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Preface to the sixth edition

The subject of engineering surveying continues to develop at a rapid pace and this has been reflected
in the many and substantial changes that have been made in updating and revising the previous edition.
The authors have taken the opportunity to examine in detail al the previous material making both minor
and major changes throughout. As always, decisions have to be made as to what should be retained that
is still current and relevant and to identify the material that needs to be cut to make way for new text to
describe the emerging technol ogies.

The subject of survey control is now treated in much greater depth. The chapter on traditional methods
still in current practice is followed by a whole new chapter on rigorous methods of contral, that is, the
application of the technique of least squares in the determination of coordinates and their quality. This
topic was dropped from the fifth edition of this book but now reappearsin a completely rewritten chapter
which reflects modern software applications of atechnique that underlies much of satellite positioning and
inertial navigation as well as rigorous survey control.

Satellite positioning brings up to date the many advances that have been made in the development of
GPS and its applications, as well as looking to the changes now taking place with GLONASS and the
European GALILEO systems.

The chapter on underground surveying includes an enlarged section on gyrotheodolites which reflects
new techniques that have been developed and the application of automation in modern instrumentation.
The final chapter on mass data methods brings together substantial sections on simple applications of
photogrammetry with the revolutionary new technology of laser scanning by aerial and terrestrial means.
Inertial technology, once seen as an emerging standal one surveying technology, now reappearsin a com-
pletely new guise as part of aircraft positioning and orientation systems used to aid the control of aerial
photogrammetry and laser scanners.

In spite of al this new material the authors have been able to keep the same level of worked examples
and examination questions that have been so popular in previous editions. We are confident that this new
edition will find favour with students and practitioners alike in the areas of engineering and construction
surveying, civil engineering, mining andin many local authority applications. Thisbook will provevaluable
for undergraduate study and professional development alike.

Mark Breach






Preface to the fifth edition

Since the publication of the fourth edition of this book, major changes have occurred in the following
aress.

e surveying instrumentation, particularly Robotic Total Stations with Automatic Target Recognition,
reflectorless distance measurement, etc., resulting in turnkey packages for machine guidance and
deformation monitoring. In addition there has been the devel opment of a new instrument and technique
known as laser scanning

e GIS, making it avery prominent and important part of geomatic engineering

e satellite positioning, with major improvements to the GPS system, the continuance of the GLONASS
system, and a proposal for a European system called GALILEO

¢ national and international co-ordinate systems and datums as a result of the increasing use of satellite
systems.

All these changes have been dealt with in detail, the importance of satellite systems being evidenced by
anew chapter devoted entirely to thistopic.

In order to include all this new material and still retain a economical size for the book, it was necessary
but regrettable to delete the chapter on Least Squares Estimation. This decision was based on a survey by
the publishers that showed this important topic was not included in the majority of engineering courses.
It can, however, still be referred to in the fourth edition or in specialised texts, if required.

All the above new material has been fully expounded in the text, while still retaining the many worked
examples which have always been a feature of the book. It is hoped that this new edition will still be
of benefit to all students and practitioners of those branches of engineering which contain a study and
application of engineering surveying.

W. Schofield
February 2001
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1
Basic concepts of surveying

The aim of this chapter isto introduce the reader to the basic concepts of surveying. It istherefore the most
important chapter and worthy of careful study and consideration.

1.1 DEFINITION

Surveying may be defined as the science of determining the position, in three dimensions, of natural and
man-made features on or beneath the surface of the Earth. These features may be represented in analogue
form as a contoured map, plan or chart, or in digital form such asadigital ground model (DGM).

In engineering surveying, either or both of the above formats may be used for planning, design and
construction of works, both on the surface and underground. At a later stage, surveying techniques are
used for dimensional control or setting out of designed constructional elements and also for monitoring
deformation movements.

In the first instance, surveying requires management and decision making in deciding the appropriate
methods and instrumentation required to complete the task satisfactorily to the specified accuracy and
within the time limits available. Thisinitial process can only be properly executed after very careful and
detailed reconnaissance of the areato be surveyed.

When the above logistics are compl ete, the field work —involving the capture and storage of field data—
is carried out using instruments and techniques appropriate to the task in hand.

Processing the data is the next step in the operation. The magjority, if not al, of the computation will
be carried out with computing aids ranging from pocket calculator to personal computer. The methods
adopted will depend upon the size and precision of the survey and the manner of its recording; whether
in afield book or a data logger. Data representation in analogue or digital form may now be carried out
by conventional cartographic plotting or through a totally automated computer-based system leading to
a paper- or screen-based plot. In engineering, the plan or DGM is used when planning and designing a
construction project. The project may be a railway, highway, dam, bridge, or even a new town complex.
No matter what thework is, or how complicated, it must be set out onthegroundinitscorrect placeandtoits
correct dimensions, within the tol erances specified. To this end, surveying procedures and instrumentation
of varying precision and complexity are used depending on the project in hand.

Surveying is indispensable to the engineer when planning, designing and constructing a project, so
al engineers should have a thorough understanding of the limits of accuracy possible in the construction
and manufacturing processes. This knowledge, combined with an equal understanding of the limits and
capabilities of surveying instrumentation and techniques, will enable the engineer to compl ete the project
successfully in the most economical manner and in the shortest possible time.
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1.2 PRINCIPLES

Every profession must be founded upon sound practice and in this engineering surveying is no different.
Practice in turn must be based upon proven principles. This section is concerned with examining the
principles of survey, describing their interrelationship and showing how they may be applied in prac-
tice. Most of the principles below have an application at al stages of a survey and it is an unwise and
unprofessional surveyor who does not take them into consideration when planning, executing, computing
and presenting the results of the survey work. The principles described here have application across the
whole spectrum of survey activity, from field work to photogrammetry, mining surveying to metrology,
hydrography to cartography, and cadastral to construction surveying.

1.2.1 Control

A control network isthe framework of survey stations whose coordinates have been precisely determined
and are often considered definitive. The stations are the reference monuments, to which other survey work
of alesser quality isrelated. By its nature, a control survey needsto be precise, complete and reliable and
it must be possible to show that these qualities have been achieved. Thisis done by using equipment of
proven precision, with methods that satisfy the principles and data processing that not only computes the
correct values but gives numerical measures of their precision and reliability.

Since care needs to be taken over the provision of control, then it must be planned to ensure that it
achieves the numerically stated objectives of precision and reliability. It must also be complete as it will
be needed for al related and dependent survey work. Other survey works that may use the control will
usually be less precise but of greater quantity. Examples are setting out for earthworks on a construction
site, detail surveys of a greenfield site or of an as-built development and monitoring many points on a
structure suspected of undergoing deformation.

The practiceof using acontrol framework asabasisfor further survey operationsisoften called ‘working
from the whole to the part’. If it becomes necessary to work outside the control framework then it must
be extended to cover the increased area of operations. Failure to do so will degrade the accuracy of later
survey work even if the quality of survey observations is maintained.

For operations other than setting out, it is not strictly necessary to observe the control before other
survey work. The observations may be concurrent or even consecutive. However, the control survey must
be fully computed before any other work is made to depend upon it.

1.2.2 Economy of accuracy

Surveysare only ever undertaken for a specific purpose and so should be as accurate as they need to be, but
not more accurate. In spite of modern equipment, automated systems, and statistical data processing the
business of survey is still amanpower intensive one and needs to be kept to an economic minimum. Once
the requirement for a survey or some setting out exists, then part of the specification for the work must
include a statement of the relative and absolute accuracies to be achieved. From this, a specification for
the control survey may be derived and once this specification has been achieved, there is no reguirement
for further work.

Whereas control involves working from ‘the whole to the part’ the specification for all survey products
isachieved by working from *the part to the whol€'. The specification for the control may be derived from
estimation based upon experience using knowledge of survey methods to be applied, the instruments to
be used and the capabilities of the personnel involved. Such a specification defines the expected quality of
the output by defining the quality of the work that goes into the survey. Alternatively a statistical analysis
of the proposed control network may be used and this is the preferable approach. In practice a good
specification will involve acombination of both methods, statisticstempered by experience. The accuracy
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of any survey work will never be better than the control uponwhichitisbased. You cannot set out steelwork
to 5 mm if the control isonly good to 2 cm.

1.2.3 Consistency

Any ‘product’ is only as good as the most poorly executed part of it. It matters not whether that ‘ product’
is a washing machine or open heart surgery, a weakness or inconsistency in the endeavour could cause a
catastrophic failure. The same may apply in survey, especially with control. For example, say the majority
of control on a construction site is established to a certain designed precision. Later one or two further
control points are less well established, but &l the control is assumed to be of the same quality. When
holding-down boltsfor a steelwork fabrication are set out from the erroneous control it may require agood
nudge from a JCB to make the later stages of the steelwork fit.

Such is the traditional view of consistency. Modern methods of survey network adjustment allow for
some flexibility in the application of the principle and it is not always necessary for all of a particular
stage of a survey to be of the same quality. If error statistics for the computed control are not to be made
available, then quality can only be assured by consistency in observational technique and method. Such a
quality assurance is therefore only second hand. With positional error statistics the quality of the control
may be assessed point by point. Only least squares adjustments can ensure consistency and then only if
reliability isalso assured. Consistency and economy of accuracy usually go hand in hand in the production
of control.

1.2.4 The Independent check

The independent check is atechnique of quality assurance. It is a means of guarding against a blunder or
gross error and the principle must be applied at all stages of asurvey. Failure to do so will lead to therisk,
if not probability, of ‘catastrophic failure’ of the survey work. If observations are made with optical or
mechanical instruments, then the observations will need to be written down. A standard format should be
used, with sufficient arithmetic checks upon the booking sheet to ensure that there are no computational
errors. The observations should be repeated, or better, made in a different manner to ensure that they are
in sympathy with each other. For example, if arectangular building is to be set out, then once the four
corners have been set out, opposite sides should be the same length and so should the diagonals. The sides
and diagonals should also be related through Pythagoras' theorem. Such checks and many others will be
familiar to the practising surveyor.

Checks should be applied to ensure that stations have been properly occupied and the observations
between them properly made. This may be achieved by taking extra and different measurements beyond
the strict minimum required to solve the survey problem. An adjustment of these observations, especially
by least squares, leads to misclosure or error statistics, which in themselves are a manifestation of the
independent check.

Data abstraction, preliminary computations, data preparation and data entry are all areas where tran-
scription errors are likely to lead to apparent blunders. Ideally all these activities should be carried out
by more than one person so as to duplicate the work and with frequent cross-reference to detect errors.
In short, wherever there is a human interaction with data or data collection there is scope for error.

Every human activity needsto be duplicated if it is not self-checking. Wherever thereis an opportunity
for an error there must be a system for checking that no error exists. If an error exists, there must be a
means of finding it.

1.2.5 Safeguarding

Since survey can be an expensive process, every sensible precaution should be taken to ensure that the
work isnot compromised. Safeguarding is concerned with the protection of work. Observationswhich are
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written down in the field must be in a permanent, legible, unambiguous and easily understood form so that
others may make good sense of the work. Observations and other data should be duplicated at the earliest
possible stage, so that if something happens to the original work the information is not lost. This may be
by photocopying field sheets, or making backup copies of computer files. Whenever the dataisin aunique
form or where all forms of the data are held in the same place, then that data is vulnerable to accidental
destruction.

In the case of acontrol survey, the protection of survey monuments is most important since the precise
coordinates of a point which no longer exists or cannot be found are useless.

1.3 BASIC MEASUREMENTS

Surveying is concerned with the fixing of position whether it be control points or points of topographic
detail and, as such, requires some form of reference system.

The physical surface of the Earth, on which the actual survey measurements are carried out, is not
mathematically definable. It cannot therefore be used as a reference datum on which to compute position.

Alternatively, consider a level surface at al points normal to the direction of gravity. Such a surface
would be closed and could be formed to fit the mean position of the oceans, assuming them to be freefrom
all external forces, such astides, currents, winds, etc. This surfaceis called the geoid and is defined as the
equipotential surfacethat most closely approximatesto mean sealevel inthe open oceans. An equipotential
surface is one from which it would require the same amount of work to move a given mass to infinity no
matter from which point on the surface one started. Equipotential surfaces are surfaces of equal potential;
they are not surfaces of equal gravity. The most significant aspect of an equipotential surface going through
an observer isthat survey instrumentsare set up relativeto it. That is, their vertical axesarein thedirection
of the force of gravity at that point. A level or equipotential surface through apoint is normal, i.e. at right
angles, to the direction of gravity. Indeed, the points surveyed on the physical surface of the Earth are
frequently reduced, initialy, to their equivaent position on the geoid by projection along their gravity
Vectors.

The reduced level or elevation of a point is its height above or below the geoid as measured in the
direction of itsgravity vector, or plumb line, and ismost commonly referred to asits height above or below
mean sealevel (MSL). Thisassumesthat the geoid passesthrough local MSL, which isacceptable for most
practical purposes. However, dueto variations in the mass distribution within the Earth, the geoid, which
although very smooth is still anirregular surface and so cannot be used to locate position mathematically.

The simplest mathemati cally definabl e figure which fitsthe shape of the geoid best isan ellipsoid formed
by rotating an ellipse about its minor axis. Where this shape is used by a country as the surface for its
mapping system, it is termed the reference ellipsoid. Figure 1.1 illustrates the relationship between these
surfaces.

Themajority of engineering surveysarecarried out in areasof limited extent, inwhich casethereference
surface may be taken as atangent plane to the geoid and the principles of plane surveying applied. In other
words, the curvature of the Earthisignored and all pointson the physical surface are orthogonally projected
onto aflat planeasillustrated in Figure 1.2. For areaslessthan 10 km sguare the assumption of aflat Earthis
perfectly acceptablewhen one considersthat in atriangle of approximately 200 km?, the difference between
the sum of the spherical anglesand the planeangleswould be 1 second of arc, or that the differencein length
of an arc of approximately 20 km on the Earth’s surface and its equivalent chord length is a mere 8 mm.

The above assumptions of a flat Earth, while acceptable for some positional applications, are not
acceptable for finding elevations, as the geoid deviates from the tangent plane by about 80 mm at 1 km or
8 mat 10 km from the point of contact. Elevations are therefore referred to the geoid, at |east theoretically,
but usually to MSL practicaly.
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Physical surface

Ellipsoid

Normal (to the
ellipsoid)

Vertical to the geoid
(direction of gravity)

Fig. 1.1 Geoid, ellipsoid and physical surface

Fig. 1.2 Projection onto a plane surface

An examination of Figure 1.2 clearly shows the basic surveying measurements needed to locate points
A, B and C and plot them orthogonally as A’, B’ and C’. Assuming the direction of B from A is known then
the measured slope distance AB and the vertical angle to B from A will be needed to fix the position of B
relative to A. The vertical angle to B from A is needed to reduce the slope distance AB to its equivalent
horizontal distance A'B’ for the purposes of plotting. Whilst similar measurements will fix C relative to
A, it also requires the horizontal angle at A measured from B to C (B'A'C’) to fix C relative to B. The
vertical distances defining the relative elevation of the three points may also be obtained from the slope
distance and vertical angle or by direct levelling (Chapter 3) relative to aspecific reference datum. Thefive
measurements mentioned above comprise the basis of plane surveying and are illustrated in Figure 1.3,
i.e. AB isthe slope distance, AA’ the horizontal distance, A'B the vertical distance, BAA' the vertical angle
() and A’AC the horizontal angle (9).

It can be seen from the above that the only measurements needed in plane surveying are angle and
distance. Nevertheless, the full impact of modern technology has been brought to bear in the acquisition
and processing of this simple data. Angles may now be resolved with single-second accuracy using optical
and electronic theodolites; el ectromagnetic distance measuring (EDM) equipment can obtain distances up
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Fig. 1.3 Basic measurements

to severa kilometres with millimetre precision, depending on the distance measured; lasers and north-
seeking gyroscopes are virtually standard equipment for tunnel surveys; orbiting satellites are being used
for position fixing offshore aswell as on; continued improvement in aeria and terrestrial photogrammetric
and scanning equipment makes mass data capture technology an invaluable surveying tool; finally, data
loggers and computers enable the most sophisticated procedures to be adopted in the processing and
automatic plotting of field data.

1.4 CONTROL NETWORKS

The establishment of two- or three-dimensional control networksis the most fundamental operation in the
surveying of large or small areas of land. Control networks comprise a series of points or positions which
are spatially located for the purpose of topographic surveying, for the control of supplementary points, or
dimensional control on site.

The process involved in carrying out the surveying of an area, the capture and processing of the field
data, and the subsequent production of a plan or map, will now be outlined briefly.

The first and obvious step is to know the purpose and nature of the project for which the surveys are
required in order to assess the accuracy specifications, the type of equipment required and the surveying
processes involved.

For example, a major construction project may require structures, etc., to be set out to subcentimetre
accuracy, inwhich casethecontrol surveyswill berequired to an even greater accuracy. Earthwork volumes
may be estimated from the final plans, hence contours made need to be plotted at 2 m intervals or less.
If a plan scale of 1/500 is adopted, then a plotting accuracy of 0.5 mm would represent 0.25 m on the
ground, thus indicating the accuracy of thefinal process of topographic surveying from the supplementary
control and implying major control to a greater accuracy. The location of topographic data may be done
using total stations, GPS satellites, or, depending on the extent of the area, aerial photogrammetry. The
cost of a photogrammetric survey is closely linked to the contour interval required and the extent of the
area. Thus, the accuracy of the control network would define the quality of the equipment and the number
of observations required.

The duration of the project will affect the design of survey stations required for the control points.
A project of limited duration may only reguire along, stout wooden peg, driven well into solid, reliable
ground and surrounded by a small amount of concrete. A fine nail in the top defines the geometrical
position to be located. A survey control point designed to be of longer duration isillustrated in Chapter 6,
Figure 6.15.
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The next stage of the process is a detailed reconnaissance of the area in order to establish the best
positions for the control points.

Initially, data from all possible sources should be studied before venturing into the field. Such data
would comprise existing maps and plans, aerial photographs and any previous surveying data of that area.
Longitudinal sections may be drawn from the map contours to ensure that lines of sight between control
points are well above ground level and so free of shimmer or refraction effects. If the surveys are to be
connected into the national surveys of the country (Ordnance Survey National Grid in the UK), then the
position of as many national survey points as possible, such as (in the UK) those on the GPS Active or
Passive Network, should be located. These studies, very often referred to as the ‘ paper survey’, should
then be followed up with a detailed field reconnai ssance.

This latter process locates all existing control in the area of interest, both local and national, and
establishes the final positions for all the new control required. These final positions should be chosen to
ensure clear, uninterrupted lines of sight and the best observing positions. Thelocation of these points, and
the type of terrain involved, would then influence the method of survey to be used to locate their spatial
position.

Figure 1.4 indicates control points A, B, ..., F, in the area to be surveyed. It is required to obtain the
coordinate positions of each point. This could be done using any of the following methods:

(a) Intersection or resection
(b) Traversing

(c) Networks

(d) GPSsatellites

Fig. 1.4 Control points
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A

Fig. 1.5 A network

Figure 1.5 illustrates possible lines of sight. All the horizontal angles shown would be measured to the
required accuracy to give the shape of the network. At least one side would need to be measured, say AB,
to give the scale or size of the network. By measuring a check baseline, say ED, and comparing it with its
value, computed through the network, the scale error could be assessed. This form of survey is classical
triangulation and although forming the basis of the national maps of many countries, is now regarded as
obsolete because of the need for lines of sight between adjacent points. Such control would now be done
with GPS.

If the lengths of al the sides were measured in the same triangular configuration without the angles,
this technique would be called ‘trilateration’. Although giving excellent control over scale error, swing
errors may occur. For local precise control surveysthe modern practice thereforeisto use acombination of
angles and distance. Measuring every angle and every distance, including check sights wherever possible,
would give avery strong network indeed. Using sophisticated least squares software it is now possible to
optimize the observation process to achieve the accuracies required.

Probably the most favoured simple method of locating the rel ative coordinate positions of control points
in engineering and construction is traversing. Figure 1.6 illustrates the method of traversing to locate the
same control points Ato F. All the adjacent horizontal angles and distances are measured to the accuracies
required, resulting in much less data needed to obtain coordinate accuracies comparable with the previous
methods. Alsoillustrated are minor or supplementary control pointsa, b, ¢, d, located with lesser accuracy
by means of alink traverse. The field data comprises all the angles as shown plus the horizontal distances
Aa, ab, bc, cd, and dB. The rectangular coordinates of all these points would, of course, be relative to the
major control.

Whilst the methodsillustrated above would largely supply atwo-dimensional coordinate position, GPS
satellites could be used to provide a three-dimensional position.

All these methods, including the computational processes, are dealt with in later chapters of
this book.
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Fig. 1.6 Major traverse A to F. Minor link traverse A to B

1.5 LOCATING POSITION

Establishing control networks and their subsequent computation leads to an implied rectangular coordi-
nate system over the area surveyed. The minor control pointsin particular can now be used to position
topographic data and control the setting out of a construction design.

The methods of topographic survey and dimensional control will most probably be:

(a) by polar coordinates (distance and bearing) using atotal station; or
(b) by GPS using kinematic methods.

Considering method (a), atotal station would be set up over a control point whose coordinates are known
as ‘a’, and back-sighted to another control point ‘b’ whose coordinates are also known. Depending on
the software on board, the coordinates may be keyed into the total station. Alternatively, the bearing of
the line ‘ab’, computed from the coordinates, may be keyed in. Assuming the topographic position of
aroad is required, the total station would be sighted to a corner cube prism fixed to a detail pole held
vertically at (P1), the edge of the road as shown in Figures 1.7 and 1.8. Thefield data would comprise the
horizontal angle baP4(«1) and the horizontal distance D1 (Figure 1.8). Depending on the software being
used, the angle a3 would be used to compute the bearing aP; relative to ‘ab’ and, with the horizontal
distance D1, compute the rectangular coordinates of Py in the established coordinate system. This process
is repeated for the remaining points defining the road edge and any other topographic data within range
of the total station. The whole area would be surveyed in this way by occupying pairs of control points
situated throughout the area.
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Fig. 1.7 Traverse

Fig. 1.8 Detailing by polar coordinates

For method (b), using GPS equipment, the methods are dealt with in detail in Chapter 9: Satellite
positioning.

A further development isthe integration of atotal station with GPS. Thisinstrument, produced by Leica
Geosystems and called SmartStation, provides the advantages of both the systems (a) and (b).

If using existing control, the local coordinate datais copied into the SmartStation and used in the usual
manner on existing pairs of control points. Where the GPS cannot be used because of excessive tree cover
for instance, then the total station may be used in the usual way.
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Fig. 1.9 Intersection

Fig. 1.10 Resection

Perhaps the most significant aspect of this instrument is that pairs of points for orientation as well as
position could be established by GPS thereby eliminating the need to establish a prior control network,
with great savings on time and money.

Alternative methods used very often for the location of single points are intersection, where P is fixed
by measuring the horizontal angles BAP and PBA as shown in Figure 1.9, and resection (Figure 1.10).
Thismethod formsthe basis of triangulation. Similarly, P could be fixed by the measurement of horizontal
distances AP and BP, and forms the basis of the method of trilateration. In both these instances thereisno
independent check, as a position for P (not necessarily the correct one) will always be obtained. Thus at
least one additional measurement is required, either by combining the angles and distances, by measuring
the angle at P as a check on the angular intersection, or by producing a trisection from an extra control
station.

Resection (Figure 1.10) is done by observing the horizontal anglesat P to at least three control stations
of known position. The position of P may be obtained by a mathematical solution as illustrated in
Chapter 6.

It can be seen that al the above procedures simply involve the measurement of angles and distances.

1.6 PLOTTING DETAIL

Inthe past, detail would have been plotted on paper or amore stable medium such as plastic film. However,
today all practical * plotting’ iscomputer based and thereis now an abundance of computer plotting software
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available that will not only produce a contour plot but also supply three-dimensional views, digital ground
models, earthwork volumes, road design, drainage design, perspective views, etc.

1.6.1 Computer systems

To be economically viable, practically all major engineering/surveying organizations use an automated
plotting system. Very often the total station and data logger are purchased along with the computer
hardware and software as a total operating system. In this way interface and adaptation problems are
precluded. Figure 1.11 shows a computer driven plotter which is networked to the system and located
separately.

The essential characteristics of such a system are:

(1) Capahility to accept, store, transfer, process and manage field data that is input manually or directly
from an interfaced datalogger (Figure 1.12).

(2) Software and hardware are in modular form for easy access.

(3) Software will use al modern facilities, such as ‘windows', different colour and interactive screen
graphics, to make the process user friendly.

(4) Continuous data flow from field data to finished plan.

(5) Appropriate database facility for the storage and management of coordinate and cartographic data
necessary for the production of DGMs and land/geographic information systems.

(6) Extensive computer storage facility.

(7) High-speed precision flat-bed or drum plotter.

To betruly economical, thefield data, including appropriate coding of the varioustypes of detail, should
be captured and stored by single-key operation, on adatalogger interfaced to atotal station. The computer

Fig. 1.11 Computer driven plotter
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Fig. 1.12 Data logger

system should then permit automatic transfer of this data by direct interface between the logger and the
system. The software should then: store and administer the data; carry out the mathematical processing,
such as network adjustment, produce coordinates and elevations; generate data storage banks; and finally
plot the data on completion of the data verification process.

Prior to plotting, the data can be viewed on the screen for editing purposes. This can be done from
the keyboard or touch screen using interactive graphics routines. The plotted detail can be examined,
moved, erased or changed as desired. When the examination is complete, the command to plot may then
be activated. Figure 1.13 shows an example of a computer plot.

1.6.2 Digital ground model (DGM)

A DGM isathree-dimensional, mathematical representation of the landform and al itsfeatures, storedina
computer database. Such amodel is extremely useful in the design and construction process, as it permits
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Fig. 1.13 Computer plot
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quick and accurate determination of the coordinates and elevation of any point. The DGM is formed by
sampling points over the land surface and using appropriate algorithms to process these points to represent
the surface being modelled. The methods in common use are modelling by ‘strings’, ‘regular grids’ or
‘triangulated irregular networks'. Regardless of the methods used, they will al reflect the quality of the
field data.

A ‘string’ comprises a series of points along a feature and so such a system stores the position of
features surveyed. The system is widely used for mapping purposes due to its flexibility, accuracy along
the string and the ability to process large amounts of data very quickly. However, as the system does
not store the relationship between strings, a searching process is essential when the levels of points not
included in a string are required. Thus the system’s weakness lies in the generation of accurate contours
and volumes.

The ‘regular grid’ method uses appropriate algorithms to convert the sampled data to a regular
grid of levels. If the field data permits, the smaller the grid interval, the more representative of
landform it becomes. Although a simple technique, it only provides a very genera shape of the land-
form, due to its tendency to ignore vertical breaks of slope. Volumes generated also tend to be rather
inaccurate.

Inthe ‘triangulated irregular networks’ (TIN) method, ‘best fit’ triangles are formed between the points
surveyed. The ground surface therefore comprises a network of triangular planes at various inclina-
tions (Figure 1.14(a)). Computer shading of the model (Figure 1.14(b)) provides an excellent indication
of the landform. In this method vertical breaks are forced to form the sides of triangles, thereby maintain-
ing correct ground shape. Contours, sections and levels may be obtained by linear interpolation through
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Fig. 1.14 (a) Triangular grid model, and (b) Triangular grid model with computer shading

Fig. 1.15 Computer generated contour model

thetriangles. It isthusideal for contour generation (Figure 1.15) and computing highly accurate volumes.
Thevolumesmay be obtained by treating each triangleasaprismto the depth required; hencethesmaller the
triangle, the more accurate the final result.

1.6.3 Computer-aided design (CAD)

In addition to the production of DGMs and contoured plans, a computer-based surveying system permits
the finished plan to be easily related to the designed structure. The three-dimensional information held in
the database supplies al the ground data necessary to facilitate the finished design. Figure 1.16 illustrates
itsusein road design.

The environmental impact of the design can now be more readily assessed by producing perspective
viewsasshownin Figure 1.17. Environmental impact |egislation makesthislatter tool extremely valuable.
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Fig. 1.16 Computer aided road design — courtesy of ISP (Integrated Software Products)

Fig. 1.17 Perspectives with computer shading — courtesy of ISP (Integrated Software Products)
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1.7 SUMMARY

In the preceding sections the basic concepts of surveying have been outlined. Because of their importance
they will now be summarized as follows:

(1) Reconnaissanceisthefirst and most important step in the surveying process. Only after a careful and
detailed reconnaissance of the area can the surveyor decide upon the techniques and instrumentation
required to complete the work economically and meet the accuracy specifications.

(2) Control networks not only form areference framework for locating the position of topographic detail
and setting out constructions, but may also be used for establishing minor control networks containing
a greater number of control stations at shorter distances apart and to a lower order of accuracy, i.e.
a, b, ¢, d in Figure 1.6. These minor control stations may be better placed for the purpose of locating
the topographic detail.

This process of establishing the major control to the highest order of accuracy, as a framework on
which to connect the minor control, which isin turn used as a reference framework for detailing, is
known as wor king from the whole to the part and forms the basis of all good surveying procedure.

(3) Errorsarecontainedinall measurement proceduresand aconstant battle must bewaged by the surveyor
to minimize and evaluate their effect.

It follows from this that the greater the accuracy specifications the greater the cost of the survey
because it results in more observations, taken with greater care, over a longer period of time and
using more precise (and therefore more expensive) equipment. It is for this reason that major control
networks contain the minimum number of stations necessary and surveyors adhere to the economic
principle of working to an accuracy neither greater than nor less than that required.

(4) Independent checks should be introduced not only into the field work, but also into the subsequent
computation and reduction of field data. In thisway, errors can be quickly recognized and dealt with.
Datashould always be measured more than once and preferably in different ways. Examination of sev-
eral measurementswill generally indicateif there are blundersin the measuring process. Alternatively,
close agreement of the measurements is indicative of high precision and generally acceptable field
data, although, as shown later, high precision does not necessarily mean high accuracy, and further
data processing may be necessary to remove any systematic error that may be present.

(5) Commensurate accuracy is advised in the measuring process, i.e. the angles should be measured to
the same degree of accuracy as the distances and vice versa. For guidance: 1” of arc subtends 1 mm
at 200 m. Thismeansthat if distance is measured to, say, 1 in 200 000, the angles should be measured
to 1” of arc, and so on.

In the majority of engineering projects, sophisticated instrumentation such as ‘total stations' interfaced
with electronic data recording is the norm. In some cases the recorded data can be used to produce screen
plotsin real time.

GPS and other satellite systems are used to fix three-dimensional position. Such is the accuracy and
speed of positioning using satellites that they may be used to establish control points, fix topographic
detail, set out position on site and carry out continuous deformation monitoring. However, they cannot be
used to solve every positioning problem and conventional survey techniques continue to have about equal
importance.

However, regardless of the technological advances in surveying, attention must always be given to
instrument calibration and checking, carefully designed projects and meticul ous observation. Assurveying
is essentially the science of measurement, it is necessary to examine the measured data in more detail, as
discussed in the next chapter.
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Error and uncertainty

In surveying nothing is ever absolutely certain.

The product of surveying may be thought of as being in two parts, that is, the derivation of the desired
guantities such as coordinates of, or distances between, points, and the assessment and management of
the uncertainty of those quantities. In other words not only must the survey results be produced, but there
should be numerical statements of the quality of the results for them to be meaningful.

Survey results can never be exactly true for a number of reasons. Surveying equipment, like any other
piece of equipment in the real world can only be manufactured to a certain level of precision. This means
that thereisalimit upon the quality of ameasurement that can be made by any instrument. Although survey
measuring procedures are designed to remove as many errors as possi bl e there will always be some sources
of error that cannot be compensated for. Whatever the scale on the instrument, be it digital or analogue,
there is alimit to the number of significant digits that it can be read to. Surveyors are trained to get the
most out of their instrumentation, but no observer can make perfect measurements. Thereis alimit to the
steadiness of the hand and the acuity of the eye. All survey measurements are subject to external factors,
for example al observed angles are subject to the effects of refraction, and observed distances, whether
EDM or tape, will vary with temperature. The process of getting from observationsto coordinatesinvolves
reductions of, and corrections to, observed data. Some mathematical formulae are rigorous, others are
approximate. These approximations and any rounding errors in the computations will add further error to
the computed survey results.

Thesurveyor’stask isto understand the source and nature of the errorsin the survey work and appreciate
how the observing methods and the computing process may be designed to minimizeand quantify them. Itis
important to understand the nature of the measurement process. Firstly, the unitsin which the measurement
isto take place must be defined, for example distances may be measured in metres or feet and angles may
be in degrees, gons or mils. Next, the operation of comparing the measuring device with the quantity to
be measured must be carried out, for example laying a tape on the ground between two survey stations.
A numerical value in terms of the adopted units of measure is then allocated to the measured quantity.
In one of the examples already quoted the readings of the tape at each station are taken and the difference
between them is the allocated numerical value of the distance between the stations. The important point is
that the true value of the interstation distance is never known, it can only be estimated by an observational
and mathematical process.

Since the true value of a measurement or coordinate can never be known it is legitimate to ask what is
the accuracy or the precision of, or the error in, the estimate of that measurement or coordinate. Accuracy,
precisionand error have specific meaningsin the context of surveying. Accuracy isameasureof reliability.
In other words

Accuracy = True value — Most probable value

where the ‘most probable value' is derived from a set of measurements. In the example above the most
probable value might be the arithmetic mean of a number of independent measurements. Since the true
value is never known then it is also impossible for the accuracy to be known. It can only be estimated.
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Accuracy can be estimated from ‘residuals’, for example, in the two sets of measurements below, which
mean is the more accurate, that of the measurements of line AB or line XY?

Line AB XY

measure residuals measure  residuals

2534 m +4002m 2531m —-001m
2549m +4017m 2533m +001lm
2512m —-020m 2532m 0.00m
2561lm +4+029m 2533m +4+0.01m
25.04m -028m 2531m —-001m

Mean 25.32m 25.32m

Theresiduals in this case are differences between the individual observations and the best estimate of
the distance, that is the arithmetic mean. It is clear from inspection of the two sets of residuals that the
length of line XY appears to be more accurately determined than that of line AB.

Precision is a measure of repeatability. Small residuals indicate high precision, so the mean of line XY
is more precisely determined than the mean of line AB. High precision does not necessarily indicate high
accuracy. For example, if the tape used to measure line XY was in decimals of a yard and the surveyor
assumed it wasin metres, then the computed mean of line XY would bevery precisebut also very inaccurate.
In genera

Precision > Accuracy

but in practice the computed precision is often taken as the assessed accuracy.

Coordinates and their accuracy and precision may be stated as being ‘relative’ or ‘absolute’. Absolute
values are with respect to some previously defined datum. Relative val ues are those with respect to another
station. For example, the Ordnance Survey (OS) coordinates of a GPS passive network station might
be assumed to be absolute coordinates since they are with respect to the OSTNO2 datum of UK. The
coordinates of a new control station on a construction site may have been determined by a series of
observations including some to the GPS station. The precision of the coordinates of the new station may
better be expressed with respect to the OSTNO2 datum, or alternatively with respect to the coordinates
of another survey station on site. In the former case they may be considered as absolute and in the latter
as relative. The difference between absolute and relative precisions is largely one of local definition and
therefore of convenience. In general

Relative precision > Absolute precision

Accuracy and precision are usually quoted as aratio, or as parts per million, e.g. 1:100 000 or 10 ppm, or
in units of the quantity measured, e.g. 0.03 m.

Error is the difference between an actual true valve and an estimate of that true value. If the estimate is
abad one, then the error will be large.

Of these three concepts, accuracy, precision and error, only precision may be numerically defined
from appropriate computations with the observations. Accuracy and error may be assumed, sometimes
erroneoudly, from the precision but they will never be known for sure. The best estimate of accuracy is
usually the precision but it will usually be overoptimistic.
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2.1 UNITS OF MEASUREMENT

The system most commonly used for the definition of units of measurement, for example of distance and
angle, isthe * Systéme International €', abbreviated to SI. The basic units of primeinterest are:

Length in metres (m)

from which we have:
1 m = 10° millimetres (mm)
1 m = 103 kilometres (km)

Thus a distance measured to the nearest millimetre would be written as, say, 142.356 m.
Similarly for areas we have:

1m? = 106 mm?
10* m? = 1 hectare (ha)
10° m? = 1 square kilometre (km?)

and for volumes, m3 and mm?®.

There are three systems used for plane angles, namely the sexagesimal, the centesimal and radians
(arc units).

The sexagesimal units are used in many parts of the world, including the UK, and measure angles in
degrees (°), minutes (') and seconds (") of arc, i.e.

1° = 60
1 = 60"

and an angle is written as, say, 125° 46’ 35"
The centesimal system is quite common in Europe and measures anglesin gons (g), i.e.

1gon = 100 cgon (centigon)
1 cgon = 10 mgon (milligon)

A radian is that angle subtended at the centre of acircle by an arc on the circumference equal in length to
theradius of thecircle, i.e.

27 rad = 360° = 400 gon

Thus to transform degrees to radians, multiply by 7/180°, and to transform radians to degrees, multiply
by 180°/x. It can be seen that:

1rad = 57.2957795° (= 57° 17’ 44.8") = 63.6619972 gon
A factor commonly used in surveying to change angles from seconds of arc to radiansis:
a rad = /206 265

where 206 265 is the number of secondsin aradian.
Other units of interest will be dealt with where they occur in the text.
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2.2 SIGNIFICANT FIGURES

Engineers and surveyors communicate a great deal of their professional information using numbers. It is
important, therefore, that the number of digits used, correctly indicates the accuracy with which the field
data were measured. This is particularly important since the advent of pocket calculators, which tend to
present numbersto as many as eight places of decimalss, calculated from data containing, at the most, only
three places of decimals, whilst some eliminate all trailing zeros. This latter point isimportant, as 2.00 m
isan entirely different value to 2.000 m. The latter number implies estimation to the nearest millimetre as
opposed to the nearest 10 mm implied by the former. Thus in the capture of field data, the correct number
of significant figures should be used.

By definition, the number of significant figures in a value is the number of digits one is certain of
plus one, usualy the last, which is estimated. The number of significant figures should not be confused
with the number of decimal places. A further rule in significant figures is that in al numbers less than
unity, the zeros directly after the decimal point and up to the first non-zero digit are not counted. For
example:

Two significant figures: 40, 42, 4.2, 0.43, 0.0042, 0.040
Three significant figures: 836, 83.6, 80.6, 0.806, 0.0806, 0.00800

Difficulties can occur with zeros at the end of a number such as 83600, which may have three, four or
five significant figures. This problem is overcome by expressing the value in powers of ten, i.e. 8.36 x
10* impliesthree significant figures, 8.360 x 10% impliesfour significant figures and 8.3600 x 10% implies
five significant figures.

It is important to remember that the accuracy of field data cannot be improved by the computational
processes to which it is subjected.

Consider the addition of the following numbers:

155.486
7.08
2183.0
42.0058

If added on a pocket calculator the answer is 2387.5718; however, the correct answer with due regard
to significant figures is 2387.6. It is rounded off to the most extreme right-hand column containing
al the significant figures, which in the example is the column immediately after the decimal point. In
the case of 155.486 + 7.08 + 2183 + 42.0058 the answer should be 2388. This rule also applies to
subtraction.

In multiplication and division, the answer should be rounded off to the number of significant figures
contained in that number having the least number of significant figures in the computational process.
For instance, 214.8432 x 3.05 = 655.27176, when computed on a pocket calculator; however, as 3.05
contains only three significant figures, the correct answer is 655. Consider 428.4 x 621.8 = 266379.12,
which should now be rounded to 266400 = 2.664 x 10°, which has four significant figures. Similarly,
41.8 = 2.1316 = 19.609683 on a pocket calculator and should be rounded to 19.6.

