( � X p )

^ _
( � X o ), Z = 1, 2, 3, b/b/b ,

satisfying the conditions
� _

( � X p ) =
� _

( � X � ) = 0 is orthogonal on the interval p ≤ o ≤ � with
weight o : q �r � _

( � X o )
� _

( � u o ) o v o = |}'~ 0 if Z ≠ x ,
2� 2 � 2X f 2_ ( � X p ) − f 2_ ( � X � )f 2_ ( � X � ) if Z = x .

5 m . Let n = n X be positive roots of the transcendental equationf z_ ( � X � ) ^ z_ ( � X p ) − f z_ ( � X p )
^ z_ ( � X � ) = 0 ( Y > −1, Z = 1, 2, 3, b/b/b )

Then the set of functions� _
( � X o ) = f _

( � X o )
^ z_ ( � X p ) − f z_ ( � X p )

^ _
( � X o ), Z = 1, 2, 3, b/b/b ,

satisfying the conditions
� z_ ( � X p ) =

� z_ ( � X � ) = 0 is orthogonal on the interval p ≤ o ≤ � with
weight o :q �r � _

( � X o )
� _

( � u o ) o v o = |�} �~ 0 if Z ≠ x ,
2� 2 � 2X � s 1 −

Y 2� 2 � 2� t y f z_ ( � � p ) { 2y f z_ ( � � � ) { 2 −
s
1 −

Y 2p 2 � 2� t � if � = x .

A.6.4. Hankel Functions (Bessel Functions of the Third Kind)
The Hankel functions of the first kind and the second kind are related to Bessel functions by� (1)_ ( � ) = f _

( � ) + � ^ _
( � ),

� (2)_ ( � ) = f _
( � ) − � ^ _

( � ), � 2 = −1.

Asymptotics for � N 0:� (1)
0 ( � ) h 2 �� ln � ,

� (1)_ ( � ) h −
�� c ( Y )

( � k 2)
_ (Re Y > 0),� (2)

0 ( � ) h −
2 �� ln � ,

� (2)_ ( � ) h �� c ( Y )
( � k 2)

_ (Re Y > 0).

Asymptotics for | � | N O :� (1)_ ( � ) h ` 2� � exp ��� ��� − 1
2
� Y − 1

4
� �D� (− � < arg � < 2 � ),� (2)_ ( � ) h ` 2� � exp � − � � � − 1

2
� Y − 1

4
� �D� (−2 � < arg � < � ).
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A.7. Modified Bessel Functions
A.7.1. Definitions. Basic Formulas

A.7.1-1. The modified Bessel functions of the first and the second kinds.

The modified Bessel functions of the first kind, � _
( a ), and the second kind, � _

( a ) (also called the
Macdonald function), of order Y are solutions of the modified Bessel equationa 2 � z'zM M + a � zM − ( a 2 + Y 2) � = 0

and are defined by the formulas� _ ( a ) = �� u =0

( a k 2)2 u + �x ! c ( Y + x + 1)
, � � ( a ) =

�
2

� − � − � �
sin � Y ,

(see below for � � ( a ) with Y = 0, 1, 2, b/b/b ).
A.7.1-2. Some formulas.

The modified Bessel functions possess the properties� − � ( a ) = � � ( a ); � − g ( a ) = (−1) g � g ( a ), d = 0, 1, 2, b/b/b
2 Y � � ( a ) = a [ � � −1( a ) − � � +1( a )], 2 Y � � ( a ) = − a [ � � −1( a ) − � � +1( a )],vv a � � ( a ) =

1
2

[ � � −1( a ) + � � +1( a )],
vv a � � ( a ) = −

1
2

[ � � −1( a ) + � � +1( a )].

A.7.1-3. Modified Bessel functions for Y = � d � 1
2 , where d = 0, 1, 2, b/b/b :� 1 j 2( a ) = ` 2� a sinh a , � −1 j 2( a ) = ` 2� a cosh a ,� 3 j 2( a ) = ` 2� a � −

1a sinh a + cosh a � , � −3 � 2( � ) = � 2� � � −
1� cosh � + sinh � � ,��� +1 � 2( � ) =

1�
2 � �  ¢¡ £ �¤*¥

=0

(−1)

¥
( ¦ + § )!§ ! ( ¦ − § )! (2 � )

¥
− (−1) � ¡ − £ �¤:¥

=0

( ¦ + § )!§ ! ( ¦ − § )! (2 � )

¥ ¨
,� − � −1 � 2( � ) =

1�
2 � �  ¢¡ £ �¤*¥

=0

(−1)

¥
( ¦ + § )!§ ! ( ¦ − § )! (2 � )

¥
+ (−1) � ¡ − £ �¤:¥

=0

( ¦ + § )!§ ! ( ¦ − § )! (2 � )

¥ ¨
,© ª

1 � 2( � ) = � �
2 � ¡ − £ ,

© ª
3 � 2( � ) = � �

2 � « 1 +
1� ¬ ¡ − £ ,© � +1 � 2( � ) =

©
− � −1 � 2( � ) = � �

2 � ¡ − £ �¤*¥
=0

( ¦ + § )!§ ! ( ¦ − § )! (2 � )

¥
.

A.7.1-4. Modified Bessel functions for Y = ¦ , where ¦ = 0, 1, 2, //
If Y = ¦ is a nonnegative integer, then© � ( � ) = (−1) � +1 � � ( � ) ln

�
2

+
1
2

� −1¤® =0

(−1)
® « �

2 ¬ 2 ® − � ( ¦ − ¯ − 1)!¯ !

+
1
2

(−1) � °¤® =0
« ±2 ¬ � +2 ® ² ( ¦ + ¯ + 1) + ² ( ¯ + 1)¯ ! ( ¦ + ¯ )!

; ¦ = 0, 1, 2, // ,
where ² ( ³ ) is the logarithmic derivative of the gamma function; for ¦ = 0, the first sum is dropped.
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A.7.1-5. Wronskians and similar formulas:´
( �/µ , � − µ ) = −

2� ± sin( � Y ),
´

( �¶µ ,
© µ ) = −

1± ,�/µ ( ± ) � − µ +1( ± ) − � − µ ( ± ) �·µ −1( ± ) = −
2 sin( � Y )� ± , �/µ ( ± )

© µ +1( ± ) + �·µ +1( ± )
© µ ( ± ) =

1± ,

where
´

( ¸ , ¹ ) = ¸ ¹ º£ − ¸ º£ ¹ .

A.7.2. Integral Representations and Asymptotic Expansions

A.7.2-1. Integral representations.

The functions � µ ( ± ) and
© µ ( ± ) can be represented in terms of definite integrals:�/µ ( ± ) = ± µ� 1 » 22 µ ¼ ( Y + 1

2 ) ½ 1

−1
exp(− ± ¾ )(1 − ¾ 2) µ −1 » 2 ¿ ¾ ( ± > 0, Y > − 1

2 ),© µ ( ± ) = ½ °
0

exp(− ± cosh ¾ ) cosh( Y ¾ ) ¿ ¾ ( ± > 0),© µ ( ± ) =
1

cos À 1
2
� Y Á ½ °

0
cos( ± sinh ¾ ) cosh( Y ¾ ) ¿ ¾ ( ± > 0, −1 < Y < 1),© µ ( ± ) =

1
sin À 1

2
� Y Á ½ °

0
sin( ± sinh ¾ ) sinh( Y ¾ ) ¿ ¾ ( ± > 0, −1 < Y < 1).

For integer Y = ¦ , � � ( ± ) =
1� ½ Â0

exp( ± cos ¾ ) cos( ¦ ¾ ) ¿ ¾ ( ¦ = 0, 1, 2, // ),©
0( ± ) = ½ °

0
cos( ± sinh ¾ ) ¿ ¾ = ½ °

0

cos( ± ¾ )� ¾ 2 + 1
¿ ¾ ( ± > 0).

A.7.2-2. Integrals with modified Bessel functions:½ £
0 ± Ã �/µ ( ± ) ¿ ± = ± Ã + µ +1

2 µ ( Ä + Y + 1) ¼ ( Y + 1) Å « Ä + Y + 1
2

,
Ä + Y + 3

2
, Y + 1; ± 2

4 ¬ , Re( Ä + Y ) > −1,

where Å ( Æ , Ç , È ; ± ) is the hypergeometric series (see Section 10.9 of this supplement),½ £
0 ± Ã © µ ( ± ) ¿ ± =

2 µ −1 ¼ ( Y )Ä − Y + 1 ± Ã − µ +1 Å « Ä − Y + 1
2

, 1 − Y ,
Ä − Y + 3

2
, ± 2

4 ¬
+

2− µ −1 ¼ (− Y )Ä + Y + 1 ± Ã + µ +1 Å « Ä + Y + 1
2

, 1 + Y ,
Ä + Y + 3

2
, ± 2

4 ¬ , Re Ä > |Re Y | − 1.

A.7.2-3. Asymptotic expansions as ± É Ê :�/µ ( ± ) = ¡ £�
2 Ë ±

Ì
1 + Í¤® =1

(−1)
® (4 Î 2 − 1)(4 Î 2 − 32) // [4 Î 2 − (2 ¯ − 1)2]¯ ! (8 ± ) ® Ï ,© µ ( ± ) = � Ë

2 ± ¡ − £ Ì
1 + Í¤® =1

(4 Î 2 − 1)(4 Î 2 − 32) // [4 Î 2 − (2 ¯ − 1)2]¯ ! (8 ± ) ® Ï .

The terms of the order of Ð ( ± − Í −1) are omitted in the braces.
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A.8. Airy Functions
A.8.1. Definition and Basic Formulas

A.8.1-1. The Airy functions of the first and the second kinds.

The Airy function of the first kind, Ai( ± ), and the Airy function of the second kind, Bi( ± ), are
solutions of the Airy equation Ñ º'º£ £ − ± Ñ

= 0
and are defined by the formulas

Ai( ± ) =
1Ë ½ °

0
cos À 1

3 ¾ 3 + ± ¾ Á ¿ ¾ ,
Bi( ± ) =

1Ë ½ °
0 Ò exp À − 1

3 ¾ 3 + ± ¾ Á + sin À 1
3 ¾ 3 + ± ¾ ÁDÓ ¿ ¾ .

Wronskian:
´ Ô

Ai( ± ), Bi( ± ) Õ = 1 Ö Ë .

A.8.1-2. Connection with the Bessel functions and the modified Bessel functions:

Ai( ± ) = 1
3

� ± ÒØ× −1 » 3( ³ ) − × 1 » 3( ³ ) Ó = Ë −1 Ù 1
3 ± ©

1 » 3( ³ ), ³ = 2
3 ± 3 » 2,

Ai(− ± ) = 1
3

� ± ÒÛÚ −1 » 3( ³ ) + Ú 1 » 3( ³ ) Ó ,
Bi( ± ) = Ù 1

3 ± Ò × −1 » 3( ³ ) + × 1 » 3( ³ ) Ó ,
Bi(− ± ) = Ù 1

3 ± ÒÛÚ −1 » 3( ³ ) − Ú 1 » 3( ³ ) Ó .
A.8.2. Power Series and Asymptotic Expansions

A.8.2-1. Power series expansions as ± É 0:

Ai( ± ) = È 1 ¸ ( ± ) − È 2 ¹ ( ± ),

Bi( ± ) =
�

3 Ò È 1 ¸ ( ± ) + È 2 ¹ ( ± ) Ó ,¸ ( ± ) = 1 +
1
3! ± 3 +

1 ⋅ 4
6! ± 6 +

1 ⋅ 4 ⋅ 7
9! ± 9 + // = °¤*¥

=0

3

¥ À 1
3 Á ¥ ± 3

¥
(3 § )!

,

¹ ( ± ) = ± +
2
4! ± 4 +

2 ⋅ 5
7! ± 7 +

2 ⋅ 5 ⋅ 8
10! ± 10 + // = °¤*¥

=0

3

¥ À 2
3 Á ¥ ± 3

¥
+1

(3 § + 1)!
,

where È 1 = 3−2 » 3 Ö ¼ (2 Ö 3) ≈ 0.3550 and È 2 = 3−1 » 3 Ö ¼ (1 Ö 3) ≈ 0.2588.

A.8.2-2. Asymptotic expansions as ± É Ê .

For large values of ± , the leading terms of asymptotic expansions of the Airy functions are

Ai( ± ) Ü 1
2 Ë −1 » 2 ± −1 » 4 exp(− ³ ), ³ = 2

3 ± 3 » 2,

Ai(− ± ) Ü Ë −1 » 2 ± −1 » 4 sin À�³ + Â4 Á ,

Bi( ± ) Ü Ë −1 » 2 ± −1 » 4 exp( ³ ),

Bi(− ± ) Ü Ë −1 » 2 ± −1 » 4 cos À ³ + Â4 Á .ÝßÞ
Reference: M. Abramowitz and I. Stegun (1964).
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TABLE A1
Special cases of the Kummer function à ( Æ , Ç ; ³ )Æ Ç ³ à Conventional notationÆ Æ ± ¡ £

1 2 2 ± 1± ¡ £ sinh ±Æ Æ +1 − ± Æ ± − á/â ( Æ , ± )
Incomplete gamma functionâ ( Æ , ± ) = ½ £

0 ¡ − ã ¾ á −1 ¿ ¾
1
2

3
2 − ± 2

� Ë
2

erf ± Error function

erf ± =
2� Ë ½ £

0
exp(− ¾ 2) ¿ ¾

− ¦ 1
2 ± 2

2
¦ !

(2 ¦ )! « −
1
2 ¬ − � ä

2 å ( ± ) Hermite polynomialsä å = (−1) å ¡ £ 2
¿ å¿ ± å À ¡ − £ 2 Á ,¦ = 0, 1, 2, //− ¦ 3

2 ± 2

2
¦ !

(2 ¦ +1)! « −
1
2 ¬ − å ä

2 å +1( ± )

− ¦ Ç ± ¦ !
( Ç ) å æ ( ç −1)å ( ± )

Laguerre polynomialsæ ( è )å ( ± ) = ¡ £ ± − è¦ !

¿ å¿ ± å À ¡ − £ ± å + è Á ,é = Ç −1,
( Ç ) å = Ç ( Ç +1) // ( Ç + ¦ −1)Î +

1
2

2 Î +1 2 ± ¼ (1+ Î ) ¡ £ « ±2 ¬ − µ × µ ( ± )
Modified Bessel functions× µ ( ± )¦ +1 2 ¦ +2 2 ± ¼ « ¦ +

3
2 ¬ ¡ £ « ±2 ¬ − å − 1

2 × å + 1
2
( ± )

A.9. Degenerate Hypergeometric Functions
A.9.1. Definitions and Basic Formulas

A.9.1-1. The degenerate hypergeometric functions à ( Æ , Ç ; ± ) and ê ( Æ , Ç ; ± ).

The degenerate hypergeometric functions à ( Æ , Ç ; ± ) and ê ( Æ , Ç ; ± ) are solutions of the degenerate
hypergeometric equation ± Ñ º'ºë ë + ( Ç − ± )

Ñ ºë − Æ Ñ
= 0.

In the case Ç ≠ 0, −1, −2, −3, // , the function à ( Æ , Ç ; ± ) can be represented as Kummer’s series:à ( Æ , Ç ; ± ) = 1 + °ì*í
=1

( Æ )

í
( Ç ) í î íï

!
,

where ( Æ )

í
= Æ ( Æ + 1) ð/ð/ð ( Æ +

ï
− 1), ( Æ )0 = 1.

Table A1 presents some special cases where à can be expressed in terms of simpler functions.
The function ê ( Æ , Ç ; î

) is defined as follows:ê ( Æ , Ç ; î
) =

¼ (1 − Ç )¼ ( Æ − Ç + 1)
à ( Æ , Ç ; î

) +
¼ ( Ç − 1)¼ ( Æ )

î 1− ç à ( Æ − Ç + 1, 2 − Ç ; î
).
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A.9.1-2. Kummer transformation and linear relations.

Kummer transformation:à ( Æ , Ç ; î
) = ñ ë à ( Ç − ò , Ç ; − î

), ê ( ò , Ç ; î
) = î 1− ç ê (1 + ò − Ç , 2 − Ç ; î

).

Linear relations for à :

( Ç − ò ) à ( ò − 1, Ç ; î
) + (2 ò − Ç + î

) à ( ò , Ç ; î
) − ò à ( ò + 1, Ç ; î

) = 0,Ç ( Ç − 1) à ( ò , Ç − 1;
î

) − Ç ( Ç − 1 + î
) à ( ò , Ç ; î

) + ( Ç − ò )
î à ( ò , Ç + 1;

î
) = 0,

( ò − Ç + 1) à ( ò , Ç ; î
) − ò à ( ò + 1, Ç ; î

) + ( Ç − 1) à ( ò , Ç − 1;
î

) = 0,Ç/à ( ò , Ç ; î
) − Ç/à ( ò − 1, Ç ; î

) − î à ( ò , Ç + 1;
î

) = 0,Ç ( ò + î
) à ( ò , Ç ; î

) − ( Ç − ò )
î à ( ò , Ç + 1;

î
) − ò Ç/à ( ò + 1, Ç ; î

) = 0,
( ò − 1 + î

) à ( ò , Ç ; î
) + ( Ç − ò ) à ( ò − 1, Ç ; î

) − ( Ç − 1) à ( ò , Ç − 1;
î

) = 0.

Linear relations for ê :ê ( ò − 1, Ç ; î
) − (2 ò − Ç + î

) ê ( ò , Ç ; î
) + ò ( ò − Ç + 1) ê ( ò + 1, Ç ; î

) = 0,
( Ç − ò − 1) ê ( ò , Ç − 1;

î
) − ( Ç − 1 + î

) ê ( ò , Ç ; î
) + î ê ( ò , Ç + 1;

î
) = 0,ê ( ò , Ç ; î

) − ò ê ( ò + 1, Ç ; î
) − ê ( ò , Ç − 1;

î
) = 0,

( Ç − ò ) ê ( ò , Ç ; î
) − î ê ( ò , Ç + 1;

î
) + ê ( ò − 1, Ç ; î

) = 0,
( ò + î

) ê ( ò , Ç ; î
) + ò ( Ç − ò − 1) ê ( ò + 1, Ç ; î

) − î ê ( ò , Ç + 1;
î

) = 0,
( ò − 1 + î

) ê ( ò , Ç ; î
) − ê ( ò − 1, Ç ; î

) + ( ò − È + 1) ê ( ò , Ç − 1;
î

) = 0.

A.9.1-3. Differentiation formulas and Wronskian.

Differentiation formulas:óó î à ( ò , ô ; î
) =

ò ô à ( ò + 1, ô + 1;
î

),óó î ê ( ò , ô ; î
) = − ò ê ( ò + 1, ô + 1;

î
),

ó åó î å à ( ò , ô ; î
) =

( ò ) å
( ô ) å à ( ò + õ , ô + õ ;

î
),ó åó î å ê ( ò , ô ; î

) = (−1) å ( ò ) å ê ( ò + õ , ô + õ ;
î

).

Wronskian: ö
( à , ê ) = à ê ºë − à ºë ê = −

¼ ( ô )¼ ( ò )
î − ç ñ ë

.

A.9.1-4. Degenerate hypergeometric functions for õ = 0, 1, 2, ð/ð/ð :ê ( ò , õ + 1;
î

) =
(−1) å −1õ ! ¼ ( ò − õ ) ÷ à ( ò , õ +1;

î
) ln

î
+ øì:ù

=0

( ò )

ù
( õ + 1)

ù úØû
( ò + o ) −

û
(1 + o ) −

û
(1 + õ + o ) ü î ù

o ! ý +
( õ − 1)!¼ ( ò )

å −1ìþù
=0

( ò − õ )

ù
(1 − õ )

ù î ù
− åo !

,

where õ = 0, 1, 2, ð/ð/ð (the last sum is dropped for õ = 0),
û

( ÿ ) = [ln ¼ ( ÿ )] º� is the logarithmic
derivative of the gamma function,û

(1) = −
�

,
û

( õ ) = −
�

+
å −1ì*í

=1

ï −1,

where
�

= 0.5772 ð/ð/ð is the Euler constant.
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If ô < 0, then the formula �
( ò , ô ; î

) = î 1− � � ( ò − ô + 1, 2 − ô ; î
)

is valid for any
î

.
For ô ≠ 0, −1, −2, −3, ð/ð/ð , the general solution of the degenerate hypergeometric equation can

be represented in the form � = � 1 � ( ò , ô ; î
) + � 2

�
( ò , ô ; î

),

and for ô = 0, −1, −2, −3, ð/ð/ð , in the form� = î 1− � ú � 1 � ( ò − ô + 1, 2 − ô ; î
) + � 2

�
( ò − ô + 1, 2 − ô ; î

) ü .

A.9.2. Integral Representations and Asymptotic Expansions

A.9.2-1. Integral representations:� ( ò , ô ; î
) =

¼ ( ô )¼ ( ò ) ¼ ( ô − ò )

� 1

0
ñ �
	��� −1(1 − � ) � −  −1 ó � (for ô > ò > 0),�

( ò , ô ; î
) =

1¼ ( ò )

� ø
0

ñ − �
	��� −1(1 + � ) � −  −1 ó � (for ò > 0,
î

> 0),

where ¼ ( ò ) is the gamma function.

A.9.2-2. Integrals with degenerate hypergeometric functions:� � ( ò , ô ; î
)
ó î =

ô − 1ò − 1
�

( ò − 1, ô − 1;
î

) + � ,� �
( ò , ô ; î

)
ó î =

1
1 − ò �

( ò − 1, ô − 1;
î

) + � ,� î å � ( ò , ô ; î
)
ó î = õ !

å +1ì*í
=1

(−1)

í
+1(1 − ô ) í î å −

í
+1

(1 − ò )

í
( õ −

ï
+ 1)! � ( ò −

ï
, ô −

ï
;
î

) + � ,� î å �
( ò , ô ; î

)
ó î = õ !

å +1ì í
=1

(−1)

í
+1 î å −

í
+1

(1 − ò )

í
( õ −

ï
+ 1)!

�
( ò −

ï
, ô −

ï
;
î

) + � .

A.9.2-3. Asymptotic expansion as | î | � � :

� ( ò , ô ; î
) =

¼ ( ô )¼ ( ò )
ñ � î  − � � �ì å =0

( ô − ò ) å (1 − ò ) åõ !
î − å + � � ,

î
> 0,

� ( ò , ô ; î
) = � ( ô )� ( ô − ò )

(− î
)−  � �� å =0

( � ) å ( � − ô + 1) å� !
(− � )− å + � � , � < 0,�

( � , ô ; � ) = � −  � �� å =0

(−1) å ( � ) å ( � − ô + 1) å� !
� − å + � � , − � < � < � ,

where � = � ( � − � −1).
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A.10. Hypergeometric Functions
A.10.1. Definition and Some Formulas
The hypergeometric function � ( � , � , � ; � ) is a solution of the Gaussian hypergeometric equation� ( � − 1) �  ! � � + [( � + � + 1) � − � ] �  � + � � � = 0.

For � ≠ 0, −1, −2, −3, "
"
" , the function � ( � , � , � ; � ) can be expressed in terms of the hyperge-
ometric series:� ( � , � , � ; � ) = 1 + ø�$#

=1

( � )

#
( � )

#
( � )

# � #%
!

, ( � )

#
= � ( � + 1) "
"
" ( � +

%
− 1),

which certainly converges for | � | < 1.
Table A2 shows some special cases where � can be expressed in term of elementary functions.

A.10.2. Basic Properties and Integral Representations

A.10.2-1. Some properties.

The function � possesses the following properties:� ( � , � , � ; � ) = � ( � , � , � ; � ),� ( � , � , � ; � ) = (1 − � ) & − ' − ( � ( � − � , � − � , � ; � ),� ( � , � , � ; � ) = (1 − � )− ' � )
� , � − � , � ;
�� − 1 * ,+ å+ � å � ( � , � , � ; � ) =

( � ) å ( � ) å
( � ) å � ( � + � , � + � , � + � ; � ).

If � is not an integer, then the general solution of the hypergeometric equation can be written in
the form � = � 1 � ( � , � , � ; � ) + � 2 � 1− & � ( � − � + 1, � − � + 1, 2 − � ; � ).

A.10.2-2. Integral representations.

For � > � > 0, the hypergeometric function can be expressed in terms of a definite integral:� ( � , � , � ; � ) = � ( � )� ( � ) � ( � − � )

� 1

0
� ( −1(1 − � ) & − ( −1(1 − �,� )− ' + � ,

where � ( � ) is the gamma function.
See M. Abramowitz and I. Stegun (1964) and H. Bateman and A. Erdélyi (1953, Vol. 1) for

more detailed information about hypergeometric functions.

A.11. Whittaker Functions
The Whittaker functions - #

, . ( � ) and / #
, . ( � ) are linearly independent solutions of the Whittaker

equation: �  ! � � + 0 − 1
4 + 1

2
%

+ 1 1
4 − 2 2 3 � −2 4 � = 0.

The Whittaker functions are expressed in terms of degenerate hypergeometric functions as- #
, . ( � ) = � . +1 5 2 6 − � 5 2 � 1 1

2 + 2 −
%

, 1 + 2 2 , � 3 ,/ #
, . ( � ) = � . +1 5 2 6 − � 5 2 � 1 1

2 + 2 −
%

, 1 + 2 2 , � 3 .
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TABLE A2
Some special cases where the hypergeometric function � ( � , � , � ; ÿ )

can be expressed in terms of elementary functions� � � ÿ �
− � � � � 7� #

=0

(− � )

#
( � )

#
( � )

# � #%
!

, where � = 1, 2, "
"
"
− � � − � − 8 � 7� #

=0

(− � )

#
( � )

#
(− � − 8 )

# � #%
!

, where � = 1, 2, "
"
"� � � � (1 − � )− '� � + 1
2

1
2 � 2 1

2 0 (1 + � )−2 ' + (1 − � )−2 ' 4� � + 1
2

3
2 � 2 (1 + � )1−2 ' − (1 − � )1−2 '

2 � (1 − 2 � )� − � 1
2 − � 2 1

2 091,: 1 + � 2 + � 3 2 ' + 1�: 1 + � 2 − � 3 2 ' 4� 1 − � 1
2 − � 2 1 : 1 + � 2 + � 3 2 ' −1 + 1 : 1 + � 2 − � 3 2 ' −1

2 : 1 + � 2� � − 1
2 2 � − 1 � 22 ' −2 1 1 + : 1 − � 3 2−2 '� 1 − � 3

2 sin2 � sin[(2 � − 1) � ]
( � − 1) sin(2 � )� 2 − � 3

2 sin2 � sin[(2 � − 2) � ]
( � − 1) sin(2 � )� 1 − � 1

2 sin2 � cos[(2 � − 1) � ]
cos �� � + 1 1

2 � � (1 + � )(1 − � )− ' −1� � + 1
2 2 � + 1 � ; 1 + : 1 − �

2 < −2 '
� � + 1

2 2 � � 1: 1 − � ; 1 + : 1 − �
2 < 1−2 '

1
2

1
2

3
2 � 2 1� arcsin �

1
2 1 3

2 − � 2 1� arctan �
1 1 2 − � 1� ln( � + 1)

1
2 1 3

2 � 2 1
2 � ln

1 + �
1 − �� + 1 � + 8 + 1 � + 8 + = + 2 � (−1) > ( � + 8 + = + 1)!� ! = ! ( � + 8 )! ( 8 + = )! + 7 + >+ � 7 + > ? (1 − � ) > + @ + @ �+ � @ A ,� = −

ln(1 − � )� , � , 8 , = = 0, 1, 2, "
"
"
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A.12. Legendre Polynomials and Legendre Functions
A.12.1. Definitions. Basic Formulas
The Legendre polynomials B 7 = B 7 ( � ) and the Legendre functions C 7 ( � ) are solutions of the
equation

(1 − � 2) D  ! E E − 2 � D  E + � ( � + 1) D = 0.
The Legendre polynomials B 7 ( � ) and the Legendre functions C 7 ( � ) are defined by the formulasB 7 ( � ) =

1� ! 2 7 + 7+ � 7 ( � 2 − 1) 7 , C 7 ( � ) =
1
2

B 7 ( � ) ln
1 + �
1 − � − 7�> =1

18 B > −1( � ) B 7 − > ( � ).

The polynomials B 7 = B 7 ( � ) can be calculated recursively using the relationsB 0( � ) = 1, B 1( � ) = � , B 2( � ) =
1
2

(3 � 2 − 1), "
"
" , B 7 +1( � ) =
2 � + 1� + 1

� B 7 ( � ) −
�� + 1

B 7 −1( � ).

The first three functions C 7 = C 7 ( � ) have the formC 0( � ) =
1
2

ln
1 + �
1 − � , C 1( � ) =

�
2

ln
1 + �
1 − � − 1, C 2( � ) =

3 � 2 − 1
4

ln
1 + �
1 − � −

3
2

� .

The polynomials B 7 ( � ) have the implicit representationB 7 ( � ) = 2− 7 [ 7 5 2]�> =0

(−1) > F >7 F 72 7 −2 > � 7 −2 > ,

where [ G ] is the integer part of a number G .

A.12.2. Zeros of Legendre Polynomials and the Generating Function
All zeros of B 7 ( � ) are real and lie on the interval −1 < � < +1; the functions B 7 ( � ) form an orthogonal
system on the interval −1 ≤ � ≤ +1, withH +1

−1
B I ( J ) B > ( J ) K J = L 0 if M ≠ N ,

2
2 M + 1

if M = N .

The generating function is

1O
1 − 2 PQJ + P 2

= RS I =0 T I ( J ) P I (| P | < 1).

A.12.3. Associated Legendre Functions
The associated Legendre functions T >I ( J ) of order N are defined by the formulas

T >I ( J ) = (1 − J 2) > U 2 K >K J > T I ( J ), M = 1, 2, 3, "
"
" , N = 0, 1, 2, "
"
"
It is assumed by definition that T 0I ( J ) = T I ( J ).

The functions T >I ( J ) form an orthogonal system on the interval −1 ≤ J ≤ +1, withH +1

−1 T >I ( J ) T ># ( J ) K J = VW!X 0 if M ≠
%

,
2

2 M + 1
( M + N )!
( M − N )!

if M =
%

.

The functions T >I ( J ) (with N ≠ 0) are orthogonal on the interval −1 ≤ J ≤ +1 with weight
(1 − J 2)−1, that is, H +1

−1 T >I ( J ) T ># ( J )
(1 − J 2)

K J = VW!X 0 if M ≠
%

,
( M + N )!N ( M − N )!

if M =
%

.

Page 674



A.14. MATHIEU FUNCTIONS 675

A.13. Parabolic Cylinder Functions
A.13.1. Definitions. Basic Formulas
The Weber parabolic cylinder function Y Z ( [ ) is a solution of the linear differential equation:\  ! ]^] + _ − 1

4 [ 2 + ` + 1
2 a \ = 0,

where the parameter ` and the variable [ can assume arbitrary real or complex values. Another
linearly independent solution of this equation is the function Y − Z −1( b,[ ); if ` is noninteger, thenY Z (− [ ) can also be taken as a linearly independent solution.

The parabolic cylinder functions can be expressed in terms of degenerate hypergeometric func-
tions asY Z ( [ ) = 21 U 2 exp _ − 1

4 [ 2 a c d _ 1
2 ad _ 1

2 − Z
2 a e _ − Z

2 , 1
2 , 1

2 [ 2 a + 2−1 U 2 d _ − 1
2 ad _ − Z
2 a [ e _ 1

2 − Z
2 , 3

2 , 1
2 [ 2 aQf .

For nonnegative integer ` = M , we haveY I ( [ ) = 2− I U 2 exp _ − 1
4 [ 2 a
g I _ 2−1 U 2 [ a , M = 0, 1, 2, h
h
h ;g I ( [ ) = (−1) I exp _ [ 2 a K IK [ I exp _ − [ 2 a ,

where g I ( [ ) is the Hermitean polynomial of order M .

A.13.2. Integral Representations and Asymptotic Expansions
Integral representations:Y Z ( [ ) = i 2 j k exp _ 1

4 [ 2 a H R
0 l Z exp _ − 1

2 l 2 a cos _ [ l − 1
2 k ` a K l for Re ` > −1,Y Z ( [ ) =

1d (− ` )
exp _ − 1

4 [ 2 a H R
0 l − Z −1 exp _ − [ l − 1

2 l 2 a K l for Re ` < 0.

Asymptotic expansion as | [ | m n :Y Z ( [ ) = [ Z exp _ − 1
4 [ 2 a c oS I =0

(−2) I _ − Z
2 a I _ 1

2 − Z
2 a IM !

1[ 2 I + p _ | [ |−2 o −2 a f for | arg [ | <
3 k
4

,

where ( q )0 = 1, ( q ) I = q ( q + 1) h
h
h ( q + M − 1) for M = 1, 2, 3, h
h
h
A.14. Mathieu Functions
A.14.1. Definitions and Basic Formulas

A.14.1-1. Mathieu equation and Mathieu functions.

The Mathieu functions ce I ( J , r ) and se I ( J , r ) are periodical solutions of the Mathieu equation\ s!st t + ( q − 2 r cos 2 J ) \ = 0.

Such solutions exist for definite values of parameters q and r (those values of q are referred to as
eigenvalues). The Mathieu functions are listed in Table A3.
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TABLE A3
The Mathieu functions ce I = ce I ( J , r ) and se I = se I ( J , r ) (for odd M , functions ce I

and se I are 2 k -periodical, and for even M , they are k -periodical); definite
eigenvalues q = q I ( r ) and q = ôuI ( r ) correspond to each value of parameter r .

Mathieu functions Recurrence relations
for coefficients

Normalization
conditions

ce2 I = RS> =0 v 2 I
2 > cos 2 N J r v 2 I

2 = q 2 I v 2 I
0 ;r v 2 I

4 = ( q 2 I −4) v 2 I
2 −2 r v 2 I

0 ;r v 2 I
2 > +2 = ( q 2 I −4 N 2) v 2 I

2 >− r v 2 I
2 > −2, N ≥ 2

( v 2 I
0 )2+ RS> =0

( v 2 I
2 > )2

= w 2 if M = 0
1 if M ≥ 1

ce2 I +1 = RS> =0 v 2 I +1
2 > +1 cos(2 N +1) J r v 2 I +1

3 = ( q 2 I +1−1− r ) v 2 I +1
1 ;r v 2 I +1

2 > +3 = [ q 2 I +1−(2 N +1)2] v 2 I +1
2 > +1

− r v 2 I +1
2 > −1, N ≥ 1

RS> =0

( v 2 I +1
2 > +1)2 = 1

se2 I = RS> =0 x 2 I
2 > sin 2 N J ,

se0 = 0

r x 2 I
4 = ( ô 2 I −4) x 2 I

2 ;r x 2 I
2 > +2 = ( ô 2 I −4 N 2) x 2 I

2 >− r x 2 I
2 > −2, N ≥ 2

RS> =0

( x 2 I
2 > )2 = 1

se2 I +1 = RS> =0 x 2 I +1
2 > +1 sin(2 N +1) J r x 2 I +1

3 = ( ô 2 I +1−1− r ) x 2 I +1
1 ;r x 2 I +1

2 > +3 = [ ô 2 I +1−(2 N +1)2] x 2 I +1
2 > +1

− r x 2 I +1
2 > −1, N ≥ 1

RS> =0

( x 2 I +1
2 > +1)2 = 1

A.14.1-2. Properties of the Mathieu functions.

The Mathieu functions possess the following properties:

ce2 I ( J , − r ) = (−1) I ce2 I y k
2

− z , r { , ce2 | +1( z , − r ) = (−1) | se2 | +1 y k
2

− z , r { ,

se2 | ( z , − r ) = (−1) | −1 se2 | y k
2

− z , r { , se2 | +1( z , − r ) = (−1) | ce2 | +1 y k
2

− z , r { .

Selecting sufficiently large number N and omitting the term with the maximum number in the
recurrence relations (indicated in Table A3), we can obtain approximate relations for eigenvalues q |
(or ô | ) with respect to parameter r . Then, equating the determinant of the corresponding homo-
geneous linear system of equations for coefficients v |> (or x |> ) to zero, we obtain an algebraic
equation for finding q | ( r ) (or ô | ( r )).

For fixed real r ≠ 0, eigenvalues q | and ô | are all real and different, while

if r > 0 then q 0 < ô 1 < q 1 < ô 2 < q 2 < }
}
}
if r < 0 then q 0 < q 1 < ô 1 < ô 2 < q 2 < q 3 < ô 3 < ô 4 < }
}
}

The eigenvalues possess the propertiesq 2 | (− r ) = q 2 | ( r ), ô 2 | (− r ) = ô 2 | ( r ), q 2 | +1(− r ) = ô 2 | +1( r ).

Tables of the eigenvalues q | = q | ( r ) and ô | = ô | ( r ) can be found in Abramowitz and Stegun
(1964, Chapter 20).

The solution of the Mathieu equation corresponding to eigenvalue q | (or ô | ) has M zeros on the
interval 0 ≤ z < k ( r is a real number).

Page 676



A.16. ORTHOGONAL POLYNOMIALS 677

A.14.1-3. Asymptotic expansions at r m 0 and r m n .

Listed below are two leading terms of asymptotic expansions of the Mathieu functions ce | ( z , r ) and
se | ( z , r ), as well as of the corresponding eigenvalues q | ( r ) and ô | ( r ), as r m 0:

ce0( z , r ) =
1O
2

y 1 −
r
2

cos 2 z { , q 0( r ) = −
r 2

2
+

7 r 4

128
;

ce1( z , r ) = cos z −
r
8

cos 3 z , q 1( r ) = 1 + r ;

ce2( z , r ) = cos 2 z +
r
4

y 1 −
cos 4 z

3
{ , q 2( r ) = 4 +

5 r 2

12
;

ce | ( z , r ) = cos M z +
r
4 c cos( M + 2) zM + 1

−
cos( M − 2) zM − 1 f , q | ( r ) = M 2 +

r 2

2( M 2 − 1)
( M ≥ 3);

se1( z , r ) = sin z −
r
8

sin 3 z , ô 1( r ) = 1 − r ;

se2( z , r ) = sin 2 z − r sin 4 z
12

, ô 2( r ) = 4 −
r 2

12
;

se | ( z , r ) = sin M z −
r
4 c sin( M + 2) zM + 1

−
sin( M − 2) zM − 1 f , ô | ( r ) = M 2 +

r 2

2( M 2 − 1)
( M ≥ 3).

Asymptotic results as r m n (− k j 2 < z < k j 2):q | ( r ) ≈ −2 r + 2(2 M + 1)
O r + 1

4 (2 M 2 + 2 M + 1),ô | +1( r ) ≈ −2 r + 2(2 M + 1)
O r + 1

4 (2 M 2 + 2 M + 1),

ce | ( z , r ) ≈ ~ | r −1 U 4cos− | −1 z � cos2 | +1 � exp(2
O r sin z ) + sin2 | +1 � exp(−2

O r sin z ) � , � = 1
2 z + �4 ,

se | +1( z , r ) ≈ � | +1 r −1 U 4cos− | −1 z � cos2 | +1 � exp(2 � r sin z ) − sin2 | +1 � exp(−2 � r sin z ) � ,

where the ~ | and � | some constants independent of the parameter r .���
References: H. Bateman and A. Erdélyi (1955, Vol. 3), M. Abramowitz and I. Stegun (1964).

A.15. Modified Mathieu Functions
The modified Mathieu functions Ce | ( z , r ) and Se | ( z , r ) are solutions of the modified Mathieu
equation \ s!st t − ( q − 2 r cosh 2 z ) \ = 0,

with q = q | ( r ) and q = ô | ( r ) being the eigenvalues of the Mathieu equation (see Section A.12).
The modified Mathieu functions are defined as

Ce2 | + � ( z , r ) = ce2 | + � ( b�z , r ) = �S$�
=0 v 2 | + �

2

�
+ � cosh[(2 � + � ) z ],

Se2 | + � ( z , r ) = − b se2 | + � ( b�z , r ) = �S �
=0 x 2 | + �

2

�
+ � sinh[(2 � + � ) z ],

where � may be equal to 0 and 1, and coefficients v 2 | + �
2

�
+ � and x 2 | + �

2

�
+ � are indicated in Subsection A.12.���

References: H. Bateman and A. Erdélyi (1955, Vol. 3), M. Abramowitz and I. Stegun (1964).

