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FOREWORD 

The appearance of a new book on Geotechnical Engineering is always an important occasion; but the 
appearance of the first book on an important aspect of Soil Mechanics is especially noteworthy. In this 
volume, Professor Fredlund and Dr. Rahardjo present the first textbook solely concerned with the behavior 
of unsaturated soils. The timing is particularly propitious. 

It is evident that since much of the developed world enjoys a temperate climate, resulting in primarily 
saturated soil conditions, the literature has been biased toward problems involving saturated soils. More- 
over, the theoretical understandings and associated experimental procedures required for an understanding 
of unsaturated soil behavior are intrinsically more complex than those required for saturated soil behavior. 
As a result, the ability to synthesize unsaturated soil mechanics has lagged behind its saturated counterpart. 
This has been to the detriment of both students and practitioners alike. 

The climatic conditions that give rise to unsaturated soils can be found on every continent. Indeed, in 
some countries, unsaturated soil conditions dominate. The engineering problems associated with unsatu- 
rated soil mechanics extend over an enormous range. The requirements for design and construction of 
low-cost lightly loaded housing on expansive soils have been with us for a long time. More financial 
losses arise annually from damages due to unsaturated expansive soil behavior than from any other ground 
failure hazard. At the other extreme, unsaturated soils are used as a buffer material in almost every pro- 
posal for the underground storage of nuclear waste. Hence, the need to understand the mechanics of 
unsaturated soil behavior extends from concerns for low cost housing to some of the most complex en- 
vironmental issues of our time. 

I expect that this volume will quickly become the classic reference in its field. It will not be possible 
to teach, conduct research, or undertake modem design related to unsaturated soils without reference to 
Fredlund and Rahardjo. The authors have wisely maintained the framework of classical soil mechanics 
and sought to extend it in order to incorporate soil suction phenomena as an independent variable that is 
amenable to measurement and calculation. This will greatly facilitate the use of this comprehensive vol- 
ume and quickly result in a more profound understanding of unsaturated soil behavior. 

The road to this volume has been a difficult one. Many early leaders of Soil Mechanics pointed in the 
right direction, but it has taken more than thirty years of sustained effort to reach the end of the journey 
marked by this publication. All those who participated in the voyage should share pleasure in the outcome. 

N. R. MORGENSTERN 
University Professor of Civil Engineering 

University of Alberta 
April 1993 
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PREFACE 

Numerous textbooks have been written on the subject of soil mechanics. The subject matter covered and 
the order of presentation vary somewhat from text to text, but the main emphasis is always on the appli- 
cation of the principles of soil mechanics to problems involving saturated soils. 

A significant portion of the earth’s surface is subjected to arid and semi-arid climatic conditions, and 
as a result, many of the soils encountered in engineering practice are unsaturated. This textbook addresses 
the subject of soil mechanics as it relates to the behavior of unsaturated soils. More specifically, the text 
addresses that class of problems where the soils have a matric suction or where the pore-water pressure 
is negative. 

Whether the soil is unsaturated or saturated, it is the negative pore-water pressure that gives rise to this 
unique class of soil mechanics problems. When the pore-water pressure is negative, it is advantageous, 
and generally necessary, to use two independent stress state variables to describe the behavior of the soil. 
This is in constrast to saturated soil mechanics problems where it is possible to relate the behavior of the 
soil to one stress state variable, namely, the effective stress variable. 

The terms saturated soil mechanics and unsaturated soil mechanics are primarily used to designate 
conditions where the pore-water pressures are positive and negative, respectively. Soils situated above 
the groundwater table have negative pore-water pressures. The engineering problems involved may range 
from the expansion of a swelling clay to the loss of shear strength in a slope. Microclimatic conditions in 
an area produce a surface flux boundary condition which produces flow through the upper portion of the 
soil profile. 

It would appear that most problems addressed in Saturated soil mechanics have a counter problem of 
interest in unsaturated soils. In addition, the remolding and compacting of soils is an important part of 
many engineering projects. Compacted soils have negative pore-water pressures. The range of subjects 
of interest involving negative pore-water pressures are vast, and the problems are becoming of increasing 
relevance, particularly in arid regions. 

An attempt has been made to write this textbook in an introductory manner. However, the subject matter 
is inherently complex. The need for such a book is clearly demonstrated by engineering needs associated 
with various projects around the world. The frustrations are expressed primarily by engineers who have 
received advanced training in conventional soil mechanics, only to discover difficult problems in practice 
involving unsaturated soils for which their knowledge is limited. 

The textbook makes no attempt to redevelop concepts well known to saturated soil mechanics. Rather, 
the book is designed to be an extension of classical saturated soil mechanics. As far as is possible, the 
principles and concepts for unsaturated soils are developed as extensions of the principles and concepts 
for saturated soils. In this way, the reader should be able to readily grasp the formulations required for 
unsaturated soil mechanics. 

The general format for the textbook is similar to that used in most classical soil mechanics textbooks. 
The book starts by introducing the breadth of unsaturated soil mechanics problems. It then presents ma- 
terial related to the: l )  volume-mass properties, 2) stress state variables, 3) flow behavior, and 4) pore 
pressure parameters for unsaturated soils. The book then goes on to present material on the: 5 )  shear 
strength and 6) volume change behavior of unsaturated soils. The latter part of the book concludes with 
material on the transient processes of interest to geotechnical engineering. 
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X PREFACE 

A brief summary of the chapters of the textbook is as follows. Chapter 1 presents a brief history of 
developments related to the behavior of unsaturated soils. The need for an understanding of unsaturated 
soil mechanics is presented, along with the scope and description of common geotechnical problems. The 
nature of an unsaturated soil element is described, concentrating on the difference between a saturated and 
an unsaturated soil. Chapter 2 presents the phase properties and the volume-mass relations of interest to 
unsaturated soils. This chapter provides some overlap with classical soil mechanics, but emphasizes ex- 
tensions to the theory, The steps involved in all derivations are described in detail in order to assist the 
reader in this relatively new field. 

Chapter 3 is devoted to describing the stress state variables of relevance in solving engineering problems 
associated with soils having negative pore-water pressures. The concept of the stress state is presented in 
detail because of its extreme importance in understanding the formulations presented later in the textbook. 
One needs only to examine the importance of the role of the effective stress concept in the development 
of saturated soil mechanics to realize the importance of an acceptable description of the stress state for 
unsaturated soils. The authors believe that a thorough understanding of the stress state provides the basis 
for developing a transferable science for unsaturated soil mechanics. 

A knowledge of the stress state reveals that the measurement of the pore-water pressure is mandatory. 
The measurement of highly negative pore-water pressures and soil suction is difficult. Chapter 4 sum- 
marizes techniques and devices that have been developed and used to measure negative pore-water pres- 
sures and soil suction. 

There are three fundamental soil properties that are commonly associated with soil mechanics problems. 
The properties are: 1) coefficient of permeability, 2) shear strength parameters, and 3) volume change 
coefficients. These properties are covered in the next nine chapters. Each of the properties is addressed 
from three standpoints. First, the theory related to the soil property is presented. Second, the measurement 
of pertinent soil properties is discussed, along with the presentation of typical values. Third, the appli- 
cation of the soil properties to specific soil mechanics problems is formulated and discussed. The logistics 
of these chapters is as follows: 

Chapters Presenting the Following Material 

Soil Property Theory Measurement Application 

Permeability 5 
Shear Strength 9 
Volume Change 12 

6 
10 
13 

7 
11 
14 

Descriptions of the equipment required for the measurement of the soil properties are presented under 
each of the “Measurement” chapters. The main application problems presented pertaining to permeability 
are two-dimensional, earth dam seepage analyses. For shear strength, the applications are lateral earth 
pressure, bearing capacity, and slope stability problems, with most emphasis on the latter. The primary 
volume change problem is the prediction of the heave of light structures. 

Chapter 8 presents the theory and typical test results associated with pore pressure parameters. Its 
location in the text is dictated by its importance in discussing undrained loading and the shear strength of 
soils. 

The theory of consolidation, as well as unsteady-state flow analysis, require the combining of the vol- 
ume change characteristics of a soil with its permeability characteristics. These analyses have formed an 
integral part of saturated soil mechanics and greatly assist the engineer in understanding soil behavior. 
Chapter 15 deals with the one-dimensional theory of consolidation, while Chapter 16 presents two- and 
three-dimensional, unsteady-state flow for unsaturated soils. The theory related to surface flux boundary 
conditions, as it relates to microclimatic conditions, is briefly presented in Chapter 16. 

There is a great need for case histories to illustrate and substantiate the theories related to unsaturated 
soil behavior. One of the main objectives of this book is to synthesize the available research information 
and solidi@ an unsaturated soil theoretical context in order to form a basis for future studies in the form 
of case histories. 
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CHAPTER 1 

Introduction to Unsaturated Soil Mechanics 

Soil mechanics involves a combination of engineering me- 
chanics and the properties of soils. This description is broad 
and can encompass a wide range of soil types. These soils 
could either be saturated with water or have other fluids in 
the voids (e.g., air). The development of classical soil me- 
chanics has led to an emphasis on particular types of soils. 
The common soil types are saturated sands, silts and clays, 
and dry sands. These materials have been the emphasis in 
soil mechanics textbooks. More and more, it is realized 
that attention must be given to a broader spectrum of ma- 
terials. This can be illustrated by the increasing number of 
research conferences directed towards special classes of soil 
types and problems. 

There are numerous materials encountered in engineer- 
ing practice whose behavior is not consistent with the prin- 
ciples and concepts of classical, saturated soil mechanics. 
Commonly, it is the presence of more than two phases that 
results in a material that is difficult to deal with in engi- 
neering practice. Soils that are unsaturated form the largest 
category of materials which do not adhere in behavior to 
classical, saturated soil mechanics. 

The general field of soil mechanics can be subdivided 
into that portion dealing with saturated soils and that por- 
tion dealing with unsaturated soils (Fig. 1.1). The differ- 
entiation between saturated and unsaturated soils becomes 
necessary due to basic differences in their nature and en- 
gineering behavior. An unsaturated soil has more than two 
phases, and the pore-water pressure is negative relative to 
the pore-air pressure. Any soil near the ground surface, 
present in a relatively dry environment, will be subjected 
to negative pore-water pressures and possible desaturation. 

The process of excavating, remolding, and recompacting 
a soil also results in an unsaturated material. These mate- 
rials form a large category of soils that have been difficult 
to consider within the framework of classical soil mechan- 
ics. 

Natural surficial deposits of soil are at relatively low 
water contents over a large a m  of the earth. Highly plastic 
clays subjected to a changing environment have produced 

the category of materials known as swelling soils. The 
shrinkage of soils may pose an equally Severe situation. 
Loose silty soils often undergo collapse when subjected to 
wetting, and possibly a loading environment. The pore- 
water pressure in both of the above cases is initially neg- 
ative, and volume changes occur as a result of incmses in 
the pore-water pressure. 

Residual soils have been of particular concern in recent 
years. Once again, the primary factor contributing to their 
unusual behavior is their negative pore-water pressures. 
Attempts have been made to use saturated soil mechanics 
design procedures on these soils with limited success. 

An unsaturated soil is commonly defined as having three 
phases, namely, 1) solids, 2) water, and 3) air. However, 
it may be more c o m t  to recognize the existence of a fourth 
phase, namely, that of the air-water interface or contractile 
skin (Fredlund and Morgenstem, 1977). The justification 
and need for a fourth phase is discussed later in this chap- 
ter. The presence of even the smallest amount of air ren- 
ders a soil unsaturated. A small amount of air, likely oc- 
curring as occluded air bubbles, renders the pore fluid 
compressible. Generally, it is a larger amount of air which 
makes the air phase continuous throughout the soil. At the 
same time, the pore-air and pore-water pressures begin to 
differ significantly, with the result that the principles and 
concepts involved differ from those of classical, saturated 
soil mechanics. These differing conditions are addressed 
throughout this book. 

.1.1 ROLE OF CLIMATE 

Climate plays an important role in whether a soil is satu- 
rated or unsaturated. Water is removed from the soil either 
by evaporation from the ground surface or by evapotm- 
spiration from a vegetative cover (Fig. 1.2). These pro- 
cesses produce an upward flux of water out of the soil. On 
the other hand, rainfall and other forms of precipitation 
provide a downward flux into the soil. The difference be- 
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2 1 INTRODUCTION TO UNSATURATED SOIL MECHANICS 

I I UNSATURATED I SOIL MECHANICS SOIL MECHANICS 
I SATURATED 

1 1 

SILTS & CLAYS 
RESIDUAL SOILS 

"may be saturated or dry 

Figure 1.1 Categorization of soil mechanics. 

tween these two flux conditions on a local scale largely 
dictates the pore-water pressure conditions in the soil. 

A net upward flux produces a gradual drying, cracking, 
and desiccation of the soil mass, whereas a net downward 
flux eventually saturates a soil mass. The depth of the water 
table is influenced, amongst other things, by the net surface 
flux. A hydrostatic line relative to the groundwater table 
represents an equilibrium condition where there is no flux 
at ground surface. During dry periods, the pore-water 
pressures become more negative than those represented by 
the hydrostatic line. The opposite condition occurs during 
wet periods. 

Grasses, trees, and other plants growing on the ground 
surface dry the soil by applying a tension to the pore-water 
through evapotranspiration (Dorsey, 1940). Most plants are 
capable of applying 1-2 MPa (10-20 atm) of tension to the 
pore-water prior to reaching their wilting point (Taylor and 
Ashcroft, 1972). Evapotranspiration also results in the con- 
solidation and desaturation of the soil mass. 

The tension applied to the pore-water acts in all direc- 
tions, and can readily exceed the lateral confining pressure 
in the soil. When this happens, a secondary mode of de- 
saturation commences (Le., cracking). 

Evaporation Evapotranspiration 

desaturation 

Saturation 
D 

I \  

Year after year, the deposit is subjected to varying and 
changing environmental conditions. These produce changes 
in the pore-water pressure distribution, which in turn result 
in shrinking and swelling of the soil deposit. The pore- 
water pressure distribution with depth can take on a wide 
variety of shapes as a result of environmental changes (Fig. 
1.2). 

Significant areas of the earth's surface are classified as 
arid zones. The annual evaporation from the ground sur- 
face in these regions exceeds the annual precipitation. Fig- 
ure 1.3 shows the climatic classification of the extremely 
arid, and, and semi-arid areas of the world. Meigs (1953) 
used the Thornthwaite moisture index (Thornthwaite, 1948) 
to map these zones. He excluded the cold deserts. Regions 
with a Thornthwaite moisture index less than -40 indicate 
and areas. About 33% of the earth's surface is considered 
arid and semi-arid (Dregne, 1976). The distribution of ex- 
tremely arid, arid, and semi-arid areas in North America is 
shown in Fig. 1.4. These areas cover much of the region 
bounded by the Gulf of Mexico in the south, up into Can- 
ada in the north, over to the west coast. 

Arid and semi-arid areas usually have a deep ground- 
water table. Soils located above the water table have neg- 

Equilibrium with 
water table I Excessive 

evaporation 

At time of 
deposition desiccated- 

coil 

I\ \ 
Total stress Pore-air Pore-water 

pressure pressure 
(u, ) (u, 1 

Figure 1.2 Stress distribution during the desiccation of a soil. 

(a) 
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Figure 1.3 Extremely and, arid, and semi-arid 
1976). 

ative pore-water pressures. The soils are desaturated due 
to the excessive evaporation and evapotranspiration. Cli- 
matic changes highly influence the water content of the soil 
in the proximity of the ground surface. Upon wetting, the 
pore-water pressures increase, tending toward positive Val- 
ues. As a result, changes occur in the volume and shear 
strength of the soil. Many soils exhibit extreme swelling or 
expansion when wetted. Other soils are known for their 
significant loss of shear strength upon wetting. Changes in 
the negative pore-water pressures associated with heavy 
rainfalls are the cause of numerous slope failures. Reduc- 
tions in the bearing capacity and resilient modulus of soils 
are also associated with increases in the pore-water pres- 
sures. These phenomena indicate the important role that 
negative pore-water pressures play in controlling the me- 
chanical behavior of unsaturated oils. 

1.2 TYPES OF PROBLEMS 

The types of problems of interest in unsaturated soil me- 
chanics are similar to those of interest in saturated soil me- 
chanics. Common to all unsaturated soil situations are the 

Figure 1.4 Extremely and, arid, and semi-arid areas of North 
America (from Meigs, 1953). 

areas of the world (from Meigs, 1953 and Dmgne, 

negative pressures in the pore-water. The type of problem 
involving negative pore-water pressures that has received 
the most attention is that of swelling or expansive clays. 
However, an attempt is made in this book to broaden the 
scope of problems to which the principles and concepts of 
unsaturated soil mechanics can be applied. 

Several typical problems are described to illustrate rele- 
vant questions which might be asked by the geotechnical 
engineer. Throughout this book, an attempt is made to re- 
spond to these questions, mainly from a theoretical stand- 
point. 

1.2.1 Construction and Operation of B Dam 
Let us consider the construction of a homogeneous rolled 
earth dam. The construction involves compacting soil in 
approximately 150 mm (6 in) lifts from its base to the full 
height of the dam. The compacted soil would have an ini- 
tial degree of saturation of about 80%. Figure 1.5 shows a 
dam at approximately one half of its design height, with a 
lift of soil having just been placed. The pore-air pressure 
in the layer of soil being compacted is approximately equal 
to the atmospheric pressure. The pore-water pressure is 
negative, often considerably lower than zero absolute pres- 

The soil at lower elevations in the fill is compressed by 
the placement of the overlying fill. Each layer of fill con- 
stitutes an increase in total stress to the embankment. 
Compression results in a change in the pore-air and pore- 
water pressures. The construction of the fill is generally 
rapid enough that the soil undergoes volume change under 
essentially undrained conditions. At any time during con- 
struction, the pore-air and pore-water pressures can be 
contoured as shown in Fig. 1.6. 

In reality, some dissipation of the pore pressures will oc- 
cur as the fill is being placed. The pore-air pressure will 

sure. 
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Change in total stress by 
a layer of compacted soil 

/.--- -!. 
0 I .. O---A:.. 

Rock fill 

L What are the changes in 
pore-pressures ? 

sandy clay 

Figure 1.5 Changes in pore pressure due to the placement of fill on a partly constructed dam. 

dissipate to the atmosphere. The pore-water pressure may 
also be influenced by evaporation and infiltration at the sur- 
face of the dam. All pore pressure changes produce volume 
changes since the stress state is being changed. 

There are many questions that can be asked, and there 
are many analyses that would be useful to the geotechnical 
engineer. During the early stages of construction, some rel- 
evant questions are: 

What is the magnitude of the pore-air and pore-water 
pressure induced as each layer of fill is placed? 
Is pore-air pressure of significance? 
Does the engineer only need to be concerned with the 
pore-water pressures? 
Does an induced pore-air pressure result in an in- 
crease or a decrease in the stability of the dam? Or 
would the computed factor of safety be conservative 
if the pore-air pressures are assumed to be zero? 
What is the effect of air going into solution and sub- 
sequently coming out of solution? 
Will the pore-air pressure dissipate to atmospheric 
conditions much faster than the pore-water pressures 
can come to equilibrium? 

What deformations would be anticipated as a result of 
changes in the total stress and the dissipation of the 
induced pore-air and pore-water pressures? 
What are the boundary conditions for the air and water 
phases during the placement of the fill? 

Once the construction of the dam is complete, the filling 
of the reservoir will change the pore pressures in a manner 
similar to that shown in Fig. 1.7. This indicates a transient 
pmcess with new boundary conditions. Some questions that 
might be asked are: 

What are the boundary conditions associated with the 
equalization processes once the filling of the reservoir 
is underway? 
How will the pore-air and pore-water pressures 
change with time, and what are the new equilibrium 
conditions? 
Will further deformation take place as the pore-air and 
pore-water pressures change in the absence of a 
change in total stress? If so, how much deformation 
can be anticipated as steady-state conditions are estab- 
lished? 

Numbers are pore-water pressures (kPa) 

Numbers are pore-air pressures (kPa) 

Figure 1.6 Typical pore-water and pore-air pressures after partial construction of the dam. 
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Numbers are pore-water pressures 
(kPa) 

Numbers ale pore-air pressures (kPa) 

Figure 1.7 Typical pore-water and pore-air pressures after some dissipation of pore pressures 
and partial filling of the reservoir. 

What changes take place in the limit equilibrium fac- 
tor of safety of the dam as the reservoir is being filled 
and pore-water pressures tend to a steady-state con- 
dition? 

After steady-state conditions are established, changes in 
the environment may give rise to further questions (Fig. 
1.8). 

Does water flow across the phreatic surface under 
steady-state conditions? 
What effect will a prolonged dry or wet period have 
on the pore pressures in the dam? 
Could a prolonged dry period produce cracking of the 
dam? If so, to what depth might the cracks extend? 
Could a prolonged wet period result in the local or 
overall instability of the dam? 

Answers to all of the above questions involve an under- 
standing of the behavior of unsaturated soils. The questions 
involve analyses associated with saturatd/unsaturated 
seepage, the change in volume of the soil mass, and the 
change in shear strength. The change in the shear strength 

could be expressed as a change in the factor of safety. These 
questions are similar to those asked when dealing with sat- 
urated soils; however, there is one primary difference. In 
the case of unsaturated soils problems, the flux boundary 
conditions produced by changes in the environment play a 
more important role. 
1.2.2 Natural Slopes Subjected to Environmental 
Changes 
Natural slopes are subjected to a continuously changing en- 
vironment (Fig. 1.9). An engineer may be asked to inves- 
tigate the present stability of a slope, and predict what 
would happen if the geometry of the slope were changed 
or if the environmental conditions should happen to change. 
In this case, boreholes may be drilled and undisturbed sam- 
ples obtained for laboratory tests. Most or all of the poten- 
tial slip surfaces may lie above the groundwater table. In 
other words, the potential slip surface may pass through 
unsaturated soils with negative pore-water pressures. Typ- 
ical questions that might need to be addressed are: 

What effect could changes in the geometry have on 
the pore pressure conditions? 

Excebsive rainfall 
( surface flux ) 

Phreatic surface 

I I r Rock fill 
Water level 

Fwre 1.8 The effect of rainfall on steady-state flow through a dam. 
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. 
Soil \ 
stratum 3 \ \ 

Figure 1.9 An example of the effect of excavations on a natural 
slope subjected to environmental changes. 

What changes in pore pressures would result from a 
prolonged period of precipitation? How could reason- 
able pore pressures be predicted? 
Could the location of a potential slip surface change 
as a result of precipitation? 
How significantly would a slope stability analysis be 
affected if negative pore-water pressures were ig- 
nored? 
What would be the limit equilibrium factor of safety 
of the slope as a function of time? 
What lateral deformations might be anticipated as a 
result of changes in pore pressures? 

Similar questions might be of concern with respect to 
relatively flat slopes. Surface sloughing commonly occurs 
on slopes following prolonged periods of precipitation. 
These failures have received little attention from an ana- 
lytical standpoint. One of the main difficulties appears to 
have been associated with the assessment of pore-water 
pressures in the zone above the groundwater table. 

The slow, gradual, downslope creep of soil is another 
aspect which has not received much attention in the liter- 
ature. It has been observed, however, that the movements 
occur in response to seasonal, environment changes. Wet- 
ting and drying, freezing and thawing are known to be im- 
portant factors. It would appear that an understanding of 
unsaturated soil behavior is imperative in formulating an 
analytical solution to these problems. 

1.2.3 Mounding Below Waste Retention Ponds 
Waste materials from mining and industry operations are 
often stored as a liquid or slurry retained by low-level dikes 
(Fig. 1.10). Soil profiles with a deep water table are con- 
sidered to be ideal locations for these waste ponds. The 
soils above the water table have negative pore-water pres- 
sures and may be unsaturated. It has often been assumed 
that as long as the pore-water pressure remained negative, 
there is little or no movement of fluids downward from the 
waste pond. However, in recent years, it has been observed 

Waste effluent 

Clay 

( unsaturated j water table 
Clavey silt Mounding of the 

- --[zfiz waste pond 

Water table prior to waste pond 

--- ---- ----- 
V 
1 

Figure 1.10 An example of mounding below a waste pond due 
to seepage through an unsaturated soil. 

that a mounding of the water table may occur below the 
waste pond, even though the intermediate soil may remain 
unsaturated. Now, engineers realize that significant vol- 
umes of water and contaminants can move through the soil 
profile, even though negative pore-water pressures are re- 
tained. 

Questions of importance with respect to this type of 
problem would be: 

How should seepage be modeled for this situation? 
What are the boundary conditions? 
How should the coefficient of permeability of the un- 
saturated soil be characterized? The coefficient of 
permeability is a function of the negative pore-water 
pressure, and thereby becomes a variable in a seepage 
analysis. 
What equipment and procedures should be used to 
characterize the coefficient of permeability in the lab- 

How do the contaminant transport numerical models 
interface with unsaturated flow modeling? 
What would be the effect on the water table mounding 
if a clay liner were placed at the base of the retention 
pond? 

oratory? 

1.2.4 Stability of Vertical or Near Vertical 
Excavations 
Vertical or near vertical excavations are often used for the 
installation of a foundation or a pipeline (Fig. 1.11). It is 
well known that the backslope in a moist silty or clayey 
soil will stand at a near vertical slope for some time before 
failing. Failure of the backslope is a function of the soil 
type, the depth of the excavation, the depth of tension 
cracks, the amount of precipitation, as well other factors. 
In the event that the contractor should leave the excavation 
open longer than planned or, should a high precipitation 
period be encountered, the backslope may fail, causing 
damage and possible loss of life. 

The excavations being referred to are in soils above the 
groundwater table where the pore-water pressures are neg- 
ative. The excavation of soil also produces a further de- 
c m s e  in the pore-water pressures. This results in an in- 
crease in the shear strength of the soil. With time, there 
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Precipitation Potential 
cracks 

Negative 
pore-water pressures 

Water table - 
Figure 1.11 An example of potential instability of a near ver- 
tical excavation during the construction of a foundation. 

will generally be a gradual increase in the pore-water pres- 
sures in the backslope, and comspondingly, a loss in 
strength. The increase in the pore-water pressure is the pri- 
mary factor contributing to the instability of the excava- 
tion. Engineers often place the responsibility for ensuring 
backslope stability onto the contractor. Predictions asso- 
ciated with this problem require an understanding of un- 
saturated soil behavior. 

Some relevant questions that might be asked are: 
How long wiil the excavation backslope stand prior to 
failing? 
How could the excavation backslope be analytically 
modeled, and what would be the boundary condi- 
tions? 
What soil parameters are required for the above mod- 
eling? 
What in situ measurements could be taken to indicate 
incipient instability? Also, could soil suction mea- 
surements be of value? 
What effect would a ground surface covering (e.g., 
plastic sheeting) have on the stability of the back- 

What would be the effect of temporary bracing, and 
how much bracing would be required to ensure sta- 
bility? 

slope? 

1.2.5 Lateral Eartb Pressures 
Figure 1.12 shows two situations where an understanding 
of lateral earth pressures is necessary. Another situation 
might involve lateral pressure against a grade beam placed 
on piles. Let us assume that in each situation, a relatively 
dry clayey soil has been placed and compacted. With time, 
water may seep into the soil, causing it to expand in both 
a vertical and horizontal direction. Although these situa- 
tions may illustrate the development of high lateral earth 
pressures, they are not necessarily good design procedures. 

Some questions that might be asked are: 
How high might the lateral pressures be against a ver- 
tical wall upon wetting of the backfill? 
What are the magnitudes of the active and passive 
earth pressures for an unsaturated soil? 
Are the lateral pressures related to the “swelling pres- 
sure” of the soil? 

Precipitation and lawn watering 

backf ill 

Natural clay 

House 
basement 
wall 

Drain with sand backfill 

(b) 

Figure 1.12 Examples of lateral earth pressures generated sub- 
sequent to backfilling with dry soils. (a) Lateral earth pressures 
against a retaining wall as water infiltrates the compacted backfill; 
(b) lateral earth pressure against a house basement wall. 

Is there a relationship between the “swelling pres- 

How much lateral movement might be anticipated as 

1.2.6 Bearing Capacity for Shallow Foundations 
The foundations for light structures are generally shallow 
spread footings (Fig. 1.13). The bearing capacity of the 
underlying (clayey) soils is computed based on the uncon- 
fined compressive strength of the soil. Shallow footings can 
easily be constructed when the water table is below the 
elevation of the footings. In most cases, the water table is 
at a considerable depth, and the soil below the footing has 
a negative pore-water pressure. Undisturbed samples, held 
intact by negative pore-water pressures, are mutinely tested 
in the laboratory. The assumption is made that the pore- 
water pressure conditions in the field will remain relatively 
constant with time, and therefore, the unconfined com- 
pressive strength will also remain essentially unchanged. 
Based on this assumption, and a relatively high design fac- 
tor of safety, the bearing capacity of the soil is computed. 

The above design procedure has involved soils with neg- 
ative pore-water pressures. It appears that the engineer has 
almost been oblivious to the problems related to the long- 
tern retention of negative pore-water pressure when deal- 
ing with bearing capacity problems. Almost the opposite 

sure” of a soil and the passive earth pressurn? 

a result of the backfill becoming saturated? 
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I 1 Spread footing 

Unsaturated 

the groundwater table 
Figure 1.13 Illustration of bearing capacity conditions for a light 
stmcture placed on soils with negative pore-water pressure. 

attitude has been taken towards negative pore-water pres- 
sures when dealing with slope stability problems. That is, 
the attitude of the engineer has generally been that negative 
pore-water pressures cannot be relied upon to contribute 
to the shear strength of the soil on a long-term basis when 
dealing with slope stability problems. The two, seemingly 
opposite attitudes or perceptions, give rise to the question, 
“How constant are the negative pore-water pressures with 
respect to time?” Or, a more probing question might be, 
“Has the engineer’s attitude towards negative pore-water 
pressures been strongly influenced by expediency?” This 
is a crucial question which requires further research and 
debate. 

Other questions related to the design of shallow footings 
that might be asked are: 

What changes in pore-water pressures might occur as 
a result of sampling soils from above the water table? 
What effect does the in situ negative pore-water pres- 
sure and a reduced degree of saturation have on the 
measured, unconfined compressive strength? How 
should the laboratory results be interpreted? 
Would confined compression tests more accurately 
simulate the strength of an unsaturated soil for bearing 
capacity design? 
How much loss in strength could occur as a result of 
watering the lawn surrounding the building? 

1.2.7 Ground Movements Involving Expansive Soils 
There is no problem involving soils with negative pore- 
water pressures that has received more attention than the 
prediction of heave associated with the wetting of an ex- 
pansive soil. Light structures such as a roadway or a small 
building are often subjected to severe distress subsequent 
to construction, as a result of changes in the surrounding 
environment (Figs. 1.14 and 1.15). Changes in the envi- 
ronment may occur as a result of the removal of trees, grass, 
and the excessive watering of a lawn around a new struc- 
ture. The zone of soil undergoing volume change on an 
annual basis has been referred to as the “active zone.” The 
higher the swelling properties of the soil, the greater will 
be the amount of heave to the structure. 

It has been common practice to obtain undistutkd soil 
samples from the upper portion of the profile for onedi- 
mensional oedometer testing in the laboratory. The labo- 
ratory results are used to provide quantitative estimates of 
potential heave. Numerous laboratory testing techniques 
and analytical procedures have been used in practice. 
Questions related to these procedures are discussed in de- 
tail in Chapter 13. However, other relevant questions that 
can be asked are: 

How much heave can be anticipated if the soil is 
flooded? 
How much heave can be anticipated if the negative 
pore-water pressures go to zero or remain at a slightly 
negative value? 
What is a reasonable final stress condition to assume 
for the pore-water pressures? 
What is the effect of prewetting or flooding the soil 
prior to constructing the foundation? How long must 
the prewetting continue? And what ground move- 
ments might continue subsequent to discontinuing the 
flooding? 
What is the effect of surcharging a swelling soil? How 

Heaved walk 

Figure 1.14 Ground movements associated with the construction of shallow footings on an ex- 
pansive soil (Hamilton, 1977). 
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Figure 1.15 Ground movements associated with the construction of a house founded on piles in 
expansive soils (Canadian Geotechnical Society, 1985). 

much might the potential heave be reduced by sur- 
charging? 
What is the effect of placing an impervious membrane 
around the perimeter of the footings? 
How much differential movement might one or more 
large trees produce on the foundation? 
What are the satisfactory laboratory testing procedures 
for measuring the swelling properties of an expansive 
soil? 

1.2.8 Collapsing Soils 
In many respects, collapsing soils can be thought of as be- 
having in an opposite manner to expansive soils. In both 
the expansive and collapsing cases, the initial pore-water 
pressures are negative. In both cases, movements are the 
result of an increase in the negative pore-water pressure. 
The wetting of a collapsing soil, however, results in a vol- 
ume decrease. In this case, the soil is described as having 
a metastable soil structure. 

The collapse of the soil structure may occur within a man- 
made or natural earth slope or in soil underlying a foun- 
dation. Research associated with the behavior of collapsing 
soils has been limited, and many questions remain to be 
answered from both a research and practice standpoint: 

How should collapsing soils be tested in the labora- 

How should the laboratory data be interpreted and ap- 
tory? 

plied to practical problems? 

1.2.9 Summary of Unsaturated Soils Examples 
The above examples show that there are many practical 
situations involving unsaturated soils that require an un- 
derstanding of the seepage, volume change, and shear 
strength characteristics. In fact, there is often an interaction 
among, and a simultaneous interest in, all three of the as- 
pects of unsaturated soil mechanics. Typically, a flux 

boundary condition produces an unsteady-state saturated/ 
unsaturated flow situation which results in a volume change 
and a change in the shear strength of the soil. The change 
in shear strength is generally translated into a change in 
factor of safety. There may also be an interest in quanti- 
fying the change of other volume-mass soil properties (Le., 
water content and degree of saturation). 

The classical onedimensional theory of consolidation is 
of central importance in suturafed soil mechanics. The the- 
ory of consolidation predicts the change in pore-water 
pressure with respect to depth and time in response to a 
change in total stress. The changes in pore-water pressure 
are used to predict the volume change. The theory of con- 
solidation does not play as important a role for unsufuruted 
soils as it does for saturated soils. The application of a total 
stress to an unsaturated soil produces larger instantaneous 
volume changes, but smaller volume changes with respect 
to time. The induced pore-water pressures are consider- 
ably smaller than the applied total stress. The more com- 
mon boundary condition for unsaturated soils is a change 
in flux as opposed to a change in total stress for a saturated 
soil. Nevertheless, the theory of consolidation for unsutu- 
rated soils plays an important phenomenological role. It 
assists the engineer in visualizing complex mechanisms, 
providing a qualitative “feel” for the behavior of an un- 
saturated soil. 

1.3 TYPICAL PROFILES OF UNSATURATED 
SOILS 

The microclimatic conditions in an area are the main factor 
causing a soil deposit to be unsaturated. Therefore, unsat- 
urated soils or soils with negative pore-water pressures can 
occur in essentially any geological deposit. An unsaturated 
soil could be a msidual soil, a lacustrine deposit, a bedmk 
formation, and so on. However, there are certain geologi- 
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Humus and topsoil -, 
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weathered 
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weathered 
( Rock 60% 
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Fresh rock d ' q  Some limonite staining 

Figure 1.16 Schematic diagram showing a typical tropical re- 
sidual soil profile (from Little, 1969). 

cal categories of soils with negative pore-water pressures 
that have received considerable attention in the research 
literature. A few examples will illustrate some of the fea- 
tures common to these deposits. 

1.3.1 Typical Tropical Residual Soil Profile 
Tropical residual soils have some unique characteristics re- 
lated to their composition and the environment under which 

they develop. Most distinctive is the microstructure which 
changes in a gradational manner with depth (Vargas, 1985; 
Brand, 1985). The in situ water content of residual soils is 
generally greater than its optimum water content for com- 
paction. Their density, plasticity index, and compressibil- 
ity are likely to be less than corresponding values for tem- 
perate zone soils with comparable liquid limits. Their 
strength and permeability are likely to be greater than those 
of temperate zone soils with comparable liquid limits 
(Mitchell and Sitar, 1982). 

Most classical concepts related to soil properties and soil 
behavior have been developed for temperate zone soils, and 
there has been difficulty in accurately modeling procedures 
and conditions to which residual soils will be subjected. 
Engineers appear to be slowly recognizing that residual 
soils are generally soils with negative in situ pore-water 
pressures, and that much of the unusual behavior exhibited 
during laboratory testing is related to a matric suction 
change in the soil (Fwdlund and Rahardjo, 1985). 

A typical deep, tropical weathering profile is shown in 
Fig. 1.16 (Little, 1969). Boundaries between layers are 
generally not clearly defined. Numerous systems of clas- 
sification have been proposed based primarily on the de- 
gree of weathering and engineering properties ( h e r e  and 
Patton, 1971; Tuncer and Lohnes, 1977; Brand, 1982). 

Zones of completely weathered or highly weathered rock 
that contain particulate soil but retain the original rock 
structure are termed saprolite. Once the deposit has essen- 
tially no resemblance of the parent rock, it is termed a la- 
teritic or residual soil. 

Figure 1.17 shows the profile and soil properties for a 
porous, saprolite soil from basalt in Brazil (Vargas, 1985). 

Water contents and 
Atterberg limits ( % ) Grain size distribution ( % ) Porosity ( % ) 

0 50 100 

-. Ill 
Figure 1.17 Porous saprolite soil from basalt near Londrina, Brazil (from Vargas, 1985). 
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Figure 1.18 Description of the soil profile at Welkom, South Africa, along with suction and 
water content profiles (from de Bmijn, 1965). 

The region has a hot, humid summer and a mild, dry winter 
climate, with an annual rainfall of less than 1500 mm. The 
structure is highly porous, and in some cases may be un- 
stable, resulting in collapse upon saturation. The soil de- 
posit is unsaturated, and the in situ pore-water pressure is 
negative. 

1.3.2 Typical Expansive Soils ProiUe 
Expansive soils deposits may range from lacustrine depos- 
its to bedrock shale deposits. In general, expansive soils 
have a high plasticity (Le., high liquid limit) and are rel- 
atively stiff or dense. The above description is typical, but 
not exclusive, The expansive nature of the soil is most ob- 
vious near ground surface where the profile is subjected to 
seasonal, environmental changes. The pore-water pressure 
is initially negative and the deposit is generally unsatu- 
rated. These soils often have some montmorillonite clay 
mineral present. The higher the amount of monovalent 
cations absorbed to the clay mineral (e.g., sodium), the 
more severe the expansive soils problem. 

Expansive soils deposits and their related engineering 
problems have been reported in many countries. One of the 
first countries to embark on research into expansive soils 
was South Africa. Figure 1.18 shows a typical expansive 
soil profile, along with water content and soil suction val- 
ues from near Welkom, South Africa (de Bmijn, 1965). 
The area is well known for its foundation problems, giving 
rise to extensive damage to buildings and roads. 

The soil profile (Fig. 1.18) shows a clay and sand deposit 
overlying a shale. The low water contents and high soil 
suctions give rise to high swelling upon wetting. The data 

show that the soil is wetter and the suctions are lower in 
the zone below a covered roadway than below an open field. 

Figure 1.19 shows a soil profile of an expansive soil in 
Tel Aviv, Israel (Katzir, 1974). The upper portion of the 
excavation consisted of a highly plastic, slickensided, fis- 
sured clay to a depth of 8-10 m. The water table was at 14 
m. The upper portion had a liquid limit of 60%, a plastic 
limit of 25%, and a shrinkage limit of 11 % . These prop- 
erties are typical of swelling clay profiles. 

0 
1.0m 

Soil 
classification 

Clayey sand 

( slickensid 
and fissured) 

Sandy clay 
8.6 ;Clayey sand 

Kurkar 
alternate thin 
layers of sand 
and sandstones 

& Water table 

Water 
content (%) 

Figure 1.19 Profile of expansive soil from Tel Aviv, Israel (from 
Katzir, 1974). 
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Soil 
classification 

Clay (Lacustrine ) 

Sandy clay (Till ) 

Sandy clay (Till ) 

Water contents and 
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Figure 1.20 Profile of expansive soils from Regina, Canada (from Fredlund, 1973). 

Extensive areas of western Canada are covered by pre- 
glacial, lacustrine clay sediments that are known for their 
expansive nature. Regina, Saskatchewan is located in a 
semi-arid area where the annual precipitation is approxi- 
mately 350 mm. A typical soil profile is shown in Fig. 1.20 
(Fredlund, 1973). The average liquid limit is 75 % and the 
average plastic limit is 25%. The shrinkage limit is typi- 
cally 15%. The lacustrine clay is classified as a calcium 
montmorillonite. Buildings founded on shallow footings 
often experience 50-150 mm of movement subsequent to 
construction. 

The above soil profiles are typical of conditions which 
are found in many parts of the world. In each case, the 
natural water contents are low and the pore-water pres- 
sures are negative. Throughout each season, and from sea- 
son to season, the soil expands and contracts in response 
to changes in the environment. 

1.4 NEED FOR 
MECHANICS 

UNSATURATED SOIL 

The success of the practice of soil mechanics can be traced 
largely to the ability of engineers to relate observed soil 
behavior to stxess conditions. This ability has led to the 
transferability of the science and a relatively consistent en- 
gineering practice. Although this has been true for satu- 
rated soils, it has not been the case for unsaturated soils. 
Difficulty has been experienced in extending classical soil 
mechanics to embrace unsaturated soils. This can be borne 

out by the empirical nature of much of the research asso- 
ciated with unsaturated soils. 

The question can be asked: “Why hasn’t a practical sci- 
ence developed and flourished for unsaturated soils?” A 
cursory examination may suggest that there is no need for 
such a science. However, this is certainly not the case when 
the problems associated with expansive soils are consid- 
ered. Jones and Holtz (1973) reported that in the United 
States alone: “Each year, shrinking and swelling soils in- 
flict at least $2.3 billion in damages to houses, buildings, 
roads, and pipelines-more than twice the damage from 
floods, hurricanes, tornadoes, and earthquakes!” They also 
reported that 60% of the new houses built in the United 
States will experience minor damage during their useful 
lives and 10% will experience significant damage-some 
beyond repair. 

In 1980, Krohn and Slosson estimated that $7 billion are 
spent each year in th. United States as a result of damage 
to all types of structures built on expansive soils. Snethen 
(1986) stated that, “While few people have ever heard of 
expansive soils and even fewer realize the magnitude of the 
damage they cause, more than one fifth of American fam- 
ilies live on such soils and no state is immune from the 
problem they cause. Expansive soils have been called the 
“hidden disaster”: while they do not cause loss of life, 
economically, they are one of the United States costliest 
natural hazards.” The problem extends to many other 
countries of the world. In Canada, Hamilton (1977) stated 
that: “Volume changing clay subsoils constitute the most 
costly natural hazard to buildings on shallow foundations 
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in Canada and the United States. In the Prairie Provinces 
alone, a million or more Canadians live in communities 
built on subsoils of very high potential expansion.” 

It would appear that, internationally, most countries in 
the world have problems with expansive soils. Many coun- 
tries have reported their problems at research conferences. 
Some countries reporting problems with expansive soils 
are: Australia, Argentina, Burma, China, Cuba, Ethiopia, 
Ghana, Great Britain, India, Iran, Israel, Kenya, Mexico, 
Morocco, South Africa, Spain, Turkey, and Venezuela. In 
general, the more arid the climate, the more severe is the 
problem. A series of conferences have been held to help 
cope with the expansive soil problem. These are: 

First Symposium on Expansive Clays, South Africa 
(1957). 
Symposium on Expansive Clays at the Colorado 
School of Mines in Golden, Colorado (1959). 
Conference on Pore Pressure and Suction in Soils, 
London (1 960). 
First International Conference on Expansive Soils, 
Texas A & M, College Station, Texas (1965). 
A Symposium-in Print, Moisture Equilibria and 
Moisture Changes in Soils, Australia (1965). 
Second International Conference on Expansive 
Soils, Texas A & M, College Station, Texas (1969). 
Third International Conference on Expansive Soils, 
Haifa, Israel (1973). 
Fourth International Conference on Expansive Soils, 
Denver, Colorado (1980). 
Fifth International Conference on Expansive Soils, 
Adelaide, Australia (1984). 
Sixth International Conference on Expansive Soils, 
New Delhi, India (1987). 
Seventh International Conference on Expansive 
Soils, Dallas, Texas ( 1992). 

There is also the need for reliable engineering design as- 
sociated with compacted soils, collapsing soils, and resid- 
ual soils. Soils that collapse usually have an initially low 
density. The soils may or may not be subjected to addi- 
tional load, but they are usually given access to water. The 
water causes an increase in the pore-water pressures, with 
the result that the soil volume decreases. The process is 
similar to that occurring in an expansive soil, but the di- 
rection of volume change is the opposite. Examples of soil 
collapse have recently been reported in numerous coun- 
tries. In the United States, for example, Johnpeer (1986) 
reported examples of collapse in New Mexico. Leaky sep- 
tic tanks were a common initiating factor in the soil col- 
lapse. 

Inhabited areas with steep slopes consisting of residual 
soils are sometimes the site of catastrophic landslides which 
claim many lives. A widely publicized case is the landslide 
at Po-Shan in Hong Kong which claimed 67 lives (The 
Commission of Inquiry, 1972). Similar problems have been 

1.5 SCOPE OF THE BOOK 13 

reported in South American countries and other paxts of the 
world. 

The soils involved are often residual in genesis and have 
deep water tables. The surface soils have negative pore- 
water pressures which play a significant role in the stability 
of the slope. However, heavy, continuous rainfalls can re- 
sult in increased pore-water pressures to a significant depth, 
resulting in the instability of the slope. The pore-water 
pressures along the slip surface at the time of failure may 
be negative or positive. 

There appear to be two main reasons why a practical sci- 
ence has not developed for unsaturated soils (Fredlund, 
1979). First, there has been the lack of an appropriate sci- 
ence with a theoretical base. This commences with a lack 
of appreciation of the engineering problems and an inabil- 
ity to place the solution within a theoretical context. The 
stress conditions and mechanisms involved, as well as the 
soil properties that must be measured, do not appear to have 
been fully understood. The boundary conditions for an 
analysis are generally related to the environment and are 
difficult to predict. Research work has largely remained 
empirical in nature, with little coherence and synthesis. 
There has been poor communication among engineers, and 
design procedures are not widely accepted and adhered to. 

Second, there appears to be the lack of a system for fi- 
nancial recovery for services rendered by the engineer. In 
the case of expansive soil problems, the possible liability 
to the engineer is often too great relative to the financial 
remuneration. Other areas of practice are more profitable 
to consultants. The owner often reasons that the cost out- 
weighs the risk. The hazard to life and injury is largely 
absent, and for this reason little attention has been given to 
the problem by government agencies. Although the prob- 
lem basically remains with the owner, it is the engineer 
who has the greatest potential for circumventing possible 
problems. 

Certainly, there is a need for an appropriate technology 
for unsaturated soil behavior. Such a technology must: 1) 
be practical, 2) not be too costly to employ, 3) have a sound 
theoretical basis, and 4) run parallel in concept to conven- 
tional saturated soil mechanics. 

1.5 SCOPE OF THE BOOK 

This book addresses the field of unsaturated soil mechan- 
ics. An attempt is made to cover all of the aspects normally 
associated with soil mechanics. When the term “unsatu- 
rated soil mechanics” is used, the authors m refemng to 
soils which have negative pore-water pressures. 

The aspects of interest to geotechnical engineering fall 
into th’ree main categories. These can be listed as problems 
related to: 1) the flow of water through porous media, 2) 
the shear strength, and 3) the volume change behavior of 
unsaturated soils. No attempt is made to duplicate or re- 
develop information already available in classic saturated 
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soil mechanics books. This book should be used to assist 
the geotechnical engineer in understanding soil mechanics 
concepts unique to unsaturated soils. At the same time, 
these concepts have been developed and organized to ap- 
pear as logical and simple extensions of classical saturated 
soil mechanics. Subjects such as clay mineralogy and phys- 
ico-chemical properties of soils are vitally important to un- 
derstanding why soils behave in a certain manner. How- 
ever, the readers are referred to excellent references for 
coverage of these subjects (Yong and Warkentin, 1966; 
Mitchell, 1976). 

Most soil mechanics problems can be related to one (or 
more) of the three main soil properties. These categories 
are 1) the coefficient of permeability, 2) the shear strength 
parameters, and 3) the volume change indices. There are 
three chapters written to cover each category of soil prop- 
erties. The chapters can be described as: 1) the theory re- 
lated to the soil property, 2) the measurement of the soil 
property, and 3) the application of the soil property to one 
or more soil mechanics problems. Chapters 5, 6, and 7 
present the theory, measurement, and application, respec- 
tively, relative to the air and water flow. Chapters 9, 10, 
and 11 present the theory, measurement, and application, 
respectively, relative to shear strength. Chapters 12, 13, 
and 14 present the theory, measurement, and application, 
respectively, relative to volume change. The equipment re- 
quired and details on the testing procedures are presented 
under the “measurement” chapters in each case. 

Considerable attention is devoted to the description of 
the stress state variables required to describe unsaturated 
soil behavior (Chapter 3). The space devoted to this topic 
is in keeping with the importance of this fundamental con- 
cept. Chapter 4 describes the techniques and devices avail- 
able to measure soil suction. This is an area of ongoing 
research, and an attempt is made to present the most recent 
information on the measurement of total, matric, and os- 
motic suctions. 

The concept, theory, and application of pore pressure pa- 
rameters is presented in Chapter 8. Pore pressure parame- 
ters involve the combination of the constitutive relations 
for the soil and the phase relations (Chapter 2) to predict 
the change in pore-air and pore-water pressures as a result 
of applying a total stress and not allowing drainage. 

The theory of consolidation, as well as unsteady-state 
flow analyses, combine the volume change properties and 
the flow laws of a soil. The one-dimensional consolidation 
theory is presented in Chapter 15, while two- and three- 
dimensional, unsteady-state flow is presented in Chapter 
16. 

The main objective of this book is to synthesize theories 
associated with the behavior of unsaturated soils. The the- 
oretical derivations are presented in considerable detail be- 
cause unsaturated soil behavior is a relatively new area of 
study and many of the derivations are not readily available 

to engineers. There is a need for case histories, and it is 
anticipated that these will become more common in future 
decades. Hopefully, as the analyses are related to case his- 
tories, the engineer can benefit from the consistent theo- 
retical context provided by this book. 

1.6 PHASES OF AN UNSATURATED SOIL 

An unsaturated soil is a mixture of several phases. It is 
important to establish the number of phases comprising the 
soil since it has an influence on how the stress state of the 
mixture is defined. First, it is important to define what is 
meant by a phase. On the basis of the definition of a phase, 
it is proposed that an unsaturated soil actually consists of 
four phases rather than the commonly referred to three 
phases. It is postulated that in addition to the solid, air, and 
water phases, there is the air-water interface that can be 
referred to as the contractile skin. Let us pursue the justi- 
fication for reference to the contractile skin as an indepen- 
dent phase. 

1.6.1 Definition of a Phase 
In order for a portion of a mixture to qualify as an inde- 
pendent phase, it must have: 1) differing properties from 
the contiguous materials, and 2) definite bounding sur- 
faces. These two conditions must be met in order to iden- 
tify an independent phase. It is easy to understand how a 
saturated soil consists of two phases (Le., soil solids and 
water). It is also quite understandable that the air becomes 
another independent phase for an unsaturated soil. Each of 
these phases (Le., soil solids, water, and air) obviously 
meet the requirements for designation as a phase. 

It is also possible for a phase to change state, as is the 
case when water freezes. The ice becomes an independent 
phase from the water. However, more important is the ex- 
amination of the properties and extent of the air-water in- 
terface. 

1.6.2 Air-Water Interface or Contractile Skin 
The most distinctive property of the contractile skin is its 
ability to exert a tensile pull. It behaves like an elastic 
membrane under tension intenvoven throughout the soil 
structure. It appears that most properties of the contractile 
skin are different from those of the contiguous water phase 
(Davies and Rideal, 1963). For example, its density is re- 
duced, its heat conductance is increased, and its bire- 
fringence data are similar to those of ice. The transition 
from the liquid water to the contractile skin has been shown 
to be distinct or jumpwise (Derjaguin, 1965). It is inter- 
esting to note that insects such as the “water spider” walk 
on top of the contractile skin, and those such as the “back- 
swimmer’’ walk on the bottom of the contractile skin 
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this book can be referred to as a macroscopic, phenome- 
nological approach to unsaturated soil behavior. In other 
words, the science is developed around observable phe- 
nomena, while adhering to continuum mechanics princi- 
ples. This approach has proven to be most successful in 
saturated soil mechanics and should be retained in unsat- 
urated soil mechanics. An attempt is made to ensure a 
smooth transition in rationale between the saturated and 
unsaturated cases. 

The authors are reticent to introduce new variables and 
terminology to unsaturated soil mechanics. However, the 
terminology associated with saturated soil mechanics is not 
sufficient when applied to unsaturated soil mechanics. As 
a result, a few more universally acceptable terms are pro- 
posed. These terms are common to continuum mechanics 
and are defined within a thermodynamic context. The fol- 
lowing definitions, put in a succinct form, are based on 
numerous continuum mechanics and thermodynamic ref- 
erences: 

Figure 1.21 Insects that live above and below the contractile 
skin. (a) Water strider; (b) Backswimmer. (From Milne and 
Milnc, 1978). 

(Milne and Milne, 1978). The water strider would sink into 
the water were it not for the contractile skin, whereas the 
backswimmer would pop out of the water (Fig. 1.21). 

It is advantageous to recognize an unsaturated soil as a 
four-phase system when performing a stress analysis on an 
element (Fredlund and Morgenstem, 1977). From a behav- 
ioral standpoint, an unsaturated soil can be visualized as a 
mixture with two phases that come to equilibrium under 
applied stress gradients (Le, soil particles and contractile 
skin) and two phases that flow under applied stress gra- 
dients (Le., air and water). 

From the standpoint of the volume-mass relations for an 
unsaturated soil, it is possible to consider the soil as a three- 
phase system since the volume of the contractile skin is 
small and its mass can be considered as part of the mass of 
water. However, when considering the stress analysis of a 
multiphase continuum, it is necessary to realize that the 
air-water interphase behaves as an independent phase. 

Geotechnical engineers are familiar with a shrinkage-type 
experiment involving the drying of a small soil specimen 
as it is exposed to the atmosphere. The total stresses on the 
specimen remain unchanged at zero while the specimen 
undergoes a decrease in volume. The pore-water pressure 
goes increasingly negative during the experiment, but it is 
the contractile skin (or air-water interface) which acts like 
a thin rubber membrane, pulling the particles together. 

1.7 TERMINOLOGY AND DEFINITIONS 

Numerous approaches could be taken in the development 
of the discipline of unsaturated soil mechanics. The ap- 
proaches may range from an empirical approach based 
strictly on experience to a particulate mechanics or quan- 
tum mechanics approach. The approach used throughout 

1) Stare: Nonmaterial variables required for the char- 
acterization of a system. 

2 )  Stress state variable: The nonmaterial variables re- 
quired for the characterization of the stress condition. 

3) Deformation state variables: The nonmaterial vari- 
ables required for the characterization of deformation 
conditions or deviations from an initial state. 

4) Constitutive relations: Single-valued equations ex- 
pressing the relationship between state variables. 

me International Dictionary of Physics and Electronics 
(Michels, 1961) defines state variables as: 

“a limited set of dynamical variables of the system, such as 
pressure, temperature, volume, etc., which are sufficient to de- 
scribe or specify the state of the system completely for the 
considerations at hand.” 

Fung (1965) describes the state of a system as that “in- 
formation required for a complete characterization of the 
system for the purpose at hand.” Typical state variables 
for an elastic body are given as those variables describing 
the strain field, the stress field, and its geometry. The state 
variables must be independent of the physical properties of 
the material. 

Constitutive relations, on the other hand, are single-val- 
ued expressions which relate one state variable to one or 
more other state variables (Fung, 1%9). A stress versus 
strain relationship is a constitutive relation which describes 
the mechanical behavior of a material. The material prop- 
erties involved may be an elastic modulus and a Poisson’s 
ratio. The ideal gas equation relates pressure to density, 
and temperature and is called a constitutive equation. The 
gas constant is the material property. Simple, idealized 
constitutive equations are well established for a nonviscous 
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fluid, a Newtonian viscous fluid, and a perfectly elastic 
solid (Fung, 1969). 

Other examples of constitutive equations relating stress 
state variables are the shear strength equation and the pore 
pressure parameter equations. Examples of constitutive 
equations relating stress state variables to deformation state 
variables are the stress versus strain equations, stress ver- 
sus volumetric change equations, and the soil-water char- 
acteristic curve. From the above definitions, it is clear that 
the physical properties of a system are part of the consti- 
tutive relations for the system and are not to be a part of 
the description of the stress state. The use of the above 
concepts was advocated in a general manner by Matyas and 
Radhakrishna in 1968. 

1.8 HISTORICAL DEVELOPMENTS 

The first ISSMFE conference (International Society for Soil 
Mechanics and Foundation Engineering) in 1936 provided 
a forum for the establishment of principles and equations 
relevant to saturated soil mechanics. These principles and 
equations have remained pivotal throughout subsequent 
decades of research. This same conference was also a fo- 
rum for numerous research papers on unsaturated soil be- 
havior. Unfortunately, a parallel set of principles and equa- 
tions did not immediately emerge for unsaturated soils. In 
subsequent years, a science and technology for unsaturated 
soils has been slow to develop (Fredlund, 1979). Not until 
the research at Imperial College in the late 1950’s did the 
concepts for understanding unsaturated soils behavior be- 
gin to be established (Bishop, 1959). The research of Lyt- 
ton (1967) in the United States did much to ensure that the 
understanding of unsaturated soil behavior was founded 
upon a sound theoretical basis. Namely, that all theories 
were consistent with the principles put forth in continuum 
mechanics. The following is a brief history, highlighting 
the early developments in our understanding of the behav- 
ior of unsaturated soils. Most of the early research on un- 
saturated soils was related to the flow of water in the zone 
of negative pore-water pressure (i.e., capillary flow). 

Associated with the urban development in the 1930’s was 
the construction of numerous engineering works such as 
irrigation and transpoltation projects. One of the first prob- 
lems that a p p e a d  to perplex civil engineers was that of 
the movement of water above the groundwater table. The 
term “capillarity” was adopted to describe the phenome- 
non of water flow upward from the static groundwater ta- 
ble. This term was selected because of the similarity to the 
operation of a capillarity tube. Example pmblems were il- 
lustrated by Hogentogler and Barber in 1941. In their first 
example [Fig. 1.22(a)], water was shown to move up and 
over the impervious core of a dam, even when the core 
extended above the reservoir elevation. Water was reported 
to move over the impervious wall and result in seepage 
problems along the downstream face of the dam. 

Permeable material 
\ ,- ImDervious core 

Water surface 1 I +:lk Seepage 

f Original L Ledge rock 
ground surface 

(a) 

--\ 

(b) 
Figure 1.22 Illustrations of unsaturated flow phenomena in the 
field. (a) Earth dam with an impervious core illustrating the sy- 
phon effect; (b) interceptor ditch for a highway and a side-hill 
location. (Prom Hogentogler and Barber 1941). 

A second example, Fig. 1.22(b), illustrated the ineffec- 
tiveness of cutoff ditches in intercepting groundwater flow. 
The freezing and thawing of capillarity water lead to em- 
bankment instability and subgrade failures. These prob- 
lems initiated research on soil capillarity for at least two 
decades. 

Two research papers on soil capillarity were presented 
by Ostashev at the ISSMFE conference in 1936. Numerous 
factors, including pore-water pressure and capillary force, 
were described as affecting the mechanism of capillary 
flow. The Fourier heat flow equation was proposed for 
modeling the moisture flow process. At the same confer- 
ence, two apparatuses were proposed for measuring the 
capillary pressure and capillary rise of water in soils (Boul- 
ichev, 1936). 

Hogentogler and Barber (1941) attempted to give a com- 
prehensive review of the nature of the capillary water. It 
was suggested that capillary water responded in accordance 
with the capillary rise equation for a fine bore tube. A cap- 
illarimeter was built to study the capillary phenomenon. 
The apparatus was a modification of the Bartell cell origi- 
nally proposed in 1896 for use in studying lime and cement 
mortars. The capillarimeter measured the air entry value of 
the soil. It became the primary apparatus used for studying 
soil capillarity for several decades. 

The phenomenon of capillary flow was illustrated using 
a simple beaker and sand-filled tube as shown in Fig. 1.23. 
Hogentogler and Barber (1941) offered the following com- 
ment on capillary flow, stating that, ‘‘. . . it is considered 
that capillary moisture of this type conforms strictly to rec- 
ognized concepts of surface tension, the force of gravity 
and the principles of hydraulics as applied to free 
water. . . .” It was also suggested that the strength of an 
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Flow of water , ,.,, , r r h f i l l e d  ’. with sand 

Figure 1.23 Beaker and sand-filled glass tube for demonstrating 
the phenomenon of capillary flow through a sand (from Hogen- 
togler and Barber). 

. .  ,. , . , . . .  . .  . .  
, .  

, Sand ,. :; 1. 
.. , . , . . . . .  ., . . . . .  , .  . , . , , .  

unsaturated soil was greatly influenced by the state of stress 
in the capillary water. The state of stress in the capillary 
water was also related to evapotranspiration and the rela- 
tive humidity of the air above the soil. It was suggested 
that the “stabilizing effect of capillary saturation” could 
be used in a practical way to stabilize the face of an exca- 
vation. Possible, practical concepts and applications asso- 
ciated with negative pore-water pressures appear to have 
been well developed by these researchers. 

Tetzaghi (1943) in his book, Zlteorerical Soil Mechan- 
ics, summarized the work of Hogentogler and Barber 
(1941) and endomed the concepts related to the capillary 
tube model. The importance of the air-water interface was 
emphasized with respect to its effect on soil behavior. An 
equation was derived for the time required for the rise of 
water in the capillary zone. The assumption was made that 
the porosity, n,  and the coefficient of permeability, k, were 
constants. 

= nh, k [log (&) - i ]  (1.1) 

where: 

r = time 
n = porosity 

h, = maximum capillary rise 
t = vertical distance above the groundwater table, cor- 

Valle-Rodas (1944) performed open tube and capilla- 
rimeter tests on uniform sands. In the open tests, sand was 
placed in a glass tube which had one end immersed in 
water. Experimental results showed an uneven water con- 
tent in the sand in the capillary zone (Fig. 1.24). Mo- 
reoever, it was found that there was a hysteresis in water 
content with respect to wetting and drying. 

Further open tube and capillarimeter tests were per- 
formed by Lane and Washburn (1946) on cohesionless soils 
ranging from silts to gmvels. The results indicated mson- 
able agreement between the measured capillary rise and the 
values predicted by Tenaghi’s equation for the height of 
capillary rise. Tenaghi’s equation for the prediction of the 
rate of capillary rise [Eq. (1.1)] appeared to overestimate 
the rate of capillary rise (Fig. 1.25). It was postulated that 

responding to the elapsed time, t .  

0 6 10 16 20 26 30 36 
Water content, w (%) 

Figure 1.24 Distribution of capillary water in a sand of 
gradation (from Valle-Rodas, 1944). 

varying 

the discrepancy was due primarily to changing permeabil- 
ity in the capillary zone. It was shown that reduced values 
for the coefficient of permeability gave better comlations. 
Krynine (1948) reanalyzed the results of many capillary 
tests run between 1934 and 1946 and came to a similar 
conclusion. His results are summarized in Fig. 1.26. 

Sitz (1948) noted that capillary water would rise to more 
than 10 m above a static groundwater table. He suggested 
that capillary water be subdivided into gravitational and 
molecular water. It was postulated that gravitational cap- 
illary water had properties similar to ordinaxy water, while 
molecular capillary water was assumed to have unique 

(1)Theoretical time - 
(2) Theoretical time - 
(3) Actual time - rise curve 

rise curve kw = 4.6 x lo-‘ cm/s 

rise curve kvv = 0.2 x io-‘ cm/s 

Time of test (days) 

Figure 1.25 Capillary rise versus time curves showing the ac- 
tual and theoretical rise (from Lane and Washbum, 1946). 
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Silts Sands 
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Figure 1.26 Capillary rise tests on silts and fine sands (from 
Krynine, 1948). 

properties. The property of water which was of primary 
interest was its ability to withstand high tensile stresses 
without cavitating or boiling. 

Bematzik (1948) observed an increase in the strength of 
a soil as a result of the air-water menisci. He suggested 
the use of an unconfined compression type of test on a soil 
specimen in order to study capillary tension. 

Lambe (1951a) performed open tube capillary rise and 
drainage tests on graded sands and silts with various initial 

degrees of saturation, Negative pore-water pressures were 
measured at various locations along the specimens (Figs. 
1.27 and 1.28). He again noted that the degree of satura- 
tion in the capillary zone was not 10096, and that the soil 
property controlling flow was noted to be different from the 
saturated coefficient of permeability. It was concluded that 
the hydraulic gradient was not uniform across the capillary 
zone. A large part of the available head appealled to be lost 
in the zone immediately behind the wetting front. 

The historical review of the period up to the 1950’s shows 
that most of the attention given to unsaturated soils was 
related to capillary flow. An attempt was made to use the 
capillary tube rise model (see Chapter 4) to explain the 
observed phenomenon. Although this model was of some 
value, it had limitations which became increasingly ob- 
vious. In fact, attempts to totally rely on the capillary tube 
rise model appear to be a significant factor in the slow de- 
velopment of unsaturated soil mechanics. 

Research into the volume change and shear strength of 
unsaturated soils commenced with new impetus in the late 
1950’s. Some of the researchers were Black and Cmney 
(1957), Bishop et al., (1960), Aitchison (1967), and Wil- 
liams (1957). The research resulted in the proposal of sev- 
eral so-called effective stress equations for unsaturated 
soils. During the next decade, reservations were expressed 
regarding the use of a single-valued effective stress equa- 
tion. There has subsequently been a slow change towards 
the acceptance of two independent stress state variables 
(Coleman, 1962; Matyas and Radhakrishna, 1968; Fred- 
lund and Morgenstern, 1977). 

One of the pioneers to strongly advocate a sound theo- 

- 0.6 - 0.5 - 0.4 - 0.3 - 0.2 -0.1 0 0.1 0.2 0.3 0.4 

Hydraulic head, h (m) 

Figure 1.27 Typical data from a capillary rise test (from Lambe, 1951a). 
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Figure 1.28 Degree of saturation versus distance above the bot- 
tom of a soil column (from Lambe, 1951a). 

retical basis for unsaturated soils’ theories was Lytton 
(1967). His research drew upon the mixtures theories in 
continuum mechanics. These principles were applied to the 
multiphase, unsaturated soil system. Excellent direction 
was given for future research. 

There are separate sections in this book devoted to a re- 
view of the historical developments related to each of the 
fundamental properties common to unsaturated soil me- 
chanics. Details concerning the historical development to- 
wards the use of independent stress state variables am given 
in Chapter 3. The development and application of satu- 
rated-unsaturated flow modeling, subsequent to emphasis 
on the capillary model, are presented in Chapter 5 .  Devel- 
opments in the area of the shear strength of unsaturated 
soils are presented in Chapter 9. Similar developments in 
the area of volume change in unsaturated soils are given in 
Chapter 12. In each of the above areas, much of the orig- 
inal work resulted in a somewhat semi-empirical approach 
towards understanding the behavior of unsaturated soils. 
With time, the principles of continuum mechanics that were 
found to be successful in saturated soil mechanics have also 
become the basis for unsaturated soil mechanics. It is on 
this infant, but sound, theoretical basis that the theory in 
this book has been assembled. 

    



CHAPTER 2 

Phase Properties and Relations 

This chapter deals with three major topics. The first topic 
is the basic properties of each phase of an unsaturated soil. 
This information is used in later chapters when describing 
the behavior of the soil as a system of phases. The second 
topic deals with the understanding of the interaction be- 
tween air and water. The third topic deals with establishing 
useful volume-mass relations for solving engineering 
problems. 

An unsaturated soil has commonly been referred to as a 
three-phase system. However, more recently, the realiza- 
tion of the important role of the air-water interface (Le., 
the contractile skin) has warranted its inclusion as an ad- 
ditional phase when considering certain physical mecha- 
nisms. 

When the air phase is continuous, the contractile skin 
interacts with the soil particles and provides an influence 
on the mechanical behavior of the soil. An element of un- 
saturated soil with a continuous air phase is idealized in 
Fig. 2.1. When the air phase consists of occluded air bub- 
bles, the fluid becomes significantly compressible. 

The mass and volume of each phase can be schematically 
represented by a phase diagram. Figure 2.2(a) shows a rig- 
orous four-phase diagram for an unsaturated soil. The 
thickness of the contractile skin is in the order of only a 
few molecular layers. Therefore, the physical subdivision 
of the contractile skin is unnecessary when establishing 
volume-mass relations for an unsaturated soil. The con- 
tractile skin is considered as part of the water phase without 
significant error. A simplified three-phase diagram, de- 
picted in Fig. 2.2(b), can be used in writing the volume- 
mass relationships. The term “soil solids” is used when 
refemng to the summation of masses and volumes of all 
the soil particles. 

2.1 PROPERTIES OF THE INDIVIDUAL 
PHASES 

An understanding of the basic properties of the soil parti- 
cles, water, air, and contractile skin should precede the 
consideration of the behavior of the soil system. This sec- 

Figure 2.1 An element of unsaturated soil with a continuous air 
phase. 

Volume Mass 

( b) 

Figure 2.2 Rigorous and simplified phase diagrams for an un- 
saturated soil. (a) Rigorous four phase unsaturated soil system; 
(b) simplified three phase diagram. 

20 
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Volume Mass 
of of 

individual phase individual phase 

tion discusses the gravimetric and volumetric properties 
pertinent to each phase. The most important property of 
the contractile skin is its ability to exert a tensile pull. This 
property is called “surface tension” and is discussed later 
in this chapter. 

2.1.1 Density and Specific Volume 
Density, p,  is defined as the ratio of mass to volume. Each 
phase of a soil has its own density. The density of each 
phase can be formulated from the phase diagram shown in 
Fig. 2.3. 

Specific volume, vo, is generally defined as the inverse 
of density; therefore, specific volume is the ratio of volume 
to mass. 

Unit weight, y, is a useful term in soil mechanics. It is 
the product of density, p ,  and gravitational acceleration, g 
(Le., 9.81 m/s2). 

Soil Particles 
The density of the soil particles, ps, is defined as follows 
(Fig. 2.3): 

The density of the soil particles is commonly expressed 
as a dimensionless variable called specific gravity, G,. The 
specific gravity of the soil particles is defined as the ratio 
of the density of the soil particles to the density of water 
at a temperature of 4°C under atmospheric pressure con- 
ditions (Le., 101.3 kPa). In the SI system of units, this 
variable is now referred to as the relative density of the soil 
particles. 

PI G, = -. 
Pw 

The density of water at 4°C and 101.3 kPa is lo00 
kg/m3. Table 2.1 presents typical values of specific grav- 
ity for several common minerals. 

Water Phase 
The density of water, pw, is defined as follows: 

M W  

V W  
Pw = -. (2.3) 

Water is essentially a homogeneous substance the world 
over, except for variations produced by salts and isotopes 
of hydrogen and oxygen (Dorsey, 1940). Distilled water 
under the pressure of its saturated vapor is called pure, sat- 
urated water. The density of pure, saturated water must be 
measured experimentally. Figure 2.4 shows the density of 
pure water under various applied pressures and tempera- 
tures. 

For soil mechanics problems, the variation in the density 
of water due to temperature differences is more significant 

Total volume Total mass 
v =  v, + vw + v, M = M. + M, + M, 

Figure 2.3 Phase diagram for an unsaturated soil. 

Table 2.1 Specific Gravity of Several Minerals (from 
Lambe and Whitman, 1979) 

Mineral Specific Gravity, G, 

Quartz 
K-Feldspars 
Na-Ca-Feldspars 
Calcite 
Dolomite 
Muscovite 
Biotite 
Chlorite 
Pyrophyllite 
Serpentine 
Kaolinite 
Halloysite (2H20) 
Illite 
Montmorillonite 
Attapulgite 

2.65 
2 S4-2.57 
2.62-2.76 
2.72 
2.85 
2.7-3.1 
2.8-3.2 
2.6-2.9 
2.84 
2.2-2.7 
2.61’; 2.64 f 0.02 
2.55 
2.84’; 2.60-2.86 

2.30 
2. 74‘; 2.75-2.78 

‘Calculated from crystal structure. 

than its variation due to an applied pressure. For isothermal 
conditions, the density of water is commonly taken as lo00 
kg/m3. 

Air Phase 
The density of air, pa, can be expressed as 

Ma 
pa = v,’ 

The specific volume of air, vd, is 

(2.4) 

va 

Ma‘ 
V d  =- 

Air behaves as a mixture of several gases (Table 2.2) and 
also varying amounts of water vapor. The mixture is called 
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Density of water, p. (kg/rn’) 

Figure 2.4 Density of pure water for various applied pressures and temperatures (from Dorsey, 
1940). 

Table 2.2 Composition of Dry Ail.8 

Molecular Mass 
(on Basis of Natural 

Percentage Density Scale, 0 = 16) 
by Volume (kg/m3) (kg /kmol) 

Nitrogen (N,) 

Argon (Ar) 
Carbon dioxide (CO,) 
Neon (Ne) 
Helium (He) 
Krypton (Kr) 
Hydrogen (H2) 
Xenon (Xe) 
Ozone (03) 1 x  
Air 

Oxygen ( 0 2 )  

78.08 
20.95 
0.934 
0.03 1 

1.82 x 1 0 - ~  
5.24 x 1 0 - ~  
1.14 x 1 0 - ~  

-5.0 x 10-5 

10-6 to 1 x 10-5 
8.70 X 

100.0 

1.25055 
1.42904 
1.7837 

1.9769 
0.90035 
0.17847 
3.708 
0.08988 
5.851 
2.144 
1 .2929 

28.016 
32.000 
39.944 
44,010 
20.183 
4.003 

83.800 
2.016 

131.300 
48.000 
28.966 

aUnder standard conditions (Le., 101.3 kPa and OOC) with no water vapor 

dry air when no water vapor is present, and is called moist 
air when water vapor is present. 

Dry and moist air can be considered to behave as an 
‘ ‘ideal” gas under pressures and temperatures commonly 
encountered in geotechnical engineering. The ideal gas law 
can be written 

Ma 
wa 

ii, V, = - RT 

where 
- 
u, = absolute air pressure (note that a bar, -, sign in- 

dicates an absolute pressure, i.e., ti, = u, + 
uatm) (kN/m* or kPa) 
- 

u, = gauge air pressure (kN/m2 or kPa) 

- u,,, = atmospheric pressure (i.e., 101.3 kPa or 1 atm) 
V, = volume of air (m3) 
Ma = mass of air (kg) 
wa = molecular mass of air (kg/kmol) 
R = universal (molar) gas constant [i.e., 8.31432 

J/(mol - K ) ]  
T = absolute temperature (Le., T = to  + 273.16) (K) 
to  = temperature (“c). 

The right-hand side of Eq. (2.6) (Le., (M,/wa)RT) is a 
constant for a gas in a closed system with a constant mass 
and temperature. Under these conditions, Eq. (2.6) can be 
rewritten as Boyle’s law: 
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Table 2.3 Density of Air at Different Absolute 
Pressures, Temperatures, and Relative 
Humidities (from Kaye and Laby, 1973) absolute pressure and volume of air, respec- 

tively, at condition 1 
absolute pressure and volume of air, respec- 
tively, at condition 2. 

Rearranging the “ideal” gas equation (Le., Eq. 2.6) 
gives 

Ma *a - - = -  
Va R T ’a’ 

Substituting Eq. (2.4) into Eq. (2.8) gives an equation 
for the density of air: 

(2.9) 

The molecular mass of air, oa, depends on the compo- 
sition of the mixture of dry air and water vapor. The dry 
air has a molecular mass of 28.966 kg/kmol, and the mo- 
lecular mass of the water vapor (H20) is 18.016 kg/kmol. 
The composition of air, namely, nitrogen (N,) and oxygen 
(O,), are essentially constant in the atmosphere. The car- 
bon dioxide (CO,) content in air may vary, depending on 
environmental conditions, such as the rate of consumption 
of fossil fuels. However, the constituent of air that can vary 
most is water vapor. The volume percentage of water vapor 
in the air may range from as little as 0.000002% to as high 
as 4-596 (Harrison, 1965). The molecular mass of air is 
affected by the change in each constituent. This conse- 
quently affects the density of air. 

The concentration of water vapor in the air is commonly 
expressed in terms of relative humidity: 

(2.10) 
U”0 

where 

RH = relative humidity (96) 
uu = partial pressure of water vapor in the air (kPa) 

ud = saturation pressure of water vapor at the same 

Table 2.3 presents the values of air density for different 
absolute air pressures (Tia) and temperatures, to .  The fig- 
ures in the top portion of Table 2.3 were computed for air 
with a relative humidity of 50% and 0.04% carbon dioxide 
by volume. For air having relative humidities other than 
5096, a correction should be applied as shown in the bot- 
tom portion of Table 2.3. Although the corrections are 
small, it should be noted that the density of air decreases 
as the relative humidity increases. This indicates that the 
moist air is lighter than the dry air. 

- 
- 

temperature (kPa). 

2.1.2 Viscosity 
All fluids resist a change of form or the action of shearing. 
This resistance is expressed by the property called viscos- 

Density of Air, pa (kg/m3) 

Temperature, r“ (“C) 
Absolute Air 

Pressure, Ti, (kPa) 10 20 30 

80 0.982 0.946 0.910 
85 1.043 1.005 0.968 
90 1.105 1.065 1.025 
95 1.167 1.124 1.083 

100 1.228 1.184 1.140 
101 1.240 1.196 1.152 
105 1.290 1.243 1.198 

~ ~~ -~ 

Density Adjustments for Humidity (kg/m3) 

Temperature, to (“C) 
Relative Humidity, 

RH (96) 10 20 

20 
25 
30 
35 
40 
45 
50 
55 
60 
65 
70 
75 
80 

+0.003 
+0.003 
+ o m 2  
+0.002 
+0.001 
+0.001 

-0.001 
-0.001 
-0.002 
-0.002 
-0.003 
-0.003 

0 

+0.006 
+0.005 
+0.004 
+0.003 
+ o m 2  
+0.001 

-0.001 
-0.002 
-0.003 
-0.004 
-0.005 ~ 

-0.006 

0 

ity. The absolute (dynamic) viscosity, p,  of a fluid is de- 
fined as the resistance of the fluid to a shearing force ap- 
plied by sliding one plate over another with the fluid placed 
in between. The absolute viscosity depends on the pressure 
and temperature. However, the influence of pressure is 
negligible for the range of pressures commonly encoun- 
tered in typical civil engineering applications. 

The viscosities of water and air at atmospheric pressure 
(Le., 101.3 @a) and different temperatures a 8  given in 
Tables 2.4 and 2.5, respectively. Figure 2.5 presents the 
absolute viscosities of water, air, and several other mate- 
rials at different temperatures. The viscosities of liquids are 
shown to decmse with an increase in temperature, while 
the viscosity of air increases as the temperature increases. 
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Table 2.4 Viscosity of Water at 101.3 kPa (Modified 
from Tuma, 1976) 

Absolute 
Absolute (Dynamic) 

(Dynamic) Viscosity, 
Viscosity, p Tempera- P 

Tempera- ( X  10-~ ture, to ( X  1 0 - ~  
ture, to ("C) N * s/m2) ("C) N * s/m2) 

0 
5 
10 
15 
20 
25 
30 
35 
40 
45 
50 

1.794 
1.519 
1.310 
1.144 
1.009 
0.895 
0.800 
0.731 
0.654 
0.597 
0.548 

55 
60 
65 
70 
75 
80 
85 
90 
95 
100 

0.507 
0.470 
0.437 
0.407 
0.381 
0.357 
0.336 
0.317 
0.299 
0.284 

Table 2.5 Viscosity of Air at 101.3 kPa (Modified 
from Tuma, 1976; and Kaye and Laby, 1973) 

Absolute (dynamic) 
Viscosity, p 

Temperature, ( X  IO-' N * 

to ("C) s/m2) Sources 

- 20 
- 10 
0 
10 
20 
30 
40 
50 
100 
200 

1.604 
1.667 
1.705 
1.761 
1.785 
1.864 
1.909 
1.96 
2.20 
2.61 

Tuma, 1976 
Tuma, 1976 
Tuma, 1976 
Tuma, 1976 
Tuma, 1976 
Tuma, 1976 
Tuma, 1976 

Kaye and Laby, 1973 
Kaye and Laby, 1973 
Kaye and Laby, 1973 

'xloI;O 0 20 40 60 80 100 120 
Temperature, t ( O C )  

Figure 2.5 Viscosity of fluids at different temperatures (fmm 
Streeter and Wylie, 1975). 

at the air-water 
interface 
1.e.. contractile skin) 

(b) 

Figure 2.6 Surface tension phenomenon at the air-water inter- 
face. (a) Intermolecular forces on contractile skin and water; @) 
pressures and surface tension acting on a curved two-dimensional 
surface. 

2.1.3 Surface Tension 
The air-water interface (Le., contractile skin) possesses a 
property called surface tension. The phenomenon of sur- 
face tension results from the intennolecular forces acting 
on molecules in the contractile skin. These forces are dif- 
ferent from those that act on molecules in the interior of 
the water [Fig. 2.6(a)]. 

A molecule in the interior of the water experiences equal 
forces in all directions, which means there is no unbal- 
anced force. A water molecule within the contractile skin 

experiences an unbalanced force towards the interior of the 
water. In order for the contractile skin to be in equilibrium, 
a tensile pull is generated along the contractile skin. The 
property of the contractile skin that allows it to exert a ten- 
sile pull is called its surface tension, T,. Surface tension is 
measured as the tensile force per unit length' of the con- 
tractile skin (i.e., units of N/m). Surface tension is tan- 
gential to the contractile skin surface. Its magnitude de- 
creases as temperature increases. Table 2.6 gives surface 
tension values for the contractile skin at different temper- 
atures. 
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0 Table 2.6 Surface Tension of Contractile 
Skin (Le., Air-Water Interface) (from 
Kaye and Laby, 1973). 

Temperature, Surface Tension, 
to (“C) Ts (mN/m) 

0 
10 
15 
20 
25 
30 
40 
50 
60 
70 
80 

100 

75.7 
74.2 
73.5 
72.75 
72.0 
71.2 
69.6 
67.9 
66.2 
64.4 
62.6 
58.8 

The surface tension causes the contractile skin to behave 
like an elastic membrane. This behavior is similar to an 
inflated balloon which has a greater pressure inside the bal- 
loon than outside. If a flexible two-dimensional membrane 
is subjected to different pressures on each side, the mem- 
brane must assume a concave curvature towards the larger 
pressure and exert a tension in the membrane in order to 
be in equilibrium. The pressure difference acmss the curved 
surface can be related to the surface tension and the radius 
of curvature of the surface by considering equilibrium 
across the membrane [Fig. 2.6(b)]. 

The pressures acting on the membrane are u and (u + 
Au). The membrane has a radius of curvature of, R,, and 
a surface tension, T,. The horizontal forces along the mem- 
brane balance each other. Force equilibrium in the vertical 
direction requires that 

(2.11) 2T, sin 6 = 2 AuR, sin 6 
where 

2Rs sin B = length of the membrane projected onto the 
horizontal plane. 

Rearranging Eq. (2.11) gives 

(2.12) 

Equation (2.12) gives the pressure difference across a 
two-dimensional curved surface with a radius, R,, and a 
surface tension, T,. For a warped or saddle-shaped surface 
(Le., three-dimensional membrane), Eq. (2.12) can be ex- 
tended using the Laplace equation (Fig. 2.7) 

Au = T, (d + i) (2.13) 

Figure 2.7 Surface tension on a warped membrane. 

where 

R ,  and R2 = radii of curvature of a warped membrane 

If the radius of curvature is the same in all directions 

in two orthogonal principal planes. 

(i.e., R, and R2 are equal to R,), Eq.  (2.13) becomes 

(2.14) 

In an unsaturated soil, the contractile skin would be sub- 
jected to an air pressure, u,, which is greater than the water 
pressure, u,. The pressure difference, (u, - u,), is re- 
ferred to as matric suction. The pressure difference causes 
the contractile skin to curve in accordance with Eq. (2.14): 

(2.15) 2TS (u, - u,) = - 
R, 

& = - *  2TS 
R S  

where 

(u, - u,) = matric suction or the difference between 
pore-air and pore-water pressures acting 
on the contractile skin. 

Equation (2.15) is referred to as Kelvin’s capillary model 
equation. As the matric suction of a soil increases, the ra- 
dius of curvature of the contractile skin decreases. The 
curved contractile skin is often called a meniscus. When 
the pressure difference between the pore-air and pore-wakr 
goes to zero, the radius of curvature, R,, goes to infinity. 
Therefore, a flat air-water interface exists when the matric 
suction goes to zem. 

2.2 INTERACTION OF AIR AND WATER 

Air and water can be combined as immiscible and/or mis- 
cible mixtures. The immiscible mixture is a combination of 
free air and water without any interaction. The immiscible 
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curve, AC,  and the sublimation curve, AD. The vaporiza- 
tion curve, AB, is also called the vapor pressure curve of 
water. It gives combination values of temperature and pres- 
sure for which the liquid and vapor states of water can co- 
exist in equilibrium. The fusion curve, A C ,  separates the 

curve, AD,  separates the solid and the vapor states of water. 
The solid state can coexist in equilibrium with the liquid 
state along the fusion curve, and with the vapor state along 
the sublimation curve. 

0 100 374 The vaporization, fusion, and sublimation curves meet 
at point A .  This point is called the triple point of water 
where the solid, liquid, and vapor states of water can co- 
exist in equilibrium. The triple point of water is achieved 
at a temperature of 0°C and a pressure of 0.61 kPa. 

Solid 
Liquid 

J u1 
solid and the liquid states of water, and the sublimation 

e! a 

Temperature, t (“C) 

Figure 2.8 State diagram for water (not to scale; from Van Hav- 
e m  and Brown, 1972). 

mixture is characterized by the separation produced by the 
contractile skin. A miscible air-water mixture can have two 
forms, First, air dissolves in water and can occupy approx- 
imately 2% by volume of the water (Dorsey, 1940). Sec- 
ond, water vapor can be present in the air. All of the above 
types of mixtures are dealt with in the following sections. 
Consideration is also given to all possible states for the 
water. 

2.2.1 Solid, Liquid, and Vapor States of Water 
Water can be found in one of three states: the solid state 
as ice, the liquid state as water, and the gaseous state as 
water vapor (Fig. 2.8). Throughout the text, the words 
“water” or “water phase” refer to the liquid state of water. 
The state of water depends on the pressure and temperature 
environment. 

Three lines are drawn on the water state diagram (Fig. 
2.8). These are the vaporization curve, AB, the fusion 

2.2.2 Water Vapor 
The vaporization curve, AB, in Fig. 2.8 represents an equi- 
librium condition between the liquid and vapor states of 
water. In this state of equilibrium, evaporation and con- 
densation processes occur simultaneously at the same rate. 
The rate of condensation depends on the pressure in the 
water vapor which reaches its saturation value on the va- 
porization line. On the other hand, the evaporation rate de- 
pends only on temperature. Therefore, a unique relation- 
ship exists between the saturation water vapor pressure and 
temperature, which is described by the vaporization curve. 
Saturation water vapor pressures, Zoo, are presented in Ta- 
ble 2.7. 

In the atmosphere, water vapor is mixed with air. How- 
ever, the presence of the air has no effect on the behavior 
of the water vapor. This phenomenon is expressed by Dal- 
ton’s law of partial pressures. Dalton’s law states that the 
pressure of a mixture of gases is equal to the sum of the 

Table 2.7 Saturation Pressures of Water Vapor at Different Temperatures“ (from Kaye and Laby, 1973) 

to (“C) 0 1 2 3 4 5 6 7 8 9 

0 0.6107 0.6566 0.7055 0.7576 0.8130 0.8720 0.9348 1.0015 1.0724 1.1477 
10 1.2276 1.3123 1.4022 1.4974 1.5983 1.7051 1.8180 1.9375 2.0639 2.1974 
20 2.3384 2.4872 2.6443 2.8099 2.9846 3.1686 3.3625 3.5666 3.7814 4.0074 
30 4.2451 4.4949 4.7574 5.0332 5.3226 5.6264 5.9451 6.2793 6.6296 6.9967 

to (“C) 0 2 4 6 8 10 12 14 16 18 

40 7.3812 8.2053 9.1075 10.094 11.171 12.345 13.623 15.013 16.522 18.160 
60 19.933 21.852 23.926 26.164 28.578 31.177 33.974 36.980 40.206 43.667 
80 47.375 51.344 55.857 60.121 64.960 70.120 75.617 81.468 87.691 94.304 

100 101.325 108.77 116.67 125.03 133.88 143.25 153.14 163.59 174.61 186.24 
120 198.49 211.39 224.97 239.26 254.27 270.03 286.58 303.95 322.16 341.23 

‘Saturation water vapor pressures, E”,,, are in kPa. 

    



2.2 INTERACTION OF AIR AND WATER 27 - partial pressures that each individual gas would exert if it 
alone filled the entire volume. In other words, the behavior 
of a particular gas of a mixture of gases is independent of 
the other gases. Therefore, the partial pressure of water 
vapor in the atmosphere which is in equilibrium with water 
is the saturation pressure given in Table 2.7. Similarly the 
presence of air above water does not change the state equi- 
librium of water (Fig. 2.8). 

In nature, the water vapor in air is usually not in equilib- 
rium with adjacent bodies of water. This means that the 
partial pressure of the water vapor in air, is,, is usually not 
the same as the saturation pressure of the water vapor, isivo, 
at the corresponding temperature. The water vapor in air 
at a given temperature is therefore said to be undersatur- 
ated, saturated, or supersaturated when the partial pressure 
of water vapor, Si,, is less than, equal to, or greater than 
the saturation water vapor pressure. The saturated condi- 
tion indicates an equilibrium between the water vapor and 
the water where evaporation and condensation take place 
at the same rate. On the other hand, the undersaturated and 
supersaturated states of water vapor are not equilibrium 
conditions. The supenaturated state indicates an excess of 
water vapor which eventually condenses. In this case, the 
rate of condensation exceeds the evaporation rate until the 
partial pressure of water vapor, Si,, has been reduced to the 
saturation pressure, isuo. In the undersaturated state, there 
is a lack of water vapor relative to the equilibrium condi- 
tion. Therefore, the rate of evaporation exceeds the rate of 
condensation until the partial pressure of the water vapor, 
u,, has reached the saturation water vapor pressure, Zu0. 

The partial pressure of the water vapor in air defines the 
degree to which the air is saturated with water vapor at a 
specific temperature. The degree of saturation with respect 
to water vapor is referred to as the relative humidity, RH 
[Eq. (2.10)l. 

2.2.3 Air Dissolving in Water 
Water molecules form a lattice structure with openings re- 
ferred to as a “cage” that can be occupied by a gas 
(Rodebush and Busswell, 1958), as illustrated in Fig. 2.9. 
Air dissolves into the water and fills the “cages” which 
have a volume of approximately 2% by total volume. 

The water lattice is relatively rigid and stable (Dorsey, 
1940), and the density of water changes little as a conse- 
quence of the presence of the dissolved air. Figure 2.10 
shows the effect of dissolved air on the density of water for 
various temperatures. 

An analogy using a cylinder with a piston and porous 
stone is useful in analyzing the behavior of air-water mix- 
tures. Consider a cylinder with a porous stone at its base 
and a frictionless piston at the top (Fig. 2.11). The porous 
stone has pores equaling 2% of its volume. The porous 
stone is used to simulate the behavior of water. In this 
model, the cylinder contains free air above the porous 
stone. An imaginary valve is situated at the boundary be- 

- 

Air pressure 
regulator 

Free air 
Cylinder 

Channel and cage network 
for air dissolving in water 
(approximately 2% by volume) 

/ 
Dissolved air 

Water 

Cage 

Figure 2.9 Visualization aid for air dissolving in water. 

measurable effect 
20 

‘0 0.001 0.002 0.003 0.004 0.006 
Difference in density between air-free 
and air-saturated water (kg/m’J 

Figure 2.10 Effect of dissolved air on the density of water (from 
Dorsey, 1940). 

tween the free air and the porous stone to control the move- 
ment of air into the porous stone. The movement of air into 
the porous stone represents the movement of air into water. 

Let us suppose there is an initial pressure applied equally 
to the free air and to the air in the porous stone in the cyl- 
inder. The imaginary valve is then closed. If the load on 
the piston is increased, the free air above the porous stone 
will be compressed following Boyle’s law [Q. (2.7)]. The 
imaginary valve is then opened, and some air will move 
into the porous stone in accordance with Henry’s law. Hen- 
r y ’ s  law states that the mass of gas dissolved in a fixed 
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1 initial 
load 

Frictionless 
piston 

Initial volume 
of free air 

- 

1 Volume change of 
the free air 

v o l u m e  change due to air 
going into porous disk 

Imaginary valve 

Cylinder 
L I 

Before 

Added 

Initial 

Frictionless 
piston 

I I Final volume of 
free air 

QD 

After 

Figure 2.11 Piston and porous stone analogy. 

quantity of liquid, at constant temperature, is directly pro- 
portional to the absolute pressure of the gas above the so- 
lution (Sisler et d . ,  1953). This process will continue as 
the piston load is increased. Eventually, all the free air will 
move into the porous stone, and any additional applied load 
will be carried by the porous stone. 

The above analogy cannot totally simulate the situation 
in an unsaturated soil. In the presence of a solid, such as 
soil particles, the air and water pressures can have different 
magnitudes. The air and water pressures in a soil can also 
change at differing rates during a process. In the analogy, 
the free air and the water (i.e., porous stone) have the same 
pressure. The possibility of a difference between the air 
and water pressures is later shown to be of significance in 
the compressibility formulation. 

The mass of air going into or coming out of water is time 
dependent. This time dependency can either be ignored or 
taken into consideration, depending upon the engineering 
problem under consideration. The amount of air that can 
be dissolved in water is referred to as its solubility, and the 
rate of solution is referred to as its difisivity. 

Solubility of Air in Water 
The volume of dissolved air in water is essentially inde- 
pendent of air or water pressures. This can be demonstrated 
using the ideal gas law and Henry’s law. The ideal gas law 
[Q. (2.6)] can be rearranged and applied to a gas dissolv- 
ing in water at a certain temperature and pressure: 

M d  RT Vd =-- 
% @a 

(2.16) 

where 

Vd = volume of dissolved air in water 
M d  = mass of dissolved air in water 
u, = absolute pressure of the dissolved air. 

The absolute pressure of the dissolved air is equal to the 
absolute pressure of the free air under equilibrium condi- 
tions. Refemng to the piston and porous stone analogy, an 
increase in the piston load will increase the pressure in the 
free air, and therefore more free air will go into the porous 

- 

stone (i.e., water). After some time, an equilibrium con- 
dition will be reached where the pressure in the free air and 
the dissolved air are equal. If the piston load is then in- 
creased, the process will be repeated. 

The mass of dissolved air at equilibrium is dependent 
upon the corresponding absolute air pressure as stated in 
Henry’s law. If the temperature remains constant through- 
out the process, the ratio of the mass and the absolute pres- 
sure of the dissolved air is constant: 

(2.17) 

where 

Mdl , Zal = mass and absolute pressure of the dissolved 
air, respectively, at condition 1 

M d z ,  Za2 = mass and absolute pressure of the dissolved 
air, respectively, at condition 2. 

The volume of dissolved air in water, v d ,  is computed 
using Eq. (2.16) and by considering the relationship shown 
in (Eq. 2.17). At a constant temperature, the volume of 
dissolved air in water is a constant for different pressures. 

The ratio between the muss of each gas that can be dis- 
solved in a liquid and the mass of the liquid is called the 
coefficient of solubility, H. Table 2.8 presents the coeffi- 
cients of solubility of oxygen, nitrogen, and air in water, 
over a temperature range. All coefficients of solubility are 
referenced to a standard pressure of 101.3 kPa. 

The ratio of the volume of dissolved gas, v d ,  in a liquid 
to the volume of the liquid is called the volumetric coeffi- 
cient of solubility, h, which varies slightly with tempera- 
ture. Values for the volumetric coefficient of solubility for 
air in water under different temperatures are given in Table 
2.8. 

&@sion of Gases Through Water 
The rate at which air can pass through water is described 
by Fick’s law of diffusion. The rate at which mass is trans- 
f e d  across a unit area is equal to the product of the coef- 
ficient of diffusion, D, and the concentration gradient. In 
the diffusion of air through water, the concentration differ- 
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Table 2.8 Solubility of Gases in Water (Under a Pressure of 101.3 kPa) (from h r s e y ,  
1940) 

Volumetric 
Coefficient of 
Solubility, hb 

Coefficient of Solubility, Ha 

Temperature, Nitrogen, 
to ("C) Oxygen Argon, etc. Air Air 

0 14.56 X 23.87 X 38.43 X 0.02918 
4 13.06 x 21.59 x 34.65 x 0.02632 
10 11.25 X 18.82 X 30.07 X 0.02284 
15 10.07 X 17.00 X 27.07 X 0.02055 
20 9.11 x 15.51 x 24.62 x 0.01868 
25 8.28 x 14.24 x 22.52 x 0.0 1708 
30 7.55 X 13.10 X 20.65 X 0.01564 

"At standard atmospheric pressure. 
bh = (PW/PM. 

ence is equal to the difference in density between the free 
air and the dissolved air in the water. 

Under constant temperature conditions, the density of air 
is a function of the air pressure [Q. (2.9)]. An increase in 
pressure in the free air will develop a pressure difference 
between the free and dissolved air. This pressure difference 
becomes the driving potential for the free air to diffuse into 
the water. 

The gases composing air individually diffuse into water. 
The coefficients of diffusion, D, for each component of air 
through water are tabulated in Table 2.9. Combined gases 
forming air dissolve in water at a rate of approximately 2.0 
x 

Barden and Sides (1967) measured the coefficient of dif- 
fusion for air through the water phase of both saturated and 
compacted clays. Their results are presented in Table 2.10. 
The study concluded that the coefficient of diffusion ap- 
pears to decrease with decreasing water content of the soil. 
The coefficient of diffusion for air through the water in a 
soil appears to differ by several orders of magnitude from 
the coefficient of diffusion for air through free water. 

m2/s (U.S. Research Council, 1933). 

2.3 VOLUME-MASS RELATIONS 

The volume-mass relations of the soil particles, water, and 
air phases are useful properties in engineering practice. The 
derivations combine the gravimetric and volumetric prop- 
erties of a soil. 
2.3.1 Porosity 
Porosity, n ,  in percent is defined as the ratio of the volume 
of voids, Vu, to the total volume, V (Fig. 2.12): 

(2.18) 

Table 2.9 Coefiients of Diffusion for Certain Gases 
in Water (from Kohn, 1965) 

Temperature, Coefficient of 
Gas to ("C) Diffusion, D (m2/s) 

co2 20 1.7 x 10-~ 
N2 22 2.0 x 10-9 
H2 21 5.2 x 10-9 
0 2  25 2.92 x 10-9 

Similarly, porosity type terns can be defined with re- 
spect to each of the phases of a soil: 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

where 

n, = soil particle porosity (%) 
. n, = water porosity (%) 

n, = air porosity (%) 
n, = contractile skin porosity (%). 

The volume associated with the contractile skin can be 
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Table 2.10 CoefRcient of Mffusion for Air Through Different Materials 
(from Barden and Sides, 1967) 

Water Coefficient of 
Material Content, w (%) Diffusion, D (m2/s) 

Free water 
Natural rubber 
Kaolin consolidated at 414 kPa 

(oriented parallel to flow) 
Kaolin consolidated at 414 kPa 

(oriented perpendicular to flow) 
Kaolin consolidated at 483 kPa 
Kaolin consolidated at 34.5 kPa 
Denvent clay (illite) 

consolidated at 34.5 kPa 
Jackson clay and 4% bentonite 

consolidated at 34.5 kPa 
Compacted Westwater clay 
Saturated ceramic 
Saturated coarse stone 

- 
- 
49 

49 

47 
75 
53 

39 

16 
49 
21 

2.2 x 10-9 
1 . 1  x lo-'' 
4.5 x lo-'' 

3.2 x lo-'' 

3.0 x lo-'' 
6.2 x lo-'' 
4.7 x lo-'' 

c1 .0  x lo-'' 

1.0 x 10-I' 

2.5 x 10-5 
1.6 x lo-"' 

Volume relations Mass relations 
b 

M = p V  

1 
Total volume, V = V, + V, Total mass, M = M, + M, t M, 

= v, f v, + v, 
Figure 2.12 Volume-mass Elations. 

assumed to be negligible or part of the water phase. The 
water and air porosities represent their volumetric percent- 
ages in the soil. The soil particle porosity can be visualized 
as the percentage of the overall volume comprised of soil 
particles. The sum of the porosities of all phases must equal 
100%. Therefore, the following soil porosity equation can 
be written as 

n, + n = n, + n, + n, = loo(%). (2.23) 

The water porosity, n,, expressed in decimal forin, is 
commonly referred to as the volumetric water content, e,, 
in soil science and soil physics literature. The volumetric 
water content notation is also used throughout this book. 
Typical values of porosity for some soils are given in Table 
2.11. 

2.3.2 Void Ratio 
Void ratio, e, is defined as the ratio of the volume of voids, 
Vu, to the volume of soil solids, V, (Fig. 2.12): 

(2.24) 

The relationship between porosity and void ratio is ob- 
tained by equating the volume of voids, Vu, from the two 
equations [Le., Eqs. (2.18) and (2,24)]: 

e 
1 + e '  n = -  (2.25) 

Typical values for void ratio are shown in Table 2.11, 

2.3.3 Degree of Saturation 
The percentage of the void space which contains water is 
expressed as the degree of saturation, S (%): 

(2.26) 

The degree of saturation, S, can be used to subdivide 
into three groups. 

Dry soils (i-e., S = 0%): Dry soil consists of soil 
particles and air. No water is present. 
Saturated soils (i.e., S = 100%): All of the voids in 
the soil are filled with water. 
Unsaturated soils (i.e., 0% < S C 100%): An un- 
saturated soil can be further subdivided, depending 
upon whether the air phase is continuous or occluded. 
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Table 2.11 Typical Values of Porosity, Void Ratio, and Dry Density (Modified from Hough, 1969) 

Void Ratio, Porosity, Density, 
e n P (kg/m3) 

Soil Type maximum minimum maximum minimum maximum minimum 

Granular Materials: 1) Uniform Materials 
a) Equal spheres 0.92 0.35 47.6 26.0 

b) Standard Ottawa 0.80 0.50 44.0 33.0 1762 1474 

c) Clean, uniform sand 1 .o 0.40 50.0 29.0 1890 1330 

d) Uniform, inorganic 1.1 0.40 52.0 29.0 1890 1281 

- - 
(theoretical values) 

sand 

(fine or medium) 

silt 

Granular Materials: 2) Well-Graded Materials 
a) Silty sand 0.90 0.30 47.0 23 .O 2034 1394 
b) Clean, fine to coarse sand 0.95 0.20 49.0 17.0 2210 1362 
c) Micaceous sand 1.20 0.40 55.0 29.0 1922 1217 
d) Silty sand and gravel 0.85 0.14 46.0 12.0 2239 1426 

Mixed Soils 
a) Sandy or silty clay 1.8 0.25 64.0 20.0 2162 96 1 
b) Skip-graded silty clay 1 .o 0.20 50.0 17.0 2243 1346 

with stones or rock 
fragments 

sand, silt, and clay 
mixture 

c) Well-graded gravel, 0.70 0.13 41.0 11.0 237 1 1602 

Clay Soils 
a) Clay (30-50% clay sizes) 2.4 0.50 71 .O 33.0 1794 80 1 
b) Colloidal clay (-0.002 mm 12.0 0.60 92.0 37.0 1698 308 

2 50%) 

Organic Soils 

b) Organic clay (30-50% clay 4.4 0.70 81.0 41.0 1602 48 1 
a) Organic silt 3.0 0.55 75.0 35.0 1762 641 

sizes) 

General Note: Tabulation is based on G, = 2.65 for granular soils, G, = 2.70 for clays, and G, = 2.60 for organic 
soils. 

This subdivision is primarily a function of the degree 
of saturation. An unsaturated soil with a continuous 
air phase genedly has a degree of saturation less than 
approximately 80% (Le., S < 80%). Occluded air 
bubbles commonly occur in unsaturated soils having 
a degree of saturation greater than approximately 90% 
(Le,, S > 90%). The transition zone between con- 

tinuous air phase and occluded air bubbles occurs 
when the degree of saturation is between appmxi- 
mately 80-9096 (i.e., 80% < S < 90%). 

2.3.4 Water Content 
Water content, w, is defined as the ratio of the 'mass of 
water, M,, to the mass of soil solids, M, (Fig. 2.12). It is 
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presented as a percentage [Le., w (W)]: 

(2.27) 

Water content, w, is also referred to as the gravimetric 
water content. 

The volumetric water content, e,, is defined as the ratio 
of the volume of water, V,, to the total volume of the soil, 
E 

VW 8 ,  = - V '  
(2.28) 

The volumetric water content can also be expressed in 
terms of porosity, degree of saturation, and void ratio (Fig. 
2.12). The volumetric water content can be written as 

s v u  8 ,  = - v '  (2.29) 

Since V u / V i s  equal to the porosity of the soil, Eq. (2.29) 

8, = Sn. (2.30) 

Substituting Eq. (2.25) into Eq. (2.30) yields another 

becomes 

form for the volumetric water content equation: 

Se 8 ,  = - 
1 + e '  (2.31) 

2.3.5 Soil Density 
Two commonly used soil density definitions are the total 
density and the dry density. The total density of a soil, p, 
is the ratio of the total mass, M, to the total volume of the 
soil, V (Fig. 2.12): 

M p = -  
V '  (2.32) 

The total density is also called the bulk density. The dry 
density of a soil, pd, is defined as the ratio of the mass of 
the soil solids, M,, to the total volume of the soil, V (Fig. 
2.12): 

(2.33) 

Typical minimum and maximum dry densities for var- 
ious soils are presented in Table 2.11. 

Other soil density definitions are the saturated density 
and the buoyant density. The saturated density of a soil is 
the total density of the soil for the case where the voids are 
filled with water (Le., Vu = 0 and S = 100%). The buoy- 
ant density of a soil is the difference between the saturated 
density of the soil and the density of water. 
2.3.6 Basic Volume-Mass Relationship 
The volume and mass for each phase can be related to one 
another using basic relations from the phase diagram (Fig. 
2.3) and the volume-mass relations shown in Fig. 2.12. 

The mass of the water phase of a soil, M,, is the product 
of the volume and density of water (Fig. 2.3): 

M, = P W V , .  (2.34) 
The volume of water, V,, can also be computed from the 

V,  = SeV,. (2.35) 

The relationship given in Eq. (2.35) is shown in Fig. 
2.13 (i.e., left-hand side). Equation (2.35) can then be re- 
written as 

M, = p,SeV,. (2.36) 

The mass of the water, M,, can also be related to the 

M, = wM,. (2.37) 

The mass of the soil solids, M,, is obtained from the 

M, = G,P, V,. (2.38) 

volume relation given in Fig. 2.12 (i.e., left-hand side): 

mass of the soil solids, M,: 

phase diagram in Fig. 2.3: 

Substituting Eq. (2.38) into Eq. (2.37) yields 

M, = wGsp,V,. (2.39) 

Equating Eqs. (2.39) and (2.36) results in a basic vol- 
ume-mass relationship for soils: 

Se = wG,. (2.40) 
The total and dry densities of a soil defined in Eqs. (2.32) 

and (2.33), respectively, can also be expressed in terms of 
the volume-mass properties of the soil (i.e,, S,  e ,  w ,  and 
G,). Assuming that the mass of the air phase, Mu, is neg- 
ligible, the total mass of the soil is the sum of the mass of 
the water, M,, and the mass of the soil solids, M,. The 
total volume of the soil, V ,  is given by the volume of the 
soil solids, V,, and the volume of the voids, V,. Therefore, 
the equation for the total density of a soil, p, can be re- 
written using Eqs. (2.24), (2.38), and (2.39): 

Volume relations Mass relations 

I 
V, = e V, T- 

(2.41) 

1 w G , = S e  

Figure 2.13 Derivation of the basic volume-mass relationship. 
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is computed using Eq. (2.45) provided the void ratio, e, or 
the porosity, n, of the soil are known. 

The dry density curve corresponding to a degree of sat- 
uration of 100% is called the “zem air voids” curve. The 
dry density curves for different degrees of saturation are 
commonly presented in connection with soil compaction 
data (Fig. 2.15). Compaction is a mechanical process used 
to increase the dry density of soils (Le., densification). The 
compaction p m s s  is not discussed in this book, since nu- 
merous soil mechanics textbooks deal with this subject. 

The relationship between the gravimetric water contents, 
w, and the volumetric water content, Ow, can be established 
by substituting the basic volume-mass relationship [i.e., 
Eq. (2.40)] into Eq. (2.31): 

(2.42) 

(2.43) 

Substituting the basic volume-mass relationship in Eq. 
(2.40) into Eq. (2.43) gives the following equation for the 
total density: 

G, + Se 
p = -  P W .  1 + e  

The dry density of a soil, pd, is obtained by eliminating 
the mass of the water, Mu, from Eq. (2.41): 

The relationship between total density, p, and dry den- 
sity, pd, for different water contents is presented graphi- 
cally in Fig. 2.14. The specific gravity of the soil solids, 
G,, and the density of the water, pw, are properties de- 
scribed in Section 2.1. If any two of the volume-mass 
properties of a soil (e.g., e, w, or S) are known, the total 
density of the soil, p,  can be computed in accordance with 
Q. (2.43) or Eq. (2.44). The dry density of the soil, pd, 
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2.3.7 Changes in Volume-Mass Properties 
The basic volume-mass relationship [Q. (2.40)] applies 
to any combination of S, e, and w. Any change in one of 
these volume-mass Properties (i.e., S, e, and w) may pro- 
duce changes in the other two properties. Changes in two 
of the volume-mass quantities must be determined or mea- 
sured in order to compute a change in the third quantity. If 

I I 1 I 

Water content, w (%) 

Flgure 2.14 Volume-mass relations for unsaturated soils. 
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16006 %--%i;-;-$ u25 
Water content, w (%) 

Figure 2.15 Standard and modified AASHTO compaction 
curves. 

changes in the void ratio, e, and the water content, w, are 
known, the change in the degree of saturation, S, can be 
computed. Similarly, if the changes in S and e or in S and 
w are known, then the change in w or e ,  respectively, can 
be computed. 

The relationship between the changes in the volume- 
mass properties can be derived from the baric volume-muss 
relationship expressed in Eq. (2.40). Consider a soil that 
undergoes a pmeess such that changes occur in the vol- 
ume-mass properties of the soil. Prior to the process, the 
volume-mass properties of the soil have the following re- 
lationship: 

Siei = wiGs (2.47) 

where 
Si = initial degree of saturation 
e, = initial void ratio 
wi = initial water content. 
At the end of the process, the soil has final volume-mass 

properties which are also related by the basic volume-mass 
relation: 

Sf e, = wf G, 
where 

Sf = final degree of saturation 
ef = final void ratio 
wf = final water content. 

(2.48) 

The following relationships between initial and final con- 

(2.49) 

(2.50) 

(2.51) 

ditions can be written: 
Sf = Si + As 
ef = ei + Ae 

Wf = wi + AW 
where 

AS = change in the degree of saturation 
Ae = change in the void ratio 
Aw = change in the water content. 

Substituting Eqs. (2.49), (2.50), (2.51), and (2.47) into 

SiAe + ASei + ASAe = AwG,. (2.52) 

The change in the degree of saturation, AS, can be writ- 
ten in terms of the change in void ratio, Ae, and the change 
in water content, Aw: 

Eq. (2.48) gives 

(AwG, - SiAe) A s =  (2.53) . ,  
ef 

Similarly, the change in the void ratio, Ae, is obtained 
by substituting Eq. (2.49) into Eq. (2.52) and solving for 
Ae: 

(AwG, - ASei) 
Ae = n (2.54) 

3f 

The change in water content, Aw, can be written as fol- 
lows: 

(SfAe + Mei) 
Aw = I (2.55) 

G S  

2.3.8 Density of Mixtures Subjected to Compression 
of the Air Phase 
Soil mixtures can occur in various forms in nature. A mix- 
ture of soil particles and air constitutes a dry soil, while a 
mixture of soil particles and water constitutes a saturated 
soil. Between these extremes lies the category of unsatu- 
rated soils which consist of soil particles, water, and air in 
differing volumetric percentages. 

A mixture of soil particles, water, and air has a total 
density which has been defined in Eqs. (2.43) and (2.44). 
The dry density, &, of the mixture is expressed in Eq.  
(2.45) by considering only the mass of the soil particles. 

The density of a soil mixture can also be formulated for 
situations where there is a change in the volume of air due 
to compression. The formulation can be visualized with the 
assistance of the piston-porous stone analogy described in 
Fig. 2.11. The density can be derived in a general form for 
a mixture of soil particles, water, and air. The derivations 
can then be extended to solve for the density of mixtures 
of soil particles and air, soil particles and water, and air 
and water, as well as the density of each phase. 

Piston-Porous Stone Analogy 
Consider a cubic element of soil that consists of soil par- 
ticles at the bottom, water in the middle, and free air at the 
top. All sides are impervious and fixed, with the exception 
of the top which is a sealed frictionless piston. Initial vol- 
ume-mass properties for each phase are shown in Table 
2.12. The water phase initially has an amount of dissolved 
air which is in equilibrium with the free air. The air pres- 
sure is then increased by placing an additional load on the 
piston. 

As a result of the pressure difference between the free 
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Table 2.12 Symbols and Notations for the Initial and Final Stages of Each Phase in the 
Mixture of Soil Solids, Water, and Air 

Volume-Mass Properties 
of Each Phase Initial Stage Final Stage 

Soil Solids 
Volume 
Mass 
Density 

Water Phase (Water and dissolved air) 
Volume of water and dissolved VU VU 

Mass of water MU M W  

Density of water P w  = M W / V W  P w  = M W / V W  

Mass of water and dissolved air 
Density of water and dissolved air 
Degree of saturation si = vw/v, S 
Water content wi = Mw/Ms W 

air 

Mass of dissolved air Mdi Md 
+ Mdi M w  + Md 

pwi = (Mw + M d i ) / v w  P,,,, = (Mu + M d ) / v w  

Air Phase (free &d dissolved air) 
Volume of free air Vai 

vd 
Absolute pressure of air #ai 
Density of air Poi 

- Volume of dissolved air 

Volumetric coefficient of h = vd/v, 
solubility 

Va 
vd 

Ua 
Pa 

- 

h 

Voids (water and air) 
Void ratio ei = V,/Vs e 

and dissolved air, some of the free air dissolves into the 
water in accordance with Henry’s law. This process is time 
dependent. At the end of the p m s s ,  the pressure in the 
free and dissolved air are the same. The final volume-mass 
symbols and notations for water and air are summarized in 
Table 2.12. The soil particles are assumed to be incom- 
pressible (Le., Vs constant), and the mass of soil panicles, 
Ms, is also constant throughout the process. Similarly, the 
mass and volume of water (Le., Mu and Vu, respectively) 
are constant during the process. 

After an additional load is applied to the piston, the vol- 
ume and pressure of the free air change. However, the total 
mass of air (Le., free air and dissolved air) remains con- 
stant. At the end of the process, the pressure in the free air 
and dissolved air has changed from iiai to Si,, and the vol- 
ume of free air has changed from Vai to va. The volume of 
dissolved air, v d ,  was shown in Eq, (2.17) to be essentially 
constant for different air pressures. 

kyle’s law states that the p d u c t  of the volume and 

absolute pressure of a fixed amount of gas is constant under 
constant temperature conditions [Eq. (2.7)]. Applying 
kyle’s law to the free air and dissolved air at a constant 
temperature gives the final volume of free air, V,: 

(v, + vd)zai = (va + vd)Ea (2.56) 

va = (Vai + v d )  u.i - v d  (2.57) 
- 
ua 

where 

Vai = initial volume of free air corresponding to the ini- 

uai = initial absolute air pressure 
v d  = volume of dissolved air 
V,, = final volume of free air corresponding to the final 

absolute air pressure, Za 
u, = final absolute air pressure. 

tial absolute air pressure, Eai - 

- 

The density of the free and dissolved air also changes 
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as 

where 

Pai = 

Pa = 

du, 
ter 

I the change in pressure [see Eq. (2.9)]. At a constant 
mture, the initial and final densities of air are related 

Conservation of Mass Applied to a Mixture 
The final density of a mixture can be written by satisfying 
the conservation of mass of the element: 

(2.58) 
where 

(2.62) 

p = total density of the mixture (i.e., soil particles, 
water, and air) after the change in air pressure 

V = total volume of the mixture after the change in ab- 
solute air pressure (i.e., V, + Vw + V,) 

p. = density of soil solids 

initial density of air (free and dissolved) corre- 
sponding to the initial air pressure 
final density of air (fnx and dissolved) corre- 
sponding to the final air pressure . "  

V, = volume of soil solids. 

The density of the mixture can then be derived by sub- 
The water phase can be assumed to be incompressible 

(Le., Vw is constant) during the process. However, the mass 
of water and dissolved air is changed at the end of the pro- stituting Eqs. (2.57), (2.58), and (2.61) into Eq. (2.62) 

cess due to a change in the mass of dissolved air from Mdi 
to Md. This corresponds to the change in absolute air pres- 
sure from iai to Ea as described by Henry's law. The final 
density of the water phase (Le., water plus dissolved air), 
pwf, is computed as the ratio of the total mass of water and 
dissolved air to the total volume of water and dissolved air 
under final conditions: 

(2.59) 

where 

pwf = final density of the water phase (i.e., water plus 

Mw = mass of water before and after the change in air 

Md = final mass of dissolved air 
Vw = total volume of water and dissolved air before and 

The mass of dissolved air, Md, is given as the product of 
the dissolved air volume, Vd, and the density of air, pa [Eq. 
(2.58)] : 

dissolved air) 

pressure 

after the change in air pressure 

The final density of water, pd, can be obtained by sub- 
stituting Eq. (2.60) into Eq. (2.59). 

The first term in Eq. (2.61) (Le., Mw/Vw)  is the density 
of water without dissolved air, pw. 

(2.63) 

This equation can be reduced to the following form: 

The volume of dissolved air, Vd, is related to the volume 
of water, V,, by the volumetric coefficient of solubility, h 
(i.e., Vd = hVw). Equation (2.64) can therefore be rewrit- 
ten as follows: 

. (2.65) P,V~ + ~ w V w  + PaiVai + PaihVw 
P =  - - 

V, + Vw + Vai? + hV, (2 - 1) 
ua 

The volume of each phase can be expressed in terms of 
the volume of soil particles, V,, using the initial void ratio, 
ei, and the initial degree of saturation, Si. Therefore, the 
volume of water, V,, can be written as 

Vw = SieiV, (2.66) 
and the volume of the initial free air, Vai, can be written as 

Vai = (1  - Si)eiV,. (2.67) 
Substituting Eqs. (2.66) and (2.67) into Eq. (2.65) and 

dividing the top and bottom of the equation by V, gives 

ps + pwSiei + pai( l  - &)ei + pdhSiei 
P =  - 

"ai 1 + Siei + (1 - &)ei T + hSiei 

(2.68) 
Substituting the basic volume-mass relationship (Le., 

Siei = wiGs) into Eq. (2.68) yields another form for the 
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density of the soil (Le., the soil particles-water-air mix- 
ture): 

Uai 

Ua 
1 + wiGs + (ei - wiG,) T + hwiGs 

(2.69) 
Equations (2.68) and (2.69) are general mixture equa- 

tions for the density after the soil has been subjected to a 
change in air pressure. The equations incorporate the effect 
of air going into solution due to the change in the air pres- 
sure. Where the air does not have time to dissolve in the 
water, the volumetric coefficient of solubility, h, can be set 
to zero. 

The equations use the initial degree of saturation and the 
initial void ratio as a reference. The density of the mixture 
before a change in air pressure can also be obtained from 
these equations by setting iia equal to Tiai. This also applies 
to a mixture which does not experience any change in the 
air pressure (i.e., i;, equals Tiai). 

Soil Particles- Water-Air Mixture 
The general equation for the density of mixtures can be 
specialized to the density of particular mixtures. Consider 
the case of an unsaturated soil not subjected to a pressure 
change. 

Let us assume that the mass of the air phase is negligible 
(i.e., pai = 0), and that there is no change in the pore-air 
pressure (i.e., iS, equals Tiai). Under this condition, the 
water content, the degree of saturation, and the void ratio 
remain constant (Le., wi = w, Si = S, and e, = e). Equa- 
tion (2.69) then specializes to the following form: 

P s  + P w  WG, 
l + e  P' (2.70) 

Noting that the density of the solids can be written in 
terms of the specific gravity of the solids (Le., ps = G, 
p w ) ,  Eq. (2.70) becomes 

G, + Se p = -  
1 + e  P w .  (2.71) 

Equation (2.71) gives the total density of a soil at a con- 
stant air pressure, and is the same as the expressions de- 
rived previously [Le., Eq. (2.4411. 

Air- Water Mixture 
The general mixture equation can also be shown to spe- 
cialize to the case of an air and water mixture. The volume 
of the soil paxticles, V,, is set to zero, and the initial void 
ratio, ei, becomes infinity. Rearranging Eq. (2.68) by di- 
viding the top and bottom portions by the initial void ratio, 

ei, yields the following form: 

p. + pwSi + pai(l - Si) + p,hSi 
, . (2.72) ei 

P = .  - I- 

Setting the initial void ratio to infinity gives the density 
of an air-water mixture after a change in air pressure from - 
uai to Ea: 

where 

pm = density of an air-water mixture after a change in 

The air-water mixture always has a density between that 
of air and water. As the final air pressure, ia, increases, 
the final density of the air-water mixture also increases. If 
the air pressure is continuously increased, the density of 
the air-water mixture will reach the density of the water 
phase (Le., water plus dissolved air). If the density of air 
is assumed to be negligible, the density of the air-water 
mixture reaches the density of water (Le., pm approaches 
p,,,). At this stage, the free air has been dissolved into the 
water and the degree of saturntion approaches 10096. 

The magnitude of the air pressure required to bring the 
air-water mixture to saturation can be found from Eq. 
(2.73) by substituting (p,  = pW and pai = 0), and dividing 
the top and bottom portions of the equation by the initial 
degree of saturation, Si: 

air pressure from Zai to is,. 

. (2.74) P w  
P w  = 

1 + ($ - 1) 2 + h (2 - 1) 

Solving Eq. (2.74) for the absolute pore-air pressure 
gives 

(2.75) 

Equation (2.75) shows that the final absolute air pressure 
required to dissolve all of the free air depends upon the 
initial degree of saturation of the mixture, S,, and the initial 
absolute air pressure, Z,. The lower the initial degree of 
saturation, the larger the air pressure required to saturate 
the air-water mixture. The absolute air pressure, is,, ob- 
tained from Eq. (2.75) is essentially the same as the max- 
imum air pressure required to saturate a soil, as suggested 
by Bishop and Eldin (1950), and Schuurman (1966). 

    



CHAPTER 3 

Stress State Variables 

The mechanical behavior of a soil (Le., the volume change 
and shear strength behavior) can be described in terms of 
the state of stress in the soil. The state of stress in a soil 
consists of certain combinations of stress variables that can 
be referred to as stress state variables. A more complete 
definition of the tern “stress state variable” is given in 
Chapter 1. These variables should be independent of the 
physical properties of the soil. The number of stress state 
variables required for the description of the stress state of 
a soil depends primarily upon the number of phases in- 
volved. 

The effective stress, (u - uw), for saturated soils has 
often been regarded as a physical law. More correctly, the 
effective stress is simply a stress state variable that can be 
used to describe the behavior of a saturated soil. The ef- 
fective stress variable is applicable to sands, silts, or clays 
because it is independent of the soil properties. The volume 
change process and the shear strength characteristics of a 
saturated soil are both controlled by the effective stress. 

Satisfactory stress state variables for an unsaturated soil 
have been considerably more difficult to establish. Only 
recently has there been some agreement on the most ac- 
ceptable stress state variables to use in practice. An attempt 
is made in this chapter to review: 1) the historical devel- 
opment of an acceptable stress state description, 2) the 
mathematical form and experimental evidence pertinent to 
stress state descriptions, and 3) their application to practi- 
cal problems. The magnitudes of the stress state variables 
in the field are of importance to practicing engineers for 
analyzing engineering problems. A smooth transition in the 
stress state description when going from the unsaturated to 
the saturated soil state is demonstrated. 

The stress analysis for an unsaturated soil is presented as 
an extension of the saturated soil theory. The principles 
used in the stress analysis of a saturated soil (e.g., Mohr 
diagrams) are equally applicable to unsaturated soils. 

3.1 HISTORY OF THE DESCRIPTION OF THE 
STRESS STATE 

The effective stress concept has been well accepted and 
studied for saturated soils. Numerous attempts have been 
made to develop a similar concept of effective stress for 
unsaturated soils. However, unsaturated soils are more 
complex, and it has been more difficult to arrive at a con- 
sensus regarding the description of the stress state. The use 
of a single-valued effective stress for unsaturated soils has 
encountered many difficulties, and has led numerous re- 
searchers to the realization that two independent stress state 
variables should be used for unsaturated soils. 

3.1.1 Effective Stress Concept for a Saturated Soil 
Soil mechanics as a science has been successfully applied 
to many geotechnical problems involving saturated soils. 
This success is due to the ability of engineers to relate ob- 
served soil behavior to stress conditions in the soil. Ter- 
zaghi (1936) described the stress state variable contmlling 
the behavior of a saturated soils as follows: 

The stresses in any point of a section through a mass of soil 
can be computed from the total principal stresses ut ,  9. a3 
which act at this point. If the voids of the soil are filled with 
water under a stress, u,, the total principal stresses consist of 
two parts. One part. u,, acts in the water and in the solid in 
every direction with equal intensity. It is called the neutral (or 
the pare-water) pressure. The balance (I; = u1 - u,, ui = uz 
- uw, and a; = u3 - u, represents an excess over the neutral 
stress, uw, and it has its seat exclusively in the solid phase of 
the soil. All the measurable effects of a change in stress, such 
as compression, distortion, and a change in shearing resis- 
tance, are exclusively due to changes in the effective stress 
ai, ui, and u;. 

The stress state variable for a saturated soil has been 
called‘the.effective stress and is commonly expressed in the 
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so-called ‘‘effective stress’ * equations have attempted to 
provide a single-valued effective stress or one stress state 
variable for an unsaturated soil. Soil parameters are used 
in all proposed equations. The incorporation of a soil prop- 
erty in the description of the stress state leads to difficul- 
ties. Variables used for the description of a stress state 
should be independent of soil properties (Fung, 1977). Ex- 
perimental results have shown that the soil properties mea- 
sured do not yield a single-valued relationship to the pro- 
posed effective stress. In other words, the soil property in 
the proposed effective stress equation has different magni- 
tudes for different problems (Le., volume change and shear 
strength), different stress paths, and different types of soil 
(Jennings and Burland, 1962; Coleman, 1962; Bishop and 
Blight, 1963; Budand, 1964; Burland, 1965; Blight, 1965). 

More recently, there has been a tendency to use the stress 
state variables for an unsaturated soil in an independent 
manner. In other words, the effective stress equation has 
been separated into two independent stress state variables, 
and the need for the incorporation of soil properties in the 
stress state description no longer exists. Consideration of 
the contractile skin as a phase lends support to the theoret- 
ical justification for two. independent stress state variables 
for an unsaturated soil (Fredlund and Morgenstern, 1977). 
The use of two independent stress state variables is advo- 
cated throughout this book. 

In 1941, Biot proposed a general theory of consolidation 
for an unsaturated soil with occluded air bubbles. The con- 
stitutive equations relating stress and strain were formu- 
lated in terms of the effective stress, (a - u,), and the 
pore-water pressure, u,. In other words, the need for sep- 
arating the effects of total stress and pore-water pressure 
was recognized. Personnel at the Roads Research Labora- 
tory were probably the first group to recognize the impor- 
tance of soil suction in relation to road and air field design 
(Croney, 1952). Croney et al., (1958) proposed the follow- 
ing form of an effective stms equation for an unsaturated 
soil: 

form of an equation: 

a’ = a - u, (3.1) 
where 

a‘ = effective normal stress 
(I = total normal stress 

u, = pore-water pressure. 

Equation (3.1) is referred to as the effective stress equa- 
tion, and is a definition of the stress state variable for sat- 
urated soils. Evidence has shown that only a single-valued 
effective stress or one stress state variable [i.e., (a - u,)] 
is required to describe the mechanical behavior of a satu- 
rated soil. A more complete description of the stress state 
involves writing the effective stress for each of three or- 
thogonal directions and including shear components. The 
validity of the effective stress as a stress state variable for 
saturated soils has been well accepted and experimentally 
verified (Rendulic, 1936; Bishop and Eldin, 1950; Laugh- 
ton, 1955; Skempton, 1961). 

The effective stress concept forms the fundamental basis 
for studying saturated soil mechanics. All mechanical as- 
pects of a saturated soil are governed by the effective stress. 
The change in volume and shear strength is controlled by 
a change in the effective stress. In other words, an effective 
stress change will alter the equilibrium state of a saturated 
soil. The success of the effective stress concept in describ- 
ing saturated soil behavior has often resulted in effective 
stress being considered as a law. Although the effective 
stress equation in Eq. (3.1) is not a physical law, the ef- 
fective stress has proven to be the only stress state variable 
controlling the behavior of a saturated soil. 

There have been attempts to express the effective stress 
in different forms. However, the proposed, modified effec- 
tive stress equations have involved the incorporation of a 
soil property (e.g., contact area between soil particles) into 
the description of the stress state. The incorporation of a 
soil property produces a constitutive relation which be- 
comes questionable as a stress state variable from a contin- 
uum mechanics standpoint. 

3.1.2 Proposed Effective Stress Equation for an 
Unsaturated Soil 
Unsaturated soil behavior is more complex than Saturated 
soil behavior. Unsaturated soils have commonly been 
viewed as a three-phase system (Lambe and Whitman, 
1979). More recently, the contractile skin (Le., the air- 
water interface) has been introduced as a fourth and inde- 
pendent phase (Fredlund and Morgenstem, 1977). Consid- 
eration of the contractile skin as the fourth phase is later 
used in the theoretical stress analysis for an unsaturated 
soil. 

It is desirable that the concept of effective stress for sat- 
urated soils be extended to unsaturated soils. All proposed, 

af = a - p’u, (3.2) 

where 

a’ = effective normal stress 
u = total normal stress 

6’ = the holding or bonding factor which is a measure 
of the number of bonds under tension, effective in 
contributing to the shear strength of the soil 

u, = pore-water pressure. 

Bishop (1959) suggested a tentative expression for effec- 
tive stress which has gained widespread reference (Le., 
Lecture in Oslo, Norway, in 1955): 

a’ = (a - u,) + x(u, - u,) (3.3) 

    



4 3 STRESS STATE VARIABLES 

where 

u, = pore-air pressure 
x = a parameter related to the degree of saturation of 

The magnitude of the x parameter is unity for a saturated 
soil and zero for a dry soil. The relationship between x and 
the degree of saturation, S, was obtained experimentally. 
Experiments were performed on cohesionless silt (Donald, 
1961) and compacted soils (Blight l%l), as shown in Fig. 
3.l(a) and 3. I@), respectively. Figure 3.1 demonstrates 
the influence of the soil type on the x parameter (Bishop 
and Henkel, 1962). Bishop et al. (1960) presented the re- 
sults of triaxial tests performed on saturated and unsatu- 
rated soils in an attempt to substantiate the use of Bishop’s 
equation [i.e., Eq. (3.3)]. 

Bishop and Donald (1961) published the results of triax- 
ial tests on an unsaturated silt in which the total, pore-air, 
and pore-water pressures were controlled independently. 
During the tests, the confining, pore-air, and pore-water 

the soil. 
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Figure 3.1 The relationship between the x parameter and the 
degree of saturation, S. (a) x values for a cohesionless silt (after 
Donald, 1961); (b) x values for compacted soils (after Blight, 
1961). 

pressures (Le., a,, u,, and u,) were varied in such a way 
that the (u3 - u,) and (u, - uw) variables remained con- 
stant. The results showed that the stress-strain curve re- 
mained monotonic during these changes. This lent credi- 
bility to the use of Eq. (3.3); however, the test results 
equally justify the use of independent stress state variables. 

Aitchison (1961) proposed the following effective stress 
equation at the Conference on Pore Pressure and Suction 
in Soils, London, in 1960: 

uf = u + J.p” (3.4) 

where 

p” = pore-water pressure deficiency 
J. = a parameter with values ranging fmm zero to one. 

Jennings (1961) also proposed an effective stress equa- 
tion at the same conference: 

0 )  = (I + pp” (3.5) 

where 

p”  = negative pore-water pressure taken as a positive 
value 

6 = a statistical factor of the same type as the contact 
area. This factor should be measured experimen- 

Equations (3.2), (3.3), (3.4), and (3.5) are equivalent 
when the pore-air pressure used in all four equations is the 
same (i.e., 0‘ = x = 1c, = 6) .  Only Bishop’s form [i.e., 
Eq. (3.3)] references the total and pore-water pressures to 
the pore-air pressure. The other equations simply use gauge 
pressures which are referenced to the external air pressure. 

Jennings and Burland (1962) appear to be the first to sug- 
gest that Bishop’s equation did not provide an adequate 
relationship between volume change and effective stress for 
most soils, particularly those below a critical degree of sat- 
uration. The critical degree of saturation was estimated to 
be approximately 20% for silts and sands, and as high as 
8 5 4 0 %  for clays. 

Coleman (1962) suggested the use of “reduced” stress 
variables, (a, - u,), (u3 - u,), and (u, - u,), to represent 
the axial, confining, and pore-water pressures, respec- 
tively, in triaxial tests. The constitutive relations for vol- 
ume change in unsaturated soils were then formulated in 
terms of the above stress variables. 

In 1963, Bishop and Blight reevaluated the proposed ef- 
fective stress equation [Le., E!q. (3.3)] for unsaturated soils. 
It was noted that a variation in matric suction, (u, - uw), 
did not result in the same change in effective stress as did 
a change in the net normal stress, (a - u,). A graphical 
presentation was suggested for volume change (or void ra- 
tio change, Ae) versus the (a - u,) and (u, - u,) stress 
variables. This further reinforced the use of the stress state 
variables in an independent manner. Blight (1965) con- 
cluded that the proposed effective stress equation depends 

tally. 
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stress variable. Experiments have demonstrated that the ef- 
fective stress equation is not single-valued. Rather, there 
is a dependence on the stress path followed. The soil pa- 
meter  used in the effective stress equation appears t~ be 
difficult to evaluate. In general, the proposed effective stress 
equations have not received much recent attention in de- 
scribing the mechanical behavior of unsaturated soils. In 
refemng to the application of Bishop’s effective stress 
equation, Morgenstern (1979) stated that the equation has 
“-proved to have little impact on practice. The parameter 
x when determined for volume change behaviour was found 
to differ when determined for shear strength.” 

Probably more impottant than the above experimental dif- 
ficulties is the philosophical difficulty in justifying the use 
of soil properties in the description of a stress state. Mor- 
genstern (1979) stated, “The effective stress is a stress 
variable and hence related to equilibrium considerations 
alone while [Equation 3.31 contains a parameter, x ,  that 
bears on constitutive behavior. This parameter is found 
by assuming that the behavior of a soil can be expressed 
uniquely in terms of a single effective stress variable and 
by matching unsaturated behaviour with saturated behav- 
ior in order to calculate x .  Normally, we link equilibrium 
considerations to deformations through constitutive behav- 
ior and do not introduce constitutive behavior directly 
into the stress variable.” Reexamination of the proposed 
effective stress equations has led many researchers to sug- 
gest the use of independent stress state variables [e.g., 
(a - u,) and (u, - u,)] to describe the mechanical behav- 
ior of unsaturated soils. 

Fredlund and Morgenstern (1977) presented a theoretical 
stress analysis of an unsaturated soil on the basis of multi- 
phase continuum mechanics. The unsaturated soil was con- 
sidered as a four-phase system. The soil particles were as- 
sumed to be incompressible and the soil was treated as 
though it were chemically inert. These assumptions are 
consistent with those used in saturated soil mechanics. 

The analysis concluded that any two of three possible 
normal stress variables can be used to describe the stress 
state of an unsaturated soil. In other words, there are three 
possible combinations which can be used as stress state 
variables for an unsaturated soil. These are: 1) (a  - u,) 
and (u, - u,), 2) (a - u,) and (u, - u,), and 3) (a - u,) 
and (a - u,). In a three-dimensional stress analysis, the 
stress state variables of an unsaturated soil form two in- 
dependent stress tensors. These are discussed in the follow- 
ing sections. The proposed stress state variables for unsat- 
urated soils have also been experimentally tested (Fredlund, 
1973). 

The stress state variables can then be used to formulate 
constitutive equations to describe the shear strength behav- 
ior and the volume change behavior of Unsaturated soils. 
This eliminates the need to find a single-valued effective 
stress equation that is applicable to both shear strength and 
volume change problems. The use of independent stress 

on the type of process to which the soil was subjected. 
Burland (1954, 1965) fulther questioned the validity of the 
proposed effective stress equation, and suggested that the 
mechanical behavior of unsaturated soils should be inde- 
pendently related to the stress variables, (a - u,) and 
(u, - u,), whenever possible. 

Richards (1966) incorporated a solute suction component 
into the effective stress equation: 

(3.6) Q’ = (I - U, + xm(h, + u,) + xS(h, + u,) 
where 

xm = effective stress parameter for matric suctian 
h, = matric suction 

= effective stress pameter for solute suction 
h, = solute suction. 

Little reference has subsequently been made to this equa- 
tion. Aitchison (1967) pointed out the complexity associ- 
ated with the x parameter. He stated that a specific value 
of x may only relate to a single combination of (a) and 
(u, - ro,) for a particular stress path. It was suggested that 
the terms (a) and (u, - u,) be separated in analyzing the 
behavior of unsaturated soils. Later, constitutive relation- 
ship data (Aitchison and Woodbum, 1969) were presented 
in accordance with the proposed independent stress vari- 
ables. 

Matyas and Radhakrishna (1968) introduced the concept 
of “state parameters” in describing the volumetric behav- 
ior of unsaturated soils. Volume change was presented as 
a three-dimensional surface with respect to the state param- 
eters, (a - u,) and (u, - u,). Barden et al. (1969a) also 
suggested that the volume change of unsaturated soils be 
analyzed in terms of the separate components of applied 
stress, (a - u,), and suction, (u, - u,). 

Brackley (1971) examined the application of the effective 
stress principle to the volume change behavior of unsatu- 
rated soils. He concluded from his test results that there 
was a limit to the use of a single-valued effective stress 
equation. 

Aitchison (1965a, 1973) presented an effective stress 
equation slightly modified from that of Richards (1966): 

(3.7) a’ = a + x,p: + x,p: 
where 

p$ = matric suction, (u, - u,) 
p,” = solute suction 

xm and xs = soil parameters which are normally within 
the range of 0-1, which are dependent upon 
the stress path. 

The above history shows that considerable effort has been 
extended in the search for a single-valued effective stress 
equation for unsaturated soils. Numerous effective stress 
equations have been proposed. All equations incorporate a 
soil parameter in order to form a single-valued effective 
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state variables has produced a more meaningful description 
of unsaturated soil behavior, and forms the basis for for- 
mulations in this book. 

3.2 STRESS STATE VARIABLES FOR 
UNSA"RATED SOILS 

The mechanical behavior of soils is controlled by the same 
stress variables which control the equilibrium of the soil 
structure. Therefore, the stress variables required to de- 
scribe the equilibrium of the soil structure can be taken as 
the stress state variables for the soil. The stress state vari- 
ables must be expressed in terms of the measurable stresses, 
such as the total stress, u, the pore-water pressure, uwr and 
the pore-air pressure, u,. An equilibrium stress analysis 
can be performed for an unsaturated soil after considering 
the state of stress at a point in the soil. 

3.2.1 Equilibrium Analysis for Unsaturated Soils 
There are two types of forces that can act on an element of 
soil. These are body forces and surface forces. Body fowes 
act through the centroid of the soil element, and are ex- 
pressed as a force per unit volume. Gravitational and in- 
teraction forces between phases are examples of body 
forces. Surface forces, such as external loads, act only on 
the boundary surface of the soil element. The average value 
of a surface force per unit area tends to a limiting value as 
the surface area approaches zero. This limiting value is 
called the stress vector or the surface traction on a given 
surface. The component of the stress vector perpendicular 
to a plane is defined as a normal stress, u. The stress com- 

ponents parallel to a plane am referred to as shear stresses, 

an infinite number of planes (or surfaces) that 
can be passed through a point in a soil mass. The stress 
state at a point can be analyzed by considering all the 
stresses acting on the planes that form a cubical element of 
infinitesimal dimensions. In addition, body forces acting 
through the centroid of the soil element should be consid- 
ered. A cubical element that is completely enclosed by 
imaginary, unbiased boundaries yields the conventional free 
body used for a stress equilibrium andysis (Fung, 1969; 
Biot, 1955; Hubbert and Rubey, 1959). Figure 3.2 shows 
a cubical soil element with infinitesimal dimensions of dr, 
dy, and dz in the Cartesian coordinate system. The normal 
and shear stresses on each plane of the element are illus- 
trated in Fig. 3.2. The body forces are not shown. 

N o d  and Shear Stresses on a Soil Element 
Normal and shear stresses act on every plane in the x-,  y-, 
and z-directions. The normal stress, u, has one subscript to 
denote the plane on which it acts. Soils are most commonly 
subjected to compressive normal stresses. In soil mechan- 
ics, a positive nonnal stress is used to indicate a compres- 
sion in the soil. All the normal stresses shown in Fig. 3.2 
are positive or compressive. Opposite directions would in- 
dicate negative normal stresses or tensions. 

The shear stress, 7,  has two subscripts. The first sub- 
script denotes the plane on which the shear stress acts, and 
the second subscript refers to the direction of the shear 
stress. As an example, the shear stress, 7R, acts on the 
y-plane and in the z-direction. All of the shear stresses 

7. 
There 
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shown in Fig. 3.2 have positive signs. Opposite directions where 
would indicate negative shear stresses. 

Equating the summation of moments about the x-, y-, 
and z-axes to zero results in the following shear stress re- 
lationships: 

TYz = Try. (3.10) 

The stress components can vary from plane to plane 
across an element. The spatial variation of a stress com- 
ponent can be expressed as its derivative with respect to 
space. The stress variations in the x-, y-, and z-directions 
are expressed as stress fields (Fig. 3.2). 

Equilibrium Equalions 
The stress equilibrium conditions for an unsaturated soil 
are presented in Appendix B. A cubical element of an un- 
saturated soil (Fig. 3.2) is used in the equilibrium analysis. 
Newton’s second law is applied to the soil element by sum- 
ming the forces in each direction (i.e., x-,  y-, and 
z-directions). An equilibrium condition for an unsaturated 
soil element implies that the four phases (Le., air, water, 
contractile skin, and soil particles) of the soil are in equi- 
librium. Each phase is assumed to behave as an indepen- 
dent, linear, continuous, and coincident stress field in each 
direction. An independent equilibrium equation can be 
written for each phase and superimposed using the princi- 
ple of superposition. However, this may not give rise to 
equilibrium equations with stresses that can be measured. 
For example, the interpalticle stresses cannot be measured 
directly. Therefore, it is necessary to combine the indepen- 
dent phases in such a way that measurable stresses appear 
in the equilibrium equation for the soil structure (Le., the 
arrangement of soil particles). 

The force equilibrium equations for the air phase, the 
water phase, and contractile skin, together with the total 
equilibrium equation for the soil element are used in for- 
mulating the equilibrium equation for the soil structure. In 
the y-direction, the equilibrium equation for the soil struc- 
ture has the following form: 

374 aua 
at aY + - + (n, + n,) - 

af * 
aY + n,(u, - uw)- = 0 (3.11) 

rXy = shear stress on the x-plane in the 

uy = total normal stress in the ydirection (or 

u, = pore-air pressure 
f * = interaction function between the equi- 

librium of the soil structure and the 
equilibrium of the contractile skin 

(ay - u,) = net normal stress in the ydirection 
n, = porosity relative to the water phase 
n, = porosity relative to the contractile skin 
u, = pore-water pressure 

r4 = shear stress on the z-plane in the 

n, = porosity relative to the soil particles 
g = gravitational acceleration 

p, = soil particle density 

ydirection 

on the y-plane) 

(u, - u,) = matric suction 

ydirection 

F& = interaction f o m  (i.e., body force) be- 
tween the water phase and the soil par- 
ticles in the y-direction 

F g  = interaction force (Le., body force) be- 
tween the air phase and the soil particles 
in the ydirection. 

Similar equilibrium equations can be written for the x- 
and z-directions. The stress variables that control the equi- 
librium of the soil structure [i.e., Eq. (3.11)] also control 
the equilibrium of the contractile skin through the interac- 
tion function, f *. 

3.2.2 Stress State Variables 
Three independent sets of normal stresses (Le., surface 
tractions) can be extracted from the equilibrium equation 
for the soil structure [Eq. (3.11)]. These are (by - uJ, 
(u, - u,), and (u,), which govern the equilibrium of the 
soil structure and the contractile skin. The components of 
these variables are physically measurable quantities. The 
stress variable, u,, can be eliminated when the soil parti- 
cles and the water are assumed to be incompressible. The 
((I - u,) and (u, - u,) are referred to as the stress state 
variables for an unsaturated soil. More specifically, these 
are the surface tractions controlling the equilibrium of the 
soil structure and the contractile skin. 

Similar stress state variables can also be extracted from 
the soil structure equilibrium equations for the x- and 
zdirections. The complete form of the stress state for an 
unsaturated soil can therefore be written as two indepen- 
dent stress tensors: 

rxy (@y - u,) 74 (3.12) 

7yz (UZ - u 3  I 
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U. ) 

Figure 3.3 The stress state variables for an unsaturated soil. 

and 

(Ua - u w )  1. (3.13) 

The above tensors cannot be combined into one matrix 
since the stress variables have different soil properties (i.e., 
porosities) outside the partial differential terms [see Eq. 
(3.1 l)]. The porosity terms are soil properties that should 
not be included in the description of the stress state of a 
soil. Figure 3.3 illustrates the two independent tensors act- 
ing at a point in an unsaturated soil. 

In the case of compressible soil particles or pore fluid, 
an additional stress tensor, u,, must be used to describe the 

['" iuw) 0 O (Ua - u w )  

stress state: 

u, 0 0 

0 0 ua 

0 Ma 0 1  (3.14) 

The pore-air and pore-water pressures are usually ex- 
pressed in terms of gauge pressure. This is a common prac- 
tice in engineering. Under certain circumstances, such as 
when dealing with the gas law, the absolute air pressure 
must be used. Figure 3.4 illustrates the relationship be- 
tween absolute and gauge pressures. 

Other Combinations of Stress State Variables 
The equilibrium equation for the soil structure [i.e., Eq. 
(3.1 l)] can be formulated in a slightly different manner by 
using the pore-water pressure, u,, or the total normal 
stress, u, as a reference (see Appendix B). If the pore- 
water pressure, u,, is used as a reference, the following 
combination of stress state variables, (a - u,), (u, - u,), 
and (uw), can be extracted from the equilibrium equations 
for the soil sttucture. The stress variable, u,, is only of 
relevance for soils with compressible soil particles. If the 
total normal stress, a, is used as a reference, the following 
combination of stress state variables, (a - u,), (a - u,), 
and (a), can be extracted from the equilibrium equations 
for the soil structure. The stress variable, u, can be ignonxl 
when the soil particles are assumed to be incompressible. 

In summary, there are three possible combinations of 
stress state variables that can be used to describe the stress 
state relevant to the soil structure and contmtile skin in an 
unsaturated soil. These are tabulated in Table 3.1. The three 
combinations of stress state variables are obtained from 
equilibrium equations for the soil structure which are de- 
rived with respect to three different references (i.e., u,, u,, 
and a). However, the (a - u,) and (u, - u,) combination 
appears to be the most satisfactory for use in engineering 
practice (Fredlund, 1979; Fmilund and Rahardjo, 1987). 
This combination is advantageous because the effects of a 
change in total normal stress can be separated from the ef- 
fects caused by a change in the pore-water pressure. In 
addition, the pore-air pressure is atmospheric (i.e., zero 
gauge pressure) for most practical engineering problems. 

Gauge pressures _.__L 

I 
-101.3 kPa 

-1 Atmosphere 
0 kPa 
0 Atmosphere 

01 0 , @ Pressure 
01 0 0 

0 kPa 101.3 kPa 
0 Atmosphere 1 Atmosphere 

Absolute pressures - t 

t 
Lower limit for 

a gas 

Cavitation will occur in ordinary 
water measuring systems (air comes out of solution) 

Figure 3.4 Relationship between absolute and gauge pressures. 
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' Table 3.1 Possible Combinations of Stress 
State Variables for an Unsaturated Soil 

Reference Pressure Stress State Variables 

Air, u, (u - u,) and (u, - u,) 
Water, u, (0 - u 3  and (u, - u,) 
Total, a (a - u,) and (a - u,) 

Referencing the stress state to the pore-air pressure would 
appear to produce the most reasonable and simple combi- 
nation of stress state variables. The (a - u,) and (u, - u,) 
combination is used throughout this book, and these stress 
variables are referred to as the net normal stress and the 
matric suction, respectively. 

3.2.3 Saturated Soils as a Special Case of 
Unsaturated Soils 
A saturated soil can be viewed as a special case of an un- 
saturated soil. The four phases in an unsaturated soil re- 
duce to two phases for a saturated soil (Le., soil particles 
and water). The phase equilibrium equations for a saturated 
soil can be derived using the same theory used for unsat- 
urated soils (Appendix B). There is also a smooth transition 
between the stress state for a saturated soil and that of an 
unsaturated soil. 

As an unsaturated soil approaches saturation, the degree 
of saturation, S, approaches 100%. The pore-water pres- 
sure, u,, appmaches the pore-air pressure, u,, and the ma- 
tric suction term, (u, - u,), goes towards zero. Only the 
first stress tensor is retained for a saturated soil when con- 
sidering this special case: 

7xy b y  - u 3  7vr Tu, 1. (3.15) 

The second stress tensors [Le., Eq. (3.13)] disappears 
because the matric suction, (u, - u,), goes towards zero. 
The pore-air pressure term in the first stress tensor [Le., 
Eq. (3.12)] becomes the pore-water pressure, u,, in the 
stress tensor for a saturated soil [Le., Eq. (3.15)]. The 
stress state variables for saturated soils are shown diagram- 
matically in Fig. 3.5. The above rationale demonstrates the 
smooth transition in stress state description when going 
from an unsaturated soil to a saturated soil, and vice versa. 

The stress tensor for a saturated soil indicates that the 
difference between the total stress and the pore-water pres- 
sure forms a stress state variable that can be used to de- 
scribe the equilibrium. This stress state variable, (a - u,), 
is commonly r e f e d  to as effective stress (Terzaghi, 
1936). The so-called effective stress law is essentially a 
stress state variable which is requid to describe the me- 

( a x  - u w )  7yx 

[ 7xr 7yz (a, - u 3  

(a, - u,) 

Figure 3.5 The stress state variables for a saturated soil. 

chanical behavior of a saturated soil. For the case of com- 
pressible soil particles, an additional stress tensor (i.e. , u,) 
should be used toedescribe the complete stress state for a 
saturated soil (Skempton, l%l). 

3.2.4 Dry Soh 
Evaporation from a soil or airdrying a soil will bring the 
soil to a dry condition. As the soil dries, the matric suction 
increases. Numerous experiments have shown that the ma- 
tric suction tends to a common limiting value in the range 
of 620-980 MPa as the water content appmaches 0% 
(Fredlund, 1964). The relationship between the water con- 
tent and the suction of a soil is commonly referred to as the 
soil-water characteristic curve. Figure 3.6 presents the 
soil-water characteristic curve for Regina clay. The gra- 

(3 
4 
b 
0 

Matric suction, (u. - u,) (kPa) 

Figure 3.6 Soil-water characteristic curve for Regina clay (from 
Fredlund, 1964). 
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1.  Dune sand 
2. Loamy sand 
3. Calcareous fine sandy loam 
4. Calcareous loam 
5. Silt loam derived from loess 
6. Young oligotrophous peat soil 

0.6 - 

10-1 i i o  102 103 io4 10' io6 
Matric suction, (u. - u,) (kPa) 

Figure 3.7 Soil-water characteristic cuwe for some Dutch soils 
(from Koorevaar et al., 1983). 

vimetric water content, expressed in terms of (wG,), is 
plotted against matric suction. The void ratio, e, is also 
plotted against matric suction. The plot shows a decreasing 
void ratio and water content as the matric suction in- 
creases. Further results are shown in Fig. 3.7 where the 
volumetric water content, e,, is plotted versus matric suc- 
tion for various soils. The suction approaches a value of 
approximately 980 MPa (Le., 9.8 X Id kPa) at 0% watu 
content, as shown in both figures. The above plots illus- 
trate the continuous nature of the water content versus suc- 
tion relationship. In other words, there does not appear to 
be any discontinuity in this relationship as the soil desatur- 
ates. In addition, the void ratio approaches the void ratio 
at the shrinkage limit of the soil as the water content ap- 
proaches 0%, as shown in Fig. 3.8. Even for a sandy soil, 

2.4 r I I , -1 

0.8 l----b+- 

- UA 

't 

Figure 3.9 The stress state variables for a dry soil. 

the soil suction continues to increase with drying to 0% 
water content. 

The effects of a change in matric suction on the mechan- 
ical behavior of a soil may become negligible as the soil 
approaches a completely dry condition. In other words, a 
change in matric suction on a dry soil may not produce any 
significant change in the volume or shear strength of the 
soil. For these dry soils, the net normal stress, (u - u,), 
may become the only stress state variable controlling their 
behavior. 

The effect of a matric suction change on the volume 
change of Regina clay is demonstrated in Fig. 3.8. As the 
matric suction of the soil is increased, the water content is 
reduced and the volume of the soil decreases. However, 
prior to the soil becoming completely dry, the volume of 
the soil remains essentially constant regardless of the in- 
crease in matric suction. 

As a soil becomes extremely dry, a matric suction change 
may no longer produce any significant changes in mechan- 
ical properties. Although matric suction remains a stress 
state variable, it may not be required in describing the be- 
havior of the soil. Only the first stress tensor with (a - u,) 
may be required for describing the volume decrease of a 
dry soil (Fig. 3.9): 

1 

On the other hand, it may be necessary to consider matric 
suction as a stress state variable when examining the vol- 
ume increase or swelling of a dry soil. 

J 
20 40 60 80 

Water content, w (%) 

Figure 3.8 Void ratio versus water content for Regina clay (from 
Fredlund, 1964). 

3.3 LIMITING STRESS STATE CONDITIONS 

There is a hierarchy with respect to the magnitude of the 
individual stress components in an unsaturated soil: 

(3.17) u > u, > u,. 
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The hierarchy in Eiq. (3.17) must be maintained in order 
to ensure stable equilibrium conditions. Limiting stress 
state conditions occur when one of the stress state variables 
becomes zero. For example, if the pore-air pressure, u,, is 
momentarily increased in excess of the total stress, u, an 
“explosion” of the sample may occur. In other words, once 
the (u - u,) variable goes to zero, a limiting stress state 
condition is reached. This limiting stress condition is uti- 
lized in the pressure plate test [Fig. 3.10(a)]. Let us sup- 
pose that an external air pressure greater than the pre-  
water pressure is applied to an unsaturated soil. The sample 
could be visualized as being surrounded with a rubber 
membrane which is subjected to a total stress equal to the 
external air pressure. The pore-air pressure is also equal to 
the external air pressure. In this case, the difference be- 
tween the total stress, (I, and the pore-air pressure, u,, is 
zero and the stress state variable (u - u,) ’vanishes. The 
stress state variable, (u, - u,), can be used to describe the 
behavior of the unsaturated soil under this limiting condi- 
tion. 

Another limiting stress state condition occurs when ma- 
tric suction, (u, - u,), vanishes. If the pore-water pres- 
sure is increased in excess of the pore-air pressure, the 
degree of saturation of the soil approaches 100%. The 
backpressure oedometer test [Fig. 3.10(b)] is an example 
involving the limiting condition where matric suction van- 
ishes. As the backpressure is applied to the water phase of 
an initially unsaturated soil, the degw of saturation ap- 
proaches 100%. The pore-water pressure approaches the 
pore-air pressure and the matric suction goes to zero. The 
behavior of the soil can now be described in terms of one 
stress state variable [Le., (a - u,)]. A smooth transition 
from the unsaturated case to the saturated case takes place 
under the limiting stress state condition of pore-air pres- 
sure being equal to pore-water pressure. 

A limiting condition occufs in saturated soils when the 
stress state variable (a  - u,) (i.e., the effective stress) 
reaches zero. At this point, the saturated soil becomes un- 

Total stress = 500 kPa 
(External air pressure) 

brane 

u. = 5 

u-U. = 500 - 200 = 300kPa 
US- uW = 500 - 200 = 300 kPa 
u -u, 500 - 500 = 0 kPa 

(a) 

stable. The soil is said to “‘quick.” A further increase in 
the pore-water pressure results in a “boil” being formed. 

3.4 EXPERIMENTAL TESTING OF THE 
STRESS STATE VARIABLES 

The validity of the theoretical stress state variables should 
be experimentally tested. A suggested criterion was pro- 
posed by Fredlund and Morgenstern (1977): 

“A suitable set of independent stress state variables are those 
that produce no distortion or volume change of an element when 
the individual components of the stress state variables are mod- 
ified but the stress state variables themselves are kept constant. 
Thus the stress state variables for each phase should produce 
equilibrium in that phase when a stress point in space is con- 
sidel.ed. ” 

The experiments used by Fredlund and Morgenstern 
(1977) to test the stress state variables are called “null” 
tests. The working principle for the “null” tests is based 
upon the above criterion for testing stress state variables. 
The “null” tests consider the overall and water volume 
change (or equilibrium conditions) of an unsaturated soil. 
An axis-translation technique (Hilf, 1956) was used in test- 
ing the unsaturated soil. Similar null-type tests related to 
the shear strength of an unsaturated silt were performed by 
Bishop and Donald (l%l). 

3.4.1 The Concept of Axis Translation 
Difficulties arise in testing unsaturated soils with negative 
pore-water pressures approaching -1 a m  (Le., zero ab- 
solute pressure). Water in the measuring system may start 
to cavitate when the water pressure approaches -1 atm 
(i.e., - 101.3 kPa gauge). As cavitation occurs, the mea- 
suring system becomes filled with air. Then, water from 
the measuring system is forced into the soil. 

The axis-translation technique is commonly used in the 
laboratory testing of unsaturated soils in order to prevent 

Total stress = 500 kPa 

U. i: 200 kPa 

u. = 200 kPe 
Soil specimen 

u - uv = 500 - 200 = 300 kPa 
u.-uv = 200 - 200 = 0 kPa 

(b) 
u - U, = 500 - 200 = 300 kP8 

Figure 3.10 Tests performed at limiting stress state conditions. (a) Pressure plate test; (b) back- 
pressure oedometer test. 
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having to measure pore-water pressures less than zero ab- 
solute. The procedure involves a translation of the refer- 
ence or pore-air pressure. The pore-water pressure can then 
be referenced to a positive air pressure (Hilf, 1956). Figure 
3.11 presents results from null-type, pressure plate tests 
which demonstrate the use of the axis-translation technique 
in the measurement of matric suctions. This measuring 
technique is described in detail in Chapter 4. Unsaturated 
soil specimens were subjected to various external air pres- 
sures. The pore-air pressure, u,, becomes equal to the ex- 
ternally applied air pressure. As a result, the pore-water 
pressure, u,, undergoes the same pmssure change as the 
change in the applied air pressure. In this way, the matric 
suction of the soil remains constant regardless of the trans- 
lation of both the pore-air and pore-water pressures. 
Therefore, the pore-water pressure can be raised to a pos- 
itive value that can be measured without cavitation occur- 
ring. The axis-translation technique has been successfully 
applied by numerous researchers to the volume change and 
shear strength testing of unsaturated soils (Bishop and Don- 
ald, 1961; Gibbs and Coffey, 1969b; Fredlund, 1973; Ho 
and Fredlund, 1982a; Gan et al. 1988). 

The use of the axis-translation technique requires the 
control of the pore-air pressure and the control or mea- 
surement of the pore-water pressure. In a triaxial cell, the 
pore-air pressure is usually controlled through a coarse co- 
rundum disk placed on top of the soil sample. The pore- 
water pressure is controlled through a saturated high air 
entry ceramic disk sealed to the pedestal of the triaxial cell. 
The high air entry disk is a porous, ceramic disk which 
allows the passage of water, but prevents the flow of free 
air. Continuity between the water in the soil and the water 
in the ceramic disk is necessary in order to correctly estab- 
lish the matric suction. The matric suction in the soil spec- 
imen must not exceed the air entry value of the ceramic 
disk. Air entry values for the ceramic disks generally range 
from about 50.5 kPa (1 bar) up to 1515 kPa (15 bars). 

*00 r - l - -  I I I I I 

a g - m m l  

-lo0O 50 100 150 200 250 300 

Air pressure, u. (kPa) 

Figure 3.11 Detemination of matric suction using the axis- 
translation technique (from Hilf, 1956). 

3.4.2 Null Tests to Test Stress State Variables 
Null-type test data to “test” the stress state variables for 
unsaturated soils were published by Fredlund and Morgen- 
stem in 1977. The components (Le., a, u,, and u,) of the 
proposed stress state variables were varied equally in order 
to maintain constant values for the stress state variables 
[i.e., (a - u,), (u, - u,), and ((I - u,)]. In other words, 
the components of the stress state variables were increased 
or decreased by an equal amount while volume changes 
were monitored: 

Aa, = Aay = Aaz = Au, = Au,. (3.18) 

If the proposed stress state variables are valid, there 
should not be any change in the overall volume of the soil 
sample, and the degree of saturation of the soil should re- 
main constant throughout the “null” test. In other words, 
positive results from the “null” test should show zero 
overall and water volume changes. 

It is difficult to measure zero volume change over an ex- 
tended period of testing. Slight volume changes may still 
occur due to one or more of the following reasons: 1) an 
imperfect testing procedure, 2) air diffusion through the 
high air entry disk, 3) water loss from the soil specimen 
through evaporation or diffusion, and 4) secondary consol- 
idation. 

A total of 19 “null” tests were performed on compacted 
kaolin. The soil was compacted according to the standard 
AASHTO procedure. Two types of equipment were used 
in performing the “null” tests. For the first apparatus, one- 
dimensional loading was applied using an enclosed, mod- 
ified oedometer. The second apparatus involved isotropic 
loading using a modified triaxial cell. The axis-translation 
technique was used in both cases. 

The pressure changes associated with the “null” tests on 
unsaturated soil samples are summarized in Table 3.2. The 
individual stress variables were varied in accordance with 
Eq. (3.18), while the stress state variables were kept con- 
stant. The measured volume changes of the overall sample 
and water inflow or outflow are given in Table 3.3. The 
results from one test are presented in Fig. 3.12. The results 
show essentially no volume change in the overall specimen 
and little water flow during the “null” tests. The stress 
state variables are therefore “tested” in the sense that they 
define equilibrium conditions for the unsaturated soil. In 
turn, the stress state variables are qualified for describing 
the mechanical behavior of unsaturated soils. 

3.4.3 Other Experimental Evidence in Support of the 
Proposed Stress State Variables 
Other data have been presented in the research literature 
which lend support to the use of the proposed stress state 
variables. Bishop and Donald (1961) performed a triaxial 
strength test on an unsaturated Braehead silt. The total (i.e., 
confining) pressure, a,, the pore-air pressure, and the pore- 
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Table 3.2 Pressure Changes for Null Tests on Unsaturated Soils (From Fredlund, 
1973) 

Initial Pressures &Pa) Change in Pressures (kPa) 
Test 

Number Total, u Air, u, Water, u, Au Aua AUW 

N-23 
N-24 
N-25 
N-26 
N-27 
N-28 
N-29 
N-30 
N-3 1 
N-32 
N-33 
N-34 
N-35 
N-36 
N-37 
N-38 
N-39 
N-40 
N-41 

420.7 
359.4 
495.3 
701.7 
234.2 
474.8 
274.6 
343.1 
41 1.4 
479.5 
549.0 
272.8 
410.9 
480.4 
547.5 
615.4 
549.4 
479.2 
412.6 

278.7 
270.9 
406.8 
613.2 
138.3 
394.6 
202.2 
270.5 
338.3 
406.3 
476.4 
202.2 
338.5 
407.8 
473.7 
541.2 
477.1 
407.6 
340.7 

109.6 
3.0 

143.5 
498.3 
100.3 
32.3 
22.4 
91.2 

160.2 
227.5 
297.2 
73.1 

208.3 
278.0 
343.9 
41 1.3 
347.6 
277.8 
211.4 

+71.4 
+ 135.9 
+68.6 

-204.3 
+68.8 

+ 136.6 
+68.5 
+68.8 
+68.1 
+69.5 
+69.0 
+66.9 
+69.5 
+67.1 
+67.9 
-66.0 
-70.2 
-66.6 

-140.5 

+70.3 + 135.9 
+68.3 

-204.3 
+68.5 

+ 137.4 
+68.3 
+68.5 
+68.0 
+70.1 
+68.0 
+65.9 
+69.3 
+65.9 
+67.5 
-64.1 
-69.5 
-66.9 
- 140.3 

+70.7 
+140.5 
+66.9 

-204.9 
+80.8 

+ 137.9 
+68.8 
+68.8 
+67.3 
+69.7 
+68.4 
+66.1 
+69.7 
+65.9 
+67.4 
-63.7 
-69.8 
-66.4 
- 139.8 

water pressure were vaned by equal amounts in order to 
keep (u3 - u,) and (u, - u,) constant. The pressure 
changes for individual stress components are given in Ta- 
ble 3.4. The values of (u3 - u,) and (u, - u,) throughout 
the test are given in Table 3.5 (Le., Combination 1). If (us 
- u,) and (u, - u,) are valid stress state variables, it would 
be anticipated that the pressure variations should not pro- 
duce any significant change in the shear strength of the soil. 
In other words, the stress versus strain curve of the soil 
should remain monotonic. The test results are plotted in 
Fig. 3.13. The results show that the stress versus strain 
relationship remains monotonic, substantiating the use of 
(u - u,) and (u, - u,) as valid stress state variables. As 
the matric suction variable was changed, towards the end 
of the test (i.e., portion 5), the behavior of the stress versus 
strain relationship was altered, Other small fluctuations in 
the stress versus strain curve were not believed to be of 
consequence. Bishop and Donald (1961) stated that: 

“The small temporary fluctuations in the stress strain curve are 
probably the result of a variation in rate of strain due to the 
change in end thrust on the loading ram as the cell pressure is 
changed. ” 

Other combinations of stress components are equally jus- 
tified, as shown in Table 3.5. 

3.5 STRESS ANALYSIS 

The proposed and tested stress state variables for unsatu- 
rated soils can be used in engineering practice in a manner 
similar to which the effective stress variable is used for 
saturated soils. In situ profiles can be drawn for each of the 
stress components. Their variation with depth and time is 
required for analyzing shear strength or volume change 
problems (i.e., slope instability and heave). Factors af- 
fecting the in situ stress profiles are described in order to 
better understand possible profile variations that may be 
observed in practice. 

Most geotechnical engineering problems can be simpli- 
fied from their three-dimensional form to either a two- or 
onedimensional problem. This also applies for unsaturated 
soils, but the presentation of the stress state must be ex- 
tended, An extended form of the Mohr diagram can be used 
to illustrate the role of matric suction. The extended Mohr 
diagram also helps illustrate the smooth transition to the 
conventional saturated soil case. The concepts of stmss in- 
variants, stress points, and stress paths are also applicable 
to unsaturated soil mechanics. 

3.5.1 In  situ Stress State Component Profiles 
The magnitude and distribution of the stress components 
in the field are required prior to performing most geotech- 
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l 1 1 1 1 1 1 1  I I 1 1 1 1 1 1 1  I I I~~~~~~ I~~~~~~ I I ~ ~ ~ ~ r  
Pressure after a 68.9 kPa increase - 

1 8 3 1 a = 615.4 kPa 
u, = 541.2 kPa 

Null test (N - 37) 

e E . 2  - 

Table 3.3 Volume Changes of the Specimen and Water Flow 
during Null Tests (From Fredlund, 1973) 

Specimen Volume Change 
(%) 

Water 
At Elapsed Volume Elapsed 

Test Immediate Time Change Time 
Number (%) (%) (min.) 

N-23 
N-24 
N-25 
N-26 
N-27 
N-28 
N-29 
N-30 
N-3 1 
N-32 
N-33 
N-34 
N-35 
N-36 
N-37 
N-38 
N-39 
N-40 
N-41 

0.0 
+ O M  
+0.01 
-0.25 

0.0 
-0.15 
-0.015 
-0.005 

- 
+0.055 
+0.015 
+0.010 

0.0 
-0.015 
-0.010 
-0.007 
-0.030 

-0.03 
+0.4 

0.0 
-0.20 
-0.10 
-0.15 
+0.012 
+0.012 
+0.12 
+O. 17 
+O. 15 
+0.060 
+0.033 
-0.020 
-0.005 
+ o m 2  
+0.005 
-0.005 
+0.007 

-0.05 
-0.07 
-0.02 

-0.50 
-0.11 
-0.642 
-0.072 
-0.060 
-0.045 
-0.020 
-0.105 
-0.060 
-0.035 
-0.050 
+0.010 
-0.005 
+0.015 
-0.040 

- 

5800 
1500 
1650 
4300 
1880 
1900 
8700 
1350 
1380 
1390 
410 

4350 
5800 
2800 
5800 
2700 
1500 
5800 
2900 

e 

Total volume change 

a = 549.4 kPa 
u, = 477.1 kPa 
uv = 347.6 kPa 

Water volume change 

Null test (N - 38) 

1 .o 10 100 loo0 loo00  
Elapsed time, t (min) 

Figure 3.12 Results of null tests N-37 and N-38 on compacted kaolin (fmm Fredlund, 1973). 
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Table 3.4 Pressure Changes in Bishop and Donald’s (1961) Triaxial 
Strength Test Experiment on Braehead Silt 

Portion of Confining 
Stress-Strain Pressure, 

Curve’ a3 (Wa) 

Pore-Air Pore-Water Pressure 
Pressure, pressure, Change 
ua (@a) u, (@a) W a )  

1 44.8 
2 77.2 
3 13.8 
4 110.3 
5 110.3 

31 .O -27.6 0.0 
63.4 +4.8 +32.4 
0.0 -58.6 -63.4 

96.5 +37.9 +96.2 
96.5 +66.9 varies 

‘Poxtions 1,2,3, and 4 produced monotonic behavior with constant stress 
state variables, while matric suction was varied in portion 5.  

Table 3.5 Independent Stress State Variables Showing Monotonic Behavior (From Bishop and Donaid’s Data, 
1961) 

Portion of 
Stress Combination 1 Combination 2 Combination 3 
Versus 

1 44.8 - 31.0 = 13.8 31.0 - (-27.6) = 58.6 72.4 58.6 13.8 72.4 
2 77.2 - 63.4 = 13.8 63.4 - (+4.8) = 58.6 72.4 58.6 13.8 72.4 
3 13.8 - 0.0 = 13.8 0 - (-58.6) = 58.6 72.4 58.6 13.8 72.4 
4 110.3 - 96.5 = 13.8 %.5 - (+37.9) = 58.6 72.4 58.6 13.8 72.4 
5 110.3 - 96.5 = 13.8 96.5 - (+66.9) = 29.6 72.4 29.6 13.8 43.4 

‘Portions 1, 2, 3, and 4 produced monotonic behavior. 

nical analyses. The distribution of the stress components 
allows the computation of in situ profiles for the net normal 
stress, (a  - u,), and matric suction, (u, - u,). As the soil 
becomes saturated, the two profiles revert to the classic ef- 
fective stress, (u - u,), profile. The present in situ profiles 
are generally based on field and/or laboratory measure- 
ments, while the final profiles are assumed or computed 
based on theoretical considerations. 

The total normal stress in a soil is a function of the den- 
sity or the total unit weight of the soil. The magnitude and 
distribution of the total normal stress is also affected by the 
application of external loads such as buildings or the re- 
moval of soil through excavation. 

Let us consider a geostatic condition where the ground 
surface is horizontal and the vertical and horizontal planes 
do not have shear stress (Lambe and Whitman, 1979). The 
net normal stresses in the vertical and horizontal directions 
are related to the density of soil. The net normal stress in 

the vertical direction is called the overburden pressure, and 
can be computed as follows (see Fig. 3.14): 

LI 

(uu - ua) = 1 p(z)  g - ua (3.19) 
0 

where 

(a, - u,) = vertical net normal stress 
u, = pore-air pressure 

z1 = ground surface elevation 
z2 = elevation under consideration 
g = gravitational acceleration. 

p(z) = density of the soil as a function of depth 

The vertical net normal stress distribution with respect 
to depth will be a straight line for the case where the den- 
sity is constant. The pore-air pressure is genetally assumed 
to be in equilibrium with atmospheric pressure (i.e., zero 

    



52 3 STRESS STATE VARIABLES 
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Figure 3.13 Drained test on an unsaturated loose silt in which 
03, u., and u, were varied, while keeping (u3-u,) and (u,-u,) con- 
stant. (a) Pressure changes versus strain; @) deviator stress versus 
strain (from Bishop and Donald, 1961). 

gauge pressure). Fig. 3.14(a) shows a typical profile of the 
vertical net normal stress for geostatic conditions. When 
soil strata with distinctly different densities are encoun- 
tered, the integration of Eq. (3.19) should be performed 
for each layer. In this case, the vertical net normal stress 
profile will not be a straight line. 

Coemient of L u t e d  Earth Pressure 
The coefficient of lateral earth pressure, K, can be defined 
as the ratio of horizontal net normal stress to vertical net 
normal stress. This is a slight variation from saturated soil 
mechanics where horizontal and vertical stresses are not 
referenced to the pore-air pressure. 

(3.20) (Oil - uu) 

(a" - uu) 
K =  

where 
(uh - u,) = horizontal net normal stress. 
For geostatic stress conditions where there is no horizon- 

tal strain, K is defined as the coefficient of lateral earth 
pressure ut rest, KO (Tenaghi, 1925). The coefficient of 
lateral earth pressure ut rest depends on several factors, 
such as the type of soil, its stress history, and density (see 
Chapter 11). Saturated soils commonly have KO values 
ranging from as low as 0.4 to values in excess of I .O. Un- 
saturated soils are commonly overconsolidated, and can 
have coefficients of earth pressure af rest greater than 1 .O 
(Bmoker and Ireland, 1965). On the other hand, the coef- 
ficients can go to zero for the case where the soil becomes 
desiccated and cracked. A profile of the horizontal net nor- 
mal stress at rest condition is shown in Fig. 3.14(b). 

The effect of external loads and excavations on the net 
normal stress is presented in Chapter 11. The theory of 
elasticity, commonly used to compute the change in total 
stress, applies similarly for saturated and unsaturated soils. 

Figure 3.14 In situ net normal stress pmfile under geostatic conditions. (a) Vertical net normal 
stress; @) horizontal net normal stress. 
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5 !  

Matric Suction A.ofue 
Matric suction is closely related to the surrounding envi- 
ronment and is of interest in analyzing geotechnical engi- 
neering problems. The in situ profile of pore-water pres- 
sures (and thus matric suction) may vary from time to time, 
as illustrated in Fig. 3.15. The variation in the soil suction 
profile is generally greater than variations commonly oc- 
curring in the net normal stress profile. Variations in the 
suction profile depend upon several factors, as illustrated 
by Blight (1980). 

Ground surface condition. The matric suction profile 
below an uncovered ground surface is affected significantly 
by environmental changes, as shown in Fig. 3.16. Dry and 
wet seasons cause variations in the suction profile, partic- 
ularly close to the ground surface. The suction profile be- 
neath a covered ground surface is more constant with re- 
spect to time than is a profile below an uncovered surface. 
For example, the suction profile below a house or a pave- 
ment is less influenced by seasonal variations than the suc- 
tion profile below an open field. However, moisture may 
slowly accumulate below the covered m a  on a long-term 
basis, causing a reduction in the soil suction. Figure 3.17 
shows several matric suction profiles below a slope in Hong 
Kong. The sloping portion of the slope is covered by a 
layer of soil cement and lime plaster (Le., locally referred 
to as Chunam) to prevent water infiltration into the slope. 
The top portion of the slope was exposed to the environ- 
ment. In this particular case, the soil suction profile re- 
mains relatively constant throughout dry and wet (i.e., 
rainy) seasons. 

Environmental conditions. The matric suction in the 
soil increases during dry seasons and decreases during wet 
seasons. Maximum changes in suction occur near ground 
surface. During a dry season, the evaporation rate is high, 
and it results in a net loss of water from the soil. The op- 
posite condition may occur during a wet season. 
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Figure 3.15 Typical pore-water pressure profiles. 
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Figure 3.16 Typical suction profiles below an uncovered ground 
surface. (a) Seasonal fluctuation; (b) drying influence on shallow 
water table condition; (c) drying influence on deep water table 
condition. (Modified from Blight, 1980). 

Vegetation. Vegetation on the ground surface has the 
ability to apply a tension to the pore-water of up to 1-2 
MPa through the evapotranspiration process. Evapotran- 
spiration results in the removal of water from the soil and 
an increase in the matric suction. The rate of evapotran- 
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Figure 3.17 In situ suction profiles in a steep slope in Hong 
Kong (from Sweeney, 1982). 

spiration is a function of the micmlimate, the type of veg- 
etation, and the depth of the root zone. 

Water table. The depth of the water table influences 
the magnitude of the matric suction. The deeper the water 
table, the higher the possible matric suction. The effect of 
the water table on the matric suction becomes particularly 
significant near ground surface (Blight, 1980). 

Permeability of the soil profile. The permeability of a 
soil represents its ability to transmit and drain water. This, 
in turn, indicates the ability of the soil to change matric 
suction as a result of environmental changes. The perme- 

Due to 

normal , stress 

Inducec 
externs 

Suction 
measuring 
devices 

and 
their I h i t  of 
measurements 

ability of an unsaturated soil varies widely with its degree 
of saturation. The permeability also depends on the type of 
soil. Different soil strata which have varying abilities to 
transmit water in turn affect the in situ matric suction pro- 
file. The relative effects of the environment, the water ta- 
ble, and the vegetation on the matric suction profiles are 
illustrated in Fig. 3.16. 

Matric suction is a hydrostatic or isotropic pressure in 
that it has equal magnitude in all directions. The magnitude 
of the matric suction is often considerably higher than the 
magnitude of the net normal stmss. Typical relative mag- 
nitudes between net normal stress and matric suction are 
shown in Fig. 3.18. This figure illustrates the importance 
of knowing the magnitude of the soil suction when study- 
ing the behavior of unsaturated soils. 

3.5.2 Extended Mohr Diagram 
The state of stress at a point in the soil is three-dimen- 
sional, but the concepts involved are more easily repre- 
sented in a two-dimensional form. In two dimensions, there 
always exists a set of two mutually orthogonal principal 
planes with real-valued principal stresses. The principal 
planes are the planes on which there are no shear stresses. 
The direction of the principal planes depends on the gen- 
eral stress state at a point. The largest principal stress is 
called the major principal stress, and is given the symbol, 
ut .  The smallest principal stress is called the minor prin- 
cipal stress, and is given the symbol, u3. In the case of a 
horizontal ground surface, the horizontal and vertical planes 
are the principal planes. The vertical net noma1 stress is 
generally the net major principal stress, (al - ua), and the 
horizontal net normal stress is the net minor principal stress, 
(03 - 43. 

If the magnitude and the direction of the stresses acting 
on any two mutually orthogonal planes (e.g., the principal 
planes) are known, the stress condition on any inclined 

(Atmosphere) 

I 1 I I I I I .- 
1 10 100 lo00 loo00 100o00 * P= 1800 kg/m3 

g = 9.8 m/sz (kPa) 

Figure 3.18 Typical magnitudes of total normal stress and soil suction. 
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plane can be determined. In other words, the net normal 
stress and shear stress on any inclined plane can be com- 
puted from the known net principal stresses. The matric 
suction, (u, - u,,,), on every inclined plane at a point is 
constant since it is an isotropic tensor. Therefore, only the 
net normal stress and shear stress on an inclined plane need 
to be considered. 

Equation of Mohr Circles 
Consider an unsaturated soil ar rest with a horizontal 
ground surface. The net normal stress and shear stress on 
a plane with an inclination angle, a, from the horizontal 
are illustrated in Fig. 3.19. The inclined plane has an in- 
finitesimal length, ds, and results in a triangular free body 
element with horizontal and vertical planes. The horizontal 
plane has an infinitesimal length of dx. Its length can be 
written in terms of the sloping length, ds, and the angle, 

dx = ds cos a. (3.21) 
a: 

The vertical plane has an infinitesimal length of dy: 

dy = ds sin a. (3.22) 
All the planes have a unit thickness in the perpendicular 

direction. The equilibrium of the triangular element re- 
quires that the summation of forces in the horizontal and 
vertical dimtions be equal to zero. Summing forces hori- 
zontally gives 

- (a, - u,) ds sin a + 7, ds cos a 

+ (u3 - u,) dy = 0. (3.23) 
Summing forces vertically gives 

- (a, - u,) ds cos a - T, ds sin a 

+ (u, - u,) dx = 0. (3.24) 
Substituting dx and dy [Le., Eqs. (3.21) and (3.22)] into 

Eqs. (3.24) and (3.23), respectively, and multiplying Eq. 

- x  
Figure 3.19 Net normal and shear stresses on an inclined plane 
at a point in the soil mass below a horizontal ground surface. 

(3.23) by sin a and Eq. (3.24) by cos a, gives 

- (a, - UJ ab sin' a + T, c l ~  sin a cos a 

+ (u3 - u,) ds sin' a = o (3.25) 
and 

- (u, - u,) ds cos' a - T, ds sin (11 cos a 

+ (01 - u,) dr cosz a = 0. (3.26) 
Summing Eqs. (3.25) and (3.26) gives 

- (0, - u,) cis (sin' a + cos' a) 

+ (u3 - u,) tis sin' a + (al - u,) ds cos' a = 0. 

(3.27) 
Using trigonometric relations to solve for (u, - u,) gives 

- cos 2c.2 + (u3 - u,J (' ). (3.28) 

Rearranging JQ. (3.28) gives 

(a, - u,) = - - ("' f u3 

+ (y) cos 2a. (3.29) 

The shear stress, T,, is obtained by substituting dx and 
dy [i.e., Eqs. (3.21) and (3.22)] into Eq. (3.24) and (3.23), 
respectively, and multiplying Eq, (3.23) by cos a and Eq. 
(3.24) by sin a: 

- (a, - UJ sin a cos a + T, d~ cos' a 

+ (u3 - u,) ds sin a cos a = 0 (3.30) 

- (a, - u,) ds sin a cos a - 7, dr sin' a 

+ (a, - u,) ds sin a cos a = 0. (3.31) 

Subtracting Eq. (3.31) from Eq. (3.30) gives 

7, ds (sin' a + cos' a) + (u3 - u,) ab sin a cos a 

- (u, - u,) ds sin a cos a = 0. (3.32) 

Using trigonometric relations, it is possible to solve for 
7, : 

7, = (y) sin 2a. (3.33) 

Equations (3.29) and (3.33) give the net normal stress 
and the shear stress on an inclined plane through a point. 
The term (a, - u3) is called the deviator stress, and is an 
indication of the shear stress. For a given stress state, the 
largest shear stress, [(a, - u3)/2], occurs on a plane with 
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an inclination angle, a, such that (sin 2a) will be equal to 
unity. 

The net normal stress and shear stress at a point can also 
be determined using a graphical method. If Eqs.  (3.29) and 
(3.33) are squared and added, the result is the equation of 
a circle: 

(3.34) 
The circle is known as the Mohr diagram, and represents 

the stress state at a point. In saturated soils, the Mohr dia- 
gram is often plotted with the principal effective normal 
stress as the abscissa and the shear stress as the ordinate. 
For unsaturated soils, an extended form of the Mohr dia- 
gram can be used as shown in Fig. 3.20. The extended 
Mohr diagram uses a third orthogonal axis to represent ma- 
tric suction. The circle described in Eq. (3.34) is drawn on 
a plane with the net noma1 stress, (a - u,), as the abscissa 
and the shear stress, 7,  as the ordinate. The center of the 
circle has an abscissa of [(al + a3)/2 - u,] and a radius 

The matric suction must also be included as part of the 
description of the stress state. The matric suction deter- 
mines the position of the Mohr diagram along the third axis. 
As the soil becomes saturated, the matric suction goes to 
zero, and the Mohr diagram moves to a single [(a - u,,,) 
versus 71 plane. 

Construction of Mohr Circles 
The construction of the Mohr diagram on the [(a - u,) 
versus 71 plane is shown in Fig. 3.21. A compressive net 

of [(a1 - @3)/21. 

normal stress is plotted as a positive net normal stress in 
accordance with the sign convention for the Mohr diagram. 
A shear stress that produces a counterclockwise moment 
about a point within the element is plotted as a positive 
shear stress. This shear stress sign convention is different 
from the convention used in continuum mechanics (Desai 
and Christian, 1977). Therefore, this convention should 
only be used for plotting the Mohr diagram. The major and 
minor net principal stresses [(al - u,) and (a3 - u,)] are 
plotted on the abscissa, and the center of the Mohr circle 
is located at [(al + a3)/2 - u,]. The radius of the circle 
is [(al - a3)/2]. The Mohr circle represents the net normal 
stress and shear stress on any plane through a point in an 
unsaturated soil. 

The net normal stress and shear stress on any plane can 
be determined if the pole point or the origin of planes is 
known. Any plane drawn through the pole point will inter- 
sect the Mohr diagram and give the net normal stress and 
shear stress acting on that plane. On the other hand, if the 
net normal stress and shear stress on a plane are known and 
plotted as a stress point on the Mohr circle, the direction 
of the plane under consideration is given by the orientation 
of a line joining the stms point and the pole point. 

The pole point for the condition shown in Fig. 3.21 is 
determined from the known net normal stress and shear 
stress on a particular plane. Consider, for example, the case 
where the major principal stress acts on a horizontal plane. 
The stress condition on the horizontal plane is repmsented 
by the stress point (a, - u,) on the Mohr circle. If a hor- 
izontal line is drawn through the stress point (al - u,), the 
line will intersect the Mohr circle at the stress point 
(a3 -u,). This is the pole point. The net normal stress and 

\ Net normal stress, (a - u.) 

I- io, - u,) , 4 
Figure 3.20 Extended Mohr diagram for unsaturated soils. 
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Figure 3.21 Constluction of a Mohr circle using net normal stresses. 

shear stress on the inclined plane shown in Fig. 3.21 can 
then be determined using the same pole point. A line at an 
orientation, a, can be drawn through the pole point to in- 
tersect the Mohr circle at the stress point [(a, - u,), T,]. 

The horizontal coordinate of the intersection point is the 
net normal stress, (a, - u,), acting on the inclined plane 
(Fig. 3.21). The shear stress, T,, on the plane is positive 
and is given by the ordinate of the intersection point. 

The plane with the maximum shear stress, [+ (a, - 
u3)/2], goes through the top point of the Mohr circle (i.e., 
stress point T in Fig. 3.21). The maximum negative shear 
stress, [- (u, - a3)/2], occurs at the bottom point, T', 
on the Mohr circle. The planes with the maximum positive 
and negative shear stresses are oriented at an angle of 45" 
from the principal planes or from the horizontal and verti- 
cal planes in this case. 

The principal planes are not always the vertical and hor- 
izontal planes. A more general caseis shown in Pig. 3.22 
where shear stresses may be present on the vertical and 
horizontal planes. The principal stresses and principal 
planes can be found graphically using the known stresses 
on the vertical and horizontal planes. The vertical net nor- 
mal stress, (ay - u,), is a compressive stress, and the hor- 
izontal net normal stress, (a, - u,), is negative because it 
is in tension. The matric suction, (u, - uw), acts on every 
plane with equal magnitude. The shear stresses, 7xy and T ~ ~ ,  
are always equal in magnitude and opposite in sign. 

The extended Mohr circle for the stress state shown in 
Fig. 3.22 is presented in Fig. 3.23. The Mohr circle is 
drawn on the ET and (a - u.)] plane. Its position along the 
(u, - uw) axis is determined by the magnitude of the matric 
suction. The first step in plotting the Mohr diagram is to 
plot the stress points which represent the stresses corn- 

sponding to the vertical and horizontal planes (Le., [(ax - 
u,), T ~ ]  and [(a, - u,), T ~ J ,  respectively). A line joining 
the two stress points intersects the (a - u,) axis at a point 
[(ux + ay)/2 - u J. The intersection point is the center for 
the Mohr circle. The Mohr circle can then be drawn with 
the two stress points forming the diameter of the circle. 
The intersection points between the Mohr circle and the 
(a - u,) axis (i.e., where the shear stress is zero) are the, 
net major and net minor principal stresses [i.e., (a, - u,) 
and (a3 - u,)] (Fig. 3.23). The net minor principal stress 
is negative, which indicates that it is in tension. 

The second step is to locate the pole point by drawing a 
horizontal plane through the stress point, [(ay - u,), ~ ~ ~ 1 .  
The intersection of the horizontal line and the Mohr circle 
is the pole point. The pole point can also be obtained by 
drawing a vertical line from the stress point conesponding 

- "'1 

-x 

Figure 3.22 General stress state at a point in an unsaturated soil. 
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Figure 3.23 Extended Mohr diagram showing the general stress state for an unsaturated soil 
element. 

to the vertical plane (i.e., [(ux - ua), 7J). A line joining 
the pole point and the net major or net minor principal stress 
point gives the orientation of the major or minor principal 
plane (Fig. 3.23). The major and minor principal planes 
are at an angle of a and /3 with respect to the horizontal, 
respectively. 

The top and the bottom stress points on the Mohr circle 
correspond to the planes on which the maximum and min- 
imum shear stresses occur. The maximum and minimum 
shear stress planes are oriented at an angle of 45" from the 
principal planes (Fig. 3.23). 

3.5.3 Stress Invariants 
For a three-dimensional analysis, there are three principal 
stresses on three mutually orthogonal principal planes. The 
three principal stresses are named according to their mag- 
nitudes. These are the net major, net intermediate, and net 
minor principal stresses. The symbols used for the net ma- 
jor, net intermediate, and net minor principal stresses are 
(0, - u,), (a2 - ua), and (u3 - u,), respectively. A cor- 
responding Mohr circle is shown in Fig. 3.24. The matric 
suction acts equally on all three principal planes. 