When dealing with the powers of numbers the following rule is useful. If x is the value of the first
significant figure in a number having n significant figures, its pth power is rounded to:

n — 1 significant figuresif p < x
n — 2 significant figuresif p < 10x

For example, 1.5831% = 6.28106656 when computed on a pocket calculator. Inthiscasex = 1,p = 4 and
p < 10x; therefore, the answer should be quoted to n — 2 = 3 significant figures = 6.28.
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Similarly, with roots of numbers, let x equal the first significant figure and r the root; the answer should
be rounded to:

n significant figureswhen rx > 10
n — 1 significant figureswhen rx < 10
For example:

367 = 6, becauser = 2, x = 3, n = 2, thusrx < 10, and answer iston — 1 = 1 significant figure.
415367 = 45144637 on a pocket calculator; however, r = 4, x = 4, n = 5, and as rx > 10, the
answer isrounded to n = 5 significant figures, giving 4.5145.

Asageneral rule, when field data are undergoing computational processing which involves several inter-
mediate stages, one extradigit may be carried throughout the process, provided the final answer isrounded
to the correct number of significant figures.

2.3 ROUNDING NUMBERS

It iswell understood that in rounding numbers, 54.334 would be rounded to 54.33, whilst 54.336 would
become 54.34. However, with 54.335, some individuals always round up, giving 54.34, whilst others
always round down to 54.33. Either process creates a systematic bias and should be avoided. The process
which creates a more random bias, thereby producing a more representative mean value from a set of
data, is to round to the nearest even digit. Using this approach, 54.335 becomes 54.34, whilst 54.345 is
54.34 dso.

2.4 ERRORS IN MEASUREMENT

It should now be apparent that position fixing simply involves the measurement of angles and distance.
However, all measurements, no matter how carefully executed, will contain error, and so the true value of
ameasurement is never known. It followsfrom thisthat if the true valueis never known, the true error can
never be known and the position of a point known only with a certain level of uncertainty.

The sources of error fall into three broad categories, namely:

(1) Natura errors caused by variation in or adverse weather conditions, refraction, unmodelled gravity
effects, etc.

(2) Instrumenta errors caused by imperfect construction and adjustment of the surveying instruments
used.

(3) Personal errorscaused by theinability of theindividual to makeexact observationsduetothelimitations
of human sight, touch and hearing.

2.4.1 Classification of errors

(1) Mistakes are sometimes called gross errors, but should not be classified as errors at al. They are
blunders, often resulting from fatigue or the inexperience of the surveyor. Typical examples are
omitting awhole tape length when measuring distance, sighting the wrong target in around of angles,
reading ‘6’ on alevelling staff as ‘9" and vice versa. Mistakes are the largest of the errors likely to
arise, and therefore great care must be taken to obviate them. However, because they are large they
are easy to spot and so deal with.
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Systematic errors can be constant or variable throughout an operation and are generally attributable to
known circumstances. The value of these errors may often be calculated and applied as a correction to
the measured quantity. They can be the result of natural conditions, examples of which are: refraction
of light rays, variation in the speed of electromagnetic waves through the atmosphere, expansion or
contraction of steel tapes due to temperature variations. In all these cases, corrections can be applied
to reduce their effect. Such errors may also be produced by instruments, e.g. maladjustment of the
theodolite or level, index error in spring balances, ageing of the crystals in EDM equipment. One
form of systematic error is the constant error, which is always there irrespective of the size of the
measurement or the observing conditions. Examples of constant errors in tape measurement might be
due to a break and join in the tape or tape stretch in the first metre of the tape. In this case the remedy
is to ensure that the tape is undamaged and also not to use the first metre of the tape. Examples of
constant errors in the repeated observations of a horizontal angle with atheodolite to elevated targets
might be miscentring over the station or dislevelment of the theodalite. In this case, the remedy isto
ensure that the theodoliteis correctly set up.

There is the personal error of the observer who may have a bias against setting a micrometer or
in bisecting a target, etc. Such errors can frequently be self-compensating; for instance, a person
observing a horizontal angle to a cylindrical target subject to phase, the apparent biased illumination
by the sun when shining on one side will be subject to asimilar bias on asimilar target nearby and so
the computed angle between will be substantially correct.

Systematic errors, in the main, conform to mathematical and physical laws; thus it is argued that
appropriate corrections can be computed and applied to reduce their effect. It is doubtful, however,
whether theeffect of systematic errorsisever entirely eliminated, largely duetotheinability to obtainan
exact measurement of the quantities involved. Typical examples are: the difficulty of obtaining group
refractive index throughout the measuring path of EDM distances; and the difficulty of obtaining
the temperature of the steel tape, based on air temperature measurements with thermometers. Thus,
systematic errorsarethemost difficult to deal with and thereforethey requirevery careful consideration
prior to, during, and after the survey. Careful calibration of all equipment is an essential part of
controlling systematic error.

Random errors are those variates which remain after al other errors have been removed. They are
beyond the control of the observer and result from the human inability of the observer to make exact
measurements, for reasons already indicated above.

Random errors should be small and there is no procedure that will compensate for or reduce any
onesingle error. The size and sign of any random error is quite unpredictable. Although the behaviour
of any one observation is unpredictable the behaviour of a group of random errorsis predictable and
the larger the group the more predictable is its behaviour. This is the basis of much of the quality
assessment of survey products.

Random variates are assumed to have a continuous frequency distribution called normal distribution
and obey the law of probability. A random variate, x, which is hormally distributed with a mean and
standard deviation, iswrittenin symbol formasN(u, o2). Random errorsalonearetreated by statistical
processes.

2.4.2 Basic concept of errors

The basic concept of errorsin the data captured by the surveyor may be likened to target shooting.

Inthefirst instance, let us assume that a skilled marksman used arifle with a bent sight, which resulted

in his shooting producing a scatter of shotsasat Ain Figure 2.1.

That the marksman is skilled (or consistent) is evidenced by the very small scatter, which illustrates

excellent precision. However, as the shots are far from the centre, caused by the bent sight (systematic
error), they arecompletely inaccurate. Such asituation can arisein practice when apiece of EDM equipment
produces a set of measurements all agreeing to within a few millimetres (high precision) but, due to an
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Fig. 2.1 Scatter

operating fault and lack of calibration, the measurements are all incorrect by several centimetres (low
accuracy). If the bent sight is now corrected, i.e. systematic errors are minimized, the result is a scatter of
shotsas at B. In this case, the shots are clustered near the centre of the target and thus high precision, due
to the small scatter, can be related directly to accuracy. The scatter is, of course, due to the unavoidable
random errors.

If thetarget was now placed face down, the surveyors’ task would betolocate the most probabl e position
of the centre based on an analysis of the position of the shots at B. From this analogy severa important
facts emerge, asfollows.

(1) Scatter isan ‘indicator of precision’. The wider the scatter of a set of results about the mean, the less
repeatable the measurements are.

(2) Precision must not be confused with accuracy; the former is a relative grouping without regard to
nearness to the truth, whilst the latter denotes absolute nearness to the truth.

(3) Precision may be regarded as an index of accuracy only when all sources of error, other than random
errors, have been eliminated.

(4) Accuracy may be defined only by specifying the bounds between which the accidental error of a
measured quantity may lie. The reason for defining accuracy thus is that the absolute error of the
guantity isgenerally not known. If it were, it could simply be applied to the measured quantity to give
its true value. The error bound is usually specified as symmetrical about zero. Thus the accuracy of
measured quantity x isX 4 ex where ey is greater than or equal to the true but unknown error of x.

(5) Position fixing by the surveyor, whether it is the coordinate position of pointsin acontrol network, or
the position of topographic detail, is simply an assessment of the most probabl e position and, as such,
requires a statistical evaluation of its precision.

2.4.3 Further definitions

(1) Thetrue value of ameasurement can never be found, even though such avalue exists. Thisis evident
when observing an angle with a one-second theodolite; no matter how many times the angleis read,
adlightly different value will always be obtained.

(2) True error (ex) similarly can never be found, for it consists of the true value (X) minus the observed
value (x), i.e.

X—XZE)(

(3) Relativeerrorisameasureof theerrorinrelationtothesize of themeasurement. For instance, adistance
of 10 m may be measured with an error of +1 mm, whilst a distance of 100 m may also be measured
to an accuracy of &1 mm. Although the error isthe samein both cases, the second measurement may



(4)

®)
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clearly be regarded as more accurate. To alow for this, theterm relative error (Ry) may be used, where
RX = 8)(/X

Thus, in the first case x = 10 m, &x = +1mm, and therefore Ry = 1/10000; in the second case,
Ry = 1/100000, clearly illustrating the distinction. Multiplying the relative error by 100 gives the
percentageerror. ‘ Relativeerror’ isan extremely useful definition, andiscommonly used in expressing
the accuracy of linear measurement. For example, the relative closing error of a traverse is usually
expressed in this way. The definition is clearly not applicable to expressing the accuracy to which an
angle is measured, however.

Most probable value (MPV) is the closest approximation to the true value that can be achieved from
aset of data. This value is generally taken as the arithmetic mean of a set, ignoring at this stage the
frequency or weight of the data. For instance, if A isthe arithmetic mean, X the true value, and ¢, the
errors of a set of n measurements, then

A X — Yeén

where X ¢ isthe sum of the errors. As the errors are equally aslikely to be positive as negative, then
for a finite number of observations Zen/n will be very small and A ~ X. For an infinite number of
measurements, it could be argued that A = X.

The residua is the difference between the MPV of a set, i.e. the arithmetic mean, and the observed
values. Using the same argument as before, it can be shown that for afinite number of measurements,
theresidual r is approximately equal to the true error ¢.

2.4.4 Probability

Consider alength of 29.42 m measured with a tape and correct to +0.05 m. The range of these measure-
ments would therefore be from 29.37 m to 29.47 m, giving 11 possibilitiesto 0.01 m for the answer. If the
next bay was measured in the same way, there would again be 11 possibilities. Thus the correct value for
the sum of the two bays would lie between 11 x 11 = 121 possibilities, and the range of the sum would
be 2 x +£0.05 m, i.e. between —0.10 m and +0.10 m. Now, the error of —0.10 m can occur only once,
i.e. when both bays have an error of —0.05 m; similarly with +0.10. Consider an error of —0.08; this
can occur in three ways: (—0.05 and —0.03), (—0.04 and —0.04) and (—0.03 and —0.05). Applying this
procedure through the whole range can produce Table 2.1, the lower half of which is simply a repeat of

Table 2.1 Probability of errors

Error Occurrence Probability
-0.10 1 1/121 = 0.0083
—0.09 2 2/121 = 0.0165
—0.08 3 3/121 = 0.0248
-0.07 4 4/121 = 0.0331
—0.06 5 5/121 = 0.0413
—0.05 6 6/121 = 0.0496
—-0.04 7 7/121 = 0.0579
—0.03 8 8/121 = 0.0661
—0.02 9 9/121 = 0.0744
-0.01 10 10/121 = 0.0826

0 11 11/121 = 0.0909

0.01 10 10/121 = 0.0826
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Fig. 2.2 Probability histogram

the upper half. If the decimal probabilities are added together they equal 1.0000. If the above results are
plotted as error against probability the histogram of Figure 2.2 is obtained, the errors being represented
by rectangles. Then, in the limit, as the error interval gets smaller, the histogram approximates to the
superimposed curve. This curve is called the normal probability curve. The area under it represents the
probability that the error must lie between £0.10 m, and is thus equal to 1.0000 (certainty) as shown in
Table 2.1.

More typical bell-shaped probability curves are shown in Figure 2.3; the tall thin curve indicates small
scatter and thus high precision, whilst theflatter curverepresentslarge scatter and low precision. Inspection
of the curve reveals:

(1) Positive and negative errors are equal in size and frequency; they are equally probable.

(2) Small errors are more frequent than large; they are more probable.

(3) Very large errors seldom occur; they are less probable and may be mistakes or untreated systematic
errors.

The equation of the normal probability distribution curveis:
e %(X_M)ZU -2
o (21)2
wherey = probability of the occurrence of x — u, i.e. the probability that x the variate deviates this far
from the central position of the distribution 1, o isthe spread of the distribution and e = the base of natural
logarithms. If .« = O, i.e. the centre of the distribution is at zero and o = 1, i.e. the spread is unity, the
formulafor the probability simplifies to:

1,2
e X

y= 1
(2r)2

Asalready illustrated, the areaunder the curve representsthelimit of relative frequency, i.e. probability,
and is equal to unity. Thus atable of Normal Distribution curve areas (Table 2.2) can be used to calculate
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Table 2.2 Area under the Normal Distribution curve
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z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

00 05000 05040 05080 05120 05160 05199 05239 05279 05319  0.5359
01 05398 05438 05478 05517 05557 05596 05636 05675 05714  0.5753
02 05793 05832 05871 05910 05948 05987 0.6026 0.6064 0.6103 0.6141
03 06179 0.6217 06255 0.6293 06331 0.6368 0.6406 0.6443 0.6480 0.6517
04 06554 06591 0.6628 06664 0.6700 0.6736 06772 0.6808 0.6844  0.6879
05 06915 0.6950 0.6985 07019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224
06 07257 07291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486  0.7517  0.7549
07 07580 0.7611 0.7642 07673 0.7704 0.7734 07764 0.7794 0.7823  0.7852
08 07881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
09 08159 08186 0.8212 08238 08264 0.8289 0.8315 08340 0.8365 0.8389
10 08413 08438 08461 0.8485 08508 0.8531 0.8554 08577 0.8599  0.8621
11 08643 08665 0.8686 0.8708 08729 08749 0.8770 0.8790 0.8810 0.8830
12 08849 08869 0.8888 0.8907 08925 0.8944 0.8962 0.8980 0.8997  0.9015
13 09032 09049 0.9066 09082 09099 09115 09131 09147 09162 0.9177
14 09192 09207 09222 09236 09251 09265 09279 09292 09306  0.9319
15 09332 09345 09357 09370 09382 0.9394 09406 09418 0.9429 0.9441
16 09452 09463 0.9474 09484 09495 09505 09515 09525 0.9535  0.9545
17 09554 09564 09573 09582 09591 09599 0.9608 09616 09625  0.9633
18 09641 09649 09656 09664 09671 09678 09686 09693 0.9699 0.9706
19 09713 09719 09726 09732 09738 09744 09750 09756 0.9761  0.9767
20 09772 09778 09783 09788 09793 09798 09803 09808 0.9812  0.9817
21 09821 09826 09830 09834 09838 09842 09846  0.9850 09854  0.9857
22 09861 098064 09868 09871 0.9875 09878 09881 0.9884 0.9887  0.9890
23 09893 09896 09898 09901 09904 09906 09909 0.9911 0.9913 0.9916
24 09918 09920 09922 09925 0.9927 09929 09931 0.9932 09934  0.9936
25 09938 09940 09941 09943 0.9945 09946 09948 0.9949 09951  0.9952
26 09953 09955 09956 09957 0.9959 09960 09961  0.9962 0.9963  0.9964
27 0995 09966 0.99%7 09968 0.9969 09970 09971 0.9972 09973  0.9974
28 09974 09975 09976 09977 09977 09978 09979 0.9979 09980  0.9981
29 09981 09982 09982 09983 0.9984 09984 09985 09985 0.9986  0.9986
30 09987 09987 09987 09988 0.9988 09989 09989 0.9989 0.9990  0.9990

How to use thetable: If (x — u)/o = 1.75 look down the left column to 1.7 and across the row to the element in the column headed
0.05; the value for the probability is 0.9599, i.e. the probability is 95.99%.
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probabilities provided that the distribution is the standard normal distribution, i.e. N(0, 12). If the variable
xisN(u, 02), then it must be transformed to the standard normal distribution using Z = (x — u)/o, where

Z has a probability density function equal to (2n)*% e 2712,

For example, when x = N(5, 2%) then Z = (x — 5)/2
Whenx =9thenZ =2

Thus the curve can be used to assess the probability that a variable x will fall between certain values.
Therearetwo new terms, 1 and o which are usually found from the data, rather than being assumed before
the data is investigated. In the normal distribution, the variable x may take values from minus infinity to
plusinfinity. n is estimated as the mean value of x and o gives a measure of the spread or width of the
distribution. o is estimated as the square root of the sum of the squares of the individual differences of
x from p divided by the number of differencesless 1, that is the degrees of freedom. Note that whatever
the population, for example a set of repeated measurements, © and o can only be estimated from the
population, they are never known exactly. o isknown asthe standard deviation or more often in surveying
terminology, the standard error.

An assumption here is that the population of x is large, in fact theoretically infinite. Clearly sets of
measurements are never infinite but providing the sets are large then this theoretical problem does not
become apractical problem. When the population is small then the ‘t’ distribution, described later, ismore
appropriate.

Any single observation will deviate from its expected value for two reasons. There will be random
errors in the individual observation including rounding errors and there may be systematic errors that
unknowingly invalidate the expectation. In practical survey statistics the process of testing whether the
difference between an individual observation and the mean of the set is significant isfirst to estimate the
parametersof the appropriate normal distribution, « and o, and then test whether theindividual observation
isan outlier.

In Figure 2.3, the area under the curve represents the sum total of all possibilities and therefore is 1.
The greater the value of o, the flatter and hence broader is the curve. The maximum gradients of the curve
are where

X=uto

For example, the probability that x will fall between 0.5 and 2.4 is represented by area A on the normal
curve (Figure 2.4(a)). This statement can be written as:

P(0.5 < x < 24) = areaA

Now Area A = AreaB — Area C (Figure 2.4(b) and (c))
where Area B represents P(X < 2.4)

and Area C represents P(x < 0.5)

i.e P05 <x<24)=PX<24)—-PX<05)

From the table of the Normal Distribution (Table 2.2):

When x = 2.4, Area= 0.9918
When x = 0.5, Area= 0.6915
.. P(0.5 < x < 2.4) = 0.9918 — 0.6195 = 0.3723

That is, there is a 37.23% probability that x will lie between 0.5 and 2.4.

If verticals are drawn from the points of inflexion of the normal distribution curve (Figure 2.5) they will
cut that base at —oy and +-ox, where oy isthe standard deviation. The area shown indicates the probability
that x will lie between oy and equals 0.683 or 68.3%. Thisis avery important statement.
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Fig. 2.5 Normal distribution curve

The standard deviation (o), if used to assess the precision of aset of data, impliesthat 68% of thetime,
the arithmetic mean (X) of that set should lie between (X 4 ox). Put another way, if the sampleisnormally
distributed and contains only random variates, then 7 out of 10 should lie between (X & o). It isfor this
reason that two-sigmaor three-sigma limits are preferred in statistical analysis:

+20y = 0.955 = 95.5% probability
and + 3oy = 0.997 = 99.7% probability

Thus using two-sigma, we can be 95% certain that a sample mean (X) will not differ from the population
mean w by more than +20y. These are called ‘ confidence limits', where X is a point estimate of « and
(X £ 20y) isthe interval estimate.

If asamplemean liesoutsidethelimitsof 420y we say that the differencebetweenX and . isstatistically
significant at the 5% level. There is, therefore, reasonable evidence of area difference and the original
null hypothesis (Ho - X = 1) should be rejected.

It may be necessary at this stage to more clearly define ‘population’ and ‘sample’. The ‘population’ is
the whole set of data about which we require information. The ‘sample’ isany set of datafrom population,
the statistics of which can be used to describe the population.

2.5 INDICES OF PRECISION

It is important to be able to assess the precision of a set of observations, and several standards exist for
doing this. Themost popular is standard deviation (o), anumerical valueindicating the amount of variation
about a central value.

In order to find out how precision is determined, one must first consider a measure which takes into
account all the valuesin aset of data. Such ameasure is the deviation from the mean (X) of each observed
value (%), i.e. (i — X), and one obvious consideration would be the mean of these values. However, in a
normal distribution the sum of the deviations would be zero because the sum of the positive deviations
would equal the sum of the negative deviations. Thus the ‘mean’ of the squares of the deviations may be
used, and thisis called the variance (o2).

i=n
2= " (% —%)?n (2.2)
|

Theoretically o is obtained from an infinite number of variates known as the population. In practice,
however, only asample of variatesis available and Sis used as an unbiased estimator. Account is taken of

I
N
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the small number of variatesin the sample by using (h — 1) asthe divisor, which isreferred to in statistics
asthe Bessel correction; hence, varianceis:

F=) (-%n-1 (2.2)
i=1

Asthedeviations are squared, the unitsin which variance is expressed will bethe original units squared.
Toobtainanindex of precisioninthesameunitsastheoriginal data, therefore, thesquareroot of thevariance
isused, and thisis called standard deviation (S), thus:

n 2
Standard deviation = S = {Z (% — X)°In— 1} (2.3)
i=1

Standard deviation is represented by the shaded area under the curve in Figure 2.5 and so establishes
the limits of the error bound within which 68.3% of the values of the set should lig, i.e. seven out of a
sample of ten.

Similarly, a measure of the precision of the mean (X) of the set is obtained using the standard error
(%), thus:

Standard error = § = {Z (% — X)?/n(n — 1)} 2 — Sin? (2.49)
i—1

Standard error therefore indicatesthe limits of the error bound within which the ‘true’ value of the mean
lies, with a 68.3% certainty of being correct.

It should be noted that Sand S; are entirely different parameters. The value of Swill not alter signifi-
cantly with anincreasein the number (n) of observations; the value of S, however, will alter significantly
asthe number of observationsincreases. It isimportant therefore that to describe measured data both values
should be used.

2.6 WEIGHT

Weights are expressed numerically and indicate the rel ative precision of quantitieswithin aset. The greater
theweight, the greater the precision of the observation towhichit relates. Thusan observationwith aweight
of two may be regarded as more precise than an observation with a weight of one. Consider two mean
measures of the same angle: A = 50° 50’ 50” of weight one, and B = 50° 50’ 47" of weight two. Thisis
equivalent to three observations, 50”7, 47", 47", all of equal weight, and having a mean value of

(50" + 47" + 47")I3 = 48"

Therefore the mean value of the angle = 50° 50’ 48”.
Inspection of this exercise shows it to be identical to multiplying each observation a by its weight, w,
and dividing by the sum of the weights Zw, i.e.
agwi + apWo + - - - 4+ anWn Yaw

Weighted mean = = = 25
g Am Wi +Wo + -+ Wh zw 3)

Weights can be allocated in a variety of ways, such as: (a) by personal judgement of the prevailing
conditions at the time of measurement; (b) by direct proportion to the number of measurements of the
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guantity, i.e. w o< n; (c) by the use of variance and co-variance factors. This last method is recommended
and in the case of the variance factor is easily applied as follows. Equation (2.4) shows

S = 9n?

That is, error isinversely proportional to the square root of the number of measures. However, asw « n,
then

chl/S;

i.e. weight is proportional to the inverse of the variance.

2.7 REJECTION OF OUTLIERS

Itisnot unusual, when taking repeated measurements of the same quantity, tofind at | east onewhich appears
very different from the rest. Such a measurement is called an outlier, which the observer intuitively feels
should be rejected from the sample. However, intuition is hardly a scientific argument for the rejection of
data and amore statistically viable approach is required.

As already indicated, standard deviation o represents 68.3% of the area under the normal curve and
is therefore representative of 68.26% confidence limits. This leaves 31.74% of the area under the tails
of the curve, i.e. 0.1587 or 15.87% on each side. In Table 2.2 the value of z at 1.00 x o is 0.8413
(0.8413 = 1—0.1587) and indicates that the table is only concerned with thetail on one side of . not both.
Therefore to calculate confidence limits for a variate both tails must be considered, so if 95% confidence
limits are required that implies that each tail will be 2.5% and so look for 97.5% or 0.9750 in the table.
The value of z = (1 — X)/o associated with 0.9750 in Table 2.2 is 1.96. This indicates that for a Normal
Distribution 95% of the population lieswithin 1.96 x o of wu.

Thus, any random variate x;, whoseresidual error (x; —X) isgreater than +1.96S, must liein the extreme
tail ends of the normal curve and might therefore be ignored, i.e. rejected from the sample. In the Normal
Distribution the central position of the distribution is derived from the theoretical infinite population.
In practice, in survey, it is derived from alimited data set. For example, the true value of a measurement
of aparticular distance could only be found by averaging an infinite number of observations by an infinite
number of observerswith an infinite number of measuring devices. The best one could hopefor in practice
would be afew observations by afew observers with very few instruments. Therefore the computed mean
value of the observations is an estimate, not the true value of the measurement. This uncertainty is taken
into account by using the ‘t’ distribution (Table 2.3) rather than the Normal Distribution.

Worked example

Example 2.1. The following observations of an angle have been taken:

30°42' 24" 30°42'22" 30°42 23"
30°42' 25" 30°42'22" 30° 42 40"

What is the probability that the last observed angle is an outlier?

Compute the mean of the sample 30° 42' 26"

Find the deviation, d, of the last observation 30°42' 40" — 30°42' 26" = 14"
Compute s, the estimate of o, from the mean and theresiduals ~ 6.78"

Findt = d/s= 14"/6.78" = 2.064

Number of degrees of freedom, N = number of observations —1 =5
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Table 2.3 Area under the ‘t’ distribution curve

Area = probability 0.800 0.900 0.950 0.980 0.990 0.995 0.998 0.999

degrees of freedom N ‘t’

1 1376 3078 6.314 15.895 31.821 63.657 159.153 318.309
2 1061 1886 2920 4.849 6.965 9.925 15.764 22.327
3 0978 1638 2353 3.482 4.541 5.841 8.053 10.215
4 0941 1533 2132 2.999 3.747 4.604 5.951 7.173
5 0920 1476 2015 2.757 3.365 4.032 5.030 5.893
6 0.906 1440 1943 2.612 3.143 3.707 4.524 5.208
7 0.896 1415 1.895 2.517 2.998 3.499 4.207 4.785
8 0.889 1397 1860 2.449 2.896 3.355 3.991 4.501
9 0.883 1383 1833 2.398 2.821 3.250 3.835 4.297
10 0879 1372 1812 2.359 2.764 3.169 3.716 4.144
12 0873 135 1782 2.303 2.681 3.055 3.550 3.930
14 0868 1345 1761 2.264 2.624 2977 3.438 3.787
16 0.865 1.337 1.746 2.235 2.583 2921 3.358 3.686
18 0862 1330 1734 2214 2.552 2.878 3.298 3.610
20 0860 1325 1725 2197 2.528 2.845 3.251 3.552
25 0.856 1316 1.708 2.167 2.485 2.787 3.170 3.450
30 0854 1310 1697 2.147 2457 2.750 3.118 3.385
40 0851 1303 1684 2123 2423 2.704 3.055 3.307
60 0848 1296 1671 2.099 2.390 2.660 2.994 3.232
100 0845 1290 1.660 2.081 2.364 2.626 2.946 3.174
1000 0842 1282 1646 2.056 2.330 2.581 2.885 3.098

Find the appropriate valuein therow N = 5inthet table (Table 2.3). At aprobability of 0.95 the value of
t is 2.015 therefore the computed value of 2.064 indicates that there is dightly more than a 95% chance
that the last observation contains a non-random error.

It should be noted that successive rejection procedures should not be applied to the sample.

2.8 COMBINATION OF ERRORS

Much datain surveying is obtained indirectly from various combinations of observed data, for instance
the coordinates of the ends of a line are a function of its length and bearing. As each measure-
ment contains an error, it is necessary to consider the combined effect of these errors on the derived
quantity.

The general procedureisto differentiate with respect to each of the observed quantitiesin turn and sum
them to obtain their total effect. Thusif a = f(x,y,z...), and each independent variable changes by a
small amount (an error) 8x, 8y, 8z, ..., then awill change by a small amount equal to §a, obtained from
the following expression:

da oa da

da= — - -6Xx+—-4 —-8z+--- 2.6
X Jray y+8z + (26)

in which 0a/ox isthe partial derivative of a with respect to x, etc.
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Consider now a set of measurements and let the residuals 8x;, 8yi, and 8z, be written as x;, i, and z
and the error in the derived quantity éa iswritten as a;:

alza_a.xl+%.yl+a_a.zl+...
X ay a0z

S SV L SV S
X ay 0z
oa Ja foa

an=&'xn+®‘Yn+E'Zn+-'-

Now sqguaring both sides gives

9a\? Ja\ [ da da\?
2 — . 2 — — PR —
% (ax> X”Z(ax) (ay)xlyl+ +<ay) i+
sa\? da\ [ da da\?
RN

2_ (98)° L2, ,(02) (02 e (Y 2s
a”_<8x 5 +2( 5 ay ) vt gy Y2+

In the above process many of the sguare and cross-multiplied terms have been omitted for simplicity.
Summing the results gives

da\? ada\ [ da da\?

2 2

— (= 21 =) = _

2.8 <ax) 2.4 <ax>(ay>zxy+ +<ay> 2.

As the measured quantities may be considered independent and uncorrelated, the cross-products tend to

zero and may beignored.
Now dividing throughout by (n — 1):

ya <a_) ¥ +(a_a>2 Xy, <a_> LN

2
a

n-1 ax) n—-1 ay/) n—-1 iz n—-1
The sum of the residuals squared divided by (n — 1), isin effect the variance o2, and therefore
da\? a2 da\?
og = <&> O’X2 + (@) c7y2 + (E) 022 + - (27)

which isthe general equation for the variance of any function. This equation is very important and is used
extensively in surveying for error analysis, asillustrated in the following examples.

2.8.1 Uncertainty of addition or subtraction

Consider a quantity A = a + b where a and b have standard errors o5 and oy, then

1
da+b) 12 [(a@+b) )? 2

o2 = { 73 aa} + { T o2+ ag SLOA = (aaz +a§) (2.8

As subtraction is simply addition with the signs changed, the above also holds for the error in a difference:

If oa=o0pb =0, then oa=o(n)2 (2.9)
Equation (2.9) should not be confused with equation (2.4) which refersto the mean, not the sum as above.
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Worked examples

Example 2.2. Three angles of atriangle each have a standard error of 2. What is the total error (o) in
thetriangle?

1 1
or = (2+22+29)% =2(3)° =35’

Example 2.3. In measuring around of angles at a station, the third angle ¢ closing the horizon is obtained
by subtracting the two measured anglesa and b from 360°. If angle a hasastandard error of 2 and angle b
astandard error of 37, what is the standard error of angle c?

sincec =360°—a—Db
then oc = (02 + 02)2 = (22 + 3%)% = 3.6

Example 2.4. The standard error of a mean angle derived from four measurements is 3”; how many
measurements would be required, using the same equipment, to halve this uncertainty?

From equation (2.4) om = G—f nos=3"x 47 — ¢’
nz2

i.e. the instrument used had a standard error of 6” for a single observation; thus for o, = 1.5”, when
Og = 6//:

6 2
n= <—> =16
15

Example 2.5. If the standard error of the sum of independently observed angles in atriangle is to be not
greater than 6.0”, what is the permissible standard error per angle?

From equation (2.9) o1 = ap(n)%
where o7 isthetriangular error, oy, the error per angle, and n the number of angles.

oT 60/, 7"
(mz (32

ey

2.8.2 Uncertainty of a product

Consider A = (a x b x ¢) where a, b and ¢ have standard errors o3, o, and o¢. The variance

2 2 2
. {a(szc)oa} N {a(sgc)ab} +{a(§gc)ac}

= (bcoa)? + (acon)? + (aboc)?

on=abef(2) 4 (2)"+ (2) ) @10

The termsin brackets may be regarded as the relative errors Ry, Ry, Re giving
oa = abc (R2 + R2 + R2)? (2.12)



36 Engineering Surveying
2.8.3 Uncertainty of a quotient

Consider A = a/b, then the variance

2 2

R = [P Dol {20} () () 212)
o=y ()
:%§+%ﬁ (2.13)

2.8.4 Uncertainty of powers and roots

The case for the power of a number must not be confused with the case for multiplication, for example
a® = a x a x a, with each term being exactly the same.
Thusif A = a", then the variance

dah \? 2
2_ [T — n—1 . — n—1
Op = ( 2 oa> (na oa> ;L OA (na O'a> (2.14)
. oan  na" oy  nog
Alternatively Ra= — = =— =nRy (2.15)
an an a
Similarly for roots, if the function is A = al’", then the variance
2
dal/n 1 2 n 2
0f = ( aa> = <_a1/n—10a> = (—aﬂna_laa) (2.16)
fda n n

2
a1/n o aJJn Oa
The same approach is adapted to general forms which are combinations of the above.

Worked examples

Example 2.6. The same angle was measured by two different observers using the same instrument,
asfollows:

Observer A Observer B

o / " o / 1

86 34 10 86 34 05
33 50 34 00
33 40 33 55
34 00 33 50
33 50 34 00
34 10 33 55
34 00 34 15
34 20 33 44
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Calculate: (a) The standard deviation of each set.
(b) The standard error of the arithmetic means.

(c) The most probable value (MPV) of the angle. (KU)
Observer A r r2 Observer B r r2
o 4 VA 1 " o / 1 " 4
86 34 10 10 100 86 34 05 7 49
33 50 -10 100 34 00 2 4
33 40 -20 400 33 55 -3 9
34 00 0 0 33 50 -8 64
33 50 —-10 100 34 00 2 4
34 10 10 100 33 55 -3 9
34 00 0 0 34 15 17 289
34 20 20 400 33 44 -14 19
Mean=86 34 00 0 1200=%r? gp 33 58 0 624=7yxr2

(@ (i) Standard deviation (Tr? = (% — X)?)

2\ 3 1
S — <Zr )2 _ (1200)2 _ 131"

n—1 7
131
(b) (i) Standard error &, = &i =— =46"
nz 82

1
(@ (ii) Standard deviation Sg — (g)z —oa

" 9.4
(b) (ii) Standard error S5 = — =3.3"
82
(c) Aseach arithmetic mean has adifferent precision exhibited by its S; value, the arithmetic means must

be weighted accordingly before they can be averaged to give the MPV of the angle:

1

1
Weight of A oc = = == = 0.047
SOOI AN g T 212

1
Weight of B o¢ ——— — 0.002
T

The ratio of the weight of A to the weight of B is0.047:0.092

(0.047 x 86° 34 00" + 0.092 x 86° 33' 58”)

- MPV orfeangie (0.047 + 0.092)

= 86° 33' 59"

As a matter of interest, the following point could be made here: any observation whose residual is
greater than 2.998S should be rejected at the 98% level (see Section 2.7). Each data set has 8 observations
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and therefore the mean has 7 degrees of freedom. Thisis a 2-tailed test therefore the 0.99 column is used.
As 2.998Sy = 39.3” and 2.998% = 28.2”, dl the observations should be included in the set. This test
should normally be carried out at the start of the problem.

Example 2.7. Discuss the classification of errorsin surveying operations, giving appropriate examples.
In atriangul ation scheme, the three angles of atriangle were measured and their mean values recorded
as50° 48 18", 64° 20’ 36" and 64° 51’ 00”. Analysis of each set gave astandard deviation of 4” for each of
these means. At alater date, the angles were re-measured under better conditions, yielding mean values of
50° 48 20", 64° 20’ 39” and 64° 50’ 58”. The standard deviation of each value was 2”. Calculate the most
probable values of the angles. (KU)

The angles are first adjusted to 180°. Since the angles within each triangle are of equal weight, then the
angular adjustment within each triangle is equal.

50°48 18"+ 2" = 50°48 20" 50°48 20"+ 1" = 50° 48 21”
64°20'36"+2" = 64°20'38" 64°20'39"+1" = 64° 20/ 40"
64°51'00"+2" = 64°51'02” 64°50'58"+ 1" = 64°50' 59"

179° 59' 54” 180° 00’ 00” 179°59 57” 180° 00’ 00”

1
Weight of thefirst set = wy = 1/4% = E

1
Weight of the second set = wp = 122 = 2

Thuswi = 1, whenw, = 4.

(50° 48 20”) + (50° 48 21" x 4)
5

Similarly, the MPV's of the remaining angles are:

S.MPV = = 50°4820.8"

64° 20’ 39.6” 64° 50’ 59.6”
The values may now be rounded off to single seconds.

Example 2.8. A base line of ten bays was measured by a tape resting on measuring heads. One observer
read one end while the other observer read the other —the difference in readings giving the observed length
of the bay. Bays 1, 2 and 5 were measured six times, bays 3, 6 and 9 were measured five times and the
remaining bays were measured four times, the means being calculated in each case. If the standard errors
of single readings by the two observers were known to be 1 mm and 1.2 mm, what will be the standard
error in the whole line due only to reading errors? (LU)

1
Standard error in reading a bay S=(1°+12%2 =1.6mm

Consider bay 1. This was measured six times and the mean taken; thus the standard error of the meaniis:

1.6
|2 62
This value appliesto bays 2 and 5 also. Similarly for bays 3, 6 and 9:
16

52
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16
Forbays4,7,8and10 & = — =0.8mm
43
These bays are now summed to obtain the total length. Therefore the standard error of the wholelineis

(0.6% + 0.6 + 0.62 + 0.72 + 0.7 + 0.72 + 0.82 + 0.82 + 0.8% + 0.8)2 = 23mm

Example 2.9.

(a) A baselinewas measured using el ectronic distance-measuring (EDM) equipment and amean distance
of 6835.417 m recorded. The instrument used has a manufacturer’s quoted accuracy of 1/400 000
of the length measured 20 mm. As a check the line was re-measured using a different type of EDM
equipment having an accuracy of 1/600 000 £ 30 mm; the mean distance obtained was 6835.398 m.
Determine the most probable value of theline.

(b) Ananglewasmeasured by three different observers, A, B and C. The mean of each set and its standard
error is shown below.

Observer Mean angle S

o / " 1

A 89 54 36 07
B 89 54 42 12
C 89 54 33 10

Determine the most probable value of the angle. (KU)

1
(@ Standard error, 1stinstrument S, = 6835 \* + (0.020)? 2
' 1 400000 '

= 0.026m

, 6835 2 .12
Standard error, 2nd instrument S, = 500000 + (0.030)

=0.032m

These values can now be used to weight the lengths and find their weighted means as shown below.

Length, L (m) S Weight ratio Weight, W LxW
1st instrument 0.417 0.026 1/0.0262 = 1479 15 0.626
2nd instrument 0.398 0.032 1/0.0322 = 977 1  0.398

YW=25 1024=X%LW

1.024
. MPV = 6835+ 5 = 6835.410m
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(b)
Observer Meanangle &  Weightratio  Weight, W LxW
o / Vi "

A 8 54 36 07 1072=204 2.96 6 x 2.96 = 17.8"

B 89 54 42 12 11.2?2=0.69 1 12" x1=12"

C 8 54 33 10 V12=1 1.45 3’ x 1.45 = 4.35"

W = 5.41 34.15 = TLW

34.15"
T —89°54' 36"

. MPV = 89°54'30" +
541

Example 2.10. In an underground correlation survey, the sides of a Weisbach triangle were measured as

follows:

WiW, = 5.435m WiW = 2.844m WoW = 8274 m

Using the above measurements in the cosine rule, the calculated angle WW W, = 175° 48 24", If the
standard error of each of the measured sides is 1/20 000 of its length, find the standard error of the

calculated angle in seconds of arc.

From Figure 2.6, by the cosinerule ¢ = a2 + b? — 2ab cos W.

Differentiating with respect to each variable in turn:

céc
2csc = 2ab sin WisW;  thus sW; =

Similarly: a=c— b?+ 2abcosW;
2ada = 2bcosWida — 2absin W1 Wy

absinWl

2bcosWida —2asa  da(bcosWy — a)

L OWp = - = -
Ot 2absinW, absinW;
but, since angle W; ~ 180°, cosW; ~ —1and (a+b) =~ ¢
—Cda
LW = ————
1= absn Wi

now b%Z=a%—c2+2abcosW;
and 2bsb = 2a cos Wb — 2ab sin WisW;
sb(acosWy —b)  —csb

CL0Wp = - = .
! ab sin W, ab sin Wp

Wy
5435 2844
WE a ¢ b W

8.274

Fig. 2.6 Cosine rule

(KU)
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Since Wy isafunction of a, b and c:

c 2 2 21
= pgnwg 2 b oo
5.435
where Og = m =27x 10_4
2.844
= =14x10"*
“® = 20000 x
0a = 821 _ 41 1074
20000

. 8274x206265x 107"
W B35 x 2.844 sin 175° 48/ 247

— 56//

Thisis a standard treatment for small errors. There are numerous examples of its application throughout
the remainder of this book.