A.16. Orthogonal Polynomials
All zeros of each of the orthogonal polynomials � | ( z ) considered in this section are real and simple.
The zeros of the polynomials � | ( z ) and � | +1( z ) are alternating.

For Legendre polynomials see Section A.12.
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A.16.1. Laguerre Polynomials and Generalized Laguerre Polynomials

A.16.1-1. Laguerre polynomials.

The Laguerre polynomials � | = � | ( z ) satisfy the equationz \ s!st t + (1 − z ) \ st + � \ = 0

and are defined by the formulas� | ( z ) =
1� ! � t � |� z | _ z | � − t a =

(−1) |� ! � z | − � 2 z | −1 +
� 2( � − 1)2

2!
z | −2 + }
}
}9� .

The first four polynomials have the form� 0 = 1, � 1 = − z + 1, � 2 = 1
2 ( z 2 − 4 z + 2), � 3 = 1

6 (− z 3 + 9 z 2 − 18 z + 6).

To calculate � | ( z ) for � ≥ 2, one can use the recurrent formulas� | +1( z ) =
1� + 1

� (2 � + 1 − z ) � | ( z ) − � � | −1( z ) � .
The functions � | ( z ) form an orthonormal system on the interval 0 < z < n with weight � − t :� �

0 � − t � | ( z ) � � ( z ) � z = w 0 if � ≠ � ,
1 if � = � .

The generating function is

1
1 − � exp y −

�Qz
1 − � { = �S | =0

� | ( z ) � | , | � | < 1.

A.16.1-2. Generalized Laguerre polynomials.

The generalized Laguerre polynomials � �| = � �| ( z ) ( � > −1) satisfy the equationz \ s!st t + ( � + 1 − z ) \ st + � \ = 0

and are defined by the formulas� �| ( z ) =
1� !

z − � � t � |� z | _�z | + � � − t a =
|S� =0 � | − �| + � (− z ) �� !

.

The first two polynomials have the form� �0 = 1, � �1 = � + 1 − z .

To calculate � �| ( z ) for � ≥ 2, one can use the recurrent formulas� �| +1( z ) =
1� + 1

� (2 � + � + 1 − z ) � �| ( z ) − ( � + � ) � �| −1( z ) � .
The functions � �| ( z ) form an orthogonal system on the interval 0 < z < n with weight z � � − t :� �

0
z � � − t � �| ( z ) � �� ( z ) � z = � 0 if � ≠ � ,�

( � + | +1)| ! if � = � .

The generating function is

(1 − � )− � −1 exp y −
�Qz

1 − � { = �� | =0 �  | ( z ) ¡ | , | ¡ | < 1.
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A.16.2. Chebyshev Polynomials and Functions

A.16.2-1. Chebyshev polynomials.

The Chebyshev polynomials ¢ | = ¢ | ( z ) satisfy the equation

(1 − z 2) £ ¤!¤¥ ¥ − z £ ¤¥ + ¦ 2 £ = 0 (1)

and are defined by the formulas¢ | ( z ) = cos( ¦ arccos z ) =
(−2) | ¦ !

(2 ¦ )! § 1 − z 2 ¨ |¨ z | © (1 − z 2) | − 1
2 ª

=
¦
2

[ | « 2]�¬ =0

(−1)
¬ ( ¦ −  − 1)! ! ( ¦ − 2  )!

(2 z ) | −2 ¬ ( ¦ = 0, 1, 2, ®
®
® ),
where [ ¯ ] stands for the integer part of a number ¯ .

The first four polynomials are¢ 0 = 1, ¢ 1 = z , ¢ 2 = 2 z 2 − 1, ¢ 3 = 4 z 3 − 3 z .

The recurrent formulas: ¢ | +1( z ) = 2 z ¢ | ( z ) − ¢ | −1( z ), ¦ ≥ 2.

The functions ¢ | ( z ) form an orthogonal system on the interval −1 < z < +1, with° +1

−1

¢ | ( z ) ¢ ¬ ( z )§ 1 − z 2 ¨ z = ± 0 if ¦ ≠  ,
1
2 ² if ¦ =  ≠ 0,² if ¦ =  = 0.

A.16.2-2. Chebyshev functions of the second kind.

The Chebyshev functions of the second kind,³
0( z ) = arcsin z ,³ | ( z ) = sin( ¦ arcsin z ) = § 1 − z 2¦ ¨ ¢ | ( z )¨ z ( ¦ = 1, 2, ®
®
® ),

just as the Chebyshev polynomials, also satisfy the differential equation (1).
The generating function is

1 − ¡Qz
1 − 2 ¡Qz + ¡ 2 = �� | =0

¢ | ( z ) ¡ | (| ¡ | < 1).

A.16.3. Hermite Polynomial
The Hermite polynomial ´ | = ´ | ( z ) satisfies the equation£ ¤!¤¥ ¥ − 2 z £ ¤¥ + 2 ¦ £ = 0

and is defined by the formulas´ | ( z ) = (−1) | exp µ�z 2 ¶ ¨ |¨ z | exp µ − z 2 ¶ .

The first four polynomials are´ 0 = 1, ´ 1 = z , ´ 2 = 4 z 2 − 2, ´ 3 = 8 z 3 − 12 z .
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The recurrent formulas:´ | +1( z ) = 2 z ´ | ( z ) − 2 ¦ ´ | −1( z ), ¦ ≥ 2.

The functions ´ | ( z ) form an orthogonal system on the interval − · < z < · with weight ¸ − ¥ 2
:° �

− � exp µ − z 2 ¶ ´ | ( z ) ´ ¬ ( z ) ¨ z = � 0 if ¦ ≠  ,§ ² 2 | ¦ ! if ¦ =  .

The Hermite functions ¹ | ( z ) are introduced by the formula ¹ | ( z ) = exp µ − 1
2 z 2 ¶ ´ | ( z ), where¦ = 0, 1, 2, ®
®
®

The generating function:

exp µ − ¡ 2 + 2 ¡Qz ¶ = �� | =0

´ | ( z )
¡ |¦ !

.

A.16.4. Jacobi Polynomials
The Jacobi polynomials º   , »| = º   , »| ( z ) satisfy the equation

(1 − z 2) £ ¤!¤¥ ¥ + ©½¼ − ¾ − ( ¾ + ¼ + 2) z ª £ ¤¥ + ¦ ( ¦ + ¾ + ¼ + 1) £ = 0

and are defined by the formulasº   , »| =
(−1) |
2 | ¦ !

(1− z )−   (1+ z )− » ¨ |¨ z | ¿ (1− z )   + | (1+ z ) » + | À = 2− | |�¬ =0 Á ¬| +   Á | − ¬| + » ( z −1) | − ¬ ( z +1)
¬

,

where Á ÂÃ are binomial coefficients.Ä�Å
References for Supplement: H. Bateman and A. Erdélyi (1953, 1955), M. Abramowitz and I. A. Stegun (1964).
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Supplement B

Methods of Generalized and Functional
Separation of Variables in Nonlinear
Equations of Mathematical Physics �
B.1. Introduction
B.1.1. Preliminary Remarks
Separation of variables is the most common approach to solve linear equations of mathematical
physics. This approach involves searching for exact solutions in the form of the product of functions
depending on different arguments (see Section 0.4).

As far as nonlinear equations with two independent variables � , � and a dependent variable �
are concerned, some of these equations also have solutions with the form� ( � , � ) = � ( � ) � ( � ) or � ( � , � ) = � ( � ) + � ( � )

that are called multiplicatively and additively separable, respectively. We call such solutions ordinary
separable solutions. In particular, integrating a few classes of first-order nonlinear partial differential
equations is based on searching for additively separable solutions [e.g., see Appell (1953), Kamke
(1965), Markeev (1990), Zwillinger (1998), Polyanin, Zaitsev, and Moussiaux (2001)].

Over the last decade, more sophisticated, generalized and functional separable solutions have
been obtained for a number of second-order nonlinear equations of mathematical physics. For
example, Galaktionov and Posashkov (1989) and Galaktionov, Posashkov, and Svirshchevskii
(1995) obtained generalized separable solutions with the forms � ( � , � ) = � ( � ) � ( � ) + � ( � ) and� ( � , � ) = � ( � ) � ( � ) + � ( � ) for some classes of parabolic and hyperbolic equations with quadrat-
ic nonlinearities. In Galaktionov and Posashkov (1994), Galaktionov (1995), and Svirshchevskii
(1995), more complicated generalized separable solutions are presented. The results of Galaktionov
and Posashkov (1994) and Galaktionov (1995) are based on finding finite-dimensional subspaces
that are invariant under appropriate nonlinear differential operators (in practice, the authors had
to find a system of coordinate functions in one of the variables by the method of undetermined
coefficients).

In Grundland and Infeld (1992), Miller and Rubel (1993), Zhdanov (1994), and Andreev,
Kaptsov, Pukhnachev, and Rodionov (1994), all nonlinear heat (diffusion) and wave equations
of the form � 	 	 � 
 � ��� � =  ( � ) which admit functional separable solutions having the form� ( � , � ) = � ( � ), where � = � ( � ) + � ( � ), are described. Doyle and Vassiliou (1998) indicated all
one-dimensional nonstationary heat equations � ��� = � 	 [  ( � ) � 	 � ] which admit solutions of the
form � ( � , � ) = � ( � ), � = � ( � ) + � ( � ). In Zaitsev and Polyanin (1996), Polyanin and Zhurov (1998),
Polyanin, Vyazmin, Zhurov, and Kazenin (1998), and Polyanin, Zhurov, and Vyazmin (2000), many
nonlinear mathematical physics equations of various types that admit generalized and functional
separable solutions are described (special attention was paid to equations of general form which
depend on arbitrary functions).

* Sections B.1–B.5 were written with A. I. Zhurov.
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682 B. METHODS OF GENERALIZED AND FUNCTIONAL SEPARATION OF VARIABLES

Functional differential equations that involve unknown functions (and their derivatives) with dif-
ferent arguments arise when searching for ordinary, generalized, and functional separable solutions.
The current supplement presents direct methods for and examples of constructing such solutions and
reviews application of these methods to solving various classes of the second-, third-, fourth-, and
higher-order partial differential equations (in total, about 150 nonlinear equations with solutions are
described). Special attention is paid to equations of heat and mass transfer theory, wave theory, and
hydrodynamics, as well as mathematical physics equations of general form that involve arbitrary
functions.

It should be noted that often exact generalized and functional separable solutions cannot be
obtained by group theoretic methods or other well-known methods.

B.1.2. Simple Cases of Variable Separation in Nonlinear Equations
In isolated cases, the separation of variables in nonlinear equations is carried out following the
same technique as in linear equations. Specifically, an exact solution is sought in the form of the
product or sum of functions depending on different arguments. On substituting it into the equation
and performing elementary algebraic manipulations, one obtains an equation with the two sides
dependent on different variables (for equations with two variables). Then one concludes that the
expressions on each side must be equal to the same constant quantity, called a separation constant.
Below we consider specific examples.

Example 1. The heat equation with a power nonlinearity� �� � = � �� � � � � � �� � � (1)

has an exact solution in the product form �
= � (

�
) � (

�
). (2)

Substituting (2) into (1) yields � � �� = ��� � +1( � � � � � ) � � .

Separating the variables by dividing both sides by � � � +1, we obtain� ��� � +1 =
� ( � � � � � ) � �� .

The left-hand side depends of
�

alone and the right-hand side on
�

alone. This is possible only if� ��� � +1 = � ,
� ( � � � � � ) � �� = � , (3)

where � is an arbitrary constant (separation constant). On solving the ordinary differential equations (3), we obtain a solution
of equation (1) with the form (2).

The procedure for constructing a separable solution (2) of the nonlinear equation (1) is identical to that used in solving
linear equations [in particular, equation (1) with  = 0]. We refer to the cases of similar separation of variables as simple
separable cases.

Example 2. The wave equation with an exponential nonlinearity� 2 �� � 2 = � �� � � !#"�$ � �� � � (4)

has an additively separable solution �
= � (

�
) + � (

�
). (5)

On substituting (5) into (4) and dividing by
! "�%

, we arrive at the equation!
−
"�% � �&��'� = � (

! ")( � � � ) � � ,

whose left-hand side depends on
�

alone and the right-hand side on
�

alone. This is possible only if!
−
"�% � �&��'� = � , � (

! ")( � � � ) � � = � , (6)
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where � is an arbitrary constant. Solving the ordinary differential equations (6) yields a solution of equation (4) with the
form (5).

Example 3. The heat equation in an anisotropic medium with a logarithmic source�� � *,+ (
�

)
� �� � - +

�� . *0/ (
.

)
� �� . - = � � ln

�
(7)

has a multiplicatively separable solution �
= � (

�
) � (

.
). (8)

On substituting (8) into (7), dividing by � � , and transposing individual terms of the resulting equation, we obtain

1� [ + (
�

) � � � ] � � − � ln � = −
1� [ / (

.
) � �1 ] � 1 + � ln � .

The left-hand side of this equation depends only on
�

and the right-hand only on
.

. By equating both sides to a constant
quantity, one obtains ordinary differential equations for � (

�
) and � (

.
).

B.1.3. Examples of Nontrivial Variable Separation in Nonlinear
Equations

Unlike linear equations, the variables in nonlinear equations often separate differently. We exemplify
this below.

Example 4. Consider the equation with a cubic nonlinearity� �� � = + (
�
)
� 2 �� � 2 +

� � � �� � � 2
− � � 3, (9)

where + (
�
) is an arbitrary function. We look for exact solutions in the product form. We substitute (2) into (9) and divide the

resulting equation by + (
�
) � (

�
) � (

�
) to obtain � ��+ � =

� �&��2�� +
� 2+ [( � � � )2 − � � 2]. (10)

In the general case, this expression cannot be represented as the sum of two functions depending on different arguments.
This however does not mean that equation (9) has no solutions of the form (2).

1 3 . One can make sure by direct check that, for � > 0, the functional differential equation (10) has solutions� (
�

) = � exp 405 � 6 � 7 , � (
�
) = exp * � 8 + (

�
) 9 � - , (11)

where � is an arbitrary constant. Solution (11) for � makes the expression in square brackets in (10) vanish, which allows
separation of variables.

2 3 . There is a more general solution of the functional differential equation (10) for � > 0:� (
�

) = � 1 exp 4 � 6 � 7 + � 2 exp 4 − � 6 � 7 ,� (
�
) =

!;: � � 3 + 8 � � 1 � 2 8 !
2
: 9 � � −1 < 2

, = = � 8 + (
�
) 9 � ,

where � 1, � 2, and � 3 are arbitrary constants. The function � = � (
�

) makes each of the terms in (10) that depend on
�

constant, namely, � �&��2� > � = const, ( � � � )2 − � � 2 = const .

It is this circumstance that makes it possible to separate the variables.
Note that the function � = � (

�
) satisfies the Bernoulli equation � �� = � + (

�
) � − 4 � � 1 � 2 � 3.

3 3 . There is another solution of the functional differential equation (10) for � < 0:� (
�

) = � 1 sin 4 � 6 − � 7 + � 2 cos 4 � 6 − � 7 ,� (
�
) =

!;: * � 3 + 2 � ( � 2
1 + � 2

2 ) 8 !
2
: 9 � - −1 < 2

, = = � 8 + (
�
) 9 � ,

where � 1, � 2, and � 3 are arbitrary constants. The function � = � (
�

) makes both terms in (10) that depend on
�

constant.
Note that the function � = � (

�
) is determined by the Bernoulli equation � �� = � + (

�
) � − � ( � 2

1 + � 2
2 ) � 3.
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Example 5. Consider the third-order equation� �� . � 2 �� � 2 + � � �� � � 2 �� . 2 = ? � 3 �� � 3 + @ � 3 �� . 3 . (12)

We look for additive separable solutions �
= + (

�
) + / (

.
). (13)

Substituting (13) into (12) yields / �1 + �&��2� + � + �� / �&�1#1 = ? + �&�&��2�2� + @ / �&�&�1#1#1 . (14)

This expression cannot be rewritten as the sum of two functions depending on different arguments.
It is not difficult to see that the functional differential equation (14) is satisfied if/ �1 = � 1 A B / (

.
) = � 1

.
+ � 2, + (

�
) = � 3 exp( � 1

� > ? ) + � 4
�

(case 1),+ �� = � 1 A B + (
�

) = � 1
�

+ � 2, / (
.

) = � 3 exp( � � 1
. > @ ) + � 4

.
(case 2),

where � 1, � 2, � 3, and � 4 are arbitrary constants. In both cases, two terms of the four in (14) vanish, which makes it possible
to separate the variables.

In addition, equation (12) has a more complicated solution of the form (13):�
= � 1

!
− C " � +

@ED� �
+ � 2

!#" 1
− �)?�D . + � 3,

where � 1, � 2, � 3, and D are arbitrary constants. The mechanism of separation of variables is different here: both nonlinear
terms on the left-hand side in (14) contain terms which cannot be rewritten in additive form but are equal in magnitude and
have unlike signs. In adding, the two terms cancel, thus resulting in separation of variables:/ �1 + �&��2� = � 1 � 2 � 2 D 3

! " 1 − C " � − � 1 ? ( �)D )3
!

− C " �
+ � + �� / �&�1#1 = − � 1 � 2 � 2 D 3

! " 1 − C " � + � 2 @ED 3
! " 1/ �1 + �&��2� + � + �� / �&�1#1 = − � 1 ? ( �)D )3

!
− C " � + � 2 @ED 3

! " 1
= ? + �&�&��2�2� + @ / �&�&�1#1#1 .

Example 6. Consider the second-order equation with a cubic nonlinearity

(1 +
� 2)

� � 2 �� � 2 +
� 2 �� . 2 � − 2

� � � �� � � 2
− 2

� � � �� . � 2
= � � (1 −

� 2). (15)

We seek an exact solution of this equation in the product form�
= + (

�
) / (

.
). (16)

Substituting (16) into (15) yields

(1 + + 2 / 2)( / + �&��2� + + / �&�1#1 ) − 2 + / F&/ 2( + �� )2 + + 2( / �1 )2 G = � + / (1 − + 2 / 2). (17)

This expression cannot be rewritten as the sum of two functions with different arguments. Nevertheless, equation (15) has
solutions of the form (16). One can make sure by direct check that the functions + = + (

�
) and / = / (

.
) satisfying the

nonlinear ordinary differential equations

( + �� )2 = H + 4 + I + 2 + � ,

( / �1 )2 = � / 4 + ( � − I ) / 2 + H ,
(18)

where H , I , and � are arbitrary constants, reduce equation (17) to an identity; to verify this, one should use the relations+ �&��2� = 2 H + 3 + I + and / �&�1#1 = 2 � / 3 + ( � − I ) / that follow from (18).J KML NPORQ S
By the variable change T = 4 arctan

�
equation (15) can be reduced to a nonlinear heat equation with a

sinusoidal source, U T = � sin T .

The examples considered above illustrate some specific features of separable solutions to non-
linear equations. Sections B.2 and B.3 outline fairly general methods for constructing similar and
more complicated solutions to nonlinear partial differential equations.
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B.2. Methods of Generalized Separation of Variables

B.2.1. Structure of Generalized Separable Solutions

B.2.1-1. General form of solutions. The classes of nonlinear equations considered.

To simplify the presentation, we confine ourselves to the case of mathematical physics equations
with two independent variables � , � and a dependent variable � (one of the independent variables
can play the role of time).

Linear separable equations of mathematical physics admit exact solutions in the form� ( � , � ) = � 1( � ) � 1( � ) + � 2( � ) � 2( � ) + V)V)V + � W ( � ) � W ( � ), (1)

where the � X = � X ( � ) � X ( � ) are particular solutions; the functions � X ( � ), as well as the functions� X ( � ), with different numbers Y are not related to one another.
Also having exact solutions of the form (1) are many nonlinear partial differential equations

with quadratic or power nonlinearities 1( � ) Z 1( � ) [ 1[ � ] +  2( � ) Z 2( � ) [ 2[ � ] + V)V)V +  \ ( � ) Z \ ( � ) [ \ [ � ] = 0, (2)

where the [ X [ � ] are differential forms that are the products of nonnegative integer powers of the
function � and its partial derivatives � 	 � , � � � , � 	 	 � , � 	 � � , � ��� � , � 	 	 	 � , etc. We will refer to
solutions (1) of nonlinear equations (2) as generalized separable solutions. Unlike linear equations,
in nonlinear equations the functions � X ( � ) with different subscripts Y are usually related to one another
[and to the functions � ] ( � )]. Subsections B.1.2 and B.1.3 give examples of exact solutions (1) to
nonlinear equations (2) for some simple cases with ^ = 1 or ^ = 2 (for � 1 = � 2 = 1)._ `#a b cPd e

If the  f ( � ) and Z f ( � ) in (2) are all constant, then one can seek solutions in the more
general form � ( � , � ) =

Wg\ =1

� \ ( h ) � \ ( i ), h = j 1 � + j 2 � , i = k 1 � + k 2 � ,

where j 1, j 2, k 1, and k 2 are constants. Some solutions of this sort are discussed in Subsections B.7.1
and B.8.1.

B.2.1-2. General form of functional differential equations.

In general, on substituting expression (1) into the differential equation (2), one arrives at a functional
differential equation l

1( m ) n 1( o ) +

l
2( m ) n 2( o ) + V)V)V +

l p
( m ) n p

( o ) = 0 (3)

for the � X ( � ) and � X ( � ). The functionals

l ] ( m ) and n ] ( o ) depend only on � and � , respectively,l ] ( m ) ≡

l ] qr� , � 1, � s1, � sts1 , u)u)u , � W , � sW , � stsW v ,n ] ( o ) ≡ n ] qr� , � 1, � s1, � sts1 , u)u)u , � W , � sW , � stsW v .
(4)

Here, for simplicity, the formulas are written out for the case of a second-order equation (2); for
higher-order equations, the right-hand sides of relations (4) will contain higher-order derivatives
of � X and � ] .
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B.2.2. Solution of Functional Differential Equations by Differentiation

B.2.2-1. Description of the method.

1 w . Assume that n p x
0. We divide equation (3) by n p

and differentiate with respect to � . This
results in a similar equation but with fewer terms:yl

1( m )
yn 1( o ) +

yl
2( m )

yn 2( o ) + V)V)V +
yl p

−1( m )
yn p

−1( o ) = 0,yl ] ( m ) =

l ] ( m ),
yn ] ( o ) = [ n ] ( o ) z n p

( o )] s� .

We continue the above procedure until we obtain a separable two-term equation{l
1( m )

{n 1( o ) +
{l

2( m )
{n 2( o ) = 0. (5)

Three cases must be considered.
Nondegenerate case: |

{l
1( m )| + |

{l
2( m )|

x
0 and |

{n 1( o )| + |
{n 2( o )|

x
0. Then equation (5) is

equivalent to the ordinary differential equations{l
1( m ) + | {l

2( m ) = 0, | {n 1( o ) −
{n 2( o ) = 0,

where | is an arbitrary constant. The equations
{l

2 = 0 and
{n 1 = 0 correspond to the limit case| = } .

Two degenerate cases:{l
1( m ) ≡ 0,

{l
2( m ) ≡ 0 ~ � {n 1,2( o ) are any;{n 1( o ) ≡ 0,

{n 2( o ) ≡ 0 ~ � {l
1,2( m ) are any.

2 w . The solutions of the two-term equation (5) should be substituted into the original function-
al differential equation (3) to “remove” redundant constants of integration [these arise because
equation (5) is obtained from (3) by differentiation].

3 w . The case n p
≡ 0 should be treated separately (since we divided the equation by n p

at the first
stage). Likewise, we have to study all other cases where the functionals by which the intermediate
functional differential equations were divided vanish._ `#a b cPd � e

The functional differential equation (3) can happen to have no solutions._ `#a b cPd � e
At each subsequent stage, the number of terms in the functional differential equation

can be reduced by differentiation with respect to either � or � . For example, we can assume at the
first stage that

l p x
0. On dividing equation (3) by

l p
and differentiating with respect to � , we

again obtain a similar equation that has fewer terms.

B.2.2-2. Examples of constructing exact generalized separable solutions.

Below we consider specific examples illustrating the application of the above method to constructing
exact generalized separable solutions of nonlinear equations.

Example 1. The two-dimensional stationary equations of motion of a viscous incompressible fluid are reduced to a
single fourth-order nonlinear equation for the stream function (see equation 1 in Subsection B.7.1), specifically,� �� � �� � ( U �

) −
� �� � �� � ( U �

) = � U U �
, U �

=
� 2 �� � 2 +

� 2 �� � 2 . (6)

We seek exact separable solutions of equation (6) in the form�
= � (

�
) + � (

�
). (7)

Substituting (7) into (6) yields ���� � �&�&��2�2� − � �� ���&�&��#�#� = � � �&�&�&��2�2�2� + � ���&�&�&��#�#�#� . (8)
Differentiating (8) with respect to

�
and

�
, we obtain� �&��#� � �&�&�&��2�2�2� − � �&��2� � �&�&�&��#�#�#� = 0. (9)

Nondegenerate case. If � �&��2� � 0 and � �&��#� � 0, we separate the variables in (9) to obtain the ordinary differential equations� �&�&�&��2�2�2� = � � �&��2� , (10)� �&�&�&��#�#�#� = � � �&��#� , (11)

which have different solutions depending on the value of the integration constant � .
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1 � . Solutions of equations (10) and (11) for � = 0:� (
�

) = � 1 + � 2
�

+ � 3
� 2 + � 4

� 3,� (
�

) = � 1 + � 2
�

+ � 3
� 2 + � 4

� 3,
(12)

where � � and � � are arbitrary constants ( � = 1, 2, 3, 4). On substituting (12) into (8), we evaluate the integration constants.
Three cases are possible: � 4 = � 4 = 0, � � , � � are any numbers ( � = 1, 2, 3);� � = 0, � � are any numbers ( � = 1, 2, 3, 4);� � = 0, � � are any numbers ( � = 1, 2, 3, 4).

The first two sets of constants determine two simple solutions (7) of equation (6):�
= � 1

� 2 + � 2
�

+ � 3
� 2 + � 4

�
+ � 5,�

= � 1
� 3 + � 2

� 2 + � 3
�

+ � 4,

where � 1, ���E� , � 5 are arbitrary constants.

2 � . Solutions of equations (10) and (11) for � = � 2 > 0:� (
�

) = � 1 + � 2
�

+ � 3 �#� � + � 4 � − � � ,� (
�

) = � 1 + � 2
�

+ � 3 � � � + � 4 � − � � .
(13)

Substituting (13) into (8), dividing by � 3, and collecting terms, we obtain� 3( � � − � 2) � � � + � 4( � � + � 2) � − � � + � 3( � � + � 2) � � � + � 4( � � − � 2) � − � � = 0.

Equating the coefficients of the exponentials to zero, we find� 3 = � 4 = � 3 = 0, � 2 = � � (case 1),� 3 = � 3 = 0, � 2 = � � , � 2 = − � � (case 2),� 3 = � 4 = 0, � 2 = − � � , � 2 = − � � (case 3).

(The other constants are arbitrary.) These sets of constants determine three solutions (7) of equation (6):�
= � 1 � − � � + � 2

�
+ � 3 + � � � ,�

= � 1 � − � � + � � � + � 2 � − � � − � � � + � 3,�
= � 1 � − � � − � � � + � 2 �#� � − � � � + � 3,

where � 1, � 2, � 3, and � are arbitrary constants.

3 � . Solution of equations (10) and (11) for � = − � 2 < 0:� (
�

) = � 1 + � 2
�

+ � 3 cos( � � ) + � 4 sin( � � ),� (
�

) = � 1 + � 2
�

+ � 3 cos( � � ) + � 4 sin( � � ).
(14)

Substituting (14) into (8) does not yield new real solutions.

Degenerate cases. If � �&��2� ≡ 0 or � �&��#� ≡ 0, equation (9) becomes an identity for any � = � (
�

) or � = � (
�

), respectively.
These cases should be treated separately from the nondegenerate case. For example, if � �&��2� ≡ 0, we have � (

�
) = � �

+ � ,
where � and � are arbitrary numbers. Substituting this � into (8), we arrive at the equation − � � �&�&��#�#� = � � �&�&�&��#�#�#� . Its general
solution is given by � (

�
) = � 1 exp(− � � � � ) + � 2

� 2 + � 3
�

+ � 4. Thus, we obtain another solution (7) of equation (6):�
= � 1 � − � � + � 2

� 2 + � 3
�

+ � 4 + � � � ( � = � � , � = 0).

Example 2. Consider the second-order nonlinear parabolic equation� �� � = � � � 2 �� � 2 + �   � �� � ¡ 2
+ ¢ . (15)

We look for exact separable solutions of equation (15) in the form�
= £ (

�
) + ¤ (

�
) ¥ (

�
). (16)

Substituting (15) into (16) and collecting terms yields£ � ¦ − ¢ + ¤ �¦R¥ = � £ ¤ ¥#�&��2� + ¤ 2 § �)¥2¥#�&��2� + � ( ¥#�� )2 ¨ . (17)
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On dividing this relation by ¤ 2 and differentiating with respect to
�

and
�

, we obtain

( ¤ �¦ � ¤ 2) � ¦R¥#�� = � ( £ � ¤ ) � ¦�¥#�&�&��2�2� .

Separating the variables, we arrive at the ordinary differential equations¥#�&�&��2�2� = © ¥#�� , (18)

( ¤ �¦ � ¤ 2) � ¦ = � © ( £ � ¤ ) � ¦ , (19)

where © is an arbitrary constant. The general solution of equation (18) is given by¥ = ª � 1
� 2 + � 2

�
+ � 3 if © = 0,� 1 � � � + � 2 � − � � + � 3 if © = � 2 > 0,� 1 sin( � � ) + � 2 cos( � � ) + � 3 if © = − � 2 < 0,

(20)

where � 1, � 2, and � 3 are arbitrary constants. Integrating (19) yields¤ =
��

+ � 1
, £ (

�
) is any if © = 0,£ = � ¤ +

1� © ¤ �¦¤ , ¤ (
�
) is any if © ≠ 0,

(21)

where � is an arbitrary constant. On substituting solutions (20) and (21) into (17), one can “remove” the redundant constants
and define the functions £ and ¤ . Below we summarize the results.

1 � . Solution for � ≠ − � and � ≠ −2 � :�
=

¢ ( � + 2 � )
2( � + � ) (

�
+ � 1) + � 2(

�
+ � 1)− «« +2 ¬ −

(
�

+ � 3)2

2( � + 2 � )( � + � 1)
(corresponds to © = 0),

where � 1, � 2, and � 3 are arbitrary constants.

2 � . Solution for � = − � : �
=

1�)� 2
¤ �¦¤ + ¤ ( � 1 �#� � + � 2 � − � � ) (corresponds to © = � 2 > 0),

where the function ¤ = ¤ (
�
) is determined from the autonomous ordinary differential equation �&�¦'¦ = �)¢E� 2 + 4 � 2 � 4 � 1 � 2 � 2 ® , ¤ = � ® ,

whose solution can be found in implicit form. In the special case � 1 = 0 or � 2 = 0, we have ¤ = � 1 exp ¯ 1
2 �)¢E� 2 � 2 + � 2

�±°
.

3 � . Solution for � = − � :�
= −

1�)� 2
¤ �¦¤ + ¤ [ � 1 sin( � � ) + � 2 cos( � � )] (corresponds to © = − � 2 < 0).

where the function ¤ = ¤ (
�
) is determined from the autonomous ordinary differential equation �&�¦'¦ = − �)¢E� 2 + � 2 � 4( � 2

1 + � 2
2) � 2 ® , ¤ = � ® ,

whose solution can be found in implicit form.

B.2.3. Solution of Functional Differential Equations by Splitting

B.2.3-1. Preliminary remarks. Description of the method.

As one reduces the number of terms in the functional differential equation (3) by differentiation,
redundant constants of integration arise. These constants must be “removed” at the final stage.
Furthermore, the resulting equation can be of a higher-order than the original equation. To avoid
these difficulties, it is convenient to reduce the solution of the functional differential equation to
the solution of a linear functional equation of a standard form and solution of a system of ordinary
differential equations. Thus, the original problem splits into two simpler problems. Below we
outline the basic stages of the splitting method.
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The case of even number of terms in equation (3), ² = 2 ³ .
1 ´ . At the first stage, we treat equation (3) as a purely functional equation that depends on two
variables µ and ¶ , where · 1( µ ), ¸)¸)¸ , · ¹ ( µ ), º ¹ +1( ¶ ), ¸)¸)¸ , º 2 ¹ ( ¶ ) are unknown quantities and
the functions · ¹ +1( µ ), ¸)¸)¸ , · 2 ¹ ( µ ), º 1( ¶ ), ¸)¸)¸ , º ¹ ( ¶ ) are assumed to be known.

It can be shown (by induction and differentiation) that the functional equation (3) has a solution
depending on ³ 2 arbitrary constants· » ( µ ) = ¼ » 1 · ¹ +1( µ ) + ¼ » 2 · ¹ +2( µ ) + ½)½)½ + ¼ »0¹P· 2 ¹ ( µ ) ( ¾ = 1, ¸)¸)¸ , ³ ),º ¹ + » ( ¶ ) = − ¼ 1 »�º 1( ¶ ) − ¼ 2 »�º 2( ¶ ) − ½)½)½ − ¼ ¹±»�º ¹ ( ¶ ) ( ¾ = 1, ¸)¸)¸ , ³ ), (22)

where the ¼ »À¿ are arbitrary constants. Note that there are also “degenerate” solutions depending on
fewer arbitrary constants (see Item 2 ´ in Paragraph B.2.3-2).

2 ´ . At the second stage, we substitute the · » ( µ ) and º ¿ ( ¶ ) of (4) into (22). This results in an
overdetermined system of ordinary differential equations for the unknown functions Á Â ( � ) and Ã Ä ( Å ).

The case of odd number of terms in equation (3), ² = 2 ³ − 1.

1 ´ . If the number or terms is odd ( ² = 2 ³ − 1), the functional equation (3) has two different solutions
with ³ ( ³ − 1) arbitrary constants. One of them can be obtained from formulas (22) by setting · 2 ¹ ≡ 0
and discarding the last term with º 2 ¹ . The other solution can be obtained from the first one by
renaming · » ( µ ) Æ º » ( ¶ ).

2 ´ . Further analysis for each solution should be performed following the same scheme as in the
case of even number of terms in (3).

B.2.3-2. Solutions of simple functional equations and their application.

Below we give solutions of two simple functional equations of the form (3) that will be used
subsequently for solving specific nonlinear partial differential equations.

1 ´ . The functional equation · 1 º 1 + · 2 º 2 + · 3 º 3 = 0 (23)

where the · » are all functions of the same argument and the º » are all functions of another argument,
has two solutions: · 1 = Ç 1 · 3, · 2 = Ç 2 · 3, º 3 = − Ç 1 º 1 − Ç 2 º 2,º 1 = Ç 1 º 3, º 2 = Ç 2 º 3, · 3 = − Ç 1 · 1 − Ç 2 · 2,

(24)

where Ç 1 and Ç 2 are arbitrary constants.

2 ´ . The functional equation · 1 º 1 + · 2 º 2 + · 3 º 3 + · 4 º 4 = 0, (25)

where the · » are all functions of the same argument and the º » are all functions of another argument,
has a solution · 1 = Ç 1 · 3 + Ç 2 · 4, · 2 = Ç 3 · 3 + Ç 4 · 4,º 3 = − Ç 1 º 1 − Ç 3 º 2, º 4 = − Ç 2 º 1 − Ç 4 º 2

(26a)

depending on four arbitrary constants Ç È [see solution (22) with ³ = 2, ¼ 11 = Ç 1, ¼ 12 = Ç 2, ¼ 21 = Ç 3,
and ¼ 22 = Ç 4].

Equation (25) has also two “degenerate” solutions· 1 = Ç 1 · 4, · 2 = Ç 2 · 4, · 3 = Ç 3 · 4, º 4 = − Ç 1 º 1 − Ç 2 º 2 − Ç 3 º 3,º 1 = Ç 1 º 4, º 2 = Ç 2 º 4, º 3 = Ç 3 º 4, · 4 = − Ç 1 · 1 − Ç 2 · 2 − Ç 3 · 3
(26b)

involving three arbitrary constants.
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Example 3. Consider the nonlinear hyperbolic equationÉ 2 ÊÉ � 2 = � ÉÉ Ë   Ê É ÊÉ Ë ¡ + Ì (
�
) Ê + Í (

�
), (27)

where Ì (
�
) and Í (

�
) are arbitrary functions. We look for generalized separable solutions with the formÊ (

Ë
,
�
) = £ (

Ë
) ¤ (

�
) + Î (

�
). (28)

Substituting (28) into (27) and collecting terms yield��¤ 2( £ £ Ï Ð ) Ï Ð + ��¤ Î £ Ï&ÏÐ2Ð + ( Ì ¤ − ¤ Ï&Ï¦'¦ ) £ + Ì Î + Í − Î Ï&Ï¦'¦ = 0.

This equation can be represented as a functional equation (25) in whichÑ
1 = ( £ £ Ï Ð ) Ï Ð ,

Ñ
2 = £ Ï&ÏÐ2Ð ,

Ñ
3 = £ ,

Ñ
4 = 1,Ò

1 = ��¤ 2,
Ò

2 = ��¤ Î ,
Ò

3 = Ì ¤ − ¤ Ï&Ï¦'¦ , Ò
4 = Ì Î + Í − Î Ï&Ï¦'¦ . (29)

On substituting (29) into (26a), we obtain the following overdetermined system of ordinary differential equations for the
functions £ = £ (

Ë
), ¤ = ¤ (

�
), and Î = Î (

�
):

( £ £ Ï Ð ) Ï Ð = � 1 £ + � 2, £ Ï&ÏÐ2Ð = � 3 £ + � 4,Ì ¤ − ¤ Ï&Ï¦'¦ = − � 1 ��¤ 2 − � 3 ��¤ Î , Ì Î + Í − Î Ï&Ï¦'¦ = − � 2 ��¤ 2 − � 4 ��¤ Î .
(30)

The first two equations in (30) are consistent only if� 1 = 6 � 2, � 2 = � 2
1 − 4 � 0 � 2, � 3 = 0, � 4 = 2 � 2, (31)

where � 0, � 1, and � 2 are arbitrary constants, and the solution is given by£ (
Ë

) = � 2
Ë 2 + � 1

Ë
+ � 0. (32)

On substituting the expressions (31) into the last two equations in (30), we obtain the following system of equations for ¤ (
�
)

and Î (
�
): ¤ Ï&Ï¦'¦ = 6 � � 2 ¤ 2 + Ì (

�
) ¤ ,Î Ï&Ï¦'¦ = [2 � � 2 ¤ + Ì (

�
)] Î + � ( � 2

1 − 4 � 0 � 2) ¤ 2 + Í (
�
),

(33)

Relations (28), (32) and system (33) determine a generalized separable solution of equation (27). The first equation
in (33) can be solved independently; it is linear if � 2 = 0 and is integrable in quadrature for Ì (

�
) = const. The second equation

in (33) is linear in Î (for ¤ known).
Equation (27) does not have other solutions with the form (28) if Ì and Í are arbitrary function and £ Ó 0, ¤ Ó 0, andÎ Ó 0.Ô ÕMÖ ×PØRÙ Ú

It can be shown that equation (27) has a more general solution with the formÊ (
Ë

, Û ) = £ 1(
Ë

) ¤ 1(
�
) + £ 2(

Ë
) ¤ 2(

�
) + ¤ 3(

�
), £ 1(

Ë
) =

Ë 2, £ 2(
Ë

) =
Ë

, (34)

where the functions ¤ Ü = ¤ Ü ( � ) are determined by the ordinary differential equations¤ Ï&Ï1 = 6 ��¤ 2
1 + Ì (

�
) ¤ 1,¤ Ï&Ï2 = [6 ��¤ 1 + Ì (
�
)] ¤ 2 ,¤ Ï&Ï3 = [2 ��¤ 1 + Ì (
�
)] ¤ 3 + ��¤ 2

2 + Í (
�
).

(35)

(The prime denotes the derivative with respect to
�
.) The second equation in (35) has a particular solution ¤ 2 = ¤ 1. Hence,

its general solution can be represented as (see Polyanin and Zaitsev, 1995)¤ 2 = Ý 1 ¤ 1 + Ý 2 ¤ 1 Þ ß2à¤ 2
1

.

The solution obtained in Example 3 corresponds to the special case Ý 2 = 0.