The principal stresses at a point can be visualized as the 
characterization of the physical state of stress. These prin- 
cipal stresses are independent of the selected coordinate 
system. The independent properties of principal stresses are 
expressed in terms of constants called stress invariants. 

There are three stress invariants that can be derived from 

each of the two independent stress tensors for an unsatu- 
rated soil [refer to stress tensors (3.12) and (3.13)]. The 
first stress invariants of the first and second stress tensors, 
respectively, are 

111 = ut + 0 2  + a3 - 324, (3.35) 
and 

112 = 304, - u d  (3.36) 
where 

I , ,  = first stress invariant of the first tensor 
ZI2 = first stress invariant of the second tensor. 
The second stress invariants of the first and second stress 

tensors, respectively, are 

121 = (a1 - 47) (@2 - u,) + (02 - %)(a3 - ua) 
+ (03 - W U 1  - u,) (3.37) 

and 

122 = 3(u, - uwy (3.38) 
where 

I,, = second stress invariant of the first tensor 
122 = second stress invariant of the second tensor. 

The third stress invariants of the first and second stress 
tensors, respectively, are 

131 = (01 - ua)(02 - - ua) (3.39) 
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Figure 3.24 The Mohr diagram for a three-dimensional stress analysis. 

and 

I32 = (ua - uw)' (3 .a) 
where 

I,, = third stress invariant of the first tensor 
I32 = third stress invariant of the second tensor. 

The stress invariants of the second tensor, II2, Iz2, and 

132 = (112/3)~ = 112122P. (3.41) 
Therefore, only one stress invariant is requiml to rep- 

resent the second tensor. In other words, a total of four 
stress invariants are required to characterize the stress state 
of an unsaturated soil as opposed to three stress invariants 
for a saturated soil. 

3.5.4 stress Points 
Geotechnical analyses often require an understanding of the 
development or change in the stress state resulting from 
various loading patterns. These changes could be visual- 
ized by drawing a series of Mohr circles which follow the 
loading process. However, the pattern of the stress state 
change may become confusing when the loading pattern is 
complex. Therefore, it is better to use only one stress point 
on a Mohr circle to represent the stress state in the soil. A 
selected stress point can be used to define the stress path 
followed. 

Figure 3.25 shows a Mohr circle for a two-dimensional 
case where the vertical and horizontal planes are principal 
planes. The stress point selected to represent the Mohr cir- 
cle has the coordinates of (p, q, r), where 

132, are related as follows: 

p = ( y -  u,) or (y - u,) (3.42) 

r = (u, - u,) 

(3.43) 

(3 .w 
and 

(a, - u,) = vertical net normal stress 

(u, - u,) = matric suction. 

The q-coordinate is one half the deviator stress (a, - ah). 
The selected stress point represents the state of stress on a 
plane with an orientation of 45" from the principal planes, 
as shown in Fig. 3.25. 

The vertical net normal stress for the condition shown in 
Fig. 3.25 is greater than the horizontal net normal stress 
[i.e., (a, - u,) > (a,, - u,)]. This results in a positive 
q-coordinate. A negative q-coordinate would indicate the 
condition where (a,, - u,) is greater than (a, - u,). For 
the hydrostatic or isotropic stnss state [Le., (ah - uJ equal 
to (a, - 4)], the q-cwrdinate is equal to zero. A zero 
q-coordinate means the absence of shear stresses. 

(Uh U,) = horizontal net l l o d  SmSS 

3.5.5 Stress Paths 
A change in the stress state of a soil can be described using 
stress paths. A stress path is a curve drawn through the 
stress points for successive stress states (Lambe, 1967). As 
an example, consider a soil element where the initial con- 
dition has (a,, - u,), equal to (a, - u,) at a particular matric 
suction value. This stress state is represented by point 0 in 
Fig. 3.26. The soil is then subjected to an increase in the 
vertical net normal stress, A(a, - u,), while maintaining 
(a,, - u,) and (u, - u,) constant. As the vertical net nor- 
mal stress is i n c W ,  the Mohr circle expands, as illus- 
trated in Fig. 3.26. The stress point moves from point 0 to 
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Net normal stress, (a - u.) 

Figure 3.25 Representative stress point for an extended Mohr circle. 

points 1 ,  2, 3, 4, etc. These stress points represent a con- 
tinuous series of Mohr circles or stress states. The stress 
path for this loading condition is shown in Fig. 3.27. The 
stress points are plotted on the p-q-r diagram where p is 
the abscissa, q is the ordinate axis, and r is the third or- 
thogonal axis. The coordinates of the stress points, (p, q, 
r), are computed using Eqs. (3.42), (3.43), and (3.44). 
The p-, q-, r-coordinates represent the net normal stress, 
the shear stress, and the matric suction at each stage of 
loading. The stress path is established by joining the stress 
points. The stress path can be linear or curved, depending 
on the loading pattern. 

The stress path shown in Fig. 3.27 illustrates a loading 
condition where the matric suction is maintained constant. 
Similar loading conditions can also be performed at other 
matric suction values. The stress paths are plotted on dif- 
ferent planes, depending upon the matric suction value or 
the r-coordinate, as demonstrated in Fig. 3.28. 

Figure 3.29 presents the stress paths for various loading 
patterns while maintaining a constant matric suction. The 
initial stress condition in the soil has (uh - u,) equal to 
(0; - u,). The magnitude and direction of the net normal 
stress changes determine the direction of the stress path on 
the p-q plane. 

Net normal stress, (a \\J - u.) 

Figure 3.26 A series of Mohr circles. 
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P 

Eysure 3.27 A stress path'for a series of stress states. 

Stress states occurring in the field during deposition, de- 
saturation, and soil sampling can be described using the 
stress path method, as illustrated in Fig. 3.30. The accu- 
mulation of soil sediments increases the vertical and hori- 
zontal effective normal stresses in accordance with the KO- 
loading line, as indicated by the stress path OA. The shear 
stress in the soil increases during Ko-loading. 

The r-coordinate can generally be considered equal to 
the pore-water pressure since the pore-air pressure in the 
field is usually atmospheric (i.e., zem gauge pressure). 
Therefore, matric suction, (u, - u,,,), can be plotted as 
being equivalent in magnitude to the pore-water pressure. 
The accumulation of water in the soil due to rainfall can 
cause a soil to become saturated. As the soil becomes sat- 

urated, the stress state moves laterally on the saturation 
plane (i.e., AB) due to an increase in the positive pore- 
water pressure. Upon excessive evaporation, there will be 
a lowering of the groundwater table or a reduction in the 
pore-water pressure below atmospheric pressure. The 
drying process can be represented by the stress path A C  as 
the soil goes to an unsaturated condition. The wetting and 
drying processes occur repeatedly, and induce what is re- 
f e d  to as the stress history of the soil. Envimnmental 
changes cause a soil mass to repeatedly follow the stress 
paths AB, BA, AC, CA, and AB. The loadings of the soil 
due to drying and wetting are hydrostatic stress changes. 

The drying process of a soil generally causes tension 
cracks to develop downward from the ground surface. The 

P 

Figure 3.28 Stress paths for different matric suction values. 
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(4 (+) tu. - u.) *---*- - 
( a h  - ua) A(Uh - U a )  
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q 

Stress path A A(uh - u.) = A(U, - u.) (positive) 
B A(Uh - u,) = 0 2 5  A(U, - Uu) 

D A(Uh - u,) = - Ua) c A(u,, - u,) = 0, A(u, - u,) (positive) 

E a(ur - u,) (negative), A(U, - u,) = 0 
F A(u,, - u,) = A(U, - u,) (negative) 

w 
P 

Figure 3.29 Stress paths comsponding to various net normal stress loadings (modified after 
Lambe and Whitman, 1979). 

tension cracks miuce the horizontal net normal stress. 
Upon subsequent wetting, the stress paths can become more 
complicated than those shown in Pig. 3.30. 

When a soil sample is removed from the ground, the 
overburden pressure and the horizontal normal stress are 
removed. The removal of these stresses results in a ten- 
dency for the sample to expand. The expansion is resisted 
by an increase in matric suction or a further decrease in 
pore-water pressure. The changes in pore-water pressure 
due to changes in the total stress field can be defined in 

q l  

terms of the pore pressure parameters (see Chapter 8). The 
stress path followed during the sampling process is illus- 
trated by the stress path CD. At point D, the net vertical 
and net horizontal stresses are zero, but the matric suction 
is slightly higher than the in situ matric suction. The soil 
sample now has a hydrostatic stress state (Le., equal matric 
suction in all directions). The smss path method is later 
used to describe the shear strength and volume change be- 
havior of unsaturated soils in Chapters 9 and 12, respec- 
tively. 

r or decreasing 
pore-water 
pressure 

P 

Fipre 3.30 Stress paths for Ko-loading, wetting, drying. and sampling. 
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3.6 ROLE OF OSMOTIC SUCTION 
. 0 Total suction (Psychrometer) - 

Matric suction (Pressure plate) 9 Osmotic suction (Squeezing 
. \  \ technique)- 
. \ - Osmotic plus matric suction - 

\ 

The total suction, $, of a soil is made up of two compo- 
nents, namely, the matric suction, (u, - u,), and the os- 
motic suction, r: 

$ = (u, - u,) + r. (3.45) 

Matric suction is known to vary with time due to envi- 
ronmental changes. Any change in suction affects the over- 
all equilibrium of the soil mass. Changes in suction may 
be caused by a change in either one or both components of 
soil suction. 

The role of osmotic suction has commonly been associ- 
ated more with unsaturated soils than with saturated soils. 
However, osmotic suction is related to the salt content in 
the pore-water which is present in both saturated and un- 
saturated soils. The role of osmotic suction is therefore 
equally applicable to both unsaturated and saturated soils. 
Osmotic suction changes have an effect on the mechanical 
behavior of a soil. If the salt content in a soil changes, there 
will be a change in the overall volume and shear strength 
of the soil. 

Most engineering problems involving unsaturated soils 
are commonly the result of environmental changes. The 
accumulation of water below a house may result in a re- 
duction in matric suction and subsequent heaving of the 
structure. Similarly, the stability of an unsaturated soil 
slope may be endangered by excessive rainfall that reduces 
the suction in the soil. These changes primarily affect the 
matric suction component. Osmotic suction changes are 
generally less significant. 

Figure 3.31 shows the relative impoxtance of changes in 
osmotic suction as compared $0 matric suction when water 
content is varied. The total and matric suction curves are 
almost congruent one to another, particularly in the higher 
water content range. In other words, a change in total suc- 
tion is essentially equivalent to a change in the matric suc- 
tion [i.e., A$ - A (u, - u,)]. For most geotechnical prob- 
lems involving unsaturated soils, matric suction changes 
can be substituted for total suction changes, and vice versa. 

There is a second reason why it is generally not neces- 
sary to take osmotic suction into account. The reason is 
related to the pwedures commonly used in solving geo- 
technical problems. Generally, changes in osmotic suction 
that occur in the field an simulated during the laboratory 
testing for pertinent soil properties. For example, let us 
consider the swelling process of a soil as a result of rain- 
fall. The rainfall, which is distilled water, dilutes the pore- 
water and changes the osmotic suction. In the laboratory, 
the soil specimen is generally immersed in distilled water 
prior to performing the test (e.g., volume change test in an 
oedometer). The matric suction is released to zero by im- 
mersing the soil specimen. The osmotic suction in the sam- 
ple may also be changed in the process. It is not necessary 

22 24 26 28 30 3: 
Water content, w (%) 

Ngure 3.31 Total, matric, and osmotic suction measurements 
on compacted Regina clay (from Krahn and Fdlund, 1972). 

to know the change in osmotic suction provided the changes 
occumng in the field m simulated in the laboratory test. 

In the case where the salt content of the soil is altered by 
chemical contamination, the effect of the osmotic suction 
change on the soil behavior may be significant. In this case, 
it is necessary to consider osmotic suction as part of the 
stress state. This applies equally for saturated and unsatu- 
rated soils. The role played by osmotic suction in influenc- 
ing the mechanical behavior of a soil may or may not be 
of the same quantitative value as the role played by matric 
suction. The osmotic suction is more closely related to the 
diffise double layer around the clay particles, whereas the 
matric suction is mainly associated with the air-water in- 
terface (i.e., contractile skin), It is possible to consider the 
osmotic suction, T ,  as an independent, isotropic stress state 
variable: 

(3 .a) 

In the case where both matric and osmotic suctions have 
the same quantitative influence on the behavior of a soil, 
the stress tensor (3.46) can be combined with the second 
stress tensor, (3.13): 

I { (Ua - u w )  + r> 0 0 
0 {(ua - u w )  + TI 0 
0 0 { (Ma - u w )  + r) 

(3.47) 

Some research would indicate that it may be possible to 
algebraically combine the matric and osmotic components 
of suction when analyzing some geotechnical problems 
(Bailey, 1965; Chattopadhyay, 1972). 
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CHAPTER 4 

Measurements of Soil Suction 

The role of matric suction as one of the stress state vari- 
ables for an unsaturated soil was illustrated in Chapter 3. 
The theory and components of soil suction will be pre- 
sented first in this chapter, followed by a discussion of the 
capillary phenomena. Various devices and techniques for 
measuring soil suction and its components a~ described in 
detail in this chapter. Each device or technique is intro- 
duced with a history of its development, followed by its 
working principle, calibration technique, and performance. 

4.1 THEORY OF SOIL SUCTION 

The theoretical concept of soil suction was developed in 
soil physics in the early 1900’s (Buckingham, 1907; Gad- 
ner and Widtsoe, 1921; Richards, 1928; Schofield, 1935; 
Edlefsen and Anderson, 1943; Childs and Collis-George, 
1948; Bolt and Miller, 1958; Corey and Kemper, 1961; 
Corey et al., 1967). The soil suction theory was mainly 
developed in relation to the soil-water-plant system. The 
importance of soil suction in explaining the mechanical be- 
havior of unsaturated soils relative to engineering problems 
was introduced at the Road Research Laboratory in En- 
gland (Croney and Coleman, 1948; Croney et al., 1950). 
In 1965, the review panel for the soil mechanics sympo- 
sium, “Moisture Equilibria and Moisture Changes in 
Soils” (Aitchison, 1965a), provided quantitative defini- 
tions of soil suction and its components from a thermody- 
namic context. These definitions have become accepted 
concepts in geotechnical engineering (Krahn and Fredlund, 
1972; Wray, 1984; Fredlund and Rahardjo, 1988). 

Soil suction is commonly referred to as the free energy 
state of soil water (Edlefsen and Anderson, 1943). The free 
energy of the soil water can be measured in terms of the 
partial vapor pressure of the soil water (Richards, 1965). 
The thermodynamic relationship between soil suction (or 
the free energy of the soil water) and the partial pressure 
of the pore-water vapor can be written as follows: 

J .=  -- RT In (s) 
VWO@lJ 4 0  

where 
J. = soil suction or total suction (kPa) 
R = universal (molar) gas constant [Le., 8.31432 

T = absolute temperature [Le., T = (273.16 + t o )  

O = temperature (“C) 

J/(mol K)1 

(K)1 

vw0 = specific volume of water or the inverse of the 

p w  = density of water (Le., 998 kg/m3 at t o  = 20°C) 
o, = molecular mass of water vapor (Le., 18.016 

u, = partial pressure of pore-water vapor (Ha)  

density of water [Le., l /pw) (m3/kg)] 

- kg/kmol) 
- uu0 = saturation pressure of water vapor over a flat sur- 

face of pure water at the same temperature (kPa). 
Equation (4.1) shows that the reference state for quan- 

tifying the components of suction is the vapor pressure 
above a flat surface of pure water (i.e., water with no salts 
or impurities). The term iiv/iivo is called relative humidity, 
RH (96). If we select a reference temperature of 20”C, the 
constants in Eq. (4.1) give a value of 135 022 kPa. Equa- 
tion (4.1) can now be written to give a fixed relationship 
between total suction in kilopascals and relative vapor 
pressure: 

(4.2) 
Figure 4.1 shows a plot of Eq. (4.1) for three different 

temperatures. The soil suction, $, is equal to 0.0 when the 
relative humidity, RH (Le., iiv/iivo), is equal to 100% [E@ 
(4.1)]. A relative humidity value less than 100% in a soil 
would indicate the presence of suction in the soil. Figure 
4.1 also shows that suction can be extremely high. For ex- 
ample, a relative humidity of 94.24% at a temperature of 
20°C corresponds to a soil suction of 8000 kPa. The range 
of suctions of interest in geotechnical engineering will cor- 
respond to high relative humidities. 
4.1.1 Components of Soil Suction 
The soil suction as quantified in terms of the relative hu- 
midity [Eq. (4.1)] is commonly called “total suction.’’ It 

J. = -135 022 In (iZv/iivo). 
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Figure 4.1 Relative humidity Venus total suction relationship. 

has two components, namely, matric and osmotic suction. 
The total, matric, and osmotic suctions can be defined as 
follows (Aitchison, 1965a): 

“Matric or capillary component of free energy-In suction 
terms, it is the equivalent suction derived from the measum- 
ment of the partial pressure of the water vapor in equilibrium 
with the soil water, relative to the partial pressure of the water 
vapor in equilibrium with a solution identical in composition 
with the soil water. 

Osmotic (or solute) component of free energy-In suction 
terms, it is the equivalent suction derived from the measum- 
ment of the partial pressure of the water vapor in equilibrium 
with a solution identical in composition with the soil water, 
relative to the partial pressure of water vapor in equilibrium 
with free pure water. 

Total suction or free energy of the soil water-In suction 
terms, it is the equivalent suction derived from the measure- 
ment of the partial pressure of the water vapor in equilibrium 
with a solution identical in composition with the soil water, 
relative to the partial pmssure of water vapor in equilibrium 
with free pure water.” 

The above definitions clearly state that the total suction 
corresponds to the free energy of the soil water, while the 
matric and osmotic suctions are the components of the free 
energy. In an equation form, this can be written as follows: 

(4.3) $ = (u, - U J  + a 

(u, - u,) = matric suction 
u, = pore-air pressure 
u, = pore-water pressure 

7r = osmotic suction. 

The spelling of the term “matric” is in accordance with the recommen- 
dation of the Committee on Terminology of the Society of Soil Science 
of America. The definition is from their Glossary of Soil Science Termi- 
nology (1963, 1970. and 1979). 

Figure 4.2 illustrates the concept of total suction and its 
component as dated to the free energy of the soil water. 
The matric suction component is commonly associated with 
the capillary phenomenon arising from the surface tension 
of water. Surface tension has been described in Chapter 2, 
and is the result of the intermolecular forces acting on mol- 
ecules in the contractile skin. The capillary phenomenon is 
usually illustrated by the rise of a water surface in a cap- 
illary tube (Fig. 4.2). 

In soils, the pores with small radii act as capillary tubes 
that cause the soil water to rise above the water table (Fig. 
4.3). The capillary water has a negative pressure with re- 

Measured 
system 

Ovl< ovo E Soil water 

Reference Suction 
medium 

Metric, 
(U. - uw) 

osmotic, Ea 7r 
lpure water1 

Figure 4.2 Total suction and its components: matric and os- 
motic suction. 
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Flgure 4.3 Capillary tubes showing the air-water interfaces at 
different radii of cuwatuve (from Janssen and Dempsey, 1980). 

spect to the air pressure, which is generally atmospheric 
(i.e., u, = 0) in the field. At low degms of saturation, the 
pore-water pressures can be highly negative, with values 
as low as minus 7000 kPa (Olson and Langfelder, 1965). 
In this case, the adsorptive forces between soil particles are 
believed to play an important role in sustaining the highly 
negative pore-water pressures in soils. 

Consider a capillary tube filled with a soil water. The 
surface of the water in the capillary tube is curved and is 
called a meniscus. On the other hand, the same soil water 
will have a flat surface when placed in a large container. 
The partial pressure of the water vapor above the curved 
surface of soil water, U,, is less than the partial pressure of 
the water vapor above a$& surface of the same soil water, 
u,,, (i.e., E, < E,, in Fig. 4.2). In other words, the rela- - 

tive humidity in a soil will decrease due to the presence of 
curved water surfaces produced by the capillary phenom- 
enon. The water vapor pressure or the relative humidity 
decreases as the radius of curvature of the water surface 
decreases. At the same time, the radius of curvature is in- 
versely proportional to the difference between the air and 
water pressures across the surface [Le., (u, - u,)] and is 
called matric suction. This means that one component of 
the total suction is matric suction, and it contributes to a 
reduction in the relative humidity. 

The pore-water in a soil generally contains dissolved 
salts. The water vapor pressure over a flat surface of sol- 
vent, is,,, is less than the water vapor pressure over a flat 
surface of pure water, Zuo. In other words, the relative hu- 
midity decreases with increasing dissolved salts in the pore- 
water of the soil. The decrease in relative humidity due to 
the presence of dissolved salts in the pore-water is referred 
to as the osmotic suction, a. 

4.1.2 Typical Suction Values and Their Measuring 
Devices 
Table 4.1 shows typical matric, osmotic, and total suction 
values for two soils which often form the subgrade for mads 
built in the province of Saskatchewan, Canada (Kmhn and 
Fredlund, 1972). The Regina Clay is a highly plastic, in- 
organic clay with a liquid limit of 78% and a plastic limit 
of 31%. The glacial till has a liquid limit of 34% and a 
plastic limit of 17 96. Suction values are given in Table 4.1 
for soils compacted to standard AASHTO conditions, with 
the water contents at optimum and 2% dry of optimum. 

Figure 4.4 shows experimental data illustrating hat the 
matric plus the osmotic components of suction are equal to 
the total suction of the soil. The presented data are for gla- 
cial till specimens compacted under modified AASHTO 
conditions at various initial water contents. Each compo- 
nent of soil suction, and the total suction, were measured 
independently. 

Several devices commonly used for measuring total, ma- 
tric, and osmotic suctions are listed in Table 4.2. The ex- 

Table 4.1 Typical Suction Values for Compacted Soils 

Matric 
Suction, Osmotic Total 

Water Content (u, - u,) Suction, Suction, 
Soil Type ("/.I (Wa) T (Pa )  J. (kPa) 

Regina clay: 
Y~~~ = 13.81 kN/m3 30.6 (optimum) 273 187 460 

yman = 19.24 N / m 3  15.6 (optimum) 310 290 600 

28.6 354 202 556 
Glacial till: 

13.6 556 293 849 
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the water content versus matric suction relationship in soils 
(Le., the soil-water characteristic curve). This relationship 
is different for the wetting and drying portions of the curve, 
and these differences can also be explained in terms of the 
capillary model. 

4.2.1 Capillary Height 
Consider a small glass tube that is inserted into water under 
atmospheric conditions (Fig. 4.5). The water rises up in 
the tube as a result of the surface tension in the contractile 
skin and the tendency of water to wet the surface of the 
glass tube (i.e., hygroscopic properties). This capillary be- 
havior can be analyzed by considering the surface tension, 
T,, acting around the circumference of the meniscus. The 
surface tension, T,, acts at an angle, a, from the vertical. 
The angle is known as the contact angle, and its magnitude 
depends on the adhesion between the molecules in the con- 
tractile skin and the material comprising the tube (i.e., 
glass). 

Let us consider the vertical force equilibrium of the cap- 
illary water in the tube shown in Fig. 4.5. The vertical 
resultant of the surface tension (i.e., 2.rr r T, cos a) is re- 
sponsible for holding the weight of the water column, which 
has a height of h, (i.e., r r2 h, pw g): 

(4.4) 
where 

2rr  T, cos a = .rrr2h,p,g 

t = radius of the capillary tube 
T, = surface tension of water 
a = contact angle 
h, = capillary height 
g = gravitational acceleration. 

0 Total suction 
(psychrometer) -- 
Matric suction 
(pressure plate) 

A Osmotic suction 
(squeezing technique) - Osmotic plus 

I 
0 '  ! ' ' I '  ' ' ' ' ' 1  I 

9 11 13 15 17 19 
Water content, w (%) 

Figure 4.4 Total, matric, and osmotic suctions for glacial till 
(from Krahn and Fredlund, 1972). 

planation of each device is given later. The measurement 
range and comments related to each device are shown in 
Table 4.2. 

4.2 CAPILLARITY 

The capillary phenomenon is associated with the matric 
suction component of total suction. The height of water 
rise and the radius of curvature have direct implications on 

Table 4.2 Devices for Measuring Soil Suction and Its Components 

Name of Device Suction Component Measured Range (Pa )  Comments 

Psychrometers Total 100"- - 8OOO Constant temperature environment 

Filter paper Total (Entire range) May measure matric suction when 

Tensiometers Negative pore-water pressures or 0--90 Difficulties with cavitation and air 

required 

in good contact with moist soil 

diffusion through ceramic cup matric suction when pore-air 
pressure is atmospheric 

Null-type pressure plate Matric 0- 1500 Range of measurement is a function 
(axis translation) of the air entry value of the 

ceramic disk 
Thermal conductivity Matric 0--400+ Indirect measurement using a 

variable pore size ceramic sensor 
Pore fluid squeezer Osmotic (Entire range) Used in conjuction with a 

psychrometer or electrical 
conductivity measurement 

sensors 

"Controlled temperature environment to f 0.001 "C. 
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Capillary tube 
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2r - 
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Figure 4.5 Physical model and phenomenon related to capillarity. 

Equation (4.4) can be rearranged to give the maximum 
height of water in the capillary tube, h,: 

(4.5) 2TS 
P w  gRs 

h, = - 

where 

R, = radius of curvature of the meniscus (Le., r/cos 

The contact angle between the contractile skin for pure 
water and clean glass is zero (Le., a = 0). When the CY 

angle is zero, the radius of curvature, Rs, is equal to the 
radius of the tube, r (Fig. 4.5). Therefote, the capillary 
height of pure water in a clean glass is 

0). 

(4.6) 

The radius of the tube is analogous to the pore radius in 
soils. Equation (4.6) shows that the smaller the pore radius 
in the soil, the higher will be the capillary height. The cap- 
illary height can be plotted against the pore radius using 
J3q. (4.6) where the contact angle is assumed to be zero 
(Fig. 4.6). 

4.2.2 Capillary Pressure 
Points A, B, and C in the capillary system shown in Fig. 
4.5 in hydrostatic equilibrium. The water pressures at 
points A and B are atmospheric (Le., uw at A = u, at B, 

2TS 
Pwgr' 

h, = - 

which is equal to 0.0). The elevation of points A and B on 
the water surface is considered as the datum for the system 
(i.e., zero elevation). As a result, the hydraulic heads (Le., 
elevation head plus pressure head) at points A and B are 
equal to zero. 

Point C is located at a height of h, from the datum (i.e., 
elevation head is equal to h,). The hydrostatic equilibrium 
among points C, B, and A requies that the hydraulic heads 
at all three points be equal. In other words, the hydraulic 
head at point C is also equal to zero. This means that the 

Surface tension. T. = 72.76 mN/m 

10' 

- 
E - " 

l o o  5 
.P 
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Figure 4.6 Relationship among po~e  radius, matric suction, and 
capillary height. 
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pressure head at point C is equal to the negative value of 
the elevation head at point C. The water pressure at point 
C can be calculated as 

u w  = -Pwgh, (4.7) 
where 

u, = water pressure. 

The water pressures above point A in the capillary tube 
are negative, as shown in Fig. 4.5. The water in the cap- 
illary tube is said to be under tension, On the other hand, 
the water pressures below point A (Le., water table) are 
positive due to hydrostatic pressure conditions. At point C, 
the air pressure is atmospheric (Le., u, = 0) and the water 
pressure is negative (i.e., u, = -p,gh,). The matric suc- 
tion, (u, - u,), at point C can then be expressed as fol- 
lows: 

Substituting Eq. (4.5) into Eq. (4.8) gives rise to matric 
suction being written in terms of surface tension: 

(4.9) 

Equation (4.9) is the same as the equation for the pres- 
sure difference across a contractile skin as presented in 
Chapter 2 .  The radius of curvature, R,, can be considered 
analogous to the pore radius, r ,  in a soil by assuming a 
zero contact angle (Le., a = 0). As a result, the smaller 
the pore radius of a soil, the higher the soil matric suction 
can be, as shown in Fig. 4.6. 

The above explanation has demonstrated the ability of 
the surface tension to support a column of water, h,, in a 
capillary tube. The surface tension associated with the con- 
tractile skin results in a reaction force on the wall of the 
capillary tube (Fig. 4.7). The vertical component of this 
reaction force produces compressive stresses on the wall of 

2TS (u, - u,) = -. 
RS 

Fagure 4.7 Foxces acting on a capillary tube.. 

the tube. In other words, the weight of the water column 
is transferred to the tube thmugh the contractile skin. In 
the case of a soil having a capillary zone, the contractile 
skin results in an increased compmssion of the soil struc- 
ture. As a result, the presence of matric suction in an un- 
saturated soil increases the shear strength of the soil. 

4.2.3 Height of the Capillary Rise and Radius Effects 
The effects of the height of capillary rise and the radius of 
curvature on capillarity are illustrated in Fig. 4.8, as pre- 
sented by Taylor (1948). A clean capillary tube of radius, 
r, allows pure water to rise to a maximum capillary height, 
h,, as shown in Fig. 4.8(a). However, the water rise in a 
capillary tube may be restricted by the limited length of the 
tube [Fig. 4,8(b)]. A decrease in the capillary height results 
in an increase in the radius of curvature, R,, as indicated 
by Eq. (4.5) (Le., h, = 2Ts/(p,gRs)). For a constant ra- 
dius of the tube, the increase in R, causes an increase in 
the contact angle since R, is equal to (rlcos a). 

The radius or opening of the tube is a significant factor 
in the development of capillary rise, as illustrated in Fig. 
4.8(c) and (d). In both caws, the tube has a bulb with a 
radius of rI , which is larger than the radius of the tube, r. 
The presence of the bulb at the midheight of the capillary 
height, h,, prevents the water from rising up beyond the 
base of the bulb [Fig. 4.8(c)J. In other words, the non- 
uniform opening along the capillary tube can prevent the 
full development of capillary height. On the other hand, 
the capillary height, h,, can be fully developed if the bulb 
is filled by submerging it below the water surface and then 
raising it above the surface [Fig. 4.8(d)]. 

The development of capillary rise in a soil is also affected 
by the pore size distribution in the soil, as shown in Fig. 
4.8(e). The water surface in the soil can rise to the capillary 
height, h,, through continuous soil pores with radii that am 
smaller than or equal to r. Capillary heights greater than h, 
may also develop if the height of the soil 'column is ex- 
tended. The higher capillary rise corresponds to the pore 
radii that are smaller than r. However, the water surface 
cannot rise within the large openings at the center of the 
soil column [Fig. 4.8(e)]. 

The above capillary tube analogy also applies to soil con- 
ditions in nature. The nonuniform pore size distribution in 
a soil can result in hysteresis in the soil-water character- 
istics curve. At a given matric suction, the soil water con- 
tent during the wetting and drying pmesses am different, 
as illustrated by the examples shown in Fig. 4.8(c) and (d), 
respectively. In addition, the contact angle at an advancing 
interface during the wetting process is diffemnt from that 
at a d i n g  interface during the drying prucess (Bear, 
1979). The above factors, as well as the presence of en- 
trapped air in the soil, are considered to be the main causes 
for hysteresis in the soil-water characteristic curve. 

In spite of its simplicity, the capillary model has some 
limitations in its application to describing the mechanical 
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Figure 4.8 Height and radius effects on capillarity (from Taylor, 1948). 

behavior of unsaturated soils. An apparent anomaly will 
occur when the capillary model is incorporated into the for- 
mulation of pore fluid compressibility, as later, explained 
in Chapter 8. The use of pore radius in the capillary equa- 
tion [Le., Eq. (4.9)] causes the model to be impractical for 
engineering practice. In addition, there are other factors 
that contribute to being able to sustain highly negative pore- 
water pressures in soils, such as the adsorptive forces be- 
tween clay particles. 

4.3 MEASUREMENTS OF TOTAL SUCTION 

Environmental changes and changes in applied loads pro- 
duce a change in the water content of the soil. The initial 
water content of compacted soils appears to have a direct 
relationship with the matric suction component (Fig. 4.4). 
On the other hand, the osmotic suction does not seem to 
be sensitive to the changes in the soil water content. As a 
result, a change in the total suction is quite representative 
of a change in the matric suction. Therefore, total suction 
measurements are of importance, particularly in the high 
suction ranges where the matric suction measurements are 
difficult to obtain. 

The following sections discuss the direct and indirect 
measurements of total suction. The free energy of the soil 
water (Le., total suction) can be determined by measuring 
the vapor pressure of the soil water or the relative humidity 
in the soil. The direct measurement of relative humidity in 
a soil can be conducted using a device called a psychrom- 
eter. The relative humidity in a soil can be indirectly mea- 
sured using a filter paper as a measuring sensor. The filter 
paper is equilibrated with the suction in the soil. 

4.3.1 Psychrometers 
Thermocouple psychrometers can be used to measure the 
total suction of a soil by measuring the relative humidity 
in the air phase of the soil pores or the region near the soil. 
The relative humidity is related to the total suction in ac- 
cordance with Eq. (4.1) where &&,) is equal to the rel- 
ative humidity, RH. 

There are two basic types of thermocouple psychrome- 

ters, namely, the wet-loop type (Richards and Ogata, 1958) 
and the Peltier type (Spanner, 1951). Both types of psy- 
chrometers operate on the basis of temperature difference 
measurements between a nonevapomting surface (Le., dIy 
bulb) and an evaporating surface (Le., wet bulb). The dif- 
ference in the temperatures between these surfaces is re- 
lated to the relative humidity. 

The wet-loop and the Peltier-type psychrometers differ 
in the manner by which the evaporating junction is wetted 
in order to induce evaporation. In the wet-loop psychrom- 
eter, the evaporating junction is wetted by placing a drop 
of water into a small silver ring. In the Peltier psychrom- 
eter, evaporation is induced by passing a Peltier current 
through the evaporating junction. The Peltier current causes 
the junction to cool below the dewpoint, resulting in the 
condensation of a minute quantity of water vapor on the 
junction. The Peltier psychrometer is most commonly used 
in geotechnical engineering and is described in the follow- 
ing sections. The Seebeck and the Peltier effects are the 
main principles behind the operation of the Peltier psy- 
chrometer. 

Seebeck Wects 
Seebeck (1821) discovered that an electromotive force (i.e., 
emf) was generated in a closed circuit of two dissimilar 
metals when the two junctions of the circuit have different 
temperatures [Le., T and (T + AT)], as illustrated in Fig. 
4.9. This phenomenon is referred to as the Seebeck effect, 
which allows the use of two dissimilar wires (Le., a ther- 
mocouple) to measure temperature. One junction of the cir- 
cuit is maintained at a constant temperature for a reference, 
while the other junction is used for sensing a difference in 
temperature. A microvoltmeter can be installed in the cir- 
cuit to measure the Seebeck electromotive force, which is 
a function of the temperature difference between the two 
junctions. 

Peliier Effects 
Peltier (1834) discovered that when a current is passed 
through a circuit of two dissimilar metals, one of the junc- 
tions becomes warmer, while the other junction becomes 
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Figure 4.9 Electrical circuit to illustrate the Seebeck effect. 

cooler, as illustrated in Fig. 4.10. Passing the current in 
the opposite direction, as shown in Fig. 4.10, will produce 
a reverse thermal condition at the two junctions. This phe- 
nomenon is referred to as the Peltier effect, and it allows 
the use of thermocouples for the measurement of relative 
humidity. 

The Peltier effect can be used to cool a thermocouple 
junction to reach the dewpoint temperature comsponding 
to the surrounding atmosphere. As a result, water vapor 
condenses on the junction. Upon termination of passing the 
current, the condensed water tends to evaporate to the sur- 
rounding atmosphere, causing a further reduction in the 
temperature at the junction. The temperature reduction is a 
function of the evaporation rate, which is in turn affected 
by the water vapor pressure in the atmosphere. If the am- 
bient temperature and the temperature reduction due to 
evaporation are measured using the Seebeck effects, the 
relative humidity of the atmosphere can be computed. 

There is a maximum degree of junction cooling that can 
be achieved using the Peltier current (Spanner, 1951). The 
electrical current that produces the Peltier cooling also pro- 
duces the Joule heating effect. The Joule heating effect is 
the heat produced by the work done against friction along 
the thermocouple wires. Spanner (1951) showed that the 
net cooling effect is a quadratic function of the current, and 
that there is a maximum value beyond which the Joule 
heating will dominate. 

Different types of thennocouples have different degrees 

Metal Metal 

A ,Til A - 
Metal B 

warmer cooler 

Figure 4.10 Electrical circuit to illustrate the Peltier effect. 

of maximum cooling. The maximum cooling results in a 
minimum dewpoint temperature that can be reached by the 
thermocouple. This, in turn, imposes a restriction on the 
lowest relative humidity (or the highest soil suction) that 
can be measured using a thermocouple psychrometer. The 
lower the relative humidity, the lower is the dewpoint tem- 
perature associated with its water vapor pressure. 
Peuier Psychmmeter 
A typical Peltier psychrometer, often called a Spanner psy- 
chrometer, is shown in Fig. 4.11. The thermocouple con- 
sists of 0.025 mm diameter wires of constantan (i.e., cop- 
per-nickel) and chrome1 (Le., chromium-nickel). The 
wires are welded together to form an evaporating or a mea- 
suring junction. The other ends of the wires am connected 
to 26 American Wire Gauge (AWG) copper lead wires to 
form a reference junction. The highly conductive copper 
wires have a large diameter (Le., large thennal mass) in 
order to serve as heat sinks that can maintain a constant 
temperature at the reference junction. The heat sinks are 
required to adsorb the Joule heat generated near the refer- 
ence junction as the measuring junction is being cooled. 

The maximum degree of cooling generated by the chro- 
mel-constantan thermocouple is about 0.6"C below the 
ambient temperature (Brown and Ba~tos, 1982). This max- 
imum cooling represents the lowest relative humidity (Le., 
94%) or the upper limit of the total suction (Le., 8ooo kPa) 
which can be measured using the thermocouple psychrom- 
eter. The lowest suction which can be measured using a 
thermocouple psychrometer is approximately 100 kPa un- 
der a controlled temperature environment of f0.001"C 
(Krahn and Fredlund, 1972). This lower limit corresponds 
to a relative humidity approaching 10096. A slight lower- 
ing of the temperature as the 10096 relative humidity is 
approached will immediately produce condensation on the 
thermocouple. 

W C  Insulated cable 
Meltable shrink 
tubing liner 
Polypropylene shrink 

Mylar shield tubing liner 
White 
Epoxy resin 

Teflon plug 

Color-coded insulation 

Copper-constantan 
junction (soldered) 
(Reference junction) 

Chrome1 
(0.026 mm) 
Welded junction 

Constantan 

400 Mesh inner liner 4 
(0.026 mm) 

I 
200 Mesh outer liner Y I &Teflon disk 

Stainless steel screen cap 

Figure 4.11 Scmn-caged single-junction Peltier thermocouple 
psychrometer (from Brown and Collins, 1980). 
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Figure 4.12 Equilibration times for a thermocouple psychrom- 
eter with various protective coverings, placed over a 0.3 molal 
KC1 solution at 25°C (from Brown, 1970). 

A protective housing is usually provided around the ther- 
mocouple wires. Protective covers take the form of a ce- 
ramic cup, a stainless steel screen, or a solid (stainless steel 
or teflon) tubing with a screen end window. The selection 
of the type of the protective cover depends on the appli- 
cation of the psychrometer. The time required for the water 
vapor equilibration is affected by the type of the protective 
cover, as demonstrated in Fig. 4.12. The ceramic cup ap- 
pears to have a long equilibration time, which may not be 
practical in many situations. 

The psychrometer device is connected to a control unit 
for applying the Peltier cooling current. The psychrometer 
is also connected to a microvoltmeter for measuring the 
generated electromotive force during the evaporation pro- 
cess. 

Measurements of total suction are conducted by sus- 
pending a psychrometer in a closed system containing a 

Read : null emf Cool 

I 1  

a b 

Cool 

C 

soil specimen. The relative humidity is measured after 
equilibrium is attained between the air near the thermocou- 
ple and the pore-air in the soil specimen. Isothermal con- 
ditions among the temperature of the soil, the air, and the 
psychrometer must be achieved prior to conducting the 
measurements. A controlled temperature environment of 
f 0.001"C is required in order to measure total suctions 
to an accuracy of f10 kPa (Krahn and Fredlund, 1972). 
Thermal equilibrium within the psychrometer is assured by 
obtaining a zero reading on the microvoltmeter. 

The processes associated with the relative humidity mea- 
surement when using a Peltier psychrometer are best illus- 
trated using Fig. 4.13 and the following explanation: 

a) Isothermal equilibrium between the psychrometer and 
the surrounding atmosphere must be achieved prior 
to a measurement being taken. This is indicated by a 
zero voltage reading. 

b) At an elapsed time of 15 s, a small electrical current 
(Le., 5 mA) is passed through the psychrometer cir- 
cuit from the constantan wire to the chrome1 wire for 
a period of 15 s. The passage of an electrical current 
in this direction causes the measuring junction to cool 
due to the Peltier effect. As the temperature at the 
measuring junction drops below the dewpoint corre- 
sponding to the surrounding atmosphere, water vapor 
condenses on the measuring junction. During the 
condensation process, the temperature at the measur- 
ing junction remains at the corresponding dewpoint 
temperature. 

c) At the end of the 15 s period of cooling, the Peltier 
current is then terminated. 

d) As soon as the cooling process is stopped, the con- 
densed water on the measuring junction starts to 

Read 

d 

Read 

e 

Read : null emf 

f 

Figure 4.13 The operational principle of the Peltier thermocouple psychrometer suspended in a 
sealed chamber over a soil specimen (from Van Havered and Brown, 1972). 
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evaporate to the surrounding atmosphere. The tem- 
perature at the measuring junction starts to drop be- 
low the dewpoint temperature as evaporation begins. 
As a result, the microvoltmeter mods the electro- 
motive force on a strip chart recorder. The generated 
electromotive force is a function of the temperature 
difference between the measuring junction and the 
reference junction (Le., the Seebeck effect). The mi- 
crovolt reading increases rapidly to a maximum value 
which is a function of the relative humidity in the 
surrounding atmosphere. The drier the atmosphere, 
the higher will be the microvolt output during the 
evaporation process. 

e) Having reached the maximum output corresponding 
to the maximum evaporative cooling, the microvolt 
output decreases rapidly to a zero reading. The de- 
creasing output indicates that the temperature at the 
measuring junction is increasing towards the ambient 
or the reference junction temperature. 

f )  The microvoltmeter gives a zero reading when the 
temperature at the measuring junction becomes equal 
to that of the reference junction. 

Psychrometer Calibmtjon 
The calibration of a psychrometer consists of determining 
the relationship between microvolt outputs from the ther- 
mocouple and a known total suction value. The calibration 
is conducted by suspending the psychrometer over a salt 
solution with a known osmotic suction under isothermal 
conditions. The calibration is performed by mounting the 
psychrometer in a sealed chamber. 

Filter papers are placed at the base of the chamber and 
generally saturated with a solution of NaCl or KCl. The 

osmotic suctions for NaCl and KC1 solutions at different 
molalities and temperatures are summarized in Tables 4.3 
and 4.4, respectively. 

Under isothermal equilibrium conditions, the water va- 
por pressure or the relative humidity in the calibration 
chamber corresponds to the osmotic suction of the salt so- 
lution. Therefore, the psychrometer can be calibrated at 
various suction values by using different molalities (or os- 
motic suctions) for the salt solution. Isothermal conditions 
are maintained by placing the chamber in a constant tem- 
perature bath, as illustrated in Fig. 4.14. 

The calibration process results in a set of calibration 
curves corresponding to various temperatures (Fig. 4.15). 
Each curve relates the psychrometer reading to a corre- 
sponding total suction. The maximum output from the mi- 
crovoltmeter is taken as the psychrometer reading. The 
psychrometer can then be used to measure the total suction 
in a soil specimen by using the established calibration 
curves. 

The calibration curves shown in Fig. 4.15 appear to in- 
crease from zero to a maximum microvolt value, and then 
decrease sharply to lower values. The maximum microvolt 
value indicates the maximum total suction that can be mea- 
sured using psychrometers. Psychrometer readings beyond 
this point are highly variable, with the largest variability 
occumng at high temperatures. This characteristic occurs 
because there is a maximum degnx of cooling that can be 
achieved. The curves in Fig. 4.15 indicate a range for the 
maximum measurable total suction from 7000 to 8000 kPa, 
comsponding to a temperature range between 0 and 35"C, 
respectively. 

The response time of a psychrometer depends on its pro- 
tective cover (Fig. 4.12) and the magnitude of total suction 
being measured (Fig. 4.16). The response time varies from 

Table 4.3 Osmotic Suctions of NaCI solutions (fmm Lange, 1967) 

Temperature 
NaCl 

Molality 0°C 7.5"C 15°C 25 "C 35 "C 

Osmotic Suction (kPa) 

0 
0.2 
0.5 
0.7 
1 .o 
1.5 
1.7 
1.8 
1.9 
2.0 

0.0 
836 

2070 
2901 
4169 
6359 
7260 
7730 
8190 
8670 

0.0 
860 

2136 
2998 
4318 
6606 
7550 
8035 
8530 
9025 

0.0 0.0 0.0 
884 915 946 

2200 2281 2362 
3091 32 10 3328 
4459 4640 4815 
6837 7134 741 1 
7820 8170 8490 
8330 8700 9040 
8840 9240 9600 
9360 9780 10 160 
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Table 4.4 Osmotic Suctions for KCl Solutions (&om Campbell and Gardner, 1971) 

Molality 0°C 10°C 15°C 20°C 25°C 30°C 35°C 

0 
0.10 
0.20 
0.30 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 
1 .oo 

0.0 
42 1 
827 
1229 
1628 
2025 
2420 
2814 
3208 
3601 
3993 

0.0 
436 
859 
1277 
1693 
2108 
2523 
2938 
3353 
3769 
4185 

0.0 
444 
874 
1300 
1724 
2148 
2572 
2996 
342 1 
3846 
4272 

0.0 
452 
890 
1324 
1757 
2190 
2623 
3057 
3492 
3928 
4366 

0.0 
459 
905 
1347 
1788 
2230 
2672 
31 16 
3561 
4007 
4455 

0.0 
467 
920 
1370 
1819 
2268 
2719 
3171 
3625 
4080 
4538 

0.0 
474 
935 
1392 
1849 
2306 
2765 
3226 
3688 
4153 
4620 

a few hours at several thousands kilopascals suction to 
about two weeks at 100 kPa suction (Richards, 1974). It 
appears that the psychrometer requires a considerably long 
time for equalization when used to measure low suction 
values. 

Hamilton et al. (1981) repoxted serious problems asso- 
ciated with corrosion on the thermocouples. The response 
characteristics of a failing or dirty psychrometer is difficult 
to interpret, as illustrated in Fig. 4.17. The corrosion prob- 
lem can be attributed to the acidic environment in the soil. 
It is important to clean the psychrometer thoroughly after 
each calibration or usage, in accordance with the instruc- 
tions given by the manufacturer. 

Psychrometer Pe@imnance 

temperature environment using undisturbed soil specimens 
from the field. 

A small soil specimen is placed into a stainless steel or 
Lucite chamber, together with the thermocouple psy- 
chrometer, as illustrated in Fig. 4.18. The entire assembly 
is then placed in a constant temperature bath, as shown in 
Fig. 4.14. The temperature of the bath should be main- 
tained at a constant temperature, within fO.OO1 "C (Krahn 
and Fredlund, 1972). In other words, the thermoregulator 
must be able to respond to a fluctuation in temperature of 
f0.001"C. The soil temperature is expected to be main- 
tained within the same degree of accuracy or greater due 
to the buffering effect of the glass beaker. 

Figures 4.19 and 4.20 present the relationships between 
total suction and initial water content for comDacted glacial 

I 

Psychrometers are useful far measuring high suctions in 
soils. In situ measurements of total suctions using psy- 
chrometers are generally not mommended because signif- 
icant temperature fluctuations occur in the field. However, 
laboratory measurements can be conducted in a controlled 

till and compacted Regina clay, respectively. h e  total suc- 
tion measurements were conducted using thermocouple 
psychrometers. It should be noted that these relationships 
are different from the soil-water characteristic curves for 
the soils since the results were obtained from various soil 

Thermoregulator 

To relay Stirrer 

Psychrometer 

-19 mm 
Styrofoam 

- 6  mm 
Lucite 

Figure 4.14 Schematic diagram of a constant temperature bath (fmm Krahn and Fredlund, 1972). 
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Total suction, J/ (kPa) 

Figure 4.15 Psychrometer calibretion curves at various temper- 
atures (from Brown and Caztos, 1982). 
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Figure 4.16 Response times for laboratory psychrometers (from 
Richards, 1974). 

1 Normal 

Time 

Figure 4.17 Comparison of responses from a nonnal and a dirty 
or failing psychrometer, as obtained from the same suction (from 
Hamilton, 1979). 

Psychrometer cable n- 
Reducer orifice 

Screen cage psychrometer 

1 Soil chamber 4% 
Figure 4.18 Stainless steel sample chamber with a seal psy- 
chrometer in place (from Brown and Collins, 1980). 

specimens compacted to different densities and at different 
water contents. A soil-water characteristic curve describes 
the water content versus suction relationship for a single 
soil specimen. Figures 4.19 and 4.20 clearly indicate a 
unique relationship Between soil suction and initial water 
content for a particular compacted soil, regardless its dry 
densities. The in situ suction of the same compacted soil 
in the field can then be inferred from this type of relation- 
ship (Figs. 4.19 and 4.20) by measuring its water content. 
This applies only when the soil has just been compacted in 
the field. 

Comparisons between suction measurements using ther- 

3200 

2800 

- 2400 5 

400 
8 10 12 14 16 18 

Initial water Content, wo (%) 

Figure 4.19 Total suction versus initial water content relation- 
ship for glacial till (from Krahn and Fredlund, 1972). 
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Figure 4.20 Total suction versus initial water content relation- 
ship for Regina clay (from Krahn and Fredlund, 1972). 

mocouple psychrometers and suction measurements using 
the filter paper technique are shown in Figs. 4.21 and 4.22. 
Figure 4.21 illustrates laboratory measurements of total 
suctions on soil samples from various depths at a location 
near Regina, Sask., Canada. The results indicate reasona- 
bly close agreement between both methods of total suction 
measurement as long as the filter paper is not in contact 
with the soil. 

Suction (kPa) 
10 100 lo00 loo00 

E - 

1 

rj.; Silt 

t Till 

Figure 4.21 Suction profile versus depth obtained using ther- 
mocouple psychrometers and the filter paper method (from van 
der Raadt et al., 1987). 

n - 
0 5 10 15 20  25 30 

Compaction water content (%) 

Figure 4.22 Comparison of independent measurements of total 
suction on a compacted silty sand (from Daniel et al., 1981). 

The basic Peltier psychrometer (Fig. 4.11) with a single 
measuring junction has been found to be extremely sensi- 
tive to slight temperature gradients. In addition, the single- 
junction psychrometer cannot be used to measure the am- 
bient temperature around the measuring junction. There- 
fore, a double-junction Peltier psychrometer (Fig. 4.23) has 
been developed in order to eliminate the drawbacks asso- 
ciated with a single-junction psychrometer. 

The double-junction psychrometer has two chromel- 
constantan thermocouples. The two constantan wires are 
attached to a constantan lead, while the two chrome1 wires 
are attached to different copper leads. The Peltier current 
is applied to the circuit TN (Fig. 4.23), causing a cooling 
at the left measuring junction. The psychrometer output is 
measured between the two copper leads, N and P, as a 
difference between the two junctions. The psychrometer 
output is relatively free from any extraneous electrical out- 
puts associated with temperature fluctuations within the 
Psychrometer chamber. Any electromotive force generated 
at one measuring junction due to a thermal gradient is com- 
pensated by an opposing electromotive force at the other 

Teflon rod 

Constantan (26 AWG) 

Copper (26 AWG) 

Reference junction 

Copper (26 AWG) 

Reference junction 

Chromel (0.025 mm) 

Measuring junction Measuring junction w Chromel (0.025 mm) 

Constantan 
(0.025 mm) 

Figwe 4.23 Double-junction temperature-mmpensated Peltier 
thermocouple psychrometer (fmm Van Haveren and Brown, 1972 
and Meeuwig, 1972). 

    



measuring junction. Therefore, the double-junction psy- 
chrometer is called a temperature-compensated psychro- 
meter. In addition, the output measured between the con- 
stantan lead wire, T, and the copper lead wire, P, gives the 
ambient temperature within the psychrometer chamber. 

4.3.2 Filter Paper 
The filter paper method for measuring soil suction was de- 
veloped in the soil science discipline, and has since been 
used primarily in soil science and agronomy (Gardner, 
1937; Fawcett and Collis-George, 1967; McQueen and 
Miller, 1968; Al-Khafaf and Hanks, 1974). Attempts have 
also been made to use the filter paper method in geotech- 
nical engineering (Ho, 1979; Tang, 1979; McKeen, 1981; 
Khan, 1981; Ching and Fredlund, 1984; Gallen, 1985; 
McKeen, 1985; Chandler and Gutierrez, 1986). Recent ex- 
perience with the use of the filter paper method on the stud- 
ies of airport pavement subgrades and swelling potential 
profile of expansive soils by McKeen (1985), has indicated 
that this method deserves further consideration. At present, 
the filter paper method has not gained general acceptance 
in geotechnical engineering. There is a need for further re- 
search relative to the use of this technique in engineering. 

Principle of Measumment ( m r  Paper Method) 
From a theoretical standpoint, it is possible to use the filter 
paper method to measure either the total or the matric suc- 
tion of a soil. The filter paper is used as a sensor. The filter 
paper method is classified as an “indirect method” of mea- 
suring soil suction. 

The filter paper method is based on the assumption that 
a filter paper will come to equilibrium (Le., with respect 
to moisture flow) with a soil having a specific suction. 
Equilibrium can be reached by either liquid or vapor mois- 
ture exchange between the soil and the filter paper. When 
a dry filter paper is placed in direct contact with a soil spec- 
imen, it is assumed that water flows from the soil to the 
paper until equilibrium is achieved (Fig. 4.24). When a dry 
filter paper is suspended above a soil specimen (Le., no 
direct contact with the soil), vapor flow of water will occur 
from the soil to the filter paper until equilibrium is achieved 
(Fig. 4.24). Having established equilibrium conditions, the 
water content of the filter paper is measured. 

The water content of the tilter paper corresponds to a 
suction value, as illustrated by the filter paper calibration 
curve shown in Fig. 4.25. Theoretically, the equilibrium 
water content of the filter paper corresponds to the matric 
suction of the soil when the paper is placed in contact with 
the water in the soil. On the other hand, the equilibrium 
water content of the filter paper corresponds to the total 
suction of the soil if the paper is not in contact with the 
soil. Therefore, the same calibration curve is used for both 
the matric and total suction measurements. 

The tilter paper method can be used to measure soil suc- 
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Two filter 

. .  . . . . .  ( .  

Figure 4.24 Contact and noncontact filter paper methods for 
measuring matric and total suction, respectively (from AI-khafaf 
and Hanks, 1974). 

tion over a wide mnge of values. The measunements are 
generally performed in the laboratory by equilibrating a fil- 
ter paper with an undistuhxi or disturbed soil specimen 
obtained from the field. 

Measurement and Calibration Techniques ( m e r  Paper 
Method) 
The following technique of measurement and calibration is 
written in accordance with a tentative ASTM standard on 
the filter paper method (ASTM Committee D18 on Soil and 
Rock). The filter paper sensor must be of the ash-free, 
quantitative Type II as specified by ASTM standard spec- 
ification E832. Whatman No. 42 and Schleicher and 
Schuell No. 589 White Ribbon are two commonly used 
brands of filter paper. A typical filter paper has a disk size 
with a diameter of 55 mm. Filter papers from the same 
brand a= considered to be “identical” in the sense that all 
filter paper disks have the same calibration curve. 

The equipment associated with the filter paper method 
consists of large and small metal containers, an insulated 
box, a balance, and a drying oven. The large container must 
be able to contain a soil specimen of approximately 200 g. 
The container should be treated to prevent lusting. The 

0.11. ” ” - - ‘ ” . . ’ .  “ ” 
1 

0 60 100 150 200 
Water content of filter paper, wt (%) 

Flgure 4.25 A typical calibration curve showing measured filter 
paper water contents for applied suctions (from McQueen and 
Miller, 1%8). 
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large container has an air-tight lid, and is used to equili- 
brate the soil specimen and the filter paper for a period of 
several days. The small container, with a volume of ap- 
proximately 60 cm3, is used to contain the filter paper dur- 
ing oven drying for its water content measurement. The 
small container should be as light as possible, considering 
the small mass of the filter paper. 

An insulated box can be used to store the large containers 
with the soil specimens and filter papers during the equil- 
ibration period. The box should be maintained at a constant 
temperature within floc. An accurate balance with a 
minimum capacity of 20 g and a readability of O.OOO1 g 
should be used when weighing the filter paper during its 
water content measurement. 

Some researchers pretreat the filter papers prior to its use 
in order to prevent fungal and bacterial growth during the 
equilibration period (Fawcett and Collis-George, 1967; and 
McQueen and Miller, 1968). Solutions of 3 96 Pentachlor- 
ophenol, C6C150H, or 0.005% HgCl have been used to 
pretreat the filter papers. However, recent studies do not 
indicate any difference in the results obtained from the pre- 
treated and untreated filter papers (Hamblin, 1984; Chan- 
dler and Gutierrez, 1986). 

The most common practice is to have the filter paper ini- 
tially dry, and then allow it to adsorb water from the soil 
specimen during equilibration. All calibration curves ap- 
pears to have been established using initially dry filter pa- 
pers. Therefore, if initially wet filter papers are to be used 
in the suction measurements, it may be necessary to estab- 
lish new calibration curves using initially wet filter papers. 
There appears to be some hysteresis in the water content 
versus suction relationship for filter paper upon wetting and 
drying (Lykov, 1961). 

The filter paper is initially oven dried for several hours. 
The dry filter paper is then cooled and stored in a desiccant 
container. Meanwhile, a soil specimen is placed in a large 
container. The soil specimen should almost fill the con- 
tainer (Fig. 4.24) in order to reduce the equilibration time. 
The “noncontact” procedure can be used by placing two 
dry filter papers on a perforated brass disk that is seated on 
top of the soil specimen, as shown in Fig. 4.24. The “con- 
tact” procedure can be used by placing three stacked filter 
papers in contact with the soil specimen, as illustrated in 
Fig. 4.24. For the contact procedure, the center filter paper 
is generally used for the suction measurement, while the 
outer filter papers are primarily used to protect the center 
paper from soil contamination. 

Once the filter paper and the soil specimen are in the 
large container, the container is sealed with plastic electri- 
cal tape. The sealed container is then stored in the insulated 
box for equilibration. It appears that the ambient temper- 
ature does not affect the filter paper results provided the 
temperature variations during equilibration are minimized 
(Al-Khafaf and Hanks, 1974). Suctions in the filter paper 
should be allowed to equilibrate for a minimum period of 

0 2 4 6 8 1 0 1 2 1 4  
Equilibration time (days) 

Figure 4.26 Increasing water content of the initially dry filter 
paper during the equilibration period (from Tang, 1978). 

seven days. Figure 4.26 illustrates the increasing water 
content of initially dry filter paper as equilibration occurs 
with the soil specimen. The results indicate that seven days 
is sufficient for the equilibration pu’pose. 

At the end of the equilibration period, the filter papers 
are removed from the large container using a pair of tweez- 
ers, and their water contents are determined using the small 
metal containers. The water contents of both filter papers 
used in the “noncontact” measurement can be measured 
independently. In the “contact” measurement, the water 
content of the center filter paper is of primary importance. 
The other filter papers are primarily for protective pur- 
poses. 

Extreme care must be exercised when measuring the 
small masses associated with the filter papers. The filter 
paper should be transferred from the large container to the 
small container within a short period of time (e.g., 3-5 s). 
This short period of transfemng time will minimize water 
loss or gain between the filter paper and the surrounding 
atmosphere. The small container containing the filter paper 
must be closed and weighed immediately in order to deter- 
mine the mass of the filter paper and the adsorbed water. 

The container along with the filter paper is then placed 
in an oven at a temperatuxe of 110 f 5°C. In the oven, 
the lid of the container should be removed to allow water 
to escape from the filter paper. Having removed all of the 
water from the filter paper, the container, along with the 
dry filter paper, m weighed with the lid in place in order 
to determine the dry mass of the filter paper. The difference 
between the dry mass and the wet mass of the filter paper 
is used to compute the equilibrium water content of the 
filter paper. 

The equilibrium suction is obtained from the calibration 
curve (Fig. 4.27) by using the measured equilibrium water 
content of the filter paper. The equilibrium suction is as- 
sumed to be equal to the suction in the soil specimen. Using 
the “noncontact” pmedure, the suction values deter- 
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Filter paper water content, WI (%) 

Figure 4.27 Calibration curves for two types of filter paper. 

mined from the two filter papers can be averaged when 
determining the soil suction, provided the two filter papers 
give similar water contents. 

The calibration curve for a specific filter paper can be 
established by measuring the water content of filter paper 
in equilibrium with a salt solution having a known osmotic 
suction. In principle, the filter paper calibration is similar 
to the calibration of a psychrometer. The filter paper should 
be suspended above at least 50 cm3 of a salt solution. The 
procedure for ensuring equilibration and measuring the 
water content is the same as those used during the mea- 
surements of soil suction. Various filter paper water con- 
tents can then be plotted against the differing osmotic suc- 
tions to give the calibration curve. 

The calibration curve for filter papers always exhibits bi- 
linearity, as shown in Fig. 4.27. The lower part of the curve 
represents the high range of filter paper water contents 
where the water is believed to be held by the influence of 
capillary forces. On the other hand, the upper part of the 
calibration curve represents lower water contents where the 
water is believed to be held in an adsorbed water film within 
the filter paper (Miller and McQueen, 1978). 

It should be emphasized that the filter paper technique is 
highly user-dependent, and great cam must be taken when 
measuring the water content of the filter paper. The balance 
must be able to weigh to the nearest O.OOO1 g. Each dry 
filter paper has a mass of about 0.52 g, and at a water 
content of 3096, the mass of water in the filter paper is 
about 0.16 g. 

The Use of the Filter Paper Method iu h t k e  
A question of immediate concern to the practicing engineer 
is, “What is the accuracy of the suction measurement when 

using the filter paper method?” The question is still being 
answered, but the following typical results rn presented in 
order to provide some indication of the accuracy of the fil- 
ter paper method. ’ 

A comparison between the results of suction measure- 
ments using the filter paper method and psychrometers is 
shown in Fig. 4.21. The results from the noncontact filter 
paper agree fairly closely with the psychrometer results, 
indicating that total suction was being measured. However, 
the contact filter papers did not exhibit as consistent results 
with respect to depth. This is believed to be due to poor 
contact between the filter paper and the soil specimen, 
which resulted in the total suction being measured in many 
instances, instead of the matric suction over the depth range 
of 0-5 m (Fig. 4.21). 

It appears to be difficult to ensure good contact between 
the soil specimen and the filter paper. For th is  reason, total 
suction will generally be measured when using the filter 
paper method. Figure 4.28 demonstmtes a close agreement 
between total suction measurements obtained when using 
the filter paper method and thermocouple psychrometers. 
Total suction profiles in a montmorillonite clay in Texas 
(Fig. 4.29) have been pdicted using the filter paper 
method (McKeen, 1981). The results appear to agree 
closely with the psychrometer measumments. 

Figure 4.30 shows the results of filter paper measure- 
ments of total suction on a highly plastic clay from Eston, 
Canada (Ching and Fredlund, 1984). While augering sev- 
eral boreholes, water content samples were taken at about 
0.3 m intervals. Three filter papers were included with each 
water content samples. These were allowed to equilibrate 
for one weak. The measured suction on the highly swelling 
clay ranged from 2000 to 6OOO Wa. Although there is no 
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R2 = Coefficient of determination 
o = Standard error 

Figure 4.28 Comparisons of total suction measurements ob- 
tained using the filter paper method and psychrometers (from 
McKeen, 1981). 

direct Confirmation of these measurements, the results ap- 
pear to be reasonable for this deposit. 

Another total suction profile (Fig. 4.31) was obtained 
from an excavation in shale using the filter paper method 
(McKeen, 1985). The drying effects near the surface of the 
excavation (Le., down to a depth of 0.6 m) result in high 
soil suctions [Fig. 4.31(a)]. Correspondingly, this portion 
of the profile also has a low water content [Fig. 4.31(b)] 
in the soil. The filter paper method has also been used to 
estimate the in situ stress state of London clay with rea- 
sonable success (Chandler and Gutierrez, 1986). 

It may also be possible to use the filter paper technique 
for in situ measurements of (total) suction (Fredlund, 
1989). A proposed scheme for measuring suctions in 
subgrade soils is shown in Fig. 4.32. The filter papers 
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Flgure 4.29 Total suction profiles as determined using the filter 
paper method and thermocouple psychrometers (From McKeen, 
1981). 
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Figure 4.30 Total suction profiles for Eston clay using the filter 
paper method. 

would be left in place for about one week, and then re- 
moved for measurement of their water contents. New filter 
papers could then be installed and allowed to equalize for 
another week. Although this scheme has not been used to 
date, it appears to have possibilities as a low-cost, approx- 
imate technique to estimate total suction. 

The filter paper method appears to have a wide range of 
measuring capability corresponding to soil suctions from a 
few kilopascals to several hundred thousand kilopascals 
(Fawcett and Collis-George, 1967; McQueen and Miller, 
1968). However, the measurements must be performed 
with great care. In addition, only the “noncontact” filter 
paper procedure can be assured of measuring total suction. 
The “contact” filter paper procedure may measure either 
the total or the matric suction, depending on the degree of 
contact between the soil and the filter paper. 

4.4 MEASUREMENTS OF MATRIC SUCTION 

Matric suction can be measured either in a direct or indirect 
manner. The negative pore-water pressure is measured 
using direct methods. The pore-air pressure, which is gen- 
erally atmospheric in the field, minus the negative pore- 
water pressure gives the matric suction. 

High air entry ceramic disks are used for direct mea- 
surements of negative pore-water pressures. Therefore, the 
properties of high air entry ceramic disks are presented prior 
to describing different ways to perform a direct measure- 
ment. 

Several types of porous sensors are used for performing 
indirect measurements of matric suction. The electrical and 
thermal properties of a standard ceramic are a function of 
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Figure 4.31 

Suction (kPa) Water content, w (%) 

Total suction and water content profiles in a shale excavation (from McKeen, 

its water content, which in turn is a function of the matric 
suction. A measurement of the electrical or thermal prop- 
erties of the sensor indicates the matric suction both in the 
sensor and in the surrounding soil. Indirect measurements 
of matric suction based on the thermal properties of the 
sensor are described in this chapter. 

4.4.1 High Air Entry Disks 
A high air entry disk has small pores of relatively uniform 
size. The disk acts as a membrane between air and water 
(Fig. 4.33). The disk is genemlly ceramic,’ being made of 
sintered kaolin. Once the disk is saturated with water, air 
cannot pass through the disk due to the ability of the con- 
tractile skin to resist the flow of air. 

The ability of the ceramic disk to withstand the flow of 
air results from the surface tension, T,, developed by the 
contractile skin. The contractile skin acts like a thin mem- 
brane joining the small pores of radius, R,, on the surface 
of the ceramic disk. The difference between the air pressure 

’Manufactured by Soilmoisturc Equipment Corporation, Santa Barbara, 
CAI 

Casing 

Figure 4.32 Scheme for using filter papers to measurn total suc- 
tion. 

1985). 

above the contractile skin and the water pressure below the 
contractile skin is defined as matric suction. The maximum 
matric suction that can be maintained across the surface of 
the disk is called its air entry value, (u, - u,,,),,. The air 
entry value of the disk can be illustrated using Kelvin’s 
equation: 

(4.10) 2TS 
(43 - Uwld = - 

RS 

where 
(u, - uJd 3: air entry value of the high air entry disk 

Ts = surface tension of the contractile skin or 
the air-water interface (e.g., Ts = 72.75 
mN/m at 20°C) 

R, = radius of curvature of the contractile skin 
or the radius of the maximum pore size. 

Surface tension, T,, changes slightly with temperature. 
The air entry value of a disk is largely controlled by the 

\ Water, uw 

Water compartment 

To measuring system 

Figure 4.33 Opemting principle of a high air entry disk as de- 
scribed by Kelvin’s capillary model. 
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Table 4.5 High Air Entry Disks Used at Imperial College (From Blight, 1966) 

Air Entry 

Porosity, with Respect to Water, kd (u, - u,),, 
Coefficient of Permeability Value, 

Type of Disks n (%I (m/s) (kPa) 

Doulton Grade P6A 23 2.1 x 10-9 152 
Aerox "Celloton" Grade VI 46 2.9 X 2 14 
Kaolin-consolidated from a 45 6.2 X lo-" 317 

Kaolindust pressed and fired 39 4.5 x 10-'O 524 
slurry and fired 

radius of curvature, R,, of the largest pore in the disk. The 
size of the pores is controlled by the preparation and sin- 
tering process used to manufacture the cemmic disk. The 
smaller the pore size in a disk, the greater will be its air 
entry value [Eq. (4. lo)]. The properties of several types of 
high air entry disks used for unsaturated soils research at 
Imperial College, London, are listed in Table 4.5. 

The ability of the high air entry disk to withstand a dif- 
ference between air and water pressures makes the disk 
suitable for the direct measurement of negative pore-water 
pressures in an unsaturated soil. The disk is used as an 
interface between the unsaturated soil and the pore-water 
pressure measuring system. Water in the disk acts as a fink 
between the pore-water in the soil and the water in the 
measuring system. At the same time, air cannot pass 
through the high air entry disk into the measuring system. 

The separation of the air and water across a high air entry 
disk can be achieved only as long as the matric suction of 
the soil does not exceed the air entry value of the disk. 
Once the air entry value of the disk is exceeded, air will 
pass through the disk and enter the measuring system. The 
presence of air in the measuring system causes emneous 
measurements of the pore-water pressure in a closed sys- 
tem, 

Figure 4.34 shows the air passage characteristics of three 
disks mentioned in Table 4.5. The plots indicate the air 
entry value or the maximum matric suction sustainable 
across the disk. 

The properties of several high air entry disks manufac- 
tured by Soilmoisture Equipment Corporation are tabulated 
in Table 4.6. The disks are identified according to their air 
entry values, which are expressed in bars (Le., one bar is 
equal to 100 kPa). The water coefficient of permeability of 
a disk was measured by mounting the disk in a triaxial ap- 
paratus and placing water above the disk. An air pressure 
can then be applied to the water, producing a gradient 
across the high air entry disk. The volume of water flowing 
through the disk is measured using a water volume change 
indicator. Details on the equipment are presented in Chap- 
ter 10. 

The flow of water through a high air entry disk is plotted 
against elapsed time, as shown in Fig. 4.35. The plot shows 
a straight line indicating steady-state seepage through the 
disk. The volume of water divided by the cross-sectional 
area of the disk and the elapsed time gives the coefficient 
of permeability of the disk. In general, the coefficient of 
permeability of the disk decreases with an increasing air 
entry value. 

The air entry value and the permeability of a high entry 
disk should be measured prior to its use in unsaturated soil 
testings. Figure 4.36 presents the air passage characteris- 
tics of high air entry disks from Soilmoisture Equipment 
Corporation. The measured air entry values appear to be 
higher than the nominal values specified by the manufac- 
turer. The results of measurements of the air entry values 
and the coefficients of permeability for various high air en- 
try disks are summarized in Table 4.7. 

4.4.2 Direct Measurements 
There are two devices commonly used for the direct mea- 
surement of negative pore-water pressures. These are the 
tensiometer and the axis-translation apparatus. Tensiome- 
ters utilize a high air entry ceramic cup as an interface be- 
tween the measuring system and the negative pore-water 
pressure in the soil. Tensiometers can be used in the lab- 

5" -0 50 100 150 200 250 300 350 - 
Applied rnatric suction, (ua - u,) (kPa) 8 

Figure 4.34 Air passage characteristics of three high air entry 
disks (from Bishop and Henkel, 1962). 
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4 bar high air entry disk- 
Pressure = 3q5 kPa 
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1 15 ar high air entry disk r Pre:sure = 55 kPa, 
/ 

Table 4.6 Properties of High Air Entry Disks Manufactured by Soilmoisture 
Equipment Corporation (Manufacturer's Results) 

Air Entry 
Approximate Coefficient of Permeability Value, 

Type of Disks ( X  io-' mm) ( 4 s )  W a )  
Pore Diameter with Respect to Water, kd (ua - U d d  

1 /2 bar high flow 6.0 3.11 x 1 0 - ~  48-62 
1 bar 2.1 3.46 x 10-~ 138-207 
1 bar high flow 2.5 8.60 x lo-' 13 1-193 
2 bar 1.2 1.73 x 10-~ 241-310 
3 bar 0.8 1.73 x 317-483 
5 bar 0.5 1.21 x 1 0 - ~  > 550 
15 bar 0.16 2.59 x lo-'' > 1520 

oratory and in the field. On the other hand, the axis-trans- 
lation apparatus can be used only in the laboratory. The 
use of the axis-translation concept was described in Chap- 
ter 3. 

Tensiometers 
A tensiometer measures the negative pore-water pressure 
in a soil. The tensiometer consists of a high air entry, po- 
rous ceramic cup connected to a pressure measuring device 
through a small bore tube. The tube is usually made from 
plastic due to its low heat conduction and noncorrosive na- 
ture. The tube and the cup are filled with deaired water. 
The cup can be inserted into a precored hole until there is 
good contact with the soil. 

Once equilibrium is achieved between the soil and the 
measuring system, the water in the tensiometer will have 
the same negative pressure as the pore-water in the soil. 

" 
0 2 4 6 8 1 0  

Elapsed time, t (rnin ) 

Figure 4.35 Steady-state seepage of water through a high entry 
disk (from Fredlund, 1973). 

The pore-water pressure that can be measured in a ten- 
siometer is limited to approximately negative 90 kPa due 
to the possibility of cavitation of the water in the tensiom- 
eter. The measured negative pore-water pressure is nu- 
merically equal to the matric suction when the pore-air 
pressure is atmospheric (Le., u, = zero gauge pressure). 
When the pore-air pressure is greater than atmospheric 
pressure (i.e., during axis translation), the tensiometer 
reading can be added to the ambient pore-air pressure read- 
ing to give the matric suction of the soil. The measured 
matric suction must not exceed the air entry value of the 
ceramic cup. The osmotic component of soil suction is not 
measured with tensiometers since soluble salts are free to 
move through the poms cup. 

There are several types of tensiometers available from 
Soilmoisture Equipment Corporation. Figure 4.37 shows a 
regular tensiometer with a Bourdon-vacuum gauge to mea- 
sure the negative pore-water pressure. The negative pore- 
water pressure in the tensiometer tube can also be measured 
using a water-mercury manometer or an electrical pressure 
transducer, as indicated in Fig. 4.38. Cassel and Mute 
(1986) discussed the sensitivity of various measuring de- 
vices on the response time of a tensiometer. In general, an 
increase in the gauge sensitivity will decrease the response 
time of the tensiometer. The increased gauge sensitivity 
also results in less water movement between the soil and 
the tensiometer, and subsequently a more accurate mea- 
surement of suction. A higher permeability of the ceramic 
cup will also result in a lower response time for the ten- 
siometer. 

The tensiometer tube in Fig. 4.37 has a diameter of ap- 
proximately 20 mm and various lengths up to 1.5 m. In 
other words, tensiometer cups can be installed in the field 
to a depth of 1.5 m below the ground surface. However, 
the negative water pressure recorded at the ground surface 
must be corrected for the elevation head corresponding to 
the water column in the tensiometer. The longer the ten- 
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Figure 4.36 Air passage characteristics of one bar, high air entry disks (from Rahardjo, 1990). 

siometer tube, the greater will be the correction. This cor- 
rection results in a more negative water pressure being 
measured than that recorded by the measuring device. A 
length of 1 .5 m corresponds to a pressure correction of 15.2 
kPa . 

Servicing the Tensiometer Prior to Instauation 
The service cap at the top of the tensiometer tube (Fig. 
4.37) is used to facilitate the filling of the tube with deaer- 
ated water, the sealing of the tube during measurements, 
and the servicing of the tensiometer. The tensiometer must 

be serviced properly prior to its use in order to obtain re- 
liable results. Details on the preparation, installation, and 
usage of a tensiometer are presented by Cassel and Klute 
(1986). During prepamtion for installation, the ceramic cup 
should be checked for signs of plugging; air bubbles should 
be removed from the tensiometer, and the response time of 
the tensiometer should be checked. The ceramic cup can 
be checked by placing the empty tensiometer upright in a 
pail of water and allowing the cup to soak in the water 
overnight. An unplugged cup will allow water to fill the 
tensiometer tube. 

The removal of air bubbles is performed by applying a 

Table 4.7 Permeability and Air Entry Value Measurements on High Air Entry Disks 
from Sotlmoisture Equipment Corporation (from Fredlund, 1973; Rahardjo, 1990) 

Diameter Thickness Air Entry Value 
of the of the of the Disk, Coefficient of 
Disk disk (% - U d d  Permeability of the 

Type of Disks (mm ) (mm) Disk, kd (m/S) 

1 bar 19.0 
high flow 19.0 

19.0 
19.0 
19.0 

101.6 
5 bar 56.8 
15 bar 56.8 

57.0 

6.4 
6.4 
6.4 
6.4 
6.4 

10.0 
6.2 
3.1 
3.1 

115 5.12 X lo-' 
130 3.92 x lo-' 
110 3.98 x lo-' 
130 5.09 x lo-' 
150 5.60 x lo-' 

1.30 x 10-9 
> 200 4.20 x lo-' 

6: t 2 x lo-'' 
8. 1 X 
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Figure 4.37 Conventional tensiometer from Soilmoisture Equipment Corporation. 
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Figure 4.38 Several measuring systems for a tensiometer (from 
Momson, 1983). 

vacuum of approximately 80 Wa to the top of the tensiom- 
eter tube for a period of 30-60 s. The vacuum can be ap- 
plied using a hand-held vacuum pump, as shown in Fig. 
4.39. This process will remove air bubbles from the ce- 
ramic cup, the Bourdon gauge, and from the imperfections 
on the wall of the tube. Having released the applied vac- 
uum, deaerated water is added to refill the tube and the 
service cap is tightened in place. The water in the tube is 
then subjected to a negative pressure of approximately 80 
kPa by allowing water to evaporate from the ceramic cup. 
Under this negative pressure, air bubbles may reappear in 
the tube, and the above procedure should be repeated until 
the tube is essentially fme of air bubbles. It is important to 
have an air-free tensiometer tube in order to ensure correct 
readings and rapid responses. 

The response time of a tensiometer can be checked by 
developing a negative water pressure of approximately 80 
kPa by evaporation from the ceramic cup and then im- 
mersing the ceramic cup into water. The negative water 
pressure in the tensiometer should increase towards atmo- 
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Vacuum hand 
pump 

Figure 4.39 Deairing the tensiometer using a hand-held vacuum 
pump (from Soilmoisture Equipment Corporation). 

spheric pressure within 5 min after the immersion in water, 
as illustrated in Fig. 4.40. A sluggish response may indi- 
cate a plugged porous cup, the presence of entrapped air in 
the system, or a faulty gauge that requires rezeroing. 

The ceramic cup must be soaked in water prior to its 
installation in order to avoid desaturation due to evapora- 
tion from the cup. The prepared tensiometer can then be 
installed in a predrilled hole in the field or in a soil speci- 
men (e.g., a compacted specimen) in the laboratory. It is 
important to ensure good contact between the ceramic cup 
and the soil in order to establish continuity between the 
pore-water in the soil and the water in the tensiometer tube. 
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Figure 4.40 Response of tensiometers with respect to time dur- 
ing immersion in water (from Tadepalli, 1990). 

Servicing the Tensiometer @er InsraUation 
After installation of the tensiometer, air bubbles may de- 
velop within the tensiometer due to several possible rea- 
sons. Dissolved air may come out of the solution as the 
water pressure decreases to a negative value. Air in the soil 
may diffise through the water in the ceramic cup and come 
out of the solution inside the tube. When the water pressure 
approaches the vapor pressure of water at the ambient tem- 
perature, water molecules can move freely from the liquid 
to the vapor form (Le,, cavitation occurs). In other words, 
the measured absolute pressure is equal to the saturated 
water vapor pressure, ii,o. 

The minimum vacuum gauge pressure that can be theo- 
retically developed in the tensiometer is (- 101.3 kPa + 
uv0). In practice, however, the minimum gauge pressure 
that can be measured in a tensiometer is approximately -90 
kPa due to the rapid accumulation of air bubbles as the 
saturated water vapor pressure is approached. In addition, 
pore-air passes through the high air entry cup if the matric 
suction of the soil exceeds the air entry value of the ce- 
ramic cup. The use of a ceramic cup with an air entry value 
greater than 100 kPa will not improve the measuring range 
of tensiometers since water in the tube will always cavitate 
when water pressure approaches approximately -90 kPa. 
It is necessary to check the tensiometer regularly in order 
to observe the development of air bubbles in the tube. This 
is particularly crucial when performing measurements on 
soils with high matric suctions. If air bubbles are allowed 
to accumulate in the tube, the pressure being read on the 
gauge will slowly increase towards zero (Le., atmospheric 
pressure). 

Air bubbles can be removed from the tensiometer using 
the vacuum pump (Fig. 4.39) and a procedure similar to 
that followed during the servicing of the tensiometer prior 
to installation. Having removed the air bubbles, deaerated 
water is added to refill the tube and the service cap is tight- 
ened in place. The tensiometer reading is then allowed to 
equilibrate. 

Jet Rill Tensiometers 
A jet fill-type tensiometer is shown in Fig. 4.41. The jet 
fill type is an improved model of the regular tensiometer. 
A water reservoir is provided at the top of the tensiometer 
tube for the purpose of removing the air bubbles. The jet 
fill mechanism is similar to the action of a vacuum pump. 
The accumulated air bubbles are removed by pressing the 
button at the top to activate the jet fill action. The jet fill 
action causes water to be injected from the water reservoir 
to the tube of the tensiometer, and air bubbles move up- 
ward to the reservoir. 

Small tip Tensiometer 
A small tip tensiometer with a flexible coaxial tubing is 
shown in Fig. 4.42. The tensiometer is prepared for in- 
stallation using a similar procedure to that described for the 
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Figure 4.41 Jet fill tensiometer from Soilmoisture Equipment Corporation. 

regular tensiometer tube. A vacuum pump can be initially 
used to remove air bubbles from the top of the tensiometer 
tube. Subsequent removal of air bubbles can be performed 
by flushing through the coaxial tube. 

Flushing is conducted by circulating water from the top 

of the tube and opening the water vent screw to the atmo- 
sphere. Water containing air bubbles will be forced into the 
inner nylon tube and released to the atmosphere through 
the opened water vent. Usually, this p d u r e  is required 
on a daily basis. It is sometimes difficult to get an accurate 

Service cap 
Release collet I E  

Water vent screw Water vent 
retaining nut .n screw 

V'O** ring 
naiina -retainer 

Vent tube 
Inner nvlon tube 

cup tube 
assembly Fr" i7' 4) 

W 

Eigure 4.42 Small tip tensiometer with flexible coaxial tubing (from !bilrnoisNIe Equipment 
Corporation). 
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Figure 4.43 Typical responses of the small tip tensiometer in 
decomposed volcanics (from Sweeney, 1982). 

suction measurement because water moves from the ten- 
siometer into the soil each time the tensiometer is serviced. 

The small tip with the flexible tube allows the installation 
of the tensiometer into a relatively small soil specimen dur- 
ing laboratory experiments. As an example, the small tip 
tensiometer has been installed in a consolidation specimen 
to measure changes in matric suction during the collapse 
of a compacted silt (Tadepalli, 1990). 

Figure 4.43 illustrates typical responses of the small tip 
tensiometer inserted into a decomposed volcanic soil. The 
response is plotted in tenns of matric suctions by referenc- 
ing measurements to atmospheric air pressures. Sweeney 
(1982) found that this type of tensiometer could only main- 
tain matric suction equilibrium for about one or two days 
before the suction readings began to drop. However, the 
time that equilibrium can be maintained is a function of the 
matric suction value being measured. 

Complete unit 

Coring 

@ick h w  Tensiometers 
Figure 4.44 shows a Quick Draw tensiometer equipped with 
a coring tool and a carrying case. The Quick Draw ten- 
siometer has proven to be a particularly useful portable ten- 
siometer to rapidly measure negative pore-water pressures. 
The water in the tensiometer is subjected to tension for 
only a short period of time during each measurement. 
Therefore, air diffusion through the ceramic cup with time 
is minimized. 

The Quick Draw tensiometer can repeatedly measure 
pore-water pressures approaching - 1 atm when it has been 
properly serviced. When it is not in use, the probe is main- 
tained saturated in a carrying case which has water-satu- 
rated cotton surrounding the ceramic cup. The rapid re- 
sponse of the Quick Draw tensiometer is illustrated in Fig. 
4.45. 

Tensiometer Pef lomnce  for &ld Measurements 
Tensiometers have been used to measure negative pore- 
water pressures for numerous geotechnical engineering ap- 
plications. One example is a cut slope consisting of 5-6 m 
of colluvium overlying a deep weathered granite (Fig. 
4.46). Two observation shafts, made of concrete caisson 
rings, were constructed along the slope (i.e., shafts A and 
B in Fig. 4.46). Figure 4.47 illustrates the construction of 
the shaft, along with four circular openings along each 
caisson ring. The openings functioned as access holes for 
installing tensiometers into the soil at various locations 
along the shaft. The shaft was equipped with wood plat- 
forms at various elevations, a ladder, and lighting facili- 
ties, as shown in Fig. 4.47. 

Null knob 

Figure 4.44 Quick Draw tensiometer with coring tool and cawing case (from Soilmoisture 
Equipment Corporation). 
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Figure 4.45 Typical responses of a Quick Draw tensiometer in 
decomposed volcanics (from Sweeney, 1982). 

Measurements of negative pore-water pressures along 
shafts A and B are presented in Figs. 4.48 and 4.49, re- 
spectively. The results are plotted in terms of matric suc- 
tion and hydraulic head profiles throughout the depth of the 
shaft. The results indicate the fluctuation in matric suction 
values with respect to the time of the year. The largest vari- 
ations occur near the ground surface (Fig. 4.48). The hy- 
draulic heads along the depth of the shaft are plotted by 
adding the negative pore-water pressure head to the ele- 
vation head. The hydraulic head plots indicate a net down- 

' [ 1 High rise 

Completely to hi! 

May, 1980 

High rise 

Completely 
weathered 111 granite 

F 

Figure 4.46 Cut slope of decomposed granite where tensiome- 
ters were used to measure negative pore-water pressures (from 
Sweeney, 1982). 

Wooden hut - square in plan 
Surface drain 
around hut 
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Figure 4.47 Observation shaft for installing tensiometers in the 
field (from Sweeney, 1982). 

ward water flow towards the water table through the un- 
saturated zone. 

Quick Draw tensiometers have been used in the mea- 
surement of negative pore-water pressures along the side- 
walls of two trenches excavated perpendicular to a railway 
embankment in western Canada. The soil consisted pre- 
dominantly of an unsaturated silt. The results are plotted 
in Fig. 4.50 as contours of matric suction across the em- 
bankment. It appears that the matric suctions decrease to- 
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F@re 4.48 Matric suction profile along shaft A (from 
Sweeney, 1982). 

    



90 4 MEASUREMENTS OF SOIL SUCTION 

Matric suction, (ua - UW) (kPa) 
0 

of sandy clay 
(Colluvium) 

Reading during Caisson 
excavation 

24 -March to May 1980 F 
Groundwater table 
May 1980 32 E 4 

Hydraulic head (m) 
0 10 20 30 40 

Figure 4.49 Matric suction profile along shaft B (from 
Sweeney, 1982). 

wards the ground surface due to the influence of the micro- 
climatic conditions (Le., excessive rainfall). 

A scanning valve tensiometer system has also been used 
for recording several tensiometer readings through one 
central pressure transducer (Fig. 4.51). The hydraulic 
scanning valve rotates automatically from one tensiometer 
to another in order for the transducer to record the read- 
ings. 

Osmotic Tensiometem 
Attempts have been made to ovenxme the problem of water 
cavitation in a conventional tensiometer through the use of 

0 
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8 3  
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7 
8 -- 

-20 - Metric suction, (u. - uw) (kPa) 
62 Suctions in undisturbed clay 

Figure 4.50 Matric suction contours along the sidewalls of two 
test trenches in a silt embankment (from Kmhn et al., 1989). 
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Figure 4.51 A scanning valve tensiometer system (from An- 
derson and Burt, 1977). 

an osmotic tensiometer (Peck and Rabbidge, 1966). The 
osmotic tensiometer uses an aqueous solution that has been 
internally prestmssed to produce a positive gauge pressure. 
The positive pressure of the aqueous solution is then re- 
duced by the negative pore-water pressure in an unsatu- 
rated soil when the osmotic tensiometer comes to equilib- 
rium. The reduction of the pressure inside the osmotic 
tensiometer is measured using a pressure transducer to give 
the measured negative pore-water pressure in the soil. 

Using the above concept, highly negative pore-water 
pressures can be measured without causing the tensiometer 
solution to go into tension. However, major difficulties as- 
sociated with osmotic tensiometers have restricted their use 
(Peck and Rabbidge, 1%9; Bocking and Fdlund, 1979). 

The configuration and components of an osmotic ten- 
siometer are shown in Fig. 4.52. The device consists of a 
closed chamber containing an aqueous solution of polyeth- 
ylene glycol (PEG) with a molecular mass of 20 000. A 
filling port is provided on the sidewall for inserting the so- 
lution into the chamber. The upper end of the chamber is 
sealed with a pressure transducer for measuring the internal 
pressure of the solution. The lower end of the chamber is 
sealed with a semi-pexmeable membrane attached to a 15 
bar, high air entry ceramic disk. 

The initial internal chamber pressure of the solution is 
developed through an osmotic process. This chamber pres- 
sure is highly positive, and can be in the range of 1400- 
2000 P a .  This pressure is generated when the sensor is 
placed in water, and is regarded as the reference pressure 
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Figure 4.52 Osmotic tensiometer constructed at the University 
of Saskatchewan (from Bocking and Fredlund, 1979). 

of the osmotic tensiometer. The reference pressure com- 
sponds to equilibrium conditions at a standard temperature 
of 2OoC with the device immersed in distilled water at zero 
gauge pressure. Therefore, the osmotic process is gener- 
ated by immersing the osmotic tensiometer into water. 

Water flows into the chamber as a result of the large dif- 
ference between the solution concentration across the semi- 
permeable membrane. On the other hand, the solution mol- 
ecules cannot pass through the semi-permeable membrane. 
However, water flows into the closed chamber, causing the 
solution pressure to increase as recoded by the pressure 
transducer. The flow of water will diminish as the internal 
pressure in the chamber increases. Eventually, equilibrium 
is reached between the internal pressure of the solution and 
the osmotic suction across the semi-permeable membrane. 
The reference pressure under equilibrium conditions is a 
function of the concentration and the molecular mass of the 
solution, as illustrated in Fig. 4.53 for the PEG (polyeth- 
ylene glycol) solution. 

The osmotic tensiometer can now be placed in contact 
with an unsaturated soil where the pore-water pressures are 
negative. During the equilibration process, a small amount 
of water will flow out of the chamber through the semi- 
permeable membrane. The solution pressure is reduced by 
an amount equal to the negative pore-water pressure in the 
soil. The solution pressure reduction is measured on the 
pressure transducer. Pore-air cannot enter the chamber be- 
cause of the high air entry ceramic disk and the high pos- 
itive pressure within the chamber. 

The first major difficulty associated with the osmotic ten- 
siometer is its inability to maintain a constant reference 
pressure with time. Figure 4.54 demonstrates the decreas- 
ing reference pressures of two osmotic tensiometers in 
equilibrium with distilled water at 20°C over a period of 

0 0.004 0.008 0.012 0.016 0.020 
Concentration (molar) 

Figure 4.53 Osmotic pmsure of polyethylene glycol (PEG) so- 
lutions (from Bocking and F d u n d ,  1979). 

260 days. There are seveml possible causes for the reduc- 
tion in the reference pressure with time (Peck and Rab- 
bidge, 1969). However, the most likely explanation for the 
pressure reduction is the minute leakage of the confined 
solute through the semi-permeable membrane. It was also 
found that the membrane is susceptible to physical deteri- 
oration with time (&king and Fredlund, 1979). 

The second major difficulty associated with the osmotic 
tensiometer concerns changes in the internal reference 
pressure as a result of changes in the ambient temperature. 
Figure 4.55 shows the decreasing reference pressure of two 
osmotic tensiometers as the temperature i n c w s .  The 
pressures shown in Fig. 4.55 have been corrected for the 
pressure drift with time (Fig. 4.54). The effect of temper- 
ature on the reference pressure makes it extremely difficult 
to measure negative pore-water pressures other than in a 
controlled temperature environment. Even under con- 
trolled temperatures, there is significant drift of the refer- 
ence pressure with time. To date, a solution has not been 
found to overnome these problems. 

Axis-TrensWn Technique 
Measurements of negative pore-water pressure can be made 
using the axis-translation technique. The measurement is 

Unit number 06777 (dual membrane, 30% PEG) 
Drift = 0.78 kPa/day, 1.22% (of 1908 kPa)/month 

4 Unit number 67266 (Dual membrane, 30% PEG) 
Drift = 3.36 kPa/day, 6.61 % (of 1523 kPa)/month 

. " ' , ' ' ' ' '  
L 

1 -  - - -  

I 
5 0 0 1  ' ' ' ' ' ' ' ' ' ' ' ' ' ' 1 

0 100 200 300 
Time since filling, t (days) 

Figure 4.54 Reference pressure drifts of two osmotic tensiom- 
eters with time (from Bocking and Fredlund, 1979). 
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Figure 4.55 Decreasing reference pressures of two osmotic ten- 
siometers with increasing temperatures (from Bocking and Fred- 
lund, 1979). 

performed on either undisturbed or compacted specimens. 
This technique was originally proposecl by Hilf (1956), as 
illustrated in Fig. 4.56. 

An unsaturated soil specimen was placed in a closed 
pressure chamber. The pore-water pressure measuring 
probe consisted of a needle with a saturated high air entry 
ceramic tip. The probe was connected to a null-type pres- 
sure measuring system through a tube filled with deaired 
water, with a mercury plug in the middle. As soon as the 
probe was inserted into the specimen, the water in the tube 
tended to go into tension and the Bourdon gauge began 
registering a negative pressure. The tendency of the water 
in the measuring system to go further into tension was 
countered by increasing the air pressure in the chamber. 
Eventually, an equilibrium condition was achieved when 
the mercury plug (Le., the null indicator) remained sta- 
tionary. The difference between the air pressure in the 
chamber and the measured negative water pressure at equi- 
librium was taken to be the matric suction of the soil, 
(u, - U d .  

When the air pressure is atmospheric (Le., u, = 0), the 
matric suction value is numerically equal to the negative 
pore-water pressure. The axis-translation technique simply 
translates the origin of reference for the pore-water pres- 
sure from standard atmospheric conditions to the final air 
pressure in the chamber (Le., axis translation; Hilf, 1956). 
As a result, the water pressure in the measuring system 
does not become highly negative, and the problem of cav- 
itation is prevented. 

Hilf (1956) demonstrated that the pore-water pressure 
increased by an amount equal to the increase in the ambient 
chamber air pressure. In other words, the soil matric suc- 
tion remained constant when measured at various ambient 
air pressures. The condition of no flow maintained during 
the measurement of matric suction is the justification for 
the axis-translation technique. 

The axis-translation technique has also been used by 
other researchers. Olson and Langfelder (1965), used the 
modified pressure plate apparatus shown in Fig. 4.57. The 
procedure used was as follows. A soil specimen is placed 
on top of a saturated high air entry disk in an air pressure 
chamber. The air entry value of the disk must be higher 
than the matric suction to be measured. A 1 kg mass is 
placed on top of the specimen to ensure a good contact 
between the soil specimen and the high air entry disk. The 
placement of the specimen onto the ceramic disk and the 
assemblage of the cell are performed as rapidly as possible 
(Le., within approximately 30 s). 

The water pressure in the compartment below the high 
air entry disk is maintained as close as possible to zero 
pressure by increasing the air pressure in the chamber. The 
pressure transducer connected to the water compamnent is 
used as a null indicator. 

Compound Bourdon gauge 
(-101.3 kPa to 202.6 kPa) 

\ 

Pressure gauge 

.- L H i g h  air entryceramic tip Unsaturated soil 
specimen \ Pressure chamber Compressed air 

Figure 4.56 Original setup for the null-type, axis-translation 
device for measuring negative pore-water pressures (from Hilf, 
1956). 

Pressure transducer 

Figure 4.57 Pressure plate apparatus for measuring negative 
pore-water pressures using the axis-translation technique (from 
Olson and Langfelder, 1965). 
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A similar pressure plate design was used in several re- 
search studies at the University of Saskatchewan. The de- 
vice is shown in Fig. 4.58. It is important for the apparatus 
to have a system to flush air bubbles from below the high 
air entry disk in order to keep the compartment above the 
transducer saturated with water. 

Pressure values m shown in Fig. 4.59 to illustrate how 
a highly negative pore-water pressure can be measured 
using this apparatus. Let us suppose that a soil specimen 
has an initial pore-water pressure of -250 kPa when placed 
onto the saturated, high air entry disk. The specimen will 
immediately tend to draw water up through the ceramic 
disk, causing the pressure transducer to commence regis- 
tering a negative value. The cover must be quickly placed 
on top of the device, and the air pressure in the chamber is 
increased until there is no futther tendency for the move- 
ment of water through the high air entry disk. At equilib- 
rium, the chamber air pressure could be 255 kPa, while the 
water compartment would register 5 kPa. Therefore, the 
matric suction of the soil is 250 kPa. 

Typical response time curves for the measurement of 
matric suction, using the axis-translation technique, are il- 
lustrated in Figs. 4.60 and 4.61 (Widger, 1976; Filson, 
1980). The response curves generally exhibit an “S” 
shape, with a relatively fast equilibration time. Pressure 
response versus time is a function of the permeability char- 
acteristic of the high air entry disk and the soil. The results 
shown in Figs. 4.60 and 4.61 were obtained during matric 
suction measurements on a highly plastic clay (Le., Regina 
clay). 

Figures 4.62 and 4.63 present water content versus ma- 
tric suction relationships for compacted specimens of Re- 
gina clay and glacial till, respectively. The matric suctions 
were measured using the axis-translation technique. Rea- 
sonably good agreement in the data has been obtained by 

Stainless, 
steel 
chamber 

Line to air pressure supply 

Pressure transducer 

supply 

Figure 4.58 Pressure plate apparatus for measuring negative 
pore-water pressures using the axis-translation technique (the de- 
sign at the University of Saskatchewan). 
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Rgure 4.59 Schematic showing the p~ssure  changes associated 
with the measurement of matric suction using a null-type pressure 
plate apparatus (from Pdlund, 1989). 
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several resemhers, indicating the reliability of this tech- 
nique. 

Similar water content versus matric suction relationships 
were obtained for several compacted soil types by Olson 
and hngfelder (1%5); and Mou and Chu (1981). The re- 
sults m shown in Figs. 4.64 and 4.65. Again, there is a 
distinct relationship between decreasing water contents and 
increasing matric suctions. There is, however, a difference 
in the water content versus matxic suction Elationships ob- 
tained from static and kneading compaction. This differ- 
ence appears to be caused by different soil structures re- 
sulting from the different methods of compaction (Mou and 
Chu, 1981). 

In general, the null-type axis-translation technique can 
be used to measure negative pore-water pressures in the 
laboratory with reasonable success and accuracy. High air 
entry disks with a maximum air entry value of up to 1500 
kpa are commercially available (Table 4.6). Theoretical 
studies on the axis-translation technique suggested that the 
technique is best suited to soils with a continuous air phase 
(Bocking and Fredlund, 1980). The presence of occluded 
air bubbles in the soil specimen can result in an overesti- 
mation of the measured matric suction, In addition, air dif- 
fusing through the high air entry disk can cause an under- 
estimating of the measured matric suction. 

4.4.3 Indirect Measurements 
The indirect measurement of soil matric suction can be 
made using a standard porous block as a measuring sensor. 
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Figure 4.60 Response versus time for matric suction measurements on Regina clay using the 
axis-translation technique (from Widger, 1976). 

A wide range of porous materials has been examined for 
their soil-water characteristic relationship in order to select 
the most appropriate material for making the sensor. These 
materials include nylon, fiberglass, gypsum plaster, clay 
ceramics, sintered glass, and metal. 

The porous block sensor must be brought into equilib- 
rium with the matric suction in the soil. At equilibrium, 
the matric suction in the porous block and the soil are equal. 

The matric suction is inferred from the water content of the 
porous block. The water content of the porous block can 
be determined by measuring the electrical or thermal prop- 
erties of the porous block. These properties are a function 
of the water content, and can be established through Cali- 
brations. In the calibration process, the porous block is 
subjected to various matric suctions, and its electrical or 
thermal properties are measured. As a result, the measured 

Figure 4.61 Response versus time for matric suction measumments on Regina clay using the 
axis-translation technique (from Filson, 1980). 
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Figure 4.62 Water content versus suction for specimens of 
compacted Regina clay. 

electrical or thermal property of the porous block in equi- 
librium with a soil can be used to determine the matric 
suction in the soil through use of the calibration curve. 

The indirect measurements based on the electrical prop- 
erties of a porous block have been found to be sensitive to 
the presence of dissolved salts in the pore-water (Richards, 
1974). On the other hand, the indirect measurements based 
on the thermal properties of the porous block show little 
effect from the dissolved salts in the pore-water or varia- 
tions in the ambient temperature. As a result, the thermal 
sensor is the most promising device for the indirect mea- 
surements of matric suction (Richards, 1974), Its working 
principle and application are explained in the following 
sections. 

Thennal Conductivity Sensors 
Thermal properties of a soil have been found to be indic- 
ative of the water content of a soil. Water is a better ther- 
mal conductor than air. The thermal conductivity of a soil 
increases with an incneasing water content. This is partic- 
ularly true where the change in water content is associated 
with a change in the degree of saturation of the soil. 

Shaw and Baver (1939) developed a device consisting of 
a temperature sensor and heater which could be installed 
directly into the soil for thermal conductivity measure- 
ments. It was found that the presence of salts did not sig- 
nificantly affect the thermal conductivity of the soil. How- 

Water content, w (%) 

Figure 4.63 Water content versus matric suction for specimens 
of compacted glacial till. 

ever, different soils required different calibrations in order 
to relate the thermal conductivity measurements to the water 
contents of the soil. Johnston (1942) suggested that the 
thermal conductivity sensor be enclosed in a porous me- 
dium that had a calibration curve. The porous cover could 
then be brought into equilibrium with the soil under con- 
sideration. Johnston (1942) used plaster of pans to encase 
the heating element. 

In 1955, L.A. Richards patented an electrothermal ele- 
ment for measuring moisture in porous media (U.S. Patent 
2 718 141). The element consisted of a resistance ther- 
mometer which was wrapped with a small heating coil. The 
electrothermal element was then mounted in a porous cup 
and sealed with ceramic cement. Richards proposed the use 
of a sandy silt material for the porous block, It was sug- 
gested that the porous cup should have an air entry value 
less than 10 kPa. 

Bloodworth and Page (1957) studied three materials for 
use as a porous cup for the thermal conductivity sensors. 
Plaster of pans, fired clay, or ceramic and castone (Le., a 
commercially available dental stode powder) were used in 
the study. The castone was found to be the best material 
for the porous cup. 

Phene et al. (1971) developed a thermal conductivity 
sensor using a Germanium p n  diode as a temperature sen- 
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Figure 4.64 Negative pore-water pressure measurements on compacted specimens using the 
axis-translation technique (from Olson and Langfelder, 1965). 
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Figure 4.65 Compaction curves and corresponding water con- 
tent versus matric suction for an expansive clay in Texas (from 
Mou and Chu, 1981). 

sor. The sensor was wrapped with 40-gauge Teflon-coated 
copper wire that served as the heating coil. The sensing 
unit was embedded in a porous block. The optimum di- 
mensions of the porous block were calculated based on a 
theoretical analysis. The block must be large enough to 
contain the heat pulse (particularly for the saturated sensor) 
without interference from the surrounding soil. Also, it was 
found that the higher the ratio of the thermal conductivity 
to the difisivity, the higher the precision with which the 
water content could be measured. The distribution of the 
pore sizes was also important. 

Gypsum, ceramics, and mixtures of ceramics and ca- 
stone were examined as potential porous block materials 
by Phene et al., (1971). It was found that the ceramic block 
exhibited a linear response and provided a stable solid ma- 
trix. 

In the mid-I970’s, Moisture Control System Inc. of 
Findlay, OH, manufactured the MCS 6OOO thermal con- 
ductivity sensor. The sensor was built using the same de- 
sign and construction procedures used by Phene et al., 
(1971). The manufactured sensors were subjected to a two- 
point calibration. The suggested calibration curves were 
assumed to be linear from zero suction to a suction of 300 
kPa. Above 300 kPa, the calibration curves were empiri- 
cally extrapolated. In the region above 300 kPa, the cali- 
bration curves became highly nonlinear and less accurate. 
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The MCS 6OOO sensors have been used for matric suc- 
tion measurements in the laboratory and in the field (Pic- 
ornell et al., 1983; Lee and Fredlund, 1984). The sensors 
appeared to be quite suitable for field usage, being insen- 
sitive to temperature and salinity changes. Relatively ac- 
curate measurements of matric suction were obtained in the 
range of 0-300 kPa. Curtis and Johnston (1987) used the 
MCS 6OOO sensors in a groundwater recharge study. The 
sensors were found to be quite responsive and sensitive. 
The results were in good agreement with piezometer and 
neutron probe data. However, Moisture Control System 
Inc. discontinued production in early 1980, and the MCS 
6OOO sensor is no longer commercially available. 

In 1981, Agwatronics Inc. in Merced, CA, commenced 
production of the AGWA thermal conductivity sensors. The 
design of the sensor was changed from previous designs, 
but was based on the research by Phene et al., (1971). 
There were several difficulties associated with the AGWA 
sensor that resulted in their replacement by a new design, 
the AGWA-I1 sensor in 1984. 

A thorough calibration study on the AGWA-I1 sensors 
was undertaken at the University of Saskatchewan, Canada 
(Wong et al., 1989; Fredlund and Wong, 1989). Several 
other difficulties were reported with the use of the AGWA- 
I1 sensors. These include the deterioration of the electron- 
ics and the porous block with time. The AGWA-I1 sensors 
have been ;sed for laboratory and 
matric suctions on several research 
et al., 1987; Sattler and Fredlund, 
1989). 

field measurements of 
studies (van der Raadt 
1989; Rahardjo et al., 

Theory of Opemtion 
A thermal conductivity sensor consists of a porous ceramic 
block containing a temperature sensing element and a min- 
iature heater (Fig. 4.66). The thermal conductivity of the 
porous block varies in accordance with the water content 
of the block. The water content of the porous block is de- 
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Figure 4.66 A cross-sectional diagram of the AGWA-I1 thermal 
conductivity sensor (from Phew et al., 1971). 

pendent upon the matric suctions applied to the block by 
the surrounding soil. Therefore, the thermal conductivity 
of the porous block can be calibrated with respect to an 
applied matric suction. 

A calibrated sensor can then be used to measure the ma- 
tric suction by placing the sensor in the soil and allowing 
it to come to equilibrium with the state of stress in the pore- 
water (Le., the matric suction of the soil). Thermal con- 
ductivity measurements at equilibrium am related to the 
matric suction of the soil. 

Thermal conductivity measurements are performed by 
measuring heat dissipation within the porous block. A con- 
trolled amount of heat is generated by the heater at the cen- 
ter of the block. A portion of the generated heat will be 
dissipated throughout the block. The amount of heat dis- 
sipation is controlled by the presence of water within the 
porous block. The change in the thermal conductivity of 
the sensor is directly related to the change in water content 
of the block. In other words, more heat will be dissipated 
as the water content in the block increases. 

The undissipated heat will result in a temperature rise at 
the center of the block. The temperature rise is measured 
by the sensing element after a specified time interval, and 
its magnitude is inversely proportional to the water content 
of the porous block. The measured temperature rise is ex- 
pressed in terms of a voltage output. 

Calibmtion of Sensors 
AGWA-I1 sensors are usually subjected to a two-point cal- 
ibration prior to shipment from the factory. One calibration 
reading is taken with the Sensors placed in water (Le., zero 
matric suction). A second calibration reading is taken with 
the sensors subjected to a suction of approximately 1 atm. 
This calibration procedure may be adequate for some ap- 
plications. However, it has been suggested that a more rig- 
orous calibration pmedure is necessary when the sensors 
are used for geotechnical engineering applications (Fred- 
lund and Wong, 1989). 

A more thorough calibration of thermal conductivity sen- 
sors can be performed by applying a range of matric suc- 
tion values to the sensors which are mounted in a soil. 
Readings of the change in voltage output is a measure of 
the thermal conductivity (or the water content) of the po- 
rous block under the applied mattic suction. The matric 
suction can be applied to the sensor using a modified pres- 
sure plate apparatus (Wong et al., 1989; Fredlund and 
Wong, 1989). 

The sensor is embedded in a soil which is placed on the 
pressure plate (Fig. 4.67). The soil on the pressure plate 
provides continuity between the water phase in the porous 
block and in the high air entry plate. In addition, the soil 
used in the calibration must be able to change its water 
content at a low matric suction (i.e., low air entry value), 
as shown in Fig. 4.68. The matric suction is applied by 
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Figure 4.67 Pressure plate calibration setup for thermal conductivity senson (from Fredlund and 
Wong, 1989). 

0 

increasing the air pressure in the pressure plate apparatus, 
but maintaining the water pressure below the pressure plate 
at atmospheric conditions. 

The change in voltage output from the sensor can be 
monitored periodically until matric suction equilibrium is 
achieved. The above procedure is repeated for various ap- 
plied matric suctions in order to obtain a calibration curve. 
A number of thermal conductivity sensors can be calibrated 
simultaneously on the pressure plate. During calibration, 

1 1 ' 1  i l l l  I I " "  I l l '  

the pressure plate setup should be contained within a tem- 
perature-controlled box. 

Figure 4.69 shows a typical response curve for the 
AGWA-I1 sensor resulting from the application of different 
air pressures during the calibration process. The curve in- 
dicates an increasing equalization time as the applied ma- 
tric suctions increase. For the calibration soil indicated in 
Fig. 4.68, the sensor has an equalization time in the order 
of 50 h for an applied matric suction below 150 kPa. The 
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suction measurements above 175 kPa cornspond to the 
steeper portion of the calibration curve, which has a lower 
sensitivity to changes in thermal conductivity. 

AGWA-11 sensors have shown consistent, reproducible, 
and stable output readings with time (Fredlund and Wong, 
1989). The sensors have been found to be responsive to 
both the wetting and drying processes. However, some 
failures have been experienced with the sensors, particu- 
larly when subjected to a positive water pressure. The fail- 
ures are attributed to moisture coming into contact with the 
electronics sealed within the porous ceramic (Wong et al., 
1989). Also, there have been continual problems with the 
porous blocks being too fragile. Therefore, the sensor must 
be handled with great am. Even so, there is a percentage 
of the sensors which crack or cnrmble during calibration or 
installation. 

lLpical Results of Mahic Suction Measunments 
Laboratory and field measurements of matric suctions using 
the MCS 6OOO and the AGWA-I1 thermal conductivity sen- 
sors have been made involving several types of soils. The 
soils have ranged from highly plastic clays to essentially 
nonplastic sands. The sensors have been installed either in 
an initially wet or an initially dry state. The results from 
the MCS 6OOO sensors are presented first, followed by the 
results from the AGWA-I1 sensors. 

Figure 4.69 Time response curves for a thennal 
changes in applied air pmssum (or matric suction). 

equalization time for a sensor is affected by the permeabil- 
ity and thickness of the calibration soil. In addition, the 
permeability and the thickness of the high air entry disks 
also affect the equalization times. 

More than 100 AGWA-I1 sensors have been calibrated 
and used at the University of Saskatchewan, Canada. Typ 
ical nonlinear calibration curves for the AGWA-I1 sensors 
are shown in Fig. 4.70. The nonlinear response of the sen- 
sors is likely related to the pore size distribution of the ce- 
ramic porous block. Similar nonlinearities were also ob- 
served on the calibration curves for the MCS 6OOO sensor. 

The nonlinear behavior of the AGWA-11 sensors may be 
approximated by a bilinear curve, as illustrated in Fig. 
4.70. The bt.eaking points on the calibration curves are 
generally around 175 kPa. Relatively accurate measure- 
ments of matric suction dan be made using the AGWA-I1 
sensors, particularly within the range of 0-175 kPa. Matric 

- 400- 
soil: 

10% Ottawa sand 
- 9o%sik 5 

3 300. I 7 I 

Sensor reading (mV) 

Figure 4.70 Calibration curves for two AGWA-Il thermal con- 
ductivity sensors. 

conductivity sensor (AGWA-II) subjected to 

The MCS 6OOO Sensors 
Lee (1983) studied the performance of the MCS 6OOO ther- 
mal conductivity sensor. The laboratory and field measure- 
ments of matric suctions in glacial till = shown in Figs. 
4.71 and 4.72, respectively. The laboratory measurements 
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Figure 4.71 Laboratory measurements of matric suction in gla- 
cia1 till using thermal conductivity senson (MCS 6OOO). 

Figure 4.73 Equalization times for the MCS 6OOO sensors for 
glacial till and Regina clay compacted at various water contents. 

were performed on compacted specimens. Figure 4.71 in- 
dicates that the initially wet sensor gives a lower matric 
suction than the initially dry sensor for the same water con- 
tent in the soil. 

The equalization times required for the MCS sensor are 
shown in Figure 4.73 for measurements in glacial till and 
Regina clay. The initially wet sensors have longer equal- 
ization times (Le., maximum 413 h) than the initially dry 
sensors (i.e., 83 h). This pattern was consistent in both 
soils . 

Unreliable suction measurements using thermal conduc- 
tivity sensors have been attributed to poor contact between 
the porous block and the soil, the entrapment of air during 
installation (Nagpal and Boersma, 1973), and temperature 
and hysteretic effects. Poor contact between the porous 
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block and the soil will cause the sensor to read a high suc- 
tion value (Richard, 1974). The temperature effects on the 
MCS 6OOO sensor readings in Regina clay are illustrated in 
Fig. 4.74. 

Tire AG WA-ZZ Sensors 
Results of laboratory measurements using the AGWA-I1 
sensors on highly plastic clays from Sceptre and Regina, 
Saskatchewan are shown in Figs. 4.75, 4.76, and 4.77. 
The soils were sampled in the field using Shelby tubes. 
Matric suction measumments on compacted soils have also 
been performed on a silt from Brazil (Fig. 4.78). The re- 
sults indicate that a considerably longer equalization time 
was required for the sensor to equilibrate when the water 
content of the specimen was low (Fig. 4.78) than when the 
water content of the specimen was high (Figs. 4.75, 4.76, 
and 4.77). The longer equalization time is attributed to the 
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-re 4.72 Field measurements of matric suction in glacial till 
using thermal conductivity sensors (MCS-aooO). 

Figure 4.74 Temperature effect on the MCS 6ooo sensor read- 
ings in Regina clay. 
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Elapsed time, t (hours) 

Figure 4.75 Laboratory measurements of matric suction on a highly plastic clay from Sceptre, 
Sask., Canada (w = 39.3%). 

lower coefficient of permeability of the soil specimen as its 
water content decreases. 

Several laboratory measurements were conducted using 
two senson inserted into each soil specimen. One sensor 
was initially airdried, and the other was initially saturated. 
The initially saturated sensor was submerged in water for 
about two days prior to being installed in the soil. The sen- 

sors were inserted into predrilled holes in either end of the 
soil specimen. The specimen with the installed sensors was 
wrapped in aluminum foil to prevent moisture loss during 
the measurement. The responses of both sensors were 
monitored immediately and at various elapsed times after 
their installation. The results indicate that the time required 
for the initially dry sensor to come to equilibrium with the 

Elapsed time. t (hours) 

Figure 4.76 Laboratory measurements of matric suctions on a highly plastic clay from Sceptre, 
Sask., Canada (w = 34.1%). 
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Figure 4.77 Laboratory measurements of matric suction on a highly plastic clay from Darke 
Hall, Regina, Sask., Canada (w = 35.1%). 

soil specimen is less than the equilibrium time required for 
the initially saturated sensor to come to equilibrium. 

On the basis of numerous laboratory experiments, it 
would appear that the AGWA-I1 sensors that were initially 
dry yielded a matric suction value which was close to the 
c o m t  value. In general, the initially dry sensor should 
yield a value which was slightly high. On the other hand, 
the initially wet sensor yields a value which was too low. 

Table 4.8 gives the interpretation of the results presented 
in Figs. 4.75-4.78 inclusive. 

On the basis of many laboratory tests, it is recommended 
that if only one sensor is installed in an undisturbed sam- 
ple, the sensor should be initially dry. If the sensors have 
been calibrated using at lest seven data points, the readings 
obtained in the labra toq  should be accurate to within at 
least 15 kPa of the correct value, provided the matric suc- 
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Compacted silt from Brazil 
Water content : 15.2% 
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initially dry sensor 
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I I I lnitiallv saturated I 
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Figure 4.78 Laboratory measurements of matric suctions on a compacted silt from Brazil (w = 
15.2%). 
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Table 4.8 Interpretation of Laboratory Matric Suction Measurements 

Initially Initially 
Water Dry Wet Best 

Soil Type No. (4%) Wa) orpa) ( e a )  
Figure Content Sensor Sensor Estimate 

Sceptre clay 4.75 39.3 120 100 114 
Sceptre clay 4.16 34.1 136 108 126 
Regina clay 4.77 35.1 i6o 150 157 
Brazil silt 4.78 15.2 100 68 90 

tion reading is in the range of 0-300 kPa. It may take four- 
seven days before equilibrium is achieved. If the sensors 
are left in situ for a long period of time, the measurements 
should be even more accurate. 

Results from laboratory measurements of matric suction 
have been used to establish the negative pore-water pres- 
sures in undistuw samples of Winnipeg clay taken from 
various depths within a railway embankment (Sattler et al., 
1990). The samples were brought to the laboratory for ma- 
tric suction measurements using the AGWA-II sensors. The 
measured matric suctions were comted for the removal 
of the overburden stress, and plotted as a negative pore- 
water pressure profile (Fig. 4.79). The results indicated that 
the negative pore-water pressures approached zero at the 
average water table, and were, in gene&, more negative 
than the hydrostatic line above the water table. 

Field measurements of matric suction under a controlled 
environment have been conducted in the subgrade soils of 
a Department of Highways indoor test track at Regina, Sas- 
katchewan ( h i  et al,, 1989). The temperature and the rel- 
ative humidity within the test track facility were controlled. 
Twenty-two AGWA-I1 sensors were installed in the 
subgrade of the test track. The subgrade consisted of a 
highly plastic clay and a glacial till. The sensors were ini- 
tially airdried and installed into predrilled holes at various 
depths in the subgrade. The sensor outputs were recorded 
twice a day. 

Typical matric suction measurements on the compacted 
Regina clay and glacial till subgrade are presented in Figs. 
4.80 and 4.81. Consistent readings of matric suction rang- 
ing from 50 to 400 kPa were monitored over a period of 
more than five months prior to flooding the test track. The 

Pore-water pressure, u, (kPa) 

Figure 4.79 Negative pore-water pressures measured using the AGWA-II thennal conductivity 
sensors on undisturbed samples. 
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Figure 4.80 Measurements of matric suction using the AGWA- 
I1 thermal conductivity sensors under a controlled environment in 
the test track facility (Department of Highways, Regina, Can- 
ada). 

sensor responded quickly upon flooding (Fig. 4.82). The 
results demonstrated that the AGWA-II sensors can pro- 
vide stable measurements of matric suction over a rela- 
tively long period of time. 

Matric suction variations in the field can be related to 
environmental changes. Several AGWA-I1 sensors have 
been installed at various depths in the subgrade below a 
railroad. The soil was a highly plastic Regina clay that ex- 
hibited high swelling potentials. Matric suctions in the soil 
were monitored at various times of the year. The results 
clearly indicate seasonal variations of matric suctions in the 
field, with the greatest variation occurring near ground sur- 
face (Fig. 4.83). 

Thermal conductivity sensors appear to be a promising 
device for measuring matric suction either in the laboratory 
or in the field. However, proper calibration should be per- 
formed on each sensor prior to its use. The calibration study 
on the AGWA-I1 sensors revealed that the sensors are quite 
sensitive for measuring matric suctions up to 175 kPa. 

It is possible that further improvements on thermal con- 
ductivity type sensors will further enhance their perfor- 
mance. For example, a better seal around the electronics 
within the sensor could reduce the influence of soil water. 
Also, a stronger, more durable porous block would pro- 
duce a better sensor for geotechnical engineering applica- 
tions. These improvements would reduce the mortality rate 
of the sensor. 

4.5 MEASUREMENTS OF OSMOTIC SUCTION 

Several procedures can be used to measure the osmotic suc- 
tion of a soil. For example, it is possible to add distilled 
water to a soil until the soil is in a near fluid condition, and 
then drain off some effluent and measure its electrical con- 
ductivity. The conductivity measurement can then be lin- 
early extrapolated to the osmotic suction corresponding to 
the natural water content. This is known as the saturation 
extract procedure. Although the procedure is simple, it does 
not yield an accurate measurement of the in situ osmotic 
suction (Krahn and Fredlund, 1972). 

A psychrometer can also be placed over the fluid extract 
to measure the osmotic suction, but this procedure, like- 

1000 2000 3000 4 
Elapsed time, t (hours) 

Figure 4.81 Measurements of matric suction using the AGWA-I1 thermal conductivity sensors 
under a controlled environment (Test track facility, Department of Highways, Regina, Canada). 

    



4.5 MBASUREMENTS OF OSMOTIC SUCTION 105 

- 
1500 

.E 1000 
- 
_. 

' Slrid' : ' :. : ., :.: ', ., :, : i : .; :., ..: :. i 

-Regina clay 865 901 .o 

5 500 Reginsclay Sandz 

ij ,Sand-', 6 I, I 

al 

0'  
0 3000 8ooo Irkpermeable 'O0O 

Distance (mm) membrane 

L 
'*Oo0 50000 100000 150000 200000 

Tim, t (min) 
(a) (b) 

Figure 4.82 Cross-section and location of measurements of matric suction using the AGWA-II 
thermal conductivity sensors under a controlled environment (a) sensor locations; (b) sensor re- 
sponses, (Test track facility, Department of Highways, Regina, Canada). 

wise, gives poor results. It is the use of the pore fluid 
squeezer technique that has proven to give the most rea- 
sonable measurements of osmotic suction. 

4.5.1 Squeezing Technique 
The osmotic suction of a soil can be indirectly estimated 
by measuring the electrical conductivity of the pore-water 
from the soil. Pure water has a low electrical conductivity 
in comparison to porn-water which contains dissolved salts. 
The electrical conductivity of the pore-water from the soil 
can be used to indicate the total concentration of dissolved 
salts which is related to the osmotic suction of the soil. 

The pore-water in the soil can be extracted using a pore 
fluid squeezer which consists of a heavy-walled cylinder 
and piston squeezer (Fig. 4.84). The electrical resistivity 
(or electrical conductivity) of the pore-water is then mea- 
sured. A calibration cuwe (Fig. 4.85) can be used to relate 
the electrical conductivity to the osmotic pressure of the 
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Figure 4.83 Summary plot of matric suction measurements ver- 
sus time of year for various depths in Regina clay in Saskatche- 
wan (from van der Raadt, 1988). 

soil. The results of squeezing technique measurements ap- 
pear to be affected by the magnitude of the extraction pres- 
sure applied. Krahn and Fredlund (1972) used an extrac- 
tion pressure of 34.5 MPa in the osmotic suction 
measurements on the glacial till and Regina clay. 

Figures 4.86 and 4.87 present the results of osmotic suc- 
tion measurements on glacial till and Regina clay, respec- 
tively. The measurements were conducted using the 
squeezing technique. The measured osmotic suctions are 
shown to agree closely with the total minus the matric suc- 
tion measurements. In this case, the total and the matric 
suctions were measumd independently. The discrepancies 
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Figure 4.84 The design of the pore fluid squeezer (from Man- 
heim, 1966). 
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Figure 4.85 Osmotic pressure versus electrical conductivity re- 
lationship for pore-water containing mixtures of dissolved salts 
(from U.S.D.A. Agricultural Handbook No. 60, 1950). 

shown at low water contents for the glacial till (Fig. 4.85) 
are believed to be attributable to inaccurate measurements 
of matric suction (Krahn and Fredlund, 1972). 

The close agreement exhibited in Figs. 4.86 and 4.87 
indicates the reliability of the squeezing technique for os- 
motic suction measurements. The results also support the 
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Figure 4.86 Osmotic suction versus water content for glacial till 
(from Krahn and Fredlund, 1972). 
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Figure 4.87 Osmotic suction versus water content for Regina 
clay (from Kmhn and Fredlund, 1972). 

validity of the matric and osmotic suctions being compo- 
nents of the total suction [Le., Eq. (4.3)]. 

It appears that the osmotic suction is relatively constant 
at various water contents (Figs. 4.86 and 4.87). Therefore, 
it is possible to use the osmotic suction as a relatively fixed 
value that can be subtmcted from the total suction mea- 
surements in order to give the matric suction values. 

    



CHAPTER 5 

How Laws 

Two phases of an unsaturated soil can be classified as fluids 
(Le., water and air). The analysis of fluid flow requires a 
law to relate the flow rate with a driving potential using 
appropriate coefficients. The air in an unsaturated soil may 
be in an occluded form when the degree of saturation is 
relatively high. At lower degms of saturation, the air phase 
is predominantly continuous. The form of the flow laws 
may vary for each of these cases. In addition, there may 
be the movement of air through the water phase, which is 
referred to as air diffusion through the pore-water (Fig. 
5.1). 

A knowledge of the driving potentials that cause air and 
water to flow or to diffuse is necessary for understanding 
the flow mechanisms. Throughout this chapter, the driving 
potentials of the water phase rn given in terms of “heads.” 
Water flow is caused by a hydraulic head gradient, where 
the hydraulic head consists of an elevation head plus a 
pressure head. A diffusion process is usually considered to 
occur under the influence of a chemical concentration or a 
thermal gradient. Water can also flow in response to an 
electrical gradient (Casagrande, 1952). 

The concept of hydraulic head and the flow of air and 
water through unsaturated soils am presented in this chap- 
ter. A brief discussion on the diffusion pmcess is also pre- 
sented, together with its associated driving potential, Flows 
due to chemical, thermal, and electrical gradients am not 
discussed. 

5.1 FLOW OF WATER 

Several concepts have been used to explain the flow of 
water through an unsaturated soil. For example, a water 
content gradient, or a matric suction gradient, or a hy- 
draulic head gradient have all been considered as driving 
potentials. However, it is important to use the form of the 
flow law that most fundamentally governs the movement 
of water. 

A gradient in water content has sometimes been used to 
describe the flow of water through unsaturated soils. It is 

assumed that water flows from a point of high water con- 
tent to a point of lower water content. This type of flow 
law, however, does not have a fundamental basis since 
water can also flow from a region of low water content fo 
a region of high water content when there m variations in 
the soil types involved, hysteretic effects, or stress history 
variations rn encountered. Therefore, a water content gra- 
dient should not be used as a fundamental driving potential 
for the flow of water (Fredlund, 1981). 

In an unsaturated soil, a matric suction gradient has 
sometimes been considered to be the driving potential for 
water flow. However, the flow of water does not funda- 
mentally and exclusively depend upon the matric suction 
gradient. Figure 5.2 demonstrates t hm hypothetical cases 
where the air and water pressure gradients are controlled 
across an unsaturated soil element at a constant elevation. 
In all cases, the air and water pressures on the left-hand 
side rn greater than the pressures on the right-hand side. 

The matric suction on the left-hand side may be smaller 
than on the right-hand side (Case l), equal to the right- 
hand side (Case 2), or larger than on the right-hand side 
(Case 3). However, air and water will flow from left to 
right in response to the pressure gradient in the individual 
phases, regardless of the matric suction gradient. Even in 
Case 2, where the matric suction gradient is zero, air and 
water will still flow. 

Flow can be defined more appropriately in terms of a 
hydraulic head gradient (Le., a pressure head gradient in 
this case) for each of the phases. Therefore, the matric suc- 
tion gradient is not the fundamental driving potential for 
the flow of water in an unsaturated soil. In the special case 
where the air pressure gradient is zero, the matric suction 
gradient is numerically equal to the pressure gradient in the 
water. This is the common situation in nature, and is prob- 
ably the reason for the proposal of the matric suction form 
for water flow. However, the elevation head component 
has then been omitted. 

The flow of water through a soil is not only governed by 
the pressure gradient, but also by the gradient due to ele- 

107 

    



108 5 FLOWLAWS 

FLOW SYSTEMS COMMON 
TO UNSATURATED SOILS 

Air diffusion 
through water 

Water 

Occluded air bubbles 
(Compressible 
pore fluid flow) 

Figure 5.1 Flow systems common to unsaturated soils. 

vation differences. The pressure and elevation gradients are 
combined to give a hydraulic head gradient as the funda- 
mental driving potential. The hydraulic head gradient in a 
specific fluid phase is the driving potential for flow in that 
phase. This is equally true for saturated and unsaturated 
soils. 

5.1.1 Driving Potential for Water Phase 
The driving potential for the flow of water defines the en- 
ergy or capacity to do work. The energy at a point is com- 

Case 1 

Air pressure 
Ua W a )  

Unsaturated 

uw (kPa) 

Matric suction, 25  5 0  
(Ua - u,) (kPa) 

Case 2 'm 
Unsaturated 1 soil I 

UW -150- -200 

(ua - uw) 150 150 

Case 3 

Unsaturated 

U S  

I I 
uw ~loo-T;~~!d 

(u. - uw) 300 200 

Figure 5.2 Pressure and matric suction gradients across an un- 
saturated soil element. 

puted relative to a datum. The datum is chosen arbitrarily 
because only the gradient in the energy between two points 
is of importance in describing flow. 

A point in the water phase has three primary components 
of energy, namely, gravitational, pressure, and velocity. 
Figure 5.3 shows point A in the water phase which is lo- 
cated at an elevation, y ,  above an a&itrary datum. Let us 
consider the energy state of point A. Point A has a gravi- 
tational energy, Eg, which can be written 

Eg = MwgY (5.1) 
where 

Eg = gravitational energy 
Mw = mass of water at point A 

g = gravitational acceleration 
y = elevation of point A above the datum. 

is given as follows (Freeze and Cherry, 1979): 
The component of energy due to the pressure at point A 

where 

Ep = pressure energy 
uw = pore-water pressure at point A 
Vw = volume of water at point A. 

Equation (5.2) can also be written 

(5.2) 

(5.3) 

where 

p w  = density of water. 

When the water density, pw, is constant, Eq. (5.3) takes 

Assume: P,= constant 
g = constant 

( Elevation = y 
Pressure = u, 
Velocity = v w  
Density = pW 

I Arbitrary datum 
Elevation = O  
Pressure = O  
Velocity = O  
Density = P w  

Figure 5.3 Energy at point A in the y-direction relative to an 
arbitmy datum. 

    



the following form: 

M w u w  Ep = -. 
Pw 

(5.4) 

The flow rate of water at point A gives rise to a velocity 
energy, E,: 

MWVZ, E,, - 2 (5.5) 

where 
E,, = velocity energy 
v, = flow rate of water at point A (Le., in the 

In total, the potential energy at point A is the summation 
y-direction) . 

of the gravitational, pressure, and velocity components: 

Where 
E = total energy. 
The total energy at point A can be expressed as energy 

per unit weight, which is called a potential or a hydraulic 
head. The hydraulic head, h,, at point A is obtained by 
dividing Eq. (5.6) by the weight of water at point A (i-e., 
Mwg): 

(5.7) 

where 
h, = hydraulic head or total head. 
The hydraulic head consists of three components, 

namely, the gravitational head, y ,  the pressure head, 
(uw/pwg) ,  and the velocity head, (v;/2g). The velocity 
head in a soil is negligible in comparison with the gravi- 
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tational and the pressure heads. Equation (5.7) can there- 
fore be simplified to yield an expression for the hydraulic 
head at any point in the soil mass: 

U W  h w = y + -  
Pw g' 

(5.8) 

The heads expressed in Eq. (5.8) have the dimension of 
length. Hydraulic head is a measurable quantity, the gra- 
dient of which causes flow in saturated and unsaturated 
soils. Devices such as piezometers and tensiometers can be 
used to measure the in situ pore-water pressure at a point 
(Fig. 5.4). The distance between the elevation of the point 
under consideration and the datum indicates the elevation 
head (i.e., yA and yB) .  

A piezometer can be used to measure the pore-water 
pressure at a point when the pore-water pmssure is positive 
(e.g., point B in Fig. 5.4). A tensiometer can be used to 
measure the pore-water pressure when the pressure is neg- 
ative (e.g., point A in Fig. 5.4). 

The water level in the measuring device will rise or drop, 
depending upon the pore-water pressure at the point under 
consideration. For example, the water level in the piezo- 
meter rises above the elevation of point B at a distance 
equal to the positive pore-water pressure head at point B. 
Alternately, the water level in the tensiometer drops below 
the elevation of point A to a distance equal to the negative 
pore-water pressure head at point A. The disfance between 
the water level in the measuring device and the datum is 
the sum of the gravitational and pressure heads (i.e., the 
hydraulic head). 

In Fig. 5.4, point A has a higher total head than point B 
[i.e., hw(A) > h,(B)]. Water will flow from point A to 
point B due to the total head gradient between Wse two 
points. The driving potential causing flow in the water 
phase has the same form for both saturated (Le., point B )  
and unsaturated (i.e., point A )  soils (Freeze and Cherry, 
1979). Water will flow from a point of high total head to 

Ground surface 

Tensiometer I I I I  

. I Datum I 
hw = y t  uw 

P W B  

Figure 5.4 Concept of potential and head for saturated and unsaturated soils. 
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a point of low total head, regardless of whether the pore- 
water pressures are positive or negative. 

Osmotic suction has sometimes been included as a com- 
ponent in the total head equation for flow. However, it is 
better to visualize the osmotic suction gradient as the driv- 
ing potential for the osmotic diffision process (Corey and 
Kemper, 1961). Osmotic diffision is a process where ionic 
or molecular constituents move as a result of their kinetic 
activity. For example, an osmotic gradient across a semi- 
permeable membrane causes the movement of water 
through the membrane. On the other hand, the bulk flow 
of solutions (i.e., pure water and dissolved salts) in the 
absence of a semi-permeable membrane is governed by the 
hydraulic head gradient. Therefore, it would appear supe- 
rior to analyze the bulk flow of water separately from the 
osmotic diffision process since two independent mecha- 
nisms are involved (Corey, 1977). A brief explanation of 
the diffision process is given in Section 5.3. 

5.1.2 Darcy’s Law for Unsaturated Soils 
The flow of water in a saturated soil is commonly described 
using Darcy’s law. Darcy (1856) postulated that the rate of 
water flow through a soil mass was proportional to the hy- 
draulic head gradient: 

(5.9) 

where 
v, = flow rate of water 
k, = coefficient of permeability with respect to the 

water phase 
ah,,,/ay = hydraulic head gradient in the y-direction, 

which can be designated as i,. 
The coefficient of proportionality between the flow rate 

of water and the hydraulic head gradient is called the coef- 
ficient of permeability, k,. The coefficient of permeability 
is relatively constant for a specific saturated soil. Elq. (5.9) 
can also be written for the x- and z-directions. The negative 
sign in Elq. (5.9) indicates that water flows in the direction 
of a decreasing hydraulic head. 

Darcy’s law also applies for the flow of water through 
an unsaturated soil (Buckingham, 1907; Richard, 1931; 
Childs and Collis-George, 1950). However, the coefficient 
of permeability in an unsaturated soil cannot generally be 
assumed to be constant. Rather, the coefficient of perme- 
ability is a variable whi i is predominantly a function of 
the water content or the matric suction of the unsaturated 
soil. 

Water can be visualized as flowing only through the pore 
space filled with water. The air-filled pores are noncon- 
ductive channels to the flow of water. Therefore, the air- 
filled pores in an unsaturated soil can be considered as be- 
having similarly to the solid phase, and the soil can be 
treated as a saturated soil having a reduced water content 
(Childs, 1969). Subsequently, the validity of Darcy’s law 

can be verified in the unsaturated soil in a similar manner 
to its verification for a saturated soil. However, the volume 
of water (or water content) should be constant while the 
hydraulic head gradient is varied. 

Experiments to verify Darcy’s law for unsaturated soils 
have been performed, and the results are presented in Fig. 
5.5 (Childs and Collis-George, 1950). A column of unsat- 
urated soil with a uniform water content and a constant 
water pressure head was subjected to various gradients of 
gravitational head. The results indicate that at a specific 
water content, the coefficient of permeability, k,, is con- 
stant for various hydraulic head gradients (Le., in this case, 
only the gravitational head was varied) applied to the un- 
saturated soil. In other words, the rate of water flow through 
an unsaturated soil is linearly proportional to the hydraulic 
head gradient, with the coefficient of permeability being a 
constant, similar to the situation for a saturated soil. This 
confirms that Dmy’s law [Le., Eq. (5.9)] can also be ap- 
plied to unsaturated soils. In an unsaturated soil, however, 
the magnitude of the coefficient of permeability will differ 
for different volumetric water contents, e,, as depicted in 
Fig. 5.5.  
5.1.3 Coefficient of Permeability with Respect to the 
Water Phase 
The coefficient of permeability with respect to the water 
phase, k,, is a measure of the space available for water to 
flow through the soil. The coefficient of permeability de- 
pends upon the properties of the fluid and the properties of 
the porous medium. Different types of fluid (e.g., water 
and oil) or different types of soil (e.g., sand and clay) pro- 
duce different values for the coefficient of permeability, k,. 
Huid and Porous Medium Components 
The coefficients of permeability with respect to water, k,, 
can be expressed in terms of the intrinsic permeability, K: 

(5.10) P W B  
P W  

k, = - 

0 - Hydraulic head gradient = 1 
Hydraulic head gradient = 0.75 
Hydraulic head gradient = 0.50 

1 
0.6 

0.5 
0.4 t 

$ 0.3 

Slate dust (0.04 to 0.1 3 mm) 

Sand (0.5 to 0.25 mm) 0 

II 

.: * 0.2 

5 0.1 

Coefficient of permeability, kw (x m/s ) 

Figure 5.5 Experimental verification of Darcy’s law for water 
flow through an unsaturated soil (from Childs and Collis-George, 
1950). 
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where 

pw = absolute (dynamic) viscosity of water 
K = intrinsic permeability of the soil. 

Equation (5.10) shows the influence of the fluid density, 
p,, and the fluid viscosity, p,, on the coefficient of perme- 
ability, k,. The intrinsic penneability of a soil, K, repre- 
sents the characteristics of the porous medium and is in- 
dependent of the fluid properties. 

The fluid properties are commonly considered to be con- 
stant during the flow pmess. The characteristics of the 
porous medium are a function of the volume-mass prop- 
erties of the soil. The intrinsic permeability is used in nu- 
merous disciplines. However, in geotechnical engineering, 
the coefficient of permeability, k,, is the most commonly 
used term, and will therefore be used throughout this book. 

Air - water interface f 

Relationship Between Penneabw and Volume-Mass 
propcrtics 
The coefficient of permeability, k,, is a function of any two 
of three possible volume-mass properties (Lloret and 
Alonso, 1980; Fredlund, 1981): 

k, = k,(S, e) (5.11) 
or 

k, = k,(e, w) (5.12) 
or 

k, = k,(w, 8 )  (5.13) 

where 

S = degree of saturation 
c = void ratio 
w = water content. 

In a saruruted soil, the coefficient of permeability is a 
function of the void ratio (Lambe and Whitman, 1979). 
However, the coefficient of permeability of a saturated soil 
is generally assumed to be a constant when analyzing prob- 
lems such as transient flow. 

In an unsaturated soil, the coefficient of permeability is 
significantly affected by combined changes in the void ratio 
and the degree of saturation (or water content) of the soil. 
Water flows through the pore space filled with water; there- 
fore, the percentage of the voids filled with water is an 
important factor. As a soil becomes unsaturated, air first 
replaces some of the water in the large pores, and this 
causes the watei to flow through the smaller pores with an 
increased tortuosity to the flow path. A further increase in 
the matric suction of the soil leads to a further decrease in 
the pore volume occupied by water. In other words, the 
air-water interface is drawn closer and closer to the soil 
particles (Fig. 5.6). As a result, the coefficient of perme- 
ability with respect to the water phase decreases rapidly as 
the space available for water flow reduces. 

soil particles .L 
Figure 5.6 Development of an unsaturated soil by the with- 
drawal of the air-water interface at different stages of matric suc- 
tion or degree of saturation (Le., stages 1-5) (from Childs, 1%9). 

Wect  of Variations in Lkgree of sahtrolrion on 
Penneabil& 
The coefficient of permeability of an unsaturated soil can 
vary considerably during a transient process as a result of 
changes in the volume-mass properties. The change in void 
ratio in an unsaturated soil may be small, and its effect on 
the coefficient of permeability may be secondary. How- 
ever, the effect of a change in degree of saturation may be 
highly significant. As a result, the coefficient of perme- 
ability is often described as a singular function of the de- 
gree of saturation, S, or the volumetric water content, 0,. 

A change in matric suction can produce a more signifi- 
cant change in the degree of saturation or water content 
than can be pduced by a change in net normal stress. The 
degree of saturation has been commonly described as a 
function of matric suction. The relationship is called the 
matric suction versus degree of saturation curve [Fig. 
5.7(a)]. 

Numerous semi-empirical equations for the coefficient of 
permeability have been derived using either the matric suc- 
tion versus degree of saturation curve or the soil-water 
characteristic curve. In either case, the soil pore size dis- 
tribution forms the basis for predicting the coefficient of 
permeability. The p o ~  size distribution concept is some- 
what new to geotechnical engineering. The pore size dis- 
tribution has been used in other disciplines to give mson- 
able estimates of the permeability characteristics of a soil. 

The prediction of the coefficient of permeability from the 
matric suction versus degree of saturation curve is dis- 
cussed first, followed by the coefficient of permeability 
prediction using the soil-water characteristic curve. 

Relationsh@ Between C e i e n t  of PermeabU@ and 
Degree of Saturolrion 
Coefficient of permeability functions obtained from the 
matric suction Venus degree of saturation cuwe have been 
proposed by Burdine (1952) and Brooks and CORY (1964). 
The matric suction versus degree of saturation curve ex- 
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1 5 1  I Fine sand 

Degree of saturation, S (%) 

(a) 

Fine sand 
I 

b Computed values of 4 S, using S,= 15% 
b 

, 
2nd estimate of S,\ 
obtained by fitting 
computed point on 

Y 

, , , I  I #  

1 4 10 1 5 2 0  
Matric suction, (u, - u,) (kPa) 

(b) 

Figure 5.7 Determination of the air entry value, (u, - u ~ ) ~ ,  
residual degree of saturation, S,, and pare size distribution index, 
A. (a) Matric suction versus degree of saturation curve; (b) effec- 
tive degree of saturation versus matric suction curve. (From 
Bmks  and Corey, 1964). 

hibits hysteresis. Only the drainage curve is used in their 
derivations. In addition, the soil structure is assumed to be 
incompressible. 

There are three soil parameters that can be identified from 
the matric suction versus degree of saturation curve. These 
are the air entry value of the soil, (u, - the residual 
degree of saturation, S,, and the pore size distribution in- 
dex, h. These parameters can readily be visualized if the 
saturation condition is expressed in terns of an effective 

degree of saturation, S, (Corey, 1954) [Fig. 5.7(b)]: 
s - s, s, = - 
1 - s, (5.14) 

where 

S, = effective degree of saturation 
S, = residual degree of saturation. 

The residual degree of saturation, S,, is defined as the 
degree of saturation at which an increase in matric suction 
does not produce a significant change in the degree of sat- 
uration [see Fig. 5.7(a)]. The values for all degree of sat- 
uration variables used in Eq. (5.14) are in decimal form. 

The effective degree of saturation can be computed by 
first estimating the residual degree of saturation [see Fig. 
5.7(a)]. The effective degree of saturation is then plotted 
against the matric suction, as illustrated in Fig. 5.7(b). A 
horizontal and a sloping line can be drawn through the 
points. However, points at high matric suction values may 
not lie on the straight line used for the first estimate of the 
residual degree of saturation. Therefore, the point with the 
highest matric suction must be forced to lie on the straight 
line by estimating a new value of S, [see Fig. 5.7@)]. A 
second estimate of the residual degree of saturation is then 
used to recompute the values for the effective degree of 
saturation. A new plot of matric suction versus effective 
degree of saturation curve can then be obtained. The above 
procedure is repeated until all of the points on the sloping 
line constitute a straight line. This usually occurs by the 
second estimate of the residual degree of saturation. 

The air entry value of the soil, (u, - u ~ ) ~ ,  is the matric 
suction value that must be exceeded before air recedes into 
the soil pores. The air entry value is also referred to as the 
“displacement pressure” in petroleum engineering or the 
“bubbling pressure” in ceramics engineering (Corey, 
1977). It is a measure of the maximum pore size in a soil. 
The intersection point between the straight sloping line and 
the saturation ordinate (Le., S, = 1.0) in Fig. 5.7(b) de- 
fines the air entry value of the soil. The sloping line for the 
points having matric suctions greater than the air entry value 
can be described by the following equation: 

(5.15) 

h = pore size distribution index, which is defined as the 
negative slope of the effective degree of saturation, 
Se, versus matric suction, (u, - uw), curve. 

Soils with a wide range of pore sizes have a small value 
for h. The more uniform the distribution of the pore sizes 
in a soil, the larger is the value for A. Figure 5.8 presents 
typical h values for various soils which have been obtained 
from matric suction versus degree of saturation curves. 

where 

    



5.1 FLOWOPWATER 113 

Degree of saturation, S (%) 

(a) 

g! 1 1. ;ol;anini;d , , , , \ , I  $ Glassbeads 

E 0 Touchet silt loam 

1 10 50 
0.001 

0.1 
Matric suction, (u, - u,) (kPa) 

(b) 
Figure 5.8 Typical matric suction versus degree of saturation 
curves for various soils with their corresponding X values; (a) 
Matric suction versus degree of saturation curves, (b) effective 
degree of saturation versus matric suction. (From Brooks and 
Corey, 1W). 

The coefficient of permeability with respect to the water 
phase, k,, can be predicted from the matric suction versus 
degree of saturation curves as follows (Brooks and Corey, 
1964): 

k, = k, for ( 4 3  - u w )  (u, - uw)b 

k ,  = ksSg for (u, - u,) > (u, - u , ) ~  (5.16) 

where 

k, = coefficient of permeability with respect to the water 

6 = an empirical constant. 
phase for the soil at saturation (i.e., S = 100%) 

The empirical constant, 6, is related to the pore size dis- 
tribution index: 

2 + 3A 6 s -  
A .  (5.17) 

Table 5.1 presents several 6 values and their comspond- 
ing pore size distribution indices, A, for various soil types. 

Water coefficients of permeability, k,, corresponding to 
various degrees of saturation can be computed using Eq. 
(5.16), and can be expressed as the relative water phase 
coefficient of permeability, k,  (96): 

(5.18) 

Experimental data for a sandstone expressed in terms of 
the relative permeability are shown in Fig. 5.9. In the ex- 
periments, a hydrocarbon liquid was used instead of water 
in order to produce a more stable soil structure and con- 
sistent fluid properties. The results are essentially the same 
as for water flow since the relative permeability is not a 
function of the fluid properties. However, the interactions 
between the water and the soil particles may produce some 
differences from the results obtained using water and those 
obtained using hydrocarbons. 

Relationship Between Waer Coe&ient of Permeabili@ 
and Mattic Suction 
The coefficient of permeability with respect to the water 
phase, k,, can also be expressed as a function of the matric 
suction by substituting the effective degree of saturation, 
S, [Le., Eq. (5.15)], into the permeability function [Le., 
Eq. (5.16)] (Brooks and Corey, 1964). Several other rela- 
tionships between the coefficient of pemeability and ma- 
tric suction have also been proposed (Gardner, 1958a; Ar- 
bhabhirama and Kridakorn, 1968) and these are 
summarized in Table 5.2. 

The relationship between the coefficient of permeability 
and matric suction proposed by Gardner (1958a) [Eq. 
(5.20) in Table 5.21 is presented in Fig. 5.10. The equation 
provides a flexible permeability function which is defined 
by two constants, “u” and “n.” The constant “n” defines 
the slope of the function, and the “(I” constant is related 
to the breaking point of the function. Four typical functions 
with differing values of “a” and “n” are illustrated in Fig. 
5.10. The permeability functions are written in terms of 
matric suction in Fq. (5.20); however, these equations 
could also be written in terms of total suction. 

Relationship Between Water CoeBient of Permeabili@ 
and Volumetric Waer Content 
The water phase coefficient of permeability, k,, can also 
be related to the volumetric water content, 8, (Buck- 
ingham, 1907; Richads, 1931; Moore, 1939). A coeffi- 
cient of permeability function, k,(8,), has been proposed 
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Table 5.1 Suggested Values of the Constant, 6, and the Pore Size 
Distribution Index, A, for Various Soils 

Soils 6 Values X Values Source 

Uniform sand 3.0 00 Irmay [ 19541 
Soil and porous rocks 4.0 2.0 Corey [1954] 
Natural sand deposits 3.5 4.0 Avejanov [ 19501 

using the configurations of the pore space filled with water 
(Childs and Collis-George, 1950). The soil is assumed to 
have a random distribution of pores of various sizes and an 
incompressible soil structure. The permeability function, 
kW(6,), is writterl as the sum of a series of terms obtained 
from the statistical probability of intemonnections between 
water-filled pores of varying sizes. 

The volumetric water content, e,, can be plotted as a 
function of matric suction, (u, - uw), and the plot is called 
the soil-water characteristic cure. Therefore, the permea- 
bility function, kW(8,), can also be expressed in terms of 
matric suction (Marshall, 1958; and Millington and Quirk, 
1959, 1961). In other words, the soil-water characteristics 
curve can be visualized as an indication of the configura- 
tion of water-filled pores. The coefficient of Permeability 
is obtained by dividing the soil-water characteristic curve 
into “m” equal intervals along the volumetric water con- 

Hygiene Sandstone 

0 20 40 60 80 100 

Degree of saturation, S (%) 

Figure 5.9 Relative permeability of water and air as a function 
of the degree of saturation during drainage (from Brooks and 
corey, 1964). 

Table 5.2 Relationships between Water CoefRCient of Permeability and Matric Suction 

Equations Number Source Symbols 

k. k, = 
Gardner 
(1958a) 1 + a ppi:)J’ (5.20) a, n = constant 

k, 
Arbhabhirama kw = 

(5.21) and Kridakorn n‘ = constant 
(1968) 
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ks = m/s 

I I I 

s 1  10 ld 1 o3 $ 10-7) 

Matric suction head, [(u, - u,)/pWg] (m) 

10. 1 0 2  1 03 1 o4 
Matric suction, (u, - u,) (kPa) 

Figure 5.10 Gardner’s equation for the water coefficient of 
permeability as a function of the matric suction. 

tent axis, as shown in Fig. 5.11. The matric suction cor- 
responding to the midpoint of each interval is used to cal- 
culate the coefficient of permeability. 

The permeability function, kW(8,), is derived based on 
Poiseuille’s equation. The following permeability function 
has a similar form to the function presented by Kunze et 
al., (1968). The function is slightly modified in order to 
use SI units and matric suction instead of pore-water pres- 
sure head. Variables used in the equation are illustrated in 
Fig. 5.11. 

m 

k,(@,)i = - - - k,, 2 p w  N 2 j = i  

i = 1,2, * - , m  (5.22) 

where 
kw(@w)i -- calculated water coefficient of permeabil- 

ity (m/s) for a specified volumetric water 
content, corresponding to the ith in- 
terval 

i = interval number which increases with the 
decreasing volumetric water content; for 
example, i = 1 identifies the first interval 
that closely corresponds to the saturated 
volumetric water content, eJ; i = m iden- 
tifies the last interval corresponding to the 
lowest Volumetric water content, OL, on the 
experimental soil-water characteristic 
curve 

j = a counter from ‘ V ”  to “m” 
k, = measured saturated coefficient of perme- 

k,, = calculated saturated coefficient of perme- 

T, = surface tension of water (kN/m) 
pw = water density (kg/m3) 
g = gravitational acceleration (m/s2) 

pw = absolute viscosity of water (N * s/m2) 
0, = volumetric water content at saturation 

(i.e., S = 10096) (Green and Corey, 
1971a) 

p = a constant which accounts for the interac- 
tion of pores of various sizes; the magni- 
tude of “p” can be assumed to be equal 
to 2.0 (Green and Corey, 1971a) 

m = total number of intervals between the sat- 
urated volumetric water content, @,, and 
the lowest volumetric water content, e,, on 
the experimental soil-water characteristic 

ability (m/s) 

ability (m/s) 

curve 

0.4 
3 m 

3 0.3 
8 
2 
c 

g 0.2 
0 .- 
4.. 

- 5 3 0.1 

0 I , I , I , I , I #  
0 10 20 30 40 50 60 

Matric suction, (us - u,) (kPa) 

Flgure 5.11 Prediction of the coefficient of permeability from the soil-water characteristic cuwe. 

    



116 5 FLOWLAWS 

N = total number of intervals computed be- 
tween the saturated volumetric water con- 
tent, e,, and zero volumetric water content 
@e., e, = 0) (note: N = m(e,/(d,  - OL)), 
m 5 N, and m = N when 6, = 0) 

(u, - uw), = matric suction (kPa) corresponding to the 
midpoint of the jth interval. 

The calculation of the water coefficient of permeability, 
k,, at a specific volumetric water content, (Ow)i, involves 
the summation of the matric suction values that correspond 
to the volumetric water contents at and below (e,),. Several 
procedures have been proposed for the calculation of the 
permeability function, k,(8,), using Eq. (5.22). Basically, 
the difference between the various pmcedures lies in the 
interpretation of the pore interaction term [Le., ef /N in 
Eq. (5.22)J (Green and Corey, 1971a). The matching fac- 
tor, (ks/kSc), based on the saturated coefficient of perme- 
ability is necessary in order to provide a more accurate 
computation of the unsaturated coefficients of permeabil- 
ity. 

The above computational pracedure for obtaining the 
permeability function appears to be most successful for 
sandy soils having a relatively namw pore size distribution 
(Nielsen et al., 1972). A comparison between the perme- 
ability function, k,(B,), computed from J2q. (5.22) and ex- 
perimental data is shown in Fig. 5.12 for a fine sand. The 
soil-water characteristic curve for the sand and the com- 
parison of its permeability function are shown in Fig. 
5.12(a) and (b), respectively. 

The coefficient of permeability, k,, at a specific volu- 
metric water content, e,, is computed directly from Eq. 
(5.22). The shape of the permeability function is deter- 
mined by the terms inside the summation sign portion of 
the equation as obtained from the soil-water characteristic 
curve. However, the magnitude of the permeability func- 
tion needs to be adjusted with reference to the measured 
saturated coefficient of permeability, k,, by using the 
matching factor. Therefore, if the saturated coefficient of 
permeability is measured, the permeability function can be 
predicted directly from the soil-water characteristic curve 
because all of the terms in front of the summation sign in 
Eq. (5.22) can be considered as an adjusting factor. As a 
result, the permeability function, k,(Bw), can be written as 
follows: 

m 

i = l , 2 ; * * , m  (5.23) 

where 

Ad = adjusting constant [i.e., (~:p,g/2p,)(e:/N~)(m 

The technique for predicting the permeability function 
s-’ * WP~’)]. 

using Eq. (5.23) is explained in Chapter 6. 

2 Lakeland fine sand 
rp 
c’ 0.4 

” k 03h 

Field depth (m) 
0-0.15 

--. .-.. 0.30- 0.60 - 0.45 0.90 

- 
$ 0.2 ,. 

I I I I 

0 10 20 30 40 0‘ 

Matric suction, (u, - u,) (kPa) 
(a) 

kw 
kw calculated k, Field 

Depth (m) measured ( m/s) 
0-0.15 A - 0.41 1c4 

0.36 x 1 o - ~  
0.48 x I O - ~  

0.30-0.45 ------ 
0.60 -0.90 0 -.-’- 

Lakeland fine sand L 2 

6 
4 4  

2 l o l o  

1 oilo 
0.1 0.2 0.3 0.4 

Volumetric water content, 0, 
(b) 

Figure 5.12 Comparisons between calculated and measured un- 
saturated permeabilities for Lakeland fine sand. (a) Soil-water 
characteristic curves; (b) water coefficient of permeability as a 
function of volumetric water content (from Elzeftawy and Cart- 
Wright, 1981). 

Hysteresis of the Permeability finction 
The coefficient of permeability, k,, is generally assumed 
to be uniquely related to the degree of saturation, S, or the 
volumetric water content, 8,. This assumption is reason- 
able since the volume of water flow is a direct function of 
the volume of water in the soil. The relationships between 
the degree of saturation (or volumetric water content) and 
the coefficient of permeability appear to exhibit little hys- 
teresis (Nielsen and Biggar, 1961; Topp and Miller, 1966; 
Corey, 1977; and Hillel, 1982). Nielsen et al., (1972) 
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Saturated volumetric 
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Figure 5.13 Similar hysteresis forms in the volumeric water 
content and water coefficient of permeability when plotted as a 
function of (u, - u,) for a naturally deposited sad. (a) Volu- 
metric water content versus matric solution; (b) water coefficient 
of permeability versus matric suction (from Liakopoulos, 1%5a). 

stated: “The function k,(O,) is well behaved, inasmuch as 
for coarse-textured soils, it is approximately the same for 
both wetting and drying.” However, this is not the case 
for the relationship between the water coefficient of perme- 
ability, k,, and matric suction, (u, - u,). Since there is 
hysteresis in the relationship between the volume of water 
in a soil and the stress state [i.e., namely, (u, - u,)], there 
will also be hysteresis in the relationship between the coef- 
ficient of permeability and matric suction. 

The degree of saturation or volumetric water content 
shows significant hysteresis when plotted versus matric 
suction [Fig. 5.13(a)]. As a result, the coefficient of perme- 
ability, which is directly related to the volumetric water 
content or degree of saturation, will also show significant 
hysteresis when plotted versus matric suction. Figure 
5.13(a) and (b) demonstrate a similar hysteresis forh for 
both the volumetric water content, e,, and the coefficient 
of permeability, k,, when plotted against matric suction. 
However, if the coefficient of permeability is cross-plotted 
against volumetric water content, the resulting plot shows 
essentially no hysteresis, as demonstrated in Fig. 5.14. 

Voiumetric water content, 6,, 

Figure 5.14 Essentially no hysteresis is shown in the relation- 
ship between water coefficient of permeability versus volumetric 
water content. 

5.2 FLOW OF AIR 

The air phase of an unsaturated soil can be found in two 
forms. These are the continuous air phase form and the 
occluded air bubble form. The air phase generally becomes 
continuous as the degree of saturation reduces to around 
85% or lower (Corey, 1957). The flow of air through an 
unsaturated soil commences at this point. 

Under naturally occurring conditions, the flow of air 
through a soil may be caused by factors such as variations 
in barometric pressure, water infilmtion by rain that com- 
presses the air in the soil pores, and t empram changes. 
The flow of air in compacted fills may be due to applied 
loads. 

When the degree of saturation is above about 9076, the 
air phase becomes occluded, and air flow is reduced to a 
diffusion process through the pore-water (Matyas, 1967). 

5.2.1 Driving Potential for Air Wase 
The flow of air in the continuous air phase form is gov- 
erned by a concentration or pressure gradient. The eleva- 
tion gradient has a negligible effect. The pressure gradient 
is most commonly considered as the only driving potential 
for the air phase. Both Fick’s and Damy’s laws have been 
used to describe the flow of air through a porous media. 

5.2.2 Fick’s Law for Air Phase 
Fick’s law (1855) is often used to describe the difision of 
gases through liquids. A modified form of Fick’s law can 
be applied to the air flow process. Fick’s first law states 
that the rate of mass transfer of the diffusing substance 
across a unit area is proportional to the concentration gra- 
dient of the diffusing substance. 

In the case of air flow through an unsaturated soil, the 
porous medium (i.e., soil) can be used as the reference in 
order to be consistent with the permeability concept for the 
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water phase. This means that the mass rate of flow and the 
concentration gradient in the air are computed with respect 
to a unit area and a unit volume of the soil: 

ac J,  = -0, - 
a Y  

where 
J,  = mass rate of air flowing across a unit 8rea of 

0, = transmission constant for air flow through a 

C = concentration of the air expressed in terms of 

the soil 

soil 

the mass of air per unit volume of soil 
aC/ay = concentration gradient in the y-diwtion. 

The negative sign in Eq. (5.24) indicates that air flows 
in the direction of a decreasing concentration gradient. 
Equation (5.24) can similarly be written for the x- and 
z-directions. 

The concentration of air with respect to a unit volume of 
the soil can be written as 

(5.25) 

where 

M, = mass of air in the soil 
V, = volume of air in the soil 
S = degree of saturation 
n = pomsity of the soil. 

Substituting the density of air, pa, for (M,/V,) in Eq. 

(5.26) 

(5.25), gives 

c = p , ( l  - S)n. 

Air density is related to the absolute air pressure in ac- 
cordance with the gas law (i.e., pa = (uaZa)/RZ'), as ex- 
plained in Chapter 2. Therefore, the concentration gradient 
in Eq. (5.24) can also be expressed with respect to a pres- 
sure gradient in the air. The gauge air pressure is used in 
reformulating Eq. (5.24), since only the gradient is of im- 
portance. 

ac au, J,  = -0, -- 
aua a~ (5.27) 

where 

u, = pore-air pressure 
&,lay = pore-air pressure gradient in the y-direction 

A modified form of Fick's law is obtained from Eq. 
(5.27) by introducing a coefficient of transmission for air 

(or similarly in the x- and zdirections). 

flow through soils, 0:: 
ac D,* = D, - 
aua 

or 

(5.28) 

(5.29) 

The coefficient of transmission, D,*, is a function of the 
volume-mass properties of the soil (i.e., S and n) and the 
air density. Substituting 0," [i.e., Eq. (5.28)] into Eq. 
(5.27) results in the following form: 

(5.30) 

This modified form of Fick's law has been used in geo- 
technical engineering to describe air flow through soils 
(Blight, 1971). 

The coefficient of transmission, 0,*, can be related to the 
air coefficient of permeability which is given the symbol, 
k,. The air coefficient of permeability, k,, is the value mea- 
sured in the laboratory. 

A steady-state air flow can be established through an un- 
saturated soil specimen with respect to an average matric 
suction or an average degree of saturation. The soil speci- 
men is treated as an element of soil having one value for 
its air coefficient of permeability that corresponds to the 
average matric suction or degree of saturation. This means 
that the air coefficient of permeability is assumed to be con- 
stant throughout the soil specimen. Steady-state air flow is 
produced by applying an air pressure gradient across the 
two ends of the soil specimen. The amount of air flowing 
through the soil specimen is measured at the exit point as 
a flow under constant pressure conditions (Le., usually at 
101.3 kPa absolute or zero gauge pressure) (Matyas, 1967). 
In other words, the mass rate of the air flow is measured 
at a constant air density, p-. Equation (5.30) can be re- 
written for this particular case as follows: 

or 

where 

(5.31) 

(5.32) 

pm = constant air density corresponding to the 
pressure used in the measurement of the mass 
rate (i.e., at the exit point of flow) 

aV,/at = volume rate of the air flow across a unit area 
of the soil at the exit point of flow; designated 
as flow rate, v,. 

The pore-air pressure, u,, in Eq. (5.32) can also be ex- 
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of transmission, D,*, since the two coefficients are related 
by a constant, "g" [Eq. (5.35)]. 

Experimental verifications have been performed for 
Fick's and Darcy's law (Blight, 1971), and some results 
are presented in Fig. 5.15. A series of permeability tests 
was performed by establishing steady-state air flows 
through dry soils. The soils were assumed to have a rigid 
structure because no measurable volume change occurred 
during the tests. The flow measurements were referenced 
to the air-filled pore space (Blight, 1971). In order to use 
the bulk soil as the reference, the mass rate of air flow must 
be multiplied by the air porosity, n,, as shown in Fig. 
5.15(a). 

The applicability of Fick's law to air flow [Le., Eq. 
(5.30)] is demonstrated in Fig. 5.15(a). For a small change 
in the pore-air pressure gradient, the mass flow rate, J,, is 
almost linearly proportional to the pore-air pressure gra- 
dient, (au,/ay), with D,* being the coefficient of propor- 
tionality. It should be noted that the air pressure gradients 
used in the above experiment were high. The magnitudes 
of D,* and ka vary with the volume-mass properties of an 
unsaturated soil. 

pressed in terms of the pore-air pressure head, ha, using a 
constant air density, pm: 

aha 
va = -D,*gay (5.33) 

where 

ha = pore-air pressure head (Le., ua/p, g )  
ah,/ay = pore-air pressure head gradient in the 

Equation (5.33) has the same form as Darcy's equation 

y-direction; designated as iay. 

for the air phase: 

(5.34) 

where the relationship between the air coefficient of trans- 
mission, D,*, and the air coefficient of permeability, k,, is 
defined as follows: 

ka = D,*g. (5.35) 
The hydraulic head gradient in Eq. (5.34) consists of the 

pore-air pressure head gradient as the driving potential. 
, Equation (5.34) has been used in geotechnical engineering 
to compute the air coefficient of permeability, k, (Barden, 
1965; Matyas, 1967; Langfelder et al., 1968; Barden et 
al., 1969b; Barden and Pavlakis, 1971). 

Air permeability measurements can be performed at var- 
ious matric suctions or different degnxs of saturation in 
order to establish the functional relationship, ka(u, - uw), 
or ka(S) .  This relationship also applies to the air coefficient 

(1) Sandstone (2) Compacted shale 
(3) Compacted clay A (4) Compacted clay B 
(5) Porous ceramic 

Air pressure gradient, 
du, /dy , (x  106N/m3)  

(a) 

5.2.3 Coelkient of Permeability with Respect to Air 
Phase 
Several relationships have been proposed between the air 
coefficient of permeability and the volume-mass properties 
of a soil. The coefficient of transmission, D,*, can either be 
computed in accordance with Q. (5.35) or measured di- 
rectly in experiments. The coefficient of permeability for 

( 1 ) Sandstone 
(3) Compacted clay A (4) Compacted clay B 
(5) Porous ceramic 

(2) Compacted shale 
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air density. pa at 101.3 kPa 
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(4 
Figure 5.15 Verifications of Fick's and Darcy's laws for air flow. (a) Mass rate of air flow versus 
air pressu~ gradient (Pick's law); (b) flow rate of air vemus p~ssum gradient (Darcy's law). 
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the air phase, k,, is a function of the fluid (Le., air) and 
soil volume-mass properties, as described in Eq. (5.10). 
The fluid properties are generally considered to be constant 
during the flow process. Therefore, the air coefficient of 
permeability can be expressed as a function of the volume- 
mass properties of the soil. In this case, the volumetric per- 
centage of air in the pores is an impoxtant factor since air 
flows through the pore space filled with air. As the matric 
suction increases or the degree of saturation decreases, the 
air coefficient of permeability increases. 

ReWonship Between Air Coe#icknt of Permeability and 
Degree of Saturation 
The prediction of the air coefficient of permeability based 
on the pore size distribution and the matric suction versus 
degree of saturation curve has also been proposed for the 
air phase. The air coefficient permeability function, k,, is 
essentially the inverse of the water coefficient of permea- 
bility function, k,. The following equation has been used 
by Brooks and Corey (1964) to describe the k,(S,) func- 
tion: 

k, = 0.0 for (U, - u,) 5 (u, - U,)b 

where 

kd = coefficient of permeability with respect to the air 

The values of k, at different degrees of saturation can be 
computed using Eq. (5.36) and expressed in terms of the 
relative coefficient of permeability of air, k, (%): 

phase for a soil at a degree of saturation of zero. 

(5.37) 

A comparison between Eq. (5.36) and experimental data 
is shown in Fig. 5.9 for Hygiene sandstone. 
Relationship Between Air Cwflcient of Fermeabi& and 
Matric Suction 
Another form of @q. (5.36) is obtained when the effective 
degree of saturation, S,, is expressed in terms of matric 
suction, as described in Eq. (5.15) (Brooks and Corey, 
1964). 

k, = 0.0 for (u, - U,) I (U, - Uw)b 

for (u, - u,) > (u, - u,)b. (5.38) 

Figure 5.16 illustrates the agreement between measured 
data and the theoretical air coefficient of permeability func- 
tion described using E q .  (5.38). 

Several studies have been conducted on the air permea- 

(1) Volcanic sand (3) Fine sand - (2) Glassbeads (4) Touchet silt loam 
ZlOO .I 

e 
Y 

E 
Matric suction head (m) 

L n  8 1 ,  I 1 I I  1 I I I  I ) " I  

0 5 10 15 

Matric suction, (ua - uw) (kPa) 

Fipre 5.16 Computed and measud data for the relative 
permeability of air as a function of matric suction (from Brooks 
and CORY, 1964). 

bility of compacted soils. The coefficient of permeability 
with respect to air, k,, decreases as the soil water content 
or degnx of saturation increases (Ladd, 1960; Olson, 1963; 
Langfelder et al., 1968; Barden and Pavlakis, 1971). Fig- 
ure 5.17 presents air and water coefficients of permeability 
for a soil compacted at different water contents or matric 
suction values. The air and water coefficients of permea- 
bility, k,, and k,, were measured on the same soil specimen 
during steady-state flow conditions induced by small pres- 
sure gradients (see Chapter 6). The air coefficient of 
permeability, k,, decreases rapidly as the optimum water 
content is approached. At this point, the air phase becomes 
occluded, and the flow of air takes place as a diffusion of 
air through water. The occluded stage for soils with a high 

I 
Standard I 
AASHTO ! ka 
optimum 

t 

Water content, w (%) 

Figure 5.17 Air coefficients of permeability, k,, and water coef- 
ficients of permeability, k, as a function of the gravimetric water 
content for the Westwater soil (from Barden and Pavlakis, 1971). 
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clay content usually occurs at water contents higher than 
the optimum water content (Matyas, 1967; Barden and 
Pavlakis, 1971). 

Although the air coefficient of permeability decreases and 
the water coefficient of permeability increases with increas- 
ing water content, the air permeability values remain sig- 
nificantly greater than the water permeability values for all 
water contents (Fig. 5.17). The difference in air and water 
viscosities is one of the reasons for the air coefficient of 
permeability being greater than the water coefficient of 
permeability. 

The coefficient of permeability is inversely proportional 
to the absolute (Le., dynamic) viscosity of the fluid, p, as 
shown in Eq. (5.10). The absolute viscosity of water, pw, 
is approximately 56 times the absolute viscosity of air, pa, 
at an absolute pressure of 101.3 kPa and a temperature of 
20°C (see Chapter 2). Assuming that the volume-mass 
properties of a soil do not differ for completely saturated 
and completely dry conditions, the saturated water coeffi- 
cient of permeability would be expected to be 56 times 
smaller than the air coefficient of permeability at the dry 
condition (Koorevar et al., 1983). It should be noted that 
this may not be the case for many soils. 

Another factor affecting the measured air coefficient of 
permeability is the method of compaction. A dynamically 
compacted soil usually has a higher air coefficient of 
permeability than a statically compacted soil at the same 
density. 

The air coefficient of transmission, D,*, can be obtained 
by dividing the air coefficient of permeability, k,, by the 
gravitational acceleration, g. If the gravitational accelera- 
tion is assumed to be constant, D,* functions are similar to 
the above air permeability, k,,, functions. 

5.3 DIFFUSION 

The diffusion process occurs in response to a concentration 
gradient. Ionic or molecular movement will take place from 
regions of higher concentration to regions of lower con- 
centration. The air and water phase in a soil (Le., soil 
voids) are the conducting media for diffision processes. On 
the other hand, the soil structure determines the path length 
and cross-sectional area available for diffusion. The trans- 
port of gases (e.g., O2 and C02), water vapor, and chem- 
icals are examples of diffusion processes in soils. 

There are two diffusion mechanisms common to unsat- 
urated soil behavior. The first type of diffusion involves the 
flow of air through the pore-water in a saturated or unsat- 
urated soil (Matyas, 1%7; Barden and Sides, 1967). An- 
other example of air diffusion involves the passage of 
air through the water in a high air entry ceramic disk. 
This type of diffusion involves gases dissolving into water 
and subsequently coming out of water, as explained in 
Chapter 2. 

The second type of diffusion involves the movement of 

constituents through the water phase due to a chemical con- 
centration gradient or an osmotic suction gradient. This 
type of diffusion process is not discussed in detail in this 
text. The following section considets the diffusion of air 
through water. 

5.3.1 Air DUFusion Through Water 
Fick’s law can be used to describe the diffusion process 
(see Section 5.2.2). The concentration gradient which pro- 
vides the driving potential for the diffusion process is ex- 
pressed with respect to the soil voids (Le., air and water 
phases). In other words, the mass rate of diffusion and the 
concentration gradient are expressed with respect to a unit 
area and a unit volume of the soil voids, respectively. 

The formulation of Fick’s law for diffusion in the 
y-direction is as follows: 

(5.39) 

where 

aM/at = mass rate of the air diffusing across a unit area 
of the soil voids 

D = coefficient of diffusion 
C = concentration of the diffusing air expressed in 

terms of mass per unit volume of the soil voids 
aC/ay = concentration gradient in the ydirection (or 

similarly in the x- or zdirection). 

The diffusion equation can appear in several forms, sim- 
ilar to the forms presented for the flow of air through a 
porous medium. The concentration gradient for gases or 
water vapor (i.e., aC/ay) can be expressed in terms of 
their partial pressures. Consider a constituent diffusing 
through the pore-Hater in a soil. Muation (5.39) can be 
rewritten with respect to the partial pressure of the diffusing 
constituent : 

aM ac aii, 
at aii, ay 
- =  - D - -  (5.40) 

where 

iii = partial pressure of the diffusing constituent 
aC/aii, = change in concentration with respect to a 

change in p t i a l  pressure 
&Jay = partial pressure gradient in the ydirection (or 

similarly in the x- or zdirection). 

The mass rate of the constituent diffusing across a unit 
area of the soil voids (Le., aM/at) can also be determined 
by measuring the volume of the diffused constituent under 
constant pressure conditions. The ideal gas law is applied 
to the diffusing constituent in order to obtain the mass flow 
rate: 

(5.41) 
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where 
- ufi = absolute constant pressure used in the volume 

measurement of the diffusing constituent 
oi = molecular mass of the diffusing constituent 
R = universal (molar) gas constant 
T = absolute temperature 

aVfi/ar = flow rate of the diffusing constituent across a 

Vfi = volume of the diffusing constituent across a 

The change in concentration of the diffusing constituent 
relative to a change in partial pressure (i.e., aC/aEi) is 
obtained by considering the change in density of the dis- 
solved constituent in the pore-water. The density of the 
dissolved constituent in the pore-water is the ratio of the 
mass of dissolved constituent to the volume of water: 

unit area of the soil voids 

unit area of the soil voids. 

where 

up = flow rate of the diffusing constituent across a unit 

Equation (5.45) can be applied to air or gas diffision 
through the pore-water in a soil or through ftee water or 
some other material such as a rubber membrane (Poulos, 
1964). The partial pressure in Eq. (5.45) can be expressed 
in terms of the partial pressure head, hJE, (i.e., hj = Zi/pp g )  
with respect to the constituent density, pfi. The density, pfi, 
corresponds to the absolute constant pressure, Z’, used in 
the measurement of the diffusing constituent volume. The 
absolute constant pressure, Zfi, is usually chosen to corre- 
spond to atmospheric conditions (i.e., 101.3 kPa), and p’ 
is the constituent density at the corresponding pressure. 

area of the soil voids (i.e., aV’/at). 

(5.42) 

where 

Mdi = mass of the dissolved constituent in the pore- 
water 

V, = volume of water. 

Applying the ideal gas law to Eq. (5.42) yields the fol- 
lowing equation: 

where 

V, = volume of the dissolved constituent in the pore- 

The ratio of the volume of dissolved constituent to the 
volume of water (Le., Vdi/Vw) is referred to as the volu- 
metric coefficient of solubility, h. Under isothermal con- 
ditions, h is essentially a constant (see Chapter 2). 

water. 

- h -  ac 
azi RT 
- - @i 

where 

h = volumetric coefficient of solubility for the constit- 

Substituting Eqs. (5.41) and (5.44) into Eq. (5.40) re- 
sults in the following diffusion equation (van Amerongen, 
1946): 

uent in water. 

Dh aiii 
U P =  --- 

iJ4 aY 
(5.45) 

(5.46) 

where 
pfl = constituent density at the constant pressure, Z’, 

used in the volume measurement of the diffusing 
constituent 

hfi = partial pressure head (Zfi/pfi g ) .  

Equation (5.46) has a similar form to Darcy’s law. 
Therefore, Eq. (5.46) can be considered as a modified form 
of Darcy’s law for air flow through an unsaturated soil with 
occluded air bubbles where the air flow is of the diffusion 
form. 

(5.47) ah, 
= -k’,ay 

where 

kfi = diffision coefficient of permeability for air through 
an unsaturated soil with occluded air bubbles. 

The diffusion coefficient of permeability can then be 
written as follows: 

(5.48) 

Substituting the ideal gas law into Q. (5.48) results in 
another form for the diffusion coefficient of permeability: 

(5.49) 

Equation (5.49) indicates that under isothermal condi- 
tions, the coefficient of permeability (i.e., ditrusion type) 
is directly proportional to the coefficient of diffusion since 
the term (hw,g/RT) is a constant. 

The coefficients of diffusion for several gases through 
water and for air through different materials a presented 
in Chapter 2. The diffusion coefficients, D,  for air through 
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Table 5.3 Summary of Flow Laws 

Driving Flow Law 
Type of Flow Phase Potential (in y-Direction) Comments 

Water 

Bulk flow 
Air 

U W  ah, 
Pwg aY h , = y + -  V ,  -kw-  Day’s  law 

Darcy’s law 
ka = D,*g 

C Gas constituent Gases, including water 
diffusion vapor and air 

through the pore- 
water in a soil 

Fick’s law 

RT 
k p = D -  b i g  

Day’s  law 

Henry’s, and 
Day’s  laws) 

ah 
aY (obtained from Fick’s, 

08 = -R A 

Chemical 
diffusion 

Pure water in osmotic 
diffusion Pick’s law 

water were computed in accordance with Eq. (5.47) (Bar- 
den and Sides, 1967). The diffusion values for porous me- 
dia (e.g., soils) appear to be smaller than the diffusion val- 
ues for free water. This has been attributed to factors such 
as the tortuosity within the soil and the higher viscosity of 
the adsorbed water close to the clay surface. As a result, 
the diffusion values decrease as the soil water content de- 
creases. 
5.3.2 Chemical Diffusion Through Water 
The flow of water induced by an osmotic suction gradient 
(or a chemical concentration gradient) across a semi- 
permeable membrane can be expressed as follows: 

(5.50) 

where 
aM/at = mass rate of pure water diffusion acmss a unit 

area of a semi-permeable membrane 
Do = coefficient of diffusion with respect to os- 

motic suction (Le., D aC/ar )  
C = concentration of the chemical 
T = osmotic suction 

ax/ay = osmotic suction gradient in the y-direction (or 
similarly in the x- or z-direction). 

A semi-permeable membrane restricts the passage of the 
dissolved salts, but allows the passage of solvent molecules 
(e.g., water molecules). Clay soils may be considered as 
“leaky” semi-permeable membranes because of the neg- 
ative charges on the clay surfaces (Barbour, 1987). Dis- 
solved salts are not fme to diffuse througti clay particles 
because of the adsorption of the cations to the clay surfaces 
and the repulsion of the anions. This, however, may not 
completely restrict the passage of dissolved salts, as would 
be the case for a perfectly semi-permeable membrane. 
Therefore, pure water diffusion through a perfect, semi- 
permeable membrane [Le., &. (5.50)] may not fully de- 
scribe the flow mechanism related to the osmotic suction 
gradient in soils. 

5.4 SUMMARY OF FLOW LAWS 

Several flow laws related to the fluid phases of an unsatu- 
rated soil have been described in the preceding sections. A 
summary of the flow laws is given in Table 5.3. 

    



CHAPTER 6 

Measurement of Permeability 

The application of flow laws to engineering problems re- 
quires the quantification of the hydraulic properties of a 
soil. The coefficient of permeability, k, in Darcy's law and 
the coefficient of diffision, D, in Fick's law are examples 
of hydraulic properties. These properties must be deter- 
mined using techniques which have been experimentally 
verified in order to obtain a reliable flow analysis for water 
and/or air movement in an unsaturated soil. 

6.1 MEASUREMENT OF WATER 
COEFFICIENT OF PERMEABILITY 

The water phase coefficient of permeability for a soil can 
be determined using either direct or indirect techniques. 
Direct measurements of permeability can be performed 
either in the laboratory or in the field. The direct measure- 
ments are commonly referred to as permeability tests, and 
the a p p t u s  used in performing the test in the laboratory 
is called a permameter. 

Indirect methods can also be used to compute the coef- 
ficient of permeability. These methods use the volume- 
mass properties of the soil and the soil-water characteristic 
curve. The saturated coefficient of permeability is also re- 
quired for the indirect piediction of the water phase penne- 
ability. The air permeability of the dry soil is required for 
the indirect prediction of the air phase permeability. 

6.1.1 Mrect Methods to Measure Water CoefRcient 
of Permeability 
The coefficient of permeability for a soil is best obtained 
from a direct measurement since there is no proven theo- 
retical prediction (Hillel, 1982). The hydraulic head gra- 
dient and the flow rate are determined from pore-water 
pressure and water content measurements when using di- 
rect methods to measure permeability. 

In some cases, either the pore-water pressure or the water 
content is measured, while the other variable is inferred 
fmm the soil-water characteristic curve. Measurements can 
be performed either in the laboratory or in situ. Laboratory 

tests are most economical, but in situ tests may better rep- 
resent actual conditions. Unfortunately, the in situ field 
methods are not as advanced and standardized as the lab- 
oratory methods. 

Laboretory Test Methods 
Various laboratory methods can be used for measuring the 
coefficient of permeability with 'respect to the water phase, 
k,, in unsaturated soils (Klute, 1972). All methods assume 
the validity of Darcy's law, which states that the coefficient 
of permeability is the ratio of the flow rate to the hydraulic 
head gradient. The flow rate and the hydraulic head gra- 
dient are the variables usually measured during a test. The 
flow rate and the hydraulic head gradient can either be kept 
constant with time (Le., time independent) or varied with 
time during the test. Comspondingly, the various testing 
procedures can be categorized into two primary groups, 
namely, steady-state methods where the quantity of flow is 
time-independent, and unsteady-state methods where the 
quantity of flow is timedependent. 

The steady-state method is described first, followed by a 
description of the unsteady-state, instantaneous profile 
method. The measurement of the saturated coefficient of 
penneability has been described in numerous soil mechan- 
ics books, and is not repeated herein. 

Steady-state method. The steady-state method for the 
measurement of the water coefficient of permeability is 
performed by maintaining a constant hydraulic head gra- 
dient across an unsaturated soil specimen. The matric suc- 
tion and water content of the soil are also maintained con- 
stant. The constant hydraulic head gradient produces a 
steady-state water flow across the specimen. Steady-state 
conditions are achieved when the flow rate entering the soil 
is equal to the flow rate leaving the soil. The coefficient of 
permeability, k,, which corresponds to the applied matric 
suction or water content, is computed. The experiment can 
be repeated for different magnitudes of matric suction or 
water content. The steady-state method can be used for both 
compacted and undisturbed specimens. 

124 
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Constant head 
water supply system 

(Mariotte bottle) 

Apparatus for steady-state method. An assemblage 
of the equipment used for the steady-state method is shown 
in Fig. 6.1 (Klute, 1965). A cylindrical soil specimen is 
placed in a permeameter between two high air entry ce- 
ramic plates: PI at the top of the specimen, and Pz at the 
bottom of the specimen. Two tensiometers, T, and Tz, are 
installed along the height of the specimen for the measure- 
ment of pore-water pressures. An air supply maintains a 
constant pore-air pressure, which is measured using the 
manometer, M. 

A water supply is applied to the top of the porous plate, 
PI, to develop a constant hydraulic head gradient across 
the soil in the vertical direction. The water supply provides 
a constant hydraulic head, hwl, by means of a Mariotte bot- 
tle, as shown in Fig. 6.2. It is also possible to use a simple 
overflow system. Water flows one-dimensionally through 
the ceramic plate, PI, the soil specimen, and the ceramic 
plate, Pz. The outflow of water is maintained at a constant 
hydraulic head, hwZ, below the porous plate, Pz, by con- 
trolling the outflow elevation. Valves, S, and &, are used 
to flush air bubbles that may accumulate in the water com- 
partment adjacent to the porous plate. 

The permeability test is started using low matric suction 
values. The matric suctions are increased in steps as the 
permeability is measund. In other WOKIS, the test is com- 
menced at a condition near saturation, and proceeds through 
a drying process in accordance with the following proce- 
dure. The matric suction, (u, - uw), is set to a specified 

F4gure 6.1 Apparatus for the measurement of coefficient of permeability using the steady-state 
method (from Klute, 1%5a). 

value by controlling the pore-air pressure, as indicated by 
the height in the manometer fluid, h,. The pore-water 
pressure is measured using the tensiometers mounted along 
the specimen. The pore-water pressure head is determined 
from the elevation of the fluid interface in the attached ma- 
nometer relative to the tensiometer elevation. The pressure 

Hydraulic head measured 
between here end datum 

Rubber 
To specimen c stopper 

Figure 6.2 Mariotte bottle for maintaining a constant hydraulic 
head and measuring the volume of water inflow (fiom U.S. De- 
partment of Interior, 1974). 
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head is positive when the fluid interface is above the ele- 
vation of the tensiometer, and is negative when the inter- 
face is below the tensiometer elevation. The tensiometer 
readings in Fig. 6.1 indicate pressure heads of (+) hps and 
(-) hp4 from tensiometers, TI and T2, respectively. 

A constant hydraulic head gradient is then applied to the 
specimen as depicted by hydraulic heads, hWl and hW2. 
Steady-state flow conditions are achieved when the inflow 
and outflow rates are equal, and the tensiometer readings 
are constant with time. The volume of water, Q, flowing 
across the cross-sectional area of the soil, A, in a period of 
time, t ,  is measured and used to compute the flow rate. The 
hydraulic heads, h, and hd, comspond to tensiometers, 
TI and T2, which are placed a distance, d,, apart. By know- 
ing the distance, d,, it is possible to compute the hydraulic 
head gradient in the soil. The measured hydraulic head gra- 
dient is used in calculating the coefficient of permeability 
owing to uncertainties associated with the hydraulic head 
changes across the porous plates. The contact planes be- 
tween the specimen and the porous plates also produce un- 
certainties in predicting heads throughout the specimen 
(Klute, 1972). 

Computations using steady-state method. The coef- 
ficient of permeability, k,, is computed as follows: 

k,= (“>( dl ). 
At hw3 - h- 

The pore-air pressure is assumed to be uniform through- 
out the specimen: 

ua = ~ m & m  (6.2) 
where 

pm = density of the manometer fluid 

h, = height of the manometer fluid. 
The applied hydraulic head gradient causes the pore- 

water pressures to differ at tensiometers, TI and T2. The 
average pore-water pressure is computed as follows: 

g = gravitational acceleration 

where 
pw = density of water 

= average of pore-water pressure. 
The coefficient of permeability, k,, computed using Eq. 

(6. l), corresponds to the average matric suction in the soil. 

where 
(ua - uw)ave = average matric suction. 

The water content of the soil specimen can be measured 
directly using either destructive or nondestructive tech- 
niques. Using a destructive technique, water contents are 
measured after each stage in the permeability test. The soil 
specimen can therefore be used for only one stage of the 
permeability test. Several “identical” specimens must be 
prepared in order to obtain permeabilities at different ma- 
tric suctions or water contents. 

Using a nondestructive technique, water contents at dif- 
ferent matric suctions are measured using a single soil 
specimen. This can be done using a gamma attenuation 
technique, or by weighing the soil specimen (together with 
the apparatus) in order to obtain the change in water con- 
tent after each stage of the test. The initial and final water 
contents are computed from the initial and final masses of 
the soil specimen. The mass of soil solids is obtained by 
oven-drying the specimen at the end of the test. 

An indirect technique has also been used to infer the 
water content at a particular matric suction by referring to 
the soil-water characteristic curve. The cuwe would be de- 
termined from an independent specimen of the same soil 
(e.g., using a Tempe cell; see Section 6.1.2). Ingersoll 
(1981) showed that the soil-water characteristic curve and 
the coefficient of permeability could be obtained simulta- 
neously using the apparatus shown in Fig. 6.1. In this case, 
the change in water content during each increment of ma- 
tric suction was measured. 

Having measured the coefficient of permeability, S, cor- 
responding to a particular matric suction or water content, 
the permeability test is then repeated for higher values of 
matric suction. The matric suction of the soil specimen is 
increased by increasing the applied air pressure or by de- 
creasing the applied water pressures. The average pore- 
water pressure can be decreased by reducing the values of 
hWl and ha. At no time should the matric suction exceed 
the air entry value of the ceramic plates, or the matric suc- 
tion limit that can be read on the tensiometers (i.e., ap- 
proximately 90 @a). The use of higher air entry ceramic 
plates and psychrometers allows testing at higher values of 
suction. High air entry ceramic plates with the highest pos- 
sible coefficient of permeability should be selected in the 
design of the appamtus (Klute, 1972). 

Presentation of water coef€icients of permeabil- 
ity. At the conclusion of the test, a series of coefficient 
of permeability values is obtained. A typical set of data for 
the coefficient of permeability, k,, versus matric suction is 
shown in Fig. 6.3. The measured water coefficients of 
permeability correspond to the drying curve. There is hys- 
teresis in the water coefficient of the permeability versus 
matric suction relationship. Hysteresis can be seen when 
the permeability test is performed for both the drying and 
the wetting processes. However, the steady-state method 
is commonly performed only when going from a saturated 
to an unsaturated condition. 

Another apparatus which uses a steady-state flow system 
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Matric suction, (ua - uw) (kPe) 

Figure 6.3 Coefficient of water permeability as a function of 
matric suction obtained using the steady-state method (from In- 
gersoll, 1981). 

is shown in Fig. 6.4 (Klute, 1965). A cylindrical soil spec- 
imen is placed between two high air entry ceramic plates 
located within an air pressure chamber. The soil specimen 
is subjected to an all-around controlled air pressure, u,. 
The pore-water pressure, uw, is measured by means of ten- 
siometers placed along the length of the specimen, A con- 
stant hydraulic head gradient is applied across the speci- 
men, as described in Fig. 6.1. The permeability test is 
performed using the procedure previously described. The 
matric suction in the specimen is increased by increasing 
the air pressure. 