(.72 + 1.4% 1 4.12)3

Exercises

(2.1) Explain the meaning of thetermsrandomerror and systematic error, and show by example how each
can occur in normal surveying work.
A certain angle was measured ten times by observer A with the following results, all measurements
being equally precise:
74°38'18”,207,15",21",24",16",22",17",19",13"

(The degrees and minutes remained constant for each observation.)
The same angle was measured under the same conditions by observer B with the following results:

74°36' 10”,21”,25",08",15",207,28",11",18", 24"
Determine the standard deviation for each observer and relative weightings. (ICE)
(Answer: 3.47;6.5”. ABis9:2)
(2.2) Derive from first principles an expression for the standard error in the computed angle Wy of a
Weisbach triangle, assuming a standard error of oy, in the Weisbach angle W, and equa proportional
standard errors in the measurement of the sides. What facts, relevant to the technique of correlation using
this method, may be deduced from the reduced error equation? (KVU)

(Answer: see Chapter 13)
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Vertical control

3.1 INTRODUCTION

This chapter describes the various heighting procedures used to obtain the elevation of points of interest
above or below areference datum. The most commonly used reference datum is mean sealevel (MSL).
There is no such thing as a common global MSL, as it varies from place to place depending on local
conditions. It isimportant therefore that MSL is clearly defined wherever it is used.

The engineer is, in the main, more concerned with the relative height of one point above or below
another, in order to ascertain the difference in height of the two points, rather than a direct relationship
to MSL. It is not unusual, therefore, on small local schemes, to adopt a purely arbitrary reference datum.
This could take the form of a permanent, stable position or mark, allocated such a value that the level
of any point on the site would not be negative. For example, if the reference mark was allocated a value
of 0.000 m, then a ground point 10 m lower would have a negative value, minus 10.000 m. However, if
the reference value was 100.000 m, then the level of the ground point in question would be 90.000 m.
Asminussignsin front of a number can be misinterpreted, erased or simply forgotten about, they should,
wherever possible, be avoided.

The vertical height of a point above or below a reference datum is referred to as the reduced level or
simply the level of a point. Reduced levels are used in practically all aspects of construction: to produce
ground contours on a plan; to enable the optimum design of road, railway or canal gradients; to facilitate
ground modelling for accurate volumetric cal culations. Indeed, thereis scarcely any aspect of construction
that is not dependent on the relative levels of ground points.

3.2 LEVELLING

Levelling is the most widely used method for obtaining the elevations of ground points relative to a
reference datum and is usually carried out as a separate procedure from that used for fixing planimetric
position.

Levelling involves the measurement of vertical distance relative to a horizontal line of sight. Hence it
requires a graduated staff for the vertical measurements and an instrument that will provide a horizontal
line of sight.
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3.3 DEFINITIONS

3.3.1 Level line

A leve line or level surface is one which at al pointsis normal to the direction of the force of gravity as
defined by afreely suspended plumb-bob. Asaready indicated in Chapter 1 in the discussion of the geoid,
such surfaces are ellipsoidal in shape. Thus in Figure 3.1 the difference in level between A and B is the
distance A'B, provided that the non-parallelism of level surfacesisignored.

3.3.2 Horizontal line

A horizontal line or surfaceisonethat is normal to the direction of the force of gravity at a particular point.
Figure 3.1 shows a horizontal line through point C.

3.3.3 Datum

A datum is any reference surface to which the elevations of points are referred. The most commonly used
datum is that of mean sealevel (MSL).

Inthe UK the M SL datum was measured and established by the Ordnance Survey (OS) of Great Britain,
and hence it is often referred to as Ordnance Datum (OD). It is the mean level of the sea at Newlyn in
Cornwall calculated from hourly readings of the sealevel, taken by an automatic tide gauge over asix-year
period from 1 May 1915to 30 April 1921. The readings are related to the Observatory Bench Mark, which
is4.751 m above the datum. Other countries have different datums; for instance, Australia used 30 tidal
observatories, interconnected by 200 000 km of levelling, to produce their national datum, whilst just
across the English Channel, France uses a different datum, rendering their levelsincompatible with those
in the UK.

Horizontal line through G

B

Ground

*+—————— e ————
-

) surface
+ Direction of
¥ gravity
Level line Level line
through A threugh B

Fig. 3.1 Horizontal and level lines
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3.3.4 Bench mark (BM)

In order to make OD accessibleto all usersthroughout the country, aseries of permanent markswere estab-
lished, called bench marks. The height of these marks relative to OD has been established by differential
levelling and until about 1970 was regularly checked for any change in elevation.

(1) Cut bench marks

The cut bench mark is the most common type of BM and is usually cut into the vertical surface of astable
structure (Figure 3.2).

(2) Flush brackets

Flush bracketsare metal plates, 180 mm x 90 mm, cemented into theface of buildings and were established
at intervals of about 2 km (Figure 3.3).

(3) Bolt bench marks

Bolt bench marks are 60-mm-diameter brass bolts set in horizontal surfaces and engraved with an arrow
and the letters OSBM (Figure 3.4).

(4) Fundamental bench marks (FBM)

In the UK, FBMs were established by precise geodetic levelling, at intervals of about 50 km. Each mark
consists of a buried chamber containing two reference points, whilst the published elevation isto a brass
bolt on the top of a concrete pillar (Figure 3.5).

Rivet and pivot BMs are aso to be found in horizontal surfaces.

Details of BMs within the individual’s area of interest may be obtained in the form of a Bench Mark
List from the OS. Their location and value are currently also shown on OS plans at the 1/2500 and 1/1250
scales. Their values are quoted as precise to the nearest 12 mm relative to neighbouring bench marks at
the time of the original observation only.

Bench marks established by individuals, other than the OS, such as engineers for construction work,
are called temporary bench marks (TBM).

These are to be found on the
vertical faces of buildings,
bridges, walls, milestones, gate
posts, etc.

The mark is approximately

0.1 mx 0.1 m and cut to a depth
— of about 6 mm and placed about
0.5 m above ground level.

Some very old marks may be
considerably larger than this
and Initial Levelling marks
1840-60 may have a copper
bolt set in the middle of the
horizontal bar or offset to one
side of the mark.

The exact point of reference
is the centre of the V shaped
horizontal bar.

Fig. 3.2 Cut bench mark
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Front; View

|
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|

These are normally placed on vertical walls of buildings and in the sides of triangulation pillars.

They are cast in brass and rectangular in shape (180 mm x 90 mm) with a large boss at the rear of the plate. The
boss is cemented into a prepared cavity, so that the face of the bracket is vertical and in line with the face of the object
on which it is placed. These marks in precise levelling necessitate the use of a special fitting as above.

Each flush bracket has a unique serial number and is referred to in descriptions as FI. Br. No........

They are sited at approximately 2 kilometre intervals along Geodetic lines of levels and at 5 to 7 kilometre intervals on

Secondary lines of levels.

Fig. 3.3 Flush bracket (front and side view)

Ground

450

~— 305 mm —

Plan Section

Fig. 3.4 Bolt bench mark

3.3.5 Reduced level (RL)

The RL of apoint isits height above or below areference datum.

O.5.B.M.bolts are established on haorizontal
surfaces where no suitable site exists for the
emplacement of a flush bracket ar cut bench mark.

They are made of brass and have a mushroom
shaped head. The letters O.5.B.M. and an arrow
pointing to the centre are engraved on the head of
the bolt. Typical sites for the bolts are:

{ay Living rock,

{2} Foundation abutments to buildings, ete,

(¢} Steps, ledges, etc,

[dy Concrete blocks (as in fig.}
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FUNDAMENTAL BENCH MARK

PLAN Standard of Railing

COVER STONE 3" = 27

Gun Metal Bolt SECTION ON AB

Granite Fillar

Canceile

Bt Metal o Sovers
: kine  Balt
1 [Erareithic
Concretg

Pahzhed

DESCRIPTION

The sites are specially selected with reference to the geological structure, so that
they may be placed on sound strata clear of areas liable to subsidence. They are
established along the Geodetic lines of levels throughout Great Britain at
approximately 50 kilometre intervals. They have three reference points, two of which, a
gun metal bolt and a flint are contained in a buried chamber. The third point is a gun
metal bolt set in the top of a pillar projecting about | foot above ground level.

The piller bolt is the reference point to be used by Tertiary Levellers and other
users.

The buried chamber is only opened on instructions from Headquarters.

Some Fundamental Bench Marks are enclosed by iron railings, this was done
where necessary, as a protective measure. These marks are generally referred to as
F.B.M's.

Fig. 3.5 Fundamental bench mark
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3.4 CURVATURE AND REFRACTION

Figure 3.6 shows two points A and B at exactly the same level. An instrument set up at X would give a
horizontal line of sight through X'. If a graduated levelling staff is held vertically on A the horizontal line
would givethereading A'. Theoretically, asB isat the samelevel as A, the staff reading should be identical
(B'). Thiswould require alevd line of sight; the instrument, however, gives ahorizontal line and areading
at B” (ignoring refraction). Subtracting vertical height AA’ from BB” indicates that point B is lower than
point A by the amount B'B”. This error (c) is caused by the curvature of the Earth and its value may be
caculated asfollows:

With reference to Figure 3.7, in which the instrument heights are ignored and the earth is assumed to
be sperical with aradius of R:

(X'B")? = (0B")? — (OX)? = (R+¢)? — RP = R + 2Rc + ¢* — R? = (2Rc + ¢?)

Asboth ¢ and the instrument heights have relatively small values the distance X’B” may be assumed equal
to the arc distance XB = D. Therefore

1
D = (2Rc+¢?)2
Now as ¢ is very small compared with R, ¢ may be ignored, giving
c=D?2R (3.1)

Taking the distance D in kilometres and an average value for R equal to 6370 km, we have

¢ = (D x 1000)%/2 x 6370 x 1000
(3.2)
¢ = 0.0785D?

with the value of ¢ in metres, when D isin kilometres.
In practice the staff reading in Figure 3.6 would not be at B” but at Y due to refraction of the line of
sight through the atmosphere. In general it is considered that the effect is to bend the line of sight down,

/A’ Horizontal line 8",

Refracted ray

Actual reading

. on staff
Level ling

Error due to
curvature =¢

rd
. Direction of

- -
, L7 gravity
rd
rd

0 Earth's

centre

Fig. 3.6 Horizontal and level lines
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X Horizontal

Fig. 3.7 Refraction effect

reducing the effect of curvature by 1/7th. Thus the combined effect of curvature and refraction (c —r) is
(6/7)(0.0785D?), i..e.

(c—r) = 0.0673D? (3.3)

Thusif D is 122 m the value of (c — r) isonly 1 mm. So in tertiary levelling, where the length of sights
are generally 25-30 m, the effect may be ignored.

It should be noted that although the effect of refraction has been shown to bend the line of sight down
by an amount equal to 1/7th that of the effect of curvature, thisisamost unreliable assumption for precise
levelling.

Refraction is largely a function of atmospheric pressure and temperature gradients, which may cause
the bending to be up or down by extremely variable amounts.

There are basically three types of temperature gradient (dT/dh):

(1) Absorption: occurs mainly at night when the colder ground absorbs heat from the atmosphere. This
causes the atmospheric temperature to increase with distance from the ground and dT/dh > 0.

(2) Emission: occurs mainly during the day when the warmer ground emits heat into the atmosphere,
resulting in a negative temperature gradient, i.e. dT/dh < O.

(3) Equilibrium: no heat transfer takes place (dT/dh = 0) and occurs only briefly in the evening and
morning.

Theresult of dT/dh < Oisto causethelight ray to be convex to the ground rather than concave asgenerally
shown. This effect increases the closer to the ground the light ray gets and errorsin the region of 5 mm/km
have occurred.

Thus, wherever possible, staff readings should be kept at least 0.5 m above the ground, using short
observation distances (25 m) equalized for backsight and foresight.

3.5 EQUIPMENT

The equipment used in the levelling process comprises optical levels and graduated staffs. Basicaly, the
optical level consists of a telescope fitted with a spirit bubble or automatic compensator to ensure long
horizontal sights onto the vertically held graduated staff (Figure 3.8).
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3.5.1 Levelling staff

Levelling staffs are made of wood, metal or glass fibre and graduated in metres and centimetres. The
aternate metre lengths are usually shown in black and red on a white background. The mgjority of staffs
are telescopic or socketed in three or four sections for easy carrying. Although the graduations can take
various forms, the type adopted in the UK is the British Standard (BS 4484) E-pattern type as shown
in Figure 3.9. The smallest graduation on the staff is 0.01 m and readings are estimated to the nearest
millimetre. As the staff must be held vertical during observation it should be fitted with a circular bubble.

3.5.2 Optical levels
The types of level found in general use are the tilting, the automatic level, and digital levels.
(1) Tilting level

Figure 3.10 showsthe telescope of thetilting level pivoted at the centre of the tribrach; an attachment plate
with three footscrews. The footscrews are used to centre the circular bubble, thereby setting the telescope
approximately in a horizontal plane. After the telescope has been focused on the staff, the line of sight
is set more precisely to the horizontal using the highly sensitive tubular bubble and the tilting screw that
raises or lowers one end of the telescope.

The double concaveinternal focusing lensis moved along the telescope tube by itsfocusing screw until
theimage of the staff is brought into focus on the cross-hairs. The Ramsden eyepiece, with a magnification
of about 35 diameters, is then used to view the image in the plane of the cross-hairs.

Fig. 3.8 Levelling procedure — the observer uses an automatic level to view a staff held vertically on a
levelling plate
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Fig. 3.9 Levelling staff
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Fig. 3.10 Tilting level

Vertical axis
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The cross-hairs which are etched onto a circle of fine glass plate called areticule must be brought into
sharp focus by the eyepiece focusing screw prior to commencing observations. This process is necessary
to remove any cross-hair parallax caused by the image of the staff being brought to a focus in front of
or behind the cross-hair. The presence of parallax can be checked by moving the head from side to side
or up and down when looking through the telescope. If the image of the staff does not coincide with the
cross-hair, movement of the observer’s head will cause the cross-hair to move relative to the staff image.
The adjusting procedure is therefore:

(1) Usingtheeyepiecefocusing screw, bringthecross-hair into very sharp focusagainst alight background
such as a sheet of blank paper held in front of the object lens.

(2) Now focus on the staff using the main focusing screw until a sharp image is obtained without losing
the clear image of the cross-hair.

(8) Check by moving your head from side to side severa times. Repeat the whole process if necessary.

Different types of cross-hair are shown in Figure 3.11. A line from the centre of the cross-hair and
passing through the centre of the object lensisthe line of sight or line of collimation of the telescope.

The sensitivity of the tubular spirit bubble is determined by its radius of curvature (R) (Figure 3.12);
the larger the radius, the more sensitive the bubble. It is filled with sufficient synthetic alcohol to leave a
small air bubble in the tube. The tube is graduated generally in intervals of 2 mm.

If the bubble moves off centre by one such interval it represents an angular tilt of the line of sight of
20 seconds of arc. Thusif 2 mm subtends 9 = 20", then:

R = (2mm x 206 265)/20" = 20.63 m

The bubble attached to the tilting level may be viewed directly or by means of a coincidence reading
system (Figure 3.13). In this latter system the two ends of the bubble are viewed and appear as shown
at (a) and (b). (8) shows the image when the bubbleis centred by means of thetilting screw; (b) showsthe
image when the bubbleis off centre. This method of viewing the bubbleisfour or five times more accurate
than direct viewing.

The main characteristics defining the quality of the telescope are its powers of magnification, the size
of itsfield of view, the brightness of the image formed and the resolution quality when reading the staff.

D © @

Fig. 3.11 Cross-hairs

-+ 2 mm Bubble axis
(ﬁﬂ_:%n | p%[“ﬁ:ﬁ-rz%m%

8;; et -

TH

Fig. 3.12 Tubular bubble
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Fig. 3.13 Bubble coincidence reading system: (a) bubble centred, (b) bubble off centre

(a) (b)

All these are afunction of the lens systems used and vary accordingly from low-order builders’ levelsto
very precise geodetic levels.

Magnification istheratio of the size of the object viewed through the tel escopeto its apparent size when
viewed by the naked eye. Surveying telescopes are limited in their magnification in order to retain their
powers of resolution and field of view. Also, the greater the magnification, the greater the effect of heat
shimmer, on-site vibration and air turbulence. Telescope magnification lies between 15 and 50 times.

Thefield of view isafunction of the angle of the emerging rays from the eye through the telescope, and
variesfrom 1° to 2°. Image brightnessis the ratio of the brightness of the image when viewed through the
telescope to the brightness when viewed by the naked eye. It is argued that the lens system, including the
reticule, of aninternal focusing telescope loses about 40% of the light. The resolution quality or resolving
power of the telescope isits ability to define detail and isindependent of magnification. It is afunction of
the effective aperture of the object lens and the wavelength (1) of light and is represented in angular units.
It can be computed from P radians = 1.2)/(effective aperture).

(2) Using a tilting level

(1) Set up theinstrument on afirm, secure tripod base.

(2) Centralize the circular bubble using the footscrews or ball and socket arrangement.

(3) Eliminate parallax.

(4) Centrethe vertical cross-hair on the levelling staff and clamp the telescope. Use the horizontal slow-
motion screw if necessary to ensure exact alignment.

(5) Focus onto the staff.

(6) Carefully centre the tubular bubble using the tilting screw.

(7) With the staff in the field of view as shown in Figure 3.14 note the staff reading (1.045) and record it.

Operations (4) to (7) must be repeated for each new staff reading.
(3) Automatic levels

The automatic level is easily recognized by its clean, uncluttered appearance. It does not have a tilting
screw or a tubular bubble as the telescope is rigidly fixed to the tribrach and the line of sight is made
horizontal by a compensator inside the telescope.

The basic concept of the automatic level can be likened to a telescope rigidly fixed at right angles to
a pendulum. Under the influence of gravity, the pendulum will swing into the vertical, as defined by a
suspended plumb-bob and the tel escope will move into a horizontal plane.

Asthe automatic level is only approximately levelled by means of its low-sensitivity circular bubble,
the collimation axis of the instrument will be inclined to the horizontal by a small angle « (Figure 3.15)
so the entering ray would strike the reticule at a with a displacement of ab equal to fa. The compensator
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situated at P would need to redirect the ray to pass through the cross-hair at b. Thus

fa =ab=spB
fa
and ﬂ:gzna

It can be seen from this that the positioning of the compensator is a significant feature of the compensation
process. For instance, if the compensator is fixed halfway along the telescope, then s ~ f/2 and n = 2,
giving B = 2a. Thereis alimit to the working range of the compensator, about 20; hence the need of a
circular bubble.

In order, therefore, to compensate for the slight residual tilts of the telescope, the compensator requires
a reflecting surface fixed to the telescope, movable surfaces influenced by the force of gravity and a
dampening device (air or magnetic) to swiftly bring the moving surfacesto rest and permit rapid viewing
of the staff. Such an arrangement isillustrated in Figure 3.16.
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Fig. 3.16 Suspended compensation

The advantages of the automatic level over the tilting level are:

(1) Much easier to use, asit gives an erect image of the staff.

(2) Rapid operation, giving greater productivity.

(3) No chance of reading the staff without setting the bubble central, as can occur with a tilting
level.

(4) No bubble setting error.

A disadvantage is that it is difficult to use where there is vibration caused by wind, traffic or, say, piling
operations on site, resulting in oscillation of the compensator. Improved damping systems have, however,
greatly reduced this defect. During periods of vibration it may be possible to reduce the effect by lightly
touching atripod leg.

(4) Using an automatic level

The operationsareidentical to thosefor thetilting level with the omission of operation (6). Some automatic
levels have a button, which when pressed moves the compensator to prevent it sticking. This should be
done just prior to reading the staff, when the cross-hair will be seen to move. Another approach to ensure
that the compensator is working is to move it dightly off level and note if the reading on the staff is
unaltered, thereby proving the compensator isworking.

3.6 INSTRUMENT ADJUSTMENT

For egquipment to give the best possible results it should be frequently tested and, if necessary, adjusted.
Surveying equipment receives continuous and often brutal use on construction sites. In all such cases a
calibration base should be established to permit weekly checks on the equipment.
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3.17 Two-peg test

3.6.1 Tilting level

Thetilting level requires adjustment for collimation error only. Collimation error occursif the line of sight
isnot truly horizontal when the tubular bubbleis centred, i.e. the line of sight isinclined up or down from
the horizontal. A check known asthe* Two-Peg Test’ is used, the procedure being asfollows (Figure 3.17):

@

(b)

(©

Set up theinstrument midway between two pegs A and B set, say, 20 m apart and note the staff readings,
a1 and by, equal to, say, 1.500 m and 0.500 m respectively.

Let us assume that the line of sight is inclined up by an angle of «; as the lengths of the sights
are equal (10 m), the error in each staff reading will be equal and so cancel out, resulting in a ‘true’
differencein level between A and B.

AHTruE = (a1 — b1) = (1.500 — 0.500) = 1.000 m

Thus we know that A istruly lower than B by 1.000 m. We do not at this stage know that collimation

error is present.
Move the instrument to C, which is 10 m from B and in the line AB and observe the staff readings a,

and by equal to, say, 3.500 m and 2.000 m respectively. Then
AH = (a2 — bp) = (3.500 — 2.000) = 1.500 m

Now as 1.500 # the ‘true’ value of 1.000, it must be ‘false’.
AHpaLse = 1.500 m

and it is obvious that the instrument possesses a collimation error the amount and direction of which
isasyet still unknown, but which has been revealed by the use of unequal sight lengths CB (10 m) and
CA (30 m). Had the two values for AH been equal, then there would be no collimation error present
in the instrument.

Imagine a horizontal line from reading by (2.000 m) cutting the staff at A at reading az. Because A
istruly 1.000 m below B, the reading at ag must be 2.000 + 1.000 = 3.000 m. However, the actual
reading was 3.500 m, and therefore the line of sight of the instrument was too high by 0.500 min 20 m
(the distance between the two pegs). Thisis the amount and direction of collimation error.
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(d) Without moving the instrument from C, the line of sight must be adjusted down until it is horizontal.
To do this one must compute the reading (a4) on staff A that a horizontal sight from C, distance 30 m
away, would give.

By simple proportion, asthe error in 20 mis0.500, the error in 30 m = (0.500 x 30)/20 = 0.750 m.
Therefore the required reading at a4 is 3.500 — 0.750 = 2.750 m.

(e) (i) Using the ‘tilting screw’, tilt the telescope until it reads 2.750 m on the staff. (ii) This movement
will cause the tubular bubble to go off centre. Re-centre it by means of its adjusting screws, which will
permit the raising or lowering of one end of the bubble.

The whole operation may be repeated if thought necessary.

The above process has been dealt with in great detail, as collimation error is one of the main sources of
error in the levelling process.

The diagrams and much of the above detail can be dispensed with if the following is noted:

(1) (AHpaLse — AHtRUE) = the amount of collimation error.
(2) If AHRaLsE > AHtruE thentheline of sight isinclined up and vice versa.

An example follows which illustrates this approach.

Worked example

Example 3.1. Assume the same separation for A, B and C. With the instrument midway between A and
B the readings are A(3.458), B(2.116). With the instrument at C, the readings are A(4.244), B(2.914).

(i) From ‘midway’ readings, AHTrue = 1.342
(i) Fromreadingsat‘C’, AHpaLse = 1.330

Amount of collimation error = 0.012min20m

(iii) AHpaLse < AHtRuE, therefore direction of line of sight is down
(iv) With instrument at C the reading on A(4.244) must be raised by (0.012 x 30)/20 = 0.018 m to read
4,262 m

Some methods of adjustment advocate placing the instrument close to the staff at B rather than a distance
away at C. Thiscan result in error when using the reading on B and is not suitable for precise levels. The
above method is satisfactory for all types of level.

For very precise levels, it may be necessary to account for the effect of curvature and refraction when
carrying out the above test. See Equation 3.3. A distance of 50 m would produce a correction to the staff
readings of only —0.17 mm so it can be ignored for all but the most precise work.

An aternative two-peg test that removes the need for placing the instrument exactly midway between
the staffs is as follows (Figure 3.18). The staffs at pegs A and B are observed by the instrument from
positions C and D. The readings are as shown. In this case the collimation of the instrument is given by

tana = (ap — ag — by + b)/2d

3.6.2 Automatic level

There are two tests and adjustments necessary for an automatic level:

(1) To ensure that the line of collimation of the telescope is horizontal, within the limits of the bubble,
when the circular bubbleis central.
(2) Thetwo-peg test for collimation error.
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Fig. 3.18 Alternative two-peg test

(1) Circular bubble

Although the circular bubbleisrelatively insensitive, it neverthel ess plays an important part in the efficient
functioning of the compensator:

(1) The compensator has a limited working range. If the circular bubble is out of adjustment, thereby
resulting in excessive tilt of the line of collimation (and the vertical axis), the compensator may not
function efficiently or, asit attemptsto compensate, the large swing of the pendulum system may cause
it to stick in the telescope tube.

(2) Thecompensator givesthe most accurate results near the centre of its movement, so even if the bubble
isin adjustment, it should be carefully and accurately centred.

(3) The plane of the pendulum swing of the freely suspended surfaces should be parallel to the line of
sight, otherwise over- or under-compensation may occur. Thiswould result if the circular bubble were
in error transversely. Any residual error of adjustment can be eliminated by centring the bubble with
the telescope pointing backwards, whilst at the next instrument set-up it is centred with the telescope
pointing forward. This alternating process is continued throughout the levelling.

(4) Inclination of the telescope can cause an error in automatic levels, which does not occur in tilting
levels, known as ‘height shift’. Due to the inclination of the telescope the centre of the object lensis
displaced vertically above or below the centre of the cross-hair, resulting in very small reading errors,
but which cannot be tolerated in precise work.

From the above it can be seen that not only must the circular bubble be in adjustment but it should also be
accurately centred when in use.

To adjust the bubble, bring it exactly to centre using the footscrews. Now rotate the instrument
through 180° about the vertical axis. If the bubble moves off centre, bring it halfway back to centre
with the footscrews and then exactly back to the centre using its adjusting screws.

(2) Two-peg test

This is carried out exactly as for the tilting level. However, the line of sight is raised or lowered to its
correct reading by moving the cross-hair by means of its adjusting screws.

If the instrument is till unsatisfactory the fault may lie with the compensator, in which case it should
be returned to the manufacturer.
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3.7 PRINCIPLE OF LEVELLING

The instrument is set up and correctly levelled in order to make the line of sight through the telescope
horizontal. If the telescope is turned through 360°, a horizontal plane of sight is swept out. Vertical
measurements from this plane, using a graduated levelling staff, enable the relative elevations of ground
points to be ascertained. Consider Figure 3.19 with the instrument set up approximately midway between
ground points A and B. If the reduced level (RL) of point A is known and equal to 100.000 m above OD
(AOD), then the reading of 3.000 m on avertically held staff at A givesthe reduced level of the horizontal
line of sight as 103.000 m AOD. This sight onto A istermed a backsight (BS) and the reduced level of the
line of sight is called the height of the plane of collimation (HPC). Thus:

RLA +BS=HPC

The reading of 1.000 m onto the staff at B is called a foresight (FS) and shows the ground point B to be
1.000 m below HPC; therefore its RL = (103.000 — 1.000) = 102.000 m AQOD.

An alternative approach isto subtract the FS from the BS. If the result is positive then the differenceis
arisefrom Ato B, and if negative afall, i.e.

(3.000 — 1.000) = +2.000 m rise from A to B;

therefore, RLg = 100.000 + 2.000 = 102.000 m AOD

Thisthen is the basic concept of levelling which is further developed in Figure 3.20.

The field data are entered into a field book that is pre-drawn into rows and columns. An example of
levelling observations from a practical project is shown in Figure 3.21. Observations are booked using
either therise and fall or the HPC method.

It should be clearly noted that, in practice, the staff readings are taken to three places of decimals, that
is, to the nearest millimetre. However, in the following description only one place of decimals is used
and the numbers kept very simple to prevent arithmetic interfering with an understanding of the concepts
outlined.

Thefield procedure for obtaining elevations at a series of ground pointsis as follows.

Theinstrument is set up at A (asin Figure 3.20) from which point a horizontal line of sight is possible
tothe TBM at 1A. Thefirst sight to be taken is to the staff held vertically on the TBM and thisis called a

FS

100.000 m

Fig. 3.19 Basic principle of levelling
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backsight (BS), the value of which (1.5 m) would be entered in the appropriate column of alevelling book.
Sights to points 2A and 3A where further levels relative to the TBM are required are caled intermediate
sights (1S) and are again entered in the appropriate column of the levelling book. The final sight from
this instrument is set up at 4A and is called the foresight (FS). It can be seen from the figure that thisis
as far as one can go with this sight. If, for instance, the staff had been placed at X, it would not have
been visible and would have had to be moved down the slope, towards the instrument at A, until it was
visible. Asforesight 4A isasfar as one can seefrom A, it isalso called the change point (CP), signifying a
change of instrument position to B. To achieve continuity in the levelling the staff must remain at exactly
the same point 4A although it must be turned to face the instrument at B. It now becomes the BS for
the new instrument set-up and the whole procedure is repeated as before. Thus, one must remember that
all levelling commences on a BS and finishes on a FS with as many IS in between as are required; and
that CPs are always FS/BS. Also, it must be closed back into a known BM to ascertain the misclosure
error.

3.7.1 Reduction of levels

From Figure 3.20 redlizing that the line of sight from the instrument at A istruly horizontal, it can be seen
that the higher reading of 2.5 at point 2A indicates that the point islower than the TBM by 1.0, giving 2A
alevel therefore of 59.5. This can be written as follows:

15—-25=-1.0, indicating afall of 1.0 from 1A to 2A
Level of 2A = 60.5 - 1.0 =59.5

Similarly between 2A and 3A, the higher reading on 3A showsit is 1.5 below 2A, thus:

25— 4.0= —1.5(fal from 2Ato 3A)
Level of 3A = level of 2A — 1.5 =58.0

Finally the lower reading on 4A showsit to be higher than 3A by 2.0, thus:

4.0 — 2.0 = +2.0, indicating arise from 3A to 4A
Level of 4A = level of 3A+ 2.0 = 60.0

Now, knowing the reduced level (RL) of 4A, i.e. 60.0, the process can be repeated for the new instrument
position at B. This method of reduction is called the rise-and-fall (R-and-F) method.

3.7.2 Methods of booking
(1) Rise-and-fall

The following extract of booking islargely self-explanatory. Note that:

() Eachreading isbooked on aseparate line except for the BS and FS at change points. The BSis booked
on the same line as the FS because it refers to the same point. As each line refers to a specific point it
should be noted in the remarks column.

(b) Eachreading is subtracted from the previous one, i.e. 2A from 1A, then 3A from 2A, 4A from 3A and
stop; the procedure recommencing for the next instrument station, 2B from 1B and so on.
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BS IS FS | Rise | Fall RL Distance Remarks
15 60.5 0 TBM (60.5) 1A
25 1.0 59.5 30 2A
4.0 15 58.0 50 3A
3.0 2.0 20 60.0 70 CP 4A (1B)
55 25 575 95 2B
6.0 1.0 45 62.0 120 CcP 3B (1C)
3.0 3.0 65.0 160 TBM (65.1) 2C
105 6.0 9.5 5.0 65.0 Checks
6.0 5.0 60.5 Misclosure 0.1
4.5 4.5 4.5 Correct

(c) Three very important checks must be applied to the above reductions, namely:
The sum of BS — the sum of FS = sum of rises — sum of falls
= last reduced level — first reduced level

These checks are shown in the above table. It should be emphasized that they are nothing more than
checks on the arithmetic of reducing the levelling results; they arein no way indicative of the accuracy
of fieldwork.

(d) It follows from the above that the first two checks should be carried out and verified before working
out the reduced levels (RL).

(e) Closing error = 0.1, and can be assessed only by connecting the levelling into a BM of known and
proved value or connecting back into the starting BM.

(2) Height of collimation

This is the name given to an aternative method of booking. The reduced levels are found simply by
subtracting the staff readingsfrom thereduced leve of thelineof sight (planeof collimation). InFigure 3.20,
for instance, the height of the plane of collimation (HPC) at Aisobviously (60.5+ 1.5) = 62.0; now 2Ais
2.5 below thisplane, soitslevel must be (62.0 — 2.5) = 59.5; similarly for 3A and 4A to give 58.0 and 60.0
respectively. Now the procedure is repeated for B. The tabulated form shows how simple this processis:

BS IS FS | HPC RL Remarks
15 62.0 | 605 | TBM (60.5) 1A
25 59.5 2A
4.0 58.0 3A
3.0 20 | 63.0 | 60.0 | Changept 4A (1B)
55 57.5 2B
6.0 10 | 68.0 | 62.0 | Changept 3B (1C)
3.0 65.0 | TBM (65.1) 2C
105 | 12.0 | 6.0 65.0 | Checks
6.0 60.5 | Misclosure 0.1
45 45 | Correct
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Thusit can be seen that:

(@) BSisadded to RL to give HPC, i.e. 1.5+ 60.5 = 62.0.

(b) Remaining staff readings are subtracted from HPC to give the RL.

(c) Procedure repeated for next instrument set-up at B, i.e. 3.0 4+ 60.0 = 63.0.
(d) Two checks same as R-and-F method, i.e.:

sum of BS — sum of FS = last RL — first RL

(e) The above two checks are not complete; for instance, if when taking 2.5 from 62.0 to get RL of
59.5, one wrote it as 69.5, this error of 10 would remain undetected. Thus the intermediate sights
are not checked by those procedures in (d) above and the following cumbersome check must be
carried out:

sum of all the RL except the first = (sum of each HPC multiplied by the number of IS or FS
taken fromit) — (sum of ISand FS)

eg.362.0 = 62.0 x 3+63.0x 2+ 680 x 1— (120 + 6.0)

3.7.3 Inverted sights

Figure 3.22 shows inverted sights at B, C and D to the underside of a structure. It is obvious from
the drawing that the levels of these points are obtained by simply adding the staff readings to the
HPC to give B = 65.0, C = 63.0 and D = 65.0; E is obtained in the usual way and equals 59.5.
However, the problem of inverted sights is completely eliminated if one simply treats them as negative
guantities.

BS IS FS | Rise | Fall | HPC | RL Remarks
2.0 62.0 | 60.0 | TBM A
-3.0 5.0 65.0 B
-1.0 20 63.0 C
-3.0 20 65.0 D
25 55 59.5 | Misclosure E (59.55)
20| -70| 25| 70 | 75 60.0 | Checks
2.0 7.0 59.5 | Misclosure 0.05
0.5 0.5 0.5 | Correct
R-and-F method HPC method

20— (—3.0) = +50
—30—-(-1.0)= —2.0
~1.0— (=3.0) = +2.0

—30-25=-55

Rise | 62.0 — (—3.0) = 65.0
Fal | 620—(~1.0) = 63.0
Rise | 62.0 — (—3.0) = 65.0
Fall | 62.0—(+2.5) =595
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Fig. 3.22 Inverted sights

Inthe checks, inverted sights are treated as negative quantities; for example check for ISin HPC method
gives:

2525 = (62.0 x 4.0) — (—7.0+ 2.5)
= (248.0) — (—4.5) = 2480+ 45 = 2525

3.7.4 Comparison of methods

Therise-and-fall method of booking isrecommended asit affords a complete arithmetical check on al the
observations. Although the HPC method appears superior where there are alot of intermediate sights, it
must be remembered that there is no simple straightforward check on their reduction.

The HPC method is useful when setting out levels on site. For instance, assume that a construction
level, for setting formwork, of 20 m AOD is required. A BS to an adjacent TBM results in an HPC of
20.834 m; a staff reading of 0.834 would then fix the bottom of the staff at the required level.

3.8 SOURCES OF ERROR

All measurements have error. In the case of levelling, these errors will be instrumental, observational and
natural .

3.8.1 Instrumental errors

(1) The main source of instrumental error is residual collimation error. As aready indicated, keeping the
horizontal lengths of the backsights and foresights at each instrument position equal will cancel this
error. Where the observational distances are unequal, the error will be proportional to the difference
in distances.

The easiest approach to equalizing the sight distances is to pace from backsight to instrument and
then set up the foresight change point the same number of paces away from the instrument.

(2) Parallax error has already been described.

(3) Staff graduation errors may result from wear and tear or repairs and the staffs should be checked
against a steel tape. Zero error of the staff, caused by excessive wear of the base, will cancel out on
backsight and foresight differences. However, if two staffsare used, errorswill result unless calibration
corrections are applied.

(4) Inthe case of thetripod, loose fixings will cause twisting and movement of the tripod head. Overtight
fixings make it difficult to open out the tripod correctly. L oose tripod shoes will also result in unstable
set-ups.
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3.8.2 Observational errors

@
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Levelling involves vertical measurementsrelative to ahorizontal plane soit isimportant to ensure that
the staff isheld strictly vertical.

It is often suggested that one should rock the staff back and forth in the direction of the line of
sight and accept the minimum reading as the truly vertical one. However, as shown in Figure 3.23,
this concept is incorrect when using a flat-bottomed staff on flat ground, due to the fact that the staff
is not being tilted about its face. Thusit is preferable to use a staff bubble, which should be checked
frequently with the aid of a plumb-bob.

There may be errorsin reading the staff, particularly when using atilting level which givesan inverted
image. These errors may result from inexperience, poor observation conditions or overlong sights.
Limit the length of sight to about 25-30 m, to ensure the graduations are clearly defined.

Ensure that the staff is correctly extended or assembled. In the case of extending staffs, listen for the
click of the spring joint and check the face of the staff to ensure continuity of readings. This aso
appliesto jointed staffs.

Do not move the staff off the CP position, particularly when turning it to face the new instrument
position. Always use awell defined and stable position for CPs. Levelling plates (Figure 3.24) should
be used on soft ground.

£

Fig.

3.23 The effect of rocking the staff on staff readings ry, rp, r3, ra

3.24 Levelling plate
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(5) Avoid settlement of the tripod, which may alter the height of collimation between sights or tilt theline
of sight. Set up on firm ground, with the tripod feet firmly thrust well into the ground. On pavements,
locate the tripod shoes in existing cracks or joins. In precise levelling, the use of two staffs helps to
reduce this effect.

Observers should also refrain from touching or leaning on the tripod during observation.

(6) Booking errors can, of course, ruin good field work. Neat, clear, correct booking of field data is
essential in any surveying operation. Typical booking errors in levelling are entering the values in
the wrong columns or on the wrong lines, transposing figures such as 3.538 to 3.583 and making
arithmetical errors in the reduction process. Very often, the use of pocket calculators simply enables
the booker to make the errors quicker.

To avoid this error source, use neat, legible figures; read the booked value back to the observer and
have them check the staff reading again; reduce the data as it is recorded.

(7) When using atilting level remember to level the tubular bubble with the tilting screw prior to each
new staff reading. With the automatic level, carefully centre the circular bubble and make sure the
compensator is not sticking.

Residual compensator errors are counteracted by centring the circular bubble with the instrument
pointing backwards at the first instrument set-up and forward at the next. This procedure is continued
throughout the levelling.

3.8.3 Natural errors

(1) Curvatureandrefraction havealready been dealt with. Their effectsare minimized by equal observation
distances to backsight and foresight at each set-up and readings more than 0.5 m above the ground.

(2) Wind can cause instrument vibration and make the staff difficult to hold in a steady position. Precise
levelling isimpossible in strong winds. In tertiary levelling keep the staff to its shortest length and use
awind break to shelter the instrument.

(3) Heat shimmer can make the staff reading difficult if not impossible and may make it necessary to delay
the work to an overcast day. In hot sunny climes, carry out the work early in the morning or in the
evening.

Careful consideration of the above error sources, combined with regularly calibrated equipment, will
ensure the best possible results but will never preclude random errors of observation.

3.9 CLOSURE TOLERANCES

It isimportant to realize that the amount of misclosure in levelling can only be assessed by:

(1) Connecting the levelling back to the BM from which it started, or
(2) Connecting into another BM of known and proved value.

When the misclosure is assessed, one must then decide if it is acceptable or not.

In many cases the engineer may make the decision based on his’her knowledge of the project and the
tolerances required.

Alternatively the permissible criteria may be based on the distance levelled or the number of set-ups
involved.

A common criterion used to assess the misclosure (E) is:

E = m(K)2 (34)
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whereK = distancelevelled in kilometres, m = aconstant with unitsof millimetres, and E = theallowable
misclosure in millimetres.
The value of mmay vary from 2 mm for precise levelling to 12 mm or more for engineering levelling.
In many casesin engineering, the distance involved is quite short but the number of set-ups quite high,
in which case the following criterion may be used:

E = m(n)? (3.5)

where n = the number of set-ups, and m = a constant in millimetres.
Asthis criterion would tend to be used only for construction levelling, the value for m may be a matter
of professional judgement. A value frequently used is +5 mm.