Example 4. Consider the nonlinear equationÉ 2 ÊÉ Ë É à + á É ÊÉ Ë â 2
− Ê É 2 ÊÉ Ë 2 = ã É 3 ÊÉ Ë 3 , (36)

which arises in hydrodynamics (see equations B.6.2.1, Item 3 ä and B.7.2.1, Item 2 ä ).
We look for exact solutions of the form Ê = £ ( à ) ¥ (

Ë
) + ¤ ( à ). (37)
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Substituting (37) into (36) yields £ Ï ¦R¥#ÏÐ − £ ¤ ¥#Ï&ÏÐ2Ð + £ 2 § ( ¥#ÏÐ )2 − ¥2¥#Ï&ÏÐ2Ð ¨ − ã £ ¥#Ï&Ï&ÏÐ2Ð2Ð = 0.

This functional differential equation can be reduced to the functional equation (25) by settingÑ
1 = £ Ï ¦ , Ñ

2 = £ ¤ ,
Ñ

3 = £ 2,
Ñ

4 = ã £ ,Ò
1 = ¥ ÏÐ ,

Ò
2 = − ¥ Ï&ÏÐ2Ð ,

Ò
3 = ( ¥ ÏÐ )2 − ¥2¥ Ï&ÏÐ2Ð ,

Ò
4 = − ¥ Ï&Ï&ÏÐ2Ð2Ð .

On substituting these expressions into (26a), we obtain the system of equations£ Ï ¦ = å 1 £ 2 + å 2 ã £ , £ ¤ = å 3 £ 2 + å 4 ã £ ,

( ¥#ÏÐ )2 − ¥2¥#Ï&ÏÐ2Ð = − å 1 ¥#ÏÐ + å 3 ¥#Ï&ÏÐ2Ð , ¥#Ï&Ï&ÏÐ2Ð2Ð = å 2 ¥#ÏÐ − å 4 ¥#Ï&ÏÐ2Ð .
(38)

It can be shown that the last two equations in (38) are consistent only if the function ¥ and its derivative are linearly
dependent, ¥#ÏÐ = æ 1 ¥ + æ 2. (39)

The six constants æ 1, æ 2, å 1, å 2, å 3, and å 4 must satisfy the three conditionsæ 1( å 1 + æ 2 − å 3 æ 1) = 0,æ 2( å 1 + æ 2 − å 3 æ 1) = 0,æ 2
1 + å 4 æ 1 − å 2 = 0.

(40)

Integrating (39) yields ¥ = ª æ 3 exp( æ 1
Ë

) −
æ 2æ 1

if æ 1 ≠ 0,æ 2
Ë

+ æ 3 if æ 1 = 0,
(41)

where æ 3 is an arbitrary constant.
The first two equations in (38) lead to the following expressions for £ and ¤ :

£ = çèèé èèê
å 2 ãÝ exp(− å 2 ã à ) − å 1

if å 2 ≠ 0,

−
1å 1 à + Ý if å 2 = 0,

¤ = å 3 £ + å 4 ã , (42)

where Ý is an arbitrary constant.
Formulas (41), (42) and relations (40) allow us to find the following solutions of equation (36) with the form (37):Ê =

Ë
+ Ý 1à + Ý 2

+ Ý 3 if å 2 = æ 1 = 0, æ 2 = − å 1;Ê =
Ý 1 � − � Ð + 1� à + Ý 2

+ ã � if å 2 = 0, æ 1 = − å 4, æ 2 = − å 1 − å 3 å 4;Ê = Ý 1 � − � ( Ð + ë ì ¦ ) + ã ( � + í ) if å 1 = å 3 = æ 2 = 0, å 2 = æ 2
1 + å 4 æ 1;Ê =

ã í + Ý 1 � − � Ð
1 + Ý 2 � − ì � ë ¦ + ã ( � − í ) if å 1 = å 3 æ 1 − æ 2, å 2 = æ 2

1 + å 4 æ 1,

where Ý 1, Ý 2, Ý 3, í , and � are arbitrary constants (these can be expressed in terms of the å î and æ î ).
The analysis of the second degenerate solution (26b) of the functional equation (25) leads to the following two more

general solutions of the differential equation (36):Ê =
Ëà + Ý 1

+ ¤ ( à ),Ê = £ ( à ) � − � Ð −
£ Ï ¦ ( à )� £ ( à ) + ã � ,

where £ ( à ) and ¤ ( à ) are arbitrary functions, and Ý 1 and � are arbitrary constants.

B.2.4. Simplified Scheme for Constructing Exact Solutions
of Equations with Quadratic Nonlinearities

B.2.4-1. Description of the simplified scheme.

To construct exact solutions of equations (2) with quadratic or power nonlinearities that do not
depend explicitly on ï (all ð » constant), it is reasonable to use the following simplified approach. As
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before, we seek solutions in the form of finite sums (1). We assume that the system of coordinate
functions { Á » ( ï )} is governed by linear differential equations with constant coefficients. The most
common solutions of such equations are of the formÁ » ( ï ) = ï » , Á » ( ï ) = ñ ò ó±ô , Á » ( ï ) = sin( õ »±ï ), Á » ( ï ) = cos( ö »±ï ). (43)
Finite chains of these functions (in various combinations) can be used to search for separable
solutions (1), where the quantities ÷ » , õ » , and ö » are regarded as free parameters. The other system
of functions { Ã » ( Å )} is determined by solving the nonlinear equations resulting from substituting (1)
into the equation under consideration.

This simplified approach lacks the generality of the methods outlined in Subsections B.2.2
and B.2.3. However, specifying one of the systems of coordinate functions, { Á » ( ï )}, simplifies
the procedure of finding exact solutions substantially. The drawback of this approach is that some
solutions of the form (1) can be overlooked. It is significant that the overwhelming majority of
generalized separable solutions known to date, for partial differential equations with quadratic
nonlinearities, are determined by coordinate functions (36) (usually with ø = 2).

B.2.4-2. Examples of constructing exact solutions of higher-order equations.
Below we consider specific examples that illustrate the application of the above simplified scheme
to constructing generalized separable solutions of higher-order nonlinear equations.

Example 5. The equations of laminar boundary layer on a flat plate are reduced to a single third-order nonlinear
equation for the stream function (see Schlichting 1981, Loitsyanskiy 1996):É ÊÉ Û É 2 ÊÉ Ë É Û −

É ÊÉ Ë É 2 ÊÉ Û 2 = ã É 3 ÊÉ Û 3 . (44)

We look for generalized separable solutions with the formÊ (
Ë

, Û ) =
Ë ù

( Û ) + ú ( Û ), (45)
which corresponds to the simplest set of functions û 1(

Ë
) =

Ë
, û 2(

Ë
) = 1 with � = 2 in formula (1). On substituting (45) into

(44) and collecting terms, we obtainË
[(
ù Ï )2 −

ù ù Ï&Ï − ã ù Ï&Ï&Ï ] + [
ù Ï ú Ï −

ù ú Ï&Ï − ã ú Ï&Ï&Ï ] = 0.
(The prime denotes the derivative with respect to Û .) To meet this equation for any

Ë
, one should equate both expressions in

square brackets to zero. This results in a system of ordinary differential equations for
ù

=
ù

( Û ) and ú = ú ( Û ):

(
ù Ï )2 −

ù ù Ï&Ï − ã ù Ï&Ï&Ï = 0,ù Ï'ú#Ï −
ù ú#Ï&Ï − ã ú#Ï&Ï&Ï = 0.

For example, this system has an exact solutionù
=

6 ãÛ + Ý 1
, ú =

Ý 2Û + Ý 1
+

Ý 3

( Û + Ý 1)2 + Ý 4,

where Ý 1, Ý 2, Ý 3, and Ý 4 are arbitrary constants.
Other generalized separable solutions of equation (44) can be found in Polyanin (2001b, 2001c) and Subsection B.6.1.

Example 6. Consider the � th-order nonlinear equationÉ ÊÉ Û É 2 ÊÉ Ë É Û −
É ÊÉ Ë É 2 ÊÉ Û 2 = Ì (

Ë
)
É ü ÊÉ Û ü , (46)

where Ì (
Ë

) is an arbitrary function. In the special case � = 3 with Ì (
Ë

) = ã = const, this equation coincides with the boundary
layer equation (44).

We look for generalized separable solutions of the formÊ (
Ë

, Û ) = û (
Ë

) �;��ý + ú (
Ë

), (47)
which correspond to the set of functions

ù
1( Û ) = � ��ý ,

ù
2( Û ) = 1 in (1). On substituting (47) into (46) and rearranging terms,

we obtain � 2 � ��ý û [ ú#ÏÐ + � ü −2 Ì (
Ë

)] = 0.
This equation is met if ú (

Ë
) = − � ü −2 Þ Ì (

Ë
) ß Ë + Ý , û (

Ë
) is any, (48)

where Ý is an arbitrary constant. (The other case û = 0 and ú is any is of little interest.) Formulas (47) and (48) define an
exact solution of equation (46), Ê (

Ë
, Û ) = û (

Ë
) � ��ý − � ü −2 Þ Ì (

Ë
) ß Ë + Ý , (49)

which involves an arbitrary function û (
Ë

) and two arbitrary constants Ý and � .
Note that solution (49) with � = 3 and Ì (

Ë
) = const was obtained by Ignatovich (1993) by a more complicated approach.
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B.3. Methods of Functional Separation of Variables

B.3.1. Structure of Functional Separable Solutions

B.3.1-1. Functional separable solutions.

Suppose a nonlinear equation for þ = þ ( ï , Å ) is obtained from a separable linear mathematical
physics equation for ÿ = ÿ ( ï , Å ) by a nonlinear change of variable þ = � ( ÿ ). Then, obviously, the
former has exact solutions of the formþ ( ï , Å ) = � ( ÿ ), where ÿ =

��È =1

Á È ( ï ) Ã È ( Å ). (1)

It is noteworthy that many nonlinear partial differential equations that are not reduced to linear
equation have exact solutions of the form (1) as well. We will call such solutions functional separable
solutions. In general, the functions Á È ( ï ), Ã È ( Å ), and � ( ÿ ) in (1) are not known in advance and
are to be identified.� ��� � �
	 � �

In functional separation of variables, searching for solutions in the forms þ =� RÁ ( ï ) + � ( � ) � and þ = � RÁ ( ï ) � ( � ) � leads to equivalent results, because the two forms are
functionally equivalent. Indeed, we have � RÁ ( ï ) � ( � ) � = � 1 RÁ 1( ï ) + � 1( � ) � , where � 1( ÿ ) = � ( ñ � ),Á 1( ï ) = ln Á ( ï ), and � 1( � ) = ln � ( � ).� ��� � �
	 � �

In constructing functional separable solutions with the form þ = � RÁ ( ï ) + � ( � ) � ,
it is assumed that Á � const and � � const.

B.3.1-2. Various modifications.

Below we give three more general modifications of solution structure (1):

þ ( ï , � ) = � ( ÿ ), ÿ =
��� =1

Á � ( � ) � � ( � ), � = � 1 ï + � 2 � , � = � 1 ï + � 2 � ; (2)

þ ( ï , � ) = � 1( ï ) � ( ÿ ) + � 2( ï ), ÿ =
��� =1

Á � ( ï ) � � ( � ); (3)

þ ( ï , � ) = � 1( � ) � ( ÿ ) + � 2( � ), ÿ =
��� =1

Á � ( ï ) � � ( � ). (4)

These can also be used to find exact solutions of nonlinear mathematical physics equations.
The solution structures of (1)–(4) cover all most common types of solutions—traveling wave,

self-similar, and additively and multiplicatively separable solutions (as well as many invariant
solutions). In general, the functions Á � ( � ), � � ( � ), Á � ( ï ), � � ( � ), � ( ÿ ), � � ( ï ), and � � ( � ) are not
known in advance and are to be determined in the analysis.

Note that Miller and Rubel (1993) studied functional separable solutions of a different form (for
a stationary heat equation with a nonlinear source); see also Clarkson and Kruskal (1989) and Burde
(1994).

B.3.2. Special Functional Separable Solutions
To simplify the analysis, some of the functions in (1) can be specified a priori and the other functions
will be defined in the analysis. We call such solutions special functional separable solutions.
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B.3.2-1. Solutions of the form (1) with ÿ linear in one of the independent variables.

Consider functional separable solutions of the form (1) in the special case where the composite
argument ÿ is linear in one of the independent variables (e.g., in ï ). We substitute (1) into the
equation under study and eliminate ï using the expression of ÿ to obtain a functional differential
equation with two arguments. In many cases, this equation can be solved by the methods outlined
in Section B.2.

Example 1. Consider the nonstationary heat equation with a nonlinear source� �� � =
� 2 �� � 2 + � (

�
). (5)

We look for functional separable solutions of the special form�
=

�
( � ), � = û (

�
)
�

+
ù

(
�
). (6)

The functions
�

( � ), û (
�
),

ù
(
�
), and � (

�
) are to be determined.

On substituting (6) into (5) and on dividing by
�  ! , we haveû  " �

+
ù  "

= û 2
�  # !$!�  ! +

� (
�

)�  ! . (7)

We express
�

from (6) in terms of � and substitute into (7) to obtain a functional differential equation with two variables
�

and � ,

−
ù  "

+
ù û û  "

−
û  "û � + û 2

�  # !$!�  ! +
� (

�
)�  ! = 0,

which can be treated as the functional equation (25) in Section B.2 where%
1 = −

ù  "
+

ù û û  "
,

%
2 = −

û  "û ,
%

3 = û 2,
%

4 = 1,&
1 = 1,

&
2 = � ,

&
3 =

�  # !$!�  ! ,
&

4 =
� (

�
)�  ! .

Substituting these expressions into relations (26a) of Section B.2 yields the system of ordinary differential equations

−
ù  "

+
ù û û  "

= ' 1 û 2 + ' 2, −
û  "û = ' 3 û 2 + ' 4,�  # !$!�  ! = − ' 1 − ' 3 � ,

� (
�

)�  ! = − ' 2 − ' 4 � ,
(8)

where ' 1, ' 2, ' 3, and ' 4 are arbitrary constants.
The solution of system (8) is given byû (

�
) = ( ) * 1 + −2 , 4

"
−

' 3' 4 - −1 . 2
,ù

(
�
) = − û (

�
) /0' 1 1 2 (

�
) 3 � + ' 2 1 3 �2 (

�
)

+ * 2 4 ,�
( � ) = * 3 1 exp 5 − 1

2 ' 3 � 2 − ' 1 �76 37� + * 4,� (
�

) = − * 3( ' 4 � + ' 2) exp 5 − 1
2 ' 3 � 2 − ' 1 �76 ,

(9)

where * 1, * 2, * 3, and * 4 are arbitrary constants. The dependence � = � (
�

) is defined by the last two relations in
parametric form ( � is considered the parameter).

In the special case ' 3 = * 4 = 0, ' 1 = −1, and * 3 = 1, the source function can be represented in explicit form as� (
�

) = −
�

( ' 4 ln
�

+ ' 2). (10)

If ' 3 ≠ 0 in (9), the source function is expressed in terms of elementary functions and the inverse of the error function.

Example 2. Consider the more general equation� �� � = 8 (
�
)
� 2 �� � 2 + 9 ( � ) � �� � + : ( � ) � (

�
).
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We look for solutions in the form (6). In this case, only the first two equations in system (8) will change, and the functions�
( � ) and � (

�
) will be given by (9).

Example 3. The nonlinear heat equation� �� � =
�� � /<; (

�
)
� �� � 4 + � (

�
)

has also solutions of the form (6). The unknown quantities are governed by system (8) in which
�  # !$! must be replaced by

[ ; (
�

)
�  ! ]

 ! . The functions 2 (
�
) and = (

�
) are determined by the first two formulas in (9). One of the two functions ; (

�
) and� (

�
) can be assumed arbitrary and the other is identified in the course of the solution. The special case � (

�
) = const yields; (

�
) = * 1 + 2 >
? + ( * 2

�
+ * 3) + >
@ .

Example 4. Likewise, we can treat the A th-order nonlinear equation� �� � =
� B �� � B + � (

�
).

As before, we look for solutions in the form (6). In this case, the quantities 2 2 and
�  # !$! in (8) must be replaced by 2 B

and
� ( B )! , respectively. In particular, for ' 3 = 0, apart from equations with logarithmic nonlinearities of the form (10), we

obtain other equations.

Example 5. For the A th-order nonlinear equation� �� � =
� B �� � B + � (

�
)
� �� � ,

the search for exact solutions of the form (6) leads to the following system of equations for 2 (
�
), = (

�
),

�
( � ), and � (

�
):

− =  "
+

= 2 2  "
= ' 1 2 B

+ ' 2 2 , − 2  "2 = ' 3 2 B
+ ' 4 2 ,� ( B )!�  ! = − ' 1 − ' 3 � , � (

�
) = − ' 2 − ' 4 � ,

where ' 1, ' 2, ' 3, and ' 4 are arbitrary constants.
In the case A = 3, we assume ' 3 = 0 and ' 1 > 0 to find in particular that � (

�
) = − ' 2 − ' 4 arcsin( C � ).

Example 6. In addition, searching for solutions of equation (5) with � quadratically dependent on
�

,�
=

�
( � ), � = 2 (

�
)
� 2 + = (

�
), (11)

also makes sense here. Indeed, on substituting (11) into (5), we arrive at an equation that contains terms with
� 2 and does

not contain terms linear in
�

. Eliminating
� 2 from the resulting equation with the aid of (11), we obtain

− =  "
+

= 2 2  "
+ 2 2 − 2  "2 � + 4 2 � �  # !$!�  ! − 4 2 = �  # !$!�  ! +

� (
�

)�  ! = 0.

To solve this functional differential equation with two arguments, we apply the splitting method outlined in Subsection B.2.3.
It can be shown that, for equations (5), this equation has a solution with a logarithmic nonlinearity of the form (10).

B.3.2-2. Solution by reduction to equations with quadratic nonlinearities.

In some cases, solutions of the form (1) can be searched for in two stages. First, one looks for a
transformation that would reduce the original equation to an equation with a quadratic (or power)
nonlinearity. Then the methods outlined in Section B.2 are used to find solutions of the resulting
equation.

Sometimes, quadratically nonlinear equations can be obtained using the substitutionsD ( E ) = E F (for equations with power nonlinearities),D ( E ) = G ln E (for equations with exponential nonlinearities),D ( E ) = H F � (for equations with logarithmic nonlinearities),

where G is a constant to be determined. This approach is equivalent to specifying the form of the
function I ( E ) in (1) a priori.
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Example 6. The nonlinear heat equation with a logarithmic source� �� � = 8 � 2 �� � 2 + J (
�
)
�

ln
�

+ K (
�
)
�

can be reduced by the change of variable
�

= + ! to the quadratically nonlinear equation� �� � = 8 � 2 �� � 2 + 8 ) � �� � - 2
+ J (

�
) � + K (

�
),

which admits separable solutions with the form� = 2 1(
�

) = 1(
�
) + 2 2(

�
) = 2(

�
) + = 3(

�
),

where 2 1(
�

) =
� 2, 2 2(

�
) =

�
, and the functions = > (

�
) are determined by an appropriate system of ordinary differential

equations.

B.3.3. Differentiation Method

B.3.3-1. Basic ideas of the method. Reduction to a standard equation.

In general, the substitution of expression (1) into the nonlinear partial differential equation under
study leads to a functional differential equation with three arguments—two arguments are usual,L and � , and the third is composite, E . In many cases, the resulting equation can be reduced by
differentiation to a standard functional differential equation with two arguments (either L or � is
eliminated). Two solve the two-argument equation, one can use the methods outlined in Section B.2.

B.3.3-2. Examples of constructing functional separable solutions.

Below we consider specific examples illustrating the application of the differentiation method for
constructing functional separable solutions of nonlinear equations.

Example 7. Consider the nonlinear heat equation� �� � =
�� � /MJ (

�
)
� �� � 4 . (12)

We look for exact solutions with the form �
=

�
( � ), � = 2 (

�
) + = (

�
). (13)

On substituting (13) into (12) and dividing by
�  ! , we obtain the functional differential equation=  "

= 2  # NON J (
�

) + ( 2  N )2 P ( � ), (14)

where P ( � ) = J (
�

)
�  # !$!�  ! + J  ! (

�
),

�
=

�
( � ). (15)

Differentiating (14) with respect to
�

yields2  # # NONON J (
�

) + 2  N 2  # NON [ J  ! (
�

) + 2 P ( � )] + ( 2  N )3 P  ! = 0. (16)

This functional differential equation with two variables can be treated as the functional equation (23) of Section B.2. This
three-term functional equation has two different solutions. Accordingly, we consider two cases.

Case 1. The solutions of the functional differential equation (16) are determined from the system of ordinary differential
equations J  ! + 2 P = 2 ' 1 J , P  ! = ' 2 J ,2  # # NONON + 2 ' 1 2  N 2  # NON + ' 2( 2  N )3 = 0,

(17)

where ' 1 and ' 2 are arbitrary constants.
The first two equations (17) are linear and independent of the third equation. Their general solution is given by

J = QRS RT
+ , 1

!
( U 1 + > ! + U 2 + − > ! ) if ' 2

1 > 2 ' 2,+ , 1
!
( U 1 + U 2 � ) if ' 2

1 = 2 ' 2,+ , 1
!
[ U 1 sin( C � ) + U 2 cos( C � )] if ' 2

1 < 2 ' 2,

P = ' 1 J − 1
2 J  ! , C = V | ' 2

1 − 2 ' 2 |. (18)
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Substituting P of (18) into (15) yields a differential equation for
�

=
�

( � ). On integrating this equation, we obtain�
= * 1 1 + , 1

!
| J ( � )|−3 . 2 37� + * 2, (19)

where * 1 and * 2 are arbitrary constants. The expression of J in (18) together with expression (19) define the functionJ = J (
�

) in parametric form.
Without full analysis, we will study the case ' 2 = 0 ( C = ' 1) and ' 1 ≠ 0 in more detail. It follows from (18) and (19)

that J ( � ) = U 1 + 2 , 1
!

+ U 2, P = ' 1 U 2,
�

( � ) = * 3( U 1 + U 2 + −2 , 1
!
)−1 . 2 + * 2 ( * 1 = ' 1 U 2 * 3). (20)

Eliminating � yields J (
�

) =
U 2 * 2

3* 2
3 − U 1

� 2 . (21)

The last equation in (17) with ' 2 = 0 has the first integral 2  # NON + ' 1( 2  N )2 = const. The corresponding general solution is
given by 2 (

�
) = −

1
2 ' 1

ln / W 2W 1

1
sinh2 50' 1 X W 2

�
+ W 3 6 4 for W 1 > 0 and W 2 > 0;

2 (
�

) = −
1

2 ' 1
ln / − W 2W 1

1
cos2 5 ' 1 X − W 2

�
+ W 3 6 4 for W 1 > 0 and W 2 < 0;

2 (
�

) = −
1

2 ' 1
ln / − W 2W 1

1
cosh2 50' 1 X W 2

�
+ W 3 6 4 for W 1 < 0 and W 2 > 0;

(22)

where W 1, W 2, and W 3 are constants of integration. In all three cases, the following relations hold:

( 2  N ) = W 1 + −2 , 1 Y + W 2, 2  # NON = − ' 1 W 1 + −2 , 1 Y . (23)

We substitute (20) and (23) into the original functional differential equation (14). With reference to the expression of �
in (13), we obtain the following equation for = = = (

�
):=  "

= − ' 1 U 1 W 1 + 2 , 1 Z + ' 1 U 2 W 2.

Its general solution is given by = (
�
) =

1
2 ' 1

ln
U 2 W 2W 4 exp(−2 ' 2
1 U 2 W 2

�
) + U 1 W 1

, (24)

where W 4 is an arbitrary constant.
Formulas (13), (20) for

�
, (22), and (24) define three solutions of the nonlinear equation (12) with J (

�
) of the form (21)

[recall that these solutions correspond to the special case ' 2 = 0 in (18) and (19)].

Case 2. The solutions of the functional differential equation (16) are determined from the system of ordinary differential
equations 2  # # NONON = ' 1( 2  N )3, 2  N 2  # NON = ' 2( 2  N )3,' 1 J + ' 2( J  ! + 2 P ) + P  ! = 0.

(25)

The first two equations in (25) are consistent in the two cases' 1 = ' 2 = 0 [ \ 2 (
�

) = U 1
�

+ U 2,' 1 = 2 ' 2
2 [ \ 2 (

�
) = −

1' 2
ln | U 1

�
+ U 2 |.

(26)

The first solution in (26) eventually leads to the traveling wave solution
�

=
�

( U 1
�

+ U 2
�
) of equation (12) and the second

solution to the self-similar solution of the form
�

= ]� (
� 2̂ �

). In both cases, the function J (
�

) in (12) is arbitrary.

A more detailed analysis of functional separable solutions (13) of equation (12) can be found in the reference cited
below._a`

Reference: P. W. Doyle and P. J. Vassiliou (1998).

Example 8. One can look for more complicated functional separable solutions of equation (12) with the form�
=

�
( � ), � = 2 ( b ) + = (

�
), b =

�
+ 8 � ( 8 = const).

We substitute this into (12), divide the resulting functional differential equation by
�  ! , and differentiate with respect to

�
to

obtain
− 8 2  # cdc + 2  # # cdcdc J (

�
) + 2  c 2  # cdc [ J  ! (

�
) + 2 P ( � )] + ( 2  c )3 P  ! = 0,

where the function P = P ( � ) is defined by (15). This functional differential equation with two variables b and � can be
treated as the functional equation (25) of Section B.2. The solution of (25) is given by relations (26), thus representing a
system of ordinary differential equations for J , P , and 2 .
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Example 9. Consider the nonlinear Klein–Gordon equation� 2 �� � 2 −
� 2 �� � 2 = � (

�
). (27)

We look for functional separable solutions in additive form:�
=

�
( � ), � = 2 (

�
) + = (

�
). (28)

Substituting (28) into (27) yields =  # "0"
− 2  # NON + e ( =  "

)2 − ( 2  N )2 f K ( � ) = g ( � ), (29)

where K ( � ) =
�  # !$! ^ �  ! , g ( � ) = � 5 � ( � ) 6 ^ �  ! . (30)

On differentiating (29) first with respect to
�

and then with respect to
�

and on dividing by =  " 2  N , we have

2( =  # "0"
− 2  # NON ) K  ! + e ( =  "

)2 − ( 2  N )2 f K  # !$! = g  # !$! .

Eliminating =  # "0"
− 2  # NON from this equation with the aid of (29), we obtaine ( =  "

)2 − ( 2  N )2 f ( K  # !$! − 2 K7K  ! ) = g  # !$! − 2 K  ! g . (31)

This relation holds in the following cases:K  # !$! − 2 K7K  ! = 0, g  # !$! − 2 K  ! g = 0 (case 1),

( =  "
)2 = ' = + U , ( 2  N )2 = − ' 2 + U − * , g  # !$! − 2 K  ! g = ( ' � + * )( K  # !$! − 2 K7K  ! ) (case 2 h ),

(32)

where ' , U , and * are arbitrary constants. We consider both cases.

Case 1. The first two equations in (32) enable one to determine K ( � ) and g ( � ). Integrating the first equation once yieldsK  ! = K 2 + const. Further, the following cases are possible:K = C , (33 8 )K = −1 ^ ( � + * 1), (33 9 )K = − C tanh( C � + * 1), (33 : )K = − C coth( C � + * 1), (33 3 )K = C tan( C � + * 1), (33 + )

where * 1 and C are arbitrary constants.
The second equation in (32) has the particular solution g = K ( � ). Hence, its general solution in expressed by (e.g., see

Polyanin and Zaitsev 1995) g = * 2 K ( � ) + * 3 K ( � ) 1 37�K 2( � )
, (34)

where * 2 and * 3 are arbitrary constants.
The functions

�
( � ) and � (

�
) are found from (30) as�

( � ) = U 1 1 i ( � ) 37� + U 2, � (
�

) = U 1 g ( � ) i ( � ), where i ( � ) = exp / 1 K ( � ) 37� 4 , (35)

and U 1 and U 2 are arbitrary constants ( � is defined parametrically).
Let us dwell on the case (33b). According to (34),g = ' 1( � + * 1)2 +

' 2� + * 1
, (36)

where ' 1 = − * 3
^ 3 and ' 2 = − * 2 are any numbers. Substituting (33b) and (36) into (35) yields�

= U 1 ln | � + * 1 | + U 2, � = ' 1 U 1( � + * 1) +
' 2 U 1

( � + * 1)2 .

Eliminating � , we arrive at the explicit form of the right-hand side of equation (27):� (
�

) = ' 1 U 1 +
j + ' 2 U 1 + −2 j , where k =
�

− U 2U 1
. (37)

For simplicity, we set * 1 = 0, U 1 = 1, and U 2 = 0 and denote ' 1 = 8 and ' 2 = 9 . Thus, we have�
( � ) = ln | � |, � (

�
) = 8 + @ + 9 + −2 @ , K ( � ) = −1 ^ � , g ( � ) = 8l� 2 + 9 ^ � . (38)

* In case 2, equation (31) can be represented as the functional equation considered in Paragraph B.3.5-1.
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TABLE B1
Nonlinear Klein–Gordon equations m "0"on − m NON n = � (

n
) admitting functional separable solutions of the form

n
=

n
( � ),� = 2 (

�
) + = ( p ). Notation: ' , * 1, and * 2 are arbitrary constants; q = 1 for � > 0 and q = −1 for � < 0

No Right-hand side � (
n

) Solution
n

( � ) Equations for = ( p ) and 2 ( r )

1 8 n ln
n

+ 9 n + ! ( =  "
)2 = * 1 + −2 Z + 87= − 1

2 8 + 9 + ' ,

( 2  N )2 = * 2 + −2 Y − 8 2 + 1
2 8 + '

2 8 + @ + 9 + −2 @ ln | � |
( =  "

)2 = 2 87= 3 + ' = 2 + * 1 = + * 2,

( 2  N )2 = −2 8 2 3 + ' 2 2 − * 1 2 + * 2 + 9
3 8 sin

n
+ 9 ) sin

n
ln tan

n
4

+ 2 sin

n
4 - 4 arctan + ! ( =  "

)2 = * 1 + 2 Z + * 2 + −2 Z + 9d= + 8 + ' ,

( 2  N )2 = − * 2 + 2 Y − * 1 + −2 Y − 9 2 + '
4 8 sinh

n
+ 9 ) sinh

n
ln tanh

n
4

+ 2 sinh

n
2 - 2 ln ssss coth

�
2

ssss ( =  "
)2 = * 1 + 2 Z + * 2 + −2 Z − q 9d= + 8 + ' ,

( 2  N )2 = * 2 + 2 Y + * 1 + −2 Y + q 9 2 + '
5 8 sinh

n
+ 2 9 ) sinh

n
arctan + @ . 2 + cosh

n
2 - 2 ln ssss tan

�
2

ssss ( =  "
)2 = * 1 sin 2 = + * 2 cos 2 = + q 9d= + 8 + ' ,

( 2  N )2 = − * 1 sin 2 2 + * 2 cos 2 2 − q 9 2 + '
It remains to determine = ( p ) and 2 ( r ). We substitute (38) into the functional differential equation (29). Taking into

account (28), we find
[ =  # "0" = − ( =  "

)2 − 87= 3 − 9 ] − [ 2  # NON 2 − ( 2  N )2 + 8 2 3] + ( =  # "0"
− 3 87= 2) 2 − = ( 2  # NON + 3 8 2 2) = 0. (39)

Differentiating (39) with respect to p and r yields the separable equation*
( =  # # "0"0"

− 6 87= =  "
) 2  N − ( 2  # # NONON + 6 8 2 2  N ) =  "

= 0,
whose solution is determined by the ordinary differential equations=  # # "0"0"

− 6 87= =  "
= ' =  "

,2  # # NONON + 6 8 2 2  N = ' 2  N ,
where ' is the separation constant. Each equation can be integrated twice, thus resulting in

( =  "
)2 = 2 87= 3 + ' = 2 + * 1 = + * 2,

( 2  N )2 = −2 8 2 3 + ' 2 2 + * 3 2 + * 4,
(40)

where * 1, * 2, * 3, and * 4 are arbitrary constants. Eliminating the derivatives from (39) with the aid of (40), we find that
the arbitrary constants are related by * 3 = − * 1 and * 4 = * 2 + 9 . So, the functions = ( p ) and 2 ( r ) are determined by the
first-order nonlinear autonomous equations

( =  "
)2 = 2 87= 3 + ' = 2 + * 1 = + * 2,

( 2  N )2 = −2 8 2 3 + ' 2 2 − * 1 2 + * 2 + 9 .
The solutions of these equations are expressed in terms of elliptic functions.

For the other cases in (33), the analysis is performed in a similar way. Table B1 presents the final results for the cases
(33a)–(33e).

Case 2. Integrating the third and fourth equations in (32) yields= = ( X U p + W 1, 2 = ( X U − * p + W 2 if ' = 0;= =
1

4 ' ( ' p + W 1)2 −
U ' , 2 = −

1
4 ' ( ' r + W 2)2 +

U − *' if ' ≠ 0;
(41)

where W 1 and W 2 are arbitrary constants. In both cases, the function � (
n

) in equation (27) is arbitrary. The first row in (41)
corresponds to the traveling wave solution

n
=
n

( C r + t p ). The second row leads to a solution of the form
n

=
n

( r 2 − p 2)._a`
References: A. M. Grundland and E. Infeld (1992), J. Miller and L. A. Rubel (1993), R. Z. Zhdanov (1994), V. K. Andreev,

O. V. Kaptsov, V. V. Pukhnachev, and A. A. Rodionov (1994).

Example 10. The nonlinear stationary heat (diffusion) equationm 2
nm r 2 +

m 2
nm u 2 = v (

n
)

is analyzed just as the nonlinear Klein–Gordon equation considered in Example 9. The final results are listed in Table B2;
the traveling wave solutions

n
=

n
( C r + t p ) and solutions of the form

n
=

n
( r 2 + u 2), existing for any v (

n
), are omitted._a`

References: A. M. Grundland and E. Infeld (1992), J. Miller and L. A. Rubel (1993), R. Z. Zhdanov (1994), V. K. Andreev,
O. V. Kaptsov, V. V. Pukhnachev, and A. A. Rodionov (1994).

* To solve equation (39), one can use the solution of equation (25) in Section B.2 [see (26a)].
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TABLE B2
Nonlinear equations m NON n + mlw�w n = v (

n
) admitting functional separable solutions of the form

n
=

n
( x ),x = 2 ( r ) + = ( u ). Notation: y , * 1, and * 2 are arbitrary constants; q = 1 for x > 0, q = −1 for x < 0

No Right-hand side z (
n

) Solution
n

( x ) Equations for 2 ( r ) and = ( u )

1 8 n ln
n

+ 9 n +
{ ( 2 | N )2 = * 1 + −2 Y + 8 2 − 1
2 8 + 9 + y ,

( = |w )2 = * 2 + −2 Z + 87= − 1
2 8 − y

2 8 + @ + 9 + −2 @ ln | x |
( 2 | N )2 = 2 8 2 3 + y 2 2 + * 1 2 + * 2,

( = |w )2 = 2 87= 3 − y = 2 + * 1 = − * 2 − 9
3 8 sin

n
+ 9 ) sin

n
ln tan

n
4

+2 sin

n
4 - 4 arctan +
{ ( 2 | N )2 = * 1 + 2 Y + * 2 + −2 Y + 9 2 + 8 + y ,

( = |w )2 = * 2 + 2 Z + * 1 + −2 Z + 9d= − y
4 8 sinh

n
+ 9 ) sinh

n
ln tanh

n
4

+2 sinh

n
2 - 2 ln ssss coth

x
2

ssss ( 2 | N )2 = * 1 + 2 Y + * 2 + −2 Y − q 9 2 + 8 + y ,

( = |w )2 = − * 2 + 2 Z − * 1 + −2 Z − q 9d= − y
5 8 sinh

n
+2 9 ) sinh

n
arctan + @ . 2 +cosh

n
2 - 2 ln ssss tan

x
2

ssss ( 2 | N )2 = * 1 sin 2 2 + * 2 cos 2 2 + q 9 2 + 8 + y ,

( = |w )2 = * 1 sin 2 = − * 2 cos 2 = + q 9d= − y
B.3.4. Splitting Method. Reduction to a Functional Equation with

Two Variables

B.3.4-1. Splitting method. Reduction to a standard functional equation.

The general procedure for constructing functional separable solutions, which is based on the splitting
method, involves several stages outlined below.

1 } . Substitute expression (1) into the nonlinear partial differential equation under study. This results
in a functional differential equation with three arguments—the first two are usual, L and ~ , and the
third is composite, E .

2 } . Reduce the functional differential equation to a purely functional equation with three argumentsL , ~ , and E with the aid of elementary differential substitutions (by selecting and renaming terms
with derivatives).

3 } . Reduce the three-argument functional differential equation by the differentiation method to
the standard functional equation with two arguments (either L or ~ is eliminated) considered in
Section B.2.

4 } . Construct the solution of the two-argument functional equation using the formulas given in
Subsection B.2.3.

5 } . Solve the (overdetermined) system formed by the solution of Item 4 } and the differential
substitutions of Item 2 } .

6 } . Substitute the solution of Item 5 } into the original functional differential equation of Item 1 } to
establish the relations for the constants of integration and determine all unknown quantities.

7 } . Consider all degenerate cases possibly arising due to violation of assumptions adopted in the
previous analysis.

The splitting method reduces solving the three-argument functional differential equation to (i) solv-
ing a purely functional equation with three arguments (by reducing it to a standard functional
equation with two arguments) and (ii) solving a system of ordinary differential equations. Thus, the
initial problem splits into several simpler problems. Examples of constructing functional separable
solutions by the splitting method are given in Subsection B.3.5.
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B.3.4-2. Three-argument functional equations of special form.

The substitution of expression (1) with � = 2 into nonlinear partial differential equation often leads
to functional differential equations of the form�

1( � ) � 1( � , � ) +
�

2( � ) � 2( � , � ) + ����� +
� �

( � ) � �
( � , � )

+ � �
+1( � , � ) + � �

+2( � , � ) + ����� + � 	 ( � , � ) = 0,
(42)

where
� 


( � ) and � 

( � , � ) are functionals dependent on the variables � and � , � , respectively,� 


( � ) ≡
� 
 � � , � , � � , � �� � ), � 


( � , � ) ≡ � 
 � � , � , � � , � ���� , � , � � , � ���� � . (43)

(These expressions correspond to a second-order equation.)
It is reasonable to solve equation (42) by the splitting method. To this end, we treat (42) at

the first stage as a purely functional equation, thus disregarding (43). Assuming that � 1 � 0, we
divide (42) by � 1 and differentiate with respect to � to obtain a similar equation but with fewer
terms: �

2( � ) � (2)
2 ( � , � ) + ����� +

� �
( � ) � (2)� ( � , � ) + � (2)�

+1( � , � ) + ����� + � (2)	 ( � , � ) = 0, (44)

where � (2)� = �� � � � � � � 1 � + � � �� � � � � � � 1 � . We continue this procedure until we arrive at an
equation independent of � explicitly:� (

�
+1)�

+1 ( � , � ) + ����� + � (
�

+1)	 ( � , � ) = 0, (45)

where � (
�

+1)� = �� � � � (
�

)� � � (
�

)� � + � � �� � � � (
�

)� � � (
�

)� � .
Relation (45) can be regarded as an equation with two independent variables � and � . If� (

�
+1)� ( � , � ) = � � ( � ) � � ( � ) for all � = � + 1, ����� , � , then equation (45) can be solved using the

results of Section B.2.

B.3.5. Some Functional Equations and Their Solutions. Exact
Solutions of Heat and Wave Equations

In this subsection, we discuss several types of three-argument functional equations that arise most
frequently in functional separation of variables in nonlinear equations of mathematical physics. The
results are used to construct exact solutions for some classes of nonlinear heat and wave equations.

B.3.5-1. The functional equation  ( � ) + ! ( � ) = � ( � ), where � = � ( � ) + � ( � ).

Here, one of the two functions  ( � ) and � ( � ) is prescribed and the other is assumed unknown, also
one of the functions ! ( � ) and � ( � ) is prescribed and the other is unknown, and the function � ( � ) is
assumed unknown.*

Differentiating the equation with respect to � and � yields � ���� = 0. Consequently, the solution
is given by  ( � ) = " � ( � ) + # , ! ( � ) = " � ( � ) − # + $ , � ( � ) = " � + $ , (46)

where " , # , and $ are arbitrary constants.