The specimen diameter is typically in the order of 25- 
100 mm, and its length ranges from 10 to 500 mm. The 
longer the length of the specimen, the longer is the time 
required to reach steady-state conditions. Therefore, the 
length of the specimen should be selected to be as short as 
possible. A specimen height in the order of 10-50 mm is 
suggested by mute (1965). On the other hand, a short spec- 
imen may introduce inaccuracies in the pressure heads using 
the closely spaced tensiometers. A long specimen may re- 
quire more than two tensiometers for accurate measure- 

Air pressure 
chamber From constant 

head water 
--supply 

measureme End cap 
To air pressure, 

system 
3.. control 

%aYE:Eint 

High air entry \ ceramic disk Cemented joint 

Figure 6.4 Another apparatus used for the measurement of the 
coefficient of water permeability using the steady-state method 
(from Klute, l%Sa). 

ments of pore-water pressure. The steady-state method re- 
quires a long time for testing; however, the results are 
generally considemi to be more accurate than those from 
the unsteady-state method (Hillel, 1982). 

MfBculties with the steady-state method. There are 
several difficulties associated with the steady-state method 
(Klute, 1965, 1972, and Olson and Daniel, 1981). The 
main difficulty arises from the low coefficient of perme- 
ability of unsaturated soils, particularly at high matric suc- 
tions. As a result, the water flow rates during the test are 
extremely low, and a long time is required to complete a 
series of permeability measurements. The low flow rates 
necessitate extnemely accurate volume of water measure- 
ments. The possibility of water loss within the apparatus 
must be minimized. Air diffision through the water, and 
water loss from the apparatus (e.g., Lucite walls), can 
cause errors in the volume of water measurements. Air 
bubbles below the porous disks must be periodically re- 
moved by flushing. Diffised air inside the tensiometers 
should also be flushed from time to time. A diffised air 
volume indicator can be used to measure the amount of 
diffised air in order to apply the necessary corrections to 
the water volume change measmments (see Section 6.3.3). 

Water is commonly used as a permeating fluid in the 
penneability test. However, in some cases, an osmotic suc- 
tion gradient may develop between the pore-water within 
the soil and pure water. This will result in an osmotically 
induced flow across the specimen, in addition to the bulk 
flow related to the hydraulic head gradient. The signifi- 
cance of osmotic flow increases as the water content of the 
soil decreases. Osmotically induced flow is prevented when 
the permeating fluid has a similar chemical composition to 
that of the pore-water. 

Another testing difficulty is related to the contact be- 
tween the soil specimen and the permeameter. As mat& 
suction increases, the soil specimen may shrink and sepa- 
rate from the permeameter wall and the high air entry ce- 
ramic plates. The air gap between the soil and the wall of 
the permeameter does not allow the seepage of water since 
air is nonconductive to the flow of water. The separation 
of soil from the pemeameter wall generally does not create 
a significant problem in testing unsaturated soils (Daniel, 
1983). However, a good contact between the soil specimen 
and the porous plates is required in order to ensure the con- 
tinuity of water flow. The use of loaded porous plates has 
been suggested to overcome the problem of separation of 
the soil from the porous plates (Elrick and Bowman, 1964; 
Richards and Wilson, 1936). It is also important to main- 
tain good contact between the soil and the tensiometers for 
accurate measurements of pore-water p w m .  

Instantaneous pmlUe method. The instantaneous pro- 
file method is an unsteady-state method that can be used 
either in the laboratory or in situ. The method uses a cylin- 
drical specimen of soil that is subjected to a continuous 
water flow from one end of the specimen. The test method 
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has seved variations. These differ mainly in the flow pro- 
cess used and in the measurement of the hydraulic head 
gradient and the flow rate. The flow process can be a wet- 
ting process where water flows into the specimen, or a 
drying process where water flows out of the specimen. 

The hydraulic head gradient and flow rate at various 
points along the specimen can be obtained using one of 
several procedures (Mute, 1972). Using the first proce- 
dure, the water content and pore-water pressure head dis- 
tributions can be measured independently. The water con- 
tent distribution can be used to compute the flow rates. The 
pore-water pressure head gradient can be calculated from 
the measured pore-water pressure head distribution. The 
gravitational head gradient is obtained from the elevation 
difference. 

Using the second procedure, the water content distribu- 
tion is measured while the pore-water pressure head is in- 
f e d  from the soil-water characteristic curve. Using the 
third procedure, the pore-water pressure head distribution 
is measured, and the water content is inferred from the aoil- 
water characteristic curve. Tensiometers and psychrome- 
ters have been used to measure the pore-water pressure 
distribution. Of the above pmedures, the first appears to 
be most satisfactory. All variations of the instantaneous 
profile procedure are based on the same theoretical prin- 
ciples. The hydraulic head gradient and the flow rate are 
determined concumntly and instantaneously at various 
elapsed times, after the flow of water has commenced. 
Instantaneous profUe metbod proposed by Hamilton 

et d. Figure 6.5 shows the apparatus and procedure for 
the instantaneous profile method, proposed by Hamilton et 
al. (1981). A water flux is controlled at one end of the soil 
specimen, while the other end is vented to the atmosphere. 
The water flows in the horizontal direction as a result of a 
gradient in the pore-water pressure head. Gravitational 
head gradient effects axe thereby negligible. Hamilton et 
al. 1981 elected to measure the pore-water pressure head 
distribution during the unsteady-state water flow, and ob- 
tained water contents from the soil-water characteristic 
curve. The hydraulic head gradient and the flow rate vary 
with time during the test. The pore-water pressures, and 

Thermocouple psychrometers 
(or tensiometers) 

plate piite 

Figure 6.5 Apparatus for measuring the coefficient of water 
permeability using the instantaneous pmfile method (from Ham- 
ilton et af. 1981). 

therefore the hydraulic head gradients, are measured at 
several points along the soil specimen. 

The change in water content is related to the change in 
the negative pore-water pressure (or matric suction) 
through use of the soil-water characteristic curve. Flow 
rates are then computed from the change in volumetric 
water content. The ratio between the flow rate and the hy- 
draulic head gradient gives the coefficient of permeability. 
Measurements at different locations along the specimen at 
different times during the unsteady-flow process produce a 
series of coefficients of permeability. Each permeability 
corresponds to a particular matric suction or water content. 
The method does not require the assumption of uniform 
hydraulic properties in the soil, as is the case in the steady- 
state method. 

The following pmedure is used to illustrate a perme- 
ability test performed using the wetting process. A com- 
pacted or undisturbed soil specimen is inserted into a cy- 
lindrical penneameter (Fig. 6.5). Both ends of the perme- 
ameter are covered by end plates with O-ring seals. Water 
is supplied to the left end plate using a hypodermic needle, 
and is distributed across the soil surface through the use of 
several sheets of filter paper. Air in the specimen is vented 
to the atmosphere using a hypodermic needle at the right 
end plate. Filter paper is also placed across the right end 
surface. Several ports are provided along the permeameter 
wall for the installation of tensiometers or psychrometers. 

Tensiometers are used for a relatively moist soil having 
a matric suction less than approximately 90 Wa. Thermo- 
couple psychrometers can be used for measuring suctions 
ranging from approximately 100 to 8000 kPa. The ten- 
siometers or psychrometers are inserted through the ports 
in the permeameter and extended into small holes drilled 
into the soil specimen. The entire apparatus should be 
placed in a temperature-controlled chamber with a high rel- 
ative humidity when psychrometers are used. 

The test commences with an unsaturated specimen, and 
proceeds towards a saturated condition. The initial suction 
is first measured under equilibrium conditions. The equi- 
librium condition is then altered by slowly injecting water 
into the specimen using the hypodermic needle. The water 
inflow rate should be selected such that the pore-water 
pressure is always negative across the length of the speci- 
men, 

Figure 6.6 demonstrates t h m  suction profiles across the 
specimen generated by three different inflow rates. A sharp 
wetting front or saturation in any part of the soil should be 
prevented. Flow rates in the range of 0.2-5 cm3/day are 
commonly satisfactory Daniel, 1983). Soil suctions are 
measured at various time intervals (e.g., every 24 h). Psy- 
chrometers can be replaced with tensiometers when the soil 
suction drops below 90 Wa. 

The test is terminated when the pore-water pressure at 
the entrance of the permeameter (Le., the left end) be- 
comes positive. Positive pore-water pressures may pro- 
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Figure 6.6 Suction profiles associated with different water in- 
flow rates (from Daniel, 1983). 

duce flow along the inside wall of permeameter or around 
the tensiometers. Upon completion of the test, the soil 
specimen is divided into several sections for final water 
content measurements. The final volumetric water contents 
along the specimen are plotted against the corresponding 
suctions to produce a soil-water characteristic curve. Re- 
sults from independent measurements of the water content 
versus suction relationship can also be used in the deter- 
mination of the soil-water characteristic curve. The entire 
test may take as long as two-three weeks. 

Computations for the instantaneous prome 
method. The calculations for the coefficients of perme- 
ability are performed by plotting the pore-water pressure 
head versus the volumetric water content profiles from var- 
ious points along the specimen, as illustrated in Fig. 6.7(a) 
and (b), respectively. The pore-water pressures are ob- 
tained from either the tensiometer or psychrometer mad- 
ings. The total suction profile obtained from psychrometers 
can be taken as the negative pore-water pressure profile 
when the osmotic suction gradient is negligible and the air 
pressure is atmospheric. The pore-water pressure can be 
divided by the unit weight of water (Le., p&) to give the 
pressure head. The hydraulic head gradient (Le., pore- 
water pressure head gradient) at a point in the specimen for 
a specific rime is qual to the slope of the hydraulic head 
profile [e.g., Fig. 6.7(a)]: 

. d h w  
I ,  = - dx 

where 
i, = hydraulic head gradient at a point for a spe- 

dh,/dx = slope of the hydraulic head profile at the point 

The volumetric water content profile is obtained from the 
measured pore-water pressures and the soil-water charac- 
teristic curve. The absolute value of the negative pore- 
water pressure nxorded by the tensiometer is equal to the 
matric suction. The flow rate, u,, at a point is equal to the 
volume of water that flows across the cross-sectional area 
of the specimen, A, during a time interval, dt. Water flows 
from the left end of the permeameter to the right end, and 
there is no water flow out of the right end of the specimen. 

cific time 

under consideration. 

,600 
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' 0  2 4 6 8 1 0  
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Direction of water flow 
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Leh end Distance, x (1 O-' m) Right end 

(b) 

Figure 6.7 Hydraulic head and water content profile during an 
unsteady-state flow test. (a) Profile of hydraulic head; (b) profile 
of volumetric water content (from Hamilton et al. 1981). 

Therefore, the total volume of water passing through a point 
in the soil specimen during a period of time is equal to the 
water volume change that occurs between the point under 
consideration and the right end of the specimen during the 
specified time period. 

The total volume of water present between point j and 
the right end of the specimen (i.e., point m) at a specific 
rime is obtained by integrating the volumetric water content 
profile over the specified time interval [Fig. 6.7(b)]: 

where 
V, = total volume of water in the soil between point 

j and the right end of the specimen designated 
as point m 

@,(x) = volumetric water content profile as a function 
of distance, x ,  for a specific time 

A = cross-sectional area of the specimen. 
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Goose Lake clay 

The difference in volumes of water, dV,, computed be- 
tween two consecutive times (i.e., an interval dt) is the 
quantity of water flowing past point j during the time in- 
terval under consideration [Fig. 6.7(b)]. The flow rate at 
the point is then computed as follows: 

dVW vw = - 
Adt' (6.7) 

The flow rate corresponds to an average value for the 
hydraulic head gradients obtained at two consecutive times. 
The coefficient of permeability, k,, is computed by divid- 
ing the flow rate, u,, by the average hydraulic head gra- 
dient, iave: 

(6.8) 

Computations for the coefficient of permeability can be 
repeated for different points and different times. As a re- 
sult, many coefficients of permeability can be computed 
corresponding to various water contents or suction values 
obtained from one test. 

Figure 6.8 shows typical laboratory results of coefficient 
of permeability, k,, for a clay as a function of suction. The 
permeability test was performed using the instantaneous 
profile method, and the data are presented in Fig. 6.7. Test 
pmedural problems that may be encountered using the un- 
steady-state method axe similar to those described previ- 
ously for the steady-state method. 
In situ field method. Nonhomogeneity and anisotropy 

of soils in the field make in situ measurements for the coef- 
ficient of permeability superior to laboratory measure- 
ments. Fissures, fractures, tension cracks, and root holes 

V W  

lave 
k w = - .  

Soil suction (1 03 kPe) 

Figure 6.8 Unsaturated coefficients of permeability obtained 
using the instantaneous pmfile method in the laboratory (fmm 
Hamilton et al. 1981). 

commonly encountered in unsaturated soils cannot be 
properly represented in small-scale laboratory specimens. 
Furthermore, laboratory specimens are subjected to sam- 
pling disturbance. On the other hand, in situ permeability 
tests have not been developed to the same extent as labo- 
ratory tests. Also, laboratory tests cost less than field tests. 
These are the main masons why most testing has been per- 
formed in the laboratory. 

The instantaneous profile method is generally considered 
to be the best method for permeability testing in the field 
(Klute, 1972). The procedure used in the field is similar in 
concept to the instantaneous profile method described for 
the laboratory. There are several variations to this method 
that have been investigated. These are summarized in Ta- 
ble 6. l .  

The differences are mainly in the control of evaporation 
and in the manner used to detennine the water content and 
the pore-water pressure profiles. 
In situ instantaneous protile method. Following is a 

description of an instantaneous profile, in situ test pre- 
sented by Watson (1966) and Hillel et al. (1972). The 
method is also suitable for situations where the water table 
is deep and the soil is nonhomogeneous. The method is 
most suitable for soils of low plasticity. Numerous prob- 
lems have been reported when using the test for highly 
plastic swelling soils. The test procedure by Watson (1966) 
and Hillel et ai. (1972) considers a column of saturated soil 
that undergoes internal drainage while evaporation and in- 
filtration are prevented. Water flows downward in response 
to the hydraulic head gradient. Water is assumed to flow 
in the vertical direction only, and the air phase is assumed 
to remain at atmospheric pressure conditions. 

The pore-water pressure head and the volumetric water 
content profiles throughout a specified depth are measured 
during the unsteady-state flow process. Pore-water pres- 
sures are measured using a series of tensiometers at various 
depths. Water contents axe measumd using neutron mois- 
ture meter probes. Measurements are made at various 
elapsed times. 

The pore-water pressure heads are added to the gravi- 
tational heads to give the hydraulic heads. The hydraulic 
head profiles are used to compute the hydraulic head gra- 
dients at various depths and at specified elapsed times. The 
flow rate at a point is computed from the change in the 
volumetric water content profile. A large number of coef- 
ficients or permeability can be computed for various volu- 
metric water contents or matric suctions. These are calcu- 
lated from the flow rates and the hydraulic head gradients 
[see Eq. (6.8)J. 

The field permeability test is commenced by selecting a 
representative plot, as shown in Fig. 6.9. The plot should 
be relatively large (e.g., 10 x 10 m) to eliminate boundary 
effects. All measurements should be performed close to the 
center of the plot. At least one neutron probe access tube 
should be installed near the center of the plot. It can be 
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Table 6.1 Variations in the Instantaneous Profile Method for Field Permeability Tests (from Olson and Daniel, 
1981) 

Maximum 
Size of Evaporation Suction Water Content Depth of 

Reference Soil Plot, m Allowed? probes Probe probes, m 

Richards et al. 
(1956) 

Ogata and 
Richards (1957) 

Nielsen et al. 
(1962) 

Rose et al. ( 1965) 
Rose and Krishnan 

(1967) 
van Bavel et of. 

(1968) 
Davidson et al. 

( 1969) 
Hillel et af. 

( 1972) 
Nielsen et al. 

( 1973) 

Sandy loam 

Sandy loam 

Clay loam 

Loam 
Clayey sand 

Clay loam 

Loam and silty 

Sandy loam 

Clay loam 

clay 

2.6 x 2.6 

2.6 x 2.6 

3.7 x 3.7 

- 
a 

5 x 10 

3 x 3 a n d  
10 x 10 

10 x 10 

6.5 x 6.5 

Yes 

No 

No 

Yes 
Yes 

No 

No 

No 

No 

Tensiometers 

Tensiometers 

Tensiometers 

None 
None 

Tensiometers 

Tensiometers 

Tensiometers 

Tensiometers 

- ~~ 

Direct sampling 

Direct sampling 

None 

Neutron method 
Neutron method 

Neutron method 

None 

Neutron method 

None 

0.8 

0.5 

1.5 

1.8 
1.6 

1.6 

1.8 

1.5 

1.8 

'No special plot; the test was performed in the field after a heavy rain. 

Neutron probe 

,? 1 
Plen view 

Figure 6.9 Neutron pmbe and tensiometer arrangement for the 
instantaneous profile method in the field (from Wilson, 1971). 

surrounded by several tensiometers located at various 
depths. The tensiometers should be installed in the prox- 
imity of the access tube without interfering with the neu- 
tron readings (e.g., at a distance of 0.50 m). In the vertical 
direction, the tensiometers should be embedded at depth 
intervals of about 0.30 m. The selected interval is primarily 
a function of the soil conditions. 
The plot is first saturated by flooding with water until the 

soil profile becomes wet under steady-state infiltration con- 
ditions. Steady-state inliltration is indicated by constant 
readings on the tensiometers, The water flux across the 
ground surface is then stopped. The plot surface can be 
covered by plastic sheets to prevent evaporation or infiltra- 
tion. The only subsequent process which occurs within the 
soil column is a downward seepage of water. During the 
subsequent unsteady-state pmcess, the pore-water pres- 
sures and water contents are measured. The frequency of 
the measurements is highest near the beginning of the pro- 
cess. When the drainage p m s s  has slowed down, the 
readings can be less frequent. 

method. The calculation procedure for the coefficient of 
penneability, k,, is similar to that described for the labo- 
ratory instantaneous profile test. The negative pore-water 
pressure heads at various depths am plotted for each elapsed 
time, as shown in Fig. 6.lqa). The pore-water pressm 

computations for the in situ iwmtamm pro& 
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Figure 6.10 Detennination of the hydraulic head gradients dur- 
ing an unsteady-state flow test (a) Pore-water pressure heads at 
various times; (b) profile of hydraulic heads at various times. 
(from Hillel et al. 1972). 

head, hp, and the gravitational head, h8, are added to give 
the hydraulic head, h,. When water flows downward from 
the ground surface, it is reasonable to choose the ground 
surface as the datum for computing the gravitational head. 
The gravitational head is negative from the ground surface, 
as illustrated by the dashed line in Fig. 6.1O(b). The sum- 
mation of the pore-water pressure heads and the gravita- 
tional heads at each depth are used to profile the hydraulic 
head at various times: 

h, = hg + hp (6.9) 

where 

h, = hydraulic head 
h8 = gravitational head 
hp = pore-water pressure head. 

The hydraulic head gradient at a specijic depth for a par- 
ticular elapsed time can be computed from the slope of the 

hydraulic head profile at that depth: 

dh, 
1, = - 

dz 
(6.10) 

where 

i, = hydraulic head gradient at a specific depth for 

dh,/dz = slope of the hydraulic head profile at the 
a particular elapsed time 

depth under consideration. 

The water flow rate is obtained from the volumetric water 
content profiles at various depths and times, as shown in 
Fig. 6.11. Water flows downward from the ground surface. 
There is no water flux at the ground surface. The total vol- 
ume of water present between the ground surface (Le., z 
= 0) and a depth z below the ground surface at a specified 
time can be computed by integrating the volumetric water 
content profiles: 

V, = 1' B,(z)Adz (6.11) 

where 
V, = volume of water in the soil between the ground 

e,(@ = volumetric water content profile as a function 
surface and a depth, z 

of depth, z 
A = cross-sectional area of the plot. 

The volume of water passing through a depth during a 
period of time is equal to the volumetric water content 
change in the region between the ground surface and the 
depth under consideration for a specific time period. The 
flow rate at the depth under consideration, u,, is calculated 
in accordance with Eq. (6.7). The flow rate corresponds to 
an average hydraulic gradient computed at two consecutive 
times. The coefficient of permeability is the ratio of the 
flow rate, ow, to the average hydraulic head gradient, i,,,, 
as given by Eq. (6.8). The computed coefficient of perme- 

Soil depth, L (m) 

Figure 6.11 Volumetric water content profiles d u h g  an in situ 
unsteady-state flow test (modified from Hillel et al. 1972). 
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ability, k,, can also be related to the water content or the 
matric suction. 

Coefficients of permeability can be computed for vmous 
depths and times. Figure 6.12 presents coefficients of 
permeability values as a function of volumetric water con- 
tent. The permeability test was performed using the instan- 
taneous profile method. 

There is a special case where the hydraulic head gradient 
in Eq. (6.10) is unity during the unsteady-state flow pro- 
cess. This condition frequently occurs in a uniform, deeply 
wetted soil profile, in the absence of a shallow water table 
(Klute, 1972). A unity hydraulic head gradient indicates 
that the pore-water pressure head gradient is negligible, 
and only the gravitational head gradient is of consequence. 
In this case, the coefficient of permeability is q u a l  to the 
flow rate. 

The advantage of the in situ instantaneous profile method 
is that relatively simple equipment is required. The method 
is not applicable when there is significant water flow in the 
horizontal direction. Horizontal flow may occur as a result 
of either an impeding layer or a highly permeable layer. 
The method is not practical when the matric suctions ex- 
ceed approximately 50 kPa because of the extremely slow 
drainage pmcess . 
6.1.2 Indirect Methods to Compute Water 
Coefaclent of Permeability 
Direct measurements of the water coefficient of permeabil- 
ity for an unsaturated soil are often difficult to perform. 
Attempts have been made to theoretically predict the coef- 
ficient of permeability on the basis of the soil pore size 
distribution. These predictions are commonly referred to 
as an indirect method to determine permeability. 

Volumetric water content, Ow 

Figure 6.12 Unsaturated coefficients of permeability measured 
using the field instantaneous profile method (after Hillel et al. 
1 972). 

The indirect method can be performed using either the 
matric suction versus degree of saturation curve or the soil- 
water characteristic curve. These curves are explained in 
Chapter 5.  The prediction of coefficient of permeability 
from the matric suction versus degree of saturation curve 
has also been discussed in Chapter 5. R&m an referred 
to Brooks and Corey (1964, 1966) for m e r  details. 

The following discussion deals with the coefficient of 
permeability pndiction using the soil-water characteristic 
curve. Equipment used in determining the soil-water char- 
acteristic curve is first presented, followed by a discussion 
of the analytical tachnique for computing the coefficients 
of permeability. 

There are two commercially available pieces of equip- 
ment that are commonly used for the measurement of the 
soil-water characteristic curve. These are the Tempe pres- 
sure cell and the volumetric presswe plate extractor.* Both 
pieces of equipment operate on the same principle as the 
pressure plate apparatus (see Chapter 3 and ASTM D2325- 
68 (1974)). 

A soil specimen is placed on a high air entry disk in the 
pressure chamber. The air pressure in the chamber can be 
raised to a prespecified value above atmospheric pressure 
(i.e., above zero gauge pressure). The air pnssure applied 
to the soil causes the pok-water to drain. At equilibrium, 
the soil has a water content which corresponds to a specific 
matric suction. The matric suction of the soil is equal to 
the magnitude of the gauge air pmsure in the chamber since 
the pore-water pressure is maintained at atmospheric con- 
ditions. 

Tempe Pressure Cell Apptaatus and Test Rocehre 
A Tempe pressure cell assemblage is shown in Fig. 6.13, 
and its cmss section is shown in Fig. 6.14. A soil specimen 
is placed on the high air entry disk inside the retaining cyl- 
inder of the Tempe pressure cell. An outlet tube located at 
the base plate underneath the high air entry disk allows the 
drainage of water from the soil specimen. Air pressure is 
supplied through the inlet tube on the top plate. The top 
and the bottom plates are fastened together during the test. 

A test is started by saturating me high air entry disk. 
Usually, the soil specimen is also saturated at the start of 
the test. After saturating the specimen, excess water is re- 
moved from the cell. The top plate is then mounted and 
tightened into place, and air pressure is applied to the spec- 
imen. The air pressure is set equal to the desired rnatric 
suction value. 

Once the air pressure is applied, water starts draining 
from the specimen through the high air entry disk until 
equilibrium is reached. The matric suction in the soil is 
then equal to the applied air pressure. The time required to 
reach equilibrium depends upon the thickness and perme- 

2Both pieces of quipmcnt pn menufocarred by Soilmoistun Equipment 
Corporation, Santa Badmu, CA. 
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Figure 6.13 Assemblage of the Tempe pressure cell. (a) Disas- 
sembled components of a Tempe cell; @) assembled Tempe cell 
(from Soilmoisture Equipment Corporation, 1985). 

Constant air pressure 
SUPPlY 

Clamping wing nut 

Soil specimen held in 

Water outlet -4 
drain tube 

1 
Water outflow 
(atmospheric) 

Figure 6.14 Cross section of a Tempe pressure cell (from Soil- 
moisture Equipment Corporation, 1985). 

ability of the specimen and the permeability of the high air 
entry disk. The change in water content is measured by 
weighing the specimen and the cell after equilibrium is 
reached. 

The pmedure is then repeated at higher applied air pres- 
sures (Le., higher matric suctions). The Tempe pressure 
cell is commonly used for matric suctions up to 100 kPa. 
The cell containing the soil specimen must be weighed after 
equilibrium is attained for each applied pressure. Once the 
highest matric suction has been applied, the air pzwsure in 
the cell is released and the soil specimen is removed. The 
water content corresponding to the highest matric suction 
is measured by oven-drying the soil specimen. This water 
content, together with the previous changes in weight, are 
used to back-calculate the water contents corresponding to 
the other suction values. The matric suctions are then plot- 
ted against their corresponding water contents to give the 
soil-water characteristic curve. 

Vdurnehic Russurc Plate Extmctkw Apptuutus and Test 
Pmcedure 
Figure 6.15 shows an assemblage of a volumetric pressure 
plate extractor. The maximum matric suction that can be 
attained with the volumetric pressure plate extractor is 200 
kPa. This apparatus can also be used to study the hysteresis 
of the soil-water characteristic curves associated with the 
drying and wetting of the soil. For this purpose, some hys- 
teresis attachments are required, as outlined in Fig. 6.16. 

The hysteresis attachments provide a more accurate vol- 
umetric measurement of water flow in or out of the soil 
specimen. The hysteresis attachments consist of a heater 
block, vapor saturator, air trap, ballast tube, and burette. 
The heater block is attached to the top plate to prevent water 
from condensing on the inside walls of the extractor. The 
heater block maintains the walls of the extractor at a slightly 
higher temperature than the soil temperature. Water con- 
densation on the walls would introduce an error in deter- 
mining the water content, particularly for long-term tests. 
The vapor saturator is used to completely saturate the in- 
flow air to the volumetric pressure plate extractor. The sat- 
urated air surrounding the soil specimen will prevent the 
soil fmm drying by evaporation. 

The air trap is provided to collect air that may diffise 
through the high air entry disk. A “level mark” is pro- 
vided on the stem of the air trap as a reference point in 
measuring the volume of water. A ballast tube is provided 
as a horizontal storage for water flowing in or out of the 
soil specimen under atmospheric conditions. A “level 
mark” on the ballast tub also serves as a reference point. 
A burette is used to store or supply water. The change in 
the volume of water in the burette during the equalization 
process is equal to the water volume change in the soil 
specimen. 

The drying and wetting pmesses are performed on the 
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Figure 6.15 Assemblage of the volumetric pressure plate extractor. (a) Disassembled compo- 
nents of a volumetric pressure plate extractor, (b) assembled volumetric pressure plate extractor 
(from Soilmoisture Equipment Corporation (1985) 

same soil specimen when using the volumetric pressun? 
plate extractor. During the drying process, the matric SUC- 
tion is increased, and pore-water drains from the specimen 
into the ballast tube. During the wetting process, the matric 
suction is decreased, and water in the ballast tube is ab- 
sorbed by the specimen. The drying branch of the soil- 
water characteristic curve is first measured, followed by 

measurements for the wetting branch. Drying and wetting 
curves can be further repeated subsequent to the first cycle. 

Test mehmfor the vokrrnetrlc 
Exhrrctor 
The test pmcedure commences with the insertion of the soil 
specimen into the retaining ring, which is then placed on 

Pla& 

air entry disk 

Figure 6.16 Setup of the volumetric pressure plate extrator with its hysteresis attachments (from 
Soilmoisture Equipment Corporation, 1985). 
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top of the higb air entry disk that has been saturated. The 
specimen is first saturated, and the hysteresis attachments 
are connected to the extractor. The hysteresis attachments 
are filled with water to the level marks. The air bubbles 
underneath the disk should be flushed prior to commencing 
the test by running the roller over the connecting tube. This 
action will pump water from the air trap through the grooves 
beneath the disk to fom air bubbles into the air trap. The 
trapped air bubbles are then released by adjusting the water 
level in the air trap to the level mark. This is accomplished 
by opening the stopcock at the top of the air trap and ap- 
plying a small vacuum to the outlet stem of the air trap. 
The vertical position of the ballast tube is made level with 
the top surface of the disk or with the center of the speci- 
men by placing the extractor on a support. 

Drying Portion of Soil- Water Cilhraoedtic Curve 

A starting point on the first drying curve should be estab- 
lished by applying a low matric suction to the soil specimen 
(i.e., raising the air pressure in the extractor to a low pres- 
sure). Water starts to drain from the specimen through the 
high air entry disk to the ballast tube. When the ballast tube 
is full of water, it should be drained to the burette. This is 
accomplished by applying a small vacuum to the top of the 
burette and opening the stopcock on the burette carefully. 
The outflow of water fmm the specimen stops when equi- 
librium is reached. 

Diffised air is removed from the grooves underneath the 
disk using the pumping procedure described previously. 
During the test, air diffises thmugh the pore-water and the 
water in the high air entry disk, and comes out of the so- 
lution in the grooves beneath the disk (see detailed expla- 
nation in Section 6.3). The removal of diffised air should 
be performed each time equilibrium is reached. This pro- 
duces a more accurate measurement of water flow from the 
specimen. Also, the accumulation of diffised air below the 
high air entry disk will prevent the uptake of water by the 
soil during the wetting pmess. 

The above-described process is then repeated at increas- 
ing matric suctions (Le., increasing air pressure in the ex- 
tractor) until the drying curve is complete. Provision in the 
ballast tube should be made for the additional water out- 
flow from the specimen at successively increasing matric 
suctions. The change in water volume reading in the bu- 
rette for two successive equilibrium pressures provides the 
information necessary for the calculation of the water con- 
tents of the soil. 

Wetting Portion of the Soil- Water Charmtenstic Curve 
Upon completion of the drying process, the test can be con- 
tinued with the wetting process. The soil matric suction is 
reduced by decreasing the air pressure in the extractor. A 
decrease in the air pressure causes water to flow from the 
ballast tube back into the soil specimen. The water volume 
required for the backflow may be in excess of the water 

1 

volume in the ballast tube. In this case, water should be 
added to the ballast tube by opening the burette stopcock. 
Equilibrium is Teached when fie water flow from the bal- 
last tube into the specimen has stopped. Following equilib- 
rium, the water levels in the air trap and the ballast tube 
are again adjusted to their level marks, and the burette 
reading is taken for computing the water volume change. 
The procedure is repeated at decreasing matric suctions un- 
til the desired range of the wetting curve is obtained. Sub- 
sequent cycles of drying and wetting can also be performed 
if desired. 

The final water content of the specimen corresponding to 
the last matric suction is measured at the end of the test. 
The final water content and the water volume changes be- 
tween two successive applied pressures are used to calcu- 
late the water content corresponding to each matric suc- 
tion. A typical plot of matric suction versus water content 
for the drying and wetting processes is shown in Fig. 6.17. 
The plot shows the hysteresis effect between the drying and 
the wetting curves. 

The volumetric pressure plate extractor has also been 
used to measure the coefficient of permeability in unsatu- 
rated soils using the outflow method described by Klute 
(1965b). 

Cornpusation of k, Using the Soil- Water Chamtedstic 
Curve 
The soil-water characteristic curve obtained from either the 
Tempe pressure cell or the volumetric pressure plate ex- 
tractor can be used to compute the coefficient of perme- 
ability function [i.e., k,,,(&)]. The following example is 
used to illustrate the technique by which the coefficient of 
permeability, &,(e,), can be computed as a function of 
water content. 

Let us consider the soil-water characteristic curve shown 
in Fig. 6.18. The computation of k,(O,) from the drying 
curve is illustrated below. The drying curve is first divided 

1 

Matric suction, (ua - uw) (kPa) 

Figure 6.17 Soil-water characteristic curves for the drying and 
wetting processes for Aiken clay loam (from Richards and Fire- 
man, 1943). 
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Matric suction, (us - uw) (kPaJ 

Figure 6.18 Soil-water characteristic curve of find sand (Le., tailings) (fmm Gonzalez and Ad- 
ams, 1980). 

into “m” equal intervals of volumetric water content, as 
shown in Fig. 6.19. In this case, the drying curve has a 
maximum and minimum volumetric water contents of 0.388 
and 0.102, mqectively. A division of the drying curve into 
20 intervals with 20 midpoints is illustrated in Fig. 6.19. 
The first volumetric water content corresponds to saturated 

conditions (i.e., (u, - u,) equal to zem). Each volumetric 
water content midpoint, corresponds to a particular 
matric suction, (u, - u,)~. The midpoints are numbered 
starting from point 1 (Le., “i” equal to 1) to point 20 (Le., 
“i” equal to “m”). 

The permeability function, k,(B,), is predicted in accor- 

Matric suction, (u. - u,) (kPa) 

Figure 6.19 Prediction for coefficient of permeability using a soil-water characteristic curve. 
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dance with the following equation (see Chapter 5) :  
m 

i = l , 2 , . . .  , m  (6.12) 

where 

k,(6,), = predicted water coefficient of permeability 
for a volumetric water content, cor- 
responding to the ith interval ( m / s )  

i = interval number which increases as the 
volumetric water content decreases. For 
example, i = 1 identifies the first interval 
which is close to the saturated volumetric 
water content, 6,; i = m identifies the last 
interval comsponding to the lowest vol- 
umetric water content on the experimental 
soil-water characteristic curve, 6, 

j = a counter from “i” to “m” 
m = total number of intervals between the sat- 

urated volumetric water content, es, and 
the lowest volumetric water content on the 
experimental soil-water characteristic 
curve, 6, (Le., m equal to 20) 

k, = measured saturated coefficient of perme- 
ability (Le., in this example, equal to 5.8 
x 10-’m/s) 

k,, = saturated coefficient of permeability (m/s) 
Ad = adjusting constant which is equal to 

T, = surface tension of water (kN/m) 
pw = water density (kg/m3) 
g = gravitational acceleration (m/s2) 

hW = absolute viscosity of water (N - s/m2) 
6, = volumetric water content at saturation or 

at a suction equal to zero 
p = a constant which accounts for the interac- 

tion of pores of various sizes; the magni- 
tude of “p” can be set to 2.0 (Green and 
Corey, 1971a and 1971b) 

N = total number of intervals computed be- 
tween the saturated volumetric water con- 
tent, e,, and zero volumetric water content 
(i.e., 6, = 0.0) 

(u, - u , ) ~  = matric suction corresponding to thejth in- 
terval (@a). 

The term (Cj”,,{(2j + 1 - 2i)(u, - u ~ ) - ~ } )  in Eq. 
(6.12) describes the shape of the permeability function. The 
Ad term is used to factor or scale the coefficient of perme- 
ability function. The Ad term is a constant when predicting 
the coefficients of permeability. However, the coefficient 
of permeability values, k,, are adjusted in accordance with 

the saturated coefficient of permeability, k,, by use of the 
term (kJk,,). Therefore, any computed value of the Ad term 
will not affect the final values of k,. In this example, the 
term Ad is not computed, but is assumed to be unity for 
simplicity in calculations. 

The saturated coefficient of permeability, k,, is indepen- 
dently measured in the laboratory, and in this example has 
a value of 5.83 X lo-* (m/s) (Gonzalez and Adams, 
1980). The value of k,, is computed as follows: 

m 

j - i  
ksc = Ad C ((2j + 1 - 2 i ) (~ ,  - u,)i2} 

i = 0, 1 ,2 ,  * e * 9 m. (6.13) 
Substituting matric suctions corresponding to the mid- 

points along the drying curve into Eq. (6.13) and assuming 
that Ad is equal to 1.0 results in a ksc value of 0.93 m/s. 
The computation of ksc includes the saturation volumetric 
water content, e,, as point 0 (i.e., i = 0). The ratio of k, 
to k,, (Le., k,/k,, is equal to 6.28 x is used in all 
subsequent calculations for the unsaturated coefficients of 
permeability. 

The coefficient of permeability comsponding to a spe- 
cific midpoint, is computed in accordance with Eq. 
(6.12) using a (ks/k,,) ratio of 6.28 X lo-’ and an& value 
of 1 .O. The permeability values, are computed by 
substituting the matric suctions associated with the corre- 
sponding midpoints into Eq. (6.12). The computed coeffi- 
cients of permeability along the drying curve are tabulated 
in Table 6.2 for 40 intervals (Le., m = 40). A comparison 
between the computed and measured values, kw(9w)i, is 
shown in Fig. 6.20. The measured permeability values, 
kW(6,)i, were obtained from a laboratory test using the 
steady-state method (Gonzalez and Adams, 1980). Similar 
computations of permeability, kw(Ow)i, can also be per- 
formed for the wetting curve. For both the wetting and 
drying curves, the k,(BW), calculations should proceed from 
a low to a high matric suction. 

6.2 MEASUREMENT OF AIR COEFFICIENT OF 
PERMEABILITY 

There are direct and indirect methods available for obtain- 
ing the coefficient of permeability with respect to air, k,. 
An indirect method for the calculation of the air coefficient 
of permeability has been explained in Chapter 5. This in- 
direct method is based upon the matric suction versus de- 
gree of saturation curve (Brooks and Corey, 1964). The air 
coefficient of permeability can be computed as a function 
of the effective degree of saturation, S,, or as a function of 
matric suction. This section presents direct methods for the 
measurement of the air coefficient of permeability using a 
triaxial cell permeameter. 

The testing pmedum used in the direct measurement for 
the water coefficient of permeability, k,, can also be used 
in the measurement of the air coefficient of permeability, 
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Table 6.2 Computed Coefecients of Permeability of Various Matric 
suctions 

Matric Suction, Coefficient of Matric Suction, Coefficient of 
(Ua - u 3  Permeability, (Ua - u w )  Permeability, 
(kw kw(@w), (m/s) (@a) kw ( O W h  (m / s) 

0.00 
8.38 
10.10 
11.18 
12.22 
12.98 
13.83 
14.50 
15.21 
15.80 
16.40 
17.00 
17.43 
18.01 
18.49 
19.07 
19.58 
20.00 
20.50 
20.90 

5.83 x 
5.36 x 
4.94 x 
4.56 x lo-' 
4.21 x 
3.88 x 
3.58 X 
3.30 x 
3.04 x 
2.79 x 
2.57 x 
2.35 x 
2.15 x 
1.96 x 
1.79 x 
1.62 x 
1.47 x 
1.32 x 
1.19 x 
1.06 x 

21.42 
21.80 
22.22 
22.62 
23.10 
23.52 
23.90 
24.34 
24.59 
25.30 
25.83 
26.40 
27.10 
27.79 
28.61 
29.68 
31 -02 
32.78 
34.80 
37.78 

9.44 x 10-9 
8.36 x 10-9 
7.35 x 10-9 
6.42 x 10-9 
5.57 x 10-~ 
4.79 x 10-9 
4.08 x 10-9 
3.43 x 10-9 
2.85 x 10-9 
2.33 x 10-9 
1.87 x 10-9 
1.47 x 10-9 
1.13 x 10-9 
8.34 x lo-'' 
5.90 x lo-'' 
3.93 x 10-'O 
2.41 x lo-'' 
1.30 X 'lo-" 
5.49 x lo-" 
1.31 X lo-'' 

Matric suction, (ue - uw) (kPa) 

Figure 6.20 Comparisons between the computed and measured coefficients of permeability, 
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k,. In principle, permeabilities are measured at different 
water contents by changing the matric suction of the soil. 
A change in either the pore-air pressure, u,, or the pore- 
water pressure, u,, causes a change in matric suction. As 
a result, the volume of water in the soil changes. The total 
volume or the void ratio of the soil may or may not change 
significantly, depending upon the compressibility charac- 
teristics of the soil. These changes in the soil volume-mass 
properties (i.e., S, e,  or w) alter the permeability coeffi- 
cients for the soil. 

An alternative permeability testing procedure involves 
altering the net normal stress, (a - u,), and the matric 
suction, (u, - u,), in order to change the volume-mass 
properties. This procedure has been used to obtain direct 
measurements of the air and water coefficients of perme- 
ability. An increase in the all-around stress, u, on an un- 
saturated soil will result in a decrease in total volume, even 
when the water phase is undrained. The result is an in- 
crease in the degree of saturation and a decrease in matric 
suction. These changes affect the coefficients of perme- 
ability with respect to water, k,, and air, k,. 

The net normal stress of an unsaturated soil can be al- 
tered using a one-dimensional oedometer (M.I.T., 1963; 
Barden et al., 1969) or a triaxial permeameter cell (Ma- 
tyas, 1967; Barden et ul., 1969; Barden and Pavlakis, 1971; 
Blight [57]). Permeability measurements performed using 
an oedometer sometimes encounter difficulties in obtaining 
a reliable seal between the soil specimen and the oedometer 
ring when the matric suction is increased (Barden and Pav- 
lakis, 1971). 

Triaxial Penneameter Cell for the Measurement of Air 
Penneabile 
The triaxial permeameter cell shown in Fig. 6.21 was de- 
veloped by Matyas (1967) to measure the air coefficient of 
permeability. A soil specimen is placed between two dry 

n 

Constant 
air pressure 

Figure 6.21 Triaxial penmameter cell for measuring the air 
coefficient of permeability (from Matyas, 1967). 

coarse porous stones. The soil specimen is subjected to an 
isotropic confining pressure, u (i.e., cell pressure). A con- 
stant air pressure is applied to the base of the specimen. 
The outflow of air from the top of the specimen is collected 
in a graduated burette having an air-oil interface. The air 
flow is measured under atmospheric pressure conditions by 
adjusting the two legs of the U-tube and maintaining the 
air-oil interfaces at the center elevation of the specimen. 

The air coefficients of permeability for Sasumua clay 
were measured at various confining pressures using the 
above-described permeameter. A steady-state air flow was 
maintained during measurements of permeability. 

Two specimens were compacted at an optimum water 
content of 60.5%. The standard AASHTO compaction 
curve for Sasumua clay, which contains a relatively high 
clay content, is shown in Fig. 6.22(a). Values for the air 
coefficient of permeability were obtained by applying Dar- 
cy’s law. The results are plotted in Fig. 6.22(b) as a func- 
tion of the confining pressure, u. Decreasing air perme- 
ability values were observed as the confining pressure was 
increased or the matric suction was decreased. 

Tduxial Penneameter Cell for Air and Water 
Penneabil& Measurements 
The triaxial permeameter cell developed by Barden et al. 
( 1969) and Barden and Pavlakis ( 197 1) can be used to mea- 
sure both the water and air coefficients of permeability from 
one soil specimen (Fig. 6.23). The permeameter is de- 
signed to allow the independent control of the total stress, 
u, the pore-air pressure, u,, and the pore-water pressure, 
u,. A soil specimen is usually subjected to an isotropic 
confining pressure, u, although an anisotropic confining 
pressure could also be applied. 

The stress state of the soil specimen is set to prescribed 
values prior to commencing the permeability measure- 
ments. After stress equilibrium conditions are obtained, the 
water and air coefficients of permeability are measured. 
Small pressure gradients in the water and air phases are 
applied to the specimen without changing the mean pore 
pressures. The induced flows of water and air are then mea- 
sured under steady-state flow conditions. Measurements of 
the water and air coefficients of permeability, k, and k,, 
can be repeated for various stress state variable conditions 
[i.e., (a - u,) and (u, - uJ].  Changes in void ratio, e, 
and degree of saturation, S, of the soil are therefore varied 
during the measurement of permeability. 

The triaxial permeameter has the advantage of being able 
to measure the water and air coefficients of permeability on 
the same soil specimen. A soil specimen is placed between 
the top and bottom high air entry disks (Fig. 6.23). Barden 
and Pavlakis (197 1) used Aerox Celloton VI disks with an 
air entry value of 200 kPa and a coefficient of permeability 
with respect to water of 2.3 x m/s under saturated 
conditions. The water coefficients of permeability for the 
soil tested were on the order of lo-’ to m/s for 
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Optimum water content, 
wept = 60.6% 

Water content, w (%) 

(a) 

Both specimens compected \ 

0 200 400 600 800 

Total normal stress, a (kPa) 

(b) 

Figure 6.22 Air coefficients of permeability for Sasumua clay 
obtained using a triaxial penneameter. (a) Standard AASHTO 
compaction curve; (b) measured air coefficient of permeability 
curves. (fmm Matyas, 1967). 

saturated to unsaturated conditions, respectively. It is im- 
portant to use disks with a coefficient of permeability at 
least two orders of magnitude greater than the coefficient 
of permeability of the soil being tested. The high-perme- 
ability disks overcome the pmblem of impeded water flow. 

The soil specimen is enclosed in a rubber membrane 
which is attached to the top and bottom plates by O-ring 
seals. Water flows from the bottom to the top of the spec- 
imen, while air flows fmm the top to the bottom of the 
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inlet Gainless stAl base 

Figure 6.23 Triaxial cell permeameter for measuring air and 
water coefficients of permeability (from Barden, et al. 1%9b). 

specimen. The arrangement for the water and air inlets and 
outlets is illustrated in Fig. 6.23, with mom details given 
in Fig. 6.24. The inlet and outlet for water flow m con- 
nected directly to the top and bottom high air entry disks. 
Water must flow through both the high air entry disks and 

WTC 

Section A - A 

1 Triaxial bottom plate 
2 Top platen 
3 High air entry disks 
4 Air channel network 
5 Spiral flushing groove 
6 Polythana tubing 
7 O-ring seal 
8 Soil specimen 

(a) 

CP 

Plan 

WBC Water bottom canter 
WBF Water bottom flushing 
AB Air bottom 
WTC Water top center 
WTF Water top flushing 
AT Air top 
CP Call pressure 

(4 
Figure 6.24 Inlets and outlets for water and air flows in a triax- 
ial cell permeameter. (a) Front view; (b) top view (from Barden 
and Pavlakis, 1971). 
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the soil specimen. The continuity of water flow is assured 
by periodically flushing air bubbles that may diffise through 
the high air entry disks. The flushing mechanism is possi- 
ble because of the spiral grooves cut in the top and bottom 
plates. 

Air is applied directly to the soil specimen through a cir- 
cular groove cut around the perimeter of the high air entry 
disks. These circular grooves are cross-connected by a net- 
work of channels on the surface of the disk. This allows a 
uniform distribution of the air to the soil surface. Air can 
flow through these channels without interfering with the 
water since the applied air pressure is always greater than 
the applied water pressure. On the other hand, air cannot 
flow through the high air entry disks as long as the matric 
suction of the soil is less than the air entry value of the 
disks. This arrangement maintains a separation in the flow 
of water and air. 

Figure 6.25(a) shows a circuit drawing of the plumbing 
associated with the water phase. Constant water pressures 
can be applied to the top and the bottom of the specimen 
and measured using manometer, M. A small water pressure 
gradient in the upward direction can be applied to the soil 
specimen and measured using the differential manometer, 
DM. The inlet and outlet rates of water flow are measured 
using a horizontal constant bore glass capillary tube, GCT. 
The tube contains a small air bubble which is used as an 
indicator. 

Figure 6.25@) shows the circuit drawing for the plumb- 
ing associated with the air phase. The air pressure is main- 
tained constant by use of the regulator, R. The air pressure 
is supplied to the top and bottom of the specimen through 
valves, A and B. The air pressure can be measured on ma- 
nometer, M. 

A condensation chamber is placed between the regulator, 

4 
4 

t i  I 

M = Manometer 
D M  = Differential manometer 

GCT = Constant bore glass capillary 
tube 

R, and valves, A and B, in order to collect condensing water 
vapor. The condensation chamber also maintains a satu- 
rated atmosphere in the air supply to the specimen. The air 
pressure can also be superimposed upon the confining pres- 
sure, u, in order to maintain a constant net normal stress, 
(a - u,), A small air pressure gradient can also be applied 
to the soil specimen and measured using the differential 
manometer, DM. A horizontal glass tube containing a dyed 
paraffin slug can be used to measure the rate of air flow 
during the constant head permeability test, as shown in Fig. 
6.25@). 

The following example illustrates typical test results ob- 
tained using the triaxial permeameter cell. Water and air 
permeability measurements were performed on Backwater 
boulder clay (Barden and Pavlakis, 197 1). After removing 
particles greater than the sand size, the soil was compacted 
in accordance with the standard AASHTO designation. The 
results of the compaction test for the Backwater soil are 
presented in Fig. 6.26. The soil specimen was 100 mm in 
diameter and 25 mm in thickness. The sample was com- 
pacted at a water content of 10.8% (Le., drier than the 
optimum water content of 12.2%). Prior to placing the 
specimen in the triaxial permeameter, the water circuit was 
deaired by applying a pressure of 700 kPa and flushing for 
several days. 

A soil specimen was installed, and an initial net normal 
stress, (u - u,), was gradually built up in the soil specimen 
by adjusting the confining pressure, 0, and the air pressure. 
At equilibrium, the confining pressure, u, was equal to 160 
kPa and the pore-air pressure, u,, was equal to 125 kPa. 
The pore-water pressure, u,, was positive (i.e., 31 kPa) 
and could be measured using a pressure transducer below 
the base plate. The initial matric suction, (u, - uw), was 
94 kPa. 

Specimen 

Triaxial cell 
pressure supply 

ation 

Main air circuit Air ’ 

M =Manometer 

R =Regulator 

compressor 

D M  =Differential manometer 

A.B.C,D =Valves To valve D rLIz3-l air To valve C 
circuit for constant 
head test 

Figure 6.25 Water and air circuit plumbing for the triaxial penneater cell. (a) Water circuit 
plumbing; (b) air circuit plumbing (from Barden and Pavlakis, 1971). 
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Figure 6.26 Compaction test results for Backwater boulder clay 
(from Barden and Pavlakis, 1971). 

After equilibrium, permeability tests were performed by 
applying small pressure gradients to the water and air 
phases. The pressure gradients were applied such that the 
mean pore-water and pore-air pressure values remained 
constant at 31 and 125 e a ,  respectively. Figure 6.27 il- 
lustrates an example of the pressure gradients in each phase. 
After establishing steady-state flow conditions, water and 
air flow rates were measured. This allowed the computa- 
tion of the air and water coefficients of permeability for 
Backwater boulder clay corresponding to ((I - u,) and (u, 
- u,) stress states of 35 and 94 kPa, respectively. 

The test was repeated at higher confining pressure val- 
ues, (a - u,). The cell pressure, a, was raised while main- 
taining an undrained condition for the water phase and a 
constant pore-air pressure of 125 kPa. Each increment of 
cell pressure caused the soil specimen to compress. How- 
ever, the flow of water was not permitted. Only air was 
allowed to flow out of the specimen. After equilibrium was 

u, = 130 kPa 

u, 29 kPa I 
1 1 

Soil specimen m 
I Mean values I 

t t 
I 

uW=33kPa I 
U, = 120 kPa 

Figure 6.27 Example showing the pressure gradient arrange- 
ment. 

Matric suction, (u. - uw) (kPa) 
94 51 33 28 25 19 14 
1 1 1 1  1 1 1  

10-9 1""" 

Net normal stress, (a-u.) (kPa) 

Figure 6.28 Water and air coefficients of permeability for Back- 
water boulder clay obtained using a triaxial permeameter cell 
(from Barden and Pavlakis, 1971). 

reached at each net confining pressure, (a - u,), the pore- 
water pressure was measured to obtain a new value forma- 
tric suction. A higher value of pore-water pressure or a 
lower value of matric suction was measured at each in- 
creasing cell pressure. The permeability test was then re- 
peated after the establishment of each new stress state. 

The diffised air volume in the base plate should be mea- 
sured in order to obtain the correct water volume change 
measurement (see Section 6.3). 

The permeability test on Backwater boulder clay was 
performed at increasing values of net confining pressure, 
((I - ua), from 35 to loo0 kPa, and at decreasing matric 
suction values from 94 to 14 P a .  Several sets of air and 
water permeability measurements are shown in Fig. 6.28. 
The results show decreasing air permeability values and 
increasing water permeability values as the soil specimen 
is compressed and the matric suction is decreased. 

6.3 MEASUREMENT OF DIFFUSION 

Long periods of time are often required for the laboratory 
testing of unsaturated soils. These long periods make it 
possible for air to diffuse through water. Although a high 
air entry disk is placed between the soil specimen and the 
measuring system to resist the passage of free air, air dif- 
fuses through the water in the disk (Bishop and Donald, 
1961). The diffised air accumulates beneath the disk and 
introduces an error in either the pore-water pressure mea- 
surement associated with undrained tests or in the water 
volume change measurement associated with drained tests. 
Air diffision is a common and important problem which 
must be addressed when testing unsaturated soils (Bishop, 
1 %9). 
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6.3.1 Mechanism of Air Dilwlsion Through High Air 
Entry Disks 
Undrained shear strength tests with pore-water pressure 
measurements, can be performed by maintaining the water 
phase as a closed system. However, air can diffise through 
the high air entry disk and come out of solution in the 
“compartment” below the disk, as illustrated in Fig. 
6.29(a). Diffused air displaces the water in the “compart- 
ment” [Fig. 6.29(b)], and water is forced upward through 
the disk, back into the soil specimen. The water pressure 
measurement gradually changes from its original equilib- 
rium value to the applied air pressure. In other words, the 
matric suction of the soil, which should tend towards a 
constant value, continuously decreases. This problem is 
common to null-type measurements of matric suction, as 
shown by the results in Fig. 6.30. The measured matric 
suction increases until the flow of diffised air forces water 
into the soil specimen, reducing the matric suction. There- 
fore, air diffision imposes a limitation on this measuring 
technique. 

Drained shear strength tests and volume change tests on 
unsaturated soils are performed by controlling the pore- 
water pressure, uw, and the pore-air pressure, u,. The mea- 
sured water volume change consists of the flow of water to 
and from the soil specimen, plus the flow of diffused air 
through the water in the high air entry disk. Therefore, the 
diffised air volume should be measured independently and 
a correction applied to the measured water volume change. 

Stainless 
steel 

Soilspecimen 

alSK 

Base- b c n t m e n t  
plate 

ceramic disk 

(a) 

Surface tension 
membrane Saturated 

high air 
entry disk 

Diffusing air 

C 
W 

(b) 

Figure 6.29 Replacement of water from the “compartment” 
below the high air entry disk by diffused air. (a) Assembly show- 
ing the compament below the high air entry disk; @) air d i f i -  
sion through a saturated high air entry disk (from Fredlund, 1975). 

Dry Degreeof 
Sample density saturation 
number Pd (kg/m3) S(%) 

A - 6 1441.7 67.4 
A - 5 1441.7 73.5 
A - 3  1441.7 91.4 

1 10 loo lo00 loo00 
Time, t (min) 

Figure 6.30 Development of matric suction in statically com- 
pacted Regina clay (from Pufahl, 1970). 

In addition, the diffised air beneath the disk can prevent 
water uptake should the soil specimen tend to expand or 
dilate during the test. 

The volume of air diffising through a high air entry disk 
over a period of several days can, in some cases, exceed 
the total volume of water in the soil specimen (Fredlund, 
1973). A drained test extending more than one day should 
take into account the volume of diffised air if it is neces- 
sary to know the change in water content or degree of sat- 
uration (Fredlund, 1975). 

The time required for air diffision depends on the thick- 
ness of the high air entry disk and the matric suction being 
applied or measured. Attempts have been made to theoret- 
ically predict the volume of diffised air; however, there 
are many factors affecting the diffision rate, making a the- 
oretical prediction unreliable. 

6.3.2 Measurements of the Coefficient of DifPusion 
The mass rate of air diffising across a unit area of a me- 
dium (Le., soil, water, rubber membrane, etc.) is equal to 
the product of the coefficient of diffision, D, and the air 
concentration gradient. The coefficient of diffision for air 
through various media was measured by Barden and Sides 
(1967) using the apparatus shown in Fig. 6.31. A 0.5 mm 
thick latex rubber membrane was placed on the base of the 
specimen. The volume of diffised air was measured under 
atmospheric conditions using a 50 mm slug of water in a 
fine bore, horizontal glass tube. 

Saturated and unsaturated clays were tested by Barden 
and Sides (1967). The saturated specimens were prepared 
by mixing dry powdered clay with distilled water to yield 
a water content equal to approximately twice the liquid 
limit. A vacuum was applied to the mixtures for 4 h. The 
mixture was then placed into the diffision cell and consol- 
idated to the desired pressure. The specimen was then 
trimmed to the required thickness. 
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Figure 6.31 Apparatus for measuring the coefficient of diffusion 
(from Barden and Sides, 1967). 

Unsaturated specimens were prepared by compaction 
using one-half the standard AASHTO designation energy 
and a water content 5% wet of optimum. This pmedure 
was assumed to yield an occluded air phase in the speci- 
men. A mixture of clay and 4% bentonite was first con- 
solidated in the diffusion cell. The center portion of the 
consolidated mixture was scribed out. This resulted in a 
thin-walled annulus which was used to seal the sides of the 
specimen against the cell wall. The soil specimen was then 
compacted inside this annulus. 

An air pressure of varying magnitudes was applied to the 
top of the specimen. The applied air pressure established a 
pressure gradient across the specimen relative to the at- 
mospheric pressure below the specimen. The pressure at 
each stage was held constant until steady-state diffused air 
flow was observed. The air pressure was maintained for an 
additional 48 h, and the resulting flow rate was measured. 

The flow rates for air, u ~ ,  diffusing through kaolin are 
plotted against the applied air pressure in Fig. 6.32. The 
flow rate was computed as the diffised air volume flow rate 
divided by the are8 of soil voids. The area of soil voids 
(i.e., water and air) was computed as the cross-sectional 
area multiplied by the soil porosity. 

Consolidation pressure 

m 

- 

0 -  200 400 
Applied air pressure, u.,(kPa) 

Figure 6.32 Air diffusion test results for kaolin (from Barden 
and Sides, 1967). 

Procedure for Computing Mmswn Propertiss 
The coefficient of diffusion, D, of air through soil can be 
computed by considering a layered system consisting of the 
soil specimen and the rubber membrane, as illustrated in 
Fig. 6.33. The analysis is developed in terms of perme- 
ability, which is then converted to a coefficient of diffu- 
sion. An equivalent system can be used to replace the lay- 
ered system. Continuity of one-dimensional flow requires 
that the flow rate be the same through each layer. The sum 
of the changes in hydraulic head for each layer must equal 
the total change in hydraulic head for the equivalent sys- 
tem: 

The equivalent coefficient of permeability for the layered 
system, kea, can be written as 

The equivalent coefficient of permeability, k,, is related 
to the coefficient of permeability for each layer (i.e., kfa 
and k,) and the thickness of each layer (Le., 4 and L,). 
The equivalent coefficient of permeability for the soil spec- 
imen and rubber membrane system, k,,, can also be written 
in accordance with Darcy's law (see Chapter 5): 

(6.16) 

Where 
u'ro = diffised air flow rate measured at atmospheric 

conditions (i.e., 101.3 kPa absolute pressure) 
kc, = equivalent coefficient of permeability for the 

soil specimen and rubber membrane system 
total air pressure change in tern of hydraulic 
head across the system [i.e., Ah, = 

change in air pmsure (Le., gauge or absolute) 
across the system; in the above case, Au, = u, 
since the air pressure is atmospheric beneath 
the membrane 
air density at an absolute pressure of 101.3 kPa; 
used in the flow rate measurement 
thickness of the soil and the mbber membrane, 
respectively. 

Aua /(PM)I 

Equation (6.16) can be used to compute the equivalent 
coefficient of permeability, k,, using the diffised air flow 
rate, u ~ ,  measurements. Substituting the value of kea ob- 
tained from Eq. (4.16) into JZq. (6.15) gives the coefficient 
of permeability (i.e., a diffusion-type coefficient) for air 
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Figure 6.33 Equivalent permeability for a layered system. 

through soil, k&. The coefficient of permeability for the 
rubber membrane, k,, must be measured independently. 

The coefficient of diffusion, D, for air through the soil 
pore-water can be computed from the coefficient of perme- 
ability, kfa, as derived in Chapter 5 :  

Pf.S kfa = Dh 7 
%a 

(6.17) 

Where 

D = coefficient of diffision for air through the soil 
pore-water 

h = volumetric coefficient of solubility for air in water, 
usually taken as 0.02 

ufa = absolute constant air pressure applied while mea- 
suring the flow rate of diffised air (Le., 101.3 
kPa) . 

Computed coefficients of diffision for air through var- 
ious soils are presented in Chapter 2. There is need for 
fulther studies which measure the coefficients of diffision 
for air through the pore-water of other soils. 
6.3.3 Diffused Air Volume Indicators 
Several devices have been proposed to measure the volume 
of diffised air, and thereby apply a correction to measure- 
ments of overall water volume change. One example is the 
air trap and roller used in conjunction with the volumetric 
pressure plate apparatus (see Section 6.1.2). The measured 
inflow or outflow of water is then adjusted by releasing the 
trapped diffused air. This adjustment is a diffised air cor- 
rection applied to the overall water volume change mea- 
surement. 

Two other devices have been used to measure the volume 
of diffised air, namely, “the bubble pump” (Bishop and 
Donald, 1961) and “a diffised air volume indicator 

- 

(DAVI),” consisting of an inverted burette (Fredlund, 
1975). 

Bubble Pump to Measute Di@sed Air Volume 
Figure 6.34 shows a perspex bubble pump connected to the 
compartment below a high air entry disk in a triaxial cell. 
A titled U-tube containing memry is used to circulate 
water through the base plate and to collect the diffised air 
in a calibrated bubble trap. This is accomplished by rock- 
ing the U-tube to establish a differential pressure of about 
1.0 kPa across the base plate. This action is continued for 
approximately 30 s. 

Flexible connecting tubes and perspex valves with soft 
rubber washers enable the mercury in the U-tube to act as 
a piston in a double-acting pump during the rocking pm- 
cess. The volume of diffised air is measured in the 5 cm3 
bubble trap. 

m e e d  Air Volume Indicator (DAVI) 
The diffised air volume indicator proposed by Fredlund 
(1975) differs from the bubble pump in that it is relatively 
simple to construct and can function under a substantial 
backpressure. A variable pressure gradient of 7-70 kea can 
be established acmss the base plate. Figure 6.35 shows the 
layout of the diffised air volume indicator which can be 
connected to the base plate of a triaxial or oedometer ap- 
paratus. 

The diffised air volume indicator consists of a 10 cm3 
graduated burette and a Lucite exit tube, placed inside an 
80 mm diameter Lucite cylinder. A vent on the top of the 
burette can be opened when filling water into the burette. 
The vent remains closed during operation of the indicator. 
Two O-rings are placed around the top of the burette to 
form a seal with the Lucite cylinder. The base of the bu- 
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Figure 6.34 Bubble pump and air trap (from Bishop and Donald, 1961). 

rette is sealed against the Lucite cylinder using a threaded 
brass sleeve tightened against an O-ring. The exit tube is 
connected to the burette to form a U-tube. A constant air 
pressure, u ~ ,  is supplied into the Lucite cylinder to estab- 
lish a pressure gradient relative to the controlled water 
pressure below the ceramic disk. 

The burette is first filled with water to any desired level. 
The commercial cleaner called “Fantast&” should be 
added to the water in the burette. This substance has a low 
surface tension and promotes the upward movement of air 
bubbles in the burette. 

The valve connecting the base plate and the diffised air 

Triaxial cell 

oedometer 
apparatus 

Graduated 

Cm3) 

Constant water 
pressure- 

Scale 

0.0 25 50 75 100mm Meterial : lucite 

Figure 6.35 Diffused air volume indicator (from Fredlund, 1975). 
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volume indicator is only opened when making a diffised 
air volume measurement. The water pressure below the disk 
is controlled at a constant pressure, u,. A backpressure, uab 
(i.e., ud < u,), can be applied to the air in the Lucite 
cylinder in order to establish a pressure gradient of up to a 
maximum of 70 Wa across the base plate. The pressure 
gradient between the water pressure in the base plate and 
the air pressure in the diffised air volume indicator is the 
driving force for flushing water containing air bubbles from 
the base plate into the burette. The pressure gradient should 
not exceed 70 Wa in order to avoid cavitation of the water 
due to the spontaneous release of dissolved air from the 
water below the base plate. 

Procedure for Measuring W s e d  Air Volume 
The initial water level reading in the burette, ha, (see Fig. 
6.36) can be taken when the air pressure in the Lucite cyl- 
inder is at atmospheric pressure or at the applied backpres- 
sure (i.e., at the air pressure, ud). The connecting valve is 
then opened momentarily, applying a pressure gradient 
across the base plate. This flushes the diffused air into the 
burette. The flushed diffused air displaces the water in the 
burette while water flows out of the exit tube. After re- 
moving all of the diffised air from the base plate, a new 
water level reading, ha2, is recorded. 

Compuhtion of -sed Air Volume 
The diffised air volume in the base plate, Vfa, is registered 
on the water volume change indicator as though it were 
water leaving the soil specimen. The measured water vol- 
ume changes from the soil specimen must therefore be cor- 
rected for the volume of diffused air. 

The diffised air pressure below the high air entry disk is 
assumed to be equal to the water pressure in the base plate 
compartment, u,. The diffused air mass, Mfa, can be ex- 
pressed as follows: 

Applied air 
pressure, 

d Uab 

111 I 
L 

Initial 
burrette n reading- 1 ..__.. 

(6.18) 

Figure 6.36 Computations for the diffised air volume under is- 
othermal conditions. 

where 

Mfa = mass of diffised air 
o, = molecular mass of diffised air 
R = universal (molar) gas constant 
T = absolute temperature (i.e., T = 273.16 + to 

where to = temperature in degrees Celsius) 
ufa = absolute diffised air pressure in the base plate 

(i.e., E& = u,, + u,) 

- 
- 

- uem = atmospheric pressure (i.e., 101.3 kPa) 
u, = water pressure in the base plate 

Vfa = volume of diffused air in the base plate. 

The diffised air volume in the base plate, Vfa, is com- 
puted by applying the ideal gas law to the air volume mea- 
sured in the diffised air volume indicator. Let us consider 
the initial and final conditions in the diffised air volume 
indicator shown in the Fig. 6.36. The initial mass of air in 
the burette, M a l ,  can be computed from its absolute pres- 
sure, Ea,, and its volume, Val:  

Wa - Ma, = RT - u a1 v a1 (6.19) 

where 

Mal = initial mass of air in the burette 
ual = absolute initial air pressure in the burette (Le., 

uab = gauge applied air pressure in the Lucite cylinder 
ha, = initial reading of the water level in the burette 

d = height difference between the burette and the exit 

- 
- 
uatm + uab + (ha, - 4~d)  

tube 
Val = initial volume of air in the burette (Le., halA) 

A = cross-sectional area of the burette. 

Similarly, the final mass of air in the burette can be ex- 
pressed as 

where 

Ma2 = final mass of air in the burette 
ua2 = absolute final air pressure in the burette (Le., Earn 

haz = final reading of the water level in the burette 
Va2 = final volume of air in the burette (i.e., ha2A). 

- 
+ uab + (ha2 - 

When the initial and final burette readings are at atmo- 
spheric pressure, uab is equal to zero in Eqs. (6.19) and 
(6.20). The difference between the initial and the final mass 
of air in the burette (Le., Ma, - Ma,)  is the amount of 
diffused air removed from the base plate, M'. The com- 
sponding mathematical relationship is used to compute the 

    



6.3 MEASUREMENT OF DIFFUSION 149 

0.8 
i 

0 
'5 0.6 

f 0.4 
E 
0 
ij 0.2 

diffised air volume, Vfa, under isothermal conditions: 

- 

- 
1 
- 

is,,Va, - iiai,,va, = EfaV&. 
Eq. (6.21) can be solved for the diffused air volume 

(6.21) 

(6.22) 

It is also possible to compute the amount of diffused air 
removed from the base plate, Mfa, by reading the initial 
and final water levels in the burette at the same applied air 
pressure (Fredlund, 1975). For example, if the initial bu- 
rette reading was taken at atmospheric pressure, the air in 
the Lucite cylinder should be depressurized to atmospheric 
pressure conditions before the final reading is recorded. The 
diffused air volume is computed as, 

- 
(6.23) 

The base plate is generally flushed once or twice a day. 
Corrections to intermediate water volume change readings 
can be made using a linear interpolation of diffused air flow 
with respect to time. There are no temperature corrections 
necessary, provided the temperatures of the diffused air 
volume indicator and the base plate of the triaxial or 
oedometer apparatus are the same. 

Accumcy of the *sed Air Volume Indicator 
The accuracy of the diffused air volume indicator has been 
tested by diffusing air through a saturated high air entry 
ceramic disk. An air pressure is applied to the top of a 
saturated ceramic disk. The saturated disk is connected to 
the water volume change indicator. A change in the water 
volume reading with time indicates the accumulation of dif- 
fused air below the high air entry disk. The ceramic disk 

Ual(Va2 - Val) Vfi = - 
Ufa 

Air pressure. ue = 41 3.7 kPa 
Water pressure, uw = 10.3 kPa 
Matricsuction,(ue-uw)= 403.4 kPa 

"E . 15 Bar ceramic disk 
1D (i.e., air entry value = 1500 kPa) 

<.e* 

' ! Diffused air volume/ 
indicator 

.<'.Water volume change 
,,.e*' indicator 

Q) 
/- 

- 5 ' 40 ' 80 ' 120 ' 160 
5 Time, t (x103 s) 

Figure 6.37 Steady-state diffusion of air through a satumted ce- 
ramic disk measured using a water volume change indicator and 
a diffused air volume indicator (from Fredlund, 1973). 

remains saturated since the air entry value of the disk is not 
exceeded. 

The diffised air volume can be measured periodically 
using the diffused air volume indicator and continuously 
using the water volume change indicator. The two results 
should be essentially the same if the diffused air volume 
indicator performs satisfactorily. 

Figure 6.37 compares volumes of diffused air measured 
on the water volume change indicator and on the diffised 
air volume indicator. The air diffusion test was performed 
on a saturated, 15 bar ceramic disk (Le., 1500 kPa air entry 
value), Both the water volume change indicator and the 
diffused air volume indicators recorded essentially the m e  
volumes of diffised air over the period of two days. The 
straight lines indicate steady-state diffusion of air through 
water in the high air entry disk. 

    



CHAPTER 7 

Steady-State Flow 

Engineers are often interested in knowing the direction and 
quantity of flow through porous media. The pore pressure 
variations resulting from the flow process are also of inter- 
est. This information is required in predicting the volume 
change and shear strength change associated with the flow 
of water or air. 

Chapter 5 outlined the driving potentials and the flow 
laws that govern the behavior of water flow, air flow, and 
air diffision through water. The hydraulic properties of the 
soil with respect to each fluid phase were given in terms of 
coefficients of permeability. These properties are required 
in the application of the flow laws to engineering problems. 
In Chapter 6, various methods commonly used to obtain 
coefficients of permeability were described. This chapter 
presents the application of the flow laws and the associated 
coefficients of permeability to the analysis of practical 
seepage problems. The analysis is performed for air and 
water flow under isothermal conditions. The effect of air 
diffision through water, air dissolving into water, and the 
movement of water vapor are not given consideration. 

Seepage problems are usually categorized as steady-state 
or unsteady-state flow analyses. For steady-state analyses, 
the hydraulic head and the coefficient of permeability at 
any point in the soil mass =main constant with respect to 
time. For unsteady-state flow analyses, the hydraulic head 
(and possibly the coefficient of permeability) change with 
respect to time. Changes m usually in response to a change 
in the boundary conditions with respect to time. Steady- 
state flow analyses are considered in this chapter. 

The quantity of flow of an incompressible fluid such as 
water IS expressed in terms of a flux, q. Flux is equal to a 
flow rate, o, multiplied by a cross-sectional area, A. On 
the other hand, the quantity of flow of a compressible fluid 
such as air is usually expressed in terms of a mass rate. 
The governing partial differential seepage equations are de- 
rived in a manner consistent with the conservation of mass. 
The conservation of mass for steady-state seepage of an 
incompressible fluid dictates that the flux into an element 
must equal the flux out of an element. In other words, the 

net flux must be zero at any point in the soil mass. For a 
compressible fluid, the net mass rate through an element 
must be zero in order to satisfy the conservation of mass 
for steady-state seepage conditions. 

7.1 STEADY-STATE WATER F'LOW 

The slow movement of water through soil is commonly 
referred to as seepage or percolation. Seepage analyses may 
form an important part of studies related to slope stability, 
groundwater contamination control, and earth dam design. 
Seepage analyses involve the computation of the rate and 
direction of water flow and the pore-water pressure distri- 
butions within the flow regime. 

The flow of water in the saturated zone has been the pri- 
mary concern in conventional seepage analyses. However, 
water flow in the unsaturated zone is of increasing interest 
to engineers. For example, the seepage through a dam has 
commonly been analyzed by considering only the zone be- 
low an empirically computed line of seepage (Casagrande, 
1937). Recent studies have illustrated that there is a con- 
tinuous flow of water between the saturated and unsatu- 
rated zones, as shown in Fig. 7.l(a) (Freeze, 1971; Papa- 
giannakis and Fredlund, 1984). Another example is shown 
in Fig. 7.1(b), which illustrates the effect of infiltration and 
evaporation on the phreatic surface within a slope. A con- 
stant water flux across the surface boundary may develop 
a steady-state water flux through the unsaturated zone of 
the slope. 

Water flow through unsaturated soils is governed by the 
same law as flow through saturated soils (Le., Darcy's 
law). The main difference is that the water coefficient of 
permeability is assumed to be a constant for saturated soils, 
while it must be assumed to be a function of suction, water 
content, or some other variable for unsaturated soils. Also, 
the pore-water pressure generally has a positive gauge 
value in a saturated soil and a negative gauge value in an 
unsaturated soil. In spite of these differences, the formu- 
lation of the partial differential flow equation is similar in 
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Saturated zone Horizontal 
drain 

Saturated zone Horizontal 
drain 

l l l l i  
Rainfall 

Evaporation 

Water table \ \  
Saturated zone b (b) 

Figure 7.1 Examples involving flow through unsaturated soils. 
(a) Water flow in the saturated and unsaturated zones of an earth 
dam; (b) water flow across the boundary of a slope. 

both cases. There is also a smooth transition when going 
from the unsaturated to the saturated case (Fredlund, 1981). 

7.1.1 Variation of Coefecient of Permeability with 
Space for an Unsaturated Soil 
For steady-state seepage analyses, the coefficient of perme- 
ability is a constant with respect to time at each point in a 
soil. However, the coefficient of permeability usually var- 
ies from one point to another in an unsaturated soil. A spa- 
tial variation in permeability in a saturated soil can be at- 
tributed to a heterogeneous distribution of the soil solids. 
For unsaturated soils, it is more appropriate to consider the 
heterogeneous volume distribution of the pore-fluid (Le., 
pore-water). This is the main reason for a spatial variation 
in the coefficient of permeability. Although the soil solid 
distribution may be homogeneous, the pore-fluid volume 
distribution can be heterogeneous due to spatial variations 
in matric suction. A point with a high matric suction (or a 
low water content) has a lower water coefficient of perme- 
ability than a point having a low matric suction. 

Several functional relationships between the water coef- 
ficient of permeability and matric suction [Le., k,(u, - 
uw)] or volumetric water content [i.e., kw(Ow)] have been 
described in Chapter 5. Coefficients of permeability for dif- 
ferent points in a soil are obtained from the permeability 
function. The magnitude of the coefficient of permeability 
depends on the matric suction (or water content). In addi- 
tion, the coefficient of permeability at a point may vary 
with respect to direction. This condition is referred to as 
anisotropy. The largest coefficient of permeability is called 
the major coefficient of permeability. The smallest coeffi- 
cient of permeability is in a direction perpendicular to the 

largest permeability, and is called the minor coefficient of 
permeability. 

Heterogeneous, Isohpic Steady-State Seepage 
Permeability conditions in unsaturated soils can be classi- 
fied into three groups, as illustrated in Fig. 7.2. This clas- 
sification is based on the pattern of permeability variation. 
A soil is called heterogeneous, isotropic if the coefficient 
of permeability in the xdiwtion, k,, is equal to the coef- 
ficient of permeability in the y-direction at any point within 
the soil mass (Le., k, = &,, at A and &, = kY at B) [see Fig. 
7.2(a)]. However, the magnitude of the coefficient of 
permeability can vary from point A to point B, depending 
upon the matric suction in the soil. The variation in the 
coefficient of permeability with respect to matric suction is 
often assumed to follow a single-valued functional rela- 
tionship. 

Heterogeneous, Anisohpic Steady-State Seepage 
Figure 7.2(b) illustrates the heterogeneous, anisotropic 
case. Here, the ratio of the coefficient of permeability in 
the xdirection, k,, to the coefficient of permeability in the 
y-direction, ky, is a constant at any point (i.e., (&,/ky) at A 

‘I 

(C) 

Figure 7.2 Coefficient of pemeability variations in an unsatu- 
rated soil. (a) Heterogeneous, isotropic conditions; (b) hetero- 
geneous, anisotropic conditions; (c) continuous variation in 
permeability with space. 
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= (k , /ky)  at B = a constant not equal to unity). The mag- 
nitude of the coefficients of permeability, k, and ky, can 
also vary with matric suction from one location to another, 
but their ratio is assumed to remain constant. Anisotropic 
conditions can also be oriented in any two perpendicular 
directions. The general case of any orientation for the ma- 
jor coefficient of permeability is not considered in the fol- 
lowing formulations. 

The third case is where there is a continuous variation in 
the coefficient of permeability [Fig. 7.2(c)]. The perme- 
ability ratio (kx/ky)  may not be a constant from one loca- 
tion to another (Le., (k,/k,,) at A # (kx/ky)  at B),  and dif- 
ferent directions may have different permeability functions. 

The following steady-state seepage formulations deal 
with the heterogeneous, isotropic and heterogeneous, an- 
isotropic cases. The case where there is a continuous vari- 
ation in permeability with space requires further study and 
is not presented in this text. All of the steady-state seepage 
analyses assume that the pore-air pressure has reached a 
constant equilibrium value. Where the equilibrium pore- 
air pressure is atmospheric, the water coefficient of perme- 
ability function with respect to matric suction, k,(u, - uw), 
has the same absolute value as the permeability function 
with respect to pore-water pressure, k,(-uw). 

7.1.2 One-Dimensional Flow 
There are numerous situations where the water flow is pre- 
dominantly in one direction. Let us consider a covered 
ground surface, with the water table located at a specified 
depth as shown in Fig. 7.3, in which the surface cover 
prevents any vertical flow of water from the ground sur- 
face. 

The pore-water pressures are negative under static equi- 
librium conditions with respect to the water table. The neg- 

ative pore-water pressure head has a linear distribution with 
depth (Le., line 1). Its magnitude is equal to the gravita- 
tional head (i.e., elevation head) measured relative to the 
water table. In other words, the hydraulic head (Le., the 
gravitational head plus the pore-water pressure head) is 
zero throughout the soil profile. This means that the change 
in head, and likewise the hydraulic gradient, is equal to 
zero. Therefore, there can be no flow of water in the ver- 
tical direction (Le., qw = 0). 

If the cover were removed from the ground surface, the 
soil surface would be exposed to the environment. Envi- 
ronmental changes could produce flow in a vertical direc- 
tion, and subsequently alter the negative pore-water pres- 
sure head profile. Steady-state evaporation would cause the 
pore-water pressures to become more negative, as illus- 
trated by line 2 in Fig. 7.3. The hydraulic head changes to 
a negative value since the gravitational head remains con- 
stant. The hydraulic head has a nonlinear distribution from 
a zero value at the water table to a more negative value at 
ground surface. An assumption is made that the water table 
remains at a constant elevation. The nonlinearity of the hy- 
draulic head profile is caused by the spatial variation in the 
coefficient of permeability. Water flows in the direction of 
the decreasing hydraulic head. In other words, water flows 
from the water table upward to the ground surface. The 
upward constant flux of water is designated as positive for 
steady-state evaporation. 

Steady-state infiltration causes a downward water flow. 
The negative pore-water pressure increases from the static 
equilibrium condition. This condition is indicated by line 
3 in Fig. 7.3. The hydraulic head profile starts with a pos- 
itive value at ground surface and decreases to zero at the 
water table. Therefore, water flows downward with a con- 
stant, negative flux for steady-state infiltration. 

Steady-state 
infiltration 

(-) 0 (+I 
Pore-water pressure head distribution 

Figure 7.3 Static equilibrium and steady-state flow conditions in the zone of negative pore-water 
pressures. 
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The above one-dimensional flow cases involve flux 
boundary conditions. A steady rate of evaporation or infil- 
tration can be used as the boundary condition at ground 
surface. The water table acts as the lower boundary con- 
dition, giving a fixed zero pore-water pressure head. 

The steady-state pmedure for measuring the water coef- 
ficient of permeability in the laboratory is also a one-di- 
mensional flow example, as illustrated in Chapter 6.  In the 
laboratory measurement of the coefficient of permeability, 
however, the hydraulic heads are controlled as boundary 
conditions at the top and bottom of the soil specimen. 
Techniques to analyze both head and flux boundary con- 
ditions are explained in the following sections. 

Formulation for One-Dimensional Plow 
Consider an unsaturated soil element with one-dimensional 
water flow in the y-direction (Fig. 7.4). The element has 
infinitesimal dx, dy, and dz dimensions. The flow rate, u,, 
is assumed to be positive when water flows upward in the 
y-direction. Continuity requires that the volume of water 
flowing in and out of the element must be equal for steady- 
state conditions: 

where 

u, = water flow rate across a unit area of the 

dx, dy, dz = dimensions in the x- ,  y-, and z-directions, 
soil in the y-direction 

respectively. 

The net flow can be written as follows: 

5 dx dy dz = 0. 
dY 

(7.2) 

Substituting Darcy's law into the above equation yields 

Soil 

thickness, dz 

Figure 7.4 One-dimensional water flow through an unsaturated 
soil element. 

where 

k,(u, - u,) = water coefficient of permeability as a 
function of matric suction which varies 
with location in the ydirection 

dhw/dy = hydraulic head gradient in the y-direc- 
tion 

h, = hydraulic head (i.e., gravitational head 
plus pore-water pressure head). 

Equation (7.3) can be used to solve for the hydraulic head 
distribution in the y-direction through a soil mass. Since 
matric suction varies from one location to another, the coef- 
ficient of permeability also varies. However, for the re- 
mainder of the formulation, the k,(u, - u,) term will be 
written as k, for simplicity. Rewriting Eq. (7.3) and con- 
sidering the nonzero dimensions for ah, dy, and & gives 
the following nonlinear differential equation: 

0 d2hw Q%vy dh k,-g + dy-;j~;, = (7.4) 

where 

dk,/dy = change in water coefficient of permeability 
in the y-direction due to a change in matric 
suction. 

The nonlinearity of Eq. (7.4) is caused by its second 
term, which accounts for the variation in permeability with 
respect to space. 

When the soil becomes saturated, the water coefficient 
of permeability, k,, can be taken as being equal to a sin- 
gle-valued, saturated coefficient of permeability, k,. If the 
saturated soil is heterogeneous (e.g . , layered soil), the coef- 
ficient of permeability, k,, will again vary with respect to 
location. In a saturated soil, the heterogeneous distribution 
of the soil solids is the primary factor producing a varying 
coefficient of permeability. As a result, the flow equation 
can be written as follows: 

d'h, dk dh, 
k, 7 + - = 0 

dY dY dY 
(7.5) 

where 

k, = saturated coefficient of permeability. 
A comparison of Eqs. (7.4) and (7.5) reveals a similar 

form. In other words, the nonlinearity in the unsaturated 
soil flow equation produces the same form of equation as 
that required for a heterogeneous, saturated soil. In an un- 
saturated soil, the variation in the coefficient of perme- 
ability is caused by the heterogeneous distribution of the 
pore-fluid volume occurring as a result of different matric 
suction values. 

If a saturated soil is homogeneous, the coefficient of 
permeability is constant for the soil mass. Substituting a 
nonzero, constant coefficient of permeability into Eq. (7.5) 
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produces a linear differential equation: 

d2hw - -  
dy2 - om (7.6) 

Equations similar to Eq. (7.6) can also be derived for 
one-dimensional flow in the x- and z-directions. 

Solution for One-Dimensional How 
The differential equation for one-dimensional steady-state 
flow through a homogeneous, saturated soil [Le., Eq. 
(7.6)] can be solved by integrating the equation twice. The 
result is a linear equation for the hydraulic head distribu- 
tion in the y-direction: 

(7.7) h, = c,y + c, 
where 

C,, C2 = constants of integration that can be deter- 
mined for specified boundary conditions 

y = distance in the y-direction. 
Figure 7.5 illustrates the case of one-dimensional steady- 

state flow through a homogeneous, saturated soil. A con- 
stant water pressure head is applied to the top of the soil 
column to establish a downward flow of water. The water 
coefficient of permeability is assumed to be constant 
throughout the column. The position of the water table at 
the base of the column is considered as the datum. The 
gravitational head distribution along the soil column is lin- 
ear, equal to hBI at the base of the column (e.g., h,] = 0), 
and h,, at the top of the column. The water pressure head 
distribution is also linear, equal to hpl at the base of the 
column (e.g., hpl = 0), and hpn at the top of the column. 
These distributions can be used to compute the hydraulic 
heads. - 

Water 

Saturatec 
soil 

table 

The hydraulic heads at the top and the base of the column 
constitute the boundary conditions for this problem: 

h,l = 0.0 

h,  = h,,, + hP, 

at y equal to 0.0 (base) 

at y equal to h,,, (top) (7.8) 
where 

hWl = hydraulic head at the base of the soil column 
h, = hydraulic head at the top of the soil column 
h,, = gravitational head at the top of the soil column 
h,,,, = pore-water pressure head at the top of the soil 

Substituting the boundary conditions specified in Eq. 
(7.8) into Eq. (7.7) gives the constants of integration, C, 
and C2: 

column. 

c, = 1 + -  hPn 

h8, 

c, = 0.0. (7.9) 

The hydraulic head distribution can now be written as 
follows: 

h, = (1 + 2) y. (7.10) 

The hydraulic head can be seen to vary linearly with 
depth. It has a value of h, (i.e., h,, plus hp,) at the top of 
the soil column, and a value of zero at the bottom of the 
soil column (Fig. 7.5). If the column is divided into ten 
depth intervals, each interval represents a change in hy- 
draulic head of 0.1 h,. Therefore, points with equal hy- 
draulic heads can be plotted as a horizontal line at each 
depth. These lines are called equipotential lines. The pore- 

* hwn I 

0 ( + I  
Head, h 1 "W" 

Figure 7.5 One-dimensional steady-state water flow through a saturated homogeneous soil. 
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water pressure head, hp, distribution is linear under steady- 
state seepage conditions. The linearity in the hydraulic head 
and the pore-water pressure head distributions is the result 
of the conswt water coefficients of permeability. 

The equation for one-dimensional steady-state flow 
through an unsaturated soil [i.e., Eq. (7.4)] requires a more 
complex solution than that for a saturated soil. A numerical 
solution can be used as an alternative to a closed-form so- 
lution. The finite difference method will be used to illus- 
trate the solution to the flow equation for an unsaturated 
soil. 

M i t e  Dztfcrence Method 
The seepage differential equation can be written in a finite 
difference form. Consider the situation where a function, 
h( y), varies in space, as shown in Fig. 7.6. Values of the 
function at points along the curve can be computed using 
Taylor series: 

Ay2 d2h 
h i + l =  hi + AY (s), + 

( $ ) i  

+$($)>,+. . ' 

= hi - Ay (t), +e (e) 
hi- 1 2! dy2 

-&ye) + * .  . 
3! d y 3  i 

(7.11) 

(7.12) 

where 
i - 1, i ,  i + 1 = three consecutive points spaced at in- 

Subtracting Eq. (7.12) from Eq. (7.11) and neglecting 
the higher order derivatives result in the first derivative of 
the function at point (i): 

crements, Ay. 

- hi+l - hi-1 
( $ ) i  - 2Ay ' 

(7.13) 

I 
Y i . 1  Yi Y e t 1  Y 

Figure 7.6 Function h(y )  shown in a finite difference form. 
.av'av. 

Summing Eqs. (7.11) and (7.12) and again neglecting 
the higher order derivatives gives the second derivative of 
the function at point (0: 

($)i = hi+l + hi-1 - 2hi (7.14) 
AY 

Equations (7.13) and (7.14) are called the central differ- 
ence approximations for the first and second derivatives of 
the function, h( y), at point i. These approximations can 
be used to solve the differential equation. Similar approx- 
imations can be derived for a function, h(x), in the xdi- 
rection. 

The use of an iterative finite difference technique in solv- 
ing flow problems is illustrated in the following sections. 
One example involves the use of a head boundary condi- 
tion, while another illustrates the use of a flux boundary 
condition. 

Head Boundary Condition 
Steady-state evapomtion from a column of unsaturated soil 
is illustrated in Fig. 7.7. A tensiometer is installed near the 
ground surface to measure the negative pore-water pres- 
sure. One-dirnensional, steady-state flow is assumed when 
the tensiometer reading remains constant with respect to 
time. The pore-water pressure at the base of the column 
(i.e., the water table) is equal to zero. 

The hydraulic head distribution along the length of the 
column is given by Q. (7.4). This equation can be solved 
using the finite difference approximations in Eqs. (7.13) 
and (7.14). The column length is first discretized into (n) 
equally spaced nodal points at a distance Ay apart (Fig. 
7.7). A central difference approximation is then applied to 
the hydraulic head and coefficient of permeability deriva- 
tives in Eq. (7.4). For example, Eq. (7.4) can be written 
in a finite difference form for point (i): 

(7.15) 

where 

kwy(r3, kV(i-  kv(i+ = water coefficients of perme- 
ability in the ydirection at 
points (i), (i - l), and (i + 
l), respectively 

h,,,, h,(, - I), h,(i + 1 )  = hydraulic heads at points (i), 
(i - l), and (i + l), respec- 
tively. 

Equation (7.15) can be rearranged after assuming equal 
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Steadrstate 
Discretization Boundary conditions 

n o - hwn = hgn + hpn 

0 

0 

@ 

( i t 1 1  1 ( i - 1 )  (0  m 0 i:: 
0 

0 

0 

i - h w ’ = O  

’ t Datum 

Nodal points 

v P Water table hl 
Figure 7.7 One-dimensional, steady-state water flow through an unsaturated soil with a constant 
head boundary condition. 

Ay increments: 

-(8 kwy(i)} hw(b  + (4 kwy(i) + k w y ( i + ~ )  - kwy(,-~)} 

* hw( i+  1) + (4 kwy(i) + kwyci- I )  - kwy(i+ I ) )  

- hw(i- 1) = 0. (7.16) 

The hydraulic heads at the external points (he., points 1 
and n) become the boundaq conditions. The hydraulic head 
at point 1 is zero. The elevation of point (n) relative to the 
datum, h,,, gives the gravitational head at point (n). The 
tensiometer reading near the ground surface indicates the 
negative pore-water pressure head at point (n) (Le., hp,). 
Therefore, the hydraulic head boundary condition at the 
top and the base of the soil column can be expressed math- 
ematically : 

hw(l) = 0.0 

hw(,) = h,, + hpn 

at y equal to 0.0 (base) 

at y equal to h,, (top). (7.17) 

The finite difference seepage equation [i.e., Eq. (7.16)1 
can be written for the (n - 2) internal points [i.e., points 
2, 3, - - - , (n - l)]. As a result, there are (n - 2) equa- 
tions that must be solved simultaneously for (n - 2) hy- 
draulic heads at intermediate points. The finite difference 
scheme illustrated by Eq. (7.16) is called an implicit form. 
The equation is also nonlinear because the coefficients of 
permeability, kw, are a function of matric suction, which 
in turn is related to hydraulic head, hw. The nonlinear equa- 
tions require several iterations to produce convergence. 
During each iteration, each equation is assumed to be lin- 
ear by setting the water coefficients of permeability at each 
node to a constant value. 

For the first iteration, the kwy values at all points can be 

set equal to the saturated coefficient of permeability, ks. 
The (n - 2) linearized equations can then be solved simul- 
taneously using a procedure such as the Gaussian elimi- 
nation technique. The computed hydraulic heads are used 
to calculate new values for the water coefficient of perme- 
ability. The coefficient of permeability values at each point 
must be in agreement with the coefficient of permeability 
versus matric suction function. The revised coefficient of 
permeability values, kwy, are then used for the second it- 
eration. New hydraulic heads are computed for all depths. 
The iterative procedure is repeated until there is no longer 
a significant change in the computed hydraulic heads and 
the computed coefficients of permeability. 

Figure 7.8 illustrates typical distributions for the pore- 
water pressure and the hydraulic head along the unsatu- 
rated soil column. Flow is occumng under steady-state 
evaporation conditions. The nonlinearity of the flow equa- 
tion [Le., Eq. (7.16)] results in a nonlinear distribution of 
the hydraulic head and the pore-water pressure head. The 
equipotential lines are not equally spaced along the col- 
umn. This is different from the uniformly spaced equipo- 
tential lines for the homogeneous, saturated soil column. 
The difference is the result of a varying coefficient of 
permeability throughout the unsaturated soil column. The 
above analysis can similarly be applied to the steady-state 
downward flow of water through an unsaturated soil. Once 
again, the hydraulic head boundary conditions at two points 
along the soil column must be known. 

Eluw Boundary CondWn 
Infiltration into an unsaturated soil column is another ex- 
ample which can be used to illustrate the solution of the 
nonlinear differential flow equation (Fig. 7.9). Steady-state 
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L 

v w  

mure 7.8 Steady-state evaporation through an unsaturated soil column. 

infiltration may be established as a result of sprinkling ir- 
rigation. Let us assume a constant downward water flux of 
qW. Steady-state flow can be described using EQ. (7.4). 
The hydraulic head distribution can be determined by solv- 
ing the finite difference form of the steady-state flow equa- 
tion [Le., Eq. (7.16)]. The hydraulic head boundary con- 
dition at the ground surface is assumed to be unknown. 
However, the water flux, qW, is known, and is constant 
throughout the soil column for steady-state conditions. 

The soil column is first discretized into (n) nodal points 
with an equal spacing, Ay (Fig. 7.9). The water flux at 

Steady-state 
infiltration 

L I I i ; Water flux 
I O ,  

i i i i i (4w) 
n 

Unsaturated 
soil 

point (i) can be expressed in terms of the hydraulic heads 
at points ( i  + 1) and (i - 1) using Darcy's law: 

where 
qW = water flux through the soil column during the 

steady-state flow; the flux is assumed to be posi- 
tive in an upward direction and negative in a 
downward direction 

A = cmss-sectional area of the soil column. 

Boundary 
Discretization . conditions 

"(Q 

(n - 1 ) ~  

@ 1 qw 

I q w  
1 @ - h w l = O  

Water table 't Datum 
I 

1 @ - h w l = O  
Water table 't Datum 

I T 

t 
Nodal points 

Figure 7.9 One-dimensional steady-state water flow through an unsaturated soil with a flux 
boundary condition. 
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Equation (7.18) can be rearranged as follows: 

Substituting Eq. (7.19) into the flow equation for point 
( i )  [Le., Eq. (7.16)] yields the following form: 

-{8kwy(t>l hw(0 + ( 4  kwy(i) + k y ( i + l )  - kwy(i-I)l 

+ {4kwy(i) + kwy(i- I )  - kwy(i+ 1)) hw(i - 1) = 0. 
(7.20) 

Equation (7.20) can now be' solved for the hydraulic head 
at point (i): 

hw(i) = hw(i- 1) 

(7.21) 

The finite difference Eq. (7.21) is in an explicit form. 
Therefore, the hydraulic heads can be solved directly start- 
ing from a known boundary condition. Point 1 (Fig. 7 . 9 )  
has a zero hydraulic head. Therefore, the base of the soil 
column is a suitable point to commence solving for the 
heads. Hydraulic heads can subsequently be solved point 
by point, up to the ground surface. Equation (7.21) is non- 
linear since the coefficient of permeability, k,, is a func- 
tion of the hydraulic head, hw. The equation must be solved 
iteratively by setting the coefficients of permeability as 
constants for each iteration. 

'- Pore-water 
\ pressure head, h, 
\ 

\ 
'\ 

\ 
\ 
\ 
\ 
\\ 

\ 
\ 
\\ 
\ 
\ 
\: 

The coefficient of permeability at each node, kw, is as- 
sumed to be equal to the saturated coefficient of perme- 
ability, k,, for the first iteration. The computed hydraulic 
heads, and subsequently the negative pore-water pres- 
sures, are used to revise the coefficients of permeability for 
the second iteration. This iterative procedure is repeated 
until there is convergence with respect to the hydraulic 
heads and the coefficients of permeability. When comput- 
ing the hydraulic head at the ground surface, the kV(. + 
value can be assumed to be equal to the kwy(,,) value. 

Typical distributions of pore-water pressure and hy- 
draulic head during steady-state infiltration are illustrated 
in Fig. 7.10. The nonlinear distribution of the pore-water 
pressure and hydraulic head is produced by the nonlin- 
earity of Eq. (7.21). As a result, the equipotential lines are 
not uniformly distributed along the soil column. The above 
analysis is also applicable to steady-state, upward flow 
(e.g., evaporation from ground surface) where the flux, qwy, 
is known. 

In the case of a heterogeneous, saturated soil, the coef- 
ficients of permeability can be replaced by k, in Eq. (7.21): 

hw(i) hw(i- 1) 

Equation (7.22) becomes linear when the soil is homo- 
geneous : 

(7.23) 

Equation (7.23) defines a linear distribution of the hy- 
draulic head for a homogeneous, saturated soil column 
subjected to one-dimensional steady-state flow. 

I - hpn 0 

-hwn 4 

Water /. 
v table 'Datum - 

(+I  

qw 
I 

Head, h 

Figure 7.10 Steady-state infiltration thmugh an unsaturated soil. 
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7.1.3 Two-Dimensional Flow 
Seepage through an earth dam is a classical example of 
two-dimensional flow. Water flow is in the cross-sectional 
plane of the dam, while flow perpendicular to the plane is 
assumed to be negligible. Until recently, it has been con- 
ventional practice to neglect the flow of water in the un- 
saturated zone of the dam. The analysis presented herein 
assumes that water flows in both the saturated and unsat- 
urated zones in response to a hydraulic head driving poten- 
tial. 

The following two-dimensional formulation is an ex- 
panded form of the previous onedimensional flow equa- 
tion. The formulation is called an uncoupled solution since 
it only satisfies continuity. For a rigorous formulation of 
two-dimensional flow, continuity should be coupled with 
the force equilibrium equations. 

Formulation for Two-Dimensional Flow 
The following derivation is for the general case of a her- 
erogeneous, anisotropic, unsaturated soil [Fig. 7.2(b)J. The 
coefficients of permeability in the x-direction, k,, and the 
y-direction, k,, are assumed to be related to the matric 
suction by the same permeability function, k,(u, - u,), 
The ratio of the coefficients of permeability in the x- and 
y-directions, (kwJkv), is assumed to be constant at any 
point within the soil mass. 

A soil element with infinitesimal dimensions of dr, dy, 
and dz is considered, but flow is assumed to be two-di- 
mensional (Fig. 7.11). The flow rate, vWx, is positive when 
water flows in the positive x-direction. The flow rate, v,, 
is positive for flow in the positive y-direction. Continuity 
for two-dimensional, steady-state flow can be expressed as 
follows: 

v,) dr dz = 0 (7.24) 

vw+7dy 
dz 

Figure 7.11 Two-dimensional water flow through an unsatu- 
rated soil element. 

where 

v ,  = water flow rate across a unit area of the soil in 

Therefore, the net flux in the x- and ydirections is, 

the x-direction. 

(7.25) 

Substituting Darcy’s laws into Eq. (7.25) results in a 
nonlinear partial differential equation: 

= 0 (7.26) 

where 

k,(u, - u,) = water coefficients of permeability as a 
function of matric suction; the perme- 
ability can vary with location in the 
xdirection 

ah,/ax = hydraulic head gradient in the x-direc- 
tion. 

For the remainder of the formulations, kwx(u, - u,) and 
k,(u, - u,) are written as k ,  and k,,,., respectively, for 
simplicity. Equation (7.26) describes the hydraulic head 
distribution in the x-y plane for steady-state water flow. 
The nonlinearity of E& (7.26) becomes more obvious after 
an expansion of the equation: 

(7.27) 

where 

ak,/ax = change in water coefficient of permeability 

The spatial variation of the coefficient of permeability 
given in the thirrl and fourth terms in Eq. (7.27) produces 
nonlinearity in the governing flow equation. 

For the heterogeneous, isotropic case, the coefficients of 
permeability in the x- and y-directions ace equal (i.e., k,, 
= k ,  = k,). Therefore, Eq. (7.27) can be written as fol- 
lows: 

in the x-direction. 

a2h, ak, ah, ak, ah, 
ax ax ay ay k, (3 + T )  + - - + - - = 0 (7.28) 

where 
k, = water coefficient of permeability in the x- and 

Table 7.1 summarizes the relevant equations for two-di- 

y-directions. 

mensional steady-state flow through unsaturated soils. 
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Table 7.1 Two-Dimensional Steady-State Equations 
for Unsaturated Soils 

Heterogeneous, Anisotropic Heterogeneous, Isotropic 

Eq. (7.29) Eq. (7.30) 

Seepage through a dam involves flow through the unsat- 
urated and saturated zones. Flow through the saturated soil 
can be considered as a special case of flow through an un- 
saturated soil. For the saturated portion, the water coeffi- 
cient of permeability becomes equal to the saturated coef- 
ficient of permeability, k,. The saturated coefficients of 
permeability in the x- and y-directions, k,, and ksy, respec- 
tively, may not be equal due to anisotropy. The saturated 
coefficients of permeability may vary with respect to lo- 
cation due to heterogeneity. A summary of steady-state 
equations for saturated soils under different conditions is 
presented in Table 7.2. Equations (7.31)-(7.34) are spe- 
cialized forms that can be derived from the steady-state flow 
equation for unsaturated soils [i.e., Eq. (7.27)]. There- 

Table 7.2 Two-Dimensional Steady-State Equations 
for Saturated Soils 

Anisotropic Isotropic 

Heterogeneous 
a’h, a’h, 

ksx + ksy - aY2 
ak, ah, +-- 
ax ax 

ak, ah, +--  
ax ax 

Eq. (7.31) Eq. (7.32) 

Homogeneous 

Eq. (7.33) Eq. (7.34) 

fore, steady-state seepage through saturated-unsaturated 
soils can be analyzed simultaneously using the same gov- 
erning equation. 

Solutions for Two-Dimensional Flow 
The differential equation describing two-dimensional 

steady-state flow through a homogeneous, isotropic satu- 
rated soil [Le., Eq. (7.34)] is called the Laplacian equa- 
tion. It is a linear, partial differential equation. The solu- 
tion of this equation describes the head at all points in a 
soil mass. The solution can be obtained using closed-form 
analytical methods, analog methods, or numerical meth- 
ods. Often, a graphical method referred to as drawing a 
“flownet” has been used to solve the Laplacian equation 
(Casagrande, 1937). 

The flownet solution results in two families of curves, 
referred to as flow lines and equipotential lines. The flow- 
net solution has been used extensively to analyze problems 
involving seepage through saturated soils, and is explained 
in most soil mechanics textbooks. Boundary conditions for 
the soil domain must be known prior to the construction of 
the flownet. Either the head or the flux is prescribed along 
the boundary. A boundary condition exception is the case 
of a free surface. A network of flow lines and equipotential 
lines is sketched by trial and e m r  in order to satisfy the 
boundary conditions and the requirement of right-angled, 
equidimensional elements. 

A head boundary condition or an impermeable boundary 
condition can readily be imposed for most saturated soils 
problems. For example, steady-state seepage beneath a 
sheet pile wall has the boundary conditions shown in Fig. 
7.12(a). However, the conditions are more difficult to as- 
sign when dealing with unsaturated soils. 

Let us consider steady-state seepage through an earth dam 
[Fig. 7.12(b)]. In the past, the assumption has generally 
been made that the flow of water through the unsaturated 
zone is negligible due to its low permeability. In other 
words, the phreatic line is assumed to behave as an imper- 
vious, uppermost boundary when constructing the flownet. 
This uppermost boundary [i.e., line BC in Fig. 7.12(b)] is 
not only considered to be a phreatic line, but also an up- 
permost flow line. The uppennost boundary is referred to 
as a free surface under these special conditions (Freeze and 
Cherry, 1979). However, the position of the free surface 
is unknown, and it must be approximated prior to con- 
structing the flownet. 

The position of the free surface is usually determined 
using an empirical procedure (Casagrande, 1937). The as- 
sumption that the free surface is a phreatic line requires that 
the pore-water pressures be zero along this line. Equipo- 
tential lines must intersect the free surface at right angles 
since it is also an uppermost flow line. In other words, it 
is assumed that there is no flow across the free surface. The 
flownet can then be constructed. 

The flownet technique has been developed primarily to 
analyze steady-state seepage through isotropic, homoge- 
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Boundary conditions: 

BC and DE: qw = 0 

AH and FG: qw = 0 

AB: hw=H1 

EF: hw = HZ 

HG: qw=O 

Assumed impervious 
-I 

impervious Y 
Equjpotential'lines Horizontal drain 

Boundary conditions: 

BC: free surface, it's location is unkown 
AB: hw=H1 

CD: hw=O 
DA qw=O 

(b) 

Figure 7.12 Flownet constmctions to solve the Laplacian equation. (a) Steady-state seepage 
throughout a homogeneous, isotropic saturated soil; (b) steady-state seepage throughout a ho- 
mogeneous, isotropic earth dam. 

neous, saturated soils. The flownet technique becomes 
complex and difficult to use when analyzing anisotropic, 
heterogeneous soil systems. There is an inherent problem 
associated with applying the flownet technique to satu- 
rated-unsaturated flow. Freeze (1971) stated that, ", . .the 
boundary conditions that are satisfied on the free surface 
specify that the pressure head must be atmospheric and the 
surface must be a streamline. Whereas the first of these 
conditions is true, the second is not." 

Figure 7.13 compares two solutions of a saturated-un- 
saturated soil system. The flownet in Fig. 7.13(a) was 
drawn based on a numerical method solution for a satu- 
rated-unsaturated flow system. The flownet shown in Fig. 
7.13(b) was constructed using an empirically defined free 
surface, thereby neglecting flow in the unsaturated zone. 
The free surface is a close approximation of the phreatic 
line from the saturated-unsaturated flow modeling. The in- 
correct assumption regarding the uppermost boundary con- 
dition can be avoided by realizing that there is flow be- 
tween the saturated and unsaturated zones (Freeze, 1971, 
Papagiannakis and Fnxllund, 1984). 

Steady-state flow in the saturated and unsaturated zones 
can be analyzed simultaneously using the same governing 
equation [Le., Eq. (7.26)]. Both zones are treated as a sin- 
gle domain. The water coefficient of permeability in the 
saturated zone is equal to k,. The water coefficient of 
permeability, k,,,, varies with respect to the matric suction 
in the unsaturated zone. The flownet technique is no longer 
applicable to saturated-unsaturated flow modeling when the 
governing flow equation is not of the Laplacian form. The 
general flow equation can be solved using a numerical tech- 
nique such as the finite difference or the finite element 
method. Figure 7.14 shows several typical solutions by 
Freeze (1971) involving saturated-unsaturated flow mod- 
eling. The following section briefly describes the fonnu- 
lation of the finite element method in analyzing steady-state 
seepage through saturated-unsaturated soils. 

Seepage Analysis Using the lcpnite Element Method 
The application of the finite element method requires the 
discretization of the soil mass into elements. Triangular and 
quadrilateral shapes of elements are commonly used for 
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a) Homogeneous - Flow line 
- - - -__ = Equipotential 

line 
rn =Impervious 

boundary 

E E Freesurface 

I , \ \ ' '  
D I : : !  I 

= Flow line - 
_---- = Equipotential 

line 

(b) 

Figure 7.13 Steady-state seepage in a saturated-unsaturated soil 
system. (a) Flownet constructed from $arurare~-u~$a~ura~e~ flow 
modeling; (b) flownet constxuction by considering flow in the sat- 
urated zone (after Freeze and Cherry, 1979). 

two-dimensional problems. Figure 7.15 shows the cross 
section of a dam that has been discretized using triangular 
elements. The lines separating the elements intersect at no- 
dal points. The hydraulic head at each nodal point is ob- 
tained by solving the governing flow equation and applying 
the boundary conditions. 

The finite element formulation for steady-state seepage 
in two dimensions has been derived using the Galerkin 
principle of weighted residuals (Papagiannakis and Fred- 
lund, 1 9 8 4 ) :  

] s {L}%wds  = 0 (7.35) 

where 
{L} = matrix of the element area coordi- 

nates (i.e., { L ,  & &}) 
L, ,  &, 5 = area coordinates of points in the 

element that are related to the 

bl Cutoff 

c) Internal, basal 

e) Sloping core and 

Figure 7.14 Typical solutions for saturated-unsaturated flow 
modeling of various dam sections (from Fneeze, 1971). 

Cartesian coordinates of nodal 
points as follows (Fig. 7 . 1 6 ) :  

"1 = 1 / u ( ( x 2 Y 3  - x3Y2)  + (Y2  

k? = 1 / u { ( X 3 Y l  - XlY3)  + ( Y 3  
- Y3)X + (x3 - X 2 ) Y )  

- Y,)X + (x1 - X 3 ) Y )  

- Y2)X + (x2 - X l ) Y )  
r, = 1/244{(XlY2 - X2Y1) + (Y1 

x i ,  yi(i = 1 ,  2, 3) = Cartesian coordinates of the three 
nodal points of an element 

x, y = Cartesian coordinates of a point 
within the element 

A = area of the element 
[* :*-J = matrix of the water coefficients of 

permeability (Le., [k,]) 
{h,} = matrix of hydraulic heads at the 

nodal points, that is, 

    



7.1 STRADY-STATE WATER 

Node number 1 

Element number 1 

8 

195 

Figure 7.15 Discretized cross section of a dam for finite element analysis. 

FLOW 163 

- ow = external water flow rate in a direc- 
tion perpendicular to the boundary 
of the element 

Rearranging Eq. (7.35) yields a simplified form for the 

S = perimeter of the element. 

governing flow equation: 

1“ [BIT[k,l[Bl dA {h,) - 1 tLITZ, = 0 (7.36) 
S 

where 

[B] = matrix of the derivatives of the area coordinates, 
which can be written as 

3- 24 -[ (x3 - x2)  (XI - x3) (x2 - XI) 

1 (Yz’- Y3) (Y3 - Yl) ( Y 1  - Y2) 

Either the hydraulic head or the flow rate must be spec- 
ified at boundary nodal points. Specified hydraulic heads 
at the boundary nodes are called Dirichlet boundary con- 
ditions. A specified flow rate across the boundary is re- 
f e d  to as a Neuman boundary condition. The second term 
in Eq. (7.36) accounts for the specified flow rate measured 
in a dimtion normal to the boundary. For example, a spec- 

* = Nodal point yl 

i =  1 
(XI, yl) -W Cartesian coordinates 
(1.0.0)- Area coordinates 

Figure 7.16 Area coordinates in relation to the Caltesian coor- 
dinates for a triangular element. 

ified flow rate, II,, in the vertical direction must be con- 
verted to a normal flow rate, Z,, as illustrated in Fig. 7.17. 
The normal flow rate is in turn converted to a nodal flow, 
Q, (Segerlind 1984). Figure 7.17 shows the computation 
of the nodal flows, QWi and Q W j ,  at the boundary nodes (i) 
and ( j ) ,  respectively. A positive nodal flow signifies that 
there is infiltration at the node or that the node acts as a 
“source.” A negative nodal flow indicates evaporation or 
evapotranspiration at the node and that the node acts as a 
“sink.” When the flow rate acmss a boundary is zero (e.g., 
impervious boundary), the second term in Eq. (7.36) dis- 
appears. 

The finite element equation [Eq. (7.36)] can be written 
for each element and assembled to form a set of global flow 
equations. This is performed while satisfying nodal com- 
patibility (Desai and Abel, 1972). Nodal compatibility re- 
quires that a particular node sharect by the sumunding ele- 
ments must have the same hydraulic head in all of the 
elements (Zienkiewicz, Desai 1975a). 

Equation (7.36) is nonlinear because the coefficients of 
permeability are a function of matric suction, which is re- 
lated to the hydraulic head at the nodal points, {h,) . The 
hydraulic heads are the unknown variables in Eq. (7.36). 
Equation (7.36) is solved by using an iterative method. For 
each iteration, the coefficient of permeability within an ele- 
ment is set to a value depending upon the average matric 
suction at the three nodal points. In this way, the global 
flow equations are linearized and can be solved simulta- 
neously using a Gaussian elimination technique. The com- 
puted hydraulic head at each nodal point is again averaged 
to determine a new coefficient of permeability from the 
permeability function, k,(u, - u,). The above steps are 
repeated until the hydraulic heads and the coefficients of 
permeability no longer change by a significant amount. 

The hydraulic head gradients in the x- and y-dimtions 
can be computed for an element by taking the derivative of 
the element hydraulic heads with respect to n and y, re- 
spectively: 

(7.37) 
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Figure 7.17 Applied flow rate across the boundary expressed as nodal flows. 

where mospheric. Therefore, the matric suction values in Fig. 
7.18 are numerically equal to the pore-water pressures, and 
can be expressed as a pore-water pressure head, h,,. The 
base of the dam is chosen as the datum. The effects of 

i,, i,, = hydraulic head gradient within an element in the 
x- and y-directions, respectively. 

The element flow rates, vw, can be calculated from the 
hydraulic head gradients and the coefficients of permeabil- 
ity in accordance with Darcy’s law: 

anisotropy, infiltration, and the use of a core and a hori- 
zontal drain on seepage through the dam are illustrated later 
using additional examples. 

The first example is an isotropic earth dam with a hori- 
zontal drain, as shown in Fig. 7.19. The 10 m height of 
water on the upstream of the dam gives a 10 m hydraulic 
head at each node along the upstream face. A zero hy- 

= [kwl[Bl{h,) (7.3*) 

where 

v,, tlw = water flow rates within an element in the x- 
and y-directions, respectively. 

The hydraulic head gradient and the flow rate at nodal 
points are computed by averaging the corresponding quan- 
tities from all elements surrounding the node. The weighted 
average is computed in proportion to the element areas. 

Examples of fro-Dimensional Problems 
The following examples m presented to demonstrate the 
application of the finite element method to steady-state 
seepage through saturated-unsaturated soils. Lam (1984) 
has solved several classical problems of seepage through a 
dam using a saturated-unsaturated finite element seepage 
analysis. The cross section and discretization of the prob- 
lem are illustrated in Fig. 7.15. A 10 m height of water is 
applied to the upstream of the dam. The permeability func- 
tion used in the analysis is shown as function A in Fig. 
7.18. The saturated coefficient Of permeability, k,, is 1.0 
X lo-’ m/s. The pore-air pressure is assumed to be at- 

Ngure 7.18 Specified permeability functions for analyzing 
steady-state seepage through a dam. 

    



- = Nodal flow ratevector, 
Vw (m/s)lwith thf scale - = 4.7 x 10- m/s 

----- = Equipotential line (m) 

-T 
Phreatic line 

from finite element mode;\ 

Reservoir level 

20 

Scale for geometry: - = 1.56 
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flownet construction 
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Figure 7.19 Seepage through an isotropic earth dam with a w n t a l  dmh. (a) Equipotential 
lines and nodal flow xate vectors through the dam, (b) contours of porn-water pressurn head ( i  
bars) through the dam. 
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draulic head is specified at nodes along the horizontal drain. 
Zero nodal flow is specified at nodes along the remaining 
boundaries. The results of the finite element analysis are 
presented in Fig. 7.19(a) and (b). 

The phreatic line resulting from the saturated-unsatu- 
rated flow model is in close agreement with the empirical 
free surface from a conventional flownet construction. This 
observation supports the assumption that the empirical free 
surface is approximately equal to a phreatic line. However, 
water can flow across the phreatic line, as indicated by the 
nodal flow rate vectors. Water flow across the phreatic line 
into the unsaturated zone indicates that the phreatic line is 
not the uppermost flow line, as assumed in the flownet 
technique. 

The difference between the phreatic line (from the finite 
element analysis) and the free surface (from the flownet 
technique) decreases as the permeability function for the 
unsaturated zone becomes steeper. A steep permeability 
function indicates a rapid reduction in the water coefficient 
of permeability for a small increase in matric suction. In 
this case, the quantity of water flow into the unsaturated 
zone is considerably reduced. This condition approaches 
the assumption associated with the conventional flownet 
technique. In other words, the phreatic line approaches the 
empirical free surface. 

Equipotential lines extend from the saturated zone 
through the unsaturated zone, as shown in Fig. 7.19(a). 
Changes in hydraulic head between equipotential lines 
demonstrates that water flows in both the saturated and un- 
saturated zones. The amount of water flowing in the un- 
saturated zone depends upon the rate at which the coeffi- 
cient of permeability changes with respect to matric suction. 

The pore-water pressure heads at all of the nodes 
throughout the dam are shown in Fig. 7.19(b). Pore-water 
pressure heads are computed by subtracting the elevation 
head from the hydraulic head. Contour lines of equal pres- 
sure heads or isobars are also shown. The pressure heads 
range from positive to negative values, with the zero pres- 
sure head contoured as the phreatic line. The isobars are 
almost parallel to the phreatic line in the central section of 
the dam. Steady-state seepage in the central section of the 
dam tends towards an infinite slope situation. This case is 
further explained in the next section. 

The flow of water in the saturated and unsaturated zones 
is approximately parallel to the phreatic line, as observed 
from the flow rate vectors in the central section of the dam 
[Fig. 7.19(a)]. This is not the situation for the sections close 
to the upstream face and the toe of the dam. Near the up- 
stream face of the dam, water flows across the phreatic line 
from the saturated to the unsaturated zone and continues to 
flow in the unsaturated zone. The water in the saturated 
and unsaturated zones then flows essentially parallel to the 
phreatic line in the central section of the dam. The water 
in the saturated zone then flows across the phreatic line into 
the unsaturated zone at the toe of the dam. 

Figures 7.20(a) and (b) show steady-state seepage for the 

above dam cross section when the soil is anisotropic. The 
water coefficient of permeability in the horizontal direction 
is assumed to be nine times larger than in the vertical di- 
rection (Le., k,, = 9 k 4 .  This ratio is assumed to be con- 
stant throughout the dam. One permeability function (Le., 
function A in Fig. 7.18) is used for the x- and y-dimtions. 
The phreatic line is elongated in the direction of the major 
coefficient of permeability for the anisotropic case [Fig. 
7.20(a)]. The saturated zone may reach the downstream 
face of the dam for higher ratios of the horizontal to ver- 
tical coefficients of permeability. 

The third example shows an isotropic earth dam having 
a core with a lower coefficient of permeability and a hori- 
zontal drain, as illustrated in Fig. 7.21. The soil has a sat- 
urated coefficient of permeability, k,, of 1.0 x lo-’ m/s, 
and the permeability function is in accordance with func- 
tion A in Fig. 7.18. The core has a saturated coefficient of 
permeability, k,, of 1.0 x m/s and a permeability 
function in accordance with function B in Fig. 7.18. The 
boundary conditions used in the analysis are the same as 
those applied to the previous problems. The results show 
that most of the hydraulic head change occurs in the region 
around the core, as depicted by the concentrated distribu- 
tion of equipotential lines in the core zone. As the differ- 
ence in the coefficients of permeability between the soil and 
the core increases, greater hydraulic head changes take 
place in the core. The nodal flow rate vectors also indicate 
that a significant amount of water flows upward into the 
unsaturated zone and bypasses the relatively impermeable 
core (Le., the siphon effect), as shown in Fig. 7.21(a). 

The fourth example demonstrates the effect of a flux 
boundary (Le., infiltration) on the isotropic earth dam 
shown in Fig. 7.19. The seepage analysis results are pre- 
sented in Fig. 7.22. Steady-state infiltration is simulated 
by applying a positive nodal flow, e,, of 1.0 x lo-* 
m2/s to each of the nodes along the upper boundary of the 
dam. The results can be compared to the case of zero flux 
across the upper boundary by comparing Figs. 7.19(a) and 
7.22(a). Infiltration results in a rise in the phreatic line. 
Consequently, the pote-water pressures in the unsaturated 
zone increase [i.e., Fig. 7.22(b)] relative to the zero flux 
case [i.e., Fig. 7.19(b)]. 

The fifth example demonstrates the development of a 
seepage face on the downstream of the dam. In this case, 
there is no horizontal drain, and zero nodal flows are spec- 
ified along the entire lower boundary. There is close agree- 
ment between the phreatic line obtained from the finite ele- 
ment analysis and the free surface obtained using the 
flownet technique (Fig. 7.23). The phreatic line extends to 
the downstream face of the dam. The phreatic line exits on 
the downstream face, and the portion below the exit point 
is called the seepage face. The seepage face has a zero 
pore-water pressure (Le., atmospheric) boundary condi- 
tion. In other words, the hydraulic head is equal to the 
gravitational head. 

The location of the exit point is not known prior to per- 
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Figure 7.20 Seepage through an anisotropic earth dam with a horizontal drain. (a) Equipotential 
lines and nodal flow rate vectors throughout the dam; (b) contours of pore-water pressure head 
(isobars) throughout the dam. 
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(b) 
Figure 7.21 Seepage through an isotmpic earth dam with a core and a horizontal drain. (a) 
Equipotential lies and nodal flow rate vectors throughout the dam, @) contours of pore-water 
pressure head (isobars) throughout the dam. 
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Fagore 7.22 Seepage through an isotropic earth dam with a horiz,ontal drain under steady-state 
infiltration. (a) Equipotential lines and nodal flow rate vectors throughout the dam, (b) contours 
of pore-water pressure head (isobars) throughout the dam. 
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Figure 7.23 Seepage through an isotropic earth dam with an impervious lower boundary. (a) 
Quipotential lines and nodal flow rate vectors throughout the dam, (b) contours of pore-water 
pressure head (isobars) thmghout the dam. 
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forming the analysis. Therefore, the location of the exit 
point must be assumed in order to commence the analysis. 
The exit point can then be revised after each iteration by 
reevaluating the seepage face boundary condition. During 
the analysis, the nodal flows above the assumed exit point 
are set at zero. The hydraulic heads at or below the as- 
sumed exit point are specified as being equal to their grav- 
itational heads. After convergence, the pore-water pres- 
sure head at the node directly above the assumed exit point 
is examined. A negative pore-water pressure head at this 
point indicates that the assumed exit point is correct. 0th- 
erwise, the seepage face boundary is revised by assuming 
a higher exit point for the phreatic line. The above pmce- 
dure is repeated until the correct exit point is obtained. 

The above examples deal with seepage through earth 
dams. However, the same type of finite element seepage 
analysis can be applied to other problems involving satu- 
rated-unsaturated flow. 

Znfinite Slope 
A slope of infinite length is illustrated in Fig. 7.24. Let us 
consider the case where steady-state water flow is estab- 
lished within the slope and the phreatic line is parallel to 
the ground surface. Water flows through both the saturated 
and unsaturated zones, and is parallel to the phreatic line. 
The direction of the water flow indicates that there is no 
flow perpendicular to the phreatic line. In other words, the 
hydraulic head gradient is equal to zero in a direction per- 
pendicular to the phreatic line. In this case, the lines drawn 
normal to theqhreatic line are equipotential lines. 

Isobars are parallel to the phreatic line. This is similar to 

the condition in the central section of a homogeneous dam, 
as shown earlier. The coefficient of permeability is essen- 
tially independent of the pore-water pressure in the satu- 
rated zone. Therefore, the saturated zone can be subdi- 
vided into several flow channels of equal size. An equal 
amount of water (Le., water flux, qw) flows through each 
channel. Lines separating the flow channels are r e f e d  to 
as flow lines. 

The water coefficient of permeability depends on the 
negative pore-water pressure or the matric suction in the 
unsaturated zone. The pore-water pressure decreases from 
zero at the phreatic line to some negative value at ground 
surface. Similarly, the permeability decrcases from the 
phreatic line to ground surface. As a result, increasingly 
larger flow channels are required in order to maintain the 
same quantity of water flow, qw, as ground surface is ap- 
proached. 

The water flow in each channel is one-dimensional, in a 
direction parallel to the phreatic line. The coefficient of 
permeability varies in the direction perpendicular to flow. 
This condition can be compared to the previous case of 
water flow through a vertical column, as explained in Sec- 
tion 7.1.2. In the case of the vertical column, the coeffi- 
cient of permeability varied in the flow direction, and the 
equipotential lines were not equally distributed throughout 
the soil column. 
The above examples illustrate that equipotential lines and 

flow lines intersect at right angles for unsaturated flow 
problems, as long as the soil is isotropic. Heterogeneity 
with respect to the coefficient of permeability results in 
varying distances between either the flow lines or the equi- 
potential lines; however, these lines cross at 90'. 

Figure 7.24 Steady-state water flow through an infinite slope. 
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Hydraulic head is equal to 
zero along the a-direction 

/ Saturated zone 

Figure 7.25 Pore-water pressure distributions in the unsaturated zone of an infinite slope during 
steady -state seepage. 

The pore-water pressure distribution in the unsaturated 
zone can be analyzed by considering a horizontal datum 
through an arbitrary point (e.g., point A in Fig. 7.25) on 
the phreatic line. The pore-water pressure distribution in a 
direction perpendicular to the phreatic line (Le., in the a- 
direction) is first examined. The results are then used to 
analyze the pore-water pressure distribution in the y-direc- 
tion (Le.¶ vertically). The gravitational head distribution in 
the a-dimtion is zero at point A (i.e., datum), and in- 
creases linearly to a gravitational head of (H cos2a) at 
ground surface. The pore-water pressure head at a point in 
the a-direction must be negative and equal in magnitude to 
its gravitational head because the hydraulic heads are zero 
in the adirection. Therefore, the pore-water pressure head 
distribution in the a-direction must start at zero at the da- 
tum (Le., point A) and decrease linearly to (-H cos2a) at 
ground surface. A pore-water pressure head of (-H 
cos2a) applies to any point along the ground surface since 
every line parallel to the phreatic line is also an isobar. 

The pore-water pressure head distribution in a vertical 
direction also commences with a zero value at point A, and 
decreases linearly to a head of (-H cos2a) at ground sur- 
face. However, the pore-water pressure head is distributed 
along a length, (Hcos a), in the a-direction, while the head 
is distributed along a length, H, in the vertical direction. 
The negative pore-water pressure head at a point on a ver- 
tical plane can therefore be expressed a follows: 

(7.39) hPi = - y COS~CY 

where 
hPi = 

Y =  

a =  

negative pore-water pressure head on a vertical 
plane (i.e., the y-direction) for an infinite slope 
vertical distance fmm the point under considera- 
tion to the datum (i.e., point A) 
inclination angle of the slope and the phreatic line. 

When the ground surface and the phreatic line are hori- 
zontal (i.e. a = 0 or cos a = I), the negative pre-water 
pressure head at a point along a vertical plane, hps, is equal 
to -y. This is the condition of static equilibrium above and 
below a horizontal water table, as shown in Fig. 7.3. The 
ratio between the pore-water pressure heads on a vertical 
plane through an infinite slope (i.e., hPi = - y  cos2a) and 
the pore-water pressure heads associated with a horizontal 
ground surface (Le., hps -y) is plotted in Fig. 7.26. 
This ratio indicates the reduction in the pore-water pres- 
sures on a vertical plane as the slope, a, becomes steeper 
(Fig. 7.26). 

The gravitational head at a point along a vertical plane 
is equal to its elevation from the datum, y (Fig. 7.25). The 
hydraulic head is computed as the sum of the gravitational 
and pore-water pressure heads: 

h,. = (1 - cos2a)y. (7.40) 

Equation (7.40) indicates that there is a decrease in the 
hydraulic head as the datum is approached. In other words, 
there is a vertical downward component of water flow. 
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permeability function. Figure 7.27 shows a cubical soil 
element with water flow in the x-, y-, and zdirections. The 
soil element has infinitesimal dimensions of dx, dy, and dz. 
The flow rates, v,,, v,,,,,, and v,, are assumed to be posi- 
tive when water flows in the positive x-, y-, and z-dim- 
tions. Continuity for three-dimensional, steady-state flow 
can be satisfied as follows: 

0.75 
u) 

i 
0.50 

E 
8 0.25 
B 
0 .- 
c) 

d 0.0 
0 15 30 45 60 75 90 

Inclination angle, a (degrees) 

Figure 7.26 Effect of slope inclination on the pore-water pres- 
sure distribution along a vertical plane. 

The above analysis also applies to the pore-water pres- 
sure conditions below the phreatic line. Using the same 
horizontal line through point A, positive pore-water pres- 
sure heads along a vertical plane can be computed in ac- 
cordance with Eq. (7.39). The hydraulic head [Eiq. (7.40)] 
is zero at the phreatic line, and decreases linearly with depth 
along a vertical plane. 

7.1.4 Three-Dimensional Flow 
Sometimes it is necessary to use a three-dimensional flow 

analysis in order to simulate the flow system of interest. 
Three-dimensional flow can be formulated by expanding 
the two-dimensional flow equation to include the third di- 
rection. The three-dimensional equation is derived based 
on continuity, and the equation is refemd to as the uncou- 
pled equation of flow. 

Let us consider an unsaturated soil having heteroge- 
neous, anisotropic conditions [Fig. 7.2(b)]. The coefficient 
of permeability at a point varies in the x-, y-, and z-direc- 
tions. However, the permeability variations in the three di- 
rections will be assumed to be governed by the same 

T 
1 

vwz 

where 

v, = water flow rate across a unit area of the soil in the 

Equation (7.41) reduces to the following form: 

z-direction. 

av, av, 
ay az + - + -) dr dy dz = 0. (7.42) 

Substituting Darcy’s law into Eq. (7.42) produces a non- 
linear partial differential equation: 

a + - az [&& - u,) az = 0 (7.43) 

where 
&,(U, - u,) = water coefficient of permeability as a 

ah,/az = hydraulic head gradient in the zdirec- 

For the remainder of the formulations, k,(u, - u,,,), 
k,(u, - u,), and k,(ua - u,) are written as k,,, kV, and 

function of matric suction 

tion. 

Figure 7.27 Three-dimensional steady-state water flow through an unsaturated soil element. 
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Table 7.3 Three-Dimensional Steady-State Equations for Unsaturated Soils 

Heterogeneous, Anisotropic Heterogeneous, Isotropic 

azh, azh, 
az2 + k, - kwx- + k - azh, 

ax2 Wy aJ 
ak,, ah, + - . Z - + - - = o  ak ah, ak,, ah, +-- ax ax ay ay  az az 

a2h, a2h, a2h, 
kw (3 + ay2 + 3) 

ak, ah, ak, ah, ak, ah, 
ax ax ay ay az a t  

+-- +-- + - - = o  

Eq. (7.46) Eq. (7.47) 

k,, respectively, for simplicity. The hydraulic head distri- 
bution in a soil mass during three-dimensional steady-state 
flow is described by Eq. (7.43). The nonlinearity of Eq. 
(7.43) is caused by permeability variations with respect to 
space. The nonlinearity can be illustrated by expanding the 
equation : 

a2h, azh, a'h, ak ah, +k,-+>- a2 ax ax k w x s  + k - 
Wy aJ 

ak, ah, ak ah, 
ay ay az az 

+-- +a- = o  (7.44) 

where 
ak,,/az = change in water coefficient of permeability 

The fourth, fifth, and sixth terms in Eq. (7.44) account 
for the spatial variation in the coefficient of permeability. 
In the case of two-dimensional flow, the hydraulic head 
gradient in the third direction is negligible (e.g., ah,/az 
= 0), and Eq. (7.44) reverts to Eq. (7.27). 

in the z-direction. 

For the heterogeneous, isotropic case, the coefficients of 
permeability in the x-, y-, and z-directions are equal, and 
Eq. (7.44) takes the following form: 

k,  (3 + - azh, + %) + - ak, - ah, 
ay' a2 ax ax 

= O  

where 

(7.45) 

k,  = water coefficient of permeability in the x-, y-, and 
z-directions. 

Table 7.3 summarizes the three-dimensional steady-state 
equations for unsaturated soils. For a saturated soil, the 
coefficient of permeability becomes equal to the saturated 
coefficient of permeability, k,. A summary of three-dimen- 
sional, steady-state equations for suturuted soils corn- 
sponding to various conditions is presented in Table 7.4. 

The three dimensional steady-state flow equations can be 

Table 7.4 Three-Dimensional Steady-State Equations for Satumted Soils 

Anisotropic Isotropic 

Heterogeneous 
azh, azh, a2h, 

aY 
k, -g + kSY 2 + ksz 3 
+2-+2-+--=() ak ah, ak ah, aksz ah, 

ax ax ay ay az az 

Y 

a2h, azh, a2h, 
ks (z + ay' + 3) 

ak, ah, ak, ah, aks ah, 
ax ax ay ay az az 

+-- +-- + - - = o  

Eq. (7.48) Eq. (7.49) 

Homogeneous 
a2h, - azh, a2h, a2h, 

+ ksz - a z 2  - - O 
a x 2  +w+q=O 

Eq. (7.50) Eq. (7.51) 

    



solved using numerical procedures such as the finite differ- 
ence and finite element methods. 

7.2 STEADY-STATE AIR FLOW 

The bulk flow of air can occur through an unsaturated soil 
when the air phase is continuous. In many practical situa- 
tions, the flow of air may not be of concern. However, it 
is of value to understand the formulations for compressible 
flow through porous media. 

The air coefficient of transmission, DZ, or the air coef- 
ficient of permeability, k, (i.e., Dtg),  is a function of the 
volume-mass properties or the stress state of the soil. The 
relationships between the air coefficient of permeability, 
k,, and matric suction [i.e., k,(u, - u 3 ]  or degree of sat- 
uration [Le., k,(S,)] are described in Chapter 5 .  The value 
of k, or 0: may vary with location, depending upon the 
distribution of the pore-air volume in the soil. Possible 
variations in the air coefficient of permeability in an unsat- 
urated soil are described using Fig. 7.2. The air coefficient 
of permeability at a point can be assumed to be constant 
with respect to time during steady-state air flow. 

This section presents the steady-state formulations for 
one- and two-dimensional air flow using Fick’s law. Het- 
erogeneous, isotmpic, and anisotropic situations are pre- 
sented. Steady-state air flow is analyzed by assuming that 
the pore-water pressure has reached equilibrium. The fol- 
lowing air flow equations can be solved using numerical 
methods such as the finite difference or the finite element 
methods. The manner of solving the equations is similar to 
that described in the previous sections. 

7.2.1 One-Dimensional Flow 
Consider an unsaturated (i.e., hetemgeneous) soil element 
with onedimensional air flow in the ydirection (Fig. 7.28). 
The air flow has a mass rate of flow, Jay, under steady-state 
conditions. The mass rate is assumed to be positive for an 
upward air flow. The principle of continuity states that the 
mass of air flowing into the soil element must be equal to 

Figure 7.28 Onedimensional steady-state air flow through an 
unsaturated soil element. 

7.2 STEADY-STATE AIR FLOW 

the mass of air flowing out of the element: 

dJ”dy dxdz - J,dxdz = 0 (I, i- dy ) 

175 

(7.52) 

where 

Jay = mass rate of air flow across a unit a m  of the soil 

Rearranging 4. (7.52) gives the net mass rate of air flow 

in the y-direction. 

(7.53) 

Substituting Fick’s law (see Chapter 5 )  for the mass rate 
of flow into the above equation yields a nonlinear differ- 
ential equation: 

= 0 (7.54) d { - D,*,(ua - u w )  h a l d y  1 
dY 

where 

DZy(u, - u,,,) = air coefficient of transmission as a 
function of matric suction 

du,/dy = pore-air pressure gradient in the y-di- 
rection 

u, = pore-air pressure. 

The coefficient of transmission, DZY(u, - uw), will be 
written as D.*y for simplicity. The spatial variation of DZy 
causes nonlinearity in E@. (7.54): 

where 

dDZY,ldy = change in the air coefficient of transmission 

Equations (7.54) and (7.55) describe the pore-air pres- 
sure distribution in the soil mass in the y-direction. The 
second term in 4. (7.55) accounts for the spatial variation 
in the coefficient of transmission. The coefficient of trans- 
mission is obtained by dividing the air coefficient of perme- 
ability, kay, by the gravitational accelemtion (i.e., DO*y = 
k, , /g) .  In other words, the coefficients DZy and k,, have 
similar functional relationships to matric suction. 

The measurement of the air coefficient of permeability 
using a triaxial penneameter cell (Chapter 6)  is an appli- 
cation involving one-dimensional, steady-state air flow. In 
this case, however, the air coefficient of permeability is 
assumed to be constant throughout the soil specimen. Ne- 
glecting the change in the air coefficient of permeability 
with respect to location, Eq. (7.55) is reduced to a linear 
differential equation: 

in the y-direction. 

d’u, - =  0. 
dY ’ (7.56) 
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The pore-air pressure distribution in the y-direction is 
obtained by integrating Eq. (7.56) twice: 

u, = c , y  + c, (7.57) 

where 

C,, C, = constants of integration related to the bound- 
ary conditions 

y = distance in the y-direction. 

Figure 7.29 illustrates the pore-air pressure distribution 
within a soil specimen during an air permeability test. The 
air pressures at both ends of the specimen (Le., u, = ud 
at y = 0.0 and u, = ua = 0.0 at y = h,) are the boundary 
conditions. Substituting the boundary conditions into Eq. 
(7.57) results in a linear equation for the pore-air pressure 
dong the soil specimen (i.e., u, = (1 - y/hs)uab). 

7.2.2 Two-Dimensional Flow 
Two-dimensional, steady-state air flow is first formulated 
for the heterogeneous, anisotropic condition [Fig. 7.2(b)], 
The air coefficients of transmission in the x- and y-direc- 
tions, D; and DZy, are related to matric suction using the 
same transmission function, D t ( u ,  - u,). The (D&/D,*,) 
ratio will be assumed to be constant at any point within the 
soil mass. An element of soil subjected to two-dimensional 
air flow is shown in Fig. 7.30. Satisfying continuity for 
steady-state flow yields the following equation: 

( J ,  + % d x  - J ,  dydz  ) 
+ (Jay + ay a Jay dy - J a y )  dx dz = 0 (7.58) 

where 

J ,  = mass rate of air flowing across a unit area of the 

Rearranging Eq. (7.58) results in the following equation: 

soil in the x-direction. 

( 2 + $ ) & d y & = O .  (7.59) 

Uat = 0 

state 

air flow 

Uab 

Unsaturated Pore-air pressure 
soil distribution 
specimen 

Figure 7.29 Pore-air pressure distribution during the rneasure- 
ment of the air coefficient of permeability, k,. 

Z P X  

Figure 7.30 An element subjected to two-dimensional air flow. 

Substituting Fick’s law for the mass rates, J ,  and Jay, 
into Eq. (7.59) gives the following nonlinear partial differ- 
ential equation: 

a - ax [DZCU, - u,) ax 

a 
a Y  a Y  

+ - [DZy(ua - u,) = 0 (7.60) 

where 

D;(ua - u,) = 

dua/dx = 

air coefficient of transmission as a 
function of matric suction 
pore-air pressure gradient in the x-di- 
rection. 

Let us write D;(u, - u,) and DZY(ua - u,) simply as 
D Z  and D t y ,  respectively. The coefficient of transmission, 
D Z ,  is related to the air coefficient of permeability, k;, by 
the gravitational acceleration (i.e., D Z  = k ; / g ) .  Expand- 
ing Eq. (7.60) results in the following flow equation: 

(7.61) 

where 

a D z / a x  = change in air coefficient of transmission in 
the x-direction. 

Spatial variations in the coefficients of transmission are 
accounted for by the third and fourth terms in Eq. (7.61). 
These two terms produce the nonlinearity in the flow equa- 
tion. When solved, Eq. (7.61) describes the pore-air pres- 
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UW'O 
U.l> uw = 0 (atmospheric) 

1 
sure distribution in the x-y plane of the soil mass during 
two-dimensional, steady-state air flow. 

For the heterogeneous, isotropic case, the coefficients of 
transmission in the x- and y-directions are equal (i.e., D Z  
= D:,, = DZ), and Q. (7.61) becomes 

a2u, ao: au, ao: au, 
ax ax ay ay 

0: (3 + $-) + - - + -- = 0 (7.62) 

where 

D: = air coefficient of transmission in the x- and y- 

These partial differential equations for air flow are sim- 

directions. 

ilar in form to those previously presented for water flow. 

7.3 STEADY-STATE AIR DIFFUSION 
THROUGH WATER 

The diffusion of air through a saturated ceramic high air 
entry disk is one example of steady-state air diffusion 
through water. Another example is the diffusion of air 
through a saturated soil specimen. In each case, the dif- 
fused air pressure is dissipated across a region of water. 

The measurement of the coefficient of diffusion can be 
used as an example of steady-state air diffusion through 
water. The coefficient is assumed to be a constant. The 

Pore-water Usb = Uw 0 
(atmospheric) pressure distribution Saturated 

soil Pore-air 
specimen pressure 

distribution 

Figure 7.31 Pore-air pressure distribution during the measure- 
ment of the coefficient of diffusion, D. 

partial differential equation describing air diffusion takes 
the same form as that for air flow through an unsaturated 
soil [Le., Eq. (7.56)]. The pore-air pressure distribution 
through the soil specimen is assumed to be linear. 

An example showing the pore-air and pore-water pres- 
sure distributions across a saturated soil specimen during 
the measurement of the coefficient of diffusivity is shown 
in Fig. 7.31. The air pressure at each end of the specimen 
(i.e., u,, = ud = 0.0 at y = 0.0 and u, = ua at y = L) 
are the boundary conditions. Substituting the boundary 
conditions into Eq. (7.57) yields a linear equation for the 
diffusing pore-air pressure distribution in the ydirection 
(i.e., ua = (y/L)uat). 

    



CHAPTER 8 

Pore Pressure Parameters 

The mechanical behavior of unsaturated soils is directly 
affected by changes in the pore-air and pore-water pres- 
sures. Two classes of pore pressure conditions may de- 
velop in the field. First, there are the pore pressures asso- 
ciated with the flow or seepage through soils. This pore 
pressure condition was explained in Chapter 7. Second, 
there are the pore pressure conditions that are generated 
from the application of an external load, such as an engi- 
neered structure. 

The pore pressures generated immediately after loading 
are commonly referred to as the undrained pore pressures. 
In the undrained condition, the applied total stress is car- 
ried by the soil structure, the pore-air and pore-water de- 
pending upon their relative compressibilities. The induced 
pore-air and pore-water pressures can be written as a func- 
tion of the applied total stress. These excess pore pressures 
will be dissipated with time if the pore fluids are allowed 
to drain. The applied total stress is eventually camed by 
the soil structure. 

This chapter presents the pore pressures generated from 
the application of total stress to the soil. The compress- 
ibilities of air, water, and air-water mixtures are first pre- 
sented. The compressibility of the soil structure is sum- 
marized in the form of a constitutive relationship for an 
unsaturated soil. Equations which present the pore pressure 
as a function of the applied total stress require the use of 
the compressibility of the pore fluids. Isotropic and aniso- 
tropic soils under various undrained loading conditions are 
considered in the derivations. 

The pore pressure response is expressed in terms of pore 
pressure parameters. Pore pressure parameters have proven 
to be useful in practice, particularly in earth dam constmc- 
tion. The pore pressures developed during construction can 
be estimated using the pore pressure parameters. The es- 
timated pore pressures are required at the start of a transient 
analysis, such as consolidation (Chapter 15). Comparisons 
between the predictions and measurements of pore pres- 
sures generated by applied loads are presented and dis- 
cussed. 

This chapter mainly addresses the pore pressures gener- 
ated under various loading conditions. 

8.1 COMPRESSIBILITY OF PORE FLUIDS 

During undrained compression of an unsaturated soil, the 
pore-air and pore-water are not allowed to flow out of the 
soil. Volume change occurs as a result of the compression 
of the air and, to lesser extent, the water. The compression 
of soil solids can be assumed negligible for the stress range 
commonly encountered in practice. The pore fluid volume 
change is related to the change in the pore-air and pore- 
water pressures. The pore-air and pore-water pressures in- 
crease as an unsaturated soil is compressed. The pore pres- 
sure increase is commonly referred to as an excess pore 
pressure. The volume change of a phase is related to a pres- 
sure change by use of its compressibility. Figure 8.1 de- 
fines the compressibility of a material at a point on the vol- 
ume-pressure curve during undrained compression. 
Isothermal compressibility is defined as the volume change 
of a fixed mass with respect to a pressure change per unit 
volume at a constant temperature: 

where 

C = compressibility 
V = volume 

change 
dV/du = volume change with respect to a pressure 

du = apressurechange. 

The term (dV/du) in Eq. (8.1) has a negative sign be- 
cause the volume decreases as the pressure increases. 
Therefore, a negative sign is used in J3q. (8.1) in order to 
give a positive compressibility. 

In an unsaturated soil, the pore fluid consists of water, 
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t 
I Isothermal 

tuting Boyle’s law into Eq. (8.4) gives 

compressibility 

at point A = -- - 
(Constant temperature) 

I - 
Pressure, u 

Figure 8.1 Definition of isothermal compressibility. 

free air, and air dissolved in water, as explained in Chapter 
2. The individual compressibilities of air and water are re- 
q u i d  in formulating the compressibility of the mixture. 

8.1.1 Air Compressibility 
The isothermal compressibility of air can be expressed in 
accordance with Eq. (8.1): 

where 

C, = isothermal compressibility of air 
V, = volume of air 

dV,/du, = air volume change with respect to an air 
pressure change 

u, = air pressure. 

The volume versus pressure relation for air during iso- 
thermal, undrained compression can be expressed using 
Boyle’s law: 

(8.3) 

- u, = initial absolute air pressure (Le., E,, = u,, + 
u,, = initial gauge air pressure 

ua0 = atmospheric pressure (Le., 101.3 kPa) 
V, = initial volume of air 
u, = absolute air pressure (i.e., E, = u, + Zam). 

- 
 am) 

- 
- 

Differentiating the volume of air, V,, with respect to the 
absolute air pressure, E,, gives 

(8.4) 

Equation (8.4) gives the volume change of air with re- 
spect to an infinitesimal change in the air pressure. Substi- 

The volume derivative with respect to the absolute pres- 
sure, (dV,/dSi,), is equal to the derivative with respect to 
the gauge pressure, (dV,/du,), since the atmospheric pres- 
sure, Eatm, is assumed to be constant. Therefore, Eq. (8.5) 
can be substituted into Eq. (8.2) to give the isothermal 
compressibility of air: 

1 
Ua 

c, = r. (8.6) 

Equation (8.6) shows that the isothermal compmsibility 
of air is inversely proportional to the absolute air pressure. 
In other words, the air compressibility decreases as the air 
pressure increases. 

8.1.2 Water Compressibility 
The compressibility of water is defined as follows: 

1 dV, c ,= --- 
v w  d u w  

(8.7) 

where 

C, = water compressibility 
V, = volume of water 

pressure change 
u, = water pressure. 

dV,/du, = water volume change with respect to water 

Figure 8.2 presents the results of water compressibility 
measurements (Dorsey, 1940). Dissolved air in water pro- 
duces an insignificant difference between the compressibil- 
ities of air-free water and air-saturated water. 

8.1.3 Compressibility of Air-Water Mixtures 
The compressibility of an air-water mixture can be derived 
using the direct proportioning of the air and water com- 

I 30- v 
T 25- 
6 5 2 0 -  

E 10- 

r 

c 

15- 

I- 

O3.5 5L 4.0 4.5 6.0 

Water compressibility 
Cw x lo-’ (1 /kPa) 

Figure 8.2 Isothermal compressibility of air-saturated water 
(from Dorsey, 1940). 

    



180 8 PORE PRESSURE PARAMETERS 

pressibilities. The conservation of mass and the compress- 
ibility definition in Eq. (8.1) must be adhered to. Let us 
consider the air, water, and solid volumetric relations, as 
shown in Fig. 8.3. Let us assume that the soil has a degree 
of saturation, S, and a porosity, n. The total volume of the 
air-water mixture is the sum of the volume of water, V,, 
and the volume of air, V, (Le., V, + V,). The volume of 
the dissolved air, V d ,  is within the volume of water, V, . 
The volumetric coefficient of solubility, h, gives the per- 
centage of dissolved air with respect to the volume of water. 
The pore-air and pore-water pressures are u, and u,, re- 
spectively, with u, always being greater than u, . The soil 
is subjected to a compressive total stress, u. 

Let us apply an infinitesimal increase in total stress, du, 
to the undrained soil. The pore-air and pore-water pres- 
sures increase, while the volumes of air and water de- 
crease. The compressibility of an air-water mixture for an 
infinitesimal increase in total stress can be written using 
the total stress as a reference: 

where 

Caw = compressibility of air-water mixture 
(V, + V,) = volume of the air-water mixture 

V, = volume of water 
V, = volume of free air 

d(V, - Vd)/du = water volume change with respect to 
a total stress change 

d(V, + Vd)/du = air volume change with respect to a 
total stress change 

Vd = volume of dissolved air. 

Initial Final 

Total stress o o + do 

Pore-air pressure u. ~a + dua 
Pore-water pressure uw uw + duw 

Volume relations Volume relations 

I 

V 

Figure 8.3 Volumetric composition of the pore fluid in an un- 
saturated soil. 

Equation (8.8) is a modification of the compressibility 
equation for air-water mixtures proposed by Fredlund 
(1976). The total stress change, du, is used as the reference 
pressure in Eq. (8.8), while the pore-water pressure 
change, du,, was used as the reference pressure in F d -  
lund's (1976) compressibility equation. The term (d(V,  - 
Vd)/du) in Eq. (8.8) is considered to be equal to (dV,/du) 
since the dissolved air is a fixed volume internal to the 
water. As such, its volume does not change. The total vol- 
ume of water, V, , is therefore used in computing the com- 
pressibility of water [Le., C, = -(1 /V,)(dVw/du,)l. 

The change in air volume occurs as a result of the 
compression of the free air in accordance with Boyle's law, 
and a further dissolving of free air into water in accordance 
with Henry's law. The total air volume change can be ob- 
tained directly using Boyle's law by considering the initial 
and final pressures and the volume conditions in the air 
phase. The free air compression and the air dissolving in 
water are assumed to be complete under final conditions. 
The free and dissolved air can be considered as one volume 
with a uniform pressure. Although the volume of dissolved 
air, vd, is a fixed quantity, it is maintained in the formu- 
lation for clarity. Therefore, the dissolved air volume, Vd, 
also appears in Eq. (8.8). 

Applying the chain rule of differentiation to Eq. (8.8) 
gives 

- 1  dV, du, d(V, + Vd) du, [-- + du, du 
V, + V, du, du Caw = 

where 

dV,/du, = water volume change with respect 
to a pore-water pressure change 

du,/du = water pressure change with respect 
to a total stress change 

d(  V, + vd) /du, = air volume change with respect to a 
pore-air pressure change 

du,/du = air pressure change with respect to 
a total stress change. 

Rearranging Eq. (8.9) gives 

Substituting the volume relations in Fig. 8.3 and Eqs. 
(8.2) and (8.7) into Eq. (8.10) yields the compressibility 
of an air-water mixture: 

caw = sc, (") du + (1 - s + hS)C, (2). (8.11) 

The isothermal compressibility of air, C,, is equal to the 
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inverse of the absolute air pressure: 

c,, = SC, (2) + (1 - S + hS) ( % ) / E o .  

(8.12) 

l%e Use of Pore Pmsure Pawnetem in the 
Compressibil?v Equation 
The ratio between the pore pressure change and the total 
stress change, (duldu), in Eq. (8.12) is referred to as a 
pore pressure parameter. This parameter indicates the mag- 
nitude of the pore pressure change in response to a total 
stress change. The pore pressure parameter concept was 
first introduced by Skempton (1954) and Bishop (1954). 
The pore pressure parameters for the air and water phases 
are different (Bishop, 1961a; Bishop and Henkel, 1962) 
and depend primarily upon the degree of satuition of the 
soil. The parameters also vary depending on the loading 
conditions. These conditions are discussed in Section 8.2. 
The pore pressure parameters can also be directly measured 
in the laboratory. For isotropic loading conditions, the pa- 
rameter is commonly called the B pore pressure parameter, 
and it can be substituted into Eq. (8.12) as follows: 

Cow = SC,B, + ((1 - S + hS)Bo/E,} (8.13)   

where 

B, = 

a3 = 
Bo = 

pore-water pressure parameter for isotropic load- 
ing (i.e., du,/du3) 
isotropic (confining) total stress 
pore-air pressure parameter for isotropic loading 
(i.e., du,/du3). 

Compressibility of 
water, Cw = 4.68 x (l/kPa) 

The compressibility of the pore fluid in an unsaturated 
soil [Le., Eq. (8.13)] takes into account the matric suction 
of the soil through use of the B, and Bo parameters. In the 
absence of soil solids, the Bo and B, parameters are equal 
to one. In the presence of soil solids, however, the surface 
tension effects will result in the B, and B, values being less 
than 1.0, depending upon the matric suction of the soil. 
The pore-air and the pore-water pressures change at dif- 
fering rates in response to the applied total stress. The B, 
value is greater than the B, value. The B, and B, parame- 
ters are low at low degrees of saturation, and both param- 
eters approach an equal value of 1.0 at saturation. At this 
point, the matric suction of the soil goes to zero. The de- 
velopment of the B, and B, parameters during undrained 
compression is illustrated in Fig. 8.31. 

8.1.4 Components of Compressibility of m Air- 
Water Mixture 
The first term in the compressibility equation [i.e., Eq. 
(8.13)] accounts for the compressibility of the water por- 
tion of the mixture, while the second term accounts for the 
compressibility of the air portion. The compressibility of 
the air portion is due to the compression of free air (Le., 
(1 - S)Bo/Zo) and the air dissolving into water (Le., 
hSB,/iio). The contribution of each compressibility com- 
ponent to the overall compressibility of the air-water mix- 
ture is illustrated in Fig. 8.4 for various degrees of satu- 
ration. The case considered has an initial absolute air 
pressure, Zm, of 202.6 kPa (Le., 2 atm). Values of B, and 
B, are assumed to be equal to 1.0 for all degrees of satu- 
ration. This assumption may be unrealistic for low degrees 

Compressibility, C (1 /kPa) Compressibility of air, 
Ca = 4.94 x (1 /kPe) 

Figure 8.4 Components of compressibility of an air-water mixture. 
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of saturation; however, it simplifies the comparison of the 
compressibility components. 

Effects of Free Air on the Compressibuity of the Mixture 
Figure 8.4 shows that the compressibility of an air-water 
mixture is predominantly influenced by the compressibility 
of the free air portion (i.e., (1 - S)B,/Ti,). When the soil 
voids are filled with air (Le., S is equal to O.O), the com- 
pressibility of the pore fluid is qua l  to the isothermal com- 
pressibility of air (Le., 4.94 X (l/Wa) at Za equals 
202.6 Wa). At saturation (Le., S is equal to l .O),  the soil 
voids are completely filled with water, and pore fluid com- 
pressibility becomes equal to that of water [Le., 4.58 x 
lo-' (l/kPa)]. The inclusion of even 1 % air in the soil is 
sufficient to significantly increase the pore fluid compress- 
ibility (see Fig. 8.4). The compressibility of the water is 
only of significance in computing the compressibility when 
the soil is fully saturated. 

Effects of Dissolved Air on the Compressibility of the 
Mixture 
The solution of air in water gives the effect that the soil is 
compressible. The compressibility due to the solution of 
air in water (i.e., hSB,/iS,) is approximately two orders of 
magnitude greater than the compressibility of the water 
(Le., SC,B,). Air dissolving in water significantly affects 
the compressibility of an air-water mixture when the free 
air volume becomes less than approximately 20% of the 
volume of voids. The effect of air solubility on the com- 
pressibility of an air-water mixture is shown in Fig. 8.5 
for several initial absolute air pressures. The B, and B, 

Compressibility of water 
Cw = 4.58 x lo7 (l/kPa) 

parameters are assumed to be equal to 0.8 and 0.9, respec- 
tively. 

The figure shows that the effect of air solubility on the 
compressibility of an air-water mixture is the same (Le., 
on a logarithmic scale) for any initial air pressures. How- 
ever, the effect of air dissolving in water does not result in 
a smooth transition for the compressibility of an air-water 
mixture as saturation is reached (i.e., S is equal to 100%). 
There is a discontinuity at the point where there is no more 
free air to be dissolved in the water. As a result, the second 
term in EJq. (8.13) must be dropped, and the compressibil- 
ity abruptly decreases to the compressibility of water. If 
the free air does not have time to be dissolved in the water, 
the term (hSB,/iS,) in Eq. (8.13) must be set to zero. In 
this case, the compressibility of pore fluid has a smooth 
transition back to saturation, as shown in Fig. 8.5. 

8.1.5 Other Relations for Compressibility of 
Air-Water Mixtures 
The compressibility of an air-water mixture has been in- 
vestigated by numemus researchers. For example, an equa- 
tion for the compressibility of an air-water mixture has been 
proposed, neglecting the compressibility of the water and 
assuming zero matric suction (Bishop and Eldin, 1950; 
Skempton and Bishop, 1954). Therefore, the compressi- 
bility of the air is considered as representative of the com- 
pressibility of the pore fluid. This equation is suitable for 
conditions whem the air phase constitutes a significant por- 
tion of the pore fluid. This proposed equation can also be 
obtained by ignoring the first term in Eq. (8.13). Also, the 
B, and B, values must be set to 1 .O. The resulting equation 

100 

95 

E 
(0 

90 6 .- 
e 
E 

85 5 
E 

c 
m ln 

W 

0) s 
80 

1 I 75 I I I 
10-7 1 o-% 1 0 - 5  10-4 10-3 10-2 5 x 1 0 - *  

25 

Compressibility of air-water mixtures, Caw (1 /kPa) 

8.5 Effect of solubility of air in water on the compressibility bf an air-water mixture. 
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has the following form: 

caw = (1 - s + hS)/Si,.  (8.14) 

Equation (8.14) is slightly different from the equation 
proposed by Bishop and Eldin (1950). The difference lies 
in the definition of air compressibility. Equation (8.14) is 
derived using the definition of air compressibility given in 
Eq. (8.2) [Le., Ca = -(l/Va)/(dVa/dua)]. The equation 
proposed by Bishop and Eldin (1950), was derived with 
the air compressibility defined with reference to the initial 
volume of air, Vao: 

(8.15) 

Substituting the term (dVa/dua) from Eq. (8.4) into Eq. 
(8.15) yields a slightly different equation: 

uaa 
ua 

ca = - - 2  (8.16) 

Equation 8.6 (Le., Ca = l/Za) describes the air com- 
pressibility at a point on the volume-pressure curve during 
undrained compression (see Fig. 8.1). Equation (8.16) 
gives the average air compressibility during an air pressure 
change from Zao to Ea (Skempton and Bishop, 1954). The 
difference in the computed air compressibilities from both 
equations is negligible when the air pressure change is in- 
finitesimal. 

Replacing the air compressibility term in Eq. (8.14) (Le., 
1 /Za) with the average air compressibility (i.e., ZJii:) 
yields the air-water mixture compressibility equation pro- 
posed by Bishop and Eldin (1950): 

caw = (1 - s + hd)iiaa/ii:. (8.17) 
Koning (1963) suggested another equation for the com- 

pressibility of air-water mixtures. The equation was first 
derived by expressing the pore-air and pore-water pressure 
changes as a function of surface tension. However, changes 
in the pore-air and pore-water pressures were later as- 
sumed to be equal. This implies that Ba and B, are equal 
to 1.0. Also, compressibility due to the solution of air in 
water was disregarded in the derivation (Le., hSBa/iia = 
0). Applying the above assumptions to the compressibility 
of an air-water mixture gives the following equation (Kon- 
ing, 1963): 

caw = sc, + (1 - S)/G,. (8.18) 
Equation (8.18) was also suggested by Vemijt (1969) 

in formulating the elastic storage of aquifen. The solubility 
of air in water and the effect of matric suction were ne- 

Limitorion of Kelvin’s Equation in Formulating the 
Compressibm Equation 
Kelvin’s equation (i.e., (u, - u,) = 2T,/R,) relates matric 
suction, (u, - u,), to surface tension, T,, and the radius 

glected. 

of curvature, R, . Attempts have also been made to use Kel- 
vin’s equation in writing an equation for the compressibil- 
ity of air-water mixtures (Schuunnan, 1966; Bmnds, 
1979). Equations were proposed for the case of occluded 
air bubbles in soils with a degree of saturation greater than 
approximately 85 % . Kelvin’s equation results in the incor- 
poration of the radius of curvature, R, , as a variable. How- 
ever, R, is unmeasurable. 

The proposed theory would suggest that the pore-air and 
pore-water pressures increase as the total stress increases 
during undrained compression. It has been postulated that 
there exist a critical pore-water pressure beyond which all 
of the free air would dissolve abruptly (Le., collapse). This 
has become known as the air bubble collapse theory. Col- 
lapse occurs when a critical pore-water pressure is reached. 
This phenomenon would ‘be reflected by an increase in 
compressibility at the critical pore-water pressure. 

The difference between the pore-air and pore-water 
pressures (i.e., matric suction) is predicted to increase in 
the bubble collapse region, with an increase in total stress. 
However, there appears to be no experimental evidence to 
support this postulate. On the contrary, experimental evi- 
dence supports a continual increase of the pore-air and 
pore-water pressures, approaching a single value as the to- 
tal stress is increased. This means that the matric suction 
decreases with an increasing total stress during undrained 
compression. There appear to be some conceptual difficul- 
ties when Kelvin’s equation is incorporated into the equa- 
tion for pore fluid compressibility. 

In order to better understand the problem associated with 
incorporating Kelvin’s equation into the equation for pore 
fluid compressibility, let us consider an element of soil with 
certain volume-mass properties. Let us assume there are 
numerous occluded air bubbles within the soil element, as 
depicted in Fig. 8.6(a). Kelvin’s equation describes a mi- 
croscopic phenomenon within the selected element. The 
radii of the occluded air bubbles are not measurable. 
Therefore, Kelvin’s equation cannot be incorporated into a 
macroscopic-type formulation for compressibility. 

It is of interest to draw a parallel comparison to the con- 
cept of effective stress and intergranular stresses in a sat- 
urated soil element [Fig. 8.6@)]. From a microscopic point 
of view, there exist numerous intergranular stresses acting 
at the contacts between the soil particles in the element. 
From a macroscopic standpoint, there is an effective stress 
acting on the soil. The effective stress is the only stress 
state variable requid to describe the behavior of the sat- 
urated soil. The intergranular stresses occur at a different 
level of definition, and are not measurable nor necessary 
when analyzing the behavior of the soil. Likewise, to in- 
corporate Kelvin’s equation into a macroscopic definition 
of pore fluid compressibility would be erroneous. 

The net result of attempts to apply Kelvin’s equation, 
together with Boyle’s and Henry’s laws, to the compress- 
ibility of an air-water mixture is an anomaly. The anomaly 
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Occ I uded 
Kelvin‘s equation - ~ ~ ~ -  - Water air bubbles 

(microscopic) 

(a) 

(b) 

Figure 8.6 Microscopic and macroscopic models for a soil. (a) 
Compressibility formulation for an air-water mixture; (b) effec- 
tive stress and intergranular stresses in a saturated soil. 

can be best understood by first considering an increase in 
total stress applied to an unsaturitted soil specimen. The 
total stress increase causes the free air volume in the soil 
to compress and the pore-air pressure to increase, in ac- 
cordance with Boyle’s law. The increased air pressure 
drives more free air into solution, in accordance with Hen- 
ry’s law. As a result, the volume of free air further de- 
creases. The decrease in the free air volume is accom- 
panied by a decrease in the radius of curvature of the air- 
water menisci. Kelvin’s equation would indicate that the 
matric suction, (u, - u,,,), must increase. 

The increase in matric suction implies that the pore-air 
pressure increase is larger than the increase in the pore- 
water pressure. The pore-air and pore-water pressure in- 
creases must be positive since the total stress increase is 
positive. The increase in air pressure in response to Kel- 
vin’s equation would further drive more air into solution, 
in accordance with Henry’s law. Consequently, the volume 
of free air decreases, and the whole process is repeated 
over and over. In summary, it would appear that a slight 
increase in total stress could cause a chain reaction process 
which would reduce the free air volume to an infinitesimal 
size while the matric suction goes to infinity. This would 
suggest an air bubble instability problem as a result of a 
small increment in total stress. However, the above sce- 
nario is not in agreement with observed experimental re- 
sults, as shown in Fig. 8.36. 

Experimental results indicate that the pore-air and pore- 

water pressures gradually increase towards a single value 
as the matric suction approaches zero. This occurs as the 
total stress is increased under undrained loading. The pro- 
cess is gradual, caused by several increments of total stress. 

The above apparent anomaly appears to be the result of 
incorporating Kelvin’s equation (Le., microscopic model) 
in a macroscopic formulation of pore fluid compressibility. 
This anomaly can also be partly understood by assuming 
that the decrease in the free air volume is not necessarily 
accompanied by a decrease in the controlling radius of cur- 
vature. Figure 8.7 shows that although the volume of the 
continuous air phase in zone 1 decreases due to an increase 
in the pore-air pressure from ual to ua2, the controlling 
radius may, in fact, increase from R,, to RR. 

The above postulate is only possible for the nonspherical 
air bubbles such as those in zone 1. The nonspherical air 
bubbles have nonuniform radii of curvature over their sur- 
face, but the assumption is made that only the controlling 
radius is considered in Kelvin’s equation. Nevertheless, the 
increase in total stress will eventually cause the air bubbles 
to take on a spherical form, as shown in zone 2 (Fig. 8.7). 
For spherical air bubbles, a decrease in volume must be 
followed by a decrease in the radius. In this case, the 
anomaly illustrated by the application of Kelvin’s equation 
cannot be resolved. 

On the basis of the above conceptual difficulties, it would 
appear best not to apply Kelvin’s equation to the compress- 
ibility equation. It is recommended that the pore-air and 
pore-water pressures be measured or computed using B, 
and B, pore pressure parameters in the continuous pore- 
air zone (Le., zone 1 in Fig. 8.7). Air pressure measure- 
ments are valid as long as the air phase is continuous. In 
the occluded zone (Le., zone 2 in Fig. 8.7), the air bubbles 
do not interact with the soil structure. The presence of air 
bubbles merely renders the pore fluid compressible. There- 
fore, it is recommended that the pore-air and pore-water 
pressures be assumed to be equal in the occluded zone (i.e. , 
zone 2). 

8.2 DERIVATIONS OF PORE PRESSURE 
PARAMETERS 

The pore pressure response for a change in total stress dur- 
ing undrained compression has been expressed in terms of 
pore pressure parameters in the previous section. In this 
section, derivations are presented for pore pressure param- 
eters corresponding to various loading conditions. The 
equations take into account the relative compressibilities 
involved. One equation is derived for the water phase, and 
another for the air phase. These equations assist in analyz- 
ing the pore pressure response of an unsaturated soil during 
undrained loading. These equations are not meant, how- 
ever, to replace direct measurements of the pore pressure 
parameted . 
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Increasing degree of saturation 

Controlling radius decreases 

Figure 8.7 Pore-air and pore-water pressure responses to a change in total stress during un- 
drained compression. 

8.2.1 Tangent and Secant Pore Pressure Parameters 
The pore pressure parameters for an unsaturated soil can 
be defined either as a tangent- or secant-type parameter. 
These definitions are similar in concept to the tangent and 
secant modulus used in the theory of elasticity. 

Consider the development of pore-air and pore-water 
pressures during isotropic, undrained compression, as 
shown in Fig. 8.8. The pore-water pressure increases faster 
than the pore-air pressure, in response to the increase in 
total confining stress. The pore pressure response to an in- 
crease in the confining stress is r e f e d  to as the B pore 
pressure parameter. At a point during the loading of the 
soil (Le., point l), the tangent and the secant pore pressure 
parameters can be defined for both the air and water phases 
(Fig. 8.8). If the increase in the isotropic pressure is ref- 
erenced to the initial condition, the secant B ' pore pressure 
parameter can be expressed as follows for the air phase: 

(8.19) 

where 

B: = secant pore pressure parameter for the air phase 
during isotropic, undrained compression 

Au, = increase in pore-air pressure due to an increase 

in isotropic pressure, Au3; the change in pore- 
air pressure is measured from the initial condi- 
tion (i.e., u, - u,) 

ua, = initial pore-air pressure 
A q  = increase in isotropic pressure from the initial 

Similarly, for the water phase, the B' pore pressure pa- 

condition. 

rameter can be expressed as 

(8.20) 

where 

BL = secant pore pressure parameter for the water 
phase during isotropic, undrained compression 

Au, = increase in pore-water pressure due to an in- 
crease in isotropic pressure, Au3; the change in 
pore-water pressure is measuFed from the initial 
condition (i.e., uw - u,) 

u, = initial pore-water pressure. 

If an infinitesimal increase in the isotropic pressure is 
considered at point 1, the pore pressure response at point 
1 can be expressed as the tangent B pore pressure parameter 
(Fig. 8.8). The tangent B pore pressure parameters for the 
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Figure 8.8 Tangent and secant pore pressure parameters. 

air and water phases are written as follows: 

(8.21) 

(8.22) 

where 
B, = tangent pore pressure parameter for the air phase 

during insotropic, undrained compression 
du, = increase in pore-air pressure due to an infinites- 

imal increase in isotropic pressure, du3 
du3 = infinitesimal increase in isotropic pressure 
B, = tangent pore pressure parameter for the water 

pressure during isotropic, undrained compression 
du, = increase in pore-water pressure due to an infini- 

tesimal increase in isotropic pressure, du3. 
The concept of the tangent B pore pressure parameter has 

been used in a previous section [i.e., Eq. (8.13)] where an 
infinitesimal increase in total stress was considered. The 
secant B ' pore pressure parameters are particularly useful 
in computing the final pore-air and pore-water pressures 
after a large change in total stress. The tangent B pore pres- 
sure parameters can also be used to predict the final pore 
pressures under large changes in total stress by using a 
marching-forward technique with finite increments of total 
stress. The total stress is incrementally increased, com- 
mencing from an initial condition and proceeding to the 
final condition under investigation. As saturation is ap- 
proached, the pore-water pressure approaches the pore-air 

pressure (Le., u,.+ u, or B, + B,), and the air bubbles 
dissolve in the water. 

At saturation, a cnange in total stress causes an almost 
equal change in pore-water pressure. The small difference 
between the change in total stress and the change in pore- 
water pressure at saturation can be ignored due to the low 
compressibility of water relative to the compressibility of 
the soil structure (Skempton, 1954). In other words, the 
tangent B parameter becomes equal to 1.0 (Le., B, = B, 
= 1.0). A convention in laboratory testing has been to as- 
sume complete saturation of a soil when the B pore pres- 
sure parameter reaches a value of 1.0 (Skempton, 1954). 
It is possible for the secant B ' pore pressure parameter to 
be less than 1.0 even though the soil has reached satura- 
tion. Also, the values of B: and B; are not equal at satu- 
ration since they are computed with respect to initial con- 
ditions where the pore-air pressure is gmter than the pore- 
water pressure (Fig. 8.8). 

In the following sections, the derivation for tangent pore 
pressure parameters for various loading conditions will be 
presented. The only exception is Hilfs analysis where a 
secant-type pore pressure parameter is derived. A prime 
sign will be assigned to the secant parameters (e.g., B') in 
order to differentiate between the secant and the tangent 
pore pressure parameters. 

8.2.2 Summary of Necessary Constitutive Relations 
The derivation of pore pressure pammeters requires vol- 
ume change constitutive relations for an unsaturated soil. 
These constitutive relations describe the volume changes 
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that take place under drained loading. The volume changes 
are expressed in terms of the stress state variable changes. 
These constitutive relations are formulated and explained 
in Chapter 12. This section provides a summary of the con- 
stitutive relations required for deriving the pore pressure 
parameter equations. The use of constitutive relations from 
drained loading conditions when deriving the pore pressure 
parameter equations for undruined loading is explained in 
Section 8.2.3. 

Consider an unsaturated soil specimen that undergoes 
one-dimensional, drained compression. The stress state 
variables, (a - u,) and (u, - u,), change as the soil is 
compressed. As a result, the volume of the soil changes in 
accordance with the constitutive relation for the soil struc- 
ture. Volume change is primarily the result of compression 
of the pore fluid since the soil solids are essentially incom- 
pressible. Figure 8.9(a) shows the volume of the voids, Vu, 
referenced to the initial total volume of the soil, Vo (i.e., 
Vu/ Vo) as a function of the stress state variables. The ideal- 
ized thIeedimensiona1 surface presented in Fig. 8.9(a) is 
the constitutive relationship for the soil structure. For finite 
changes in the stress state, the constitutive relationship can 
be linearized, as depicted in Fig. 8.9(a). The linear equa- 
tion for volume change can be written as proposed by Fred- 

lund and Morgenstern (1976). 

dV, = m;d(a - UJ + m%(u, - u,) 
VO 

(8.23) 

where 

dVu/Vo = volume change referenced to the initial 
total volume of the soil 

V, = volume of soil voids 
Vo = initial total volume of the soil 

mi = coefficient of soil volume change with re- 
spect to a change in net normal stress 

d ( a  - u,) = change in net normal stress 
m i  = coefficient of soil volume change with re- 

spect to a change in matric suction 
d(u, - u,) = change in matric suction. 
The continuity of a referential, unsaturated soil element 

requires that the volume change must be equal to the sum 
of the changes in volume associated with the air and water 
phases which fill the pore voids. Figure 8.9(b) and (c) il- 
lustrate idealized constitutive surfaces for the air and water 
phases, respectively. Changes in the volume of air and 
water can be regarded as a linear function of finite changes 
in the stress state variables (Fig. 8.9(b) and (c), respec- 

Figure 8.9 Linearized portion of the constitutive relationships during one-dimensional, drained 
cornpnmjion. (a) Soil structure constitutive surface; (b) air phase constitutive surface; (c) water 
phase constitutive surface. 
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tively). The change in the volume of air can be expressed 
as 

- -  dVa ,, - m:d(a - u,) + mzd(u, - u,) (8.24) 
“0 

where 

dV,/ Vo = change in the volume of air referenced to the 
initial total volume of the soil 

V, = volume of air 
my = coefficient of air volume change with respect 

m$ = coefficient of air volume change with respect 
to a change in net normal stress 

to a change in matric suction. 

The change in the volume of water can be written as 

- -  dVW - mrd(u - u,) + myd(u, - u,) (8.25) 
VO 

where 

dV,/ Vo = change in the volume of water referenced to 
the initial total volume of the soil 

V, = volume of water 
my = coefficient of water volume change with re- 

spect to a change in net normal stress 
rnr = coefficient of water volume change with re- 

spect to a change in matric suction. 

The continuity requirement for a referential element can 
be expressed as 

(8.26) 

The following conditions must be satisfied when consid- 

m; = m4 + rnr (8.27) 

rn; = m$ -+- m?. (8.28) 

The above constitutive relations can be used to compute 
volume changes that occur during undrained compression 
(Fig. 8.8). The changes in volume that occur between the 
initial and the final conditions can be calculated using a 
marching-forward technique with finite changes in the stress 
state variables [Le., d ( u  - u,) and d(u, - u,)]. The vol- 
ume of the soil, water, and air must be accounted for after 
each increment of total stress. 

Although there are three constitutive relationships (Le., 
soil structure, air, and water) available, only two of the 
relationships are required in deriving the pore pressure pa- 
rameter equations. The constitutive equations for the soil 
structure and the air phase will be used in the derivation of 
the pore pressure parameters. 

8.2.3 Drained and Undrained Loading 
This section explains how the constitutive relationships ob- 
tained from drained loading apply to undrained loading. 

ering volumetric continuity: 

The application of an all-amund, positive (Le,, compm- 
sive) total stress, du, either in drained or undrained load- 
ing, can cause a change in volume. In drained loading, air 
and water are allowed to drain from the soil subsequent to 
the application of the total stress increment. The stress state 
variables in the soil are altered and the volume of the soil 
changes. The volume change can be computed from the 
stress state variable changes in accordance with the consti- 
tutive relationship for the soil structure. 

In undrained loading, the air and water are not allowed 
to drain from the soil. The total stress increase causes the 
pore-air and pore-water pressures to increase, and conse- 
quently the sttess state variables also change. The increase 
in the pore fluid pressures occurs in response to a compres- 
sion of the pore fluid. The soil volume change during un- 
drained loading can be regarded as the volume change 
equivalent to the pore fluid compression, as illustrated in 
Fig. 8.10(a). The volume change equivalent to the pore 
fluid compression, dV,, can be computed by multiplying 
the compressibility of the air-water mixture, Caw [i.e., Eq. 
(8.8)] by the pore fluid volume V, (i.e., V, + V, = nV) 
and the total stress increment, do: 

(?)o = C,,n du (8.29) 

where 
(dV,/V0), = volume change during undrained com- 

pression, referenced to the initial total vol- 

Dissipation 
of excess D r a i n e d b  

loading , pressures , 
\ 

Dissipation 
of excess 

pressures 
D r a i n e d b  
loading , , 

\ 

Pore fluid compression 
Constitutive relation for soil 
structure 

% 
--. 

(b) (ua - UW) 
Flgure 8.10 Volume changes in an unsaturated soil during load- 
ing. (a) Volume change with respect to a change in (u - u,) or 
u, (b) volume change with respect to a change in (u, - uw). 
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drained loading is almost entirely transferred to the water 
phase (i.e., du, = du) or the pore-water pressure param- 
eter approaches 1 .O. The effective stress in undrained load- 
ing remains essentially unchanged [i.e., d(u - u,) = 0.01. 
As a result, the volume change computed from the consti- 
tutive relation for the soil structure is extremely small  [Fig. 
8.11(a)]. The soil volume change obtained from the pore 
fluid compression is also extremely small because of the 
low compressibility of the water [Fig. 8.1 l(a)]. 

In a dry soil, the pore voids m primarily filled with air, 
which is much more compressible than the soil structwe. 
This is paxticularly true when the pore-air pressure is low 
since the isothermal compressibility of air is equal to the 
inverse of the absolute air pressure. Therefore, a total stress 
increase, da, during undmined loading is almost entirely 
transferred to the soil structure. The pore pressure remains 
practically constant or the pore pressure parameter ap- 
proaches zero. The volume change can be computed from 
the change in net normal stress, (a - u,), in accordance 
with the constitutive relation for the soil structure [Fig. 
8.1 l(b)] . The volume change due to a change in matric 
suction is negligible in a dry soil, as described in Chapter 
3, The compression of the air during undrained loading fol- 
lows the compression of the soil structure [Fig. 8.11(b)]. 
A substantial volume change is required for a significant 
pore-air pressure change due to the high compressibility of 
air. 

n =  

ume of the soil; the volume change results 
from the compression of the pore fluids 
porosity (i.e., V,/ V can be assumed to be 
equal to Vv/  Vo for small changes in stress 
state variables or volumes). 

The volume change can also be written in terms of the 
stress state variable changes in accordance with the consti- 
tutive relationship for the soil structure. The increase in 
total stress results in an increase in net normal stress, 
d(u - u,), and a decrease in matric suction, d(u, - u,). 
The increase in net normal stress causes a decrease in vok 
ume [Fig. 8.10(a)]: 

= mi d(a - u,) (8.30) 

where 

(dV,/V0), = volume change due to the change in net 
normal stress, d(u - u,), referenced to the 
initial total volume. 

The decrease in matric suction generally causes an in- 
crease in soil volume [Fig. 8.10(b)]: 

where 

(dV,/V0)2 = volume change due to a change in matric 
suction, d(u, - u,), referenced to the ini- 
tial total volume. 

The matric suction decrease in Eq. (8.31) yields a vol- 
ume increase or swelling. The mi value for the unloading 
path must be used in Eq. (8.31) (see Chapter 13). The total 
volume change obtained from the constitutive relations for 
the soil structure can be written as the sum of Eqs. (8.30) 
and (8.31): 

(8.32) 

The total volume change obtained from the constitutive 
relation [Le., Eq. (8.32)] can be equated to the volume 
change due to pore fluid compression [i.e., Eq. (8.29)]: 

(3) + (5) = (5) (8.33) 
vo 1 vo 2 vo 0 

or 

mi d(u - u,) + 4 d(u, - uw) = C,,n do. (8.34) 

In a suturufed soil, the pore voids are filled with water. 
The pore fluid compressibility is equal to the compressi- 
bility of water, which is far less than the compressibility 
of the soil structure. A total stress increase, du, in un- 

do = duw 

Undrained 

I 
-0 Dissipation 
VO of excess 

Drained/\\ 1, ”; pressure 

structure 

loading \\ 

- Water volume compression --- Constitutive relation for soil 
* 

(0 - uw) 

- Air volume compresiion --- Constitutive relation for soil 
structure c 

(0 - U.) 
(b) 

Figure 8.11 Volume changes associated with limiting degree of 
saturation conditions. (a) Volume change in a saturated soil; (b) 
volume change in a dry soil. 
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8.2.4 Total Stress and Soil Anisotropy 

The pore pressure parameters can be derived by consider- 
ing various conditions of loading and soil anisotropy. The 
loading conditions are similar to those outlined by Lambe 
and Whitman (1979) for saturated soils. These conditions 
are summarized in Fig. 8.12, where increments in the ma- 
jor, intermediate, and minor principal stresses are denoted 
as dol ,  do2, and do3, respectively. For &-loading, the soil 
can only change volume in one direction (i.e., the y-direc- 
tion). For the other loading conditions, the soil can change 
volume three-dimensionally (Le., x-, y - ,  and z-directions). 
These loadings differ in the magnitude and direction of the 
applied increments of total stress, as illustrated in Fig. 8.12. 

An isotropic soil is defined as a soil with compressibili- 
ties which are constant with respect to the different direc- 
tions. That is to say, the magnitudes of 4 and my are con- 
stant in the x- ,  y-, and z-directions. Only the constitutive 
equations for the soil structure and the air phase have been 

selected for use in the derivation of the pore pressure pa- 
rameters. 

Soil anisotropy is herein defined as the condition where 
the soil compressibility with respect to a change in each 
stress state variable varies with direction. The number of 
independent moduli required depends on whether the lon- 
gitudinal strain in each direction is to be predicted inde- 
pendently or whether three-dimensional volume changes are 
to be predicted. The following statements assume that vol- 
ume changes are being predicted. As a result, the com- 
pressibility mt varies in the x-,  y-, and z-directions, h d  is 
designated as mil ,  mi2, and mi3, respectively. Similarly, 
the air phase has the moduli, my,, mt2, my3, in the x- ,  y-, 
and z-directions, respectively . However, the compressibil- 
ity with respect to a change in matric suction can be as- 
sumed to produce singular values (Le., 4 and mf).  

The following sections present the derivations of pore 
pressure parameters for an isotropic soil under various 
loading conditions. One-dimensional loading (i.e., KO- 

Loading Conditions I Soil Anisotropy 

Anistropy I I 
Soil Air I I with respect to the: 

Structure Phase 
m b  m'll 

Three-Dimensional 

Isotropy: 
Soil Structure 
m :1 m :2 m f 3  = r 
Air Phase 
m:, = m & = m h = r 

Loading 

Isotropic 
Loading 

Uniaxial 
Loading 

Triaxial 
Loading 

L 

Figure 8.12 Summary of loading conditions and soil anisotropy as it pertains to the derivation 
of pore pressure parameters. 
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total stress change, day: loading) is a commonly used condition in soil mechanics. 
For this reason, the volume change moduli for Ko-loading 
will be given the subscript "k" (Le., mik and myk) in order 
to differentiate this loading condition from the other load- 
ing conditions. 

8.2.5 &-Loading 
The following pore pressure parameters are derived for KO- 
undrained loading. This loading condition is illustrated in 
Fig. 8.13. Let us suppose that a total stress increment is 
applied in the vertical direction. The total stress increment 
is denoted as day, and the vertical direction is assumed to 
be the major principal stress diwtion. Equation (8.34) re- 
lates the soil volume change to the volume change due to 
the pore fluid compression. Substituting the &-loading 
condition (Le., doy) into Eiq. (8.34) gives 

(8.35) mik d(ay - u,) + m; d(u, - u,) = C,,n day 

where 
mik = compressibility of the soil structure with respect 

to a change in net major principal stress for KO- 
loading 

do, = infinitesimal increase in the major principal 
stress. 

The compressibility of an air-water mixture, Caw, is cal- 
culated by substituting the change in total stress into Eq. 
(8.12): 

+ (1 - S + hS) (2)/iia. (8.36) 

Combining Eqs. (8.35) and (8.36) results in the follow- 
ing relationship for KO-undrained loading: 

m;k d(oy - u,) + m$ d(u, - u,) 

= SnCwduw + (1 - S + hS)ndua/ii,. (8.37) 

Rearranging Eq. (8.37) yields an expression for the 
change in the pore-water pressure, du,, in response to a 

Load, do, 
I 

Figure 8.13 Conditions simulated in the derivation of the pore 
pressure parameters for Ko-undrained loading. 

(8.38) 

The compressibility, 4, can be written as a ratio of the 

Rsk = 4 / m i k .  (8.39) 

compressibility with respect to a total stress change, * k :  

Substituting Eq. (8.39) into Eq. (8.38) gives 

Equation (8.40) can be further simplified as follows: 

du, = RIk du, + Ru: day (8.41) 

where 

1 
Rsk + SnC,/mik' 

R a  = 

There are two unknowns (i.e., du, and du,) in Q. 
(8.41). In order to compute the pore pressure changes, a 
second independent equation is required. The second equa- 
tion is derived by considering the change in the volume of 
air. The change in volume is described by the constitutive 
relation for the air phase [Le., Eq. (8.24)]. The volume 
change due to the compression of air, dV,, is computed 
from the compressibility of the air [i.e., the second term in 
Eq. (8.36)] multiplied by the pore fluid volume (Le., n V )  
and the total stress increment, day: 

The volume change given by the constitutive relation for 
the air phase [Le., Eq. (8.24)] must be equal to the volume 
change due to compression of the air [Le., Eq. (8.42)]: 

(8.43) 
where 

myk = slope of the (Va/Vo) versus (ay - u,) plot for 

This second equation [Le., Eq. (8.43)] can be written to 
give the change in the pore-air pressure, du,, due to a total 

K,-loading. 
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stress increment, day: 

m; du, = 
[m; - myk - ((1 - S + hS)n/Ti,) 

] day. - [m; - 4 k  - ((1 - S + hS)n/ i i , )  
m4k 

(8.44) 

and myk, can be 

Rak = rnZ/myk. (8.45) 

Equation (8.44) can be written in terms of the ratio, Rak: 

The relationship between the moduli, 
expressed as a ratio, Rok: 

] duw Rak du, = [& - 1 - ((1 - S + hS)n/(si,mf‘k)) 

] do,. - [R& - 1 - ((1 - S + hs)n/(iiamyk)} 
1 

(8.46) 

In a simple form, Eq. (8.46) can be written 

du, = R3k dUw - R4k day (8.47) 

where 

1 R3k = [R& - 1 - ((1 - S + hS)n/(ii,m:k)}- 

1- 
Rak 

1 
R4k = [ R d  - 1 - {(I - S + hS)n/(si,m:k)} 

The pore-air and pore-water pressure parameters for KO- 
drained loading can be written as Bd and Bwk parameters, 
respectively. These pore pressure parameters are defined 
as tangent-type parameters, referenced to a particular stress 
point: 

eter: 

(8.48) 

(8.49) 

Equations (8.41) and (8.47) can be expressed in terms of 

(8.50) 

(8.51) 

Substituting Eq. (8.50) into Eq. (8.51) results in an 

the pore pressure parameters and written as follows: 

Bwk = RlkBak + R2k 

Bak = R3kBwk - R4k. 

equation for the B& pore-air pressure parameter: 

(8.52) 

Similarly, Eq. (8.51) can be substituted into Eq. (8.50) 
to give an equation for the Bwk pore-water pressure param- 

(8.53) 

The pore-air and pore-water pressure responses at any 
point during KO-undrained loading can be computed di- 
rectly using the Bok and Bwk pore pressure parameters. 

8.2.6 Hilf ’s Analysis 
Hilf [ 19481 outlined a pmedure to compute the change in 
pore pressure in compacted earth fills as a result of an ap- 
plied total stress. His information can be rearranged in the 
form of a pore pressure parameter equation. The derivation 
is based on the results of a one-dimensional oedometer test 
on a compacted soil, Boyle’s law, and Henry’s law. A re- 
lationship between total stress and pore pressure was es- 
tablished. A secant-type pore pressure parameter can be 
derived from this relationship. This method has been ex- 
tensively used by the United States Bureau of Reclamation 
(i-e., U.S.B.R.), and has proven to be quite satisfactory in 
practice (Gibbs et al, 1960). This method is often referred 
to as the U.S.B.R. method for the prediction of pore pres- 
sures in compacted fills. The same formulation for the es- 
timation of pore pressures in compacted soils has also been 
advanced by Bishop (1957). 

Hilf (1948) stated: “To illustrate the role of air in the 
relation between consolidation and pore pressure, consider 
a sample of moist earth compacted in a laboratory cylinder 
(see Fig. 8.13). If a static load is applied by means of a 
tight-fitting piston, permitting neither air nor water to es- 
cape, it is found that there is a measurable reduction in 
volume of the soil mass.” The reduction in volume was 
assumed to be the result of compression of free air and air 
dissolving into water. The soil solids and the water are as- 
sumed to be incompressible. Vapor pressure and tempera- 
ture effects are also assumed to be negligible. The amount 
of dissolved air in the water is computed in accordance 
with Henry’s law. The free and dissolved air are regarded 
as a single total volume of air at a particular pressure. The 
change in pore-air pressure between the initial and final 
loading conditions is computed using Boyle’s law. 

The initial and final conditions considered in Hilf s anal- 
ysis are shown in Fig. 8.14. The total volume of air asso- 
ciated with the initial condition, V,,, can be written as fol- 
lows: 

(8.54) Va, = ((1 - So)no + ~ S O ~ O )  VO 
where 

V,, = initial volume of free and dissolved air 
So = initial degree of saturation 
no = initial porosity 
Vo = initial volume of the soil. 

The first and second terms in Eq. (8.54) represent the 
free and dissolved air volumes, respectively. The initial 
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(8.57) gives 
- 
UW((1 - so)% + hSo%lVo 

= (Ti, + Aiid((1 - So)% + h S o 4  - An} Vo. 