3.10 ERROR DISTRIBUTION

In previous levelling examples in this chapter misclosures have been shown. The misclosure cannot
be ignored and the error must be distributed among the points concerned. In the case of a levelling
circuit, a simple method of distribution is to allocate the error in proportion to the distance levelled.
For instance, consider a levelling circuit commencing from a BM at A, to establish other BMs at B, C,
D and E (Figure 3.25) for which the heights have been computed without taking the misclosure into
account.

On completing the circuit the observed value for the BM at A is 20.018 m compared, with its known
and hence starting value of 20.000 m, so the misclosure is 0.018 m. The distance levelled is 5.7 km.
Considering the purpose of the work, the terrain and observational conditions, it is decided to adopt

a value for m of 12 mm. Hence the acceptable misclosure is 12(5.7)% = 29 mm, so the levelling is
acceptable.

The difference in heights is corrected by (0.018/5.7) x distance in kilometres travelled. Therefore
correction to AB = —0.005 m, to BC = —0.002 m, to CD = —0.003 m, to DE = —0.006 m and to
EA = —0.002 m. The values of the BMs will then be B = 28.561 m, C = 35.003 m, D = 30.640 m,
E = 22.829 m and A = 20.000 m.

In many instances, a closing loop with known distancesis not the method used and each reduced level
isadjusted in proportion to the cumulative number of set-upsto that point from the start. Consider thetable

28.566 m

{+ 6.444 m)
0.8 km

{+ 8.566 m)

1.5 km 35010 m

(- 4.360 m)

20.000 m 1.0 km

(20.018 m)

(- 2.827 m)
0.5 km

22.845 m

(— 7.805 m) 30.650 m

1.9 km

Fig. 3.25 Levelling circuit
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below which shows the observations for a short section of levelling between two bench marks of known
height:

BS | IS | FS | Rise | Fal | RL. | Ad. | FinaRL. | Remarks
1.361 20.842 20842 | TBM ‘A
2.844 1.483 | 19.359 | -0.002 | 19.357
2.018 0.826 20185 | -0.002 | 20.183
0.855 3.015 0997 | 19.188 | -0.002 | 19.186 | CP
0611 0.244 19.432 | -0.004 | 19.428
2.741 1.805 1194 | 18238 | —0.004 | 18234 | CP
2.855 1.711 | 1.030 19.268 | -0.006 | 19.262 | CP
1.362 1.493 20.761 | -0.008 | 20.753
2111 0.749 | 20012 | -0.008 | 20.004
0.856 1.255 21.267 | -0.008 | 21.259
2.015 1.159 | 20.108 | -0.008 | 20.100 | TBM ‘B’ (20.100)
7.812 8546 | 4.848 | 5582 | 20.842
7.812 4.848 | 20.108
0.734 0734 | 0734 Arith. check

(1) There are four set-ups, and therefore E = 5(4) 2 = 0.010 m. As the misclosure is only 0.008 m, the
levelling is acceptable.
(2) The correction per set-up is (0.008/4) = —0.002 m and is cumulative as shown in the table.

3.11 LEVELLING APPLICATIONS

Of all the surveying operations used in construction, levelling is the most common. Practically every
aspect of a construction project requires some application of the levelling process. The more general are
asfollows.

3.11.1 Sectional levelling

This type of levelling is used to produce ground profiles for use in the design of roads, railways and
pipelines.

In the case of such projects, the route centre-line is set out using pegs at 10 m, 20 m or 30 m intervals.
Levelsarethen taken at these peg positions and at critical points such as sudden changesin ground profiles,
road crossings, ditches, bridges, culverts, etc. A plot of these elevations is called a longitudinal section.
When plotting, the vertical scaleisexaggerated compared with the horizontal, usually intheratio of 10 : 1.
The longitudinal section is then used in the vertical design process to produce formation levels for the
proposed route design (Figure 3.26).

Whilst theaboveprocess producesinformation along acentre-lineonly, cross-sectional levelling extends
that information at 90° to the centre-linefor 20-30 m each side. At each centre-line peg the levelsare taken
to al points of interest on either side. Where the ground is featureless, levels at 5 m intervals or less are
taken. In thisway aground profile at right angles to the centre-line is obtained. When the design template
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Fig. 3.26 Longitudinal section of proposed route

showing the road details and side lopes is plotted at formation level, a cross-sectional areais produced,
which can later be used to compute volumes of earthwork. When plotting cross-sections the vertical and
horizontal scales are the same, to permit easy scaling of the area and side slopes (Figure 3.27).

Fromtheaboveit can beseenthat sectional levelling also requiresthemeasurement of horizontal distance
between the points whose el evations are obtained. Asthe processinvolves the observation of many points,
it isimportant to connect to existing BMs at regular intervals. In most cases of route construction, one of
the earliest tasks isto establish BMs at 100 m intervals throughout the area of interest.

Levelling which does not require the measurement of distance, such as establishing BMs at known
positions, is sometimes called ‘fly levelling'.

3.11.2 Contouring

A contour is a horizontal curve connecting points of equal elevation. Contours graphically represent, in a
two-dimensional format on a plan or map, the shape or morphology of the terrain. The vertical distance
between contour lines is called the contour interval. Depending on the accuracy required, they may be
plotted at 0.1 m to 0.5 m intervalsin flat terrain and at 1 m to 10 m intervals in undulating terrain. The

interval chosen depends on:

(1) Thetype of project involved; for instance, contouring an airstrip requires an extremely small contour

interval.
(2) Thetype of terrain, flat or undulating.
(3) Thecogt, for the smaller the interval the greater the amount of field data required, resulting in greater

expense.

Contours are generaly well understood so only a few of their most important properties will be
outlined here.

(1) Contours are perpendicular to the direction of maximum slope.

(2) The horizontal separation between contour lines indicates the steepness of the ground. Close spacing
defines steep slopes, wide spacing gentle slopes.

(3) Highly irregular contours define rugged, often mountainous terrain.
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Fig. 3.27 Cross-section No. 3 at chainage 360.000 m

(4) Concentric closed contours represent hills or hollows, depending on the increase or decrease in
elevation.

(5) The slope between contour lines is assumed to be regular.

(6) Contour lines crossing a stream form V's pointing upstream.

(7) The edge of abody of water forms a contour line.

Contours are used by engineersto:

(1) Construct longitudinal sections and cross-sections for initial investigation.
(2) Compute volumes.

(3) Construct route lines of constant gradient.

(4) Delineate the limits of constructed dams, road, railways, tunnels, etc.

(5) Delineate and measure drainage areas.

If the ground is reasonably flat, the optical level can be used for contouring using either the direct or
indirect methods. In steep terrain it is more economical to use other heighting, as outlined later.

(1) Direct contouring

In this method the actual contour is pegged out on the ground and its planimetric position located. A back-
sight is taken to an appropriate BM and the HPC of the instrument is obtained, say 34.800 m AOD. A
staff reading of 0.800 m would then place the foot of the staff at the 34 m contour level. The staff is then
moved throughout the terrain area, with its position pegged at every 0.800 m reading. In thisway the 34 m
contour islocated. Similarly a staff reading of 1.800 m gives the 33 m contour and so on. The planimetric
position of the contour needs to be located using an appropriate survey technique.
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This method, although quite accurate, is tedious and uneconomica and could never be used over a
large area. It isideal, however, in certain construction projects that require excavation to a specific single
contour line.

(2) Indirect contouring

Thistechniquerequires establishing agrid of intersecting evenly spaced linesover the site. A theodoliteand
steel tape may be used to set out the boundary of the grid. The grid spacing will depend upon the roughness
of the ground and the purpose for which the data are required. All the points of intersection throughout the
grid may be pegged or shown by means of paint from a spray canister. Alternatively ranging rods at the
grid intervals around the periphery would permit the staff holder, with the aid of an optical square, to align
himself with appropriate pairs and thus fix each grid intersection point, for example, alignment with rods
B-B and 2-2 fixes point B2 (Figure 3.28). Alternatively assistants at ranging rods B and 2 could help to
line up the staff holder. When the RLs of all the intersection points are obtained, the contours are located
by linear interpolation between the levels, on the assumption of auniform ground slope between each pair
of points. The interpolation may be done arithmetically using a pocket calculator, or graphically.

Consider grid points B2 and B3 with reduced level sof 30.20 m and 34.60 m respectively and ahorizontal
gridinterval of 20 m (Figure 3.29). The height difference between B2 and B3 is4.40 m and the 31 m contour
is0.80 m above B2. The horizontal distance of the 31 m contour from B2 = x;

where (20/4.40) = 4545 m =K
and Xx1 =K x0.80m=3.64m
Similarly for the 32 m contour:

X2 =K x180m=2818m

and so on, where (20/4.40) is a constant K, multiplied each time by the difference in height from the
reduced level of B2 to the required contour value. For the graphical interpolation, a sheet of transparent
paper (Figure 3.30) with equally spaced horizontal linesis used. The paper is placed over the two points
and rotated until B2 obtains a value of 30.20 m and B3 a value of 34.60 m. Any appropriate scale can be
used for the line separation. As shown, the 31, 32, 33 and 34 m contour positions can now be pricked
through onto the plan.

1 1
2 = 2
3 3
4 4
5 5
8 6

A 8 c o E F

Fig. 3.28 Grid layout for contouring
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Fig. 3.30 Graphical contour plotting

This procedureis carried out on other lines and the equal contour points joined up to form the contours
required.

An alternative way of creating the grid intersections that does not require the use of an optical square
isto set out the ranging rods asin Figure 3.31. In this case it isimportant that the pairs of ranging rods at
A B, ... 1, 2, etc are set out precisely. However once set out, the staff holder can find position much more

easily.
3.12 RECIPROCAL LEVELLING

When obtaining the relative levels of two points on opposite sides of a wide gap such as ariver, it is
impossible to keep the length of sights short and equal. Collimation error, Earth curvature and refraction
affect the longer sight much more than the shorter one. In order to minimize these effects, the method of
reciprocal levelling is used, asillustrated in Figure 3.32.

If the instrument near A observes a backsight onto A and aforesight onto B, the differencein elevation

between Aand B is:

AHpg =X — X1 —(C—T)
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Fig. 3.31 Alternative Grid layout for contouring

where; X1 = BSonA
X2 =FSonB

(c — r) = the combined effect of curvature and refraction

(with collimation error intrinsically built intor)

Similarly with the instrument moved to near B:

AHpg =Yy1 — Y2+ (C—T)
where y1 = BSonB
Yo = FSonA

then 2AHag = (X2 — X1) + (Y1 — V2)

1
and  AHpg = 5[()(2 —X1) + (Y1 — ¥2)]

(3.6)

This proves that the mean of the differencein level obtained with the instrument near A and then with the
instrument near B is free from the errors due to curvature, refraction and collimation error. Random errors

of observation will still be present, however.

Equation (3.6) assumes the value of refraction is equal in both cases. Refraction is a function of
temperature and pressure and so varies with time. Thus refraction may change during the time taken to
transport the instrument from side A to side B. To preclude thisit is advisable to use two levels and take
simultaneous reciprocal observations. However, this procedure creates the problem of each instrument
having a different residual collimation error. The instruments should therefore be interchanged and the
whole procedure repeated. The mean of all the values obtained will then give the most probable value for

the difference in level between A and B.



\ertical control 73

Harizontal tine

r = correction due te refraction
f1 = correction due to cunvature
x = 8BS reading on peg A
x; = F5 reading on peg B
dug = difference in level between Aand B

Instrument

Plan view

N

0
Instrurnent

instrument
'

yy = BS reading on peg B
ya = FS reading on peg A

Fig. 3.32 Reciprocal levelling

3.13 PRECISE LEVELLING

Precise levelling may be required in certain instances in construction such as in deformation monitoring,
the provision of precise height control for large engineering projects such as long-span bridges, dams
and hydroelectric schemes and in mining subsidence measurements. For example, a dam that has been
in place for many years is unlikely to be moving. However, should the dam fail the results would be
catastrophic for those on the downstream side. Being under the pressure of water when full, the dam may
be liable to distortion. The behaviour of the dam must therefore be monitored. One way of monitoring
any vertical movement along the dam is by levelling. Since early warning of small movement is required,
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and since conclusions about movement must be made with statistical confidence, the levelling must be
very precise.

Thereis moreto precise levelling than precise levels. High quality equipment is very important, but so
is the method by which it is used. Indeed the two components of precise levelling are precise equipment
and precise procedures. Precise levelling uses the same principles as ordinary levelling but with:

(1) Higher quality instruments and more accurate staves
(2) More rigorous observing techniques

(3) Restricted climatic and environmental conditions
(4) Refined booking and reduction

(5) Least squares adjustment for alevelling net

3.13.1 Precise invar staff

The precise levelling staff has its graduations precisely marked (and checked by laser interferometry) on
invar strips, which are attached to wooden or aluminium frames. The strip is rigidly fixed to the base of
the staff and held in position by a spring-loaded tensioning device at the top. This arrangement provides
support for the invar strip without restraining it in any way.

Usually there are two scales on each staff, offset from each other by a fixed amount (Figure 3.33).
The staff is placed upon a change plate at intermediate stations. A conventional levelling change plateis
small and light and is designed to give afirm platform for the staff on soft ground. Precise levelling should
only ever take place on firm ground and the precise levelling change plate is designed to be unmoving on
ahard surface. It is therefore heavy. The feet are rounded so that they do not slowly sink or heave when
placed on tarmac. The top is smooth, round and polished. The change platein Figure 3.34 is made from a
solid piece of steel and weighs about 10 kilograms.

-1118
116
~-1114
-112
- 110
-1108
-.1_: 106 |

Fig. 3.33 Segment of a precise levelling staff
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Fig. 3.34 Precise levelling change plate

For the most precise work, two staffs are used; in which case they should be carefully matched in every
detail. A circular bubble built into the staff is essential to ensure verticality during observation. The staff
should be supported by means of steadying poles or handles.

(1) The staff should haveits circular bubble tested at frequent intervals using a plumb-bob.

(2) Warping of the staff can be detected by stretching a fine wire from end to end.

(3) Graduation and zero error can be counteracted by regular calibration.

(4) For the highest accuracy afield thermometer should measure the temperature of the strip in order to
apply scale corrections.

3.13.2 Instruments

The instruments used should be precise levels of the highest accuracy. They should provide high-quality
resolution with high magnification (x40) and be capable of being adjusted to remove any significant
collimation. This may be achieved with a highly sensitive tubular bubble with alarge radius of curvature
that givesagreater horizontal bubble movement per angle of tilt. In the case of the automatic level ahighly
refined compensator would be necessary.

In either case a parallel plate micrometer, fitted in front of the object lens, would be used to obtain
submillimetre resolution on the staff.

The instrument’s cross-hairs may be as shown in Figure 3.35(a). The distance that the staff is away
from the instrument will affect which side of the cross-hairs is to be used. If the staff is far away use the
normal horizonta hair, right-hand side of diagram. If the staff is close, the mark on the staff will appear
too large to be bisected accurately. By comparing the two white wedges formed by the sloping cross-hairs
and the mark on the staff, see the arrows in Figure 3.35(b) where the mark on the staff is not correctly
aligned and Figure 3.35(c) where it is, a more precise setting of the micrometer can be made.
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Fig. 3.35 Precise level cross-hairs

3.13.3 Parallel plate micrometer

For precise levelling, the estimation of 1 mm is not sufficiently accurate. A parallel plate glass micrometer
in front of the object lens enables readings to be made direct to 0.1 mm, and estimated to 0.01 mm. The
parallel plate micrometer works by refracting theimage of astaff graduation to makeit coincident with the
cross-hair. Thereis, therefore, no estimation of the position of the cross-hair with respect to the graduation.
Theprinciple of theattachment isseen from Figure 3.36. Had the parallel plate been vertical theline of sight
would have passed through without deviation and the reading would have been 1.026 m, the final figure
being estimated. However, by manipulating the micrometer the parallel plateistilted until thelineof sightis
displaced to the nearest division marked on the staff, which is 1.02 m. Therotation of the micrometer drum
is proportional to the displacement of the image of the staff. The amount of displacement s is measured
on the micrometer and added to the exact reading to give 1.02647 m, only the last decimal place is
estimated.

It can be seen from Figure 3.36 that the plate could have been moved in the oppositedirection, displacing
the line of sight up. Since the paralel plate micrometer run is normally equal to the gap between two
successive divisions on the staff it will not be possible to gain coincidence on more than one division.

Thedisplacement isrelated to the rotation of the parallel plate asfollows. In Figure 3.37 the plate pivots
about A. The displacement is BC and the rotation is equal to the angle of incidencei. The thickness of the
plateist and the ray of light from the staff is refracted by an angler. u istherefractive index of the glass
of the plate.

Displacement = BC = ABsin(i —r)

e Ty
104 Telescope
- + N\ A Line of sight
102 -4
100 Parallel plate glass
L) Precise staff

10 mm interval graduations

Fig. 3.36 Parallel plate micrometer
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Fig. 3.37 Parallel plate displacement

But AB =t secr so
Displacement = tsin(i —r) secr
=t(sinicosr — cosisinr) secr
=t(sini —cosisinr secr)

But from Snell’s Law of refraction sini = p sinr. So upon substitution and rearrangement the equation
becomes

Displacement = ts‘”iil‘ (1- sinzi)%(uz _ sinzi)‘%}
If i issmall then sin?i is negligible compared with 1 or ©? and sini = i radians. So
Displacement = t(1 — M—l)i

Sincet and p arefixed properties of the plate then displacement isdirectly proportional to rotation. Parallel
plate micrometers are also manufactured for use with 5 mm graduations.

3.13.4 Field procedure

At the beginning and end of each levelling run a stable and precise benchmark is required. Intermediate
points are not observed. To avoid accidental damage or vandalism wall mounted benchmarks can be
removed from the wall leaving the barrel, which has been fixed with epoxy resin, capped for protection
(Figure 3.38).

The size of the levelling team depends upon the observing conditions and the equipment available.
Inordinary levelling an observer and staff holder are required. In precise levelling there are two staves and
therefore two staff holders are required. If a programmed data logger is available then the observer can
also do the booking. If the observations are to be recorded on paper a booker should also be employed.
The booker’s task, other than booking, is to do a series of quality control checks at the end of each set
of observations, before moving to the next levelling bay. Finaly, in sunny weather, an umbrella holder
is required because it is necessary to shield the instrument and tripod from the heating effects of the
sun'srays.



78 Engineering Surveying

Fig. 3.38 Wall mounted benchmark

Just aswith ordinary levelling, atwo-peg test is required to confirm that the instrumental collimationis
acceptable. Precise levelling procedures are designed to minimize the effect of collimation, but even so,
only awell-adjusted instrument should be used.

Precise level lines should follow communication routes where possible because they generally avoid
steep gradients; they are accessible and have hard surfaces. However, there may be vibration caused by
traffic, especialy if using an automatic level.

The following procedures should be adhered to when carrying out precise levelling:

(1) Precise levelling can be manpower intensive, and therefore expensive to undertake. It is important
to carry out afull reconnaissance of the proposed levelling route prior to observations being taken to
ensure that the best possible route has been chosen.

(2) Endandintermediate benchmarks should be constructed well beforelevelling startsto prevent settling
during levelling operations.

(3) Steep dopesareto be avoided because of the unequal and uncertain refraction effects on the tops and
bottoms of staves.

(4) Long lines should be split into workable sections, usually each section will not be more than about
3 km, because that is about as much as a team can do in one day. There must be a benchmark at
each end of the lineto open and close on. The length of each line will depend upon terrain, transport,
accommodation and other logistical considerations.

(5) Each section isto be treated as a separate line of levelling and is checked by forward and backward
levelling. This will isolate errors and reduce the amount of re-levelling required in the case of an
unacceptable misclosure.

(6) On each section, if the forward levelling takes place in the morning of day 1, then the backward
levelling should take place in the afternoon or evening of day 2. This will ensure that increasing
refraction on one part of the line in one direction will be replaced by decreasing refraction when
working in the other direction. This will help to compensate for errors due to changing refraction
effects.

(7) On bright or sunny daysan observing umbrellashould be held over theinstrument and tripod to avoid
differential heating of the level and of the tripod legs.

(8) Takethegreatest carewith the base plate of the staff. Keep it clean. Placeit carefully onto the change
plate and do not drop the staff. This will avoid any change in zero error of the staff. When the staff
is not being used, it should be rested upon the staff-man’s clean boot.
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(9) The distances of foresight and backsight must be as nearly equal as possible so as to limit the effect
of the Earth’s curvature, refraction and bad instrumental collimation. This will also avoid the need
to re-focus the level between sightings.

(10) Takecarewhen levelling along roads or railways. Stop levelling when traffic or vibrations are heavy.
When the staff is not being used, it should be rested upon the staff-man’s clean boot. Vibration may
damage the staff base plate and so change its zero error.

(11) On tarmac and soft ground the instrument or staff may rise after it has been set up. This may be
apparent to the observer but not by the staff person.

(12) Ingusty or windy conditionsstoplevelling becausetherewill beuncertainty inthereadings. Invariable
weather conditions consider levelling at night.

(13) The bottom 0.5 m of the staff should not to be used because of unknown and variable refraction
effects near the ground.

(14) If aprecise automatic level isto be used, it should be lightly tapped and rotated before each reading
to ensure that the compensator is freely operative. This will reduce errors by ensuring that the
compensator always comes from the same direction. Some automatic levels have a press button for
this purpose.

(15) Therounded centre on the change plate should be kept polished and smooth to ensure that the same
staff position is taken up each timeiit is used.

(16) The change plate must be firmly placed and not knocked or kicked between foresight and backsight
readings. Remember thereisno check on the movement of achange plate between these observations.
The staff holder should stand clear between observations.

(17) The observation to the back staff must be followed immediately by an observation to the forward
staff, both on one scale. This is to ensure that refraction remains constant during the forward and
back observations of one bay. Then, an observation to the forward staff is followed immediately by
an observation to the back staff on the other scale. This procedure hel ps to compensate for unknown
changesinrefraction, by balancingtheerrors. Using two doubl e scal erodsthe sequence of observation
would be:

(1) BSleft-hand scale on staff A
(2) FSleft-hand scale on staff B
(3) FSright-hand scale on staff B
(4) BSright-hand scale on staff A

Then (1) —(2) = AHj and (4) — (3) = AHy; if thesedifferences agree within thetolerances specified,
themeanisaccepted. Staff Aisnow leapfrogged to the next position and the above procedure repeated
starting with staff A again (Figure 3.39).

(18) If the back staff is observed first at one set-up, then the forward staff is observed first at the
next set-up. This ensures that changing refraction will affect each successive bay in an equal and

Fig. 3.39 Staff leapfrog
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opposite manner. The order of observations thistime will be:

(1) FSleft-hand scale on staff A
(2) BSleft-hand scale on staff B
(3) BSright-hand scale on staff B
(4) FSright-hand scale on staff A

Note that in each case thefirst observation of abay isto the same staff, which is alternately the back
and then the forward staff.

(19) The same staff that was used for the opening backsight must also be used for the closing foresight.
This will eliminate the effect of different zero errors on the two staves. This means that there must
always be an even number of set-ups on any line.

(20) Levelling should always be carried out in both directions, forward and back. If, on the forward
levelling, the A staff was used to open and close the line, then the B staff should be used to open and
close the line on the backward levelling. This will equalize the number of readings on each staff.

(21) Linesof sight should not exceed 50 m, especially in haze, or on sloping ground. Thiswill minimize
the effects of refraction, curvature of the Earth and difficulty of reading the staff. A good average
length of sight is 35 m.

(22) Use the procedure already outlined for levelling the circular bubble on automatic levels. This will
happen as a matter of course if the telescopeis aimed at staff A each time when centring the circular
bubble.

3.13.5 Booking and computing

Figure 3.40 shows a sample of precise levelling observations. Note the order in which the observations
are made and that it agrees with paragraphs (17) and (18) above. Once the observations are complete and

H &
Back [ Back | Back | Back | Back | Back [ Fwd Fwd Fwd Fwd Fwd |[ Run Run ,\Lg § & § &
Staff || Dist Left Right | R—-L | R+ L |[ Dist Left Right | R—L | R+ L | Diff Diff 45 | 8o 3 ™
) : 8 |Bm B
A/B Dist| Height =S |7V a%
<o \Y
<
A 30.1 |0.85419 |4.01683 (3.16264 |4.87102 || 30.2 (244140 |5.60412 (3.16272 [8.04552 | +0.1 | -1.58725 v v v
B 305 |0.21760 [3.38033 (3.16273 |3.59793 || 30.3 [2.09982 |5.26243 (3.16261 |7.36225 || -0.1 | —3.46941 v v v
A 29.7 |1.10329 |4.26617 (3.16288 |5.36946 || 29.8 [1.71900 |4.88162 (3.16262 (6.60062 || 0.0 | —4.08499 v v v
B 301 |1.42299 (458562 (3.16263 |6.00861 || 30.2 [1.45819 |4.62135 (3.16316 (6.07954 | +0.1 | —4.12046 v v v

The order of making the observations

Fig. 3.40 Precise levelling observations
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before the back staff and the instrument leapfrog forward the following reductions and quality checks are
made. Examples from the fourth line of the observations are shown.

(1) Compute the Right minus Left readings for the back staff and the forward staff. Because these are
constantsof theinvar stripsthey should bethe same. Check that they arewithin 0.00070 m of each other.

Back R — L = 4.58562 — 1.42299 = 3.16263

Forward R — L = 4.62135 — 1.45819 = 3.16316
Check 0.0007 > (3.16263 — 3.16316 = —0.00053) > —0.0007. Itis.

(2) Check that the forward and back distances are both less than 50 m and that they agree to within 0.3 m
of each other.

Distances are 30.1 and 30.2.

(3) Compute the Running Difference Distance as the forward — back distance + the previous value. And
make sure that it stays close to 0.0 m by adjusting future forward or back distances as appropriate.

30.2-30.1+00=+01

(4) Computethe Right plus Left readingsfor the back staff. Thisisequivalent to twice aback staff reading
plus alarge but constant offset. Do likewise for the forward staff readings.

Back R + L = 4.58562 + 1.42299 = 6.00861
Forward R + L = 4.62135 + 1.45819 = 6.07954

(5) Compute the Running Difference Height as sum of its previousvaue + %(Forward R+1L) —
3 (Back R+ L).

Running Difference Height = —4.08499 +  6.07954 — 3 6.00861 = —4.12046

3.14 DIGITAL LEVELLING

The digital level is an instrument that uses electronic image processing to evaluate the staff reading. The
observer isin effect replaced by a detector which derives a signal pattern from a bar-code type levelling
staff. A correlation procedure within the instrument translates the pattern into the vertical staff reading
and the horizontal distance of the instrument from the staff. Staff-reading errors by the observer are thus
eliminated.

The basic field data are automatically stored by the instrument thus further eliminating booking errors
(Figure 3.41).

3.14.1 Instrumentation

The design of both the staff and instrument are such that it can be used in the conventional way aswell as
digitally.
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Fig. 3.41 Digital level and staff

(1) The levelling staff

The staff is usually made from a synthetic material, which has a small coefficient of expansion. The staff
may be in one or more sections. There are precise invar staves for precise levelling. On one side of the
staff is a binary bar code for electronic measurement, and on the other side there are often conventional
graduationsin metres. The black and white binary code comprises many elements over the staff length. The
scaleisabsolutein that it does not repeat along the staff. Asthe correlation method is used to evaluate the
image, the elements are arranged in a pseudo-random code. The code pattern is such that the correlation
procedure can be used over the whole working range of the staff and instrument. Each manufacturer

uses a different code on their staffs therefore an instrument will only work with a staff from the same
manufacturer.

(2) The digital level

The digital level has the same optical and mechanical components as a normal automatic level. However,
for the purpose of electronic staff reading a beam splitter is incorporated which transfers the bar code
image to a detector. Light reflected from the white elements of the bar code is divided and sent to the
observer and to the detector. The detector is a form of charge couple device (CCD) which turns the
black and white staff pattern into a binary code. The angular aperture of the instrument is quite small,
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of the order of 1°—2°, resulting in a short section of the staff being imaged at the minimum range and
up to the whole staff at the maximum range. The bar code image is compared with a stored reference
code to find the height collimation on the staff. The instrument may not need to see the part of the
staff where the cross-hairs lie. The distance from instrument to staff is dependent on the image scale of
the code.

The data processing is carried out within the instrument and the data are displayed in a simple format.

The measurement process is initiated by a very light touch on a measure button. A keypad on the
eyepieceface of theinstrument permitstheentry of further numerical dataand pre-programmed commands.
The data can be stored and transferred to acomputer when required. Theinstrument may have an interface,
which permits external control, data transfer and power supply.

3.14.2 Measuring procedure

There aretwo external stagesto the measuring procedure; pointing and focusing on the staff and triggering
the digital measurement. The whole process takes a few seconds.

Triggering the measurement determines the focus position, from which the distance to the staff is
measured, and initiates monitoring of the compensator.

A coarse correlation approximately determinesthetarget height and theimage scaleand afine correlation
using calibration constants produces the final staff reading and instrument to staff distance.

For best results anumber of observations are taken automatically and the result averaged. Thisreduces
biases due to oscillations of the compensator and air turbulence within the instrument.

The results may be further processed within the instrument, displayed and recorded. The programs
incorporated will vary from instrument to instrument but typically may include those for:

(1) A single measurement of staff reading and horizontal distance.

(2) Thestart of aline of levelling and its continuation including intermediate sights. Automatic reduction
of data. Setting out of levels.

(3) Calibration and adjustment of the instrument (two-peg test).

(4) Data management.

(5) Recognition of an inverted staff.

(6) Set the parameters of the instrument; a process similar to theinitializing procedures used when setting
up electronic theodolites.

3.14.3 Factors affecting the measuring procedure

Every operation in a measurement procedure is a possible error source and as such requires careful
consideration in order to assess the effect on the final result.

(1) Pointing and focusing

Obvioudly the instrument will not work if it is not pointed at the staff. The amount of staff that needs to
be read depends on the range of the instrument to the staff. However, there will be a minimum amount
necessary at short ranges. It may not be critical to have the staff pointing directly at the instrument.

The precision of the height measurement may be independent of sharpness of image; however, aclear,
sharply focused image reduces the time required for the measurement. If the imageistoo far out of focus
then the instrument may not read at all. Some instruments have an auto-focus function to avoid potential
focusing problems.
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(2) Vibrations and heat shimmer

Vibration of the compensator caused by wind, traffic, etc., hasasimilar effect on the bar codeimage asthat
of heat shimmer. However, as digital levelling does not require a single reading, but instead is dependent
on a section of the code, the effects of shimmer and vibration may not be critical.

Similarly, scale errors on the staff are averaged.

(3) lllumination

As the method relies on reflected light from the white intervals of the bar code, illumination of the staff
is important. During the day, this illumination will be affected by cloud, sun, twilight and the effects of
shadows. Up to a point these variations are catered for by the instrument but under adverse conditions
there may be an increase in the measuring time.

(4) Staff coverage

In some conditions part of the bar code section being interrogated by the instrument may be obscured.
Consult the manufacturer’s handbook to ensure that sufficient of the staff is showing to the instrument.

(5) Collimation

The collimation value is set in the instrument but can be checked and changed as required. The method
of determining the collimation is based upon one of the two peg methods described earlier. Once the
collimation value has been determined it is applied to subsequent readings thereby minimizing its effect.
Note, however, that it can never be completely removed and appropriate procedures according to the
precision required must still be applied.

(6) Physical damage

Itislikely that the instrument will be seriously damaged if it is pointed directly at the sun.

3.14.4 Operating features

Theresolution for most instrumentsis0.1 mm for height and 10 mm for distance or better with instrumental
ranges up to 100 m. At such distances the effects of refraction and curvature become significant. The effect
of curvature can be precisely calculated, the effect of refraction cannot. Most digital levels can aso be
used as conventional optical automatic levels but in that case the standard error of 1 km of double-run
levelling becomes less. Although the digital level can also measure distance, the precision of the distance
measurement is only of the order of afew centimetres.

3.14.5 Advantages of digital levelling

One advantage claimed for digital levelling is that there is less fatigue for the observer. While it is true
that the observer does not have to make observations the instrument still needs to be set up, pointed at
the target and focused. The digital display needs no interpretation such as reading the centimetre from the
E on a conventiona staff and estimating the millimetre. Measurements are of consistent quality, subject
to the observer taking the same care with the instrument to ensure consistency of target distances and
illumination of the staff. Also the staff holder must not move the staff between the forward reading in one
bay and the back reading in the next, and that the staff must be kept vertical.
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There is an acceptable range of illumination, but too much or too little light may make observations
impossible. Some, but not all, digital levelswill recognize when staffs are inverted, otherswill indicate an
error if not told that the staff isinverted. Like any automatic level, the digital level will need to be at least
coarsely levelled for the compensator to be in range.

Although exact focusing may not be reguired, the instrument will not work if the focusing istoo far out
but if theinstrument has automatic focusing thiswould not be aproblem. Automatic data storage eliminates
the need for manual booking and its associated errors, and automatic reduction of data to produce ground
levels eliminates arithmetical errors. However, checks for levelling circuit misclosure need to be made or
at least checked and an adjustment to the intermediate points for misclosure needs to be made.

As with all surveying instruments the digital level should be allowed to adapt to the ambient air
temperature.

The scale of the height measurements is primarily fixed by the scale of the staff. An invar staff will
vary less with change of temperature. The scale will aso be dependent on the quality of the CCD. How
the dimensional stability of CCDs may vary with timeis not well known.

There are anumber of menus and functions that can be called on to make the levelling process easier,
in particular the two-peg test for collimation error and calibration.

Overdl, digital levelling is generally afaster process than levelling with an automatic level. Data can
be directly downloaded to a suitable software package to enable computation and plotting of longitudinal
sections and cross-sections. Thedigital level can be used in just about every situation where aconventional
level can be used, and should the batteries fail it can be used as a conventional level if necessary.

Worked examples

Example 3.2. The positions of the pegs which need to be set out for the construction of a sloping concrete
slab are shown in the diagram. Because of site obstructionsthetilting level which is used to set the pegs at
their correct level s can only be set up at station X whichis 100 m from the TBM. Thereduced level of peg A
isto be 100 m and the slab is to have a uniform diagonal slope from A towards Jof 1 in 20 downwards.

p X
\()Gm 30m
A 40m |B 40m C
)/.
TBM 2% 40m
103.48 m E
D % F
AFE [ 40m
s
s
C H J

To ensure accuracy in setting out the levels it was decided to adjust the instrument before using it, but
it was found that the correct adjusting tools were missing from the instrument case. A test was therefore
carried out to determine the magnitude of any collimation error that may have been present in the level,
and this error was found to be 0.04 m per 100 m downwards.

Assuming that the backsight reading from station X to a staff held on the TBM was 1.46 m, determine
to the nearest 0.01 m the staff readings which should be obtained on the pegs at A, Fand H, in order that
they may be set to correct levels.

Describe fully the procedure that should be adopted in the determination of the collimation error of the
tilting level. (ICE)
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The simplest approach to this questionisto work out thetruereadingsat A, Fand Hand then adjust them
for collimation error. Allowing for collimation error the true reading on TBM = 1.46 + 0.04 = 1.50 m.

HPC = 103.48 4 1.50 = 104.98 m

Truereading on Ato givealevel of 100m = 4.98 m

Distance AX = 50 m (AAXB = 3, 4, 5)

.. Collimation error = 0.02 m per 50 m

Allowing for this error, actual reading at A = 4.98 — 0.02 = 4.96 m
Now referring to the diagram, line HF through E’ will be a strike line
.".H and F have the samelevel asE’

Distance AE' = (60 + 60%) = 84.85m

Fall fromAtoE’ =84.85+20=4.24m

c.Levd @ E' =level at F and H = 100 — 4.24 = 95.76 m

Thus true staff readingsat F and H = 104.98 — 95.76 = 9.22 m
Distance XF = (70 + 40%)% = 80.62m

Collimation error ~ 0.03 m

Actual readingat F = 9.22 — 0.03=9.19m

Distance XH = 110 m, collimation error ~ 0.04 m

Actual readingat H = 9.22 — 0.04 = 9.18 m

Example 3.3. Thefollowing readingswere observed with alevel: 1.143 (BM 112.28), 1.765, 2.566, 3.820
CP; 1.390, 2.262, 0.664, 0.433 CP; 3.722, 2.886, 1.618, 0.616 TBM.

(1) Reduce the levels by the R-and-F method.

(2) Calculate thelevel of the TBM if the line of collimation wastilted upwards at an angle of 6’ and each
BS length was 100 m and FSlength 30 m.

(3) Calculate the level of the TBM if in al cases the staff was held not upright but leaning backwards at
5° to the vertical. (LU)

(1) Theanswer hererelies on knowing once again that levelling always commences on aBS and ends on
aFsS, and that CPs are dways FS/BS (see table below)
(2) Dueto collimation error

the BS readings are too great by 100 tan 6’
the FSreadings aretoo great by 30 tan 6’

net error on BSistoogreat by  70tan®’

Line of sight
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BS IS FS Rise Fall RL Remarks
1.143 112.280 BM
1.765 0.622 | 111.658
2.566 0.801 | 110.857
1.390 3.820 1.254 | 109.603
2.262 0.872 | 108.731
0.664 1.598 110.329
3.722 0433 | 0.231 110.560
2.886 0.836 111.396
1618 1.268 112.664
0.616 | 1.002 113.666 TBM
6.255 4869 | 4935 | 3549 | 113.666
4.869 3.549 112.280
1.386 1.386 1.386 Checks

Note that the intermediate sights are unnecessary in calculating the value of the TBM; prove it for
yourself by simply covering up the IS column and cal culating the value of TBM using BSand FSonly.

Therearethreeinstrument set-ups, and therefore thetotal net error onBS= 3x 70tan 6 = 0.366 m
(too great).

level of TBM = 113.666 — 0.366 = 113.300 m

(8) From the diagram it is seen that the true reading AB = actual reading CB x cos5° Thus each BS and
FS needs to be corrected by multiplying it by cos5°; however, this would be the same as multiplying
the > "BSand > FShy cos 5°, and as one subtracts BS from FS to get the difference, then

True differencein level = actual difference x cos5°
= 1.386 cos5° = 1.381m
level of TBM = 112.28 + 1.381 = 113.661 m

Example 3.4. One carriageway of amotorway running due N is 8 m wide between kerbs and the following
surface levels were taken along a section of it, the chainage increasing from Sto N. A concrete bridge
12 min width and having a horizontal soffit, carries a minor road across the motorway from SW to NE,
the centre-line of the minor road passing over that of the motorway carriageway at a chainage of 1550 m.