B.3.5-2. The functional equation  ( % ) + ! ( � ) + & ( � ) � ( � ) + � ( � ) = 0, where � = � ( � ) + � ( % ).
Differentiating the equation with respect to � yields the two-argument equation! � + & � � + & � � � � + � � � � = 0. (47)

* In similar equations with a composite argument, it is assumed that ' ( ( ) ) const and * ( + ) ) const.
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Such equations were discussed in Section B.2. Hence, the following relations hold [see formulas
(25) and (26a) in Section B.2]: ! � = " 1 & � � + " 2 � � ,& � = " 3 & � � + " 4 � � ,� � = − " 1 − " 3 � ,� � = − " 2 − " 4 � ,

(48)

where " 1, " 2, " 3, and " 4 are arbitrary constants. By integrating system (48) and substituting the
resulting solutions into the original functional equation, one obtains the results given below.

Case 1. If " 3 = 0 in (48), the corresponding solution of the functional equation is given by = − 1
2 " 1 " 4 � 2 + ( " 1 # 1 + " 2 + " 4 # 3) � − # 2 − # 1 # 3 − # 4,! = 1

2 " 1 " 4 � 2 + ( " 1 # 1 + " 2) � + # 2,& = " 4 � + # 1,� = − " 1 � + # 3,� = 1
2 " 1 " 4 � 2 − ( " 2 + " 4 # 3) � + # 4,

(49)

where the " �
and # �

are arbitrary constants and � = � ( � ) and � = � ( % ) are arbitrary functions.
Case 2. If " 3 ≠ 0 in (48), the corresponding solution of the functional equation is = − # 1 # 3 , − - 3 . + / " 2 −

" 1 " 4" 3 0 � − # 2 − # 4 −
" 1 " 4" 2

3
,! =

" 1 # 1" 3
, - 3 1 + / " 2 −

" 1 " 4" 3 0 � + # 2,& = # 1 , - 3 1 −
" 4" 3

,� = # 3 , − - 3
�

−
" 1" 3

,� =
" 4 # 3" 3

, − - 3
�

+ / " 1 " 4" 3
− " 2 0 � + # 4,

(50)

where the " �
and # �

are arbitrary constants and � = � ( � ) and � = � ( % ) are arbitrary functions.
Case 3. In addition, the functional equation has the two degenerate solutions: = " 1 � + # 1, ! = " 1 � + # 2, & = " 2, � = − " 1 � − " 2 � − # 1 − # 2, (51a)

where � = � ( � ), � = � ( % ), and � = � ( � ) are arbitrary functions, " 1, " 2, # 1, and # 2 are arbitrary
constants; and = " 1 � + # 1, ! = " 1 � + " 2 & + # 2, � = − " 2, � = − " 1 � − # 1 − # 2, (51b)

where � = � ( � ), � = � ( % ), and & = & ( � ) are arbitrary functions, " 1, " 2, # 1, and # 2 are arbitrary
constants. The degenerate solutions (51a) and (51b) can be obtained directly from the original
equation or its consequence (47) using formulas (26b) in Section B.2.

Example 11. Consider the nonstationary heat equation with a nonlinear source2 32 4 =
2 2 32 ( 2 + 5 (

3
). (52)

We look for exact solutions of the form 3
=

3
( 6 ), 6 = ' ( ( ) + * (

4
). (53)
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Substituting (53) into (52) and dividing by
3 78 yields the functional differential equation* 79 = ' 7:7;<; + ( ' 7 ; )2

3 7:78=83 78 +
5 (

3
( 6 ))3 78 .

We rewrite it as the functional equation B.3.5-2 in which>
(
4
) = − * 79 , ? ( ( ) = ' 7:7;<; , @ ( ( ) = ( ' 7 ; )2, A ( 6 ) =

3 7:78=8�B 3 78 , C ( 6 ) =
>

(
3

( 6 )) B 3 78 . (54)
We now use the solutions of equation B.3.5-2. On substituting the expressions of ? and @ of (54) into (49)–(51), we

arrive at overdetermined systems of equations for ' = ' ( ( ).
Case 1. The system ' 7:7;<; = 1

2 D 1 D 4 ' 2 + ( D 1 E 1 + D 2) ' + E 2,

( ' 7 ; )2 = D 4 ' + E 1

following from (49) and corresponding to D 3 = 0 in (48) is consistent in the cases' = F 1 ( + F 2 for D 2 = − D 1 F 2
1 , D 4 = E 2 = 0, E 1 = F 2

1 ,' = 1
4 D 4 ( 2 + F 1 ( + F 2 for D 1 = D 2 = 0, E 1 = F 2

1 − D 4 F 2, E 2 = 1
2 D 4,

(55)

where F 1 and F 2 are arbitrary constants.
The first solution in (55) with D 1 ≠ 0 leads to a right-hand side of equation (52) containing the inverse of the error

function [the form of the right-hand side is identified from the last two relations in (49) and (54)]. The second solution in (55)
corresponds to the right-hand side 5 (

3
) = G 1

3
ln

3
+ G 2

3
in (52). In both cases, the first relation in (49) is, taking into

account that
>

= − * 79 , a first-order linear solution with constant coefficients, whose solution is an exponential plus a constant.
Case 2. The system ' 7:7;<; = D 1 E 1D 3 HJI 3 K + L D 2 − D 1 D 4D 3 M ' + E 2,

( ' 7 ; )2 = E 1 HJI 3 K − D 4D 3
,

following from (50) and corresponding to D 3 ≠ 0 in (48) is consistent in the following cases:' = N O − D 4 B D 3 ( + F 1 for D 2 = D 1 D 4 B D 3, E 1 = E 2 = 0,' = −
2D 3

ln | ( | + F 1 for D 1 = 1
2 D 2

3, D 2 = D 4 = E 2 = 0, E 1 = 4 D −2
3 H − I 3 P 1 ,' = −

2D 3
ln QQ cos R 1

2 S D 3 D 4 ( + F 1 T QQ + F 2 for D 1 = 1
2 D 2

3, D 2 = 1
2 D 3 D 4, E 2 = 0, D 3 D 4 > 0,' = −

2D 3
ln QQ sinh R 1

2 S − D 3 D 4 ( + F 1 T QQ + F 2 for D 1 = 1
2 D 2

3, D 2 = 1
2 D 3 D 4, E 2 = 0, D 3 D 4 < 0,' = −

2D 3
ln QQ cosh R 1

2 S − D 3 D 4 ( + F 1 T QQ + F 2 for D 1 = 1
2 D 2

3, D 2 = 1
2 D 3 D 4, E 2 = 0, D 3 D 4 < 0,

where F 1 and F 2 are arbitrary constants. The right-hand sides of equation (52) corresponding to these solutions are
represented in parametric form.

Case 3. Traveling wave solutions of the nonlinear heat equation (52) and solutions of the linear equation (52) with5 7U = const correspond to the degenerate solutions of the functional equation (51).

Example 12. Likewise, one can analyze the more general equation2 32 4 = V ( ( )
2 2 32 ( 2 + W ( ( )

2 32 ( + 5 (
3

). (56)

It arises in convective heat/mass exchange problems ( V = const and W = const), problems of heat transfer in inhomogeneous
media ( W = V 7 ; ≠ const), and spatial heat transfer problems with axial or central symmetry ( V = const and W = const B ( ).

Searching for exact solutions of equation (56) in the form (53) leads to the functional equation B.3.5-2 in which>
(
4
) = − * 79 , ? ( ( ) = V ( ( ) ' 7:7;<; + W ( ( ) ' 7

( ( ), @ ( ( ) = V ( ( )( ' 7 ; )2, A ( 6 ) =
3 7:78=8 B 3 78 , C ( 6 ) =

>
(
3

( 6 )) B 3 78 .
Substituting these expressions into (49)–(51) yields a system of ordinary differential equations for the unknowns.

Example 13. Equation (52) also admits more complicated functional separable solutions with the form3
=

3
( 6 ), 6 = ' ( X ) + * (

4
), X = ( + V 4 .

Substituting these expressions into equation (52) yields the functional equation B.3.5-2 again, in which ( ( must be replaced
by X ) >

(
4
) = − * 79 , ? ( X ) = ' 7:7YZY − V ' 7Y , @ ( X ) = ( ' 7Y )2, A ( 6 ) =

3 7:78=8 B 3 78 , C ( 6 ) =
>

(
3

( 6 )) B 3 78 .
Further, one should follow the same procedure of constructing the solution as in Example 11.[ \�] ^ _J` a

In Examples 11–13, different equations were all reduced to the same functional
equation. This demonstrates the utility of isolation and independent analysis of individual types
of functional equations, as well as the expedience of developing methods for solving functional
equations with a composite argument.
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B.3.5-3. The functional equation  ( % ) + ! ( � ) � ( � ) + & ( � ) � ( � ) = 0, where � = � ( � ) + � ( % ).
Differentiating with respect to � yields the two-argument functional differential equation! � � + ! � � � � + & � � + & � � � � = 0, (57)

which coincides with equation (25) in Section B.2, up to notation.
Nondegenerate case. Equation (57) can be solved using formulas (49) in Section B.2, just as

was the case for equation (25). In this way, we arrive at the system of ordinary differential equations! � = ( " 1 ! + " 2 & ) � � ,& � = ( " 3 ! + " 4 & ) � � ,� � = − " 1 � − " 3 � ,� � = − " 2 � − " 4 � ,

(58)

where " 1, " 2, " 3, and " 4 are arbitrary constants.
The solution of equation (58) is given by! ( � ) = " 2 # 1 , � 1 1 + " 2 # 2 , � 2 1 ,& ( � ) = ( � 1 − " 1) # 1 , � 1 1 + ( � 2 − " 1) # 2 , � 2 1 ,� ( � ) = " 3 # 3 , −

�
1
�

+ " 3 # 4 , −
�

2
�
,� ( � ) = ( � 1 − " 1) # 3 , −

�
1
�

+ ( � 2 − " 1) # 4 , −
�

2
�
,

(59)

where # 1, # 2, # 3, and # 4 are arbitrary constants and � 1 and � 2 are roots of the quadratic equation

( � − " 1)( � − " 4) − " 2 " 3 = 0. (60)

In the degenerate case � 1 = � 2 the terms , � 2 1 and , −
�

2
�

in (59) must be replaced by � , � 1 1 and� , −
�

1
�
, respectively. In the case of purely imaginary or complex roots, one should extract the real

(or imaginary) part of the roots in solution (59).
On substituting (59) into the original functional equation, one obtains conditions that must be

met by the free coefficients and identifies the function  ( % ), specifically,# 2 = # 4 = 0 b c  ( % ) = [ " 2 " 3 + ( � 1 − " 1)2] # 1 # 3 , −
�

1 . ,# 1 = # 3 = 0 b c  ( % ) = [ " 2 " 3 + ( � 2 − " 1)2] # 2 # 4 , −
�

2 . ," 1 = 0 b c  ( % ) = ( " 2 " 3 + � 2
1) # 1 # 3 , −

�
1 . + ( " 2 " 3 + � 2

2) # 2 # 4 , −
�

2 . .

(61)

Solution (59), (61) involves arbitrary functions � = � ( � ) and � = � ( % ).
Degenerate case. In addition, the functional equation has the two degenerate solutions: = # 1 # 2 , - 1 . , ! = " 2 # 1 , − - 1 1 , & = # 1 , − - 1 1 , � = − # 2 , - 1

�
− " 2 � ,

where � = � ( � ), � = � ( % ), and � = � ( � ) are arbitrary functions, " 1, " 2, # 1, and # 2 are arbitrary
constants; and = # 1 # 2 , - 1 . , & = − # 1 , − - 1 1 − " 2 ! , � = " 2 # 2 , - 1

�
, � = # 2 , - 1

�
,

where � = � ( � ), � = � ( % ), and ! = ! ( � ) are arbitrary functions, " 1, " 2, # 1, and # 2 are arbitrary
constants. The degenerate solutions can be obtained immediately from the original equation or its
consequence (57) using formulas (26b) in Section B.2.

Example 14. For the first-order nonlinear equation2 32 4 = 5 (
3

) L 2 32 ( M 2
+ d ( ( ),

the search for exact solutions in the form (53) leads to the functional equation B.3.5-3 in which>
(
4
) = − * 79 , ? ( ( ) = ( ' 7 ; )2, @ ( ( ) = d ( ( ), A ( 6 ) = 5 (

3
)
3 78 , C ( 6 ) = 1 B 3 78 ,

3
=

3
( 6 ).
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B.3.5-4. Equation  1( � ) +  2( � ) + ! 1( � ) e ( � ) + ! 2( � ) � ( � ) + � ( � ) = 0, � = � ( � ) + � ( � ).

Differentiating with respect to � and dividing the resulting relation by � � e � and differentiating with
respect to � , one arrives at the functional equation with two arguments � and � that is discussed in
Section B.2 [see equation (3) and its solution (22)].

Example 15. Consider the following equation of steady-state heat transfer in an anisotropic inhomogeneous medium
with a nonlinear source: 22 ( f V ( ( )

2 32 ( g +
22 + f W ( + )

2 32 + g = 5 (
3

). (62)

The search for exact solutions in the form
3

=
3

( 6 ), 6 = ' ( ( ) + * ( + ), leads to the functional equation B.3.5-4 in which>
1( ( ) = V ( ( ) ' 7:7;<; + V 7 ; ( ( ) ' 7 ; ,

>
2( + ) = W ( + ) * 7:7h�h + W 7 h ( + ) * 7h , ? 1( ( ) = V ( ( )( ' 7 ; )2, ? 2( + ) = W ( + )( * 7h )2,i

( 6 ) = A ( 6 ) =
3 7:78=8 B 3 78 , C ( 6 ) = − 5 (

3
) B 3 78 ,

3
=

3
( 6 ).

Here we confine ourselves to studying functional separable solutions existing for arbitrary right-hand side 5 (
3

).
With the change of variable 6 = j 2, we look for solutions of equation (62) in the form3

=
3

( j ), j 2 = ' ( ( ) + * ( + ). (63)

Taking into account that k lk ; = K m n
2 l and k lk h = o mp

2 l , we find from (62)q
( V ' 7 ; )

7 ; + ( WZ* 7h )
7 h�r 3 7l

2 j +
q V ( ' 7 ; )2 + W ( * 7h )2 r j 3 7:7lsl −

3 7l
4 j 3 = 5 (

3
), 5 (

3
) = 5 R 3 ( j ) T . (64)

For this functional differential equation to be solvable we require that the expressions in square brackets be functions of j :

( V ' 7 ; )
7 ; + ( WZ* 7h )

7 h = t ( j ), V ( ' 7 ; )2 + W ( * 7h )2 = u ( j ).

Differentiating the first relation with respect to ( and + yields the equation ( t 7l B j )
7 l = 0, whose general solution ist ( j ) = F 1 j 2 + F 2. Likewise, we find u ( j ) = F 3 j 2 + F 4. Here, F 1, F 2, F 3, and F 4 are arbitrary constants. As a result,

we have
( V ' 7 ; )

7 ; + ( WZ* 7h )
7 h = F 1( ' + * ) + F 2, V ( ' 7 ; )2 + W ( * 7h )2 = F 3( ' + * ) + F 4.

The separation of variables results in a system of ordinary differential equations for ' ( ( ), V ( ( ), * ( + ), and W ( + ):

( V ' 7 ; )
7 ; − F 1 ' − F 2 = G 1, ( WZ* 7h )

7 h − F 1 * = − G 1,V ( ' 7 ; )2 − F 3 ' − F 4 = G 2, W ( * 7h )2 − F 3 * = − G 2.

This system is always integrable in quadrature and can be rewritten as

( F 3 ' + F 4 + G 2) ' 7:7;<; + ( F 1 ' + F 2 + G 1 − F 3)( ' 7 ; )2 = 0, V = ( F 3 ' + F 4 + G 2)( ' 7 ; )−2;

( F 3 * − G 2) * 7:7h�h + ( F 1 * − G 1 − F 3)( * 7h )2 = 0, W = ( F 3 * − G 2)( * 7h )−2 .
(65)

Here, the equations for ' and * do not involve V and W and, hence, can be solved independently. Without full analysis of
system (65), we note a special case where the system can be solved in explicit form.

For F 1 = F 2 = F 4 = G 1 = G 2 = 0 and F 3 = F ≠ 0, we findV ( ( ) = v Hxw ; , W ( + ) = y H{z h , ' ( ( ) =
F H − w ;v | 2 , * ( + ) =

F H − z hy } 2 ,

where v , y , | , and } are arbitrary constants. Substituting these expressions into (64) and taking into account (63), we obtain
the ordinary differential equation for

3
( j ) 3 7:7lsl −

1j 3 7l =
4F 5 (

3
).

System (65) has other solutions as well; these lead to various expressions of V ( ( ) and W ( + ). Table B3 lists the cases where
these functions can be written in explicit form (the traveling wave solution, which corresponds to V = const and W = const, is
omitted). In general, the solution of system (64) enables one to represent V ( ( ) and W ( + ) in parametric form.~��

Reference: V. F. Zaitsev and A. D. Polyanin (1996), A. D. Polyanin and A. I. Zhurov (1998).
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TABLE B3
Functional separable solutions of the form

3
=

3
( j ), j 2 = � ( � ) + � ( � ), for heat

equations in an anisotropic inhomogeneous medium with an arbitrary nonlinear source.
Notation: F , v , y , | , } , � , and G are free parameters ( F ≠ 0, | ≠ 0, } ≠ 0, � ≠ 2, and G ≠ 2)

Heat equation Functions � ( � ) and � ( � ) Equation for
3

=
3

( j )22 � � v � � � �� � � + �� � � y � � � �� � � = � ( � ) � = � � 2− �v (2− � )2 , � = � � 2− �y (2− � )2 � �:�lsl +
4− � �

(2− � )(2− � )
1j � �l =

4� � ( � )�� � � v � w�� � �� � � + �� � � y � z h � �� � � = � ( � ) � = �v | 2 � − w�� , � = �y } 2 � − z h � �:�lsl −
1j � �l =

4� � ( � )�� � � v � w�� � �� � � + �� � � y � � � �� � � = � ( � ) � = �v | 2 � − w�� , � = � � 2− �y (2− � )2 � �:�lsl +
�

2− � 1j � �l =
4� � ( � )�� � � v � 2 � �� � � + �� � � y � 2 � �� � � = � ( � ) � = | ln | � |, � = } ln | � | Equation (64); both expressions

in square brackets are constantv � 2 �� � 2 + �� � � y � 2 � �� � � = � ( � ) � = | � , � = } ln | � | Equation (64); both expressions
in square brackets are constant

B.4. First-Order Nonlinear Equations
B.4.1. Preliminary Remarks
For first-order partial differential equations with two independent variables, an exact solution� = � ( � , � , � 1, � 2) (1)

that depends on two arbitrary constants � 1 and � 2 is called a complete integral. The general integral
(general solution) can be represented in parametric form by using the complete integral (1) and the
two equations � 2 = � ( � 1),� �� � 1

+
� �� � 2

� � ( � 1) = 0,
(2)

where � is an arbitrary function and the prime stands for the derivative. For details, see Kamke
(1965), Courant and Hilbert (1989), and Polyanin, Zaitsev, and Moussiaux (2001).

The first-order equations with two independent variables considered below are purely illustrative.
The book by Polyanin, Zaitsev, and Moussiaux (2001) presents many more first-order nonlinear
equations that admit generalized separable solutions (without specifying the method for obtaining
them).

B.4.2. Individual Equations

1. � �� � – � ( � ) � � �� � = � ( � ) � +   ( � ).

Exact solution: � = ¡ ( � ) ¢ £ �� ( � )
+ ¤ ( � ),

where ¡ ( � ) = ¥ ( � ) ¦§� 1 − ¢ ¥ ( � ) £ � ¨ −1

, ¥ ( � ) = exp ¦©¢ ª ( � ) £ � ¨ ,¤ ( � ) = « ( � ) ¦¬� 2 + ¢  ( � )« ( � ) £ � ¨ , « ( � ) = ¥ ( � ) exp ¦©¢ ¡ ( � ) £ � ¨ .
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2. � �� � + � ( � ) � � �� � = ® � 2 + � ( � ) � +   ( � ).

Exact solution:� = ¡ ( � ) + ¤ ( � ) exp ¦¬¯ ¢ £ �� ( � )
¨ , ¤ ( � ) = � 1 exp ° ¢ ±²¯ ¡ ( � ) + ª ( � ) ³ £ � ´ ,

where � 1 is an arbitrary constant and the function ¡ ( � ) is determined by the Riccati equation¡ �µ = ¯ ¡ 2 + ª ( � ) ¡ +  ( � ).

This equation is integrable in quadrature for a lot of specific functions ª ( � ) and  ( � ) [e.g., for  ( � ) ≡ 0
and any ª ( � )]. For details, see the books by Kamke (1977) and Polyanin and Zaitsev (1995).

3. � �� � � �� � = � ( � ) � ¶ + � ( � ) � 2 ¶ +1.

Exact solutions:� = ¡ ( � ) � · +1 +
1¸
+ 1

¢ � ( � )¡ ( � ) £ � + � 1, ¡ ( � ) = ¹ ¦ 2¸
+ 1

¢ ª ( � ) £ � + � 2 ¨ 1 º 2

.

4. � �� � � �� � = � ( � ) » ¼ ½ + � ( � ) » 2 ¼ ½ .

Exact solutions:� = ¡ ( � ) ¾ ¿ À +
1Á ¢ � ( � )¡ ( � ) £ � + � 1, ¡ ( � ) = ¹ ¦ 2Á ¢ ª ( � ) £ � + � 2 ¨ 1 º 2

.

5. � �� � + ® Â � �� � Ã 2

= � ( � ) � + � ( � ).

Exact solution: Ä
= ¡ ( Å ) Æ + ¢ ± ª ( Å ) − ¯ ¡ 2( Å ) ³ £ Å + � 1, ¡ ( Å ) = ¢ � ( Å ) £ Å + � 2.

6. � �� � + ® Â � �� � Ã 2

= � ( � ) � 2 + � ( � ) � +   ( � ).

Exact solution:
Ä

= ¡ ( Å ) Æ 2 + ¤ ( Å ) Æ + Ç ( Å ),

where the functions ¡ ( Å ), ¤ ( Å ), and Ç ( Å ) are determined by solving the following system of ordinary
differential equations: ¡ �µ = −4 ¯ ¡ 2 + � ( Å ), (1)¤ �µ = −4 ¯ ¡ ¤ + ª ( Å ), (2)Ç �µ = − ¯ ¤ 2 +  ( Å ). (3)

The Riccati equation (1) can be integrated in quadrature for numerous � ( Å ). For details, see Kamke
(1977) and Polyanin and Zaitsev (1995). Given a solution of equation (1), equations (2) and (3) are
easy to integrate, because they are linear in the unknowns ¤ and Ç .
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7. � �� � + ® Â � �� � Ã 2

= È � 2 + � ( � ) � + � ( � ).

1 É . Exact solution for Ê = 0:Ä
= Ë ( Å )( � 1 + � 2 Æ ) + Ë ( Å ) ¢ ±Ìª ( Å ) − ¯ � 2

2 Ë 2( Å ) ³ £ ÅË ( Å )
, Ë ( Å ) = exp ¦©¢ � ( Å ) £ Å ¨ .

2 É . Exact solution for Ê ≠ 0:Ä
= ¡ ( Å ) + ¤ ( Å ) exp Í¬¹ Æ Î Ê�Ï ¯ Ð , ¤ ( Å ) = Ñ 1 exp ° Ò Ó 2 Ô<Õ ( Ö ) + × ( Ö ) Ø Ù Ö Ú .

The function Õ = Õ ( Ö ) is determined by the Riccati equationÕ Û = Ô<Õ 2 + × ( Ö ) Õ + Ü ( Ö ).

This equation can be integrated in quadrature for various × and Ü , in particular, for Ü ( Ö ) ≡ 0 and
arbitrary × ( Ö ) and for × ( Ö ) ≡ const and Ü ( Ö ) ≡ const. For details, see the books by Kamke (1977)
and Polyanin and Zaitsev (1995).

8. Ý 1( Þ ) ß à áà Þ â 2

+ Ý 2( ã ) ß à áà ã â 2

= ä 1( Þ ) + ä 2( ã ).

This equation is encountered in differential geometry in studying geodesic lines of Liouville surfaces.
Exact solutions: å

= æ Ò ç Ü 1( Ö ) + è 1× 1( Ö )
Ù Ö æ Ò ç Ü 2( é ) − è 1× 2( é )

Ù é + è 2.

The signs before each of the integrals can be chosen independently of each other.ê�ë
References: P. Appell (1953), E. Kamke (1965).

9. à áà Þ + Ý ß à áà ã â = ä ( Þ ) ã + ì ( Þ ).

Exact solution:å
= Õ ( Ö ) é + Ò Óîí ( Ö ) − × Í Õ ( Ö ) ï Ø Ù Ö + è 1, Õ ( Ö ) = Ò Ü ( Ö ) Ù Ö + è 2.

10. à áà Þ + Ý ß à áà ã â = ä ( Þ ) á + ì ( Þ ).

Exact solution:å
= ( è 1 é + è 2) Õ ( Ö ) + Õ ( Ö ) Ò Óîí ( Ö ) − × Í è 1 Õ ( Ö ) ï Ø Ù ÖÕ ( Ö )

, Õ ( Ö ) = exp ð§Ò Ü ( Ö ) Ù Ö ñ .

11. ò 1 ß Þ , à áà Þ â + ó ô õ ò 2 ß ã , à áà ã â = 0.

Exact solution:
å

= Õ ( Ö ) + ö ( é ).

The functions Õ = Õ ( Ö ) and ö = ö ( é ) are determined by solving the ordinary differential equations÷ − ø ù Ë 1 Í Ö , Õ Ûú ï = è , ÷ ø û Ë 2 Í é , ö Ûü ï = − è ,

where è is an arbitrary constant.
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B.5. Second-Order Nonlinear Equations
B.5.1. Parabolic Equations

B.5.1-1. Equations of the form ý þý�ÿ = � ý 2 þý ú 2 + Ë ( Ö ,
�
,

å
).

1. à áà � = � à 2 áà Þ 2
+ � á ln á + [ Ý ( Þ ) + ä ( � )] á .

Exact solution with multiplicative form:å
( Ö ,

�
) = exp ð è ÷ � ÿ + ÷ � ÿ Ò ÷ − � ÿ Ü (

�
) Ù � ñ Õ ( Ö ),

where è is an arbitrary constant and the function Õ (
�
) is determined by solving the ordinary

differential equation � Õ Û�Ûú ú + Ô<Õ ln Õ + × ( Ö ) Õ = 0.

2. à áà � = � à 2 áà Þ 2
+ Ý ( � ) á ln á + ä ( � ) á .

1 � . Exact solution:
å

( Ö ,
�
) = exp Ó�� (

�
) Ö + 	 (

�
) Ø ,

where the functions � (
�
) and 	 (

�
) are given by� (

�
) = 
 ÷ � , 	 (

�
) = � ÷ � + ÷ �  ÷ − � ( � 
 2 ÷ 2 � + Ü ) � �

, � =
 � � �

,

and 
 and � are arbitrary constants.

2 � . Exact solution:
å

( � ,
�
) = exp ��� (

�
) � 2 + ö (

�
) � ,

where � (
�
) and ö (

�
) are given by� (

�
) = ÷ � � 
 − 4 �  ÷ � � � â −1

, ö (
�
) = � ÷ � + ÷ �  ÷ − � (2 � � + � ) � �

, � =
 � � �

,

and 
 and � are arbitrary constants.

3 � . There are also exact solutions of the more general formå
( � ,

�
) = exp ��� 2(

�
) � 2 + � 1(

�
) � + � 0(

�
) � ,

where the functions � 2(
�
), � 1(

�
), and � 0(

�
) are determined by a system of ordinary differential

equations that can be integrated.ê�ë
Reference: V. F. Zaitsev, A. D. Polyanin (1996).

3. � �� � = � � 2 �� � 2
+ � ( � ) � ln � + [ � ( � ) � 2 + ì ( � ) � + s( � )] � .

Exact solution: �
( � ,

�
) = exp � � 2(

�
) � 2 + � 1(

�
) � + � 0(

�
) � ,

where the functions � � (
�
) ( � = 1, 2, 3) are determined by solving the following system of first-order

ordinary differential equations with variable coefficients:�  2 = 4 � � 2
2 +

� � 2 + � ,�  1 = 4 � � 2 � 1 +
� � 1 + í ,�  0 =

� � 0 + � � 2
1 + 2 � � 2 + !

(the arguments of
�

, � , í , and ! are not specified and the prime denotes the derivative with respect
to

�
).
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4. � �� � = � � 2 �� � 2
+ [ " ln2 � + � ( � ) ln � + � ( � )] � .

The change of variable
�

= exp # leads to an equation of the form B.5.1.14,$ #$ � = � $ 2 #$ � 2 + � � $ #$ � % 2

+
¸ # 2 +

�
(
�
) # + � (

�
),

which has exponential and sinusoidal solutions in � .

B.5.1-2. Equations of the form ý þý�ÿ = � ý 2 þý ú 2 + � &'� ,
�
,
�

, ý þý ú ï .

5. � �� � =
�� ( �� � � � ( � �� � % + � ( � ) � ln � .

Exact solution: �
( � ,

�
) = exp ��� (

�
) � 2 + ö (

�
) � ,

where the functions � (
�
) and ö (

�
) are determined by solving the following system of first-order

ordinary differential equations with variable coefficients (the arguments of
�

and � are not specified):�  ÿ = 4 � � 2 +
� � ,ö  ÿ = 2 � ( � + 1) � +

� ö .

Integrating successively yields� (
�
) = ÷ � � 
 − 4 �  ÷ � � � % −1

, ö (
�
) = � ÷ � + 2 � ( � + 1) ÷ �  � ÷ − � � �

, � =
 � � �

,

where 
 and � are arbitrary constants.

6. � �� � = � � 2 �� � 2
+ [ � � ( � ) + � ( � )] � �� � + ì ( � ) � ln � + [ � ) ( � ) + s( � )] � .

Exact solution: �
( � ,

�
) = exp � � � (

�
) + ö (

�
) � ,

where the functions � (
�
) and ö (

�
) are determined by solving the following system of first-order

ordinary differential equations with variable coefficients:�  ÿ = � � (
�
) + í (

�
) �*� + + (

�
), (1)ö  ÿ = í (

�
) ö + � � 2 + � (

�
) � + ! ( � ). (2)

Integrating first (1) and then (2), we obtain ( è 1 and è 2 are arbitrary constants)� (
�
) = è 1 , (

�
) + , (

�
)
 + (

�
), (
�
)

� �
, , (

�
) = exp ð  �

(
�
) � � +

 í (
�
) � � ñ ,ö (

�
) = - 2 . (

�
) + . (

�
)
 � � 2(

�
) + � (

�
) � (

�
) + ! (

�
). (

�
)

� �
, . (

�
) = exp /  0

( 1 ) � 132 .

7. � �� 4 = 5 � 2 �� � 2
+ [ � � ( 4 ) + � ( 4 )] � �� � + 6 ( 4 ) � ln � + [ � 2 7 ( 4 ) + � ) ( 4 ) + s( 4 )] � .

Exact solution: �
( � , 1 ) = exp ��� 2 � ( 1 ) + � 8 ( 1 ) + 9 ( 1 ) � ,
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where the functions � ( 1 ), 8 ( 1 ), and 9 ( 1 ) are determined by solving the following system of first-order
ordinary differential equations with variable coefficients:�  : = 4 ; � 2 + (2

�
+

0
) � + < ,8  : = (4 ; � +

�
+

0
) 8 + 2 � � + + ,9  : =

0 9 + 2 ; � + ; 8 2 + � 8 + ! .

8. � �� 4 = 5 � 2 �� � 2
+ / � � ( 4 ) +

� ( 4 )� 2 � �� � + 6 ( 4 ) � ln � + [ � 2 ) ( 4 ) + s( 4 )] � .

Exact solution: �
( � , 1 ) = exp ��� ( 1 ) � 2 + 8 ( 1 ) � ,

where the functions � ( 1 ) and 8 ( 1 ) are determined by solving the following system of first-order
ordinary differential equations with variable coefficients:�  : = 4 ; � 2 + (2

�
+

0
) � + + ,8  : =

0 8 + 2( ; + � ) � + ! .
9. � �� 4 = 5 � 2 �� � 2

+ = � � �� � % 2

+ � ( 4 ) � 2 + � ( 4 ) � + 6 ( 4 ).
Exact solution: �

( � , 1 ) = � ( 1 ) � 2 + 8 ( 1 ) � + 9 ( 1 ),
where the functions � ( 1 ), 8 ( 1 ), and 9 ( 1 ) are determined by solving the following system of first-order
ordinary differential equations with variable coefficients:�  : = 4 >*� 2 +

�
,8  : = 4 >*� 8 + � ,9  : = 2 ; � + >?8 2 +

0
.

10. � �� 4 = 5 � 2 �� � 2
+ = � � �� � % 2

+ @ � + � ( � ) + � ( 4 ).
Exact solution in additive form:�

( � , 1 ) = � ( � ) + A B C : + B C : D B − C : � ( 1 ) E 1 .
Here, A is an arbitrary constant and the function F ( G ) is determined by the nonlinear ordinary
differential equation ; F HIHJ J + > ( F HJ )2 + KLF + M ( G ) = 0.

By changing variable F HJ =
; > 8 HJ8 this equation is reduced to the second-order linear equation; 2 8 HIHJ J + ; K*8 HJ + >LM ( G ) 8 = 0.

11. N ON 4 = 5 N 2 ON P 2
+ = Q N ON P R 2

+ S ( P ) N ON P + T O + U ( P ) + V ( W ).
Exact solution in additive form:X

( G , Y ) = F ( G ) + Z [ \ : + [ \ : D [ − \ :^] ( Y ) E Y ,
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where Z is an arbitrary constant and the function F ( G ) is determined by the second-order ordinary
differential equation with variable coefficients; F HIHJ J + _ ( F HJ )2 + M ( G ) F HJ +

¸ F + ` ( G ) = 0.

12. N ON W = a N 2 ON P 2
+ = Q N ON P R 2

+ b O N ON P + T O 2 + S ( W ) O + U ( W ).
The equation has exact solutions of the form

X
( G , Y ) = F ( Y ) + c ( Y ) exp( d G ),

where d is a root of the quadratic equation _Ld 2 + Ked +
¸

= 0.

13. N ON W = a N 2 ON P 2
+ S ( W ) Q N ON P R 2

+ U ( W ) O + V ( W ).
Exact solution:

X
( G , Y ) = F ( Y ) G 2 + c ( Y ) G + f ( Y ),

where the functions F ( Y ), c ( Y ), and f ( Y ) are determined by solving the following system of first-order
ordinary differential equations with variable coefficients:F H: = 4 M F 2 + ` F , (1)c H: = (4 M F + ` ) c , (2)f H: = ` f + 2 ; F + M c 2 +

]
. (3)

Equation (1) for F is a Bernoulli equation, which is easy to integrate. After that, equations (2)
and (3), which are linear in c and f , are integrated successively. As a result, we findF = [ g Q h 1 − 4

D [ g M E Y R −1

, i =
D ` E Y ,c = h 2 exp j D (4 M F + ` ) E Y3k ,f = h 3 [ g + [ g D [ − g (2 ; F + M c 2 +

]
) E Y ,

where h 1, h 2, and h 3 are arbitrary constants. A degenerate solution with F ≡ 0 corresponds to the
limit case h 1 l m .npo

Reference: V. F. Zaitsev, A. D. Polyanin (1996).

14. N ON W = a N 2 ON P 2
+ S ( W ) Q N ON P R 2

+ = S ( W ) O 2 + U ( W ) O + V ( W ).
1 q . Exact solution:

X
( G , Y ) = F ( Y ) + c ( Y ) exp rts G u − _ v , _ < 0, (1)

where the functions F ( Y ) and c ( Y ) are determined by solving the following first-order ordinary
differential equations with variable coefficients (the arguments of M , ` , and

]
are not specified):F H: = _LM F 2 + ` F +

]
, (2)c H: = (2 _LM F + ` − ; _ ) c . (3)

Equation (2) for F ( Y ) is a Riccati equation; it can be reduced to a second-order linear equation.
Many solutions of equation (2) for various M , ` , and

]
can be found in Kamke (1977) and Polyanin

and Zaitsev (1995).
Whenever a solution of equation (2) is known, the solution of equation (3) for c ( Y ) can be

evaluated from c ( Y ) = Z exp j − ; _?Y +
D

(2 _LM F + ` ) E Y3k ,

where Z is an arbitrary constant.
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2 q . Exact solution of a more general form:
X

( G , Y ) = F ( Y ) + c ( Y ) w�h exp r'G u − _ v + x exp r − G u − _ vLy , _ < 0,
where the functions F ( Y ) and c ( Y ) are determined by solving the following system of first-order
ordinary differential equations with variable coefficients:F H: = _LM r'F 2 + 4 h x c 2) + ` F +

]
, (4)c H: = 2 _LM F c + ` c − ; _?c . (5)

One can express F in terms of c from (5) and then substitute into (4). As a result, one obtains a
second-order nonlinear equation for c ; if M , ` ,

]
= const, this equation is autonomous and, hence,

admits reduction of order.
3 q . Exact solution ( K is an arbitrary constant):

X
( G , Y ) = F ( Y ) + c ( Y ) cos r'G u _ + Kev , _ > 0, (6)

where the functions F ( Y ) and c ( Y ) are determined by solving the following system of first-order
ordinary differential equations with variable coefficients:F H: = _LM r'F 2 + c 2) + ` F +

]
, (7)c H: = 2 _LM F c + ` c − ; _?c . (8)

One can express F in terms of c from (8) and then substitute into (7). As a result, one obtains a
second-order nonlinear equation for c ; if M , ` ,

]
= const, this equation is autonomous and, hence,

admits reduction of order.npo
Reference: V. F. Zaitsev, A. D. Polyanin (1996).

15. N ON W = a N 2 ON P 2
+ S ( W ) Q N ON P R 2

+ = S ( W ) O N ON P + b S ( W ) O 2 + U ( W ) O + V ( W ).
The equation has exact solutions of the form

X
( G , Y ) = F ( Y ) + c ( Y ) exp( d G ),

where d is a root of the quadratic equation d 2 + _Ld + K = 0.

16. N ON W = a N 2 ON P 2
+ S ( P ) Q N ON P R 2

+ U ( P ) N ON P + = O + V ( P ) + z ( W ).
Exact solution in additive form:

X
( G , Y ) = F ( G ) + Z [ { : + [ { : | [ − { :~} ( Y ) � Y ,

where Z is an arbitrary constant and the function � ( � ) is determined by the following second-order
ordinary differential equation with variable coefficients:; � �I�� � + � ( � )( � �� )2 + ` ( � ) � �� + _*� +

]
( � ) = 0.

17. � �� W = a � 2 �� � 2
+ S ( W ) Q � �� � R 2

+ [U 1( W ) � + U 0( W )] � �� � + V ( W ) � + z ( W ) � 2 + � ( W ) � + s( W ).
Exact solution:

X
( � , Y ) = � ( Y ) � 2 + c ( Y ) � + f ( Y ),

where the functions � ( Y ), c ( Y ), and f ( Y ) are determined by solving the following system of first-order
ordinary differential equations with variable coefficients:� �: = 4 � � 2 + (2 ` 1 +

]
) � +

}
, (1)c �: = (4 � � + ` 1 +

]
) c + 2 ` 0 � + � , (2)f �� =

] f + 2 � � + � c 2 + ` 0 c + � . (3)
Equation (1) for � ( Y ) is a Riccati equation; it can be reduced to a second-order linear equation.

For solutions of Riccati equations, see Kamke (1977) and Polyanin and Zaitsev (1995). Whenever a
solution of equation (1) is known, the solutions of equations (2) and (3) can be obtained successively
(the equations are linear in c and f ).
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18. � �� W = a � 2 �� � 2
+ S Q � , � �� � R + � � + U ( W ).

Exact solution in additive form:X
( � , Y ) = � ( � ) + Z [ { � + [ { � | [ − { � ` ( Y ) � Y ,

where Z is an arbitrary constant and the function � ( � ) is described by the second-order ordinary
differential equation � � �I�� � + � ( � , � �� ) + _*� = 0.

B.5.1-3. Equations of the form � �� � = � ( � , Y ) � 2 �� � 2 + ` r'� , Y , X , � �� � v .

19. � �� W =
S ( W )� � �� � Q � � � �� � R + U ( W ) � ln � .