(8.58) 
Rearranging Eq. (8.58) yields an expression for the 

change in pore-air pressure, A;=: 

absolute pore-air pressure is denoted as Uao, and can be 
assumed to be at atmospheric conditions (Le., 101.3 kPa). 
An increment in the major principal stress, Au,,, is then 
applied to the soil specimen. The total volume of air de- 
creases and the air pressure increases, in accordance with 
Boyle's law. The air volume change is equal to the void 
volume change, AV,, since the soil solids and water are 
assumed to be incompressible. Therefore, the air volume 
change can be written as a change in porosity (Le., A n  = 
AV,/Vo) times the initial volume of soil, Vo, as illustrated 
in Fig. 8.14. The total volume of air under final conditions, 
Vaf, can be expressed as 

VM = ((1 - So)no + hSo% - An} Vo (8.55) 

where 

V@ = final volume of free and dissolved air 
An = change (i.e., decrease) in porosity. 

The final absolute air pressure, Uaf, can be written as the 
initial absolute pore-air pressure plus the change (Le., in- 
crease) in pore-air pressure: 

(8.56) - - 
U4f  = u, + Aii, 

where 

AZ, = change (i.e., increase) in absolute pore-air pres- 
sure. 

Boyle's law can be applied to the initial and final con- 
ditions of the free and dissolved air: 

ii,v, = ii@V,. (8.57) 

Substituting the initial conditions [Le., Q. (8.54)] and 
the final conditions [i.e., Eqs. (8.55) and (8.56)] into Eq. 

Equation (8.59) is commonly referred to as Hilf s equa- 
tion. It provides a relationship between the change in pore- 
air pressure and the change in pore-air volume (Le., An) 
during Ko-undrained loading. If the change in porosity is 
known, the change in pore-air pressure can be computed 
from Eq. (8.59). 

In order to reach saturation, the soil volume change, AV,, 
must equal the volume of free air (i.e., (1 - So)&Vo) (see 
Fig. 8.14). The change in porosity corresponding to this 
condition can be written as 

A n  = (1 -  so)^. (8.60) 
Substituting Eq. (8.60) into Eq. (8.59) gives the absolute 

pore-air pressure change (i.e., increase) requid for sat- 
urating a soil: 

Initial 

Total stress 0 (assumed) 
Pore-air pressure uno 

Volume relations 

Aii- = (3) E,, (8.61) 

where 
AZ, = pore-air pressure change (Le., increase) re- 

Equation (8.61) is equivalent to the equation derived for 
computing the saturation pressure from the density of an 

quired for saturation. 

vo 

analysis. 
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air-water mixture in Chapter 2. Equation (8.59) can be 
written in an alternate form by replacing An with (AVu/Vo): 

av, 
= ( VO ii, + Aiia 

) (1 - So + hSo)no (8.62) 

where 

AVu/Vo = change in volume of voids, referenced to the 
initial volume of the soil (i.e., porosity 
change, An). 

Equation (8.62) describes the volume change due to the 
compression of air. The soil volume change can also be 
predicted from the constitutive relations for the soil struc- 
ture. Hilf (1948) assumed that the matric suction of the soil 
was negligible, and that the change in pore-air pressure 
was equal to the change in pore-water pressure (Le., Au, 
= Au,). He also assumed that the constitutive relation for 
the soil structure could be obtained by saturating the soil 
in an oedometer test (Le., under constant volume condi- 
tions) and measuring its volume change upon increased 
loading. The volume change of the soil structure can be 
expressed as 

(8.63) 

where 
mu = coefficient of volume change measured on a sat- 

The soil compressibility, mi, is assumed to be equal to 
the coefficient of volume change, mu, measured under sat- 
urated conditions. The pore-pressure parameter for KO-un- 
drained loading can be derived using Hilfs analysis by 
equating the volume change of the soil structure [i.e., Eq. 
(8.63)] to the volume change due to the compression of air 
[i.e., Eq. (8.62)]: 

urated soil in a one-dimensional oedometer test. 

Equation (8.64) can be rearranged and solved for the 
change in pore-air pressure: 

1 I 

The secant B& pore pressure derived from Hilf' s analy- 
sis can be written as 

I- - 

where 
B&, = secant pore-air pressure parameter (Le., 

Au,/Au,,) for K0-undmined loading, in accor- 
dance with Hilf s analysis. The prime signifies 
a secant-type parameter. 

An increase in pore-air pressure due to a total stress in- 
crease can be predicted using Eq. (8.65). The final pore- 
air pressure can be computed from the initial pore-air pres- 
sure, U,, and the change in pore-air pressure, AZa. This 
procedure considers only the initial and final conditions, 
without using a marching-forward technique. The total 
stress increment does not have to be small, as required when 
using the tangent B pore pressure parameter (see Section 
8.2.5). However, Eq. (8.65) is nonlinear because the un- 
known term, AZa, appears on both sides of the equation. 
An iterative technique is required in solving Eq. (8.65). 

The coefficient of volume change, mu, varies, depending 
upon the magnitude of total stress uy. Therefore, an aver- 
age value of mu can be used in Eqs. (8.65) and (8.66) when 
considering a total stress change, Au,. The secant pore-air 
pressure parameter, BAh, is obtained by dividing the pore- 
air pressure increase by the total stress increase [Le., Eq. 
(8.66)]. The B& pore-air pressure parameter is assumed to 
be equal to the B L  pore-water pressure parameter in Hilf s 
analysis. As a result, the difference between a change in 
pore-air pressure cannot be isolated when using Hilf s 
analysis. In the application of Hilf s analysis, changes in 
pore-water pressure have generally been assumed to be 
equal to the changes in pore-air pressure. The initial pore- 
water pressure is often taken as being equal to zero. There- 
fore, the computed pore pressures may be somewhat high 
or conservative for design purposes. 

8.2.7 Isotropic Loading 
Isotropic loading is a special case of three-dimensional 
loading, as illustrated in Fig. 8.12. Let us first consider the 
general case of an isotropic soil loaded three-dimen- 
sionally, and then specialize the equations to other cases. 
Three-dimensional loading consists of applying an incre- 
ment of total stress in each of the three principal stress di- 
rections. The total stress increments in the x-,  y-, and z- 
directions are denoted as dul, du,, and du3, respectively. 
For an isotropic soil under three-dimensional loading, the 
constitutive relation for the soil structure can be expressed 
as 

(8.67) 
where 

ul = major principal stress 
0, = intermediate principal stress 
u3 = minor principal stress. 
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In the case of isotropic loading, the total stress incre- 
ments are equal in all directions (i.e., du, = du2 = du3). 
Therefore, the constitutive relation for an isotropic soil un- 
der isotropic loading can be written as follows: 

$5- - mi d(u3 - u,) + & d(u, - u,). (8.68) 
VO 

The compressibility of the air-water mixture, Caw, is ob- 
tained from Eq. (8.12) by using the isotropic pressure in- 
crement, du3, for the total stress increment, du: 

Caw = SC, (2) + (1 - S + hS) ( 2 ) / E a -  

(8.69) 
Volume change due to pore fluid compression, dV,, is 

computed from Eq. (8.69), multiplied by the pore fluid 
volume, Vu (Le., nV) ,  and the isotropic pressure incre- 
ment, du3: 

- -  dVu - SnC, du, + ((1 - S + hS)n du,/ii,}. (8.70) 
VO 
The change in volume of the soil structure, Eq. (8.68), 

must be equal to the change in volume due to pore fluid 
compression: 

mi du3 - 4 du, + m$ du, - & du, 

= SnC, du, + ((1 - S + hS)n du,/si,}. (8.71) 

Rearranging Eq. (8.71) gives an equation for the change 
in pore-water pressure, du,: 

- ((1 - S + hS)n/G.))  du, 
duw = (" - mf 4 + SnC, 

(8.72) 

A second equation is derived by considering the conti- 
nuity of the air phase. The constitutive relation for the air 
phase of an isotropic soil under a three-dimensional load- 
ing can be written as 

dVa - = my d(uabw - u,) + & d(u, - u,). 
VO 

(8.73) 

For isotropic loading, the constitutive relation for the air 
phase of an isotropic soil is obtained by substituting the 
condition of (du, = du2 = du3) into Eq. (8.73): 

% =  my d(u3 - u,) + m$ d(u, - u,). 
VO 

(8.74) 

Volume change due to the compression of air, dV,, is 
represented by the second term in Eq. (8.70): 

(8.75) dV, - (1 - S + hS)n - -  du, . 
VO E a  

Volume change due to the compression of air must equal 
the volume change predicted by the constitutive relation: 

my du3 - my du, + m2" du, - 4 du, 
= (1 - S + hS)n &,/si,. (8.76) 

Equation (8.76) can be solved for the change in pore-air 
pressure, du,: 

du, = ] duw [m; - 4 - ((1 - S + M)n/s i , }  

- [m!j - my - ((1 - S + hS)n/Si,} 

~ 

] du3. m7 

(8.77) 
Changes in the pore-air and pore-water pressures, du, 

and du,, due to a change in the isotropic total stress, du3, 
can be computed by solving Eqs. (8.72) and (8.77). The 
tangent B pore pressure parameter for isotropic, undrained 
loading can be defined as the ratio of the change in pore 
pressure to the change in isotropic stress. 

The comp&ssibility ncf can be written as a ratio of mi: 

Substituting Eq. (8.78) into Eq. (8.72) gives 
R, = 4/m;. (8.78) 

(8.79) 

Equation (8.79) can be written in a compressed form by 

(8.80) 
collecting the soil properties into single terms: 

where 
du, = Rl du, + R2 d ~ 3  

R, - 1 - ((1 - S + hS)n/(Si,mi)} R, = 
Rs + (SnCw/d)  

1 
R, + (SnC,/mi)* 

R2 = 

The m$ coefficient can be related to the my coefficient by 

R, = @/m:. (8.81) 
the ratio, R,: 

Equation (8.77) becomes 

Ra 

- [R, - 1 - ((1 - S + hS)n/@,ma}  

du, = [R,  - 1 - ((1 - S + w ) n / @ , m a } ]  d u w  

] d03. 
1 

(8.82) 
Equation (8.82) can be further simplified: 

du, = R3 du, - & d.3 (8.83) 
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where 

3 '3 = [R ,  - 1 - ((1 - S + hS)n/(Ii,m;)} 

I. h = [R ,  - 1 - ((1 - S + hS)n/(ii,m;)} 

Ra 

1 

Changes in pore-air and pore-water pressures for the 
isotropic soil, due to a finite change in the total isotropic 
pressure, du3, can be computed from Eqs. (8.80) and 
(8.83). Similarly, the B, (Le., du,/du3) and the B,  (Le., 
du,/du3) pore pressure parameters can be computed di- 
rectly from Eqs. (8.80) and (8.83). These equations are 
similar in form to Eqs. (8.41) and (8.47) developed in Sec- 
tion 8.2.5. Following the same procedure presented in 
Section 8.2.5, the tangent B pore pressure parameters for 
isotropic loading can be written as follows: 

R2R3 - h 
1 - R1R3 

'2 - '1 R4 

B, = 

B, = I - RlR3' (8.85) 

8.2.8 Uniaxial Loading 
A total stress is applied only in the major principal stress 
direction for uniaxial loading. For example, a finite incre- 
ment of total stress, dul ,  can be applied to a soil in the 
vertical or y-direction, as illustrated in Fig. 8.12. Uniaxial 
loading differs from KO-loading (see Sections 8.2.5 and 
8.2.6) in that the boundaq conditions imposed on the vol- 
ume change are different. For &-loading, the total stress 
increment, du, , is applied vertically to a laterally confined 
soil. Movement occurs in the direction of the applied stress. 
For uniaxial loading, the soil is free to move in three di- 
rections, while the total stress increment is applied only in 
the major principal stress direction. The soil structure con- 
stitutive relation for an isotropic soil under uniaxial load- 
ing conditions can be derived from J3q. (8.67) using dul as 
the major principal stress increment, while setting du2 and 
du3 to zero: 

The compressibility of the air-water mixture, Caw, is ob- 
tained from Eq. (8.12) by substituting the average stress 
increment, (du l /3 ) ,  for the total stress increment, du: 

(8.87) 
Volume change due to pore fluid compression, dV,, is 

equal to the compressibility of the air-water mixture, Caw, 
multiplied by the pore fluid volume, Vu (Le., nV), and the 

average stress increment, (du1 /3 ) .  The final equation for 
the volume change due to pore fluid compression is the 
same as Eq. (8.70). 

Equating the volume change of the soil stmcture [Le., 
Eq. (8.87)] to the volume change due to the cornpression 
of pore fluid [i.e., Eq. (8.70)] results in the following re- 
lation: 

fm; dul - m; du, + m: du, - m$ du, 

= SnC, du, + (1 - S + hS)n dua/iia. (8.88) 

Equation (8.88) can be rearranged to give the change in 
pore-water pressure, du,, due to a finite increment in the 
major principal stress, dul,  under uniaxial, undrained load- 
ing: 

- mi - {(I - S + h S ) n / Z , ] ]  du, 
d2 + SnC, du, = [": 

(8.89) 

A second equation is formulated based on the continuity 
of the air phase. The constitutive relation for the air phase 
of an isotropic soil under uniaxial loading can be obtained 
by substituting (du, /3) into Eq. (8.73) and setting du2 and 
du3 equal to zero: 

The volume change due to the overall compression of the 
air phase portion, dV,, is given by the second term in Eq. 
(8.70) as presented in Eq. (8.75). Equating the volume 
change from the constitutive relation for the air phase [i.e., 
Eq. (8.90)] to the volume change due to pore-air compres- 
sion [Le., Eq. (8.75)] provides a second independent equa- 
tion: 

4my duy - m; du, + my du, - 4 du, 

= (1 - S + hS)n du,/Ti,. (8.91) 

Equation (8.91) can be rearranged to give the change in 
pore-air pressure, due, due to a finite increment of the ma- 
jor principal stress, dul ,  under uniaxial undmined loading: 

(4)m;l ] dul. (8.92) 

Changes in pore-air and pore-water pressures, du, and 
du,, caused by a finite increment of total stress, dul ,  can 
be obtained by solving Eqs. (8.89) and (8.92). Let us de- 

- [my - my - ((1 - S + hS)n/ii,) 
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isotropic soil, the tangent D pore pressure parameters for 
uniaxial loading a~ one third of the tangent B pore pres- 
sure pamneters from isotropic loading. These formulations 
are similar to those derived for saturated soils (Lambe and 
Whitman, 1979). 

8.2.9 Triaxial Loading 
Triaxial loading conditions are illustrated in Fig. 8.12. 
Uniform increments of total stress are applied laterally (i.e., 
du2 is equal to du3) to the soil. The largest increment of 
total stress, dul, is applied in the vertical direction. This 
triaxial loading condition can be viewed as comprising two 
loading conditions, as shown in Fig. 8.15. The first loading 
condition is a finite increment in the all-around pmssure of 
du3. The second loading condition is a finite, uniaxial load- 
ing in the major principal stress direction of a stress differ- 
ence, d(ul - u3). The increment d(ul - u3) is commonly 
referred to as a deviator stress increment. The superposi- 
tion of these two loading conditions closely simulates un- 
drained triaxial testing in the laboratory. A soil specimen 
is first subjected to an isotropic pressure. The specimen is 
then loaded axially until the maximum deviator stress is 
reached. 

The pore pressure development in the triaxial test can be 
viewed in terms of pore pressure generated from an iso- 
tropic load increment of du3 and from a uniaxial load, 
d(ul - u3). For isotropic loading, the change in pore pres- 
sure is presented in terms of a B pore pressure parameter 
(see Section 8.2.7). For uniaxial loading, the change in 
pore pressure is presented in terms of a D pore pressure 
parameter (see Section 8.2.8). Therefore, the changes in 
pore-water pressure during triaxial loading can be written 
as follows: 

du, = B,d03 + D,d(al - ~ 3 ) .  (8.101) 
Equation (8.101) can be rearranged: 

du, = BW{du3 + (D,/Bw) d(al - ~ 3 ) ) .  (8.102) 

The term (D,/B,) in Eiq. (8.102) can be defined as an- 
other pore pressure parameter: 

(8.103) DW 
BW 

A, = -. 
Substituting Eq. (8.103) into Eq. (8.102) gives 

du, = B,(d+ + A,d(ul - ~ 3 ) ) .  (8.104) 

Rearranging Eq. (8.104) to a more general form gives 

fine the tangent pore-air pressure parameter, D,, as 

(8.93) 

where 

D, = tangent pore-air pressure parameter for uniaxial, 

Similarly, let us define the tangent pore-water pressure 

undrained loading. 

parameter, D,, as 

(8.94) 

where 

D, = tangent pore-water pressure parameter for uniax- 

The form of the uniaxial, undrained loading equations 
[Le., Eqs. (8.89) and (8.92)] and the isotropic, undrained 
loading equations [Le., Eqs. (8.72) and (8.77)] are similar. 
The only difference is in the constant of the second term of 
the equation. The constant of the second term for uniaxial 
loading is one third of the similar constant for isotropic 
loading. Equations (8.89) and (8.92) can be further sim- 
plified using the ratios R, and R, (i.e., Eqs (8.78) and 
(8.81), respectively) in a similar manner to that used for 
isotropic loading conditions: 

ial, undrained loading. 

du, Rldu, + (4)RZdul (8.95) 

du, = R,dU, - ( f )R4d~l .  (8.96) 

The tangent D pore pressure parameters for an isotropic 
soil under uniaxial, undrained loading are solved directly 
from Eqs. (8.95) and (8.%). The equation for the tangent 
pore-air pmssure parameter is 

1 R2R3 - 
3 1 - RIR3 D, = - ( " ) .  (8.97) 

The equation for the tangent pore-water pressure param- 
eter is 

D w = - (  1 R2 - RIR4 >. 
3 1 - R1R3 (8.98) 

A comparison of Eqs. (8.97) and (8.84) reveals the fol- 
lowing relationship between isotropic and uniaxial un- 
drained loading: 

Similarly, 

Equations 

0, = fB,. (8.99) 

Eqs. (8.98) and (8.85) indicate that 

D, = fB,. (8.100) 

(8.99) and (8.100) show that for an elastic, 

(8.105) 

Equations (8.104) and (8.105) have the same form as the 
pore-water pressure generation equation for Saturated soils 
under triaxial loading conditions (Skempton, 1954, Lambe 
and Whitman, 1979). The equations have also been pro- 
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+ 

Isotropic loading Uniaxial loading 

Figure 8.15 Triaxial loading condition viewed as the resultant of an isotropic load and a uniaxial 
load. 

posed by Bishop (1961a) and Bishop and Henkel (1962) 
for an unsaturated soil under triaxial loading conditions. In 
the special case of an isotropic and elastic soil, the (D,/B,) 
ratio or the A, value is equal to f [see Eq. (8.100)3: 

(8.106) 

In similar manner, the change in pore-air pressure in an 
isotropic soil under the triaxial loading conditions can be 
written as 

dua = B,d~3 + D,d(Ui - ~ 3 )  (8.107) 

or 

dUa = Ba{&3 + (Da/Ba) d(U1 - 03)). (8.108) 
Let us define the term (Da/B,) as 

Da A, = - 
Ba 

(8.109) 

This results in the following equation: 

duo = Ba{du3 + Aad(ai - ~ 3 ) )  (8.110) 
or 

(8.111) 
Again, the A, value is equal to f for an isotropic, elastic 

soil: 

(8.112) 

Equations (8.106) and (8.112) indicate that the pore 
pressure responses in an isotropic, elastic soil with an A 
parameter off  depend mainly on the mean principal stress 
increments (Le., d{ (u i  + 2u3) /3}) .  Pore pressure re- 
sponses in soils with an A parameter not equal to 3 will be 
influenced by the shear stress [i.e., d(ul - u3)] (Skempton, 
1954). 

The A parameter is also equal to f for saturated soils 
which are isotropic and elastic in their behavior. In gen- 
eral, however, the A parameter for saturated soils can vary 
from a negative value to a value greater than 1.0. The A 
parameter has been found to depend on factors such as the 
soil type, stress history, magnitude of strain, and time 
(Lambe and Whitman, 1979). Further studies are needed 
to fully understand the behavior of the A parameters for 
unsaturated soils. However, the factors affecting the A pa- 
rameter in saturated soils will, in general, affect an unsat- 
urated soil in a similar manner. For example, unsaturated 
soils are generally dense due to desiccation, and will tend 
to be slightly dilatant upon shearing. The net result is a low 
A pore pressure parameter. 

Equations (8.101) and (8.107) can be used to predict the 
changes in pore-water and pore-air pressures, respec- 
tively, due to finite increments of total stress under triaxial 
loading conditions. The pore pressure parameters (Le., B, 
D,  and A )  must first be measured for the soil under inves- 
tigation. For the special case of isotropic loading, the de- 
viator stress increment is zero (i.e., d(a ,  - u3) = 0), and 
the second terms in Eqs. (8.101) and (8.107) vanish. As a 
result, the B pore pressure parameter can be used to predict 
changes in pore pressure. 

In the case of uniaxial loading, the isotropic pressure in- 
crement is zero (Le., du3 = 0), and the first terms in Eqs. 
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(8.101) and (8.107) drop out. As a result, the D pore pres- 
sure parameter can be used to pmiict the pore pressure 
change. The D pore pressure parameter in Eqs. (8.101) and 
(8.107) is commonly r e f e d  to as the 2 pore pressure pa- 
rameter in saturated soils (Skempton, 1954). 

An alternative form for Eqs. (8.104) and (8.110) can be 
presented as follows: 

du, B,{dUl - (1 - A,)(dUi - d ~ 3 ) )  (8.113) 

duo = B, {dol - (1 - Ao)(dU1 - d ~ 3 ) }  (8.114) 
Another tangent pore pressure parameter, called B, can 

be defined as the ratio between the change in pore pressure 
and the increase in the major principal stress (Skempton, 
1954): 

- du, 
8, = - 

dol 

- duo B, = -. 
dol 

(8.115) 

(8.116) 

The Bw and E, pore pressure parameters can be obtained 
from Eqs. (8.113) and (8.114): - 

B, = Bw{l - (1 - Aw)(l - d ~ 3 / d ~ l ) }  (8.117) 
- 
Bo = Bo{l - A,)(l - d ~ 3 / d ~ l ) } .  (8.118) 

For &-loading, the B pore pressure parameters are 
equivalent to the Bk parameters derived in Section 8.2.5. 

8.2.10 Three-Dimensional Loading 
Three-dimensional loading conditions are similar to triaxial 
loading conditions, except that the total stress increments 

in the lateral directions need not be equal. In the triaxial 
case, the total stress increments consist of an intermediate 
and a minor principal stress increment in the lateral direc- 
tions (Le., du2 and du3, respectively) and a major principal 
stress increment in the axial direction. Using the same prin- 
ciple of superposition, three-dimensional loading can be 
visualized as being composed of three loading conditions, 
as shown in Fig. 8.16. The first loading is an isotropic load 
of du3. The second loading is a uniaxial load of d(ul - 
u3). The third loading is also a uniaxial load of d(u2 - u3). 
The change in pore-water pressure under three-dimen- 
sional loading can be computed as the summation of the 
three components of loading: 

(8.119) 
Rewriting Eq. (8.119) gives 

Substituting the A, parameter into Eq. (8.120) results in 
the following relation: 

(8.121) 

Rearranging Eq. (8.121) into a more general form gives 

Isotropic loading Uniaxial loading Uniaxial loading 

Figure 8.16 Three-dimensional loading conditions viewed as the resultant of an isotropic load 
and two uniaxial loads. 

(8.122) 
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The equation for the pore-air pressure change under the 
three-dimensional loading can be derived in the same man- 
ner: 

du, = Bad+ + D,d(al - 0 3 )  + Dad(02 - 0 3 ) .  

(8.123) 
Equation (8.123) can be rearranged as 

du, = Ba (do3 + ( o a / B a )  d(0,  - 03) 

+ (Da/Ba) d(02 - o j ) ) .  (8.124) 
Equation (8.124) can be written using an A pore-air 

pressure parameter: 
du, = B,{d~3  + A,d(01 - 0 3 )  + A,d(02 - 03)} .  

(8.125) 
Rearranging Eq. (8.125) into a more general form gives 

3A, - 1 +- 3 (8.126) 

Equations (8.121) and (8.125) can be used to predict the 
changes in pore-water and pore-air pressures, respec- 
tively, due to finite increments of total stress in three di- 
mensions. The pore pressure parameters (Le., B, D, and 
A) used in the equations are functions of the soil properties. 

For an isotropic, elastic soil, the A parameters will be 
equal to f .  Substituting (A, = A, = f) into Eqs. (8.122) 
and (8.126) gives 

du, = B, d 

and 

(8.127) 

(8.128) 

Equations (8.127) and (8.128) indicate that the pore 
pressure responses in an isotropic, elastic soil (i.e., A = 
f )  are mainly a function of the mean principal stress incre- 
ments &e., d ( ( q  + 0, + u3)/3}). The shear stresses [i.e., 
d(al - u3) and d(0, - u3)] will influence the pore pressure 
responses in a soil when the A parameters are not equal to 
1 
9. 

8.2.11 a Parameters 
Another important parameter proposed for unsaturated soils 
is the a parameter. The a parameter was first introduced 
by Croney (1952) and Croney and Coleman (1961) for 
loading under constant water content test conditions. In the 
constant water content test, the air phase is open to atmo- 
spheric pressure (Le., drained), while the water phase is 
maintained as undrained (Le., constant gravimetric water 
content). As total stress is applied, air leaves the soil and 

the pore-air pressure remains atmospheric. The negative 
pore-water pressure changes as the total stress changes 
since water is not allowed to drain. The ratio between the 
change in pore-water pressure and the change in total stress 
was originally defined as the a parameter. 

The a parameter concept was later extended to a more 
general form of undrained loading (Bishop, 1961a, Bishop 
and Henkel, 1%2). The pore-air pressure was now al- 
lowed to change as the total stress changed. In this general 
case, the a parameter is defined as the ratio of the change 
in matric suction, d(u, - u,), to the change in net normal 
stress, d(a  - u,) (Fig. 8.17). 

d(u, - u,) = -a d(0  - u,) (8.129) 

Equation (8.129) considers the a parameter to be con- 
stant for finite changes in the net normal stress and matric 
suction. Therefore, the a parameter concept is similar to 
the concept of the tangent pore pressure parameter. In gen- 
eral, an increase in net normal stress causes a decrease in 
matric suction. A negative sign is used in Eq. (8.129) in 
order to result in a positive a parameter for the general 
case. For the special case where an increase in net normal 
stress causes an increase in matric suction (e.g., soil di- 
lates), the a parameter will have a negative value (Fig. 
8.17). 

In the case of isotropic, undrained loading, Eq. (8.129) 
reverts to the following form: 

d(u, - u,) = -CY d(a3 - u,). (8.130) 
Dividing Eq. (8.130) by the change in isotropic pressure, 

du3, gives 

dua du, = -a + CY (2). (8.131) d03 d03 

Substituting the tangent B pore pressure parameters for 
the air and water phases corresponding to isotropic, un- 
drained loading [Le., Eqs. (8.21) and (8.22)] into Eq. 

I 
\ yGenera' 

Net normal stress, (a - u,) 

Figure 8.17 Concept of the 01 parameter for the general and spe- 
cial cases. 
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(8.131) results in the following relationship: 

B, = 01 + (1 - a)B0 (8.132) 
or 

(8.133) 

Equation (8.133) relates the B, and B, pore pressure pa- 
rameters to the 01 parameter. The 01 parameters obtained 
from the undrained and the constant water content tests are 
equal for the same soil specimen (Bishop and Henkel, 1962) 
provided that both tests are performed under the same load- 
ing conditions. For the case of the constant water content 
test, the change in pore-air pressure or the value of Bo is 
equal to zero. Setting Bo equal to zero in Eq. (8.133) in- 
dicates that the CY parameter is identical to the tangent pore- 
water pressure parameter, B,, for a constant water content 
test. 

8.3 SOLUTIONS OF THE PORE PRESSURE 
EQUATIONS AND COMPARISONS WITH 
EXPERIMENTAL RESULTS 

Several pore pressure parameter equations are solved, and 
typical results are presented in this section. The numerical 
results are compared with data obtained fmm experimental 
results presented in the literature. The effects of changing 
some of the variables in the pore pressure equations are 
also illustrated. The theoretical pore pressure parameters 
can be used to estimate the pore pressures that can develop 
during construction. 
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Figure 8.18 
analysis. 

8.3.1 Secant BL Pore Pressure Parameter Derived 
from HilPs A ~ l p i s  
Measurements of pore-water pressures within compacted 
cores of several earth dams have been conducted and pub- 
lished by Hilf (1948). The measurements were made using 
piezometers with coarse porous tips. Figure 8.18 presents 
the pore-water pressure measurements from two piezo- 
meters installed in the Anderson Ranch dam. The pore- 
water pressures incnased as the overburden pressure in- 
creased (Le., Au,) during construction. 

The pore-water pressure development during construc- 
tion can be simulated using Hilfs analysis [Le., &. 
(8.65)]. Equation (8.65) is applicable to both pore-air and 
pore-water pressures in the sense that capillary effects are 
ignored in its derivation. The soil has an initial degree of 
saturation, So, and an initial porosity, 4, of 87.4% and 
28. I%, respectively. The volumetric coefficient of solu- 
bility, h, for air in water is assumed to be 0.02. The initial 
absolute pore-air pressure, iid, is assumed to be atmo- 
spheric (i.e., 101.3 Wa). The coefficient of volume change, 
mu, is measured in a conventional oedometer. Substituting 
the above data into Eq. (8.65) results in a relationship be- 
tween Ai2 (or Au,) and Au,. The relationship between Auo 
and Au, is also assumed to be the relationship between Auw 
and Au, since capillary effects are ignored. The pore-water 
pressure, u,, can then be plotted against the major princi- 
pal stress, a,,, using the Au, and Au, relationship, as shown 
in Fig. 8.18. The initial pore-water pressure is also as- 
sumed to be atmospheric (Le., zero gauge pressure). An 
average value for the volume change coefficient, mu, is 
often used over the range of total stress change. 
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Several curves relating the generated pore-water pres- 
sure to the applied total stress have been computed using 
several values for mu. The results are presented in Fig. 
8.18. The value of mu is assumed to be constant for each 
curve, regardless of the total stress change, Au,. Theoret- 
ically, the value of mu should be varied for each curve of 
u, versus a, depending upon the total stress level [Eq. 
(8.65)]. The shape of the relationship between u, and u, 
varies significantly as the average value of mu is changed 
and the initial variables (Le., So, no, and Ed) are kept con- 
stant. A higher soil compressibility results in a greater pore 
pressure response as a result of an increase in total stress. 
This is indicated by a steeper u, versus a,, curve for a more 
compressible soil (Fig. 8.1 8). 

Reasonably close agmsment between the piezometric 
measurements and the predicted pore-water pressures can 
be obtained using Hilfs analysis when appropriate soil 
compressibilities are used in the analysis. The close agree- 
ment is achieved in spite of using an average value for mu. 
Therefore, the use of an average coefficient of volume 
change seems to be somewhat justified. 

The secant BL pore pressure parameter derived using 
Hilf s analysis can also be computed in accordance with 
Eq. (8.66). Figure 8.19 presents the secant BL pore pres- 
sure parameters computed for two predicted curves shown 
in Fig. 8.18. The two predicted curves correspond to the 
average coefficients of volume change of 8 x lo-’ and 5 
x io-’ (I/kPa). 

The shape of the relationship between pore pressure and 
total stress is also strongly influenced by the initial vol- 
ume-mass properties of the soil. Figure 8.20 presents sev- 
eral curves relating pore-water pressure and total stress, 

while the initial degree of saturation, So, is varied. The 
average coefficient of volume change, mu, is maintained at 
8 x lo-’ (1 /kPa) for all curves. The results indicate that 
the pore pressure versus total stress relationship becomes 
steeper as the initial degree of saturation increases. In other 
words, the pore pressure response becomes more signifi- 
cant at higher degrees of saturation. A comparison between 
Figs. 8.18 and 8.20 suggests that the coefficient of volume 
change and the initial degree of saturation are both impor- 
tant variables affecting @e pore pressure response. 

8.3.2 Graphical Procedure for Hilf’s Analysis 
An analytical procedure for predicting pore-air pressures 
in accordance with Hilf s analysis was presented in Section 
8.3.1. Hilf (1948) outlined a graphical procedure which 
used nomographs in the solution. This section describes the 
application of Hilf s graphical procedure. The final objec- 
tive of the graphical procedure is to plot the relationship 
between pore pressure and total stress. This is achieved by 
combining oedometer test data and Hilf s equation. 

The results of a conventional oedometer test on a soil 
under investigation are first plotted as shown in Fig. 8.21. 
The consolidation test results are plotted as the change in 
porosity, An [Le., Ae/(l + e)], versus the change in ef- 
fective stress, A(uy - u,). Hilf s equation [Le., Eq. (8.59)] 
can also be plotted on the same graph. The ordinate is the 
change in porosity, An, while the abscissa is the change in 
pore-water pressure Auw, (Fig. 8.21). Recall that Eq. 
(8.59) applies to both pore-air and pore-water pressures 
since capillary effects are ignored. The relationship be- 
tween a change in porosity and a change in total stress can 
be established by combining the above two plots. For a 
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Figure 8.19 Secant Bi pore pressure parameters obtained from Hilf’s analysis. 
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Figure 8.20 Effect of initial degree of saturation on pore pressure predictions using Hilf's anal- 
ysis. 

given change in porosity, An, the change in total stress, 
Auy, can be obtained by adding the magnitudes of A(u, - 
u,) and Au,. This summing procedure is repeated for sev- 
eral changes in porosity until a curve of An versus Au, is 
established. 

The next step in the procedure is to cross-plot the pore- 
water pressure, u,, against the major principal stress, uy, 
as shown in Fig. 8.22. The initial values of u, and uy can 
be estimated. Hilf (1948) assumed that the initial pore- 
water pressure was atmospheric. The development of the 
pore-water pressure as the total stress is increased is ob- 
tained by cross-plotting the An versus Au, and the An ver- 
sus Auy graphs. The magnitudes of Au, and the corre- 
sponding Au, are then added to the initial values of u, and 
UY. 

The curve exhibits a nonlinear relationship between pore- 

Ilk Computed curve of ";I An versus Aay I 

I Consolidation data 
An versus Ala, - u,) t 

0 600 1000 1500 2000 2500 
Stress (kPa) 

Figure 8.21 Plots of the stress components versus volume 
change for Hilf's analysis. 

water pressure and total pressure at low overbuden pres- 
sures or at degrees of saturation less than 100%. At satu- 
ration pressure [Le., computed from Eq. (8.61)], the re- 
lationship between pore pressure and total stress becomes 
linear, with a slope of 45'. This illustrates that at satura- 
tion, a change in total stress under undmined conditions 
produces an equal change in pore-water pressure. The 
pore-water pressure versus total stress plot can have dif- 
ferent shapes, depending upon the initial degree of satu- 
ration of the soil (Fig. 8.20) and the compressibility of the 
soil (Fig. 8.18). 

The analytical method outlined in Section 8.3.1 differs 
from the graphical method in the manner in which the com- 
pressibility of the soil is defined. In the analytical method, 
an average constant coefficient of volume change is as- 
sumed for the entire total stress change. This assumption 

- 

/ Saturation 
pressure 

Overburden pressure, oy (kPa) 

Figure 8.22 Nonlinear pore-water pressure versus total stress 
relationship derived using Hilf's analysis. 
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Table 8.1 Tangent B, Pore-Water Pressure Parameters for Various Unsaturated Soils (from Skempton and 
Bishop, 1954) 

Maximum Optimum Degree 
Dry Water Dry Water of 

Unit Weight, Content, Unit Weight, Content Saturation, BW 
Soil 'Yd (kN/m3) (%I 'Yd (kN/m3) W (%) s (%I (for u3 = 276 kPa) 

Boulder clay 
(Liquid limit = 17%, 
plastic limit = 15%) 
Moraine 
(Liquid limit = 22%, 
plastic limit = 14%) 
Volcanic clay 
(Liquid limit = 85 %, 
plastic limit = 55%) 

21.37 7.4 20.39 
21.37 
21.20 

20.42 10.4 19.79 
20.42 
20.26 

10.99 49 10.99 
10.84 
10.68 

8.7 
7.4 
6.7 

11.4 
10.4 
9.6 

52.8 
49.0 
51.0 

93 
87 
76 
89 
88 
80 
99 
90 
90 

0.69 
0.33 
0.10 
0.89 
0.57 
0.35 
0.47 
0.21 
0.12 

is not required in the graphical method. The use of the non- 
linear consolidation curve (Le., Fig. 8.21) for obtaining 
the pore-water pressure versus the total stress relationship 
implies that varying coefficient of volume change values 
have been used in the graphical analysis. 

8.3.3 Experimental Results of Tangent B Pore 
Pressure Parameters for Isotropic Loading 
Tangent B pore pressure parameters for isotropic loading 
are quite readily measured in the laboratory. A soil speci- 
men is subjected to an equal all-around or isotropic pres- 
sure, u3. The pore-air and pore-water pressures are mea- 
sured as the isotropic pressure is increased. The pore 
pressure response, du,, due to a finite increment in total 
stress, du,, is expressed as a tangent B parameter. The B 
pore pressure parameters vary as the isotropic pressure in- 
creases (see Fig. 8.8). The B pore pressure parameters in- 
crease as the degree of saturation increases. Typical results 
for the water phase pore pressure parameters are shown in 
Table 8.1. Figure 8.23 shows the relationship between the 
Bw pore pressure parameter and the degree of saturation for 
a clayey gravel. 

An apparatus and test procedure were devebped by 
Campbell (1973) to measure the independent generation ot 
pore-air and pore-water pressures in an unsaturated soil 
specimen under isotropic loading. The specimens were 
statically compacted and subjected to isotropic pressures 
up to 6900 kPa. Two types of soil were investigated: Peo- 
rian loess (i.e., an inorganic silt), and Champaign till (i.e., 
a well-graded glacial till). 

The development of pore-water pressure during the ap- 
plication of an isotropic pressure are shown in Figs. 8.24 
and 8.25 for the Peorian loess and the Champaign till, re- 
spectively. The plots indicate a low pore pressure response 
(i.e., a flat curve) for the conditions of low initial water 

content or low initial degree of saturation. The pore pres- 
sure response increases as the initial water content or de- 
gree of saturation increases. As a result, the B,  parameter 
also increases with an increase in the initial degree of sat- 
uration. 

Specimens compacted near and above optimum water 
content exhibit a high, immediate pore-water pressure re- 
sponse to the application of an isotropic pressure increment 
(Le., a steeper curve). At initial water contents well above 
optimum water content, the pore pressure response curves 
approximate a straight line, with a slope angle approaching 
45". In this case, the B,,, pore pressure parameter is con- 
stant and equal to unity. In other words, at saturation, an 
increment in total stress, du3, is transferred entirely to pore 

Clayey gravel 
Liquid limit = 17% 
Plastic limit = 2% 
Standard AASHTO: 2 w optimum = 7.8% 
pd maximum = 21.37 KN/m3 

E A 0 3  = 345 kPa 
a 

L 

1.0 
E 
% 0.8 

& 0.6 

! 0.4 

k 

: ; 0.2 
L 

m 
E O  
% 65 70 75 80 85 90 95 1 0 0  

Degree of saturation, S (%) I-" 
Figure 8.23 Relationship between the B,  pore-water pressure 
parameter and the degree of saturation for a clayey gmvel (from 
Skempton, 1954). 
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0 10.5 to 13.6 
0 15.1 to 15.4 
18.0 to 18.7 

22.4 to 24.0 

0 1000 3000 5000 7000 
isotropic pressure, (I, (kPa) 

Figure 8.24 Pore-water pressure development in Peorian loess 
under isotropic. undrained loading (from Campbell, 1973). 

pressure (i.e., du, = du3). It is common practice in labo- 
ratory tests to ensure the saturation of the soil specimen by 
confirming that the B, parameter has reached approxi- 
mately 1.0. 

Figures 8.26 and 8.27 present the B, pore-water pres- 
sure parameter as a function of degree of saturation for 
Peorian loess and Champaign till, respectively. The plots 
show that the B, pore pressure parameter increases rapidly 
at a degree of saturation equal to 80% for Peorian loess 
and 90% for Champaign till. These degrees of saturation 
correspond to the conditions near optimum water content 
for each of the compacted soils. The B, parameter ap- 
proaches 1 .O as the degree of saturation approaches 100%. 

The B, pore-air pressure parameter also increases with 
an increase in degree of saturation of the Peorian loess and 
Champaign till specimens, as shown in Figs. 8.28 and 8.29. 
At saturation, the pore-water pressure approaches the pore- 
air pressure, and air may exist in the form of occluded air 
bubbles. Therefore, the pore-air pressure measuring de- 

7000 

- 
h 

n' 

55 5000 
a I 

2 3000 
n 
s? 
?? 

L 

! 1000 
2 0  
-1000 

0 1000 3000 5000 7000 

isotropic pressure, u3 (kPa) 

Figure 8.25 Pore-water pressure development in Champaign till 
under isotropic, undrained loading (from Campbell, 1973). 

29 Points at S =loo% 
and &, - 1 .O are 

Degree of saturation, S (%) 

Figure 8.26 E,  pore-water pressure parameter as a function of 
degree of saturation for Peorian loess (from Campbell, 1973). 

7 Points at S = 100% 
L and & - are not shown 4 1.4 - Water content, w (%) 

Degree of saturation, S (%) 

Fkure 8.27 E, pore-water pressure parameter as a function of 
degree of saturation for Champaign till (from Campbell, 1973). 

Degree of saturation, S (%) 

Figure 8.28 E,, pore-air pressure parameter as a function of de- 
gree of saturation for Peorian loess (from Campbell, 1973). 
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(8.84) and (8.85). The computations are performed by 
using a marching-forward technique with finite increments 
of isotropic pressure, du3. The changes in total stress must 
start from a known initial condition, and extend to a de- 
sired final condition. The initial condition corresponds to a 
degree of saturation less than 100%. The initial degree of 
saturation, porosity, pore-air, and pore-water pressures are 
required to commence the calculations. 

The difference between the pore-air pressure and the 
pore-water pressure gives the matric suction (u, - u,). 
The volumetric coefficient of solubility, h, can be assumed 
to be 0.02, and the compressibility of water, C,, is given 
in Fig. 8.2. The coefficients of volume change (i.e., mt 
and my) and their relationships (i,e., R, = m ; / ~  and R, 
= m;/mT) must be measured or estimated. The coefficients 
of volume change and their relationships can either be as- 
sumed to remain constant throughout loading or to vary 

Figure 8.29 E, pore pressure parameter as a function of degree 
of saturation for Champaign till (from Campbell, 1973). 

vice likely begins to measure the pore-water pressure as 
saturation is approached. As a result, the B, parameter ap- 
proaches a value of one at saturation, as exhibited in Fig. 
8.29 for Champaign till. Theory would also suggest that 
this is reasonable. 

The B, pore-water pressure parameter can also deviate 
from a value of 1 .O at saturation if the soil has a low com- 
pressibility (Lee er al. 1969). Table 8.2 shows theoretical 
predictions of B, parameters at conditions near saturation 
for four soils. The results show that the pore pressure re- 
sponse is dependent upon the soil compressibility. As the 
soil compressibility decreases, the B, pore pressure param- 
eter at saturation becomes less than one. 

8.3.4 Theoretical Prediction of B Pore Pressure 
Parameters for Isotropic Loading 

throughout loading. Both conditions can be accommodated 
using a marching-forward technique. The above-men- 
tioned parameters can be substituted into Eqs. (8.84) and 
(8.85) to compute the tangent B, and B, pore pressure pa- 
rameters, respectively. 

The next step is to consider a finite increment of isotropic 
pressure, do3. This causes an increase in the pore-air pres- 
sure, du,, and in the pore-water pressure, du,. The in- 
crease in the pore-air and pore-water pressures are ob- 
tained by multiplying the change in total stress, du3, by B, 
and B,, respectively. The isotropic pressure, the pore-air, 
and the pore-water pressures are then revised by adding 
the pressure increases to their respective initial values. 
These pressure changes result in a change in the stress state 
of the soil [i.e., d(a3 - u,) and d(u, - u,)]. Conse- 
quently, the volume of the soil also changes in accordance 
with the soil structure constitutive relation [i.e., Eq. 

Tangent B pore pressure parameters for an isotropic soil 
subjected to isotropic loading can be predicted using Eqs. 

(8.23)]. The volume change associated with the air phase 
is termed as dn, (Le., dVa/Vo) and is given in Eq. (8.24). 

Table 8.2 B, Pore-Water Pressure Parameters for Different Types of Soil at Complete and Nearly Complete 
Saturation (from Black and Lee, 1973) 

Class of Soil 

Soil 
Void Compressibility , ' Pore-Water Pressure Parameter, B, 

Ratio, a ms 
e (1 /@a) s =  100% S = 9 9 . 5 %  S = 9 9 %  

soft 2.0 1.45 x 1 0 - ~  0.9998 0.992 0.986 

Medium 0.6 1.45 x 10-4 0.9988 0.963 0.930 

Stiff 0.6 1.45 x 10-5 0.9877 0.69 0.51 

(i.e., normally consolidated clays) 

(i.e., compacted clays) 

(i.e., stiff clays-sands) 

(i.e., very high consolidation pressures) 
Very stiff 0.4 1.45 X 0.9130 0.20 0.10 

'Approximate values. 
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The water volume change, dn, (i.e., d V,/Vo), can be cal- 
culated as the difference between the total and the air vol- 
ume changes. 

The degree of saturation and the porosity of the soil are 
then revised using their initial values and the volume 
changes that have taken place, as illustrated in Fig. 8.30. 
The final volume of pore voids after the change in total 
stress can be written as 

n’ Y’ = h V 0  - dn Vo (8.134) 

where 

n’ = final porosity after the total stress increment 
V‘ = final volume of the soil after the total stress incre- 

no = initial porosity before the total stress increment 
Vo = initial volume of the soil before the total stress in- 

dn = change in porosity as a result of the total stress 

The final volume of the soil can be expressed in terms 

(8.135) 

ment 

crement 

increment (i .e. , d V, / Vo) . 

of its initial volume as 

V’ = (1 - dn)Vo. 

Substituting Eq. (8.135) into Eq. (8.134) gives 

n’(1 - dn)Vo = (no - dn)Vo. (8.136) 

The final porosity, n ’ ,  can then be written in terms of the 
initial porosity, no, and the porosity change, dn, as fol- 
lows: 

n,, - dn 
1 - d n ‘  

n’ = - (8.137) 

The final volume of water in the soil after the total stress 
change can be derived from Fig. 8.30 as 

S’n‘V‘ = S o b V o  - (dn - dn,)Vo (8.138) 

Initial 
Isotropic pressure u3 

where 

S‘ = final degree of saturation after the total stress in- 

S = initial degree of saturation before the total stress 

dn, = air volume change associated with the total stress 

The final volume of the soil, V‘, and the final porosity, 
n’ ,  in &. (8.138) can be replaced by Eqs. (8.135) and 
(8.137), respectively. 

crement 

increment 

increment (i.e., dVa/Vo).  

(8.139) 
Rearranging Eq. (8.139) gives the final degree of satu- 

ration, S‘, after the total stress increment: 

The revised volume-mass properties are then considered 
as initial conditions for the next increment of isotropic 
pressure. Similarly, the revised isotropic pressure and the 
revised pore-air and pore-water pressures become the ini- 
tial stress variables for the next increment. The coefficient 
of volume change can be modified if desired for the next 
increment. 

The calculations proceed by computing the new values 
for R , ,  R,, R3, R4, and the tangent B, and B, pore pressure 
parameters for the next increment of isotropic pressure. The 
pore-air and pore-water pressure increases are computed 
using the new B, and B, pore pressure parameters, respec- 
tively. The volume properties (i.e., S and n)  and the stress 
variables (Le., q, u,, and u,) of the soil are again revised 
to give new values. The above procedure is repeated for 
subsequent finite increments of isotropic pressure until the 

Final 
(13 + dol 

Pore-air pressure u. dUa 0. d ~ 3  U. + dua 
Pore-water pressure uw duw = B w  d ~ 3  uw + duw 

’ . . . dnwVo=(dn-dna)Vo 
. .  . ..- . . . 

’ .: 4 
. .  . . . .  

Water SonoVo Water 

Soil o ids 

Figure 8.30 Changes in volume properties of the soil after a finite increment in isotropic pres- 
sure. 

    



208 8 PORE PRESSURE PARAMETERS 

3000 

2500 

2000 

- 5 1500 
ui 
E 
u) g 1000 
n 

500 

0 

-500 
0 500 1000 1500 2000 2500 3000 3500 4000 

Isotropic pressure, u, (kPa) 

(a) 

1 

0.0 

0.6 

0.4 

0.2 

0 500 1000 1500 2000 2500 3000 3500 4000 
Isotropic pressure, u3 (kPa) 

(b) 
Figure 8.31 Theoretical prediction of pore pressures and the associated parameters for a soil 
with an initial degree of saturation of 70%. (a) Development of pore-air and pore-water pressures; 
(b) development of the pore pressure parameters. 
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Figure 8.32 Theoretical predictions of pore pressure parameters for a soil with ao initial degree 
of saturation of 80%. (a) Development of pore-air and pore-water pressures; (b) development of 
pore pressure parameters. 
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desired final condition is reached. This procedure can be 
referred to as the marching-forward technique using finite 
increments of total stress. 

A finite increment of total stress is used to compute a 
tangent type of B pore pressure parameter. The soil volume 
change (i.e., dV,/Vo) can be calculated using a linear con- 
stitutive relation. The secant BA and B: pore pressure pa- 
rameters can also be calculated in accordance with Eqs. 
(8.19) and (8.20), respectively. The secant B' pore pres- 
sure parameters at a point during loading are obtained by 
dividing the total increase in pore pressure by the total in- 
crement of isotropic pressure (see Fig. 8.8). 

Several theoretical pdictions of B pore pressure param- 
eters for an isotropic soil under an isotropic loading are 
presented. Equations (8.84) and (8.85) are solved simul- 
taneously using the marching-forward procedure. Figure 
8.31(a) shows the development of the pore-air and pore- 
water pressures in a soil specimen which is successively 
loaded under isotropic, undrained loading. The soil speci- 
men has an initial degree of saturation of 70% and a cor- 
responding initial matric suction of 414 kPa. The devel- 
opment of the tangent B, and B, pore pressure parameters 
during the loading process is presented in Fig. 8.3 1 e). The 
figure shows that the B, pore pressure parameter is greater 
than the B, pore pressure parameter, and that both param- 
eters gradually increase to a common value of unity as sat- 
uration is approached. It can also be observed that the rate 
of increase for the B, pore pressure parameter is greater 
than that for the B, parameter. In other words, the pore- 
air pressure parameter increases more rapidly than the pore- 
water pressure parameter, particularly at low degrees of 
saturation [Fig. 8.31(a)]. There appears to be a disconti- 
nuity in the B, and B, curves at saturation. At this point, 

3000 
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I 

2 

5 
5 1 5 0 0  

I 1 0 0 0  

t 
2 500 

0 

-500 

there is no free air to be driven into the water. Therefore, 
the term (hSn) must be dropped from the equations for pa- 
rameters R , ,  R3, and Rg [Le., Eqs. (8.80) and (8.83)]. As 
a result, the B, and B, parameters abruptly increase to one. 
This condition is similar to the abrupt change in the com- 
pressibility of air-water mixtures at saturation, as ex- 
plained in Section 8.1 -3. The secant B: and B: pore pres- 
sure parameters can easily be computed from the 
established pore pressure versus isotropic pressure cumes. 
The results presented in Fig. 8.31(b) indicate that the se- 
cant B ;  and B: pore pressure parameters do not necessarily 
approach an equal value of unity as the saturation is ap- 
proached. This situation was explained in Section 8.2.1. 

Figure 8.32(a) presents theoretical calculations for the 
pore pressures in the soil described in Fig. 8.31(a), which 
has a higher initial degree of saturation, So. An initial de- 
gree of saturation of 80%, corresponding to an initial ma- 
tric suction of 276 kPa, is used for Fig. 8.32(a). The pore 
pressure versus total stress curve becomes steeper as the 
initial degree of saturation increases. The tangent and se- 
cant pore pressure parameters for this condition are pre- 
sented in Fig. 8.32(b). The discontinuity in the tangent B, 
and B, curves at saturation becomes more pronounced than 
those shown in Fig. 8.31(b). The general effect of initial 
degree of saturation on the pore pressures versus the iso- 
tropic pressure curves is illustrated in Fig. 8.33. The curve 
is significantly influenced by the initial degree of satura- 
tion, as previously illustrated in Hilfs analysis (see Section 
8.3.1). 

Figure 8.34 shows the development of pore pressures and 
pore pressure Parameters for a compressible soil. The tan- 
gent B, and B, pore pressure parameters increase rapidly 
to an equal value of one. 

0 500 1000  1500 2000 2500 3000 3500 4000 
Isotropic pressure, un (kPa) 

Figure 8.33 Effect of initial degree of saturation on the pore-air and pore-water pressure versus 
isotropic pressure curves. 
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Ngure 8.34 The development of pore pressures and pore pressure parameters for a more com- 
pressible soil. (a) Development of pore-air and pore-water pressures; @) pore pressure parame- 
ters. 
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Figure 8.35 Comparison of theoretical predictions and laboratory measurements of pore-water 
pressures under undrained loading conditions. (a) Development of pore-air and pore-water pres- 
sures; @) pore pressure panmeters. 
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Figure 8.36 Comparison of theoretical computations and laboratory measurements of pore-air 
and pore-water pressures (data from Bishop and Henkel, 1962). 

A comparison of the theoretically computed pore pres- 
sures and pore-water pressure measurements (Gibbs, 1963) 
is presented in Fig. 8.35. Coefficients of volume change 
(i.e., mi and rnl) must be assumed in order to compute the 
tangent B, and B, pore pressure parameters. The coeffi- 
cients are also assumed to be constant during the undrained 
loading process. The assumption of constant coefficients of 
volume change may contribute to deviations between the 
measured and predicted pore-water pressures. In general, 
the soil compressibility will decrease as the total stress in- 
creases. The predicted pore-air pressure from Eq. (8.83) 
is in good agreement with predictions using Hilf s analysis 

[Le., Eq. (8.65)]. The agreement between Hilfs analysis 
and the more rigorous equations is the result of setting the 
parameter R, (i.e., ~ / r n y )  to zero. This assumption means 
that the volume change associated with the air phase does 
not depend on the matric suction change, but only on the 
total stress change. This, in essence, is the assumption in- 
volved in Hilfs analysis. This agreement may not occur 
when the parameter R, is not zero. 

The tangent B, and B, parameters increase to unity as 
saturation is approached, while the secant B: and BL pa- 
rameters approach a value of 0.7 [Fig. 8.35@)]. The secant 
B: pore pressure parameter using the marching-forward 

Table 8.3 CoefRcients of Volume Change used in the Theoretical 
Computations of Pore Pressures on Test Data Presented by 
Bishop and Henkel(1962) 

Test No. Coefficients of Volume Change 

No. 1 u3 c 70 kPa (#la) u3 > 70kPa(#lb) 
Soil structure, my 4.0 x 1 0 - ~  2.9 x 10-5 
Air phase, my 2.6 x 2.9 x 1 0 - ~  

No. 2 u3 c 140 kPa (#2a) u3 > 140 kPa (#2b) 
Soil stmcture, mf 1.0 x 10-4 2.6 x 10-5 
Air phase, my 8.7 x 1 0 - ~  2.6 x 10-5 
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Figure 8.37 Pore pressure development during undrained triax- 
ial test no. 1. (a) Stress-strain behavior during an undrained, 
triaxial test (from Knodel and Coffey, 1966); (b) B, and B,  pore 
pressure parameters; (c) D, and D, pore pressure parameters. 

technique is slightly different from the secant BA,, pore 
pressure parameter obtained from Hilf s analysis. The dif- 
ference could be attributed to the assumption of zero matric 
suction in Hilf s analysis. 

Measurements of pore-air and pore-water pressures for 
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Figure 8.38 Pore pressure development during undrained triax- 
ial test no. 2. (a) Stress-strain behavior during an undrained, 
triaxial test (from Knodel and Coffey, 1966); (b) B, and B,,, pore 
pressure parameters; (c) D, and D, core pressure parameters. 

two unsaturated soils under isotropic, undrained loading 
have been presented by Bishop and Henkel(l962) and are 
shown in Fig. 8.36. The theoretical predictions of the pore- 
air and pore-water pressures can be made using varying 
coefficients of volume change, as outlined in Table 8.3. As 
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Figure 8.39 Pore pressure development during undrained triax- 
ial test eo. 3. (a) Stress-strain behavior during an undrained, 
triaxial test (from Knadel and Coffey, 1%); (b) B, and B, pore 
pressure parameters; (c) D, and D, pore pressure parameters. 

the isotropic pressure is increased, the soil compressibility 
is decreased. The results indicate that the theoretical com- 
putations better predict the measured pore pressures when 
the coefficients of volume change are varied during load- 
ing. Evidence indicates that the assessment of the coeffi- 
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Figure 8.40 Experimental results showing the o parameters of 
two soils. (a) Development of the o parameter for compacted 
shale; (b) development of the o parameter for a compacted boul- 
der clay. (Bishop, 1961a). 

cients of volume change during loading is an important fac- 
tor in predicting the pore-water pressures. 

8.3.5 Experimental Results of Tangent B and A 
Parameters for Triaxial Loading 
Undrained, triaxial testing is commonly performed by first 
increasing the isotropic pressure of the soil specimen to a 
given minor principal stress, 4. The pore pressures devel- 
oped during the isotropic pressure increase, du3, can be 
written as tangent B pore pressure parameters. 

The second step in the triaxial test is to increase the ver- 
tical stress on the soil specimen to produce a maximum 
value for the major principal stress, uI . The minor principal 
stress, u3, remains constant. The change in pore pressures 
during an increment of deviator stress, d(u, - u3), gives 
the tangent D pore pressure parameter. The resultant pore- 
air and pore-water pressures can be obtained by a super- 
position method, as expressed by Eqs. (8.107) and (8.101), 
respectively. 

Figures 8.37-Fig. 8.39 present pore pressure measure- 
ments obtained from undrained, triaxial tests performed by 
the U.S. Department of the Interior Bureau of Reclamation 
(U.S.B.R. (1966)). The plotted volume changes are ex- 
pressed in terms of the initial volume of the soil, V,. The 
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pore pressure parameters computed from the experimental 
results are the average tangent B or D parameters. The re- 
sults indicate that the tangent B and D parameters are a 
function of the stress state in the soil and the degree of 
saturation of the soil. In general, the pore pressure param- 
eters increase as the total stress on the soil increases. 

8.3.6 Experimental Measurements of the a 
Parameter 
Figure 8.40 presents two sets of experiments where the a 
parameter was measured on two compacted soils under 
isotropic loading (Bishop, 1961a). The CY parameter is the 
ratio of the matric suction change, d(u, - uw), to the net 

isotropic pressure change, d(u3 - u,). This is in accor- 
dance with the definition of the CY parameter given in Eq. 
(8.129). 

The first test is on a shale compacted at a water content 
slightly above optimum water content. The a parameter 
was initially about 0.6, and decreased as the net isotropic 
pressure increased, as shown in Fig. 8.40(a). The second 
test is on a boulder clay compacted slightly below optimum 
water content. The a pameter started with a value of 
about 0.1, and also decreased with increasing net isotropic 
pressures, as illustrated in Fig. 8.40(b). In other words, the 
change in matric suction due to a change in net isotropic 
pressure becomes insignificant at high total stresses or low 
matric suctions. 

    



CHAPTER 9 

Shear Strength Theory 

Many geotechnical problems such as bearing capacity, lat- 
eral earth pressures, and slope stability are related to the 
shear strength of a soil. The shear strength of a soil can be 
related to the stress state in the soil. The stress state vari- 
ables generally used for an unsaturated soil are the net nor- 
mal stress, (u - u,), and the matric suction, (u, - uw), as 
explained in Chapter 3. This chapter describes how. shear 
strength is formulated in terms of the stress state variables 
and the shear strength parameters. Techniques for measur- 
ing the shear strength parameters in the laboratory are out- 
lined in Chapter 10. The application of the shear strength 
equation to different types of geotechnical problems is pre- 
sented in Chapter 11. 

A brief historical review of the shear strength theory and 
attempts to measure relevant soil properties is given in this 
chapter prior to formulating the shear strength equation. 
The shear strength test results discussed in the review are 
selected from the many references on this subject. The se- 
lection of research papers for reference is based primarily 
upon whether or not the researcher used proper procedures 
and techniques for the measurement or control of the pore 
pressures during the shearing process. The two commonly 
performed shear strength tests are the triaxial test and the 
direct shear test. The theory associated with various types 
of triaxial tests and direct shear tests for unsaturated soils 
are compared and discussed in this chapter. Measurement 
techniques and related equipment are described in Chapter 
10. A theoretical model for predicting the strain rate re- 
quired for testing unsaturated soils is also presented. 

The shear strength equation for an unsaturated soil is pre- 
sented, both in analytical and graphical forms. Both forms 
of presentations assist in visualizing the changes which oc- 
cur when going from unsaturated to saturated conditions 
and vice versa. The possibility of nonlinearity in the shear 
strength failure envelope is discussed. Various possible 
methods for handling the nonlinearity are outlined. 

Soil specimens which are “identical” in their initial con- 
ditions are required for the determination of the shear 
strength parameters in the laboratory. If the strength pa- 

rameters of an undisturbed soil are to be measured, the tests 
should be performed on specimens with the same geolog- 
ical and stress history. On the other hand, if strength pa- 
rameters for a compacted soil are being measured, the 
specimens should be compacted at the same initial water 
content and with the same compactive effort. The soil can 
then be allowed to equalize under a wide range of applied 
stress conditions. It is most impottant to realize that soils 
compacted at different water contents, to different densi- 
ties, are “different” soils. In addition, the laboratory test 
should closely simulate the loading conditions that are 
likely to occur in the field. Various stress paths that can be 
simulated by the triaxial and the direct shear tests are de- 
scribed in Chapters 9 and 10. 

9.1 HISTORY OF SHEAR STRENGTH 

The shear strength of a saturated soil is described using the 
Mohr-Coulomb failure criterion and the effective stress 
concept (Terzaghi, 1936). 

(9.1) 
where 

rff = shear stress on the failure plane at 
failure 

c’ = effective cohesion, which is the shear 
strength intercept when the effective 
normal stress is equal to zero 

(ar - uw)i = effective normal stress on the failure 
plane at failure 

uff = total normal stress on the failure 
plane at failure 

uwf = pore-water pressure at failure 
9‘ = effective angle of internal friction. 

T~ = c‘ + (af -  tan 4‘ 

Equation (9.1) defines a line, as illustrated in Fig. 9.1 
The line is commonly referred to as a failure envelope. 
This envelope represents possible combinations of shear 
stress and effective normal stress on the failure plane at 
failure. The shear and normal stresses in Eq. (9.1) are given 
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t 
Failure envelope: 
T~~ = c‘ + (ul - u,h tan 4’ 7 

0 Effective normal stress, (a - u,) 

Figure 9.1 Mohr-Coulomb failure envelope for a saturated soil. 

the subscript “J” The ‘7’’ subscript within the brackets 
refers to the failure plane, and the “f” subscript outside 
of the brackets indicates the failure stress condition. One 
subscript ‘7’’ is given to the pore-water pressure to indi- 
cate the failure condition. The pore-water pressure acts 
equally on all planes (i.e., isotropic). The shear stress de- 
scribed by the failure envelope indicates the shear strength 
of the soil for each effective normal stress. The failure en- 
velope is obtained by plotting a line tangent to a series of 
Mohr circles representing failure conditions. The slope of 
the line gives the effective angle of internal friction, 4’, 
and its intercept on the ordinate is called the effective cohe- 
sion, c’.  The direction of the failure plane in the soil is 
obtained by joining the pole point to the point of tangency 
between the Mohr circle and the failure envelope (see 
Chapter 3). The tangent point on the Mohr circle at failure 
represents the stress state on the failure plane at failure. 

The use of effective stresses with the Mohr-Coulomb 
failure criterion has proven to be satisfactory in engineer- 
ing practice associated with saturated soils. Similar at- 
tempts have been made to find a single-valued effective 
stress variable for unsaturated soils, as explained in Chap- 
ter 3. If this were possible, a similar shear strength equa- 
tion could be proposed for unsaturated soils. However, in- 
creasing evidence supports the use of two independent 
stress state variables to define the stress state for an unsat- 
urated soil, and consequently the shear strength (Matyas 
and Radhakrishna, 1968, Fredlund and Morgenstern, 
1977). 

Numerous shear strength tests and other related studies 
on unsaturated soils have been conducted during the past 
30 years. This section presents a review of studies related 
to the shear strength of unsaturated soils. Similar to satu- 
rated soils, the shear strength testing of unsaturated soils 
can be viewed in two stages. The first stage is prior to 
shearing, where the soils can be consolidated to a specific 
set of stresses or left unconsolidated. The second stage in- 

volves the control of drainage during the shearing process. 
The pore-air and pore-water phases can be independently 
maintained as undrained or drained during shear. 

In the drained condition, the pore fluid is allowed to 
completely drain from the specimen. The desire is that there 
be no excess pore pressure built up during shear. In other 
words, the pore pressure is externally controlled at a con- 
stant value during shear. In the undrained condition, no 
drainage of pore fluid is allowed, and changing pore pres- 
sures during shear may or may not be measured. It is im- 
portant, however, to measure or control the pore-air and 
pore-water pressures when it is necessary to know the net 
normal stress and the matric suction at failure. The stress 
state variables at failure must be known in order to assess 
the shear strength of the soil in a fundamental manner. 

Many shear strength tests on unsaturated soils have been 
performed without either controlling or measuring the pore- 
air and pore-water pressures during shear. In some cases, 
the matric suction of the soil has been measured at the be- 
ginning of the test. These results serve only as an indicator 
of the soil shear strength since the actual stresses at failure 
are unknown. 

A high air entry disk with an appropriate air entry value 
should be used when measuring pore-water pressures in an 
unsaturated soil. The absence of a high air entry disk will 
limit the possible measurement of the difference between 
the pore-air and pore-water pressure to a fraction of an 
atmosphere. The interpretation of the results from shear 
strength tests on unsaturated soils becomes ambiguous 
when the stress state variables at failure are not known. 
The following literature review is grouped into two cate- 
gories. The first category is a review of shear strength tests 
where there has been adequate control or measurement of 
the pore-air and pore-water pressures. The second cate- 
gory is a review of shear strength tests on unsaturated soils 
where there has been inadequate control or measmment 
of pore pressures during shear. 
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The concept of "strain" is used in presenting triaxial test 
results in the form of stress versus strain curves. Stress and 
strain concepts are discussed in detail in Chapters 3 and 
12, respectively. Normal strain is defined as the ratio of 
the change in length to the original length. When a soil 
specimen is subjected to an axial normal stress, the normal 
strain in the axial direction can be defined as follows (Fig. 
9.2): 

(100) (9.2) 

ey = axial normal strain in the ydirection ex- 

Lo = original length of the soil specimen 
L = final length of the soil specimen. 

A series of direct shear tests on unsaturated fine sands 
and coarse silts were conducted by Donald (1956). The 
tests were performed in a modified direct shear box, as 
shown in Fig. 9.3(a). The pore-air and pore-water pres- 
sures were controlled during shear. The top of the direct 
shear box was exposed to the atmosphere in order to main- 
tain the pore-air pressure, u,, at atmospheric pressure, 
101.3 kPa (i.e., zero gauge pressure). The pore-water 
pressure, u,, was controlled at a negative value by apply- 
ing a constant negative head to the water phase. The spec- 
imen was placed in contact with the water in the base of 
the shear box through use of a colloidon membrane. The 
water in the base of the shear box was then connected to a 
constant head overflow tube at a desired negative gauge 
pressure [Fig. 9.3(b)]. The pore-water pressure could be 
reduced to approximately zero absolute before cavitation 
occurred in the measuring system. 

The soil specimens were consolidated under a total stress 
of approximately 48 kPa, with a uniform initial density. 
The desired negative pore-water pressure was applied for 
several hours in order for the specimens to reach equilib- 

Lo - L 
Lo 

= - 
where 

pressed as a percentage 

I"" 

+ 

Figure 9.2 Strain concept used in the triaxial test. 

A /Colloidon membranes 

I I  Sintered b r o n z e 1  

Plastic tube 
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To 
L T X c u u m  
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u 
Constant head overflow tube 

(b) 

Figure 9.3 Modified direct shear equipment for testing soils un- 
der low matric suction. (a) Modified direct shear box with a col- 
loidon membrane; (b) system for applying a constant negative 
pore-water pressure (from Donald, 1956). 

rium. The specimens were then sheared at a rate of 0.071 
mm/s. The results from four types of sand are presented 
in Fig. 9.4. The shear strength at zero matric suction is the 
strength due to the applied total stress. As the matric suc- 
tion is increased, the shear strength increases to a peak 
value and then decreases to a fairly constant value. As long 
as the specimens were saturated, the strengths of the sands 
appeared to incmse at the same rate as for an increrise in 
total stress. Once the sands desaturated, the rate of increase 
in strength decreased, and in fact, the strength decreased 
when the suction was increased beyond some limiting 
value. 

The U.S. Bureau of Reclamation has performed a num- 
ber of studies on the shear strength of unsaturated, com- 
pacted soils in conjunction with the construction of earth 
fill dams and embankments (Gibbs et al. 1960; Knodel and 
Coffey, 1966; Gibbs and Coffey, 1969). Undrained triaxial 
tests with pore-air and pore-water pressure measurements 
were perfarmed. The pore-air pressure, u,, was measured 
through the use of a coarse ceramic disk at one end of the 
specimen. The pore-water pressure, u,, was measured at 
the other end of the specimen through the use of a high air 
entry disk. The pore-air and pore-water pressures were 
measured during the application of an isotropic pressure, 
a3, and subsequently during the application of the deviator 
stress, (a, - u3). The pore-air pressure measurements 
agreed closely with the pore-air pressure predictions using 
Hilf s analysis (Chapter 8). 
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Figure 9.4 Results of direct shear tests on sands under low matric suctions (modified from Don- 
ald, 1956). 

No attempt was made to relate the measured shear 
strength to the matric suction, (u, - u,). Rather, two sets 
of shear strength parameters were obtained by plotting two 
Mohr-Coulomb envelopes. The first envelope was tangent 
to Mohr circles plotted using the (a - u,) stress variables 
[i.e., Eq. (9. l)]. The second envelope was tangent to Mohr 
circles plotted using the (a - u,) stress variables. Figure 
9.5 presents typical plots of two envelopes used to plot the 
shear strength data. The pore pressure measurements for 
undrained triaxial test no. 3 were presented in Chapter 8. 
The two failure envelopes indicated that there is a greater 
difference in their cohesion intercepts than in their friction 
angles. 

An extensive research program on unsaturated soils was 
conducted at Imperial College, London, in the late 1950's 
and early 1960's. At the Research Conference on the Shear 
Strength of Cohesive Soils, Boulder, CO, Bishop et al. 
(1960) proposed testing techniques and presented the re- 
sults of five types of shear strength tests on unsaturated 
soils. The types of tests were: 1) consolidated drained, 2) 
consolidated undrained, 3) constant water content, 4) un- 
drained, and 5 )  unconfined compression tests. These are 

P 400r 
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v) 

$ 100 
r 
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(a) 
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g- 200 
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Figure 9.5 Two procedures used by the U.S. Bureau of Recla- 
mation to plot their shear strength data. (a) Failure envelope based 
on the (a - u,,) stress variables; @) failure envelope based on the 
(a - u,,,) stress variables (from Gibbs and Coffey, 1969). 
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stant water content test results on a compacted shale. The 
condition when the [(a, - u3)/(u3 - uW)lfratio reached a 
maximum value was considered to be the failure condition. 

In 1961, Bishop and Donald introduced a device called 
a “bubble pump” to remove and measure the air that dif- 
fused through the high air entry disk and that was released 
as free air in the triaxial cell base compartment. The work- 
ing mechanism of the bubble pump was explained in Chap- 
ter 6. 

Pore-air diffusion through the rubber membrane into the 
water in the triaxial cell was prevented by completely sur- 
rounding the membrane (Le., specimen) with mercury 
rather than with water. The mults of a consolidated drained 
test on an unsaturated loose silt were used to verify the 
significance and application of the (a - u,) and (u, - uw) 
stress variables. Laboratory testing techniques and details 
of various types of triaxial tests were explained and sum- 
marized by Bishop and Henkel in 1962. 

The use of the axis-translation technique in the shear 
strength testing of unsaturated soils was examined by 
Bishop and Blight (1963). A compression test with the net 
confinement maintained at zero was conducted on a com- 
pacted Selset clay specimen using a stepwise series of axis- 
translation pressures. The results show a monotonic shear 
stress versus strain relationship as long as the matric suc- 
tion remains constant during the test. A comparison be- 
tween the shear strengths obtained from similar tests with 
and without axis translation was also performed on Taly- 
bont clay. The shear stress versus strain curves from the 
two types of tests agree closely. This experimentally con- 
firms the applicability of the axis translation technique for 
the laboratory testing of unsaturated soils. In addition, the 
ability of the pore-water to withstand absolute tensions 
greater than 1 atm (i.e., 101.3 kPa) is confirmed since the 

explained in greater detail in Section 9.3. The tests were 
performed using a modified triaxial cell. The pore-air and 
pore-water pressures were either measured or controlled 
during the test. 

Bishop (l%lb) gave a discussion on the measurement of 
pore pressures in triaxial tests at the Conference on Pore 
Pressure and Suction in Soils in London. Tests confirmed 
that pore-water pressures could be measured directly 
through a saturated coarse porous ceramic disk sealed onto 
the base pedestal below a soil specimen. The pore-water 
pressure measurements were made by balancing the pres- 
sure in the measuring system, with the pore-water pressure 
measured using a null indicator to ensure a no-flow con- 
dition. This direct measurement, however, was limited to 
a gauge pressure range above negative 90 P a .  Bishop and 
Eldin (1950) successfully measured pore-water pressures 
down to negative 90 kPa in a saturated soil specimen dur- 
ing a consolidated undrained test with a carefully deaired 
measuring system. Pore-water pressures less than - 1 atm 
can be measured using the axis-translation technique (Hilf, 
1956; see Chapter 3). 

The axis-translation technique translates the highly neg- 
ative pore-water pressure to a pressure that can be mea- 
s u d  without cavitation of the water in the measuring sys- 
tem. In addition, a high air entry disk with an air entry 
value greater than the matric suction being measured must 
be used in order to prevent the passage of pore-air into the 
measuring system. A single layer of glass fiber cloth with 
a low attraction for water was placed on the top of the spec- 
imen for pore-air pressure measurement or control. 

The test results were presented in terms of stress points, 
as explained in Chapter 3, and were plotted with respect to 
the ((6, + a3)/2 -  and ((6, + u3)/2 -  stress 
variables at failure. Figure 9.6 shows a typical plot of con- 
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Figure 9.6 Results of constant water content triaxial tests on a shale (clay fraction 22%) com- 
pacted at a water content of 18.6% (from Bishop er ai., 1960). 
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test results without axis translation yielded essentially the 
same shear strength as those with axis translation. 

The development of pore-air and pore-water pressures 
during undrained tests was also studied by Bishop and 
Blight (1963). Typical results of constant water content 
tests were presented and discussed. Donald (1963) pre- 
sented further results of undrained tests on compacted 
Talybont clays with pore-air and pore-water pressure mea- 
surements. Pore-air and pore-water pressure changes dur- 
ing the compression were found to be a reflection of the 
volume change tendencies for the soil. The strain rate of 
testing affected the pore-air pressure response more than 
the pore-water pressure response. The matric suction of 
the soil specimen increased markedly with axial strain. 

In 1963, a research program on the engineering behavior 
of unsaturated soils was undertaken by the Soil Engineer- 
ing Division at the Massachusetts Institute of Technology 
(Le., M.I.T.) in Boston. The triaxial apparatus was of the 
same design as that used by Bishop and Donald (1961), 
with the following exceptions (M.I.T., 1963). The null in- 
dicator for measuring pore-water pressure was replaced 
with an electrical pressure transducer. The glass fiber cloth 
at the top of the soil specimen, for measuring pore-air 
pressure, was substituted with a coarse porous disk. A se- 
ries of consolidated undrained tests with pore pressure 
measurements and undrained tests with pore-air pressure 
control and pore-water pressure measurements were per- 
formed on compacted specimens. The specimens were a 
mixture of 80% ground quartz and 20% kaolin. Some dif- 
ficulty was experienced in analyzing the test data using a 
single-valued stress variable. In particular, the data showed 
considerable scatter, and indicated that an increase in ma- 
tric suction produced a slight decrease in shear strength. In 
general, the data appeared to be quite inconclusive. 

Blight (1967) reported the results of several consolidated 
drained tests performed on unsaturated soil specimens. All 
specimens were compacted at a water content of 16.5% 
using the standard AASHTO compactive effort. The spec- 
imens were then brought to equilibrium at three matric suc- 
tion values in a triaxial cell. Two specimens, subjected to 
a constant matric suction, were tested using two net con- 
fining pressures, (uj - u,) (Le., 13.8 and 27.6 kPa). The 
deviator stress versus strain curves obtained from these tests 
are shown in Fig. 9.7(a). The results indicate an increase 
in shear strength with increasing matric suction, and also 
with an increasing net confining pressure. The water vol- 
ume changes and overall specimen volume changes during 
compression are presented in Fig. 9.7(b) and (c), respec- 
tively, for the specimens sheared under a constant matric 
suction of 137.9 kPa. Although pore-water was expelled 
from the specimen during shear, the overall volume of the 
specimen increased. In other words, the specimens dilated 
during compression. 

The shear strength of two unsaturated, compacted soils 
from India, namely, Delhi silt and Dhanauri clay, were 
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Figure 9.7 Consolidated drained tests on an unsaturated silt. (a) 
Typical deviator stress versus strain curves; (b) water volume 
change versus strain relations; (c) specimen volume change ver- 
sus strain relations (from Blight, 1967). 

tested by Satija and Gulhati (1978 and 1979). Consolidated 
drained tests were performed with the pore pressures being 
maintained in a modified triaxial cell. Constant water con- 
tent tests with pore-air pressure control and pore-water 
pressure measurement were also performed. 

Research on the behavior of unsaturated soils was un- 
dertaken at the University of Saskatchewan, Canada, in the 
mid-1970's. In 1977, Fredlund and Morgenstern proposed 
the use of (u - u,) and (u, - u,,,) as independent stress 
state variables. In 1978, a shear strength equation for an 
unsaturated soil was proposed, making use of these inde- 
pendent stress state variable (Fredlund et al. 1978). The 
shear strength of an unsaturated soil was considered to con- 
sist of an effective cohesion, c', and independent contri- 
butions from the net normal stress, (u - uJ,  and a further 
contribution from the matric suction, (u, - u,,,). The effec- 
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tive angle of internal friction, 4', was associated with the 
shear strength contribution from the net normal stress state 
variable. Another angle, namely, 4b,  was introduced and 
related to the shear strength contribution from the matric 
suction stress state variable. Two sets of shear strength test 
results from Imperial College and one set of data from 
M.I.T. were used in the examination of the proposed shear 
strength equation. The test data indicated a failure surface 
which was essentially planar. The failure envelope was 
viewed as a three-dimensional surface. The three-dimen- 
sional plot with (u - u,) and (u, - u,) as abscissas can be 
visualized as an extension of the conventional Mohr-Cou- 
lomb failure envelope (Fredlund, 1979). 

Satija (1978) conducted an experimental study on the 
shear strength behavior of unsaturated Dhanauri clay. Con- 
stant water content and consolidated drained tests were 
conducted on compacted specimens for various values of 
(u - u,) and (u, - u,) stresses. The triaxial apparatus was 
similar to that used in the M.I.T. research program 
(M.I.T., 1963). Pore pressures were either controlled or 
measured throughout the shear test. The appropriate strain 
rate was found to decrease with a decreasing degree of sat- 
uration of the soil (Satija and Gulhati, 1979). The results 
were presented as a three-dimensional surface where half 
of the deviator stress at failure, ( (a ,  - u3)/2},was plotted 
with respect to the net minor principal stress at failure, (us 
- u,),, and the matric suction at failure, (u, - u,),(Gul- 
hati and Satija, 1981). Some of the data from this program 
are reanalyzed and presented in Chapter 10. 

A series of consolidated drained direct shear and triaxial 
tests on unsaturated Madrid grey clay were reported by Es- 
cario in 1980. The tests were performed under controlled 
matric suction conditions using the axis-translation tech- 
nique. A modified shear box device, enclosed in a pressure 
chamber, was used to apply a controlled air pressure to the 
soil specimen. The specimen was placed on a high air entry 
disk in contact with water at atmospheric pressure. This 
arrangement is similar to the pressure plate technique, 
where the matric suction is controlled by varying the pore- 
air pressure, while the pore-water pressure is maintained 
constant. Prior to testing, the soil specimens were statically 
compacted and brought to the desired matric suction under 
an applied vertical normal stress. Typical results obtained 
from the direct shear tests are presented in Fig. 9.8. The 
failure envelopes exhibit almost a parallel upward transla- 
tion, indicating an increase in the shear strength as the soil 
matric suction is increased. 

The results of triaxial tests by Escario (1980) are shown 
in Fig. 9.9 The pore-water pressure was controlled at at- 
mospheric conditions through a high air entry disk placed 
at the bottom of the soil specimen. An air pressure was 
applied to the soil specimen through a coarse porous disk 
placed on top of the soil specimen. The specimen was en- 
closed in a rubber membrane, and the confining pressure 
was applied using water as the medium in the triaxial cell. 

Madrid grey clay (statically compacted) 
Liquid limit = 81% 
Plasticity index = 43% 

pd max = 1360 kg/m3 
AASHTo 1 w,,,,,, = 29% 
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Net normal stress, (U - u.) (kPa) 

Figure 9.8 Increase in shear strength for Madrid clay due to an 
increase in matric suction, obtained from direct shear tests (from 
Escario, 1980). 

The results demonstrated an increase in shear strength with 
an increase in matric suction. 

In 1982, a series of multistage triaxial tests was per- 
formed by Ho and Fredlund on unsaturated soils. Undis- 
turbed specimens of two residual soils from Hong Kong 
were used in the testing program. The soils were a decom- 
posed rhyolite and a decomposed granite. The program 
consisted of consolidated drained tests with the pore-air 
pressure was controlled from the top of the specimen 
through a coarse porous disk. The pore-water pressure was 
controlled from the bottom of the specimen using a high 
air entry disk sealed onto the base pedestal. The desired 
matric suction in the specimen was obtain by controlling 
the pore-air and pore-water pressures using the axis-trans- 
lation technique. The strain rate required for shearing an 
unsaturated soil was discussed in detail using a theoretical 
formulation described by Ho and Fredlund (1982~). 

The triaxial test results showed essentially a planar fail- 
ure envelope when analyzed using the proposed shear 
strength equation. Typical two-dimensional projections of 
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Figure 9.9 Increase in shear strength due to matric suction for 
Madrid clay, obtained from triaxial tests (modified from Escario, 
1980). 
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the failure envelope onto the shear stress, 7,  versus (u - 
u,) plane are presented in Fig. 9.10(a). The intersections 
between the failure envelope and the ordinate are plotted 
in Fig. 9.10(b). For a constant net confining pressure, the 
shear strength at failure increased with increasing matric 
suctions, as illustrated in Fig. 9.10(a). For a planar failure 
envelope, the internal friction angle, 4', remains essen- 
tially constant under saturated and unsaturated conditions. 
The effect of matric suction is clearly shown by the d b  
angle in Fig. 9.10(b). 

Typical 4 angles have been measured for various soils, 
and the results have been summarized by Fredlund (1 985a). 
The experimental results showed that the angle 4b is al- 
ways smaller than or equal to the internal friction angle, 
4'. 

Gan (1986) conducted a multistage direct shear testing 
program on an unsaturated glacial till. A modified direct 
shear box that allowed the control of the pore-air and pore- 
water pressures was used for testing. The shear box was 
enclosed in an air pressure chamber in order to control the 
pore-air pressure. The pore-water pressure was controlled 
through the base of the specimen using a high air entry 
disk. Consolidated drained direct shear tests were per- 

m/ 
34.5 32.5 

- 
OO 100 200 300 400 

Net normal stress, (a - u,) (kPa) 
(a) 

I I I I 
40 80 120 1 60 

Matric suction, (Ua - uw) (kPa) 

(b) 

Figure 9.10 Two-dimensional presentation of failure envelope 
for decomposed gmnite specimen No. 22. (a) Failure envelope 
projected onto the 7 versus (u - u,) plane; (b) intersection line 
between the failure envelope and the 7 versus (u, - u,) plane 
(from Ho and Fredlund, 1982a). 

formed with matric suction being controlled during shear 
(Le., axis-translation technique). Matric suctions ranged 
from 0 to 500 kPa, while the net normal stress was main- 
tained at approximately 72 kPa. Typical test results are pre- 
sented in Fig. 9.11(a), where the shear stress is plotted 
with respect to the matric suction axis (Le., 7 versus (u, - 
u,) plane) for a constant net normal stress at failure, (af - 
u& The results show some nonlinearity of the failure en- 
velope on the shear stress versus matric suction plane. The 
4* angle commences at a value equal to 4' (Le., 25.5" 
when measured under saturated conditions) for low matric 
suctions. The q5b angle decreases to 7" at high matric suc- 
tion values, as shown in Fig. 9.1 l(b). 

The nonlinearity in the shear strength versus matric suc- 
tion relationship was also observed by Escario and Shez 
(1986). Direct shear tests were performed on three soils, 
namely, Madrid grey clay, red clay of Guadalix de la 
Sierra, and Madrid clayey sand. The tests were performed 
on a modified direct shear box using the procedure de- 
scribed by Escario (1980). A curved relationship between 
shear stress and matric suction was obtained as illustrated 
in Fig. 9.12(b) for Madrid grey clay. The nonlinearity of 
the shear stress versus matric suction relationship has be- 
come more noticeable as soils are being tested over a wider 
range of matric suctions. 

9.1.1 Data Associated with Incomplete Stress 
Variable Measurements 

Numerous shear strength tests on unsaturated soils have 
been conducted without a knowledge of the pore-air and/ 

I , !  I l l  
01 I '  " ' " " J 
0 1 0 0  200 300 400 500 

Matric suction, (ua - u,) (kPa) 
(b) 

Figure 9.11 Direct shear test results exhibiting a nonlinear re- 
lationship between T versus (u, - uw). (a) Failure envelope pro- 
jected onto the T versus (u, - uw) plane; (b) varying @ with 
respect to matric suction (from Gan, 1986). 
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Direct shear test results for Madrid grey clay, un- - -  - 
der controlled matric suctions. (a) Shear stress Venus net confin- 
ing pressure relationship for various matric suctions; (b) shear 
stress versus matric suction relationship (from Escario and SBez, 
1986). 

or pore-water pressures at failure. Examples are uncon- 
fined compression tests where the initial matric suction of 
the specimens was established or measured (Aitchison, 
1959; Blight, 1966; Williams and Shaykewich, 1970; Edil 
et al. 1981). Undrained triaxial tests with only pore-water 
pressure measurements during shear have also been per- 
formed (Kassiff, 1957). 

Consolidated, undrained triaxial tests with only pore- 
water pressure measurements during shear have been per- 
formed by Neves (1971). Neves (1971) used a high air en- 
try disk in making the pore-water pressure measurements. 
Komomik et al. (1980) carried out consolidated undrained 
tests where the initial matric suction of the specimens was 
established using osmotic suction equilibrium. 

The interpretation of the above tests becomes more 
meaningful in view of the theory presented later in this 
chapter. The brevity of the presentation of data on tests 
where the pore pressures at failure were not measured 
should not be interpreted as a vote against these tests. 
Rather, these tests should be viewed as “total stress” type 
tests that can only be justified on the basis of a simulation 
of specific drainage conditions. 

9.2 FAILURE ENVELOPE FOR UNSATURATED 
SOILS 

The shear strength envelope is a measure of the ability 
of the soil to withstand applied shear stresses. The soil will 
fail when the applied shear stress exceeds the shear strength 
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of the soil. The following discussions deal with several cri- 
teria for defining soil failure and present the related math- 
ematical expressions. 

9:2.1 Failure Criteria 
There are numerous laboratory and field methods avail- 

able for the measurement of shear strength. In the labora- 
tory, soil specimens taken from the field can be tested un- 
der a range of stress state conditions that are likely to be 
encountered in the field. The results can be used to define 
the shear strength parameters of the soil. The initial con- 
ditions of the soil specimens must be essentially identical 
in order for the results to produce unique shear strength 
parameters for the soil. Only specimens with the same geo- 
logical condition and stress history should be used to define 
a specific set of shear strength parameten. 

Unsaturated soil specimens are sometimes prepared by 
compaction. In this case, the soil specimens must be com- 
pacted at the same initial water content to produce the same 
dry density in order to qualify as an “identical” soil. Spec- 
imens compacted at the same water content but at different 
dry densities, or vice versa, cannot be considered as “iden- 
tical” soils, even though their classification properties 
the same. Soils with differing density and water content 
conditions can yield different shear strength parameters, and 
should be considered as different soils (Fig. 9.13). 

The shear strength test is performed by loading a soil 
specimen with increasing applied loads until a condition of 
failure is reached. There are several ways to perform the 
test, and there are several criteria for defining failure. Con- 
sider a consolidated drained triaxial compression test where 
the pore pressures in the soil specimen are maintained con- 
stant [Fig. 9.14(a)]. The soil specimen is subjected to a 
constant matric suction, and is surrounded by a constant 
net confining pressure (i.e., the net minor normal stress), 
(u3 - ua). The specimen is failed by increasing the net 
axial pressure (Le., the net major normal stress), (q - ua). 
The difference between the major and minor normal 

I Low @= flocculated soil structure lcompactive 
b= dispersed soil structure jeffon 

Water content, w 

Figure 9.13 The particle structure of clay specimens compacted 
at various dry densities and water contents (from Lambe, 1958). 
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Constant 
(Ua - uw) 

I_ (at - u3)m.x ---j 
Mohr circle ?t failure 

Figure 9.14 Consolidated drained triaxial compression test 
data. (a) Applied stress& for a consolidated drained test; (b) Mohr 
circles illustrating changes in the stress states during shear. 

stresses, commonly referred to as the deviator stress, (a, 
- a3), is a measure of the shear stress developed in the soil 
[see Fig. 9.14(b)]. As the soil is compressed, the deviator 
stress increases gradually until a maximum value is ob- 
tained, as illustrated in Fig. 9.14(b). The applied deviator 
stress is usually plotted with respect to the axial strain, e,,, 
and the plot is referred to as a “stress versus strain” curve. 
Figure 9.15(a) shows two stress versus strain curves for 
Dhanauri clay. The tests were performed as consolidated 
drained triaxial tests at two different net confining pres- 

The maximum deviator stress, (al - u ~ ) , , , ~ ~ ,  is an indi- 
cator of the shear strength of the soil, and has been used 
as a failure criterion. The net principal stresses correspond- 
ing to failure conditions are called the net major and net 
minor normal stresses at failure (Le., (al - u&and (u3 - 
u&, respectively), as indicated in Fig. 9.14(b). 

An alternative failure criterion is the principal stress ratio 
defined as (ul - U ~ ) ~ / ( U ~  - u , ) ~ )  (Bishop et al. 1960). A 
plot of the principal stress ratio versus the axial strain for 
an undrained triaxial test on a compacted shale is illus- 
trated, along with the corresponding stress versus strain 
curve, in Fig. 9.16(a). In an undrained test, the maximum 
deviator stress, (al - a3)max, and the maximum principal 
stress ratio, (al - u3),,,J(u3 - u,)~,  may not occur at the 

sures. 

0 4 8 12 16 20 24 
Axial strain, e,, (%) 
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m m  st, 1.6 
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Axial strain, cy (96) 
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‘ b 4 8 12 16 20 24 
Axial strain, ey (%) 

Figure 9.15 Consolidated drained triaxial test results on Dhan- 
auri clay. (a) Stress versus strain curve; (b) water content change 
versus strain curve; (c) soil volume change versus strain curve 
(from Satija, 1978). 

(C) 

same axial strain, as illustrated in Fig. 9.16(a). The max- 
imum principal stress ratio is a function of the pore-water 
pressure measured during the undrained test [Fig. 9.16(b)]. 
On the other hand, the maximum deviator stress is not a 
direct function of the pore pressures. For the results pre- 
sented in Fig. 9.16(a), the authors selected the maximum 
principal stress ratio as the failure criterion since it oc- 
curred prior to the maximum deviator stress. 

In a drained test, the deviator stress curve has the same 
shape as the principal stress ratio curve since the pore pres- 
sures are maintained constant throughout the test. In other 
words, the denominator of the principal stress ratio, (a3 - 
u,), is a constant. It is possible that the use of the principal 
stress ratio as a failure criterion for unsaturated soils may 
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Figure 9.16 Undrained triaxial tests on a compacted shale. (a) 
Stress versus strain curve; (b) pore pressures versus strain curve; 
(c) soil volume change versus strain curve (fmm Bishop et al., 
1960). 

require further study. It is not clear, for example, whether 
the pore-air pressure or the pore-water pressure should be 
used in calculating the principal stress ratio. In addition, 
the use of other ratios of the principal stresses may be pos- 
sible. For example, the ratio (a, - ua)/(u3 - u,) or (al - 
u,,,)/(u3 - uw) may also be possible as a failure criterion. 

The above failure criteria depict some maximum com- 
bination of stresses that the soil can resist. However, some- 
times the stress versus strain curve does not exhibit an ob- 
vious maximum point, even at large strains, as shown in 
Fig. 9.17. In this case, an arbitrary strain (e.g., 12%) is 
selected to represent the failure criterion. The limiting strain 
failure criterion is sometimes used when large deforma- 
tions are required in order to mobilize the maximum shear 
stress. A limiting displacement definition of failure is 
sometimes used in direct shear testing. 

The above-mentioned failure criteria have been proposed 
for the shear strength analysis of unsaturated soils with lim- 
ited corroborating evidence. In general, the different fail- 
ure criteria produce similar shear strength parameters. Fur- 

t 

Strain limit 

Strain, t 

Figure 9.17 Strain limit used as a failure criterion. 

ther research is needed to establish the most appropriate 
failure criteria for unsaturated soils. 

9.2.2 Shear Strength Equation 
The shear strength of an urnarumred soil can be formu- 

lated in terms of independent stress state variables (Fred- 
lund et ul. 1978). Any two of the three possible stress state 
variables can be used for the shear strength equation. The 
stress state variables, (u - u,) and (u, - u,,,), have been 
shown to be the most advantageous combination for prac- 
tice. Using these stress variables, the shear strength equa- 
tion is written as follows: 

where 
c’ = intercept of the “extended” Mohr-Cou- 

lomb failure envelope on the shear stress 
axis where the net normal stress and the 
matric suction at failure are equal to zero; 
it is also referred to as “effective cohe- 
sion” 
net normal stress state on the failure plane 
at failure 
pore-air pressure on the failure plane at 
failure 
angle of internal friction associated with 
the net normal stress state variable, (af - 
matric suction on the failure plane at fail- 

angle indicating the rate of increase in 
shear stwngth relative to the matric suc- 
tion, (u, - uw),. 

Ua)f 

ure 

A comparison of Eqs. (9.1) and (9.3) reveals that the 
shear strength equation for an unsaturated soil is an exten- 
sion of the shear strength equation for a saturated soil. For 
an unsaturated soil, two stress state variables are used to 
describe! its shear strength, while only one smss state vari- 
able [Le., effective normal stress, (u, - u,,,),] is required 
for a saturated soil. 

The shear strength equation for an unsaturated soil ex- 
hibits a smooth transition to the shear strength equation for 
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a saturated soil. As the soil approaches saturation, the pore- 
water pressure, u,, approaches the pore-air pressure, u,, 
and the matric suction, (u, - u,), goes to zero. The matric 
suction component vanishes, and Eq. (9.3) reverts to the 
equation for a saturated soil. 

9.2.3 Extended Mohr-Coulomb Failure Envelope 
The failure envelope for a saturated soil is obtained by 

plotting a series of Mohr circles corresponding to failure 
conditions on a two-dimensional plot, as shown in Fig. 9.1. 
The line tangent to the Mohr circles is called the failure 
envelope, as described by Eq. (9.1). In the case of an un- 
saturated soil, the Mohr circles corresponding to failure 
conditions can be plotted in a three-dimensional manner, 
as illustrated in Fig. 9.18. The three-dimensional plot has 
the shear stress, 7, as the ordinate and the two stress state 
variables, (a - u,) and (u, - u,), as abscissas. The frontal 
plane represents a saturated soil where the matric suction 
is zero. On the frontal plane, the (a - u,) axis reverts to 
the (a - u,) axis since the pore-air pressure becomes equal 
to the pore-water pressure at saturation. 

The Mohr circles for an unsaturated soil are plotted with 
respect to the net normal stress axis, (a - u,), in the same 
manner as the Mohr circles are plotted for saturated soils 
with respect to effective stress axis, (a - u,). However, 
the location of the Mohr circle plot in the third dimension 
is a function of the matric suction (Fig. 9.18). The surface 
tangent to the Mohr circles at failure is referred to as the 
extended Mohr-Coulomb failure envelope for unsaturated 
soils. The extended Mohr-Coulomb failure envelope de- 
fines the shear strength of an unsaturated soil. The inter- 
section line between the extended Mohr-Coulomb failure 
envelope and the frontal plane is the failure envelope for 
the saturated condition. 

The inclination of the theoretical failure plane is defined 

by joining the tangent point on the Mohr circle to the pole 
point, as explained in Chapter 3. The tangent point on the 
Mohr circle at failure represents the stress state on the fail- 
ure plane at failure. 

The extended Mohr-Coulomb failure envelope may be a 
planar surface or it may be somewhat curved. The theory 
presented in this chapter assumes that the failure envelope 
is planar and can be described by Fq. (9.3). A curved fail- 
ure envelope can also be described by Eq. (9.3) for limited 
changes in the stress state variables. Techniques for han- 
dling the non-linearity of the failure envelope are described 
in Section 9.7. 

Figure 9.18 shows a planar failure envelope that inter- 
sects the shear stress axis, giving a cohesion intercept, c’. 
The envelope has slope angles of 4’ and cpb with respect to 
the (u - u,) and (u, - u,) axes, respectively. Both angles 
are assumed to be constants. The cohesion intercept, c’,  
and the slope angles, 4’ and db, are the strength parameters 
used to relate the shear strength to the stress state variables. 
The shear strength parameters represent many factors which 
have been simulated in the test. Some of these factors are 
density, void ratio, degree of saturation, mineral compo- 
sition, stress history, and strain rate. In other words, these 
factors have been combined and expressed mathematically 
in the strength parameters. 

The mechanical behavior of an unsaturated soil is af- 
fected differently by changes in net n o d  stress than by 
changes in matric suction (Jennings and Burland, 1962). 
The increase in shear strength due to an increase in net 
normal stress is characterized by the friction angle, 4’. On 
the other hand, the increase in shear strength caused by an 
increase in matric suction is described by the angle, db. 
The value of 4b is consistently equal to or less than 4 ‘, as 
indicated in Table 9.1, for soils from various geographic 
locations. 

0 Net normal stress, (a - u.) 

Figure 9.18 Extended Mohr-Coulomb failure envelope for unsaturated soils. 
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Table 9.1 Experimental Values of r$b 

C’ 4’ 4b 
Soil Type ( P a )  (degrees) (degrees) Test Procedure Reference 

Compacted shale; w = 18.6% 

Boulder clay; w = 11.6% 

Dhanauri clay; w = 22.296, P d  

Dhanauri clay; w = 22.2%, Pd 

= 1580 kg/m3 

= 1478 kg/m3 

= 1580 kg/m3 

= 1478 kg/m3 

Dhanauri Clay; W 22.256, p d  

DhWuri Clay; W = 22.2%, Pd 

Madrid grey clay; w = 29%, 

Undisturbed decomposed granite; 

Undisturbed decomposed rhyolite; 

Tappen-Notch Hill silt; w = 21.596, 

Compacted glacial till; w = 12.2%, 

Hong Kong 

Hong Kong 

Pd = 1590 kg/m3 

Pd = 1810 kg/m3 

15.8 

9.6 

37.3 

20.3 

15.5 

11.3 

23.7 

28.9 

7.4 

0.0 

10 

24.8 

27.3 

28.5 

29.0 

28.5 

29.0 

2 2 3  

33.4 

35.3 

35.0 

25.3 

18.1 

21.7 

16.2 

12.6 

22.6 

16.5 

16.1 

15.3 

13.8 

16.0 

7-25.5 

Constant water content 

Constant water content 

Consolidated drained triaxial 

tnaxial 

triaxial 

Constant drained triaxial 

Consolidated water content 
triaxial 

Constant water content 
triaxial 

Consolidated drained direct 
shear 

Consolidated drained 
multistage triaxial 

Consolidated drained 
multistage triaxial 

Consolidated drained 
multistage triaxial 

Consolidated drained 
multistage direct shear 

Bishop et al. 
(1960) 

Bishop et al. 
(1960) 

Satija, (1978) 

Satija, (1978) 

Satija, (1978) 

Satija, (1978) 

Escario (1980) 

Ho and Fredlund 
(1982a) 

Ho and Fredlund 
( 1982a) 

Krahn et al. 
( 1989) 

Gan et ai. 
(1988) 

“Average value. 

The failure envelope intersects the shear stress versus 
matric suction plane along a line of intercepts, as illustrated 
in Fig. 9.19. The line of intercepts indicates an increase in 
strength as matric suction increases. In other words, the 
shear strength increase with respect to an increase in matric 
suction is defined by the angle, r$b. The equation for the 

line of intercepts is as follows: 

(9.4) 

c = intercept of the extended Mohr-Coulomb failure 
envelope with the shear stress axis at a specific ma- 

c = c’ + (u, - u,),tan r$b 
where 

c 
c = c’ + (u. - u,h tan db 

c 
c = c’ + (u. - u,h tan db 

e 
c) 

L m 

(ua - u w h 4  
u. - UA-4 

(u. - uwk3------~ 
Matric suction, (us - uw) 

E=- 
Figure 9.19 Line of intercepts along the failure plane on the 7 versus (u. - uw) plane. 
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tric suction, (u, - u,)~ ,  and zero net normal stress; 
it can be referred to as the "total cohesion inter- 
cept. " 

The extended Mohr-Coulomb failure envelope can be 
presented as a horizontal projection onto the 7 versus (a - 
u,) plane. The horizontal projection can be made for var- 
ious matric suction values, (u, - u , ) ~ .  The horizontal pro- 
jection of the failure envelope onto the T versus (a - u,) 
plane results in a series of contours shown in Fig. 9.20(a). 
The lines have different cohesion intercepts, depending 
upon their corresponding matric suctions. The cohesion in- 
tercept becomes the effective cohesion, c', when the matric 
suction goes to zero. All lines of equal matric suction have 
the same slope angle, 4', as long as the failure plane is 
planar. The equation for these contour lines can be written 
as 

(9.5) T~~ = c + (a- - u,), tan 4' 
where 

c = total cohesion intercept. 

Substituting Eq. (9.4) into Eq. (9.5) yields the equation 
for the extended Mohr-Coulomb failure envelope [i.e., Eq. 
(9.3)]. Equation (9.5) is the same as Eq. (9.3), and Fig. 
9.20(b) is a two-dimensional representation of the ex- 
tended Mohr-Coulomb failure envelope. The failure en- 
velope projection illustrates the increase in shear strength 
as matric suction is increased at a specific net normal stress. 
The projected failure envelope is a simple, descriptive rep- 
resentation of the three-dimensional failure envelope, 
Equation (9.5) is also convenient to use when performing 
analytical studies involving unsaturated soils. 

The inclusion of matric suction in the definition of the 
cohesion intercept does not necessarily suggest that matric 
suction is a cohesion component of shear strength. Rather, 
the matric suction component (i.e., (u, - u,) tan #b) is 
lumped with effective cohesion, c', for the purpose of 
translating the three-dimensional failure envelope onto a 
two-dimensional representative plot. The suction compo- 
nent of shear strength has also been called the apparent or 
total cohesion (Taylor, 1948). 

A smooth transition from the unsaturated to the saturated 
condition can be demonstrated using the extended Mohr- 
Coulomb failure envelope shown in Fig. 9.18. As the soil 
becomes saturated, the matric suction goes to zero and the 
pore-water pressure approaches the pore-air pressure. As 
a result, the three-dimensional failure envelope is reduced 
to the two-dimensional envelope of 7 versus (a - u,). The 
smooth transition can also be observed in Fig. 9.20(b). As 
the matric suction decreases, the failure envelope projec- 
tion gradually lowers, approaching the failure envelope for 
the saturated condition, In this case, the cohesion intercept, 
c, approaches the effective cohesion, c'. 

The extended Mohr-Coulomb failure envelope can also 
be projected horizontally onto the T versus (u, - u,) plane 
(Fig. 9.21). The horizontal projection is made for various 
net normal stresses at failure, (af - u,)-[Fig. 9.21(a)]. The 
resulting contour lines have an ordinate intercept of (c' + 
(a- - u.), tan 4') and a slope angle of 4ib [Fig. 9.21(b)]. 
The horizontal projection shows that there is an increase in 
shear strength as the net normal stress is increased at a spe- 
cific matric suction. 

9.2.4 Use of (a - u,) and (u, - u,) to Define Shear 
Strength 
The shear strength equation [Le., Eq. (9.3)] has thus far 
been expressed using the (a - u,) and (u, - u,) stress state 
variables. The shear strength equation for an unsaturated 
soil can also be expressed in terms of other combinations 
of stress state variables, such as (a - uw) and (u, - u,): 

7,-- = c' + (a, - u,),tan 4' + (u, - u,),tan 4" (9.6) 

net normal stress state with respect to the 
pore-water pressure on the failure plane at 
failure 
friction angle associated with the matric 
suction stress state variable, (u, - uW)-, 
when using the (a - u,) and (u, - u,) 
stress state variables in formulating the 
shear strength equation. 

As the matric suction goes to zero, the third terms in 
Eqs. (9.6) and (9.3) disappear, and the pore-water pres- 
sure approaches the pore-air pressure. As a result, both 
equations revert to the shear strength equation for a satu- 
rated soil [Le., Eq. (9.1)]. Therefore, the second term in 
both equations should have the same friction angle param- 
eter, 4' (i.e., (af - u&tan 4' and (a, - u,),tan 4'). 

Equations (9.6) and (9.3) give the same shear strength 
for a soil at a specific stress state. As a result, Eq. (9.6) 
can be equated to Eq. (9.3): 

(9.7) -uaf tan 4' + (u, - uw)f tan 4b 
= -uwftan 4' + (u, - u,),tan 4". 

Rearranging Eq. (9.7) gives the relationship between the 

(9.8) 
Equation (9.8) shows that the friction angle 6" will gen- 

erally be negative since the magnitude of qjb is less than or 
equal to 4'. Figure 9.22 displays the extended Mohr-Cou- 
lomb failure envelope when failure conditions are plotted 
with respect to the (a - u,) and (u, - u,) stress state 
variables [Le., Eq. (9.6)J and with respect to the (a - u,) 
and (u, - u,) stress state variables [i.e., Eq. (9.3)]. 

friction angles: 

tan 4" = tan 4b - tan 4'. 
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T~~ = c + (UI - u.h tan 4’ 
or 

0 Net normal stress. (u - u.) 
(b) 

Figure 9.20 Horizontal projection of the failure envelope onto the T versus (u - u,) plane, 
viewed parallel to the (u, - u,) axis. (a) Failure envelope projections onto the 7 versus (a - u,) 
plane; (b) contour lines of the failure envelope onto the 7 versus (a - u,) plane. 

9.2.5 Mohr-Coulomb and Stress Point Envelopes 

The extended Mohr-Coulomb envelope has been defined 
as a surface tangent to the Mohr circles at failure. Each 
Mohr circle is constructed using the net minor and net ma- 
jor principal stresses at failure [i.e., (ay - UQ and (alf - 
usf)], as shown in Fig. 9.23(b). The difference between the 
net minor and net major principal stress at failure is called 
the maximum deviator stress. 

The top point of a Mohr circle with coordinates (pf ,  qf, 

rr) can be used as to represent the stress conditions at fail- 
ure. A detailed discussion on stress points and stress paths 
is given in Chapter 3. A stress point surface (Le., stress 
point envelope) can be drawn through the stress points at 
failure [Fig. 9.23@)]. The stress point envelope is another 
representation of the stress state of the soil under failure 
conditions, However, the stress point envelope and the ex- 
tended Mohr-Coulomb failure envelope are different sur- 
faces. Nevertheless, the stress point envelope can be used 
to represent the stress state at failure. 
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0 Matric suction, (u. - u,) 
(b) 

Figure 9.21 Horizontal projections of the failure envelope onto the 7 versus (u, - u,) plane, 
viewed parallel to the (u - u,) axis. (a) Failure envelope projections onto the 7 versus (u, - u,) 
plane; (b) contour lines of failure envelope on the 7 versus (II, - u,) plane. 

The stress point envelope can be defined by the following 
equation : 

qf = d‘ + pf tan $’ + rf tan qb (9.9) 
where 

qf = half of the deviator stress at failure (i.e., (a, - 

aIf = major principal stress at failure 
a3f = minor principal stress at failure 
d’ = intercept of the stress point envelope on the q axis 

when pf and rf are equal to zero 

@3),/ 2) 

pf = ((u, + a3)/2 - u,)f; mean net normal stress at 

JI’ = slope angle of the stress point envelope with re- 

rf = matric suction at failure [i.e., (u, - u&] 

failure 

spect to the stress variable, pf 

I,P = slope angle of the stress point envelope with re- 

Figure 9.23(b) presents a planar stress point envelope 
corresponding to the planar extended Mohr-Coulomb fail- 
ure envelope shown in Fig. 9.23(a). Equation (9.9) defines 
the stress point envelope. The frontal plane in Fig. 9.23(b) 

spect to the stress variable, rf 
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The ordinate intercept of the stress point envelope on the 
q versus r plane is equal to d' when rf is zero. The ordinate 
intercept is equal to d [Le., Eq. (9. lo)] when rfis not zero. 
The above variables, d', #', and #', are the required pa- 
rameters for Eq. (9.9). The stress point envelope can also 
be represented by contour lines when the surface is pro- 
jected onto the q versus p plane. The equation for the con- 
tour lines is obtained by substituting Eq. (9.10) into Eq. 
(9.9): 

q/ d + p/tan #'. (9.11) 

The stress point envelope can be related to the extended 
Mohr-Coulomb failure envelope by obtaining the relation- 
ships between the parameten used to define both envelopes 
(i.e., e, 6', +6 and d, #', @). Figure 9.24 presents Mohr 
circles on the T versus (a - uJ plane for a specific matric 
suction. The extended Mohr-Coulomb failure envelope is 
drawn tangent to the Mohr circles (e.g., at point A), 
whereas the stress point envelope passes through the top 
points of the Mohr circles (e.g., through points B). The 
extended Mohr-Coulomb failure envelope and the stress 
point envelope have slope angles of 6' and #', respec- 
tively, with respect to the (a - u,) axis. The distance be- 
tween the tangent point A and the top point B (Le., AB) 
can be computed from triangle ALX as Wing equal to (qf 
sin 6'). As the Mohr circle moves to the left, the radius, 
qf, decreases and eventually goes to zero. As a result, the 
distance between the tangent and the top points (Le., qf  sin 
6') also decreases and eventually goes to zero. This means 
that the extended Mohr-Coulomb failure envelope and the 
stress point envelope converge to a point on the (a - uo) 
axis (i.e., point 2'). 

The relationship between the slope angles, 6' and #', is 
obtained by equating the lengths, E, computed from Ui- 
angles TBC and TAC as follows: 

Y - 
Net normal stress, (a - u,) (a) 

v= 16.8 + (u, - u. h tan 2 4 . 8 O  + (u. - u,h tan 18.1 (kPa) 

Net normal stress (a - u,) 
( b) 

Figure 9.22 Extended Mohr-Coulomb failure envelope plotted 
with respect to two possible combinations of stress state variables 
(a) Failure envelope defined in terms of the (a - u,) and 
(u, - u,) stms state variables; (b) failure envelope defined in 
terms of the (u - u.) and (u,, - u,) stms state variables (data 
from Bishop et al., 1960). 

represents the saturated condition where the matric suction 
is zero. As a result, the ((al + u3)/2 - u,) axis reverts to 
the ((al + u3)/2 - u,) axis on the frontal plane. The in- 
tersection line between the stress point envelope and the 
frontal plane is a line commonly referred to as the Kf-line 
in satuntted soil mechanics (Lambe and Whitman, 1979). 
The Kf-line passes through the top points of the Mohr cir- 
cles for saturated soils at failure. The &line has a slope 
angle, $', with respect to the p axis and an ordinate inter- 
cept, d', on the q axis. Any line parallel to the Kf-line on 
the planar stress point envelope will have a slope angle, 
$', with respect to the p axis. The stress point envelope 
reverts to the K,-line as the soil becomes saturated or when 
matric suction, r-, is equal to zero. 

The intersection line between the stress point envelope 
and the q versus r plane has a slope angle #6, with respect 
to the r axis [Fig. 9.23(b)]. The intersection line indicates 
that there is an increase in strength as the matric suction at 
failure, I increases. The equation for the intersection line 
can be wntten as follows: 

(9.10) 
where 

d = ordinate intercept of the stress point envelope on 
the q axis at an rf and pf  value equal to zero. 

f'. 

d = d' + rftan$' 

(9.12) 

The qf variable can be cancelled, giving 
tan #' = sin 6'. (9.13) 

The relationship between the cohesion intercept, c, and 
the ordinate intercept, d, can be computed by considering 
the distance between points Tand 0 (Le., To): 

d C (9.14) 

Substituting Eq. (9.13) into E!q. (9.14) and reamnging 

d = C C O S ~ ' .  (9.15) 

When the matric suction at failure is equal to zero (i.e., 

(9.16) 

-=- 
tan *' tan 4" 

E@. (9.14) yields 

the saturated condition), Eiq. (9.15) becomes 
d' = c' cos 4'. 
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d 

I 

- - - - - _ _  . . - . . . - - - __ - - . - - 
(b) 

Figure 9.23 Comparisons of the failure envelope and the corresponding stress point envelope. 
(a) Extended Mohr-Coulomb failure envelope; (b) stress point envelope. 

Figure 9.25 shows the intersection lines of the extended 
Mohr-Coulomb failure envelope and the stress point en- 
velope on the shear strength versus matric suction plane. 
The intersection lines associated with the extended Mohr- 
Coulomb failure envelope and the stress point envelope are 
defined by Eqs. (9.4) and (9.10), respectively. The ratio 
between the d and c values is always constant and equal to 
cos #’ [i.e., Eq. (9.15)] at various matric suctions. As a 
result, the difference between the d and c values is not con- 

stant for different matric suctions. In other words, the in- 
tersection lines are not parallel, or put another way, #b is 
not equal to $b. Substituting Eqs. (9.4) and (9.10) into Eq. 
(9.15) gives the following relationship: 

d’ + rftan $b = c’ cos 4’ + (u, - uJftan #b cos 4’. 
(9.17) 

Equation (9.17) can be rearranged by substituting Eq. 
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c 

T 

Net normal stress, (a - ua) I----ATBc: 5, = (ATACI-~ 

Figure 9.24 Relationships among the variables c, d, rp’, and $ I .  

(9.16) for d’ and substituting (u, - u& for rf in order to 
obtain the relationship among $’, +’, and 4’: 

tan $’ = tan 4’ cos 4’. (9.18) 

The above relationships [Le., Eqs. (9.13), (9.15), (9.17), 
and (9. l8)] can be used to define the stress point envelope 
corresponding to an extended Mohr-Coulomb failure en- 
velope or vice versa. The extended Mohr-Coulomb failure 
envelope can be established by testing a soil in the satu- 
rated and unsaturated conditions. The Mohr-Coulomb fail- 
ure envelope for the saturated condition gives the angle of 
internal friction, +‘, and the effective cohesion, c’. Theo- 
retically, the cohesion intercept, c, can be obtained from a 
single Mohr circle at a specific matric suction if a planar 
failure envelope is assumed. Figure 9.26 illustrates the 
constmction of a Mohr cimle at failure with its correspond- 
ing pf and qf values. A failure envelope with a slope angle 

d = c cos (6’ 

tan llrb = tan 4 b  cos 4’ 

d’ = e’ cos 

of 4‘ is drawn tangent to the Mohr circle at point A. The 
envelope intersects the shear strength axis at point B and 
the (u - u,) axis at point T. The cohesion intercept, c, is 
computed from triangle TBO (see Fig. 9.26): 

Rearranging Eq. (9.19) gives 

(9.19) 

(9.20) 

The cohesion intercepts, c, at various matric suctions can 
be computed using Eq. (9.20) and plotted on the shear 
strength versus matric suction plane (see Fig. 9.25) in or- 
der to obtain the angle, +’. Knowing the strength param- 
eters, c’, +’, and &’, the parameters for the stress point 
envelope (i.e., d’, +‘, and $9 can also be computed. 

Extended Mohr-Coulomb 
failure enveloDe 

ui 

u) 
L Stress point envelope / 

c = c’ + (u. - u,h tan 
I 

I d = d‘ + (u. - u,h tan $hb 

I-(ua - U W ) ~  

Figure 9.25 Relationship among the +’, rpb, and $b angles. 

Matric suctlon, (ua - uw) 
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'-; Net normal stress, (0 - ua) 

ATAC: 

Figure 9.26 Analytical procedure to obtain the cohesion intercept, c, from a single Mohr circle. 

9.3 TRIAXIAL TESTS ON UNSATURATED 
SOILS 

One of the most common tests used to measure the shear 
strength of a soil in the laboratory is the triaxial test. The 
theoretical concepts behind the measurement of shear 
strength are outlined in this section, while details on the 
equipment and measuring techniques, along with typical 
results, are presented in Chapter 10. There are various pro- 
cedures available for triaxial testing, and these methods are 
explained and compared in this section. However, there are 
basic principles used in the triaxial test that are common to 
all test procedures. The triaxial test is usually performed 
on a cylindrical soil specimen enclosed in a rubber mem- 
brane, placed in the triaxial cell. The cell is filled with 
water and pressurized in order to apply a constant all-around 
pressure or confining pressure. The soil specimen can be 
subjected to an axial stress through a loading ram in contact 
with the top of the specimen. 

The application of the confining pressure is considered 
as the first stage in a triaxial test. The soil specimen can 
either be allowed to drain (Le., consolidate) during the ap- 
plication of the confining pressure or drainage can be pre- 
vented. The term consolidation is used to describe the pro- 
cess whereby excess pore pressures due to the applied stress 
are allowed to dissipate, resulting in volume change. This 
process is discussed in detail in Chapter 15. The consoli- 
dation process occurs subsequent to the application of the 
confining pressure if the pore fluids are allowed to drain. 
On the other hand, the consolidation process will not occur 
if the pore fluids are maintained in an undrained condition. 
The consolidated and unconsolidated conditions are rlsed 
as the first criterion in categorizing triaxial tests. 

The application of the axial stress is considered as the 
second stage or the shearing stage in the triaxial test. In a 
conventional triaxial test, the soil specimen is sheared by 
applying a compressive stress. The total confining pressure 
generally remains constant during shear. The axial stress is 
continuously increased until a failure condition is reached. 
The axial stress generally acts as the total major principal 
stress, ul,  in the axial direction, while the isotropic confin- 
ing pressure acts as the total minor principal stress, u3, in 
the lateral direction. The total intermediate principal stress, 
u2, is equal to the total minor principal stress, u3 (i.e., u2 
= us). Figure 9.27 illustrates the stress conditions associ- 
ated with a consolidated drained triaxial test. The pore fluid 
drainage conditions during the shearing process are used as 
the second criterion in categorizing triaxial tests. When the 
pore fluid is allowed to flow in and out of the soil specimen 
during shear, the test is referred to as a drained test. On 
the other hand, a test is called an undrained test if the flow 
of pore fluid is prevented. The pore-air and pore-water 
phases can have different drainage conditions during shear. 

Various triaxial test procedures are used for unsaturated 
soils based upon the drainage conditions adhered to during 
the first and second stages of the triaxial test. The triaxial 
test methods are usually given a two-word designation or 
abbreviated to a two-letter symbol. The designations are: 
1) consolidated drained or CD test, 2) constant water con- 
tent or CW test, 3) consolidated undrained or CU test with 
pore pressure measurements, 4) undrained test, and 5 )  un- 
confined compression or UC test. In the case of CD and 
CU tests, the first letter refers to the drainage condition 
prior to shear, while the second letter refers to the drainage 
condition during shear. The constant water content test is 
a special case where only the pore-air is kept in a drained 
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Stages 

Equilibrium 
at the end of 
consolidatign 

Axial 
compression 

At failure 

(ua - uw) Total Pore-air Pore-water (u - ua) 
stress Dressure Dressure 

Figure 9.27 Stress conditions during a consolidated drained triaxial cornpression test. 

mode, while the pore-water phase is kept undrained during 
shear (Le., constant water content). The pore-air and pore- 
water are not allowed to drain throughout the test for the 
undrained triaxial test. The unconfined compression test is 
a special loading condition of the undrained triaxial test. 
These. five testing procedures are explained in the follow- 
ing sections. A summary of triaxial testing conditions used, 
together with the measurements performed, is given in Ta- 
ble 9.2. The air, water, or total volume changes may or 
may not be measud during shear. 

The shear strength data obtained from triaxial tests can 
be analyzed using the stress state variables at failure or 
using the total stresses at failure when the pore pressures 

are not known. This concept is similar to the effective stress 
approach and the total stress approach used in saturated soil 
mechanics. In a drained test, the pore pressure is controlled 
at a desired value during shear. Any excess pore pressures 
caused by the applied load are dissipated by allowing the 
pore fluids to flow in or out of the soil specimen. The pore 
pressure at failure is known since it is controlled, and the 
stress state variables at failure can be used to analyze the 
shear strength data. In an undrained test, the excess pore 
pressure due to the applied load can build up because pore 
fluid flow is prevented during shear. If the changing pore 
pressures during shear are measured, the pore pressures at 
failure are known, and the stress state variables can be 

Table 9.2 Various Triaxial Tests for Unsaturated Soils 

Drainage Shearing Process 
Consolidation 

Prior to Pore-Air Pore-Water Soil Volume 
Shearing Pressure, Pressure, Change, 

Test Methods Process Pore-Air Pore-Water Ua u w  AV 

Consolidated Drained Yes Yes Yes C C M 

Constant water content Yes Yes no C M M 

Consolidated undrained Yes no no M M 

Undmined no no no 
Unconfined compression no no no 

(CD) 

(CW) 

(CU) 
- 

- - - 
- - - 

(UC) 

M = Measurement, C = controlled. 
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computed. However, if pore pressure measurements are not 
made during undrained shear, the stress state variables are 
unknown. In this case, the shear strength can only be re- 
lated to the total stress at failure. 

The total stress approach should be applied in the field 
only for the case where it can be assumed that the strength 
measured in the laboratory has relevance to the drainage 
conditions being simulated in the field. In other words, the 
applied total stress that causes failure in the soil specimen 
is assumed to be the same as the applied total stress that 
will cause failure in the field. The above simulation basi- 
cally assumes that the stress state variables control the shear 
strength of the soil; however, it is possible to perform the 
analysis using total stresses. It is difficult, however, to 
closely simulate field loading conditions with an undrained 
test in the laboratory. Rapid loading of a fine-grained soil 
may be assumed to be an undrained loading condition. 

9.3.1 Consolidated Drained Test 
The consolidated drained or CD test refers to a test con- 
dition where the soil specimen is consolidated first and then 
sheared under drained conditions for both the pore-air and 
pore-water phases, as illustrated in Fig. 9.27. The soil 
specimen is consolidated to a stress state representative of 
what is likely to be encountered in the field or in the design. 
The soil is generally consolidated under an isotropic con- 
fining pressure of a3, while the pore-air and pore-water 
pressures are controlled at pressures of u, and u,,,, respec- 
tively. The pore-air and pore-water pressures can be con- 
trolled at positive values in order to establish a matric suc- 
tion greater than 101.3 kPa (Le., 1 atm) without cavitation 
in the pore-water pressure measuring system. This is re- 
ferred to as the axis-translation technique. At the end of 
the consolidation process, the soil specimen has a net con- 
fining pressure of (a3 - u,) and a matric suction of (u, - 
u,) (Fig. 9.27). 

During the shearing process, the soil specimen is com- 
pressed in the axial direction by applying a deviator stress 
[i.e., (al - a3)]. During shear, the drainage valves for both 
pore-air and pore-water remain open (Le., under drained 
conditions). The pore-air and pore-water pressures are 
controlled at constant pressures (i.e., their pressures at the 
end of consolidation). The deviator stress is applied slowly 
in order to prevent the development of excess pore-air or 
pore-water pressure in the soil. The net confining pressure, 
(u3 - u,), and the matric suction, (u, - uw), remain con- 
stant throughout the test until failure conditions are reached, 
as indicated in Fig. 9.27 [i.e., (a3 - u& = (u3 - u,) and 
(u, - uWlf = (u, - u,)]. Only the deviator stress, (u, - 
u3), keeps increasing during shear until the net major prin- 
cipal stress reaches a value of (a, - u&at failure. 

Typical stress-strain curves for the consolidated drained 
triaxial test are shown in Fig. 9.15(a). The curves show an 
increase in the maximum deviator stress as the net confin- 

ing pressure, (a3 - u,), is increased while the matric suc- 
tion, (u, - u,), remains constant. The volume change of 
the soil specimen during shear is usually measured with 
respect to the initial soil volume (i.e., AV/Vo)  and plotted 
versus strain [Fig. 9.15(c)]. Compression is conventionally 
given a negative sign while expansion has a positive sign. 
Figure 9.15(b) presents a plot of gravimetric water content 
change versus strain where an increase in water content is 
given a positive sign. 

Typical stress paths followed during consolidated drained 
tests under a constant matric suction are illustrated in Fig. 
9.28. The tests are performed on several specimens at var- 
ious net confining pressures. For example, stress point A 
represents the stress state at the end of consolidation when 
the soil specimen has a net confining pressure of (u3 - u,) 
and a matric suction of (u, - u,,,). As the soil is compressed 
during shear, the stress point moves from point A to point 
B along the stress path AB. Stress point B represents the 
stress state at the condition of failure. When moving from 
stress point A to stress point B, the Mohr circle diameter 
or the deviator stress increases until the failure condition is 
reached at stress point B. However, the net confining pres- 
sure and the matric suction remain constant throughout the 
stress path AB. A line drawn tangent to the Mohr circles at 
failure (i.e., through stress points C,  CI, and C,) represents 
the failure envelope corresponding to the matric suction 
used in the tests. The failure envelope has a slope angle of 
9' with respect to the (a - u,) axis. The friction angle 
appears to be essentially equal to the effective angle of in- 
ternal friction obtained from shear strength tests on satu- 
rated soil specimens. The value of the + r  angle for com- 
pacted soils commonly ranges from 25" to 35", as shown 
in Table 9.1. The effect of compactive effort on the strength 
parameters, 9' and c ' ,  for a clayey sand is illustrated in 
Fig. 9.29. 

Figure 9.30 presents the stress paths followed during 
consolidated drained tests under a constant net confining 
pressure and various matric suctions. The Mohr circle at 
failure increases in diameter as the matric suction at failure 
increases. The Mohr circle at failure is tangent to the fail- 
ure envelope corresponding to the matric suction used in 
the test (e.g., at stress points, CI, C,, and C3). However, 
stress points, C , ,  C,, and C,, do not occur at the same net 
normal stress. Therefore, a line joining stress points, CI, 
C,, and C3, will not give the angle, &'. Rather, it is sug- 
gested that the failure envelope be extended to intersect the 
shear strength versus (u, - u,) plane to give cohesion in- 
tercepts. A line joining the cohesion intercepts at various 
matric suctions gives the angle, &. 

9.3.2 Constant Water Content Test 
For the constant water content or CW triaxial test, the 
specimen is first consolidated and then sheared, with the 
pore-air phase allowed to drain while the pore-water phase 
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t 

Failure envelope 

A: at the end of consolidation 
B. at failure 

Net normal stress, (a - ue) 

Figure 9.28 Stress paths followed during a consolidated drained test at various net confining 
pressures under a constant matric suction. 

is in an undrained mode. The consolidation procedure is 
similar to that of the consolidated drained test. The axis- 
translation technique can be used to impose matric suctions 
greater than 101.3 Wa. When equilibrium is reached at the 
end of consolidation, the soil specimen has a net confining 
pressure of (us - u,) and a matric suction of (u, - uw). 
The specimen is sheared by increasing the deviator stress, 
(a, - u3), until failure is reached. During shear, the drain- 
age valve for the pore-air remains open (Le., under drained 
conditions), while the drainage valve for the pore-water is 
closed (Le., under undrained conditions). The pore-air 
pressure, u,, is maintained at the pressure applied during 
consolidation. The pore-water pressure, uw, changes dur- 
ing shear under undrained loading conditions (see Chapter 
8). The excess pore pressure is related to deviator stress by 
the D pore pressure parameters. The net confining pres- 
sure, (us - u,), remains constant throughout the test, while 
the matric suction, (u, - uw), changes, as illustrated in 

85 90 95 98 100 
Percent maximum AASHTO 

compactive effort 

Figure 9.29 Effect of compactive effort on 4' and c' for a clayey 
sand (from Moretto et al., 1963). 

Fig. 9.31 (Le., (us - u , ) ~  = (us - u,) and (u, - uJr = 
(u, - uw) - Auwf). The net major principal stress reaches 
a value of (a, - u&at failure. 

Typical stress versus strain curves for the constant water 
content test are shown in Fig. 9.32(a). The stress versus 
strain curves obtained from the constant water content test 
are similar in shape to those obtained from the consolidated 
drained triaxial test. The maximum deviator stress in- 
creases with an increase in the net confining pressure, (u3 
- u,), for soil specimens prepared at the same initial ma- 
tric suction. The matric suction and the soil volume changes 
during shear are plotted in Fig. 9.32(b) and (c), respec- 
tively. The matric suction decreases during shear since the 
pore-air pressure is maintained at a constant value while 
the pore-water pressure increases. For the results pre- 
sented, the degree of saturation of the soil specimen in- 
creases as the pore voids are compressed as a result of the 
pore-air being squeezed out of the soil. The water content 
remains constant. Figure 9.32(c) indicates that the soil 
specimens undergo compression until the maximum devia- 
tor stress is reached. The soil specimen with the lower net 
confining pressure dilates after reaching the maximum de- 
viator stress. This is accompanied by a slight increase in 
matric suction. 

A hypothetical stress path that may be followed by a soil 
specimen during a constant water content test is shown in 
Fig. 9.33. Stress point A represents the stress state at the 
end of consolidation where the soil specimen has a net con- 
fining pressure of (u3 - u,) and a matric suction of (u, - 
uw). As the soil is compressed during shear, the stress point 
is assumed to move from point A to point B along stress 
path AB. Stress point B represents the stress state at failure. 
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Figure 9.30 Stress paths followed during consolidated drained tests at various matric suctions 
under a constant net confining pressure. 

The net confining pressure remains constant at (u3 - u,) 
along stress path AB since the pore-air pressure is main- 
tained at the pressure used during consolidation. The pore- 
water pressure is assumed to increase continuously during 
shear. This results in a reduction in the matric suction [i.e., 
(u, - < (u, - uw)]. The failure envelope sloping at 
an angle of 4' can be drawn tangent to the Mohr circle at 
failure (e.g., at stress point C).  The failure envelope in- 
tersects the shear strength versus matric suction plane at a 

cohesion intercept, c. The cohesion intercepts obtained at 
various matric suctions can be joined to give the 4b angle. 

9.3.3 Consolidated Undrained Test with Pore 

The consolidated undrained or CU test uses the test con- 
dition where the soil specimen is consolidated first and then 
sheared, with both pore-air and pore-water under un- 

Measurements 

Stages 

Equilibrium 
at the end of 
consolidation 

Axial 
comwession 

At failure 

Total Pore-air Pore-water (u - u,) (ua - UW) 
stress pressure pressure 

(u. - uw) 

( u ,  - u3) Drained and Undrained and 
(u* - uw) - I \ u w  controlled measured (" - 

Figure 9.31 Stress conditions during a constant water content triaxial compression test. 
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392 - 386 

OO 4 8 12 16 20 24 

pi 

8 12 16 20 24 
Axial strain, e, (%) 

(b) 

Axial strain, E ,  (%) Axial strain, e, (%) 
(a) (C) 

Figure 9.32 Constant water content triaxial tests on Dhanauri clay. (a) Stress Venus strain curve; 
(b) matric suction change versus strain; (c) soil volume change versus strain (from Satija, 1978). 

drained conditions, as shown in Fig. 9.34. The consoli- 
dation process brings the soil specimen to the desired stress 
state [Le., (u3 - u,) and (u, - u,,,)]. The axis-translation 
technique is used to establish matric suctions greater than 
101.3 kPa. After equilibrium conditions have been reached, 
the soil specimen is sheared by increasing the axial load, 
(a, - u3), until failure is reached. The drainage valves for 
both the pore-air and pore-water pressures are closed (Le. , 
undrained conditions) during shear. Excess pore-air and 
pore-water pressures are developed during undrained load- 
ing. Under triaxial loading conditions, the excess pore 

A: at the end of consolidation 
B: at failure 
C: tangent point at failure 

pressures are related to the deviator stress by the D pore 
pressure parameters (see Chapter 8). The pore-air and 
pore-water pressures should be measured during the shear 
process. The net confining pressure, (u3 - u,), and the 
matric suction, (u, - u,,,), are altered throughout the test 
due to the changing pore-air and pore-water pressures. At 
failure, the magnitudes of the net major and minor princi- 
pal stresses and the matric suction are a function of the pore 
pressures. 

A typical stress path for a consolidated undrained test is 
illustrated in Fig. 9.35. The stress state at the end of con- 

T u  Net normal stress, (u - u,) 

Figure 9.33 Stress path followed during a constant water content test. 
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Stages 

Equilibrium 
at the end of 
consolidation 

Total Pore-air Pore-water (0 - ua) (us - u w )  
stress pressure pressure 

(ua - UW) ((33 - ua) 

Axial 
compression 

Undrained 
and 

measured 

Figure 9.34 Stress conditions during a consolidated undrained triaxial compression test with 
pore pressure measurements. 

solidation is represented by stress point A where the net 
confining pressure is (us - u,) and the matric suction is 
(u, - uw). Shear causes the stress state to move from point 
A to point B along stress path AB. The stress state at failure 
is represented by stress point B, corresponding to a differ- 
ent net confining pressure and matric suction from those 
associated with stress point A. In the example shown, the 
pore-air pressure is assumed to increase continuously dur- 
ing shear. This causes the net confining pressure to de- 
crease [Le., (u3 - u& < (u3 - u,)]. The matric suction 
is also assumed to decrease continuously [i.e., (u, - u,,,)~ 

e (u, - uw)]. The failure envelope is tangent to the Mohr 
circle at failure (e.g., at stress point C) and inclined at an 
angle of 9’ with respect to the (u - u,) axis. The failure 
envelope intersects the shear strength versus (u, - u,) 
plane at a cohesion intercept, c. The intersection line join- 
ing the cohesion intercepts produced by tests at different 
matric suctions gives the angle, 9’. 

It should be noted that it is difficult to maintain a fully 
undrained condition for the pore-air since air diffuses 
through the pore-water, the rubber membrane, and other 
parts of the triaxial apparatus. 

Net normal stress, (a I Ua) 

Figure 9.35 Typical stress path followed during a consolidated undrained test. 
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stress-strain curves for the undrained test are shown in Fig. 
9.16(a). These are the results of a special test in the sense 
that the pore-air and pore-water pressures were measured 
during shear [Fig. 9.16(b)]. The pore-water pressure mea- 
surements were limited to -1 atm (i.e., -101.3 kPa) 
(Bishop et al. 1960). The plot of soil volume change in 
Fig. 9.16(c) indicates that the soil specimen compressed 
during shear. 

Hypothetical stress paths that may be followed by a soil 
specimen during an undrained test are illustrated in Fig. 
9.37. Consider four identical specimens that are initially 
confined at four different total confining pressures. These 
are represented by stress points A, A I ,  A2, and A,, where 
a3 at A < q at At  < a3 at A2 < a, at A,. The application 
of the total confining pressure under undrained conditions 
results in the compression of the pore fluids and the devel- 
opment of excess pore-air and pore-water pressures. The 
pore pressure increases in an unsaturated soil are always 
less than the total stress increment applied. This is in keep- 
ing with a B pore pressure pameter which must always 
be less than 1.0 for an unsaturated soil (see Chapter 8). 
Therefore, a higher total confining pressure results in a 
higher net confining pressure (Le., (a3 - u,) at A < (a3 
- u,) at AI e (a, - u,) at A2 < (4 - u,,) at A3) and a 
lower matric suction (i.e., (u, - u,) at A > (u, - u,) at 
A I  > (u, - uw) at A2 > (ua - u,) at A,). In other words, 
the four identical soil specimens are brought to four differ- 
ent initial stress states, represented by stress points A, A , ,  
A2, and A, (Fig. 9.37). As the soil is sheared in undrained 
loading, the pore fluids are further compressed and the pore 
pressures may further increase. The stress point moves from 
point A to point B along the stress path a. The net con- 
fining pressure and the matric suction of the soil specimen 
decrease when going from stress point A to stress point B. 

9.3.4 Undrained Test 

The pore-air and pore-water are not allowed to drain in 
the undrained test. This applies both when the confining 
pressure and the deviator stress are applied to the soil spec- 
imen (Fig. 9.36). The excess pore-air and pore-water 
pressures developed during the application of the confining 
pressure can be related to the isotropic confining pressure 
by use of the B pore pressure parameters, as explained in 
Chapter 8. Although the excess pore pressures built up dw- 
ing the application of confining pressure are not allowed to 
dissipate, the volume of the soil specimen may change due 
to compression of pore-air. The soil has a net confining 
pressure, (a, - u,), and a matric suction, (u, - u,), after 
the application of the confining pressure. 

The soil specimen is sheared by applying an axial stress, 
(a, - u,), until failure is reached. Undrained loading dur- 
ing shear causes a further development of excess pore-air 
and pore-water pressures. The excess pore pressures can 
be related to the deviator stress by the D pore pressure pa- 
rameters for triaxial loading conditions (see Chapter 8). 
Generally, the pore pressures are not measured during 
shear. Therefore, the undrained test results are commonly 
used in conjunction with a total stress formulation of a 
problem. Here, the shear strength is related to the total 
stress without a knowledge of the pore pressures at failure. 

The net confining pressure, (a3 - u,), and the matric 
suction, (u, - u,), vary throughout the shear process. 
However, the stress state variables during shear and at fail- 
ure are unknown since the pore pressures are not measured. 
Figure 9.36 attempts to illustrate how the stress state vari- 
ables would change during an undrained triaxial test. Only 
the total confining pressure, a3, and the deviator stress, 

measured values in this test. Typical 

Pore-air Pore-water 
lua - UW) Stages pressure pressure (a - ua) 

Axial 
compression 

At failure 

Undrained 
& 

Figure 9.36 Stress conditions during an undrained triaxial compression test. 
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c 

0 Net normal stress, (a - ua) 

Figure 9.37 Stress paths followed during an undrained test. 

Stress point B represents the stress state of the soil at fail- 
ure. Similar stress paths are followed by the soil specimens 
- at stress points A l ,  A2, and A3 (Le., A I B l ,  A2B2, and 

Figure 9.37 indicates an increase in the diameter of the 
Mohr circle at failure as the initial total confining pressure 
increases (Le., (al - B c (al - a3)fat Bl c (a1 
-  at B2 < (a, - B3). In other words, the shear 
strength of the soil increases with increasing initial total 
confining pressure, although the initial matric suction de- 
creases. This occurs because the rate of shear strength in- 
crease caused by an increase in confining pressure is greater 
than the reduction in shear strength caused by a decrease 
in matric suction. This can also be visualized as occurring 
because the c$b angle is always lower than the friction an- 

The increase in shear strength due to the increase in the 
initial total confining pressure can also be demonstrated 
using a shear stress versus total normal stress plot (i.e., 7 
versus a plot), as shown in Fig. 9.38. The Mohr circles at 
failure are drawn using the total confining pressure at fail- 
ure (i.e,, a3f = a3) and the total major principal stress at 
failure, alp The diameter of the Mohr circle, (al - u ~ ) ~ ,  
remains the same when the circle is plotted with respect to 
either the net normal stress, (a - ua), or the total normal 
stress, a. However, the position of the Mohr circles on the 
horizontal axis differs by a magnitude equal to the pore-air 
pressure at failure, uap This can be seen by comparing the 
Mohr circle associated with stress point B2 in Figs. 9.37 
and 9.38. 

A typical curved envelope can be drawn tangent to the 
Mohr circles of the unsaturated soil specimens at failure 

-- 
A3B3). 

gle, 9’. 

(Fig. 9.38). The envelope defines the curved relationship 
between shear strength and total normal stress for unsatu- 
rated soils tested under undrained conditions. The curve 
indicates an increase in shear strength as the applied total 
stress increases. It may be practical in some cases to ap- 
proximate the curved failure envelope with a straight line. 
Care should be taken not to exceed the limits to which the 
envelope is applicable. As the confining pressure in- 
creases, the matric suction decreases and the degree of sat- 
uration increases. Eventually, a point is reached where the 
soil approaches saturation. In the saturated condition, an 
increase in the confining pressure will be equally balanced 
by a pore-water pressure increase since the B, pore pres- 
sure parameter will equal 1 .O. In other words, the effective 
confining stress (a3 - uw), remains constant regardless of 
the total confining pressure, a,. Therefore, the shear 
strength of the saturated soil should also remain constant 
for different total confining pressures. It is well known that 
undrained tests on saturated soil specimens at various con- 
fining pressures result in a series of Mohr circles at failure 
with equal diameters. A horizontal envelope with a slope 
of zero (i.e., 4, = 0; see Fig. 9.38) can be drawn tangent 
to the Mohr circles at failure. The ordinate intercept of the 
horizontal envelope on the shear strength axis is half the 
deviator stress at failure, and is referred to as the undrained 
shear strength, c,. The application of the undrained shear 
strength to the analysis of saturated soil is referred to as 
the 4, = 0 concept. 

The shear strength versus total normal stress relationship 
for an unsaturated soil does not produce a horizontal line. 
Rather, the undrained shear strength is a function of the 
applied total normal stress, as illustrated in Fig. 9.38. 
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& saturation 
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Total normal stress, a 

Figure 9.38 Shear stress versus total normal stress relationship at failure for the undrained test. 

9.3.5 Unconfined Compression Test 

The unconfined compression ok UC test is a special case 
of the undrained test. No confining pressure is applied to 
the soil specimen throughout the test (Fig. 9.39). The test 
can be performed by applying a load in a simple loading 
frame. At the start of the test, the unsaturated soil specimen 
has a negative pore-water pressure, and the pore-air pres- 
sure is assumed to be atmospheric. The soil matric suction, 
(u, - uw), is therefore numerically equal to the pore-water 
pressure. 

The soil specimen is sheared by applying an axial load 
until failure is reached. The deviator stress, (al - u3), is 

equal to the major principal stress, a], since the confining 
pressure, a3, is equal to zero. The compressive load is ap- 
plied quickly in order to maintain undrained conditions. 
Theoretically, this should apply to both in the pore-air and 
pore-water phases. The pore-air and pore-water pressures 
are not measured during compression. The excess pore 
pressures developed during an unconfined compression test 
can be theoretically related to the major principal stress 
through use of the D pore pressure parameter (see Chapter 
8). Figure 9.39 illustrates typical changes in the stress state 
variables that would occur during unconfined compression 
if the pore pressures were measured. 

Figurk 9.40 illustrates two possible stress paths that may 

Total Pore-air Pore-water (U - u d  (ua - UW) 
stress pressure pressure Stages 

Initial 

Axial 
compression 

(ua - Uwh 

At failure 
- u w +  
AUaI - Auwl 

Figure 9.39 Stress conditions during an unconfined compression test. 
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0 Net normal stress, (a - u.) 

Figure 9.40 Possible stress paths followed during an uncon- 
fined cornpression test. 

be followed in an unsaturated soil specimen during the un- 
confined compression. The initial stress state is represented 
by stress point A where the soil has a zero net confining 
pressure (i.e., (us - u,) = 0)  and a matric suction, (u, - 
u,). During an undrained compression, the matric suction 
can increase, decrease, or remain constant, depending upon 
the A parameter of the soil (see Chapter 9). Generally, the 
matric suction will decrease during an undrained compres- 
sion test, and the stress state in the soil will move forward 
from point A to point B along the stress path AB (Fig. 9.40). 
The stress state of the soil at failure is represented by point 
B. The pore-air pressure is assumed to increase slightly 
during compression. This causes the net confining pressure 
to decrease along stress path AB to a negative value (Le., 
(u3 - u , ) ~  = -Auaf). The matric suction at failure will be 
less than the initial matric suction (Le., (u, - u,,,)/at B < 
(u, - u,) at A). 

In the case of a constant matric suction during compres- 
sion, the stress state of the soilcould move from point A 
to point B,  along the stress path AB,. In this case, the stress 
path lies in a plane of constant matric suction. Stress point 
B, represents the stress state of the soil at failure. The pore- 
air and pore-water pressures are assumed to remain con- 
stant during compression in order for the matric suction to 
be constant. As a result, the net confining pressure remains 
equal to zero until failure is reached (i.e., (u3 - u,) = (a, 

For the case of an increasing matric suction during 
compression (e.g., the soil dilates), the stress state in the 
soil will move backward fmm point A to a point (or plane) 
somewhere behind point A. This stress path is not shown 
in Fig. 9.40. 

The stress paths illustrated in Fig. 9.40 are associated 
with unsaturated soil specimens. The soil may be unsatu- 

- U,)f = 0). 

rated in the field or become unsaturated during sampling 
due to the release of the overburden pressure. Unconfined 
compression test results on the unsaturated soil apply only 
to the condition where the total confining pressure, u3, is 
zero [Fig. 9.41(a)]. The deviator stress at failure, (al - 
u ~ ) ~ ,  is referred to as the unconfined compressive strength, 
9,. The unconfined compressive strength is commonly 
taken as being equal to twice the undrained shear strength, 
c,. However, as the confining pressure increases, the un- 
drained shear strength for the unsaturated soil also in- 
creases. As a result, the compressive strength value may 
not be satisfactory in approximating the undrained shear 
strength, c,, at a confining pressure greater than zero. 

In some cases, the soil samples in the field remain satu- 
rated (Le., S is equal to 100%), although its pore-water 
pressure is negative. The pore-water pressure can be neg- 
ative because the soil is from some distance above the 
groundwater table, or it can be negative due to the release 
of overburden pressure, or both. The shear strength equa- 
tion for saturated soils [i.e., Eq. (9.1)] can be used even 
though the pore-water pressures are negative. The un- 
drained shear strength, c,, for the soil remains constant at 
various confining pressures [Fig. 9.41(b)]. As a result, the 

I 
Unconfined 
compression 

k-4" =4 
(a, - a,), Total normal stress, (7 

(a) 

I- 
vi 
sb Undrained shear strength, cu 
5 Unconfined 
& compression 

(constant) 

Cp-0 

r 
u,f=O U3f >o  Ult 

k q u  =(u, - Udf ------I 
Total normal stress, u 

( b) 

Figure 9.41 Use of the unconfined compressive strength, qu, to 
approximate the undrained shear strength, c,, for an unsaturated 
soil and a saturated soil. (a) Relationship between q, and c, for 
an unsaturated soil; (b) relationship between qu and c, for a sat- 
urated soil (with negative pore-water pressures). 
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unconfined compressive strength, q,,, is twice the un- 
drained shear strength, c,,, for the saturated soil, regardless 
of the magnitude of the confining pressure. 

In summary, it is quite likely that unconfined compres- 
sion tests on unsaturated soils will greatly underestimate 
the available shear strength. Unconfined compression tests 
are routinely performed for bearing capacity, slope stabil- 
ity, and other engineering studies. The engineer must un- 
derstand that an approximate simulation of the field confin- 
ing pressure is strongly recommended when performing 
laboratory tests. In other words, the undrained tests should 
be performed as confined compression tests when the soils 
are unsaturated. 

9.4 DIRECT SHEAR TESTS ON UNSATURATED 
SOILS 

A direct shear test apparatus basically consists of a split 
box, with a top and bottom portion. The test is generally 
performed using a consolidated drained procedure, as 
shown in Fig. 9.42. A soil specimen is placed in the direct 
shear box and consolidated under a vertical normal stress, 
u. During consolidation, the pore-air and pore-water pres- 
sures must be controlled at selected pressures. The axis- 
translation technique can be used to impose a matric suc- 
tion greater than 1 atm. The direct shear test can be con- 
ducted in an air-pressurized chamber in order to elevate the 
pore-air pressure to a magnitude above atmospheric pres- 
sure (Le., 101.3 Wa). The pore-water pressure can be 
controlled below the soil specimen using a high air entry 
disk. At the end of the consolidation process, the soil spec- 
imen has a net vertical normal stress of (a,, - u,) and a 
matric suction of (u, - u,) (Fig. 9.42). Shearing is 

achieved by horizontally displacing the top half of the di- 
rect shear box relative to the bottom half. The soil speci- 
men is sheared along a horizontal plane between the top 
and bottom halves of the direct shear box. The horizontal 
load required to shear the specimen, divided by the nomi- 
nal area of the specimen, gives the shear stress on the shear 
plane. During shear, the pore-air and pore-water pressures 
are controlled at constant values. Shear stress is increased 
until the soil specimen fails. The failure plane has a shear 
stress designated as T ~ ,  corresponding to a net vertical nor- 
mal stress of (a, - u,),[i.e., equal to (a - u,)] and a matric 
suction of (u, - u,), [i.e., equal to (u, - u,)], as illus- 
trated in Fig. 9.42. Figure 9.43 shows a typical plot of 
shear stress versus horizontal displacement for a direct shear 
test. 

The failure envelope can be obtained from the results of 
direct shear tests without constructing the Mohr circles. The 
shear stress at failure, rfl is plotted as the ordinate, and (a, 
- u , ) ~  and (u, - uw)f are plotted as the abscissas to give a 
point on the failure envelope (Fig. 9.44). A line joining 
points of equal magnitude of (a, - u,), determines the +b 

angle (e.g., a line joining points A, B, and C in Fig. 9.44). 
Similarly, a line can be drawn through the points of equal 
(u, - uW), to give the angle of internal friction, 4‘ (e.g., a 
line drawn through points A,, A*, and A in Fig, 9.44). 

The direct shear test is particularly useful for testing un- 
saturated soils due to the short drainage path in the speci- 
men. The low coefficient of permeability of unsaturated 
soils results in “times to failure” in triaxial tests which can 
be excessive. Other problems associated with testing un- 
saturated soils in a direct shear apparatus a similar to those 
common to saturated soils (e.g., stress concentrations, def- 
inition of the failure plane, and the rotation of principal 
stresses). 

Stages Total Pore-air Pore-water (0 -ua) (ua - uw) I stress pressure pressure 

Equilibrium 
at the end of 
consolidation 

Horizontal 
shearing 

At failure 

Figure 9.42 Stress conditions during a consolidated drained direct shear test. 
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Figure 9.43 A typical shear stress versus shear displacement 
curye from a direct shear test (from Gan, 1986). 

9.5 SELECTION OF STRAIN RATE 

The strength testing of unsaturated soils is commonly per- 
formed at a constant rate of strain. An appropriate strain 
rate must be selected prior to commencing a test. In un- 
drained shear, the selected strain rate must ensure equal- 
ization of induced pore pressures throughout the specimen. 
In drained shear, the selected strain rate must ensure dis- 
sipation of induced pore pressures. The estimation of the 
strain rate for testing soils can be made partly on the basis 
of experimental evidence and partly on the basis of theory. 
9.5.1 Background on Strain Rates for Triaxial 
Testing 
Prior to the 1960’s, unsaturated soils were tested in shear 
using similar procedures and equipment to those used for 
saturated soils. Coarse ceramic disks were used, and the 
strain rates were relatively high. In the early 1960’s, the 
procedures and equipment used for testing unsaturated soils 
were modified. A high air entry ceramic disk was placed 
at the bottom of the soil specimen in order to measure or 

control the pore-water pressure independently from the 
pore-air pressure. Several empirical procedures were pro- 
posed for estimating the strain rate for testing unsaturated 
soils (Bishop et al. 1960; Lumb, 1966; Ruddock, 1966). 
The testing equipment was also modified to accommodate 
the independent control of the pore-air and pore-water 
pressures. The pore-air pressure was controlled or mea- 
sulled through the use of a coarse ceramic disk, commonly 
placed on the top of the soil specimen. The control or mea- 
surement of the pore-water pressure was made through the 
use of a high air entry ceramic disk. The disk was sealed 
onto the base pedestal. The modified equipment allowed 
the use of the axis-translation technique (Hilf, 1956). The 
above arrangement for the shear strength testing of unsat- 
urated soils has generally been used up to the present. 

Shear strength tests on unsaturated soils have been gen- 
erally performed at relatively slow rates in order to ensure 
equalization or dissipation of induced pore pressures. Trial 
and e m r  procedures have been used by several researchers 
to assess the appropriate strain rate. Donald (1961) rec- 
ommended that the effect of strain rate on the maximum 
deviator stress be used as a criterion in assessing an appro- 
priate strain rate. Gibson and Henkel (1954) and Bishop 
and Henkel (1962) presented test data showing the varia- 
tion in strength (i.e., the deviator stress at failure) with 
strain rate. The shear strength levelled off below a partic- 
ular strain rate, indicating an upper limit of strain rate for 
failing the soil specimen. No measurements were made to 
ensure that this strain rate limit was slow enough for com- 
plete pore pressure equalization or dissipation. 

Satija and Gulhati (1979) concluded from their test data 
that deviator stress is not sensitive to the effect of varying 
strain rates [Figs. 9.45(a) and 9.46(a)]. It was suggested 
that changes in matric suction for CW tests [Fig. 9.45(b)] 

Figure 9.44 Extended Mohr-Coulomb failure envelope established from direct shear test results. 
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Figure 9.45 Strain rate effects for constant water content tests 
on Dhanauri clay. (a) Effect of strain rate on deviator stress; (b) 
effect of strain rate on matric suction change (from Satija, 1978). 

and changes in water content for CD tests [Fig. 9.46(b)] 
would be a more reasonable indicator when assessing an 
appropriate strain rate. Tests were performed on specimens 
of compacted Dhanauri clay using strain rates varying from 
5.3 x lob5 to 3.3 x %/s.  It was concluded that a 

Figure 9.46 Strain rate effects for consolidated drained tests on 
Dhanauri clay. (a) Effect of strain rate on deviator stress; (b) ef- 
fect of strain rate on water content change (fmm Satija, 1978). 

strain rate of 6.7 x (96 /s) was adequate for CW tests 
on Dhanauri clay. The strain rate for CD tests was chosen 
to be one-fifth of the strain rate for CW tests (i.e., 1.3 X 

The effect of strain rate on the equalization of pore-water 
pressures for undrained tests has been studied by Bishop et 
al. 1960. Two compacted clay shale specimens, 101.6 mm 
in diameter and 203.2 mm in height, were tested at two 
different strain rates (i.e., 6.9 x and 4.6 X lo-' 
%/s). The pore-water pressure was measured at the base 
of the specimen and at the midheight of the specimen. The 
results are presented in Figs. 9.47 and 9.48 for strain rates 
of 6.9 x loe4 and 4.6 X %/s, respectively. The 
higher strain rate resulted in significantly different pore- 
water pressures across the specimen [Pig. 9.47@)]. The 
base measurement was higher than the midheight measure- 
ment. As a result, the principal stress ratios computed from 
the two pore-water pressure measurements were also dif- 
ferent [Fig. 9.47(a)]. This difference affects the assessment 
of the shear strength. Closer agreement between the pore- 

1 0 - ~  %IS). 
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Figure 9.47 An undrained test on a compacted clay shale spec- 
imen at a strain rate of 6.9 x %/s. (a) Shear stress versus 
strain curve; (b) pore-water pressure versus strain at two points 
of measurement; (c) total volume change versus strain (from 
Bishop et al., 1960). 

water measurements at the base and at the midheight point 
was obtained when using the slower strain rate [Fig. 
9.48(b)]. 

9.5.2 Strain Rates for Triaxial Tests 
Strain rate can be defined as the rate at which a soil spec- 
imen is axially compressed: 

(9.21) 

where 
i =  

€f = 
tf= 

strain rate for shearing a specimen in the triaxial 
test 
strain of the soil specimen at failure 
time required to fail the soil specimen or "time 
to failure. " 
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Figure 9.48 An undrained test on a compacted clay shale spec- 
imen at a strain rate of 4.6 X %/s. (a) Shear stress versus 
strain curve; (b) pore-water pressure versus strain at two points 
of measurement; (c) total volume change versus strain (from 
Bishop et al., 1960). 

The strain at failure, E,, depends on the soil type and the 
stress history of the soil. Table 9.3 presents typical values 
of strain at failure, ef, obtained from numerous triaxial test- 
ing programs on unsaturated soils. This information may 
be of value as a guide when attempting to establish a suit- 
able strain rate, i. The strain at failure can be revised as 
testing progresses. 

Gibson and Henkel (1954) used the theory of consoli- 
dation in formulating a theoretical method for approxi- 
mately determining the time required to failure for a spec- 
imen under drained conditions. The theory is applicable for 
both triaxial and direct shear tests. The strain rate used in 
the triaxial testing of saturated soils has commonly been 
estimated using this procedure (Bishop and Henkel, 1962). 
This theory has been extended to embrace unsaturated soils 
testing. For unsaturated soils, it is necessary to consider 
impeded flow through the high air entry disk at the base of 
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Table 9.3 Strain Rate and Strain at Failure for Triaxial Tests on Unsaturated Soils 

Approximate 
Strain Rate, Strain at Failure, 

Soil Type Triaxial Test i: (%/SI Cf (%) References 

Boulder clay; w = 11 -6% cw 3.5 x 10-5 15 Bishop et al. 1960 

Braehead silt cw 4.7 x 10-5 11 Bishop and Donald (1961) 
CD 8.3 x 12 

Talybont boulder clay; w = Undrained 4.7 x lo-’ u3 = 83 kPa : 8.5 Donald (1963) 

and 96 clay = 18% 

9.75% and 96 clay = 6% with pore 
pressure 

measurements 

u3 = 207 kea : 11 

Dhanauri clay; w = 22.2% cw 6.7 x 1 0 - ~  20 Satija and Gulhati (1979) 

Undisturbed decomposed CD 1.7 x 10-5 StageI: 3-5 Ho and Fredlund (1982a) 
and % clay = 25% CD 1.3 x 10-4 20 

granite and rhyolite Multistage 6.7 x 1 0 - ~  StageII: 1-3 
Stage 111: 1-3 

Clayey sand; w = 14-17% Undrained 1.7 x 1 0 - ~  15-20 Chantawarangul(l983) 
and 96 clay = 30% and 

unconfined 

the specimen and the physical properbies of the soil (Ho 
and Fredlund, 1982~). The high air entry disk has a low 
coefficient of permeability, kd.  As a result, the disk not 
only prevents the passage of air, but also impedes the flow 
of water in and out of the specimen during shear. Another 
factor affecting the time to failure, 9, is the low coefficient 
of permeability of the unsaturated soil (see Chapters 5 and 
6) * 

Analytical considerations of the impeded flow problem 
from an unsaturated soil specimen can be solved in a man- 
ner similar to the problem of impeded flow caused by 
plugged porous stones above and below saturated soil spec- 
imens, as presented by Bishop and Gibson (1963). The so- 
lution gives the time required to fail the specimen when 
using a drained test. For an undrained test, a smaller value 
of time to failure, 9, can be used. However, the high air 
entry disk is still controlling the pore pressure equalization. 
In other words, it is suggested that the time to failure value 
computed for a drained test can be considered as a con- 
servative estimate of time to failure for an undrained test. 

The ability of an unsaturated soil specimen and the mea- 
suring system to dissipate the excess pore pressures devel- 
oped during drained shear are the main considerations in 
computing the time to failure. The excess pore pressure 
dissipation is essentially a one-dimensional consolidation 
process (see Chapter 15). Generally, the coefficient of 
permeability with respect to the air phpe, k,, is much larger 
than the coefficient of permeability with respect to the water 
phase, kw. When the air phase is occluded, the air coeffi- 

cient of permeability reduces to the diffusivity of air through 
water (see Chapter 6). It is therefore assumed that the dis- 
sipation of the excess pore-water pressure will, in general, 
require a longer time than the dissipation of the excess 
pore-air pressure. As a result, the time required to fail the 
unsaturated soil specimen can be computed by considering 
the dissipation of excess pore-water pressure. The above 
assumptions also apply when the air phase is occluded since 
the soil can then be treated as a saturated soil having a 
compressible pore-fluid. 

The solution to the problem of excess pore-water pres- 
sure dissipation with impeded flow is mathematically 
equivalent to the heat conduction of a slab initially at a 
uniform temperature, being cooled at its surface in accor- 
dance with Newton’s law (Carslaw and Jaeger, 1959). The 
solution can be written as a Fourier series (Gray, 1945). 
Figure 9.49 shows the dimensions and property variables 
of an unsaturated soil specimen and high air entry disk, 
required in the solution to the impeded dissipation of ex- 
cess pore-water pressures. The high air entry disk is as- 
sumed to be incompressible, and its properties appear in 
the form of an impedance-type factor, X: 

(9.22) A = -  kdd 

kwLd 
where 

X = impedance factor 
kd = coefficient of permeability of the high air entry 

disk 
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Water flow 
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drainage drainag 
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. .  

Figure 9.49 Properties and variables required to model pore 
pressure equalization for an unsaturated soil specimen and a high 
air entry disk. 

k, = coefficient of permeability of the unsaturated 
soil with respect to the water phase 

d = length of drainage path in the soil 
Ld = thickness of the high air entry disk. 

For single drainage, where the pore-water drains only to 
the bottom (or top) of the soil specimen, the length of 
drainage path, d, is equal to the height of the soil speci- 
men, 2L (i.e., d = 2L; see Fig. 9.49). If the pore-water 
is allowed to drain from the top and bottom of the specimen 
(i.e., double drainage), the length of the drainage path be- 
comes half of the specimen height (i.e., d = L). In unsat- 
urated soil testing, the water is usually permitted to drain 
through the high air entry disk at the bottom of the speci- 
men. Equation (9.22) is plotted in Fig. 9.50 in terms of 
dimensionless ratios of (k,/kd) and (Ld/d) for single 
drainage dissipation (i.e., d = 2L). The dimensionless form 
allows the assessment of the impedance factor, X, for a 
wide range of soils and high air entry disks. The impedance 
factor, X, can be obtained directly from Fig. 9.50 when the 
properties of the specimen and the high air entry disk are 
known. The coefficient of permeability with respect to the 
water phase, k,, may vary depending upon the matric suc- 
tion of the specimen. The coefficient of permeability of the 
soil is expressed as a function, k,(u, - u,), and is ex- 
plained in Chapters 5 and 6. It may be necessary to reduce 
the rate of strain as matric suction is increased. 

The time required to fail the soil specimen, 9, can be 
expressed in terms of a desired degree of dissipation of 
excess pore-water pressure (Bishop and Gibson, 1963). 

(9.23) 

where 

L = half of the actual length of the soil specimen, 
which is the same for single or double drainage 

(k,.,/kd) ratio 

Figure 9.50 Impedance factors, A, for various ratios of ( k , / k d )  
and ( L d / d )  for single drainage. 

1 = 0.75/(1 + 3/h) for single drainage 
1) = 3/(1 + 3/X) for double drainage 

c: = k,/(p,gm,”); the average coefficient of con- 
solidation with respect to the water phase (see 
Chapter 15) 

pw = density of water 

mw = slope of the plot of water volume change, 
(V , /V) ,  versus matric suction (see Chapters 
12 and 13) 

Uf = average degree of dissipation of the excess 
pore-water pressure at failure. 

g = gravitational acceleration 

- 

The effect of impeded flow on the time to failure, tf, is 
taken into account through the impedance factor, X, in the 
rl parameter in Eq. (9.23). The properties of the unsatu- 
rated soil specimen are taken into account in the L and c r  
terms. Approximate properties for the unsaturated soil (Le., 
k, and rn;) can be used to estimate the average coefficient 
of consolidation, cr. Any desired value for the average de- 
gree of dissipation, u’, can be used, but a value of 95 % is 
recommended (Gibson and Henkel, 1954, Bishop and Hen- 
kel, 1962). An average degree of dissipation of 95% means 
that 95 % of the excess pore-water pressure developed dur- 
ing shear will be dissipated at the time of failure. 

The time to failure, 9 [Le., Eq. (9.23)] can be plotted 
with respect to the impedance factor, X, for various values 
of the coefficient of consolidation, cr, as shown in Figs. 
9.51 and 9.52. Both figures are generated for single drain- 
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1 Month 
2 Weeks 
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4 Days 
2 Days 
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o.oO01 0.0010.01 0.1 1.0 10 100 lo00 

Impedance factor, A 

Figure 9.51 Time to failure, 9, for a drained triaxial test spec- 
imen, 140 mm in height. 

age triaxial testing. Figures 9.51 and 9.52 correspond to 
specimen heights of 140 and 76 mm, respectively. These 
heights are common in triaxial testing. The plots indicate 
an increase in time to failure, with a decrease in the coef- 
ficient of consolidation or a decrease in the impedance fac- 
tor, A. The increase in time to failure, due to a decrease in 
the coefficient of consolidation, cz, is uniform at various 
X values. However, the increase in time to failure due to a 
decrease in the impedance factor becomes more significant 
for impedance factors less than 10. When the impedance 

1 Month 
2 Weeks 
1 Week 
4 Days 
2 Days 
1 Day 

0.oO010.0010.01 0.1 1.0 10 100 lo00 

Impedance factor, A 

Figure 9.52 Time to failure, 9, for a drained triaxial test spec- 
imen, 76 mm in height. 

factor is greater than 10, the time to failure is almost con- 
stant for a specific coefficient of consolidation. 

An impedance factor of 10 corresponds to a specific 
permeability ratio, (kw/kd)  (Fig. 9.50). As an example, an 
impedance factor of 10 corresponds to a (kw/kd)  ratio of 
0.7 when the (Ld /d )  ratio is 0.16. Impedance values less 
than 10 would correspond to (kw/kd)  ratios greater than 0.7 
(Fig. 9.50). A comparison between Fig. 9.50 and Figs. 
9.51 or 9.52 indicates that the time to failure, 9, is signif- 
icantly affected by the impeded flow when the impedance 
factor is less than 10. In other words, the impeded flow 
problem exists even when the high air entry disk has a coef- 
ficient of permeability equal to the coefficient of perme- 
ability of the soil specimen. In many cases, the coefficient 
of permeability of the disk is lower than that of the soil. 
On the other hand, the effect of impeded flow on the time 
to failure, ff, remains essentially unchanged when the 
impedance factor is greater than 10. This means that little 
improvement can be made on the time to failure, 9, when 
the impedance factor has reached a value greater than 10. 

It is evident from the above discussion that impeded flow 
due to the presence of the high air entry disk is often the 
governing factor influencing the time to failure. One way 
to reduce the time to failure is by using a thin high air entry 
disk. High air entry disks generally range in thickness from 
0.32 to 0.95 cm. For a specific (k,,,/kd) ratio and a specific 
specimen height, a decrease in the thickness of the high air 
entry disk causes an increase in the impedance factor (Fig. 
9.50). This, in turn, reduces the time to failure, ‘f (Figs. 
9.51 or 9.52). However, thicker disks are superior due to 
their ability to greatly reduce the diffusion rate of air 
through the disk. 

The strain rate, if, for triaxial testing of unsaturated soils 
can be computed in accordance with Eq. (9.21). The com- 
puted strain rate is only an estimation because of the as- 
sumptions involved in the theory and the difficulties in ac- 
curately assessing relevant soil properties. Nevertheless, 
the theory does provide a somewhat rational approach to 
obtaining the strain rate for testing. Typical strain rates that 
have been used for triaxial tests on unsaturated soils are 
tabulated in Table 9.3. The strain rate for testing should be 
relatively low, even when the soil appears to be quite per- 
vious, since the strain rate is largely controlled by the high 
air entry disk. Equation (9.21) can also be used to obtain 
a conservative estimate of strain rate for undrained shear 
strength testing. 

It appears that water can more readily flow out from a 
soil specimen through the high air entry disk than into the 
specimen through the high air entry disk. If a soil tends to 
dilate during shear, it may be difficult to ensure upward 
water flow through the low-permeability disk into the soil 
specimen. This problem can be somewhat alleviated by 
using the axis-translation technique and periodically flush- 
ing diffused air from below the high air entry disk. The 
axis translation ensures a positive water pressure below the 
high air entry disk. 
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Table 9.4 Horizontal Displacement Rate and Horizontal Displacements at Failure for Several Direct Shear Tests 
on Unsaturated Soils 

Direct Shear Displacement Rate, Displacement at 
Test d h  (mm/s) Failure, dh (mm)" References 

Madrid grey clay CD 
Madrid grey clay CD 

Red clay of Guadalix CD 

Madrid clayey sand CD 
de la Sierra 

Glacial till CD 
(multistage) 

1.4 x 10-~ 
2.8 x 10-~ 

2.8 x 10-~ 

2.8 x 10-5 

1.7 x 1 0 - ~  

3.5-5 Escario (1980) 
6 .O-7.2 Escario and 

Sriez (1986) 
4.8-7.2 Escario and 

S6ez (1986) 
2.4-4.8 Escario and 

S b z  (1986) 
1.2 Gan (1986) 

(I Square specimen of 50 x 50 mm. 

9.5.3 Displacement Rate for Mrect Shear Tests 

The rate of horizontal shear displacement in a direct shear 
test is analogous to the strain rate in a triaxial test. The 
horizontal shear displacement rate can be defined as the 
relative rate at which the top and the bottom halves of the 
direct shear box are displaced: 

(9.24) 

where 

h = horizontal shear displacement rate for a direct 

dh = horizontal displacement of the soil specimen at 
shear test 

failure. 

The horizontal displacement at failure, dh, depends on 
the soil type and the soil stress history. Typical horizontal 
displacements at failure, obtained from several testing pro- 
grams, are shown in Table 9.4. An estimate of the hori- 
zontal displacement at failure is required in order to com- 
pute the horizontal shear displacement rate, d h .  

The theoretical estimation for the time to failure, 9, used 
in triaxial testing [Le., Eqs. (9.22) and (9.23)] is also ap- 
plicable to drained direct shear tests. The excess pore pres- 
sures developed during a drained direct shear test are also 
dissipated one-dimensionally in the vertical direction. The 
pore-water is commonly drained out of the bottom of the 
specimen through the high air entry disk. The impedance 
factor for direct shear tests can be computed using Eq. 
(9.22) (Fig. 9.50). The time to failure, 9, for direct shear 
tests can be computed using Eq. (9.23) (Fig. 9.53). Figure 
9.53 is a plot of the time to failure for various impedance 

factors and coefficients of consolidation. The plot is gen- 
erated for a specimen height of 12.7 mm. 

The horizontal shear displacement rate, h, can be com- 
puted from Eq. (9.24) using estimated values of dh and 9. 
Typical horizontal shear displacement rates that have been 
used in direct shear testing on unsaturated soils are listed 
in Table 9.4. 

A comparison of Figs. 9.51, 9.52, and 9.53 reveals that 
the time required to fail the soil specimen is substantially 
reduced by using a thinner soil specimen. This can be ob- 
served from Eq. (9.23) where the time to failure is a func- 
tion of the square of half the specimen height, h. The direct 
shear test has the advantage that a thin specimen can assist 
in expediting testing. 

Month 
Weeks 
Week 
Days 
Days 
Dav 

10' [+-;;,;,;H\*J 
100 
0.00010.0010.01 0.1 1.0 10 100 1000 

Impedance factor, A 
Figure 9.53 Time to failure, f f ,  for drained direct shear tests 
with a specimen height of 12.7 mm. 
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9.6 MULTISTAGE TESTING 

Multistage testing can be performed using triaxial or direct 
shear equipment, and it consists of altering the stress path 
during the testing of a single soil specimen. Multistage 
testing is used to maximize the amount of shear strength 
information that can be obtained from one specimen. It also 
assists in eliminating the effect of soil variability on the 
results. Multistage triaxial testing of saturated soils usually 
consists of using several effective confining pressures, (u3 
- uw), when testing one soil specimen. A Mohr-Coulomb 
failure envelope (Fig. 9.1) can be drawn tangent to the 
Mohr circles, corresponding to failure at the various effec- 
tive confining pressures. 

For unsaturated soils, multistage triaxial testing has been 
performed in conjunction with a consolidated drained type 
of test. However, the multistage triaxial testing is also ap- 
plicable when using the constant water content or the con- 
solidated undrained test procedure. For multistage, con- 
solidated drained triaxial tests, the net confining pressure, 
(a, - u,), is usually maintained constant, while the matric 
suction, (u, - uw), is varied from one stage to another. 
Figure 9.54(a) illustrates a multistage triaxial test with three 
stages. Each stage corresponds to a different matric suc- 
tion. A multistage consolidated drained triaxial test can also 

Stage 111 
n 

Axial strain, ey 

(a) 

U!. .- 
250 350 
1 0 0  200 
50 I 50 

150 I150 
50 150 ~- - 

Stage 111 

Idealized stress path 
Actual stress path ---- 

P 

111 
500 
350 

50 
150 
300 

- 

-- 

Axial strain, t, 

(b) 

Figure 9.54 Idealized stress-strain curves for multistage triaxial 
testing. (a) Cyclic loading procedure; (b) substained loading pro- 
cedure. 

be performed by maintaining the matric suction constant 
and varying the net confining pressure. 

Each stage of the multistage test should be terminated 
when failure is imminent. This can generally be deter- 
mined by observing when the deviator stress tends to a 
maximum value. The soil specimen should not be sub- 
jected to excessive deformation, particularly during the 
early stages of loading. Difficulties related to excessive de- 
formation in multistage triaxial testing have been reported 
by several researchers (Kenney and Watson, 1961; Wong, 
1978; Ho and Fredlund, 1982b). When the specimen 
undergoes excessive deformation during the early stage of 
loading, the specimen will tend to develop distinct shear 
planes, and the strength may be d u c e d  from its peak 
strength. The shear strength measured at successive stages 
may tend towards an ultimate or residual strength condi- 
tion. The ultimate or residual shear strength is obtained 
when the deviator stress has levelled off after reaching its 
peak or maximum value. Excessive strain accumulation can 
be a problem in multistage testing, particularly for soils 
whose structure is sensitive to disturbance. 

Two types of loading procedures were proposed for mul- 
tistage testing by Ho and Fd lund  (1982b). These were 
called the cyclic and the sustained loading pmedures, and 
are shown in Fig. 9.54(a) and (b), respectively. For the 
cyclic loading procedure, the deviator stress, (a, - u3), is 
released to zero once a maximum value is reached. Each 
stage of loading commences from a condition of zero de- 
viator stress [Fig. 9.54(a)]. For the sustained loading pro- 
cedure, the deviator stress is sustained at its maximum value 
while the next stage of loading is applied. In other words, 
the maximum deviator stress is maintained while a new 
stress state is applied to the specimen [Fig. 9.54(b)]. The 
cyclic loading procedure appears to have an advantage over 
the sustained loading procedure in that it reduces the ac- 
cumulated strain. The release of the deviator stress be- 
tween stages in the cyclic loading procedure appears to 
minimize the accumulation of strain experienced during the 
sustained loading procedure. Part of the accumulated strain 
appears to be restored through elastic recovery when re- 
leasing the deviator stress between stages. 

Typical stress versus displacement curves for a multi- 
stage direct shear test, using the cyclic loading procedure, 
are shown in Fig. 9.55. 

9.7 NONLINEARITY OF FAILURE ENVELOPE 

The shear strength theory for an unsaturated soil has been 
presented in Section 9.3 using an extended Mohr-Coulomb 
failure envelope. Recent shear strength test results on un- 
saturated soils indicate some nonlinearity in the shear 
strength versus matric suction failure envelope (Gan, 1986; 
Escario and Shez, 1986). Figure 9.56 illustrates a typical 
nonlinear matric suction failure envelope. The t # ~ ~  angle ap- 
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Figure 9.55 Multistage direct shear test on a compacted glacial till specimen GT-16-N4 (from 
Gan, 1986). 

pears to be equal to 4‘ at low matric suctions, and de- 
creases to a lower value at high matric suctions. It appears 
that the angle is a function of matric suction, (u, - u,,,). 
The variation in the 4 angle with respect to matric suction 
can better be understood by considering the pore volume 
on which the pore-water pressure acts. Let us consider a 
direct shear test performed using the axis-translation tech- 
nique for a wide range of matric suctions. Initially, the soil 
specimen is saturated and consolidated under a vertical 
normal stress, a. The initial matric suction is maintained 
at zero by applying an external air pressure equal to the 
pore-water pressure. 

The matric suction of the soil is equal to the difference 
between the gauge external air pressure and the gauge pore- 
water pressure. At the start of the test, the matric suction 
is the pore-water pressure referenced to the external air 
pressure. The total normal stress is referenced to the exter- 

nal air pressure, (a - u,). Assuming that the 4’ and c’ 
parameters are known, the soil shear strength under the ini- 
tial conditions can be predicted from Eq. (9.3) as being 
equal to (c’ + (a - u,) tan 4‘). The initial condition is 
represented as point A in Fig. 9.56. 

Let us now apply a positive matric suction while keeping 
the net normal stress, (a - u,), constant. At low matric 
suctions, the soil specimen remains saturated. When the 
soil remains saturated, the effects of pore-water pressure 
and total normal stress on the shear strength are character- 
ized by the friction angle, +’. Both the pore-water pressure 
and the total normal stress are referenced to’the same ex- 
ternal air pressure, as expressed by the (u, - u,) and (a - 
u,) stress state variables, respectively. As a result, an in- 
crease in matric suction causes an increase in shear strength 
in accordance with the 4’ angle. The shear stress versus 
matric suction envelope has a slope angle d b  equal to 4’. 
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Figure 9.56 Nonlinearity of the failure envelope on the 7 versus (u, - u,,) plane. 

This condition is maintained as long as the soil is saturated. 
This condition is indicated by line AB in Fig. 9.56. Sub- 
stituting #‘ for #6  into Eq. (9.3) results in the same shear 
strength equation as used for saturated soils [i.e., Fq. 
(9.1)]. Therefore, the shear strength equation for saturated 
soils, Eq. (9.1), is applicable when the pore-water pres- 
sures are negative, provided the soil remains saturated 
(Aitchison and Donald, 1956; Bishop, 1961b). 

The pore-water can fill the entire volume of the pores of 
a soil, even when its pressure is negative. However, as 
matric suction is increased, water will be drawn out from 
the pores of the soil. When the air entry value of the soil 
specimen, (u, - &)b, is reached, air enters into the pores, 
resulting in a desaturation of the soil. For the unsaturated 
condition, the pore-water pressure is referenced to the 
pore-air pressure [Le., (u, - u,)], which is now both ex- 
ternal and internal to the soil. The total normal stress is 
similarly referenced to the pore-air pressure through the (a 
- u,) stress state variable. The pore-water occupies only 
a portion of the soil pores, as indicated by a degree of sat- 
uration which is less than 100%. As a result, a further in- 
crease in matric suction proves to not be as effective as an 
increase in net normal stress in increasing the shear strength 
of the soil. Figure 9.56 indicates a decrease in the t p6  angle 
to a value lower than 4‘ as matric suction is increased be- 
yond point B. The matric suction corresponding to point B 
appears to be correlative with the air entry value of the soil 
specimen, (u, - u,)b. Therefore, the effects of normal 
stress and pore-water pressure on the shear strength of an 
unsaturated soil are best independently evaluated in terms 
of the (a - u,) and (u, - u,) stress state variables, as 
shown in Eq. (9.3). 

The air entry value of a soil largely depends on the grain 

size distribution of the soil. Coarse granular soils, such as 
sands, desaturate at lower matric suctions &an fine-grained 
clayey soils (see Chapter 4). As a results, there is a rela- 
tionship between the air entry value of the soil and the pore 
sizes in the soil. This relationship is typified by the water 
characteristic curve for a soil. A sand often has an air entry 
value less than 101.3 kea, whereas a clayey soil can have 
an air entry value well beyond 101.3 kea. The air entry 
value of a soil may also depend, to some extent, upon the 
net confining pressure of the soil. The air entry value may 
be used as an approximation of the breaking point of the 
nonlinear matric suction failure envelope (i.e., point B in 
Fig. 9.56). Experimental results to date indicate a fairly 
constant value for the c $ ~  angle beyond the breaking point 
B as shown in Fig. 9.56. Some results do not appear to 
exhibit any nonlinearity in the failure envelope with respect 
to matric suction. 

The nonlinearity of the failure enveIope illustrated in Fig. 
9.56 can be handled in one of several ways for analysis 
purposes (Fredlund et al. 1987). Often, the failure enve- 
lope can be divided into two linear portions. As an exam- 
ple, the failure envelope shown in Fig. 9.56 can be divided 
into two linear sections, as represented by lines AB and 
BD. When the matric suction is less than the matric suction 
at point B, (u, - 4 ) b ,  *e failure envelope will have a 
slope angle of 4’. Line AB intersects the shear stress or- 
dinate at point A. When the matric suction in the soil is 
greater than (u, - uw)b, line should be used to represent 
the failure envelope. The cp6 angle will be less than 4’. 
Line 

An alternative procedure to simplifying the nonlinearity 
of the envelope involves the use of one linear envelope 
with a slope angle #6 less than #‘,-starting from zero ma- 

- 

intersects the shear stress ordinate at point C. 
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Figure 9.57 Linearized extended Mohr-Coulomb failure envelope. 

tric suction, as illustrated by line z. In this case, the shear 
strength predicted from the failure envelope will be 
conservative. 

The failure envelope can also be discretized into several 
linear segments with varying 46 angles and different ordi- 
nate intercepts. This would be of interest when the failure 
envelope is highly nonlinear. Each segment would com- 
spond to a specific range of matric suction. 

The nonlinear failure envelope shown in Fig. 9.56 can 
also be modified to a linear failure envelope using the 
method illustrated in Fig. 9.57. As pointed out previously, 
the matric suction along line AB in Fig. 9.56 produces the 
same increase in shear strength as the net normal stress. In 
other words, the effect of their changes can be character- 
ized by using the same friction angle, 4'. Therefore, line 
AB can be drawn on the shear strength versus (a  - u,) 
plane instead of on the shear strength versus (u, - u,) 
plane. As the matric suction increases beyond the air entry 
value of the soil, (u, - u , ) ~ ,  the soil begins to desaturate. 
In this case, a third axis, (u, - u,), can be used to separate 
the different effects of normal stress and matric suction on 
the shear strength. This causes line in Fig. 9.56 to be 
translated onto the shear strength versus matric suction 
plane, as shown in Fig. 9.58. In other words, the curved 
failure envelope may be linearized if the matric suction axis 
is drawn starting from the air entry value, (u, - u , ) ~  (Fig. 
9.57), as opposed to using zero matric suction. The air en- 
try vaiue can generally be assumed to remain constant for 
various net confining pressures. 

9.8 RELATIONSHIPS BETWEEN qb and x 
Bishop [391 proposed a shear strength equation for unsat- 
urated soils which had the following form: 

where 

x = a parameter related to the degree of saturation of 
the soil. 

Let us assume that the shear strength computed using Eq. 
(9.3) can be made to be equal to the shear strength given 
by Eq. (9.25). Then it is possible to illustrate the relation- 

Unsaturated t c 

c' 4 (ut - u.k tan 4' + (Ua - uWh tan 4' 
Constant (UI ~ u,k 

(Ua - Uw)b Matric suction. (ua- UW) 

Figure 9.58 Linearized'failure envelope on the shear stress ver- 
sus matric suction plane. 
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+ Extended Mohr - Coulomb failure envelope ship between (tan 4b) and x :  

(u, - u,),tan 4’ = x(u, - u,),tan 4’. (9.26) 

It is then possible to solve for the parameter, x :  

tan 4b 
X = G *  (9.27) 

A graphical comparison between the 4 representation 
of strength [Le., Eq. (9.3)) and the x representation of 
strength [i.e., Eq. (9.25)] is shown in Fig. 9.59. Using the 
4b method, the increase in shear strength due to matric 
suction is represented as an upward translation from the 
saturated failure envelope. The magnitude of the upward 
translation is equal to { (u, - u,) tan 4 b}f (i.e., point A in 
Fig. 9.59). In this case, the failure envelope for the unsat- 
urated soil is viewed as a third-dimension extension of the 
failure envelope for the saturated soil. On the other hand, 
the x parameter method uses the same failure envelope for 
saturated and unsaturated conditions. Matric suction is as- 
sumed to produce an increase in the net normal stress. This 
increase is a fraction of the rnatric suction at failure (Le., 
x(u, - u&). The shear strength at point A using the tPb 

method is equivalent to the shear strength at point A’ in the 
x parameter method, as depicted in Fig. 9.59. 

Theoretically, only one x value is obtained from Eq. 
(9.27) for a particular soil when the failure envelope is 
planar. A planar failure envelope uses one value of 4‘ and 
one value of +b. If the failure envelope is bilinear with 
respect to the t$b, there will be two values for x .  A x value 
equal to 1 .O corresponds to the condition where + b  is equal 
to 4‘. A x value less than 1 .O corresponds to the condition 
when 4b is less than 4’. For envelopes which are highly 
curved with respect to matric suction, there will be various 
x values corresponding to different rnatric suctions. 

The x parameter has commonly been correlated with the 

C I  / A 

7 i Mohr-Coulbmb 

Net normal stress, (a - ua) 

Figure 9.59 Comparison of the I $ ~  and x methods of designating 
shear strength. 

degree of saturation of the soil. Unfortunately, the x value 
has sometimes been obtained fmm shear strength tests on 
soil specimens compacted at different water contents. The 
different initial compacted water contents may have been 
used to give varying initial matric suctions. However, the 
soil specimens compacted at different water contents do not 
represent an “identical” soil. As a result, the x values ob- 
tained from specimens compacted at different water con- 
tents are essentially obtained from different soils. The + b  

and x relationship in Eq. (9.27) applies only to initially 
“identical” soils. These may be soils compacted at the 
same water content to the same dry density. The x param 
eter need not be unique for both shear strength and volume 
change problems. The x relationship given in Eq. (9.27) is 
only applicable to the evaluation of the shear strength of 
the soil. From a practical engineering standpoint, it would 
appear to be better to use the (a - u,) and (u, - u,) stress 
state variables in an independent manner for designating 
the shear strength of an unsaturated soil. 

    



CHAPTER 10 

Measurement of Shear Strength Parameters 

The extended Mohr-Coulomb shear strength envelope for 
unsaturated soils requires that three shear strength param- 
eters be defined, namely, c’, q5’, and tPb, as explained in 
Chapter 9. These parameters can be measured in the lab- 
oratory. 

Conventional triaxial and direct shear apparatuses re- 
quire modifications prior to their use for testing unsaturated 
soils. The required modifications are outlined in the first 
part of this chapter. The c’ and q5’ parameters can be mea- 
sured using saturated soil specimens. The equipment and 
techniques used for testing saturated soils are well docu- 
mented by Bishop and Henkel (1962) and Head (1986), 
and will not be repeated in this book. Only a brief section 
on backpressure is included as it relates to the behavior of 
soils with a pore fluid consisting of an air-water mixture. 
The tests on unsaturated specimens are performed to obtain 
the q5b soil parameter. 

The second part of the chapter provides general proce- 
dures for testing unsaturated soils using the modified triax- 
ial and direct shear equipment. Computations and neces- 
sary corrections for analyzing the test results are similar to 
those required for saturated soils. Typical test results and 
their interpretation are given in the last section of the chap- 
ter. 

10.1 SPECIALDESIGN CONSIDERATIONS 

Conventional triaxial and direct shear equipment require 
modifications prior to their use for testing unsaturated soils. 
Several factors related to the nature of an unsaturated soil 
must be considered in modifying the equipment. The pres- 
ence of air and water in the pores of the soil causes the 
testing procedures and techniques to be more complex than 
those required when testing saturated soils. The modifica- 
tions must accommodate the independent measurement or 
control of the pore-air and pore-water pressures. In addi- 
tion, the pore-water pressure is usually negative (gauge), 
and can result in water cavitation problems in the measur- 
ing system. 

The theoretical concepts associated with triaxial testing 

on unsaturated soils are given in Chapter 9. In general, the 
various triaxial test methods are defined on the basis of the 
drainage conditions during the application of the confining 
pressure, u3, and the drainage conditions during the appli- 
cation of the deviator stress, (a, - u3). For undrained test- 
ing conditions, the pore fluid (Le., pore-air or pore-water) 
is not allowed to drain. The excess pore-air and pore-water 
pressures developed during undrained loading conditions 
must be independently measured. 

The pore-air and pore-water pressures are allowed to 
drain to prescribed pressum for drained testing. The vol- 
ume changes associated with the pore fluid flow during a 
drained test can be measured. Conventional triaxial or di- 
rect shear equipment requires modification for the indepen- 
dent control of pore-air and pore-water pressures. 

10.1.1 Axis-Translation Technique 
The axis-translation technique forms the basis for the lab- 
oratory testing of unsaturated soils with high matric suc- 
tions. The pore-water pressure, u,, in an unsaturated soil 
can be measuted or controlled directly using a ceramic disk 
with fine pores (Le., a high air entry disk). 

Figure 10.1 illustrates the direct measurement of pore- 
water pressure relative to atmospheric air pressure condi- 
tions (i.e., u, = 0). The soil specimen is placed on top of 
a saturated porous disk, and a U-tube is connected to the 
water compartment below the disk. The U-tube is moved 
up and down until there is no tendency for flow in or out 
of the specimen. However, this direct measurement has 
limitations. 

The porous disk in contact with the soil must have an air 
entry value greater than the soil matric suction, as illus- 
trated in Fig. lO.l(a). The air entry value of a porous disk 
is the matric suction at which air commences passing 
through the saturated porous disk. At this point, air enters 
the water compartment, which no longer maintains conti- 
nuity between the pore-water and the water in the measur- 
ing system. The measuring system then becomes filled with 
air bubbles. 

260 
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Pore-air 
(atmospheric 

U. - uw = 50 kPa 

(a) 

Pore-air 
(atmospheric 
or ua = 0)  f %ds I 

iW = -50 kPa 

u. - uw = 101 kPa 

=Porewater I I 
disk 

- 

-101 kPa 

tr I l l  
(b) u- 

Figure 10.1 Direct measurement of pore-water pressure in an 
unsaturated soil specimen (not to scale). (a) Air movement through 
the porous disk when its air entry value is exceeded; (b) air dif- 
fusion through the high air entry disk and water cavitation in the 
measuring system. 