Taking crown (i.e. centre-line) level of the motorway carriageway at 1550 m chainage to be 224.000 m:

(@) Reduce the above set of levels and apply the usual arithmetical checks.
(b) Assuming the motorway surface to consist of planes, determine the minimum vertical clearance
between surface and the bridge soffit. (L)

The HPC method of booking is used because of the numerous intermediate sights.
Intermediate sight check
2245.723 = [(224.981 x 7) + (226.393 x 3) — (5.504 + 2.819)]

= 1574.867 + 679.179 — 8.323 = 2245.723
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BS IS FS Chainage (m) Location
1.591 1535 West channel
1.490 1535 Crown
1.582 1535 East channel
—4.566 Bridge soffit*
1.079 1550 West channel
0.981 1550 Crown
1.073 1550 East channel
2.256 0.844 CP
1.981 1565 West channel
1.884 1565 Crown
1.975 1565 East channel
*Saff inverted
BS IS FS HPC RL Remarks
1.591 223.390 1535 West channel
1.490 223.491 1535 Crown
1.582 223.399 1535 East channel
—4.566 229.547 Bridge soffit
1.079 223.902 1550 West channel
0.981 224.981* 224.000 1550 Crown
1.073 223.908 1550 East channel
2.256 0.844 226.393 224,137 CcP
1.981 224.412 1565 West channel
1.884 224.509 1565 Crown
1.975 224.418 1565 East channel
3.847 5.504 2.819 224.418
2.819 223.390
1.028 1.028 Checks

*Permissible to start here because this is the only known RL; also, in working back to 1535 m
one till subtracts from HPC in the usual way.
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Now draw a sketch of the problem and add to it al the pertinent data as shown.
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Examination of the sketch showsthe road to berising from Sto N at aregular grade of 0.510 min 15m.
Thisimplies then, that the most northerly point (point B on east channel) should be the highest; however,
as the crown of the road is higher than the channel, one should also check point A on the crown; all other
points can be ignored. Now, from the illustration the distance 1550 to A on the centre-line:

—6x(2)2 =85m

.. Riseinlevel from 1550 to A = (0.509/15) x 8.5 = 0.288 m

.. Level at A = 224.288 m giving a clearance of (229.547 — 224.288) = 5.259 m
Distance 1550 to B along the east channel 85+ 4 = 12.5m

.. Riseinlevel from 1550 to B = (0.510/15) x 12.5 =0.425m

.. Level at B = 223.908 + 0.425 = 224.333 m

.. Clearance at B = 229.547 — 224.333 = 5.214 m

.. Minimum clearance occurs at the most northerly point on the east channel, i.e. at B
Example 3.5. Inextending atriangulation survey of the mainland to adistant off-lying island, observations
were made between two trig stations, one 3000 m and the other 1000 m above sea level. If the ray from

one station to the other grazed the sea, what was the approximate distance between stations, (a) neglecting
refraction, and (b) allowing for it? (R = 6400 km) (ICE)

Refer to equation (3.1).
(3 D1 = (2Rc1)? = (2 x 6400 x 1)7 = 113km
D = (2Rcy)% = (2 x 6400 x 3)2 = 196 km
Total distance = 309 km
(b) With refraction: Dj = (7/6 x 2Rc1)3, Dy = (7/6 x 2Rcp)?.
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By comparison with the equation in (@) above, it can be seen that the effect of refraction isto increase
distance by (7/6)3:

-.D = 309(7/6)7 = 334 km

Example 3.6. Obtain, from first principles, an expression giving the combined correction for the Earth’'s
curvature and atmospheric refractionin levelling, assuming that the Earth isasphere of 12740 km diameter.
Reciprocal levelling between two points Y and Z 730 m apart on opposite sidesof ariver gavethefollowing
results:

Instrument at  Height of instrument (m)  Saffat  Staff reading (m)

Y 1.463 z 1.688
Z 1.436 Y 0.991

Determine the difference in level between Y and Z and the amount of any collimation error in the
instrument. (ICE)
6D?
1) (c—r)= —— = 0.0673D?
@D (c—r) AR 0.0673D- m
(2) Withinstrument at Y, Z islower by (1.688 — 1.463) = 0.225m
With instrument at Z, Z islower by (1.436 — 0.991) = 0.445m

. 0.225 + 0.445
True height of Z below Y = + =0.335m

Instrument height at Y = 1.463 m; knowing now that Z islower by 0.335 m, then atruly horizontal reading
on Z should be (1.463 + 0.335) = 1.798 m; it was, however, 1.688 m, i.e. —0.11 m too low (— indicates
low). Thiserror is due to curvature and refraction (¢ — r) and collimation error of the instrument ().

Thus: (c—r)+e=-0110m
6D? 6 x 7302
Now (€=1)=T2R = Tax 6370 x 1000 — 0% M

e=—0.110 — 0.036 = —0.146min730 m

Collimation error e = 0.020 m down in 110 m

Example 3.7. A and B are 2400 m apart. Observations with alevel gave:

A, height of instrument 1.372 m, reading at B 3.359 m
B, height of instrument 1.402 m, reading at A 0.219 m
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Calculate the difference of level and the error of the instrument if refraction correction is one seventh
that of curvature. (LU)

Instrument at A, Bislower by (3.359 — 1.372) = 1.987 m
Instrument at B, B islower by (1.402 — 0.219) = 1.183 m

True height of B below A = 0.5 x 3.170m = 1.585m

Combined error due to curvature and refraction
= 0.0673D% m = 0.0673 x 2.4% = 0.388 m

Now using same procedure as in Example 3.6:

Instrument at A = 1.372, thus true reading at B = (1.372 + 1.585)
=2957m
Actual reading at B = 3.359 m

Actual reading at B too high by + 0.402 m

Thus: (c—r)+e=+40.402m
e = +0.402 — 0.388 = +0.014 m in 2400 m

Collimation error e= 40.001 m upin 100 m

Exercises

(3.1) Thefollowing readings were taken with alevel and a 4.25-m staff:

0.683, 1.109, 1.838, 3.398 [3.877 and 0.451] CR, 1.405, 1.896, 2.676 BM (102.120 AOD), 3.478 [4.039
and 1.835] CP, 0.649, 1.707, 3.722

Draw up alevel book and reduce the levels by

(@) R-and-F,
(b) height of collimation.

What error would occur in the final level if the staff had been wrongly extended and a plain gap of over
12 mm occurred at the 1.52-m section joint? (LU)

Parts (a) and (b) are self checking. Error in final level = zero.
(Hint: all readings greater than 1.52 m will be too small by 12 mm. Error in final level will be calculated
from BM only.)

(3.2) The following staff readings were observed (in the order given) when levelling up a hillside from
aTBM 135.2 m AOD. Excepting the staff position immediately after the TBM, each staff position was
higher than the preceding one.

1.408, 2.728, 1.856, 0.972, 3.789, 2.746, 1.597, 0.405, 3.280, 2.012, 0.625, 4.136, 2.664, 0.994, 3.901,
1.929, 3.478, 1.332

Enter the readings in level-book form by both the R-and-F and collimation systems (these may be
combined into a single form to save copying). (LV)
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(3.3) Thefollowing staff readingsin metreswere obtained when levelling along the centre-line of astraight
road ABC.

BS IS FS Remarks
2.405 Point A (RL = 250.05 m AOD)
1.954 1.128 CP
0.619 1.466 Point B
2.408 Point D
—1.515 Point E
1.460 2.941 CP

2.368 Point C

D is the highest point on the road surface beneath a bridge crossing over the road at this point and the
staff was held inverted on the underside of the bridge girder at E, immediately above D. Reduce thelevels
correctly by an approved method, applying the checks, and determine the headroom at D. If theroad isto
be regraded so that AC isauniform gradient, what will be the new headroom at D?

The distance AD = 240 m and DC = 60 m. (LU)

(Answer: 3.923 m, 5.071 m)

(3.4) Distinguish, in construction and method of use, between dumpy and tilting levels. State in general
terms the principle of an automatic level.

(3.5) The following levels were taken with a metric staff on a series of pegs at 100-m intervals along the
line of a proposed trench.

BS IS FS Remarks
2.10 TBM 28.75m
2.85 Peg A
1.80 351 Peg B

1.58 Peg C

2.24 Peg D
1.68 2.94 Peg E

2.27

3.06

381 TBM 24.07 m

If thetrench isto be excavated from peg A commencing at aformation level of 26.5 m and falling to peg E
at agrade of 1in 200, calculate the height of the sight railsin metres at A, B, C, D and E, if a3-m boning
rod isto be used.

Briefly discuss the techniques and advantages of using laser beams for the control of more precise
work. (KU)

(Answer: 1.50, 1.66, 0.94, 1.10, 1.30 m)
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(3.6) (a) Determine from first principles the approximate distance at which correction for curvature and
refraction in levelling amounts to 3 mm, assuming that the effect of refraction is one seventh that of the
Earth’s curvature and that the Earth is a sphere of 12740 km diameter.

(b) Two survey stations A and B on opposite sides of ariver are 780 m apart, and reciprocal levels have
been taken between them with the following results:

Instrument at Height of instrument (m) Saff at Saff reading (m)

A 1.472 B 1.835
B 1.496 A 1.213

Compute the ratio of refraction correction to curvature correction, and the difference in level between A
and B.

(Answer: (@) 210 m (b) 0.14 to 1; B lower by 0.323 m)

3.15 TRIGONOMETRICAL LEVELLING

Trigonometrical levelling is used where difficult terrain, such as mountainous areas, precludes the use
of conventional differentia levelling. It may also be used where the height difference is large but the
horizontal distance is short such as heighting up a cliff or atall building. The vertical angle and the slope
distance between the two points concerned are measured. Slope distanceismeasured using el ectromagnetic
distance measurers (EDM) and the vertical (or zenith) angle using a theodolite.

When these two instruments are integrated into a single instrument it is called a ‘total station’. Total
stations contain algorithmsthat calculate and display the horizontal distance and vertical height, Thislatter
facility has resulted in trigonometrical levelling being used for a wide variety of heighting procedures,
including contouring. However, unless the observation distances are relatively short, the height values
displayed by the total station are quite useless, if not highly dangerous, unless the total station contains
algorithms to apply corrections for curvature and refraction.

3.15.1 Short lines

From Figure 3.42 it can be seen that when measuring the angle

Ah = Ssina 3.7
When using the zenith angle z

Ah = Scosz (3.8)
If the horizontal distance is used

Ah=D tana =D cot z (3.9

The differencein elevation (AH) between ground points A and B is therefore
AH =hj+ Ah—h
= Ah+h —h (3.10)

where h; = vertical height of the measuring centre of the instrument above A
h; = vertical height of the centre of the target above B
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Fig. 3.42 Trigonometric levelling — short lines

Thisisthe basic concept of trignometrical levelling. Thevertical angles are positive for angles of elevation
and negative for angles of depression. The zenith angles are always positive, but naturally when greater
than 90° they will produce a negative result.

What constitutes a short line may be derived by considering the effect of curvature and refraction
compared with the accuracy expected. The combined effect of curvature and refraction over 100 m =
0.7 mm, over 200 m = 3 mm, over 300 m = 6 mm, over 400 m = 11 mm and over 500 m = 17 mm.

If we apply the standard treatment for small errors to the basic equation we have

AH =Ssna + hj — h (3.1
and then
3(AH) =sina - S+ Scosw da + shy — hy (3.12)

and taking standard errors:

GiH = (Sina - 05)° + (S cosa - 0)° + aiz + otz
Consider avertical angle of o = 5°, with o, = 5” (= 0.000024 radians), S = 300 m with o5 = 10 mm
and o; = ot = 2 mm. Substituting in the above eguation gives:

2

o2, = 0.92 mm? + 7.22 mm? + 22 mm? + 22 mm?

oAH = 7.8 mm

This value is similar in size to the effect of curvature and refraction over this distance and indicates that
short sights should never be greater than 300 m. It also indicates that the accuracy of distance S is not
critical when the vertical angle is small. However, the accuracy of measuring the vertical angle is very
critical and requires the use of atheodolite, with more than one measurement on each face.
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Refracted line
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0 = centre of the earth
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Fig. 3.43 Trigonometric levelling — long lines

3.15.2 Long lines

For long lines the effect of curvature (c) and refraction (r) must be considered. From Figure 3.43, it can
be seen that the difference in elevation (AH) between Aand B is:

AH=GB=GF+FE+EH —-HD - DB
=hi+c+Ah—r —h
=Ah+h —h+(c—r) (3.13)

Thus it can be seen that the only difference from the basic equation for short lines is the correction for
curvature and refraction (c — r).

Although thelineof sight isrefracted to thetarget at D, thetelescopeispointingto H, thereby measuring
theangle « from the horizontal. It followsthat Ssinae = Ah = EH and requires a correction for refraction
equal to HD.
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Thecorrectionfor refraction isbased on aquantity termed the* coefficient of refraction’ (K). Considering
the atmosphere as comprising layers of air which decrease in density at higher elevations, the line of sight
from the instrument will be refracted towards the denser layers. The line of sight therefore approximates
to acircular arc of radius Rs roughly equal to 8R, where R isthe radius of the Earth. However, due to the
uncertainty of refraction one cannot accept this relationship and the coefficient of refraction is defined as

K = RIRs (3.14)

An average value of K = 0.15 is frequently quoted but, as stated previoudly, this is most unreliable
and is based on observations taken well above ground level. Recent investigation has shown that not
only can K vary from —2.3 to +3.5 with values over ice as high as +14.9, but it also has a daily cycle.
Near the ground, K is affected by the morphology of the ground, by the type of vegetation and by other
assorted complex factors. Although much research has been devoted to modelling these effects, in order to
arrive at an accurate value for K, the most practical method still appears to be by simultaneous reciprocal
observations.

As aready shown, curvature (c) can be approximately computed from ¢ = D?/2R, and asD ~ Swe
can write

c= /2R (3.15)

Now considering Figures 3.43 and 3.44 the refracted ray JD has aradius Rs and ameasured distance Sand
subtends angles § at its centre, then

8§ =9Rs
312 = 2R
Astherefraction K = R/Rs we have
312 = K/2R

Direction of
telescope

Refracted line
of sight

Fig. 3.44 Curvature and refraction
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Without loss of accuracy we can assume JH = JD = Sand treating the HD asthe arc of acircleof radius S:
HD =S-8/2=SK/2R=r (3.16)

(c—r)=S(1-K)/2R (3.17)

All the above eguations express c and r in linear terms. To obtain the angles of curvature and refraction,
EJF and HJID in Figure 3.43, reconsider Figure 3.44. Imagine JH is the horizontal line JE in Figure 3.43
and JD thelevel line JF of radius R. Then § isthe angle subtended at the centre of the Earth and the angle
of curvatureis half this value. To avoid confusion let § = 6 and as already shown:

0/12=92R=¢ (3.18)
where the arc distance at MSL approximatesto S. Also, as shown:

812 =K/2R=F (3.19
Therefore in angular terms:

(€—1)=91-K)/2Rrads (3.20)

Note the difference between equations in linear terms and those in angular.

3.15.3 Reciprocal observations

Reciprocal observations are observations taken from A and B, the arithmetic mean result being accepted.
If one assumes a symmetrical line of sight from each end and the observations are taken simultaneousdly,
then the effect of curvature and refractionis cancelled out. For instance, for elevated sights, (c—r) isadded
to a positive value to increase the height difference. For depressed or downhill sights, (c — r) is added to
a negative value and decreases the height difference. Thus the average of the two values is free from the
effects of curvature and refraction. This statement is not entirely true as the assumption of symmetrical
lines of sight from each end is dependent on uniform ground and atmospheric conditions at each end, at
the instant of simultaneous observation.

In practice over short distances, sighting into each other’s object lens forms an excellent target, with
some form of communication to ensure simultaneous observation.

The following numerical example istaken from an actual survey in which the elevation of A and B had
been obtained by precise geodetic levelling and was checked by simultaneous reciprocal trigonometrical
levelling.

Worked example

Example 3.8.
Zenithangleat A = Za = 89° 59 18.7 (VA 0° 00’ 41.3")
Zenithangleat B = Zg = 90° 02/ 59.9” (VA = —0° 02 59.9")
Height of instrument at A = ha = 1.290 m
Height of instrument at B = hg = 1.300 m
Slope distance corrected for meteorological conditions = 4279.446 m

Each target was set at the same height as the instrument at its respective station.
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Asthe observations are reciprocal, the corrections for curvature and refraction are ignored:

AHpag = ScosZp + hj — h;
= 4279.446 cos89° 59 18.7" + 1.290 — 1.300 = 0.846 m
AHpp = 4279.446 cos90° 02/ 59.9” + 1.300 — 1.290 = —3.722m
AHpg = 3.722m
Meanvalue AH =2.284m

Thisvalue comparesfavourably with2.311 m obtained by preciselevelling. However, thedisparity between
thetwo values0.846 and —3.722 showsthe danger inherent in single observationsuncorrected for curvature
and refraction. In this case the correction for curvature only is+1.256 m, which, when applied, bringsthe
resultsto 2.102 m and —2.466 m, producing much closer agreement. To find K simply substitute the mean
value AH = 2.284 into the equation for a single observation.

From Ato B:
2.284 = 4279.446 cos89° 59 18.7” + 1.290 — 1.300 + (c —r)

where (c — r) = S(1 — K)/2R
and the local value of Rfor the area of observation = 6364700 m
2.284 = 0.856 — 0.010 + S?(1 — K)/2R
1.438 = 4279.446%(1 — K)/2 x 6364700m
K = 0.0006

From B to A:

2.284 = —3.732 + 1.300 — 1.290 + SX(1 — K)/2R
K = 0.0006

Now this value for K could be used for single ended observations taken within the same area, at the same
time, to give improved results.
A variety of formulae are available for finding K directly. For example, using zenith angles:

Zp + Zg — 180° R

K=1 — 21
180/ S (321)

and using vertical angles:
K = (0 + ao + Bo)/0 (3.22)

where 6 = the angle subtended at the center of the Earth by the arc distance ~ Sand is calculated using:
0" = Sp/R where p = 206265

In the above formulae the values used for the angles must be those which would have been observed had
h, = h; and, in case of vertical angles, entered with their appropriate sign. As shown in Figure 3.45,
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Fig. 3.45 Correction for unequal instrument and target height

By sinerule: «p = o — eand for an angle of depression it becomes o = 8 + e.
_ he_j sin(90° — a)

sine S
h;_j cosa
a1 =i
o— a3 (Reie)
he_ h
:%cosw+§cos3a+m
-.e= (h—jcos a)/S (3.23)
For zenith angles:
e= (h—j sin 2)/S (3.29)

3.15.4 Sources of error

Consider the formulafor a single observation, found by substituting equations 3.8 and 3.17 into 3.13:
AH = Ssina + h — hy + (1 — K)/2R

The obvious sources of error lie in obtaining the slope distance S, the vertical angle « the heights of
the instrument and target, the coefficient of refraction K and a value for the local radius of the Earth R.
Differentiating gives.

8(AH) = 8Ssin a + Scosa - 8a + sh; + Shy + S SK/2R + S?(1 — K) SR/2R?
and taking standard errors:
024 = (0sSiN@)? + (Scosao )2 + 02 4 o + (Sok/2R)? 4 (SP(1 — K)or/2R?)?

Taking S= 2000m, o0s = 0.005m, « = 8°, 6, = 7’ (= 0.000034 radians), o; = oy = 2 mm, K = 0.15,
ok = 1, R= 6380 km, and or = 10 km, we have

02, = (0.7)? + (48.0)% + 22 + 22 4 (156.7)? + (0.4)> mm?

oaH = 164 mm
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Once again it can be seen that the accuracy required to measure Sis not critical.

However, the measurement of the vertical angle is critical and the importance of its precision will
increase with greater distance. The error in the value of refraction is the most critical component and
will increase rapidly as the square of the distance. Thus to achieve reasonable results over long sights,
simultaneous reciprocal observations are essential.

3.15.5 Contouring

The ease with which total stations produce horizontal distance, vertical height and horizontal direction
makes them ideal instruments for rapid and accurate contouring in virtually any type of terrain. The data
recorded may be transformed from direction, distance and elevation of apoint, to its position and elevation
in terms of three-dimensional coordinates. These points thus comprise a digital terrain or ground model
(DTM/DGM) from which the contours are interpolated and plotted.

The total station and a vertical rod that carries a single reflector are used to locate the ground points
(Figure 3.46). A careful reconnaissance of the areais necessary, in order to plan the survey and define the
necessary ground points that are required to represent the characteristic shape of the terrain. Break lines,
the tops and bottoms of hills or depressions, the necessary features of water courses, etc., and enough
points to permit accurate interpolation of contour lines at the interval required, comprise the field data.
As the observation distances are relatively short, curvature and refraction might be ignored. However, in
most total stations corrections for curvature and refraction may be applied.

Fig. 3.46 Contouring with a total station and detail pole
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RO
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Fig. 3.47 Radiation method

From Figure 3.42, it can be seen that if the reduced level of point A (RLa) is known, then the reduced
level of ground point Bis:

RLg = RLa+hj + Ah—h;

When contouring, the height of the reflector is set to the same height as the instrument, i.e. hy = h;, and
cancelsout inthe previous equation. Thusthe height displayed by theinstrument isthe height of the ground
point above A:

RLg = RLa + Ah

In thisway the reduced levels of all the ground points are rapidly acquired and all that is needed are their
positions. One method of carrying out the processis by radiation.

As shown in Figure 3.47, the instrument is set up on a control point A, whose reduced level is known,
and sighted to a second control point (RO). The horizontal circleis set to the direction computed from the
coordinates of A and the RO. Theinstrument is then turned through a chosen horizontal angle (6) defining
the direction of thefirst ray. Terrain points along thisray are then located by measured horizontal distance
and height difference. This process is repeated along further rays until the area is covered. Unless avery
experienced person is used to locate the ground points, there will obviously be a greater density of points
near the instrument station. The method, however, is quite easy to organizein thefield. The angle between
successive rays may vary from 20° to 60° depending on the terrain.

Many ground-modelling software packages interpolate and plot contours from strings of linked terrain
points. Computer processing is aided if the ground points are located in continuous strings throughout
the area, approximately following the line of the contour. They may aso follow the line of existing
watercourses, roads, hedges, kerbs, etc. (Figure 3.48).

Depending on the software package used, the string points may be transformed into a triangular or
gridded structure. Heights can then be determined by linear interpolation and the terrain represented
by simple planar triangular facets. Alternatively, high-order polynomials may be used to define three-
dimensional surfaces fitted to the terrain points. From these data, contours are interpolated and a contour
model of the terrain produced.
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Fig. 3.48 Plotting

Worked examples

Example 3.9. (&) Define the coefficient of refraction K, and show how its value may be obtained from
simultaneous reciprocal trigonometric levelling observations.

(b) Two triangulation stations A and B are 2856.85 m apart. Observations from A to B gave a mean
vertical angle of +01° 35 38", the instrument height being 1.41 m and the target height 2.32 m. If the
level of station Ais 156.86 m OD and the value of K for the areais 0.16, calculate the reduced level of B
(radius of Earth = 6372 km). (KU)

(a) Refer to Section 3.15.2.
(b) Thispart will be answered using both the angular and the linear approaches.

Angular method

Differencein height of AB = AH = Dtan[« + (€ — f)] where& = #/2 and
_ D 285685

~ R 6372000

..€=0.000224 rad

= 0.000448 rad

P = K(0/2) = 0.16 x 0.000224 = 0.000036 rad
. (&—F)=0.000188 rad = 0° 00 38.8"
. AH = 2856.85tan(01° 35’ 38" + 0° 00/ 38.8”) = 80.03m

Refer to Figure 3.42.

RLofB=RLof A+h +AH —h;
= 156.86 + 1.41 + 80.03 — 2.32 = 235.98 m
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Linear method

AH =Dtana + (c—r)

D2 2856.852
) 1 x 0.084 = 0.54m

where(c—r) = — —K))=——————
( ) <2R ) 2x 6372000

Dtana = 2856.85 tan(01° 35' 39”) = 79.49m
where .. AH = 79.49 4+ 0.54 = 80.03 m

Example 3.10. Two stations A and B are 1713 m apart. The following observations were recorded: height
of instrument at A 1.392 m, and at B 1.464 m; height of sighal at A2.199 m, and at B2 m. Elevationtosignal
at B1° 08 08", depression angleto signal at A1° 06" 16”. If 1” at the Earth’'s centre subtends 30.393 m at
the Earth’s surface, calculate the difference of level between A and B and the refraction correction. (LU)

a+B (h — h)) — (hy — hy)
2 )+ 2

AH:Dtan(

where hj = height of instrument at A; hy = height of target at B; hi = height of instrument at B;
h = height of target at A.

1°08/08") + (1°06' 157)\  (2.199 — 1.464) — (2.000 — 1.392
.'.AH=1713tan(( )+ ))+( ) —( )

2 2
= 33.490 + 0.064 = 33.55m

Using the alternative approach of reducing « and g to their valuesif hj = hy.
Correction to angle of elevation:

o ~ 1392 —2.000
T 17130

o =(1°08 08") — (01 13.2") = 1° 06 54.8"

x 206265 = —73.2"

Correction to angle of depression:

o (2.199 — 1.464)
- 1713.0

B =(1°06'15") + (01' 28.5") = 1°07' 435"

x 206265 = 88.5"

(1° 06/ 54.8") + (1° 07’ 43.5")
2

S AH = 1713tan( > =33.55m

. . .1
Refraction correction f = 5(0 +a+p)

where 0" = 1713.0/30.393 = 56.4"
1
= 5[564" + (1°06'54.8") — (1°07 435")] = 38"
P 38

and aso K=—

=——=014
012 282"
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Example 3.11. Two pointsAand B are8 km apart and at levelsof 102.50 m and 286.50 m OD, respectively.
The height of the target at A is 1.50 m and at B 3.00 m, while the height of the instrument in both cases
is 1.50 m on the Earth’s surface subtends 1” of arc at the Earth’s centre and the effect of refractionis one
seventh that of curvature, predict the observed angles from Ato B and B to A.

Differenceinlevel Aand B = AH = 286.50 — 102.50 = 184.00 m

184 o 1ol A
oo by radiansab”:m x 206265 = 4744" = 1°19 04

Angle subtended at the centre of the Earth = 0" = T 258"

. Curvaturecorrection €¢=6/2=129" and f =¢&7= 18"

Now AH =Dtan¢
where ¢ =a+(E+F)

ca=¢—(&—F)=4744" — (129" — 18") = 4633" = 1°17' 13"
Similarlly ¢ =8—(€—f)

SB=¢+ (€—f)=4855" =1°20'55"

The observed angle « must be corrected for variation in instrument and signal heights. Normally the
correction is subtracted from the observed angle to give the truly reciprocal angle. In this example, « is
the truly reciprocal angle, thus the correction must be added in this reverse situation:

€ ~ [(hy — h))/D] x 206265 = [(3.00 — 1.50)/8000] x 206265 = 39"
c.o = 46337 4 39" = 4672" = 1°17' 52"
Example 3.12. A gas drilling-rig is set up on the sea bed 48 km from each of two survey stations which
are on the coast and several kilometres apart. In order that the exact position of the rig may be obtained,
it is necessary to erect abeacon on the rig so that it may be clearly visible from theodolites situated at the
survey stations, each at a height of 36 m above the high-water mark.

Neglecting the effects of refraction, and assuming that the minimum distance between the line of sight
and calm water is to be 3 m at high water, calculate the least height of the beacon above the high-water
mark, at the rig. Prove any equations used.

Calculatetheangle of elevation that would be measured by the theodolite when sighted onto thisbeacon,

taking refraction into account and assuming that the error due to refraction is one seventh of the error due
to curvature of the Earth. Mean radius of Earth = 6273 km. (ICE)

From Figure 3.49:
D1 = (2¢1R)? (equation 3.1)
.D1 = (2 x 33 x 6273000) = 20.35km
..D2 =48 — D1 = 27.65km
c.since Dy = (202R)%

C2 = 61m, and to avoid grazing by 3 m, height of beacon = 64 m
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Fig. 3.49 Lines of sight

Differencein height of beacon and theodolite = 64 — 36 = 28 m; observed vertical anglea = ¢ — (€ —F)
for angles of elevation, where

28 x 206 265
/= —————— =120.3"
¢ 48000

t=0/2

4
where 6" = (%) x 206265 = 1578.3"

.6=7892" and f=¢/7=1127"
c.a=1203" —789.2" + 112.7" = —556.2" = —0° 09 16"

The negative value indicates o to be an angle of depression, not elevation, as quoted in the question.
3.16 HEIGHTING WITH GPS

This aim of this short section is to introduce an alternative technology, which can be very useful for
heighting, where many pointsin agiven areaare required. The subject of satellite positioning iscoveredin
depthin Chapter 8. The main advantages of using Global Positioning System (GPS) receiversfor heighting
are that no line of sight is required between instrument and target and the speed with which heights with
their plan positions can be collected. The practical limit isusually the speed at which the GPS receiver can
be moved over the ground. Suppose the heights of some open ground are required with a density of not
less than a point every 5 m and a vehicle with a GPS antenna mounted on its roof isavailable. If the GPS
records 10 points every second, then the maximum theoretical speed of the vehicle would be 180 km per
hour! Although it is unlikely that the surveyor would be travelling at such speeds over rough terrain this
exampleillustrates the potential of the system.

On the negative side, GPS has limits as to the practical precision that can be achieved. Height of
one instrument relative to another nearby instrument may be obtained with a precision of about 0.02 m.
However, the heights are related to the World Geodetic System 1984 (WGS84) ellipsoidal model of the
Earth and to be useful would need to be converted to heights above the local datum. The relationship
between WGS84 and the local datum will not be constant and will vary smoothly by up to 0.1 m per
kilometre across the area of interest. Therefore external data will be required to apply the appropriate
corrections to make the GPS derived heights useful to the surveyor. If the GPS antenna is mounted on a
vehicle then the relationship between the antenna and the ground will vary as the vehicle bounces across
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the terrain adding further random error to the heights of individual points. This may not be so important if
the purpose to the heighting is to determine volume of ground to be cut or filled, asthe errorsin individual
heights will tend to cancel each other out.

GPS equipment is rather more expensive than conventional levelling equipment or total stations. GPS
equipment works very well in a GPS friendly environment, i.e. where there is an open sky. It becomes
much less useful if there are many obstructions such astall buildings or under tree canopies. In such cases
conventiona techniques would be more appropriate.



4
Distance measurement

Distanceis one of the fundamental measurementsin surveying. Although frequently measured as a spatial
distance (sloping distance) in three-dimensional space, usualy it is the horizontal component which is
reguired.

Distanceisrequiredin many instances, e.g. to give scaleto anetwork of control points, to fix the position
of topographic detail by offsets or polar coordinates, to set out the position of a point in construction
work, €etc.

The basic methods of measuring distance are, at the present time, by taping or by electromagnetic
(or electro-optical ) distance measurement, generally designated as EDM. For very rough reconnai ssance
surveys or approximate estimates pacing may be suitable.

For distances over 5 km, GPS satellite methods, which can measure the vectors between two points
accurate to 1 ppm are usually more suitable.

4.1 TAPES

Tapes come in a variety of lengths and materials. For engineering work the lengths are generally 10 m,
30 m, 50 m and 100 m.

Linen or glass fibre tapes may be used for general use, where precision is not a prime consideration.
The linen tapes are made from high quality linen, combined with metal fibres to increase their strength.
They are sometimes encased in plastic boxes with recessed handles. These tapes are often graduated in
5-mm intervals only.

More precise versions of the above tapes are made of steel and graduated in millimetres.

For high-accuracy work, steel bands mounted in an open frame are used. They are standardized so that
they measure their nominal length at a designated temperature usually 20°C and at a designated applied
tension usually between 50 N to 80 N. This information is clearly printed on the zero end of the tape.
Figure 4.1 shows a sample of the equipment.

For the most precise work, invar tapes made from 35% nickel and 65% steel are available. The singular
advantage of such tapesis that they have a negligible coefficient of expansion compared with steel, and
hencetemperature variationsare not critical. Their disadvantages are that the metal is soft and weak, whilst
the price is more than ten times that of steel tapes. An alternative tape, called a Lovar tape, is roughly,
midway between steel and invar.

Much ancillary equipment is necessary in the actual taping process, e.g.

(1) Ranging rods are made of wood or steel, 2 m long and 25 mm in diameter, painted alternately red and
white and have pointed metal shoesto allow them to be thrust into the ground. They are generally used
to align a straight line between two points.

(2) Chaining arrows made from No. 12 steel wire are also used to mark the tape lengths (Figure 4.2).
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Fig. 4.1 (a) Linen tape, (b) fibreglass, (c) steel, (d) steel band, (e) spring balance

Fig. 4.2 Using an arrow to mark the position of the end of the tape
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Fig. 4.3 (a) Measuring plate, (b) spring balance tensioning the tape

(3) Spring balances are generally used with roller-grips or tapeclamps to grip the tape firmly when the
standard tension is applied. Asit is quite difficult to maintain the exact tension required with a spring
balance, it may be replaced by atension handle, which ensures the application of correct tension.

(4) Field thermometers are also necessary to record the tape temperature at the time of measurement,
thereby permitting the computation of tape corrections when the temperature varies from standard.
These thermometers are metal cased and can be clipped onto the tape if necessary, or smply laid on
the ground al ongside the tape but must be shaded from the direct rays of the sun.

(5) Hand levels may be used to ensure that the tape is horizontal. This is basically a hand-held tube
incorporating a spirit bubble to ensure a horizontal line of sight. Alternatively, an Abney level may be
used to measure the slope of the ground.

(6) Plumb-bobs may be necessary if stepped taping is used.

(7) Measuring plates are necessary in rough ground, to afford a mark against which the tape may be read.
Figure 4.3 shows the tensioned tape being read against the edge of such a plate. The corners of the
triangular plate are turned down to form grips, when the plate is pressed into the earth and thereby
prevent its movement.

In addition to the above, light oil and cleaning rags should always be available to clean and oil the tape
after use.

4.2 FIELD WORK

4.2.1 Measuring along the ground (Figures 4.3 and 4.4)
The most accurate way to measure distance with a steel band is to measure the distance between pre-set
measuring marks, rather than attempt to mark the end of each tape length. The procedure is as follows:

(1) Thesurvey pointsto be measured are defined by nailsin pegs and should be set flush with the ground
surface. Ranging rods are then set behind each peg, in the line of measurement.
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Fig. 4.4 Plan view

(2) Using alinen tape, arrows are aligned between the two points at intervals less than a tape length.
Measuring plates are then set firmly in the ground at these points, with their measuring edge normal
to the direction of taping.

(3) The steel band isthen carefully laid out, in a straight line between the survey point and the first plate.
One end of the tape is firmly anchored, whilst tension is slowly applied at the other end. At the exact
instant of standard tension, both ends of the tape are read simultaneously against the survey station
point and the measuring plate edge respectively, on command from the person applying the tension.
Thetension is eased and the whole process repeated at |east four times or until a good set of resultsis
obtained.

(4) When reading the tape, the metres, decimetres and centimetres should be noted as the tension is being
applied; thus on the command ‘to read’, only the millimetres are required.

(5) Thereadings are noted by the booker and quickly subtracted from each other to give the length of the
measured bay.

(6) In addition to ‘rear’ and ‘fore’ readings, the tape temperature is recorded, the value of the applied
tension, which may in some instances be greater than standard, and the slope or differencein level of
the tape ends are al so recorded.

(7) This method requires a survey party of five; one to anchor the tape end, one to apply tension, two
observers to read the tape and one booker.

(8) Theprocessis repeated for each bay of the line being measured, care being taken not to move the first
measuring plate, which is the start of the second bay, and so on.

(9) The datamay be booked as follows:

Bay Rear Fore Difference Temp. Tension Slope Remarks
A-1 0244 29.368 29.124 08°C 70N 5°30 Standard values
0271  29.393 29.122 20°C, 70N
0.265 29.389 29.124
0.259 29.382 29.123 Range 2 mm
Mean = 29.123
1-2 2nd bay

The mean result is then corrected for:

(1) Tape standardization.
(2) Temperature.

(3) Tension (if necessary).
(4) Slope.

Thefinal total distance may then be reduced to its equivalent MSL or mean site level.
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4.2.2 Measuring in catenary

Although the measurement of baselinesin catenary isvirtually obsolete, it isstill the most accurate method
of obtaining relatively short distances over rough terrain and much better than can be obtained with GPS
or even atotal station. The only difference from the procedures outlined above isthat the tape israised off
the ground between two measuring marks and so the tape sagsin a curve known as a catenary.

Figure 4.5 shows the basic set-up, with tension applied by levering back on aranging rod held through
the handle of the tape (Figure 4.6).

Figure 4.7 showsatypical measuring head with magnifier attached. In additionto thecorrectionsalready
outlined, afurther correction for sag in the tape is necessary.

For extra precision the measuring heads may be aligned in a straight line by theodolite, the difference
in height of the heads being obtained by levelling to a staff held directly on the heads.

Straining
rod Ar;chor
Spring r
bajance Measuring heads Advance tripod
. e carrying measurin
Applied hear(!'.‘i|r g ’
tension ‘

Fig. 4.6 Ranging rod used to apply tension to a steel band suspended in catenary
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W oo Magnifier 4

A

Fig. 4.7 Measuring head

4.2.3 Step measurement

Step measurement is the process of breaking the overall distance down into manageable short sections,
each much less than a whole tape length. The tape is stretched horizontally and a plumb-bob suspended
from the elevated end of the tape. This method of measurement over sloping ground should be avoided if
high accuracy is required. The main source of error lies in attempting to accurately locate the suspended
end of the tape, as shown in Figure 4.8.

Fig. 4.8 Step measurement
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The steps should be kept short enough to minimize sag in the tape. Thus the sum of the steps equalsthe
horizontal distance required.

4.3 DISTANCE ADJUSTMENT

To eliminate or minimize the systematic errors of taping, it is necessary to adjust each measured bay to its
final horizontal equivaent as follows.

4.3.1 Standardization

During a period of use, a tape will gradually alter in length for a variety of reasons. The amount of
change can be found by having the tape standardized at either the National Physical Laboratory (NPL)
for invar tapes or the Department of Trade and Industry (DTI) for steel tapes, or by comparing it with a
reference tape kept purely for this purpose. The tape may then be specified as being 30.003 m at 20°C and
70 N tension, or as 30 m exactly at atemperature other than standard.

Worked examples

Example 4.1. A distance of 220.450 m was measured with a steel band of nominal length 30 m. On
standardization the tape was found to be 30.003 m. Cal cul ate the correct measured distance, assuming the
error is evenly distributed throughout the tape.

Error per 30 m = 3mm

220.450

.. Correction for total length = < > x 3mm = 22mm

.. Correct length is 220.450 4 0.022 = 220.472 m

Note that:

(1) Figure 4.9 shows that when the tape is too long, the distance measured appears too short, and the
correction is therefore positive. The reverse is the case when the tape is too short.

(2) When setting out a distance with atapetherulesin (1) are reversed.

(3) It is better to compute Example 4.1 on the basis of the correction (as shown), rather than the total
corrected length. In thisway fewer significant figures are required.

Example 4.2. A 30-m band standardized at 20°C was found to be 30.003 m. At what temperature is the
tape exactly 30 m? Coefficient of expansion of steel = 0.000011/°C.

Expansion per 30 m per °C = 0.000011 x 30 = 0.00033 m
Expansion per 30 m per 9°C = 0.00033 x 9 = 0.003 m
So thetapeis30m at 20°C — 9°C = 11°C

Alternatively, using equation (4.1) where At = (t; — t3), then

Ct ( 0.003

thm — tte=—
4 th 0.000011 x 30

20°C = 11°C
KL ) +
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Tape too long — recorded measurement (29.9 m) too short

10m 20 m 30m
| | il
— Length to be measured, 30 m —>
10m 20m 30m
| | |

Tape too short — recorded measurement (30.1 m) too long

Fig. 4.9 Measurements with short and stretched tapes

where C; = tape correction, K = coefficient of thermal expansion, L = measured length of the tape (m),
ta = actual temperature and t; = standard temperature (°C). This then becomes the standard temperature
for future temperature corrections.

4.3.2 Temperature

Tapes are usually standardized at 20°C. Any variation above or below this value will cause the tape to
expand or contract, giving rise to systematic errors. Difficulty of obtaining true temperatures of the tapes
lead to the use of invar tapes. Invar is a nickel-steel alloy with avery low coefficient of expansion.

Coefficient of expansion of steel K = 11.2 x 1078 per°C

Coefficient of expansion of invar K = 0.5 x 107 per°C
Temperature correction Ct = KLAt 4.0

where At = difference between the standard and field temperatures (°C) = (ts — ta).
The sign of the correction isin accordance with the rule specified in note (1) above.

4.3.3 Tension

Generally the tape is used under standard tension, in which case there is no correction. It may, however,
be necessary in certain instances to apply atension greater than standard. From Hooke's law:

stress = strain x a constant

This constant is the same for agiven material and is called the modulus of elasticity (E). Since strainis
anon-dimensional quantity, E has the same dimensions as stress, i.e. N/mm?:

. Direct stress AT Cy
~ Correspondingstrain =~ A~ L
AT
S Cr=Lx — 4.2
T X 5E (4.2)

AT isnormally the total stress acting on the cross-section, but as the tape would be standardized under
tension, AT in this case is the amount of stress greater than standard. Therefore AT is the difference
between field and standard tension. This value may be measured in the field in kilograms and should be
converted to newtons (N) for compatibility with the other unitsused intheformula, i.e. 1 kgf = 9.806 65 N.
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Fig. 4.10 Catenary

E ismodulus of elasticity in N/mm?; A is cross-sectional areaof the tapein mm?; L is measured length
inm; and Cy isthe extension and thus correction to the tape length in m. Asthe tapeis stretched under the
extratension, the correction is positive.