Exact solution:
X

( � , Y ) = exp w � ( Y ) � 2 + c ( Y ) y ,
where the functions � ( Y ) and c ( Y ) are determined by solving the following system of first-order
ordinary differential equations with variable coefficients (the arguments of � and ` are not specified):� �� = 4 � � 2 + ` � ,c �� = 2( � + 1) � � + ` c .

Integrating successively yields� ( Y ) = [ g Q h − 4
| � [ g � Y R −1

, c ( Y ) = x [ g + 2( � + 1) [ g | � � [ − g � Y , i =
| ` � Y ,

where h and x are arbitrary constants.

20. � �� W = S ( W ) � 2 �� � 2
+ j � U ( W ) +

V ( W )� k � �� � + s( W ) � ln � + [ � 2 z ( W ) + � ( W )] � .

Exact solution:
X

( � , Y ) = exp w � ( Y ) � 2 + c ( Y ) y ,
where the functions � ( Y ) and c ( Y ) are determined by solving the following system of first-order
ordinary differential equations with variable coefficients:� �� = 4 � � 2 + (2 ` + � ) � +

}
, (1)c �� = �*c + 2( � +

]
) � + � . (2)

The Riccati equation (1) for the function � ( Y ) can be reduced to a second-order linear equation.
For solutions of the Riccati equation, see Kamke (1977) and Polyanin and Zaitsev (1995). On
solving (1), one can determine the solution of the linear equation (2) for c ( Y ).
21. � �� W = S ( W ) �� � Q � � � � �� � R + U ( W ) � ln � + V ( W ) � .

Exact solution:
X

( � , Y ) = exp wp� ( Y ) [ − � � + c ( Y ) y ,
where the functions � ( Y ) and c ( Y ) are determined by the ordinary differential equations� �� = d 2 � ( Y ) � 2 + ` ( Y ) � ,c �� = ` ( Y ) c +

]
( Y ).
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Integrating yields� ( Y ) = i ( Y ) j h − d 2 | � ( Y ) i ( Y ) � Y k −1

, i ( Y ) = exp j | ` ( Y ) � Y k ,c ( Y ) = x i ( Y ) + i ( Y ) | ]
( Y )i ( Y ) � Y ,

where h and x are arbitrary constants.

22. � �� W = �� � j�S ( � ) � �� � k + a � ln � .

Exact solution:
X

( � , Y ) = exp w h [ � � + � ( � ) y ,
where h is an arbitrary constant and the function � ( � ) is determined by the ordinary differential
equation

( � � �� ) �� + � ( � �� )2 + � � = 0.

23. � �� W = �� � j�S ( � ) � �� � k + a � ln � + [U ( � ) + V ( W )] � .

Exact solution in multiplicative form:X
( � , Y ) = exp jtZ [ � � + [ � � | [ − � � ] ( Y ) � Y3k � ( � ),

where Z is an arbitrary constant and the function � ( � ) is determined by the ordinary differential
equation

( � � �� ) �� + � � ln � + ` ( � ) � = 0.

24. � �� W = S ( � ) � 2 �� � 2
+ U ( � ) � �� � + a � ln � + [ V ( � ) + s( W )] � .

Exact solution in multiplicative form:X
( � , Y ) = exp j'Z [ � � + [ � � | [ − � � � ( Y ) � Y3k � ( � ),

where Z is an arbitrary constant and the function � ( � ) is determined by the ordinary differential
equation � ( � ) � �I�� � + ` ( � ) � �� + � � ln � +

]
( � ) � = 0.

25. � �� W = S ( � ) � 2 �� � 2
+ U � � , � �� � � + � � + V ( W ).

Exact solution in additive form:�
( � , � ) = � ( � ) + � � � � + � � � | � − � � � ( � ) � � ,

where � is an arbitrary constant and the function � ( � ) is determined by the following second-order
ordinary differential equation: � ( � ) � �I�� � + ¡ ( � , � �� ) + � � = 0.
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B.5.1-4. Equations of the form � �� � = � � � 2 �� � 2 + � ¢t� , � , � , � �� � £ .

26. � �� W = � � � 2 �� � 2
+ ¤ ( � ) � + � � + ¥ .

Exact solution:
�

( � , � ) = ( ¦?� + § ) � + ¨ � + © −
1� ª «« 0

( ¬ −  ) ® (  ) ¯  ,

where ¨ , © , and ¬ 0 are arbitrary constants.

27. ° ±° ² = � ± ° 2 ±° ³ 2
+ ¤ ( ² ) ± + ´ ( ² ).

1 µ . Exact solution:�
( ¬ , � ) = ¶ ( � )( ¨ ¬ + © ) + ¶ ( � ) ª ¡ ( � )¶ ( � ) ¯ � , ¶ ( � ) = exp · ª ® ( � ) ¯ �3¸ ,

where ¨ and © are arbitrary constants.

2 µ . Exact solution: �
( ¬ , � ) = ¹ ( � )( ¬ 2 + ¨ ¬ + © ) + ¹ ( � ) ª ¡ ( � )¹ ( � ) ¯ � ,¹ ( � ) = ¶ ( � ) ·t� − 2 º ª ¶ ( � ) ¯ �3¸ −1

, ¶ ( � ) = exp · ª ® ( � ) ¯ �3¸ ,

where ¨ , © , and � are arbitrary constants.

28. ° ±° ² = � ± ° 2 ±° ³ 2
+ ¤ ( ³ ) ± ° ±° ³ + ´ ( ² ) ± + » ( ² ).

Exact solution:
�

( ¬ , � ) = ¹ ( � ) ¼ ( ¬ ) + ½ ( � ),
where the functions ¹ ( � ), ½ ( � ), and ¼ ( ¬ ) are described by ordinary differential equations¹ ¾� = � ¹ 2 + ¡ ( � ) ¹ ,½ ¾� = ¿�� ¹ + ¡ ( � ) À?½ +

�
( � ),º ¼ ¾I¾« « + ® ( ¬ ) ¼ ¾« = � ,

where � is an arbitrary constant. Integrating successively yields¹ ( � ) = Á ( � ) ·Â¨ 1 − � ª Á ( � ) ¯ �3¸ −1

, Á ( � ) = exp · ª ¡ ( � ) ¯ �3¸ ,½ ( � ) = ¨ 2 ¹ ( � ) + ¹ ( � ) ª �
( � )¹ ( � ) ¯ � ,¼ ( ¬ ) = © 1 ª ¯ ¬¶ ( ¬ )

+ © 2 +
� º ª · ª ¶ ( ¬ ) ¯ ¬ ¸ ¯ ¬¶ ( ¬ )

, ¶ ( ¬ ) = exp · 1º ª ® ( ¬ ) ¯ ¬ ¸ ,

where ¨ 1, ¨ 2, © 1, and © 2 are arbitrary constants.
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29. ° ±° ² = � ± ° 2 ±° ³ 2
+ ¤ ( ² ) Ã ° ±° ³ � 2

+ ´ ( ² ) ° ±° ³ + » ( ² ) ± + s( ² ).
Exact solution:

�
( ¬ , � ) = ¹ ( � ) ¬ 2 + ½ ( � ) ¬ + Ä ( � ),

where the functions ¹ ( � ), ½ ( � ), Ä ( � ) are determined by solving the following system of first-order
ordinary differential equations with variable coefficients (the arguments of ® , ¡ ,

�
, and Å are not

specified): ¹ ¾� = 2(2 ® + º ) ¹ 2 +
� ¹ , (1)½ ¾� = (4 ® ¹ + 2 º ¹ +
�

) ½ + 2 ¡ ¹ , (2)Ä ¾� = (2 º ¹ +
�

) Ä + ® ½ 2 + ¡ ½ + Å . (3)

Equation (1) for ¹ = ¹ ( � ) is a Bernoulli equation; it is easy to integrate. After that, one can
successively construct the solutions of equations (2) and (3); each equation is linear in the unknown
function.ÆpÇ

Reference: V. F. Zaitsev, A. D. Polyanin (1996).

30. ° ±° ² = � ± ° 2 ±° ³ 2
+ È Ã ° ±° ³ � 2

+ ¥ ± 2 + ¤ ( ² ) ± + ´ ( ² ).
1 µ . Exact solution: �

( ¬ , � ) = ¹ ( � ) + ½ ( � ) exp( É Ê ¬ ), Ê = Ã − §º + ¦ � 1 Ë 2

, (1)

where the functions ¹ ( � ) and ½ ( � ) are determined by solving the following first-order ordinary
differential equations with variable coefficients (the arguments of ® and ¡ are not specified):¹ ¾� = §L¹ 2 + ® ¹ + ¡ , (2)½ ¾� = ( º Ê 2 ¹ + 2 §L¹ + ® ) ½ . (3)

Equation (2) for ¹ = ¹ ( � ) is a Riccati equation; it can be reduced to a second-order linear
equation. The books by Kamke (1977) and Zaitsev and Polyanin (1995) present many solutions of
equation (2) for various ® and ¡ .

Given a solution of equation (2), the solution of equation (3) for ½ = ½ ( � ) is evaluated by½ ( � ) = � exp · ª ( º Ê 2 ¹ + 2 §L¹ + ® ) ¯ �3¸ , (4)

where � is an arbitrary constant.

2 µ . Exact solution ( ¨ is an arbitrary constant):�
( ¬ , � ) = ¹ ( � ) + ½ ( � ) cosh( Ê ¬ + ¨ ), Ê = Ã − §º + ¦ � 1 Ë 2

, (5)

where the functions ¹ ( � ) and ½ ( � ) are determined by solving the following first-order ordinary
differential equations with variable coefficients (the arguments of ® and ¡ are not specified):¹ ¾� = §L¹ 2 − ¦LÊ 2 ½ 2 + ® ¹ + ¡ , (6)½ ¾� = ( º Ê 2 ¹ + 2 §L¹ + ® ) ½ . (7)

One can express ¹ from (7) in terms of ½ and substitute the resulting ¹ into (6). As a result, one
arrives at a second-order nonlinear equation for ½ (if ® , ¡ = const, this equation is autonomous and,
hence, admits reduction of order).
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3 µ . Exact solution ( ¨ is an arbitrary constant):�
( ¬ , � ) = ¹ ( � ) + ½ ( � ) sinh( Ê ¬ + ¨ ), Ê = Ã − §º + ¦ � 1 Ë 2

,

where the functions ¹ ( � ) and ½ ( � ) are determined by solving the system of first-order ordinary
differential equations ¹ ¾� = §L¹ 2 + ¦LÊ 2 ½ 2 + ® ¹ + ¡ ,½ ¾� = ( º Ê 2 ¹ + 2 §L¹ + ® ) ½ .

4 µ . Exact solution ( ¨ is an arbitrary constant):�
( ¬ , � ) = ¹ ( � ) + ½ ( � ) cos( Ê ¬ + ¨ ), Ê = Ã §º + ¦ � 1 Ë 2

, (8)

where the functions ¹ ( � ) and ½ ( � ) are determined by solving the system of first-order ordinary
differential equations ¹ ¾� = §L¹ 2 + ¦LÊ 2 ½ 2 + ® ¹ + ¡ , (9)½ ¾� = (− º Ê 2 ¹ + 2 §L¹ + ® ) ½ . (10)

One can express ¹ from (10) in terms of ½ and substitute the resulting ¹ into (9). Thus, one
arrives at a second-order nonlinear equation for ½ (if ® , ¡ = const, this equation is autonomous and,
hence, admits reduction of order).ÆpÇ

Reference: V. F. Zaitsev, A. D. Polyanin (1996).

31. ° ±° ² = � ± ° 2 ±° ³ 2
+ ¤ ( ² ) Ã ° ±° ³ � 2

+ [́ 1( ² ) ³ + ´ 0( ³ )] ° ±° ³ + » ( ² ) ± + Ì 2( ² ) ³ 2 + Ì 1( ² ) ³ + Ì 0( ² ).
The equation has an exact solution of the form

�
( ¬ , � ) = ¹ ( � ) ¬ 2 + ½ ( � ) ¬ + Ä ( � ),

where the functions ¹ ( � ), ½ ( � ), and Ä ( � ) are determined by a system of first-order ordinary differential
equations with variable coefficients (the system is not specified here).

B.5.1-5. Equations of the form Í ÎÍ � = º ÍÍ « ¿ ® (

�
) Í ÎÍ « À + ® ¢'¬ , � , � , Í ÎÍ « £ .

32. ° ±° ² = � °° ³ Ã ± Ï ° ±° ³ � + ¤ ( ² ) ± 1– Ï .

The change of variable Ð =

� Ñ
leads to an equation of the form B.5.1.29,Ò ÐÒ � = º Ð Ò 2 ÐÒ ¬ 2 +

ºÓ Ã Ò ÐÒ ¬ Ô 2

+ Ó ® ( Õ ),
which admits solutions with the form Ð = ¹ ( Õ ) ¬ 2 + ½ ( Õ ) ¬ + Ä ( Õ ).
33. ° ±° ² = Ö °° ³ Ã ± Ï ° ±° ³ Ô + × ( ² ) ± + ´ ( ² ) ± 1– Ï .

The change of variable Ð = Ø Ñ
leads to an equation of the form B.5.1.29,Ò ÐÒ Õ = º Ð Ò 2 ÐÒ ¬ 2 +

ºÓ Ã Ò ÐÒ ¬ Ô 2

+ Ó ® ( Õ ) Ð + Ó Ù ( Õ ),
which admits solutions with the form Ð = ¹ ( Õ ) ¬ 2 + ½ ( Õ ) ¬ + Ä ( Õ ).ÆpÇ

Reference: V. F. Zaitsev, A. D. Polyanin (1996).
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34. ° ±° ² = Ö °° ³ Ã ± Ï ° ±° ³ Ô + È ± 1+ Ï + × ( ² ) ± + ´ ( ² ) ± 1– Ï .

For Ú = 0, see equation B.5.1.33.
The change of variable Ð = Ø Ñ

leads to an equation of the form B.5.1.30,Ò ÐÒ Õ = º Ð Ò 2 ÐÒ ¬ 2 +
ºÓ Ã Ò ÐÒ ¬ Ô 2

+ Ú Ó Ð 2 + Ó ® ( Õ ) Ð + Ó Ù ( Õ ),
which admits solutions with the formsÐ ( ¬ , Õ ) = ¹ ( Õ ) + ½ ( Õ ) exp( É Ê ¬ ),Ð ( ¬ , Õ ) = ¹ ( Õ ) + ½ ( Õ ) cosh( Ê ¬ + Û ),Ð ( ¬ , Õ ) = ¹ ( Õ ) + ½ ( Õ ) sinh( Ê ¬ + Û ),Ð ( ¬ , Õ ) = ¹ ( Õ ) + ½ ( Õ ) cos( Ê ¬ + Û ),

where the functions ¹ ( Õ ) and ½ ( Õ ) are determined by a system of first-order ordinary differential
equations; the parameter Ê is a root of a quadratic equation and Û is an arbitrary constant.ÆpÇ

Reference: V. F. Zaitsev, A. D. Polyanin (1996).

35. ° ±° ² = Ö °° ³ Ã Ü Ý Þ ° ±° ³ Ô + × ( ² ) + ´ ( ² ) Ü – Ý Þ .

The change of variable Ð = ß à Î leads to an equation of the form B.5.1.27,Ò ÐÒ Õ = º Ð Ò 2 ÐÒ ¬ 2 + Ê ® ( Õ ) Ð + Ê Ù ( Õ ),
which admits solutions with the form Ð = ¹ ( Õ ) ¬ 2 + ½ ( Õ ) ¬ + Ä ( Õ ).
36. ° ±° ² = Ö °° ³ Ã Ü Ý Þ ° ±° ³ Ô + × ( ³ ) + ( È ³ + á ) Ü – Ý Þ .

The change of variable Ð = ß à Î leads to an equation of the form B.5.1.26,Ò ÐÒ Õ = º Ð Ò 2 ÐÒ ¬ 2 + Ê ® ( ¬ ) Ð + Ê ( Ú?¬ + § ),
which admits solutions with the form Ð = Ê ( Ú?¬ + § ) Õ + ¹ ( ¬ ).

37. ° ±° ² = Ö °° ³ Ã Ü Ý Þ ° ±° ³ Ô + È Ü Ý Þ + × ( ² ) + ´ ( ² ) Ü – Ý Þ .

For Ú = 0, see equation B.5.1.35.
The change of variable Ð = ß à Î leads to an equation of the form B.5.1.30,Ò ÐÒ Õ = º Ð Ò 2 ÐÒ ¬ 2 + Ú?Ð 2 + Ê ® ( Õ ) Ð + Ê Ù ( Õ ),

which admits solutions with the formsÐ ( ¬ , Õ ) = ¹ ( Õ ) + ½ ( Õ ) exp( É â ¬ ),Ð ( ¬ , Õ ) = ¹ ( Õ ) + ½ ( Õ ) cosh( â ¬ + Û ),Ð ( ¬ , Õ ) = ¹ ( Õ ) + ½ ( Õ ) sinh( â ¬ + Û ),Ð ( ¬ , Õ ) = ¹ ( Õ ) + ½ ( Õ ) cos( â ¬ + Û ),

where the functions ¹ ( Õ ) and ½ ( Õ ) are determined by a system of first-order ordinary differential
equations; the parameter â is a root of a quadratic equation and Û is an arbitrary constant.ÆpÇ

Reference: V. F. Zaitsev, A. D. Polyanin (1996).
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B.5.1-6. Equations of the form Í ÎÍ � = ® ( ¬ , Õ , Ø ) Í 2 ÎÍ « 2 + Ù ã ¬ , Õ , Ø , Í ÎÍ « ä .

38. ° ±° ² =
× ( ³ )Ö ± + È ° 2 ±° ³ 2

.

Exact solution: Ø ( ¬ , Õ ) =
1º ¿ ¹ ( ¬ ) Õ + ½ ( ¬ ) − Ú À ,

where the functions ¹ ( ¬ ) and ½ ( ¬ ) are determined by the ordinary differential equations® ( ¬ ) ¹ ¾I¾« « − ¹ 2 = 0, ® ( ¬ ) ½ ¾I¾« « − ¹ ½ = 0.

The first equation can be treated independently. The second equation has a particular solution½ ( ¬ ) = ¹ ( ¬ ), and hence, its general solution is given by½ ( ¬ ) = Û 1 ¹ ( ¬ ) + Û 2 ¹ ( ¬ ) ª ¯ ¬¹ 2( ¬ )
,

where Û 1 and Û 2 are arbitrary constants.

39. ° ±° ² = × ( ² ) °° ³ Ã ± Ï ° ±° ³ Ô + ´ ( ² ) ± 1– Ï .

Exact solution: Ø ( ¬ , Õ ) = ¿ ¹ ( Õ ) ¬ 2 + ½ ( Õ ) À 1 Ë Ñ ,

where the functions ¹ = ¹ ( ¬ ) and ½ = ½ ( ¬ ) are determined by the first-order ordinary differential
equations ¹ ¾å =

2( Ó + 2)Ó ® ¹ 2, ½ ¾å = 2 ® ¹ ½ + Ó Ù .

Integrating yields¹ =
1¶ , ½ = ¶ −

ÑÑ
+2 Ã æ + Ó ª Ù ¶ ÑÑ

+2 ¯ Õ Ô , ¶ = ç −
2( Ó + 2)Ó ª ® ¯ Õ ,

where æ and ç are arbitrary constants.ÆpÇ
Reference: V. F. Zaitsev, A. D. Polyanin (1996).

40. ° ±° ² = °° ³ ·�× ( ³ ) Ü è Þ ° ±° ³ ¸ .

Exact solution in additive form:Ø ( ¬ , Õ ) = −
1é ln(

é Õ + Û ) +
1é ln ·�ê æ −

é ë® (
ë

) ì ë
+ ç í ,

where æ , ç , and Û are arbitrary constants.

B.5.1-7. Equations with three independent variables.

41. î ïî ð = îî ñ ò × ( ñ , ó ) î ïî ñ í + îî ó ò�ô ( ñ , ó ) î ïî ó í + õ ï ln ï .

Exact solution in multiplicative form:Ø (
ë

, ö , Õ ) = exp ã æ ß ÷ å ) ¼ (
ë

, ö ),

where æ is an arbitrary constant and the function ¼ (
ë

, ö ) satisfies the stationary equationøø ë ò ® (
ë

, ö )
ø ¼ø ë í +

øø ö ò Ù (
ë

, ö )
ø ¼ø ö í + ù ¼ ln ¼ = 0.
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42.
� �� � =

�� � ���
(
�

,
�
)
� �� � � +

�� � �
	
(
�

,
�
)
� �� � � + � (

�
)
�

ln
�

.

Incomplete separable exact solution (the solution is separable in the space coordinates � and  but
not in time � ): �

( � ,  , � ) = � ( � , � ) � (  , � ).
The functions � ( � , � ) and � (  , � ) are determined from the one-dimensional nonlinear parabolic
differential equations � �� � =

�� � ���
( � , � ) � �� � � + � ( � ) � ln � + � ( � ) � ,� �� � =

��  �
�
(  , � ) � ��  � + � ( � ) � ln � − � ( � ) � ,

where � ( � ) is an arbitrary function.

B.5.2. Hyperbolic Equations

B.5.2-1. Equations of the form � 2 ���� 2 = � � 2 �� � 2 +
� � � , � , � , � �� � � .

1.
� 2 �� � 2

=  � 2 �� � 2
+ ! � ln

�
+ [

�
(
�

) +
	

(
�
)]

�
.

Exact solution in multiplicative form: �
( � , � ) = � ( � ) � ( � ),

where the functions � ( � ) and � ( � ) are determined by the second-order ordinary differential equations� "#"�$� − %'& ln � +
�

( � ) + � (�� = 0,� � "#"� � + %'& ln � +
�

( � ) − � ()� = 0,

where � is an arbitrary constant.

2.
� 2 �� � 2

=  � 2 �� � 2
+ ! * � �� � + 2

+ , �
+

�
(
�
).

Exact solution in additive form: �
( � , � ) = � ( � ) + - ( . ), . = � + / � ,

where / is an arbitrary constant and the functions � = � ( � ) and - = - ( . ) are determined by solving
the second-order ordinary differential equations� "#"�$� − 01� −

�
( � ) = 0, (1)

( � − / 2) - "#"232 + & � - "2 � 2 + 0)- = 0. (2)

The general solution of equation (1) is given by� ( � ) = � 1 cosh( 4 � ) + � 2 sinh( 4 � ) +
14 5 �

0

�
( 6 ) sinh[ 4 ( � − 6 )] 7 6 if 0 = 4 2 > 0,� ( � ) = � 1 cos( 4 � ) + � 2 sin( 4 � ) +

14 5 �
0

�
( 6 ) sin[ 4 ( � − 6 )] 7 6 if 0 = − 4 2 < 0,

where � 1 and � 2 are arbitrary constants.
Equation (2) can be solved with the change of variable 8 ( - ) =

� - "2 � 2, which leads to a first-order
linear equation.
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3.
� 2 �� � 2

=  � 2 �� � 2
+ ! * � �� � + 2

+ , �
+

�
(
�

).

Exact solution in additive form: �
( � , � ) = � ( � ) + � ( � ).

Here, � ( � ) = � 1 cosh( 4 � ) + � 2 sinh( 4 � ) if 0 = 4 2 > 0,� ( � ) = � 1 cos( 4 � ) + � 2 sin( 4 � ) if 0 = − 4 2 < 0,

where � 1 and � 2 are arbitrary constants, and the function � ( � ) is determined by the ordinary
differential equation � � "#"� � + & � � "� � 2 + 01� +

�
( � ) = 0.

4.
� 2 �� � 2

=  � 2 �� � 2
+ ! * � �� � + 2

+ , � � �� � + 9 � 2 +
�

(
�
)
�

+
	

(
�
).

Exact solution: �
( � , � ) = � ( � ) + � ( � ) exp( / � ),

where / is a root of the quadratic equation &1/ 2 + 0�/ + 4 = 0 and the functions � ( � ) and � ( � ) are
determined by the following system of second-order ordinary differential equations:� "#"�$� = 4 � 2 +

�
( � ) � +

�
( � ), (1)� "#"�$� = % ( 0�/ + 2 4 ) � +

�
( � ) + � / 2 ()� . (2)

In the special case
�

( � ) = const and
�

( � ) = const, equation (1) is autonomous and has particular
solutions of the form � = const and, hence, can be integrated in quadrature. Equation (2) is linear
in � , and consequently, with � = const, its general solution is expressed in terms of exponentials or
sine and cosine.

5.
� 2 �� � 2

=  � 2 �� � 2
+

�
(
�
) * � �� � + 2

+
	

(
�
)
�

+ � (
�
).

Exact solution: �
( � , � ) = � ( � ) � 2 + � ( � ) � + : ( � ), (1)

where the functions � ( � ), � ( � ), and : ( � ) are determined by solving the following system of second-
order ordinary differential equations with variable coefficients (the arguments of

�
,
�

, and � are not
specified): � "#"�$� = 4

� � 2 +
� � , (2)� "#"�$� = (4

� � +
�

) � , (3): "#"�$� =
� : +

� � 2 + � + 2 � � . (4)

Equation (2) has the trivial particular solution � ( � ) ≡ 0; the corresponding solution (1) is linear
in the coordinate � .

Equation (3) has a particular solution � = ¯� ( � ), where ¯� ( � ) is any nontrivial particular solution
of equation (2). Hence, the general solution of equation (3) is given by� ( � ) = � 1 ¯� ( � ) + � 2 ¯� ( � ) 5 7 �

¯� 2( � ) ,

where � 1 and � 2 are arbitrary constants. If the functions
�

and
�

proportional, then � = − 1
4

� ; �
( � = const) is a particular solution of equation (2).

Equation (4) linear in : = : ( � ).
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6.
� 2 �� � 2

=  � 2 �� � 2
+

�
(
�

) * � �� � + 2

+
	

(
�

) + � (
�
).

Exact solution in additive form:�
( � , � ) = 1

2 < � 2 + = � + � + 5 �
0

( � − 6 ) � ( 6 ) 7 6 + � ( � ).

Here, < , = , and � are arbitrary constants, and the function � ( � ) is determined by solving the
second-order nonlinear ordinary differential equation� � "#"� � +

�
( � )

� � "� � 2 +
�

( � ) − < = 0.

7.
� 2 �� � 2

=  � 2 �� � 2
+

�
(
�

) * � �� � + 2

+ ! � +
	

(
�

) + � (
�
).

Exact solution in additive form: �
( � , � ) = � ( � ) + � ( � ).

Here, the functions � ( � ) and � ( � ) are determined by solving the second-order ordinary differential
equations � "#"�$� − &)� − � ( � ) = 0,� � "#"� � +

�
( � )( � "� )2 + &>� +

�
( � ) = 0.

The general solution of the first equation is given by� ( � ) = � 1 cosh( 4 � ) + � 2 sinh( 4 � ) +
14 5 �

0
� ( 6 ) sinh[ 4 ( � − 6 )] 7 6 if & = 4 2 > 0,� ( � ) = � 1 cos( 4 � ) + � 2 sin( 4 � ) +

14 5 �
0

� ( 6 ) sin[ 4 ( � − 6 )] 7 6 if & = − 4 2 < 0,

where � 1 and � 2 are arbitrary constants.

8.
� 2 �� � 2

=  � 2 �� � 2
+

�
(
�
) * � �� � + 2

+ ! �
(
�
)
� 2 +

	
(
�
)
�

+ � (
�
).

1 ? . Exact solution: �
( � , � ) = � ( � ) + � ( � ) exp

��@ � A − & � , & < 0,

where the functions � ( � ) and � ( � ) are determined by solving the following second-order ordinary
differential equations with variable coefficients (the arguments of

�
,
�

, and � are not specified):� "#"�$� = & � � 2 +
� � + � ,� "#"�$� = (2 & � � +
�

− � & ) � .

2 ? . Exact solution of a more general form:�
( � , � ) = � ( � ) + � ( � ) % < exp

� � A − & � + = exp
�
− � A − & � ( , & < 0,

where < and = are arbitrary constants and the functions � ( � ) and � ( � ) are determined by the following
system of second-order ordinary differential equations with variable coefficients (the arguments of�

,
�

, and � are not specified): � "#"�$� = & � ( � 2 + 4 < = � 2) +
� � + � ,� "#"�$� = (2 & � � +

�
− � & ) � .

3 ? . Exact solution: �
( � , � ) = � ( � ) + � ( � ) cos

� � A & + � � , & > 0, (9)
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where � is an arbitrary constant and the functions � ( � ) and � ( � ) are determined by the following
system of second-order ordinary differential equations with variable coefficients:� "#"�$� = & � � � 2 + � 2) +

� � + � ,� "#"�$� =
�
2 & � � +

�
− � & � � .

9.
� 2 �� � 2

=  � 2 �� � 2
+

� * �
,

� �� � + +
	

(
�
).

Exact solution in additive form:�
( � , � ) = 1

2 < � 2 + = � + � + 5 �
0

( � − 6 )
�

( 6 ) 7 6 + � ( � ).

Here, < , = , and � are arbitrary constants and the function � ( � ) is determined by solving the
second-order nonlinear ordinary differential equation� � "#"� � +

� � � , � "� � − < = 0.

10.
� 2 �� � 2

=  � 2 �� � 2
+

� * �
,

� �� � + + ! � +
	

(
�
).

Exact solution in additive form: �
( � , � ) = � ( � ) + � ( � ).

Here, the functions � ( � ) and � ( � ) are determined by the second-order ordinary differential equations� "#"�$� − &)� −
�

( � ) = 0,� � "#"� � +
� � � , � "� � + &>� = 0.

The general solution of the first equation is given by� ( � ) = � 1 cosh( 4 � ) + � 2 sinh( 4 � ) +
14 5 �

0

�
( 6 ) sinh[ 4 ( � − 6 )] 7 6 if & = 4 2 > 0,� ( � ) = � 1 cos( 4 � ) + � 2 sin( 4 � ) +

14 5 �
0

�
( 6 ) sin[ 4 ( � − 6 )] 7 6 if & = − 4 2 < 0,

where � 1 and � 2 are arbitrary constants.

11.
� 2 �� � 2

=  � 2 �� � 2
+

� � * �
,

1� � �� � + .

Exact solution in multiplicative form: �
( � , � ) = B C � � ( � ),

where / is an arbitrary constant and the function � ( � ) is determined by the second-order linear
ordinary differential equation � "#"�$� = %D� / 2 +

�
( � , / ) (1� .
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B.5.2-2. Equations of the form � 2 ���� 2 =
�

( � ) � 2 �� � 2 +
� � � , � , � , � �� � � .

12.
� 2 �� � 2

=  (
�

+ E ) F � 2 �� � 2
+

�
(
�

),  > 0.

Exact solution for G ≠ 2:�
=

�
( 8 ), 8 = % 1

4 � (2 − G )2( � + � )2 − ( � + H )2− I ( I
2(2− I ) ,

where � is an arbitrary constant and the function
�

=
�

( 8 ) is determined by the generalized
Emden–Fowler equation � "#"J>J −

4� G 2 8 4(1− I )I �
(
�

) = 0. (1)

A number of exact solutions to equation (1) for some specific
�

=
�

(
�

) can be found in Polyanin
and Zaitsev (1995). In the special case G = 1, the general solution of equation (1) is given by5 � � 1 +

8� K (
�

) � −1 L 2 7 �
=

@ 8 + � 2, K (
�

) = 5 �
(
�

) 7 �
,

where � 1 and � 2 are arbitrary constants.

13.
� 2 �� � 2

=  � F � 2 �� � 2
+ ! � F –1

� �� � +
�

(
�

),  > 0.

Exact solution for G ≠ 2: �
=

�
( . ), . = 1

4 � (2 − G )2( � + � )2 − � 2− I ,

where � is an arbitrary constant and the function
�

=
�

( . ) is determined by the ordinary differential
equation . � "#"232 + < � "2 − = �

(
�

) = 0, where < =
� (4 − 3 G ) + 2 &

2 � (2 − G )
, = =

1� (2 − G )2 .

For < ≠ 1, the change of variable . = 4 8 1
1− M ( 4 =

@
1) brings this equation to the generalized

Emden–Fowler equation � "#"J>J −
4 =

(1 − < )2 8 2 M −1
1− M �

(
�

) = 0,

whose solvable cases are presented in Polyanin and Zaitsev (1995).

14.
� 2 �� � 2

=  � F � 2 �� � 2
+

� F –1
�

(
�

)
� �� � .

Exact solution for G ≠ 2:�
=

�
( 8 ), 8 = %
4 � (2 − G )2( � + � )2 − 4 4 � 2− I ]1 L 2, 4 =

@
1,

where � is an arbitrary constant and the function
�

=
�

( 8 ) is determined by the ordinary differential
equation � "#"J>J +

2� (2 − G )
%D� (1 − G ) +

�
(
�

) ( 18 � "J = 0.

The change of variable N (
�

) = 8 � "J leads to a first-order separable equation. Integrating this equation
yields the general solution in implicit form:5 7 �� G �

− 2 K (
�

) + � 1
=

1� (2 − G )
ln | 8 | + � 2, K (

�
) = 5 �

(
�

) 7 �
,

where � 1 and � 2 are arbitrary constants.
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15.
� 2 �� � 2

=  � F � 2 �� � 2
+

� F –1
�

(
�

)
� �� � +

	
(
�

).

Exact solution for G ≠ 2:�
=

�
( 8 ), 8 = % 4 � (2 − G )2( � + � )2 − 4 4 � 2− I ( 1 L 2, 4 =

@
1,

where � is an arbitrary constant and the function
�

=
�

( 8 ) is determined by the ordinary differential
equation � "#"J>J +

2� (2 − G )
% � (1 − G ) +

�
(
�

) ( 18 � "J −
1� 4 (2 − G )2

�
(
�

) = 0.

16.
� 2 �� � 2

=  O P Q � 2 �� � 2
+ ! O P Q � �� � +

�
(
�

),  > 0.

Exact solution for / ≠ 0:�
=

�
( 8 ), 8 = % 4 4 B − C � − � 4 / 2( � + � )2 ( 1 L 2, 4 =

@
1,

where � is an arbitrary constant and the function
�

=
�

( 8 ) is determined by the ordinary differential
equation � "#"J>J +

2( � / − & )� / 18 � "J +
1� 4 / 2

�
(
�

) = 0. (1)

For & = � / , the solution of equation (1) is given by5 � � 1 −
2� 4 / 2 K (

�
) � −1 L 2 7 �

=
@ 8 + � 2, K (

�
) = 5 �

(
�

) 7 �
,

where � 1 and � 2 are arbitrary constants.

For & ≠ 1
2 � / , the change of variable . = 8 2 R − S CS C brings (1) to the generalized Emden–Fowler

equation � "#"232 +
�4 (2 & − � / )2 . 4( S C − R )

2 R − S C �
(
�

) = 0,

whose solvable cases are presented in Polyanin and Zaitsev (1995).

17.
� 2 �� � 2

=  O P Q � 2 �� � 2
+ O P Q �

(
�

)
� �� � .

Exact solution for / ≠ 0:�
=

�
( 8 ), 8 = % 4 4 B − C � − � 4 / 2( � + < )2 ( 1 L 2, 4 =

@
1.

Here, < is an arbitrary constant and the function
�

=
�

( 8 ) is determined by the ordinary differential
equation � "#"J>J +

28 �
1 −

1� / �
(
�

) � � "J = 0,

which by the change of variable N (
�

) = 8 � "J is reduced to a separable first-order equation. Integrating
this equation yields the general solution in implicit form:5 7 �

2 K (
�

) − � / �
+ � 1

=
1� / ln | 8 | + � 2, K (

�
) = 5 �

(
�

) 7 �
,

where � 1 and � 2 are arbitrary constants.

18.
� 2 �� � 2

=  O P Q � 2 �� � 2
+ O P Q �

(
�

)
� �� � +

	
(
�

).

Exact solution for / ≠ 0:�
=

�
( 8 ), 8 = % 4 4 B − C � − � 4 / 2( � + � )2 ( 1 L 2, 4 =

@
1,

where � is an arbitrary constant and the function
�

=
�

( 8 ) is determined by the ordinary differential
equation � "#"J>J +

28 �
1 −

1� / �
(
�

) � � "J +
1� 4 / 2

�
(
�

) = 0.
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B.5.2-3. Other equations.

19.
� 2 �� � 2

=
�

(
�
)

�� � * � � �� � + .

1 ? . Exact solutions:�
( � , � ) = ( � 1 � + � 2)( � 3 � + � 4)1 L 2,�
( � , � ) = ( � 1 � + � 2) � + 5 �S ( � − 6 )( � 1 6 + � 2)2

�
( 6 ) 7 6 + � 3 � + � 4,

where � 1, � 2, � 3, � 4, and � are arbitrary constants.
2 ? . Exact solution: �

( � , � ) = � ( � ) � 2 + � ( � ) � + : ( � ),
where the functions � = � ( � ), � = � ( � ), and : = : ( � ) are determined by the system of ordinary
differential equations � "#"�$� = 6

�
( � ) � 2,� "#"�$� = 6

�
( � ) � � ,: "#"�$� = 2

�
( � ) � : +

�
( � ) � 2.

3 ? . Exact solution in multiplicative form:�
( � , � ) = T ( � ) U ( � ),

where the functions T = T ( � ) and U = U ( � ) are determined by the ordinary differential equations
( � is an arbitrary constant) T "#"�$� = � �

( � ) T 2,
( U U "� ) "� = � U .

The latter equation is autonomous and has a particular solution U = 1
6 � � 2 and, hence, is integrable

in quadrature.

20.
� 2 �� � 2

=
�

(
�
)

�� � * � � �� � + +
	

2(
�
)
� 2 +

	
1(

�
)
�

+
	

0(
�
).

Exact solution: �
( � , � ) = � ( � ) � 2 + � ( � ) � + : ( � ),

where the functions � = � ( � ), � = � ( � ), and : = : ( � ) are determined by the system of ordinary
differential equations � "#"�$� = 6

�
( � ) � 2 +

�
2( � ),� "#"�$� = 6

�
( � ) � � +

�
1( � ),: "#"�$� = 2

�
( � ) � : +

�
( � ) � 2 +

�
0( � ).

B.5.3. Elliptic Equations

B.5.3-1. Equations of the form � � 2 �� � 2 + & � 2 �� V 2 =
� � � ,  ,

�
, � �� � , � �� V � , � & > 0.

1.
� 2 �� � 2

+
� 2 �� � 2

=  �
ln

�
+ [

�
(
�

) +
	

(
�

)]
�

.

Exact solution in multiplicative form: �
( � ,  ) = � ( � ) � (  ),

where the functions � ( � ) and � (  ) are determined by the ordinary differential equations� "#"� � − %D� ln � +
�

( � ) + � (�� = 0,� "#"V1V − %D� ln � +
�

(  ) − � (1� = 0,
where � is an arbitrary constant.
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2.
� 2 �� � 2

+
� 2 �� � 2

=
�

(
�

)
�

ln
�

+ [  �
(
�

)
�

+
	

(
�

)]
�

.

Exact solution in multiplicative form: �
( � ,  ) = B − S V � ( � ),

where the function � ( � ) is determined by the ordinary differential equation� "#"� � =
�

( � ) � ln � + % � ( � ) − � 2 (�� .

3.
� 2 �� � 2

+  � 2 �� � 2
=

�
(
�

) * � �� � + 2

+
	

(
�

)
�

+ � (
�

).

Exact solution: �
( � ,  ) = � ( � )  2 + � ( � )  + : ( � ). (1)

Here, the functions � ( � ), � ( � ), and : ( � ) are determined by the following second-order ordinary
differential equations with variable coefficients (the arguments of

�
,
�

, and � are not specified):� "#"� � = 4
� � 2 +

� � , (2)� "#"� � = (4
� � +

�
) � , (3): "#"� � =

� : +
� � 2 + � − 2 � � . (4)

If a solution � = � ( � ) of the nonlinear equation (2) is found, then the functions � = � ( � ) and: = : ( � ) can be determined successively from equations (3) and (4), which are linear in � and : .
By comparing equations (2) and (3), one can see that equation (3) has a particular solution� = � ( � ). Hence, the general solution of (3) is given by (see Polyanin and Zaitsev 1995)� ( � ) = � 1 � ( � ) + � 2 � ( � ) 5 7 �� 2( � )

, � W 0.