Another limitation of the direct measurement arises from 
the fact that water cavitates as a gauge pressure of - 1 atm 
is approached (Le., - 101 kpa). As an example, consider 
an unsaturated soil specimen with a matric suction of 101 
kPa. The pore-water pressure in the specimen is being 
measured relative to atmospheric air pressure (i.e., u, = 
0), as shown in Fig. lO.l(b). The magnitude of the gauge 
pore-water pressure that is to be measured is -101 kPa. 
A saturated porous disk with an air entry value of 202 kpa 
is suitable since it is higher than the soil matric suction 
(Le., 101 kPa). Nevertheless, the water in the compart- 
ment below the disk starts to cavitate when the gauge water 
pressure approaches - 1 atm. As a result, occluded air bub- 

bles accumulate below the disk in the water compartment. 
This causes an error in the pore-water pressure measure- 
ment. The direct measurement of pore-water pressure is 
limited to a value greater than - 1 atm. This is true regard- 
less of the air entry value of the porous disk. This lower 
limit of - 101 kpa always applies when attempting to mea- 
sure the pore-water pressure. . 

The limitations of direct control or measurement of pore- 
water pressure in an unsaturated soil can be overCome by 
applying an axis-translation to the specimen. The axis- 
translation technique is pmicularly useful when testing an 
unsaturated soil with a high matric suction. The concepts 
behind the axis translation are explained in Chapter 3. Ba- 
sically, both the pore-air and pore-water pressures are 
translated into the positive pressure range. The translation 
of pore-air pressure can be considered as an artificial in- 
crease in the atmospheric pressure under which the test is 
performed (Bishop et al. 1960). As a result, the negative 
gauge pore-water pressure is also raised by an equal amount 
to a positive gauge pressure. In this way, the matric suction 
of the soil specimen remains constant regardless of the 
magnitude of the pore-air pressure. A fine, porous disk 
with an air entry value greater than that of the matric suc- 
tion of the soil should be used in order to prevent air from 
entering the water compartment. 

The application of the axis-translation technique to a soil 
specimen with a matric suction of 101 kPa is illustrated in 
Fig. 10.2. The pore-water pressure is measured below a 
saturated porous disk which has an air entry value of 202 
kpa. An air pressure of 202 kpa is applied directly to the 
specimen in order to raise the pore-air (and pore-water) 
pressures. In this example, the pore-air pressure, u,, is 
raised to 202 kPa, which in turn increases the pore-water 
pressure by an equal amount. As a result, the pore-water 
pressure, uw, is now at a positive value of 101 kPa, and 
there is no problem associated with the cavitation of the 
water in the measuring system. The pore-water pressure 
can now be measured since there is continuity between the 
pore-water and the water in the measuring system. The 
matric suction of the soil [Fig. 10.2(a)] remains constant 
at 101 kPa throughout the axis-translation procedure. How- 
ever, the pore-air pressure which is used as a reference 
pressure has been translated from 0 to 202 kPa. 

The use of the axis-translation technique over a long pe- 
riod of testing does not guarantee that the water pressure 
measuring system (i.e., compartment) will remain free of 
air bubbles. Unsaturated soil testing often q u i r e s  an ex- 
tended period of time due to the low coefficient of perme- 
ability of the soil. As the test progresses, pore-air diffuses 
through the water in the high air entry disk and appears as 
air bubbles beneath the disk (see Chapters 2 and 6). A dif- 
fused air volume indicator (DAVI) can be used in conjunc- 
tion with the measuring system in order to flush and mea- 
sure the volume of diffused air (Chapter 6). The diffused 
air volume must be used to correct the water volume change 
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M - r r  
Pore-air 
(u. raised to 202 kPa) 

I 

Pore-air 
(u. raised to 202 kPa) 
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uW = 101 kPa 

1 

uw translation 
of 202 kPa 

1 

-Pore-water 

u- 
(b) 

Figure 10.2 Measurements of pore-water pressure in an unsat- 
urated soil specimen using the axis-translation technique (not to 
scale). (a) Axis-translation of 101 kPa; (b) air diffusion through 
the high air entry disk. 

measurements under drained testing conditions. Under un- 
drained testing conditions, it is not possible to correct for 
pressure changes resulting from air diffusion. 

The use of the axis-translation technique in the shear 
strength measurement of unsaturated soils was advocated 
by Bishop and Blight (1963). me results of an “uncon- 
fined triaxial” test on a compacted Selset clay specimen, 
using this technique, are presented in Fig. 10.3. The un- 
confined triaxial test was a special case of a constant water 
content test where the net confining pressure, (a3 - u,), 
was maintained at zero pressure. The test was performed 
by applying an all-around air pressure, a,, equal to the 
pore-air pressure, u,. However, the all-around air pressure 

1 
1 

$ 1  
3 

Axial strain, e, (%) 
(a) 

50 

00 

50 

0 

Axial strain, e, (%) 
(b) 

Figure 10.3 “Unconfined triaxial” test on a compacted Selset 
clay specimen at various pore-air pressures. (a) Pore pressures 
versus axial strain curve; (b) deviator stress and matric suction 
versus strain curves (from Bishop and Blight, 1963.) 

was varied using a series of steps, as shown in Fig. 10.3(a). 
The air pressure increase in each step was applied gradu- 
ally in order for the pore-air pressure to equalize through- 
out the specimen. The pore-water pressure was measured 
throughout the test, and the measurements indicate that the 
pore-water pressure also increased in a stepwise manner 
(Fig. 10.3(a)]. The results indicate monotonic curves of 
deviator stress and matric suction versus axial strain re- 
gardless of the stepwise axis-translation during the test [Fig. 
10.3(b)]. The shear strength testing does not appear to be 
affected by the translation of the reference axis. 

The effect of axis translation on the measured shear 
strength of a soil is also illustrated in Fig. 10.4. Two un- 
confined triaxial tests were conducted on a compacted 
Talybont clay by Bishop and Blight (1963). The first test 
was performed using an axis translation such that the gauge 
pore-air pressure was elevated to 483 kPa and the pore- 
water pressure was measured. The pore-water pressure was 
approximately 69 P a ,  which indicated a matric suction of 
approximately 414 kPa during the test [Fig. 10.4(b)]. The 
second test was performed under atmospheric air pressure 
conditions (i.e., u, = 0). The stress versus strain curves 
obtained from both tests are essentially identical up to the 
maximum deviator stress and differ slightly subsequent to 
the peak strength. In other words, the measured shear 
strength was not affected by the axis-translation procedure. 
The results were also intended to illustrate that the pore- 
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Figure 10.4 “Unconfined triaxial” tests on a compacted Taly- 
bont clay with and without axis translation. (a) Deviator stress 
versus axial strain curve; (b) matric suction versus axial strain 
during the test with axis translation (from Bishop and Blight, 
1963.) 

water in the soil was able to withstand high tensions with- 
out rupturing even though the limit is -100 Wa for the 
pore-water pressure measuring system. Since the soil ma- 
tric suction in both tests was about 414 Wa, the pore-water 
pressure in the second test would be -414 Wa gauge pres- 
sure or - 3 13 kPa absolute pressure. 

10.1.2 Pore-Water Pressure Control or 
Measurement 
The pore-water pressure is controlled at a prescribed value 
when the water phase is maintained under drained condi- 
tions during a shear strength test (e.g., consolidated drained 
test; see Chapter 9). The measurement of pore-water pres- 
sure is commonly performed when the water phase is un- 
drained throughout the test (e.g., constant water content or 
in a consolidated undrained test; see Chapter 9). The key 
element for both the control and measurement of pore- 
water pressure is the high air entry ceramic disk. The high 
air entry disk acts as a semi-penneable membrane that sep- 
arates the air and water phases. The separation of the air 
and water phases can be properly achieved only when the 
air entry value of the disk is greater than the matric suction 
of the soil. The air entry value of the disk depends on the 
maximum pore size in the disk. The maximum pore size 
can be computed using Kelvin’s equation (Fig. 10.5): 

(10.1) 

30 

25 

20 

15 

10 
5 

‘ 0  50 100 150 200 250 300 350 
Applied matric suction, (u. - u,) (kPa) 

Figure 10.5 Air passage characteristics of three high air entry 
disks (from Bishop and Henkel, 1962). 

where 

(u, - u,)d = air entry value of the high air entry disk 
T, = surface tension of the contractile skin or 

the air-water interface (e.g., Ts = 72.75 
mN/m at 20°C) 

R, = radius of curvature of the contractile skin 
or the pore radius. 

The air entry value in Eq. (10.1) refers to the maximum 
matric suction to which the high air entry disk can be sub- 
jected before free air passes through the disk. The maxi- 
mum matric suction is associated with the minimum radius 
of curvature, R,, which in this case is equal to the radius 
of the largest pore in the disk. Therefore, the air entry value 
of a porous ceramic disk is controlled by the pore sizes in 
the disk. This, in turn, is controlled by the preparation and 
sintering process used to manufacture the ceramic disk. The 
smaller the pore size in a disk, the greater will be its air 
entry value (see Fig. 10.1). Several types of high air entry 
disks used for unsaturated soils research at Imperial Col- 
lege, London, are listed in Table 10.1, together with their 
corresponding air entry values. Figure 10.5 shows the air 
passage characteristics of three of the disks given in Table 
10.1. The plots indicate the matric suction value at which 
air starts to pass through the disk. This is the air entry value 
of the disk. 

The properties of high air entry disks manufactured by 
Soilmoisture Equipment Corporation in Santa Bahara, CA, 
are tabulated in Table 10.2. The disks are named according 
to their air entry values, expressed in the unit of bars. One 
bar is equal to 100 Wa. The water coefficient of perme- 
ability of a disk can be measured by mounting the disk in 
a triaxial apparatus and placing water above the disk. The 
disk must be sealed on the sides in order to prevent the 
passage of water around its circumference. An air pressure 
can then be applied to the water, producing a gradient 
across the high air entry disk. The volume of water flowing 
through the disk can be measured using a water volume 
change indicator. Details on the equipment are presented 
later in this chapter. The flow of water is plotted against 
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Table 10.1 High Air Entry Disks at Imperial College (from Blight, 1%1) 

Coefficient of Air Entry 
Porosity, n Permeability, Value, 

Type (%) k d  (m/s) (u, - uw)d (ma)  

Doulton Grade P6A 23 2.1 x 1 0 - ~  152 
Aerox "Celloton" Grade 46 2.9 x 2 14 

Kaolin-consolidated from a 45 6.2 x lo-'' 317 

Kaolin-dust pressed and 39 4.5 x 10-'O 524 

VI 

slurry and fired 

fired 

elapsed time, as shown in Fig. 10.6. The plot shows a 
straight line, indicating steady-state water seepage through 
the ceramic disk. The volume of water divided by the cross- 
sectional area of the disk and the elapsed time gives the 
coefficient of permeability of the disk. In general, the coef- 
ficient of permeability of the disk decreases with an in- 
creasing air entry value. 

The selection of a high air entry disk for testing an un- 
saturated soil should be primarily based upon the maximum 
possible matric suction that can occur during the test. First, 
the initial matric suction of the specimen should be taken 
into consideration (e.g., for a constant water content or an 
undrained test). The initial value of matric suction could 
be measured or estimated (Chapter 4). Second, the desired 
range of matric suction that will be imposed on the soil 
specimen during a consolidated drained test should not ex- 
ceed the selected air entry value. Third, the likely matric 
suction increase in the specimen during an undrained test 
should be considered when selecting the high air entry disk. 

The water coefficient of permeability and the thickness 
of a high air entry disk affect the time required for the pore- 
water pressure to equalize across high air entry disk. This 

information is of importance when assessing the time for 
consolidation prior to shear and the time required for shear- 
ing the specimen (Chapter 9). It is also desirable to have 
the highest possible coefficient of permeability (Le., the 
largest possible pore size) for the high air entry disk. This 
will ensure the most rapid equilibration of the pore-water 
pressure in an undrained test, It will also minimize impeded 
drainage of the pore-water in a drained test. 

The use of a thin air entry disk also reduces the time 
required for equilibration throughout the specimen. How- 
ever, a thin disk means that there is a short path for the 
diffused air to reach the water compartment below the disk. 
In other words, the use of a thin disk results in a greater 
accumulation of diffused air in the water compartment. A 
thin disk may also crack easily, particularly if care is not 
taken to ensure that the total stress and the pore-air pres- 
sure are applied to the specimen before pressurizing the 
water compartment beneath the disk. The removal of all 
pressures from the top of the disk while a water pressure 
is applied below the disk can also produce an upward bend- 
ing moment that will crack the ceramic disk. Experience 
has shown that an excess uplift pressure greater than about 

Table 10.2 High Air Entry Disks Manufactured by Soilmoisture Equipment 
Corporation 

Approximate Coefficient of Air Entry 
Pore Diameter Permeability, Value Range, 

Type ( X  1 0 - ~  mm) k d  (m/s) (ua - uw)d (ma)  

1/2 bar (high flow) 6.0 3.11 x 10-7 48-62 
1 bar 2.1 3.46 x 10-9 138-207 
1 bar (high flow) 2.5 8.6 x lo-* 131-193 
2 bar 1.2 1.73 x 10-9 241-3 10 
3 bar 0.8 1.73 x 10-9 3 17-483 
5 bar 0.5 1.21 x 1 0 - ~  > 550 

15 bar 0.16 2.59 x lo-" > 1520 
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I 70 kPa on a 3.2 mm thick ceramic disk (63.5 mm in di- 
ameter) can pmduce cracks in the disk (Fredlund, 1973). 
The cracks may not be visible to the naked eye, but are 
evident during an air entry or permeability test on the disk. 
A 6.4 mm thick disk can withstand higher uplift pressures, 
but should be checked for cracks whenever subjected to an 
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Figure 10.7 Triaxial base plate for unsaturated soil testing. (a) Plan view of the base plate with 
its outlet ports; (b) cross-section of a base plate with a high air entry disk. 
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the pore-water pressure and to measure the water volume 
change during a drained shear test. Valve A can be con- 
nected to a twin-burette volume change indicator (Bishop 
and Donald, 1%1; Bishop and Henkel, 1%2; Head, 1986). 
Valve B on the base plate is used to measure the pore-water 
pressure during an undrained shear test. It can also be used 
to measure the prescribed pore-water pressure during a 
drained test. The pore-water pressure can either be mea- 
sured using a null indicator (Bishop and Henkel, 1962) or 
a pressure transducer. Pressure transducers are now most 
common for measuring pore-water pressure (Head, 1986). 

A diffised air volume indicator can be connected to valve 
B. It is used to measure the volume of diffised air accu- 
mulating below the high air entry disk. Valve C is con- 
nected to the pore-air pressure control or measuring sys- 
tem. The cell pressure is controlled through valve D. 

The installation of a high air entry disk in the base of a 
direct shear box is shown in Fig. 10.8. The direct shear 
test is performed under drained conditions with controlled 
pore-air and pore-water pressures. The water compart- 
ment below the high air entry disk is connected to the mea- 
suring systems through steel tubing. The high air entry disk 
must be saturated prior to being placed in contact with a 
soil specimen. 

It is preferable not to boil the disk and base plate in order 
to produce saturation. Boiling may produce fine cracks be- 
tween the epoxy resin and the fine porous disk due to dif- 
ferent thermal properties. The high air disk can best be 
saturated by first passing water through the disk and then 
driving the air into solution. Once the disk has been satu- 
rated, it appears to remain saturated as long as it is kept in 
contact with water. However, care should be taken to en- 
sure the initial saturation of a newly installed porous disk. 

Satumtion Procedure for a High Air Entry Disk 
The following procedure is suggested to ensure saturation 
of a high air entry disk (Fredlund, 1973). A metal ring can 
be placed around the base pedestal and filled with distilled, 
deaired water to a height of about 25 mm above the ceramic 
disk. The triaxial cell or the direct shear box chamber is 
then put in place, and the water is subjected to an air pres- 
sure of approximately 600 kPa. Water is allowed to flow 
through the porous disk for approximately 1 h. 

The air bubbles collected below the porous disk are pe- 
riodically flushed, and the valves connecting the water 
compartment to the measunng system are then closed. The 
water above, inside, and below the porous disk takes on a 
pressure equal to the applied air pressure. The pressurr: is 
applied for approximately 1 h, during which time the air in 
the porous disk dissolves in the water. The valves con- 
nected to the water compartment axc again opened for ap- 
proximately 10 min to allow the water in the disk to flow 
into the compartment. The air bubbles are then flushed from 
below the porous disk. The above procedure is repeated 
about six times, after which the porous disk should be sat- 
urated. The disk should remain covered with water until a 

soil specimen is ready to be placed on the disk. This pro- 
cedure for saturation of the ceramic disk is similar to that 
used by Bishop and Henkel(l962). 

The permeability of the porous disk can be measured 
during the saturation process by recording the quantity of 
water passing through the disk. The coefficient of penne- 
ability is of interest in evaluating the compliance of the 
pore pressure measuring system and ensuring that the ce- 
ramic disk is not cracked. 

10.1.3 Pressure Response Below the Ceramic Disk 
It is important to understand the mechanisms associated 
with the pore-water pressure measuring system. There are 
numerous factors which affect the response of the mea- 
surement of pore-water pressure (e.g., time delays). At- 
tempts have been made by numerous researchers (Whitman 
et al., 1961; Gibson, 1963) to incorporate the flexibility of 
the measuring system (Le., compliance) into the analysis 
of pore pressure measurements. Research has been directed 
mainly towards analyzing pore pressure measurements at 
the base of oedometer specimens. 

The flexibility of the pressure measuring system gives an 
indication of how rapidly the system can respond to an ap- 
plied pressure. A highly flexible pressure measuring sys- 
tem has a slow response. The flexibility of a measuring 
system depends upon the compressibility of the compart- 
ment and the fluids in the measuring system. It appears that 
the compressibility of the fluid in the measuring system 
(e.g., air-water mixture) to a large extent controls the re- 
sponse of the measuring system (Fredlund and Morgen- 
stem, 1973). The measuring system becomes significantly 
more flexible with increasing quantities of air in the sys- 
tem. 

Whitman et al. (1961) used an electrical analog to sim- 
ulate the flexibility of the pore pressure measuring systems. 
Gibson (1963) theoretically studied the time lag in an open 
and closed pore pressure measuring system at the base of 
a clay layer. The time lag was attributed to the permeability 
and compressibility of the soil and the flexibility of the 
measuring system. These factors were combined to form a 
stiffness ratio. The stiffness ratio was shown to influence 
the distribution of pore-water pressures throughout a spec- 
imen during one-dimensional consolidation (Perloff et al. 
1965; Northey and Thomas, 1965; Christie, 1965). At- 
tempts to correlate the compliance theory with laboratory 
test results have met with limited success. In the above 
studies, the flexibility of the measuring system was as- 
sumed to involve a linear compressibility of fluid in the 
measuring system and a linear expansibility of the com- 
ponents comprising the measuring system. 

A theoretical model describing the pore-water pressure 
response below a high air entry disk was presented by 
Fredlund and Morgenstern (1973). The model was used to 
characterize the transducer response below a high air entry 
disk mounted in a triaxial apparatus (Fig. 10.9). Consider 
a chamber pressure, uc, applied to water in the triaxial cell. 
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- Pore-water pressure measurement 
-Flushing system 

A- -Diffused air volume measurement 

- Pore-water pressure control 
-Water volume change measurement 

(a) 

High air entry disk 
thickness 6 mm 

z 2 
-Pore-water pressure control transducer 
-Water volume change measurement 

(b) 
Figure 10.8 Modified direct shear equipment for testing an unsaturated soil specimen. (a) Plan 
view of the pressure chamber for a direct shear box; (b) cross-sectional view A-A of a direct shear 
box and pressure chamber (from Gan, 1986.) 
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Figure 10.9 Characterization of the pore-water pressure mea- 
suring system in the base plate of a triaxial cell. (a) Instant after 
closing valves on the base plate; (b) pressure measuring system 
at equilibrium. 

u 

One valve in the base plate is initially left open to maintain 
atmospheric pressure in the compartment below the disk. 
A hydraulic head gradient is established across the disk, 
and water flows through the disk into the compartment. 
After steady-state flow is established, the valves are closed, 
and further flow of water causes a compression of the air- 
water mixture in the compartment [big. 10.9(a)]. The 
compression of the air-water mixture results in a build-up 
of the measured pressure. As the pressure in the compart- 
ment increases, the hydraulic head gradient across the disk 
decreases, causing a reduction in water flow to the com- 
partment. Equilibrium is established when the pressure in 
the compartment is equal to the pressure applied to the 
water in the cell (Le., u,), as illustrated in Fig. 10.9(b). 

During the equalization process, water flows from above 
to below the high air entry disk. In other words, water flows 
from the triaxial cell through the disk into the compart- 
ment. Volume change in the compartment is caused by ex- 
pansion of the compartment and compression of the air- 
water mixture in the compartment. The first factor depends 
on the rigidity of the components of the measuring system, 
the thickness and method of mounting the ceramic disk, 
and the deflection of the transducer membrane. All of these 
factors tend to produce an increase in the volume of the 
compartment under pressure. This volume change, along 
with the compression of the air-water mixture in the com- 
partment, is equal to the volume of water flowing into the 
compartment during the equalization process. 

The volume of water flowing into the compartment can 
be computed using Darcy’s law. The hydraulic head gra- 
dient is continuously changing as the pressure in the com- 
partment increases. Therefore, the rate of water inflow var- 
ies with time. At a particular elapsed time, the volume of 
water flowing into the compartment over a finite period of 
time can be written in the following form: 

(10.2) Avw = kdiaveAd(f j  - t i )  

where 

AV, = volume of water flowing into the compartment 
during a finite time period at a particular elapsed 
time 

kd = coefficient of permeability of the high air entry 
disk 

i,,, = average hydraulic head gradient during the finite 
time period 

Ad = cross-sectional area of the high air entry disk 
tj = time at the end of time period 
ti = time at the start of time period. 

The average hydraulic head gradient, i,,,, can be ob- 
tained by comparing the applied pressure, u,, and the pres- 
sures measured on the transducer at the start and the end 
of a selected time period, namely, ui and uj, respectively: 

where 

u, = pressure applied to the water in the triaxial cell 
pw = density of water 
g = gravitational acceleration 
ui = compartment pressure at time, ti 
uj = compartment pressure at time, tj 

L d  = thickness of the high air entry disk. 

Substituting Eq. (10.3) into Eq. (10.2) gives 

( t j  - t i ) .  (10.4) 1 (ui + uj) 
AV, = - 

The volume change in the compartment can also be writ- 
ten as the sum of the compression of the air-water mixture 
and the expansion of the compartment. The expansion of 
the compartment is assumed to be negligible in comparison 
to the compression of the air-water mixture. Initially, the 
compartment is assumed to contain a mixture of air and 
water which undergoes compression as water flows into the 
compartment through the high air entry disk. Volume 
change in the compartment can be expressed using the 
compressibility of the air-water mixture and the pressures 
measured on the transducer at the start and end of the time 
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period: 

AV, = C,,VC(uj - ui) (10.5) 

where 

Caw = compressibility of the air-water mixtures 

The volume of the compartment, V,, in Eq. (10.5) is 
essentially a constant. The compressibility of the air-water 
mixture is continuously changing. Let us also assume that 
no more air comes out of solution in the compartment, and 
that the equalization time involved is insufficient for free 
air to dissolve in the water. In other words, volume changes 
are due to the compression of free aia. Computations based 
on a coefficient of diffusion of 2.0 x m2/s show that 
the above assumption is reasonable for elapsed times less 
than 10 min. In addition, air and water pressures in the 
compartment are assumed to be equal. The compressibility 
of the air-water mixture in the compartment can be written 
as follows (Chapter 8): 

caw = sc, + (1 - S)/ii, (10.6) 

V, = volume of the compartment. 

where 

S = degree of saturation of the compartment 
C, = compressibility of water 
u, = absolute compartment air pressure. 

The air pressure in Eq. (10.6) can be taken as the average 
absolute pressure measured at the start and end of the time 
period (Le., (Ei + Uj ) /2 ) .  Theoretical curves for air-water 
mixture compressibility can be generated from Eq. (10.6) 

- 
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assuming various pexcentages for the initial air volume in 
the compartment (Fig. 10.10). The curves are generated 
using an initial atmospheric air pressure under isothermal 
conditions of 20°C. 

The compressibility of the air-water mixture can be 
computed from Eq. (10.6) for various percentages of initial 
air volume. The air pressure is then increased using a pres- 
sure increment, and the air volume is subsequently re- 
duced. A new compressibility is computed using the pres- 
ent air pressure and degree of saturation [and Eq. (10.6)]. 
The computation is repeated until the desired maximum air 
pressure is reached. 

The compressibility equation for the air-water mixture 
in the compartment [Eq. (10.6)] has been experimentally 
studied (Fredlund and Morgenstem, 1973). Two tests were 
performed by altering the pressure applied to the compart- 
ment and monitoring the resulting volume change. The 
measured volume change for each pressure increment was 
used to calculate the compressibility of the air-water mix- 
ture [Eq. (lOS)]. The experimental results agree closely 
with the theoretical curves obtained from Eq. (10.6). The 
position of the experimental curves indicates the initial per- 
centage of air in the compartment. 

The theoretical response of the pressure transducer be- 
low the high air entry disk can be simulated by equating 
the volume change in the compartment [Eq. (10.5)] to the 
volume of water flowing into the compartment [w. (10.4)]: 

Figure 10.10 Measured and computed compressibilities of air-water mixtures in the compart- 
ment. 
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Figure 10.11 Pressure response curves for various initial percentages of air in the compartment. 

where 

C’ = compliance factor for the measuring system [Le., 

The compliance factor, C,, contains the volume of the 
compartment, Vc, the dimensions of the high air entry disk, 
Ld and A,, and the permeability of the disk, kd. Figure 10.1 1 
presents pressure response curves for a measuring system 
with a compliance factor, C’, of 102 kPa - s. The curves 
correspond to four different percentages of initial air vol- 
ume in the compartment. The response times are computed 

Pw g ~ c ~ d l ( k d A d ) l .  

using Eq. (10.7) by increasing the compartment pressure 
incrementally from an initial atmospheric pressure condi- 
tion to an applied pressure, uc, of 690 @a. The results 
indicate a congruent shift in the response curves as the ini- 
tial air volume increases. In other words, the time for a 
measuring system to respond increases with an increasing 
initial air volume. The effect of varying the applied cell 
pressure, uc, is examined for a measuring system with a 
compliance factor of 1020 kPa - s and an initial air volume 
of 2% (Fig. 10.12). The slope of the steepest portion of 
the response curve decreases, and the time required for 

Elasped time, t (min) 

Figure 10.12 Pressure response curves for various applied pressures. 
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Compliance factor,Cf (kPa.s) 

Figure 10.13 Time for pressure equalization for an applied 
pressure of 690 kPa. 

pressure equalization increases as the applied cell pressure 
decreases. 

Two variables are required to characterize the theoretical 
response curves. These are the slope of the straight line 
pottion of the response curve on a semi-logarithm plot, and 
the point of intersection of the extended straight line por- 
tion of the response curve and the horizontal line of 100% 
response (i.e., equalization time, T, in Fig. 10.12). This 

point represents the lateral shift of the response curve as 
the applied pressure is changed. 

The equalization time depends on the initial air volume 
in the compartment, the compliance factor for the system, 
and the applied cell pressure. Figure 10.13 shows a plot of 
the logarithm of equalization time versus the logarithm of 
the compliance factor for an applied cell pressure of 690 
Wa. Lines of equal initial air content are linear on this plot. 
The plot shows an increase in the equalization time as the 
compliance factor of the system increases or the initial air 
content in the system increases. 

Typical experimental data are presented in Fig. 10.14. 
The experiments were performed by applying a pressure to 
water above a high air entry disk and measuring the build- 
up of pressure below the disk, as illustrated in Fig. 10.9. 
The experimental data agree closely with the theoretical 
characteristic curves. The compressibility of the air-water 
mixture, Caw, in the measuring system can be computed 
using the experimental data [Eq. (10.7)]. In this case, the 
compliance factor, C,, needs to be computed by measuring 
the volume of the compartment and the dimensions of the 
ceramic disk. The compressibilities obtained from the ex- 
perimental data are plotted in Fig. 10.15, together with the- 
oretical compressibility curves generated using Eq. (10.6). 
The experimental plots show the same shape as the the+ 
retical curves up to a response of approximately 80%. At 
this point, the curves tend to the right, indicating an in- 
crease in the compressibility. This phenomenon may be at- 
tributable to air dissolving in water with inclwtsed elapsed 
time. In addition, minute volume changes associated with 
the seating of the components of the compaNnent (e.g., 
O-rings in the valves) may be significant during the final 
stages of equalization. 

The study of the pore pressure response below high air 

1 .o 10 
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Figure 10.15 Compressibility of the fluid in the pore pressure measuring system. 

entry disks indicates that two primary factors are involved 
in measuring pore pressure response. First, the high air en- 
try disks result in an impeded response. Second, even 
though attempts are made to saturate the compartment be- 
low the high air entry disk, there is still an air-water mix- 
ture which responds with a nonlinear compressibility. 

10.1.4 Pore-Air Pressure Control or Measurement 
Pore-air pressure is controlled at a specified pressure when 
performing a drained shear test (e.g., consolidated drained 
or constant water content test; see Chapter 9). Pore-air 
pressure is measured when performing a shear test in an 
undrained condition (e.g., consolidated undrained test; see 
Chapter 9). The control or measurement of pore-air pres- 
sure is conducted through a porous element which provides 
continuity between the air voids in the soil and the air pres- 
sure control or measuring system. The porous element must 
have a low attraction for water or a low air entry value in 
order to prevent water from entering the pore-air pressure 
system. The porous element can be fiberglass cloth disk 
(Bishop, 1961a) or a coarse porous disk (Ho and Fredlund, 
1982b). 

An arrangement for pore-air pressure control using triax- 
ial equipment is shown in Fig. 10.16. A 3.2 mm thick, 
coarse corundum disk is placed between the soil specimen 
and the loading cap. The disk is connected to the pore-air 
pressure control through a hole drilled in the loading cap, 
connected to a small-bore polythene tube. The pore-air 
pressure can be controlled at a desired pressure using a 
pressure regulator from an air supply. The plumbing ar- 
rangement for controlling the pore-air pressure for a mod- 
ified direct shear apparatus is illustrated in Fig. 10.8. The 
pore-air pressure is controlled by pressurizing the air 
chamber through the air valve located on the chamber cap. 

The measurement of pore-air pressure can be achieved 
using a small pressure transducer, preferably mounted on 
the loading cap. When measuring pore-air pressure, the 
volume of the measuring system should be kept to a min- 
imum in order to obtain accurate measurements. Pore-air 
pressure is also difficult to measure because of the ability 
of air to dif ise  through rubber membranes, water, poly- 
thene tubing, and other materials. This is particularly true 
when considering the long time required in testing unsat- 
urated soils. 

An alternative pore pressure measuring system, used at 
the U.S. Bureau of Reclamation, is illustrated in Fig. 10.17 
(Gibbs and Coffey, 1969). The pore-water pressure is 
measured at the top of the specimen through a high air en- 
try disk. The pore-air pressure is measured at the bottom 
of the specimen through a saturated coarse porous disk and 

-Coarse porous disk 
or 

Glass fiber cloth disk 

--Rubber membrane 

Figure 10.16 Pore-air pressure control system. 
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High air entry disk 
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air entry value Air injector for 

maintaining 
water level 

/------. I 

Small-bore tube 

Pressure 
transducer 

U 

No. 200 screen Coarse porous disk 
with a high air 
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Figure 10.17 Pore-air pressure measurements system used by 
the U.S. Bureau of Reclamation (from Gibbs and Coffey, 1969). 

a fine screen (Le., no. 200 mesh), as shown in Fig. 10.17. 
A slightly negative water pressure (i.e., -3.5 kPa) is ap- 
plied to the saturated coarse porous disk. The pore-air 
pressure measurement is based on the separation of the 
menisci between the pore-water in the soil specimen and 
the water in the coarse porous disk. The fine screen layer 
is placed between the specimen and the coarse disk to en- 
sure the separation between the pore-water and the water 
in the disk. The screen is sprayed with “silicone grease” 
to reduce its surface tension. As a result, the voids pro- 
vided by the screen are filled with air which is in equilib- 
rium with the pore-air pressure. 

The negative water pressure in the coarse disk is kept 
constant by maintaining the water level in the small-bore 
tube (Fig. 10.17). This negative pressure is the zero read- 
ing from which the pore-air pressure is measured. Any 
change in the pore-air pressure due to the application of 
total stress (Le., loading) will be reflected in the air pres- 
sure above the coarse disk, and subsequently in the water 
pressure inside the disk. However, the water pressure in 
the disk is maintained constant, even when pressure is sup- 
plied through an air pressure regulator. In other words, the 
water in the coarse disk acts as a flexible membrane when 
measuring the pore-air pressure through a null type sys- 
tem. The pressure required to maintain the water level in 
the tube is a measure of the pore-air pressure in the spec- 
imen. The principle of this system is similar to that of a 
null indicator. 

Pore-air pressure measurements using the above tech- 
nique appear to have produced reasonable results when 
compared to theoretical predictions (Knodel and Coffey, 
1966; Gibbs and Coffey, 1969a, 1969b). Some of the ex- 
perimental results obtained using this method are presented 

in Chapter 8. However, water migration between the soil 
specimen and the coarse disk may occur, and this would 
lead to emneous measurements. In addition, the compres- 
sion of the coarse disk during the application of a total stress 
may affect the water pressure in the disk, which in turn 
affects the pore-air pressure measurements. Further study 
is required to clarify all concerns associated with this tech- 
nique of pore-air pressure measurement. 

10.1.5 Water Volume Change Measurement 
The conventional twin-burette volume change indicator re- 
quires modifications prior to its use in testing unsaturated 
soil specimens. Greater accuracy is necessary because of 
the small water volume changes associated with unsatu- 
rated soil testing. A small-bore burette (e.g., 10 ml vol- 
ume) can be used as the central tube in order to achieve a 
volume measurement accuracy of 0.01 ml. Leakage has to 
be essentially eliminated due to the long time periods in- 
volved in testing. The diffision of pore-air through the 
pore-water and the rubber membrane can be greatly re- 
duced by using two sheets of slotted aluminum foil (Dunn, 
1965). Silicone grease can be placed between the two alu- 
minum sheets. Rubber membranes can be placed next to 
the soil specimen and on the outside of the aluminum 
sheets. Further details on the control of leakage in the triax- 
ial test are given by Poulos (1964). 

Figure 10.18 shows a layout of the plumbing associated 
with a twin-burette volume change indicator manufactured 
by Wykeham Farrance. The water volume change can be 
measured under a controlled backpressure by connecting an 
air pressure regulator to the twin-burette. Swagelock3 fit- 

’Swagelock is manufactund by Crawford Fitting Company, Niagara Falls, 
Canada. 

Right burette is read - 

To air pressure 
regulator 

Water 

Water-kerosene 

2-way valve ’I - closed 

T1 1 3-way valves opened to theleft 
T2 

To water 

Figure 10.18 Direction of water movement for flow out from 
the specimen with the three-way valves opened to the left. 
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tings on copper tubing are used for the plumbing. A small 
Lucite washer can be placed at the base of the burette to 
prevent the tubes from popping out when tightening down 
the rubber sleeve around the base of the burette. The above 
design has been found to satisfactorily eliminate leakage in 
the twin-burette volume change indicator (Fredlund, 1973). 
The twin-burette volume change indicator can be con- 
nected to either a triaxial or direct shear apparatus. 

Two three-way Whitey4 valves and one two-way Whitey4 
valve are used to enable the direction of water flow to be 
reversed, and therefore continuously monitored. The indi- 
cator can also be bypassed in order to flush diffused air 
from the water compartment below the high air entry disk. 
Volume changes due to the compressibility of the indicator 
and the fluid in the indicator, as well as water loss through 
tubes and valves, can be essentially eliminated by always 
reading the burette opposite the direction that the three-way 
valves are opened. When this procedure is not adhered to, 
errors on the order of 0.1 ml may occur over the duration 
of one day (Fredlund, 1973). 

If the three-way valves in Fig. 10.18 (Le., T, and T2) 
are simultaneously opened to the le@, the right burette 
should be read. The two-way valve is closed during the 
volume change measurement. The direction of water flow 
indicated by the arrow heads in Fig. 10.18 corresponds to 
the condition where water is coming out of the soil speci- 
men. The water-kerosene (with red dye) interface in the 
right burette moves upward. The opposite condition occurs 
when water flows into the specimen. 

When the water-kerosene interface in the right burette 
comes near the bottom of the burette, the three-way valves 
can be simultaneously reversed to the right. Readings 
should then be taken on the lefr burette, as illustrated in 
Fig. 10.19. The direction of water flow shown in Fig. 10.19 
still corresponds to the condition where water is coming 
out of the specimen. The water-kerosene interface in the 
left burette moves upward. The opposite direction of water 
flow occurs when water flows into the specimen. 

The twin-burette volume change indicator measures the 
water volume change plus the volume of diffused air mov- 
ing into the compartment below the high air entry disk. The 
volume of diffised air in the compartment and in the water 
lines can be measured periodically and subtracted from the 
total water volume change. The diffised air volume indi- 
cator (Le., DAVI) and techniques for measuring the dif- 
fused air volume rn explained in Chapter 6. During the 
measurement of the diffised air volume, the three-way 
valves on the twin-burette volume change indicator are 
closed, as shown in Fig. 10.20. In other words, the water 
volume change indicator is temporarily bypassed when the 
diffised air volume is measured. At the same time, the two- 
way valve is opened in order to maintain a constant water 

‘Whitey valves are manufactured by Whitey Company, Niagara Falls, 
Canada. 

Left burette is read - 

Water-kerosene 
interface moves 

UP - 
To air 
pressure 

Water reservoir “If-“,! 
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\ 2-way valve 
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To water 
compartment 

- 
1 3-way valves opened to the= 

T2 

Figure 10.19 Direction of water movement for flow out from a 
specimen with the three-way valves opened to the right. 

pressure in the compartment. A pressure gradient across 
the base plate is then applied momentarily by opening the 
valve to the diffised air volume indicator. As a result, air 
is flushed from the compartment (Fig. 10.20) and forced 
into the diffused air volume indicator. 

Other types of volume change indicators could also be 
used to measure water volume change. In each case, long- 
term tests should be performed to establish the reliability 
and accuracy of the equipment. 

Left Right - 

n w a t e r  reservoir 

TO water 
compartment 

T1 13-way valves e Tz 

Figure 10.20 Valve configuration when flushing diffised air 
from the water compartment. 
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10.1.6 Air Volume Change Measurement 
The overall volume change of an unsaturated soil specimen 
is equal to the sum of the water and air volume changes. 
The soil particles are assumed to be incompressible. The 
measurements of any two of the above volume changes 
(Le., overall, water, and air volume changes) are sufficient 
to describe the volume change behavior of an unsaturated 
soil. The overall and the water volume changes are gen- 
erally measured while the air volume change is computed 
as the difference between the measured volume changes. 
In addition, air volume change is difficult to measure due 
to its high compressibility and sensitivity to temperature 
change. 

Figure 10.21 illustrates the use of two burettes to mea- 
sure air volume change under atmospheric air pressure con- 
ditions (Bishop and Henkel, 1962; Matyas, 1967). Air 
moves out of a soil specimen, through a coarse porous disk, 
and is collected in a graduated burette. Both burettes can 
be adjusted to maintain the air-water interface at the spec- 
imen midheight. As a result, the pore-air pressure is main- 
tained at atmospheric pressure. The changing elevation of 
the air-water interface in the graduated burette indicates 
the air volume change in the specimen. Water is prevented 
from entering the burette because the gauge pore-water 
pressure is negative. In addition, the coarse porous disk has 
a low air entry value. Water losses due to evaporation from 
the open burette can be prevented by covering the water 
surface with a layer of light oil (Head, 1986) or replacing 
the water entirely with a light oil (Matyas, 1967). 

The above method for measuring air volume change is 
somewhat cumbersome. The apparatus shown is limited to 
measuring at atmospheric conditions. However, the appa- 
ratus could be extended to operate under an applied back- 
pressure. The apparatus has been primarily used to mea- 
sure the air coefficient of permeability. 

10.1.7 Overall Volume Change Measurement 
In a saturated soil, the overall volume change of the soil 
specimen is equal to the water volume change. For an un- 
saturated soil, the water volume change constitutes only a 

n Closed,burette nir 

\ 

Figure 10.21 Air volume change measurement under atmo- 
spheric conditions in a triaxial apparatus. 

part of the overall volume change of a specimen. The over- 
all volume change measurement must therefore be made 
independently of the water volume change measurement. 

It would appear that the overall volume change could be 
measured by surrounding the specimen with an imperme- 
able membrane and filling the cell with a pressurized fluid. 
The cell fluid could be connected to a twin-burette volume 
change indicator to measure volume change due to the 
compression or expansion of the soil specimen. However, 
it is difficult for this type of measurement to be accurate. 
There will generally be significant errors caused by leak- 
age, diffusion, or volume changes of the cell fluid due to 
pressure and temperature variations. The fluid that has been 
most successfully used in this manner is mercury. It is also 
prudent to use a double-walled triaxial cell. However, mer- 
cury is hazardous to health, and its use should be avoided 
if possible. Fluids other than mercury have also been used 
with success in conjunction with double-walled triaxial cells 
(Wheeler and Sivakumar, 1992). 

In a triaxial test, the overall volume change is commonly 
obtained by measuring the vertical deflection and radial de- 
formation during the test. In a direct shear test, only the 
vertical deflection measurement is required since the soil 
specimen is confined laterally. The vertical deflection of 
the soil specimen can be measured using a conventional 
dial gauge or an LVDT (Le., linear variable differential 
transformer). The LVDT’s have an accuracy comparable 
to that of dial gauges. Some LVDT’s can be submerged in 
oil or water. Various applications of LVDT’s in triaxial 
testing are described by Head (1986). 

Noncontacting transducem have been used increasingly 
during triaxial testing (Cole, 1978; Khan and Hoag, 1979; 
Drumright, 1987). The device consists of a sensor and an 
aluminum target (Fig. 10.22). The sensor is a displacement 
transducer’ clamped to a post and connected to the elec- 
tronic measuring system through a port in the base plate. 
The aluminum target can be attached to the rubber mem- 
brane (i.e., using silicon grease) near the midheight of the 
specimen. Three Sensors and targets can be placed around 
the circumference of the specimen at 120’ intervals (Fig. 
10.22). 

The noncontacting transducers operate on an eddy cur- 
rent loss principle. An eddy current is induced in the alu- 
minum target by a coil in the sensor. The magnitude of the 
induced eddy current is a function of the distance between 
the sensor and the aluminum target. As the specimen de- 
forms radially, the distance between the aluminum target 
and the sensor changes, causing a change in the magnitude 
of the eddy current generated. The impedance of the coil 
then changes, resulting in a change in the DC voltage out- 
put. 

Figure 10.23 shows the calibration and the installation 
requirements for a noncontacting, button-type radial defor- 

’Manufactured by Kaman Science Corporation, Colorado Springs, CO. 
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Figure 10.22 Installation of a noncontacting radial deformation 
transducer (from Dmmright, 1987). 

mation transducer. The transducer shown in Fig. 10.23 has 
a measuring range of 4 mm plus an additional 20% nominal 
offset. The offset or zero position gives the minimum dis- 
tance between the sensor face and the aluminum target 
when the reading is zero [Fig. 10.23(a)]. The output is lin- 

,Target displacement , 
I 

I 
I 

(a) 
Target thickness greater or +- 

15 degrees 
(W 

Figure 10.23 Noncontacting radial deformation transducer, KD- 
2310 series, model 4SB, shielded, button-type. (a) Calibration 
technique for noncontacting, radial deformation transducer; (b) 
installation requirements (from Kaman Science Corporation). 

early proportional to the distance between the sensor and 
the aluminum target. The transducer-has a high resolution 
equal to 0.01 % of its range or O.OOO4 mm. Requirements 
associated with the size, thickness, and orientation of the 
aluminum target are shown in Fig. 10.23@). 

The noncontacting transducer can operate using various 
cell fluids, such as air, water, and oil, with essentially the 
same sensitivity (Khan and Hoag, 1979). The transducers 
are not affected by cell pressure or temperature. Other de- 
vices and systems have also been used for measuring radial 
deformation, but details are not presented herein. 

10.1.8 Specimen Preparation 
Unsaturated soil specimens obtained from either undis- 
turbed or compacted samples can be used for shear strength 
testing. Generally, the soil specimen has a high initial ma- 
tric suction, while the test may be performed under a lower 
matric suction. For example, a multistage test on an un- 
saturated soil is commonly commenced at a low matric suc- 
tion, with further stages conducted at higher matric suc- 
tions (Ho and Fredlund, 1982b; Gan et ul. 1987). For this 
reason, it is sometimes necessary to relax the high initial 
matric suction in the specimen prior to performing the test. 
One way to reduce the soil matric suction is to impose pore- 
air and pore-water pressures which will result in a low ma- 
tric suction. In order to reach equilibrium, water from the 
compartment below the high air entry disk must flow up- 
ward into the specimen. The equilibration process, how- 
ever, may require a long time due to the low permeability 
of the high air entry disk. This is particularly true when the 
initial matric suction is much higher than the desired value 
for commencing the test. Therefore, the relaxation of the 
initial matric suction is usually accomplished by wetting 
the specimen from the top through the coarse porous disk. 
The relaxation of the initial matric suction is not required 
for some tests, such as undrained and unconfined compres- 
sion tests. 

A procedure used to relax the initial matric suction for 
multistage rriaxiul resring was outlined by Ho and Fred- 
lund (1982b). The specimen is first trimmed to the desired 
diameter and height, and then mounted on the presaturated 
high air entry disk. During setup, appropriate measure- 
ments of the volume-mass properties of the specimen are 
made. A coarse porous disk and the loading cap are placed 
on top of the specimen. The specimen is then enclosed 
using two rubber membranes. The specimen has a com- 
posite membrane consisting of two slotted aluminum foil 
sheets between rubber membranes. The purpose of the alu- 
minum foil is to greatly minimize air diffusion from the 
specimen. O-rings are placed over the membranes on the 
bottom pedestal. Spacers (i.e., pieces of 3.2 mm plastic 
tubing) are inserted between the membranes and the load- 
ing cap to allow air within the specimen to escape while 
water is added to the surface of the specimen. The Lucite 
cylinder of the triaxial cell is installed, and the cell is filled 
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associated with backpressuring are briefly outlined in this 
section, while reference is made to Bishop and Henkel 
(1962) and Head (1986) for detailed explanations. 

An equation was derived in Chapter 2 for the pore-air 
pressure increase required to dissolve free air in water (i.e., 
saturation) using undrained compression. Saturation was 
achieved by incming the confining pressure and main- 
taining undrained conditions for the pore-air and pore- 
water. The water content of the specimen remained con- 
stant, while the total volume of the soil decreased due to 
the compression of the pore-air. The disadvantage with this 
procedure is related to the volume change which the spec- 
imen undergoes. The equation for the change in pore-air 
pressure has the following fonn: 

with water to a level partway up the specimen. Water for 
the specimen can either be added manually or through the 
air pressure line connected to the loading cap. In this case 
the air pressure line is temporarily connected to a water 
reservoir. 

The specimen is left for several hours to allow the dis- 
tribution of water throughout the specimen. The relaxation 
process is continued until air can no longer be seen escap- 
ing from around the top of the specimen. At the end of the 
pmcess, the soil matric suction will be essentially zero. 

The above procedure is conducted with the Lucite cyl- 
inder installed around the specimen while the top of the 
triaxial cell is detached. It is possible to now remove the 
plastic spacers between the membranes and the loading cap, 
and to place the top O-rings around the loading cap. The 
line connected to the loading cap can now be disconnected 
from the water reservoir and connected to the air pressure 
control system. 

A low matric suction value can now be imposed on the 
specimen and time allowed for equalization. After pressure 
equalization between the applied pressures and the soil 
pressures, the soil specimen is ready to be tested. 

The procedure used to prepare a specimen for a direct 
shear test has been reported by Gan (1986); Escario and 
SBez (1986). The two halves of the direct shear box are 
sealed together using vacuum grease. The outside of the 
bottom half should be greased with vacuum grease before 
being mounted on the shear box base. The vacuum grease 
ensures that water will flow only towards the high air entry 
disk. It is impottant to nor smear vacuum grease onto the 
surface of the high air entry disk. Vacuum grease blocks 
the fine pores of the high air entry disk, and disrupts the 
flow of water through the disk. 

The soil specimen is mounted into the shear box, and the 
coarse porous stone and loading cap are installed. The ini- 
tial matric suction in the soil specimen can be relaxed by 
adding water to the top of the specimen. 

10.1.9 Backpressuring to Produce Saturation 
The shear strength parameters, c’ and qj’, can be obtained 
from tests on saturated specimens. Initially, unsaturated 
specimens, either undisturbed or compacted, must be sat- 
urated prior to testing. Saturation is commonly achieved 
by incrementally increasing the pore-water pressure, u,. 
At the same time, the confining pressure, q, is increased 
incrementally in order to maintain a constant effective 
stress, (u3 - u,), in the specimen. As a result, the pore- 
air pressure increases and the pore-air volume decreases 
by compression and dissolution into the pore-water. The 
simultaneous pore-water and confining pressure increases 
are referred to as a “backpressuring the soil specimen.” 
The backpressure is essentially an axis-translation tech- 
nique. In other words, the axis-translation technique used 
for unsaturated soils is similar to the backpressure concept 
used for saturated soil. The concepts and the techniques 

(10.8) 

where 

Au, = pore-air pressure increase required to saturate the 
soil specimen 

So = initial degree of saturation 
h = volumetric coefficient of solubility 

ud = absolute initial pore-air pressure. - 

Equation (10.8) gives the theoretical additional pore-air 
pressure required to saturate a soil specimen which has an 
initial degree of saturation, So. 

The more common method for saturating a soil specimen 
is to backpressure deaired water into the specimen. Con- 
sequently, the pore-air is compressed and dissolved, as il- 
lustrated in Fig. 10.24. The confining pressure is also in- 
creased to maintain a constant effective stress. The 
saturation process is performed such that the water content 
increases as the degree of saturation is increased. 

The pore-air pressure increase can be assumed to be the 
backpressure required to increase the degree of saturation 
in the specimen, while the pore-air pressure is assumed to 
be equal to the pore-water pressure. Consider a soil spec- 
imen with an initial degree of saturation of So and an initial 
absolute pore-air pressure of Sr, (Fig. 10.24). Deaired 
water under a backpressure is forced into the specimen in 
order to increase the degree of saturation to some arbitrary 
value, S. The total volume of the soil and the pore voids’ 
volume are assumed to remain constant during the satura- 
tion process. The absolute pore-air pressure increases to 
(& + Au,). The pore-air pressure increase can be com- 
puted by applying Boyle’s law to the volume of free and 
dissolved air. The volume of air versus pore-air pressure 
can be computed as follows: 

(1 - 5‘0 + hSo)Zd = (1 - S + h S ) ( Z d  + h a )  

(10.9) 

where 

S = final degree of saturation. 
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Final Volume relations initial 

Vv volume 
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, Additional 
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Ngure 10.24 Saturation process by forcing deaired water under backpressure into the soil spec- 
imen. 

Rearranging Eq. (10.9) results in an expression for the 
pore-air pressure increase required to backpressure the soil 
(Lowe and Johnson, 1960): 

A comparison between Eqs. (10.8) and (1U. 10) is shown 
in Fig. 10.25. All curves are drawn using an initial abso- 
lute pore-air pressure of 101.3 kPa and a volumetric coef- 
ficient of solubility of 0.02 at 20°C. There are three curves 
plotted using Eq. (10.10) for increasing the degree of sat- 
uration using an applied backpressure. The three curves 
correspond to three different final degrees of saturation 
(Le., 99, 99.5, and 100%). Saturation by undrained 
compression [Le., Eq. (10.8)] appears to require a signif- 
icantly higher pressure increase than saturation using a 
backpressure diwtly applied to the water. This is partic- 
ularly true when the initial degree of saturation is less than 
95%. This difference may be attributed to the different 

Initial degree of saturation, So (%) 

Figure 10.25 Pore-air pressure increase required to saturate a 
soil specimen by two different methods (from Head, 1986). 

water content conditions associated with each saturation 
process. The water volume, V,, remains essentially con- 
stant during the saturation process by undrained compres- 
sion, while the volume of water increases during the satu- 
ration process using an applied backpressure. As a result, 
the application of a backpressure provides a greater volume 
of water for the dissolution of free air. 

Saturation by compression of the specimen is not as ef- 
ficient as applying a backpressure to the water phase. This 
occurs because part of the applied total stress is taken by 
the soil structure, and part is taken by the fluid phase. It 
should also be noted that saturation by undrained compres- 
sion may alter the soil structure due to volume change. In 
reality, however, the backpressures required for saturation 
may be lower than the values shown in Fig. 10.25, partic- 
ularly for compacted specimens at low degrees of satura- 
tion (Bishop and Henkel, 1962). 

The incremental application of backpressure is discussed 
by Head (1986). The backpressure increment is applied 
after the cell pressure increment has been applied to the 
specimen. Typically, the first two cell pressure increments 
can be 50 kPa, and the subsequent increments can be 100 
kPa. Figure 10.26 illustrates an incremental procedure for 
the backpressure application, and the pore-water pressure 
response from the soil specimen. In the case shown, an 
effective stress of 10 kPa is maintained on the specimen. 
The tangent B, pore-water pressure parameter (Chapter 8) 
is checked by measuring the pore-water pressure response 
to a cell pressure increment after each stage of loading. 
Saturation is usually assumed to be complete when the B, 
parameter approaches unity. The saturation of compacted 
specimens is generally achieved at backpressures in the 
range of 400-750 kPa (Bishop and Henkel, 1%2). Some 
soils however, may become saturated at B, parameters less 
than 1.0 when the compressibility of the soil structure is 
extremely low. 

Theoretical values of the B, pore pressure parameter for 
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Change of scale, Pore-water pressure response 
to cell pressure increment 

Pore-water pressure change 
due to increase in 
backpressure 1 

-- 
Cell pressure, u3 (kPa) 

Figure 10.26 Incremental application of cell pressure and back- 
pressure, and the results of a pore-water pressure response test 
while saturating a specimen (from Head, 1986). 

soils at various degrees of saturation, with various com- 
pressibilities, are presented by Black and Lee (1973) (Fig. 
10.27). The application of a backpressure causes the 
compression of pore-air in accordance with Boyle’s law, 
and the dissolution of pore-air into pore-water in accor- 
dance with Henry’s law (Chapter 2). The pore-air 
compression is essentially instantaneous, causing an in- 
crease in the degree of saturation. On the other hand, the 
dissolution of pore-air into pore-water requires a longer 
time due to a relatively low coefficient of diffusion. There- 
fore, time must be allowed for equilibration after each 
backpressure increment. Theoretical times required to in- 
crease the degree of saturation are given in Fig. 10.28. 
Results are plotted for final degrees of saturation of 99, 
99.5, and 100%. The plot shows that the time required for 
increasing the degree of saturation reaches a maximum 

L 
Chanae of scale 1 

Degree of saturation, S (%) 

Figure 10.27 Theoretical values of E ,  pore-water pressure pa- 
rameters at various degrees of saturation and compressibility (from 
Black and Lee, 1973). 

year 

month 
week 
day 

~ hours 

hour 

Initial degree of saturation, So (%) 

Figure 10.28 Theoretical times required to increase the degree 
of saturation using appropriate backpressures corresponding to the 
initial degrees of saturation (from Black and Lee, 1973). 

value for soils at an initial degree of saturation around 80 96. 
The required time decreases significantly at initial degrees 
of saturation higher than 95 % . 

10.2 TEST PROCEDURES FOR TRIAXIAL 
TESTS 

This section provides a general description of the test pro- 
cedures associated with various triaxial shear tests on un- 
saturated specimens. Tests can be performed in a triaxial 
cell which has been modified in accordance with the special 
design considerations explained in previous sections of this 
chapter. Figure 10.29 shows an assemblage of a modified 
triaxial cell. The measurements of the vertical deflection 
and the radial deformation are not shown. The layout of 
the plumbing for the control board is illustrated in Fig. 
10.30. The pore-air pressure line shown in both figures 
controls the pore-air pressure. In the case where the pore- 
air pressure is measured, a pressure transducer can be in- 
stalled in the loading cap, and the attached wires can be 
connected to the data acquisition system through the base 
plate. 

The soil specimen should be prepared, and then several 
procedural checks should be conducted. The high air entry 
disk should be saturated. Attempts should be made to thor- 
oughly flush water through the compartment in the base 
plate and all the connecting lines to ensure the expulsion 
of air bubbles. The volume change measuring devices, in- 
cluding the diffused air volume indicator, should be ini- 
tialized (Ftedlund, 1972). 

The initial confining air and water pressures to be applied 
to the soil specimen can be set on the pressure regulators 
prior to preparing the specimen. This minimizes the time 
between the placement of the specimen on the high air en- 
try disk and the application of the pressures. The confining 
air and water pressures are applied to the specimen through 
valves D, C, and A, respectively (Fig. 10.30). An initial 
water pressure of 30 kpa or greater is desirable in order to 
provide sufficient pressure to flush air fmm the base plate. 
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Figure 10.29 Modified triaxial cell for testing unsaturated soils. 

The diffused air volume can be measured using the diffused 
air volume indicator. 

10.2.1 Consolidated Drained Test 
The consolidation (or stress equalization) of the soil spec- 
imen is performed by applying a prescribed confining pres- 
sure, u3, pore-air pressure, u,, and pore-water pressure, 
u,. The confining pressure, pore-air, and pore-water pres- 
sures are applied by opening valves D, C, and A, (Fig. 

10.30) in this order. Valves B and E are always closed 
during the test, except during the flushing of difised air 
from the base plate. The water pressure, applied to the base 
plate, is registered on a transducer. 

The vertical deflection and the radial deformation are pe- 
riodically monitored to measure the overall volume change 
of the specimen. The volume of water flowing into (and 
out from) the specimen is recorded on the twin-burette vol- 
ume change indicator. Therefore, the three-way valves, T, 

I I . -  - I I From air supply 

Reservoir 

Legend 
Q Pressure regulator 
B Shutoff valve pressure transducer 
8 Three-way valve 

@ Pressure gauge 

Figure 10.30 Schematic diagram of the control board and plumbing layout for the modified 
triaxial apparatus. 
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consolidation and shearing) is repeated during each stage 
of the test. The consolidation for each stage can be com- 
menced either at zero deviator stress or while maintaining 
the maximum deviator stress obtained from the previous 
stage (see Chapter 9). The deviator stress can be brought 
to zero by releasing the axial load to zero. The shearing 
process at each stage should be stopped when the maxi- 
mum deviator stress is imminent, except for the last stage 
where the specimen can be sheared to a large strain. 

and T2, are always open during the test, except during the 
process of flushing diffused air from the base plate. The air 
volume change is generally not measured. Consolidation is 
assumed to have reached an equilibrium condition when 
there is no longer a tendency for the overall volume change 
or the flow of water from the specimen. 

Upon attaining an equilibrium condition under the ap- 
plied pressures (Le., a,, u,, and uw), the specimen is 
sheared by compression at an appropriate strain rate (see 
Chapter 9). The magnitude of the axial load applied to the 
specimen can be recorded using a load cell. The axial load 
is converted to a deviator stress, (a, - u3). The shearing 
process is conducted under drained conditions for the ap- 
plied pore-air and pore-water by leaving valves C and A 
(Fig. 10.30) open. The overall and water volume changes 
are monitored throughout the shear pmcess. The shearing 
process is terminated when the selected failure criterion 
(e.g., maximum deviator stress) has been achieved (see 
Chapter 9). 

Diffused air is generally flushed from the base plate once 
a day during both consolidation and shearing. The fre- 
quency of the diffised air measurement depends primarily 
on the applied air pressure. For a low applied air pressure, 
the diffised air volume can be measured less frequently. In 
any case, the diffused air volume should be measured prior 
to changing applied pressures. The water volume change 
correction, due to the diffised air volume, becomes nec- 
essary whenever tests extend over a period of several days. 

The diffised air in the base plate can be flushed into the 
diffised air volume indicator, DAVI, by applying a pres- 
sure differential of 7-70 kPa between the base plate and the 
diffused air volume indicator. Each apparatus needs to be 
tested to assess the differential pressure at which diffised 
air can readily be removed from the base compartment. It 
is desirable not to significantly alter the water pressure in 
the base plate. Therefore, it may be necessary to elevate 
the air backpressure in the diffised air volume indicator. 
Having backpressurized the diffised air volume indicator, 
the three-way valves, TI and T2, are closed, and valve E is 
opened in order to bypass the twin-burette volume change 
indicator. The water pressure in the base plate is main- 
tained through valve E. Subsequently, valve B is opened 
and closed, causing surges of water to flow through the 
base. Diffised air moves into the diffused air volume in- 
dicator, and displaces the water in the burette. A few sec- 
onds may be required between each surge to allow the air 
to rise in the burette. The water pressure in the base plate 
only deviates momentarily from its set value when using 
this procedure. The computation of the diffised air volume 
from the readings on the indicator is described in Chapter 
6. After measuring the diffised air volume, valves B and 
E are closed and valves TI and T2 are turned to their pre- 
vious direction. In other words, the twin-burette water vol- 
ume change indicator is reconnected to the base plate. 

In the case of a multistage test, the above procedure (i.e., 

10.2.2 Constant Water Content Test 
The initial consolidation process is camed out in the same 
manner for both the constant water content test and the 
consolidated drain test. When equilibrium conditions have 
been achieved under the applied pressures (i.e., a,, u,, and 
uw) ,  the soil specimen is sheared under drained conditions 
for the pore-air phase and undrained conditions for the 
pore-water phase. The pore-air pressure is maintained at 
the value to which the specimen was subjected during con- 
solidation. That is, valve C (Fig. 10.30) remains open dur- 
ing consolidation and shear. On the other hand, valves A 
and B are closed during shear in order to produce undrained 
pore-water conditions. The pore-water pressure is mea- 
sured by the pressure transducer mounted on the base plate. 

During shear, under undrained water phase conditions, 
the diffused air volume should also be measured. In this 
case, the water pressure in the base plate should be re- 
corded prior to the flushing process and reset after flushing. 
The water in the pore-water pressure control line should 
first be subjected to the same pressure as morded in the 
base plate. Valves A, TI, and T2 should remain closed while 
valve E is opened when adjusting the water line pressure. 
The air backpressure in the diffised air volume indicator 
should be adjusted to a pressure slightly lower than the re- 
corded water pressure in the base plate while valve B re- 
mains closed. When valve A is opened, the water in the 
base plate will quickly equalize to the pore-water pressure 
control line. The diffised air is then removed from the base 
plate by momentarily opening valve B, which produces a 
pressure difference across the base plate. Valves A and B 
are closed at the end of the diffised air volume measure- 
ment. The undrained pore-water pressure is then returned 
to the value existing prior to the flushing process. If the 
diffused air removal is performed in a short period of time, 
disturbance to the undrained condition of the soil specimen 
should be minimal. 

10.2.3 Consolidated Undrained Test with Pore 
Pressure Measurements 
The soil specimen is first consolidated following the pro- 
cedure described for the consolidated drained test. After 
equilibrium conditions have beem established under the ap- 
plied pressures (i.e., u3, u,, and uw), the soil specimen is 
sheared under undrained conditions with respect to the air 
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and water phases. Undrained conditions during shear are 
achieved by closing valves A, B, and C (Fig. 10.30). 

The pore-water pressure developed during shear can be 
measured on the pressure transducer mounted on the base 
plate. A pore-air pressure transducer should be mounted 
on the loading cap, if possible, for measuring pore-air 
pressure changes. However, it is difficult to maintain an 
undrained condition for the pore-air due to its ability to 
diffise through the pore-water, the rubber membrane, and 
the water in the high air entry disk. 

The diffised air volume can be measured in a manner 
similar to that used during the constant water content test. 
Problems associated with air diffusion are the main reason 
why few consolidated undrained tests with pore-air and 
pore-water pressure measurements have been performed. 

10.2.4 Undrained Test 
The procedure for performing an undrained test on an un- 
saturated soil specimen is similar to the procedure used for 
performing an undrained test on a saturated soil specimen. 
The unsaturated soil specimen is tested at its initial water 
content or matric suction. In other words, the initial matric 
suction in the specimen is not relaxed or changed prior to 
commencing the test. 

There is no consolidation process allowed since the con- 
fining pressure, a,, is applied under undrained conditions 
for both the pore-air and pore-water phases. The specimen 
is axially compressed under undrained conditions with re- 
spect to both the air and water phases. The test is usually 
run at a strain rate of 0.017-0.03%/s, and no attempt is 

made to measure the pore-air and pore-water pressures. 
Conventional triaxial equipment can be used to perform the 
undrained test on unsaturated soils. The porous disks are 
usually replaced by metal or plastic disks on the top and 
bottom of the specimen. The specimen is enclosed in a rub- 
ber membrane during the test. The undrained test results 
on unsaturated soils can be interpreted in accordance with 
the theory explained in Chapter 9. 

10.2.5 Unconfined Compression Test 
The unconfined compression test procedure is similar to the 
undrained test procedure, except that no confining pressure 
is applied to the specimen (Le., u3 is equal to zero). The 
test is commonly performed in a simple loading frame by 
applying an axial load to the soil specimen. The interpre- 
tation of the unconfined compression test results on unsat- 
urated soils is discussed in Chapter 9. 

10.3 TEST PROCEDURES FOR DIRECT SHEAR 
TESTS 

The consolidated drained direct shear test on an unsatu- 
rated soil specimen can be conducted using the modified 
direct shear apparatus shown in Fig. 10.8. A cross-sec- 
tional view of the direct shear equipment is shown in Fig. 
10.31. The soil specimen is sheared by moving the lower 
portion of the shear box relative to the upper portion of the 
box. This is the same procedure as is used in the operation 
of a conventional direct shear apparatus. A motor that pro- 
vides a constant horizontal shear displacement rate is con- 

t 
Figure 10.31 Modified direct shear apparatus for testing unsaturated soils (from Gan and Fred- 
lund, 1988). 

    



10.3 TEST PROCEDURES FOR DIRECT SHEAR TESTS 283 

nected to the shear box base. The shear box base is seated 
on a pair of rollers that can move along a pair of grooved 
tracks on the chamber base. The top box is connected to a 
load cell which measures the shear load resistance. The gap 
between the two halves of the shear box is filled with vac- 
uum grease prior to mounting the specimen in the shear 
box. 

The plumbing layout for the control board of the modi- 
fied direct shear apparatus is illustrated in Fig. 10.32. The 
saturation of the high air entIy disk, the relaxation of the 
initial matric suction in the specimen, and the flushing of 
entrapped air from the base plate and its connecting lines 
should be performed prior to commencing the test. At the 
same time, the initial air and water pressures to be applied 
to the soil specimen can be set on the pressure regulators 
while valves A, B, and C are closed. 

The procedure for conducting the consolidated drained, 
direct shear test is similar to the consolidated drained, 
triaxial text procedure explained in the previous section. 
Afier installing the chamber cap, the predetermined verti- 
cal normal load, air pressure, and water pressure are ap- 
plied to the specimen, in this sequence. The vertical nor- 
mal load is applied through the loading ram, while the air 
and water pmsures are applied by opening valves C and 
A (Fig. 10.32), respectively. Valve B remains closed dur- 
ing the test, except when measuring the diffused air vol- 
ume. It is important to ensure that there are no leaks in the 
system. For example, the leakage of air from the chamber 
surrounding the specimen will cause a continuous water 
vapor loss from the specimen. The applied water pressure 
to the base plate can be measured on the pore-water pres- 

Reservoir 

sure transducer mounted on the base plate. Measurements 
of vertical deflection and water movement from the speci- 
men can be taken at various time increments. Water move- 
ment is observed on the twin-burette volume change indi- 
cator. In this case, valves TI and T2 opened while valve 
D is closed throughout the test, except during the flushing 
process. 

Consolidation under the applied vertical normal stress, 
the air pressure, and the water pressure is assumed to have 
reached equilibrium when there is no further tendency for 
overall volume change and water volume change. 

After equilibration has been reached, the soil specimen 
is s h e d  at an appropriate horizontal shear displacement 
rate (Chapter 9). The horizontal shear load resistance is 
measud using a load cell. Similarly, readings are taken 
on the vertical deflection, the horizontal shear displace- 
ment, and the water volume change during shear. Shearing 
can be terminated either when the horizontal shear stress 
resistance has reached its peak value or when the horizontal 
shear displacement has reached a designated limiting value 
(Chapter 9). In the case of a multistage test, the shearing 
process for each stage should be stopped when the peak 
horizontal shear stress is imminent. 
The monitoring of the diffised air volume follows the 

procedure explained for the consolidated drained triaxial 
test. During the flushing process, valves TI and T2 are 
closed while valve D is opened. Valve B is opened mo- 
mentarily to establish a pressure difference acmss the base 
plate. A surging of water through the base plate forces air 
in the base plate into the diffised air volume indicator for 
measurement. The diffused air volume measurement should 

Diffused air 
volume indicator 
(DAVI) 

Legend Pore-water pressure, uw 
8 Pressure regulator ~ontrol line 
@ Shutoff valve 
8 Three-way valve 

@Pressure gauge 

Figure 10.32 Schematic diagram showing the plumbing layout for the control board of the mod- 
ified direct shear apparatus. 
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be performed once or twice a day, or more frequently when 
high air pressures are used. The measured water volume 
changes should be adjusted in accordance with the diffised 
air volume measurements. 

10.4 TYPICAL TEST RESULTS 

The theory associated with various test methods was given 
in Chapter 9, while the equipment and procedures for test- 
ing were described earlier in this chapter. The test result 
presentation consists mainly of the data on the shear stress 
versus matric suction relationship (i.e., 7 versus (u, - u,) 
plane). The failure envelope on the shear strength versus 
matric suction plane is used to obtain the $ shear strength 
parameter. The nature of the shear strength versus net nor- 
mal stress failure envelope at saturation (Le., the c’ and $ ’ 
parameters) has been well explained in many soil mechan- 
ics publications. 

Laboratory test results obtained from undisturbed and 
compacted, unsaturated soil specimens are presented in this 
section. However, only results from “identical” undis- 
turbed or compacted soil specimens having the same initial 
dry density and water content can be analyzed to obtain the 
4 shear strength parameter. 

Triaxial test data are presented in the following sections, 
followed by direct shear test data. The triaxial test data are 
categorized as: 1) consolidated drained test results, and 2) 
constant water content test results. Both cases are used to 
illustrate a linear $ shear strength parameter. Similar data 
are then presented illustrating a nonlinear relationship be- 
tween shear strength and matric suction. These are fol- 
lowed by undrained and unconfined compression test data. 

10.4.1 Triaxial Test Results 
Consolidated h i n e d  Triarial Tests 
A series of multistage, consolidated drained, triaxial tests 
on undisturbed specimens was performed by Ho and Fred- 
lund (1982a). The specimens were from two residual soil 
deposits in Hong Kong, namely, decomposed granite and 
decomposed rhyolite. The decomposed granite specimens 
are mainly a silty sand, with an average specific gravity, 
G,, of 2.65. The decomposed rhyolite specimens are es- 
sentially a sandy silt, having an average specific gravity of 
2.66. The mineral compositions of these two soils are sim- 
ilar. Both soils are brittle and highly variable. Undisturbed 
specimens were sampled from boreholes and open cuts 
(i.e., block specimens). 

Seventeen undisturbed specimens, 63.5 mm in diameter 
and approximately 140 mm in height, were tested. The tests 
were conducted in accordance with the consolidated 
drained triaxial testing procedure. For most tests, the de- 
viator stress was removed once a maximum value was ob- 
tained for a particular stage (i.e., cyclic loading), while a 
new set of siresses were applied for the next stage. Some . 

tests were performed with the stress changes between stages 
being applied, while leaving a constant strain rate being 
applied to the specimen (Le., sustained loading) (see Chap- 
ter 9). The strain rate used in the testing program ranged 
from 1.7 x to 6.7 X lo-’% /s. A 5 bar high air entry 
disk (Le., 505 kPa) was used for all tests. Angles of fric- 
tion, 4 ’, of 33.4” and 35.3” were obtained for the decom- 
posed granite and rhyolite, respectively, from triaxial tests 
on saturated specimens. 

Figure 10.33 presents typical test results from a decom- 
posed granite specimen using the cyclic loading procedure. 
The test was performed by maintaining a constant net con- 
fining pressure, (+ - u,), and varying the matric suction, 
(u, - u,). The failure envelope was assumed to be a planar 
surface. Similar typical results from two rhyolite speci- 
mens are shown in Figs. 10.34 and 10.35. The results in 
Fig. 10.34 illustrate the cyclic loading procedure. The re- 
sults in Fig. 10.35 illustrate the’sustained loading proce- 

I I I I I 

a,(kPa) 241 345 448 

u,.,(kPa) 69 69 69 
0 4 8 12 16 20 

Axial strain, t, (%) 

(a) 

0 400 800 1200 1600 2000 
Net normal stress (a - u.) (kPa) 

(b) 

Figure 10.33 Stress versus strain curves and two-dimensional 
presentations of the failure envelope for decomposed granite 
specimen no. 10. (a) Deviator stress versus strain curve; (b) fail- 
ure envelope projected onto the 7 versus (a - u,) plane; (c) in- 
tersection line between the failure envelope and the 7 versus (u, 
- u,) plane at a zero net normal stress (i.e., (a, - u& = 0) 
(from Ho and Fredlund, 1982a). 
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Figure 10.34 Stress versus strain curves and two-dimensional 
presentations of the failure envelope for decomposed rhyolite 
specimen no. 11C. (a) Deviator stress versus strain curve; (b) 
failure envelope projected onto the 7 versus (u - u,) plane; (c) 
intersection line between the failure envelope and the I versus (u, 
- u,) plane at zero net normal stress (i.e.. (u, - u,), = 0) (from 
Ho and Fredlund, 1982a). 

dum. The average + b  angles from all of the test results 
were found to be 15.3" for the decomposed granite and 
13.8" for the rhyolite. It was observed that the soil struc- 
ture of a specimen could be disturbed to a certain degree 
as the multistage test progressed. As a result, the measured 
peak, deviator stress for the last stage (i.e., stage no. 3) 
may actually be smaller than that obtained from a specimen 
under the same stress conditions, using a single-stage test. 
In this regard, the cyclic loading procedure appeared to be 
preferable to the sustained loading procedure in reducing 
soil structure disturbance. Part of the reduction in strength 
may also be due to nonlinearity in the shear strength versus 
matric suction relationship. 

Two multistage triaxial tests on compacted specimens 
were reported by Krahn etal. (1987). The soil was sampled 
from a railway embankment at Notch Hill, British Colum- 

0 4 8 12 16 
Axial strain, e, (%) 

(a) 

I 600 m g 500 
t- 6" 

E 300 
200 6 t 100 

' 0  200 400 800 800 loo0 
Net normal stress, (a - u,) (kPa) 

(b) 

Metric suction, (Ua - UW) (kPa) 
(C) 

Figure 10.35 Stress versus strain curves and twodimensional 
presentations of the failure envelope for decomposed rhyolite 
specimen no. 11D. (a) Deviator stress versus strain curve; (b) 
failure envelope projected onto the 7 versus (a - u,) plane; (c) 
intersection line between the failure envelope and the 7 versus (u, 
- u,,,) plane at zero net n o d  stress (Le., (a, - ua), = 0) (from 
Ho and Fredlund. 1982a). 

bia, and consisted of 10% clay, 85% silt, and 5% fine sand. 
The optimum water content was 2 1.5 96, and the maximum 
dry density was 1590 kg/m3 when the soil was compacted 
in accordance with the standard AASHTO procedure. 
Specimens with a diameter of 38 mm and a height of 75 
mm were trimmed for triaxial testing from the compacted 
soil. Consolidated undrained triaxial tests were performed 
on four compacted, saturated specimens with pore-water 
pressure measurements. The test results on the saturated 
specimens showed an angle of internal friction, 4 ', of 35" 
and an effective cohesion, c', equal to 0.0. 

The multistage triaxial tests on the unsaturated, com- 
pacted specimens were conducted using the consolidated 
drained test procedure (Chapter 9). The tests were con- 
ducted at a constant net confining pressure, while varying 
the matric suction. The test results obtained from two spec- 
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Figure 10.36 Stress versus strain curves and two-dimensional 
presentations of the failure envelope for Tappen-Notch Hill Silt 
specimen no. E-2. (a) Deviator stress versus stmin curve; (b) fail- 
ure envelope projected onto the 7 versus (a - u,) plane. 

imens are shown in Figs. 10.36 and 10.37. The combined 
results [Fig. 10.37(c)] indicate that the soil has a tpb angle 
of 16" when a planar failure envelope is assumed. 

Constant Water Content Triaxial Tests 
Constant water content or CW triaxial tests on a compacted 
shale and a compacted boulder clay were performed by 
Bishop et al. (1960) (Figs. 10.38 and 10.39, respectively). 
The shale had a clay fraction of 22%, and was compacted 
at a water content of 18.6%. A series of triaxial tests on 
the saturated specimens of the compacted shale gave an 
angle of internal friction, t$', of 24.8" and an effective 
cohesion, c', of 15.8 kPa. The boulder clay had a clay 
fraction of 18 % , and was compacted at a water content of 
1 I .6%. The saturated boulder clay showed an effective an- 
gle of internal friction, t$', of 27.3" and an effective cohe- 
sion, c', of 9.6 kPa. The tests on the compacted boulder 
clay were performed at a strain rate of 3.5 x 10-5%/s, 
and 15% strain was considered to represent failure. As- 
suming a planar failure envelope, the @ angle was 18.1 ' 
for the compacted shale and 22.0" for the boulder clay 
(Figs. 10.38 and 10,39). 

Nonlinear Shear Strength Versus M .  Suction 
The significance of assuming a nonlinear failure envelope 
with respect to matric suction has been illustrated by Fred- 
lund et al. (1987) (see Chapter 9). For example, the anal- 
yses of the triaxial test results on the compacted Dhanauri 
clay using a planar and a curved failure envelope were 

800 

600 

400 

200 

0 
0 1 2 3 4 5 6 7 8  

Axial strain, e,. (%) 

(a) 

600 
500 
400 
300 
200 
100 

'0 200 400 600 800 1000 1200 
Net normal stress, (u - u.) (kPa) 

(b) 

1 

SpecimenE-2 
A Specimen E-3- 

?! 

& 

'0 50 100 150 200 250 300 350 
Matric suction, (us - uw) (kPa) 

v) 

(C) 

Figure 10.37 Stress versus strain curves and two-dimensional 
presentations of the failure envelope for Tappen-Notch Hill Silt 
specimen no. E-3. (a) Deviator stress versus strain curve; (b) fail- 
ure envelope projected onto the T versus (u - u,) plane; (c) in- 
tersection line between the failure envelope and the 7 versus (u, 
- u,) plane at zem net normal stress (i.e., (a, - u,), = 0) (from 
Krahn, Fredlund and Klassen, 1987). 
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Figure 10.39 Intersection line between the failure envelope and 
the T versus (u, - uJ plane for a compacted boulder clay (data 
from Bishop, Alpn, Blight and Donald, 1960). 

compared. Consolidated drained, CD, and constant water 
content, CW, triaxial tests on compacted Dhanauri clay at 
two densities were conducted by Gulhati and Satija (1981). 
The Dhanauri clay consisted of 5% sand, 70% silt, and 
25% clay. The soil had a liquid limit of 48.5% and a plas- 
tic limit of 25 % . The saturated effective shear strength pa- 
rameters (i.e., c' and d, ') for specimens compacted at two 
different densities were obtained from consolidated, un- 
drained triaxial tests (Table 10.3). The consolidated drained 
and constant water content tests on the unsaturated, com- 
pacted specimens were performed at a strain rate of 1.3 x 

The test results on the unsaturated specimens were ana- 
lyzed by Ho and Fredlund (1982a) using a planar failure 
envelope, and their results are summarized in Table 10.3. 
It appears that the linear interpretation of the failure enve- 
lope results in different c' and d,b parameters for the same 
soil tested using different procedures (Le., CD and CW 

and 6.7 x /s, respectively. 

tests). In other words, the results give the impression that 
different test procedures may produce different shear 
strength parameters. For this case, the assumption of a 
planar failure envelope when analyzing the data causes a 
problem of nonuniqueness in the shear strength parame- 
ters. In addition, the c' values obtained from the analysis 
do not agree with values obtained from triaxial tests on 
saturated specimens (Table 10.3). 

The problem of nonuniqueness in the failure envelope 
necessitates a reevaluation of the shear strength data pre- 
sented by Satija (1978). A reanalysis was performed as- 
suming a curved failure envelop with respect to the matric 
suction axis (Fredlund et al. 1987). Figures 10.40 and 
10.41 present the results for compacted Dhanauri clay at 
low and high densities, respectively. The results are plotted 
on the shear strength versus matric suction plane corre- 
sponding to a zero net normal stress at failure (i.e., (of - 
uJf = 0). The shear strength parameters, c' and d,', ob- 
tained from the consolidated undrained tests on the satu- 
rated specimens (see Table 10.3) were used in the reana- 
lysis. The curved failure envelopes have a cohesion 
intercept of c' and a slope angle, d,b,  equal to d, ', starting 
at zero matric suction. The d,b angle begins to decrease 
significantly at matric suction values greater than 50 kPa 
for the low-density specimens. The decrease in d,b begins 
at matric suction values of 75-100 kPa for the high-density 
specimens. For the low-density specimens, the qbb angle 
reaches a relatively constant value of 11 " when the matric 
suction exceeds 150 kPa [Fig. 10.40(b)]. The d,b angles 
for the high-density specimens reach a relatively constant 
value of 9" when the matric suction exceeds 300 kPa [Fig. 
10.4 1 (b)] . 

There is good agreement between the failure envelopes 
for the consolidated drained and constant water content test 

Table 10.3 Triaxial Tests on Compacted Dhanaurl Clay (Data from Satija, 1978) 

Analysis of Test Results on 
Unsaturated Specimens (Ho and CU Tests on 

Saturated Specimens Fredlund, 1982a) 

Initial Volume- C' d,' Type of C' d,b 
Mass Properties (Wa) (degrees) Test (kPa) (degrees) 

Low density CD 20.3 12.6 
pd = 1478 kg/m3 7.8 29 
w = 22.2% cw 11.3 16.5 

CD 37.3 16.2 
High density 
pd = 1580 kg/m3 7.8 28.5 
w = 22.2% cw 15.5 22.6 

Note: Pd = dry density, w = water content, CU = consolidated undrained, CD = consolidated drained, CW = constant 
water content. 
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Figure 10.40 Nonlinearity in the failure envelope with respect 
to matric suction for Dhanauri clay compacted to a low density. 
(a) Curved failure envelopes for Dhanauri clay compacted to a 
low density; (b) nonlinear relationship between 4* and matric 
suction. 
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results when assuming a curved failure envelope with re- 
spect to matric suction. In other words, the assumption of 
a curved failure envelope leads to a unique failure envelope 
for the same soil tested using different stress paths or pro- 
cedures. The uniqueness of the curved failure envelope is 
demonstrated at both densities. 

It should be noted, however, that specimens prepared at 
different densities should be considered as different soils. 
Several procedures for accommodating the nonlinear fail- 
ure envelope in engineering applications are described in 
Chapter 9. 

Undrained and Unconfined Compression Tests 
Six series of undrained and unconfined compression (Le., 
UC) tests on unsaturated, compacted specimens were per- 
formed by Chantawarangul (1983). The soil was a clayey 
sand consisting of 52% sand, 18% silt, and 30% clay. The 
soil had a liquid limit of 30%, a plastic limit of 19%, and 
a shrinkage limit of 16%. The soil was compacted using a 
miniature Harvard apparatus to give high- and low-density 
specimens at various water contents. In general, the water 
contents were on the dry side of optimum. The high- and 
low-density specimens correspond to a dry density, pdr of 
approximately 1800 and 1700 kg/m3, respectively. 

The specimens were sheared under undrained conditions 
at a constant strain rate of 0.0017% /s. The test results are 
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tests on a clayey sand compacted to a high density. (a) Deviator 
stress versus strain for various confining pressures; (b) total stress 
point envelope (from Chantawarangul, 1983). 
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Figure 10.43 Undrained triaxial and unconfined compression 
tests on a clayey sand compacted to a low density. (a) Deviator 
stress versus strain for various confining pressures; (b) total stress 
point envelope (from Chantawarangul, 1983). 

presented in Figs. 10.42 and 10.43 for the high- and low- 
density specimens, respectively. The results show a curved 
total stress point envelope which becomes a horizontal en- 
velope at high confining pressures (see explanation in 
Chapter 9). The total stress point envelopes for specimens 

at various water contents are plotted in Fig. 10.44(a) for 
the high-density specimens, and in Fig. 10.44(b) for the 
low-density specimens. The envelopes also show a de- 
crease in shear strength as the water content in the speci- 
men increases. 

10.4.2 Direct Shear Test Results 
Multistage direct shear tests have been performed on sat- 
urated and unsaturated specimens of a compacted glacial 
till by Gan er al. (1987). The glacial till was sampled from 
the Indian Head area in Saskatchewan, and only material 
passing the no. 10 sieve was used to form specimens for 
testing. The soil consisted of 28% sand, 42% silt, and 30% 
clay. The liquid and plastic limits of the soil are 35.5% 
and 16.896, respectively. Prior to testing, the soil was 
compacted in accordance with the AASHTO standard. The 
maximum dry density and the optimum water content are 
1815 kg/m3 and 1696, respectively. 

The shear strength parameters, c' and + ', were obtained 
from several single-stage and multistage direct shear tests 
on compacted specimens that had been saturated. The In- 
dian Head glacial till was found to have an effective cohe- 
sion intercept of 10 kPa and an effective angle of internal 
friction of 25.5" (Fig. 10.45). Multistage direct shear test 
results on saturated specimens showed that a shear dis- 
placement rate of 1.2 mm was sufficient to mobilize the 
peak shear strength (Gan, 1986). Therefore, a shear dis- 
placement of 1.2 mm on specimens of 50 x 50 mm was 
selected as the failure criterion for subsequent multistage 
direct shear tests. 

Figure 10.44 Total stress point envelopes obtained from undmined triaxial and unconfined 
compression tests. (a) Total stress point envelopes for high density specimens; (b) total stress 
point envelopes for low density specimens (from Chantawamngul, 1983). 
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Figure 10.45 Mohr-Coulomb failure envelopes for direct shear tests on saturated glacial till 
(from Gan, Fredlund and Rahardjo, 1988). 

Five multistage, consolidated drained direct shear tests 
were performed on five compacted specimens. The initial 
volume-mass properties of the five specimens are tabulated 
in Table 10.4. The tests were run using the axis-translation 
technique on a modified direct shear apparatus (Can and 
Fredlund, 1988). A displacement rate of 1.7 x mm/s 
was selected. Each specimen had three-seven stages of 
shearing. The tests were performed by maintaining a con- 
stant net normal stress, (a. - u,), of 72 kpa while varying 
the matric suction, (u, - u,), between stages (Table 10.4). 

The matric suction ranged from 0 to 500 P a .  As a result, 
the shear strength versus matric suction failure envelope 
was obtained, and the q56 parameter could be computed. 

Figures 10.46 and 10.47 show typical plots of water vol- 
ume change and vertical deflection during consolidation 
prior to shearing. Matric suction equalization was gener- 
ally attained in about one day. Typical results from the 
multistage direct shear tests on unsaturated specimens are 
illustrated in Figs. 10.48 and 10.49 for two specimens. The 
vertical deflection versus horizontal displacement curves 

Table 10.4 Multistage Direct Shear Tests on Unsaturated Glacial Till Specimens (from G m  et al. 1987) 

Specimen No. GT- 16-N 1 GT- 16-N2 GT- 16-N3 GT- 16-N4 GT-16-N5 

Initial Properties: 
Void ratio, e, 0.77 0.53 0.69 0.5 1 0.54 
Degree of saturation, So (%) 42 59 48 65 61 
Water content, wo (%) 11.8 11.5 12.3 12.2 12.1 

Stress State GT-16-N 1 GT- 16-N2 GT-16-N3 GT-16-N4 GT- 16-N5 
at Each Stage 

(kpa) u - u, u, - u, u - u, u, - u, a - u, u, - u, u - u, u, - u, a - u, u, - u, 

Stage No. 1 70.94 37.86 71.28 176.95 72.83 23.45 72.55 16.62 73.73 0.85 
2 71.29 176.89 71.58 314.7 72.84 79.04 72.61 60.69 72.58 33.89 
3 71.58 315.25 71.99 453.53 72.68 448.05 72.59 120.3 72.59 78.07 
4 72.68 448.05 72.56 239.83 72.57 126.2 
5 72.58 347.7 72.55 204.53 
6 72.53 494.5 72.57 321.89 
7 72.20 504.34 
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Figure 10.46 Water volume change and consolidation of spec- 
imen no. GT-16-N3 during matric suction equalization. (a) Water 
volume change versus time curve; (b) vertical displacement of the 
specimen versus time (from Gan and Fredlund, 1988). 

Figure 10.47 Water volume change and consolidation of spec- 
imen no. GT-16-N4 during matric suction equalization. (a) Water 
volume change versus time curve; (b) vertical displacement of the 
specimen versus time (from Gan, Fredlund and Rahadjo, 1988). 

[Figs. 10.48(b) and 10.49(b)] generally show that the soil 
dilated during shear, except during the initial stages at low 
matric suctions. As the matric suction was increased, the 
curves showed an increase in the specimen height with in- 
creasing horizontal displacement [Figs. 10.48(b) and 
10.49(b)]. 

The shear stress normalized with respect to rnatric suc- 
tion is plotted versus horizontal displacement in Figs. 
10.48(c) and 10,49(c). The curves show a decrease in the 
peak normalized stress with increasing matric suction. 
These peak values appear to approach a relatively low but 
constant value at high matric suctions. 

A typical plot of shear stress versus matric suction is 
shown in Fig. 10.50(a). The shear stress plotted corre- 
sponds to a shear displacement of 1.2 mm. The line joining 
the data points forms the shear stress versus matric suction 
failure envelope. The envelope corresponds to an average 
net normal stress of 72 kPa at failure [Fig. lO.JO(a)]. The 
test results on the Indian Head glacial till exhibit significant 
nonlinearity in the failure envelope with respect to the ma- 
tric suction. The varying C P b  angles along the curved failure 
envelope are plotted with respect to matric suction in Fig. 
10,50(b). 

Figure 10.51(a) presents a summary of the msults ob- 
tained fmm five unsaturated specimens tested using the 
multistage dimt shear test (Table 10.4). The results fall 
within a band, forming curved failure envelopes. The CPb 
angles conesponding to the failure envelopes are plotted in 
Fig. 10.51(b) with respect to matric suction. The C P b  angles 
commence at a value equal to 4 '  (i.e., 25.5") at matric 
ductions close to zero, and decreasle significantly at matric 
suctions in the range of 50-100 kPa. The tpb angles reach 
a fairly constant value ranging from 5" and 10' when the 
matric suction exceeds 250 kPa [Fig. 10.51(b)]. The scat- 
ter in the failure envelopes (Figs. 10.45 and 10.51) appears 
to be primarily due to slight variations in the initial void 
ratios of the soil specimens. 

The nonlinearity of the failure envelope was also 
observed by Escario and SBez (1986) from direct shear 
tests on three compacted soils. The properties, initial 
conditions, consolidation time, and displacement rate 
associated with the three soils are tabulated in Table 
10.5. The tests were performed in a modified direct shear 
apparatus similar to that explained in the previous sec- 
tion. The consolidated drained testing procedure was 
used, along with the axis-translation technique. Figures 
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Figure 10.48 Multistage direct shear tests results on unsaturated glacial till specimen no. GT- 
ldN4. (a) Shear stress versus horizontal displacement curves; (b) veflical displacement versus 
horizontal displacement curves; (c) 7/(ua - u,) versus horizontal displacement curves (from Gan, 
FFedlund and Rahardjo, 1988). 
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Horizontal displacement, dh(mm) 
(4 

Figure 10.49 Multistage direct shear test results on unsaturated glacial till specimen no. GT-16- 
N5. (a) Shear stress versus horizontal displacement curves; (b) vertical displacement versus hor- 
izontal displacement curves; (c) T / ( u ,  - uw) versus horizontal displacement curves (from Gan, 
Fredlund and Rahardjo, 1988). 
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(a) (b) 
Figure 10.50 Failure envelope obtained from unsaturated glacial till specimen no. GT-ldNJ.  
(a) Failure envelope on the T versus (u, - uw) plane; (b) relationship between the 4b values and 
matric suction (from Gan and Fredlund, 1988). 
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Figure 10.51. Failure envelopes obtained from unsaturated glacial till specimens. (a) Failure 
envelopes on the 7 versus (u, - u,) plane; (b) the 4b values comsponding to the upper, lower 
and best-fit failure envelopes (from Gan, Fredlund and Rahardjo, 1988). 
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Table 10.5 Direct Shear Tests on Unsaturated, Compacted Sob (from Escario 
and Mez, 1986) 

Red Clay 
of 

Madrid Grey Guadalix de Madrid Clayey 
Properties Clay la Sierra Sand 

Liquid limit 
Plasticity index 
Sieve analysis: 96 passing 

10 
16 
40 

200 
AASHTO standard compaction 

pd max <kg/m3> 
w optimum (96) 

Initial conditions 
PdD (kg/m3) 
wo (96) 
(u, - u 3 0  

Consolidation time under 
applied total stress and 
matric suction (days) 

Displacement rate, dh (mm/s) 
Time to failure, r, (days) 

71 33 
35 13.6 

- - 
- 100 

100 97 
99 86.5 

1330 1800 
33.7 17 

1330 1 800 
29 13.6 
8.5 2.8 

4 4 

2.8 x 1 0 - ~  2.8 x 1 0 - ~  
2.5-3 2-3 

32 
15 

100 
94 
48 
17 

1910 
11.5 

1910 
9.2 
0.7 

4 

2.8 x 10-5 
1-2 

loo0 

800 5 
ii i "  
2 
VI 

200 

0 1 200 400 600 800 lo00 
Net normal stress, (a - u.) (kPa) 

(a) 

I I I I 

Metric suction, (ua - u,) (kPe) 
(b) 

Figure 10.52 Direct shear tests on compacted red clay of Guadalix de la Sierra. (a) Horizontal 
projections of the failure envelope onto the 7 versus (u - u,) plane; (b) horizontal projections of 
the failure envelope onto the T versus (u, - u,,,) plane (from Escario and Siiez, 1986). 
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Net normal stress, (a  - u.) (kPa) 

Figure 10.53 Direct shear tests on compacted Madrid clayey sand. (a) Horizontal projections of 
the failure envelope onto the shear stress versus (a - u,) plane; (b) horizontal projections of the 
failure envelope onto the shear stress Venus (u, - u,,,) plane (from Escario and Sdez, 1986). 

Matric suction, (us - uw) (kPa) 
(a) (b) 

10.52 and 10.53 present the results from compacted red 
clay of Guadalix de la Sierra and Madrid clayey sand spec- 
hens,  respectively. The test results on Madrid grey clay 
were presented previously in Chapter 9. All of the above 
results exhibit nonlinearity in the failure envelope with 
respect to the matric suction axis. At the same time, the 

failure envelopes, with respect to the net normal stress, are 
essentially linear [Le., Figs. 10.52(a) and 10.53(a)]. From 
a practical engineering standpoint, it should be noted that 
the applied matric suctions shown in the above test pro- 
grams extended over an extremely wide range (e.g., 0 to 
700 kPa). 

    



CHAPTER 11 

Plastic and Limit Equilibrium 

Deformation problems encountered in soil mechanics can 
be divided into two categories in accordance with the stress 
level involved. When the deviator stress levels are rela- 
tively low, the problem are considered to be in the elastic 
range and are analyzed using elasticity theories. When the 
stress levels are relatively high, the problems are consid- 
ered to be in the plastic range and are analyzed using plas- 
ticity theories. The two categories can be visualized on an 
idealized representation of a stress versus strain curve (Fig. 
11.1). 

This chapter considers problems based on the assump- 
tion that the soil behaves perfectly plastic. When the state 
of plastic equilibrium is limited to a specific, thin zone, the 
problems are referred to as limit equilibrium analyses. The 
thin plastic zone is called a slip surface or a slip plane. 
These assumptions are, of course, gross simplifications of 
the real soil behavior, but have formed a useful categori- 
zation of the types of analyses common to soil mechanics 
practice. These categories provide theoretical limits within 
which the behavior of a soil mass is studied. 

There are three main types of soil mechanics analyses 
common to plastic equilibrium. These are: 1) lateral earth 
pressure analyses, 2) bearing capacity analyses, and 3) 
slope stability analyses. Each satisfies the equations of 
equilibrium and a condition of failure (Le., failure crite- 
rion). Typical soil mechanics analyses associated with each 
of these categories are derived in this chapter. In each case, 
the soil is assumed to have negative pore-water pressures 
(or matric suctions). 

The plasticity analyses can be subdivided into those sit- 
uations where the porn-water pressure effects are simulated 
in some manner during the testing of the soil (i.e., total 
stress approach), and those situations where pore pressure 
designations become a part of the analysis (i.e., stress state 
variable approach). Most of the consideration in this chap- 
ter is given to the latter situation where the actual or pre- 
dicted pore pressures are designated. 

Elastic 
Plastic range 

0 Strain 

Figure 11.1 Idealized elastic-plastic behavior giving rise to two 
categories of deformation analysis. 

11.1 EARTH PRESSURES 

Some of the earliest work in soil mechanics dealt with earth 
pressures on retaining walls. However, there is little infor- 
mation on the earth pressures exerted on engineering struc- 
tures by unsaturated soils. Pressures exetted by expansive 
soils have been of concern, but a general earth pressure 
theory for these soils has only recently been proposed. It 
is not sufficient to say that cohesive backfill should not be 
used behind earth retaining type structures. Experience in- 
dicates that problems associated with the performance of 
earth structures can often involve compacted, clayey soils. 
Ireland (1964) showed that 68 96 of unsatisfactory retaining 
wall performance considered in his study used either clay 
as a backfill or were founded upon clay. 

Some of the problems encountered with earth retaining 
structures result from the tendency of clayey expansive soils 
to undergo substantial changes in volume as a consequence 
of changing environmental conditions. There also are nu- 
merous situations where unsaturated soils are used as back- 
fill or where structural members are cast in place against 
the soil. It is apparent that only limited consideration has 
been given to the behavior of the retaining structure under 
these circumstances. 

297 
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This section presents a simplistic but theoretical analysis 
of earth pressures for soils with negative pore-water pres- 
sures. Appropriate expressions for the critical height of 
vertical or nearly vertical cuts are presented. The ground- 
water conditions are assumed to represent steady-state con- 
ditions. 

Prior to discussing active and passive earth pressures in 
a soil mass, it is of value to discuss at rest earth pressure 
conditions. The meaning of the at rest condition is of par- 
ticular interest since negative pore-water pressures cause a 
soil mass to shrink and crack near ground surface. Even 
the meaning of the term “at rest” must be reassessed. The 
mechanism behind the formation of desiccation cracks is 
of particular interest. This topic is given consideration prior 
to discussion of the active and passive earth pressure states. 

11.1.1 At Rest Earth Pressure Conditions 
The total vertical stress in a level soil mass is computed in 
the same manner for both saturated and unsaturated soils 
(Fig. 11.2). The total vertical stress, ut,, is called the 
overburden pressure: 

(11.1) 

where 
p = total density 
g = gravitational acceleration 
y = vertical distance from ground surface 
H = depth of soil under consideration. 

For a homogeneous soil mass, the total vertical stress can 
be written 

u,, = Pg H. (11.2) 

The pore-air pressure is generally at equilibrium with 
atmospheric pressure. The pore-water pressure above the 
groundwater table can either be estimated or measured. In 
some cases, the estimate can be based on hydrostatic con- 
ditions. 

The horizontal pressure at any depth below ground sur- 
face can be written as a ratio of the vertical pressure. Each 

9. I 
L41J d, U h  

V 
v 

Figure 11.2 Vertical and horizontal stress designation in a soil 
mass. 

of the pressures can be referenced to the pore-air pressure 
(or atmospheric pressure). Let us define the coefficient of 
earth pressure at rest, KO, as follows: 

(11.3) 

It is difficult to theoretically quantify the coefficient of 
earth pressure at rest due to complexities arising from the 
stress history to which the soil mass has been subjected. 
However, consideration of elastic equilibrium within a soil 
mass can provide some insight into the coefficient of earth 
pressure at rest. Elastic equilibrium can also provide some 
indication of the depth of potential cracking in a soil mass. 

The constitutive relations for the soil structure, in elas- 
ticity form, are presented in Chapter 12, and are used herein 
for the elastic equilibrium analysis. The stress versus strain 
equation in the vertical direction for a homogeneous, iso- 
tropic, unsaturated soil is written 

where 

el, = normal strain in the vertical direction 
ut, = total normal stress in the vertical direction 
u,, = total normal stress in the horizontal direction 
p = Poisson’s ratio 
E = elastic modulus with respect to a change in 

(0 - u,) 
H = elastic modulus with respect to a change in 

(Ua - ~ w )  
ua = pore-air pressure 
u, = pore-water pressure. 

The stress versus strain equation in the horizontal direc- 
tion is written 

(11.5) 

Equation (1 1.5) applies to both horizontal directions. For 
the at rest or KO condition in an intact, homogeneous, un- 
saturated soil mass, the strain in the horizontal directions 
can be set to zero (Le., = 0).  The net horizontal stress 
can be written in terms of the vertical stress from Eq. 
(1 1 S): 

E - (1 - P )  g (u, - u,). (11.6) 

Equation (11.6) can be normalized to the net vertical 
stress, and the equation takes the form for the coefficient 
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Metric suction, (u. - u,) (kPe) 

Figure 11.3 The relationship between the coefficient of earth pressure at rest, KO, and matric 
suction. 

of earth pressure at rest: 

Equation (1 1.7) reverts to the form for a saturated soil 
when the matric suction goes to zero. When matric suction 
is present in the soil, the horizontal stress is reduced. The 
reduction is also a function of the depth under considera- 
tion. At shallow depths, a relatively small matric suction 
will cause the net horizontal stress to go to zero and tend 
to go negative. If the soil cannot sustain any tensile strain, 
cracking of the soil will occur, commencing at ground sur- 
face. 

Typical KO values for the first loading of a clay would 
range between approximately 0.3 and 0.7, depending upon 
Poisson's ratio. Let us consider the slow drying of a lacus- 
trine deposit. For illustrative purposes, the following prop- 
erties are assumed: p = 0.35, E/H = 0.17, and p = 1886 
kg/m3. Figure 11.3 illustrates the relationship between the 
coefficient of earth pressure at rest and matric suction for 
various overburden pressures. When the soil is saturated 
with zero pore-water pressure, the at rest coefficient of 
earth pressure is 0.538. The at rest coefficient then de- 
creases as the matric suction of the soil increases. This is 
true for all depths, but the rate of reduction in the at rest 
coefficient is greater at shallow depths. An at rest coeffi- 
cient, KO, of zero indicates a tendency for cracking. 

The above example is a simplification which does not 
take into consideration the effects of previous wetting and 
drying, loading and unloading, to which a soil deposit may 
have been subjected. Figure 11.4 illustrates typical hori- 
zontal and vertical effective stress paths where a saturated 
soil is subjected to a history of sedimentation, followed by 
erosion and subsequent reloading. The stress paths can be- 
come even more complex for unsaturated soils subjected to 
cycles of drying and wetting. The coefficients of earth pres- 

sure can go from as low as zero to as high as L.e coefficient 
of passive earth pressure. 

If all of the elastic parametes were known, and the above 
analyses were applied to a soil that had undergone a com- 
plex stress history, the coefficient of earth pressure should 
be a tangent value as opposed to a secant value (Fig. 11.4). 

1250 -1 

5 

4 

3 

9 2  

1 

n 
-0 500 lo00 1500 

u; (kPa ) 
(b) 

Mgure 11.4 The effect of a changing overburden stress during 
sedimentation, erosion, and reloading of a saturated soil. (a) The 
effective horizontal stms for various effective vertical stresses; 
(b) the coefficient of earth pressure at rest, KO, for various stress 
histories (from Morgenstem and Eisenstein, 1970). 
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1 .o tical pressure (i.e., KO greater than 1.0). Expansive soils 
can also exert lateral pressures greater than the vertical 
pressure. It is even possible to reach the passive pressure 
state, at which time the soil fails in shear. This condition 
is illustrated in the oedometer specimen shown in Fig. 11.6. 
The KO value for soils has also been shown to be a function 
of the overconsolidation ratio of the soil. An increase in 

0 30 40 the overconsolidation ratio produces an increase in & 

0.8 

0.6 
9 
0.4 

0.2 

0 10 20 4' (degrees) (Ladd, 1971). 

Figure 11.5 Relationship between the effective angle of internal 
friction and the coefficient of earth pressure at rest, KO (from 
Bishop, 1958). 

The engineer is generally interested in the secant value. 
The above analysis is most relevant immediately following 
sedimentation. Even in this case, it must be recognized that 
elastic parameters are difficult to assess accurately. It is 
primarily for this reason that empirical expressions have 
been proposed for the at rest coefficient of earth pressure. 

Bishop (1959) presented the results of a comprehensive 
laboratory study into the coefficient of earth pressure at rest, 
which for all practical purposes supported Jaky's (1944) 
earth pressure expression (Fig. 11 5): 

KO = 1 - sin+' (11.8) 

where 

+' = effective angle of internal friction. 

11.1.2 Estimation of Depth of Cracking 
The coefficient of earth pressure at rest can be used to give 
an indication of the depth of cracking in a soil. The as- 
sumption is made that the at rest coefficient of earth pres- 
sure, KO, is zero at the bottom of a crack. The above anal- 
ysis assumes that the soil cannot sustain any tensile strain 
prior to failing. 

Let us consider a desiccated soil with vertical cracks ex- 
tending to a depth, yc, as shown in Fig. 11.7. At the bottom 
of the crack, the net horizontal stress is zero (i.e., (q, - 
u,) = 0). At this point, Eq. (11.6) becomes 

(11.9) 

where the subscript, c, refers to the bottom of the crack. 
Equation (11.9) indicates that the crack depth for a ho- 
mogeneous soil depends on the matric suction and the elas- 
tic parameters of the soil. 

Numerous assumptions could be made concerning the 
The equation applies for initial or first loading of the soil. 

Others have also lent support for this equation (Simons, 
1958; Brooker and Ireland, 1965). Test results obtained by 
Bishop (1957, 1958) and Simons (1958) are shown in Ta- 
ble 11.1. 

The compaction of granular soils against an unyielding 
wall can produce horizontal pressures greater than the ver- 

matric suction variation with respect to depth. One typical 
matric suction profile is illustrated in Fig. 11.8, which 
shows the negative pore-water pressure as a linear function 
of the distance above the groundwater table (profile A). 
The variable, f w ,  is used to permit the pore-water pressure 
to be represented as a percentage of the hydrostatic profile 
where a value greater than 1 .O signifies pore-water pres- 

Table 11.1 Coefficient of Earth Pressure At Rest According to the Test 
Results of Bishop (1957, 1958) and Simons (1958) 

Liquid Plastic Plasticity 
Limit, Limit, Index, 

Ip Activity KO Type of Soil W L  WP 

Loose, saturated sand 
Dense, saturated sand 
Compacted residual clay 
Compacted residual clay 
Undisturbed, organic, silty clay 
Remoulded kaolin 
Undisturbed marine clay 
Quick clay 

- 
74.0 
61 
37 
34 

- - 0.46 
- 0.36 

- 9.3 0.44 0.42 
31 1.55 0.66 

28.6 45.4 1.2 0.57 
38 23 0.32 0.66 
21 16 0.21 0.48 
24 10 0.18 0.52 

- 
- - 

- 
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deposit can be written 

(0, - 4JY = Pg Y .  (11.11) 

Substituting Eqs. (1 1.10) and (1 1.11) into Eq. (1 1.9) 
gives an equation for the depth of cracking, yc: 

Figure 11.6 Passive-type failure of compacted clay till resulting 
from swelling in an dometer ring. 

KDasiccation cracks 

Hydrostatic 
profile 

Figure 11.7 A typical desiccated soil with cracks extending 
down from ground surface. 

Negative 
pore-water 
pressure 
profile “A’  

Equilibrium 
with water table 

i. 
(hydrostatic) w 

Ground surface 
7 

D 

Groundwater table u 
Hydrostatic 
profile r 

Figure 11.8 Idealized matric suction profile “A” with the ma- 
tric suction varying linearly to the water table. 

sures that are more negative than the hydrostatic profile. 
This type of profile would represent a net upward flux. The 
matric suction at any depth, d,  in the soil can be written 

(1 1.10) ( 4 2  - uw)y =fwP,g(D - Y )  
where 

D = distance from ground surface to the water table. 
The net vertical stress at any depth, y, in a homogeneous 

D 
PPH * 

f w P w E  

Yc = 
1 +- 

(1 1.12) 

The above analysis assumes that the soil has little tensile 
strength. Lau (1987) demonstrated that including the ten- 
sile strain at failure in the above analysis will decrease the 
predicted crack depth by about 0.1 m. 

To illustrate the form of Eq. (11.12), let us assume that 
the soil has a total density of 1886 kg/m3 and a matric 
suction profile equivalent to hydrostatic conditions. Figure 
11.9 shows the depth of cracking as a ratio of the distance 
to the water table for various elasticity parameter, E / H ,  
ratios. Lau (1987) showed that for an initially saturated 
clay, the E / H  ratios are typically in the range of 0.15- 
0.20. For a Poisson’s ratio of 0.35, the anticipated depth 
of cracking would be approximately 20% of the distance 
to the water table. The depth of cracking increases for the 
case of larger suction values. For example, whenfw is equal 
to 2.0, the depth of cracking for the above conditions in- 
creases to 34% of the distance to the water table. 

Little research has been done to verify the above analysis 
for the depth of cracking. At this point, the analysis pri- 
marily provides an insight into the physics related to the 
problem. The analysis has assumed a simplistic stress his- 
tory for the soil. 

11.1.3 Extended Rankine Theory of Earth Pressures 
The active and passive earth pressures for an unsaturated 
soil can be determined by assuming that the soil is in a state 
of plastic equilibrium. Let us first review the stresses in a 
soil mass when the surfaces of failure are planar. The ma- 
jor and minor principal planes at all points rn assumed to 
have similar directions. The solution is known as Ran- 
kine’s earth pressure theory. For an unsaturated soil, it i s  
necessary to extend some of the conventional concepts. For 
this reason, the theory is called the extended Rankine the- 
ory of earth pressures. 

Figure 1 1.10 shows a vertical, frictionless plane passed 
through a soil mass of infinite depth. An element of unsat- 
urated soil at any depth is subjected to a vertical stress, a,, 
and a horizontal stress, ah .  These planes are assumed to be 
principal planes, and the vertical and horizontal stresses are 
the principal stresses. The ground surface is horizontal, and 
the vertical stress is written in terms of the soil density. 

The state of stress for the unsaturated soil element is 
shown on an extended Mohr diagram in Fig. 1 1.1 1. The 
equation corresponding to the limiting or failure condition 
(Le., shear strength equation) can be written as follows (see 
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Figure 11.9 E / H  ratio versus the ratio of the crack depth to the depth to water table for matric 
suctions corresponding to hydrostatic conditions (Le., f, = 1.0). 

Movement in the horizontal direction 

Figure 11.10 Stresses on an element in a soil mass behind a 
frictionless wall when there is horizontal movement. 

Chapter 9): 
7 = c' + (a, - u,) tan+' + (u, - u,) tanrpb (11.13) 

where 

7 = shear strength 
c' = effective cohesion 
a,, = total normal stress on the failure plane 
db = angle of friction with respect to changes in matric 

suction. 

Equation (1 1.13) can be written in a fonn similar to that 
used for saturated soils: 

7 = c + (a, - u,) tan+'. (1 1.14) 

The total cohesion, c, is written as 

c = c' + (u, - u,) tampb. (11.15) 

Using this form for the shear strength of an unsaturated 
soil has the advantage that derivations relevant to saturated 
soils can readily be modified to accommodate situations 
where the soil is unsaturated. It is simply necessary to re- 
member that the cohesion of a soil consists of two com- 
ponents (Le., effective cohesion and the matric suction 
component). 

The initial, total vertical stress in a soil mass is equal to 
the overburden pressure, pgy. The total horizontal pressure 
is equal to the coefficient of earth pressure at rest multiplied 
by the overburden pressure. The assumption is made that 
the soil has an initial matric suction equal to (u, - u,),,. 
It is also assumed that the pore-water pressure is controlled 
by environmental conditions which remain constant during 

1-b - a= PtaY __.J 4 Kp (0" - ua) 

Figure 11.11 Active and passive earth pressures for a soil with matric suction. 
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Rearranging Eq. (1 1.16) and solving for (u,, - u,) gives 

1 - sin+’ COS+’ - 2c 1 + sin+” 

(1 1.17) 

The following trigonometric relation can be used to sim- 
plify Eq. (11.17): 

(11.18) 

Equation (1 1.17) can now be written 

the analysis. Changes in total stress are assumed not to 
influence the pore pressures. 

Active Earth Pressure 
Let us suppose that the wall, a-a, in Fig. 11.10 is allowed 
to move away from the soil mass. The horizontal stress is 
reduced until a limiting value corresponding to the plastic 
equilibrium state is attained. Thus, failure is obtained by 
reducing the horizontal stress. As a result, the horizontal 
stress must be the minor principal stress, while the vertical 
stress is the major principal stress. The horizontal stress at 
any point corresponding to the active state can be computed 
from the vertical stress and the failure criterion for the soil. 

Figure 1 1 . 1  1 illustrates how the active and passive pres- 
sures in a soil change as the matric suction changes. As the 
matric suction increases, the active pressure is shown to 
decrease. In other words, as the pore-water pressure in the 
soil goes more negative, the soil becomes stronger. This 
means that less force would be carried by the retaining wall. 

Let us consider a vertical plane componding to a spe- 
cific matric suction, as shown in Fig. l l .  10. An element 
from a depth, y, has an overburden stress, u,. This element 
is shown in Fig. 11.12, along with the definition of perti- 
nent variables. If the wall moves away from the soil, the 
active ealth pressure will be developed, and it is designated 
as (u,, - u,). The horizontal pressure can be written in 
terms of the vertical pressure, (u, - u,), by considering 
the geometrics of the Mohr circle: 

where 

c = total cohesion (i.e., c = c’ + (u, - u,) tan+’). 

I- 

+c cot 4’- 

1 - sin@ 
1 + sin+“ 

(11.19) 

The trigonometric function appearing in Eq. (1 1.19) can 
be written in terms of the angle of the slip planes from a 
vertical plane: 

1 - sin+’ 
(oh - (0, - 

+ sin+, 

= tan2 [ 45 - - 3 (11.20) 1 - sin+’ 
1 + sin+’ 

Tenaghi and Peck (1967) used the variable, N,, to des- 
ignate the above trigonometric relation: 

(11.21) 

The active pressure, (oh - u,), for an element of soil at 
any depth can be written 

1 
(Uh - u,) = (a, - u,) - - 2c 1. 

N+ G (11.22) 

Equation (1 1.22) can also be rewritten by taking into ac- 

Mohr - Coulomb failure envelope 
at a constant (u. - u,) 
c = c’ + (u, - u,) tan +b 

a h  - Ua 
Active pressure ” Overburden pressure 

a” - Ua 

Net normal stress, (a - u.) 
Figure 11.12 Mohr circle construction for the active case. 
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count the components of cohesion: Tension Zone Depth 
The tension zone depth, y,, against the wall can be com- 
puted by setting the total horizontal pressure to zero and 
assuming an atmospheric air pressure (Le., u, = 0) in Eq. 

y, = - @ + 2 (*' - 4. (11.26) 

1 1 
(u* - u,) = (a, - u,) - - 2c' - G 

- 2(u, - u,) tantpb - 

NQ 
1 (11.22) or (11.23): 

2c' 
Coeficient of Active A!Wh Pressure PS Pg 
Let us define the coefficients of active earth pressure as the 
ratio of the net horizontal pressure to the net vertical pres- 
sure: 

(11.24) 

Referring to Eq. (1 1.23), the coefficient of active earth 
pressure can also be written as 

1 2c' 1 - K,=-- 
N+ (0, - ua) 

Active Eatth Pressure Distribution (Constant &iatric 
Suction with Depth) 
The horizontal pxessure corresponding to the active state 
can be computed for various depths and plotted as shown 
in Fig. 11.13. For the active case, conjugate planes are 
formed in the soil mass at angles of 45 + 4 ' / 2  to the 
horizontal, as shown in Fig. 11.13@). The saturated soil 
case is designated by use of the effective cohesion. Let us 
suppose that the matric suction were a constant value with 
depth. Then the total cohesion is also a constant with re- 
spect to depth, and the active pressure distribution is trans- 
lated to the left, parallel to the saturated soil case. Figure 
11.14 shows the breakdown of the active pressure into its 
three components. 

The tension zone depth, y t ,  is equal to the depth of the 
vertical cracking, yo when the tensile strength of the soil 
is assumed to be negligible. The tension zone depth in- 
creases as the matric suction of the soil increases. This 
depth corresponds to the zone which would pull away from 
the wall as the wall is moved horizontally away from the 
soil. Figure 1 1.15 illustrates how matric suction causes a 
soil to pull away from the wall. 

Active Earth Pressure Distribution (Linear Decrease in 
Matric Suction to the Water Table) 
Let us assume that the matric suction in the soil decreases 
with depth to a value of zero at the water table (Fig. 11.16). 
The matric suction at ground surface is designated as a ra- 
tio of the hydrostatic pressure condition using the factor, 
f,. The negative pore-water pressure at ground surface for 
hydrostatic conditions can be written as a function of the 
distance from the groundwater table: 

(4 - u,)* = PwgD (11.27) 

where 

(u, - u , ) ~  = matric suction at ground surface 
D = depth from ground surface to the water 

table. 

A simple relationship can be used to define the variation 
in matric suction with depth for this profile. For a depth, 

I zone 

Figure 11.13 Rankine's active earth pressure distribution for a saturated soil and a soil with a 
constant matric suction. 
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Overburden Effective Metric Tension zone 
cohesion 

-Tx - -2c' -2(u, - uw) tan +b 

Net active pressure am fi4 

Figure 11.14 Components of the active pressure distribution when the matric suction is constant 
with respect to depth. 

No contact between the 
soil and the wall 

Water 

Soil particle 
I 

Retaining 
wall 

Capillary menisci 
pull on soil 
causing zero 
horizontal stress 

Figure 11.15 Illustration of how matric suction causes the 
to pull away from a retaining wall. 

soil 

U. - uwh approximation 

Typical negative 
pore-water pressure 
distribution 

V i - 

Figure 11.16 Procedure used to designate the matric suction 
profile. 

y, less than or equal to D ,  the matric suction is equal to 

The active pressure, po, at any depth above the water 
table is equal to 

1 2c' 
pa = (a, - uu) - - - 

N4 Jq 

The active pressure distribution diagram, along with the 
plot of each of the components is shown in Fig. 1 1.17. 

The tension zone depth, y,, can be computed by setting 
the total horizontal stress to zero and assuming an atmo- 
spheric air pressure (Le., uo = 0) in a. (11.27): 

2c' 4 + 2f,(uo - u w ) h  tan$b 4 
(11.30) 

2& Yl = 
Pg + fw(u0 - u w ) h m 4 b  

where y, must be less than D. 

Active &iih Pressure Distribution M e n  the Soil has 
Tension C w k s  
The soil behind a retaining wall often has tension cracks. 
It should be noted that the depth of tension cracks in the 
soil must be considered as being analytically independent 
from the tension zone depth against the retaining wall. The 
depth of cracking is given the variable, yo and the soil 
above this depth can be considered as a surcharge load ap- 
plied to the underlying soil (Fig. 11.18). The matric suc- 
tion at the bottom of the tension cracks is expressed as a 
ratio of the hydrostatic pressure condition by using the fac- 
tor, f w .  Equation (1 1.28) applies to the case under consid- 
eration as long as the depth is below the bottom of the 
tension cracks. 

The surcharge load, qs, must be applied below Q depth 
ofy,, and is equal to the ovehurden pressure (Le., qs = 
pgy,). An appropriate total density, p, must be used for the 
upper soil with the tension cracks. The active pressure 
above the water table can be derived in a manner similar 
to the previous cases. The active pressure at any depth can 
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-2fw (u, - uwh, tan qjb 
Tension zone 

Figure 11.17 Components of the active pressure distribution when the matric suction decreases 
linearly with depth. 

Tension ’ 

H 

1 
V Water table - 

Figure 11.18 Designation of variables when the backfill soil has 
tension cracks. 

be written as 

+ [1 +-I+;. (11.31) 

Equation (11.31) is an extension of Eq. (11.29), and 
shows the role of a surcharge load in affecting the active 
earth pressure. The components which make up the active 
earth pressure diagram for all depths are shown in Fig. 
11.19. Other types of surcharge load can be applied in a 
similar manner. 

The tension zone depth, y,, for this case is computed as 
the depth where the horizontal stress is zero: 

2c’ @ + 2fw(u, - u , ) ~  tan4b @ - qs 

(1 1.32) 

Equation (1  1.32) applies as long as the tension zone 
depth, y,, is less than the distance (D - y c ) .  

Other assumptions could be made regarding the distri- 
bution of the pore-water pressures with respect to depth. 
The same type of formulation can be used to compute the 
active earth pressure state at any depth. 

Figure 11.19 Components of the active pressure distribution when the soil has tension cracks 
and the matric suction decreases linearly with depth. 
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Passive Earth Pressure 
If the wall in Fig. 11.10 is moved towards the soil (Le., 
the soil is compressed), the horizontal pressure is increased 
to be greater than the vertical pressure. When failure of the 
soil mass is attained, the total horizontal stress is the major 
principal stress, and the total vertical stress is the minor 
principal stress. The horizontal stress corresponding to the 
passive state can be computed from the vertical stress and 
the failure criterion for the soil. 

Figure 1 1 . 1  1 illustrates the passive pressure in a soil mass 
as a function of matric suction. As the matric suction in- 
creases, the passive pressure is shown to increase. 

Let us consider a vertical plane corresponding to a spe- 
cific matric suction plane, as shown in Fig. l l .  l l .  An ele- 
ment from a depth, y, has an overburden pressure, a,. This 
element is shown in Fig. 11.20, along with the definition 
of pertinent variables. If the wall moves into the soil mass, 
the passive pressure can be defined as (u,, - u,). The hor- 
izontal pressure can be derived in terms of the vertical pres- 
sure, (a, - uJ, in a manner similar to the active pressure 
derivation: 

(a,, - u,) - (0, - 47) 

tive pressure analysis can be used to rewrite Eq. (1 1.34): 

(a,, - u,) = (a, - u,)N, + 2 ~ '  J& 
+ 2 ( ~ ,  - u,) tan$b J& (11.35) 

where 
N, = (1 + sin$')/(l - sin#') or tan' (45 + $4'/2). 

Coeflcient of Passive Earth Pressure 
The coefficient of passive earth pressure can be written as 
the ratio of the net horizontal pressure to the net vertical 
pressure. Dividing Eq. (1 1.35) by the net vertical pressure 
gives 

2c' J& + 2(ua - u,) tan& 6 
Kp = N+ + 

(% - u,) (nu -ua) 

(1 1 -36) 

Equations (1 1.25) and (1 1.36) show that both the active 
and passive earth pressure coefficients vary with the over- 
burden pressure. 

Passive Earth Pressure Llistribution (Constant Mat& 
Suerion with Depth) 
The horizontal pressure corresponding to the passive state 
can be computed for various depths and plotted as shown 
in Fig. 11.21. For the passive case, conjugate planes are 
formed at 45 - 6' /2 to the horizontal, as shown in Fig. 
11.21, The saturated soil case is designated by the use of 
the effective cohesion term. Since the total cohesion is as- 
sumed to be a constant with respect to depth, the passive 
pressure is translated to the right as the suction is in- 
creased. Figure 11.22 shows a breakdown of the passive 
pressure distribution into its three components. 

The entire soil mass is in a state of compression for pas- 
sive pressure conditions. At ground surface, the total hor- 
izontal pressure is a function of the total cohesion: 

(11.37) pp  = 2c' 6 + 2(u, - u,) tan$b @. 

sin$' = ( 1 1 .33) 
-I + c cot$' 

(a,, - u,) + (a, - u,) 
L 

where 
c = total cohesion (i.e., c = c' + (u, - u,) 

Rearranging J3q. (11.33), the horizontal stress can be 

tan 4'). 

written 

1 + sin$' cos$' 
1 - sin$' - 2c 1 - sin#" (a,, - u,) = (0, - u,) 

(1 1.34) 

Similar trigonometric functions to those used in the ac- 

b-c cot 4'- 

Mohr-Coulomb failure envelope 
at a constant (u. - u,) 
c = c' + (u. - u,)tan 4b 

Overburden pressure Passive pressure 

Net normal stress, (a - u.) 

Figure 11.20 Mohr-circle construction for the passive earth pressure case. 
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2c Jijm 

T 
i 

L-PgHNm+ 2 4 4  

Figure 11.21 Rankine's passive earth pressure distribution for a saturated soil and a soil with a 
constant matric suction. 

Passive Earth Pressure LXstribution (Linear Decrease in 
Matric Suction to the Water Table) 
It is possible to select various distributions for matric suc- 
tion with respect to depth. Let us assume that the matric 
suction linearly decreases with depth to a value of zero at 
the water table (Fig. 11.16). The matric suction at any 
depth can be written as a linear equation [Eq. (1 1.28)]. For 
this matric suction distribution, the passive pressure, pp, 
can be written as follows: 

p p  = (a, - u,)N+ + 2 ~ '  4 
(11.38) 

The passive pressure distribution, along with a plot of 
the components is shown in Fig. 11.23. The existence of 
tension cracks in the soil is not of relevance for the passive 

Overburden Effective 
cohesion 

pressure case. The assumption is made that the cracks 
would close and the soil mass would become intact as the 
passive pressure is applied. 

Deformations Associated wah Active and Passive States 
Studies by Terzaghi (1954) showed the relationship be- 
tween the movement of a wall and the earth pressure coef- 
ficients for dense and loose sands (Fig. 11.24). Most un- 
saturated soils behave similar to a dense soil in that 
relatively low displacements are required to develop the 
active and passive states. The results indicate that displace- 
ments as low as 0.001H are required to develop the active 
state in a dense soil. More displacement is required to de- 
velop the passive state. 

Lambe and Whitman (1968) presented triaxial test re- 
sults on a dense sand, and summarized the percent strains 
required for the active and passive states. It was concluded 

Matric 
suction 

P9"d 2 c ' d &  2(u, - u,) tan @JN* 

Figure 11.22 Components of the passive pressure distribution 
stant with respect to depth. 

I- \\ 4 F*\ 
I I Saturated 

- 1  
pg"4 + 2 c a 4  

1 -  

when the rnatric suction is con- 
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Effective 
cohesion 
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Figure 11.23 Components of the passive pressure distribution when the matric suction decreases 
linearly with depth. 

Figure 11.24 Relationship between the movement of a wall and 
the earth pressures developed for different densities (from Ter- 
zaghi, 1954). 

that low strains on the order of 0.5% can produce the active 
state. In compressive loading, strains of 0.5% develop 
about one-half of the passive resistance. As much as 2% 
was required to reach the full passive resistance for a dense 
sand. Figure 11.25 illustrates the difference between the 
active and passive stress paths. The larger stress changes 
associated with the development of the passive state is one 
of the reasons for a larger strain at failure. 

The strains at failure in unsaturated soils could be quite 

At rest condition 

Figure 11.25 Stress paths for Rankine's active and passive con- 
ditions. 

different from those mentioned above because of unusual 
KO conditions. Little research has been done on this subject 
for unsaturated soils. 

11.1.4 Total Lateral Earth Force 
Retaining walls serve to retain the backfill placed behind 
the wall (Pig. 11.26). If the walls were fixed, the earth 
pressure would tend to be close to the at rest pressure state. 
However, movement of the wall away from the soil gives 
rise to the development of the active earth force against the 
wall. Movement of the wall into the soil results in the de- 
velopment of the passive earth force against the wall. If the 
wall is vertical and smooth, the lateral force is equal to the 
sum of the active or passive pressures at all depths. There 
may be an active earth force developed against one side of 
the wall, and a passive earth force developed against the 
other side, as shown in Fig. 11.26. 

When there is friction between the soil and the wall, 
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I . , ;. . .  . ,'*I!'? 

P, -r 
Passive 
earth force 

Figure 11.26 Earth pressures acting on a retaining wall. 

analyses such as those proposed by Coulomb can be used. 
The shape of the slip surface is changed, and is dependent 
upon the vertical movement of the wall as well as the hor- 
izontal movement. Only the case of an unsaturated soil 
placed against a smooth, vettical wall is considered in this 
chapter. However, unsaturated soil analyses involving a 
wall with friction are essentially the same as those for a 
saturated soil. The difference lies in the fact that the cohe- 
sion has a component related to the matric suction of the 
soil. 

Active Earth Force 
The active earth force, PA, against a smooth wall is equal 
to the active earth pressure integrated from the bottom of 
the tension zone depth, y f ,  to the bottom of the wall, H. In 
other words, it is possible to integrate the active pressure 
equation over the entire depth. The upper portion of the net 
pressure diagram is in a state of tension. It can be assumed 
that the soil in this zone cannot adhere to the retaining wall. 
Figure 11.27 illustrates the components of the pressure dia- 
gram and the limits of integration on the active pressure 
diagram: 

PH 1 Pa dY* (11.39) 

In order for Eq. (11.39) to yield a positive total force, 
Yl 

T I  
i k + 

the depth of the tension cracks, y, ,  must be less than H. 
Let us consider the case where the matric suction is a con- 
stant value with respect to depth: 

. (11.40) 

Integrating E q .  (11.40) gives an equation which is an 
6 

extension of the active force equation for saturated soils: 

2(u, - uw)  - (H - Yf )  (11.41) 6 
As the matric suction increases, the active force de- 

creases. It is possible to reach a condition where the active 
force is zero. This situation is referred to as an unsupported 
excavation, and is dealt with later in this chapter. 

Equation (1 1.41) assumes that the soil density is a con- 
stant with respect to depth. Figure 11.28 illustrates a typ- 
ical active earth force against a retaining wall as a function 
of the matric suction of the soil. Two heights of wall are 
considered (Le., 8 and 12 m). The density of the soil is 
assumed to be 1800 kg/m3. The shear strength parameters 
of the soil are an effective cohesion of 5 Wa, an effective 
angle of internal friction of 22", and a 4' angle of 14". As 
the matric suction is increased from 0 to 100 kPa on the 8 
m high wall, the total active pressure is reduced from 206 
to 35 kN/m, respectively. In other words, the matric suc- 
tion has a large influence on the active force against a re- 
taining wall. 

The matric suction in a soil may not remain at a constant 
value with time, and therefore, the active force against the 
wall may vary. The highest force will occur when the ma- 
tric suction goes to zero. The results illustrate the impor- 
tance of matric suction being maintained in the soil. At the 

Tension zone 

4t- 4 

Figure 11.27 Components of the active earth pressure diagram showing the limits of integration. 
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tions are constant with depth. Equation (1 1.42) represents 
the compressive components of the active force diagram. 

A surcharge term must be included in Eq. (1 1.42) when 
the soil has tension cracks to a depth, yc. Figure 11.30 
shows the variation in the active earth force for the above 
example with tension cracks 2 m deep. The results show 
that when other variables remain constant, tension cracks 
increase the active earth force. In all of the above cases, 
the active earth force corresponding to zero matric suction 
refers to a saturated soil with zero pore-water pressures. 

The point of application of the resultant force can be 
computed by considering the line of action'of the force as- 
sociated with each component of the active earth pressure 
diagram. The point of application becomes lower on the 
wall as the matric suction of the soil increases. When the 
tension zone depth is equal to the height of the wall, the 
active earth force is zero. That is, the soil should stand 
without any support if the height of the vertical excavation 
is less than the tension zone depth. 

Passive Earth Force 
The passive earth force, Pp, against a smooth wall is equal 
to the passive pressure integrated over the depth under con- 
sideration. When the matric suction is constant with re- 
spect to depth, m. (1 1.35) can be integrated over its entire 
depth: 

600 I I 
Saturated soil I 1 

Matrk suctbn, (ua - uw) (kPa) 

Figure 11.28 Active earth force when the matric suction is con- 
stant with respect to depth. 

same time, it is readily recognized that it is difficult to an- 
alytically predict the long-term matric suction in the soil. 

Equations for the active earth force can also be written 
for other situations. Let us consider the case where matric 
suction decreases linearly with depth. The water table is 
assumed to be 1 m below the base of the wall. The negative 
pore-water pressures are assumed to decrease in a hydro- 
static manner (i.e., fw = 1 .O): 

P M 2  - Y 3  
2N, 

2c' ( H  - Y , )  - 
4 P* = 

(1 1.42) 
Typical results using Eq. (11.42) are shown in Fig. 

11.29. The soil properties and the heights of the wall are 
the same as for the previous example. The results show that 
when matric suction decreases linearly with depth (which 
is often the case), the active earth force does not decrease 
as rapidly with a changing matric suction as when the suc- 

Matric suction, (u, - u,,,),, (kPa) 

Figure 11.29 Active earth force when the matric suction de- 
creases linearly to a water table one meter below the base of the 
wall. 

Pp = pgN'H2 - + 2c' a H 
2 

+ 2(ua - u,) tanmb H. (11.43) 

If the matric suction decreases linearly with respect to 
depth, Eq. (1 1.38) can be integrated over the entire depth: 

Pp = pgN'H2 - + 2c' fi H 
2 

I I I I I 1 

oh i o  1 b o  1bo 2bo 2bO 3k 
Matrii suction, (ua - uw) (kPa) 

Figure 11.30 Active ealth force when the soil has tension cracks 
and a linear decrease in the matric suction to a water table one 
meter below the base of the wall. 
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Tension cracks are assumed to close for the passive earth 
force case. Equations (1 1.43) and (1 1.44) can be solved 
using typical soil properties in order to illustrate the effect 
of matric suction on the passive earth force. 

The soil properties and wall dimensions used to illustrate 
the variation in active earth force with matric suction are 
again used to compute the passive earth force. Figure 1 1 .3 1 
shows the passive earth force for the case of a constant 
matric suction with respect to depth. The passive earth force 
is shown to increase significantly as the matric suction of 
the soil increases. The point of application of the resultant 
force can be computed using the line of action of the force 
associated with each component of the passive earth pres- 
sure diagram. 

Figure 11.32 shows the passive earth force developed 
against a smooth wall when the suction decreases linearly 
with depth. The water table is 1 m below the bottom of the 
wall, and the pore-water pressure distribution is hydro- 
static. It can be seen that the passive earth force in this case 
is less sensitive to suction changes than when the suction 
is a constant value with respect to depth. 

11.1.5 Effect of Changes in Matric Suction on the 
Active and Passive Earth Pressure 
Changes in the environment may result in an ingress of 
water around the retaining wall backfill. The water results 
in a change in the active or passive pressure. For the active 
earth pressure case, a decrease in matric suction results in 
an increase in the pressure against the wall. The magnitude 
of the pressure developed depends on whether the wall 
moves in response to the pressure change. If the wall can- 
not move or does not move a sufficient amount, the pres- 
sure developed against the wall can become even greater 
than the computed active pressure corresponding to the sat- 
urated soil case. 

Let us consider a clay compacted behind a retaining wall, 
as shown in Fig. 11.33. The changes in stresses at a spe- 
cific depth can be visualized using an extended Mohr-Cou- 

6000 I I I I I I i 

2 1000 

'0 50 100 150 200 250 300 
Matrlc suction, (u, ~ u,) (kPa) 

FIgure 11.31 Passive earth force when the matric suction is 
constant with respect to depth. 

- 
'0 50 100 150 200 250 300 

Matric suction, (u, - uw),, (kPa) 

Figure 11.32 Passive earth force when the matric suction de- 
creases linearly to a water table one meter below the base of the 
wall. 

lomb diagram (Fig. 11.34). Circle A shows the net vertical 
and the net horizontal pressure at a depth, y, for the active 
pressure state. As the water content in the soil is increased, 
the matric suction decreases. Under unrestricted movement 
of the wall, the horizontal pressure will follow a stress path 
over to the stress circle A I .  The magnitude of the pressure 
against the wall is increased to the active pressure state for 
a saturated soil. 

Let us suppose, on the other hand, that the retaining 
structure is fixed, and the initial stress state is represented 
by the at rest condition shown by circle C. As the soil be- 
comes wet and the matric suction decreases, the horizontal 
pressure change will follow the stress path to circle CI . At 
this point, the horizontal pressure is greater than the ver- 
tical pressure. 

Let us also consider the possibility where the initial at 
rest coefficient of earth pressure is 1 .O. The stress changes 
in the soil could now follow a path to circle D, , where the 
final horizontal pressure is even higher than that shown for 
the previous stress case (Le., el). 

Natural 

4L----- 
Figure 11.33 A compacted clay subjected to a change in the 
surrounding environment. 
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ohb) 0” (rh(C) Udd) OhP 

Figure 11.34 Lateral pressures on a wall restricted to limited movement. 

0” - u. 

The exact stress path followed by the soil during wetting 
is dependent upon: 1) the initial at rest pressure state, 2) 
deformation moduli for the soil, and 3) the rigidity of the 
retaining structure. In other words, the problem is one in- 
volving soil-structure interaction. It would be necessary to 
use a numerical technique such as the finite element method 
in order to more closely model the stress changes. 

There are undoubtedly conditions in practice where 
backfill with a high matric suction is placed against a rigid 
wall or where a heavy structuml member is cast against a 
clay with an at rest coefficient greater than 1.0. In these 
circumstances, the horizontal stresses can become as large 
as the passive resistance of the soil. Generally, this would 
correspond to the passive resistance of the saturated soil. 
When this happens, either the structural member may fail 
or the soil may fail in shear. If a structural member is de- 
signed so that it is not free to move, it must be designed to 
resist the passive earth pressure. 

Relationship Between Swelling Pressures and the Earth 
Pressures 
It can be asked, “What is the relationship between the 
above earth pressures and the swelling pressure of a soil?” 
Suppose the swelling pressure of the soil was measured in 
an oedometer using the “constant volume” procedure 
(Chapter 13). The measured swelling pressure corresponds 
to conditions of no volume change. The swelling pressure 
will be a function of the initial stress state and the change 
in matric suction. However, it is difficult to relate the 
swelling pressure to the active or passive earth pressure 
states. The stress paths followed in the two situations are 
different. 

In the earth retaining structure, vertical stress will be the 
overburden pressure. Its magnitude is constant, while in 
the laboratory oedometer test, all vertical and horizontal 

movement is restricted (i.e., using the “constant volume” 
testing technique). To more closely simulate the in situ re- 
taining structure, it would be necessary to subject the lab- 
oratory specimen to a vertical pressure corresponding to a 
particular depth and immerse the specimen in water. It 
would then be necessary to measure the lateral swelling 
pressure of the soil in order to obtain an indication of the 
horizontal pressure against a retaining structure. In other 
words, it is difficult to apply conventional swelling pres- 
sure measurements to retaining wall design. 

The stress paths shown in Fig. 11.34 assist in under- 
standing why walls with cohesive backfills may undergo 
large movements during the life of the structure. As the 
soil dries, a crack may open between the soil and the wall. 
Dust and debris collect in the opening, partially filling the 
crack. As the matric suction decreases during wetter sea- 
sons, the soil swells and pushes the wall until the resistance 
of the wall is in equilibrium with the soil mass. This cycle 
may be repeated many times over the years, gradually 
moving the wall. 

11.1.6 Unsupported Excavations 
Frequently, the slopes of temporary cuts or excavations in 
cohesive soils are allowed to stand unsupported in a verti- 
cal or near vertical position. If the slope is assumed to fail 
along a planar surface, the critical height of a vertical slope, 
H,, can be computed by summing the fomes acting on a 
sliding wedge (Fig. 11.35) (Pufahl et al. 1983). The plane 
of failure is assumed to occur at an angle, 45 + 4’/2, to 
the horizontal. The shear force mobilized along the failure 
surface must take into account the strength due to matric 
suction: 

S,,, = c’@ + (N - u,@) tan+‘ + (u, - u,)@ tan#‘ 

(1 1.45) 
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Water table 
9 

Figure 11.35 Unsupported vertical slope in an intact soil mass 
with matric suction. 

where 

6 = length of the failure surface. 

It is possible to obtain the critical height from the cal- 
culation of the tension zone depth (Fig. l l .36). At a depth, 
y,, the net horizontal stress is equal to zero. At a depth less 
than y,, the pressure against the wall is negative, provided 
a crack does not open up between the wall and the soil. 
Integrating over the entire depth, it can be observed that 
the total wall force will be zero when the height of the slope 
is equal to twice the tension zone depth (Terzaghi and Peck, 
1967). 

H, = 2y,. (1 1.46) 

If the height of the vertical bank is smaller than H,, the 
bank should be able to stand without lateral support. This 
analysis assumes that the soil can sustain tensile stress 
without cracking. The unsupported height, H,, will be re- 
duced when tension cracks are present. 

Eflect of Tension Cracks on the Unsupported Height 
If the upper zone of the soil profile is weakened by tension 
cracks of a depth, y,, the maximum unsupported height of 
a vertical bank, H,, can be computed (Fig. 11.37) by sum- 
ming forces parallel and perpendicular to the sliding sur- 
face. It is also possible to recognize that the critical height 
is equal to twice the tension zone depth [i.e., Eq. ( 1  1.46)]. 

Figure 11.38 shows the critical height of a vertical bank 
plotted versus the matric suction. The assumption is made 
that the matric suction is a constant value with depth. Fig- 
ure 11.39 shows the critical height for the situation where 
matric suction decreases linearly with depth. The matric 
suction distributions correspond to the case where the water 
table is at 9 and 13 m below ground surface. The matric 
suctions shown on the abscissa correspond to the matric 
suction at ground surface. Hydrostatic conditions corre- 
sponding to a surface matric suction of 88 kPa relate to a 
water table depth of 9 m, and those of a surface matric 
suction of 128 kpa relate to a water table depth of 13 m. 
All other soil properties are the same as those previously 
used for the active and passive earth pressure examples. 

, c  = c' + (u, - u,)tan4b 

Figure 11.36 Illustration of the critical height of a slope. 

I - Water table 

Figure 11.37 Unsupported vertical slope in an unsaturated soil 
mass with tension cracks. 

0 50 100 150 200 250 300 
Matric suction, (u. - u,) (kPa) 

Figure 11.38 Critical height versus matric suction for the case 
of constant matric suction versus depth. 

The critical height of a vertical slope in an unsaturated 
soil increases substantially as the matric suction is in- 
creased. Since matric suction is quite effective in increas- 
ing the critical height of a slope (or in increasing the factor 
of safety of a slope), an attempt should be made 10 maintain 
the matric suction in the soil behind an excavated slope. 

    



11.2 BEARINO CAPACITY 3 15 

13m - 
1 

01 
0 50 100 150 200 250 300 

Matric suction at the ground surface, (u, - u , ) ~  (kPa) 

Figure 11.39 Critical height versus surface matric suction for 
the case where the matric suction decreases with depth. 

Such obvious measures as covering the bank adjacent to an 
excavation with an impermeable membrane and diverting 
surface runoff during heavy rains would be beneficial. Ten- 
siometers or other gauges that can measure negative pore- 
water pressure could be used to monitor changes in soil 
suction near the base of tension cracks. Such a technique 
would provide a rational approach to the stability of un- 
supported excavations. 

11.2 BEARING CAPACITY 

The bearing capacity of unsaturated soils, like other plas- 
ticity problems, can be viewed as an extension of saturated 
soil mechanics. The unsaturated soil can be visualized as 
having a cohesion consisting of two components. One 
component is the effective cohesion, and the other com- 
ponent is due to matric suction [Eq. (11.15)]. With this 
concept in mind, the conventional bearing capacity theory 
is applicable to unsaturated soils. 

Prandtl (1921) presented the case of a strip footing with 
a smooth base located at ground surface (Fig. 11.40). The 
load, Q, was increased until the strip footing penetrated the 

soil indefinitely. The unit p~ssure,  q-, at this point is called 
the ultimate bearing capacity. This gives rise to an active 
pressure zone immediately below the footing and a passive 
zone where the soil pushes laterally and upward. The in- 
termediate portion of the slip surface is defined by a loga- 
rithmic spiral. The soil is assumed to be weightless. The 
rigorous and demanding nature of the solution to this ideal- 
ized problem has led to the consideration of other approx- 
imate solutions. 

11.2.1 Terzaghi Bearing Capacity Theory 
The Tenaghi bearing capacity formulation assumes that the 
base of the footing is rough, and that the slip surface is 
bounded by a straight line and a logarithmic spiral [Fig. 
11,41(a)]. The load, Q, at failure is calculated by consid- 
ering the forces on the sliding mass of soil (Tenaghi, 
1943). 

For foundations embedded at some depth, the soil above 
the footing base was treated as a surcharge pressure [Fig. 
11.41(b)]. The bearing capacity solution consists of three 
components. One component, qy, takes into account the 
weight of the soil and the passive earth pressure block. This 
portion of bearing capacity can be written as follows: 

where 
N y  = proportionally bearing capacity factor. 

The second component of the bearing capacity equation 
is related to the cohesion of the soil: 

4 c  = CNC (11.48) 

where 
N, = cohesion bearing capacity factor 

The cohesion value used in the analysis is dependent on 
how the shear strength of the soil is defined. Section 11.2.2 
discusses how the cohesion can be measured, interpreted, 
and applied in the bearing capacity equation. 

c = total cohesion of the soil. 

Bulge caused by failu 

shearing stresses 

~ o g  spiral: r = r,eo'an* 

Figure 11.40 Idealized bearing capacity for failure geometry using Prandtl's log spiral (from 
Prandtl, 1921). 
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Q 

(b) 

Figure 11.41 Boundaries of zone of plastic equilibrium after failure of soil beneath a continuous 
footing. (a) Rough base; (b) rough base and surcharge (from Temghi, 1943). 

The third component of the bearing capacity equation 
takes into account the surcharge effect of the soil above the 
base of the footing: 

Fig. 11.42. The bearing capacity equation (1 1 S O )  was de- 
rived for strip footings, and it can be further refined to ac- 
commodate various shapes of the footing: 

9, = PSDfNq 
where 

(1 1.49) 

where Nq = surcharge bearing capacity factor. 

The total, ultimate bearing capacity of a soil can be ex- A,, A, = shape factors. 

For circular footings, the shape factors are as follows 
pressed as the sum of the above-mentioned components: 

9f = 4PgBNy + CNc + PSDfNq- (11.50) (Tenaghi, 1943): 

N,,, N,, and Nq are dimensionless coefficients that are a 
function of the angle of internal friction. The bearing ca- 
pacity factors computed by Terzaghi (1943) are shown in 

A, = 0.6 and A, = 1.3. 

For rectangular footings, the shape factors are as follows 

Values of N, and N, Values of N, 

Figure 11.42 Chart showing the relationship between 4 and Terzaghi’s bearing capacity factors 
(from Terzaghi, 1943). 
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(Skempton, 1951): 

B B A, = 1 + 0.2 - L L = 1 - 0.2 - and 

where 
B = width of the footing 
L = length of the footing. 

The ultimate bearing capacity can be reduced to an al- 
lowable bearing capacity by the use of an appropriate fac- 
tor of safety. Shallow foundations are of most interest with 
respect to unsaturated soils. The above discussion illus- 
trates that the same theory applies for both saturated and 
unsaturated soils. The most impottant aspect in using the 
theory for unsaturated soils is the assessment of appropriate 
shear strength parameters and a design matric suction value. 

11.2.2 Assessment of Shear Strength Parameters and 
a Design Matric Suction 
The shear strength parameters used in practice in conjunc- 
tion with bearing capacity design for saturated soils have 
ranged from effective shear strength parameters to the un- 
drained shear strength, c,. In other words, the design is 
either an effective stress or a total stress type of analysis. 
Likewise, for unsaturated soils, it is possible to consider a 
stress state variable approach or a total stress approach. 

Stress State Variable Approach 
The shear strength parameters for a soil with matric suction 
are the: 1) effective angle of internal friction, $', 2) effec- 
tive cohesion, c', and 3) angle of shear strength change 
with respect to matric suction, d. These parameters are 
based on the assumption that the failure surface is planar 
(see Chapter 9). However, two of the shear strength param- 
eters can be combined, with the result that the shear strength 
equation has a form similar to that used for saturated soils. 

The required shear strength parameters for a conven- 
tional bearing capacity design are now the total cohesion, 
c, and the effective angle of internal friction, 4'. In order 
to obtain the cohesion value, it is necessary to know the qjb 
angle and have an estimate for the design matric suction 
value. Procedures for measuring the +b angle, along with 
typical values, were presented in Chapter 10. 

It is difficult to assess an appropriate design matric suc- 
tion value. If the matric suction of the soil were measured, 
it would be appropriate to use this value only if there were 
some assurance that this value would be maintained. In 
some cases, it may be reasonable to apply a factor of safety 
to the measured matric suction in order to obtain a design 
matric suction value. Another option is to consider the hy- 
drostatic condition with respect to the groundwater table 
(Fig. 11.43). 

Footings are commonly placed well above the ground- 
water table. If adequate surface and subsurface drainage is 
provided around the structure, it may be reasonable to as- 
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Flooding of 
dessicated soil 
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Pore-water pressure 

Figure 11.43 Typical schematic pore-water pressure profiles 
below a spread footing. 

sume that negative pore-water pressures will be main- 
tained immediately below a footing. It should be realized 
that there may be a fluctuation in the groundwater table as 
a result of building the structure. In some cases, the 
groundwater table may be lowered, but more commonly, 
the water table will rise due to excessive watering of the 
vegetation surrounding the building. 

There are many situations where the groundwater table 
is far below the ground surface and the hydrostatic profile 
is not reasonable for design purposes. In this case, mea- 
surements of the in situ suction below the footings of ex- 
isting structures in the vicinity can prove to be of value. 
These values of matric suction are generally found to be a 
function of the microclimate in the vicinity of the structure 
(Richards, 1967). In many situations, the long-term suc- 
tions are 1 atm or greater. These suctions can be relied 
upon to contribute to the shear strength of the soil. The 
decision regarding what value to use becomes dependent 
upon local experience and the microclimate in a particular 
region. 

Figure 1 1.44 illustrates the effect of various matnc suc- 
tion values on bearing capacity. The following soil param- 
eters are selected for the analysis: 1) the effective angle of 
internal friction, +', is 20", 2) the effective cohesion, c' ,  
is 5 kPa, and 3) the friction angle with respect to matric 
suction, tPb, is 15". The density of the soil is 1830 kg/m3. 
The design is for strip footings with a width of 0.5 and 1 .O 
m. The footings are assumed to be at a depth of 0.5 m. 
The bearing capacity factors from Fig. 11.42 are as fol- 
lows: NY = 5.0, N, = 17.5, and Nq = 8.0. 

The computations show that for a footing width of 0.5 
m and no matric suction in the soil, the bearing capacity is 
182 kPa. Of this capacity, about 48% arises from the ef- 
fective cohesion of the soil. When the matric suction is 
increased to 100 kPa (Le., total cohesion equal to 32 kPa), 
the bearing capacity increases to 655 kpa. Now, 85% of 
the bearing capacity is due to the total cohesion compo- 
nent. The results show a similar trend for a wider footing. 
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Figure 11.44 Bearing capacity of a strip footing for various ma- 
tric suction values. 

The main observation is that the matric suction dramati- 
cally increases the bearing capacity of the soil. When at- 
tempting to arrive at a suitable design matric suction, it is 
of value to construct a plot similar to Fig. 11.44. 

Total Stress Approach 
The total stress approach is, in essence, common to geo- 
technical engineering practice. However, the engineer does 
not normally view his design as one involving the behavior 
of soils with matric suction. Let us assume that the site 
under consideration involves a clayey soil with a ground- 
water table well below the proposed depth for the footings. 
Typical engineering practice can be described as follows. 
A field investigation is conducted in which samples are ob- 
tained at predetermined depths. The samples are brought 
to the laboratory where they are extruded and tested for 
their unconfined compressive strength. The data are inter- 
preted, and a design compressive strength is selected. 

The compressive strength is divided by 2 to give an un- 
drained shear strength for the soil, c,. The angle of friction 
is taken as zero, and the bearing capacity equation is solved. 
It is easy for the engineer to lose sight of the fact that the 
soil has a matric suction (or negative pore-water pressure) 
which is holding the specimen together. The matric suction 
in the specimen tested in the laboratory is a function of the 
in siru negative pore-water pressure and the change in pore- 
water pressure resulting from unloading the soil during 
sampling. The change in pore-water pressure during sam- 
pling is generally small relative to the in situ negative pore- 
water pressure. 

The shear strength measured in the laboratory reflects the 
in situ matric suction of the soil. The extended Mohr-Cou- 
lomb failure envelope can be used to visualize the relation- 
ship between the unconfined compression test results and 
the shear strength defined in terms of matric suction. Fig- 
ure 11.45 illustrates a possible stress path followed during 
an unconfined compression test (Le., stress path AB) where 
the matric suction is assumed to remain constant during the 
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Figure 11.45 A possible stress path followed during an uncon- 
fined compression test of an unsaturated soil. 

test. The unconfined cornpression test results, translated 
onto the strength envelope, represent the stress state at fail- 
ure. Mathematically, the undrained shear strength, c,, can 
be written in an approximate sense, in terms of the ex- 
tended Mohr-Coulomb failure envelope: 

c, 13 c' + (af - u&tan+' + (u, -  tan#' (11.52) 

where 

c, = undrained shear strength. 

The in situ matric suction can increase or decrease in 
response to changes in the climatic conditions such as 
evaporation and precipitation. As a result, the undrained 
shear strength will also change, and its change can be ex- 
pressed as follows: 

Ac, = A@, - u,) tan@ (1 1.53) 

where 
Ac, = change in undrained shear strength due 

to matric suction change 
A(u, - u,) = change in matric suction due to drying 

and wetting. 

The bearing capacity of clayey soils is often computed 
using the undrained shear strength, c,, in accordance with 
the total stress approach (i.e., the q5 = 0 approach). Ap- 
plying the (q5 = 0) condition to Eq. (1 1.50) gives the ul- 
timate bearing capacity of clay in terms of its undrained 
shear strength (i.e., qf = c,N,). 

Let us consider a clay with an initially measured un- 
drained shear strength of c, and an initial ultimate bearing 
capacity of qfo (i.e., N,c,o). 

In the field, a change in matric suction, A (u, - u,) 
(increase or decrease), will result in a change in the un- 
drained shear strength, A c,, as expressed in Eq. (1 1.53). 
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As a result, a change in the ultimate bearing capacity, 
Aqf(i.e., N,Ac,), will occur, and the final bearing capacity 
can be written as the sum of the initial capacity and its 
change (i.e., qf = qfo + A@. 

Figure 11.46 illustrates the possible variation in the ul- 
timate bearing capacity of a clay due to matric suction 
changes. The clay has an initial measured undrained shear 
strength, cue, of 50 Wa and a +6 angle of 15". The initial 
computed bearing capacity of the clay, qfo, is equal to 285 
kPa for a strip footing or 342 kPa for a square footing. An 
average change in matric suction is assumed in order to 
compute the changes in the ultimate bearing capacity of the 
clay. The tpb angle is assumed to remain constant. Figure 
1 1.46 shows that an increase in the soil matric suction will 

P 50 
40 'C 

.E s 

increase the bearing capacity, while a decrease in the ma- 
tric suction reduces the bearing capacity. 

The percent change in the ultimate bearing capacity can 
be related to the change in matric suction as follows: 

- -  4 - A(ua - u w )  tan4b 

qfo CUO 
(11.54) 

where 

A*/%,, = percent change in the ultimate bear- 
ing capacity 

A (u, - uw)/cUO = percent change in the matric suction 
with respect to the initial undrained 
shear strength. 

Equation (1 1.54) is plotted in Fig. 11.47 for various +b 
values. The relationship is applicable to all shapes of foot- 
ing since it is not a function of N,. For a 4b value of 15", 
the ultimate bearing capacity will increase or decrease by 
27 % when the matric suction changes as much as the initial 
undrained shear strength (Le,, A(u, - u,) = 100% c~). 
The higher the +b values, the higher will be the percent 
change in the ultimate bearing capacity. 

11.2.3 Bearing Capacity of Layered Systems 
There are man-made earth structures where the concepts of 
bearing capacity are of interest. These involve the design 
of highway, railway, and airport systems. Highways (and 
airport runways) commonly consist of an asphalt layer, a 
base, and a subbase layer overlying the subgrade soil. The 
railway system consists of the track structure (Le., rails 
and ties) resting on a ballast and subballast layer. In both 
cases, it is the bearing capacity of the subgrade which is 
of primary importance. 

Throughout each year, the environmental conditions 
change surrounding the highway, railway, or airport, re- 
sulting in a change in the matric suction in the subgrade. 
"Road bans" are placed on highways in the spring of the 
year because of the low matric suction in the subgrade, and 
thus a low bearing capacity of the road. 

Highway, railway, and airport designs have not com- 

Percent change in matric suction, A(ua -uw)/cw (%) 

Figure 11.47 Variation in the ultimate bearing capacity with respect to a variation in matric 
suction in a clay (from Rahadjo and Fredlund, 1992). 
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monly been viewed as bearing capacity-type designs. 
However, this appears to be largely related to the lack of 
understanding on how to assess the shear strength of a com- 
pacted, subgrade soil with matric suction. There has more 
recently been a renewed interest in a bearing capacity ap- 
proach to these problems, particularly where the granular 
base coarse is relatively thin. 

The wheel loads applied to a highway surface are trans- 
mitted through the base and subbase to the underlying 
subgrade. The theory of elasticity can be used to compute 
the stresses transmitted to the top of the subgrade. If these 
stresses are high, the subgrade may undergo a bearing ca- 
pacity type of failure. Broms (1965) suggested the use of 
a modified bearing capacity approach to the design of high- 
way structures. 

Train loads are transmitted through the rail-tie system 
and the ballasts to the subgrade. This becomes a complex 
loading system for which it is necessary to perform a stress 
analysis. GEOTRACK (Chang et al. 1980) is a computer 
program developed for computing stresses at various lo- 
cations below a railway track structure. The stresses ap- 
plied to the subgrade are of primary interest. Hanna and 
Meyerhof (1980) analyzed a layered system similar to a 
railway structure, and suggested modifications and simpli- 
fications that could be applied to a conventional bearing 
capacity analysis in order to accommodate the rail system. 

The shear strength of the subgrade of a highway, rail- 
way, or airport structure can be expressed in terms of the 
previously proposed equation for an unsaturated soil [i.e., 
Eq. (1 1.1311. An important aspect for the description of 
the shear strength is the assessment of the design matric 
suction. For design purposes, it is necessary to have an 
indication of how low the matric suction may go during 
any year. Even a matric suction below 100 kPa can pro- 
duce a substantial increase in the bearing capacity of a soil, 
Studies by van der Raadt (1988) and Sattler (1989) have 
been directed towards a better understanding of seasonal 
variations of matric suction values for subgrades. 

11.3 SLOPE STABILITY 

Slope stability analyses have become a common analytical 
tool for assessing the factor of safety of natural and man- 
made slopes. Any one of numerous two-dimensional, limit 
equilibrium methods of slices is generally used in practice, 
These methods are based upon the principles of statics (i.e., 
static equilibriums of forces and/or moments), without 
giving any consideration to the displacement in the soil 
mass. Several basic assumptions and principles used in for- 
mulating these limit equilibrium analyses are outlined prior 
to deriving the general factor of safety equations. 

Effective shear strength parameters (Le., c’ and 4’) are 
generally used when performing slope stability analyses on 
soils which are saturated. The shear strength contribution 
from the negative pore-water pressures above the ground- 

water table are usually ignored by setting their magnitudes 
to zero. The difficulties associated with the measurement 
of negative pore-water pressures and their incorporation 
into the slope stability analysis are the primary reasons for 
this practice. It may be a reasonable assumption to ignore 
negative pore-water pressures for many situations where 
the major portion of the slip surface is below the ground- 
water table. However, for situations where the groundwa- 
ter table is deep or where the concern is over the possibility 
of a shallow failure surface (Fig. 11.48), negative pore- 
water pressures can no longer be ignored. 

In recent years, there has developed a better understand- 
ing of the role of negative pore-water pressures (or matric 
suctions) in increasing the shear strength of the soil. Recent 
developments have led to several devices which can be used 
to better measure the negative pore-water pressures. 
Therefore, it is now appropriate to perform slope stability 
analyses which include the shear strength contribution from 
the negative pore-water pressures. These types of analyses 
are an extension of conventional limit equilibrium anal- 
yses. 

Several aspects of a slope stability study remain the same 
for soils with positive pore-water pressures (e.g., saturated 
soils) and soils with negative pore-water pressures (e.g., 
unsaturated soils). For example, the nature of the site in- 
vestigation, the identification of the strata, and the mea- 
surement of the total unit weight remain the same in both 
situations. On the other hand, extensions to conventional 
testing procedures are required with respect to the charac- 
terization of the shear strength properties of the soil. The 
analytical tools used to incorporate pore-water pressures 
and calculate the factor of safety also need to be extended. 

11.3.1 Location of the Critical Slip Surface 
A study of the stability of a slope with negative pore-water 
pressures involves the following steps: 1) a survey of the 
elevation of the ground surface on a selected section per- 
pendicular to the slope, 2) the advancement of several 
boreholes to identify the stratigraphy and obtain undis- 
turbed soil samples, 3) the laboratory testing of the undis- 
turbed soil specimens to obtain suitable shear strength pa- 
rameters for each stratigraphic unit (i.e., c’, 4’, and rpb 
parameters), and 4) the measurement of negative pore- 
water pressures above the groundwater table. These steps 
provide the input data for performing a stability analysis. 
However, the location and shape of the most critical slip 
surface is an unknown (Fig. 11.48). Some combination of 
actuating and resisting forces along a slip surface of un- 
known shape and location will produce the lowest factor of 
safety. Of course, in the case of an already failed slope, 
the location of the slip surface is known. 

In design, the shape of the unknown slip surface is gen- 
erally assumed, while its location is determined by a trial- 
and-emr procedure. If the shape of the slip surface is as- 
sumed to be circular, a grid of centers can be selected, and 
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Figure 11.48 A steep natural slope with a deep groundwater table. 

the radius varied at each center, providing a coverage of 
all possible conditions (Fig. 11.48). When the slip surface 
takes on a composite shape (Le., part circular and part lin- 
ear), it is still possible to use a grid of centers and varying 
radii in order to search for a critical slip surface (Fig. 11 -49; 
Fredlund, 1981). In addition, a general shape can also be 
assumed using a series of straight lines to define the slip 
surface. 

Various automatic search routines have been pro- 
grammed to reduce the number of computations. Some 
routines start with a center at an assumed point, and seek 
the critical center by moving in a zigzag manner (Wright, 
1974). Others use an initially coarse grid of centers which 
rapidly converges to the critical center (Fredlund, 1981). 

There is probably no analysis conducted by geotechnical 
engineers which has received more programming attention 
than the limit equilibrium methods of slices used to com- 
pute a factor of safety (Fredlund, 1980). The main reasons 
appear to be as follows. First, the limit equilibrium method 
has proved to be a useful and reasonably reliable tool in 
assessing the stability of slopes. Its “track record” is im- 
pressive for most cases where the shear strength properties 
of the soil and the pore-water pressure conditions have been 
properly assessed (Sevaldson, 1956; Kjaernsli and Simons, 
1962; Skempton and Hutchison, 1969; Chowdhury, 1980). 
Second, the limit equilibrium methods of slices require a 
limited amount of input information, but can quickly per- 

form extensive trial-and-error searches for the critical slip 
surface. 

11.3.2 General Limit Equilibrium (GLE) Method 
The General Limit Equilibrium method (Le., GLE) pro- 
vides a gene& theory wherein other methods can be viewed 
as special cases. The elements of statics used in the GLE 
method for deriving the factor of safety are the summation 
of forces in two directions and the summations of moments 
about a common point (Fredlund e? ai. 1981). 

These elements of statics, along with the failure criteria, 
are insufficient to make the slope stability problem deter- 
minate (Morgenstern and Price, 1965; Spencer, 1967). 
Either additional elements of physics or an assumption re- 
garding the direction or magnitude of some of the forces is 
required to render the problem determinate. The GLE 
method utilizes an assumption regarding the direction of 
the interslice forces. This approach has been widely 
adopted in limit equilibrium methods (Fredlund and Krahn, 
1977). The various limit equilibrium slope stability meth- 
ods that follow this approach have been demonstrated to 
be special cases of the GLE method (Fredlund et ai. 1981). 

Calculations for the stability of a slope are performed by 
dividing the soil mass above the slip surface into vertical 
slices. The forces acting on a slice within the sliding soil 
mass are shown in Figs. 11 S O  and 1 1.51 for a circular and 
a composite slip surface, respectively. The forces are des- 
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Figure 11.49 Composite slip surfaces resulting from the presence of an impenetrable layer. 

ignated for a unit width (i,e., perpendicular direction to 
motion) of the slope. The variables are defined as follows: 

W = the total weight of the slice of width “b” and 

N = the total normal force on the base of the slice 
S,,, = the shear force mobilized on the base of each slice 
E = the horizontal interslice normal forces (the “L” 

and “R” subscripts designate the left and right 
sides of the slice, respectively) 

X = the vertical interslice shear forces (the “L” and 

height “h” 

Center of rotation 

Tension crack t I \  

“R” subscripts designate the left and right sides 
of the slice, respectively) 

R = the radius for a circular slip surface or the moment 
arm associated with the mobilized shear force, S,, 
for any shape of slip surface 

f = the perpendicular offset of the normal force from 
the center of rotation or from the center of mo- 
ments 

x = the horizontal distance from the centerline of each 

Center of moments 

I 

Tension crack 
zone filled f 
with water aL 

----- 

Water 
table 

Figure 11.50 Forces acting on a slice through a sliding mass 
with a circular slip surface. 

Bedrock \ 
Figure 11.51 Forces acting on a slice through a sliding mass 
with a composite slip surface. 
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a =  

A =  

a =  

P =  

slice to the center of rotation or to the center of 
moments 
the vertical distance from the center of the base of 
each slice to the uppermost line in the geometry 
(i.e., generally ground surface) 
the perpendicular distance from the resultant ex- 
ternal water force to the center of rotation or to the 
center of moments; the “L” and “R” subscripts 
designate the left and right sides of the slope, re- 
spectively 
the resultant external water forces; the “L” and 
“R” subscripts designate the left and right sides 
of the slope, respectively 
the angle between the tangent to the center of the 
base of each slice and the horizontal; the sign con- 
vention is as follows: when the angle slopes in the 
same direction as the overall slope of the geome- 
try, ct is positive, and vice versa 
sloping distance across the base of a slice. 

The examples shown in Figs. 11 S O  and 11.51 are typi- 
cal of a steep slope with a deep groundwater table. The 
crest of the slope is highly desiccated, and there are tension 
cracks filled with water. The tension crack zone is assumed 
to have no shear strength, and the presence of water in this 
zone produces an external water force, A‘. As a result, the 
assumed slip surface in the tension crack zone is a vertical 
line. The depth of the tension crack is generally estimated 
or can be approximated analytically (Spencer, 1%8; Spen- 
cer, 1973). The weight of the soil in the tension crack zone 
acts as a surcharge on the crest of the slope. The external 
water force, A‘, is computed as the hydrostatic force on a 
vertical plane. An external water force can also be present 
at the toe of the slope as a result of partial submergence. 
This water force is designated as AR. 

Shear Force Mobilizeti Equation 
The mobilized shear force at the base of a slice can be 
written using the shear strength equation for an unsaturated 
soil presented in Chapter 9: 

P 
F S, = - { c’ + (u,, - u,) tan&’ + (u, - u,) tan4b 

(1 1 3) 

where 

u, = total stress normal to the base of a slice 
F = factor of safety which is defined as the factor by 

which the shear strength parameters must be re- 
duced in order to bring the soil mass into a state 
of limiting equilibrium along the assumed slip sur- 
face. 

The factor of safety for the cohesive parameter (Le., c’) 
and the frictional parameters (Le., tan$ and tan&) are as- 
sumed to be equal for all soils involved and for all slices. 
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The components of the mobilized shear force at the base 
of a slice are illustrated in Fig. 11.52. The contributions 
from the total stress and the negative pore-water pressures 
are separated using the 4’ and t$6 angles, respectively. 

It is possible to consider the matric suction term as part 
of the cohesion of the soil. In other words, the matric suc- 
tion can be visualized as increasing the cohesion of the soil. 
As a result, the conventional factor of safety equations does 
not need to be rederived. The mobilized shear force at the 
base of a slice, S,, will have the following form: 

S, = { c  + (a, - u,) tan&‘} (11.56) F 
where 

c = total cohesion of the soil, which has two compo- 

This approach has the advantage that the shear strength 
equation retains its conventional form. It is therefore pos- 
sible to utilize a computer program written for saturated 
soils to solve unsaturated soil problems. When this is done, 
the soil in the negative pore-water pressure region must be 
subdivided into several discrete layers, with each layer 
having a constant cohesion. The pore-air and pore-water 
pressures must be set to zero within the computer program. 
This approach has the disadvantage that the cohesion is not 
a continuous function, and the appropriate cohesion values 
for each soil layer must be manually computed. 

nents (i.e., c‘ + (u, - u,,,) tan &. 

n 
atmospheric ua is generally I n 
(i.e., u. = 0) I I  

S, = 4 [c’ + (a, - ua)tan4’ + (u. - u,)tan4~ 

(b) 

Figure 11.52 Pressure and shearing resistance components at 
the base of a slice. (a) Pressure components on the base of a slice; 
(b) contributors to the shear resistance. 

I 
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The formulations presented in the next sections are the 
revised derivations for the factor of safety equations that 
directly incorporate the shear strength contribution from the 
negative pore-water pressures. The mobilized shear force 
defined using Eq. (11.55) is used throughout the deriva- 
tion. The effect of partial submergence at the toe of the 
slope, the effect of seismic loading, and external line loads 
are not incorporated in the derivations. 

N o d  Force Equation 
The normal force at the base of a slice, N, is derived by 
summing forces in the vertical direction: 

W - (XR - X,) - S,,, sina - N cosa = 0. (1 1.57) 

Substituting Eq. (1 1.55) into Eq. (1 1.57) and replacing the 
(uJ3) term with N gives 

N tan+’ P - u, tan+’ 
F F w - (XR - x,) - [ y  + 

(11.58) 

or 

c’P sina 
F = w - (X, - X,) - - sina tan+’ 

F 
P sina @ sina (tan+’ - tan+b) + u,- tan+b. + u, - F F 

(1 1.59) 
Rearranging Eq. (11.59) gives rise to the normal force 
equation: 

(tan@) term in Eq. (11.61) becomes equal to (tan+‘). 
Equation (1 1.61) then reverts to the conventional normal 
force equation used in saturated slope stability analysis. 
Computer coding for solving Eq. (1 1.61) can be written 
such that the angle 6’ is used whenever the pore-water 
pressure is negative, while the angle 4’ is used whenever 
the pore-water pressure is positive. The +’ angle can also 
be considered to be equal to 4’ at low matric suction val- 
ues, while a lower angle is used at high matric suctions 
(Fredlund er al . ,  1987). 

The vertical interslice shear forces, X, and X,, in the 
normal force equation can be computed using an interslice 
force function, as described later. 

Factor of Safety with Respect to Moment Equilibrium 
Two independent factor of safety equations can be derived: 
one with respect to moment equilibrium, and the other with 
respect to horizontal force equilibrium. Moment equilib- 
rium can be satisfied with respect to an arbitrary point above 
the central portion of the slip surface. For a circular slip 
surface, the center of rotation is an obvious center for mo- 
ment equilibrium. The center of moments would appear to 
be immaterial when both force and moment equilibria are 
satisfied, as in the case for the complete General Limit 
Equilibrium method. When only moment equilibrium is 
satisfied, the computed factor of safety varies slightly with 
the point selected for the summation of moments. 

Let us consider moment equilibrium for a composite slip 
surface (Fig. 11 3 1 )  with respect to the center of rotation 
of the circular portion: 

S,R = 0. (11.62) A,a, + 2 Wx - c Nf- 

c’ sina f l  sina P sina 
(tan+’ - tan+’) + u,- tan+b + u, - F F F 

m, 

w - (XR - x,r) - 
N =  (11.60) 

where 

Substituting Eq. (1 1.55) for the S,,, variable into Eq. m, = cosa + (sina tan+’)/F. 

The factor of safety, F, in Eq. (1 1.60) is equal to the 
moment equilibrium factor of safety, F,, when solving for 
moment equilibrium, and is equal to the force equilibrium 
factor of safety, F,, when solving for force equilibrium. In 
most cases, the pore-air pressure, u,, is atmospheric, and 

(1 1.62) and replacing the (uno) term with N yields 

ALaL + c Wx - c Nf 
1 = - c [ c ’ P R +  {Ntan+’-u,tan+’P 

as a result, Eq. (1 1.60) reduces to the following form: F* 

(11.63) 
N =  

ma where 

F,,, = factor of safety with respect to moment equilib- (1 1.61) 

If the base of the slice is located in the saturated soil, the rium . 
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Rearranging Eq. (1 1.63) yields 

tampb tan#b [ c' l.3 R + IN - u, P - tan#' - u, B (1 - s)] R tan#'] 

F, = (11.64) 
ALaL + c Wx - c Nf 

In the case where the pore-air pressure is atmospheric 
(Le., u, = 0), Eq. (11.64) has the following form: 

F,,, = 
ALaL + Wx - Nf 

(1 1.65) 

When the pore-water pressure is positive, the 9' value 
can be set equal to the 4' value. Equation (1 1 -64) can also 
be simplified for a circular slip surface (Fig. 1 1 S O )  as fol- 
lows: 

[c' 6 + {N - u, 8 - u, 8 )  tan#' IR 
F, = 

ALaL + c Wx 

(11.66) 

For a circular slip surface, the radius, R, is constant for 
all slices, and the normal force, N, acts through the center 
of rotation (i.e., f = 0). 

Factor of W e t y  with Respect to Force Equilibdum 
The factor of safety with respect to force equilibrium is 
derived from the summation of forces in the horizontal di- 
rection for all slices: 

- A, + C S,,, cosa - N sina = 0. (1 1.67) 

The horizontal interslice normal forces, EL and ER, can- 
cel when summed over the entire sliding mass. Substituting 
Eq. (11.55) for the mobilized shear force, S,, into Eq. 
(1 1.67) and replacing the (a,$) term with N give 

1 - C [cf p cosa + {N tan#' - u, tan#' p 
Ff 

+ (u, - u,) tan+b a}] = AL + N sina (11.68) 

where 

Ff = factor of safety with respect to force equilibrium. 
Rearranging Eq. (1 1.68) yields 

In the case where the pore-air pressure is atmospheric 
(i.e., u, = 0), Eq. (11.69) reverts to the following form: 

C[c'/3cosa + tan+' cosa] 

A, + N sina 'f - 

(11.70) 

When the pore-water pressure is positive, the +b value 
is equal to the 4' value. Equation (1 1.70) remains the same 
for both circular and composite slip surfaces. 

Interslice Force Function 
The interslice normal forces, EL and ER, am computed from 
the summation of horizontal forces on each slice (Fig. 
11 S3): 

ER - EL = NCOW tans - S,,, COW. (11.71) 
Substituting Eq. (11.57) for the (N COW) term in Eq. 

(1 1.71) gives the following equation: 

ER - EL = { W  - (X, - X d  - S, sina} tana 

- s,,, cosa. 

Rearranging Eq. (1 1.72) gives 

(1 1.72) 

(11.73) 

The interslice normal forces m calculated from Eq. 
(1 1.73) by integrating from left to right across the slope 
(Fig. 1 1 .53). The procedure is further explained in the next 
section. The left interslice normal force on the first slice is 
equal to any external water force which may exist, At, or 
it is set to zero when there is no water present in the tension 
crack zone. 

The assumption is made that the interslice shear force, 
X, can be related to the interslice normal fone, E,  by a 
mathematical function (Morgenstern and Price, 1965): 

x = h f ( x ) E  (11.74) 

(11.69) 
AL + N sina 
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Direction for comDutation 

Figure 11.53 Convention for the designation of the interslice forces. 

where 

f ( x )  = a functional relationship which describes the 
manner in which the magnitude of X/E varies 
across the slip surface 

X = a scaling constant which represents the percent- 
age of the function, f ( x ) ,  used for solving the 
factor of safety equations. 

Some functional relationships, f ( x ) ,  that can be used for 
slope stability analyses are illustrated in Fig. 11.54. Basi- 
cally, any shape of function can be assumed in the analysis. 
However, an unrealistic assumption of the interslice force 
function can result in convergence problems associated with 
solving the nonlinear factor of safety equations (Ching and 
Fredlund, 1983). Morgenstern and Price (1967) suggested 
that the interslice force function should be related to the 
shear and normal stresses on vertical slices through the soil 
mass. In 1979, Maksimovic (1979) used the finite element 
method and a nonlinear characterization of the soil to com- 
pute stresses in a soil mass. These stresses were then used 
in the limit equilibrium slope stability analysis. 

A generalized interslice force function, f ( x ) ,  has been 
proposed by Fan et al. 1986. The function is based on two- 
dimensional finite element analyses of a linear elastic con- 
tinuum using constant strain triangular elements. The nor- 
mal stresses in the x-direction and the shear stresses in the 
y-direction were integrated along vertical planes within a 
sliding mass in order to obtain normal and shear forces, 
respectively. The ratio of the shear force to the normal force 
was plotted for each vertical section to provide a distribu- 
tion for the direction of the resultant interslice forces. Fig- 
ure 11.55 illustrates a typical interslice force function for 
one slip surface through a relatively steep slope. 

The analysis of many slopes showed that the interslice 
force function could be approximated by an extended form 
of an e m r  function equation. Inflection points were close 
to the crest and toe of the slope. The slope of the resultant 

interslice forces was steepest at the midpoint of the slope, 
and tended towards zero at some distances behind the crest 
and beyond the toe. The mathematical form for the empir- 
ical interslice force function can be written as follows: 

f ( x )  = Ke- (C"w") /2  (1 1.75) 

where 
e = base of the natural logarithm 
K = magnitude of the interslice force function at mid- 

slope (i.e., maximum value) 
C = variable to define the inflection points 
n = variable to specify the flatness or sharpness of cur- 

o = dimensionless x-position relative to the midpoint of 
vature of the function 

the slope. , f(x) = Constant , f(x) = Half-sine 

, f(x) = Clipped-sine , f(x) = Trapezoid 

1 f(x) Specified 

1 

L X R 
L Left dimensional x-coordinate of the slip surface 
R = Right dimensional x-coordinate of the slip surface 

Figure 11.54 Various possible interslice force functions. 
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1 :2 Slope 

1 1.501 .oo 

Dimensionless x-coordinate 
K 

14.79 25.00 Center of X = 30.00 
20.00 rotation Y = 23.00 

Radius = 15.50 

Dimensions in meters 

30.00 x-coordinate 38.00 \ \  10.00 y-coordinate 10.00 

Figure 11.55 The interslice force function for a deep-seated slip 
surface through a one horizontal to two vertical slope. 

Figure 11.56 shows the definition of the dimensionless 
distance, w .  The factor, K, in the interslice force function 
equation [Le., Eq. (11.75)], is a variable related to the av- 
erage inclination of the slope and the depth factor, Of, for 
the slope surface under consideration: 

K = exp {Di + Ds(Dr - 1.0)) (11.76) 

where 

Df = depth factor (defined in Fig. 11 37) 
Di = the natural logarithm of the intercept on the ordi- 

D, = slope of the depth factor versus K relationship for 
nate when Or = 1.0 

a specific slope 

Inflection Inflection 
r’ point point 

0 I -2.0 l:o 2.0 

m 

x - Distance 

Figure 11.56 Definition of the dimensionless distance. w .  

2.0 

b 
\ a Df - 

‘ 0  
0‘. 

1 .o 
0.9 

1.2 Slope 

Vertical slope 0. --. -- - 0.5 
al:1 Slope 

2:l Slope 

I I 1 I 
04.0 112 1.4 1.6 1.8 2.0 

Depth factor. Dt 

Figure 11.57 The interslice side force ratio, K, at midslope ver- 
sus the depth factor, Or. 

Eq. (1 1.76) is shown graphically in Fig. 11.57. Slip sur- 
faces passing through or below a vertical slope are consid- 
ered as a special case. The relationship between the factor, 
K, and depth factor, Of, for vertical slopes is also shown 
in Fig. 11 S7. 

The “finite element” based functions have been com- 
puted for slip surfaces which are circular. However, the 
shape of the function should, in general, be satisfactory for 
composite slip surfaces. 

The magnitude of “C” varies with the slope angle, as 
does the variable “n” (Fig. 11 -58). 

Procedures for Solving the Fmtom of w e @  Equation 
The factor of safety equations with respect to moment and 
force equilibriums (i.e., Eqs. (11.64) and (11.69), respec- 
tively) are nonlinear. The factors of safety, F,,, or F,, ap- 
pear on both sides of the equations, with the factor of safety 
being included through the normal force equation [Le., Eq. 
(1 1 .a)]. The nonlinear factor of safety equations can be 
solved using an iterative technique. The factors of safety 
with respect to moment and force equilibriums can be cal- 
culated when the normal force, N, on each slice is known. 
The computation of the normal force [i.e., Eq. (11.60)] 
requires a magnitude for the interslice shear foms, X, and 
X,, and an estimate of the factor of safety, F. 

For the first iteration, the factor of safety, F, in the nor- 
mal force equation can be set to 1 .O or estimated from the 
Ordinary method (Fredlund, 198%). The interslice shear 
forces can be set to 0.0 for the first iteration when com- 
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Slope angle 

(a) 

Tangent of slope angle 

(b) 

Figure 11.58 Values of the “C” and “n” coefficients versus 
the slope angle. (a) C coefficient versus the slope angle; (b) n 
coefficient versus the tangent of the slope angle. 

puting the normal force, The computed normal force is then 
used to calculate the factors of safety with respect to mo- 
ment and force equilibriums (Le., F, and Ff in Eqs. (1 l .64) 
and (1 l.69), respectively). This results in initial values for 
the factors of safety. 

The next step is to compute the interslice normal forces, 
E, and ER, in accordance with Eq. (1 1.73). There are two 
sets of interslice force calculations: one associated with 
moment equilibrium, and the other associated with force 
equilibrium. The interslice force calculation with respect 
to moment equilibrium uses the moment equilibrium factor 
of safety, F,, in computing the mobilized shear force, S,, 
in Eq. (1 1.55). On the other hand, the interslice force cal- 
culation associated with force equilibrium uses the force 
equilibrium factor of safety, Ff, in computing the mobilized 
shear force, S,, in Eq. (1 1.55). The interslice shear forces 
in Eq. (11.60) are also set to zero for the first iteration. 
The computation commences from the first slice on the left- 
hand side of the slope (Le., at the crest), and proceeds 
across the slope to the last slice at the toe (Fig. 11 S3). The 
right interslice normal force, ER, on the last slice will be- 
come zero when overall force equilibrium in the horizontal 
direction is fully satisfied. 

The computed interslice normal forces, E, and ER, can 
then be used in the calculation of the interslice shear forces, 

X, and XR, for all slices, in accordance with Eq. (1 1.74). 
An interslice force function,f(x), can be assumed from one 
of the functions shown in Fig. 11.54 or calculated using 
Eq. (11.75). The selected interslice force function, along 
with a specified h value, is used for the entire iterative pro- 
cedure until convergence is achieved. 

For the next iteration, the computed moment equilibrium 
factor of safety, F,, and the corresponding interslice forces 
are used to recalculate new values for the normal force, N, 
and the moment of equilibrium factor of safety, F,,,. The 
updated values for the normal force, N, and the moment 
equilibrium factor of safety, F,, are then used to revise the 
interslice normal forces and interslice shear forces (i.e., 
E,, ER, X,, and XR) associated with moment equilibrium. 

The computed force equilibrium factor of safety, Ff, and 
the corresponding interslice forces from the first iteration 
are used to revise the magnitudes of the following vari- 
ables: N, Ff, EL, ER, x,, and XR, associated with force 
equilibrium. 

The revised factor of safety values, F, and Ff, are then 
compared with the corresponding values from the previous 
iteration. Calculations are stopped when the difference in 
the factor of safety between two successive iterations is 
less than the desired tolerance. If the difference in either 
factor of safety, Ff or F,, is greater than the tolerance, the 
above pmedure is repeated until convergence is attained 
for both factors of safety. 

When the solution has converged, moment and force 
equilibrium factors of safety corresponding to the selected 
interslice force function, f ( x ) ,  and the selected A value are 
obtained. The analysis can proceed using the same inter- 
slice force function, f ( x ) ,  but varying the h value. Several 
factor of safety values, F, and Ff, associated with different 
h values can be obtained and plotted as shown in Fig. 
1 1.59. The moment equilibrium factor of safety, F,, does 
not vary significantly with respect to the h values as com- 
pared to the force equilibrium factor of safety, Ff. Curves 
joining the F, and Ff data intersect at a point where total 
equilibrium (Le., moment and force equilibrium) is satis- 
fied. 

Pore- Water Pressure Designation 
Pore-water pressures are often designated in terms of a pore 
pressure coefficient, r,,, for analysis purposes (Bishop and 
Morgenstern, 1960): 

(11.77) 

where 
r,, = water pore pressure coefficient 
hi = thickness of each soil layer 
pi = density of each soil layer. 

The pore pressure coefficient is generally considered as 
a positive value. However, it can also be used to represent 
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o.900 u-l-l-u 0.2 0.4 0.6 0.8 1.0 

h 
Figure 11.59 Variation of moment and force equilibrium fac- 
tors of safety with respect to lambda, A. 

negative pore-water pressures, as well as pore-air pres- 
sures: 

(11.78) 

where 

rua = air pore pressure coefficient. 

Figure 11.60 illustrates how the pore pressure coefficient 
can be used when the pore-water pressure is negative. In 
this case, the pore pressure coefficient is also negative. 

The water pore pressure coefficient at the phreatic line is 
equal to zero. A water pore pressure coefficient of +0.5 
indicates the verge of artesian pressure conditions since the 
density of water is approximately one half the density of 
soil. At points above the phreatic line, the pore-water pres- 
sure becomes increasingly negative. At the same time, the 
overburden pressure is decreasing. As a result, it is possi- 
ble for the pore pressure coefficient to become highly neg- 
ative. Let us assume that the pore-water pressure is -200 

kPa at a depth of 1 m (Le., pgh = 20 Wa for p = 2000 
kg/m3). This gives rise to a water pore pressure coefficient 
of - 10. The water pore pressure coefficient can tend to a 
negative, infinite number as ground surface is approached. 
In other words, the water pore pressure coefficient becomes 
a highly variable tern as ground surface is approached. 

Figure 11.60 shows the cross section of a dam under 
steady-state seepage conditions. One equipotential line is 
selected, and the water pore pressure coefficients are com- 
puted at various depths and plotted in Fig. 1 1.61. There is 
essentially a linear change in the pore pressure coefficient 
until the ground surface is approached. At this point, the 
coefficient becomes highly negative. The nonlinearity of 
the water pore pressure coefficient near ground surface 
somewhat limits its use as a means of designating negative 
pore-water pressures. 

The air pore pressure coefficient in natural soil deposits 
is always close to zero due to its contact with the atmo- 
sphere. In compacted earth fills, the pore-air pressures may 
become positive due to the weight of the overlying soil 
layers. The air pore pressure coefficient will'be positive, 
but generally quite small. 

The water and air pore pressure coefficients are similar 
in form to the B pore pressure parameten developed in 
Chapter 8. However, there are some differences. First, the 
pore pressure coefficients are generally used in conjunction 
with relating field experience. Second, they are used to 
compute changes in the pore pressures referenced to the 
total overburden pressure, as opposed to being referenced 
to changes in the principal stresses. Third, the pore pres- 
sure coefficient has been used in two ways. The above de- 
scription has defined the pore pressure coefficient with re- 
spect to a point in an earth mass. However, the pore 
pressure coefficient is also used as an average value for an 
entire soil region, Bishop and Morgenstern (1960) sug- 
gested procedures for obtaining an average pore pressure 
coefficient over a region. This value was then used to com- 
pute the pore-water pressure in a slope stability analysis. 

There are other pmedures which can be used to desig- 
nate pore-water pressures for a slope stability analysis. 
Pore pressure changes can also be written in terms of A and 
B pore pressure parameters. The B pore pressure parameter 
represents the change in pore pressure due to isotropic or 
all-around loading. The A pore pressure parameter repre- 

Phreatic line (zero pressure) 
/ 

Reservoir level 

I 
l(ln 

Figure 11.60 Steady-state seepage conditions in an earth-fill dam. 

    



330 11 PLASTIC AND LIMIT EQUILIBRIUM 

p’ 
Figure 11.61 Water-pore pressure coefficient along the 7 m 
equipotential line. 

sents the change in pore pressure due to deviatoric loading. 
The pore pressure parameters for the water and air phases 
are presented in Chapter 8 (Le., B,, A,, B,, and AJ. 

Hilf s analysis (1948) and Bishop’s analysis (1956) also 
provide relationships between pore-water pressure and 
overburden pressure. These analyses make use of the com- 
pressibility of air and its solubility in water, along with the 
compressibility of the soil structure, to obtain what is es- 
sentially a nonlinear pore pressure coefficient (see Chapter 
8). 

A grid of pore-water pressure values can be superim- 
posed over a cross section under consideration (Fig. 11.62). 
The pore-water pressures can be either positive or nega- 
tive, and an interpolation technique can be used in order to 
obtain the porn-water pressure at any designated point. 

Negative pow-water pressures can also be contoured as 
a series of lines (Fig. 11.63). An interpolation procedure 
can be used to obtain the pore-water ptessure for points 
between the contours. Some of the above procedures are 
later described in further detail. 

Piezometric lines can also be used to designate the pore- 
water pressures in a slope (Fig. 11.64). The vertical dis- 
tance from the piezometric line down to a point below the 
line is equal to the positive pore-water pressure head (i.e., 
u, = h, p,g). On the other hand, the vertical distance 
from the piezometric line up to a point above the line can 
be considered as the negative pore-water pressure head 
(i.e., u, (-) = h, p ,g ) .  When slopes are steep and the 
gradient along the water table is high, this procedure can 
lead to pore-water pressures which are in considerable er- 
ror. 

11.3.3 Other Limit Equilibrium Methods 
The General Limit Equilibrium (GLE) method can be spe- 
cialized to correspond to various limit equilibrium meth- 
ods. The various methods of slices can be categorized in 
terms of the conditions of statical equilibrium satisfied and 
the assumption used with respect to the interslice forces. 
Table 11.2 summarizes the conditions of statical equilib- 
rium satisfied by the various methods of slices. The statics 
used in each of the methods of slices for computing the 
factor of safety are summarized in Table 11.3. Most meth- 
ods use either moment equilibrium or force equilibrium in 
the calculation for the factor of safety. The Ordinary and 
Simplified Bishop methods use moment equilibrium, while 
the Janbu Simplified, Janbu Generalized, Lowe and Kara- 
fiath, and the Corps of Engineers methods use force equi- 
librium in computing the factor of safety. On the other 
hand, the Spencer and Morgenstern-Price methods satisfy 
both moment and force equilibriums in computing the fac- 
tor of safety. In this respect, these two methods are similar 
in principle to the GLE method which satisfies force and 
moment equilibriums in calculating the factor of safety. 