4.3.4 Sag

When atape is suspended between two measuring heads, A and B, both at the samelevel, the shapeit takes
upisacatenary (Figure 4.10). If C isthelowest point on the curve, then on length CB there arethreeforces
acting, namely thetension T at B, Tp at C and the weight of portion CB, where w is the weight per unit
length and s is the arc length CB. Thus CB must be in equilibrium under the action of these three forces.
Hence

Resolving vertically Tsno =ws

Resolving horizontally T cosé = To

WS
cotang = —
0

For asmall increment of the tape

1
d 1 242\ "2 242
d—)s(zcosez(1+tan29)2=(1+w—) = 1—D--~

T3 213
252
.-.x=/ 1- 2= ) ds
212

243
S
=S — W—2 +K
6T¢
w2s3
Whenx =0,s=0, . K=0 . x=s—-—
67§
w?s3
The sag correction for the whole span ACB = Cs = 2(s — X) = 2 572
0
2L3 2L3
buts=L/2 . Cs=— W'>_ for small values of 6 (4.3)

T 2412 2472

i.e. To~ Tgcosd ~ T
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where w = weight per unit length (N/m)
T =tension applied (N)
L = recorded length (m)
Cs = correction (m)

Asw = W/L, where W isthetotal weight of the tape, then by substitution in equation (4.3):

W2L
2472
Although this equation is correct, the sag correction is proportional to the cube of the length as in
equation (4.3) because by increasing the length of the tape you increase its total weight.

Equations (4.3) and (4.4) apply only to tapes standardized on the flat and are always negative. When a
tape is standardized in catenary, i.e. it records the horizontal distance when hanging in sag, no correction
is necessary provided the applied tension, say Ta, equals the standard tension Ts. Should the tension Ta
exceed the standard, then a sag correction is necessary for the excesstension (Tp — Ts) and

waLs [ 1 1
Co=— | = - = 45
724 \T12 T2 (45)

In this case the correction will be positive, in accordance with the basic rule.

Cs (4.4)

4.3.5 Slope

If the difference in height of the two measuring heads is h, the slope distance L and the horizontal
equivaent D, then by Pythagoras:

D=(L?~ hz)% (4.6)
Alternatively if the vertical angle of the slope of the ground is measured then:

D = L cosd 4.7
and the correction Cy = L — D.

Cy = L(1 — cosh) (4.8)

4.3.6 Altitude

If the surveys are to be connected to the national mapping system of acountry, the distanceswill need to be
reduced to the common datum of that system, namely MSL. Alternatively, if the engineering schemeisof a
local nature, distances may be reduced to the mean level of the area. This hasthe advantage that setting-out
distances on the ground are, without sensible error, equal to distances computed from coordinates in the
mean datum plane.

Consider Figure 4.11 in which adistance L is measured in a plane situated at a height H above MSL.

By similar triangles M = L
Y 9 RtH "
RL R LH
. Correction Cy=L-M=L—-——=L{1-— =
. | M R+H ( R+H> R+H
AsH isnormally negligible compared with R in the denominator

_LH

Cv = — (4.9)
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O - Earth’s centre

Fig. 411 Distance and altitude

The correction is negative for surface work above MSL or mean level of the area but may be positive for
tunnelling or mining work below MSL or mean level of the area.

4.4 ERRORS IN TAPING

Methods of measuring with a tape have been dealt with, although it must be said that training in the
methods is best undertaken in the field. The quality of the end results, however, can only be appreciated
by an understanding of the errors involved. Of all the methods of measuring, taping is probably the least
automated and therefore most susceptible to personal and natural errors. The majority of errors affecting
taping are systematic, not random, and their effect will thereforeincrease with thenumber of baysmeasured.

The errors arise due to defects in the equipment used; natural errors due to weather conditions and
human errors resulting in tape-reading errors, etc. They will now be dealt with individually.

4.4.1 Standardization

Taping cannot be more accurate than the accuracy to which the tape is standardized. It should therefore be
routine practice to have one tape standardized by the appropriate authority.

Thisisdone on payment of asmall fee; thetapeis returned with a certificate of standardization quoting
the ‘true’ length of the tape and standard conditions of temperature and tension. This tape is then kept
purely as a standard with which to compare working tapes.

Alternatively a base line may be established on site and its length obtained by repeated measurements
using, say, an invar tape hired purely for that purpose. The calibration base should be then checked at
regular intervalsto confirm its stability.

4.4.2 Temperature

When measuring with a steel tape, neglecting temperature effects could be the main source of error. For
example, in winter conditions in the UK, with temperatures at 0°C, a 50 m tape, standardized at 20°C,
would contract by

11.2 x 107% x 50 x 20 = 11.2 mm per 50 m

Thus even for ordinary precision measurement, the temperature effect cannot be ignored.
Evenif thetapetemperatureis measured there may be anindex error in thethermometer used, part of the
tape may be in shade and part in the sun, or the thermometer may record ground or air temperature which
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may not be the same as the tape temperature. Although the use of an invar tape would resolve the problem,
thisisrarely, if ever, asolution applied on site. Thisis dueto the high cost of such tapes and their fragility.
The effect of an error in temperature measurement can be assessed by differentiating equation (4.1), i.e.

8Ct = KL §(At)

If L = 50 m and the error in temperature is +2°C then §C; = +1.1 mm. However, if this error remained
constant thetotal error inthemeasured linewould be proportional tothenumber of tapelengths. Every effort
should therefore be made to obtain an accurate value for tape temperature using calibrated thermometers.

4.4.3 Tension

If the tension in the tape is greater or less than standard the tape will stretch or become shorter. Tension
applied without the aid of a spring balance or tension handle may vary from length to length, resulting
in random error. Tensioning equipment containing error would produce a systematic error proportional to
the number of tape lengths. The effect of thiserror is greater on alight tape having asmall cross-sectional
areathan on a heavy tape.

Consider a 50 m tape with a cross-sectional area of 4mm?, a standard tension of 50N and a value for
the modulus of elasticity of E = 210kN/mm?. Under a pull of 90N the tape would stretch by

50000 x 40

= —F——==24mm
4 x 210 x 103

Cr

Asthis value would be multiplied by the number of tape lengths measured it is very necessary to cater for
tension in precision measurement, using calibrated tensioning egquipment.

4.4.4 Sag

The correction for sag is equal to the difference in length between the arc and its subtended chord and is
always negative. As the sag correction is afunction of the weight of the tape, it will be greater for heavy
tapes than light ones. Correct tension is also very important.

Consider a50 m heavy tape of W = 1.7 kg with a standard tension of 80 N. From equation (4.4):

~ (1.7x9.81)? x 50
- 24 x 802

Cs = 0.090m
and indicates the large corrections necessary.

If the above tape was supported throughout its length to form three equal spans, the correction per span
reduces to 0.003 m. This important result shows that the sag correction could be virtualy eliminated by
the choice of appropriate support.

The effect of an error in tensioning can be found by differentiating equation (4.4) with respectto T:

§Cs = —W2L §T/12T8

In the above case, if the error in tensioning was +5 N, then the error in the correction for sag would
be —0.01 m. This result indicates the importance of calibrating the tensioning equipment.

The effect of error in the weight (W) of the tape can be found by differentiating equation (4.4) with
respect to W':

8Cs = WL §W/12T?2

and shows that an error of +0.1 kg in W produces an error of +-0.011 m in the sag correction.
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4.4.5 Slope

Correction for slope is aways important.

Consider a 50 m tape measuring on a slope with a difference in height of 5m between the ends.
Upon taking the first term of the binomial expansion of equation (4.4) the correction for slope may be
approximated as:

Cp = —h%/2L = —25/100 = —0.250m

and would constitute a major source of error if ignored. The second-order error resulting from not using
the second term h#/8L 2 is less than 1 mm.
Error in the measurement of the difference in height (h) can be assessed using

8Ch = —hgh/L

Assuming an error of +0.005 m there would be an error of —0.0005 m (§Cp). Thus error in obtaining the
differencein height is negligible and asit is proportional to h, would get smaller on less steep slopes.
By differentiating equation (4.4) with respect to 6, we have

8Cyp =Lsinoéo
0 80" = 8Cy x 206265/L sino

If L = 50m isrequired to an accuracy of +5mm on a slope of 5° then
86" = 0.005 x 206265/50sin5° = 237" ~ 04’

Thislevel of accuracy could easily be achieved using an Abney level to measure slope. As the slopes get
less steep the accuracy required isfurther reduced; however, for the much greater distances obtained using
EDM, the measurement of vertical angles is much more critical. Indeed, if the accuracy required above
is changed to, say, +1 mm, the angular accuracy required changes to +47” and the angle measurement
would require the use of atheodolite.

4.4.6 Misalignment

If thetapeisnot in astraight line between the two points whose distance apart is being measured, then the
error in the horizontal plane can be calculated in asimilar manner to the error due to slope in the vertical
plane. If the amount by which the end of the tape is off lineis e, then the resultant error ise?/2L.

A 50 m tape, off line at one end by 0.500 m (an excessive amount), would lead to an error of 2.5 mm
in the measured distance. The error is systematic and will obviously result in a recorded distance longer
than the actual distance. If we consider amore realistic error in misalignment of, say, 0.05 m, the resulting
error is 0.025 mm and completely negligible. Thus for the mgjority of taping, alignment by eye is quite
adequate.

4.4.7 Plumbing

If stepped measurement is used, locating the end of the tape by plumb-bob will inevitably result in error.
Plumbing at its best will probably produce arandom error of about 3 mm. In difficult, windy conditions
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it would be impossible to use, unless sheltered from the wind by some kind of makeshift wind break,
combined with careful steadying of the bob itself.

4.4.8 Incorrect reading of the tape

Reading errors are random and quite prevalent amongst beginners. Care and practice are needed to
obviate them.

4.4.9 Booking error

Booking error can be reduced by adopting the process of the booker reading the measurement back to the
observer for checking purposes. However, when measuring to millimetres with tensioning equipment, the
reading has usually altered by the time it comes to check it. Repeated measurements will generally reveal
booking errors, and thus distances should always be measured more than once.

4.5 ACCURACIES

If agreat deal of taping measurement is to take place, then it is advisable to construct graphs of al the
corrections for slope, temperature, tension and sag, for a variety of different conditions. In this way
the corrections can be obtained rapidly and applied more easily. Such an approach rapidly produces in
the measurer a‘fedl’ for the effect of errorsin taping.

Random errors increase as the square root of the distance but systematic errors are proportiona to
distance and reading errors are independent of distance so it is not easy to produce a precise assessment of
taping accuracies under variable conditions. Considering tapi ng with a standardized tape corrected only for
slope, one could expect an accuracy intheregion of 1in 5000 to 1in 10000. With extracare and correcting
for al error sources the accuracy would rise to the region of 1 in 30000. Precise measurement in catenary
may be made with accuracies of 1 in 100000 and better. However, the type of catenary measurement
carried out on general site work would probably achieve about 1 in 50 000.

The worked examples should now be carefully studied as they illustrate the methods of applying these
corrections both for measurement and setting out.

As previously mentioned, the signs of the corrections for measurement are reversed when setting out.
As shown, measuring with atape which istoo long produces a smaller measured distance which requires
positive correction. However, atape that istoo long will set out adistance that istoo long and will require
anegative correction. This can be expressed as follows:

Horizontal distance (D) = measured distance (M) + the algebraic sum of the corrections(C)

ieD=M+C

When setting out, the horizontal distance to be set out is known and the engineer needs to know its
equivalent measured distance on sloping ground to the accuracy required. Therefore M = D — C, which
has the effect of automatically reversing the signs of the correction. Therefore, compute the correc-
tions in the normal way as if for a measured distance and then substitute the algebraic sum in the above
equation.

Worked examples

Example 4.3. A base line was measured in catenary in four lengths giving 30.126, 29.973, 30.066 and
22.536 m. The differences of level were respectively 0.45, 0.60, 0.30 and 0.45 m. The temperature
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during observation was 10°C and the tension applied 15 kgf. The tape was standardized as 30 m, at 20°C,
ontheflat with atension of 5 kg. The coefficient of expansion was 0.000 011 per °C, the weight of the tape
1kg, the cross-sectional area 3mm?, E = 210 x 10% N/mm? (210 kN/mm?), gravitational acceleration
g = 9.806 65 m/s°.

(a) Quote each equation used and calculate the length of the base.
(b) What tension should have been applied to eliminate the sag correction? (L)

(a) Asthe field tension and temperature are constant throughout, the first three corrections may be
applied to the base asawhole, i.e. L = 112.701 m, with negligible error.

Tension + —
LAT  112.701 x (10 x 9.80665)
Cr = = = 0.0176
"= AE 3 x 210 x 103 *
Temperature
Ct = LKAt = 112.701 x 0.000011 x 10 = —0.0124
Sag

LW2 112701 x 12

C. — - —0.0210
ST 24712 24 x 152
Slope
Ch = L (0.45% 4 0.60% + 0.30°) + 045° _ 0.0154
"L T 2x 300 ' ' 2 x 22536 '

+0.0176 | —0.0488

Horizontal length of base(D) = measured length (M) + sum of corrections(C)
= 112701 m + (—0.031)
= 112.670m

N.B. Inthe slope correction thefirst three bays have been rounded off to 30 m, the resultant second-
order error being negligible.

Consider the situation where 112.670m is the horizontal distance to be set out on site. The
equivalent measured distance would be:

M=D-C
= 112.670 — (—0.031) = 112.701 m

(b) To find the applied tension necessary to eliminate the sag correction, equate the two equations:

AT w2
AE 24T}
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where AT isthe difference between the applied and standard tensions, i.e. (Ta — Ts).

CTaA—Ts W2
T AE 2472
AEW?
TR =T2Ts— —— =0
AT AT T

Substituting for Ts, W, A and E, making sure to convert Ts and W to newtons gives

T2 —49T2 — 2524653 =0
Let Ta=(T +X)
then (T 4 x)3 — 49(T +x)? — 2524653 = 0
T (14 5)3 — 4972 (14 5)2 _2524653=0
T T
Expanding the brackets binomially gives

3 2
T3 (1+ %) — 4972 (1+ ?) 2524653 =0

o T34+ 3T% — 49T2 — 98Tx — 2524653 = 0

2524653 — T3 + 4972
- 3T2— 98T

assuming T = 15kgf = 147 N, thenx = 75N
.. at thefirst approximation T = (T +x) = 222N

Example 4.4. A base line was measured in catenary as shown below, with atape of nominal length 30 m.
Thetape measured 30.015 m when standardized in catenary at 20°C and 5 kgf tension. If the mean reduced
level of the base was 30.50 m OD, calculate its true length at mean sea level.

Given: weight per unit length of tape = 0.03kg/m (w); density of steel = 7690 kg/m3(p); coefficient
of expansion = 11 x 10~ per °C; E = 210 x 10% N/mm?; gravitational acceleration g = 9.806 65m/s%;
radius of the Earth = 6.4 x 10°m (R). (KU)

Bay Measured length Temperature Applied tension  Difference in level

(m) (°C) (kgf) (m)
1 30.050 216 5 0.750
2 30.064 216 5 0.345
3 30.095 24.0 5 1.420
4 30.047 24.0 5 0.400
5 30.041 24.0 7 -
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Standardization: + —

Error/30 m = 0.015m
Total length of base = 150.97 m

150.297

.. Correction = x 0.015 = +0.0752

Temperature:

Baysland2 C;=60x 11 x 107% x 1.6 = 0.0010m }

Bays3,4and5 Ci=90x 11 x 107 x 4 = 0.0040m +0.0050

(Second-order error negligible in rounding off baysto 30 m.)

Tension:

LAT )
Bay5only Ct = A changing AT to newtons

. w
where cross-sectional area A = —

P
0.03

= —— X
7690

_ 30x2x981

T 4x 210 x 103

10% = 4mm?

2 Cr +0.0007

h2 1
= — — ——(0.750% + 0.345% + 1.420% + 0.400%) = —0.047
Ch o 2)(30(0 507 + 0.345% + 1.420° 4 0.400°) 0.0476

The second-order error in rounding off to 30 misnegligiblein this
case also. However, care should be taken when many bays are
involved, as their accumulative effect may be significant.

Sag:

L3w3 [ 1 1
Bay5only Ci= —— [ — — —
ooy L= (TSZ T,§>
303x0032 /1 1
SR <§_ﬁ)= +0.0006
Altitude:
LH 150x 305

Cm = —-

= = —0.0007
R 6.4 x 106 0.000

+0.0815 | —0.0483

Therefore Total correction = +0.0332m
Hence Corrected length = 150.297 + 0.0332 = 150.3302m

Example 4.5. (a) A standard base was established by accurately measuring with a steel tape the distance
between fixed marks on alevel bed. The mean distance recorded was 24.984 m at a temperature of 18°C
and an applied tension of 155 N. The tape used had recently been standardized in catenary and was 30m
in length at 20°C and 100 N tension. Calculate the true length between the fixed marks given: total weight
of the tape = 0.90 kg; coefficient of expansion of steel = 11 x 10~ per °C; cross-sectional area= 2mm?;
E = 210 x 10% N/mm?; gravitational acceleration = 9.807 m/s%.
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(b) At alater date the tape was used to measure a 30-m bay in catenary. The difference in level of the
measuring headswas 1 m, with an error of 3 mm. Tests carried out on the spring balance indicated that the
applied tension of 100N had an error of 2N. Ignoring all other sources of error, what is the probable error
in the measured bay? (KU)

(a) If the tape was standardized in catenary, then when laid on the flat it would be too long by an amount
equal to the sag correction. This amount, in effect, then becomes the standardization correction:

LW2 30 x (0.90 x 9.807)

Error per 30m = = = 0.0097m
P 2478 24 x 1002
.. Correction = M = 0.0081m
30
24.984 x 55
Tension = —— o~ X _ 70033m
2 x 210 x 103

Temperature = 24.984 x 11 x 10~% x 2 = —0.0006 m
.. Total correction = 0.0108 m
.. Corrected length = 24.984 + 0.011 = 24.995m

. h2
(b) Effect of levelling error: Cy, = oL
hxsh 1x0.003
5.0Ch = = 20 = 0.0001m
Effect of tensioning error: Sag Cs = Lw?
gerror: T 2472
LwW?
RV
30 x (0.9 x 9.807)% x 2
" 0Cs = = 0.0004
o 12 x 1008 m
LAT
Tensi = —
ension Cr AE
oCy = @D Bx2__ go001m

AxE = 2x210x 108
.. Total error = 0.0006 m

Example 4.6. A 30-minvar reference tape was standardized on the flat and found to be 30.0501 m at 20°C
and 88 N tension. It was used to measure the first bay of abase line in catenary, the mean recorded length
being 30.4500 m.

Using a field tape, the mean length of the same bay was found to be 30.4588 m. The applied tension
was 88 N at a constant temperature of 15°C in both cases.

The remaining bays were now measured in catenary, using the field tape only. The mean length of the
second bay was 30.5500 m at 13°C and 100 N tension. Calculate its reduced length given: cross-sectional
area = 2 mm?; coefficient of expansion of invar = 6 x 10~/ per °C; mass of tape per unit length =
0.02kg/m; difference in height of the measuring heads = 0.5m; mean altitude of the base = 250m OD;
radiusof the Earth= 6.4 x 10° m; gravitational acceleration = 9.807 m/s%; Young'smodulus of elasticity =
210 kN/mm?. (KU)
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To find the corrected length of the first bay using the reference tape:

Standardization: + -
Error per 30 m =0.0501 m
.. Correction for 30.4500m = +0.0508
Temperature=30 x 6 x 107/ x 5= —0.0001
302 x (0.02 x 9.807)2

= = —0.0056

S 24 » 882
+0.0508 | —0.0057

Therefore  Total correction = +0.0451 m
Hence Corrected length = 30.4500 + 0.0451 = 30.4951m

(using reference tape). Field tape corrected for sag measures 30.4588 — 0.0056 = 30.4532 m.
Thus the field tape is measuring too short by 0.0419 m (30.4951 — 30.4532) and is therefore too long
by this amount. Therefore field tapeis 30.0419 m at 15°C and 88 N.

To find length of second bay:

Standardization: T —
Error per 30m = 0.0419m
. 30.5500
.. Correction = x 0.0419 = +0.0427
Temperature =30 x 6 x 10" x 2 = —0.000 04
30 x 12
Tension= —— <= — 0.0009
NSON = 5 210 x 103 +
30° x (0.02 x 9.807)2
= = —0.0043
S 24 x 100
0.5002
Sope= ———— = —0.0041
P = 5 30,5500
Altitude = S02000 X 250 _ —0.0093
6.4 x 106
+0.0436 | —0.0177

Therefore Total correction = +0.0259m
Hence Corrected length of second bay = 30.5500 + 0.0259 = 30.5759m

N .B. Rounding off the measured length to 30 mis permissible only when the resulting error hasanegligible
effect on the final distance.

Example 4.7. A copper transmission line of 12 mm diameter is stretched between two points 300 m apart,
at the same level with a tension of 5 kN, when the temperature is 32°C. It is necessary to define its
limiting positions when the temperature varies. Making use of the corrections for sag, temperature and
elasticity normally applied to base-line measurementsby atapein catenary, find thetension at atemperature
of —12°C and the sag in the two cases.
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Young'smodulusfor copper is 70 kN/mm?, itsdensity 9000 kg/m?® and its coefficient of linear expansion
17.0 x10~%/°C. (LU)

In order first of all to find the amount of sag in the above two cases, one must find (a) the weight per
unit length and (b) the sag length of the wire.
(@) w = area x density = 7r%p
= 3.142 x 0.006% x 9000 = 1.02 kg/m
L3w?

(b) at 32°C, the sag length of wire= Ly + <W>

where L isitself the sag length. Thus the first approximation for L of 300 m must be used.

300% x (1.02 x 9.807)2
24 x 50002

.. Saglength = 300 + ( ) =3045m

304.5% x (1.02 x 9.807)2>

Second approximation = 300 + ( 24 % 50002

=30471m =1,

wL?  (1.02 x 9.807) x 304.712

LS =Y1= o = 8 x 5000

=23.22m

At —12°C there will be areductionin L; of

(L1K At) = 304.71 x 17.0 x 107° x 44 = 0.23m
. Ly = 304.71 — 0.23 = 304.48m

Lo\ ? (304.48)2
L2 yo=yi|—=) =2322——"7 =2318
yixbly Y¥2=W0 (yl) (304.71)2 m
. 23.22
Similarly, yiocUTy - To=Ta(22) =5000( 225} = 5009N or 5.009 kN
¥ 23.18

Exercises

(4.1) A tape of nominal length 30 m was standardized on the flat at the NPL, and found to be 30.0520 m
at 20°C and 44 N of tension. It was then used to measure a reference bay in catenary and gave a mean
distance of 30.5500 m at 15°C and 88 N tension. As the weight of the tape was unknown, the sag at the
mid-point of the tape was measured and found to be 0.170 m.

Given: cross-sectional area of tape = 2mm?; Young's modulus of elasticity = 200 x 10% N/mm?;
coefficient of expansion = 11.25 x 10~ per °C; and difference in height of measuring heads = 0.320 m.
Find the horizontal length of the bay. If the error in the measurement of sag was +0.001 m, what is the
resultant error in the sag correction? What does this resultant error indicate about the accuracy to which
the sag at the mid-point of the tape was measured? (KU)

(Answer: 30.5995 m and £0.000 03 m)
(4.2) The three bays of a base line were measured by a stedl tape in catenary as 30.084, 29.973 and

25.233m, under respective pulls of 7, 7 and 5kg, temperatures of 12°, 13° and 17°C and differences of
level of supports of 0.3, 0.7 and 0.7 m. If the tape was standardized on the flat at a temperature of 15°C
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under apull of 4.5kg, what arethelengths of the bays? 30 m of tapeisexactly 1 kgwith steel at 8300 kg/mq,
with a coefficient of expansion of 0.000011 per °C and E = 210 x 103 N/mm?. (LU)

(Answer: 30.057 m, 29.940 m and 25.194 m)

(4.3) The details given below refer to the measurement of the first 30-m bay of a base line.
Determine the correct length of the bay reduced to mean sea level.

With thetape hanging in acatenary at atension of 10 kg and at amean temperature of 13°C, therecorded
length was 30.0247 m. The difference in height between the ends was 0.456 m and the site was 500 m
above MSL. Thetape had previously been standardized in catenary at atension of 7 kg and atemperature
of 16°C, and the distance between zeros was 30.0126 m.

R = 6.4 x 10° m; weight of tape per m = 0.02 kg; sectional area of tape = 3.6mm?; E = 210 x
10° N/mm?; temperature coefficient of expansion of tape = 0.000 011 per °C. (ICE)

(Answer: 30.0364 m)

(4.4) Thefollowing data refer to a section of base line measured by atape hung in catenary.

Bay Observed length Mean temperature  Reduced levels of index marks

(m) (°C) (m)
1 30.034 252 293.235 293.610
2 30.109 254 293.610 294.030
3 30.198 25.1 294.030 294.498
4 30.075 25.0 294.498 294.000
5 30.121 248 294.000 293.355

Length of tape between 0 and 30m graduations when horizontal at 20°C and under 5 kg tension is
29.9988m; cross-sectional area of tape = 2.68mm?; tension used in the field = 10kg; temperature
coefficient of expansion of tape = 11.16 x 10~° per °C; elastic modulus for material of tape = 20.4 x
10* N/mm?; weight of tape per metre length = 0.02 kg; mean radius of the Earth = 6.4 x 106 m. Calculate
the corrected length of this section of the line. (LU)

(Answer: 150.507 m)

4.6 ELECTROMAGNETIC DISTANCE MEASUREMENT (EDM)

The main instrument for surveyors on site today is the ‘total station’. It is an instrument that combines
the angle measurements that could be obtained with a traditional theodolite with electronic distance
measurements. Taping distance, with all its associated problems, has been rendered obsolete for all base-
line measurement. Distance can now be measured easily, quickly and with great accuracy, regardless of
terrain conditions. Modern total stationsasin Figure 4.12 and Figure 4.13 contain algorithms for reducing
the slope distance to its horizontal and vertical components. For engineering surveys total stations with
automatic data logging are now standard equipment on site. A standard measurement of distance takes
between 1.5 and 3 s. Automatic repeated measurements can be used to improve reliability in difficult



Fig. 4.12 Total station — courtesy of Leica Geosystems

Fig. 4.13 Total station — courtesy of Topcon
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atmospheric conditions. Tracking modes, for the setting out of distance, repeat the measurement several
times a second. Total stations with their inbuilt EDM enable:

(1) Traversing over great distances, with much greater control of swing errors.

(2) Theinclusionof many moremeasured distancesinto control networks, rendering classical triangulation
obsolete. Thisresultsin much greater control of scale error.

(3) Setting-out and photogrammetric control, over large areas, by polar coordinates from a single base
line.

(4) Deformation monitoring to sub-millimetre accuracies using high-precision EDM, such as the
Mekometer MES000. Thisinstrument has arange of 8 km and an accuracy of £0.2 mm £0.2 mm/km
of the distance measured ignoring unmodelled refraction effects.

4.6.1 Classification of instruments

Historically EDM instruments have been classified according to the type and wavelength of the elec-
tromagnetic energy generated or according to their operational range. Very often one is a function
of the other. For survey work most instruments use infra-red radiation (IR). IR has wavelengths of
0.8-0.9 um transmitted by gallium arsenide (GaAs) luminescent diodes, at a high, constant frequency.
The accuracies required in distance measurement are such that the measuring wave cannot be used
directly due to its poor propagation characteristics. The measuring wave is therefore superimposed on
the high-frequency waves generated, called carrier waves. The superimposition is achieved by amplitude
(Figure 4.14), frequency (Figure 4.15) or impulse modulation (Figure 4.16). In the case of IR instruments,
amplitude modulation is used. Thus the carrier wave develops the necessary measuring characteristics
whilst maintaining the high-frequency propagation characteristics that can be measured with the requisite
accuracy.

In addition to IR, visible light, with extremely small wavelengths, can also be used as a carrier.
Many of the instruments using visual light waves have a greater range and a much greater accuracy
than that required for more general surveying work. Typical of such instruments are the Kern Mekometer
MES5000, accurate to £0.2 mm £0.2 mm/km, with a range of 8 km, and the Com-Rad Geomensor
CR204.

4.7 MEASURING PRINCIPLES

Although there are many EDM instrumentsavailable, there are basically only two methods of measurement
employed, namely the pulse method and the more popular phase difference method.

4.7.1 Pulse method

A short, intensive pulse of radiation is transmitted to a reflector target, which immediately transmits it
back, along a parallel path, to the receiver. The measured distance is computed from the velocity of the
signal multiplied by the timeit took to completeits journey, i.e.

2D =c- At
D=c-At/2 (4.10)
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Fig. 4.16 Impulse modulation of the carrier wave
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Fig. 4.17 Principle of pulse distance meter

If the time of departure of the pulse from gate A is ty and the time of its reception at gate B is tg, then
(ts — ta) = AL

¢ = the velacity of light in the medium through which it travelled
D = the distance between instrument and target

It can be seen from equation (4.10) that the distance is dependent on the velocity of light in the medium and
the accuracy of itstransit time. Taking an approximate value of 300 000 km/sfor the speed of light, 1071%s
would be equivalent to 15 mm of measured distance.

Thedistancethat can be measured islargely afunction of the power of the pulse. Powerful laser systems
can obtai n tremendous distances when used with corner-cube prisms and even medium distances when the
pulseis‘bounced’ off natural or man-made features.

4.7.2 Phase difference method

The majority of EDM instruments, whether infra-red or light, use this form of measurement. Basically
the instrument measures the amount (51) by which the reflected signal is out of phase with the emitted
signal. Figure 4.18(a) shows the signals in phase whilst (b) shows the amount (§1) by which they are
out of phase. The double distance is equal to the number (M) of full wavelengths (1) plus the fraction of
a wavelength (8A). The phase difference can be measured by analogue or digital methods. Figure 4.19
illustrates the digital phase measurement of §A.

Basically, all theequipment used worksonthe principleof ‘ distance” equals’ velocity x time'. However,
astimeisrequired to such very high accuracies, recourse is made to the measurement of phase difference.
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Fig. 4.18 Principle of phase difference method

AsshowninFigure 4.19, asthe emitted and reflected signal sare in continuous motion, the only constant
isthe phase difference 5.

Figure 4.20 showsthe path of the emitted radiation from instrument to reflector and back to instrument,
and hence it represents twice the distance from instrument to reflector. Any periodic phenomenon which
oscillatesregularly between maximum and minimum val uesmay be analysed as asimple harmonic motion.
Thus, if P movesin acircle with a constant angular velocity w, the radius vector A makes a phase angle ¢
with the x-axis. A graph of values, computed from

y = Asin(wt) (4.12)
=Asin¢ (4.12)

for various values of ¢ produces the sine wave illustrated and shows

A = amplitude or maximum strength of the signal
o = angular velocity

t =time

¢ = phase angle

The value of B is plotted when ¢ = 7/2 = 90°, C when ¢ = 7 = 180°, D when ¢ = 1.57 = 270° and
A = 27 = 360°. Thus 27 represents acomplete wavelength (1) and ¢/27 afraction of awavelength (§1.).
The time taken for A to make one complete revolution or cycle is the period of the oscillation and is
represented by t s. Hence the phase angle is a function of time. The number of revolutions per second
at which the radius vector rotates is called the frequency f and is measured in hertz, where one hertz is
one cycle per second.
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Fig. 4.19 Digital phase measurement

With reference to Figure 4.20, it can be seen that the double path measurement (2D) from instrument
to reflector and back to instrument is equal to

2D = MA + A (4.13)
where

M = the integer number of wavelengths in the medium

¢

3 = the fraction of awavelength = 2_)\
JT

As the phase difference method measures only the fraction of wavelength that is out of phase, a second
wavelength of different frequency is used to obtain avalue for M.

Consider Figure 4.20. The double distanceis 3.751; however, the instrument will only record the phase
difference of 0.75. A second freguency is now generated with awavelength four times greater, producing
aphase difference of 0.95. In terms of the basic measuring unit, thisisequal to 0.95 x 4 = 3.80, and hence
thevaluefor M is 3. The smaller wavelength provides amore accurate assessment of the fractional portion,
and hence the double path measurement is 3 + 0.75 = 3.751. Knowing the value of A in units of length
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Fig. 4.20 Principle of electromagnetic distance measurement

would thus produce the distance. This then is the basic principle of the phase difference method, further
illustrated below:

f A A2 SA
Fine reading 15MHz 20m 10m 6.325
Istroughreading 15MHz  200m 100 m 76.33

2ndroughreading 150kHz 2000m 1000 m 876.3
Measured distance 876.325

The first number of each rough reading is added to the initial fine reading to give the total distance. Thus
the single distance from instrument to reflector is:

D=M(/2) + %(x/z) (4.14)

where it can be seen that A/2 is the main unit length of the instrument. The value chosen for the main unit
length has a fundamental effect on the precision of the instrument due to the limited resolution of phase
measurement. The majority of EDM instruments use A/2 equal 10 m. With a phase resolution of 3 x 104
errors of 3mm would result.

Implicit in the above eguation is the assumption that 2 is known and constant. However in most EDM
equipment thisis not so, only the frequency f is known and isrelated to A asfollows:

A =c/f (4.15)
where

¢ = the velocity of electromagnetic waves (light) in amedium
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This velocity ¢ can only be calculated if the refractive index n of the medium is known, and aso the
velocity of light ¢, in avacuum:

n = colC (4.16)

where n is aways greater than unity.
At the 17th General congress on Weights and Measuresin 1983 the following exact defining value for
Co Was adopted and is still in use today:

Co = 299792458 m/s (4.17)

From the standard deviation quoted, it can be seen that this value is accurate to 0.004 mm/km and can
therefore be regarded as error free compared with the most accurate EDM measurement.

The value of n can be computed from basic formulae available. However, Figure 4.14 shows the
carrier wave contained within the modulation envelope. The carrier travels at what is termed the phase
velocity, whilst the group of frequencies travel at the slower group velocity. The measurement proce-
dure is concerned with the modulation and so it is the group refractive index ng with which we are
concerned.

From equation (4.16) ¢ = co/n and from equation (4.15) A = co/ns.

Replace n with ng and substitute in equation (4.14):

=M (Co) I ¢ (Co)

D= (2ngf) 27 (2ngf)

(4.18)

Two further considerations are necessary before the final formula can be stated:

(1) Thephysical centre of the instrument which is plumbed over the survey station does not coincide with
the position within the instrument to which the measurements are made. Thisresultsin an instrument
constant K.

(2) Similarly with the reflector. The light wave passing through the atmosphere, whose refractive index
is approximately unity, enters the glass prism of refractive index about 1.6 and is accordingly slowed
down. Thischangein velocity combined with thelight path through the reflector resultsin acorrection
to the measured distance called the reflector constant Ko.

Both these constants are combined and catered for in the instrument; then

(Co) 4 ¢ (Co)

D=M (2ngf) 27 (2ngf)

+ (K1 +K2) (4.19)

is the fundamental equation for distances measured with EDM equipment.
An examination of the equation shows the error sourcesto be;

(1) Inthe measurement of phase ¢.

(2) Inthe measurement of group refractive index ng.
(3) Inthe stahility of the frequency f.

(4) Intheinstrument/reflector constants Ky and Ko.

4.7.3 Corner-cube prism

In contrast to the total station with its EDM which is acomplex and sophisticated instrument, the target is
simply aglass prism designed to return the signal it receives back to theinstrument it camefrom. Imaginea
cube of glasswhich has been cut acrossits corner and the corner piece retained. Figure 4.21(a) isapicture
of a corner-cube prism and Figure 4.21(b) represents a corner-cube prism drawn in two dimensions, i.e.
with two internal faces 90° apart. The signal enters through the front face of the prism and is refracted.
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(b)

Fig. 4.21 (a) Corner cube prism. (b) Rays of light through a corner cube prism

It isthen reflected off the two internal faces back to the front face where it isrefracted again and returnson
the same path by which it entered. For areal corner-cube prism, which isthree-dimensional and therefore
has three internal faces, the effect is just the same, except that the signal is reflected off the three internal
faces but the return signal is returned along the same path as the incoming signal.

This may be verified by holding a corner cube prism, closing one eye, and with the other looking in
through the front face at the opposite corner. You will see an image of your eye, with your pupil centred
on the opposite corner. Even if you rotate the prism from left to right or up and down your pupil will
stay centred on the opposite corner. Therefore if a survey target with a corner-cube prism is set up but not
pointed directly at the instrument it will still return a signal to the EDM. Similarly if the total station is
moved from one survey point to another and the target is not adjusted to point at thetotal stationinitsnew
position the EDM will still get areturned signal from the target.

In Figure 4.21(b) the length of the light path into the prism plus the length of the light path out of
the prism is the same for both the solid and the dotted rays. Similarly the length of the light path through
the prism isthe same for both the solid and the dotted rays. Therefore, whatever the refractiveindex of the
glass, the path length of both solid and dotted rays is the same and so a coherent signal entering the prism
also emerges as a coherent signal .

4.7.4 Reflective targets

There are a large number of reflective targets available on the market (Figure 4.22). Reflective targets
are cheap, unabtrusive and expendable. They may be applied to a structure as targets for deformation
monitoring where their great advantage is that they do not need to be removed and replaced at suc-
cessive epochs. However, they are less durable than corner-cube prisms and an EDM will have less
range. Often they have a black and grey or silver appearance which can make them difficult to find
upon revisiting a site or structure. A photo of a structure from a digital camera with flash will show up
where the targets are because the targets, like a corner-cube prism, return the light directly to its source
(Figure 4.23).
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Fig. 4.22 Reflective targets

Fig. 4.23 Flash photo of a wall with reflective targets

4.8 METEOROLOGICAL CORRECTIONS

Using EDM equipment, the measurement of distance is obtained by measuring the time of propagation
of electromagnetic waves through the atmosphere. Whilst the velocity of these wavesin avacuum (co) is
known, the velocity will be reduced depending on the atmospheric conditions through which the waves
travel at the time of measurement. As shown in equation (4.16), knowledge of the refractive index (n) of
the prevailing atmosphere is necessary in order to apply acorrection for velocity to the measured distance.
Thusif D’ isthe measured distance, the corrected distance D is obtained from

D=D'/n (4.20)

Thevalue of n isaffected by the temperature, pressure and water vapour content of the atmosphere aswell
as by the wavelength A of the transmitted el ectromagnetic waves. It follows from this that measurements
of these atmospheric conditions are required at the time and place of measurement.

As already shown, steel tapes are standardized under certain conditions of temperature and tension. In
a similar way, EDM equipment is standardized under certain conditions of temperature and pressure. It
follows that even on low-order surveys the measurement of temperature and pressure isimportant.