Note that equation (2) has the trivial particular solution � ( � ) ≡ 0, to which there is a corresponding
solution (1) linear in the coordinate  . If the functions

�
and

�
are proportional, then � = − 1

4

� ; �
( � = const) is a particular solution of equation (2).

4.
� 2 �� � 2

+  � 2 �� � 2
=

�
(
�

) * � �� � + 2

+ ! �
(
�

)
� 2 +

	
(
�

)
�

+ � (
�

).

1 ? . Exact solution: �
( � ,  ) = � ( � ) + � ( � ) exp

��@  A − & � , & < 0,
where the functions � ( � ) and � ( � ) are determined by the following second-order ordinary differential
equations with variable coefficients (the arguments of

�
,
�

, and � are not specified):� "#"� � = & � � 2 +
� � + � ,� "#"� � = (2 & � � +
�

+ � & ) � .
2 ? . Exact solution of a more general form:�

( � ,  ) = � ( � ) + � ( � ) % < exp
�  A − & � + = exp

�
−  A − & � ( , & < 0,

where the functions � ( � ) and � ( � ) are determined by the following system of second-order ordinary
differential equations with variable coefficients:� "#"� � = & � � � 2 + 4 < = � 2) +

� � + � ,� "#"� � = 2 & � � � +
� � + � &>� .

3 ? . Exact solution: �
( � ,  ) = � ( � ) + � ( � ) cos

�  A & + � � , & > 0,
where � is an arbitrary constant and the functions � ( � ) and � ( � ) are determined by the following
system of second-order ordinary differential equations with variable coefficients:� "#"� � = & � � � 2 + � 2) +

� � + � ,� "#"� � = 2 & � � � +
� � + � &>� .X'Y

Reference: V. F. Zaitsev, A. D. Polyanin (1996).
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5.  � 2 �� � 2
+ ! � 2 �� � 2

=
�

1 * �
,

� �� � + +
�

2 * �
,

� �� � + + 9 �
.

Exact solution in additive form: �
( � ,  ) = � ( � ) + � (  ).

Here, the functions � ( � ) and � ( � ) are determined by solving the second-order ordinary differential
equations � � "#"� � −

�
1

� � , � "� � − 4 � = � ,&>� "#"V1V −
�

2

�  , � "V � − 4 � = − � ,
where � is an arbitrary constant.

B.5.3-2. Equations of the form �� � % � ( � ) � �� � ( + �� V % � (  ) � �� V ( = � (
�

).

6.
�� � *  � F � �� � + +

�� � * ! � Z � �� � + =
�

(
�

).

1 ? . For G ≠ 2 and [ ≠ 2, there are exact solutions of the form�
=

�
( . ), . = %'& (2 − [ )2 � 2− I + � (2 − G )2  2− \ ( 1 L 2.

Here, the function
�

=
�

( . ) is determined by the ordinary differential equation� "#"232 + < . � "2 = = �
(
�

), (1)

where < =
4 − G [

(2 − G )(2 − [ )
, = =

4� & (2 − G )2(2 − [ )2 .

For [ = 4
; G , one obtains from (1) the following exact solution to the original equation with

arbitrary
�

=
�

(
�

):5 � � 1 +
2 G 2� & (2 − G )4 K (

�
) � −1 L 2 7 �

= � 2

@ . , K (
�

) = 5 �
(
�

) 7 �
,

where � 1 and � 2 are arbitrary constants.

2 ? . The change of variable ] = . 1− M brings (1) to the generalized Emden–Fowler equation� "#"^>^ =
=

(1 − < )2 ] 2 M
1− M �

(
�

). (2)

A lot of exact solutions to equation (2) with various
�

=
�

(
�

) can be found in Polyanin and Zaitsev
(1995).X'Y

Reference: V. F. Zaitsev and A. D. Polyanin (1996).

7.
�� � *  O _ Q � �� � + +

�� � * ! O ` a � �� � + =
�

(
�

).

For H b ≠ 0, there are exact solutions of the form�
=

�
( . ), . =

� &>b 2 B − c � + � H 2 B − d V � 1 L 2
,

where the function
�

=
�

( . ) is determined by the ordinary differential equation� "#"232 −
1. � "2 = < �

(
�

), < =
4� &>H 2 b 2 . (1)

The change of variable ] = . 2 brings (1) to the generalized Emden–Fowler equation� "#"^>^ = 1
4 < ] −1

�
(
�

),

whose solutions with
�

(
�

) = ( 4 �
+ e )−1 and

�
(
�

) = ( 4 �
+ e )−2 ( 4 , e = const) can be found in Polyanin

and Zaitsev (1995).X'Y
Reference: V. F. Zaitsev and A. D. Polyanin (1996).
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8.
�� � *  � F � �� � + +

�� � * ! O ` a � �� � + =
�

(
�

).

For G ≠ 2 and b ≠ 0, there are exact solutions of the form�
=

�
( . ), . = %
&>b 2 � 2− I + � (2 − G )2 B − d V ( 1 L 2,

where the function
�

=
�

( . ) is determined by the ordinary differential equation� "#"232 +
GG − 2

1. � "2 =
4� &>b 2(2 − G )2

�
(
�

).

9.
�� � ���

(
�

)
� �� � � +

�� � �
	
(
�

)
� �� � � =  �

ln
�

+ [ � 1(
�

) + � 2(
�

)]
�

.

Exact solution in multiplicative form: �
( � ,  ) = � ( � ) � (  ),

where � = � ( � ) and � = � (  ) are determined by the ordinary differential equations

[
�

( � ) � "� ] "� = [ � ln � + � 1( � ) + � ] � ,
[
�

(  ) � "V ] "V = [ � ln � + � 2(  ) − � ] � ,

where � is an arbitrary constant.

B.5.3-3. Other equations with two independent variables.

10.
� 2 �� � 2

+
�� � f gih ( j ) k + l ( j ) m n kn o p = 0.

1 q . Exact solution:r
( s , t ) = ( u s + v ) t − w xx 0

( s − y )( u y + v )2 z ( y ) { y + | 1 s + | 2,

where u , v , | 1, | 2, and s 0 are arbitrary constants.

2 q . Exact solution:
r

( s , t ) = } ( s ) t 2 + ~ ( s ) t + � ( s ),

where the functions } = } ( s ), ~ = ~ ( s ), and � = � ( s ) are determined by the ordinary differential
equations } �#�x x + 6 z } 2 = 0, (1)~ �#�x x + 6 z } ~ = 0, (2)� �#�x x + 2 z } � + 2 } � + z ~ 2 = 0. (3)

The nonlinear equation (1) can be treated independently. For z ≡ const, its solution can be
expressed in terms of elliptic integrals. For z = � � � x , a particular solution of (1) is } = − � 2

6 � � − � x .
Equations (2) and (3) can be solved successively (these are linear in the unknowns). Because~ = } ( s ) is a particular solution of equation (2), the general solution of (2) is given by (see Polyanin
and Zaitsev 1995) ~ ( s ) = | 1 } ( s ) + | 2 } ( s ) w { s} 2( s )

,

where | 1 and | 2 are arbitrary constants.
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11. � j � n 2 kn j 2
+ � o � n 2 kn o 2

+ 9 j � –1 n kn j + s o � –1 n kn o = h ( k ).

For � ≠ 2 and � ≠ 2, there is an exact solution of the form
r

=

r
( � ), � = g'� (2 − � )2 s 2− � + � (2 − � )2 t 2− � m 1 � 2.

Here, the function

r
=

r
( � ) is determined by the ordinary differential equationu r �#��3� +

v � r �� = z (

r
),

where u = 1
4 � � (2 − � )2(2 − � )2,v = 1

4 (2 − � )(2 − � ) �D� � (3 � � − 4 � − 4 � + 4) + 2 �1� (2 − � ) + 2 � e (2 − � ) m .�'�
Reference: V. F. Zaitsev and A. D. Polyanin (1996).

12. � � � n 2 �n � 2
+ � o � n 2 �n o 2

+ 9 � � –1 � ( � ) n �n � + s o � –1 � ( � ) n �n o = l ( � ).

For � ≠ 2 and � ≠ 2, there is an exact solution of the form
r

=

r
( � ), � = � � (2 − � )2 s 2− � + � (2 − � )2 t 2− � m 1 � 2.

13. � � � � � 2 �� � 2
+ � � � � � 2 �� � 2

+ 9 � � � � �� � + s � � � � �� � = � ( � ).

For   ¡ ≠ 0, there is an exact solution of the form
r

=

r
( � ), � = ¢ � ¡ 2 � − £ x + �   2 � − d ¤ ¥ 1 � 2

.
Here, the function

r
=

r
( � ) is determined by the ordinary differential equationu r �#��3� +

v � r �� = z (

r
),

where u = 1
4 � �   2 ¡ 2, v = 1

4   ¡ (3 � �   ¡ − 2 �1� ¡ − 2 � e)  ).

14. � � � � � 2 �� � 2
+ � � � � � 2 �� � 2

+ ¦ � � � � ( � ) � �� � + s � � � � ( � ) � �� � = § ( � ).

For   ¡ ≠ 0, there is an exact solution of the form
r

=

r
( � ), � = ¢ � ¡ 2 � − £ x + �   2 � − d ¤ ¥ 1 � 2.

15. � � � � 2 �� � 2
+ � � � � � 2 �� � 2

+ ¦ � � –1 � �� � + s � � � � �� � = � ( � ).

For   ≠ 0 and � ≠ 2, there is an exact solution of the form
r

=

r
( � ), � = � �   2 s 2− � + � (2 − � )2 � − £ ¤�¨ 1 � 2.

Here, the function

r
=

r
( � ) is determined by the ordinary differential equationu r �#��3� +

v � r �� = z (

r
),

where u = 1
4 � �   2(2 − � )2, v = 1

4   (2 − � ) �D� �   (4 − 3 � ) + 2 �1�   − 2 � e (2 − � ) ¨ .�'�
Reference: V. F. Zaitsev and A. D. Polyanin (1996).

16. � � � � 2 �� � 2
+ � � � � � 2 �� � 2

+ ¦ � � –1 � ( � ) � �� � + s � � � � ( � ) � �� � = § ( � ).

For   ≠ 0 and � ≠ 2, there is an exact solution of the form
r

=

r
( � ), � = � �   2 s 2− � + � (2 − � )2 � − £ ¤�¨ 1 � 2.
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B.5.3-4. Equations with three independent variables.

17. �� � © � � � � �� � ª + �� � © � � � � �� � ª + �� « © ¬ «  � �� « ª = � ( � ).

For � ≠ 2, � ≠ 2, and ® ≠ 2, there is an exact solution of the formr
=

r
( � ), � 2 = 4 ¯ s 2− �� (2 − � )2 +

t 2− �� (2 − � )2 + ° 2− ±² (2 − ® )2 ³ ,

where the function

r
( � ) is determined by the ordinary differential equationr �#��3� +

u � r �� = z (

r
), u = 2 © 1

2 − � +
1

2 − � +
1

2 − ® ª − 1.�'�
Reference: A. D. Polyanin and A. I. Zhurov (1998).

18. �� � © � � ´ � � �� � ª + �� � © � � � � � �� � ª + �� « © ¬ � µ ¶ � �� « ª = � ( � ).

For · ≠ 0, ¡ ≠ 0, and ¸ ≠ 0, there is an exact solution of the formr
=

r
( � ), � 2 = 4 © � − � x� · 2 +

� − d ¤� ¡ 2 +
� − ¹1º² ¸ 2 ª ,

where the function

r
( � ) is determined by the ordinary differential equationr �#��3� −

1� r �� = z (

r
).

19. �� � © � � � � �� � ª + �� � © � � � � �� � ª + �� « © ¬ � µ ¶ � �� « ª = � ( � ).

For � ≠ 2, � ≠ 2, and ¸ ≠ 0, there is an exact solution of the formr
=

r
( � ), � 2 = 4 ¯ s 2− �� (2 − � )2 +

t 2− �� (2 − � )2 +
� − ¹1º² ¸ 2 ³ ,

where the function

r
( � ) is determined by the ordinary differential equationr �#��3� +

u � r �� = z (

r
), u = 2 © 1

2 − � +
1

2 − � ª − 1.

20. �� � © � � � � �� � ª + �� � © � � � � � �� � ª + �� « © ¬ � µ ¶ � �� « ª = � ( � ).

For � ≠ 2, ¡ ≠ 0, and ¸ ≠ 0, there is an exact solution of the formr
=

r
( � ), � 2 = 4 ¯ s 2− �� (2 − � )2 +

� − d ¤� ¡ 2 +
� − ¹1º² ¸ 2 ³ ,

where the function

r
( � ) is determined by the ordinary differential equationr �#��3� +

�
2 − � 1� r �� = z (

r
).�'�

Reference: A. D. Polyanin and A. I. Zhurov (1998).
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B.5.4. Equations Containing Mixed Derivatives

B.5.4-1. Monge–Ampère equations.

1. © � 2 �� � � � ª 2

= � 2 �� � 2
� 2 �� � 2

+ � ( � ).

1 q . Exact solutions:r
( s , t )= | 1 t 2 + | 2 s t +

| 2
2

4 | 1
s 2 −

1
2 | 1

w x
0

( s − y ) z ( y ) { y + | 3 t + | 4 s + | 5,r
( s , t )=

1s + | 1 © | 2 t 2+ | 3 t +
| 2

3
4 | 2 ª −

1
2 | 2

w x
0

( s − y )( y + | 1) z ( y ) { y + | 4 t + | 5 s + | 6,

where | 1, | 2, | 3, | 4, | 5, and | 6 are arbitrary constants.

2 q . Exact solutions for z ( s ) > 0:r
( s , t ) = » t w ¼ z ( s ) { s + } ( s ) + | 1 t ,

where } ( s ) is an arbitrary function.

2. © � 2 �� � � � ª 2

= � 2 �� � 2
� 2 �� � 2

+ � ( � ) � .

1 q . Exact solution:r
( s , t ) = | 1 t 2 − t w ½ ( s ) { s +

1
2 | 1

w x� ( s − y ) ½ 2( y ) { y + | 2 s + | 3 t + | 4,½ ( s ) =
1

2 | 1
w z ( s ) { s + | 5,

where | 1, ¾�¾�¾ , | 5, and � are arbitrary constants.

2 q . Exact solution:
r

( s , t ) = } ( s ) t 2 + ~ ( s ) t + � ( s ),

where } ( s ) =
1| 1 s + | 2

, ~ ( s ) = | 3 } ( s ) + | 4 +
} ( s )
2 | 1

w z ( s ) { s
[ } ( s )]3 −

1
2 | 1

w z ( s ) { s
[ } ( s )]2 ,� ( s ) =

1
2

w x� ( s − y ) [ ~ �¿ ( y )]2} ( y ) { y + | 5 s + | 6,

3 q . Exact solutions cubic in t :r
( s , t ) = | 1 t 3 −

1
6 | 1

w x� ( s − y ) z ( y ) { y + | 2 s + | 3 t + | 4,r
( s , t ) =

t 3

( | 1 s + | 2)2 −
1
6

w x� ( s − y )( | 1 y + | 2)2 z ( y ) { y + | 3 s + | 4 t + | 5,

where | 1, ¾�¾�¾ , | 5, and � are arbitrary constants.

4 q . See the solution of equation B.5.4.5 in Item 2 q with � = 1.
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3. © � 2 �� � � � ª 2

= � 2 �� � 2
� 2 �� � 2

+ � ( � ) � 2.

1 q . Exact solution quadratic in t :r
( s , t ) = } ( s ) t 2 + ¯À| 1 w } 2( s ) { s + | 2 ³ t +

1
2

| 2
1 w x� ( s − y ) } 3( y ) { y + | 3 s + | 4.

The function } = } ( s ) is determined by the ordinary differential equation} } �#�x x = 2( } �x )2 − 1
2
z ( s ).

2 q . Exact solutions quartic in t :r
( s , t ) = | 1 t 4 −

1
12 | 1

w x� ( s − y ) z ( y ) { y + | 2 s + | 3 t + | 4,r
( s , t ) =

t 4

( | 1 s + | 2)3 −
1
12

w x� ( s − y )( | 1 y + | 2)3 z ( y ) { y + | 3 s + | 4 t + | 5,

where | 1, ¾�¾�¾ , | 5, and � are arbitrary constants.

3 q . See the solution of equation B.5.4.5 in Item 2 q with � = 2.

4. © � 2 �� � � � ª 2

= � 2 �� � 2
� 2 �� � 2

+ � ( � ) � 2 + § ( � ) � + Á ( � ).

Exact solution:
r

( s , t ) = } ( s ) t 2 + ~ ( s ) t + � ( s ),

where the functions } = } ( s ), ~ = ~ ( s ), and � = � ( s ) are determined by the system of ordinary
differential equations } } �#�x x = 2( } �x )2 − 1

2
z ( s ),} ~ �#�x x = 2 } �x ~ �x − 1

2 � ( s ),} � �#�x x = 1
2 ( ~ �x )2 − 1

2 Â ( s ).

5. © � 2 �� � � � ª 2

= � 2 �� � 2
� 2 �� � 2

+ � ( � ) � Ã .

1 q . Exact solutions:r
( s , t ) =

| 1 t Ä +2

( � + 1)( � + 2)
−

1| 1
w x� ( s − y ) z ( y ) { y + | 2 s + | 3 t + | 4,r

( s , t ) =
t Ä +2

( | 1 s + | 2) Ä +1 −
1

( � + 1)( � + 2)
w x� ( s − y )( | 1 y + | 2) Ä +1 z ( y ) { y + | 3 s + | 4 t + | 5,

where | 1, ¾�¾�¾ , | 5, and � are arbitrary constants.

2 q . Exact solution:
r

( s , t ) = } ( s ) t Ä +2
2 .

The function } = } ( s ) is determined by the ordinary differential equation� ( � + 2) } } �#�x x − ( � + 2)2( } �x )2 + 4 z ( s ) = 0.

6. © � 2 �� � � � ª 2

= � 2 �� � 2
� 2 �� � 2

+ � ( � ) � 2 Ã +2 + § ( � ) � Ã .

Exact solution:r
( s , t ) = } ( s ) t Ä +2 −

1
( � + 1)( � + 2)

w x� ( s − y ) � ( y )} ( y ) { y + | 1 s + | 2 t + | 3,
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where } = } ( s ) is determined by the ordinary differential equation
( � + 1)( � + 2) } } �#�x x − ( � + 2)2( } �x )2 + z ( s ) = 0.

7. © � 2 �� � � � ª 2

= � 2 �� � 2
� 2 �� � 2

+ � ( � ) � ´ � .

1 q . Exact solutions:
r

( s , t ) = | 1 w x� ( s − y ) z ( y ) { y + | 2 s −
1| 1 · 2 � � ¤ + | 3 t + | 4,r

( s , t ) = | 1 � £ x + � ¤ −
1| 1 · 2 w x� ( s − y ) � − £ ¿ z ( y ) { y + | 2 s + | 3 t + | 4,

where | 1, | 2, | 3, | 4, � , and   are arbitrary constants.

2 q . Exact solution:
r

( s , t ) = } ( s ) exp ¢ 1
2 · t ¥ ,

where } = } ( s ) is determined by the ordinary differential equation} } �#�x x − ( } �x )2 + 4 · −2 z ( s ) = 0.

8. © � 2 �� � � � ª 2

= � 2 �� � 2
� 2 �� � 2

+ � ( � ) � 2 ´ � + § ( � ) � ´ � .

Exact solution:
r

( s , t ) = } ( s ) � � ¤ −
1· 2 w x� ( s − y ) � ( y )} ( y ) { y + | 1 s + | 2 t + | 3,

where the function } = } ( s ) is determined by the ordinary differential equation} } �#�x x − ( } �x )2 + · −2 z ( s ) = 0.

9. © � 2 �� � � � ª 2

= � 2 �� � 2
� 2 �� � 2

+ � ( � )§ ( � ).

Exact solution:
r

( s , t ) = | 1 w x� ( s − y ) z ( y ) { y −
1| 1

w ¤Å ( t − � ) � ( � ) { � + | 2 s + | 3 t + | 4,

where | 1, | 2, | 3, | 4, � , and � are arbitrary constants.

B.5.4-2. Other equations with quadratic nonlinearities.

10. � �� � � 2 �� � � � – � �� � � 2 �� � 2
= � ( � ).

1 q . Suppose

r
( s , t ) is a solution of the equation. Then the functions

r
1 = » r ¢ s , » t + } ( s ) ¥ + | ,

where } ( s ) is an arbitrary function and | is an arbitrary constant, are also solutions of the equation.

2 q . Exact solutions:r
( s , t ) = » t ¯ 2 w z ( s ) { s + | 1 ³ 1 � 2

+ } ( s ),r
( s , t ) = | 1 t 2 + } ( s ) t +

1
4 | 1

¯�} 2( s ) − 2 w z ( s ) { s ³ + | 2,

where } ( s ) is an arbitrary function and | 1 and | 2 are arbitrary constants.

3 q . Exact solutions in implicit form:w { rÆ
2 ½ ( Ç ) + ~ ( È )

= » É + } ( Ç ),

where } ( Ç ) and ~ ( È ) are arbitrary functions and ½ ( Ç ) = Ê Ë ( Ç ) Ì Ç .
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11. � �� � � 2 �� � � � + � ( � ) � �� � � 2 �� � 2
= § ( � ) � + Á ( � ) � + s( � ).

Exact solution: È = Í ( É ) Ç + Î ( É ),

where the functions Í ( É ) and Î ( É ) are determined by the system of ordinary differential equationsË Í Í Ï#Ï¤1¤ + ( Í Ï¤ )2 = Ð Í + Â ,Ë Í Î Ï#Ï¤1¤ + Í Ï¤ Î Ï¤ = Ð Î + Ñ .

B.5.5. General Form Equations

B.5.5-1. Equations of the form Ò ÓÒ ¿ = ½ ¢ Ç , Ô , È , Ò ÓÒ Õ , Ò 2 ÓÒ Õ 2
¥ .

1. Ö ×Ö Ø = Ù Ú Û , Ö 2 ×Ö Û 2 Ü .

Exact solution: Ý
( Þ , Ô ) = ( ß Þ + à ) Ô + Í ( Þ ),

where ß and à are arbitrary constants and the function Í ( Þ ) is determined by the ordinary differential
equation á â Þ , Í Ï#ÏÕ Õ ã = ß Þ + à .

2. Ö ×Ö Ø = Ù Ú Ö ×Ö Û , Ö 2 ×Ö Û 2 Ü .

Exact solution: Ý
( Þ , Ô ) = ß Ô + à + Í ( ä Þ + å Ô ),

where ß , à , ä , and å are arbitrary constants and the function Í ( æ ) is determined by the ordinary
differential equation á â ä Í Ïç , ä 2 Í Ï#Ïç>ç ã − å Í Ïç − ß = 0, æ = ä Þ + å Ô .
3. Ö ×Ö Ø = × Ù Ú Ø , 1× Ö 2 ×Ö Û 2 Ü .

Exact solution in multiplicative form:Ý
( Þ , Ô ) = ( ß è é Õ + à è − é Õ ) ê 1( Ô ), ê 1( Ô ) = exp ë�ì á

( Ô , å 2) í Ôïî ,Ý
( Þ , Ô ) = [ ß cos( å Þ ) + à sin( å Þ )] ê 2( Ô ), ê 2( Ô ) = exp ë�ì á

( Ô , − å 2) í Ôïî ,

where ß , à , and å are arbitrary constants.

4. Ö ðÖ ñ = ð ò Ú ñ , 1ð Ö 2 ðÖ Û 2 Ü + ó ( ñ ) ô õ ö + ÷ ( ñ ) ô – õ ö .

Exact solution: Ý
( Þ , Ô ) = è é Õ ê ( Ô ) ë$ß + ì ø ( Ô )ê ( Ô ) í Ôïî + è − é Õ ê ( Ô ) ë$à + ì ù ( Ô )ê ( Ô ) í Ôïî ,ê ( Ô ) = exp ë�ì á

( Ô , å 2) í Ôïî ,

where ß , à , and å are arbitrary constants.
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5. Ö ðÖ ñ = ð ò 1 Ú ñ , 1ð Ö 2 ðÖ Û 2 Ü + ô õ ö ò 2 Ú ñ , 1ð Ö 2 ðÖ Û 2 Ü + ô – õ ö ò 3 Ú ñ , 1ð Ö 2 ðÖ Û 2 Ü .

There are solutions of the form Ý
( Þ , Ô ) = è é Õ ú ( Ô ) + è − é Õ û ( Ô ).

6. Ö ðÖ ñ = ð ò Ú ñ , 1ð Ö 2 ðÖ Û 2 Ü + ó ( ñ ) cos( ü Û ) + ÷ ( ñ ) sin( ü Û ).

Exact solution:Ý
( Þ , Ô ) = cos( å Þ ) ê ( Ô ) ë$ß + ì ø ( Ô )ê ( Ô ) í Ôïî + sin( å Þ ) ê ( Ô ) ë�à + ì ù ( Ô )ê ( Ô ) í Ôïî ,ê ( Ô ) = exp ë�ì á

( Ô , − å 2) í Ôïî ,

where ß , à , and å are arbitrary constants.

7. Ö ðÖ ñ = ð ò 1 Ú ñ , 1ð Ö 2 ðÖ Û 2 Ü + cos( ü Û ) ò 2 Ú ñ , 1ð Ö 2 ðÖ Û 2 Ü + sin( ü Û ) ò 3 Ú ñ , 1ð Ö 2 ðÖ Û 2 Ü .

There are solutions of the form Ý
( Þ , Ô ) = cos( å Þ ) ú ( Ô ) + sin( å Þ ) û ( Ô ).

8. Ö ðÖ ñ = ð ò Ú ñ , ó ( Û )ð Ö 2 ðÖ Û 2 Ü .

Exact solution in multiplicative form:Ý
( Þ , Ô ) = ú ( Þ ) exp ë�ì á

( Ô , å ) í Ôýî ,

where the function ú = ú ( Þ ) satisfies the linear ordinary differential equation ø ( Þ ) ú þ#þÕ Õ = å ú .

9. Ö ðÖ ñ = ð ò Ú ñ , 1ð Ö 2 ðÖ Û 2
, ð Ö 2 ðÖ Û 2

– ÿ Ö ðÖ Û � 2 Ü .

1 � . Exact solution in multiplicative form:Ý
( Þ , Ô ) = � exp ëÀå Þ + ì á

( Ô , å 2, 0) í Ôýî ,

where � is an arbitrary constant.
2 � . Exact solution in multiplicative form:Ý

( Þ , Ô ) = ( ß è é Õ + à è − é Õ ) ú ( Ô ),
where ß and à are arbitrary constants, and the function ú = ú ( Ô ) satisfies the ordinary differential
equation ú þ� = ú á â Ô , å 2, 4 ß à å 2 ú 2 ã .
3 � . Exact solution in multiplicative form:Ý

( Þ , Ô ) = [ ß sin( å Þ ) + à cos( å Þ )] ú ( Ô ),
where ß and à are arbitrary constants, and the function ú = ú ( Ô ) satisfies the ordinary differential
equation ú þ� = ú á â Ô , − å 2, − å 2( ß 2 + à 2) ú 2 ã .���

Reference: Ph. W. Doyle (1996), the case �	��
 ≡ 0 was considered.

10. Ö ðÖ ñ = ð ò Ú ñ , Ö 2 ðÖ Û 2
, Ö ðÖ Û – Û Ö 2 ðÖ Û 2

, 2 ð – 2 Û Ö ðÖ Û + Û 2 Ö 2 ðÖ Û 2 Ü .

Exact solution in multiplicative form:Ý
( Þ , Ô ) = ( � 2 Þ 2 + � 1 Þ + � 0) ú ( Ô ),

where � 0, � 1, and � 2 are arbitrary constants, and the function ú = ú ( Ô ) satisfies the ordinary
differential equation ú þ� = ú á â Ô , 2 � 2 ú , � 1 ú , 2 � 0 ú ã .���

Reference: Ph. W. Doyle (1996), the case �	��
 ≡ 0 was considered.
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B.5.5-2. Equations of the form � 2 � � 2 =
á â Þ , Ô , Ý , � � � , � � Õ , � 2 � Õ 2 ã .

11. Ö 2 ðÖ ñ 2
= ò Ú Û , Ö ðÖ Û , Ö 2 ðÖ Û 2 Ü + � � ñ , Ö ðÖ ñ Ü + � ð .

Exact solution in additive form: Ý
( Þ , Ô ) = ú ( Þ ) + û ( Ô ),

where the functions ú ( Þ ) and û ( Ô ) are determined by solving the second-order nonlinear ordinary
differential equations ( � is an arbitrary constant)á â Þ , ú þÕ , ú þ#þÕ Õ ã + � ú = � ,û þ#þ��� − � â Ô , û þ� ã − � û = � .

12. Ö 2 ðÖ ñ 2
= ð ò � ñ , 1ð Ö ðÖ ñ ,

1ð Ö 2 ðÖ � 2
, ð Ö 2 ðÖ � 2

– ÿ Ö ðÖ � � 2 Ü .

1 � . Exact solution in multiplicative form:Ý
( Þ , Ô ) = ( ß è é Õ + à è − é Õ ) ú ( Ô ),

where ß and à are arbitrary constants, and the function ú = ú ( Ô ) satisfies the ordinary differential
equation ú þ#þ��� = ú á â Ô , ú þ��� ú , å 2, 4 ß à å 2 ú 2 ã .

2 � . Exact solution in multiplicative form:Ý
( Þ , Ô ) = [ ß sin( å Þ ) + à cos( å Þ )] ú ( Ô ),

where ß and à are arbitrary constants, and the function ú = ú ( Ô ) satisfies the ordinary differential
equation ú þ#þ��� = ú á â Ô , ú þ��� ú , − å 2, − å 2( ß 2 + à 2) ú 2 ã .

13. Ö 2 ðÖ ñ 2
= ð ò � ñ , Ö 2 ðÖ � 2

, Ö ðÖ � – � Ö 2 ðÖ � 2
, 2 ð – 2 � Ö ðÖ � + � 2 Ö 2 ðÖ � 2 Ü .

Exact solution in multiplicative form:Ý
( Þ , Ô ) = ( � 2 Þ 2 + � 1 Þ + � 0) ú ( Ô ),

where � 0, � 1, and � 2 are arbitrary constants, and the function ú = ú ( Ô ) satisfies the ordinary
differential equation ú þ#þ��� = ú á â Ô , 2 � 2 ú , � 1 ú , 2 � 0 ú ã .

14. Ö 2 ðÖ ñ 2
= ð ò 1 � ñ , 1ð Ö 2 ðÖ � 2 Ü + ô õ ö ò 2 � ñ , 1ð Ö 2 ðÖ � 2 Ü + ô – õ ö ò 3 � ñ , 1ð Ö 2 ðÖ � 2 Ü .

There are solutions of the form Ý
( Þ , Ô ) = è é Õ ú ( Ô ) + è − é Õ û ( Ô ).

15. Ö 2 ðÖ ñ 2
= ð ò 1 � ñ , 1ð Ö 2 ðÖ � 2 Ü + cos( ü � ) ò 2 � ñ , 1ð Ö 2 ðÖ � 2 Ü + sin( ü � ) ò 3 � ñ , 1ð Ö 2 ðÖ � 2 Ü .

There are solutions of the form Ý
( Þ , Ô ) = cos( å Þ ) ú ( Ô ) + sin( å Þ ) û ( Ô ).
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B.6. Third-Order Nonlinear Equations
B.6.1. Stationary Hydrodynamic Boundary Layer Equations

1. Ö ðÖ � Ö 2 ðÖ � Ö � – Ö ðÖ � Ö 2 ðÖ � 2
= � Ö 3 ðÖ � 3

.

The system of equations of stationary laminar boundary layer on a flat plate (Schlichting 1981, Loitsyanskiy 1996),

�
1
� � 1� � + �

2
� � 1� � = � � 2 �

1� � 2 ,� � 1� � +
� � 2� � = 0,

can be reduced to this equation by introducing the stream function � in accordance with the relations � 1 = � �� ! and � 2 = − � �� "( � and � are the longitudinal and transverse coordinates, � 1 and �
2 are the longitudinal and transverse components of the

fluid velocity, and � is the kinematic fluid viscosity).

1 � . Suppose
Ý

=
Ý

( Þ , # ) is a solution of the stationary hydrodynamic boundary layer equation.
Then the function Ý

1 = � 1

Ý â � 2 Þ + � 3, � 1 � 2 # + ú ( Þ ) ã + � 4,

where ú ( Þ ) is an arbitrary function and � 1, � 2, � 3, and � 4 are arbitrary constants, is also a solution
of the equation.���

Reference: Yu. N. Pavlovskii (1961), L. V. Ovsyannikov (1978).

2 � . Exact solutions involving arbitrary functions:Ý
( Þ , # ) = � 1 # + ú ( Þ ),Ý
( Þ , # ) = � 1 # 2 + ú ( Þ ) # +

1
4 � 1

ú 2( Þ ) + � 2,Ý
( Þ , # ) =

6 $ Þ + � 1# + ú ( Þ )
+

� 2

[ # + ú ( Þ )]2 + � 3,Ý
( Þ , # ) = ú ( Þ ) exp(− � 1 # ) + $ � 1 Þ + � 2,Ý
( Þ , # ) = � 1 exp % − � 2 # − � 2 ú ( Þ ) & + � 3 # + � 3 ú ( ' ) + $ � 2 ' + � 4,( ( ' , # ) = 6 $ � 1 ' 1 ) 3 tanh * + � 2, * = � 1 # ' −2 ) 3 + ú ( ' ),( ( ' , # ) = −6 $ � 1 ' 1 ) 3 tan * + � 2, * = � 1 # ' −2 ) 3 + ú ( ' ),

where � 1, � 2, � 3, and � 4 are arbitrary constants and ú ( ' ) is an arbitrary function. The second
solution is specified in Zwillinger (1998) and the fourth and fifth were obtained by Ignatovich (1993).

3 � . Exact solution: ( ( ' , # ) = ' ø ( # ) + ù ( # ), (1)

where the functions ø = ø ( # ) and ù = ù ( # ) are determined by the system of ordinary differential
equations

( ø þ+ )2 − ø ø þ#þ+,+ = $ ø þ#þ#þ+,+,+ , (2)ø þ+ ù þ+ − ø ù þ#þ+,+ = $ ù þ#þ#þ+,+,+ . (3)

The order of equation (2) can be reduced by two. Assume that a solution ø = ø ( # ) of equation (2) is
known. Then equation (3), which is linear in ù , has two linearly independent particular solutionsù 1 = 1, ù 2 = ø ( # )
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The second particular solution is apparent from comparing equations (2) and (3). The general
solution of equation (2) can be represented in the form (see Zaitsev and Polyanin 1995):ù ( # ) = � 1 + � 2 ø + � 3 � ø ì û í # − ì ø û í # - ,ø = ø ( # ), û =

1
( ø þ+ )2 exp � −

1$ ì ø í # - .
(4)

It is not difficult to check that equation (2) has the particular solutionsø ( # ) = 6 $ ( # + � )−1,ø ( # ) = � . / + − 0 $ ,
(5)

where � and 0 are arbitrary constants. With reference to (1) and (4), one can see that the first
solution in (5) leads to the third solution in Item 2 � with ú ( ' ) = const. Substituting the second
expression in (5) into (1) and (4) yields another solution.���

Reference: A. D. Polyanin (2001b, 2001c).

2. Ö ðÖ � Ö 2 ðÖ � Ö � – Ö ðÖ � Ö 2 ðÖ � 2
= � Ö 3 ðÖ � 3

+ ó ( � ).

The equation of laminar boundary layer with pressure gradient.

1 � . Suppose ( = ( ( ' , # ) is a solution of the equation in question. Then the functions (Pavlovskii
1961) (

1 = 1 ( 2 ' , 1 # + ú ( ' ) 3 + � ,

where ú ( ' ) is an arbitrary function and � is an arbitrary constant, are also solutions of the equation.

2 � . Nonviscous solutions (independent of the viscosity $ ):

( ( ' , # ) = 1 # 4 2 ì ø ( ' ) í ' + � 1 î 1 ) 2

+ ú ( ' ),

( ( ' , # ) = � 1 # 2 + ú ( ' ) # +
1

4 � 1
4 ú 2( ' ) − 2 ì ø ( ' ) í ' î + � 2,

where ú ( ' ) is an arbitrary function and � 1 and � 2 are arbitrary constants.

3 � . Exact solution for ø ( ' ) = 5 ' + � : ( ( ' , # ) = ' 6 ( # ) + � ( # ),

where the functions 6 = 6 ( # ) and � = � ( # ) are determined by the system of ordinary differential
equations

( 6 þ+ )2 − 6 6 þ#þ+,+ = $ 6 þ#þ#þ+,+,+ + 5 , (1)6 þ+ � þ+ − 6 � þ#þ+,+ = $ � þ#þ#þ+,+,+ + � . (2)

The order of the autonomous equation (1) can be reduced by one. If a particular solution 6 ( # )
of equation (1) is known, the corresponding equation (2) can be reduced to a second-order linear
equation by the change of variable 7 ( # ) = � þ+ . If 6 ( # ) = 1 8 5 # + � , equation (2) can be integrated
in quadrature, because its two particular solutions are known if � = 0, namely, � 1 = 1 and � 2 =1 1

2 8 5 # 2 + � # .

4 � . Exact solution for ø ( ' ) = 5 . 9 : :( ( ' , # ) = ú ( ' ) . / + −
5

2 ; 0 2 ú ( ' )
. 9 : − / + − $ 0 ' +

2 $ 0 2; # +
2 $ 0; ln | ú ( ' )|,

where ú ( ' ) is an arbitrary function and 0 is an arbitrary constant.���
Reference: A. D. Polyanin (2001b, 2001c).
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3.
� �� � � 2 �� � � � –

� �� � � 2 �� � 2
=

�� � ���
(
�

)
� 2 �� � 2 � + � (

�
)
�

+ 	 (
�

).

This equation can be used to model turbulent boundary layer.
Exact solution: 


= � ( � )  + � ( � ),

where the functions � ( � ) and � ( � ) are determined by the system of ordinary differential equations

( � � ������ ) �� + � � ������ − ( � �� )2 + � = 0,

( � � ������ ) �� + � � ������ − � �� � �� + � = 0.

B.6.2. Nonstationary Hydrodynamic Boundary Layer Equations

1.
� 2 �� ��� � +

� �� � � 2 �� � � � –
� �� � � 2 �� � 2

= � � 3 �� � 3
.

This is the equation of nonstationary laminar boundary layer on a flat plate;  and � are the
longitudinal and transverse coordinates and



is the stream function (Schlichting 1981, Loitsyanskiy

1996).

1 � . Suppose



=



(  , � , � ) is a solution of the equation is question. Then the function (see
Vereshchagina 1973) 


1 =

 �  , � + � (  , � ), ��� + �� � � � (  , � )   + � ( � ),

where � (  , � ) and � ( � ) are arbitrary functions, is also a solution of the equation.

2 � . Exact solutions:

= ! 1 � + � (  , � ),

= ! 1 � 2 + � (  , � ) � +

1
4 ! 1

� 2(  , � ) + �� � � � (  , � )   ,

=

6 "  + ! 1� + � (  , � ) +
! 2

[ � + � (  , � )]2 + �� � � � (  , � )   ,

= ! 1 exp # − ! 2 � − ! 2 � (  , � ) $ + ! 3 � + ! 3 � (  , � ) + " ! 2  + �� � � � (  , � )   ,

= 6 " ! 1  1 % 3 tanh & + �� � � � (  , � )   , & = ! 1

� + � (  , � ) 2 % 3 ,

= −6 " ! 1  1 % 3 tan & + �� � � � (  , � )   , & = ! 1

� + � (  , � ) 2 % 3 ,

where � (  , � ) is an arbitrary function of two arguments and ! 1, ! 2, ! 3, and ! 4 are arbitrary constants.