The GLE method can be used to simulate the various 
methods of slices by using the appropriate interslice force 
assumption, The interslice force assumptions used for sim- 
ulating the various methods are given in Table 1 1.3. 

P 

200 - 
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8 I I I I 1 

1400 1500 1600 1700 1800 1900 2000 2100 
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Mgure 11.62 Grid of pore pressures heads superimposed over the geometry. 
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Fiure 11.63 Contours used to designate pore-water pressure heads. 

Note: Pore-water masure. u.... is \ 'd+) Y\b 

Figure 11.64 Piezometric line for designating pore-water pressures. 

Table 11.2 Elements of Statical Equilibrium Satislied by Various Limit 
Equilibrium Methods 

Force Equilibrium 

1st Directiona 2nd Dimtion' Moment 
Method (e.g., Vertical) (e.g., Horizontal) Equilibrium 

Ordinary or Fellenius 
Bishop's Simplified 
Janbu's Simplified 
Janbu's Generalized 
Spencer 
Morgenstern-Price 
Corps of Engineers 
Lowe-Karafiath 

Yes 
Yes 
Yes 
Yes 
Yes 
Yes 
Yes 
Yes 

No 
No 
Yes 
Yes 
Yes 
Yes 
Yes 
Yes 

Yes 
Yes 
No 

Yes 
Yes 
No 
No 

b 

'Any of two orthogonal directions can be selected for the summation of forces. 
bMoment equilibrium is used to calculate interslice shear forces. 
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Table 11.3 Comparison of Commonly Used Methods of Slices 
~ ~ ~-~ 

Factors of Safety 

Moment Force Interslice Force 
Method Equilibrium Equilibrium Assumption 

Ordinary X X = 0, E = 0 
Bishop's Simplified X X = O , E r O  
Janbu's Simplified X X = O , E z O  
Janbu's Generalized 
Spencer X X X / E  = tan Ob 
Morgenstern-Price X X X / E  = Af (x) 
Lowe-Karafiath 
Corps of Engineers X X / E  = Average ground surface slope 

X XR = ER tan a, - ( E R  - EL)tR/ba 

X X / E  = Average slope of ground and slip surface 

'a, = angle between the line of thrust across a slice and the horizontal. 
tR = vertical distance from the base of the slice to the line of thrust on the right side of the slice. 

= angle of the resultant interslice force from the horizontal. 

11.3.4 Numerical Difficulties Associated with the 
Limit Equilibrium Method of Slices 
Most problems associated with nonconverging solutions 
can be traced to one of three possible conditions (Ching 
and Fredlund, 1983). First, an unrealistic assumption re- 
garding the shape of the slip surface can produce mathe- 
matical instability. Second, high cohesion values may re- 
sult in a negative normal force and produce mathematical 
instability. Third, the assumption used to render the anal- 
ysis determinate may impose unrealistic conditions and 
prevent convergence. 

The normal force at the base of a slice [Eq. (1 1.60)] may 
become unreasonable due to the unrealistic value of m, 
(Whitman and Bailey, 1967). Unrealistic ma values com- 
monly occur as a result of an assumed slip surface, which 
is inconsistent with the earth pressure theory. When the m, 
term approaches zero, the normal force at the base of a 
slice will tend to infinity [Eq. (11.60)]. An unreasonably 
large normal force will affect the calculation of the factor 
of safety. The m, problem can be resolved by limiting the 
inclination of the slip surface at the crest of the slope (Le., 
the active zone) to the maximum obliquity for the active 
state (Fig. 11.65): 

(11.79) 

Similarly, the inclination of the slip surface at the toe of 
the slope (Le., the passive zone) should be limited to a 
maximum angle in accordance with the passive state (Fig. 
11.65): 

9' amax = 45" - - 
2 '  

9' 
= 45" + 1. 

(11.80) 

A vertical tension crack zone at the crest of the slope can 
also be used to limit the inclination of the slip surface in 
order to alleviate the rn, problem. The slip surface will 
terminate at the base of the tension crack zone. 

The problem of negative normal forces at the base of a 
slice is caused by a high cohesion value, and is relevant to 
slopes with highly negative pore-water pressures. This 
problem is particularly significant for relatively shallow slip 
surfaces where the cohesive component dominates the shear 
strength of the soil. Figure 11.66 illustrates the effect on 
the normal stress along the slip surface of increasing cohe- 
sion on a steep slope with a shallow slip surface. The cohe- 
sion can be considered to increase with increasing matric 
suction (i.e., c = c' + (u, - u,) tan&. 

The increase in cohesion has been shown in Fig. 11.66 
to result in negative normal stresses. The negative normal 

r of rotation 
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Cente Tension crack 

450 + - 

9' 450 - - 
Circular slip 1 
surface 

CY=O 
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I 
I 
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I 

Active earth I Passive earth 
pressure zone , pressure zone 

Figure 11.65 Limiting inclination angles for the slip surface at 
the crest and toe of the slope. 
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Figure 11.66 Effect of increasing cohesion values on the normal 
stress distribution. (a) Steep slope with a shallow slip surface; (b) 
normal stress distribution along the slip surface. 

forces are the result of having mobilized a large shearing 
force, S,,,, due to the high cohesion values. The shearing 
force has a positive sign, indicating an opposite direction 
to the sliding direction. In order for the force polygon to 
close (or force equilibrium to be satisfied), the normal force 
has to become negative. Spencer (1968, 1973) suggested 
that a tension crack zone should be located at the crest of 
the slope in order to reduce the large mobilized shearing 
force. The depth of the tension crack zone may extend 
through the region with negative normal forces. 

Nonconvergence can be encounted with any limit equi- 
librium method which uses an unrealistic assumption re- 
garding the interslice conditions. This problem appears to 
be attributable to unreasonable assumption regarding the 
line of thrust (Ching, 1981). The moment equilibrium 
equation can be used to generate the equivalent of an in- 
terslice force function based on an assumed “line of 
thrust.” The shape of the resulting function can be unreal- 
istic when compared to an elastic analysis (Fan, 1983) as 
illustrated in Fig. 11.67. The steepness of the function at 
the ends produces high interslice shear forces which may 
exceed the weight of the slice. It is suggested that the as- 
sumption used in a slope stability analysis should be some- 
what consistent with the stresses resulting from gravity. 

11.3.5 Effects of Negative Pore-Water Pressure on 
Slope Stability 
All of the components associated with performing slope 
stability analyses in situations where the pore-water pres- 
sures are negative, have been discussed. One procedure 
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Figure 11.67 Illustration of an interslice force function gener- 
ated from an unrealistic assumption for the line of thrust. (a) Ge- 
ometry showing the line of thrust; (b) possible henlice force 
functions. 

which can be used for performing slope stability analysis 
involves the incorporation of the matric suction into the 
cohesion of the soil (Ching et al. 1984). This will be re- 
ferred to as the “total cohesion” method. The second pm- 
cedure involves deriving the factor of safety equations in 
order to accommodate both positive and negative pore- 
water pressures (Fredlund, 1987a, 1989; Fredlund and 
Barbour, 1990; Rahardjo and F d u n d ,  1991). A nonlinear 
shear strength versus matric suction relationship can also 
be incorporated in the slope stability analysis (Rahardjo, 
Predlund and Vanapalli, 1992). 

The “Total Cohesion” Method 
In the “total cohesion” method, the soil cohesion, c, is 
considered to increase as the matric suction of the soil in- 
creases. The increase in the cohesion due to matric suction 
(i.e., (u, - u,,,) tan &’) is illustrated in Fig. 11.68 for var- 
ious gb angles. 

Another form for the relationship between negative pore- 
water pressures and cohesion is illustrated in Fig. 11.69. 
Here, matric suctions are presented as a percentage of the 
hydrostatic negative pote-air pressures above the water ta- 
ble. Matric suction is multiplied by (tan $9 to give an 
equivalent increase in the cohesion for a I#I~ angle of 15’ 
(Fig. 11.69). 

The increase in the factor of safety due to negative pore- 
water pressures (or matric suction) is illustrated in Figs. 
1 1.70 and 1 1.71. The shear strength contribution from ma- 
tric suction is incorporated into the designation of the cohe- 
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Matric suction, (u. - u,) (kPa) 

Figure 11.68 The component of cohesion due to matric suction for various I$’ angles. 

sion of the soil (Le., c = cr + (u,, - u,) tan &’). It can 
readily be appreciated that the factor of safety of a slope 
can decrease significantly when the cohesion due to matric 
suction is decreased during a prolonged wet period. 

Two Examples Using the “Total Cohesion” Method 
The following two example problems illustrate the appli- 
cation of the “total cohesion” method in analyzing slopes 
with negative pore-water pressures. The example prob- 
lems involve studies of steep slopes in Hong Kong. The 
soil stratigraphy was determined from numerous borings. 
The shear strength parameters (Le., c’, t#/, and r$’) were 
obtained through the testing of undisturbed soil samples in 
the laboratory. Negative pore-water pressures were mea- 
sured in situ using tensiometers. Slope stability analyses 
were performed to assess the effect of matric suction 
changes on the factor of safety. Also, parametric-type anal- 

yses were conducted using various percentages of the hy- 
drostatic negative pore-water pressures. 

Example no. 1. The site plan of example no. 1 is 
shown in Fig. 11.72. The site consists of a row of residen- 
tial buildings with a steep cut slope at the back. The slope 
has an average inclination angle of 60” to the horizontal 
and a maximum height of 35 m. The slope has been pro- 
tected from infiltration of surface water by a layer of soil 

/ ?’ 15.7 kN/m3 , 
c‘=OkPa / 
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Figure 11.69 Equivalent incmse in cohesion for various matric 
suction profiles. 
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Figure 11.70 Factor of safety versus matric suction for a simple 
slope. 
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Figure 11.71 Factor of safety of a steep slope versus cohesion increase due to matric suction. 
(a) Example of a typical steep slope in Hong Kong (from Sweeney and Robertson, 1979); (b) 
increase in factor of safety due to an increase in +b angle. 
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Figure 11.72 Site plan for example no. 1 .  
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cement and lime plaster which is locally referred to as 
"chunam" plaster. Small but dangerous failures have oc- 
curred periodically at the crest of the cut slope. This con- 
dition prompted a detailed investigation. 

Three cross sections of the cut slope (i.e., A-A, B-B, 
and C-C) were analyzed, as illustrated in Fig. 1 1.73. The 
stratigraphy consists primarily of weathered granite. A 
4-5 m layer of granitic colluvium is underlain by a 10 m 
layer of completely to highly weathered granite. The bed- 
rock is situated 20-30 m below the surface. The water table 

Legend 
1 Colluvium 
2 Completely weathered 

granite 
-lo 3 Completely to highly 

80 

70 

60 
c 

C ,E 50 
8 p 40 

30 

20 -. 
101 I ' I I I ' 3 
20 30 40 50 60 70 80 90 100 110 

Distance (m) 
(a) 

I 

3040 50 60 70 80 90 100110 
Distance (m) 

(b) 

101 ' ' ' :-., 
50 60 70 ao 90 i o o i i o  

Distance (m) 
(C) 

Figure 11.73 Cross sections used for stability analyses in ex- 
ample no. 1 .  (a) Section A-A; (b) section B-B, (c) section 
c-c. 

is located well into the bedrock. It is estimated that the 
water table may rise by 5-8 m under the influence of heavy 
rainfalls, with return periods of 10 and lo00 years, respec- 
tively. However, the fluctuation of this deep groundwater 
table does not directly affect the slope stability analysis. 
Potential failures in a steep slope, such as the slope being 
analyzed, are primarily associated with relatively shallow 
slip surfaces. 

Triaxial tests on undisturbed core samples were con- 
ducted, and the results are presented in Table 11.4. The 
average measured +b angle for the soil was 15" (Ho and 
Fredlund, 1982a). 
In siru measurements of matric suction were conducted 

from the face of the slope using tensiometers. Two typical 
matric suction profiles measured near section A-A are 
shown in Fig. 11.74. The suction profiles showed consid- 
erable variation, corresponding to different microclimatic 
conditions near the proximity of the slope face. No matric 
suction measurements were made near the upper part of the 

Slope stability analyses were performed on the three cross 
sections (Le., sections A-A, B-B, and C - 0 ,  as shown in 
Fig. 11.73. The GLE method was used for all analyses. 
The vertical interslice shear forces were assumed to be zero, 
and only moment equilibrium was used to solve for the 
factor of safety. The analyses were performed using cir- 
cular slip surfaces, and all critical slip surfaces were found 
to pass through the toe of the slope. 

For the first analysis, the effect of matric suction was 
ignored (i.e., c = c ' ) ,  and the lowest factors of safety for 
the three cross sections were computed (Table 11 S). All 
three sections show critical factors of safety less than 1 .O, 
indicating unstable slope conditions. However, the slope 
has remained stable. It is assumed that the additional shear 
strength contribution from matric suction has played a sig- 
nificant role in the overall stability of the slope. 

For subsequent analyses, matric suction was taken into 
account as part of the cohesion component of shear 
strength. Each of the cross sections was divided into sub- 
strata drawn parallel to the water table in order to account 
for the changing matric suction with depths. The subdivi- 
sions for cross section A-A are shown in Fig. 11.75. Each 
of the substrata was 5 m thick and assumed to have an 
independent total cohesion, c. The equivalent increase in 
cohesion (Le., u, - u,) tan+b) for each substratum was 
computed from the matric suction profile and a db angle of 
15". 

A parametric study was conducted using various per- 
centages of the hydrostatic negative pore-water pressure. 
The corresponding matric suctions and the equivalent in- 
creases in cohesion are shown in Fig. 11.69. The matric 
suction used in each analysis was limited to 101.3 kPa (Le.. 
1 arm), corresponding to a cohesion increase of 27 kPa. 
The results of the parametric study on the three cross sec- 

slope. 
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Table 11.4 Strength Properties for Soils of Example Problem 1 

Unit Weight C' 4l 
Soil Type (kN /m3) (Ha) (degree) 

Colluvium 19.6 10.0 35.0 
Completely weathered granite 19.6 15.1 35.2 
Completely to highly weathered granite 19.6 23.5 41.5 

A November 29,1980 
October 27,1981 

I I I I 

Soil suction (kPa) 

Figure 11.74 In situ measurements of matric suction near sec- 
tion A-A for example no. 1 (from Sweeney [468]). 

tions are shown in Fig. 11.76 for various percentages of 
matric suction. A factor of safety of 1.0 corresponds to a 
matric suction profile of approximately 10-2096 of hydro- 
static conditions. A significant increase in the factor of 
safety (i.e., approximately 25%) is obtained when the ma- 

Matric suction 
(Head in m) 

Distance (m) 

Figure 11.75 Subdivision of section A-A of example no. 1 for 
the slope stability study. 

tric suction profile is increased up to 40%. The smaller 
increase in the factor of safety beyond the 40% profile is 
attributable to the maximum limit of 101.3 kPa placed on 
the matric suction value. The position of the critical centers 
of rotation corresponding to various matric suction profiles 
is depicted in Fig. 11.77 for section A-A. The critical slip 
surface tends to penetrate deeper into the slope as the cohe- 
sion of the soil increases. The increase in cohesion is due 
to the increase in matric suction. 

Slope stability analyses were also performed on example 

Table 11.5 Results of Slope Stability Analyses on Example 
Problem 1 Without the Effect of Matric Suction 

~ 

Center or Rotatione 
(meters) Factor 

Section x-coordinate y-coordinate Radius Safety 
of 

A-A 232.5 190.0 216.0 0.864 
B-B 143.8 120.0 89.5 0.910 
c-c 171.6 118.1 120.8 0.881 

'Critical center of rotation. 
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Figure 11.76 Results of the parametric slope stability study 
using example no. 1 .  

problem no. 1 using the measured matric suctions shown 
in Fig. 1 1.74. The equivalent increase in cohesion for each 
substratum was computed from the matric suction profiles, 
with a maximum measured value of 85 kPa. The results 
are presented in Table 11.6. The overall factors of safety 
are 1.10 and 1.01, based on the matric suction profiles 
measured on November 29, 1980 and October 27, 1981, 
respectively. 

Example no. 2, The site plan for example no. 2 is 
shown in Fig. 11.78. A steep and high cut slope exists 
behind a residential building. A proposed high-rise resi- 
dential building above the slope prompted a detailed in- 
vestigation for the stability of the slope under the new con- 
ditions. The cut slope under consideration is below a major 
access road, and the cross section of concern, A-A, is 
shown in Fig. 11.79. The slope is inclined at 60" to the 
horizontal, and has an avemge height of 30 m. The stratig- 
raphy consists entirely of weathered rhyolite. The water 
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Figure 11.77 Location of the critical centers of rotation for var- 
ious matnc suction profiles on section A-A. 

Table 11.6 Results of Slope Stability Analyses on 
Example Problem 1 with the Effect of Matric Suction 
as Measured In Situ 

A. Suction Profile (November 29, 1980) 
- ~~ 

Center of Rotation 
(meters) Factor 

Section x-coordinate y-coordinate Radius Safety 
of 

A-A 176.3 141.9 143.0 1.072 
B-B 133.1 117.5 81.4 1.143 
c-c 138.8 96.3 83.1 1.132 

B. Suction Profile (October 27, 1981) 

Center of Rotation 
(meters) Factor 

Section x-coordinate y-coordinate Radius Safety 

A-A 201.3 167.5 178.6 0.984 
B-B 165.0 125.0 122.2 1.046 
c-c 156.9 108.8 104.1 1.014 

of 

table lies well below the ground surface. It is estimated that 
the water table will rise less than 5-8 m under the influence 
of a heavy rainfall, with return periods of 10 and loo0 
years, respectively. As a result, the deep water table does 
not directly affect the stability analysis associated with rel- 
atively shallow slip surfaces. 

The shear strength parameters of the soils comprising ex- 
ample no. 2 were measured in the laboratory on undis- 
turbed samples. The properties of the soils are summarized 
in Table 11.7. In situ matric suction measurements were 
obtained using tensiometers installed vertically along an 
exploratory caisson shaft near the cut slope. The matric 
suction profiles measured through the rainy season of 1980 
are plotted in Fig. 11 30. The profiles remain essentially 
constant, with some variations near the surface due to in- 
filtration as well as fluctuations of the groundwater table. 

Slope stability analyses were performed on section A-A 
(Fig. 11.79) using circular slip surfaces passing through 
the toe. The analytical procedure was the same as that fol- 
lowed in example no. 1. The critical factor of safety for 
the cut slope, without taking into consideration the matric 
suction of the soil (Le., c = c ' ) ,  is approximately 1.05. 
This low factor of safety indicates the imminence of an 
unstable condition, although no sign of distress was ob- 

    



11.3 SLOPE STABILITY 339 

Existing building 

Note: Ground surface contours '\L / 7 'T Soil cut slope 
in meters above - Retaining wall 
principal datum (m) .$. Bore hole 

w Rock cut slope 

Figure 11.78 Site plan for example no. 2. 

served. The next analysis was performed by taking the ma- 
tric suction into consideration (i.e., c = c' + (u, - u,) 
tan $9. The matric suction profile of September 2, 1980 
was used in the analysis. In this case, the cross section was 
divided into substrata drawn parallel to the water table in 
order to account for the varying matric suctions with depths. 
The critical factor of safety corresponding to this matric 
suction profile is 1.25. In other words, matric suctions have 
resulted in approximately a 20% increase in the factor of 
safety. 

A parametric study was also conducted on section A-A 
in order to investigate the effect of changes in the matric 
suction profile and the groundwater table on the factor of 
safety. The various matric suction profiles shown in Fig. 
11.69 were used in the study. The groundwater table po- 
sition was varied in accordance with the heavy rainfalls of 

Distance (m) 

Figure 11.79 Section A-A for example no. 2. 

Table 11.7 Strength Properties for Soils of Example Problem 2 

Soil Type 

Unit 
Weight C' 4' db 

(kN/m3) (Wa) (degree) (degree) 

Completely weathered rhyolite 18.4 10.1 42.6 12.0 
Completely to highly weathered rhyolite 21.4 12.0 43.9 12.0 
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Figure 11.80 In situ measurements of matric suction throughout 
1980 for example no. 2 (from Sweeney, 1982). 

10 and IO00 year return periods. The results of the para- 
metric study are summarized in Fig. 11.81. The results 
show that the factor of safety is more sensitive to changes 
in the matric suction profile than to changes in the position 
of the groundwater table. 

The ‘#Extended Shear Strength” Method 
The application of the slope stability formulation using the 
“extended shear strength” equations is illustrated in the 
following example (Ng, 1988). A typical cross section for 
a steep slope in Hong Kong is selected for purposes of il- 

0 20 40 60 80 100 
Matric suction profile (%) 

Figure 11.81 Factor of safety results of a parametric slope sta- 
bility study on example no. 2. 
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Figure 11.82 Cross section of a steep slope in residual soil. 

lustration. The role of the negative pore-water pressures is 
shown by computing the factor of safety of the slope for a 
variety of pore-water pressure conditions. The slope is 
subjected to a flux at ground surface in order to simulate a 
severe rainfall condition. As a result, the pore-water pres- 
sure increases (i.e,, matric suction decreases). The factor 
of safety of the slope is shown to decrease with decreasing 
matric suctions. The influence of various q56 values on the 
factor of safety is also illustrated. 

The analysis pertaining to transient water flow is de- 
scribed in Chapters 15 and 16. In this section, the transient 
water flow equations are used to calculate the negative 
pore-water pressure changes that occur as a result of heavy 
rainfalls. The pore-air pressures are assumed to remain at- 
mospheric (i.e., u, = 0) in both the seepage and slope sta- 
bility analyses. 

General layout of problems and soil properties. The 
example slope has an inclination angle of approximately 
60” to the horizontal. Its height is about 38 m. The cross 
section of the slope along with its stratigraphy is shown in 
Fig. 1 1.82. The slope consists primarily of the residual soil, 
decomposed granite. The upper 5 m is a layer of colluvium 
overlaying a layer of completely decomposed granite. Be- 

Table 11.8 Summary of Saturated Coefecients of 
Permeability for the Soils in the Example 

Selected 
Permeability, 

Soil Type k s  ( 4 s )  

Colluvium 3 x 
Completely decomposed granite 7 x 

Highly decomposed granite 5 x 
Completely to highly decomposed granite 6 x 
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Figure 11.83 Soil-water characteristic curves for the com- 
pletely decomposed granite and the colluvium. 

Figure 11.84 Unsaturated coefficient of permeability functions 
for decomposed granite and colluvium. 

low this is a layer of completely to highly decomposed 
granite. A thick layer of highly decomposed granite lies at 
the bottom of these stmta. The face of the slope is covered 
by a thin layer of low permeability, cement-lime stabi- 
lized, decomposed granite called “chunam.” 

Several soil propelties related to permeability and shear 
strength are required for the analyses. The saturated coef- 
ficients of permeability am presented in Table 11.8. 

The unsaturated coefficient of permeability functions can 
be predicted using the saturated coefficients of permeabil- 
ity, along with the soil-water characteristic curves of the 
soil (Green and Corey, 1971b). The soil-water character- 
istic curves for the colluvium and the completely decom- 
posed granite are shown in Fig. 11 -83. Data from the soil- 
water characteristic curves, along with the saturated coef- 
ficients of permeability are used to establish the relation- 
ship between the unsaturated coefficients of permeability, 
k,, and matric suction (Lam, 1984). The computed values 
can then be fitted to the unsaturated permeability function 
proposed by Gardner (1958a,b). 

The “a” and “n” values in Eq. (11.81) were found to 
be approximately 0.1 and 3.0, for both colluvium and de- 
composed granite, respectively (Ng, 1988). Using these 
values along with the saturated coefficients of permeabil- 
ity, the unsaturated permeability functions can be drawn as 
shown in Fig. 11.84. 

The coefficient of water volume change, mzW, for the col- 
luvium and the decomposed granite was computed to be 
approximately 3 X loq3 kPa-’. The shear strength param- 
eters and the unit weights for the soils involved are sum- 
marized in Table 1 1.9. These properties are required when 
performing the slope stability analysis. The t+b angle for 
each material was assumed to be a percentage of the effec- 
tive angle of internal friction, t+’. The percentage of the 4b 

Table 11.9 Summary of Shear Strength Parameters and Total Unit Weights for the Soils 
in the Example 

Effective Angle 
of Total Unit 

Cohesion, Internal Friction, Weight, y 
Soil Type e‘ (Wa) 4’ (degrees) W/m3)  

~ - ~~ 

Colluvium 10 

Completely to highly decomposed granite 29 
Highly decomposed granite 24 

Completely decomposed granite 10 
35 19.6 
38 19.6 
33 19.6 
41.5 19.6 
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Figure 11.85 Finite element mesh of the steep cut slope and the 
initial boundary conditions. 
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angle varied during the parametric study of the slope (i.e., 
9’ is 0,25 ,  50, 75, and 100% of 9’). 

Initial conditions for the seepage analysis. The 
steady-state and transient seepage analyses are conducted 
using the finite element method (see Chapters 7 and 16). 
The slope cross section is first discretized into elements, as 
shown in Fig. 11.85. The initial conditions are assigned 
around the boundary of the finite element mesh of the slope. 
A zero flux condition is imposed along the bottom bound- 
ary, BC. The left-hand and right-hand boundaries (Le., AB 
and DC, respectively) consist of a constant head boundary 
below the water table and a zero flux boundary above the 
water table. The constant head boundary below the water 
table is equal to the initial elevation of the water table. 

The surface boundary, AFED, is specified as a flux 
boundary. The applied flux is equal to the average annual 
rainfall in Hong Kong, which is about 2080 mm/year or 
6.6 x m/s (Anderson, 1983). However, only 10% 
intake of the applied flux is allowed to enter on the steep 
cut boundary, FED, which is protected by chunam. It is 
assumed that when the applied flux is in excess of the 
amount of water that can be taken in by the soil, water will 
not be allowed to pond at the surface boundaries. It is an- 
ticipated that a seepage face may develop with time from 
the base of the slope along the boundary, EF. 

The pore-water pressure contours and the water table un- 
der steady-state flux conditions are shown in Fig. 11.86. 
The pore-water pressure profiles along the cross section 
X-X are illustrated in Fig. 11.87. The matric suction de- 
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Figure 11.86 Initial groundwater condition and pore-water 
pressurn head contoun. 
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Figure 11.87 Matric suction profiles for section X-X under 
steady-state flux conditions. 
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Figure 11.88 Positions of groundwater table and pore-water 
pressure head contours at an elapsed tjme of 120 min. 

viates from the hydrostatic condition as a result of the ap- 
plied flux, which produces 8 recharge condition. This re- 
charge condition is maintained even in the dry season, as 
indicated by field studies (Leach and Herbert, 1982; Swee- 
ney, 1982). 

The computed pore-water pressures under the steady- 
state flux conditions (Figs. 11.86 and 11 -87) can be used 
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Figure 11.89 Positions of groundwater table and pore-water 
pressure head contours at an elapsed time of 480 min. 
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Figure 11.90 Position of groundwater table and pore-water 
pressure head contours at an elapsed time of 1080 min. 

to analyze the stability of the slope. The GLE method was 
used for all analyses. The analyses were perfonned on cir- 
cular slip surfaces. The results are presented in Fig. 11.92 
for various (# ' / I$~)  ratios. When the negative pore-water 

Rain stops 

- 
3 0 - 1 ~  -5 o 5 10 15 

Pore-water pressure head (m) 

Metric suction, (u. - u d  (kPa) 

- 
100 50 0 

Figure 11.91 Matric suction profiles for section X-X at various 
elapsed times. 
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Figure 11.92 Factors of safety with respect to the cbb/qi’ ratio 
for various seepage conditions. 

pressures are ignored (Le., c$~/+‘ = 0), the factor of safety 
is equal to 0.9. The absence of signs of distress on the 
slope would indicate that the factor of safety is greater than 
1.0. The negative pore-water pressures must be contrib- 
uting to the shear strength of the soil, which in turn in- 
creases the factor of safety. The factor of safety ranges 
from 1.0 to 1.4 as the (@/C$’) ratio varies from 0.25 to 
1 .O, respectively. This range in factor of safety is in agree- 
ment with the range obtained using the “total cohesion” 
method corresponding to various matric suction profiles. 

Seepage and slope stability results under high-inten- 
sity rainfall conditions. The following transient analyses 
illustrate the effect of a high-intensity rainfall for a long 
duration on the stability of the steep slope shown in Fig. 
1 1.82. The rainfall rate is selected as 1.30 X lo-’ m/s 
for a duration of 480 min. The pore-water pressure distri- 
butions corresponding to the simulated steady-state flux 
conditions are used as the initial conditions for the transient 
seepage analyses during this high-intensity rainfall. The 
subsequent pore-water pressure distributions at various 
elapsed times after the commencement of the high-inten- 
sity rainfall are shown in Figs. 11.88-11.90. The upper 
portion of the slope becomes saturated starting at the ground 
surface, AF, which is not protected by chunam (see Fig. 
11.88). The saturation front has penetrated to a depth of 
approximately 12 m and extends to the region below the 
protected surface, FE, when the rainfall stops after 480 min 
(see Fig. 11.89). The final steady-state conditions are 
achieved at 1080 min of elapsed time. At this time, the 
saturation front has moved deeper as the water is redis- 
tributed deeper within the slope. As a result, the ground- 
water table corresponding to the final steady-state condi- 
tion (Fig. 11.90) is higher than its position corresponding 
to the initial conditions (Fig. 11.86). 

Fig. 11.91 illustrates the pore-water pressure profiles for 
section X-X at various elapsed times. The negative pore- 
water pressures at depth increase to zero (i.e., the matric 
suction is dissipated) as the saturation front moves down- 
ward. Under final steady-state conditions, the upper 10 m 
of the slope has gained back only a fraction of its initial 
matric suction, while the lower part of the slope has lost 
its initial matric suctions. 

The slope stability analyses can be performed for various 
elapsed times using the corresponding pore-water pressure 

Elapsed time, t (min) 

Figure 11.93 Factors of safety with Rspect to elapsed time from the beginning of rainfall. 
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distributions. The changing factors of safety during the 
rainfall period are plotted in Figs. 11 -92 and 11.93 for var- 
ious ratios of (&/+'). The factors of safety continue to 
decrease until the rainfall stops after 480 min. The decrease 
in the factor of safety becomes more substantial as the 
@/4') ratio increases. This can be attributed to the fact 
that the critical slip surface is shallow, and the mobilized 
shear force is significantly affected by contributions from 
the negative pore-water pressures. The above scenario il- 
lustrates a possible catastrophic fai1ure"of a steep slope as 

it relates to a loss of matric suction during a heavy, pro- 
longed rainfall. 

The factor of safety on a fixed slip surface increases again 
after 480 min of elapsed time when the rainfall has stopped 
and the water has moved deeper into the slope. However, 
the critical slip surface during and after the rainfall may be 
different. The critical slip surface may go deeper as the 
wetting front moves into the slope. The increase in the fac- 
tor of safety appears to occur at a slower rate than the de- 
crease in the factor of safety during the rainfall period. 

    



CHAPTER 12 

Volume Change Theory 

Several types of constitutive relations for an unsaturated 
soil are mentioned in Table 12.1. The volume change con- 
stitutive relations are simply one of several constitutive re- 
lations used in soil mechanics. The constitutive equations 
for volume change relate the deformation state variables to 
the stress state variables. The shear strength equation pre- 
sented in Chapter 9 is a constitutive equation that relates 
shear stress to the normal stress state variables. A consti- 
tutive relation requires soil properties which must generally 
be evaluated experimentally. The soil properties used in 
the shear strength equation are the effective cohesion, c’,  
the effective angle of internal friction, +’, and the +6 angle. 

A brief literature review on various volume change the- 
ories and experiments for unsaturated soils is presented in 
this chapter. The volume change concepts for an unsatu- 
rated soil are outlined. The deformation state variables are 
selected to maintain a consistency with continuity (i.e., 
conservation of mass) for an unsaturated soil. The stress 
state variables for an unsaturated soil were described in 
Chapter 3. 

Several forms of the volume change constitutive equa- 
tions are presented in this chapter. Experiments that have 
been used to verify the constitutive equations are also de- 
scribed. Soil properties used in the volume change consti- 
tutive equations come under the general term “volumetric 
deformation coefficients. ” The relationships among the 
various volumetric coefficients are presented near the end 
of this chapter. 

12.1 LITERATURE REVIEW 

In 1941, Biot (1941) presented a three-dimensional con- 
solidation theory based on the assumption that the soil was 
isotropic and behaved in a linear elastic manner. The soil 
was assumed to be unsaturated in that the pore-water con- 
tained occluded air bubbles. Two constitutive relationships 
were proposed in order to completely describe the defor- 
mation state of the unsaturated soil. One constitutive rela- 
tionship was formulated for the soil structure, and the other 

constitutive relationship was for the water phase. Two in- 
dependent stress variables were used in the formulations. 
In total, four volumetric deformation coefficients were re- 
quired to link the stress and deformation states. 

Attempts to link the deformation behavior of an unsatu- 
rated soil with a single-valued effective stress equation 
(Bishop, 1959) have resulted in limited success (Jennings 
and Burland, 1962). Oedometer and all-around compres- 
sion tests have been performed on unsaturated and satu- 
rated soils ranging from silty sands to silty clays. The re- 
sults have indicated that there was not a unique relationship 
between volume change and effective stress for most soils, 
particularly below a critical degree of saturation. The crit- 
ical degree of saturation appeared to be approximately 20% 
for silts and sands, and as high as 8540% for clays. 

Coleman (1962) separated the components of Bishop’s 
effective stress equation, and proposed one set of consti- 
tutive relationships for the soil structure and another for the 
water phase. The volumetric deformations of an unsatu- 
rated soil specimen under triaxial test loading were consid- 
ered. The proposed volume change constitutive relation as- 
sociated with the soil structure was as follows: 

dV 
V - - =  -c2, (du, - du,) + c2, (do, - du,) 

+ c23 (du, - (12.1) 

where 

dV = overall volume change of a soil ele- 

I/ = current overall volume of the soil ele- 

u, = pore-air pressure 
u, = pore-waterpressure 
ul = total axial normal stress (i.e., major 

principal stress) 
u3 = total confining pressure (i.e., minor 

principal stress) 

ment 

ment 
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Table 12.1 Several Types of Constitutive Relations for Unsaturated Soil 

Constitutive Relations Description Reference 

Chapter 12 Stress versus volume-mass 1) Relates the stress state variables to strains, deformations, 
and volume-mass properties such as void ratio, water 
content, and degree of saturation 

2) Density equations for air-water mixtures 
3) Compressibility equations for air-water mixtures 

Chapter 8 
Chapter 8 

~ ~ ~ ~~ 

Stress versus stress 1) Pore pressure parameters relating pore pressures to normal 

2) Strength equations relating shear stress to stress state 

Chapter 8 

Chapter 9 
stress under undrained loading conditions 

variables 

Stress gradient versus flow 1) Flow laws for the pore-air and pore-water Chapter 5 
rate 

a,,, = mean total normal stress [i.e., 1/3 (al 

C2,, C22, C23 = soil parameters associated with the soil 

The compressibility parameters, C2,, C22, c 2 3 ,  depend 
solely upon the current values of (u, - u,), (a,,, - u,), and 
(al - a3) and the stress history of the soil. The constitutive 
relation for the volume change associated with the water 
phase was written as 

+ 
structure volume change. 

-c,l (du, - du,) + c,2 (dam - du,) 

+ c13 (dol - (12.2) 

dV, -- = 
V 

where 

dV, = change in the volume of water in the 
soil element 

CI1, C12, CI3 = soil parameters associated with the 
change in the volume of water in the 
soil element. 

The formulation by Coleman (1962) assumes that a 
change in the deviatoric stress also produces volume 
changes. 

Some of the difficulties in using a single-valued effective 
stress variable to describe the deformation behavior of an 
unsaturated soil were explained by Bishop and Blight 
(1963). It was concluded that the stress versus deformation 
paths of both stress components [Le., (a - u,) and (u, - 
u,)] must be taken into consideration in an independent 
manner. Bishop and Blight (1963) proposed that volume 
change data be plotted against the (a - u,) and (u, - u,) 
stress variables in a three-dimensional form. In 1965, Bur- 
land (1965) restated that volume changes in unsaturated 

soils should be independently related to the (a - u,) and 
(u, - u,) stress state variables. 

Aitchison (1967) again pointed out the importance of 
mapping volume changes with respect to the independent 
stress variables. Later in 1969, Aitchison presented typical 
volume change curves obtained by independently follow- 
ing paths of (a - u,) and (u, - u,) versus deformation. 

Matyas and Radhakrishna (1968) introduced the concept 
of state parameters for an unsaturated soil. The state pa- 
rameters consisted of stress variables (e.g., a,,, = (al + 
2u3)/3 - u,, (u, - a3), and (u, - u,) for triaxial compres- 
sion), along with the initial void ratio and degree of satu- 
ration (i.e,, eo and So). Tests were performed on “identi- 
cal” soil specimens compacted at the same water content 
and dry density. For isotropic compression, the stress pa- 
rameters reduced to (a3 - u,) and (u, - u,). The void 
ratio and degree of saturation were used to represent the 
deformation state of the soil. 

Three-dimensional state surfaces were formed with void 
ratio and degree of saturation plotted against the indepen- 
dent state parameters, (u - u,) and (u, - u,,,). These state 
surfaces are, in essence, constitutive surfaces. Matyas and 
Radhakrishna (1968) experimentally tested the uniqueness 
of the constitutive surfaces. Isotropic and KO compression 
tests were performed on mixtures of 80% flint powder and 
2 0 1  kaolin. The total, pore-air, and pore-water pressures 
were controlled during the tests. The constitutive surfaces 
of void ratio and degree of saturation versus (a - u,) and 
(u, - u,) stress variables were defined using different stress 
paths to test their uniqueness. 

The void ratio results (Matyas and Radhakrishna, 1968) 
produced a single warped surface, with the soil structure 
always decreasing in volume as the (u, - u,) stress was 
decreased or as the (a - u,) stress was increased [Fig. 
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12.1(a)]. The results indicated that the soil had a metasta- 
ble soil structure which collapsed as a result of a gradual 
reduction in matric suction, (u, - u,). A soil with a stable 
structure would have swelled when the matric suction was 
decreased. In spite of the collapse phenomenon, the results 
show a unique constitutive surface for the soil structure 
[Fig. 12.l(a)] provided the deformation paths resulted in 
an increasing degree of saturation. When other paths were 
followed which involved wetting and drying, the void ratio 
versus stress constitutive surface was not found to be com- 
pletely unique. This restriction on the path appeared to be 
related to hysteresis associated with wetting and drying. 
These paths introduce certain nonunique characteristics in 
the soil structure constitutive surface (Matyas and Radha- 
krishna, 1968). 

The constitutive surface for the water phase, represented 

nstant suction test path 

Initial condition 

(b) 

Figure 12.1 Void ratio and degree of saturation constitutive sur- 
faces for a mixture of flint and kaolin under isotropic loading 
conditions. (a) Void ratio constitutive surface, (b) degree of sat- 
uration constitutive surface (from Matyas and Radhakrishna, 
1968). 

by the degree of saturation, was not found to be unique 
[Fig. 12.1(b)]. However, once again there was wetting and 
drying prior to moving towards saturation. 

In 1969, Barden e? al. studied the volume change char- 
acteristics of unsaturated soils under KO-loading condi- 
tions. The tests were performed on low to high plasticity 
illite clay specimens (i.e., Westwater and Derwent clays). 
The total, pore-air, and pore-water pressures were con- 
trolled while investigating the effect of various stress paths 
during KO-loading. In all cases, the net normal stress (a - 
u,) was increased subsequent to the initial conditions. In 
most cases, the matric suction, (u, - u,,,), was increased 
subsequent to the initial state; however, in a few cases, the 
suction was decreased. The results indicated that the over- 
all volume change of the specimen was stress path depen- 
dent, being a function of whether the soil was going to- 
wards saturation or away from saturation. Hysteresis 
between the saturation and desaturation processes was con- 
sidered as the major cause of stress path dependence. It was 
concluded that the volume change behavior of an unsatu- 
rated soil was best analyzed in terms of separate compo- 
nents of stress, (a - u,) and (u, - u,). 

Subsequently, several other researchers have suggested 
the use of net normal stress and matric suction as stress 
variables for describing volume change behavior (Aitchi- 
son and Woodbum, 1969; Brackley, 1971; and Aitchison 
and Martin, 1973). The role of (a - u,) and (u, - u,) as 
stress state variables for an unsaturated soil was later dem- 
onstrated by Fredlund (1974) and Fredlund and Morgen- 
stem (1977). A stress analysis based on multiphase contin- 
uum mechanics showed that any two of three independent 
stress variables [Le., (a - u,), (u, - u,), and (a - u,)] 
could be used to describe the stress state. Therefore, it be- 
came understandable why (a - u,) and (u, - u,) had been 
successfully used to describe the volume change character- 
istics of an unsaturated soil. 

In 1977, Fredlund and Morgenstem proposed semi-em- 
pirical constitutive relations for an unsaturated soil using 
any two of the three independent stress state variables. The 
proposed equations are similar in form to those proposed 
by Biot (1941) and Coleman (1962). The deformation state 
variables required to describe volume changes satisfied 
continuity requirements for a multiphase continuum (Fred- 
lund, 1973, 1974). The stress and deformation state vari- 
ables were combined using suitable constitutive relations 
for the soil structure, air phase, and water phase. However, 
only two of the three constitutive relations are required for 
the complete description of volume changes. Generally, the 
constitutive relations for the soil structure and the water 
phase are used in volume change analyses. In engineering 
practice, volume changes associated with the soil structure 
and the water phase are often written in terms of void ratio 
change and water content change. Volume changes asso- 
ciated with the air phase are computed as the difference 
between the soil structure and water volume changes. 
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man, 1962; Matyas and Radhakrishna, 1968). Void ratio 
changes or porosity changes can also be used as deforma- 
tion state variables representing the soil structure defor- 
mation. On the other hand, changes in water content can 
be considered as the deformation state variable for the water 
phase. 

Refemng to continuum mechanics kinematics, there are 
several ways to describe the relative movement or defor- 
mation in a phase. Only two of these descriptions are rel- 
evant to unsaturated soils. For a referential description, the 
position of each particle is described as a function of its 
initial position and time. In other words, the original po- 
sition and time rn the independent variables. A fixed ele- 
ment of mass is chosen, and its motion is traced. When the 
reference configuration is the initial configuration, the de- 
scription is generally called the Lagrangian description. The 
time variable disappears when equilibrium conditions are 
achieved. The referential description is commonly used in 
problems involving the elasticity of solids where the initial 
geometry, boundary, and loading conditions are specified. 

For a spatial description, the position of each particle is 
described as a function of its current position and time. A 
fixed region in space is chosen instead of an element of 
mass. The spatial description is generally used in fluid me- 
chanics, and is commonly referred to as the Eulerian de- 
scription. The time variable vanishes under steady-state 
flow conditions. The Lagrangian and the Eulerian descrip- 
tions give the same results for cases with infinitesimal de- 
formations. 

The proposed constitutive relations were presented 
graphically to form constitutive surfaces by plotting the de- 
formation state variable with respect to two independent 
stress state variables. The proposed constitutive surfaces 
were experimentally tested for uniqueness near a point 
(Fredlund and Morgenstern, 1976). Four series of experi- 
ments were performed involving undisturbed Regina clay 
and compacted kaolin. The specimens were tested under 
KO- and isotropic loading conditions, using a modified An- 
teus oedometer and a triaxial apparatus, respectively. The 
total, pore-air, and pore-water pressures were controlled 
independently during the tests. The results indicated 
uniqueness as long as the deformation conditions were 
monotonic. Uniqueness of the constitutive surfaces under 
larger smss increments was previously demonstrated ex- 
perimentally by Matyas and Radhakrishna (1968) and Bar- 
den er al. (1969). 

The proposed constitutive relations can be expressed in 
an elasticity form, a compressibility form, or a soil me- 
chanics form (Fredlund, 1979, 1982, 1985a). Each form 
of the constitutive equations has a role to play in geotech- 
nical practice. 

Alonso and Lloret (1982) conducted an analytical study 
on the behavior of an unsaturated soil under undrained 
loading conditions. Two equations for predicting the 
changes associated with the overall volume and degree of 
saturation of the soil were proposed. In 1985, Lloret and 
Alonso (1985) presented a number of linear and nonlinear 
functions for describing the constitutive surfaces of an un- 
saturated soil under KO- and isotropic loading conditions. 
The constitutive surfaces for the soil structure and the water 
phase were expressed in terms of void ratio and degree of 
saturation. Data from published test results were used to 
determine the best-fit functions through the use of optimi- 
zation techniques. 

12.2 CONCEPTS OF VOLUME CHANGE AND 
DEFORMATION 

Volume changes in an unsaturated soil can be expressed in 
terms of deformations or relative movement of the phases 
of the soil. It is necessary to establish deformation state 
variables that are consistent with multiphase continuum 
mechanics principles. A change in the relative position of 
points or particles in a body forms the basis for establishing 
deformation state variables. These variables should pro- 
duce the displacements of the body under consideration 
when integrated over the body. This concept applies to a 
single or multiphase system, and is independent of the 
physical pmperties. 

Two sets of deformation state variables are required to 
adequately describe the volume changes associated with an 
unsaturated soil, The deformation state variables associ- 
ated with the soil structure and the water phase are com- 
monly used in a volume change analysis (Biot, 1941; Cole- 

12.2.1 Continuity Requirements 
A saturated soil is visualized as a fluid-solid multiphase. 
The soil particles form a structure with voids filled with 
water. Under an applied stress gradient, the soil structure 
deforms and the volume changes. The soil structure vol- 
ume change represents the overall volume change of the 
soil. It must be equal to the sum of volume changes asso- 
ciated with the solid phase (i.e., soil particles) and the fluid 
phase (Le., water). This equality concept is referred to as 
the “continuity requirement.” The continuity requirement 
is a volumetric restriction that prevents “gaps” between 
the phases of a deformed multiphase system in order to 
ensure the conservation of mass. Volume changes in a sat- 
urated soil are primarily the result of water flowing in or 
out of the soil since the particles are essentially incom- 
pressible. 

An unsaturated soil can be visualized as a mixture with 
two phases that come to equilibrium under applied stress 
gradients (Le., soil particles and contractile skin) and two 
phases that flow under applied stress gradients (Le., air and 
water). Consider an element of soil that deforms under an 
applied stress gradient. The total volume change of the soil 
element must be equal to the sum of volume changes as- 
sociated with each phase. If the soil particles are assumed 
to be incompressible, the continuity requirement for the 
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unsaturated soil can be stated as follows: mensional representation of a referential element of unsat- 
urated soil, as shown in Fig. 12.2. The element is refer- 
ential with respect to a fixed mass of soil particles. The 
element has infinitesimal dimensions of h, dy, and dz in 
the x-, y-, and z-directions, respectively. Only the x- and 
y-directions are shown in Fig. 12.2. 

The soil element is assumed to undergo translations of 
u, v ,  and w from their original x-, y-, and z-coordinate 
positions, respectively. The final position of the element 
becomes (x + u,  y + v,  and z + w ) .  The element is as- 
sumed to deform in response to an applied stress gradient. 
The deformation consists of a change in length and a ro- 
tation of the element sides with respect to each other, as 
illustrated in Fig. 12.2. The changes in length in the x-, 
y-, and z-directions can be written as (au/ax)dx, 
(av/ay)dy, and (aw/az)dz. Defining normal strain, e, as 
a change in length per unit length, the normal strains of the 
soil structure in the x-, y-, and z-directions can be ex- 
pressed as 

where 

vo = 

vu = 
v, = 
v, = 
v, = 

(12.3) 
AV, AV, I AV, AV, +-  - = -  
vo vo vo vo 

initial overall volume of an unsaturated soil ele- 
ment 
volume of soil voids 
volume of water 
volume of air 
volume of contractile skin. 

Assuming that the contractile skin volume change is in- 
ternal to the element, the continuity requirement reduces 
to 

AV, AV, AV, + -. - = -  
vo vo vo 

(12.4) 

The above continuity requirement shows that the volume 
changes associated with any two of the three variables must 
be measured, while the third volume change can be com- 
puted. In practice, the overall and water volume changes 
are usually measured, while the air volume change is cal- 
culated. Suitable deformation state variables can now be 
defined to be consistent with the continuity requirement. 

12.2.2 Overall Volume Change 
The overall or total volume change of a soil refers to the 
volume change of the soil structure. Consider a two-di- 

Undeformed 
element 

I' 
Deformed 
element 

a u  
ax e, = - 

av 
E y  = - aY 

aw 
az E ,  = - 

(12.5) 

(12.6) 

(12.7) 

Figure 12.2 Translation and deformation of a two-dimensional element of unsaturated soil. 

    



12.3 CONSTITUTIVE RELATIONS 351 

12.2.3 Water and Air Volume Changes 
The unsaturated soil element shown in Fig. 12.2 can be 
used to describe net changes in the fluid volumes (Le., air 
and water phases). For this purpose, the element is consid- 
ered as a spatial element for the water and air phases. The 
change in the volume of fluid is defined as the difference 
between the fluid volumes in the deformed and the unde- 
formed elements (Fig. 12.2). The fluid change per unit ini- 
tial volume of the soil element can be used as the defor- 
mation state variables for the fluid phases. The deformation 
variable can be written as (AVw/Vo) for the water phase 
and (AV,/Vo) for the air phase. 

where 

E, = normal strain in the x-direction 
cy = normal strain in the ydirection 
E, = normal strain in the z-direction. 

The above normal strains are positive for an increase in 
length, and negative for a decrease in length. The distor- 
tion of the element is expressed in terms of shear strain, 
which corresponds to two orthogonal directions. Shear 
strain, y, is defined as the change in the original right angle 
between two axes (Chou and Pagano, 1967). The angle is 
measured in radians. A positive shear strain indicates that 
the right angle between the positive directions of the two 
axes decreases. The shear strain components of a three- 
dimensional element are formulated as 

au av 
yxy = - + - 

ay ax 

aw a U  T u = - + -  
ax az 

(12.8) 

(12.9) 

(12.10) 

where 
yXy = shear strain on the z-plane (Le., yxy = yyx)  
yvr = shear strain on the x-plane (Le., yy, = yzy)  
yu = shear strain on the y-plane (Le., yzr = yXt) .  

The normal and shear strains of the soil structure can be 
written as a deformation tensor: 

1 ex f r x y  h z  

(12.11) 

The sum of the normal strain components is called vol- 

(12.12) 

umetric strain: 

E, = e, + E y  + E z  

where 

E, = volumetric strain. 

The volumetric strain is equal to the difference between 
the volumes of the voids in the element before and after 
deformation, AV,, referenced to the initial volume of the 
element, Vo: 

(12.13) 

The volumetric strain, E,, can be used as a deformation 
state variable for the soil structure. It defines the soil struc- 
ture volume change resulting from deformation. 

12.3 CONSTITUTIVE RELATIONS 

Constitutive relations for an unsaturated soil can be for- 
mulated by linking selected deformation state variables to 
appropriate stress state variables. The stress state variables 
were previously established (Chapter 3). The deformation 
state variables must satisfy the continuity requirement. The 
linking of deformation and stress state variables results in 
the incorporation of volumetric deformation coefficients. 
Several forms of constitutive relations are discussed in the 
following sections. The established constitutive relations 
can be used to predict volume changes due to changes in 
the stress state. 

12.3.1 Elasticity Form 
There are two approaches that can be used in establishing 
the stress versus deformation relationships. These are the 
“mathematical” approach and the “semi-empirical” ap- 
proach. In the mathematical approach, each component of 
the deformation state variable tensor is expressed as a lin- 
ear combination of the stress state variables or vice versa. 
In other words, the relationship between the stress and de- 
formation state variables is expressed by a series of linear 
equations. The problem with this approach is that it in- 
volves the assessment of a large number of soil properties. 

The semi-empirical approach involves several assump- 
tions which are based on experimental evidence from ob- 
serving the behavior of many materials (Chou and Pagano, 
1967). These assumptions are that: 1) normal stress does 
not produce shear strain; 2) shear stress does not cause nor- 
mal strain; and 3) a shear stress component, 7, causes only 
one shear strain component, y. In addition, the principle 
of superposition is assumed to be applicable to cases in- 
volving small deformations. 

The semi-empirical approach is more commonly used in 
conventional soil mechanics, and is used herein to formu- 
late the constitutive relations for unsaturated soils. The 
constitutive equations must be tested experimentally to en- 
sure uniqueness. For an elastic solid with a positive definite 
strain energy function, the uniqueness theorem states that 
there exists a one-to-one correspondence between elastic 
deformations and stresses (Fung, 1965). 
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In saturated soil mechanics, the constitutive relations for 
the soil structure can be formulated in accordance with the 
generalized Hooke’s law using the effective stress variable, 
(a - uw) .  For an isotropic and linearly elastic soil struc- 
ture, the constitutive relations in the x-, y-, and z-directions 
have the following form: 

(0. - u w )  P 
E E - - (ay + U, - 224,) (12.14) E ,  = 

( a y  - u,) P - - (ax + a, - 22.4,) E E Ey = (12.15) 

(a, - u w )  P - - (a. + uy - 2uw) (12.16) E E E ,  = 

where 

ax = total normal stress in the x-direction 
ay = total normal stress in the y-direction 
a, = total normal stress in the z-direction 
E = modulus of elasticity or Young’s modulus for the 

p = Poisson’s ratio. 
soil structure 

The sum of the normal strains, E,, c y ,  and E , ,  constitutes 
the volumetric strain, E ,  [Ebq. (12.12)]. For a saturated soil, 
the overall volume change of the soil is equal to the water 
volume change since soil particles are essentially incom- 
pressible. 

The constitutive relations for an unsuturared soil can be 
formulated as an extension of the equations used for a sat- 
urated soil, using the appropriate stress state variables 
(Fredlund and Morgenstern, 1976; Fredlund, 1979). Let us 
assume that the soil behaves as an isotropic, linear elastic 
material. The following constitutive relations are expressed 
in terms of the stress state variables, (a - u,) and (u, - 
uw) .  The formulation is similar in form to that proposed by 
Biot in 1941. The soil structure constitutive relations as- 
sociated with the normal strains in the x-, y-, and z-direc- 
tions are as follows: 

(0, - ua) P - E (ay + a, - 2u,) E E ,  = 

(o; - ua) p 
E - - E (a. + a, - 2 4 )  E y  = 

(a, - 47) CC - - (ax + ay - 2u,) E E E ,  = 

(12.17) 

(12.18) 

where 

H = modulus of elasticity for the soil structure with re- 
spect to a change in matric suction, (u, - uw) .  

The constitutive equations associated with the shear defor- 
mations are 

7.Y 
rxy = - G 

7YZ 
YYZ = 5 

( 1 2.20) 

(12.21) 

(12.22) 

where 

7xy = shear stress on the x-plane in the y-direction (Le., 

rYz = shear stress on the y-plane in the zdirection (Le., 

7= = shear stress on the z-plane in the x-direction (Le., 

G = shear modulus. 

7xy = 7yx) 

Tyz = T z y )  

7u = 7.z) 

The modulus of elasticity, E, in the above equations is 
defined with respect to a change in the net normal stress, 
(a - u,). The above constitutive equations can also be ap- 
plied to situations where the stress versus strain curves are 
nonlinear. Figure 12.3 shows a typical stress versus strain 
curve. An incremental procedure using small increments of 
stress and strain can be used to apply the linear elastic for- 
mulation to a nonlinear stress versus strain curve. The non- 
linear stress versus strain curve is assumed to be linear 
within each stress and strain increment. The elastic moduli, 

(12.19) 

I - 
Stress, u 

Figure 12.3 Nonlinear stress versus strain curve. 
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E and H, have negative signs, as indicated in Fig. 12.3, 
and may vary in magnitude from one increment to another. 
The soil structure constitutive relations associated with the 
normal strains can be written in an incremental form: 

- d(ay + a, - 2u,) 40,  - ua) 
E E de, = 

d(ay - ua) - E d(a, + a, - 2u,) E E dey = 

(12.23) 

(12.24) 

(12.25) 

Equations (12.23), (12.24), and (12.25) represent the 
general elasticity constitutive relations for the soil struc- 
ture. The left-hand side of the equations refers to a change 
in the deformation state variable, while its right-hand side 
contains changes in the stress state variables. A change in 
the volumetric strain of the soil for each increment, de,,, 
can be obtained by summing the changes in normal strains 
in the x- ,  y-, and z-directions: 

de, = de, + dey + de7 (12.26) 
where 

de,, = volumetric strain change for each increment. 

Substituting Eqs. (12.23), (12.24), and (12.25) into Eq. 
(12.26) gives 

a, + uy + a7 
de,, = 3 (7) d ( 3 - ua) 

3 
H + - d (u, - u,). (12.27) 

Equation (12.27) can be simplified to the following form: 

3 de,, = 3 ( 7 )  d(u,,, - u,) + 77 d(u, - u,) 

(12.28) 

where 

a,,, = average total normal stress (i.e., (a, + ay + 

The volumetric strain change, de,, is equal to the volume 
change of the soil element divided by the initial volume of 

(77)  /3) * 

the element: 

(12.29) 

The initial volume, Vo, refers to the volume of the soil 
element at the start of the volume change pmcess. There- 
fore, Vo remains constant for all increments. At the end of 
each increment, the volumetric strain change, de,, can be 
computed from Eq. (12.28), and the volume change of the 
soil element, dV,,, is obtained from Eq. (12.29). The sum- 
mation of the volumetric strain changes for each increment 
gives the final volumetric strain of the soil: 

e, = de,. (12.30) 

Water Phase Constitutive Relation 
The soil structure constitutive relationship is not sufficient 
to completely describe the volume changes in an unsatu- 
rated soil. Either an air or water phase constitutive relation 
must be formulated. It is suggested that the water phase is 
most suitable for formulating the second constitutive rela- 
tionship. The water phase constitutive relation describes 
the change in the volume of water present in the referential 
soil structure element under various stress conditions. The 
water itself is assumed to be incompressible, and the equa- 
tion accounts for the net inflow or outflow from the ele- 
ment. The water phase constitutive relation can be formu- 
lated in a semi-empirical manner on the basis of a linear 
combination of the stress state variables. In an incremental 
form, the constitutive equation can be written 

where 

E, = water volumetric modulus associated with a 

H, = water volumetric modulus associated with a 

The summation of water volume changes at each incre- 

change in (a - u,) 

change in (u, - u,). 

ment gives the final change in the volume of water: 

(12.32) 

Change in the Volume of Air 
The change in the volume of air in an element can be com- 
puted as the difference between the soil structure and water 
volume changes. The continuity requirement [Le., Eq. 
(12.4)] can also be written in an incremental form using 
the volumetric strain change, de,,: 

dV, dV, de,, = - + -. vo vo (12.33) 
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The constitutive relationships for an unsaturated soil can 
be presented graphically in the form of constitutive sur- 
faces (Fig. 12.4). The deformation state variable is plotted 
with respect to the (a,,,,,, - u,) and (u, - uw) stress state 
variables. The coefficients used in the constitutive equa- 
tions are the slopes of the constitutive surface at a point. 
The slopes are with respect to both axes. For example, the 
slopes of the soil structure constitutive surface at a point 
are equal to (3 (1 - 2p)/E) and (3/H) with respect to the 
(a,,,,,, - u,) and (u, - u,) axes, respectively [Eq. (12.28) 
and Fig. 12.4(a)]. The coefficients on the constitutive sur- 
face are r e f e d  to as “volumetric deformation coeffi- 
cients.” These coefficients vary from one stress state to 
another for a curved constitutive surface. Similarly, the 
slopes on the water phase constitutive surface at a point are 

from the general formulations, and they are presented in 
an incremental form in the following sections. 

Isotropic Loading 
For isotropic loading, the total stress increments in the three 
directions are equal (i.e., dux = day = da, = da3). No 
shear stress is developed in the soil. Substituting the above 
condition into Eq. (12.28) gives the soil structure consti- 
tutive equation for isotropic loading: 

3 
deu = 3 (9) d (a3 - u,) + d(u, - u,) 

(12.34) 

where 
(3/E,) and (l/H,) with respect to the (ammean - u,) and 
(u, - u,) axes, respectively [Eq. (12.31) and Fig. 
12.40>)]. 

geneml, three-dimensional loading in the x-, y-, and z-di- 
rections. The formulations can also be applied to special 
loading conditions, as depicted in Fig. 12.5. The consti- 
tutive equations for each loading condition can be derived 

u3 = total isotropic stress. 

The inverse of the coefficients in the first term [Le., E/(3 
The above constitutive relations can be formulated for a ( l  - 2p))l is the modulus” 

The constitutive equation for the water phase can be de- 
and ‘Whitman, 1979). 

rived from w* (12*31): 

dV, 3 - = -d(a3 - u,) + d(ua - u w ) .  (12.35) vo E,  HW 
The soil will undergo equal deformation in all directions 

(or isotropic compression) when subjected to an equal all- 
around pressure, provided the soil properties are isotropic 
(Fig. 12.5). 

Uniarial Loading 
For uniaxial loading, a total stress increment is applied to 
the soil in one direction (e.g., the vertical direction), as 
illustrated in Fig. 12.5. It is assumed that no shear stress 
is developed on the x- ,  y-, and z-planes. The stress increase 
is applied in the y-direction, day, while the total stress 
change in the other directions is zero (i.e., dux = du, = 
0). The soil compresses in the y-direction, and expands in 
the x- and z-directions. Applying these stress conditions to 
Eq. (12.28) gives the soil structure constitutive equation 
for uniaxial loading: 

(a) 

t2 
I -  

Matric suction 

deu = 3 (9) d (3 uY - u,) + 3 d(u, - u,). 

(12.36) 
The water phase constitutive equation for uniaxial load- 

ing is obtained from Eq. (12.31): 

(b) Triaxiul Loading 
Figure 12.4 Three-dimensional constitutive surfaces for an un- 
saturated soil. (a) Soil structure constitutive surface; (b) water 
phase constitutive surface. 

The triaxial loading conditions shown in Fig. 12.5 can be 
considered as a superposition of isotropic and uniaxial 
loading. Isotropic loading applies to an all-around pressure 

    



12.3 CONSTITUTIVE RELATIONS 355 

d p  
Plane strain 

Three-dimensional 
loading 

Isotropic 
loading 

Uniaxial 
loading 

1 do, 
doa = do, = 0 

Triaxial IoadinQ 

KO - loading 

Figure 12.5 Various loading conditions and their associated deformations. 
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change of du,, whereas the uniaxial pressure change ap- 
plies to a deviator stress, d(u, - u3), in the vertical or 
y-direction. The x- ,  y-, and z-planes are assumed to be 
principal planes. The above stress conditions [Le., dux = 
do, = du3 and da, = du3 + d(u, - u3)] can be substituted 
into Eq. (12.28) go give the soil structure constitutive 
equation for triaxial loading: 

a3 + (u3 + (TI - 0 3 )  + a3 
dev = 3 ( 7 )  d [ 3 - ua) 

3 
H + -d(u, - 24,). (12.38) 

Rearranging Eq. (12.38) gives 

3 
H + - d(u, - u,). (12.39) 

The water phase constitutive relation can be written by 
substituting the triaxial stress conditions into Eq. (12.31): 

(12.40) 

The du, and d(u, - u,) terms in Eqs. (12.39) and (12.40) 
refer to the pore-air pressure and matric suction incre- 
ments, respectively, during triaxial loading. For triaxial 
testing in the laboratory, isotropic loading is generally first 
applied, followed by uniaxial compression. Therefore, it 
may be useful to separate the pore-air pressure and matric 
suction increments during the two loading conditions. This 
can be done by superimposing Eq. (12.34) (i.e., isotropic 
loading) and Eq. (12.36) (i.e., uniaxial loading) to form 
the soil structure constitutive relation for triaxial loading: 

+ d [ i  (al - u3) - u,, + - (d(u, - u,)~ 11 i 
where 

duai = 

du,, = 

du, = 

du, = 

pore-air pressure increment during isotropic 
loading 
pore-air pressure increment during uniaxial 
loading 
pore-water pressure increment during isotropic 
loading 
pore-water pressure increment during uniaxial 
loading. 

Equation (12.41) can be used to compute the volumetric 
strain increment during triaxial loading. During isotropic 
compression, only the first and third terms are used since 
the other terms drop out. On the other hand, the second 
and fourth terms are used to compute the volumetric strain 
increment during uniaxial compression, while the other 
terms become zero. In the end, the volumetric strain incre- 
ments during isotropic and uniaxial compression can be 
summed to give the total volumetric strain associated with 
triaxial loading. It should be noted that Eq. (12.41) reverts 
to Eq. (12.39) by substituting (du, = duai + du,,) and (du, 
= duWi + du,) into Eq. (12.41). 

Similarly, the water phase constitutive relation can be 
obtained by superimposing Eq. (12.35) (i.e,, isotropic 
loading) and Eq. (12.37) (i,e., uniaxial loading): 

11 3 
vo E,  
dV, = - [d(u3 - uai) + d 

The first and third terms in Eq. (12.42) are used for 
isotropic loading, whereas the second and fourth terms are 
for uniaxial compression. The sum of the water volume 
changes during isotropic and uniaxial compression gives 
the total change in volume of water during triaxial loading. 
Substituting (du, = duai + du,,) and (du, = duwi + du,) 
into Eq. (12.42) gives Eq. (12.40). 

Ke-L.oading 
For KO-loading, a total stress increment of day is applied in 
the vertical direction, while the soil is not permitted to de- 
form laterally (Le., dex = dez = 0). This loading condition 
occurs during one-dimensional consolidation where defor- 
mation is allowed only in the vertical direction (Le., de,,). 
The application of a total stress increment, du,,, is in the 
vertical direction. The strain conditions during the KO-load- 
ing can be applied to Eqs. (12.23) and (12.25). Multiply- 
ing Eq. (12.23) by Poisson’s ratio, p,  and adding the result 
to Eq. (12.25) gives 

- (%) d(u, - u,). 

(12.43) 
Equation (12.43) can be arranged as follows: 

d(u, - u,). (12.44) E - 
(1 - Ir)H 

Similarly, Eq. (12.25) can be multiplied by Poisson’s 
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ratio, p, and added to Eq. (12.23) to give 

d(U, - uW).  (12.45) E - 
(1 - CL)H 

Substituting Eqs. (12.44) and (12.45) into Eq. (12.24) 
gives 

- u ~ ) .  (12.46) (1 - Ir + 210 d(u, + 
H(1 - A 

Volumetric strain, de,, is equal to the strain in the ver- 
tical direction, de,, for KO loading conditions. Eq. (12.46) 
for the soil structure can therefore be rewritten as follows: 

+ (’ ’) d(u, - u,,,). (1 2.47) 
H(1 - PI 

The inverse of the coefficients in the first term (Le., 
E(l - p)/((l + p)(l - 2p))) is referred to as the “con- 
strained modulus” (Lambe and Whitman, 1979). 

The water phase constitutive relation is obtained in a 
similar manner [Le., substituting Eqs. (12.44) and (12.45) 
into Eq. (12.31)]: 

+ [k - 2(E/H) ] d(u, - uw) .  (12.48) 
Ew(1 - cc) 

Phnc Stmin Loading 
Many geotechnical problems can be simplified into a two- 
dimensional form using the concept of plane strain or plane 
stress loading (Fig. 12.5). If an earth structure is signifi- 
cantly long in one direction (e.g., the z-direction) in com- 
parison to the other two directions (e.g., the x- and y-di- 
rections) and the loadings are applied only on the x- and y- 
planes, the structure can be modeled as a plane strain prob- 
lem. The slope stability, retaining wall, and strip footing 
are pmblems commonly analyzed by assuming plane strain 
loading conditions. For plane strain conditions, the soil de- 
formation in the zdirection is assumed to be negligible 
(i.e., dez = 0). Imposing a condition of zero strain in the 
z-direction in Eq. (12.25) gives 

d(0, - u,) = 1 d(u, + U, - 2 ~ , )  

- (E/H) d(u, - u ~ ) .  (12.49) 
Volumetric strain during plane strain loading is obtained 

by substituting Eq. (12.49) into Eq. (12.27): 

+ 2(?) d(u, - u,) (12.50) 

where 

uave = average total normal stress for two-dimensional 

Equation (12.50) can be used as the soil structure con- 
stitutive relation for plane strain loading. 

The water phase constitutive equation is obtained from 
Eq. (12.31) by replacing the d(u, - u,) term with Eq. 
(1 2.49): 

loading (Le., (a, + uy)/2). 

dV, VO = 2( y) d(u,, - u,) 

+ I- 1 - “ ] d ( u ,  - uw). (12.51) 
Hw Ew 

Plane Stress Loading 
For plane stress conditions, the change in the total stress 
in the z-direction is assumed to be negligible (Le., du, = 
0; Fig. 12.5). The soil structure constitutive relation for 
the plane stress loading is computed by setting duz equal to 
zem in Eq. (12.28): 

de,, = 2 ( 9 )  d(uave - 5 3 u,) 

3 
H + -d(u;- u~). (12.52) 

The constitutive equation for the water phase under plane 
stress loading is obtained from Eq. (12.31) by setting du, 
equal to zero: 

. (12.53) dV, 2 3 d(U, - u,) - = - d( a,,, - 5 u,) + vo Ew HW 

12.3.2 Compressibdity Form 
In the preceding sections, the constitutive relations for an 
unsaturated soil were formulated using a linear elasticity 
form. These constitutive equations can be rewritten in a 
compressibility form more common to soil mechanics. The 
compressibility form of the constitutive equation for the 
soil structure of a saturated soil is written as 

de,, = m , , d ( ~  - u,) (12.54) 
where 

mu = coefficient of volume change. 

The compressibility form for the soil structure constitu- 
tive equation for an umaturated soil under general, thm- 
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dimensional loading is as follows: 

de” = IT$ d(~,,,=,, - u,) + & d(u, - u,) (12.55) 
where 

mi = coefficient of volume change with respect to net 

m$ = coefficient of volume change with respect to ma- 

The m: and 4 coefficients of volume change in Eq. 
(12.55) can be called “compressibilities’! since they are 
essentially a ratio between changes in volumetric strain and 
stress variables. 

The negative signs for the coefficients of volume change, 
4 and m$, are the result of the E and H moduli being 
negative for typical soils (Fig. 12.3). The mi and m$ coef- 
ficients vary in a nonlinear manner, but can be considered 
as being constant for a small increment of stress or strain. 

The compressibility form of the water phase constitutive 
equation for an unsaturated soil under three-dimensional 
loading can be written as 

normal stress [Le., 3(1 - 2p)/E; Eq. (12.28)] 

tric suction [Le., 3 / H  Eq. (12.28)]. 

where 

my = coefficient of water volume change with respect 
to net normal stress [i.e., 3/E, ;  Eq. (12.31)] 

my = coefficient of water volume change with respect 
to matric suction [i.e., l / H , ;  Eq. (12.31)]. 

Similar constitutive equations in a compressibility form 
can be written for specific loading conditions. Table 12.2 
presents the m;, m;, my, and my coefficients for the loading 
conditions described in the previous section. These coeffi- 
cients are regarded as another form of the soil volumetric 
deformation coefficients. 

12.3.3 Volume-Mass Form (Soil Mechanics 
Terminology) 
The volume-mass properties of a soil can also be used in 
the formulation of constitutive equations for an unsaturated 
soil. A change in void ratio is commonly used as the de- 
formation state variable for a saturated soil, giving rise to 
the following constitutive equation: 

de = a,d(u - u,) (12.57) 
where 

a, = coefficient of compressibility. 
For an unsaturated soil, void ratio and gravimetric water 

content can be used as the deformation state variables for 
the soil structure and water phase, respectively. Using soil 
mechanics terminology, the change in void ratio, de, of an 
unsaturated soil under general, three-dimensional loading 

can be written as 

de = a,d(umean - u,) + a,d(u, - u,) (12.58) 
where 

a, = coefficient of compressibility with respect to a 
change in net normal stress, d(u,,,,, - u,) 

a, = coefficient of compressibility with respect to a 
change in matric suction, d(u, - u,). 

Equation (12.58) is equivalent to a soil structure consti- 
tutive relation written using soil mechanics terminology. 

The water phase constitutive equation can be expressed 
as a change in water content. For three-dimensional load- 
ing, the water phase constitutive relation has the following 
form: 

dw = b,d(~,,, - u,) + b,d(u, - u,) (12.59) 
where 

b, = coefficient of water content change with respect to 
a change in net normal stress, d(u,,,,, - u,) 

b,,, = coefficient of water content change with respect to 
a change in matric suction, d(u, - u,). 

The above constitutive equations can be visualized as 
constitutive surfaces on a three-dimensional plot, with each 
abscissa representing one of the stress state variables, and 
the ordinate representing the soil volume-mass property 
[Fig. 12.6(a)]. The a,, a,,,, b,, and b,,, coefficients become 
another form of the volumetric deformation coefficients. 
These plots can be reduced to two-dimensional plots which 
graphically show the relationship between the various vol- 
umetric deformation coefficients [Fig. 12.6(b)]. The rela- 
tionships between various coefficients are explained later 
in this chapter. Similar constitutive relationships can be 
formulated for unloading conditions. 

12.3.4 Use of (u - u,) and (u, - u,) to Formulate 
Constitutive Relations 
The constitutive equations for an unsaturated soil have been 
formulated using the stress state variables, (a - u,) and (u, 
- u,). Other combinations of stress state variables, such 
as (a - u,) and (u, - u,), can also be used. As an ex- 
ample, Eq. (12.58) can be rewritten using the (u - u,) 
and (u, - u,) stress state variables: 

(12.60) de = und(umean - u,) + umld(ua - u,) 
where 

ur2 = coefficient of compressibility with respect to 
(a,,,,,, - u,) when using the (a  - u,) and (u, - 
u,) stress state variables 

am2 = coefficient of compressibility with respect to ma- 
tric suction when using the (a - u,) and (u, - 
u,) stress state variables. 

The water phase constitutive equation can also be written 
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Table 12.2 Coefficients of Volume Change for Various Loading Conditions 

Deformation First Stress Second Stress 
State m: State Variable, m; State Variable, 

Loading Variable my d(a  - u,) mz" d(ua - ui )  

Three-dimensional 
(General) 

Isotropic 

Uniaxial 

Triaxial 
(General case) 

Triaxial 
(Separation of 
isotropic and 
uniaxial 
components) 

Ko-loading 
(One-dimensional) 

Plane strain 
(Two-dimensional) 

Plane stress 
(Two-dimensional) 

3 ( y )  

3 
EW 
- 

3 ( y )  

3 ( y )  

3 
E W  

- 

3 - 
E W  

3 ( y )  

3 - 
E W  

3 ( y )  

3 - 
E W  

3 
H 
1 

- 

- 
H W  
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a3 

t 

- 
Stress state variable 

’ Stress state variable 

(a) (b) 
Figure 12.6 Constitutive surfaces for an unsaturated soil ex- 
pressed using soil mechanics terminology. (a) Threedimensional 
void ratio and water content constitutive surfaces, (b) twodimen- 
sional comparison showing volumetric deformation moduli. 

in terms of the (a - u,) and (u, - u,) stress state vari- 
ables: 

d~ = b&(~,,,,, - u,) + bm2d(u, - u,) (12.61) 

where 

br2 = coefficient of water content change with respect 
to (urnan - u,) when using the (a - u,) and (u, 
- u,) stress state variables 

b,,,, = coefficient of water content change with respect 
to matric suction when using the (u - u,) and 
(u, - u,) stress state variables. 

The (a - u,) and (a - u,) stress state variables can 
similarly be used to formulate the constitutive relations. 

12.4 EXPERIMENTAL VERIFICATIONS FOR 
UNIQUENESS OF CONSTITUTIVE SURFACES 

The two constitutive surfaces for an unsaturated soil (Le., 
soil structure and water phase) require experimental data 
in order to examine their uniqueness. The term “unique- 
ness” is used to indicate that there is one and only one 
relationship between the deformation and stress state vari- 
ables. Figure 12.7 illustrates the meaning of the term 
“uniqueness” of a constitutive surface. Consider three 
identical soil specimens at the same initial state point. The 
stress state variables for the three specimens are then varied 
along three different paths. However, the final stress state 
variables for the three specimens are identical. If the con- 

e, t I r Initial state point 

Figure 12.7 Tests for the uniqueness of the constitutive surface 
for an unsaturated soil. 

stitutive surface is unique, the final combination of stress 
state variables should produce the same deformation state. 
In other words, the final volumes for the three soil speci- 
mens should be equal and independent of the path. 

Complete uniqueness of a constitutive relationship under 
loading and unloading conditions is virtually impossible. 
Hysteresis is the main cause of nonuniqueness. Hysteresis 
is associated with phases that behave as a solid such as the 
soil structure and the contractile skin in an unsaturated soil. 
The soil structure hysteresis during loading and unloading 
of a saturated soil is reflected by the different compression 
and rebound curves for the soil [Fig. 12.8(a)J. The two 
curves have a marked difference in their slopes. 

Hysteresis associated with the contractile skin can be 
readily visualized from the drying and wetting curves of an 
incompressible material such as chalk [Fig. 12.8(b)]. In an 
unsaturated soil, intuitively it would appear that there 
should be hysteresis associated with the soil structure and 
the contractile skin. It appears that a reversal in the direc- 
tion of deformation (Le., an increase and then a decrease 
in volume) results in different constitutive surfaces. As a 
result, the volumetric deformation coefficients associated 
with a decreasing volume would be different from those 
associated with an increasing volume. However, the 
uniqueness of the volume increase and decrease constitu- 
tive surfaces can be verified independently. This involves 
tracing the surface through various loading paths, provided 
the deformation state variable always changes in the same 
direction (i .e., monotonic or unidirectional deformation). 
Therefore, the term “uniqueness” in soil mechanics is 
generally restricted to constitutive surfaces representing 
monotonic deformation. 

The uniqueness of the soil structure constitutive surface 
can be verified for either a decrease or an increase in the 
soil volume. In addition, the uniqueness of the water phase 
constitutive surface can also be verified for either a de- 
crease or an increase in the volume of water (i.e., drying 
or wetting surfacc). 
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Figure 12.8 Hysteresis associated with the soil stmcture and 
contractile skin in a soil. (a) Loading and unloading curves for a 
saturated soil; (b) drying and wetting curves for a chalk. 

The uniqueness of a constitutive surface can first be ex- 
plored locally using small stress state variable changes 
around a state point on the surface (Fredlund and Morgen- 
stem, 1976). Subsequently, larger stress state variable 
changes can be used to test for uniqueness of the entire 
constitutive surface (Matyas and Radhakrishna, 1968; Bar- 
den et d. (1969). Both methods for verifying the unique- 
ness of a constitutive surface are briefly explained. The 
sign conventions associated with volumetric deformation 
properties are outlined prior to describing the results of tests 
for uniqueness. 

12.4.1 Sign Convention for Volumetric Deformation 
Properties 
The relationship between the deformation and stress state 
variable changes for a typical soil is illustrated in Fig. 12.3. 
A positive or negative sign is associated with the defor- 
mation or stress state variable change in order to indicate 
an increase or decrease. The following sign convention is 
suggested. A positive change in the state variable (i.e., de- 
formation or stress) refers to an increase in the state vari- 
able, whereas a negative change indicates a decrease in the 
state variable. The signs of the deformation state variables 
and the stress state variables determine the sign for the vol- 
umetric deformation coefficients. As an example, the sta- 
ble-structured soil shown in Fig. 12.3 would have a nega- 

tive sign for the modulus of elasticity, E. This means that 
an increase in the net normal stress, (+) d(a - u,), causes 
a decrease in volumetric strain, (-) de, [i.e., (-) E = (-) 
de,/ (+) d(a - u,)]. The elastic modulus, H, also has a 
negative sign [e.g., (-) H = (-) de” / (+) d(u, - uw)l.  

The relationship between the water volume change and 
stress state variable change for a stable-structured soil is 
similar to that shown in Fig. 12.3. Consequently, the water 
volumetric moduli, E, and H,, would also have a negative 
sign. Therefore, it can be concluded that a stuble-struc- 
tured soil has negative volumetric deformation moduli as- 
sociated with the soil structure and water phase. The neg- 
ative sign applies similarly to the coefficients of volume 
change, mi, m;, my, and %,, which are used in the com- 
pressibility form of the constitutive equations. The a,, a,, 
b,, and b,,, coefficients in the volume-mass form of the con- 
stitutive equations are also negative for a stable-structured 
soil. 

A collapsing soil is commonly referred to as a metasta- 
ble-structured soil. A decrease in matric suction results in 
swelling for a stable-structured soil, whereas it may cause 
a volume decrease in a metastable-structured soil (Barden 
et al. (1969). In the case of a collapsing soil, the & and 
m; coefficients have a positive sign [Eqs. (12.55) and 
(12.56)]. In other words, a metustable-structuml soil re- 
fers to a soil that has one or more positive volumetric de- 
formation moduli. 

12.4.2 Verification of Uniqueness of the Constitutive 
Surfaces Using Small Stress Changes 
Let us suppose that several so-called “identical” unsatu- 
rated soil specimens are subjected to the same total normal 
stress and the same pore-air and pore-water pressures. All 
specimens will be at the same state point in space and have 
the same initial volume-mass properties. Let each speci- 
mens then be subjected to different stress changes, while 
the volume changes are monitored. If the constitutive sur- 
face is essentially planar near a state point, the volumetric 
deformation moduli associated with any two orthogonal di- 
rections can be u& to describe the deformation produced 
by other stress state variable changes. 

The above test is somewhat fictitious since it would be 
extremely difficult to conduct. However, a simpler test 
could be considered. Suppose that three so-called “iden- 
tical” specimens are prepared at the same initial volume- 
mass properties and subjected to the same initial stress state 
variables [Fig. 12.9(a)]. Let one specimen be subjected to 
a small increase in net normal stress, d(a - u,), by incms- 
ing the total normal stress, while the matric suction, (u, - 
uw) ,  is maintained constant [i.e., 0-1 loading path in Fig. 
12.9(a)]. The measured volumetric strain change, de,, can 
be used to compute the coefficient of volume change, mi: 

(12.62) 
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Figure 12.9 Verification for uniqueness of the soil structure 
constitutive surface. (a) Constitutive surface verification using 
three identical soil specimens; (b) constitutive surface verification 
using a single soil specimen. 

A second specimen could be subjected to a small in- 
crease in matric suction, d(u, - u,), by decreasing the 
pore-water pressure, u,, while maintaining a constant net 
normal stress [Le., 0-2 loading path in Fig. 12.9(a)]. The 
measured volumetric strain change, de", can be used to cal- 
culate the m: coefficient of volume change: 

(12.63) 

A third specimen could then be subjected to small in- 
creases in both the net normal stress, d(a - uJ, and the 
matric suction, d(u, - u,). This can be achieved by in- 
creasing the total normal stress, (I, and decreasing the pore- 
water pressure, u,. The anticipated volume change can be 
predicted from Eq. (12.55) using the above-measured val- 
ues of ms and m$ [Eqs. (12.62) and (12.63)]. The actual 
volume change can then be measured and compared with 
the computed value. A close agreement between the mea- 
sured and predicted volume changes indicates "unique- 
ness" of the constitutive surface. The above example il- 
lustrates the uniqueness test for the soil structure 

constitutive surface. At the same time, the water phase 
constitutive surface can be verified if the water volume 
change measurements are used to compute the my and rnr 
coefficients. 

The above test for uniqueness can be approximated by 
an even simpler procedure using a single soil specimen 
subjected to a series of small stress changes. The procedure 
is illustrated in Fig. l2..9(b). Consider a specimen sub- 
jected first to a small increase in net normal stress along a 
constant matric suction plane [i.e., 0-1 loading path in Fig. 
12.9(b)]. This is achieved by increasing the total normal 
stress. The measured volume changes are used to compute 
the mi and my coefficients, respectively. 

The specimen can then be further loaded by increasing 
its matric suction while maintaining a constant net normal 
stress [i.e., 1-2 loading path in Fig. 12.9(b)]. The matric 
suction is increased by decreasing the pore-water pressure. 
The measured volume changes, can be used to compute the 
rn; and mr coefficients, respectively. The mf, m;, and 
m;, and my coefficients can then be used to predict the 
overall volume change and the water volume change of the 
specimen during any subsequent loadings. Although the 
first and second loadings are performed at slightly differing 
initial volume-mass properties, the coefficients are as- 
sumed to approximate the state point under consideration 
on the constitutive surface. This assumption is reasonable 
for small changes in the stress state variables. 

The next step is to apply a small increment in both the 
net normal stress, d(a - u,), and matric suction, d(u, - 
u,) [i.e., 2-3 loading path in Fig. 12.9(b)]. This path is 
adhered to by increasing the total normal stress and de- 
creasing the pore-water pressure. The anticipated overall 
volume change and change in volume of water as a result 
of the third loading can be predicted from Eqs. (12.55) and 
(12.56), respectively, using the coefficients of volume 
change obtained from the previous two loadings. The mea- 
sured overall and water volume changes can then be com- 
pared with the predicted values. The constitutive surface at 
a point is considered unique if the measured and predicted 
deformations are essentially equal. This procedure can also 
be repeated at various state points on the constitutive sur- 
face. 

Fredlund and Morgenstem (1976) experimentally veri- 
fied the uniqueness of constitutive surfaces for unsaturated 
soils by using small changes in stress state variables. Four 
series of experiments were conducted using three speci- 
mens of undisturbed Regina clay and one specimen of com- 
pacted kaolin. The specimens were tested using a modified 
Anteus oedometer and a triaxial cell. The modified 
oedometer was used for one-dimensional or &-loading. 
The modified triaxial cell was used for isotropic loading. 
The total, pore-air, and pore-water pressures were con- 
trolled during the experiments. The water pressure was iso- 
lated by means of a high air entry disk placed at the bottom 
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of the specimen. After equalization at selected pressures, 
each specimen was loaded in several stages in order to test 
the uniqueness of the constitutive surface, as outlined pre- 
viously. The predicted and measured volume changes were 
assessed by plotting the predicted volume changes versus 
the measured volume changes. 

Good agreement was observed between the measured and 
predicted volume changes for undisturbed Regina clay, as 
shown in Fig. 12.10. The specimen was tested under KO- 
loading. The volume changes at two elapsed times (e.g., 
1000 and 5000 min) are considered for each specimen. 
Uniqueness implies a slope of unity and an intercept of 
zero for the measured versus predicted volume change plot. 
Figure 12.10(a) demonstrates that all points obtained at two 
elapsed times essentially fall along the 45 O line, indicating 
virtually perfect correlation. This agreement supports the 
uniqueness of the soil structure constitutive surface. 

The agreement between the predicted and measured water 
volume changes [Fig. 12.10(b)] is not as good as that for 
the soil structure. This was attributed to the difficulty in 
measuring small water volume changes over long periods 
of time (Fredlund and Morgenstern, 1976). It was later dis- 
covered that some moisture was lost from the specimen by 
loss from the domete r  chamber. 

Figure 12.10 Comparison of predicted and measured volume 
changes for undisturbed Regina clay under &-loading. (a) Soil 
structure constitutive surface; (b) water phase constitutive surface 
(from Fredlund and Momenstern, 1976). 

12.4.3 Verification of the Constitutive Surfaces Using 
Large Stress State Variable Changes 

Matyas and Radhakrishna (1968) experimentally tested the 
void ratio and degree of saturation constitutive surfaces for 
uniqueness. Soil specimens consisting of 80% flint powder 
and 20% kaolin were prepad using static compaction with 
a similar initial water content, dry density, and compactive 
effort. The specimens were tested under isotropic and KO- 
loading with controlled total, pore-air, and pore-water 
pressures. The tests were performed in a modified triaxial 
apparatus. 

The constitutive surfaces were traced by following “con- 
stant suction” and “wetting” test paths. In the “constant 
suction” test, the specimens were either saturated or de- 
saturated first, and then compressed at a constant matric 
suction. The saturation of specimens was conducted while 
holding the specimen at a constant o v e d  volume in order 
to minimize soil structure disturbance. Some specimens 
were isotropically loaded, while others were subjected to 
KO-loading. The “wetting” tests were conducted by de- 
creasing the matric suction while allowing the specimens 
to imbibe water. Matric suction was decreased by increas- 
ing the pore-water pressure. 

The constitutive surfaces obtained from isotmpic loading 
are shown in Fig. 12.1. The “constant suction” test results 
showed a decrease in the soil structure compressibility at 
higher matric suctions [Fig. 12.1(a)]. This means that the 
soil structure is more rigid at high matric suctions. The 
“wetting” test results indicated a collapse-type behavior 
or a decrease in void ratio upon a reduction in matric suc- 
tion [Fig. 12.1(a)]. This behavior is characteristic of a 
metastable soil structure. It was also found that the change 
in void ratio between any two state points was independent 
of the deformation versus stress path followed (Matyas and 
Radhakrishna, 1%8). The soil structure constitutive sur- 
face [Fig. 12.l(a)] shows uniqueness for monotonic defor- 
mation. Monotonic deformation was obtained by following 
paths with increasing degrees of saturation and where the 
specimen was not allowed to swell. The degree of satura- 
tion constitutive surface, however, did not indicate com- 
plete uniqueness, as shown in Fig. 12.1@), The non- 
uniqueness of the constitutive surface was attributed to in- 
complete saturation during the wetting process. 

The constitutive sirfaces obtained from &-loading are 
presented in Fig. 12.11. All test paths appeared to form a 
single warped void ratio surface [Fig. 12.11(a)]. A col- 
lapsing soil behavior was again observed. The degree of 
saturation was found to be more sensitive to stress state 
changes than was the void ratio constitutive surface [Fig. 
12.1 l(b)]. The uniqueness of both constitutive surfaces was 
again restricted to monotonic deformation (Matyas and 
Radhakrishna, 1968). 

- Barden ef al. (1969) investigated the uniqueness of the 
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Figure 12.11 Void ratio and degree of saturation constitutive 
surfaces for a mixture of flint and kaolin under &-loading. (a) 
Void ratio constitutive surface; (b) degree of saturation constitu- 
tive surface (from Matyas and Radhakrishna, 1968). 

soil structure constitutive surface under Ko-loading condi- 
tions. In particular, the coefficients of volume change, 
mik and t&, and their stress path dependency were studied. 
The soil structure constitutive equation for KO-loading is as 
follows: 

(12.64) deu = m& d(uy - u,) + mh d(u, - u,) 

where 

mSk = coefficient of volume change with respect to a 
change in net normal stress, d(uy - u,), for KO- 
loading 

&k = coefficient of volume change with respect to a 
change in matric suction, d(u, - u,), for KO- 
loading. 

The m:k and d 2 k  coefficients expressed in terms of 
Young’s modulus, E, and Poisson’s ratio, p ,  are given in 
Table 12.2. Three illite clay soils of low to high plasticity 

were used in the study. Eleven groups of soil specimens 
were prepared using both dynamic or static compaction. 
The specimens were tested in a consolidation cell modified 
to control the total, pore-air, and pore-water pressures. 
The constitutive surface was traced following different test 
paths through various combinations of the stress state vari- 
ables, (ay - u,) and (u, - u,) (Fig. 12.12). In all cases, 
the pore-air pressure was held constant, while the total 
normal stress and the pore-water pressure were varied. 

A preliminary study using smaller stress increments than 
those shown in Fig. 12.12 indicated that specimens with 
similar initial water contents would have similar volume 
changes independent of the test paths. In the remainder of 
the program, soil specimens in each group were prepared 
in an “identical” manner. Figure 12.13 presents the soil 
structure constitutive surface for the illite clay as plotted 
with respect to the (ay - u,) and (u, - u,) axes. The 
results were obtained by following several loading paths 
from initial to final conditions (Le., from point A to point 
H, see Fig. 12.12). The constitutive surface exhibits 
uniqueness or loading path independence as long as the de- 
formation is monotonic (Barden er al. (1969). Hysteresis 
between saturation and desaturation processes was consid- 
ered to be the major cause of loading path dependence. An 
increase in the matric suction was found to increase the 
stiffness of a flocculent soil, compacted dry of optimum 
water content. However, matric suction had less effect on 
the stiffness for a soil with a dispersed structure, compacted 
wet of optimum water content. The soil structure stiffness 
increases with an increase in net normal stress, regardless 
of the type of soil structure. 

The second independent constitutive surface was repre- 
sented by the degree of saturation of the soil. Figure 12.14 
shows the degree of saturation constitutive surface for a 
group of soil specimens. The surface was traced by follow- 
ing several loading paths from point A to point H (Fig. 
12.12). Uniqueness was shown with respect to the degree 
of saturation, provided the deformation was monotonic. 

o L  
0 

0 24 Hour steps 

- 
1 0 0  200 300 400 500 

Net normal stress, (a, - u.) (kPa) 

Figure 12.12 Test paths followed during the study of the con- 
stitutive surface for unsaturated soil specimens (from B d e n  et 
af. 1969). 
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Figure 12.13 Soil StNCtUre  constitutive surface for an illite Clay (from Barden et af. 1%9a). 

12.5 RELATIONSHIP AMONG VOLUMETRIC 
DEFORMATION COEFFICIENTS 

The constitutive equations or surfaces for unsaturated soils 
have been formulated and presented in three forms. In the 
elasticity form, the E, If, p,  E,, and If, parameters are 
required to define the volumetric deformations associated 
with the soil structure and water phase constitutive equa- 
tions [Eqs. (12.28) and (12.31)]. In the compressibility 
form, the soil structure and water phase constitutive sur- 
faces makes use of the mi, m:, m;, and rn? coefficients 

[Eqs. (12.55) and (12.56)]. These coefficients of volume 
change can be expressed in terms of the above elastic pa- 
rameters, as shown in Table 12.2. In soil mechanics ter- 
minology, the u,, a,, b,, and b, coefficients are used to 
define slopes on the void ratio and water content constitu- 
tive surfaces [Eqs. (12.58) and (12.59)]. 

This section discusses the relationships among the var- 
ious volumetric deformation coefficients. Theoretical and 
experimental methods that can be used to obtain these re- 
lationships are outlined. Emphasis is given to the coeffi- 
cients used in the compressibility and soil mechanics forms 

Figure 12.14 Degree of saturation constitutive surface for an illite clay (from Barden et af. 
1969a). 
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of the constitutive surfaces (i.e., m:, ms, my, m I  and a,, 
a,, b,, and b,). These coefficient can, in general, be ob- 
tained from various laboratory soils tests. 

12.5.1 Relationship of Volumetric Deformation 
Coefficients for the Void Ratio and Water 
Content Surfaces 
The void ratio and water content surfaces for an unsatu- 
rated soil are illustrated in Fig. 12.6. The orientation of 
each point on the void ratio surface can be defined in terms 
of two slope angles. The first slope angle is referenced to 
the net normal stress, and is defined by the coefficient of 
compressibility, a,: 

(12.65) 

The second slope angle is referenced to the matric suc- 
tion and is defined by the coefficient of compressibility, a,: 

ae 
a(a - u,). a, = 

8 0.95 

g 0.85 
0.80 Ev! 

> 5 0.75.  
5 0.70. 

6 E 0.90 

z :  
0 

(12.66) 

' 
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. 

Similarly, a point on the water content surface will have 
two slopes, which can be defined as b, and b, with respect 
to the net normal stress and matric suction, respectively: 

5 0.65 
$ 0.60 

0.55 

- 

(12.67) 

-- - - 
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- - - -C 

(12.68) 

Both the void ratio and water content surfaces are gen- 
erally nonlinear. Therefore, the four coefficients, a,, a,, 
b,, and b,, vary over the constitutive surfaces. In other 
words, these coefficients are a function of the state point 
on the surface. However, the slopes on the constitutive sur- 
face have some limiting conditions, as observed from ex- 
perimental results. 

The a, coefficient is approximately equal to the a, coef- 
ficient when the degree of saturation is near 100% or when 
the matric suction goes to zem [Fig. 12.6(b)]. At saturation 
(i.e., on the plane of zero matric suction), the a, coefficient 
becomes the coefficient of compressibility, a,, for a satu- 
rated soil. 

There may be a slight difference between the a, and a, 
coefficients near saturation since a, can be measured for 
various types of loading, whereas a, is measured under 
isotropic loading. As the degree of saturation decreases, it 
has been found that the a, coefficient becomes greater than 
the a, coefficient. This shows that a change in total stress 
is more effective in changing void ratio than is a change in 
matric suction. It can be observed that the void ratio cor- 
responding to the shrinkage limit of a soil is the minimum 
void ratio that can be attained under unconfined, maximum 
matric suction conditions. 

The b, coefficient approaches the b, coefficient as the 
degree of saturation approaches 100%. At lower degrees 
of saturation, the b, coefficient will generally be greater 
than the b, coefficient [Fig. 12.6(b)]. In other words, a 
change in matric suction is more effective in changing the 
water content of the soil than is a change in total stress. 
This occurs because the matric suction is applied directly 
to the water phase. On the saturation plane, when matric 
suction is equal to zero, the b, coefficient can be related to 
the a, or a, coefficients using the basic volume-mass rela- 
tionship (i.e., Se = WG, where G, is the specific gravity 
of the soil solids). Substituting a degree of saturation of 
100% into the basic relationship illustrates the relationship 
between the moduli: 

a, = b,G,. (12.69) 

A two-dimensional plot of the constitutive surfaces al- 
lows a comparison of the above coefficients [i.e., a, versus 
a,, and b, versus b,; Fig. 12.6(b)]. The relationship among 
the four coefficients can also be illustrated in one plot (Fig. 
12.15). Consider a saturated silt subjected to isotropic con- 
solidation by increasing the total normal stress. The soil 
remains saturated during the consolidation process. Con- 
solidation curve A in Fig. 12.15 represents the relationship 
between the void ratio and net normal stress, (a - u,), as 
well as the water content (Le., wG,) and net normal stress. 
The pore-air pressure approaches the pore-water pressure 
for the saturated condition. 

If the same soil is subjected to an increasing matric suc- 
tion, the volume change will be the same as long as the 
soil remains saturated. Once the soil starts to desaturate, a 
matric suction change will not be as effective as a total 
stress change in producing a volume change. This is re- 
flected by curve B [Le., e versus (u, - u,)] in Fig. 12.15, 
which gives less volume change than curve A [Le., e versus 
(a - u,)]. On the other hand, a matric suction increase is 
more effective than a net normal stress increase in remov- 
ing water from the soil. This is illustrated by the water 

Preconsolidation 
pressure L d 

3 
P 1.00 

Commencement of 
desaturation 

A: e vs (u - u.) 

8: e vs (u. - u,) 
wG, vs (0 - Ua) 

C:  wG, vs (u. - uW) 

*-- ----,,B 

A 

(a - u.) or (u, - uw) (kPa) 

Figure 12.15 Relationship among volumetric deformation mod- 
uli for an initially saturated soil. 
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content curve [Le., wGs versus (u, - uw)] ,  which shows 
a greater change in water content than curve A. Unlike 
curve A,  the void ratio versus matric suction curve (i.e., 
curve B) starts to deviate from the water content versus 
matric suction curve (i.e., curve C) as the soil begins to 
desaturate. The separation of the two curves is due to the 
decreasing degree of saturation as the matric suction in- 
creases. On the other hand, there is essentially a constant 
degree of saturation during the total stress increment (i.e., 
w G, = e on curve A ) .  The ratio of the ordinates for curves 
C and B indicates the degree of saturation (Le., S = 

Curve C eventually reaches a zero water content or zero 
degree of saturation. It has been observed from experimen- 
tal data that the maximum suction a soil can reach is ap- 
proximately 1 OOO OOO kPa at zero water content (Croney 
and Coleman, 1961). This value gives an upper limit for 
the suction that can be attained in a soil. 

W GS /e) * 

12.5.2 Relationship of Volumetric Deformation 
Coefficients for the Volume-Mass Form of the 
Constitutive Surfaces 
The volumetric deformation coefficients used for the com- 
pressibility form of the constitutive surfaces can be defined 
in a manner similar to that described above. The soil struc- 
ture and water phase constitutive surfaces are shown in Fig. 
12.4. Lines through a point on the soil structure constitu- 
tive surface have slopes of mi and 4 with respect to the 
net normal stress and matric suction, respectively: 

(12.70) 

(12.71) 

Lines through a point on the water phase constitutive sur- 
face have slopes of my and mr with respect to the net nor- 
mal stress and matric suction, respectively: 

(12.72) 

(12.73) 

The mi,  m;, my, and mz coefficients are related to the a,, 
a,, b,, and b, coefficients as follows: 

b, Gs my = - 

(12.74) 

(12.75) 

(12.76) 
' l + e o  

(12.77) 

where 

eo = initial void ratio prior to deformation. 

The mi is essentially equal to my on the saturation plane 
(i.e., S = 100%) since a, is essentially equal to b,Gs [Eq. 
(12.69)]. The mi coefficient for the saturated condition is 
commonly called the coefficient of volume change, mu. 

12.5.3 Laboratory Tests Used for Obtaining 
Volumetric Deformation Coefecients 
The a,, a,,,, b,, and b,,, coefficients are used to discuss the 
relationships that exist between the volumetric deformation 
coefficients. These coefficients vary from one state point to 
another along a nonlinear constitutive surface. A direct 
method to determine these coefficients at a specific state 
point is to measure their magnitude at the stress point under 
consideration. The experimental measurements required are 
similar to those conducted for the verification of the con- 
stitutive surfaces. It might q u i r e  numerous specimens and 
a long period of testing if the entire constitutive surface 
were to be defined. 

A simpler procedure is to assume that the constitutive 
surface is planar at a particular void ratio or water content, 
as shown in Figs. 12.16 and 12.17. Therefore, every point 
on the surface corresponding to an equal void ratio or water 
content plane has the same a, and a, coefficients or b, and 
b, coefficients, respectively. As a result, the a, and b, coef- 
ficients obtained from the saturation plane (Le., (u, - u,) 
equal to zero plane) can be used for other points on the 
surface as long as the void ratio (or water content) is con- 
stant. Similarly, the a, and b, coefficients obtained from 
the zero net normal stress plane (Le., (a - u,) equal to 
zero plane) can also be used for other points on the surface 
along a constant void ratio or water content plane. In other 
words, the values for a,, a,, b,, and b,,, obtained on the 
saturation and zero net normal stress planes are assumed to 
apply for the entire constitutive surface. 

The above method of determining the volumetric coef- 
ficients is much simpler than defining the entire constitu- 
tive surface. However, it may be inferior to the use of a 
direct determination at individual state points. The appli- 
cability of this approach will depend primarily on the char- 
acter of the constitutive surfaces as established through lab- 
oratory experiments. The required level of accuracy for the 
problem at hand must also be borne in mind when using 
the above assumptions. In general, the suggested proce- 
dure may be sufficiently accurate for many geotechnical 
applications, 

The following discussion pertains to the laboratory tests 
which can be used to obtain the a,, a,, b,, and b,,, coeffi- 
cients. The at coefficients can be obtained from curve A in 
Fig. 12.16, which is the result of a consolidation test on a 
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Figure 12.16 Soil structure constitutive surface for monotonic loading, assuming a planar sur- 
face at a specific void ratio. 

soil which has been saturated. Figure 12.18 shows a typical 
compression curve for a compacted soil which has been 
saturated while maintaining a constant volume prior to its 
decrease in volume due to loading. The b, coefficient in 
Fig. 12.17 can be computed as the a, coefficient divided by 
the specific gravity of the solids. 

Curve B in Fig. 12.17 is a soil-water characteristic curve 
that can be obtained using a pressure plate type of test 
(Chapter 13). Figure 12.19 illustrates both the drying and 
wetting portions of a typical soil-water characteristic curve. 
The b,,, coefficient can be computed from the drying portion 
of the soil-water characteristic curve. 

Plane of constant 
/-water content 

Figure 12.17 Water phase constitutive surface for monotonic loading, assuming a planar surface 
at a specific water content. 
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Shrinkage curve 

Net normal stress, (a - u.) 
Figure 12.18 Typical compression curves for a saturated soil 
plotted to an arithmetic scale. 

The a, coefficient can be related to the b, coefficient by 
use of a shrinkage-type test. A shrinkage test relates the 
void ratio to the water content at various matric suctions 
during a drying process with zero external loads. Figure 
12.20 shows a typical shrinkage curve obtained from a 
shrinkage limit test. The slope of the shrinkage curve (Le., 
de/dw or [{ae/a(u, - u, ) } / (aw/a(ua - u,)}] defines 
the ratio between the a, and b, coefficients. 

Details on the laboratory procedures associated with the 
determination of the volumetric deformation coefficients are 
discussed in Chapter 13. Techniques used to relate the vol- 
umetric coefficients are also demonstrated in Chapter 13. 

12.5.4 Relationship of Volumetric Deformation 
CoefRcients for Unloading Surfaces 
Hysteresis causes the constitutive surfaces obtained from 
loading (and drying) to be different from the surfaces ob- 

Matric suction, (ua - uw) 
Figure 12.19 Typical soil-water characteristic curves showing 
drying and wetting of the soil. 

? Water content, w 
Shrinkage limit, ws 

Figure 12.20 Typical shrinking and swelling curves for a soil. 

tained from unloading (and wetting). Consequently, the 
volumetric deformation coefficients associated with each 
surface will be different. For example, the loading curve 
for a saturated soil has a compression index, C, , whereas 
the unloading curve has a swelling index, C,. The void 
ratio and water content surfaces for monotonic unloading 
are illustrated in Figs. 12.21 and 12.22, respectively. Coef- 
ficients of compressibility corresponding to the unloading 
surfaces can be further subscripted with an "s" (i.e., afs, 

The same procedure used to obtain the coefficients for 
the loading surfaces can also be used to obtain the coeffi- 
cients for the unloading surface. The only difference lies 
in the direction of deformation for unloading. The a,, coef- 
ficient can be computed from curve A, in Fig. 12.21. The 
curve represents the rebound curve on the saturation plane. 
The bts coefficient in Fig. 12.22 is calculated as a, divided 

urns, b,, and bm). 

by G,. 

Curve A, 

Matric suction, (ua - UW) 

Figure 12.21 Soil structure constitutive surface for monotonic 
unloading. 
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E Fully saturated, unloaded 
Void ratio 

__--------- - - - - - -  t 8[ 8 

Plane of constant 
water content 

/ 
Matric suction, (US - UW)) 

Figure 12.22 Water phase constitutive surface for monotonic 
unloading. 

Curve B, in Fig. 12.22 represents the wetting portion of 
the soil-water characteristic curve. The bmS coefficient can 
be obtained from the wetting curve. The urns coefficient is 
then calculated from the a,,,,/b,,,, ratio obtained from the 
slope of the unconfined swelling test presented in Fig. 
12.20 (i.e., the opposite of a shrinkage curve). The slope 
of the swelling curve is defined as de/dw or [ {ae /a(u ,  - 
u,)} / {aw/a(u,  - u, ) } ] ,  which is equal to ams/bms. 

12.5.5 Relationship of Volumetric Deformation 
Coefficients for Loading and Unloading Surfaces 
The relationship between the volumetric deformation coef- 
ficients associated with the loading and unloading void ra- 
tio surfaces is illustrated in Fig. 12.23. The moduli rela- 
tionships are expressed in terms of the u,,,/a, and ums/afs 
ratios for loading and unloading, respectively. This rela- 
tionship is derived from Fig. 12.15 for the loading surface. 
The a,,, and a, coefficients are equal (Le., (a,,,/u,) is ap- 
proximately 1) when the soil is saturated. 

As the soil desaturates, the a, coefficient becomes larger 
than the a, coefficient (i.e,, (a,,,/a,) becomes less than 1). 
However, the a,,, coefficient reaches a limiting value of zero 
as the water content in the soil reaches the shrinkage limit 
(Fig. 12.20). At this point, the a,,,/a, ratio becomes zero. 
Therefore, it can be concluded that the a,,,/u, ratio ranges 
from zero to one. 

Consider an initially saturated soil at an initial void ratio, 
e,, as shown in Fig. 12.23. At these initial conditions, the 
soil has an a,,,/a, ratio which is greater than zero and less 
than one. As the soil is loaded, the void ratio decreases, 
and the u,,,/a, ratio reduces. The loading may continue un- 
til the a,,,/~, ratio reaches zero and the void ratio reaches 
a value corresponding to the shrinkage limit. Possible re- 

I ratio 

! 

I at ats 
(Loading) (Unloading) 

Figure 12.23 Possible relationships between volumetric defor- 
mation coefficients during loading and unloading for an initially 
unsaturated soil. 

lationships between the void ratio and the a,,,/a, ratio are 
shown in Fig. 12.23. 

The soil may also be unloaded, causing the void ratio 
and the U , , , ~ / U ,  ratio to increase. A maximum U , , , ~ / U , ~  ratio 
of one is obtained when the void ratio reaches a saturated 
condition. Similar relationships to Fig. 12.23 can also be 
generated for the ratio of the water content coefficients. 

12.5.6 Constitutive Surfaces on a Semi-Logarithmic 
Plot 
The constitutive surfaces can be plotted with respect to the 
logarithm of the stress state variables IFigs. 12.24(b) and 
12.2J(b)]. The logarithmic plots are linear over a relatively 
large stress range, on the extreme planes (i.e., the {log (u, 
- u,) 2: 0 )  plane and the {log (a - u,) = 0 )  plane). The 
slopes of the curves on these extreme planes are called in- 
dices. The volumetric deformation indices associated with 
the void ratio surface for loading conditions [Fig. 12.24(b)] 
are 

(12.78) 

where 

C, = compressive index with respect to net normal 

C,,, = compressive index with respect to matric suction, 

For the unloading surface, the indices are subscripted 

stress, (a - u,) 

( 4 3  - u,). 

with an "s" as C, and e,,,,. 
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al 
.- d 

Constant volume 
stress path 

--Swelling or rebound 

(a) (b) 

-Compression 

Figure 12.24 Void ratio constitutive surface for an unsaturated soil. (a) Arithmetic plot of stress 
state variables versus void ratio; (b) semi-logarithmic plot of stress state variables versus void 
ratio. 

The volumetric deformation indices associated with the 
water content surface for loading conditions [Fig. 12.25(b)] 
can be defined as 

(12.80) 

(12.81) 

where 

Dl = water content index with respect to net normal 

D,,, = water content index with respect to matric suc- 

Similarly, the water content indices are subscripted with 

stress, (a - u,) 

tion, (ua - uw) .  

an “s” for the unloading surface (Le., Dl, and DmS). 

Constant water 

3 
u- 

Legend 
---- Water content increase - Water content decrease 

(a) (b) 

Figure 12.25 Water content constitutive surface for an unsatu- 
rated soil. (a) Arithmetic plot of stress state variables versus water 
content; (b) semi-logarithmic plot of stress state variables versus 
water content. 

The C, , C,,,, D, , and D,,, indices can be obtained from 
the same test data used to obtain the a,, a,, b,, and 6, 
coefficients. The difference between the soil properties lies 
in the manner in which the results are plotted. Figure 12.26 
shows a typical compression curve for an unsaturated, 
compacted soil. The results show that the void ratio versus 
net normal stress curve can be linearized when a logarith- 
mic scale is used for the stress state variable. The com- 
pressive index, C,, can be computed from Fig. 12.26, and 
is commonly referred to as the compression index, C, , for 
saturated soils. On the saturation plane, the Dl index is 
related to C,: 

C, = D,Gs. (12.82) 

Figure 12.27 illustrates a typical soil-water characteris- 
tic curve plotted on a semi-logarithmic scale. A reasonably 

t 

Logarithm of net normal stress, (a - u.) 

Figure 12.26 Typical compression curve for a compacted soil 
plotted to a semi-logarithmic scale. 
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~ ~- 
Logarithm of matric suction, (ua - uw) 

Figure 12.27 Typical soil-water characteristics curves plotted 
to a semi-logarithmic scale. 

linear curve is obtained over a wide stress change, as com- 
pared to the arithmetic plot in Fig. 12.19. The slope is 
equal to the D,,, index. The C,,, index can then be computed 
from the Cm/Dm ratio obtained from the slope of the 
shrinkage curve (Fig. 12.20). 

Using a conversion between a semi-logarithmic and 
arithmetic scale (Lambe and Whitman, 1979), the C,, C,, 
D,, and D,,, indices can be written in terms of the a,, a,, 
6,, and b, coefficients: 

(12.83) 

(12.84) 

(12.85) 

(12.86) 

where 

(a  - u,),,, = average of the initial and final net nor- 

(u, - u,),,, = average of the initial and final matric 

The 0.435 constant arises from the logarithm of the nat- 
ural log base taken to the base 10 (Le., log,, 2.718). 

In spite of the linear curves on the extreme planes, the 
cross section of the constitutive surface on the logarithmic 
{log (a - u,) and log (u, - u,)} plane is no longer a series 
of straight lines as are found on the arithmetic {(a - u,) 
and (u, - u,))  plane. Figure 12.28 shows a comparison 

mal stresses for an increment 

suctions for an increment. 

Remolded Madrid clay 

-CI- 4.7 15.4 - 11.0 15.4 388 26.3 98.6 
)-c 16.6 15.6 244 27.8 106.0 
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f500 
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$ lo00 
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(a) 

vi 
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E 
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z 
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1 10 100 1000 10.000 
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(b) 
Figure 12.28 Cross-sections of void ratio surfaces plotted using 
arithmetic and logarithmic scales. (a) Cross-sections of void ratio 
surfaces on an arithmetic scale. {(a - u,) and (u, - u,,,) plane); 
(b) cross-section of the void ratio surfaces on a logarithmic scale 
{log (a - u,) and log (u, - u,) plane) (modified from Escario, 
1969). 

of the constitutive surface cross section at a constant void 
ratio when plotted using the arithmetic and logarithmic and 
logarithmic scales. An essentially linear cross section on 
the arithmetic plot becomes an asymptotic curve on the 
logarithmic plot. 

The asymptotic cross-section curve illustrates the loga- 
rithmic form of the void ratio constitutive surface in Fig. 
12.29(a). Ho (1988) proposed an approximate form of the 
void ratio constitutive surface, as shown in Fig. 12.29(b). 
The approximate surface consists of three planes, namely, 
planes I, 11, and 111. The three planes converge at a void 
ratio ordinate corresponding to nominal values of the stress 
state variables (i.e., log (a - u,) = 0 and log (u, - u,) 
= 0). Planes I and I11 are referred to as the orthogonal 
planes. Plane I is perpendicular to the e versus log (a - 
u,) plane, and has a slope in plane I which is represented 
by the C, index. Plane 111 is perpendicular to the e versus 
log (u, - u,) plane, and has a slope in plane I11 which is 
represented by the C, index. In other words, only one in- 
dex is required to describe void ratio changes when the 
stress state variable changes occur within the regions de- 
fined by planes I and 111. Therefore, the void ratio consti- 
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Figure 12.29 Logarithmic forms for the void ratio constitutive 
surface for loading conditions. (a) Void ratio constitutive surface 
for loading when plotted on a logarithmic scale; (b) approximate 
form of the void ratio constitutive surface on a logarithmic plot 
(from Ho, 1988). 

tutive equation describing plane I or plane I11 can be writ- 
ten in a general form as 

(12.87) de = C,d log (a - u,) + Cmd log (u, - u,). 

The water content constitutive equation describing plane 
I or plane 111 can be written as 

dw = D,d log (U - u,) + Dmd log (u, - u,). (12.88) 

Plane 11 represents a transition zone between planes I and 
111. This plane intersects both the void ratio versus log (a 
- u,) plane and the void ratio versus log (u, - u,) plane. 
These intersection lines define the slope of plane 11, 
namely, the C: and C; indices. In this case, two indices 
are required to describe void ratio changes when the stress 
state variable changes occur within the region of plane II. 
Techniques to obtain the C: and C& indices based on the 
C, and C,,, indices are explained in Chapter 13. The con- 
stitutive equation describing plane 11 can be written as 

de = C; d log (a - u,) + Ck d log (u, - u,) 

where 

(12.89) 

C; = slope of the intersection line of plane I1 with the 

Ck = slope of the intersection line of plane I1 with the 

It should also be noted that line “b” associated with 
plane I1 is assumed to be parallel to line “a” which joins 
planes I and 111 [Fig. 12.29(b)]. This assumption is re- 
quired in constructing the intersection lines of plane I1 on 
the extreme planes (see Chapter 13). The above approxi- 
mation is also applicable to the unloading surface of the 
void ratio constitutive surface (Ho, 1988). The slope of the 
water content constitutive surface is not fully understood. 
It is a matter of speculation to assume that the water con- 
tent constitutive surface is similar in shape to the void ratio 
constitutive surface. However, there does not presently ap- 
pear to be any experimental data to substantiate this as- 
sumption. 

void ratio versus log (a - ha) plane 

void ratio versus log (u, - u,) plane. 

    



CHAPTER 13 

Measurements of Volume Change Indices 

The application of the volume change theory presented in 
Chapter 12 requires the measurement of volume change 
coefficients and indices. These volume change coefficients 
and indices must be experimentally measured for each soil 
under investigation. Test procedures and equipments re- 
quired for the measurements of the volume change coeffi- 
cients and indices are outlined and discussed in this chap- 
ter. Test results on a compacted silt and a glacial till are 
used to illustrate the relationships between the various vol- 
ume change coefficients and indices. Most of the results 
are presented in a semi-logarithmic form and can be used 
for determining the volume change indices. These indices 
can then be converted to other volume change coefficients 
using the relationships given in Chapter 12. 

Techniques used to determine all volume change indices 
from the test results are also described in this chapter. The 
test procedures and equipment used in the measurement of 
the volume change properties are common to most soil me- 
chanics laboratories. Some of the equipment (Le., pressure 
plate apparatuses) are more common to the field of soil 
science and agronomy. 

The test procedures and equipments for the loading con- 
stitutive surfaces are described prior to those for the un- 
loading constitutive surfaces. The use of oedometer test 
results for assessing the in situ stress state in terms of the 
swelling pressure is briefly described. Procedural correc- 
tions pertinent to the determination of a corrected swelling 
pressure are outlined, and their importance to the predic- 
tion of heave is explained in Chapter 14. 

13.1 LITERATURE REVIEW 

Following is a review of typical test results that can be used 
to obtain the volume change coefficients associated with 
the constitutive surfaces. Figure 13.1 shows three-dimen- 
sional views of the void ratio and water content constitutive 
surfaces. The volume change coefficients corresponding to 
the loading conditions (Le., a,, a,, b,, b,,,) are also shown. 

Curve A in Fig. 13.1 is essentially a compression curve 

0, 

(b) 
Figure 13.1 Three-dimensional void ratio and water content 
constitutive surfaces for an unsaturated soil. (a) Void ratio con- 
stitutive surface; @) water content constitutive surface. 

obtained from an oedometer test on a soil in a saturated 
condition. There are two commonly used procedures for 
conducting oedometer tests on initially unsaturated speci- 
mens, namely, the “free-swell” and “constant volume” 
tests (Noble, 1966). These test procedures are generally 
used in the determination of the swelling pressure of the 
soil for the prediction of heave. 

In the “free-swell” oedometer test, the specimen is al- 

374 
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(a) (b) 
Figure 13.2 Typical “ free-swell” and “constant volume” one-dimensional oedometer test re- 
sults. (a) “Free-swell” test procedure; @) “constant volume” test procedure. 

lowed to swell under a token pressure by submerging the 
specimen in distilled water [Fig. 13.2(a)]. After attaining 
an equilibrium condition, the soil specimen is then loaded 
and unloaded following the conventional oedometer test 
procedure. In the “constant volume” oedometer test, the 
applied load is increased in order to maintain the specimen 
at a constant volume after it has been submerged in dis- 
tilled water [Fig. 13.2(b)]. When there is no further ten- 
dency for volume increase, the soil specimen is then loaded 
and unloaded following the conventional oedometer test 

The slope of the loading curve plotted on a semi-loga- 
rithmic scale (Fig. 13.2) gives the compression index, C,, 
which can be related to the coefficient of compressibility, 

procedure. 

a,. Similarly, the slope of the unloading curve is equal to 
the swell index, CIS, which can be related to the coefficient 
of swelling, u,~. Figures 13.3 and 13.4 show typical results 
of “free-swell” and “constant volume” oedometer tests 
on a compacted Regina clay, respectively. 

The coefficient of compressibility, Q,, is equal to the a, 
coefficient of compressibility commonly measured in sat- 
urated soil mechanics. Having determined the coefficient 
of compressibility, a,, the coefficient of water content 
change, b, [Fig. 13.1 (b)] , can then be calculated. The coef- 
ficient of water content change, b,, is equal to the coeffi- 
cient of compressibility, a,, multiplied by the specific grav- 
ity of the soil, G, . 

Curve B in Fig. 13.l(b) is equivalent to a soil-water 

(from 
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Figure 13.4 "Constant volume" one-dimensional odeometer 
data for compacted Regina clay (from Gilchrist, 1963). 
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Figure 13.5 Soil-water characteristic curves for several 
pacted soils (from Escario et al., 1989). 

com- 

characteristic curve which can be obtained from a pressure 
plate test. Figures 13.5 and 13.6 present the soil-water 
characteristic curves for several compacted soils. The soil- 
water characteristic curve for a silty clay soil is shown in 
Fig. 13.7 on a semi-logarithmic plot. The characteristic 
curves exhibit hysteresis between the drying and wetting 
processes. 

The slope of the soil-water characteristic curve plotted 

on an arithmetic scale is equal to the coefficient of water 
content change, b,, when the drying curve (i.e., loading) 
is considered. The slope is equal to the coefficient, b,, 
when the wetting curve (Le., unloading) is considered. 
Correspondingly, the semi-logarithmic plot (Fig. 13.7) re- 
sults in the water content indices, Dm and D,,, for the 
drying and wetting curves. 

The shrinkage and swelling relationships for a soil relate 
the void ratio to the water content at various matric suc- 
tions. Figure 13.8 shows a shrinkage curve relationships 
for a silty clay, corresponding to the soil-water character- 
istic curve shown in Fig. 13.7. The slope of the shrinkage 
curve defines the ratio between the a, and b, coefficients. 
Having determined the water content coefficient, b,, from 
the drying curve in Fig. 13.7, the coefficient of volume 
change, a,, can then be computed using the a,/b, ratio 
obtained from the shrinkage curve in Fig. 13.8. 

Several typical shrinkage relationships (i.e., void ratio 
versus water content) for compacted soils are presented in 
Fig. 13.9. The results show that the shrinkage curves are 
further from the saturation line as the water content or the 
degree of saturation of the soil decreases. 

Figure 13.10 presents the shrinkage and swelling water 
content versus void ratio relationships for Durham clay. 
The slope of the swelling curve defines the ratio between 
the coefficient of swelling, a,, , and the coefficient of water 
content, b,, . Having determined the coefficient of water 
content, b,,, from the wetting portion of the soil-water 
characteristic curve, the coefficient of swelling, a,, can 
be computed from the swelling curve. 

13.2 TEST PROCEDURES AND EQUIPMENTs 

Tests and equipments necessary for the measurements of 
the volume change coefficients are outlined and described 
in this section. The tests and equipments required for de- 
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Figure 13.7 Soil-water characteristic curve for a silty clay (fmm 
Croney and Coleman, 1954). 

Matric suction, (u. - u,) (kPa) 

/*--JSaturation line 
/~’ 

/ 
/ 

I 

termining the volume change coefficients associated with 
the loading constitutive surface are discussed first. Con- 
ventional tests and equipments common to a soil mechanics 
laboratory can be used in the measurement of the volume 
change coefficients for an unsaturated soil (Ho and Fred- 
lund, 1989; Rahardjo et al., 1990; and Ho et al., 1992). 

There are, however, several procedural factors that need 
to be considered when testing unsaturated soils. These fac- 
tors are identified when discussing the test procedures. 
Typical test results are given in order to illustrate the tech- 
niques used to determine the volume change coefficients. 
The last part of this section describes the tests and equip- 
ment required for the determination of the volume change 
coefficients associated with the unloading constitutive sur- 
face. 

Water content, w (%) 

Figure 13.8 Shrinkage relationship for a silty clay (from Cm- 
ney and Coleman, 1954). 

Till ldrv of wtimuml 
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Figure 13.9 Shrinkage relationships for a compacted silt and a 
glacial till (from Ho and Fredlund, 1989). 

13.2.1 Loading Constitutive Surfaces 
The relationship between the volume change indices asso- 
ciated with the loading conditions can best be visualized 
by presenting several intersection curves on one plot (Fig. 
13.1 1). These data are referred to as intersection curves 
because they correspond to the planes where one of the 
stress state variables goes to zero. Intersection curves 1 and 
2 for the void ratio surface [Fig. 13.11(a)] are combined 
in Fig. 13.11(b). The slopes of curves 1 and 2 are called 
the C, and C,,, volume change indices corresponding to the 
net normal stress and matric suction planes, respectively. 
Intersection curves 3 and 4 for the water content surface 
[Fig. 13.1 l(c)] are combined in Fig. 13.1 l(d). The water 
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F’igure 13.10 Unconfined shrinking and swelling cuwes for 
Durham clay (from Haines, 1923). 
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I Curve 2 

I * 
Log (a - us) or (u. - u,) 

t A 

(C) (d) 
Figure 13.11 Void ratio and water content constitutive relationships for an unsaturated soil. (a) 
Void ratio versus logarithm of stress state relationship; (b) intersection curves between void ratio 
surface and the (a  - u,) or (u, - uw) plane; (c) water content versus logarithm of stress state 
relationship; (d) intersection curves between water content surface and the (a  - u,) or (u, - uw) 
plane. 

content, w, can be multiplied by the specific gravity, G,, 
(i-e., wG,) in order to obtain the same scale as used for 
plotting the void ratio data. This means that curves 3 and 
4 in Fig. 13.1 l(c) are translated vertically by a magnitude 
of G, in Fig. 13.1 l(d). As a result, the slopes of curves 3 
and 4 in Fig. 1 l(d) are the products of G, and the volume 
change indices (Le., (D, G,) and (0, G,), respectively). 

Curve 1 in Fig. 13.11 is essentially the consolidation 
curve for the soil in a saturated condition (Le., (u, - u,) 
= 0 or u, = u,). The curve exhibits a linear relationship 
between the void ratio and the logarithm of net normal 
stress over a wide loading range. The slope of curve 1, C, , 
is equal to the compression index, C,, of the saturated soil. 
Curve 3 in Fig. 13.11(d) coincides with curve 1 from Fig. 
13.1 l(b) since the water content multiplied by specific 
gravity is equal to the void ratio when the soil is saturated. 
Therefore, the water content index, D, , can be computed 

Curve 4 in Fig. 13.11 is called the soil-water character- 
istic curve (Le., drying curve), and can be obtained from 
a pressure plate test (see next sections). A shrinkage curve 
(explained in the next sections) combined with the drying 

as (CJG,). 

portion of the soil-water characteristic curve can be used 
to construct curve 2 in Fig. 13.1 1. In other words, the four 
volume change curves and their corresponding indices (Le., 
C, , D,, Dm, and C,) can be obtained from routine soil tests. 

The combined plot of curves 1 ,2 ,  3, and 4 are presented 
in Fig. 13.12, which is essentially a combination of Fig. 
13.11(b) and (d). The arrows in Fig. 13.12 indicate the 
direction of deformation for curves 2 and 4. These curves 
approach curve 1 when the initial degree of saturation of 
the soil increases. Curve 1 has been assumed to remain 
constant for conditions corresponding to various initial de- 
grees of saturation. When the soil is saturated, the void 
ratio and the water content curves are the same, varying 
only with respect to net normal stress or the effective stress, 
(a - u,) (i.e., curve 1 in Fig. 13.12). 

Oedometer tests 

Procedures for oedometer tests on unsaturated soil speci- 
mens (e.g., compacted specimens) are described in ASTM 
D4546. This ASTM standard describes three methods for 
inundating the soil specimen prior to performing the 
oedometer test. During inundation, the matric suction of 
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wG, vs (u. - b) (curve4) 

e vs (a - u.) (curves 1 and 3)  I 

anunsatured soil. 

the soil is brought to zero, and the results can be used to 
calculate the swelling potential of the soil. The inundation 
can be conducted under “constant volume” [Fig. 13.2(b)] 
or “free-swell” [Fig. 13.2(a)] conditions. Curve 1 in Figs. 
13.1 1 and 13.12 illustrate the oedometer test results using 
the “constant volume” inundation procedure at the begin- 
ning of the test. Having inundated the soil specimen and 
allowed time for equilibrium, the test can proceed using 
the conventional oedometer test procedure used for satu- 
rated specimens (ASTM D2435). The decreasing void ra- 
tios are plotted against the logarithms of effective stress, (a 
- u,), to yield curves 1 and 3, as shown in Figs. 13.11 
and 13.12. 

Prtssure Phte Drying Tests 
The soil-water characteristic curve (Le., curve 4 and Figs. 
13.11 and 13.12) of a soil relates the water content to the 
applied matric suction in the soil. In an unsaturated soil, 
the pore-air pressure, u,, is usually atmospheric (Le., u, 
= 0) and the pore-water pressure, u,, is negative. The 
difference between the pore-air and pore-water pressures 
is called the soil matric suction, (u, - u,,,). In the labora- 
tory, a matric suction can be applied to a soil specimen by 
maintaining a zero pore-water pressure and applying a pos- 
itive pore-air pressure. Therefore, the matric suction in the 
soil specimen (i.e. , (u, - u,) where u, is maintained zero) 
can be varied by applying different air pressures to the 
specimen. This procedure is referred to as the axis-trans- 
lation technique (Hilf, 1956), and is explained in Chapter 
6. 

Pressure plate extractors such as the type manufactured 
by Soilmoisture Equipment Corporation, Santa Barbara, 
CA, can be used to measure the soil-water characteristic 

Figure 13.12 Relationship between curves that define the mass and volume change behavior of 

curve. The extractors are commonly used to apply various - _  

matric suctions to the soil specimen, and the test is called 
a pressure plate test (ASTM D2325). The pressure plate 
extractor consists of a high air entry ceramic disk contained 
in an air pressure chamber. The high air entry disk is sat- 
urated, and is always in contact with water in a compart- 
ment below the disk. The compartment is maintained at 
zero water pressure, 

Tempe pressure cells and volumetric pressure plate ex- 
tractors are two other types of extractors which can be used 
for the low range of matric suction applications (i.e., max- 
imum of 200 kPa). This equipment and its operational pro- 
cedures are explained in Chapter 6. Similar pressure plate 
extractors for the high range of matric suction applications 
(Le., up to 1500 kPa) are presented in Figs. 13.13, 13.14, 
and 13.15. The pressure membrane extractor utilizes cel- 
lulose membranes instead of a high air entry ceramic disk. 
In addition, a compression diaphragm is provided on the 

Figure 13.13 A 5 bar ceramic plate extractor (Le., maximum 
applied matric suction is 500 kPa). (Photograph courtesy of Soil- 
moisture Eauipment Corporation. Santa Bahara, CA.) 
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Figure 13.14 A 15 bar ceramic plate extractor (i.e., maximum 
applied matric suction is 1500 kPa). (Photograph courtesy of 
Soilmoisture Equipment Corporation, Santa Barbara, CA.) 

lid of the pressure membrane extractor. A pressure regu- 
lator maintains a higher pressure behind the diaphragm than 
inside the extractor in order to keep the soil specimen in 
contact with the cellulose membrane during the test. This 
is particularly important in the high range of matric suction 
applications where the soil specimens may shrink consid- 
erably. 

Figure 13.15 Pressure membrane extractor. (Photograph cour- 
tesy of Soilmoisture EauiDment Cornration. Santa Barbara. CA.1 

A soil specimen is placed on top of the disk, and the air- 
tight chamber is pressurized to the desired matric suction. 
The disk does not allow the passage of air as long as the 
applied matric suction does not exceed the air entry value 
of the disk. The air entry value of the disk is related to the 
diameter of the fine pores in the ceramic disk. Therefore, 
the air entry value of the disk and the strength of the cham- 
ber control the maximum air pressure (or matric suction) 
which can be applied to the specimen. 

The application of matric suction to the soil causes the 
pore-water to drain to the water compartment through the 
disk. A burette can be connected to the compartment to 
measure the water volume changes if only one specimen is 
tested. At equilibrium, the soil will have a reduced water 
content corresponding to the increased matric suction. The 
water content at each equilibrium condition can be com- 
puted from the water volume change measurements. If more 
than one specimen are being tested, it is necessary to dis- 
mantle the chamber and measure the weight of the speci- 
mens after equilibrium at each applied pressure. This pro- 
cedure is commonly used with 5 and 15 bar ceramic plate 
extractors when several specimens are tested simulta- 
neously. Plots of the equilibrium water contents versus the 
logarithm of the corresponding matric suctions give rise to 
curve4 in Figs. 13.11 and 13.12. 

Shrinkage Tests 
A shrinkage curve for a soil shows the relationship between 
the void ratio and the water content at various matric suc- 
tions. A soil specimen can either be allowed to dry in the 
air or it can be subjected to various matric suctions using 
a pressure plate extractor. In either case, the void ratio and 
water content of the specimen can be measured at various 
equilibrium states. When the specimen is allowed to slowly 
dry in the air, the specimen is covered at various time in- 
tervals in order to allow the specimen to come to equilib- 
rium. 

Accurate measurements of the void ratio can be made 
following the techniques used in the shrinkage limit test 
(ASTM D427). The shrinkage test involves the measure- 
ment of the total volume of the specimen. The standard 
procedure for measuring the total volume involves the use 
of the mercury displacement technique. The total volume 
of a soil specimen is measured by immersing the specimen 
into a cup filled with mercury (Fig. 13.16). The volume of 
the displaced mercury during immersion can be converted 
to the total volume of the specimen. 

Direct measurements of total volume can also be per- 
formed using calipers. The shrinkage curve can be con- 
structed by plotting the decreasing void ratios against the 
decreasing water contents as the matric suction increases. 

Determination of Volume Change Indices 
Two soils, a uniform silt and a glacial till, were tested by 
Ho (1988) and their index properties are presented in Table 

. .  ~- -.. I -  -, 13.1. An attempt was made to prepare soil specimens with 
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Figure 13.16 Immersion of specimen in shrinkage limit test 
(from Head, 1984). 

Table 13.1 Index Properties of the Silt and Glacial 
Till Used in the Test Program 

Silt Glacial Till 

Liquid limit 
Plastic limit 
Plasticity index 
Percent sand sizes 
Percent silt sizes 
Percent clay sizes 
Specific gravity, G, 
Half standard effort 

compaction : 
Woptimum 

Ydmaximum 

26.7 33.2 
14.9 13.0 
11.8 20.2 
25.0% 32.0% 
52.0% 39.0% 
23.0% 29.0% 
2.72 2.76 

19.0% 18.75% 
16.65 kN/m3 17.12 kN/m3 

nearly identical initial conditions. Each soil was oven-dried 
and hand-mixed with a predetermined quantity of distilled 
water. The wet soil was placed in a sealed plastic bag, and 
was left to cure in a constant humidity and temperature 
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room. The difference in water content between batches of 
the same soil was controlled to within 0.5%. Specimens 
were formed by static compaction at one-half standard 
AASHTO compaction effort at either “dry of optimum” 
or “at optimum” initial water contents. The compaction 
characteristics of the silt and till rn given in Table 13.1. 

The volume change and water content change tests (Le., 
oedometer, pressure plate and shrinkage tests) were con- 
ducted on compacted silt and glacial till specimens, with 
initial conditions corresponding to both the “dry of opti- 
mum” and “at optimum” conditions. The laboratory data 
are used to determine the volume change indices for the 
soils at both compaction conditions. 

The data for silt specimens compacted “dry of opti- 
mum” are used to illustrate the technique for obtaining the 
volume change indices. The oedometer test results for the 
silt specimens are shown in Fig. 13.17. The oedometer tests 
were performed in accordance with the “constant volume” 
test method. The loading curves correspond to curves 1 and 
3 in Figs. 13.11 and 13.12, and their slopes are equal to 
C, and (D, Gs), respectively. The soil-water characteristic 
curve for the silt (Fig. 13.18) was obtained from pressure 
plate tests. The water content is multiplied by the specific 
gravity, G,, for the purpose of combining the void ratio 
and water content plots, as previously illustrated in Fig. 
13.12 (Le., curve 4). The slope of the curve is equal to 
(Dm Gs). 

The shrinkage curve for the compacted silt is shown in 
Fig. 13.19. The void ratios corresponding to the various 
water contents in Fig. 13.18 can be found using the shrink- 
age relationships in Fig. 13.19(a). As a result, the void 
ratio versus matric suction relationship (i.e., curve 2 in 
Figs. 13.11 and 13.12) can be constructed using Figs. 
13.18 and 13.19(a). The slope of the shrinkage curve [i.e., 

Silt (dry of optimum) 
Legend wJ%) eo - 0.7 

16.2 0.729 
16.1 0.721 
17.0 0.730 - 0.6 

P) 

d 
2 0.5 
P 

.- 
c1 

3 
0.4 

0.3 

0.2 
10 100 lo00 loo00 

Net normal stress, (a - ua) (kPa) 
Figure 13.17 Results from one-dimensional “constant volume” d o m e t e r  tests on a compacted 
silt. 
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Slope = 
- 

Legend 
8 PP3DS 0 ST3 - 

(u. - u,.,) =225 kPa - -- 
Matric suction, (u, - u,) (kPa) 

Figure 13.18 Soil-water characteristic curve obtained from a pressure plate test on a silt com- 
pacted dry of optimum water content. 

Initial conditions 

0.4 - 

a 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 
wGs 

(a) 

Till (dry of optimum) 
w. = 15.2%. e, = 0.642 

Silt (dry of bptimbm) I 

0.6 
A-A-A- 

a.!jB - - 
d 

0 

.- 
e, = 0.606 

CI e 0.4 - . . 
P 0.3 - 

de/4wGs) or (ae/a(u, - u , ) ) / ( W G ) / W ,  - u,))l is 
equivalent to the ratio of volume change indices (Le., 

The combined plot of Figs. 13.17, 13.18, and curve 2 
[i.e., constructed from Figs. 13.18 and 13.19(a)] is de- 
picted in Fig. 13.20, which illustrates the volume change 
characteristics of an unsaturated, compacted silt. The vol- 
ume change indices (Le., C,, Cm, D,,  and 0,) can be com- 
puted from Fig. 13.20. Changes in void ratio and water 
content due to an increase in total stress or matric suction 
can now be predicted using the computed volume change 
indices. 

The same test procedures were applied to other com- 
pacted silt and the glacial till specimens. Figure 13.19(b) 
summarizes the results of shrinkage tests on various com- 
pacted specimens. Typical volume change relationships far 
the compacted silt and glacial till are presented in Figs. 
13.21, 13.22, and 13.23. The relationships are similar to 
that shown in Fig. 13.20. The computed volume change 
indices for the compacted silt and glacial till are tabulated 
in Table 13.2. These indices can be converted to other vol- 
ume change coefficients such as “m, and m2” or “a and 
b,” as explained in Chapter 12. 

In summary, oedometer tests, pressure plate tests, and 
shrinkage tests are the experiments required to obtain the 
volume change indices corresponding to the loading of an 
unsaturated soil. These tests can be performed using con- 
ventional soil mechanics testing procedures. The test re- 
sults give rise to the volume change relationships for an 
unsaturated soil. 

Cm /Dm Gs ) *  

a 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 
wGs 

(b) 

Figure 13.19 Results from shrinkage tests on compacted silts 
and glacial tills. (a) Shrinkage test data for the compacted silt; 
(b) shrinkage test data for compacted silts and glacial tills. 

Determination of Volume Change Indices Associated 
with the Transition Plane 
The entire void ratio constitutive surface in a semi-loga- 
rithmic form can be approximated by three planes, as il- 
lustrated in Fig. 13.24 and described in Chapter 12. The 
volume change indices, C, and Cm, are associated with or- 
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1.1 
1 .o 
0.9- 

Average initial condition: G. = 2.72, e, -0.699, w, = 16.5%. w,G, = 0.420 

consolidation test results 

Stress state variables, (a - u.) or (u. - u,) (kPa) 

Figure 13.20 Volume change relationships for the silt compacted dry of optimum water content. 

- Till (dry of optimum) 

Corrected Initial . .  -. -I 

Average initial condition: G, = 2.72, e. = 0.606, w. = 19.0%, w,G, = 0.61 6 

1 0' 102 10s l(r 1V 1 07 
Stress state variables, (a - UJ or (u. - u,) (kPa) 

Figure 13.21 Volume change relationships for the silt compacted at optimum water content. 

e vs (u. - u,) (curve 2 )  
from combined pressure 
plate and shrinkaee test I 

I I 
A - - 1  

0 

results 1 
(curve 4) from pressure plate 
test results 1 

10' 102 103 l(r 106 1V 1 07 
Stress state variables, (a - us) or (Un - u,) (kPa) 

Figure 13.22 Volume charge relationships for the till compacted dry of optimum water content. 
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Average initial condition: G, = 2.76, e, = 0.567, w, = 18.7%. w.G, = 0.516 

from combined pressure 

Stress state variables, (u - u,) or (u, - u,)(kPa) 

Figure 13.23 Volume change relationships for the till compacted at optimum water content. 

thogonal planes I and 111, respectively, and can be deter- 
mined from the test results presented in the previous sec- 
tions. The volume change indices, C; and Cg, are 
associated with transition plane 11, and can be determined 
graphically as outlined in this section. The procedure is 
applicable to stable-structured soils. 

Figure 13.25 illustrates the graphical determination of 
the volume change indices, C; and Ch, based on the “con- 
stant volume” oedometer test results and the measured val- 
ues of the C, and Cm indices. The first step is to determine 
the corrected swelling pressure, PJ, as detailed in the next 
section. Having determined the corrected swelling pres- 
sure, point A in Fig. 13.25 can be plotted with a coordinate 
equal to (log P i )  and eo where eo is the initial void ratio. 

A line can be drawn through point A with a slope of C, to 
intersect the convergence void ratio, e *  (i.e., the point 
where the lines converge). 

The second step is to determine the initial matric suction, 
(u, - uw)& A line can be drawn through the convergence 
void ratio, e*, at a slope of Cm, as shown in Fig. 13.25. 
The line intersects the initial void ratio line (Le., eo) 
at the logarithm of the initial matric suction (i.e., log 

The magnitudes of P i  and (u, - uw)g are used to deter- 
mine the location of points B, and B2 along the constant 
void ratio plane (Fig. 13.26). The straight line of constant 
void ratio on the arithmetic plot [Fig. 13.26(a)] must be 
conveIted to a semi-logarithmic plot, as shown in Fig. 

(u, - uw); ) .  

Table 13.2 A Summary of the Experimentally Measured Volumetric Deformation Indices” 

One-Dimensional Loading One-Dimensional Unloading 

Soil C, or Soil 
Typeb WOG~ eo DtGs c m  D m G s  Typeb WOG~ e0 ~1: ~ r s ~ , d  c m s  D m s G s  

DS 0.420 0.699 0.196 0.030 0.124 DS 0.419 0.702 0.040 0.126 0.033 0.263 
DS 0.424 0.700 DS 0.421 0.699 
os 0.516 0.606 0.177 0.082 0.158 OS 0.517 0.616 0.055 0.076 0.052 0.101 
os 0.511 0.609 os 0.514 0.609 
DT 0.427 0.642 0.206 0.089 0.159 DT 0.436 0.693 0.066 0.084 0.056 0.122 
OT 0.516 0.567 0.179 0.106 0.171 OT 0.523 0.571 0.037 0.057 0.024 0.060 

Notes: 
“All indices have a negative sign, as described by the sign convention in Chapter 12. 
b“DS” stands for silt at dry of optimum initial water content. “OS” stands for silt at optimum initial water content. 
“DT” stands for glacial till at dry of optimum initial water content. “OT” stands for glacial till at optimum initial water 
content. 

‘Average slope of the unloading curve. 
%ope of the linear portion of the unloading curve. 

    



13.2 TEST PROCEDURES AND EQUIPMENTS 385 

&- -Convergence  void ratio, e* 

1,111 =Orthogonal planes 
I1 =Transition plane 

Figure 13.24 Approximate form for the void ratio constitutive surface on a logarithmic plot. 

13.26(b). Log Pj and log (u, - u,,,): are joined by line 
“A,” which constitutes the chord of the asymptotic curve 
in Fig. 13.26(b). Line “B,” tangent to the asymptotic 
curve, is drawn parallel to line “A.” Line “B” intersects 
the log (a - u,) and log(u, - u,) axes at points BI and 
B2, respectively. As a result, the abscissas of points BI and 
B2 along the initial void ratio line are known. 

The third step is to draw lines extending from the con- 
vergence void ratio, e*, to points BI and B2 on the initial 

void ratio [Fig. 13.251. The slopes of these lines are equal 
to the C; and CA indices associated with transition plane 
I1 (see Fig. 13.24). 

The above procedure is used for obtaining the volume 
change indices associated with transition plane I1 on the 
semi-logarithmic form of the void ratio constitutive sur- 
face. In the arithmetic form of the constitutive surface, the 
volume change coefficients obtained from the extreme 
planes (Le., (u - u,) = 0 plane and (u, - u,) = 0 plane) 

,V...-.,-nce void ratio, e* 

Arrows indicate the directions 
of the graphical construction 

Log (u - u.) or LOe (u. - uw) 

Figure 13.25 Graphical determination of the volume change indices. 
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Matric suction, (u. - u,) Typical Results from Pressure Phte Tests 

P; =corrected swelling pressure 
(u. - u,E = matric suction corresponding 

to zero net normal stress 
at a constant void ratio 

c 

Legend 
-Actual stress path ---- Approximated s%ss path 

(b) 

Figure 13.26 Construction of lines A and B from “constant vol- 
ume” oedometer test results. (a) “Constant volume” stress plane 
on an arithmetic scale; (b) “constant volume” stress plane on a 
logarithmic scale. 

are assumed to be applicable to every state point along a 
constant void ratio plane or a constant water content plane. 
The significance of this assumption has been explained in 
Chapter 12. 

Soil-water characteristic curves obtained from pressure 
plate tests are an important part of the water phase consti- 
tutive surface for an unsaturated soil. An unsaturated soil 
in the field is often subjected to more significant and fre- 
quent changes in matric suction, than in total stress. The 
soil undergoes processes of drying and wetting as a result 
of climatic changes. On the other hand, the applied total 
stress on the soil is seldom altered. Therefore, it is impor- 
tant to know the nature of the soil-water characteristic curve 
of an unsaturated soil in order to predict the water content 
changes when the soil is subjected to drying or wetting. 

Croney and Coleman (1954) have summarized soil-water 
characteristic curves which illustrate the different behavior 
observed for incompressible and compressible soils. Figure 
13.27 compares the soil-water characteristic curves of soft 
and hard chalks, which are considered relatively incom- 
pressible. The drying curves of these incompressible soils 
exhibit essentially constant water contents at low matric 
suctions and rapidly decreasing water contents at higher 
suctions. The point where the water content starts to de- 
crease significantly indicates the air entry value of the soil. 
The data show that the hard chalk has a higher air entry 
value than the soft chalk. The high preconsolidation pres- 
sure during the formation of the hard chalk bed results in 
a smaller average pore size than for the soft chalk. 

Another noticeable characteristic is that the drying curves 
for both hard and soft chalks become identical at high ma- 
tric suctions (Fig. 13.27). This indicates that at high suc- 
tions, both soils have similar pore size distributions. There 
is a marked hysteresis between the drying and wetting 
curves for both soils. 

The effect of initial water content on the drying curves 

lo.’ 1 00 10’ 1 02 103 1 0 4  
Matric suction, (u. - u,) (kPa) 

Figure 13.27 Soil-water characteristic curves for soft and hard chalks with incompressible soil 
structures (from Croney and Coleman, 1954). 
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3 

0 20 60 80 100 120 140 160 
Metric suction, (u. - u,) (kPa) 

Figure 13.28 Effects of initial water content on the drying curves of incompressible mixtures 
(from Croney and Coleman, 1954). 

of incompressible mixtures is demonstrated in Fig. 13.28. 
An increase in the initial water content of the soil results 
in a decrease in the air entry value. This can be attributed 
to the larger pore sizes in the high initial water content 
mixtures. These soils drain quickly at relatively low matric 
suctions. As a result, the water content in the soil with the 
large pores is less than the water content in the soil with 
small pores at matric suctions beyond the air entry value. 
In other words, soils with a low initial water content (or 
small pore sizes) require a larger matric suction value in 
order to commence desatumtion. There is then a slower 
rate of water drainage from the pores. 

The initial dry density of incompressible soils has a sim- 
ilar effect on the soil-water characteristic curve, as was 
illustrated by the initial water contents. As the initial dry 
density of an incompressible soil increases, the pore sizes 
are small and the air entry value of the soil is higher, as 
illustrated in Fig. 13.29. The highdensity specimens de- 
saturate at a slower rate than the low-density specimens. 
As a result, the high-density specimens have higher water 
contents than the low-density specimens at matric suctions 
beyond their air entry values. In addition, the hysteresis 
associated with the high-density specimens is less than the 
hysteresis exhibited by the lowdensity specimens. 

Croney and Coleman (1954) used the soil-water char- 
acteristic curve for London clay (Fig. 13.30) to illustrate 
the behavior of a compressible soil upon wetting and 
drying. The gradual decrease in water content upon drying 
results in the air entry value of the soil being indistinct. In 
this case, the shrinkage curve of the soil (Fig. 13.31) must 
be used together with the soil-water characteristic cume in 
order to determine the air entry value of the soil. The 

shrinkage curve clearly indicates the compressible nature 
of the soil. The total and water volume changes caused by 
an increase in matric suction are essentially equal until the 
water content reaches 22%. As a result, the shrinkage curve 
above a water content of 22% is parallel and close to the 
saturation line, indicating essentially a saturation condi- 
tion. The soil starts to desaturate when the water content 
goes below 22%, causing the shrinkage cume to deviate 
from the saturation line. The void ratio of the soil reaches 

I I I 
10’  loD 10’ 101 

Metric suction. (u. - u,.,) (kPa) 

Figure 13.29 Effect of initial dry density on the soil-water char- 
acteristic curves of a compacted silty sand (from Cronev and 
Coleman, 1954). 
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10-1 IOD 10’ 102 103 1 0 4  106 108 

Figure 13.30 Soil-water characteristic curves for London clay 
(from Croney and Coleman, 1954). 

Matric suction, (u. - u,) (kPa) 

a limiting value (Le., e = 0.48), corresponding to a water 
content of 0%. A water content of 22 % corresponds to a 
matric suction in the natural soil of approximately lo00 
kPa, as indicated by the soil-water characteristic curve 
(Fig. 13.30). 

Some irreversible structural changes causing an irrever- 
sible volume change occur primarily during the first drying 
process, as indicated by curve A in Fig. 13.30. Subsequent 
wetting and drying cycles follow curves B and C (Fig. 
13.30), respectively. Curves B and C have lower water 
contents than curve A, with the difference indicating irre- 
versible volume change. 

Curve D in Fig. 13.30 was obtained from initially slur- 

0 . 9 r 1  I I I I I I i 

Water content, w (%I 
Figure 13.31 Shrinkage curve for London clay (from Croney 
and Coleman, 1954). 

ried specimens where the soil structure was partially dis- 
turbed. Curve A for the natural soil joined curve D at a 
matric suction of 6300 m a ,  indicating the maximum suc- 
tion to which the clay has been subjected during its geo- 
logical history. The maximum suction has a similar mean- 
ing to the preconsolidation pressure of a saturated soil, and 
this is explained in further detail in Chapter 14. The devia- 
tions of the natural soil curves A, B, and C from the ini- 
tially slurried soil curve D represent the natural state of 
disturbance due to past drying and wetting cycles. 

Another curve plotted in Fig. 13.30 is curve G that re- 
lates the water content to the matric suction for disturbed 
soil specimens. Curve G is not a soil-water characteristic 
curve since the points on the curve were obtained from soil 
specimens with different soil structures. A soil-water char- 
acteristic curve must be obtained from a single specimen 
or several specimens with “identical” initial soil struc- 
tures. Curve G appears to be unique for London clay, re- 
gardless of the matric suction of the soil. State points along 
the drying curve D or curve A will move to corresponding 
points on curve G when disturbed at a constant water con- 
tent. Similarly, state points along any wetting curve will 
move to curve G when disturbed at a constant water con- 
tent. Disturbance can take the form of remolding or thor- 
oughly mixing the specimens. Similar relationships to curve 
G have also been found for other soils (see Fig. 13.7). It 
can therefore be concluded that there is a unique relation- 
ship between water content and matric suction for a dis- 
turbed soil, regardless of its soil structure, initial matric 
suction, or its initial state path (Croney and Coleman, 
1954). 

A similar relationship is commonly observed in soils 
compacted at various water contents and dry densities (see 
Chapter 4). In other words, compacted soils have a unique 
relationship between water content and matric suction, re- 
gardless of the compacted dry density of the specimens. 

Determination of In Situ Stress State Using Oedometer 
Test Results 
One-dimensional oedometer tests are most often used for 
the assessment of the in situ stress state and the swelling 
properties of expansive, unsaturated soils. The oedometer 
can only be used to perform testing in the net normal stress 
plane. Therefore, the assumption is made that it is possible 
to eliminate the matric suction from the soil and obtain the 
necessary soil properties and stress state values from the 
net normal stress plane. The “free-swell” and “constant 
volume” tests (Fig. 13.2) are two commonly used proce- 
dures which first eliminate the soil matric suction. 

‘ ‘Constant Volume ’ ’ Test 
Let us first consider the “constant volume” oedometer test. 
In this procedure, the specimen is subjected to a token load 
and submerged in water. The release of the negative pore- 
water pressure to atmospheric conditions results in a ten- 
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dency for the specimen to swell. As the specimen tends to 
swell, the applied load is increased to maintain the speci- 
men at a constant volume. This procedure is continued un- 
til the specimen exhibits no further tendency to swell. The 
applied load at this point is r e f e d  to as the “uncorrected 
swelling pressure,” P, . The specimen is then further loaded 
and unloaded in a conventional manner. 

The test results are generally plotted as shown in Fig. 
13.2(b). The actual stress paths followed during the test 
can be more fully understood by use of a three-dimensional 
plot, with each of the stress state variables forming an ab- 
scissa (Fig. 13.32). It is important to understand the stress 
paths in order to propose a proper interpretation of the test 
data. The void ratio and water content stress paths are 
shown for the situation where there is a minimum distur- 
bance due to sampling. Even so, the loading path will dis- 
play some curvature as the net normal stress plane is ap- 
proached. In reality, the actual stress path will be even more 
affected by sampling (Fig. 13.33). 

Geotechnical engineers have long recognized the effect 
of sample disturbance when determining the preconsoli- 
dation pressure for a saturated clay. In the aedometer test, 
it is impossible for the soil specimen to return to an in situ 
stress state after sampling without displaying some curva- 
ture in the void ratio versus effective stress plot (i.e., con- 
solidation curve). However, only recently has the signifi- 
cance of sampling disturbance been recognized in the 
measurement of swelling pressure (Fredlund et af., 1980). 

Sampling disturbance causes the conventionally deter- 
mined swelling pressure, P, , to fall well below the “ideal” 
or “correct” swelling pressure, P i .  The “corrected” 
swelling pressure represents the in siru stress state trans- 

lated to the net normal stress plane. The “corrected” 
swelling pressure is equal to the overburden pressure plus 
the in situ matric suction translated onto the net normal 
stress plane. The translated in situ matric suction is called 
the “matric suction equivalent,” (u, - u,,,)~ (Yoshida et 
af., 1982.) The magnitude of the matric suction equivalent 
will be equal to or lower than the in situ matric suction. 
The difference between the in situ matric suction and the 
matric suction equivalent is primarily a function of the de- 
gree of saturation of the soil. The engineer desires to obtain 
the ‘‘corrected” swelling pressure from an oedometer test 
in order to reconstruct the in siru stress conditions. The 
procedure to accounting for sampling disturbance is dis- 
cussed later. 

%ree-Swell’ ’ Test 
In the “free-swell” type of oedometer test, the specimen 
is initially allowed to swell fmly, with only a token load 
applied (Fig. 13.2(a) and Fig. 13.34). The load required 
to bring the specimen back to its original void ratio is 
termed the swelling pressure. The stress paths being fol- 
lowed can best be understood using a three-dimensional 
plot of the stress variables versus void ratio and water con- 
tent, as shown in Fig. 13.34. This test has the limitation 
that it allows volume change and incorporates hysteresis 
into the estimation of the in situ stress state. On the other 
hand, this testing procedure somewhat compensates for the 
effect of sampling disturbance. 

Correction for the Compressibility of the Apparatus 
The following procedure is suggested for obtaining the 
“corrected” swelling pressure from “constant volume” 

D 
Metric suction, (u. - I&,) 

Figure 13.32 “Ideal” stress path representation for a “constant volume” oedometer test. 

    



390 13 MEASUREMENTS OF VOLUME CHANGE INDICES 

Ideal stress - deformation path 

-Actual stress - deformation path 

* P; (corrected 
swelling 

Matric suction, (u. - u,) 
/ I pressure) /.,a 

*Assume no volume change 
during sampling 

Figure 13.33 Ideal and actual stress-deformation paths showing the effect of sampling distuqb- 
ance. 

oedometer test results. Detailed testing procedures are pre- 
sented in ASTM D4546. When interpreting the laboratory 
data, an adjustment should be made to the data in order to 
account for the compressibility of the oedometer apparatus. 
Desiccated, swelling soils have a low Compressibility, and 
the compressibility of the apparatus can significantly affect 
the evaluation of in situ stresses and the slope of the re- 
bound curve (Fredlund, 1969). 

Because of the low compressibility of the soil, the com- 
pressibility of the apparatus should be measured using a 
steel plug substituted for the soil specimen. The measured 
deflections should be subtracted from the deflections mea- 
sured when testing the soil. Figure 13.35 shows the manner 
in which an adjustment should be applied to the laboratory 
data. The adjusted void ratio versus pressure curve can be 

Void ratio 

pressure ‘\ Water content 

Figure 13.34 Stress path representation for the “free-swell” 
type of oedometer test. 

sketched by drawing a horizontal line from the initial void 
ratio, which curves downward and joins the recompression 
curve adjusted for the compressibility of the apparatus. 

Correction for  h p l i n g  Disturbance 
Second, a comtion can now be applied for sampling dis- 
turbance. Sampling disturbance increases the compressi- 
bility of the soil, and does not permit the laboratory spec- 
imen to return to its in situ state of stress at its in situ void 
ratio. Casagrande (1936) proposed an empirical construc- 
tion on the laboratory curve to account for the effect of 

Uncorrected Sketched 
swelling -connecting 
pressure, P. portion t Test data adjusted 

of oedometer 

Log (0 - u.) - 
Figure 13.35 Adjustment of laboratory test data for the com- 
pressibility of the oedometer apparatus. 

    



13.2 TEST PROCEDURES AND EQUIPMENTS 391 

Regina clay 
Liquid limit = 75% 
Depth range = 0.75m - 5.3m 
No. of oedometer test = 34 

sampling disturbance when assessing the preconsolidation 
pressure of a soil. Other construction procedures have also 
been proposed (Schmertmann, 1955). A modification of 
Casagrande’s construction is suggested for determining the 
“corrected” swelling pressure. 

The following procedure is suggested for the determi- 
nation of the “corrected” swelling pressure. Locate the 
point of maximum curvature where the void ratio versus 
pressure curve bends downward onto the recompression 
branch (Fig. 13.36). At the point of maximum curvature, 
a horizontal line and a tangential line are drawn. The “cor- 
rected” swelling pressure is designated as the intersection 
of the bisector of the angle formed by these lines and a line 
parallel to the slope of the rebound curve which is placed 
in a position tangent to the loading curve. 

The need for applying a correction to the swelling pres- 
sure measured in the laboratory, is revealed in numerous 
ways. First, it would be anticipated that such a correction 
is necessary as a result of early experience in determining 
the preconsolidation pressure for normally consolidated 
soils. b o n d ,  attempts to use the “uncorrected” swelling 
pressure in the prediction of total heave commonly result 
in predictions which are too low. Predictions using “cor- 
rected” swelling pressures may often be twice the magni- 
tude of those computed when no correction is applied. 
Third, the analysis of oedometer results from desiccated 
deposits often produces results which are difficult to inter- 
pret if no correction is applied for sampling disturbance. 

Figure 13.37 shows an average oedometer curve ob- 
tained from 34 tests performed on Regina clay. The deposit 
is of preglacial lacustrine origin, and the natural water con- 
tents are near the plastic limit (Fredlund et al., 1980). The 
average liquid limit is 75 96. The climate of the region is 
semi-arid, and there is no evidence of a regional gmund- 
water table in the deposit. The soil is very stiff, and would 
be anticipated to have high swelling pressures. The oed- 
ometer results show, however, that if a correction for sam- 

Uncorrected Corrected 

Log (a - u.) - 
Figure 13.36 Constmction pmedure to correct for the effect of 
sampling disturbance. 

1.02 

0.98 

0.94 
6 .- 5 0.90 
E 
8 0.86 

0.82 

J 
100 lo00 0.78t0 ’ ’ ’ ” ” ~ ‘  

Log (a, - uw) W a )  

Figure 13.37 Average data from dometer tests on Regina clay 
illustrating the need for the swelling pressure correction. 

pling disturbance is not applied, the swelling pressure is 
only slightly in excess of the average overburden pressure. 
This soil could easily be misinterpreted as a low swelling 
clay. However, swelling problems are common, with a to- 
tal heave in the order of 5-15 cm. Samples ‘from depths 
deeper than 5.5 m often show “uncorrected” swelling 
pressures less than the overburden pressure. In other words, 
the correction for sampling disturbance is imperative to the 
interpretation of the in situ stress state of the soil. 

Figure 13.38 shows a comparison of “corrected” and 
“uncorrected” swelling pressure data from two soil de- 
posits. The results indicate that it is possible for the “cor- 

loo00 

- * Compacted Regina clay 

5 
% 
g 
.- F 

f 
I! 100 H s 

’ p“ 

!! 

- 

10 
10 100 lo00 

Uncorrected swelling pressure, P. (kPa) 

Figure 13.38 Change in swelling pressure due to applying the 
correction for sampling disturbance. 
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rected” swelling pressures to be more than 300% of the Unloading Tests ajler Compression 
“uncorrected” swelling pressures. 

13.2.2 Unloading Constitutive Surfaces 
The unloading constitutive surfaces are illustrated in Fig. 
13.39(a) and (c) for the void ratio and water content sur- 
faces, respectively. The intersection curves 1 and 2 from 
the void ratio surface [Fig. 13.39(a)] are combined in Fig. 
13.39(b). The slopes of curves 1 and 2 are called the C,, 
and C,,,, volume change indices, respectively. The inter- 
section curves 3 and 4 from the water content surface [Fig. 
13.39(c)] are combined in Fig. 13.39(d) using the variable, 
w G, , as the ordinate. Therefore, the slopes of curves 3 and 
4 in Fig. 13.39(d) are also the product of the specific grav- 
ity and the volume change indices (Le., (Dl, G,) and (Dm8 
G,), respectively). 

The following discussions outline the test procedures that 
can be used to obtain the four indices associated with the 
unloading constitutive surfaces (Le., C,,, C,,,, , D,,, and 
0,). Tests similar to those described in Section 13.2.1 are 
also applicable to the unloading surface when the tests are 
conducted in an unloading mode. 

Curve 2 

E 
‘0 .- 
8 

Curve 1 of the unloading surface can be obtained from the 
“free-swell” and “constant volume” oedometer tests, as 
illustrated in Fig. 13.40. Curve 1 connects the void ratio 
ordinates at the end of the “free-swell” tests. Curve 1 is 
essentially parallel to the rebound curve, corresponding to 
the unloading portion of the test at a lower void ratio (Fig. 
13.41). The rebound curves are approximately parallel to 
one another and can be linearized on a semi-logarithmic 
scale (Schmertmann, 1955; Holtz and Gibbs, 1956; Gil- 
Christ, 1963; Noble, 1966; Lambe and Whitman, 1979; 
Lidgren, 1970; Chen, 1975). The slope of the rebound 
curve is referred to as the swell index, C, , which is signif- 
icantly smaller than the compression index, C, . 

The slope of curve 1 (Le., the C, index) can be consid- 
ered to be essentially equal to the C, index from the re- 
bound curves. As a result, the CIS index from the unloading 
constitutive surface is obtained by performing an unloading 
test after completion of the compression portion, in accor- 
dance with the conventional test procedures for saturated 
specimens (ASTM D2435, 1985). 

The swelling index, C, , will generally range between 10- 

wl 

Curve 2 (pressure plate 
wetting tests) 

Curve 1 (unloading test 
after consolidation) - 

Log (a - u.) or (ua - u,) 

-* 

Curve 3 Curve 4 

”t 

Curve 3 or Curve 1 

(pressure plate 
-woGs wetting test) 

(C) (d) 

Figure 13.39 Void ratio and water content relationship during unloading of an unsatueted soil. 
(a) Void ratio relationship for unloading; (b) Intersection curves between void ratio surface and 
(a - u,) or (u, - u,) plane; (c) water content relationship for unloading; (d) Intersection curves 
between water content surface and (a - u,) or (u, - uw) plane. 
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unloading surface\ 
Curve 1 of 

,- Free-swell test 

r r  c 

Constant volume test 

"Y 

J 
Figure 13.40 Location of curve 1 of the unloading surface as obtained from the oedometer test 
results. 

20% of the compressive index, C,, for a particular soil. 
Figure 13.42 shows approximate swelling index values 
which have been correlated with the liquid limit and the 
rebound void ratio of a soil (NAVFAC, 1971). The plot is 
useful for obtaining an estimate of the swelling index. 

Curve 3 in Fig. 13.39(d) coincides with curve 1 from 
Fig. 13.39(b) since wG, is equal to the void ratio, e, when 
the soil is saturated. Therefore, the unloading water con- 
tent index, Dls,  can be computed as (Cl,/Gs). 

Pressure Plate Wetting Tests 
Curve 4 in Fig. 13.39 is called the wetting portion of the 
soil-water characteristic curve. The wetting curve can be 

established by performing pressure plate tests on speci- 
mens after the drying portion has been completed, as ex- 
plained in Section 13.2.1. The test procedures and equip- 
ments are similar to those used in the drying tests (ASTM 
D2325). The specimen is equilibrated to a lower matric 
suction by decreasing the air pressure in the pressure plate 
extractor. As a result, water from the compartment below 
the high air entry disk moves into the specimen, causing 
an increase in water content. The time required for water 
to be drawn into the specimen can be substantial and care 
must be taken to ensure that complete equilibrium has been 
attained. The equilibrium water contents are then plotted 
against the corresponding matric suctions to establish wet- 

Figure 13.41 Two-dimensional projections of " free-swell" one-dimensional oedometer data for 
compacted Regina clay (from Gilchnst, 1963). 
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Figure 13.42 Approximate correlation of swelling index versus 
rebound void ratio (from NAVFAC DM-7, 1971). 
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Figure 13.43 Schematic layout of the modified loading cap of 
the Anteus oedometer. 

ting curve 4, as shown in Fig. 13.39(d). The slope of the 
wetting curve 4 is equal to (0, G,). 

Curve 2 in Fig. 13.39 can also be constructed from the 
pressure plate test results when void ratio measurements 
are made at each point of matric suction equilibrium. The 
measurements can be made by reducing the air pressure in 
the extractor to zero, dismantling the extractor, and mea- 
suring the total volume of the specimen. The measure- 
ments must be made as quickly as possible in order to pre- 
vent changes in the water content of the soil. Having 
measured the total volume, the specimen is placed back 
into the extractor, and the test is continued at a lower ma- 
tric suction value. The computed void ratios at each equi- 
librium point are plotted against the corresponding matric 
suctions to give curve 2 in Fig. 13.39(b). The slope of 
curve 2 is equal to the volume change index, C,,,, . 

Free-Swell Tests 
Curves 2 and 4 in Fig. 13.39 can also be obtained by con- 
ducting a “free-swell” oedometer test (see Fig. 13.40) with 
void ratio and water content measurements. In this case, 
more specialized equipment such as a modified Anteus 
oedometer for the &,-loading condition (Fig. 13.43) is re- 
quired. The modified Aneus oedometer allows the control 
of total, pore-air, and pore-water pressures and the mea- 
surement of total and water volume changes during the 
tests. The soil specimen can also be wetted by injecting 
water through hypodermic needles installed in the loading 
cap. This procedure was used by Ho (1988) in an attempt 
to expedite the entrance of water into the specimen. 

10 100 1000 loo00 
Net normal stress, (a - u.) (kPa) 

Figure 13.44 Results for one-dimensional “constant volume” loading and unloading oedometer 
tests on silt compacted at optimum water content. 
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Figure 13.45 Results for one-dimensional “constant volume” loading and unloading oedometer 
tests on till compacted dry of optimum water content. 
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Figure 13.46 Results for one-dimensional “constant volume” loading oedometer tests on till 
compacted at optimum water content. 

Determination of Volume Change Indices 
The silt and glacial till described in Table 13.1 were also 
tested by Ho and Fredlund (1989) to determine the volume 
change indices associated with the unloading constitutive 
surfaces. The rebound curves from the unloading portion 
of the test are presented in Figs. 13.17 and 13.44 for the 

silt specimens, and in Figs. 13.45 and 13.46 for the glacial 
till specimens. The slopes of the rebound curves are equal 
to the volume change index C,s or (QG,). The results of 
the “free-swell” tests with void ratio and water content 
measurements on the silt and glacial till specimens are pre- 
sented in Figs. 13.47 and 13.48, respectively. The tests 

    



396 I 3 MEASUREMENTS OF VOLUME CHANGE INDICES 

Legend 
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0-0 wG. versus Log (Ua - u,) 

under ((I - u.) = 3.45 kPa 
I 
I 0.9 

d 
’= 0.6 E 
2 8 0.5 

0.4 
10 100 lo00 

Matric suction, (u. - u,) (kPa) 

Figure 13.47 Unloading portion results for one-dimensional 
“fme-swell” oedometer tests on silt specimens. 

were conducted using the modified Anteus consolidometer. 
Void ratios and water contents are plotted against the log- 
arithms of matric suction. The slope of the void ratio ver- 
sus log (u, - u,) curve is equal to the C,, index, while 
the slope of the (wG,)  versus log (u, - u,) curve is equal 
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under (u - u.) = 3.45 kPa 
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Figure 13.48 Unloading portion results for one-dimensional 
“free-swell’’ oedometer tests on till specimens. 

to the (D,,G,) index. As a result, all four indices associ- 
ated with the unloading surface (Le., C,,, C,,, D,,, and 
0,) are obtainable. These indices can be converted to 
other volume change coefficients, such as “mls and m2,” 
or the “a, and b,” coefficients, as explained in Chapter 12. 

    



CHAPTER 14 

Volume Change Predictions 

An unsaturated soil will undergo volume change when the 
net normal stress or the matric suction variable changes in 
magnitude. The volume change theory and the modulus 
measurements presented in Chapters 12 and 13, respec- 
tively, can be used to calculate volume changes in an un- 
saturated soil. Under a constant total stress, an unsaturated 
soil will experience swelling and shrinking as a result of 
matric suction variations associated with environmental 
changes. In collapsible soils, the collapse phenomenon oc- 
curs when the matric suction of the soil decreases. 

In this chapter, the methodology for the prediction of 
heave in a swelling soil is described in detail. The stress 
history of a soil is an important factor to consider in un- 
derstanding the swelling behavior. The formulations and 
example problems for heave prediction are presented and 
supplemented with two case histories. A detailed discus- 
sion on the factors influencing the amount of heave is also 
included. At the end, there is a brief note on collapsible 
soils and methods to predict the amount of collapse. 

14.1 LITERATURE REVIEW 

Expansive soils are found in many parts of the world, par- 
ticularly in semi-arid areas. An expansive soil is generally 
unsaturated due to desiccation. Expansive soils also con- 
tain clay minerals that exhibit high volume change upon 
wetting. The large volume change upon wetting causes ex- 
tensive damage to structures, in particular, light buildings 
and pavements. In the United States alone, the damage 
caused by the shrinking and swelling soils amounts to about 
$9 billion per year, which is greater than the combined 
damages from natural disasters such as floods, hurricanes, 
earthquakes, and tornadoes (Jones and Holtz, 1987). 
Therefore, the problems associated with swelling soils are 
of enormous financial proportions. 

Table 14.1 summarizes examples of causes for founda- 
tion heave as a result of the changes in the water content 

of the soil. These changes can originate from the environ- 
ment or from man-made causes. Nonuniform changes in 
water content will result in differential heaves which can 
cause severe damage to the structure. In fact, the differ- 
ential heave experienced by a light structure is often of 
similar magnitude to the total heave. 

The heave potential of a soil depends on the properties 
of the soil, such as clay content, plasticity index, and 
shrinkage limit. In addition, the heave potential depends 
upon the initial dryness or matric suction of the soil. Many 
empirical methods have been proposed to correlate the 
swelling potential of a soil to properties such as are shown 
in Table 14.2 and Fig. 14.1. These relationships are useful 
for identifying the swelling potential of a soil. In other 
words, these correlations reflect one component of the po- 
tential magnitude of heave. 

The amount of total heave can also be written as a func- 
tion of the difference between the present in situ stress state 
and some future stress state and the volume change indices 
for the soil. In general, the net normal stress state variable 
remains constant, while the matric suction stress state vari- 
able changes during the heave process. Matric suction 
changes result in changes in water content (Table 14.1). 
Therefore, total heave can be predicted by measuring the 
in situ matric suction and estimating or predicting the future 
matric suction in the field under specific environmental 
conditions. The volume change indices with respect to ma- 
tric suction changes must be measured in accordance with 
the procedures outlined in Chapter 13. 

There are several heave formulations related to the vol- 
ume change indices which have been proposed by various 
researchers (Table 14.3). These formulations differ pri- 
marily in the manner in which strain and soil suction are 
defined. 

The prediction of heave on the basis of matric suction 
measurements has not been extensively used due to diffi- 
culties associated with accurate measurements of matric 
suction and appropriate soil properties. More common are 
the methods for heave prediction based on one-dimensional 

397 
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Table 14.1 Examples of Causes for Foundation Heave Resulting from Soil Water Content Changes (from 
Headquarters, U.S. Department of the Army, 1983) 

Changes in field environment from 1) 
natural conditions 

2) 

Changes related to construction 1) 

2) 

3) 

4) 

5 )  

Usage effects 

3) 

4) 

Significant variations in climate, such as long droughts and heavy 
rains, cause cyclic water content changes resulting in edge 
movement of structures. 
Changes in depth to the water table lead to changes in soil water 
content. 
Covered areas reduce natural evaporation of moisture from the 
ground, thereby increasing the soil water content. 
Covered areas reduce transpiration of moisture from vegetation, 
thereby increasing the soil water content. 
Construction on a site where large trees were removed may lead to 
an increase of moisture because of prior depletion of soil water by 
extensive mot systems. 
Inadequate drainage of surface water from the structure leads to 
ponding and localized increases in soil water content. Defective rain 
gutters and downspouts contribute to localized increases in soil water 
content. 
Seepage into foundation subsoils at soil/foundation interfaces and 
through excavations made for basements or shaft foundations leads 
to increased soil water content beneath the foundation. 
Drying of exposed foundation soils in excavations and reduction in 
soil surcharge weight increases the potential for heave. 
Aquifers tapped provide water to an expansive layer of soil. 

Watering of lawns leads to increased soil water content. 
Planting and growth of heavy vegetation, such as trees, at distances 
from the structure less than 1-1.5 times the height of mature trees, 
aggravates cyclic edge heave. 
Drying of soil beneath heated areas of the foundation, such as 
furnace rooms, leads to soil shrinkage. 
Leaking underground water and sewer lines can cause foundation 
heave and differential movement. 

Table 14.2 Probable Expansion as Estimated from Classification Test Data’ (from Holtz and Kovacs, 1981) 

Probable Expansion 
as a % of the Total 

Volume Change 
Degree of (Dry to Saturated Colloidal Content Plasticity 
Expansion Condition)b (% - 1 CLm) Index, PI Shrinkage Limit, ws 

Very high > 30 > 28 > 35 < 11 
High 20-30 20-3 1 25-4 1 7-12 
Medium 10-20 13-23 15-28 10-16 
Low < 10 < 15 < 18 > 15 

“After Holtz (1959) and U.S.B.R. (1974). 
Wnder a surcharge of 6.9 kPa (1 psi). 
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oedometer test results. In the oedometer methods, matric 
suction measurements are not required. A list of the var- 
ious methods utilizing the oedometer test results is pre- 
sented in Table 14.4. Three of these methods are briefly 

The direct model method is based on a “free-swell” 
oedometer test on undisturbed samples (Fig. 14.2). The 
specimens are subjected to the overburden pressure (or the 
load that will exist at the end of construction) and allowed 
free access to water. The predicted heave is genemlly sig- 
nificantly below the actual heave experienced in the field. 
The stress path followed by the test procedure is shown in 
Fig. 14.2(b). The conventional two-dimensional manner for 
plotting the test data is shown in Fig. 14.2b). The under- 
estimation of the amount of heave appears to be primarily 
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Figure 14.1 Cornlation between soil properties and swelling 
potential (from van de Merwe t19641). 

Table 14.3 Definitions of Volume Change Indices with Respect to Suction Changes (from Hamberg, 1985) 

Typical Formation or 
Reference Symbol Definition Values Soil Type Location 

Fredlund, 1979 

Johnson, 1977 

Lytton, 1977 
McKeen, 1981 

Aitchison and 
Martin (1973) 

Pargher et al .  
( 1979) 

Gmssman et al . ,  
1968 
U.S.D.A. 
Soil 
Conservation 
Service, 1971 

Slope of void ratio versus log matric 
suction: 

Cm = A e / A  log (u, - u,) 
Slope of void ratio versus log 
matric suction, approximated by 

where a = compressibility factor (0 < a 
< l), B = slope of the suction versus 
water content relationship 

C, = aGs/lOO B 

Slope of the volumetric strain versus the log 
of total suction: 

A e / ( l  + e,) 
yh A log h 

where A e / ( l  + e,) = volumetric strain, 
h = total suction 
Slope of vertical strain versus the log of 
total suction; 

Slope of vertical strain versus the log of 
matric suction: 

Slope of vertical strain versus the log of 
solute (osmotic) suction: 

Value of linear strain corresponding to a 
suction change from 33 kPa to oven dry: 

where M I L D  = linear strain relative to dry 
dimensions, yD = bulk density of oven dry 
sample, yw = bulk density of sample at 33 
kPa suction 

I;I = € , / A  log h 

I;,,, = € , / A  log (u, - u,) 

= € , / A  log u 

COLE E: M / L D  = (yD/yw)”3 - 1 

0.1-0.2 

0.07 

0.15-0.21 
0.09-0.23 
0.07-0.15 
0.13-0.29 

0.02-0.18 
0.02-0.20 
0.05-0.22 

0-0.08 

0-0.11 

0-0.20 

0-0.17 

Regina clay 

Loess 

Yazoo clay 
Upper Midway 
Pierre Shale 
Marine clay 

Engleford 
Yazoo clay 
Mancos 

Red-Brown 
Clay 

Western and 
Midwestern 
U.S. soils 

Canada 

Mississippi 

Mississippi 
Texas 
Colorado 
Sicily 

Texas 
Mississippi 
New Mexico 

Adelaide, S. 
Australia 
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Table 14.4 Various Heave Predictions Methods Utilizing Oedometer Test Results 

Reference 

Name of Method Year Author Country 

Double oedometer 
method 

Salas and Serratosa 
method 
Volumeter method 
Mississippi method 

Sampson, Schuster, and 
Budge’s method 
Noble method 
Sullivan and McClelland 
method 
Holtz method 
Navy method 
Direct model method 
(Texas Highway 
Department) 
Simple oedometer method 

U.S.B.R. method 
Fredlund, Hasan and 
Filson’s method 

1957 

1969 
1957 

1961 
1962 
1972 

1973 

1975 
1965 

1966 
1969 

1970 
1971 
1973 

1973 

1973 
1980 

Jennings, J.E. and Knight, K. 

Jennings, J.E.B. 
Salas, J.A.J. and 
Serratos, J.M. 
DeBruijn, C.M.A. 
Clisby, M.B. 
Teng, T.C., Mattox, R.M., 
and Clisby, M.B. 
Teng, T.C., Mattox, R.M., 
and Clisby, M.B. 
Teng, T.C. and Clisby, M.B. 
Sampson, E., Schuster, R.L., 
and Budge, W. D . 
Noble, C.A. 
Sullivan, R.A., and 
McClelland, B. 
Holtz, W .G. 
NAVFAC 
Smith, A.W. 

Jennings, J.E., Firth, R.A., 
Ralph, T.K., and Nager, N. 
Gibbs, H.J. 
Fredlund, D.G., Hasan, J.U., 
and Filson, H. 

South Africa 

Spain 

South Africa 
U.S. 

U.S. 

Canada 
U.S. 

U.S. 
U.S. 
U.S. 

South Africa 

U.S. 
Canada 

due to a lack of consideration of disturbance which has 
been experienced by the soil during sampling. 

The Sullivan and McClelland method is based on a “con- 
stant volume” oedometer test on an undisturbed sample 
initially subjected to the overburden pressure. Once the 
swelling pressure has been reached, the sample is re- 
bounded. The stress path followed is shown in Fig. 14.3. 
The availability of published case histories is limited, but 
it is anticipated that this method would underestimate the 
amount of heave since sampling disturbance has not been 
taken into account. 

The double oedometer method is based on the results of 
two oedometer tests, namely, a “free-swell” odometer 
test and a “natural water content” odometer test. The 
specimens are initially subjected to a token load of 1 kPa. 
No water is added to the oedometer pot during the “natural 
water content” test. The ‘‘natural water content” oedom- 
eter test data are adjusted vertically to match the “free- 

swell” test results at high applied loads. Various loading 
conditions and final pore-water pressures can be simulated 
in the analysis. The stress paths followed by the two tests 
are shown in Fig. 14.4. The predicted heave is generally 
satisfactory since the method of analyzing the data appears 
to compensate for the effects of sampling disturbance. In 
other words, the natural water content curve defines the 
effect of sampling disturbance. The stress paths of more 
recent, updated versions of the double oedometer method 
can also be visualized on similar three-dimensional plots 
in terms of net normal stress and matric suction. 

Fredlund et al. (1980) proposed the use-of “constant vol- 
ume” oedometer test results in predicting total heave. It 
was suggested that the measured swelling pressure be cor- 
rected for sampling disturbance. A graphical technique for 
correcting the measured swelling pressure was proposed 
(see Chapter 13). The correction was similar in procedure 
to Casagrande’s construction for determining the precon- 
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Free swell test Starting stress 
in laboratory I 

Token 
load 

Sampled soil 

Applied load 

’ \ ,Reload (lab) 

nsitu stress 

( b) 
Feure 14.2 Stress path followed in the direct model method. 
(a) Two-dimensional plot showing the stress path followed in the 
field and in the laboratory; (b) three-dimensional plot of the stress 
path. 

t 

Applied load 

(4 

: 
1 t f  Token load 

(b) 
Figure 14.3 Stress path followed in the Sullivan and Mc- 
Clelland method. (a) Two-dimensional plot of the stress path; (b) 
three-dimensional plot of the. stress path, 

Figure 14.4 Stress paths followed when using the double 
oedometer method (Jennings and Knight, 1957). 

solidation pressure. The details of the procedure are ex- 
plained later in this chapter. 

The remainder of the pmedures listed in Table 14.4 will 
not be explained. However, each procedure could be plot- 
ted on a three-dimensional plot with the stress state vari- 
ables used for the horizontal axes. Later, a method for the 
prediction of heave will be outlined which is consistent with 
the fundamentals of the unsaturated soil theory of volume 
change (Fredlund et al., 1980). 

14.1.1 Factors Affecting Total Heave 
The preceding review of the literature on swelling soil be- 
havior indicates that there are three primary factors con- 
trolling total heave, namely, the volume change indices and 
the present and future stress state variables. The properties 
of the soil have been shown to influence the volume change 
indices. For example, soils compacted at various densities 
and water contents produce different soil structures which 
have different volume change indices. In addition, various 
densities and water contents also affect the magnitude of 
the stress state of compacted soils. Soils compacted at low 
densities and high water contents (Le., wet of optimum 
water content) have a low matric suction value as compared 
to the soils compacted dry of optimum water content. 
Therefore, it can be concluded that the density and water 
content conditions in a soil affect both the volume change 
indices and the stress state. These, in turn, control the 
amount of total heave. 

Chen (1988) studied the effect of initial water content 
and dry density of compacted soils on the amount of total 
heave. The study was conducted using “fm-swell” 
oedometer tests on expansive shalcs from Denver, CO. The 
shale had 63% silt and 37% clay, with a liquid limit and 
plasticity index of 44.4 and 24.4%, respectively. The re- 
sults indicate that total heave increases with a decrease in 
the initial water content of specimens Compacted at a con- 
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Surcharge pressure (kPa) 

Figure 14.7 Effect on total heave of the surcharge pressure for 
a specimen at a specified density and water content (from Chen, 
1988). Figure 

content 
1988). 

Initial water content, w, (%) 

14.5 Effect on total heave of varying the initial water 
for specimens of constant initial dry density (from Chen, 

stant initial dry density (Fig. 14.5). On the other hand, 
total heave increases with increasing initial dry density for 
specimens compacted at a constant initial water content 
(Fig. 14.6). 

In addition to soil pmperties such as dry density and water 
content, the amount of total heave is also a function of the 
total stress applied to the soil specimen. Figure 14.7 dem- 
onstrates the influence of the surcharge pressure during an 
oedometer test on the amount of swelling. The results show 
that total heave decreases with an increasing surcharge 
pressure. In other words, it is possible to reduce the amount 
of swelling by applying a high total stress to the soil. Sim- 
ilar observations were reported by Dakshanamurthy (1979) 
as illustrated in Fig. 14.8. In this case, a commercial so- 
dium montmorillonite was statically compacted and tested 
in a triaxial apparatus. The specimens were first subjected 

Initial dry dentsity, Pdo (kg/m’) 

to various major and minor principal stresses, and then al- 
lowed to swell by imbibing water. The results in Fig. 14.8 
indicate that total heave decreases with increasing mean 
normal stress, while the ratio of the principal stresses has 
an insignificant effect on the total heave. 

Holtz and Gibbs (1956) summarized the effect of initial 
water content and dry density on the total heave of a com- 
pacted expansive clay (Fig. 14.9). The heave was obtained 
when the soil in an oedometer ring was submerged in water. 
The specimens were subjected to a surcharge load of 7 kPa. 
The diagram indicates an increasing total heave with re- 
spect to a decreasing initial water content or an increasing 
initial dry density. As an example, a clay compacted to 
optimum water content under standard AASHTO compac- 
tion will expand about 3% of its volume when saturated 
under a surcharge load of 7 kPa. On the other hand, ex- 
pansion is reduced to zero at 3% wet of optimum water 
content, and is increased to 6% at a water content 3% dry 
of optimum. A similar diagram was also presented for the 
effect of dry density and water content on vertical swelling 
pressure (Fig. 14.10). The vertical swelling pressure was 

0 50 100 150 200 250 300 
Mean normal stress, urn (kPa) 

20 

0 50 100 150 200 250 300 
Mean normal stress, urn (kPa) 

Figure 14.6 Effect on total heave of the initial dry density for 
specimens, of constant initial water content (from Chen, 1988). 

Figure 14.8 Effect of various principal stress ratios on total 
heave (from Dakshanamurthy, 1979). 
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3500 -1 I I 
Volume chanie - perbent 
p c h a r p  load, - 7 kPa 

2000 

10 15 20 25 30 35 40 
Initial water content, w, (%) 

Figure 14.9 Effect of initial water content and dry density on 
the expansion properties of compacted Porterville clay when wet- 
ted (from Holtz and Gibbs, 1956). 

defined as the pressure developed in a specimen placed in 
an oedometer ring and saturated without allowing any vol- 
ume change. The diagram shows that the vertical swelling 
pressure is more sensitive to variations in the initial dry 
density than it is to variations in initial water content. 

Chen (1988) also studied the effect of volume-mass 
properties on vertical and lateral swelling pressures. The 
vertical swelling pressure was found to be essentially in- 
dependent of the initial water content and the surcharge 
load. This finding is in agreement with the observations 
made by Holtz and Gibbs (1956), as shown in Fig. 14.10. 
The vertical swelling pressure, however, increases expo- 
nentially with an increasing dry density, as illustrated in 
Fig. 14.11. On the other hand, the lateral swelling pressure 
was found to be a function of the initial dry density, the 

Initial dry density, pdo (kg/mS) 

Figure 14.11 Effect of initial dry density on swelling pressure 
(from Chen, 1988). 

degree of saturation, and the surcharge load. The experi- 
mental results indicate that the lateral swelIing pressure in- 
creased rapidly to a peak value during saturation, and then 
decreased to an equilibrium state, as demonstrated in Fig. 
14.12. This observation is in agreement with the results of 
extensive research into lateral swelling pressure behavior 
conducted by Katti et al. (1969). 

14.2 PAST, PRESENT, AND FUTURE STATES 
OF STRESS 

The prediction of volume change requires information on 
possible changes in the stress state and the soil pmperty, 
known as a volume change index. Oedometer tests ex- 
plained in Chapter 13 are commonly performed to deter- 
mine the present in situ state of stress and the volume 
change indices. In this test, the present in situ state of stress 
is translated onto the net normal stress plane, and is re- 
ferred to as the “corrected” swelling pressure. The mea- 

A Initial placement condition 
2000 --- Pressure developed at 

350 I I I I I 

pressures in kPa 

lo00 
10 16 20 26 30 36 40 

Initial water content, wo(%) 

Figure 14.10 Swelling pressure caused by wetting compacted 
Porterville clay at various placement conditions (from Holtz and 
Gibbs, 1956). 
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L= 
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50 

0- 
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3 

Figure 14.12 Development of vertical and lateral swelling pres- 
sums with time (from Chen, 1988). 
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sured and corrected swelling pressure represents the sum 
of the overburden pressure and the matric suction equiva- 
lent. The matric suction equivalent is the matric suction of 
the soil translated onto the net normal stress plane. Thus, 
the oedometer test measures the in situ state of stress (on 
the total stress plane) without having to measure the indi- 
vidual components of stress. 

14.2.1 Stress State History 

The development of an expansive soil can be visualized in 
terms of changes in the stress state in the deposit. Changes 
in stress state occur during geological deposition, erosion, 
and during environmental changes resulting from precipi- 
tation, evaporation, and evapotranspiration. The following 
example illustrates the stress history of a preglacial lake 
sediment that has evolved to become an expansive soil over 
a period of time. 

Consider a preglacial lake deposit that was initially con- 
solidated under its own self weight. The drainage of the 
lake and the subsequent evaporation of water from the lake 
sediments result in desiccation of the deposit. The term 
"desiccation" refers to the drying of soils by evaporation 
and evapotranspiration. The water table is simultaneously 
drawn below the ground surface. As a result, the pore- 
water pressures above the water table decrease to negative 
values, while the total stress in the deposit remains essen- 
tially constant. In other words, the effective stress in the 
soil increases, and consolidation takes places. The negative 
pore-water pressures act in all directions (i.e., isotropi- 
cally), resulting in a tendency for cracking and overall de- 
saturation of the upper portion of the profile (Fig. 14.13). 