The refractive index is related to wavelength via the Cauchy equation:
C
24

B
n=At 5+ (4.22)
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where A, B and C are constants relative to specific atmospheric conditions. To afford a correction in parts
per million (ppm) the refractive number or refractivity (N) is used:

N = (n— 1) x 10° (4.22)

If n = 1.000 300, then N = 300.
A value for n for standard air (0°C temperature, 1013.25 hPa pressure and dry air with 0.03% CO») is
given by Barrel and Sears as

(4.23)

1.62887 0.01360
(n—1) x 10° = (287.6155 + + )

22 A4
However, as stated in Section 4.7.2, it is the refractive index of the modulated beam, not the carrier, that
isrequired; hence the use of group refractive index where

3B 5C

Ng=A+ 5 + 7 (4.24)
and therefore, for group velocity in standard air with A in wm:
488660 0.06800

Ng = (ng — 1) x 10° = 287.6155 + + (4.25)

e A4
The above formula is accurate to £0.1 ppm at wavelengths between 560 and 900 nm. It follows that
different instruments using different wavelengths will have different values for refractivity; for example:

A = 0.910um gives Ng = 293.6
A = 0.820um gives Ng = 295.0

Toaccommodatetheactual atmospheric conditionsunder whichthedistancesaremeasured, equation (4.25)
was modified by Barrel and Sears:

_NngxP V xe

N/ 4.26
9 T T (4.20)
where T = absolute temperature in degrees Kelvin (°K) = 273.15+t
t = dry bulb temperaturein °C
P = atmospheric pressure
e = partial water vapour pressure
withP andeinhPa, Q = 0.2696 and V = 11.27
with P and e in mmHg, Q = 0.3594 and V = 15.02
The value for e can be calculated from
e =¢es— 0.000662 x P x (t —ty) (4.27)
where  t = dry bulb temperature
tw = wet bulb temperature
€5 = saturation water vapour pressure
The value for eg can be calculated from
7.5ty
log eg = —————— + 0.7857 4.28
98 =i, 72373 " (4.28)

Using equation (4.28), the following table can be produced:

tw (°C) 0 10 20 30 40
es 62 123 234 424 737

es istherefore quite significant at high temperatures.
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Working back through the previous equationsit can be shown that at 100% humidity and atemperature
of 30°C, acorrection of approximately 2 ppm is necessary for the distance measured. In practice, humidity
is generally ignored in the velocity corrections for instruments using light waves as it is insignificant
compared with other error sources. However, for long lines being measured to very high accuraciesin hot,
humid conditions, it may be necessary to apply corrections for humidity.

The velocity correction is normally applied by entry of prevailing temperature and pressure into the
instrument. In the case of infra-red/ light waves, the humidity term is ignored as it is only relevant in
conditions of high humidity and temperature. Under normal conditions the error would be in the region
of 0.7 ppm.

For maximum accuracy, it may be necessary to compute the velocity correction from first principles,
and if producing computer software to reduce the data, this would certainly be the best approach. When
using this approach the standard values for t and P are entered into the instrument. The following example
will now be computed in detail in order to illustrate the process involved.

Worked example

Example 4.8. An EDM instrument has a carrier wave of 0.91 um and is standardized at 20°C and
1013.25 hPa. A distance of 1885.864 m was measured with the mean values P = 1030 hPa, dry bulb
temperaturet = 30°C, wet bulb temperature t,, = 25°C. Calculate the velocity correction.

Step 1. Compute the value for partial water vapour pressure e:

7.5t,
log es = — 2% 1 07857
9=, +2373

_ 75 x 25
~ 2542373

es = 31.66 hPa

+ 0.7857

Using equation (4.27):
e=-es —0.000662 x P x (t — tw)
= 31.66 — 0.000662 x 1030 x (30 — 25) = 28.25 hPa

Step 2. Compute refractivity (Ng) for standard atmosphere using equation (4.25):

4.88660 0.06300
Ng = 287.6155+ —5— + ——
4.88660 0.06800

— 287.6155
t o0z T oo

= 293.616
Step 3. Compuite refractivity for the standard conditions of the instrument, i.e. 20°C and 1013.25 hPa,
using equation (4.26) which for P and e in hPa becomes
, _ Ng(0.2696P) 11.27e
9 27315+t 27315+t

_ 79.159P 11.27e
© 27315+t 27315+t
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This in effect is the equation for computing what is called the reference or nominal refractivity for the
instrument:

/

79159 x 101325  11.27 x 28.25
97 27315+ 20 273.15+ 20

= 272.52

Step 4. The reference refractivity now becomes the base from which the velocity correction is obtained.
Now compute refractivity (Né’ ) under the prevailing atmospheric conditions at the time of measurement:

p 19159 x 1030 11.27 x 2825

= — = 267.90
9 27315430 27315430

.. Velocity correction in ppm = 272.51 — 267.90 = 4.6 ppm

Correction in mm = 1885.864 x 4.6 x 10°% = 8.7 mm
Corrected distance = 1885.873 m

Using equation (4.16):

(1) Velocity of light waves under standard conditions:
Cs = Co/Ng = 299792458/1.0002725 = 299710770 m/s
(2) Velocity under prevailing conditions:
Cp = 299792458/1.000 2679 = 299712150 m/s
As distance = (velocity x time), the increased velocity of the measuring waves at the time of measuring

would produce a positive velocity correction, as shown.
Now considering equation (4.26) and differentiating with respect to t, P and e, we have

SN/ — 0.2696NgP 6t N 0.2696Ng 5P 11.27 se
97 (27315+1)2  (27315+1) (273.15+1)

Att = 15°C, P = 1013 hPa, & = 10 hPaand Ng = 294, an error of 1 ppmin Né and therefore in distance
will occur for an error in temperature of +1°C, in pressure of +3 hPaand in e of £39 hPa.

Fromthisit can be seen that the measurement of humidity can ordinarily beignored for instrumentsusing
light. Temperature and pressure should be measured using carefully calibrated, good quality equipment,
but not necessarily very expensive, highly accurate instruments. The measurements are usually taken at
each end of the line being measured, on the assumption that the mean values of temperature and pressure at
the ends of the line are equal to the average values measured along the line. However, tests on a 3-km test
line showed the above assumption to be in error by 2°C and -3 hPa. The following measuring procedure
is therefore recommended:

(1) Temperature and pressure should be measured at each end of the line.

(2) The above measurements should be taken well above the ground (3m if possible) to avoid ground
radiation effects so that they properly reflect mid-line conditions.

(3) The measurements should be synchronized with the EDM measurements.
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(4) If possible, mid-line observations should be included.
(5) Ground-grazing lines should be avoided.

4.9 GEOMETRICAL REDUCTIONS

The measured distance, after the velocity corrections have been applied, is the spatial distance from
instrument to target. This distance will almost certainly have to be reduced to the horizontal and then to
its equivalent on the ellipsoid of reference.

From Figure 4.24, D, representsthe measured distance (after the vel ocity corrections have been applied)
which is reduced to its chord equivalent D»; thisisin turn reduced to Ds; the chord equivalent of the
elipsoidal distance (at MSL) D4. Strictly speaking the ellipsoid of reference may be different from the
geoid at MSL. A geoid—€llipsoid separation of 6 m would affect the distance by 1 mm/km. In the UK, for
instance, maximum separation isin the region of 4.2 m, producing a scale error of 0.7 mm/km. However,
if the WGS84 dllipsoid were used in the UK separations of the order of 50 m would be found leading to
scaleerrors of the order of 8 ppm. However, where such information isunavailable, the geoid and ellipsoid
are assumed coincident.

Fig. 4.24 Distance reductions
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(1) Reduction from D; to D,

D2 = Dl — C]_
where C; = K2D3/24R? (4.29)

and K = coefficient of refraction

R, theradius of the ellipsoid in the direction « from A to B, may be calculated from equations (8.21-8.23)
or with sufficient accuracy for lines less than 10 km from

where p and v are defined by equations (8.21-8.23).

For the majority of lines in engineering surveying thisfirst correction may be ignored.

The value for K is best obtained by simultaneous reciprocal observations, although it can be obtained
from

K= (n1 - nz)R/(Hl — Hz) (4.31)

where ny and n, are the refractive indices at each end of the line and H; and H» are the respective heights
above MSL.

(2) Reduction from D, to D3

In triangle ABO using the cosine rule:
cosf = [(R + Hg)? + (R + Ha)? — D31/2(R + Hg) (R + Ha)
but cos = 1 — 2sin?(9/2) andsin6/2 = D3/2R
. cosf = 1— D3/2R?

1—D3/2R? = [(R + Hg)? 4 (R + Ha)? — D31/2(R + Hg)(R + Ha)

[Dz — (Hg — Ha)I [D2 + (Hs — Ha)] }%

DFR{ (R+Hp) R+ He)

(1+ Ha/R) (1 + Hg/R) (4.32)

where Hp = height of the instrument centre above the ellipsoid (or MSL)
Hg = height of the target centre above the ellipsoid (or MSL)

:{ D3 — (Hg — Ha)? T

The above rigorous approach may be relaxed for the relatively short lines measured in the magjority of
engineering surveys.
Pythagoras' theorem may be used as follows:
1
Dm = [D3 — (Hs — Ha)’]2 (433

where Dy = the horizontal distance at the mean height Hy where Hy = (Hg + Ha)/2.
Dy would then be reduced to MSL using the altitude correction:

Ca = (DMHM)/R (4.34)
then D3 =Djs =Dy —Cp
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(3) Reduction of D3 to Dy

Figure 4.24 shows
012 = D4/2R = sin~Y(Da/2R)
where
sin~}(Da/2R) = D3/2R + D3/8R x 3! 4 9D3/32R® x 5!
D4/2R = D3/2R + D3/48R?
D4 = D3 + (D3/24R?) (4.35)

For lines less than 10 km, the correction is 1 mm and is generally ignored.
It can be seen from the above that for the majority of lines encountered in engineering (<10 km), the
procedure is simply:

(1) Reduce the measured distance D2 to the mean atitude using equation (4.33) =
(2) Reduce the horizontal distance Dy to D4 at MSL using equation (4.34).

(4) Reduction by vertical angle

Total stations have the facility to reduce the measured slope distance to the horizontal using the vertical
angle, i.e.

D = Scosa (4.36)

where « = thevertica angle
S = the dope distance
D = the horizontal distance

However, the use of this simple relationship will be limited to short distances if the effect of refraction is
ignored.

Whilst S may be measured to an accuracy of, say, =5 mm, reduction to the horizontal should not result
in further degradation of this accuracy. Assume then that the accuracy of reduction must be +1 mm.

Then 8D = —Ssnada
and o’ = 8D x 206265/S sina (4.37)
where 6D = the accuracy of reduction

8o’ = the accuracy of the vertical angle

Consider S = 1000 m, measured on aslope of o = 5°; if the accuracy of reduction to the horizontal isto
be practically error free, let D = +0.001 m and then

sa” = 0.001 x 206 265/1000 sin 5° = +2.4"

This implies that to achieve error-free reduction the vertical angle must be measured to an accuracy
of +2.4". If the accuracy of the double face mean of avertical angle is, say, +4”, then a further such
determination is required to reduce it to 4”/(2)2 = +2.8". However, the effect of refraction assuming
an average value of K = 0.15is 2.4” over 1000 m. Hence the limit has been reached where refraction
can beignored. For o = 10°, o = +1.2", and hence refraction would need to be considered over this
relatively steep sight. At @ = 2°,8a” = 46" and the effect of refraction is negligible. It is necessary to
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carry out this simple appraisal which depends on the distances and the slopes involved, in order to assess
the consequence of ignoring refraction.

In some cases, standard corrections for refraction (and curvature) are built into the total station which
may or may not help the reduction accuracy. Thetrue value of refraction can be so variablethat it cannot be
accounted for unless the effect is made to be self cancelling by using the mean of simultaneous reciprocal
vertical angles. If the distances involved are long, then the situation is as shown in Figure 4.25. If « and 8
are the reciprocal angles, corrected for any difference of height between the instrument and the target, as
described in Section 2.15.2, then

ag = (x — B)/2 (4.38)
where g is negative for angle of depression and
Scosag = AC (4.39)
However, the distance required is AB’ where
AB' = AC —B'C (4.40)

but BC =Ssnag
and B'C = BCtan#/2

Harizontals.,

Fig. 4.25 Reduction by vertical angle
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where
_ AC x 206 265 . S x 206 265

9// — —
R+ Hj R+ Hj
Thiswill give the horizontal distance (AB’) at the height of the instrument axis above MSL, i.e. H,.

(4.41)

AB’ can then be reduced to A;B1 at MSL using the altitude correction (equation (4.34)).
Alternatively, the above procedure can be rearranged to give

AB’ = S cos(ag + 0/2) sec6/2 (4.42)
Both procedures will now be demonstrated by an example.

Worked example

Example 4.9. Consider S = 5643.856 m and reciprocal vertical angles of « = 5° 00’ 22", 8 = 5° 08’ 35".
If station A is42.95 m AOD and the instrument height is 1.54 m, compute the horizontal distance (AB’) at
instrument height above MSL (Figure 4.25) (R = 6380 km).

ao = [5°00 22" — (—5° 08’ 35"))/2 = 5° 04’ 29"
AC = 5643.856 cos 5° 04 29" = 6521.732m
BC = 5643.856 sin 5° 04’ 29" = 499.227 m

0" = (5621.732 x 206 265)/(6 380000 + 44.49) = 03 02"
B'C = 499.227 tan 01’ 31" = 0.220m

AB’ = 5621.732 — 0.220 = 5621.512m
Alternatively from equation (4.42):
AB’ = S cos(ag + 6/2) sec6/2
= 5643.856 cos(—5° 04' 29" + 01’ 31") sec 01’ 31”

= 5621.512m

AB’ is now reduced to A1B; using the correction (equation (4.34)) where the height above MSL includes
theinstrument height, i.e. 42.95 + 1.54 = 44.49 m.
If avalue for the angle of refraction () is known and only one vertical angle « is observed then

AB’ = S cos(o’ + 0) sec/2 (4.43)

wherea’ = o — .
Adapting the above example and assuming an average value for K of 0.15:

I’ = SKp/2R

_9643.856 x 0.15 x 206265
N 2 x 6380000

o =5°0022" — 14" = 5°00' 08"

— 14//

AB' = 5643.856 cos(5° 00’ 08" + 3 02") sec01' 31"

= 5621.924m
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The difference of 0.412 m once again illustrates the dangers of assuming a value for K.
If zenith angles are used then:

, sin Zp — 6(2 —K)/2
AB' =S 4.44
[ cos6/2 (4.49)
where K = the coefficient of refraction.
For most practical purposes equation (4.44) isreduced to
. S?(2 —K)sin 2Z
AB' = Ssinz, — S 2= K)Sin 224 (4.45)

4R

4.10 ERRORS, CHECKING AND CALIBRATION

Although modern EDM equipment is exceptionally well constructed, the effects of age and general wear
and tear may alter its performance. It is essential therefore that al field equipment should be regularly
checked and calibrated. Checking and calibration are two quite separate activities. Checking is concerned
with verifying that the instrument is performing within acceptable tolerances. Calibration is the process
of estimating the parameters that need to be applied to correct actual measurements to their true values.
For example, in the case of levelling the two-peg test could be used for both checking and calibrating a
level. The two-peg test can be used to check whether the level is within 10 mm at 20 m or whatever
is appropriate for the instrument concerned. It could also be used to discover what the actual collimation
error is at, say, 20 m, so that a proportional correction, depending on distance, could be applied to each
subsequent reading. Thislatter processis calibration. In the case of levelling both checking and calibration
are quite simple procedures. Rather more is involved with checking and calibrating EDM. A feature of
calibration isthat it should be traceable to superior, usualy national, standards. From the point of view of
calibration, the errors have been classified under three main headings.

4.10.1 Zero error (independent of distance)

Zero error arises from changes in the instrument/reflector constant due to ageing of the instrument or asa
result of repairs. The built-in correction for instrument/reflector constantsis usually correct to 1 or 2 mm
but may change with different reflectors and so should be assessed for a particular instrument/reflector
combination. A variety of other matters may affect the value of the constant and these mattersmay vary from
instrument to instrument. Some instruments have constants which are signal strength dependent, while
others are voltage dependent. The signal strength may be affected by the accuracy of the pointing or by
prevailing atmospheric conditions. It isvery important, therefore, that periodical calibration is carried out.

A simple procedure can be adopted to obtain the zero error for a specific instrument/reflector
combination. Consider three points A, B, C set out in astraight line such that AB = 10 m, BC = 20 m and
AC = 30 m (Figure 4.26).

Assume a zero error of +0.3 m exists in the instrument; the measured lengths will then be 10.3, 20.3
and 30.3. Now:

AB+BC =AC

10 m 20m

Fig. 4.26 Simple calibration baseline
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But the measurements 10.3 + 20.3 # 30.3
The error may be found from 10.3 + 20.3 — 30.3 = +0.3
Now as

Correction = — Error

every measured distance will need a correction of — 0.3 m. Or in more general terms
zero error = ko = lag + lgc — lac (4.46)

from which it can be seen that the base-line lengths do not need to be known prior to measurement. If there
are more than two bays in the base line of total length L, then

ko= (L — 1) /(n— 1) (4.47)

where |; is the measured length of each of the n sections.
Alternatively theinitial approach may be to observe the distances between all possible combinations of
points. For example, if the base line comprises three bays AB, BC and CD, we have

AB + BC — AC = ko
AC +CD — AD = ko
AB + BD — AD = ko
BC +CD — BD = ko

with the arithmetic mean of all four values being accepted.

The most accurate approach is aleast squares solution of the observation equations. Readers unfamiliar
with least squares methods may wish to pass over the remainder of this section until they have read
Chapter 7 and Appendix A.

L et the above bays be a, b and ¢, with measured lengths | and residual errors of measurement r.

Observation equations:
a+ko=Ilpg+r1
at+b+ko=lac+r2
a+b+c+ko=lap+r3
b+ko=lgc +r4
b+c+ko=Ilgp+rs
C+ko=lcp +r6

which may be written in matrix formasAx =b +v

1 0 0 1 |AB ri
1101 a lac ro
1111 b i |AD rs
0101 c| ™ IBC + ra
0111 ko lsD I's
0 011 |CD I'e

The solution for x isx = (ATWA)~ATWb and gives a solution for estimates of the length of each bay a,
b and c aswell asthe zero error k,. Provided that the quality of all the observations of distance isthe same
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then the solutions are simply

a = (lag + lac + 2lap — 2lgc — lgp — Icp)/4
b = (—2lag + lac + lap + Isc + lIsp — 2lcp)/4
€ = (—lag — lac + 2lap — 2Igc + lgp + Icp)/4

ko = (Iag + lec + lcp — 1ap)/2

Substituting the values for a, b, ¢ and k, back into the observation equations gives the residual valuesr,
which can give an indication of the overall magnitude of the other errors.

The distances measured should, of course, be corrected for slope before they are used to find
ko. If possible, the bays should be in multiples of A/2 if the effect of cyclic errors is to be
cancelled.

4.10.2 Cyclic error (varies with distance)

As aready shown, the measurement of the phase difference between the transmitted and received waves
enables the fractional part of the wavelength to be determined. Thus, errors in the measurement of phase
difference will produce errorsin the measured distance. Phase errors are cyclic and not proportional to the
distance measured and may be non-instrumental and/or instrumental.

The non-instrumental cause of phase error is spurious signals from reflective objects illuminated by
the beam. Normally the signal returned by the reflector will be sufficiently strong to ensure complete
dominance over spurious reflections. However, care should be exercised when using vehicle reflectors or
reflective material designed for clothing for short-range work.

The main cause of phase error is instrumental and derives from two possible sources. In the first
instance, if the phase detector were to deviate from linearity around a particular phase value, the resulting
error would repeat each time the distance resulted in that phase. Excluding gross malfunctioning, the
phase readout is reliably accurate, so maximum errors from this source should not exceed 2 or 3 mm.
The more significant source of phase error arises from electrical cross-talk, or spurious coupling, between
the transmit and receive channels. This produces an error which varies sinusoidally with distance and is
inversely proportional to the signal strength.

Cyclic errorsin phase measurement can be determined by observing to a series of positions distributed
over ahalf wavelength. A bar or rail accurately divided into 10-cm intervals over adistance of 10 m would
cover the requirements of most short-range instruments. A micrometer on the bar capable of very accurate
displacements of the reflector of +0.1 mm over 20 cm would enable any part of the error curve to be more
closely examined.

The error curve plotted as a function of the distance should be done for strong and weakest signal
conditions and may then be used to apply corrections to the measured distance. For the majority of
short-range instruments the maximum error will not exceed afew millimetres.

Most short-range EDM instruments have values for A/2 equal to 10 m. A simple arrangement for the
detection of cyclic error which has proved satisfactory is to lay a steel band under standard tension on a
horizontal surface. The reflector is placed at the start of a 10-m section and the distance from instrument
to reflector obtained. The reflector is displaced precisely 100 mm and the distance is re-measured. The
difference between the first and second measurement should be 100 mm; if not, the error is plotted at the
0.100 m value of the graph. The procedure is repeated every 100 mm throughout the 10-m section and an
error curve produced. If, in the field, a distance of 836.545 m is measured, the ‘cyclic error’ correction is
abstracted from point 6.545 m on the error curve.
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4.10.3 Scale error (proportional to distance)

Scaleerrorsin EDM instrumentsarelargely dueto thefact that the oscillator istemperature dependent. The
quartz crystal oscillator ensures the frequency (f) remains stable to within £5 ppm over an operational
temperature range of —20°C to 50°C. The modulation frequency can, however, vary from its nominal
value due to incorrect factory setting, ageing of the crystal and lack of temperature stabilization. Most
modern short-rangeinstruments have temperature-compensated crystal oscillators which have been shown
to perform well. However, warm-up effects have been shown to vary from 1 to 5 ppm during thefirst hour
of operation.

Diode errors also cause scale error, asthey could result in the emitted wavel ength being different from
itsnominal vaue.

The magnitude of the resultant errors may be obtained by field or laboratory methods.

The laboratory method involves comparing the actual modulation frequency of the instrument with
a reference frequency. The reference frequency may be obtained from off-air radio transmissions such
as MSF Rugby (60 kHz) in the UK or from a crystal-generated laboratory standard. The correction for
frequency is equal to

Nominal frequency — Actua frequency
Nominal frequency

A simple field test is to measure a base line whose length is known to an accuracy greater than the mea-
surements under test. The base line should be equal to an integral number of modulation half wavelengths.
The baseline AB should be measured from apoint C inlinewith AB; then CB — CA = AB. Thisdifferentia
form of measurement will eliminate any zero error, whilst the use of anintegral number of half wavelengths
will minimize the effect of cyclic error. The ratio of the measured length to the known length will provide
the scale error.

4.10.4 Multi-pillar base lines

The establishment of multi-pillar base linesfor EDM calibration requires careful thought, time and money.
Not only must asuitable area be found to permit a base line of, in some cases, over 1 km to be established,
but suitable ground conditions must also be present. If possible the bedrock should be near the surface to
permit the construction of the measurement pillars on asound solid foundation. The ground surface should
be reasonably horizontal, free from growing trees and vegetation and easily accessible. The construction
of the pillars themselves should be carefully considered to provide maximum stability in al conditions
of wetting and drying, heat and cold, sun and cloud, etc. The pillar-centring system for instruments and
reflectors should be carefully thought out to avoid any hint of centring error. When all these possible error
sources have been carefully considered, the pillar separations must then be devised.

Thetotal length of the base lineis obvioudly the first decision, followed by the unit length of the equip-
ment to be calibrated. The inter-pillar distances should be spread over the measuring range of equipment,
with their fractional elements evenly distributed over the half wavelength of the basic measuring wave.

Finaly, the method of obtaining inter-pillar distances to the accuracy required has to be consid-
ered. The accuracy of the distance measurement must obviously be greater than the equipment it is
intended to calibrate. For general equipment with accuracies in the range of 3-5 mm, the base line could
be measured with equipment of superior accuracy such as those already mentioned.

For even greater accuracy, laser interferometry accurate to 0.1 ppm may be necessary.

When such abase line is established, a system of regular and periodic checking must be instituted and
maintained to monitor short- and long-term movement of the pillars. Appropriate computer software must
also be written to produce zero, cyclic and scale errors per instrument from the input of the measured
field data.
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In the past several such base lines have been established throughout the UK, the most recent one
by Thames Water at Ashford in Middlesex, in conjunction with the National Physical Laboratory at
Teddington, Middlesex. In 2006, it was understood to be no longer operational, along with all the other
UK base lines. It is hoped the situation will change. However, thisis a good example of a pillar base line
and will be described further to illustrate the principles concerned. Thisis an eight-pillar base line, with a
total length of 818.93 m and inter-pillar distances affording a good spread over a 10-m period, as shown
below:

2 3 4 5 6 7 8
1 260.85 30192 38410 416.73 480.33 49188 818.93
2 41.07 12325 15588 21948 231.03 558.08
3 82.18 11481 17841 18996 517.01
4 3263 96.23 107.78 434.83
5 63.60 7515 402.20
6 1155 338.60
7 327.05

With soil conditions comprising about 5 m of gravel over London clay, the pillars were constructed by
inserting 8 x 0.410 m steel pipeinto a9-m borehole and filling with reinforced concrete to within 0.6 m of
the pillar top. Each pillar top contains two electrolevels and a platinum resistance thermometer to monitor
thermal movement. The pillars are surrounded by 3 x 0.510 m PVC pipe, to reduce such movement
to a minimum. The pillar tops are all at the same level, with Kern baseplates attached. Measurement
of the distances has been carried out using a Kern ME5000 Mekometer and checked by a Terrameter.
The Mekometer has in turn been calibrated by laser interferometry. The above brief description serves to
illustrate the care and planning needed to produce a base line for commercial calibration of the majority
of EDM equipment.

4.11 OTHER ERROR SOURCES

4.11.1 Reduction from slope to horizontal

The reduction process using vertical angles has aready been dealt with in Section 4.10.4. On steep slopes
the accuracy of angle measurement may be impossible to achieve, particularly when refraction effects
are considered. An aternative procedure is, of course, to obtain the difference in height (h) of the two
measuring sources and correct for slope using Pythagoras. If the correction is Cy, then the first term of a
binomial expansion of Pythagoras gives

CL =h?/2S
where S = the slope length measured. Then
3Ch = héh/S (4.48)

and for S = 1000 m, h = 100 m and the accuracy of reduction §C, = £0.001 m, substituting in
equation (4.48) gives sh = +0.010 m. This implies that the difference in level should be obtained to
an accuracy of +0.010 m, which is within the accuracy criteria of tertiary levelling. For h = 10 m,
8h =40.100m, andforh =1m, sh=+1m.
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Analysis of this sort will enable the observer to decide on the method of reduction, i.e. vertical angles
or differential levelling, in order to achieve the required accuracy.

4.11.2 Reduction to the plane of projection

Many engineering networks are connected to the national grid system of their country; a process which
involves reducing the horizontal lengths of the network to mean sealevel (MSL) and then to the projection
using local scale factors (LSF).

Reduction to MSL is carried out using

LH
Cy = —
M=

where Cy = the dltitude correction, H = the mean height of the line above MSL or the height of the
measuring station above MSL and R = mean radius of the Earth (6.38 x 10° m).
Differentiating equation (4.49) gives

(4.49)

8Cm = LSH/R

and for L = 1000 m, §Cy = 41 mm, then §H = £6.38 m. As Ordnance Survey (OS) tertiary bench
marks are guaranteed to +10 mm, and the levelling process is of more than comparable accuracy, the
errors from this source may be ignored.

Reduction of the horizontal distance to MSL theoretically produces the chord distance, not the arc or
spheroidal distance. However, the chord/arc correction is negligible at distances of up to 10 km and will
not therefore be considered further.

To convert the ellipsoidal distance to grid distanceit is necessary to calculate the L SF and multiply the
distance by it. The L SF changes from point to point. Considering the OS national grid (NG) system of the
UK, the LSF changes at the rate of 0 ppm km~—1 on the central meridian, 2.5 ppm km~1 at 100 km from
the central meridian and 7.4 ppm km~1 at 300 km from the central meridian.

For details of scale factors, their derivation and application, refer to Chapter 5.

The following approximate formula for scale factors will now be used for error analysis, of the UK
system.

F = Fo[1 + (E2/2R?)] (4.50)

where Ej, =theNGdifferencein easting between the mid-point of thelineand the central meridian
= 4000000 m
Fo = the scale factor at the central meridian = 0.999 601 27
R = the mean radius of the Earth (6.38 x 106 m)

Then the scale factor correctionis Cg = LFg[1 + (E%/ZRZ)] —L

and 8Cg = LFo(Em/R?) 8En (4.51)

Then for L = 1000 m,§C = £1 mm and E;, = 120 km, §E;, = £333 m; thus the accuracy of assessing
one's position on the NG is not critical. Now, differentiating with respect to R

8Ck = —LFoE2/R3sR (4.52)

and for the same parameters as above, SR = +18 km. The value for R = 6380 km is a mean value for
the whole Earth and is accurate to about 10 km between latitudes 30° and 60°, while below 30° a more
representative value is 6.36 x 10% m.

It can be seen therefore that accuracy of the reduction to MSL and thereafter to NG will usually have a
negligible effect on the accuracy of the reduced horizontal distance.
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4.11.3 Eccentricity errors

These errors may arise from the manner in which the EDM is mounted with respect to the transit axis of
the total station and the type of prism used. Although there are few of (1) and (2) below remaining, they
illustrate a problem and its simple solution. In practice these problems will not appear with the majority
of total stations where the EDM islocated co-axially with the telescope.

(1) Consider telescope-mounted EDM instruments used with a tilting reflector which is offset the same
distance, h, above the target as the centre of the EDM equipment is above the line of sight of the
telescope (Figure 4.27).

In this case the measured distance S is equa to the distance from the centre of the theodolite to
the target and the eccentricity e is self-cancelling at instrument and reflector. Hence D and AH are
obtained in the usua way without further correction.

(2) Consider now a telescope-mounted EDM unit with a non-tilting reflector, as in Figure 4.28. The
measured slope distance S will be greater than S’ by length AB = htana. If « is negative, S will be
lessthan S’ by h tan «.

Thusif S is used in the reduction to the horizontal D will be too long by AF = hsina when « is
positive, and too small when « is negative.

[

Reflector

ﬂ Target

AH

Fig. 4.27 EDM and prism on tilting reflector

Fig. 4.28 EDM and prism on non-tilting reflector
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If we assume an approximate value of h = 115 mm then the error in D when o = 5° is 10 mm, at
10° it is 20 mm and so on to 30° when it is58 mm. The errorsin AH for the above vertical angles are
1 mm, 14 mm and 33 mm, respectively.

(3) Whenthe EDM unit is co-axial with thetelescope line of sight and observations are direct to the centre
of the reflector, there are no eccentricity corrections.

4.12 INSTRUMENT SPECIFICATIONS

The measuring accuracy of all EDM equipment is specified in manufacturers’ literature in different ways
but often in the form of +a mm +b ppm or +(a mm + b ppm). This can be a little misleading as the
constant uncertainty, a mm, isunrelated to the uncertainty of scale error, b ppm. Therefore these statements
should be interpreted as being that the total uncertainty (o) is given by

o = (a2 + (bL x 107822 mm

where L isthe length of the line in kilometres.
Using the atypical example of a = 3 mm and b = 5 ppm the uncertainty of a measured distance if
1.2 km would be

o=@+ 6x12)"?mm=7mm

In the above specification, a isaresult of errors in phase measurement (6) and zero error (2), i.e.

2

a =092+022

In the case of b, the resultant error sources are error in the modulation frequency f and in the group
refractive index ng, i.e.

b? = (ot /f)? + (ony/Ng)?

The reason why the specification is expressed in two parts is that 6 and z are independent of distance,
whilst f and ng are afunction of distance.

For short distances such as a few tens or even hundreds of metres, as frequently encountered in
engineering, the a component is more significant and the b component can largely be ignored.

4.13 DEVELOPMENTS IN EDM

Improvements in technology have transformed EDM instruments from large, cumbersome units, which
measured distance only, to component parts of total stations.

The average total stationisafully integrated instrument that captures all the spatial data necessary for
athree-dimensional position fix. The angles and distances are displayed on a digital readout and can be
recorded at the press of abutton. Modern total stations have many of the following features:

e Dual axis compensators built into the vertical axis of the instrument which constantly monitor the
inclination of the vertical axis in two directions. These tilt sensors have a range of a few minutes.
The horizontal and vertical angles are automatically corrected, thus permitting single-face observations
without significant loss of accuracy.

¢ A graphic electronic levelling display illustrates the levelling situation parallel to a pair of footscrews
and at right angles, enablesrapid, preciselevelling without rotation of the alidade. The problems caused
by direct sunlight on plate bubbles are also eradicated.
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On-board memory isavailablein various capacities for logging observations. These devices can usually
store at least all the data a surveyor islikely to record in a day. The memory unit can be connected to
any external computer or to a special card reader for data transfer. Alternatively, the observations can
be downloaded directly into intelligent electronic data loggers. Both systems can be used in reverse to
load information into the instruments.

Some instruments and/or data loggers can be interfaced directly with a computer for immediate
processing and plotting of data.
A friction clutch and endless drive eliminates the need for horizontal and vertical circle clamps plusthe
problem of running out of thread on slow motion screws.
A laser plummet incorporated into the vertical axis, replacesthe optical plummet. A clearly visible laser
dot is projected onto the ground permitting quick and convenient centring of the instrument.
Keyboards with displays of aphanumeric and graphic data control every function of the instrument.
Built-in softwarewith menu and edit facilities, they automatically reduce angul ar and linear observations
to three-dimensional coordinates of the vector observed. This facility can be reversed for setting-out
purposes. Keyboards and displays may be on both sides of the instrument allowing observations and
readings to be made easily on both faces.
Guide light fitted to the telescope of the instrument enables the target operator to maintain alignment
when setting-out points. Thislight changes col our when the operator moves off-line. With theinstrument
in thetracking mode, taking measurementsevery 0.3 s, the guide light speeds up the setting-out process.
Automatic target recognition (ATR) is incorporated in most robotic instruments and is more accurate
and consistent than human sighting. The telescope is pointed in the general direction of the target, and
the ATR module completes the fine pointing with excellent precision and minimum measuring time
as there is no need to focus. It can also be used on a moving reflector. After initial measurement, the
reflector istracked automatically (Figure 4.29). A single key touch records all datawithout interrupting
the tracking process. To ensure that the prism is always pointed to the instrument, 360° prisms are
available from certain manufacturers. ATR recognizes targets up to 1000 m away and maintains lock
on prisms moving at aspeed of 5 m s™L. A further advantage of ATR isthat it can operate in darkness.

(b)

Fig. 4.29 Robotic total station system — courtesy of (a) Leica-Geosystems, (b) Topcon
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e |norder to utilize ATR, the instrument must be fitted with servo motors to drive both the horizontal and
vertical movements of the instrument. It also permits the instrument to automatically turn to a specific
bearing (direction) when setting out, cal culated from the up-loaded design coordinates of the point.

o Reflectorless measurement is also available on many instruments, typically using two different coaxial
red laser systems. One laser isinvisible and is used to measure long distances, up to a few kilometres
to a single reflector, the other is visible, does not require a reflector, and has a limited range of a few
hundred metres. The range depends on the reflectivity of the surface being measured to. Concrete and
wood give good returns while dark coloured rock has alesser range. A single key stroke allows one to
alternate between the visible or invisible laser.

Possible uses for this technique include surveying the fagades of buildings, tunnel profiling, cooling
tower profiling, bridge components, dam faces, overhead cables, points in traffic or other hazardous
situations, points where it is impossible to place a target — indeed any situation which is difficult
or impossible to access directly. The extremely narrow laser used clearly defines the target point
(Figure 4.30).

¢ Wireless communication enables communication between instrument and surveyor when the surveyor
isremote from the instrument and enables downloading data to a computer without the need for cables.

e Target identification enables locking onto only the correct target without the possibility of acquiring
false targets.

Fig. 4.30 Reflectorless total station — courtesy of Topcon
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o Built-in programmes are available with most total stations. Examples of which are: Traverse coordinate
computation with Bowditch adjustment; Missing line measurement in the horizontal and vertical planes
to any two points sighted from the instrument; Remote object elevation determines the heights of
inaccessible points; Offset measurement gives the distance and bearing to an inaccessible point close
to the reflector by obtaining the vector to the reflector and relative direction to the inaccessible point;
Resection to a minimum of two known points determines the position of the total station observing
those points; Building facade survey allows for the coordination of points on the face of a building or
structure using angles only; Three-dimensional coordinate values of points observed; Setting-out data
to points whose coordinates have been uploaded into the total station; Coding of the topographic detail
with automatic point number incrementing.

The above has detailed many of the developments in total station design and construction which have
led to the development of fully automated one-man systems, frequently referred to as robotic surveying
systems. Roboatic surveying produces high productivity since the fully automatic instrument can be left
unmanned and all operations controlled from the target point that is being measured or set out. In this
caseit isessentia that the instrument isin a secure position. The equipment used at the target point would
consist of an extendible reflector pole with a circular bubble. It would carry a 360° prism and a control
unit incorporating a battery and radio modem. Import and export of datais viathe radio modem. Storage
capacity would be equal to at least 10 000 surveyed points, plus customized software and the usual facilities
to view, edit, code, set-out, etc. The entire measurement procedure is controlled from the reflector pole
with facilities for keying the start/stop operation, aiming, changing modes, data registration, calculations
and datainput.

4.13.1 Machine guidance

Robotic surveying has resulted in the development of several customized systems, not the least of which
are those for the control of construction plant on site. These systems, produced by the major companies
L eicaGeosystemsand Trimble, are capable of controlling slip-form pavers, rollers, motorgradersand even
road headers in tunnelling. In each case the method is fundamentally the same. See Figure 4.31.

The machine is fitted with a customized 360° prism strategically positioned on the machine. The total
station is placed some distance outside the working area and continuously monitors the three-dimensional
position of the prism. This data is transmitted via the radio link to an industrial PC on board the con-
struction machine. The PC compares the construction project datawith the machine’s current position and
automatically and continuously sends the appropriate control commands to the machine controller to give
the necessary construction position required. All the information is clearly displayed on a large screen.
Such information comprises actual and required grading profiles, compression factorsfor each surface area
being rolled and the exact location of the roller; tunnel profiles showing the actual position of the cutter
head relative to the required position. In slip forming, for example, complex profiles, radii and routes are
quickly completed to accuracies of 2mmand 5 mm in vertical and lateral positions respectively. Not only
do these systems provide extraordinary precision, they also afford greater safety, speedier construction and
are generally of ahigher quality than can be achieved with GPS systems employed to do similar tasks.

Normally, without machine guidance, all these operationsarecontrolled using stringlines, profileboards,
batter boards, etc. As these would no longer be required, their installation and maintenance costs are
eliminated, they do not interfere with the machines and construction site logistics, and so errors due to
displacement of ‘wood’ and ‘string’ are precluded.

Worked examples

Example 4.10. The majority of short-range EDM equipment measures the difference in phase of the
transmitted and reflected light waves on two different frequencies, in order to obtain distance.
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Industrial PC

(b) if%\

Fig. 4.31 Machine guidance by robotic surveying system

The frequencies generally used are 15 MHz and 150 kHz. Taking the velocity of light as 299 793 km/s
and a measure distance of 346.73 m, show the computational processes necessary to obtain this distance,
clearly illustrating the phase difference technique.

Travel distance = 2 x 346.73 = 693.46 m

Travel time of asingle pulse =t = D/V = 693.46/299 793 000
= 2313 us=2313ns

Standard frequency = f = 15 MHz = 15 x 108cycles's

Time duration of asingle pulse = 1/15 x 106 s= 66.6 ns = tp.

. No. of pulsesin the measured distance = t/t, = 2313/66.6 = 34.673
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i.,e. 2D =MM+ 861 =341+ 0.673A

However, only the phase difference A is known and not the value of M; hence the use of a second

frequency.
A single pulse (1) takes 66.6 ns, which at 15 MHz =20 m, and A/2 = 10 m.

-.D =M(/2) + 0.673(A/2) = 6.73m

Now using f = 150 kHz = 150 x 10° cycles/s, the time duration of asingle pulse = 1/150 x 10° =
6.667 ps.

At 150 kHz, 6.6674 s = 1000 m
No. of pulses = t/t, =2.313/6.667 = 0.347
..D=0.347 x 1000m = 347 m
Fine measurement using 15 MHz = 6.73 m
Coarse measurement using 15 kHz = 347 m
Measured distance = 346.73 m
Example 4.11. (a) Using EDM, top-mounted on atheodolite, adistance of 1000 mismeasured on an angle
of inclination of 09° 00’ 00”. Compute the horizontal distance.
Now, taking R = 6.37 x 10° m and the coefficient of refraction K = 1.10, correct the vertical angle for
refraction effects, and recompute the horizontal distance.
(b) If the EDM equipment used above was accurateto + 3 mm =+ 5 ppm, calculate the required accuracy
of the vertical angle, and thereby indicate whether or not it is necessary to correct it for refraction.