3 � . Exact solution: 

(  , � , � ) =  ' ( � , � ) + ( ( � , � ), (3)

where the functions ' = ' ( � , � ) and ( = ( ( � , � ) are determined by the simpler equations with two
variables � 2 '� � � � + ) � '� � * 2

− ' � 2 '� � 2 = " � 3 '� � 3 , (4)� 2 (� � � � + � '� � � (� � − ' � 2 (� � 2 = " � 3 (� � 3 . (5)
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TABLE B4
Exact solutions of equation (4)

No
Function ' = ' ( � , � )

(or general form of solution) Remarks (or determining equation)

1 ' = � ( � ) � ( � ) is an arbitrary function

2 ' =
�� + ! 1

+ � ( � ) � ( � ) is an arbitrary function,! 1 is any number

3 ' =
6 "� + � ( � ) + � �+ ( � ) � ( � ) is an arbitrary function

4 ' = ! 1 exp # − , � + , � ( � ) $ − � �+ ( � ) + " , � ( � ) is an arbitrary function,! 1, , are any numbers

5 ' =
! 1 exp[− , � + , � ( � )] + 1, � + ! 2

− � �+ ( � ) + " , � ( � ) is an arbitrary function,! 1, ! 2, , are any numbers

6 ' = - + ! 1 exp[− , � + , � ( � )]
1 + ! 2 exp(− , - � ) − � �+ ( � ) + " , − - � ( � ) is an arbitrary function,! 1, ! 2, - , , are any numbers

7 ' = ' ( & ), & = � + , � , ' ���./. + ( ' �. )2 − ' ' ���./. = " ' �����././.
8 ' = � −1 % 2 #10 ( & ) − 1

2 & $ , & = � � −1 % 2 3
4 − 2 0 �. + ( 0 �. )2 − 0 0 ���./. = " 0 �����././.

Equation (4) is independent of (5). If a particular solution ' = ' ( � , � ) of equation (4) is known,
then the corresponding equation (5) can be reduced by the change of variable 2 = 3 43 � to the
second-order linear equation

� 2� � − ' � 2� � = " � 2 2� � 2 − � '� � 2 . (6)

Exact solutions of equation (4) are listed in Table B4. The ordinary differential equations in the
last two rows are autonomous and, therefore, admit reduction of order.

Table B5 presents solutions of equation (6) that correspond to the solutions of equation (4)
specified in Table B4. One can see that in the first three cases the solutions of equation (6) are
expressed in terms of solutions to the classical heat equation with constant coefficients. There are
other three cases where equation (6) is reduced to a separable equation.

4 � . Exact solution: 

(  , � , � ) = #15 ( � ) 6 7 1 8 + 9 ( � ) 6 7 2 8 $ 6 : � + � ( � )  + ; � ,5 ( � ) = ! 1 exp

�
( " , 2 − ; < 1) � + , � � ( � )  � � ,9 ( � ) = ! 2 exp
�
( " , 2 − ; < 2) � + , � � ( � )  � � ,

where � ( � ) is an arbitrary function and ! 1, ! 2, ; , < 1, < 2, and , are arbitrary parameters.
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TABLE B5
Transformations of equation (6) for the corresponding exact solutions of equation (4)

[the number in the first column corresponds to the
number of the exact solution ' = ' ( � , � ) in Table B4]

No Transformations of equation (6) Resulting equation

1 2 = = ( > , � ), > = � + ? � ( � )  � 3 @3 + = " 3 2 @3 A 2

2
2 = 1+ + B 1

= ( C , D ), D = 1
3 ( � + ! 1)3 + ! 2,C = ( � + ! 1) � + E � ( � )( � + ! 1)  � + ! 3

3 @3 F = " 3 2 @3 G 2

3 2 = > −3 = ( > , � ), > = � + � ( � ) 3 @3 + = " 3 2 @3 A 2

4 2 = 6 H I ( J , � ), J = − , � + , � ( � ) 3 K3 + = " , 2 3 2 K3 H 2 + ( " , 2 − ! 1 , 6 H ) 3 K3 H
7 2 = = ( & , � ), & = � + , � 3 @3 + = " 3 2 @3 . 2 + # ' ( & ) − , $ 3 @3 . − ' �. ( & ) =
8 2 = � −1 % 2 = ( & , D ), & = � � −1 % 2, D = ln � 3 @3 F = " 3 2 @3 . 2 + 0 ( & ) 3 @3 . + # 1 − 0 �. ( & ) $L=

5 � . Exact solution:

(  , � , � ) = 5 ( � ) exp( <  + , � ) + 9 ( � ) exp( - <  + - , � ) + � ( � )  + ; � ,5 ( � ) = ! 1 exp

�
( " , 2 − ; < ) � + , � � ( � )  � � ,9 ( � ) = ! 2 exp
�
( " - 2 , 2 − ; < - ) � + - , � � ( � )  � � ,

where � ( � ) is an arbitrary function and ! 1, ! 2, ; , < , - , and , are arbitrary parameters.

6 � . Exact solution: 

(  , � , � ) = � = ( C , � )  C + � ( � ) � + � ( � )  , C = <  + , � ,

where � ( � ) and � ( � ) are arbitrary functions, < and , are arbitrary parameters, and = ( C , � ) is a function
satisfying the second-order linear parabolic equation� =� � + # < � ( � ) − , � ( � ) $ � =� C = " , 2 � 2 =� C 2 −

1, � �+ ( � ).
The transformation = = 2 ( & , � ) −

1, � ( � ), & = C − � # < � ( � ) − , � ( � ) $  �
takes the last equation to the customary heat equation� 2� � = " , 2 � 2 2� & 2 .

7 � . Exact solutions:

= 6 M : 2 +

( ! 1 6 : G + ! 2 6 − : G ) + �� � � � (  , � )   , C = � + � (  , � ),

= 6 − M : 2 + # ! 1 sin( , C ) + ! 2 cos( , C ) $ + �� � � � (  , � )   , C = � + � (  , � ),

= ! 1 6 − M : 2 G sin( , C − 2 " , 2 � + ! 2) + �� � � � (  , � )   , C = � + � (  , � ),
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where � (  , � ) is an arbitrary function of two arguments and ! 1, ! 2, and , are arbitrary constants.NPO
Reference: A. D. Polyanin (2001b).

2.
� 2 �� ��� � +

� �� � � 2 �� � � � –
� �� � � 2 �� � 2

= � � 3 �� � 3
+

�
(
�

,
�
).

The equation of nonstationary laminar boundary layer with pressure gradient.

1 � . Suppose



(  , � , � ) is a solution of the equation in question. Then the functions (see Vereshchag-
ina 1973) 


1 = Q 
 �  , Q � + � (  , � ), � � + �� � � � (  , � )   + � ( � ),
where � (  , � ) and � ( � ) are arbitrary functions, are also solutions of the equation.

2 � . Nonviscous solution for any � (  , � ) (independent of the viscosity " ):

(  , � , � ) = ; � 2 + � (  , � ) � +

1
4 ; � 2(  , � ) +

1
2 ; � � � �� � − � (  , � ) �   + � ( � ).

where � (  , � ) and � ( � ) are arbitrary functions and ; is an arbitrary constant.
Another nonviscous solution for any � (  , � ):


(  , � , � ) = � (  , � ) � + � (  , � ),
where � (  , � ) is an arbitrary function, and the function � = � (  , � ) is determined by the first-order
equation � �� � + � � ��  = � (  , � ).

Nonviscous solutions for � (  , � ) = � (  ):

(  , � , � ) = Q � �

2 � � (  )   + ! 1 � 1 % 2

+ � (  , � ).
3 � . Exact solutions for � (  , � ) = � 1( � )  + � 2( � ):


(  , � , � ) =  ' ( � , � ) + ( ( � , � ),
where the functions ' = ' ( � , � ) and ( = ( ( � , � ) are determined from the simpler equations with
two variables � 2 '� � � � + ) � '� � * 2

− ' � 2 '� � 2 = " � 3 '� � 3 + � 1( � ), (1)� 2 (� � � � + � '� � � (� � − ' � 2 (� � 2 = " � 3 (� � 3 + � 2( � ). (2)

Equation (1) is independent of (2). If ' = ' ( � , � ) is a solution of equation (1), then the function' 1 = ' � � + � ( � ), �R� + � �+ ( � ) with arbitrary � ( � ) is also a solution of equation (1). Table B6 presents
exact solutions of equation (1) for various � 1 = � 1( � ).

The change of variable 2 = 3 43 � brings equation (2) to the second-order linear equation

� 2� � − ' � 2� � = " � 2 2� � 2 − � '� � 2 + � 2( � ). (3)

Let us dwell on the first solution of equation (1) in Table B6:' ( � , � ) = ; ( � ) � + � ( � ), where ; �+ + ; 2 = � 1( � ). (4)
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TABLE B6
Exact solutions of equation (1) for various � 1( � ); � ( � ) is an arbitrary function

Function� 1 = � 1( � ) Function ' = ' ( � , � )
(or general form of solution)

Determining equation
(or determining coefficients)

Any ' = ; ( � ) � + � ( � ) ; �+ + ; 2 = � 1( � )� 1( � ) = 5 6 − S + ,5 > 0, - > 0
' = 9 6 − 1

2 S + sin[ , � + , � ( � )] + � �+ ( � ),' = 9 6 − 1
2 S + cos[ , � + , � ( � )] + � �+ ( � ) 9 = Q T 2 U MS , , = T S

2 M� 1( � ) = 5 6 S + ,5 > 0, - > 0 ' = 9 6 1
2 S + sinh[ , � + , � ( � )] + � �+ ( � ) 9 = Q T 2 U MS , , = T S

2 M� 1( � ) = 5 6 S + ,5 < 0, - > 0 ' = 9 6 1
2 S + cosh[ , � + , � ( � )] + � �+ ( � ) 9 = Q T 2| U | MS , , = T S

2 M� 1( � ) = 5 6 S + ,5 is any, - > 0 ' = � ( � ) 6 : � −
5 6 S + − : �
4 , 2 � ( � ) +

� �+ ( � ), � ( � ) − " , , = Q T S
2 M� 1( � ) = 5 � −2 ' = � −1 % 2 #10 ( & ) − 1

2 & $ , & = � � −1 % 2 3
4 − 5 −2 0 �. +( 0 �. )2 − 0 0 ���./. = " 0 �����././.� 1( � ) = 5 ' = ' ( & ), & = � + , � − 5 + , ' ���./. + ( ' �. )2 − ' ' ���./. = " ' �����././.

Exact solutions of the Riccati equation for ; = ; ( � ) with various � 1( � ) can be found in Polyanin and
Zaitsev (1995). The substitution ; = � �+/V � brings this equation to a second-order linear equation for� ( � ): � ���+W+ − � 1( � ) � = 0. In particular, if � 1( � ) = const, we have; ( � ) = < ! 1 cos( < � ) − ! 2 sin( < � )! 1 sin( < � ) + ! 2 cos( < � ) for � 1 = − < 2 < 0,; ( � ) = < ! 1 cosh( < � ) + ! 2 sinh( < � )! 1 sinh( < � ) + ! 2 cosh( < � ) for � 1 = < 2 > 0.

On substituting solution (4) with arbitrary � 1( � ) into equation (3), we obtain� 2� � = " � 2 2� � 2 + # ; ( � ) � + � ( � ) $ � 2� � − ; ( � ) 2 + � 2( � ). (5)

The transformation2 =
1X
( � ) � = ( C , D ) + � � 2( � ) X ( � )  � � , D = � X 2( � )  � + ! 1,C = � X
( � ) + � � ( � ) X ( � )  � + ! 2,

X
( � ) = exp

� � ; ( � )  � � ,

takes (5) to the classical constant coefficient heat equation� =� D = " � 2 =� C 2 .Y Z\[ ] ^`_ a b
The ordinary differential equations in the last two rows in Table B6 (see the last

column) are autonomous and, hence, can be reduced in order.Y Z\[ ] ^`_ c b
Suppose



(  , � , � ) is a solution of the nonstationary hydrodynamic boundary layer

equation with � (  , � ) = � 1( � )  + � 2( � ). Then the function

1 =



(  + � ( � ), � , � ) − � �+ ( � ) � , where � ���+W+ + � 1( � ) � = 0,

is also a solution of this equation.
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4 � . Exact solution for � (  , � ) = � (  ) 6 S + , - > 0:

(  , � , � ) = � (  , � ) 6 : � + � (  , � ) 6 − : � +

1, �� � � ln | � (  , � )|   − " ,  ,� (  , � ) = −
6 S +

2 , 2 � (  , � ) � � (  )   , , = Q d e
2 " ,

where f (  , g ) is an arbitrary function of two arguments.

5 h . Exact solutions for � (  , g ) = i (  ) j k l , e > 0:m (  , n , g ) = o 1p
exp q 1

2 e g/r s t ( u ) sinh[
p n + f ( u , g )] + vv g w f ( u , g ) x u ,m ( u , n , g ) = o 1p

exp q 1
2 e g/r s t ( u ) cosh[

p n + f ( u , g )] + vv g w f ( u , g ) x u ,t ( u ) = 2 w i ( u ) x u + y 1,
p

= d e
2 " ,

where f ( u , g ) is an arbitrary function of two arguments.

6 h . Exact solution for z ( u , g ) = i ( u ) j − k l , e < 0:m ( u , n , g ) = o 1p
exp q − 1

2 e g/r s t ( u ) sin[
p n + f ( u , g )] + vv g w f ( u , g ) x u ,m ( u , n , g ) = o 1p

exp q − 1
2 e g/r s t ( u ) cos[

p n + f ( u , g )] + vv g w f ( u , g ) x u ,t ( u ) = 2 w i ( u ) x u + y 1,
p

= d e
2 " .

where f ( u , g ) is an arbitrary function of two arguments.

7 h . Exact solution for z ( u , g ) = { j k | − } l :m ( u , n , g ) = f ( u , g ) j ~ � −
{

2 e p
2 f ( u , g ) j k | − ~ � − } l

+
1p vv g w ln | f ( u , g )| x u − " p u +

2 " p
2 + �e � n +

1p
ln | f ( u , g )| � ,

where f ( u , g ) is an arbitrary function of two arguments and
p

is an arbitrary constant.

8 h . Exact solution for z ( u , g ) = z ( g ):m ( u , n , g ) = w � ( � , g ) x � + f ( g ) n + t ( g ) u , � = � u +
p n ,

where f ( g ) and t ( g ) are arbitrary functions, � and
p

are arbitrary parameters, and � ( � , g ) is a function
satisfying the second-order linear parabolic equationv �v g + # � f ( g ) −

p t ( g ) $ v �v � = " p
2 v 2 �v � 2 −

1p f �l ( g ) +
1p z ( g ).

The transformation� = 2 ( � , g ) −
1p f ( g ) +

1p w z ( g ) x g , � = � − w #P� f ( g ) −
p t ( g ) $ x g

brings it to the customary heat equation v 2v g = " p
2 v 2 2v � 2 .

9 h . Exact solution for z ( u , g ) = z ( g ):m ( u , n , g ) = y 1 j − ~ � + ~ � ( | , l ) − { ( g ) f ( u , g ) − vv g w f ( u , g ) x u + { ( g ) n + " p u , { ( g ) = w z ( g ) x g + y 2,

where f ( u , g ) is an arbitrary function of two arguments and y 1, y 2, and
p

are arbitrary constants.
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10 h . Exact solution for z ( u , g ) = z ( g ):m ( u , n , g ) = f ( u , g ) j ~ � + t ( u , g ) j − ~ � + � ( u , g ) + { ( g ) n ,

where
p

is any number, f ( u , g ) is an arbitrary function of two arguments, and the other functions are
defined by t ( u , g ) =

y " j 2 � ~ 2 lf ( u , g ) � u − w { ( g ) x g�� , { ( g ) = w z ( g ) x g + y j 2 � ~ 2 l ;� ( u , g ) =
1p { ( g ) ln | f ( u , g )| +

1p vv g w ln | f ( u , g )| x u − " p u .

11 h . Exact solutions for z ( u , g ) = z ( g ):m = j � ~ 2 l ( y 1 j ~ � + y 2 j − ~ � ) + vv g w f ( u , g ) x u + � w z ( g ) x g , � = n + f ( u , g ),m = j − � ~ 2 l # y 1 sin(
p � ) + y 2 cos(

p � ) $ + vv g w f ( u , g ) x u + � w z ( g ) x g , � = n + f ( u , g ),m = y 1 j − ~ � sin(
p � − 2 " p

2 g + y 2) + vv g w f ( u , g ) x u + � w z ( g ) x g , � = n + f ( u , g ),
where f ( u , g ) is an arbitrary function of two arguments and y 1, y 2, and

p
are arbitrary constants.

12 h . Exact solutions for z ( u , g ) = � :m = −
�
6 " � 3 + y 2 � 2 + y 1 � + vv g w f ( u , g ) x u , � = n + f ( u , g ),m = � u + y 1 exp � −

�" � � −
�
2 � � 2 + y 2 � + vv g w f ( u , g ) x u , � = n + f ( u , g ),

where f ( u , g ) is an arbitrary function of two arguments and y 1, y 2, and � are arbitrary constants.�P�
Reference: A. D. Polyanin (2001b).

3. � 2 �� ��� � + � �� � � 2 �� � � � – � �� � � 2 �� � 2
= �� � ��� � � 2 �� � 2

� � + � ( � , � ).
This equation describes the flow of a non-Newtonian fluid in a two-dimensional nonstationary
boundary layer with a pressure gradient. Here, m is the stream function and the function z = z ( � )
depends on the rheological properties of the fluid. For power-law fluids, z = � | � | � −1 � .

1 h . The assertion of Item 1 h , equation 1 in Subsection B.6.2, remains valid for this equation.

2 h . The equation admits the nonviscous solutions presented in Item 2 h , equation 2 in Subsec-
tion B.6.2, where z ( u , g ) must be replaced by i ( u , g ).
3 h . Exact solution for i ( u , g ) = i ( g ):m ( u , n , g ) = { ( g ) u + w 2 ( n , g ) x n ,

where 2 = 2 ( n , g ) is a function satisfying the second-order equationv 2v g − { ( g ) v 2v n = vv n � z � v 2v n � � + i ( g ). (1)

The transformation 2 = � ( � , g ) + w i ( g ) x g , � = n + w { ( g ) x g
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brings equation (1) to the simpler equationv �v g = vv � � z � v �v � � � . (2)

Equation (2) admits exact solutions with the forms [for any z = z ( � )]� ( � , g ) = � ( � ), � = � � +
p g � � equation

p � = � z ( � � �� ) + y ;� ( � , � ) = { � + � ( � ), � = � � +
p � � � equation

p � = � z ( � � �� + { ) + y ;� ( � , � ) =   � � ( � ), � = � ¡   � � � equation 1
2 � − 1

2 � � �� = [ z ( � �� )] �� ,

where { , � , y , and ¢ are arbitrary constants. The first two equations for � = � ( � ) can be solved in
parametric form.

4 £ . Exact solution for ¤ ( ¥ , � ) = ¤ ( � ):¦ ( ¥ , § , � ) = w � ( ¨ , � ) x ¨ + © ( � ) § + ª ( � ) ¥ , ¨ = § + � ¥ ,

where © ( � ) and ª ( � ) are arbitrary functions, � is an arbitrary parameter, and � ( ¨ , � ) is a function
satisfying the second-order nonlinear parabolic equation« �« � + ¬� © ( � ) − ª ( � ) ® « �« ¨ =

«« ¨ � z � « �« ¨ � � − © �¯ ( � ) + ¤ ( � ).
The transformation� = ° ( � , � ) − © ( � ) + ± ¤ ( � ) ² � , � = ¨ − ± ¬³ © ( � ) − ª ( � ) ® ² �
leads to the simpler equation « °« � =

«« � ´¶µ · « °« ¸ ¹ º .

For exact solutions of this equation, see Item 3 » .
5 » . Exact solution for ¼ ( ½ , � ) = ¾ ( � ) ½ + ¿ ( � ):À ( ½ , Á , � ) = ÂPÃ ( � ) Á + Ä ( � ) ÅL½ + ± Æ ( Á , � ) ² Á ,

where Ä ( � ) is an arbitrary function, Ã = Ã ( � ) is determined by the Riccati equationÃ ÇÈ + Ã 2 = ¾ ( � ),
and Æ = Æ ( Á , � ) satisfies the second-order equationÉ ÆÉ � =

ÉÉ Á ´Êµ · É ÆÉ Á ¹ º + Â1Ã ( � ) Á + Ä ( � ) Å É ÆÉ Á − Ã ( � ) Æ + ¿ ( � ).
The transformationÆ =

1Ë
( � ) ´�Ì ( Í , Î ) + ± ¿ ( � ) Ë ( � ) ² � º , Î = ± Ë 2( � ) ² � + Ï , Í = Á Ë

( � ) + ± Ä ( � ) Ë ( � ) ² � + Ð ,

where
Ë

( � ) = exp ´ ± Ã ( � ) ² � º , leads to the simpler equationÉ ÌÉ Î =
ÉÉ Í ´Êµ · É ÌÉ Í ¹ º .

For exact solutions of this equation, see Item 3 » .
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B.7. Fourth-Order Nonlinear Equations
B.7.1. Stationary Hydrodynamic Equations

(Navier–Stokes Equations)

1. Ñ ÒÑ Ó ÑÑ Ô ( Õ Ò ) – Ñ ÒÑ Ô ÑÑ Ó ( Õ Ò ) = Ö Õ Õ Ò , Õ Ò = Ñ 2 ÒÑ Ô 2
+ Ñ 2 ÒÑ Ó 2

.

The two-dimensional equations of steady-state motion of a viscous incompressible fluid (stationary Navier–Stokes equations)×
1 Ø × 1Ø Ù + ×

2 Ø × 1Ø Ú = −
1Û Ø�ÜØ Ù + Ý Þ ×

1,×
1 Ø × 2Ø Ù + ×

2 Ø × 2Ø Ú = −
1Û Ø�ÜØ Ú + Ý Þ ×

2,Ø × 1Ø Ù + Ø × 2Ø Ú = 0

are reduced to the equation under consideration. To this end, one introduces the stream function ß by the formulas ×
1 = à�áà�â

and ×
2 = − à�áà�ã and eliminates the pressure Ü , using cross differentiation, from the first two equations.

1 » . Exact solutions in additive form:À ( ½ , Á ) = ä 1 Á 3 + ä 2 Á 2 + ä 3 Á + ä 4,À ( ½ , Á ) = ä 1 ½ 2 + ä 2 ½ + ä 3 Á 2 + ä 4 Á + ä 5,À ( ½ , Á ) = ä 1 exp(− å Á ) + ä 2 Á 2 + ä 3 Á + ä 4 + æ å ½ ,À ( ½ , Á ) = ä 1 exp( å ½ ) − æ å ½ + ä 2 exp( å Á ) + æ å Á + ä 3,À ( ½ , Á ) = ä 1 exp( å ½ ) + æ å ½ + ä 2 exp(− å Á ) + æ å Á + ä 3,

where ä 1, ç�ç�ç , ä 5, and å are arbitrary constants.

2 » . Exact solutions:À ( ½ , Á ) = ( Ï ½ + Ð ) è − é � + æ å ½ + ä ,À ( ½ , Á ) = Ï è − é ( � + êLë ) + Ð ( Á + ì ½ )2 + ä ( Á + ì ½ ) + æ å ( ì 2 + 1) ½ + í ,À ( ½ , Á ) = ÂPÏ sinh( î ½ ) + Ð cosh( î ½ ) Å�è − é � +
æå ( î 2 + å 2) ½ + ä ,À ( ½ , Á ) = ÂPÏ sin( î ½ ) + Ð cos( î ½ ) Å�è − é � +

æå ( å 2 − î 2) ½ + ä ,À ( ½ , Á ) = Ï è é � + ï ë + Ð è ð ë + æ ñ Á +
æå ñ ( î − ñ ) ½ + ä , ñ = ò ó å 2 + î 2,

where Ï , Ð , ä , í , ì , î , and å are arbitrary constants.

3 » . Exact solution: À ( ½ , Á ) = ô ( Á ) ½ + õ ( Á ),

where the functions ô = ô ( Á ) and õ = õ ( Á ) are determined by the system of fourth-order ordinary
differential equations ô Ç� ô Ç�Ç��� − ô ô Ç�Ç�Ç����� = æ ô Ç�Ç�Ç�Ç������� , (1)õ Ç� ô Ç�Ç��� − ô õ Ç�Ç�Ç����� = æ õ Ç�Ç�Ç�Ç������� . (2)

Integrating yields the system of third-order equations

( ô Ç� )2 − ô ô Ç�Ç��� = æ ô Ç�Ç�Ç����� + Ï , (3)õ Ç� ô Ç� − ô õ Ç�Ç��� = æ õ Ç�Ç�Ç����� + Ð , (4)
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where Ï and Ð are arbitrary constants. The order of the autonomous equation (3) can be reduced
by one.

It is not difficult to verify that equation (1) has the particular solutionsô ( Á ) = Ã Á + ö , (5)ô ( Á ) = 6 æ ( Á + Ã )−1, (6)ô ( Á ) = Ã è − é � + å æ , (7)

where Ã , ö , and å are arbitrary constants.
In general, equation (4) can be reduced by the change of variable ÷ = õ Ç� to the second-order

nonhomogeneous linear equationæ ÷ Ç�Ç��� + ô ÷ Ç� − ô Ç� ÷ + Ð = 0, where ÷ = õ Ç� . (8)

The corresponding homogeneous equation (with Ð = 0) has two linearly independent particular
solutions÷ 1 = ø ô Ç�Ç��� if ô Ç�Ç��� ≠ 0,ô if ô Ç�Ç��� = 0,

÷ 2 = ÷ 1 ù Ë ú Á÷ 2
1

, where
Ë

= exp û −
1æ ù ô ú Á ¹ . (9)

(The first solution is apparent from comparing equations (1) and (8) with Ð = 0.) The general
solutions of equations (8) and (2) are given by÷ = ä 1 ÷ 1 + ä 2 ÷ 2 + ä 3 û ÷ 2 ù ÷ 1Ë ú Á − ÷ 1 ù ÷ 2Ë ú Á ¹ , õ = ù ÷ ú Á + ä 4, ä 3 = −

Ð æ . (10)

The general solution of equation (2) corresponding to the particular solution (6) is represented
as õ ( Á ) = üä 1( Á + Ã )3 + üä 2 + üä 3( Á + Ã )−1 + üä 4( Á + Ã )−2,
where üä 1, üä 2, üä 3, and üä 4 are arbitrary constants (these are expressed in terms of ä 1, ä 2, ä 3, and ä 4).

The general solutions of (2) corresponding to the particular solutions (5) and (7) are determined
from (9) and (10).

4 » . Exact solution of a more general form:À ( ½ , Á ) = ô ( ý ) ½ + õ ( ý ), ý = Á + ì ½ ,

where the functions ô = ô ( ý ) and õ = õ ( ý ) are determined by the system of fourth-order ordinary
differential equationsô Çþ ô Ç�Çþ\þ − ô ô Ç�Ç�Çþ\þ\þ = æ ( ì 2 + 1) ô Ç�Ç�Ç�Çþ\þ\þ\þ , (11)õ Çþ ô Ç�Çþ\þ − ô õ Ç�Ç�Çþ\þ\þ = æ ( ì 2 + 1) õ Ç�Ç�Ç�Çþ\þ\þ\þ + 4 ì æ ô Ç�Ç�Çþ\þ\þ +

2 ì
( ì 2 + 1)

ô ô Ç�Çþ\þ . (12)

Integrating yields the system of third-order equations

( ô Çþ )2 − ô ô Ç�Çþ\þ = æ ( ì 2 + 1) ô Ç�Ç�Çþ\þ\þ + Ï , (13)õ Çþ ô Çþ − ô õ Ç�Çþ\þ = æ ( ì 2 + 1) õ Ç�Ç�Çþ\þ\þ + 4 ì æ ô Ç�Çþ\þ +
2 ìì 2 + 1 ù ô ô Ç�Çþ\þ ú ý + Ð , (14)

where Ï and Ð are arbitrary constants. The order of the autonomous equation (13) can be reduced
by one.

It is not difficult to verify that equation (11) has the particular solutionsô ( ý ) = Ã ý + ö , ý = Á + ì ½ ,ô ( ý ) = 6 æ ( ì 2 + 1)( ý + Ã )−1,ô ( ý ) = Ã è − é þ + å æ ( ì 2 + 1),
where Ã , ö , and å are arbitrary constants.

In general, equation (14) can be reduced by the change of variable ÷ = õ Çþ to a second-order
nonhomogeneous linear equation.ÿ��

Reference: A. D. Polyanin (2001d).
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2. Ñ ÒÑ Ó ÑÑ Ô ( Õ Ò ) – Ñ ÒÑ Ô ÑÑ Ó ( Õ Ò ) = Ö Õ Õ Ò +
�

( Ó ), Õ Ò = Ñ 2 ÒÑ Ô 2
+ Ñ 2 ÒÑ Ó 2

.

This equation describes plane flow of a viscous incompressible fluid under the action of a transverse
force ( À is the stream function). The case ô ( Á ) = Ã sin( å Á ) corresponds to A. N. Kolmogorov’s
model which is used to describe subcritical and transcritical (laminar-turbulent) modes of flow.

1 » . Exact solution in additive form for arbitrary � ( Á ):À ( � , Á ) = −
1

2 æ ù �
0

( Á − ý )2 Ë ( ý )
ú ý + ä 1 è − é � + ä 2 Á 2 + ä 3 Á + ä 4 + æ å � ,

Ë
( ý ) = è − é þ ù è é þ � ( ý )

ú ý ,

where ä 1, ä 2, ä 3, ä 4, and å are arbitrary constants.
Example. In the case � ( Ú ) = ��� cos( � Ú ), which corresponds to 	 ( Ú ) = � sin( � Ú ), it follows from the previous formula

with 
 1 = 
 2 = 
 4 = 0 and � = − Ý � thatß ( Ù , Ú ) = −
�� 2( � 2 + Ý 2 � 2)

 � sin( � Ú ) + Ý � cos( � Ú ) � + 
 Ú − � Ù ,

where � and 
 are arbitrary constants. This solution was indicated by Belotserkovskii and Oparin (2000); it describes the
flow with a periodic structure.

2 » . Exact solution in additive form for � ( � ) = Ï è é � + Ð è − é � :� ( � , � ) = ä 1 è − é ë + ä 2 � −
Ïå 3( ä 2 + æ å )

è é � +
Ðå 3( ä 2 − æ å )

è − é � − æ å � ,

where ä 1 and ä 2 are arbitrary constants.

3 » . Generalized separable solution for arbitrary � ( � ):� ( � , � ) = � ( � ) � + � ( � ),

where the functions � = � ( � ) and � = � ( � ) are determined by the system of fourth-order ordinary
differential equations � �� � ������ − � � ���������� = � � �������������� , (1)� �� � ������ − � � ���������� = � � �������������� + � ( � ). (2)

Integrating yields the system of third-order equations

( � �� )2 − � � ������ = � � ���������� + � , (3)� �� � �� − � � ������ = � � ���������� + ù � ( � )
ú � + � , (4)

where � and � are arbitrary constants. The order of the autonomous equation (3) can be reduced
by one.

It is not difficult to verify that equation (1) has the particular solutions� ( � ) = � � + � , (5)� ( � ) = 6 � ( � + � )−1, (6)� ( � ) = � � − � � + � � , (7)

where � , � , and � are arbitrary constants.
In general, equation (4) can be reduced by the change of variable � = � �� to the second-order

nonhomogeneous linear equation� � ������ + � � �� − � �� � + � = 0, where � = � �� , � = ù � ( � )
ú � + � . (8)
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The corresponding homogeneous equation (with � = 0) has two linearly independent particular
solutions:� 1 =

� � ������ for � ≠ � � + � ,� for � = � � + � , � 2 = � 1 ù  ú �� 2
1

, where  = exp û −
1� ù � ú � ! .

(The first solution is apparent from comparing equations (1) and (8) with � = 0.) The general
solutions of equations (8) and (2) are given by� = " 1 � 1 + " 2 � 2 +

1� � 1 # � 2
�  $ % −

1� � 2 # � 1
�  $ % , � = # � $ % + " 4.

3.
1& ' (' ) '' & ( * ( ) –

1& ' (' & '' ) ( * ( ) = + * * ( , * ( =
1& '' & , & ' (' & ! +

1& 2 ' 2 (' ) 2
.

The equations of steady-state flow of a viscous incompressible fluid (stationary Navier–Stokes equations) written in polar
coordinates ( - = . cos / , 0 = . sin / ) reduce to this equation. The radial and tangential components of the fluid velocity are
expressed in terms of the stream function 1 by the formulas 2 3 = 13 à54à�6 and 2 6 = − à54à 3 .

1 » . Exact solution in additive form:7 ( 8 , 9 ) = � " 1 9 + " 2 8 : 1+2 + " 3 8 2 + " 4 ln 8 + " 5,

where " 1, ;5;5; , " 5 are arbitrary constants.

2 » . Exact solution: 7 ( 8 , 9 ) = < ( 8 ) 9 + = ( 8 ).

The functions < = < ( 8 ) and = = = ( 8 ) are determined by the system of ordinary differential equations

− < �> L( < ) + < [L( < )] �> = � 8 L2( < ), (1)
− = �> L( < ) + < [L( = )] �> = � 8 L2( = ), (2)

where L( < ) = 8 −1( 8 < �> ) �> .
Exact solution of system (1)–(2):< ( 8 ) = " 1 ln 8 + " 2, = ( 8 ) = " 3 8 2 + " 4 ln 8 + " 5 # ?@# 8 A ( 8 ) $ 8 B $ 88 + " 6,A ( 8 ) = # 8 ( : 2 CED )−1 exp , " 1

2 � ln2 8 F $ 8 ,

where G 1, ;5;5; , G 6 are arbitrary constants.

B.7.2. Nonstationary Hydrodynamic Equations

1. '' H ( * ( ) + ' (' I '' J ( * ( ) – ' (' J '' I ( * ( ) = + * * ( , * ( = ' 2 (' J 2
+ ' 2 (' I 2

.

The two-dimensional equations of steady-state flow of a viscous incompressible fluid (nonstationary
Navier–Stokes equations) can be reduced to this equation by introducing a stream function 7 .

1 » . Exact solution: 7 ( K , % , L ) = M ( % , L ) K + N ( % , L ), (1)

where the functions M ( % , L ) and N = N ( % , L ) are determined from the system of fourth-order one-
dimensional equations O

3 MO L O % 2 +

O MO %
O

2 MO
% 2 − M O

3 MO
% 3 = � O

4 MO
% 4 , (2)O

3 NO L O % 2 +

O NO %
O

2 MO
% 2 − M O

3 NO
% 3 = � O

4 NO
% 4 . (3)
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Equation (2) is independent of (3). Integrating (2) and (3) with respect to % yieldsO
2 MO L O % + , O MO % F 2

− M O
2 MO
% 2 = � O

3 MO
% 3 + < 1( L ), (4)O

2 NO L O % +

O MO %
O NO % − M O

2 NO
% 2 = � O

3 NO
% 3 + < 2( L ), (5)

where < 1( L ) and < 2( L ) are arbitrary functions. Equation (5) is linear in N . The change of variableN = # P $ % − Q M + Q RS % , where P = P ( % , L ), M = M ( % , L ), (6)

with Q = Q ( L ) satisfying the linear ordinary differential equationQ R�RSTS − < 1( L ) Q = < 2( L ), (7)

brings (5) to the second-order homogenous linear equationO PO L = � O
2 PO
% 2 + M O PO % −

O MO % P . (8)

So, if a particular solution of equation (2) or (4) is known, then determining the function N
reduces to solving the linear equations (7)–(8) followed by integrating in accordance with (6).

Table B7 lists exact solutions of equation (2). The ordinary differential equations in the last two
rows, which determine a traveling wave solution and a self-similar solution, are autonomous and
hence admit reduction of order.

The general solution of the nonhomogeneous equation (7) can be found with the aid of the
fundamental system of solutions for the corresponding homogeneous equation (with < 2 ≡ 0). The
necessary formulas and fundamental solutions of the homogeneous equation (7) that correspond to
all exact solutions of equation (2) listed in Table B7 can be found in the handbooks by Kamke (1977)
and Polyanin and Zaitsev (1995).

Equation (8) for any function M = M ( % , L ) has the trivial solution, P = 0. The expressions in
Table B7 and relation (6) with P = 0 define some exact solutions of the form (1). By analyzing
nontrivial solutions of equation (8), one can obtain a wider class of exact solutions.

Table B8 lists transformations that simplify equation (8) for some of the solutions of equation (2)
[or (4)] given in Table B7. One can see that in the first two cases, solutions to equation (8) are
expressed in terms of solutions to the classical constant coefficient heat equation. In the remaining
three cases, the equation reduces to a separable equation.

2 » . Exact solution of a more general form:7 ( K , % , L ) = M ( U , L ) K + N ( U , L ), U = % + V K ,

where the functions M ( U , L ) and N = N ( U , L ) are determined from the system of fourth-order one-
dimensional equationsO

3 MO L O U 2 +

O MO U O
2 MO U 2 − M O

3 MO U 3 = � ( V 2 + 1)

O
4 MO U 4 , (9)O

3 NO L O U 2 +

O NO U O
2 MO U 2 − M O

3 NO U 3 = � ( V 2 + 1)

O
4 NO U 4 + 4 � V O

3 MO U 3 +
2 VV 2 + 1 , M O

2 MO U 2 −

O
2 MO L O U F . (10)

Integrating equations (9) and (10) with respect to U yieldsO
2 MO L O U + , O MO U F 2

− M O
2 MO U 2 = � ( V 2 + 1)

O
3 MO U 3 + < 1( L ), (11)O

2 NO L O U +

O MO U O NO U − M O
2 NO U 2 = � ( V 2 + 1)

O
3 NO U 3 + A ( U , L ), (12)
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TABLE B7
Exact solution of equations (2) and (4); W ( L ), X ( L ) are
arbitrary functions and Y , Z , [ are arbitrary constants

No
Function M = M ( % , L )

(or general form of solution)
Function < 1( L )
in equation (4)

Determining coefficients
(or determining equation)

1 M = W ( L ) % + X ( L ) < 1( L ) = W RS + W 2 N/A

2 M = 6 D\ + ] (
S
) + X RS ( L ) < 1( L ) = 0 N/A

3 M = Y exp[− [ % − [ X ( L )]+ X RS ( L )+ � [ < 1( L ) = 0 N/A

4 M =
Y exp[− [ % + [ X ( L )]+1[ L + Z − X RS ( L )+ � [ < 1( L ) = 0 N/A

5 M = ^ + Y exp[− [ % + [ X ( L )]
1+ Z exp(− [ ^ L ) −X RS ( L )+� [ −^ < 1( L ) = 0 ^ is an arbitrary constant

6 M = Y _ − ` S sin[ [ % + [ X ( L )]+ X RS ( L ) < 1( L ) = Z _ −2 ` S ^ = � [ 2, Z = Y 2 [ 2 > 0

7 M = Y _ − ` S cos[ [ % + [ X ( L )]+ X RS ( L ) < 1( L ) = Z _ −2 ` S ^ = � [ 2, Z = Y 2 [ 2 > 0

8 M = Y _ ` S sinh[ [ % + [ X ( L )]+ X RS ( L ) < 1( L ) = Z _ 2 ` S ^ = � [ 2, Z = Y 2 [ 2 > 0

9 M = Y _ ` S cosh[ [ % + [ X ( L )]+ X RS ( L ) < 1( L ) = Z _ 2 ` S ^ = � [ 2, Z = − Y 2 [ 2 < 0

10 M = X ( L ) _ a \ −
Y _ ` S − a \
4 [ 2 X ( L ) +

X RS ( L )[ X ( L ) − � [ < 1( L ) = Y _ ` S ^ = 2 � [ 2

11 M = M ( U ), U = % + [ L < 1( L ) = Y − Y + [ M R�Rbcb + ( M Rb )2 − M M R�Rbcb = � M R�R�Rbcbcb
12 M = L −1 C 2 d�e ( U )− 1

2 U f , U = % L −1 C 2 < 1( L ) = Y L −2 3
4 − Y −2 e Rb + ( e Rb )2 − e e R�Rbcb = � e R�R�Rbcbcb

where < 1( L ) is an arbitrary function and

A ( U , L ) = 4 � V O
2 MO U 2 −

2 VV 2 + 1

O MO L +
2 VV 2 + 1 g M O

2 MO U 2 h U + i 2( L ) [ i 2( L ) is any].

Equation (12) is linear in N . The change of variable P = j kj b takes it to the second-order linear
equation O PO L = � ( V 2 + 1)

O
2 PO U 2 + M O PO U −

O MO U P + A ( U , L ). (13)

So, if a particular solution of equation (9) or (11) is known, then determining the function N
reduces to solving the linear equation (13). Scaling the independent variables by the formulasU = ( V 2 + 1) l and L = ( V 2 + 1) m , one can reduce equation (9) to equation (2) in which n and L must
be replaced by l and m , respectively. Exact solutions of equation (2) are listed in Table B7.
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TABLE B8
Transformations of equation (8) for the corresponding exact solutions of equation (4)

[the number in the first column corresponds to the
number of the exact solution M = M ( n , L ) in Table B7]

No Transformations of equation (8) Resulting equation

1
P = 1o

(
S
) p ( q , m ), m = r s 2( L ) h L ,q = n s ( L ) + r X ( L ) s ( L ) h L , s ( L ) = exp d r W ( L ) h L f j tj u = � j 2 tj v 2

2 P = l −3 p ( l , L ), l = n + X ( L ) j tj S = � j 2 tj w 2

3 P = _ x y ( z , L ), z = − [ n − [ X ( L ) j {j S = � [ 2 j 2 {j x 2 + ( � [ 2 − Y [ _ x ) j {j x
11 P = p ( U , L ), U = n + [ L j tj S = � j 2 tj b 2 + d M ( U ) − [ f j tj b − M Rb ( U ) p
12 P = L −1 | 2 p ( U , m ), U = n L −1 | 2, m = ln L j tj u = � j 2 tj b 2 + e ( U ) j tj b + d 1 − e Rb ( U ) f p

3 » . Exact solution [special case of (1)]:} ( K , n , L ) = _ − a \ d i ( L ) K + ~ ( � ) f + W ( � ) � + X ( � ) n + � ( � ),i ( � ) = � 1 � ( � ), � ( � ) = exp ��� � 2 � − � g � ( � ) h ��� ,~ ( � ) = � 2 � ( � ) − � 1 � ( � ) g � ( � ) h � ,
where � ( � ), � ( � ), and � ( � ) are arbitrary functions and � 1, � 2, and � are arbitrary parameters.