The soil is further desaturated as a result of the growth 
of grass, trees, and other plants on the ground surface. Most 
plants are capable of applying as much as 10-20 atm of 
tension to the water phase prior to reaching their wilting 
point. A high tension in the water phase (i.e., high matric 
suction) causes the soil to have a high affinity for water 
[Fig. 14.13(a)]. 

The surface deposit can also be subjected to varying and 
changing environmental conditions. The changing water 
flux (Le., wetting and drying) at the surface results in the 
swelling and shrinking of the upper portion of the deposit. 
Volume changes might extend to depths in excess of 3 m, 
causing the surface deposit to be highly desiccated. 

Figure 14.14 illustrates the changes in the stress state of 
the surface deposit during wetting and drying due to infil- 
tration and evaporation, respectively. Changes occur pri- 
marily on the matric suction plane at an almost constant net 
normal stress. The stress paths followed during the wetting 
and drying processes can be illustrated as hysteresis loops 
on the matric suction plane. 

In arid and semi-arid regions, the natural water content 
in a deposit tends to decrease gradually with time. Low 

Evaporation and 

Cracks and fissures 
(unsaturated) 

Saturated 

0)  

6 
x i  .- 

Overburden , GI , Evaporation and 
evapotranspiration loading 

/ 'e%,* i' 

(b) 

Figure 14.13 Stress state repwsentation after lake sediments are 
subjected to evaporation and evapotranspiration. (a) Pore-water 
pressures during drying of a lacustrine deposit; (b) stress-state 
path during drying of a lacustrine deposit. 

water content conditions in an unsaturated clay deposit in- 
dicate that the soil has a high swelling potential. Unsatu- 
rated soils with a high swelling index, C,, in a changing 
environment are referred to as highly swelling and shrink- 
ing soils (i.e., expansive soils). 

r n l  

/ \ 
Overburden,/ loading \ 

evapotranspiration \ Evaporation and 

L M a t r i c  suction, 
(u. - u,) , 

c -  
pressure 

Figure 14.14 Stress state representation when soil has under- 
gone a cotnplex stress history caused by drying and wetting. 
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14.2.2 In Situ Stress State 
The prediction of heave requires infonnation on the present 
in situ stress state and the possible future stress state. The 
difference between the present and future stress states is 
one of the main variables which indicates the amount of 
volume change or heave that can potentially occur. There- 
fore, it is important that the present in situ stress state be 
accurately assessed. When using laboratory oedometer tests 
for assessing the present in situ stress state, it is imperative 
to correct the results for sampling d i s tuhce .  In this book, 
most attention is given to the use of laboratory oedometer 
test results for the assessment of the in situ stress state. 
This procedure appears to be satisfactory as long as the 
oedometer test can be performed on specimens which ad- 
equately represent the in situ soil mass. When the soil mass 
is highly fissured and cracked, it is difficult to obtain rep- 
resentative samples. Under these conditions, it is prudent 
to give more attention to heave analysis procedures which 
measure the in situ suction and the three-dimensional vol- 
ume change modulus for the soil. 

When a soil is sampled for laboratory testing, its in situ 
state of stress is somewhere along either the wetting or the 
drying portion of the void ratio versus the stress state vari- 
able relationship (Fig. 14.14). In the field, the soil has been 
subjected to numerous cycles of wetting and drying. At the 
time of sampling, the soil has a specific net normal stress 
and a specific matric suction. 

The laboratory infomation desired by the geotechnical 
engineer for predicting the amount of heave is an assess- 
ment of 1) the in situ state of stress, and 2) the swelling 
properties with respect to changes in net normal stress [Le., 
(a - u,)] and matric suction [Le., (u, - u,,,)]. An under- 
standing of the compressibility properties under loading 
conditions would, also be useful. A demanding testing fa- 
cility and program would be required to completely assess 
all of the above variables. For this reason, it is necessary 
to develop a simpler, more rapid, and economical proce- 
dure to obtain the information required to predict heave for 
practical problems. 

Several laboratory testing procedures have been used in 
practice to obtain the necessary information. Among these 
procedures, the one-dimensional oedometer test is the most 
commonly used to determine the present in situ state of 
stress. The “free-swell” and the “constant volume” 
&dometer test methods have been explained in detail in 
Chapter 13, together with the necessary correction proce- 
dures. Other oedometer test procedures have also been 
used, but in general these pwedures are variations of the 
“constant volume” and “free-swell” procedures. 

The oedometer test translates the in situ stress state onto 
the net normal stress plane. The in situ stress state is re- 
ferred to as the “corrected” swelling pressure, Pj , which 
is equal to the sum of the overburden pressure and the ma- 
tric suction equivalent (Chapter 13). 

Pa = preconsolidation pressure 

0.2 J 1 1 1 1 1 ‘ 1  ‘ ’ “ ””  ’ ‘ * I ‘ ’ L L  

10 100 lo00 loo00 
Log (0 - u.) (kPa) 

Figure 14.15 Position of corrected swelling pressure relative to 
the preconsolidation pressure of the soil. 

Figure 14.15 shows typical laboratory oedometer test 
data plotted to a scale which allows comparison to the vir- 
gin compression curve. Often, the entire laboratory loading 
curve is on the recompression portion, with the loading not 
even reaching the virgin compression branch. In other 
words, the preconsolidation pressure of many desiccated 
soils, P,, may exceed the highest load applied during the 
test. 

The preconsolidation pressure refers to the maximum 
stress producing a volume decrease that the soil has ever 
been subjected to in its history. Figure 14.15 illustrates the 
relative position of the comted swelling pressure, Pj , to 
the preconsolidation pressure, P, . The corrected swelling 
pressure, P; , is located approximately at the intersection 
between the constant void ratio line and the recompression 
branch. On the other hand, the preconsolidation pressure, 
P, , is located at the intersection between the recompression 
branch and the virgin compression curve. 

Methods for determining the preconsolidation pressure 
have been described in many soil mechanics textbooks, and 
will not be repeated herein, However, it is appropriate and 
useful to redefine the overconsolidation ratio, OCR, as the 
ratio of the preconsolidation pressure, P, , to the corrected 
swelling pressure, Pi, where Pi is a representation of the 
in situ stress state of the soil: 

(14.1) 

where 
OCR = overconsolidation ratio 

P i  = corrected swelling pressure 
P, = preconsolidation pressure. 

Equation (14.1) is a modified definition for the overcon- 
solidation ratio. At present, OCR is usually defined as the 
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ratio of the preconsolidation pressure, Pc. ,  to the in situ 
vertical effective overburden pressure, u:, (Le., (u,, - u,), 
where u,, = total overburden pressure and u, = pore-water 
pressure). The use of the corrected swelling pressure, P,; , 
in Eq. (14.1) eliminates the need for measuring the in situ 
negative pore-water pressure and assessing how it should 
be combined with the total stress when defining OCR. In 
addition, it seems more appropriate to define the degree of 
overconsolidation with respect to the in situ stress state on 
the net normal stress plane (i.e., P i ) .  

14.2.3 Future Stress State and Ground Movements 
Having determined the present in situ state of stress and 
the swelling indices from oedometer tests, the analysis can 
proceed to the prediction of possible changes in the stress 
state at some future time. The future state of stress corre- 
sponding to several years after construction must be esti- 
mated, based upon local experience and climatic condi- 
tions. Several procedures for estimating the final pore- 
water pressure profile are discussed in the next section. 

Changes in total stress can be anticipated as a result of 
excavation, replacement with a relatively inert material 
(e.g., gravel), and other loadings. The effects of these 
changes can be taken into account using appropriate vol- 
ume change indices for loading and unloading. However, 
it may be possible to assume that there is insufficient time 
for the soil to respond to each individual loading and un- 
loading. The long-term volume change calculations will 
then be approximated as the net loading or unloading. 

For discussions concerning possible future swelling, let 
us assume that the final pore-water pressufes of the soil 
may go to zero under a constant net normal stress. Figure 
14.16 shows the actual stress path that would be followed 
by a soil element at the depth from which the sample was 
retrieved. Swelling would follow a path from the initial 
void ratio, e,, to the final void ratio, er, along the rebound 
surface on the matric suction plane. The entire rebound 
surface can be assumed to be unique since the direction of 
deformation is monotonic (Matyas and Radhakrishna, 
1968; Fredlund and Morgenstern, 1976). Therefore, it is 
also possible to follow a stress path from the in situ stress 
state point over to the “corrected” swelling pressure, and 
then to proceed along the rebound curve on the net normal 
stress plane to the final stress condition. The advantage of 
the latter stress path is that the volume change indices de- 
termined on the net normal stress plane can be used to pre- 
dict total heave. 

14.3 THEORY OF HEAVE PREDICTIONS 

Heave predictions should ideally be conducted using the 
volume change theories presented in Chapter 12 for various 
loading conditions. The volume change coefficients or in- 

Analysis stress 
path 

Swelling 
pressure, 
p; 

Figure 14.16 “Actual” and “analysis” stress paths followed 
during the wetting of a soil. 

dices and matric suction changes should be measured using 
the techniques presented in Chapters 13 and 4, respec- 
tively. These changes should then be used to compute the 
total heave in a manner consistent with Eq. (12.47) (Le., 

= mikd(uy - u,) + m;d(rc, - u,) where dey = incre- 
mental strain in the y-direction, (ay - u,) = net normal 
stress in the y-direction, (u, - u,) = matric suction, m& 
= coefficient of volume change with respect to (uy - u,) 
for KO loading conditions, and m; = coefficient of volume 
change with respect to (u, - u , ~ ) ) .  The stress state variable 
changes can be large and consequently, the soil properties 
can vary as the stress levels change. As a result, it would 
be necessary to integrate Eq. (12.47) between the initial 
and final stress states, while making the soil properties a 
function of the stress state. It is possible to circumvent this 
complexity by recognizing that the constitutive surface can 
be linearized by plotting the stress state variables on a log- 
arithmic scale. In addition, it is possible to make a further 
simplification by transferring the matric suction variable 
onto the net total stress plane. 

The total heave formulation will be presented with the 
initial and final stress states projected onto the net normal 
stress plane. The results from a one-dimensional oedome-‘ 
ter test are plotted on a semi-logarithmic scale (i.e., the 
stress state) and the slope of the plot is used in the formu- 
lation for total heave. This method greatly simplifies the 
analysis for the prediction of total heave. The in situ stress 
state is equal to the vertical swelling pressure of the soil 
which is measured in a one-dimensional oedometer under 
Ko-loading conditions. As a result, only the vertical or one- 
dimensional heave is predicted. The vertical heave predic- 
tion is of importance in the design of shallow foundations 
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for light structures. Two case histories dealing with highly 
expansive soils in Saskatchewan, Canada, are later ana- 
lyzed and presented to illustrate the application of the total 
heave prediction theory. 

For loading configurations other than Ko-conditions, vol- 
ume change can also occur in the lateral directions. The 
swelling pressure in the lateral direction depends on several 
variables, such as the initial at rest earth pressure coeffi- 
cient and the horizontal deformation moduli for the soil, as 
pointed out in Chapter 1 1. In a soil with wide desiccation 
cracks, substantial volume changes may occur in the hori- 
zontal direction prior to the development of the lateral 
swelling pressure. The ratio of the lateral to vertical swell- 
ing pressures can range from as low as the at rest earth 
pressure coefficient, which may be zero, to as high as the 
passive earth pressure coefficient (Pufahl er al., 1983; 
Headquarters, U.S. Department of the Army, 1983; Fourie, 
1989). The lateral heave prediction is best analyzed using 
the volum'e change theory presented in Chapter 12, and it 
will not be further elaborated upon in this section. 

14.3.1 Total Heave Formulations 
The procedure for the calculation of total heave or swell is 
similar to that used for settlement calculations. The amount 
of total heave is computed from the changes in void ratios 
corresponding to the initial and final stress states and the 
swelling index. The formulation will be visualized on the 
void ratio versus the logarithm of the stress state. The fol- 
lowing formulation assumes stress paths which have been 
projected onto the net normal stress plane, as shown in Fig. 
14.17. The total heave stress path follows the rebound 
curve (i.e., C,) from the initial stress state to the final stress 
state. The equation for the rebound portion of the oedom- 
eter test data can be written as, 

Ae = C, log (2) 
L 

Uncorrected 

CUNe 
C 

LOe (0" - u.1 

(14.2) 

14.17 One-dimensional oedometer test results showing the ef- 
fect of sampling disturbance. 

where 

Ae = 

eo = 
ef = 
c, = 
Po = 

Pf = 

change in void ratio between the initial and final 
stress states (i.e., ef - eo) 
initial void ratio 
final void ratio 
swelling index 
initial stress state, which is equivalent to the cor- 
rected swelling pressure (Le., Po = Pi) 
final stress state. 

follows : 

where 

Au, = 

Uwf = 

The initial stress state, Po, or the corrected swelling pres- 
sure, P i ,  can be formulated as the sum of the overburden 
pressure and the matric suction equivalent (Fig. 14.15) as 
follows: 

PO = (uy - ua) + (u, - U w ) r  (14.3) 
where 

a,, = total overburden pressure 
uy - u, = net overburden pressure 

u, = pore-airpressure 
(u, - u,,,)~ = matric suction equivalent 

uw = pore-water pressure. 

Equation (14.3) defines the initial stress state, Po. In 
practice, the value of Po is not calculated, but measured as 
the corrected swelling pressure, Pi, in an oedometer test. 
The final stress state, P f ,  must account for total stress 
changes and the final pore-water pressure conditions. The 
pore-air pressure in the field remains at atmospheric con- 
ditions. The final pore-water pressure conditions can be 
predicted or estimated as explained in the next section. 
Therefore, the final stress state, P f ,  can be formulated as 

Pf = uy + Au, - uwf (14.4) 

change in total stress due to the excavation or 
placement of fill; the total stress change can have 
a positive or negative sign for either an increase 
or decrease in total stress, respectively 
predicted or estimated final pore-water pressure. 

The heave of an individual soil layer can be written in 
terms of a change in void ratio: 

Aei 
1 + e, hi Ahi = - (14.5) 

where 

Ahi = heave of an individual soil layer 

Aei = change in void ratio of the layer under consider- 

e, = initial void ratio of the soil layer 
efi = final void ratio of the soil layer. 

hi = thickness of the layer under consideration 

ation (i.e., eoi - efi) 
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The change in void ratio, dei,  in Eq. (14.5) can be re- 
written, by incorporating the soil properties and the stress 
states [Le., Eq. (14.2)], to give the following form for the 
heave of a soil layer: 

(14.6) 

where 

Pfi = final stress state in the soil layer 
Poi = initial stress state in the soil layer. 

The total heave from several layers, AH, is equal to the 

AH = c Ahi. (14.7) 

sum of the heave for each layer: 

14.3.2 Prediction of Final Pore-Water Pressures 
The final pore-water pressures below a foundation or pave- 
ments can either be pdicted or estimated. A prediction 
must take into consideration the surface flux boundary con- 
ditions (i.e., infiltration, evaporation, and evapotranspira- 
tion) and the fluctuation of the groundwater table. The sur- 
face flux boundary conditions can vary from one geographic 
location to another, depending upon the climatic condi- 
tions. Russam and Coleman (1961) related the equilibrium 
suction below asphaltic pavements to the Thomthwaite 
Moisture Index. On many smaller structures, however, it 
is often man-made causes such as leaky water lines and 
poor drainage which control the final pore-water pressures 
in the soil. 

There are three possibilities for the estimation of final 
pore-water pressure conditions, as illustrated in Fig. 14.18. 
First, it can be assumed that the water table will rise to the 
ground surface, creating a hydrostatic condition. This as- 
sumption predicts the greatest amount of total heave. Sec- 
ond, it can be assumed that the pore-water pressure ap- 
proaches a zero value throughout its depth. This may appear 
to be a realistic assumption; however, it should be noted 

Water table 

Hydrostatic 
(greatest heave) 

pore-water pressures 3 
Slightly negative 

(smallest heave) , p i2 \  1 
Zero 

Figure 14.18 Possibilities for the final pore-water pressure pro- 
file. 

that it is not an equilibrium condition. In many situations, 
this assumption may provide a suitable estimate for the fi- 
nal pore-water pressure state. Third, it can be assumed that 
under long-term equilibrium conditions, the pore-water 
pressure will remain slightly negative. This assumption 
predicts the smallest amount of total heave. It is also pos- 
sible to have variations of the above assumptions with 
depth. Also, there may be a limit placed on the depth to 
which wetting will occur. Any of the above assumptions 
produces relatively similar predictions of heave in most sit- 
uations. This is due to the fact that most of the heave oc- 
curs in the uppermost soil layer where the change in matric 
suction is largest. 

14.3.3 Example of Heave Calculations 
The following example problems are presented to illustrate 
the calcutations associated with total heave. The first ex- 
ample considers a 2 m thick layer of swelling clay (Fig. 
14.19). The initial void ratio of the soil is 1.6, the total 
unit weight is 18.0 kN/m3, and the swelling index is 0.1. 
Only one oedometer test was performed on a sample taken 
from a depth of 0.75 m. The test data showed a corrected 
swelling pressure of 200 kPa. It is assumed that the cor- 
rected swelling pressure is constant throughout the 2 m 
layer. 

Let us assume that the ground surface is to be covered 
with an impermeable layer such as asphalt. With time, the 
negative pore-water pressure in the soil below the asphalt 
will increase as a result of the discontinuance of evapora- 
tion and evapotranspiration. For analysis purposes, let us 
assume that the final pore-water pressure will increase to 
zero throughout the entire depth. 

The 2 m layer is subdivided into three layers. The amount 
of heave in each layer is computed by considering the stress 
state changes at the middle of the layer. The initial stress 
state, Po, will be equal to the corrected swelling pressure 
at all depths. The final stress state, Pf ,  will be the over- 
burden pressure. Equation (14.6) is used to calculate the 
heave for each layer. The calculations in Fig. 14.19 show 
a total heave of 11.4 cm. Approximately 36% of the total 
heave occurs in the upper quarter of the clay strata. The 
calculations can also be used to show the amount of heave 
that would occur if each layer became wet from the surface 
downward. 

The second example shows a more complex loading sit- 
uation, and the results are presented in Fig. 14.20. Again, 
the clay layer is 2 rn in thickness. The initial void ratio is 
0.8, the total unit weight is 18.0 kN/m3, and the swelling 
index is 0.21. Three odometer tests were performed, 
which show a decrease in the corrected swelling pressure 
with depth (Fig. 14.20). 

Suppose the engineering design suggests the removal of 
1 /3 m of swelling clay from the surface, prior to the place- 
ment of 2/3 m of gravel. The unit weight of the gravel is 
assumed to be equal to that of the clay. The 13 m of swell- 
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Corrected 
swelling Total 
pressure (kPa) pressure (kPa) 

\rlS 0 200 

I test 

Assume 1) Surface is covered with an impermeable layer 
2) Final pore-water pressure equals zero 
Equation: Ah, = 

1 +eo, 
P ,  

hb log do, 
PI will equal overburden pressure 
Po willequalcorrectedswelling pressure 

0 1  4 5  Calculations: 
Layer 1 Ah, = 500 * 1+1.0 log = 41.2mm 

L c 
~ o g  pressure 

0 1  13 5 Layer 2 Ah, 500 -log - = 29.3mm 1 + 1.0 200 
0 1  27 0 Layer3 Ah, =1000X 1 -lq-=43.5mm + 1.0 200 - 

Total Heave 114.0mm 

Figure 14.19 Total heave calculations for example no. 1 

ing clay is subdivided into three strata. The thickness of 
each layer is shown in the table in Fig. 14.20. 

The initial stress state, Po, can be obtained by interpo- 
lation of the corrected swelling pressures at the midpoint 
of each layer. The final stress state; Ps, must take into ac- 
count the final pore-water pressure and changes in the total 
stress. The final pore-water pressure is assumed to be -7.0 
kPa. Equation (14.6) can be used to calculate the heave in 
each layer. The total heave is computed to be 22.1 cm. 

Two assumptions are made during the heave analysis in 
the second example. First, it is assumed that the indepen- 

dent processes of excavation of the expansive soil and the 
placement of the gravel fill do not allow sufficient time for 
equilibrium to be established in the pore-water. Therefore, 
the soil responds only to the net change in total stress. Sec- 
ond, by estimating a final negative pore-water pressure, it 
is assumed that as saturation of the soil is approached, the 
slopes of the rebound curves on the matric suction and total 
stress planes approach the same value. This assumption is 
reasonable, provided the final pore-water pressure is rela- 
tively small. 

A third example illustrates the amount of heave versus 

Swelling pressure 
and final negative , Total - - - - - - - - - - - - - - 

Backfill gravel 2/3m 0 pore-water pressure \pressure 
Excavate 

Initial stress state Final stress state 
~ 

Layer Thickness Po = Pd Initial Change in Final PI = A h  
no. (mm) (kPa) dterhurden -total stress pore-water u,f Au - u ~ f  (mm) 

pressure Au  (kPa) pressure 
uv (kPa) u ~ f  

1 333 800 9 .o- t6.0 -7.0 22.0 60.6 
2 500 608 16.4 t6.0 -7.0 29.4 76.7 

83.6 3 833 300 28.4 t6.0 -7.0 41.4 -- 
Total heave= 220.9mm 

Figure 14.20 Total heave calculations for example no. 2 .  
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depth for a 4 m layer of expansive soil. The results show 
that the largest amount of heave occurs near the ground 
surface. In the zone near the ground surface, the matric 
suction is generally a maximum, and the overburden pres- 
sure has its lowest value. As a result, the ratio of the final 
stress state, Pf, to the initial stress state, Po, in Eq. (14.6) 
approaches its minimum value, which results in the largest 
amount of heave. 

Let us assume that the clay becomes wet, and the pore- 
water pressures go to zero throughout the deposit. Figure 
14.21 shows the distribution of heave potential versus depth 
for the 4 m thick layer. Heave potential is defined as the 
heave in each layer of the profile divided by the maximum 
heave in any layer. Three initial swelling pressure profiles 
are assumed. The first profile assumes a constant swelling 
pressure of 720 kPa throughout the depth. The second pro- 
file assumes a constant value for the swelling pressure of 
3600 kPa. The third profile assumes a linear decrease in 
swelling pressure from 720 Wa to a value equal to the 
overburden pressure at 4 m. All cases show that the heave 
potential decreases rapidly with depth. The swelling pres- 
sure generally decreases with depth in situ, and in this case, 
the decrease in heave potential is of an exponential form 
(Fig. 14.21). 

The change in water content, Aw, can also be estimated 
as the soil swells provided the initial volume-mass soil 

0 20 40 60 80 100 

‘ Constant P; = 720 kPa 
with depth 

4 Y  I I I I 
0 20 40 60 80 100 

Heave potential (%) 

Figure 14.21 Heave potential versus depth for various swelling 
pressure distributions. 

properties are known: 

where 

(14.8) 

Sf = final degree of saturation 
G, = specific gravity of soil solids 
AS = change in degree of saturation. 

The final degree of saturation can be assumed as some 
value approaching 100%. Changes in void, Ae, are ob- 
tained from the heave analysis. 

14.3.4 Case Histories 
Two case histories are briefly presented in order to dem- 
onstrate the application of the total heave prediction to en- 
gineering problems. 

Slab-on-Grade Floor, Regina, Saskatchewan 
In 1961, the Division of Building Research, National Re- 
search Council, monitored the performance of a light in- 
dustrial building which has been constructed in north-cen- 
tral Regina. Details of the study were presented by Yoshida 
et al. (1983). Instrumentation was installed to monitor 
ground movements at various depths below the slab. Water 
content changes were monitored using a neutron moisture 
meter probe. Undisturbed samples were taken as part of the 
subsurface exploration prior to the construction of the 
building. “Constant volume” oedometer tests were per- 
formed on three samples, and the swelling pressure profiles 
are shown in Fig. 14.22. The average swelling index of the 
soil at this site was 0.09. 

Approximately one year after construction, the owner 

pressure I I 

3 r t  2 L  3 L  A i o  6 L  7 I  
Swelling pressure (kPa) 

Figure 14.22 Swelling pressure versus depth for Regina clay at 
the light industrial building site (from Yoshida et al. 1983). 
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noticed considerable cracking of the floor slab. Precise level 
surveys showed the maximum total heave to be 106 mm. 
The owner had also noticed a significant increase in water 
consumption (Le., 35 OOO L). It was discovered that a leak 
had occurred in the hot water line beneath the floor slab, 
near the location of the maximum heave. The leak was im- 
mediately repaired. 

Total heave predictions were made on the basis of the 
laboratory oedometer test results. Various assumptions 
were made concerning the final pore-water pressure con- 
ditions. When it was assumed that the soil had become sat- 
urated and the water table rose to the base of the floor slab, 
the predicted heave was 141 mm. Assuming that the neg- 
ative pore-water pressures were reduced to zero, the pre- 
diction of total heave was 118 mm. Assuming a final pore- 
water pressure profile of -50 kPa gave a total heave pre- 
diction of 66 mm. On the basis of the heave analysis, it 
appears that the assumption of zero pore-water pressure 
was probably the most realistic for this case history. It ap- 
pears that further heave would likely have taken place had 
the leak had not been repaired. The prediction of heave at 
various depths showed close agreement with the actual 
measurements. 

The importance of correcting the swelling pressure mea- 
surements can be illustrated by computing the predicted 
heave using the Uncorrected swelling pressures. If the final 
pore-water pressures are assumed to be zero and the un- 
corrected swelling pressures are used in the computations, 
the predicted heave is 103 mm. This is less than the mea- 
sured maximum heave and 2% less than the 118 mm pre- 
dicted using the corrected swelling pressures. 

Eston School, Eston, Saskatchewan 
Soils in the Eston area of Saskatchewan have long been 
known to be extremely high in swelling potential. The stra- 
tigraphy consists of approximately 71 m of highly plastic, 
brown clay overlying the glacial till. Many light structures 
have undergone serious distress. The building of particular 
interest is the Old Eston School constructed in the late 
1920’s. 

The school building was constructed on concrete strip 
footings, and a wooden basement floor was supported by 
interior concrete footings. The school was a two-storey 
structure, with classrooms in both the lower and upper lev- 
els. The lower floor was approximately 1.2 m below grade. 
The exterior concrete walls were founded approximately 
1.8 m below grade. 

A substantial amount of heave took place below the in- 
terior footings. Although the record of performance was 
not precise, apparently the heave in one portion of the 
basement area had been quite extreme. On two occasions 
during the history of the school, 150-300 mm of soil was 
removed from below the interior footings. As much as 450- 
900 mm of total heave occurred during the life of the 

Swelling pressure (kPe) 

I 1 I I I I 
0 0.1 0.2 0.3 

Swelling index, C, 

Figure 14.23 Swelling index and swelling pressure versus depth 
for Eston clay. 

school, according to maintenance records. Large amounts 
of differential heaving of the floor were recorded in 1960. 
The school was demolished in 1967. 

In 1981, a subsurface investigation was conducted ad- 
jacent to the location of the old school. Undisturbed soil 
samples were taken, and “constant volume” oedometer 
tests were performed. The results are presented in Fig. 
14.23. The average natural water content throughout the 
profile was 25 I. The average plastic limit was 27 I, and 
the average liquid limit was 100%. The average swelling 
index was 0.21. Due to a lack of detailed information on 
the soil and performance conditions of the school, it is not 
possible to do a precise total heave analysis. It is of inter- 
est, however, to perform an approximate analysis. Using 
the comted swelling pressures from Fig. 14.23, and as- 
suming that the negative pore-water pressures went to zero, 
the predicted heave would be approximately 990 mm. 
Using the uncorrected swelling pressures, the predicted 
heave would be about 86% of this value (i.e., in the order 
of 855 mm). 

14.4 CONTROL FACTORS IN HEAVE 
PREDICTION AND REDUCTION 

The following sections discuss the role of each variable 
that controls the magnitude of total heave (Rao et al., 
1988). The corrected swelling pressure and the swelling 
index are the main variables which are considered. The ef- 
fect on the prediction of heave, of correcting the swelling 
pressure for sampling disturbance, is also demonstrated. 
These discuvions utilize a simple case with a constant pm- 
file of soil properties, including the swelling pressure. As 
a result, the influence of each controlling variable on the 
prediction of heave can readily be identified. 
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The same example is also used to illustrate the percent- 
ages of heave resulting from the wetting of an expansive 
soil to various depths. This analysis can be used to identify 
the critical zone where maximum heave will occur. Partial 
removal of expansive soils is often attempted in order to 
reduce the heaving potential. The effectiveness of this pro- 
cedure in reducing the amount of heave is discussed using 
the same example. 

14.4.1 Closed-Form Heave Equation when Swelling 
Pressure is Constant 
An example is shown in Fig. 14.24 where the corrected 
swelling pressure, P i ,  is constant with depth. The soil is 
assumed to be homogeneous (i.e., eo, p,  and C, are con- 
stant with depth). These assumptions apply to all cases pre- 
sented in the following sections. Sufficient water is sup- 
plied to the soil such that the pore-water pressures are 
assumed to go to zero throughout the entire soil profile. 
The final stress state, Pf, is assumed to be equal to the total 
overburden pressure. 

The unsaturated, expansive soil swells upon wetting. 
Most of the heave will occur near ground surface where 
there is the largest difference between the corrected swell- 
ing pressure and the total overburden pressure. Heave con- 
tinues to occur until a depth is reached where there is no 
difference between the corrected swelling pressure and the 
total overburden pressure. In this context, the depth at 
which the corrected swelling pressure equals the total 
overburden pressure can be defined as the active depth of 
swelling, H 

where 

H =  
P =  

g =  

(14.9) 

active depth of swelling 
total density of the soil, which is assumed to re- 
main constant with depth 
gravitational acceleration. 

Ground surface 

/pressure profile 
Corrected swelling 

Figure 14.24 Overburden and swelling pressure distributions 
versus depth for the case of constant swelling pressure. 

Inherent in this definition of active depth is the assumption 
that the final pore-water pressures throughout the profile 
go to zero. 

The heave analysis can be performed by first subdividing 
the computed active depth into j number of layers of equal 
thickness (Le., hi = h): 

(14.10) 

where 

h = thickness of a soil layer. 

An attempt is first made to determine the number of lay- 
ers required to accurately predict total heave. The initial 
stress state, Poi, is equal to the corrected swelling pressure 
Pj , which can be defined in terms of the active depth in 
Eq. (14.9): 

Poi = pgH. (14.11) 

The final stress state, Pfi, in the “i”th layer from ground 
surface is computed as the average overburden pressure of 
the layer: 

(i - 1)h + ih 
2 (14.12) pj? = Pg 

where 

i = soil layer number (i.e., 1, 2, - 6 e ,  j ) .  

The thickness of soil layer, h, in Eq. (14.12) can be writ- 
ten in terms of the total thickness divided by the number 
of layers [i.e., using Eq. (14.10)]: 

pgH(2i - 1)  Pfi = Y (14.13) 

The heave equation is written for each soil layer, and 
then summed to give the total heave. The amount of heave 
in each layer can be computed by substituting Eqs. (14. lo), 
(14.1 l), and (14.13) for hi,  Poi, and P3, respectively, in 
Eq. (14.6). The total heave for the entirely wetted active 
depth is the summation of the heave for each layer: 

A H = - -  CsH ’ 5 log (?). (14.14) 
1 + eo j i = ~  

The computed total heave does not change significantly 
when using more than 35 layers (Le., j = 35). Figure 14.25 
shows the percentage of total heave, referenced to the case 
of 35 layers, versus the number of layers used in the anal- 
ysis. If we assume the number of layers in the analysis to 
be 35, Eq. (14.14) can be simplified as follows: 

cs H AH= -0.430- 
1 + eo (14.15) 
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AH for j = 36 is assumed to be 100% 

6 10 16 20 26 30 36 
Number of layers, j 

Figure 14.25 Percentage of total heave as a function of the 
number of layers. 

where: 
-0.430 = the computed value for the term: 

- 1 c 35 log (y). 
35 i = l  

(14.16) 

For an infinite number of soil layers, the constant, 0.430 
in Eq. (14.15) approaches a value of 0.434, as obtained 
from a closed-form solution (Li, 1989). 

The total heave expressed in Eq. (14.15) will later be 
used as a reference when comparing the amount of heave 
computed for different field conditions (Le., partly wetted 
active depth, excavation, and backfill). In general, a total 
heave analysis can be performed using ten layers with an 
accuracy within practical limits. 

Substituting Eq. (14.9) into Eq. (14.15) and assuming a 
unit weight (i.e., p g )  of 20 kN/m3 and an initial void ra- 
tio, eo, of 1 .O yields the following equation: 

A H  = -0.01075 C,PI. (14.17) 
P: and AH have units of kPa and m, respectively. The 

corrected swelling pressure and the swelling index are the 
two primary variables involved in the prediction of heave. 
Figures 14.26 and 14.27 show the types of plots which can 

1.2 

1.0 - 
I 
d, 0.8 
t 3 0.6 
3 
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- 

0 0.1 0.2 0.3 
Swelling index, Cs 

Figure 14.26 Total heave versus swelling index for various cor- 
rected swelling pressures. 

c8= 0.2 
1.2 

Corrected swelling pressure, Pi (kPa) 

Figure 14.27 Total heave versus corrected swelling pressure for 
various swelling indices. 

be drawn from Eq. (14.17) to illustrate approximate 
amounts of total heave for various swelling indices and 
swelling pressures. The total heave varies linearly with both 
of the above variables. Viewed in another way, it is equally 
as important to accurately assess the swelling pressure as 
it is to assess the swelling index of an expansive soil. 

14.4.2 Effect of Correcting the Swelling Pressure on 
the Prediction of Total Heave 
Correcting the swelling pressure for the effect of sampling 
disturbance increases the change in void ratio, as shown in 
Fig. 14.28. As a result, the calculation of total heave also 
increases [see Eq. (14.5)]. The change in void ratio cor- 
responding to the corrected swelling pressure can be com- 
puted from Eq. (14.2) by substituting P i  for Po (also see 
Fig. 14.28): 

Ae ’ = C, log (2) .  ( 14.18) 

The change in void ratio corresponding to the uncor- 
rected swelling pressure, P,, is written as (see Fig. 14.28) 

Ae = C, log (z)  . (14.19) 

The difference in heave or in the change in void ratio can 
be obtained by subtracting Eq. (14.19) from Eq. (14.18): 

Ae - Ae’ = C,log (5). (14.20) 

Referencing the difference between the two void ratio 
changes, to the change in void ratio when using the cor- 
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Log (a, - u.1 
Figure 14.28 Void ratio changes corresponding to the corrected and uncorrected swelling pres- 
sures. 

rected swelling pressure gives 

Eq. (14.21) is shown graphically in Fig. 14.29 for var- 
ious ratios of swelling pressure, ( P : / P , )  and ( P f / P , ) .  In 

Figure 14.29 Effect of correcting the swelling pressure on the 
computed change in void ratio for various overburden pressures. 

other words, the initial and final stress states are referenced 
to the uncorrected swelling pressure. The plot shows that 
the relative difference between the two heave predictions 
increases as the difference between the corrected and un- 
corrected swelling pressures increases (i.e., as P i / P s  in- 
creases). It is common for the corrected swelling pressure 
to be two-three times greater than the uncorrected swelling 
pressure [Le., P j / P ,  can be 2-3 (Fredlund, 1983) (see 
Chapter 13)J. The relative difference in heave also in- 
creases as the overburden pressure increases (i.e., Pf /Ps  
increases). The difference between the two predictions of 
total heave can be substantial. 

14.4.3 Example with Wetting from the Top to a 
Specified Depth 
Figure 14.30 shows the variables involved in studying the 
effect of wetting of the soil from the ground surface to a 
specified depth (e.g., by flooding the surface). For exam- 
ple, an insufficient amount of water infiltration into the 
ground may result in the wetting of only a portion of the 
active depth. Let H ,  be the portion of the active depth that 
has been wetted (Le., rH). The wetted zone is also sub- 
divided into “j” number of layers for the computation of 
total heave. The heave for any layer in the wetted zone can 
be calculated by substituting the variables shown in Fig. 
14.30 into Eq. (14.6): 
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Ground surface 
I 

I t - 
H = jh 
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(wetted 
depth) 

I Corrected swelling 
pressure profile t \t ;;;urden pressure 

L U  
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Figure 14.30 Pressure distributions and definition of variables 
for the case of wetting a portion of the active depth. 

where 

Ahri = heave of an individual layer when a portion of 

r = the portion of the profile wetted &e., H r / H ) .  
the active depth is wetted 

Equation (14.22) reduces to the following form: 

Ahri = - ‘’ - rH [log (y) + log r ] .  (14.23) 
l + e o  j 

Equation (14.23) can be applied to all layers in the wet- 
ted zone to give the total heave: 

A H r = -  f; log (y) + log r ] .  1 +eo J i - 1  

(14.24) 

Substituting Eq. (14.15) into Eq. (14.24) for “j” equal 
to 35 gives 

CS H AH, = - r(-0.430 + log r) .  
1 + eo (14.25) 

When “r” is equal to 1 .O, the entire active depth is wet- 
ted, and Eq. (14.25) reverts to EQ. (14.15). A comparison 
between Eqs. (14.25) and (14.15) is as follows: 

- r(1 - 2.326 log r). -- AHr 
AH 

(14.26) 

Figure 14.31 shows a plot of Eq. (14.26) where various 
percentages of the profile are wetted. The relationship is 
unique for all values of swelling pressure and swelling in- 
dex. For example, it can be seen that 80% of the total heave 
occurs if the depth of wetting is 4040% of the active depth. 
This example can be used to illustrate that it may be pos- 
sible to flood an area prior to construction, until a signifi- 
cant percentage of total heave has occurred. Whether this 
is a practical engineering solution may depend on other 

Figure 14.31 Ratio of total heave predicted for wetting over a 
portion of the depth to the total heave for wetting of the entire 
active depth. 

factors, such as the soil properties and the design of the 
structure. 

14.4.4 Example with a Portion of the Profile 
Removed by Excavation and Backfilled with a 
Nonexpansive Soil 
This section considers the possibility of excavating the up- 
per portion of the profile. This is considered under the title 
of Case I. If the excavated portion is backfilled with a 
nonexpansive soil, the total heave calculations are consid- 
ered as Case 11. These two cases are shown in Fig. 14.32. 
In Case I, it is assumed that the active depth is unaffected 
by the removal of the soil. In both cases, the total heave 
calculations are made for the condition where the entire 
active depth is wetted. 

For Case I, the heave for any layer in the expansive soil 
can be computed by substituting the variables for Case I in 
Fig. 14.32 into Eq. (14.6): 

(14.27) 

where 
Ahli = heave in an expansive soil layer when the active 

I = the portion of the profile excavated (Le., H , / H ) .  
Equation (14.27) can be rearranged to the following 

depth is partially excavated 

form: 

+ log(1 - 0). (14.28) 
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Case I Ground Surface Case I1 

t t I  t 
I Removed portion fed portion 

ckfilled 
I mn-expansive soil 

I \ backfilled with 
I I I n _ _ _ _  

I---Pd = p g H 4  k P ;  = pgH 4 
Figure 14.32 Pressure distributions and definition of variables for the case of partial excavation 
and backfilling a nonexpansive soil within the active depth. 

The total heave for Case I is computed by summing the 
individual magnitudes of heave in each soil layer: 

+ log (1  - 1) ) .  (14.29) 

Substituting Eq. (14.15) into Eq. (14.29) for ‘ti” equal 
to 35 gives 

AH, = (1  - 1) { -0.430 + log (1 - 1 ) ) .  
1 + eo 

(14.30) 
If 1 = 0, there is no removal, and Eq. (14.30) reverts to 

Eq. (14.15). If I = 1 ,  the entire active depth has been ex- 
cavated, and there is no more tendency for heaving. A 
comparison between Eqs. (14.30) and (14.15) can be writ- 
ten as 

- -  - (1 - 1){1 - 2.326 log (1  - 1)). (14.31) AH 
Equation (14.31) is illustrated in Fig. 14.33 for various 

percentages of soil removal (Le., case of excavation with- 
out backfilling). 

Let us now consider Case 11, in which the excavated por- 
tion of the profile is backfilled with an inert or nonexpan- 
sive soil. The total density of the backfill is assumed to be 
equal to the density of the expansive soil. Similarly, the 
total heave, A H ,  for Case I1 can be calculated using the 
variables given in Fig. 14.32: 

2i - 1 l))]. (14.32) 

If 1 = 0, the maximum heave is computed, and if I = 1 ,  
the heave is zero. A comparison between Eqs. (14.32) and 
(14.15) can be written as 

-2.326(1 - 1) - =  
AH 

I ) ] ] .  (14.33) 
2i - 1 

J i = l  

Dimensionless plots illustrating Cases I and I1 are shown 
in Fig. 14.33. These plots apply for all swelling indices 
and swelling pressures, and show the influence of excavat- 
ing and backfilling on the computed total heave. 

Figure 14.33 shows, for example, that if 50% of the ac- 
tive depth were removed, the total heave would still be 
86% of that anticipated for the case of no excavation. 
However, if the excavated portion is backfilled with a 
nonexpansive soil, the total heave would be only 15% of 
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Figure 14.33 Ratio of total heave for partial excavation and 
backfilling to total heave for wetting of the entire active depth. 
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excavation, and backfilling can be studied by comparing 
these types of plots. 82 7 
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Figure 14.34 Matric suction and total volume changes versus 
time after inundation of a compacted specimen of Indian Head 
silty sand (from Tadepalli et al., 1992). 

that anticipated if no material were excavated, In other 
words, partial excavation of the expansive soil depth does 
not significantly reduce the total heave unless there is back- 
filling with an inert soil. 

Other possible boundary conditions could be assumed, 
but these examples illustrate the type of plots that can read- 
ily be generated using the equation for predicting total 
heave. The plots are of assistance in making engineering 
decisions when placing structures on expansive soils. Pos- 
sible remedial measures for heave reduction by flooding, 

14.5 NOTES ON COLLAPSIBLE SOILS 

An expansive soil exhibits a volume increase as a result of 
a reduction in matric suction, while a collapsible soil ex- 
hibits a volume decrease as a result of a reduction in matric 
suction. Collapsible soils have an open type of structure, 
with large void spaces which give rise to a metastable 
structure. Soils compacted dry of optimum at low densities 
often exhibit collapse behavior. In general, collapsible soils 
are unsaturated, and the reduction in matric suction is one 
of the major causes for the occurrence of collapse (Matyas 
and Radhakrishna, 1968; Escario and Sdez, 1973; Cox, 
1978; Lloret and Alonso, 1980; Maswoswe, 1985). 

Tadepalli (1990) conducted collapse tests in a specially 
designed oedometer with matric suction measurements. Soil 
specimens were statically compacted in the oedometer ring. 
Small-tip tensiometers were installed along the side of the 
specimen for the measurement of matric suction during the 
test. The specimen was then subjected to an applied total 
stress under constant water content conditions. At equilib- 
rium, the soil specimen was inundated, with the result that 
the soil gradually decreased in volume as the suction went 
to zero. During inundation, the matric suction and volume 
decrease were measured simultaneously at various elapsed 
times. 

Volume change and matric suction measurements taken 
during the inundation of compacted Indian Head silty sand 
are shown in Figs. 14.34 and 14.35 for small and large 
specimens, respectively. The results indicate that there is 
a unique relationship between the change in matric suction 

Elapsed time, t (min) 

Faure 14.35 Matric suction (measured using three tensiometers) and total volume changes ver- 
sus time after inundation of a compacted specimen of Indian Head silty sand (From Tadepalli et 
al., 1992). 
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Ngure 14.36 Matric suction and total volume changes versus 
time after inundation of an undistuhed specimen of Mississippi 
Delta silt (from Tadepalli et al., 1992). 

and the total volume change during collapse. Figure 14.35 
shows that the soil volume changed progressively with the 
reduction in matric suction, and the volume change ceased 
when the matric suction dropped to zero throughout the 
entire soil specimen. Similar types of observations were 
made on undisturbed specimens of Mississippi Delta silt, 
as shown in Fig. 14.36. 

The volume changes during collapse can be predicted 
using the matric suction changes and volume change theory 
presented in Chapter 12. In this case, there is no change in 
the net normal stress, and the pore-air pressure remains 

81 
Experimental 
volume changes 

> Predicted 
volume changes ''A 

= 79 . - a  9 
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Figure 14.37 Comparison between the predicted and measured 
volume changes during collapse of a compacted Indian Head silty 
sand (from Tadepalli and Fredlund, 1991). 

essentially atmospheric. However, unlike the stable-struc- 
tured soil, the metastable structure (Le., collapsible soil) 
will have a positive sign for its volume change moduli. 
This means that a reduction in the matric suction variable 
will result in a volume decrease. Figure 14.37 shows a 
comparison between predicted and measured volume 
changes during the inundation of a compacted Indian Head 
silty sand. The predicted volume changes were computed 
using the measured matric suction changes. 

    



CHAPTER 15 

One-Dimensional Consolidation and Swelling 

The application of a load to an unsaturated soil specimen 
will result in the generation of excess pore-air and pore- 
water pressures, as explained in Chapter 8. The excess pore 
pressures will dissipate with time, and will eventually re- 
turn to their values prior to loading. The dissipation pro- 
cess of pore pressures is called consolidation, and the pro- 
cess results in a volume decrease or settlement. 

In this chapter, the theory required for describing the 
consolidation and the swelling behavior of an unsaturated 
soil is derived. The derivation results in two transient flow 
equations which describe the air and water flow. The air 
and water flows are assumed to be interdependent, except 
in cases where the excess pore-air pressure dissipates in- 
stantaneously. In this case, only the water flow equation is 
required to analyze the consolidation (and the .swelling) 
process. 

The pore pressure changes at any time can be used to 
calculate the stress state variable changes. As a result, vol- 
ume changes can also be computed by using the constitu- 
tive equations and the coefficients of volume change, as 
explained in Chapters 12 and 13, respectively. 

15.1 LITERATURE REVIEW 

The development of consolidation equations for saturated 
and unsaturated soils is summarized in this section. Ter- 
zaghi (1943) derived the classical theory for one-dimen- 
sional consolidation for saturated soils. Several assump- 
tions were used in the derivations, such as: 1) the soil is 
homogeneous and saturated; 2) the strains are small; 3) the 
coefficients of volume change, m, , and permeability, k, , 
remain constant during consolidation; and 4) the water and 
soil particles are incompressible. 

Tenaghi’s classical derivations incorporated a constitu- 
tive equation for saturated soils and a flow law. The con- 
stitutive equation described the deformation of the soil 
structure with-respect to changes in the stress state by using 
the soil property called the coefficient of volume change, 

mu. Tenaghi (1936) proposed the effective stress, (a - 
uw), as the stress variable to describe the behavior of a 
saturated soil. The flow rate of water during consolidation 
was calculated in accordance with Darcy’s law. Darcy’s 
law relates the flow rate of water to its hydraulic head gra- 
dient using the soil property called the coefficient of perme- 
ability, k, . 

The continuity of a saturated soil element requires that 
the volume change of a soil element be equal to the change 
in the volume of water in the element. Applying the con- 
tinuity requirement results in the consolidation equation 
proposed by Tenaghi (1943): 

au, a2uw 
at aY2 
- -  - c, - (15.1) 

where 

c,, = coefficient of consolidation (i.e,, k,/@,gm,)) 
k, = coefficient of permeability with respect to water at 

pw = water density 

m, = coefficient of volume change for saturated soils. 

Equation (15.1) describes changes in pore-water pres- 
sures with respect to depth and time during the consolida- 
tion process. The changes in pore-water pressure result in 
changes in the effective stress, (a - uw). The effective 
stress changes can be substituted into the constitutive equa- 
tion in order to compute the volume change, which is equal 
to the volume of water flowing out of the saturated soils. 
The computed volume changes can, in turn, be used to 
compute the soil volume-mass properties, such as void ra- 
tio, water content, and density throughout the consolida- 
tion process. 

In 1941, Biot proposed a general theory of consolidation 
for an unsaturated soil with occluded air bubbles. Two con- 
stitutive equations relating stress and strain were formu- 
lated in terms of the effective stress, (a - u,,,), and the 

saturation (i.e., S = 100%) 

g = gravitational acceleration 

419 
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pore-water pressure, u, . In other words, the need for sep- 
arating the effects of total stress and pore-water pressure 
was recognized. One equation related the void ratio to the 
stress state, and the other equation related the water content 
to the stress state of the soil. Assumptions used in Biot’s 
theory were similar to those used in Tenaghi’s theory. For 
one-dimensional consolidation, Biot’s theory resulted in an 
equation similar to Eq. (15.1), but the coefficient of con- 
solidation, c, , was modified to take into account the com- 
pressibility of the pore fluid. Larmour (1966), Hill (1967) 
and Olson (1986) showed that Terzaghi’s equation with a 
modified coefficient of consolidation, c y ,  can be used to 
describe the consolidation behavior of unsaturated soils 
with occluded air bubbles. Scott (1963) incorporated void 
ratio change and degree of saturation change into the for- 
mulation of the consolidation equation for unsaturated soils 
with occluded air bubbles. 

Blight (1961) derived a consolidation equation for the air 
phase of a dry, rigid, unsaturated soil. Fick’s law of dif- 
fusion, which relates mass transfer to the pressure gradient, 
was used in the derivation. 

Barden (1965, 1974) presented an analysis of the one- 
dimensional consolidation of compacted, unsaturated clay. 
Darcy’s law was used to describe flow for the air and water 
phases. Several independent types of analyses were pro- 
posed, depending upon the degree of saturation of the soil. 
The analyses remained indeterminate due to the lack of in- 
formation on the stress state and the constitutive relations 
for the unsaturated soil. 

Fredlund and Hasan (1979) presented two partial differ- 
ential equations which could be solved for the pore-air and 
pore-water pressures during the consolidation process of 
an unsaturated soil. The air phase was assumed to be con- 
tinuous. Darcy’s and Fick’s laws were applied to the flow 
of the water and air phases, respectively. The coefficients 
of permeability with respect to both the water and air phases 
were considered to be a function of matric suction or one 
of the volume-mass properties of the soil. In other words, 
the two partial differential equations contained terms which 
accounted for the variation in the coefficients of perme- 
ability. Both equations were solved simultaneously, and the 
method is commonly refened to as a two-phase flow ap- 
proach. 

The formulation by Fredlund and Hasan (1979) was sim- 
ilar in form to the conventional one-dimensional Tenaghi 
derivation [Le., Eiq. (15. l)]. The derivations also demon- 
strated a smooth transition between the unsaturated and sat- 
urated cases. Similar consolidation equations have also 
been proposed by Lloret and Alonso (1981). 

The two partial differential equations have been used to 
simulate the total and water volume change behavior of 
compacted kaolin specimens during total stress and matric 
suction changes (Fredlund and Rahardjo, 1986). The pore 
pressure changes calculated from the two different equa- 
tions resulted in changes in the stress state variables. The 

stress state variable changes were substituted into the soil 
structure and the water phase constitutive equations in or- 
der to compute the volume changes in the unsaturated soil. 
Comparisons between the predicted volume changes and 
experimental results indicate similar volume change behav- 
ior with respect to time. However, pore pressure changes 
in the specimens were not measured during the tests. 

In 1984, Dakshanamurthy et al., extended the consoli- 
dation theory for unsaturated soils to the three-dimensional 
case. The continuity equations were coupled with the equi- 
librium equations in deriving the three-dimensional for- 
mulation. 

Rahardjo (19%) conducted one-dimensional consolida- 
tion tests on an unsaturated silty sand in a specially de- 
signed KO-cylinder. The cylinder was developed to accom- 
modate KO-loading, and allow for the simultaneous 
measurement of pore-air and pore-water pressures 
throughout the soil specimen. The total and water volume 
changes were measured independently during the consoli- 
dation tests. The results indicated an essentially instanta- 
neous dissipation of the excess pore-air pressures for the 
particular soil used in the experiment. On the other hand, 
the excess pore-water pressure dissipation was found to be 
a time-dependent process which could be closely simulated 
using the water flow partial differential equation. 

15.2 PHYSICAL RELATIONS REQUIRED FOR 
THE FORMULATION 

The one-dimensional consolidation equation for saturated 
soils [Le., Eq. (15. l)] can be derived by satisfying the con- 
tinuity requirement for a saturated soil element. The con- 
tinuity equation is satisfied by equating the time derivative 
of the constitutive equation to the divergence of the flow 
rate. The constitutive equation for a saturated soil relates 
the change in void ratio, de, to the change in effective 
stress, d(o  - u,). The rate of water flow through a soil 
mass is described by Darcy’s law. The time derivative of 
the constitutive equation gives the rate of change of the 
total volume of the saturated soil element. The total vol- 
ume change rate of a saturated soil element should be equal 
to the net rate of water flow from the element. 

The one-dimensional consolidation equation for an un- 
saturated soil can similarly be formulated by satisfying the 
continuity requirement. In this case, the change in the total 
volume of the soil element is equal to the sum of the 
changes in the volume of water and the volume of air in 
the element. The constitutive equations for an unsaturated 
soil were formulated in Chapter 12. One-dimensional con- 
solidation under a &-loading condition has the following 
constitutive equation for the soil structure: 

dV, VO = m;kd(u, - u,) + rn;d(u, - u,) (15.2) 
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Dry condition 

rni-0 

- 
vo Unsaturated (s=o)  

(S< 100%) 

where 

dV,/Vo = volume change of the soil element with re- 
spect to the initial volume of the element 
(also referred to as the volumetric strain 
change, de,) 

Vu = volume of soil voids in the element 
Vo = initial overall volume of the element 

mik = coefficient of volume change with respect to 
a change in net normal stress, d(u, - u,), 
for KO-loading 

md = coefficient of volume change with respect to 
a change in matric suction, d(u, - u,), dur- 
ing Ko-loading. 

The water phase constitutive relation for KO-loading can 
be written as 

where 

dV,/ Vo = change in the volume of water in the soil ele- 
ment with respect to the initial volume of the 
element 

V, = volume of water in the element 
m; = coefficient of water volume change with re- 

spect to a change in the net normal stress, 
d(uy - u,), for KO-loading 

my = coefficient of water volume change with re- 
spect to a change in matric suction, d(u, - 
u,), during KO-loading. 

The air phase constitutive relation is given by the differ- 
ence between the soil structure and the water phase consti- 
tutive equations. The air phase constitutive equation can 
also be expressed in a general form as a function of the 
stress state variables: 

where 
dV,/V, = change in the volume of air in the soil ele- 

ment with respect to the initial volume of the 
element 

Vu = volume of air in the element 
myk = coefficient of air volume change with respect 

to a change in net normal stress, d(uy - u,) 
m: = coefficient of air volume change with respect 

to a change in matric suction, d(u, - u,). 
Figure 15.1 shows the relationship among the three con- 

stitutive surfaces described by the above equations. At any 
stress point on the constitutive surfaces, the coefficients of 
volume change are related in accordance with the conti- 
nuity requirement. That is, 

myk = mik - m; (15.5) 

Faure 15.1 Constitutive surfaces for an unsaturated soil. (a) 
Soil structure constitutive surface; (b) water phase constitutive 
surface; (c) air phase constitutive surface. 

and 
m i  = mi - mz.  (15.6) 

When the soil is saturated (Le., degree of saturation, S, 
at 100%), the four coefficients of volume change, mic, 
m;, and m L ,  and m z  are equal to the m, value used for a 
saturated soil. The m, coefficient can be obtained from a 
one-dimensional consolidation test on a saturated speci- 
men. The myk and mf values will be equal to zero under 
saturated conditions [Eqs. (15.5) and (15.6)]. As the soil 
becomes unsaturated (i.e., S c loo%), the absolute values 
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of the rn:k, m i ,  myk, and m; coefficients decrease (Fig. 
15.1). All of the above coefficients have a negative sign 
(Chapter 12), indicating that an increase in the stress state 
variable causes a volume decrease. In the unsaturated con- 
dition, however, the absolute magnitude of the m y  coeffi- 
cient will be greater than the absolute magnitude of the 
rn; coefficient. In other words, an increase in matric suc- 
tion causes a greater change in the volume of water in the 
soil than the overall volume change of the soil element. As 
a result, an increase in matric suction results in a decrease 
in the degree of saturation. On the other hand, the absolute 
magnitude of the msk coefficient is greater than the absolute 
magnitude of the rn $ coefficient because a net normal stress 
produces a greater change in the overall volume of the soil 
element than it produces for the change in water volume in 
the element. 

As the soil approaches a dry condition (Le., S = 0), the 
m i  and m y  coefficients approach zero (Fig. 15.1). Conse- 
quently the m i  coefficient also approaches zero [Eq. 
(15.6)]. This means that a change in the matric suction 
when the degree of saturation of the soil approaches zero 
is no longer effective in producing a change in volume in 
the soil. Any volume change which takes place when the 
soil is in this dry condition will be due primarily to a change 
in the net normal stress. However, a net normal stress in- 
crease applied to a dry soil is unlikely to cause a change in 
the volume of water in the soil (Le., myk = 0). Stated in 
another way, the total soil volume change in a dry soil is 
only associated with a change in the volume of air (i.e., 
msk = mlfk) due to a change in the net normal stress. 

Darcy’s and Fick’s laws are used to describe the water 
and air flows through an unsaturated soil, respectively. 
These two flow laws have been presented in Chapter 5 .  
Other required physical relations are the ideal gas law 
(Chapter 2) and the compressibility of air-water mixtures 
(Chapter 8). 

15.3 DERIVATION OF CONSOLIDATION 
EQUATIONS 

For a simple, isothermal, transient flow problem, two fluids 
can flow independently from an unsaturated soil, namely, 
water and air. Therefore, two independent partial differ- 
ential equations are required to solve for the pore-water 
and pore-air pressures with respect to time (i.e., two-phase 
flow approach). The pore-water and pore-air partial dif- 
ferential equations must satisfy the continuity of the water 
and air phases, respectively. For two- and three-dimen- 
sional cases, it is necessary to couple the continuity equa- 
tions with the equilibrium equations for a rigorous formu- 
lation (Dakshanamutthy e? al., 1984). In most situations, 
it is satisfactory to use an uncoupled form of the continuity 
equation when solving problems in unsaturated soils. 

For some problems, the excess pore-air pressure 
throughout the soil mass will be negligible or rapidly dis- 

sipated (Rahardjo, 1990). In these situations, only the water 
phase partial differential equation needs to be solved. This 
may be the case, for example, when predicting the swelling 
of an unsaturated soil as a result of a slow wetting from the 
boundary. For other problems, only the excess pore-air 
pressure may be of significance, and in these cases, only 
the pore-air partial differential equation needs to be solved. 

The pmess associated with the application of a total 
stress to a soil gives the geotechnical engineer insight into 
the behavior of a soil. After applying a load, there is an 
immediate settlement and then a dissipation with time of 
the excess pore-water and pore-air pressures. In order to 
predict the pore-water and pore-air pressures as a function 
of time, it is necessary to simultaneously solve the pore- 
water and pore-air partial differential equations. The initial 
excess pore-air and pore-water pore pressures can be con- 
sidered as initial conditions which can be evaluated using 
pore pressure parameters as described in Chapter 8. The 
application of a total load will always induce an excess 
pore-air pressure which is smaller than the excess pore- 
water pressure. The magnitude of each pressure depends 
upon the compressibility of the air-water mixture. 

The one-dimensional transient flow equation for the water 
and air phases can be derived by equating the time deriv- 
ative of the relevant constitutive equation to the divergence 
of the flow rate, as described by the flow law. The time 
derivative of the constitutive equation controls the amount 
of deformation that occurs under various stress conditions, 
while the divergence of the flow rates controls how fast the 
flow of air and water occurs. 

The assumptions used in the derivation are similar to 
those proposed by Terzaghi for saturated soils, with some 
exceptions and additions. 

1) The air phase is assumed to becontinuous. However, 
even when the air phase becomes occluded, the coef- 
ficient of permeability with respect to the air phase 
approaches the diffisivity of air through water. At the 
other extreme, the excess pore-air pressure is as- 
sumed to remain at atmospheric pressure when the air 
voids are large. This negates the need for solving the 
air phase partial differential equation for this case. 

2) The coefficients of volume change for the soil (i.e,, m z ,  m:, myk, and mg) remain constant during the 
consolidation process. However, it is possible to 
make these coefficients a function of the stress state 
during the solution of the partial differential equa- 
tions. 

3) The coefficients of permeability with respect to the 
air and water phases are assumed to be a function of 
the s tws  state or the volume-mass soil properties 
during the consolidation process. However, the case 
where the coefficients of permeability are assumed to 
remain constant is also shown. 

4) The effect of air diffusing through water, air dissolv- 
ing in water, and the movement of water vapor are 
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ignorerl. In most practical problems, the initial and 
final states of stress in the air phase are the same (Le., 
atmospheric). Therefore, although air may go into 
solution under increased pressure, it can also be as- 
sumed that it comes out of solution in response to a 
return to the boundary conditions prior to loading. 

5 )  The soil particles and the pore-water are assumed to 
be incompressible. 

6)  Strains occurring during consolidation are assumed to 
be small. 

The above assumptions are not completely accurate for 
all cases; however, these assumptions are reasonable as a 
first attempt in deriving a general consolidation theory for 
unsaturated soils. 

15.3.1 Water Phase Partial Differential Equation 
Consider a referential element of unsaturated soil, with air 
and water flow during one-dimensional consolidation (Fig. 
15.2). The net flux of water through the element is com- 
puted from the volume of water entering and leaving the 
element within a period of time: 

”= (  v, + av, ay dy ) dx dz - v,& dz (15.7) 
at 

where 

dV, = change in the volume of water in the soil 
element over a specific time, dt 

aV,/at = net flux of water through the soil element 
v, = water flow rate across a unit area of the 

soil element in the y-direction 
dr, dy, dz = infinitesimal dimensions in the x-,  y-,  and 

z-directions, respectively. 

Expressing the net flux of water per unit volume of the , 

Water flow Air flow 

Soil element 
of thickness, 

Figure 15.2 Unsteady-state air and water flow during one-di- 
mensional consolidation. 

soil and rearranging FQ. (15.7) yields 

a(vw/vo)  auw 
at aY 

= -  (15.8) 

where 

Vo = initial total volume of the soil element 

a (V, / Vo) / a t  = net flux of water per unit volume of the 

Substituting Darcy’s law for the flow rate of water, v,, 

(Le., dx, dy, dz) 

soil. 

into Eq. (15.8) gives 

where 
k ,  = coefficient of permeability with respect to 

water as a function of matric suction which 
varies with location in the ydirection [i.e., 

h, = hydraulic head (i.e., gravitational plus 
pore-water pressure head or y + 
kw@a - ~ w ) l  

u w / ( P w g ) )  
y = elevation 

u, = pore-water pressures 
pw = density of water 

g = gravitational acceleration 
ah,,,/ay = hydraulic head gradient in the y-direction. 

Rearranging Eq. (15.9) gives 
a2h, ak, ah, a(vw/Vo) = -k, - - -- . (15.10) 

at 

Let us substitute ( y + u,/p,g) for h, in‘ Eq. (15.10): 

at 

(15.11) 

(15.12) 
The water phase constitutive relation [Eq. (15.3)] defines 

the water volume change in a soil element caused by 
changes in the net normal stress, d(u, - ua), and the matric 
suction, d(ua - u,), The flux of waterper unit volume of 
the soil can be obtained by differentiating the water phase 
constitutive relation [Eiq. (15.3)) with respect to time: 
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The coefficients of volume change are assumed to be 
constant during the consolidation process. In other words, 
the coefficients of volume change are not a function of time, 
but only a function of the stress state variables. Their val- 
ues can be updated in accordance with the stress state of 
the soil, and this process is explained later. The change in 
total stress with respect to time is generally set to zero dur- 
ing a consolidation process (Le., ao,, /at  = 0) .  Both equa- 
tions for the flux of water [Le., Eqs. (15.12) and (15.13)] 
can now be equated to give a partial differential equation 
for the water phase: 

aUa aua au, 
at at at 

-my‘- + mF- - mT- 

k, a’u, 1 ak, au, ak,, . (15.14) = --- - --- - - 
Pwg aY2 Pwg aY aY aY 

Rearranging Eq. ( 15.14) gives 

au, aUa k, a2u, 
at Pwg aY2 

m w x  = -(m; - m [ ) -  + -- 

(15.15) 

Equation (15.15) is a general form of the partial differ- 
ential equation for the water phase. The equation can be 
simplified for special soil conditions, such as the fully sat- 
urated case, the dry case, or special cases of an unsaturated 
soil. The water phase partial differential equation for each 
condition is described in the following sections. 

Saturated Condition 
The coefficients of water volume change, m; and %”, be- 
come equal to the coefficient of volume change, mv, for a 
saturated soil (Le., degree of saturation, S = 100%) (Fig. 
15.1). The coefficient of permeability, k,, reverts to the 
coefficient of permeability at saturation, k, . The saturated 
coefficient of permeability is usually assumed to remain 
constant during the consolidation process (Le., ak,/ay = 
0).  Substituting mu and making ak,/ay equal to 0 in Eq. 
(15.15) results in the Terzaghi form of the one-dimensional 
consolidation equation for saturated soils (Terzaghi, 1943) 
as presented in Eq. (15.1). 

Equation (15.1) describes the pore-water pressure 
changes during one-dimensional consolidation of a satu- 
rated soil. The consolidation process of a saturated soil in- 
volves only the flow of water, which in turn produces a 
volume change. 

Dry soil condition 

When the soil approaches a dry condition (i.e., S ap- 
proaches O%), only a small amount of water is present 
around the soil particles. In this condition, changes in ma- 
tric suction or net normal stress produce negligible changes 
in the volume of water. As a result, the coefficients of water 

volume change, myk and mr, and the coefficient of perme- 
ability, k,, go to zero [Fig. 15.l(b)]. Any volume change 
that occurs in the dry soil is the result of the soil structure 
or the air phase volume change. Setting the coefficients of 
volume change and the coefficient of permeability to zero 
(Le., m; = mr = 0 and k,  = 0)  in Eq. (15.15) causes the 
partial differential equation for the water phase to vanish. 
In other words, there is no water flow during the consoli- 
dation of a dry soil. 

Special Case of an Unsaturated Soil 
In an unsaturated soil (i.e., 0 c S < loo%), air and water 
flows can take place simultaneously during consolidation. 
The consolidation equation for the water phase, presented 
in Eq. (15.15), can be rearranged as follows: 

at 

where 

c, = 

c,” = 

cg = 

(15.16) 

interactive constant associated with the water 
phase partial differential equation, Le., ((1 - 

coefficient of consolidation with respect to the 
water phase (Le., kw/(p,g m?)) 
gravity term constant (i.e., 1 / m r ) .  

mY/mYk))/(mZW/m:)) 

The coefficient of permeability, k,, can vary signifi- 
cantly with respect to matric suction, which in turn can 
vary in the y-direction. The permeability variation in the 
soil is taken into account by the last two terms in Eq. 
(15.16). Several relationships describing permeability 
functions, k,(u, - u,), were described in Chapter 5. 

The inclusion of the gravitational component of the hy- 
draulic head in the above derivation results in the last term 
ofEq. (15.16) [Le., ( I / m a  (ak , /ay) ] .  Insomecases, this 
term can be considered negligible as compared to the other 
terms. If the gravity term is neglected and the coefficient 
of permeability, k, , does not vary significantly with space 
(i.e., (ak , /dy)  is negligible), a simplified form of the dif- 
ferential water flow equation can be written: 

a* U, 

ay2 (15.17) auw - sua w- - - -cw- + c ,  at at 

The consolidation equation for the air phase is derived 
in the next section. However, there are many cases where 
the dissipation of the excess pore-air pressures occurs al- 
most instantaneously (Rahardjo, 1990). In this case, only 
the water phase undergoes a transient process, and Eq.  
(15.17) can be further simplified to a form similar to Ter- 
zaghi’s consolidation equation: 

(15.18) 

    



where 

c: = kw/(Pwg nt.r">. 
15.3.2 Air Phase Partial Differential Equation 
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where 

V, = volume of air 
pa = density of air. 

Rearranging Eq. (15.22) gives 
The air phase is compressible and flows in response to an 
air pressure gradient. Therefore, the flow of air through a 
referential element of unsaturated soil (Fig. 15.2) is com- 
puted in terns of the mass rate of air flow, J,. The net mass 
rate of air flow across the element is obtained as the differ- 
ence between the mass rates of air entering and leaving the 
element within a period of time: 

9 = (Ja  + %dy)&dz - J,&dz (15.19) 
at a Y  

where 

dM, = change of air mass in the soil element for a 

aM4/at = net mass rate of air flowing through the soil 

Ja = mass rate of air flowing across a unit area of 

The net mass rate of air flow can be expressed for a unit 
volume of the soil element by rearranging Eq. (15.19) as 
follows: 

specific time, dt 

element 

the soil. 

(15.20) 

where 

a(M,/V,)/at = net mass rate of air flow per unit vol- 

Vo = initial total volume of the soil element 

Substituting Fick's law for the mass rate of air flow, J,, 

ume of the element 

(i.e., a!x dy dz). 

in Eq. (15.20), results in the following equation: 

where 
D,* = coefficient of transmission for the air phase, 

which is a function of the volume-mass prop- 
erties or matric suction of the soil; therefore, 
D,* can vary with location in the ydirection 

au,/ay = pore-air pressure gradient in the y-direction. 
The mass of air, Ma, in Eq. (15.21) can be written in 

terms of the volume of air, V,, and its density, pa (Le., Ma 

u, = pore-air pressure 

= VaPa): 

(15.23) 

The volume of air can be related to the volume-mass 
properties of the soil: 

V, = (1 - S)n v (15.24) 
where 

S = degree of saturation 
n = porosity 
V = current total volume of the soil element. 

The total volume change of an unsaturated soil can be 
assumed to be small (Le., small strains) during the con- 
solidation process. This assumption is justifiable for an un- 
saturated soil that has a relatively rigid soil structure. 
Therefore, the current total volume of the soil, V, in Eq. 
(15.24) can be assumed to be equal to the initial total vol- 
ume of the soil, V,. Substituting Eq. (15.24) into Eq. 
(15.23) yields 

The density of air is a function of air pressure in accor- 
dance with the ideal gas law (Chapter 2): 

(15.26) 

where 
o, = molecular mass of air (kg/kmol) 
R = universal (molar) gas constant [Le., 8.31432 

T = absolute temperature (Le., T = t o  + 273.16) 
J /(mol * K)] 

(K) 
t O = temperature ("C) 
u, = absolute pore-air pressure (Le., E, = Ua + Eat,) 

u, = gauge pore-air pressure (kPa) 

- 
W a )  

- uatm = atmospheric pressure (Le., 101 kPa or 1 atm). 
Replacing the air density, pa, ih Eq. (15.25) with Eq. 
(1 5.26) gives 

(15.27) 
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Equation (15.27) can be further rearranged to give the 
air flux per unit volume of  the soil element: 

a(va/vd - - D,* a2u, - 
at ( w a / R q z a  ayZ 

(1 - s ) n  au, 1 - - -  
ii, at ( u , / ~ ~ ) i i a  

(15.28) 

The air phase constitutive relation [Eq. (15.4)J defines 
the air volume change in the soil element due to changes 
in net normal stress, d(uy - u,), and matric suction, 
d(u, - uw).  The derivative of the air phase constitutive 
relation with respect to time is equal to the air flux per unit 
volume of the soil element: 

In differentiating Eq. (15.4), the coefficients of volume 
change, myk and m4, are assumed to be constant during con- 
solidation. Their magnitudes are a function of the stress 
state variables and can be updated accordingly, if desired 
(see later sections). The total stress change with respect to 
time is set to zero during the consolidation process (i.e., 
au,,/at = 0). Equating both equations for the flux of air 
[Le., Eqs. (15.28) and (15.29)] gives rise to the partial 
differential equation for the air phase: 

1 aD,* au, - -- 
( u a / R W a  a~ a~ 

Rearranging Eq. (15.30) gives 

(15.30) 

Equation (15.3 1) is a general form of the air phase partial 
differential equation. The equation can be simplified for 
special cases such as the fully saturated case, the dry soil 
case, or special cases of an unsaturated soil. The air phase 
partial differential equation for each of these cases is out- 
lined in the following sections. 

Saturated Soil Condition 
For the saturated condition, the degree of saturation goes 
to 100%, and the coefficients of air volume change, myk 
and m;, become equal to zero [Fig. l%l(c)]. The coeffi- 
cient of transmission, D,*, approaches zero, indicating the 
absence of air flow. Air may exist in the form of occluded 
bubbles which have a pressure equal to that of the water 
phase (i.e., u, - u,) = 0). At this point, air movement 
may occur in the form of air diffision through the pore- 
water. In other words, only water flow takes place during 
consolidation [Eq. (15. l)]. 

When occluded air bubbles are present, the water phase 
becomes more compressible than that of pure water. In this 
case, a rigorous solution of Eq. (15.1) requires appropriate 
soil coefficient (i.e., c,, k,, p w ,  and mu),  corresponding to 
a compressible pore fluid. 

Dry Soil Condition 
In the dry condition (i.e., S approaching 0), a change in 
matric suction produces negligible volume change. In other 
words, all coefficients of volume change with respect to 
matric suction approach zero (Le., m; = m; = m$ = 0). 
For a compressible soil structure, a volume change may 
still occur due to a change in net normal stress. In this case, 
the soil volume change is equal to the air phase volume 
change &e., myk = mik in Fig. 15.1(c)J. The coefficient 
of transmission, D,*, reverts to a constant coefficient, DZ, 
corresponding to a dry condition. Therefore, Eq. (15.31) 
can be simplified to the following form for a compressible 
soil under a dry condition: 

Dd* a2ua (15.32) (ua/RT)iZa 9' 
Rearranging Eq. (15.32) results in a consolidation equa- 

tion similar in form to Terzaghi's one-dimensional consol- 
idation equation: 

Equation (15.33) describes the pore-air pressure changes 
during one-dimensional consolidation of a dry, compress- 
ible soil. Only air flow occurs during the consolidation pro- 
cess. The coefficient used in Eq. (15.33) is similar in form 
to the coefficient of consolidation, c,. In the case where 
the soil is dry and incompressible (i.e., myk = d k  = 0), 
Eq. (15.33) reverts to the equation proposed by Blight 
(1971): 

au, D:/n a2u, 
at (u,/RT) ay2 * 
-=-- (15.34) 

Special Case of an Unsaturated Soil 
In the unsaturated soil condition, air and water may flow 
simultaneously during the consolidation process. The air 
phase consolidation equation [Le., Eq. (15.31)] can be 
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written in a simplified form: 

where 
c, = 

c; = 

azu, C; aD,* au, - -ca- + C Z T  + --- aua 
at at aY 0: aY aY 

(15.35) auW - -  

interactive constant associated with the air phase 
partial differential equation, i.e., 

[ 1 - mg/myk - (I - S)n/@, myk) 

coefficient of consolidation with respect to the air 
phase, Le., 

1 m$ /m7k 

The coefficient of transmission, D,*, is a function of ma- 
tric suction which can vary in the yditection. The trans- 
missivity variation of the air phase is taken into account by 
the last term in Eq. (15.35). Several relationships describ- 
ing the air transmissivity variation are explained in Chapter 
5.  However, if the air transmissivity variation with space 
is negligible (i.e., (aD,*/dy) is negligible), Eq. (15.35) 
can be simplified: 

a2u, 
at at ayz ' 
- aua e -ca- a U W  + c;- (15.36) 

15.4 SOLUTION OF CONSOLIDATION 
EQUATIONS USING FINITE DIF'FERENCE 
TECHNIQUE 

The use of the finite difference technique in solving a one- 
dimensional, steady-state water flow equation was de- 
scribed in Chapter 7. Similarly, the finite difference tech- 

7% 
iAV 
I 

nique can be used to solve the unsteady-state (i.e., tran- 
sient) air and water flow equations for one-dimensional 
consolidation. The air and water flow partial differential 
equations can be solved simultaneously using an explicit 
forward difference technique, as illustrated in Fig. 15.3. A 
special finite difference procedure can be used to linearize 
the nonlinear partial differential flow equations for the air 
and water phases (Dakshanamurthy and Fredlund, 1981). 

Let us consider one-dimensional consolidation where air 
and water flows occur simultaneously. The spatial varia- 
tion in the water coefficient of permeability and the air coef- 
ficient of transmission are assumed to be negligible. There- 
fore, Eqs. (15.17) and (15.36) ace used as the partial 
differential equations for the water and air phases, respec- 
tively. The transient water flow equation [Le., Eq. (15.17)] 
can be written in a finite difference form: 

At 

(15.37) 

where 

i = space increment in the y-direction 
j = time increment. 

The transient air flow equation [Le., Eq. (15.36)] can be 

Water phase 

Time scale (j) 

Air phase 

Figure 15.3 Finite difference mesh for solving the transient air and water flow equations. 
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written in a finite difference form as follows: 

(15.38) 

The pore-water pressure is solved by multiplying Eq. 
(15.38) by ( - C w )  and substituting it into Eq. (15.37): 

uMi.j+i) - uw(i.j) 
At 

(15.39) 

Simplifying and rearranging Eq. (15.39) allows the un- 
known pore-water pressure [Le., at a given time step, ( j  
+ I)] to be put on the left-hand side of the equation: 

where 
At p w  = c ; -  

AY2 

(15.40) 

gY = uw(i+ 1.j)  -- 2uw(i,j) + uw(i- 1 . j )  

f4 = ua(i+i,j) - 2ua(i,j) + ua(i-i,j)* 
Similarly, the pore-air pressure can be obtained by mul- 

tiplying Eq. (15.37) by (-Ca) and substituting this equa- 
tion into Eq. (15.38): 
ua(i.j+ I )  - % , j )  

At 

Simplifying and rearranging Eq. (15.41) allow the un- 
known pore-air pressure [i.e., at a given time step, ( j  + 
I)] to be put on the left-hand side and all known variables 
from the previous time step (i.e., j )  to be put on the right- 
hand side of the equation: 

/ P \  

(15.42) 

The pore-water and pore-air pressures at a given time 
step are computed from the known values at the previous 
time step using Eqs. (15.40) and (15.42), respectively. 
When computations for both pore-water and pore-air pres- 
sures for all depth steps are completed, there can then be a 
march forward to the next time step. The above procedure 
can be repeated until equilibrium has been achieved for the 
air and water phases. The solution of the finite difference 
equations is obtained by ensuring that the values for 6 ,  and 
Pa are less than 0.5 in order to satisfy stability conditions 
(Desai and Christian, 1977). 

The initial and boundary conditions for the problem must 
be established prior to performing the above finite differ- 
ence computations. The initial conditions for one-dimen- 
sional consolidation constitute the initial and excess pore 
pressures corresponding to the instant after the application 
of the total load. The excess pore-air and pore-water pres- 
sures can be calculated using the pore-air and pore-water 
pressure parameters explained in Chapter 8.  The pore pres- 
sure parameters can be used to compute the magnitude of 
the excess pore pressures generated in response to the ap- 
plication of the total load. 

In addition to the initial conditions, the boundary con- 
ditions for the problem must be specified at the boundaries 
during the consolidation process. At a free-draining bound- 
ary, the pore pressures must be set to the initial values at 
all times. At an impervious boundary, the pore pressure 
gradients must be set to zero since there is no flow across 
the boundary. 

A mixed boundary condition can also be established for 
special applications such as occur in laboratory tests. As 
an example, laboratory equipment is commonly designed 
such that air flows upward, while water flows downward 
during a test. In this case, the top boundary is a free-drain- 
ing boundary for the air phase and an impervious boundary 
for the water phase. The reverse condition exists at the bot- 
tom boundary. 

Having set up the initial and final boundary conditions, 
the dissipation of the excess pore-air and pore-water pres- 
sures can be computed using the finite difference schemes 
shown by Eqs. (15.40) and (15.42), respectively. 

The pore pressure changes can be used to compute the 
volume-mass changes in the soil through use of the soil 
constitutive equations, as explained in Chapter 12. In other 
words, changes in the water content, void ratio, and degree 
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of saturation of the soil can be computed at any time during 
the consolidation process. 

15.5 TYPICAL CONSOLIDATION TEST 
RESULTS FOR UNSATURATED SOILS 

Several typical experimental results from consolidation tests 
on unsaturated soils are presented in this section to illus- 
trate the consolidation behavior of an unsaturated soil. The 
equipment, the soil, and the test procedures used in each 
experiment are also described. The tests require the inde- 
pendent measurement or control of pore-air and pore-water 
pressures on the boundaries of the soil specimens during 
consolidation. The results were then best-fitted with the 
theory presented in this chapter. 

15.5.1 Tests on Compacted Kaolin 
Laboratory experiments were performed on several com- 
pacted kaolin specimens using a modified Anteus oedom- 
eter and a modified triaxial cell (Fredlund, 1973). The 
modified Anteus oedometer was used to perform one-di- 
mensional consolidation tests. The modified Wykeham 
Farrance triaxial cell was used to perform isotropic volume 
change tests. 

A high air entry disk was sealed to the lower pedestal. 
This disk allowed water to flow, but prevented the flow of 
air. Therefore, the measurement (or control) of the pore- 
air and pore-water pressures could be made independently. 
A low air entry disk was placed on the top of the specimen 
to facilitate the control of the pore-air pressure. This al- 
lowed the translation of the air and the water pressures to 
positive values in order to prevent cavitation of the water 
below the high air entry disk [i.e., the axis-translation tech- 
nique (Hilf, 1956)l. The total, pore-air, and pore-water 
pressure conditions could therefore be controlled in the 
study of the volume change behavior of unsaturated soils. 

Two rubber membranes separated by a slotted tin foil 
were placed around the specimen in order to reduce air dif- 
fusion. This composite membrane was found to be essen- 
tially impermeable to air and water over a long period of 
time. 

Presentation of Results 
Five specimens of kaolin were compacted in accordance 
with the standard Proctor procedure. The initial volume- 
mass properties for each specimen are summarized in Ta- 
ble 15. l. Each experiment was performed by changing one 
of the components of the stress state variables [i.e., the 
total stress (a), the pore-water pressure (uw), or the pore- 
air pressure (u,)]. The stress state component changes as- 
sociated with each experiment are given in Table 15.2. In 
each case, the volume changes of the soil structure and 
water phase were monitored. However, the pore-air and 
pore-water pressure changes within the soil specimen, dur- 
ing the transient process, were not measured. 

Table 15.2 indicates that only Test 1 was a consolidation 
test in the classical sense where the air and water flows 
were caused by an increase in the total stress. In other tests, 
the transient flows were caused by a change in either the 
pore-air or pore-water pressures at the boundary. In all 
tests, the air and water flowed one-dimensionally . There- 
fore, the one-dimensional consolidation theory can be used 
to describe the transient flows of air and/or water during 
each test. 

Figure 15.4 shows a typical plot of volume changes due 
to an increment of total stress in Test 1. The plot shows a 
decrease in the volume of the soil structure, the air, and 
the water phases during the transient process. A large in- 
stantaneous volume decrease occurred at the time when the 
load was applied. 

An increase in the pore-air pressure in Test 2 caused the 
soil structure to expand temporarily (Fig. 15.5). However, 
the increase in air pressure resulted in an increase in matric 
suction (u, - u,,,), which in turn caused a decrease in the 
volume of the soil structure at the end of the process. 

The volume change processes associated with a metasta- 
ble-structured soil are shown in Fig. 15.6. The decrease in 
air pressure (Test 3) reduced the matric suction (u, - u,) 
and allowed more water to flow into the specimen. The 
intake of water appears to have reduced the normal and 
shear stresses between the soil particles. As a result, the 
soil structure underwent a decrease in volume (i.e., a col- 
lapse phenomenon). 

Table 15.1 Initial Volume-Mass Properties for Specimens Tested 

Total Water Dry Degree of 
Test Diameter Height Volume Content, w Void Unit weight, Y d  Saturation 
NO.' (cm) (cm) (cm3) (%) Ratio, e (kN/m3) (96) 

1 10.006 11.815 929.09 34.32 1 M 9 6  13.185 78.87 
2 9.945 11.703 909.10 33.17 1 .O251 13.298 80.61 
3 10.543 5.867 503.53 29.62 1.2242 11.529 63.29 
4 9.832 5.758 437.16 32.12 0.9310 13.281 90.25 
5 6.350 2.283 72.29 31.18 1.1247 12.069 72.51 

,All tests performed in a modified triaxial apparatus except Test 5, which was performed in a modified oedometer. 
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Table 15.2 Change in Stress State Variable Components Associated with Each Test 

Total Stress, u Pore-Water Pore-Air Pressure, 
(kPa) Pressure, u, (kPa) U" (kPa) 

Test  NO.^ In i t i a 1 Final Initial Final Initial Final Change (kPa) 

1 358.7 560.9 163.8 164.4 214.4 215.6 Au = +202.2 
2 560.9 559.0 164.4 163.1 215.6 421.1 Auw = +205.5 
3 475.1 476.8 41.9 42.2 397.8 206.5 A u ~  = - 191.3 
4 61 1.4 610.1 177.3 379.2 532.0 530.9 Auw = +201.9 
5 606.7 605.2 216.5 323.6 413.8 413.8 Au,,, = +107.1 

"All tests performed in a modified triaxial apparatus except Test 5 ,  which was performed in a modified oedometer. 

An increase in water pressure or a decrease in matric 
suction causes an increase in volume of the soil structure 
(Fig. 15.7 for Test 4) when the soil has a stable structure 
and is expansive in nature. On the other hand, when the 
soil structure is metastable, an increase in water pressures 
or a decrease in matric suction causes the soil structure to 
decrease in volume or collapse (Fig. 15.8). 

Theoretical analyses 
Attempts were made to best-fit the theoretical analyses of 
volume change with the results from laboratory experi- 
ments (Fredlund and Rahardjo, 1986). This was accom- 
plished by approximating the coefficients of volume change 

for the soil stlucture, air, and water phases, based on the 
laboratory results. Table 15.3 summarizes the approximate 
coefficients of volume change for each of the five speci- 
mens. 

The magnitudes of the coefficients of volume change for 
each phase were obtained by dividing the amount of de- 
formation at the end of each process by the change in the 
stress state variable. A sign (Le., positive or negative) is 
attached to each of the coefficients of volume change, based 
on the direction (i.e., increase or decrease) of the volume 
change associated with each phase and the change in the 
stress state variables. 

Table 15.3 indicates that the coefficients of volume 

Elapsed time, t (min ) 

Figure 15.4 Soil structure and water phase volume changes associated with an increase in total 
stress (Test 1). 
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Elapsed time (min ) 
Figure 15.6 Soil structure and water phase volume changes associated with a decmse in air 
pressure (Test 3). 
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Figure 15.7 Soil Structure and water phase volume changes associated with an increase in water 
pressure (Test 4). 
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Elapsed time (min ) 

Figure 15.8 Soil structure and water phase volume changes associated with an increase in water 
pressure (Test 5) .  

change for the soil structure have negative signs for a sta- 
ble-structured soil (Tests 1,2, and 4) and positive signs for 
a metastable-structured soil (Tests 3 and 5) .  A negative 
coefficient of volume change indicates an increase in vol- 
ume for a decrease in the stress state variable, while a pos- 
itive coefficient of volume change indicates the converse. 

The theoretical analysis for each of the laboratory results 
was performed by assuming a one-dimensional transient 
flow process. The pore-water and pore-air pressures dur- 
ing the transient process were computed by simultaneously 
solving Eqs. (15.40) and (15.42) using the explicit central 

difference technique. The coefficients of permeability for 
air and water were assumed to be constant during the tran- 
sient process. 

The volume changes associated with the water and air 
phases during the transient process were computed using 
Eqs. (15.3) and (15.4). The coefficients of volume change 
used in the calculations were assumed to be constant 
throughout the process. The soil structure volume change 
was obtained by adding the volume changes associated with 
the water and air phases, in keeping with the continuity 
requirement. 

Table 15.3 Coefficients of Volume Change for Each Specimen 

Soil Structure Water Phase Air Phase 

1 -1.17 -3.52 -0.80 -2.41 -0.37 -1.11 
2 -0.006 -0.032 -0.131 -0.657 +O. 125 +0.625 
3 +0.76 +3.80 -0.30 - 1.49 +1.06 +5.29 
4 -0.09 -0.35 -0.15 -0.61 +0.06 i-0.26 
5 +0.26 +1.04 -1.20 -4.81 + 1.46 +5.85 
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1 10 100 1OOO loo00 1OOOOO 
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Figure 15.9 Theoretical simulation of a consolidation test on an unsaturated compacted kaolin 
(Test 1). 

Figures 15.9-15.13 show the theoretical analyses asso- 
ciated with Test 1-5. The fitting was accomplished by using 
different combinations for the coefficients of permeability 
for the water and air phases. The combinations of the water 
and air coefficients of permeability that gave the best-fit 
results for each test are shown in each figure. Comparisons 
between the theoretical analyses and laboratory results were 
made for Tests 4 and 3 (Figs. 15.14 and 15.15). The re- 
sults indicate reasonably close agreement between the the- 
oretical analyses and the results from the laboratory tests. 
However, some discrepancies can be observed during the 
transient process. The disagreements may be due to one or 
more reasons. For example, the assumption was made that 
the coefficients of permeability were constant throughout 
the process. In spite of this approximation, the theoretical 
analyses and the laboratory results show similar volume 
change behavior with respect to time. 

15.5.2 Tests on Silty Sand 
One-dimensional consolidation tests were conducted on a 
silty sand using a special Ko-cylinder designed by Rahardjo 
(1990). The Ko-cylinder allowed for the simultaneous mea- 
surement of pore-air and pore-water pressures at various 
depths along the soil specimen. The top and bottom of the 
soil specimen were connected to a low and a high air entry 
disk, respectively. Therefore, the air flowed upward and 
the water flowed downward during the consolidation test. 
The total and water volume changes were measured inde- 
pendently. 

Presentation of Results 
Slurry specimens of the silty sand were subjected to a grad- 
ually increasing net normal stress and matric suction. The 

. .- 
1 .o 10 100 lo00 loo00 1OOOOO 

Elapsed time (min ) 

Figure 15.10 Theoretical simulation of a laboratory test with an 
increase in air pressure (Test 2). 
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.- 

specimens were then subjected to an increase in total stress 
under an undrained condition. Having fully developed the 
excess pore-air and pore-water pressures, the air and water 
phases were subsequently allowed to drain during a con- 
solidation test. As a result, the pore-air and pore-water 

pressures reduced to their values prior to undrained load- 
ing. In other words, the net normal stress was increased, 
and the matric suction was returned (i.e., increased) to its 
original value at the end of the consolidation test. 

Figure 15.16 presents the results of pore pressure and 

Figure 15.12 Theoretical simulation of a laboratory test with an increase in water pressure 
(Test 4). 
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6 

5 

100 lo00 too00 

Figure 15.13 Theoretical simulation of a laboratory test with an 
increase in water pressure (Test 5) .  

Elapsed time (min ) 

volume change measurements during the consolidation test. 
The initial volume-mass properties of the soil specimen 
and its stress state variables are shown in Table 15.4. 

The results shown in Fig. 15.16(a) indicate that the ex- 
cess pore-air pressures dissipated instantaneously through- 
out the soil specimen. This characteristic was observed in 
every consolidation test performed on the silty sand (Ra- 
hardjo, 1990). On the other hand, the excess pore-water 

t 
6 
0" 
m 

Table 15.4 Initial Soil Properties and Stress State 
Variables for the SlFG Consolidation Test on Silty 
Sand 

Initial 
Volume-Mass Properties 

S 98.0% 
e 0.578 
W 21.2% 
n 0.366 

Stress State Variables (kPa) 
U 184.3 

ua (top) 119.5 
uw (bottom) 106.7 
u - ua 64.8 

d(u - u,) 
u, - uw 12.8 

d(ua - uw) 

pressure dissipation occunwl in a timedependent manner 
(i.e., a transient process), as demonstrated in Fig. 15.16(a). 
During the transient pmess, the water volume change (Le., 
10.5 cm3) exceeded the total volume change (Le., 6 cm3), 
as shown in Fig. 15.1qb). However, the soil structure 
underwent an immediate volume decrease of 9 cm3 during 
the undrained loading, prior to the pore pressure dissipa- 
tion process. This immediate volume change was caused 
by compression of the soil structure and the air-water mix- 
ture, as explained in Chapter 8. In total, the soil structure 
underwent a larger volume change than did the water phase 
in response to an increase in total stress. 

Figure 15.14 Comparisons between the theoretical simulation and the laboratory test results for 
Test 4 (Le., an increase in water pressure). 
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Elapsed time (min J 

Figure 15.15 Comparisons between the theoretical simulation and the laboratory test results for 
Test 3 (i.e., a decrease in air pressure). 

Theoretical Analysis 

Another set of results from a consolidation test on the silty 
sand is presented in Fig. 15.17. The total stress was in- 
creased under a constant water content condition prior to 
consolidation. As a result, only excess pore-water pres- 
sures were developed during loading. The excess pore- 
water pressure dissipation during the consolidation process 

is shown in Fig. 15.17(a) for various depth and time inter- 
vals. The pore-water pressure isochrones were best-fitted 
with the water flow equation using a Tenaghi-type con- 
solidation equation [i.e., Eq. (15.18)]. This equation was 
used since there was no air flow during the transient pro- 
cess. The coefficients of permeability and volume change 
for the water phase were assumed to be constant during 
consolidation, and this resulted in a best-fit, constant coef- 

A t=Omin. + t=2min.  X t = 25.3 min. + t = 1440 min. 
0 t = 0.8 min. v t = 10.7 min 0 t = 120 min. 

70 80 90 1 0 0  110 120 130 
Pore pressure, u (kPa) 

(a) 
Figure 15.16 Pore pressures and volume changes during a consolidation test on a silty sand 
(SIFG test). (a) Pore-air and pore-water pressure isochrones; (b) total and water volume changes 
(from Rahardjo, 1990). 
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Figure 15.16 Pore pressures and volume changes during a consolidation test on a silty sand 
(SlFG test). (a) Pore-air and pore-water pressure isochrones; (b) total and water volume changes 

ficient of consolidation, c:, of 1.2 x m’/s. There is 
good agreement between the theoretical and experimental 
results, as demonstrated in Fig. 15.17(a). 

The total water volume changes during the consolidation 
process [Le., Fig. 15.17(b)] are similar to those presented 
in Fig. 15.16(b). During the consolidation process follow- 
ing a constant water content loading, the net normal stress 
remained constant, while the matric suction increased due 
to the dissipation of the excess pore-water pressures. The 
total and water volume changes were simulated using Eqs. 
(15.2) and (15.3), respectively. The coefficients of volume 
change that give the best-fit results were found to be 8 X 

and 3.8 X I O m 5  kPa-’ for the rn; and m:, respec- 
tively. 

The above examples have been used to demonstrate the 
use of the theory presented in this chapter for describing 
the consolidation behavior of an unsaturated soil. In the use 
of the consolidation equation, or any transient process in 
an unsaturated soil, it is important to properly assess the 
coefficients of volume change (Le., Chapter 13) and the 
coefficients of permeability (i.e., Chapter 6) of the soil un- 
der investigation. 

15.6 DIMENSIONLESS CONSOLIDATION 
PARAMETERS 

The simultaneous solution of the pore-water and pore-air 
partial differential equations [Le., Eqs. (15.17) and (15.36)] 
can be generalized in terms of dimensionless numbers sim- 

ilar to those used for saturated soils. The dimensionless 
numbers are the average degree of consolidation and the 
time factor for the water and air phases. The average de- 
gree of consolidation for the water phase is defined as 

2d 1 U W d Y  
0 

v w = l -  (15.43) 

where 

V,  = average degree of consolidation with respect to 

ud = initial pore-water pressure 
u, = pore-water pressure at any time 

the water phase 

d = length of drainage path; double drainage as- 
sumed. 

The time factor for the water phase is defined as 

c; t 
T w  = 7 

where 

t = elapsed time. 

(15.44) 
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High air entry disk ports, uw 

Pore-water pressures 
,- 

0 40 80 1 20 160 200 240 
Elapsed time, t (min ) 

(b) 

Figure 15.17 Comparisons between a theoretical simulation and the experimental results from 
a consolidation test on a silty sand (S4Q4R test). (a) Pore-water pressure profiles at different 
times; (b) total and water volume changes during consolidation (from Rahardjo, 1990). 

Similarly, the average degree of consolidation and the 
dimensionless time factor with respect to the air phase are 
defined as 

and 

2d so ua dY 

c; t T, = - 
d2  (15.46) 

where 

(15.45) U, = average degree of consolidation with respect to 

T, = time factor with respect to the air phase 
the air phase 
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Figure 15.18 Dimensionless time factor versus degree of consolidation curves for the water 
phase. 
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Figure 15.19 Dimensionless time factor versus degree of consolidation curves for the air phase. 

ud = initial pore-air pressure 
u, = pore-air pressure at any time. 

Figure 15.18 shows the water phase degree of consoli- 
dation versus time factor curves for various air-water in- 
teraction constaNs. Similar curves for the air phase are 
shown in Figure 15.19. The interactive constant in the air 
phase partial differential equation was assumed to be con- 
stant for the calculation of pore-air pressure dissipation. 

The curves show a smooth transition towards the case of a 
completely saturated soil (Tenaghi, 1943) and the case of 
a completely dry soil (Blight, 1971). 

The relationships between these dimensionless numbers 
(Figs. 15.18 and 15.19) can be used as a general solution 
for one-dimensional consolidation. Appropriate curves 
corresponding to the air and water phases can be used for 
different values of consolidation coefficients and soil con- 
stants. 

    



Two- and Three-Dimensional Unsteady-State 
How and Nonisothermal Analyses 

The types of analyses which can be performed by a geo- 
technical engineer have been strongly influenced by the 
available computing power. During the past few years, 
dramatic changes have been made in geotechnical engi- 
neering practice as a result of the computer becoming a part 
of the office equipment. A wide range of questions can be 
asked by clients, and the engineer can now perform para- 
metric-type analyses that would not have been possible a 
few years ago. 

One of the more recent changes in the practice of geo- 
technical engineering is related to types of unsteady-state 
or transient analyses which can be performed. This chapter 
sets forth the theoretical basis for two- and three-dimen- 
sional unsteady-state flow analysis in unsaturated soils. 
Also presented is the role of nonisothermal effects as it re- 
lates to the ground surface boundary and internal to the soil 
mass. In each case, the partial differential equations are 
presented for the analysis. Space does not permit the de- 
tailing of the finite element, numerical method formula- 
tions corresponding to each of the equations. The intent is 
rather to initiate the reader to the fundamentals of the the- 
ories involved. 

Many situations encountered in practice have the ground 
surface as a flux boundary. In other words, the climatic 
conditions at a site give rise to thermal and moisture flux 
conditions at the ground surface. In particular, the conver- 
sion of the thermal boundary conditions into an actual 
evaporative flux becomes of primary interest in solving 
many geotechnical problems. This is an area of much 
needed research, and only recently have significant strides 
been made in providing the theoretical formulations for 
solving this problem. This book provides an introduction 
to the assessment of the moisture flux conditions at the 
ground surface. 

16.1 UNCOUPLED TWO-DIMENSIONAL 
FORMULATIONS 
Water flow through an earth dam during the filling of its 
reservoir is an example of two-dimensional, unsteady-state 
flow. Eventually, the flow of water through the dam will 

reach a steady-state condition, as illustrated in Chapter 7. 
Subsequent fluctuations of water level in the reservoir will 
again initiate unsteady-state water flow conditions. Fur- 
thermore, infiltration and evaporation cause almost a con- 
tinuously changing flow condition. The transient analysis 
of seepage is strongly influenced by conditions in the un- 
saturated zone (Freeze, 1971). 

The following uncoupled formulation independently sat- 
isfies the continuity equation for the water and air phases. 
The interaction between the fluid flows and the soil struc- 
ture equilibrium condition is not considered in the uncou- 
pled derivation. The two-dimensional derivation considers 
the plane strain case where fluid flows are assumed to occur 

,only in two directions (Le., the x- and y-directions). Fluid 
flow in the third direction (Le., the t-direction) is assumed 
to be negligible. 

16.1.1 Unsteady-State Seepage in Isotropic Soil 
The term isotropy is used to refer to the coefficient of 
permeability (or any soil property), of the soil which does 
not vary with respect to direction. In other words, the coef- 
ficients of permeability in the x- and y-directions are equal 
at a point in the soil mass. The coefficient of permeability 
of an unsaturated soil, however, can vary with respect to 
space (Le., heterogeneity), depending upon the magnitude 
of the matric suction at the point under consideration in the 
soil mass. 

Consider a referential element of unsaturated soil sub- 
jected to unsteady-state air and water flow, as shown in 
Fig. 16.1. The flow equations for the air phase and the 
water phase can be derived by equating He time derivative 
of the relevant constitutive equation to the divergence of 
the flow rate as dcscribed by the flow law. The derivation 
for the uncoupled, two-dimensional case is essentially an 
extension of the one-dimensional consolidation equation 
derived in Chapter 15. The extension is associated with 
flow in the second dimtion. These terms are derived in a 
similar manner to the derivation for the one-dimensional 
case presented in Chapter 15. Therefore, the uncoupled 

440 
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Water flow Air flow 

Water flow 

Air flow 

vw Jay 
V 

I 
I X  

Figure 16.1 Two-dimensional unsteady-state air and water 
flows. 

two-dimensional flow equations are presented without re- 
peating the details of their derivation. 

Water Phase Partial Diflerential Equation 
The partial differential equation for unsteady-state water 
flow can be written as follows: 

8UW aua a2u, C; ak, au, - = -cw- + c,"- + --- 
at at a 2  k ,  ax ax 

akw (16.1) c," ak,  au, + C V " 7  + --- + c  - 
a Y  k w  a Y  aY a Y  

where 
uw = 
u, = 

t =  
e, = 

my = 

a =  
m; = 

c; = 

k ,  = 

P w  = 
g =  

cg = 

pore-water pressure 
pore-air pressure 
time 
(1 - my/m;3 / (mF/m;3 ;  interaction constant 
associated with the water phase partial differential 
equation. 
coefficient of water volume change with respect 
to a change in net normal stress, (a - u,) 
total stress 
coefficient of water volume change with respect 
to a change in matric suction, (u, - u,) 
k , / ( p ,  g m a ;  coefficient of consolidation with 
respect to the water phase for the x- and y-direc- 
tions 
coefficient of permeability with respect to the 
water phase for the x- and y-directions (i.e., iso- 
tropic soil); the permeability is a function of the 
matric suction at any point in the soil mass 
density of water 
gravitational acceleration 
1 /m; ;  called the coefficient associated with the 
gravity term. 

terms of the right hand side of Eq. (16.1) are additional 
terms associated with the flow of water in the second di- 
rection (Le., the xdirection). The gravity term, cs [Le., 
the last term in Eq. (16.1)] is only applicable to the flow 
of water in the y-dimtion since this term is derived from 
the elevation head gradient (see Chapter 15). 

Air Phase Partial Dt#emntiul Equation 
The partial differential equation for unsteady-state air flow 
is as follows: 

au, a2u, C; ao: au, 
at ax2 of ax ax 

a2u, C; a&' au, 
+ c ; - + - - -  

c"ar + c;- + --- aua - = -  

a? Of aY aY 
where 

(16.2) 

constant associated with the air phase partial dif- 
ferential equation 

my = coefficient of air volume change with respect to 
a change in net normal smss, (a - u,) 

rnf = coefficient of air volume change with respect to 
a change in matric suction (u, - u,) 

S = degree of saturation 
n = porosity 

u, = absolute pore-air pressure (i.e., ii, + Gat,,,) 
uat, = atmospheric pressure (Le., 101 kPa or 1 atm) 

; coef- 
w / ( R T )  ii,m~(l - mf/rnD - (1 - S)n 
ficient of consolidation with respect to the air 
phase for the n- and y-directions 

D,* = coefficient of transmission with respect to the air 
phasr: for the x- and ydirections (Le., isotropic 
soil); the Coefficient is a function of the matric 
suction at a point in the soil mass 

w, = molecular mass of air 
R = universal (molar) gas constant [Le., 8.31432 

J/(mol * K)] 
T = absolute temperature (Le., T = to  + 273.16) (K) 

t o  = temperature ("C). 
The second and third terms in Eq. (16.2) are the terms 

- 
- 

Df 1 c; = - 

associated with the air flow in the second direction. 

16.1.2 Unsteady-State Seepage in an Anisotropic Soil 
The term anisotropy is used to refer to the soil condition 
where the coefficient of permeability varies with respect to 
direction. Therefore, at any point in the soil mass, the coef- 
ficients of permeability in the x- and ydirections are as- 
sumed to be different. The conditions associated with an- 
isotropy are discussed first, followed by the analysis of 

A comparison between Eq. (16.1) and the one-dimen- 
sional water phase partial differential equation for an un- 
saturated soil (Chapter 15) shows that the second and third 

seepage. In addition, the coefficient of permeability varies 
with respect to space (i.e., heterogeneity) due to the vari- 
ation in matric suction in the soil mass. 
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Unsteady-state water flow through an anisotropic soil is 
analyzed by considering the continuity of the water phase. 
The pore-air pressure is assumed to remain constant with 
time (Le., au,/at = 0). “The single-phase approach to 
unsaturated flow leads to techniques of analysis that are 
accurate enough for almost all practical puqmses, but there 
are some unsaturated flow problems where the multiphase 
flow of air and water must be considered’’ (Freeze and 
Cherry, 1979). 

The water phase pattial differential equation can be ob- 
tained in a similar manner to the formulation of the water 
flow equation for an isotropic soil. 

Anisotmpy in Penneabili@ 
Let us consider the general case of a variation in the coef- 
ficient of permeability with respect to space (heterogeneity) 
and direction (anisotropy) in an unsaturated soil, as illus- 
trated in Fig. 16.2. At a particular point, the largest or 
major coefficient of permeability, k,,, occurs in the direc- 
tion sI which is inclined at an angle, CY, to the x-axis (i.e., 
horizontal). The smallest coefficient of permeability is in a 
pepndicular direction to the largest permeability (Le., in 
the direction s2), and is called the minor coefficient of 
permeability, kw2. The ratio of the major to the minor coef- 
ficients of permeability is a constant not equal to unity at 
any point within the soil mass. The magnitudes of the ma- 
jor and minor coefficients of permeability, kWl and kw2, can 
vary with matric suction from one location to another (i.e., 
heterogeneity), but their ratio is assumed to remain con- 
stant at every point. 

The unsteady-state seepage analysis is generally derived 
with reference to the x- and y-directions. Therefore, it is 
necessary to write the coefficients of permeability in the 
x- and y-directions in terms of the major and minor coef- 
ficients of permeability. This relationship can be derived 
by first writing the water flow rates in the major and minor 
permeability directions (i.e., directions sI and s2, respec- 
tively): 

Heterogeneity: 

L, at A = k,, at E 
i = 1. 2, x or y 

Anistropy: 
A 

Direction of minor L2 G I  

permeability 

S 2 t  v 

(16.3) 

L1 (G)~= kwi  constant # 1 
SI 

Direction of major - ’ permeability VW” 

Figure 16.2 Permeability variations in an unsarumted soil (het- 
erogeneous and anisotropic). 

where 

Vwl = 

9 w 2  = 

k w l  = 

kw2 = 

h, = 

Y =  
s, = 

sp = 

ahw/as, = 
ahw/as2 = 

(16.4) 

water flow rate across a unit a m  of the soil 
element in the sl-direction 
water flow rate across a unit area of the soil 
element in the s2-direction 
major coefficient of permeability with re- 
spect to water as a function of matric suction 
which varies with location in the sl-direction 

minor coefficient of permeability with re- 
spect to water as a function of matric suction 
which varies with location in the s2-direction 

hydraulic head (i.e., gravitational plus pore- 
water pressure head or y + u,/p,,,g) 
elevation 
direction of major coefficient of permeabil- 
ity, k , ~  
direction of minor coefficient of permeabil- 
ity, kW2 
hydraulic head gradient in the s,-direction 
hydraulic head gradient in the s2-direction. 

&e., kwl (u, - u,)l 

ke . ,  k d  (u, - u,)l 

The chain rule can be used to express the hydraulic head 
gradients in the sI- and s2-directions (i.e., ah,/as, and 
ah,/as2, respectively) in terms of the gradients in the 
x- and y-directions (Le., ahw/ax and ah,/ay, respec- 
tively): 

ah, ax ah, ay 
as, ax as, ay as, 
ah,=-- +-- (16.5) 

ah, - ah, ax ah, ay +-- (16.6) - _ - -  
as2 ax a ~ , ,  ay as2 

where 

ah,/ax = hydraulic head gradient in the x-direction 
ah,/ay = hydraulic head gradient in the y-direction. 

From trigonometric relations, the following relationships 
can be obtained (see Fig. 16.2): 

- -  d~ - sina 
ds I 

- -sina dr 
a32 

- -  

- =  dy cosa. 
a32  

(16.7) 

(16.8) 

(16.9) 

(16.10) 

Substituting Eqs. (16.5)-(16.10) into Eqs. (16.3) and 
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(16.4) gives Water Phase Partial Di@renl&al Equation 
The water phase partial differential equation can be ob- 
tained by considering the continuity for the water phase. 
The net flux of water through an element of unsaturated 
soil (Fig. 16.1) can be computed from the volume rates of 
water entering and leaving the element within a period of 
time: 

ah, 
ax aY V,I = - k,l (cosa - + sina ") (16.11) 

(16'12) 

The water flow rates in the x- and y-directions can be 
written by projecting the flow rates in the major and minor 
directions to the x- and y-directions (see Fig, 16.2): 

v ,  = vW1 cosa - vw2 sina (16.13) 

v,,,,, = vWl sina + vw2 cosa (16.14) 

where 

v w x  = 

v w y  = 

a =  

water flow rate across a unit area of the soil ele- 
ment in the x-direction 
water flow rate across a unit area of the soil ele- 
ment in the y-direction 
angle between the direction of the major coeffi- 
cient of permeability and the x-direction. 

Substituting Eqs. (16.11) and (16.12) for vW1 and vw2, 
respectively, into Eqs. (16.13) and (16.14) results in the 
following relations: 

ah, ah, 
ax a Y  

v ,  = - k,, cos2a - - k,, sina cosa - 

- kw2 sin'a - ah, + kw2 sina cosa - (16.15) 
ax a Y  

ah, ah, 
ax aY vH3) = - kWl sina cosa - - kWl sin'a - 

ah, ah, 
ax a Y  

+ kw2 sina cosa - - kwz cos's -. (16.16) 

Rearranging Eqs. (16.15) and (16.16) yields the expres- 
sions for the rate of water flow in the x- and y-directions: 

= - (k," + k ") VWY (16.18) ax v y  ay 

where 

k ,  = kWl COS'Q + kw2 sin'a 
k ,  = (k,, - kw2) sina cosa 
k ,  = (kwl  - kwz) sina cosa 
k ,  = kWl sin'a + ka cos'a. 

Equations (16.17) and (16.18) provide the flow rates in 
the x- and y-directions in terms of the major and minor 
coefficients of permeability. These flow rate expressions 
can then be used in the formulation for unsteady-state 
seepage analyses. 

where 

V,  = volume of water in the element 
Vo = initial overall volume of the element 

(Le., dx, dy, dz) 
dx, dy, dz = dimensions in the x- ,  y-, and z-direc- 

tions, respectively 
a(Vw/Vo)/at = rate of change in the volume of water 

in the soil element with respect to the 
initial volume of the element. 

A summary of the constitutive equations required for the 
formulation of flow equations is given in Chapter 15. The 
net flux of water can be computed from the time derivative 
of the water phase constitutive equation. In this case, the 
time derivatives of the total stress and the pore-air pressure 
are equal to zero since both pressures are assumed to re- 
main constant with time. In addition, the m; coefficient 
can be assumed to be constant for a particular time step 
during the transient process: 

The continuity condition can be satisfied by equating the 
divergence of the water flow rates [Le., Eq. (16.19)] and 
the time derivative of the constitutive equation for the water 
phase [Le., Eq. (16.20)l: 

(16.21) av, avw w auw 
at ax ay 

+ - =  -m2-.  

Substituting Eqs. (16.17) and (16.18) for u, and vwy, 
respectively, into Eq. (16.21) yields 

(16.22) 

Equation (16.22) is the governing partial differential 
equation for unsteady-state water seepage in an anisotropic 
soil when the pore-air pressure is assumed to remain con- 
stant with time. In many cases, the major and minor coef 
Jicient of permeability directions coincide with the x- and 
y-directions, respectively. In this case, the a angle is equal 
to zero, and the governing equation [Eq. (16.22)] can be 
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simplified by setting the OL angle to zero [Le., Eqs. (16.17) 
and (16.18)]: 

(16.23) 
The k,, and kw2 terms in Eq. (16.23) are the major and 

minor coefficients of permeability in the x- and y-direc- 
tions, respectively. These permeability coefficients are a 
function of matric suction that can vary with location in the 
x- and y-directions [Le., kWl (u, - u,) and kW2 (u, - u31. 
For isotropic soil conditions, the k,, and kIYZ terms are equal 
[i.e., kWl = kd = k, (u, - u,)] and Eq. (16.23) can be 
further simplified as 

Rearranging Eq. (16.24) gives 

azh, ak, ah, a2h, ak ah, ah, +-- + k, 7 + -, - = m,Wpwg at. 
k w ~  ax ax aY aY aY 

(16.25) 

Substituting ( y + u, /p ,g )  for the hydraulic head, h,, 
in Eq. (16.25) and rearranging the equation results in the 
following form: 

where 

c: = kw/@wgmzW) 
c8 = l/mr. 

Equation (16.26) is essentially equal to Eq. (16.1) with- 
out the interaction term, C, since the pore-air pressure is 
assumed to remain constant with time. Therefore, it has 
been shown that the general governing equation for an an- 
isotropic soil [Le., Eq. (16.22)] can be simplified for the 
anisotropic case where the a angle is equal to zero [i.e., 
Eq. (16.23)] and for the isotropic soil condition [Le., Eq. 
(16.24) or (16.26)]. 

The general governing equation, Eq. (16.22), can there- 
fore be used to solve water seepage problems through a 
saturated-unsaturated flow system. For the saturated por- 
tion, the water coefficient of permeability becomes equal 
to the saturated coefficient of permeability, k, . The satu- 
rated coefficient of permeability may vary with respect to 
direction (i.e., anisotropy) or with respect to location (i.e., 
heterogeneity). In this case, both anisotropy and hetero- 
geneity with respect to permeability are accounted for in 
Eq. (16.22). The coefficient of water volume change, m,W, 

in Eq. (16.22) approaches the value of the coefficient of 
volume change m, , as the soil becomes saturated. 

Seepage Anakysk Using the Finite Element Method 
Unsteady-state water seepage through a saturated-unsatu- 
rated soil system can be analyzed by solving the general 
governing flow equation [Le., Eq. (16.22)]. The analysis 
can be performed using the finite element method as de- 
scribed in Chapter 7 for steady-state seepage. A similar 
approach can be used for unsteady-state seepage, with the 
exception of some differences in the finite element formu- 
lation. 

The finite element formulation for unsteady-state seep- 
age in two dimensions can be derived using the Galerkin 
principle of weighted residual (Lam et al. (1988)). The 
Galerkin solution to the governing equation, Eq. (16.22), 
is given by the following integrals over the area and the 
boundary surface of a triangular element (Fig. 16.3): 

where 

[B] = matrix of the derivatives of the area 
coordinates (Fig. 16.3), which can be 
written as 

1 (Yz - Y3)(Y3 - YI)(YI - Y2) 
(x3 - x2)(xl - X3)(xZ - XI) 

xi,  yi(i = 1 ,  2, 3) = Cartesian coordinates of the three no- 
dal points of an element 

A = area of the element 
[k,] = tensor of the water coefficients of 

permeability for the element, which 

=Nodal point Yf 
I 

i = l  
(XI, y l )  - Cartesian coordinates 
(1. 0, 0)- Area coordinates 

Figure 16.3 Area coordinates in relation to the Cartesian coor- 
dinates for a triangular element. 
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can be written as Either the hydraulic head or the flow rate must be spec- 
ified at the boundary nodal points. Specified hydraulic 
heads at the boundary nodes are called Dirichlet boundary 
conditions. A specified flow rate across the boundary is 
referred to as a Neuman boundary condition. The third term 
in Eiq. (16.27) accounts for the specified flow rates across 
the boundary. The specified flow rates at the boundary must 

{h,} = matrix of hydraulic heads at the nodal 
points, that is, 

[L] = matrix of the element area coordi- 
nates (i.e., (L,L&}) 

L1&L3 = area coordinates of points in the ele- 
ment that are related to the Cartesian 
coordinates of nodal points as fol- 
lows (Fig. 16.3): 

LI = (1/2A) {(x2Y3 - x3Y2)  + ( Y 2  - Y3)x 
+ (x3 - X2)Y 1 
+ (x1 - X3)Y)  

L 3  = ( 1 / W { ( X , Y *  - X2YI) + ( Y l  - Y2)x 
+ (x2 - X l ) Y  1 

k = (1/2A){(x3Yl - x l Y 3 )  + ( Y 3  - Y l ) x  

x ,  y = Cartesian coordinates of a point 

be projected to a direction normal to the boundary. As an 
example, a specified flow rate, ow, in the vertical direction 
must be converted to a normal flow rate, E,, as illustrated 
in Fig. 16.4. The normal flow rate is in turn converted to 
a nodal flow, Q, (Segerlind, 1976). Figure 16.4 shows the 
computation of the nodal flows, Qwi and Qwj , at the bound- 
ary nodes ( i )  and ( j ), respectively, A positive nodal flow 
signifies that there is infiltration at the node or that the node 
acts as a “source.” A negative nodal flow indicates evap- 
oration, evapotranspiration at the node, or that the node 
acts a “sink.” When the flow rate across a boundary is 
zero (e.g., impervious boundary), the third term in Eq. 
(16.27) disappears. 

The numerical integration of Eq. (16.27) results in a sim- 
pler expression of the equation: 

within the element 

tr ,  = external water flow rate in a direction 
perpendicular to the boundary of the 
element 

= PwgmzW where - 
[D] = stiffness matrix, that is, 

S = perimeter of the element. [ W [ k , l  tBlA 

vw3 

flow Specifiedl rate I 1 1‘ 1 1 I 1 1 vr 1 1 I I I I I I I 
k-!1-.12-13+ 

Figure 16.4 Applied flow rate across the boundary expressed as nodal flows. 
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capacitance matrix, that is, 
r 2  1 1 1  

1 1  
1 1 2  

matrix of the time derivatives of the hydraulic 
heads at the nodal points, i.e., 

a { h w n )  
at 

flux vector reflecting the boundary conditions, 
i.e., 

The time derivative in Fq. (16.28) can be approximated 
using a finite difference technique. The relationship be- 
tween the nodal heads of an element at two successive time 
steps can be expressed using the central difference approx- 
imation: 

= (y - [D]) { h , ) l  + 2[F] (16.29) 

or the backward difference approximation: 

The above time derivative approximations are consid- 
ered to be unconditionally stable. The central difference 
approximation generally gives a more accurate solution than 
that obtained from the backward difference approximation. 
However, the backward difference approximation is found 
to be more effective in reducing numerical oscillations 
commonly encountered in highly nonlinear systems of flow 
equations (Neuman and Witherspoon (1971), Neuman, 
1973). 

The finite element flow equation [i.e., Eq. (16.28)] can 
be written for each element and assembled to form a set of 
global flow equations. This is performed while satisfying 
nodal compatibility (Desai and Abel, 1972). Nodal com- 
patibility requires that a particular node shared by the sur- 
rounding elements have the same hydraulic head in all the 
elements (Zienkiewicz, 1971, Desai, 1975b). 

The set of global flow equations for the whole system is 
solved for the hydraulic heads at the nodal points, {Itwn}. 
However, E q .  (16.28) is nonlinear because the coefficients 
of permeability are a function of matric suction, which is 
related to the hydraulic head at the nodal points. 

The hydraulic heads are the unknown variables in Eq. 
(16.28). Therefore, Fq. (16.28) must be solved using an 
iterative procedure that involves a series of successive ap- 
proximations. In the first approximation, the coefficients of 

permeability are estimated in order to calculate the first set 
of hydraulic heads at the nodal points. The computed hy- 
draulic heads are used to calculate the average matric suc- 
tion within an element. In the subsequent approximations, 
the coefficient of permeability is adjusted to a value de- 
pending upon the average matric suction in the element. 
The adjusted permeability value is then used to calculate a 
new set of nodal hydraulic heads. The above procedure is 
repeated until both the hydraulic head and the permeability 
differences within each element at two successive iterations 
are smaller than a specified tolerance. 

The above iterative procedure causes the global flow 
equations to be linearized and solved simultaneously using 
a Gaussian elimination technique. The convergency rate is 
highly dependent on the degree of nonlinearity of the 
permeability function and the spatial discretization of the 
problem. A steep permeability function requires more it- 
erations and a larger convergency tolerance. A finer dis- 
cretization in both element size and time step will assist in 
obtaining convergence faster with a smaller tolerance. 
Generally, the solution will converge to a tolerance of less 
than 1% in ten iterations. 

The unsteady-state seepage equation, Eq. (16.28), is 
considered solved for one time step once the converged 
nodal hydraulic heads of the system have been obtained. 
Having reached convergence at a particular time step, other 
secondary quantities, such as pore-water pressures, hy- 
draulic head gradients, and water flow rates, can then be 
calculated using the converged nodal hydraulic heads. The 
equation for nodal pore-water pressures is 

( u w n )  = ( { h w n )  - { y n ) ) ~ w g  (16.31) 
where 

{u,} = matrix of pore-water pressures at the nodal 
points, Le., 

{ yn)  = matrix of elevation heads at the nodal points, 
i.e., 

The hydraulic head gradients in the x- and y-directions 
can be computed for an element by taking the derivative of 
the element hydraulic heads with respect to x and y, re- 
spectively: 

(16.32) 
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where 

i,, iy = hydraulic head gradient within an element in the 

The element flow rates, v,, can be calculated from the 
hydraulic head gradients and the coefficients of permeabil- 
ity in accordance with Darcy’s law: [;,I = [ k w l [ B l { h w n )  (16.33) 

x- and y-directions, respectively. 

where 

v,, v,,, = water flow rates within an element in the 
x- and y-directions, respectively. 

The hydraulic head gradient and the flow rate at nodal 
points are computed by averaging the comsponding quan- 
tities from all elements surrounding the node. The weighted 
average is computed in proportion to the element areas. 

Examples of Two-LXmenswnal Problems and Their 
Solutions 
Three example problems are presented in this section to 
illustrate the unsteady-steady state seepage analysis using 
the finite element method. Lam (1984) has solved several 
classical problems of seepage through saturated-unsatu- 
rated soil systems. The three problems which will be dis- 
cussed in this section deal with water flows through an earth 
dam, flow below a lagoon, and flow through a layered hill 
slope. In all cases, the flow regime of the problem must 
first be defined. This includes the spatial dimension of the 
soil boundaries, the boundary conditions of the flow sys- 
tem, and the determination of soil properties. 

The boundaries of different soil layers can be determined 
through a subsurface soil investigation. The boundary con- 
ditions of the flow system can be obtained from piezo- 
metric records and hydrological data. Soil properties, such 
as coefficients of permeability and coefficients of volume 
change (Le., k, and m a ,  can be measured using in situ or 
laboratory tests (Chapters 6 and 13). 

Example of Water How Through an Earth Dam 
The example problem involving water flow through an earth 
dam is discussed first. The cross section and discretization 
of the earth dam are shown in Fig. 16.5. The soil is as- 
sumed to be isotropic with respect. to its coefficient of 
permeability, and the permeability function used in the 
analysis is shown in Fig. 16.6. The saturated coefficient of 
permeability, k,, is 1.0 X lo’-’ m/s. The pore-air pressure 
is assumed to be atmospheric. Therefore, the matric suc- 
tion values in Fig. 16.6 are numerically equal to the pore- 
water pressures, and can be expressed as a pore-water 
pressure head, Itp.  The base of the dam is selected as the 
datum. In addition, a coefficient of water volume change, 
my, of 1.0 x kPa-’ is used in the analysis. 

The dam is initially at a steady-state condition, with the 
reservoir water level 4 m above the datum. At a time as- 
sumed to be equal to zero, the water level in the reservoir 
is instantaneously raised to a level of 10 m above the da- 
tum. The water level remains constant at 10 m during the 
transient process. The rising of the phreatic line from the 
initial steady-state condition (Le., at time, t, equal to zero) 
to the final steady-state condition (i.e., at time, t, equal to 
19 656 h or 819 days) is illustrated in Fig. 16.7. 

The development of equipotential lines, phreatic surface, 
and water flow rates across the dam are illustrated in Figs. 
16.8-16.11 for four different times during the transient 
process, The increase in the reservoir level results in an 
increase in pore-water pressures with time. This is dem- 
onstrated by the advancement of equipotential lines from 
the upstream to the downstream of the dam with increasing 
times. It should also be noted that the equipotential lines 
extend from the saturated to the unsaturated zones, as 
shown in Figs. 16.8(a), 16.9(a), 16.10(a), and 16.11(a). 
In other words, water flows in both the saturated and the 
unsaturated zones as a result of the hydraulic head differ- 
ences between the equipotential lines. The flow of water in 
both zones can be observed directly from the flow rate vec- 
tors that exist in both the saturated and the unsaturated 
zones, as shown in Figs. 16.8(b), 16.9(b), 16.10(b), and 
16.1 l(b). The amount of water flowing in the unsaturated 
zone depends on the rate of change in the coefficient of 
permeability with respect to the matric suction changes. 

Example of Groundwater Seepage Below a Lagoon 
The second example problem illustrates unsteady-state 
groundwater seepage below a lagoon. The lagoon is placed 
on top of a 1 m thick soil linear, as shown in Fig. 16.12. 
The geometry of the problem is symmetrical, and the liner 
and the surrounding soil are assumed to be isotropic with 
respect to their permeability. Therefore, the problem can 
be analyzed by only considering half of the geometry. The 
discretized cross section of the soil liner and its surround- 
ing soil are depicted in Fig. 16.12. The permeability func- 
tions for the soil liner and the Surrounding soil are shown 
in Fig. 16.13. The saturated coefficients of permeability 
are equal to 5.0 X and 1 .O x m/s for the liner 
and the surrounding soil, respectively. A coefficient of 
water volume change, my, of 2.0 x Wa-’ is used in 
the analysis for both the liner and the surrounding soil. 

An initial steady-state condition with a groundwater ta- 
ble located 5 m below the ground surface is assumed (Fig. 
16.14). “No flow” boundary conditions are assumed along 
the ground surface, the bottom boundary, and the axis of 
symmetry. On the right-hand boundary, a hydrostatic and 
“no-flow” condition is assumed to exist below and above 
the groundwater table, respectively. At a time assumed to 
be equal to zero, the lagoon is filled with water to the 1 m 
height, which gives rise to a 1 m pore-water pressure head. 
As a result, water seepage occurs from the lagoon, causing 
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F’igure 16.5 Discretized cross section of a dam for a finite element analysis involving unsteady- 
state seepage. 
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Figure 16.6 Specified permeability functions for analyzing un- 
steady-state seepage through an isotropic dam. 

the groundwater to gradually mound to its final steady-state 
condition. Figure 16.14 illustrates the transient positions 
of the water table at various times during the mounding 
process. The water level in the lagoon is assumed to remain 
constant at a 1 m height throughout the transient process. 

The seepage flow pattern and the development of the 
pore-water pressures in the soil below the lagoon are pre- 
sented in Figs. 16.15-16.18 for various times during the 
transient process. In the beginning of the process, water 
seeps downward from the lagoon, while the position of the 
groundwater table is not yet affected (Fig. 16.15). With 
time, the wetting front moves deeper into the soil mass, 
while the groundwater begins to mound towards the lagoon 
(Fig. 16.16). Eventually, the downward wetting front from 
the lagoon joins the rising groundwater table, as shown in 
Fig. 16.17. The final steady-state condition is achieved at 
an elapsed time equal to 189 h or approximately 8 days for 
the designated coefficients of permeability. After 8 days, 
the water seepage from the lagoon is balanced by the seep- 
age leaving the right-hand boundary. 

Example of Seepage within a Layered Hill Slope 
The third example problem illustrates unsteady-state seep- 
age within a layered hill slope under constant infiltration 
conditions. Rulon and Freeze (1985) studied this problem 
using a sandbox model of the layered hill slope equipped 
with pore-water pressure measurements. The slope con- 
sisted of medium sand with a horizontal layer of fine sand, 
as shown in Fig. 16.19. The fine sand had a lower coeffi- 
cient of permeability than the medium sand in order to 
impede water flow and create a seepage face on the slope. 
A constant rate of infiltration was applied to the crest of 
the hill slope. The results of measurements were then cal- 
ibrated using Neuman’s finite element model, as depicted 
in Fig. 16.20. A close comparison between the observed 
measurements and the finite element analysis for a steady- 

state condition was obtained when using calibrated satu- 
rated permeabilities of 1.4 X and 5.5 x lo-’ m/s 
for the medium and fine sands, respectively. In addition, a 
constant infiltration rate of 2.1 x m/s was used in 
the analysis. 

The unsteady-state seepage analysis of this third problem 
can also be performed using the finite element method de- 
scribed in the previous section. The discretized cross sec- 
tion of the layered hill slope is shown in Fig. 16.21. The 
same coefficient of permeability values and infiltration rate 
as designated by Rulon and Freeze (1985) are used in this 
unsteady-state analysis. The permeability functions for both 
the medium and fine sands are given in Fig. 16.22. In ad- 
dition, a coefficient of water volume change, Q”, of 2.0 X 
lod3 kPa-’ is used in the analysis for both sands. 

An initial steady-state condition is assumed, with the 
water table located at a height of 0.3 m from the toe of the 
slope. At an elapsed time equal to zero, a constant infiltra- 
tion rate of 2.1 X lov4 m/s is applied to the top portion 
of the hill slope. The development of the groundwater table 
from the initial steady-state condition (Le., at time equal 
to zero) to the final steady-state condition (i.e., at an 
elapsed time equal to 208 s) is illustrated in Fig. 16.23. 
The water level at the toe of the slope and the infiltration 
rate at the top of the slope are assumed to remain constant 
throughout the transient process. No flow boundary con- 
ditions are assumed along the remainder of the slope 
boundaries. 

The seepage flow pattern and the development of the 
equipotential lines within the slope are presented in Figs. 
16.24-16.27 for various times during the transient process. 
At the start of the infiltration process, water infiltrates ver- 
tically towards the impeding layer, while the position of 
the groundwater table is not yet affected (Fig. 16.24). As 
infiltration progresses, water seeps through the impeding 
layer, causing the groundwater table to rise, as shown in 
Fig. 16.25. Eventually, a perched water table on the 
impeding layer develops (Fig. 16.26) and moves towards 
the slope face (Fig. 16.27). At steady-state conditions (Fig. 
16.27), a wedge-shaped unsaturated zone is formed, and 
two seepage faces develop, one near the toe of the slope, 
and the otherjust above the impeding layer. In other words, 
the presence of the impeding layer results in a complex 
configuration for the groundwater table and the equipoten- 
tial line positions. A comparison between the above results 
(Fig. 16.27) and the model presented by Rulon and Freeze 
(1985) (Fig. 16.20) indicates a close agreement in the po- 
sitions of the developed water table and seepage faces. 

The analyses presented from the above three example 
problems have demonstrated the usefulness of the general 
water flow equation [Le., Eq. (16.22)] in solving typical 
saturated-unsaturated flow problems. The application of a 
saturated flow model to each of these problems is difficult. 
Furthermore, water flows primarily in the unsaturated zone 
in the early stage of the infiltration process, as indicated by 
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-re 16.7 Transient positions of the phreatic line from an elapsed time equal to zem to an 
elapsed time equal to 19 656 h (Le., 819 days). 
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Figure 16.8 Unsteady-stak seepage through an i m p i c  dam at an elapsed time equal to 36 
min. (a) Equipotential lines; (b) nodal flow rate vectors throughout the dam. 
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(b) 
Figure 16.9 Unsteady-state seepage through an isotropic dam at an elapsed time equal to 1032 
h (Le., 43 days). (a) Equiptential lines; (b) nodal flow rate vectors throughout the dam. 
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Fgore 16.10 Unsteady-state seepage through an isotropic dam at an elapsed time equal to 3 147 
h (Le., 131 days). (a) Equipotential lines; (b) nodal flow rate vectors throughout the dam. 
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Figure 16.11 Steady-state seepage through an isotropic dam at an elapsed time equal to 19 656 
h (Le., 819 days). (a) Equipotential lines; (b) nodal flow rate vectors throughout the dam. 
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16.12 Discretized cross section of a soil liner and its sumunding soil for unsteady-state 
scquge analysis below a lagoon. 
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Figure 16.13 Specified permeability functions for analyzing un- 
steady-state groundwater seepage below a lagoon. 

the computed seepage flow rates. The flow system devel- 
oped in this type of problem can be complex, depending 
upon the contrast in the coefficients of permeability values 
for the different soils involved in the system. 

16.2 COUPLED FORMULATIONS OF THREE- 
DIMENSIONAL CONSOLIDATION 
A rigorous formulation of two- and three-dimensional con- 
solidation requires that the continuity equation be coupled 
with the equilibrium equations. This method was proposed 

h i s  of symmetry 
Water level i in lagoon 

IC. t l r n  

by Biot (1941) to analyze the consolidation process for a 
special case of an unsaturated soil. The derivations were 
based on the assumption that occluded bubbles of air ex- 
isted in the soil during the consolidation process. 

A summary of the coupled formulation for three-dimen- 
sional consolidation of an unsaturated soil with a continu- 
ous air phase is presented in this section. Reference is made 
to Dakshanamurthy et al. (1984) for detailed explanations 
on the coupled consolidation equations. The constitutive 
relations for the soil structure, the water phase, and the air 
phase are required for formulating the equilibrium and con- 
tinuity equations. Therefore, these constitutive relations are 
first summarized in their elasticity forms prior to the for- 
mulation of the consolidation equations. 

16.2.1 Constitutive Relations 
The stress state and deformation state variables can be 
linked by suitable constitutive relations which incorporate 
soil properties in the form of coefficients. For an unsatu- 
rated soil, there are three available constitutive relations for 
an unsaturated soil, namely, one for the soil structure, one 
for the water phase, and one for the air phase. In each con- 
stitutive equation, the deformation state variable can be the 
total, water, or air volume change, while the stress state 
variables are (a  - u,) and (u, - u,,,). These constitutive 
equations are similar to those suggested by Biot (1941) and 
Coleman (1962), and have been presented in Chapter 12. 
The following sections summarize the constitutive equa- 
tions for unsaturated soils. 

/ 
Initial ground water table 

Figure 16.14 Transient positions of the water table from an elapsed time equal to zero to an 
elapsed time equal to 189 h (Le., 8 days). 
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(b) 
Figure 16.15 Unsteady-state groundwater seepage below a lagoon at an elapsed time equal to 
73 min. (a) Contours of pore-water pressure heads (Le.. isobars); (b) nodal flow rate vectors. 
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Figure 16.16 Unsteady-state groundwater seepage below a lagoon at an elapsed time equal to 
416 min. (Le., 7 hours). (a) Contours of pore-water pressure heads (Le., isobars); (b) nodal flow 
rate vectors. 
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_ _ - _ _  - - Isobar 
- Phreatic line 

F 
j Water level 

Scale of geometry 1 :58.5 - -  
or zero isobar 

Numbers are pore-water pressure heads in (m) 
,(a) 

- = Nodal flow rate vector, 
v, (m/s) with the scale - = 4.6 x 10" m/s = Water table 
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(b) 
Figure 16.17 Unsteady-state groundwater seepage below a lagoon at an elapsed time equal to 
792 min. (Le,, 13 hours). (a) Contours of pore-water pressure heads (Le., isobars); (b) nodal 
flow rate vectors. 
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Infiltration 
Vw = 2.1 x 10.‘ m/s ks, = 1.4 x 10’’ m/s 

k,, = 5.5 x 10.’ m/s 
1.0 

0.8 

- 
- 

(Saturated) 

- -  
F 0.4 0.8 1.2 1.6 2.0 2.4 

x (m) 

Figure 16.19 Geometry and boundary conditions for example 
3, seepage in layered hill slope. 

Soil Structure 
The constitutive equation for the soil structure is derived 
by assuming that the soil behaves as an isotropic, linear 
elastic material. This assumption is acceptable in an incre- 
mental sense. The constitutive relations can be developed 
in a semi-empirical manner as an extension of the elasticity 
formulation used for saturated soils. The soil structure con- 
stitutive relations associated with the normal strains in the 
x-, y-, and z-directions can be written in an incremental 
form as follows: 

(16.34) 

(16.35) 

and the constitutive equations associated with shear defor- 
mations are 

where 

(16.37) 

(16.38) 

(16.39) 

e, = normal strain in the x-direction 
ey = normal strain in the y-direction 
e, = normal strain in the z-direction 
a, = total normal stress in the x-direction 
uy = total normal stress in the y-direction 
a, = total normal stress in the z-direction 

(a, - u,) = net normal stress in the xdirection 
(ay - u,) = net normal stress in the y-direction 
(a, - u,) = net normal stress in the z-direction 

p = Poisson’s ratio 
E = modulus of elasticity or Young’s modulus 

for the soil structure with respect to a 
change in (a - u,) 

H = modulus of elasticity for the soil structure 
with respect to a change in (u, - uw) 

yXy = shear strain on the z-plane (i.e., yXy = yy,) 
yyz = shear strain on the x-plane (Le., yyz = yzy) 
y,, = shear strain on the y-plane (Le., yzx = yxz) 
7,y = shear stress on the x-plane in the y-direction 

7yz = shear stress on the y-plane in the z-direction 

7,, = shear stress on the z-plane in the x-direction 

(i.e., 7xy = 7yx) 

(i.e., ryz = 7zy) 

(i.e., rzx = T,,) 

G = shear modulus. 

(16.36) The change in volumetric strain, dev, can be obtained 

- Observed equipotential lines 

Observed water table 

0 0.4 0.8 1.2 1.6 2.0 2.4 

x (m) 
Figure 16.20 Comparison of the observed water table configuration in the experimental sand 
tank with that predicted by Neuman’s model at steady-state conditions (fmm Rulon and Freeze 
1985). 
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Figure 16.21 Discretized cross section of a layered hill slope. 
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.-  
Metric suction, (u. - uw) (kPaJ 

0 -1 -2 -3 -4 -5 
Pore-water pressure head, h, (m) 
(u. = 0) 

Figure 16.22 Specified permeability functions for analyzing un- 
steady-state seepage through a layered hill slope. 

from the summation of the noma1 strain changes: 

de, = dex + de, + de, (16.40) 
where 

det, = volumetric strain change for each increment (i.e., 

d V ,  = total volume change of a soil element 
V, = initial total volume of a soil element. 

Rearranging Eqs. (16.34), (16.35), and (16.36), the 
change in net normal stresses can be expressed as functions 
of the normal strain and matric suction changes: 

dVU/ VO) 

d(Ux - u,) = 2G(dex + ad€,) - fld(u, - u,) (16.41) 

0.3m l-7 

d(uy - u,) = 2G(de, + ad€,) - fld(u, - u,) 

d ( ~ ,  - u,) = 2G(d~,  + ad€,) - fld(u, - uW) 

(16.42) 

(16.43) 
where 

E 
2(1 + j 4 )  

G =  

CL a=- 
1 - 2p 

(16.44) 

(16.45) 

or 2G (' + ') (16.46) 
E 

H(1 - 2P) H (1 - 2j4)' B =  

Water Phase 
The constitutive equation for the water phase defines the 
water volume change in the soil element for any change in 
the total, pore-air, and pore-water pressures. The consti- 
tutive equation for the water phase in a referential element 
can be written as a linear combination of the stress state 
variable changes, and has the following incremental form: 

where 

dV, = water volume change in the soil element 
E, = water volumetric modulus associated with a 

H, = water volumetric modulus associated with a 

Substituting Eqs. (16.41), (16.42), and (16.43) into Eq. 
(16.47), the water volume change in the soil element can 

change in (u - u,) 

change in (u, - u,). 

Infiltration 
Vw = 2.1 x la4 m/s 

l l l l l l l l l  . . , . . . . . 
I 

Initial groundwater ta 

Figure 16.23 Transient positions of the water table for elapsed times ranging from zero to 208 
s (i.e., 3.5 min). 
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Infiltration 
v,,,, = 2.1 x 1 0 ‘ ~  m/s - 

. . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . .  

- =  Nodal flow rate vector, 
v, (m/s) with the scale - = 1.2 x m/s . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . .  

Figure 16.24 Unsteady-state seepage through a layered hill slope at an elapsed time equal to 4.6 
s. (a) Equipotential lines; (b) nodal flow rate vectors throughout the slope. 
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- = Nodal flow rate vector 
v, (m/s) with the scale - = 1.7 x m/s 

Infiltration 
T, = 2.1 m/s 

F i i  16.25 Unsteady-state seepage through a layered hill slope at an elapsed time equal to 3 1 
s. (a) Quipotential lines; (b) nodal flow rate vectors throughout the slope. 
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Figure 16.26 Unsteady-state seepage through a layered hill slope at an elapsed time equal to 
65.1 s. (a) Equipotential lines; (b) nodal flow rate vectors throughout the slope. 
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- Infiltration 
v, = 2.1 x m/s 

1 1 1 1 1 1 1 1 1  - = Nodal flow rate vector 
v, (m/s) with the scale - = 3.1 x m/s 

/ / I 4  

Groundwater table 

Figure 16.27 Steady-state seepage through a layered hill slope at an elapsed time equal to 208 
s. (a) Equipotential lines; (b) nodal flow rate vectors throughout the slope. 
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be written as 

d'V, = P w l d ~ ,  + Pw2d(ua - uw) (16.48) 
VO 

where 

Air Phase 
The constitutive equation for the air phase defines the air 
volume change in the soil element for any change in the 
total, pore-air, and pore-water pressures. The constitutive 
equation for the air phase in a referential element can be 
written as a linear combination of the stress state variable 
changes, and it has the following incremental form: 

- + + dva d(aX - u,) d(ay - Ua)  d(aZ - u,) 
VO Ea Ea Ea 

(16.49) 

where 

dVa = air volume change in the soil element 
E, = air volumetric modulus associated with a change 

Ha = air volumetric modulus associated with a change 

Substituting Eqs. (16.41), (16.42), and (16.43) into Eq. 
(16.49), the air volume change in the soil element can be 
written as 

in (a - u,) 

in (u, - uw). 

= P a l d ~ ,  + oa2d(ua - u,) (16.50) 
VO 

where 

1 38 
@a2 = - - - 

Ha Ea'  

16.2.2 Coupled Consolidation Equations 
The coupled consolidation equations presented herein as- 
sume that the air phase is continuous. Several other as- 
sumptions used in the derivation are similar to those pro- 
posed by Terzaghi (1943) and Biot (1941). An outline of 
the assumptions used is as follows: 1) material is isotropic, 
2) reversibility of stress-strain relations, 3) linearity of 
stress-strain relations, 4) small strains, 5) pore-water is 
incompressible, 6) coefficients of permeability of water and 
air phases are functions of the volume-mass soil properties 

during the consolidation process, and 7) the effects of air 
diffusing through water, air dissolving in the water phase, 
and the movement of water vapor are ignored. 

In a three-dimensional consolidation problem, there are 
five unknowns of deformation and volumetric variables to 
be solved, namely, the displacements in the x-, y-, and 
z-directions (Le., u, v ,  and w, respectively), and the water 
and air volume changes (Le., dV, and dVa). The displace- 
ments in the x-, y-, and z-directions are used to compute 
the total volume change. The five unknowns can be ob- 
tained from three equilibrium equations and two continuity 
equations (i.e., the water and air phase continuities). These 
equations are outlined in the following sections. The con- 
tinuity equations for a three-dimensional consolidation are 
essentially an extension of the continuity applied to a one- 
dimensional consolidation problem, as shown in Chapter 
15. Therefore, detailed derivations of the continuity equa- 
tions are not presented in the following sections, but ref- 
erence is made to Chapter 15. In summary, the solution to 
the three-dimensional consolidation problem can be ob- 
tained by solving the three equilibrium equations and two 
continuity equations. 

Equilibrium Equations 
The stress state for an unsaturated soil element should sat- 
isfy the following equilibrium conditions (see Appendix B): 

(16.51) 

(16.52) 

aTXz aTyL aaz 
ax ay az 
- + - + - = 0. (16.53) 

The effect of the body force [i.e., the gravity force in 
Eq. (16.52)] is assumed to be negligible. 

Substituting Eqs. (16.41), (16.42), and (16.43) into Eqs. 
(16.51), (16.52), and (16.53) gives the following form for 
the equilibrium equations: 

(16.54) 

(16.55) 

(16.56) 
where 

a 2  a2 a2 
v 2 = - + - + -  

ax2 ay2 az2' 
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Water Phase Continuity 
The continuity equation for the water phase can be ob- 
tained by equating the time derivative of the water phase 
constitutive equation to the divergence of the flow rate, as 
described by Darcy's law (see Chapter 15): 

+ --) ak, au, + $1. 
az az (16.57) 

Air Phase Continuity 
The continuity equation for the air phase can be obtained 
from the time derivative of the air phase constitutive equa- 
tion and the net mass rate of air flow, as described by Fick's 
law (see Chapter 15): 

86" a(& - u,) 
Pal  at + Po2 at 

aD,* au, ( I  - S)n aii, +--)+ az az - ua TI (16.58) 

where 

D,* = coefficient of transmission for the air phase 
pa = density of air 
u, = absolute pore-air pressure (i.e., u, = u, + Eat,) 
u, = gauge pore-air pressure 

S = degree of saturation 
n = porosity. 

- - 

- uat, = atmospheric pressure (i.e., 101 kPa) 

The solution of a coupled analysis for two-phase flow 
through an unsaturated soil involves the simultaneous so- 
lution of Eqs. (16.54), (16.55), (16.56), (16.57), and 
(16.58). It is beyond the scope of this book to illustrate the 
solution to such a coupled analysis. 

16.3 NONISOTHERMAL FLOW 

Air and water flow not only is a result of applied loads, but 
also is a result of temperature gradients within a soil mass. 
Nonisothermal conditions are closely related to micmcli- 
matic changes in the field. As an example, seasonal tem- 
perature changes can cause air and water flow, and con- 
sequently volume changes within a soil mass. This 
nonisothermal condition often occurs under highway and 
airfield pavements or under the shallow foundations of 
lightweight structures. 

The following sections present a onedimensional flow 
formulation for nonisothermal conditions in an unsaturated 
soil. Temperature gradients are incorporated into the for- 
mulation of flow. In addition, water vapor flow is also in- 
corporated into the formulation since vapor flow can be a 
significant factor under nonisothermal conditions. Surface 
boundaxy conditions for the air, liquid water, water vapor, 
and heat flow equations are also reviewed. The soil-at- 
mospheric boundary conditions incorporate the microcli- 
matic conditions at a site. 

16.3.1 Air Phase Partial Differential Equation 
The differential equation for one-dimensional air flow dur- 
ing consolidation (see Chapter 15) can be used for non- 
isothermal conditions, with the addition of one term. The 
additional term accounts for the effect of temperature 
changes on air flow, and consequently on pore-air pres- 
sures. The one-dimensional air flow equation in the 
y-direction can be expressed as follows (Dakshanamurthy 
and Fredlund, 1981): 

aT (16.59) 
au, a2 U, au, 

at at  a Y 2  
-c, - + c; - + c,, at - =  

where 

C, = interaction coefficient associated with the air phase 
partial differential equation, i.e., 

m: /myL 
1 - m:/myk - (1 - S)n/&mYk) 

myk = coefficient of air volume change with respect to 
a change in net normal stress, d(u, - u,), for 
KO-loading 

c; = coefficient of consolidation with respect to the 
air phase, i.e., 

0: 1 
w,/RTiiamYk(l - m:/myk) - (1 - S)n 

Ca, = interaction temperature coefficient associated 
with the air phase partial differential equation, 
i.e., 

1 (1 - S)n E, 
(1 - m~/m~k)Eam~k + (1 - S)n 

T = absolute temperature (Le., T = to + 273.16) 

to = temperature ("C) 
(K) 

t = time. 

Equation (16.59) does not take into account any vari- 
ation which might occur in the coefficient of transmission, 
0:. The variation in the coefficient of transmission with 
respect to space (i.e., ao:/ay) is assumed to be negligi- 
ble. 
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16.3.2 Fluid and Vapor Flow Equation for the Water where 
Phase 
The differential equation for fluid and vapor flow under 
nonisothermal conditions is similar to the water flow equa- 
tion for one-dimensional consolidation (see Chapter 15), 
with the addition of one term. The additional term accounts 
for the water vapor flow due to diffusion and advection 
processes (Wilson, 1990). The water vapor flow can be 
significant under nonisothermal conditions. The one-di- 
mensional fluid and vapor flow equation for the water phase 
in the y-direction can be expressed as follows: 

where 

C, = interaction coefficient associated with the water 
phase partial differential equation [i.e., (1  - 
m2" / my2 / (mW / m 3 1  

u, = partial pressure of water vapor in air 
D, = diffusion coefficient of the water vapor through the 

The coefficient of water vapor diffusion, D,, can be cal- 
culated as follows (Philip and de Vries, 1957; de Vries, 
1975; Dakshanamurthy and Fredlund, 1981; Wilson, 

soil (kg * m/kN * s). 

1990): 

(16.61) 

where 
CY = tortuosity factor for the soil (i.e., c = p2I3)  
6 = cross-section area of the soil available for water 

Dum = molecular diffisivity of water vapor in air (Le., 
(m2/s) (from 

w, = molecular mass of water vapor (Le., 18.016 

Equation (16.61) indicates that the diffusion coefficient, 
D,, is a function of soil properties (Le., S and n), which 
in turn are a function of matric suction, (u, - u,). In ad- 
dition, D, is also a function of temperature, T [Eq. 
(16.61)]. Similarly, the coefficient of permeability, k,, is 
also a function of soil properties (see Chapter 5 )  that may 
vary with respect to location in the soil mass. If the vari- 
ations in the kw and D, coefficients with respect to space 
are considered to be negligible, J3q. (16.60) can be simpli- 
fied as 

vapor flow (i.e., (1 - S ) n )  

0.229[1 + T/273]'.'' x 
Kimball et al., 1976) 

kg /kmol) . 
- 

c z  = coefficient of consolidation with respect to the 

cy = coefficient of consolidation with respect to the 
water phase (Le., kw/Go,gm2") 

water vapor phase, Le., 

@a + '"1 - Du - 
ua ~wmz"' 

16.3.3 Heat Flow Equation 
A Fourier diffusion equation can be used to describe heat 
transfer in soils (Jame and Norum, 1980; Fredlund and 
Dakshanamurthy, 1982; Wilson, 1990). The form of the 
heat flow equation proposed by Wilson (1990) is as fol- 
lows: 

(16.63) 

where 

{ = volumetric specific heat of the soil as a function of 

X = thermal conductivity of the soil as a function of 

L,, = latent heat of vaporization of water (i.e., 

Equation (16.63) describes the heat flow due to conduc- 
tion and the latent heat transfer caused by phase changes. 
Convective heat flow is considered to be negligible (Jame 
and Norum, 1980; Wilson, 1990). The volumetric specific 
heat of the soil, S; can be calculated using the relationship 
given by de Vries (1963): 

water content (J/m'/"C) 

water content (W/m/"C) 

2 418 OOO J/kg). 

I = IsBs + I w e w  + L e a  (16.64) 

where 

s', = volumetric specific heat capacity of the soil solids 
(Le., a typical value is 2.235 X lo6 J/m'/"C for 
fine sands (de Vries, 1963)) 

Bs = volumetric solid content (Le., V , / V )  
V, = volume of soils solids in the soil 
V = total volume of the soil 

I, = volumetric specific heat capacity for the water 
phase (Le., 4.154 X lo6 J/m3/"C for water at 
35°C (Wilson, 1990)) 

B, = volumetric water content (i.e., V , / V )  
V, = volume of water in the soil 
la = volumetric specific heat capacity for the air phase 
0, = volumetric air content (i.e., V , / V ) .  

The third term on the right-hand side of Eq. (16.64) is 
small and can be considered negligible (de Vries, 1963). 
The thermal conductivity of the soil, A, can be obtained 
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from the following expression (de Vries, 1963): 

where 

A,, f w ,  fa = weighting factors for the solid, water, and 
air phases, respectively 

As, A,, A, = thermal conductivities of the solid, water, 
and air phases, respectively. 

Typical thermal conductivities for sand particles and 
water are 6.0 and 0.57 W/m/"C, respectively (de Vries, 
1963; Jame, 1977; Wilson, 1990). The thermal conductiv- 
ity of air, A,, consists of two components (Jame, 1977; 
Wilson, 1990): 

ha = b y a i r  + Awatcrvapor (16.66) 

where 

Adryair = 0.025 W/m/"C 
Awatervapor = varies linearly between 0 and 0.0736 

W/m/OC for volumetric water content, e,, 
between 0 and 12.1 %. 

The weighting factors, f, are calculated using the as- 
sumption that the soil particles are ellipsoidal in shape. The 
weighting factor for the continuous medium (i.e., air or 
water) is equal to 1 .O. Water can be selected as the contin- 
uous medium, with thef, value equal to 1 .O. The weight- 
ing factors for the solid and air phases can then be calcu- 
lated in accordance with the following relationship: 

where 

f =.Lor& 
A = A, or As 
g = depolarization factors for the ellipsoid (Le., g,, gz, 

and g3 where g, + g2 + g3 = 1); the values of g,, 
g2, and g3 are independent of particle size, and are 
dependent only on the ratio of the length of the el- 
lipsoid axes. 

Wilson (1990) used equal depolarization factors o f f  in 
computing the weighting factors for a sandy soil. In this 
case, the sand particles were assumed to have spherical 
shapes. The depolarization factors, g, and gz, for the air 
phase were assumed to decrease linearly from 0.333 to 
0.105 for volumetric water content, e,, ranging from 23.6 
to 12.1 % respectively, and from 0.105 to 0.015 for 8, vai- 
ues ranging from 12.1 and 0%, respectively (Jame, 1977). 
Figure 16.28 illustrates the thermal conductivity, A, vari- 
ation for Beaver Creek sand with respect to volumetric 
water contents as computed using Eqs. (16.65), (16.66), 
and (16.67). 

u^ 
E 
\ 

2 
4- 

3 

2 

1 

0 
0 5 10 15 20 25 

Gravimetric water content, w(%) 

Figure 16.28 Thermal conductivity versus water content for the 
Beaver Creek sand (from Wilson, 1990). 

16.3.4 Atmospheric Boundary Conditions 
The solution for nonisothermal flows can be obtained by 
solving the differential equations for the air phase [Eq. 
(16.59)], the liquid water and water vapor phases [Eqs. 
(16.60) or (16.62)], and the heat flow equation [Eq. 
(16.63)] simultaneously. In some cases, the pore-air pres- 
sure changes during a transient process can be considered 
negligible (Rahardjo, 1990; Wilson, 1990). As a result, the 
air flow differential equation, Eq. (16.59), can be dropped 
and the (&,/a?) term in the water flow equation [Le., Eq. 
(16.60) or (16.62)] is set to zero. In other words, only two 
differential equations need to be solved simultaneously. 
These are Eqs. (16.60) [or (16.62)] and (16.63). 

Surface Boundary Conditions for Air and Nuid Water 
Flow 
Solving the three differential flow equations requires infor- 
mation on the upper or atmospheric boundary conditions 
with respect to air, liquid water, water vapor and temper- 
ature. Atmospheric air pressure can be used as a head 
boundary condition at the soil surface when solving the air 
flow equation, Eq (16.59). The net water infiltration at the 
ground surface can be used as a flux boundary condition at 
the soil surface when solving the liquid water flow com- 
ponent in Eq. (16.60) or (16.62).'The net infiltration at the 
ground surface can be computed as the difference between 
the total rainfall and the amount of runoff. 

Surface Boundary Conditions for Water Vapor Now 
Net water exfiltration at the ground surface can be written 
as a water vapor flow or evaporation. The evaporative flux 
at the ground surface can be used as a flux boundary con- 
dition for the water vapor flow component in Eq. (16.60) 
or (16.62). The evaporative flux is a function of the water 
vapor pressure gradient between the soil surface and the 
atmosphere. The maximum evaporative rate corresponds to 
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the condition where the soil surface is fully saturated. This 
rate is commonly referred to as the potential evaporation 
(Thomthwaite, 1948; Penman, 1948). The actual rate of 
evaporation decreases significantly as the soil surface be- 
comes unsaturated and desiccated (Hillel, 1980; Wilson, 
1990). In addition, the actual evaporative rate is a function 
of climatic conditions, as illustrated in Fig. 16.29. 

The evaporation rate from a soil surface is directly re- 
lated to the water vapor pressure gradient between the sur- 
face of the soil and the air immediately above the surface. 
The evaporation rate can be written using Dalton's mass 
diffusion equation (Wilson, 1990): 

E, = f,@, - E:) (16.68) 
where 

E, = 
f, = 
- u, = 

u; = 

vertical evaporative flux 
a function dependent on wind speed, surface 
roughness, and eddy diffusion 
water vapor pressure of the evaporating soil sur- 
face 
water vapor pressure in the air above the evapo- 
rating surface. 

The use of Eq. (16.68) in solving field problems requires 
climatic data in order to evaluate thef, coefficient. Penman 
(1948) presented a formulation for computing the potential 
evaporation from saturated surfaces by combining Eq. 
(16.68) and the energy balance at the ground surface. The 
formulation was later extended by Wilson (1990) to cal- 
culate the actual evaporation rate from unsaturated soil sur- 
faces: 

where 

E, = 
r =  

r Q n  + E, = r + V A  
(16.69) 

vertical evaporative flux (mm/day) 
slope of the saturation water vapor pressure ver- 
sus temperature curve at the mean temperature of 
the air (see Chapter 2) 

A - under hot arid climate 
B - under cool, moist climate 

I c 

Time 

Figure 16.29 Evaporation rates versus time for a desiccating 
soil surface under varying climatic conditions (from Wilson, 
1990). 

Q,, = heat budget or all net radiation (mm/day) 
q = psychrometric constant (Le., 0.27 mmHg/"F) 

f, = 0.35(1 + O.146Ww) 
W, = wind speed (km/h) 
u ,  = water vapor pressure in the air above the evapo- 

B = inverse of the relative humidity in the air 
A = inverse of the relative humidity at the soil sur- 

face; the relative humidity, RH, at the soil sur- 
face can be related to soil suction, as shown in 
Chapter 4. 

The heat budget, Q,,, can be determined using the em- 

Eua = fuu:(B - A) 

-a 

rating surface (mmHg) 

pirical formula given by Penman (1948): 

Q,, = R,(1 - r) - ~~bTi (0 .56  - 0.092 a) 
* (0.10 + 0.90n, Npr (16.70) 

where 

R, = shortwave radiation measured at the site (i.e., 

Ra = solar radiation (from charts) for a completely 
O.95Ra (0.18 + 0.55n,/Np,)) 

transparent atmosphere 
r = reflectance coefficient 

lo-* W/m2/K4) 
7,b = Stefan-Boltzmann constant (Le., 5.67 x 

Ta = air temperature (K) 
n,/N,,= = ratio of actual/possible sunshine hours. 

Wilson (1990) demonstrated the use of Eq. (16.69) for 
predicting a typical evaporation rate for Saskatoon, Sask., 
Canada in the month of July. The soil used in the analyses 
was a fine uniform aeolian sand. A potential evaporation 
rate of 7.7 mm/day was calculated using the following 
typical climatic data provided by Gray (1970): 

1)  Air temperature = 23.6"C 
2) Relative humidity = 47.5% 
3) Wind speed = 4.4 m/s 
4) Solar radiation = 39 MJ/m2 day or 16.2 mm/day 
5) Insolation = 30 MJ/m2 day or 12.5 mm/day 
6) Reflection coefficient = 0.05 
7) Sunshine ratio, na,/Nps = 65 % . 
Figure 16.30 shows the predicted evaporation rates for 

three positions of the water table. The high water table con- 
dition (Le., curve 1)  gives an evaporation rate equal to the 
potential rate of evaporation of 7.7 mm/day for a duration 
of 10 days. In other words, the soil surface &mains as a 
saturated evaporating surface for the entire 10 day period 
since the high water table provides adequate recharge to 
the soil surface for full evaporation. However, the lower 
water table conditions (Le., curves 2 and 3) cannot provide 
sufficient recharge to the soil surface during the evapora- 
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Cuive 2 Water'table 0.761~1 below the surface 
I I 

1 2  3 4 6 6 7 8 9 10 0.00" ' ' ' 

Time (days) 

Figure 16.30 Evaporation rate versus time using the Modified Penman Equation with the water 
table at various depths in the Beaver Creek sand (from Wilson, 1990). 

tion period. As a result, the initially saturated sand surface 
quickly desaturates. 

The soil suction at the ground surface increases signifi- 
cantly, and evaporation decreases. The evaporation re- 
duces from 7.7 to approximately 2 mm/day. It appears 
that a drying front develops near the soil surface, which 
controls the evaporative flux. The high soil suction at the 
surface causes the coefficient of permeability with respect 
to the water phase to approach zero (or a low value). The 
liquid water becomes discontinuous or absent. Therefore, 
the upward liquid water flux from the water table only ex- 
tends to a short distance, below ground surface. Then water 
vapor diffusion through the dry surface soil layer becomes 
the dominant process. 

Sutface Boundary Conditions for Heat How 
The soil temperature at the ground surface can be used as 
the surface boundary condition when solving the heat flow 

equation, Eq. (16.63). The surface temperature can be cal- 
culated as follows (Wilson, 1990): 

where 

Ts = soil temperature at the surface (K). 

The Qn and E, values in Eq. (16.71) are computed using 
Eqs. (16.70) and (16.69), respectively. 

The solution of further example problems related to the 
prediction of surface evaporative flux based on microcli- 
matic conditions is beyond the scope of this book. How- 
ever, the prediction of evaporative flux is becoming an in- 
creasingly important problem. There appears to be 
considerable need for further research and verification of 
soil surface evaporative models. 

    



APPENDIX A 

Units and Symbols 

The universal and consistent system of units, “The Inter- 
national System of Units,” (SI) is used throughout the 
book. This version of the metric system is described in the 
ASTM (1966) Metric Practice Guide and in the ASTM 
Standard for Metric Practice. The SI system which was for- 
mally recognized by the General Conference on Weights 
and Measures, Rome, in 1960, has now been essentially 
adopted in many countries (e.g., Great Britain, Australia, 
New Zealand, Canada, and most European countries). 

The SI system is based on seven basic units to cover the 
entire spectrum of science and engineering. The units are 
comprehensive and coherent. These basic units are length 
(meter), mass (kilogram), time (second), electric current 
(ampere), thermodynamic temperature (Kelvin), luminous 
intensity (candela) and the amount of substance (mole).’ All 
units are independent of the nature of the physical process 
being considered. Only the first three units, as well as tem- 
perature, are used in this book. 

Other physical quantities can be derived from the basic 
units. For example, the unit of force is a newton. The unit 
of force is derived from Newton’s second law, F = Ma, 
where mass “M” is in kilograms and the acceleration, “a” 
is in m/s2. The correct unit to express the weight of an 
object is newtons and weight is a function of gravitational 
acceleration. It is recommended that a mass designation be 
used in engineering practice whenever possible. 

Confusion is generated when the word “weight” is used 
to refer to obtaining the “mass” of an object. A laboratory 
balance, for example, is used to compare two masses with 
the objective of obtaining an unknown “mass.” This pro- 
cess is commonly referred to as “weighing the object.” 

The unit weight of a soil is another derived unit used in 
engineering practice. It is preferable, however, to use the 
density of a soil multiplied by acceleration due to gravity. 
Acceleration due to gravity can generally be taken as 9.807 
m/s2. 

‘ 

Table A.1 contains a list of derived units of interest to 
geotechnical engineering. Pressure or stress has the derived 
units of pascals or newtons per square meter. This unit is 
relatively small and is often used in conjunction with a pre- 
fix. Table A.2 lists prefixes which can be used to indicate 
multiples and submultiples of basic or derived units. The 
prefixes are used to render numbers lying within the range 

In soil science, the pF unit has been used to designate 
negative pore-water pressures (Glossary of Soil Science 
Terms, 1975). The pF unit was defined as the logarithm of 
the negative pore-water pressure expressed as the height 
of a column of water in centimeters. This unit is now con- 
sidered to be obsolete (Johnson, 1981) and is not used in 
this book. Rather, negative pore-water pressures are ex- 
pressed in standard SI units (e.g., kPa). 

Although the book is written using the SI designation of 
units, there is often need to convert variables to other units. 
Table A.3 contains some conversion factors useful in mak- 
ing conversions between the SI (metric) system and the 
British Engineering system of units. 

The symbols used throughout this book are, for the most 
part, consistent with those used in soil and rock mechanics. 
The extensive list of symbols published by the Interna- 
tional Society for Soil Mechanics and Foundation Engi- 
neering (ISSMFE, 1977) has been used as a guide. How- 
ever, it has been necessary to extend some of the symbols 
for unsaturated soil mechanics. For example, the soil has 
two fluid phases and it becomes necessary to carry a sub- 
script to differentiate the air and water phases (e.g., u, and 
u w ) .  

All symbols are defined upon their first usage in the book. 
Some of the definitions are repeated from one chapter to 
another. Some of the main symbols used in the book are 
summarized in Table A.4. 

of 1 0 - ~  to io9. 
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Table A.l  Derived Units Common to Geotechnical Engineering 

Physical Quantity/Property Unit SI Symbol 

Mass 
Length 
Time 
Area 
Volume 
Velocity 
Acceleration 
Discharge, Flux 
Weight, Force 
Density 
Unit weight 
Pressure or Stress 
Moment or Torque 
Permeability 
Viscosity (dynamic) 
Temperature 

kilogram 
meter 
seconds 
square meter 
cubic meter 
meter per second 
meter per square second 
cubic meter per second 
newton 
kilogram per cubic meter 
newton per cubic meter 
newton per square meter (Le., pascal) 
newton meter 
meter per second 
newton second per square meter 
Kelvin 

Table A.2 Prefixes for Basic and Derived Units 

Factor Prefix 
~~ 

Symbol 

1 o9 
lo6 
1 o3 
lo2 
10' 
lo-' 

1 0 - ~  

1 0 - ~  

gigs 
mega 
kilo 

hecto 
deca 
deci 
centi 
milli 
micro 
nano 

G 
M 
k 
h 

da 
d 

m 
P 
n 

C 

Table A.3 Conversion Factors for the British 
Engineering and SI Systems 

British System SI 

Length 
1 inch, in 
1 foot, ft 
1 yard, yd 

1 pound mass, 
1 bm (avoirdupois) 

(1 lb-force/fts*) = 14.59 kg 

1 lb-force = 4.448 N 

1 psi (lb-force/in.*) 

1 atmosphere 

1 bar 

Density 

= 25.4 mm = 0.0254 m 
= 0.3048 m 
= 0.9144 m 

Mass 

= 0.4536 kg 
1 slug 

Force 

Stress and Pressure 
= 6.895 X lo3 Pa 

or 6.895 kPa 
= 1.013 x lo5 Pa 

or 101.3 kPa 
= 1 x 1 0 V a  

or 100 Wa 

1 lb-mass/ft3 = 16.018 kg/m3 
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Table A.4 Principal Notations for Unsaturated Soils 

Soil Property Symbol Unit 

Void ratio 
Porosity 
Degree of saturation 
Water content (gravimetric) 
Volumetric water content 

Specific gravity of solids 
Total density 
Dry density 
Density of water 
Density of air 
Universal gas constant 
Relative Humidity 
Temperature 
Time 

Normal stress 
Effective normal stress 
Pore-air pressure 
Pore-water pressure 
Net normal stress 
Matric suction 
Coefficient of permeability at saturation 
Coefficient of permeability (water phase) 
Coefficient of permeability (air phase) 
Hydraulic or Total head 
Hydraulic head gradient 
Total suction 
Osmotic suction 
Surface tension 
Total cohesion 
Effective cohesion 
Undrained shear strength 
Angle of internal friction 
Effective angle of internal friction 
Angle indicating the rate of increase in shear strength 

Friction angle associated with the matric suction when 
related to matric suction 

using the (a - uw) and (ua - uw) stress state 
variable combination 

Shear stress 
Major principal stress 
Minor principal stress 
Net major normal stress 
Net minor normal stress 
Deviator stress 
(01 + 03)/2 
(a1 - a3)/2 
(u, - uw) 

e 
n 
S 
W 

O W  

G S  

P 
Pd 
P w  
Pa 
R 
RH 
to 
t 

#J” 

- 
% 
% 
% 
decimal 
or % 
- 
kg/m3 
kg/m3 
k d m 3  
W m 3  
J/mol K 
% 
“C” 
s, min., 
hour, day 
kPa 
Wa 
kPa 
kPa 
kPa 
kPa 
m/s 
m/s 
m/s 
m 

kPa 
kPa 
mN/m 
kPa 
kPa 
kPa 
degree 
degree 
degree 

- 

degree 

kPa 
kPa 
kPa 
kPa 
kPa 
kPa 
kPa 
kPa 
kPa 

Dimensions 

M L - ~ T - ~  
M L - ~ T - ~  
ML-  IT-^ 
M L - ~ T - ~  
M L - * T - ~  
M L - ~ T - ~  
LT-I 
LT-I  

LT-1 
L 

M L - ~ T - ~  
M L - ~ T - ~  
M T - ~  
ML-  IT-^ 
M L - ~ T - ~  
M L - ~ T - ~  

- 

- 

M L - ~ T - ~  
ML-  IT-^ 
M L - ~ T - ~  
M L - ~ T - ~  
M L - ~ T - ~  
ML - I T  - 2  

ML-  IT-^ 
M L - ~ T - ~  
ML - I T  -z 
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Table A.4 (Continued) 

Soil Property Symbol Unit Dimensions 

1 /kPa M - I L T ~  Coefficient of air volume change with respect to 

Coefficient of air volume change with respect to m; 1 /kPa M - ~ L T ~  

1 /kPa M-'LT* Coefficient of soil structure volume change with 

Coefficient of soil structure volume change with m; 1 /kPa M - ~ L T ~  

Coefficient of water volume change with respect to mr 1 / kPa M-~LT* 

Coefficient of water volume change with respect to m2" 1 / kPa M - ~ L T ~  

1 /@a M - ~ L T ~  Coefficient of volume change m" 
Coefficient of consolidation with respect to the water c: m2/s L~T- '  

Coefficient of consolidation with respect to the air m2/s L*T - 

Tangent pore-air pressure parameter (isotropic loading) B, - - 
Tangent pore-water pressure parameter (isotropic BW 

l/kPa M - ~ L T ~  Isothermal compressibility of air cl4 
Compressibility of water CW 1 / kPa M - ' L T ~  

Coefficient of lateral earth pressure at rest K* 

my 
change in net normal stress 

change in matric suction 

respect to change in net normal stress 

respect to change in matric suction 

change in net normal stress 

change in matric suction 

ms 

phase 

phase 

- - 
loading) 

- - Volumetric coefficient of solubility h 
- - 

u°Celsius = K - 273.15 

    



Theoretical Justificqtion for Stress State 
Variables 

Appendix B contains a detailed stress analysis on an un- 
saturated soil element. The purpose of the analysis is to 
demonstrate that the stress state variables (a - u,) and (u, 
- u,) appear as surface tractions in the equilibrium equa- 
tions for the soil structure and the contractile skin. The 
inclusion of this stress analysis is to re-affirm the central 
and improtant role of the independent stress state variables. 

B. 1 EQUILIBRIUM EQUATIONS M)R 
UNSATURATED SOILS 

The state of stress at a point in an unsaturated soil can be 
analyzed using a cubical element of infinitesimal dimen- 
sions. Figure B.1 illustrates the total noma1 and shear 
stresses that act on the boundaries of the soil element. The 
gravitational force, pg, (i.e., soil density, p, times gravi- 
tational acceleration, g) is a body force. The gravitational 
force acts through the centroid of the element, but is not 
shown in Fig. B.l in order to maintain simplicity. 

The equilibrium analysis of a soil element is based upon 
the conservation of linear momentum. The conservation of 
linear momentum can be applied to the soil element in Fig. 
B. 1 by summing forces first in the y-direction. 

where 

rXy = shear stress on the x-plane in the ydirec- 

ay = total normal stress on the y-plane 
rZy = shear stress on the z-plane in the y-direc- 

tion 

tion 
p = total density of the soil 
g = gravitational acceleration 

dx,  dy, dz = dimension of the element in the x-, y-, and 
zdirections respectively 

D V ~  a V y  - = -  + 7-. acceleration in the y-direc- 
Dt at ay at’  

tion 
vy = velocity in the y-direction 

right hand side of Eq. (B. 1)  becomes zero 
Since the soil element does not undergo acceleration, the 

(3 + 2 aa + 5 + pg) dxdydz = 0 (B.2) 
ax ay az 

Equation B.2 is commonly referred to as the equilibrium 
equation for the y-direction. Similarly, equilibrium equa- 
tions can be derived for the xdirection, 

- + + d’-)dxdy& = 0 (B.3) (2 ay az 

and for the z-direction. 

B.2 TOTAL OR OVERALL EQUILIBRIUM 

Total equilibrium refers to the force equilibrium of a com- 
plete soil element with its four phases (i.e., air, water, con- 
tractile skin, and soil particles). The total stress fields of 
an unsaturated soil element in the x-, y-, and zdirections 
are presented in Fig. B.l with the exception that no body 
forces are shown (i.e., gravitational force, pg). Only the 
equilibrium in the y-direction will be analyzed and pre- 
sented. However, the same principles apply to equilibrium 
in the x- and zdirections. Figure B.2 depicts the total stress 
fields in the y-direction. The force equilibrium equation as- 
sociated with Fig. B.2 is given in Eq. (B.2). 

483 
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dx 

d 
Figure B.l  Normal and shear stresses on a cubical soil element of infinitesimal dimensions. 

a, +% dy 
I 

tions for each of the phases because the stress fields are 
linear. The sum of the equilibrium equations for the indi- 
vidual phases is equal to the total equilibrium of the soil 
element (Westcrgaard, 1952; Green and Naghdi, 1965; 
Truesdell, 1966; and Faizullaev , 1969). 

The equilibrium equations for the water phase, air phase, 
and contractile skin can be written independently. The three 
individual phase equilibrium equations together with the 
total equilibrium equation form the basis for fomulating the 
equilibrium equation for the soil structure. 

The areas or volumes associated with each phase can be 
written relative to the dimensions of the soil element (Le., 
dr, dy, and dz).  This is done using a porosity designation 

4 relative to the individual phases. The porosity, n, of a phase dx 

is defined in Chapter 2 as the ratio of the volume of the 
phase relative to the total volume. For a homogeneous soil, 
the porosity, n, is also equal to the area ratio of each phase 

Figure B.2 Components for total equilibrium in the y-direction 
for an unsaturated soil element. 

B.3 INDEPENDENT PHASE EQUILIBRIUM 

The soil particles and the contractile skin are assumed to 
behave as solids in an unsaturated soil. In other words, it 
is assumed that these phases come to equilibrium under 
applied stress gradients. The arrangement of soil particles 
is referred to as the soil structure. The water and air phases 
are fluids that flow under applied stress gradients. In the 
equilibrium analysis, each phase is assumed to behave as 
an independent, linear, continuous, and coincident stress 
field in each direction. Therefore, an independent equilib- 
rium equation can be written for each phase. The principle 
of superposition can be applied to the equilibrium equa- 

relative to the total cross-sectional area. This concept is 
referred to as the “theorem of the equality of volume and 
surface porosities in a homogeneous porous medium” 
(Faizullaev, 1969). Therefore, the same porosity term can 
be applied to the body force as io the surface tractions. The 
sum of the porosities relative to each phase is equal to one. 

n, + n, + n, + n, = 1 (B.5) 

where 

n, = porosity relative to the air phase 
n, = porosity relative to the water phase 
n, = porosity relative to the contractile skin 
n, = porosity relative to the soil particles 
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Similarly the total density of a soil, p,  can be expressed 
in terms of the densities of the individual phases. 

Ma + M, + M, + M, 
V (B.6) P =  

where 

Ma = mass of the air phase 
M, = mass of the water phase 
M, = mass of the contractile skin 
M, = mass of the soil particles 
V = total volume of the soil 

Equation B.6 can be written as, I 
n, ur 

I- dx cl 
Figure B.3 Components for force equilibrium of the water phase 
in the ydirection. or 

where 

V, = volume of the air phase 
V, = volume of the water phase 
V, = volume of the contractile skin 
V, = volume of the soil particles 
pa = air density 
pw = water density 
pc = contractile skin density 
ps = soil particle density 

B.3.1 Water Phase Equilibrium 
The water phase equilibrium in the y-direction is shown in 
Fig. B.3 .  Summing forces in the y-direction gives the equi- 
librium equation for the water phase. 

n, u. 

k dx 4 
Figure B.4 Components for force equilibrium of the air phase 
in the y-direction. (n, 2 + n,p,g + F& + F g )  dr dy dz = 0 (B.9) 

where 

u, = pore-water pressure 
FE = interaction force (Le., body force) between the 

water phase and the soil particles in the y-direc- 
tion 

FG = interaction force (Le., body force) between the 
water phase and the contractile skin in the y-di- 
rection 

where 
u, = pore-airpressure 

FZy = interaction force (Le., body force) between the 
air phase and the soil particles in the y-direction 

F:y = interaction force (i.e., body force) between the 
air phase and the contractile skin in the y-direc- 
tion. 

B.3.2 Air Phase Equilibrium 
The air phase equilibrium in the y-direction is shown in 
Fig. B.4. The summation of forces in the y-direction gives 
the equilibrium equation for the air phase. 

B.3.3 Contractile Skin Equilibrium 
The contractile skin is only a few molecular layers in thick- 
ness. However, its presence affects the equilibrium condi- 
tions in an unsaturated soil. This is due to its ability to exert 
a surface tension, T,. 

The magnitude of the unit surface tension is constant at 
(na $ + napag + FZy + F$ a% dy dz = 0 ) (B. 10) 
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a particular temperature (see Chapter 2). However, the di- 
rection in which the surface tension acts depends primarily 
on two factors, namely, the magnitude of the matric suc- 
tion, and the arrangement of the soil particles. On the other 
hand, the equilibrium of the soil particles (i.e., soil struc- 
ture) is affected by the surface tension. This interdepen- 
dency causes the equilibrium of the contractile skin to be 
somewhat complex. 

The following illustrations demonstrate the relationship 
between matric suction, the equilibrium of the soil struc- 
ture and the magnitude and direction of the surface tension. 
Consider a curved contractile skin between soil particles. 
The contractile skin is in equilibrium with the air and water 
pressures as shown in Fig. B.5. The horizontal surface 
through the contractile skin has an area, A, and a periph- 
ery, L. The vertical cross-section through the contractile 
skin has a radius of curvature, R,, and a thickness t, as 
shown in Fig. BSa. The surface tension T,, acts at an an- 
gle, a, to the horizontal in response to the initial matric 
suction, (u, - u,). The surface tension is defined as the 
tensile force per unit length of the contractile skin. This 
force can be divided vectorially into a normal component 
(i.e., vertical), Tu, and a component parallel to the hori- 
zontal surface, Th. In general, the horizontal components, 
Th will not cancel. However, for illustrative purposes the 
assumption will be made that the horizontal components 
cancel. This is an idealized representation of the more gen- 

era1 case. The vertical resultant force associated with all 
the normal components, Tu, acting along the periphery of 
the contractile skin is called X,. 

XI, = (u, - u,,)A (B. 11) 

XI, acts on the cross-sectional area of the contractile skin 
cut by the horizontal plane, which can be written as the 
product of L (periphery) and t (thickness) (Le., Lf) .  There- 
fore, the normal stress acting on the cross-sectional area of 
the contractile skin, af, can be written as follows: 

A 
Lt a;; = - (u, - u,) (B. 12) 

or 

0:) =f(u, - U,) (B. 13) 

where 

When the matric suction is changed to { ( u ,  - u,) + 
A(u, - u , ) }  , the radius of curvature of the contractile skin 
changes to R,* (Fig. B.5b). However, the magnitude of the 
surface tension, T,, remains unchanged. The direction of 
the surface tension changes to an angle a’, from the hori- 
zontal. This means that the magnitude of the shear and the 
normal components of the surface tension vary as matric 

(u. - uw) + 

A ( b  - U w )  

Water 

(C) 

Figure B.5 The effects of a change in matric suction and equilibrium of the soil structure on the 
normal and shear stresses associated with the contractile skin. (a) Initial matric suction conditions, 
(u, - uWJ; (b) effect of a change in matric suction for an incompressible soil structure (Le., A 
constant); (c) effect of a change in matric suction for a compressible soil structure ( i .e . ,  A changes 
to A * ) .  
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suction changes. Consequently, the equilibrium of the soil 
structure is altered since the shear and normal components 
of the surface tension are transferred to the soil particles. 

If the soil structure is incompressible, the stress change 
does not cause any deformation in the soil. In this case, 
the area of the horizontal surface of the contractile skin 
remains constant at, A ,  after a change in the matric suction 
(Fig. BSb). The length of the periphery, L ,  also does not 
change. The thickness of the contractile skin, t ,  also re- 
mains constant. The resultant force of the normal surface 
tension, X,*, can again be computed by considering the ver- 
tical equilibrium of the contractile skin in Fig. BSb. 

X,* = ((u, - u,) + A(u, - u,)}A (B.14) 

The normal stress acting on the cross-sectional area of 
the contractile skin, a",*, can be written as follows: 

A A 
Lt Lt 

a;* = - (u, - u,) + - A(u, - u,) (B.15) 

or 
a;* = f ( ~ ,  - u,) + fA@, - u,) (B.16) 

Substituting Eq. (B. 13) into Eq. (B. 16) gives, 

a",* = a; +fA(u, - u,) (B. 17) 

A comparison of Eqs. (B. 17) and (B. 13) shows that the 
change in the normal stress associated with the contractile 
skin is a function of the change in the matric suction, A(u, 
- u,). This function is expressed in terms of, f, and is a 
constant (Le., A / L t )  for the case of an incompressible soil 
structure. 

In the case of a compressible soil structure, any altera- 
tion in stress equilibrium results in deformation. Figure 
B.5c demonstrates the deformation in the soil structure due 
to a change in matric suction. The equilibrium of the soil 
structure can also be altered by changing the total normal 
and/or shear stresses of the soil. 

For the case shown in Fig. B.5c, the area of the hori- 
zontal surface of the contractile skin changes, for example, 
from A to A*. Similarly the length of the periphery be- 
comes L*. As a result, the direction of the surface tension 
is different from its direction for the incompressible soil 
structure case. The surface tension, T,, now acts at an an- 
gle, a", from the horizontal, although the radius of cur- 
vature of the contractile skin will be the same as shown in 
Fig. B.5b (Le., R:). 

The resultant force for the noma1 surface tension, e, is 
obtained by considering the vertical force equilibrium of 
the contractile skin (Fig. BSc). 

X: = {(u, - u,) + A(u, - u,)} A* (B. 18) 
The normal stress on the cross-sectional area of the con- 

tractile skin, a",*, is written as follows: 

A* A* 
L*t L*t 

a",* = - (u, - u,) + - A(u, - u,) (B.19) 

Rearranging Eq. (B.19) gives, 
A 
Lt L*t 

a",* = - (u, - u,) + I" - $1 (u, - u,) 

A* 
L*t + - A(ua - u,) (B.20) 

The term (A*/L*t) is r e f e d  to as the interaction func- 
tion, f*, between the equilibrium of the soil structure and 
the equilibrium of the contractile skin. 

a;* = f(u, - u,) + <f* - f)(u, - u w )  

+f*A(u, - u,) (B.21) 
Substituting the initial normal stress (Le., Eq. B. 13) into 

(B.22) 

Eq. (B.21) gives, 

d* = U;  + Af*(u, - u,) +f*A(u, - u,) 
where 

a;* = final normal stress in the contractile skin 
a", = initial normal stress in the contractile skin 

(u, - u,) = initial matric suction 
A(u, - u,) = change in the matric suction 

f *  = final interaction between the contractile 
skin and the soil structure equilibriums 

A f * = change in the interaction function, f * 
Equation B.22 describes the variation in the normal stress 

in the contractile skin for a compressible soil structure. In 
this case, the function, f*, is no longer a constant. The 
interaction function,f*, and its change, A f *, depend upon 
the stress state and the compressibility of the soil structure. 
Therefore, the stress state variables that govern the equi- 
librium of the soil structure also influence the equilibrium 
of the contractile skin in compressible soils. If the soil 
structure is incompressible, Eq. (B.22) reverts to Eq. 
(B.17), and the interaction function, f *, becomes a con- 
stant, f. 

A change in the matric suction always affects the equi- 
librium of the contractile skin for both compressible and 
incompressible soils as shown in Eqs. (B.22) and (B.17), 
respectively. However, a change in the total stress of a soil 
only influences the equilibrium of the contractile skin for 
a compressible soil. This occurs through the change in the 
interaction function, Af *. If a compressible soil is sub- 
jected only to a change in the total stress, the term, ( f*A(u,  
- u,)), of Eq. (B.22) can be omitted. In this case, the 
effect of a total stress change on the contractile skin is taken 
into account only by the term, (Af*(u, - u,)). On the 
other hand, if the soil is subjected only to a change in ma- 
tric suction, both terms (i.e.,f*A(u, - u,) and Af*(u, - 
u,)) of Eq. (B.22) are applicable. This can be used to ex- 
plain why a change in matric suction is more effective than 
a change in total stress for changing the degree of satura- 
tion or the water content of a soil. 

All soils can be considered to have compressible struc- 
tures to varying degrees. Equation B.22 is therefore used 
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n, u; 
Figure B.6 Components for force equilibrium of the contractile 
skin in the y-direction. 

in the equilibrium formulation for the contractile skin in an 
unsaturated soil element. The interaction function, f *, can- 
not be mathematically derived because the equilibrium of 
the soil structure is unknown. However, more important is 
the fact that the stress state variables for the equilibrium of 
the soil structure are also the stress state variables for the 
contractile skin. 

Figure B.6 shows the components for the contractile skin 
equilibrium in the y-direction according to Eq. (B.22). The 
variation in the normal stress associated with the contrac- 
tile skin in the y-direction is written in a differential form, 
where u; is the normal component of the stress in the con- 
tractile skin on the y-plane. The equilibrium equation for 
the contractile skin is as follows: 

+ n,p,g - F& - F:y dxdydz = 0 (B.23) 

B.4 EQUILIBRIUM OF THE SOIL STRUCTURE 
(Le., ARRANGEMENT OF SOIL PARTICLES) 

The total equilibrium of an unsaturated soil element (i,e., 
Eq. B.2) is equivalent to the resultant of the equilibrium 
equations for the individual phases (Le., Eqs. B.9, B.lO, 
B.23 and the soil structure equilibrium). Therefore, the 
equilibrium of the soil structure in the y-direction can be 
written as the difference between the total equilibrium 
equation and the sum of the water, air and contractile skin 
equilibrium equations. 

‘I 

a r x y  auy au, au, - u,) 

+ - + Pg - nupug -nwpwg - ncpcg - F; 

+ - - n,- - n,- + n,f* I- ax ay aY aY a Y  

az 

- F f y  + n,(u, - u,) - af*] d rdydz  = 0 (B.24) 
aY 

Substituting Eq. (B.8) into (B.24) gives, 

au, 
a Y  nw - 

-F:y + n,(u, - u,) - (B.25) 

The last term, (n,(u, - u,)af */ay), is the interaction 
force between the soil structure and the contractile skin. 
Equation B.25 can be rearranged using the pore-air pres- 
sure, u,, as a reference. The term, (n,au,/ay), in Eq. 
(B.25) can be written using Eq. (B.5) as, 

- (1 - n, - n, - n,) au, nu - - (B.26) 342 
a Y  aY 

Substituting Eq. (B.26) into Eq. (B.25) produces another 
form for the equilibrium equation for the soil structure in 
the y-direction. 

af  * 
a Y  

+ n,.(u, - u,) - = 0 (B.27) 

Similar equilibrium equations can be written for the 
x-direction. 

au, 
ax + (n, + n,) - - FE - F;, 

(B.28) af * + n,(u, - u,) ax = 0 

and for the z-direction, 

af * + n,(u, - u,) - az = 0 (B.29) 

The stress variables controlling the equilibrium of the 
soil structure are the stress state variables which control the 
mechanical behavior of soils. There are three independent 
sets of normal stresses (i.e., surface tractions) that can be 
extracted from the equilibrium equations for the soil struc- 
ture (i.e., Eqs. B.27, B.28 and B.29) to form the stress 
state variables. The three variables are (a - u,), (u, - u,), 
and (u,). The stress variable, u,, can be eliminated if the 
soil particles are assumed to be incompressible. Therefore, 
the stress state variables for the soil structure and contrac- 
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(u. - uw) (a, - u.) 

Figure B.7 The stress state variables for an unsaturated soil 
using the combination of (u - u,) and (u, - uw). 

tile skin in an unsaturated soil are (a - u,) and (u, - u,). 
The complete form of the stress state for an unsaturated 
soil can be written as two independent stress tensors. Fig- 
ure B.7 illustrates the two independent stress tensors at a 
point in an unsaturated soil. 

B.5 OTHER COMBINATIONS OF STRESS 
STATE VARIABLES 

The equilibrium equation for the soil structure (i.e., Eq. 
(B.25)) can be rewritten using the pore-water pressure, I(,, 
or the total normal stress, ay, as a reference. If the pore- 
water pressure, u,, is used as a reference, the term 
(n,au,/ay) in Eq. (B.25) can be written as, 

n , s  = (1 - na - n, - ns)- (B. 32) 
a Y  a Y  

Substituting Eq. (B.32) into Eq. (B.25) yields, 

(B.33) 
The combination of stress state variables that can be ex- 

tracted from Eq. (B.33) is (ay - uw), (u, - u,), and (u,). 

Figure B.8 The stress state variables for an unsaturated soil 
using the combination of (a - u,,,) and (u, - uw). 

The stress variable, u,, is only of relevance when dealing 
with compressible soil particles. Figure B.8 illustrates the 
two independent stress tensors at a point in an unsaturated 
soil using the combination of (a  - u,,,) and (u, - u,). 

Equation B.25 can be rearranged using the total normal 
stress, ay, as a reference, resulting in the following equa- 
tion: 

a% 
az + - + n,p,g - FG - FFy 

af * 
aY (B.34) 

+ n,(ua - u,) - = 0 

Equation B.34 can be reananged as follows: 

af * + n,p,g - FG - F:y + n,(u, - u,) - aY = 0 

(B.35) 
Three independent stress state variables can be extracted 

from Eq. (B.35). These are (ay - u,), (ay - u,), and (ay). 
Again, the stress variable, ay, can be ignored when assum- 
ing the soil particles are incompressible. 

Equations (B.25), (B.27), (B.33), and (B.35) are all ac- 
ceptable equilibrium equations for the soil structure in the 
ydimtion. The soil structure equilibrium equations can 
have three different forms depending upon the selected 
stress reference. Each form of the equilibrium equations 
contains a combination of two stress state variables. In other 
words, any two of three possible stress variables (Le., (a 
- ua), (a - u,), and (u, - u,)) can be used to describe 
the stress state for the soil stnrcture and contractile skin in 
an unsaturated soil. 