(c) Cdculate the equivalent error allowable in levelling the two ends of the above measured
line. (KU)

(@) Horizontal distance= D = S cosa = 1000c0s9° = 987.688 m
" = SKp/2R = 987.69 x 1.10 x 206 265/2 x 6370000 = 17.6”

Corrected angle = 8° 59 42"
. D = 1000c0s8° 59 42" = 987.702 m
Difference = 14 mm

(b) Distanceis accurate to +(3? + 52)2 = +5.8mm

D = Scosux
8D = —Ssnada
sa’ = 8DplSsina = 0.0058 x 206265/10000sin9° = +7.7"

Vertical angle needs to be accurate to +7.7”, so refraction must be catered for.
(c) ToreducesS to D, apply the correction —h?/2S = Cy,

8Ch = h 8h/S
and 8h = 8CpS/h
where h =Ssine = 1000sin9° = 156.43 m
8h = 0.0058 x 1000/156.43 = £0.037 m
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Example 4.12.

(@) Modern total stations supply horizontal distance (D) and vertical height (AH) at the press of a button.
What corrections must be applied to the initial field data of slope distance and vertical angle to
obtain the best possible values for D and AH?
(b) When using EDM equipment of a particular make, why is it inadvisable to use reflectors from other
makes of instrument?
(c) To obtain the zero error of aparticular EDM instrument, abase line AD is split into three sections AB,
BC and CD and measured in the following combinations:

AB = 20.512,AC = 63.192, AD = 153.303
BC = 42.690,BD = 132.803,CD = 90.1201

Using al possible combinations, compute the zero error: (KU)

(@) Velocity correction using temperature and pressure measurements at the time of measurement.
Vertical angle corrected for refraction to give D and for Earth curvature to give AH.

(b) Instrument hasabuilt-in correction for the reflector constant and may have been calibrated for that
particular instrument/reflector combination.

(©
20.512 + 42.690 — 63.192 = + 0.010
63.192 + 90.120 — 153.303 = + 0.009
20.512 + 132.803 — 153.303 = + 0.012
42.690 + 90.120 — 132.803 = + 0.007
Mean = + 0.009 m
Correction = — 0.009 m

Example 4.13. Manufacturers specify the accuracy of EDM equipment as
+a+ bD mm

where b isin ppm of the distance measured, D.

Describe in detail the various errors defined by the variables a and b. Discuss the relative importance
of a and b with regard to the majority of measurements taken in engineering surveys.

What calibration procedures are required to minimize the effect of the above errors in EDM
measurement. (KU)

For answer, refer to appropriate sections of the text.
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Angle measurement

As shown in Chapter 1, horizontal and vertical angles are fundamental measurements in surveying.

The vertical angle, as already illustrated, is used in obtaining the elevation of points (trig levelling) and
in the reduction of slant distance to the horizontal.

The horizontal angle is used primarily to obtain direction to a survey control point, or to topographic
detail points, or to points to be set out.

An instrument used for the measurement of angles is called a theodolite, the horizontal and vertical
circles of which can be likened to circular protractors set in horizontal and vertical planes. It follows that,
although the points observed are at different elevations, it is always the horizontal angle and not the space
angle which is measured. For example, observations to points A and C from B (Figure 5.1) will give the
horizontal angle ABC = 6. The vertical angle of elevation to A is « and its zenith angle is Za.

5.1 THE THEODOLITE

There are basically two types of theodolite, the optical mechanical type or the electronic digital type, both
of which may be capable of reading directly to 1/, 20”, 1” or 0.1” of arc, depending upon the precision
of the instrument. The selection of an instrument specific to the survey tolerances of the work in hand is
usually overridden by the commercial considerations of the company and a 1” instrument may be used
for all work. When one considers that 1” of arc subtends 1 mm in 200 m, it is sufficiently accurate for
practically all work carried out in engineering.

Figure5.2 shows a typical theodolite, whilst Figure 5.3 shows the main components of a theodolite. This
exploded diagram enables the relationships of the various parts to be more clearly understood along with
the relationships of the main axes. In a correctly adjusted instrument these axes should all be normal to each
other, with their point of intersection being the point about which the angles are measured. Neither figure
illustrates the complexity of a modern theodolite or the very high calibre of the process of its production.

The basic features of a typical theodolite are, with reference to Figure 5.3, as follows:

(1) The trivet stage forming the base of the instrument connects it to the tripod head.

(2) The tribrach supports the rest of the instrument and with reference to the plate bubble can be levelled
using the footscrews which act against the fixed trivet stage.

(3) The lower plate carries the horizontal circle which is made of glass, with graduations from 0° to
360° photographically etched around the perimeter. This process enables lines of only 0.004 mm
thickness to be sharply defined on a small-diameter circle (100 mm), thereby resulting in very
compact instruments.

(4) The upper plate carries the horizontal circle index and fits concentrically with the lower plate.

(5) The plate bubble is attached to the upper plate and when adjusted, using the footscrews, makes the
instrument axis vertical. Some modern digital or electronic theodolites have replaced the spirit bubble
with an electronic bubble.
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Fig. 5.3 Simplified theodolite

(6) The upper plate also carries the standards which support the telescope by means of its transit
axis. The standards are tall enough to allow the telescope to be fully rotated about its transit axis.

(7) The vertical circle, similar in construction to the horizontal circle, is fixed to the telescope axis and
rotates with the telescope.

(8) The vertical circle index, against which the vertical angles are measured, is set normal to gravity by
means of (a) an altitude bubble attached to it, or (b) an automatic compensator. The latter method is
now universally employed in modern theodolites.

(9) The lower plate clamp (Figure 5.2) enables the horizontal circle to be clamped into a fixed position.
The lower plate slow motion screw permits slow movement of the theodolite around its vertical axis,
when the lower plate clamp is clamped. Most modern theodolites have replaced the lower plate clamp
and slow motion screw with a horizontal circle-setting screw. This single screw rotates the horizontal
circle to any reading required.

(10) Similarly, the upper plate clamp and slow motion screw have the same effect on the horizontal circle
index.

(11) The telescope clamp and slow motion screw fix and allow fine movement of the telescope in the
vertical plane.
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(12) The altitude bubble screw centres the altitude bubble, which, as it is attached to the vertical circle
index, makes it horizontal prior to reading the vertical circle. As stated in (8), this is now done by
means of an automatic compensator.

(13) The optical plummet, built into either the base of the instrument or the tribrach (Figure5.12), enables
the instrument to be centred precisely over the survey point. The line of sight through the plummet
is coincidental with the vertical axis of the instrument.

(14) The telescopes are similar to those of the optical level but usually shorter in length. They also possess
rifle sights or collimators for initial pointing.

5.1.1 Reading systems

The theodolite circles are generally read by means of a small auxiliary reading telescope at the side of
the main telescope (Figure 5.2). Small circular mirrors reflect light into the complex system of lenses and
prisms used to read the circles.

There are basically three types of reading system; optical scale reading, optical micrometer reading and
electronic digital display.

(1) The optical scale reading system is generally used on theodolites with a resolution of 20” or less. Both
horizontal and vertical scales are simultaneously displayed and are read directly with the aid of the
auxiliary telescope.

The telescope used to give the direct reading may be a ‘line microscope’ or a ‘scale microscope’.

The line microscope uses a fine line etched onto the graticule as an index against which to read the
circle.

The scale microscope has a scale in its image plane, whose length corresponds to the line separation
of the graduated circle. Figure 5.4 illustrates this type of reading system and shows the scale from
0’ to 60’ equal in scale of one degree on the circle. This type of instrument is frequently referred to
as a direct-reading theodolite and, at best, can be read, by estimation, to 20”.

(2) The optical micrometer system generally uses a line microscope, combined with an optical micrometer
using exactly the same principle as the parallel plate micrometer on a precise level.

Figure 5.5 illustrates the principle involved. If the observer’s line of sight passes at 90° through
the parallel plate glass, the circle reading would be 23° 20’ + S, with the value of S unknown. The
parallel plate is rotated using the optical micrometer screw (Figure 5.2) until the line of sight is at an
exact reading of 23° 20’ on the circle. This is as a result of the line of sight being refracted towards
the normal and emerging on a parallel path. The distance Sthrough which the observer’s line of sight
was displaced is recorded on the micrometer scale as 11’ 40”.

95
0 A0 20 30 40 5060
|

Vertical 96°06°30”
Hotizontal 235°56°30”

50 '60
235

Fig. 5.4 Wild T16 direct reading theodolite
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Fig. 5.6 Watts Microptic No 1 theodolite reading system

The shift of the image is proportional to the angle of tilt of the parallel plate and is read on the
micrometer scale. Before the scale can be read, the micrometer must be set to give an exact reading
(23° 20'), as shown on Figure 5.6, and the micrometer scale reading (11’ 40”) added on. Thus the total
reading is 23° 31" 40”. In this instance the optical micrometer reads only one side of the horizontal
circle, which is common to 20” instruments.

On more precise theodolites, reading to 1” of arc and above, a coincidence microscope is used. This
enables diametrically opposite sides of the circle to be combined and a single mean reading taken.
This mean reading is therefore free from circle eccentricity error.

Figure 5.7 shows the diametrically opposite scales brought into coincidence by means of the optical
micrometer screw. The number of divisions on the main scale between 94° and 95° is three; therefore
each division represents 20’. The indicator mark can only take up one of two positions, either mid-
division or on a full division. In this case it is mid-division and represents a reading of 94° 10,
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the micrometer scale reads 2’ 44” to the nearest second, giving a total reading of 94° 12" 44”. An
improved version of this instrument is shown in Figure 5.8.

The above process is achieved using two parallel plates rotating in opposite directions, until the
diametrically opposite sides of the circle coincide.

There are basically two systems used in the electro-optical scanning process, either the incremental
method or the code method (Figure 5.9).

The basic concept of the incremental method can be illustrated by considering a glass circle of
70-100 mm diameter, graduated into a series of radial lines. The width of these photographically
etched lines is equal to their spacing. The circle is illuminated by a light diode; a photodiode, equal
in width to a graduation, forms an index mark. As the alidade of the instrument rotates, the glass
circle moves in relation to the diode. The light intensity signal radiated approximates to a sine curve.
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Fig. 5.9 (a) Incremental disk, (b) binary coded disk
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Fig. 5.10 Sine wave to square wave modulation

The diode converts this to an electrical signal correspondingly modulated to a square wave signal
(Figure 5.10). The number of signal periods is counted by means of the leading and trailing edges
of the square wave signal and illustrated digitally in degrees, minutes and seconds on the LCD. This
simplified arrangement would produce a relatively coarse least count resolution, requiring further
refinement.

For example, consider a glass circle that contains 20 000 radial marks, each 5.5 m thick, with
equal width spacing. A section of the circle comprising 200 marks is superimposed on the diametrically
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opposite section, forming a moiré pattern. A full period (light—dark variation) corresponds to an angular
value of approximately 1 min of arc, with a physical length of 2 mm. A magnification of this period
by two provides a length of 4 mm over which the brightness pattern can be electronically scanned.
Thus the coarse measurement can be obtained from 40000 periods per full circle, equivalent to 30”
per period.

The fine reading to 0.3” is obtained by monitoring the brightness distribution of the moiré pattern
using the four diodes shown (Figure5.11). The fine measurement obtains the scanning position location
with respect to the leading edge of the square wave form within the last moiré pattern. It is analogous
to measuring the fraction of a wavelength using the phase angle in EDM measurement.

The code methods use coded graduated circles (Figure 5.9(b)). Luminescent diodes above the glass
circle and photodiodes below, one per track, detect the light pattern emitted, depending on whether
a transparent track (signal 1) or an opaque track (signal 0) is opposite the diode at that instant. The
signal is transferred to the computer for processing into a digital display. If there are n tracks, the full
circle is divided into 2" equal sectors. Thus a 16-track disk has an angular resolution of 216, which is
65 532 parts of a full circle and is equivalent to a 20” resolution.

The advantage of the electronic systems over the glass arc scales is that they produce a digital
output free from misreading errors and in a form suitable for automatic data recording and processing.
Figure 5.12 illustrates the glass arc and electronic theodolites.

5.2 INSTRUMENTAL ERRORS

In order to achieve reliable measurement of the horizontal and vertical angles, one must use an instrument
that has been properly adjusted and adopt the correct field procedure.

In a properly adjusted instrument, the following geometrical relationships should be maintained
(Figure5.3):

(1) The plane of the horizontal circle should be normal to the vertical axis of rotation.
(2) The plane of the vertical circle should be normal to the horizontal transit axis.
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(@) (b)

Fig. 5.12 (a) Wild T1 glass arc theodolite with optical plummet in the alidade, (b) Wild T1600 electronic
theodolite with optical plummet in the tribrach

(3) The vertical axis of rotation should pass through the point from which the graduations of the horizontal
circle radiate.

(4) The transit axis of rotation should pass through the point from which the graduations of the vertical
circle radiate.

(5) The principal tangent to the plate bubble should be normal to the main axis of rotation.

(6) The line of sight should be normal to the transit axis.

(7) The transit axis should be normal to the main axis of rotation.

(8) When the telescope is horizontal, the vertical circle indices should be horizontal and reading zero,
and the principal tangent of the altitude bubble should, at the same instance, be horizontal.

(9) The main axis of rotation should meet the transit axis at the same point as the line of sight meets
this axis.

(10) The line of sight should maintain the same position with change of focus (an important fact when

coplaning wires).

Items (1), (2), (3) and (4) above are virtually achieved by the instrument manufacturer and no provision
is made for their adjustment. Similarly, (9) and (10) are dealt with, as accurately as possible, in the
manufacturing process and in any event are minimized by double face observations. Items (5), (6), (7) and
(8) can, of course, be achieved by the usual adjustment procedures carried out by the operator.

The procedure referred to above as “‘double face observation’is fundamental to the accurate measurement
ofangles. Anexamination of Figure5.2 shows that an observer looking through the eyepiece of the telescope
would have the vertical circle on the left-hand side of his/her face; this would be termed a “face left’ (FL)
observation. If the telescope is now rotated through 180° about its transit axis and then the instrument
rotated through 180° about its vertical axis, the vertical circle would be on the right-hand side of the
observer’s face when looking through the telescope eyepiece. This is called a ‘face right’ (FR) observation.
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Fig. 5.13 Eccentricity of centres

The mean result of a FL and FR observation, called a double face observation, is free from the majority of
instrumental errors present in the theodolite.

The main instrumental errors will now be dealt with in more detail and will serve to emphasize the
necessity for double face observation.

5.2.1 Eccentricity of centres

This error is due to the centre of the central pivot carrying the alidade (upper part of the instrument) not
coinciding with the centre of the hollow pivot carrying the graduated circle (Figures 5.3 and 5.13).

The effect of this error on readings is periodic. If B is the centre of the graduated circle and A is the
centre about which the alidade revolves, then distance AB is interpreted as an arc ab in seconds on the
graduated circle and is called the error of eccentricity. If the circle was read at D, on the line of the two
centres, the reading would be the same as it would if there were no error. If, at b, it is in error by ba = E,
the maximum error. In an intermediate position d, the error will be de = BC = ABsin6 = Esin 6, 6 being
the horizontal angle of rotation.

The horizontal circle is graduated clockwise, so, a reading supposedly at b will actually be at a, giving
a reading too great by +E. On the opposite side, the reading of the point supposedly at b’ will actually be
at &, thereby reading too small by —E. Similarly for the intermediate positions at d and d’, the errors will
be +E sin 6 and —E sin 6. Thus the mean of the two readings 180° apart, will be free of error.

Glass-arc instruments in the 20” class can be read on one side of the graduated circle only, thus producing
an error which varies sinusoidally with the angle of rotation. The mean of the readings on both faces of the
instrument would be free of error. With 1” theodolites the readings 180° apart on the circle are automatically
averaged and so are free of this error.

Manufacturers claim that this source of error does not arise in the construction of modern glass-arc
instruments.

5.2.2 Collimation in azimuth

Collimation in azimuth error refers to the error which occurs in the observed angle due to the line of sight,
or more correctly, the line of collimation, not being at 90° to the transit axis (Figure 5.3). If the line of
sight in Figure 5.14 is at right angles to the transit axis it will sweep out the vertical plane VOA when the
telescope is elevated through the vertical angle «.

If the line of sight is not at right angles but in error by an amount e, the line of sight will describe a
cone with its axis about the transit axis and an apex angle of just under 90°. So, in Figure 5.14(b), the
instrument is at O and the elevated target is at A which is where the line of sight points to. Because of the
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Fig. 5.14 Collimation in azimuth

collimation error the axis of the telescope actually points to B so the error in the horizontal pointing is +¢
(positive because the horizontal circle is graduated clockwise).

tan ¢ = AB B OAtane but OA — sec
“ov.  ov ov ¢

colang =secatane
as ¢ and e are very small, the above may be written
¢ =eseCu (5.1)

On changing face VOB will fall to the other side of A and give an equal error of opposite sign, i.e. —¢.
Thus the mean of readings on both faces of the instrument will be free of thiserror.

¢ is the error of one sighting to a target of elevation . An angle, however, is the difference between
two sightings; therefore the error in an angle between two objects of elevation, «; and «p, will be
e(sec a1 — sec ap) and will obviously be zero if @y = ap, or if measured in the horizontal plane, (¢ = 0).

On the opposite face the error in the angle simply changes sign to —e(sec a1 — sec ), indicating that
the mean of the two angles taken on each face will be free of error regardless of elevation.

Similarly it can be illustrated that the true value of a vertical angle is given by sina = sinaj cose
where « is the measured altitude and «1 the true altitude. However, as e is very small, cose ~ 1, hence
a1 ~ «a, proving that the effect of this error on vertical angles is negligible, provided that « is not
close to 90°.

5.2.3 Transit axis error

Error will occur in the measurement of the horizontal angle if the transit axis is not at 90° to the instrument
axis (Figure 5.3). When measuring, the instrument axis should be vertical. If the transit axis is set correctly
at right angles to the vertical axis, then when the telescope is elevated it will sweep out the truly vertical
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Fig. 5.15 The effect of transit axis error on horizontal pointing

plane AOV (Figure 5.15). Assuming the transit axis is inclined to the horizontal by e, the telescope will
sweep out the plane AOB which is inclined to the vertical by e. This will create an error —¢ in the horizontal
reading of the theodolite (negative as the horizontal circle is graduated clockwise).

If « is the angle of elevation then

Sin¢)_BV_AVtane_VOtanoztane_tan tan e (52)
“vo~ v ~~ wvo ¢ '

Now, as ¢ and eare small, ¢ = etanc.

From Figure 5.15 it can be seen that the correction, ¢, to the reading to the elevated target at A, due to
a clockwise rotation of the transit axis, is negative because of the clockwise graduations of the horizontal
circle. Thus, when looking through the telescope towards an elevated object, if the left-hand end of the
transit axis is high, then the correction to the reading is negative, and vice versa.

On changing face, AOB will fall to the other side of A and give an equal error of opposite sign. Thus,
the mean of the readings on both faces of the instrument will be free from error. As previously, the error
in the measurement of an angle between two objects of elevations «1 and a» will be

e(tan oy — tan ap)

which on changing face becomes —e(tan a1 — tan «p) indicating that the mean of two angles taken one on
each face, will be free from error regardless of the elevation of the target. Also, if o1 = «y, or the angle is
measured in the horizontal plane (« = 0), it will be free from error.
Using Figure5.186, if the observed vertical angle is o1 then the correct vertical angle « can be found from
AV ABsece AOsinogsece

sing = 0= A0 0 =sin ap sec e (5.3)

As eis very small sece ~ 1, thus @y ~ «. The effect of this error on vertical angles is negligible
provided that the vertical angle is not close to 90°.
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Fig. 5.16 The effect of transit axis error on vertical angle

5.2.4 Effect of non-verticality of the instrument axis

If the plate levels of the theodolite are not in adjustment, then the instrument axis will be inclined to the
vertical, and hence measured azimuth angles will not be truly horizontal. Assuming the transit axis is in
adjustment, i.e. perpendicular to the vertical axis, then error in the vertical axis of e will cause the transit
axis to be inclined to the horizontal by e, producing an error in pointing of ¢ = etan« as derived from
equation (5.2). Here, however, the error is not eliminated by double-face observations (Figure 5.17), but
varies with different pointings of the telescope. For example, Figure 5.18(a) shows the instrument axis
truly vertical and the transit axis truly horizontal. Imagine now that the instrument axis is inclined through
e in a plane at 90° to the plane of the paper (Figure 5.18(b)). There is no error in the transit axis. If the
alidade is now rotated clockwise through 90° into the plane of the paper, it will be as in Figure 5.18(c), and
when viewed in the direction of the arrow, will appear as in Figure 5.18(d) with the transit axis inclined
to the horizontal by the same amount as the vertical axis, e. Thus, the error in the transit axis varies from
zero to maximum through 90°. At 180° it will be zero again, and at 270° back to maximum in exactly the
same position.

If the horizontal angle between the plane of the transit axis and the plane of dislevelment of the vertical
axis is 8, then the transit axis will be inclined to the horizontal by ecos §. For example, in Figure 5.18(b),
8 = 90°, and therefore as cos 90° = 0, the inclination of the transit axis is zero, as shown.

For an angle between two targets at elevations «1 and «, in directions §; and §,, the correction will be
e(cos 81 tan g — €0s &2 tan ap). When 81 = 82, the correction is a maximum when «1 and a2 have opposite
signs. When §; = —8, that is in opposite directions, the correction is maximum when a3 and a2 have the
same sign.

If the instrument axis is inclined to the vertical by an amount e and the transit axis further inclined
to the horizontal by an amount i, both in the same plane, then the maximum dislevelment of the transit
axis on one face will be (e + i), and (e — i) on the reverse face (Figure 5.19). Thus, the correction to a
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pointing on one face will be (e + i) tan « and on the other (e — i) tan «, resulting in a correction of etan «

to the mean of both face readings.

As shown, the resultant error increases as the angle of elevation « increases and is not eliminated by
double face observations. As steep sights frequently occur in mining and civil engineering surveys, it is

very important to recognize this source of error and adopt the correct procedures.

Thus, as already illustrated, the correction for a specific direction § due to non-verticality (€) of the

instrument axis is ecos § tan «. The value of ecos§ = E can be obtained from

_ /(L_R)
_S’T

E//

(5.4)
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Fig. 5.19 Non-vertical instrument axis. (a) Face left, (b) face right
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Fig. 5.20 Reading a bubble

where S” = the sensitivity of the plate bubble in seconds of arc per bubble division
L and R = the left- and right-hand readings of the ends of the plate bubble measured out from the
centre of the bubble when viewed from the eyepiece end of the telescope. See Figure 5.20
for an example.

Then the correction to each horizontal circle reading is C” = E” tan «, and is positive when L > Rand
vice versa.

For high-accuracy survey work, the accuracy of the correction C will depend upon how accurately E
can be assessed. This, in turn, will depend on the sensitivity of the plate bubble and how accurately the
ends of the bubble can be read. For very high accuracy involving extremely steep sights, an Electrolevel
attached to the theodolite will measure axis tilt directly. This instrument has a sensitivity of 1 scale
division equal to 1” of tilt and can be read to 0.25 div. The average plate bubble has a sensitivity of
20" per div.

Assuming that one can read each end of the plate bubble to an accuracy of +0.5 mm, then for a bubble
sensitivity of 20” per (2 mm) div, on a vertical angle of 45°, the error in levelling the instrument (i.e. in
the vertical axis) would be +0.35 x 20" tan 45° = +7”. It has been shown that the accuracy of reading a
bubble through a split-image coincidence system is about ten times greater. Thus, if the altitude bubble,
usually viewed through a coincidence system, were used to level the theodolite, error in the axis tilt could
be reduced to as little as £0.7" provided that the tripod is sufficiently stable.

More recent theodolites have replaced the altitude bubble with automatic vertical circle indexing with
stabilization accuracies of £0.3”. This may therefore be used for high-accuracy levelling of the instrument
as follows:

(1) Accurately level the instrument using its plate bubble in the normal way.
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(2) Clamp the telescope in any position, place the plane of the vertical circle parallel to two footscrews
and note the vertical circle reading.

(3) With telescope remaining clamped, rotate the alidade through 180° and note the vertical circle reading.

(4) Using the two footscrews of (2) above, set the vertical circle to the mean of the two readings obtained
in (2) and (3).

(5) Rotate through 90° and by using only the remaining footscrew obtain the same mean vertical circle
reading.

The instrument is now precisely levelled to minimize axis tilt and virtually eliminate this source of error
on all but the steepest sites.

Vertical angles are not affected significantly by non-verticality of the instrument axis as their horizontal
axis of reference is established independently of the plate bubble.

5.2.5 Circle graduation errors

In the construction of the horizontal and vertical circles of a 1” direct reading theodolite, the graduation
lines on a 100-mm-diameter circle have to be set with an accuracy of 0.4 um. In spite of the sophisticated
manufacturing processes available, both regular and irregular errors of graduation occur.

It is possible to calibrate each instrument by producing error curves. However, with a 1” direct reading
theodolite such curves generally show maximum errors in the region of only 0.3”. In practice, therefore,
such errors are dealt with by observing the same angle on different parts of the circle, distributed sym-
metrically around the circumference. If the angle is to be observed 2, 4 or n times, where a double face
measurement is regarded as a single observation, then the alidade is rotated through 180°/n prior to each
new round of measurements.

5.2.6 Optical micrometer errors

When the optical micrometer is rotated from zero to its maximum position, then the displacement of the
circle should equal the least count of the main scale reading. However, due to circle graduation error, plus
optical and mechanical defects, this may not be so. The resultant errors are likely to be small but cyclic.
Their effects can be minimized by using different micrometer settings.

5.2.7 Vertical circle index error

In the measurement of a vertical angle it is important to note that the vertical circle is attached to and rotates
with the telescope. The vertical circle reading is relevant to a fixed vertical circle index which is rendered
horizontal by means of its attached altitude bubble (Figure 5.3) or by automatic vertical circle indexing.

Vertical circle index error occurs when the index is not horizontal. Figure 5.21 shows the index inclined
at e to the horizontal. The measured vertical angle on FL is M, which requires a correction of +e, while
on FR the required correction is —e. The index error is thus eliminated by taking the mean of the FL and
FR readings.

5.3 INSTRUMENT ADJUSTMENT

In order to maintain the primary axes of the theodolite in their correct geometrical relationship (Figure5.3),
the instrument should be regularly tested and adjusted. Although the majority of the resultant errors are
minimized by double face procedures, this does not apply to plate bubble error. Also, many operations in
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Fig. 5.21 Vertical circle index error. (a) Face left, (b) face right

engineering surveying are carried out on a single face of the instrument, and hence regular checking is
important.

5.3.1 Tests and adjustments
(1) Plate level test

The instrument axis must be truly vertical when the plate bubble is centralized. The vertical axis of the
instrument is perpendicular to the horizontal plate which carries the plate bubble. Thus to ensure that the
vertical axis of the instrument is truly vertical, as defined by the bubble, it is necessary to align the bubble
axis parallel to the horizontal plate.

Test: Assume the bubble is not parallel to the horizontal plate but is in error by angle e. It is set parallel
to a pair of footscrews, levelled approximately, then turned through 90° and levelled again using the third
footscrew only. It is now returned to its former position, accurately levelled using the pair of footscrews,
and will appear as in Figure 5.22(a). The instrument is now turned through 180° and will appear as
in Figure 5.22(b), i.e. the bubble will move off centre by an amount representing twice the error in the
instrument (2€).

Adjustment: The bubble is brought half-way back to the centre using the pair of footscrews which are
turned by a strictly equal and opposite amount. The bubble moves in the direction of the left thumb. See
Figure 5.28. This will cause the instrument axis to move through e, thereby making it truly vertical and,
in the event of there being no adjusting tools available, the instrument may be used at this stage. The
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Fig. 5.22 Misaligned plate bubble. (a) When levelled over two footscrews, (b) when turned through 180°
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bubble will still be off centre by an amount proportional to e, and should now be centralized by raising or
lowering one end of the bubble using its capstan adjusting screws.

(2) Collimation in azimuth

The purpose of this test is to ensure that the line of sight is perpendicular to the transit axis.

Test: The instrument is set up, and levelled, and the telescope directed to bisect a fine mark at A, situated
at instrument height about 50 m away (Figure 5.23). If the line of sight is perpendicular to the transit axis,
then when the telescope is rotated vertically through 180°, it will intersect at A;. However, assume that
the line of sight makes an angle of (90° — €) with the transit axis, as shown dotted in the face left (FL)
and face right (FR) positions. Then in the FL position the instrument would establish a fine mark at A, .
Change face, re-bisect point A, transit the telescope and establish a fine mark at Ag. From the sketch it is
obvious that distance A_Ar represents four times the error in the instrument (4€).

Adjustment: The cross-hairs are now moved in azimuth using their horizontal capstan adjusting screws,
from Ag to a point mid-way between Ar and Aqg; this is one-quarter of the distance AL Ar.

This movement of the reticule carrying the cross-hair may cause the position of the vertical hair to be
disturbed in relation to the transit axis; i.e. it should be perpendicular to the transit axis. It can be tested by
traversing the telescope vertically over a fine dot. If the vertical cross-hair moves off the dot then it is not
at right angles to the transit axis and is corrected with the adjusting screws.

This test is frequently referred to as one which ensures the verticality of the vertical hair, which will be
true only if the transit axis is truly horizontal. However, it can be carried out when the theodolite is not
levelled, and it is for this reason that a dot should be used and not a plumb line as is sometimes advocated.

(3) Spire test (transit axis test)

The spire test ensures that the transit axis is perpendicular to the vertical axis of the instrument.

Test: The instrument is set up and carefully levelled approximately 50 m from a well-defined point of
high elevation, preferably greater than 30° (Figure 5.24). A well-defined point A, such as a church spire,
is bisected and the telescope then lowered to its horizontal position and the vertical cross-hair is used to
mark a point on a peg or a wall. If the transit axis is in adjustment the point will appear at A; directly
below A. If, however, it is in error by the amount e (transit axis shown dotted in FL and FR positions), the
mark will be made at A_ . The instrument is now changed to FR, point A bisected again and the telescope
lowered to the horizontal, to fix point Ag. The distance A_Ag is twice the error in the instrument (2€).

Adjustment: Length A; Ar is bisected and a fine mark made at A;. The instrument is now moved in azimuth,
using a plate slow-motion screw until A; is bisected. Note that no adjustment of any kind has yet been
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made to the instrument. Thus, when the telescope is raised back to A it will be in error by the horizontal
distance A Ar/2. By moving one end of the transit axis using the adjusting screws, the line of sight is made
to bisect A. This can only be made to bisect A when the line of sight is elevated. Movement of the transit
axis when the telescope is in the horizontal plane A_ Ar, will not move the line of sight to Ay, hence the
need to incline steeply the line of sight.

It should be noted that in modern instruments this adjustment cannot be carried out, i.e. there is no facility
for moving the transit axis. Manufacturers claim that this error does not occur in modern equipment. Its
effect is removed with the mean of FL and FR pointings. Alternatively the effect of the dislevelment of the
transit axis can be computed by the same process and formulae described in Section 5.2.4.

(4) Vertical circle index test

This is to ensure that when the telescope is horizontal and the altitude bubble central, the vertical circle
reads 0°, 90° or 270° depending on the instrument.

Test: Centralize the altitude bubble using the altitude bubble levelling screw and, by rotating the telescope,
set the vertical circle to read zero (or its equivalent for a horizontal sight).

Note the reading on a vertical staff held about 50 m away. Change face and repeat the whole procedure.
If error is present, a different reading on each face is obtained, namely A and Ar in Figure 5.25.
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Adjustment: Set the telescope to read the mean of the above two readings, thus making the telescope truly
horizontal. The vertical circle will then no longer read zero, and must be brought back to zero without
affecting the horizontal pointing of the telescope. This is done by means of the bubble’s capstan adjusting
SCrews.

(5) Optical plummet

The line of sight through the optical plummet must coincide with the vertical instrument axis of the
theodolite.

If the optical plummet is fitted in the alidade of the theodolite (Figure 5.12(a)), rotate the instrument
through 360° in 90° intervals and make four marks on the ground. If the plummet is out of adjustment,
the four marks will form a square, intersecting diagonals of which will give the correct point. Adjust the
plummet cross-hairs to bisect this point.

If the plummet is in the tribrach it cannot be rotated. The instrument is set on its side, firmly on a
stable table with the plummet viewing a nearby wall and a mark aligned on the wall. The tribrach is then
turned through 180° and the procedure repeated. If the plummet is out of adjustment a second mark will
be aligned. The plummet is adjusted to intersect the point midway between the two marks.

5.3.2 Alternative approach

(1) Plate level test

The procedure for this is as already described.
(2) Collimation in azimuth

With the telescope horizontal and the instrument carefully levelled, sight a fine mark and note the reading.
Change face and repeat the procedure. If the instrument is in adjustment, the two readings should differ by
exactly 180°. If not, the instrument is set to the corrected reading as shown below using the slow-motion
screw; the line of sight is brought back on to the fine mark by adjusting the cross-hairs.

e.g. FL reading 01° 30’ 20”
FRreading 180° 31’ 40”

Difference = 2e = 01’ 20”
e= +40"
Corrected reading = 181° 31’ 00” or 01° 31’ 00”

(3) Spire test

First remove collimation in azimuth, then with the instrument carefully levelled, sight a fine point of
high elevation and note the horizontal circle reading. Change face and repeat. If error is present, set the
horizontal circle to the corrected reading, as above. Adjust the line of sight back on to the mark by raising
or lowering the transit axis. (Not all modern instruments are capable of this adjustment.)

(4) Vertical circle index test

Assume the instrument reads 0° on the vertical circle when the telescope is horizontal and in FL position.
Carefully level the instrument, make the altitude bubble horizontal and sight a fine point of high elevation.
Change face and repeat. The two vertical circle readings should sumto 180°, any difference being twice
the index error.
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Fig. 5.26 Vertical circle index test readings: (a) face left, (b) face right

e.g. FL reading (Figure 5.26(a)) 09° 58’ 00”
FR reading (Figure 5.26(b)) 170° 00’ 20”

Sum = 179°58' 20"
Correct sum = 180° 00’ 00”

2e= —01'40"
e= —50”

Thus with the target still bisected, the vertical circle is set to read 170° 00’ 20” + 50” = 170° 01’ 10”
by means of the altitude bubble levelling screw. The altitude bubble is then centralized using its capstan
adjusting screws. If the vertical circle reads 90° and 270° instead of 0° and 180°, the readings sum
to 360°.

These alternative procedures have the great advantage of using the theodolite’s own scales rather than
external scales, and can therefore be carried out by one person.

5.4 FIELD PROCEDURE

The methods of setting up the theodolite and observing angles will now be dealt with. It should be
emphasized, however, that these instructions are no substitute for practical experience.

5.4.1 Setting up using a plumb-bob

Figure5.27 shows a theodolite set up with the plumb-bob suspended over the survey station. The procedure
is as follows:

(1) Extend the tripod legs to the height required to provide comfortable viewing through the theodo-
lite. It is important to leave at least 100 mm of leg extension to facilitate positioning of the
plumb-bob.

(2) Attach the plumb-bob to the tripod head, so that it is hanging freely from the centre of the head.

(3) Stand the tripod approximately over the survey station, keeping the head reasonably horizontal.

(4) If the tripod has them, tighten the wing units at the top of the tripod legs and move the whole tripod
until the plumb-bob is over the station.

(5) Now tread the tripod feet firmly into the ground.

(6) Unclamp atripod leg and slide it in or out until the plumb-bob is exactly over the station. If this cannot
be achieved in one movement, then use the slide extension to bring the plumb-bob in line with the
survey point and another tripod leg. Using this latter leg, slide in or out to bring the plumb-bob onto
the survey point.

(7) Remove the theodolite from its case and holding it by its standard, attach it to the tripod head.
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Fig. 5.27 Theodolite with plumb-bob

(8) The instrument axis is now set truly vertical using the plate bubble as follows:

(a) Set the plate bubble parallel to two footscrews A and B as shown in (Figure 5.28(a)) and centre
it by equal amounts of simultaneous contra-rotation of both screws. (The bubble follows the
direction of the left thumb.)

(b) Rotate alidade through 90° (Figure 5.28(b)) and centre the bubble using footscrew C only.

(c) Repeat (a) and (b) until bubble remains central in both positions. If there is no bubble error this
procedure will suffice. If there is slight bubble error present, proceed as follows.

(d) From the initial position at B (Figure 5.28(a)), rotate the alidade through 180°; if the bubble
moves off centre bring if half-way back using the footscrews A and B.

(e) Rotate through a further 90°, placing the bubble 180° different to its position in Figures 5.28(b).
If the bubble moves off centre, bring it half-way back with footscrew C only.

(f) Although the bubble is off centre, the instrument axis will be truly vertical and will remain so as
long as the bubble remains the same amount off centre (Section 5.3.2).

(g) Test that the instrument has been correctly levelled by turning the instrument to any arbitrary
direction. If the instrument is correctly levelled the bubble will remain in the same position within
its vial no matter where the instrument is pointed.

(9) Check the plumb-bob; if it is off the survey point, slacken off the whole theodolite and shift it laterally
across the tripod head, taking care not to allow it to rotate, until the plumb-bob is exactly over the
survey point.

(10) Repeat (8) and (9) until the instrument is centred and levelled.
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5.4.2 Setting up using the optical plumb-bob

Itis rare, if ever, that a theodolite is centred over the survey station using only a plumb-bob. All modern
instruments have an optical plummet built into the alidade section of the instrument (Figures 5.2 and
5.12(a)), or into the tribrach section (Figures 5.4 and 5.12(b)). Proceed as follows:

(1) Establish the tripod roughly over the survey point using a plumb-bob as in (1) to (5) of Section 5.4.1.

(2) Depending on the situation of the optical plummet, attach the tribrach only, or the theodolite, to the
tripod.

(3) Using the footscrews to incline the line of sight through the plummet, centre the plummet exactly on
the survey point.

(4) Using the leg extension, slide the legs in or out until the circular bubble of the tribrach/theodolite is
exactly centre. Even though the tripod movement may be excessive, the plummet will still be on the
survey point. Thus the instrument is now approximately centred and levelled.

(5) Precisely level the instrument using the plate bubble, as described in (8) of Section 5.4.1.

(6) Unclamp and move the whole instrument laterally over the tripod until the plummet cross-hair is
exactly on the survey point.

(7) Repeat (5) and (6) until the instrument is exactly centred and levelled.

5.4.3 Centring errors

Provided there is no wind, centring with a plumb-bob is accurate to +3—5 mm. In windy conditions it is
impossible to use unless protected in some way.

The optical plummet is accurate to 1—0.5 mm, provided the instrument axis is truly vertical and is
not affected by adverse weather conditions.

Forced centring or constrained centring systems are used to control the propagation of centring error in
precise traversing. Such systems give accuracies in the region of +0.1—0.3 mm. They will be dealt with
in Chapter 6.

The effect of centring errors on the measured horizontal angle () is shown in Figure 5.29.



Angle measurement 183

Fig. 5.29 Centring error

Due to a miscentring error, the theodolite is established at B', not the actual station B, and the angle 6 is
observed, not #’. The maximum angular error (&) occurs when the centring error BB’ lies on the bisector
of the measured angle and can be shown to be equal to:

(6 —6") = & = 2ec tan(¥40)(Lag + Lec)/(LagLac) radians (5.5

and is positive if B is further from the line AC than B’ but negative if B is closer to the line AC than B’

where ec = the centring error BB’
Lag, Lec = horizontal lengths AB and BC

The effect of target-centring errors on the horizontal angle at B can be obtained as follows. If the target
errors are small then at A the target error is e;a = €a/Lag and similarly the target error at C is ¢ = ec/Lgc
where ea and ec are the component parts of the error in target position at right angles to the lines BA and
BC respectively to the right of their lines when viewed from B. The error in the angle would therefore be
equal to the difference of these two errors:

&t = ec/Lgc — ea/Lag radians (5.6)

It can be seen from equations (5.5) and (5.6) that as the lengths L decrease, the error in the measured angles
will increase. Consider the following examples.

Worked examples

Example 5.1. In Figure 5.29 in the triangle ABC, AB is 700 m and BC is 1000 m. If the error in centring
the targets at Aand C is 5 mm to the left of line AB as viewed from B and 5 mm to the right of the line BC
as viewed from B, what will be the resultant error in the measured angle?

eyt = (0.005/700 + 0.005/1000) 206 265 = 2.5"

In the scenario leading to equation (5.6) the erroneo