4 � . Exact solution:} ( � , n , � ) = � − � � ��� ( � ) ��� � + � ( � ) � − � � � + � ( � ) � + � ( � ) n + � ( � ),� ( � ) = � 1 exp ��� ( � 2 + � 2) � − � g � ( � ) h � − � g � ( � ) h ��� ,� ( � ) = � 2 exp ��� ( � 2 + � 2) � + � g � ( � ) h � − � g � ( � ) h ��� ,

where � ( � ), � ( � ), and � ( � ) are arbitrary functions and � 1, � 2, � , and � are arbitrary parameters.

5 � . Exact solution:} ( � , n , � ) = � − � � ��� ( � ) sin( � � ) + � ( � ) cos( � � ) � + � ( � ) � + � ( � ) n + � ( � ),
where � ( � ), � ( � ), and � ( � ) are arbitrary functions, � and � are arbitrary parameters, and the functions� ( � ) and � ( � ) are determined by the nonautonomous system of linear ordinary differential equations� �� = � � ( � 2 − � 2) − � � ( � ) � � + � � ( � ) � ,� �� = � � ( � 2 − � 2) − � � ( � ) � � − � � ( � ) � .

(14)

The general solution of system (14) is given by� ( � ) = exp ��� ( � 2 − � 2) � − � g � h ��� ��� 1 sin � � g � h ��� + � 2 cos � � g � h ��� � ,� ( � ) = exp ��� ( � 2 − � 2) � − � g � h ��� ��� 1 cos � � g � h ��� − � 2 sin � � g � h ��� � ,
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where � = � ( � ) and � = � ( � ); � 1 and � 2 are arbitrary constants. In particular, if � = �� ( � 2 − � 2)
and � = � , we obtain a periodic solution� ( � ) = � 1 sin( � � � ) + � 2 cos( � � � ),� ( � ) = � 1 cos( � � � ) − � 2 sin( � � � ).
6 � . Exact solutions:} ( � , n , � ) = � ( � ) exp(   1 � + � 1 n ) + � ( � ) exp(   2 � + � 2 n ) + � ( � ) � + � ( � ) n + � ( � ),
where � ( � ), � ( � ), and � ( � ) are arbitrary functions and   1, � 1,   2, and � 2 are arbitrary parameters that
satisfy one of the two relations  2

1 + � 2
1 =   2

2 + � 2
2 (first family of solutions),  1 � 2 =   2 � 1 (second family of solutions),

and the functions � ( � ) and � ( � ) are determined by the ordinary differential equations� �� = � � (   2
1 + � 2

1) + � 1 � ( � ) −   1 � ( � ) � � ,� �� = � � (   2
2 + � 2

2) + � 2 � ( � ) −   2 � ( � ) � � .
These equations are easy to integrate:� ( � ) = � 1 exp ��� (   2

1 + � 2
1) � + � 1 g � ( � ) h � −   1 g � ( � ) h ��� ,� ( � ) = � 2 exp ��� (   2

2 + � 2
2) � + � 2 g � ( � ) h � −   2 g � ( � ) h ��� .

7 � . Exact solution:} ( � , n , � ) = � � 1 sin( � � ) + � 2 cos( � � ) � �¡� ( � ) sin( � n ) + � ( � ) cos( � n ) � + � ( � ) � + � ( � ),
where � ( � ) and � ( � ) are arbitrary functions, � 1, � 2, � , and � are arbitrary parameters, and the
functions � ( � ) and � ( � ) are determined by the nonautonomous system of linear ordinary differential
equations � �� = − � ( � 2 + � 2) � − � � ( � ) � ,� �� = − � ( � 2 + � 2) � + � � ( � ) � .

(15)

The general solution of system (15) is given by� ( � ) = exp � − � ( � 2 + � 2) � � ��� 3 sin � � g � h ��� + � 4 cos � � g � h ��� � , � = � ( � ),� ( � ) = exp � − � ( � 2 + � 2) ��� � − � 3 cos � � g � h � � + � 4 sin � � g � h � � � ,

where � 3 and � 4 are arbitrary constants.

8 � . Exact solution:} ( � , n , � ) = � � 1 sinh( � � ) + � 2 cosh( � � ) � � � ( � ) sin( � n ) + � ( � ) cos( � n ) � + � ( � ) � + � ( � ),
where � ( � ) and � ( � ) are arbitrary functions, � 1, � 2, � , and � are arbitrary parameters, and the
functions � ( � ) and � ( � ) are determined by the nonautonomous system of linear ordinary differential
equations � �� = � ( � 2 − � 2) � − � � ( � ) � ,� �� = � ( � 2 − � 2) � + � � ( � ) � .

(16)

The general solution of system (16) is given by� ( � ) = exp � � ( � 2 − � 2) ��� ��� 3 sin � � g � h ��� + � 4 cos � � g � h ��� � , � = � ( � ),� ( � ) = exp � � ( � 2 − � 2) � � � − � 3 cos � � g � h ��� + � 4 sin � � g � h ��� � ,

where � 3 and � 4 are arbitrary constants.
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9 � . Exact solution: } ( � , n , � ) = p ( q , � ) + � ( � ) � + � ( � ) n , q =   � + � n ,

where � ( � ) and � ( � ) are arbitrary functions,   and � are arbitrary parameters, and the function p ( q , � )
is determined by the fourth-order linear equation¢ 3 p¢ � ¢ q 2 + �   � ( � ) − � � ( � ) � ¢ 3 p¢ q 3 = � (   2 + � 2)

¢ 4 p¢ q 4 .

The transformation £
( ¤ , � ) =

¢ 2 p¢ q 2 , ¤ = q − ¥ �   � ( ¦ ) − � � ( ¦ ) � § ¦
brings it to the customary heat equation¢ £¢ ¦ = ¨ (   2 + � 2)

¢ 2

£¢ ¤ 2 .©�ª
Reference: A. D. Polyanin (2001d).

2. « ¬«  +
1® « ¯« ° « ¬« ® –

1® « ¯« ® « ¬« ° = ± ² ¬ , ¬ = ² ¯ =
1® «« ® � ® « ¯« ® � +

1® 2
« 2 ¯« ° 2

.

The two-dimensional equations of steady-state flow of a viscous incompressible fluid written in
polar coordinates are reduced to this equation ( ³ is the stream function).

Exact solution: ³ ( ´ , µ , ¦ ) = ¶ ( ´ , ¦ ) µ + · ( ´ , ¦ ).
The functions ¶ = ¶ ( ´ , ¦ ) and · = · ( ´ , ¦ ) satisfy the system of equations

L( ¶ � ) − ´ −1 ¶ ¸ L( ¶ ) + ´ −1 ¶ [L( ¶ )] ¸ = ¨ L2( ¶ ), (1)
L( · � ) − ´ −1 · ¸ L( ¶ ) + ´ −1 ¶ [L( · )] ¸ = ¨ L2( · ), (2)

where the subscripts ´ and ¦ denote partial derivatives; L( ¶ ) = ´ −1( ´ ¶ ¸ ) ¸ and L2( ¶ ) = LL( ¶ ).
For the particular solution ¶ = ¹ ( ¦ ) ln ´ + º ( ¦ ) of equation (1), with ¹ and º arbitrary, equation (2)

can be reduced by the change of variable

£
= L( · ) to a second-order linear equation.

B.8. Higher-Order Nonlinear Equations

B.8.1. Equations of the Form » ¼» ½ = ¾ ¿ À , ½ , ¼ , » ¼» À , Á Á Á , » Â ¼» À Â Ã
1. « ¯«  = Ä « Å ¯« Æ Å + Ç ¯ ln ¯ + È (  ) ¯ .

1 É . Exact solution:³ ( � , ¦ ) = exp ÊTË Ì Í�Î�� + Ï Ì Í�Î + Ð Ë ÑÒ
( Ó − 1)

Ì Ñ Í�Î + Ì Í�Î ¥ Ì − Í�ÎÔ¶ ( ¦ ) § ¦�Õ ,

where Ë and Ï are arbitrary constants.

2 É . Exact solution: ³ ( � , ¦ ) = exp Ê�Ë Ì Í�Î + Ì Í�Î ¥ Ì − Í�ÎÔ¶ ( ¦ ) § ¦�Õ ¹ ( Ö ), Ö = � + × ¦ ,
where Ë and × are arbitrary constants and the function ¹ = ¹ ( Ö ) is determined from the autonomous
ordinary differential equation Ð ¹ ( Ñ )v − × ¹ Øv +

Ò ¹ ln ¹ = 0,

whose order can be reduced by one.
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2. « ¯«  = Ä « Å ¯« Æ Å + Ç ¯ ln ¯ + [ È ( Æ ) + Ù (  )] ¯ .

Exact solution in multiplicative form:³ ( � , ¦ ) = exp Ê�Ú Ì Í�Î + Ì Í�Î ¥ Ì − Í�Î@· ( ¦ ) § ¦�Õ ¹ ( Û ),

where Ú is an arbitrary constant and the function ¹ ( ¦ ) is determined by the ordinary differential
equation Ð ¹ ( Ñ )Ü +

Ò ¹ ln ¹ + ¶ ( Û ) ¹ = 0.

3. « ¯«  = Ä « Å ¯« Æ Å + È (  ) ¯ ln ¯ + Ù (  ) ¯ .

Exact solution: ³ ( Û , ¦ ) = exp Ý�¹ ( ¦ ) Û + º ( ¦ ) Þ .
The functions ¹ ( ¦ ) and º ( ¦ ) are determined from¹ ( ¦ ) = Ë Ì ß , º ( ¦ ) = Ï Ì ß + Ì ß à Ì − ß ( Ð Ë Ñ Ì Ñ ß + á ) â ã , ä = à å â ã ,
where Ë and Ï are arbitrary constants.

4. æ çæ  = è æ é çæ ê é + ë (  ) ç ln ç + [ Ù (  ) ê + ì (  )] ç .

Exact solution: í
( Û , ã ) = exp Ý�î ( ã ) Û + º ( ã ) Þ .

The functions î ( ã ) and º ( ã ) are determined fromî ( ã ) = ï ð ß + ð ß à ð − ß á â ã , ä = à å â ã ,º ( ã ) = ñ ð ß + ð ß à ð − ß ( ò î ó + ô ) â ã ,
where ï and ñ are arbitrary constants.

5. æ çæ  = è æ é çæ ê é + õ ö æ çæ ê ÷ 2

+ ø ç + ë (  ).
1 ù . Exact solution: í

( Û , ã ) = î 2( ã ) Û 2 + î 1( ã ) Û + î 0( ã ),
where the functions î ú ( ã ) satisfy an appropriate system of ordinary differential equations.

2 ù . Exact solution: í
( Û , ã ) = ï ð û@ü + ð û@ü à ð − û@üÔå ( ã ) â ã + ý ( þ ), þ = Û + ÿ ã ,

where ï and ÿ are arbitrary constants, and the function ý ( þ ) is determined by solving the autonomous
ordinary differential equation ò ý ( ó )� + � ��ý �� � 2 − ÿ ý �� + � ý = 0.

6. æ çæ � = è æ é çæ ê é + õ ö æ çæ ê ÷ 2

+ ø ç æ çæ ê + � ç 2 + ë ( � ) ç + � ( � ).
Exact solution: í

( Û , ã ) = î ( ã ) + º ( ã ) exp( ÿ Û ),

Page 758



B.8. HIGHER-ORDER NONLINEAR EQUATIONS 759

where ÿ is a root of the quadratic equation ��ÿ 2 + �5ÿ + 	 = 0, and the functions î ( ã ) and º ( ã ) are
determined from the system of first-order ordinary differential equationsî �ü = 	 î 2 + å ( ã ) î + á ( ã ), (1)º �ü = 
 ( �5ÿ + 2 	 ) î + å ( ã ) + ò ÿ ó � º . (2)

For the Riccati equation (1), see Kamke (1977) and Polyanin and Zaitsev (1995). It is integrable
in quadrature if, for example,

(a) 	 = 0, (b) á ( ã ) ≡ 0, (c) å ( ã ) = const, á ( ã ) = const .

On solving equation (1), one can readily solve equation (2), which is linear in º .

7. æ çæ � = è æ é çæ ê é + ë ( � ) ö æ çæ ê ÷ 2

+ õ ë ( � ) ç 2 + � ( � ) ç + ì ( � ).
1 ù . Exact solution: í

( Û , ã ) = î ( ã ) + º ( ã ) exp �� Û � − � � , � < 0,

where the functions î ( ã ) and º ( ã ) are determined by solving the following first-order ordinary
differential equations with variable coefficients (the arguments of å , á , and ô are not specified):î �ü = ��å î 2 + á î + ô , (1)º �ü = 
 2 ��å î + á + ò � � � − � � ó � º . (2)

Equation (1) is a Riccati equation for î = î ( ã ); it can be reduced to a second-order linear
equation. A lot of exact solutions to equation (1) with various å , á , and ô can be found in Kamke
(1977) and Polyanin and Zaitsev (1995).

Given a solution of equation (1), the corresponding solution of (2) is calculated byº ( ã ) = � exp ��ò � � � − � � ó ã + à (2 ��å î + á ) â ã�� ,

where � is an arbitrary constant.

2 ù . Exact solution of a more general form:í
( Û , ã ) = î ( ã ) + º ( ã ) exp ��Û � − � � + � ( ã ) exp � − Û � − � � , � < 0, (3)

where the functions î ( ã ), � ( ã ), and � ( ã ) are determined by the following system of first-order
ordinary differential equations with variable coefficients:î �ü = ��å î 2 + á î + ô + 4 ��å � � , (4)� �ü = 
 2 ��å î + á + ò ��� − � � ó � � , (5)� �ü = 
 2 ��å î + á + ò � − � − � � ó � � . (6)

For equations of even order with � = 2 � ( � = 1, 2, ����� ), it follows from (5) and (6) that the
functions � ( ã ) and � ( ã ) are proportional. Setting � ( ã ) = ï � ( ã ) and � ( ã ) = ñ � ( ã ), one can rewrite
solution (3) as í

( Û , ã ) = î ( ã ) + � ( ã ) 
�ï exp ��Û � − � � + ñ exp � − Û � − � � � , � < 0,

where the functions î ( ã ) and � ( ã ) are determined by the system of ordinary differential equationsî �ü = ��å ��î 2 + 4 ï ñ � 2) + á î + ô , (7)� �ü = 
 2 ��å î + á + (−1) � ò ��� � � . (8)

On expressing î from (8) in terms of � and substituting the result into (7), one arrives at a
second-order nonlinear equation for � ; if å , á , ô = const, this equation is autonomous and hence
admits reduction of order.
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3 ù . Exact solution:í
( Û , ã ) = î ( ã ) + � ( ã ) cos ��Û � � � + � ( ã ) sin ��Û � � � , � > 0,

where the functions î ( ã ), � ( ã ), and � ( ã ) are determined by a system of ordinary differential equations
(not specified here).

For equations of even order with � = 2 � ( � = 1, 2, ����� ), there are exact solutions with the
following form ( � is any number):í

( Û , ã ) = î ( ã ) + � ( ã ) cos �@Û � � + � � , � > 0.

The functions î ( ã ) and � ( ã ) are determined by the following system of first-order ordinary differential
equations with variable coefficients:î �ü = ��å � î 2 + � 2) + á î + ô , (9)� �ü = 
 2 ��å î + á + (−1) � ò ��� � � . (10)

On expressing î from (10) in terms of � and substituting the result into (9), one arrives at a
second-order nonlinear equation for � ; if å , á , ô = const, this equation is autonomous and hence
admits reduction of order.

8. æ çæ � = è æ é çæ ê é + ë ö ê , æ çæ ê ÷ + � ( � ).
Exact solution in additive form:í

( Û , ã ) = ï ã + ñ + à á ( ã ) â ã + î ( Û ).

Here, ï and ñ are arbitrary constants and the function î ( Û ) is determined from the nonlinear
ordinary differential equation ò î ( ó )Ü + å ��Û , î �Ü � − ï = 0.

9. æ çæ � = è æ é çæ ê é + ë ö ê , æ çæ ê ÷ + õ ç + � ( � ).
Exact solution in additive form:í

( Û , ã ) = î ( Û ) + ï ð � ü + ð � ü à ð − � ü á ( ã ) â ã .
Here, ï is an arbitrary constant and the function î ( Û ) is determined from the nonlinear ordinary
differential equation ò î ( ó )Ü + å ��Û , î �Ü � + � î = 0.

10. æ çæ � = è ç æ é çæ ê é + ë ( � ) ç + � ( � ).
1 ù . Exact solution:í

( Û , ã ) = ä ( ã ) ��ï ó −1 Û ó −1 + ����� + ï 1 Û + ï 0 � + ä ( ã ) à á ( ã )ä ( ã ) â ã , ä ( ã ) = exp �@à å ( ã ) â ã�� ,

where ï 0, ï 1, ����� , ï ó −1 are arbitrary constants.

2 ù . Exact solution:í
( Û , ã ) = î ( ã ) � Û ó + ï ó −1 Û ó −1 + ����� + ï 1 Û + ï 0 � + î ( ã ) à á ( ã )î ( ã ) â ã ,î ( ã ) = ä ( ã ) �� − ò � ! à ä ( ã ) â ã�� −1

, ä ( ã ) = exp �@à å ( ã ) â ã�� ,

where ï 0, ï 1, ����� , ï ó −1, and � are arbitrary constants.
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11.
� �� � = � � � � �� � � + � � 2 + � (

�
)
�

+ � (
�
).

Exact solution: 	
( 
 , � ) = � ( � )  ( 
 ) + � ( � ),

where the functions � ( � ) and � ( � ) are determined from the following system of first-order ordinary
differential equations ( � is any number):� �� = � � 2 + ��� � + � ( � ) � ,� �� = � � � + ��� 2 + � ( � ) � + � ( � ),
and the function  ( 
 ) is determined by the � th-order linear ordinary differential equation�  ( � )� + �� = � .

12.
� �� � = � � � � �� � � + � (

�
)
� � �� � + � (

�
)
�

+ � (
�
).

Exact solution: 	
( 
 , � ) = � ( � )  ( 
 ) + � ( � ),

where the functions � ( � ), � ( � ), and  ( 
 ) are determined by the ordinary differential equations� �� = � � 2 + � ( � ) � ,� �� = ��� � + � ( � ) ��� +  ( � ),�  ( � )� + � ( 
 )  �� = � ,

where � is an arbitrary constant. Integrating successively, for � ( � ) and � ( � ) we obtain

� ( � ) = ! ( � ) "$# − � % ! ( � ) & �(' −1

, ! ( � ) = exp ")% � ( � ) & �(' ,� ( � ) = * � ( � ) + � ( � ) %  ( � )� ( � ) & � ,
where # and * are arbitrary constants.

B.8.2. Equations of the Form + 2 ,+ - 2 = . / 0 , - , , , + ,+ 0 , 1 1 1 , + 2 ,+ 0 2 3
1.

� 2 �� � 2
= � � � �� � � + � (

�
)
� �� � + � � ln

�
+ [� (

�
) + � (

�
)]
�

.

Exact solution in multiplicative form: 	
( 
 , � ) = � ( � ) � ( 
 ).

The functions � ( � ) and � ( 
 ) are determined by the ordinary differential equations� �4��$� − � � ln � +  ( � ) + � � � = 0,� � ( � )� + � ( 
 ) � �� + � � ln � + � ( 
 ) − � � � = 0,

where � is an arbitrary constant.
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2.
� 2 �� � 2

= � � � �� � � + � 5 � �� � 6 2

+ 7 � + � (
�
).

1 8 . Exact solution: 	
( 
 , � ) = � 2( � ) 
 2 + � 1( � ) 
 + � 0( � ),

where the functions � 9 ( � ) satisfy an appropriate system of ordinary differential equations.
2 8 . Exact solution: 	

( 
 , � ) = � ( � ) +  ( : ), : = 
 + ; � .
The functions � ( � ) and  ( : ) are determined from the ordinary differential equations� �4��$� − <�� − � ( � ) = # ,�  ( � )= − ; 2  �4�=>= + � ?@ �= A 2 + <  = # ,
where ; and # are arbitrary constants.

3.
� 2 �� � 2

= � � � �� � � + � 5 � �� � 6 2

+ 7 � � �� � + B � 2 + � (
�
)
�

+ � (
�
).

Exact solution: 	
( 
 , � ) = � ( � ) + � ( � ) exp( ; 
 ),

where ; is a root of the quadratic equation �C; 2 + <�; + D = 0, and the functions � ( � ) and � ( � ) are
determined from the system of second-order ordinary differential equations� �4��$� = D � 2 + � ( � ) � + � ( � ), (1)� �4��$� = � ( <�; + 2 D ) � + � ( � ) + � ; � � � . (2)

In the special case � ( � ) = const and � ( � ) = const, equation (1) is autonomous and has particular
solutions of the form � = const and, hence, can be integrated in quadrature. Equation (2) is linear
in � ; therefore, for � = const, its general solution is expressed in terms of exponentials or sine and
cosine.

4.
� 2 �� � 2

= � � � �� � � + � (
�

) 5 � �� � 6 2

+ � (
�

) + � (
�
).

Exact solution in additive form:	
( 
 , � ) = 1

2 # � 2 + * � + � + % �
0

( � − E )  ( E ) & E + � ( 
 ).

Here, # , * , and � are arbitrary constants, and the function � ( 
 ) is determined by solving the
nonlinear ordinary differential equation� � ( � )� + � ( 
 ) ? � �� A 2 + � ( 
 ) − # = 0.

5.
� 2 �� � 2

= � � � �� � � + � (
�

) 5 � �� � 6 2

+ � � + � (
�

) + � (
�
).

Exact solution in additive form: 	
( 
 , � ) = � ( � ) + � ( 
 ).

The functions � ( � ) and � ( 
 ) are determined by solving the nonlinear ordinary differential equations� �4��$� − ��� −  ( � ) = 0,� � ( � )� + � ( 
 )( � �� )2 + ��� + � ( 
 ) = 0.
The general solution of the first equation is given by� ( � ) = � 1 cosh( D 
 ) + � 2 sinh( D 
 ) +

1D % �
0

 ( E ) sinh[ D ( � − E )] & E for � = D 2 > 0,

� ( � ) = � 1 cos( D 
 ) + � 2 sin( D 
 ) +
1D % �

0
 ( E ) sin[ D ( � − E )] & E for � = − D 2 < 0,

where � 1 and � 2 are arbitrary constants.
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6.
� 2 �� � 2

= � � 2 � �� � 2 � + � (
�
) 5 � �� � 6 2

+ � � (
�
)
� 2 + � (

�
)
�

+ � (
�
).

1 8 . Exact solution: 	
( 
 , � ) = � ( � ) + � ( � ) exp ?GF 
 H − � A , � < 0,

where the functions � ( � ) and � ( � ) are determined by solving the following first-order ordinary
differential equations with variable coefficients (the arguments of � , � , and  are not specified):� �4��$� = �C� � 2 + � � +  , (1)� �4��$� = � 2 �C� � + � + (−1) � � � � �C� . (2)

In the special case where � , � ,  are constant, equation (1) has particular solutions of the form� = const. Here, the general solution of equation (2) is expressed in terms of exponentials or sine
and cosine.

2 8 . Exact solution of a more general form:	
( 
 , � ) = � ( � ) + � ( � ) � # exp ?I
 H − � A + * exp ? − 
 H − � A � , � < 0,

where the functions � ( � ) and � ( � ) are determined by solving the following system of second-order
ordinary differential equations with variable coefficients:� �4��$� = �C� ( � 2 + 4 # * � 2) + � � +  , (3)� �4��$� = [2 �C� � + � + (−1) � � � � ] � . (4)

On expressing � from (4) in terms of � and substituting the result into (3), one arrives at a
fourth-order nonlinear equation for � ; if � , � ,  = const, this equation is autonomous and hence
admits reduction of order.

3 8 . Exact solution ( < is an arbitrary constant):	
( 
 , � ) = � ( � ) + � ( � ) cos ? 
 H � + < A , � > 0,

where the functions � ( � ) and � ( � ) are determined by solving the following system of second-order
ordinary differential equations with variable coefficients:� �4��$� = �C� ?I� 2 + � 2) + � � +  ,� �4��$� = � 2 �C� � + � + (−1) � � � � � � .

7.
� 2 �� � 2

= � � � �� � � + � 5 �
,

� �� � 6 + � (
�
).

Exact solution in additive form:	
( 
 , � ) = 1

2 # � 2 + * � + � + % �
0

( � − E ) � ( E ) & E + � ( 
 ).

Here, # , * , and � are arbitrary constants and the function � ( 
 ) is determined by the nonlinear
ordinary differential equation � � ( � )� + � ?G
 , � �� A − # = 0.
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8.
� 2 �� � 2

= � � � �� � � + � 5 �
,

� �� � 6 + � � + � (
�
).

Exact solution in additive form: 	
( 
 , � ) = � ( � ) + � ( 
 ).

The functions � ( � ) and � ( 
 ) are determined by the ordinary differential equations� �4��$� − ��� − � ( � ) = 0,� � ( � )� + � ?I
 , � �� A + ��� = 0.

The general solution of the first equation is given by� ( � ) = � 1 cosh( D 
 ) + � 2 sinh( D 
 ) +
1D % �

0
� ( E ) sinh[ D ( � − E )] & E for � = D 2 > 0,

� ( � ) = � 1 cos( D 
 ) + � 2 sin( D 
 ) +
1D % �

0
� ( E ) sin[ D ( � − E )] & E for � = − D 2 < 0,

where � 1 and � 2 are arbitrary constants.

9.
� 2 �� � 2

= � � � �� � � +
� � 5 �

,
1� � �� � 6 .

Exact solution in multiplicative form: 	
( 
 , � ) = J K � � ( � ),

where ; is an arbitrary constant and the function � ( � ) is determined from the second-order linear
ordinary differential equation � �4��$� = � � ; � + � ( � , ; ) � � .

10.
� 2 �� � 2

= � � � � �� � � + � (
�
)
�

+ � (
�
).

Exact solution: 	
( 
 , � ) = � ( � ) ?)# � 
 � + L�L�L + # 1 
 A + � ( � ),

where # 1, M�M�M , # � are arbitrary constants and the functions � ( � ) and � ( � ) are determined from the
second-order ordinary differential equations� �4��$� = # � � � ! � 2 + � ( � ) � ,� �4��$� = # � � � ! � � + � ( � ) � + � ( � ).
11.

� 2 �� � 2
= � � � � �� � � + � � 2 + � (

�
)
�

+ � (
�
).

Exact solution: 	
( 
 , � ) = � ( � )  ( 
 ) + � ( � ),

where the functions � ( � ) and � ( � ) are determined by the following system of second-order ordinary
differential equations ( � is an arbitrary constant):� �4��$� = � � 2 + ��� � + � ( � ) � ,� �4��$� = � � � + ��� 2 + � ( � ) � + � ( � ).
The function  ( 
 ) satisfies the � th-order linear ordinary differential equation�  ( � )� + �� = � .
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12.
� 2 �� � 2

= � � � � �� � � + � (
�

)
� � �� � + � (

�
)
�

+ � (
�
).

Exact solution: 	
( 
 , � ) = � ( � )  ( 
 ) + � ( � ),

where the functions � ( � ), � ( � ), and  ( 
 ) are determined by the ordinary differential equations� �4��$� = � � 2 + � ( � ) � ,� �4��$� = [ � � + � ( � )] � +  ( � ),�  ( � )� + � ( 
 )  �� = � ,

where � is an arbitrary constant.

B.8.3. Other Equations

1.
� �� N � 2 �� � � N –

� �� � � 2 �� N 2
= � (

�
)
� � �� N � .

This is a special case of equation B.8.3.3.
Exact solution: 	

( 
 , O ) = � ( 
 ) J K P − ; � −2 % � ( 
 ) & 
 + � ,

where � ( 
 ) is an arbitrary function; � and ; are arbitrary constants.

2.
� �� N � 2 �� � � N –

� �� � � 2 �� N 2
= � (

�
)
� 2 � �� N 2 � + � (

�
).

This is a special case of equation B.8.3.3.
Exact solution:	

( 
 , O ) = � ( 
 ) J K P −
1

2 ; 2 � ( 
 )
")% � ( 
 ) & 
 + � 1 ' J − K P − ; 2 � −2 % � ( 
 ) & 
 + � 2,

where � ( 
 ) is an arbitrary function and � 1, � 2, and ; are arbitrary parameters.

3.
� �� N � 2 �� � � N –

� �� � � 2 �� N 2
= Q 5 �

,
�

,
� �� N , R R R ,

� � �� N � 6 .

1 8 . If
	

( 
 , O ) is a solution of the equation in question, then the function	
1( 
 , O ) =

	 ? 
 , O + � ( 
 ) A ,

where � ( 
 ) is an arbitrary function, is also a solution of the equation.

2 8 . Let the right-hand side of the equation be independent of 
 explicitly. Then there are exact
solutions of the form 	

=
	

( S ), S = O + � ( 
 ),

where � ( 
 ) is an arbitrary function and
	

( S ) is a solution of the ordinary differential equationT ? 	 ,
	 �U , M�M�M , 	 ( � )U A = 0.

3 8 . Let the right-hand side of the equation be independent of 
 and
	

explicitly. Then there are
exact solutions of the form 	

= � 
 + � ( S ), S = O + � ( 
 ),

where � ( 
 ) is an arbitrary function, � is an arbitrary constant, and � ( S ) is a solution of the ordinary
differential equation

T ?G� �U , M�M�M , � ( � )U A + � � �4�U�U = 0.
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4.
� �� � =

� Q (
�
, V 0, V 1, R R R , V � ), V W =

�XY
= W (–1)

Y
+ WB ! ( Z – B )!

� Y
– W � Y �� � Y , B = 0, 1, R R R , [ .

Exact solution in multiplicative form:	
( 
 , � ) = ( � 0 + � 1 
 + L�L�L + � � 
 � ) � ( � ),

where � 0, � 1, M�M�M , � � are arbitrary constants and the function � = � ( � ) satisfies the ordinary
differential equation � �� = � T

( � , � 0 � , � 1 � , M�M�M , � � � ).\^]
Reference: Ph. W. Doyle (1996), the case _a`)b ≡ 0 was considered.

5. c 2 dc e 2
= d Q ( e , V 0, V 1, R R R , V f ), V W =

fXY
= W (–1)

Y
+ WB ! ( Z – B )! g Y

– W c Y dc g Y , B = 0, 1, R R R , [ .

Exact solution in multiplicative form:h ( i , j ) = ( k 0 + k 1 i + L�L�L + k l i l ) m ( j ),
where k 0, k 1, M�M�M , k l are arbitrary constants and the function m = m ( j ) satisfies the ordinary
differential equation m n4no$o = m T

( j , k 0 m , k 1 m , M�M�M , k l m ).

6. Q 5 g ,
1d c dc g , R R R ,

1d c f dc g f ;
1d c dc N , R R R ,

1d c p dc N p 6 = 0.

Exact solution in multiplicative form: h ( i , O ) = q J K P m ( i ),

where q and ; are arbitrary constants and the function m ( i ) is determined from the r th-order
ordinary differential equationT ? i , m ns t m , M�M�M , m ( l )s t m ; ; , M�M�M , ; u A = 0.

7. Q 5 g ,
1d c dc g , R R R ,

1d c f dc g f ;
1d c 2 dc N 2

, R R R ,
1d c 2 p dc N 2 p 6 = 0.

1 8 . Exact solution: h ( i , O ) = v^q cosh( ; O ) + w sinh( ; O ) xCm ( i ),
where q , w , and ; are arbitrary constants and the function m ( i ) is determined by solving ther th-order ordinary differential equationT ?Ii , m ns t m , M�M�M , m ( l )s t m ; ; 2, M�M�M , ; 2 u A = 0.

2 8 . Exact solution: h ( i , O ) = v q cos( ; O ) + w sin( ; O ) x m ( i ),
where q , w , and ; are arbitrary constants and the function m ( i ) is determined by solving ther th-order ordinary differential equationT ?Ii , m ns t m , M�M�M , m ( l )s t m ; − ; 2, M�M�M , (−1) u ; 2 u A = 0.

8. y 1 5 g , c dc g , R R R , c f dc g f 6 + y 2 5 N
, c dc N , R R R , c p dc N p 6 = B d .

Exact solution in additive form: h ( i , O ) = m ( i ) + z ( O ).
The functions m ( i ) and z ( O ) are determined by the ordinary differential equations{

1 ?Ii , m ns , M�M�M , m ( l )s A − D m = k ,{
2 ?IO , z nP , M�M�M , z ( u )P A − D z = − k ,

where k is an arbitrary constant.
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9. y 1 5 g ,
1d c dc g , R R R ,

1d c f dc g f 6 + d W y 2 5 N
,

1d c dc N , R R R ,
1d c p dc N p 6 = 0.

Exact solution in multiplicative form: h ( i , O ) = m ( i ) z ( O ).

The functions m ( i ) and z ( O ) are determined by the ordinary differential equationsm − 9 {
1 ?Ii , m ns t m , M�M�M , m ( l )s t m A = k ,z 9 {

2 ?IO , z nP t z , M�M�M , z ( u )P t z A = − k ,

where k is an arbitrary constant.

10. y 1 5 g , c dc g , R R R , c f dc g f 6 + | } ~ y 2 5 N
, c dc N , R R R , c p dc N p 6 = 0.

Exact solution in additive form: h ( i , O ) = m ( i ) + z ( O ).

The functions m ( i ) and z ( O ) are determined by the ordinary differential equationsJ − K � {
1 ? i , m ns , M�M�M , m ( l )s A = k ,J K � {

2 ? O , z nP , M�M�M , z ( u )P A = − k ,

where k is an arbitrary constant.

11. y 1 � g ,
1d c dc g , � � � ,

1d c f dc g f � + y 2 � � ,
1d c dc � , � � � ,

1d c p dc � p � = � ln d .

Exact solution in multiplicative form: h ( i , � ) = m ( i ) z ( � ).

The functions m ( i ) and z ( � ) are determined by the ordinary differential equations{
1 � i , m ns t m , ����� , m ( l )s t m � − � ln m = k ,{
2 � � , z n� t z , ����� , z ( u )� t z � − � ln z = − k ,

where k is an arbitrary constant.
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gleichungen Erster Ordnung für eine gesuchte Funktion, Akad. Verlagsgesellschaft Geest &
Portig, Leipzig, 1965.

Kanwal, R. P., Generalized Functions. Theory and Technique, Academic Press, Orlando, 1983.
Korn, G. A. and Korn, T. M., Mathematical Handbook for Scientists and Engineers, McGraw-Hill,

New York, 1968.
Koshlyakov, N. S., Gliner, E. B., and Smirnov, M. M., Partial Differential Equations of

Mathematical Physics [in Russian], Vysshaya Shkola, Moscow, 1970.
Krein, S. G. (Editor), Functional Analysis [in Russian], Nauka, Moscow, 1972.
Krylov, A. N., Collected Works: III Mathematics, Pt. 2 [in Russian], Izd-vo AN SSSR, Moscow,

1949.
Lamb, H., Hydrodynamics, Dover Publ., New York, 1945.
Lavrent’ev, M. A. and Shabat B. V., Methods of Complex Variable Theory [in Russian], Nauka,

Moscow, 1973.
Lavrik, V. I. and Savenkov, V. N., Handbook of Conformal Mappings [in Russian], Naukova

Dumka, Kiev, 1970.
Landau, L. D. and Lifshits, E. M., Quantum Mechanics. Nonrelativistic Theory [in Russian],

Nauka, Moscow, 1974.
Lebedev, N. N., Skal’skaya, I. P., and Uflyand, Ya. S., Collection of Problems on Mathematical

Physics [in Russian], Gostekhizdat, Moscow, 1955.
Leis, R., Initial-Boundary Value Problems in Mathematical Physics, John Wiley & Sons, Chichester,

1986.
Levich, V. G., Physicochemical Hydrodynamics, Prentice-Hall, Englewood Cliffs, New Jersey, 1962.
Levitan, B. M. and Sargsyan, I. S., Sturm–Liouville and Dirac Operators [in Russian], Nauka,

Moscow, 1988.
Loitsyanskiy, L. G., Mechanics of Liquids and Gases, Begell House, New York, 1996.
Lykov, A. V., Theory of Heat Conduction [in Russian], Vysshaya Shkola, Moscow, 1967.
Mackie, A. G., Boundary Value Problems, Scottish Academic Press, Edinburgh, 1989.
Makarov, A., Smorodinsky, J., Valiev, K., and Winternitz, P., A systematic search for

nonrelativistic systems with dynamical symmetries. Part I: The integrals of motion, Nuovo
Cimento, Vol. 52A, pp. 1061–1084, 1967.

Marchenko, V. A., Sturm–Liouville Operators and Applications, Birkhauser Verlag, Basel-Boston,
1986.

Markeev, A. P., Theoretical Mechanics [in Russian], Nauka, Moscow, 1990.
Mathematical Encyclopedia [in Russian], Sovetskaya Entsiklopediya, Moscow, 1977.
McLachlan, N. W., Theory and Application of Mathieu Functions, Clarendon Press, Oxford, 1947.

Page 772



REFERENCES 773

Meixner, J. and Schäfke, F., Mathieusche Funktionen und Sphäroidfunktionnen, Springer-Verlag,
Berlin, 1965.

Mikhlin, S. G., Variational Methods in Mathematical Physics [in Russian], Nauka, Moscow, 1970.
Miles, J. W., Integral Transforms in Applied Mathematics, Cambridge Univ. Press, Cambridge,

1971.
Miller, W. (Jr.), Symmetry and Separation of Variables, Addison-Wesley, London, 1977.
Miller, J. (Jr.) and Rubel, L. A., Functional separation of variables for Laplace equations in two

dimensions, J. Phys. A, Vol. 26, No. 8, pp. 1901–1913, 1993.
Moon, P. and Spencer, D., Field Theory Handbook, Springer-Verlag, Berlin, 1961.
Morse, P. M. and Feshbach, H., Methods of Theoretical Physics, Vols. 1–2, McGraw-Hill, New

York, 1953.
Murphy, G.M., Ordinary Differential Equations and Their Solutions, D. Van Nostrand, New York,

1960.
Myint-U, T. and Debnath, L., Partial differential equations for scientists and engineers, North-

Holland Publ., New York, 1987.
Naimark, M. A., Linear Differential Operators [in Russian], Nauka, Moscow, 1969.
Niederer, U., The maximal kinematical invariance group of the harmonic oscillator, Helv. Phys.

Acta, Vol. 46, pp. 191–200, 1973.
Nikiforov, A. F. and Uvarov, V. B., Special Functions of Mathematical Physics. A Unified

Introduction with Applications, Birkhauser Verlag, Basel-Boston, 1988.
Novikov, E. A., Concerning turbulent diffusion in a stream with a transverse gradient of velosity,

Appl. Math. Mech. (PMM), Vol. 22, No. 3, p. 412–414, 1958.
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