    



References 

Y. M. Abelev, “The Stabilization of Foundations of Structures 
on Loess Soils,” Proc. of the Fourth lnt. Conf. on Soil Mech. 
and Found. Eng. (London), vol. I, 1967, pp. 259-263. 

G. D. Aitchison, “The Strength of Quasi-Saturated and Unsatu- 
rated Soils in Relation to the Pressure Deficiency in the Pore 
Water,” in Proc. 4th lnt. Conf. Soil Mech. Found. Eng. 
(London), 1959, pp. 135-139. 

G. D. Aitchison, “Relationship of Moisture and Effective Stress 
Functions in Unsaturated Soils,” in Pore Pressure and Suc- 
tion in Soils Conf., organized by British Nat. SOC. of Int. 
SOC. Soil Mech. Found. Eng. at Inst. Civil’Eng. London, 
England: Butterworths, 1961, pp. 47-52. 

G. D. Aitchison, “Engineering Concepts of Moisture Equilibria 
and Moisture Changes in Soils,” Statement of the Review 
Panel, Ed., published in Moisture Equilibria and Moisture 
Changes in Soils Beneath Covered Areas, A Symp,-in-print 
(Australia), Butterworths, 1964, pp. 7-21. 

G. D. Aitchison, Ed., Moisture Equilibria and Moisture Changes 
in Soils Beneath Covered Areas, A Symp. in Print, G .  D. 
Aitchison, Ed. 

G. D. Aitchison, “Soil Properties, Shear Strength, and Consol- 
idation,” in Proc. 6th lnt. Conf. Soil Mech. Found. Eng. 
(Montreal, Canada), vol. 3, 1965, pp. 318-321. 

G .  D. Aitchison, “Separate Roles of Site Investigation, Quanti- 
fication of Soil Properties, and Selection of Operational En- 
vironment in the Determination of Foundation Design on Ex- 
pansive Soils,’’ in Proc. 3rd Asian Reg. Cotif. Soil Mech. 
Found. Eng. (Haifa, Israel), vol. 3, 1967, pp. 72-77. 

G. D. Aitchison, “The Quantitative Description of the Stress- 
Deformation Behavior of Expansive Soils-Preface to Set of 
Papers,” in Proc. 3rd lnt. Con$ Expansive Soils (Haifa, Is- 
rael), vol. 2, 1973, pp. 79-82. 

G. D. Aitchison and I. B. Donald, “Effective Stresses in Unsat- 
urated Soils,” in Proc. 2nd Australia-New Zealand Conf. 
Soil Mech., 1956, pp. 192-199. 

G. D. Aitchison and R. Martin, “A Membrane Oedometer for 
Complex Stress-Path Studies in Expansive Clays,” in Proc. 
3rd Int. Conf. fipansive Soils (Haifa, Israel), vol. 2, 1973, 

G. D. Aitchison and J. A. Woodbum, “Soil Suction in Foun- 
dation Design,” in Proc. 7th Int. Con. Soil Mech. Found, 
Eng. (Mexico), vol. 2, 1969, pp. 1-8. 

G. D. Aitchison, P. Peter, and R. Martin, “The Instability In- 

Australia: Butterworths, 1965, 278 pp. 

pp. 83-88. 

dices l,, and Ips in Expansive Soils,” in Proc 3rd lnt. Conf. 
Expansive Soils (Haifa, Israel), vol. 2, 1973, pp. 101-104. 

S. AI-Khafaf and R. J. Hanks, “Evaluation of the Filter Paper 
Method for Estimating Soil Water Potential,” Soil Sci., vol. 

E. E. Alonso and A. Lloret, “Behaviour of Partially Saturated 
Soil in Undrained Loading and Step by Step Embankment 
Construction,” in Proc. 1UTAM Conf. Deformation and 
Failure of Granular Mater. (Delft, The Netherlands), 1982, 

M. G. Anderson, “Prediction of Soil Suction for Slopes in Hong 
Kong,” Geotech. Control Office, Eng. Development Dep., 
Hong Kong, GCO Publ. No. 1/84, 243 pp., 1983. 

M. Anderson and T. Burt, “Automatic Monitoring of Soil Mois- 
ture Conditions in A Hillslope Spur and Hollow,” J.  Hydro., 

A. Arbhabhirama and C. Kridakorn, “Steady Downward Flow 
to a Water Table,” Water Resources Res., vol. 4, 1968. 

ASTM, ASTM Metric Practice Guide, 2nd ed., 46 pp., 1966. 
ASTM, “Standard Test Method for Capillary-Moisture Relation- 

ships for Coarse and Medium Textured Soils by Porous-Plate 
Apparatus,” ASTM D-2325-68- (1981), 1985 Annual Book 
of ASTM Standards, vol. 4, no. 8, pp. 363-369, 1985. 

ASTM D2325-68, “Standard Test Method for Capillary-Mois- 
ture Relationships for Coarse and Medium Textured Soils by 
Porous Plate Apparatus,” 1985 Annual Book of ASTM Stan- 
dards, Vol. 04.08, Soil and Rock; Building Stones, ASTM, 
Philadelphia, PA, 1981. 

ASTM D2435, “Standard Test Method for One-Dimensional 
Consolidation Properties of Soils,” 1985 Annual Book of 
ASTM Standards, Vol. 04.08, Soil and Rock; Building Stones, 
sect. 4, ASTM, Philadelphia, PA, 1985. 

ASTM D427, “Standard Test Method for Shrinkage Factors of 
Soils,” 1985 Annual Book of ASTM Standards, Vol. 04.08, 
Soil and Rock; Building Stones, sect. 4, ASTM, Philadel- 
phia, PA, 1985. 

ASTM D4546, “Standard Test Method for One-Dimensional 
Swell or Settlement Potential of Cohesive Soils,” 1986 An- 
nual Book of ASTh4 Standards, Vol. 04.08, Soil and Rock; 
Building Stones, ASTM, Philadelphia, PA, 1986. 

S. F. Avejanov, “About Permeability of Subsurface Soils in Case 
of Incomplete Saturation,” Eng. Collect., vol. 7, 1950. 

W. A. Bailey, “The Effect of Salt Content on the Consolidation 

117, pp. 194-199, 1974. 

pp. 173-180. 

VOI. 33, pp. 27-36, 1977. 

    



REFERENCES 491 

Behavior of Saturated Remoulded Clays,” U.S. Corps of 
Army Eng., Waterways Experimental Station, Vicksburg, 
MS, Contract Report 3-101, 1%5. 

S. L. Barbour, “Osmotic Flow and Volume Change in Clay 
Soils.” Ph.D. Thesis, Department of Civil Engineering, Sas- 
katoon, SK, Canada, 1987. 

S. L. Barbour and D. G. Fredlund, “Mechanics of Osmotic Flow 
and Volume Change in Clay Soils,” Can. Geot. Journ., vol. 

S. L. Barbour and D. G. Fredlund, “Physico-chemical State 
Variables for Clay Soils,” Proc. of the XII In?. Con$ on Soil 
Mech. and Fdtn Eng. (Rio de Janeiro, Brazil), 1989, pp. 

S. L. Barbour, D. G. Fredlund, J. K-M. Gan, and G. W. Wilson, 
“Prediction of Moisture Movement in Highway Subgrade 
Soils,” Proc of the Can. Geot. Conf. (Toronto), October 26- 
28, 1992, pp. 41A.1-41A.13. 

S. L. Barbour, D. G. Fredlund, and D. E. Pufahl, “The Osmotic 
Role in the Behavior of Swelling Clay Soils,” NATO Ad- 
vanced Research Workshop (Korfu, Greece), July 1-6, 1991, 

L. Barden, “Consolidation of Compacted and Unsaturated 
Clays,” Geotechnique, vol. 15, no. 3, pp. 267-286, 1%5. 

L. Barden, “Consolidation of Clays Compacted ‘Dry’ and ‘Wet’ 
of Optimum Water Content,” Geotechnique, vol. 24, no. 4, 

L. Barden and G. Pavlakis, “Air and Water Permeability of 
Compacted Unsaturated Cohesive Soil.” J. Soil Sci., vol. 
22, no. 3, pp. 302-317, 1971. 

L. Barden and G. R. Sides, “The Diffusion of Air Through the 
Pore Water of Soils,” in Proc. 3rd Asian Reg. Con$ Soil 
Mech. Found. fig. (Israel), vol. 1. 1967, pp. 135-138. 

L. Barden and G. R. Sides, “Engineering Behavior and Structure 
of Compacted Clay,” ASCE J. Soil Mech. Found. Eng., vol. 

L. Barden, A. 0. Madedor, and G. R. Sides, “Volume Change 
Characteristics of Unsaturated Clay,” ASCE J. Soil Mech. 
Found. Div., vol. 95, SM1, pp. 33-52, 1969. 

L. Barden, A. 0. Madedor, and G. R. Sides, “The Flow of Air 
and Water in Partly Saturated Clay Soil,” presented at the 
Int. Symp. Fundamentals of Transport Phenomena in Flow 
Through Porous Media, Haifa, Israel, 1%9. 

F. B. J. Barends, “The Compressibility of an Air-Water Mixture 
in a Porous Medium.” Igm-Mededelingen, publ. by the Delft 
Soil Mech. Lab., The Netherlands, part 20, no. 1, pp. 49- 
66, May 1979. 

N. S. Beal, “Direct Determination of Linear Dimension Versus 
Moisture Content Relationship in Expansive Clays,” in Proc. 
5th Int. Con$ Expansive Soils (Adelaide, Australia), 1984, 

New York: McGraw-Hill 
(McGraw-Hill Series in Water Resources and Environmental 
Eng.), 1979. 567 pp. 

W. Bernatzik, “The Determination of the Capillary Rise in Sand 
by Means of Prism Pressure Test,’’ in Proc. 2nd Int. Con$ 
Soil Mech. Found. Eng. (Rotterdam, The Netherlands), vol. 
5 ,  1948, p. 28. 

M. A. Biot, “General Theory of Three-Dimensional Consolida- 
tion.” J. Appl. Phys., vol. 12, no. 2, pp. 155-164, 1941. 

M. A. Biot, “Theory of Elasticity and Consolidation for a Porous 

26, pp. 551-562, 1989. 

1839-1843. 

pp. 97-139. 

pp. 605-625, 1974. 

%. pp. 1171-1200, July 1970. 

pp. 62-66. 
J. Bear, Hydraulic of Groundwater. 

Anisotropic Solid,” J. Appl. Phys., vol. 26, no. 2, pp. 182- 
185, 1955. 

A. W. Bishop, “The Use of Pore Pressure Coefficients in Prac- 
tice,” Geotechnique, vol. 4, no. 4, pp. 148-152, 1954. 

A. W. Bishop, “The Use of the Slip Circle in the Stability Anal- 
ysis of Slopes,” Geotechnique, vol. 5, pp. 7-17, 1955. 

A. W. Bishop, “Some Factors Controlling the Pore Pressures Set 
Up During the Constluction of Earth Dams,” in Proc. 4th 
In?. Con$ Soil Mech. Found. Eng. (Paris, France), vol. 2, 

A. W. Bishop, “The Principle of Effective Stress,” lecture de- 
livered in Oslo, Norway, in 1955; published in Teknisk Uke- 
blad, vol. 106, no. 39, pp. 859-863, 1959. 

A. W. Bishop, “The Measurement of Pore Pressure in Triaxial 
Test,” in Proc. Con$ Pore Pressure and Suction in Soils. 
London: Butterworths, 1960, pp. 38-46. 

A. W. Bishop, “Discussion on General Principles and Labora- 
tory Measurements,” in Proc. Con$ Pore Pressure and Suc- 
tion in Soils. 

A. W. Bishop, “The Measurement of Pore Pressure in the Triax- 
ial Test, ” in Proc. Con$ Pore Pressure and Suction in Soils. 
London: Butterworths, 1961, pp. 38-46. 

A. W. Bishop, “Pore Pressure Measurements in the Field and in 
the Laboratory,” in Proc. 7th In?. Cot$ Soil Mech. Found. 
Eng., Specialty Sessions (Mexico), 1%9, pp. 4 2 7 4 1 .  

A. W. Bishop, “Test Requirements of Measuring the Coefficient 
of Earth Pressure at Rest,” Proc. of the Con$ on Earth Pres- 
sure Problems (Brussels), vol. I, 1985, pp. 2-14. 

A. W. Bishop and G. E. Blight, “Some Aspects of Effective 
Stress in Saturated and Unsaturated Soils,” Geotechnique, 
vol. 13, no. 3, pp. 177-197, 1963. 

A. W. Bishop and 1. B. Donald, “The Experimental Study of 
Partly Saturated Soil in the Triaxial Apparatus,’’ in Proc. 5th 
In?. Con$ Soil Mech. Found. Eng. (Paris, Prance), vol. 1, 

A. W. Bishop and A. K. G. Eldin, “Undrained Triaxial Tests on 
Saturated Sands and Their Significance in the General Theory 
of Shear Strength,” Geotechnique, vol. 2, pp. 13-32, 1950. 

A. W. Bishop and R. E. Gibson, “The Influence of the Provi- 
sions for Boundary Drainage on Strength and Consolidation 
Characteristics of Soils Measured in the Triaxial Appara- 
tus,” in Laboratory Shear Testing of Soils, ASTM, STP No. 
361, pp. 435-458, 1963. 

A. W. Bishop and D .  J. Henkel, m e  Measurement of Soil Prop- 
erties in the Trimial Test, 2nd ed. London, England: Ed- 
ward Amold, 1%2, 227 pp. 

A. W. Bishop and N. R. Morgenstem, “Stability Coefficients for 
Earth Slopes,” Geotechnique, vol. 10, no. 4, pp. 129-147, 
Dec. 1960. 

A. W. Bishop, I. Alpan, G. E. Blight, and I. B. Donald, “Fac- 
tors Controlling the Shear Strength of Partly Saturated Co- 
hesive Soils,” in ASCE Res. Con$ Shear Strength of Cohe- 
sive Soils (Univ. of Colorado, Boulder), 1960, pp. 503-532. 

D. K. Black and K. L. Lee, “Saturating Laboratory Samples by 
Back Pressure,” ASCE J.  Soil Mech. Found. Eng. Div., vol. 

W. P. M. Black and D. Croney, “Pore Water h s s u r e  and Mois- 
ture Content Studies Under Experimental Pavements,” in 
Proc. 4th Int. Con$ Soil Mech. Found. hg., vol. 2, 1957, 

1957, pp. 294-300. 

London: Butterworths, 1%1, pp. 63-66. 

1961, pp. 13-21. 

99, SMI, pp. 75-95, 1973. 

pp. 94-103. 

    



492 REFERENCES 

W. P. M. Black, D. Croney, and J .  C. Jacobs, “Field Studies of 
the Movement of Soil Moisture,” Tech. Paper, Road Re- 
search Board, no. 41, H.M.S.O., London, 1959. 

G. E. Blight, “Strength and Consolidation Characteristics of 
Compacted Soils,” Ph.D. dissertation, Univ. of London, 
London, England, 217 pp., 1961. 

G. E. Blight, “A Study of Effective Stresses for Volume 
Change,” in Moisture Equilibria and Moisture Changes in 
Soils Beneath Covered Areas, A Symp. in Print, G. D. Ait- 
chison, Ed. 

G. E. Blight, “Strength Characteristics of Desiccated Clays,” 
ASCE J. Soil Mech. Found. Eng. Div., vol. 92, SM6, pp. 

G. E. Blight, “Effective Stress Evaluation for Unsaturated Soils,” 
ASCE J. Soil Mech. Found. Eng. Div., vol. 93, SM2, pp. 

G. E. Blight, “Flow of Air through Soils,” ASCE J .  Soil Mech. 
Found. Eng. Div., vol. 97, SM4, pp. 607-624, 1971. 

G. E. Blight, “The Mechanics of Unsaturated Soils,” notes for 
a series of lectures delivered as part of Course 27OC at the 
Univ. of California, Berkeley, 1980. 

M. E. Bloodworth and J. B. Page, “Use of Thermistor for the 
Measurement of Soil Moisture and Temperature,” Soil Sci. 
SOC. of Amer. Proc., vol. 21, pp. 1 1 -  15, 1957. 

K. A. Bocking and D. G. Fredlund, “Use of the Osmotic Ten- 
siometer to Measure Negative Pore Water Pressure,” Geo- 
tech. Testing J . ,  GTJODJ, vol. 2, no. 1 ,  pp. 3-10, Mar. 
1979. 

K. A. Bocking and D. G. Fredlund, “Limitations of the Axis 
Translation Technique,” in Proc. 4th Int. Conf. Expansive 
Soils, Denver, CO, pp. 117-135, June 1980. 

G. H. Bolt and R. D. Miller, “Calculation of Total and Com- 
ponent Potentials of Water in Soil,” Amer. Geophys. Union 
Transportation, vol. 39, pp. 917-928, 1958. 

V. Boulichev, “Apparatus for Testing Compressibility and Cap- 
illary Properties of Soils,” in Proc. 1st Int. Con$ Soil Mech. 
Found. Eng., vol. 2, 1936, pp. 37-38. 

I .  J. A. Brackley, “Partial Collapse in Unsaturated Expansive 
Clay,” in Proc. 5th Reg. Con$ Soil Mech. Found. Eng. 
(South Africa), 1971, pp. 23-30. 

E. W. Brand, “Analysis and Design in Residual Soils,” in Proc. 
ASCE Specialty Con$ Eng. and Construction in Tropical and 
Residual Soils (Honolulu, HI), 1982, pp. 89-143. 

E. W. Brand, “Geotechnical Engineering in Tropical Residual 
Soils,” in Proc. 1st Int. Con$ Geomech. in Tropical Later- 
itic and Suprolitic Soils (Brasilia, Brazil), vol. 3, Feb. 1985, 

B. B. Broms, “Effect of Degree of Saturation on Bearing Capac- 
ity of Flexible Pavements,” presented at the 43rd Annual 
Meeting of the Committee on Flexible Pavement Design, Ith- 
aca, NY, 1965. 

E. W. Bmker and H. 0. Ireland, “Earth Pressures at Rest Re- 
lated to Stress History,” Can. Geotech. J., vol. 2, no. 1 ,  pp. 

R. H. Brooks and A. T. Corey, “Hydraulic Properties of Porous 
Media,” Colorado State Univ. Hydrol. Paper, No. 3,27 pp., 
Mar. 1964. 

R.  H. Brooks and A. T. Corey, “Properties of Porous Media 
Affecting Fluid Flow,” J.  Irrigation and Drainage Div., 

Australia: Butterworths, 1965, pp. 259-269. 

19-37, 1966. 

125-148, 1967. 

pp. 23-91. 

1-15, 1965. 

ASCE IR 2, VOI. 92, pp. 61-88, 1966. 

R. W. Brown, “Measurement of Water Potential with Thermo- 
couple Psychrometers: Construction and Applications,” 
U.S.D.A. Forest Service Res. Paper INT-80,27 pp., 1970. 

R. W. Brown and D. L. Bartos, “A Calibration Model for Screen- 
Caged Peltier Thermocouple Psychrometers,” U.S. Dept. 
Agriculture, Research Paper INT-293, July 1982. 

R. W. Brown and J. M. Collins, “A Screen-Caged Thermocou- 
ple Psychrometer and Calibration Chamber for Measure- 
ments of Plant and Soil Water Potential,” Agron. J., vol. 

E. Buckingham, “Studies of The Movement of Soil Moisture,” 
U.S. D.A. Bur. of Soils, Bulletin No. 38, 1907. 

N. T. Burdine, “Relative Permeability Calculations from Pore- 
Size Distribution Data,” Trans. AIME, 1952. 

J. B. Burland, “Effective Stresses in Partly saturated Soils,” dis- 
cussion of “Some Aspects of Effective Stress in Saturated 
and Partly Saturated Soils,” by G. E. Blight and A. W. 
Bishop, Geotechnique, vol. 14, pp. 65-68, Feb. 1964. 

J. B. Burland, “Some Aspects of the Mechanical Behavior of 
Partly Saturated Soils,“ in Moisture Equilibria and Moisture 
Changes in the Soils Beneath Covered Areas, A Symp. in 
Print, G. D. Aitchison, Ed. Australia: Butterworths, 1965, 

G. S. Campbell and W. H. Gardner, “Psychrometric Measure- 
ment of Soil Potential: Temperature and Bulk Density Ef- 
fects,” Soil Sci. SOC. Amer., vol. 35, pp. 8-12, 1971. 

J. D. Campbell, “Pore Pressures and Volume Changes in Un- 
saturated Soils,” Ph.D. dissertation, Univ. of Illinois at Ur- 
bana-Champaign, 104 pp., 1973. 

Canada Department of Agriculture, “Glossary of Terms in Soil 
Science,” Publication No. 1459, published by Research 
Branch, Canada Dept. of Agric., Ottawa, Canada, 1976,44 
PP. 

Canadian Geotechnical Society, Canadian Foundation Engineer- 
ing Manual, 2nd ed., G. G. Meyeroff and B. H. Fellenius, 
Eds., 1985,456 pp. 

H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids, 
2nd ed. Oxford: Clarendon, 1959, 510 pp. 

A. Casagrande, “The Determination of the Preconsolidation Load 
and Its Practical Significance,” Discussion D-34, in Proc. 
1st Int. Con$ Soil Mech. Found. Eng. (Cambridge, MA), 

A. Casagrande, “Seepage Through Dams,” J. New England 
Water Works, vol. 51, no. 2, pp. 295-336, 1937. 

A. Casagrande and R. C. Hirschfeld, “Stress-Deformation and 
Strength Characteristics of Clay Compacted to a Constant Dry 
Unit Weight,” in Proc. Res. Con$ Strength of Cohesive Soils 
(ASCE, Boulder, CO), 1960, pp. 359-417. 

L. Casagrande, “Electro-Osmotic Stabilization of Soils,” Boston 
SOC. Civ. Eng., Contributions to Soil Mech., 1941-1953, pp. 

D. K. Cassel and A. Klute, “Water Potential: Tensiometry,” in 
Methods of Soil Analysis, Part 1, Physical and Mineralogical 
Methods, 2nd ed., A. Klute, Ed., Amer. Soc. of Agronomy, 
Soil Sci. Soc. of Amer., Madison, WI, 1986. 

H. R. Cedergren, Seepage Drainage and Flow Nets. New York: 
Wiley, 1989, 465 pp. 

R. J. Chandler and C. I. Gutierrez, “The Filter-Paper Method of 
Suction Measurement,” Geotechnique, vol. 36, pp. 265-268, 
1986. 

72, pp. 851-854, 1980. 

pp. 270-278. 

VOI. 3, 1936, pp. 60-64. 

285-317, 1952. 

    



REFERENCES 493 

C. S. Chang, C. W. Adegoke, and E. T. Selig, “GEOTRACK 
Model for Railroad Tlack Performance,” J. Geotech. Eng. 
Div. (ASCE), vol. 106, no. GTl1, pp. 1201-1218, 1980. 

K. Chantawarangul, “Comparative Study of Different Proce- 
dures to Evaluate Effective Stress Strength Parameters for 
Partially Saturated Soils,” M. Sc. thesis, Asia Inst. of Tech., 
Bangkok, Thailand, 1983. 

P. K. Chattopadhyay, “Residual Shear Strength of Some Pure 
Clay Minerals,” Ph.D. dissertation, Univ. of Alberta, Ed- 
monton, Alta., Canada, 1972, 340 pp. 

F. H. Chen, Foundations on Expansive Soils, 1st ed. New York: 
Elsevier, 1975, 280 pp. 

F. H. Chen, Foundations on Expansive Soils, 2nd ed. Amster- 
dam: Elsevier, 1988, 463 pp. 

F. H. Chen and D. Huang, “Lateral Expansion Pressure on Base- 
ment Walls,” Proc. of the 6th Inr. Con$ on Expansive Soils 
(Delhi, India), vol. 1, Dec. 1 4 ,  1987, pp. 55-60. 

E. C. Childs. An Introduction to the Physical Basis of Soil Water 
Phenomena. London: Wiley-Interscience, 1%9,493 pp. 

E. C. Childs and N. Collis-George, “Soil Geometry and Soil- 
Water Equilibria,” Faraday SOC. (Discussion), no. 3, pp. 

E. C. Childs and N. Collis-George, “The Permeability of Porous 
Materials,” Proc. Royal SOC., vol. 201A, pp. 392405,1950. 

R. K. H. Ching, “A Theoretical Examination and Practical Ap- 
plications of the Limit Equilibrium Methods to Slope Stabil- 
ity Problems,” M.Sc. thesis, Univ. of Saskatchewan, Sas- 
katoon, Sask., Canada, 1981,427 pp. 

R. K. H. Ching and D. G. Fredlund, “Some Difficulties Asso- 
ciated with the Limit Equilibrium Method of Slices,” Can. 
Geotech. J . ,  vol. 20, no. 4, pp. 661-672, 1983. 

R. K. H. Ching and D. G. Fredlund, “A Small Saskatchewan 
Town Copes with Swelling Clay Problems,” in Proc. 5rh 
Int. Con$ Expansive Soils, May 1984, pp. 306-310. 

R. K. H. Ching, J. Sweeney, and D. G. Fredlund, “Increase in 
Factor of Safety Due to Soil Suction for Two Hong Kong 
Slopes,” in Proc. 4rh Int. Symp, Landslides, Toronto, Ont., 
Canada, vol. 1, Sept. 1984, pp. 617-623. 

P. C. Chou and N. J. Pagano, Elasticity. Toronto: Van Nos- 
trand, 1967,290 pp. 

R. N. Chowdhury, “A Reassessment of Limit Equilibrium con- 
cepts in Geotechnique,” in Proc. Symp. Limit Equilibrium, 
Plasticity, and Generalized Stress Strain Applications in 
Georech. Eng., ASCE, 1980 Annu. Conv., Hollywood, FL, 
1980. 

T. F. Christie, “Secondary Compression Effects During One-Di- 
mensional Consolidation Tests,” in Proc. 6th Int. Con$ Soil 
Mech. Found. Eng. (Montreal, Canada), vol. 1, 1965, pp. 

A. W. Clifton, R. Yoshida, D. G. Fredlund, and R. W. Chur- 
sinoff. “Perfonnance of Darke Hall, Regina, Canada, Con- 
structed on a Highly Swelling Clay,” Proc. of the 5th fnr. 
Con$ on Expansive Soils, May 21-23 (Adelaide, Australia), 

M. B. Clisby, “An Investigation of the Volumetric Fluctuation 
of Active Clay Soils,” Ph.D. dissertation, Univ. of Texas, 
Austin, 1%2, 108pp. 

D. M. Cole, “A Technique for Measuring Radial Deformation 
During Repeated Load Triaxial Testing,” Can. Georech. J . ,  
vol. 15, pp. 426429. 1978. 

78-85, 1948. 

198-202. 

1984, p ~ .  197-201. 

J. D. Coleman, “Stress/Strain Relations for Partly Saturated 
Soils,” Geotechnique (Correspondence), vol. 12, no. 4, pp. 

A. T. Corey, “The Interrelation between Gas and Oil Relative 
Permeabilities,” Producer’s Monthly, vol. 19, no. 1, 1954. 

A. T. Corey, “Measurement of Water and Air Permeability in 
Unsaturated Soil,” Proc. Soil Scl. SOC. Amer., vol. 21, no. 

A. T. Corey, “Mechanics of Heterogeneous Fluids in Porous 
Media,” Water Resources Publ., Fort Collins, CO, 259 pp., 
1977. 

A. T. Corey and W. D. Kemper, “Concept of Total Potential in 
Water and Its Limitations,” Soil Sci., vol. 91, no. 5 ,  pp. 
299-305, May 1961. 

A. T. Corey, R. 0. Slayter, and W. D. Kernper, “Comparative 
Terminologies for Water in the Soil-Plant-Atmosphere Sys- 
tem,” in Irrigation in Agricultural Soils, R. M. Hagan et al.,  
Eds., Amer. Soc. Agron., Mono. No. 11, ch. 22, 1967. 

D. W. Cox, “Volume Change of Compacted Clay Till,” in Proc. 
ICE Con$ Clay Tills, 1978, pp. 79-86. 

M. C. Crilly, R. M. C. Driscoll, and R. J. Chandler, “Seasonal 
Ground and Water Movement Observations from an Expan- 
sive Clay Site in the UK,” Proc. 7th Int. Conf. on Expansive 
Soils, (Dallas, TX), Aug. 3-5, vol. 1, pp. 313-318, 
1992. 

D. Croney, “The Movement and Distribution of Water in Soils,” 
Geotechnique, vol. 3, pp. 1-16, 1952. 

D. Croney and J. D. Coleman, “Soil Thermodynamics Applied 
to the Movement of Moisture in Road Foundations,” in Proc. 
7rh Inr. Cong. Appl. Mech., vol. 3, 1948, pp. 163-177. 

D. Croney and J. D. Coleman, “Soil Structure in Relation to Soil 
Suction (pF),” J. Soil Sci., vol. 5 ,  no. 1, pp. 75-84, 1954. 

D. Croney and J. D. Coleman, “Pore Pressure and Suction in 
Soil,” in Proc. Con$ Pore Pressure and Suction in Soils. 
London: Butterworths, 1961, pp. 31-37. 

D. Croney, J. D. Coleman, and W. A. Lewis, “Calculation of 
the Moisture Distribution Beneath Structures,” Cov. Eng. L., 
vol. 45, pp. 524, 1950. 

D. Croney, J. D. Coleman, and W. P. M. Black, “Movement 
and Distribution of Water in Soil in Relation to Highway De- 
sign and Performance, ” Water and Its Conduction in Soils, 
Highway Res. Board, Special Report, Washington, DC, no. 

D. Croney, J. D. Coleman, and P. M. Bridge, “The Suction of 
Moisture Held in Soils and Other Porous Materials,” Tech. 
Paper, Road Research Board, no. 24, H.M.S.O., London, 
1952. 

A. A. Curtis and C. D. Johnston, “Monitoring Unsatumted Soil 
Water Conditions in Groundwater Recharge Studies,” in 
P roc. fnt. Con$ Measurement of Soil and Plant Water Status 
(Utah State Univ., Logan), vol. 1, 1987, pp. 267-274. 

V. Dakshanamurthy, V. “A StressControlled Study of Swelling 
Characteristics of Compacted Expansive Clays,” Georech. 
Testing J. ,  GTJODJ, vol. 2, no. 1, pp. 57-60, Mar. 1979. 

V. Dakshanamurthy, V. and D. G. Fredlund, “Moisture and Air 
Flow in an Unsaturated Soil,” in Proc. 4th Int. Con$ Ex- 
pansive Soils, ASCE, vol. 1, 1980, pp. 514-532. 

V. Dakshanamurthy and D. G. Fredlund, “Transient Flow Pro- 
cesses in Unsaturated Soils (Temperature, Relative Humid- 
ity, Evaporation and Infiltration),” CD-16.4 Transportation 

348-350, 1962. 

1, pp. 7-10, 1957. 

40, pp. 226-252, 1958. 

    



494 REFERENCES 

and Geotechnical Group, Univ. of Saskatchewan, Saskatoon, 
Sask., Canada, 1981,92 pp. 

V. Dakshanamurthy, V., D. G. Fd lund ,  and H. Rahardjo, 
“Coupled Three-Dimensional Consolidation Theory of Un- 
saturated Porous Media,” Preprint of Papers: 5th Int. Con$ 
Expansive Soils (Adelaide, South Australia), Institute of En- 
gineers, Australia, May 1984, pp. 99-104. 

F. N. Dalton, “Development of Time-Domain Reflectometry for 
Measuring Soil Water Content and Bulk Soil Electrical Con- 
ductivity,” published in Advances in Measurement of Soil 
Physical Properties: Bringing 7heory into Practice, SSSA 
Special Publication no. 30, Soil Science Society of America, 
Madison, WI, 1992, pp. 143-168. 

D. E. Daniel, “Permeability Test for Unsaturated Soil,” Geo- 
tech, Testing J .  (ASTM), vol. 6, no. 2, pp. 81-86, 1983. 

D. E. Daniel, J. M. Hamilton, and R. E. Olson, “Suitability of 
Thermocouple Psychrometers for Studying Moisture Move- 
ment in Unsaturated Soils,” in Permeability and Ground- 
water Contaminant Transport, ASTM STP 746, T. F. Zim- 
mie and C. 0. Riggs, eds., ASTM 1981, pp. 84-100. 

H. Darcy, Histoire Des Foundataines Publique de Dijon. Pans: 
Dalmont, 1856, pp. 590-594. 

J. M. Davidson, L. R. Stone, D. R. Nielsen, and M. E. Larue, 
“Field Measurement and Use of Soil-Water Properties,” 
Water Resources Res., vol. 5 ,  pp. 1312-1321, 1969. 

J. T. Davies and E. K. Rideal, Interfacial Phenomena, 2nd ed. 
New York: Academic, 1963, 747 pp. 

C. M. A. de Bruijn, “Swelling Characteristics of a Transported 
Soil Profile at Leeuhof Vereeniging (Transvaal),” in Proc. 
5th Int. Con$ Soil Mech. Found. Eng., vol. 1, 1961, pp. 43- 
49. 

C. M. A. de Bruijn, “Some Observations on Soil Moisture Con- 
ditions Beneath and Adjacent to Tarred Roads and Other Sur- 
face Treatments in South Africa,” in Moisture Equilibria and 
Moisture Changes in Soils Beneath Covered Areas, A Symp. 
in Print, G. D. Aitchison, Ed. Australia: Butteworths, 

D. A. de Vries, ‘‘Thermal Properties of Soils,” in 71ie Physics 
of Plant Environment, W. R. Van Wijk, Ed. Amsterdam: 
North-Holland, 1963, p. 382. 

D. A. de Vries, “Heat Transfer in Soils,” in Heat and Mass 
Tramfer in the Biosphere, I .  Transfer Processes in Plant 
Environment. Washington, DC: Scripta, 1975, pp. 5-28. 

D. U. Deem and F. D. Patton, “Slope Stability in Residual 
Soils,” in Proc. 4th Pan-Am Con$ Soil Mechanics Found. 
Eng. (San Juan, Puerto Rico), vol. 1, 1971, pp. 87-170. 

B. V. Dejaguin, “Recent Research into the Properties of Water 
in Thin Films and in Micro-Capillaries,’’ in Proc. SOC. for 
Experimental Biology Symp., XIX, The State and Movement 
of Water in Living Organisms. London: Cambridge Univ. 
Press, 1965. 

C. S. Desai, “Finite Element Methods for Flow in Porous Me- 
dia,” in Finite Elements in Fluidr. New York: Wiley, 1975. 

C. S. Desai, “Finite Element Residual Schemes for Unconfined 
Flow,” Int. J. Numer. Methods Eng., vol. 10, pp. 1415- 
1418, 1975. 

C. S. Desai and J. F. Abel, Introduction to the Finite Element 
Method; A Numerical Method for  Engineering Analysis. 
New York: Van Nostrand Reinhold, 1972, 477 pp. 

1965, pp. 135-142. 

C. S. Desai and J. T. Christian, Numerical Methods in Geotech- 
nical Engineering. New York: McGraw-Hill, 1977, 
783 pp. 

C. S. Desai and W. C. Sherman, “Unconfined Transient Seepage 
in Sloping Banks,” Proc. ASCE, J. Soil Mech. Found. Eng. 
Div., vol. 97, Soil Mech. 2, pp. 357-373, 1971. 

I. B. Donald, “Shear Strength Measurements in Unsaturated Non- 
Cohesive Soils with Negative Pore Pressures,” in Proc. 2nd 
Australia-New Zealand Con$ Soil Mech. Found. Eng. 
(Christchurch, New Zealand), 1956, pp, 200-205. 

1. B. Donald, “The Mechanical Properties of Saturated and Partly 
Saturated Soils with Special Reference to Negative Pore 
Water Pressure,” Ph.D. dissertation, Univ. of London, Lon- 
don, England, 1961. 

I. B. Donald, “Effective Stress Parameters in Unsaturated Soils,” 
in Proc. 4th Australia-New Zealand Con$ Soil Mech. Found. 
Eng. (Adelaide, South Australia), 1963, pp. 41-46. 

N. E. Dorsey, Properties of Ordinary Water-Substances, Amer. 
Chemical Soc., Mono. Series. New Yo&: Reinhold, 1940, 
673 pp. 

H. E. Dregne, Soils in Arid Regions. New York: American 
Elsevier, 1976, 5 pp. 

E. Drumright. “Shear Strength for Unsaturated Soils,” Ph.D. 
dissertation, Univ. of Colorado, Fort Collins, 1987. 

C. S. Dunn, “Developments in the Design of Triaxial Equipment 
for Testing Compacted Soils,” in Proc. Symp. Economic Use 
of Soil Testing in Site Investigation (Birmingham, AL), vol. 

T. B. Edil, S. E. Motan, and F. X. Toha, “Mechanical Behavior 
and Testing Methods of Unsaturated Soils,” in Laboratory 
Shear Strength of Soil, ASTM STP No. 740, R. N. Yong 
and F. C. Townsend, Eds., 1981, pp. 114-129. 

N. E. Edlefsen and A. B. C. Anderson, “Thermodynamics of 
Soil Moisture,” Hilgardia, vol. 15, p. 31-298, 1943. 

D. E. Elrick and D. H. Bowman, “Improved Apparatus for Soil 
Moisture Flow Measurements,” Proc. Soil Sci. SOC. Amer., 
vol. 28, pp. 450-453, 1964. 

A. Elzeftawy and K. Cartwright, “Evaluating the Saturated and 
Unsaturated Hydraulic Conductivity of Soils,” in Permeu- 
bility and Groundwater Contaminant Transport, ASTM STP 
746, T. F. ZimmieandC. D. Riggs, Eds., Amer. Soc. Test- 
ing and Materials, 1981, pp. 168-181. 

V. Escario, “Swelling of Soils in Contact with Water at a Neg- 
ative Pressure,” in Proc. 2nd Int. Con$ Expansive Soils 
(Texas A & M Univ., College Station), 1969, pp. 207-217. 

V. Escario, “Suction Controlled Penetration and Shear Tests,” 
in Proc. 4th Int. Con$ Expansive Soils (Denver, CO), ASCE, 

V. Escario and J. Sbz ,  “Measurement of the Properties of 
Swelling and Collapsing Soils Under Controlled Suction,” 
in Proc. 3rd Int. Con$ Expansive Soils (Haifa, Israel), vol. 

V. Escario and J. SBez, “The Shear Strength of Partly Saturated 
Soils,” Geotechnique, vol. 36, no. 3, pp. 453-456, 1986. 

V. Escario and J. Siez, “Shear Strength of Partly Saturated Soil 
Versus Suction,” Proc. of the 6th Int. Con$ on Expansive 
Soils (Delhi, 1ndia);vol. 2, Dec. 1-4, 1987, pp. 602-604. 

V. Escario, J. F. T. Juci, and M. S. Coppe, “Strength and De- 
formation of Partly Saturated Soils,” in Proc. 12rh Int. Con$ 

3, 1965, pp. 19-25. 

V O ~ .  2, 1980, pp. 781-797. 

1, 1973, pp. 195-200. 

    



REFERENCES 495 

Soil Mech. Found. Eng. (Rio de Janeiro. Brazil), Aug. 1989, 
pp. 43-46. 

D. F. Faizullaev, “Laminar Motion of Multiphase Media in Con- 
duits,” Special Res. Report, translated from Russian by Con- 
sultants Bureau, New York, NY, 144 pp., 1969. 

K. Fan, “Evaluation of the Interslice Forces for Lateral Earth 
Force and Slope Stability Problems,” M.Sc. thesis, Univ. of 
Saskatchewan, Saskatoon, Sask., Canada, 369 pp., 1983. 

K. Fan, D. G. Fredlund, and G. W. Wilson, “An Interslice Force 
Function for Limit Equilibrium Slope Stability Analysis, ” 
Can. Geotech. J . ,  vol. 23, no. 3, pp. 287-2%. 1986. 

P. J. Fargher, J. A. Woodburn, and J. Selby, “Footings and 
Foundations for Small Buildings in Arid Climates,’’ Inst. of 
Eng. Aust., S. A. Div. and Univ. Adelaide Adult Educ. 
Dep., Adelaide, Australia, 1979. 

R.  G. Fawcett and N. Collis-George, “A Filter-Paper Method 
for Determining the Moisture Characteristics of Soil.” Aus- 
tralian J. Exp. AgricuIture and Animal Husbandry, vol, 7, 
pp. 162-167, Apr. 1967. 

A. Fick, “Ueber Diffision,” Ann. der Phys. (Leipzig), vol. 94, 

H. L. Filson, “A Study of Heave Analysis Using the Oedometer 
Test,” M.Sc. thesis, Univ. of Saskatchewan, Saskatoon, 
Sask., Canada, 1980. 

A. B. Fourie, “Laboratory Evaluation of Lateral Swelling Pres- 
sure,”ASCEJ. Geotech. Eng., vol. 115, no. 10, pp. 1481- 
1486, 1989. 

D. G .  Fredlund, “Comparison of Soil Suction and One-Dimen- 
sional Consolidation Characteristics of a Highly Plastic 
Clay,” Nat. Res. Council Tech. Report No. 245. v, Div. of 
Building Res., Ottawa, Ont., Canada, 26 pp., July 1964. 

D. G. Fredlund. “Consolidometer Test Pmcedural Factors Af- 
fecting Swell Properties,” in Proc. 2nd Con$ Expansive Cby 
Soils. College Station, TX: Texas A and M Press, 1969, 

D. G. Fredlund, “Manual of Volume Change Test Procedures 
for Unsaturated Soils,’’ Internal Note SM12, Univ. of Al- 
berta, Edmonton, Alta., Canada, 1972. 

D. G. Fredlund, “Volume Change Behavior of Unsaturated 
Soils,” Ph.D. dissertation, Univ. of Alberta, Edmonton, 
Alta., Canada, 490 pp.. 1973. 

D. G. Fredlund, Discussion at “The Second Technical Session, 
Div. Two (Flow and Shear Strength),” Proc. ofthe 3rd fnt. 
Con! on fipansive Soils, vol. 11, Jemselam Academic Press, 
Haifa, Israel, 1973, pp. 71-76. 

D. G. Fredlund, “Engineering Approach to Soil Continua,” in 
Proc. 2nd Symp. Application of Solid Mech., Hamilton, Ont., 
Canada, 1974, pp. 46-59. 

D. G. Fredlund, “A Diffused Air Volume Indicator for Unsatu- 
rated Soils,” Can. Geotech. J . ,  vol. 12, no. 4, pp. 533-539, 
1975. 

D. G. Fredlund, “Prediction of Heave in Unsaturated Soils,” 
Proc. of the 5th Asian Regional Conf. (Bangalore, India), 
December, 1975, pp. 19-22. 

D. G. Fredlund, “Density and Compressibility Characteristics of 
Air-Water Mixtures,” Can. Geotech. J., vol. 13, no. 4, pp. 

D. G. Fredlund, “Two-Dimensional Finite Element Program 
Using Constant Strain Triangles (FINEL),” Univ. of Sas- 

pp. 59-86, 1855. 

pp. 435-456. 

386-396, 1976. 

katchewan Transportation and Geotech. G p p ,  Intemal Re- 

D. G. Fredlund, “Second Canadian Geotechnical Colloquium: 
Appropriate Concepts and Technology for Unsaturated 
Soils,” Can. Geotech. J., vol. 16, no. 1 ,  pp. 121-139, 1979. 

D. G. Fredlund, “Use of Computers for Slope Stability Analy- 
sis,” State-of-the-Art Paper, in Proc. Int. Symp. Londrlides 
(Delhi, India), vol. 2, 1980, pp. 129-138. 

D. G. Fredlund, “Seepage in Saturated Soils,” Panel Discus- 
sion: Ground Water and Seepage Problems, in Proc. lOrh 
Int. Conf. Soil Mech. Found. Eng. (Stockholm, Sweden), vol. 

D. G. Fredlund, Discussion: “Consolidation of Unsaturated Soils 
including Swelling and Collapse Behavior,” by Lloret, A. 
and Alonso, E. E. (1981) Geotechnique 30, no. 4, pp. 449- 
477. Discussion in Geotechnique, 1981. 

D. G .  Fredlund, “The Shear Strength of Unsaturated Soils and 
its Relationship to Slope Stability Pmblerns in Hong Kong,” 
m e  Hong Kong Engineer, vol. 9, no. 4, pp. 37-45, 1981. 

D. G. Fredlund, “Consolidation of Unsaturated Porous Media,” 
in Proc. NATO Advanced Study Inst. Mech. of Fluids in Po- 
rous Media (Newark, DE), July 1982. 

D. G. Fredlund, “Prediction of Ground Movements in Swelling 
Clays,’’ presented at the 31st Annu. Soil Mech. Found. Eng. 
Conf., ASCE, Invited Lecture, Minneapolis, MN, 1983. 

D. G. Fredlund, SLOPE-11 User’s Manual, A Slope Stability Pro- 
gram to Calculate the Factor of Safety, Doc. No. S-20 GEO- 
SLOPE Programming Ltd., Calgary, Alta., Canada, 850 pp., 
1984. 

D. 0. Fredlund, “Theory Formulation and Application for Vol- 
ume Change and Shear Strength Problems in Unsaturated 
Soils,” in Proc. 11th Int. Con$ Soil Mech. Found. Eng. (San 
Francisco, CAI, Aug. 1985. 

D. G. Fredlund, “Soil Mechanics Principles that Embrace Un- 
saturated Soils,’’ in Proc. 11th Int. Con$ Soil Mech. Found. 
Eng. (San Francisco, CA), vol. 2, Aug. 1985, pp. 465-473. 

D. G. Fredlund, “PC-SLOPE Microcomputer Slope Stability 
Program to Calculate Factor of Safety,” User’s Manual 
S-30, GEO-SLOPE Programming Ltd., Calgary, Alta., Can- 
ada, 550 pp.. 1985. 

D. 0. Fredlund. “Slope Stability Analysis Incorporating the Ef- 
fect of Soil Suction,” chapter 4 in Slope Stability, M. G .  
Anderson and K. S. Richards, Eds. New York: Wiley, 

D. G. Fredlund, “The Stress State for Expansive Soils,” in Proc. 
6th fnt. Con! Expansive Soils (Delhi, India), Dec. 1987, pp. 

D. G. Fredlund. “Negative Pore-Water Pressures in Slope Sta- 
bility,” in Simposio Summericano de Deslizamiento (Paipa, 
Colombia), 1989, pp. 1-31. 

D. G. Fredlund, “The Character of the Shear Strength Envelope 
for Unsaturated Soils,” The Victor de Mello Volume, the 
XIf lnt. Con$ on Soil Mech. and Found. Eng. (Rio de Ja- 
neiro, Brazil), 1989, pp. 142-149. 

D. G. Fredlund, “Soil Suction Monitoring for Roads and Air- 
fields,” Symposium on the State-ofthe-Art of Pavement Re- 
sponse Monitoring Systems for Roads and Airfields, Spon- 
sored by the U.S. Army Corps of Engineers (Hanover, NH), 
March 6-9, 1989. 

port CD-2, 1978. 

4, 1981, pp. 629-641. 

1987, pp. 113-144. 

1-9. 

    



4% REFERENCES 

D. G. Fredlund, “How Negative Can Pore-Water Pressure Get?” 
Geotechnical News, vol. 9, no. 3, Can. Geot. Society, Sep- 
tember, 1991, pp. 44-46. 

D. G. Fredlund, “Background, Theory and Research Related to 
the Use of Thermal Conductivity Sensors of Matric Suction 
Measurements,” published in Advances in Measurement of 
Soil Physical Properties; Bringing Theory into Practice, 
SSSA Special Publication No. 30, Soil Science of America, 
Madison, WI, 1992, pp. 249-262. 

D. G. Fredlund and S. L. B a h u r ,  “Integrated Seepage Mod- 
elling and Slope Stability Analysis-A Generalized Ap- 
proach for SaturatedKJnsaturated Soils,” chapter in Geome- 
chanics and Water Engineering in Environmental 
Management, R. Chowdhury, Ed., 1990. 

D. G. Fredlund and V. Dakshanamurthy, “Transient Flow The- 
ory for Geotechnical Engineering,” Special Session: Impact 
of Richard’s Equation: Semi-centennial Session, Fall Meet- 
ing, Amer. Geophys. Union, 1981. 

D. G. Fredlund and V. Dakshanamurthy, “Prediction of Mois- 
ture Flow and Related Swelling or Shrinking in Unsaturated 
Soils,” Geotechnical Engineering, vol. 13, pp. 15-49, 1982. 

D. G. Fredlund and J. U. Hasan, “Statistical Geotechnical Prop- 
erties of Lake Regina Sediments,” Transportation and Geo- 
tech. Group, Dep. of Civil Eng., Univ. of Saskatchewan, 
Saskatoon. Sask., Canada, Intemal Report IR-9, 102 pp., 
Jan. 1979. 

D. G. Fredlund and 3. U. Hasan, “One-Dimensional Consoli- 
dation Theory: Unsaturated Soils,” Can. Geot. Jour., vol. 
16, no. 3, pp. 521-531, 1979. 

D. G. Fredlund and J. Krahn, “Comparison of Slope Stability 
Methods Analysis,” Can. Geotech. J . ,  vol. 14, no. 3,  pp. 
429-439, 1977. 

D. G. Fredlund and N.  R. Morgenstem, “Pressure Response Be- 
low High Air Entry Discs,” in Proc. 3rd Int. Con$ Expan- 
sive Soils. Haifa, Israel: Jerusalem Academic Press, vol. 

D. 0. Fredlund and N. R. Morgenstem, “Constitutive Relations 
for Volume Change in Unsaturated Soils,” Can. Geotech. 
J . ,  vol. 13, no. 3, pp. 261-276, 1976. 

D. G. Fredlund and N. R. Morgenstem, “Stress State Variables 
for Unsaturated Soils,’’ ASCE J. Geotech. Eng. Div. GT5, 
vol. 103, pp. 447-466, 1977. 

D. G. Fredlund and N. R. Morgenstem, Closure to Paper Enti- 
tled, “Stress State Variables for Unsaturated Soils,” ASCE, 
Geot. Div., GTI1, pp. 1415-1416, 1978. 

D. G. Fredlund and Ning Yang, “The Mechanical Properties of 
Unsaturated Soil and their Engineering Application, ” Yantu 
Gongcheng Xuebao, Joumal of China Academy of Building 
Research, Published in the Chinese Joumal of Geotechnical 
Engineering (Beijing, China), vol. 13, no. 5, pp. 24-35, 
September 199 1 . 

D. G. Fredlund and H. Rahardjo, “Theoretical Context for [Jn- 
derstanding Unsaturated Residual Soil Behavior,” in Proc. 
1st Int. Con$ Geomech. in Tropical Lateritic and Saprolitic 
Soils (Sao Paulo, Brazil), Feb. 1985, pp. 295-306. 

D. G. Fredlund and H. Rahardjo, “Unsaturated Soil Consolida- 
tion Theory and Laboratory Experimental Data, ” Consoli- 
dation of Soils: Testing and Evaluation, ASTM STP 892, R. 
N. Yong and F. C. Townsend, Eds., ASTM, Philadelphia, 

1 ,  1973, pp. 97-108. 

PA, pp. 154-169, 1986. 

D. G. Fredlund and H. Rahardjo, “Soil Mechanics Principles for 
Highway Engineering in Arid Regions,” Transportation Res. 
Record 1137, pp. 1-11 ,  1987. 

D. G. Fredlund and H. Rahardjo, “State-of-Development in the 
Measurement of Soil Suction,” in Proc. Int. Con$ Eng. 
Problems on Regional Soils (Beijing, China), Aug. 1988, pp. 

D. G. Fredlund and H. Rahardjo, “The Role of Unsaturated Soil 
Mechanics in Geotechnical Engineering, ” Invited Lecture, 
P m .  of the 1 lth S.E.A.G.C (Singapore), May 4-8, 1993. 

D. G. Fredlund and D. K. H. Wong, “Calibration of T h e m 1  
Conductivity Sensors for Measuring Soil Suction,” ASTM 
Geotech. J . ,  vol. 12, no. 3, pp. 188-194, 1989. 

D. G. Fredlund, J.K-M. Can, and H. Rahardjo, “Measuring 
Negative Pore-Water Pressures in a Freezing Environment,” 
Transportation Research Record 1307, pp. 291-299, 1992. 

D. G. Fredlund, J. U. Hasan, and H. Filson, “The Prediction of 
Total Heave,” Proc. of the 4th Int. Con$ on Expansive Soils 
(Denver, CO), 1980, vol. 1 ,  pp. 1-17. 

D. G. Fredlund, J. Krahn, and J .  U. Hasan, “Variability of an 
Expansive Clay Deposit,” Proc. of the 4th Int. C&j on Ex- 
pansive Soils (Denver, CO), 1980, vol. 1 ,  pp. 322-338. 

D. G. Fredlund, N. R. Morgenstem, and R. A. Widger, “The 
Shear Strength of Unsaturated Soils,” Can. Geotech. J .  , vol. 
15, no. 3, pp. 313-321, 1978. 

D. G. Fredlund, J. Krahn, and J. U. Hasan, “Variability of an 
Expansive Clay Deposit,” in Proc. 4th Int. Con$ Expansive 
Soils (Denver, CO), vol. 1 ,  1980, pp. 322-338. 

D. G. Fredlund, J. U. Hasan, and H. Filson, “The Prediction of 
Total Heave,” in Proc. 4th Int. Con$ Expansive Soils (Den- 
ver, CO), vol. 1, 1980, pp. 1-17. 

D. G. Fredlund, J. Krahn, and D. Pufahl, “The Relationship 
Between Limit Equilibrium Slope Stability Methods,” in 
Proc. loth Int. Con$ Soil Mech. Found. Eng. (Stockholm, 
Sweden), vol. 3, 1981, pp. 409-416. 

D. G. Fredlund, H. Rahardjo, and J. Can, “Nonlinearity of 
Strength Envelope for Unsaturated Soils,” in Proc. 6th Int. 
Con$ Expansive Soils (New Delhi, India), vol. 1,  pp. 49- 
54, Dec. 1987. 

D. G. Fredlund, H. Rahardjo, and J.K-M. Can, Discussion on 
the paper entitled, “A Framework for Unsaturated Soils Be- 
havior,” by D. G. Toll (1990), Geotechnique, 40, no. l ,  pp. 

D. G. Fredlund, H. Rahardjo, and T. Ng, “Effect of Pore-Air 
and Negative Pore-Water Pressures on Stability at the End- 
of-Consttuction,” P m .  Int. Conf. on Dam Engineering, Jo- 
hor Bahru, Malaysia, pp. 43-51, Jan. 12-13, 1993. 

R. A. Freeze, “Influence of the Unsaturated Flow Domain on 
Seepage Through Earth Dams,” Water Resources Res., vol. 
7, no. 4, pp. 929-940, 1971. 

R. A. Freeze and J. A. Cherry, Groundwater. Englewood 
Cliffs, NJ: Prentice-Hall, 1979, 604 pp. 

R. A. Freeze and P. A. Witherspoon, “Theoretical Analysis of 
Regional Groundwater Flow, 1 : Analytical and Numerical 
Solutions to the Mathematical Model,” Water Resources 
Res., vol. 2, no. 4, pp. 641-656, 1966. 

Y .  C. Fung, Foundations of Solid Mechanics. Englewood 
Cliffs, NJ: Prentice-Hall, 1965, 525 pp. 

Y .  C. Fung, A First Course in Continuum Mechanics, 2nd ed. 
Englewood Cliffs, NJ: Prentice-Hall, 1977, 340 pp. 

582-588. 

31-44, 1990. 

    



REFERENCES 497 

R. H. Galagher, J. T. Oden, C. Taylor, and 0. C. Zienkiewicz, 
Finite Element in Fluids, Vol. I :  Viscous Flow and Hydro- 
dynamics. New York: Wiley, 1975. 

P. M. Gallen, “Measurement of Soil Suction Using the Filter 
Paper Methods: A Literature Review; Final Report,” Inter- 
nal Report, Transportation and Geotech. Group, Dep. of Civil 
Eng., Univ. of Saskatchewan, Saskatoon, Sask., Canada, 32 
pp., 1985. 

J .  K. M. Gan, “Direct Shear Strength Testing of Unsaturated 
Soils.” M.Sc. thesis, Dep. of Civil Eng., Univ. of Saskatch- 
ewan, Saskatoon, Sask., Canada, 587 pp., 1986. 

J .  K. M .  Gan and D. G. Fredlund, “Multistage Direct Shear 
Testing of Unsaturated Soils,” ASTM, Geotech. Testing J . ,  
vol. 1 1 ,  no. 2, pp. 132-138, 1988. 

J. K. M. Gan, D. G. Fredlund, and H. Rahardjo, “Determination 
of the Shear Strength Parameters of an Unsaturated Soil Using 
the Direct Shear Test,” Can. Geotech. J., vol. 25, no. 3, 

R. Gardner, “A Method of Measuring the Capillary Tension of 
Soil Moisture over a Wide Moisture Range,” Soil Sci., vol. 
43, no. 4, pp. 277-283, 1937. 

W. R .  Gardner, “Some Steady State Solutions of the Unsaturated 
Moisture Flow Equation with Application to Evaporation 
from a Water-Table,” Soil Sci., vol. 85, no. 4, 1958. 

W. R. Gardner, “Laboratory Studies of Evaporation from Soil 
Columns in the Presence of a Water-Table,” Soil Sci Amer., 
vol. 85, p. 244, 1958. 

W. R. Gardner, “Soil Suction and Water Movement,” Pore 
Pressure and Suction in Soils. London: Butterworths, pp. 

W. R. Gardner and M. Fireman, “Laboratory Studies of Evap- 
oration from Soil Columns in the Presence of a Water-Ta- 
ble,” Soil Sci., vol. 85, pp. 244-249, 1958. 

W. Gardner and J. A. Widtsoe, “The Movement of Soil Mois- 
ture,” Soil Sci., vol. 1 1 ,  pp. 215-232, 1921. 

H. 1. Gibbs, “Pore Pressure Control and Evaluations for Triaxial 
Compressions,” Amer. SOC. for Testing and Materials, Spe- 
cial Tech. Publ. No. 361, pp. 212-221, 1963. 

H.  J .  Gibbs, “Discussion, Proceedings of the Specialty Session 
No. 3 on Expansive Soils and Moisture Movement in Partly 
Saturated Soils,” 7th Int. Conf on Soil Mec. and Found. 
Eng. (Mexico City, Mexico), 1969, pp. 424-424. 

H. J. Gibbs, “Use of a Consolidometer for Measuring Expansion 
Potential of Soils,” in Proc. Workshop on Expansive Clays 
and Shales in Highway Design and Construction, Univ. of 
Wyoming, Laramie, vol. 1 ,  May 1973, pp. 206-213. 

H. J. Gibbs and C. T. Coffey, “Application of Pore Pressure 
Measurements to Shear Strength of Cohesive Soils,” Report 
No. EM-761, U.S. Dep. of the Interior, Bureau of Recla- 
mation, Soils Eng. Branch, Div. of Research, Boulder, CO, 
1 969. 

H. J. Gibbs and C. T. Coffey, “Techniques for Pore Pressure 
Measurements and Shear Testing of Soil,” in Proc. 7th Int. 
Conf Soil Mech. Found. Eng. (Mexico), vol. 1 ,  1969, pp. 

H. J. Gibbs, J. W. Hilf, W. G. Holtz, and F. C. Walker, “Shear 
Strength of Cohesive Soils,” in Proc. ASCE Res. Con$ Shear 
Strength of Cohesive Soils, Boulder, CO, June 1960, pp. 33- 
162. 

R. E. Gibson, “An Analysis of System Flexibility and its Effect 

pp. 500-510, 1988. 

137-140, 1961. 

15 1- 157. 

on Time-Lag in Pore Water Pressure Measurements,” Geo- 
technique, vol. 13, pp. 1 - 1 1 ,  1963. 

R. E. Gibson and D. J. Henkel, “Influence of Duration of Tests 
at Constant Rate of Strain on Measured ‘Drain’ Strength,” 
Geotechnique, vol. 4, pp. 6-15, 1954. 

H. G. Gilchrist, “A Study of Volume Change of a Highly Plastic 
Clay,” M.Sc. thesis, Univ. of Saskatchewan, Saskatoon, 
Sask., Canada, 141 pp., 1963. 

Glossary of Soil Science Terms, Soil Science Society of America, 
Madison, WI, 1979, 37 pp. 

P. A. Gonzalez and B. J. Adams, “Mine Tailings Disposal: I. 
Laboratory Characterization of Tailings,” Dep. of Civil 
Eng., Univ. of Toronto, Toronto, Ont., Canada, pp. 1-14, 
1980. 

D. M. Gray, “Handbook on the Principles of Hydrology,” Ca- 
nadian National Committee for the International Hydrologi- 
cal Decade, 1970, 631 pp. 

H. Gray, “Simultaneous Consolidation of Contiguous Layers of 
Unlike Compressible Soils,” Trans. ASCE, vol. 110, pp. 

A. E. Green and P. M. Naghdi, “A Dynamical Theory of Inter- 
acting Continua,” Int. J .  Eng. Sci. (Pergamon, London), vol. 

R. E. Green and J. C. Corey, “Calculation of Hydraulic Con- 
ductivity: A Further Evaluation of Some Predictive Meth- 
ods,” Proc. Soil Sci. SOC. Amer., vol. 35, pp. 3-8, 1971. 

R. E. Green and J .  C. Corey, “Calculation of Hydraulic Soils, 
Prediction, Laboratory Test and In-Situ Measurements,” in 
Proc. 8th Int. Conf Soil Mech. Found. Eng. (Moscow, Rus- 
sia), 1971, pp. 163-170. 

G. J. Gromko, “Review of Expansive Soils,” Journal of the 
Geotechnical Engineering Division, ASCE, vol. 100, no. 

R. B. Grossman, B. R. Brashner, D. P. Franzmeier, and J. L. 
Walker, “Linear Extensibility as Calculated from Natural- 
Clod Bulk Density Measurements,” Proc. Soil Sci. SOC. 
Amer., vol. 32, no. 4, pp. 570-573, 1968. 

S. K. Gulhati, “Shear Behaviour of Partially Saturated Soil,’’ in 
Proc. 5th Asian Reg. Conf: Soil Mech. Found. Eng. (Ban- 
galore, India), 1975, pp. 87-90. 

S. K. Gulhati and D. J. Satija, “Shear Strength of Partially Sat- 
urated Soils,’’ in Proc. 10th Int. Conf Soil Mech. Found. 
Eng. (Stockholm), 1981, pp. 609-612. 

A. B. Gureghian, “A Two-Dimensional Finite Element Solution 
Scheme for the Saturated-Unsaturated Flow with Applica- 
tions to Flow Through Ditch-Drained Soils,” J.  Hydrol., vol. 

S. A. Habib, T. Kato, and D. Karube, “One Dimensional Swell 
Behavior of Unsaturated Soil,” Proceedings of the 7th Int. 
Con6 on Expansive Soils (Dallas, Texas), August 3-5, 1992, 

W. B. Haines, “The Volume Changes Associated with Varia- 
tions of Water Content in Soil,” J. Agric. Sci., vol. 13, pp. 

W. B. Haines, “A Further Contribution to the Theory of Capil- 
lary Phenomena in Soils,” J.  Agric.Sci., vol. 17, pp. 264- 
290, 1927. 

D. J.  Hamberg, “A Simplified Method for Predicting Heave in 
Expansive Soils,” M.Sc. thesis, Colorado State Univ., Fort 
Collins, 275 pp., 1985. 

1327- 1344, 1945. 

3, pp. 231-241, 1965. 

GT6, pp. 667-687, 1974. 

50, pp. 333-353, 1981. 

V O ~ .  I ,  pp. 222-226. 

296-3 10, 1923. 

    



498 REFERENCES 

A. P. Hamblin, “Filter-Paper Method for Routine Measurement 
of Field Water Potential,” Journal of Hydrology, vol. 53, 
no. 3/4, pp. 355-360, 1984. 

J. J. Hamilton, “Foundations on Swelling or Shrinking Sub- 
soils,” Can. Building Digest, CBD 184, Div. of Building 
Research, Nat. Res. Council, Ottawa, Ont., Canada, 4 pp., 
1977. 

J. M. Hamilton, “Measurement of Permeability of Partially Sat- 
urated Soils,” M.Sc. thesis, Univ. of Texas, Austin, 1979. 

J. M. Hamilton, D. E. Daniel, and R. E. Olson, “Measurement 
of Hydraulic Conductivity of Partially Saturated Soils,” in 
Permeability and Groundwater Contaminant Transport, 
ASTM Special Tech. Publ. 746, T. F. Zimmie and C. 0. 
Riggs, Eds., ASTM, pp. 182-196, 1981. 

R. J. Hanks and S. A. Bowers, “Numerical Solution of the Mois- 
ture Flow Equation into Layered Soil,” Proc. Soil Sci. 
Amer., vol. 26, no. 6, 1962. 

A. M. Hanna and G. G. Meyerhof, “Design Charts for Ultimate 
Bearing Capacity of Foundations on Sand Overlying Soft 
Clay,” Can. Geotech. J . ,  vol. 17, pp. 300-303, 1980. 

F. Hardy, “The Shrinkage Coefficient of Clays and Soils,” J. 
Agric. Sci., vol. 13, pp. 244-264, 1923. 

L. P. Harrison, “Fundamental Concepts and Definitions Relating 
to Humidity,” in Humidity and Moisture, Fundamentals and 
Standards, A. Wexler and W. A. Wildhack, MS. Neul 
York: Reinhold, vol. 3, 1965, pp. 3-69. 

I. U. Hasan and D. G. Fredlund, “Pore Pressure Parameters for 
Unsaturated Soils,” Can. Geotech. J . ,  vol. 17, no. 3, pp. 
395-404, 1980. 

K. H. Head, Manual of Soil Laboratory Testing, Vol. I ,  Soil 
Classification and Compaction Tests. London, Plymouth: 
Pentech, 1984. 

K. H. Head, Efective Stress Tests, Manual of Soil Laboratory 
Testing. 

Headquarters, U.S. Dep. of the Army, “Foundations in Expan- 
sive Soils,” Tech. Man., TM5-818-7, Washington, DC, 
1983. 

E. Heyer, A. Cass, and A. Mauro, “A Demonstration of the 
Effect of Permeant and Impermeant Solutes and Unstimd 
Boundary Layers on Osmotic Flow,” Yale J. Biol. Med., 
vol. 42, pp. 139-153, Dec. 1969-Feb. 1970. 

J. W. Hilf, “Estimating Construction Pore Pressures in Rolled 
Earth Dams,” in Proc. 2nd Int. Con& Soil Mech. Found. 
Eng. (Rotterdam, The Netherlands), vol. 3, 1948, pp. 234- 
240. 

J. W. Hilf, “An Investigation of Pore-Water Pressure in Com- 
pacted Cohesive Soils,” Ph.D. dissertation, Tech. Memo. 
No. 654, U.S. Dep. of the Interior, Bureau of Reclamation, 
Design and Construction Div., Denver, CO, 654 pp., 1956. 

C. B. Hill, “Consolidation of Compacted Clay,” M.Sc. thesis, 
Univ. of Manchester, Manchester, England, 1967. 

D. Hillel, Introduction to Soil Physics. New York: Academic, 
1982, 364 pp. 

D. Hillel, V. D. Krentos, and Y. Stylianou, “Procedure and Test 
of an Internal Drainage Method for Measuring Soil Hydraulic 
Characteristics In-Situ,” Soil Sci., vol. 114, pp. 295-400, 
1972. 

D. Y. F. Ho, “Measurement of Soil Suction Using the Filter 
Paper Technique,” Internal Report, IR-11, Transportation 
and Geotech. Group, Dep. of Civil Eng., Univ. of Saskatch- 
ewan, Saskatoon, Sask., Canada, 90 pp., 1979. 

New York: Wiley, vol. 3, pp. 743-1238, 1986. 

D. Y. F. Ho, “The Relationship Between the Volumetric Defor- 
mation Moduli of Unsaturated Soils,” Ph.D. dissertation, 
Dep. of Civil Eng., Univ. of Saskatchewan, Saskatoon, 
Sask., Canada, 379 pp., 1988. 

D. Y. F. Ho and D. G. Fredlund, Discussion of “Shear Strength 
of Partially Saturated Soils,” by S. K. Gulhati and B. S. 
Satija, Session No. 4, 10th Int. Con& on Soil Mech. and 
Found. Eng. (Stockholm, Sweden), June 1981, vol. 4, pp. 

D. Y. F. Ho and D. G. Fredlund, “Increase in Shear Strength 
due to Soil Suction for Two Hong Kong Soils,” in Proc. 
ASCE Geotech. Conf Eng. and Construction in Tropical and 
Residual Soils (Honolulu, HI), Jan. 1982, pp. 263-295. 

D. Y. F. Ho and D. G. Fredlund, “A Multi-Stage Triaxial Test 
for Unsaturated Soils,” ASTM Geotech. Testing J . ,  vol. 5, 
no. 1/2, pp. 18-25, June 1982. 

D. Y, F. Ho and D. G. Fredlund, “Strain Rates for Unsaturated 
Soil Shear Strength Testing,” in Proc. 7th Southeast Asian 
Geotech. Conf. (Hong Kong), Nov. 1982. 

D. Y. F. Ho and D. G. Fredlund, “Laboratory Measurement of 
the Volumetric Deformation Moduli for Two Unsaturated 
Soils,” in Proc. 42nd Can. Geo. Conf. (Winnipeg, Man., 
Canada), Oct. 1989, pp. 50-60. 

D. Y. F. Ho, D. G. Fredlund and H. Rahardjo, “Volume Change 
Indices During Loading and Unloading of an Unsaturated 
Soil,” Can. Geot. Jour., vol. 29, no. 2, pp. 195-207, 1992. 

C. A. Hogentogler and E. S. Barber, “Discussion in Soil Water 
Phenomena,” Proc. Hwy. Research Board, vol. 21, pp. 452- 
465, 1941. 

W. G. Holtz, “Expansive Clays-Properties and Problems,” in 
‘Iheoretical and Practical Treatment of Expansive Soils, 1st 
Conf Mech. Soils, Colorado School of Mines, Golden, vol. 
54, no. 4, 1959, pp. 89-117. 

W. G. Holtz, “Suggested Method of Test for One-Dimensional 
Expansion and Uplift Pressure of Clay Soils,” in Special 
Procedures for Testing Soil and Rock for Engineering Pur- 
poses, 5th ed., ASTM STP 479, 1970. 

W. G. Holtz and H. J. Gibbs, “Engineering Properties of Ex- 
pansive Clays,” Trans. ASCE, vol. 121, pp. 641-663, 1956. 

R. D. Holtz and W. G. Kovacs, An Introduction to Geotechnical 
Engineering. Englewood Cliffs, NJ : Prentice-Hall, 733 pp. 
1981. 

G. M. Homberger, I. Remson, and A. A. Fungaroli, “Numeric 
Studies of a Composite Soil Moisture Ground-Water Sys- 
tem,” Water Resources Res., vol. 5 ,  no. 4, pp. 797-802, 
1969. 

B. K. Hough, Basic Soils Engineering. New York: Ronald 
Press, 1969,634 pp. 

M. K. Hubbert and W. W. Rubey, “Role of Fluid Pressure in 
Mechanics of Overthrust Faulting,” Bull. Geol. SOC. Amer., 
vol. 70, pp. 115-166, Feb. 1959. 

J. E. Ingersoll, “Method for Coincidentally Determining Soil 
Hydraulic Conductivity and Moisture Retention Character- 
istics,,’,’ Special Report 81-2, U.S. Army Cold,Regions Res. 
and Eng. Lab., Hanover, NH, 1981. 

International Society for Soil Mechanics and Foundation Engi- 
neering, “List of Symbols, Units, and Definitions,” Sub- 
committee on Symbols, Units, and Definitions, Proc. 9th In- 
ter. Con& Soil Mech. Found. Eng. (Tokyo), 1977, vol. 3, 

International Society of Soil Science, “News of the Commission, 

672-674. 

pp. 156-170. 

    



REFERENCES 499 

Commission I (Soil Physics),” Soil Physics Terminology, 
Bulletin No. 23, 7, published by the Soil Science Society of 
America, Madison, WI, 1963. 

International Society of Soil Science, “Glossary of Soil Science 
Terms,” published by the Soil Science Society of America, 
Madison, WI, May, 1970. 

International Society of Soil Science, “Glossary of Soil Science 
Terms,” published by the Soil Science Society of America, 
Madison, WI, October, 1979, 37 pp. 

H. 0. Ireland, “Design and Construction of Retaining Walls,” 
in Soil Mechanics Lecture Series: Design of Structures to Re- 
sist Earth Pressure, Amer. Soc. of Civil Eng., Chicago, IL, 
1964. 

S. Irmay, “On the Hydraulic Conductivity of Unsaturated Soils,” 
Trans. Amer. Geophys. Union, vol. 35, 1954. 

J. Jaky, “The Coefficient of Earth Pressure at Rest,” J. SOC. 
Hungarian Architects and Eng., pp. 355-358, 1944. 

Y. W. Jame, “Heat and Mass Transfer in Freezing Soil,” Ph.D. 
dissertation, Univ. of Saskatchewan, Saskatoon, Sask., Can- 
ada, 1977. 

Y. W. Jame and D. I. Norum, “Heat and Mass Transfer in Freez- 
ing Unsaturated Porous Medium,” Water Resources Res., 
vol. 16, no. 4, pp. 811-819, 1980. 

D. J. Janssen and B. J. Dempsey, “Soil-Moisture Properties of 
Subgrade Soils,” presented at the 60th Annu. Transportation 
Res. Board Meeting, Washington, DC, Aug. 1980. 

I. Javandel and P. A. Witherspoon, “Application of the Finite 
Element Method to Transient Flow in Porous Media,” Trans. 
Soc. Petro. Eng., vol. 243, 1968. 

J. E. Jennings, “A Revised Effective Stress Law for Use in the 
Prediction of the Behavior of Unsaturated Soils,” in Pore 
Pressure and Suction in Soils, conf. organized by the British 
Nat. Soc. of Int. Soc. Soil Mech. Found. Eng. at the Inst. 
of Civil Eng. 

J. E. Jennings, “The Prediction of Amount and Rate of Heave 
Likely to be Experienced in Engineering Construction on Ex- 
pansive Soils,” in Proc. 2nd tnt. Conf Expansive Clay Soils 
(Texas A&M Univ., College Station), 1969, pp. 99-109. 

J. E. Jennings and J. B. Burland, “Limitations to the Use of 
Effective Stresses in Partly Saturated Soils,” Geotechnique, 
vol. 12, no. 2, pp. 125-144, 1962. 

J. E. Jennings and K.  Knight, “The Prediction of Total Heave 
from the Double Oedometer Test,” in Proc. Symp. Expan- 
sive Clays (South African Inst. of Civil Engineers, Johan- 
nesberg), vol. 7, no. 9, 1957, pp. 13-19. 

J. E. Jennings, R. A. Firth, T. K. Ralph, and N. Nagar, “An 
Improved Method for Predicting Heave Using the Oedometer 
Test,” in Proc. 3rd tnt. Conf Expansive Soils (Haifa, Is- 
rael), vol. 2, 1973, pp. 149-154. 

G. D. Johnpeer, “Land Subsidence Caused by Collapsible Soils 
in Northern New Mexico,” in Ground Failure, No. 3 ,  Nat. 
Res. Council on Ground Failure Hazards, 1986, pp. 1-22. 

A. I. Johnson, “Glossary,” Permeability and Groundwater Con- 
taminant Transport, ASTM STP 746, T. F. Zimmie and C. 
0. Riggs, Eds., American Society for Testing and Materials, 

L. D. Johnson, “Evaluation of Laboratory Suction Tests for Pre- 
diction of Heave in Foundation Soils,” Tech. Reports S-77- 
7, U.S. Army Engineer Waterways Experiment Station, 
Vicksburg, MS, 118 pp., 1977. 

London: Butterworths, 1961, pp. 26-30. 

pp. 3-17, 1981. 

f a ,  7 ~~ 
L. N. Johnston, “Water Permeable Jacketed Thermal Radiators - _ _  

as Indicators of Field Capacity and Permanent Wilting Per- 
centage in Soils,” Soil Sci., vol. 54, pp. 123-126, 1942. 

D. E. Jones and W. G. Holtz, “Expansive Soils-The Hidden 
Disaster,” Civil Eng., ASCE, New York, NY pp. 87-89, 
Aug. 1973. 

J. L. Justo and A. Delgado, “Stress-Strain Paths in the Collapse- 
Swelling-Shrinkage of Soils Insitu,” Proc. of the 6th tnt. 
Conf on Expansive Soils (Delhi, India), vol. 2, Dec. 1-4, 

J. L. Justo, A. Delgado, and J. Ruiz, “The Influence of Stress- 
Path in the Collapse-Swelling of Soils at the Laboratory,” in 
Proc. 5th Int. Conf Expansive Soils (Adelaide, Australia), 

G. Kassiff, “Compaction and Shear Characteristics of Re- 
moulded Negev Loess,” in Proc. 4th Int. Conf Soil Mech. 
Found. Eng. (London), vol. 1, 1957, pp. 56-61. 

R. K. Katti, S .  K. Kulkarni, and S. K. Fotedar, “Shear Strength 
and Swelling Pressure Characteristics of Expansive Soils,’’ 
in Proc. 2nd tnt. Res. Eng. Conf Expansive Clay Soils (Col- 
lege Station, TX), 1969, pp. 334-342. 

M. Katzir, “Design Considerations and Performance of An- 
chored, Cast in Place Retaining Piles in Swelling Clays,” in 
Proc. 3rd Int. Conf Expansive Soils (Haifa, Israel), vol. 2, 

G. W. C. Kaye and T. H. Laby, Tables of Physical and Chemical 
Constants, 14th ed. 

T. C. Kenney and G. H. Watson, “Multiple-Stage Triaxial Test 
for Determining C’ and (b’ of Saturated Soils,” in Proc. 5th 
tnt. Conf Soil Mech. Found. Eng. (Paris, France), vol. 1, 

A. H. Khan, “Evaluation of Laboratory Suction Tests by Filter 
Paper Technique for Prediction of Heave in Expansive 
Soils,” Report No. GM-81-001, Dep. of Civil Eng., Univ. 
of Western Australia, 1981. 

M. H. Khan and D. L. Hoag, “A Noncontacting Transducer for 
Measurement of Lateral Strains,” Can. Geotech. J., vol. 16, 
pp. 409-41 1, 1979. 

W. E. I. Khogali, K. 0. Anderson, J.K-M. Gan and D. G. Fred- 
lund, “Installation and Monitoring of Moisture Suction Sen- 
sors in a Fine-grained Subgrade Soil Subjected to Seasonal 
Frost,’ ’ Presented to the 2nd International Symposium, 
“State-of-the-Art of Pavement Response-Monitoring Sys- 
tems for Roads and Airfields,” sponsored by U.S. Army 
Cold Regions, Research and Engineering Laboratory, Han- 
over, New Hampshire and Federal Aviation Administration, 
Washington, D.C., West Levanon, N.H., Sept. 10-13, 
1991. 

B. A. Kimball, R. D. Jackson, R. J. Reginato, F. S. Nakayama, 
and S. B. Idso, “Comparison of Field-Measured and Cal- 
culated Sol-Heat Fluxes,” Proc. Soil Sci. SOC. Amer., vol. 
40, no. 1,  pp. 18-25, 1976. 

B. Kjaernsli and N. Simons, “Stability Investigations of the North 
Bank of the Drammen River,” Geotechnique, vol. 12, pp. 

Klute, A. “Laboratory Measurement of Hydraulic Conductivity 
of Unsaturated Soil,” in Methods of Soil Analysis, C. A. 
Black, D. D. Evans, J. L. White, L. E. Ensminger, and F. 
E. Clark, Eds., Mono. 9, Part 1, Amer. Soc. of Agronomy, 
Madison, WI, 1965, pp. 253-261. 

A. Klute, “Water Difisivity,” in Methodr of Soil Analysis, C. 
A. Black. D. D. Evans. J. L. White. L. E. Ensmineer. and 

1987, pp. 596-601. 

1984, pp. 67-71. 

1973, pp. 185-188. 

Longman, 1973, 386 pp. 

1961, pp. 191-195. 

147-167, 1962. 

    



500 REFERENCES 

F. E. Clark, Eds., Mono. 9, Part 1, Amer. Soc. of Agron- 
omy, Madison, WI, 1965, pp. 262-272. 

A. Klute, “The Determination of the Hydraulic Conductivity and 
Diffisivity of Unsaturated Soils,’’ Soil Sci., vol. 113, pp. 

P. C. Knodel and C. T. Coffey, “Measurement of Negative Pore 
Pressure of Unsaturated Soils-Shear and Pore Pressure Re- 
search-Earth Research Program,” U.S.B.R., Lab. Report 
No. EM-738, Soil Eng. Branch, Bureau of Reclamation, 
Denver, CO, 20 pp., June 1966. 

P. G. Kohn, “Tables of Some Physical and Chemical Properties 
of Water,” S.E.B. Symp., XIX, The State and Movement of 
Water in Living Organisms (Cambridge), 1965. 

A. Komornik, M. Livneh, and S. Smucha, “Shear Strength and 
Swelling of Clays Under Suction,” in Proc. 4th Int. Conf 
Expansive Soils (CO), vol. 1, 1980, pp. 206-226. 

H. L. Koning, “Some Observations on the Modulus of Com- 
pressibility of Water,” in Proc. Conf Settlement and Com- 
pressibility of Soils, Weisbaden, Germany, 1963, pp. 33-36. 

P. Koorevaar, G. Menelik, and C. Dirksen, Elements of Soil 
Physics. Amsterdam, The Netherlands: Elsevier, 1983, 228 
PP. 

J. Krahn, “Comparison of Soil Pore Water Potential Compo- 
nents,” M.Sc. thesis, Univ. of Saskatchewan, Saskatoon, 
Sask., Canada, 125 pp., 1970. 

J. Krahn and D. G. Fredlund, “On Total Matric and Osmotic 
Suction,” J. Soil Sci., vol. 114, no. 5 ,  pp. 339-348, 1972. 

J. Krahn, D. G. Fredlund, and M. 1. Klassen, “Effect of Soil 
Suction on Slope Stability at Notch Hill,” Can. Geotech. J . ,  
vol. 26, no. 2, pp. 269-278, 1989. 

J. Krahn, D. G. Fredlund, L. Lam and S. L. Barbour, “PC- 
SEEP: A Finite Element Program for Modeling Seepage,” 
Proc. of the 1st Canadian Symposium on Microcomputer Ap- 
plications to Geotechnique (Regina, Canada), October 22- 

J. P. Krohn and J. E. Slosson, “Assessment of Expansive Soils 
in the United States,” in Proc. 4th Int. Con$ Expansive Soils 
(Denver, CO), vol. 1, 1980, pp. 596-608. 

D. P. Krynine, “Analysis of the Latest American Tests on Soil 
Capillarity,” in Proc. 2nd Int. Conf Soil Mech. Found. Eng. 
(Rotterdam, The Netherlands), vol. 3, 1948, pp. 100-104. 

R. J. Kunze, G. Uehara, and K. Graham, “Factors Important in 
the Calculation of Hydraulic Conductivity, ’ ’ Proc. Soil Sci. 
SOC. Amer., vol. 32, pp. 760-765, 1968. 

C. C. Ladd, “Mechanisms of Swelling in Compacted Clay,” 
Highway Res. Board Bull., Nat. Research Council, No. 245, 

C. C. Ladd, “Settlement Analysis for Cohesive Soils,” Research 
Report R71-2, Soils Publication 272, Department of Civil 
Engineering, Massachusetts Institute of Technology, 197 1, 
107 pp. 

G. E. Laliberte and A. T. Corey, “Hydraulic Properties of Dis- 
turbed and Undisturbed Soils,” ASTM, STP, No. 417, 1966. 

L. Lam, “Transient Finite Element Seepage Program TRA- 
SEE,” User’s Manual, CD-18, Dep. of Civil Eng., Univ. 
of Saskatchewan, Saskatoon, Sask., Canada, 1984. 

L. Lam and D. G. Fredlund, “Saturated-Unsaturated Transient 
Finite Element Seepage Model for Geotechnical Engineer- 
ing,” Adv. Water Resources, vol. 7, pp. 132-136, 1984. 

L. Lam, D. G. Fredlund and S. L. Barbour, “Transient Seepage 

264-276, 1972. 

23, 1987, pp. 243-251. 

pp. 10-26, 1960. 

Model for Saturated-Unsaturated Soil Systems: A Geotech- 
nical Engineering Approach,” Can. Geot. Jour., vol. 24, 
no. 4, pp. 565-580, 1988. 

T. W. Lambe, Soil Testing for Engineers. New York: Wiley, 
1951, 165 pp. 

T. W. Lambe, “Capillary Phenomena in Cohesionless Soils,” 
Trans. ASCE, vol. 1 16, pp. 401-423, 195 1. 

T. W. Lambe, “The Engineering Behavior of Compacted Clay,” 
ASCE J.  Soil Mech. Found Div., vol. 84, SM2, Paper No. 

T. W. Lambe, “Stress Path Method,” ASCE 1. Soil Mech. 
Found. Eng. Div., vol. 93, SM6, pp. 309-331, 1967. 

T. W. Lambe and R. V. Whitman, Soil Mechanics. New York: 
Wiley, 1979, 553 pp. 

K. S. Lane and S. E. Washburn, “Capillarity Tests by Capillar- 
imeters and by Soil Filled Tubes,” Proc. Highway Res. 
Board, vol. 26, pp. 460-473, 1946. 

A. R. G. Lang, “Osmotic Coefficients and Water Potentials of 
Sodium Chloride Solutions from 0 to 40 Degrees C,” Aus- 
tralian J. Chem., vol. 20, pp. 2017-2023, 1967. 

L. J. Langfelder, C. F. Chen, and J. A. Justice, “Air Perme- 
ability of Compacted Cohesive Soils,” ASCE J.  Soil Mech. 
Found. Eng. Div., vol. 94, SM4, pp. 981-1001, 1968. 

D. Y. Larmour, “One-Dimensional Consolidation of Partially 
Saturated Clay,” M.Sc. thesis, Univ. of Manchester, 
Manchester, England, 1966. 

J. T. K. Lau, “Desiccation Cracking of Soils,” M.Sc. thesis, 
Department of Civil Engineering, University of Saskatche- 
wan, Saskatoon, Sask., Canada, 1987, 208 pp. 

A. S. Laughton, “The Compaction of Ocean Sediments,” Ph.D. 
dissertation, Univ. of Cambridge, Cambridge, England, 
1955. 

B. Leach and R. Herbert, “The Genesis of a Numerical Model 
for the Study of the Hydrogeology of a Steep Hillside in Hong 
Kong,” Quart. J. Eng. Geol., vol. 15, pp. 253-259, 1982. 

H. C. Lee and W. K. Wray, “Evaluation of Soil Suction Instru- 
ments,” Proc. 7th Int. Con5 on Expansive Soils (Dallas, 
Texas), August 3-5, 1992, vol. 1, pp. 307-312. 

K. L. Lee, R. A. Morrison, and S. C. Haley, “A Note on the 
Pore Pressure Parameter B,” in Proc. 7th Int. Conf Soil 
Mech. Found. Eng., vol. 1, 1969, pp. 231-238. 

R. K. C. Lee, “Measurement of Soil Suction Using the MCS 
Sensor,” M.Sc. thesis, Univ. of Saskatchewan, Saskatoon, 
Sask., Canada, 162 pp., 1983. 

R. K. C. Lee and D. G. Fredlund, “Measurement of Soil Suction 
Using the MCS 6O00 Gauge,” in Proc. 5th Int. Conf Ex- 
pansive Soils, Inst. of Eng., Adelaide, Australia, 1984, pp. 

K. S. Li, Discussion on “Closed-Form Heave Solutions for Ex- 
pansive Soils,” ASCE J. Geotech. Eng., vol. 115, no. 12, 

A. C. Liakopoulos, “Theoretical Solution of the Unsteady Un- 
saturated Flow Problems in Soils,’’ Bull. Int. Assoc. Sci. Hy- 
drol., vol. 10, pp. 5-39, 1965. 

A. C. Liakopoulos, “Retention and Distribution of Moisture in 
Soils after Infiltration has Ceased,” Bull. Int. Assoc. Sci. Hy- 
drol., vol. 10, pp. 58-69, 1965. 

W. D. L. Finn, “Finite Element Analysis of Seepage Through 
Dams,” ASCE J.  Soil Mech. Found. Eng. Div., SM6, pp. 
41-48, 1967. 

1655, pp. 1-35, 1458. 

50-54. 

pp. 1819-1823, 1989. 

    



REFERENCES 501 

R. A. Lidgren, “Volume Change Characteristics of Compacted 
Till,” M.Sc. thesis, Univ. of Saskatchewan, Saskatoon, 
Sask., Canada, 158 pp., 1970. 

A. L. Little, “The Engineering Classification of Residual Trop- 
ical Soils,” in Proc. 7th Int. Con. Soil Mechanics Found. 
Eng. (Mexico City, Mexico), vol. 1, 1969, pp. 1-10. 

A. Lloret and E. E. Alonso, “Consolidation of Unsaturated Soils 
Including Swelling and Collapse Behavior,” Geotechnique, 
vol. 30, no. 4, pp. 449-477, 1980. 

A. Lloret and E. E. Alonso, “State Surfaces for Partially Satu- 
rated Soils,” in Proc. 11th Int. Con. Soil Mech. Found. Eng. 
(San Francisco, CA), vol. 2, 1985, pp. 557-562. 

J. Loi, J. Gan, and D. G. Fredlund, “An Evaluation of AGWA- 
I1 Sensors in Measuring Soil Suction from Full Scale Testing 
at the Regina Test Track,” Geotech. Group of the Dep. of 
Civil Eng., Univ. of Saskatchewan, Saskatoon, Sask. , Can- 
ada, 118 pp., 1989. 

J. Loi, D. G. Fredlund, J.K-M. Gan, and R. A. Widger, “Mon- 
itoring Soil Suction in an Indoor Test Track Facility,” pre- 
sented to 7 I st Annual Meeting of the Trarisportation Board, 
Session #228 on Environmental Factors Except Frost, Wash- 
ington, DC, January 12-16, 1992. 

J. Lowe, I11 and T. C. Johnson, “Use of Back Pressure to In- 
crease Degree of Saturation of Triaxial Test Specimens,” in 
Proc. Res. Con$ Shear Strength of Cohesive Soils, ASCE, 
Boulder, CO, 1960, pp. 819-836. 

P. Lumb, “The Residual Soils of Hong Kong,” Geotechnique 
(Correspondence), vol. 16, no. 4, pp. 359-360, 1966. 

A. V. Lykov, Heat and Mass Transfer in Capillary-Porous Bod- 
ies (Teoreticheskiye Omorey Stroitel ,noli Teplojziki) , trans- 
lated by P. N. B. Harrison, W. M. Pun, Ed. New York: 
Pergamon, 1961 , pp. 201-277. 

R. L. Lytton, “Isothermal Water Movement in Clay Soils,” 
Ph.D. dissertation, University of Texas, Austin, 231 pp., 
1967. 

R. L. Lytton, “Expansive Soils-Effect of Environmental 
Changes and Related Engineering Requirements. * ’ Session 
66, ASCE Annual Meeting, Denver, Colorado, November 
1975. 

R. L. Lytton, “Foundations in Expansive Soils,” in Numerical 
Methods in Geotechnical Engineering, Chapt. 13, C. S. De- 
sai and J. T. Christian (Eds.), New York: McGraw-Hill, 

R. L. Lytton, “The Design of Foundations and Pavements on 
Expansive Clays,” Proc. of the 4th Regional Geotechnical 
Conference, Baranquilla, Colombia, November 198 1. 

R. L. Lytton and J .  A. Woodburn, “Design and Performance of 
Mat Foundations on Expansive Clay,” Proc. of the 3rd Int. 
Con$ on Expansive Soils, Haifa, Israel, January, 1973, vol. 

M. Maksimovic, “Limit Equilibrium for Nonlinear Failure En- 
velope and Arbitrary Slip Surface,” in Proc. 3rd Int. Conf 
Numer. Methods in Geomech. (Aachen, Germany), Apr. 

F. T. Manheim, “A Hydraulic Squeezer for Obtaining Interstitial 
Water from Consolidated and Unconsolidated Sediment,” 
U.S. Geological Survey Prof. Paper 55O-C, pp. 256-261, 
1966. 

T. J. Marshall, “A Relation Between Permeability and Size Dis- 
tribution of Pores,” J. Soil Sci., vol. 9, pp. 1-8, 1958. 

1977, pp. 427-458. 

1, pp. 301-307. 

1979, pp. 769-777. 

G. E. Mase, Continuum Mechanics. New York: McGraw-Hill, 
1970. 

M. L. Maslia and M. M. Aral, “Evaluation of a Chimney Drain 
Design in an Earthfill Dam,” Groundwater, vol. 20, no. 1, 

Massachusetts Institute of Technology, “Engineering Behavior 
of Partially Saturated Soils,” Publ. No. 134 presented to U.S. 
A m y  Eng., Waterways Experimental Station, Vicksburg, 
MS, Soil Eng. Dep., Dep. of Civil Eng., M.I.T., Contract 
No. DA-22-079eng-288, Boston, MA, 1963. 

J. Maswoswe, “Stress Paths for a Compacted Soil During Col- 
lapse due to Wetting,” Ph.D. dissertation, Imperial College, 
London, England, 1985. 

J. Maswoswe, J. B. Burland, and P. R. Vaughan, “Stress Path 
Method of Predicting Compacted Soil Collapse,” Proc. of 
the 7th In?. Con. on fipansive Soils (Dallas, Texas), August 

E. L. Matyas, “Air and Water Permeability of Compacted Soils,” 
in Permeability and Capillary of Soils, ASTM STP 417 
Amer. SOC. Testing and Materials, 1967, pp. 160-175. 

E. L. Matyas and H. S. Radhakrishna, “Volume Change Char- 
acteristics of Partially Saturated Soils, ’ * Geotechnique, vol. 
18, no. 4, pp. 432-448, Dec. 1968. 

R. G. McKeen, “Suction Studies: Filter Paper Method,” Design 
of Airport Pavements for Expansive Soils: Final Report (No. 
DOT/FAA/RD-81/25), U.S. Dep. of Transportation, Fed- 
eral Aviation Administration, Systems Research and Devel- 
opment Service, Washington, DC, 1981. 

R. G. McKeen, “Validation of Procedures for Pavement Design 
on Expansive Soils,” Final Report, US.  Dep. of Transpor- 
tation, Washington, DC, 1985. 

I. S. McQueen and R. F. Miller, “Calibration and Evaluation of 
a Wide Range Method of Measuring Moisture Stress,” J. 
Soil Sci., vol. 106, no. 3, pp. 225-231, 1968. 

D. B. McWhorter and J. D. Nelson, “Unsaturated Flow Beneath 
Tailings Impoundments,” ASCE J. Geotech. Eng. Div., vol. 

R. 0. Meeuwig, “A Low-Cost Thermocouple Psychrometer Re- 
cording System,” in Psychrometry in Water Relations Res. , 
Proc. Symp. Thermocouple Psychrometers, R. W. Brown 
and B. P. Van Haveren, Us. ,  published by Utah Agricul- 
tural Experiment Station, Utah State Univ., Logan, 
1972. 

P. Meigs, “World Distribution of Arid and Semi-Arid Homocli- 
mates,” in UNESCO, Reviews of Res. on Arid Zone Hydrol- 
ogy, AridZone Res., 1953, pp. 203-210. 

H. A. C. Meintjes, “Suction-Load-Strain Relations in Expansive 
Soil,’’ Proc. of the 7th Int. Con$ on fipansive Soils (Dallas, 
Texas), August 3-5, 1992, pp. 51-54. 

W. C. Michels, editor-in-chief, The International Dictionary of 
Physics and Electronics, 2nd ed. Toronto: Van Nostrand, 
1961. 

B. W. Mickleborough, “An Experimental Study of the Effects of 
Freezing on Clay Subgrades,” M.Sc. thesis, Univ. of Sas- 
katchewan, Saskatoon, Sask., Canada, 1970. 

R. F. Miller and I. S. McQueen, “Moisture Relations in Range- 
lands, Western United States,” in Proc. 1st Int. Rangeland 
Congress, 1978, pp. 318-321. 

R. J. Millington and J. P. Quirk, “Permeability of Porous Me- 
dia,** Nature, vol. 183, pp. 387-388, 1959. 

pp. 22-31, 1982. 

3-5, 1992, VOI. 1, pp. 61-66. 

105, pp. 1317-1334, 1979. 

    



502 REFERENCES 

R. J. Millington and J. R. Quirk, “Permeability of Porous Sol- 
ids,” Trans. Faraday SOC., vol. 57, pp. 1200-1207, 
1961. 

L. J. Milne and M. Milne, “Insects of the Water Surface,” Sci. 
Amer., pp. 134-142, Apr. 1978. 

J. K. Mitchell, Fundamentals of Soil Behavior. New York: John 
Wiley and Sons, 1976,422 pp. 

P. W. Mitchell, “A Simple Method of Design of Shallow Foot- 
ings on Expansive Soil,” Proc. of the Fifrh Con$ on Expan- 
sive Soils, National Conference Publication No. 84/3 (Ade- 
laide, Australia), May 21-23, 1984, pp. 159-164. 

J. K. Mitchell and N. Sitar, “Engineering Properties of Tropical 
Residual Soils,” in Proc. ASCE Geotech. Eng. Div. Spe- 
cialty Conf. : Engineering and Construction in Tropical and 
Residual Soils, Honolulu, HI, 1982, pp. 30-57. 

P. W. Mitchell and D. L. Avalle, “A Technique to Predict Ex- 
pansive Soils Movements,” in Proc. 5th Int. Conf. Expan- 
sive Soils, Adelaide, Australia, 1984, pp. 124-130. 

R. E. Moore, “Water Conduction From Shallow Water Tables,’, 
Hilgardia, vol. 12, no. 6, pp. 383-426, 1939. 

0. Moretto, A. J. L. Bolonesi, A. 0. Lopez, and E. Nunez, 
“Propiedades Y Comportamiento De Un Suelo Limoso De 
Baja Plasticidad,” in Proc. 2nd Panamerican Conf. Soil 
Mech. Found. Eng. (Brazil), vol. 2, 1963, pp. 131-146. 

N. R. Morgenstern, “Properties of Compacted Soils,” Contri- 
bution to Panel Discussion, Session IV, Proc. of the 6th Pan- 
american Con$ Soil Mech. Found. Eng. (Lima, Pem), vol. 
3, December 1979, pp. 349-354. 

N. R. Morgenstern and Z. Eisenstein, “Methods of Estimating 
Lateral Loads and Deformations,” in Proc. 1970 Specialty 
Conf. Lateral Stresses in the Ground and Design of Earth 
Retaining Structures, ASCE, New York, NY, 1970, pp. 51- 
102. 

N. R. Morgenstern and V. E. Price, “The Analysis of the Sta- 
bility of General Slip Surfaces,” Geotechnique, vol. 15, pp. 

N. R. Morgenstern and V. E. Price, “A Numerical Method for 
Solving the Equations of Stability of General Slip Surfaces,” 
Computer J . ,  vol. 9, pp. 388-393, 1965. 

N. R. Morgenstern and V. E. Price, “A Numerical Method for 
Solving the Equation of General Slip Surfaces,” British 
Computer J . ,  vol. 9, pp. 338-393, 1967. 

R. D. Morrison, “Ground Water Monitoring Technology: Pro- 
cedures, Equipment, and Applications,” published by Timco 
Mfg., Inc., Prairie Du Sac, WI, 11 1 pp., 1983. 

J. Morrison and D. G. Fredlund, Discussion: “Emploi d’une 
methode psychromitrique dans des assais triaxiaux sur un li- 
mon remanii non saturi,” Can. Geot. Journ., vol. 16, no. 3, 

C. H. Mou and T. Y. Chu, “Soil Suction Approach for Swelling 
Potential Evaluation,” Transportation Res. Rec. 790, Wash- 
ington, DC, pp. 54-60, Jan. 1981. 

R. R. Nachlinger and R. L. Lytton, “Continuum Theory of 
Moisture Movement and Swell in Expansive Clay,” Univer- 
sity of Texas Center for Highway Research, Report 118-2, 
1969. 

N. K. Nagpal and L. Boersma, “Air Entrapment as a Possible 
Source of Error in the Use of a Cylindrical Heat Probe,” 
Proc. Soil Sci. SOC. Amer., vol. 37, pp. 828-832, 1973. 

T. N. Narasimhan and P. A. Witherspoon, “Numerical Model 

79-93, 1965. 

pp. 614-615, 1979. 

for Saturated-Unsaturated Flow in Deformable Porous Me- 
dia, 1. Theory,’, Water Resources Res., vol. 13, no. 3, pp. 

NAVFAC , Soil Mechanics Foundation and Earth Structures, De- 
sign Manual, NAVFACDM-7, Naval Facilities Engineering 
Command, Department of the Navy, Bumau of Yards and 
Docks, Washington, DC, 1971. 

J. D. Nelson and D. J. Miller, “Expansive Soils,” Wiley and 
Sons, New York, NY, 295p, 1992. 

S. P. Neuman, “Finite Element Computer Programs for Flow in 
Saturated-Unsaturated Porous Media,” Hydro. and Hy- 
draulic Lab., Project No. A10-SWC-77, Technion, Haifa, 
Israel, 1972. 

S. P. Neuman, “Saturated-Unsaturated Seepage by Finite Ele- 
ments,,’ Proc. A X E ,  Hydraulics Div., vol. 99, no. 12, pp. 

S. P. Neuman, Galerkin Approach to Saturated-Unsaturated Flow 
in Porous Media Finite Elements in Fluids. New York: 
Wiley, 1975, pp. 201-217. 

S. P. Neumann and P. A. Witherspoon, “Analysis of Nonsteady 
Flow with a Free Surface using the Finite Element Method,” 
Water Resources Res., vol. 7, no. 33, pp. 611-623, 1971. 

E. M. D. Neves, “Influencis das Tensoes Negativas Nas Car- 
acteristicas Estruturais Dos Solos Compactados,” Ministerio 
das Ofras Publicas, Laboratorio Nacional de Engenharia 
Civil, Memo. No. 386, 1971. 

T. N. Ng, “The Effect of Negative Pore-Water Pressures on Slope 
Stability Analysis,” M.Sc. thesis, Univ. of Saskatchewan, 
Saskatoon, Sask., Canada, 245 pp., 1988. 

B. Nicolae, S. Tudor, and S. Anghel, “A New Method to Esti- 
mate the Behavior of Expansive Clay,” Proc. of the 6th Int. 
Con5 on Expansive Soils (Delhi, India), Dec. 1-4, 1987, 

D. R. Nielsen and Y. W. Biggar, “Measuring Capillary Con- 
ductivity,” Soil Sci., vol. 92, pp. 192-193, 1961. 

D. R. Nielsen, J. M. Davidson, J .  W. Biggar, and R. J. Miller, 
“Water Movement Through Panoche Clay Loam Soil,’’ Hil- 
gardia, vol. 35, pp. 491-506, 1964. 

D. R. Nielsen, R. D. Jackson, J .  W. Cay,  and D. D. Evans, 
“Soil Water,” Amer. Soc. Agronomy and Soil Sci. Amer., 
Madison, WI, 1972. 

D. R. Nielsen, J. W. Biggar, and K. T. Erb, “Spatial Variability 
of Field-Measured Soil-Water Properties,” Hilgardia, vol. 
42, no. 7, pp. 215-359, 1973. 

C. A. Noble, “Swelling Measurements and Prediction of Heave 
for Lacustrine Clay,” Can. Geotech. J . ,  vol. 3, no. 1, pp. 
32-41, 1966. 

D. Northey and F. Thomas, “Consolidation Test Pore Pres- 
sure,” in Proc. 62th In?. Con$ Soil Mech. Found. Eng.  (Mon- 
treal, Canada), vol. 1, 1965, pp. 323-327. 

G. Ogata and L. A. Richards, “Water Content Changes Follow- 
ing Irrigation of Bare-Field Soil That is Protected from Evap- 
oration,” Proc. Soil Sci. SOC. Amer., vol. 21, pp. 355-356, 
1957. 

R. E. Olson, “Effective Stress Theory of Compaction,” Proc. 
Amer. SOC. Civil Eng., vol. 89. pp. 27-44, 1963. 

R. E. Olson, “State-of-the-Art: Consolidation Testing,” in Con- 
solidation of Soils; Testing and Evaluation, ASTM, Phila- 
delphia, PA, 1986, pp. 7-70. 

R. E. Olson and D. E. Daniel, “Measurement of the Hydraulic 

657-664, 1977. 

2233-2250, 1973. 

V O ~ .  2, pp. 591-595. 

    



REFERENCES 503 

Conductivity of Fine-Grained Soils, * ’ in Permeability and 
Groundwater Contaminant Transport, ASTM Special Tech. 
Publ. 746, T. F. Zimmie and C. 0. Riggs, 1981, pp. 18- 
64. 

R. E. Olson and L. J. Langfelder, “Pore-Water Pressures in Un- 
saturated Soils,” J. Soil Mech. Found. Div., Proc. Amer. 
Soc. Civil Eng., vol. 91, SM4, pp. 127-160, 1965. 

N. A. Ostashev, “The Law of Distribution of Moisture in Soils 
and Methods for the Study of Same,” in Proc. 1st Int. Con$ 
Soil Mech. Found. Eng., vol. 1, 1936, pp. 227-228. 

A. T. Papagiannakis, “A Steady State Model for Flow in Satu- 
rated-Unsaturated Soils,” M.Sc. thesis, Univ. of Saskatch- 
ewan, Saskatoon, Sask., Canada, 196 pp., 1982. 

A. T. Papagiannakis and D. G. Fredlund, “A Steady State Model 
for Flow in Saturated-Unsaturated Soils,” Can. Geotech. J., 
vol. 21, no. 13, pp. 419-430, 1984. 

A. T. Papagiannakis, L. Lam, and D. G. Fredlund, “Steady State 
and Transient Mass Transport Models for Saturated-Unsat- 
urated Soils,” Proc. of the 1st Int. Potash Tech. Conf., Oct. 

Papers and Discussion from the First Soil Mechanics Conference, 
“Theoretical and Practical Treatment of Expansive Soils,” 
Colorado School of Mines, Golden, CO, published in Quart. 
Colorado School of Mines, vol. 54, no. 4, 1959. 

A. J. Peck and R. M. Rabbidge, “Direct Measufement of Mois- 
ture Potential: A New Technique,” in Proc. UNESCO-Neth. 
Gov. Symp. Water in the Unsaturated Zone (Paris, France), 

A. J. Peck and R. M. Rabbidge, “Design and Performance of an 
Osmotic Tensiometer for Measuring Capillary Potential,” 
Proc. Soil Sci. SOC. Amer., vol. 33, no. 2, pp. 196-202, 
Mar. -Apr. 1969. 

H. L. Penman, “Natural Evapotranspiration from Open Water, 
Bare Soil and Grass,” Proc. Roy. Soc., London, ser, A. no. 

W. H. Perloff, K. Nair, and J. G. Smith, “Effect of Measuring 
System on Pore Water Pressures in the Consolidation Test,” 
in Proc. 6th Int. Con$ Soil Mech. Found. Eng. (Montreal, 
Canada), vol. 1, 1965, pp. 338-341. 

C. J. Phene, G. J. Hoffman, and S. L. Rawlins, “Measuring Soil 
Matric Potential in Situ by Sensing Heat Dissipation with a 
Porous Body: Theory and Sensor Construction,” Proc. Soil 
Sci. SOC. Amer., vol. 35, pp. 27-32, 1971. 

C. J. Phene, D. A. Clark, G. E. Cardon, and R. M. Mead, “The 
Soil Matric Potential Sensor Research and Applications,” 
published in Advances in Measurement of Soil Physical 
Properties: Bringing n e o r y  into Practice, SSSA Special 
Publication No. 30, Soil Science Society of America, Mad- 
ison WI, 1992, pp. 263-280. 

J. R. Philip and D. A. de Vries, “Moisture Movement in Porous 
Materials under Temperature Gradients,” Trans. Amer. 
Geophys. Union, vol. 38, no. 2, pp. 222-232, 1957. 

M. Picornell and R. L. Lytton, “Detection and Sizing of Surface 
Cracks in Expansive Soil Deposits,” presented at the Trans- 
portation Research Board Annual Meeting, Washington, DC, 
January, 1988. 

M. Picornell and R. L. Lytton, “Modelling the Heave of a Heav- 
ily Loaded Foundation,” 5th Int. ConJ on Expansive Soils 
(Adelaide, Australia), May, 1984, pp. 104-108. 

M. Picornelf, R. L. Lytton, and M. Steinberg, ‘‘Matrix Suction 

3-5, 1983, pp. 741-747. 

1966, pp. 165-170. 

193, pp. 120-145, 1948. 

Instrumentation of a Vertical Moisture Barrier,” J. Trans- 
portation, ASCE, 1983. 

M. Picornell, R. L. Lytton and M. L. Steinberg, “Assessment 
of the Effectiveness of the Effectiveness of a Moisture Bar- 
rier,” 5th Int. Con$ on Expansive Soils (Adelaide, Aus- 
tralia), May, 1984,,pp. 354-358. 

M. Popescu, “Behavior of Expansive Soils with a Crumb Struc- 
ture,” in Proc. ASCE 4th Int. Con$ Expansive Soils (Den- 
ver, CO), vol. 1, 1980, pp. 158-171. 

S. J. Poulos, “Control of Leakage in the Tnaxial Test,” Soil 
Mech. Series No. 71, Massachusetts Institute of Technology, 
Cambridge, MA, 1964. 

L. Prandtl, “On the Penetrating Strength (Hardness) of Plastic 
Construction Materials and the Strength of Cutting Edges,” 
Zeit. Agnew. Mathematical Mech., vol. 1, no. 1, pp. 15-20, 
1921. 

D. E. Pufahl, “Evaluation of Effective Stress Components in 
Non-Saturated Soils,” M.Sc. thesis, Univ. of Saskatchewan, 
Saskatoon, Sask., Canada, 88 pp., 1970. 

D. E. Pufahl and R. L. Lytton, “Temperature and Suction Pro- 

D 

D 

H 

H 

H. 

1. 1 

. I  

. I  

files Beneath Highway Pavements: Computed and Mea- 
sured,” Transportation Research Record No. 1307, pp. 268- 
276, 1991. 
E. Pufahl, D. G. Fredlund, and H. Rahardjo, “Lateral Earth 
Pressures in Expansive Clay Soils,” Can. Geotech. J., vol. 
20, no. 2, pp. 228-241, 1983. 
E. Pufahl, R. L. Lytton, and H. S .  Liang, “An Integrated 
Computer Model to Estimate Moisture and Temperature Ef- 
fects Beneath Pavements,” Transportation Research Record 

Rahardjo, “The Study of Undrained and Drained Behavior of 
Saturated Soils,” Ph.D. dissertation, Univ. of Saskatche- 
wan, Saskatoon, Sask., Canada, 385 pp. 1990. 
Rahardjo and D. G. Fredlund, “Calculation Procedures for 
Slope Stability Analyses Involving Negative Pore-Water 
Pressures,” in Proc. Int. Conf. Slope Stability Eng., Devel- 
opment, Applications (Isle of Wight, U.K.), 1991. 

Rahardjo and D. G. Fredlund, “Mechanics of Soil with Ma- 
tric Suction,” in Proc. Int. Con8 Geotech. Eng. 
(GEO7ROPIM ’92), Univetsiti Teknologi Malaysia, Johor 
Bahm, Malaysia, 1992. 

NO. 1286, pp. 259-269, 1990. 

H. Rahardjo and D. G. Fredlund, “Stress Paths for Shear Strength 
Testing of Unsaturated Soils,” Proc. of the 1 lth S. E. A. G. C.  
(Singapore), May 4-8, 1993. 

H. Rahardjo, D. G. Fredlund, and S. K. Vanapalli, “Use of Lin- 
ear and Non-Linear Shear Strength versus Matric Suction Re- 
lations in Slope Stability Analysis,” Proc. of the 6th Int. 
Symp. on Landslides (Christchurch, New Zealand), February 

H. Rahardjo, J. Loi, and D. G. Fdlund,  “Typical Matric Suc- 
tion Measurements in the Laboratory and in the Field Using 
Thermal Conductivity Sensors,” in Proc. fndian Geotech. 
Con$ Geotechniques of Problematic Soils and Rocks: Char- 
acterisation, Design, and Ground Improvements (Sarita 
Prakashan, Meerut), vol. 1, 1989, pp. 127-133. 

H. Rahatdjo, D. Y. F. Ho, and D. G. Fredlund, “Testing Pro- 
cedures for Obtaining Volume Change Indices During Load- 
ing of an Unsaturated Soil,” in Proc. 1990 CSCE Annual 
Con$ (Hamilton, Canada), vol. 11-2, pp. 558-573, May, 
1990. 

10-14, 1992, pp. 531-537. 

    



504 REFERENCES 

R. R. Rao, H. Rahardjo, and D. G. Fredlund, Closure on 
“Closed-Form Heave Solutions for Expansive Soils,” for 
Discussion by K. S. Li, Binnie and Partners, Hong Kong, 
ASCE Geot. Journ., vol. 115, no. 12, pp. 1822-1833, 1989. 

R. R. Rao, H. Rahardjo, and D. G. Fredlund, “Closed-Form 
Heave Solution for Expansive Soils,” ASCE J. Geotech. 
Eng., vol. 114, no. 5 ,  pp. 573-588, May 1988. 

M. Reeves, and J. 0. Duguid, “Water Movement through Sat- 
urated-Unsaturated Porous Media: A Finite Element Galer- 
kin Model,” U.S. Dep. of Commerce, Nat. Tech. Informa- 
tion Service, Oak Ridge Nat. Laboratory, TN, 1975. 

L. Rendulic, “Relation Between Void Ratio and Effective Prin- 
cipal Stresses for a Remoulded Silty Clay,” in Proc. 1st Int. 
Con. Soil Mech. Found. Eng. (Cambridge, MA), vol. 3, 

B. G. Richards, “Measurement of the Free Energy of Soil Mois- 
ture by the Psychrometric Technique Using Thermistors,” in 
Moisture Equilibria and Moisture Changes in Soils Beneath 
Covered Areas, A Symp. in Print. Australia: Butterworths, 
1965, pp. 39-46. 

B. G. Richards, “The Significance of Moisture Flow and Equi- 
libria in Unsaturated Soils in Relation to the Design of En- 
gineering Structures Built on Shallow Foundations in Aus- 
tralia,” presented at the Symp, on Permeability and 
Capillary, Amer. Soc.  Testing Materials, Atlantic City, NJ, 
1966. 

B. G. Richards, “A Review of Methods for the Determination of 
the Moisture Flow Properties of Unsaturated Soils,” Tech. 
Memo. No. 5 ,  Commonwealth Sci. and Industrial Res. Or- 
ganization, Australia, 1967. 

B. G. Richards, “Behavior of Unsaturated Soils,” in Soil Me- 
chanics-New Horizons, I. K. Lee, Ed. New York: Amer- 
ican Elsevier, 1974, pp. 112-157. 

B. G. Richards, P. Peter, and R. Martin, “The Determination of 
Volume Change Properties in Expansive Soils,” in Proc. 5th 
Znt. Con. Expansive Soils (Adelaide, Australia), 1984, pp. 

L. A. Richards, “The Usefulness of Capillary Potential to Soil 
Moisture and Plant Investigators,” J. Agric. Res., vol. 37, 

L. A. Richards, “Capillary Conduction of Liquids Through Po- 
rous Medium,” J. Physics, vol. l ,  pp. 318-333, 1931. 

L. A. Richards and M. Fireman, “Pressure-Plate Apparatus for 
Measuring Moisture Sorption and Transmission by Soils,” 
Soil Sci., vol. 56, pp. 395-404, 1943. 

L. A. Richards and G. Ogata, “A Thermocouple for Vapour 
Pressure Measurement in Biological and Soil Systems at High 
Humidity,” Science, vol. 128, pp. 1089-1090, 1958. 

L. A. Richards and B. D. Wilson, “Capillary Conductivity Mea- 
surements in Peat Soils,” J. Amer. SOC. Agronomy, vol. 28, 
pp. 427-436, 1936. 

L. A. Richards, W. R. Gardner, and G. Ogata, “Physical Pro- 
cesses Determining Water Loss from Soil,” Proc. Soil Sci. 
SOC. Amer., vol. 20, pp. 310-314, 1956. 

H. H. Rieke and G. V. Chilinicarian, “Compaction of Argilla- 
ceous Sediments, ” in Developments in Sedimentology, No. 
16. 

W .  H. Rodebush and A. M. Buswell, “Properties of Water Sub- 
stances,” Highway Res. Board Special Report No. 40, 1958. 

1936, pp. 48-51. 

179- 1 86. 

pp. 719-742, 1928. 

Amsterdam: Elsevier, 1974, pp. 31-86. 

C. W. Rose and A. Krishnan, “A Method of Determining Hy- 
draulic Conductivity Characteristics for Non-Swelling Soils 
Insitu, and of Calculating Evaporation from Bare Soil,” Soil 
Sci., vol. 103, pp. 369-373, 1967. 

C. W. Rose, W. R. Stem, and J. Drummond, “Determination of 
Hydraulic Conductivity as a Function of Depth and Water 
Content for Soil Insitu,” Australian J. Soil Res., vol. 3, pp. 

J. Rubin, “Theoretical Analysis of Two-Dimensional Transient 
Flow of Water in Unsaturated and Partly Unsaturated Soils,” 
Proc. Soil Sci. SOC. Amer., vol. 32, pp. 607-615, 1968. 

E. C. Ruddock, Discussion on “The Residual Soils of Hong 
Kong,” Geotechnique, vol. 16, no. 1, pp. 78-81, 1966. 

J. J.  Rulon and R. A. Freeze, “Multiple Seepage Faces on Lay- 
ered Slopes and Their Implications for Slope Stability Anal- 
ysis,” Can. Geotech. J., vol. 22, pp. 347-356, 1985. 

K. Russam and C. D. Coleman, “The Effect of Climatic Factors 
on Subgrade Moisture Conditions,” Geotechnique, vol. XI, 
no. 1, pp. 22-28, 1961. 

J. A. J. Salas and M. Roy, “Preliminary Evaluation of the Swell- 
ing Danger-Overview on the Spanish Practice,” Proc. of 
the 6th Int. Con. on Expansive Soils (Delhi, India), Dec. 

J. A. J. Salas and J. M. Serratosa, “Foundations on Swelling 
Clays,” in Proc. 4th Int. Con. Soil Mech. Found. Eng. 
(London, England), vol. I, 1957, pp. 424-428. 

E. Sampson, R. L. Schuster, and W. D. Budge, “A Method of 
Determining Swell Potential of an Expansive Clay,” in Proc. 
Znt. Res. Eng. Con. Expansive Clays (College Station, TX), 

B. S. Satija, “Shear Behavior of Partly Saturated Soils,” Ph.D. 
dissertation, Indian Inst. of Technol., Delhi, 327 pp., 1978. 

B. S. Satija and S. K. Gulhati, “Strain Rate for Shearing Testing 
of Unsaturated Soil,” in Proc. 6th Asian Reg. Con$ Soil 
Mech. Found. Eng. (Singapore), 1979, pp. 83-86. 

P. J. Sattler, “Numerical Modelling of Vertical Ground Move- 
ments,” M.Sc. thesis, Univ. of Saskatchewan, Saskatoon, 
Sask., Canada, 425 pp., 1989. 

P. J .  Sattler and D. G. Fredlund, “Use of Thermal Conductivity 
Sensors to Measure Matric Suction in the Laboratory,” Can. 
Geotech. J., vol. 26, no. 3, pp. 491-498, 1989. 

P. J. Sattler and D. G. Fredlund, “Modeling Vertical Ground 
Movements Using Surface Climatic Flux,” ASCE, Geot. 
Eng. Congress (Boulder, Colorado), June 9- 12, 199 1. 

P. J. Sattler and D. G. Fredlund, “Numerical Modeling of Ver- 
tical Gmund Movements in Expansive Soils,” Can. Geot. 
Joum., vol. 28, no. 2, pp. 189-199, 1991. 

P. J. Sattler, D. G. Fredlund, L. W. Lam, A. W. Clifton, and 
M. J .  Klassen, “Implementation of a Bearing Capacity De- 
sign Procedure for Railway Subgrades: A Case Study,” 
Transportation Res. Board, Washington, DC, 1990. 

E. K. Sauer, “Application of Geotechnical Principles to Road 
Design Problems,” Dr. Eng. dissertation, Univ. of Califor- 
nia, Berkeley, 1967. 

J. M. Schmertmann, “The Undisturbed Consolidation Behavior 
of Clay,” ASCE Trans., vol. 120, pp. 1201-1227, 1955. 

R. Schofield, “The pF of the Water in Soil,” Trans. 3rd Int. 
Congress Soil Sci., vol. 2, pp. 37-48, 1935. 

E. Schuurman, “The Compressibility of an Aidwater Mixture 

1-9, 1965. 

1-4, 1987, V O ~ .  1, pp. 217-224. 

1965, pp. 255-275. 

    



REFERENCES 505 

and a Theoretical Relation Between the Air and Water Pres- 
sures,” Geotechnique, vol. 16, no. 4, pp. 269-281, 1966. 

R. F. Scott, “Principles of Soil Mechanics,” Addison-Wesley 
Publishing Company, Inc., Reading, MA, 1963. 

H. B. Seed, “A Modern Approach to Soil Compaction,” Proc. 
1 lth California Street and Highway Conference, Reprint No. 
69, The Institute of Transportation and Traffic Engineering, 
University of California, 1959, 93 pp. 

H. B. Seed, R. J. Woodward, and R. Lundgren, “Prediction of 
Swelling Potential for Compacted Clays,” Journ. of the Soil 
Mech. Found. Div., ASCE, vol. 88, no. SM4, pp. 57-59, 
1962. 

L. G. Segerlind, Applied Finite Element Analysis, 2nd ed. New 
York: Wiley, 1984. 

E. Seker, “The Study of Deformation for Unsaturated Soils,’’ 
Ph. D. dissertation, Ecole Polytecnique Federale, Lausanne, 
Switzerland, 224 pp., 1983. 

R. A. Sevaldson, “The Slide at Lodalen, Oct. 6th, 1954,” Geo- 
technique, vol. 6, pp. 167-182, 1956. 

B. Shaw and L. D. Baver, “An Electrothermal Method for Fol- 
lowing Moisture Changes of the Soil Insitu,” Proc. Soil Sci. 
SOC. Amer., vol. 4, pp. 78-83, 1939. 

N. Simons, “Discussion: Test Requirements for Measuring the 
Coefficient of Earth Pressure at Rest,” in Proc. Brussels 
Conf. Earth Pressure Problems, vol. 3, 1958, pp. 50-53. 

H. H. Sisler, C. A. Vanderwerf, and A. W. Davidson, General 
Chemistry-A Systematic Approach. New York: Macmil- 
Ian, 1953. 

M. Sitz, “Discussion on Tenaghi’s Ideas on: Surface Tension of 
Water and the Rise of Water in Capillaries,** in Proc. 2nd 
Inr. Conf Soil Mech. Found. Eng. (Rotterdam, The Neth- 
erlands), vol. 5, 1948, 289-292. 

W. Skaling, “TRASE: A Product History,’’ published in Adv. 
Meas. Soil Phy. Prop.: Bringing Theory into Practice, SSSA 
Special Publication No. 30, Soil Science Society of America, 
Madison, WI., 1992, pp. 169-186. 

A. W. Skempton, “The Bearing Capacity of Clays,” Building 
Res. Congress, England, 1951. 

A. W. Skempton, “The Pore Pressure Coefficients, A and B,” 
Geotechnique, vol. 4, no. 4, pp. 143-147, 1954. 

A. W. Skempton, “Effective Stress in Soils, Concrete and 
Rocks,” in Proc. Conf. Pore Pressure. London: Butter- 

A. W. Skempton and A. W. Bishop, “Building Materials, Their 
Elasticity and Inelasticity,” in Soils. Amsterdam: North- 
Holland, 1954, ch. 10. 

A. W. Skempton and J. Hutchinson, “Stability of Natural Slopes 
and Embankment Foundations, * ’ State-of-the-Art Report, 7th 
Int. Conf Soil Mech. Found. Eng. (Mexico City, Mexico), 
State-of-the-Art Vol., 1969, pp. 291 -340. 

A. W. Smith, “Method for Determining the Potential Vertical 
Rise, PVR,” Texas Test Method Tex-126-E, Proc. Work- 
shop Expansive Clays and Shales in Highway Design and 
Construction (Univ. of Wyoming, Laramie), vol. 1, 1973, 

G. N. Smith, Elements of Soil Mechanics for Civil and Mining 
London: Granada Publ. Ltd., 1978,424 

D. R. Snethen, “Expansive Soils: Where Are We?,’’ in Ground 

worths, 1961, pp. 4-16. 

pp. 189-205. 

Engineers, 4th ed. 
PP. 

Failure, No. 3 ,  Nat. Res. Council Comm. on Ground Failure 
Hazards, 1986, pp. 12-16. 

Soilmoisture Equipment Cop., “Commercial Publications,” 
P.O. Box 30025, Santa Barbara, CA, 1985. 

D. C. Spanner, “The Peltier Effect and Its Use in the Measure- 
ment of Suction Pressure,” J. Exp. Bot., vol. 11, pp. 145- 
168, 1951. 

E. Spencer, “A Method of Analysis of the Stability of Enbank- 
ments Assuming Parallel Interslice Forces, ’ * Geotechnique, 

E. Spencer, “Effect of Tension on Stability on Embankments,,’ 
ASCE J .  Soil Mech. Found. Eng. Div., vol. 94, SM5, pp. 

E. Spencer, “Thrust Line Criterion in Embankment Stabil- 
ity Analysis,” Geotechnique, vol. 23, pp. 85-100, 
1973. 

D. I. Stannard, “Tensiometers-Theory , Construction, and 
Use,” in Groundwater and Vadose Zone Monitoring, ASTM 
STP 1053, D. M. Neilson and A. 1. Johnson, Eds., ASTM, 
Philadelphia, PA, 1990, pp. 34-51. 

V. L. Streeter and B. Wylie, Fluid Mechanics, 6th ed. New 
York: McGraw-Hill, 1975, 717 pp. 

R. A. Sullivan and B. McClelland, “Predicting Heave of Build- 
ings on Unsaturated Clays,” in Proc. 2nd Int. Res. Eng. 
Conf. Expansive Clay Soils. College Station, TX: Texas 
A&M Press, 1969, pp. 404-420. 

D. J. Sweeney, “Some Insitu Soil Suction Measurements in Hong 
Kong’s Residual Soil Slopes,’’ in Proc. 7th Southeast Asia 
Geotech. Conf. (Hong Kong), vol. 1, 1982, pp. 91-106. 

D. J. Sweeney and P. Robertson, “A Fundamental Approach to 
Slope Stability in Hong Kong,” Hong Kong Eng., pp. 35- 
44, 1979. 

B. J. Szafron and D. G. Fredlund, “Monitoring Matric Suction 
in the Subgrade of Gmvel Roads,” presented to the 45th Can. 
Geot. Conf. (Toronto, Canada), October 26-28, 1992, pp. 

R. Tadepalli, “Study of Collapse Behavior During Inundation,” 
M.Sc. thesis, Univ. of Saskatchewan, Saskatoon, Sask., 
Canada, 276 pp., 1990. 

R. Tadepalli and D. G. Fredlund, “The Collapse Behavior of a 
Compacted Soil During Inundation,’, Can. Geot. Jour., vol. 
28, pp. 477438, 1991. 

R. Tadepalli, D. G. Fredlund, and H. Rahardjo, “Soil Collapse 
and Matric Suction Change,** Proc. of the 7th Int. Conf. on 
Expansive Soils (Dallas, Texas), August 3-5, 1992, vol. 1, 

R. Tadepalli, H. Rahardjo, and D. G. Fredlund, “Measurements 
of Matric Suction and Volume Changes During Inundation 
of Collapsible Soils,” Geotech. Test. J . ,  ASTM, GTJODJ, 
Vol. 15, No. 2, pp. 115-122, June, 1992. 

R. K. W. Tang, “Measurement of Soil Suction by Filter Paper 
Method, Phases I-V,” Laboratoty Reports, Dep. of Civil 
Eng., Univ. of Saskatchewan, Saskatoon, Sask., Canada, 
1978. 

D. W. Taylor, Fundamentals of Soil Mechanics. New York: 
Wiley, 1948, 700 pp. 

S. A. Taylor and G. L. Ashcroft, Physical Edaphology. San 
Francisco, CA: 1972, 533 pp. 

R. L. Taylor and C. B. Brown, “Darcy Flow Solutions with a 

VOI. 17, pp. 11-26, 1967. 

1159-1 173, 1968. 

52.1-52.10. 

pp. 286-291. 

    



506 REFERENCES 

Free Surface,” ASCE Hydraulics Div., vol. 93, no. HY2, 
pp. 25-33, Mar. 1967. 

G. S. Taylor and A. Luthin, “Computer Methods for Transient 
Analysis of Water-Table Aquifers, * ’  Water Resources Res., 
vol. 5 ,  no. 1, 1969. 

T. C. P. Teng and M. B. Clisby, “Experimental Work for Active 
Clays in Mississippi,” Transportation Eng. J., ASCE, vol. 
101, no. TEl, Proc. Paper No. 11105(6798), pp. 77-95, 
1975. 

T. C. P. Teng, R. M. Mattox, and M. B. Clisby, “A Study of 
Active Clays as Related to Highway Design,” Res. Report 
72-045, Mississippi State Highway Dep., Jackson, 134 pp., 
1972. 

T. C. P. Teng, R. M. Mattox, and M. B. Clisby, “Mississippi 
Experimental Work on Active Clays,’’ in Proc Workshop 
Expansive Clays and Shales in Highway Design and Con- 
struction, D. R. Lamb and s. J. Hanna, Eds., vol. 2, 1973, 

K. Tenaghi, Erdbaumechanik (in German). Vienna: Franz 
Deuticke, 1925, 399 pp. 

K. Terzaghi, “Der Spannungszustand im Porenwasser Tmknen- 
der Betonkoerper (Pressure due to Capillarity in Drying Con- 
crete Bodies),” Bauingenieur, vol. 15, pp. 303-306, 1934. 

K. Tenaghi, “The Shear Resistance of Saturated Soils,” in Proc. 
1st tnt. Con$ Soil Mech. Found. Eng. (Cambridge, MA), 

K. Terzaghi, Theoretical Soil Mechanics. New York: Wiley, 

K. Tenaghi, “Anchored Bulkheads,” Trans. ASCE, vol. 119, 

K. Terzaghi and R. B. Peck, Soil Mechanics in Engineering 
Practice. New York: Wiley, 1967, 729 pp. 

The Commission of Inquiry, Rainstorm Disasters 1972, pub- 
lished by the Government Printer, Hong Kong, 1972. 

C. W. Thornthwaite, “An Approach Toward a Rational Classi- 
fication of Climate,” Geographical Rev., vol. 38, pp. 55- 
94,1948. 

G. R. Tomlin, ‘‘Seepage Analysis through Zoned Anisotropic 
Soils by Computer,” Geotechnique, vol. 16, no. 3, pp. 220- 
230, 1966. 

G. C. Topp and E. E. Miller, “Hysteretic Moisture Character- 
istics and Hydraulic Conductivities for Glass-Bead Media, ” 
Proc. Soil Sci. SOC. Amer., vol. 30, pp. 156-162, 1966. 

C. Truesdell, The Elements of Continuum Mechanics. New 
York: Springer-Verlag, 1966. 

J. J. Tuma, Handbook of Physical Calculations. New Yo&: 
McGraw-Hill, 1976,370 pp. 

R. E. Tuncer and R. A. Lohnes, “An Engineering Classification 
of Certain Basalt Derived Lateritic Soils,” Eng. Geology, 
vol. 11, 1977. 

U.S.D.A. Agricultural Handbook No. 60, Diagnosis and tm- 
provement of Saline and Alkali Soils, 1950. 

U . S. Department of Agriculture, U . S . D . A ., Soil Conservation 
Service, Guide for Interpreting Engineering Uses of Soils, 
Washington, DC, 1971, 87 pp. 

U.S. Department of Interior, Earth Manual, Bureau of Recla- 
mation, Denver, CO, 1974. 

U.S. Department of Interior Bureau of Reclamation, U.S.B.R., 
‘ ‘Measurement of Negative Pore Pressure of Unsaturated Soil 

pp. 1-27. 

V O ~ .  1, 1936, pp. 54-56. 

1943, 510 pp. 

pp. 1234-1280, 1954. 

Shear and Pore Pressure Research Earth Research Program,” 
Report No. EM-738, Soils Eng. Branch, Div. of Res., Den- 
ver, CO, 1966. 

U.S. Research Council, The International Critical Tables. New 
York: McGraw-Hill, 1933, vol. 1, no. 7. 

R. Valle-Rodas, “Capillarity in Sands,” in Proc. Highway Res. 
Board, vol. 24, pp. 389-396, 1944. 

G. J. van Amerongen, “Permeability of Different Rubbers to 
Gases and Its Relation to Diffisivity and Solubility,” J. Appl. 
Phys., vol. 17, no. 11, pp. 972-985, 1946. 

C. H. M. van Bavel, G. B. Stirk, and K. J. Brust, “Hydraulic 
Properties of a Clay Loam Soil and the Field Measurement 
of Water Uptake by Roots: I. Interpolation of Water Content 
and Pressure Profiles,” Proc. Soil Sci. Soc. Amer., vol. 32, 

D. H. Van der Merwe, “The Prediction of Heave from the Plas- 
ticity Index and Percentage Fraction of Soils,” Civil Eng. in 
South Afica, vol. 6, no. 6, 1964, pp. 103-107. 

P. van der Raadt, “Field Measurement of Soil Suction Using 
Thermal Conductivity Matric Potential Sensors,” M.Sc. the- 
sis, Univ. of Saskatchewan, Saskatoon, Sask., Canada, 1988, 

P. vanderhadt, D. G. Fredlund, A. W. Clifton, M. J. Klassen, 
and W. E. Jubien, “Soil Suction Measurement at Several 
Sites in Western Canada,” Transportation Res. Rec. 1137, 
Soil Mech. Considerations in Arid and Semi-Arid Areas, 
Transportation Res. Board, Washington, DC, pp. 24-35, 
1987. 

B. P. Van Haveren and R. W. Brown, “The Properties and Be- 
havior of Water in the Soil-Plant-Atmosphere Continuum, ” 
in Psychrometry in Water Relations Research, R. W. Brown 
and B. P. Van Haveren, Eds., Utah Agric. Experimental Sta- 
tion, Utah State Univ., Logan, pp. 1-27, 1972. 

M. Vanclin, G. Vachand, and J. Khanji, “Two Dimension Nu- 
merical Analysis of Transient Water Transfer in Saturated- 
Unsaturated Soils,” in Modelling and Simulation of Water 
Resources Systems. Amsterdam: North-Holland, 1975, pp. 

M. Vargas, “The Concept of Tropical Soils,’’ in Proc. 1st Int. 
Con$ Geomech. in Tropical Lateritic and Saprolitic Soils 
(Brasilia, Brazil), vol. 3, pp. 11-14, 1985. 

A. Vermijt, “Elastic Storage of Aquifers,” in Flow Through Po- 
rous Media, R. J. M. De Wiest, Ed. New York: Aca- 
demic, 1969, ch. 8. 

K. K. Watson, “An Instantaneous Profile Method for Determin- 
ing the Hydraulic Conductivity of Unsaturated Porous Ma- 
terials,” Water Resources Res., vol. 2, pp. 709-715, 1966. 

R. C. Weast, M. J. Astle, and W. H. Beyer, CRC Handbook of 
Chemistry and Physics, 65th ed. Boca Raton, FL: CRC 
Press, 1984, 370 pp. 

H. F. Weimer, “The Strength, Resilience, and Frost Durability 
Characteristics of a Lime-Stabilized Till,” M.Sc. thesis, 
Univ. of Saskatchewan, Saskatoon, Sask., Canada, 134 pp., 
1972. 

H. M. Westergaard, Theory of Elasticity and Plasticity. New 
York: Dover, 1952, 176 pp. 

S. J. Wheeler and V. Sivakumar, “Critical State Concepts for 
Unsaturated Soil,” Proc. 7th tnt. Conf on Expansive Soils 
(Dallas, Texas), August 3-5, 1992, pp. 167-172. 

pp. 310-317, 1968. 

210 pp. 

299-323. 

    



REFERENCES 507 

R. V. Whitman and W. A. Bailey, “Use of Computer for Slope 
Stability Analysis,” ASCE J. Soil Mech. Found. Eng. Div., 

R. V. Whitman, A. M. Richardson, and K. A. Healy, “Time- 
Lags in Pore Pressure Measurements,” in Proc. 5th Int. 
Con$ Soil Mech. Found. Eng. (Paris, France), vol. 1, 1961, 

R. A. Widger, “Slope Stability in Unsatumted Soils,” M.Sc. 
thesis, Univ. of Saskatchewan, Saskatoon, Sask., Canada, 
71 pp., 1976. 

R. A. Widger and D. G. Fredlund, “Stability of Swelling Clay 
Embankments,” Can. Geot. Journ., vol. 16, no. 1, pp. 140- 
151, 1979. 

A. A. B. Williams, “Studies of Shear Strength and bearing Ca- 
pacity of Some Partially Saturated Sands,” in Proc. 4th Con5 
Soil Mech. Found. Eng. (London, England), vol. 3, 1957, 
pp. 453-456. 

A. A. B. Williams, “Discussion of the Prediction of Total Heave 
from Double Oedometer Test,” by J. E. B. Jennings and K. 
Knight, Trans. South Afiican Inst. Civil Eng.. vol. 8, no. 6, 
1958. 

A. A. B. Williams, “Some Regional Aspects of Soil Mechanics 
in South Africa,” Proc. of the 2nd Regional Con$ African 
Soil Mech. and Found. Eng., 1959, Vol. 1, pp. 1 1-16. 

J. Williams and C. F. Shaykewich, “The Influence of Soil Water 
Matric Potential on the Strength Properties of Unsaturated 
Soil,” Proc. Soil Sci. SOC. Amer., vol. 34, no. 6, Div. S-1, 

G. W. Wilson, “Soil Evaporative Fluxes for Geotechnical En- 
gineering Problems,” Ph.D. dissertation, University of Sas- 
katchewan, Saskatoon, Sask.. Canada, 464 pp., 1990. 

R. G. Wilson, “Methods of Measuring Soil Moisture,” in Int. 
Field Year for the Great Lakes Tech. Manual Series, No. I ,  
J MacDowall, Ed., The Secretariat Can. Nat. Committee for 
the Int. Hydrol. Decade, 1971. 

G. W. Wilson, S. L. Bahour, and D. G. Fredlund, “The Eval- 
uation of Evaporative Fluxes from Soil Surfaces for the De- 
sign of Dry Covers and the Abatement of Acid Drainage.” 
Proc. of the 2nd Int. Con$ on the Abatement of Acid Drain- 
age (Montreal, Quebec), September 16-18, 1991. 

G. W. Wilson. D. G. Fredlund, and S. L. Barbour, “The Eval- 
uation of Evaporative Fluxes from Soil Surfaces for Prob- 
lems in Geotechnical Engineering,” Proc. of the Can. Geot. 
Con? (Calgary, AB), Sept. 29-0ct. 2, 1991, pp. 68.1-68.9. 

H. Y. Wong, “Soil Strength Parameter Determination,” Hong 
Kong Eng.. pp. 33-39. Mar. 1978. 

D. K. H. Wong, D. G. Fredlund, E. Imre, and G. Putz, “Eval- 
uation of AGWA-I1 Thermal Conductivity Sensors for Soil 

VOI. 93, SM4, pp. 519-542, 1967. 

pp. 407-41 1 I 

pp. 835-840, 1970. 

Suction Measurement,” presented at the Transportation Res. 
Board Meeting, Washington, DC, 1989. 

F. L. D. Wooltorton, The Scientific Basis of Road Design. Ed- 
ward Arnold, 1954. 

W. K. Wray, “The Principle of Soil Suction and its Geotechnical 
Engineering Applications,” in Proc. 5th Int. Con$ Expan- 
sive Soils (Adelaide, South Australia), May 1984, pp. 114- 
119. 

W. K. Wray, “Evaluation of Static Equilibrium Soil Suction En- 
velopes for Predicting Climate-Induced Soil Suction Changes 
Occurring Beneath Covered Surfaces,” Proc. of the 6th Int. 
Con5 on Expansive Soils (Delhi, India), vol. 1, Dec. 1-4, 

S. G. Wright, “SSTABI-A General Computer Program for 
Slope Stability Analysis,” Res. Report No. GE-74-1, Dep. 
of Civil Eng., Univ. of Texas at Austin, 1974. 

R. D. Wyckoff and H. G. Botset, “The Flow of Gas-Liquid Mix- 
tures through Unsaturated Sands,” Physics, vol. 7, Sept. 
1936. 

D. Yang and 2. J. Shen, “Generalized Nonlinear Constitutive 
Theory of Unsaturated Soils,” Proc. 7th Int. Conj on Ex- 
pansive Soils (Dallas, Texas). August 3-5, 1992, vol. 1, pp. 

R. N. Yong and B. P. Warkentin, “Introduction to Soil Behav- 
ior,” Macmillan, New York, 451 pp., 1966. 

R. N. Yong and B. P. Warkentin, “Soil Properties and Behav- 
iour,” Elsevier Scientific Publishing Co., New York, 1975, 

R. Yoshida, D. G. Fredlund, and J. J. Hamilton, “The Predic- 
tion of Total Heave of a Slab-on-Ground Floor on Regina 
Clay,” Can. Geo. J., vol. 20, no. 1, pp. 69-81, 1983. 

S. J. Zegelin, Ian White, and G. P. Russell, “A Critique of the 
Time Domain Reflectometry Technique for Determining 
Field Soil-Water Content,” published in Advances in Mea- 
surement of Soil Physical Propenies: Bringing Theory into 
Practice, SSSA Special Publication No. 30, Soil Science So- 
ciety of America, Madison, WI, 1992, pp. 187-208. 

0. C. Zienkiewicz, The Finite Element Method in Engineering 
Science. London: McGraw-Hill, 1971. 

0. C. Zienkiewicz and Y. K. Cheung, “Finite Elements in the 
Solution of Field Problems,” The Engineer, Sept. 24, 1965. 

0. C. Zienkiewicz and C. J. Parekh, “Transient Field Problems: 
Two-Dimensional and Three-Dimensional Analysis by Iso- 
parametric Finite Elements,” Int. J. Numer. Method for 
Eng., vol. 2, pp. 61-67, 1970. 

0. C. Zienkiewicz, P. Mayer, and Y. K. Cheung, “Solution of 
Anisotropic Seepage by Finite Elements,” ASCE Eng. Mech. 
Div., Eng. Mech. 1 ,  vol. 92, pp. 111-120, 1966. 

1987, pp. 235-240. 

158- 162. 

449 PP. 

    



INDEX 

Index Terms

A 
A pore pressure parameter, see Pore pressure 

 parameter 

 Aa parameter, see Pore pressure parameter 

 Aw parameter, see Pore pressure parameter 

Active depth of swelling 412 415 416 

Active earth pressure, see also Coefficient of 

 active earth pressure; Earth pressure 

 coefficient of, see Earth pressure 

 distribution of 304 306 

 effect of matric suction 304 305 306 310 311 

    312 

 effect of surcharge 306 

 effect of tension cracks 305 311 

 effect of wall friction 309 

 orientation of failure plane 304 

 Rankine  304 309 

 strain required 308 

 with tension cracks 306 

Active zone (for expansive soils) 8 

Activity, typical values 300 

Actual evaporation rate, see Evaporation 

Air coefficient of permeability 199 140 141 143 175 

    251 

 see also Coefficient of 

 transmission; Permeability 

 direct methods of measurement 138 

 effect of (relationship with) degree of 

 saturation 120 

 effect of (relationship with) matric suction 120 

 function  120 

 indirect methods of measurement 120 



Index Terms

Air coefficient of permeability (Cont.) 

 measurement 138 175 275 

Air compressibility, see Compressibility, of air 

Air entry value, see also High air entry disks 

 determination 112 

Air phase  21 34 43 

 continuous 20 31 108 117 420 

    456 472 

 occluded 31 108 117 120 251 

    261 419 426 456 

Air pressure: 

 absolute  22 23 37 44 

 gauge  22 44 52 221 256 

Air volume change 350 351 353 

 coefficient of 421 426 441 473 

 measurement 275 281 

Air volumetric modulus 472 

Air-water interphase 1 14 15 17 20 

    24 39 63 263 275 

 See also Contractile skin 

Allowable bearing pressure, see Bearing 

 capacity 

Angle of internal friction, typical values 238 

 See also Shear strength 

Anisotropic consolidation, see Shear strength 

 tests; Triaxial test 

Anisotropy  130 151 190 441 442 

At-rest condition, see K0 

Atmospheric boundary condition 475 

Atterberg limits: 

 liquid limit 300 

 plastic limit 300 

 plasticity index 300 398 399 

 shrinkage limit 398 

Axis-translation: 

 apparatus 82 

 concept  47 379 

 technique 47 48 54 91 94 



Index Terms

Axis-translation (Cont.) 

    221 223 224 238 239 

    241 247 248 253 256 

    260 261 262 277 290 

    291 379 429 

B 
B pore pressure parameters, see Pore pressure 

 parameter 

 Ba parameter, see Pore pressure parameter 

 Bw parameter, see Pore pressure parameter 

Backpressure (backpressuring) 273 277 278 279 281 

Basic volume-mass relationship, see Volume- 

 mass relations 

Bearing capacity 7 217 247 297 315 

    318 

 allowable 317 

 effect of embedment 315 

 effect of footing size 316 

 effect of matric suction 317 

 effect of shape 316 

 equation  315 318 

 factors  315 316 317 

 layered systems 319 

 relation to cohesion 315 

 relation to friction angle 316 

 stress state variable approach 317 

 total stress approach 317 318 

 ultimate  315 316 317 318 319 

Boyle’s law  22 27 35 179 180 

    183 184 192 193 277 

    279 

Bubble collapse theory 183 

Bubble pump 146 221 

Bubbling pressure 112 

Bulk modulus 354 

 



Index Terms

C 
Capillarimeter 16 

Capillarity (also Capillary) 16 65 67 

 height (of rise) 67 69 

 model  69 

 pressure  68 

 radius  69 

 see also Radius of curvature 

 rise   17 18 69 

 tube   16 65 66 69 

 zone  17 

Cavitation, of water 44 47 54 67 83 

    86 90 92 219 221 

    238 260 261 429 

CD tests (see Triaxial test) 

Cell pressure, see Confining pressure 

Chemical diffusion, see Diffusion 

Clays, swelling, II 

Climate   1 398 

Coefficient of active earth pressure, definition 304 

Coefficient of air volume change, see Air 

 volume change 

Coefficient of compressibility, see 

 Compressibility 

Coefficient of consolidation, see Consolidation 

 measurement of, see Oedometer test 

Coefficient of diffusion (diffusivity) 28 29 30 122 146 

    269 279 474 

 measurement of 144 177 

Coefficient of earth pressure at-rest, K0 298 299 300 302 312 

    407 

 typical values 299 300 

Coefficient of lateral earth pressure 52 

Coefficient of passive earth pressure 299 307 407 

Coefficient of permeability 110 151 163 247 251 

    252 253 261 266 341 

    437 440 441 442 446 



Index Terms

Coefficient of permeability (Cont.) 

    447 449 456 474 

 See also Permeability 

 air phase  119 175 251 420 433 

    472 

 determination of, see Permeability, 

 measurement 

 effect of degree of saturation, see Degree of 

 saturation 

 effect of water content 111 

 effect of void ratio 111 

 function  111 113 341 424 

 see also Permeability function 

 (equivalent) layered systems 145 

 saturated 111 138 153 164 340 

    341 419 

 unsaturated 110 114 116 127 133 

    151 251 341 

 water phase, see Water coefficient of 

 permeability 

Coefficient of transmission, for air flow 118 119 121 175 176 

    177 425 426 427 441 

    473 

Coefficient of volume change 187 188 194 213 357 

    358 359 361 362 364 

    365 367 376 377 396 

    406 419 421 424 426 

    430 432 436 437 447 

    449 

Coefficient of swelling 375 376 

Coefficient of water content, see Water content 

Coefficient of water content change 358 360 375 376 

Coefficient of water volume change 341 424 441 444 

Cohesion: 

 apparent  230 

 use in bearing capacity analysis 315 318 

 effective, see Shear strength 

 in terms of total stress 230 



Index Terms

Cohesion (Cont.) 

 intercept  220 228 229 230 233 

    235 236 238 240 242 

    334 

 measurement, see Direct shear test; Triaxial test 

 use in retaining wall analysis 302 307 

 use in slope stability analysis 323 333 

 total, see Shear strength 

 typical values 229 

 use in slope stablity analysis 323 333 

Collapsible soils 417 

Collapsing soils 9 13 361 

 laboratory test for 417 

Compacted soils 13 217 219 238 295 

    368 371 

 use in earth dams 219 

 use in pavement design 319 

 strength  219 

Compaction: 

 definition 33 

 line of optimums 34 

Compaction tests, typical curves 34 

Compactive effort 225 238 239 

Compartment: 

 below high air entry disk 144 261 264 265 266 

    268 272 274 276 379 

    393 

 water  81 261 264 265 266 

    273 274 380 

Compliance factor 270 271 

Composite slip surface, see Slip surface 

Compressibility, see also Isothermal 

 compressibility 

 of air  179 183 330 

 of air-water mixture 179 266 268 269 271 

    272 347 422 

 coefficient of 358 366 369 375 

 form  357 358 361 365 367 



Index Terms

Compressibility, see also Isothermal (Cont.) 

 measurement, see Oedomeler test; Triaxial test 

 soil (structure) 191 194 206 266 330 

    363 

 of water  179 206 269 272 

Compressibility equations: 

 air-water mixture 180 183 191 195 196 

    269 

 soil structure 191 

Compressibility of pore fluid 178 

 air compressibility, see Compressibility of air 

 air-water mixtures, see Compressibility of 

 air-water mixtures 

 effect of dissolved air 179 182 

 effect of free air 182 

 water compressibility, see Compressibility of 

 water 

Compression index 369 370 371 375 378 

    392 

Compressive strength, see Undrained strength 

Confined compression, see K0-condition, 

 Oedometer test 8 

Confining pressure, triaxial tests 51 224 225 226 236 

    238 239 240 241 242 

    243 246 255 260 262 

    277 280 

Conservation of mass 36 349 

 See also Continuity equation, 

 Continuity requirement 

Consolidated drained shear test, see also 

 Triaxial test 

 test procedure 229 

 typical results 229 

Consolidated undrained shear test, see Triaxial 

 test 

Consolidation 239 240 264 266 280 

    281 283 290 

 coefficient of 252 253 254 419 420 



Index Terms

Consolidation (Cont.) 

    424 426 427 435 473 

    474 

 defined  236 419 

 degree of 437 438 439 

 equation derivation 422 

 process  238 241 251 

 secondary 48 

 theory of 9 39 250 419 

 three-dimensional 346 420 

 time factor 437 438 439 

Consolidation tests 429 

 data presentation 430 

Consolidation theory: 

 assumptions 422 

 boundary conditions 428 

 derivations 422 

 solution  427 

Constant water content shear test, see also 

 Triaxial test 

 test procedure 229 

 typical results 229 

Constant-volume test, see Oedometer test 

Constitutive relations (or equations) 15 39 347 348 349 

    351 

 air phase  348 353 421 426 456 

    472 

 single-valued equations 18 38 39 41 346 

 soil structure 298 346 348 352 353 

    356 358 420 456 461 

 unsaturated soils 351 352 

 volume change 346 

 water phase 346 348 353 356 358 

    421 423 456 463 

Constitutive surfaces 347 349 354 358 360 

    361 363 364 372 406 

 air phase  421 

 degree of saturation 348 363 364 365 



Index Terms

Constitutive surfaces (Cont.) 

 loading  374 377 

 soil structure 348 349 354 357 360 

    362 363 364 365 367 

    368 369 421 

 unloading 374 377 392 395 

 void ratio 348 359 363 364 365 

    366 371 372 373 374 

    378 382 385 

 water content 359 365 366 371 373 

    374 378 

 water phase 348 349 354 357 368 

    362 363 367 368 370 

    386 421 

Constrained modulus, see also Compressibility; 

 Modulus 

 defined  357 

Continuity equation 349 420 422 456 472 

Continuity requirement 349 350 351 353 419 

    420 421 432 

Continuum mechanics 15 16 19 41 56 

 multiphase 348 349 

Contractile skin 1 14 15 20  

    21 24 25 26 29 

    39 43 44 63 67 

    69 81 263 350 360 

 See also Air-water interphase 

Coupled equations 472 

 three-dimensional formulation 420 422 456 

 two-dimensional formulation 422 

Crack depth  298 300 301 302 304 

    305 

Critical height 298 313 314 315 

Critical slip surface, see Slip surface 

CU tests, see Triaxial test 

Cuttings, see Excavations, Slopes 

 



Index Terms

D 
Dalton’s, law  26 476 

Darcy’slaw  117 123 140 153 159 

    164 268 419 422 447 

    473 

 for air phase 119 122 

 definition 110 124 

 in theory of consolidation 420 423 

 validity for unsaturated soils 110 

Deformation  255 297 308 355 

 distortion 351 

 types of  355 

Deformation state variables, see State variables 

Degree of saturation 27 31 32 34 35 

    40 47 111 114 117 

    223 228 239 244 257 

    258 259 269 277 278 

    279 290 366 368 389 

 constitutive surface, see Constitutive surfaces 

 critical  346 

 definition 30 

 effect on compressibility 34 279 366 

 effect of permeability 54 111 

 effect on pore pressures generation 204 223 

 effect on undrained strength 223 

 effective  112 113 120 

 residual  112 

Density   21 22 23 27 35 

    225 228 

 of air  21 35 

 of air-water mixtures 37 

 buoyant or submerged, definition 32 

 dry   225 

 dry, definition 32 33 

 saturated, definition 32 

 solids, definition 37 

 total (wet), definition 32 36 37 305 



Index Terms

Density (Cont.) 

 typical values 31 

 of water  21 22 27 33 35 

 water phase 36 

Depth of cracking, see Crack depth 

Desaturation  1 257 387 397 404 

Desiccated soil 53 300 301 317 390 

Desiccation  2 298 404 

 causing preconsolidtion 404 

Deviator stress, see Stress 

“Different” soil 217 225 259 288 

Differential equations of equilibrium 43 

Differential movement 92 

Diffused air  144 253 261 264 274 

    281 

 method of measurement 127 146 265 280 281 

    282 283 

Diffused air volume indicator, (DAVI) 146 261 266 267 274 

    279 280 281 283 

 accuracy of 149 

 apparatus 147 

Diffusion  48 107 121 275 474 

 of air  28 107 177 221 262 

    276 282 

 of air through water 29 30 108 120 121 

    127 242 251 426 

 chemical 123 

 Fick’s law for 28 121 

 of gases through water 28 123 

 measurement 143 

 properties 145 

Diffusion process: 

 air through ceramic disk 121 143 144 177 253 

    261 262 

 air through water 121 143 177 

 chemical concentration 121 

 osmotic  110 

Diffusivity  28 251 474 



Index Terms

Direct model method 399 400 

Direct shear test 217 220 223 224 225 

    227 247 248 254 256 

    275 277 284 289 290 

    295 296 

 consolidated drained 223 224 229 247 254 

    282 283 

 consolidated drained multistage 229 254 290 

Dirichlet boundary condition 163 445 

Displacement rate 254 256 

 direct shear 254 290 291 

Dissolved air  27 34 86 277 

 volume of 28 35 36 35 180 

Disturbance  255 285 363 388 389 

 sampling 130 389 390 391 400 

    407 411 

Double layer  63 

Double oedometer method 400 401 

Drainage path: 

 double drainage 252 

 single drainage 252 253 254 

Drained loading 188 

Driving potential 107 108 110 119 121 

 air phase  117 

 water phase 108 

Dry soils  30 34 45 46 

E 
Earth dam  3 219 329 

Earth pressure 297 298 301 

 active  7 298 301 302 303 

    305 306 310 311 314 

 at-rest  298 

 coefficient of 308 309 

 passive  7 298 301 302 303 

    314 

 Rankine’s theory 301 

 



Index Terms

Effective stress 38 45 52 237 317 

 concept  38 39 217 

 equation  18 39 40 41 346 

 law   38 39 45 

 single-valued equation, see Constitutive relations 

Elastic equilibrium 298 

Elastic material: 

 pore pressure coefficients for, see Pore 

 pressure coefficients 

 stress-strain relationships 298 

Elastic modulus 298 352 

Elasticity: 

 linear elastic material 351 461 

 theory (of) 52 185 297 320 

Elasticity form 351 357 365 456 

 constitutive relations 298 

Elevation head, see Head 

Equilibrium: 

 force  328 330 331 

 moment  328 330 331 

Equilibrium equations 43 297 456 472 

Equipotential (lines) 154 156 165 167 329 

    330 331 447 449 451 

    461 464 

Evaporation  1 4 45 48 130 

    131 152 156 157 163 

    275 317 318 398 404 

    408 440 445 

 actual  476 

 potential  476 

 rate   53 476 477 

Evapo-transpiration 1 2 53 163 404 

    408 445 

Excavation  6 52 406 407 409 

    415 417 

Excess pore pressure 236 237 239 241 243 

    245 251 254 428 

 pore-air  238 241 243 251 260 



Index Terms

Excess pore pressure (Cont.) 

    419 422 428 434 

 pore-water 238 241 243 251 252 

    260 419 428 434 

Expansion, see Swell 

Expansive soils 297 300 388 397 404 

    407 409 412 416 417 

Extended Mohr diagram (circle) 49 54 56 57 60 

    301 312 

 construction of 56 

Extended Mohr-Coulomb failure, envelope 227 228 229 230 231 

    232 233 234 235 248 

    255 258 259 260 318 

Extended Rankine theory 301 

“Extended shear strength” method 340 

F 
Factor of safety 5 6 317 321 323 

    326 330 332 333 334 

    335 337 338 339 340 

    343 344 345 

 force equilibrium 324 325 327 328 332 

 moment equilibrium 324 327 328 332 336 

Failure criteria 225 226 227 297 303 

    307 

 maximum deviator stress 226 

 maximum principal stress ratio 221 226 227 

 Mohr-Coulomb criterion 217 218 

 strain (or displacement) limit 227 289 

Failure envelope 217 218 220 223 224 

    225 228 229 230 231 

    232 233 234 235 238 

    239 240 241 242 247 

    248 258 259 284 285 

    287 288 293 296 

 Mohr-Coulomb 218 223 255 259 290 

    303 307 

 



Index Terms

Failure plane  217 218 227 228 229 

    230 247 302 313 

 angle of inclination 228 313 

Fick’s law  117 121 123 422 

 application to air phase 117 175 420 425 473 

 definition 117 

Filter paper  54 67 77 81 

 calibration 77 

 contact  77 78 79 80 

 measure matric suction 77 

 measure total suction 76 77 

 non-contact 77 78 79 80 

 test procedure 78 

Finite difference method 155 427 446 

 backward difference 446 

 central difference 155 432 446 

 explicit  158 432 

 implicit  156 

Finite element method 161 313 326 342 440 

    444 447 449 

Flow, see also Seepage 

 capillary  16 18 

 one-dimensional 152 

 three-dimensional 173 

 two-dimensional 159 

 velocity head, see Head 

Flow laws  107 347 

 air phase  117 

 water phase 107 

Flownet   160 162 

 equipotential lines 160 

 flow channels 171 

 flow lines 160 171 

Flux boundary condition 5 9 156 157 342 

    475 

Foundations, see also Bearing capacity 

 shallow  7 12 

 



Index Terms

Free air   27 28 34 35 180 

    277 278 

Free swell test, see Oedometer test 

Free (water) surface 160 161 166 

Friction angle, see Shear strength 

G 
Gaussian elimination technique 163 446 

Geostatic stress (condition), see Stress 

Gradient   107 

 (chemical) concentration 107 117 118 121 123 

 electrical 107 

 elevation 108 117 

 hydraulic head 107 108 110 119 124 

    126 127 128 129 130 

    132 153 163 164 268 

    419 423 442 446 447 

 matric suction 107 108 

 osmotic  110 

 osmotic suction 121 123 127 

 pressure  107 108 117 119 

 total head 109 

 thermal (or temperature) 107 473 

 water content 107 

Grain size  257 

Ground water table, see Water table 

H 
Head   107 109 

 elevation 109 

 gravitational 109 130 132 

 hydraulic 109 129 130 132 153 

    154 171 423 442 444 

    445 446 451 

 matric suction 115 

 pressure  109 127 129 166 

 velocity  109 

Head boundary condition 155 160 



Index Terms

Heat flow, equation 474 

Heave   8 49 

 See also Swell 

 methods of prediction 400 

 potential  397 410 

 prediction 397 401 405 411 

Heave calculations 407 408 

 case histories 410 

 closed-form equation 412 

 effect of correcting swelling pressure 413 

Henry’s law  27 28 35 180 183 

    192 279 

 application 184 

High air entry disk 48 80 81 126 127 

    133 134 140 141 142 

    143 218 219 221 223 

    224 225 248 250 251 

    252 253 254 260 263 

    264 265 266 267 268 

    269 270 272 273 275 

    277 279 282 283 284 

    363 379 429 433 

 air entry value 48 81 82 83 84 

    112 218 221 257 258 

    260 261 263 264 265 

    266 272 273 275 380 

    386 387 

 air passage through 82 84 221 

 see also Diffusion process 

 (water) coefficient of permeability of 82 83 84 264 268 

    270 272 276 

 properties of 83 263 264 

Highway pavement 473 

Hill’s analysis 186 192 201 213 219 

Hooke’s law, generalized 352 

Hydraulic (total) head 152 

Hydraulic gradient, see Gradient 

 



Index Terms

Hydrostatic condition (profile) 298 301 302 305 314 

    317 335 343 

Hydrostatic line 305 

Hysteresis 389 

 in permeability function 116 126 

 in soil structure relationships 348 360 361 404 

 in water content relationships 69 112 117 136 364 

    369 376 386 387 

 see also Soil water characteristic 

I 
Ideal gas law  22 121 122 422 425 

“Identical” soil (or specimens) 126 217 225 243 259 

    284 347 361 362 364 

    388 

Immiscible mixtures 25 

 of air and water 25 

Impedance factors 251 252 253 254 

Impeded flow 250 251 252 253 

Impervious (or impermeable) membrane 9 315 

Infiltration  4 53 117 130 131 

    152 156 157 158 163 

    166 334 338 404 408 

    414 440 449 461 463 

    465 467 469 471 475 

Infinite slope  171 

In situ stress state 389 397 404 406 

 determination of 388 403 404 405 

Instantaneous profile method, see Water 

 coefficient of permeability 

Intermediate principal stress, see Stress 

Interslice force 321 326 330 332 

Interslice force function 324 325 326 327 328 

    333 

Intrinsic permeability, see Permeability 

Isobar(s)   165 167 172 457 

Isochrones  436 

 



Index Terms

Isothermal compressibility 178 179 

 air   179 180 182 

 air-free water 179 

 air-saturated water 179 

 water  179 182 

Isotropic compression 347 354 356 

Isotropic loading 194 204 348 349 354 

    355 356 359 363 366 

J 
Jaky’s equation 300 

K 
K0 loading  61 62 191 196 347 

    348 349 355 356 359 

    362 363 364 394 406 

    420 

K0 condition  298 309 

Kf-line   233 309 

Mohr-Coulomb, relationship with 233 

 parameters, pf, qf 231 233 

Kelvin’s equation 25 81 183 263 

L 
Laplace (or Laplacian) equation 25 160 161 

Latent heat  474 

Lateral earth pressure 7 52 217 297 313 

 active, see Earth pressure 

 at-rest  52 54 

 passive, see Earth pressure 

Limit equilibrium 297 320 321 326 332 

Loading, drained, see Drained loading 

 undrained, see Undrained loading 

M 
Matric suction 40 41 43 45 46 

    48 49 52 53 55 

    58 59 60 61 63 



Index Terms

Matric suction (Cont.) 

    65 217 218 219 220 

    222 223 224 225 226 

    228 229 230 233 234 

    238 239 241 242 244 

    245 246 247 248 252 

    258 259 261 262 263 

    264 276 283 290 291 

    293 294 295 296 297 

    299 300 301 302 303 

    304 306 307 308 309 

    311 313 315 317 332 

    333 334 363 364 366 

 See also Soil suction 

 definition 25 66 69 183 379 

 direct measurement 82 

 envelope, see Shear strength versus matric 

 suction 

 equivalent 389 404 405 406 407 

 indirect measurement 93 

 in situ  54 62 317 318 336 

    337 338 340 397 

 measurement 63 67 80 94 100 

    101 102 103 104 105 

    336 337 338 340 

 profiles  53 54 89 90 300 

    301 305 334 336 337 

    338 339 340 342 343 

    344 

Matric suction versus shear strength, see Shear 

 strength versus matric suction 

Matric suction versus water volume change (see 

 Water volume change versus matric suction 

Maximum past stress, see Preconsolidation 

 pressure 

Measurement of: 

 pore-air pressure, see Pore-air pressure 

 pore-water pressure, see Pore-water pressure 



Index Terms

Meniscus  273 305 

 defined  66 

Meta-stable structured soil 9 361 418 429 432 

Microclimate  317 

Microclimatic conditions 9 54 473 477 

Miscible mixture, of air and water 26 

Mixtures  34 

 air-water 37 

 soil particles-water-air 37 

 theory of 19 36 

Mobilized shear force, see Shear force 

 mobilized 

Modified direct shear apparatus 219 223 224 260 266 

    267 272 282 290 291 

Modified Penman equation 477 

Modified triaxial apparatus (cell) 48 220 222 260 265 

    272 279 280 363 

Modulus, see also Compressibility; Elastic 

 modulus; Shear modulus; Young’s modulus 

 bulk, see Bulk modulus 

 constrained, see Constrained modulus 

 deformation 313 

Mohr circle  57 59 218 220 226 

    228 231 233 235 236 

    238 242 244 247 255 

 construction 303 307 

 equation  55 

 envelope 223 

 failure envelope 223 

 pole point method 56 57 58 60 218 

Mohr-Coulomb: 

 envelope 220 231 318 

 failure criterion, see Failure criteria 

Molecular diffusivity: 

 water vapor 474 

Monotonic (loading) 40 49 51 221 262 

    349 360 363 364 368 

    370 406 



Index Terms

Multiphase system 349 

Multistage tests 255 276 281 283 285 

 cyclic loading procedure 255 284 285 

 direct shear 224 229 255 256 289 

    292 293 

 sustained loading procedure 255 284 285 

 triaxial  223 229 251 255 284 

    285 

N 
Negative pore-water pressure 1 3 6 7 8 

    9 10 13 17 18 

    40 47 53 83 219 

    245 257 297 298 300 

    304 305 311 315 317 

    318 320 323 324 329 

    330 332 333 334 336 

    340 343 344 345 404 

    408 409 

Net horizontal stress, see Stress 

Net normal stress, see Stress 

Net vertical stress, see Stress 

Neuman boundary condition 163 445 

Neutral stress, see Pore-water pressure 

Non-contacting radial deformation transducer 275 

Non-isothermal 440 473 474 475 

Nonlinearity of failure envelope 217 224 228 255 257 

    258 

Normal force  327 

 base of a slice 322 323 324 332 

 interslice 322 325 328 

Normal strain 219 298 350 351 352 

    353 461 

Normal stress, see Stress 

Null tests  47 48 49 50 

 



Index Terms

O 
Oedometer test 378 382 399 400 

 compressibility of apparatus 389 

 constant volume oedometer tests 313 374 375 381 384 

    386 388 389 392 394 

    395 400 405 410 411 

 free swell oedometer tests 374 375 388 389 390 

    392 393 394 396 399 

    400 401 405 

 procedure 378 

 stress path 389 

 typical results 375 

One-dimensional consolidation 356 

 assumptions 422 

 derivation 423 

 solution of 427 

 theory  419 420 

 typical results 429 

One-dimensional swelling 406 

 see also One-dimensional heave 

Osmotic pressure 54 91 105 106 

Osmotic suction 65 66 105 106 110 

    225 

 see also Soil suction 

 measurement of 67 104 

 role of  63 

Osmotic tensiometers, see Tensiometer 

Overall (total) volume change 346 349 350 352 362 

 measurement 275 

Overburden pressure, see Stress 

Overconsolidated soils 52 

Overconsolidation ratio, OCR 406 

 defined  405 

 effect on K0 300 

P 
Partial pressure 23 



Index Terms  

Passive earth pressure 300 

 coefficient, see Coefficient of passive earth 

 pressure 

 distribution 307 308 309 

 effect of matric suction 307 308 312 

 effect of wall friction 309 

 failure  301 

 orientation of failure planes 308 

 Rankine  308 309 

 strain required 308 

Peltier effect, see Psychrometer 

Permeability  54 

 See also Coefficient of 

 permeability; Water coefficient of 

 permeability 

 coefficient of 6 

 effect of degree of saturation, see Degree of 

 saturation 

 effect of void ratio, see Coefficient of 

 permeability 

 intrinsic  110 

 measurement of 124 

 relative, see Relative water coefficient of 

 permeability 

Permeability function 111 113 114 115 116 

    137 151 159 164 166 

    341 446 447 449 456 

    463 

Permeability tests: 

 in situ measurements 130 

 laboratory measurements 124 

Permeameter  124 125 127 128 129 

 for air permeability 140 

 constant head 125 142 

 for water permeability 140 

Phase   14 20 

 four-phase system 15 20 41 

 multiphase 41 



Index Terms

Phase (Cont.) 

 properties of a phase 20 

Phase diagram 20 21 30 32 

Phase relations 21 

Phenomenological approach 15 

Phreatic surface (line) 5 160 161 165 167 

    171 172 173 329 447 

    450 457 

Piezometric line 330 331 

Plane strain loading 355 357 359 

Plane stress loading 355 357 359 

Plastic equilibrium 297 301 303 316 

 stress state approach 297 

 total stress approach 297 

Plastic limit, see Atterberg limits 

Plasticity index, see Atterberg limits 

Poiseuille’s equation 115 

Poisson’s ratio 298 299 301 302 352 

    356 364 

Pore-air pressure 4 40 43 44 45 

    47 48 51 52 61 

    208 209 211 212 213 

    218 219 221 222 223 

    227 228 229 230 237 

    239 240 241 245 246 

    264 277 280 298 366 

    379 422 428 430 

 coefficient, see Pore pressure coefficient 

 control of 48 218 221 224 238 

    247 248 260 263 265 

    266 272 

 excess, see Excess pore pressure 

 measurement of 218 219 221 222 243 

    248 260 263 265 272 

    273 

 parameters, see Pore pressure parameters 

Pore fluid  251 260 

 



Index Terms

Pore fluid squeezer 54 67 105 

 see also Squeezing technique 

Pore pressure coefficient 328 329 330 

 air pore pressure coefficient 329 

 water pore pressure coefficient 328 329 330 

Pore pressure parameters 62 178 239 347 422 

    428 

 See also Tangent Pore 

 pressure parameter 

 definition 181 198 

 A parameter 246 329 

 Aa parameter 198 330 

 Aw parameter 197 330 

 B-parameter 198 204 216 243 329 

 Ba parameter 181 183 184 186 199 

    200 205 206 208 209 

    210 211 212 214 330 

 Bw parameter 181 183 184 186 197 

    199 200 204 205 206 

    208 209 210 211 212 

    214 244 278 279 330 

 D parameter 198 215 216 239 241 

    243 245 

 Da parameter 197 214 215 

 Dw parameter 197 214 215 

Pore pressure response, below high air entry 

 disk   266 271 

Pore size distribution 111 120 

Pore size distribution index: 

 definition 112 

 determination 112 

 suggested values 114 

Pore-water pressure 4 39 43 44 47 

    48 51 53 61 62 

    208 209 211 212 213 

    217 218 219 221 222 

    223 224 227 228 229 

    230 237 238 239 240 



Index Terms

Pore-water pressure (Cont.) 

    241 245 246 247 250 

    256 298 366 379 408 

    422 428 430 

 backpressure, see Backpressure 

 coefficient, see Pore pressure coefficient 

 excess, see Excess pore pressure 

 measurement 218 219 221 222 225 

    238 243 248 260 261 

    262 263 265 266 267 

    268 283 

 negative, see Negative pore-water pressure 

 parameters, see Pore pressure parameters 

 profile  317 342 344 406 411 

    438 

 response  278 279 

Porosity   32 33 43 44 264 

 defined  29 30 

 typical values 31 

Potential heave 8 397 

Precipitation  1 6 318 404 

Preconsolidation pressure 366 386 388 405 

 Casagrande construction 390 

 determination of 391 405 

 effect of sample disturbance 389 

 factors affecting determination of 389 

Pressure, see Stress 

Pressure head, see Head 

Pressure membrane extractor 379 

Pressure plate 63 223 

 equipment 379 

 extractor  379 380 

 null type  48 67 92 

Pressure plate tests 47 368 379 381 382 

    393 

 drying portion 393 

 typical results 382 386 

 wetting portion 393 



Index Terms

Principal planes, see Stress 

Principal stress, see Stress 

 at failure  226 

 intermediate, see Stress 

 major, see Stress 

 minor, see Stress 

Principal stress ratio 227 248 250 

 definition 226 

Profiles: 

 of residual soils (and lateritic soils) 10 

 of swelling or expansive soils 11 12 

 of unsaturated soils 9 

Psychrometers 54 63 67 70 126 

    128 129 

 calibration of 73 

 Peltier effect 70 72 

 Peltier-type 70 71 76 

 see also Spanner 

 psychrometer 

 performance of 74 

 Seebeck effect 70 71 

 Spanner psychrometer 71 

 see also Peltier-type 

 thermocouple 70 

R 
Radius of curvature 25 66 67 68 69 

    81 183 184 

 of air-water interphase 184 

 of contractile skin 263 

Rainfall   5 61 63 312 336 

    340 344 345 

Relative air phase coefficient of permeability 120 

Relative humidity 23 27 64 65 66 

    70 71 72 476 

Relative water phase coefficient of 

 permeability 113 114 

 



Index Terms

Residual degree of saturation, see also Degree 

 of Saturation 

 determination 

Residual shear strength 255 

Residual soil  1 9 13 322 340 

Retaining structures (or wall) 297 303 305 309 310 

    312 

S 
Sampling disturbance, see Disturbance 

Salt content  63 

Saturated-unsaturated flow (seepage) 5 151 161 162 164 

    166 171 444 449 

Saturation procedure: 

 high air entry disk 266 

 for an unsaturated soil 277 

Secant pore pressure parameter 185 192 201 

 pore-air pressure 185 194 

 pore-water pressure 185 194 

Seebeck effect, see Psychrometer 

Seepage: 

 analysis  342 344 444 

 flownets, steady state, see Steady state 

 seepage 

 transient analysis 342 344 440 442 443 

    444 447 

Semi-permeable membrane 110 123 263 

Shallow foundations 317 406 473 

Shape factor  316 

Shear force mobilized 322 323 324 325 328 

    333 345 

 base of slice 322 323 

 interslice 322 324 325 327 328 

    331 333 336 

Shear modulus 352 461 

Shear strain  351 461 

Shear strength 38 39 41 46 48 

    49 62 63 217 218 



Index Terms

Shear strength (Cont.) 

    219 222 224 226 227 

    230 235 237 238 244 

    247 248 249 260 315 

    317 332 333 344 

 see also Cohesion; Friction angle 

 angle of internal friction 217 218 223 224 227 

    235 238 239 247 284 

    285 286 289 300 310 

    316 317 341 

 cohesion, c 304 315 

 effective cohesion, c’ 217 218 222 227 230 

    235 239 285 286 289 

    302 304 305 307 308 

    309 310 315 317 341 

 envelope, see Mohr circle 

 equation  227 230 257 258 301 

    302 346 

 failure criteria: 

  maximum principal stress difference, see 

 Failure criteria 

  maximum principal stress ratio, see Failure 

 criteria 

 formulation 227 

 measurement 236 260 

 parameters, c’, φ 220 227 228 229 235 

    238 256 260 277 284 

    287 289 310 320 334 

    339 

 theory  217 255 

 total cohesion 302 303 304 307 315 

    317 323 

 total stress approach 225 237 238 

Shear strength tests, see Triaxial test 

CD, consolidated-drained, see Triaxial test 

CU, consolidated-undrained, see Triaxial test 

UU, unconsolidated-undrained, see Triaxial 

 test 



Index Terms

Shear (stress) strength versus matric suction 223 224 225 229 230 

    234 235 240 255 258 

    259 284 287 291 

 failure envelope 256 290 291 293 294 

 nonlinear envelope 255 257 284 285 286 

    288 291 296 

Shrinkage test 369 380 381 382 

 procedure 380 

 typical results 369 377 382 388 

Shrinking soils 12 397 

Slip surface  6 297 310 315 320 

    322 323 326 331 332 

    333 345 

 circular  321 322 324 325 327 

    332 333 336 338 342 

 composite 321 322 324 325 327 

 critical  320 321 322 336 337 

    345 

Slopes: 

 stability  217 247 320 321 

 stability at end-of-construction, see Stability 

 analysis 

Soil mechanics: 

 definition 1 

 historical development 16 

Soil profiles, residual soils 10 

Soil structure  43 44 278 285 401 

 metastable structure 348 417 430 

 microstructure 10 

 stable structure 430 

Soil structure volume change 350 351 

Soil suction  39 54 64 

 components of 65 67 

 matric suction, see Matric suction 

 measurement of 64 

 osmotic suction, see Osmotic suction 

 theory of 64 

 total suction, see Total suction 



Index Terms

Soil-structure interaction 313 

Soil-water characteristic curve 45 67 74 98 111 

    114 115 116 124 126 

    128 129 130 134 136 

    257 341 368 369 370 

    371 372 375 376 377 

    378 381 382 386 387 

    388 393 

 drying portion 136 369 

 wetting portion 136 369 

Solubility: 

 of air in water 27 28 330 

 coefficient of 28 29 

 of gases in water 28 29 

Specific gravity 21 33 284 366 375 

    378 381 392 

Specific volume 21 

Squeezing technique 63 105 106 

 osmotic suction measurement 63 

Stability analysis 297 320 329 333 334 

    336 337 344 

 Bishop simplified method 330 331 332 335 

 Corps of Engineers method 330 331 332 

 General Limit Equilibrium, GLE method 321 324 330 331 332 

    343 

 incorporating negative pore-water pressures 333 

 see also Total cohesion method 

 Janbu Simplified method 330 331 332 335 

 Janbu Generalized method 330 331 332 

 Lowe-Karafiath method 330 331 332 

 Morgenstern-Price method 330 331 332 335 

 Ordinary method 327 330 331 332 

 Spencer method 330 331 332 

Stable structured soil 361 418 432 

State   15 

State variables: 

 deformation state variables 15 346 348 349 350 

    351 353 354 358 359 



Index Terms

State variables (Cont.) 

    456 

 stress state varibales 15 18 38 39 40 

    41 42 43 44 45 

    46 48 51 217 218 

    222 223 227 228 230 

    233 237 238 243 256 

    257 259 346 347 348 

    349 351 352 353 354 

    358 359 360 361 362 

    364 370 371 373 377 

    401 406 421 424 437 

    456 

Steady state air diffusion 177 

Steady state air flow 118 119 175 

 one-dimensional 175 

 two-dimensional 176 

Steady state seepage (flow) 5 150 264 265 268 

    329 342 

 analyses  150 

 heterogeneous anisotropic 159 173 

 heterogeneous isotropic 151 159 174 

 homogeneous anisotropic 151 

 homogeneous isotropic 160 

 one-dimensional water flow 152 

 three-dimensional water flow 173 

 two-dimensional water flow 159 

Strain rate  248 249 250 251 252 

    281 

 consolidated drained 249 

 constant water content 249 

 drained shear 248 

 direct shear, see Displacement rate 

 effect  222 228 248 249 

 triaxial  222 223 248 250 251 

    253 284 286 287 288 

 undrained shear 248 249 250 253 282 

 unsaturated soils 251 



Index Terms

Stress, see also Pressure 

 analysis  38 49 

 at a point 54 56 

 deviator  51 57 59 219 222 

    223 226 227 231 232 

    238 239 241 243 244 

    245 246 248 249 250 

    255 260 263 281 284 

    285 286 289 297 347 

 effective, see Effective stress 

 geostatic  52 

 history  52 217 225 228 250 

    254 298 299 301 347 

    397 404 

 horizontal 298 299 300 305 307 

 invariants 49 58 59 

 lateral  300 

 net normal 43 45 46 54 55 

    56 57 58 59 60 

    62 217 222 223 224 

    225 226 227 228 230 

    231 232 233 234 235 

    236 239 240 242 243 

    244 246 248 256 257 

    258 259 286 290 295 

    296 303 307 

 normal  42 

 overburden 246 298 299 302 303 

    305 307 308 309 329 

    330 400 404 405 

 paths  49 59 60 61 62 

    231 238 239 240 241 

    242 243 244 245 246 

    255 288 299 309 312 

    313 318 347 399 400 

    401 404 406 407 408 

 point  49 56 59 60 221 

    228 231 238 239 



Index Terms

Stress, see also Pressure (Cont.) 

 point envelope 231 232 233 234 235 

 point surface 231 

 preconsolidation, see Preconsolidation 

 pressure 

 principal: 

  intermediate 58 236 

  major 56 58 231 232 236 

    238 239 241 244 245 

    303 307 402 

  minor 58 223 231 232 236 

    241 303 307 402 

 princpial planes 54 57 58 59 301 

 principal stresses 55 226 301 329 

 shear  42 43 54 55 56 

    57 58 59 60 217 

    218 220 223 224 225 

    226 227 228 229 231 

    232 233 234 235 236 

    239 240 242 243 244 

    245 246 247 248 256 

    257 258 284 286 287 

    292 293 294 295 296 

    303 307 

 state variables, see Stress state variables 

 total   219 225 238 240 242 

    243 245 247 303 323 

 total normal 52 54 244 245 246 

    298 302 352 

 vertical  298 303 307 

Stress history, see Stress 

Stress path, see Stress 

Stress point, see Stress 

Stress state variables, see State variables 

Stress-strain relationships: 

 elastic  297 298 

 plastic  297 

 



Index Terms

Structure of soil: 

 compacted soils 225 

 dispersed 225 364 

 flocculated 225 364 

Subgrade  16 

Suction, see Soil suction 

Surface boundary conditions 473 475 476 

 heat flow 473 

 vapor flow 473 475 

Surface tension 21 24 25 65 67 

    69 81 183 263 273 

Swell, see Heave 

Swelling   46 63 361 388 402 

    406 419 

 compacted clays 301 408 410 

 potential  399 404 411 

 soils  397 401 

Swell (or Swelling) index 369 375 392 393 394 

    398 402 404 406 407 

    408 410 411 413 415 

 correlation to plasticity index 399 

Swelling pressure 7 313 374 375 389 

    391 400 409 415 

 corrected swelling pressure 374 384 389 390 391 

    403 404 405 406 407 

    408 409 410 411 412 

    413 414 

 correction for sampling disturbance 390 400 407 

 lateral  403 

 profile  410 

 relationship with earth pressure 313 407 

 uncorrected swelling pressure 389 390 391 407 410 

    411 413 414 

T 
Tangent pore pressure parameter 185 195 196 204 

 See also Pore pressure 

 parameter 



Index Terms

Tangent pore pressure parameter (Cont.) 

 pore-air pressure 186 197 

 pore-water pressure 186 197 

Tempe pressure cell 126 379 

 apparatus 133 

 test procedure 133 

Tensiometers  54 67 82 83 109 

    125 126 127 128 129 

    130 131 315 334 336 

    338 417 

 installation of 338 

 Jet-fill  86 87 

 osmotic  90 

 performance of 88 

 Quick-draw 88 

 servicing of 84 

 scanning valve system 90 

 small tip  86 417 

Tension crack (zone) 6 305 306 308 310 

    311 312 315 323 325 

    326 332 333 

 filled with water 322 323 

Tension zone  304 305 306 310 314 

    322 

 depth  304 305 306 311 314 

Thermal conductivity 95 97 474 475 

Thermal conductivity sensors 54 67 104 

 AGWA-II 97 98 99 100 

 calibration of 97 

 MCS 6000 96 97 99 

 response times of 99 

 theory of operation 97 

 typical results 99 

Thermocouple psychrometer, see Psychrometer 

Thornthwaite moisture index 2 408 

Three-dimensional loading 194 199 355 358 359 

Time factor, see Consolidation 

Time to failure 295 



Index Terms

Tortuosity  111 123 474 

Total cohesion intercept 230 

“Total cohesion” method 333 334 344 

Total heave  397 402 408 411 413 

    415 416 

 factors affecting 401 

 formulation of 406 407 

 prediction 411 413 

 theory of heave prediction 406 407 

Total stress analysis 317 

Total suction, (see also Soil suction) 54 63 64 65 

 measurement 63 67 70 76 80 

Transient analysis, see Seepage 

Triaxial test  40 51 217 219 236 

    237 279 284 

 consolidated drained, CD 220 221 222 223 224 

    225 226 229 236 237 

    238 239 240 251 255 

    263 272 280 281 283 

    284 285 287 288 

 consolidated undrained, CU 220 221 222 225 236 

    237 240 241 251 255 

    263 272 281 282 285 

    287 

 constant water content, CW 220 221 222 223 229 

    236 237 238 239 240 

    241 248 249 251 255 

    262 263 272 278 281 

    282 284 285 287 288 

 drained  226 253 266 

 equipment 222 223 

 loading  197 215 346 354 355 

    356 359 

 measurement of pore pressures 204 212 

 unconfined compression, UC 220 225 236 237 245 

    246 247 251 262 278 

    282 284 288 

 undrained 219 220 227 235 236 



Index Terms

Triaxial test (Cont.) 

    237 243 251 266 282 

    284 288 289 

Two-dimensional loading, see Plane strain; 

 Plane stress 

U 
Ultimate bearing capacity, see Bearing capacity 

Unconfined compression strength 246 247 318 

Unconfined compression test 237 

Unconsolidated undrained shear test, UU see 

 Triaxial test 

Uncoupled formulations 440 

 anisotropic soil 441 

 isotropic soil 440 

 plane strain 440 

 two-dimensional 159 440 447 

 unsteady state seepage 440 

Undrained loading 188 238 239 260 347 

    349 434 

Undrained shear strength: 144 244 246 247 318 

    319 

 use in bearing capacity analysis 318 

 Φ = 0 concept 244 

Uniaxial loading 196 354 355 356 359 

Uniqueness [also Nonuniqueness) 287 288 346 349 351 

    360 361 362 363 364 

Unit weight  21 341 

 total   52 341 

Unsaturated soil 12 13 16 21 39 

    42 43 44 45 46 

    48 49 56 63 220 

    222 225 230 236 237 

    244 246 247 248 388 

 definition 1 30 31 349 

 permeability 54 

 strength  218 224 225 227 

 



Index Terms

Unsaturated soil mechanics 12 15 18 19 

 definition 13 

Unsteady-state flow (or seepage) 150 440 441 442 449 

Unsupported excavations 310 313 314 315 

 effect of tension cracks 314 

V 
Vegetation  53 54 

Velocity head, see Head 

Vertical excavations 6 311 

 near vertical excavations 6 

Virgin compression curve 405 

Viscosity  23 24 

 absolute  23 24 

Void ratio  32 33 34 46 228 

    290 291 358 

 convergence 384 385 

 definition 30 35 

 typical values 31 

Void ratio constitutive surface, see Constitutive 

 surfaces 

Volume change 8 38 39 41 46 

    48 49 50 62 63 

    187 

 analysis  349 

 coefficient of, see Coefficient of volume 

 change 

 measurement of 274 

 prediction 403 

 theory  374 401 406 418 

Volume change indices 374 377 378 380 381 

    382 384 385 392 395 

    397 399 401 403 406 

 determination 395 

 measurement of 374 

 typical values 399 

Volume-mass relations 20 29 30 32 34 

    35 366 



Index Terms

Volume-mass relations (Cont.) 

 density  32 33 

Volumetric coefficient of solubility 29 35 36 37 122 

    146 180 206 277 278 

Volumetric deformation coefficients 346 351 358 359 360 

    361 365 366 367 369 

    370 374 

 defined  354 

 laboratory tests 367 

 loading surface 369 

 relationship between 365 

 unloading surface 369 

 for void ratio 366 

 for water content 366 

Volumetric deformation index 370 371 384 

Volumetric deformation modulus 361 366 

Volumetric modulus 353 

Volumetric pressure plate extractor 379 

 apparatus 134 146 

 test procedure 134 

Volumetric specific heat 474 

Volumetric strain 352 353 357 361 421 

    461 

 definition 351 

Volumetric water content, see Water content 

W 
Water, density 33 

Water coefficient of permeability 110 127 128 130 131 

    133 139 143 152 153 

    161 164 251 252 263 

    264 420 427 433 435 

    444 449 456 463 472 

 direct methods 124 

 indirect methods 124 133 

 in situ field method 130 

 in situ instantaneous profile method 130 

 instantaneous profile method 124 127 131 



Index Terms

Water coefficient of permeability (Cont.) 

 laboratory test 124 

 measurement 124 

 (and) matric suction relationship 113 114 126 341 

 steady state method 124 

 (and) volumetric water content relationship 113 

Water compressibility, see Compressibility of 

 water 

Water content 46 225 239 249 290 

 coefficient 376 

 definition 30 31 

 gravimetric 32 33 34 35 120 

    238 358 

 volumetric 30 32 33 46 110 

    111 113 114 116 128 

    129 132 133 137 151 

    341 474 475 

Water content constitutive surface, see 

 Constitutive surfaces 

Water content index 371 372 376 378 

 with respect to matric suction 371 

 with respect to net normal stress 371 

Water table  6 54 130 152 300 

    301 302 304 305 311 

    317 320 322 334 336 

    338 339 340 342 343 

    398 408 456 461 476 

Water vapor  26 473 

 partial pressure of 23 27 474 

 saturation pressure of 23 26 27 

 vaporization curve 26 

Water volume change 48 266 273 281 290 

    350 351 352 353 361 

    362 423 430 463 

 coefficient, see Coefficient of water volume 

 change 

 measurement 265 267 273 284 362 

    380 



Index Terms

Water volume change versus matric suction 252 

Water volumetric modulus 353 361 463 

Wilting point  404 

Y 
Young’s modulus 352 361 364 461 

Z 
Zero air voids curve 33 

α parameter  200 216 

φb angle   223 224 227 228 229 

    230 231 232 233 234 

    235 238 240 242 244 

    247 256 257 258 259 

    260 284 285 286 287 

    288 290 291 293 294 

    302 310 313 317 318 

    319 323 325 334 335 

    336 339 340 

χ parameter  40 41 258 259 
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